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Abstract
When the same data are used to fit a model and estimate its predictive performance, this estimate
may be optimistic, and its correction is required. The aim of this work is to compare the behaviour
of different methods proposed in the literature when correcting for the optimism of the estimated
area under the receiver operating characteristic curve in logistic regression models. A simulation
study (where the theoretical model is known) is conducted considering different number of covariates, sample size, prevalence and correlation among covariates. The results suggest the use of
k-fold cross-validation with replication and bootstrap.
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1. Introduction
Prediction models play an important role in daily clinical practice. They provide clinicians with a tool to identify individuals at higher risk, and thus help in the decision
making process. The development of risk prediction models for patients with diseases
such as breast cancer (Wishart et al., 2012), chronic obstructive pulmonary disease
(Quintana et al., 2014), or heart failure (Garcia-Gutierrez et al., 2017), among others,
has increased during the last years. Once a model is developed, the aim is generally
to apply it on new patients. Thus, a good but accurate predictive (or generalisation)
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model performance is required. This work focuses on logistic regression models. In
this setting, there are different ways to evaluate the performance, including calibration
and discrimination measures (Steyerberg, 2009). Calibration refers to the agreement
between observed outcomes or responses and predictions, while discrimination is concerned with the ability of the model to discriminate between individuals with and without the characteristic of interest. The area under the receiver operating characteristic
(ROC) curve (Bamber, 1975; Hanley and McNeil, 1982; Swets, 1988), on which this
work is focused, is a measure of discrimination.
It is well known that if in the development process of a prediction model, the same
data is used to, first, fit the model and, then, evaluate its performance, this estimate,
usually referred to as apparent or re-substituted performance, could be optimistic (see,
e.g., Efron, 1986; Copas and Corbett, 2002). This is a consequence of the fact that
most model fitting strategies rely on optimality criteria for the data used. Thus, in order to guarantee the model’s usefulness when applied to new patients, the validation
or correction of this optimism is required. Arguably, the best strategy to estimate the
generalisation model performance is to apply it to new data. That is to say, the performance of the model is estimated based on individuals (observations) that have not
been used in the model derivation/development process. This strategy is called external
validation. Unfortunately, in practice this is usually not feasible. Most of the times it
is not possible to obtain new data for that purpose due to difficulty or expense in their
collection. To overcome the problem, different approaches have been proposed in the
literature with the aim of estimating the performance of a model internally, i.e., re-using
the data where the model has been derived/fitted. Split-sample validation (Picard and
Berk, 1990; Snee, 1977) is possibly the most commonly used method in medical research. However, especially for small sample sizes, it has shown to provide pessimistic
(over-corrected) estimates of the performance with a large variance (see, e.g., Steyerberg
et al., 2001; Austin and Steyerberg, 2017). Therefore, alternative approaches to splitsample validation, such as k-fold cross-validation or bootstrap techniques, have been
suggested (Stone, 1974; Efron, 1983; Harrell, Lee and Mark, 1996).
For the specific case of binary outcomes (as is the case of this paper), the literature
contains several papers comparing different methods for correcting the optimism of the
apparent area under the ROC curve (AUC). Important references are Harrell (2001);
Steyerberg et al. (2001, 2003); Airola et al. (2011); Smith et al. (2014); Austin and
Steyerberg (2017). For instance, Airola et al. (2011) compare different cross-validation
techniques for estimating the AUC and propose the leave-pair-out cross-validation as
the preferred method for optimism correction. To a similar conclusion comes Smith
et al. (2014), who focus on small data sets. Yet, other authors recommend the use of
bootstrapping (e.g., Smith et al., 2014; Steyerberg et al., 2001; Austin and Steyerberg,
2017). The papers by Steyerberg et al. (2001, 2003); Smith et al. (2014) and Austin and
Steyerberg (2017) all focus on logistic regression models. In particular, all these papers
study the impact of different values of events per variable (EPV) on the performance
of several correction methods by means of simulations based on a large real data set.
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EPV is defined by the ratio of the number of events (i.e., the number of observations
in the smaller of the two groups of the binary outcome), relative to the number of regression coefficients in the model (see e.g., van Smeden et al., 2018). In most of the
above-mentioned papers, simulations are done with a fixed number of covariates. Nevertheless, in practice other factors beyond the EPV may impact the performance of the
methods, such as a) the number of covariates in the model, b) the available sample size,
c) the prevalence; and/or d) the correlation among covariates. The number of covariates, sample size and prevalence are all together related to the EPV, but the last two are
imposed by the available data. It has been reported that the bias of the apparent model
performance estimate increases as the number of covariates increases (Hastie, Tibshirani
and Friedman, 2001; Copas and Corbett, 2002). However, to the best of our knowledge
there is a lack of studies comparing different correction methods in terms of the number
of covariates. Hence, the primary aim of this study is to empirically evaluate the effect
that the increase of the number of covariates may have on the performance of different
methods (including split-sample, cross-validation and bootstrap) for the correction of
the apparent AUC. In addition, we study the impact of the correlation among covariates as well as the prevalence of the disease and the sample size. Finally, in contrast
to the above-mentioned studies, we conduct a simulation study in a situation where the
theoretical logistic regression model is known.
The rest of the paper is organised as follows. Section 2 outlines the optimism correction methods that have been considered in this work. In Section 3 the simulation
study conducted to analyse the performance of the optimism correction methods is described. Additionally, the results obtained are reported. Finally, the paper closes with a
discussion in Section 4.

