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Introduccié ix

Introduccio

Sigui H*® l’algebra de les funcions analitiques i acotades al disc unitat obert ID. Direm
que una successié de punts {z,} C D és d’interpolacié per H* si per tota successié de
valors acotats {w,} existeix una funci6é f analitica i acotada a D amb f(z,) = w, per
totan=1,2,---. Als anys 50, R.C. Buck va plantejar el seglient problema. Existeixen
successions d’interpolacié per H*>° amb infinits punts? R. C. Buck, A. Gleason i D.
Newman [New] van obtenir resultats parcials i W. Hayman [Hay] va provar que la

inf H
b n#k

era necessaria i que una condicié lleugerament més forta era també suficient. L’any
1958, L. Carleson [[Call] va provar que de fet, la condicié (D.0.1]) era també suficient.

condicié
Zn — Zk
1—z,z1

>0 (0.0.1)

Teorema A. Si {zn} és una successid de punts al disc unitat D, les segiients
condicions son equivalents.

(a) La successid {z,} és d’interpolacié per H*®, és a dir, tot problema d’interpolacié
fzn) =wp, n=1,2,..
amb sup,, |w,| < oo té solucio f € H*.

(b) Ezisteiz una constant 6 > 0 tal que

II

n#k

Zn — Zk

>5, k=1,2,..

1 — 22k

(¢) La successié {z,} és separada, és a dir, existeix una constant ¢ >0 amb

Zn — Rk

—— | >¢, pern#k
1— 2,7

,O(Zn, Zk) =

i existeix una constant C > 0 tal que per tot quadrat de Carleson Q(z) es compleix

> (U=l <C1-1z)) (0.0.2)
2 € Q(2)

Aqui Q(z) ={w eD : |Argz—Argw| < m(1—|z|), 1—|w| < 1—|z|} per z € D\ {0}
és el quadrat de Carleson que es mostra en la figura [ i Q(0) = D.

Sigui p una mesura de Borel positiva al disc unitat . Direm que p és una mesura
de Carleson si existeix una constant C' > 0 de forma que

pQ(2)) < C(1 - |z]),
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Figure 1: un quadrat de Carleson Q(z)

per tot quadrat de Carleson Q(z). Aix{ doncs la condicié (.0.9) es pot reescriure com

w= Z(l — |zn])ds,  és una mesura de Carleson.
n

L’ampli impacte del teorema de Carleson queda de manifest en el tribut de Peter Jones
al treball de Lennart Carleson. ”This result is now understood to be one of the pillars of
function theory, and it shows up in areas ranging from the corona problem to operator
theory (and many places between)” [Jod.

El teorema de Carleson ha estat investigat almenys en dues direccions, que corres-
ponen a intentar entendre:

e El paper que hi juga I'holomorfia
e El paper que hi juga el fet que les funcions siguin acotades

Aquesta memoria consta de dos capitols relacionats amb aquestes dues direccions. Es
tracta de capitols independents que poden llegir-se per separat.

En el primer capitol de la memoria estudiem un problema d’interpolacié per funcions
harmoniques i positives. Abans de plantejar el problema pero, farem esment d’alguns
dels resultats coneguts en espais de funcions no holomorfes. Als anys 70, L. Carleson
i J. Garnett es van plantejar el problema de caracteritzar les successions d’interpolacio
per h*°, l'espai de funcions harmoniques i acotades al disc unitat. Una successié {z,}
de punts del disc unitat direm que és d’interpolacio per h°° si per qualsevol successio
acotada {w,} existeix una funcié f € h*™ amb f(z,) = w, per totan =1,2,--- .
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L’any 1975, L. Carleson i J. Garnett van provar el segiient resultat que déna la
descripcié de les successions d’interpolacié per funcions harmoniques i acotades al disc
unitat . Aquesta descripcié resulta ser identica a la que caracteritza les successions
d’interpolacié per 'espai H°.

Teorema B. [CQ/] Una successié de punts {z,} C D és d’interpolacié per h™° (D) si i
només si {zn} €s separada i existeir una constant C' > 0 tal que

Y (1=lzal) < O(1—2))

z2n€ Q(2)
per tot quadrat de Carleson Q(z).

Si considerem el problema d’interpolacié per funcions harmoniques i acotades al
semipla Ri la situacié és analoga al Teorema [B. L. Carleson i J. Garnett van estudiar
també el problema de caracteritzar les successions d’interpolacié per 1’espai h“(R‘fl)
de les funcions harmoniques i acotades al semiespai Rffrl = R?% x R, per d > 1, perd
el resultat que van obtenir és més feble ja que la prova del cas d = 1 utilitza eines
de variable complexa. Donat un punt (z,y) € Ri“, definim el cub de Carleson @Q
associat al punt (z,y) com Q = {(b,t) € R¢ xRt : |z —b| < 1(Q), 0 <t < I(Q)},
on [(Q) = y. Direm també que una successié de punts {z,} de ]Rffrl és separada si
inf,, 2y B(2n, 2m) > 0, on B(z,w) és la distancia hiperbolica entre els punts z,w € R‘f‘l.
El resultat d’interpolacié per hoo(RiH) és el segiient:

Teorema C. [CQ/ Sigui d > 1. Donada una successié de punts {z, = (zn,yn)} a ]Rff_“,
considerem la mesura 1 ="y, yls,. . Aleshores,

(a) Si{zn} és una successié d’interpolacié per h°°(RETY) llavors {z,} és separada i la
mesura i compleiz u(Q) < CL(Q)? per tot cub de Carleson Q.

(b) Si {z,} és una successid separada i la mesura p compleiz pu(Q) < CIL(Q)? per tot
cub de Carleson @, llavors podem trencar la successié {zp} en una unié finita de
subsuccessions Ay, i =1,..., N,

{Zn}:AlU-"UAN

de manera que per qualssevol i,5 = 1,...,N, la successio A; U A; és d’interpolacio
per h™ (]Rffrl).

No se sap si les condicions necessaries de I'apartat (a) del Teorema [J sén també
suficients excepte en dimensié d = 1. En cas de tenir condicions més fortes sobre la
successid, L. Carleson i J. Garnett van demostrar que la successio és d’interpolacié.

Teorema D. [CQ] Donada una successid de punts {(zn,yn)} de Rffrl, suposem que
existeizen unes constants C,c > 0 tals que per tota n, existeiz un punt b, € R?, amb
|Zy, — bn| < Cyn de forma que les boles {x € R : |x —b,| < cy,} siguin disjuntes.
Aleshores la successié {(n,yn)} és d’interpolacié per h™(RIT).
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N. Th. Varopoulos [V4] i L. Carleson [[Cad] van obtenir de forma independent condi-
cions necessaries per problemes d’interpolacié en contextos més generals quan en lloc
de considerar extensions harmoniques de funcions acotades a la frontera del disc 0D, es
considera la convolucié contra nuclis més generals que el nucli de Poisson.

El 1994, K. Dyakonov [Dy]] va estudiar el problema de caracteritzar les successions
d’interpolacié en espais de funcions acotades amb nuclis integrables. Si considerem el
cas particular del nucli de Poisson el resultat de K. Dyakonov ens diu que si existeixen
subconjunts de Borel E,, disjunts dos a dos de R? tals que

infw(zn,En,Rffrl) >
n

N |

aleshores {z,} és una successié d’interpolacié per h"o(]RiH). Aqui, w(z,, En,R‘fl) de-
nota la mesura harmonica del subconjunt F,, des del punt z,.

Donat 1 < p < oo, E. Amar [An]] a finals dels anys 70 va plantejar un problema
d’interpolacié per l’espai hp(RiH) de funcions harmoniques al semiespai Riﬂ obtin-
gudes a partir d’integrals de Poisson de funcions de LP(R%). Donada una successié de
punts {z,} C Rfl, considerem l'operador T), que assigna a cada funcié u € h? la
successié

Tp(u) = {u(z,)y¥/?}.

Direm que la successi6é {z,} és d’interpolacid per hp(RiH) si I'operador T}, compleix
T,(hP) D IP. Resultats parcials similars al Teorema [(J van ser obtinguts per J. Garnett
[Gag) i E. Amar [Euj en el context de les funcions de hP(RE™) pero el problema de
si les condicions de separaci6 i Carleson soén suficients per caracteritzar les successions
d’interpolacié per hP (Rf‘l) en dimensié d > 1 continua sent un problema obert. En el
cas d = 1 es té una descripcié completa analoga al Teorema [B. [GaZ).

