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Introduction

In this dissertation we will study several questions concerning the natural capacity 7,
related to the signed vector valued Riesz kernels z/|z|'™® in R", where 0 < a < n. It
is defined as follows. For a compact set £ C R" and 0 < a < n, set

Ya(E) =sup|[<T,1>|, (1)

where the supremum is taken over all real distributions 7" supported on E such that
for 1 < i < n, the i-th Riesz potential of T, T % m””m is a function in L*(R") and

sup
1<i<n

These capacities can be understood as being certain real variable versions of analytic
capacity. The notion of analytic capacity was introduced in 1947 by L. Ahlfors [A] to
study removable singularities of bounded analytic functions. Recall that the analytic
capacity of a compact subset E of the plane is defined by

S

V(E) = sup|f'(c0)],

where the supremum is taken over those analytic functions on C\ E such that |f(2)| < 1,
for z ¢ E. Ahlfors proved that a set is removable for bounded analytic functions if and
only if it has zero analytic capacity.

When working with analytic capacity one uses often properties of the Cauchy ker-
nel 1/z such as oddness and homogeneity, but it is unclear how important analiticity
actually is. In fact, one can define analytic capacity without making any reference to
analyticity in the form

Y(E)=sup| <T,1>]|,

where the supremum is taken over all complex distributions 7" supported on E such
that the Cauchy potential of T', f = £ T, is a function in L>(C) satisfying || f||o < 1.
Thus clearly 7, can be considered as a real variable version of analytic capacity
associated to the vector valued Riesz kernel m% in R". Forn >2anda=n—1, 7,1
is Lipschitz harmonic capacity (see [V1], [Par], [MP] and [Vo]).
We introduce now the analytic capacity v, of a compact set E as

V+(E) = sup u(E),



where the supremum is taken over all positive measures supported on E such that the
Cauchy transform f = %*,u is a function in L>°(C) with || f||« < 1. Then, by definition,
for n = 2, writing % = # — i#, where z = = + 1y, we have

+(E) < n(E) <(E).
Hence due to the celebrated Theorem of X. Tolsa [12], saying that

Y(E) < Cvi(BE), (2)

we get that on compact subsets of the plane, these three capacities are comparable.
Inequality (2), was first proved for generalized four-corners Cantor sets by J. Mateu, X.
Tolsa and J. Verdera (| ]). To prove (2) for any compact set one needs to overcome
formidable technical complications and introduce new ideas.

According to the classical case, if we want to study how the set function ~, behaves,
we first have to take into account the role played by the “size” of the set. More precisely
in terms of Hausdorff dimension (denoted by dim) we have:

1. If dim(E) > o then v,(E) > 0.

2. If dim(F) < « then 7, (E) = 0.

This says that the critical situation occurs in dimension «, in accordance with the
classical case.

An interesting fact of the capacities v,, 0 < a < n, is that they behave differently
when dealing with integer or non-integer indexes «. For example let o be an integer and
E a compact subset of an a-dimensional smooth surface with positive a-dimensional
Hausdorff measure. Then one can show that ~,(E) > 0, which means that, in partic-
ular, there exist sets with finite a- dimensional Hausdorff measure and positive v,. In
[MP] the authors study 7,,—1(E) on sufficiently regular hypersurfaces, for example on
Lipschitz graphs or bilipschitz images of R"~*. More precisely, it is shown that on such
surfaces, v,_1 is comparable to H"~!. (see [Par] or [MP]).

In constrast to this, in the first part of this dissertation we show that for 0 < a < 1,
the capacity 7, vanishes on compact sets £ C R™ with finite a-Hausdorff measure,
namely we show that

Theorem A. Let 0 < a < 1 and let E C R™ be a compact set with H*(E) < oo .
Then vo(E) = 0.

The techniques that we use are based on the so called symmetrization method and
they do not extend to indexes o > 1. We will explain these techniques below. However,
we can extend the previous result to indexes 1 < a < n, o ¢ Z, assuming Ahlfors-David
regularity of the sets we are dealing with. Recall that a set £ in R™ is Ahlfors-David
regular of dimension « if there exists a constant C' > 0 such that

Cr* <H*(ENB(x,r)) < Cr?,



whenever x € E and r € (0,d(F)). By d(F) we denote the diameter of the set FE.
Notice that a compact Ahlfors-David regular set of dimension « satisfies H*(E) < oc.

The statement of the precise result is

Theorem B. Let E C R" be a compact Ahlfors-David reqular set of non-integer
dimension a, 0 < a <n. Then v,(E) = 0.

The proofs of the above two Theorems are based on the relation between the capacity
Yo of a set E and the L>-boundedness of the a—Riesz operators on E. Before explaining
this relationship, we will first deal with the corresponding one between analytic capacity
and L2-boundedness of the Cauchy integral operator.

We have already said that having zero analytic capacity is equivalent to the fact
of being removable for bounded analytic functions. But this is far from giving any
geometric characterization of such sets. This has been called traditionally the Painlevé
problem. In 1967, Vitushkin conjectured that for sets E with finite H! measure, y(F) =
0 is equivalent to the fact that H'(ENT) = 0, for every rectifiable curve I'. Notice that
if the above statement is true, then Painlevé’s problem is solved for sets of finite length.
The proof of the first half of Vitushkin’s conjecture was done in 1977 by A. Calderén
[C], who proved the L?-boundedness of the Cauchy integral on Lipschitz graphs with
small enough Lipschitz constant . From this result it follows that if £ C C is a compact
set with 0 < HY(F) < oo and y(E) = 0, then HY(ENT) = 0 for any rectifiable curve
I' ¢ C. Thus it was clear that the removability of a set E was closely related to the
L?—boundedness of the Cauchy operator on E. The proof of the other implication came
years later after the discovery of the very important identity, see (3) below, relating the
L?-norm of the Cauchy integral operator and Menger curvature. We shall explain now
this relationship, that is, the symmetrization method, which has been a really useful
tool for the study of analytic capacity and L?- boundedness of the Cauchy integral

operator (see [V3], [MV] and | | for example ; the survey papers [D3], [V5] and
[T5] contain many other references as well as the book [Pa2]).
In 1995, M. Melnikov [Me] rediscovered the Menger curvature when he was studying

a discrete version of analytic capacity. Let z1, 2o and z3 be three non collinear points
in C (in particular z;, 29 and z3 are distinct). Then the Menger curvature c(zy, 22, 23)
of z1, 2o and z3 is the inverse of the radius of the circle passing through z1, 2o and z3.
When the three points are collinear, we set ¢(z1, 22, 2z3) = 0. Then one finds out, by an
elementary computation that

1
(21, 29, 23)% = —_—— (3)
; (201) = 20(3)) (20(2) = Zo(3))

where the sum is taken over the six permutations of the set {1,2,3}. In particular this
formula shows that the sum over o on the right hand side is real and non-negative.
On the other hand, when one tries to extend the previous identity to higher dimen-
sions, nothing similar occurs for the Riesz kernel k,(x) = z/|z|'T® with a > 1 (see
['] where he shows it for integers o with & > 1 ). In this dissertation we show that



for 0 < a < 1, when symmetrizing the vector valued Riesz kernel k,, we still obtain a
positive quantity.

For 0 < a < n consider the analogue of the right hand side in (3) for the Riesz
kernel k.,

Z Lo(2) — Lo(1) Lo(3) — Lo(1) (4)
— [Zo(2) — o) "7 [To(3) — o) [T

where the sum is taken over the six permutations of the set {1,2,3}. Observe, however,
that if o is a transposition of two numbers in {1, 2,3} then the term one obtains is one
of the three terms associated to the permutations (1,2,3), (2,3,1), (3,1,2). Thus (4)
is exactly

2 palz1, T2, 73),

where p,(z1, e, z3) is defined as the sum in (4) taken only on the three permutations
(1,2,3), (2,3,1), (3,1,2).

In the first chapter it is shown that when 1, x5, and x3 are three distinct points in
R™ then

2 -2 gl+a

< <
L(xl,x27x3)2a = pa($1,$2,x3) = L($1,$2,I3>2a7

(5)

where L(z1,xs,x3) is the largest side of the triangle determined by the three points 1,
xo and x3. Notice that in particular this means that, for 0 < a < 1, p,(z1, 22, 23) is a
positive quantity. Also, when oz = 1 the left hand side in (5) is identically zero and the
inequality becomes trivial.

We will make here a small computation to illustrate the phenomenon of change of

signs when 1 < a < n.
Notice first that if 21, zo, x3 € R™, (4) can be written as

COS(923)|ZL’2 — 1’3|a + COS(ng)’I'l — $3|a + COS<812)|1’1 — (L’g|a

pa($1,9€2,$3) = )

w1 — 3| |21 — 23]*|z2 — @s|®
where 0;; is the angle opposite to the side x;x; in the triangle determined by x;, z3, x3.
Denote by l;; = |z; — x|, for i # j, 4,5 € {1,2,3}.
Let n = 2 and take x1, x5 and x3 on the x-axis such that l15 > l13 > l53, then

l55 + 195 — 1Ty

< 0,
195195155

pa($1,$2,$3) =

because o > 1 and [ = la3 + l13. On the other hand, if the three angles are in [0, /2]
and ;2 > 113 > l33. Then we have



1 [¥ [
Pal1, 2, 23) = —— | cos(ba3) + Cos(@lg)ﬁ + Cos(ng)ﬁ
195155 155 155

1
>

> > 0.
l12113

(cos(Ba3) + cos(f13) + cos(b12)) > ——
195155

We return now to the classical setting. For a positive Borel measure p in C, the
curvature of pu is defined as

) = [ [ ety 2 Paue)duty)antz).

This notion was introduced by M. Melnikov in [Me], where he showed that
A (B) = Csup — I - (6)
(Nlpall ()

for some absolute constant C' and the supremum taken over all positive finite Radon
measures g supported on E with linear growth, that is, u(B(z,r)) < r for all discs
B(z,r) C C. In particular the equivalence (6) shows that v(E) > 0 provided that E
supports some positive finite Radon measure with pu(B(z,r)) < r for all z € C, r > 0,
and 2(p) < oo.

On the other hand, due to a result of M. Melnikov and J. Verdera [MV], it turns
out that the curvature of a measure is closely related to the Cauchy integral of this
measure. They showed that for a measure p with linear growth, the L?(p)-norm of the
Cauchy integral of the positive finite measure p, is comparable to ¢?(u) 4 |||, that is

ICUNE2 ) ~ () + [l (7)

where the notation A ~ B means, as it is usual, that for some constant C' one has
C'B<A<CB.

Using Menger curvature and previous work of M. Christ [('h2], P. Mattila, M. Mel-
nikov and J. Verdera | | proved the Vitushkin conjecture for Ahlfors-David regular
sets, namely that compact sets £ C C with 0 < H'(E) < co and H(ENT) = 0 for
any rectifiable curve I' C C, have y(E) = 0. The solution of the conjecture for any
compact set was obtained by G. David in [D2]. To prove Vitushkin’s conjecture with-
out any regularity condition, it has been necessary to study the L2-boundedness of the
Cauchy integral operator with respect to measures which are non-doubling. Recall that
a measure p is doubling if ©(2B) < Cu(B) for all balls, where 2B is the ball concentric
with B but with double radius. A non-homogeneous Calderén-Zygmund theory has
been developed (see [T'1], | ]). In fact, the solution of the Vitushkin’s conjecture
follows from a T'(b)-type Theorem for non-doubling measures.

X. Tolsa [1'1] showed a T'(1)-Theorem for the Cauchy integral operator with respect
to an underlying measure p which is not assumed to satisfy the standard doubling
condition. Namely he proved that if y is a continuous positive Radon measure with



linear growth and such that ¢?(yp) < Cu(B) for all discs B C C, then the Cauchy
integral operator is bounded on L?(u). Notice that, by the result of [MV], see (7), the
conditions required to the measure p in Tolsa’s T'(1)-Theorem are equivalent to

/ IC. (xpw))|* dp < Cu(B), for all discs B C C, (8)
B
where
dp(2)
Ce(p)(y =/ ——,yeC
(1) (y) S

is the truncated Cauchy integral operator.

We remark that if the measure p is doubling, then condition (8) is easily seen to
be equivalent to requiring that C.(u) belongs to BMO(u), uniformly in e. Hence the
result can be understood as a T'(1)-Theorem for a continuous positive measure non
necessarily doubling (see [D1] for the standard formulation of the T'(1)-theorem). The
same result has been proved, independently, by Nazarov Treil and Volberg, where fairly
more general Calderén-Zygmund operators are considered. The arguments in [1'1] are
of complex analytic nature and exploit Menger curvature, which is a tool very specific
for the Cauchy kernel. In [V1] there is an alternative proof of the same result, which
also uses Menger curvature but does not use any complex analysis.

After David’s solution of Vitushkin’s conjecture, F. Nazarov, S. Treil and A. Volberg
[ ] proved a T'(b)-Theorem useful for dealing with analytic capacity. Their theorem
gives also an alternative solution to the Vitushkin’s conjecture.

These T'(b)-Theorems on non-homogeneous spaces have been an important ingredi-
ent, together with the curvature of a measure for the impressive progress made recently
to solve old important problems concerning analytic capacity (see [D2], | 1 ],
[72] and [1'1]).

As we said before, the proofs of Theorems A and B are based on the relation between
the capacity 7, and the L?-boundedness of the a—Riesz operators. David and Semmes
have studied singular integrals on integral dimensions and rectifiable sets. If a € Z
and p is a surface measure on a sufficiently nice a-dimensional surface, for example a
Lipschitz graph, then the a-Riesz operator is bounded on L*(yu). It turns out that if
E is an Ahlfors-David regular set and the operators corresponding to the Riesz kernels
z;/|z|'*T*, 0 < a < n,i=1,..,n are bounded on L?( fz), then a must be an integer
(see [Vi]). The result in [Vi] is proved by using an approach based on tangent measures,
in which the Ahlfors-David regularity condition is strongly used. If we knew how to
generalize Vihtild’s result, namely, if we could show that for o ¢ Z, compact sets
E C R™ with finite H®-measure have unbounded a—Riesz transform in L?(H%), then
we would be able to extend Theorem A to all indexes 0 < a < n such that o ¢ Z.
However, we do not know how to prove this result for general sets with finite non-integer
a-Hausdorff measure. On the other hand, we do have a result when 0 < o« < 1. The
proof of Theorem A is based on the following. Given a positive finite Radon measure
W, set



polt) = [ [ [ palorvazi)dte ) dute)dutas).

If we assume that p(B(z,r) < Cr®, then, arguing as in [\ V], but with p, (@) instead
of with ¢(p1), we obtain that the L?(u)-norm of the a—Riesz operator is comparable
to pa(p) + ||pf], that is,

[ Ra () 1720) = Pal2) + [ (9)
In the first Chapter of this dissertation, we can show that for 0 < a < 1,

Pa(p) = +00, (10)
for every positive Borel measure p with
B
0 < lim Supw < 00
r—0 re

for 1 almost all z € R™. (10) holds because for 0 < a < 1, in contrast with the case
a = 1, the positivity of the permutations comes with lower bounds (see (5) above).
Thus, due to (9), for such a measure u, the a—Riesz operator is not bounded in
L*(p). Namely, there are no sets of finite a-dimensional measure where the a-Riesz
kernel is bounded. Hence one gets zero capacity for all such sets. All this happens
without the Ahlfors-David regularity assumption. The fact that p,(x1, 22, x3) > 0 only
for 0 < a < 1, explains our restriction on « in Theorem A. In proving Theorem A we

also have to adapt a deep recent result of Nazarov, Treil and Volberg | | on the L?
boundedness of singular integrals with respect to very general measures. One cannot
apply directly the Nazarov Treil and Volberg T'(b)-Theorem in | | to our a—Riesz

operators. It is necessary to find an apropriate substitute for what they call suppressed
operators. In Section 2 of the first Chapter, it is shown that at least there are two
suitable versions of such suppressed operators that work for the a—Riesz transforms,
0<a<n.

The proof of Theorem B follows the ideas of a well known result of Christ [C'h2]
stating that if an Ahlfors-David regular set F of dimension 1 in the plane has positive
analytic capacity then the Cauchy integral operator is bounded in L?(F, H!), where F
is another Ahlfors-David regular set such that H'(ENF) > 0. Then the main difficulty
for us to adapt Christ’s result lies in the fact that if « is non-integer then, according to
Vihtild’s result there are no Ahlfors-David regular sets £ on which the a-dimensional
Riesz operator is bounded in the space L*(E,H*). This prevents us from adapting
directly Christ’s arguments and then we are forced to find a way around, which turns
out to be rather lengthy and involved. To prove Theorem B, we suppose that we have
positive 7, capacity and then by means of a stopping time argument, in which we use
the set itself to construct pieces of the new one, we manage to construct an Ahlfors-
David regular set F' whose intersection with the initial set E has positive a—Hausdorff



measure and where the a—Riesz operator is bounded in L?(F,H®). Thus Vihtild’s
result gives the desired contradiction.

The capacity v, is defined as ,, but the supremum in (1) taken only over positive
measures. In Chapter 3, we will prove that for 0 < a < n, 7,4+ is countably semiaddi-
tive. This can be used, coupled with an idea of Pajot, to extend Theorem B to a more
general setting. Pajot proved in [Pal] that for 0 < a < n and « € Z, a compact set
with finite a-Hausdorff measure and satisfying some density condition can be covered
by a countable union of Ahlfors-David regular sets of dimension «. This result extends
directly to any 0 < a < m and so we can prove the following

Theorem C. Let 0 < a < n, a ¢ Z and let E C R™ be a compact set with
HY(E) < o0, such that for all z € E,

0<60f(z,E) <0z, E) < oco.
Then ~,(E) = 0.

Recall that the quantities 0%(z, E') and 6**(z, E') are the lower and upper densities
of F in x. They are defined by

0 (z, F) = limian (£0 B(z,r))

r—0 re

and
“(ENB
0**(x, E) = limsupH (EN (w,r))'

r—0 re

It seems that one can extend the results concerning analytic capacity and Menger
curvature to results involving the capacity v, and the quantity p,, for 0 < o < 1. In
this fashion, we obtain in Chapter 2 a characterization of the capacity v,+, 0 < a <1,
in terms of the quantity p,. We need to introduce first some notation. For a positive
Radon measure pin R", 0 < o < 1 and x € R", set

P0@ = [ [ bty 2duto)duta)

Mop(z) = sup w(B(z,r))

r>0 re

and

Uz (x) = Map(z) + palp) ().

Notice that pa(u) = [ P2 (1) (z)dp(z). The potential UX is analogue to the one
introduced in [V1]. The energy associated to this potential is



Then we obtain

Lemma D. For each compact set K CR"™ and 0 < o < 1 we have

1
o K)~ T /N
Yo+ (K) SUD

where the supremum is taken over the probability measures v supported on K.

The proof of v ~ v, in [T2] (or the same result for the continuous analytic capac-
ity proved in [T3]), involves Calderén-Zygmund theory on a non-homogeneous setting,
localization of the Cauchy kernel and the fact that the symmetrization of the Cauchy
kernel gives a non-negative quantity. These three ingredients remain valid when in-
stead of v, we consider the capacity v, for 0 < a < 1. The localization of the a—Riesz
potential for 0 < a < n is proved in Chapter 2. We show that for a given infinitely
differentiable function g supported on 2@, ) C R" being a cube, the fact that the
potential T+ =, 0 < a < n, is a function in L>(R™) implies that poT * e
belongs also to L>*(R™). Hence one can adapt the proof in [T2] (taking into account
some adjustments introduced in [13]) to get that

Theorem E. For compact sets K C R" and 0 < a < 1, we have

VoK) & Yot (K).

