Appendix A

Proofs
A.1

Proof of Proposition 52

It is clear that there are no situations where a positive measure " of independent buyers or sellers have
incentive to deviate and to join the cartel on their respective side of the market. Indeed, outsiders obtain
a higher payo¤ than insiders provided that the cartel is active. Hence the only relevant deviations consist
in situations in which a positive measure " of cartel members wish to defect from the cartel.
Consider …rst market outcomes with symmetric trade. These outcomes can arise for all levels of
market frictions provided that the fraction of independent traders are such that ® ¸ ® and ½ ¸ ½. In
particular, assume that the fractions of independent buyers and sellers are such that
max f¯ 1 ; ¾ 1 g = ¾1 · min f¯ 2 ; sg = min f¯ 2 ; ¾2 ; sg
whereby equilibrium strategies are such that (¯; ¾) = (q; q) ; with
¾®
1 =

2®(2¡°)
°(1+®(3¡2°))

· q · min f¯ 2 ; sg :

Suppose further that, at a given market outcome, a strictly positive measure " of the members of buyers’
cartel leave the cartel. When such a defection occurs, the best reply function of buyers’ cartel shifts
towards the right, due to an increase in the fraction of independent buyers (the latter changes from ® to
® + " as a consequence of the defection). If the equilibrium measure of active traders q is such that
¾ ®+"
=
1

2(®+")(2¡°)
°(1+(®+")(3¡2°))

· q · min f¯ 2 ; sg ;

then we claim that leaving the cartel is bene…cial. Indeed, after the defection, the buyers’ cartel continues
to set its measure of active traders equal to ¯ ®+";½ (q) = q, which yields per capita payo¤s
S
¼L
B (q; q) = ¼ B (q; q) =
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°(2¡°)
2

to outsiders (and to defecting cartel members). Prior to the defection, the individual payo¤ to cartel
members is
B ®;½ (q;q)
(1¡®)

and it is immediate to check that
¾®
1 =

B ®;½ (q;q)
(1¡®)

(q¡®)°(2¡°)
2(1¡®)

=

;

< ¼L
B (q; q). However, if q is such that

2®(2¡°)
°(1+®(3¡2°))

·q<

2(®+")(2¡°)
°(1+(®+")(3¡2°))

;
= ¾®+"
1

then the buyers’ cartel breaks down completely as a consequence of the defection, and it plays ¯ ®+";½ (q) =
1: In this situation, defecting buyers would receive a payo¤ equal to
(4¡3°)¡°q(3¡2°)
¼L
B (1; q) = °q
4(1¡°q)

each, and a defection would not be pro…table if

B ®;½ (1;q)
(1¡®)

¸ ¼L
B (1; q) ; or else if ¾ 1 · q < 1; which is

precisely the case at hand. Conversely, it remains pro…table for members of sellers’ cartel to leave their
cartel, and consequently a defection of " members does not induce sellers’ cartel to modify the chosen
measure q of active sellers, being ¯ 1 · ¾1 .

In general, when ® ¸ ® and ½ ¸ ½; both cartels are stable if and only if
¯ = ¯1 =

2½s(2¡°)
°(1+½(3¡2°))

=

2®(2¡°)
°(1+®(3¡2°))

= ¾1 = ¾ ;

which implies
®=

½s
1¡½(3¡2°)(1¡°)

:

Notice that, in order for both cartels to be active (i.e. in order for ¯ = ¾ < s to be true), it must be that
® < ®1 and ½ < ½1 ; where both 0 < ½1 < 1 and 0 < ®1 < 1 hold. A symmetric stable cartel con…guration
thus exists when ® · ® · ®1 and ½ · ½ · ½1 .

Secondly, consider market outcomes with asymmetric trade. Recall that these outcomes, where at

most one cartel is active, are attained only when market frictions are not high.
´
³
Suppose that the strategy pair b̄ (s) ; s is played. In this situation, condition (3.7) fails and
³
´
the necessary and su¢cient conditions for b̄ (s) ; s to be an equilibrium is that max f¾ 2 ; ¾3 g · s;

whereby b̄ (s) · s; and b̄ (s) < min f¯ 1 ; ¯ 3 g. Take s as the quantity o¤ered by the sellers and consider a

defection from the buyers’ cartel.

