Jordi Caballé

UAB - BSE

IDEA

J. Caballe (UAB - BSE) Probability and Statistics



o Prof. Jordi Caballé
E-mail: jordi.caballe@uab.es

Webpage: http://pareto.uab.es/jcaballe

J. Caballé (UAB - BSE) Probability and Statistics IDEA 2/4
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o Hogg, R.V., McKean, J. and Craig A.T. (2012), Introduction to
Mathematical Statistics, Pearson.
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o Program

J Descriptive Statistics
o 1. Probability

Y A Primer on Integration

Y Measure Theory

o 2. Random Variables and Distributions

o 3. Expectation

o 4. Special Distributions

o 5. Functions of Random Variables

o 6. Stochastic Processes and Limiting Distributions
o 7. Sampling

o 8. Estimation

o 9. Hypothesis Testing
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Graduate
Program
in Economics

Course: Probability and Statistics

Faculty: Jordi Caballé

Term: First Semester

E-mail: jordi.caballe@uab.es

Web page: http://pareto.uab.es/jcaballe/

Office Hours: Upon request. Send an e-mail for an appointment (Office B3-146).

Description:

This course will cover the topics of probability theory, random variables, distributions, and
stochastic processes. It will also cover the traditional topics of sampling, estimation, and
hypothesis testing, which are needed for undertaking empirical research.

Slides and exercises can be downloaded from the Campus Virtual of the course
https://cv.uab.cat/

Objective:

The objective of this course is to provide the mathematical foundations and the tools of
Probability and Statistics that will be used in courses dealing with Economics of Uncertainty
and Econometrics.

Outline:

1. Probability

Combinatorics. Events and measurable spaces. Probability. Conditional probability.
Theorem of total probability. Bayes' theorem.

2. Random Variables and Distributions

Random variables. Probability distributions. Distribution function and quantile function of a
random variable. Discrete random variables and probability functions. Absolutely
continuous random variables and densities. Random vectors and marginal distributions.
Independent random variables. Generalized conditional probability and distribution.
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3. Expectation

Mathematical expectation. Moments. Chebyshev's inequality. The moment-generating
function, the characteristic function, and the Laplace transform. Product moments and
covariance. Mean and variance of linear combinations of random variables. Conditional
expectation. The law of iterated expectations. Jensen’s inequality.

4. Special Distributions

The discrete uniform, Bernoulli, binomial, Pascal, geometric and hypergeometric
distributions. The multinomial and multivariate hypergeometric distribution. Integration by
parts and by change of variable to polar coordinates. The uniform, gamma, exponential, chi-
square and beta distributions. The normal and the multivariate normal distributions.
Multivariate normality and linear models. The logistic and the generalized extreme value
distributions.

5. Functions of Random Variables

The distribution of a function of a random variable. The probability function of a function of a
random variable. Convolutions. The density of a function of a random variable.
Characteristic function, moment-generating function, and Laplace transform of a function
of arandom variable. Mixture distributions.

6. Stochastic Processes and Limiting Distributions

Stochastic processes. Filtrations and martingales. Convergence in probability, in mean
square, in distribution, and almost sure convergence. Convergence of distribution functions
and of probability measures. Markov processes. The Poisson distribution as the limit of
binomialdistributions. The standard normal distribution as the limit of standardized binomial
distributions. Laws of large numbers. The central limit theorem.

7. Sampling

Random samples and statistics. The distribution of the sample mean. The distribution of the
variance of arandom sample from a normal population. The t distribution. The F distribution.
Order statistics and extreme value theory.

8. Estimation

Point estimation. Efficiency of estimators. The sample mean and sample variance as
unbiased estimators. The Cramér-Rao lower bound for unbiased estimators. Asymptotic
properties of estimators: consistent estimators. Sufficient estimators and the Rao-Blackwell
theorem. The method of moments. Maximum likelihood estimation. Bayesian estimation.
Interval estimation.
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9. Hypothesis Testing

Statistical hypotheses and their tests. The power function of a test. Uniformly most powerful
tests and the Neyman-Pearson lemma. The monotone likelihood ratio property and the
Karlin-Rubin theorem. Likelihood ratio, Wald, and score tests. Acceptance intervals. The p-
value. Contingency tables. Goodness of fit.

References:
Ash, R.B. (1972), Real Analysis and Probability, Academic Press.

Bierens, H.J. (2004), Introduction to the Mathematical and Statistical Foundations of
Econometrics, Cambridge University Press.

Billingsley, P. (1995), Probability and Measure, Wiley.
Casella, G.H. and Berger, R.L. (2002), Statistical Inference, Duxbury/Thomson Learning.
DeGroot, M.H. and Schervish, M.J. (2012), Probability and Statistics, Pearson.

Hogg, R.V., McKean, J. and Craig A.T. (2012), Introduction to Mathematical Statistics,
Pearson.

Lindgren, B.V. (1993), Statistical Theory, Chapman and Hall/CRC.

Mood, A.M., Graybill, F.A. and Boes, D.C. (1974), Introduction to the Theory of Statistics,
McGraw Hill.

Rice, J.A. (2007), Mathematical Statistics and Data Analysis, Cengage Learning.

Grading:

Students must solve a series of problem sets. Problem sets will have a weight of 20% in the
final grade. There will be a final exam, which will have a weight of 80% in the final grade.

Note: Some of this year’s exercises have appeared on this course previously. Thus, it is
possible, even likely, that you might be able to obtain solutions to these exercises that | have
handed out earlier. However, | strongly recommend you not to look at these solutions when
solving the exercises. By handing in your answers, you declare that the solutions are your
own and that they are not based on solutions from previous years. If | catch you cheating, |
will give you 0 points from the exercises. Even more significantly, you will suffer a reputation
loss within IDEA (and academia in general) by presenting someone else’s work as your own.
Check out the definition of "plagiarism" and how it is viewed in academic circles if you do not
immediately grasp what the consequences of cheating will be.
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Descriptive Statistics
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o Statistics is a mathematical science pertaining to the collection,
analysis, interpretation, and presentation of data. (Wikipedia!l).

o Data description (17th century: first censuses in national states).
o Probability theory (18th century: games of chance).

o During the 19th century Statistics is applied to experimental sciences
(Biology, Physics, Chemistry).

o During the 20th century Statistics benefits from the development of
computers.

@ During the 21th century Statistics benefits from the development of
both big data analysis and artificial intelligence.
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o Statistical method:

| POPULATION

Statistical model — |} f+ «— Statistical inference

| DATA |

o Descriptive statistics studies how to analyze and present data.

o Probability theory explains how data are generated from a
population. This is achieved by means of a statistical (or probability)
model.

o Statistical inference allows us to say something about the
population from the available data. This is achieved by "inverting"
the statistical model.

o This chapter is about descriptive statistics.
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A population is a set of people or objects. The elements of a
population are called individuals.

o A sample is a subset of a population.

Population and sample are relative concepts.

A variable is a characteristic of a population which can take different
values (examples: weight, age, color of eyes, income, etc.)
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o Two types of variables:

Q Qualitative (or categorical) variables, which are the ones that
cannot be measured numerically.

Q Quantitative variables, which are the ones that can be measured
numerically, i.e., through numerical values.

o There are two types of quantitative variables:

@ Discrete or countable, which are the ones that can take values from a
countable set of numbers.

@ Continuous, which are the ones that can take values from an
uncountable set of numbers (for instance, the set of real numbers).

@ There are two types of discrete (or countable) variables:

@ Finite, which are the ones that take values from a finite set of numbers.
Q Infinite, which are the ones that take values from a countable infinite
set of numbers (for instance, the set of rational numbers).
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o A variable is represented by a capital letter: X, Y, Z, ...

o The different K values taken by a variable are represented by small
letters: xq1, X0, ..., XK.

o If N is the number of individuals or objects of the population for
which we study a characteristic, then K < N.
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o Let us assume that we only care about one single variable X of the
population.

o Let us assume that the number of different values taken by this
variable is small (K < 10).

o The absolute frequency n(x) of the value x is the number of times
that the value x appears in the data.

o Note that }_n(x) = N.

o The distribution of absolute frequencies is the function n(-) defined
for all the possible values of the variable X.
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o The relative frequency f(x) of the value x is the fraction (or
percentage) of times that the value x appears in the data,

o Note that
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o The cumulative absolute frequency N(x) is the number of times that
the variable X takes values smaller or equal than x,

N(x) =} n(y).

y<x

@ The cumulative relative frequency F(x) is the fraction of times that
the variable X takes values smaller or equal than x,

NG ygxn(y)

v only)
N TR S e SRAS2

y<x y<x

F(x) =

o Note that cumulative frequencies are only well-defined for
quantitative variables.
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The following table summarizes the distribution of absolute, relative,
cumulative absolute and cumulative relative frequencies of the variable
"age" for a population (or sample) of 20 students:

Age x n(x) N(x) f(x) F(x)
18 5 5 0.25 0.25
19 3 8 0.15 0.40
20 7 15 0.35 0.75
21 4 19 0.20 0.95
22 1 20 0.05 1

Y n(x)=N=20 Yfi(x)=1
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Bar diagram of absolute frequencies of age:

nfx)

s 18 2 2
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Bar diagram of relative frequencies of age:
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o If the number of values taken by a variable is large (K > 10), then we
partition the set of values into classes, intervals, or bins. That is, we
work with grouped data.

o Usually, we construct from 5 to 10 classes.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 13 / 62



Example. Population (or sample) size: 50 students. Variable: weight.

Cumulat. ) Cumulat.
. Absolute Relative .
Midpoint absolute relative
Interval freq. freq.
X n(X) freq. f(X) freq.
N(x) F(x)
(50, 55] 52.5 7 7 0.14 0.14
(55, 60] 55.5 8 15 0.16 0.30
(60, 65] 62.5 10 25 0.20 0.50
(65, 70] 67.5 12 37 0.24 0.74
(70, 75] 72.5 7 44 0.14 0.88
(75, 80] 77.5 6 50 0.12 1
N = 50 Yf(x)=1

@ Note that the midpoint is the value that represents the interval.
Therefore, we are committing an approximation error since we treat
all the values of an interval as if they were equal to the value of the
midpoint.
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o When we work with grouped data we use histograms for the
corresponding graphical representation.

o Histogram of absolute frequencies:

nix)
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o Histogram of relative frequencies:

ffx)
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o Mean (or average value or arithmetic mean) of the variable X :

ZX’ x - n(x
= = 2 Zx f(x
where x; is the value of the variable X for individual /.
o Note that in the sum }_ we sum over individuals so that this sum has
i
N terms.

o However, in the sum )~ we sum over the different values taken by the

X
variable X so that this sum has K terms.
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o Properties of the mean.

QL(x—X)=0 or ;(X—Y)n(x)zo or Y (x —X) f(x) =0.

X

Proof.

Y (xi-X)=Y.x-Y.X=NX~-NX=0. Q.E.D.
I i i
@ kX = kX, where k is a constant (or scalar).

Proof. Note that the values taken by the variable kX for the N
individuals are kxq, kxp, ..., kxpy. Therefore,

ZkX,' ZX,‘
X — ! k- | L— | =
kX = N k N kX. Q.E.D.
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o Median: We order all the values of the variable X taken by the N
individuals from the smallest to the largest. We re-index the values
accordingly so that

x1 <x <x3 << xy-1 < Xy
Then, the median of X is

if N is odd
Median(X) =

if N is even.
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o Examples: (a) N =7 and the ordered values are 1,1, 3,6, 8, 8, 12.
The median is x4 = 6.

o (b) N = 8 and the ordered values are 1,1, 3,6, 8,8,12,3472. The

median is
x4 +x5  6+8

7.
2 2

@ The mean uses all the values of all individuals but it is more sensitive
to outliers and errors.

@ The median does not use all the values but, in general, is less
sensitive to outliers and errors.
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o Mode: It is the value that appears a larger number of times, i.e., is
the value with a larger absolute (or relative) frequency.

o A variable may have more than one mode.

o If we work with grouped data, then we use the midpoint values on the
previous formulae. We are thus committing an approximation error.

o Finally, note that the mean and the median (and the next measures)
are defined only for quantitative variables.
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o Variance: It measures the average of the square of the deviations
from the mean,

Z(Xi—7)2 (x —
Var(X) = S} =5>="- m =)

= Z(X—Y)Z < f(x).

X

7)2 - n(x)
N

@ The subindex X can be omitted when we work with a single variable.
@ Obviously, the variance is always non-negative.

o Note that, if we suppress the square, the previous formula is
meaningless since, for every variable X, we have

L (= X)
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o Properties of the variance
1.2 =X2-X" |

In words: the variance is equal to the mean of the square minus the
square of the mean.

Proof:
Z(Xi_7)2 1 - o2
Sk == —N;[?—zx,-x+x]
1 PR, 2 ;X’2 - ;X' =2
=4 ;x,-—2XIZX,-+NX = 22X | | X
=X2_2. XX+ X =X - X" Q.E.D
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o Thus,

L _ 2. _ _
$2=xX2-X'=1__X =ZX—A’;(X)—X2 — Y f(x) =X
X

2. S2, = k?S% or Var(kX) = k?Var(X), where k is a scalar.

Proof:

Y (kg —kX)? L (kg —kX)® KL (x—X)
Sy = = = — S}
N N N

Q.E.D.
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(7]

(]

Standard deviation:

Sx =S = (S%)"% = +/Var(X).

Skx = kSx if k> 0.

Note that

Average absolute deviation:

!X/ X|

Z’X‘ |- ) ¥ x =X £(x)

The average absolute deviation is not differentiable with respect to
the value x; when x; = X.
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o Coefficient of variation (or variation coefficient):

o Note that

Skx kSx kSx Sx :
CVkX:_: — = _:T:CVX Ifk>0,
[RX| kX kX)X

so that the coefficient of variation is immune to the units of
measurement.

o The range of the variable X is the difference between the largest and
the smallest value taken by the variable.
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o The p% percentile: We order all the values of the variable X taken
by the N individuals from the smallest to the largest. We re-index the
values accordingly so that

X1 Sx < x3 < S Xy-1 S X

We compute the integer j (between 1 and N) nearest to the value

p-N 1

100 "2 ()
Then, the p% percentile is

Xp% = Xj»

with p € [0,100]. That is, x,9 is the value of the variable for which a
p% of the individuals exhibits a lower value of the variable.

o If there are two integers j and j + 1 that are at the same distance
from (%), then the p% percentile is

_ XX
Xp% = 5 .
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o Note that the range equals to xqpg9, — Xgo-
o The interquartile range is equal to x750, — Xo59.

o The median is equal to x5q9.
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o Coefficient of Asymmetry:

;(Xi—Y)B ;(X—Y)s-n(x) ;(X—Y) .
CAx="e < NS5, - S3

for S3 # 0.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 29 / 62



o Examples: CAx = 0. The distribution of x is symmetric.

nfx)
25 T+

05 1
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o CAx < 0. The left tail is the longest.
nix)

35 T
34

25 +
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o CAx > 0. The right tail is the longest
nfx)

35 1

3 4
25 4
P
15 4
1 4
05 +
0 } } }
0 1 2
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o The coefficient of Kurtosis measures the thickness of the tails of
the distribution and is given by

Sxi—X)" E(x=X)" n(x) L(x=X)"(x)

CK - ! = X =
x N -S4 N -S4 s4

for S;‘( > 0.
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o Examples: Distribution of X
nix)

45 o

44
35 4
3 4+
25 4
2 4
15 4
1 4
05 4
0
3 4 5
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o Distribution of Y
nfy)

45 ©

441
35 4
31
25 +
21
15 T
1 4
05 +
0 | | | { |
2 3 4 5 &

o Then, CKx < CKy since the distribution of Y has thicker tails than
the distribution of X. In other words, the distribution of X has
thinner tails than the distribution of Y.
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o The multivariate frequency distribution (or joint distribution) gives us
the distribution of several variables.

o For instance, the joint distribution of absolute frequencies of two
variables X and Y gives us the number of times that each pair of
values (x, y) corresponding to the pair of variables (X, Y') appears in
the data.

o Example: Consider a population consisting of 100 father/son pairs
and consider two qualitative variables: X = color of the parent’s
eyes, Y = color of the son’s eyes. This table summarizes the joint
distribution of absolute frequencies of these two variables:

Father's color

Light | Dark
Son's | Light | 25 8 33
color | Dark 12 55 67
37 63 N =100
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o Another example: Consider the quantitative variables X and Y. We
have N observations for the values of these two variables.

X 1 X1, X0, X3, ..., XN
Y iy y2, Y30 YN

o The pair (x;, y;) gives the values of the variables X and Y for
individual /.
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We can summarize these values in a scatter plot, which gives us an idea
of the type of association (or correlation) between two quantitative
variables:

o |
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Perfect Positive Correlation High Positive Correlation
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Low Postive Correlation Perfect Negative Correlation
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High Negative Correlation Low Negative Correlation
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No Correlation
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o Another example: Consider the variables
X = average monthly temperature in °C of a machine.
Y = number of breakdowns of the same machine in a month.

@ We have 100 observations (months) for the values of these two
variables.
X X1, X2, X3, ..., X100

Y i y1. )2, Y3, - Y100

o For the variable X (which is continuous) we work with 3 intervals or
classes. The variable Y is discrete and, in the data, only takes on the
values 2, 3, 4, 5.
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o The following table summarizes the distribution of absolute
frequencies:

(110 —130] | (130—150] | (150 — 170]
YAX 120° 140° 160°
2 20 15 10 45
3 12 7 5 24
4 4 10 2 16
5 0 5 10 15
36 37 27 100

o The absolute frequency nx y(x,y) of the pair (x,y) is the number of
times that this pair appears in the data. Example: nx y(140,4) = 10.

o Recall that the joint distribution of absolute frequencies of the
variables X and Y is the function nx,y (-, -) defined for the Cartesian
product of the set of values taken by each of these variables.

o Note that Y nx y(x,y) = N.
Xy
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o The relative frequency fx, y(x,y) of the pair (x,y) is the fraction (or
percentage) of times that this pair appears in the data:

fx.

o Example: fx y(140,4) =

y(x,y) =

0.1.

nX,Y(Xv.V)
N

o The following table summarizes the distribution of relative frequencies:

(110—130] | (130—150] | (150 — 170]
YAX 120° 140° 160°
2 0.20 0.15 0.10 0.45
3 0.12 0.07 0.05 0.24
4 0.04 0.10 0.02 0.16
5 0 0.05 0.10 0.15
0.36 037 0.27 1

o Note that YY" fx.y (x, y)
Xy
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o The distribution of (absolute / relative) marginal frequencies of
the variable X is the frequency distribution of this variable with
independency of the values taken by the other variables.

o The absolute marginal frequency nx(x) of the value x taken by the

variable X is
nx(x) = an,y(x,y).
y

@ The relative marginal frequency fx (x) of the value x taken by the
variable X is

o Example: ny(3) = 24 and fy(3) = 0.24.
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o Note that

_ Z’Xi x.nX(X) X-%nx,y(x,y)
X="y=L—§ =L %

Yx-nxy(x,y) YLYIx-nxy(xy)
Xy

I _
_; N B N

X=Yxfix)=YxY fvxy) =YY x fxy(xy),

and similarly for the formulae for the variance and other measures.
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o The distribution of conditional frequencies of the variable X
given Y = y is the relative frequency distribution of the variable X
for all the observations where Y = y.

o The conditional frequency fx|y (x|y) of the value x taken by the
variable X given Y =y is

nxy(x,y) fX,Y(X.Y)_

f p— =
XY (X|Y) ny(y) fy(y)
o Note that
Conxy(xy)  fxy(xy) |, fxyv(xy)
frix (v Ix) = () () ) fxiy (x1y).
o Example:
- nx,y (160, 3) 5 fx y (160, 3) 005
whereas
160, 3 5 f; 160, 3 0.05
Fyix (3\160):M _ fer(160.3) —0.1852.

nx(160) 27 fx(160)  0.27
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o Consider the quantitative variables X and Y. We have N
observations for the values of these two variables,

X X1, X2, X3, ..., XN
Y iy, ¥2,y3, 0 YN

o The covariance between X and Y measures the strength of the
association between these two variables and is given by

Li=X)- (=)
’ N
ZZ(X—Y) (y=Y) nxy(xy)
N
—ZZ x=X)-(y=Y) fxy(xy).

Sxyy = Cov (X, Y) =
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o Note that the covariance can be positive, negative or equal to zero.

o Properties of the covariance
1. Sxx =5%.
2. Sxy=XY-X-Y.

o In words: the covariance is equal to the mean of the product minus
the product of the means.
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ZXi'YI_VZXi_YZYi+N'7'V

L Yi Zx, (B
= X-Y
-~ |t
=X Y-V X-X-Y+X-Y=X-Y-X-Y. Q.E.D.
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o Thus,

Sxy=X-Y-X-Y=" -X-Y

:sz-y-n;(\/,y(x,y) —7-7222x-y-fxly(x,y)—7-7.

3. Suxpy =a-B-Sx,y , where & and B are scalars.
Proof:

Y (wxi —aX) (Byi = BY) L (ax —aX) (Byi = pY)

Sux,py = m = N

4, SX,y :Syyx .
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o The coefficient of correlation rx y between the variables X and Y
is given by

Sx,vy
x - Sy

Xy = S when Sx > 0 and Sy > 0.

Note that ryx gy = 1x,y if @« > 0 and B > 0 so that the coefficient of
correlation is immune to the units of measurement.

Another interesting property of the coefficient of correlation is that
Irx v| <1, thatis, —1 <rx y <1 (see the proof in the handout).

In the temperature-breakdowns example we can compute (please do
it!) the following:

X =138.2, Y =3.01,
Sx =15.77 >Sy = 1.1, and CVx = 0.11 < CVy = 0.37,
vay =562 >0, Ixy = 0.32 > 0.
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o Let us consider the variables X; and X5,
X1 1 X11,X12, - XIN

X2 1 X1, X022, ..., XoN

and consider the scalars a3 and ap. Then, the values taken by the

variable
Z =1 X1 +axXo

are
Z: wixin+ Qoxo1, X1X12 + X2X2, .., K1XIN T X2X0N

"~ N~ ~\~
Z1 Zy zN
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@ The mean of the variable Z is

Yz Ll(aixij+aox)  Larxy+ L aoxy
! 1

S T - N
Y xii a2 )Xo ALY X1 X2 L Xoi
e
Yox Y X2 B B
= IN +an - IN =1 X1+ X> .

o In words: the mean of a linear combination of variables is equal to the
linear combination of means.

o In particular, if Z = X + Y, then

Z=X+Y.
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The variance of the variable Z is

*(zi — 7)2 T [axai + aoxo; — (a1 X1 + a2X2) ] ?

Se=y = N
> [a (xai — X1) + as (xo —72)]2
=" N
2 [od (i = X1)" + o (o = X2)” o+ 2m102 (01 = Xa) (s = Xo) |
N
2(X1i—71)2- Z(Xzi—72)2
:[X%- ’T —i—Dé% ’T

T (1= X1) (= X2) |

+20 07 N

—1x1 SX1+DC2 S +2“1“2SX1X2-
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o In particular, if Z =X+, then

S2 =S% +S% +2Sx.y .
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o Consider the following (column) vector of M variables:
X1
X2
X =
Xm

o The mean vector (or vector of means) of the vector of variables X is

X =
Xu
where X is the mean of the variable X;.

J. Caballe (UAB - BSE)
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@ The variance covariance matrix (or covariance matrix) of the vector X
of variables is the following M x M matrix

S$2 Sip -+ Sim
s—| Sn %o S|
Smi Swm2 S,

where S;; = Sx; x, and SJZ = S§<j =Sx,x; =Sj.

o Since Sj; = Sgj, for all pairs (j, g), the matrix S is symmetric.
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o Define the vector of scalars

xpm
o Define the variable Z as a linear combination of the variables
appearing in X,
Z=)Y ajX;j=aTX,
J

where T denotes the transpose.
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o Then,

J
and
2 2Q2 2Q2
S7 =) aiS +2) Y wjngSjg =) aiSi+) ) wjagSjq
J q Jj J q J
j<q i#q
=YY ajagSjg = aTSu, where
i aq
M M-1
@ )Y means Y, Y ,
q; q=j+1 j=1
Jj<q

M M

o Y Y means Y Y,

q j q=1j=1
j#q 97

° Z): means }: ):

j=1lg=1
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o Note that S2Z = «TSa > 0 for all vector of scalars «. Therefore, the
covariance matrix is (symmetric) positive semi-definite. This implies
that the determinant of the matrix S is non-negative.
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The Correlation Coefficient rxy

The correlation coefficient rx y between two variables X and Y satisfies —1 <rxy <1
or, equivalently, |rxy| < 1.

Proof. Consider the symmetric 2 x 2 variance covariance matrix of the vector of
variables (X,Y),
% Sxy
S =
Sx,y S?

Since for every vector of scalars,
aq
&%)

it is true that Var (X + apY) = a'Sa > 0, it follows that the matrix S is
symmetric positive semi-definite. This means that the determinants of all the
main minors of S are non-negative, that is, S% > 0, S2- > 0, and det (S) > 0. Note
that

2
det (5) = S48% — (Sxy)? = $4S2 [1 -(52) ] 382 [1— ()] 2 0.

Since S%S% > 0, we have that det (S) > 0 if and only if (ryy)® < 1. That is, it
must hold that |[rxy| <1 or, equivalently —1 <rxy <1. Q.E.D.



Exercises. Probability and Statistics. IDEA.
Descriptive Statistics

. (a) Compute the mean, the median and the standard deviation of the following
data in cm: 28, 22, 35, 42, 44, 53, 58, 41, 40, 32, 31, 38, 37, 61, 25, 35.

(b) Classify the previous data into 5 classes (or intervals) with a length of 10
cm each ((20 — 30]; (30 — 40;]; etc.) and compute the previous characteristic
measures using the formulae for grouped data.

(c) Draw the histogram for these grouped data.
. Find the value of ¢ minimizing > (z; — a)?. Discuss.
i=1

. Prove that the arithmetic mean of the variable Z obtained by adding the data
of two variables, X and Y, equals the sum of the arithmetic means of these
variables.

. Prove that, if we construct a variable Z by mixing n; values of X and ns values
of Y, the mean of Z is

2= (o) 7+ ()7
ny + nNo ny + ng

where X and Y are the means of the two initial variables.

. If Z = X +Y, prove that the variance of Z could be greater or smaller than the
sum of the variances of the summands.

. In 1879 Michelson obtained the following values for the speed of the light in
the air (we provide the results subtracting 299.000 from the original data, in
km/sec, to make easier the computations): 850, 740, 900, 1070, 930, 850, 950,
980, 980, 880, 1000, 980, 930, 650, 760.

In 1882 Newcomb, using another procedure, obtained (subtracting again
299.000): 883, 816, 778, 796, 682, 711, 611, 599, 1051, 781, 578, 796, 774,
820, 772.

(a) Compute the mean and the standard deviations.

(b) What conclusions could you infer from (a)?
. The geometric mean of the variable X is defined as
G=(x1 Ty .. zp)/"

and the harmonic mean of X as

n

1 -1
H:( —> .
— Xy
=1

SRS



10.

11.

You are asked

(a) to find the relationship between the geometric mean and the mean of the
logarithm of the original variable X;

(b) the same between H and the mean of Y, where Y = X1,

. Prove that, if there exists a exact linear relationship between two variables,

Y = a+ bX, with b > 0, then their correlation coefficient is equal to one.
Compute the variance and the correlation coefficient of the following data:

X:2 121 4

Y: 8 9 8 5 10

Consider the following joint distribution of absolute frequencies n(x,y) of the
variables X = age and Y = weight of a group of 42 secondary school boys.
There are only two ages: 13 and 14 years. The weights (in kilograms) are
grouped into three intervals (or classes): (35,45], (45,55] and (55,65], which are
parametrized by their corresponding midpoints (40, 50 and 60).

Y = weight

40 50 60

X=age 13| 4 |7 |7
141 3 | 8|13

You are asked to

(a) compute the distributions of marginal relative frequencies of age, fx(x) for
x = 13,14, and weight, fy(y) for y = 40,50, 60;

(b) compute the means of age X and weight Y
(c) compute the variances of age S% and weight S%;

(d) compute the covariance between age and weight Sy and the corresponding
correlation coefficient ryy;

(e) compute the distribution of conditional (relative) frequencies of age given
that the weight is 60, fxy (60) for z = 13,14 .

Let the variable X be the number of theater attendances and Y the number
of cinema attendances. Consider the following table of monthly relative
frequencies of theater and cinema attendances for a group of retired people:

X
0 1 2
041]0.05| O

0.19 | 0.06 | 0.02
0.10 | 0.05 | 0.02
0.02 | 0.07 | 0.01

=W N =
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13.

You are asked to

(a) find the distribution of marginal relative frequencies of the number of cinema
attendances;

(b) find the distribution of conditional (relative) frequencies of the number of
cinema attendances for the retired people who have not gone to the theater;

(¢) compute the means and the standard deviations of the variables X and Y.
(d) compute the covariance between the variables X and Y.

The distribution of the number of accidents caused by 705 bus drivers in the
last 4 years has been the following;:

H Number of accidents H n H

0 114
1 157
2 158
3 115
4 78
5 44
6 21
7 7
8 6
9 1
10 3
11 1

(a) What type of variable are we dealing with? (discrete or continuous,
qualitative or quantitative).

(b) Complete the frequency table by adding the relative frequencies f, the
absolute cumulative frequencies N, and the relative cumulative frequencies F.

(¢) Draw the bar diagram (or chart) of absolute frequencies.

(d) Compute the mode, the mean and the median.

(e) Find the 50%, 75% and 40% percentiles; 509 759 and T40%.

An exporting firm sells its product to three countries (China, Japan and Korea).
The variable X represents the number of commercial representatives in each
country and the variable Y represents the revenues from each country (measured

in units of one hundred thousand euros). The following table summarizes the
information:

XY
China | 3 | 7
Japan |4 |9
Korea | 5 | 7

(a) Compute the variances of X and Y, Var(X) and Var(Y').



14.

15.

(b) Compute the covariance between X and Y, Cov(X,Y).

(c) Find the conditional (relative) frequencies of X given Y =7, fxyy (z7)
for z = 3,4,5, and the conditional (relative) frequencies of X given Y =9,
Ixy (x]9) for x =3,4,5.

The following observations correspond to the market value of two given shares
of stock during 10 days:

Shareof stock A: 1.25, 1.34, 1.02, 1.01, 0.98, 1.12, 1.40, 1.23,1.10, 1.02
Share of stock B: 1.40, 0.98, 1.32, 1.20, 0.97, 1.24, 1.10, 0.89, 1.36, 1.01

(a) What is the mean value of each share of stock during the observed period?

(b) What is the median of the values of each share of stock during the observed
period?

(c) From the point of view of a potential investor, and according to these
observations, which of the two shares of stock is less risky (that is, which one
has smaller variance)?

The variable X represents the number of years that a former student of
Economics and Business of the UAB remained unemployed after completing
her degree. The variable Y represents the number of questions of the final
exam of Statistics that the same former student answered correctly. Consider
the following table of relative frequencies of X and Y from the population of
former students:

X

0 1
0[0,010,28
10,07 0,17

Y 2[0,13]0,08
3(70,10 [ 0,01
4[0,15 [ 0,00

You are asked to:

(a) Find the distribution of marginal relative frequencies of the number of
correct answers in the exam.

(b) Find the distribution of conditional frequencies of the number of correct
answers for the former students who remained unemployed during one year.

(c¢) Compute the mean and the standard deviation of the variables X and Y.

(d) Compute the covariance and the correlation coefficient between X and Y.
What conclusion do you reach about the relationship between the number of
correct answers and the number of years unemployed?
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o Random experiment: experiment, trial, or observation that can be
repeated under the same conditions and whose outcomes are
uncertain but observable.

o Sample space: The set () of possible outcomes of a random
experiment.

o Sample point (or "state of the nature"): An outcome of a
random experiment, w € Q).

o Example 1: Random experiment: Roll a dice. O; = {1,2,3,4,5,6}.
o Example 2: Random experiment: Flip a coin. Oy = {H, T}.
o Example 3: Random experiment: Roll a dice and flip a coin.
O3 =01 x Q= {(1,H),(2,H), (3, H), (4 H), (5 H),(6,H),
(L7).,(27),3T7).(4T).(5T).(6T)}.
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(]

Example 4: Random experiment: You pick an individual from a large
population and observe his/her wealth measured in cents.

the set of all integers comprised between
Oy = . .
the minimum and the maximum wealth

A set Q) is discrete or countable if there exists an injective (or
one-to-one) function from () to the set of natural numbers IN.

A set () is continuous if it is not discrete.
Sample spaces can be either discrete (or countable) or continuous.

Discrete sample spaces can be either finite or (countable) infinite.
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o Fundamental theorem of combinatorics. Consider an experiment
(or operation) that consists of K sub-experiments (or steps) and each

step j can be made in n; different ways, j = 1,2, ..., K, then the
K
whole operation can be made in [] nj = ny-ny-...-nk different ways.
j=1

@ Sometimes the experiment consists of selecting permutations (or
orders or arrangements) of n objects.

@ The number of permutations P, of n different objects is given by
P,=n'=n-(n—1)-(n—2)-...-3-2-1,

where n is a natural number (n =0, 1,2, ...) and the symbol "!"
denotes the factorial.
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o Variations (or permutations) of r objects taken from a set of n
different objects (n > r): V.

@ Here only r objects are taken from the set of n different objects (with
n > r) and, thus, two variations may differ because their objects are
different or because they are arranged in a different order.

@ The number of variations of r objects taken from a set of n different
objects is given by

n!

V,,’=n'(”—1)'(”_2)""'(”_r+1):m'

r elements

where n and r are natural numbers with n > r.

Example: A club has 24 members. Its executive committee is formed
by 4 members of the club: the president, the vice-president, the
treasurer and the secretary. Then, this executive committee can be
formed in 24 -23-22 .21 = 255024 different ways.
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o Permutations with repeated objects.

The number of permutations of n objects with n; of type 1, ny of
K

type 2,..., nk of type K, with )} n; = n, is given by
j=1
n! n!
mim!. ng! K
1-M:...NK I n!
j=1

o Example: With the letters appearing in the word ‘Tallahassee’ we

can form
11! ~ 39916800

113121112121 48

= 831600

different words.
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Number of combinations of r objects taken from a set of n different
objects (n > r), C/:
o number of ways we can select r objects from a set of n different objects

(we do not care here about the order but only about the objects we
pick); or

o number of subsets of r elements from a set of n elements.

The number of combinations is given by the following combinatorial

number:
o (Yo Vi
r rf(n—=r)t  r!

where n and r are natural numbers with n > r.

. . n .
The combinatorial number ( ) also gives us the number of
r

permutations of n objects with r of type 1 and (n — r) of type 2.
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o Number of ways of partitioning a set with n elements into K subsets
K
of ny,nm, ..., nk elements, with ) n; = n:
Jj=1

n - n!
nyno, ..., NK o n1!n2!...nK!'

which coincides with the formula of the number of permutations with

repeated objects.
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o Properties of combinatorial numbers:

(D-=0")

Proof:

ny n! _ n! _ n

r)  rln—=r)t  (n=n)tr \n-r)
2.

o'=1.
Proof: \ )
n n!
(n) por —or 0
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@ The combinatorial number ( ) is also a coefficient in the polynomial

r
expansion of a binomial power (Newton's binomial theorem):

wror=£ (o

o Moreover,

) -

K
Do x®), with Y =n.
L3 L () O o). vith L=

rn=0n= rk=0

o Example. Let (x +y + z)°. Then, the value of the coefficient c in
the term cx3yz? of the expansion is

6 6!
©= <3,1,2) = 3 - %0
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B¢ denotes the complement of B relative to (), that is,
B ={weQ|lw¢B}

AUB={weQ|weA, orwe B, orboth}.

ANB={weQlweAandw e B}.
A\B={weQ|weAand w ¢ B}. Therefore, B = O\B.

J. Caballé (UAB - BSE) Probability and Statistics



o Definition. A o-algebra (or o-field) on Q) is a collection F of subsets
of (), such that

1. 0e F, Qe F.
2. If Be F, then B € F.

3. If {By, By, ...} is a countable (finite or infinite) collection of
elements of F, then U B; € F.
i
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Note: If {B1, By, ...} is a countable (finite or infinite) collection of
elements of the c-algebra F, then N B; € F.
i

Proof. Note that, if {Bj, B, ...} is a countable collection of elements
of the o-algebra F, then {Bf, BS, ...} is also a countable collection of
elements of F. Therefore,

UBfef:(UBf) eF=(\B€F. QED  (x

Moreover, part 3 of the definition of o-algebra could be replaced by
the following:

3'. If {B1, By, ...} is a countable (finite or infinite) collection of
elements of F, then ﬂ B € F.

This replacement is justified by just interchanging the set operations

U and N in (%).
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In the definition of algebra on () we replace the word "countable" in
(3) by "finite".

Therefore, a -algebra is an algebra, but the converse is not true.
The elements of a o-algebra are called measurable sets, B € F.

If () is a sample space and we define a o-algebra F on it, the
elements of F are called "events".

B is an event if the question "Does w € B?" has a definite "yes" or
"not" answer after the experiment has been performed and delivered
the outcome w, for all outcomes w € Q).
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o The smallest o-algebra on Q) is {@, O}, whereas the largest is the
collection of all subsets of () (the power set, denoted by 2).

o Let the number of elements (or cardinality) of () be #Q = n. The
number of elements of the power set 2 is

#00 — <g) + <'17) TR (Z) = (14+1)"=2".
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o Example: We roll a dice and flip a coin. This random experiment has
12 sample points (or outcomes):

Q={(1,H),(2,H),(3,H),(4H),(5H), (6,H),
(1,7),(2,T),(3,T),(4T7),(5,T),(6,T)}.

o Examples of events in the power set 2
A={(2,H),(4 H),(6,H)} <Even number of points and Head
B={(1,H),(2,H),(3,H), (4, H),(5H),(6,H)} <Head
C ={(2,H), (4 H)} —Number of points even no larger than 4 and Head

o The power set 22 contains 212 = 4096 different events.
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o Definition. Let S = {A;, Ay, ...} be a collection of arbitrary subsets
of ). The o-algebra 0 (S) generated by S is the smallest o-algebra
containing S.

o Note: {®,Q} Co(S)cC 22
o Example. Let O ={1,2,3,4,5,6} and S = {{1},{1,3,4}}. Then,

c(8)={0,0,{1},{1,3,4},{2,3,4,5,6},{2,5,6},{1,2,5,6},{3,4}}.
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o Usually, we consider o-algebras generated by partitions of Q).

o Definition. A partition of the set () is a collection of subsets of (),
{Bi, By, ...} such that

(a) Bi #Q, forall i,
(b) BiNBj =, for all pairs (i,j) with i # j,
(C) U B,‘ = Q0.
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Example. Let O = {1,2,3,4,5,6} and S = {{1,2},{3,4},{5.6}}
is a partition of (). Then,

c(S)={Q,0,{1,2},{3,4},{5,6},{1,2,3,4},{1,2,5,6},{3,4,5,6} }.

If 71 C F>, then we say that the o-algebra F; is finer than Fy (or
that F7 is coarser than F?).

{®@,Q)} is the coarsest -algebra on ), whereas the power set 2 is
the finest o-algebra on Q).

Definition. The pair (2, ), where F is a o-algebra on Q) is called
a measurable space.
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o Definition. A measure p on the measurable space (€, F) is a set
function on F taking values on the set of non-negative extended real
numbers,

Wi F—[0,0] =Ry,

such that

1. If {By, By, ...} is a countable (finite or infinite) collection of
mutually disjoint measurable sets (elements of F), then

1 <U B,-) = Zy (Bi)  (countable additivity).

2. (@) =0.

o Property 2 is redundant if at least one of the measurable sets has
finite measure.
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o A signed measure on the measurable space (Q), F) is a countably
additive set function on F taking values on the set of extended real
numbers R = [—co0, 00| such that u (@) = 0.

o Therefore, a measure is a signed measure that takes values on IR, .
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o Definition. The triple (Q, F, p), where (Q), F) is a measurable
space and p is a measure on it, is called a measure space.

o Definition. A probability measure (or "probability") P on (Q, F),
where () is a sample space and F is a o-algebra of events, is a
measure such that P(Q) = 1.

o Definition. The triple (Q), F, P), where P is a probability on (Q), F)
is called a probability space.

Note: We only assign probability to events.
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Usually, if the sample space is discrete and the o-algebra of events is

the power set 2, we assign probabilities to all the sample points and,
using the countable additivity property, we construct a probability on

the measurable space (Q 20) .

Proposition. Consider the probability space (Q 20, P), where
Q = {w1,ws, ...} is a discrete sample space, then

P(B)= ) P{w}

w;eB
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o Proposition (Laplace). Consider the probability space (2,29, P). If
#O = N, #B = n, and all the sample points are equally likely, then

P(B) = % (Laplace formula).

N
o Proof: Observe that () = U {w;i} . Therefore,

P(Q) = Z P{w;i} . Since all the sample points are equally likely,
P{wi} = p for all /. Then,

N
=) p=Np
i=1

1
Moreover,

which implies that p = N

since the event B has n elements. Q.E.D.
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Pierre Simon de Laplace (1749 - 1827)
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o Example: We roll a dice. Let QO = {1,2,3,4,5,6}, F = 29,
A=1{1,2,3}, B={3,4}, C={4,5}, and D = {4}.

o Then, P(A) =3/6 =1/2, P(B) =2/6 = 1/3, P(C) = 2/6 = 1/3
and P(D) =1/6.

o AUC =1{1,2,3,4,5} so that P(AUC) =5/6.

o Note also that AN C = @ so that

N
[e)IN6&,]

_|_

W

P(AUC)=P(A)+P(C) =
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o Note on the relationship between probability and frequency: If
we randomly pick an object (or individual) from a population having a
variable X distributed according to the relative frequency fx, then

P{X € B} = fo(x),

xeB

where {X € B} is the event where the variable X of the object we
pick takes a value belonging to the set B.

o Notation:
P(ANB) = P(A, B).
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Q@ P(A) =1— P(A).

Q If AC B, then P(A) < P(B).
Q0<P(A <1

© P(AUB) = P(A)+ P(B) — P(ANB).
5)

P(AUBUC) = P(A)+P(B)+P(C)—P(ANB)—P(ANC)
—-P(BNC)+P(ANBNC).

o Properties 2, 4, and 5 also hold for a general measure y and Property
1 then becomes u(A¢) = u(Q)) — u(A), while Property 3 becomes

0 < u(A) < u(Q).
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o All the previous rules of probability have to be satisfied both when the
probability is objective (i.e., based on scientific predictions) and when
the probability is subjective (i.e., based on beliefs).

Example: We roll a dice. Let O ={1,2,3,4,5,6}, F = 202
A={1,2,3} and B = {3,4}.

Then, P(A) =3/6=1/2and P(B) =2/6=1/3.

AUB ={1,2,3,4} and ANB = {3}.
Then, P(AUB) =4/6 =2/3 and P(ANB) =1/6.
Note that
4 3 2 1 4
P(AUB) = 2 = P(A)+ P(B) = P(ANB) = c+: — 2 = .
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o Definition. If A and B are events in the sample space () and
P(A) # (>)0, the conditional probability of B given A is

P(AN B)

P(BlA) = P(A)

o Therefore, if A and B are events in the sample space (2 and
P(A) # (>)0, then

P(ANB)=P(A)-P(BJA).

J. Caballé (UAB - BSE) Probability and Statistics



o Proposition. If P(A;NAN...NA,—1) >0, then
P(ANAN..NA,) =
P (A1) P(A2|AL)-P(As|AINA) .- P(Ay AN AN NA1).
o Proof.

P(A1)-P(Ax|A1)-P(As|A1NA) .- P(A JALN AN ...NA1)

—P(A) P(AlﬂAg) P(A10A2ﬁA3) P(AlﬂAgﬂ...ﬁAn)
TV TR AY) P(ALNAy) 7 PAINAN..NA1)
= P(ALNAN...NA). Q.E.D.
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Note: If we randomly pick an object (or individual) from a population
having the variables X and Y distributed according to the relative joint
frequency fx y and, thus, with the relative marginal frequencies fx and
fy, and the conditional frequencies fx|y and fy|x, then

P{XxeBYeCt=Y Y fy(xy =

xeByeC

P{X=x,Y=y}="1ky(xy),

P{X e B} = fo(x) = P{X =x}="fx(x),

x€EB

P{YyeCt=) f(y) = P{Y=yl=F~I(y),
yeC
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P{XeB|lyecC}=
and

P{yeC|XeB} =

—

Yo ) Ay (xy)

P{XGB,YEC} __ xeByecC

P{Y e C} gcfv()/)

Yo ) v (xy)

P{XGB.YEC}_XGByEC

P{X € B} gB fx (x)

P{XeB|Y=y}= L fxy (xly), P{Y € C|X=x} = ¥ fyx (vIx)
x€eB yeC

and

P{X=x|Y=y}=1fy (xly), P{Y=y|X=x}="fx (y|x),

where {X € B} is the event where the variable X of the object we pick
takes a value belonging to the set B and {Y &€ C} is the event where the
variable Y of the object we pick takes a value belonging to the set C.
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Probability and Statistics IDEA 33 /48



o Example. We extract two cards with "no replacement" from a deck
of poker cards. The probability that the two cards will be aces is
4 3

P(ALNA2) = P (A1) P(Ax]Ar) = - o = 0.0045.

@ Assume now that the extractions are made "with replacement", that
is, the cards are introduced back in the deck after each extraction.
The probability that the two cards so extracted will be aces is

4 4
P(ALNA) =P (A1) P(A|A) = 5 - 55 = 0.0059.

o Example: We extract three cards with "no replacement" from a deck
of poker cards. The probability that all the three cards will be aces is

P (AN Ay NAs) = P(A;)-P(Ay|AL) - P(As|A N A)

4 3 2
= — - —-— =0.000181.
52 51 50 0.00018
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o Definition. The events A and B are independent if

P(ANB) = P(A)-P(B).

o Proposition. Let P(A) > 0. The events A and B are independent if
and only if

P(B)=P(BJA).

o Proof. Since P(ANB) = P(A)-P(B|A) if P(A) > 0 and the
events A and B are independent (i.e., P(ANB) = P(A)-P(B)),
we immediately obtain the desired result. Q.E.D.
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Example. We toss 3 coins (or the same coin three times). This random
experiment has 8 equally likely outcomes,

Q ={(HHH),(HHT),(HTH),(THH),(TTH) ,(THT),(HTT),(TTT)}
so that the probability of each outcome is 1/8.

o Consider the following events when F = 22
A= {(HHH),(HHT)}, < {Head in the first two coins}
B={(HHT),(HTT),(THT),(TTT)}, < {Tail in the third coin}
C={(HTT),(THT),(TTH)} < {Exactly two tails}

o ANB = {(HHT)} and BN C = {(HTT),(THT)}.
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o P(A)=2/8=1/4, P(B)=4/8=1/2, P(C) =3/8,
P(ANB)=1/8, and P(BNC) =2/8=1/4.

o The events A and B are independent since

P(AﬂB):%:P( ). P(B) = % %:

o The events B and C are not independent since

P(BOC):%#P( ). P(C) = % 321—6.
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o Proposition. If A and B are independent events, then
(a) A€ and B are independent.
(b) A€ and B€ are independent.
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o Proof. (a) Observe that
B=QNB=(AUA)NB = (ANB)U(A°NB).
Since (AN B) and (AN B) are disjoint events,
P(B)=P[(ANB)U(A°NB)]=P(ANB)+P(A°NB),
which is equivalent to
P(A°NB)=P(B)—P(ANB).

Therefore, since P(A°) =1 — P(A) and the events A and B are
independent (i.e., P(ANB) = P(A)-P(B)), we have

P(A°NB) = P(B)—P(ANB) = P(B)—P(A) P (B)
P(B)[1 = P(A)] = P(B) - P(A%),

which proves the independency between A¢ and B.
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o (b) Obvious from (a). Q.E.D.

o Definition. The events in the collection S = {A;, Ay, ...} are
independent if the probability of every finite intersection of events in
S equals the product of their respective probabilities.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 40 / 48



o Theorem of Total Probability. Let {B;, By, ...} be a countable
(finite or infinite) collection of events that constitutes a partition of
the sample space () and assume that P(B;) > 0 for all /. Then,

P(A) = ZP(BI) -P(A|B;j), for every event A.

@ Proof. Since

A:AﬂQ:Aﬂ(UB,-) =J(AnB)

and the events in the countable collection {AN By, AN By, ...} are
disjoint, we get

P(A) =P (U(AOB;)> =) P(ANB) =} P(Bi)-P(AlB;),

where the last equality follows since P(AN B;) = P(B;) - P (A|B;) if
P(B;) > 0. QED.
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o Example. We extract two cards with "no replacement" from a deck
of poker cards. The probability that the second card is an ace is

P(A2) = P (A1) - P(A2|A1) + P (A7) - P (A2 |A])

(4 3 N 48 4\ 4
- \52 51 52 51) 52
o Assume now that the extractions are made "with replacement", that

is, the cards are introduced back in the deck after each extraction.
The probability that the second card is an ace is, obviously,

P(A2) = P (A1) - P (A2 |A1) + P (A]) - P (A2 |AT)

(A A (oA _ 4
\52 B2 52 52 ) 52
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o Note that, if the extractions are made with "no replacement", then
the events A; and A, are not independent since

P(AINA) = o 3 L P (A)-P(A) =

52 51 52 52

o If the extractions are made "with replacement", then the events A;
and A, are independent since

4 4 4 4

e = P(A) P(A) =

P(AiNA) = 5 55
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@ The theorem of total probability can be modified to apply for
intersections of events as follows:

o Proposition. Let {B;, By, ...} be a countable (finite or infinite)
collection of events that constitutes a partition of the event B and
assume that P(B;) > 0 for all i. Then,

P(ANB) Z P(B;)-P(A|Bj), for every event A.

o Proof. Since | B; = B, we have that J (AN B;) = AN B, where the

1 1
events in the countable collection {AN By, AN By, ...} are disjoint.
Thus,

P(ANB) :P<U(AﬁBi)) ZZP(AﬂBi)

—ZP P(A|B;). Q.ED.

o If we make B = () in the previous proposition, then we recover the
original theorem of total probability since P(AN Q) = P(A).
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Thomas Bayes (1702 - 1761)
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o Bayes' theorem. Let {Bj, By, ...} be a countable (finite or infinite)
collection of events that constitutes a partition of the sample space ()
and assume that P(B;) > 0 for all i. Then, for every event A such
that P(A) > 0,

_ _P(Bj)-P(AlB))
~ LP(B)-P(A[B)

P(Bj|A) , forallj=1,2, ..
o Proof. Obvious since

P(5;14) = 250

“PA) when P(A) > 0,

and P(ANB;) = P(B;) - P (A|B;) if P(B;) > 0, while
P(A) =YL P(B;)-P(A|B;) if P(B;) > 0 for all i, as follows from the
theorem c’>f total probability. Q.E.D.
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Note: P(B;)) is the prior probability of the event Bj, P (A|B;) is the
conditional probability of the event A given B; (also called the
"likelihood" of A when B; occurs), and P (B;|A) is the posterior
probability of the event B; given A, for j = 1,2, ...

Example: We want to select a candidate for a job and we observe
the result of a test undertaken by the candidate.

{g. b} = {candidate is good for a job, candidate is bad for a job},
constitutes a partition of (). Thus, b = g°.

{p, f} = {candidate has passed a test, candidate has failed a test} .
Prior probabilities: P(g) = 0.25 so that P(b) = 0.75.

Likelihoods: P(p|g) = 0.99 so that P(f |g) =1— P(p|g) = 0.01,
and

P(f|b) = 0.83 so that P(p|b) =1— P(f|b) = 0.17.
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@ Then,
P(pNg)
-~

P Prle)
o g) F(p|&g
PelP) = Ble) Plole) + P(b) - P(o]B)

P(p)

0.2475
——
0.25-0.99 B
(0.25-0.99) + (0.75-0.17)

~

0.66.

~0.375
o Note that P(b|p) =1— P(g|p) = 0.34.
o Moreover, P(p) = 0.375 so that P(f) = 0.625.

o Finally, P(pNg) = P {pass and good} = 0.2475.
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Exercises. Probability and Statistics. IDEA.
1. Probability

. Prove that, for any positive integer (or natural number) n larger or equal than
2andr=1,2,....,.n —1,

()= )G
A4y =0+ Q+y)" =0+ " +yQ+y"".
S (G- ()

Hint: Use the fact that
A+y)" ™" =1+y)" 1+y)".

Hint: Use the fact that

. Prove that

. Suppose that we are concerned with the completion of a highway construction
job, which may be delayed because of a strike. Suppose, furthermore, that
the probabilities are 0.60 that there will be a strike, 0.85 that the job will be
completed on time if there is no strike, and 0.35 that the job will be completed on
time if there is a strike. What is the probability that the job will be completed
on time?

. A strictly positive integer I is selected, with P{I =n} = (% ,n=12 .1If

I takes the value n, a coin with probability e™ of heads is tossed once.
(a) Find the probability that the resulting toss is a head.

(b) Find the conditional probability of {/ = 5} given that we know that the
resulting toss has been a tail.

. The members of a consulting firm rent cars from three rental agencies: 60%
from agency 1, 30% from agency 2, and 10% from agency 3. If 9% of the cars
from agency 1 need a tune-up, 20% of the cars from agency 2 need a tune-up,
and 6% of the cars from agency 3 need a tune-up,

(a) what is the probability that a rental car delivered to the firm will need a
tune-up?

(b) if a rental car delivered to the firm needs a tune-up, what is the probability
that it came from the rental agency 27



6. Let us define a generalized combinatorial number as

r—1

N Oe-9
()=

for any real number r and any natural number z. Moreover, by definition, we

have
<T> b
0

for any real number r.
Prove that,

(a) If n is a natural number such that n > x, then we obtain the traditional
formula for a combinatorial number,

()=

(b) If n is a natural number such that n < z,

()

(¢) For any real number r and any natural number z,
-r r+z—1
=(—1)" .
()=o)
(d) If n is a strictly positive natural number,
—n Sfntx—1
()= ()
x n—1

(e) For any natural number z,

(‘D ~(-1)* and <;2) — (—1)7(1 4+ 2).

(f) If r and z are two real numbers with |z| < 1,

o
-
1 "= .
v =3 (1)
=0
(g9) For any real number z and any natural number n,

(14 2)" = En: (Z) .

=0



10.

11.

12.

. In a scientific meeting of 100 people, 60 of them speak English only, 30

speak French only, and the remaining 10 speak both languages. Compute the
probability that two randomly selected participants will be able to understand
each other.

. Ten individuals are randomly ordered and all possible orderings are equally

likely. Find the probability that two given individuals be contiguous if the 10
individuals are ordered: a) in a row, b) in a circle.

. We have 11 urns, which are numbered from 2 to 12. The composition of the

urns is the following:

number of the urn 213145671819 |10]11] 12
number of white balls | 0 3141514131211 11]0
number ofblack balls |1 |1 |1 |11 ]1|1]1]| 1 1 1

—_

We roll two dices simultaneously. If the sum of points is k&, we make an
extraction with replacement of a ball from the urn k. If the extracted ball
is black, the game is over. If the ball is white, we roll again the dices and repeat
the whole process. Compute the probability of making at least 3 successive
extractions.

There are n balls in a box. Each ball is either black or red and we assume that
the n + 1 different possible compositions of the box are equally likely.

(a) We randomly pick one ball and it turns out to be red. What is the
probability that £ out of the n balls in the box were red?

(b) Assume that n = 6 and that we randomly pick two balls with replacement
(i.e., we put back in the box the picked ball after each extraction) and it turns
out that both balls are red. What is the probability that 5 out of the 6 balls
were red in the composition of the box?

(¢) Assume now that n = 7 and that we extract two balls with no replacement
from the box. What is the probability that both balls will be black? What is
the probability that the first extracted ball will be black and the second red?

We have two decks of Spanish cards (with 48 cards where 12 of them are figures).
We randomly extract a card from the first deck and we insert it in the second
deck. Then, we roll a dice. If we get one dot, we randomly extract a card from
the first deck; if we get two dots, we randomly extract a card from the second
deck; otherwise, we merge the two decks and we randomly extract a card from
the resulting single deck. Find the probability of extracting a figure in this
second extraction.

The Chicago Bulls and the Golden State Warriors are playing each other in the
NBA (National Basketball Association) final playoffs. In this set of games, the
first team to have won four games is declared to be the (world) champion.



13.

14.

(a) Assume that the Bulls are slightly better than the Warriors, such that
P {Bulls beat the Warriors in the first game} = 0.6

and that the outcome of a game affects slightly the probability of the outcome
on the following game so that

P {Bulls win a game if they have won the previous game} = 0.7
but

P {Bulls win a game if they have lost the previous game} = 0.5.

(i) What is the probability that the Warriors will win a game if they have lost
the previous game?

(ii) What is the probability that the Bulls will win the playoffs in only four
games?

(iii) What is the probability that the Warriors will win the playoffs in only four
games?

(iv) What is the probability that the Warriors have won the first game if we
know that they have lost the second game?

(b) If the two teams were evenly matched, that is,

P {Bulls beat the Warriors in the first game} = 0.5

and the probability of winning a game did not depend upon the outcome of the
previous game, would it be more likely or less likely that the series would end
in just four games than under the conditions specified in (a)?

In a group of 20 students of the IDEA program, 12 of them have passed the
Micro exam only, 6 have passed the Macro exam only, and the remaining two
students have passed both the Micro and the Macro exams. We pick randomly
three students from this group.

(a) Compute the probability that all three students have passed the same exam.

(b) If we know that the three students we have picked have passed the same
exam, what is the probability that the three have passed the Micro exam.

Consider the events A, B, and C' on the probability space (2, F, P). Assume
that P(A) =1/2, P(B) =1/2, P(C) =1/2, P(ANB) =1/4, P(ANC) = 1/4,
P(BNC) =1/4, and P(AN BN C) = 1/4. The following figure summarizes
these probabilities:



(a) Show that A and B are independent, A and C' are independent, and B and C'
are independent, but A, B, and C' are not independent. Note: this is an example
of three events that are pairwise independent without being independent.

(b) Prove that PLAUBUC) = 1.

(¢) Find P ((AN B) N C®), where C° is the complement of the event C. Note
that the event (A N B) N C* contains all the sample points belonging to both A
and B but not belonging to C. That is, (AN B)NC° = (AN B)\C.

Consider now the events D, E, and F' on the probability space (2, F,P).
Assume that P(D) = 0.6, P(E) = 0.8, P(F) = 0.5, P(D N E) = 048,
P(DNF)=03, PIENF)=0.38, and P(DNENF) = 0.24. The following
figure summarizes these probabilities:

(d) Are D and F are independent? Are D and F' independent? Are E and
F independent? Are D, E, and F independent? Show that P(DNENF) =
P(D)-P(E)-P(F). Note: this is an example of three events whose probability
of their intersection is equal to the product of their respective probabilities.
However, they are not independent since they are not all pairwise independent.

(e) Find P ((D N E) N F*), where F¢ is the complement of the event F. Note
that (DN E)NF°=(DNE)\F.

(f) Find P ((DU E U F)), where (DU E'U F)° is the complement of the event
DUFEUF.



15.

16.

Prove the following generalization of the theorem of total probability:

Theorem of total conditional probability. If A and C are events of
the measurable space (2, F) and {Bj, By, ...} is a discrete collection of events
that constitutes a partition of the sample space 2, with P(B;NC) > 0 for
1 =1,2,..., then

P(A|C)=) P(B;|C)-P(A|B;NC) forall A€ FandC€F.

Consider a group of n individuals and a task that has to be done. Nobody wants
to do this task. The "drawing straws" method is used to select the individual
who is going to do it. Thus, individuals are randomly ordered and the last
individual becomes the group leader. Then, the group leader takes n straws
and ensures that one of them is shorter than the others. The leader then grabs
all of the straws in her fist, such that all of them appear to be of the same
length. The group leader offers the clenched fist to the group. Each member of
the group draws sequentially a straw from the fist of the group leader. When
an individual draws the shortest straw he must perform the task and the game
finishes. Obviously, if nobody has picked the shortest straw, then this straw is
the one left in the leader’s fist and, then, the leader has to do the task. Does
the order in which individuals pick the straw affect their probability of picking
the shortest straw? Hint: Use the theorem of Exercise 15.



A Primer on Integration
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Let f : R — IR be a continuous and non-negative function (f > 0). We
want to find the area A between the graph of the function and the
horizontal axis on the interval [a, b] .

Y

A
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Let us fix the value a and make the area a function of the upper endpoint
of the interval, A(x),

Az)
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Let us increase the value x by a small (infinitessimal) amount Ax. The

increase in the area is AA = A(x + Ax) — A(x).

’
//“\ y = f(=z)
AA
a b > T
T TH+AT
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@ Let us have a closer look to the increase of the area, AA,

f(z) fx + Az)

a7 T+AT

o We see that
f(x)-Ax < A(x+ Ax) — A(x) < f(x+ Ax) - Ax, if f is increasing,
whereas

f(x)-Ax > A(x+ Ax) — A(x) > f(x+ Ax) - Ax, if f is decreasing.

o Note that for Ax sufficiently small, f is either increasing or decreasing
on the interval [x, x + Ax].
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o Divide the three terms in the previous expression by Ax

A(x + Ax) — A(x)

f < <f A
() £ RS < f(x+ )
and take the limit when Ax — 0,
A —A
fim F(x) < fim AXEAIZAC) A,
Ax—0 > Ax—0 Ax > Ax—0
Al(x)

o Since f is continuous it holds that lim f(x 4+ Ax) = f(x).
Therefore, we get

Flx) < A(x) s f(x)

>
= A'(x) = f(x). (Fundamental theorem of calculus I)
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o Therefore, the derivative of the area A(x) at the point x is equal to
the function f evaluated at the point x, and this is true for all x.

o This means that the problem of finding the area on the interval [a, x|
is equivalent to the problem of finding a function F such that F’ = f.

o Definition. F is a "primitive", "antiderivative" or "indefinite
integral" of the function f if F/ = f. We write the indefinite integral

of f as
/f(x)dx.

Hence, the area A (-) (as a function of the upper endpoint x) is a
"primitive", "antiderivative" or "indefinite integral" of the function f.
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o Lemma 1. If F is a primitive of f then G = F + C, where C is a
constant (or scalar), is also a primitive of f.

o Lemma 2. If F and G are primitives of f then G(x) — F(x) = C, for
all x.
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o Hence,
A(x) = F(x)+ C, where F' =f.

o Note that A(a) = 0 so that
0=Aa)=F(a)+ C= C=—F(a).
and, thus,

A(x) = F(x)—F(a), where F'=f.

(Fundamental theorem of calculus 1)

o In particular, the area A between the graph of the continuous and
non-negative function f and the horizontal axis on the interval [a, b] is

A= F(b)— F(a), where F'=f.

. Caballé (UAB - BSE) Probability and Statistics IDEA 9 /51



Definition. The definite integral of the continuous function f on the
interval [a, b] is

a’

b b b
/a F(x)dx = F(b) — F(a) = [F(x)]° = F(x)|®, where F' = f.

Thus, when f is continuous and non-negative on the interval [a, b],
the area A between the graph of f and the horizontal axis on the
interval [a, b] is

A= /abf(x)dx.

This is the concept of integral due to Newton and Leibniz. Other
more general concepts of integral are those of Riemann and of
Lebesgue.
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Example:

>
»
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If the function f were negative,

then the area A of the shaded region will be

A:/ab[—f(x)]dx:—/abf(x)dxzo.

N——
negative
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If we want to find he area A between the graph of a continuous function f

and the horizontal axis on the interval [a, b], where the function takes
both positive and negative values on that interval,

Y -
4 4

then the area of the shaded region will be

C b
A:—/ dx+/ dx—/3f(x)dx+/ f(x)dx > 0.
a 2 <3 .,

negatlve posmve negative positive

J. Caballé (UAB - BSE) Probability and Statistics IDEA
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Recall that the indefinite integral of a continuous function f is

/f(x)dx = F(x)+ C, where F' = f and C is a constant.

Properties of the indefinite integral of a continuous function:

/cf(x)dx = c/ f(x)dx, where c is a constant.

/[f(x)+g(x)] dX:/f(x)dx—l—/g(x)dx.
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Summing up:

N N
/ ,;[Cnfn(x)] dx = n;l [Cn/fn(x)dx] , where {c,}"_, are scalars.
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o Recall that the definite integral of the continuous function f is

/b f(x)dx = F(b) — F(a), where F' = f.

o Note:

b b
/ Flx)dx = / f(z)dz = F(b) — F(a), where F' =f.

o That is, the variable appearing as the argument of the function f is a
"mute" variable.
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Properties of the definite integral of a continuous function:
o 1.
b a
/ f(x)dx = —/ f(x)dx.
a b

° 2. ,
/ f(x)dx = 0.
a
° 3.
b b
/ cf (x)dx = c/ f(x)dx, where c is a constant.
a a
o 4.

/ab [f(x)+g(x)]dx=/ab f(x)dx+/abg(x)dx,
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o 3 and 4 imply that

/ab (i [c,,f,,(x)]) dx = ,i:l

[c,, / °f, (x)dx] ,

n=1

N
where {c,},_; are scalars.
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/ab f(x)dx = /: f(x)dx—l—/cb f(x)dx.

! 2
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%/X f(z)dz = f(x)

a

and
dii/xb F(2)dz = —F(x).

o 7. Let b> a. If f(x) > g(x) for all x € [a, b], then

/ab f(x)dx > /abg(x)dx.
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b
S/ |f(x)| dx for b > a.
a

/ab f(x)dx

o 9. Cauchy-Schwarz Inequality:

[/ I (x x)|dx} < [/ab[f(x)]de]-[/ab[g(x)]de]

’ 1F(x)g(x)| dx < Ub [F(x)]? dx} v [/b [g(x)] dx] v for b> a.
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o If the function f has a countable number of discontinuities on the
interval [a, b], then we perform the integral for each subinterval
where the function is continuous and then we sum all the resulting
integrals to obtain the integral on the whole interval [a, b].

]

4

xr

a G d b

/ab f(x)dx:/: f(X)dX—i-/cd f(x)dx—|—/db f(x)dx

o Note that it does not matter if we count a point twice since the
integral on a single point is zero by property 2.

J. Caballé (UAB - BSE) Probability and Statistics IDEA
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@ On the differentiability and continuity of the integral

H(z) = /Z f(t)dt, where z € [a, b] .

a

o 1. If f is continuous at x, then H is differentiable at x and
H'(x) = f(x).

o 2. If f is discontinuous at x, then H is not differentiable at x.

o 3. The function H is continuous on [a, b],

lim H(z) = lim / f(t)dt:/x F(t)dt = H(x), for all x € [a,b].

Z—X Z—X
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of (x, y)
dy

o Let f(x,y) be a function such that the partial derivative
exists and is continuous. Then,
b b af
i/ f(x,y)dxz/ de.
dy a a ay

Therefore, one may interchange the integral and partial differential
operators.

o Proof.

d
dy

b b fix,y 4+ h)dx — [P f(x,y)d
/f(X,y)dx:,limOfa (x v+ )Z fa (x y)x:
a —

i fab [f(x,y+h)—f(x,y)] dx _
h—0 h

/b o [f(x,y—f—h)—f(xv}’)] dX:/bde.

h—0 h E)y
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o Leibniz rule. Let f(x,y) be a function such that the partial

derivative flx.y) exists and is continuous, and a(y) and b(y) be

differentiable functions. Then,

b(y)
i/ ! f(x,y)dx =
)

/a(y()mf(ay Vs + £(b(y).y) - B'(y) — F(aly),y) - 2 ().

o Proof. Since the variable y appears thrice in the integral
fb(Y) f(x,y)dx, we apply the chain rule to obtain

ay)
b
) Oy = [0 #G ot [ [P y)ae] - B (y)
+ [%fatz(yy))f(xyy)dX} -a'(y) =

/fy(j) Aoxddx+ £ (b(y),y) - b (y) = f(aly),y) - 3 (y).
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o Immediate integrals:

f(x) [ f(x)dx = F(x)+ C

n th 7& 1 Xn+1
x", with n # —
n—|—1+C
1(=x0) x+C
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f(x) [ f(x)dx = F(x)+ C
1,
;(:x ),W|thx7$0 In|x| 4+ C
"(x) - [FO)]", with n # — [f(X)]nH
f'(x) - [f(x)]", with n# —1 ot €

f'(x)

oo (=10 1767,
with f(x) #0

In|f(x)|+C

J. Caballe (UAB - BSE)
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f(x) [ f(x)dx = F(x)+ C

e* e+ C

f/(x) - efx) ef™) 4 ¢

a* with a >0 4 Lc
Ina
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f(x) [ f(x)dx = F(x)+ C
sin x —cosx + C
cosx sinx + C
tanx, with cosx # 0 —In|cosx|+ C
Inx, with x >0 x[(Inx) =1+ C
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o Examples:

o 1.
/x- x2+4)1/2dx=/1- 2x (X2+4)1/2dx
——— 2 \/"’_\,—/
f(x) f'(x) [f-(X)}l/2
3/2
1 2| 172 1| (x*+4)
—5//2x (x—|-4) dX_§T+C
TR o
1
= § (X2 —‘1_4)3/2 + C
o 2.
f'(x)
/(tanx)dxz/smxdx:/—< smx) dxz—/ sinx
Cos x Cos x Cos X
£(x) f(x)

= —In|cosx| 4+ C, if cosx # 0.
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£(x) f(x) f(x)
/e3x+ dxz/— 3e3X+ dx:—/ 3e3x+ dx
f(x) ! (x)
1 3xt2
—e C.
3e +
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o Integration by parts:

o Let F and G be the primitives of the continuous functions f and g,

respectively. Then,

d[F(x) - 6(x)]

™ =L(Q~G(X)+F(X)'i(i<2.

F'(x) G'(x)
o Therefore, computing the indefinite integral of both sides we get

F(x) G(x)+ C = /f(x) - G(x)dx—l—/F(x) . g(x)dx

or

[ F(x)-glx)dx = F(x) - 6(x) = [ (x)- Glx)dx + C.

J. Caballé (UAB - BSE) Probability and Statistics IDEA
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o For definite integrals we have

/ab F(x)-g(x)dx = [F(x) - G(x)]° - /ab F(x) - G(x)dx.
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©

Example: Let x > 0,
/(Inx)dx:/ (nx)- 3| de=.
Make F(x) = Inx and g(x) =1 so that f(x) = % and G(x) = x.
= (Inx)-_x —/ L X dx+C=(|nx)-x—/1dx+C
<~

=(Inx)-x—x+C=x][(Inx) —1] + C.

Moreover, the corresponding definite integral is

/ab(lnx) dx =b[(Inb) —1] —a[(lna) — 1].
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o So far we have looked at integrals on a closed interval [a, b], where a
and b are real numbers.

o Let us consider integrals of continuous functions on non-closed
intervals. These integrals are called improper.

4

o Integral on the interval [a, o) :

/aoo f(x)dx = lim /ab f(x)dx.

b—oo
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(]

Integral on the interval (oo, b] :

/b F(x)dx = lim /abf(x)dx.

— 0 a——0o0

(]

Integral on the interval (—oo, 00) :

/00 f(x)dx = lim /aof(x)dx+ lim /Obf(x)dx.

—e0 a——00 b—o0

(]

Integral on the right-semiclosed interval (a, b] :

b b
/ F(x)dx = lim / F(x)dx, where z > a.
a z

+ z—at

(]

Integral on the left-semiclosed interval [a, b) :

b— z
/ F(x)dx = lim / f(x)dx, where z < b.
a a

z—b~
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o Integral on the open interval (a, b) :

b— c z
/ f(x)dx = lim / f(x)dx + Iirg / f(x)dx, with c € (a, b).
a z Z—b" Jc

+ z—at
N

B A

Y

A
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(+]

All the previous limits might fail to exist (i.e., they could be equal to
00 — o0) or be equal to £co. In the latter case, we say that the
improper integral "diverges".

(~]

Examples:
o 1.

1
/0+ _dx = Tim [in|x[]2 =In1— lim (In|x]) =0~ (~o0) = o,

so that the previous improper integral diverges.
o 2.

/ Lok = lim in|x|]? = Jim (In|x]) —In1=c0—0=co,
1

X b—o0

so that the previous improper integral diverges.

e 3.

© 1 11° 1 1
/ —2dX— lim [——} = lim (——) — (——) =0+1=1.
1 X b—o00 X1 b—o0 b 1
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Investment and the stock of capital.

Under discrete time, t =0,1, 2, ...

If K: is the stock of capital at the beginning of period t, and /; is the
amount of investment during period t, we have

Kiyi =K+ 1 or Kipr — Ke =1z

o Therefore,

t—1
Ki= Ko+ Y Is.
s=0
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Under continuous time, t € [0, c0) .

If K(t) is the stock of capital at period t and /(t) is the
instantaneous amount of investment during the time interval
(t, t 4+ At), where At is infinitessimal, we have

K(t+ At) — K(t) = I(t) - At

or
K(t+ At) — K(t)
= I(t
. (1),
so that K( A) K( )
. t+ At) — t
I = K'(t) = I(t).
Amo At (t) (1)
and, hence,
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Present value of income flows.

Under discrete time, t = 0,1, 2, ...

If r > 0 is the interest rate per period and W; > 0 is the wealth at
the beginning of period t, we have

Wt+l = (1 + r) Wt' or Wt+1 - Wt == rWt.

Therefore,

1%
Wt:(1+r)tW0 or WO:(]_Ttr)t,

where the latter equality means that the present value (at date t = 0)

of having W; euros at the future date t is - euros.