Thus using Lemma D, we have a description of v, in terms of the energy FE,.
Moreover, for a positive measure p in R” and 0 < o < 1, due to the lower inequality in
(5) we get the following equivalence,

lew/émG@%ﬁg?%mw (11)

Notice that the expression on the right hand side of (11) is nothing but the energy
associated to the Wolff potential W4 ( 5 of the measure p. Recall that given 1 <
3

7&),*
p < oo and 0 < sp < n, the Wolft potentialQW;fp is defined by (see [AH], p. 45)
< (B "y
o = [ (MEED) T e
) 0 n—sp r

where p’ = p/(p — 1) is the exponent conjugate to p. Let

Bip(n) = / /0 ) (%)pll %du(x)
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be the energy associated to the Wolff potential W . Recall now that for any compact
set K C R" and p, s as above, the Riesz capacity Cs, is defined by

1
Csp(K) = inf{H(,pHg R T >1 on K},
x n—s

where the infimum is taken over all compactly supported infinitely differentiable func-
tions on R".
By Wolft’s inequality ([AH], Theorem 4.5.4, p.110) we have that

. 1 1
B o e T
where C' is a positive constant depending only on s and p and the supremum is taken
over the probability measures ;1 supported on K. Hence using Theorem E, Lemma D,
(11) and (12) we obtain

(12)

Theorem F. Given a compact set K CR" and 0 < a < 1,

C_lc(%(n—a),%(K) S ’Ya( ) < CCQ(n o) %(K)

It is well-known that the capacity C'z(,,_,) 3 vanishes on sets with finite a—dimensional
Hausdorff measure. Thus, we recover ﬁere Tileorem A. Moreover Cs,, is a subadditive
set function (almost by deﬁmtlon) and consequently, 7, is semiadditive for 0 < o < 1,
that is, given compact sets K; and Ko,

Yo (K1 U K3) < C{7a(K1) +7a(K2)}, (13)

for some constant C' depending only on « and n. In fact 7, is countably semiadditive.
For @ = 1 and n = 2 inequality (13) is still true and is a remarkable result obtained

in [T2]. For « =n — 1 and any n > 2, (13) has been shown very recently in [Vo] by
adapting the techniques used in [12] (for &« = n — 1 the symmetrization method does
not give a positive quantity, thus in [Vo] one has to circumvent this difficulty in order

to adapt Tolsa’s result).

Another interesting consequence is the bilipschitz invariance of the capacity -, for
0 < a < 1. This means that if ¢ : R* — R” is a bilipschitz homeomorphism of R",
namely,

L7z —y| < [é(z) — é(y)| < Llz -y,

for x, y € R™ and for some constant L > 0, then for compact sets K one has

C 1K) < 7a(6(K)) < Cra(K),

where C' depends only on L, o and n.
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Very recently, X. Tolsa [11] has proved that the analytic capacity is also bilipschitz
invariant, which solves the Painlevé problem of characterizing geometrically sets that
are removable for bounded analytic functions. The problem of the bilipschitz invariance
of analytic capacity, first appeared in [V2]. J. Garnett and J. Verdera [GV] proved it
before for generalized Cantor type sets.

This dissertation consists in three articles which form the three next chapters. Thus
each one is completely self-contained. It is organized as follows. The first paper is
entitled Potential theory of signed Riesz kernels: capacity and Hausdorff measure, and
we show there that the symmetrization of the Riesz kernels gives a positive quantity.
This result together with a T'(b) type Theorem of Nazarov, Treil and Volberg | ],
is used to prove Theorem A. Theorem B is also proved in this Chapter by means of a
lengthy delicate stopping time argument.

In the second preprint, Signed Riesz capacities and Wolff potentials, we prove that
for 0 < a < 1, the capacity 7, is equivalent to the well known capacity C’g (n—a),2 of
non-linear potential theory.

In the third paper, Sets with vanishing signed Riesz capacity, we deal with the proof
of Theorem C.

Finally in the last chapter, we state some open problems connected to the questions
considered in this dissertation.
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Chapter 1

Potential theory of signed Riesz
kernels:
capacity and Hausdorff measure.

1.1 Introduction.

The has been recently substantial progress on the problem of understanding the nature
of analytic capacity (see [D2], | | and [12]). Recall that the analytic capacity of a
compact subset F of the plane is defined by

V(E) = sup [ f'(o0)],

where the supremum is taken over those analytic functions on C\ E such that |f(2)| < 1,
for z ¢ E. It is easily shown that sets of zero analytic capacity are the removable sets
for bounded analytic functions.

In [D2] one proves Vitushkin’s conjecture, namely the statement that among com-
pact sets of finite length (one dimensional Hausdorff measure) the sets of zero analytic
capacity are precisely those that project into sets of zero length in almost all directions.
Equivalently, by Besicovitch theory, these are the purely unrectifiable sets, that is, the
sets that intersect each rectifiable curve in zero length. In | ] one characterizes the
Cantor sets of vanishing analytic capacity and in [12] the semiadditivity of analytic
capacity is proven.

When dealing with analytic capacity, very often one finds oneself working with the
Cauchy kernel 1/z and not using at all analyticity. Indeed, analytic capacity itself can
be easily expressed without making any reference to analyticity in the form

Y(E)=sup| <T,1>| (1.1)

where the supremum is taken over all complex distributions 7" supported on E such
that the Cauchy potential of 7', f = £« T, is a function in L**(C) satisfying || f[le < 1.
It seems, then, interesting to try to isolate properties of analytic capacity that depend
only on the basic characteristics of the Cauchy kernel, such as oddness or homogeneity.
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With this purpose in mind we start in this paper the study of certain real variable
versions of analytic capacity related to the Riesz kernels in R™. Their definition is as
follows. Given 0 < o < n and a compact subset E of R", set

Ya(E) =sup| <T,1> |

where the supremum is taken over all real distributions T supported on E such that
for 1 < < n, the i-th a-Riesz potential T« &&= of T is a function in L>*(R") and

||T>«< 1+a||oo <1. Whenn =2 and a = 1, ertlng |"“i2 —z| g with z = x + iy, we
obtaln yl(E) < v(FE) for all compact sets E. Accordlng to Tolsa’s Theorem [12] one
has

V(E) < Oy (B),

for all compact sets E, where v, (£) is defined by the supremum in (1.1) where now one
requires T to be a positive measure supported on E (with Cauchy potential bounded
almost everywhere by 1 on C). Thus, on compact subsets of the plane v and ~; are
comparable, in the sense that for some positive constant C' one has

C™'n(B) < y(E) < On(E).

Therefore our set function 7, can be viewed as a real variable version of analytic ca-
pacity associated to the vector valued kernel E |1+a. Of course one can think of other
possibilities : for example, one can associate in a similar fashion a capacity 7o to a
scalar kernel of the form K(x) = S\l(la where (2 is a real valued smooth function on R",
homogeneous of degree zero. We will not pursue this issue here.

In section 3 we compare the capacity 7, to Hausdorff content. We obtain quanti-
tative statements that in particular imply that if £ has zero o -dimensional Hausdorff
measure, then it has also zero v, capacity. In the other direction one gets that if
has Hausdorff dimension larger than « then -, is positive. Then the critical situation
occurs in dimension «, in accordance with the classical case.

The main contribution of this paper is the discovery of an interesting special be-
haviour of v, for non integer indexes . When « is an integer and F is a compact
subset of an a-dimensional smooth surface, then one can see that 7,(E) > 0 provided
H*(E) > 0, H* being a-dimensional Hausdorff measure (see [V P], where it is shown
that if F lies on a Lipschitz graph, then ~,,_1(FE) is comparable to the (n—1)—Hausdorff
measure H" !(E)). In particular, there are sets of finite a-dimensional Hausdorff mea-
sure HY(E) and positive 7,(E). It turns out that this cannot happen when 0 < o < 1.

Theorem 1.1. Let 0 < o < 1 and let E C R™ be a compact set with H*(E) < oo .
Then v,(E) = 0.

Notice that the analogue of the above result in the limiting case a = 1 is the difficult
part of Vitushkin’s conjecture : if E' is a purely unrectifiable planar compact set of finite
length, then v(£) = 0. We do not know how to prove Theorem 1.1 for a non integer
a > 1. Even for an integer a > 1 we do not know if the natural analogue of Vitushkin’s
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conjecture is true. However we do have a result in the Ahlfors-David regular case.
Recall that a closed subset E of R™ is said to be Ahlfors-David regular of dimension d
if it has, locally, finite and positive d-dimensional Hausdorff measure in a uniform way:

C ' <HYENB(z,r) < Cr¢, forz € B, r<d(E),

where B(x,r) is the open ball centered at z of radius r and d(£) is the diameter
of E. Notice that if F is a compact Ahlfors-David regular set of dimension d, then
HYE) < .

Theorem 1.2. Let E C R"™ be a compact Ahlfors-David regular set of non-integer
dimension a, 0 < a <n. Then v,(E) = 0.

In proving Theorem 1 we use a deep recent result of Nazarov, Treil and Volberg
[ ] on the L? boundedness of singular integrals with respect to very general mea-
sures (see section 2 below for a statement). As a technical tool we also need a variant
of the well known symmetrization method relating Menger curvature (see section 2 for
a definition) and the Cauchy kernel (see [Mec], [MV] and | ]). Symmetrization of
the kernels mﬁ, leads to a non-negative quantity only for 0 < a < 1. For @ = 1 this is
Menger curvature and for 0 < o < 1 a description can be found in Lemma 1.15 below.
However, non-negativity and homogeneity seem to be more relevant facts than having
exact expressions for the symmetrized quantity. The lack of non-negativity for o > 1
is the reason that explains the restriction on « in Theorem 1.1.

The proof of Theorem 1.2 follows the line of reasoning of a well known result of Christ
[Ch2] stating that if an Ahlfors-David regular set E of dimension 1 in the plane has
positive analytic capacity then the Cauchy integral operator is bounded in L?(F, H?),
where F' is another Ahlfors-David regular set such that H'(E N F) > 0. The main
difficulty for us lies in the fact that if « is non-integer then, according to a result of
Vithila [Vi] there are no Ahlfors-David regular sets £ on which the a-dimensional Riesz
operator is bounded in the space L?(E,H®). This prevents us from adapting directly
Christ’s arguments and then we are forced to find a way around, which turns out to be
rather laborious.

Throughout all the paper, the letter C' will stand for an absolute constant that may
change at different occurrences.

If A(X) and B(X) are two quantities depending on the same variable (or variables)
X, we will say that A(X) ~ B(X) if there exists C' > 1 independent of X such that
C1'A(X) < B(X) < OB(X) for every X.

In section 2 one can find statements of some auxiliary results and the basic notation
and terminology that will be used throughout the paper. As we already mentioned
above, in section 3 we compare 7, to Hausdorff content. Theorem 1 is proven in section
4 and Theorem 2 in section 5.
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1.2 L? boundedness of singular integral operators.

A function K (z,y) defined on R™ x R™\ {(z,y) : © = y} is called a Calderén-Zygmund
kernel if the following holds:

1. |K(z,y)| < Clz —y|~® for some 0 < a < n (a not necessarily integer) and some
positive constant C' < oo.

2. There exists 0 < € < 1 such that for some constant 0 < C' < oo,

|z — xol°

‘K(l’,y) - K(l’g,y)| + |K(y,l’) - K(y,I0>| S Clm_yla—ka’

if | — xo| < |z —yl|/2.

Let o be a Radon measure on R”. Then the Calderén-Zygmund operator 1" associ-
ated to the kernel K and the measure p is formally defined as

vwszmmmszmwﬂwww

This integral may not converge for many functions f, because for x = y the kernel
K may have a singularity. For this reason, we introduce the truncated operators 7,
e>0:

Eﬂ@zﬂmM@z/ K (2, 9)f () duty).

lz—y|>e
We say that the singular integral operator T is bounded in L?(u) if the operators

T. are bounded in L?(x) uniformly in €.
The maximal operator T™ is defined as

T"f(x) = sup |T- f (x)].

e>0
Let 0 < a < n and consider the Calderén-Zygmund operator R, associated to the
antisymmetric vector valued Riesz kernel x /|z|'e.

For the proof of Theorem 1.1 a deep result of Nazarov, Treil and Volberg will be
needed. First we introduce some more notation. We say that B(x,r) is a non-Ahlfors
disk with respect to some constant M > 0 if u(B(x,r)) > Mr. A disk B(z,r) is non-
accretive with respect to some bounded function b if for some fixed positive constant ¢

we have ‘fB(z " bdu‘ < eu(B(x,T)).
Let ¢ be some non negative Lipschitz function with Lipschitz constant 1 and consider

the antisymmetric Calderén-Zygmund operator K associated to the suppressed kernel
kid)I

T—y
|z — y|? + o(x)o(y)

ko(w,y) =



1.2. L? boundedness of singular integral operators. 17

The kernel k4 has the very important property of being well suppressed (we are

borrowing the terminology from | ]) at the points where ¢ > 0, that is
hola )l € ——— (12
T, Y) = . .
’ max{¢(x), ()}
We will state now a 7'(b) Theorem of | | for the Cauchy kernel.

Theorem 1.3. Let pu be a positive Radon measure on C with lim supw < oo for

r—0

(o almost all  and b an L) function with | [ bdu| =~. Let M >0, B > 0, an open
set H C C with p(H®) > 0 and ¢ : C — [0,00) a Lipschitz function with constant 1
such that:

1. Every non-Ahlfors disk and every non-accretive disk is contained in H.
2. ¢(x) > dist(x, H®).

3. K;b(x) < B for u almost all x and for every Lipschitz function 0 with constant 1
such that 68 > ¢.

Then Ky is bounded in L*(n). In particular, if F = {x : ¢(x) = 0}, the Cauchy
transform is bounded in L*(pup).

One can use this result to give an alternative proof of Vitushkin’s conjecture (see
INTV3)),

To use their result for the a—Riesz transform R,, 0 < o < n, we need an appropriate
version of the suppressed kernels associated to the Riesz a-operator R,. We have found
that the following kernel does the job:

bonl0) = k] (13

N
Cr =yttt — g2+ cb(x)qb(y))
where N =min{m € N : a <m}. Thatis, N=«aifaeNand N =[a]+1ifa ¢ N,
where [o] denotes the integer part of . Notice that kg1 = k.
For the sake of completeness we state the properties of the kernel k; , on a separate
lemma.

Lemma 1.4. The kernel ks o(z,y) is an antisymmetric Calderon-Zygmund kernel and
15 also well suppressed at the points where ¢ > 0, that 1s,

1
max{¢(z)*, ¢(y)*}

Proof. 1t is easy to see that this suppressed kernel satisfies kg (2, y) = —kgo(y, )

kg2, y)| <

and |kso(z,y)] < |z —y|~* We show now that |ks.(z,y) —, for all x, y.

< _
~ ¢(x)
Observe first that ¢(y) > ¢(x) — |x — y|, which implies that
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1 |z —y|? !
|kga(2,y)| < [z — g (|x — |2 + () (p(z) — |z — y|)>

|z — y|? e |z — y|? °
|z — y|? + o(x)(d(z) — |$—y|)> (Ix—yl2+¢(x)(¢(:v)—\I—y\))

M—yP

(
|x—ma(u yP+Jx?%: |x—m0a
Co

|z — yl” )a< 1 (\w—MQ)a
()|l —yl + (d(z) — [z —y|)? ) ~ |z —yl* \ o) -yl

M—yP
_¢@P'
Now we only need to show that

AN +a +3

|vmk¢,a(x7 y)| S W'

2
Set Py(z,y) = - y||f+ ?( 1500) and write V k4 o(z,y) = A+ B, with
[z =yl = (0 +a)lr —yl*(z —y) a+2
A = |Py(x,y) " g < ooy
and
Bl NP1 220 b = 0 4 60)00) ~ o = o e — ) + ' 2)ol)

(lr = yI2 + ¢(2)p(y))* |z — yl

N( |z —y|? )Nﬂw—yF+M@Mw%H$—m@M—M+W@M@D
[z —y2 + é(z) o (y) |z =yl e(lr — yl> + o(x)d(y))

IN

N( z —y? )qu—yw+2wm¢@w+wwm—y|
(o —yP+o@oly)) T =yl (o —yP + o(x)o))

AN o(y) 4N +1
~ + l{f X y R TE
T e ) S

IN

where one uses (1.2) in the last inequality. O
Using this operators and adapting Theorem 1.3 one obtains the following result for
the a—Riesz transform R,:
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p(B(z,r))

ro

Theorem 1.5. Let p be a positive measure on R™ such that lim sup

r—0

for p almost all x and b an L*(u) function such that | [ bdu| = ~,. Assume that
R} b (v) < 400 for pi almost all x. Then there is a set F' with u(F) > 2 such that the
a-Riesz potential R, is bounded in L*(pp).

< 400

Remark. This set F' corresponds to C\ H in Theorem 1.5. Namely F is the set where
there are no problems, (every disk is Ahlfors and accretive and the maximal operator is
uniformly bounded.)

Remark. [A. Volberg, personal communication] Instead of using the Calderén-Zygmund
operator related to the suppressed kernel defined in (1.3), one can also use the operator
related to the following suppressed kernel:

ko, y)
1+ k2(x,y)o*(x)(y)’

ktb,a (.T, y) =

with ka(z,y) = (v —y) /| — y[.

For the proof Theorem 1.2, we need to define some sets Q’;; that will be the analogues
of the euclidean dyadic cubes. These “dyadic cubes” were introduced by M. Christ in

[Ch2].

Let E' C R" be an Ahlfors-David regular compact set with H*(E) < oco. Let = H[j
and p the euclidean metric. Then (FE, p, ) is a space of homogeneous type, that is,
(E, p) is a metric space and p is a doubling measure, i.e. pu(B(z,2r) < Cu(B(z,1)),

(see [Ch2]).

Theorem 1.6. [C2] For a space of homogeneous type (E, p, i) with p as above, there
exists a collection of Borel sets Q(F) = {QE C E: k€N, g e N}, and positive
numbers 6 € (0,1), a1, by and n such that

1o p(E\ U Q%) =0 for each k,

2. If L > k then either QﬂY C QE or ny N Q'E = 0.

3. For each (k,[3) and each | < k, there is a unique 7y such that Qg C Qf/.
4. d(Qg) < 6%, where d(Qg) denotes the diameter of the cube Qg.

5. Each Qf contains some ball B(QY) = E N B(zf, a10%).

6. Each cube Qf has a "small boundary”, i.e. p{z € Qf : p(z, E\ Q) < td*} <
blt”,u(Q’;;) for every k, (8 and for every t > 0.

We denote by QF(E) = {QZ € Q(F): p €N}, ke N the cubes of generation k in
Q(E).
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For the variant of the T'(b) Theorem that we need (see Theorem 20 in [Ch2]) we
require the definitions of a dyadic para-accretive function and a dyadic BMO function.

Definition 1.7. A function b € L>®(FE) is said to be dyadic para-accretive if for every
QE € Q(F), there exists le € Q(F), le C QZ, with | <k -+ N and

| [ bdu| > en(@Q)
Q4
for some fized constants ¢ > 0 and N € N.

Definition 1.8. A locally pu integrable function f belongs to dyadic BMO(u) if

supmf /|f —c|du(z) < oo,

ceC M

where the supremum is taken over all dyadic cubes Q € Q(F).

Theorem 1.9. [C12] Let E be a space of homogeneous type with underlying doubling
measure i, b a dyadic para-accretive function and T a Calderon-Zygmund operator
associated to an antisymmetric standard kernel. Suppose that T'(b) belongs to dyadic
BMO(u). Then T is a bounded operator in L*(u).

A recent new approach to a variety of 7'(b) Theorems can be found in | ]

For the proof of Theorem 1.2, the following result of Vihtila will be also needed.

Theorem 1.10. [V Let i1 be a nonzero Radon measure in R™ for which there exist
constants 0 < ¢; < cg < 00 such that

ar® < u(B(z,r)) < cor®

for all x € spt(p) and 0 < r < d(sptp). If Ry is an operator bounded in L*(p), then o
18 an integer.

This theorem was proved by using an approach based on tangent measures.