2. Methods
This section introduces the needed notation and background and describes the different
methods that have been considered throughout this study to correct for the optimism of
the apparent AUC. Recall that we denote as apparent AUC that which is obtained when
all the available data are used to, first, fit the model and then, estimate the AUC.

2.1. Notation and preliminaries
T

Consider a collection of p covariates denoted by the vector X = (1, X1 , X2 , . . . , X p ) , and
let D be the random variable denoting the presence (D = 1) or absence (D = 0) of the
X = x ) denote the
characteristic of interest (e.g., a certain disease). Let p(xx) = P(D = 1|X
conditional probability of being diseased for a patient with a vector of covariate values
x = (1, x1 , x2 , . . . , x p )T in the domain of X . It is assumed that D|X
X = x ∼ Bernoulli(p(xx)).
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The specific form of the logistic regression model is:
T

eβ0 +β1 x1 +...+β p x p
eβ x
p(xx) =
∈ (0, 1),
=
T
1 + eβ0 +β1 x1 +...+β p x p
1 + eβ x

(1)

T

where β = (β0 , . . . , β p ) is the vector of (unknown) regression coefficients. Let us assume that we have a sample of independent and identically distributed (i.i.d.) observaX , D), and denote as β̂ = (β̂0 , . . . , β̂ p )T the maximum
tions {(xxi , di )}ni=1 from population (X
likelihood estimator of β (Hosmer and Lemeshow, 2000; McCullagh and Nelder, 1989).
The estimated probabilities of being diseased for each individual in the sample can be
thus calculated as follows (see (1)):
T

p̂(xxi ) =

eβ̂β x i
T

1 + eβ̂β x i

(i = 1, . . . , n).

(2)

2.2. Discriminative ability
As said in the Introduction, this paper focuses on the AUC. The AUC ranges from 0.5
(in the case of an uninformative model) to 1 (a perfect model), and it is frequently
estimated by the Mann-Whitney U-statistic (Bamber, 1975; Hanley and McNeil, 1982;
Pepe, 2003). More precisely, for the specific case of the logistic regression model, we
have
XX
d = 1
[I ( p̂(xx j ) < p̂(xxk )) + 0.5I ( p̂(xx j ) = p̂(xxk ))] ,
(3)
AUC
n0 · n1 j∈D
0 k∈D1

where D0 and D1 are the index sets for D = 0 and D = 1, respectively and n0 and n1 their
respective sizes. Note that expression (3) corresponds to the so-called apparent AUC,
since all data are used for its calculation.

2.3. Optimism correction methods
2.3.1. Split-sample validation

In split-sample validation, the available
sample {(xxi ,di )}ni=1 is randomly divided
 der
 into
der nder
x
two subsamples, a derivation sample
and a validation sample xval
m ,
l , dl
l=1

val nval
dm m=1 , with n = nder + nval . Typically, the sample is split into two subsamples of
the same size (1/2 : 1/2) (Snee, 1977). Split-sample validation proceeds as follows. A
logistic regression model is fitted to the derivation sample and the regression coefficients
are estimated. These regression coefficients are used to estimate the predicted probabilities for the individuals in the validation sample following expression (2), which then
are further used to calculate the corrected AUC by means of equation (3).
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2.3.2. K-fold cross-validation

This method consists in splitting the available sample into k subsamples of (approximately) the same size. In pretty much the same way as split-sample validation, k − 1
subsamples are considered as the derivation sample, and the remainder is used as validation sample to estimate the AUC. In contrast, however, to split-sample, the process is
repeated k times, leaving-out one different subsample every time as validation sample.
Finally, the corrected AUC is the average of these k estimated AUCs.
K-fold cross-validation with replication is another variant of this method (see, e.g.,
Smith et al., 2014). The process explained above is repeated r times, with a different
k-split of the sample each time. Finally, the corrected AUC is the average of r × k
estimated AUCs.
We would like to note that the described k-fold cross-validation method is usually
referred in the literature, for obvious reasons, as the averaging strategy in contrast to
the pooling strategy (see, e.g., Bradley, 1997). In the later, predicted probabilities are
calculated in each validation sample, which are then pooled and used to estimate the
corrected AUC. This work focuses on the averaging strategy, as it has shown a better
performance in previous studies (Parker, Günter and Bedo, 2007; Airola et al., 2011). In
particular, the averaging strategy does not suffer from the pessimism that occurs when
pooling, and it is not affected by the so-called stratification bias. These results have
also been corroborated in our setting (results not shown). However, averaging presents
a problem that pooling does not have. If the number of diseased (or healthy) individuals
is low (or the sample size small), it may happen that some folds will have few individuals
(or even none) of the underrepresented group. This will impact the estimate of the AUC
when these folds are used as the validation samples, which in turn can lead to a high
variance in the estimates of the corrected AUC (Airola et al., 2011).
2.3.3. Leave-one-out cross-validation