W
(1+r)
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@ An implication of the previous formula is that the present value PV of
a stream of income {yt}z—:o is

o If the time horizon of the stream is infinite, T — oo, then

o Yt
PV = —_
t;O (14 r)t

where the previous sum could diverge.
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o Under continuous time, t € [0, ).

o If r > 0 is the instantaneous interest rate, W(t) is the wealth at date
t, and At is an infinitessimal time length, then we have

W(t+ At) — W(t) = rW(t)At

o W(t+ At) — W(t)
At = rW(t).
o Thus,
m R = Wi = o)

which can be written as
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o Finding the definite integral in both sides, we have

£ W' (s) ot
A W(s)ds_/o rds

so that
[In W(s)]g = [rslg -
Thus,

InW(t) —InW(0) = In (%) = rt,

which implies that

% =e" or W(t)=W(0)e" or W(0) = W(t)

= W(t)e ",

ert

where the last equality says that the present value (at date t = 0) of
having W (t) euros at the future date t is W(t)e™ " euros.
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@ An implication of the previous formula is that the present value PV of
a stream of income y(t) for t € [0, T] is

.
PV:/ y(t)e "t dt.
0

o If the time horizon of the stream is infinite, T — oo, then

[e0]
PV = / y(t)e "dt,
0
where the previous improper integral may diverge.

o Note that, if r. is the instantaneous interest rate in continuous time
and ry is the interest rate per period in discrete time, then

1+rd:erc

so that
re=1In(14ry) or rg=ce"—1.
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@ Assume that f : R"— IR is a continuous function.

o The definite integral over a rectangle
A= [al, bl] X [32, bg] X ... X [a,,_l, bn—l] X [a,,, b,-,] is

/f (X1, X2, cs Xn—1, Xn) d (X1, X2, ..., Xn—1, Xn) =
A

by pbo_1 by by
/ / / / f (X1, X2, e, Xn—1, Xn) dx1dXo...dXp_1dx, =
an an—1 an ai

by [ fbo_i by [ by
/ [/ [/ [/ f (X1, X2, e Xn—1, Xn) dxl] dX2:| ...dxn_l] dXp,
an an—1 az al

with b; > a;, i =1,2,...n.
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Example:

a b X

/f(x,y)d(x,y), where f(x,y) =x-y and A= [a b] X [c,d].
A
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Properties of the multiple integral (or integral with respect to
several variables) over a rectangle:

b
/ /2/ fi(x1) - f(x) ... fp(xn)dxidxs...dx, =

F(x1,X2,---1%n)
Ub fi (xl)dxl} - [/bz f (xz)dXQ} [/b f, (x,,)dx,,} .

o 2. Fubini's theorem:

/Cd /ab f(X,y)dXdy:/ab/cd f(x, y)dydx.
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2" Xn X2 X1
S 5 S f(ty, to,..., th—1, tn) dt1dt>...dt
9x100...0%n / /32 /al (t1, t2, ooy tho1, tn) dtr dty...dity

= f(xl,XQ, ...,Xn—1,Xn) .

o Integral over a non-rectangular region:

/f(xl,xz, s Xn—1,Xp) d (X1, %2, e, Xn—1, Xn) ,
A

where

A 75 [al,bl] X [32, bg] X ... X [a,,_l, bn—l] X [a,,,b,,].
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o Example:

o Consider the following non-rectangular region A :

y
\ y=h(x)

y=q(x)
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Exercises. Probability and Statistics. IDEA.
A Primer on Integration

. Let f be a continuous function on [a, b]. Prove the following integral version of
the mean value theorem:

b
There exists an ¢ € [a, b] such that / flz)dz = f(e)(b—a).

. Let us assume that f is a continuous function on [a,b] with f(z) > 0for all
x € [a,b]. Prove that
[

if and only if f(z) =0 for all = € [a,b].

. Prove the Cauchy-Schwarz inequality: Let f and g continuous functions on
[a,b] , then it holds that

([ eseia) < ([ r@re). ([ swre).

. Taking into account that the term being integrated is a square and, thus, it is
positive, the following argument must be erroneous. Explain why.

2 1 ]2
/—2dx: — - 1-1=-2
o (z—1) r—1],

. Let f and g be two continuous and differentiable functions on the real line.
Find the derivative of h(z) and the second derivative of k(z), where

- / /) (b) k(z) = elo fBat)at
. Find the derivative of G(x) in the following cases:

(a) G(x) = fle In (xt) dt

(b) G(x) = [, 3t

» sin (xt)

(©) Glo) = [5™

dt  (z>0).

. . Compute the following definite integrals:

In2 w/2 : 2
(a) / 8e*" 3 dx (b) / ST gy (c) / 2% In dr.
0 0 1

1+ cosz



8. Find the following primitives (or indefinite integrals or antiderivatives):

(a) / vlngde (b) / tailxdx (©) / sin® 2 da

/\/9627+x

(e) /xQezxdx (f) / 3 cos 2z dw

9. Compute the following integrals (some of them could be divergent or fail to

exist):
o b) [, 2~2/3d
@) Lairmd (b) foo 2% dn
1
(c) ffoo e"*dx (analyze the result for all 7)  (d) ff’ 5 d.
x_

10. We have seen that the present value of an infinite income stream (or flow) y(t)
discounted at a constant interest rate » > 0 is given by fooo y(t)e "dt. Let us
assume that the income stream y(¢) has the functional form y(t) = A (2"), that
is, the income in ¢t = 0 is A and it doubles in each time unit. For which values
of the interest rate the present value of this income flow is finite? Find the
present value in this case.

11. Compute the following double integrals on the specified domains:

(a) [(2z 43y +4) d(x,y), where D =[0,1] x [0,2], that is, 0 <z <1 and 0 <y < 2.

D
f y) , where C is the region of R? such that 0 <z <y, 0<y <1, x+y>1/2.
cyY

) [zy y) , where B is the region of R? such that0 <z <1, 2 <y < 2%+ 1.

B

12. It is known that

/ e dr = /1

[e.9]

and

Find fooo e~ dz and fooo e 2% dx.






Measure Theory

Additional reference:

Kirman, A.P. (1982). Measure theory with applications to economics.
Chapter 5 in Handbook of Mathematical Economics, ed. K.J. Arrow and
M. Intriligator, Vol. 1, 159-209.
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Henri L. Lebesgue (1875 - 1941) Emile Borel (1871 - 1956)
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Let / be an interval in R. It may be open: (a, b), closed: [a, b],
right-semiclosed: (a, b], or left-semiclosed: [a, b), with a < b.

The length of [ is
((1)=b—a.

Definition. The o-algebra B of the Borel sets in R is the c-algebra
generated by the collection of all the intervals of IR. In other words, B
is the smallest o-algebra containing all the intervals of R.

Note: A single point in R is a Borel set since

{a} = ﬁ [a,a—l—%].

n=1
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o Moreover, (—oo, b) = nf:jl (a—n,b),
(a,00) = f:j(a,b—l—n), (—oo,b]znizjl(a—n,b],
[a,00) = G [a,b+n), etc.

n=1

@ Not all subsets of IR are Borel sets.

o Definition. Let B be a Borel set in R, B € B. The Lebesgue
measure of the Borel set B is

= irgf;é (),

where C is a countable union of intervals in IR covering B, i.e.,
B C C =Ulk, where {h, h, ...} is a countable collection of intervals
K

in R.
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Let / C R” be an interval (or rectangle or box), i.e.,
a1 < x1 < biya < xp < bp,.ay < xp < bn}-
<) <) <) )

/:{XG]R"

The length (or the area or the volume) of I is £(I) = TT (bi — aj) -
i=1

Definition. The c-algebra B (IR") of the Borel sets in R” is the
o-algebra generated by the collection of all the intervals (or rectangles
or boxes) of R”. In other words, B (IR") is the smallest o-algebra
containing all the intervals of IR".

Definition. Let B be a Borel set in R"”, B € B(R"). The Lebesgue
measure of the Borel set B is

u(B) = irgfgﬁ (Ik),

where C is a countable union of intervals (or rectangles or boxes) in
R" covering B, i.e., B C C = I, where {h, h, ...} is a countable
k

collection of intervals (or rectangles or boxes) in R”.
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Note: The o-algebra B (R") of the Borel sets in R” is sometimes
also defined as the o-algebra generated by the collection of all the
open (or all the closed) sets of R".

Proposition. If A= {x1,x,...} is a countable subset of R, then
u(A) =0.

Proof.
0<pu(A) < 8i>nof;:€ [xk —&,xxk+¢€] =0.

Example: Let Q be the set of rational numbers in [0, 1], then
#(Q) = 0 since Q is countable. Moreover, the Lebesgue measure of
the set Q€ of irrational numbers in [0, 1] is u#(Q°) = 1.

Note: If A= {xi,x,...} is a countable subset of R", then y(A) = 0.

The Lebesgue measure is the unique measure on the Borel sets of R”
with the property that the measure of any interval (or rectangle or
box) equals its length (or area or volume).

J. Caballé (UAB - BSE) Probability and Statistics IDEA 6 /52



o Definition. A measure on (Q, F) is finite if y () < o0.

o The Lebesgue measure on (IR, B) is not finite.

o A probability measure on (Q, F) is finite since P(Q) =1 < 0.
o Definition. A measure on (Q), F) is o-finite if QO = (J A;, where

{A1, Az, ...} is a countable collection of elements of F with
1 (A;) < oo for all i.

o Examples:
o (1) The Lebesgue measure on (R, B) is o-finite.

o (2) Counting measure: p(A) = #A. Obviously, the counting measure
on (R, B) is not o-finite.

o (3) The Lebesgue measure extended on (R, B (R)) is not o-finite.
Note that B (F) is the o-algebra generated by the intervals in R.
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o Definition. A Lebesgue-Stieltjes measure on IR” is a measure y on
(R", B (R")) such that (/) < oo for every bounded interval (or
rectangle or box) / in R", n=1,2, ...

o The Lebesgue measure is a particular case of Lebesgue-Stieltjes
measure.

o A Lebesgue-Stieltjes measure on R” is o-finite (but not necessarily
finite).
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o Definition. A distribution function F : R — R is a (weakly)
increasing and right-continuous function.

o Increasing: a < b= F(a) < F(b).
o Right-continuous at xo: lim F(x) = F (x') = F (x0) , where
X—7XO

X > Xp.

@ A function is right-continuous if it is right-continuous at all points of
its domain.
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o Proposition.

o (a) Let u be a Lebesgue-Stieltjes measure on R. Let F be defined up
to an additive constant by F(b) — F(a) = u (a, b] for all a < b.
Then, F is a distribution function.

o (b) Let F: R — R be a distribution function. Let y be a measure
on (R, B) such that u (a, b] = F(b) — F(a), for all a < b, and
u(B) = irény (Tx) for all B € B, where C is a countable union of

K

right-semiclosed intervals in IR covering B, i.e., BC C = Uik, where
k

{71, b, } is a countable collection of right-semiclosed intervals in IR.
Then, u is a Lebesgue-Stieltjes measure on IR.
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o Note:

lim F(x) —F(x) = lim p (x0,x] = u (@) =0,

X—>X0+ X—>X0

F(xo)— lim F(x) = lim u(x,x]=u{x}.
X=Xy X=Xy
@ Thus, the distribution function F : R — IR is discontinuous at xg if
and only if u {x} > 0.

o The o-algebra generated by the right-semiclosed intervals is the
o-algebra of the Borel sets. To see this, observe that
(ab)= U (ab—1], (=o0,b) = U (a—n,b),

n=1 n=1

(a,0) = U (a,b+n), [a,b] ={(—00,a)U(b )},

n=1

[a,b) = (c,b)N[ad], (—co,b] = n[':jl (a—n, b,

[a,00) = G [a,b+n), {a} = Fj [a,a+ 1], etc

n=1 n
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o Usually in Statistics, when y is a finite measure (for instance, when u
is a probability) on (IR, B), we can make the following normalization
without loss of generality:

lim F(x) =F(—o00) =0
X——00
so that
F(x) = F(x) = F (=00) = (00, x].

o Recall that the Lebesgue measure is a Lebesgue-Stieltjes measure.
The distribution function associated with the Lebesgue measure is
F(x) = x4+ K, where K is an arbitrary constant. However, in this
case, F (—o0) = —oo since the Lebesgue measure is not a finite
measure.

o Clearly, the Lebesgue measure satisfies

u(a, bl =F(b)—F(a)=b—a.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 12 / 52



Lebesgue-Stieltjes measure of intervals:

pia} = F(a) - F(i;)-

N
lim F(x)
xX—a~

p(a bl = F(b) — F(a).

pla,b] = p(abl+pu{a} =F(b)—F(a)+F(a)—F(a")
= F(b)—F(a).

p(ab) = p(ab]—p{b}=F(b)~F(a)—F(b)+F(b")
= F(b)—F(a).

ulab) = p(ab)+pufat =F(b")—F(a)+F(a)—F(a)

F(b~™)—F(a™).
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o Definition. A measure on (Q), F) is concentrated on B € F if
u(B) =0

o Example: Assume a Lebesgue-Stieltjes measure concentrated on the
set of rational numbers in the interval [a, b] such that
0 < u[a, b] < 0. Then, the corresponding distribution function
F :R — R is continuous at each irrational point of [a, b], the
function F must have discontinuity points on the interval [a, b] and,
thus, these discontinuities must occur at rational points.
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(~]

Extension to (R”, B(R")) :

(]

Right-semiclosed interval (or rectangle or box ) (a, b] in R" :
(a,b] = {xG]R"\al <x1<b,a<x<b,..,a, <x, < bn}.

o Definition. A distribution function F : R” — R is a (weakly)
increasing and right-continuous function.

(]

Increasing: a < b = F(a) < F(b), where a and b belong to R".

o Right-continuous at xp: Iim+F(x) =F (x) = F(x), where
X—>X0
x > xg € R".
o Notation. Let x = (x1,...,x,)" and y = (y1, ..., yn)T belong to R".

x = y means that x;, = y; fori =1, ..., n.
x 2 y means that x; > y; fori =1, ..., n.
x >y means that x; > y; fori=1,...,nand x # y.
X > y means that x; > y; for i =1, ..., n.

@ The same relationships hold for row vectors.
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From y to F:

Assume that y is a finite measure on (R”, B (IR")). Define the
corresponding distribution F as follows:

F(x) =pu(—oo,x] =p{w e R"|—0 < w; < x;, i=1,...,n}.

/

-~

(—oo,x]CR"

Note that F(x) — 0 if at least one of the components x; of x € R”
tends to —oo.

Moreover F(x) — p (IR") if all the components x;, i = 1,..., n, of
x € R" tend to co.

Obviously, if p is a probability on (R", B (IR")) then
F(x) — 1= u (R") if all the components x;, i =1, ..., n, of x € R”
tend to co.
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o From F to . :

on=2
%3
by (@, 8) b=(b,b,)
[
: (bl:az)
a:(al:az)
) B x

y(a, b] = F(b]_,b2) — F(bl,az) — F(al,bz) + F(al,az).

J. Caballé (UAB - BSE) Probability and Statistics



oen=3

y(a, b] = F(bl, b2, b3) — F(al, b2, b3) — F(bl, an, b3>
—F(bl, b2,a3) + F(bl, a, 33) + F(al, by, 33)
+F(a1,a2, b3) — F(al, 82,83).

o We extend the formula to all the Borel sets of IR” as follows:

u(B) = irgf;y (Ic) for all B € B,

where C is a countable union of right-semiclosed intervals (or
rectangles or boxes) in R” covering B, i.e., B C C = |J Iy, where

k
{71, b, } is a countable collection of right-semiclosed intervals (or
rectangles or boxes) in R”.
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o Definition. Consider the two measurable spaces (Q), F) and
(QY, F'). The function f : O — Q' is measurable if f "}(A) € F
for each Ae F'.

Notation for measurable function: f: (Q, F) — (OO, F').

f:(Q,F) — (R, B) is a (real-valued) Borel measurable function.

f:(Q,F) — (R, B) is an (extended real-valued) Borel measurable
function.

f:(Q,F) — (R",B) is a (real vector-valued) Borel measurable
function.

f:(Q,F)— (ﬁn,b’) is an (extended real vector-valued) Borel
measurable function.
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o Recall that we can write B (R), B(R"), B (F") :
o Note that f: (0, F) — (R, B) is Borel measurable iff
{w|f(w)<c}eF, forallceR

o oriff {w |f(w) >c} e F, oriff {w |f(w) <c} € F, oriff
{w |f(w)>c} e F, forall ceR.
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o LIffp: (), F) — (ﬁ, B) , for all n, and
lim £, (w) =f (w) (ie, fh(w) — f(w)) for all w € ), then
f:(Q,F) — (R, B). (The pointwise limit of Borel measurable
functions is Borel measurable).

2. IfA:(QF)— (R B)and f: (QF) — (R, B) are Borel
measurable functions, soare i +h, 1 —fh, fi-f,and /b
(assuming these are well defined, i.e., we do not add +o0 and —oo,
divide by 0, or divide oo by c0).

a [e¢} .
o Note: 0o — o0, 0 for all a € R, and — are not well-defined (or are

©
"indeterminate" or "indefinite") in RR.
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Qo 3. If f: (Ql,fl) — (Qg,fz) and g: (Qz,fz) — (Q3,f3),
then g (f) : (1, F1) — (Q3, F3) . (The composition of measurable
functions is measurable).

04 f: (), F)— (ﬁn,8> if and only if f;: (O, F) — (ﬁ,B), for
i=1,..n where f=(f,.. f).

o Note: fi = p; (f), where the projection maps p;, for i =1, ..., n,
satisfy p; : <ﬁn, B) — (R, B).
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o Definition. The Borel measurable function f : (0, F) — (R, B) is
simple if it takes on only finitely many distinct values {y1,y>, ..., yn} .

o Therefore, f : (O, F) — (R, B) is simple if it can be written as
flw) =) yla(w), forallweq,
i=1

where f(w) = y; if w € A; and 14, is the indicator function of A;.

That is,
lifweA

Ta(w) =
0ifw ¢ A.

o Note that {A;}"_; is a collection of sets in F that form a partition of
Q.
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o 5. Every non-negative Borel measurable function
f:(Q,F) — (R, B) is the limit of an increasing sequence of
non-negative, finite-valued, simple functions f,.

o 6. Every Borel measurable function f : (0, ) — (R, B) is the
limit of a sequence of finite-valued simple functions f,, with |f,| < |f]
for all n.
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Arithmetic of R: if a € R, then

@ a+ 00 =00,
03— 00 = —00,
0 a/oo=a/(—o) =0,

0 a-0=c0ifa>0,

0 a-00=—o00if a<0,

00:-00=0-(—00) =0,

@ 00+ 00 = 00,

@ —00 — 00 = —00.

o Recall that co — oo, g for all a € R, and % are not well-defined (or

(e 9]
are "indeterminate" or "indefinite") in R.
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Definition of integral with respect to a measure y on (), F).

If h: (Q]—") — (ﬁ, B) is a simple Borel measurable function, we
define

/th‘u = Zyl,u (Ai). where h(w) =y if we AI.’ (1)
i=1

provided o0 and —oo do not appear in the sum.

If h: (Q,F) — (ﬁ, B) is a non-negative Borel measurable

function, we define
hdu = su / sdu, 2
/Q K Sp Q K (2)

where s is a simple Borel measurable function with 0 < s < h.

Note: the integral in (1) may be equal to 00, whereas that in (2)
may be equal to o0
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o Ifh: (O, F) — (F, B) is a Borel measurable function, let
h™ = max(h,0) >0, (the positive part of h)

h™ = max(—h,0) >0, (the negative part of h)

and observe that h=hT — h™.

o We define the integral of h w.r.t. u as follows:

hd :/h+d —/h‘d,

provided it is not of the form oo — oo.

o We could write [ h(w) or [ h(w)u(dw).
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Definition: The function h is said to be p-integrable (or integrable
w.rt. p) if [ hdp is finite.

If [, hdy is of the form co — oo, we say that the integral [ hdy does
not exist. Therefore, the condition of u-integrability requires the
previous existence of the integral.

From now on, when we write an integral, it should be understood
that the integral exists.

Sometimes fQ hdyu is called "abstract Lebesgue integral".
We define

/B h(w)dp(w) = /Q h(w)lg(w)dp(w), where B € F.

Let f : (R", B(R")) — (R, B) . The Lebesgue integral of f is the
integral of f with respect to Lebesgue measure and can be written as

/ f(x1,....xn)d(x1, %2, ..., xp), for B€ B(R").
B
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(]

(]

Properties of the integral (for extended real-valued Borel
measurable functions):

1.
/ chdy = c/ hdu, for any constant c.
Q Q

du> | hdu.
| edn> [ hdy

hd </hd.
‘/Q V‘_QHP‘

2. If g > h, then
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o 4. If [ hdy exists, so does [ hdy for all B € F.

o 5. Define A(B) = [ hdyu for all B € F. Then, A is a signed measure
on (), F).

o Proof. Let {B;} be a countable collection of disjoint measurable
sets, then

A(L,-JB') :/UBihdy:Zi:(/thdy) :’ZA(B,-).

Moreover, A(Q) = f{®} hdy =0. Q.E.D.
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/()(sz,-)dﬂzg(/ﬂﬁdﬂ)-

o 7. his integrable if and only if |h| is integrable.
o Note that |h| = h™ + h™.

o 8. If |g| < h and h is integrable, then g is integrable.
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o Definition: Let f and g be Borel measurable functions, then f = g
almost everywhere with respect to u (or a.e. [u]) if

p{f #gt=p{lweQ|f(w) #g(w)} =0.

@ 9. If f = 0 a.e. with respect to y, then [ fdu = 0.
0 10. If f = g a.e. [p], then

fd :/d.
| fdn = [ gdn
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o 11. If h> 0 and [, hdu =0, then h =0 a.e. (with respect to j).

o 12. If his integrable (with respect to p), then h is finite a.e. (with
respect to ).

o 13.

]/t(B):/Bldyz/sdyz/a]lg(w)dy(w) for all B € F.
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o Definition (convergence almost everywhere). Let fi, f, ..., and f
be extended real-valued Borel measurable functions on (Q), F, i) .
The sequence of functions {f,} converges to f almost everywhere
with respect to the measure y (or f = lim £, a.e. [u] or f, — f a.e.

[1]) if
p{wen ‘nILmoofn () # (@)} =0,

o Fatou’s lemma. Let fi, f,, ... be a sequence of non-negative a.e. [y],
extended real-valued Borel measurable functions on (Q), F, i) and

f = liminff, = lim (inffk) ae. [p.

n—oo n—oo \ k>n

Then the function f is Borel measurable and

fdu < | 'f/f,,d,
| < timinf [ fudp

where the integrals may be infinite.
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Monotone Convergence Theorem (Levi). Let i, f,... be a

non-decreasing a.e. [u] sequence of extended real-valued Borel

measurable functions on (Q, F, i) and f = lim f, a.e. [u] (or
n—oo

f, — f a.e. [p]). Then f is Borel measurable and

I'/f,,d:/fd (/fnd /fd),
Jim | fodp= | fdp (or | fudu— | fdu

where the integrals may be infinite.

Dominated Convergence Theorem (Lebesgue). Let f1, 1, ..., f,
and g be extended real-valued Borel measurable functions on

(Q, F, u) with |f,| < g a.e. [u] for all n, where g is p-integrable, and
f= limf ae. [u] (or f, — f a.e. [u]). Then f is p-integrable and

I'/f,,d:/fd (/f,,d /fd).
Jim | fadp = | fdp (or | fadu— | fdp

Thus, under the assumptions of the previous two theorems, "the limit
of integrals is equal to the integral of the limit."
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Let f : (R, B) — (R, B)

o Riemann integral of the function f on [a, b]:

/ab f(x)dx.

o Lebesgue integral of the function f on [a, b]:

/[a,b] f(x)dx.

o Note:

/[a’b] F(x)dx = /(a’b) F(x)dx = /(a’b] F(x)dx = /[a,b> F(x)dx.
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Riemann-Stieltjes (or just Stieltjes) integral of the function f on

(a, b ,
/a F(x)dF (x),

where F is a distribution function (i.e., an increasing and
right-continuous function) on RR.

Lebesgue-Stieltjes integral of the function f on (a, b]:

/ fdF or / F(x)dF (),
(a.t] (a.b

where we are integrating with respect to the Lebesgue-Stieltjes
measure p on (a, b] associated with the distribution function F.

Note that

/[a,b] fdF = /(a,b] fdF +f(a)u{a} = /(a’b] fdF +f(a) [F(a) — F(a7)].
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o See the handout for the relation between these integrals.

o The function defined on [0, 1] by f(x) = 1 if x is irrational, and
f(x) = 0 if x is rational, is the standard example of a function that is
Lebesgue integrable but not Riemann integrable. Its Lebesgue
integral is f[O,l] fdx = 1.
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o Definition. Let (Q), F, ) be a measure space,
h:(Q,F) — (R, B) a Borel measurable function such that [ hdyu
exists. Then the countably additive set function (or signed measure),

Amyz/hw,hmnAeﬁ
A

is called the indefinite integral of h (with respect to ).

o If u is Lebesgue measure and A = [a, x|, then

AHAZ%%ﬁ®W

is the familiar indefinite integral of calculus.
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o Definition. If y is a measure on (), F) and A is a signed-measure
on (Q), F), we say that A is absolutely continuous with respect to ,
A <, if u(A) = 0 implies that A(A) = 0.

o Proposition. If A is an indefinite integral of the Borel measurable
function hw.r.t. u, ie.,

A(A) = / hdu, forall Ac F,
A

then A < p.
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o Radon-Nikodym Theorem. Let i be a o-finite measure on (Q), F)
and A be a signed-measure on (€2, ). Assume that A < p. Then,
there exists a function g : (0, F) — (R, B) such that

A(A) = / gdy, forall Ae F.
A

This Borel measurable function g is called the Radon-Nikodym
derivative of A w.r.t. p, and is written g = dA/dp. Finally, if h is
another such function, then g = h a.e. [y].

o Therefore, if y is o-finite, A < p if and only if A is an indefinite
integral of some Borel measurable function h w.r.t. p.

o If the signed-measure A is finite then the function g should be finite
a.e. [p]. Therefore, in this case, we can assume without loss of
generality that the existing function g is finite,

g: (0 F)— (R,B).

J. Caballé (UAB - BSE) Probability and Statistics IDEA 41 /52



Note: The assumption that y is o-finite is crucial.

Example: Let u be the counting measure on (IR, B) and A be the
Lebesgue measure on (R, B) .

Obviously, #(B) = 0 implies that A(B) =0, i.e., A < p.

Assume that
A(A) = / gdy, forall A€ B,
A

for some function g : (R, B) — (R, B). Take A = {x} so that
A{x} = g(x). Since A{x} =0 for all x € R, it holds that g(x) =0
for all x € R. Therefore, we obtain that A(A) = 0 for all A € 15,
which is a contradiction.

In this example the Radon-Nikodym theorem does not apply since the
counting measure y on (IR, B) is not o-finite.
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o Definition. The function f : [a, b)) — R is absolutely continuous on
[a, b] if there exists a Borel measurable function
g : ([a b],B) — (R, B), which is integrable w.r.t. Lebesgue
measure, such that
F(x) — f(a) = / g(t)dt, fora<x<b.

[a.x]

o Note: In the previous definition we could have
g : ([a,b],B) — (R, B), but g should be finite a.e. on [a, b] w.r.t.
Lebesgue measure since f is a real-valued function.

o Theorem. Let the function f be absolutely continuous on [a, b], i.e.,
f(x)—f(a):/[ ]g(t)dt, fora<x <b, (%)
a,x

for some Borel measurable function g defined on [a, b], then f' = g
a.e. w.r.t. Lebesgue measure.
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o Therefore, f is absolutely continuous on [a, b] if and only if it is the
integral of its derivative (a.e. w.r.t. Lebesgue measure).

o Clearly, if f is absolutely continuous on [a, b], then

Alnof(x+h) —f(x) = lim /[a'erh]g(t)dt—/[alx]g(t)dt

h—0

=i / tdt:/ t)dt =0 forall x € [a, b].
lim [XYHh]g() {X}g() or all x € [a, b]

Therefore, absolute continuity implies continuity but the converse is
not true (counterexample: the Cantor function).

Note: In (x) if g is continuous at x then f is differentiable at x and
f'(x) = g(x).
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o Definition: Consider the measurable spaces (Q;, F;), i =1, ..., n,
and let

n
Qzﬂl XQQX...XQ,,ZHQ,'.
i=1
A measurable rectangle in the product space () is a set

n
A=A x A x..xA, =]]A,
i=1

where A; € F;, fori=1,..., n.

J. Caballé (UAB - BSE) Probability and Statistics 45 / 52



o Definition: The c-algebra on () generated by the measurable

n
rectangles, o ({ HA,-

i=1
and is denoted by

A € .7-“,}) , is called the product o-algebra

F=FFh&..QF, :®.7:;.
i=1

o Note that the product o-algebra is not the Cartesian product of the
n

Fi's, FixFo X ... X F, = H]—", The Cartesian product of the F;'s
i=1

n n
is the set of measurable rectangles. Therefore, Q F; = o <H .7-",-) )
i=1 i=1
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o The o-algebra B (R") of the Borel sets of R" is the product
o-algebra generated by the measurable rectangles
A=A; XAy X ... Xx A,, where A; is a Borel set of R for i =1, ..., n,

thatis, B(R") = @B; = ¢ <HB,~> .
i=1 i=1

o Assumption for the next two theorems. Let (Q);, F;, y;) be a
measure space where pi; is o-finite for i = 1,2 and let (3 = ()3 x ()
and F = F1 ® Fo.
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Product Measure Theorem. There is a unique measure y on (Q2, F)
such that

u (Al X A2) = ,ul(Al) . ,‘112(/42), for all Ay € F1, A, € Fo.

Furthermore, u is o-finite and, if y; and p, are probability measures, then
U is also a probability measure. The measure y is called the product
measure of y; and p, (3 = p; X pi,) and is given by

H(B) = [ 1 (Blwn)) dpy (wn) = [y (B (w2) dpy (w2).

for all B € F,
where
B(w1) ={ws € Mo |(w1,w2) € B}, (section of wy),

B(w2) = {wi1 € M |(wi,w2) € B}, (section of wy).
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@ Recall that O =y x (), F=F1 ®F2, and y = p; X l,.

o Fubini’s Theorem. If f : (), ) — (IR, B) is a Borel measurable
function such that [ fdj exists, then

S Fln @) du(nwn) = [ (@rw) dpy (@2) dpy (w2)

= /Qz /01 f (w1, w2) dpy (w1) dpy (w2) .
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o Observe that 1(B) = [, Igdu. Therefore, if we make f = Ig in
Fubini's theorem, we obtain the Product Measure theorem since

V(B):/QHB (w1, w2) dp (w1, w>)

:/Q1 o g (w1, w2) dy, (w2) dpy (w1)

= Jo Jo, Bten) (w2) dity (w2) dpiy (w1)=/01 1y (B (w1)) dpy (w1) .

o Similarly,
u(B) = /QIIB (w1, w2) dp (w1, w2)

= /Qz o, g (w1, w2) dyy (w1) dpy (w2)

= /02 /Q1 g(w,) (1) dpty (w1) dpy (w2) :/Q py (B (w2)) diy (w2) -

2
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o Note also that

/Bf(wl,wz) dy(wl,wz):/Qf(wl,wg)I[B(wl,wg)dy(wl,wz)

:/Q1 /sz(wl,wg)lls(m,m)duz (w2) dpy (w1)

- /. | /. F (@01,@2) Wy (@2) iy (@2) dpy (1)

or

/Bf(wl,wz)dy (w1, w2) = /Qf(wl,wg)ﬂg(wl,wg)dy(wl,wz)

:/02 Alf(wl,wQ)HB(lew2)dV1 (wl)d]“‘2 ((U2)

= /02 /01 f (w1, w2) Ig(e,) (w1)dpy (w1) dpy (w2) .
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o Both the Product Measure theorem and Fubini's theoremncan be

extended to n factors with Q = ()1 x (Qp x ... x Q, = ] (;,
i=1

FeFR®FH®.. ©F =®Fiand
i=1

u=ﬂl><u2><---><ﬂn5,_Hlﬂ,--

o The Lebesgue measure on (R”, B (IR")) is the product measure of n
Lebesgue measures on (R, B). Thus,

/lef(Xl.X2)d(X1,X2)Z/]R/]Rf(xl,xz) dxodxy

://f(xl,xz)dxldXZ.
R JR

o See the handout for an application of Fubini's theorem.
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Riemann and Lebesgue Integrals

Let [a,b] be a bounded closed interval of real numbers and let f be a
bounded real-valued function defined on [a, ], fixed throughout the discus-
sion. If P = {(x;_1,2;]},_, is a subinterval partition of (a,b] with z;,_; < x;
fori=1,...n, xr9p = a, and x, = b, we may construct the upper and lower
sums of f relative to P (also called upper and lower Darboux sums) as fol-

lows.
Let

Mzzsup{f(y) |y€ (xi—laxi]}7 t=1,..,n,
=inf{f(y) |y € (xi_1, 2]}, i=1,...,n,

and define step functions « and 3 on [a, b] , called the upper and lower func-
tions corresponding to P, by

alz) =M, if z€ (r;1,2], i=1,..n,

Blx)=m; if x€ (zi, 2], i=1,...,n,

and both «(a) and f(a) may be chosen arbitrarily. The upper and lower
Darboux sums of f relative to P are given by

EM 1’7,1
E mz z_le

Consider the measure space (Q,]—", w), where Q = la,b], F= B([a,b]),
the Borel sets of [a, b] , and p = Lebesgue measure. Since a and [ are simple
functions, we have that the Darboux sums are equal to the following Lebesgue

integrals:
U(P) = / adz,
[a,b]

L(P) = Bdzx.
[a,0]
Observe that the arbitrary values of a(a) and 3(a) do not affect the values
of the Darboux sums.
Now let {Py};-, be a sequence of subinterval partitions of (a,b] such
that Py, is a refinement of Py for each k (i.e., the intervals in Py, are
subintervals of the intervals in P;) and the length of the largest subinterval



of P, approaches 0 as k — oo. If oy, and 3, are the upper and lower functions
corresponding to Py, then

W >ay> > f> > 6,2 f

Thus, oy and 3, tend to limit functions a and S. If | f| is bounded by B, then
all |a| and |3, | are bounded by B as well, and the function that is constant
at B is Lebesgue integrable on [a, b] since

pla, b =b—a < oo
and, hence,

/ Bdx = B(b—a) < oc.
[a,b]

By the dominated convergence theorem,

lim U(P) = lim ardx :/ adz,
[a,b] [a,b]

k—oo k—oo
lim L(Py) = lim Brdr = Bdzx.
k—o00 k—o0 [a,b] [a,b]

The integrals f[a y Qd and f[a y Bd are called, respectively, the upper and

lower Darboux integrals of f for the sequence { Py },- , of subinterval partitions.
Note that

f is continuous at x if and only if «a(x) = f(z) = (=),

as follows from a standard ¢ — ¢ argument.
If klim U(P,) = klim L(Py;) = a finite number r, independent of the par-

ticular sequence of subinterval partitions, f is said to be Riemann integrable
on [a,b], and the number r = fab fdx is said to be (the value of) the Rie-
mann integral of f on [a,b]. The above argument shows that f is Riemann

integrable iff
/ adr = Bdzx,
[a,b] [a,b]

independent of the particular sequence of subinterval partitions. Moreover,
if f is Riemann integrable, then

b
/ fdx = / adr = Bdx = fdx.
a [a,b] [a,b] [a,b]

From the previous discussion we have the following:

2



Proposition 1. Let f be a bounded real-valued function on [a,d].
(a) The function f is Riemann integrable on [a,b] if and only if f is
continuous almost everywhere on [a, b] with respect to Lebesgue measure.
(b) If f is Riemann integrable on [a, b], then f is integrable with respect
to Lebesgue measure on [a,b], and the two integrals are equal, f[a,b} fdxr =

! fd.

The previous proposition gives us in part (a) the precise criterion for
Riemann integrability. From its part (b) we see that Lebesgue integration
is more general than Riemann integration as Riemann integrability implies
Lebesgue integrability (but the converse is not necessarily true).

Riemann-Stieltjes (or Stieltjes) and Lebesgue-Stieltjes Integrals

Let f be a bounded real-valued function defined on the bounded interval
[a,b] and F is a distribution function (i.e., an increasing and right-continuous
function) on R that induces the corresponding Lebesgue-Stieltjes measure p
on the Borel sets of (a,b]. Define M;, m;, a, and § as before and take

U(P) = Y0 Mi(F () = F (512)) = /( o = /( 0P

L(P) = Zmi (F (z;) = F (i) = Bdp = BdF.
i—1 (a,b] (a,b]

Let {P;},~, be a sequence of subinterval partitions of (a, b] such that the
length of the largest subinterval of P, approaches 0 as k — oo and Py is a
refinement of P for each k, and oy, and 3, be the upper and lower functions
corresponding to Pj. Then,

lim U(P,) = / adF,
k=00 (a.b]

lim L(P,) = / BdF,
k—o0 (a,b]

where a = klim ar and § = klim By If U(Py) and L(FPy) approach the same
limit s independent of the particular sequence of subinterval partitions, this
number s = ff fdF is called the Riemann-Stieltjes integral of f with respect

to F on (a,b], and f is said to be Riemann-Stieltjes integrable with respect
to F on (a,b].



Proposition 2. Let f be a bounded real-valued function on [a,b] and F' be
a distribution function on R.

(a) The function f is Riemann-Stieltjes integrable with respect to F' on
(a,b] if and only if f is continuous almost everywhere on (a,b] with respect
to the Lebesgue-Stieltjes measure p on (a,b] induced by F.

(b) If f is Riemann-Stieltjes integrable with respect to F' on (a,b], then
f is integrable with respect to the Lebesgue-Stieltjes measure p on (a,b]

induced by F, and the two integrals are equal, |, ) JAF = f; fdF.



An application of Fubini’s theorem

Let Q; =R, i=1,2, and Q = Q; x Q. Therefore, 1 = R2.

Let u; = Lebesgue measure on (R, ), i = 1,2, where B is the c—algebra of the
Borel sets in R.

Let Bo B = B(R?).

Let g = py X piy. Therefore, p is the Lebesgue measure on (R? B (R?)).

Define the Borel measurable function f : (R% B (R?)) — (R, B),

() = Saly + ).

We want to compute the following Lebesgue integral:

/Afdu=/Af(x7y)d(fE,y),

where the Borel set A is given by
A={(z,y) eR*[0<z<1/2,0+1<y<2}.

2

-—"'-,v=x +1or x=y-1

XV

1/,
Then,

[ @i = [ et nie.y

:/R/Rf(x,y)h(x,y)dydx:/R/Rf(x7y)]IA($)(y)dydx7

where the second equality follows from Fubini’s theorem and
{yeR |ye (x+1,2]} forxe[0,1/2)
Alx) =
0 for x ¢ [0,1/2).



Hence,

//}wwmm@@m:/ t/ fuw@m+/ f (2, y)dyde
R JR 0,1/2) J (21,2 Jio,1/2)° /10y )
-0

63
/‘(Aﬂ5xy+x i)

where the second equality follows from the continuity of the function f, which
allows us to use Riemann integration to compute the Lebesgue integral.

Alternatively, we could integrate first with respect to the variable x and then
with respect to the variable y according to Fubini’s theorem. Thus,

/Af(x7y)d(x7y) = 2 f(l’,y)]IA<J],y)d(fL‘,y)

:/R/Rf(x,y)]IA(a:,y)d:cdy:44f(m,y)HA(y)(x)dxdy,

where {reR|zel0,y—1)} forye(1,3/2]
Alyy=<¢ {zeR|z€[0,1/2)} forye (3/2,2]
0 for y ¢ (1,2].
Hence,

//f@wmmwmwz
RJR
/ / [z, y)dxdy + / / f(z,y)dzdy + / f(x,y)dzdy
(173/2] [Ovy_l) (3/272] [071/2) N (172]c {0} ,

-~
=0

3/2 63
)dxd Ydxdy =
/ / r(y + ) xy+//2/ z(y + x)dedy = 610"




Exercises. Probability and Statistics. IDEA.
Measure Theory

. Let € be a countably infinite set, and let F consist of all subsets of (2 (]—" = 29) .
Define u(A) = 0 if A is finite, p(A) = oo if A is infinite.

(a) Show that y is finitely additive but not countably additive.

(b) Show that €2 is the limit of an increasing sequence of sets A,, with p(A,) =0
for all n, but u(Q2) = occ.

. Let u be a Lebesgue-Stieltjes measure on R corresponding to a continuous
distribution function.

(a) If A is a countable subset of R, show that u(A) = 0.
(b) If u(A) > 0, must A include an open interval?

(c) If u(A) > 0 and p(A°) = 0, must A be dense in R? Note: A set is dense in
R if its closure is R.

(d) Do the answers to (b) and (c¢) change if p is restricted to be Lebesgue
measure?

. The following statement is true:

“A distribution function on R is monotone and thus has only countably many
points of discontinuity.”

Is this also true for a distribution function on R™, n > 17

. If f1, fo,... are extended real-valued Borel measurable functions on (2, F),
n =1,2, ..., show that supf, and i%f fn are Borel measurable.

. Let f = f(z,y) be a real-valued function of two real variables, defined for
a<y<b,c<z<d.Assume that for each x, f(x,-) is a Borel measurable
function of y, and that there is a Borel measurable function ¢ : (a,b) — R
such that |f (z,y)| < g(y) for all z,y, and f(a’b) g(y)dy < oo . If zy € (¢,d) and
lim f(z,y) exists for all y € (a,b), show that

T—T0

lim f(x,y)dy =/ {lim f(x,y)] dy.
T—T0 (a,b) (a,b) T—T0

. The function defined on [0, 1] by f(z) = 1 if x is irrational, and f(z) = 0if z is
rational, is the standard example of a function that is Lebesgue integrable (it
is 1 a.e.) but not Riemann integrable. But what is wrong with the following
reasoning:

“If we consider the behavior of f on the irrationals, f assumes the constant value
1 and is therefore continuous. Since the rationals have Lebesgue measure 0, f
is therefore continuous almost everywhere and hence is Riemann integrable.”



10.

11.

12.

Give an example of a sequence of functions f, on [a,b] such that each f, is
Riemann integrable, | f,,| < 1for alln, f,, — f everywhere, but f is not Riemann
integrable.

. Prove the Borel-Cantinelli Lemma:

If Ay, A, ... € Fand > 7 u(A,) < oo, then p ()2, Ui, Ax) = 0.
Note that w € (o2, U, Ax iff w € A, for infinitely many n.

Give an example of a measure p and a nonnegative finite-valued Borel
measurable function g such that the measure A defined by A(A) = [ 49 dp
is not o-finite.

Let f, f1, f2,... be Borel measurable functions on (2, F,u). We say that f,
converges to f in measure (or in g-measure) if for every ¢ > 0,

Tim i {w ||falw) = f@)] > £} =0,

If f,, converges both to f and g in measure, show that f = g a.e. with respect
to u.

Let f, : (R,B) — (R,B), n=1,2,..., be

1 for z €0,1]
fn<x) =
0 otherwise
if n is odd and
1 for z € (1,2]
fn(x) =

0 otherwise
if n is even.

Does the following equality hold:

lim inf / frndr = / liminf f,dz ?
Let fn,: (R,B) — (R,B), n=1,2,..., be
n for x € (0,1/n]
fal(z) =

0 otherwise

Does the following equality hold:

lim [ f,dx = / lim f,dx 7



13.

14.

Let €1 = Qy = the set of positive integers, F; = F5 = all subsets, p; = p, =
counting measure, f(n,n)=n, f(n,n+1)=-n, n=1,2..., f(i,5) =0 if

j #iorj#1+ 1. Show that le fQ2 f dusy dpy =0 and fm le fduy du, = oco.
Note: Fubini’s theorem fails since the integral of f with respect to p; x u, does
not exist.

Let Q) = Q9 = R, F; = F» = B, p; = Lebesgue measure, p, = counting
measure. Let A = {(w1,ws) |w1 = wse} € F; ® F,. Show that

/Ql /92 Ladpy dpny = /91 fiy (A(w1)) dpy (wr) = o0,

/92 /Ql La dpy dpy = /Q2 111 (A(wz)) dpg(ws) = 0.

Recall that A(wy) = {w2 € Qs | (w1, w2) € A} and, symmetrically, A(wy) =
{wy € O | (w1, ws) € A}. Note: Fubini’s theorem fails since p, is not o—finite.

but






2. Random Variables and Distributions
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o Definition. A random object is a measurable function
x:(Q,F) — (Y, F'), where Q) is a sample space and F is the
o-algebra of events.

o Definition. A (real-valued) random variable is a measurable function
x:(Q,F) — (R, B), where Q) is a sample space and F is the
o-algebra of events.
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o Similarly, when ) is a sample space and F is the o-algebra of events,
o %:(Q,F) — (R, B) is an "extended (real-valued)" random variable.

o x:(0,F) — (R",B)is a "(real-valued) random vector" or a
"(real-valued) multivariate random variable".

° X:(O,F) — (EH,B) is an "extended (real-valued) random vector"
or a "extended (real-valued) multivariate random variable".

@ A random vector is just a vector of random variables:

%= (%%, ... %) or %= (%%, .. %)

J. Caballé (UAB - BSE) Probability and Statistics IDEA 3/58



o Let (Q), F, P) be a probability space.

o Definition. The probability distribution (or distribution) of a random
object x: (O, F,P) — (Q¥, F') is a probability measure Py on
(Y, F') defined by

Px(B) = P (x}(B)) forall Be F
P;(B)=P{weQ|x(w)eB}=P{xeB} forall Be F'

o Obviously,
P;(B):/ 1dP)~<E/ dPs z/ I (x)dPx(x) for all B € F'
B B (@)
or
P(B) = / 1dP = / sz/ Ty1(g) (@) dP(w) for all B € F'.
%-1(8) %1(B) o
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o Example: We roll a balanced dice, O = {1,2,3,4,5,6}, and
consider the random variable % : (€),2?, P) — (IR, B) defined as

1 fw=123,4

7 ifw=25,6.

o The induced probability Px on (R, B) (or distribution of X) satisfies

Pe{1} = P{1,2,3,4} =2/3, Py {7} =P {56} =1/3,
Pz {12} = P (@) =0, Pz(—3,1) = P(®) =0,
Py[-3.1] = P{1,2,3,4} =2/3, P;[5,8] =P {7} =1/3,

Px | V13| = P(2) =0, Pi(—00,12] = P(Q) =1,
Px[10, 00) = P (@) =0, Ps(1,00) = P {5,6} = 1/3,

Py(—0,2] = P{1,2,3,4} =2/3, etc.

o Moreover, using the properties of the probability, we obtain the
distribution for all Borel sets in IR.
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o Definition. The support supp (Px) of the distribution of the random
vector X : (0, F) — (R", B) is the smallest closed subset of IR"
whose complement has zero probability distribution,

Px {[supp (Px)]°} = 0.
o Definition. Two random objects X and y defined on (Q, F, P) and
taking values on (Q', F’) are equivalent (or equal) in distribution
(x £ ) if they have the same distribution, Py = Pj.
o Example: We toss a balanced coin and consider
X (Q,ZQ, P) — (R, B), and y : (0,20, P) — (R, B) defined as
-1 fw=H -1 fw=T
% (w) = and  y(w)=
1 ifw=T 1 if w=H.

)

Thus, x =y.
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@ An event A is sure if A= Q).
@ An event A is almost sure (a.s.) if P(A) = 1.

o An event A is negligible if P(A) = 0.
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Definition. We say that two random objects defined on (Q2, F, P)
and taking values on (Y, F') are equal, x =, if x(w) = y(w) for
all w € Q).

n

Definition. We say that two random objects defined on (Q, F, P)
and taking values on (Y, F') are equal almost surely (a.s.), ¥ 2y, if

P{x=y}=PlweQ|x(w)=y(w)} =1,
or, equivalently, if

P{x#57) = P{weQ|x(w) £ 7(w)} =0.

Note that the concept of "a.s." is the same as that of "a.e." The only
difference is that "a.e." applies to functions defined on measure
spaces, whereas "a.s." applies to random objects defined on
probability spaces.

Obviously, ¥ = y = X = j. Moreover, X = y = X 2 ¥ but the

converse is not true (see the previous example of tossing a balanced
a.s.

coin where % < y but X # ysince P{x #y} =1).
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o Note that the distribution Py of a random variable
x:(Q,F,P)— (R, B) is a probability measure on (R, B) and,
thus, is a finite measure.

@ Therefore, the distribution P; of a random variable
x:(Q,F,P) — (R, B) is a Lebesgue-Stieltjes measure on R
satisfying Py (R) = 1.
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Definition. The (cumulative) distribution function (cdf)
Fz : R — R of a random variable X : (0, F, P) — (R, B) (or of
its distribution) is the distribution function associated with the
distribution Pk, i.e.,

P (a,b] = P{a< % < b} = Fx(b) — Fx(a),

where we make the normalization lim Fz(x) = 0.

Therefore,
Px (=00, x] = P{% < x} = Fx(x) — lim Fx(x) = Fx(x).
Moreover,

lim Fz(x) = Pz (—o00,00) = P{x € R} = 1.
Thus, the distribution function of a random variable X is (weakly)
increasing, right-continuous, and satisfies lim Fz(x) =0 and
X——00
lim Fx(x) = 1. Therefore, we can restrict the range of F so that
X—00

Fz : R — [0, 1] without loss of generality.
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@ Assume that the distribution function Fx of the random variable X is
strictly increasing and continuous.

o Definition. The quantile function (or percentile function,
percent-point function, inverse cdf or inverse distribution function)
Qs : (0,1) — R of the random variable X : (0, F, P) — (R, B)
(or of its distribution function) maps the probability value p € (0,1)
to the value x € R such that

Fux) = P{x < x} = p.
Thus, the quantile function Q5 assigns to the probability p a threshold
value x so that the probability of X being less or equal than x is p.

Then,
Qx(p) = F;l(p) forall p€ (0,1),

so that the quantile function Q5 is strictly increasing and continuous.
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o In the general case of cdf’s that are increasing (but not necessarily
strictly increasing) and right-continuous (but not necessarily
continuous), the quantile function is usually defined as

Qx(p) = inf {x|Fx(x) > p} forallpe(0,1). (1)

o Note that the quantile function is thus in general (weakly) increasing
and left-continuous and satisfies the following:

Qz(p) < x if and only if Fgz(x) > p.
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o Definition. A random variable X : (), ) — (R, B) is discrete if
its range (i.e., the image of Q) is countable or discrete (either finite
or infinite). That is, a discrete random variable may take on only a
countable number of distinct values.

o If Q) is discrete then X is discrete. The converse is not true.
o Let {x1,x,...} be the range X(Q) of the discrete random variable X.

o If X is discrete there is a countable partition A = {Aj, Az, ...} of Q
with
A= {w € Q| )?(w) :X,'}, for all x; E)?(Q)
o Therefore, A; = 571 (x;), for all x; € X(Q)).

o The o-algebra o(A) generated by the partition A is the smallest
o-algebra that makes the random variable X measurable.
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@ The distribution of a discrete random variable X (which is said to
have a discrete distribution) satisfies:

Py {x;} = P{x = x;} = P(A)), for all x; € x(Q).

o Definition. The probability mass function (pmf) - or just probability
function -, fz : X(Q)) — [0, 1], of a discrete random variable X (or of
a discrete distribution Py) is given by

fu(x) = P{x = x} = Py {x}, forall x € 2(Q).

o Note that fz(x) > 0 if and only if x € supp (Px) C X(Q).
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Properties of the probability and distribution functions of a
discrete random variable:

(]

o 1.
Y K(x)=1.

xex(Q))

o 2. Any function f : X(Q)) — [0, 1], where %(Q) is countable,

satisfying Y f(x) =1 can serve as a probability function of a
xex(Q)
discrete distribution.

o 3.
Fx(x) =Y (1), with t € x(Q).

t<x
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o 4.

Py(B) =P{x e B} =) K(x), forall Bc B, withx e x(Q).
xeB

o b.
fr(x) = Fx(x) — lim Fx(t), for x € x(Q).
t—x—
In particular, if the range of X can be ordered so that

xp < xp < ..<X_—1<X <Xj+1 < ..., then f;(Xl) = F;((Xl) and
f}((X,') = F;((X,') - FX(X,'_]_) fori = 2,3,
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o Example: Let X be the number of heads when tossing 4 coins.

(1/16 forx =0

4/16 forx=1
fr(x) =4 6/16 for x =2
4/16 forx =3

L 1/16 for x = 4,

or

4
x(X) = — : =01234
fx (x) T (x) forx =10 3
%(Q)
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o Probability Histogram:
f(x)

04 T
0,35
03
0,25
0,2
0,15

01

0,05
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o Probability Bar Chart:

f(x)

04 T
035 +
03 T
0,25 +
02 +
0,15 +
01 +

0,05 +

0 Il Il Il | |
T T T T 1
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o Distribution function:

F(x)
15/16 | - oo >
FSTA 1] S  — :
6/161 |
516 foeeemeo @ E :
1/16 T——q |
0 1 2 3 ¥
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o The quantile function (Qx(p) = inf {x |Fz(x) > p} for p€ (0,1))
of the previous distribution is weakly increasing and left-continuous:

Q(p) [

y -

| |

| |

2 | ] |

| | |

| | |

| |

1 ﬁ I I

| | | |

| | | |

o | | |
1/16 5/16 11/16 15/16

I
|
|
I
|
I
I
|
|
I
|
I
I
|
1
r
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Definition 1. A random variable X is continuous if its range x(Q) is
continuous.

Definition 2. A random variable X is continuous if its distribution
function Fy is continuous, that is, if Pz {x} = P {x = x} = 0 for all
x € R.

Continuity according to Definition 2 implies continuity according to
Definition 1.

Definition. A random variable % : (3, F) — (IR, B) is absolutely
continuous if its distribution function F; is absolutely continuous, i.e.,
if there exists a Borel measurable function % : (R, B) — (R, B)
that is integrable with respect to Lebesgue measure such that

Fx(x) — Fx(a) = / f(t)dt, for alla€ R, x € R, with a < x.

[a.x]
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o Absolute continuity implies continuity.

o Random variables that are neither discrete nor absolutely continuous
are called "mixed".

o Equivalent definition: A random variable X is absolutely continuous
if its distribution Pj is absolutely continuous with respect to Lebesgue
measure.

o Therefore, thanks to the Radon-Nikodym theorem, there exists a
Borel measurable function f; : (R, B) — (IR, B) such that

Py (B) :/Bf;((x)dx, for all B € B.
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o The Borel measurable function f; : (R, B) — (IR, B) such that
Py (B) :/ fi(x)dx, for all B € B,
B

is called the probability density function (pdf) - or density function or
just "density" - of the random variable X (or of the distribution Px).

o Since Px(R) = 1, the density function fx is integrable with respect to
Lebesgue measure on (R, ) .

o Moreover, the density f; is finite a.e. with respect to Lebesgue
measure on (R, B).

o The density function f; of the random variable X is the
Radon-Nikodym derivative of its distribution with respect to Lebesgue
measure, f; = dPx/ dx.
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o Note: If X is absolutely continuous, then

P;((a, b] = P;((a, b) = P;( [a, b] = P;( [a, b) =

Fe(b) — Fx(a) :/ i (x) dx.

[a,b]

o Notation: If the random variable X has the distribution Pg, we write
X ~ Pz, X ~ Fg, or X ~ fx, where Fx is the corresponding distribution
function and f; is the corresponding probability or density function.
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Px [a, b] is given by the area of the yellow region

flx)

v
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(4]

(7]

Properties of the density:

1.
/ fr(x)dx = 1.
R
2.
Fe(x) :/( (t)a
3. Any non-negative (a.e. w.r.t. Lebesgue measure) Borel measurable

function f : (R, B) — (R, B) satisfying [ f(x)dx = 1 can serve as
a density of an absolutely continuous distribution on (R, B).

4. If X is absolutely continuous, then f; = F. when the derivative of
F;x exists. Moreover, the derivative F;ﬁ exists a.e. w.r.t. Lebesgue
measure. If f; is continuous at x then F; is differentiable at x and
fr(x) = Fz(x).
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°ox:(Q,F) — (R".B).
0o x=(%,%,...%) or x=(X,%, ..%)".

o X; = pj (X), where p; : R” — R is the projection to the ith
coordinate.

o The distribution of the random vector X is a probability measure on
(R", B) given by

Px(B) = P (x~!(B)) forall B€ B(R").
o The distribution function (cdf) of the random vector

X = (%1,%,....%), Fx : R" — R, is given by

Fx(x1, X2, .y Xn) = P{)?,- <x;, fori=1,2, .., n}.
——

-~

x€R” %<x
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(4]

(]

(+]

(4]

©

The distribution function of a random vector X is aj (i) (weakly)
increasing, ...

(Increasing: @ < b = F(a) < F(b), where a and b belong to R".)

(i) right-continuous,..

(Right-continuous at xp: lim F(x) = F (x5) = F (xo) , where
X_>X0

x > xp € R")

(iii) Fx(x) — 0 if at least one of the components x; of x € R" tends
to —oo, and

(iv) Fx(x) — 1 if all the components x;, i =1,..., n, of x € R" tend
to co.
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@ The random vector X = (X1, X2, ..., Xn) is discrete if its range X (Q) is
countable (or discrete).

@ The probability function (pmf),
fr 1 %1(Q) X %(Q) X ... X X,(Q) — [0, 1], of a discrete random
vector X is given by:

fr(x) = Py {x} = P (X1, X2, ..., %n) :£x1,x2, e Xp) p =

X xeR"

P{xi = x;, for i =1,2,...,n}, for all x € %1(Q) X% (Q) X ... X %, (Q).

o Note: )?(Q) C )?1(0) X )?2(0) X ... X )?n(Q)
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o Properties of the probability and distribution functions of a
discrete random vector:

o 1.
Y, K(x)=1 or ) fr(x) = 1.

x€x(Q) x€%1 (Q) X% (Q) X... x5 (Q)

Fx(x) =) &(t), with t = (t1, 2, ..., ta) € X(Q),

t<x

where t < x means that t; < x; for i = 1,2,..., n.

e 3.
Ps(B) =P{x€ B} =) f(x), forall Bc B(R").

xeB
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o The random vector X = (X, X2, ..., X,) (or its distribution) is
absolutely continuous if there exists a Borel measurable function
f : (R", B) — (R, B) , called the density (pdf), that is integrable
with respect to Lebesgue measure on (IR”, B) , such that

Px(B) = /B fx (X1, %2, ..., Xn) d (x1, X2, ..., xp) , for all B € B(R").

o Properties of the density of a random vector:

/ f;((x)dx:/ / fr(x1, ..., Xn)dxy...dx, = 1.
R" R JR = —~—

xeR"

02

Fx(x) :/ / / fr(t1, ta, ..., tp)dtidty...dt,.
(—00,%p] J (—09,x7-1] (—00,x1]
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o 3. Any non-negative (a.e. w.r.t. Lebesgue measure) Borel measurable
function f : (R", B) — (R, B) satisfying

/ / f(x1, X2, ..., xp)dxidxy, ..., dx, = 1
R JR

can serve as a density of an absolutely continuous distribution on

(R", B).

o 4. If the random vector X = (X1, %2, ..., X,) is absolutely continuous,

then -
&(X11X2,...,Xn): ;(X11X2,...,Xn>

0x10x3...0X;,

when this nth crossed partial derivative of F; exists. Moreover, this
derivative exists a.e. w.r.t. Lebesgue measure on (R”, 53).
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o Definition. Let X = (X1, X2, ..., X,) be a random vector with
distribution Psz. The marginal distribution of x;, for i =1, ..., n, is
given by

Ps,(B) = Px(Rx... X ? X ...xR), forall Be B(R).

o Definition. Let X = (X1, X, ..., X,) be a discrete random vector with
the probability function fz, the marginal probability function of X;, for
i=1,...,n, is given by

ff(i (Xf) =
Z Z 2 Z fr (X1, ooy Xim 10 Xiy Xig1eees Xn ) -
X1 EX1 (Q) X,'_1€)~(,'_1(Q) Xi+1€Xi41 (Q) x,,ef(,,(()) ~

X

for all x; € X;(Q)).
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o Definition. Let X = (X1, %, ..., X,) be an absolutely continuous
random vector with the density f;, the marginal density of %;, for
i=1,..,n,is given by

fr,(xi) = /.../f;((xl, ceer Xi—1, Xis Xif 1y Xp ) AX1...dXj—1dXj41...dXp,
R R M

for all x; € R.

o Note: From the marginal probability or density functions we can
construct the marginal distributions in the usual way.
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o Example 1: The discrete random vector (X, y), where X is the
number of points when rolling a dice and ¥ is the number of heads
when tossing a coin has a probability function f; j(x, y) summarized
in the following table:

ywe | 1] 2 | 3| 4] 5 |6 |60
0 [1/12]1/12 | 1/12 |1/12 |1/12 | 1/12 | 1/2
1 [1/12]1/12]1/12 | 1/12 [ 1/12 | 1/12 | 1/2
f(x) || 1/6 | 1/6 | 1/6 | 1/6 | 1/6 | 1/6 || 1

@ The marginal probability functions of X and y are summarized in the
"margins".
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Example 2: The absolutely continuous random vector (X, ) has the
following density:

2
—(x+2y) for0<x<landO<y<1
3

fry(xy) =
0 otherwise.
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o Marginal densities:

00 19 2 1
)= [ fabandy = [ Sty =3 by +y

2
=_—(x+1), for0< x<1.
3

o Therefore,

2

§(x—|—1) for0 <x<1
A(x) =

0 otherwise.
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o Similarly,

1

fy(y) = /oo fry(x,y)dx = /1§(X 2y)dx = g [ —|—2xy]0

2 /(1 1
_§(§+2y> §(1-1—4y) for0 <y <1

o Therefore,

(14+4y) for0<y<1

W=

o

otherwise.
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o Definition. Let X = (X1, X2, ..., X,) be a random vector defined on
(Q, F, P) with the distribution Pz on (R”, B (IR")). The random
variables X1, %o, ..., X, are said to be independent if, for all collections
of sets By, By ..., B, belonging to B (R), we have

P{x1 €Bi,..5%, €By} =P{x1€Bi}-...- P{x, € B, }

or, equivalently, if the distribution of the random vector X is equal to
the product measure of the marginal distributions,

n
P;( = P;q X P)?z X ... X P;(n = HP;(I.,
i=1

that is,

P;( {Bl X BQ... X Bn} = P;Q(Bl) . P;Q(Bg) et Py( (Bn)
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o Definition. Let X; : (OO, F,P) — (Q;, Fi), for i =1,...,n. The
random objects X1, X, ..., X, are said to be independent if, for all sets
B, € F,....B, € F,,

P{xy € Bi,...5, € By} =P{x1 € B1}-...- P{x, € B,} .

o Equivalent definition. Let X; : (O, F, P) — (Q;, Fi), for
i =1,...,n. The collection of random objects X1, X, ..., X, are said to
be independent if the joint distribution

Pfq,)”(g ..... X - ®-7:i — [0, 1]

i=1
of these n random objects is equal to the product measure of the
marginal distributions,

n
Psy sroio = | | Pxi
i=1

where Py, : F; — [0, 1] is the marginal distribution of the random
n

object X;, i=1,...,n, and ®F; is the product o—algebra.
i=1
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o Proposition. Let X : (O, F,P) — (Q;, Fi), fori=1,...n, bea
collection of independent random objects and
g (Q, Fi) — (Q, F]), for i =1, ..., n, be measurable functions.
Then, the random objects gj (%;) : (OO, F, P) — (Q, ), for
i =1,...,n, are independent.
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Proof. If
P{%1 € Bi,...%, € By} = P{x1 € B1}-...- P{X, € B, },
for all sets B; € Fq, ..., B, € F,, then
P{ss€g ' (B),...xn€g," (B))}

—P{x g (B)} .- P{x. gl (B},

for all sets B] € F|,...,B, € F!, since g, * (B)) € F1,...g, " (B)) € F,
due to the measurability of g;, for i = 1, ..., n. Therefore,

P{g1 (%) €By, ....8 (%n) €B,} = P{g1 (x1) €B1}-...- P {gn (%) €B, },

for all sets B] € F7, ..., B}, € F),, which proves the independency of the
random objects g;j (%;) : (QQ, F, P) — (QL F!), fori=1,...,n. Q.E.D.
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o Proposition. Let X = (X1, X2, ..., X,) be a random vector with the
distribution function Fxz : R” — [0, 1] and let F; : R — [0, 1] be
the marginal distribution function of X;, for i = 1, ..., n. Then, the
random variables X1, X, ..., X, are independent if and only if

Fs (X1, ... xn) = F1(x1) - F2 (x2) + oo - Fn (X)),

for all x = (x1, ..., x5) € R".
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Proposition. Let X = (X1, X2, ..., X,) be a discrete random vector
with the probability function f; : %1 (Q) X ... X X,(Q)) — [0, 1] and
let f; : X;(QQ) — [0, 1] be the marginal probability function of %;, for
i=1,...,n. Then, the random variables X;, X, ..., X, are independent
if and only if

o (o) = i (1) - o (302) o o (30
for all x = (x1, ..., xn) € X1(Q) X ... X %,(QY).

Proposition. Let X = (X1, X2, ..., X,) be an absolutely continuous
random vector with the density function f; : R” — R and let

fi : R — R be the marginal density function of X;, for i =1, ..., n.
Then, the random variables X1, X2, ..., X, are independent if and only if

fr (X1, %n) = A (x1) - (x2) - oo s o (Xn),

for all x = (x1,...,xn) € R".
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o Let x: (O, F,P) — (O, F') and let us fix the event B € F. From
the Radon-Nikodym theorem we know that there exists a Borel
measurable function g : ((0, F') — (IR, B) such that

!3({;( € AN BZ: /Ag(x)dP;((x), forall Ac F',

A(A)

since A < Px. The function g is called the conditional probability of
B given X = x and is written as g(x) = P(B|x = x). The
conditional probability is essentially unique for a given B € F (i.e., if
there exists another such function h, then g = h a.e. [Px]).

@ Therefore,
P({x € A}NB) = /A P(B|% = x)dPx(x),

with P(B|x = -) : (0, F') — (R, B).
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o However, sometimes the conditional probability is viewed as a
measure on (Q), F),

P(-]x=x):F — R.
o Moreover, if A= (Y, then
P({xe '} NB) =P(QNB)=P(B) :/ P(B|% = x)dPx(x),

which is a generalization of the theorem of total probability.

o Note that, if X is an absolutely continuous random variable, then
P(B|x = x) is a conditional probability given an event ({x = x})
that has zero probability!
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o Definition. Let (X, ) be a vector of two random objects
X (OLF,P)— (O, Fx)and y : (O, F,P) — (Q)y, F,), and let
C € F, be a fixed measurable set. The conditional distribution of y
given X = x is the Borel measurable function

Py‘;((C |x) : (Ox, Fx) — (R, B) given by
Pyx(Clx) = P{y € Clx=x}, forall x € Q,
which is essentially unique w.r.t. Px.

@ However, sometimes the conditional distribution is viewed as a
measure on (Q),, Fy),

P~|~( |X) f —s R.
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o Assume that the random vector (X, y) is discrete with the probability
function fzy : X(Q) x y(Q2) — [0, 1]. Then, the conditional
distribution Py 5 (y |[x) = P{y = y | = x } must satisfy

P{xecAye(C}= Z Py‘;((C|X)P_{)"<:X}

XEA
f}((X)
=Y ) P(ylx)f(x), forall A€ B(R) and C € B(R). (*)
x€AyeC
N —
Py\; (Clx)

o Let us define the conditional distribution Py 5 (y [x) as follows:

Pyl ) = T I Br I o 1),

for all (x,y) € x(Q) x y(Q) with fz(x) > 0.
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o The function f (- [x) : ¥(Q) — [0, 1], for all x € %(Q) such that
fx(x) > 0, is the conditional probability function of ¥ given X = x.

@ The previous definition of the conditional probability function (or
conditional distribution) of ¥ given X = x is the right one since the
expression () becomes

P{xcAyeCt=Y Y fi(ylx)f(x)

x€AyeC

=L %&(X) =2 ) halxy),

x€AyeC
forall A€ B(R) and C € B(R).
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o Assume that the random vector (X, y) is absolutely continuous with
the density fz 5 : IR2 — IR. Then, we would like to have an
expression like this:

P{xeAjecC)= / 1 (€ %) dPs (%)

/ Py iz (Clx)f dx—/ [/ 1z (v %) dy]f( Ydx,  (x%)

y|)'<(C‘X)
forall Ac B(R) and C € B(R).
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o Let us define the conditional density of y given X = x,

fyx (-1x) : R — R, for all x € R such that fz(x) > 0, as follows:
.y .
fox (v[x) = ﬁ for all (x,y) € R? with fz(x) > 0

@ The previous definition of the conditional density of  given X = x is
the right one since the expression (xx) becomes

P{xecAyeC}= // 1z (v [x) fx(x) dydx

_// y dydx—// 5 (x. y)dydx,

forall Ac B(R) and C € B(R).
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o If the discrete (absolutely continuous) random variables X and y are
independent then

G () = 2202 OV R g ), o (x> 0

That is, the conditional probability function (density function) is
equal to the corresponding "unconditional" probability function
(density function).

o In general, if the two random objects X : (Q), F, P) — (Q, Fx) and
y:(Q,F,P)— (Qy,F,) are independent then

Py|;(C|X) = Py(C), forall C € F, as. [Px].
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Note that from the conditional probability and density functions we
can obtain the conditional distribution in the usual way, namely,
Py (Clx)=P{yeClx=x}=) fz (y|x), forall C € B,
yeC
or

Py (Clx) =P{y € C|)~(:X}:/Cf}~,|;< (y|x)dy, forall C € B,

where
P~|~ (Cl): (R,B) — (R, B)

y

or, sometimes,
Py (-|x): B(R) —R.

Note again that, if X is an absolutely continuous random variable,
then Py iz (C[x) is a conditional distribution (and, hence, a
conditional probability P {y € C|x = x }) given the event {X = x},
which has zero probability! This conditional distribution is well
defined when the marginal density of X evaluated at x, fz(x), is
strictly positive.
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o Example: The absolutely continuous random vector (%, ¥) has the
following density:

2
=(x+2y) for0<x<land0<y<1

fry(x.y) =
0 otherwise.

@ We have already proved that the marginal density of the random
variable ¥ is

(14+4y) for0<y<1

W=

f(y) =
otherwise.

o
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o Therefore, the conditional density of X given y = y is

2
2(x42 Ox + 4
?<X+ y): X+ 4y for0<x<1
5 (1+4y) 1+4y

fy (xly) =
0 otherwise,

for0 <y < 1.

o Thus, the conditional density of X given y = 1/4 is

2x+1 1
alis = S (2x+1) for0<x<1

1y 2
1)~
otherwise.
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o If we have more than 2 random variables, we can generalize the
previous conditional probability and density functions.

o Example:

(x1,%0, X3, X3)

(%2, xa)

f)-?l ,)?2 >?3 )_(4

X1, X3 | X0, X3 ) = .

X1.%31%2,% (
X2 X4

where

f:?2,24 (X2'X4) = 2 E f>~<1’*2’?35<4 (X1'X2'X31X4) >0,

X1 EX1 (Q) X3€X3 )

or

X054

f. . (x,x) = ~/IR/]Rfil’;2’;3'i4 (x1, %2, x3, Xa) dxydx3 > 0.
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Exercises. Probability and Statistics. IDEA.
2. Random Variables and Distributions

2
. Verify that f(x) = k‘(k—il) for x = 1,2,3, ...,k can serve as the probability

function for a random variable.

. For what values of k can

flx)=01—-k)k* forxz=0,1,2,..

serve as the probability function of a random variable?
. If the density of the random variable Z is given by

kze™®* for z >0
f2) =
0 for z <0,
(a) Find the value of k;
(b) Find the distribution function of this random variable;
(c) Sketch the graphs of the density and the distribution functions;
(d) Find the quantile function of this random variable and sketch its graph.

. If the density of the random variable Z is given by

—kz for —1<2<0
f(z)=1 kz for0<z<l1
0 elsewhere,

a) Find the value of k;
b) Find the distribution function of this random variable and sketch its graph;

1 1
¢) Compute P{—§ <Z< 5},

(
(
(
(d) Find the quantile function of this random variable and sketch its graph.

. In a certain city the daily consumption of water (in millions of liters) is a random
variable whose density is given by

1

T o—/3
9336

forz >0
f(z) =

0 elsewhere.

What are the probabilities that on a given day



(a) the water consumption in this city is no more than 6 million liters;

(b) the water supply is inadequate if the daily capacity of this city is 9 million
liters?

. If the joint density of  and ¥ is given by

forO<z<y, 0<y<l1

S

fz,y) =

0 elsewhere,

find the probability that the sum of the values taken on by the two random
variables will exceed 1/2.

. If p, the price of a certain commodity (in dollars), and s, total sales (in 10000
units), are random variables whose distribution can be approximated with the
joint density

bpe™P*  for 0.20 < p < 0.40, s >0
f(p,s) =

0 elsewhere,
find the probabilities that
(a) the price will be less than 30 cents and sales will exceed 20 000 units;
(b) the price will be between 25 cents and 30 cents and sales will be less than
10000 units.
. Given the joint probability function

f(x’y’z):% forz=1,2,3 y=123 2=12,

find

a) the joint marginal probability function of Z and ¢;
b) the joint marginal probability function of Z and Z;
)

(

(

(¢) the marginal probability function of ;

(d) the conditional probability function of Z given # = 1 and § = 2;
(

e) the joint conditional probability function of ¢ and 2 given & = 3.

. Check whether the random variables  and y are independent, if their joint
probability function is given by

(a) f(z,y) =1/4forz = —1landy = -1,z = —landy =1, x = 1 and
y=—1,and x =1 and y = 1;
(b) f(z,y)=1/3forz=0andy=0,z=0and y=1,and x =1 and y = 1.



10.

11.

12.

13.

If the joint density of  and ¥ is given by

1
—2r+y) for0<z<1l,0<y<?2
_ 4
f ($7 y) -
0 elsewhere,
find
(a) the marginal density of 7;
(b) the marginal density of 7;
(c) the conditional density of Z given § = 1;
(d) the conditional density of § given = 1/4.
If  is the amount (in dollars) a salesperson spends on gasoline during a day

and § is the amount (in dollars) for which the salesperson is reimbursed, and
the joint density of these random variables is given by

20— x

2
fla,y) = o
0 elsewhere,

for 10 <2 <20, 5 <y<uz

find

(a) the marginal densities of ¥ and ;

(b) the conditional density of § given & = 12;

(c) the probability that the salesperson will be reimbursed at least $8 when
spending $12.

Give an example of random variables Z and § (on the same probability space)
such that Z and § each have densities, but the random vector (Z, ) does not.

(a) Let & be an absolutely continuous random variable with density f;z(z). If & =
x, let 7 be discrete, with the probability function f; (y|z) = P{g =y |T =2}
specified. Show that there is a conditional density of & given ¢, namely,

_ fa(@) fgz (@)

f:z\g (rly) = fy(fl/) )

where

fily) = P{i =y} = /ngz(l’)fggz (y |x)dz > 0.

(b) Let & be a discrete random variable with the probability function fz(z).
If # = x, let § be absolutely continuous, with the density function f;; (y|x)
specified. Show that there is a conditional probability function of x given 7,
namely,




14.

15.