En el capitol 1 d’aquesta memoria volem estudiar un problema analeg d’interpo-
lacié al con de funcions harmoniques i positives al disc unitat D del pla complex que
denotarem per h™ = hT(D). Si u € h™, la desigualtat classica de Harnack ens diu que

L=l _uz) _ 1+
14z = uw(0) = 1— |2

per tota z € D. Recordem que la distancia hiperbolica 3(z,w) entre dos punts z,w € D

és
14 |22
B(z,w) = log, —
1 — | 2=w
1—wz

Aleshores les estimacions anteriors es poden escriure com |logy u(z) —log, u(0)| < 5(z,0).
Com que aquestes nocions es preserven per automorfismes del disc, podem deduir que

| logs u(2) — logz u(w)| < B(z,w) (0.0.3)
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per totes z, w € D. Aix{ doncs, per tota funcié u € h*, una successié de punts {z,} C D
i la corresponent successié de valors w, = u(z,), n = 1,2,--- estan relacionades per
Iestimacio

|logy wy, — logy win| < B(2n, 2m), n,m=1,2---. (0.0.4)
Malgrat tot, donada una successié de punts {z,} C D, no podem esperar poder interpolar
per una funcié de h™* tota successié de valors positius {w,} que satisfaci la condicié de
compatibilitat (0.0.4) a menys que la successié es redueixi a dos unics punts. Es ben
conegut que si tenim igualtat en (D.0.d) per dos punts diferents z,w € D, aixd forca que
la funcié v sigui un nucli de Poisson i per tant no podem esperar interpolar més valors.
En altres paraules, I'espai de traga natural donat per la condicié (0.0.4)) és massa gran,
i ens veiem induits a considerar la segiient nocio.

Una successié de punts {z,} al disc unitat s’anomenard d’interpolacié per h' si
existeix una constant € = £({z,}) > 0, tal que per tota successié de valors positius {wy, }
satisfent

| logy wy, — logy wi| < €8(zn, 2m), n,m=1,2,--- (L:0:1)
existeix una funcié u € h™ amb u(z,) = w,, n =1,2,---

Observem que aquesta nocié és conformement invariant, és a dir, si {z,} és una
successié d’interpolacié per ht, també ho serd {7(z,)} per tot automorfisme 7 del disc
unitat. A més a més les constants corresponents satisfan que e({7(z,)}) = ¢({zn}). El
resultat principal del primer capitol és el seglient.

Theorem [[.0.1. Una successid separada {z,} de punts del disc unitat és d’interpolacid
per h™ si i només si existeizen constants M >0 i 0 < a < 1 tals que

#{zj: Blzj, 2n) <1} < M2% (L.0.9)
pern,l=1,2,---

Restringim ’atencié a successions separades perque volem considerar un problema d’in-
terpolacié per funcions harmoniques i positives i no per les seves derivades. Tot i aixi
cal mencionar que tota successié d’interpolacié per h™ és la unié de com a molt tres
successions separades. Anem ara a discutir la condicié ([L.0.2). Com és habitual en
aquests tipus de problemes, la descripcié geometrica de les successions d’interpolacié
ve donada en termes d’una condicié de densitat que diu, en el sentit apropiat, que les
successions d’interpolacié no sén massa denses. El nimero 2 apareix en ([[.0.2) a causa
de la normalitzacié de la distancia hiperbolica. Hem escollit aquesta normalitzacié
perque encaixa perfectament amb les descomposicions diadiques tal i com es pot veure
a I'Observaci6 [[.0.2. A la seccid mostrarem que hi ha una seérie de condicions que
sén equivalents a la condicié ([.0.9). Per exemple, una successio {z,} satisfa ([.0.9) si i
nomeés si existeixen constants M; > 010 < a < 1 tals que
# {Zji S
1—Zpzj

< r} < My(1-r)"®
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pern=1,2,--- 10 <r < 1. També es pot escriure una condicié equivalent en termes
de mesures de Carleson. Mostrarem en la secci6 [L.J que una successié {z,} C D satisfa
la condicié ([.0.2) si i només si existeixen constants My > 010 < o < 1 tals que

> A=) < Ma(1 = [z)*, n=1,2,--,

J
on la suma es pren sobre tots els punts z; € {z;} tals que |z; — z,| < 2(1 — |2,]).
Aquesta condicié s’assembla a la condicié habitual de Carleson amb exponent a < 1
pels quadrats de Carleson que contenen un punt en la seva part superior. Anem a
discutir el significat geometric de la condicié ([.0.9). Aquesta condicié ens diu que,
mirades des d’un punt de la successio, les successions que satisfan ([[.0.2) sén —a escales
grans— exponencialment més disperses que les successions separades. De fet, resulta
que una successié de punts {z,} C D és una unié finita de successions separades si i
només si ([[.0.2) es compleix amb o = 1. També cal mencionar que en la condicié ([.0.2)
es compten els punts de la successié que estan a distancia hiperbolica menor que [ d’un
punt donat z, de la successid, en lloc de prendre com a punt base un punt qualsevol
z € D com en [BoNj]. Veure també [S, p. 63-77]. Aquesta tltima condicié és més forta.
De fet mostrarem en la seccid que existeixen dues successions d’interpolacié Z7, Zs
per h™ amb inf{8(z,£): 2 € Z1,6 € Zy} > 0 tals que Z; U Z5 no és una successié
d’interpolacié per hT.

Es temptador intentar provar del Teorema utilitzant la condicié necessaria i
suficient de Nevanlinna-Pick per interpolar per funcions analitiques al disc amb part real
positiva. En aquesta direccié, P. Koosis [Kd| ha trobat una prova del resultat classic
de L. Carleson on es descriuen les successions d’interpolacié per funcions analitiques i
acotades utilitzant la condicié6 de Nevanlinna-Pick. Es pot trobar material relacionat
amb el tema a [Bi] i [MS9]. Seria interessant trobar una prova del Teorema en
aquesta linia, perd no hem explorat aquesta possibilitat.

Anem a explicar les idees principals de la prova del Teorema[I.0.T. Donat un conjunt
E C D, sigui E* la seva projeccio radial. Es a dir,

E*={{e€dD:ré € F, peralguna0<r<1}.

Una aplicacié del Lema de Hall déna que existeix una constant universal C' > 0 tal que
per tota u € h™ es té que

feeo: 25

La necessitat de la condici6 ([1.0.7) es dedueix facilment d’aquesta estimacié. La prova

A > 0.

C
<77
A

de la suficiéncia és més complicada. Donada una successié de punts {z,} C D satisfent
(IL.0.2) i una successié de valors positius {w,} satisfent la condicié de comptabilitat
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(.0.1)), hem de trobar una funcié u € h* tal que u(z,) = wy, n = 1,2, -+ La construcci6
de la funcié u € h™ es pot dividir en tres passos.

1. Aplicarem un resultat classic en Analisi Convex anomenat Lema de Farkas que es
pot entendre com un analeg per Cons del Teorema de Hahn-Banach. En lloc de construir
directament la funcié u € h™ que interpoli els valors wy,, el Lema de Farkas ens diu que
n’hi ha prou trobant, per tota particié {z,} = T U S, una funcié u € h™, que depen de
la particié, amb u(z,) > w, per z, € T i u(z,) < w, per z, € S.

2. Sigui w(z,G) la mesura harmonica a D del conjunt G C 0D des del punt z € D,

/ € —|Z\2 4]

Mostrarem que la condicié ([.0.9) ens déna una certa independéncia de les mesures

és a dir,

harmoniques {w(z,,-): n =1,2,---}. De forma imprecisa podriem dir que construirem
conjunts G,, C JD que compleixen que w(zy,,Gy,) ~ 1 mentre que w(z,, Gx) decau
exponencialment amb [((z,, zx). L’enunciat precis és el Lema de la seccié .. La
construccié dels conjunts {G), } utilitza un argument de tipus temps d’atur i constitueix
la part més tecnica de la prova.

3. Utilitzant el Teorema [B| de L. Carleson i J. Garnett on es caracteritzen les succes-
sions d’interpolacié per 'espai h®°, és facil veure que una successié separada verificant
(L.0.2) és d’interpolacié per h*°. Llavors existeix v > 0 tal que fixada una particié
{zn} = T U S, existeix una funcié harmonica h = h(T,S), amb sup{|h(z)|: z € D} < 1
tal que h(z,) = v si z, € T, mentre que h(z,) = —v si z, € S. Llavors, utilitzant la
condici6 de comptabilitat ([1.0.1)) i les estimacions del pas 2, veurem que la funcié

1—|z|? d
- S [ R kO G, e,

zn €T
verifica u(zp) > wy, si 2z, € T i u(zy) < wy si 2z, € S.

