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Abstract

The year 2022 marked 40 years since Aitchison published the article “The statistical
analysis of compositional data”. It is considered to be the foundation of contemporary
compositional data analysis. It is time to review what has been accomplished in the
field and what needs to be addressed. Astonishingly enough, many aspects seen as
challenging in 1982 continue to lead to fruitful scholarly work. We commence with a bib-
liometric study and continue with some hot topics such as multi-way compositions, com-
positional regression models, dealing with zero values, non-logratio transformations,
new application fields, and a number of current loose ends. Finally, a tentative future
research agenda is outlined.
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1. Introduction

In 2022 we celebrated 40 years since the publication of the foundational article of con-
temporary compositional data (CoDa) analysis (Aitchison, 1982). The article and the
methodology therein introduced has had a profound impact in statistics and in many sci-
entific disciplines. It has been cited nearly 1,800 times according to the Web of Science
(WoS) database and continues to be cited more often than ever. The 9" edition of the
International Workshop on Compositional Data Analysis took place in Toulouse, France,
precisely in 2022. The present article results from the round table 40 years of Aitchison’s
seminal paper held during such workshop. The list of authors is compiled in alphabet-
ical order and all contributed equally as members of the discussion panel. Each author
was responsible for the section corresponding to their intervention in the round table.
Most of the key concepts in the main body of the article by Aitchison (1982) continue
to be used nowadays, especially the simplex sample space and the logratio transforma-
tions. A number of important topics (called loose ends using Aitchison‘s own words)
were identified at the end of the article, and yet other issues were identified by the dis-
cussants. Some can be considered to be solved nowadays, such as principal component
analysis of CoDa, modelling of independence, asymmetry of the additive logratio (alr)
transformation, or the role of the geometry of the simplex. Some others continue to be
loose ends in the third decade of the XXI* century, such as the treatment of essential
zeros and measurement errors, or the joint analysis of compositions and other variables.
Nearly 20 years ago, Aitchison himself published a perspective article entitled “Com-
positional data analysis: where are we and where should we be heading?” (Aitchison
and Egozcue, 2005). The title of the present piece of writing is an obvious tribute to
that. As noted above, it builds on the discussions generated during the cited workshop
and very much follows point-by-point the structure of Aitchisons’s 1982 original paper,
commenting on the ideas and points raised therein and subsequent developments, under
an unavoidably biased and incomplete view, as perceived by a non-random sample of ac-
tive scholars in the field, some of which had the immense fortune of working with John
Aitchison. This 40th anniversary has attracted some interest with, as far as we are aware,
a special issue by the Journal of Geochemical Exploration being in the works, and an-
other article commemorating the anniversary, although not strictly guided by Aitchison’s
1982 paper but offering a view of the discipline as a whole after this time (Greenacre
et al., 2023). We hope to contribute to the literature by reviewing Aitchison’s original
insights under a contemporary view, and by providing up-to-date references on each
important topic that was raised at the time, while suggesting a future research agenda.
The structure of the article is as follows. Section 2 presents a bibliometric study
of the publications citing Aitchison (1982). In Section 3, the key features in Aitchison
(1982) are identified, including the simplex sample space and the formal operations and
transformations therein. In Section 4, multi-way compositions are presented, which
include crossing two vector compositions as their most representative case. In Section 5,
developments revolving around the use of a composition as a vector response or as a set
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of explanatory variables are presented. In Section 6, the issue on how to deal with zeros
is discussed, stressing the fact raised by Aitchison that the reason for the occurrence of
zeros has to be taken into account. In Section 7, the loose ends are dealt with, both as
presented by Aitchison and extracted from the subsequent discussion of the 1982 paper.
The article concludes by suggesting a CoDa research agenda for the upcoming years.
Some scientific fields where compositional data are increasingly used or may start to be
used are identified, as well as some pending or needed methodological improvements,
which are expected to expand the CoDa analysis toolbox or make it better suited to these
fields.

2. Bibliometric study of Aitchison’s 1982 article

Since the publication of the seminal work by John Aitchison in the Journal of the Royal
Statistical Society. Series B (Methodological) in 1982, research in CoDa has found its
way into a myriad of scientific disciplines. Through a bibliometric study based on the
WoS database, this section updates (as of May 2022) the 2019 citation data previously

3504
300 A

2504

: |‘||
5 -

2 DD BN DD DAL DM O DD PN LD PP O L
R N e e e N R RN A AN IS S A
RO O I I OISO
Year

n
o
o

1504

Number of cites

o

o

Figure 1. Annual number of citations received by Aitchison’s 1982 paper until May 2022, com-
piled from the WoS database.
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published (Navarro-Lopez et al., 2021). It refers to main authors, institutions and re-
search areas. It is important to note that the analysis presented here refers only to Aitchi-
son’s 1982 paper and, hence, it may not be representative of the entire CoDa field.

In the current bibliometric analysis, firstly, the temporal evolution of the number
of papers citing Aitchison (1982) was analysed. The results show that the article has
received citations uninterruptedly since its publication, although these were fairly low
during the first years (1983-2007), not exceeding 10 citations in any year within the
period (Figure 1). In contrast, the number of annual citations has grown exponentially
since 2008, with more than 350 citations received in 2021 only.

i °
1.0 1983-1992

1993-2002 @

201.3—2022

Figure 2. Compositional biplot of cites by scientific categories contemplated in the WoS database
by decade (from 1983 to 2022; Agri: agricultural sciences, Bio: biology and biochemistry,
Chem: chemistry, Med: clinical medicine, Comp: computer science, Ec.Bus: economics and
business, Engi: engineering, Geos: geosciences, Math: mathematics, Phys: physics, Pl.Ani:
plant and animal science, Psyc: psychology, Soc: social science).

The compositional biplot in Figure 2 displays the evolution of the relative importance
of the fields of knowledge of the citing articles, by 10-year periods. The fields of clinical
medicine, computer science, and chemistry stood out in the first ten years. The relative
importance of the fields of mathematics and the geosciences was greater in the period
1993-2002. The subsequent 10-year period was dominated in relative terms by cites in
the agricultural sciences and physics, whereas the last period studied was marked by the
relative growth in citations in fields of economics and business. In absolute terms, and
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over the entire 40-year period, the fields with the most citations are, in decreasing order,
clinical medicine, biology-biochemistry, mathematics, engineering and chemistry. Even
if the geosciences have been traditionally considered the field where CoDa methods have
enjoyed most popularity, it can be observed that relative importance has shifted to other
fields over the 40-year period.
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Figure 3. Co-citation analysis of authors who have cited Aitchison’s paper based on the WoS
database. Node size indicates the number of citations received by an author, line thickness
indicates multiple connections; line length is not relevant; the colours highlight groups of authors
that are linked by a greater number of co-citations. Citation threshold set to 5 and showing the
100 most frequent co-citation connections.

As to authors who have cited Aitchison’s 1982 work the most, Vera Pawlowsky-
Glahn (University of Girona, Spain) is at the top of the ranking, followed by Antonella
Buccianti (University of Florence, Italy) and Juan José Egozcue (Technical University
of Catalonia, Spain). Aitchison (1982) has been cited a total of 108 times by these three
authors only. The co-citation analysis revealed four main groups (Figure 3). The right-
most of these groups (in red) in Figure 3, consisting of seven authors, is centred on the
authors Dorothea Dumuid and Tim Olds, both from the University of South Australia.
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The group at the bottom left (in green) contains 5 authors and is mainly centred around
Vera Pawlowsky-Glahn (University of Girona) and Juan José Egozcue (Technical Uni-
versity of Catalonia). A third group appears up the network (in blue), consisting of three
authors and centred around Antonella Buccianti (University of Florence). Finally, the
topmost group (in yellow), also consisting of three authors, is centred around Domenico
Miriello and Andrea Bloise (University of Calabria). Note that the affiliations are those
given at the time of citation.