1.3 Relation between v, and Hausdorff content.

We need the following lemma.

Lemma 1.11. If a function f(x) has compact support and has continuous derivatives
up to order n, then it is representable, for 0 < a < n, in the form

(Z% ’1+a> (x), x€R", (1.4)

where p;, i =1,....,n, are defined by the formulas:
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Pi = Cn,a Akaif * for n=2k+1,

1
‘x’nfa
i = Cn A S - or n =2k,
¥ f |x|1+n « f
in which ¢, o 15 a constant depending on n and «.

Proof. Assume first that n = 2k + 1. Taking Fourier transform of the right hand
side of (1.4) we get, for appropriate numbers a,, , and by, o,

i . iy b i T
ZSDZ ana|é_’1§_n o= ch,a|£|2k€i f(6) @ an,a|§|1§m = Cna Uy Do f(§).

i=1

Then (1.4) follows by choosing ¢, o so that ¢, Gna bna = 1.
A similar argument proves (1.4) in the case n = 2k. O

We are now ready to describe the basic relationship between 7, and Hausdorff
content (the d-dimensional Hausdorff content will be denoted by M? (see [G] for the
definition and basic properties)).

Lemma 1.12. If 0 < a < n then there exist constants C' and C. such that

C-M*(E)a% < 7,(E) < CM®(E)
for any compact set E C R™ and € > 0.

Proof. We proof first the second inequality. Let {Q;}; be a covering of E by
dyadic cubes ); C R™ with disjoint interiors. By a well known lemma (see [HI’]) there
exist functions g; € C§°(2Q);) satisfying >, g; = 1 in a neighborhood of U;Q; and
10°g,] < Cl(Q;)7F1 |s| > 0. Here s = (s1,...5,), with 0 < s; € Z, |s| = s1+ 59+ ... + 85,
and 0° = (0/0z;)%...(0/0x, )™ .

Let T be a distribution with compact support contained in £ and such that the i-th
a—Riesz potentials T'# = of T" are functions in L*>(R™) with L*°- norm not greater
than 1,1 < i <n. Applying Lemma 1.11 to each g;, we obtain functions gpé- satisfying
(1.4) with f and ¢; replaced by g; and ¢! respectively. Thus

‘<T71>‘:’<T7Zgj>|§Z’<T7gj>’22|<TZ(pz |1+a

J J

_ZZ\<T* ’1+a,%>\_ZZ/M z)|da.
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Take n = 2k+1 (for n = 2k the argument is similar) and write k,(z) = |z|7""“. Let
()o be the unit cube centered at 0. Changing variables and using [0°g;| < Csl(Q;)~ sl
we get

]<T1>]<ZZ/]% |dx—ZZ/ /Akﬁg] (x — y)dy| dx

2Q;
= Z Z / /Akaigj (Y)ka(z — y)dy| do + / /gj(y)AkE)ika(x )}yl de
7 =1 3Qj QQJ' R"\SQj 2Qj
= nZl(Qj) // (z —y)dydx + Cy // y‘2n o —dydx
J 3Q0x2Qo (R"\SQO)X2QO

\

Thus v,(F) < CM*(E).

For the reverse inequality we use a standard argument that we reproduce for the
reader’s convenience. Suppose that M**¢(E) > 0 for some ¢ > 0. By Frostman’s
Lemma (see [\ 1] Theorem 8.8) there exists a measure u supported on F such that
p(E) > CM*™(E) >0 and p(B(z,r)) < r*t z € R", r > 0. Then by a change of
variables we obtain

(i) o) < [ 2195 = [T o=z 0 a

|z —y|*

= /OOOM(B(y,t‘l/"))dt: a/ooo —M(B;l(f;r))dr

w(E)ate 00 E .
<ol [T s [T BB < (21)umpe
0 w(E) r €

a+te

Using this estimate we get the desired inequality, namely

H E € ——= ate
() 2 INE: _(l’i) I = a—i—g:u(E)l vz = C. p(B)a+e > O, M*T(B)s+. [
[z[t+a lloo

Let dim(F) be the Hausdorff dimension of the set E. A qualitative version of the
above lemma is the following.
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Corollary 1.13. Let E C R™ be compact.
1. If dim(E) > « then v,(E) > 0.

2. If dim(E) < a then v,(E) = 0.

1.4 Proof of Theorem 1.

1.4.1 Distributions that are measures.

We start by a lemma that shows that certain distributions are actually measures.

Lemma 1.14. Let 0 < aw < n, E C R" be compact with H*(E) < oo and let T be a

T

distribution with compact support contained in E and such that T * W 18 bounded in

R™ 1 <1i<mn. Then T is a measure which is absolutely continuous with respect to the
restriction of H® to E and has a bounded density, that is,

T =hH®, for some h € L*(H") supported on E. (1.5)

Proof. We first show that 7" is a measure. For this it is enough to prove that

| <T.f>[<CHYE)fllor [ €C (1.6)

Given € > 0 we can cover the compact set E with open balls B; of radius r;,
j=1,...ksuch that BN E # 0, r; < ¢ and

> 1 <2H(E) +e. (1.7)

J=1

Let 4 be a function in C§° with spt¢) C B(0,1) and [ ¢(z)dx = 1. Define

vula) = (2

To prove (1.6) we can assume without loss of generality that spt(f) C U;B;. This
is so because if 3 € C§°, spt(8) C U;B;, 0 < <1 and (z) = 1 in a neighborhood of
E,then <T,f>=<T,f3> and [[Bflec < |fllo-

Assume that n = 2k + 1 (the argument for even dimensions is similar). Applying

Lemma 1.11 to 1, using the boundedness of T x M””ﬁ for 1 <1 < n and setting
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ko(x) = || 7" we have

|<T,f <T

f % A*0), * kq >'

%
ERDy

< C’Z/‘(f x AR, * k:a) (x)| dx
i=1

(1.8)
— OZ / '/f(y) (Akaﬂ/za * k:a) (xr —y)dy|dx
i=1
<l 35 Y [ 800 w2
j i=1
We will show that
/ \Akaiwg * ka(z)‘ dz < Cente (1.9)
where C is a constant depending on the L!'—norm of ¥ and A*d;) but not on «.
Then using (1.7) we will have
| < T, f e > | SOl flloos™™ Y 17 < Cllf lace™ Y "
J J
=C|flloo D75 < C(H(E) +&) || flloos (1.10)
J

which proves (1.6) by letting ¢ — 0.
To prove (1.9) we use Fubini’s Theorem and a change of variables:

/ |(A*0. * ko) (2)| dz

Il

k
<e "*“/ / 2 dr dz + "~ 0‘/ / [2800@) g
|z|>2 J|z|<1 ‘Z —x| e |z|<2 J|a|<1 |z — x|

d d
—eme [ ) [ e [ st [
|z|<1 22 |2 =z l2|<1 <2 |2 — x|

< O ([l + [ AR 0wl) = Cem.

’ Vko(x)dx

dz = 5_"+a/ |(A*0) x k) (2)| dz
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Let By be an open ball and let B,, denote its closure. Let H$ stand for the restriction
of H* to E. If we show that

u(Bo)| < CHE (By) , (1.11)

then, taking a sequence of open balls Bf | B, and applying (1.11) to these balls we
will have

1 (By)| < Jim [1n (BY)] < limOng, (B) = M (By). (1.12)
It is shown in [M1] (p. 271) that for =1 (1.12) implies
lu(A)] < CHY(A) for sets A C E with H*(A) < oco. (1.13)

The argument extends verbatim to any « and thus we can take (1.13) for granted, which
gives (1.5) by Radon-Nikodym’s Theorem.

It remains to prove (1.11). We know that for every § > 0 there exists a compact set
K C E\ By such that

HY(K) >H"(E\B,) — 6. (1.14)
Let

Ji={j:B;NBy #0} and J,={j:B;NK #0}.

Recall that the radii of the balls B; satisfy 7; < e. For and appropriate € > 0 the
following holds:

> > 2HY(K) -6 (1.15)
JEJ2

and

maxr; < € < dist(K, B, ) /2.
J

This last condition implies that for j; € J; and j, € Jy we have B_j1 NnB,, = 0. So,
using inequalities (1.7), (1.15) and (1.14),

Doy et = rf <2HY(E) +e— 2H(K) +6
J

JEJ1 JEJ2

<2H“(E)+e—2H* (E\By) +6 =2H% (B,) +£+4.
If xp, denotes the characteristic function of the ball By, then

1(Bo) =< ft, XBy >=< Iy XBonE >= lg% < Uy XBonE * Ve > .
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Arguing as in (1.8), (1.9) and (1.10), we get

‘ < by XBynE *1/)8 > | < CHXBOQEHOO ZT? < ¢ (H% (B_O) te+ 5)

jeN

and letting € and ¢ tend to zero we get (1.11). O

1.4.2 Symmetrization of the Riesz kernel.

The symmetrization process for the Cauchy kernel introduced in [\Vle] has been success-
fully applied in this last years to many problems of analytic capacity and L? bound-
edness of the Cauchy integral operator (see [V3], [MV] and | | for example ; the
survey papers [D3] and [V5] contain many other references). Given 3 distinct points in
the plane, 21, z5 and z3, one finds out, by an elementary computation that

(o120, 2) = Y L (1.16)

5 (2001) = 20(3)) (20(2) = 20(3))

where the sum is taken over the six permutations of the set {1,2,3} and c(z1, 22, 23)
is Menger curvature, that is, the inverse of the radius of the circle through z;, 25 and
z3. In particular (1.16) shows that the sum on the right hand side is a non-negative
quantity.

On the other hand, it has been proved in [I] that nothing similar occurs for the
Riesz kernel k, = z/|z|'T® with a integer and 1 < @ < n. In this section we show
that for 0 < o < 1 we recover an explicit expression for the symmetrization of the
Riesz kernel k., and that the quantity one gets is also non-negative. For o > 1 the
phenomenon of change of signs appears again.

For 0 < a < n the quantity

Lo(2) — To(1) La(3) — To(1)
. o(2) o(1) o(3) o(1)

where the sum is taken over the six permutations of the set {1,2 3}, is the obvious
analog of the right hand side of (1.16) for the Riesz kernel k,. Observe, however, that
if o is a transposition of two numbers in {1,2,3} then the term one obtains is one of
the three terms associated to the permutations (1,2,3), (2,3,1), (3,1,2). Thus (1.17)
is exactly

2 pa(@1, 2, 73),
where p, (21, T2, x3) is defined as the sum in (1.17) taken only on the three permutations
(1,2,3), (2,3,1), (3,1,2).

Lemma 1.15. Let 0 < a < 1, and x1, xy, x3 three distinct points in R™. Then we
have

9 _ 9a 21+a
< <
L($17$27$3)2a _pa(l’l,l‘%fﬂ;) = L([El,$2,$3)2a7

(1.18)
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where L(xy,zq,x3) is the largest side of the triangle determined by z1, xo and x3. In
particular p,(xy1, T2, x3) is a non-negative quantity.

Proof. If n =1 and z; < x9 < x3, then

a® +b* — (a4 b)*
a®b*(a + b)>

pa($17$2,373) =

where a = x9 — x1 and b = x3 — x9. An elementary estimate shows that (1.18) holds in
this case, even with 2% replaced by 2% in the numerator of the last term.
Note that if x1, x5, z3 € R", one can write

COS(923)|ZE2 - J?3|a + COS(913)|I1 — .Z'3|a + COS(012)|ZL’1 — C(]Qla
|1 — 2a|¥|71 — T3]0 — 23|*

pa($1,$2;3€3) =

where 0;; is the angle opposite to the side x;x; in the triangle determined by x;, 3, x3.
Without loss of generality we can assume that 3, 613 € [0,7/2]. Denote by [;; =
|z; — x;], for @ # j, i,j € {1,2,3}. We consider two different cases:

Case 1: 0 <62 < 7/2.
Without loss of generality suppose l15 > l13 > ls3. Then we have

1 1o Ie
Pa(T1, 72, 73) = T—— (005(023) + 008(013)%3 + 008(912)172>
12713 23 23
1 1 2 — 2o

> (cos(fa3) + cos(b3) + cos(f12)) >

a Ja a Jo — 2
IT5015 19085 = L(x1, 2, x3)%

For the second inequality one argues as follows.

1 1+a l1+a
Pa(%, T2, $3) W (COS(Q23)512Z13 + 005(913)ll2l23l1+a + COS(912)Z13Z23Z1+Q)
1 12 l2
< W cos(0a3)l12l13 + 008(913)l12l2312 + 008(912)l13l2gl
23

ll all e 1

=11, %l5 T1,%9,T
13 “P1(T1, 2, 73) = 13 5 p2

by (1.16), where R is the radius of the circle through z1, x5 and x3 . Since clearly
l;j < 2R, we conclude that

21+a

_ |
palon 220 5) < T < Tar,
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Case 2: /2 <05 <.

We start by proving the first inequality in (1.18). Note that in this case the largest
side of the triangle is l15. Assume without loss of generality l13 > lo3 and denote
by t = li3/les > 1. Write 013 = 63 + a, with 0 < a < 7/2. Then by the triangle
inequality we have

1 [ [
Pa(®1, T, 13) = (008(023) 4 cos(fy3 + a) -2 + 008(612)2)

Il 133 193
1
> N (cos(ba3) + cos(f2 + a)t™ — cos(20a3 + a)(1 +1)%) (1.19)
12013
2 o Jo f(aa923at)>
19075
where

fla,y,t) = cos(y) + cos(y + a)t™ — cos(2y + a)(1 +1)°,

for 0 <2y+a<7/2,a>0 and y > 0.

We claim that
fla,y,t) > f(0,y,t) > £(0,0,t) (1.20)

for 0 <2y+a <w/2,a>0 and y > 0. Notice that the inequality f(a,y,t) >
£(0,0,¢) in (1.20) means that the smallest value of p, is attained when the three
points x1, xo, x3 lie on a line.

If we assume that the claim is proved, then going back to (1.19) and using that
t>1 we get

f(a, 623, Zf) >

— Jo Jo
112113

£(0,0,¢)

Pal(T1, 72, 23) > o o
1213

2 — 2% 2 — 2
(14t —(1+1t)*) > >

= a Ja — a Ja — 2a°
[75015 [35015 Ly, 19, 23)*

To prove the first inequality in (1.20), we use that for 0 <2y +a < 7/2,a >0
and y > 0 , we have cos(y) — cos(y +a) < cos(2y) — cos(2y + a) . Thus
cos(y) — cos(y + a) < (1+1)% (cos(2y) — cos(2y + a)), which is  f(a,y,t) >
f(0,y,1).

Finally, for each t, the function

f(0,y,t) = cos(y) + cos(y)t* — cos(2y)(1 + )
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has a minimum at y = 0 and this proves the claim and thus the first inequality
in (1.18).

We are now only left with the second inequality in (1.18) for 65 € [7/2, 7]. Recall
that we can assume without loss of generality that log < l13 < 5. We have

[ [
Pa(T1, T, 3) = (cos(923) + cos(913)1173 — cos(fa3 + 013)£>

5515 5 I3
lOé
<cos(923) + (cos(0h3) — cos(faz + 013)) ﬁ) '

a
l23

1
< a Jo
l12113

The function g(z) = cos z —cos(z+y) is increasing for x, y, and x+y in [0, 7/2].
Thus, g(z) < g(7/2) = siny, for x,y and x + y in [0, 7/2]. Moreover, using that
Sin(egg)/lgg = Sin(elg)/hg, we get

Pa(T1, T, x3) <

ll—a 2 21+o¢
< 0 > < <
112113

0 in(62)-23—

which completes the proof of the lemma. n

1.4.3 The main step.

Let 0 < a < n and suppose that p is a measure such that p(B(z,r)) < Cp r® for some
constant Cy and for all balls B(x,r) C R". We will now analyze what happens in a
ball B(x,r) satisfying the lower density condition u(B(x,r)) > e r® for a given number
e > 0.

Lemma 1.16. There exist constants a > 1 and b > 1 depending only on Cy and €
such that given any ball By = B(x,r) satisfying u(By) > € r®, there exist two balls
By = B(x1,r/a) and By = B(zy,7/a), with 1, x5 € spt N By, such that

1. |zy — xa| > 6r/a.

2. W(ByN B;) >r*/b fori=1,2.

Proof. Without loss of generality we may assume that By = B(0,1). Let a > 1 and
b > 1 be two constants to be chosen at the end of the construction and suppose that

the lemma is not true. This means that given any pair of closed balls B; and By of
radius a~! centered at sptu N By then either

6
‘371 — $2| < 5 s (121)

or one of the two balls, say B;, satisfies
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1
u(Bi N By) < b

Consider the covering of spty N By by balls of radius a=! centered at sptu N By.
Apply Besicovitch’s covering lemma to this covering to obtain N = N(n) families B; of
disjoint balls such that

Notice that a simple estimate of the volume of the union of the balls in a given
family reveals that each family contains no more than (2a)™ balls. We have

e<uB)<p(J U B <) mBNB),
i=1 BEB; i=1 BEB;

which means there exists at least one family B; such that

9
> w(BNBy) > ¥
BeB;

Counsider the set

1
M={BebhB: ,u(BﬂBo)>g}.

Condition (1.21) implies that all balls in M are contained in a ball of radius 8/a,
and hence

S usnm<a(t)

BeM

using that u(B(z,r)) < Cy r® holds for any ball B(z,r) in R".
The fact that each family B; contains no more than (2a)"™ balls implies

Z (BN By) < (22)”
BEBZ'
Bé M

and so we get

e<NY WBNB)<N ((QZ)n + G (§)a> .

BeB;

If a and b are appropriately chosen, this inequality gives a contradiction. O
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Let 0 < a < o0, and let p be a positive Borel measure on R™. The upper a-density
of u at x € R" is defined by

ol o) — T sup PBET)
0" *(u, )—1MOp e

Theorem 1.17. Let 0 < a < 1 and let p be a positive Borel measure with 0 <
O**(u,x) < 0o for u almost all x € R™. Then

///pa(xl’@’xg)d”(xl)d/‘(@)dﬂ(%) = 400.

Proof. Since ©**(u, x) < oo for p almost all z € R™, there exists a compact set
K, C R with p(K;) > 0 and a constant ¢; > 0 such that u(K; N B(x,r)) < ¢;r* for
every ball B(z,r) C R". It is well-known that ©* *(u| Ky, z) = ©* “(u, z) for p almost
all z € K (see [M1] Theorems 6.2 and 6.9), whence, replacing pu by u|K;, we can
assume that pu(B(x,r)) < ¢r® for x € R™.

From the fact that ©* “(u, z) > 0 for p almost all z € R", we deduce that there exists
a compact set Ky C R™ with u(K3) > 0 and a constant ¢ > 0, such that for each x € Ky
there is a sequence r;(z) > 0 with zlig.érl(x) =0 and p(B(x,ri(x))) > cori(x)®. Notice
that truncating the sequences of radii apropriately, we can assume that sup r;(xz) — 0,

reKo
1 — 00. )
By the 5-covering Theorem (see [M1] Theorem 2.1), for each ¢ € N there are disjoint
balls B; = B(a;,7(a;)), 1 < j < my, such that Ky C [J7", 5B. Then we have

i
() < S p5BY) < 5% rilay)”,
j=1 J=1

that is,

Cl{cl

gﬁ@mﬁ&? (1.22)

Fix + = 1 and consider the disjoint balls le, for 1 < j < m;y. For every B} we can
use Lemma 1.16 twice to find three balls By, By, Bs centered at spt(u) N B} enjoying
the following properties: their mutual distances and their radii are comparable to r(a;);
the mass p(Bj N By) is also comparable to 7(a;). The comparability constants in the
above statements depend only on ¢;, co and n. Define a set of triples by

Sj1=(Bj N By) x (B} N By) x (Bj N By), for 1 <j <my.
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Applying Lemma 1.15 we obtain

[ bt it
(B1)*

> [ [putar, s, an)dutn)dutos)anten (1.23)
Sia

e / / / mdu(m)du(m)du(ws) > Cry(ay)°

Set
USJlCU i X B x Bj),
d; = min{dist(B} N B*, By N B') : k,l € {1,2,3},k # [}
and
ty = min d;.
1<j<ma

For (x1,x9,23) € A1 we then have |z; — ;| > t; for 4,j € {1,2,3}, j # i. Moreover,
using (1.22) and (1.23)

/ / / Pa(T1, T2, 23)dp(21)dp(ze)dp(s)

= Z///pa x1, To, T3)dp(zy)dp(xe)dp(zs) > CZrl(aj)o‘ > (.
7j=1
Let g be such that
t
sup r4(z) < - (1.24)
r€eEKo 2

and consider the balls of the g-th generation, namely B;-’, for 1 <37 <m, . Repeat the
process described above replacing le by B;?. We then find balls By, B, and Bjs centered
at points in sptp N B;?, whose mutual distances and radii are comparable to r,(a;) and
such that p(B] N B;) is also comparable to 7,4(a;), | = 1,2, 3.