In leave-one-out cross-validation, a single observation is omitted from the original sample. The logistic regression model is fitted to the remaining observations (derivation
sample). Then, the fitted model is applied on the omitted observation and its predicted
probability is estimated (see equation (2)). The process is repeated n times (where n is
the size of the original sample), leaving-out one different observation every time. Finally, the AUC corrected by leave-one-out cross-validation method is calculated based
on the estimated predicted probabilities of all individuals (see, e.g., Airola et al., 2011;
Lachenbruch and Mickey, 1968).
2.3.4. Bootstrap validation

Another possibility to correct for the optimism of the AUC is to use bootstrap techniques
(Efron and Tibshirani, 1993). This method can be summarised as follows:
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Step 1. Fit the logistic regression model to the original sample {(xxi , di )}ni=1 and estimate
d app .
the apparent AUC, say AUC
For b = 1, 2, . . . , B (where B is the number of bootstrap resamples):

n 
Step 2. Generate a bootstrap resample x bi , dib i=1 , of the same size as the original
sample, by resampling with replacement from the original sample.
Step 3. Fit a logistic regression model to the bootstrap resample, and estimate its apd bboot .
parent AUC, say AUC

Step 4. Apply the fitted logistic regression model in Step 3. on the original sample,
calculate the predicted probabilities for each observation and estimate the AUC.
d bo be this estimate.
Let AUC
The optimism is estimated as follows:
B

X
b= 1
d bboot − AUC
d bo ),
O
(AUC
B
b=1

d bootstrap = AUC
d app − O.
b
and the corrected AUC is: AUC

3. Simulation study
This section describes and presents the results of the simulation study conducted to evaluate the behaviour of the correction methods discussed in Section 2.3.. Specifically, the
aim of the study was to compare the AUC estimates provided by the different methods
(including the apparent AUC) against the “true” out-of-sample AUC associated with the
derived logistic regression model. The “true” out-of-sample AUC refers to the true discriminatory capacity of the derived/fitted model when applied to new data or subjects. A
variety of factors that could impact the performance of the methods were considered in
this study, such as, the number of covariates in the model, the available sample size, the
prevalence of the disease (i.e., prev = P(D = 1)) and the correlation among covariates.
The steps of the simulation study are described in detail in next section.

3.1. Scenarios and set-up
For a given number of covariates, say, p, the steps of the simulation study can be summarised as follows:
on
n
(p)∗
Step 1. Generate two independent samples x i , di∗

i=1

n
oN
(p)∗∗ ∗∗
and x l
, dl

l=1

of re-

spectively size n and N (the superscript (p) is used to emphasise the covariate
vector length) as follows:
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Step 1.1 Generate ηi ∼ Bernoulli(prev), and generate the covariate vector value
(p)∗
xi



(p)
 x (p)∗ ∼ N µ (p) ,Σ
Σ
if ηi = 0,
i

 D0
(4)
(p)∗
(p)
 x
Σ (p)
if ηi = 1.
∼ N µ D1 ,Σ
i

By simulating the covariates in this way, the logistic regression model holds,
and the true value of the regression coefficient vector β (p) is known (see Appendix A). This vector is used in Step 1.2 below.

(p)∗
Step 1.2 Calculate p(xxi ) using equation (1).
(p)∗

Step 1.3 Generate di∗ ∼ Bernoulli(p(xxi

)).

n
o
(p)∗∗ ∗∗ N
, dl
we followed the same steps. We note that this sample
(To generate x l
l=1
is used in Step 3. to estimate the out-of-sample AUC.)
on
n
(p)∗
, and estimate
Step 2. Fit a logistic regression model to the first sample, x i , di∗
i=1
the apparent and corrected AUCs (by means of any method discussed in Section
2.3).
n
o
(p)∗∗ ∗∗ N
, dl
Step 3. Apply the fitted logistic regression model in Step 2. on sample x l
,
l=1
calculate the predicted probabilities for each observation and estimate the “true”
d oos ).
out-of-sample AUC (AUC