16.

where

fiy) = Z fa(x) fgz (ylz) > 0.

z€Z(Q)

If 7 is a random vector with density f, and A = {Z € By}, By € B(R"), show
that there is a conditional density for ¥ given A, namely,

M if x
foa (w]4) ={ PA) e

Note: The interpretation of the conditional density is that

P{icBlA} = /BfM (x|A)dz, B e B(R").

Assume that the distribution of the random variable Z has the following density:

1 ifze(0,1)
flz) =

0 otherwise.

(a) Use the definition of conditional probability given in Chapter 1 (Probability)
to compute

P{z<1/3|2<1/2}, P{z<3/4|2<1/2}, and P{1/3 <2 <3/4|Z<1/2}.

(b) Use the conditional density found in Exercise 14 of this list to compute the
same conditional probabilities of part (a).

(c) Consider the random variable Z having the distribution P;. Find the condi-
tional probability P{Z € B | = x} and check that it satisfies the theorem of
total probability,

P{feB}:/P{feB 5= 2} dPy().

If the joint density of  and ¢ is given by

r+y for0<z<1l, 0<y<l1
flay) =

0 elsewhere,

find the corresponding joint distribution function F'(z,y). Check that

O*F (x,y)

= f(z,y) a.e. with respect to Lebesgue measure.
0xdy



17. The random vector (Z,g) is distributed according to the following joint density

18.

function:
C($2—y) ifz e (172)7 ye (071)

fx,y) =

0 otherwise.
(a) Find the value of the constant c.

(b) Find the marginal density function of Z, fz(x), and the marginal distribution
function of g, Fj(y).

(¢) Are ¥ and ¢ independent random variables?
(d) Find the conditional density function of # given § = 1/4, fz; (z|1).

The joint and marginal distribution functions of the random variables = and 7
are F(z,y), F3(z) and Fj(y). Let us consider the following functions:

F(z,y) = min {Fz(z), F3(y)},
and
F~(z,y) = max {F;(z) + Fj(y) — 1,0} .

(a) Prove that both F'™(x,y) and F~(z,y) are distribution functions associated
with probability measures on the o—algebra B (R?) of the Borel sets of R?.

(b) Prove that the marginal distribution functions of both F*(x,y) and F~(z,y)
are also F3(x) and Fj(y).

(c) Prove that F~(x,y) < F(z,y) < F*(z,y) for all (z,y) € R%.






3. Expectation
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o Definition. Let % : (), 7, P) — (R, B) be an extended random
variable with the distribution Pz. The (mathematical or arithmetic)
expectation (or expected value or mean) of X (or of its distribution) is

defined by
E (%) = /Q % (w) dP(w) (: /Q xap)

E(x) = ﬁ xdPx (%) (: /7 de;) , ()
R R
whenever these integrals exist, i.e., whenever they are not of the form
o0 — oo (indefinite).

o Obviously, if x: (Q0, F, P) — (R, B) is a (real-valued) random
variable, we can replace R by R in (%) and use the following notation:

E(x) = /R xdFs (%) (: /R xdFy = /IR de;().

or
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o Recall that
E(x)=E(x") —E (x~ ——/ XdP — —X) dP.
(%) (x ) (x ) {izo}x {>”<§0}( X)

o From now on, when we write an expectation, it should be understood
that the expectation exists.

o If x: (O, F,P) — (R, B) is a discrete random variable with
probability function f; : X(QQ) — [0, 1],

E(x)= ) xf(x).

xex(Q)

o If x:(Q,F, P) — (R, B) is an absolutely continuous random
variable with density fz : R — IR,

E (%) :/]Rx fi (x) dx.

@ See the handout for the proof of the previous "intuitive" formula.
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o Example 1:

Let X be the number of heads when tossing 4 coins.

(1/16 forx =0
4/16 forx=1
fi(x) =4 6/16 forx=2

4/16 forx=3

L 1/16 for x =4,

or

fr(x) = l(i) forx=0,1,2,3,4.
%(Q)
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flx)

B(6) = (0-4) + (1+45) + (2 ) + (5 &) + (4 &) =2

iy

@ The median of X (or of its distribution) is the real number m for
which P{x < m} >1/2 and P{Xx > m} > 1/2. If there are two
values satisfying this definition, we take the average of them.
Obviously, m = 2 = E (X) in this example.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 5/ 90



o Example 2:

The random variable X has the following density:

3e 3 forx >0

0 for x <0
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) —3x7®
- Y A G e [e } _ L
—— 0o N~ N—— -3 0 3
~im () o=jim ()= "6

.
L'Hépital’s rule
where H' = hand G' = g.

@ Since the distribution of X is absolutely continuous in this example, its
median m satisfies P {x < m} = P {X > m} and, thus,

m 1
P{x<m}=F(m)= / 3¢ ¥dx=1—e %" = 5
0

1
— m= In2=0.23105<§:E()~<).

1
3
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o Proposition (the law of the unconscious statistician - LOTUS).
Let x: (O, F, P) — (QY, F') be a random object with the
distribution Px and let g : ((0, F') — (IR, B) be a Borel
measurable function. If y = g (X), then

E@)= [ g(x)aP= [ g()dP:(x).

o Corollary 1. Let x: (Q, F, P) — (IR", B) be a random vector with
the distribution Px and let g : (R", B) — (R, B) be a Borel
measurable function. If y = g (X), then

E(7) =E(g (%1, % .. %)) =

/Qg()?) dP:/]Rng(Xl,XQ,...,Xn)dP;((Xl,X2,...,Xn).

xeR”

J. Caballé (UAB - BSE) Probability and Statistics



o Corollary 2. Let x = (X1, X2, ..., %,) : (Q}, F,P) — (R",B) be a
random vector with the distribution Pg, then

E(x) = /Qf(,- dP = /an x; dPx(x1,x2, ..., xp) fori=1,2, ... n.

o Proof: Just make g = p; in Corollary 1, where p; is the projection
map to the ith coordinate, that is, p;(x1, x2, ..., Xp) = X;.

o Corollary 3. Let x: (Q), F, P) — (R, B) be a random variable with
the distribution P and let g : (R, B) — (IR, B) be a Borel
measurable function. If y = g (%), then

E() = [ g()dP= [ g(x)dP:(x).
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o Geometric and Harmonic expectation (or mean) of a non-negative
extended random variable, X > 0:

GE(x) = exp (E[In%]) and HE(x)= (E[x}]) " =

o If x: (O, F,P) — (R, B) is a discrete random variable with
probability function f; : X(QQ) — [0, 1],

GE (%) =exp (E[InX]) = exp ( Y K(x)- Inx)

xex(Q)

= exp (x Y In [XWD = exp (In [ I Xf*(x)]) = ]‘[ xx(x)

ex(Q) x€x(Q)
and
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(]

(]

Note: Probability and distribution are expectations:

Consider the measure space ((), F, P), then
P(B) = / dP = / TIgdP = E(Ig), for all B € F.
B 0
Consider the random object X : (Q), F, P) — (OO, F’), then
P(A) = P{x € A} = [ dP:(x) = [ 1a(x(w)) dP(w)

_ /Q I (x) dPs(x) = E[I4 (%)], forall A€ F,

or
Pi(A) = P (x1(A)) = E [HX_I(A)} forall A F'.

J. Caballé (UAB - BSE) Probability and Statistics IDEA
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o Proposition. Let X (w) = b a.s. [P], where b is a constant. Then,
E(x) = [, %dP = b.

o Proposition. If c is a constant, then E(cx) = cE(X).

o Proposition. Let x: (Q), F,P) — (), ') be a random object,
{ci}!_; a collection of constants, and g; : (O, F') — (R, B)
measurable functions, for i = 1, ..., n. Then,

E [é Cigi<)~<)] = éCfE (gi(%)) -

o Corollary. Let X1, X, ..., X, be a collection of random variables on
(Q, F,P) and {c;}_; a collection of constants. Then,

n

E [é C,')?,'] = Z C,'E (5(,) .
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o Definition. Assume a given measure space (Q), F, i) and let
f:(Q,F,u) — (R, B) and p be a non-negative real number,
p > 0. We say that f € LP (or f € LP (Q), F, p)) if

fIP du < oo,
[ 1917 du

i.e., |f|” is y-integrable.
o Definition. [|f||, = [, |f|” du]*'?.
o Holder inequality: Let f € L? and g € L9 with p > 1, g > 1, and
1 1
—+ — =1, then
P q
1fglly < [Ifll, - llgllg

[t [ [1eean] [ [ gan

that is,
1/q
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o The Cauchy-Schwarz inequality is the Hélder inequality for
p=q=2 ie,if f €L? and g € L? then

e[l < (1], - llgll>,

r ) 1/2
. d ,
/Q lg] V]
r 1/2
2
: d .

1/2

feldu< | [ IFPd
INCEETAGRT

fd<</ﬂd
AJQH_[Q q

o Remember that

1/2

fd</#d </fd.
Lgu_'QgA_Kme
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Proof of the Cauchy-Schwarz inequality: For every constant K and
any pair of functions f and g belonging to L?, we have

[ K11+ gl du = 0
and, thus,
K2 |f*d +/2Kf d +/ 2du > 0.
| K12 dut [ 2K lgldu+ [ lgP >
The previous inequality becomes

K2/ fzdy+K-2/ \fg|dy+/g2dyzo.
&,_./ ho,_./ &\,_/

a b c
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This means that the above second order polynomial of K can have one or
zero roots. That is, the discriminant D = b% — 4ac has to be less than or
equal to zero. Therefore,

[2/nyg|dy]2—4[/ﬂf2dy] [/Qdey] <o.

Rearranging the above inequality and dividing by 4, one obtains

{/Qlfg!dur < [/Q deu] : [/ngdu]

and taking the positive square root in both sides, we obtain the desired
inequality. Q.E.D.
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o Letx: (O, F,P) — (R,B).

o Definition. Let k be a natural number, Kk =0,1,2, ... The kth
(non-central) moment of X is

W () = E (%) = [ 55dP = [ x“dPx(x).

o Definition. Let k be a natural number, Kk =0, 1, 2, ..., and assume
that E (X) is finite. The kth central moment of X is

i (%) =E[(x—E(x))"]
_/ E (x))* dP = /(x— (x))% dPs (x).

o Odd moments may fail to exist and, whenever they exist, they may be
equal to Foo.

o Even moments always exist but they may be equal to +oo.
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o Note that the kth moment of X is finite if and only if X¥ is
P-integrable. Therefore, the finiteness of E (%) requires the previous
existence of the integral fQ xkdP.

o Let k be a natural number, Kk = 0,1, 2, ... Since

B () =2 |(+) ] -2 [(=) ]
B () —e () = [(=) ]+ ](+) ].

then E (%¥) is finite if and only if E (|>~<|k) is finite. Note that

and

E (|>”<|k) always exists.

o In particular, E (%) is finite if and only if E (|X]|) is finite. Moreover, if
E (X) does not exist (it is of the indefinite form co — o) or is equal to
+oo0, then E (|%]) = .
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o Proposition. If k is a natural number, k =0,1,2,... and E (%¥) is
finite, then E (%/) is finite for all natural numbers j smaller or equal
than k, j =0,1, ..., k.

o Recall that E ()”(k) is finite if and only if E <|>”<|k) is finite, where

k=0,1,2,... Therefore, the proposition says that
% € Lk (Q,F,P)=%x¢€ L (Q, F,P) forall j=0,1, ..., k, where k
is a natural number.

o The proposition follows immediately from the following lemma:

o Lemma: If x € Lk, where k is a non-negative real number, then
% € I/ for all real numbers j € [0, k] .

o Hence, the lemma says that L¥ (Q), F, P) C I/ (Q, F, P) for
0 <j < k. This inclusion relationship does not hold in general for
measures that are not finite.
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Proof of the Lemma: We will prove that E (\)”(V) < oo for all real

numbers j € [0, k] when E <|>”<]k) < oo with k > 0. The cases where

either j = 0 or k = 0 are trivial so that we only consider the case where
k >0 and j € (0, k| as follows:

|x|f /|x|fdP— / 5P dP + / 5 dp

{IxP<1} {IxP>1}
< / dP + / <|$<|f)k/de+ / I%|* dP =
{IxP<1} {IxP>1} {IxP<1}
/ dP+/|>~<|"dP —P{ix/ <1} +E (%) <w.  QED.

{Ixf<1} O
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Note 1: If E (X) fails to exist (it is of the form co — o0) or is equal to
Fo00, then E (5(") = oo when k is an even strictly positive natural
number, k = 2,4,6, ...

To see this observe that in this case E (|%|) = oo and
E(%%) =E (|)?|k> > 0 when k is even. According to the previous

Lemma, if E (|X|) = oo then E (])?|k) =E (S(k) = 0.
Note 2: If E (X) fails to exist (i.e., it is of the form co — c0), then

E ()?k) fails to exists when k is an odd natural number, k =1,3,5, ...

To see this observe that in this case, since Xt > 0 and X~ > 0,
E(X)=E(x")—E(x") =E(|x"|) —E(|x7|) = 00 — c0. Thus,
E(|x"|) = o0 and E (|~ |) = oo. According to the previous Lemma,
E (|%*|) = oo implies that E [(\xﬂ)k] —E [(xk)*} — o0 and
E[|x7|] = co implies that E [(]5(‘ )k} =E [(ik)f} = o0. Therefore,
E ()”(k) =E [()?k)+] —E [()?k)f] is of the form co — .
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o Note 3: Let x: (), F, P) — (R, B) be an extended real-valued
random variable. If E (X) is finite, then X is finite a.e. with respect to
P.

o From now on, when we write a moment y; (%) of a (extended)
random variable X : (O3, F, P) — (IR, B), it should be understood
that this moment exists and is finite, that is, x € L* (Q, F, P) .
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o Note:
Ho (%) = o (%) = E (2°) =
and
p (%) =E[x-E(X)] =E(x) —E(x) =0
o 1y is the mean of X and is denoted by p (or ),
n=m =E).

x—E(%)°].

® 11, is the variance of X and is denoted by 0%, 02 or Var (%)
X

02 = Var (%) = E [(

Tx = —& .
o3

@ The inverse of the variance of X is called the precision of X,

IDEA 23 /90
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Proposition. Let X (w) = b a.s. [P], where b is a constant. Then
Var (x) = Var(b) = 0.

Proposition. If c is a constant, then Var(c%) = c¢?Var(%).

Definition. The standard deviation 0% (or o) of X is

o5 = [Var (x)]*?.

Proposition. If ¢ > 0 is a constant, then 0.z = cox.

Definition. The coefficient of variation of X is

CVi; = . with U 75 0.

o
i
Proposition. If ¢ is a constant, then CV 3 = CVx.
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o Proposition.
Var(x) =E (>~<2) ~[E®)?

or

02 =y =y — ()" =l — 2.

o Proof.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 25 /90



o In general: If k is a natural number, we get the following formula for

the kth central moment by just making the binomial expansion:

k (k
~ <\ \ Kk ~n <\1k—n
B[x-E@)] = X (4)E6) -ER)
n=0
or
d k / k—n
me= 2, e l=1"
n=0
o Therefore, the central moment y, is finite if and only if the
(non-central) moment /) is finite.

o Definition. The coefficient of skewness or asymmetry (for o3 # 0) is

ca="3
o Definition. The coefficient of kurtosis (for c* > 0) is
oK =22
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Pafnuty Chebyshev (1821 -1894)
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o Theorem (Chevyshev). Assume that the random variable X has the
finite mean p and the finite variance 02 > 0. Then, for any

k € (0,00),
- 1 . .
P{|x—u|l <ko}>1- ek (Chevyshev's inequality)
or, equivalently,
1
P{|x—pu| > ko} < X (Chevyshev's inequality)
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o Making the change of variable ko = ¢ > 0, Chevyshev’s inequality
becomes

2
o
P{lx—ul<e}>1- 2 (Chevyshev's inequality)
or, equivalently,

2
P{|x—ul>e} < Z—z. (Chevyshev's inequality)

@ The Chevyshev's theorem says that a random variable with small
variance is likely to take on values close to its mean.
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Proof of the Theorem: We know from the definition of variance that
< 2 2
o? =E[(x—p)°] = [ (x=p) dPs(x)
and, dividing the integral into three parts, we get

o’ = / x — p)? dPy
(iw’yikd( D)

+/ - 2deL/ — )2 dPs.
(p—ko,u+ko) (X ]’l) [u+ko,00) (X H)

Since (x — ;4)2 is non-negative, the three integrals are also non-negative.
Therefore, we can form the inequality

2 > / (x — )2 dPx(x) + (x — )2 dPx(x).
(—oo,u—ko] [u+ko,o0)

by deleting the second integral.
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Now, since (x — u)* > k202 if either x <  — ko or x > p + ko, it
follows that

o2 > / K202 dPy (x) + K202 dP; (x)
(—oo,u—ko] [u+ko,00)

and, hence, dividing both sides by k*c?, we get

1
— > dPx dPx ,
k2 — /(oo,yk:r] (X) + [u+ko,00) (X)

provided 0 > 0. Since the sum of the two integrals in this inequality
represents the probability that X will take on a value less than or equal to
i — ko or greater than or equal to u + ko, we have thus shown that

1
P{|x — ul Zka}gp. Q.E.D.
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o Definition. The moment-generating function (MGF),
Mx(-) : B— R, of the random variable X : (), 7, P) — (R, B)
(or of the distribution Px) is

M (t) = E(e) = /Qef*dpz /]RethP;((x) > 0.

where B is the subset of R for which E(et¥) is finite.
o Notes:
o (1) Mx(0) = 1.
@ (2) Mx(t) could fail to be finite for some set of values of t € R.

o (3) If there exists a real number a such that P {x < a} =0
(P{x > a} = 0), then Mx(t) is finite for all real numbers t < (>)0.

o (4) If there exist two real numbers a and b such that
P{a < x < b} =1, then Mx(t) is finite for all t € R.
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Definition. A neighborhood V of a point x € R” is a subset of R”
that includes an open set containing the point x.

Note that, if V is a neighborhood of the point x, then x lies in the
interior of V.

Proposition. If there exists a neighborhood V of 0 for which Mx(t)
is finite for all t € V/, then Mx(t) is infinitely differentiable at t = 0,
the moments ! of X are finite for r = 0,1, 2, ..., and

d" Mx (¢)

= /, f :0,1,2,...
it | M, forr

Proof. Since, from the Taylor's expansion of ¢’ at y = 0, we have

0 r
y Vv Y
=) T
r=0 "°

it follows that
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and, thus,

ot r ’ ) ,  t
Y| [ XdP) | = 1w+
p

— —
H

Since Mx(t) < oo for all t in a neighborhood of t = 0, it holds that p/ is

finite for r = 0,1, 2, ... and, thus, M;((t) is infinitely differentiable at t = 0.

Finally,

d" Mg (t)
dt’

B drE(etk)
=0 dt’
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o Therefore, if some moments of a random variable X do not exist (they
are of the indefinite form co — c0) or are not finite, then Mx(t) fails
to be finite in a neighborhood of t = 0 (and, thus, it fails to be
infinitely differentiable at t = 0).

o However, even if a random variable has all its moments finite, the
MGF may fail to be finite in a neighborhood of t = 0 (this is the case
for the log-normal distribution).

o Since

d2M;<(t)

M)l(/ ( t) dt2

=E(x*e™) >0,

SN——

>0
the moment-generating function Mx(t) is convex.

@ Moreover, since

_ dMx(1)
-0 —
! dt t=0

—E(%).

the slope of the moment-generating function Mx(t) at t = 0 is the
mean of X.
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o Examples:

o The log-normal and F distributions have positive densities only for
positive values. The Pareto distribution has positive density only for
values larger than a strictly positive threshold. The Pareto, F, and
log-normal distributions exhibit MGF's that are finite if and only if
t < 0. The Student's t and Cauchy distributions have positive
densities everywhere and exhibit MGF's that are not well defined (i.e.,
not finite) for all t # 0.

o The log-normal distribution has all its moments finite. The Pareto, F,
and Student’s t distributions could have some moments ],t’r, with
r > 1, finite (depending on its parameters) but p for r sufficiently
high becomes either indefinite (for the odd moments) or infinite (for
the even moments). Finally, the Cauchy distribution has all its
moments u!, with r > 1, either indefinite (for the odd moments) or
infinite (for the even moments).
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o Example:

Consider the absolutely continuous random variable X with the density

3e 3 forx >0

0 for x <0

A
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M;(t) = E(e™) = /RethP;((x) = /]Reb‘f(x)dxz/0 e™3e *dx =

t—3)x | 1
=3~(0——) =i for t < 3.

0 (
3 e(t=3)x gy — [e 3¢

t—3
0 do
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Note: If Mx(t) is finite for all t in a neighborhood of 0, then
d"Mx(t) /dt" is continuous at t =0, for r =0,1,2,.... In some
cases, it could be necessary to compute the following limit to find the
moment i :

d"Mg(t)  d"Mx(t) .y

i

00 dtr atr |,
Properties of the moment-generating function:
Let a be a constant, then My, ,(t) = E(et(*+2)) = e3t My (t).
Let b be a constant, then Mz (t) = E(e®?¥) = Mz (bt).
Ms.a (t) = eb! Mz (L).
Recall that

] 1 X [e'e] 1
e= Im (1+—-) = Z —,
X—00 X =0 r!

which follows fron Newton's binomial theorem (please, check it).
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o Consider the set C of complex numbers, where C = IR? is endowed
with the following two internal operations:

(1) The (standard) sum,
(a,b) + (c,d) = (a+c, b+ d),
(2) The (somewhat strange) multiplication,

(a,b) - (c,d) = (ac — bd, ad + bc).

@ The complex number (a, b) has a real component a and an imaginary
component b. Therefore, the complex numbers of the form (a,0) are
real, (a,0) = a € R.
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o Therefore, if k € R then
k-(a, b) = (k,0)-(a b) = (ka, kb),

which agrees with the standard rule of multiplication of a vector by a
scalar.

@ The complex number i = (0, 1) is such that
2=i-i=(0,1)-(0,1) = (—1,0) = —1. That is,
V=1 =4i=(0+1).

o Observe that

(a,b) =a-(1,0)+b-(0,1) =a-1+b-i=a+ bi.

o Definition. The modulus of the complex number (a, b) is its distance
to (0,0), i.e., (32 + b2)1/2.
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o Definition. The characteristic function, ¢, (-) : R — C, of the
random variable X : (Q), F, P) — (R, B) (or of its distribution) is

¢.(t) = E(e) = /Re"thP;(x) — E [cos (%) + i sin(£X)]

= E [cos (tx)] + iE [sin(tx)] = (E [cos (tX)] , E [sin(tX)]) ,
which is a well-defined (i.e., finite) complex number for all t € R.

o Recall that the moment-generating function, I\/I;(() : B— R, of the
random variable X : (Q), F, P) — (IR, B) (or of its distribution) is

My (t) = B(e) = g, (~it).

where B is the subset of R for which E(et¥) is finite.
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o Definition. The Laplace transform, Az(:) : D— IR, of the random
variable X : (Q), F, P) — (IR, B) (or of its distribution) is
Ax(t) = E(e™) = Mx(—t) = g (it).
where D is the subset of R for which E(e™ ) is finite.

o Note: Moment-generating functions and Laplace transforms may be
not well-defined around t = 0 (i.e., they may be not finite).

o Proposition. Let P; and Pj be the distributions of the random
variables X and y, respectively. Then, Py = Py if and only if ¢, = ¢

o or iff My = My, provided they are well-defined (i.e., finite) in a
neighborhood of t = 0,

o or iff Ax = Ay, provided they are well-defined (i.e., finite) in a
neighborhood of t = 0.
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o Lévy’s inversion formula:
1 1
Px(a, b) + §P)~< {a, b} = Fx(b) — Fx(a) — 5 [Px {b} — Px{a}]
N— ——
P;(a,b]

] 1 T e—ita _ eitb
=m0

o If the characteristic function ¢, is Lebesgue integrable on IR, then X
is absolutely continuous with the density

1 e—itx
&(X):E/R o (t)dt.

It

@ The Fourier transform of the distribution Px is
§x(t) = E(e ™) = g, (~t) or §(t) = E(e %) = g (—27t),
whereas the Fourier transform of the function f : IR — R is

f(e) = [ e F(x)ax.
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o % = (%1, %, . %) : (O F, P) — (R", B).

o Definition. The (r, o, ...

variables X1, %o, ..., X, Is

/ ~ ~
I’lrl,rg,...,r,, (X]-’X2’

, ) product moment of the random

')?n) =E ()?1,1 :

= [ (x-x2. X dP:/ X/
s sy = [

I )

X

. r2 .
Xy

IDEA
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o Definition. The (1, 2, ..., ry) product central moment of the random
variables X1, Xo, ..., X, is

,,,,,,

E[(51 —E(x1))" - (2 —E(%))"” - ... - (o —E(%))"] =
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o Note:

and
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o Definition. The covariance 0% 5 (or Cov (X, )) between (or of) X
and y is

J. Caballé (UAB - BSE) Probability and Statistics IDEA 49 /90



o Proposition.

or

J. Caballé (UAB - BSE) Probability and Statistics IDEA 50 / 90



o Definition. The coefficient of correlation between X and ¥ is

Oy .
Pzy = Xy with 05 > 0 and 0y > 0.

0';'0'}7

o Proposition. p; ; € [—1,1] or ‘pg’y‘ <1

o Proof. From the Cauchy-Schwarz inequality,

[ B0 &~ B o < [ 16— B3 (7~ B P

< [/Q(x E(x)) dPT/Q [/ (7 — E(y ]1/2.

0s5| <0505 & =050y Soxy S oxeoy e —1<pp <L

That is,

Q.E.D.
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o Proposition. Let a and b be constants. Then
Tax,by = ab(T;(,y.

Moreover, if a > 0 and b > 0, then

Pax,by = Px,y-
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o Proposition. Let X{, X, ..., X, be independent random variables on
(Q), F, P) belonging to L!, then

E(X-% ... %) =E(X1)-E(x) .. E(X,).
o Proof. Since, from independency,
Pz = Pg, X Ps, x ... X Py, = T] Px;, we can use Fubini's theorem so

i=n

that

E(fq -)~<2 L ')?n) = (Xl s X2t .l -Xn) dP;((Xl, ...,X,-,)
]Rn

:/R/R.../R(Xl.xz-...-xn)dph (x1) dPx, (x2) ...dPs, (xn)

_ [/RxldP;q (Xl)] . {/szdpgz (x2)] [/]RX,,dP;(n (xn)]

—E(%1) E(%) .. E(x%). QED.
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o Corollary. If the random variables X and ¥ are independent, then
Cov (x,y) =0,
i.e., X and ¥ are "uncorrelated".
o Proof.
Cov (.7) = E(%- 7) — E(X) - E() = E(%) -E(7) — E(%) -E(7) = 0,

where the second equality holds because E (% - y) = E(X) - E(y) when
X and y are independent. Q.E.D.

o Independency implies Cov (X, ) = 0, but the converse is not true.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 54 / 90



o Example: Consider the following table summarizing the probability
function fz y (x, y) of the random variables X and y:

yw |-t ot [hY)
—1 | 1/6]1/3]1/6] 2/3
1 |1/6] 0 [1/6] 1/3

fr(x) | 1/3]1/3]1/3 ] 1

o We have that E(x) =0, E(y) = —1/3, and E(x - 7) = 0.

o Thus,
05y = E(X-7) —E(%) -E(7) = 0.

o However, X and ¥ are not independent since it is not true that
fiz.9) (x,y) = fx(x) - f(y) for all (x,y) € x(Q) x y (Q). For

instance,

fF(—1,-1) =

Probability and Statistics
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Proposition. Let {X;}!_; be a collection of random variables on
(Q, F, P), {ci};_; a collection of constants, and b a constant. Then,

n n n n—1
Var Z GXi| +b| = Z c,-2Var ()?,) +2 Z Z C,'CJ'COV ()?,', f{,)
= i—1 j=i+1i=1

= Z c?Var (%) + Z Z ciciCov (%, Xj) = i i ciciCov (%, X;) .

j=1li=1 j=1li=1
JFi
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n n n—1

—E [Zc,? x—-Ex)’+2 Y ¥ ag (x,-—E(%f))(%—E(%))]
i=1 j=i+1li=1

=Y B [(5~E()F] +2 3 T a5~ E ) (5~ E(5)
i=1 J=itli=

n n—1

= Z c?Var (%) +2 Z Z ciciCov (%, X;) . Q.E.D.
i=1 j=it+1i=1
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o Corollary. If {%;}!_; is a collection of independent random variables,

then
n
Var Z CiXi
i=1

o Corollary. If the random variables X and ¥ are independent, then

+ b) =Y ?Var(x).
i=1

Var (X + y) = Var (x) + Var () .
o But, in general,

Var (x4 y) = Var (x) + Var (y) +2Cov (%, 7).
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o Let c = C_2 be a vector of scalars and X = )?.2
Cn Xn
Ha
o U= y? , with u; = E (%), is the vector of means.
Hn
(]
vir 012 - Uin
y — | 92t 022 Oon ,
Ont On2 * Onpn

nxn
with 0j; = Cov (X;, X;) , is the covariance matrix (or variance
covariance matrix).

o Note: X is symmetric (0 = ;i) and the elements along the diagonal
are the variances (0;; = 02).
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o Then,
E(cTx) (Z c,x,) =cTu

Var(cTx) = Var (Z c,->"<,-> = cTXc.

i=1

and

o Note: Since Var(cTx) = cTXc > 0 for all ¢ € R", then the matrix %
is symmetric positive semi-definite, which implies that det (£) > 0.

o Proposition.
n

Cov (fﬂ Y Ci%‘) = Cov (7,cTx) = ) _ ¢iCov (7, %) .

i=1 i=1
o Proof. Exercise.
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o Definition. Let X = (X1, %, ..., %) : (O, F,P) — (R",B) be a
random vector. The multivariate moment-generating function,
/\/I;(() : B— R, of the random variables X1, x>, ..., X, is
Mz, 5.5, (t1, to, ..., ty) = E(eftXt2XetttnXn)

_ er(tl)?1+t2)~<2+-..+t,,)?,,)dP — fRne(t1X1+t2X2+m+tnX")dP;g(Xl, . Xn)v

where B is the subset of R” for which E(efixitRXet+tXn) is finite.

o Proposition. If there exists a neighborhood V of (0,0, ...,0) for
which My, 5, 5 (t1, ta, ..., t,) is finite for all vectors
(t1, t2, ..., ty) € V, then Mg, x,. %, (t1, t2, ..., t,) is infinitely
differentiable at (t1, t2, ..., t,) = (0,0, ...,0), all the product moments

Wy (X1,%2, 0, %) are finite and
ar1+r2+...+r,, M)?l,)?z ..... )?n(tlv t21 EE) tn)

e In
atl at2 .0ty (t1,t2,..,tn)=(0,0,...,0)

=W (K%, Rn)
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o Proposition. If the random variables X1, %o, ..., X, are independent,
then

Mz 450445, (1) = H Ms, (t).
i=1
o Proof.

E (er(>~<1+>~<2+...+>?n)> —E (ﬁ ef%) — - E (et*f) . Q.E.D.

i=1 i=1

o Proposition. If the random variables X1, X, ..., X, are independent,
then

n

M 5o, (B0 B2, oo tn) = [ [ M, (81).
i=1
Proof.

n

n
E(etl)?1+t2)~<2+...+t,,)?n) — E (H eti)?i) — E (eti;(i) . Q ED
i=1

i=1
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o Definition. Let x: (Q, F,P) — (), F’) be a random object and
y:(Q,F,P) — (R, B) a random variable. The conditional
expectation of ¥ given X = x is a (essentially unique w.r.t. Px) Borel
measurable function E(y |x = -) : (O, F') — (IR, B) given by

E(y|x =x /ydP |X—x)—/yd iz (v [x), for all x € (V.
o Note that the previous conditional expectation can be seen as a
random variable from (Q), 7’) to (R, B) .

o All the properties of the (unconditional) expectation of ¥ also hold
a.s. [Px] for the conditional expectation of y given X = x.
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o If the random vector (X, 7) is discrete, then the conditional
expectation of ¥ given X = x becomes

E(y|x = E 5 (y|x), for all x with fz(x) > 0.

o If the random vector (X, ¥) is absolutely continuous, then the
conditional expectation of ¥ given X = x becomes

E(y|x=x) = ./IRyf;?';( (y |x)dy, for all x with fz(x) > 0.

@ We can define conditional moments since moments are just
expectations. For instance, the conditional variance of ¥ given X = x
is

Var(y % = x) = E ([ — E(7 [ = x)* |k = x)

J. Caballé (UAB - BSE) Probability and Statistics IDEA 64 / 90



o If the discrete (absolutely continuous) random variables X and y are
independent then

E(y|x=x) =E(y), for fz(x) > 0.

That is, the conditional expectation is equal to the corresponding
unconditional expectation.

o In general, if the random object X : (Q, F, P) — (Q', F') and the
random variable y : (), F, P) — (IR, BB) are independent then

E(y|x=x)=E(y), as. [Px].
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o Letx:(Q,F,P)— (O, F)andy: (QF P)— (O F").
o Conditional probability is a particular case of conditional expectation:

P(B|x =x)=E(Ig|x = x), forall B€ F.

o The conditional distribution is also a particular case of conditional
expectation:

Py(Alx = x) =E(I4(y)|% = x), forall Ae F",

or

for all Ae F".

o We can define the conditional expectation of the random variable
y:(Q, F,P) — (R, B) given the event B € F as

E(7|8) = E(y[ls = 1).
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o Theorem of total expectation (Adam’s law). Let
x: (O, F,P)— (Y, F') be a random object and
y:(Q,F,P)— (R,B). Then,

E() = [ E(7Ix = x)dPs(x).

o If the random vector (X, ) is discrete,

/RE(yl%zx)dPx(xF Y [E fyx<yl><>] fi(x)

xex(Q) Lyey(Q))

= ). ) vhilxy)= ) y[XZ fx,y(xv)’)]

xex(Q) yey(Q) yey(Q) €x(Q2)

= Y, ¥hly) =E@).

yey(Q)
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o If the random vector (X, ¥) is absolutely continuous,

J G 15 =x)aps) = [ | [ e 0 bray | i)
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o Definition. Let x: (Q), F,P) — (), ) be a random object and
y:(Q, F,P) — (R, B) a random variable. The conditional
expectation of ¥ given X is a (essentially unique w.r.t. P) Borel
measurable function E(y |x = %(+)) : (O, F) — (R, B) (or
E(7[%)()) given by

o Note that the previous conditional expectation can be seen as a
random variable from (Q), F) to (R, B).

o Moreover, if E(y |[x = x) = h(x) a.s. [Px], where
h:(Q,F') — (R, B), then E(¥ |[x) = h(X), a.s. [P] where
h(x): (O, F) — (R, B), since h(x (w)) =E(y |x = %(w) ).
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Definition. Let x: (Q, F) — (), F’) be a random object. The
o-algebra induced (or generated) on Q) by X is

={xYA) |AeF},
that is, F (X) contains the pre-images of all the measurable sets in
F'
The o-algebra F (X) is the smallest (i.e., the coarsest) c-algebra that
makes the random object X measurable, X : (Q), F (X)) — (Y, F') .
Hence, F (X) C F.
Recall that, if the random variable % : (O}, F) — (IR, B) is discrete,
there is a countable partition A = {A;, Az, ...} of Q) with
Ap={w e Q| x(w) = x, }, for all x, € X(Q). Then, the o-algebra
F (%) induced on Q) by X is the g-algebra o (.A) generated by the
partition A, i.e., the smallest o-algebra containing A.

Note: If we have two random objects X : (), F, P) — (Q, F1)
and % : (O, F, P) — (O, F2) such that F (X)) = F (%), then

E(j/ |)~<1) = E(j/ |)~(2> a.s. [P] .
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o Therefore, we can define the conditional expectation of the random
variable y : (Q), F, P) — (R, B) given the o-algebra G on () as the
(essentially unique w.r.t. P) Borel measurable function
E(716)(-) : (0.G) — (R, B) given by E(7|G) = E(7|%), where
x:(Q,F) — (Y, F') is any random object such that G =F ().

o In particular, we can choose X : (), F) — (0, G) to be the identity
map, X(w) = w for all w € Q.

o Note that the conditional expectation of the random variable ¥ given
the o-algebra G can be seen as a random variable from (Q), G) to

(R, B).
o Note: E(y|x) =E(y|F (X)) as. [P].

J. Caballé (UAB - BSE) Probability and Statistics IDEA 71/ 90



Definition. The random object X : (Q}, F) — (O, F') is
G-measurable if x"1(A) € G for all A€ F’. Obviously, we must have
that G C F.

Proposition. If x: (), F) — (Q, F’) is a random object, then %
is G-measurable for all G such that F (X) C G CF.

Definition. Let H and G be two o-algebras on the set () with
H C G. Then, we say that H is coarser than G or, equivalently, that
G is finer than H.

Definition. Let H and G be partitions of the sample space (). Then,
we say that H is coarser than G or, equivalently, that G is finer than
H, if every element of G is a subset of an element of H.
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Example A:

o )= {CU1,C(J2,(1J3,CU4,(,U5}

o H={{w1,ws, w3, ws ws}} ={Q}
G = {{wr,wz, w3}, {ws, ws}},
F={{w} {wa} {ws} {ws} {ws}}.

o Observe that F is finer than G, while G is finer than H.

(7]

(]

{wi} C {wrwa, w3} C Q,
{wr} € {wr,wa, w3} C Q,
{ws} C {wr,wa, w3} C O,
{wa} C {wsws} C Q,
{ws} C{wsws} C Q.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 73 /90



o Let G be the o-algebra generated by the partition G, i.e., G is the
smallest o-algebra containing G.

o Similarly, in our example, H is the o-algebra generated by H, while F
is the o-algebra generated by F.

o Obviously, if a countable partition H is coarser (resp. finer) than the
countable partition G, then the o-algebra H generated by H is
coarser (rep. finer) than the o-algebra G generated by G, i.e., H C G
(resp. G C H).

o Note: Not all o-algebras are generated by partitions. For instance,
there is no partition of IR that generates the o-algebra I3 of Borel sets
in R.
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o Example B: Consider () = IR and the following uncountable partition
of IR:
P={{x}| xeR}.

The o-algebra generated by P is
P ={ACR | either A or A are countable } .
Consider now the following countable partition of R:
Q = {(=0,0),[0,00)} .
The o-algebra generated by Q is
Q={9 R, (-,0),[0,00)}.

We see that P is finer than Q since, for all x € IR, either

{x} C (=00,0) or {x} C [0,00). However, it is not true that @ C P
since neither (—oo, 0) nor [0, 00) are countable or have countable
complements.
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In the previous Example A, we have H C G CF.
H={9, {wi,wr, w3, ws, ws}},

G =1{9 {w1,wr, w3, w4, ws},{wi,ws, w3}, {ws, ws}},

and

F ={9,{w1,ws, w3, ws, ws} , {w1,w2, w3}, {was, ws},

{wi} {wa} {ws} {wa} {ws}, {w1, wo}, {wr, w3},

{wi, wa} {wr, ws}, {ws, w3}, {wa, wa} {ws, ws}, {ws, ws},

{wz, w5}, {w1,ws, wa}, {wr,wr, ws}, {wr,ws3, ws}, {wi,wsz, ws},
{wi,ws, ws}, {wr,wsz, wa}  {wr,ws, ws}, {wsws, ws}, {wsws, ws},
{wl,wz. w3, w4} ) {wl,wz. w3, w5} ) {wl,wz. Wy, ws} )

{w1,w3, wa, ws}, {ws, w3, wa, ws}}.

In this example, F is the power set 2 (the finest o-algebra on Q)
since F is the finest partition of ().

Note that #JF =2° = 32.

Moreover, in this example, H is the coarsest o-algebra on (Q,
H ={@,Q}, as H is the coarsest partition of ().
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o Example: Consider the probability space (Q 29 P) , where the
sample space is () = {a, b, ¢} and the probability P satisfies
P{a} =1/6, P{b} =2/3=4/6, and P{c} =1/6. Let
%: (0,29, P) — (IR, B) be a random variable defined as follows:

1 ifw=a
2 ifwe {bc}.
o The o-algebra F (%) induced on Q) by the random variable X is

F(z) = {2,Q,{a}, {bc}} C 22

@ Then,
1 fw=a
E(x[F(x)) = x(w) =
2 ifwe{bc}.
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o Consider the following partition of the sample space ():
G ={{a b},{c}}, and let G be the o-algebra generated by the
partition G,

G =1{2,Q,{a b}, {c}} c22

@ Since
P{x=1[{a b}} =P({a} {a.b}) = "G5 = Sl =48 =1,
P{x=2[{ab}} = P({bc}|{a b})=EUEICL0)
_ _P(H) 4/6_£
~ P{ab}  5/6 5
P{x=1|{c}} =P({a}|{c}) = p& = % =0,
P{x=2|{c}} = P({bc}|{c}) = BUEAIDD) — Aleb _ L6 g

o then

E(x|G) =
1.042-1=2 ifw=c
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o Let H be the coarsest o-algebra on Q), H ={®, O} . Since
1
P{)?zl}:P{a}:g,
< 5
P{x:2}:P{b,c}:6,

then

E(x|H)=E (%) =1- +2--:%1 forw € {a b,c} = Q.

1
6 "6

o Finally, note that, since
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Properties of the conditional expectation given a c-algebra:

1. (Theorem of total expectation). Let y : (0, F, P) — (IR, B) and
G CF,thenE(E(y|G)) =E(¥). In particular, if
x: (0, F,P)— (R, B), then

E(E(y|x))=E(y). (Adam'’s Law)

2. Ifx: (QF,P)— (R,B)and y: (), F,P) — (R, B) are
independent random variables, then

E(7Ix) =E(y) as. [P].

3. Lety: (O, F,P) — (R, B) and F (y) C G CF, then
E(y|G) =y as. [P]. In particular, E(y |F) =
)

E(yly) =E(F|F(¥) =7 as. [P].
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4. Letz: (O, G, P) — (R,B) and y : (), F, P) — (R, B) be random
variables with G CF, then

E(z-7G) =2 E(7]G) as. [P].

E(y|z) as. [P].

z-
5. Ify: (Q,F,P)— (R B) and H ={®, O} is the coarsest o-algebra
on O, then E(y|H) =E(y) as. [P].

In particular, E(z-y|2) =
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Theorem. Let y: (), F,P) — (R, B) and G1C GoCF, then
(a) E(E(7|G1)|G2) =E(7]G1) as. [P].
(b) The law of iterated expectations:

E(E(7]92)[91) =E(7191) as. [P].
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Johan Jensen (1859 - 1925)
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o Theorem. Let g be a Borel measurable function from the convex set
C CR" to R. Then,

E(g(¥)) é) g(E()), (Jensen's inequality)

for all random vectors y : (Q, F, P) — (R", B) with y (O) C C
(i.e., ¥ (w) € C for all w € Q) if and only if g is concave (convex)
on C.

o Proof: (IF) If g is concave, there exists a real vector 6 € R" such
that

g(y) <g(E(y)+6 (y—E(y)), forally € C,

where E () € C C R" is the mean vector of the random vector j.
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Therefore,

E() = ey < [ [s®3)+6 (v ~EG))] dPs()

= @GN )+ [ 6T —E) dPy(y)

=g(E[)+5 Ey—E(y)] =g (E(7)).
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g(E()+3(y—E®)

g(E()

E(y) Y
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(ONLY IF) Consider a random vector y : (O3, F, P) — (R", B) taking
the values x, y € C with probability p and (1 — p), respectively. Then,
Jensen’s inequality becomes

pg(x) +(1—plg(y) < glpx+ (L= p)y),

and, since this inequality holds for all values x,y € C and for all
p € [0, 1], we have just obtained the definition of concavity of the
function g on C. Q.E.D.

o Jensen's inequality also holds for the conditional expectation of ¥
given X = x (a.s. [Px]) or given the o-algebra G (a.s. [P]):

o For g concave (convex):

Elg (7) % = x] (;)g(E[YI? x]), as. [Px]

or

EB()W”ig@UWD as. [P].
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f 3

a(y)

g(px + (1—p)y)
pg(x) + (1 - p)g(y)

g(x)

Sodossssmmrsssvasussessus s e a T

x  px+(1-p)y
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o Application to Economics:

o Definition. An expected utility maximizing individual with utility
function u is risk averse if

ulE(x)] > E[u(x)] for all random variables X.

o From Jensen's inequality we can conclude that an individual is risk
averse if and only if the utility function u (which is called the
Bernoulli utility function) is concave.
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Daniel Bernoulli (1700 - 1782)
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Proof that E (% fR z fz (x) dx for absolutely
Contmuous random Varlables.

Let &:(Q,F,P) — (R,B) be an absolutely continuous random variable
with density fz. On the one hand, we know that

P;(A) :/AdPi(x) :/R]IA () dPz(x). (1)

On the other hand, from the definition of density, we have

:/AfgE (:L’)de/RHA(x)ff (z) dz, (2)

as T is absolutely continuous. Therefore, combining (1) and (2) we get

/ 0P (z / f: (z) da. (3)

Let us compute now the integral of the non-negative simple function
s: (R,B) — (R, B) with respect to the probability distribution P;. Recall that
simple functions have the following form:

2) = > uila (o) ()

where {A;, Ao, ..., A, } is a finite partition of R and s(z) = y; if v € A;, i =1
Thus,

yeees T

/]R / ZyZ]IA )d P ( Z / yilla, (2)d Ps ()

_Z/yzdp ~3 [ a <x>=i§";yi/mfi<x>dx
—Z/ dw—/Aiswi(x)dz:As<x>ff<x>dx, (5)

where the first equality comes from (4) ; the second from the fact that the integral
of a sum is the sum of integrals; the third from the definition of indicator function;
the fourth from the fact that y; is a constant in the Borel set A; and, thus, it
can be factorized; the fifth from (3); the sixth from the fact that s(x) = y; when
x € A;; the seventh from the contable additivity property of the integral; and the
eighth from the fact that (J A; = R.

K3



Let us now compute the integral [, g (x) dP;(z), where g : (R, B) — (R, B).
We can use the definition of integral with respect to a measure to compute the
integral of the positive and negative parts of g, g7 and ¢~ (which are given by
g7 (x) =max(g,0) > 0and g~ = max (—g,0) > 0, respectively) as the supremum
of the integrals of non-negative simple functions s and h such that s < g* and
h < g—, respectively. We thus have

Elg(2)] = / 9 (2) dPy(z) = / g* () dPs(x) — / g~ () dPs(x)

R

~ sup /R s(x)dPy(z) — sup /R h(z)dP; ()

= ogszlg;g:/ms () fz (z)dx — O;S;l;pg_ /R h(x) f5 (z) dx
- [Fn@a- [y@n@e- [g@hoe o

where the first equality is the definition of expectation; the second and the third
come from the definition of the integral of a Borel measurable function; the fourth
from (5); and the fifth and the sixth from the fact that the density fz is non-
negative a.e. with respect to Lebesgue measure and from the definition of integral.

If the previous Borel measurable function ¢ is the identity function, i.e.,
g(x) = x for all z € R, then (6) becomes

B (7) = /R 2dPy(z) = /R ofs (x) da. Q.E.D.



Exercises. Probability and Statistics. IDEA.
3. Expectation

. The density function of the absolutely continuous random variable I is given

by
1

—— forl
v (In3) orl <z <3

f(x) =

0 elsewhere.

(a) Find E (2), E (7%), and E (%)
(b) Use the result of part (a) to determine the value of E (73 + 27 — 3% + 1) .

. A casino offers a game of chance for a single player in which a fair coin is
tossed at each stage. The initial stake starts at 2 dollars and is doubled every
time head appears. The first time tail appears, the game ends and the player
wins whatever is in the pot. Thus, the player wins 2 dollars if tail appears
on the first toss, 4 dollars if head appears on the first toss and tail on the
second, 8 dollars if head appears on the first two tosses and tail on the third,
and so on. Mathematically, the player wins 2* dollars, where x is the number
of tosses and the probability of having x tosses is given by the probability
function f(z) = (1/2)" for = 1,2,3.... Show that E (2%) = oo so that the
fair price to pay the casino for entering the game is infinite. This is the famous
St. Petersburg paradox, according to which a player’s payoff expectation is
infinite if he is to receive 2* dollars when, in a series of flips of a balanced coin,
the first tail appears on the xth flip.

. Mr. Adams and Ms. Smith are betting on repeated flips of a coin. At the start
of the game Mr. Adams has a dollars and Ms. Smith has b dollars. At each flip
the loser pays the winner one dollar, and the game continues until either player
is “ruined”. Making use of the fact that in an equitable game each player’s
mathematical expectation is zero, find the probability that Mr. Adams will win
Ms. Smith’s b dollars before he loses his a dollars.

. Show that if Z is a random variable taking non-negative values with mean g,
then for any positive constant a,

P{i>a} <

SRS

This inequality is called Markov’s inequality.

. Find the moment-generating function of the discrete random variable Z, which
has the probability function f(x) = 2-(1/3)" for x = 1,2,3,..., and use it to
determine the moments 1}, y5, and o



10.

11.

12.

Find the moment-generating function of the absolutely continuous random
variable & whose density is given by

1 forO0<a<1

f(x) =

0 elsewhere

and use it to find y}, uh and o2

If we let Rz (t) = In M; (t), show that R (0) = p and RZ(0) = o2. Also, use
these results to find the mean and the variance of a random variable  having
the moment-generating function

M; (t) = (1)

2
_ p3t8t

Given the moment-generating function M; (t) of the random variable

1
Z, find the moment-generating function of the random variable z = 1 (z —3),

and use it to find the mean and the variance of Z.

If 21,29, T3 are random variables with the means 4,9, 3, the variances 3,5, 7,
Cov (Z1,%2) = 1, Cov (T2, 3) = —2, and Cov (%1, Z3) = —3, find the mean and
the variance of

(a) § = 2%y — 3Tg + 4T3;
(b) 2 == 571 + 2532 - i’g.

If the joint density of  and ¥ is given by

1

g(x+y) for0<z <1, 0<y<2
flzy) =

0 elsewhere,

find the variance of w = 3% + 4y — 5.

A penny, which is unbalanced so that the probability of heads is 0.40, is tossed
twice. What is the covariance between Z, the number of heads obtained on the
first toss, and w, the total number of heads obtained in the two tosses of the
coin?

If getting a head is a success when we flip a coin, getting a six is a success when
we roll a dice, and getting an ace is a success when we draw a card from an
ordinary deck of 52 playing cards, find the mean and the standard deviation of
the total number of successes when we

(a) flip a balanced coin, roll a balanced dice, and then draw a card from a
well-shuffled deck;

(b) flip a balanced coin three times, roll a balanced dice twice, and then draw
a card from a well-shuffled deck.



13.

14.

15.

16.

If the joint density function of two random variables Z and ¥ is given by

2
g(x+2y) for0<or <1, 0<y<l1
fla,y) =

0 elsewhere,

(a) find the conditional mean and the conditional variance of & given § = 1/2;

(b) find the covariance between Z and g.

The random variables  and 3 have the joint density

1
—§ln(x-y) for0<zr<landO<y<1

flz,y) =

0 elsewhere.

Taking into account that, if F/(z) = x - (Inz) — z, then F'(z) = Inz,
a) find the marginal density of Z, fz(z).
b) find the conditional density of & given § =y, fz5(x |y).

)
c¢) are T and ¥ independent?

d) compute the expectation (or mean) of z, E(Z).
)

compute the expectation of  given 7, E(Z |7).

(
(
(
(
(
(f) find P{Z > 23}.

(a) Let § be an absolutely continuous random variable with density function
(pdf) g(y), g : R — R. If § =y, n independent observations Iy, ...., T, are
taken, where each ; is absolutely continuous and has the same density h(z;;y),
h(:;y) : R — R. Indicate how to compute the conditional expectation of ¢
given Iy = Ty, ...., Ty = Tp.

(b) Let g be a discrete random variable with probability function (pmf) g(y),
g:79(2) — [0,1]. If § =y, n independent observations Zi, ...., Z,, are taken,
where each Z; is discrete and has the same probability function h(z;y), h(-;y) :
z(Q2) — [0,1] . Indicate how to compute the conditional expectation of § given
Zi'l = T, ,fn = Tp.

Note: Your answers to (a) and (b) should use only the functions ¢(-) and h(:; )
and the values z1, ..., z,.

Let {Bj, Bs,...} be a countable collection of events with strictly positive
probability that constitutes a partition of the sample space 2. Establish the
following version of the theorem of the total expectation:

If E(&) exists, then B(Z) = Y _ P(B,)E(Z|B,).

Recall that E(Z |B) = E(Z |Ip = 1), where B is an event and I is the indicator
function of the set B.



17.

18.

19.

20.

21.

22.

23.

Find the covariance of the two random variables whose joint density is given by

2 forz >0, y>0, v4+y<1
fla,y) =

0 elsewhere.

We have a urn with 2 white balls and 3 black balls. We first extract one ball and
we put it back in the urn. If the ball is white, we next extract two balls with no
replacement. However, if the ball is black, we next extract only one ball. Find
the moment-generating function of the number of black balls extracted in the
second round.

Find the moment-generating function of the discrete random variable taking
the values 0, 1, 2,... with the probability function

f(k>:P{'f:k}:qk.p7 k:071727"'7 q+p:17 q>07 p>0

The moments of a random variable are yf = 1, ), = 2, and in general p) = k, for
every strictly positive natural number k. Find its moment-generating function.

Is the function g(t) = (2 +t)? the moment-generating function of some random
variable?

Consider a discrete random variable & with the following probability function:

Do forz =0
flx)=149 m forx =1

1—po—py forax=2.

a) Find the moment-generating function of .

(

(b) Using the moment-generating function, compute E(Z).
(¢) Using the moment-generating function, compute E(7?).
(

d) What is the variance of z7?
The probability function of the discrete random variable Z is
k
fa(x) == forx=1,2,3.
x

a) The value of the constant k is 6/11. Why?

b) Find the moment-generating function of the random variable z.

(
(0)
(c) Compute E (Z), E (Z?) and E (%) by using the moment-generating function.
(d) Compute Var ().

(

e) Compute Var (1) , where § = 372 + 4.



24.

25.

26.

Consider a Borel measurable function f on the measure space (2, F, i),

(a) Assume that y is a finite measure. Prove that, if f € L® then f € L" for
0<r<s<o.

(b) Assume that p is the Lebesgue measure on the o-algebra B of the Borel sets
of R, i.e., 2 =R and F = B, and

— forxz>1
flay=4 "

0 forxz<l1.

Does f belong to the L! space? Does f belong to the L? space? Compare the
answers to the previous two questions with the result of part (a) and make a
comment.

(a) Find the distribution function F'(x,y) of the random vector (Z,7) whose
density function is

6
g($+y2) for0<z <1, 0<y<1
flz,y) =

0 otherwise,

O*F(z,y)

and check that f(x,y) = 929
oY

a.e. with respect to Lebesgue measure.
(b) Find Var (| =1/3).

Let (2, F, P) be a probability space. Assume that the sample space € is the
closed interval of real numbers [0,1], F is the c—algebra of Borel sets in the
interval [0, 1] , and the probability P on (2, F) is the Lebesgue measure on [0, 1].
Consider the random variables Z, ¢, and Z on (2, F, P) defined as follows:

( ) 1
1 ifwe |0, 3
I(w) =
| 0 otherwise,
( 1
1 ifwe {5, 11
J(w) =
[ 0 otherwise,

and

1 13
1 if - - =
1w€{0,4}u{2,4}

0 otherwise.



27.

28.

(a) Find the joint probability function of the random variables Z, 7, and Z.

(b) Are T and y independent? Are Z and Z independent? Are § and 2
independent?

(¢) Find Cov (z,7), Cov (Z, 2), and Cov (7, 2).
The distribution of the random vector (,7) has the following density function:

ky ifx<b, y>0, —2y>3

fap(,y) =
0 otherwise.

(a) Prove that k = 3.
(b) Compute the expectations E(Z) and E(7).

)
(c) Compute the variance Var(Z).

(d) Compute the covariance Cov(Z, 7) and the correlation coefficient p between

)

Z and g. Are ¥ and ¢ independent random variables?
)
)

e) Find the marginal density function of 3.

(f) Find the conditional density function of  given § = 3/4, fz; (% [3/4).
(9) Compute the conditional expectation of Z given § = 3/4, E(Z |y = 3/4) .
(h) Compute the conditional variance of Z given § = 3/4, Var(z |§ = 3/4) .

Consider the random experiment consisting of rolling a balanced dice. Let
T (Q, 29) — (R, B) be the random variable representing the prize in euros
you get as a function of the number of dots w € €2 obtained when rolling the
dice. The random variable 7 is defined as follows:

(0 ifwe{1,4}

1 fw=3

[\]

if we{2,5}

[ 3 ifw=06

(a) Find the o-algebra F (z) induced on 2 by the random variable z. Recall
that F () is the smallest o-algebra F on  for which the random variable
z:(Q,F) — (R, B) is measurable.

Consider the following partition of the sample space 2 : G = {{1},{2,3,4},{5,6}}
and let G be the g-algebra generated by the partition G.

(b) Compute the following three conditional expectations of T given a o-
algebra: E(Z|F (z)), E(Z|G), and E(z|H), where H = {Q,0} is the
coarsest o-algebra on (). Recall that a conditional expectation given the o-
algebra F is a function defined on the sample space €2 that is F-measurable,
E@|F): (QF) — (R,B).



29.

30.

31.

Let v, v1,92, -+, Ym, T1, T2, ..., T, be random variables on the probability space
(Q,F,P)and b;, j=1,...,m, ¢, i =1,...,n, are scalars.

(a) Prove that
Cov (ﬂ, Z Cziz) = Z C,L'COV (ﬂ, ZZ’Z) .
i=1 =1

(b) Prove that

Cov <2m: bjgja zn: CZZZ‘Z> = Zm: zn: bjCiCOV (gj7 j’l) .
j=1

i=1 j=1 i=1

Let & and ¢ be real-valued random variables on the probability space (€2, F, P).
Both random variables have a strictly positive, finite variance.

(a) One of the following equalities is always true. Which one? Justify your
answer.

(iii) Var (z) = E (Var (2 |7)) + Var (E (2 7))
(iv) Var (2) = E (Var (2)) + Var (E(Z|7))
(b) Assume now that Z and § are independent. In this case, in addition to the

one found in part (a), are there other equalities that are true? Which ones?
Justify your answer.

(c) Let h: (R,B) — (R, B) be a Borel measurable function. Find the value of
E[(z—E(Z]g))-h(g)] and the value of Cov [(Z —E(Z|7)),h (7)].

Hint: In this exercise you should use the theorem of total expectation, according

to which, if £ and g are real-valued random variables on the probability space
(Q,F, P), then

E(z) =E(E(z]7)).
Consider the random experiment consisting of rolling a balanced dice. Let
x: (Q, 29) — (R, B) be the random variable representing the prize in euros

you get as a function of the number of dots w € €2 obtained when rolling the
dice. The random variable Z is defined as follows:

1 ifwe {1,2,3)
T(w) =4 2 ifw={4,5}
3 ifwe {6}

(a) Find the o-algebra F (Z) induced on 2 by the random variable Z.



32.

33.

34.

Consider the following partition of the sample space €2 :

G = {{1’ 2} ) {3v4} ) {576}}

and let G be the g-algebra generated by the partition G.

(b) Compute the following three conditional expectations of & given a o-algebra:
E(@|F(2)),E(Z|G),and E (Z |H), where H = {£, 0} is the coarsest o-algebra
on €.

Prove that the characteristic function ¢;(t) = E (e*) of the random variable
7 is equal to the following complex valued function:

E [cos (tZ) + isin(tZ)], which is equal to (E [cos (tZ)], E [sin(tZ)]) .
Hint: You should make the corresponding Taylor’s expansions around zero.

In this exercise, we will use both Markov’s and Jensen’s inequalities to derive
some lower bounds on the moment-generating function of a random variable.
(a) Use Markov’s inequality (which is given in Exercise 4 of this list) to prove
that the moment-generating function Mj;(t) of a random variable § satisfies
M;(t) > e*-P{§>c}, forall c€ R and all t > 0 where M;(t) is well defined.
Similarly, prove that

M;(t) > e*-P{g<c}, forall c€ R and all t <0 where M;(t) is well defined.

(b) Use Jensen’s inequality to prove that the moment-generating function Mz (t)
of any random variable Z with finite mean p is bounded below by e#* for all
t € R where M;z(t) is well defined.

Consider the random experiment consisting of rolling a balanced dice. Let
x: (Q, 29) — (R, B) be the random variable representing the prize in euros
you get as a function of the number of dots w € €2 obtained when rolling the
dice. The random variable Z is defined as follows:

2 ifwe {1,2}

3 ifwe {3,4,5,6}

and F (Z) is the o-algebra induced on €2 by the random variable Z.

Consider the following partition of the sample space €2 :

G={{1,2,3},{4,5,6}}

and G is the g-algebra generated by the partition G.

Compute the following three conditional expectations of Z given a o-algebra:
E(Z|F(2)),E(Z|G),and E (& |H), where H = {2, 0} is the coarsest o-algebra
on ).



35.

36.

37.

Prove that, for every non-negative random variable , the following inequalities
hold:
E(z) = GE(Z) = HE (2),

where GE (Z) and HE (%) are the geometric and the harmonic mean of Z,
respectively

(a) Prove that, for every random variable Z,
(E[#])* > E().

Note: the expresion in the left-hand side is called the quadratic expectation (or
mean) of 7.

(b) Let us define the generalized (or power) expectation (or mean) of a non-
negative random variable T as

E, () = (BE[#"]))"", withp € R.

Note: E; (%) is the arithmetic mean of Z and E, (Z) is the quadratic mean of Z.

Prove the following five properties for a non-negative random variable Z:
(i) Eo (Z) = liH(l) E, (z) = GE(Z), where GE () is the geometric mean of 7.
p—)
(ii) E_; () = HE(Z), where HE (%) is the harmonic mean of 7.
(iii) If ¢ > p, where ¢ € R and p € R, then E, (%) > E, (%) .

Assume for the rest of the exercise that the support supp (P;) of the distribution
P; of 7 is finite.

(iv) Ew () = lim E, (%) = Timax, Where Tmax = max {supp (P;)}.

p—00

(v) E_o () = lim E, (%) = Zmin, Where Ty, = min {supp (Pz)}.

p——00

Prove that the irrational number e satisfies the following:

(a)
§i1 - 1\

Hint: Use Taylor’s expansion for the first equality and Newton’s binomial
theorem for the second.

(b) e € (2,3). Hint: Compute the Lebesgue integral / (Inz)3dz.
(Le]
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%:(Q,F,P) — (R", B)

A discrete distribution is fully characterized by its probability function
(pmf) :x(Q)) — [0, 1], since

Px(B) = P{x € B} = ) _ fx(x), forall B € B.

xEB

@ An absolutely continuous distribution is fully characterized by its
density function (pdf), % : (R, B) — (IR, B), since

Py (B) = P{xeB}_/ - (x)dx, for all B € B.

o Let X be an absolutely continuous random variable with density f.
We assume, without loss of generality, that the Borel set
A= {x€eR"|fz(x) #0} is open in R".

@ Thus, under this convention, the closure of A is the support supp (Px)
of the distribution of the absolutely continuous random variable X.
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o The random variable/vector X : (O3, F, P) — (R", B) has the
discrete uniform distribution if its probability function is

1
f(x) = n forx = xi,..., xk, with x; # x; fori # j.
2(Q)

o If k =1, then X is a constant a.s.
o Definition: An extended random variable/vector
x:(QLF,P)— (ﬁn, B) is called "degenerate" when there is a

value xg € R” such that Px(x0) = 1. The distribution associated with
this random variable is also called "degenerate".
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Example: The discrete random vector (X1, X2), where X; is the
number of points when rolling a dice and X5 is the number of heads
when tossing a coin has a probability function f(x1, x2) summarized
in the following table:

x\x || 1 | 2 3 4 5 6
0 |[i1/12]1/12]1/12]1/12]1/12 | 1/12
1 1/12 [ 1/12 [ 1/12 [ 1/12 [ 1/12 [ 1/12

Therefore,

F(x1, ) = 1—12 for (xt,%2) € {1,2,3.4,5,6} x {0,1} .
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The Dirac distribution Py of the random variable
x: (O, F,P) — (R, B) satisfies

1 fageA
Px(A) =
0 ifaégA,

for all A€ B.

Note that Pz {a} =1, i.e., the value a is taken almost surely by the
random variable X.

Some people define the density function of the previous Dirac
distribution as a function (called the delta function) such that
fr(x) =oc0if x=a, fr (x) =0if x # a, and [ f (x) dx = 1.

Obviously, there is no density function with those properties, even
though it can be viewed as the limit of a sequence of strictly positive
density functions converging to zero for all x # a.
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Paul Dirac (1902 - 1984)
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4.2. The Bernoulli, binomial, Pascal, geometric, and
hypergeometric distributions

Jacob Bernoulli (1654 - 1705)
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@ The random variable X : (0, F, P) — (R, B) has the Bernoulli
distribution if its probability function (pmf) is

f(x;0) =0°(1—0)', forx=0,1.

e or

1—-6 forx=0

f(x;0) =

0 for x = 1.
@ Mean and variance:

p==0

and
o2 =6(1-9).
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o The binomial distribution.
@ The random variable X : (O, 7, P) — (R, B) has a binomial
distribution (or is binomial) if its probability function is
b(x;n,0) = (n) 0*(1—0)"%, forx=0,1,...,n.
X
o Motivation: 6 is the probability of a success in each trial. Then,

b(x; n,0) gives the probability of x successes in n independent trials.
Note:

b(x;1,0) =6*(1— 9)1_X, forx = 0, 1. «+ Bernoulli pmf

Obviously, if X1, ..., X, are independently distributed random variables
having a Bernoulli distribution with parameter 6, then its sum

S =YY" ;% has a binomial distribution with parameters n and 6.
Therefore, if X1, ..., X, are independently distributed random variables
having a binomial distribution with parameters n; and 6, for
i=1,..,m, then its sum y =} ; X; has a binomial distribution
with parameters )", n; and 6.
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o Example: Let X be the number of heads when tossing 4 coins.

pen=se= () () (- () ) - 40

b(xit.3)

forx =0,1,2,3,4
—_———
x(Q)
or
((1/16 = 0.0625 for x =0
4/16 = 0.25 forx =1
fr(x) = b(x;4,§) ={ 6/16 =0.375 forx =2

4/16 = 0.25 forx =3

1/16 = 0.0625 for x = 4.
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o Probability Histogram (which is symmetric iff 6 = 1/2):

fix)

04 T
0,35
03
0,25

x

02

0,15

01
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o Probability Bar Chart (which is symmetric iff 6 = 1/2):
flx)

04 T

0,25 -+
02 +
0,15 -+

01 +

0,05 | I I
o] } } } }
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o Example: Let X be the number of heads when tossing 4 coins. The
coin is unbalanced and the probability of head is 6 = 1/3.

P{x=x}=fi(x) = <i> G)X (%)H for x = 0, 111,)3,4

~\~ X
b(x;4,%)

or
( 0.1975 forx=0

0.3951 forx =1
fx(x)=0»b (X; 4, 1) =< 02963 for x =2

0.0988 for x =3

L 0.0123 for x = 4.
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o Probability Histogram (which is not symmetric since § = 1/3):

f(x)
0,45 -
0,4
035
0,3

0,25

0,2
0,15

0,1
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o Probability Bar Chart (which is not symmetric since 6 = 1/3):

f(x)

0,45
0,4
0,35
0,3

0,25
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o Moment-generating function of a binomial random variable:

Mx(t) = [1+6(e' —1)]".

o Proof:

M0 =E (&%) = ) (X)e -y

b(x;n,0)
_y (Z) (0et) (1 0)"* = [0’ + (1— 0)]" = [1 + (e — 1)]".
x=0
@ Then,
p=M(0) = n[1+6(e" —1)]""'0e'|,_, = nb
and

7 =E (%) - [E®)]* = M{(0) - p* =
{n(n—1)[1+6(et —1)]"20%e* +n[1+0(e! —1)]" l9et}‘t:O
—n?6%> = n(n—1)6 + nf — n?6°> = —nB> + nb = nb(1 — ).
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o The Pascal (negative binomial or binomial waiting-time)
distribution.

Blaise Pascal (1623 - 1662)
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o The random variable X : (), F, P) — (R, B) has a Pascal
distribution if its probability function is

X

b*(x; k,0) = (k:i)ﬁk(l—(?)x", forx =k k+1,...

o Motivation: 6 is the probability of success in each trial. Then,
b*(x; k,8) gives the probability that the k" success will occur on the
xt independent trial.

o Note: b*(x; k,0) = 0b(k —1;x —1,0).
o Mean, variance, and moment-generating function:

kK, k(1-9)

H=gr T =g
et k
M;((t) = [m] for t < —In(1—9)
+
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o The geometric distribution.

o The random variable X : (O, F, P) — (R, B) has a geometric
distribution if its probability function is

g(x;0) =0(1—0)"' forx=1,2,...

Motivation: 0 is the probability of success in each trial. Then, g(x;0)
gives the probability that the first success will occur on the xt/
independent trial.

Note: g(x;0) = b*(x;1,0).
Thus, the moment-generating function is
My(t) = — % et < —in(1—0).
1—(1—-0)et —_——

+
Mean and variance:

p= M) =5 and o? = MY(0) ~ p* =
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o The hypergeometric distribution.

o The random variable X : (O, F, P) — (R, B) has a hypergeometric
distribution if its probability function is

()

forx=0,1....n, x<a n—x<N-—a.
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o Motivation: Consider a set of N elements of which a are successes
and N — a are failures. We choose, without replacement, n of the N
elements contained in the set. Then, h(x; n, N, a) gives the
probability of getting x successes.

@ Mean and variance:

_na
=N
and
o2 na(N —a)(N — n)
N2(N —1)
o Note:
lim h(x;n, N,a) = b(x; n, 0)
N — o
a/N=2=0
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o The multinomial distribution.

@ The random vector X = (X1, %2, ..., %) : (O, F,P) — (]Rk,B) has
the multinomial distribution if its probability function is

m(x1, %2, ..., xc; n,01,02,...,0,) = (Xl in Xk>9’1<19’2<2~~9xk,

for x;, =0,1,...,n, Zf-‘zlx,'=nand Zf-‘:19,-=1.

o Recall that

n n!
X1, X2, ooy Xk X1!~X2!-...~Xk!.
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o Motivation: There are n independent trials permitting k exclusive
outcomes, whose respective probabilities are 61,05, ..., Ok (with
Yk 1 8; = 1). We shall refer to the outcomes as being of the first
type, the second type, ... and the k" type. Then,
m(xi, x2, ..., X n,01,0o, ..., 0x) gives the probability of getting x;
outcomes of the first type, x» outcomes of the second type, ... and x
outcomes of the k' type (with Y5, x; = n).

o Note: m(x,n—x;n,0,1—6) = b(x; n,0).

o Example: Consider a very large population. 50% of the individuals
have brown eyes, 30% have black eyes, and 20% have blue eyes. We
pick randomly 8 individuals. The probability of picking 5 individuals
with brown eyes, 2 with black eyes, and 1 with blue eyes is

8!

. _ 0E5.022.000 —
m(5,2,1,8,0.5,0.3,0.2)—5!2!1! 0.5°-0.3°-0.2° = 0.0945.
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The multivariate hypergeometric distribution.

The random vector % = (%1, %, ..., %) : (0, F, P) — (RK, B) has
the multivariate hypergeometric distribution if its probability function

'S G- ()
(")

for x;, =0,1,...,n, and x; < a;, where Zf-‘zl X; = n, Zf‘zl ai=N.

f(xi,xo, ..., xk;n N,ar,a, ..., a) =

Motivation: There is a set of N elements, of which a; are elements of
the first type, ap are elements of the second type, ..., ax are elements
of the k" type (with Y5, a; = N). We choose, without replacement,
n of the N elements in the set. Then

f(xi,x2, ..., xk;n, N, ag, a, ..., a) gives the probability of getting x
outcomes of the first type, x» outcomes of the second type, ... and x
outcomes of the k' type (with Y5, x; = n).
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o Note: f(x,n—x; n,N,a,N—a) = h(x; n,N, a).
o Note:

lim f(Xl,Xg,...,Xk;n, N, 31,32,...,ak)
N — oo

ai/N =6,
a/N =6

a/N = 0y

o Example of the multinomial with N = 2000 :

<1000) (600) (400>
2 1
f(5,2,1;8,2000, 1000, 600, 400) = > (2000 = 0.0947
o)

~m(5,21:8,05,03,0.2) = 0.0945,
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Recall that, if 1t is the Lebesgue-Stieltjes measure associated with F,

pabl= [ dul) = [ dF()=F(b) = Fla)
ila b] = u{a} +/(a’b] dF (x)

— F(a)— F(a ) + /(a’b] dF (x) = F(b) — F(a),
H(ab) = —y{b}+/

— [F(b) - ]+ / — F(b™) — F(a),
pla.b) = p{a} —p{b} + /(a,b]
— F(a)— F(a") — [F(b) — F(b7)] + /(a,b] dF (x) = F(b™) — F(a™).
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Integration by parts.

From now on, whenever we write the integral of a function w.r.t. a
measure it should be understood that the function is integrable w.r.t.
that measure.

Assume that F: M — R and G : M — IR are continuously
differentiable functions, where M is an open subset of IR, and
[a, b] C M. Then,

/ G(x)F'(x)dx = F(b)G(b) — F(a)G(a) —/ G’ (x)F (x)dx.
6] 2.5

/

~~

F)G)I=IF)6 ()
Note: The interval of integration can be replaced by (a, b), (a, b], or
[a, b).

The previous Lebesgue integrals are equal to their Riemann
counterparts as the functions G - F' and G’ - F are continuous on

[a, b].
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o Remember that, if F is a distribution function, then

/( y GO9F(x) = /( y G0,

where 1 is the Lebesgue-Stieltjes measure associated with F.

o Assume that F : R — R is a distribution function, G : M — R is
a continuously differentiable function, where M is an open subset of
R, and [a, b] C M. Then,

/ G(x)dF(x):f(b)G(b)—F(a)G(a)—/ F(x)G'(x)dx. (%)
(a.t]

(a,b]

F()G(x)2=[F()G(x)]?

o Note that F(a™) = F(a), because of the right-continuity of F.
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@ Since G is continuous on [a, b], then

/( Ly SO = / * G(x)dF (x).