Set

Sj2 = (B{ N B1) x (Bf N By) x (B} N By)

and
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Ay =JSjac | (B! x B! x BY).
j=1 j=1

Hence, again by (1.24),
///pa T1, T, T3)dp (1) dp(w2)dp(rs) > C.

Notice that the sets of triples A; and A, are disjoint because of the definition of g.
Define t, as we did before for t1, so that for (2,22, 23) € Ay one has |x; — x;| > ¢, for
i,j €{1,2,3}, i # j. It becomes now clear that we can inductively construct disjoint
sets of triples Ay, k= 1,2, ... such that

/A// Do, T2, ws)dp(zr )dp(ws)dp(rs) > €,k =1,2,...

and therefore

///pa(l‘hxzaxs)du(xl)du(@)du(xg)

2 Z///pa 1, T, 23)dp (1) dp(we)dp(as) Z = +oo. O

1.4.4 End of the proof of Theorem 1.

Suppose 7, (E) > 0 for 0 < a < 1. Applying Lemma 1.14 we find a measure of the
form v = bH*, with b € L*(H?*, E) such that the a— Riesz potential R, (v) = v * e
is in L*(R") and [, b dH* = ~,(F). We can apply now Theorem 1.5 to get a set
F C E of positive H*— measure such that the operator R, is bounded in L*(H®, F).
On the other hand, since H*(F') < oo we have 27% < ©* *(H[}, z) < 1 for H* almost all

x € R™ (see [M1], Theorem 6.2 ). This means that we can apply the previous Theorem
to obtain

J[ [ patarsaa,wo)artip (o) by (az)arts () = +oc

This last fact contradicts the L?— boundedness of R, on L?*(H®, F) by a well-known
argument that we now outline briefly (see [\Me] or [MV]).
Set u = Hip Then

/ | Roe (1) () [*dps( /// (z — (x — 2)dp(@)du(y)du(z),

where
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TE:{(ZE,y,Z)Z|IL‘—y|> E7|"L‘_Z|> 6}'

Interchanging the roles of x and y and then of x and z, and estimating the error
terms in a standard way we obtain

J 1 Recw@) Pauto) = 5 [ [ [y 2)aut@)dnto)dntz) + 0u(r)),

where

Se={(z,y,2):|lz—y|>¢|x—z|>€|y—z|>¢€}

Letting ¢ — 0 we get the promised contradiction. O

1.5 Proof of Theorem 1.2.

The proof of Theorem 1.2 is a straightforward consequence of the following result.

Theorem 1.18. Let 0 < a < n and let E C R™ be a compact Ahlfors-David regular
set of dimension «. Assume that there exists some function h € L*(E, H*) such
that ||Roa(WH*)||w < 1 and [, hdH® # 0. Then, there exists a compact Ahlfors-David
reqular set E' C R™ of dimension « and a function b € L>®(E', H*) with the following
properties:

1. HY(E') = H*(E) and H*(E'N E) > 0.

2. The function b is dyadic para-accretive with respect to a family of dyadic cubes
that we define while constructing E'.

3. Ro(bH®) belongs to dyadic BMO(E', H®).
Using Theorem 1.18, one can prove Theorem 1.2 as follows.

Proof of Theorem 1.2. Let 0 < a < n and let E C R"™ be a compact Ahlfors-David
regular set of dimension «. Suppose 7,(E) > 0. Then there exists a distribution S
with compact support contained in E, whose a-Riesz potential S x Ix\% is in L>®°(R™)
and < 5,1 ># 0.

By Lemma 1.14, S = hH® with h € L*®(E, H®). Thus < S,1 >= [, h(z)dH*(z) # 0.

Since all the hypothesis of Theorem 1.18 are satisfied, there exists a compact Ahlfors-
David regular set £’ C R™ of dimension a and a dyadic para-accretive function b €
L>®(E', H%) such that R,(bH®) belongs to dyadic BMO(E’, H*). Then, by the T'(b)-
theorem (Theorem 1.9), the a-Riesz operator R, is bounded in L?(E’,’H*). Applying
now Theorem 1.10 we conclude that o must be an integer. O]
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1.5.1 Proof of Theorem 1.18.

In the following lemma we construct an Ahlfors-David regular set E which should be
viewed as a variation of ¥ with larger H“-measure.

Lemma 1.19. Let 0 < a < n, E C R" an Ahlfors-David reqular set of dimension «
and ag some (small) fized positive constant. If there exists some function h € L>®(FE)

with Ro(RH*) € L>*(R™) and [, hdH™ # 0, then there exists a set E C R" and a
function g € L*(E) such that:

1. Eis an Ahlfors-David reqular set of dimension o, whose Ahlfors-David regularity
constant depends only on the Ahlfors-David regularity constant of E, H*(E), ag, «
and n.

2. d(E)/2 < d(E) < d(E).

3. H*(E) = ag "H*(E).

4 /~gdHa:/hdH“.
E E

5. 9lloe = aollhlloc and || Ra(gH*) |l = (2"ag )™= || Ra(WH*) | oo-

Proof. Let 6§ = ﬁ, where M is a big positive integer to be fixed later.
Consider a partition of the unit interval [0, 1] C R into smaller intervals I; = [(j — 1)J, j]
of length I(I;) =6 for 1 < j < § ' Let H = U;I5;_1 be the union of the intervals ;
with odd index j. Consider now the product set Hy = H" C R". If we let N stand for
M™, then H, is a disjoint union of cubes @, of side length [(Qy) =0 for k=1,--- | N .

Without loss of generality assume F C @) with ) C R™ a cube of side length [(Q) = 1
and d(E) =1/2.

We construct the set E as follows : inside each cube @y, we will put a translated
d0—dilation of our initial set F. The new set E will be the union of these translated
dilations.

To be more precise, fix points {b;}2_, € R™ such that the sets

Ek:5E+bk:{5l‘+bk : a:EE},
are contained in the cubes Q) for 1 < k < N. Then define the set E by

N N
E = U E,.
k=1

Since
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if we choose M so that

20&

= 1.25
Mn—a’ ( )

apg =

then we get H*(E) = ay "H*(E 7).
Now we want to show that E is an Ahlfors-David regular set. Taker > 0 and z € E

then = belongs to some Fj.
If r <9, then

HY(E N B(z,7)) = H*(Ex N Blz,r)) = 8*H*(E N B(x — by, 1/4))

OO =1
If r > 6, let i be the positive integer such that id < r < (i 4+ 1)d. Then

tH{j: E; C E and E;N B(xz,r) £ 0} ="
Therefore
HY(E N B(x,r)) = i"6°H(E) = (i6)*" “H*(E). (1.26)
Since i > 1, (1.26) gives
HY(E N B(z,r)) > Cre.

Using (1.25) and id < 1, we obtain from (1.26) the inequality

n

H(E N B(z,r)) < Crog* " = 02—7”“.

Qo
Define

g(x) = %ih (m;bk) X, (2) = aoih (x;bk) XE, (7).

Clearly, [z 9dH* = [, hdH* and ||g||c = ao||h||- Finally, changing variables and
using (1.25), we have

e - ()

which implies

IRa(gH)llso = aoN[|Ra(BH) oo = (2"ag ") 7 || Ra(BH) oo O
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Remark. For a system of dyadic cubes on E, Q(E), satisfying the conclusions of
Theorem 1.6, take first the whole set E = U,ivzl Ey., together with each set Ej, and
together with the dyadic systems Q(Ey) = Q(OFE + by) = {5@% + by : Qé € Q(F), e
N, jeN} for1 <k <N.

Before proving Theorem 1.18, we first sketch briefly the main ideas to construct the
set £’ and the function b with the required properties. Some of them are already in
Christ’s paper [Ch2]. We will use strongly the accretivity of the given function h at the
first scale, that is,

/ hdH® # 0. (1.27)

To construct the set E’, we begin by excising from FE the dyadic cubes where the
function h is not dyadic para-accretive and replacing these parts essentially by trans-
lated dilations of our initial set £. Then we will also change our function A on these
modified parts. If () C F is one of the dyadic cubes where h is not dyadic para-accretive,
then we excise ) from F and we replace it with A\{ E + a;, for appropriate A\; and a;.

Instead of h, we take now h (”;—T) on M{E + a;. Note that in this way, using the

accretivity property (1.27) at the first scale we have replaced a non-accretive cube @
by an accretive cube A\ E 4 a;. Of course when looking inside A\ F + a; non-accretivity
will reappear with the cube A\{Q + a1, but doing the replacement we just described has
the advantage of "improving” the accretivity of h. Repeating this process for all the
non-accretive cubes, we obtain new accretive cubes and the new function turns out to
be dyadic-paraacretive on these new cubes. Now repeat this process on each of the sets
A FE + a;. In each of these dilations, we will change again the cubes where we do not
have the dyadic paraacretivity condition and replace them with other dilations Ao '+ as
(note that we always replace the same cubes, modulo translations and dilations, be-
cause we are always dealing with translations and dilations of the same set F). This
process is repeated indefinitely, passing to higher and higher generations. The limit set
and the limit function one obtains by repeating the previous algorithm will be our set
E’ and function b.

Proof of Theorem 1.18: We start by describing the basic algorithm that will be
iterated infinitely many times.
Let Q(FE) be a system of dyadic cubes on E satisfying the properties 1 through 6 in
Theorem 1.6. The first dyadic cube of E to examine is F itself. By hypothesis there
exists a function h € L*°(E) such that [, hdH* # 0. Let &9 > 0 be a sufficiently small
constant to be fixed later and such that ‘ / 5 hdHa‘ > ggH*(FE). Then for every positive
integer k, there exists at least one cube Q¥ satisfying | st hdH*| > 80HQ(Q§), since

otherwise for some &

]/hdHa\ _ |/ RAH®| < e 3 HHQE) = oMo (E),
E U, Qk y

which is a contradiction.
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We now run a stopping-time procedure. Let € > 0 be another constant, much
smaller than &y, to be chosen later. Take a dyadic cube Q € Q'(FE) and check whether
or not the condition

!/thHa| < eHY(Q), (1.28)

is satisfied. If (1.28) holds for that cube @ and @) has more than one child, we call it a
stopping time cube. If (1.28) holds but @) has only one child, then we look for the first
descendent of () with more than one child and we call it a stopping time cube. Notice
that (1.28) remains true for this descendent.

If (1.28) does not hold for (), then we examine each child of @) and repeat the
above procedure. After possibly infinitely many steps and possibly passing through all
generations we obtain a collection of pairwise disjoint stopping time cubes {P,} in E.
Each P, has at least two children and satisfies the non-accretivity condition (1.28) with
@ replaced by P,.

Set ||h]|co = M. Then

1 |
HYEN| P :/ dH‘”z—/ hdHaz—/ hdH®
( \g g B\U, P, M E\Um|| M \|Je, b,

1 1 1
> al & e - e . e )
> M|/EhdH | M%n/ﬂhdn > g (E) < o HP,)

Therefore
> HU(Py) < (1—n)H(E), (1.29)
5y
for n = U
"=

We want to construct a set Ey, by excising from E the union of the stopping time
cubes P,, and replacing each child Rz of P, by a certain translated dilation of the set
E. This is not exactly what we will do, because we want the sets replacing Rg to be
separated and the measure H* to remain unchanged. Because of this, we will work
with translated dilations of the set £ given by Lemma 1.19.

Property 5 of Theorem 1.6 gives us a constant 0 < ¢ < 1, such that for each @),
there exists zg with B(Q) = B(zg,cd(Q)) N E C Q, dist(B(Q), E — Q) =~ d(Q) and
HY(B(Q)) =~ H*(Q). Moreover, given a small positive number ag, Lemma 1.19 gives us
an Ahlfors-David regular set E with d(E)/2 < d(E) < d(E) and ‘H*(E) = ag"H*(E) .
With these two facts in mind, associate to each cub @) the set Eg, which is a translation
of a certain dilation of the set E , namely

EQ = )\QE + ag,
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where ag € R" is the translation needed to locate the Eg appropriately and Ag > 0 is
a dilation factor. We choose them to satisfy the two constraints below:

1. Eg C B(zg,cd(Q)/2).

2. HY(Eg) = HY(Q), ie., A = 2

The fact that properties 1 and 2 hold at the same time, is possible by choosing a
suitable constant ag > 0 in Lemma 1.19, as we explain below. B

Assume without loss of generality that d(E) = 1, and so d(£) < 1. Property 1
implies Ao < 2d(Eg) < 2¢ d(Q). Using the second property, this is the same as to say

i (Cg) < Cd(Q)~. (1.30)
H(E)

Due to the Ahlfors-David regularity of E, we have H*(Q) =~ d(Q)*. Then (1.30)
tells us that to find the dilation factors Ay we only need to have HO‘(E) > C~! for
some small constant C'. This can be achieved by just choosing ay > 0 small enough in
Lemma 1.19.

We will construct the set E; by excising from E the union of all these stopping
time cubes P,, and replacing each child R of P, with the set Er, defined above. For
each stopping time cube P, = UgRg, set I, = UgFER,. That is, for each v, the sets F,
replace the stopping time cubes P, in the new set E;. In other words,

By = (E\UP7> UUFW'
g g
Notice that for each v we have
HY(F,) =Y H*(Er,) = Y _H(Rg) = H*(P)), (1.31)
B B
so that H*(E) = H*(E,).

For a system of dyadic cubes Q(FE7) on FEji, take all dyadic cubes @ € Q(E) which
are not contained in any stopping time cube P,, together with each F, = UgER, and
together with the dyadic cubes of Q(Eg,) in each F, (see the remark after Lemma 1.19
for the definition of Q(Eg,)). Namely,

Q(Ey) = Q1(E4) U Q(En),

where Qu(Ey) = {(S\Up,cs P)U(Up,cs F)) = S € Q(E)\ {P,}}U{F,} and Qu(Ey)
consists of the dyadic systems Q(Fr,) associated to the sets Er, coming from all the
F.,. Hence each F, is a dyadic cube in Q(E£}).
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For future reference, note that for every cube @ € Q(E}), such that @) # F, for
all v, there is a non-stopping time cube @Q* € Q(F) uniquely associated to @ by the
identity:

=@\ U Poucly Fo. (1.32)

P@ cQ* P@ cQ*
One has

HU Q) =HUQ) — Y H(Ps)+ Y H(Fp) =H*(Q")
PgCQ* PgCQ*

and

d(Q) =~ d(Q").
After defining the set F; and the system of dyadic cubes Q(E)), we modify the
function h on the union U, F), to obtain a new function h; defined on E;. We want h,
to be bounded and to satisfy

/hldHa:/ hdH®, for each 7. (1.33)
o8 P

3
Condition (1.33) does not seem to contribute to the accretivity of the new function
h1, because the cubes P, were chosen precisely because the mean of 4 on them became
too small. But although our h; has a small mean on F,, as h does on P,, we will have
a satisfactory lower bound on the integral of h; over each child Er, of F,. Is in this
way that h; becomes “more” accretive than h.
The function h, is defined on E; by

Zcﬁg(x;ﬁaﬁ)XERB on UF UERﬁ

h(z) on E\JP,

where the function g is the one defined on E given by Lemma 1.19 (recall that Eisa
union of translated dilations of our initial set £ and the function g is the composition
of h with the corresponding translation and dilation), and the coefficients ¢ are defined
below to get the boundedness of hy and (1.33).

Notice first that due to property 5 and 6 of Theorem 1.6 , Eg, N Eg, =0, for § #
and Egr, N (£ \ U,P,) =0, so that the function h; is well defined on E.

To define the coefficients cg, fix P, and let N, = §{ : Rp is a child of P,}. The
number of children of the dyadic cubes is in between 2 and a fixed upper bound, that
is, 2 < N, < ¢;, where ¢; is some constant independent of ~.

Order the children {Rs} of P, starting with the cube Rz with the smallest H®-

measure and ending with the cube Rg with the biggest one. Write {Rg} = {R }J s
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where R‘é stands for the j-th child R in this ordering. We want to divide the children
of P, into two nonempty collections I and II, each with the same number of elements
(plus or minus one) in the following way:

I ={B: Rg=RJfor1<j<[N,/2]},
II ={B: Rs= R) for [N,/2] +1<j < N,}.
Clearly

> HY(Rg) = Y H(Rg) >0,

pe 11 pe 1l

Let 6 be wa hdH*(| wa hdHa|)*1 if wa hdH® #£ 0 and let 0 be 1 if fp7 hdH* = 0.
Set a = UE hdHa’ and define the coefficients cg as
OH(E)a~! ifge I

Cg =
—OH*(E)esa" if ge I,

where the cg satisfy g < ¢g < 1 and moreover a certain constraint specified below.

Due to properties 5 and 3 of Lemma 1.19 and to the above definition of the coeficients
cg, we get the boundedness of the function hy:

lloc = max{[|loes leslllglloc} < max{|[lloc, a™ H*(E)ao|hll}

= ||l max{l, a” H(E)} = ||h]o max{1, (H;(E)%hdm)_ }.

Using property 4 of Lemma 1.19 we also obtain

/g(x ;Baﬂ)dHa(a:) = A\ga = CL??{-:;((%ﬁ))’

B,

so that integrating h; on F, we get

/ hydH® = / hdH® = 0H"(Rg) — > _ 0c5H*(Rg).
Fy UBERB

pel Be Il

We claim that we can choose g5 > 0 sufficiently small, so that there exist numbers
cg, €0 < ¢g < 1, such that

> HY(Rg) = Y e (Rg) = | /P hdH®|. (1.34)

Be I Be 11
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Once (1.34) is proved, we get the desired expression for the integral of h; over F,,

namely
J

v

hyidH® :/u ) hdH* = 0> H*(Rg) — > csH"(Rp))

Bel Be 11

— 9| hdH‘l|:/ hdH®.
P

P, 3

To show (1.34), let Ny = #{03: [ € II} and define

[ “(Rp) hdH“
Cn = NQ'HO‘ <Z H ,6 | / H )
Bel
With this choice of the coefficients ¢,, equality (1.34) clearly holds. Thus, we only
have to show that there exists £y > 0 such that ¢y < ¢, <1, for all 7.

The inequality ¢, <1 is equivalent to

1

L NTwRy) <1 hdH®
NoHo (R, ZH 2 +N2H |/ e

Notice that by the way the indexes were ordered, for all n € I1,

> HU(Rg) < NaHO(Ry),
Bel

which implies ¢, <1 .

For the lower inequality, we have to choose ¢ such that ¢, > ¢y. Recall that for P,
the stopping time condition (1.28) holds with () replaced by P,, and that the children
of P, have comparable measure. Moreover, we know that there exists some (small)

positive constant 0 < ¢ < 1/2, such that ZHO‘ Rg) > ¢cH*(P,). Then we have,
Bel
Z > (c—eH(F) | (= JH(P) S e
Ny H*(Ry) NyHe(Py) €1

where ¢; > 0 is the upper bound for the number of children of a dyadic cube.