Note that to generate the covariate vector in Step 1.1, the parameters of the multivariate normal distribution (see equation (4)) need to be specified. In particular, in this
study we considered:
(
(10)
µ D0 = (0, . . . , 0)T,
(10)
µD
= (0.6, 0.55, 0.5, 0.45, 0.4, 0.3, 0.25, 0.2, 0.15, 0.1)T.
1

(2)
(2)
Thus, for example, for two covariates we have µ D0 = (0, 0)T and µ D1 = (0.6, 0.55)T.
Note that the covariates are sorted (and thus included in the simulation) from the most
explicative to the weakest. With respect to the variance-covariance matrix, we assumed

Σ (p) = (1 − γ) · Ip×p + γ · J p×p ,
where Ip×p is the identity matrix of dimension p × p and J p×p is the matrix of ones
of the same dimension. Here γ controls the correlation among covariates (when γ = 0
the covariates are independent). For a given number of covariates p (p ∈ {1, . . . , 10}),
different sample sizes (n ∈ {500, 1000, 2000}), prevalences (prev ∈ {0.1, 0.2, 0.5}) and
correlations (γ ∈ {0, 0.15, 0.60}) were considered, yielding a total of 27 different spec-
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ifications per number of covariates. In all results shown below, the out-of-sample AUC
(see Step 3.) was estimated on the basis of a sample of size N = 50000, and a total
of R = 500 replicates were performed. Split-sample validation was used with half of
the sample for derivation and the other half for validation (1/2 : 1/2). For k-fold crossvalidation we considered k = 10 folds (which is the one most commonly used in the
literature), without replicates (the procedure is performed only once) and with r = 20
replicates. Bootstrap validation was performed with B = 100 and B = 500 bootstrap
resamples. Recall that in addition to those methods, we also evaluated the performance
of the apparent AUC, and the leave-one-out cross-validation procedure. We note that for
split-sample validation, the logistic regression model in Step 2. was fitted on half of the
available data, and this fitted model was the one used in Step 3. to calculate the “true”
out-of-sample AUC. Thus, neither the fitted model nor the “true” out-of-sample AUC is
the same as for the other methods. We proceeded in this way since, in our experience,
the reported model is, in general, the one developed in the derivation sample and not using the whole sample. Finally, the performance of the methods was measured in terms
of bias and mean squared error (MSE), that were calculated over the R = 500 runs

1 X d r
d roos ,
Bias =
AUC cor − AUC
R
R

MSE =

1
R

r=1
R 
X
r=1

d rcor − AUC
d roos
AUC

2

,

d cor denotes the estimated AUC obtained by means of any of the methods
where AUC
d oos is the estimated out-ofconsidered in this work (including the apparent), and AUC
sample AUC (computed, based on a sample of size N=50000, as explained in Step 3.).
It is important to note that all methods considered in this work (except leave-oneout cross-validation) are based on either splitting the data or resampling it. One may
argue that, for a particular sample, different splits or resamples can lead to different
corrected AUCs. Thus, in addition to the previous simulation, a smaller study was
performed with the aim of evaluating the variability of the corrected AUC estimates for
a particular sample. For simplicity, in this case we restricted our attention to the most
extreme parameter specification (n = 500, prev = 0.1, γ = 0.60) and an intermediate
one (n = 1000, prev = 0.2, γ = 0.15).