3. Summary of essential features of Aitchison’s 1982 paper

As stated in the introduction to Aitchison (1982), the aim of the paper was to introduce
a number of concepts of independence in the simplex, to relate these to some existing
concepts, and to develop within the framework of rich new parametric classes of distri-
butions appropriate statistical methods of analysis. In some sense, it achieved its goal,
as Aitchison (1982) is one of the most influential and cited papers in the field of CoDa
analysis and its varied areas of application. Here, we intend to give an overview of the
main concepts put forward in it, highlighting those that appeared particularly important
to Aitchison himself, and those which became important in subsequent decades.

3.1. The simplex as sample space

One of the key concepts in Aitchison’s approach is the insistence on the key role of the
sample space of some random event. As stated right away in the first sentence of the
abstract, the simplex plays an important role as sample space in many practical situ-
ations where CoDa, in the form of proportions of some whole, require interpretation.
But already in the introduction, Aitchison states that the simplex ... has proved to be
an awkward space to handle statistically. In Section 2.3 he states: The idea of induc-
ing a tractable class of distributions over some awkward sample space from a proven
and well-established class over some simpler space is at least a century old. McAI-
ister (1879), faced with the “awkward” sample space P' —the positive semi-axis of
the real line— saw that if he considered 'y € R' to be N(u,c?) then the transforma-
tion x = exp (y) would induce a useful “expnormal” distribution A(u,6>) on P': he,
of course, expressed the idea in terms of the inverse, logarithmic, transformation and
we are stuck with the name lognormal. The approach put forward by McAlister was
inspirational for Aitchison and led to the logratio methodology developed thereafter.

In the paper, cases with the simplex as sample space are mentioned which Aitchi-
son does not consider to be compositional. More precisely, he writes: There are also
problems with simplex sample spaces where the data are not compositions; for exam-
ple, probabilistic data in S occur in the analysis of subjective performance of inferen-
tial tasks (Aitchison, 1981). More complex product sample spaces, such as S¢ x R€ or
S? x PC, also arise and succumb to the transformed normal technique. This perspective
has been nowadays reassessed, with discrete probability distributions being characterised
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as ordinary discrete (finite-dimensional) compositions and continuous distributions be-
ing dealt with as infinite-dimensional compositions defined in a Bayes space (van den
Boogaart, Egozcue and Pawlowsky-Glahn, 2014).

3.2. Parametric classes of distributions in the simplex and
transformations

To introduce distributions on S”, where SP stands for the D-part simplex, denoted in
Aitchison (1982) by S¢, with d = D — 1 standing for the dimensionality of the set, Aitchi-
son presented first the notation used for spaces and vectors, the definitions of basis of a
composition, subcomposition, amalgamation and partition of order k, which stands for
an amalgamation together with its associated subcompositions. Of these concepts, most
appear in the compositional literature in their classical, conceptual form. The concept
of basis of a composition has been later identified with the concept of composition itself
through the definition of composition as an equivalence class (Aitchison, 1992). The
concept of subcomposition prevails due to the principle of subcompositional coherence,
an essential aspect of CoDa analysis, which has lately been reappraised (Greenacre et al.,
2023).

Being the Dirichlet class of distributions in the simplex the best known at that time,
it is logical that it is mentioned first. About it, Aitchison (1982) stated that a major
obstacle to its use in the statistical analysis of CoDa is that it seldom, if ever, provides an
adequate description of actual patterns of variability of compositions. The first reason
to support this is attributed to the fact that isoprobability contours are convex and fail
to describe concave patterns. The second reason is the strong independence structure
derived from the relationship between the Dirichlet and the gamma classes.

The strategy introduced by McAlister (1879) led John Aitchison to define several
parametric classes of transformed-normal distributions on the simplex as an alternative
to the Dirichlet, the main one being based on the alr representation of compositions. In
addition to this one, he introduced the multiplicative logratio and the hybrid logratio,
although the latter two have had only a short run in the literature.

Interestingly, when talking about logistic transformations in general, it is stated that
the alr is by no means the only transformation ... An obvious comment is that the expo-
nential function used in the definition is not an essential feature; it could be replaced by
any one-to-one transformation ..., though there are few transformations as tractable.

About the validity of transformed-normal models, Aitchison writes: Any statistical
weapon designed to overcome such a resistant fortress as the simplex is unlikely to gain
acceptance before undergoing proving tests as to its suitability to the terrain. He then
mentions several goodness-of-fit tests for multivariate normality and applies them to as
many as 20 different data sets, reassuring the potential of transformed-normal models in
practice.

While addressing the issue of genesis models, Aitchison (1982) introduces the con-
cept of perturbation through central limit theory arguments. Over the years, perturbation
has proven to be an essential operation in the analysis of CoDa, as it has the same prop-
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erties for elements in the simplex as addition in the d-dimensional real space: it is an
Abelian group operation.

3.3. Other key ideas and concepts

An extensive section is devoted to the analysis of independence, which we are not going
to detail here as its impact on further developments has been really limited. Two types
of structural analysis are addressed: the extrinsic analysis, interested in relationships
between compositions and the basis they are derived from, and the intrinsic analysis
interested in the composition per se. The first one lost interest when compositions were
identified with equivalence classes, the second one did so because partitions of order k
did not find their way into applications.

In Aitchison (1982) some concepts are mentioned marginally that have however
flourished in later developments. These include the extent, if any, to which a compo-
sition depends on size or total or, in relation to linear models in geostatistics, the extent
to which depth is explanatory of compositional pattern (see Sections 5 and 7). Also,
the problem of zeros (see Section 6) and the presence of outliers and priority groups or
categories are briefly discussed.

4. Multi-way compositions

One of the loose ends mentioned in Aitchison (1982) is the analysis of multi-way or
multi-factorial CoDa. This data object results from a distribution of a mass into cate-
gories given by a combination of levels of two or more factors. Alternatively, it can
be understood as a set of observations of a classical compositional vector over several
time points or a multinomial realisation. Since Aitchison’s paper, two main strategies
for their analysis have appeared in the literature. Thus, Gallo (2015) relies on an adapta-
tion of the so-called Tucker3 model from multi-way analysis, and Facevicovd, Filzmoser
and Hron (2023) aims to generalise the ordinary logratio analysis of vector (one-way)
compositions.

Focusing on the last-mentioned approach, multi-way compositions bring a new range
of problems related to the relationships between the constituting factors. Egozcue,
Diaz-Barrero and Pawlowsky-Glahn (2008) defined the orthogonal decomposition of
compositional tables (two-way compositions) into independent and interaction parts.
Facevicovi et al. (2023) extended the orthogonal decomposition to the multi-way case,
where the interaction part can be further decomposed into objects preserving more spe-
cific sources of interaction. Moreover, they defined a system of orthonormal coordinates,
which allows analysing both the whole multi-way relative structure and its decomposed
parts using conventional statistical methods. An alternative perspective to the decompo-
sition of two-way compositions is put forward by Egozcue and Maldonado (2021) that,
motivated by the problem of exchange rate matrices, focuses on positive square matrices.

The possibility of isolating specific bits of information in a composition allows for
understanding the overall multi-way structure more deeply, e.g by assessing the impor-
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tance of each decomposed part in it. Moreover, when a set of multi-way compositions
is available, it is possible to evaluate the effect of changes in a decomposed part on an
external variable by regression analysis (Facevicovd, Kyn¢lova and Macku, 2021). The
multi-way approach is also consistent with recent advances in the analysis of continu-
ous compositions within the framework of Bayes spaces. This has made it possible to
transfer the idea of orthogonal decomposition to the analysis of bivariate and even multi-
variate densities and their relationship with copulas Genest, Hron and Neslehova (2023).