Hom pot considerar també un problema similar en dimensions superiors. Sigui

ht (]Ri“) el con de funcions harmoniques i positives al semiespai superior ]Rflﬁl. Direm

d+1
R-i—

que una successié de punts {z,} C és d’interpolacid per h* (]Ri“) si existeix una

constant € = e({z,}) > 0 tal que per tota successié de valors positius {wy,} satisfent
|logy wy, —logy wi| < €B(zn, 2m), n,m=1,2---

existeix u € h+(Ri+1) amb u(z,) = wp, n =1,2,---. Quan d > 1 no tenim una carac-
teritzacié geometrica completa de les successions d’interpolacié. En aquesta direccid la
situaci6 és analoga al treball de Carleson i Garnett [[CG] per successions d’interpolacié
a ’espai h° (Riﬂ) de funcions harmoniques i acotades en Rffrl descrit al Teorema [J.
En la secci6 [L.3 hi trobem una discussié detallada del problema.
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En el segon capitol de la memoria estudiem un problema d’interpolacié en certs
espais de Banach de funcions analitiques al disc unitat ID. Abans d’introduir el problema
pero, donarem una breu pinzellada d’alguns dels resultats coneguts sobre successions
d’interpolacié en alguns espais classics de funcions analitiques al disc.

Donat un espai de Banach B de funcions analitiques a D amb avaluacions continues,
denotem el funcional T, d’avaluacié en el punt z com

.. B — C
fo—= f2)

i la norma del funcional la denotarem per ||T%||. Sigui B’ l'espai dual de B. Llavors
existeix k, € B’ denominat nucli reproductor tal que f(z) =< f,k, > per a tota f € B.
A més, HkZHB/ = HTZ”

Sigui H un espai de Hilbert de funcions analitiques a D amb avaluacions continues,
amb un producte intern <, > i una norma associada ||-||. Donada una successié de punts
{zn} C D, considerem els nuclis reproductors k,, i definim w,, = k, /||k-, ||. Direm que
{zn} és una successi6 d’interpolacié per H si l’aplicaci6

x = {< z,uy >}

és exhaustiva de H a [2. Aixi doncs, una successié de punts {2,} és d’interpolacié per
I'espai de Hilbert H si per tota successi6 de valors {w,} que compleixi {w, /| k., ||} € I?
existeix una funcié f € H tal que f(z,) = w, per totan =1,2,---.

Sigui 0 < p < oo, denotem per HP(ID) l'espai de Hardy de funcions analitiques f tals
que

1 [ .
1 = sup 5= [ 17yt < o0
T

Les funcions de HP tenen limit no tangencial en gairebé tot punt de JD i la norma
introduida coincideix amb la norma LP d’aquests limits. Considerem també ’espai de
Bergman AP de funcions analitiques a D amb

1% = 1/ |f(2)[PdA(z) < oo.
™ JD

Direm que una successié de punts {z,} és d’interpolacid per HP (per AP) si per tota
successié de valors {w,} amb {w,/||T:, ||} € [P, existeix una funcié f € HP (f € AP)
amb f(2,) = wp, n =1,2,---. H. Shapiro i A. Shields [EhSH] 'any 1961 van provar que
una successio és d’interpolacié per H? per 1 < p < oo si i només si és d’interpolacié per
H®°. Dos anys més tard V. Kabaila [Kd] va provar que el mateix resultat era cert per
0 < p < 1. En el cas dels espais de Bergman AP, les successions d’interpolacié van ser
caracteritzades per K. Seip [Bell] 'any 1993 utilitzant una condicié de densitat.
Finalment, considerem l’espai de Dirichlet D de funcions analitiques f al disc amb

\W%=U@Fﬁ/W@ﬁM@<w
D
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i de forma més general, els espais de Besov B), de funcions analitiques al disc amb

1£1B, = 1F(O) + /D [F()P(1 = |2*)P2dA(2) < o0

per 1 < p < co. Observem que quan p = 2 coincideix amb ’espai de Dirichlet D.
Donats 1 < p < 00i0 < s < 1 definim també I’espai de tipus Besov Bp(s) com
I’espai de funcions analitiques a D amb

115, () = LSO + /D ()1 = 2P dA(2) < oo.

Observem que el cas s = 0 correspon a ’espai de Besov classic B,,. Es facil veure que el
funcional d’avaluacié T, : By(s) — C esta acotat per tot z € D i es pot comprovar que

B0, )17 si s=0
1T ~ 2\ :
(1—1z)"%P si 0<s<1

Donada una successié de punts {z,} C D, direm que és d’interpolacid per Bp(s) si
I'operador f — {f(zn)/||T%,||} és acotat i exhaustiu de Bp(s) a I”. Les successions
d’interpolacié a ’espai de Dirichlet van ser descrites per D. Marshall - C. Sundberg [MS2]
i C. Bishop [B]] simultaniament als anys 90, i I'any 2000 B. Boe [Boll] va caracteritzar les
successions d’interpolaci6 pels espais de Besov B), en termes d’una condicié de separacié
i un altra de tipus mesura de Carleson.

Els multiplicadors de B,(s) que denotarem per M(B,(s)) sén les funcions analitiques
g tals que gf esta a By(s) per tota f de B,(s). Es facil veure que M(B,(s)) ¢ H>®
i definirem les successions d’interpolacid per Uespai de multiplicadors M(B)y(s)) de la
mateixa manera que en l'espai H*°. Direm que {z,} C I és una successi6 d’interpolaci6
per M(By(s)) si per tota successié de valors {wy, } € [*° existeix una funcié g € M(B,(s))
amb ¢(z,) = wy, per totan =1,2,--- .

Igual que en els espais de Hardy classics H?, direm que una mesura de Borel positiva
@ és una (s, p)-mesura de Carleson si existeix una constant C' positiva tal que

/ ) Pdu(=) < CIFIE,
]D) P

per tota f € Bp(s). El paper que jugaran les mesures de Carleson en la caracteritzacié de
les successions d’interpolacié per B)(s) és similar al que juguen en el cas de H?. Notem
que les (s,p)-mesures de Carleson per p = 2, van ser descrites per D. Stegenga [Sted]
en termes d’'una condicié de capacitat. Anys més tard N. Arcozzi, R. Rochberg i E.
Sawyer [[ARST], [ARSY| van donar una caracteritzacié geometrica de les (s, p)-mesures

de Carleson que no involucra capacitats.
En el cas de Besov classic (s = 0) la caracteritzacié de les successions d’interpolacié
pels espais By, i M(B),) que obtingué Bjarte Boe és la segiient.
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Theorem E. Sigui 1 < p < 0o. Donada una successio de punts {z,} C D\ {0},
les segiients condicions son equivalents:

1. {zn} és una successio d’interpolacic per B,

2. {zn} €és una successio d’interpolacid per M(Bp)

3. Existeiz una constant C > 0 tal que il;f B(zn, 2m) = CB(2n,0), pern=1,2,--- i
mzFn

1
Z W 0., €s una mesura de Carleson per By.
n )

Les successions d’interpolacié pels espais de Besov By (s) amb s > 0 ja havien estat
caracteritzades per W. S. Cohn.

Theorem F. Sigui 0 < p < 00 i s > max(0,1—p). Donada una successid de punts
{zn} del disc unitat D, les segiients condicions son equivalents:

1. {zp} és una successio d’interpolacic per Bp(s).
2. {z,} és separada i la mesura ", (1 — |2,]?)*0,, és una (s,p)-mesura de Carleson.

En aquesta memoria estudiem les successions d’interpolacié pels espais de tipus
Besov By(s) i pels corresponents espais de multiplicadors M(Bj(s)) per 1 < p < oo i
0 < s < 1. Malgrat que les técniques que utilitzem només funcionen per 0 < s < 1,
tenen 'avantatge, respecte a la prova de W. S. Cohn, que ens permeten caracteritzar
també les successions d’interpolacié per ’espai de multiplicadors M (B,(s)). Aixi doncs
el resultat que obtenim no inclou els resultats del Teorema [H pero si que trobem certa
interseccié amb alguns casos del Teorema []. Observem que la natura dels espais per
s =01 per s > 0 és bastant diferent. Per exemple en el cas s = 0 no tenim productes
de Blaschke infinits a Bp(s) mentre que per 0 < s < 1 si. Aixi doncs les tecniques

que utilitzarem sén totalment diferents a les utilitzades per B. Boe a [Bolf]. El nostre
resultat és el segiient.

Theorem R.5.1]. Siguin 1 < p < 00 i 0 < s < 1. Donada una successié de punts {z,}
del disc unitat D, les segiients condicions son equivalents:

(UIS) {zn} €és una successid d’interpolacid per By(s).
(M) {zn} és una successid d’interpolacio per M(Bp(s)).
(CS) {zn} és separada i la mesura ", (1 — |2,]?)*0,, és una (s,p)-mesura de Carleson.