Lebesgue-Stieltjes integral Riemann-Stieltjes integral

o The last (Lebesgue) integral in (x) obviously satisfies

/(a,b] F(x)G'(x)dx = /(a,b) F(x)G'(x)dx

- / F(x)G'(x)dx = | F(x)G'(x)dx.
0.6 [2.6)

/[a'b] G(x)dF (x) = n{a} G(a +/ X)dF(x) =
[F(a) — F(a7)] G(a) + F(b)G(b) — F(a)G(a) — /[a,b] F(x) G (x)dx

= F(D)G(6) = F(a7)G(a) = [ F()G'(x)ox
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(*]

/(a,b) G(x)dF (x) = —u {b} G(b) + /(a,b] G (x)dF(x) =

— [F(b)—F(b7)] G(b)+F(b)G(b)—F(a)G(a) —/ F(x)G'(x)dx

(a,b]

— F(b)G(b) — F(a)G(a) —/ F(x)G'(x)dx.

(a,b)

/[a’b) G(x)dF (x) = u{a} G(a +/ G (x)dF(x) =

[F(a) = F()] () + F(6)G(6) = Fa)G(a) = [ | F(x)G(x)x

=F(b7)G(b)— F(a~)G(a) — o) F(x)G'(x)dx.
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o Assume that (i) g : M — R is a continuously differentiable function,
where M is an open subset of R, and (ii) the function g restricted to
g ([a.b]), &g ([a,5]) — [a,b]. where [a, b] C g(M) (or
g 1 ([a b]) C M), is a bijective function (or one-to-one
correspondence). Let f: ([a, b], B ([a, b])) — (R, B) be a
Lebesgue integrable function. Then,

/[a,b] Flxd = /gl([a,b]) fg(y))|g'(v)| dy.

X

o See the handout for an informal proof.

o Note that g~! ([a, b]) is the interval [g~* (a),g ! (b)] if gis
increasing or is the interval [g™! (b),g ! (a)] if g is decreasing.
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o Assume that (i) g: M — IR" is a continuously differentiable
function, where M is an open subset of IR”, and (ii) the function g
restricted to g1 (B), g: g ! (B) — B, where B is a Borel set in
R” such that B C g(M) (or g~1(B) C M), is a bijective function
(or one-to-one correspondence).

o Let Jg (y1, Y2, ..., ¥n) be the Jacobian matrix of the function

g: W yn) (g1 (V1 Y20 Yn) s & (V1. Y200 ),
e e J/

~~

y€ER? g(y)ER"

which is given by

dgily) 9aly) 9g1(y)

dyi dy2 9yn
oL(y) d&ly) ... ... 9&b)

Je V1, y2, - ¥n) = ay1 ay> 9Yn
9% (y) 9&mly) ... ... 9&()

iy dy2 9Yn
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o Let f:(B,B(B)) — (R", B) be a Lebesgue integrable function.
Then,

/ f(x1, %2, Xp)d(x1, ..., Xn) =
B

/gl(B) f(g<}/1v)/2: v)/n)) |Jg()/1:)/2v v)/n)‘ d(ylv "'v.yn)y

(Xx1,X2,...1Xn)

where |Jg(y1,¥2, ..., ¥n)| is the absolute value of the determinant of
Jg(}’l:)’2v ---y)/n)-
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o Alternatively, we can assume that (i) g : M — IR" is a continuously
differentiable function, where M is an open subset of R”, and (ii) the
function g restricted to A, g: A — g(A), where A is a Borel set in
R"” such that A C M, is a bijective function (or one-to-one
correspondence). Let f: (g(A), B (g(A))) — (R”",B) be a
Lebesgue integrable function. Then,

/ f(x1,x0,..., xp)d (X1, ..., Xp) =
g(A)

[ (802 y0)) g (1,920 ) 3 0)

—_———

(X1,X2, -+, Xn)
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o A very useful change of variable (or substitution) when we integrate
over a circular region is the change to polar coordinates in IR

o Consider the function
g: R, x[0,27) — R

given by
X = r-cosf

(x,y) = g(r,0), with
y =r-sinf.
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o Note that
x* +y* =r’cos? 0+ r’sin?0 = r?,

which is the equation of a circumference with the radius r.

o @---------
v
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Clearly, g (R4 x [0,27)) = R?\ (0,0), where R?\ (0,0) is the real
plane without the point (0,0), which has zero Lebesgue measure.

Moreover, the function g restricted to
g ! (R*\(0,0)) =Ry x [0,27),
g: R, x[0,271) — R?\ (0,0), is bijective.

C is a circular region with center at (0,0) in R?\ (0,0) if g71(C) is a
measurable rectangle on R, x [0,277), thatis, if g71(C) is the
Cartesian product of two Borel sets, g7 1(C) = Dy x D5, with

Dy € B(Ry+) and D, € B([0,27)).

If the point (x, y) belongs to a circular region with center at (c1, &),
then the point (s, t), where s = x — ¢; and t = y — ¢, belongs to a
circular region with center at (0, 0).

Thus, if we are integrating w.r.t. (x,y) over a circular region with
center at (c1, c2), we should first make the change of variable
(x,y) = h(s,t) = (s+c1,t+ ), where the Jacobian matrix

Jp (s, t) is the identity matrix and, thus, |Js (s, t)| = 1, and then
integrate w.r.t. (s, t) over a circular region with center at (0, 0).
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o Obviously, we can define the inverse function g~! defined on
R2\ (0,0) as

r= (X2 +y2)1/2

19 = -t 1 1 th
(r.6) =g (x.y), wi ) <y>
= arctan { — ) .
X

o Moreover,
cos —r-sinf
Jg (r,0) =
sin 6 r-cosf
so that
|Jg (r,0)] = }rcos29—|— rsin29} =|rl=r.
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o Therefore, by making the change to polar coordinates, we can
compute the following integral over a circular region C with center at
(0,0):

/Cf(x,y) d(x,y) = /g_l(c)f(rcos(i rsin@)r d(r,0)

:/ / f(rcos@,rsinf)rdfdr,
D1/ D,

where we use Fubini's theorem in the last equality since g~ 1(C) is a
measurable rectangle on R4 X [O, 27‘(), i.e., it is the Cartesian
product of two Borel sets, g71(C) = Dy x Dy, with D; € B (R4 )
and D, € B ([0,2m)).

Moreover, we can easily compute the following integral over a circular
region C with center at (0,0):

/Ch (x*+y*)d(x,y) = /gl(c)h(r2)r d(r,0)

- /01/02 )rdfdr = (/Dlh(rz)rdr> (/L)2d9> |
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o Example:

/ / (+y?) dxdy = ef(x2+y2)d(x,y) =

]R+ X]R+

200
2 —e ' > 1 T =
- ”rd / o) = Qo= I
(/nme rr)([o'n/z) ) [ 2 ]0 T =535=7

o Note that

/ / (49%) dxdy = </0°°ex2dx> (/Omeyzdy> v

where M:/ e_dex:/ e dy.
0 0

o Therefore, given the symmetry of e with respect to zero,

M = / <y — —)1/2:‘/—_:/ e dx = \/TT.
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o The absolutely continuous random variable % : (0, F, P) — (R, B) is
uniform (or has a uniform distribution) on (&, B) if its density

function is

f(x)

1
B—u

0

o The distribution function is

J. Caballe (UAB - BSE)

F(x)

for x € (a, B)

otherwise.

for x < a
for x € (a, B)

for x > B.
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@ Quantile function:
Q(p) =a+ (B—a)p for pe (0,1).

o If & =0 and B =1, then X has the uniform distribution on (0, 1)
(also called the standard uniform distribution). In this case,

Q(p) = p=F(p) for p€ (0,1).

o Proposition. Let F be a distribution function and @ is its associated
quantile function (i.e., Q(p) = inf {x|F(x) > p} for p € (0,1)). If
the random variable p has the standard uniform distribution, then the
random variable X = Q(p) has the distribution function F.

o Proof. Recall that the quantile function satisfies the following:
Q(p) < x ifand only if F(x)> p.

Since the random variable p has the standard uniform distribution, it
holds that Fz(p) = P{p < p} = p for p € (0,1). Therefore,

P{x<x}=P{Q(p) <x}=P{p<F(x)} =F(x). Q.E.D.
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o The previous proposition allows us to generate random values from a
distribution having an arbitrarily given distribution function F.

o To do so, generate random values p;, i = 1,2, ..., N, from the
standard uniform distribution and apply to these values the quantile
function, x; = Q(p;). Then, the values x;, i = 1,2,..., N, are random
values from a distribution having the distribution function F.
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o Leta < c < d<p, then,

(<

~
—

Pic < x <
<

o Mean:
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o Moreover,

.B_D‘ x 3(’3—0(),
so that
N 2 B [Bt+al’ (B—w)
Var(X)—E(X2)—[E(X)]2_3(!‘3—04)_[ : } o

where the last equality is obtained after some tedious algebra.

o Moment-generating function:

etB _ ot

———— fort#0
My(t) = ¢ t(B—a)

1 for t =0.
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o The gamma distribution.

o The random variable X : (O, 7, P) — (IR, B) has the gamma
distribution if its density is

1
—— x*1le=xX/B forx >0

Foxiap)={ FT@

0 otherwise
with & >0, B > 0 and where

I'(a) = /0 y* e dy, fora > 0. (the gamma function)

J. Caballé (UAB - BSE) Probability and Statistics IDEA 47 / 109



Densities of the gamma distribution:
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o Making the change of variable

x=g(y)=py ©y=g'(x) = % so that Z—; =g'(y)=B>0

we can check that

” f(x;a, B)dx = T e by — k[ (By)" ' e Bdy
J J J

- kﬁ”‘/o Y leVdy =1

Therefore,
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Properties of the gamma function T'(«).

o (a) T(1) = fooo eVdy =[-e]y = lim (—e )+ =1.

o (b) T(w) = (a—1)T(a—1) for a > 1.

o Proof. Integrating by parts:

_ oo a—1 _— _ a—1 _—y1® *® a—2 -
F(oc)—/o y* e ydy—[—y le y]o—/o (o —1)y (—e y)dy
Fly) G') F'(y) G(y)

— 0+ (a—1) /0°° Y2 Vdy = (a — 1)T(a — 1).

o Note that (a), (b), and the continuity of the gamma function imply
that

1= 1ImTI(a)= Ilim [xI(x)]= lim I'(x) = co.

a—1t x=x—1—07F x—07t

o (c) T(a) = (a—1)! when a is a strictly positive integer.
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o (d) r(%>:ﬁ

o Proof: See handout 1.A.

o 7T
o Corollary. [; e 37 dz = ,/5.

o Proof: See handout 1.B.

00 1 2 3 4

The gamma function I'(&)
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o Let X be a random variable that has a gamma distribution with

parameters & and B. Then,

° (a) uy = —'IST;E):)F 23

o Proof. See handout 1.C.

o (b) Mg(t)=(1—pt)™* fort <1/B.

o Proof. See handout 1.D.

o Corollary.
(i) u=py =ap,
(i) ph = a(a+1)p%
(iit) 0% = iy — p* = ap?.
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o The exponential distribution.

o The random variable X : (O, F, P) — (IR, B) has the exponential
distribution if its density is the gamma density with « =1 and f =0,

1
—e X% forx >0

f(x;0) = 0

0 otherwise.

Sx) 4

D =

—
< >
<
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o This distribution is used to model waiting time.
@ The distribution function is

1—e X% forx >0
P{x <x}=F(x) =

0 otherwise,

which gives the probability of waiting less than x units of time.

10
F(x)

08

06

04

02
i ; : i :
4 2 2 4 6 8

X
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@ Quantile function:

Q(p) = —0In(1—p) forpe(0,1).

Q) |
..

0.0

J. Caballe (UAB - BSE)

— Tttt
01 02 03 04 05 06 07 08 09 E.’.O
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@ Mean and variance:

o Moment-generating function:

Mg(t) = (1—pBt)* = 1%61“ for t <1/6.
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o The chi-square (x?) distribution.

Karl Pearson (1857 — 1936)
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o The random variable % : (Q, F, P) — (R, B) has the x? (chi-square)
distribution if its density is the gamma density with « = v/2 and

p=2

1 V=2
2

—x/2
— X e fOI'X > 0
Z7()

f(x;v) =

0 otherwise.
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@ Mean and variance:

o Moment-generating function:

Mg(t) = (1—Bt) = (1—2t)"""% fort<1/2.
o Notation:

(n,0) «— X has the binomial distribution

o X~ U(a,B) «— X has the uniform distribution on («, B)
o X~ T (a,

B) «— X has the gamma distribution

X ~ Xv «— X has the chi-square distribution with v degrees of
freedom.
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Densities of the chi-square distributions with 2, 4, and 6 degrees of
freedom:

< |
k=]
Z -
e
2 di=2
HEE
o
k=] T T T
0 5 10 15
2 g dt=4
ﬁ i=]
a
g
o T T T T
0 5 10 15
o
o
i=]
z & | df=6
2 o
8 3-
3
g |
o T T T T
0 5 10 15
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o The random variable X : (0, 7, P) — (R, B) has the beta
distribution if its density is

T(a+B) _
x*1(1—x)P71 forx € (0,1)
fx; o, B) = r(“) (ﬁ)

0 otherwise,

with « >0, B > 0.

o If x =1 and B =1, then the beta distribution becomes the uniform
distribution on (0,1) .

@ Obviously, the following holds:

1
/ f(x;a, B)dx =1 (see the handout)
0
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o Densities of the beta distribution:

2.6 T T T T
24
22
2+
18 |
16 |
14
12

1+
0.8
0.6
0.4 H
0.2

0

eeerg

0 01 02 03 04 05 06 07 08 09 1

@ Mean and variance:
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Carl Friedrich Gauss (1777 — 1855)
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o The random variable X : (O, F, P) — (IR, B) has the normal
distribution (or is normal) if its density is

1 2
n(xip o) = 2ne—%( )" withe >0, forall x € R.

o Notation: X ~ N(u,c?).

@ A random variable Z has the standard normal distribution (or is
standard normal) if Z ~ N(0,1). Thus, the density of a standard
normal random variable is

n(z;0,1) = L e_%zz, forall z € R.

V2n
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o Normal densities (i.e., densities of normal distributions) n(x; u, ) are
symmetric around p. The graph of the normal density is the Gauss
bell.

—_

2
u=0,0,=02 —

09 p=0,0=10 1
p=100=50 —

08 u=-2,0=05 — 1
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Distribution functions N(x; 1, 0?) do not have a closed-form

expression:

09 f

0.7
0.6 [

04 |
03 |
0.2

0.1

FEETE
{L T T 1}
SUn—=o
wmoomN

pooo
48848,
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@ The quantile function of the standard normal distribution is the
probit function used in probit regressions/models:

probit

00 01 02 03 04 05 06 07 08 09 1.0
probability
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Properties of the normal distribution N (31, 0?).
o (1) fjooo n(x;u,0) =1
o Proof: See handout 3.A.

o (2) Mx(t) = elt+30°t | particular, if Z ~ N(0, 1), then
Ms(t) = et’/2.

o Proof: See handout 3.B.

° (3)
ML(t) = (u+ o t)Mx(t) = ML(0) = u = E(X).

MY (t) = oMz (t) + (1 + 0282 Mz (£) = M (0) = 0% + u? = E(=2).

Var(x) = B(%?) — [E(X)]? = ¢2.
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o Note: If u; and 0z > 0 are the mean and the standard deviation,
respectively, of the random variable X, then the "standardized"

. » X — Ug
random variable z = Hx

- has y; =0 and 02 = 05 = 1.

o (4) If % ~N(it,0?) and z = % then 2 ~ N(0,1).

o Proof: Let x = g(z) =y + 0z so that z = g }(x) = X;V and
g'(z)=0>0.
For all A € B, we have
P:(A)=P{zcAl=P{gt(x) €A} =P{xcg(A)}
1 1(x=p)? 1 1.2
= Px A :/ e_E(T) dx = e 2% odz
(& (A) g(A) oV 21 A 0271

1.2
= e 2 dz = / n(z;0,1)dz.
A2 A ( )

Therefore, z ~ N(0,1). Q.E.D.
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The distribution function of the standard normal distribution is tabulated:

The Standard Normal Distribution Function N(0,1)

z|(0.00 || 001 || 0.02 || 003 | 0.04 || 0.05 || 0.06 | 0.07 || 0.08 | 0.00
10.0{|0.0000](0.0040(/0.0080(10.0120{|0.0160}0.0109/10.0232(10.0279|(0.0319)0.03 50
10.1{|0.0398]{0.0438)|0.0478[|0.0517}[0.0557){0.0596/|0.0636[|0.0675
0.0832)10.0871{10.0910{{0.0948]{0.0987 /0. 1026[10. 1064
0.1217)10.1255(10.1203({0.1331}{0.1368|0. 1406()0.1443 (0. 1480|
10.4{[0.1554/(0.1501)10. 162 1664{(0.1700/(0.1736(10.1772{10.1802|[0.1844/|0.
10.5{|0.1915/{0.1950|10.1985()0.2019|0.2054}0.208810.2123(10. 2157 (0.2190|
|p.2324l0.2357{[0.2389](0.2422j0 24540 2485|0 2517]

2642(10.2673((0 2704/(0. 273410 2764(10 2704(0 2823
10.2030(10.2067}|0.2095](0.3023 0.3078

3212(0.3238{|0.3264/(0.3289 03340
|p.3461(l0.3485|0.3508/0.3531

3/(0.3655)|0.3585,0.3708{|0.3729]|0.3749| 3790 03830
0.3262)\0.3288(10.3007(0.3025]10.3044/10. 3062 (103980 (0. 0.4015
0.4042((0.4066(10.4082{(0 4000/ 0.4115 (104131 (104147 0.4177

0.4222 10.4251()0.4265|(0.4279/(0.4292 0-4319

o4
0,447
[0.4573

|p.4382[|0.4304{|0 42050 4418 [0 4429 (0 4441
0.4405[10.4505|(0.4515/0.4525 |0. 453 5[ 04545
0.4521(10.4500|(0 4508([0.4616(|0.4625(0. 4633
ofl0.4654| 0.4671(10.4678|(0.4686/[0.4693 (|0.4699( 04704
104726} |0.4738(10.4744|(0.4750/{0.4756(|0.4761{0.47

|0 4783()0 47880 4703/(0 479810 4803(0 4308 |(0 48120 4817
1210 4821}{0 4326)|0 4830()0 48340 4838](0 4842 ||0 4846(10 4850|(0 4854)0 4857
12.2{|0.4861}{0.4864/|0.48468(10.4871(/0. 4875/ 0.4878/\0 4821 (10 4884|(0.4887 ) 0.4890
12.3{|0.4893]|0.4804)|0. 4828(10.4901 (/0. 4904} 0.4906//0. 4902[104911|(0.4913] 0.4916
[2.4||0.4218]0.4920][0.2922 0.4925|0.4927]| 0.4928][0 4931 [0 4932 |0 4934| 0 4836
[2.5][0.4238] 0 4940][0.2941][0.4543][0.4945]|0_4945][0 4045][0 4948][0 49510 4852
|2.6{[0.4053]0.4055)|0. 40 56(10.4057(0.40 50/ 0.4060/|0 406110 4962 |[0.4063 | 0.4064
12.7|[.4065]0.4066)(0. 4067 (0. 40680 4062/ 0.4070/(10 4071 (10 4972|(0.4073)0.4074
12.8{|0.4974]{0.4975)|0.4976(|0.4977||0.4977]|0.4978 |0 4979/|0.4979||0.4980) 0.498 1
[2.8|[0.4281]0 4982][0.2982][0_4585][0.4984]0_s984][0 4035][0 4985][0 4985][0 4585
13.0f|0.4087]{0.4087)|0. 4087 () 0.4088((0.4088]{0.4080/|0 4020()0 4080 (0.4000) 0.4000

Also, for z =4.0, 5.0, and 6.0 the probabilities are 0.49997, 0.49999097, 0 499999000
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The previous table gives the area of the shaded region.
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or

The Standard Normal Distribution Function N(0,1)
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For z =4.0, 5.0 and 6.0 the probabilities are 0.99997, 0.9999997 and 0.999999999,
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The previous table gives the area of the shaded region.
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o If a< 0, then N(a) =1—N(—a).
o If a< b< O, then

N(b) — N(a) =1 — N(—b) — [1 — N(—a)] = N(—a) — N(—b).

o ifa<0and b >0, then

N(b) — N(a) = N(b) — [1 = N(—a)] = N(b) + N(—a) — 1.
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o Then, if X ~N(p, a?),

(5225 (350) N (52).

where z ~ N(0,1) and N () is the distribution function of the
standard normal distribution.

S|

o Example. If x ~ N(y,az) with # = 4 and 02 = 49, then

2-4 _x—u _5-4
—2<x< = < <
P{-2<x <5} P{ TS = }

= P{—0.8571 < z < 0.1429} = N(0.1429) — N (—0.8571)
— N(0.1429) + N (0.8571) — 1 = 0.5568 + 0.8043 — 1 = 0.3611.
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The random vector X = (%1, X, . . ., )T (O, F,P) — (R", B) has the
multivariate normal distribution (X ~ MN(y, X)) if its density function is

1 1 _
f(X; ‘M,Z) = Wexp —E(X— ]l)TZ l(x—y) , Vx e ]Rny
where
x=(x1,x,..., xn)T
M 011 012 - O1p
7"_2 021 022 -+ O2p
On1 Onp2 crr Opnp

Hn
Y. is a symmetric positive definite matrix, and |Z| > 0 is the (absolute
value of the) determinant of X.
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o If n=1, then f(x; 1, X) = n(x; u, o), with o = v/Z as X € R in
this case.

o Properties of the multivariate normal distribution.

@ (1) The marginal distribution of any sub-vector of the multivariate
normally distributed random vector (%1, %, ..., %,)T will be multivariate
normally distributed and the corresponding sub-vector of y and the
corresponding sub-matrix of ¥ will be the mean vector and the
variance-covariance matrix of that random sub-vector. In particular,

and
Cov(ki xj) = 0jj.

@ However, it is not true that the joint distribution of (multivariate)
normal random vectors/variables is multivariate normal.
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o (2) Moment-generating function of the multivariate normal
distribution: X
M (ty, to, ..., t,) = et HT2tTEE,
teR”
@ (3) The random vector X = (X1, %2, ..., X,)T is multivariate normally

distributed, X ~MN(y, X), with X diagonal (i.e., oj; = 0, for all
i # j) if and only if the random variables X1, X2, ..., X, are normally
distributed and independent.

o Observe that, for X diagonal,

f(x1, X2, ..., Xn; L) = Hn(x,';y,.,a;), where 0; = ((7,-,-)1/2 :
i=1

o Under multivariate normality, zero covariance implies independency!
However, it is not true that the joint distribution of uncorrelated
normally distributed random variables is multivariate normal.

o Note: When X is diagonal and 0,2 is the same for all /, we say that X
has a multivariate circular or spherical normal distribution.
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o (4) Consider the following partitioned vectors/matrices of x, p, &

and x:
x1
X = . x1 ER™, x € R™, ny+np, =n,
X
My 211 0 X2
U= . X = , 2122221,
2 201 20
X1
X = e where )~(1 ~ MN(‘Ml, 211) and 522 ~ MN(yz, 222),
Xo

and Z,’j = COV()~<,',)~(J') =E |:()?, — ,‘Lll) ()?j — “l/lj)T] isan; X n; matrix,
fori=1,2 j=1,2.

IDEA 79 / 109
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@ Then, the conditional density of the random vector X; given X = xp,

. f(x; u, X)
fea % <X1|X2, Plnm:xzvzilliz:w) = For (321 Hr 222)

is the density of a multivariate normal random vector with mean

K |so=x and covariance matrix 2, |z, —,-

o Moreover, the conditional mean of the random vector x; given
X» = xo is the following:

Hsi)zo=x, = E(%1|X2 = x2) = py + 21222_21 (2 — py) € R™.

o Note: If ny = np =1, then
012

E(x1|x2 = x2) = py + — (2 — ty) -
%

J. Caballé (UAB - BSE) Probability and Statistics IDEA
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o Finally, let

Z)?l‘)?Z:)Q = Var()"(1|)?2 = X2) =

E([%1 — E(x1]%2 = x)][%1 — E(%1[%2 = x2)]T[%2 = x2)

be the n; X ny conditional covariance matrix of the random vector X;
given X = x». Then,

2 = Y11 — Z12%57 To1,

)?1|)?2=X2

which does not depend on the value x» taken by the random vector
%5.

o Note: If ny = np =1, then

2
(o
Var(sa[%o = ) = 01 = 3 = 01(1—p?),
2

so that the random variable Var(x;|%2) : (0, F) — (R, B) is a
constant.
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o (B) Let x = (X1, %, ..., %) ~MN(y,X) and & = (a1, a2, ...,a,)7
is a non-zero vector of scalars, then

n
aTx =) %~ N(aTp, a™a).
i=1

o Note that in the previous result the vector X = (X1,%2,...,%,)" has
to be multivariate normal. It is not enough that each component of
that vector be normal.

o General Proposition. Let X = (X, %2, ..., %,)T ~ MN(p, X) and
¥ = ¢ + AX be an affine transformation of X, where ¢ € R™ is a
column vector and A is m X n matrix with rank(A) = m < n. Then,
=19 9m)T ~ MN(c + Ap, AZAT).
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@ The previous Proposition implies Property 5 (when m =1, A = aT,
and ¢ = 0) and Property 1. For the later, consider the following
example: to extract the sub-vector (X1, %, %) T from the random
vector X = (X1, %2,...,%,)" use the vector c = 0 and the 3 X n matrix

10000 --- 0
A=|1 01000 --- 0],
00010 0

which extracts the desired sub-vector directly.
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o From linearity to multivariate normality:

o Consider the random variable ¥,

y=a+pix+E=a+) B%+E
\/'g i=1
=XxT

where « € R, B = (B;,Byr---,B,)" € R"is a column vector,
%= (%1,%,..., % )" ~MN(p,, Ex), €~ N(0,02), and & and X are
independent.

o We know from Property 3 above that the vector (5(1, X0, ..., Xn, é)T is
multivariate normal. Thus, from the General Proposition above, the
random variable ¥ is normal since it is an affine transformation of the
random variables appearing in the multivariate normal random vector
(%1, %2, ..., %y, &)". Finally, also from the General Proposition above,
the random vector (¥, %1, %2, ..., %,)" is multivariate normal.
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© The mean y,, and the variance 02 of ¥ are computed as follows:

o Mean:
p,=E({y) =E(a+pTx+8& =a+pTu+E(E).
=a+BTu, +0=a+p"u,. (1)
\\,./
=uip
o Variance:
07 = Var(y) = Var(a + pTx + &) = BTEB + 07 (2)

o Therefore, y ~ N(a + BTp,, BTE B + 02 ).
—_——— —— ——
Hy 7
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o Let us compute the conditional expectation of ¥ given X = x,

E(y|x=x) =E(a+pXx+Ex=x)

—a+E(BT%|%x =x) +E(El% = x)
—a+E(BTx) +E(E) =a+ pTx,
e

where the third equality holds because & and X are independent.

o Therefore, the conditional expectation E(y|% = x) is an affine
transformation of x. This agrees with our previous Property 4,
according to which,

J. Caballé (UAB - BSE) Probability and Statistics IDEA 86 / 109



o Thus, the following equalities should be true:

“:yy—Zy'XZ;l‘l/lx (3)

and
T=%,,2" or B= PN ME DI YO (4)

@ We can check that (4) holds since the 1 x n matrix ¥, . satisfies
Ty« = Cov (7,%) = Cov (& + BT + & %) = BT,

so that
Sy Zy = BTEE = BT
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o To check that (3) holds note that, from (1) and (4), we get
a=p,— BT, =p, — T, I
o We can compute now the conditional variance of y given X = x,
Var(y|x = x) = Var ( a + 75+ &|x = x)

= Var (a + BTx + &) = Var (8) = 02,

which agrees with our previous Property 4, according to which,
Var(y|x = x) = 05 — %, £ "5y

and, thus, Var(y|x= x) does not depend on the value x taken by the
random vector X, i.e., the random variable Var(y|x) is a constant.
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o Therefore, we should have

2 _ 2 -1
g =0°) — 2y 2 Yy

@ We can check that the previous equality holds indeed since, from (2)
and (4), we get

0% = a§ —BTE B = a§ DIV I M W) Wi

— 2 -1
=0y, — 2y 2 Ly
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o From multivariate normality to linearity:

o Assume that the random vector (7,51, %2, .. ., %n)" is MN(p, £), with
~—_—

XxT

wo= 1y py gy )T

ux

Y= ( 0y Ty ) _
Yy Xk
o Then, we know from Property 4 above that
B(y|x=x)=p,+Z, I (x—p, )= (yy—zyvnglyx) I, . x.
or equivalently,
E(71%) = (i, — SyaBitp ) + 5.5 %,

so that E(¥|%) is an affine transformation of X. Thus, since
X ~ MN(p,, Xy), the random variable E(y|X) is normal as dictated
by the General Proposition above.

and
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o Define the random variable

—E(y[%) =7y — (,uy - Zy,xZ;IVX> - Z‘)/,XZ';1)~<-

o
I
<t

o According to the General Proposition above, the random variable € is
normal since it is an affine transformation of the random variables
appearing in the multivariate normal random vector
(y,%1,%,...,%)T. Moreover, also from the General Proposition
above, the random vector (X1, X2, . .. ,)?,,,E)T is multivariate normal.

o Thanks to the theorem of total expectation, we can find the
expectation for & :

E(®) =E[y -E(y|x)] =E(y) —E[E(7|x)] =E(y) —E(y) = 0.
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o Moreover, the variance of € is
07 = Var(g) = Var [y — E(7[%)]
= Var [y = (1, = Ty T30, ) — TyaZ 5]
= Var () + Var (£, xZ; %) — 2Cov (7, Z,«Z;'%)
=0, 4+ 5y (I By — 28, 8 1,
=0 4+ Sy E ey — 25, (B Sy = 005y 2 sy

o Therefore & ~ N(0, 05— £, . E, "5, ).

o

o Moreover, from generalizing Exercise 30, part (c), of List 3, we know
that € = y — E(y|X) has zero covariance with X,
Cov (¢, %) = 0T € R” and, thus, from Property 3 above, & and X are
independent.
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o Note that, from the definition of &, we have

7 =E(@I0) +8= (b, — TyaZi 'y ) + DyaZ K+ E

© Then, we can define the scalar o =y, — T, xZ7 4, and the column
vector B = Z;lZX,y € R" so that the previous equation becomes

y=a+ pTx +&
~—
:)’ZTIS

where the random vector X and the random variable & are
independent, and & ~ N(0,07 %, , %1%, ).
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o We can summarize all this section with the following proposition,
which is related with regression analysis:

o Proposition. The random vector (7,51, X2, . . . ,XE)T has a
S——

xT

multivariate normal distribution MN(y, X.) with

= 7w oand x=( 0 R
H= Gy b api)T and Z= (Y

0

if and only if there exist a scalar «, a vector of scalars

B=(By By ---,B,)T" and a random variable & ~ N(0, 02) such that
y=a+pBp'x+& (or y=a+XTp+E),

where the random vector X ~ MN(j.,, X«) and the random variable &

are independent.

Moreover, the following equalities hold:

a=p, =T, p=2"8,, and 07 = 0,5, 515,
H,=uo+ BTu, 0'}2, =BTE, B+ o2, and X, =BTL, .
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o It is straightforward to generalize the previous proposition when
y = (71,92, ... ¥m)" is a random vector as follows:

o Proposition. The random vector (y1, 72, ..., ¥m.X1, X2, - . . ,>”<,1)T has
7T £T
a multivariate normal distribution MN(p, £) with
_ (L Xyx
‘ll— (flyll‘uyi',-“’Vym"uxlyyxi’r.“"uxﬂ)T and X = ( vay Z'x

my px
if and only if there exist a vector « € R™, a n X m matrix B, and a
random vector & = (%1, %, ...,&m)" ~ MN(0, Z.) such that

y=a+BTx+& (or yT=aT+XTB+E&7),

where the random vectors X ~ MN(y,, ) and & are independent.
Moreover, the following equalities hold:

a=p,—%, X u, B=21%,, and =%, % N 1%,
p,=a+Bu, , L,=B'E,B+0;, and %,, =BL, .
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@ The random variable X : (0, F, P) — (IR, B) has the logistic
distribution (or is logistic) if its density is

_ B e_(X;m) B eX;m
I(x;m,s) = : [1 . e*(%)]z _5 [1 . e%r, for all x € R,

where m is a location parameter (which is equal to the mean u)
and s > 0 is the scale parameter.

o Density:

—u=08=1

-10.00 -5.00 0.00 5.00 10,00 15.00 20,00
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@ The logistic density is symmetric around m (Exercise).

°
2.2
u=E(X)=m and Var(x)= T
o Distribution function:
1 x—sm
L(x;m,s) = . © el

14e (57) 1465
as L'(x;m,s) = I(x;m,s), lim L(x;m,s) =0, and
lim L(x;m,s) = 1.

o Notation: X ~ L(m,s).

@ Quantile function:

Q(p;m,s) = m+sln (?”p) .
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o Standard logistic distribution when m =0 and s = 1,
X

e X _ e
(1+e>)? (14e)

I(x;0,1) = 5, forall x € R.

o Distribution function:

1 e
l+ex 1+

L(x;0,1) =

@ Quantile function:
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o The quantile function of the standard logistic distribution is the logit
function used in logit regressions/models:
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o The random variable X : (0, F, P) — (IR, B) has the generalized
extreme value type | (or Gumbel) distribution if its density is

g(x;m,s) = %e_(%)e_e_(T , forall x € R,

where m is the location parameter and s > 0 is the scale parameter.

o Density:
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s2 2
E(x) =m+9s and Var(x)= 5

no1
where vy = lim | —Inn+ Y} F) ~ 0.57722 is the

n—oeo k=1

Euler(-Mascheroni) constant.
o Standard extreme value type | distribution when m =0 and s =1,
g(x;0,1) =e e ¢, forall x € R,

o Distribution function:

G(x;m,s) = e 5 forall x €R,

G(x;0,1)=e®", forall x € R,
as G'(x;m,s) = g(x;m,s), lim G(x;m,s) =0, and

lim G(x;m,s) = 1. B

X—0Q0
o Notation: x ~ G(m,s).
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(]

Quantile function:
Q(p;m,s) = m—sin(—Inp),
Q(p;0,1) = —In(—Inp).

The following proposition is very important for (logit) multinomial
discrete choice models:

Proposition. If X; ~ G(my,s) and X2 ~ G(my, s) are independent
Gumbel-distributed random variables, then the random variable

%1 — % has the logistic distribution L(my — my, s).

Proof. Exercise 26 in List 5.

Note 1: If 51 ~ G(my,s) and % ~ G(mg, s) are independent, then
E()?l —)?2) =m +vs— (m2 —I—’)’S) = m; — my and

Var(% — X2) = Var(%1) + Var(x) = 526”2 —}—52(;12 :52372, which is the
variance of a logistic distribution with the scale parameter s.

Note 2: If X1 ~ G(my,s) and X2 ~ G(ma,s) are independent, then
X1 + X does not have the logistic distribution L(my + my, s) since
X1 + X has an asymmetric density and, moreover,

E(%1 + %) = mi + my + 2ys # my + my.
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o The random variable % : (), F, P) — (R, B) has the generalized
extreme value type Il (or Fréchet) distribution if its density is

14 X—m —l-a x—m\ %
( ) e_( s ) for x > m

fx;m,s,0) =4¢ ° s

0 otherwise,

where m is the location parameter, s > 0 is the scale parameter, and
a > 0 is the shape parameter.

o Density:
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o Standard extreme value type Il distribution when m =0, s =1, and
x>0,
f(x;0,1) = ax %", forall x € R.

o Distribution function:

0 for x < m
F(x;m,s) = )
e*(xzm) for x > m,
0 for x <0
F(x;0,1) =

e ™" forx>0.
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E(X) = m+sT (1—%) if o >1,

v =21 (1-2)+ (1 (1-1)) ] e

@ Moments of order k are finite if &« > k.
@ Quantile function:

Q(pim, s, &) =m+s(—Inp) /",

Q(p;0,1,&) = (—Inp) /"

J. Caballé (UAB - BSE) Probability and Statistics IDEA 105 / 109



o The random variable X : (O, 7, P) — (R, B) has the generalized
extreme value type Il (or Weibull) distribution if its density is

«

s

X—m a-l x=m\%
( ) e*(T) forx > m

S

f(x;m,s )=
0 otherwise,

where m is the location parameter, s > 0 is the scale parameter, and
&« > 0 is the shape parameter.

o Density (with m = 0):
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o Standard extreme value type Il distribution when m =0, s =1, and
a >0,
ax®* e for x >0
f(x;0,1,a) =
0 otherwise,
o For m =0 and a = 1, the Weibull distribution becomes exponential
with the parameter s,

le_x/s for x >0
f(x;0,s,1) = s

0 otherwise.
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o Distribution function:

0 forx < m
F(x;m,s,a) = .
1—e_(%) for x > m,
0 for x <0
F(x;0,1,a) =
1—e ™ forx>0.
° 1
E(x) = m+sT (14—&) ,
o 2 1\)?
Var(x) =s" [T (1+= )+ (T (1+= .
o o
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o Quantile function:

Q(P; m,S,D{) = m_|-5[_ |n<1 - p)]l/lXY

Q(p;0,1,a) = [~ In(1—p)]/".

o Other famous absolutely continuous univariate distributions appearing
in the exercises are the log-normal, the Cauchy, the Pareto, the
Rayleigh, the Laplace, the triangular, and the trapezoidal
distributions. In Chaper 7, we will also see the Wishart, the
Student’s t and the F distributions.
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Informal proof of the formula of integration by change of variable

We want to compute the following Lebesgue integral:

/ f(z)dx.
[a.b]

Note that when we consider an interval [a,b], we must have a < b. From now on,
whenever we write the integral of a function w.r.t. the Lebesgue measure it should be
understood that the function is not only integrable w.r.t. that measure, but also that
it is Riemann integrable so that

b
S / f(z)dz. 1)

Let 2 = g(y) and assume that g is differentiable on g~! ([a, b]) . This requirement is
fulfilled if we assume that the function g : M — R is differentiable and M is an open
subset of R with g=! ([a,b]) C M (or equivalently with [a,b] C g(M)).

Consider the inverse function ¢~!:[a,b] — R so that y = g~ '(x). This inverse
function g~! exists if and only if the function g restricted to ¢! ([a,b]), i.e.,
g: g ' (la,b]) — [a,b], is bijective (or a one-to-one correspondence). That is, g must
be strictly increasing (¢’ > 0 a.e.) or strictly decreasing (¢’ < 0 a.e.) on g~ ([a,b]).
Therefore, if z = a then y = g~1(a), whereas if z = b then y = g~1(b).

From the theory of Riemann integration, recall that

b
/ f(x)dz = F(b) — F(a), where F' = f on [a,}].

Therefore,
a b
[ s@iz=p@) - Fe) =~ [ fa)aa. 2)
b a

Note that the primitive (or antiderivative) of f(g(y)) - ¢'(y) is F(g(y)) as follows
from the chain rule,

WD) — P 40) = F166) -9 1)

Therefore,

b
= F(b)—F(a):/ f(x)dz.

On the one hand, if ¢ > 0 a.e. (g is strictly increasing) then g~!(a) < g~1(b)
and, thus, g~* ([a,b]) is the interval [g7' (a),g~" (b)]. On the other hand, if ¢ < 0



a.e. (g is strictly decreasing) then g=*(a) > g~1(b) and, thus, g~ ([a, b]) is the interval

[g7(6), 97" (a)]-
If ¢ > 0 a.e. then

g~ t(b)
/ flaw)y' (y)dy = / flaw)y' (y)dy = / flaw)g' ()dy. (4)
9(a) 971 (a),g~ 1 (5)] g 1(a.b]) ~

However, if ¢’ < 0 a.e. then

g1(b) g (a) g (a)
/' fme@wz—/ fmwwwwz/’ Flow) [~9' )] dy
g g

~!(a) 971 (b)

where the first equality comes from (2).
Combining (1), (3), (4), and (5), we get
b 97 (b)
f@is = [ f@do= " fow)d s = [ How) |9/ )] dv
[a.b] a 9~ (a) g~ ([a:b))

The previous formula holds both for g strictly increasing and for g strictly decreasing.



1. The Gamma Distribution

1
Proof.
1% step: Let T'(« fo ~le7¥ dy. We make the following change of variable:
1 d
y:g(z):§z2:>d—'z:g’(z):z, for y >0, z > 0.
R T T g 1o [T 201 -1:2
=I'(a) = 2 e 2 zdz =2 2% em 27 dz.
0 2%7
1 1
=2 e 2% dz.
2 0
274 gtep:

Q) e[ e[ v o

Let us make the change to polar coordinates:

Ly oo pr/2 L
= / / —3 () ody = / e 24 (2, ) = / / e~ 3" rdfdr
R% 0 Jo
> 1,2 /2 1,27 - e
= (/0 e 2" rdr) (/0 d9> = [—e 2" ]0 '[9]0/2 9



1.B. / eéz2dz—\/f.
0 2

Proof. Observe that,
1 1.
r(=)=+v2 e *dy =/,
2 0
where the first equality comes from step 1 in 1.A. and the second one comes from

step 2 in 1.A. Then,
> 1.2 s
e 2 dz=,/=.
| 2

Proof.

* 1

/ r a—1_-z/B8

Wy = T — x4 e dzx.
/0 AT (a)

Making the change of variable

_ x dex
r=gly)=By ©y=yg 1($)=B, sothatd—yzg(y)=6>0,

! > ror 1 a—1, a—1_—
1y /0 By —BQF(Q)B y eV Bdy
/8 o0

" o "T(a+r)
_ a+r—1 Y _ B
= — Y e Vdy = —————.
F(@)\/o ) ()
I'(a+r)



1.D. Mi(t) = (1— Bt) ift < 1/.

Proof.
M;(t) = / e 2 e /B dy = — / e
=), ¢ 5 FT() Jy
Change of variable:
1 1
r=g(y) = 7 L EY=y () =2 B_t ,
I-
so that p
—gczg’(y)—1 >0, ift<1/8.
dy 3~
1 0 o 1
Yy _
M;(t) = a—/ e’ dy
BT (@) Jo (%—t> (%—t>
1 ° 1
= - / Yy le Vdy = ———=
T o A
I'(a)
L B itt<1/8
=——— =(1- i .
(1—pt)



2. The Beta Distribution

. _ ['T(@+8) . S
/Of(a:,a,ﬁ)dx—/o Ww "1 —g2)’Yde =1, witha >0, 3> 0.

Proof. We just have to prove that

L(a)I(B) =T (a+p) - /0 271 — 2)7 . (1)

rr@) = | [Tt | [T e
/ / a-1,6-1, y+z)dydz—/R2 Yy e Ay, 2).

Let us make the following change of variable (v, ) = g(s, ), where y = sz € (0,00)
and z = s(1 —x) € (0,00). Note that the inverse function (s,z) =g (y,z) is

Note that

given by s =y + 2z € (0,00) and = = Y ¢ (0,1). Thus,
Y+ z
A S
el =Jaec| 7,2 ]| = 1ol =
so that
[(a)T(8) = / Yol ey, 2) = / (52)* 1 (s(1 — 2)) ™ e~ *sd(s, x) =
R2 , (0,00)%(0,1)

/Ooo /01(395)0‘1 (s(1 = 2))" " e *sdrds = [/OOO s“lsﬁlessds] : [/lealg — ) e

/

-~

[o¢]
/ s@TBA=le=5 (g
0

J/

F(;jrﬁ)

Therefore, we have proved (1).

Note: The function

[1]

is called the beta function. Thus, the density of the beta distribution can be
written as

flz;a,8) = 2271 —z)P



3. The Normal Distribution

3.A. / n(x;p,0) =1.

Proof. Let

— d
x:g(z):u—kaz(:)z:g_l(x):x 'u:>d—m=g'(z):c7>0.
o 2

* 1 _;(u) / _l 2
e 2\o ) dx = 2* odz
/—oo V 277'

Jﬁ/ e_éz2d2—f \/>—1

where the second equality comes from the symmetry of the function e~2% with
respect to zero and the third equality comes from 1.B.

Then,

3.B. M;(t) = etitat®”,

Proof. We will use in this proof a technique called "completing the square".

(52) 4w — /Oo L malmtet el g

oo OV 2T

NI

> 1
Mz(t) = / e ———e”
Q —o  OV2T
Observe that
—2xto?® + (v — p)? = [z — (u+ to?)]* — 2uto® — t?c™.
Then, the last integral equals

o

1 2,42 4 1 2y72 2,2

5,7 [21to +t0}/ 5 e — 5oz [z (ptto?)] dx—euprt )
T

J/

-~

1

e~ 22 W) g s the integral of the normal density function
il (utto?))2

. (o]
since [ ——

with parameters p + to? and o, n(z; pu +to?, o) =



The Standard Normal Distribution

| z] 000 | 001 002 | 003 | 004 ] 005 | 006 | 007 | 0.08 | 0.09 |
10.0]/0.0000]|0.0040]10.0080]0.0120]|0.0160]0.0199)|0.0239| 0.0279 0.0319||0.0359)|
10.1]0.0398]10.0438||0.0478] 0.0517]10.0557]|0.0596] 0.063610.0675||0.0714| 0.0753|
10.2]0.0793]|0.0832]10.0871 0.0910]|0.0948] 0.0987|0.1026 0.1064/0.1103]|0.1141
0.3]|0.1179]0.1217] 0.1255/|0.1293] 0.1331 0.1368]0.1406 0.1443]|0.1480] 0.1517
0.4/ 0.1554] 0.1591]|0.1628] 0.1664 0.1700]|0.1736]|0.1772] 0.1808||0.1844| 0.1879)|
10.5]0.1915/|0.1950]10.1985] 0.2019]|0.2054] 0.2088]|0.2123] 0.2157| 0.2190]|0.2224]
10.6]0.2257]|0.2291 0.2324/ 0.2357]|0.2389) 0.2422|0.2454 0.2486 | 0.2517||0.2549)|
10.7]0.2580]|0.261110.2642] 0.2673]|0.2704] 0.2734| 0.2764] 0.2794/ 0.2823]|0.2852]
0.8]|0.28310.2910 0.2939]|0.2967]10.2995] 0.3023]0.3051 0.3078]|0.31060.3133
10.9]0.3159]10.3186|0.3212] 0.3238]10.3264||0.3289) 0.331510.3340]|0.3365] 0.3389)|
11.0]/0.3413]10.3438||0.3461 0.348510.3508||0.3531 0.3554] 0.3577||0.3599) 0.3621
11.1]/0.3643]10.3665|0.3686) 0.3708]10.3729]|0.3749) 0.3770]10.3790]|0.3810] 0.3830|
11.2]0.3849]10.3869]|0.3888] 0.3907]10.3925|0.3944 0.3962]0.3980||0.3997 0.4015|
11.3]|0.4032||0.4049]|0.4066]|0.4082||0.4099||0.4115||0.4131/|0.4147||0.4162||0.4177|
11.4]0.4192]|0.4207)10.4222] 0.4236/|0.4251 0.4265 0.4279) 0.4292] 0.4306]|0.4319)|
1.5]/0.4332]|0.434510.4357| 0.4370/|0.4382] 0.4394| 0.4406 0.4418] 0.4429)|0.4441
11.6]/0.4452]10.4463]|0.4474 0.4484] 0.4495|0.4505) 0.451510.4525]|0.4535) 0.4545|
11.7]|0.4554] 0.4564||0.4573] 0.4582]10.4591]|0.4599) 0.4608 0.4616]|0.4625) 0.4633|
11.8]/0.464110.4649]|0.4656) 0.4664] 0.4671/|0.4678] 0.468610.4693||0.4699) 0.4706|
11.9]0.4713]|0.4719)10.4726)0.4732]|0.4738] 0.4744 0.4750| 0.4756 | 0.4761]|0.4767|
2.0/|0.47720.4778] 0.4783]|0.4788] 0.4793] 0.4798] 0.4803] 0.4808]|0.4812] 0.4817
12.1]/0.482110.4826|0.4830] 0.4834] 0.4838||0.4842] 0.4846 0.4850]|0.4854| 0.4857|
12.2] 0.4861/0.4864||0.4868] 0.4871 0.4875]|0.4878] 0.4881 0.4884||0.4887 0.4890|
12.3]/0.4893]10.4896|0.4898] 0.49010.4904/|0.4906]| 0.4909] 0.4911/|0.4913 0.4916|
12.4/0.4918]10.4920]|0.4922] 0.492510.4927]|0.4929) 0.4931 0.4932||0.4934| 0.4936|
2.5/|0.4938]10.4940]0.4941]|0.4943] 0.4945] 0.4946/ 0.4948] 0.4949)|0.4951 0.4952
12.6]/0.4953]10.4955|0.4956] 0.4957|10.4959]|0.4960]| 0.4961 0.4962||0.4963] 0.4964]
12.7]/0.4965|0.4966|0.4967||0.4968||0.4969||0.4970|0.4971/|0.4972||0.4973||0.4974]
12.8]/0.4974]10.4975||0.4976) 0.4977|10.4977]|0.4978] 0.4979) 0.4979||0.4980) 0.4981|
12.9]0.4981|0.4982]10.4982] 0.4983]|0.4984] 0.4984 0.4985 0.4985) 0.4986]|0.4986|
13.0]|0.4987||0.4987||0.4987||0.4988]|0.4988]|0.4989)|0.4989||0.4989||0.4990]|0.4990)

Also, for z= 4.0, 5.0, and 6.0 the probabilities are 0.49997, 0.4999997, 0.499999999.



Exercises. Probability and Statistics. IDEA.
4. Special Distributions

1. If ¥ has the discrete uniform distribution with f(z) = 1/k for x = 1,2,....k
show that

k+1
(a) its mean is p = L;

2
E*—1
12

2. If Z has the discrete uniform distribution f (x) = 1/k for x = 1,2, ..., k, show
that its moment-generating function is given by

et (1 — ekt)
k(1—et)’

(b) its variance is 0% =

M3 (t) = for ¢ # 0.

Also find the mean of this distribution by evaluating Pr% M. (t), and compare

the result obtained in part (a) of Exercise 1.

3. A multiple-choice test consists of eight questions and three answers to each
question (of which only one is correct). If a student answers each question by
rolling a balanced dice and checking the first answer if he gets a 1 or 2, the
second answer if he gets a 3 or 4, and the third answer if he gets a 5 or 6, what
is the probability that he will get exactly four correct answers?

4. A quality control engineer wants to check whether (in accordance with
specifications) 95 percent of the electronic components shipped by her company
are without flaws. To this end, she randomly selects 20 components from each
large lot ready to be shipped and passes the lot if they are all without flaws;
otherwise each component in the lot is checked. Assuming that the lots are so
large that we can use the binomial distribution as an approximation, find the
probabilities that she will commit the error of

(a) holding a lot for a complete check even though 95 percent of the components
are without flaws;

(b) passing a lot even though only 90 percent of the components are without
flaws;

(c) passing a lot even though only 80 percent of the components are without
flaws;

(d) passing a lot even though only 70 percent of the components are without
flaws.

5. Show that the moment-generating function of the geometric distribution is given
by
fe'
M; (t) = ——
(t) 1—et(1-0)
1—40

02

1
in a neighborhood of ¢ = 0 and use it to verify that u = ] and o2 =



6.

10.

11.

According to the Mendelian theory of heredity, if plants with round yellow seeds
are crossbred with plants with wrinkled green seeds, the probabilities of getting
a plant that produces round yellow seeds, wrinkled yellow seeds, round green
seeds, or wrinkled green seeds are, respectively, 9/16, 3/16, 3/16, and 1/16.
What is the probability that among nine plants thus obtained there will be four
that produce round yellow seeds, two that produce wrinkled yellow seeds, three
that produce round green seeds, and none that produce wrinkled green seeds?

Show that if a random variable has a uniform density on the interval (o, (), the
probability that it will take on a value less than o+ p (5 — «) is equal to p.

. A random variable is said to have a Cauchy distribution if its density is given

by

p/m
(z = a)’ + 57
Show that for this distribution the moment 1} does not exist and the moment
(5 is not finite. Note that this means that a random variable having the Cauchy

distribution does not belong to the L! space. For the purpose of this example
set « =0 and = 1.

Hint: If f (x) = arctan (x), where the function arctan () : R — (—7/2,7/2)
is the inverse function of tan(-):(—n/2,7/2) — R, then the derivative

1
of fis f'(x)= T Recall also that tan <£> =1, tan (—%) =-1,

2

lim tan(f) =00, lim tan(f) = —oo and tan(0) = 0.
0—7/2 0——m/2

for —oo <2 < 00

f(x) =

Show that if a random variable has an exponential density with parameter 6,
the probability that it will take on a value less than —6 - In (1 — p) is equal to
pfor0<p<1.

A random variable Z has a Pareto distribution if its density is given by

k,a
aa+1 for x > k
flay=9 "
0 elsewhere,

with a > 0 and k£ > 0. Show that the moment 4. is finite only if » < «. Note
that this means that = € L” only for r < a.

Karl Pearson, one of the founders of modern statistics, showed that the
differential equation

fla) _ d-a

f(zr)  a+br+ca?
yields (for appropriate values of the constants a, b, ¢, and d) the densities of the
most important distributions of statistics. Verify that the differential equation
gives the density f of




12.

13.

14.

15.

16.

17.

(a) the gamma distribution when a = ¢ =0, b > 0, and d > —b;

(b) the exponential distribution when a = c¢=d =0 and b > 0;

(c) the beta distribution when a =0, b= —c, 1 < 1, and § > —1;

(d) the normal distribution when b = ¢ =0 and a > 0.

A point X is chosen on the segment AB, whose midpoint is C' and whose
length is a. If Z, the distance from X to A, is a random variable having a
uniform density on the interval (0, a), what is the probability that AX, BX,
and AC' will form a triangle?

The mileage (in thousands of miles) which car owners get with a certain kind of
tire is a random variable having an exponential distribution with 6 = 40. Find
the probabilities that one of this tires will last

(a) at least 20 000 miles;
(b) at most 30000 miles.

Twice more differentiating the moment-generating function of the normal
distribution, verify that pu; = 0 and pu, = 30?.

If x is a random variable having a normal distribution, what are the probabilities
of getting a value

(a) within one standard deviation of the mean;

(b) within two standard deviations of the mean;

(¢) within three standard deviations of the mean;

(d) within four standard deviations of the mean?

Suppose that during periods of transcendental meditation the reduction of a
person’s oxygen consumption is a random variable having a normal distribution
with ¢ = 37.6 cc per minute and ¢ = 4.6 cc per minute. Find the

probabilities that during a period of transcendental meditation a person’s
oxygen consumption will be reduced by

(a) at least 44.5 cc per minute;

(b) at most 35.0 cc per minute;

(¢) anywhere from 30.0 to 40.0 cc per minute.

If # and y have the circular normal distribution with y; = p, = 0 and
01 =09 =12, find

(a) the probability of getting a point (z,y) inside the circle z* + y? < 36;

(b) the value of ¢ for which the probability of getting a point (z,y) inside the
circle 22 + 3% < ¢? is 0.80.



18.

19.

20.

21.

22.

The joint distribution of the random variables &1, Zo, 3 is MN(u, ) with

1 9 1 1
1 1 1 2

(a) Compute P{Zy + o + T3 < 3}.
(b) Find the conditional density of (#;, Z2)" given I3 = 0.

(¢) Find a so that Z = aZ; + T3 is independent of 7.

Find the moment-generating function of the Pascal (or negative binomial)
distribution having the probability function b*(x; k,0) for x = k,k+ 1, ... and
use this moment-generating function to prove that the mean of the Pascal
distribution is k/6. Hint: You should use the results of Exercise 6 of List 1.

The probability of giving birth to a male is 0.51. Abstracting from multiple
pregnancies, find

(a) the probability that a couple had to wait until the fourth child in order to
get exactly one male (i.e., the first male is obtained in the fourth trial);

(b) the probability that a couple had to wait until the fourth child in order to
get exactly two males (i.e., the second male is obtained in the fourth trial);

(¢) the expected number of children that a couple should have in order to get
exactly two males.

Hint: For (c¢) you should use the result of the previous Exercise 19 of this list.

The random vector (Z,7) is distributed according to the following density
function:

1 2 2
—e_%(m“’) ifr>0andy <0, orifxr<0Oandy >0

fla,y)=q¢ "
0 otherwise.
(a) Show that the marginal distributions of the random variables & and § are
standard normal.
(b) Are the random variables Z and ¢ independent?
(¢) Is the random vector (Z, §) multivariate normally distributed? Any comment

about these results?

The distribution of a random vector (Z,7) is characterized by the following
density function:

k(22 +y%)"? when (z,y) € A

flz,y) =
0 when (z,y) ¢ A,



23.

24.

25.

Find the value of the constant &
(a) when A ={(z,y) e R*|4< 2?4+ 4y <9, 0<y<ux};
(b) when A = {(z,y) e R?| 9<a?+4? <16, y >0}.

Find the area of a circle with radius » by means of the following two methods:

(a) Compute the integral with respect to the Lebesgue measure on R?,

/d(a:,y), where C = {(m,y) € R? ’ 224 y2 < r2},
c
through a change to polar coordinates. Why this integral is equal to the area

of a circle?

(b) Compute an integral with respect to the Lebesgue measure on R using the
change of variable x = rsin a.

Hint: Remember that

1 + cos(2a)

5 since cos (o + ) = cosa - cos f — sin « - sin 3.

COS2 a =

Find the following integral using the change to polar coordinates:

o~ l@ 9+ (-3)]
/ d(z,y),

™
C

where C' is the region of R? such that (z + 4)? + (y — 3)? < 36, that is, the
region (' is a circle with its radius length equal to 6 and its center located at
the point (—4, 3).

The four blood groups are distributed in a given (very large) population
according to the following percentages:

0=45% A=43% B=8% AB=4%

If we randomly and independently choose people, compute the probability:

(a) That when we pick 10 individuals, 4 of them will be of the A group, 2 of
the B group, and 1 of the AB group;

(b) That when we pick three individuals, one of them will be able to donate
blood to the other two (the 0 group is the universal donor and the AB group
is the universal receiver);

(¢) That we will have to wait until the fifth volunteer to find someone of the
AB group, if volunteers are called for an emergency.



26. We have 7 white balls, 3 red balls, and 2 blue balls in an urn.

(a) What is the probability that, if we pick 5 balls without replacement, we will
get 3 white balls, 2 red balls and none blue?

(b) What is the probability that, if we pick 5 balls with replacement (that is, if
we put back in the urn the ball we have picked before the next extraction), we
will also get 3 white balls, 2 red balls and none blue?

(c) Which distribution is used to solve for part (a)? The multinomial or the
multivariate hypergeometric? And for part (b)? Why?

27. (a) Prove that

/ e dr = V.

o0

(b) Find [;° e dx.

28. Suppose that the random variable Z has a standard normal distribution, Z ~ N(0, 1).
Let T be a discrete random variable with the following probability function:

forxz =1

N =

fz) =

for x = —1.

Assume that Z and 7 are independent. Define the random variable g = 7 - Z.
Prove that

(a) the random variables Z and ¢ are not multivariate normally distributed.
Hint: In order to prove it you could compute the probability P{z + ¢ = 0}
and extract the appropriate conclusion;

(b) the random variable 7 has a standard normal distribution. Hint: you should
use the theorem of total probability to compute the probability P{y < y}
and check that this probability is equal to the distribution function N(y) of
a standard normal random variable;

(¢) Cov (Z,7) = 0, i.e., the random variables Z and § are uncorrelated. Hint:
you should use the fact that E(Z-¢) = E(E(2-7|2));

(d) the random variables Z and § are not independent. Hint: In order to prove
it you could compute P ({§ > 1} N{Z € [0,1/2)}) and extract the appropriate
conclusion.

Note: this exercise provides an example of uncorrelated (but not independent)
normal random variables (Z and ¢) that are not multivariate normal.

«

a+p

29. Prove that the mean of the beta distribution with parameters o and f3 is



30.

31.

32.

33.

34.

35.

The distribution of a random vector (Z,7) is characterized by the following
density function:

k
——— when (z,y) € D
fla,y) = (o 492y
0 when (z,y) ¢ D,
where D = {(z,y) e R*|1 < 2?4+ y?* <3, 2 <0, y<0}.

Find the value of the constant k.

We randomly and independently pick two points A and B on a circumference
with radius r. Find the expected value of the distance between A and B.

Let Z be a standard normal random variable. Prove that

P{z>b}=P{z<—b}<e¥/? forallb>0.

Hint: for this exercise use the result in part (a) of Exercise 33 of List 3.
Assume that there are 6 balls in a box and 3 of them are white, 2 are black,
and 1 is green.

(a) We extract 4 balls with no replacement from the box. What is the
probability of extracting 2 white balls and 2 black balls.

(b) We extract 4 balls with replacement from the box. What is the probability
of extracting 2 white balls and 2 black balls.

Prove that the logistic density function is symmetric around the location
parameter m. That is, {((m — x,m,s) = l(m + x,m, s) for all x € R.

The joint distribution of the random variables 1, Z,, T3 is multivariate normal,
MN(u, X), where the mean vector and the covariance matrix are

1 5 -1 1
w=1 2 and Y= —1 3 1
1 1 1 2

(a) Find the distribution of the random variable @w = &1 + 2%5 + 37s.

(b) Compute P {5/’1 + 2[%2 + 31%3 S 6} .

(¢) Find the value of the constant ¢ that makes the random variable § = Z; + 275 + ¢Z3

independent of .



5. Functions of Random Variables
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o Let x: (O, F, P) — (¥, F') be a random object with distribution
Pz and g : (OO, F') — (Q", F") be a measurable function. Then,
the distribution of the random object
y=g(x): (Q,F) — (O, F") is given by

Py(B) = Py (B) = P{g (%) € B}

=P{xeg ' (B)} =Ps(g ' (B)), forall BeF".

IDEA  2/37
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o Let x: (O, F, P) — (O, F') be a random object with distribution
Ps and g : (O, F') — (R", B) be a vector-valued Borel measurable
function. Then, the distribution function Fy : R” — R of the
random vector y = g (%) : (O, F) — (R", B) is given by

Fo(y)=P{y=y}=P{g(X) =y} =P{g(x) € (—o0,y]}

=P{xecgt(—o0y]} =Pz (g7 (—c0,y])
=P {xe|g(x)Sy}.

o Recall that y = (y1,y2,.... ¥n) € R" and
(oo y]={zeR"|z=y}

={zeR"zn<yi,2<ys,..2z, < yn}.

J. Caballé (UAB - BSE) Probability and Statistics



o If Fy(y) is absolutely continuous, then the density function will be

aan/ (YLYL ---v}/n)

f},(yl,yg,...,)’n) = dy10ys...0y;

when this nth crossed partial derivative of F; exists. Moreover, this
derivative exists a.e. w.r.t. Lebesgue measure on (R”, B3).
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o Example: Let Z be a random variable and X = |Z| > 0. Then
Fi(x) =P{x<x}=P{|z| <x} =P{—x<z<x}

= P;[-x,x] = F3(x) — lim F;(s), for x > 0.

and Fxz(x) =0 for x < 0.

J. Caballé (UAB - BSE) Probability and Statistics



o Assume now that z ~ N(O, 1). Then, F; is absolutely continuous
(and, hence, continuous), so that the distribution function of X = |Z|
is

F3(x) — F; (—x) for x>0
Fx(x) =

0 for x <0,

and its density is
fz(x) +f: (—x) = n(x;0,1) + n(—x;0,1) for x >0
() =
0 for x < 0.
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o Given the symmetry of the density function n(-;0,1) with respect to
0, we get

2
2n(x;0,1) = / e 2" for x > 0
) = V7

0 for x < 0.
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o Let x: (O, F, P) — (O, F') be a random object with distribution
Pz, g : (QY, F") — (R", B) be a vector-valued Borel measurable
function, and the random vector y = g (x) : (0, F) — (R", B) be
discrete (i.e., y(Q) is discrete or countable). Then, the probability
function f; : () — [0, 1] of the random vector y is given by

f;(y) =Py {y} =P (g " (y)). forally € g(x(Q)) = y(Q).

o If either X is discrete (i.e., X(Q2) is discrete or countable) or g is
discrete (i.e., g(QY') is discrete or countable), then the random vector
y = g (%) is discrete (i.e., (Q) = g (x(Q)) is discrete or countable).
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o If x: (Q), F,P) — (R™, B) is a discrete random vector with
probability function f; : X(QQ) — [0, 1] and
g: (R™ B) — (R", B), then the probability function
fy : (1) — [0, 1] of the discrete random vector
y=g(x):(Q,F) — (R",B) is given by

() =Py {y} =Pz (g " (¥))

= Z fz (x), forally € g(x(Q)) =y(Q).
x€g(y)

o If the restriction of the function g to the range of %,
g : x(Q) — g(x(Q)), is a one-to-one correspondence, then

(y) =Py {y} =Pz (g (y))

=f (g1 (y)), forallyeg(x(Q)) = y(Q).
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o Example: Let X be a binomial random variable with probability
function

by(x; n,8) = (Z) 0(1—0)"* x=0,1,...n

X .
and let y = g (X) = = be the percentage of successes in n
n

independent trials. Note that x = g~ ! (y) = ny. Then,
g (x(Q))=1{0,1/n,2/n,...,1} and

fy(yin,6) = bz(g~" (v):n,0)

n(1-y)
——
_ 12 -1
:(”)0”(1—9)" nyooy=o0-% .00
ny n'n n
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o Definition. The convolution of two independent random variables on
the same probability space, X : (O3, F, P) — (R, B) and
y:(Q,F P) — (R, B), is the distribution of their sum, X + 7, i.e.,
the distribution of the random variable Z = X + ¥, with
z: (O, F,.P)— (R,B).

o Convolution distribution: Consider two random variables X and y
on the same probability space (Q F, P), then the distribution of the
random variable Z = X+ ¥ is

P:(B) = Pr.y(B) = P{x+y € B}
=P{weQ|x(w)+y(w)e B}, forall BeB.

o Independency is not required for the previous expression.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 11 /37



o Convolution distribution function: If the two random variables X
and ¥ on the same probability space (Q), F, P) are independent, then
the distribution function of the random variable Z = X+ ¥ is

Fz(Z):Fg+y(Z):P{)?+)7§Z}
:/RP{’?‘F?SZ‘)?:X}de(X)Z/]I{P{X—F)?Sz}dF;((x)

:/I[{P{)"/Sz—x}d/:;((x>:/]RFy(Z—X)dFi(X),

where the third equality comes from the theorem of total probability
and the fourth from the independence between X and ¥. Note that, if
these two variables where not independent, then we will have that
P{x+y<z|x=x}=P{x+y<z|x=x}, which is not
necessarily equal to P {x +y < z} .
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o Proposition. Assume that the two random variables X and ¥ on the
same probability space (Q2, F, P) are independent.

(a) If X and y are discrete with the probability functions

fx : X(Q)) — [0,1] and f; : y(Q) — [0, 1], respectively, then the
probability function of their sum z = X + ¥ (i.e., the convolution
pmf) is

friy(z) = f:(2) = E fy(z — x)fz(x), forz € z(QQ),
xex(Q)

with z — x € y(Q).

(b) If X and y are absolutely continuous with the densities
fr :R — R and f; : R — R, respectively, then the density of their
sum z = X+ y (i.e., the convolution pdf) is

fiip(2) = 6(2) = [ f(z=2f(x)dx
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o Proof. (a) Define the discrete random variable z = X + y. Then, the
probability function of z, f; : 2(Q)) — [0, 1], satisfies

f(e) = fiap(2) = P{x+7 =2)

= ) P{x+y=zlx=x} P{x=x}

xex(Q)
= Y P{x+y=z}-P{x=x}= Y P{y=z—x}-P{x=x}
x€%(Q) x€x(Q)
— Z fy(z — x)fk(x), for z € z(QQ), with z—x € y(Q),

x€x(Q)
where the third equality comes from the theorem of total probability
and the fourth from the independence between X and . Note that, if
these two variables where not independent, then we will have that
P{x+y=2z|x=x}=P{x+y=2z|x=x}, which is not
necessarily equal to P {x +y = z}.
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(b) We know that the distribution function F; of the absolutely
continuous random variable Z =X+ ¥ is

Fg(z):/RFy(z—x)dF;((x):/IRF};(z—x)f;((x)dx_

Differentiating the last expression with respect to z, and exchanging the
order of differentiation and integration, we obtain the density of the
random variable Z = X + ¥,

_dF:(z) [ dFp(z—x)
- dz /]R dz fr(x)dx

—/ fy(z — x)fx(x)dx, forz € R. Q.E.D.

@ See the handout for a non-trivial application of the previous
proposition to the convolution of two independent absolutely
continuous random variables.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 15 / 37



Let x: (), F) — (R™, B (R™)) be a random vector with density
fi:R™ — R and g : (R™, B(R™)) — (R", B(R")) be a
vector-valued Borel measurable function. Then the distribution Pj of
the random vector y = g (X) : (QQ, F) — (R", B(R")) is given by

P(B) = P: (g7 (B)) = |

dPy = / i (x) dx,
£1(8) £1(8)

where x = (x1,x2, ..., x,) € R™, for all B € B(R").
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e Let m = n and assume now that (i) the function
g:(R",B(R")) — (R", B(IR")) restricted to the (open) set A of
values of its domain satisfying fz(x) # 0, g : A — g(A), is a one-to-one
correspondence (or bijective function), and (ii) the inverse function
g 1:g(A) — A'is continuously differentiable (which implies that g(A)
is open as A is open). Then, the density function f; of the absolutely
continuous random vector y = g (%) : (O, F) — (R", B (R")) is given
by

fie™ (V) [Jgn(y)| fory € g(A)

fi(y) =
0 otherwise.

e Proof: For every Borel set B C g(A) = {y e R" |z (g ' (y)) #0},

Pi(B) = P (g7 (8)) = |

[ F0I8= [ B 0)) e ()]

fy(y)

where x = (x1,x2, ..., x,) € R" and y = (y1,y2, ..., yn) € R". Q.E.D.
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o Example: Let 2 ~ N(0,1) and y = h(2) = 22. Find the density of
V.

@ Note that h: IR — IR is not a one-to-one correspondence. However,
we can make ¥ = g (X) = X2, where x = |Z| and, then,

g: IR+ — IR, is a one-to-one correspondence, whose inverse is
x=g 1 (y) =y"? and

dx _ dg~ 1 (y) _ ly—l/z 0.

dy dy 2

o Recall that the density of X is

2n(x;0,1) forx >0

0 for x < 0.
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o Then,
2n(y'/2;0,1) - (2y~V2) = n(y}/2;0,1) -y 1/2 fory >0
0 for y <0.

o Note that

1 2 1
n(y1/2;0’ 1) -y_1/2 _ e,%(yuz) -y_1/2 _ e—%y Ly~ 1/2

@ Therefore,
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o Recall also that a random variable 7:(Q, F) — (IR, B) has the x?
(chi-square) distribution with v degrees of freedom (y ~ x2) if its
density is

1

v—2
— —  _v7eV? fory >0
271 (5)” g

f(y) =

0 otherwise.

o Then, y ~ x? if

1 —1/2 — - -
e V/2 = e Y/2y=1/2 fory >0
21721 (1) Tl d
fy(y) =

0 otherwise.

o Therefore, the random variable y = 72, with z ~ N(0,1), is
chi-square with 1 degree of freedom (}7 ~ X%) .
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o Even if m > n we can apply this method by introducing additional
variables to enlarge the dimension of the image space and, thus, to
make the function g a one-to-one correspondence for all the values
x € R™ of the domain of g for which fz(x) # 0. Then, we will need
to compute the marginal density to get rid of the additional variables
we have introduced. See the handout.

o Note that, in order to find the density of y = g (X) we could find first
the distribution function of ¥ from the density of X and, then, by
performing the corresponding derivative, we obtain the density of y
(distribution function method). This method does not require that
g be a bijection for all the values x € R" of the domain of g for
which fz(x) # 0 (see Section 5.2).

o In this Section 5.5 we find the density of y = g (X) directly from the
density function of X (density function method). This method
requires that g be a bijection for all the values x € IR” of the domain
of g for which fz(x) # 0.
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o If y = g (%), then we can compute the characteristic function ¢ of
y (or its moment-generating function Mj or its Laplace transform Ay
if they are well-defined in a neighborhood of t = 0), using the
distribution Px of X,

9y(t) = E(") = E(e"1)) = [ e apy (),
~ (Elcos(g (x))], Elsin(zg (%))

- (/}Rcos(tg(x))dP;((x),/Rsin(tg(x))dP;(x)),

My (6) = E(et) = E(e19) = [ eCIdpy(x),

Ay(t) = E(e") = E(e #() = /]Re_tg(x)dP;((x),
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and try to identify the distribution Pj associated with ?; (or with My or
with Ay,)

o This is called the characteristic function (or moment-generating
function or Laplace transform) method.
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o Consider a discrete set of random variables {)"g}JNzl with
% :(Q,F, P)— (R,B) for j=1,..., N, where N can be either a
finite number or infinity.

o Definition. The random variable X : (), F, P) — (R, B) is a
(discrete) mixture of the random variables {)”(J}JNzl if X = X; with
probability p;.

o Obviously, p; € [0,1] and }_p; = 1.
J
o The distribution of X is called the mixture distribution and the

random variables {)”g}JN:l in the mixture are called the components
of the mixture.

o Notation for a mixture:

x=(POoX)E(POR)® (oK) ®...
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o Proposition. Assume that the component X; of the mixture X has
the distribution P; : B — [0,1] for j =1, ..., N. Then, the mixture
distribution Px is

Pz (B) = ij ), forall BeB.

Proof.