We have to choose ¢¢ and ¢, such that ¢ — e > g¢c; holds. This can be achieved
by requiring goc; < ¢/2 and € < min(gg,¢/2). The identity (1.34) is now proved and
therefore (1.33) holds.

To construct the function hy, we have to carry out this procedure for each stopping-
time cube P,.

The P, are the cubes where the accretivity condition for h fails. The function Ay
has the advantage that although [ P, hdH* = [ F, hidH®, we have a satisfactory lower
bound on the integral over each child Egr, of F,. This is due to the definition of the
coeficients cg :
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L If g €1, then | [ hidH*| = |cslar = H*(Er,;) > coH*(ER,).

ERﬂ

2. If B e II, then |/h1dHa| > |cs|H*(ER,) > coHY(ER,), because g¢ < cg.

ER/@

This completes the description of the basic algorithm.

We begin with the pair (E,h) with E a dyadic cube and h in L>®(E, H®) satisfying
| [ hdH®| > egH*(E). The result of the algorithm is another function hy, a collection
of sets {F,} replacing the collection {P,} of stopping time subcubes of E and a set
E, = (E\U,Y P,Y) U U, F, (recall that, by construction, if P, = UgRg, then F, =

UgER, = Us(AsE + ap), for some ag € R™; for the definition of the set E see Lemma
1.19). We list now seven properties concerning h, h;, E and F;. The first three are
straightforward consequences of the algorithm:

11|00 < Aol ]|oo, (1.35)

-1
where Ay = max{ (HQ;(E)] B hd’}-{a|> , 1}

h=hy on E\|JP, (1.36)
¥
and
/ hdH® = / hidH®. (1.37)
P, F,
The fourth is
HY(E) = H*(EY) (1.38)

and is due to (1.31). The fifth is

D HAE) =Y HU(P) < (1—n)H(E) (1.39)
Y B
and follows from (1.31) and (1.29). The next to the last is
| hidH*| > eeH*(ER,), (1.40)
Er,

which has been discussed before. The last one is

| / hdH®| > HO(S), (1.41)
S

for every dyadic cube S € Q(FE) of the form
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S = (S* \Up,cs- P7> U Up,cs+ Fy for some non-stopping time cube S* € Q(E)
(see (1.32) for the definition of the cube S*).
To show (1.41) we remark that using (1.36) and (1.37) we have

/ hdH® = / hdH* + ) / hydH®

s S\U,, Py IR,

= hdH® + / hdH® = / hdH®,
/S*\um Z

which implies

]/hldHc“] [ hdne) > =Ho(S),
s S5+
due to the identity H*(S) = H*(S*) and to the fact that S* is a non-stopping time cube.

We need to repeat this algorithm infinitely many times. Begin with the dyadic
cube E itself and the function h with ||kl < Ay. Apply the algorithm to obtain
cubes {P] }.,, sets {F] }.,, aset By = (E\U,, P} ) UU,, F} with a system of dyadic
cubes Q(F,) and a function h; defined on Ej, satlsfylng properties (1.35) through
(1.41). For each (3 the pair (ER51’h1XER}, ) is an admissible input for the algorithm

1

( recall that for each v, F = Uﬁ1ER;1 = Ugl()\}ﬁﬁ + ag,) ). So we may apply the

algorithm to each one of these pairs to obtain further cubes { P2 },,, sets {F2 }.,, a set
Ey = (E1\U,, P2)UU,, F2, (with a system of dyadic cubes Q(FEj)) and a function hy
defined on Es with properties (1.35) through (1.41) (with h and h; replaced by hy and
hy respectively). An infinite number of repetitions produces functions h;, collections
{P}, {F )}, and sets Ej = ( i\ U, P%) U U, I, endowed with systems of
dyadlc cubes Q(E;), for every integer j > 1.

By (1.39), the sets F%_ that replace the stopping time cubes P% at the j—th step
satisfy

ZHQ — n)H(E). (1.42)

We want to define the limit set £’ of the sequence {E;};>1 and for this we will use
the fact that the family of all non-empty compact subsets of R™ is a complete metric
space with the Hausdorff metric p (see [Fec] 2.10.21),

p(A, B) = max{d(z,A), d(y,B) : v € B, y € A}.

It is then enough to show that {£}},>; forms a Cauchy sequence in the metric p.
We claim that there exists some small constant 0 < 7 < 1, such that

p(Ej+1, E]) S T)O(EJ, Ej,1)7 for allj Z 2. (143)
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To see (1.43), recall that E; = (Ejfl\Ugj Réj) U (Ugj ER@)’ where the R%,j

are the children of the stopping time cubes found at the j-th step of the previous
construction. Thus there exists some index [3; such that

p(Ej, Ej1) = P(ERZ;*:R%;)-

For any j and 3;, E RJ is a union of translations of )\Z;jdE (see Lemma 1.19). This

means that the children R]Jr . of the stopping time cubes contained in a particular

translation of )\j OF are snnply translations of >\J (5R1 , Where the R1 are the children
of the stopping t1me cubes of E. Thus the Hausdorff d1stance is at each step the same,
modulo the translation and dilation factors that appear when running the algorithm.
Hence we have

A N j+1 i
p(Ejq1, Ej) = rz%iﬁc A p(ERé;,RB;).
Because of the election of ag,

<)\j+1 )a - HQ(RE_L)

Bit1) = CLOHQ—() < ap < 1 for all Bj41,

which proves claim (1.43) with 7 = a}/®.

Let £’ = lim E; be the limit set of the sequence {£;}; and set

J—00

b(xz) = lim h;(x),

J—00

which exists for almost all z € F'.
Because properties (1.35), (1.37) and (1.38) hold at each step of the construction,
we have

/ b(z)dH® = / h(z)dH®,
/ E

Ho(E) = H°(E').

and

Moreover, since

/ hdH® = / hdH™ + / hdH® # 0,
E E\Uy Py Usy Py
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hdH® < € HY(P,) < eH”
/U Z (E)

and

| / hdH®| > eeH(E),
E

we get

\ hdH"| > (g9 — e)H*(E) > 0,
E\U, P,
from the choice of ¢y and e. This tells us that H*(E \ U,P,) > 0, and therefore that
H*(E N E") > 0 because of the inclusion £\ U,P, C E'N E.

At this point we define a class of sets Q(E’) that eventually will be shown to be a
system of dyadic cubes for E’. We distinguish two types of “cubes” @ in Q(E’).

Type 1. For some j > 1, @ € Q(E;) \ Q(E; )(forijsetEozE) and @ does

not contain any stopping time cube Pftll (in the (j + 1)-th application of the

algorithm). Notice that in fact Q € Q(FE),) for all m > j.

Type 2. For some j > 0 we take a cube Q* € Q(E;)\ Q(E;_1) (set E_; = () that contains

some stopping time cubes Pff but it is not one of them. This (Q* will produce a
“cube” @ in Q(E’) after infinitely many modifications corresponding to successive
applications of the algorithm (exactly in the same way one gets E’ from F). The
first mpdiﬁcation consists in replacing the stopping time cubes Pffl C Q* by the
sets 7+ in the way illustrated in (1.32).

Notice that for each “cube” @ in Q(E’) there exist some index j > 0 and an
associated non-stopping dyadic cube Q* € Q(E;)\ Q(E;_1) in such a way that Q* = @,
if () is a cube of the first type and Q* is the cube involved in the definition of @), if
Q is of type2. The cubes @) and Q* coincide only if there are no stopping time cubes
contained in Q*, because in this case, the iteration of the algorithm does not modify
the cube Q* at all.

If @ € Q(E') is a cube of the second type and Q* € Q(E;) \ Q(E;_1) is the
corresponding associated non-stopping time cube, then there exists a sequence of cubes
{Q%}r>j such that QF = Q* € Q(F;)\ Q(FE;_) and for all k > j, Qf € Q(Ey)\ Q(Ey-1)
is the modification correspondmg to the application of the algorithm to the cube Q;_; €
Q(Ey_1). Namely, Q; — @, as k — o0, in the same way as Fy — E’, when k — oo.

Set I = E. Notice that if Q* € Q(E ) \ Q(Ej_1) for some j > 0, then there
exists some index 7; such that either Q* C F JJ or Q¥ = Fij (otherwise we would have
Q" € Q(E;-1)).

Observe that the definition of the “cubes” Q(E’) immediately yields the properties
of a true family of dyadic cubes listed in Theorem 1.6.
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By construction we have

4(Q) ~ d(@"). (1.44)
We claim that
HHY Q) =H(Q) (1.45)

and

/ bdH® = / hydH®. (1.46)
Q *

To show this we distinguish two cases:

1. If @ is of type 1, then @Q = Q* and b = h; (set hg = h). Hence (1.45) and (1.46)
hold obviously.

2. If @ is of type 2, then, although the identity ) = @* does not hold because
the cube @* has been modified when running the algorithm, the claim is still
true because properties (1.31) and (1.37) at each step imply (1.45) and (1.46)
respectively.

Notice that the sequence of cubes {Q} }x>; approaching ) when k — oo also fulfil
d(Qy) = d(Q) and H*(Qr) = H*(Q) for all k > j.

We still have to prove the Ahlfors-David regularity of the set E’, that is, that there
exists some constant C' > 0, with

Cr* <H*E N B(z,r)) < Or®, (1.47)
for every x € E' and for 0 < r < d(E').

We show first the Ahlfors-David regularity of the sets {E,},>o converging to E'.
We prove it by induction on n. The case n =0 (Ey = E) is true by hypothesis.

Let z € Ey and 0 < r < d(Ey). Recall that By = (Eo \ U, P},) UU,, F,. Notice
that for any y € Fj, there exists a decreasing sequence of cubes {Q’(y)}; in Q(E;)
such that for every index j, y € Q’(y) and Q’(y) € Q’(E,), that is, Q’(y) is a cube of
generation j in Q(F)). For each y € EyNB(z,7), let Q%(y) be the smallest dyadic cube
in this sequence not contained in F; N B(z,r). Then for some positive constant C,

r < d(Q(y)) < Cd(Q*(y)) < Cr,
because Q*(y) ¢ B(xz,r) and Q"™ (y) C B(z,r). Hence,

(B 0 Bl 1) = HAQ () = K@ (9)) ~ d(@1(9))" ~ 1"

because H*(Q"(y)*) = H*(Q*(y)), Q" (y)* € Q(E) and F is an Ahlfors-David
regular set.
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For the reverse inequality, observe that if x € le1 for some index v; and r < d(Pvll),
then due to the Ahlfors-David regularity of le1 we have

Ha(El N B(Q],T)) = HQ(F% N B(ZL’, T)) ~ e

Otherwise, for each y € E;NB(x,r) let QZy € QFv(FE)) stand for the smallest dyadic
cube in Q(F,) containing y and not contained in B(z, 2r). Then r ~ d(Q’) as before.
The maximal cubes {@,;}; in this family form a disjoint covering of Ey N B(z,r) with
d(Q;) = r. Consider the associated dyadic cubes Q; € Q(FE) defined in (1.32). Then
H(QF) = HO(Qu) and d(Q)) ~ d(Q)) ~ r.

Notice that due to Lemma 19 in [('h2], there exists some constant Ny < oo such that
for every bounded subset F' of an Ahlfors-David regular set E, the number of disjoint
dyadic cubes intersecting F', with diameter greater or comparable to the diameter of
F. is at most Ny (Ny depends only on the Ahlfors-David regularity constant of E).

The cubes @ are disjoint and cover the bounded subset £ N B(x,r) of E (the fact
that r > d(P,,) implies that £ N B(x,r) # (), thus we have at most Ny of such cubes.
Then

H(Ey N B(z,r)) < Y HY Q) = > HYQ)) < CNor®,
l l

because the cubes @Q* are contained in the Ahlfors-David regular set £ and hence
H(Q7) ~ d(QF)™ ~ r* for all [.

The induction hypothesis will be to assume the Ahlfors-David regularity of E,_1,
with Ahlfors-David regularity constant depending only on that of E.

Let x € E, and 0 < r < d(E,). Recall that E, = (E,—1 \ U% P)U U% .
To Prove the Ahlfors-David regularity of E,, argue like in the case n = 1, but re-
placing Ey by E,, E by E,_; (which is Ahlfors-David regular due to the induction
hypothesis), ] € Q(Ey) by FI' € Q(E,) and the cubes Q; and (Q*'(y))* in Q(FE)
(y € By (1 Bz, 1)) by (Qu);_y and (Q1(y));_, in Q(Ea_1) (y € En N B(a, ) respec-
tively.

We turn now to the proof of (1.47). The argument is very similar to what we have
just done with the sets E,. The main difference lies on the fact that in working with
the cubes )}, we will be forced to jump over several F,,, instead of remaining in the
previous one.

Let z € E' and 0 < r < d(F'). For y € E' N B(z,r), let Q*(y) € QF(E’) be
the smallest dyadic cube in Q(E’) containing y and not contained in B(z,r), then
d(Q™(y)) ~ r. Then using (1.45), (1.44) and the fact that for some m, (Q**(y))* €
Q(E,,), with E,, an Ahlfors-David regular set, we get

HO(E' N B(x, 7)) > HUQ" (y) = HO((Q"F (1))*) = d((Q™+ ()" ~ r°.

Thus the lower inequality in (1.47) holds.
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We are left now with the upper inequality in (1.47). For each y € E' N B(x,r) we
let Q)" stand for the smallest dyadic cube in Q(E') containing y and not contained in
B(z,2r). Then r ~ d(Q}") as before. The maximal cubes {Q;}; in this family form a
disjoint covering of E' N B(x,r), with d(Q;) ~ r.

We claim now that there are finitely many ;. To show this, we assume that there
are at least N of such cubes and we show that N is bounded above by a constant
Ny depending only on the Ahlfors-David regularity constant of E. Let {Q;}iX, be the
associated non-stopping time cubes defined before. Then for each [, 1 <[ < N, there
exists some index j(I) such that Q; € Q(E;y)). We know that each cube @ is the
limit set of the sequence {(Q1);}r>;w), with (QZ) € Q(Ey) \ Q(Fk—1) for all k > j(l)
(recall that, by definition, (Qi)},) = Q] € Q(Ejq)). Since we are dealing with only N
cubes @, for some sufficiently big index m | there exists some index k(I) > j(l) such
that (Qi)yy € Q(En) and d((Qi)yy) ~ r, for all 1 <1 < N. Recalling that E,, is
an Ahlfors Dav1d regular set with Ahlfors-David regularity constant depending only on
those of E' and using Lemma 19 in [Ch2], as before, we conclude that there at most
Np of these dyadic cubes (Q);;)- Thus using that the cubes (Qi)f,) € Q(Ein) satisfy
HY Q1) = H*((Qu)iy) and d((Qr)yqy) =~ 1, the Ahlfors-regularity of the set E,, gives
us

HY(E'NB(z,7)) <> HYQ)) =Y _ H*(Qiw) < CNor®.

Our function b is dyadic para-accretive by construction. Take some dyadic cube
Q € Q(E') and consider the uniquely associated non-stopping time cube Q* € Q(Ej) \
Q(E;_1), j > 0. We distinguish the following two cases :

1. (a) IfQ*= ng for some j # 0, then although we do not have

/ baHE > cH(Q),
Q

the function is still dyadic para-accretive, namely, the above inequality holds
replacing the cube ) € Q(E') by any child R, C ). Notice first that if

FJ = UERﬁ U )\ﬁE-i-ag) S Q(Ej)
8

and R is a child of @), then clearly for some (3
R* = Eg, = \sE + a5 C Q"

Then, using (1.46), (1.40) and (1.45) we get

/ bdH®* = / hjdHa = / hjdHa > €0HQ<ERB) = EoHa(Rg).
Rg 5 E

Rg
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(b) If @* = E, then Q = E’. Thus using (1.46), the accretivity of h at the
highest scale and (1.45), we obtain

/ bdH® = / bdH® = / hdH® > 60H‘“(E) = 60H”‘(E’).
Q / E

2. If Q" is strictly contained in some FY , then by (1.46), (1.41) and (1.45),

/ bdH® = / hjdH® > eHY(Q*) = eH*(Q).
o .

To complete the proof we only need to show that R,(bH?*) is a dyadic BMO(E'")
function. In what follows, to simplify the notation we will set T'(f) = Ry(fH*) for
feLYE HY).

We claim that, since the function b € L*°(E’), it is enough to show the following
L'—inequality:
IT(xe)lle@) < CHUQ). (1.48)

for every Q € Q(E").

Suppose (1.48) holds for every Q € Q(E’) and let 2Q = {z € E' : dist(z,Q) <
Ad(Q)}, for some positive constant A. As a consequence of the “small boundary con-
dition” for the dyadic cubes (see property 6 in Theorem 1.6) we have

IT(x200@)l121(@) < CHH(Q)

(see the bound for the second integral in (1.58) below). The standard estimates for the
Calderén-Zygmund operators show that

1T (0x20):) (%) = T(bX(20)°)(20)[| 1 (@) < CHY(Q), (1.49)
where x; is a fixed point in (). This implies that

/ IT()(@) — T(bx oy ) (o) [dH (2 / IT(bxo)(x)|dHe (x)
/ (o0 ) (IH ) + [ [T(0xar)(x) ~ T(bxagr ) a2
< CH™(Q),

which proves the claim.
To see (1.48), let @ € Q(E’) be some dyadic cube of E' and let @* be the uniquely
associated dyadic cube in Q(E;) \ Q(E;_1) defined before (recall that the index j is
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determined by )). Then the cube @ is the limit set of the sequence {Qj}x>;, with
Qr € QEr) \ Q(Er—1).

Notice that the definition of b implies that we can write

bxq = hjxer + Z Z (thFik - hquPJ;k) :
k

=J+L Py Q4

Then applying 7' we obtain,

T(bxe) = T(hixa:) + > > T (e, —heixes, )
k=j+1 Pk €Q;_,

To show (1.48), we only need to prove the next three inequalities:

1T (hjxe) @) < CHM(Q) (1.50)

and
||T(thF$k> - T(hk—IXP§k>||L1(FJ;k) < CHQ(ka) (1.51)
1T (haexps ) = T (hi-1xpe M@urs ) < CH(FL) (1.52)

for all k > j such that PF € Q;_;.

Notice that if @) = Q*, then b = h; and (1.50) implies

| o = [ [rinelant < cre @),
Q Q

which is (1.48).
Otherwise @ # Q* and if properties (1.50), (1.51) and (1.52) hold, using (1.42) and
(1.45) at each step of the algorithm we get

ITOxQ)ll@ S CHY Q) +C Y > HY(E))

k=j+1 Py €Qy_,

< OHQ) + O3 (1 - ) HAQ) < CHOQ),

k=1
which is (1.48).

Thus we are only left with the task of proving (1.50), (1.51) and (1.52). We first
show (1.50). Recall that given any cube @ € Q(FE’), we have an associated cube
Q" € Q(E;) \ Q(E;_1) (for some j > 0 depending on () and either Q* = ng or
Q* C ijj for some index ;.
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1. (a) If Q" = ijj for some j # 0, then recall that ijj = Uﬁj ER%_ and for x €
ER?;J. = )\%JE + aﬂj,

Thus

y—x y—a
T(h Xg c/ g dH®
hjXeg Z Bi 5 ly — x| te ( )\J > (v)
Bj

—ag,)/ X, 5J T — ag,
_Z /B]/ |z — (z — ag, /)\ \HO‘ ZC@ ( )\j '

Now, using that the number of children F R, of ng is between 2 and a fixed

upper bound , that the constants cg, are uniformly bounded from above and
that ||7(g)||e < C (see Lemma 1.19), we obtain

IT (g e < C. (1.53)

This L*°—inequality implies that

1T (hixe )@ = 1T (hixpy iz @) = CHHUQ),

which is (1.50) in this case.
(b) If @* = E, then @ = E’ and by hypothesis

||T(h0XQ*)

oo = [[T(h)]lee < C.
Thus
1T (hoxa)llz1@ = IT(A)llcr ey < CHU(E).
2. It QF C FJ, set f; = thF%-_ and g; = thFi"\QQ* (where 2Q* = {z € ijj .

dist(z,Q*) < Ad(Q*)}). Then one has a BMO estimate for 7'(g;) restricted to
(", namely, there exists some constant ¢, depending on g; and Q*, such that

1T(g;) — el < CHHNQ), (1.54)
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(something similar was done before (1.49) to show that (1.48) suffices for the BMO
bound ). And using the small boundary condition (see property 6 in Theorem
1.6) and (1.45) we have

||T(th2Q*\Q*) Ll(Q*) S CH(X(Q*) - CHO((Q) (155)
(see the bound for the second integral in (1.58) below).