Notem que el cas p = 2 d’aquest teorema es dedueix d’un resultat més general de B.
Boe [Bo3| que caracteritza les successions d’interpolacié per certs espais de Hilbert que
tenen nuclis reproductors amb la propietat de Nevanlinna-Pick.
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Per provar el Teorema veurem d’una banda que les condicions (UIS) i (CS)
sén equivalents i de l'altra que les condicions (M) i (C'S) sén també equivalents. Anem
a explicar els passos que seguirem per veure l’equivaléncia entre (UIS) i (CS). La
necessitat de (C'S) és facil. Per la suficiencia hem de veure que si {z,} compleix (C'S)

aleshores 'operador
T: Bpy(s) — »

roo— e

és acotat i exhaustiu. L’acotacié ve donada per la condicié de mesura de Carleson mentre

que per I'exhaustivitat haurem de treballar una mica més i caldra introduir ’espai de
funcions L% definit a dD. Direm que una funcié f definida a 9D és de L% si f € LP(OD)

1
2 2 |f(ezt) o f(ezu)|p
2
= /0 /0 dudt < .

|€it _ eiu’Q—s

Les funcions de B,(s) per 1 < p < 0010 < s < 1 tenen limit radial en gairebé tot
punt i resulta que si f € By(s), lavors f(e?) = }er% f(re?) e LP(OD). Aixd és un re-
sultat classic per p = 2 i s = 0. Recfprocament, si f € LL(OD) i la seva integral de
Poisson f(z) és holomorfa a D llavors f € B,(s). Veure la Proposicié R.3.7. De manera
analoga veurem també que una funcié analitica i acotada g esta a M(B,(s)) si i només
si g(e?) = lim,_1 g(re?) esta a M(LE), on M(L%) és I'espai de multiplicadors de L%
definit de la manera obvia.

Per provar I'exhaustivitat de 'operador T, sigui {w,/||T%, ||} una successié de IP. Seguint
les tecniques habituals en aquests tipus de problemes, construirem una funcié no analitica
© que interpoli els valors {w,} als punts {z,} i que compleixi que

/D Bo(2)P(1 — |22 dA(2) < .

Sigui B el producte de Blaschke amb zeros {z,}. Resulta que B € M(B)(s)). Si Consi-
derem una solucié b de 1

aleshores la funcié f = ¢ — Bb és analitica a D i interpola els valors {w,} en els punts
{2,,}. Per veure que la funcié f és de Bp(s) es necessita resoldre el problema 9 anterior
amb una soluci6 b tal que b(e?) € L. Veure el Teorema R.4.1.

Pel que fa a l'equivalencia entre (M) i (C'S) notem que la necessitat de la condicié
de separacié (5) és elemental. La necessitat de la condicié de mesura de Carleson (C')
es deduira d’un argument que combina una férmula de reproduccié per By(s) i una
idea de N. Varopoulos [Vd| que utilitza la desigualtat de Khinchin (R.5.1). Donarem
dues demostracions diferents de la suficiencia de la condicié (CS). Una de les proves
utilitza una construccié de J. Earl [Ea] on el problema d’interpolacié es resol amb un
multiple d’'un producte de Blaschke. L’altra demostracié que donem és analoga a la
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prova que mostra que (CS) implica (UIS). Donada una successié de valors {wy} € [,
construirem una funcié no analitica ¢ que interpoli els valors {w,} en els punts {z,}
i que a més a més compleixi que |0 p(2)/B(2)|P(1 — |2|>)P~2+3dA(z) sigui una (s, p)-
mesura de Carleson. Per aconseguir una solucié analitica del problema d’interpolaci6
caldra trobar una soluci6 del problema

_ 1 —
ob = — Op.
B @
En efecte, llavors la funcié f = ¢ — Bb sera analitica i f(z,) = wy, per n =1,2,--- . Per

veure que f € M(By(s)) sera suficient trobar una solucié b del problema 9 anterior amb
b € M(LE). L’existéncia d’una solucié del problema 0 ens la donara el Teorema P.4.2
i aquesta consistira, de fet, en la solucié de P. Jones del problema 0 amb estimacions
a L>® ([Joll]). La resta de la prova consisteix en mostrar que aquesta soluci6 esta a
M(LE). Al Teorema provarem que una funci6 b acotada a 9D esta a M(LE) si i
nomeés si

IVP[)(2)|(1 — |2]*)P2T5d A(2) (0.0.5)

és una (s,p)-mesura de Carleson, on P[b] és I'extensié de Poisson al disc unitat de la

funcié b. Finalment, per comprovar que la mesura (P.0.5) és efectivament una (s,p)-

mesura de Carleson, haurem d’estudiar el comportament de 1’operador

|¢(w)]
T(¢) = /D mdfl(w)
sobre funcions ¢ complint que |¢(2)[P(1 — |2|?)P~2T5dA(z) sigui una (s, p)-mesura de
Carleson. Aquest estudi es resumeix en el Teorema R.3.9, la prova del qual fa ts d'una
caracteritzacié de 'espai B, (s) que no utilitzi derivades, que és de fet, una generalitzaci6
d’un resultat de R. Rochberg i Z. Wu [RW] pel cas p = 2. Veure el Teorema P.2.4.

La soluci6 a 'espai M(L%) del problema d obtinguda per provar que (CS) implica
(M) té interés independent. Efectivament, 'utilitzarem també per donar una nova prova
del problema de la corona en I’algebra M(B)(s)) estudiat per Tolokonnikov, veure
o [N}, Appendix 3]. Aixi mateix també utilitzarem la solucié del problema 0 per donar
una descomposici6 del tipus Fefferman-Stein per funcions de M(L%) C L>(9D).

La lletra C' denotara una constant absoluta el valor de la qual pot variar d’una linia
a una altra. També C'(M) denotara una constant que depen de M. La notacié a ~ b
significa que existeixen constants absolutes c1,co > 0 que satisfan c16 < a < c9b. De
manera similar, a < b significa que la segona desigualtat es compleix.
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Esctructura de la Tesis

La tesis consta de dos capitols que corresponen a ’estudi de les successions d’interpolaci
en dos espais diferents.

El primer capitol esta dedicat a I’estudi de les successions d’interpolacié per funcions
harmoniques i positives. A les dues primeres seccions es planteja i es soluciona el prob-
lema i a la tercera seccié es mostren condicions equivalents que caracteritzen aquestes
successions. A la tercera seccid es resol també un problema d’interpolacié per funcions
holomorfes i acotades sense zeros i s’estudia el problema d’interpolacié per funcions
harmoniques i positives en dimensions superiors.

Al segon capitol estudiem les successions d’interpolacié pels espais de tipus Besov
By(s). Aquest capitol consta de cinc seccions. A la primera seccié s’esmenten diverses
desigualtats que utilitzarem al llarg del capitol. La segona seccié esta dedicada a una
caracteritzacié de l'espai de Besov B, (s) sense utilitzar derivades i també es presenten
algunes propietats del nucli reproductor. A la tercera seccié s’estudien les mesures de
Carleson i s’utilitzen per caracteritzar 1'espai de multiplicadors M (B,(s)). Aix{ mateix
s'introdueix l'espai frontera L% i es proven algunes relacions amb lespai de Besov Bp(s).
La seccié quatre la dediquem a resoldre problemes & amb estimacions a LY i M(L%) i
ho apliquem en aquesta mateixa secci a la solucié del problema de la corona a l’algebra
M(By(s)) i per provar un resultat de descomposicié de tipus Fefferman-Stein. Finalment
a la seccié cinc caracteritzem les successions d’interpolacié per 'espai de Besov By(s) i
pel corresponent espai de multiplicadors M(B,(s)).

La tesis esta basada en tres articles. El capitol 1 correspon a l'article

[BINj] D. Blasi & A. Nicolau, Interpolation by positive harmonic functions, J. London
Math. Soc. (2), 76 (2007), 253-271.

El capitol 2 presenta resultats dels articles

[BH] D. Blasi & J. Pau, A characterization of Besov type spaces and applications to
Hankel type operators, per apareixer a Michigan Math. J. 56 (2008).

IABP| N. Arcozzi, D. Blasi & J. Pau, Interpolating sequences on Besov type spaces,
en preparacié (2008).
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“Al meu poble

hi havia gent de tres menes:

els qui creien, els qui no creien
i els qui tant se’ls en fotia.
D’aquests darrers, pero,

n’hi havia pocs.

Al meu poble hi havia,
sobretot, gent de dues menes:
els qui creien i els qui no creien.
I encara val a dir

que aquests darrers no eren pas molts.”

Croniques canten (Miquel Marti i Pol)

Aquesta memoria vull dedicar-la a tots aquells que creuen en un projecte, que tenen
un somni, tots aquells que pertanyen al primer grup i que lluiten per tirar endavant tot
el que es proposen. Aquesta tesi va dedicada, en primer lloc, als meus pares pel seu
suport incondicional, al meu germéa Albert per donar-me un cop de ma sempre que ha
fet falta i també al Jordi, el teu record sempre present és com l'aire que empeny els
nivols per seguir avangant.