3.2. Results
Given the large number of proposed parameter specifications (a total of 270), we begin
by summarising the main findings. As could have been expected, the bias of the apparent AUC increases as the number and correlation among covariates increase, and as the
prevalence and sample size decrease. With respect to the other methods considered in
the study, except for the leave-one-out cross-validation all seem to correct for the opti-
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mism of the apparent AUC (small bias) and there is not a clear method that performs
the best across all specifications. However, in terms of variability in the estimates, the
10-fold cross-validation without replication and the split-sample validation are the methods that present the largest variability, and this is especially remarkable for split-sample
validation. For split-sample, the large variability can come from two different sources.
First, the model is fitted to half of the data and therefore there is more uncertainty, and
second, the corrected AUC is estimated with also half of the data. This issue has also
been discussed by Smith et al. (2014). For 10-fold cross-validation without replication a
similar explanation as in split-sample can be given (Smith et al., 2014), but in addition,
an extra problem can arise, especially for small sample sizes and low prevalences. As
noted in Section 2.3.2, the random split of the full sample into 10 folds may yield folds
with very few events, which affects the estimation of the corrected AUC when using
these folds. However, this effect might be mitigated if the 10-fold cross-validation with
replication is used, as the corrected AUC is the average of a large number of values. In
our simulations we ensured that at least there is one event in each fold, but we are aware
that it might not be enough. To finish this part we would like to mention that, in contrast
to other studies (see, e.g., Austin and Steyerberg, 2017), in this work we compared the
corrected AUCs provided by the split-sample method with the out-of-sample AUCs obtained based on the model fitted to the derivation sample. This may explain why we do
not observe a pessimistic behaviour (negative bias) of this method.
We now present some numerical and graphical results. Since the mayor differences
among the methods have been observed for the most extreme specifications, these are
the results shown here.
Table 1 shows the numerical results obtained for a correlation of 0.60 (γ = 0.60),
sample sizes of 500 and 2000 (n ∈ {500, 2000}), prevalences of 0.1, 0.2 and 0.5 (prev ∈
{0.1, 0.2, 0.5}) and 2, 5 and 8 number of covariates (p ∈ {2, 5, 8}). Specifically, the
average and standard deviation of the estimated AUCs are reported jointly with the bias
and MSE. Note that except for a small number of covariates and a large sample size, the
apparent AUC is optimistic (positive bias). Split-sample is the method presenting the
largest variability and therefore MSE. Note also that, the average of the estimated corrected AUCs given by split-sample validation is in general the lowest. This is especially
remarkable for large number of covariates and small sample sizes, and is a consequence
of fitting the model using only half of the data. If we compare cross-validation with and
without replication, we observe that the presence of replicates reduces the variability
and therefore the MSE. Curiously, at least in our simulations, we do not observe a large
difference between B = 100 and B = 500 in the bootstrap method. In all the results
shown in Table 1, the largest MSE is obtained for split-sample (coming from the largest
variability). For the remaining methods, as the sample size increases, all perform almost indistinguishably. The largest differences among the methods are observed for a
sample size of n = 500 and a prevalence of 0.1. This can also be observed in Figure 1.
The figure depicts the bias associated to each method across the 500 runs, for 1 to 10
number of covariates (p ∈ {1, 2, . . . , 10}), a prevalence of 0.1 (prev = 0.1), a correlation

2000

500

Sample
Size

0.5

0.2

0.1

0.5

0.2

0.1

Prev.

Apparent
Split
CV
CV Replication
Leave-1-out
Boot (B=100)
Boot (B=500)
Apparent
Split
CV
CV Replication
Leave-1-out
Boot (B=100)
Boot (B=500)
Apparent
Split
CV
CV Replication
Leave-1-out
Boot (B=100)
Boot (B=500)
Apparent
Split
CV
CV Replication
Leave-1-out
Boot (B=100)
Boot (B=500)
Apparent
Split
CV
CV Replication
Leave-1-out
Boot (B=100)
Boot (B=500)
Apparent
Split
CV
CV Replication
Leave-1-out
Boot (B=100)
Boot (B=500)

Method
Mean (sd)
0.6824(0.0423)
0.6652(0.0582)
0.6855(0.0404)
0.6864(0.0346)
0.6576(0.0499)
0.6730(0.0459)
0.6726(0.0457)
0.6808(0.0299)
0.6715(0.0430)
0.6756(0.0321)
0.6760(0.0296)
0.6670(0.0325)
0.6755(0.0312)
0.6751(0.0311)
0.6782(0.0234)
0.6708(0.0325)
0.6732(0.0257)
0.6731(0.0241)
0.6692(0.0246)
0.6746(0.0241)
0.6745(0.0241)
0.6763(0.0188)
0.6715(0.0278)
0.6737(0.0201)
0.6731(0.0195)
0.6703(0.0194)
0.6741(0.0192)
0.6740(0.0191)
0.6757(0.0140)
0.6738(0.0219)
0.6743(0.0144)
0.6741(0.0143)
0.6723(0.0143)
0.6745(0.0141)
0.6744(0.0141)
0.6769(0.0112)
0.6769(0.0167)
0.6761(0.0113)
0.6760(0.0113)
0.6747(0.0114)
0.6761(0.0113)
0.6760(0.0112)

2 covariates
Bias
0.0105
−0.0011
0.0136
0.0145
−0.0143
0.0010
0.0007
0.0059
−0.0010
0.0007
0.0011
−0.0079
0.0005
0.0002
0.0049
−0.0007
−0.0001
−0.0002
−0.0041
0.0013
0.0012
0.0002
−0.0032
−0.0024
−0.0030
−0.0058
−0.0020
−0.0021
−0.0009
−0.0021
−0.0024
−0.0026
−0.0044
−0.0022
−0.0023
0.0023
0.0027
0.0015
0.0013
0.0001
0.0014
0.0014
MSE
0.0019
0.0032
0.0018
0.0014
0.0027
0.0021
0.0021
0.0009
0.0018
0.0010
0.0009
0.0011
0.0010
0.0010
0.0006
0.0010
0.0007
0.0006
0.0006
0.0006
0.0006
0.0004
0.0008
0.0004
0.0004
0.0004
0.0004
0.0004
0.0002
0.0005
0.0002
0.0002
0.0002
0.0002
0.0002
0.0001
0.0003
0.0001
0.0001
0.0001
0.0001
0.0001