Suppose, for the time being, that max f¾2 ; ¾ 3 g = ¾ 2 . After the deviation, the measure of independent

buyers becomes ®+" and the cartel’s best reply function shifts slightly towards the right. Such a defection

has three possible consequences, depending on the magnitude of ® + ". (i) The buyers’ cartel continues
®+";½
to respond to the total quantity s o¤ered by sellers demanding ¯ (s) = b̄
(s), where
p
b̄®+";½ (s) = s(5¡2°)¡ s(1¡°)(5¡2°)(s¡(®+")°) ;
°(5¡2°)
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and the equilibrium of the quantity-setting game is

³

´
b̄®+";½ (s) ; s : This occurs when ® + " < ®2 ; or

®+";½
equivalently when ¾®+"
< s; and when b̄
(s) < min f¯ 1 ; ¯ 3 g · s: We claim that, when no cartel is
2

active on the supply side, it is pro…table for a measure " > 0 of members of the buyers’ cartel to defect.
Observe that the per capita utility of outsiders after the defection is equal to
p
³ ®+";½
´
(5¡2°)(s¡°(®+"))¡ (s(1¡°)(5¡2°)(s¡°(®+")))
;
¼SB b̄
(s) ; s = °
4(s¡°(®+"))

(A.1)

whereas the per capita utility that cartel members receive prior to the defection is
p
®;½
B (b̄
(s);s)
((s¡®°)(5¡2°)+s(1¡°))¡2 s(1¡°)(5¡2°)(s¡®°)
:
=
1¡®
4(1¡®)

(A.2)

³ ®;½
´ B b̄ ®;½ (s);s
(
)
always holds and that the expression
Furthermore note that the inequality ¼ SB b̄ (s) ; s >
1¡®
³ ®+";½
´
for ¼SB b̄
(s) ; s is decreasing in ": Thus, for " small enough, expression (A.1) is strictly greater than

®+";½
(A.2). (ii) After the defection, the buyers’ cartel demands b̄
(s) but no equilibrium of the quantity-

®+";½
setting game exists. This is the case when min f¯ 1 ; ¯ 3 g < s and min f¯ 1 ; ¯ 3 g · b̄
(s) < s. This

situation could then be discarded. (iii) The buyers’ cartel sets the measure of active traders ¯ (s) = s
and the equilibrium of the game G®+";½ is (s; s) : Then it must be that ® + " ¸ ®2 ; or equivalently that

¾®+"
¸ s; and that min f¯ 1 ; ¯ 3 g > s: When this defection occurs, outsiders have individual payo¤ equal
2

to

S
¼L
B (s; s) = ¼ B (s; s) =

1
2 ° (2 ¡ °)

;

cartel members have individual payo¤ given by (A.2) before the defection, and

B (b̄

®;½

(s);s)
1¡a

> ¼L
B (s; s).

Therefore, if the measures of independent buyers and sellers are such that ® = ®2 ¡" and ½ > max f½1 ; ½3 g
³
´
respectively, the pro…le ®; ½; b̄ (s) ; s is "-stable.

When instead max f¾2 ; ¾3 g = ¾ 3 and a defection from buyers’ cartel occurs, the following cases have

®+";½
to be considered. (i) The buyers’ cartel continues to respond to s setting ¯ (s) = b̄
(s), and the
´
³ ®+";½
®+"
(s) ; s after the defection. If ¾
< s; which
outcome of the quantity-setting game is still b̄
3

®+";½
®+";½
implies b̄
(s) < s; and b̄
(s) < min f¯ 1 ; ¯ 3 g ; then the deviation is pro…table. (ii) The buyers’
®+";½
®+";½
®+";½
cartel plays b̄
(s) ; but no Nash equilibrium exists for b̄
(s) ¸ min f¯ 1 ; ¯ 3 g or b̄
(s) > s.

(iii) When ¾®+"
¸ s; or equivalently ® + " ¸ ®3 ; the defection from the cartel triggers the response
3

¯ ®+";½ (s) = 1; in which case the equilibrium outcome is (1; s) and the deviating members are not better
³
´
o¤. Then the pro…le ®; ½; b̄ (s) ; s is an "-stable market outcome for ® = ®3 and ½ > max f½1 ; ½3 g :

Finally, consider market outcomes of the form (®; ½; 1; ¾
b (1)) : In order for such pro…le to be an "-

stable market outcome, it must be the case that the strategy pair (1; ¾
b (1)) be a Nash equilibrium of the

quantity-setting game G®;½ : Recall that ¾
b (1) < s if and only if
½<

s°(5¡2°)(2¡s°)¡(4¡°)
(1¡°)s°
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=½ :