El meu agraiment més sincer a I’Artur Nicolau per haver-me ensenyat a moure’m
per la selva de les matematiques, pels coneixements que m’ha transmes i per despertar
la meva curiositat per intentar entendre els elements que la componen. Per ensenyar-me
a explorar els camins que desfan aquest entrellat d’hipotesis i suposicions tot mostrant
un mon atractiu i captivador. Diuen que els matematics som una gran familia. Doncs
bé, des d’aqui voldria agrair també al meu germa gran de les matematiques, el Jordi
Pau, tot el temps que m’ha dedicat i tot el que he apres al seu costat.

Pero és clar, per poder treballar a gust, el més important és un bon clima de treball
i aquest sens dubte ha estat immillorable! Vull donar les gracies al Departament de
matematiques de la Universitat Autonoma de Barcelona per les facilitats que m’ha ofert
en tot moment, i pel bon ambient que s’hi respira. Aixi mateix al meu company de
despatx, el Ramon, i a la Unitat d’Analisi del departament i de la UB pels seminaris
conjunts. Una mencié especial a la gent de secretaria tot i que molts d’ells ja no hi sén;
al Toni, la Cristina, ’Ester i la Noelia per la seva eficiéncia i per estar sempre disposats
a donar-me un cop de ma. I que dir dels companys de doctorat? doncs senzillament
que no els canviaria pas! Tions, Paca, butifarra, excursions, e-milius, carmanyolades,
paelles... sén tants els bons moments compartits que no em veuria en cor de llistar-los
en aquest paragraf. I és clar, en els crédits no hi poden pas faltar el Miquel com a
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LaTeX-conseller i la Natalia com a English-revisora. Tampoc hi podien faltar els amics
de la carrera i els qui sempre seran companys de cotxe (les Laures, I’Alex, el Damia i
també la Mireia, el David, la Juani i 'Eduard). Amb el temps, segons diuen, el cotxe ha
assolit un altre nivell i les males llengiies parlen de 'autobuiis de Manresa. Una salutacié
als companys de ruta també!

A finals del 2003 vaig assistir al meu primer congrés de matematiques; la “Conference
in honor of Boris Korenblum’s 80th birthday” a Barcelona. Alla vaig coneixer en Milne
Anderson i em va dir una frase que recordaré sempre:

“Welcome to the mathematical community. You must know something: doing mathe-
matics you will never be rich but you will meet a lot of people!”

I quanta raé tenia... esta clar que fent matematiques no et faras ric, perd durant
aquest temps a 'univers de les matematiques, de gent n’he conegut un munt, d’aqui
d’alla i de més enlla i he fet bons amics com el “Girona de Noruega”, més senzill de
pronunciar que no pas Geir Arne Hjelle, o el Jan Frederick. Una abracada també pel
Ramoén, la Lola, la Juana, la Fatima, la Lucy,... i tots aquells que han passat pel
departament durant aquests cinc anys.

Tampoc vull oblidar-me d’en Pascal Thomas, en Kristian Seip i en Nicola Arcozzi
que tan amablement em van acollir en els seus respectius departaments i em van oferir
la possibilitat de treballar conjuntament i coneixer llocs preciosos.

I com diria aquell, fora de les matematiques també hi ha vida! Doncs bé, anem a
pams. Comencaré agraint al meu poble la felicitat que em transmet cada dia en tornar
de la universitat, a la seva gent i al nostre pais petit que algun dia veurem lliure! Als
amics de l'esplai GEPS amb qui he compartit tantes vivencies i amb qui junts hem
rigut, hem cantat i hem apres... molt! Als companys del Centre Excursionista 2x2 per
introduir-me al méon de la muntanya, perquée puguem muntar moltes histories plegats i
en definitiva, perque el 2x2 és més que un club!

Quan comencava el doctorat, amb el Marsi vam anar a parar al Club Alpi Universitari
(CAU) que en aquells moments també comengava. Alla he conegut gent extraordinaria i
ells sén els culpables que tornés dels caps de setmana més cansat del que els comengava,
perd amb les piles renovades, aixo si! Ascensions, travesses, escalades, bivacs, concerts,
sopars,... Gracies Pirineus, gracies Montserrat, i gracies als amics que ens uneix una
corda, que no sén quatre fils; el Guillem, la Laura, el Gerard, el Marsi, I’Alex,... quin
valor!!! I també al Marti, la Cristina, el Roger, la Monica, el Joan, la Ntria, el Jordi, la
Xus, la Lara, I'Isis, el John... Com diria en Feliu Ventura: que no s’apague la llum!

Aviat fara dos anys que amb el Pere i I’Albert vam comprar 'acordié diatonic.
Gracies senyors Honer i Castagnari per les vostres joguines que a xics i grans fan bellugar!
Sempre agrait a la Georgina, mestra i amiga, i també a la Cati i lo Rafeu. I com no, a la
gent fantastica amb qui gaudim del nyigo-nyigo, els acordionistes escampats, dispersos
o desperdigats! I als tanoques també va! Dedico també aquestes pagines als amics de
Mihatovici i a tots els companys catalans i bosnians que compartim un mateix somni.
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I finalment a tu per tenir la santa paciéncia de llegir tot aixo!

La vida és Rauxa!

Pero aquesta gran parrafada
no podria pas acabar

sense una que altra corranda
que a uns amics vull dedicar.

A la colla corrandera

que vinguts d’aqui i d’alla

sempre busquen la manera
de deixar anar un disbarat!

Si va bé en unes setmanes
el doctor Blasi seré

pero si teniu mal de panxa
no us refieu del meu consell.

I és que els doctors matematics
tenen l’especialitat

de fer fora el mal de panxa
fent-te venir mal de cap!

Fent pocions amb conjectures,
lemes i proposicions

hi ha dues opcions: o bé et cures
o tens al-lucinacions!

Com a darrera corranda
amb permis em copiaré,
una que em feu molta gracia
que va escriure el Mingu Vell.

La de Dani és planta rara,
que té les arrels quadrades,
logaritmes a les fulles

i floretes integrals.



Chapter 1

Interpolating sequences for
positive harmonic functions

Let ht = h™(D) be the cone of positive harmonic functions in the unit disc D of
the complex plane. As discussed in the introduction, a sequence of points {z,} in
the unit disc will be called an interpolating sequence for h™ if there exists a constant
e =¢e({zn}) > 0, such that for any sequence of positive values {w,,} satisfying

|logy wy, — logy wi| < €B(zn, 2m), n,m=1,2,--- (1.0.1)

there exists a function v € h™ with u(z,) = wp, n = 1,2,--- , where 3(z,w) refers to
the hyperbolic distance between the points z,w € D.
The main result of this chapter is the following.

Theorem 1.0.1. A separated sequence {z,} of points in the unit disc is interpolating
for h™ if and only if there exist constants M > 0 and 0 < o < 1 such that

#{zj: B(zj, 20) <1} < M2Y (1.0.2)
for anyn,l=1,2,---

Let us now explain the main ideas of the proof. Let E* denote the radial projection
of a set £ C D, that is, E* = {{ € dD: r§ € E for some 0 < r < 1}. An application
of Hall’s Lemma yields that there exists a universal constant C' > 0 such that for any

u € hT one has
u(z) ’
D: —=
H i) 7 A}

The necessity of condition ([[.0.9) follows easily from this estimate. The proof of the

sufficiency is harder. Given a sequence of points {z,} C D satisfying ([.0.7) and a
sequence of positive values {wy,} satisfying the compatibility condition (|L.0.1]), one has

C
<=, A>0.
= >

1
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to find a function u € h™ such that u(z,) = w,, n = 1,2,--- The construction of the
function u € h*t may be split into three steps.

1. We will apply a classical result in Convex Analysis called Farkas’ Lemma which
may be understood as an analogue for Cones of the Hahn-Banach Theorem. Actually
Farkas’ Lemma follows from the Separation Theorem for convex sets in locally convex
spaces, but the version we use predates the Separation Theorem. Instead of constructing
directly the function u € h* which performs the interpolation, Farkas’ Lemma will tell us
that it suffices to prove the following statement. Given any partition of the sequence {zy, }
into two disjoint subsequences, {z,} = T U S, there exists a function v = u(T,S) € h*
such that

u(zn) > wy, if z, €T,
u(zn) < wp, if z, € S.

2. Let w(z, @) denote the harmonic measure in D of the set G C ID from the point

z € D, that is,
z|2
5 [ el
€ —

For each point z, of the sequence {zn} we will construct a set G, C 9D and we will

show that condition ([[.0.) provides some sort of independence of harmonic measures
{w(zp,):n=1,2,---}. Actually, given 0 < § < 1, there exists N > 0 and a collection
of pairwise disjoint subsets {G,} of 0D such that

w(zn, UkeA(n)Gk) >1-9,

Z 28GR zn) (2, G) < 6.
kg A(n)

Here A(n) denotes the set of indexes k so that ((zk,z,) < N. The number n =
n(d, M,a) > 0 is a constant depending on § > 0 and on the constants M > 0 and
a < 1 of ([.0.2). The construction of the sets {G,,} uses a certain stopping time argu-
ment and constitutes the most technical part of the proof.