Mean (sd)
0.6948(0.0364)
0.6451(0.0609)
0.6736(0.0418)
0.6752(0.0347)
0.6445(0.0489)
0.6630(0.0434)
0.6621(0.0438)
0.6858(0.0285)
0.6572(0.0461)
0.6640(0.0355)
0.6659(0.0299)
0.6565(0.0339)
0.6660(0.0321)
0.6657(0.0321)
0.7923(0.0191)
0.7812(0.0303)
0.7841(0.0207)
0.7841(0.0200)
0.7814(0.0200)
0.7847(0.0200)
0.7846(0.0199)
0.6833(0.0190)
0.6695(0.0312)
0.6735(0.0212)
0.6733(0.0205)
0.6709(0.0205)
0.6748(0.0202)
0.6747(0.0201)
0.6817(0.0144)
0.6747(0.0221)
0.6761(0.0153)
0.6761(0.0151)
0.6745(0.0151)
0.6768(0.0150)
0.6766(0.0149)
0.6812(0.0117)
0.6768(0.0164)
0.6775(0.0121)
0.6776(0.0120)
0.6765(0.0120)
0.6779(0.0120)
0.6778(0.0120)

5 covariates
Bias
0.0352
0.0015
0.0140
0.0156
−0.0151
0.0034
0.0025
0.0186
−0.0007
−0.0031
−0.0013
−0.0106
−0.0011
−0.0014
0.0026
−0.0047
−0.0055
−0.0056
−0.0083
−0.0050
−0.0051
0.0109
0.0013
0.0010
0.0009
−0.0015
0.0024
0.0023
0.0074
0.0028
0.0018
0.0018
0.0002
0.0025
0.0023
0.0024
−0.0002
−0.0013
−0.0012
−0.0023
−0.0009
−0.0010
MSE
0.0025
0.0030
0.0019
0.0014
0.0024
0.0017
0.0018
0.0011
0.0019
0.0012
0.0009
0.0012
0.0010
0.0010
0.0004
0.0009
0.0005
0.0004
0.0005
0.0004
0.0004
0.0005
0.0009
0.0004
0.0004
0.0004
0.0004
0.0004
0.0003
0.0005
0.0002
0.0002
0.0002
0.0002
0.0002
0.0001
0.0003
0.0001
0.0001
0.0001
0.0001
0.0001

Mean (sd)
0.7375(0.0369)
0.6679(0.0657)
0.7022(0.0432)
0.6990(0.0372)
0.6776(0.0489)
0.6951(0.0447)
0.6945(0.0447)
0.7276(0.0267)
0.6848(0.0458)
0.6980(0.0324)
0.6977(0.0299)
0.6924(0.0317)
0.7012(0.0303)
0.7008(0.0303)
0.8100(0.0195)
0.7902(0.0296)
0.7975(0.0218)
0.7967(0.0209)
0.7946(0.0209)
0.7979(0.0208)
0.7979(0.0207)
0.7157(0.0200)
0.6977(0.0281)
0.7018(0.0224)
0.7021(0.0218)
0.7001(0.0218)
0.7037(0.0215)
0.7035(0.0215)
0.7146(0.0151)
0.7041(0.0209)
0.7066(0.0155)
0.7068(0.0159)
0.7055(0.0159)
0.7075(0.0158)
0.7073(0.0158)
0.7145(0.0117)
0.7073(0.0167)
0.7092(0.0122)
0.7093(0.0120)
0.7084(0.0120)
0.7097(0.0121)
0.7095(0.0120)

8 covariates
Bias
0.0544
0.0030
0.0191
0.0159
−0.0055
0.0120
0.0114
0.0312
0.0004
0.0016
0.0013
−0.0041
0.0047
0.0043
0.0089
−0.0044
−0.0036
−0.0043
−0.0065
−0.0032
−0.0032
0.0159
0.0036
0.0020
0.0023
0.0003
0.0039
0.0037
0.0074
0.0005
−0.0006
−0.0004
−0.0017
0.0003
0.0002
0.0051
0.0003
−0.0002
−0.0001
−0.0009
0.0003
0.0002

MSE
0.0043
0.0037
0.0022
0.0016
0.0023
0.0020
0.0020
0.0016
0.0018
0.0010
0.0008
0.0009
0.0009
0.0009
0.0005
0.0008
0.0005
0.0005
0.0005
0.0004
0.0004
0.0006
0.0008
0.0005
0.0005
0.0005
0.0005
0.0005
0.0003
0.0004
0.0002
0.0002
0.0003
0.0002
0.0002
0.0002
0.0003
0.0001
0.0001
0.0001
0.0001
0.0001