Therefore, pro…le (®; ½2 ¡ "; 1; ¾
b (1)) ; where ® ¸ ®1 ; is "-stable only if the additional condition ½2 ¡ " < ½

is satis…ed, which is the case if and only if s > s" ;where s" solves ½2 ¡ " = ½ and is such that
s" ´

q
(4¡°)+° 2 (5¡2°)+"°(1¡°)¡ (1¡°)(° 2 (1¡°)"2 +2°((5¡2°)° 2 +(4¡°))"+(1¡°)(4+3°¡2° 2 )2 )
2(5¡2°)° 2

;

with s" < 1 being true for all " > 0: Finally, the pro…le (®; ½3 ; 1; ¾
b (1)) represents an "-stable market

outcome only if ½3 < ½ and ® > max f®1 ; ®3 g :

A.2

Proof of Theorem 76

Consider …rst case (i) ; where bL ¡ sH ¸ 0: Then the Sorting, the One-Sided Pooling and the Pooling

QEI might all exist and the middleman’s pro…ts corresponding to these three quasi-equilibria must be
compared. In particular, the payo¤ associated to the Sorting QEI is ¼ SM in expression (4.41), the bene…ts
that the intermediary obtains at the One-Sided Pooling QEI are either ¼ OSP
in (4.45) or ¼OSP
in (4.47),
M
M
and …nally the pro…ts corresponding to the Pooling QEI are given by ¼P
M in (4.49).
Suppose that ° · ° 1 ; in which case no One-Sided Pooling Equilibrium exists and the only candidates

for a SEI reduce to the Sorting or the Pooling QEI. Now, one has that
¼ SM > ¼P
M

() bL <

sH (1+µ)+2°µ(sH ¡sL )
(1+µ)

(A.3)

;
´ bSÂP
L

where sH < bSÂP
< bH : Observe that when condition (A.3) is satis…ed, then also (4.42) holds. Then it
L
is more pro…table for the middleman to serve only high surplus agents rather than serving all potential
traders when the bid and ask prices posted in the former case are such that Pb < sH and Pa > bL :
Conversely, if serving only the high surplus agent implies setting too narrow a bid-ask spread, namely
(Pa ¡ Pb ) < (bL ¡ sL ) ; then it is surely more pro…table for the middleman to serve the whole market

and let low surplus agents be just indi¤erent between trading or not.

When ° 1 < ° < ° 0 and sH · bL < bOSP
; then a OSP quasi-equilibrium also exists. The middleman’s
L

payo¤ in this case is ¼ OSP
which is such that
M
¼OSP
< ¼P
M
M

() bL >

(1+µ)(1+°)(sH ¡sL )+(1+(1+µ)(1¡°))sL
(1+(1+µ)(1¡°))

ÂOSP
´ bP
> sH :
L

Moreover the inequality ¼OSP
< ¼ SM always holds for ° 1 < ° · 12 ; otherwise for
M

1
2

< ° < ° 0 it is satis…ed

if and only if

bL >

(1¡°(1+µ))sH +(2°¡1)(sH ¡sL )
(1¡°(1+µ))

SÂOSP
bL

> sH ;

n
o
P ÂOSP SÂOSP
where bOSP
>
max
b
;
b
is true whenever ° 1 < ° < ° 0 : Further observe that bOSP
> bSÂP
L
L
L
L
L

if and only if

°>

p

¡(1+µ+µ 2 )+

(7µ2 +4µ3 +4µ+µ4 +1)
2µ(1+µ)
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´ °2 ;

where ° 1 < ° 2 <

1
2

ÂOSP
SÂOSP
and that the chain of inequalities bSÂP
> bP
> bL
holds if and only if
L
L

°<
where

1
2

p

¡1+

< ° 3 < ° 0 : Therefore if ° 1 < ° ·

(1+2µ 3 +4µ 2 +2µ)
2µ(1+µ)

1
2

´ °3 ;

then the OSP quai-equilibrium is always dominated in

terms of the bene…ts accruing to the middleman, which are maximal at a Sorting QEI if bL < bSÂP
and
L
otherwise it is maximal at a Pooling QEI.
If instead ° ¸ ° 0 ; then the middleman receives payo¤ ¼OSP
at a OSP quasi-equilibrium, where
M

¼OSP
> ¼SM always holds and where
M
¼OSP
> ¼P
M
M

() sH < bL <

(2+µ)sH ¡°(1+µ)sL
((2+µ)¡°(1+µ))