3. L. Carleson ad J. Garnett found a description of the interpolating sequences for
the space h* of bounded harmonic functions in the unit disc (see [Gal], [Gad, p. 313] or
[CG]). Using their result it is easy to show that a separated sequence verifying ([1.0.2)
is interpolating for h*. Hence there exists v > 0 and a harmonic function h, with
sup{|h(2)|: z € D} < 1 such that h(z,) = v if 2, € T, while h(z,) = —y if z, € S.
Then, for fixed € > 0 and § > 0 sufficiently small, using the compatibility condition
(L.0.1) and the estimates in step 2, one can show that the function

1- 12\2 |dé|
Z / |§—Z|2 h(f))ﬁu ZE]D),

Zn €T




verifies u(z,) > wy, if z, € T and u(z,) < wy, if 2z, € S.

Before proving Theorem we need some preliminary technical results. Given

w—z

z,w € D, let p(z,w) = T = be the pseudohyperbolic distance between those two
—wz

points. We define the hyperbolic distance between z and w as

1

We choose this normalization of the hyperbolic distance because it fits perfectly well
with dyadic decompositions of the unit disc. In fact, it is not difficult to prove the
following result.

Observation 1.0.2. Let k > 0 and let z,w € D with |Argz — Argw| < 1 — |z| and
1—|w| =27%1 —|z|). Then
ﬁ(z’ w) =k+C,

where C' is a bounded constant not depending on k.

It is well known that for all z,w € D\ {0} with 8(z,w) < 1 there exists a constant
C > 0 not depending on z,w such that

1-— ‘Z| ~1-— |w|
{ |Arg (2) — Arg (w)] < C(1 - |2]) (1.0.3)

Observation 1.0.3. Let z,w € D with B(z,w) < 1, then |1 —wz| = 1 — |z|
Proof. Given z,w € D with 3(z,w) < 1, we have that
1wz = |z —w* + (1 = |2 (1 — |[w]*) < C[L —w2* + (1 = |2)(1 — |w]?),

for a constant C' < 1/2. Inequality ([[.0.J) tells us that 1 — |w| ~ 1 — |z|. So we conclude
that
1= |2 < [1— w2 < C(1L— |2,

where C is an absolute constant not depending on the points z, w. ]

Given a point z € D we define the arc I(z) and the Carleson square Q(z) as follows:

I(z) ={e": —n(1—|2]) <0 —Argz < m(1—|z|)}
1.04
Q(z):{rei9:0<1—r§1—|z|, ewEI(z)}. ( )

Sometimes we will denote I = I(z) and S(I) for the corresponding Carleson square.
Given a constant C' > 0 we denote

Cl(z) = {eia: —mC(1—1z2]) <0 —Argz<7nC(1— |z])}

CQ(z) = {rew: 0<1—r<C1—|2]), e?eC I(z)}.
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Observe that if C(1 — |z|) > 1, one has CI(z) = 9D and CQ(z) = D. See figure [I.
When z;, € {z,}, we simply denote I, = I(zy).

1.1 Necessity of condition ([C02)

Given a closed set E C D, let w(z) := w(z, E,D \ E) denote the harmonic measure
from the point z € D\ E of the set F in the domain D\ E. See or [Dd]. The
classical Hall’s Lemma tells that there exists a universal constant C' > 0 such that
w(0, E,D\ E) > C|E*| for any set E C D. See [Hal| or [MS]]]. Recall that E* denotes
the radial projection of E. If E C 0D, we define

1P e
w(z E) _/E € 2P 2n

for any point z in D. The main auxiliary result for the proof of the necessity of condition

(IL.0.9) is the following.

Lemma 1.1.1. There exists a constant C > 0 such that for any u € h* and A > 0 one

has *
Hzeﬂ): ZES; >/\}

< =
A

Proof. One may assume that A > 1. Fix v € h*, and let E = {z € D:
u(z) > Au(0)}. The maximum principle shows that

u(z) > Mu(0)w(z, E,D\ E), zeD\E.

Taking z = 0, one gets w(0, E,D\ E) < A~! and applying Hall’s Lemma one finishes the
proof. O

Proof of the necessity of condition ([L.0.2). Let us assume that {2} is an interpolating
sequence for h*. By conformal invariance it is sufficient to prove ([.0.3) when the base
point z, is the origin. So assume z; = 0 and take wy, = 2°(:0) k=12 ... Tt is clear
that the compatibility condition ([[.0.]) holds. So, there exists u € AT with u(z) = wg,
k=1,2,--- Let Dy be the hyperbolic disc centered at z; of hyperbolic radius 1. By
Harnack’s Lemma,

u(z) > %, z€Dy, k=1,2,---.

Let A(j) denote the set of indexes k corresponding to points zx with j—1 < (2, 0) < 7,
7 =1,2---. Then, one deduces

u(z) > 22001 e Dy ke A®).
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Now, since u(0) = 1, Lemma [L.1.1] gives
| (UkeagDr)| < €207,
Since the sequence {z} is separated, the discs {Dy} are quasidisjoint and one deduces

Y 1-lxl<C ) |ppl <ot
keA(®) keA(j)

Since 1 — || is comparable to 277 for any k € A(j), one deduces
#A(j) < €209,
Adding up for j =1,--- [, one gets

#{zp: Bz, 0) <1} < 02079 O

1.2 Sufficiency of condition ([Z02)

Given a sequence of points {z,} C I satisfying ([.0.9) and a sequence of positive values
{wy,} satisfying the compatibility condition ([.0.1]), one has to find a function u € h™
such that u(z,) = wy, n = 1,2,--- . By a normal families argument, one may assume
the sequence {z,} consists of finitely many points. As explained in the introduction of
this chapter, the proof consists of three steps.

First Step

Let e1,--- , e, be a collection of vectors of the euclidian space R?. Farkas’ Lemma
asserts that a vector e € R? is in the cone generated by {e;: i = 1,---,m}, that is
e =3 \e; forsome \; >0, i =1,--- ,m, if and only if (x,e) < 0 for any vector 2 € R?
for which (z,e;) < 0,4 =1,---,m. See [HI]]. This classical result will be used in the
proof of the next auxiliary result

Lemma 1.2.1. Let {z,} be a sequence of distinct points in the unit disc and let {wy,}
be a sequence of positive values. Assume that for every partition of the sequence {z,} =
T US, into two disjoint subsequences T and S, there exists u = u(T,S) € h™ such that
w(zn) > wy if 20 € T and u(z,) < wy if 2, € S. Then, there exists uw € ht such that
w(zn) = Wp, n=1,2,---

Proof of Lemma [1.2.1. By a normal families argument, one may assume that both the
sequences of points {z,} and values {w, } consist of finitely many, say d, points. Consider
the set of all partitions {z,} = Tx U Sk, & = 1,...,m of the sequence {z,}. Let
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U1, ..., Un € KT be the corresponding functions such that ug(z,) > w, if z, € Ty and
ug(zn) < wy if 2z, € Sk, and consider the vector

wit = (U)o ui(za))s i= Lo m,

If 2 € R? satisfies (z,u;) < 0, i = 1,...,m, that is 2221 wi(zn)ry, < 0, let F =
{zn: &, > 0}. Then F = T} for some k and let Sy = {z,} \ F. Its corresponding
function wuy, satisfies xpw, < x,ug(z,) for alln =1,--- ,d. So,

d d
w) = an:cn < Zuk(zn)wn <0.
n=1 n=1

Now, by Farkas’” Lemma, w = (wj, - ,wy) is in the cone generated by the vectors
{ui,i = 1,...,m}. So there exist constants \; > 0, ¢ = 1,---,m such that u(z) =
St Aiui(z) € kY and u(z,) = wp, n=1,2,...,d. O

Second Step

The second step in the proof consists of using condition ([[.0.2) to construct a collection
of disjoint subsets {G,,} of the unit circle which provide a suitable kind of independence
of the harmonic measures {w(zp,:): n = 1,2,---}. The precise statement is given in
the following result which is the main technical part of the proof. Recall that w(z, G)
denote the harmonic measure in D of the set G C 0D from the point z € D, that is,

z|2
w(zG) %/‘§ ~ Jde].

Lemma 1.2.2. Let {z,} be a sequence of distinct points in the unit disc which satisfies
condition ([.0.3). Then for any 6 > 0, there exist numbers N = N(6) >0, n=mn(d) >0

and a collection {G,} of pairwise disjoint subsets of the unit circle such that

w (2n, Ugeam)Gr) 21-6, n=1,2,---, (1.2.1)
and

D 2RIz, Gy) <6, n=1,2,- (1.2.2)

k¢ A(n)

Here A(n) = A(n, N) denotes the collection of indexes k such that 3(zg, z,) < N.
We will use the following two elementary auxiliary results.