Pu(B) =Y pP{x € Bl =%}

=) piP{%x€ B} =) _pjPi(B), forall Be B,
J J

where the first equality comes from the theorem of total probability.
Q.E.D.
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o Corollary. Assume that the component X; of the mixture X has the
distribution function F; : R — [0,1] for j = 1, ..., N. Then, the
distribution function F; of the mixture distribution is

Fx(x) = ijFj(x), for x € R.
J

o Proof. Using the previous proposition we get

Fe(x) = P{x < x} = Px(—o0,x] =} p;P;(—,x]

zzij{%jgx}:ijFj(x), for x € R. Q.E.D.
J J
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o Corollary. Assume that the component X; of the mixture X is discrete
with the probability function f; : X; () — [0,1] for j =1, ..., N.
Then, the mixture distribution is discrete with the probability function

fi(x) = ijﬁ(x), forx e x(Q) = U;(J (Q),

where we make fj(x) = 0if x & X; (Q0) .
o Proof. Using again the proposition we get

fr(x) =P{x=x}= ijP{fg =x} = ijﬁ-(x), for x € x(Q)).
! ! Q.E.D.
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o Proposition. Assume that the component X; of the mixture X is
absolutely continuous with the density f; : R — Rforj=1,..,N.
Then, the mixture distribution is absolutely continuous with the
density

fe(x) = )_pifi(x), forx € R.
J

o Proof. Since the distribution function of the mixture satisfies
Fx(x) = Y. pjFj(x), we can take the derivative with respect to x to
J

obtain the density of the mixture X,

d ijX
() [JZP ”]

dF;
) = dx dx

dFj(x)
Z;pj (fo =;pjf}(x), for x € R. Q.E.D.
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o Note that the distribution of a mixture of random variables is not the

same as the distribution of their weighted sum.

o Example: Consider the two independent random variables
%1 ~ N (py,0%) and %, ~ N (y2,02) Then,
P1x1 + pa%o ~ N (p1t; + papy, P03 + p303), while
= (p1 ®X1) ® (p2 © X2) is not normal.

o u,=501=1pu,=8,02=3, p1 =04, pp =0.6.
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o Densities of %1 and %, n(x;5,1) and n(x; 8, 3), respectively:

foat

02T

01T

|
|
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o Density of the weighted sum p1X; + p2X :
n (x; piiy + Py, £/ PP03 + p%(f%) = n(x;6.8,1.8439) :

0.25T
f
0.20
015+

0.10 T

0.05T

l n Il n Il n Il n 1 n 1 n n n n 1 " L l
I N T N T N T N T N T N T N T N T N T N T N T N T N 1 T 1

-10123456789101112114)%
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o Density of the mixture X = (p1 ©® %1) ® (p2 ©® X2) :
0.6n(x;5,1) +0.4n(x;8,3) :

015 T

010 T

0.05T
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o Proposition. Assume that the component X; of the mixture X has
the finite mean M (e, % € Ll) for j=1,..., N. Then, the mean u
of the mixture distribution is

= LPity:
J

o Proof.
n=E(x) =) pE(X[x=%) ZPJ %) =) pit;.
J J

where the second equality comes from the theorem of total
expectation. Q.E.D.
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o Proposition. Assume that the component X; of the mixture X has
the finite mean y; and the finite variance (712- (i.e., % € L?) for
j=1..,N,and let u = ijyj be the mean of the mixture X. Then,

J

the variance 02 of the mixture distribution is
o* = ZPJ (‘712 + P‘JQ- - V2) = Z,Pj ((TJ2 + ]Af) —u?.  (Exercise)
J J

o Proposition. Assume that the component X; of the mixture X has a
finite kth central moment (i.e., %; € LX) and the finite mean y; for
J=1..N,and let y = ijyj be the mean of the mixture X. Then,

J
the kth central moment of the mixture is given by

;Pj (i (ﬁ) = V)HE (% - ;g)"}) . (Exercise)

n=0
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General mixtures (not necessarily discrete)

Consider a set of random variables. A generic element of this set is
Xg, where 6 € @ C R. The index set ® can be either discrete or

continuous. The distribution of the random variable Xg is
Py: B —10,1], for 0 € ©.

Consider also a probability P on (R, B), where © € B with
P(®) =1.

In the mixture X, the random variables Xy, with 8 € ©®, are "mixed"
according to the probability P.

Thus, the mixture distribution P; is

PX(B):/@PQ(B)dP(Q):/]RPG(B)dP(G), for all B € B.

The previous two integrals are equal since the probability P is
concentrated on ©.
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o If the random variables Xy, for 6 € ©®, are discrete (absolutely
continuous) with probability function (density) fy, then the probability
function (density) of the mixture distribution is

60 = [ h(x)dP(0) = [ h(x)dP()

o Moreover, if iy = E (%) and 05 = Var (%) , for 6 € ©, then the
mean of the mixture X is

p=E(x) = [ nyaP(6)
and the variance of the mixture X is

o =Var (0) = [ (034153~ ) aP(O) = [ (0 + 1) aP(6) — .
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o Particular case. Assume now that the probability P on (R, B) is
absolutely continuous with respect to Lebesgue measure with the
density f : R — IR so that

P(C) = /C £(6)d6, for all C € B.

o Assume also that each component Xy of the mixture X is also
absolutely continuous with the density f : R — R, for 6 € ©® C R.

o Then, the mixture distribution is absolutely continuous with the
density

&(X):/(Qfe(x)dp(e):/ﬂz@(x)f(e)de, for x € R,

with the mean
H=E() = [ nsf(6)de

and the variance

U2ZVar(x):/R(a§+yg—y2)f(e)dez/R(aswé)f(9>d9—y2_
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Example of Convolution

Consider two independent, absolutely continuous random variables Z; and Z»
having both the uniform density on (0, ),

% for z; € (0,0)
Tirv fi (i) = flai) =

0 elsewhere,

for i = 1,2. Let us find the density fz,z, of their sum, Z; + Zo. This density will
characterize the distribution of #; + #5 (i.e., the convolution of ; and Z,).

Let us define the random variable § = & + Z5. The density f; of ¢ is the
following:

fy(y) = far1a:(y) = /Rf:?:z(y — x1) fz, (x1)dy = /Rf(y —x1) f(21)dy.

Note that f(y — x1) is equal to 1/6 if y — z; € (0,60) and is equal to zero
otherwise. Moreover, f(x1) is equal to 1/6 if ;1 € (0,0) and is equal to zero
otherwise. Therefore, f(y — x1)f(z1) is equal to (1/6)* if y — z; € (0,6) and
r1 € (0,0) while it is equal to zero otherwise. Note that the set C' C R? where
fly—z1)f(x1) = (1/6)* # 0 is given by the points (y, 1) satisfying the following
two inequalities:

n<y<mtl<—=y—-60<z <y

and
0<l’1<9

This set C' is given by the interior of the shaded region in the following figure:

(2 260 y

A 4

Therefore, the density of the convolution for y € (0, 20) is

farva(y) = f3(y) = /HC (y, 21) fy — 21) f(21)doy = / fly —x1) f(z1)dzy,

R C(y)



where C(y) is the section of y, C(y) = {z1 € R|(x1,y) € C'}. Thus,

(/yld ! fi 0
—dr1 = 3y, or 0<y<
0 0? 62

() = faly) = ‘1 L2
Ja15, (W) = [3(y) / 90—2dx1 = —?y—k g’ for 0 <y <26,
y—

0 elsewhere,

\

whose graph is

3

5(3)

| =

! 6 26 )

This type of densities (and their corresponding distributions) are called
"triangular" for obvious reasons.



Examples of densities of functions of random vectors

Example 1.

Assume that the joint density function of the random variables Z; and T is

e~(@1te2) for x>0, 29 >0

Ja1,5 (21, 22) =
0 otherwise.

Ty

Find the density function of the random variable i = — —.
T, + Zo

Solution: For each given value of xq,

is strictly decreasing in xs.
1+ T2

Therefore, we can define the bijective function g : R, x Ry, — (0,1) x R,
as

y = :j: € (0,1)
T T
(3/72) :g<$1,l’2)3 ! ?
z=ux1 >0,

and thus ¢7': (0,1) x Ry, — R, x R, is given by
r1=2>0
T1,To) = -t ,2)
(z1,22) = g (Y, 2) _z(l—y)

Tg = —-= > 0.
Y

The joint density of ¢ and Z is given by

for3 (971 (Y, 2)) [ Jg=1(y, 2)| for y € (0,1), 2> 0

fg,%(ya Z) =
0 otherwise,
where,
0 0
Oz Om 0 .
oy 0z 5 5
|Jg—1|: det = |det 1 — = - :—2>0
8x2 8x2 - _y Y Yy
2 ) Y2 y
y 0z
1
Therefore, since 1 + 9 = z + u :E, we get
Y
efz/y% fory € (0,1) and z > 0
Y
fi:(y,2) =

0 otherwise

1



The set A where fz, 7, (r1,22) # 0 is defined by the points (z1,z3) € R
satisfying the following two inequalities:

z1 >0 and x5 > 0.

Thus, the set g(A) where f;:(y,2) # 0 is defined by the points (y,z) € R
satisfying the following two inequalities:

0<y<1l and z > 0.

The marginal density of ¥ is
f = [ fetvariz= [ Zae itye )
—00 0

and f;(y) = 0, otherwise.

d
Let us make a change of variable: u = P yu = d_z =y € (0,1).
Yy u

= fg(y):/oooe_ugydu:/Oooe_“udu:F(Z):(Q—l)!zl if y € (0,1).

Alternatively, note that we can integrate by parts,

/e“udu:[—e“u}go—/ —e“du:O—l—/ e “du
0 0 0

=[] =0-(-1) =1

1 forye(0,1)
— fi(y) =
0 otherwise.
Therefore, 7 is uniform on (0,1) .
Note that, in this example, we can name the new variable Z with the old name
77 so that the function g would be

T
= € (0,1
e (0,1)

(yaxl) :g(x17$2):
r1 =z > 0.

Example 2.

Assume that the two independent random variables #; and Z, have both the
uniform density on (0, 0),

for x; € (0,0)
Ty~ fi(2) = flos) =

0 elsewhere,



for 7« = 1, 2. Find the density function of the random variable § = Z; + T2. Note
that this is the same example as in the previous handout on convolutions.

Solution: From independence, we obtain the joint density of £; and Z,,

iQ for 7 € (0,0) and x5 € (0,0)
fil,iz (xla I2) = f([)?l) . f(l‘g) — 0

0 elsewhere,
We have
Y=+ x9 € (x1,77 +0) x1 =2 € (0,0)
qg: — g_l :
z=ux1 € (0,0) ro=y—z2€(0,0)

Note that y — 2z € (0,0) <=y € (2,2 +0) <=z € (y—0,y) .

Oz Om
0z dy 1 0
| Jy-1 (y, 2)| = |det = |det = 1.
Oz O -1 1
0z dy
Then,
1 1
fg,z(y,z)=9—2~1zﬁ, forO0<z<fandy—0<z<uy.
Therefore,

1
— for 0<z<fandy—-0<z<y
fo:(y,2) =

0 elsewhere

The set A where fz, 7, # 0 is defined by the points (x1,x2) € R satisfying the
following two inequalities:

0<z; <0 and 0< 2y < 0.

Thus, the set g(A) where f;: # 0 is defined by the points (y,z) € R satisfying
the following two inequalities:

0<z<f and z<y<z+40
or, equivalently, the following two inequalities:
0<z<@ and y—0<z<y.

Therefore, g(A) = C, where the set C'is given by the interior of the shaded region
in the following figure:



v

20 ¥

:/Oo foz (Y, 2) /HC y,2) f.2 (y, 2)dz = fo (v, 2) dz,

R 1/62 Cy)

where C(y) is the section of y, C(y) = {z € R|(y, 2) € C'}. Therefore

'/yld ! for 0<y <40
—Z:—y, or y_
o 62 62

0
L = 1 1 2
fm-‘rm(y) (y) / eﬁdz = —?y —+ 5, for 0 < y < 29,
y—

[ O elsewhere,

so that the density is "triangular",

F 3

5(3)

| =

8 20 y

Again, in this example, we can name the new variable Z with the old name 7,
so that the function g would be

y =1+ a2 € (x1,71 +0)

(%551) = 9(551,952) :
r1=x1 € (0,9)



Exercises. Probability and Statistics. IDEA.
5. Functions of Random Variables

1. A random variable has the log-normal distribution if its logarithm has a
normal distribution.

Let Z = Ing have a normal distribution with the mean p and the variance o

(a) find the density of the strictly positive log-normal random variable g.

(b) find the mean m, the variance s?, and the coefficient of variation CV; of §
as functions of y and o2.

Let ¢ be a log-normally distributed random variable with the mean m and the
variance s.

(c) find the mean y and the variance o2 of the normal random variable & = In 3
as functions of m and s%.

2. If & has a uniform density on the interval (0, 1), show that the random variable

y = —2-InZ has a gamma distribution. What are its parameters?

T1T2

36

3. If the joint probability function of Z; and Zs is given by f (x1,23) = for

r1=1,2,3, and x5 = 1,2, 3, find
(a) the probability function of § = 1 Zo;

T
(b) the probability function of 7 = —*.

T2

4. If n independent random variables have the same gamma distribution with the

parameters a and 3, find the moment-generating function of their sum, and,
if possible, identify its distribution. What is the distribution of the sum of n
independent random variables having the same exponential distribution with
the parameter 67

5. If 6 is the angle that a “random spinner” makes with the positive side of the
horizontal axis, what is the density function of tan 6?7 In other words, what is
the density of the “random tangent”?

Hint: If 4 (z) = arctan (z), where the function arctan (-) : R — (—n/2,7/2)
is the inverse function of tan(-):(—n/2,7/2) — R, then the derivative

1
of ¢ is ¢’ (z) = el Recall also that tan (%) =1, tan (—%) =-1,

lim tan (0) = oo, , lim/2 tan (#) = —oo and tan (0) = 0.

0—m/2

6. If the joint density of the random variables z; and 75 is

1 forO<zy<land0<zy<1

f (xlaxQ) -

0 elsewhere,



find the joint density of the random variables @; and sy , where

U1 = (—2 In fl)

N

sin (27 - Z2)

Uy = (—2 lnil)% cos (2 - &) .
Note: You should use the hint of the previous exercise.
. If the joint density of Z; and Z, is given by

1 forO0<axz<landO<azy<1

f<x17x2) =

0 elsewhere

find the density h(y) of § = 1 + Z2. Sketch the density h(y).

. Consider the two-dimensional vector (Z,%), which has coordinates that are
independent and bivariate normally distributed with zero mean and variance

a2

(a) Prove that the variable "modulus" 7 = (Z* —l—?jz)l/ ? has the Rayleigh
distribution with the scale parameter o, whose density is given by

2
%6_272 for r € (0, 00)
o

fi(r) =
0 otherwise,

and find the density function of the random variable "angle" 0 = arctan (/%)
with 0 < 0 < 27.

(b) Are 7 and # independent?

(c) Prove that the square of the modulus 7 = #? + ¢ has an exponential
distribution with parameter 202 and, if 02 = 1, then 72 has the chi-square
distribution with 2 degrees of freedom 3.

(d) Find the expected value and the variance of the modulus 7.

(e) Find the expected value and the variance of the angle 0.

. The joint density function of the two random variables = and y is

1

E(m—l—?y) if x€(0,2), ye(0,2)
flx,y) =

0 otherwise.

(a) Find the joint distribution function of  and 7, F(z,y).
(b) Find the marginal density functions of  and 7, f;z(x) and f;(y).
(¢) Find the conditional density function of § given = 1/2, f5:(y|1/2).



10.

11.

12.

(d) Find the expectation of 7, E(7), and the conditional expectation of 3 given
T=1/2,E(y|z=1/2).

(e) Find P{0 <z < 1}n{l <g<3/2}).

(f) Could you find a value = for which the conditional density of § given & = x
is equal to the marginal density of 7 Are & and 3 independent?

(g9) Find the density function of the random variable @ = 2 — §'/3 and the
expectation of w, E(w).

(h) Find the density function of the random variable zZ = & - 7.

The density function of an absolutely continuous random variable T is

1
fa(x) = §€_|$| , —oo < T <00

Find the distribution function of Z and the density function of
j= (%) and F=In(|Z|+1).
Let  be an absolutely continuous random variable with the density function

. % if 2 € (0,3)

0 otherwise.

Consider the transformation § = 9 — (7)2. Find and draw the distribution and
the density functions of 3.

Let F;(x) be the distribution function of the univariate random variable .

(a) Assume that 7 is a mixed random variable (that is, Z is neither discrete nor
absolutely continuous). Find the distribution function of the absolute value of
Z, that is, find the distribution function Fj(y) of the random variable § = |Z|.

(b) Answer the same question of part (a) but assuming now that the distribution
function Fj(z) is continuous for all = € (—o0, 00).

(c) Assume now that the random variable ¥ is absolutely continuous with the
density function fz(z). Moreover, assume that the distribution function Fj(x) of
the variable 7 is differentiable for all z € (—o0,00). Using the density function
fz(z) of the variable Z, find the density function fj;(y) of the random variable
g = |z[-

(d) Answer the same question of part (¢) but assuming now that the density
function f;(z) is also symmetric with respect to x = 0, that is, fz(z) = fz(—x)
for all x € (—o0, 00).



13. The density function of the random variable 7 is

X
= ifz e (0,4)
fla)=4{ ®

0 otherwise.

(a) Find the density function f;(y) and the distribution function Fj(y) of the
random variable §j = 7% — 8.

(b) Compute P {1 < § <3} and P{g > —2}.
14. The absolutely continuous random variable = has the following density function:

6z(l—z) f 0<z<1
fz(z) =

0 otherwise

(a) Find the mean and the variance of § = ().

(b) Find the density function and the distribution function of 7.
15. The density function of the random vector (Z,7) is

k(z+y) forx>0, 22+¢y*<1
flz,y) =

0 otherwise.

(a) Find the value of the constant k.

(b) Find the density function of the random variable z = (7> + ﬂ2)1/ 2

16. The density function of the random vector (Z1, Z9) is

6e 3717272 for 1 >0, 29 >0

far3, (71, 72) =
0 otherwise.

(a) Find the conditional expectation of Z5 given #; =5, E(Zy |1 =5). Are
the random variables Z; and Z, independent?
(b) Find the moment-generating function for the random variable #; and use

it to find the mean, the variance, and the coefficient of variation of Z;. Do the
same for the random variable Z.

For the rest of this exercise, consider the random variable § = 4%, + Ts.

(c¢) Without finding first the density of the random variable ¢, find directly the
distribution function £ of the random variable 3.

(d) Find the joint density of the random variables § and Za, fjz,(y, 22).

(e) Use the joint density obtained in (d) to find the density f; of the random
variable .



17.

18.

(f) Check that the results you have obtained in parts (c) and (e) are mutually
consistent, i.e., check that Fj is the distribution function associated with the
density fz, and that f; is the density associated with the distribution function
F;.

(9) Find the conditional density of the random variable § given T, = 3,
Jarz (y13).

(h) Find both the (unconditional) expectation of ¢, E(¢), and the conditional
expectation of § given o =3, E (7 |Z2 =3).

(7) Find the covariance between ¢ and %o, Cov (7, Z2) .
The density function of the random variable 7 is

e forx >0

fa(z) =

0 otherwise.

Consider the random variable §j = #'/2, i.e., § is the positive square root of Z.

(a) Without finding first the density of the random variable ¢, find directly the
distribution function Fj of the random variable 3.

(b) Without making use of the distribution function you have found in part (a),
find directly the density f; of the random variable 3.

(¢) Check that the results you have obtained in parts (a) and (b) are mutually
consistent, i.e., check that Fj; is the distribution function associated with the
density f;, and that f; is the density associated with the distribution function
F;.

(d) Is the distribution function Fj;(z) of the random variable & differentiable
for all x € R? Is the distribution function Fj;(y) of the random variable §
differentiable for all y € R? Draw the functions f; (z), Fi(z), f;(y), and

Fy(y).
The density function of the random vector (Z,7) is

ety if >0, y>0
fz,y) =
0 otherwise.
Find
(a) The distribution function of the random vector (Z, 7).

(b) The marginal density functions of # and 7. Are the random variables &
and y independent?

(¢) The conditional density function of § given Z = 3.
dPH{o<z<1}n{z<y<l1}).

Consider the random variable Z = ¥ — 3y.



19.

20.

(e) Without finding first the density of the random variable Z, find the
distribution function F; of the random variable Z. That is, use the distribution
function method.

(f) Without making use of the distribution function you have found in part (a),
find the density f; of the random variable z. That is, use the density function
method.

(9) Check that the results you have obtained in parts (e) and (f) are mutually
consistent, i.e., check that F% is the distribution function associated with the
density f;, and that f; is the density associated with the distribution function
F;.

(h) Draw the functions F3(z) and f3(2).

The density of the random vector (Z1, Z3) is given by

1
3 for0<z<2and0< 2y <1
f(xlax2):

0 elsewhere.

(a) Find the density f;(y) of the random variable § = Z; + Z2. To do so, find
first the density of the vector (,Z2). Draw the density f;(y) and check that
the area below this density is equal to one.

(b) Find the distribution function of the random variable g, F;(y).

(c) Find the conditional density of § given Zy = xa, fjs, (v|z2), and the
conditional density of Z, given § =1y, fs,5 (z2|y). Compute the following
conditional expectations: E (7 |Z2 = 1/4), E(Z2|g =5/2) and E (25 |7 = 3/2) .

The density function of the random vector (Z,7) is

kx(y+1) for0<z<1, 0<y<l1
fi,ﬂ(xvy):

0 elsewhere.

a) Find the value of the constant k.

(
(b) Compute the product moment E (Z - §) and the covariance Cov(Z, §) between

)
)

Z and g. Are ¥ and g independent?
)

(

(d) Use the marginal density of the random variable Z to find the moment-
generating function M;(t) of Z and use this moment-generating function to find
the expectation of z, E(Z).

¢) Compute the conditional expectation of § given & = 1/3, E(g |z =1/3).

(e) Find the (cumulative) distribution function F; ;(z,y) of the random vector
(,7) and check that the cross partial derivative of Fjj(x,y) is the density
.5 (z,y) a.e. with respect to Lebesgue measure in R
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22.

23.

(f) Use the marginal density of the random variable & to compute the
expectation of Inz, E(In %)

(g9) Use the marginal density of the random variable Z to find the density of the
random variable w = In Z. Draw this density.

(h) Find the moment-generating function of the random variable @ and use this
moment-generating function to compute both the expectation and the variance
of w, E(w) and Var(w) .

(7) Use the density function method to find the density f; :(w, 2) of the random

vector (W, Z), where
@=Ini and z:m(ﬁ).

Y

(7) Use the density fg:(w,z) of the random vector (w, Z) to find the density
fa(w) of the random variable @ and the density f:(z) of the random variable
Z. Draw the density of f;(z).

Assume that the density function of the random variable Z is

)
2_
_4x for x € (0,2)

s(r) =g 712

for = € (—2,0]

\ 0 otherwise.

(a) Find the distribution function Fj(z) of the random variable Z. Draw both
fz(x) and Fj(x).

(b) Find and draw the distribution function Fj(y) and the density function f;(y)

of the random variable § = 2.

(¢) Consider the random vector (Z,¢), where Z has the density defined above
and 7 is defined in part (b). Is the random vector (,7) absolutely continuous,
i.e., does its distribution have a density function?

(d) Compute the covariance between Z and ¢, Cov(Z,y). Are ¥ and gy
independent? Answer the latter question using the definition of independence
of two random variables.

Assume that the three random variables z1, 5 and 73 on the same probability
space (2, F, P) are independent with the probability/density functions fi, fo
and f3, respectively. Find the probability function/density of their convolution
(i.e., of the distribution of their sum).

Consider a mixture = of a discrete set {jj}jyzl of random variables, where
N can be either a finite number or infinity and £ = Z; with probability p;,
for j = 1,..,N. Let p; and 0? be the finite mean and the finite variance,
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25.

26.

respectively, of each component Z; of the mixture, for j = 1,..., N, and
p =Y pji; is thus the mean of the mixture 7.
J
(a) Prove that the kth central moment of the mixture 7 is
k

o] = 5 (3 (1) -0l ).

n=0

(b) Prove that the variance o of the mixture 7 is
of =D pi (oF 45 = 1) = D ps (oF + 45) = i
J J

The density function of the random vector (Z,7) is

2x +vy
12

if z € (0,2) and y € (0,2)
0 otherwise.

(a) Compute the covariance between & and §. Are Z and § independent?
(b) Compute the conditional expectation of  given § =1/2, E(Z |y =1/2).

(c¢) Use the density function method to find the density f:(z) of the random
variable

N | =

F=35—
and draw the density fz(z) of 2.

Prove that, if  has the logistic or the generalized extreme value type I, type Il or
type I1I distribution with location parameter m and scale parameter s > 0, then
zZ = cx+0b, with ¢ > 0, has the the logistic or the generalized extreme value type
I, type II or type III distribution, respectively, with location parameter cm + b
and scale parameter cs > 0. In particular, if T is standard logistic or standard
extreme value type I, type II or type III then Z is logistic or generalized extreme
value type I, type II or type III, respectively, with location parameter b and scale
parameter ¢ > 0. Conversely, if ¢ = 1/s and b = —m/s, (i.e., Z = (& —m)/s)
then Z is standard logistic or standard extreme value type I, type II or type III,
respectively. Moreover, if  has the generalized extreme value type II or type
III distribution, then the respective shape parameter a remains the same after
applying that affine transformation.

In this exercise, you are asked to prove that the difference between
two independent Gumbel-distributed random variables with the same scale
parameter has a logistic distribution. To do so, follow the four steps below:

(a) Prove that @ has the exponential distribution with parameter equal to 1
(i.e., it has unitary mean) if and only if the random variable & = m — slnw
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has the generalized extreme value type I (or Gumbel) distribution with location
parameter m and scale parameter s > 0. Note that @ = e~ (@—™)/s,

(b) Assume that w; and 1wy are independent random variables having the
exponential distribution with parameter equal to 1. Find the distribution
function and the density function of the random variable Z = 0, /ws.

(¢) Assume that Z; and T, are independent and have generalized extreme
value type I (or Gumbel) distributions with location parameters m; and mso,
respectively, with the same scale parameter s > 0. Use the results of parts (a)
and (b) to prove that the random variable

has the standard logistic distribution, ¢ ~ L(0,1).

(d) Use the result in part (c) to prove that, if #; and Z5 are independent and
have generalized extreme value type I (or Gumbel) distributions with location
parameters m; and mo, respectively, with the same scale parameter s > 0, then
the random variable § = T; — 75 has the logistic distribution with location
parameter (or mean) m; — my and scale parameter s, § ~ L(m; — ma,s). In
particular, if ; and 75 are independent and have standard extreme value type
I distributions, then the random variable § = Z; — T2 has the standard logistic
distribution, § ~ L(0, 1).

The density of the random vector (Z1, Z5) is given by

1 forl<axz <2and 3 < zy <4

f(ﬁlv‘r?) -

0 elsewhere.

(a) Consider the random variable § = Z; + Z5. Find the joint density of the
vector (ga ‘%2) ’ fz},cﬁz (y7 Ig)-

(b) Use the density you have found in part (a) of this exercise to find the density
f3(y) of the random variable § = #; + Z2. Moreover, draw the density f;(y) of
the random variable 3 and check that the area below this density is equal to
one.

(¢) Find the distribution function Fj(y) of the random variable .

(d) Find the conditional density of § given Ty = =z, fjz, (y|r2), and the
conditional density of Zo given § =y, fz,5 (2]y).

(e) Compute the following three conditional expectations:

E (|72 = 13/4), E(@|j=11/2) and E (& |j=17/4).

(f) Prove that the random variables #; and 7, are independent and compute
the covariance between 7o and ¢, Cov (Z3,7) .



6. Stochastic Processes and Limiting
Distributions
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o Definition. A stochastic process is a sequence (a vector) of random
variables {)?t}z—zo defined on the probability space (Q2, F, P).

o Note: More generally, we can define a stochastic process of random
objects {%}/_,, where %, : (Q, F, P) — (QV, F).

o Note: We can have T = oo in all the previous and forthcoming
expressions.

o Definition. A stochastic process {%:};., defined on the probability
space (Q), F, P) is strongly (or strictly) stationary if the distributions

P)?tv)?t+1.)?t+2 ----- Xttn (C) =P {()?f' Xe41, Xeq2, o0 )?f‘i‘”) S C}

do not depend on t, for all non-negative integers n =10,1,2, ..., and
all Ce B (]R’”’l) .
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o Definition. A stochastic process {)?t}:ozo on the probability space
(Q), F, P) with %, € L? for all t is weakly stationary if

E(x)=p fort=0,1, ...
and Cov (X¢, Xt+) depends only on n, for all t, i.e.,

Cov (X¢, Xt4n) = ¥(n), fort=0,1,...and n=0,1, ...

@ The covariance Cov (X, Xt+n) = 7¥(t, n) is called autocovariance
since it is the covariance between the members of a single stochastic
process.

o Note that y(t, n) = 4(n) for all t when the stochastic process is
weakly stationary. Moreover, in this case Var (X;) = 4(0) for all t.
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Definition. The random variables {%;};., on the probability space
(Q), F, P) are independent if the random variables of any finite subset
of {%};., are independent.

Definition. The random variables {)"(t}tTZO on the probability space
(Q), F, P) are identically distributed if they have the same (marginal)
distribution.

We say that the random variables {)?t};o on the probability space
(Q, F, P) are i.i.d. (identically and independently distributed) or that
the stochastic process is i.i.d. when they simultaneously satisfy the
previous two definitions.

Note: i.i.d. processes are strongly stationary.
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Definition. The stochastic process {)?t}tT:O on the probability space
(Q), F, P) with X, € L! for all t is white noise if it is i.i.d. and
E (X¢) = 0 for all t.

Definition. The stochastic process {)?t}tT:O on the probability space
(Q, F, P) is a random walk if X;41 = X + yr+1 for t =0, 1, ..., where
{yt};l is i.i.d. and the value xg taken by the random variable %X is
exogenously given.

If the stochastic process {’?t}tT:o on the probability space (Q, F, P)
is a random walk with X;4+1 = % + J¢+1 and E (y:) = p # 0 for all ¢,
then {)?t}tT:O is called a random walk with drift p. If E () = 0 for all
t, then {%}/_, is called a (symmetric) random walk.

Thus, a random walk {)”(t}tT:O with drift 4 can be written as
Xe41 = U+ X + &1, where {Et};l is white noise since & = y; —
for all t.
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o Definition. A filtration IF on (Q), F) is a sequence of o-algebras,
F= {ft}tT:O such that F; C Fyyq C F forall t.

o Definition. If F = {ft};o is a filtration on (Q), F) and {)?t};o is
a stochastic process on (Q), F, P) such that X; is F;-measurable for
t =0,1,...T, then we say that the stochastic process {)"(t}tT:o is
adapted to IF.

o The natural filtration associated to the stochastic process {)?t}tTZO
on (Q F, P) is the simplest filtration which the stochastic process
{)?t}tT:O is adapted to. All information concerning the process, and
only that information, is available in the natural filtration.
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Formally, the natural filtration FX = {ftx}tT:O associated to the
stochastic process X = {)?t}tTZO on (Q), F, P) is given by

fgzg{gjfl(g)(jgt, BeB},

i.e., F is the smallest o-algebra on () that contains all pre-images of
the Borel sets of R for all j up to t.

Any stochastic process is adapted to its natural filtration.

Definition. Let {%}/_, be a stochastic process on (Q, F, P)
adapted to the filtration F = {F;}/_, on (Q, F) and % € L! for all
t. Then, we say that the stochastic process {)?t}tT:O is a martingale

(submartingale) (supermartingale) relative to F if,
E (%41 |Ft) = (=) (L)Xt ass. [P], fort=0,1,.. T — 1.

When we say that X = {)?t}tT:o is a martingale (submartingale)
(supermartingale) without mentioning the filtration, we mean that
X = {)?t}tTZO is a martingale (submartingale) (supermartingale)
relative to its associated natural filtration IFX.
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o Proposition. The stochastic process X = {%:},_, on (Q, F,P) is a
martingale (submartingale) (supermartingale) relative to its
. — T . ,
associated natural filtration FX = {ftx}t:o if and only if

E (Xe41 [Xe, Xe—1, 0 X1, %0 ) = () (L)%,
as.[P],fort=0,1,..., T =1, (%)
o Proof. Just note that
E (%1 |%e %1, %) = E (SqH )fﬁ‘) L as. [Pl QED.
o Note that the condition () in the previous proposition is equivalent
to the following:
E (Xe41 [Xe = X¢, Xem1 = Xe—1, .. X0 = x0) = (=) (L) xe,

a.s. [P;(h;(til’___,go] , for t = O, 1, ceny T-—1.
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o A random walk with no drift (with positive drift) (with negative drift)
is a martingale (submartingale) (supermartingale) relative to its
associated natural filtration. Recall that every stochastic process is
adapted to its natural filtration.

o Proposition. If the stochastic process {)”(t};o on (Q, F, P) adapted
to the filtration IF = {F;}/_, on (Q, F) is a martingale
(submartingale) (supermartingale) relative to [F = {.7-}};0 then

(a)
E (;(t-i-l |)?t,)?t_]_, ...,)?]_,)?0) = (Z)(S))’?t , a.S. [P],fort == 0, 1, . T — 1,

ie., {)?t}tTZO is a martingale relative to its natural filtration FX: and

(b)

a.S. [P)?ty;(t—l.---,)?o] , for t = 0, 1, ceey T-—1.
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o Proof. (a) Recall that F (X;) is the c—algebra on Q) induced by the
random variable X¢, i.e., the coarsest c—algebra that makes X;
measurable. Observe that F (%;) C FX C F; so that %; is
FX —measurable. Therefore,

E(;(H—l |)~<tv)~<t—11 ---,5(0) =E (gt—kl ‘]:tx) =E (E ()?t+1 |'7:t) ‘}—tx)

= (2)()E (%

_7_—tx) = X, a.s. [P],

where the first equality follows from the definition of FX, the second
equality follows from the law of iterated expectations, the third
equality (inequality) follows from the martingale (submartingale)
(supermartingale) assumption, E (%11 |F¢) = (>) (<) X, and the
fourth equality follows from the FX —measurability of X;.

(b) Obvious since (a) and (b) are equivalent. Q.E.D.
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o Corollary 1. If the stochastic process {)?t}tT:O on (O, F,P)isa
martingale (submartingale) (supermartingale) relative to the filtration
F = {ft};o, then

E (X141 |%) = (>) (<) %, ass. [P], fort=0,1,..., T —1.
and

E()N(t+1 ‘)?t = Xt) = (Z) (S)Xt, a.s. [Py( ], for t = 0, 1, ey T-—1.

o Proof. Note that F (%) C F¢, where F (X;) is the c—algebra on QO
induced by the random variable X;, and, hence,
E(%e41(%) = B (%11 |F (%)) = E(E (%41 [ F2) |[F (%))
— (2)(S)E(% |F (%)) = %, as. [P,
where the second equality follows from the law of iterated

expectations and the third equality (inequality) follows from the

martingale (submartingale) (supermartingale) assumption,
E(%11|7:) = (2) (€)% QED.
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o Corollary 2. If the stochastic process {)?t};o on (O, F,P)isa
martingale relative to the filtration F = {ft};o, then

E (%¢4n|Ft) =%, as. [P],fort=0,1,.T—1landn=12,..
and

E (Xt4n|Xt = xt) = x¢, as. [Px] fort=0,1,..T—1land n=1,2, ...

o Proof. Since F; C Fiy1 C ... C Firin_1, we apply the law of
iterated expectations and the martingale property,

E (Xtn |Ft) = E(E (Xt4n | Fran-1) |Ft) = E (Ren—1|Ft)

and we get the desired result by induction, i.e., by repeating the
previous procedure n times until we get

E(;(t+n|ft) :E()?t|f.t) :)?t- QED
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o Notation: In Dynamic Economics we use the notation E; (X;) to mean
E (% [Ft).
o If the stochastic process {%:};. o is "independently distributed" then

E¢ (%¢+j) = E (X¢4) for all t and j > 0.

o If the stochastic process {% };. o is "identically distributed" then
E (%) = E(X) for all t, where X is a random variable having the same
distribution as the random variable x; for all t.

o Thus, if the stochastic process {% }; o is "identically and
independently distributed (i.i.d.)" then E; (X¢4;) = E (x) for all t and
j > 0, where X is a random variable having the same distribution as
the random variable X for all s.

o Obviously, E¢ (%¢—j) = X, for all t and j > 0.
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o Let {)”(,,}:’:1 be a stochastic process or sequence of random variables
on (O, F, P). Note that we are making n =t + 1.

e Convergence in probability. The sequence of random variables
{)?n}‘;o:l is said to converge to the random variable X in probability if

lim P{|%,—%| > ¢} = lim P{w € O ||%n(w)—%X(w)| >e} =0, for all ¢ >0,
or

lim P {|x,—%| <e} =lim P{w € Q||X(w)—%(w)| <e} =1, forall e>0.
n—oo n—oo

o This concept is the same as that of "convergence in measure".

. ~ P ~ . ~ ~
o We use the notation kX, — X or plim %, = X.

n—oo
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o Convergence in mean square. The sequence of random variables
{5(,,}‘;0:1 belonging to L? is said to converge to the random variable
% € L? in mean square if

lim E [()”(,, - )?)2] = 0.

n—oo

. ~ m ~
o We write X, — X.
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o Proposition. If lim E(%,) = ¢, where c is a constant, and
n—oo

lim Var (X,) = 0, then %, — c.

n—oo

o Proof.

lim Var (%,)

n—oo

lim Var (%, — ¢)

n—oo

limE | (X

n—oo

n—oo

limE

lim E

n—oo

o Corollary. If E(X,) = c for all n, where c is a constant, and
lim Var (x,) = 0, then X, — c.
n—oo

J. Caballe (UAB - BSE)

Probability and Statistics

— lim [E (%, — ¢)]?
J n—od
2
— [ limE (x,) — c]
=0
=0. Q.E.D.
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o Almost sure convergence. The sequence of random variables
~ [e ) . . . ~
{Xn},_; is said to converge to the random variable X almost surely
(or strongly) if
P{ims =5} =P{uen

n—oo

lim %, (w) = x(w) } =1,

n—oo
or

P{ lim %, # x} = P{w €0 ‘n“ﬂ‘oo’?"(“’) + %(w)} =0

n—oo

@ This concept is the same as that of "convergence almost everywhere".

. ~ a.s .
o We write X, — X.
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o Sure convergence. The sequence of random variables {%,}"_;
said to converge to the random variable X surely if

lim X, = X, that is, I|m x,,(a)) = X(w) for all w € Q).

n—oo

o This concept is the same as that of "pointwise convergence" and is
rarely used in Statistics.

. ~ S ~
o We write X, — X.
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o Convergence in distribution. The sequence of random variables
{%n}5_ is said to converge to the random variable % in distribution
(or weakly) if the distribution function F, of X, converges pointwise
to the distribution F of X at every continuity point of F.

o We write X, LN X, X, — F, X, — :‘5 Xn N (Xn is asymptotically
distributed as X), X, 2 F or Xn 2 /F\’ where F and P are called the
asymptotic (or limiting) distribution function and the asymptotic
distribution of {X,}°"_; , respectively. Obviously, P is the distribution
associated with the distribution function F.

o All the previous convergence concepts can be applied to sequences of
random vectors, {Xn}:ozl with X, : (Q,F,P)— (]Rk, B (]Rk)) }
For convergence in probability we just need to replace the absolute
value |%,(w) — %(w)| by the Euclidean distance || X,(w) — X(w)]| .
where X is the limiting random vector. For convergence in mean
square, we just need to replace nILmOOE [()?,, — %)2} =0 by

iim E [[[ X, - X||| = 0.

n—oo
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—
P—

if X is a constant
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o Proof of s = a.s (trivial).

o Proof of a.s = p (trivial):
P{ lim %, :x} — 1= limP{|z, —%| <e} =1
n—oo

n—oo

o Proof of p = d (see the handout).

o Proof of d = p when X is a constant (see the handout).
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o Proof of m = p (easy):

o Recall the Markov inequality: If ¥ is a non-negative random variable,
then

P{y > a} < E(ay) for all a > 0.

Make a =¢2 > 0 and y = (%, — X)> > 0 so that

p{(;(n_;()z > 82} < E[(X’;—;;{ﬂ for all ¢ # 0.

Therefore,

iim P{ (%, — %) > &} < lim E [0 = for all e # 0.

n—o0 ~ n—oo 82
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If X, T, %, then

so that

ol ’
0< I|mP{(X,,—x) >8}< lim =0 for all € # 0.

n—oo

Thus,
lim P{|x, —X| > €} =0foralle >0,
n—oo

and, hence, X, L. % QED.
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o Definition. The sequence of distribution functions {F,}°"; on R¥
converges weakly to the distribution function F if F, converges
pointwise to F at every continuity point of F, i.e., lim F,(x) = F(x)

n—oo

if F is continuous at x € R,

o We write F, 2 F for weak convergence, while F, — F denotes
pointwise convergence of F, i.e., lim F,(x) = F(x) for all x € R¥.
n—oo

o Therefore, if X, ~ F,(x) and X ~ F(x), then

- d
X — X = F,,LF.
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o Example:

0 ifx< -~

Kn ~ Fp(x) =
1 ifle
n

and

0 ifx<oO

%~ F(x) =
1 ifx>0.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 25 / 100



@ Then,
lim F,(x) = F(x) for all x # 0,

and
nlinoan(O) =0# F(0) =1.
Therefore,
0 ifx<0
lim F,(x) =
e 1 ifx>0.

- . . d .
However, F is discontinuous at 0. Hence, F, — F <— %X, — X.
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(*]

Definition. The sequence of measures {3} on (R, B)
converges weakly to the measure p if lim u, (B) = pu(B) for all Borel
n—oo

sets B € BB (IR¥) such that j(9B) = 0, where 9B is the boundary of
B.

We write .

Proposition. F, 2, F if and only if P, LA 13, where P, and P are
the distributions (probability measures on (]Rk, B (]Rk))) associated
with F, and F, respectively.

Note: To say that lim F,(x) = F(x) when F is continuous at x € R
n—od

is equivalent to say that

lim P,(—o00,x] = P(—0c0, x|

n—oo

at every continuity point of F, i.e., at every point where P {x} =0.

Therefore, X, -, X <<= F, 5 F <— P, % p.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 27 / 100



o Proposition. The sequence of measures {3, }>_; on (R, B)
converges weakly to the measure y, i, — u, if and only if

im [ g()du, = [ g(x)dn.

n—oo

for all bounded and continuous functions
g: (R, B(R)) — (R,B).

o Corollary (Portmanteau theorem). The sequence of random
vectors {X,}°_, X, : (U F, P) — (R¥, B (R¥)), converges in
distribution to the random vector X if and only if

limE[g (X,)] =E [g (X)]

n—oo

for all bounded and continuous functions
g: (R, B(R)) — (R, B).
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o Recall that ¢ (t) = E (e) is the characteristic function,
M (t) = E (e') is the moment-generating function, and
Ay(t) = E (e”Y) is the Laplace transform of the random variable
(or of its distribution).

o Theorem (Lévy’s convergence theorem). X, <, % if and only if
lim @, (t) = @ (t) forall t € R.
or
% —L % if and only if lim M, (t) = Mx(t) for all t in the domain of

Ms, provided My is well-defined (i.e., finite) in a neighborhood of
t=0.

or
% —L % if and only if lim Ag, (t) = Ax(t) for all t in the domain of
Ax, provided Ay is well-defined (i.e., finite) in a neighborhood of
t=0.
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Paul Lévy (1886 - 1971)
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° Continuous mapping theorem. If a sequence of random vectors
{X:}° (Q, F,P) — (R, B (R¥)), converges in
dlstrlbut|on (|n probablllty) (almost surely) to the random vector X
and the function g : (R*, B (R¥)) — (R™, B (R™)) is continuous,
then g(X,) converges in distribution (in probability) (almost surely)
to g (X).

o Slutsky’s theorem. If the sequence of random variables {%,}5_,
converges in distribution to the random variable X and the sequence
of random variables {§,}"._; converges in distribution (or in
probability) to the constant ¢, then
- -~ d_

1) Xp+yn — X+c,
e o d

2) Xp-yn — CX,

3) X /¥n L)?/cforc#o.

o All the previous discussion about convergence can be extended to a
framework where the random variable X, is characterized by a vector

—k
r € R¥ and r converges to a € R".
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Evgeny Slutsky (1880 — 1948)
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Andrei Markov (1856 - 1922)
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o Discrete Markov Chains.

o A discrete Markov process (or Markov chain) is a sequence of discrete
random objects {X; } ;- ; defined on the probability space (Q, F, P)
taking values on the same countable set S (the state space),

% : (Q, F, P) — (5,2%), where the conditional distribution of %1
given (X, X¢—1,....X0) = (X¢, Xt—1, ..., x0) depends only on the value
x; taken by X; for t = 0,1, ..., i.e.,

P{Xt41 = Xe41|% = X¢. Xem1 = X1, ... X0 = X0 }
= P{X¢11 = xe41|% = x¢ },
for all (xp, x1, ..., ¢, Xe+1) € St 2 and t = 0,1, ...
o The elements of S are called states, S = {s1, s, ...} .

o A Markov chain is said to be finite if the state space S is finite.
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o Usually, the subindex t refers to "time" in Markov processes.

o The Markovian assumption is not so restrictive. To see this, define
Xt - ()?t,)?tfl, ...,)?t_j).

o If {)NQ} is a Markov chain then

t=0
P {)?H-l = Xe1|Xe = Xt} =

P{()?f—i-lr ---:)?t—j—i-l) = (Xt+1, ---th—j+1) ‘ ()?t, "'1)?1'—‘]') = (Xt, ...,Xt_j)} |

o Therefore, the conditional distribution of X;1; depends on the values
Xt_s taken by X;_s for s =0,1, ..., /.
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o Consider from now on a finite Markov chain with #5 = N < oo.

@ A transition matrix II is a matrix whose element 77; at the
(i,))-entry is the probability of X;11 = s; given % = s;,

7T T2 v TUN

TTp1  Ttp2 -+ TO2N
IT1= ,

TTyr 7Tty2 -+ TINN

where
Tt = P{)?prl = Sj|)~(t = S,'}.

@ 71 is called the transition probability from state s; to state s;.
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o Although one could consider Markov chains whose transition matrices
vary with t, Markov chains are usually understood to have
time-invariant transition matrices unless otherwise specified.

o Any row i of a transition matrix consists of nonnegative elements
which must add up to unity, } 7r;; = 1. A matrix with this property is
J

called a stochastic matrix and its rows are called probabilistic (or
probability) vectors .

@ The product of transition matrices is also a stochastic matrix that
gives the conditional probabilities after a sequence of transitions.
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o To see this, observe that, according to the theorem of total
(conditional) probability, we have the following:

N
P{SQ = Sj|)~<0 = S,'} = Z P{)?Q :Sj,)?l = Sm )~<0 = S,'}

m=1

N
= Z P{)”q = Sm|)~(0 = 5,'} . P{)~(2 = Sjl)?l = Sm,)~<0 = S,'}
m=1

N N
= Z P{)?l:Sml)?():s,'}'P{fQ:Sﬂfq:Sm}: TCim * TTmyj,
m=1 m=1

where the first equality follows as
{0 =5/} = U {% =sj, %1 = sm} and the events appearing in the

previous umon are disjoint, the second equality is obvious from the
definition of conditional probability, and the third equality follows from
the fact that P {X = sj|xi = sm, %0 = s;} = P {X = sj|X1 = sm} as
dictated by the assumption that {%};., is a Markov chain.
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o Note that 715, = Zﬁ:l Tlim * TTmj is the value appearing in the
(i, j)-entry of the square of the time-invariant transition matrix, IT2.

o Therefore, in general, the element 77+ in the (i, j)-entry of the
matrix IT! is
7Tij,t = P{)?t = Sj’)?() = S,'} = 'D{;(n—i-t = Sj‘)?n = S,‘},
foralln=20,1, ...

o Chapman-Kolmogorov equation:

N
— t+s tTTSs
71','jvt+5 = Z 7T,'m’t . 7ijv5 < H + — H H .

m=1

o Let the probabilistic row vector pg = (po1, Po2, ---, Pon ), Where
poi = P{X = s;i} withs; € S, correspond to the initial distribution of
states. A Markov chain with the transition matrix IT satisfies

P{X = siy, %1 = sij, %0 = Siy, ..XT = Siz } = Poio " Tioir Tirip"---" iy _yir »
for T=1,2,...and all (s;,s},,....s;;) € STHL.
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Sydney Chapman (1888 - 1970)
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o After t transitions, the unconditional probability to be in the state s;
is the jth coordinate of a row vector p;, where

pe = poll’.
o Clearly, p; evolves according to

pr+1 = pelL.

o The stationary distribution of a Markov chain is characterized by a
probabilistic row vector p* such that

p* = p'Il,
and, thus,

p* = p*ITt, for all t.

o p* is called the stationary probabilistic vector and its components
are called the stationary probabilities.
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o Definition. Given a square matrix A with n rows/columns, a non-zero
column vector x € R” is a (right-)eigenvector of A if it satisfies the
equation Ax = Ax for some scalar A € R. In this case, the scalar A is
the eigenvalue of A associated with the (right-)eigenvector x, or the
vector x is a (right-)eigenvector associated with the eigenvalue A.

o Note that the equation Ax = Ax can be written as Ax = Alx or as
(A— Al)x = 0, where 0 is a column vector of zeroes and I is the
identity matrix.

o Therefore, since x is a non-zero vector, an eigenvalue is a solution
(real or complex) to the equation

det(A— AI) =0,

and, hence, the set of vectors x satisfying the equation
(A—AI)x = 0, where A is an eigenvalue of A, constitutes a vector
subspace of R”.
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o Definition. The (right-)eigenspace associated with a particular
eigenvalue of a matrix is the set of the (right-)eigenvectors associated
with this eigenvalue, together with the zero vector (which has no
direction). That is, the (right-)eigenspace associated with the
eigenvalue A of the matrix A is the set of vectors x satisfying the
equation (A — Al)x = 0.

o Note: If x is a (right-)eigenvector associated with the eigenvalue A,
then the vector ax, where &« € R is an arbitrary scalar, belongs to the
(right-)eigenspace associated with the eigenvalue A. Moreover, any
linear combination of (right-)eigenvectors associated with the
eigenvalue A belongs to the (right-)eigenspace associated with the
eigenvalue A.
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o Definition. Given a square matrix A with n rows/columns, a
non-zero row vector x € IR” is a left-eigenvector of A if it satisfies
the equation xA = Ax for some scalar A € R. In this case, the vector
x is the left-eigenvector associated with the "left-eigenvalue" A.

o Note: A scalar A satisfying the equation xA = Ax (or xA = AxI or
x(A— AI) = QT) for some non-zero row vector x must be also a
solution to the equation det(A — AI) = 0. That is, the set of
"left-eigenvalues" coincides with the set of eigenvalues. However, the
sets of (transposed) left-eigenvectors and of (right-)eigenvectors are
not equal.

o Definition. The left-eigenspace associated with a particular
eigenvalue of a matrix is the set of the left-eigenvectors associated
with this eigenvalue, together with the zero vector (which has no
direction). That is, the left-eigenspace associated with the eigenvalue
A of the matrix A is the set of row vectors x satisfying the equation
x(A—AI) =0T.
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o A stochastic matrix has always an eigenvalue equal to 1 and the
column vector 1 = (1,...,1)T is one of the (right-)eigenvectors
associated with the eigenvalue 1. Obviously, since

Y mj=1 foralli <= Il1=1 <= (II-1)1=0,
J
we must have
det (IT-1) =0.
o Therefore, any column vector with identical values in its entries,
a =al = (a,a,..,a)7, belongs to the (right-)eigenspace associated
with the eigenvalue 1 of the stochastic matrix I1.

o The stationary probabilistic vector p* of the Markov chain is a
left-eigenvector associated with the eigenvalue 1 since

p*=pIl < p*(I1-1) =0T,

where 0T is a row vector of zeroes (0 is a column vector of zeroes).
Moreover, the elements of the vector p* must be non-negative and
add up to unity.
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o Brouwer’s fixed point theorem: Every continuous function f from
a convex compact subset D of R” to itself has a fixed point x*,
f(x*)=x*

f(x) A

X*¥ Lo == = = -

X*
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e Consider the unitary simplex A of R”,

xi € [0,1], fori=1,2,...,n, and Zx;zl}.
i=1

1

A= {(X]_,XQ, o Xp) €R"

o Note: The dimension of a set in IR” is the minimum number of
coordinates needed to specify any point within it.

@ Hence, the unitary simplex has dimension n — 1.
o The set of probabilistic vectors is the unitary simplex A.

@ The unitary simplex A is convex and compact and the function
f: A — A defined by f(p) = pIl, where IT is a stochastic matrix, is
continuous. Therefore, according to Brouwer's fixed point theorem, f
has a fixed point p*, f (p*) = p*, that is, there exists a probabilistic
vector p* such that p*I1 = p*.
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Therefore, the stationary probabilistic vector p* always exists but may
fail to be unique, since the eigenvalue 1 could exhibit a multiplicity.

The dimension of the (non-empty) set of stationary probabilistic
vectors is equal to the multiplicity of the eigenvalue 1 of the matrix I1
minus 1.

If there exists a matrix 11 such that lim ITt = ﬁ, then the row i of

t—oo
the limiting matrix I gives the conditional long-run (or ergodic)
probabilities of the different states when the initial state is s;. These
conditional ergodic probabilities define the "conditional ergodic
distribution" of the chain given Xy = s;.

The element 77; at row i and column j of the matrix I1 is thus

ﬁ,’j = tangoP {)?t = S',’f(o = 5,'}.
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@ Moreover, if all the rows of [T are identical and equal to the row
vector p, then this probabilistic vector p gives the "ergodic
distribution" of the Markov chain, which is the long-run distribution
of the Markov chain for all initial probabilistic vectors py. The row
vector p is called the ergodic probabilistic vector of the Markov
chain and its components are called the ergodic probabilities.
Clearly, in this case,

tlim pollt = poll = B, for all py.
—00
o Moreover, as
p* = lim p*ITt = p*I1 = p,
t—oo

the ergodic distribution, if it exists, coincides with the stationary

distribution, which is unique in this case.
o However, tlim IT" may fail to exist. Moreover, even if this limit exists,

—00

it may occur that the limiting matrix I has non-identical rows. In
these cases, there is no ergodic probabilistic vector and, hence, the
ergodic distribution does not exist.
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o Recall that a stochastic matrix has always an eigenvalue equal to 1
and that the column vector 1 = (1,...,1)T is one of the
(right-)eigenvectors associated with the eigenvalue 1. Therefore, any
column vector with identical values in its entries,

a =ual = (a,a,..,a)7, belongs to the (right-)eigenspace associated
with the eigenvalue 1.

o While stochastic matrices have at least one eigenvalue equal to 1, the
other (real or complex) eigenvalues have modulus smaller or equal
than 1.

o A sufficient condition for the existence of the ergodic distribution is
that the transition matrix IT be regular (i.e., there exists a natural
number t for which the matrix IT" has only strictly positive elements).
In this case, p = p* > 0.
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Doeblin’s Theorem: A Markov chain has an ergodic distribution if
and only if there is a natural number t for which IT* has a column j
whose elements are all strictly positive. In this case, p; = pj’-“ > 0.

Note that, if the column j has all its elements strictly positive, then
the state s; has always a strictly positive probability of being reached
for all the states of the chain in the previous period. The state s; is
going to visited again and again and, after a while, the chain’s initial
distribution is going to get “forgotten.”

Please, read the Introduction and Sections 1 and 2 of Bru, B. and
Yor, M. (2002). "Comments on the life and mathematical legacy of
Wolfgang Doeblin." Finance and Stochastics 6: 3-47.
https://link.springer.com/content/pdf/10.1007%2Fs780-002-8399-
0.pdf

An equivalent necessary and sufficient condition for the existence of
the ergodic distribution is that the matrix IT has a unique eigenvalue
equal to 1 and all the other eigenvalues have modulus strictly smaller
than 1.
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Wolfgang Doeblin (1915 — 1940)
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If the limiting matrix I exists, then

H-ﬁzn-(nmnf) — lim Tt = 11

t—oo t—o0

Therefore, if the column vector 77, is the column j of ﬁ then
7, = 7; (or (IT—-1)7t; = 0) so that 7T; belongs to the
(right-)eigenspace associated with the eigenvalue 1 of the matrix IT.

In fact, the column vectors of TI span the (right-)eigenspace
associated with the eigenvalue 1 of the matrix I1.

Thus, if the matrix I'T has only one eigenvalue equal to 1 and all the
other eigenvalues have modulus strictly smaller than 1, then the
limiting matrix [1 exists and all the columns of IT will be proportional
to a column vector &« = (&, &, ..., @)T, with identical values in its
entries, which implies in turn that all the rows of [T are identical and,
hence, the ergodic distribution exists. Moreover, in this case the
stationary probabilistic vector is unique. (Case I)
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o If the matrix I1 has several eigenvalues equal to 1 and all the other
eigenvalues have modulus strictly smaller than one, then the limiting
matrix [1 exists but its rows are non-identical. Therefore, the ergodic
distribution does not exist. Moreover, in this case the set of
stationary probabilistic vectors has dimension equal to the multiplicity
of the eigenvalue 1 of the matrix IT minus 1. (Case Il)

o If the matrix Il has some eigenvalues different from 1 but with
modulus equal to 1, then the limiting matrix I1 fails to exist.
Therefore, the ergodic distribution does not exist. Moreover, in this
case the set of stationary probabilistic vectors has also dimension
equal to the multiplicity of the eigenvalue 1 of the matrix IT minus 1.

(Case III)
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)

Moreover, if the limiting matrix I exists, then

-1 = (limnf)-nz lim IT6+1 = 11

t—oo t—o0

Therefore, if the row vector 7t; is the row / of ﬁ then 77,11 = 7T; (or
7T (IT—1) = QT) so that 7; belongs to the left-eigenspace associated
with the eigenvalue 1 of the matrix IT.

In fact, the row vectors of 1 span the left-eigenspace associated with
the eigenvalue 1 of the matrix IT.

Recall also that the row i of the limiting matrix I gives the
conditional long-run (or ergodic) probabilities of the different states
when the initial state is s;. These conditional ergodic probabilities
define the "conditional ergodic distribution" of the Markov chain
given Xp = s;.
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o Definition. A state s; € S is absorbing if

Tt = P{;(t+1 = S,'|)~(t = S,'} =1.

o If the state s; is absorbing then a probabilistic vector that assigns
probability 1 to the state s; (and zero probability to the other states)
is a stationary probabilistic vector.

o Assume that the limiting matrix I exists. If the state s; is absorbing
then the (/, j)-entry 7tj; of the matrix IT gives the probability that a
chain starting in state s; ends up being absorbed by state s;.

o Definition. A set E is ergodic if
(a) E is a subset of the state space S.

(b) P{%¢11 € E|x; € E} = 1.
(c) No proper (or strict) subset of E satisfies property (b).

o Note: D is a proper (or strict) subset of E if D C E and D # E.

o Note: Absorbing states are ergodic sets with #E = 1.
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o Definition. A state s; € S is transient if, given Xy = s;, there is a
non-zero probability that we will never return to s;, i.e., if

P ﬂ{)"(t;és,-}%:s; > 0.
t=1

o Definition. A state s; € S is recurrent (or persistent) if it is not
transient, i.e., if

P(G{)?t:s,-} )~(():$,'>:
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Definition. A state s; € S has period k if any return to state s; must
occur in multiples of k transitions (or steps or time periods).

Formally, the period of a state s; is defined as the greatest common
divisor of {t | P{% = si| X = s;} > 0}, where t is a strictly positive
natural number.

Note that even though a state has period k, it may not be possible to
reach the state in k steps. For example, suppose it is possible to
return to the state in {6,9,12,15, ...} steps; k would be 3, even
though 3 does not appear in this list.

If k =1, then the state s; is said to be aperiodic: returns to state s;
can occur at irregular times. Otherwise (k > 1), the state s; is said to
be periodic with period k. Thus, absorbing states are aperiodic.
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o Examples. The state space is S = {s1, 5,53} .

o Case |l.

t

3/10 0 7/10 24/73 21/73 28/73

Jim | 4/5 1/5 0 — | 24/73 21/73 28/73 | =11
“*\ 0 3/5 2/5 24/73 21/73 28/73
I

@ None of the columns of the transition matrix IT has all its elements
strictly positive. However, the eigenvalues of the matrix I are 1 and
—0.05 4 0.59791/ (which have modulus smaller than 1) so that the
ergodic distribution exists. In fact, the matrix IT is regular. In this

case,
s (®23m
P=P=\73 13 73

and the single ergodic set is the state space S = {s1, s, s3} . All the

states are recurrent (or persistent) and aperiodic.
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e Case Il.
t

2/5 1/5 2/5 0 1/3 2/3 R
im{ o 1 o0 —|lo 1 o |=11
e\ o0 0 1 0 0 1
11

e The matrix [1 exists but has non-identical rows. The eigenvalues of the
transition matrix IT are 1,1 and 0.4. Hence, there is no ergodic probabilistic
vector and the ergodic distribution fails to exist. Moreover, all the columns of ﬁ
belong to (and they span) the (right-)eigenspace associated with the eigenvalue 1
of I'L.

e The Markov chain has the following stationary probabilistic vectors:

p*= (0, B, 1— ﬁ) for all B € [0,1],
which form a subset of IR3 of dimension 1 (= 2 — 1). Clearly,
(0.5,1—p) - 11=(0,5,1—-p).
® The states sy and s3 are absorbing and there are two ergodic sets: {52} and
{s3}. The state s is transient whereas the states s, and s3 are obviously

recurrent (or persistent). All three states are aperiodic.
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o Case lll.
0 1 0
tli_)ngo 1 0 0
3/10 2/10 1/2

Il
does not exists since
0 1 0 \° 01 0
1 0 0 = 1 0 O
3/10 2/10 1/2 ar br ¢
if tis odd, whereas
0 1 0 \* 1 0 0
1 0 0 = 0 1 0
3/10 2/10 1/2 di e f;

if t is even. Thus, there is no ergodic distribution.
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o The eigenvalues of the transition matrix IT are 1, —1 and 0.5. Thus,
since there is an eigenvalue different from 1 with modulus equal to 1,
tlim IT! does not exist and there is no ergodic probabilistic vector.
—00

o Since there is only one eigenvalue equal to 1, the Markov chain has
the following unique stationary probabilistic vector:

i 11
P —(5' 5'0)-

o The single ergodic set is {s1, s>} . The state s3 is transient and
aperiodic. The states s; and s, are recurrent (or persistent) and
periodic with period 2.
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o A 4 x 4 matrix example (Case Il) - Exercise

o The matrix
1/5 0 4/5 0

0o 3/5 0 2/5
7/10 0 3/10 O
o 1/2 o0 1/2

7 =

could be rewritten, without loss of generality, as

1/5 4/5 0 0
7/10 3/10 0 0
0 0 3/5 2/5
0 0 1/2 1/2

IT =

by permuting or relabeling the states s, and s3. In this way, the two
ergodic sets become more apparent.
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1/5 4/5 0 0 \°' 7/15 8/15 0 0O

| 7710 3/10 0 o | 7/15 8/15 0 0
%l 0 0 3/10 4/10 | T o 0o 5/9 4/9
0 0 1/2 1/2 0 0 5/9 4/9

i fi

o The matrix I1 exists but has non-identical rows. The eigenvalues of
the transition matrix IT are 1,1,0.1, and —0.5. Hence, there is no
ergodic probabilistic vector and the ergodic distribution fails to exist.
Moreover, all the columns of I1 belong to (and they span) the
(right-)eigenspace associated with the eigenvalue 1 of IT.
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The Markov chain has the following stationary probabilistic vectors:

s _ [, 8% 5 25 4 20
P=\" 79 2109 21

T ) for all « € [0,7/15],

which form a subset of R* of dimension 1 (=2 —1). Clearly,

o 885 2w 4 20w\ . ( 8x 5 250 4 20u
"7'9 219 21 S\ 7’9 2179 21)°

If « = 7/15, then we remain all the time in the (relabeled) ergodic
set {s1,s2} . If & =0, then we remain all the time in the (relabeled)
ergodic set {s3,s1} .

There are no absorbing states and there are two (relabeled) ergodic
sets: {s1, s} and {s3,s1} . All the states are recurrent and aperiodic.
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o Absorbing Markov Chains:

o Definition. A Markov chain is absorbing if it has at least one
absorbing state and if from every state it is possible to go to an
absorbing state (not necessarily in one step).

o Questions:

@ What is the probability that the chain will eventually reach an
absorbing state?

©Q On the average, how many times will the chain be in each transient
state?

© On the average, how long will it take for the chain to be absorbed?

© What is the probability that the chain will end up in a given absorbing
state?

o See the handout for the answers to these four questions.
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(4]

Irreducible Markov Chains:

Definition. A Markov chain is called irreducible (also called
ergodic) if it is possible to go from every state to every state (not
necessarily in one step).

Questions:
@ On the average, how long will it take for the chain to reach state S for
the first time if it started in state s;?
Q If the chain is started in state s;, how long will it take on average to
return to s; for the first time?
See the handout for the answers to these two questions.
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o General Markov processes:

o Definition. A Markov process (or chain) is a sequence of random
objects {X¢}5 o\ X 1 (O, F, P) — (Q¥, F'), where the conditional
distribution of X¢11 given (X, Xe—1, ..., X0) = (X¢, X¢—1, ..., xo) depends
only on the value x; taken by X; for t =0,1, ...,

P{;(t+1 € B|)~(t == Xt,)?t_]_ == Xt—1, ,)?0 = XO}
= P{;(t+]_ € B|)~(t == Xt},

forall B€ F', all (x0,x1,...x) € (), and t=0,1,..
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o A Markov process {%:} ., has time-invariant transition if there exists
a time-invariant function called the transition function
Q: OYxF' — [0,1], which is given by

Q(x,B) =P{%:1 € B|%x =x}, foral xe O/, Be F/,t=0,1, ...
so that the distribution P;1; of the random object X;;1 is given by

the following recursive formula (which arises from the theorem of
total probability):

Pev1 (B) = /Q Q(x, B)dP; (x), forall Be F, t =0,1, ..

o Thus, the stationary distribution P* of the Markov process satisfies

P*(B) = /Q/ Q(x, B)dP* (x), forall B € F'.
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o Assume now that the random objects {%};., are random variables,

%:(Q,F,P)— (R,B).

@ The Markov process of random variables {)?t}:ozo has an ergodic
distribution P if P, P for all Py. In this case, P = P* and the
stationary distribution P* is unique.

o Thus, a Markov process of random variables {%;} - , having the
ergodic distribution P converges in distribution to a random variable

- . C s d =~
X having the distribution P, X, — X or x; — P.
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o If the random objects {X;};. , are absolutely continuous random
variables, X; : (), F, P) — (R, B), with the density f;, and there
exists a time-invariant conditional density 5 (- |x) : R — R such
that

P (%1 € B|% = x} :/ frs (< |x )¢,
B
forallxeR, Be B, t=0,1,...,

then

Pea(B) = [ fua(x)ad = [ [ froos (' x) dca

:/ / f;/|)~< (x" |x)fe(x)dxdx’, forall Be B, t=0,1,..
B JR

-~

fer1(x")
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o Therefore, the densities evolve according to

frr1(x) = /]R faix (X" |x)fe(x)dx, for all X' € R.

o Thus, the stationary density f* of the Markov process satisfies

f*(x’):/ s (< |x)F*(x)dx, for all X' € R,
R
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Siméon Denis Poisson (1781 - 1840)
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@ See the handout for the proof of the following statements:
o Let
b(x;n,0) = <n) *(1-0)""", x=0,1,...,n.
X

be the probability function of a binomial random variable with the
parameters n and 6. Then

ANe A
nlinoo b(x;n,0) = elinz] b(x;n,0) = — forx=20,1,...
nf=A€(0,00) nG:AZ(O,oo) x

o The random variable X has a Poisson distribution if its probability
function is

Ae 2
X.

with A >0, forx=0,1,...

p(x;A) =
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o We write X ~ P(A).

o Thus, if X, ~ B(n,0), then X, — P(A) when n — oo and
nd = A € (0,00) (or when 6 — 0 and nf = A € (0, c0)).

o Mean and variance of the Poisson distribution:

u=nb=A,

and
o2 =nh(1—-6) = A,

since n@ = A and 6 — 0.
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(4]

(+]

(]

Moment generating function of the Poisson distribution, Mx(t) :

M;((t) — e/\(et_l)-
The Poisson approximation to the binomial distribution is good when
n>30and 0 <0.1.
Example. Let n =500 and 6 = 0.01. Thus, A = nf = 5. Find
P{x=T7}.

_ 57e™>
P{x=1}~p(7:5) = —;

= 0.10444,
whereas

500
b(7;500,0.01) = < . ) (0.01)" (0.99)%%° = 0.10476.

Thus, the approximation error is 0.00032.
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o Theorem (De Moivre-Laplace). If X, is a random variable having a
binomial distribution with parameters n and 6 € (0,1), i.e., its

probability function is b(x; n, @), then the moment generating
function of the standardization of X,

Zn:i,,—E(S(,,) _ Kb

\/ Var (x,) nf(1—0)

tends to that of the standard normal distribution as n — oco. Hence,
z, — N(0,1).

o Proof. See the handout.
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Abraham de Moivre (1667 - 1754)
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o Let X ~ B(n,6) and a and b are natural numbers smaller or equal
than n, with a < b. Then, if n is large,

P{agigb}:P{a—%§%§b+%}

_P{a—%—n9< X — no <b+%—n9}

\/nb VnB(1—0) — /nb(1—0)

_p a—%—nQ b+——n9
\/ N \/n9 1-0
b+ 5 —nf a—1%—nb
=N (m) o (—m> |

where N(-) is the distribution function of a standard normal random
variable Z.

o The i% continuity correction becomes less important as n increases
when a < b.
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(]

(]

Moreover,
1 1
5 —no — 5 —nb
P{x=x}~N Xta—nv) N X" _
nf(1—9) nf(1—0)
The normal approximation to the binomial distribution is good when

n > 5 and n(1—0) > 5.

Example. Let n =100 and 6 = 0.4 (nf = 40, nf(1 —0) = 24).
Find P {% = 35} .

354+ 140 35—-1-40
P{x=35}~N »d+;-40 N[22 ™
V24 V24

= N (—0.91856) — N (—1.1227) = 0.04838,

whereas
100

b(35;100,0.4) = ( 35

) (0.4)* (0.6)% = 0.04913.

Thus, the approximation error is 0.00075.
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o Let {X;}= be a collection of random variables (or stochastic
process) defined on the probability space (Q), F, P) . Define the
random variable "sum", indexed by n, as
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o Definition. The collection {%;}:-; of random variables satisfies the

weak law of large numbers (WLLN) if X, — E (X,) —= 0, i.e.,

lim P{|x, —E(X,) —0| > e} =0foralle >0

n—oo

or
lim P{|x, —E (Xn)| > €} =0, forall ¢ > 0.

o Note: {%;}:-, satisfies the WLLN if and only if X, — E (X,) 0.
Moreover, if X, — E (X,) — 0, then {X;}7", satisfies the WLLN.

o Definition. The collection {%;}:-; of random variables satisfies the
strong law of large numbers (SLLN) if X, — E (X,) =20, i.e.,

P{ lim [%, — E (%,)] = o} =1

n—oo
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Andrei Kolmogorov (1903 - 1987)
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o Kolmogorov’s Theorem 1. If

(a) {%}72, are independent random variables with %; € L? for all i,
and

(5 o
Zval;__,z(xi)<oov

i=1
then {X;};-, satisfies the SLLN.

o Note: Under the assumption of independency,

n n
L Xi Y. Var (%)
Var (x,) = Var 'ZZ =1
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o Particular cases:

o (1) {x;}:>, are independent and Var (%;) < M for all i, where
M < oo is a fixed bound.
Clearly, in this case,

Var (%) <M =1 2
Z—, SZ—Q—M <EE>ZM'F<°°'

i=1

o (2) {x}:2 are independent random variables with
Var (%) = 02 < oo for all i (this is a particular case of Case 1).

In this case,

m=

Var (%;) o2

Var(i,,) —IT: 7: 7
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o (3) Both (a) and (b) hold and E (%;) = u for all i.

In this case,

E(x,)=E |-

CE(R)
==t = _ i, forall n,
n n

n
Xi
=1
n

so that X, — u 22,0, which can be written as X, 22, U since
P{ lim (X, —p) = 0} = 1 is equivalent to P{ lim x, = y} =1
n—oo

n—oo
.. _ P . _ p
o Similarly, X, — 4 — 0 can be written as X, — .

o Note: If {%;}°-, are independent with the finite mean p and the finite
variance o for all i, then

o2
E(x,) =p and Var(x,) = -
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Kolmogorov's Theorem 2. If {%;}*- are i.i.d. random variables
with %; € L! for all i, then {%;}’, satisfies the SLLN.

Notes:

(a) Theorem 2 implies that X, =% u, where u = E (X,) = E (X;) for
all /.

(b) Theorem 1 requires finite variance and } ;- Vaﬁ(;(") < 0o whereas

Theorem 2 does not (only finite mean is required in Theorem 2).

(c) Theorem 2 requires i.i.d. whereas Theorem 1 does not (only
independency is required in Theorem 1).
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o Let us prove the WLLN for the previous particular case 1, i.e., when
{%}:2, are independent and Var (%) < M for all i, where M < o0 is
a fixed bound.

o First observe that the Chevyshev's inequality,
- 1
Py —m;| = ko3 } < 5. forall k>0,
can be rewritten as

_ o

<tNo

by making the change of variable koy = & > 0.
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o Proof. Make y = X, so that

Var (X,)

P{[% — B (Rn)] > €} <~

, foralle>0.

Take limits in both sides,

lim P {[%—E (%) > e} < lim oL Xn)
n—oo

n—oo &

>0

= < lim o= = lim —=0. Q.ED.
o The LLN for higher moments: if {%;}-; are i.i.d. random
variables with %; € L¥ for all i and k = 1,2, ..., then the process

{)?,-k}?ozl is i.i.d. and satisfies the SLLN, that is mf(vn 23, )., where

i

m,  is the average and i}, = E (%¥) is the kth (non-central)
moment of X; for all /.
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o Example:

o Let {X}= be i.i.d. Bernoulli random variables with parameter 6 so
that E (x,) =0 and Var (%;) = 6(1 —0) for all /.

o Then, the random variable 5, = Y_ %; is binomial, S, ~B(n,0).
i=1

o Moreover, the random variable

is the percentage (or proportion) of successes in n trials and
A(1—0
E(X,) =6 and Var(x,) = g
n

o Therefore, from any of the two Kolmogorov's theorems, we get

— a.s
X, — 0,

i.e., the percentage (or proportion) of successes converges (almost
surely) to the probability of success in each trial when n — oo.
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o However, it is not true that the number of successes (almost surely)
converges to the expected number of successes since the expected
number of successes E (5,) = nf tends to infinity as n — oo. In fact,
even the following is false:

5, —E(5) 20 < 5,—n0 250, (The fallacy of the LLN)

o Note that, from Chevyshev's theorem, we have

. . Var (5,)  nf(1-0)
(15, ~E(5)] 2 o) < B _ 0020

and taking limits we get

nf(1—0) _

n—oo n—oo 82

lim P (}5,, — nG} > s) < lim
which is a useless inequality!
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o Application:

Consider a set of n individuals (or objects). For each individual i
there is a random variable Z;, i = 1, ..., n. The collection of random
variables {Z;}7_; is i.id. and P{z € A} =0 for all /.

Let X, be the number of individuals for whom their respective random
variables z;, i = 1, ..., n, take a value in the set A (z; € A).