The methodology for the analysis of multi-way compositions currently presents sev-
eral open challenges. Firstly, an objective comparative study of the different strategies
proposed as mentioned above is needed. Secondly, the ordinary non-compositional ap-
proach based on generalised linear models (GLMs) is well established within the wider
statistical community. It is then necessary to comprehensibly discuss how the multi-way
compositional approach differs from that gold standard and, reciprocally, what elements
of the GLM approach could be brought over into the compositional framework. Pio-
neering work along these lines has been done by Vencalek, Hron and Filzmoser (2020).
Moreover, one popular direction in vector CoDa analysis focuses on the elemental infor-
mation contained in pairwise logratios, which may provide a more natural interpretation
than, in occasions, complex logratio representations (Hron et al., 2021). This idea can
be extended to the case of multi-way compositions. Thus, in the case of compositional
tables, the concept of pairwise logratios would be extended to simple four-part odds-
ratios. Additionally, there are open questions about dealing with zeros or robustness and
outlier detection in multi-way compositions, among others.

5. Compositional regression models

One of the key abilities provided by the transformation strategies mentioned in Aitchi-
son (1982) is to allow for the construction of conditional models involving compositions.
That is, to predict the behaviour of a composition in response to changes in one or more
explanatory variables, or to express the dependence of an external variable on a compo-
sition. The move of expressing a response composition in terms of alr directly allowed
to establish a linear model for each logratio as a function of the variable(s) of interest,
opening the door to regression (Aitchison, 1982, p. 156), ANOVA and ANCOVA with
compositional response. Swapping roles, it did not take much effort to define analo-
gous linear and quasi-linear prediction methods for continuous (via multiple regression)
and categorical (via linear and quadratic discriminant analysis, or via logistic regression;
van den Boogaart and Tolosana-Delgado, 2013) responses where the composition plays
the role of explanatory variable. Composition-on-composition regression could also be
solved with the same idea: take logratios on both the response and the explanatory com-
positions and apply the desired predictive method with both sets of logratios.

Of the several logratio transformations most commonly used, the alr and ilr (iso-
metric logratio) transformations are ideal for all these tasks, as they generally provide
a full-rank (hence invertible) covariance matrix of the explanatory variable set. Even
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the centred logratio transformation (clr) (Aitchison, 1983) is a valid choice, with some
caveats: the clr is directly useful if the composition plays the role of response variable,
but requires the use of some generalised inversion if the composition is placed in lieu of
the explanatory variables. Indeed, models obtained with the data expressed in any one
of these representations should, and for most models can, be unequivocally transformed
into models for data in another logratio representation. Otherwise, one would not be
obtaining an intrinsically compositional model, but a model for a specific logratio repre-
sentation. The fact that such models are intrinsic and not logratio-dependent gives rise
to the possibility to entirely define them using operations of the simplex as a Euclidean
space, such as a perturbation-linear combination for regression with compositional re-
sponse, or linear applications in the simplex for other more complex regression cases
(van den Boogaart et al., 2021). What changes between the several transformations is
rather the interpretation of the regression coefficients, and with them, the relevance of
certain tests of linear independence (Coenders and Pawlowsky-Glahn, 2020). van den
Boogaart et al. (2021) argue therefore that, barring particularities of a specific case study,
only tests of subcompositional inference are interpretable in general terms, as these tests
yield the same result no matter which logratio transformation is used.

6. Dealing with zeros

Zero values do not fit into the logratio framework as they are not compatible with the
ratio (if placed in the denominator) nor logarithm operations. More fundamentally, in
the context of relative data, we can understand that a zero is not relative to anything.
Although it is not a problem exclusive to CoDa, it has some additional difficulties here
because a single zero part renders the whole composition only defined up to a multi-
plicative constant.

This issue is of course treated in Aitchison (1982) and the accompanying discussion,
where ad hoc solutions like meaningful amalgamation of some parts or replacement by
sensible positive amounts are advocated. In any case, any decision should consider the
amount and the nature of the zeros. Insightful discussions about different kinds of zeros
can be found in e.g. Bacon-Shone (2003), Martin-Fernandez, Palarea-Albaladejo and
Olea (2011), and van den Boogaart and Tolosana-Delgado (2013, Ch. 7). Although the
issues with zeros, particularly so-called essential zeros, have prompted alternative rep-
resentations for CoDa through e.g. Box-Cox, power or hyperspherical transformations
(Greenacre, 2010), these come in conflict in different ways with the basic principles of
CoDa analysis and the simplicial geometry as discussed in this contribution. We focus
here on approaches building on the logratio methodology following Aitchison (1982).

6.1. Replacement strategies

The most prevalent class of zeros in CoDa applications so far concurs with the concept
of type I left-censored data, i.e. small values that have been rounded off or have fallen
below a limit of detection, so that the measured values cannot be distinguished from a
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blank signal or background noise at a specified level of confidence. Thus, the actual
value is unknown, but it must be somewhere in the lower tail of the data distribution be-
low either a known threshold or the minimum observed value. Hence, zero replacement
or imputation has become a common strategy in this setting.

Any zero imputation method should preserve the natural features of data defined on
a simplex as well as their relative variation structure. From a non-parametric viewpoint,
crude substitution of zeros by positive values or early proposals such as the additive
replacement method found in Aitchison (1986) do not preserve the ratios between non-
zero parts and, hence, distort the co-dependence structure of the data. Instead, Martin-
Fernandez, Barceld-Vidal and Pawlowsky-Glahn (2003) proposed a simple replacement
by a prefixed fraction of the threshold while applying a multiplicative adjustment to the
non-zero parts so that their ratios are preserved under data closure. Alternatively, model-
based methods are feasible through logratio coordinate representations. Thus, a consis-
tent parametric procedure was introduced in Palarea-Albaladejo, Martin-Fernandez and
GoOmez-Garcia (2007), based on the expectation-maximisation (EM) algorithm. Since
then, a number of specialised imputation methods have been developed following the
principles of the logratio approach in different flavours (Palarea-Albaladejo and Martin-
Fernandez, 2015). More recently, and partly motivated by the growing popularity of
CoDa analysis in molecular sciences, the treatment of zeros in compositional count data
has caught some attention (Martin-Fernandez et al., 2015). These correspond to discrete-
valued compositions derived from counting processes where zeros are usually associated
to limited sampling or under-reporting issues, e.g. zeros for rare taxa due to limited se-
quencing depth in microbiome studies. Moreover, high-dimensionality is a common
feature of some modern data formats that requires adapted methods (Palarea-Albaladejo
etal., 2022).

6.2. Essential zeros

Being also known as structural or absolute zeros, this class does not correspond to cen-
sored values but to genuine zeros. Although the decision on whether a zero is considered
essential or not lays ultimately on the analyst, it is clear that imputation would be at least
debatable here. As suggested in Aitchison (1982), a sensible amalgamation of parts can
circumvent the problem in some cases. In others, the zero patterns can actually reflect
on a structure of subpopulations in the data, then suggesting to carry out separate statis-
tical analyses. Otherwise, as anticipated by Aitchison (1982), no general methodology
for essential zeros has been feasible so far and the ideas outlined therein remain current.
As noted, some form of conditional modelling separating out the zero may be possible
so that the zeros are incorporated to the own modelling. Proposals along these lines in-
clude the binomial conditional logistic normal model in Aitchison and Kay (2003), the
Poisson-lognormal model in Bacon-Shone (2008) for discrete compositions, the multi-
plicative logistic normal mixture model in Stewart and Field (2011) or the logistic normal
mixture model in Bear and Billheimer (2016). However, their applicability is limited to
particular settings and subject to stringent conditions.
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7. Loose ends in the 1982 paper
7.1. Loose ends according to J. Aitchison in 1982

At the end of his 1982 paper, J. Aitchison enumerates a list of topics, called loose ends,
that in his opinion need further attention. The fact that these topics are mentioned sup-
ports the idea that he conceived the paper as a starting point and reveals his deep under-
standing of CoDa. One of the topics is multi-way compositions, which has already been
discussed in Section 4. In the following paragraphs, we comment on how the remaining
ones have been developed up to now, with some being closed and some others being
active research areas currently.