Thus writing
| Tthng e

- / T(f;)dHe — / T(hyxag 0 JIHE — / (T(g;) — €) dH® — HN(Q"),
Q* Q* Q*

to show (1.50) it suffices to find an upper bound for |¢| independent of @Q*. To
get such a bound consider the integral over Q* of the product of h;xq- with
T(hjxqo+). On the one hand, it is zero by antisymmetry. On the other hand,

writing T(hJXQ*) =T(f;) —T(g9;) — T(hjx20\q-), it equals to fQ* h;T(f;)dH* —
Jo- b (T(gy) — ) dH* — ¢ [, hydH* — [,. T(hjx2q-\@+). Hence due to (1.53),
(1 54), (1 55) and [|A;]|s < C (see (1.35) replacing hy by h;), we get

/ h;dH®
Q*

The upper bound on |c| is obtained by using that Q* € Q(E}) is not a stopping
time cube, namely, ‘fQ h,jdHa’ > eH*(Q*). Thus (1.50) is proved.

]

< ‘/ hiT(f;) dH®

Inequality (1.51) is proved by estimating each of the terms ||T(thF$k)||L1(F,lyck) and
1T (hi—1xps lLirs ). Replacing h; and FJ by hy and FF in (1.53), we get
”T(thFﬂ)”Ll(ka) < C’HO‘(ka). To estimate the second term, recall first that P C
Qi1 € Q(Ex—1)\ Q(Ek—2), thus for some index 7_1, we have P C FF~!. Since F’“’1
is a finite union of F Rk 1 and Pk is a stopping time cube, P’“ C Epe for some ﬁk 1

Br—1
. Thus the definition of hk 1 implies that

T —ag,_,

k—1
)\ﬁkl

)XPJfk (),

hg—1 (x)XPJfk (.I‘) - Cﬁkﬂg(

for some index (Gj_1.
Let hk—1XP§k = fi—1+ g@—l; where fp1 = hk—lXF]fk:ll and g1 = hk—lXF§;jl\p¢k
Using (1.53) (with h; and Fy replaced by hy—1 and FF~! respectively) we obtain

T (hemaxps Mg y < CHO(ES) + 1T (gr-1) 1, - (1.56)
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Hence we only have to estimate this second integral. To do this, let z¥ = z € P”c
be the point in Pkk given by property 5 in Theorem 1.6, B), = B(z cd(Pkk)) and E”
the Lebesgue measure in R”. We know that Pffk C Ffl;ll for some index ~,_; and each
set F k- 1 is Ahlfors-David regular, then by the upper inequality in the Ahlfors-David
condltlon the fact that ||hx_1|lec < C for all k and for some positive constant ¢, we
have

ﬁ /Bk ‘T(hk_lxp$k)( )) 4Lw) < d Pk /Pk / B(x,cod(PE,) ) |z _dyf:fgza(@

n Ha Pk n
/ / dE()dHa()_C (k)/ dﬁ(z)gq
Pk JB(0,cod(PE, ) | 2| (P " B(0,cod(PE, ) ||

with C' depending only on ¢y, n, «, the uniform upper bound for ||hy_1||o and the
upper constant in the Ahlfors-David condition. The fact that this mean value integral
is finite, implies that there exists some point y, € By such that

T(hk—lXpﬁk)(?/k)‘ <C.
Then using (1.53) (with h; and ijj replaced by hy_; and FF~! respectively),

T(ge-0)(w0)| < T (i)l + | TCheoaxog )| < C.
Thus

1T (ge-) 11y < NT(gx-1) = T(gu—1) (W) | pree y + CHO(FY) < CHO(FY),

which is the right estimate for the second integral in (1.56) and shows inequality (1.51).
In this last step we use the same idea as in the proof of (1.57) below.

To show (1.52) we will adapt an argument from [Ch2] ( see Lemma 18 ) that uses
standard estimates for the Calderén-Zygmund operators, the identities || Ph hi_1dH® =

k hidH® and the inequalities |||l < C for all k. Let 2% = z € Pk be the point
Fh

in Pkk given by property 5 in Theorem 1.6. Then we can write

T(h h — [ Y LU gy
( k*1XP,’fk - kXF§k>(y) . kfl(x> |.T _ y|1+a - ‘Zk _ y|1+a H <x>

Py .

2 —y T —y
h — dH ().
+/F¢k ) (g ) 0
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Now dist(2*,Q \ Pf) > cd(Pf). When z € F!' and y € Q \ FJ, then |y — 2| >
cd(Pfk). Therefore the standard estimates for the Calderén-Zygmund kernels give

/Q\Fsz /F

2 —y T —y
|2k —y[tre o=yl

dH* (x)dH* ()

00 _ k|
F% ; {2jflcd(P,’y“k)§|y—m|§2jcd(P’$k)} ]3: — y’l—l—a ( ) ( )
; . (1.57)
= C/ o MU edPy) < by = ol < HAPN) gy gy
IS A (2-ted(Pk ) o
< O/ > " 27dH N (x) < CHY(FE).
Fk
Ve J=1
Since (@ '\ ka) N Pfk =0,
[t - s wewoew
oV ek |2 — [l |z — y|ite Y
_ Zk -y r—vy JHO JHE
B (Q\Fk )\2Pk J Pk ‘Zk — y’1+a N ‘3; _y‘1+a H (23) H (y) (158)

-y -y
‘Zk_ylera ‘:L._y‘1+a

dH (x)dH*(y).

) J
(Q\Fk )n2PE \Pk_J Pk

The first integral in (1.58) may be estimated in the same way as (1.57). Thus we
get

/<Q\F¢k>\2p4vk /%

For the second integral in (1.58), let j € Z and define the set

-y r—y
‘Zk_ylera ‘x_y‘1+a

dH* (z)dH (y) < CH*(PF) = H*(F}).

Aj={z e P} : 27'd(P}) < dist(z,2P} \ P}) < 2/d(P} )}.

k
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Now, for x € Aj, let Fi(z) ={y € QPfk \Pffk : 2i_1d(P7kk) <l|lz—y| < 2id(Pfk)}.
Then we have

/ k \ pk
2Pk \Pk

o ~ C(2d(P))"
_Z/ \w—y\adH <Z 2”d )"

=]

x_
’x_ ’1+a

dH*(y)

dH (y Z /

’x_ ’1+a

1
<O 1< C1+f)).
i=j
Summing over j and using the “small boundary” condition stated in property 6 of
Theorem 1.6 gives

/Pk / PE\Pk

=C > (1+]jhH (4 <C Z (1+ [j)or2VH(PE ) < CHY(PE).

J=—00 j=—00

x_

dH (y)dH (z) < C Z (1 +1]) / dH* (x)

— |1t
|z —yltte Pt

Moreover,

/k / k \ pk
Pk JoPk \Pk

Therefore we have

/21’42 \PE /P%“k

and so we are done with the estimate of the second integral in (1.58) and we get

/Q\Féz /P

Hence using that || k|| < C for all k, we finally get the L' —inequality in (1.51). [

He (PR)H (2P \ )
(cd(Py,))

2k — Y
|2 —y[t+e

dH(y)dH* (z) < < CHO(PF).

2 —y T —y
’Zk_y|1+a ]a:—y]”a

dH*(y) < CH*(PL),

2 —y T —y
|2F —y[ite [z — y[ite

dH"(y) < CH(PE).




Chapter 2

Signed Riesz capacities and Wolft
potentials.

2.1 Introduction.

In this paper we study the capacity v, associated to the signed vector valued Riesz
kernels k. (z) = \xlf““ 0<a<n,inR" If K CR"is compact one sets

VoK) =sup| < T,1 > |

where the supremum is taken over all distributions 7" supported on K such that T*M‘”ﬁ
is a function in L*°(R™) and ||T * mfﬁﬂm <l,for 1<i<n Forn=2and a=1

this is basically analytic capacity (see [12]), and for « =n — 1 and any n > 2, 7,1 is
Lipschitz harmonic capacity (see [Par], [MP] and [V1]).
In [’1] one discovered the fact that if 0 < a < 1, then a compact set of finite

a-dimensional Hausdorff measure has zero ~, capacity. This is in strong contrast with
the situation for integer «, in which a-dimensional smooth hypersurfaces have positive
Vo capacity. The case of non-integer o > 1 is not completely understood, although it
was shown in [I’1] that for Ahlfors-David regular sets the result mentioned above for
0 < a < 1 still holds.

In this paper we establish the equivalence between v,, 0 < a < 1, and one of the
well-known Riesz capacities of non-linear potential theory (see [Al], Chapter 1, p. 38).
The Riesz capacity Cs, of a compact set K C R", 1 < p < o0, 0 < sp < n, is defined
by

CS,IJ(K) = mf{”@”g Y * ’ ‘ Z 1 on K}7
x|n—s

where the infimum is taken over all compactly supported infinitely differentiable func-
tions on R™. The capacity Cs, can be described by means of Wolff potentials. The
Wolff potential of a positive Radon measure p is defined by

Wo(z) = WP () — /0°° (u(za(x,r)))p’l T e,

yn—sp
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where p’ = p/(p — 1) is the exponent conjugate to p.
The Wolff energy of pu is

E(p) = Esp(p) = [ WH(x)dp(z).

RTL
By Wolft’s inequality ([AH], Theorem 4.5.4, p.110) one has

1 1
Clsup ———— < O, ,(K) < Csup ————,
P B = o = O

where C' is a positive constant depending only on s, p and n, and the supremum is
taken over the probability measures p supported on K.

The main result of this paper is the following.
Theorem. For each compact set K C R™ and for 0 < a < 1 we have
C71 0% (a3 (K) £ 7a(K) < C Oz g 3(K), (2.1)

n—a),;

where C' 1is a positive constant depending only on o and n.

Since it is well-known that C2(, s vanishes on sets of finite a-dimensional Haus-

dorff measure (see [AH], Theorem 5.1.9, p.134), the same applies to 7,. Thus we recover
one of the main results of [’1]. On the other hand, Cj, is a subadditive set function (al-
most by definition, see [A], p.26), and consequently, 7, is semiadditive for 0 < o < 1,

that is, given compact sets K; and Ko,

Yo (K1 U K3) < C{7a(K1) +7a(K2)}, (2.2)

for some constant C' depending only on « and n. In fact 7, is countably semiadditive.
For « = 1 and n = 2 inequality (2.2) is still true and is a remarkable result obtained in
[12]. For « =n — 1 and any n (2.2) has been shown very recently in [Vo].

Another interesting consequence of the Theorem is that -, is a bilipschitz invariant.
This means that if ¢ : R® — R" is a bilipschitz homeomorphism of R", namely,

L7 e —y| < [o(z) — ¢(y)| < Lz —yl,

for z, y € R™ and for some constant L > 0, then for compact sets K one has

C™a(K) < 7a(6(K)) < Cra(K),

where C' depends only on L, o and n.

The bilipschitz invariance of the analytic capacity v has been recently proved by X.
Tolsa (see [11]). The result for a big class of Cantor sets was proved before by Garnett
and Verdera (see [GV]).
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Our proof of the Theorem rests on two steps. The first one is the analogue for
0 < a < 1 of the main result in [12], namely, the equivalence between 7, and 7, 4. For
a compact set K C R", the positive v, capacity is defined by

Yo+ (K) = sup pu(K)
where the supremum is taken over those positive Radon measures p supported on K

‘ <1,for1<i<n.
o0

such that i+ p s in L*>*(R™) and Hm“ﬁ * [

Theorem 2.1. For each compact set K C R"™ and 0 < o < 1, we have

C a4 (K) < 7a(K) < Ca4(K),
where C' is some positive constant depending only on o and n.

We claim that Theorem 2.1 can be proved by adapting the scheme of the proof of
Theorem 1.1 in [12] and the adjustments introduced in [13] to prove Theorem 7.1 there.
This is explained in some detail in section 2.2.2. When analyzing the argument used in
[T2] one realizes that it is based on two main technical ingredients : the non-negativity
of the quantity obtained when symmetrizing the kernel, which was proved in [I’1] for
the Riesz kernel k., with 0 < a < 1, and the possibility of localizing the signed a—Riesz
potential, which is proved in section 3 for 0 < o < n. When the localization lemma is
available then there is no obstruction in adapting Lemma 7.2 (part h)) in [13]. Once
Theorem 2.1 is at our disposal we need to relate 7, 4+ to C 2(n-a),3 and this is the second
step in the proof of the Theorem, which is discussed in section 4.

The plan of the paper is the following. Section 2 contains some preliminary defi-
nitions and results that will be used throughout the article. In section 3 we prove a
localization theorem for the signed Riesz potentials. In section 4 we prove the main
Theorem.

Constants independent of the relevant parameters are denoted by C' and may be
different at each occurrence. The notation A ~ B means, as it is usual, that for some
constant C' one has C7'B < A < UB.

2.2 Preliminaries.

2.2.1 Simmetrization of Riesz kernels.

The symmetrization process for the Cauchy kernel introduced in [\V¢] has been success-
fully applied in these last years to many problems of analytic capacity and L? bound-
edness of the Cauchy integral operator (see [MV], | | for example; the survey [1D3]
and the book [Pa?2] contain many other interesting references). Given 3 distinct points
in the plane, 21, zo and 23, one finds out, by an elementary computation that

1
c(z1, 22, 23)° = —_ (2.3)
za: (20(1) = 20(3)) (20(2) — Z0(3))
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where the sum is taken over the six permutations of the set {1,2,3} and ¢(2, 29, 23) is
Menger curvature, that is, the inverse of the radius of the circle through z1, 2z and z3.
In particular (2.3) shows that the sum on the right hand side is a non-negative quantity.

It can be shown that for 0 < o < 1 the symmetrization of the Riesz kernel k,(z) =
x/|z|Te, gives also a positive quantity. On the other hand, for 1 < a < n, the
phenomenon of change of signs appears when symmetrizing the kernel k,, as one can
easily check.

For 0 < a < n the quantity

Ts(2) — To(1) To(3) — To(1)
Z |1- —r ‘1+a ’$ — |1+a’ (24)
pu o(2) (1) o(3) o(1)

where the sum is taken over the six permutations of the set {1,2 3}, is the obvious
analogue of the right hand side of (2.3) for the Riesz kernel k,. Notice that (2.4) is
exactly

2 pa(xb T2, 33'3),
where p, (21, T2, 23) is defined as the sum in (2.4) taken only on the three permutations

(1,2,3), (2,3,1), (3,1,2).

In the following lemma we state the explicit description that was found in [P 1] for
the symmetrization of the Riesz kernel k,, for 0 < a < 1.

Lemma 2.2. Let 0 < a < 1, and x1, x9, x3 three distinct points in R™. Then we have

2-2" o ) < gl+a
T1,T9,T
200 _pa 1,42,43) > L(a:l’xQ’xS)Qa?

L(xb T2, -1'3)
where L(x1,xe,x3) 1s the largest side of the triangle determined by x1, x2 and x3. In

particular po(x1, T2, x3) is a positive quantity.

The relationship between the quantity p,(x, vy, 2) and the L? estimates of the oper-
ator with kernel k, is as follows. Take a positive finite Radon measure p in R™ which
satisfies the growth condition u(B(x,r)) <r% z € R", r > 0. Given ¢ > 0, set

R = [ kaly = )ity

Then (see in [MV] or [Pa2] the argument for a = 1)
|
[ Vi@ dut) = gt < €,

where C' is a constant depending only on o and n, and

poci) = [ [ oty ut@)auty)antz),
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with
Se ={(z,y,2): |[r—y|>e, |z —2|>cand |y —z| > €}
Thus
polt) < 350 [ o) o) ditz) + Cla], (2.5)
where

pa(u)Z/n / /npa(fv,y,Z)du(x)du(y)du(2)~

2.2.2 The scheme of the proof of Theorem 2.1.

In this section we give an outline of the arguments involved in the proof of Theorem
2.1. The proof uses an induction argument on scales, analogous to the one in | ]
and [T2]. The main idea is to show, by induction, that

Yo+ (BN Q) =7 (ENQ)
for squares () of any size.

The starting point in the proof of Theorem 1.1 in [12] is the construction of a special
family of cubes {Q;}1_, that cover E and satisfy

Yot (U1Q;) < Cyar(E)

and

N
D %0+ (3Q; N E) < Ca(E).

=1

The construction of these cubes works without difficulty in the same way as in [12]
for 0 < a < 1, because we have non-negativity of the quantity obtained when sym-
metrizing the Riesz kernel (see Lemma 2.2 above).

From the definition of the capacity 7v,, it follows that there exists a distribution 7§
supported on E such that

L 7(E) > 5 (To, 1),

N[ —

2. || Ty * lo <1, 1<i<n.

e
2+
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Consider now a family of infinitely differentiable functions {¢; };V: 1 such that each
C
¢; is compactly supported on 2Q;, 0 < ¢; <1, [|0°¢p;le < W ,0<]s| <n,and
J
Zj.vzl ¢; =1on U§V:1Qj. At this point we need an inequality of the type

x.
o 1o * WHW <C

for1<i1<mn, 1<j<Nand0< a<mn. This will be proved in section 2.3. Then, by
definition of v, , we will obtain that

{2 To, D] < C7a(2Q; N E). (2.6)

for1<j <N.

Inequality (2.6) is used later on in the proof in order to construct a bounded function
b to which a suitable variant of the T'(b) theorem will be applied. There is still one
more difficulty in applying the Nazarov, Treil and Volberg T'(b)-type theorem one needs,
namely, finding a substitute for what they call the suppressed operators. It was already
explained in [P1] that there are at least two versions of such operators for the Riesz
kernels that work appropriately.

2.3 Localization of Riesz potentials.

One of the ingredients of the proof of Theorem 1.1 in [12] is the localization of the
Cauchy potential. The localization method for the Cauchy potential, T x 1/z, devel-
oped by A.G. Vitushkin for rational approximation was adapted in [Par] to localize the
potential T * z/|z|* and used in problems of C!-harmonic approximation.

In this section we will be concerned with the localization of the vector valued a—Riesz
potentials T * z/|z|'T®, 0 < a < 1.

Let + = (x1,...,2,) € R" and |z| = (Z?le?)lﬂ. For s = (s1,...,8,), O
si € Z , weset x° =zt xir sl = sl s, || = s1 A+ se A+ sy, OF
0% /oxit -+ 0% fOxsr, A =30 0%/02F and 0; = 9/0x;, 1 < j < n. In what follows,
given a cube @) C R", ¢ will denote an infinitely differentiable function supported on

2Q and such that [|0°pgllee < C(Q)71 0 < |s| < n.

I IA

We state now the following localization lemma.