Then, the expected number of individuals for which z; € A,
i=1,...,n,is

Let y, = X" be the percentage (or proportion) of individuals for

n
which z; € A, i=1,...,n
Then, the expected percentage (or proportion) of individuals for
which z;, € A, i=1,...,n,is

E(yn) = 0.

The law of large numbers tells us not only that E (y,) = 6 but also
that 7, — 6 (and, thus, ¥, P, 6) as n — oo.
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o Theorem (Lindeberg-Lévy). Let {%;}%°, be i.i.d. random variables
with E(%;) = u and Var(%;) = 02, with 0 < ¢? < oo, for all i. Then
in_E(in) o in_ﬂ

VVar (x,) o /vn

converges in distribution to a standard normal random variable as
n — oo. Thatis, z, — N(0, 1).

zy

o Proof: See the handout.
o Note I1: The theorem does not say that X, — N (j, 0/ n) since

_ d D
02/ n — 0 and, thus, X, — p, which is a consequence of any of
the two Kolmogrov's theorems.

o Note 2: z, = — N(0,1) can be written as

Xn—H
o /v/n
Vn (X,—p) — N(0,0?).
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The evolution of the standardization of X,,.

1

2
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4
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Jarl W. Lindeberg (1876 — 1932)
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o Other Central Limit Theorems (CLT’s):

o Theorem (Liapunov). Let {X;}?°; be independent random variables
with finite third moments, E(%;) = u;, Var(%;) = 02 with
0 < 0? < oo, and E[|% — ;]3] = m3;. If

j 1/3
(L)
lim 2=t 7 _¢

j—oo j 1/2
i=1

then z, = X —E(Xn) — N(0,1).

— /Var (x,)
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Aleksandr Liapunov (1857 — 1918)
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o Theorem (Lindeberg-Feller). Let {X;}; be independent random
variables with distributions P;, E(%) = u,, and Var(%;) = 02 with

1/2
J

0 < 0% < co. Define ¢; = (Z(f%) If
i=1

1 J
lim = Z/ (x — p;)%dPi(x) = 0, for every e >0,

% —E(%
then 2z, = Xn—E(Xn) — N(0,1).
Var (X,)
o Note: The theorems of Lindeberg-Lévy and Liapunov are special cases
of the Lindeberg-Feller theorem since the assumptions of any of the
first two Central Limit Theorems imply those of the Lindeberg-Feller.
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William ("Vilim") Feller (1906 — 1970)
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o Multivariate Central Limit Theorem:

Let {X;}%, be a sequence of k-dimensional random vectors,

Xi = (X1, %2, ...,>~<,-k)T. If {cTX;}5>, converges in distribution to a
normal random variable for every k-dimensional vector of scalars,
c=(c, ..., ck)T with ¢ # 0, then the limiting distribution of
{Xi}$2, is multivariate normal.

o Notice that showing convergence in distribution to a normal random
variable for each random variable appearing in the random vector X;
separately (that is, showing that {X;}?; converges in distribution to
a normal random variable for j = 1,2, ..., k) is not sufficient for the
convergence in distribution of the sequence {X;}%, of random
vectors to a random vector having the multivariate normal
distribution.
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Proof that convergence in probability implies convergence
in distribution.

Step 1. Let y and Z be random variables on the same probability space (2, F, P),
x a real number and € > 0; then

P{Z<z}=P{Z<o,y<ax+ec}+P{Z<z,y>0+¢}

<PLEZL<ry<z+e}+P{Z<zy>x+ec} <P{y<z+el+P{Z<z,x<y—c¢e}
<P{y<a+et+P{z-y<—<ep<P{y<az+et+P{lz—yl>¢}

since
P{iZ<zr,o<y—-c}=P{Z<zx<y—e}<P{Z<y—e}=P{Z—-y< —¢}
and

Pllz—ylze}=P{Z-yzep+P{z-y< -} 2 P{z-y<—¢}.
Summing up,

P{Zz<z}<P{y<az+e}+P{z—y|>c}.

Step 2. Consider now the sequence of random variables {Z,, } - , and the random
variable T on the same probability space (€2, F, P) such that z, 2, 7, that is,

lim P{|z, — 2| >¢} =0, foralle >0

Using step 1 we obtain, for every € > 0 and x € R,
P{Z, <z} <P{E<z+e}+P{z,— 7 >e}
and, equivalently,

P{z<z—¢e} <P{z, <z} +P{lz -2, >¢}.

g
= P{[#,~|>¢}

Combining the previous two inequalities, we have
Pl <x—e}—P{7, - 7| >e} < P{7, <z} < P{z <z +e}+P{[7, — 7| > ¢}.

Taking the limit when n — oo, and using the fact that ¥, —— Z, so that
lim P (|z, — | > ¢) = 0 for all ¢ > 0, we obtain

n—oo

P{z<z—e} < limP{z, <z} <P{T<z+e},

1



which can be rewritten as

F(r—e)< limF,(x) < F(x+e¢),

n—oo

where F,, is the distribution function of 7,, and F' is the distribution function of

T.
Assume that the distribution function F is continuous at x. Then,

ImF (z —¢) < lim F, (z) < imF (z +¢)

e—0 n— o0 e—0

becomes
F(z) < limF, (z) < F(x),

n—oo

which means that lim F, (z) = F (z) at every continuity point x of F. Therefore,

n—oo

Proof that convergence in distribution to a constant
implies convergence in probability.

Let 7, 4, a, where a is a constant. For any € > 0 we have that

P{lz,—a|<e}=Pla—ec<z,<a+e}= lim F,(z)—F,(a—¢). (%)
z—(a+e)”

. ~ d . .
Since x,, — a, F), converges pointwise to

0 forz<a
F(z) =
1 forz>a

at every continuity point of F, i.e., for all z # a. This implies that F,,(a — ¢)
converges to 0 since a — ¢ < a, while F,(z) converges to 1 for all z > a. Hence,

lim ( lim Fn(z)) = 1 since a + ¢ > a.

n—0oo (a+e)™

Using the previous facts, and taking the limit of () when n — oo, we get

lim P{|z, —a|] <e}=1—-0=1, foralle >0,

so that &, — a. Q.E.D.



ABSORBING MARKOV CHAINS

Definition 1. A Markov chain is absorbing if it has at least one absorbing state
and if from every state it is possible to go to an absorbing state (not necessarily
in one step).

Obviously, in an absorbing Markov chain, a state that is not absorbing is
transient. When a Markov chain reaches an absorbing state, we shall say that it
is absorbed.

The most obvious questions that can be asked about an absorbing Markov
chain are: What is the probability that the chain will eventually reach an
absorbing state? On the average, how many times will the chain be in each
transient state? On the average, how long will it take for the chain to be absorbed?
What is the probability that the chain will end up in a given absorbing state?
The answers to all these questions depend, in general, on the state from which
the chain starts as well as the transition probabilities. The next Theorems 1, 2,
3 and 4 provide the answers to those four questions.

Consider an arbitrary absorbing Markov chain with the state space S =
{s1,...,sn} . Renumber the N states so that the transient states come first. If
there are ¢ transient states and d absorbing states (¢ + d = N), the N x N
transition matrix II of the chain can be written in the following canonical form:

Trans. Absorb.

Trans. Q D
H — ) (]‘)
Absorb. 0 I

where I is a d X d identity matrix, 0 is a matrix of zeroes (in this case a d X ¢
matrix), D is a non-zero ¢ X d matrix and @ is a ¢ X ¢ matrix. Thus, now the
first ¢ states are transient and the last d states are absorbing.

We know that the entry m;;; of the matrix II* is the probability of being in
state s; after ¢ steps when the chain is started in state s;. A standard matrix
algebra argument shows that IT* has the following form:

Trans. Absorb.

Trans. Q' *
I =
Absorb. 0 I

where the asterisk * stands for the ¢ X d matrix in the upper right-hand corner
of IT'. This submatrix can be written in terms of ) and D, but the expression
is not needed at this time. The form of IT* shows that the entries of Q' give the
probabilities for being in each of the transient states after ¢ steps for each possible

1



transient starting state. In our first theorem we will prove that the probability
of being in the transient states after ¢ steps approaches zero. Thus, every entry
of Q' must approach zero as t goes to infinity.

Theorem 1. In an absorbing Markov chain, the probability that the chain will
be absorbed is 1, i.e., hm Qt = O where 0 is now a q X g matrix of zeroes

Proof. From each non-absorbing state s; it is possible to reach an absorbing
state. Let m; be the minimum number of steps required to reach an absorbing
state, starting from s;. Let 7; be the probability that, starting from s;, the chain
will not reach an absorbing state in m; steps. Then m; < 1. Let m be the largest
of the m; and let m be the largest of the m;, i = 1,...,q. The probability of not
being absorbed in m steps is less than or equal to 7, in 2m steps less than or equal
to 72, etc. Since 7 < 1, these probabilities tend to 0. Therefore, the probability
of not being absorbed in ¢ steps is monotone decreasing in ¢ and tends to 0 as ¢
goes to infinity. Hence, tlggo Q'=0. Q.E.D.

The next theorem shows that the (i, j)-entry n;; of the ¢ x ¢ matrix (I — Q)"
gives the expected number of times that the chain is in the transient state s; if
it is started in the transient state s;:

Theorem 2. For an absorbing Markov chain the matrix I — () has an inverse
and

I-Q) ' =I+Q+Q+Q°+..=> Q" (2)
k=0

The (i, j)-entry n;; of the matrix (I — Q)" is the expected number of times the
chain is in the transient state s; given that it starts in the transient state s;. The
initial state is counted when i = j.

Proof. In order to prove that the matrix I — () has an inverse, we will use the
fact that a square matrix G has an inverse if and only if Gx = 0 implies that
x = 0, where 0 is a column vector of zeroes. Let (I — Q)z = 0, that is, z = Q.
Then, iterating this we see that z = Q'z for all ¢. Since lim Qt =0, we have that

lim @'z = 0, which implies that 2z = 0. Thus, the inverse matrlx (I—Q)"" exists.

t—oo

Note next that
I-QI+Q+Q*+Q°+...+Q") =1-Q"".
Letting ¢ tend to infinity, from Theorem 1 we get
I-QI+Q+Q@+Q +.)=1-lmQ* =1-0=1

so that (2) holds.
Let s; and s; be two transient states and assume throughout the remainder
of the proof that ¢ and j are fixed. Let Z; be a random variable that equals 1



if the chain, starting from s;, is in state s; after ¢ steps, and equals 0 otherwise.
For each ¢, this random variable depends upon both i and j. We have,

P{z, =1} = g4

and
P{z, =0} =1— g,

where ¢;;; is the (4, j)-entry of the matrix @'. These equations hold for ¢t = 0
since Q° = I. Therefore, since 7, is a 0-1 random variable, E(Z;) = ¢;;4.

The expected number of times the chain is in state s; in the first k& periods,
given that it starts in state s;, is clearly

k
E(JNI() + Zil + 532 4+ ... + Zf‘k) = ZQij7t‘
t=0
Letting k tend to infinity we have,
E(j() + Zf'l + .i'g + ) = Zqij’t = nij,
t=0

where the last equality comes from (2). @Q.E.D.

Definition 2. Consider an absorbing Markov chain with transition matrix II
having the canonical form (1). The matrix (I — Q)" is called the fundamental
matrix for this absorbing chain.

The following theorem states that the sum of the entries in the ith row of the
fundamental matrix (I — Q)" is the expected number of periods before the chain
is absorbed when it starts in state s;:

Theorem 3. Let n; be the expected number of periods before the chain is
absorbed, given that the chain starts in the transient state s;, and let n be the
column vector of dimension ¢ whose ith entry is n;. Then, n = (I — Q)_l 1, where
1 is a column vector whose entries are ones.

Proof. If we add all the entries in the ith row of (I —Q)™", we will obtain the
expected number of times in any of the transient states for a given starting state
s;, that is, the expected time required before being absorbed. Thus, n; is the sum
of the entries in the ith row of (I— Q). If we write this statement in matrix
form, we obtain the theorem. Q.E.D.

Our last theorem gives the probability that the chain will end up in a given
absorbing state.

Theorem 4. Let b;; be the probability that an absorbing chain will be absorbed
in the absorbing state s; if it starts in the transient state s;. Let B be the ¢ x d



matrix with entries b;;. Then, B = (I — Q)_l D, where D is as in the canonical
form (1).

Proof. Let ¢, be the (i,m)-entry of the matrix Q' and d,,; the (m, j)-entry of
the matrix D, ¢ =1,...,q, m = 1,...,q, and j = 1, ...,d. The probability b;; may
be computed as follows: find the probability of being absorbed by state s; after
spending exactly ¢ steps in transient states and being in the transient state s, in
the last step before absorption. This probability is gm (dm,;. Then, add over all
transient states before absorption and all number of steps,

[eS) q q oo q
bij = Z Z Qim,tdmj = Z Z Qim,tdmj = Z nimdmja
m=1

t=0 m=1 m=1 t=0

where the last equality comes from Theorem 2 and the last expression is the
(, j)-entry of the ¢ x d matrix (I — Q)" D. Q.E.D.

An implication of the previous theorem is that

~

. quq qud
tllm Ht = H = )

Od><q Id><d

which means that the limiting matrix I exists for absorbing chains.

Example 1. Consider the Markov chain with the following transition matrix
(Case II in the class notes):

2/5 1/5  2/5
Q1><1 D1><2
I = = 0 1 0

62><1 I2><2
0 0 1

Since the matrix IT has the canonical form (1), the Markov chain is absorbing. It
has one transient state (s;) and two absorbing states (s, and s3). Moreover, for
this matrix we found that

- 01><1 Bl><2
tlim II'=1I = = 0 1 0
02><1 I1><2

This chain is absorbed with probability 1 (Theorem 1) and the expected
number of times the chain will be in the unique transient state s;, given that



it starts in s;, is the first (and unique) entry of the 1 x 1 fundamental matrix

(I - Q)717 L
2\ 5)
ny ( 5> 3 666 7,

as follows from Theorem 2. From Theorem 3 we can compute the expected
number of periods before the chain is absorbed, given that the chain starts in the
unique transient state si,

9 -1
(I—Q)ll=<1—5> -122:1.6667,

which in this case coincides with n; since there is only one transient state.
Finally, using Theorem 4 we can compute the probabilities that the chain will
be absorbed in the absorbing states sy and s3 if it starts in the transient state sy,

B—(I—Q)—lD—(1—§>_ (1/5, 2/5)=(1/3, 2/3)

so that the probabilities that the chain will be absorbed in the absorbing states
sy and s if it starts in the transient state s; are 1/3 and 2/3, respectively. This
result agrees with the values of the entries of the 1 X 2 matrix B appearing in the
limiting matrix II.

IRREDUCIBLE MARKOV CHAINS

Definition 3. A Markov chain is called irreducible (also called ergodic) if it
is possible to go from every state to every state (not necessarily in one step).

The most obvious questions that can be asked about an irreducible Markov
chain are: If the chain is started in state s;, how long will it take on average to
return to s; for the first time? On the average, how long will it take for the chain
to reach state s; for the first time if it started in state s;? The next Theorems 5
and 6 provide the answers to those two questions.

Obviously, a Markov chain is irreducible if its transition matrix II is
irreducible, that is, if II cannot be written in the following block upper-triangular
form by just renumbering the states:

A C

~

0 E

where A and E are square matrices (possibly of different size so that the matrix
0 of zeroes does not need to be square).



Remember that a stationary probabilistic row vector satisfies p* = p*II, that
is, p* is a left-eigenvector associated with the eigenvalue 1. An irreducible chain
has a unique stationary probabilistic row vector p*, which is equivalent to say
that the irreducible transition matrix II has only one eigenvalue equal to 1 (see
the class notes). Moreover, if the chain is irreducible then p* > 0.

Definition 4. A Markov chain is called regular if its transition matrix II is
regular (i.e., there exists a natural number ¢ for which the matrix IT* has only
strictly positive elements).

In other words, when a chain is regular, for some ¢, it is possible to go from
any state to any state in exactly ¢ steps. Therefore, regular Markov chains are
irreducible. However, not all irreducible chains are regular. For example, a
Markov chain with the transition matrix

0 1

1 0

is irreducible but it is not regular (IT* contains always zeroes for all natural ¢). In
this example, it is possible to move from any state to any state but, if ¢ is odd,
then it is not possible to move from state s; to state s; in t steps, and if ¢ is even,
then it is not possible to move from state s; to state sy in ¢ steps. Thus, the
chain is not regular. For regular Markov chains the ergodic probabilistic vector
p exists and, obviously, p = p* > 0.

Note that, for a given state s;, if we start in any state an irreducible chain
will eventually reach state s;. In fact, it will be in state s; infinitely often.

Definition 6. If an irreducible Markov chain is started in state s;, the expected
number of steps to reach state s; for the first time is called the mean first
passage time from s; to s;. It is denoted by m;;. By convention, m;; = 0.

To find the mean first passage time from s; to s; for an irreducible chain
we can use the following method: form a new Markov chain by making s; an
absorbing state, that is, define 7;; = 1. If we start at any state other than s;,
this new process will behave exactly like the original chain up to the first time
that state s; is reached. Since the original chain was an irreducible chain, it was
possible to reach s; from any other state. Thus the new chain is an absorbing
chain with a single absorbing state s; that will eventually be reached from any
other initial state s; with ¢ # j. Let (I — Q)_l be the fundamental matrix for
the new absorbing chain. The entries of (I — Q)fl give then expected number
of times in each state before absorption. In terms of the original chain, these
quantities give the expected number of times in each of the states before reaching
state s; for the first time. The ith component of the ¢ dimension column vector
(I— Q)_l 1 gives the expected number of steps before absorption in the new chain,
starting in state s;. In terms of the old chain, this is the expected number of steps



required to reach state s; for the first time starting at state s;, i.e., it is the mean
first passage time from s; to s;. This procedure for computing the mean passage
time m;; involves the construction of a new absorbing chain for each state s; to
be reached. We will present a more direct procedure in Theorem 6.

Assume that we start in state s; and consider the length of time before we
return to s; for the first time. If the chain is irreducible, it is clear that we must
return, since we either stay at s; the first step or go to some other state s;, and
from any other state s; we will eventually reach s;. Therefore, all the states of
an irreducible Markov chain are recurrent.

Definition 6. If an irreducible Markov chain is started in state s;, the expected
number of steps to return to s; for the first time is the mean recurrence time
for s;. It is denoted by r;.

Consider the mean first passage time from s; to s; and assume that ¢ # j.
This may also be computed as follows: take the expected number of steps required
given the outcome of the first step, multiply by the probability that this outcome
occurs, and add. If the first step is to s;, the expected number of steps required
is 1; if it is to some other state s, the expected number of steps required is my;
plus 1 for the step already taken. Thus,

my; = Tij + Z?Tik (mkj + 1),

oy
N
or, since » g = 1,
k=1
mi; = 1+ Z Tk M- (3)
k#j

Similarly, starting in s;, it must take at least one step to return. Considering
all possible first steps gives us the mean recurrence time for state s;,

N N
k=1 k=1

Let us now define two matrices M and R. The (i, j)-entry m;; of M is the
mean first passage time to go from from s; to s; if 7 # j and its diagonal entries
are 0. The matrix M is called the mean first passage matrix. The matrix R is a
matrix with all entries equal to 0 except the diagonal entries, which are r; = r;,
i.e., the mean recurrence times for each state. The matrix R is called the mean
recurrence matrix. Let 1 be an N x N matrix with all entries equal to 1. Using
(3) for the case i # j and (4) for the case i = j, we obtain the following matrix
equation:

M+R=TM +1

or

I-I)M=1-R. (5)

7



The previous equation with m;; = 0 implies (3) and (4). The next theorem gives
the mean recurrence time for a given state.

Theorem 5. For an irreducible Markov chain, the mean recurrence time for
state s; is r; = 1/pf, where p! is the ith component of the unique stationary
probabilistic row vector p* for the transition matrix II.

Proof. Multiplying both sides of (5) by p*, and using the fact that
p* (I - H) = QT7

we get
p'l—p"R=0".

Here p*/l\ is a row vector with all entries equal to 1 (since p* is a probabilistic
vector) and p*R is a row vector with ith entry equal pfr; (since R is a diagonal
matrix). Thus,

(1,1,...,1) = (pir1, 372, -, PNTN)
so that r; = 1/p?, as was to be proved. Q.E.D.

A direct corollary of the previous theorem is that, for an irreducible Markov
chain, the entries of the stationary probabilistic row vector p* are strictly positive.
This is so because we know that the values of r; are finite and, hence, p; = 1/r;
cannot be equal to 0.

We next present a more direct procedure to calculate the mean passage matrix
M based on the use of the fundamental matrix for irreducible Markov chains. In
order to state the main result in Theorem 6 we need two previous results (a
proposition and a lemma). The proofs of these Proposition and Lemma rely only
on the assumption that the transition matrix II of the Markov chain has a only
one eigenvalue equal to 1 or, equivalently, that the chain has only one stationary
probabilistic row vector p*. This assumption is satisfied by all irreducible Markov
chains.

Proposition (Existence of the fundamental matrix). Assume that the Markov
chain has only one stationary probabilistic row vector p* and let II* be a stochastic

matrix all of whose rows are the stationary probabilistic row vector p*. The matrix
I — II + IT* has an inverse (I — IT 4 I1*) ™",

Proof. Let x be a column vector such that
(I-TI4+11") 2z = 0. (6)

To prove the proposition, it is sufficient to show that x must be the zero vector.
Multiplying (6) by the stationary probabilistic vector p* and using the fact that
p* satisfies p*(I — II) = 07 and p*II* = p*, we get

p(I-1I+1I")z=p'z=0.



Therefore, since the entries of the vector II*z are all p*xr = 0, we have that
[T*x = 0. Thus, (6) becomes simply (I—II)x = 0 or (Il —I)x = 0 so that x is
a column vector belonging to the (right-)eigenspace of the matrix II. Remember
from the class notes that, since the irreducible transition matrix II has only
one eigenvalue equal to 1, the (right-)eigenspace associated with this eigenvalue
consist of all the column vectors with identical values in its cells x = («, «, ..., )T.
This means that all the entries of the vector x must have the same sign. Since
p* >0 and p*z =0, then x = 0.} Q.E.D.

Definition 7. Consider an irreducible Markov chain with the transition matrix
IT and the stationary probabilistic row vector p*. The matrix (I — IT 4 IT*) " is
called the fundamental matrix for this irreducible Markov chain.

Note that the fundamental matrix for an irreducible Markov chain, (I — IT + IT*) ™,
has not the same expression as the fundamental matrix for an absorbing Markov

chain, (1—Q)~".
Lemma (Properties of the fundamental matrix).
(I-T+11*)"'1=1 or, equivalently, I —-II+1I*)"'1T=1 (a)

pr(I—TI+11%)"" = p*, or, equivalently, II* (I— I +11*)"' =1* (b)

and
I—T41)"" 1 -1I) =1 - II". (c)

Proof. Since, [1 =1, II1 =1 and IT*1 =1,
1=(I-II+1)1

If we premultiply both sides of this equation by (I — IT + IT*) ™", we obtain (a).
Similarly, since p*I = p*, p*II = p* and p*II* = p*,

pr=p " (I-II+1I").

If we postmultiply both sides of this equation by (I — II + I1*) ', we obtain (b).
Finally, since both II and II* are stochastic matrices and II* has identical
rows, we have that IIIT* = IT* and IT*II* = IT*. Therefore,

(I—T+ 1) (I —I0") = [ — IT* — IT + IIIT* + IT* — IT*IT*

=I1-1I"-1I+ 1"+ 11" = II* =1 - 1L

If we premultiply both sides of this equation by (I — IT+II*)™", we obtain (c).
Q.E.D.

!'Remember that p* > 0 means that p; > 0 fori = 1,..., N and p; > 0 for at least one 4. This
N

has to be the case for a probabilistic vector since > p; = 1.
i=1

9



Theorem 6. The mean first passage matrix M for an irreducible chain is
determined from the fundamental matrix (I — H—i—H*)*l and the stationary
probabilistic row vector p* by

.._Z..
m; = 24—, (7)

where z; is the (i, j)-entry of the fundamental matrix (I —IT+ IT*)~" and pj is
the jth entry of the stationary probabilistic row vector p*.

Proof. Premultiplying both sides of (5) by the fundamental matrix (I — IT 4 IT*) ™"
we get

-+ ' I-I)M=I-0+II")"'"T—-(I-TI+0)"'R
and from (a) and (c) in the Lemma, the previous equation becomes
I-TM=1-(1-T+1I*)"'R

or
M=1—(1-I+1I*)" R+ II* M.

From this equation and the definition of the diagonal matrix R, we see that
mi; =1—zyr; + (p*M);, (8)

where (p*M) ;18 the jth entry of the row vector p*M. Since m;; = 0, the previous
expression becomes
0=1-— 25515 + (p*M)j

or
(pP"M); = 215 — 1. (9)

Plugging (9) into (8), we have
mij = (2j; — 2i) ;-
and, since from Theorem 5 r; = 1/p}, we obtain (7). Q.E.D.

Example 2. Consider the Markov chain with the following regular transition
matrix (Case I in the class notes):

3/10 0 7/10
I=| 4/5 1/5 0

0 3/5  2/5

10



For this example we found that
oS (221 2\
P=r=\7 73 73 ‘
Therefore, for instance, the mean recurrence time for sq is 7 = 1/py = 73/21 =
3.4762. We can also compute the fundamental matrix for this chain,

3 24 21 7 28 -1

\—1 _ _ 4, 24 _ 1421 _ 28
(I_H+H) - 0 5 T 73 1 5T 7 0 O+73
_ 24 _ 3421 _ 24 28
0—-0+ 73 5T 73 1 51T 73

751 21 _231 \ 1 4342 _ 672 1659

730 73 730 5329 5329 5329

172 397 28 _ 2152 4073 896

365 365 73 - 5329 5329 5329

24 114 359 768 1518 4579

73 365 365 5329 5329 5329

So, for example, the mean first passage time from s; to sg, is

4073 B (_ 672 >
22 — 212 _ 9329 5329 — @ = 3.0952.

[ 21 21
73

mig =

Example 3. Consider the Markov chain with the following transition matrix
(Case III in the class notes):

IT = 1 0 0

3/10  2/10  1/2

This chain is not irreducible since, if the chain starts in either state s; or state
Sg, it will never reach state s3. The set {s1, so} is ergodic, whereas the state s3 is
transient. Note that the previous matrix it is not irreducible since by permuting
states s; and s3 we obtain the following block upper-triangular matrix:

/2 2/10  3/10
A C
=1 o0 0 1
0 E



For this example we found that the matrix II has the eigenvalues 1,—1 and 0.5
so that it has a unique eigenvalue equal to 1. Therefore, the chain has a unique
stationary probabilistic row vector, which is

(11
p_2a27 .

However, the stationary probabilistic vector does not have all its entries strictly
positive.

Finally, this Markov chain is not absorbing either: it has no absorbing states
and its transition matrix II cannot be rewritten as in the canonical form (1)
since the matrix £ is not the identity matrix I. Nevertheless, the chain ends up
being absorbed by the ergodic set {s1, s2} and, after being absorbed, it oscillates
between states s; and s forever.

12



The Poisson distribution as a limit of binomial distributions

: : Ate
lim  b(z;n,0) = %111(1) b(z;n,0) = —
o0 - x!

, forx=0,1,...
n—
nf=Ae(0,00) nf=Ae(0,00)

Proof: Since 0 = \/n,

won= (oo () (¢ 0o

_n(n—l)(n—Q)(n_m+1))\x /A Y B
- = E[(l—@) } (1—0)
_ 1 2 z—1\ N\ R B
() (2 ) E
Therefore,
v -2
lim b(;ﬁ;n’ 0) =1- /\_ . lim [(1 _ 9)—1/0:| 1
7}91%0 x! 0—0
nf=A\€(0,00)
_ AT —1017 AT —1017 ATy
=St o] =T im0 = e

where the last equality follows from

lim (1 —6)""? = lim (eln[u—er“@]) ~ lim [eféln(lfa)} _ o dm[Fma-o] _
0—0 0—0 0—0

since, using the 'Hopital’s rule, we can show that éir% [% In(1-— 0)] =—-1. Q.E.D.
The random variable Z has a Poisson distribution if its probability function is

AT
A WithA>0, forz=0,1,...

p(z; \) = .

We write  ~ P()).



Thus, if Z,, ~ B(n, #), then 2, — P(\) when n — oo and nf = X € (0,00) (or
when 6 — 0 and nf = X € (0, 00)).

Moment-generating function of the Poisson distribution, M;(t).

We compute the MGF M;(t) as the limit of the moment-generating function of
the binomial distribution, [1 + 6(e’ — 1)]™.

n A "
Mi(t) = lim  [1+0("—1)]" = lim {1 + =(e" - 1)}
n9=n)\€(()6>,oo) oo n
n Aet—1)
1 MY 1\? Alet—1)
= lim | |14+ —p— — lim KH—H
n—00 Z—00 ya
Aet —1)
1\? Aet—1)
= [lim (1 + —) } = eA(et’l),
z2—00 Z
h n
where 2 = — 0 as n — Q.
Alet — 1)

Ezercise: Check that Mz(t) = 3 ep(z; ) = X'~ and use Mz(t) to find u
=0
and o2



The standard normal distribution as a limit of standardized
binomial distributions

Theorem (De Moivre-Laplace). If 7, is a random variable having a binomial
distribution with parameters n and 6 € (0, 1), i.e., its probability function is
b(x;n,d), then the moment generating function of the standardization of Z,,

Nn_E Nn ~n_ 9

T NVar (@) /n0(1 - 0)

tends to that of the standard normal distribution as n — oco. Hence, 2, — N(0, 1).

Proof: Let nf = p and nf(1 — ) = 0?. Then we know that
pt t wut
Mz, (1) = May-u(t) = € o Mg, (—) —e T [L+0(e7 — 1)
7 o

Then, taking logarithms and substituting the MacLaurin series (or Taylor
expansion around zero) of e/?, we get

t
In M;, (t) = —"= + nln[l + 0(e” — 1)]
g
et/o—1
[t Nz 1/eN2 1 /t\°
= B amirold = (2o (L) (L) +. .
O+nn - 1!<0>+2!<0> +3! o *

and using the infinite series In(1 + ) = 2 — 32 4+ 32 — ..., which converges for

|z| < 1, to expand this logarithm, it follows that

ut

In Mgn (t) =
a

+ nf




Collecting powers of ¢, we obtain

2
In M; () = (—H + n—9>t + (n—9 — @> t?
———

_ 1 (nf—np? 2 0 — 30% + 20° B
o2 2 o3 6

since ju = nf. Then substituting o> = nf(1 — #) = nh — nb*, we find that

1 6 — 30% + 26°
lnMgn(t) = §t2+% (T_F) t3+...,

n
where for r > 2 the coefficient of " is a constant times —, which approaches 0
O—T‘

when n — oo since
n n

or w21 — 02

It follows that ]
lim [In M; (t)] = 5752

and, since the limit of the logarithm equals the logarithm of the limit (provided
that the limit exists), we conclude that

2
)

lim M;, (t) = ez’

n—oo

which is the moment-generating function of a standard normal random variable.

Q.E.D.



Central Limit Theorem (Lindeberg-Levy)

Theorem. Let {7;}3°, be iid. random variables with E(z;) = and
Var(7;) = 02, with 0 < 02 < oo, for all 7. Then

. _ % EB@) _ Tp
" Var(z,) 0/vn

converges in distribution to a standard normal random variable as n — oco. That
is, z, — N(0,1).

Proof. We will assume in this proof that the common distribution of all the
random variables in the sequence {;}3°, has a moment-generating function M;z(t)
that is well-defined (i.e., finite) in a neighborhood of ¢ = 0. Then,

n-pt ‘t n-ut t
M (8) = My (0) = 5 b, (V20 ) =0t (2]
o//n ag a\/N

Since n- T, = T1 + To + ...+ T, and {Z;}$2, are i.i.d., it follows that

where Mz(t) = Mz, (t), for all i. Hence,

lnMgn(t):—\/ﬁa"ut nln Ms (U\/_)

Expanding M3z ( as a power series in ¢, we obtain

)

Vet t t2 , 3
In Mz, (t) = — - +nln |1+ 4} \/_—i—,u22' +“33!-a3n3/2+'” ,
where 1y, pb, w5, ... are the (non-central) moments of z;, for all i.
If n is sufficiently large, we can use the expansion of In(1+xz) as a power series
inz, In(1+x) =z —32%+ 2% — ..., getting

Vot t t? t3
In Mz, (1) = — - tn 1y \/—+H222 +N§603n3/2+"‘

2 3 2
1 + 15 + g +...
2 |"toy/n 202n 603n3/2

il ’t+’t2+’ e + 3
3 Nla\/ﬁ Haogen T H3Gaspa T




Then collecting powers of ¢, we obtain

__V%'M_%v52ﬁ4>t+_<lé (u02>t2

In M:, (t) = <

g

202 202

60%/n 20%/n  303/n

and, since i} = p and pf — (p})* = o2, this reduces to

Lo (ws ppy | P
1nMgn(t):§t +<F_T+? 0'3\/7_1—1_”'

3
+(/é uwa+<m>)ﬁ+”w

1
Finally, observing that the coefficient of #3 is a constant times — and, in general,

vn

1
the coefficient of ¢" is a constant times ———, we get
n(r—2)/2

1
lim [In Mz, (t)] = 5752

n—oo

and, hence, L
lim Mgn (t) = €§t >

n—oo

which is the moment-generating function of a standard normal random variable
Z. Therefore, since lim Mz, (t) = Mz(t), it follows that

Z, 57 or Z,— N(0,1). Q.E.D.

Note: An almost identical proof could be made using the characteristic function
instead of the moment-generating function. Notice that the characteristic
function is finite everywhere for all random variables.



Exercises. Probability and Statistics. IDEA.
6. Stochastic Processes and Limiting Distributions

1. Consider the stochastic process {it}fzo of random variables on the probability
space (), F, P) adapted to the filtration F. Prove the following two theorems:

(a) Let {i,},_, be a submartingale and g a convex, increasing function from R
to R. If g(#;) is integrable for all ¢, then {g (#)},_, is a submartingale.

(b) Let {jt}:{:o be a martingale and ¢ a convex function from R to R. If g(Z;) is
integrable for all ¢, then {g (#;)},_, is a submartingale. Thus, if r > 1, {#,}/_, is
a martingale and |7,|" is integrable for all ¢, then {\itlr}tho is a submartingale.

2. Imagine that you flip a balanced coin 16 times.

(a) Find the probability of obtaining exactly 6 heads. Solve this problem using
both the binomial distribution and the corresponding approximation by the
standard normal. Compare the results.

(b) Find the probability of obtaining a number of heads strictly higher than
4 and smaller or equal than 7. Solve this problem using both the binomial
distribution and the corresponding approximation by the standard normal.
Compare the results.

3. Find the probability that exactly 10 individuals pass a (very demanding) exam if
3000 individuals have taken the exam and the probability of passing is just 0.005.
Solve this problem using both the binomial distribution and the corresponding
approximation by the Poisson distribution. Compare the results.

4. Consider a Markov chain {Z;};-, on the probability space (2, F, P). The state
space is S = {s1, 2, 53} and the time-invariant transition matrix is

1 0 0
1/6 1/6 2/3 |,
0 0 1

where the value appearing in the (7, j)-entry of the transition matrix is the
conditional probability m;; = P{Z+1 = ;| = s;} for all ¢.

(a) Find the stationary probabilistic vector (or vectors, if there are more than
one), the ergodic probabilistic vector (if it exists), the transient states (if they
exist), the recurrent states (if they exist), the absorbing states (if they exist)
and the ergodic sets of the Markov chain.

(b) Assume that the Markov chain starts in state so, g = s5. Compute

lim P {Z; = $1|Tg = so}, lim P {Z; = $3|Tg = o}, and lim P {%; = s3|T = s2} .
t—o00 t—o0 t—o0

(c) We flip simultaneously three balanced coins. If we obtain an odd number
(one or three) of heads, the initial state is s; (Zo = s1); if we get two heads,



the initial state is sy (Zo = $2); and if we get no heads, the initial state is s3
(Zo = s3). What is the unconditional (i.e., before flipping the coins) distribution
of states in the long run?

(d) Find the expected number of periods (or steps) before the Markov chain is
absorbed if it has started in state s57

. Consider the following time-invariant transition matrices:

01 0 0 1
00, (@010 ,(d)(l/z 1/2)
1 0 1 00

1
(a)I=10
0 3/4 1/4

o = O

0
0], (0
1

o = O

(7) Find the stationary probabilistic vectors, the ergodic probabilistic vectors
(if they exist), the transient states (if they exist), the recurrent states (if they
exist), the absorbing states (if they exist) and the ergodic sets of the Markov
chains having the previous transition matrices.

(77) Consider the Markov chain with the transition matrix (d). Find the mean
recurrence time for each of the two states of the Markov chain and the mean
first passage time from state s; to sy and from state sy to si.

. A mouse is in the following labyrinth:

In each period the mouse moves randomly from one cell to an adjacent one. All
the adjacent cells are equally likely. However, if the mouse enters into cells 3 or
6, it cannot exit from them.

(a) Find the probability that the mouse will enter into cell 6 if it was initially
in cell 1.

(b) Find the expected number of periods the mouse will be in cell 2 given that
it was initially in cell 5.

(¢) Find the expected number of periods before the mouse is trapped if it was
initially in cell 4.

. Two players a and b have two dollars each at the beginning of the game. They
bet on repeated flips of a coin. At each flip, the loser pays the winner one dollar,
and the game continues until either player is “ruined”.

(a) Find the expected duration of the game



(b) Find the probability that a will win the game after flipping the coin exactly
four times.

(c) If we know that player a has three dollars in a given moment of the game,
what is the probability that player b ends up winning the game?

. Let (2, F, P) be a probability space. Assume that the sample space (2 is the
closed interval of real numbers [0,1], F is the c—algebra of Borel sets in the
interval [0,1], and the probability P on (€2, F) is the Lebesgue measure on
[0,1]. Consider the sequence of random variables {Z,} -, on (2, F, P) defined
as follows:

1 ifwel0,1]
j’l(W) =
0 otherwise,
1 ifwe [0, 1]
- 2
To(w) =
0 otherwise,
11 1
1 if — =4 =
i 1w e {2, 5 + 3}
3(w) =

0 otherwise,

1 1 1
1 if — -+ -1
) _ 1w€{0,12}u{2+3,}
0 otherwise,

| ifwe | L
S 11912 75

0 otherwise,
and so on. In other words, the subset of [0,1] over which %, is equal to 1 has
1
the length — and keeps moving to the right until it reaches the right end point

n
of [0,1], at which point it moves back to 0 and starts again.

Does 7,, converges almost surely to the constant 0 as n — oo? Does T,, converges
in probability to the constant 0 as n — oo? Does Z,, converges in distribution
to the constant 0 as n — oo?

> 1
Hint: Remember that »_ — = oc.
=11



9.

10.

11.

Consider a Markov chain {Z,},~, on the probability space (2, F, P). The state
space is S = {s1, S2, $3} and the time-invariant transition matrix is

1/2 0 1/2
n=( o 1 o |,
3/10 0 7/10

where the value appearing in the (i, j)-entry of the matrix II is the conditional
probability m;; = P {%;1 = s;|T: = s;}. for all £.

(a) Find the stationary probabilistic vector (or vectors, if there are more than
one), the ergodic probabilistic vector (if it exists), the transient states (if they
exist), the recurrent states (if they exist), the absorbing states (if they exist)
and the ergodic sets of the Markov chain.

@)QmmMememMﬁxﬁ:}mﬂF.HmtRmdumnH.ﬁ:ymnﬂlzﬁ

and, equivalently, 11 - IT = tlim m+ =i

(c) We roll a dice and, if we get either 1 or 5 dots, the Markov chain starts in
state sp; if we get an even number of dots, it starts in state so; and if we get
3 dots, it starts in state s3. What is the unconditional (i.e., before rolling the
dice) distribution of states in the long run?

Consider a Markov chain {Z,},~, on the probability space (2, F, P). The state
space is S = {s1, 2, $3, s4} and the time-invariant transition matrix is

1/5 4/5 0 0
7/10 3/10 0 0
0 0 3/52/5 |
0o 0 1/2 1/2

I =

where the value appearing in the (i, j)-entry of the matrix II is the conditional
probability m;; = P {%;1 = s;|T: = s;}. for all £.

(a) Find the stationary probabilistic vector (or vectors, if there are more than
one), the ergodic probabilistic vector (if it exists), the transient states (if they
exist), the recurrent states (if they exist), and the ergodic sets of the Markov
chain.

(b) Compute the matrix II = tlim II*.  Find tlimP {Z = 89|79 = 82},
tlimP{it = 51|To = s3}, and tlimP {Z; = s3|Tg = s4} . Assuming that the
initial distribution of the Markov chain at ¢ =0 (i.e., the distribution of )
is such that all the four states are equally likely, what is the unconditional

distribution of states in the long run?

Consider four different Markov chains on the probability space (2, F, P) taking
values in the state space S = {s1,$2}. These chains are governed by the
following four time-invariant transition matrices:

e (3 ) e () e (10 (31),



12.

13.
14.

where the value appearing in the (i, j)-entry of each matrix is the conditional
probability P {Z;11 = s;|%; = s;} for all ¢.

(a) Find the stationary probabilistic vector (or vectors, if there are more than
one), the transient states (if they exist), the recurrent states (if they exist), the
absorbing states (if they exist) and the ergodic sets for each of the four Markov
chains above.

(b) Find the matrices I, :tlimHZ, k = 1,2,3,4 (if they exist) and the
corresponding ergodic probabilistic vectors (if they exist).

(¢c) We roll a dice to decide the initial state of all those chains. If we get a
number of dots smaller or equal than 4, the Markov chains start in state si;
otherwise they start in state so. Find the unconditional (i.e., before rolling the
dice) distributions of states in the long run (if they exist) for the four Markov
chains above.

(d) Consider the Markov chain with the transition matrix II;. Find the mean
recurrence time for each of the two states of the Markov chain and the mean
first passage time from state s; to s and from state sy to s;.

(e) Consider the two Markov chains with the transition matrices IIy and Il4.
For these two chains, find the expected number of times the chain is in state
s1 given that it starts in state s;. Moreover, for the same two chains, find the
expected number of periods before the chain is absorbed when it starts in state
S1.

Consider a factory with a very large number of workers. All workers have the
same very small probability of suffering an accident during a year and all months
are equally likely for accidents to occur. We know that the probability of at least
one accident occurring in this factory during a year is 0.9, i.e., P{Z > 1} = 0.9,
where 7 is the number of accidents in the factory during a year.

(a) Find the expected number of accidents during a year, E (Z) .

(b) Find the probability of three or more accidents occurring during a period of
6 months.

(¢) Suppose now that we know that there have been two or more accidents
during a given year. Find the probability that the number Z of accidents
during this year is larger or equal than one and smaller or equal than three,
P{1<z<3|>2}.

Let # ~ N(0,1) and &, = —& forn = 1,2,3,... Does &, —— &? Does &, — &7

Consider a random variable £ having the Poisson distribution with parameter
A

(a) Use both the probability function of the Poisson distribution and the Taylor
expansion of e¥ around y = 0 to find the moment generating function M;(t) of
the random variable z.



15.

16.

17.

18.

(b) Use the moment generating function found in part (a) to compute the mean
p and the variance o2 of 7.

Assume that in a given period three firms are created. In every subsequent
period, each firm faces the probability of getting bankrupt and disappearing
forever. This probability is 1/5 for all firms and for all periods. The mortality
of a firm is independent of the other firms’ mortality. Find the expected number
of periods before all three firms disappear.

Consider a Markov chain {Z;},~, on the probability space (2, F, P). The state
space is S = {sy, $2, 53} and the time-invariant transition matrix is

1 0 0
m=|(o0 3/5 2/5 |,
0 1/2 1/2

where the value appearing in the (i, j)-entry of the transition matrix II is the
conditional probability m;; = P{Z+1 = 5|7, = s;} for all £.

(a) Find the stationary probabilistic vector (or vectors, if there are more than
one), the ergodic probabilistic vector (if it exists), the transient states (if they
exist), the recurrent states (if they exist), the absorbing states (if they exist),
and the ergodic sets of the Markov chain.

(b) Find the probability in the long run of being in state sz if the chain starts
in state ss,
thmP {.i't = 83’570 = 82} .

(c) We roll a dice and, if we get either 2 or 6 dots, the Markov chain starts in
state s1; if we get an odd number of dots, it starts in state s9; and if we get 4
dots, it starts in state s3. Find the unconditional (i.e., before rolling the dice)
probability of being in state sy in the long run,

thmp{jft = 52} .

Show that, if ¥ has a gamma distribution with parameters o and f,
z~T(«a,8), then the standardization of Z converges in distribution to a
standard normal random variable when « — oo and [ remains constant.
Hint: Use Lévy’s convergence theorem concerning the equivalence between
convergence in distribution and convergence of the corresponding moment-
generating function.

Use Chebyshev’s inequality to prove the weak law of large numbers for a
sequence {Z;},-, of independent random variables with identical finite variance,
Var (z;) = 0 < oo for all i.



7. Sampling
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o Let X = (x1,..., X,) be a random vector with distribution
Py : B(R") — [0,1].

o In statistical inference, a sample is a random vector X = ()?1, )?,,)

o To observe a sample of the random vector X is to observe a
realization (a value) X = (xi, ..., x,) € R" of the random vector
X = (X1, ..., %n) -
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o Definition. A random sample of size n is a collection of random
variables {%;}"_; (or (%1, ..., X,)) that are i.i.d. Its common
distribution Py = P, for all i, is called the population (or parent)
distribution.

o We say that {%X;}"_; is a random sample of size n from a population
X with distribution Px.

o Let {X;}'_; be a random sample of size n from a population with
distribution Px, and consider the vector X = (X1, ..., X,) , then

PX:P;XP;(X...XP;(E(P;()H
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o The random vector & = h(Xi, ..., X,) , where

h:(R", B(R")) — (R™,B(R™)) is a Borel measurable function,
is called a statistic of the sample {%}_;.

o The value u = h(x,...,x,) € R™, where (x1,...,x,) € R" is a
realization of (or a value taken on by) the sample (Xi, ..., X,), is the
value of the statistic .
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o Two examples of statistics:

Let {X}_; be a random sample, then

ek
xt

X

3
Il
X
Il

is the sample mean (or mean of the random sample), and
4 2
2 (Xi - Xn)
i=1
" n—1
is the sample variance (or variance of the random sample).

@ We can omit the subindex n in X, and sf, when the sample size is
fixed.
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o Statistics are random variables (or vectors if m > 1) and the
distribution of a statistic is called "sampling distribution".

o We should distinguish the random variables "statistic", sample mean,
or sample variance, o, X,, and s%, from the values u, X,, and 5,2, taken
by the corresponding random variables.

o If statistics are used to estimate the parameter vector € R¥
characterizing the distribution Py (+;0) of the vector X or the
population distribution P (-;6), then they are called "estimators".
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o Theorem. If {%}]_, is a random sample from a population with the
mean 1 and the variance 02, with 0 < 0 < oo, then

(a)
o2
E(x,) =p and Var(x,) = -
(b) Strong law of large numbers:
= a.s
Xy — U.
(c) Central limit theorem:

3 = x,—E(X,) _ Xn—H
VVar (x,) o /y/n

or, equivalently,

A N(0,1) (or z, — N(0,1))

Vn (%,—p) — N(0,0?).
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o Theorem. If %, is the mean of a random sample {%;}_; of size n
from a normal population X with the mean y and the variance o2, its
sampling distribution is a normal distribution with the mean p and
the variance 02/ n.

o Proof.
Mg, (t) = My _ (t) = M (5]

X — Y % —Uys\n) T *\n
- [eﬂ%%‘*%]n _ 3o

which is the moment-generating function of a normal distribution

with the mean y and the variance 02/ n. Therefore,
2

% ~ N (y, ‘%) . QED.

o Note that

] o2 X — i
xn~N<y,7)<=>g/ﬁ

J. Caballé (UAB - BSE) Probability and Statistics IDEA 8 /35
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o Let {)?;}7:1 be a random sample of size n from a population with the
mean u and the finite variance 2.

Lo o)\2
Z (XI - X)
0 s?= ':1—1 (sample variance or variance of the random sample).
n J—
L (% —%)°
- -1
° §2 _ i=1 — (I'I )S )
n n
L 2
Y (% —p)
082 ="21
n
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o Proposition. (a) E (s?) =02, (b) E (82) = (n — 1) 02, and
(c) E (8%) = 02
o Proof. (a)
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(b)

(c)
2 _;1(59—#)2 1 2 2 2
E(s):E . :;;E(x,—y) = -no? =0% QED
o Note:

However, E (§,2,) converges to 02 when n — oo.
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o Proposition. If {z;}"_; are i.i.d. random variables and Z; ~ N(0, 1),
fori=1,2,...,n, then

=2 2
i~ Xn-

<t
Il
i

o Proof. Remember that 22 ~ x? so that

My (t) = (1—2t)" Y% fort < 1/2.

Therefore, from independency,

M (t) = [(1 - 2r)‘1/2]" = (1—2t)"%, fort<1/2,

which is the moment-generating function of a random variable whose
distribution is x2. Thus, ¥ ~ x2. Q.E.D.
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o Proposition. If {X;}_; are independent random variables and
X; ~ )(12,1,, fori=1,2,...,n, then

i 2
y= _ZX/ ~ X(vi4va+...4vy)

My(t) = [T (1 —26) "2 = (1 —2¢) " Wtvet=tml/2 for v <172,

Therefore, y ~ X% Q.E.D.

V1+V2+---+Vn) ’
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o Proposition. If X; and X, are independent random variables and

Xy ~ )(12/1 and X1 + X ~ XE, with v > vq, then X ~ X%v—vl)'

o Proof. From independency,

M>?1+)?2(t) = qu(t) ) Mf(z(t)

or
(1—2t)""2 = (1—2t) "2 My, (t), fort<1/2.

Therefore,

M, (t) = (1 —2t) V"2 for £ < 1/2.

Thus, 5% ~ 22,_,.,- QED.
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o Theorem. If X and s2 are the mean and the variance of a random
sample {%;}/_, of size n from a normal population with mean u and
variance o2, then

(1) % and s? are independent.

(2)
Ly
(n—1)s* _ El &i=%) 2
o2 = ) ~ Xn-1
o Proof. (1)

n—1 n n
(@) Xp—%x=— Y (X, —X) since }_ % = nx (or ¥ (X —X) = 0);

i=1 i=1 i=1

Z ()?l - )_()2

(b) s? = ':lnfl is thus a function of the random vector

w = ()~<1 —X, X — X, ..., Xpn_1 — )_() ;
(c) The n-dimensional random vector (X, w)" has a multivariate

normal distribution according to the General Proposition in Section
4.10 of Chapter 4 since
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% — %
(%, w)T X — X =
Xp-1 — X nx1
1 1 1 1 1
n n n n n
oL 11 11 51
n n n n n %
X
1 1 1 1 1 1
n n n n n %n ) a1
111 11
n n n n n nxn
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and (X, X2, ...,)?,,)T is multivariate normal because it is a vector of
independent, normally distributed variables;

(d) Cov (%, % — %) = 0 for all i (Exercise) so that X and w are
uncorrelated and, thus, they are independent. Therefore, x and s2 are
independent.

J. Caballé (UAB - BSE) Probability and Statistics IDEA
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@ (2) The following equality holds:

n n

Yo(xi—w?=Y (%—%°+n(x—pn)’ (*)

i=1 i=1

since it is equivalent to

n n

Y (37 —2%pu+ ) Z(x —2%% + %) + n (%2 — 2% + u?) .

i=1 i=1

As

It

X; = nX, the previous expression becomes

n
>~<’2 —2nxu + n],ﬂ = Zx?—2n)‘(2 + n%% 4 nx% — 2nxy + n]/t2.

i=1

-

Il
—_

I

Divide (%) by 02,
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- n /e 2
Xi— K Xi—H 2
We k that ~ N(0,1 that ~ d
© We know that — (,)soai(g) X5 an

i=1
2
:/_\/]/% ~N(0,1) so that ((:;\}%) ~ x2. Therefore,

(% —%)?

=1 _ (n—1)s? (n—1)s?
! 2 =" ~ x2_, since ( ) and Q0
are independent as follows from part (a). Q.E.

o Note that only n — 1 terms of the sum 2 X; x)2 are allowed to

i=1
n

vary freely since they are constrained by the relation Z (xi —%) =0.

i=1
. . (n—1)s?
This is why we say that the statistic Y has n — 1 degrees of
freedom. In general, the number of degrees of freedom is the number
of values in the final calculation of a statistic that are free to vary.
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o Proposition. Let {X;}7_; be a random sample of size n from a
normal population with mean p and variance o2. Then,

(a) Var (s?) = % (b) Var (§2) = 2(n;—21)(74, and
(c) Var (82) = 2;:4.

o Proof. (a) Since

_ 2
- ~ Xn—1

we get

Var {(n 7721)52} = (m ;41)2Var <52> =2(n—-1)

204

n—1

and, thus, Var (52) =
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2
and, thus, Var (§2) = %’4 Q.E.D.

J. Caballé (UAB - BSE) Probability and Statistics
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o In the table of the chi-square we find the value x2 , such that
P{x>xin} = Px [Xa ) = 2,

when % ~ x2.

x2

0 2

o If %, ~ x2, then XU_\/;T:/ — N(0,1) as v — oo. (Exercise).

I~ Xy— ch,v_v _ ~ Xfc,v_v
o Thus, P {x 26, } = P{i5r 2 Bt —am1-N (B
for v large.
2 _
o Hence, if Z~N(0,1) and P{z > z,} = «, then % ~ z, and,
thus, x2, ~ v+ (\/ 21/> zy for v large.
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The Wishart distribution is the multivariate generalization of the
Chi-square distribution.

If ()~(1,)~(2, X,,) is a random sample from a k-dimensional
multivariate normal population X ~ MN(0,X), where X is a k X k
symmetric postive definite matrix, then the k X k random matrix

n

S= ZX,-XI-T is said to follow a Wishart distribution with n degrees

i—1
of freedom and scale matrix &, 5 ~ W, (Z).

Thus, the Wishart distribution is a distribution for symmetric positive
definite matrices.

Note that if k =1 and & =1, then X ~N(0,1) and 5 ~ x2.
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William S. Gosset ("Student") (1876 — 1937)
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o Definition. A random variable X has the (Student'’s) t distribution
(or is t) with v > 0 degrees of freedom if its density is

X

T (E) v+l
2 X2 2
(x) = ————H— —) for —oo < x < oo.

(e

o We write X ~ t,.

o Note that the t density is symmetric with respect to zero.

o Theorem. If § and % are independent random variables with y ~ x?2

and z ~ N(0, 1), then
z

vy /v

;(: Nty.

o Proof. See the handout.

J. Caballé (UAB - BSE) Probability and Statistics IDEA

S



o Let x ~ t,. Then X € Lk if and only if v > k. Thus, the t distribution
has not well-defined (i.e., finite) moment-generating function in a
neighborhood of 0. In fact, Mx(t) is finite only at t = 0.

o Moments: If v > k, then

veer (%) ! (%) if k is even
W = VAT (3)
0 if k is odd.
Mean:
If v> 1, then E(Xx) = 0.
Variance: y
If v> 2, then Var(x) = —t
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o When v = 1, the t distribution is the Cauchy distribution with
parameters « = 0 and B = 1. Recall that the density of the Cauchy
distribution is

()= LT

—Q= for —oo < x < o0,
(x—a)"+p

and that the Cauchy distribution has not well-defined mean (and thus
has indefinite/infinite higher odd/even central moments).

o Therefore, the density of a t; random variable is

1
fx (x) = ———+ for —o0 < x < 0. «— Exercise
7 (1+ x?)

o If X, ~ t,, then 5, — N(0,1) as v — oo. (Exercise).

J. Caballé (UAB - BSE) Probability and Statistics IDEA 27 / 35



o Theorem. If X and s? are the mean and the variance of a random
sample {%;}_; of size n from a normal population with mean u and
variance ¢, then

X—p
s/v/n
where s is the sample standard deviation (or standard deviation of the
2\1/2
random sample), s = (s ) )

~tp1,

—1)s2
o Proof. Letj/:%rwxﬁ_l and z =

X —J
T ~N(0,1). The

random variables Z and ¥ are independent. Then,

X

—H
-
\/(n—l)sz/ s n
Y (n—1)
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@ In the table of the t, we find the value t,, such that
P{x > tay} = Px [tay, ) = a,

when X ~ t,.

0 ta,v

o Note that P{x < —t,,} =a or P{X > —ty,} = 1 —a. Moreover,
P{x<ty,}=1—u.
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Ronald Fisher (1890 - 1962) George W. Snedecor (1881 - 1974)
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o Definition. A random variable ¥ has the (Fisher-Snedecor’s) F
distribution (or is F) with v; > 0 and v, > 0 degrees of freedom if its
density is

1%

1 1
vi+v) 3, —3(v1tv2)
) ) (—V1> y? 3 (1+—Zly> fory >0
’ 2

0 elsewhere.

o We write § ~ Fy, v,.
1

o Note that F,, ,, # Fy, 4, but x = - ~ F,, ,, (Exercise).
y

o Theorem. If & and ¥ are independent random variables with & ~ Xsl
and 7 ~ x2,, then

u/ vy

v/ vy

~ Fyy v,

y =

o Proof. See the handout.
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o The F distribution has well-defined (i.e., finite) moment-generating
function My(t) if and only if t < 0.

o Let ¥ ~F,, 1,. Then, y € L¥ if and only if vy > 2k.

o Moments:

“T(L+Kk)T (2 —k
Mz(ﬁ) (2(_1) (3_2 ), forva > 2k,
2 2

" )T (

Mean:
V2

If vo > 2, then E(¥) = Y
,—

Variance:

2v3 (v1 +va — 2)

If v, > 4, then Var(y) = vi(va —2)2 (v — 4)
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o Theorem. Let s? and s? be the variances of two independent random
samples of size n; and my (i.e., the n; + ny random variables
constituting the two random samples are independent) from two
normal populations with variances (7% and 0'%, respectively. Then,

2/ 2 2 2
S1/‘71 _ 038

V=272 52 ~ Fn-tm-t
52/‘72 01°5;
2 2
_ (m—1)s3 2 __ (m—1)s5 2
o Proof. Let 1 = T ~ Xni—1 and 7 = (7% ~ Xny—1-

The random variables & and ¥ are independent. Then

(m —1)s?
AR 1T

- ~ 1:"n —1,np—1-
(np — 1)s§/ (m— 1) 2/ 03 11,

Q.E.D.

>
05

J. Caballé (UAB - BSE) Probability and Statistics IDEA 33 /35



@ In the table of the F,, ,, we find the value F,,, ,, such that

P{Y > Fa,vl,vQ} = Py [Fa,vl,vzvoo) =,

when ¥ ~ Fy, 4,.

0 Fa, vy, v2

o Note that Fyyy .0, = (think about it).

Fl—/X.Vz,m
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o The jth order statistic X;) of a random sample {%1, %2, ..., %, } of size
n is the random variable of the sample that takes the jth smallest
value.

o See the handout for the distribution of the order statistics.
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The t Distribution

Theorem. If j and z are independent random variables with 7 ~ x? and
z ~ N(0,1), then
_ z

YD

Proof. Since Z and ¢ are independent, their joint density is given by

~ t,.

]. 1.2 1 v

- _ ~1z Y1 ,-y/2
sy, 2) = e 2 2 e
for y > 0, —oo < z < 0o and f;(y, 2) = 0 elsewhere. Then, we solve z = Z/
y/v

for z, getting z = z+/y/v. Thus, we use the following change of variable:

z=a\/y/v r = Zyé(—oo,oo)
gt = [l =Vylv 5 g vy

y=Y

y=y>0
Therefore, the joint density of § and  is given by (check it!):

1 ve1 (142
e g(H”) fory > 0, x € (—o0, 00
%
'MQWV-I’<§>QVQ

fﬂ,f(yu ZC) =
0 elsewhere
and integrating out y with the aid of the change of variable w = § (1 + x—),

2
which implies that j—i = o= we get the following density (check it!):

v

) oy

2 T 2

o) =2 (140 T fora e (<0000,
AT (g) o

which is the t density with v degrees of freedom. Q.E.D.



The F Distribution

Theorem. If & and ¥ are independent random variables with & ~ x2 and
U~ x2,, then
~ /’II/ V1
Yy==
’U/ Vo

Proof. Since @ and v are independent, the joint density of 4 and v is given by

vi,var

1 Vilfl u 1 271 71}/2
iU, V) = —F———7<U2 € 2 —F——-V2 €
fu,v( ) ) 2y1/2 . F(%) 21/2/2P(§>
= 1 u"?l_%j%?—le—w,

2(v1tv2)/2 . I‘(%) . I‘(V??)

u/v
for u > 0, v > 0 and fa5(u,v) = 0, elsewhere. Then, we solve y = ; L for u,
V/ Vo
v
getting u = —lvy. Thus, we use the following change of variable
Vo
v
u = V—lvy y — U/i >0
g Poslal=e s g v/ve
Vo
v="v v=v>0
Therefore, the joint density of § and v is given by
vy
()
foolys ) = . oty H

y?
2(v1+v2)/2 . T <ﬁ> .T (ﬁ)
2 1741

for y > 0 and v > 0; and f;5(y, v) = 0 elsewhere (check it!). Now integrating out

v by using the change of variable w = g iy + 1), we finally get the following
Vo

density (check it!):

Y1
2

( V1 + v
F( 1 2 2) 41 vy 4 ~3(it)
T (_) ya-1 (H_y) fory > 0

=1 (7)) \ :

0 elsewhere,

\

which is the F density with v, and vy degrees of freedom. Q.FE.D.



Values of x2,

The Chi-square distribution

» a = ,995 a = .99 a = .975 a = .95 a = .05 a = 025 a = .01 a = .005 v
1 0000393 .000157 .000982 .00393 3.841 5.024 6.635 7.879 1
2 .0100 .0201 .0506 .103 5.991 7.378 9.210 10.597 2
3 0717 .115 .216 .352 7.815 9.348 11.345 12.838 3
% .207 .297 .484 711 9.488 11.143 13.277 14.860 4
5 412 .554 .831 1.145 11.070 12.832 15.086 16.750 5
6 676 .872 1.237 1.635 12.592 14.449 16.812 18.548 6
7 .989 1.239 1.690 2.167 14.067 16.013 18.475 20.278 7
8 1.344 1.646 2.180 2.733 15.507 17.535 20.090 21.955 8
9 1.735 2.088 2.700 3.325 16.919 19.023 21.666 23.589 9
10 2.156 2.558 3.247 3.940 18.307 20.483 23.209 25.188 10
11 2.603 3.053 3.816 4.575 19.675 21.920 24.725 26.757 11
12 3.074 3.571 4.404 5.226 21.026 23.337 26.217 28.300 12
13 3.565 4.107 5.009 5.892 22.362 24.736 27.688 29.819 13
14 4.075 4.660 5.629 6.571 23.685 26.119 29.141 31.319 14
15 4.601 5.229 6.262 7.261 24.996 27.488 30.578 32.801 15
16 5.142 5.812 6.908 7.962 26.296 28.845 32.000 34.267 16
17 5.697 6.408 7.564 8.672 27 .587 30.191 33.409 35.718 17
18 6.265 7.015 8.231 9.390 28.869 31.526 34.805 37.156 18
19 6.844 7.633 8.907 10.117 30.144 32.852 36.191 38.582 19
20 7.434 8.260 9.591 10.851 31.410 34.170 37.566 39.997 20
21 8.034 8.897 10.283 11.591 32.671 35.479 38.932 41.401 21
22 8.643 9.542 10.982 12.338 33.924 36.781 40.289 42.796 22
23 9.260 10.196 11.689 13.091 35.172 38.076 41.638 44.181 23
24 9.886 10.856 12.401 13.848 36.415 39.364 42 .980 45.558 24
25 10.520 11.524 13.120 14.611 37.652 40.646 44.314 46.928 25
26 11.160 12.198 13.844 15.379 38.885 41.923 45.642 48.290 26
27 11.808 12.879 14.573 16.151 40.113 43.194 46.963 49.645 27
28 12,461 13.565 15.308 16.928 41.337 44.461 48.278 50.993 28
29 13.121 14.256 16.047 17.708 42.557 45.722 49.588 52.336 29
30 13.787 14.953 16.791 18.493 43.773 46.979 50.892 53.672 30
The t distribution
Values of ¢,
v a = .10 a = .05 a = 025 a = .01 a = 005 v
1 3.078 6.314 12.706 31.821 63.657 1
2 1.886 2.920 4.303 6.965 9.925 2
3 1.638 2.353 3.182 4.541 5.841 3
4 1.533 2.132 2.776 3.747 4.604 4
5 1.476 2.015 2.571 3.365 4.032 5
6 1.440 1.943 2.447 3.143 3.707 6
7 1.415 1.895 2.365 2.998 3.499 7
8 1.397 1.860 2.306 2.896 3.355 8
9 1.383 1.833 2.262 2.821 3.250 9
10 1.372 1.812 2.228 2.764 3.169 10
11 1.363 1.796 2.201 2.718 3.106 11
12 1.356 1.782 2.179 2.681 3.055 12
13 1.350 1.771 2.160 2.650 3.012 13
14 1.345 1.761 2.145 2.624 2.977 14
15 1.341 1.753 2.131 2.602 2.947 15
16 1.337 1.746 2.120 2.583 2.921 16
17 1.333 1.740 2.110 2.567 2.898 17
18 1.330 1.734 2.101 2.552 2.878 18
19 1.328 1.729 2.093 2.539 2.861 19
20 1.325 1.725 2.086 2.528 2.845 20
21 1.323 1.721 2.080 2.518 2.831 21
22 1.321 1.717 2.074 2.508 2.819 .22
23 1.319 1.714 2.069 2.500 2.807 23
24 1.318 1.711 2.064 2.492 2.797 24
25 1.316 1.708 2.060 2.485 2.787 25
26 1.315 1.706 2.056 2.479 2.779 26
27 1.314 1.703 2.052 2.473 2.771 27
28 1.313 1.701 2.048 2.467 2.763 28
29 1.311 1.699 2.045 2.462 2.756 29
inf. 1.282 1.645 1.960 2.326 2.576 inf,
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ORDER STATISTICS

Definition. The jth order statistic Z(;) of a random sample {Z1, Ty, ..., 7} of
size n is the random variable of the sample that takes the jth smallest value.

Thus, the order statistics Z(1), Z(2), ..., Z(n) of a random sample {71, T, ..., Tp, }
of size n are the same random variables of the sample relabelled in the same
ascending order as the values they take. Thus, the values of the order statistics
5](1), j(g), e j(n) satisfy 1) S x@) < e S Ty

We can define the values of the order statistics as

ry = min {@q, T2, ..., p }

Z(2) = min {{$17$27 e xn} /{x(l)} } ’
T(j) = min {{a:l,zvg, ey T} /{ZU (1)) L(2)5 -+ T(j— 1)}}

T(n) = Min {{351,962, ey T} /{36 s T(2)5 (n—1 }} = max {x1, Lo, ..., Tp} -
There are some statistics that are easily defined in terms of the order statistics:

(1) The minimum Z,;, of the random sample is Z(;) and the maximum 7.«
of the random sample is Z(,), where n is the sample size.

(2) The sample median, which we will denote by Zpeq, is the number such that
one half of the observations are smaller than 7,,.q and one-half are greater. Note
that Z,eq is random since each realization of the random sample will have its own
realization of the median. In terms of order statistics, Tyeq is defined by

:%(nﬂ) if n is odd

if n is even.

The median is a measure of location (or central tendency) that might be
considered an alternative to the sample mean. One advantage of the sample
median over the sample mean is that it is less affected by extreme observations
(or outliers).

(3) The sample range, R = Z(,) — (1) = Tmax — Zmin, i the distance between
the largest and the smallest observations. It is a measure of the dispersion (or
variability) in the sample and should reflect the dispersion in the population.

(4) The p% sample percentile. The value of the p% sample percentile, which
we will denote by x,9 with p € [0,100], is the value such that pn/100 of the
observed values are smaller than x,y and (1 —p)n/100 of the observed values are



greater. In terms of order statistics, the statistic Z,% called p% sample percentile
is defined by

Tp% = (),
where the integer j (between 1 and n) is the nearest to the value

pn 1
— 4 - 1
100 * 2 (1)

If there were two integers j and j + 1 that are at the same distance from (1),
then the p% percentile is 3 .

TG) T T+1)
5 .

Note that the 50% percentile is the sample median, the 25% percentile is
called the lower quartile, the 75% percentile is called the upper quartile, the 20%
percentile is called the lower quintile, and the 80% percentile is called the upper
quintile.

:Ep% =

(5) The interquartile range, which is the distance between the lower and upper
quartiles, Tr759, — To59,. This is also used as a measure of dispersion of the sample.

MEDIAN OF A POPULATION

The median m of a population Z having the distribution function F' is the
real number m for which P{Z <m} = F(m) > 1/2 and P{Z >m} > 1/2. If
there are two values satisfying this definition, we take the average of them.

If the population Z has a continuous distribution function F, then the median
m satisfies F'(m) = P{% < m} = 1/2 (or, equivalently, 1 — F(m) = P{% > m} =
1/2 since P{Z = m} = 0).

The distribution of a random variable Z is symmetric with respect to (or
around) 2° € R if P{# <2°—2} = P{Z > 2%+ 2} for all z € R. Thus, a
distribution is symmetric around z° if its probability function (density function)
[ satisfies f (2 —2) = f(2"+z2) for all z. Note that, when 7 € L3, if the
distribution is symmetric then its coefficient of skewness (or asymmetry) is equal
to zero.

The mode of & (or of its distribution) is the value (or the values) of the
random variable for which its probability function (density function) f is at its
global maximum. Sometimes, by modifying the density function on a set with
zero Lebesgue measure, we can make

max / (z) = sup f (a).

A distribution is unimodal if it has a single mode.

If a random variable  with well-defined mean y (i.e., & € L') has a symmetric
distribution, then the median and the mean are equal, m = pu.

If a random variable Z with well-defined mean p (i.e., Z € L) has a symmetric
and unimodal distribution, then the mode, the median, and the mean are all
equal.



DISTRIBUTION OF THE MAXIMUM AND THE MINIMUM

Proposition 1. Let {#;}._, be a random sample of size n from a population
7 having the distribution function (cdf) F. The distribution functions of the
minimum Zp,i, = Z(;) and the maximum T = Z(,) of the sample are

F-

Zmin

() =1—[1=F(x)]" (2)

and
B () = [F(2)]". (3)

Proof. For the minimum Z,,;,,

)
=1—P{& >x,T0>x,..,2, >}
=1—-P{z,>za} - P{Zy >z} ...- P{Z, >z}
=1—-[P{z>z}|"=1-[1-P{z<z}|"=1-[1-F(x)]".

For the maximum Z,,,

B () = F3, (x) = P {#p) <z} =P{i <2,8<z,..,% <z}

=P{3, <z} -P{iy <z} -..-P{3, <z}

[P{z < x}]" = [F(2)]". Q.E.D.
Observe that
0 if F(z) =0
lim Fz , () = lim (1—[1— F(x)]") =
n—oo 00 1 if F(x) >0
and
0 if F(z) <1
lim F;, . () = lim [F(2)]" =
n—00 e 1 if F(x) = 1.

Let My = sup{z € R|F(z) <1)}, then the extended random variable Zax
converges in distribution as n — oo to the constant Mp whether it is finite or
infinite. Let mp = inf {z € R|F(z) > 0)}, then the extended random variable
Tmin converges in distribution as n — oo to the constant mpr whether it is finite
or infinite. Thus, the distributions of both the minimum and the maximum of
the random sample tend to be degenerate as the sample size goes to infinity.



DISTRIBUTION FUNCTION OF THE ORDER STATISTICS

Proposition 2. Let {#;},_, be a random sample of size n from a population &

having the distribution function F. Then, the distribution function Fz  of the
Jth order statistic ;) is

n

Foo) =3 () (PG 1= PP (@)

k=j

Proof. Fix z € R, and let § be a random variable that counts the number of
random variables in {#;}}_, that are smaller than or equal to z. For each of the
random variables in {Z;}!_, call the event {Z; < x} a “success” and {Z; > x}
a “failure”. Then g is the number of successes in n trials. Thus, ¢ is binomial
with parameters n and F(z), § ~ B (n, F(x)). The event {Z(j) < x} is equivalent
to the event {§ > j}, that is, at least j of the sample values are smaller than or
equal to x. Then,

F,(x) = P{iy <} = P{j>j} ZZP{?JZk}ZZb(y;n,F(JJ)%

which becomes (4). Q.E.D.

Observe that equation (4) becomes (2) when j = 1. To see this, note that the
binomial probability function b (+;n, F'(x)) satisfies

> blain ) = 3 (1) (PG - PP =1

so that
Z (1) PP 1= oy = 1§ ) @l - Fl™® = 1211 = Flo™
Therefore,

Faya @) = Fiy0) = 3 () F@ 1L F@P ™ =1 1= F@)™

k=1

Moreover, when j = n, equation (4) becomes (3),

n

Fran) = ()= 3 (1) PP 1= P

k=n



PROBABILITY FUNCTION OF THE ORDER STATISTICS

Proposition 3. Let {#;}; , be a random sample of size n from a discrete
population Z having the probability function (pmf) f : #(2) — [0, 1], where
{1, xs, ...} are the different values of the range 7 (2) of Z. Then, the probability
function, fz, : @ (2) — [0, 1], of the jth order statistics Z;) is

fft(]’) (xl) =

20|zl B Bl el

k=j r<x; T>T; r<x; r>x;
A >

P{mgxl} P{x>1‘l} P{x<x1} P{xle}
for all z; € 7 (Q).
Proof. It is immediate from using (4) and noticing that the probability function
[z, of &(; satisfies

fgg(j)(xi) = Fj(j)( ) xligl Fz( )< ), for all x; € T (Q) . (5)
Therefore,
fi(j) ('IZ) =
n k n—k
n k n—k . .
Z (k) [F'(2:)]" [1 = F(2)]"" — | lim F(z) [1 — lim F(x) :
for all z; € #(Q). Since F(z;) = Y. f(z) = P{Z <a;} and lim F(z) =
> flz) = P{% < x;}, we get the desired result. Q.E.D.
r<x;

The previous proposition implies that the value of the probability function of
the jth order statistics evaluated at the lowest value, say x1, of the range 7 (€2)
of the discrete population 7 is

fi(j)(wl) = F;z(j>(x1) = Z (Z) [F(Il)]k - F(:L‘l)]nfk

since lim F(z) =0 and F(z1) = f(z1).