Lemma 1.2.3. Fized 6 > 0, there exists My = My(d) > 0 such that

1)
M )>1— — k=12
W(Zk, Ok)_ 100a k PR
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Proof. 1f z; = 0 one may take My = 1. If z; # 0 observe that there exists an absolute
constant Cy > 0 such that |e — z;,| > Cy|t — Arg z;|. Since

1 — |22 d
w(zk,a]D)\MoIk):‘zk‘/ |7§‘2’
2 Jom\mor, 1€ — 2kl
one gets
1— |22 [ d
Wz, D\ MoIy,) < |z’;|/ <.
2nCh JaMo(i-lz)) ¥
Hence 1
oD\ Moly) < ———5—
w(zg, 0D\ Molg) < T AT
and taking My = 100/7C3§ the result follows. O]

Lemma 1.2.4. Fized M > 0, there exists a constant C(M) > 0 such that for all pairs
of points z,w € D with w € 20MQ(z), one has

5z w) ~logy (121 )| < o),
]

Proof. One may assume that z,w € D\ {0}. Since

[1—wz| > (1 —[z|jw]) = (1 - [2])

and
_ 1
|1 —wz| < w|'_—z
w
< ‘w| '1 o eiArgw + ‘eiArgw _ eiArgz} + ‘eiArgz —
B w
< (20M 4+ 20Mm + 1)(1 — |2|),
we deduce

L=z < [1 —wz| < K(M)(1 = |z]),
where K (M) = 20M + 20M7 + 1. So,

zZ—Ww

1—wz

B(z,w) = 2log, (1 + ‘ f:;"z ') — log, (1 _

2)
zZ—w 1— 121 = |w|?
= 2log, <1+ T ')—logZ( 1|—)(1Dz|2| %)

1—|z

where —2 < C' < 2+ 2logy, K(M). O
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Proof of Lemma [I.2.4 The construction of the sets {G,,} may be split into three steps.

i) Given a sequence of points {z,} satisfying ([.0.9) and positive constants A and My,
let v be a constant depending on My and on the constant a appearing in ([.0.). For
each z;, € {z,} we will construct certain points z (k) € D with I(z,) C I(zy(y)(k))
and

D 1zl (k)] < M1 — |z]) for all z, € {z,}. (1.2.3)

Z7L620M0Q(Zk)
B(zk, 2n)>N

Here N is a constant depending on A\, My and on the constants M and « appearing

in ([03)

ii) Next, we will construct certain sets Ey C 0D with Ey N E; = 0 if 8(z,2;) > N
such that
w(zk, Bx) > 1— i (1.2.4)
10
In the construction of the sets Ej we will use the points z, (k) of the first step which
satisfy the estimate ([.2.3) above for a certain fixed A sufficiently small.

iii) Finally we will construct the pairwise disjoint sets G, satisfying conditions (|L.2.1])

and (|L.2.9).

i) Construction of the points zY(k). Fix 6 > 0. Applying Lemma [[.2.3, there
exists a constant My = My(d) > 0 such that

J

Myli) >1— —
W(Zk, 0 k) = 100’

k=1,2,-- (1.2.5)

Fix zp € {z,}. Let v = 7(«) > 0 be a small number to be fixed later. For any
zn € 20MoQ(2x) with B(zk, z,) > N we define z, (k) as the point in D satisfying the
following three conditions

Arg(zn) = Arg(z;(k)),
Bz (k), 2n) = vB(zk, 2n), (1.2.6)
EMGIRSEA
Here N = N (v, My, \) is a large number to be fixed later. In particular N > 0 will be
taken so large that z, (k) € 20MyQ(zx) whenever z, € 20MyQ(zy) satisfies 8(zn, 2x) >

N. See Figure [
Using Lemma and B(zp(k), zn) = v6(2k, 2n) We obtain the following inequali-

ties: ot c
1— T 1 — |2 1— i
( rzk|> L1l < m) | 127

1 — |z 1 — |z, 1 — |z
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e 2L

Xz (k)
e <n

oD

Figure 1.1: definition of z, (k)

where C' is a constant depending on Mj. So,

Yool-lm®l <@ =la)T Y Y = fm) T

2n€20MoQ(z1) J=N 2,€20MoQ(z)
B(zk,2n) 2N J<B(zn,2)<j+1
Now, if z, € 20MpQ(zx) and j < B(zn,2r) < j + 1, Lemma tells that 1 — |z,| <
K(My)277(1 — |zg|). So, using ([.0.9), the right hand side term is bounded by

K (Mo)' =7 (1 = |z]) Y M20927/0-),
j=N

Since a < 1, taking v > 0 so small that o + Cy < 1, the expression above may be

bounded by
oN(a+Cy-1)

M K (M)~ 1— |z)).

1 — 20+Cy—1 (
Finally, given A > 0 taking N sufficiently large, we obtain
Z 1—|20(k)] < A(1—|zx]) for all z, € {z,}.

2n€20MoQ(zk)
B(Zn,Zk)ZN

ii) Construction of the sets {Ej}. For each z}(k), we define I} (k) = I(z{" (k).
Fixed My > 0 and N > 0, we introduce the notation:

B<k) = {Zn : |Zn‘ > ‘Zk’7 ﬂ(zkvzn) > N7 Zn € 2OMOQ<zk)}
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Now we will proof that the sets Ex = Moly, \ U, cp In (k) satisfy

)
>1——. 2.
w(zk,Ek) = 1 10 (1 2 8)

Using the elementary estimate of the Poisson Kernel

1-— ’Zk’2 < 1 + ’Zk’
lett — 2|2 = 1 —|zx|’

one obtains

1+ ‘Zk’ dt 2

l I I7(Kk)) < E —_— — < E 1—122(k

W(Zka n( ))— 17‘216’ k) o = 1*|Zk| ‘zn( )|7
zn€B(k) zn€B(k) n zn€B(k)

which by ([L.2.3) is smaller than 2\. Since

W(Zk, Ek) = L«J(Zk,MoIk) — W | %k U I;"Z(k) )
zn€B(k)

the estimate ([.2.5) tells us that

o
Eg)>1——— A\

If we take A > 0 sufficiently small, we deduce ([.2.§). Since Myl, C I)(k), it is clear
from the definition that E, N E; = 0 if 5(z, z;) > N.

iii) Construction of the pairwise disjoint sets G,,. We rearrange the sequence
{zn} so that {1 — |z,|} decreases. For each point z, we will construct a set G, C E,
so that the corresponding family {G,} will satisfy ([.2.1)), ([.2.9) and G, N Gy, = 0 if
n # m. The construction will proceed by induction and will ensure that the sets G,, are
pairwise disjoint and verify ([.2.1).

Take G1 = E;. By ([L.2.§), the estimate ([.2.1]) is satisfied when n = 1. Assume that
pairwise disjoint subsets G1,--- ,Gj_1 of the unit circle have been defined so that

w(zn, U Gg)>1—6, forn=1,2,---,j—1.
k<n,keA(n)

The set G; will be constructed according to the following two different situations:

(1) If B(zj, {71, -+ ,2j—1}) > N we define G; = E;. By ([:2:4) we have
wiz, |J Gr)>w(z,Gj)>1-0
k<j,keA(5)

Now let us show that G N Gj; = () for any k = 1,---,j — 1. Since G}, C Ej, and
G C Mylj, it is sufficient to show that Mol; N E, = 0 for k = 1,---,j — 1. Fix
k=1,---,7—1 and consider two cases
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(a) If 2z; € 20MoQ(2x). Since Mol; C I}(k) and Ex = Mol \ UI](k), we have

EkﬂM[)Ij =0

(b) If z; ¢ 20MoQ(zx). Since |z;| > |zx| we have Mol; N Mol = (. Hence Ej N

Mol; = 0.

(2) If B(zj, {21, - ,zj—1}) < N, consider the set of indexes F = F(j) ={k e [1,--- ,j—

1]: B(zk, zj) < N}. Let us distinguish the following two cases:

(a) If w(zj, Uper Gk) = 1 =0, define G = 0. It is obvious that

w(zj, U Gr)>1-0.
k<jkeA(j)

(b) If w(zj,Uper Gr) < 1—0, define G; = E; \ Upcr Gi- Arguing as in case 1 one
can show that Gy NG; =0 for any k =1,--- ,j — 1. Also, applying (L.2.§), one

gets
w(zj, U Gr) > w(z, Ej) > 1 —0.
k<j,k€A(H)

So, by induction, a family {G,} of pairwise disjoint subsets of the unit circle is con-
structed so that condition ([L.2.1)) is satisfied. It just remains to show that the family

{G,} verifies ([.2.), that is, there exists n = () > 0 such that

Z 2nﬁ(zk7Zn)w(zn’Gk) S 5, n = 1727”.
k: B(Z]g,zn)zN

Fixed n =1,2,-- -, consider the following set of indexes:

A={k: B(zx,2n) > N, 2, € 20MoQ(zn)}
B ={k: B(zk,2n) 2 N, 2MoI}; "\ Mol,, = 0}
C=A{k: B(zk,2n) > N, k ¢ AUB}.