ÂP :
´ bOSP
L

Examine now case (ii) in which bL < sH : In this event the pooling quasi-equilibrium does not exists,
and the One-Sided Pooling and the Sorting QEI only hold under certain conditions. OSP quasi-equilibria
always exist for ° > ° 1 : In particular, ¼OSP
as given by (4.48) is the relevant payo¤ for ° ¸ ° 0 or ° < ° 0
M

and bL · bOSP
; whereas ¼OSP
and ° 1 < ° < ° 0 : Sorting quasi-equilibria
is relevant when bL > bOSP
L
L
M
yield payo¤s ¼SM , whose expression is (4.43), and exist for any ° and bL > bSL :
Note that bSL > bOSP
if and only if ° <
L
if and only if µ <

1
3:

1¡µ
(1+µ)2

´ ° 4 ; where ° 4 < ° 0 always holds and where ° 4 > ° 1

Suppose that ° · min f° 1 ; ° 4 g ; then for bOSP
< bL · bSL no equilibrium with
L

intermediation exists. For bL · bOSP
; the unique SEI is the one corresponding to the OSP quasiL

equilibrium yielding bene…ts ¼OSP
; and for bL > bSL the unique SEI corresponds to the Sorting quasiM
equilibrium. Conversely, for ° > min f° 1 ; ° 4 g a equilibrium with intermediation always exists. Note that

¼OSP
> ¼SM always holds and ¼ OSP
> ¼SM is true if and only if
M
M
> ¼SM
¼ OSP
M

ÂS ;
() bL < 2° (sH ¡ sL ) + sL ´ bOSP
L

ÂS
ÂS
where bOSP
> bOSP
always holds and bOSP
> bSL is true whenever ° > min f° 1 ; ° 4 g : Hence the OneL
L
L

ÂS
Sided Pooling quasi-equilibrium is always dominating for bL < bOSP
and the Sorting quasi-equilibrium
L
ÂS
dominates only if bL ¸ bOSP
and ° < ° 0 :
L

95

Bibliography
[1] Banerjee, S., H. Konishi and T. Sönmez (2001): “Core in a Simple Coalition Formation Game”,
Social Choice and Welfare, 18, 135-153.
[2] Bloch, F. and S. Ghosal (2000): “Buyers’ and Sellers’ Cartels on Markets with Indivisible
Goods”, Review of Economic Design, 5, 129-147.
[3] Bloch, F. and H. Ryder (2000): “Two-Sided Search, Marriages, and Matchmakers”, International
Economic Review, 41, 93-115.
[4] Bogomolnaia, A. and M. O. Jackson (1998): “The Stability of Hedonic Coalition Structures”,
forthcoming in Games and Economic Behavior.
[5] Bolker, E. (1979): “Bracing Rectangular Frameworks II” SIAM Journal of Applied Mathematics,
36, 491-503.
[6] Bose, G. (1996): “Bargaining Economies with Patient and Impatient Agents: Equilibria and Intermediation”, Games and Economic Behavior, 14, 149-172.
[7] Bouchet, A. (1983): “Nowhere-Zero Integral Flows on a Bidirected Graph”, Journal of Combinatorial Theory Series B, 34, 279-292.
[8] Burdett, K. and M. G. Coles (1997): “Marriage and Class”, Quarterly Journal of Economics,
112, 141-168.
[9] d’Aspremont, C., A. Jacquemin, J. J. Gabszewicz and J. Weymark (1983): “The Stability
of Collusive Price Leadership”, Canadian Journal of Economics, 16, 17-25.
[10] de Finetti, B. (1931): “Sul Signi…cato Soggettivo della Probabilità”, Fundamenta Mathematicae,
17, 298-329.
[11] de Finetti, B. (1937) “La Prévision, ses Lois Logiques, ses Sources Subjectives, Annales de
l’Institut. H. Poincaré, 7, 1-68 [translated in: Kyburg, H. E. Jr., and H.E. Smokler, eds., (1964):
Studies in Subjective Probability, Wyley, New York].
96