Other transformations from S” — RP~! constitute a first controversial point which is
permanently under discussion from different points of view. The main issue seems to be
why CoDa should be transformed. The origin of such divergences is the initial definition
of CoDa as vectors of positive components (parts) adding to a constant, say 1 or 100.
This suggests that CoDa could contain zero parts and still add to the chosen constant.
The modification of the logratio transformations should allow to include zero values in
CoDa. The use of Box-Cox transformations or the like discussion in Aitchison (1982);
Barceld, Pawlowsky-Glahn and Grunsky (1996) or representations on the first orthant
of the hypersphere (Scealy and Welsh, 2011), are motivated by the inclusion of zeros in
the analysis and by the use of tools for non-Euclidean geometries. The a-transformation
approach by Tsagris and Stewart (2020) or the embedding in Greenacre (2010) are gen-
eralisations of the power-transformations. Logratio transformations exclude zeros in the
data, but they were accepted in most CoDa analyses, even before Aitchison’s contribu-
tion (Lewi, 1976). Beyond the alr and clr, the ilr (Egozcue et al., 2003) was added to the
catalog of logratio transformations. Recently, the amalgamated balance logratio trans-
formation (Sauro Graziano, Gozzi and Buccianti, 2020; Greenacre et al., 2023) has also
been proposed. However, after Pawlowsky-Glahn and Egozcue (2001), the idea that lo-
gratio transformations should be considered as a representation of CoDa in coordinates
better than as a pure transformation was consolidated. In particular, these coordinates
can be orthogonal and Cartesian (straight axes) and they can be identified with the com-
ponents of an ilr transformation. As precedents, Lewi (1976) used a particular case of ilr
coordinates, Lindley (1988) proposed non-normalised ilr coordinates, and the principal
component analysis for CoDa (Aitchison, 1983) also provided ilr-coordinates.

The topic of principal component analysis using alr coordinates was closed almost
immediately in Aitchison (1983), where the alr was substituted advantageously by the
clr representation. The theory of principal component analysis (PCA) with CoDa was
mainly complete in 1983, but it was extended by Aitchison and Greenacre (2002) who
focused on the interpretation of biplots.

Normal models with different transformations constitute the next loose end. After
the 1982 paper, Aitchison continued studying families of distributions in order to con-
ciliate the independence structure of the Dirichlet distribution and the logistic-normal
family. The change of transformation from alr to clr was studied in van den Boogaart
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and Tolosana-Delgado (2013) producing a singular normal distribution. The introduc-
tion of ilr coordinates allowed to define the normal distribution on coordinates in real
space (Mateu-Figueras, Pawlowsky-Glahn and Egozcue, 2013). Nowadays, the study of
distributions for CoDa is very much reduced to the distributions in the real space of ilr-
coordinates. However, some aspects of joint normality on different types of coordinates
remain open and call for further research. See Greenacre et al. (2023) for some proposed
alternatives.

The topic of joint analysis of compositions and other variables recurrently appears
from the very beginning of CoDa analysis (Lewi, 1976) and is also treated in the partic-
ular case of the sum of parts in Aitchison (1982). The article by van den Boogaart and
Tolosana-Delgado (2008) discusses exploratory tools, dependence models, and display
tools for co-dependence between compositions and variables on other scales (e.g. cate-
gorical, dichotomous, ordinal, and others). Including external variables in compositional
PCA and associated biplots has been also studied (Daunis-i-Estadella, Thi6-Henestrosa
and Mateu-Figueras, 2011). However, a comprehensive characterisation of the structure
of the joint sample space remains open.

The last identified loose end were the distributional problems to model different in-
dependence concepts. The independence concepts introduced in Aitchison (1982) were
related to the dependence structure inherent to the Dirichlet distribution and can be con-
sidered settled. The initial studies on the logistic-normal distribution or variants thereof
did not provide further insight into independence (internal or external). The definition
of normality on the simplex using ilr-coordinates (Mateu-Figueras et al., 2013) clarified
most of the different concepts of independence that can be discussed in terms of balance
coordinates. For instance, the fact that a subcomposition can be viewed as an orthogonal
projection within the CoDa geometry (Egozcue and Pawlowsky-Glahn, 2005), or that
joining two subcompositions depends on a single balance considered as an ilr coordi-
nate. This allows reducing independence issues to independence between real variables.

7.2. Some loose ends arising from the discussion in 1982

There were 20 discussants of the 1982 Aitchison’s paper. Most of them set a number
of interesting comments which were replied to by Aitchison at the end of the discus-
sion. The asymmetry of alr coordinates was mentioned repeatedly in the discussion,
namely by J.A. Anderson, A.P. Dawid, C.A.B. Smith, and R. Thomson. In the rejoin-
der by Aitchison, the clr transformation was mentioned as a solution to the asymmetry
problem with the alr transformation, thus motivating the subsequent paper, Aitchison
(1983), where clr, distance between compositions and compositional PCA were intro-
duced, mostly closing the debate on this issue. Even so, some points which arose in the
discussion can still be considered as loose ends, including the zero issue in Section 6.
Let us comment on some others.

The discussant N.I. Fisher raised the role of the geometry of the sample space in
writing . .. one is ultimately better off working within the confines of the original geom-
etry (of the circle, sphere, cylinder, ...), and with techniques particular thereto (vector
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methods, etc.) ... This point was retrieved more than a decade later — see Egozcue
and Pawlowsky-Glahn (2019) for further details. Aitchison’s idea that the simplex is an
appropriate sample space for CoDa is nowadays complemented with an Euclidean space
structure known as Aitchison geometry after the term was introduced in Pawlowsky-
Glahn and Egozcue (2001).

J.A Anderson, N.I Fisher, D.A Preece and others mentioned the importance of error
control in (log) ratios. In our opinion, a lot more can be done about this point. Mert,
Filzmoser and Hron (2016) study how errors in raw measurements influence the com-
putation of logratios. Alternative approaches consider cellwise uncertainties (Pospiech,
Tolosana-Delgado and van den Boogaart, 2020), control for cellwise outliers (Stefelové
et al., 2021), or multiple measurements of the composition to either estimate measure-
ment error variance (Nguyen et al., 2020), obtain unbiased estimates in the presence of
measurement error (Kogovsek, Coenders and Hlebec, 2013), or downplay the parts with
the highest error variances (Hron et al., 2022).

8. Outlook

Over the last 40 years, the log-ratio approach to CoDa has shown to be a powerful and
much needed tool in many fields of science. It provides a coherent, consistent and inter-
pretable way to tackle the statistical analysis of CoDa. To conclude this review, we draft
a tentative CoDa research agenda for the upcoming years, regarding both application
fields and methodology.

8.1. New application fields

Historically, it is commonly quoted that awareness about issues related to the statistical
analysis of CoDa was firstly raised in the geosciences. It was this area of application
that mostly fuelled the early developments of the CoDa methods, as e.g. reflected by the
illustrative examples in Aitchison (1982). Although it has continued to be amongst the
leading application areas over time (see e.g. the recent perspective offered in Buccianti
and Gozzi, 2021), certainly the range of scientific disciplines where CoDa analysis is
being used has been significantly widened since then, particularly in the last 10-15 years.
Without intending to be exhaustive, and being aware that we will be inevitably omitting
a good number of other interesting novel applications; we note in the following some
recent areas where CoDa methods have been successfully introduced and where, from
our perspective, there exists good scope for future developments.

As to the natural and health sciences, molecular biology and the omics sciences
in general represent a good example of fields where awareness of the compositional
character of many types of data generated therein have notably grown in recent years
(Gloor et al., 2017; Greenacre et al., 2023; Quinn et al., 2018). Something similar has
happened in physical activity and time-use epidemiology. In less than a decade, the
use of CoDa analysis in this area has rocketed once the dominant paradigm has been
shifted from studying the effects of activity types individually to conceptualising the
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daily 24-hour activity pattern as a whole mix of inter-dependent behaviours, with the
CoDa approach being recognised as a unifying statistical analysis framework (Chastin
et al., 2015; Dumuid et al., 2020). Another recent health-related example is the study of
diets, representing trade-offs between food groups or macronutrient groups in total food
intake (Trinh et al., 2019). Moreover, the environmental sciences are also becoming a
fruitful area of CoDa applications, with traditional interest in soil pollutant composition
expanding to pollutants in water (Bondu et al., 2020), air (Sdnchez-Balseca and Pérez-
Foguet, 2020), and smoke emissions (Weise et al., 2020).

