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DUALITY OF INFINITE-DIMENSIONAL SUBSPACES

IN AN INDEFINITE INWER PRODUCT SPACE
Robert Fuster Capilla

Abstract: A characterization of the Bubspaces of an inner preoduct space
which admit a dual companion and the relation betWween duality and

orthogonal projections are given,

Following Bognér 1] we mean, by "“inner product space", a complex
vector space E, endowed with a sesquilinear form ( | } ~the "inner
product on E"- not necessarily positive defined, If A is a subset of E,
we symbolize by AJ' the set of mll vectors x £E such that (a|x)=0 for
every a & A&. Two subspaces L and M are "dual companions" (L#M) if
LﬂHJ" = 'Ax = 0. A locally convex topology r on E is "adrnissibl.e" if
the inner product is separately t-continous and, for every linear form

r-continous y there exists a vector X, with y¢(y} = (y|xo) for every y.

In [1], €2] and [3] duality between finite-dimensional subspaces is
studied.

The purpose o¢f this note is to give a characterisation of the
subspaces L of E which admit a dual companion {Corollary 1)_ that
genera_lizes the results of the quoted works. Theorem 2 giwves a construc-
tive method of dual companions in a particular case, which extends a
result of [1]. Finally, if the subspaces considered are orthocomplemen =

ted (L+l..l =E}, we express the duality by means of orthogonal projectiocns.

THEQREM 1: Let L and M be subspaces of the inner product space E with

Lant = 0, Then, M contains a dual companion of L.
Proof: The result is obvious when L = O. In the other case, let {1 be the

family of the pairs {L',M') of subspaces of E such that L'#M’, L'CL and
M'< M. Becauase O#0, {1 is not vold.
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Besides, the relation
(L',¥'} € (Le,M") =9 L'CL" and M'C M
determines a partial ordering of §1. If
. Q= {{MURE ter}
is a totally ordered subset of {1, let be

L'= + L ™M = + M.
igl 1 wek !t
Since 511 is totally ordered, we get the identities

Lt =

el *

M =UM1.
el

Consequently, if z is a wvecter of L' M"L, there must exist an

index io in I such that

zeL, Nty ntf\m.‘L YL Awl,
i 3 . i i i
o o el o o
i.e., 2=0, because L, # Mi .
o o

Similarly, L"Lr'\td' =90, so (L',M*) is an upper bound of _S'Ll.

Thug, from the Zorn Lemma, we infer the existence of a maximal

element {Ll,Ml) in £1, The proof will conclude if we pet the identity
L = Ll' Let is assSume now Lﬂ.l; if so, we can consider a vector x in
I.-I.1 and the subspace La = L1+ <x> ¢ L (¢&x> symbolizes the linear

span of x). By wvirtue of maximality of {Ll,ﬁl), there must be uf0 in

s iy i
n
[‘2 Ml aince I.2 ) Ml CL1 nM

which implies L2=L1+4u).

1= Q. Thue, u = Z+ax, with z & I.l and a#0,
On the other hand, since LAMt = 0, it is poasible to get y&€ M with
(uly) = 1 {1)

and coneider the éubspace of M, "2 = M1+4y>.
A
Then immediately follows n;‘n L2 = 0, so0, lt'lzﬁl.2 # 0 and there

. . 3 .
exists v£0 in sz\ 1.2 . S50, Mz = le >, since

v = m+dy, méul, a0 {2)
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;
By considering a not vanishing wvector m1+bv in sz\Lz {consequently,

b£0), for every t€L {m1+bvlt) = 0,

1’
. 4 iy ]
since L2 c Ll' From it, (mlit) =0,
= 0.
and so0, rn1
Finally, since ué.Lz, veé L; f

(ml+hv|u) = bi{v|u) = 0.
But, taking inte account (1} and (2],

(v[u) = {n +bylu) = b ¢ 0.

COROLLARY 1: A subspacé L of the inner product space E admits a dual com -

panion if and only if LAEY = 0. |1

CORQLLARY 2: Let E be an inner product space and let T be an admissible
topology on E. The following propositicns are equivalent:

4

i) E is non degenerate (i.e., E= = 0}

ii} Every subspace of E admits a dual companion

iii) There exists a subspace L, gz-closed in E, which admits dual

companion.