Corollary 1. Let {#;};_, be arandom sample of size n from a discrete population
T having the probablhty function (pmf) f : Z(2) — [0,1], where {zy,x9,...}

5



are the different values of the range 7 (2) of . Then, the probability functions
fans, and fz,. of the minimum and of the maximum of the sample are

fo () = [Z f(x)] - [Z f(a:)] for all z; € 7 (Q),

r>T; T>T;
. N

w TV
P{i>a;} P{i>a;}

and

Foon(i) = [Z f(x)] - [Z f@:)] for all z; € 7 (Q).

r<x; r<x;
7 N >

-

P{z<z;} P{:;;:vl}

Proof. Combine (5) for j = 1 and for j = n with (2) and (3), respectively, to

get §
i (@1) = [1 — lim Fla)| —[1=F(z)]"
and | .
o) = [ = | T F@)|

for all z; € 7 (€2), and the result immediately follows. Q.E.D.

DENSITY FUNCTION OF THE ORDER STATISTICS

Proposition 4. Let {#;},_, be a random sample of size n from an absolutely
continuous population Z having the density function (pdf) f and the distribution
function F. Then, the density fz , of the jth order statistic is

n!
(= Dn—J)

fi (@) = @) [F@P T 1= F@). (6)

Proof. One way of proving this proposition is to compute the derivative of (4)
with respect to x. This is a little bit painful.

We will use an alternative approach in our proof. We can assume safely
that 1) < @@ < ... < %y since P{¥; = ;} = 0 for all i # j when the
population is continuous. Then, we divide the real axis into the following three
intervals: (—oo, ), [x,z + h], and (2 + h,o00). Then, the probability that the
Jjth order statistic Z(;) falls into the interval [z, 2 + h] is equal to the probability
that j — 1 of the sample values fall into the interval (—oo, z), one falls into the



interval [z, x + h|, and n — j fall into the interval (z + h, c0). Therefore, since the
distribution function F' of Z is continuous, we have

P{ig € v,z +h]} =

n!
G = Din —j)!

[P{ie(—o0,2)} ' Plielz,z+h]} [P{Ze(x+h o00)}]"?

n! It p{ierx 1= F(x "
:(j—l)!(n—j)![ﬂx)] Pz efr,z+hl}-[1-Fl+h)]", (7)

according to the formula of the multinomial distribution.
We know that, for an absolutely continuous random variable 7,

P{g e [z,x+h|} = F;(x+ h) — Fz(x),

where Fj is the (continuous) distribution function of §. Moreover, using the mean
value theorem, there exists a value ¢ € [z, 2 + h] such that

Fy(z + h) — Fy(x) = Fy(eg)h = fy(ez)h, ae.,

where f; is the density of 7.
Thus, (7) becomes

n! ; ;
- o~ — F j—1 . - (1= F h n—j
frup s = gy @™ - feadh- 11— Fla+ h)]"™
for some ¢z, € [v,2+ h] and &z € [z,z + h]. If we let h — 0 and divide by A,
the previous expression becomes

n!
(= Dli(n =)

S () = [F(x)/ " fla)-[1 = F(a)]" 7. Q.E.D.

Corollary 2. Let {Z;};_, be a random sample of size n from an absolutely
continuous population Z having the density f and the distribution function F.
The density functions f;z_ . and f;_, of the minimum and the maximum of the
sample are

S (@) = nf () [1 = F(2)]"™ (8)
and

Jomne (@) = nf (@) [F ()" (9)

Proof. Just compute the derivative with respect to x of the distribution

functions obtained in Proposition 1 or, alternatively, evaluate (6) at j = 1 and at
j=mn. Q.E.D.



DENSITY FUNCTION OF THE MEDIAN

Consider a random sample {Z1, Za, ..., T, } of size n, where n is an odd number.
Obviously, the sample median Zpeq is the ((n + 1) /2)th order statistic. Then,
using equation (6) for this statistic, we get immediately the following:

Proposition 4. Let {Z;};_; be a random sample of size n (with n being an odd
number) from an absolutely continuous population Z having the density f and
the distribution function F. Then, the density fz__, of the sample median Zyeq is

n)

Fea (@) = g f (@) [F(@) "2 [ = F(2)] "2
()

We next provide with a nice proposition, which we state without a proof.

Proposition 5. Let {#;}; , be a random sample of size n from an absolutely
continuous population = having the median m and the density f. Assume that
f(m) > 0 and that f is continuously differentiable in a neighborhood of m. Then,
as n — o9,

2\/ﬁf<m) (jmed - m) - N(0> 1)v (10)

or, equivalently,

V1 (Tmea —m) — N (0, (11)

T

Corollary 3. Let {Z;},_, be a random sample of size n from a normal population
7 with the mean p and the variance 02, & ~ N (i, 0?). Then, as n — oo,

2

Vi ma—s) — N (0.7-). (13)

or, equivalently,

Proof. First, note that m = pu since the normal distribution is symmetric.
Moreover, the normal density evaluated at u is equal to f(u) = 1 / oV 2.
Therefore, the expression (10) becomes (12), while (11) becomes (13). Q.E.D.

If the population is normal, Z ~ N (i, 02), the previous corollary tells us that,
for n large, E (Zmeq) &~ p- Remember that the sample mean Z, satisfies E (Z) = pu.
Thus, for n large, both Z,.q and & have approximately the same mean, which
is the population mean p. However, for n large, the sample median Z,,.q has a
larger variance than the sample mean Z,

7TO'2 2

Var (nea) ~ 5~ > B (&) = .

as follows from (13) and the fact that 7/2 > 1.



EXTREME VALUE THEORY

We have already seen that, if {Z1,Z5,...} are i.i.d. random variables with
common cdf F, then 7' = max{#,as,...,T,} converges in distribution as
n — oo to the constant M(F) = sup {z € R|F(z) < 1)} whether it is finite
or infinite. Thus, the distribution of the maximum of the random sample tends

to be degenerate as the sample size goes to infinity.

Extremal types theorem. Assume that for suitable constants ¢, > 0 and b,
. — by
the random variable z, = ——>—— converges in distribution to a non-degenerate

CTL
random variable, F;, — (. Then, the limiting distribution function G is of one
of the following three classes:

(i)

—(5=2)

G(r)=e" , forall z € R,

for some m € R and s > 0.
(i)

0 forx <m

e_(xfsm)ia for x > m.

for some m € R, s > 0, and a > 0.

(iii)

ef(fzgm)a forz <m

1 forx >m
for some m € R, s > 0, and a > 0.

Note that the classes (i) and (ii) correspond to the generalized extreme value
type I (Gumbel) and type II (Fréchet) distributions, respectively. Concerning the
class III, recall that the generalized extreme value type III (Weibull) distribution
has the following distribution function:

0 for y < myg
F(y;mo,s,0) = P(j < y) =

y—m,

1—e( ) for y > my.

for m € R, s > 0, and a > 0. Therefore, the distribution function of the random
variable T = —y will be

Fi(z)=P(z<z)=P(-y<z)=P({y>-2)=1-P(y < —x) = 1-F(—x;my, s, )
so that

1-0=1 for —x < mgor z > —my

1— 1—67(71:710) = ef(ﬂimo) for —z > mg or x < —my.



Making m = —mg € R, the previous distribution function becomes

1 forz >m

e_<_w:m)a = e_(_w_sm)a for x < m,

which coincides with the distribution function of the class (iii). Thus, the
distribution of the class (iii) is the distribution of the negative of a random variable
that has the generalized extreme value type III (or Weibull) distribution. This
distribution is called negative Weibull.

10



Exercises. Probability and Statistics. IDEA.
7. Sampling

1. Verify the following computing formula for the value of the sample variance:

2
2 _ nz?zl xf - (Z?:l ;) _

n(n—1)

S

2. If 1, X9, ...., and T,, are independent random variables having identical Bernoulli

distributions with the parameter 6, then the sample mean &, is the proportion
of successes in n trials.
6(1—0)

—
(b) Using the moment generating function method, prove that, if Z4, ..., Z,, are
independently distributed random variables having a Bernoulli distribution with

parameter ¢, then g, = Y " | #; has a binomial distribution with parameters n
and 6.

(c) Use parts (a) and (b), and the central limit theorem to prove that

(a) Verify that E(Z,) = 0 and Var(Z,) =

G — N(0,1)

nb (1 —0)
. A random sample of size n = 100 is taken from a population with the mean
p = 75 and the variance 02 = 256. Use Chebyshev’s inequality to provide
a lower bound for the probability that the value of the sample mean Z falls
between 67 and 837

. Use the central limit theorem to find an approximate value for the probability
of Exercise 3.

. A random sample of size 100 is taken from a normal population with o = 25.
Find the probability that the mean of the sample will differ from the mean of
the population by 3 or more either way.

. Find approximate values for the probability that a random variable z having a
chi-square distribution with 50 degrees of freedom will take on a value greater
than 68.

(a) by treating x;; with » = 50 as a random variable having the standard
v

normal distribution;

(b) by treating v/2& —+/2v with v = 50 as a random variable having the standard
normal distribution.

Also, judge the merits of these approximations, given that the actual value of
the probability (rounded to five decimals) is 0.04596.

(¢) Justify the approximations given in (a) and (b). Hint: You should prove
that, for all v and for every positive real valued random variable z, the



10.

11.

12.

13.

. If  has an F distribution with v, and vy degrees of freedom, show that i =

probability that the random variable 27 — v/2v takes on a value less than
T—v

V2v

takes on a value less

k equals the probability that the random variable

2

22w

Show that the density of a F distribution with 4 and 4 degrees of freedom is
given by

than k +

6y (1+y)" fory>0
9(y) =
0 elsewhere
and use this density to find the probability that for independent random samples
2

S

of size 5 from normal populations having the same variance, —; will take on a
52

value less than 1/2 or greater than 2.

B[ =

has the F distribution with v, and v; degrees of freedom.

. If ¥ has an F distribution with vy and vy degrees of freedom, show that when

vy — oo the distribution of v1Z approaches the chi-square distribution with v
degrees of freedom.

Show that if 7 has the t distribution with v degrees of freedom, then #? has the
F distribution with 1 and v degrees of freedom.

The claim that the variance of a normal population is 02 = 25 is to be rejected if
the variance of a random sample of size 16 exceeds 54.668 or is less than 12.102.
What is the probability that this claim will be rejected even though o2 = 257

Let s, be the standard deviation of a random sample of size n from a normal
population. Use the approximation given in part (b) of Exercise 6, to prove

that for large n the variance of the sampling distribution of s,, is approximately

0.2

2(n—1)

Consider an experiment consisting of randomly selecting n values from a finite
set of distinct numbers C' = {c¢; ca....,cy} with N > n . Let us assume that the
selection is without replacement and Z; is the first number drawn, Z, is the
second number drawn,..., and Z,, is the nth number drawn.

(a) Find the joint probability function f(z1,xs,...,z,) for each ordered n-tuple
of distinct values selected from the set C.

(b) Find the probability of each subset of n of the N elements of the set C,
regardless of the order in which the values are obtained.

(¢) Find the marginal probability function of each Z;, f(x;) for z; = ¢1,¢a ..., cn.

(d) Find the mean u and the variance o2 of each Z;.



14.

15.

(e) Find the marginal probability function of any two of the random variables
{Z1,%2, ..., Tn}, g(x;,x;), for each ordered pair (z;,z;) of distinct values of the
set C'.

For the rest of this exercise let us assume that we do not know the values
{c1,¢2....,cn'}, but we know that the mean and the variance of each Z; are 1 and
o?, respectively.

(f) Find the covariance of any two of the random variables {Zi,Zo, ..., Z,},
Cov(Z;, Z;) with i # j . Note: Your answer should be a function of 2 and N
only since Cov(Z;, Z;) turns out to be independent of n and p.

1 n
(9) Let Z be the average of the random variables {1, Zo, ..., Z,,} , T = — Z T
n
1=1
Find Var (Z). Note: Your answer should be a function of o2, N and n only
since Var (Z) turns out to be independent of p.

(h) Compute ]\Yar (Z) . Discuss this result.

The density function of the random vector (Z,7) is

1
Ze @) for 0 <z < 00, —o00 <y < 0
flz,y) =

0 otherwise.

(a) Prove that f(z,y) is the joint density of two independent random variables
Z and g, where 7 is the absolute value of a standard normal random variable
and g is standard normal.

(b) Find E(2), E(g), Var (z), Var (3), and Cov (Z,7) .
. Show all the

(¢) Find the density function of the random variable 0 =

ISR

computations.
(d) Prove that the random variable ¢ has a Student’s t distribution with one
degree of freedom, v ~ t;.

Assume that Z is the mean of a random sample {Z, Zs, ..., Z,, } of size n from
a population having the mean p and the finite variance o2. Note that Z is a
random variable.

j
b) Cov (Z,%;), fori=1,...,n.



16.

17.

18.

(9) Cov (Z,2; — %), fori=1,...,n.

Hint: You can use the results of Exercise 29 of List 3.

(a) Prove that, as the number v of degrees of freedom goes to infinity, the limit
of the t density is the standard normal density.

(b) Prove that the t distribution with one degree of freedom is a Cauchy
distribution with parameters « = 0 and § = 1. Recall that the density of
the Cauchy distribution with parameters o and f is

p/m

———5—— for—oo <z < oo.
(x—a)"+ 0

f(x) =

(¢) Assume that the random variable z : (,F,P) — (R,B) has the t
distribution with one degree of freedom. Compute the conditional expectation
of Z given that Z € [0, 1]. Recall that

E(z|#€[0,1)=E@E[4=1),

where 4 is the indicator function of the set A = {w € Q | 7 (w) € [0,1] } . More-
over, if 1 (x) = arctan (), where the function arctan (-): R — (—7/2,7/2)
is the inverse function of tan(-): (—7n/2,7/2) — R, then the derivative

1
of ¥ is ¢’ (z) = e Recall also that tan (%) =1, tan (—%) =-1,
elin} tan (6) = oo, lim/ tan (#) = —oo and tan (0) = 0.
—/2 ——7/2

Let {1, s, ...,Z,} be a random sample of size n from a population Z having
the uniform density on (0,1).

(a) Find the density fs;, of the jth order statistic. Could you identify the
distribution of the jth order statistic Z(;)? Find the expectation of ;. Plot
the density of the 2nd order statistic (o) when the sample size is n = 7 and
find the expectation of () in this case.

(b) Find the expectation of the sample median Zq4. Find the density of the
sample median when the sample size is n = 7. Plot this density.

Let {1, s, ..., Z,} be a random sample of size n from a population Z having
the exponential density with the parameter 6.

(a) Find the densities, f;_ . and f; _., and the distribution functions, F;_. and
F;_..., of the minimum and the maximum of the sample, respectively. Could you
identify the distribution of the sample minimum Z.,;,” Find the expectation of
Zmin- Plot the density of the sample maximum Z,,,, when § = 3 and n = 11 and
find the expectation of both Z,;, and Z,., in this case.

(b) Find the median and the mode of the population distribution and compare
them with the population mean. Find the density of the sample median T,cq
when n is an odd number. Plot the density of 6 when § = 3 and n = 11.
For this case, find the expectation of Z,.,q and compare it with the expectation



19.

20.

21.

of the sample mean, the population mean, the population median, the mode of
the population distribution and the mode of the distribution of Z,,eq.

Let {Z1, &3, ...,Z,} be a collection of independent random variables having the
Poisson distribution with the parameters \;, for i = 1,2, ..., n.

(a) Use the formula for the convolution pmf to prove that the sum S = S | 7,
has a Poisson distribution with the parameter " | A;.

Z?:l T;

=

(c) Assume now that A\; = A, fori = 1,2, ..., n, which implies that {Z1, Z2, ..., T, }
is a random sample. Find the probability function of the sample mean Z.

(d) Under the assumption of part (c) prove that \/n (Z, — A\) — N(0,\) , as
n — 00, i.e., /n(Z, — \) is asymptotically distributed as a normal random
E?:l Ti

n

(b) Find the probability function of the average & =

variable with zero mean and variance A\, where &,, =

Consider a random sample of size n from an absolutely continuous population.
Compute the derivative of the distribution function Fi(j)(x) of the jth order
statistic given in the expression (4) of the handout "Order Statistics" to obtain
the corresponding density f; (), which is given in the expression (6).

We say that a random variable  has a distribution symmetric with respect to
i P{z<a’—z2}=P{i>2"+z2}forall z€R.

Let us define the random variable §j = 7 — 2°.

(a) Prove that T has a distribution symmetric with respect to z° if and only if
the random variable ¢ has a distribution symmetric with respect to zero.

(b) Prove that the random variable § has a distribution symmetric with respect
to zero if and only if § has the same distribution as the random variable —j.

(¢) Assume that the random variable § is discrete (absolutely continuous).
Prove that § has a distribution symmetric with respect to zero if and only
if its probability (density) function satisfies f;(—y) = f;(y) for all y, i.e., the
function f; is symmetric with respect to zero.

(d) Assume that the random variable Z is discrete (absolutely continuous).
Prove that & has a distribution symmetric with respect to z° if and only if its
probability (density) function satisfies fz(2° — 2) = fz(2" + 2) for all 2, i.e., the
function f; is symmetric with respect to z°.

For the rest of the exercise assume that the random variable Z has a distribution
symmetric with respect to 2.

(€) Prove that E(Z) = 2° when 7 € L.

(f) Prove that the coefficient of asymmetry (or skewness) of Z is equal to zero
when 7 € L3,
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o Point estimation is the use of the value § of a statistic
0= g (X1, X2,..., Xp) to make a guess for the unknown parameter
vector § € ® C R¥ characterizing the distribution Py (+;8) of the
random vector (or sample) X = (%1, X2, ..., Xn).

o Note that, since the parameter 0 is unknown, the estimator 0 is an
statistic that cannot depend on 6 but only on the sample

(%1, %20 .-\ %) .

o The statistic 8 = g (%1, X2, ..., Xn) we use for estimation is called
estimator. Thevaluef =g (xl, X2, ..., Xp) taken by an estimator for
a particular sample value X = (x1, x, ..., x,) is called an estimate.

o For instance, s> # ¢? in general. Questions: what is the relationship
between s?> and 02?, how "close" are they?, does s2 converge to 027,

etc.
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o Definition. The mean square error (MSE) of an estimator 9 for the
population parameter 6 € R is

% 2
E [(9—9) }
o If § € RX, then the MSE is

e {fo—o|]-

o Note that
B|(8-0)"| = var (8-0) + [£ (8- 0)] = var (8) + (55 0))"

where by (6) =E (5 - 9) =E (5) — 0 is the bias of the estimator .
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A biased estimator with small variance may be preferable
to an unbiased estimator with large variance

Sampling distribution of
the biased estimator 8,

Sampling distribution of
the unbiased estimator 84

.
L

r' Y

E(81) E(6;) Statistic
) 9 I| Pare:meter
Bias of 8,
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o Definition. We say that 8; is a better (or a more efficient) estimator
for 0 € R than 0, if

B|(8-0)] <[ (8-0)]

o If the two previous estimators for 6 were unbiased, R
bg, (0) = bg, (6) =0, then 0, is better (or more efficient) than 6, if

Var (§1> < Var (§2> .

o Definition. We say that 0 is the best (or the most efficient)
estimator in the class C of estimators for 6 € R if

B|(0-0)] <E[(6-0)]. wranoec
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o Consider a random sample {%;}/_; of size n from a population X with
distribution Px having the mean p and the finite variance 0.

o Sample mean:

n
Y Xi
- o i=1
X=X,=
n
o Sample variance:
n
< <o \2
)3 (X/ _xn)
2 2 i=1
s =s, =
" n—1
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o Reminder:

(a)

02
E(X) =u and Var(x) = —

(b) Strong law of large numbers:

Xn — M.

(c) Central limit theorem:

~ __ )_(n_E()_(n) _ )_(n_]’l ri; or 3. —
Y e T oI N(0,1) (or 2 — N(0,1))

or, equivalently,

J. Caballé (UAB - BSE) Probability and Statistics IDEA 7 /63



(d) If the population is normal, then

_ o Xn—U
xan(y,?) <~ 0’/\/5

~N(0,1) < /n(x,—p) ~N(0,0?).

(e) s? is an unbiased estimator for o :

E <52) =02

(f) If the population mean y is known, then the statistic

(% — p)’?

n

Its

is an unbiased estimator for 02, E (§2) =E (sz) =02,
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n

y (% —%)* 2
= _(n=Y)s , then
n n

E () = (";1)027&02%(52)_

lim B (éﬁ) —E <s,2,) _

(h) If the population is normal, then

However,

(n— 1)52 g
o2 o

(i) If the population is normal, then

Var (52) = 20 , Var <§2) = M , and Var (§2) = zi.

n—1 n?

J. Caballé (UAB - BSE) Probability and Statistics IDEA
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(j) If the population is normal, then

Xp—HU
— ~th
n

s/v/n

(k) If s? and s3 are the variances of two independent random samples of
size ny and ny from two normal populations with variances 02 and o3,
respectively, then,

2 2 2 <2
si/of _ 3-8} ~F
- 2 ni—1,nmp—1-

In particular, if the two population variances are equal, 02 = 03, then

2
st p
S2 n—1,nm—1-

2
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@ Assume that the population is normal. Then,

E (sz) = 02 so that by ((72) =0,

E(§2) = <n;1>02 + 02

so that the bias of §2 as an estimator for o2 is

_ 2
be ((72) = (n - 1) o —o? = —‘%.

while

o Moreover,

Var (52> = 2041 and Var <§2> = 2(n;—21)(74

o If the population is normal, s? is an unbiased estimator for o2, while

82 is a biased estimator. However, Var (§2) < Var (52) . In fact, it

can be proved that §2 is an estimator for 2 more efficient than s2,

E [(gz - 02)2] <E [(sz . (72)2] . (Exercise)
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Harald Cramér (1893 - 1985) C. R. Rao (1920 - 2023)
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o Theorem (Cramér-Rao). Let X be a n-dimensional vector of
random variables (not necessarily independent), the joint density of
which is given by h (X; 9), where 6 is a K-dimensional vector of
parameters in some parameter space ®. Let 0= g ()?) be an

unbiased estimator for 6 with a finite covariance matrix Var (5)
Furthermore, assume that h(X;0) and g(X) satisfy

° (a)
d dh . . )
—/ hdX = —dX «This is a K-dimensional column vector
90 Jrn Rn 00

o (b)

d dh
— ghdX = / g—dX «This is a K-dimensional column vector
00 JRrn R~ 90
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° ()

2
i a—hT = a—thX < This is a K X K-dimensional matrix
20 Jr» 96 R" 0006
o (d)

dlnh(X;0) Y . iy . :
Var 0 is a positive definite K x K matrix.

@ Then, for all 6 € O,

var (8) 2 (—E [M

-1
=CR CR-1
3696 " ) (CR1)

or, equivalently,

Var (@) > (E lalnh()?;g) ‘alnh(f(;e)

-1
%0 Yl ) =CR. (CR-2)
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Note: A > B means that A— B is a positive semi-definite matrix,
which implies that the elements along the diagonal of A — B are
non-negative. Thus, the Cramér-Rao inequality provides a lower

bound for Var <5k> Jforall k=1,... K.

Proof. See the handout for the case K = 1.
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o About the assumptions:

o Assumption (d) is very mild.

o Assumptions (a), (b) and (c) mean that the operations of
differentiation and integration can be interchanged. This implies,
among other things, that the domain of positive density of X is
independent of 8. Sometimes such a domain depends on the
parameters (e.g. the uniform distribution).

o The matrix
2%Inh(X:0
1(6) = g |20 (Xi0)
0600

a0 007

g lalnh(f(;é’) .alnh()?;(?)

is called the Fisher information (matrix). Note that the Cramér-Rao
lower bound (CR) is equal to [/(6)] "

o Therefore, if 0 is an unbiased estimator for @ and Var (/6\> = CR,

then 0 is the best (or the most efficient) estimator within the class of
unbiased estimators for 6. In this case, we say that the estimator 0 is
an efficient estimator for 6.
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o If the random vector X were discrete instead of absolutely continuous,
the result would be the same. In this case h(X;0) would be the
probability function of the random vector X and we should change the
integrals in both the statement and the proof by sums over the range
of X. Obviously, this range should not depend on the parameters we
are estimating in order to fulfil the assumptions (a), (b) and (c).

o Corollary. If in the previous theorem the random vector
X = (%1, X2,..., %,) is a random sample from a population % having
the density (or probability function) f(x;8), then

w@z([Z50) " o

or, equivalently,

Var <§> > (nE [aln gg?; 0) alnafe(f;G)Dl' (i)

o Proof. See the handout for the case K = 1.
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o Single parameter case: K =1 (6 € R).

o (a) For X = (X1, %,..., X,), not necessarily a random sample, we
have
- -1
. 2Inh(X:6
Var (9) > (—E [% ) (Theorem CR-1 for K = 1)

or, equivalently,

Var (5) > (E {(W) ]) . (Theorem CR-2 for K = 1)

o (b) For the random sample X = (%, %,..., X,), we have
2 <.oy1N\ 1L
Var (6) > (—nE [alnaf—egx@ > (Corollary (i) for K = 1)

or, equivalently,

Var (@) > (nE [(W)z )1_ (Corollary (ii) for K = 1)
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Let X, be a random variable with X, ~ P,, for n = 1,2, ... The limit
of the expectation (or limiting expectation) of X, is

lim E (%n) = nI|_r>noo/]Rden (x),
whereas the asymptotic expectation is
Ammz/mm
R

where X, — Pasn— . Thus, P is the limiting distribution of

{%n}oes -
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o Theorem. If E (|%,|") < M for all n, where M < oo is a fixed bound,
then
limE (x;) = AE(%;), foralls<r.
In particular, if E (523) < M for all n, where M < oo is a fixed bound,
then lim E (x,) = AE (X,) .
n—od
o Some statisticians refer to lim E (X,) as the asymptotic expectation.

n—oo

o Similarly, we can define the limit of the variance (or limiting variance)
and the asymptotic variance as

lim Var (%) = lim E ([% — E (%,)]°)

n—oo n—oo

and
AVar (%) = AE ([% — AE (3)])

respectively.

@ The subindex n in estimators will typically refer to the sample size.
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o Definition. We say that the estimator 0, for € R is "unbiased in
the limit" or "asymptotically unbiased" if

limE (ﬁn) =0 or AE (5,,) =0,

n—oo

respectively.

Moreover, the "limiting bias" or the "asymptotic bias" of the
estimator 0, for 6 € R is

lim E (ﬁn) 9 o AE <§n) _9,

respectively.
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Definition. An estimator 0, is "the best (or the most efficient) in the
limit" or "asymptotically the best (or the most efficient)" in the class
C of estimators for 0 € R if

o (8-0)]
e |(8,-0)

respectively.

AE [qb(n) (8, - 9)1
AE [gb(n) (én - 0)1

<1 or Sl,foralla,,EC,

The function ¢(n) is selected in order to make the previous relative
asymptotic efficiency well defined in R (i.e., to make

AE [(p(n) (5,, - 6)2] # 0). Usually, we use ¢(n) = n.
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o Definition. Let 5,, be an "unbiased in the limit" or an
"asymptotically unbiased" estimator for 8 € R. Then, 8, is an
"efficient in the limit" or an "asymptotically efficient" estimator for 0
if

lim CiR/,,\ =1 or R — =1,
7\ Var (6,,) AVar <\/cp(n) 9,,>
N——— —

<1 (Cramér-Rao)

respectively, where CR* is the following "adjusted" asymptotic
Cramer-Rao lower bound (or inverse of the Fisher information):

. [ 1 82Inh()~<;9) _1_
o= (Cne Pt
-1

1 anh(X:0)\
A ( O )
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If $(n) = nand X = (X1, %, ..., %,) is a random sample from a
population X having the density function (probability function)
f(x;0), then

— (_AE [a%na;(;;e)])‘l _ (AE [(amg(;; 9))1)1_

Note: An estimator may be the best (or the most efficient) in the
limit (or asymptotically) in the class of unbiased estimators in the
limit (or asymptotically) even if it is not efficient in the limit (or
asymptotically). In other words, the Cramér-Rao lower bound does
not need to be reached in the limit (or asymptotically) by an statistic
that is the best (or the most efficient) unbiased estimator in the limit
(or asymptotically).
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o Definition. An estimator 8, for § € R is said to be (weakly)
consistent if

5,, LN (or plim @,, :9) ,

n—oo

. . . 5 d
which is equivalent to 6, — 0.

o Definition. An estimator 8, for 8 € R is said to be strongly
consistent if

0, 2% 0.

~ 2 —~
Theorem. If lim E [(e,, - 9) } = 0, then 8, is a (weakly)
consistent estimator for 8 € R.
Proof. Obvious since 5,, LNy implies that a,, SLANY:

Note that, since
. 2 . 2
lim E [(on—e) ] = lim Var (en) + [ban (9)} ,
then 8, — 6 if and only if lim Var (5,,) = lim by (0) =0.

n—oo n—oo n
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Let %, and s2 be the mean and variance of a random sample of size n.

Since E (X,) = p (or bg, (1) = 0) for all n, and Var (%,) = 02/ n so
that lim Var (X,) = 0, the sample mean X, is a (weakly) consistent

n—oo

estimator for the population mean .
In fact, X, — u because of any of the strong law of large numbers.

Assume that the population is normal. Then E (s,z,) =0’
(or bgz (0%) = 0) for all n, and Var (s3) = 20"/ (n—1) so that
lim Var (s2) = 0. Hence, the sample variance s2 is a (weakly)

n—oo
2

consistent estimator for the population variance o=.
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o Consider now the statistic

i ()?i - )_(n)2 (
i=1

2 i= _ n—1)s?,.
n n

Then,

and the bias is

2
n—1 o
bgz(UQ):( )(72—(72:———>0,asn—>oo.
n
Moreover,

o 4
Var(ﬁ%)zu—m, as n — oo.
n

o This means that 82 ™ ¢2 and, thus, 82 is a (weakly) consistent
estimator for o2.
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o The statistic 8 is a sufficient estimator (or statistic) for the parameter
0 if it uses all the information relevant for the estimation of the
population parameter # € ® C RX, that is, if all the knowledge we
can gain about 6 by actually specifying the individual sample values
and their order can just as well be obtained by observing only the
value of the statistic .

o Let X = (X1, %, ..., %) be a collection of random variables (a sample)
whose joint distribution Py (-;6) depends on the parameter 6. Then,
for all values 8§ taken by 8, the conditional distribution of X given
0=0, P)”(|§ ( ‘/6\ : 9) should not depend on the value 6. Note that, if

P)”<|§ ( ’@ : 9) depends on 6, particular values of (%1, %2, ..., Xp)

yielding a particular value of 9 are more likely for some values of 0
than for others, and the knowledge of these sample values will help in
the estimation for 6.
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o Definition. Let X = (X1, %, ..., %) be a collection of random
variables (or sample) whose Jomt distribution Py (-; 0) depends on the
parameter @ € ©® C RX. The statistic 0=t (X1, X2, .. xn) is a
sufficient estimator (or statistic) for 6 if, for all values 8 taken by 8,
the conditional distribution of the sample X = (X1, X2, ..., Xn) given

0=0, P < ‘9 9) B (R") — [0, 1], is independent of 6.

o Note: If X = (X1, %, ..., X,) has a discrete (absolutely continuous)
distribution, then sufﬁaency means that the conditional probability
function (density) of X given 8 = 0,

5.0) f()?,@) (X]_,XQ,...,X,,,/G\; 9)
o) - Bn

for all © with fa <§ 9) # 0, does not depend on the parameter 6.

f)~<|§ (X]_,X2, o Xp
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Note that
R fy (X1, X2, ..., %n; 0) ifb\:t(X),
f(f(ﬁ) X1, X2, ...,Xn,9;9 = . (*)
0 otherwise.

and, for X absolutely continuous,

fy (5;9) = /]R" f()?,ﬁ) (Xl,XQ,...,Xn,/é; 9) dX = /A fy (x1,x2, ..., xn; 0) dX,

with A = {X = (x1, X2, ..., xn) € R"[t(X) :/9\}

whereas, if X is discrete,

%(@;9): Z f()?,ﬁ) (Xl,XQ,...,x,,,a;G): Z fx. (x1, X2, .., Xn; 0)

xel Is () rew
i=1
with B = {X = (x1, %2, ., xn) € T % (Q) ’t(X) ZA}-
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Factorization theorem (Fisher-Neyman). Let X = (%1, %, ..., %)
be a collection of random variables (or sample) whose joint
distribution is discrete (absolutely continuous) and depends on the
parameter @ € ® C RX. Then, the statistic 0=t (X1, X2, ..., Xp) is a
sufficient estimator (or statistic) for the parameter 6 if and only if the
probability function (density) of X can be factorized as follows:

g (x1, %0, .., xn; 0) = h(x1, %2, ..., %n) - & </9\ 9) ,
—_—

independent of 6

where 8 = t (X1, X2, .y Xn) -
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o Proof. (Sufficiency == Factorization). If

@-(9) B f()?,@) (xl,XQ,...,Xn,a;())
REICD

is independent of 6, for all values 0 taken by 0=t (5() , then

f)~<|§ <X1,X2,...,Xn

f()?,ﬁ) <X1,X2, ...,X,,,@; 9)

-~

fx (X1.X2,....xp;0) —from (%)

= i (31200 [0:6) x 1, (8:0).
J | SEES——
independent of 6— m(X,@)zm(X,t(X)):h(X) g(@,@)
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o (Factorization = Sufficiency). If
fy (x1, X2, ... xn; 0) = h(x1, X2, ..., %n) - & (5 9) ,

then, for all values 0 taken by 0=t ()?) ,

f()‘(,@) (xl,xz,...,x",a;ﬂ) —from (%)

A

h(X]_,XQ,...,Xn)'g(/e\,G)
%(/9\;9> o (k%)

fx|§ (Xl,XQ,...,X,, 5;9) _
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If the random vector X is absolutely continuous,

i (0:0) :/Ah(xl,XQ,...,x,,)-g (0.0)ax=¢ (0.0) -/Ah(xl,x2,...,x,,)dX,

J/

R )

where A = {X = (x1, X2, ..., xn) € R"

fa (/9\ 9) = Z h(x1,x2,....%n) - & (5 9) =g </0\ 9) . Z h (X1, X2, ..., Xn),

XeB XeB
T ou2e) RO

t(X) = 5} or, if X is discrete,

where B = {X = (Xl,Xg, ...,Xn) S IEI Xi (Q) ‘t(X) :/9\} and ¢; </9\)’
i=1

i = 1,2, only depend on the value 8 of the statistic. Therefore, from ()
we get

5;9> _ h(Xl,XQ,...,Xn), i—12

f)~<|@ (Xl,XQ, ooy X

which is independent of 0. Q.E.D.
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C. R. Rao (1920 - 2023) - David Blackwell (1919 - 2010)
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o Theorem (Rao-Blackwell). Let B be an estimator for the parameter
6. Suppose that T = t (X1, X2, ..., X) is a sufficient statistic for 6 and

let 0 = E (5 |7r) . Then,
E [(e* _ 9)2] <E [(5— 9)1 . (1)

o Proof. Note that, from the sufficiency of #, 8* = E <§|f) does not

depend on the parameter 6 but only on the sample (X1, X2, ..., X,) so

that 0" is an estimator. Then,
) o | =k [E (o] )]]

E [(9*—9)2] —E HE (5
<E [E [(6—9)2 t” —E [(6—9)2] ,

where the inequality follows from Jensen's inequality applied to a
quadratic, and thus convex, function and the last equality follows
from Adam’'s law. Q.E.D.
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@ The previous theorem tells us that an improvement in efficiency of an
estimator can be obtained by taking its conditional expectation with
respect to a sufficient statistic. This process of improvement is called

Rao-Blackwellization. Thus, 8* = E (§|f) is the Rao-Blackwellized
estimator.
o In other words, the theorem says that, if an estimator is not a
function of a sufficient statistic, it can be improved in terms of MSE.
Corollary. Let 0 be an unbiased estimator for the parameter 6.
Suppose that T is a sufficient statistic for 6 and let 0" = E (5 ]f) .
Then, (a) 0 is an unbiased estimator for 6, and
(b) Var (6*) < Var (5) :

Proof. (a) E(6") = E [E (6 |7:)} —E (ﬁ) — 0, where the second
equAaIity follows from Adam'’s law and the last from the unbiasedness
of 6. (b) From the Rao-Blackwell theorem, we know that the
inequality (1) holds. Since both 8 and 6* are unbiased estimators for
6, then inequality (1) simply becomes Var (6*) < Var (5) . Q.E.D.
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o Definition. The kth (non-central) sample moment of the value
X = (x1,x2, ..., X,) taken by a random sample X = (X1, %, ..., X,) is
given by

o The population moments depend on the parameter § € ® C RX,
() =E(%%), k=1,2,..

o The Method of Moments (MM) consists of solving the following
system of equations:

m(X) = p, (0), for k=1,2,.., K,
for the K parameters of the population distribution.

o The solution is the estimate Opm = t(X) and the statistic
Oy =t ()~<) is the Method of Moments estimator for 6.
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o More generally, we start with the first moment and keep equating
sample moments with the corresponding population moments in
ascending order until we have as many equations as parameters and
then we solve for the parameter vector.

o Alternatively, we can use central moments and solve for the parameter
vector 6 in the system of equations

my(X) =p; () and me(X) =pu, (0), for k=2,3,... K,

where

m(X) == and p, (9):E[<>”<k—y>k},

and x is the value of the sample mean, x = m{(X), and u is the
population mean, p = i (6).

o Intuition behind the MM estimator: Find the parameters of the
distribution that match the empirical moments to the population
moments of the distribution.
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o We could generate sample moments of order larger than K,
m(X) =u, (0), for k=1,2,...,J, where J > K.

However, the previous system of J equations and K unknowns does
not have solution generically when J > K.

o In this case, the Generalized Method of Moments (GMM) estimate is
given by

§GMM = argegin { [m’ (X)— (9)]T w [m’ (X)— (9)] } ,

where [m' (X) — 1’ (8)]T = ( m! (X) — 1}.(6), ) and Wiy,
1xJ
is a weighting matrix.
o Note that if J = K and W =1, then the GMM estimator coincides
with the MM estimator.
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o Let X = (x1, x2, ..., Xp) be the value of the random vector
X = (%1, %, ..., %,) having the density (probability function) h(X;0)
where 6 is a K-dimensional vector of parameters in some parameter
space ©. The likelihood function L : ® — R is given by

L(6;X) = h(X;6).

o Note that h(X;0) is the value of the joint density (probability
function) of the random vector X at the observed sample value.

o The maximum likelihood (ML) estimate is given by

O = argmax L (6; X) .
[256)

o The solution to the previous maximization problem is the estimate
One = t(X) and the statistic 8y = t(X) is the Maximum Likelihood
estimator for 6.
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o Intuition behind the ML estimator: Find the parameters of the
distribution for which the observed data is most probable.

o If the parameter space © is compact and L (6; X) is continuous on ©,
then 6y, exists.

o Sometimes, by modifying the density function on a set with zero
Lebesgue measure, we can make

L(6;X) = sup L(6; X
max L (6: X) sup (0; X)),

where sup L (6; X) exists if the likelihood function L (+; X) is bounded
SC)
and © is compact.

o Invariance property. If O is a ML estimator for 6 and
g:® — @ C R¥ is a one-to-one correspondence (or bijection),

then g <§ML) is a ML estimator for g (6) € @'.
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o Proof. Let L (0; X) be the likelihood function on the parameter space
o, L (6; X) be the likelihood function on the parameter space
©’, h(X;0) be the density (probability function) of the random
vector X, and h(X;0') be the density function (probability function)
of X under the reparameterization dictated by the function g,
according to which 8’ = g(#) and 6 = g~ 1(6) with 6 € © and
8’ € @'. Then, since h(X;0) = h(X; _1(9/)) =h(X;0') and
L(0; X) = h(X;8), we have that

L(0:X) =h(X;0') = h(X;g(¢))) = L(g71(8'); X).

0
Therefore,
max L 0:X) = max L(g71(0):X) =max L(6;X).
max L (6 X) L max (877(6"): X) = max L (6: X)

The previous equality tells us that, if §ML = argmax L (9; X) and
0c®

Oy, = argmax T (6;X) , then By = g~ (5;\/1L) or By =g (§ML) .
o'ce’
Q.ED.
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o Example: Let 5ML be the Maximum Likelihood estimator for the
parameter 6 of the exponential distribution. The variance of the
exponential distribution is 02 = g(6) = 6% and g is a one-to-one

. 2
correspondence since 6 > 0, i.e., ® = IR;. Therefore, (GML> is
the Maximum Likelihood estimator for the population variance o?.

o If X = (%1, X2, )?,,) is a random sample from a population with

density (probability function) f(x;6), then

L(6; X) = h(X;0) = ﬁf(x,-;@).
i=1

@ Moreover, in this case,

n
OmL = argmax L (6; X) = argmax In L (6; X) = argmax ) _ Inf(x;; 6).
0c® 0cO 0c® i=1
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o X = (%1, %2, ..., %) is a random vector (sample) and
W = g (X1, %, ..., Xp) is a statistic, which may be a random vector.

o The random vector w = g (X1, X2, ..., X) has the density (probability
function) fzjg (w[0), where the parameter 6 is the realization of the

random vector 0 : (Q), F) — (R, B (R¥)) with
6(Q) =0 c RX.

o fyjo (w|0) is also called the likelihood of w for 6 = 6.

@ The density (probability function) of 0 is fy (this is called the prior
density or prior probability function).
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@ The posterior density (probability function) of 0 given w = w is
fio.i) (6, w)  fo(0)fs9 (W]|0)
(6,w) 0 w|0
= for f; ,
o (W) o (W) , for fz (w) #0
where fy (0) is the prior density (probability function) of 6,
19 (W |0) is the likelihood of W for 8 = 6, and

fe|w (0fw) =

fo (w) = /fe<e> o (wl6) do 1)
=) fo(0)faje (w]0). (2)
0cO

o Note that the formula for the posterior density/probability function,

o (01w) = 20 O] ) 0,

also holds if fg () is a density/probability function and the likelihood
fwjo (w]0) is a conditional probability function/density (see Exercise
13 of List 2). Then, fz (w) would be a probability function/density
obtained through the formula (1)/(2).
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o We define the loss function L (95) . For K =1, we usually use

L (9/9\) = (9 — 5)2 (quadratic loss function)

or, for K > 1,
L(0.8)=(0-0) w(0-0),

where W is a K X K weighting matrix.
o Then, the Bayesian estimate is given by

0p = ar@gergin E {L (6@) ’ W= W} = arggergin /@ L (95) fo (0 |w) do

or

55 = arggergin E {L <6§>

W= W} =argmin ) _ L <9§> forw (0 w) .
6O 0cO
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In general,

Op = rg;erglnE[L(B §>’W:W} :argergln/(9L<9 9) dPgj (0 |w) .

The solution is the estimate 0 = h(w) = h(g(X)) = t(X) and the
statistic O =t (X) is the Bayesian estimator for the random
parameter 0 (or for the parameter value 0).

Intuition behind the Bayesian estimator: A Bayesian estimator
minimizes the posterior expected value of the loss function.

R N2
Proposition. Let K =1. If L <6,9) = (9 — 9) , then
0 =E[0|w=w].
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o Proof. To solve

_ N2
v [(0-9)

W=, W

2
we compute the first derivative of E [(6 - 9)

W= W:| w.r.t.  and

equate it to zero,
—2E [(e-@)( w=w| =0
Solving for 6 in the previous expression, we get
O =E[0|Ww = w]. (2)

Note that E [(9 - @)2

w = w] is a strictly convex function of 0.

To see this, we compute its second derivative w.r.t. 9,
—2E[-1lw=w]=(-2)(-1)=2>0.
Therefore, the value 85 obtained in (2) is a solution for (1) and,

hence, it is a Bayesian estimate for 6. Q.E.D.
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Conjugate families of distributions.

There are cases where the prior distribution of the random vector 0
and the posterior distribution of 6 given any value of the statistic (or
any value of the random sample) both belong to the same family of
distributions. The prior and posterior are then called conjugate
distributions for the corresponding likelihood.

Examples:

1) Prior: A has the gamma distribution with the parameters a and f.
Likelihood: X has the Poisson distribution with the random parameter
A. Posterior of A given the value of a random sample of size n from
the population X, (X1, X2, ..., Xp) = (x1, %2, ..., Xn) : gamma

n

distribution with the parameters & + ) x; = a 4+ nk, where X is the
i=1

1+n
distributions is conjugate for the Poisson likelihood.

value of the sample mean, and . Thus, the family of gamma
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@ 2) Prior: u has the normal distribution with the mean p, and the
variance o (or precision 7o =1 /(73 ). Likelihood: X has the normal
distribution with the random mean u and the known variance o (or
precision T =1 /(72 ), which means that the mean X of a random
sample of size n from the population X is normal with the random
mean y and the known variance 02 / n. Posterior of u given X = X (or
given the sample value (X1, %2, ..., X,) = (x1, X2, ..., X»)): normal
distribution with the mean p; and the variance 0 (or precision
Ty =1/0%), where

nxo3 + pyo? To N nt o\ _
= = —_— X

Vl nod + o2 To + nT Ho To + nT
—— —

n
:(T0$n1> Zizl Xi
and
1 1 n
T1:7=7+7:T0+n’r.
i o5 O

Thus, the family of normal distributions is conjugate for the normal
likelihood.
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@ 3) Prior: 0 has the beta distribution with the parameters a and f.
Likelihood: X has the Bernoulli distribution with the random
parameter 0. Posterior of 6 given the value of a random sample of
size n from the population X, (X1, X2, ..., Xp) = (x1, %2, ..., X) : beta
distribution with the parameters Y/ ; x; +« = nx +a and
n—Y7"1xi+pB = n(l—x)+ B, where x is the value of the sample
mean (i.e., the percentage of successes). Thus, the family of beta
distributions is conjugate for the Bernoulli likelihood.

OR, equivalently,

@ 3’) Prior: 0 has the beta distribution with the parameters « and g.
Likelihood: ¥ has the binomial distribution with the parameters 0 and
n, where n is known. Posterior of 0 given ¥y = y : beta distribution
with the parameters y +a and n —y + B. In fact, the family of beta
distributions is conjugate for the binomial likelihood.
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Sufficiency in Bayesian estimation.

Definition. Let X = (%, %, ..., X,) be a collection of random
variables (or sample) whose joint distribution Px o (- [6) depends on
the random parameter 6 : (), F) — (RK, B (RK)) with

0 (Q)) = © C RX. The statistic 0 = t (%, %2, ..., X, ) is a sufficient
estimator (or statistic) for the random parameter 8 if, for all values 6
taken by 0 and all values 0 taken by 0, the conditional distribution of
the sample X = (>~<1,>~<2, 5(,,) given 0=10and 6= 0,

PX\@,G ( ‘@ 0) : B(R") — [0, 1], is independent of 6.

If X = (X1, X2, ..., Xn) has a discrete (absolutely continuous)
distribution, then sufficiency means that the conditional probability
function (density) of X given 8 =60 and 6 = 6,

fx) (a0 0.0 10)
o (00)

for all @ and 6 with f@\e <§|9) # 0, does not depend on 6.
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Factorization theorem. Let X = (X1, %», ..., X,;) be a collection of
random variables (or sample) whose joint distribution is discrete
(absolutely continuous) and depends on the random parameter
0:(Q,F) — (R¥,B(R¥)) with 6 (Q2) = © C R¥. Then, the
statistic @ = t (%1, X, ..., %,) is a sufficient estimator (or statistic) for
the random parameter 0 if and only if, for all values 6 taken by 0, the

probability function (density) of X can be factorized as follows:
fg (X1, %0, .. Xn |0) = h(x1,%0, ..., Xn) - & <§ 9> )

where 0 = t (X1, X2, ..o Xn) -
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o Let X = (x1, %, ..., %,) be a collection of random variables (or
sample) whose joint distribution depends on the parameter
8O CR.

o Interval estimation is the use of a sample X = (X1, %2, ..., X,) to
calculate an interval (a (X) b (X)) of probable values of the
unknown parameter 6.

o Pivotal method: Find a real-valued random variable w = g (X, 6),
called the pivotal variable (or pivot), such that its distribution is
independent of the parameter 8 we want to estimate.

o A (1—a)100% confidence (Borel) set C;_, for g (X, 0) is given by

Pe(x0) (ﬁl_a) =P {g (X.,0) € a_“} .

J. Caballé (UAB - BSE) Probability and Statistics IDEA 55 / 63



o If Ci_4 is an interval (¢, d), then a (1 — &)100% confidence interval
for g (5( 9) is given by

P{c<g(X.0)<d}=1-ua (%)
@ Since there are many confidence intervals, we usually make
- - o
Plg(X,0)>d} =P{g(X,0)<c}= 5
o Then, we solve for 6 in (x) to get a random (1 — «)100% confidence
set H (X, c,d) for 6,
P{# e HX c,d)}=1-a
o If the set H(X, ¢, d) is a random interval (a (5() b ()N()) , then
P{a(X)<0<b(X)}=1-a.

o This random interval is called the (1 — «)100% confidence interval for
the parameter 6.
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o Usually, the (1 — a)100% confidence interval for 6 is presented like
this:
a(X)<6<b(X),

where X is a particular value of the sample. Therefore, we are just
providing a "realization" of the random (1 — «)100% confidence
interval.
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o Examples:
o Let {X1, %2, ...,X,} be a random sample from a normal population

with mean p and variance 0

o (1) If 02 is known, the random variable all N N(0,1). Therefore,

o/v/n

P{ Zy/o < /\/_<Za/2}:1—0é

where z,/p = 2576 if 1 —a = 0.99; 2,0 = 1.96 if 1 —a = 0.95; and
Zyp = 1.645if 1 —a = 0.9. Then,

P{)‘(—z,x/g-i<y<)'(+z,x/2-i}zl—oc.
V/n V/n

Thus, the (1 —a)100% confidence interval for the population mean u
is given by

4 —
= << U< X+2zyo-

Y—Za/z \/F

where X is the value of the sample mean x.

%,
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o (2) If 02 is unknown, the random variable X

—H
s/v/n

X —
P {_tzx/Z,n—l < s/—\/‘uﬁ < tzx/2,n—1} =1-ua

~ t,_1. Therefore,

Then,

S

= _ S
P{x_tuc/2,n—1'ﬁ<V<X+ta/2,n—1’%}:1_(x-

Thus, the (1 —a)100% confidence interval for the population mean y
is given by

; s s

06/2,”—1 \/ﬁ \/ﬁl

where X is the value of the sample mean X and s is the value of the
. 1/2

sample standard deviation (s: (52) / )

X — <‘I/l<7+ta/2’n_1'
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—1)s2
@ (3) The random variable (n=1)s”

= ~ X%—l' Therefore,

(n—1)s?
P {X%g,n1 < 2 < X§/2,n—1 =1-ua

Then,

P{—(n—1)52 <o’ < —(n_l)sz} =1-ua.

2 2
Xas2,n—1 Xi-gn-1
Thus, the (1 —a)100% confidence interval for the population
variance ¢? is given by
(n—1)s?

—1)s2
. 2 (n )s
th/2,nfl

< 0’ 2 ’
Xl—%,n—l

where 52 is the value of the sample variance s2.
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o Let s? and s? be the variances of independent random samples of size
ny and ny from two normal populations with variances (7% and (7%,
respectively.

§/U§
o (4) The random variable ~ Fp,—1.n,—1. Therefore,
s3/03
/(7
P {Fl—g,n1—1,n2—1 < $2/03 > < Fajom-1m-1p=1-uw
Then,
2 2 2
1 o 1
plSL < —é <31 =1—u

s% Fa/2,n171,n271 0—2 S% Fl—%,nl—l,ng—l
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Thus, the (1 —a)100% confidence interval for o3 /03 is given by

st 1 o s 1
2 F S o< 2FE . .
) a/2,n1—1,nm—1 3 S5 1-5,m—1nm-1
or, since
1
Fajomp—1n-1= =——, (see the handout)
Fl—ﬁ,nl—l,ng—l
2
the confidence interval becomes
2 2 2
S SR U S
2 2 2 a/2,m—1,n—1»
sy Fajom—-1m-1 05 S

where s; and s, are the values of the standard deviations of the two
random samples.
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o See the handout.
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Cramér-Rao lower bound

Theorem (Cramér-Rao). Let X be a n-dimensional vector of random variables (not
necessarily independent), the joint density of which is given by h(X;0), where 6 is a

K-dimensional vector of parameters in some parameter space . Let 0= g (X ) be an

unbiased estimator for § with a finite covariance matrix Var(@). Furthermore, assume
that h(X;0) and g(X) satisfy

(a)

(% / hdX = @dX «— This is a K-dimensional column vector
RTL R7L

(b)

h
2 / ghdX = ga—dX «— This is a K-dimensional column vector
00 Jrn rn 00

()

2
O [ Oh . [ &

— 7 = TdX «— This is a K x K-dimensional matrix
a0 Jpn 00 rRn 0000

(d)

Var <8ln l;(;(; 0)

) is a positive definite K x K matrix.

2Inh(X: -1
<_E [8 laef;(é); | 9)]) (CR-1)

dmh(X:0) omhX:0)]\
09 00T '

Then, for all § € ©,

1\

Var (5)

or, equivalently,

V

(CR-2)

Var (5) > (E

Proof for the case K = 1. We have 1 = [, h(X;0)dX for all @ € O, where

X = (21, xa,..., z,) € R". Therefore, differentiating both sides with respect to 6 and
using assumption (a), we get
Oh(X;0) Olnh(X;0)



dlnh(X;0)
20

~ 2
In h(X; ~ -
E |:<8nh(,(9)> } . Since 8 =g (X> is an unbiased estimator for 6, we have

Define z = , then (1) means that E(Z) = 0. Furthermore, Var(%) = E(?) =

00

§=E (5) = 0= /ng@h(X;H)dX.
9

Therefore, differentiating both sides with respect to 6 and using assumption (b), we get

1= /"g(X)ah(;g”g)dX =/ g(X)Wh(X;H)dX. )

Note that (2) means that E (/0\ : 2) = 1. Thus, we have

Cov(é-z):E(§-§>—@5(Q:1.
—p =0

The Cauchy-Schwarz inequality implies that the absolute value of the correlation
coefficient is smaller than 1 so that

[Cov (@ : 2)} ’ < Var </0\) - Var (2) .

Note that [Var ()] is well defined if assumption (d) holds. Therefore, we obtain the
inequality (CR-2) since

8 27\ !
Var (5) > [Var (2)] ! = (E {(W) ]) . (3)

To get the inequality (CR-1) observe that

Olnh(X;0) 1 Oh(X;0) 4
90 h(X;0) 00 (4)
so tha
et <alnh(X;9)>2_ 1 <8h(X;0)>2
o6 - [heGeP N o0
and
dlnh(X;0)\*| 1 Oh(X;0)\>
E[(@@) ] ‘E[[h<x;e>12< Z )] )
Differentiating (4) with respect to 0, we get
PInh(X;0) -1 (8h(X;9))2+ 1 9%h(X;0)
06? [h(X;0))? o0 h(X;0) 00>



Therefore, taking the expectation of the previous equation and using (5), we get

Pn(X;0)] omh(X;0)\
E[éwzlE{(é%>]+E

1 9%h(X;0)
(X 0)dX
+ /R ne) g M)

. 2
B Jlnh(X;0) 0?h(X;0)
- _E {(aa ) ] + [ S ax, (6)

and using assumption (c), we get

1 9%h(X;0)
hX;0) 06

0?h(X;0) 0 Oh(X;0)
IIMAO0) g = [ MAE)
e 002 90 Jgn 00

=0

dX =0, (7)

where the last equality follows from differentiating both sides of the first equality in (1)
with respect to 6. Therefore, combining (6) and (7) we obtain

92 In h(X:0 o h(X:0)\’
N R

Plugging (8) into (3) we obtain the inequality (CR-1). Q.E.D.

—E

Corollary. If in the previous theorem the random vector X = (Z1, Toy..., Ty) is a
random sample from a population Z having the density (or probability function) f(z;6),
then .
~ 2] 7;0) 1\
Var (0) > <—nE [W]) (i)
0000
or, equivalently,
~ In f(Z;0) Ol f(%0)]\ "
Var<9>§ <nE [8 n]a“é:z:, )'811;9(1{6’ )}) ' (i)
Proof for the case K = 1. Since 21, Zo, ..., T, are independent, we have

h(X;0) = f(21;0) - f(22;0) - f(an; 0),
so that .
Inh(X;50) =Y In f(x0),
i=1
which implies that
0?Inh(X;0) i 0?In f(z;0)

00° —~ 0*

3



and, hence,

2 . 2 =,
E 0 lnh(QX,H) I [8 lnf(;cﬁ)}’
00 00

which combined with (CR-1) proves inequality (i) in the statement of the Corollary.

Let us prove inequality (ii). We have that
Zn oIn f(7:0)\
n f(@;
= E _—
|:<i1 09 > }

- 2
dlnh(X;0)\ |
E l(ae) ] =B

E{Z(alnfxz,> ZZ<8lnfxz, aln]g;j;a)>]

i=1 j#i =1

- [ (8111]0331, )
1

1=

(6[2?:1 gngf@i;en)Q

81nf :z:l, 0) Oln f(z;;0)
D) 96
j#i i=1

independent random variables

<8lnf ;) > ] ZZE [8lnf i )} . [aln](;(gj;e)]

j#i i=1

=nkE

:0 =0

since we know from (1) that

" 9ln f(Z;;6 dln f(z;0

=1

Therefore, we have proved that

oI h(X:0)\ Oln f(7:0)) 2
E {(aa) ] =nE [(ae) ] (9)

which combined with (CR-2) proves inequality (ii) in the statement of the Corollary.
Q.E.D.

Single parameter case: K =1 (0 € R).

(a) For X = (Z1, Ta,..., Tp), not necessarily a random sample, we have
-1
~ 2In h(X
Var (0) > ( !WD (Theorem CR-1 for K = 1)

or, equivalently,

- 27\ !
Var (5) > (E |:<8lnig%X,0)> ]) . (Theorem CR-2 for K =1)

4



(b) For the random sample X = (Z1, T, ..., T,), we have

= 2 = -1
Var (0) > <—nE [W]) (Corollary (i) for K = 1)
or, equivalently,
5 om £(z:0)\*]\ " )
Var <0> > | nE a0 . (Corollary (ii) for K =1)




Interval Estimation

Confidence intervals for means

T —

[ T — i
R ONO0,1) = P —zap < < b =1 —a,
T N0 = P{ s < T <o =1

where / n(z;0,1)dx = %.

Za/2
Then,
—_ g _ o
P{w—za/g-—<,u<£c+za/2-—}:1—a.
n

Vi Vi

Proposition 1. If 7 is the value of the mean of a random sample of size n from a
normal population with the known variance o2, a (1 —«)100% confidence interval
for the population mean p is given by

o o
T— 242 —F—=< U<T+ 2q4/2 " —=.
/2 \/;i /L /2 'V/;i
Remark 1. By virtue of the central limit theorem, this result can be also used
for random samples from non-normal populations with the known variance o2,
provided that n is sufficiently large (n > 30). If ¢ is unknown but n > 30, we

can replace o by the value s of the sample standard deviation s = (32)1/ 2,

Then,
s

S
P{E—ta/gm_l . % < W <T+to¢/27n_1 . %} =1—-a.

Proposition 2. If 7 and s are the values of the mean and the standard deviation
of a random sample of size n from a normal population with the unknown variance
0%, a (1 — a)100% confidence interval for the population mean p is given by

S S
toc n—1" —.
et NG

Remark 2. Note that Proposition 2 applies to small samples (n < 30) from a
normal population. For n > 30, the confidence interval of Proposition 2 and the
one of Proposition 1 with o replaced by s will generally yield nearly the same
result.

T — <M<§+to</2,n—1'



Confidence intervals for differences between means

Let ; and 5 be the means of independent random samples of size n; and

ny from normal populations having means y; and p, and variances o? and o3.

2 2
). It follows that

Then, T, — T NN(M — M A, %
nq N9

(T — T2) — (g — po)
o} 03

_+_
ni ng

~ N(0,1).

From Proposition 1 we get,

Proposition 3. If 7; and 7, are the values of the means of independent random

samples of size n; and n, from normal populations with the known variances o2

and 03, a (1 — @)100% confidence interval for p; — p, is given by

o ol o} L oi 0}
(T1 = T2) — 2aj2 | — + — < iy — fy < (T1 — T2) + Zaj2 -\ — + —.
ni N2 ni N2

Remark 1 also applies to Proposition 3 for large samples (n; > 30 and

If we had two small independent random samples from normal populations
having the same variance o2, which is unknown, then we must construct the

"pooled" estimator
&2 (n1 —1)sf + (np — 1)s3

p

n1+n2—2

which is, indeed, an unbiased estimator for 2. The independent random variables

—1)s? —1)s2
M and M have chi-square distributions with n; — 1 and no — 1
o
degrees of freedom and their sum
(ny —1)s? N (ng —1)s3 (ny +ng — 2)312) o
0_2 0_2 - 0_2 Xn1+n272'

Since

(T —T2) — (j1y — po) and (n1 +ny — 2)35

/1 1 o2
g - _+_
sl Mo

are independent, it follows that

(T2 — ®a) — (g — o)

1 1
O\ —+— —_
ny  No - (T1 — T2) — (p1y — po) t
[2 ) 2 a T 1 e
s2 /o Sy —+ —



From Proposition 2 we get,

Proposition 4. If 7; and 7, are the values of the means of two independent
random samples of size n; and ns from normal populations with unknown but
equal variances, a (1 — a)100% confidence interval for p; — u, is given by

_ 1 1
(T1 —72) — laj2ni4ny—2 " Sp * 71_1 + n—2 < g — Mg
1 1

< (@1 —T2) +taj2mitne—2 Sp- ol

Confidence intervals for proportions

Let & ~B(n,0). Then i —N(0,1) as n — oc.
nd(1 —0)

be the sample proportion. Then

_0-0 — N(0,1) asn — co.
[0(1—0)
n

Using Proposition 1 and Remark 1, we get,

Let O =

S| =&

Proposition 5. An approximate (1 — «)100% confidence interval (for large n)
for the binomial parameter ¢ is given by

A 61— . H(1 -0
g_za/z. ¥<9<0+ZO¢/2. %7

Confidence intervals for differences between proportions

AT
where § = —.
n

Using Proposition 3 we get,

Proposition 6. An approximate (1 — «)100% confidence interval (for large n)
for the difference between two binomial parameters, ¢; — 5, is given by




fy T s T2
where §; = — and 0, = —.
ni na

Confidence intervals for variances

—1)s2

It M ~ x2_,, then

o
(n—1)s?

Proposition 7. If s2 is the value of the variance of a random sample of size n
from a normal population, a (1 — a)100% confidence interval for the population
variance o2 is given by

Confidence intervals for ratios of two variances

2/ 2
si/oq
If o572 Fn1,17n2,1, then
s3/0%
2/ 2
8i/o7
P {Fl—%mu—lmz—l < S%/O‘% < Fa/27”1—17”2—1} =1l-oa
1
Lemma. Fi_,,, ., = .
Faay27’/1
Proof. Exercise 8 of List 7 says that
. o1
T~ FV17V2 — Y= E ~ F1/2,111'

Let P{Z > Fi_qu, 1.} = 1 — a. Therefore,

1 1
PL=>Fippr=1—a < P ng—}:a.
{y e 2} { Fl—a,ul,lfz

Since P{y > F, ,.,} = @, we arrive at the desired conclusion. Q.E.D.

Proposition 8. If s? and s5 are the values of the variances of independent
random samples of size n; and ny from two normal populations, a (1 — a)100%
confidence interval for the ratio o2 /o2 of the two population variances is given
by

2 2 2
7 1 o1 st )
— e < - < 5 ; a/2n2—1,n1—1- (CheCk lt!)

2
sy Fojpm-1m-1 03 83



Exercises. Probability and Statistics. IDEA.
8. Estimation

. Show that if  is an unbiased estimator for # and Var(8) does not equal 0, then
~2

0" is not an unbiased estimator for 62

. If 21, Z9,..., and Z,, are independent Bernoulli random variables with the same
7 n

parameter 6, show that the sample proportion 0 = 27 where § = > #;, is a
n i=1
minimum variance unbiased estimator for the parameter #. Note that 7 is a

binomial random variable with the parameters n and 6.

. Let &; be the mean of a random sample of size n from a normal population
with the mean p and the variance 0%, and Z5 be the mean of a random sample
of size n from a normal population with the mean p and the variance o3. If the
two random samples are independent, show that

(@) w- 21+ (1 —w) - T2, where 0 < w < 1, is an unbiased estimator for y;
2
o
(b) the variance of the estimator is a minimum when w = ——>—.
0%+ o3

. If Z; and Z, are the means of independent random samples of size n; and ns

from a normal population with the mean p and the variance o2, show that the

variance of the unbiased estimator w - £, + (1 —w) - Z2 is a minimum when
n

ni+ng
. Show that the mean of a random sample of size n from an exponential

population 7 is a weakly consistent estimator for its parameter 6.

. With reference to Exercise 5 show that the sample mean is a sufficient estimator
for the exponential parameter . Show it in two ways: (a) without using the
factorization theorem and (b) making use of the factorization theorem.

. With reference to Exercise 2 show that the statistic 8 = Y is a sufficient

n
estimator for f. Show it in two ways: (a) without using the factorization theorem
and (b) making use of the factorization theorem.

. Use the method of moments to find an estimator for the parameter 6 of the
uniform density on the interval (0, 6) .

. If x1, x4,..., and z,, are the values of a random sample of size n from a population
Z having the density

2(0—x)
f(x;0) = 4

0 elsewhere,

for0<xz <@

find an estimator for € by the method of moments.



10.

11.

12.

13.

14.

15.

(a) Given a random sample of size n from a normal population with the mean
p and the variance o2, find joint maximum likelihood estimators for these two
parameters.

(b) Given a random sample of size n from a normal population with the known
mean i, find the maximum likelihood estimator for o.

If 1, z9,..., and z,, are the values of a random sample of size n from a geometric
population Z, find an estimate of its parameter € using

(a) the method of moments;

(b) the method of maximum likelihood.
Given a random sample of size n from a population Z having the density

e @0 for x>0

f(z;0) =

0 elsewhere,
find an estimator for the parameter 6 by the method of maximum likelihood.

Given independent random samples {Z1, Zo, ..., T,, }, and {1, ¥, ..., Jn } from two
normal populations having the means p; = o+ 8 and p, = o — 3 and the
common variance o2 = 1, find simultaneous maximum likelihood estimators for

«a and .

(a) Prove that, if & is a binomial random variable with the parameters € and
n, where n is known, and the prior distribution of its parameter @ is a beta
distribution with parameters a and /3, then the posterior distribution of @ given
T = x is a beta distribution with the parameters x + a« and n — z + .

(b) Under the same distributional assumptions as in (a), find the Bayesian

estimate 0 for the parameter value ¢ when the loss function is L 9,9 =
N\ 2
(9 — 9) and we observe one realization x of the random variable Z.

(c) Is the previous Bayesian estimator 0 a strongly consistent estimator for the
true parameter value 6 € (0, 1), i.e., does 8 2% 0 when n —» 00?

(a) Prove that, if Z is the mean of a random sample of size n from a normal
population with the known variance o2, and the prior distribution of the mean
p is a normal distribution with the mean p, and the variance o2, then the
posterior distribution of p given & = 7 is a normal distribution with the mean
p, and the variance o2, where

) 2
_ nTog+ pyo dl_n+1
Hy = 2 3 A5 =3 2
nog+ o o]y O o

Write the previous formulas in terms of the precisions of the previous
distributions, 7 = 1/0?, 79 = 1/03, and 71 = 1/03.



16.

17.

18.

19.

20.

21.

22.

23.

(b) Under the same distributional assumptions as in (a), find the Bayesian
estimate [ for the value p of the population mean when the loss function is
L(p,p) = (p— ﬂ)2 and we observe the value z of the mean Z of a random
sample of size n.

If a random sample of size n = 20 from a normal population with the variance
0? = 225 has the mean = 64.3, construct a 95% confidence interval for the
population mean .

A paint manufacturer wants to determine the average drying time of a new
interior wall paint. The drying time of a given area is normally distributed. If
for 12 test areas of equal size he obtained a mean drying time of 66.3 minutes
and a standard deviation of 8.4 minutes, construct a 95% confidence interval
for the true mean .

Construct a 94% confidence interval for the actual difference between the
average lifetimes of two kinds of light bulbs, given that a random sample of
40 light bulbs of one kind lasted on the average 418 hours of continuous use and
50 light bulbs of another kind lasted on the average 402 hours. The population
standard deviations are known to be o; = 26 and o4 = 22.

A study has been made to compare the nicotine contents of two brands
of cigarettes. Ten cigarettes of Brand A had an average nicotine content
of 3.1 milligrams with the standard deviation of 0.5 milligram, while eight
cigarettes of Brand B had an average nicotine content of 2.7 milligrams with
a standard deviation of 0.7 milligram. Assuming that the two sets of data are
random samples from normal populations with equal variances, construct a 95%
confidence interval for the true difference in the average nicotine content of the
two brands of cigarettes.

If x is a value of a random variable having an exponential distribution with
parameter 6, find k so that the interval (0, kz) is a 95% confidence interval for
the parameter 6.

If 1 and x5 are the values of a random sample of size 2 from a population
having a uniform density on the interval (0,0), find k so that

0<0< k<$1+$2)
is a (1 — ) 100% confidence interval for § with o < 1/2.

Measurements of the blood pressure of 25 elderly women have a mean of z = 140
mm of mercury. If these data can be looked upon as a random sample from
a normal population with 0 = 10 mm of mercury, construct a 95% confidence
interval for the population mean p.

A study is being made to estimate the proportion of voters in a sizeable
community who favor the construction of a nuclear plant. If it is found that only
140 of 400 voters selected at random favor the project, find a 95% confidence
interval for the proportion of all voters in this community who favor the project.



24. If it is found that 132 of 200 voters in District A favor a given candidate for
election to the United States Senate and 90 of 150 voters in District B favor
the same candidate, find a 99% confidence interval for #; — 65, the difference
between the actual proportions of voters from the two districts who favor the
candidate.

25. In 16 test runs the gasoline consumption of an experimental engine had a
standard deviation of 2.2 gallons. Assume that the observed data can be
looked upon as a random sample from a normal population. Construct a
99% confidence interval for o2, measuring the true variability of the gasoline
consumption of this engine.

2
26. With reference to Exercise 19, find a 98% confidence interval for J—;.
032

27. Let X = {Z1, %9, 73} be a random sample from a Bernoulli population Z with
parameter #. Recall that 6 is the probability of success in a Bernoulli trial.

1
Consider the statistic § = 8 (T1 + 239 + 373) .

a) Find the probability function f(xy, 25, x3,y) of the random vector (%1, T2, T3, 7) .
b) Find the probability function f;(y) of the random variable 3.
¢) Find the marginal probability function h(zs,y) of the random vector (3, 7) .

(
(
(
(d) Find the covariance between the random variables Z5 and ¢, Cov (Z2,7) .

(e) Find the conditional probability function of the random vector X = (71, &3, is)
given g = % evaluated at X = (1,1,0), fx1 (17 1,0 ‘%) Is the statistic 7 a suf-
ficient estimator for 07

(f) Is the statistic § an unbiased estimator for 7 Is the statistic § an efficient
estimator for 67 (i.e., is § and unbiased estimator whose variance equals the
Cramér-Rao lower bound?) Is the statistic § a minimum variance unbiased
estimator for #7 To answer this question compare the variance of § with the
variance of the sample mean. Is the Cramér-Rao lower bound reached by the
sample mean?

28. Let 7, be a random variable defined as follows:
Z with probability (n —1)/n
T, =
n  with probability 1/n,
where Z ~ N(0,1). Compute plim Z,, lim E(z,), and AE(Z,). Note that Z,, is

n—oo n—0oo

a mixture.

29. Let ¢, be a random variable defined as follows:

0  with probability (n —1)/n

Yn =
n? with probability 1/n.
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31.

32.

33.

Compute plim 7, lim E(g,), and AE(g,).

n—oo
We have obtained = "successes" in n identical and independent trials.

(a) Find the value far1 of the maximum likelihood estimator of the probability
6 of success in each trial.

(b) Prove that the maximum likelihood estimator @y, for 6 is the most efficient
(or the best) estimator in the class of unbiased estimators for 6.
(¢) Does the estimator O, converge in mean square to 6, Ot = 0 asn — 00?

- P d - 5.
Does Oy, — 0?7 Does Oy, — 0?7 Does Oy, —> 07

In the experiment of randomly and independently choosing n real numbers from
the closed interval [0, 5], we have obtained the numbers x1, 2o, ..., z,. Let z* be
the largest of these numbers, z* = max {x1, s, ..., 7, } .

(a) Prove that z* is the value of the maximum likelihood estimator for the
parameter [3.

(b) Prove that the statistic #* = max {Z,Zy,...,Z,} is a weakly consistent
estimator for 3, that is, #* —— 8 as n — oo (or plim Z* = f3).

n—o0

(¢) Use the method of moments to find an estimator BMM for the parameter 3.

Let {Z;};_, be a random sample of size n from a population Z. Assume that the
population distribution is normal with the density

1 2
n(z;p, o) = e 2(*7") for z € (—o0,00)
oV 2w
and that the population variance is known. Prove that the maximum likelihood
estimator for the population mean is also a sufficient estimator. You can use
the factorization theorem for your proof.

Let {%,Zs,...,Z,} be a random sample of size n from a population ¥ having
the Poisson distribution with a random parameter A. The prior distribution of
A is a gamma distribution with the parameters o and f.

(a) Prove that the posterior distribution of A given (#1, Za, ..., T,,) = (1, Ta, ..., Tp,)
n

is a gamma distribution with the parameters o + > z; and —
i=1 n

(b) Find the Bayesian estimate Ap for the parameter value A when the loss

function is quadratic,
L (A,X) - (A —X)Z,

and we observe that = Z, where Z is the mean of a random sample with size
n and Z is the realization of this sample mean.

(c) Compute the following biases associated with the Bayesian estimator A5



34.

35.

(i) E [5\3 — )\) A= )\] , which is the bias when the true parameter value is A,

i.e.,when)\:/\.NotethatE[S\B—)\ A:A} :E[Z\B—A‘A:A]

(i) E [5\ B — )\’ T = :E] , which is the posterior bias given a realization of the

sample mean.
(iii) E [5\ B — )\} , which is the prior bias.