Glancing over the published literature suggests that CoDa analysis is still generally
underused in the social sciences as a whole. Some areas in which CoDa appear natu-
rally include political science (Nguyen, 2019), demography (Lloyd, Pawlowsky-Glahn
and Egozcue, 2012), content analysis and text mining (Marine-Roig and Ferrer-Rosell,
2018), and questionnaire surveys, which often use a question format asking respondents
to distribute 100 points among a set of choices (van Eijnatten, van der Ark and Hol-
loway, 2015). Moreover, CoDa applications in economics and business are also gain-
ing momentum. Early examples focused on expenditure distribution, either by families
in their homes, or by overseas tourists (Ferrer-Rosell, Coenders and Martinez-Garcia,
2015). Other natural fields of application which are even newer are market share analy-
sis (Morais, Thomas-Agnan and Simioni, 2018) and portfolio analysis (Belles-Sampera,
Guillen and Santolino, 2016). In some instances, data are directly given by ratios, as in
relative prices and exchange rates (Maldonado, Egozcue and Pawlowsky-Glahn, 2021)
or accounting ratios in financial statement analysis (Linares-Mustarés, Coenders and
Vives-Mestres, 2018). Even if an uncritical use of standard statistical methods has re-
peatedly been proved misleading here, CoDa methods are used only rarely. A challenge
for the CoDa community is therefore not just to look for such new application fields,
but also to carefully discuss the CoDa approach and its principles, in comparison with
traditional approaches, with subject-matter experts so that they are definitely persuaded.

8.2. New methodological developments

Methodological developments in CoDa analysis have been traditionally driven by ap-
plications in diverse fields, providing new scientific insights and perspective through
statistical analysis based on log-ratio coordinate representations. There are still fields
which compositional methods have hardly interacted with. For instance, modern devel-
opments in data science and machine learning is an obvious emerging area of interest
to expand CoDa ideas and methods into (Tolosana-Delgado et al., 2019). Also novel
application in physics may pose interesting challenges in relation to e.g. endmember
unmixing, scaling invariances in physical laws, or natural scales of physical magnitudes.

Within the mathematical and statistical sciences, there is also plenty of scope for
stimulating interconnections and cross-disciplinary developments. Examples include
functional data (Hron et al., 2016; Genest et al., 2023) and weighted analysis (Hron
et al., 2022) building on the theory of Bayes spaces (van den Boogaart et al., 2014),
algebra (Egozcue et al., 2011), graph theory (Greenacre, 2021) or compositional differ-
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ential equations (Egozcue and Jarauta-Bragulat, 2014). In relation to high-dimensional
compositions, there are at least two current topics which generate intense discussions:
the measurement of associations between parts (Egozcue, Pawlowsky-Glahn and Gloor,
2018; Erb and Notredame, 2015) and variable selection (Calle, Pujolassos and Susin,
2023; Greenacre, 2019; Greenacre et al., 2023; Shi et al., 2016).
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	1. Introduction 
	1. Introduction 
	In 2022 we celebrated 40 years since the publication of the foundational article of contemporary compositional data (CoDa) analysis (Aitchison, 1982). The article and the methodology therein introduced has had a profound impact in statistics and in many scientifc disciplines. It has been cited nearly 1,800 times according to the Web of Science (WoS) database and continues to be cited more often than ever. The 9edition of the International Workshop on Compositional Data Analysis took place in Toulouse, Franc
	-
	-
	th 
	-

	Most of the key concepts in the main body of the article by Aitchison (1982) continue to be used nowadays, especially the simplex sample space and the logratio transformations. A number of important topics (called loose ends using Aitchison‘s own words) were identifed at the end of the article, and yet other issues were identifed by the discussants. Some can be considered to be solved nowadays, such as principal component analysis of CoDa, modelling of independence, asymmetry of the additive logratio (alr) 
	-
	-
	st 

	Nearly 20 years ago, Aitchison himself published a perspective article entitled “Compositional data analysis: where are we and where should we be heading?” (Aitchison and Egozcue, 2005). The title of the present piece of writing is an obvious tribute to that. As noted above, it builds on the discussions generated during the cited workshop and very much follows point-by-point the structure of Aitchisons’s 1982 original paper, commenting on the ideas and points raised therein and subsequent developments, unde
	-
	-
	-

	The structure of the article is as follows. Section 2 presents a bibliometric study of the publications citing Aitchison (1982). In Section 3, the key features in Aitchison (1982) are identifed, including the simplex sample space and the formal operations and transformations therein. In Section 4, multi-way compositions are presented, which include crossing two vector compositions as their most representative case. In Section 5, developments revolving around the use of a composition as a vector response or 
	The structure of the article is as follows. Section 2 presents a bibliometric study of the publications citing Aitchison (1982). In Section 3, the key features in Aitchison (1982) are identifed, including the simplex sample space and the formal operations and transformations therein. In Section 4, multi-way compositions are presented, which include crossing two vector compositions as their most representative case. In Section 5, developments revolving around the use of a composition as a vector response or 
	of explanatory variables are presented. In Section 6, the issue on how to deal with zeros is discussed, stressing the fact raised by Aitchison that the reason for the occurrence of zeros has to be taken into account. In Section 7, the loose ends are dealt with, both as presented by Aitchison and extracted from the subsequent discussion of the 1982 paper. The article concludes by suggesting a CoDa research agenda for the upcoming years. Some scientifc felds where compositional data are increasingly used or m


	2. Bibliometric study of Aitchison’s 1982 article 
	2. Bibliometric study of Aitchison’s 1982 article 
	Since the publication of the seminal work by John Aitchison in the Journal of the Royal Statistical Society. Series B (Methodological) in 1982, research in CoDa has found its way into a myriad of scientifc disciplines. Through a bibliometric study based on the WoS database, this section updates (as of May 2022) the 2019 citation data previously 
	Figure
	Figure 1. Annual number of citations received by Aitchison’s 1982 paper until May 2022, compiled from the WoS database. 
	-
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	published (Navarro-L´ It refers to main authors, institutions and re
	-

	opez et al., 2021). search areas. It is important to note that the analysis presented here refers only to Aitchison’s 1982 paper and, hence, it may not be representative of the entire CoDa feld. 
	-

	In the current bibliometric analysis, frstly, the temporal evolution of the number of papers citing Aitchison (1982) was analysed. The results show that the article has received citations uninterruptedly since its publication, although these were fairly low during the frst years (1983-2007), not exceeding 10 citations in any year within the period (Figure 1). In contrast, the number of annual citations has grown exponentially since 2008, with more than 350 citations received in 2021 only. 
	Figure 2. Compositional biplot of cites by scientifc categories contemplated in the WoS database by decade (from 1983 to 2022; Agri: agricultural sciences, Bio: biology and biochemistry, Chem: chemistry, Med: clinical medicine, Comp: computer science, Ec.Bus: economics and business, Engi: engineering, Geos: geosciences, Math: mathematics, Phys: physics, Pl.Ani: plant and animal science, Psyc: psychology, Soc: social science). 
	The compositional biplot in Figure 2 displays the evolution of the relative importance of the felds of knowledge of the citing articles, by 10-year periods. The felds of clinical medicine, computer science, and chemistry stood out in the frst ten years. The relative importance of the felds of mathematics and the geosciences was greater in the period 1993-2002. The subsequent 10-year period was dominated in relative terms by cites in the agricultural sciences and physics, whereas the last period studied was 
	over the entire 40-year period, the felds with the most citations are, in decreasing order, clinical medicine, biology-biochemistry, mathematics, engineering and chemistry. Even if the geosciences have been traditionally considered the feld where CoDa methods have enjoyed most popularity, it can be observed that relative importance has shifted to other felds over the 40-year period. 
	over the entire 40-year period, the felds with the most citations are, in decreasing order, clinical medicine, biology-biochemistry, mathematics, engineering and chemistry. Even if the geosciences have been traditionally considered the feld where CoDa methods have enjoyed most popularity, it can be observed that relative importance has shifted to other felds over the 40-year period. 
	over the entire 40-year period, the felds with the most citations are, in decreasing order, clinical medicine, biology-biochemistry, mathematics, engineering and chemistry. Even if the geosciences have been traditionally considered the feld where CoDa methods have enjoyed most popularity, it can be observed that relative importance has shifted to other felds over the 40-year period. 
	over the entire 40-year period, the felds with the most citations are, in decreasing order, clinical medicine, biology-biochemistry, mathematics, engineering and chemistry. Even if the geosciences have been traditionally considered the feld where CoDa methods have enjoyed most popularity, it can be observed that relative importance has shifted to other felds over the 40-year period. 