Proof: By using Corollary 1 it is enough to prove that i) follows from
iii}. IF M is a dual companion of the Z-closed subspace L, we obtain,
X (Lt vt = wttamt = Lokt -0

since L*' coincides with the {-closure of L given that Z is admissible. ]

In Corollary 2, iii} the hypothesis of L be closed is necessary as
the following example proves: Let E = <e,f>, {el|e) = (e|f) = (fle) = 0,

(f|f) = 1. Then <f> # <f>, but E is degenerate.
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DEFINITION: Two families. of wvectors {ei: i€t] and {ri: i€ T} in
the inner product space E form a "dual pair" if, for every i,j €1, with
ifj, the relations

e f,) =1 (eilfjl =0,

are verified.

. As is easily checked, if two families of vectors form dual pair
each of them is linearly independent and their linear envelopes are dual

COmMpanions.

THEOREM 2: Let L and M be subspaces of the inner product space E such
that LOAM™ = 0. If L admits a countable Hamel basis then it exists a
dual pair of families of vectofs. their linear envelopes being L and a

subspace of M.

Proof: We will construct recurrently the dual pair.
i . ; 4 . ,
Let fgn: n=1,2, ...} a Hamel! basis of L. Since g1¢ MT o, it is
possible to find f, in M with (g1|fl) = 1. Let e, = g,.

Assuming that the vectors e e e inLand £, [ vaay F

1t ottt 1 02 n
in M ere piven werifying
Ceglry) - ill W e (a)
Q, if i#j
cieiB 3 - TR 2 ar
and Ce .e,, e > =<8,.8, B far})
we define Ll '
el T Bner zi (gnollfk}ek'
K=1

and, because e € M , it exists h€ M such that (e |lh) = 1. Let
n+l n+}
n
£, =h- Z (hie )f, .
k=1

Now, the relations (4),{4') also follow when the indexes i,j range
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form 1 to n+l. .
The countable families obtained by means of this process form dual

pair and, obviously, the former one is a Hamel basis for L.[J

If the subspace L is orthocomplemented, every vector of E can be’
expressed (in a not necessarily only way) as the sum of one of L and
ancther of LJ' . Thus, in a natural way, the "orthogonal projection" of
a subspace M on L, PLM, can be defined as the set of the wvectors
x €L such that x—zeL‘L for some z in M.

For a Hilbert space it is well known the fact that, given two
clesed subspaces L and M, LAKY = 0 if and only if PLM ie dense in L.
The following lemma expresses the best possible generalization of this

result for an inner producf space.

LEMMA 1: Let L be an orthocomplemented subspace of the inner product
space E such that LnLt=o0 (i.e., L 18 nendegenerate}. Then, for every

subspace M in E and for every admissible topology Zon E,

Mj'n L=0 (&&= PLM is ¢-dense in L.
Proof: Since the closures of the subspaces are the same for every
admissible topologies it is enough to work with one of them, in paﬁr‘ticu—
lar with the weak topology ¢{E). Following a result of Scheibe (see [3])
if L is orthecomplemented then the weak topology of L, o(L) coincides
with the relative one of o(E). Besides, in [1] it is proved that

(P]M)J'f\ L = 0 if and only if P M is & (L)-demse in L. Finally, it

L
is easily checked that {for L orthocomplemented) M_“n L = (PLM)LHL.

which concludes the proof.f§

Lemma 1 is a particular case of the following fact: if L is
an orthocomplemented subspace of E, then for every admissible topology

and for every subspace M, P M is dense in L if and only if Lam* - LAL*,

L
result established in [4].

From Lemma 1 the proof of the next theorem follows straigthforwardly
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THEOREM 3: Let I and M bhe subapaces of the inner product space E and
assume that L is orthocomplemented and nondegenerate. Then, if & 1s an

admissible topology on E,

LM &= PLM is r-dense in L and MALY = 0.k
COROLLARY 3: If L and M are orthocomplemented nondegenerate subspaces of
the inner product epace E, then L#M if and only if PLM is weakly dense
in L and P L is weakly dense in o |
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