(d) Answer the following questions about the mean square error associated with
the Bayesian estimator Ap:

. 2
(i) Compute E [()\ B — A) ' A= )\} , which is the mean square error when the

true parameter value is A. What is the limiting bias of g as an estimator for
the parameter value \? Is Ap a weakly consistent estimator for \? Note that

El(S\B—)\f A:)\} :E[(XB—)\>2 )\:)\].

. 2
(ii) Compute E ()\ B — A) T = x} , which is the posterior mean square error

given a realization of the sample mean.
. 2
(iii) Compute E [()\B — )\) }, which is the prior mean square error. Does

plim A = \?

(An application of Bayesian estimation) Imagine that you have a coin that
might be unbalanced. Your prior distribution of the probability 6 of getting
a head when you flip once this coin is given by the uniform density on the
interval (0,1). Then, you run the experiment of flipping the coin 7 times and
you obtain 5 heads. What is the posterior distribution of the probability 0
after observing the outcome of that experiment? Find the posterior expected
probability of 0 after observing the outcome of that experiment, i.e., compute

the conditional expectation E (é |z = 5) , where 7 is the random number of

heads when flipping the coin 7 times? Compare this posterior expectation with
the prior (or unconditional) expectation.

Let {%1,1,...,Z,} be a random sample of size n from a normal population &
with mean p and variance 0. Consider the following two statistics:

(a) the sample variance,

” 2
(7, — )
9 =1
n—1

and
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37.

38.

n
(& — =)’
A2 =1

F=———
n

where Z is the sample mean.

Is the statistic given in (a) a more efficient estimator for the population variance
o? than the statistic given in (b)?

Consider a random sample {Z1, Za, ..., T, } of size n from a normal population
with the known mean p and the unknown variance V' > 0.

(a) Find the Cramér-Rao lower bound on the variance of an unbiased estimator
for the population variance V.

(b) Does the variance of the sample variance s2 reach the Cramér-Rao lower
bound? Is s2 an efficient in the limit estimator for V7

Note: Recall that the parameter ¢ appearing in the normal density is the
standard deviation of the population distribution and, thus, 0 = V1/2 > 0.
Therefore, the normal density can be written as

1 6,%(u)2 1 _é(w;m?

o) = —————¢ = f(z;V), —oco<uz<o0.
271'0' (27T)1/2 'V1/2 ( )

Let {Z;};_, be a random sample of size n from a population Z. Assume that the
population distribution is Poisson with the parameter A > 0.

(a) Find the the method of moments estimator for the parameter \.
(b) Find the maximum likelihood estimator for the parameter A.

(c¢) Prove that the sample mean is a sufficient estimator for the parameter \.
You can use the factorization theorem for your proof.

(d) Use the Cramér-Rao lower bound to check whether the sample mean is a
minimum variance unbiased estimator for the parameter .

(e) The coefficient of skewness (or asymmetry) of a Poisson distribution is A~/2.

Find the maximum likelihood estimator for the coefficient of skewness of Z.

Assume that the random variable Z has the Laplace distribution, whose
density is:

1
flz;p, 0) = %e—lw—ul/97 — 00 < < 00.

Note that in the exponent of the previous density we have the negative of
the absolute value |z — pu| so that — |z — pu| = — (z — p) if * > p, whereas
—|e—pul=z—pif z < pu.

(a) Draw the density of Z for the particular case where y = —3 and 6 = 2.

(b) Find the distribution function (cdf) of #. Is the cdf continuous? Is it
differentiable everywhere? Is it twice differentiable everywhere?
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(¢) Find the moment-generating function of Z7 Draw it for the particular case
where = —3 and 6 = 2.

(d) Find the mean and the variance o2 of 7.
(e) Find the density of the random variable Z = | — u|. Find the mean of Z.

(f) Let p = —3 and # = 2. Find the probability that £ € (—4,1) given that
we know that the event Z € (—5, —3) has occurred. Note: You can use for the
computations of this part the distribution function you have found in part (b).

Assume for the rest of the exercise that you have a random sample {Z;};_, of
size n from the population z.

(¢9) Find the method of moments estimator for the parameter vector (1, 6).
Assume from now on that the value of the parameter p is known.

(h) Find the value of the Cramér-Rao lower bound for an unbiased estimator
for the parameter 6 of the distribution of Z.

(1) Find the method of moments estimators 63, and Onim for the variance o2
of  and for the parameter 6, respectively.

(j) Prove that the method of moments estimator &2,y is an unbiased estimator
for o2. Is it consistent? (i.e., check if plim 635 = o2 holds).

(k) Is Oy an unbiased estimator for the parameter 67

(1) Find the maximum likelihood estimators @yyr, and &2, for the parameter
¢ and for the variance o2 of 7, respectively.

(m) Prove that the maximum likelihood estimator &34, is a biased estimator
for the variance o2 of Z. Is it unbiased in the limit?

(n) Prove that the maximum likelihood estimator Oy is an unbiased estimator
for 6. Is it efficient? Is it sufficient?

Let {Z;, &3, ..., T, } with n > 1 be a random sample from a Poisson population
# with parameter \. Consider the following unbiased estimator for A : X = Z;.
Improve this estimator in terms of mean square error using the Rao-Blackwell
theorem and the result in part (c) of the previous Exercise 37.

The probability function of the random variable 7 is

1 0 \*
f([[‘,e) —5 <m> s forx—1,2,3,...

with 8 > 0. Note that the distribution of ¥ is discrete but it has infinite support.

(a) Find the moment-generating function Mj;(t) of the random variable Z and
use it to find the mean E(Z), the second non-central moment E (7?), and the
variance Var(Z).

Assume that we observe a random sample {Z;}._, of size n from the population
Z and let & be the sample mean of that random sample.
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(b) Find the method of moments estimator @y for the parameter 6.

(¢) Find the maximum likelihood estimator 9ML for the parameter 6. Check
that the second-order condition for a maximum holds.

(d) Find the maximum likelihood estimator &3, for the population variance
Var(z).

(e) Is the statistic 6 = & — 1 an unbiased estimator for § whose variance is
equal to the Cramér-Rao lower bound?

(f) Is the statistic @ = & — 1 a (weakly) consistent estimator for 67

(9) Is the sample mean Z a sufficient statistic for 07 Is the statistic @ = & — 1
a sufficient statistic for #7 Use the factorization theorem for this part.

Let us assume that the random variable T has the following density, which is
characterized by the parameter o > 0:

10x — 2z

o for 0 < z < b
«

f(r;a) =

0 elsewhere.

(a) Prove that k = 25 for all a > 0.
From now on, set k = 25.

(b) Find the mean and the variance (as functions of «) of the random variable

x.

For the remaining of this exercise, assume that you observe only a single value x
from the population Z (i.e., you have access to a sample of size n = 1) and that
you want to estimate the value of the parameter « using that single observation.

(c¢) Find the method of moments estimate éry, for the parameter «.

(d) Find the bias and the variance of the method of moments estimator énim
for the parameter .

(e) Find and draw the likelihood function for the parameter a.
(f) Find the maximum likelihood estimate &,y for the parameter «.

(¢9) Find the bias and the variance of the maximum likelihood estimator v,
for the parameter «.

(h) Compare the mean square errors of the previous two estimators, Gy and
QML

(i) Does the Cramér—Rao lower bound theorem apply to either of the two
previous estimators, &y and Gy, ”?

(j) Assume that the value « of the parameter is the realization of a random
variable & whose prior density is fz(«). Explain how you would obtain the
posterior density of & after observing the single observation z from the
population Z.



(k) If the loss function is L(a, &) = (o — &)?, use your answer to part (j) to
explain how you would compute the Bayesian estimator &g for the parameter
a.

Note on parts (j) and (k): Because an explicit functional form for the prior
density fa(«) is not provided, you are not required to explicitly derive the
posterior density of & or the Bayesian estimator. Instead, provide a description
of the procedure you would use to obtain them.
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o A statistical hypothesis is a conjecture about the distribution of a
random vector.

@ A hypothesis can be simple (if the conjecture contains a single
distribution) or composite (if the conjecture is composed of several
simple hypotheses).

o A test of a hypothesis is a rule that allows to reject or not the
hypothesis depending on each foreseeable result of a random
experiment.
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The hypothesis we want to test is called the "null hypothesis" Hy.
A null hypothesis is tested against an alternative hypothesis Hj.

Let € ® C R be an unknown parameter vector characterizing the
distribution of the random vector X = (X1, X2, ..., %, ) -

Examples:

Both the null and the alternative hypotheses are simple:

H0:9=90, H129:91.

The null hypothesis is simple but the alternative is composite:

H0:9:90, H1:97590.

Both the null and the alternative hypotheses are composite:

Hy:0€ By, H1:9631(EBS).
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o Tests are usually based on the value X of a sample
X = (%1,%2, ..., X,) or on the value t of a statistic f = g (X) . This
statistic is called the test statistic.

o For a test based on a statistic = g (X), we construct a function ¢
called the test function (or simply "the test") as follows:

1 ifte C@

0 ift¢ G
and we reject Hy if ¢(t) = 1 (or if t € C$> and we do not reject Hp
if $(t) =0 (or if t ¢ C$> .
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Note that the previous test function can we written as a function of
the sample: 5
1 ifXe C¢
P(X) = i
0 ifX¢&CGC
and we reject Hp if ¢(X) =1 (or if X € Cp) and we do not reject Hy
if p(X) =0 (orif X ¢ Cp).

Obviously, $() = ¢(g (X)) = ¢ (X) . i.e., ¢ = ¢ (g) and, since
t=g (5() , then Cp = g ! (C@) .
The set Cp (or C$) where Hy is rejected is called the critical region,

whereas its complement Cg (or Cif) is the acceptance region.

Note that the function ¢ (or @) is the indicator function of the
critical region Cy (or G3), ¢ =I¢, and ¢ = Ic,.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 5/ 67



Assume that the parameter value characterizing the distribution of
the random vector X = (X1, X2, ..., Xp) is 6. The distribution of X
when the parameter is 6 is denoted by Py (+;6).

Let Eg () be the expectation when X ~ Py (+;0) : B — [0,1]. Let
P(-;0):F — [0,1] be a probability that induces the distribution
Pg (+;0) for X.

The rejection of the null hypothesis Hy : 6 € By when it is true is
called a type | error (or false positive). The probability of
committing a type | error under the test function ¢ when the value of
the distribution parameter is 6 € By is denoted by ay () .

The non-rejection (or acceptance) of the null hypothesis Hy : 0 € By
when it is false is called a type Il error (or false negative). The
probability of committing a type Il error under the test function ¢
when the value of the distribution parameter is 8 € B; is denoted by

By (6).
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o Observe that, if 8 € By, then

ap (0) = P{X € Cp;0} = Pg (Cpi0) = . dPg(X;0)

= [ e, (X) dPx(Xi6) = Ea(g (X))
and, if 6 ¢ By (or 6 € By), then

By (0) = P{X & Cpi0} = Px (C5i6) =1— Px (Cpi6)
_1—/ dPs (X; 6) _1—/ e, (X) dP5 (X;6) = 1— Eg(¢ (X)).

o Note that ag : By — [0,1], whereas f,: B — [0,1].
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If the null hypothesis is simple, Hp : 0 = 6, then ap = ay (00) is
called the size of the critical region or "the level of significance" of
the test ¢.

When the null hypothesis is composite, Hy : 8 € By, the size of the

critical region or the level of significance of the test ¢ is the

supremum of the possible probabilities of a type | error, supag (6) .
0By

If 6 € By, then 1 — B, (0) = Py (Cpi0) = P{X € Cy;0} is the

probability of rejecting the null hypothesis Hy when it is false. Note

that 1— B, (6) = Eo(¢ (X)) when 6 € B;.

1—p, (0) is called the power of the test ¢ when the distribution
parameter is 6 € B;.

The ideal test will be that for which ay(6) = 0 when 6 € By and
ﬁ¢(9) =0 when 6 € By or, equivalently, a4(0) =0 when 6 € By
and 1— ,B¢(9) =1 when 6 € B;.
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© However, &y and B are related.

Critical region for testing u = uo against u = w,.

If we move the critical value k, we will modify & = ay (1,) and
B =B, (yy) in opposite directions.
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o Let 8 € ® C RX be a parameter vector characterizing the
distribution of the random vector X = (X1, X2, ..., Xp) -

o Definition. The power function 7y : @ — [0, 1] of a test ¢ of a
statistical hypothesis Hy : 6 € By against an alternative hypothesis
Hy :0 € By = Bf is given by

ag (0) for values of 6 under Hy (0 € By)
7y (0) =
1— P, (6) for values of 6 under H; (6 € By).

or

o The power function gives us the probability of rejecting the null
hypothesis for all possible values of the unknown parameter 6.
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H029:90, H129:91

7,(0)

1

0, 0, 0

@ The test with red power function is the ideal test. The test with green
power function is better than the tests with either blue or black power
functions since the test with green power function rejects the null hypothesis
with a lower probability when it is true (which is desirable) and with a higher
probability when it is false (which is also desirable).

@ The tests with blue and black power function cannot be ranked since the
test with blue power function rejects with a lower probability the null
hypothesis when it is true (which is good) but it rejects also the null
hypothesis with a lower probability when it is false (which is bad).
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If we fix the probability a4 (0p) = ap of committing a type | error (or level of
significance or size of the critical region) at the level « for all tests under
consideration and then we look for the highest possible power

mp (61) = mp =1— B, (01) =1 — B, (i.e., for the lowest probability

ﬁ¢ (01) = ,B(P of committing a type Il error), then the test with the green power
function is better than the test with the blue power function.
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H0:9:90, H1297£90

6, 8

The test with the red power function is better than that with the black
power function. The test with the green power function cannot be ranked
with the other two tests.
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74 (6) |

The test with the black power function is better than that with the red

H():@EB(),Hl:@EBl:Bg

By By

power function. The tests with the green and blue power functions cannot
be ranked with the other tests.
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o A related function is the operating characteristic function of the test,
0Cy (0) = P{X ¢ Cpi0} = P{X € Cf:0} = Py (G:0)

1— Py (Cpi8) =1— 1y (8) = 1—Ey(¢ (X))

or

1 —wy (0) for values of 6 under Hy (6 € By)

0Gy (0) =
B, (0) for values of 6 under H; (0 € By).

o The operating characteristic function gives us the probability of not
rejecting the null hypothesis for all possible values of the unknown
parameter 6.

J. Caballé (UAB - BSE) Probability and Statistics IDEA 15 / 67



o Definition: A test function ¢(X) is a Uniformly Most Powerful
(UMP) test if for any other test function ¢’(X) such that

supay (0) = a’ < a = supay (),
0By 6By

we have that for all 6 € B,
Ty (0) =1 =By (6) <1—B, (0) =7y (6).

o That is, a UMP test with size (or level of significance) « is a test that
has the greatest power among all possible tests with size no larger
than «.
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Jerzy Neyman (1894 - 1981) Egon Pearson (1895 - 1980)
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o Assume that both Hy : 0 =6y and H; : 6 = 61 are simple
hypotheses and that the test ¢ is based on the value X of the sample
X. Then, the probability of committing a type | error is

ap (00) = P{X € Cp;00} = P{X € Cpi Ho} = Pg (Cp: Ho)
the probability of committing a type Il error is

By (01) = P{X & Cpi1} = P{X & Cp Hh} = Px <C4§;H1) ,
and the power of the test is

7y (01) = P{X € Cpib1) = P{X € Cpi Hh} = Py (Cpi Hh) .

o We usually fix the probability &y (69) = ay of committing a type |
error (or level of significance or size of the critical region) at the (low)
level & (the most commonly used levels are 0.05, 0.01 or 0.001) and
then we look for the highest possible power
7y (01) = 9 =1— B, (61) =1 — B, (i.e., for the lowest probability
By (61) = B, of committing a type Il error).
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Let ho(X) be the density (probability function) of the random vector
X = (%1,%, ..., %,) under the null hypothesis, whereas hy (X) is the
density (probability function) of the random vector X under the
alternative hypothesis.

If X = (%1, %, ..., %) constitutes a random sample, then

hi(X) = hj (. x0,xn) = [, fi(x), j=0.1,
where fy (f1) is the pdf or pmf of the population under the null
(alternative) hypothesis.

The value of the ratio
ho(X)

hy (X)
should be small if Hy is false and large if Hy is true. Therefore, we
should expect that the critical region of the test contains the sample
values X for which the previous ratio is small.
Note: we assume values of X for which ho(X) /hi(X) is well-defined
in ﬁ+, i.e., when it is not equal to 0/0, which means that we must
have hy(X) > 0 or h1(X) > 0 or both.
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Note that, for a given sample value X, ho(X) = Lo, where Ly is the
value of the likelihood function under the null hypothesis, and
hi1(X) = Ly, where L; is the value of the likelihood function under
the alternative hypothesis.

Neyman-Pearson Lemma. In testing the simple null hypothesis
Hy : 6 = 6y against the simple alternative hypothesis H; : 6 = 01,
the test

1 ifXeG,
o (X) = 5
0 if X ¢ Cyp,
where o (X)
0
= = <
G = 6= { ) <k}

with k > 0, is a UMP test with level of significance Xp, ie., ¢, (5()
is the most powerful test with significance level no larger than X,
where

ag, = Px (Cp,:00) = Px (Cp,i Ho) -
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@ The lemma says that the power of any other test ¢ with ap < ap,
does not exceed the power of ¢,. That is,

Xy, > Ny = 1—ﬁ¢k 21—ﬁ¢.
o In particular, if we fix the level of significance at the level a,
H=0p =y, —> 1—,B¢k >1-p,
o Proof. We want to prove that

(1 —/3¢k> - <1 —/54,) = E1(¢)) —E1(¢) =E1 (¢, —¢) 20
if ¢ is any other test such that
ag, — oy = Eo (¢)) — Eo (¢) = Eo (¢, —¢) >0,
where Eg (1) = Eyp, (+) and E1 (1) = Ey, (+) .
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Assume first that X € C,. Then,

h
¢, —¢=1—¢p>0 and h127020

so that 1
(@ =0V m = (9 —9) ho = 0.
Assume now that X € C,. Then,

h
¢, —p=0—¢p<0 and 0§h1<7°

so that

(¢r — ¢) ho.

x| =

0= (=) =

Therefore,
1
(1-8y) ~ (1-B,) =B (0 —#) > 1Bo (9 —9) 0. QED.
("‘lPk 7”‘4’)20
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o The Karlin-Rubin theorem is an extension of the Neyman-Pearson
lemma for composite hypothesis. Before stating that theorem, we
need to introduce a new property for pdfs/pmfs.

o Definition: The family of density (or probability) functions f(x; @),
with 8 € ® C R, for univariate distributions (x € R) has a monotone
likelihood ratio (MLR) if, for every 6, > 61,

f(x;02)
f(x;01)

is a non-decreasing function of x.

o Note: we will only consider again values of x for which
f(x;02) /f(x;601) is not equal to 0/0, which means that we must
have f(x;62) > 0 or f(x;01) > 0 or both.

o Thus, if f(x;0) has a MLR, then for any pair 6, > 01, the greater is
x the more likely that it is drawn from the distribution with the
parameter value 6, rather than 6.
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o Application of the MLR property:

@ Assume that a worker exerts either a high or a low effort & in her job.
Thus, & can take only two values ey and e; with ey > ¢;. The prior
probabilities of these two values are fz(ey) and fz(e.), respectively.
Let us assume that the amount of output ¥ produced by this worker
arises from a stochastic technology that depends on the amount of
effort exerted by the worker so that gy|z (v |e) is the conditional
probability that the amount of output is y when the effort is e.

o Using Bayes' theorem, we can compute the conditional probability
that & = ey given y = v,

fe(er) - 8yjs (v len)

fay (enly) = fo(en) - gpje (v len) +faler) - gyje (v ]er)
. fé(eH)
= 1
fa(en) + fa(er) - & 0len)
8y|e (vlew)
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o If gy (v |e) has a strict MLR, i.e.,

8y|a (vlew)
8y|e (y ’eL)

is strictly increasing in y, then fz; (en |y ) is strictly increasing in y.
Note that here we view the amount of effort as the parameter for the
distribution of output.

o This means that the higher is the (observable) amount of output, the
higher is the probability that the worker has exerted a high amount of
effort (which is not observable).

o The MLR property plays a crucial role in contract theory, economics
of uncertainty, and mechanism design.
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o Proposition 1. If the family of density (or probability) functions
f(x;0), with 8 € ® C R and x € R, has a MLR then, for every
0, > 61, the following holds:

(a) First-order stochastic dominance:

F(x;02) < F(x;601) for all x € R. (1)

(b)
P{x > x;60,} > P{x > x;601} forall x € R. (2)

(c) Non-increasing hazard rate:

f(x;61) S f(x;02)

1= FOa ) = 1= F(x 0) for all x € R. (3)

o Proof: See the handout.

@ When (1) in the previous proposition holds, we say that the
distribution with parameter 6, first-order "stochastically dominates"
the distribution with parameter 0. Stochastic dominance is a key
concept in the theory of decision under uncertainty.
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o The distribution characterized by the distribution function F;
first-order stochastically dominates the distribution characterized by
the distribution function F;.

o Note that the ordering induced on the set of distributions by the
first-order stochastic dominance relation is very partial as any two
arbitrary distributions cannot be typically ranked according to this
criterion, i.e., we usually have Fi(x) > F(x) for some values of x
and Fi(x) < Fa(x) for some other values of x.
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o The following proposition tells us that, when choosing ex-ante
between two distributions of consumption, which can be ranked
according to the first-order stochastic dominance relation, all the
expected utility maximizing individuals with non-decreasing utility
(i.e., individuals who weakly prefer more to less) will unanimously
weakly prefer the distribution of consumption that first-order
stochastically dominates the other.

o Proposition 2 (Rothschild and Stiglitz). Consider two random
variables X and ¥ having distributions whose supports are subsets of
the bounded interval [a, b] and their associated distribution functions
are Fx and Fy, respectively. Then, Fx(z) < Fy(z) for all z € R if and
only if

Elu(x)] = [u(2)dF(2) 2 E[u(7)] = [u(2)dF(2).

R R

for all Bernoulli utility functions u that are non-decreasing and
continuous on [a, b].

o Proof: See the handout.
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@ When (3) in Proposition 1 holds, we say that the "hazard rate" is
non-increasing in 0.

o Imagine the following situation in survival/reliability analysis: the
parameter 6 measures the health/quality of an individual /component
and f(x; 0) is the (unconditional) probability /density of dying/failure
at age x. The hazard rate

f(x;0)
7(x;9) 1—F(x;0)
is the conditional probability/density of dying/failing given that the
individual /component is at age x. Obviously, this requires to have
survived until the age x, which is given by the "survival function"
1—F(x;0).

o Under MLR, the higher is the health/quality 6 of an
individual /component the lower is the hazard rate, i.e., 17(x; 9) is
non-increasing in 0.

o The MLR property implies first-order stochastic dominance and
decreasing hazard rate. The converse is not true.
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Samuel Karlin (1924 - 2007) Herman Rubin (1926 - 2018)
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Karlin-Rubin theorem. Assume that (i) T = ¢ (X) is a test statistic
that is a real-valued (or univariate) sufficient estimator for the
parameter 8 € ® C IR characterizing the distribution of the random
vector X = (X1, %2, ..., X,) and (ii) the family g(t;0) of density (or
probability) functions for  has a MLR. Then, in testing the null
hypothesis Hp : 6 < 8y against the alternative hypothesis

Hy : 0 > 6y, the test

1 ifit>1
0 ift<t,

is a UMP test with size « = P {# > to; 00} = Eg, (¢ ().
Proof. See the handout.

In all the tests we consider in this chapter, the critical (acceptance)
region can be defined by either a weak or a strict inequality since, if
the test statistic f is absolutely continuous then P {f = t;;600} =0,
while if T is discrete we can choose ty so that P {# = t5;60} = 0.
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Note that, in the proof of the Karlin-Rubin theorem, we invert the
ratio of pdfs/pmfs of the Neyman-Pearson lemma and, therefore, we
had to change de direction of the inequality in the test.

Analogously, under the condition of the Karlin-Rubin theorem, the
test that rejects Hy : 0 > 6 in favor of Hy : 6 < g if and only if
t < to is a UMP test with significance level « = P {f < t; 60} .

The Karlin-Rubin theorem also covers the particular case of testing
Hy : 0 = 6y against the alternative hypothesis H; : 8 > 6y and, thus,
the case of testing Hp : 8 = 0y against the alternative hypothesis

H; : 6 < 6y . Obviously, the particular case of testing Hy : 8 = 0
against H; : 6 = 01 is also covered by the Karlin-Rubin theorem.

Finally, if we he have a non-increasing likelihood ratio rather than
non-decreasing, then we only have to change the direction of the
inequalities in the previous tests.
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@ Obviously, if we use a single observation x from a population
distribution characterized by the parameter 6, then X is (trivially) a
sufficient estimator for 6. Thus, if the family of density (or
probability) functions f(x;6), with 6 € ® C R, has a MLR then, in
testing the null hypothesis Hp : 8 < 0 against the alternative
hypothesis H; : 6 > 0y, the test

1 ifx>x
P (x) =
0 if x<xp,
is a UMP test with size &« = P {X > x0; 00} = Eg, (¢ (X)) .

o For most of the two-sided tests (i.e., Hyp : 0 = 6 versus H; : 6 # 0p)
no UMP test exists.

o This is so because the test that is UMP for 6 < 6y is not the same as
the test that is UMP for 6 > 6y. A UMP test must be most powerful
across every value in Hj.

o A UMP test does not exist in general when we are testing for the
value of a parameter vector, 8 € ® C RX.
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If we use the sample mean (or the sum) of a random sample as a
(sufficient) estimator f for the parameter 6 of the exponential
distribution or for the parameter u of the normal distribution (with o
known), then the pdf of  has a MLR.

If we use the number (or the percentage) of successes in independent
Bernoulli experiments as a (sufficient) estimator  for the parameter 6
of the binomial distribution (with n known) or for the parameter A of
the Poisson distribution, then the pmf of ¥ has a MLR.
The family of exponential pdfs or pmfs, which are the ones with the
functional form

g(t:0) = c(8)h(t)e” "),

has a MLR if w(6) is non-decreasing.
Obviously, if 8, > 61 and w(6) is non-decreasing, then

g(t;02) _ c(f2)h(t)ew Pt C(Gz)e[w(%)_wwl)}t

g(t;01)  c(61)h(t)ew®)t  c(61)
is non-decreasing in t.
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o Let X = (X1, %, ..., X,) be a random vector (or sample) with density
(probability function) h(X;8) where 6§ € ® C R¥. Consider the
following null and alternative hypotheses: Hp : 8 € By and
Hi:0€ B = Bg (i.e., ByUB; = @)

o If X = (x1,%, ..., %) is a random sample, then

h(x1,x2, ..., xn; 0) = Hf(Xi;G) ,
=1

where f is the density (or probability function) of the common

population of the i.i.d. random variables X1, X, ..., X,,.

o Let L(8; X) = h(X;0) be the likelihood function, which is equal to
n ~
IT 7 (xi;0) if X is a random sample.
i=1
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o The value
sup L(6;X)
o 0By
~ sup L(6;X)
0cO

€[0,1],

which is the value of the likelihood ratio statistic
sup L (9;5()
0By

L(6: X)'
sup L (6:X)

A=

should be small if Hy is false and large if Hy is true.
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o Sometimes, we can find the value of the parameter 6 that maximizes
the likelihood under the null hypothesis,

6 = argmax L (6; X) .
0By

o Similarly, we could find the maximum likelihood estimate,

Oy = argmax L (6; X) .
0e®

o Each of the previous maximization problems has solution if By (resp.
©) is compact and the likelihood function L (-; X) is continuous on
By (resp. ©).
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Then, the value of the likelihood ratio test statistic becomes

A= L@—;X> € [0,1].
L(GML;X)

Recall also that, sometimes, by modifying the density function on a
set with zero Lebesgue measure, we can make

max L (6; X) = sup L(6; X and max L (6; X) =sup L(6; X),
max L(8:X) = sup L(6:X) max L(6:X) = sup L (6:X)

where each of the previous suprema exists if the likelihood function
L (-; X) is bounded and By (resp. ©) is compact.
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o Note: If both the null and the alternative hypotheses were simple,
Hp:0 =106y and H; : 6 = 61, then the value of the likelihood ratio
test statistic becomes

B L (80; X) B Lo
~ max{L(60;X),L(61;X)}  max{Lo, L1}

1 B 1

a1, 1
{1' Lo /L1 } max{l' ho (X) [y (X) }

which yields a test equivalent to the one appearing in the
Neyman-Pearson lemma.

€[0,1],

@ Thus, the likelihood ratio test applies the logic of the
Neyman-Pearson lemma to test hypotheses that are not necessarily
simple and for which the lemma does not necessarily apply!
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o Definition. The test

where k € (0,1), is a likelihood ratio test of the null hypothesis
Hy : 0 € By against the alternative H; : 0 € B;.

o If we fix the level of significance equal to &, we should find the value
k such that

supP{A €[0,k];0} = sup P; ([0, k] ;0) = sup dP;(A;0) = a.
0€By 0€By /[0.k]
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@ The problem is that we need to find the distribution Pj(-;0) of the
test statistic A. This is a difficult task!

o Assume now that X = (%1, %, ..., %,) is a random sample. Under the
null hypothesis,

—2InA — x3, as n — oo. (Wilks' Theorem)

where M is the difference between the dimensions of ® and By.

o In this case, for n large, we should reject (not reject) the null
hypothesis if
—2InA > (<) xam-
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o Let L(6; X) be the likelihood function with 6 € ® C R, where X is
the value of the sample X = (X1, %X, ..., X,), and let Oy, be the
maximum likelihood estimator for 0,

O = argmax L (9;5() = arg max [In L (9;5()] .
0cO 0cO

o Let us just consider the simple null hypothesis Hy : 8 = 6y against the
composite alternative hypothesis H; : 6 # 6g.
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o The likelihood ratio (LR) test statistic is

L LEnR) _ LeeX) LX)
;ggl(ﬁ?) max L (6:X) 1 (B X)

and the null hypothesis is rejected when the value A of this test
statistic is low.

o Note that the LR test requires to evaluate the likelihood function
both at the null hypothesis and at its unconstrained maximum.
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o Wald test statistic. It is based on the (squared) standardized
difference between the hypothesized value 6y and the unconstrained
maximizing argument 0y, of the likelihood function:

W (@ML - 9o>2 _ <§ML - 90>2
Var (@ML) o) ’

Ome

and the null hypothesis is rejected when the value W of this test
statistic is high, i.e., when 8y is relatively far from 0y, .

o Note that the Wald test only requires to find the unconstrained
maximizing argument 0y, of the likelihood function.
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Abraham Wald (1902 - 1950)
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o Score (or Rao or Lagrange multiplier) test statistic. It is based
on the square of the slope (relative to its curvature) of the
log-likelihood function evaluated at the hypothesized value 6,

<8|nL(9;)~())2
- 90
S= c
T 2%In L (6; X)
( 062 >H

and the null hypothesis is rejected when the value S of this test
statistic is high, i.e., when the slope of In L (9; )~() evaluated at 6 is
far from zero so that InL (9; X) evaluated at 60y is relatively far from
its unconstrained maximum.

2%In L (6; X)
06°
information / (6) since L (9;5() =h ()~(; 0) , where h(X;0) is the
density (probability function) of the random vector X. This
denominator is a measure of the curvature of the function In h ( )~<) :

o Note that the denominator of § —E , is the Fisher
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o The Fisher information measures also the amount of information that
the random vector X contains about the unknown parameter 6.

o If h(X;-) = L(-;X) (and, thus, its logarithm) is sharply peaked with
respect to changes in 0, it is easy to infer the "correct" value of 6
from observing the realization of X, i.e., the data provides a lot of
information about the parameter 6. If h (X; -) is flat and spread-out,
then it would more difficult to infer the actual "true" value of 6 from
observing the realization of X.

The derivative of Inh (X;60) = In L (6; X) with respect to 6 is called
8|nh(5<;9) B alnL(G;X)
a0 N a0 '

In fact, the Fisher information is equal to the variance of the score,
8|nh()~(;9) BInL(O;X)
/ =V —2 | =V —_— .
(0) ar ( % ) ar ( 5
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o This is so because, under the assumptions needed for the proof of the
Cramér-Rao lower bound, we know that

Var (alnf;((;?;(?)) . [<a|n/g(;<;9))z] |

and in the the handout about the Cramér Rao lower bound we proved

that o ) ) o
. [(amg(ex,e)) ] _ 5 [a In;()(;(ﬁ)].

so that

o Therefore, the test statistic S is the square of the standardized score.
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o Note also that the score test only requires to evaluate the derivatives
of the likelihood function at the hypothesized value 6.

@ The score test is also called Lagrange multiplier test. To see why, let
us consider the following (trivial) constrained maximization problem:

max InL(6; X)

subject to
6 = 0p.
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o The corresponding Lagrangean is
L(0,¢) = |nL(9;)~() + (60 —0),
where £ is the Lagrange multiplier.

o The F.O.C. with respect to 6 is

dL(0,7¢) B 8|nL(9;)~() B
50 =0 < 0 = /.

o Therefore, the score test can be understood as a test of the
magnitude of the Lagrange multiplier associated with the constraint
0 = 6g at the constrained maximum.

Note that, if the constraint were non-binding at the constrained
maximum, the Lagrange multiplier ¢ should not differ from zero.
Conversely, if the constraint 8 = 0y is very binding then ¢ should be
very different from zero.
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o Note that in this section we assume that the set of parameter values
under the null hypothesis has zero dimension (6 = 6y) and that the
parameter space ® C R has dimension equal to one.

o If X = (x1,%, ..., %) is a random sample, then
—2InA = =2[InL(60;X) —InL (8p; X)] . W, and S are all
asymptotically distributed as a X%/, under the null hypothesis, where
M=1.

o Thus, for large random samples, the null hypothesis is rejected with a
level of significance & when

—2InA > X3,
W > Xi,l '

or
Sz Xuzc,l :

o The LR, Wald and score tests constitute the so-called "Holy Trinity"
of tests.
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o Assume that the parameter value characterizing the distribution of
the random vector (or sample) X = (%1, %2, ..., X,) is 0 € ©@ C R.

o Consider a real-valued test statistic t = g ()~() whose distribution is
P: (- 0).
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o Consider now the following test, based on the test statistic
t =g (X), of the null hypothesis Hy : § = 6 against the alternative
hypothesis H; : 6 % 6 :

1 ifte Ca
0 iftég Ca

and fix the level of significance a; (= ag (60)) equal to a (recall that
the most commonly used levels are 0.05, 0.01 or 0.001).

o Then, if 6 = 09, the critical region C$ of size & must satisfy the
following:

P{g (5() € C$;90} = P{f € C@ﬂo} = P (%:90) = Q.
or

P{g (X) ¢ C$;90} e P{fé C$;90} =P <C£;90> =1—ua.
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o If we want that the acceptance region (which is the complement of
the critical region) be an interval (a, b) then, under the null
hypothesis, we must have

P{a<g(X)<bibo}=Pi{(ab);p}=1—u.

@ Moreover, for two-tailed tests we make
o
P{g(X) <ajbp} =P;{(—c0,a|; 90}—2

and
P{g( )>b90} P: { [boo)@o}—
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o Therefore, we reject the null hypothesis if
t=g(X) ¢ (ab)
and we do not reject the null hypothesis if

t=g(X)€(ab) .

o In applications, we use a test statistic t = g ()~< 9) whose distribution
P; (+;0) under the null hypothesis is known and it is independent of
the parameter 6. The random variable 7 is thus a pivotal variable (see
the next examples).
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o Examples (Two-tailed tests):

o Let X = (%1, %, ..., X,) be a random sample from a normal population
with mean p and variance 0.

o (1) If 02 is known, the random variable z = X" Ho N(0,1) is a
o
test statistic for the null hypothesis Hy : it = p, against Hy : u # .

o If the level of significance is «, then the acceptance interval is
(—2zy/2,242). We reject the null hypothesis if |z| > z,,.
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X — Hy
s/v/n

null hypothesis Hp : = p against Hy : u # ;.

@ (2) The random variable T = ~ t,_1 Is a test statistic for the

o If the level of significance is «, then the acceptance interval is
(—ty/2.n—1: taj2,n—1). We reject the null hypothesis if [t| > t,/2 ,-1.

. ~2 (n - 1)52 2 . .
o (3) The random variable x° = T2 “AXnaisa test statistic
0
for the null hypothesis Hy : 02 = (7% against Hy : 02 # (7(2).

o If the level of significance is «, then the acceptance interval is
2 2 . .
()(1_%'”_1,)(“/2’”_1) We reject the null hypothesis if

X ¢ (Xf_%,n_lv?(i/zn—l) :
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o Let s? and s? be the variances of independent random samples of size
ny and ny from two normal populations with variances (T% and cr%,
respectively.

2

. ~ S . e
o (4) The random variable F :S—é ~ Fp, _1n,—1 is a test statistic for
2

the null hypothesis Hp : 03 = 03 against Hi : 03 # 03.
o If the level of significance is «, then the acceptance interval is

1

F ' F(X/2,n1—1,n2—1) .
a/2,n271,n171

(Fl—%,m—l,nz—l' le/2,n1—1.n2—1) = (

We reject the null hypothesis if
1
F é (—v Fa/2,n1—1,n2—1) .

Fa/2,n2—1,n1—l
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o Examples (One-tailed tests):

o Let X = (%1, %2, ..., Xp) be a random sample from a normal population
with mean u and variance o2,

: . X—H .
1) If 02 is known, the rand bl 0 ~N(0,1 test
e (1) is known, the random varia ea/\/ﬁ (0,1) is a tes

statistic for the null hypothesis Ho : p = p, against Hy : > (<),

o If the level of significance is «, then the acceptance interval is
(—00,z,) (or (—zy,00)) and the critical interval is [z, c0) (or
(—00, —z]).
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(]

(2) The random varlable ~ t,_1 Is a test statistic for the null

s/\/_

hypothesis Hy : it = p, against Hi : p > (<),

(~]

If the level of significance is «, then the acceptance interval is
(=00, tyn—1) (or (—tw,n—1,00)) and the critical interval is [ty n—1,00)
(or (—o0, —ty n—-1]).

1)s?

. n— . .
(3) The random variable (n=1)s* ~ x2_, is a test statistic for the
g

(]

2
0

null hypothesis Hp : 02 = 03 against Hy : 02 > (<)03.

(7]

If the level of significance is «, then the acceptance interval is
(0. x2 ,_1) (or (x3_4.n_1.0°)) and the critical intervals is

[Xg,n—l' OO) (or (0' Xl—a,n—l] )
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o Let s? and s? be the variances of independent random samples of size
ny and ny from two normal populations with variances 02 and 03,
respectively.

2
ST

© (4) The random variable ~ Fp 10,1 is a test statistic for the

<2
S2
null hypothesis Hp : 02 = 03 against H : 02 > (<)o3.
o Let Hy: 02 > 03. If the level of significance is &, then the acceptance
interval is (0, Fy,n,—1,n,—1) and the critical interval is
[th,nlfl,n271. OO) .
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o Let Hy: 02 < 03, If the level of significance is &, then the acceptance
interval is

1
(Fi—a,m—1,m—1,0) = (—100) -

Fa,n2—1,n1—

and the critical interval is

1
©Ficam-seci) = (02—
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o Assume again that the parameter value characterizing the distribution
of the random vector (or sample) X = (X1, %, ..., X,) is 6 € ® C R.

o Let T =g (X) be a test statistic whose distribution under the null
hypothesis is Pz (-; 6).

o Consider the test of the null hypothesis Hp : 8 = 6y against the
alternative hypothesis H; : 0 # 0.

o The p-value is the probability under the null hypothesis of obtaining a
value for the test statistic at least as extreme as that given by the
sample value, t = g(X).

o In other words, is the minimal size of the critical region for which we
would reject the null hypothesis if the value of the statistic  were t.
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o If t = g (X) issuch that P{f < t;600} < 1/2, then
p-value = 2P {t < t;600} = 2Pz {(—o0, t]; 00},
whereas, if P{t < t;60} > 1/2, then

p-value = 2P {t > t;600} = 2P; {[t,0); 00} .

o Equivalently,
p-value =2 -min{P{t < t;600},P{T > t;60}}.
o If we fix the level of significance at &, then we reject Hy if
p-value < & and we do not reject Hy if p-value > a.

@ In the one-tailed test of the null hypothesis Hp : 8 = 8 against the
alternative hypothesis H; : 6 > (<)6p, the p-value is either

p-value = P{t > t;00} or p-value=P{i<t;0q}.
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o We use stars to flag levels of significance for three of the most
commonly used levels.

o If a p-value is less than 0.05, it is flagged with one star (x). If a
p-value is less than 0.01, it is flagged with two stars (xx). If a p-value
is less than 0.001, it is flagged with three stars (x * x).

o Note that the p-value gives us directly the strength of the evidence
against the null hypothesis. This is an advantage of the p-value over
checking whether the value of the test statistic falls in the critical
region.

o This is a very interesting article about the use, misuse or abuse of

p-values in Economics:

Imbens, Guido W. (2021). Statistical significance, p-values, and the
reporting of uncertainty. Journal of Economic Perspectives 95,
157-174.
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o See the handout.
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o See the handout.
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Monotone Likelihood Ratio Property

Proposition 1. If the family of density (or probability) functions f(z;0), with
0 € © C R, has a MLR then, for every 5 > 61, the following holds:

(a) First-order stochastic dominance:

F(x;0,) < F(x;0,) for all z € R. (1)

(b)
P{z > x;0,} > P{% > x;0,} for all x € R. (2)

(¢) Non-increasing hazard rate:

fl@:00)  fx;6,)

for all R.
1—F(x;01) — 1— F(x;60,) orafve (3)

Proof. Let us prove it for the case where f(z;0) is a pdf. The case where f(x;6)
is a pmf has an analogous proof by using sums instead of integrals.
Since f(x;0) has a MLR, if 05 > 6; then

fz130) _ f(22;6,)
f(x1;01) = f(z2;61)

) for ) > L1,

or
f(x1502) - f(22;01) < f(21:601) - f(22;62), for zg > a4,
or
fx1;02) - f(x:01) < f(x1;07) - f(x;05) for z > x4 (4)
or
J(2;02) - f(22;01) < f(2;01) - f(w2;02) for 29 > . (5)

Let us fix x and integrate both sides of the inequality (4) with respect to z;
on (—oo, x|,

/( Sl 00) fas0)dn < /( Sl 00) - flas)a

= F(z;03) - f(x;0,) < F(x;04) - f(x;05)
or
f(z;01) = F(x;601)
Similarly, let us fix x and integrate both sides of the inequality (5) with respect
to x9 on (z,00),

/( San) a1 < / F(w301) - (23 02)ds

(2,00)

1



= f(x;0q) - [1 — F(z;01)] < f(2;01) - [1 — F(x;02)]

. 1 — F(z;05) _ [f(z;62)
[~ Fla;01) — flx;01) (M)

Combining (6) and (7), we get

1 — F(x;0s)
1— F(x;6q)

which, after rearranging, simplifies to (1)
Expression (1) implies that

P{Z>ux;02} =1—F(z;05) >1— F(x;0,) = P{% > z;6,}, for all x € R,

which proves (2).
Finally, rearranging (7), we get (3). Q.E.D.



First-Order Stochastic Dominance

Proposition 2 (Rothschild and Stiglitz). Consider two random variables &
and ¢ having distributions whose supports are subsets of the bounded interval
[a, b] and their associated distribution functions are F; and Fj;, respectively. Then,
F3(z) < Fj(z) for all z € R if and only if

Bfu()) = [u(:)dFs() 2 Bfu()] = [u(2)dF),

R R

for all Bernoulli utility functions v that are non-decreasing and continuous on
la, b].
Proof.
(a) Fi(z) < Fyj(z) for all z € R = E[u(Z)] > E[u(g)] for all u non-decreasing
and continuous on [a, b].

From the integration by parts formulae in Section 4.4 of Chapter 4, and since
the function u can be viewed as a continuous distribution function on [a, b, we
have

E [u(Z)] = /[ ) u(z) dFz(2) = u(a) [Fz(a) — Fz(a7)] +/ u(z) dFz(z)

(a,b]

integrating by parts
7\

~

= Fi(a)u(a) — Fz(a™)u(a) + Fz(b)u(d) — F(a™) wu(a)— /( ) F3(z)du(z)
F(a) ’

by right-continuity

= Fz(b)u(b) — Fz(a™) u(a)— /( ) F;(2)du(z) = u(b) — / F;(2)du(z)

1 P{#<a;0}=0 (@]

—u(b) — /[ ),

where the last equality follows from the continuity of the "distribution function"
won [a,b].

Similarly,
Eu(y)] = u(2)dFy(z) = u(b) — Fy(2)du(z).
p) = [ wEdRE =u - [ )
From the previous two expressions,
Efu(a)] - Elu(@) = - [ () - B2)du(s) 20 ®)
[a,b] pA

Stochastic dominance



(b) E[u(z)] > E[u(g)] for all u non-decreasing and continuous on [a,b] =
F;(z) < Fy(z) for all z € R.

By contradiction. Assume that there exists a 2’ € [a,b) such that Fj (2') >
Fj; (#'). The right-continuity of the distribution functions implies that there exists
ac € (2,b) such that F; (2) > F; () for all z € [¢/,¢) C [a, b].

Consider the following Bernoulli utility function w:

( for z < 2/

Uy — Up

u(z) = { up+ < ) (z—2) forz €[, c)

c— 7z

Uy for z > ¢,

\

where the two constants 4y and @, satisfy u; > %y. Note that this Bernoulli utility
function u is non-decreasing and continuous for all z € R, and differentiable a.e.
(it is non-differentiable only at 2z’ and c).

Then, from (8),

du(z)
= —/ [Fi(z)—Fg(z)](ul_uo)dz<0
o) ———~——\ €~ %
>0
>0

since du (z) = u'(2)dz = 0 for z ¢ [2/,c). Thus, we arrive at a contradiction.

Q.E.D.



The Karlin-Rubin Theorem

Theorem. Assume that (i) f =t ()E' > is a test statistic that is a real-valued (or

univariate) sufficient estimator for the parameter § € © C R characterizing the
distribution of the random vector X = (Z1, &3, ..., #,) and (ii) the family g(t;6)
of density (or probability) functions for # has a MLR. Then, in testing the null
hypothesis Hj : 8 < 6, against the alternative hypothesis H; : 0 > 6y, the test

R 1 ift >t
¢ (t) = )
0 if £ <t,

is a UMP test with size « = P {f> tO;HO} = Ey, (?45 (ﬂ) )

Proof. Fix a parameter value §' € © such that §' > 6y and consider testing
Hj: 0 =0y versus Hj:0 =46 by using the test ¢. The MLR property implies
that

. L g0
t >ty if and only if >k,
° Y g(t; 0o)
with o
kj — lnf g(t? ) ,
teT g(1;6o)

where 7 is the set of real numbers ¢ such that ¢ > ¢, and g(t;6')/g(t; 6p) is well
defined in R (i.e., g(t;0') > 0 or g(t;6y) > 0 or both).

Since f is a sufficient estimator for # then, according to the factorization
theorem and its proof in Chapter 8, the pdf/pmf of the random vector X =
(Z1, 9, ..., T,) can be written as

f(X50) = n(X)-g(t:;0),
where the function g(t; ) is the pdf/pmf of the estimator ¢. Thus,

gt;0)  h(X)-g(t;0)  f(X;0)

g(t;00)  h(X)-g(t;60)  f(X;600)
Therefore, under the test 5 we reject H|) if and only if

CH Y f(X;00) 1
e I )
f(X;00) f(X;el) k!
Thus, according to the Neyman-Pearson lemma, the test ¢(X) = 5 (t <)~( )) is

a most powerful test with significance level no larger than @ = P {f > to; 00}
for testing Hj : 0 = 0y versus Hj : 0 =46 . Since §' was arbitrary, the test based

5



on the test function gAb(f) is simultaneously UMP with significance level « for

every 0’ > 0. Therefore, the test 5 is UMP with significance level a for testing
H) : 0 =0y against Hy : 0 > 0.

Let
75 (0) = P{T > t0;0} =By (4 (7))

be the power function of the test gAb for testing the null hypothesis Hy : 6 < 6,
against the alternative hypothesis H; : 0 > 3. From the MLR assumption and
equation (2) in Proposition 1, the power function T3 (0) is non-decreasing since,
for any 0y > 04,

Wa (92) = P{t~> t0;92} > P{E> t0;91} = Wa (91) .

Therefore,

sup 75 () = 75 (0y) = «a,

o<, ¢>( ) ¢< 0)
which means that the significance level of the test 5 when the null hypothesis is
Hy : 0 < 0y is the same as when the null hypothesis is Hj : 0 = 0.

Hence, the test based on the test function ¢ (i) it is a UMP test with

significance level a = P {t > to;(%} for testing the composite null hypothesis
Hy : 0 < 60y against the composite alternative hypothesis Hy : 0 > 0y. Q.E.D.



Hypothesis Testing

The test procedure for simple null hypotheses consists of the following four steps:

(1) State the null hypothesis Hy and an appropriate alternative hypothesis
Hl.

(2) Using the sampling distribution of an appropriate test statistic, determine
a critical region of size o, where « is specified.

(3) Compute the value of the test statistic from sample data.

(4) Decide whether to reject the null hypothesis or whether to accept it.

Tests concerning means (Hy : = p)

Use the value of the test statistic

T — [

o/v/n

where T is the mean of the random sample from a normal population.

If n > 30, we can replace o by s. Moreover, for large n we can use the central
limit theorem, even if the population is not normal.

If n < 30, 02 is unknown, and the random sample comes from a normal
population, use the statistic

~ N(0,1),

T — [lg

~t, .
s/\/n !

Notes (arising from the Karlin-Rubin theorem): (a) The previous procedure
can be used to test the simple null hypothesis © = i, against the alternative
hypothesis p # uo (composite alternative), p = p; > p, (simple alternative),
=y < iy (simple alternative), p > p, (composite alternative), or p < pq
(composite alternative).

(b) The same procedure can also be used to test the composite null hypothesis
>y (or p<p,) against the composite alternative hypothesis p < o (or
i > pig). In this case « is the the maximum probability of committing a type
I error for any value of ;1 assumed under the null hypothesis.

(c) The same logic applies to the next tests concerning differences between
means, variances, proportions, and differences between proportions.

Tests concerning differences between means (Hy : p; — p15 = 0)

Use the test statistic
Ty —Tyg— 0

~N(0,1
P (0,1)
ni U

where x; and T, are the means of two independent random samples.
If n; > 30 and ny > 30, we can replace o3 and o2 by s? and s3, respectively.



If ny < 30 or ny < 30, 02 and o2 are equal but unknown, and the two random
samples are independent and come from a normal population, use the test statistic

T, — Ty — 0

1_}_1
s —_— —_—
b ny na

(ny —1)s2 + (ny — 1)s3
ny+mng —2 '

~ tpy4ny—2, Where si =

Tests concerning variances

Assume that you have random samples from normal populations.
a) Hy: 02 = 0y. Use the test statistic

(n—1)s? 2
0_% Xn—l'

b) Hy : 03 = 03. Use the test statistic

Tests concerning proportions (Hy : § = 0)

Let & ~ B(n;#). Then, we use the test statistic

:Z’—n@o

~ T 2 N(0,1).
TLHQ(l — 90)

Tests concerning differences among several proportions

Suppose that x1, o, ..., x; are observed values of a set of random variables
Z1, T, ..., T having binomial distributions with the respective parameters n,
and 01, ny and 6y, ..., n, and ;. If the n’s are sufficiently large we use the test

statistic ~

———— AN(0,1) fori=1,2,..., k.

Therefore,

To test the null hypothesis Hy : 61 = 05 = ... = 0 = 0y, against the alternative
that at least one of the #’s does not equal 6y, we can use the test statistic

i (#: — nito)® o,
— nﬂo(l — 90) Xk

When 6, is not specified, that is, when we are interested only in the null
hypothesis 6; = 05 = ... = 60}, we use the pooled estimator
T1+To+ ...+ Ty
ny4+ne+...+n

2



Then i
i‘i — n10 2 a
Z m ~ X%-r (1)
i=1

The loss of one degree of freedom is due to the fact that we use an estimate for
the unknown parameter 6 (see the discussion in the next section).

An alternative form of the chi-square statistic for this kind of test is the
following:

successes | failures

Sample 1 X1 ny — T

Sample 2 T Ng — T

Sample k T Ng — T
Let us refer to its entries as the observed cell frequencies, n;;, ¢ =1, 2, ..., k
and j = 1,2. Under the null hypothesis ¢; = 6, = ... = 0, = 0y the
expected cell frequencies for the first column are e;; = n;0p for i = 1,2, ..., k

and those for the second column are e;5 = n;(1 — 0y). When 6, is unknown, we
substitute for it, as before, the value 6 of the pooled estimator 8 and estimate
the cell frequencies as

e =n) and ep=mn;(1—0), fori=1,2 ..., k.

The value of the test statistic (1) can be written as

E 2 (s e)
ZZ ~ U2 Check it!! (2)

=1 j=1

Contingency tables (Generalization of the previous section)

A r x ¢ contingency table has ¢ columns representing the different categories

Ay, Ay, ..., A. of one variable, r rows representing the different categories
By, By, ..., A, of another variable, and n;; is the cell frequency for i =
1,2, ....,r,7=1,2, ..., c. In the previous section we had » = k and ¢ = 2.
Schematically,
Ay | Ay | .| AL
Bl N1 | M12 | -. . | N1e | M.
B2 Mo | Mag | ... | Mg | Noa.
Y
B, ngg | nea | oo | Nype | N
ng N.9 oo Mee n

where the row and the column totals n; = 25:1 nij and nj=>_ n; are
called the marginal frequencies and n, the sum of all cell frequencies, is called
the grand total.

The null hypothesis that we want to test is that the two variables are
independent. If ;; is the probability that an item will fall into the cell (3, j), 6,

3



is the probability that an item will fall into the i*" row and 6.; is the probability
that an item will fall into the j'" column. The null hypothesis we want to test is
that

0,; =(0.)(0,) fori=1,2...;rand j=1,2,...,c

To test the null hypothesis against the alternative, that 6;; # (6;.)(6.;) for at least
a pair of values of ¢ and j, we estimate the probabilities ;. and 0.; as

~ n]

n n

o
I
©
=
o
S

<
I

Y

and, hence, the expected cell frequencies as

€ij = <@Z> (9]> n="0 D, _ M

n o n n
Then, we base our decision on

s C

(nij — eij)”
eij

i=1 j=1

and reject the null hypothesis if the value we obtain exceeds Xi,(rfl)(cfl)' The
degrees of freedom come from the fact that, if we know the frequencies of the
(r —1)(c — 1) cells corresponding to the first (r — 1) rows and to the first (¢ — 1)
columns, then we know the frequencies of the remaining cells since the total
frequencies of rows and columns are fixed (think about it!).

Notes: (a) Since the previous test statistic has only approximately a chi-square
distribution, we should use this test only when none of the ¢;;’s is less than five.
This sometimes requires that we combine some of the cells with a corresponding
loss of degrees of freedom.

(b) A general method to find the number of degrees of freedom: Whenever
expected cell frequencies in chi-square formulas are estimated on the basis of
sample data, the number of degrees of freedom is s —t — 1, where s is the number
of terms in the sum and ¢ is the number of independent parameters replaced by
estimates. The —1 in the previous formula is due to the additional restriction
that the sum of all the cell frequencies must be equal to the fixed grand total n.

(c) When testing for differences among k proportions (previous section), we
had s = 2k and t = k, since we had to estimate the k parameters 01, 05, ..., 0%
and the number of degrees of freedom was 2k —k — 1=k — 1.

(d) When testing for independence with an r x ¢ contingency table, we
have s = r-c and t = r + ¢ — 2 since the r + ¢ parameters 60,. and 0.; are
subject to the two restrictions that their respective sum must equal one. Hence,
s—t—1l=rc—(r+c—=2)—1=(r—-1)(c—1).

Goodness of fit (for discrete random variables)

This test applies to the situation in which we want to determine whenever a
set of data may be looked as a random sample from a population having a given
distribution. Let n; be the observed absolute frequencies and e; the expected

4



absolute frequencies. To test the null hypothesis that a set of observed data
comes from a population having a specified distribution against the alternative,
that the population has some other distribution, we compute the value of the
Pearson’s statistic,

and reject Hy at the level of significance a, if the computed value exceeds X2, _,_,
where m is the number of terms in the summation and ¢ is the number of
independent parameters estimated on the basis of sample data (see previous
discussion).

Notes: (a) The set of values of the random variable is partitioned in adjacent
classes so that each expected absolute frequency is at least five.

(b) The statistic considered in this section has an asymptotic distribution that
is chi-square regardless of the distribution being tested.

Goodness of fit (for all types of random variables)

Consider a random sample of size n and let us order the values of the random
sample as 1 < x93 < ... < x,. The "sample distribution function" is constructed
as follows:

Fn(x):% for z; <x<zj41, J=0,1,...,n,

with g = —oco and 2,1 = 0.
We compute the value of the Kolmogorov-Smirnov test statistic as follows:

D,, = sup |F,(z) — F(z)],

where F'(z) is the distribution function of the population according to the null
hypothesis Hy. If Hy is true, D,, should be small.
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Sample and true distribution functions.

The distribution of D, is independent of F', but not of n. The following table
gives the acceptance limits for such a test:



SAMPLE SIZE LEVEL OF SIGNIFICANCE « FOR D,, = sup|E,(x) — F(x)|

(n) ¥
.20 .15 .10 .05 01
1 900 .925 950 975 995
2 684 726 776 842 929
3 565 597 642 708 828
4 494 525 564 624 733
5 446 474 510 565 669
6 410 436 470 521 618
T .381 405 438 486 577
8 .358 381 411 A57 543
9 .339 360 388 432 514
10 322 342 .368 410 490
11 307 326 352 391 468
12 295 313 338 375 450
13 284 302 325 36l 433
14 274 292 314 349 418
15 266 283 304 .338 404
16 .258 274 .295 328 392
17 250 266 286 318 381
18 244 259 278 309 371
19 237 252 272 301 363
20 231 246 264 294 356
25 210 220 2440 270 320
30 .190 200 220 240 290
35 .180 .190 210 230 270
OVER 35 ﬂ g E g £

VN VN VN VN VN

The most serious limitation of this test is that the distribution must be fully
specified. That is, if the parameters of F(x) are estimated from the data, the
critical region of the Kolmogorov-Smirnov test is no longer valid. It typically
must be determined by simulation.

Comparison between two distributions

Let F,, (x) be the sample distribution function of a random sample of size n,
and G, (z) be the sample distribution function of a random sample of size n,

7



(see previous discussion). The two random samples are independent.
Consider the following value of the two sample Kolmogorov-Smirnov test

statistic:
Dn17n2 = sup ’Fnl (.’E) - an (l’)l

The null hypothesis is that the two random samples come from identical
populations. If Hy is true, D should be small. The following table gives the
acceptance limits for such a test:

Table gives critical D-values for o= 0.05 (upper value) and a= 0.01 (lower value) for
vanous sample sizes. * means you cannot reject Hy regardless of observed D.

mo | 3 4 3 6 7 8 9 10 11 12
1 * ® * * * * * ® L3 *
* ® * * * * * ® L3 *
2 * * * * * | 16416 | 18718 | 2020 | 2222 | 2424
* * * * * * * * * *
3 * * | 1515 | 18/18 | 21/21 | 20724 | 2427 | 27/30 | 30/33 | 30436
* * * * * 2424 | 2727 | 30/30 | 33/33 | 3636
4 16716 | 20020 | 20124 | 24/28 | 28/32 | 28/36 | 30/40 | 33/44 | 36/48
¥ * [ 24024 [ 28/28 | 3232 | 32736 | 3640 | 40044 | 44048
b] * | 24430 | 30435 | 30040 | 3545 | 40/50 | 3955 | 43/60
* [ 30430 [ 35/35 | 35/0 | 40445 | 45/50 | 4555 | 50460
] 30436 | 30442 | 3448 | 39/34 | 40/60 | 43/66 | 4872
36/36 | 36/42 | 40/48 | 45/34 | 48760 | 34766 | 60172
T 42/49 | 40/56 | 42/63 | 46070 | 4877 | 53/34
42740 | 48/56 | 49/63 | 53770 | 39777 | 60/84
8 48/64 | 46/72 | 48/80 | 33/88 | 60/06
56/64 | 5572 | 60/80 | 64/B8 | 6B/06
9 54/81 | 533/90 | 3999 | 63/108
63/81 | 7090 | 7099 | 75/108
10 70100 | 60/110 | 66/120
207100 | 77/110 | 804120
11 71121 | 727132
28/121 | B6/132
12 96/144
84144

For larger sample sizes, the approximate cnitical value I, is given by the equation

n+n
D, =cla) | =
my,

where the coefficient is given by the table below.

@ 0.10 0.05 0.025 0.01 0.003 0.001
cla) 1.22 1.36 1.48 1.63 1.73 195

Examples: (1) At &=0.05 and samples sizes 5 and 8, D, =30/40=0.75.

(2) At @=001 and samples sizes 15 and 28, D, =1_531|'1155+§g8 —0522.




Exercises. Probability and Statistics. IDEA.
9. Hypothesis Testing

. Suppose we want to test the null hypothesis that the mean p of a normal
population with the variance o = 1 is p, against the alternative hypothesis
that it is uy, where py > . Let T be the value of the mean of a random sample
of size n. Find the value of k (as a function of n) such that £ > k provides a
critical region of size a = 0.05. Also determine the minimum sample size n
needed for testing the null hypothesis © = 10 against the alternative hypothesis
i = 11 by this procedure so that the probability 8 of committing a type II error
is smaller than 0.05, 5 < 0.05.

. A random sample of size n from a normal population with known variance o2 is
to be used to test the null hypothesis ;1 = p, against the alternative hypothesis
i = f4;, where p; > 1. Use the Neyman-Pearson lemma to find the uniformly
most powerful test of size a.

. Consider a coin having the probability € of landing on heads and the following
composite hypotheses:

Hy : 0<60<05 (null hypothesis)

H, : 05<6<L1 (alternative hypothesis)

(a) Find the power functions of the following two tests:

- Test 1: observe three independent flips of the coin and reject Hy if three
heads come up;

- Test 2: observe three independent flips of the coin and reject Hy if either
two or three heads come up.

(b) Discuss the properties of the previous two tests in terms of the associated
probabilities of committing type I and type II errors.

. Let z; have a Bernoulli distribution with unknown parameter 6, and let
Y=7T1+ T2+ T3+ Tg4+ 5

denote the number of successes in five independent trials. To test 6 = 0.5
against 6 # 0.5 we make a test with critical region § = 0,1,4 or 5. Plot the
power function and find the significance level of the test.

. (a) Find the critical region of the likelihood ratio test with a level of significance
« for testing the null hypothesis

Ho: p=pyq
against the composite alternative

Hi: p# po
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11.

on the basis of a random sample of size n from a normal population with the

known variance o2.

(b) Do the same with both the Wald test and the score test.

Suppose it is known from experience that the standard deviation of the weight
of 8-ounce packages of cookies made by a certain bakery is 0.16 ounce. Let us
assume that the weight of those packages of cookies is normally distributed.
To check whether its production is under control on a given day, namely, to
check whether the true average weight of the packages is 8 ounces, they select
a random sample of 25 packages and find that their mean weight is ¥ = 8.112
ounces. Since the bakery stands to lose money when ;1 > 8 and the customer
loses out when p < 8, test the null hypothesis ¢ = 8 against the alternative
i # 8 using a = 0.01. Find the corresponding p-value.

Suppose that 100 tires of a certain brand lasted on the average 21431 miles
with standard deviation of 1295 miles. Using o = 0.05, test the null hypothesis
= 22000 miles against the alternative hypothesis p < 22000 miles. Find the
corresponding p-value.

Suppose that the specifications for a certain kind of ribbon call for a mean
breaking strength of 185 pounds, and that five pieces randomly selected from
different rolls have a mean breaking strength of 183.1 pounds with a sample
standard deviation of 8.2 pounds. Assuming that we can look upon the data as
a random sample from a normal population, test the null hypothesis 1 = 185
against the alternative p < 185 at o = 0.05. Find the corresponding p-value.

Suppose that the nicotine content of two brands of cigarettes are being
measured. If in an experiment fifty cigarettes of the first brand had an average
nicotine content of z; = 2.61 milligrams with a sample standard deviation of
s1 = 0.12 milligram, while forty cigarettes of the second brand had an average
nicotine content of 7o = 2.38 milligrams with a sample standard deviation of
59 = 0.14 milligram, test the null hypothesis p; — 1, = 0.2 against the alternative
[y — o # 0.2, using av = 0.05. Find the corresponding p-value.

In the comparison of two kind of paint, a consumer testing service finds that four
one-gallon cans of one brand cover on average 512 square feet with a standard
deviation of 31 square feet, while four one-gallon cans of another brand cover
on the average 492 square feet with a sample standard deviation of 26 square
feet. Test the null hypothesis p; — puy, = 0 against the alternative p; — py # 0
at the significance level o = 0.05. Assume that the two populations are normal
and have equal variances. Find the corresponding p-value.

Suppose that the thickness of a part used in a semiconductor is its critical
dimension and that measurements of the thickness of a random sample of 18
such parts have the variance s> = 0.68, where the measurements are in the
thousandths of an inch. The process is considered to be under control if the
variation of the thickness is given by a variance not greater that 0.36. Assuming



12.

13.

14.

15.

16.

that the measurements constitute a random sample from a normal population,
test the null hypothesis 02 = 0.36 against the alternative hypothesis 02 > 0.36
at o = 0.05. Find the corresponding p-value.

In comparing the variability of the tensile strength of two kind of structural
steel, an experiment yielded the following results: n; = 13, s? = 19.2, n, = 16
and s2 = 3.5, where the units of measurement are 1000 pounds per square inch.
Assuming that the measurements constitute independent random samples from
two normal populations, test the null hypothesis 0 = 032 against the alternative
hypothesis 02 # o2 at the a = 0.02 level of significance. Find the corresponding
p-value.

An oil company claims that at most 20 percent of all automobile market owners
buy brand A gasoline. Test this claim at « = 0.01, if a random check indicates
that 58 of 200 automobile owners buy brand A gasoline. Find the corresponding
p-value.

Determine, on the basis of the sample data shown in the following table, whether
the true proportion of shoppers favoring detergent A over detergent B is the
same in all three cities:

Number favoring A Number favoring B

Los Angeles 232 168 ny = 400
San Diego 260 240 19 = 500
Fresno 197 203 ns = 400

Use the significance level « = 0.05. Find the corresponding p-value.

For the data shown in the table below, test for independence between a person’s
ability in mathematics and his or her interest in statistics. Use the 0.01
significance level. Moreover, find the corresponding p-value.

Ability in Math
Low Average High

Interest in Low 63 42 15
Statistics  Average | 58 61 31
High 14 47 29

For the data in the table below, test whether the number of errors the
compositor makes in setting a galley of type is a random variable having a
Poisson distribution. Use the significance level o = 0.05. Moreover, find the
corresponding p-value.



17.

18.

19.

Number of Observed
errors per galley frequencies
n;
18
53
103
107
82
46
18
10
2
1
440

O© 00 O Tl Wi+~ O

Test at the 5% significance level the hypothesis that a distribution is normal
with mean 32 and variance 3.24, using the following observed values of a random
sample of size 10: 31.0, 31.4, 33.3, 33.4, 33.5, 33.7, 34.4, 34.9, 36.2, and 37.0.

The random variable = has a lognormal density function,

1 _;((lnz)wf
T, 0) = ———¢€ 2\ o , for 0 < z < 0.
f(@;p,0) (Vo) o

Note that the random variable In z is normal with the mean p and the variance

o

Consider the null and alternative hypotheses:
Hy: pn=280; =20

Hy: p=110; 0 =20

Given a random sample of size n from a population having the density f(z; u, o),
use the Neyman-Pearson Lemma to devise a statistical test to discriminate
between Hy and H; with the level of significance v = 0.05. That is, apply the
Lemma to find the appropriate test statistic and the precise critical region with
size a = 0.05 yielding the most powerful test. The critical region you must
construct should be a function of the sample size n only.

On the basis of a single observation, we want to test the simple null hypothesis
that the probability function of 7 is

z | 1 2 3 4 5 6 7
flx)]1/12 1/12 1/12 1/4 1/6 1/6 1/6
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against the composite alternative that the probability function is

c |1 2 3 4 567
g(z) [ a/3 b/3 ¢/3 2/3 0 0 0

where a +b+c=1.

(a) Using the likelihood ratio technique, find the critical region with size
a = 0.25 for which the null hypothesis is rejected. Which is the corresponding
probability of a type II error?

(b) Consider the critical region for which the null hypothesis is rejected only
when z = 4. Which is the size of such a critical region? Which is the
corresponding probability of a type II error?

(¢) Compare the test obtained in (a) with the one in (b). Which one do you
prefer? Does the comparison contradict the Neyman-Pearson lemma?

R.D. Clarke divided the south of London into 576 squares of 0.1 square miles
each and counted the number of flying bombs hitting those squares during the
WWII. He obtained the following results:

Number of bombs per square 0 1 | 2|3 4|56 or more
Number of squares (frequency) | 229 | 211 | 93 [ 35| 7 | 1 0

Test the null hypothesis that the bombs were hitting randomly those squares
against the alternative that the bombs were directed towards a specific target.
Use a significance level of 0.01. Find the corresponding p-value.

Let  : (2, F) — (R, B) be a random variable whose range is 7 (2) = {0, 1,2} .
We observe the value {x1,x2} of a random sample {1, Z3} of size 2 from the
population Z.

We want to test the null hypothesis that the probability function of the random
variable 7 is given by the following uniform probability function:

flz)==, forz=0,1,2; (%)

against the alternative that the probability function of 7 is

(

0 forz=0
2

g(@) =3 3 forx =1
1

\§ for x =2

(a) Devise the most powerful test with a level of significance o = 1/9. What is
the power of this test?
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T+ Ty . ..
! 2 is the test statistic.

(b) Consider a test where the sample mean Z =

Find the value of k such that z > k provides a critical region of size o = 1/9,
where 7 is the value of the sample mean Z. What is the power of this test?

Suppose now that we want to test the null hypothesis that the probability func-
tion of the discrete random variable ¥ is the uniform probability function given
in (%) against the alternative COMPOSITE hypothesis that the probability
function of # IS NOT the one given in (x).

(¢) Using again the value {x;, 25} of a random sample {Z1, Z5} of size 2 from the
population Z, devise a likelihood ratio test with a level of significance o = 1/3.
You should provide the test statistic and the critical region for this test.

Prove that the two test statistics given in (1) and (2) in the handout "Hypothesis
Testing" are equivalent.

Assume that you have obtained x "successes" in three identical and independent
trials. Let 6 be the probability of success in each trial. Devise a likelihood ratio
test with a level of significance o = 1/4 to test the null hypothesis that 6 = 1/2
against the alternative hypothesis that 6 # 1/2. You should provide the test
statistic and the critical region for this test.

Hint: Note that lin(l)x”“" = 1 or, equivalently, lin% (z-Inz) = 0, which follows

from L’Hopital’s rule.

Let {Z1, Ta, ..., T, } be a random sample of size n from a normal population with
unknown mean p and unknown variance o2. Consider the following statistic:

” 2
(7, — )
2 =l

Y

n
where Z is the sample mean.

Assume that the sample size is n = 20. Use a level of significance o = 0.05
to construct an acceptance interval (a,b) for the statistic % to test the null
hypothesis Hy : 02 = 5 against the alternative H; : 02 # 5. The interval should
be such that you do not reject Hy if a < §* < b and you reject it if 52 ¢ (a, b).
Moreover, P {5’2 < a} =P {32 > b} = /2 under the null hypothesis.

Let {Z1, Za, ..., Z, } be a random sample of size n from a normal population with
unknown mean x and known variance 0. Consider testing Hy : p > 1, against
Hy : p < py. Use the Karlin-Rubin theorem to construct a uniformly most
powerful (UMP) test with significance level « based on the test statistic Z (the
sample mean).

You know that z is a normally distributed random variable with a standard
deviation of 200 and that its mean is either 700 or 800. You wish to make
a judgement about the value of the mean of Z. You may choose among the
following two pieces of information (or statistics) for your judgement:
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(a) The mean T of a random sample of size 25 from the population of .

(b) The proportion 6 of observations with a value smaller than 800 in a random
sample of size 49 from the population of 7.

We impose that the probability of the mistake of saying p = 700 if in fact
i = 800 must be the same as the probability of the mistake of saying u = 800
if in fact p = 700.

Which of the previous two statistics do you prefer for judging p?

Note: For the statistic in (b) use the corresponding approximation by the
normal distribution (as dictated by the central limit theorem) since such an
approximation is excellent in this case.

Let {#;},_, be a random sample of size n = 70 from a population Z. Assume
that the population distribution is Poisson with the parameter A > 0. Consider
the null hypothesis Hy : A = 5 and the alternative hypothesis H; : A = 6.

(a) Use the Neyman-Pearson Lemma to test Hy against H; with the level
of significance o = 0.05. That is, apply the Lemma to find the appropriate
test statistic and the precise critical region with size a = 0.05 yielding the
most powerful test. Hint: Use the Central Limit Theorem to find a good
approximation for the standardization of the sample mean.

(b) What is the power of the test you have devised in part (a)?

Check that the two formulae to compute the expected utility shown in the
handout "First-Order Stochastic Dominance",

Eu(z)] = /[ ’ u(x) dFz(z) = u(b) —/ Fi(z)du(x),

[a,]

yield exactly the same value for the following example. The random variable
Z, which represents consumption, is discrete and its support is a subset of
the closed interval [0,1]. In particular, & only takes on three values: 0 with
probability 1/2, 1/2 with probability 1/4, and 1 with probability 1/4. The
Bernoulli utility function is u(z) = —2% + 22 + 1, which is continuous and
increasing for z < 1.

Consider a normal population with the known variance 02 = 3 and a random
sample {Z1, ..., T, } with size n = 12.

(a) We want to test the null hypothesis that the mean p of this population is
equal to 7 (Hp : u = 7) against the alternative simple hypothesis that it is 9
(Hy : p=29). Let T be the value of the mean of the random sample. Find the
value of k such that z > k provides a critical region of size a = 0.05. Compute
the power of this test.

(b) Construct a likelihood ratio test with a level of significance v = 0.05
for testing the null hypothesis Hy : ;4 = 7 against the composite alternative



Hy: pp# 7. You should provide the appropriate test statistic and the precise
critical region. Hint: for this part, you should prove that

12

S @i =77 = (- 2)°] =12(z - 7)%.

i=1

(c) Plot the power function of the test found in part (b).