	Figure
	Figure 3. Co-citation analysis of authors who have cited Aitchison’s paper based on the WoS database. Node size indicates the number of citations received by an author; line thickness indicates multiple connections; line length is not relevant; the colours highlight groups of authors that are linked by a greater number of co-citations. Citation threshold set to 5 and showing the 100 most frequent co-citation connections. 
	As to authors who have cited Aitchison’s 1982 work the most, Vera Pawlowsky-Glahn (University of Girona, Spain) is at the top of the ranking, followed by Antonella Buccianti (University of Florence, Italy) and Juan Jose´ Egozcue (Technical University of Catalonia, Spain). Aitchison (1982) has been cited a total of 108 times by these three authors only. The co-citation analysis revealed four main groups (Figure 3). The rightmost of these groups (in red) in Figure 3, consisting of seven authors, is centred on
	-

	The group at the bottom left (in green) contains 5 authors and is mainly centred around Vera Pawlowsky-Glahn (University of Girona) and Juan Jose´ Egozcue (Technical University of Catalonia). A third group appears up the network (in blue), consisting of three authors and centred around Antonella Buccianti (University of Florence). Finally, the topmost group (in yellow), also consisting of three authors, is centred around Domenico Miriello and Andrea Bloise (University of Calabria). Note that the affliations
	-


	3. Summary of essential features of Aitchison’s 1982 paper 
	3. Summary of essential features of Aitchison’s 1982 paper 
	As stated in the introduction to Aitchison (1982), the aim of the paper was to introduce a number of concepts of independence in the simplex, to relate these to some existing concepts, and to develop within the framework of rich new parametric classes of distributions appropriate statistical methods of analysis. In some sense, it achieved its goal, as Aitchison (1982) is one of the most infuential and cited papers in the feld of CoDa analysis and its varied areas of application. Here, we intend to give an o
	-

	3.1. The simplex as sample space 
	3.1. The simplex as sample space 
	One of the key concepts in Aitchison’s approach is the insistence on the key role of the sample space of some random event. As stated right away in the frst sentence of the abstract, the simplex plays an important role as sample space in many practical situations where CoDa, in the form of proportions of some whole, require interpretation. But already in the introduction, Aitchison states that the simplex ... has proved to be an awkward space to handle statistically. In Section 2.3 he states: The idea of in
	-
	-
	-
	1 
	1 
	2
	-
	2
	1

	In the paper, cases with the simplex as sample space are mentioned which Aitchison does not consider to be compositional. More precisely, he writes: There are also problems with simplex sample spaces where the data are not compositions; for example, probabilistic data in Soccur in the analysis of subjective performance of inferential tasks (Aitchison, 1981). More complex product sample spaces, such as S× Ror S× P, also arise and succumb to the transformed normal technique. This perspective has been nowadays
	-
	-
	d 
	-
	d 
	C 
	d 
	C

	as ordinary discrete (fnite-dimensional) compositions and continuous distributions being dealt with as infnite-dimensional compositions defned in a Bayes space (van den Boogaart, Egozcue and Pawlowsky-Glahn, 2014). 
	-


	3.2. Parametric classes of distributions in the simplex and transformations 
	3.2. Parametric classes of distributions in the simplex and transformations 
	To introduce distributions on S, where Sstands for the D-part simplex, denoted in Aitchison (1982) by S, with d = D−1 standing for the dimensionality of the set, Aitchison presented frst the notation used for spaces and vectors, the defnitions of basis of a composition, subcomposition, amalgamation and partition of order k, which stands for an amalgamation together with its associated subcompositions. Of these concepts, most appear in the compositional literature in their classical, conceptual form. The con
	D 
	D 
	d
	-

	Being the Dirichlet class of distributions in the simplex the best known at that time, it is logical that it is mentioned frst. About it, Aitchison (1982) stated that a major obstacle to its use in the statistical analysis of CoDa is that it seldom, if ever, provides an adequate description of actual patterns of variability of compositions. The frst reason to support this is attributed to the fact that isoprobability contours are convex and fail to describe concave patterns. The second reason is the strong 
	The strategy introduced by McAlister (1879) led John Aitchison to defne several parametric classes of transformed-normal distributions on the simplex as an alternative to the Dirichlet, the main one being based on the alr representation of compositions. In addition to this one, he introduced the multiplicative logratio and the hybrid logratio, although the latter two have had only a short run in the literature. 
	Interestingly, when talking about logistic transformations in general, it is stated that the alr is by no means the only transformation ... An obvious comment is that the exponential function used in the defnition is not an essential feature; it could be replaced by any one-to-one transformation ..., though there are few transformations as tractable. 
	-

	About the validity of transformed-normal models, Aitchison writes: Any statistical weapon designed to overcome such a resistant fortress as the simplex is unlikely to gain acceptance before undergoing proving tests as to its suitability to the terrain. He then mentions several goodness-of-ft tests for multivariate normality and applies them to as many as 20 different data sets, reassuring the potential of transformed-normal models in practice. 
	While addressing the issue of genesis models, Aitchison (1982) introduces the concept of perturbation through central limit theory arguments. Over the years, perturbation has proven to be an essential operation in the analysis of CoDa, as it has the same prop
	While addressing the issue of genesis models, Aitchison (1982) introduces the concept of perturbation through central limit theory arguments. Over the years, perturbation has proven to be an essential operation in the analysis of CoDa, as it has the same prop
	-
	-

	erties for elements in the simplex as addition in the d-dimensional real space: it is an Abelian group operation. 


	3.3. Other key ideas and concepts 
	3.3. Other key ideas and concepts 
	An extensive section is devoted to the analysis of independence, which we are not going to detail here as its impact on further developments has been really limited. Two types of structural analysis are addressed: the extrinsic analysis, interested in relationships between compositions and the basis they are derived from, and the intrinsic analysis interested in the composition per se. The frst one lost interest when compositions were identifed with equivalence classes, the second one did so because partiti
	In Aitchison (1982) some concepts are mentioned marginally that have however fourished in later developments. These include the extent, if any, to which a composition depends on size or total or, in relation to linear models in geostatistics, the extent to which depth is explanatory of compositional pattern (see Sections 5 and 7). Also, the problem of zeros (see Section 6) and the presence of outliers and priority groups or categories are briefy discussed. 
	-



	4. Multi-way compositions 
	4. Multi-way compositions 
	One of the loose ends mentioned in Aitchison (1982) is the analysis of multi-way or multi-factorial CoDa. This data object results from a distribution of a mass into categories given by a combination of levels of two or more factors. Alternatively, it can be understood as a set of observations of a classical compositional vector over several time points or a multinomial realisation. Since Aitchison’s paper, two main strategies for their analysis have appeared in the literature. Thus, Gallo (2015) relies on 
	-
	-

	cevicov´ and Hron (2023) aims to generalise the ordinary logratio analysis of vector (one-way) compositions. 
	Focusing on the last-mentioned approach, multi-way compositions bring a new range of problems related to the relationships between the constituting factors. Egozcue, D´ıaz-Barrero and Pawlowsky-Glahn (2008) defned the orthogonal decomposition of compositional tables (two-way compositions) into independent and interaction parts. Faˇcevicov´a et al. (2023) extended the orthogonal decomposition to the multi-way case, where the interaction part can be further decomposed into objects preserving more specifc sour
	-
	-