Table 1: Average of the estimated AUCs (mean), standard deviation (sd), bias and mean squared error (MSE) for all the methods considered. The reults shown
are for correlation of 0.60 among covariates (γ = 0.60), different sample sizes (n ∈ {500, 2000}), prevalences (Prev.) (prev ∈ {0.1, 0.2, 0.5}) and number of
covariates (2, 5 and 8).
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Figure 1: Bias associated with each correction method according to the number of covariates in the logistic regression model (p ∈ {1, 2, . . . , 10}). The results
shown are for a prevalence of 0.1, a correlation of 0.60 and a sample size of (a) n = 500, (b) n = 1000 and (c) n = 2000.
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Figure 2: Bias associated to each correction method according to the number of covariates included in
the logistic regression model (p ∈ {1, 2, . . . , 10}). The results shown are for a sample size of n = 1000 and
different prevalences and correlations: (a) prev = 0.2 and γ = 0, (b) prev = 0.5 and γ = 0, (c) prev = 0.2
and γ = 0.60, and (d) prev = 0.5 and γ = 0.60.

of 0.60 (γ = 0.60) and different sample sizes (n ∈ {500, 1000, 2000}). Note that for a
sample size of n = 500 the bias of 10-fold cross-validation with and without replication
and the leave-one-out cross-validation is very large, but the bias decreases as the sample
size increases. Thus, with a low prevalence, larger sample sizes are required for those
methods to perform well.
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157

Figure 2 shows also the bias associated to each method, but for other parameter
specifications. In particular, we present the results for a sample size of n = 1000,
but different prevalences and correlations. Figure 2(a) depicts the bias for n = 1000,
prev = 0.2 and γ = 0, Figure 2(b) for n = 1000, prev = 0.5 and γ = 0, Figure 2(c)
for n = 1000, prev = 0.5 and γ = 0.60, and Figure 2(d) for n = 1000, prev = 0.5 and
γ = 0.60. These results corroborate that the bias of the apparent AUC increases as the
correlation increases and/or the prevalence decreases. In all cases, leave-one-out crossvalidation is the method presenting the most pessimistic behaviour (negative bias), and,
as noted before, in terms of bias, split-sample validation seems to perform similarly
to 10-fold cross-validation (with and without replication) and bootstrap (with B = 100
and B = 500). These results also show that, on average, the corrected AUCs provided
by bootstrap are larger than those provided by 10-fold cross-validation (the difference
between the corrected AUCs and the out-of-sample AUC is larger), and this pattern is
maintained across all specifications.
To finish with the presentation of results we show in Figure 3 the variability of the estimated corrected AUCs when the methods were applied to 500 different random splits
or resamples of a particular sample. Recall that for these results we considered the
most extreme parameter specification (n = 500, prev = 0.1, γ = 0.60) and an intermediate one (n = 1000, prev = 0.2, γ = 0.15), both including 5 covariates. For both
situations, it is remarkable the large variability of the split-sample validation and the
10-fold cross-validation without replication, with the other three methods (i.e., 10-fold
cross-validation with replication and, bootstrap with B = 100 and B = 500 resamples),
presenting a rather low variability (note that the scale of the y-axes is different in both
graphics). These results emphasise the above-discussed conclusions.

(a)

(b)