Lemma 2.3. Let 0 < a < 1 and let T be a compactly supported distribution such that

T x e 1s a bounded measurable function for 1 < i < n. Then there exists some
constant C' = C(n,a) > 0 such that

Ly L
loQT * WHOO < Clsglgn 1T WHM
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Proof. Set K'(y) = ’y|y1i+a and for some fixed point x, set

i T; — Vi
Ki(y) =

|.Z' _ y|1+a'

We assume first that n is odd and of the form n = 2k + 1. We distinguish two cases:

Case 1: x € (3Q). Set g(y) = ¢o(y)KL(y). Lemma 11 in [’1] (see Lemma 1.11 in the
first Chapter of this dissertation) tells us that

g(z) = C,WZ (Akﬁjg * » |711 ~x Kj) (), (2.7)

Jj=1

for some constant ¢, , depending only on n and «. Thus

(0QT * K') (x) =< T, 0K} >=cno Y < T x K, A*d;g «

j=1

>

|y |

and so

To deal with A we use that T+ K7 is a bounded function. Notice that for z € (3Q)°
and y € 2Q) we have

Clleglls
lg(y)| < HQr

Let Qg stand for the unit cube centered at 0. Moving Akﬁ from ¢ to i |n — and
making the obvious change of variables one gets

dydz

|2n «

|A] < C sup HT*KZHOO

1<i<n

(3Q)¢ J2Q ’z—
. duyd .

<O swp |IT# K|l — < C swp T+ K.

‘ 2n—ao

(3Q0)¢ J2go 12 — Y

1<i<n 1<i<n
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Let’s now turn our attention to B. Recall that we have

n 2
2
Aflhg) = D> X ( I ) ( li >8fi ah O e (29)

i1,y =111,....,I=0

where 91t = (8,,)1...(9;,) .

1.0k

Since

A¥(0;9) = A (KL 050q) + A" (¢ 0,KL)

we have

dz

B < C sup ||T*Ki||oo/
3Q

1<i<n

(% (R 9y0) » s ) 9

’y|n «

+C sup ||T*Ki||oo/ dz (2.10)
3Q

1<i<n

(A (60 OK7) + — )(z)

|ly|n—e

=C sup |T* ——

1<i<n

| |1+ ||OO (Bl + B2)

Then using (2.9), [|*0ollee < Cl(Q)71! |s| > 0, the fact that |z — y| > £(Q),
y € 2Q), and changing variables, we get

dzdy
UFED SN DN / / i e

i1 in=111,....ls=0 2Q

< C / / dzdy / / _dzdy
>~ E(Q)n+a 30 J20 |Z_y‘nfa n+a+n a 300 4200 ’Z— ’n a

<.

Arguing similarly we obtain B, < C' and hence we conclude that

A+ B <C sup |T * K'|| -

1<i<n

Case 2: z € 3Q). Without loss of generality assume x = 0. Now the function g(y) =
—o(y)K*(y) may not be smooth, but (2.7) still holds in the distributions sense.

Writing f(z) = (T * i a) (z) one gets
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(0T * K') (0) =< T.g >=cya Yy _ < T x K/, A¥0;g

=1

>

|y |

. 1
=CY <O~ 10), Mg s >
‘= [y
We claim now that integrating by parts gives

Do <0, = F(0) MOy x i >

(2.11)

1 )
0 A L S0 ( sup [T+ Klnoo) .

|y|n—e 1<i<n

We postpone the proof of (2.11) and we continue with the argument. If (2.11)
holds, then we can write

(1) = 1) (8« ) (g

-0

)c

ol r-s0n (s 1 n ¢ 71
Set
a= [ = oy (a7 i) (e
nd
5= [ = ro) (a7 s i) (e

Using the boundedness of the function T+ K7 = 9; f, Fubini and changing variables
we obtain
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9(y)]
Al < C sup ||T * K| / z/ dydz
|Al | I E 3@)5’ | o [o = yPrie

1<i<n

; —y[+ 1yl
<C s ||T*K||oo||m||oo2/@ [ e s
3 c

; 1 dz
< C sup ||T*K ||OOZ/Q |y|a /(3Q)C |Z_y|2nfady

1<i<n

+C' sup ||T*K Il o 0Q / /
Z 20 |y|a (30)° |Z— |2n+1 a

1<i<n

< C sup ||T* KY|so.

1<i<n

For the term B, write

|B| <

(f(2) = £(0)) (A5 1gx ——) (2)d
3Q

|y|n e
<c /
3Q

3 -1 (1700 e 1) (1,

where the last sum is over those multi-indexes r and s that appear in distributing
between ¢g and K the n + 1 derivatives coming from A*!. We will now divide
the above sum in two parts, the first one containing the indexes |r| > 2 and the
second one the rest of them. In order to be able to estimate the integral of this
second part, which is the worse, we will have to subtract a Taylor polinomial of
¢q of order one. Let

R(y) = poly) — Y 9pq(0)y™.

|m|=0
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Then

dydz
| B| <C’Z/ | f(2) / Q)Irljy|atnti=lrl| z — y[n—o

|r|>2

o [ 176) - ) Z [T E W) o

3Q y[n—e

I/\+

\s\:n+1

|y|n =

| (2.12)
e /3Q<f<z>—f<o>>za%<o> (ymAk“Kw ! )<z>dz

+C sup (075 0)] | | RUCENCIDY (asm‘ X ﬁ) (2)dz

m|=1 |s|=n

= B+ By + B3 + By.

Notice that if |r| > 2, since 0 <a <1, wehavea+n+1—|r|<a+n—1<n.
Hence using the boundedness of the function 7' K% 1 < i < n, B, is finite and
by homogeneity independent of ¢(Q). Thus,

By <C sup |T * K'|| o

1<i<n

We deal now with By. Write

/a Y Ki(y ©) 4, 4
4Q

|r\+H: |Z_ |na
Irl <1
0" R(y)O° K’
3Q Ir|+|s| =n+1 (4Q)¢ |Z _y|
Irl <1

For the integral over 4(), we have to use the Taylor expansion to get integrability.
Estimating first the term with || = 1 and then the term with |r| = 0 we get
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By < C sup ||T * K'||f(Q / / M’gj —dydz
1<i<n Q)?[yl*t"z =yl
+C sup ||T * K'|| o / / ly* dydz
1<i<n = Q) lylotr iz — y[rm '

Then by homogeneity,

By < C sup [T * K'||.

1<i<n

For the integral over (4Q)¢, we do not apply Taylor; we just estimate term by
term. For |r| = 0 we have that

Clyl _  C
L@)lyrrert e@)yle

For |r| = 1 the term |0"R(y)0°*K*(y)| can be estimated by C¢(Q)~!|y|~*", be-
cause now |s| = n. Therefore

By < C sup [T * K'[|l(Q / / ~ dz
1<i<n 4Q)c Q)lyl* n|Z_ y[re

< C sup ||T % K]l

1<i<n

|R(y)°K'(y)| <

For Bjs, separate the terms according to whether |m| = 0 of |m| = 1 as follows:

B3 =

|y|n—e

(f(2) = £(0)) pa(0) (AF1K « —1—) (2)dz
3Q

+ /3 @) = O) > 9"po(0) (ymAkHKi* - >(Z)dz

|y|n—e

= D31 + Bss.

Now we treat the term Bs;. Taking Fourier transforms on the convolution A Kix

Iy\% we obtain for an appropriate constant C,

—

Thus
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%) (2) = COB(2).

(Ak+1Ki %
|ly|"~

Hence,
Bz < Cllegllee sup |7 K'||oo.
1<i<n

For Bs,, we take also Fourier transforms on y™AM K7 « |n =, |m| = 1. Then

|€|2k+2§i> 1 gm&
=Co™ :C5mm c>—,
a>“) (\anﬂa e RATEE

<ymAk+1Kz’ * -
ly|"

where m; is the multi-index with all entries equal to 0 except the :—th entry which
is 1; 0y, equals one when m = m; and zero otherwise. Hence

m

1
|y |

%
|Z|n+2

<ymAk+1Ki * ) (2) = Cépmm.d + C

and since |m| =1,

, dz
Bsy < sup HT*K’HOO/ o < Csup ||T * K'| oo

. O
Q) 1<i<n |1 <i<n

Now we are left with term B,. Taking Fourier transforms on the convolution

K"« G ‘n —, we obtain
o & 1 £,
OSKix —— = (¢3 =C .
(6t i) € = O it e = O
Hence

< ri 1 B 2%z
<a K |y|n—a) (=) = O

Recall that in By we had |s| = n. Thus by homogeneity

| i
By < C sup T Kl / o < C sup 1T 5 K7

1<i<n Q) z|n 1 1<i<n

We still have to show claim (2.11). Let 1 < j < n and put

wj:(—1)j’1dy1/\~~/\(§y\j/\"-/\dyn.
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Then Stokes Theorem gives

D" < 0,(f ~ f(0)). Aayg x |i_a >
j=1
1
_ _ L,
< f = £(0), 9% e

The first integral converges to 0 when ¢ — 0 as €7, thus we are only left with
the second one. For 1 < j < n and for a suitable constant C' we can write (recall

V y|nme [y —o=2

that for some constant C' depending on n and a, —%= = A (;))

|y |

/y _ = s (Akajg R ;> ) w,

Notice that when looking at the above integral, the worst case one has is when all
the derivatives A¥9;0, of the product g = —pgK" are on the kernel K*. We will
only be concerned with this case. For the other cases argue like in (2.12). Recall
that R(y) = po(y) — Z\lm\:o 0™po(0)y™. To get integrability we will have to use
this Taylor expansion. Then for 1 < j < n we have
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=A + Ay + As.

We will now show that A; and Asz converge to zero when ¢ — 0 and that A, is
bounded above by C'sup,;,, |7 % K'|| .

_ _ - RO.0 K () — P 1
A - /| U~ f0) /3QR< D e

ly — 2|

+/y|:€(f(y) - f(O))/ Zﬁka K" (2 >Wdz Wj

(3Q)¢
= A+ Ap.

We deal first with A;;. Notice that the Taylor expansion appearing in R kills
part of the singularity of A*9;0,K" and makes the product R A*9;0K" a locally
integrable function. Thus using the boundedness of T' x K7 we get

dz
| A1y SC’&/ / w;i| — 0, when ¢ — 0.
| yl=c /30 |Z|n—1+oc|z _ y|n—1—a| J|

Moreover,

d
|A12|§C€/ / 2] : = lwj| — 0, when ¢ — 0.
yl== J 3@y 121"z =yl

Thus A; tends to zero with e.

To estimate A,, take Fourier transforms on ), AkﬁjﬁlK oy Iylgl*‘“' Then for an
appropriate constant C' one has
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—

AR O K Y .y 2% & & :Cﬁz@“
(Z o *\yw—a)(f) 2 NP e e — Ol

Thus

ArOO K ) SYeR Ll
Z( IyI”‘a W)= Oy

l

Hence

_ _ YiYi .
61 = |Cal0) [ (1) = 10D B

< C sup ||T>|<Ki||oo»31_”/| lwj| = C sup ||T>x<Ki||Oo
Y=

1<i<n 1<i<n

For the last term, taking Fourier transform of >, y™A*9,;0,K" *
a suitable constant C

we get for

‘n (]

(ZymAka O K * = a)(&)

m Ifl%éj&f@-) & m(@@@-) &
; (\5!”“6* |€[e+? Zl |£]2e ) [g|o+?

!£|“ [ A

51‘ §J 5]52 gzgjgl
( gl + OmnJels g+ 2 0m |£|4>

Hence

<Zymkaam - ’1‘{1&) (y)

Yi Y; y]yz YiYiyi
=C 6m,m'_+5mml + m,m
( ly|? oyl Z 'y |"+2>

and since |m| =1,
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|As] < C W!wﬂ gCgQ”/ lw;| = Ce — 0, when € — 0,
lyl=e y lyl=e

which proves claim (2.11).

For even n one argues similarly using the corresponding formula in Lemma 11 in
[P1] (see Lemma 1.11 in the first Chapter of this dissertation). O

Remark. This localization Lemma holds also more generally for 0 < a < n.
The first case in the above proof, namely = € (3Q)¢, applies to any 0 < o < n.
For the second case, x € 3@, the proof works similarly modifying appropriately the
representation formula appearing in Lemma 11 in [P1] (see Lemma 1.11 in the first
Chapter of this dissertation).

2.4 Proof of the Theorem.

Let p be a positive Radon measure and 0 < o« < 1. For € R", set

pa(p)(x) = / /npa(x,y&)du(y)du@),

Mopu(z) = sup 1Bz, r))

r>0 re

and

Ug(x) = Map(x) + pa(p) (@),

Observe that po (1) = [5. P2 (1) (z)dp(x). U is the analogue of the potential intro-
duced in [V4]. The energy associated to this potential is

Eali) = | U(@)du(o)

Lemma 2.4. For each compact set K C R" and 0 < a < 1 we have

1
"}/QHF(K) ~ sup E—(V),
where the supremum is taken over the probability measures v supported on K.
Proof . Take a positive Radon measure p supported on K such that
‘(H”fm * u) (:17)‘ <1 for almost all z € R", 1 <7 < n. We claim that

w(B(z,r)) <Cr® xzeR" r>0.
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To prove the claim take an infinitely differentiable function ¢, supported on B(x, 2r)
such that ¢ = 1 on B(z,7), and [|0°¢|l < Cor7l) |s| > 0. Assume first that n is
odd and of the form n = 2k + 1. Then, by Lemma 11 in [’]] (Lemma 1.11 in the first
Chapter),

u(Ber)) < [ i = /(ZA O+ i+ ,xﬁ;a><y>du<y>

=1

1
CnaZ/ < |1+oc> ( ) <Akalgp * | |n a) (y)dy
- 1
<C / <Ak8i * ) y‘dy-i—C/
; B(a,3r) i || ) R\ B(,3r)

Arguing as in Lemma 2.3 we get that the last two integrals can be estimated by
Cre.

If n is even we use the corresponding representation formula in Lemma 11 of [1]
(Lemma 1.11 in the first Chapter).

On the other hand, it can be easily shown that

1

|Roc(p)(x)] <C, z€R" >0,

and so, by (2.5), we obtain

Palp) < Cflpll.

By Schwartz inequality

Eo(p) < Cllpell + Nl pa()? < C|lu-

Set v = u/||p||, so that

Eq (1) < &
lul?> = ul’

E.(v) =

and consequently

< .
/yOé,-'r(K) — Osgp Ea(l/)

The reverse inequality is proved as in [V1] and involves the 7'(1)-Theorem for non-
doubling measures. O
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Lemma 2.5. For each positive finite Radon measure p on R™ we have

o) ~ By g0 = [ (AR )%L()

Proof. Suppose that

[ () S <

and set G = {(z1,22,23) : |21 — 23] < |z1 — 23] < |23 — 23|}, Using Lemma 2.2 and
Riemann-Stieltjes integration, we obtain

0 =3[ [ [patoraaandutendutrdnten)
G

// / |22 — ws| 7 dpu(a) dp(ws) dp(s)

Bs [z2—as]) (2.13)
$37‘x2 5(73|>)
d du(z:
/n / P ()

// B 7)) 4By, ) dpes).

Notice that

Jim (WY < lim (“(in)f = 0. (2.14)
Moreover,
[ (—“(Bﬁf””)z T pepy [ o (—“(B;f’p”f ~
Thus
lim (W)Q ~0. (2.15)

Integration by parts in the last integral of (2.13), together with (2.14) and (2.15),

show that
e [T (M )%m
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Suppose now that p,(u) < co. We claim that we can assume that

lim inf —MB(I’ )

r—0 ro

=0, for p-almost all = € R". (2.16)

If (2.16) holds, then integrating by parts in the last integral of (2.13) one can deduce

o= () e

Otherwise there exists a p-measurable set F' such that p(F') > 0 and

timing A8 7))
r—0 re

and in this case we are done.

>0, x€F.

Shrinking F' we can assume that

lim inf —'U(B@’ )

1 = >a>0, ve€F.
r— T

By Egorov we can find g > 0 and a p-measurable subset G of F' such that u(G) > 0
and

w(B(z,r)) > g r®, x e G and r <. (2.17)

From (2.13) we get, applying (2.17) twice,

e [ B D) g ey

‘$2—Z’3’2a
33'3,|x2 $5|))
du(ze)du(x
/ /137"0) |:L'2_x3|2a Iu( 2) Iu( 3)

S @ / / dp(z)dp(zs)
- (z3,7m0) |I2 - x3|a

a o0
=5 // w({xe € B(ws, ) : |we — x3|"% > t})dtdp(x3)

GJO
ao " u(B(xs,
7"1+°‘ drd,u(xg)

a’a //TO dr

> — — =400
2 aJo T

which is a contradiction.

| \/
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O

Remark. In Theorem 2.2 of [M2] it is shown that for any finite Borel measure in
C, one has the following inequality,

/ / / (w1, w2, 23)dp(w1)dp(z2)dp(3) <C/ / drd u(z). (2.18)

On the other hand, for @ = 1, there is no general lower inequality like the one in
Lemma 2.2. Although we have

2

C($1,$2,$3) < m,

the reverse inequality may fail very badly. Thus the reverse inequality in (2.18) does
not hold for general measures u. However, see Theorem 2.3 in [\M2] where a related
result is shown when the measure p is the Hausdorff measure related to some measure
function h, restricted to some Cantor sets.

We turn now to the proof of the main Theorem.

Proof of the Theorem. We deal first with the inequality

Cg(n ), 2( ) < C’Ya+( ) (219>

Assume that for a probability measure u supported on K we have

B3 (00) // < )@du() E < 0.

Then by Chebyshev, for each t > 0,

wfr € K /( >({: t}<§

Taking ¢ = 2F, we obtain a compact set F' C K such that

/OOO (—MB(‘E’T))) " op, seF,

re r

and

p(F) >

C,O|H

If we set v = pp/pu(F), then for some positive constant C' depending on «,

C (M)z < /:p (M) I 1sp, veF (2.20)

pe B re T
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To see that v satisfies the a-growth condition, notice that if x ¢ F and B(x,r)NF
0, then v(B(x,r)) = 0, and if there is some £ € F'N B(x,r), then due to (2.20)

v(B(z,r)) < v(B(,2r)) < CrVE.

Hence we have

Myv(z) < OVE, z € R™
Then by Lemma 2.5 and Schwartz inequality we get

Ea(v) = / UL(e)dv(z) < OVE +pa(0)? < OVE,

Thus, by Lemma 2.4, we obtain

E7'? < CE,(v)™" < Cas(K),
which implies (2.19).

To see the reverse inequality, let @ be a probability measure supported on K such
that

Ealp) = / UL ()du(r) < oo

Since

Ealt) > / Pap2) (@) dps(),

as before, by Chebyshev,

p{x € K@ po(p)(x) >t} < EQT(M), t>0.

Taking t = 2FE,(u) we find a compact set I’ C K such that

Pal(i)(x) < 2Ba(n), forz € F,
and

u(F) =

Wl =

Set v = pyp/p(F). Then

Palv) = / P2 (0)(2)dv(x) < 36Ea(y1)

and so, by Lemma 2.5

Eﬂé(u)_l S 6p0¢(y)_1/2 ~ E%(n—a),%(y)_l/Q S C%(n—a),%(K)’
which ends the proof of the Theorem.



Chapter 3

Sets with vanishing signed Riesz
capacity.

3.1 Introduction.

The aim of this paper is to understand a bit more the capacity 7, associated to the
signed vector valued Riesz kernel z/|z|'™® in R™, for non-integer indexes 1 < o < n. In
general, given 0 < a < n and a compact set £ C R", v, is defined as follows,

YolE) =sup| <T,1> |, (3.1)

where the supremum is taken over all real distributions T supported on E such that for
1 <7 < n, the i-th signed a-Riesz potential T E |1+a of T is a function in L*(R")

and |[|T e oo < 1.

Due to the result in [T2], the capacity 7; in R?, is comparable to analytic capacity.
Given a dimension n > 2, the capacity ~,_; is called Lipschitz harmonic capacity (see
[Par], [MP], [V1] and [Vo]). When we consider non-integer indexes «, the following
is known: in | ] one shows that for 0 < a < 1, the capacity 7, is equivalent
to the Riesz capacity C’2 (n—a).3 of non-linear potentlal theory (see [AH], chapter 1).
From this characterization one deduces that for 0 < o < 1, 7o countably semiadditive
and bilipschitz invariant ( see [12] and [1] for these remarkable results in the case of
analytic capacity). Also, either from the description found in | | or from one of the
main results in [1], one can deduce that for 0 < aw < 1 7, vanishes on compact sets of
finite a—dimensional Hausdorff measure.