	The possibility of isolating specifc bits of information in a composition allows for understanding the overall multi-way structure more deeply, e.g by assessing the impor
	The possibility of isolating specifc bits of information in a composition allows for understanding the overall multi-way structure more deeply, e.g by assessing the impor
	-

	tance of each decomposed part in it. Moreover, when a set of multi-way compositions is available, it is possible to evaluate the effect of changes in a decomposed part on an external variable by regression analysis (Faˇ a, Kynˇ a and Macku, 2021). The

	cevicov´ clov´ multi-way approach is also consistent with recent advances in the analysis of continuous compositions within the framework of Bayes spaces. This has made it possible to transfer the idea of orthogonal decomposition to the analysis of bivariate and even multivariate densities and their relationship with copulas Genest, Hron and Neˇslehov´a (2023). 
	-
	-

	The methodology for the analysis of multi-way compositions currently presents several open challenges. Firstly, an objective comparative study of the different strategies proposed as mentioned above is needed. Secondly, the ordinary non-compositional approach based on generalised linear models (GLMs) is well established within the wider statistical community. It is then necessary to comprehensibly discuss how the multi-way compositional approach differs from that gold standard and, reciprocally, what elemen
	-
	-
	-
	-
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	5. Compositional regression models 
	5. Compositional regression models 
	One of the key abilities provided by the transformation strategies mentioned in Aitchison (1982) is to allow for the construction of conditional models involving compositions. That is, to predict the behaviour of a composition in response to changes in one or more explanatory variables, or to express the dependence of an external variable on a composition. The move of expressing a response composition in terms of alr directly allowed to establish a linear model for each logratio as a function of the variabl
	-
	-
	-
	-

	Of the several logratio transformations most commonly used, the alr and ilr (isometric logratio) transformations are ideal for all these tasks, as they generally provide a full-rank (hence invertible) covariance matrix of the explanatory variable set. Even 
	Of the several logratio transformations most commonly used, the alr and ilr (isometric logratio) transformations are ideal for all these tasks, as they generally provide a full-rank (hence invertible) covariance matrix of the explanatory variable set. Even 
	-

	the centred logratio transformation (clr) (Aitchison, 1983) is a valid choice, with some caveats: the clr is directly useful if the composition plays the role of response variable, but requires the use of some generalised inversion if the composition is placed in lieu of the explanatory variables. Indeed, models obtained with the data expressed in any one of these representations should, and for most models can, be unequivocally transformed into models for data in another logratio representation. Otherwise,
	-
	-



	6. Dealing with zeros 
	6. Dealing with zeros 
	Zero values do not ft into the logratio framework as they are not compatible with the ratio (if placed in the denominator) nor logarithm operations. More fundamentally, in the context of relative data, we can understand that a zero is not relative to anything. Although it is not a problem exclusive to CoDa, it has some additional diffculties here because a single zero part renders the whole composition only defned up to a multiplicative constant. 
	-

	This issue is of course treated in Aitchison (1982) and the accompanying discussion, where ad hoc solutions like meaningful amalgamation of some parts or replacement by sensible positive amounts are advocated. In any case, any decision should consider the amount and the nature of the zeros. Insightful discussions about different kinds of zeros can be found in e.g. Bacon-Shone (2003), Mart´ın-Fern´
	andez, Palarea-Albaladejo and Olea (2011), and van den Boogaart and Tolosana-Delgado (2013, Ch. 7). Although the issues with zeros, particularly so-called essential zeros, have prompted alternative representations for CoDa through e.g. Box-Cox, power or hyperspherical transformations (Greenacre, 2010), these come in confict in different ways with the basic principles of CoDa analysis and the simplicial geometry as discussed in this contribution. We focus here on approaches building on the logratio methodolo
	-

	6.1. Replacement strategies 
	6.1. Replacement strategies 
	The most prevalent class of zeros in CoDa applications so far concurs with the concept of type I left-censored data, i.e. small values that have been rounded off or have fallen below a limit of detection, so that the measured values cannot be distinguished from a 
	The most prevalent class of zeros in CoDa applications so far concurs with the concept of type I left-censored data, i.e. small values that have been rounded off or have fallen below a limit of detection, so that the measured values cannot be distinguished from a 
	blank signal or background noise at a specifed level of confdence. Thus, the actual value is unknown, but it must be somewhere in the lower tail of the data distribution below either a known threshold or the minimum observed value. Hence, zero replacement or imputation has become a common strategy in this setting. 
	-


	Any zero imputation method should preserve the natural features of data defned on a simplex as well as their relative variation structure. From a non-parametric viewpoint, crude substitution of zeros by positive values or early proposals such as the additive replacement method found in Aitchison (1986) do not preserve the ratios between nonzero parts and, hence, distort the co-dependence structure of the data. Instead, Mart´ın-Fern´ o-Vidal and Pawlowsky-Glahn (2003) proposed a simple replacement 
	-

	andez, Barcel´ by a prefxed fraction of the threshold while applying a multiplicative adjustment to the non-zero parts so that their ratios are preserved under data closure. Alternatively, modelbased methods are feasible through logratio coordinate representations. Thus, a consistent parametric procedure was introduced in Palarea-Albaladejo, Mart´ın-Fern´
	-
	-

	andez and G´omez-Garc´ıa (2007), based on the expectation-maximisation (EM) algorithm. Since then, a number of specialised imputation methods have been developed following the principles of the logratio approach in different favours (Palarea-Albaladejo and Mart´ınFern´andez, 2015). More recently, and partly motivated by the growing popularity of CoDa analysis in molecular sciences, the treatment of zeros in compositional count data has caught some attention (Mart´ın-Fern´andez et al., 2015). These correspon
	-
	-
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	6.2. Essential zeros 
	6.2. Essential zeros 
	Being also known as structural or absolute zeros, this class does not correspond to censored values but to genuine zeros. Although the decision on whether a zero is considered essential or not lays ultimately on the analyst, it is clear that imputation would be at least debatable here. As suggested in Aitchison (1982), a sensible amalgamation of parts can circumvent the problem in some cases. In others, the zero patterns can actually refect on a structure of subpopulations in the data, then suggesting to ca
	-
	-
	-
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	7. Loose ends in the 1982 paper 
	7. Loose ends in the 1982 paper 
	7.1. Loose ends according to J. Aitchison in 1982 
	7.1. Loose ends according to J. Aitchison in 1982 
	At the end of his 1982 paper, J. Aitchison enumerates a list of topics, called loose ends, that in his opinion need further attention. The fact that these topics are mentioned supports the idea that he conceived the paper as a starting point and reveals his deep understanding of CoDa. One of the topics is multi-way compositions, which has already been discussed in Section 4. In the following paragraphs, we comment on how the remaining ones have been developed up to now, with some being closed and some other
	-
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	Other transformations from S→ Rconstitute a frst controversial point which is permanently under discussion from different points of view. The main issue seems to be why CoDa should be transformed. The origin of such divergences is the initial defnition of CoDa as vectors of positive components (parts) adding to a constant, say 1 or 100. This suggests that CoDa could contain zero parts and still add to the chosen constant. The modifcation of the logratio transformations should allow to include zero values in
	D 
	D−1 
	-
	-
	-
	-
	-

	The topic of principal component analysis using alr coordinates was closed almost immediately in Aitchison (1983), where the alr was substituted advantageously by the clr representation. The theory of principal component analysis (PCA) with CoDa was mainly complete in 1983, but it was extended by Aitchison and Greenacre (2002) who focused on the interpretation of biplots. 
	Normal models with different transformations constitute the next loose end. After the 1982 paper, Aitchison continued studying families of distributions in order to conciliate the independence structure of the Dirichlet distribution and the logistic-normal family. The change of transformation from alr to clr was studied in van den Boogaart 
	Normal models with different transformations constitute the next loose end. After the 1982 paper, Aitchison continued studying families of distributions in order to conciliate the independence structure of the Dirichlet distribution and the logistic-normal family. The change of transformation from alr to clr was studied in van den Boogaart 
	-

	and Tolosana-Delgado (2013) producing a singular normal distribution. The introduction of ilr coordinates allowed to defne the normal distribution on coordinates in real space (Mateu-Figueras, Pawlowsky-Glahn and Egozcue, 2013). Nowadays, the study of distributions for CoDa is very much reduced to the distributions in the real space of ilrcoordinates. However, some aspects of joint normality on different types of coordinates remain open and call for further research. See Greenacre et al. (2023) for some pro
	-
	-