[12] Demange G. (1994): “Intermediate Preferences and Stable Coalition Structures”, Journal of Mathematical Economics, 23, 45-58.
[13] Demange G. and D. Henriet (1991): “Sustainable Oligopolies”, Journal of Economic Theory,
54, 417-428.
[14] Diamond P. A. (1982): “Wage Determination and E¢ciency in Search Equilibrium”, Review of
Economic Studies, 49, 217-227.
[15] Donsimoni, M. P., N. S. Economides and H. M. Polemarchakis (1986): “Stable Cartels”,
International Economic Review, 27, 317-336.
[16] Drèze, J. H. and J. Greenberg (1980): “Hedonic Coalitions: Optimality and Stability”, Econometrica, 48, 987-1003.
[17] Dutta, B. and J. Massò (1997): “Stability of Matchings when Individuals have Preferences over
Colleagues”, Journal of Economic Theory, 75, 464-475.
[18] Farrell, J. and S. Scotchmer (1988): “Partnerships”, Quarterly Journal of Economics, 103,
279-297.
[19] Fishburn, P. (1986): “The Axioms of Subjective Probability”, Statistical Science, 1, 335-345.
[20] Galbraith, J. K. (1952): American Capitalism: The Concept of Countervailing Power, Boston,
Houghton Mi-in.
[21] Gehrig, T. (1993): “Intermediation in Search Markets”, Journal of Economics and Management
Strategy, 2, 97-120.
[22] Giblin, P. J. (1977): “Graphs, Surfaces, and Homology: An Introduction to Algebraic Topology”,
Chapman and Hall, London.
[23] Greenberg, J. (1994): “Coalition Structures” in Handbook of Game Theory with Economic Applications, R. J. Aumann and S. Hart Eds., Elsevier Science, Vol. II, 1305-1337.
[24] Greenberg, J. and S. Weber (1986): “Strong Tiebout Equilibrium under Restricted Preference
Domains”, Journal of Economic Theory, 38, 101-117.
[25] Grossman, J., D. Kulkarni and I. Schochetman (1994): “Algebraic Graph Theory Without
Orientation”, Linear Algebra and Applications, 212/213, 289-307.
[26] Jackson, M. O. and T. R. Palfrey (1998): “E¢ciency and Voluntary Implementation in Markets
with Repeated Pairwise Bargaining”, Econometrica, 66, 1353-1388.
97

[27] Khelladi, A. (1987): “Nowhere-Zero Integral Chains and Flows in Bidirected Graphs”, Journal of
Combinatorial Theory Series B, 43, 95-115
[28] Kraft, C. H., J. W. Pratt, and A. Seidenberg (1959): “Intuitive Probability on Finite Sets”,
Annals of Mathematical Statistics, 30, 408-419.
[29] Lawler, E. (1976): Combinatorial Optimization: Networks and Matroids, Holt, Rinehart & Winston, New York.
[30] Lu, X. and P. Mac Afee (1996): “Matching and Expectations in a Market with Heterogeneous
Agents”, in Advances in Applied Microeconomics, M. Baye Ed., Connecticut: JAI Press, Vol. 6,
121-156.
[31] Mac Afee, P. and J. Mac Millan (1992): “Bidding Rings”, American Economic Review, 82,
579-599.
[32] Martínez, R., J. Massò, A. Neme and J. Oviedo (2000): “Single Agents and the Set of Manyto-One Stable Matchings”, Journal of Economic Theory, 91, 91-105.
[33] Mortensen, D. (1982): “The Matching Process as a Non-Cooperative Bargaining Game”, in The
Economics of Information and Uncertainty, J. J. Mac Call Ed., Chicago: University of Chicago
Press, 91-105.
[34] Ponsati, C. (2000): “Search and Bargaining in Simple Markets”, Mimeo.
[35] Roth, A. and M. Sotomayor (1990): “Two-Sided Matching: A Study in Game-Theoretic Modeling and Analysis”, Econometric Society Monographs no. 18, Cambridge University Press.
[36] Rubinstein, A. and A. Wolinski (1985): “Equilibrium in a Market with Sequential Bargaining”,
Econometrica, 53, 1133-1150.
[37] Rubinstein, A. and A. Wolinski (1987): “Middlemen”, Quarterly Journal of Economics, 102,
581-593.
[38] Saari, D. G. (2000): “Mathematical Structure of Voting Paradoxes 1; Pairwise Vote”, Economic
Theory, 15, 1-53.
[39] Saari, D. G. (2000): “Mathematical Structure of Voting Paradoxes 2; Positional Voting”, Economic
Theory, 15, 55-101.
[40] Sattinger, M. (1995): “Search and the E¢cient Assignment of Workers to Jobs”, International
Economic Review, 36, 283-302.

98

[41] Scherer F. and D. Ross (1990): Industrial Market Structure and Economic Performance, 3rd ed.
Houghton Mi-in, Boston, MA.
[42] Shimer, R and L. Smith (2000): “Assortative Matching and Search”, Econometrica, 68, 343-369.
[43] Weber, R. J. (1994): “Games in Coalitional Form” in Handbook of Game Theory with Economic
Applications, (R. J. Aumann and S. Hart Eds.), Elsevier Science, Vol. 2, 1285-1303.
[44] Wooders, J. (1997): “Equilibrium in a Market with Intermediation is Walrasian”, Review of
Economic Design, 3, 75-89.
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