When one considers integer indexes «, then it is known that compact subsets of
a-dimensional smooth surfaces have positive v, capacity (see [V P], for the result in the
case &« = n — 1). For non-integer o > 1, the capacity 7, is not understood at all. In
[1] it is shown that in this case 7, vanishes on a—dimensional Ahlfors-David regular
sets.

Recall that a closed subset E of R" is said to be Ahlfors-David regular of dimension
d if it has, locally, finite and positive d-dimensional Hausdorff measure in a uniform
way:
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C 't <HUENB(z,r) < Cr?, forz € B, r<d(E),

where B(xz,r) is the open ball centered at x of radius r and d(FE) is the diameter of E.
Notice that if E is a compact Ahlfors-David regular set of dimension «, then
HYE) < 0.

In this paper we take one little step more towards the understanding of these ca-
pacities for non-integer indexes a > 1. We shall extend the result mentioned above for
Ahlfors-David regular sets, to sets having some density condition, namely we will prove
the following

Theorem. Let0 < a <n, a ¢ Z and let E C R" be a compact set with H*(E) < oo,
such that for all x € F,

0<0X(z,F) <0z, F) < 0.
Then ~,(E) = 0.

Recall that the quantities 0% (z, F) and 0**(x, E') are the lower and upper densities of
E at x. They are defined by

H*(E N B(x,r))

0 (z, F) = liminf

r—0 re
and
“(ENB
6 (x, E) = limsupH ( (x,r))'
r—0 re
The proof of the Theorem uses an adaptation of a result of Pajot (see [Pal]) on

coverings by Ahlfors-David regular sets. In order to prove our result, we also need to
study a positive version of v, , denoted by v, 4. For 0 < a < n, the capacity 7, 4 is
defined as 7,, but the supremum in (3.1) is only taken over positive measures instead
of over distributions. We will show that for 0 < a < n 7,4+ is countably semiadditive,
which will be used in the proof of the Theorem.

The proofs of the results from [’1] mentioned above are both based on the same
fact. When we are in the Ahlfors-David regular case, it is shown in [Vi] that for o ¢ Z
there are no Ahlfors-David regular sets where the a-Riesz operator is bounded in L2
We do not known how to prove this result for general sets with finite non-integer a-

Hausdorff measure. However, when 0 < « < 1, it is shown in [P1] that the signed
a-Riesz operator is also unbounded in L? on sets with finite a-dimensional Hausdorff
measure. Using this covering result from [Pal], we will reduce the proof of our Theorem

to the Ahlfors-David regular case.
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Throughout all the paper, the letter C' will stand for an absolute constant that may
change at different occurrences.

If A(X) and B(X) are two quantities depending on the same variable (or variables)
X, we will say that A(X) ~ B(X) if there exists C' > 1 independent of X such that
C1'A(X) < B(X) < OB(X) for every X.

The plan of the paper is the following. Section 2 contains some preliminary defi-
nitions and results that will be used throughout the paper. The semiadditivity of the
capacity 7a,+, for 0 < a < n, is also proved in this section. In section 3 we prove the
main Theorem.

3.2 Preliminaries.

3.2.1 [L?’-boundedness of Calderén-Zygmund operators.

A function K (z,y) defined on R" x R™\ {(z,y) : # = y} is called a Calderén-Zygmund
kernel if the following holds:

1. |K(z,y)| < Clz —y|~® for some 0 < a < n (a not necessarily integer) and some
positive constant C' < oc.

2. There exists 0 < ¢ < 1 such that for some constant 0 < C' < oo,

|z — xol°

‘K(l’,y) - K((L’g,y)| + |K(y,l’) - K(y,I0>| S Clm_yla—ka’

if | — xo| < |z —yl|/2.

Let p be a Radon measure on R™. Then the Calderén-Zygmund operator T associ-
ated to the kernel K and the measure p is formally defined as

zwszmmmszwwﬂwmw

This integral may not converge for many functions f, because for x = y the kernel
K may have a singularity. For this reason, we introduce the truncated operators T,
e > 0

LA =T = [ K fit)
T—yY|>€

We say that the singular integral operator T is bounded in L?(u) if the operators
T. are bounded in L?(x) uniformly in e.

The maximal operator T™ is defined as

T f(x) = sup [T f (x)].

e>0
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Let 0 < a < n and consider the Calderén-Zygmund operator R, associated to the
antisymmetric vector valued Riesz kernel x/|x|' .

For the proof of our Theorem a deep result of Nazarov, Treil and Volberg will be
needed (see | ]). They prove it for the Cauchy transform. The modifications
needed to use their result for the operators R, are explained in [’1]. In this way one
obtains the following 7'(b)-Theorem for the a—Riesz transform R,:

Theorem 3.1. Let p be a positive measure on R™ such that lim sup wB@n) 4o

r—0 e
for p almost all x and b an L*(u) function such that | [bdu| = .. Assume that
R}, b (x) < 400 for u almost all x. Then there is a set F' with u(F') > 2 such that the

a-Riesz transform R, is bounded in L*(pyp).

3.2.2 The capacities 7, and 7,.

Recall that the capacity 7,4+ of a compact set £ C R" is a variant of 7, defined by

Yo+ (E) = sup {u(E)},

where the supremum is taken over those positive Radon measures p supported on E
and such that for all 1 < i < n, the i-th a-Riesz potential p Ix"”m of p is a function

in L>*(R"™) with sup;;,, ||p* \xfmuoo < 1. We clearly have v, 4+ (E) < 7,(E).

We define now an L?—version of the capacity v, 4. For a compact set E C R™, set

Ya,2(E) = sup {u(E)},

where the supremum is taken over the positive Radon measures p supported on E with
growth p(B(z,r)) < r* for « € spt(u) and r > 0, and such that for 1 < i < n, the
a-Riesz transform R! is bounded on L?(p) with L?*norm smaller than 1.

We show now that these two capacities are comparable.

Lemma 3.2. For E C R", 74+ (E) = Ya2(E).

For the proof of Lemma 3.2, we need the following result (see lemma 4.2 in [MP)])
that tells us how to dualize a weak type (1,1)—inequality for several linear operators.
The result is a modification of Theorem 23 in [C'h1] (see also [U]).

Let X be a locally compact Hausdorff space and denote M(X), the space of all
finite signed Radon measures on X equipped with the total variation norm. For any
T : M(X) — C(X) bounded and linear, denote by T* : M(X) — C(X) its transpose,
that is:

/(TV1>dV2 = /(Ttl/z)dyl for 11, v, € M(X).
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Lemma 3.3. [VMP] Let p be a positive Radon measure on a locally compact
Hausdorff space X and let T; : M(X) — C(X), 1 < i < n, be bounded linear op-
erators. Suppose that every T} is of weak type (1,1) with respect to u, that is there
exists a constant A < oo such that

p{z - [Tiv(@)| > t}) < Aty

<n,t>0and v e M(X). Then for 7 > 0 and any borel set E C X with
< oo there exists h: X — [0,1] in L™ (u), satisfying h(z) =0 forxz € X \ E,

for1 <1
0 < p(E)

/ hdp > p(E)/2 and ||T;(hdp)||eo < (n+7)A for 1 <i<n.
E

Proof of Lemma 3.2. We have to prove that for some positive constants a and b,

alya,—f—(E) < VQ,Q(E) < b7a,+(E)- (3'2>

For the second inequality in (3.2), let o be a positive measure supported on F, such
that o(B(x,7)) < r® for x € spt(c) and r > 0, R’, is bounded on L?(c) with operator
norm smaller than 1, 1 <4 < n, and o(F) > %QT(E)

From the L?—boundedness of each R, we get that each R., 1 < i < n, is of
weak type (1,1) with respect to the measure o. This follows from standard Calderén-
Zygmund theory if the measure is doubling, and by an argument found in | | in
the general case.

We would like to dualize this weak type (1,1) inequality applying Lemma 3.3. Un-
fortunately, Lemma 3.3 does not apply to the truncated operators (R.,)., because they
do not map M(F) to C(E). This difficulty can be overcome by using the following
regularized operators. For ¢ > 0 and 1 <14 < n, define

r—y Ti —Yi
Rt = [0 () pfiaao)

for Radon measures v on R", and for f € L(o),

R.(fo)@) = [ v ( - y) Yo (y),

e ) |z —yltte

where ¢ € C>°(R") is some radial function on R” with 0 < ¢ <1, ¢ =0 on B(0,1/2)
and ¥ =1 on R™\ B(0,1).
Set R;. = (R.).. Notice that for £ > 0 and x € R" we have
|R'.v(x) — Riv(z)| < CM,u(2), (3.3)

where
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is the modified maximal operator introduced in | |. Notice that if the measure o

is doubling, then ]ngz/ ~ M,v, with constants depending only on those involved in the
doubling condition. Here

V(Bl,r)
Mov() = sup B )

is the centered Hardy Littlewood mazimal operator.
Lemma 3 in | ] says that the operator M,v satisfies a weak (1,1)-inequality
with respect to o,

o({z € E: My(z) >t}) <Ct o] , for v € M(E). (3.4)
It follows from (3.4) and (3.3) that if R;. satisfies a weak type (1, 1)— inequality so

does RZ’E and vice versa. The advantage of the R;{’a is that they do map M(E) to C(E),

so we may apply Lemma 3.3 to them instead of to R;.. Observe that (Rfe)t = —R;fa.
Thus for any compact set K in E with 0 < ¢(K) < oo, we can find for each ¢ > 0 a
function h. supported on K and satisfying

0 < h.(z) <1 for all z, (3.5)

/K hedo > o(K)/2

and

|RY.(heo) |l c) < 2nA. (3.6)

In view of (3.3), (3.5), (3.6) and using the growth condition o(B(z,r)) < Cor® for
x € spt(o) and r > 0, we have ||R;.(h-0)| 1~y < C. But we also want R;.(h-0) to
be bounded outside of K.

We claim now that for all > e, we have ||R;,(h.0)||L=~x) < C. To see the claim,
let first € < n < 2e. Then using (3.3), (3.5), (3.6) and the growth condition for o, we
have

| R (heo)|| Lo (i) < || Risg(heo) — Ric(heo)||Loe(ry + | Rie(heo)|| oo () < C.

Ifn > 2¢, then R, ,, = (R;er Using (3.5) and (3.6) , Cotlar’s inequality (see [ )
implies that the maximal operator (R;{’a)*(hsa) is uniformly bounded on K. Hence for
all n > 2¢,

1Risn(heo) =) = I(RE)n(heo)loeae) < N(REL) (heo) |l se) < C.

Thus the R;,(h.o) are uniformly bounded on € and 7.
Let {e;}; be an arbitrary sequence tending monotonically to 0 and let h be a weak-
star limit of some subsequence of {h.;} in L*(K); by passing to some subsequence
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we may assume that h., — h in the weak-star topology. Then & is supported on K,
0<h<1, [hdoc > Co(K) and ||R;,(ho)| =) < C uniformly in 7.

If we can prove that ||R;.(ho)||pe(kxey < C, then we are done with the lower in-
equality in (3.2) because p = ho is an admissible measure for v, . and so we have

s (E) > / hdo > Co(E) > Cras(E).
E

Consider any = € R™ \ K, set d = dist(z, K) and choose y € K so that d = |z — y|.
Fix € > 0 and distinguish the following three cases,

1. If € > 4d, then

|Rie(ho)(x)] < [Ric(ho)(x) = Riz(ho)(y)] + [ Ric(ho)l o)

and

|Rie(ho)(x) = Riz(ho)(y)]

— w; Y —w;
<\[ plw) (2 )dotw)
‘ lw—z|>e, [w—y|>e} |z —w[He |y —w[tte

T; — W;

+ / h(w) =Y o ()
{w: |lw—y|<e, lw—z|>} |Z)3 - w|1+a

Yi — W;
+ / hw) L~ do(w)| = A+ B+ C.
{w: [w—z|<e, [w—y|>e} |y — w|tte

To deal with A, note that |y — w| > ¢ > 4d = 4|z — y| > 2|z — y|. Hence using
the standard estimates for the Calderéon-Zygmund kernels, 0 < h < 1 and the a—
growth of o we get

A< oz/{ =9 ) do ()

) ; _ 14+o
w: 2e<|y—w|<27+1e} |y U)|

gc@ﬁ /  Jh(w)|do(w)

{ly—w|<2i+1c)

< C- supi w)|do(w 22]<C

€ r>0 T¢ |y—w|<r

For the term B,
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Term C' is treated in the same way as term B but interchanging the roles of x
and y.

2. If d/2 < e < 4d, then
|Rie(ho)(2)] < |Riga(ho)(x)] + [Ric(ho)(x) — Riaa(ho)(x)|

1
< C+ Csup— |h(w)|do(w) < C,
r>0 7% JB(y,r)
by using the previous case to bound |R; 44(ho)(x)| and the a—growth condition
on o and 0 < h <1 to bound the difference |R;.(ho)(x) — R; 44(ho)(x)|.

3. If e <d/2, then R;.(ho)(x) = R; 4/2(ho)(x), which leads us to the second case.

For the first inequality in (3.2), let ¢ be a positive measure supported on F such
that o(F) > %‘JFT(E) and ||o * #Hm <1,1<i<n.

To see that ¢ is admissible %or Ya,2, We check first that it satisfies the growth condition
o(B(xz,r)) < Cr®. Take an infinitely differentiable function ¢, supported on B(x,2r)
such that ¢ = 1 on B(z,7), and [|0°¢||e < Csr™l, |s| > 0. Here s = (sq,...5,), with
0<s,€Z,|s|=s14+824 ...+, and 0° = (0/0x;)*...(0/0x,)* . Assume first that
n is odd and of the form n = 2k + 1. Then, by Lemma 11 in [P 1] (see Lemma 1.11 in
the first Chapter of this dissertation),

n

k9 0o 5 1 . T; -
o(B(z,r)) S/sodtf:cn,a/ <ZA diep = |x,1+a) (y)do(y)

i=1

= —Cna il/ <0 x mi‘ﬁ) (y) <Akaigo * |x|i_a) (y)dy

_ 1
SCE / <Ak8,~g0* ) y‘dy+0/
= JB(x3r) || (@) R\ B(z,3r)

Arguing as in Lemma 12 in [P1] (see Lemma 1.12 in the first Chapter of this disser-
tation) we get that the last two integrals can be estimated by Cr®.

When n is even we use the corresponding representation formula in Lemma 11 of
[P1] (Lemma 1.11 in the first Chapter).

<Ak8i90 * ) (y)‘ dy

|x’nfoz

We are left now with the L?-boundedness of the a-Riesz transform R! for i =
1,---,n. By assumption || * \Jﬁ“w < 1, for 1 <i < n. In particular this implies
that we can apply the T'(1) theorem (see Theorem 3.1 with b = 1) and so we get the
L*—boundedness of R!, for 1 <i < n. This means that o is admissible for 7, . Thus

Ya2(E) 2 Co(E) > Cva, 4 (E).
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O
From this lemma, we can deduce the semiadditivity of the capacity 7, 4. In fact,
Ya,+ 1s countably semiadditive.

Corollary 3.4. Let E C R™ be compact. Let E;, i > 1, be Borel sets such that
E=|JE;. Then

i=1
Yot (E) <C Z Yo+ (Ei),
i=1
where C is some absolute constant.

Proof. Let p be the extremal measure for 7,2(E). Then due to Lemma 3.2 and
using that the measures jip, are admissible for the capacity va,2(E;),

Yot (B) % Yo (B) = pl(B) = p(UE) < 3 plE)

<O v0alB) ~ 3 v (B,

3.3 Proof of the Theorem.

We need the following result inspired from a theorem of H. Pajot. (see Proposition 4.4
in [Pal]) The result of H. Pajot, says that with some density condition, every compact
set of R™ with finite H*-measure can be covered by a countable union of a«—dimensional
Ahlfors-David regular sets.

He proves the result for sets in R" of integer dimension av. With some minor changes
in his proof, the same result holds also for sets in R" of non-integer dimension a with
0 < a < n, that is

Theorem 3.5. Let E C R"™ be a compact set with H*(E) < oo, such that for allz € E

0<0(x,F) <0z, FE) < .
Then,

e
=1

and for all v € N, E; is a compact Ahlfors-David regular set of dimension «.

Now we turn to the proof of the main Theorem.
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Proof of the Theorem. Suppose v,(F) > 0. Applying Lemma 8 in [P1] we find a
measure of the form v = bH®, with b € L*®(H® E) such that the signed a— Riesz
potential R, (v) = v * [iFa Is In L>(R™) and [, b dH* = ~,(E). We can apply now
Theorem 3.1 to get a set F' C E of positive H*—measure such that the operator R, is
bounded on L?*(H®, F'). This implies that v,.2(F) > 0. Due to Lemma 3.2 v, 4 (E) > 0.
Notice that our set F satisfies the hypothesis of Theorem 3.5, then there exist compact
Ahlfors-David regular sets F; of dimension « such that

Ec|JE.
i=1
The semiadditivity of the capacity 7, +, stated in Corollary 3.4 implies then that

0 <7a+(E) < CZ%,Jr(Ei)-

Thus at least one of the Ahlfors-David regular sets E;, say Ej, has 7,4+ (Ex) > 0.
Then for this set E; we have

0 < Yot (Br) < valEr).

Applying now Theorem 2 in [’1] to the Ahlfors-David regular set Ej, we get that «
must be an integer. O
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Open problems

In this final chapter we will state some open problems related to the topics studied in
this dissertation. These questions are quite recent.

Problem 1. Can we extend Theorem B to general compact sets £ C R", namely, is
it true that if E has finite a-Hausdorff measure for some non-integer index 1 < a < n,
then v, (F) = 07

Problem 2. Is it true that the vector valued Riesz kernels z/|z|'T™ in R", 1 < a < n,
a & 7, are unbounded on L*(H®) on sets of positive finite H*measure?

This result holds for a-dimensional Ahlfors-David regular sets (see [Vi]). If the answer
to Problem 2 is yes, then the same happens with Problem 1.

Problem 3. Is there an absolute constant C such that

'7a(E) < C'Va,—i-(E)a

for compact sets in R” and 1 < a < n?

The result for analytic capacity is proved in [12] and adapting the method the result
has been obtained for Lipschitz harmonic capacity 7,1 and for 7,, 0 < a < 1 (see [Vo]
and | | respectively).

Problem 4. Is the capacity 7, for 1 < a < n semiadditive? That is, is there a constant
C depending on o and n such that

Ya(EUF) < C (va(E) +7a(F)),

for compact sets £ and F' in R"?

A positive answer to Problem 3 would imply automatically the semiadditivity of =, for
1 < a < n because the capacity 7,4+ turns out to be semiadditive.
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Problem 5. Consider Cantor sets FE,(A) C R" for non-increasing sequences {\;}32,
with 0 < A; < 1/2. Without loss of generality assume that Ao = 1. Set oj = II¥_gA;.
Let Ey be a closed interval of length op, and let F; be the set obtained by removing
an open interval of length oy — 207 in the middle, so that E; consists of two closed
intervals of length o;. Then remove an interval of lenght o1 — 205 in the middle of each
of these intervals, to obtain E, consisting of 2% intervals of length o,. Continuing like
this we obtain after k steps a set Ej, consisting of 2* intervals of lenght o;,. Denote the
Cartesian product of n copies of Ej, by E,(C"), and set

o

E,(\) =) E".

n=0

Then E, () is called the Cantor set corresponding to the sequence {\,}22,.

Is it true that for 1 < a < n,

(B ) ~ (i (20;")2>1/2? (1)

The result holds for « = 1 and n = 2 (see | ]). For 0 < a <1 and any n (4.1) also
holds because for the capacity C2(, ) s it is true (see [AH], p. 143-146) and these two

capacities are equivalent (see | D).
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