	The topic of joint analysis of compositions and other variables recurrently appears from the very beginning of CoDa analysis (Lewi, 1976) and is also treated in the particular case of the sum of parts in Aitchison (1982). The article by van den Boogaart and Tolosana-Delgado (2008) discusses exploratory tools, dependence models, and display tools for co-dependence between compositions and variables on other scales (e.g. categorical, dichotomous, ordinal, and others). Including external variables in compositi
	-
	-

	o-Henestrosa and Mateu-Figueras, 2011). However, a comprehensive characterisation of the structure of the joint sample space remains open. 
	The last identifed loose end were the distributional problems to model different independence concepts. The independence concepts introduced in Aitchison (1982) were related to the dependence structure inherent to the Dirichlet distribution and can be considered settled. The initial studies on the logistic-normal distribution or variants thereof did not provide further insight into independence (internal or external). The defnition of normality on the simplex using ilr-coordinates (Mateu-Figueras et al., 20
	-
	-
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	7.2. Some loose ends arising from the discussion in 1982 
	7.2. Some loose ends arising from the discussion in 1982 
	There were 20 discussants of the 1982 Aitchison’s paper. Most of them set a number of interesting comments which were replied to by Aitchison at the end of the discussion. The asymmetry of alr coordinates was mentioned repeatedly in the discussion, namely by J.A. Anderson, A.P. Dawid, C.A.B. Smith, and R. Thomson. In the rejoinder by Aitchison, the clr transformation was mentioned as a solution to the asymmetry problem with the alr transformation, thus motivating the subsequent paper, Aitchison (1983), wher
	-
	-
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	The discussant N.I. Fisher raised the role of the geometry of the sample space in writing .. . one is ultimately better off working within the confnes of the original geometry (of the circle, sphere, cylinder, ...), and with techniques particular thereto (vector 
	-

	methods, etc.) ... This point was retrieved more than a decade later – see Egozcue and Pawlowsky-Glahn (2019) for further details. Aitchison’s idea that the simplex is an appropriate sample space for CoDa is nowadays complemented with an Euclidean space structure known as Aitchison geometry after the term was introduced in Pawlowsky-Glahn and Egozcue (2001). 
	J.A Anderson, N.I Fisher, D.A Preece and others mentioned the importance of error control in (log) ratios. In our opinion, a lot more can be done about this point. Mert, Filzmoser and Hron (2016) study how errors in raw measurements infuence the computation of logratios. Alternative approaches consider cellwise uncertainties (Pospiech, Tolosana-Delgado and van den Boogaart, 2020), control for cellwise outliers (a
	-
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	Stefelov´ et al., 2021), or multiple measurements of the composition to either estimate measurement error variance (Nguyen et al., 2020), obtain unbiased estimates in the presence of measurement error (Kogovsek, Coenders and Hlebec, 2013), or downplay the parts withˇ the highest error variances (Hron et al., 2022). 
	-



	8. Outlook 
	8. Outlook 
	Over the last 40 years, the log-ratio approach to CoDa has shown to be a powerful and much needed tool in many felds of science. It provides a coherent, consistent and interpretable way to tackle the statistical analysis of CoDa. To conclude this review, we draft a tentative CoDa research agenda for the upcoming years, regarding both application felds and methodology. 
	-

	8.1. New application felds 
	8.1. New application felds 
	Historically, it is commonly quoted that awareness about issues related to the statistical analysis of CoDa was frstly raised in the geosciences. It was this area of application that mostly fuelled the early developments of the CoDa methods, as e.g. refected by the illustrative examples in Aitchison (1982). Although it has continued to be amongst the leading application areas over time (see e.g. the recent perspective offered in Buccianti and Gozzi, 2021), certainly the range of scientifc disciplines where 
	As to the natural and health sciences, molecular biology and the omics sciences in general represent a good example of felds where awareness of the compositional character of many types of data generated therein have notably grown in recent years (Gloor et al., 2017; Greenacre et al., 2023; Quinn et al., 2018). Something similar has happened in physical activity and time-use epidemiology. In less than a decade, the use of CoDa analysis in this area has rocketed once the dominant paradigm has been shifted fr
	As to the natural and health sciences, molecular biology and the omics sciences in general represent a good example of felds where awareness of the compositional character of many types of data generated therein have notably grown in recent years (Gloor et al., 2017; Greenacre et al., 2023; Quinn et al., 2018). Something similar has happened in physical activity and time-use epidemiology. In less than a decade, the use of CoDa analysis in this area has rocketed once the dominant paradigm has been shifted fr
	daily 24-hour activity pattern as a whole mix of inter-dependent behaviours, with the CoDa approach being recognised as a unifying statistical analysis framework (Chastin et al., 2015; Dumuid et al., 2020). Another recent health-related example is the study of diets, representing trade-offs between food groups or macronutrient groups in total food intake (Trinh et al., 2019). Moreover, the environmental sciences are also becoming a fruitful area of CoDa applications, with traditional interest in soil pollut

	Glancing over the published literature suggests that CoDa analysis is still generally underused in the social sciences as a whole. Some areas in which CoDa appear naturally include political science (Nguyen, 2019), demography (Lloyd, Pawlowsky-Glahn and Egozcue, 2012), content analysis and text mining (Marine-Roig and Ferrer-Rosell, 2018), and questionnaire surveys, which often use a question format asking respondents to distribute 100 points among a set of choices (van Eijnatten, van der Ark and Holloway, 
	-
	-
	-
	-

	os, Coenders and Vives-Mestres, 2018). Even if an uncritical use of standard statistical methods has repeatedly been proved misleading here, CoDa methods are used only rarely. A challenge for the CoDa community is therefore not just to look for such new application felds, but also to carefully discuss the CoDa approach and its principles, in comparison with traditional approaches, with subject-matter experts so that they are defnitely persuaded. 
	-


	8.2. New methodological developments 
	8.2. New methodological developments 
	Methodological developments in CoDa analysis have been traditionally driven by applications in diverse felds, providing new scientifc insights and perspective through statistical analysis based on log-ratio coordinate representations. There are still felds which compositional methods have hardly interacted with. For instance, modern developments in data science and machine learning is an obvious emerging area of interest to expand CoDa ideas and methods into (Tolosana-Delgado et al., 2019). Also novel appli
	-
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	Within the mathematical and statistical sciences, there is also plenty of scope for stimulating interconnections and cross-disciplinary developments. Examples include functional data (Hron et al., 2016; Genest et al., 2023) and weighted analysis (Hron et al., 2022) building on the theory of Bayes spaces (van den Boogaart et al., 2014), algebra (Egozcue et al., 2011), graph theory (Greenacre, 2021) or compositional differ
	Within the mathematical and statistical sciences, there is also plenty of scope for stimulating interconnections and cross-disciplinary developments. Examples include functional data (Hron et al., 2016; Genest et al., 2023) and weighted analysis (Hron et al., 2022) building on the theory of Bayes spaces (van den Boogaart et al., 2014), algebra (Egozcue et al., 2011), graph theory (Greenacre, 2021) or compositional differ
	-

	ential equations (Egozcue and Jarauta-Bragulat, 2014). In relation to high-dimensional compositions, there are at least two current topics which generate intense discussions: the measurement of associations between parts (Egozcue, Pawlowsky-Glahn and Gloor, 2018; Erb and Notredame, 2015) and variable selection (Calle, Pujolassos and Susin, 2023; Greenacre, 2019; Greenacre et al., 2023; Shi et al., 2016). 
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