Figure 3: Box-plot of the estimated corrected AUCs by means of the different correction methods when
applied to 500 different splits or resamples of the same sample. This figure illustrates the variability of the
different correction methods. (a) Most extreme parameter specification (n = 500, prev = 0.1, γ = 0.60, 5
covariates). (b) Intermediate specification (n = 1000, prev = 0.2, γ = 0.15, 5 covariates). Note that the
scale of the y-axes is different in both graphics.
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4. Discussion
In this work we compared the behaviour of different methods when correcting for the
optimism of the apparent AUC in logistic regression models. A large simulation study
was conducted in which different scenarios were considered regarding the number of
covariates, sample size, prevalence and correlation among covariates. The predictor
variables were simulated following a multivariate normal distribution in such a way
that the theoretical logistic regression model is known. We now summarise the main
conclusions that we have drawn throughout the study.
If enough data are available, all methods seem to properly correct for the optimism
of the apparent AUC, except for the leave-one-out cross-validation, which gives the
most pessimistic results. Moreover, in terms of bias the behaviour of all remaining
correction methods is similar (there is not a clear method that performs the best) and
the bias is, in general, low. In contrast, the problems appear when the available data is
insufficient and/or imbalanced. For example, when working with a low prevalence and
correlated covariates, larger sample sizes will be needed to ensure a good performance
of the optimism correction methods.
The results of the simulation study suggest the use of either k-fold cross-validation
with replication or bootstrap (we note that, for cross-validation, we only examined the
case of k = 10 number of folds). In particular, in the most extreme cases, the bootstrap
method should be used according to these results. Even though k-fold cross-validation
with replication and bootstrap are the most computationally demanding methods, for the
sample sizes considered in this study, the computing time was affordable (in general, less
than 10 seconds).
The results obtained in this work are in line with those obtained in previous studies
(Austin and Steyerberg, 2017; Airola et al., 2011; Steyerberg et al., 2001; Smith et al.,
2014). Nevertheless, we have also observed some differences.
On the one hand, we should note the differences in the results of the split-sample
validation. In previous studies, split-sample has given pessimistic results. In contrast,
in this study, the bias of the estimated AUC corrected by split-sample is very low. The
reason is the following. Some researchers have claimed that despite using split-sample
for the validation of the model, the final model should be based on the full sample
(see, e.g., Harrell et al., 1996; Steyerberg et al., 2001). For this reason, in previous
studies, the AUC corrected with split-sample was compared to the “true” out-of-sample
AUC of the full model (see, e.g., Austin and Steyerberg, 2017). Nevertheless, at least
in our experience, in practice, the model reported when split-sample validation is used
is, in general, the one developed in the derivation sample and not derived using the
whole sample (see, e.g., Quintana et al., 2014; Wada et al., 2017). Thus, in this study,
we compared the AUC corrected by split-sample validation to the “true” out-of-sample
AUC of the model fitted to the derivation sample. Our results suggest that, in terms
of the bias, split-sample validation properly corrects the apparent AUC of the model
fitted to the derivation sample. However, similarly to the results obtained in the above-
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mentioned studies, the variability of the split-sample validation is very large compared
to the other available methods. Furthermore, as only half of the data is used to derive the
model, model’s performance is in general worse than when the full sample is used, and
the “true” AUC of the model fitted to the derivation sample is also lower, unless enough
data is available. We conclude that we do not recommend the use of the split-sample
validation, because of its large variability and the worse performance of the final model.
On the other hand, for the same EPV values, very different results were obtained in
this study. For instance, for an EPV=10, for some parameter specifications the optimism
of the apparent AUC was successfully corrected, but for other parameter specifications,
the methods presented some bias. Thus, in addition to the EPV, the factors that were
analysed in this study (the number of covariates in the model, the available sample
size, the prevalence of the disease and the correlation among covariates) should also be
regarded when correcting for the optimism of the apparent AUC.
We would like to conclude commenting on the limitations of our study. In the first
place, we only studied the impact from 1 to 10 covariates in the model. In our daily
practice, it is not common to fit models with more than 10 covariates. Nevertheless, in
some cases, it could be interesting to study the impact of a larger number of covariates in
the behaviour of different correction methods (see, e.g., Airola et al., 2011). Secondly,
in our simulation study, we only considered the case of multivariate normally distributed
covariates. However, the results we obtained are in concordance with a similar simulation study we conducted based on categorical covariates (results not shown), as well as
with the results other authors obtained in previous studies (Austin and Steyerberg, 2017;
Steyerberg et al., 2001; Smith et al., 2014). Also, for cross-validation we only examined
the case of k = 10. For small sample sizes and unbalanced data, this value may be too
large as it may yield into folds with very few events, thus affecting the behaviour of the
method. Further research is therefore guaranteed to study the impact of the number of
folds. Another limitation of this study is that we did not focus on important aspects in
the development of a prediction model, such as variable selection and model derivation,
but we went directly to the evaluation of the performance (and its optimism correction)
of a “pre-defined” model. Moreover, as noted in the introduction, we focused on the
discrimination of the model (measured by the AUC) rather than on its calibration (e.g.
goodness-of-fit), which should also be considered when developing prediction models.
An interesting area of research would be the study of the behaviour of the methods considered in this work when applied to measures of calibration. Finally, we did not study
the behaviour of the leave-pair-out cross-validation, which has shown good behaviour
in previous studies (see, e.g., Airola et al., 2011; Smith et al., 2014). We focused the
simulation study on the most commonly used correction methods in the literature.
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A Appendix
Let us assume that the vector of p covariates X is distributed according to a multivariate normal distribution in both healthy and diseased populations. That is to say,
µD0 ,Σ
Σ) and X D1 ≡ X |D = 1 ∼ N(µ
µD1 ,Σ
Σ ), where the varianceX D0 ≡ X |D = 0 ∼ N(µ
covariance matrix Σ is assumed to be the same for both distributions. Given that Σ
1
Σ| denotes the determiis a symmetric matrix, it can be shown that Σ −1 =
A , where |Σ
Σ|
|Σ
nant of Σ and A is the adjoint matrix of Σ . Under these assumptions, it is easy to show
that the logistic regression model (see eqn. (1)) holds and that the true values of the
regression coefficients are



1 Pp Pp
P(D = 1)


 β0 = ln
−
A jk (µD1 j µD1k − µD0 j µD0k ),
Σ| k=1 j=1
P(D = 0)
2 |Σ
1 Pp


A (µ − µD0 j ), (k = 1, . . . , p).
 βk =
Σ| j=1 jk D1 j
|Σ
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