Now split the sum above into three parts

>o o 2 m(e, G) = (4) + (B) +(C)
k: B(zk,2n)>N

where

(A) = Z 2"5(‘7"“’2”)00(2”, Gr)
ke A

(B) = Z 2nﬂ(z’“’2")w(zn, Gk)
keB

(0) =D 27 w(zn, Gi)
keC
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2OMOQ(zn)
©
Zn
® e W/ ® -
]

Figure 1.2: The sum is split into three parts corresponding to the location of the points
2k, in the regions (A), (B) or (C)

See figure [L.9.
In (A) and (B) we will use the estimate w(z,, Gj) < C(Mg)2~?(#2) and for (C) we
will use the constant v > 0 appearing in the construction of the sets Ej.
We first claim that there exists a constant C' = C'(Mp) > 0 such that for points z
in part (A) or (B), that is those verifying either z; € 20MyQ(zy,) or 2My I N Mol,, = 0,
one has
w(zn, Gy) < €27 PGk2n), (1.2.9)

For the points zj in part (A) we have z; € 20MyQ(z,). Since Gy C Myly, a trivial
estimate of the Poisson kernel gives

1 — |z

1—‘2'71‘2 dt
Gy) < S E—) Y.V § .
w(zn, G) < /Molk ‘ezt _ zn|2 oo = 01 — !zn!

Applying Lemma [.2.4, since zj, € 20MyQ(zy), one has

1—
log, . :jk|\ < C(My) — B(zk, 2n)-

Hence, if z € 20MyQ(z,) we deduce
w(zn, G) < C27PEk2n)

with C' = 2M2¢(Mo) | For the points 2, in part (B) we have 2MoI;, "\ MoI, = 0. An easy
calculation shows that there exists a constant C; = C1(Mp) such that for any e € I,
one has

e — 2z, > C1|1 — 2, 2.
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Then ) )
1 —[2]7) (1 — [2&]%)

|1 _Zn2k|2

1—1z,12 dt
w(zn,Gws/ 1= feal

Mo, €t — zn|? 27 1 0

It is easy to see from the estimates above that there exists a universal constant Cy > 0

such that ) )
(1= lzn|*) (A = |2]%)
’1 — ankp

B(2n, 2k) < Co — logy
and so one deduces
w(zn, Gp) < 2 B(znzk)
with C' = C;2Mp2¢2. Hence ([[2.9) holds for points z, in parts (A) and (B). Therefore

(A)+B)<C Z o(n=1)B(zn,2k)
k: B(2g,2n)>N
Observe that condition ([.0.9) gives
Z 2(1=1)B(zn.2) < prota—1)i

k: B(zk,2n)<j
for any j = 1,2,--- Since o < 1 one may choose 0 < 7 = n(a) < 1—a so that a+n < 1.
So, adding up for j > N, one obtains

9(n+ta—1)N

Hence, taking N > 0 sufficiently large one deduces

J

(A)+(B) < 5.

The estimate of the third term (C) depends on the choice of the constant v > 0
appearing in the construction of the sets {E,}. For fixed z,, consider

U(n) = {Zk : ,B(Zk, Zn) > N, zg ¢ QOM()Q(Zn), 2Myl;, N Myl,, 75 @}

So (C) = szEU(n) QTIIB(Zk’Zn)w(Zna Gk)
Observe that if z; € U(n), then |z| < |z,| and z, € 3MpQ(z). In particular
zn € 20MyQ(21) so, by the construction of the sets {Gk}, Gx C Moly \ I, (k). Hence

1 |Zn|2 |d€| / 1 |Zn|2 |d§‘
w < - - 12 i
(Zn,Gk) / |§ Zn’2 27

MoI\I} (k) AOD\T,) (k)

|§ - Zn|2 27

and a change of variable gives an absolute constant Cs > 0 such that

00 1— |z,
w(zn, Gp) < O3 (1 — \zn|)/ du 2]

i Sl L 1.2.10
1) T2 1 |z(k)| ( )
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This estimate is worse than ([[.2.9) which was used for (A) and (B) but it is good enough
for our purposes. The key is that in (C) we sum over “few” terms corresponding to the
points z; € U(n).

Observe that if z; € U(n), z; belongs to the Stolz angle 'y, = I',,(My) = {z € D: |z —
e A8 2n| < 11Mo(1 — |2|)} with vertex e?A™8%» and a certain opening depending on M.
To see this we only need to observe that 2Myl N Myl,, # 0 implies | Arg z;, — Arg z,,| <
10Mo(1 — |2zx|) and use this inequality to get

|z, — €885 | <11 Mo (1 — |21]).
Define V(n) = {zx € T'n: |2k] < |2nl, B(2k, 2n) > N} and then,

Z 2775(’2]6727’1 Zna Gk Z 2775 Zkyzn) - Gk)

ZkEU(n) zLEV (n)

Using inequalities ([L.2.10)) and ([L.2.7) we obtain

B(znzn) L~ |2l o) (L= 1zl
C)<C 217 k20 < (C 2N k20 = .
@< 3 R (1—@1)

z,€V(n) z€V(n)

Since z, € 3MpQ(zx), Lemma gives

— |2
1- ‘ n’

< C(Mp).

‘mzn,zk) log, -

Hence
M < 9C(Mo)—f(zn,2k)
1-— ’Zk’

Therefore
(C) < C3 200MCT N n=CT1 B ),
zk€V(n)

Since the sequence {z,} is separated, there exists Cy = Cy(Mp) > 0 such that for any
j > 0, the number of points z; € V,, with j < ((zk, z,) < j+ 1 is at most C4. Hence

(C) < Cs 0,20 (Mo)C™ 1y Z o(n=C~1)j
j=N

Taking 1 > 0 so small that n — C ™'y < 0 and taking N sufficiently large, we deduce

(C) <

OJ\O':

So condition ([.2.9) is satisfied and the proof of Lemma is finished. O
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Third Step

On the last step given a partition {z,} = T'US the sets {G,,} constructed on step 3.2 will
be used to find a function v = u(7, S) satisfying the conditions stated in Lemma [[.2.1].
This will end the proof of the sufficiency of condition ([[.0.9).

A sequence of points {z,} in the unit disc is called an interpolating sequence for the
space h*° of bounded harmonic functions in the unit disc if for any bounded sequence
{wy,} of real numbers there exists u € h* with u(z,) = w,, n = 1,2,---. L. Carleson
and J. Garnett characterized the interpolating sequences for h>° as those sequences {z, }
satisfying inf,, 2, B(2n, 2m) > 0 and

Supg(t?) S (1= [en]) < o0, (1.2.11)
Zn€Q

where the supremum is taken over all Carleson squares of the form
Q={re?:0<1-r<Q), |0-06<Q)}

for some 6 € [0,27). See [CG], [Gal] or [Gad, p. 313]. We next show that a separated
sequence {z,} satisfying ([.0.9) verifies the condition above. Actually it is sufficient to
show ([.2.11]) for Carleson squares () which contain a point of the sequence {z,} in its
top part T(Q) = {re? € Q: 1 —r > £(Q)/2}. Let Q be a Carleson square of this type.
Let z, € T(Q) and A(j) = {k: 2z € Q,7 — 1 < B(zk, 2n) < j}. Lemma tells that
for any k € A(j) the quantity 1 — |2;| is comparable to 277¢(Q). Hence condition ([[.0.9)
yields

71— |ml < Cr279UQ)#A() < CrM2eNINQ).
keA(j)

Since @ < 1, adding up over j = 1,2,---, one obtains ([[.2.11]). Hence {z,} is an
interpolating sequence for h*°. Then by the Open Mapping Theorem, there exists a
constant v = v({z,}) > 0 such that for any partition of the sequence {z,} = TUS there
exists h = h(T,S) € h*> with sup{|h(2)|: z € D} < 1 and h(z,) > ~ for z, € T while
h(zp) < —7 for z, € S. Let 6 > 0 be a small number to be fixed later and let N = N (§),
n = n(d) be the positive constants and {Gy,} the pairwise disjoint collection of subsets
of the unit circle given in Lemma [[.2.3. Let ¢ = £(6) be a small number to be fixed later
which will satisfy 6! — 0 as  tends to 0. Let {wy} be a sequence of positive numbers
satisfying the compatibility condition ([.0.1)). Given a partition {z,} = T U S, consider
the function u = u(T,S) € h* defined by

u(z) = ;wk /G P+ h()de|

where h = h(T,S) and

11—z
Pz(é)_% |§—Z|2
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is the Poisson kernel. Our goal is to show that u(z,) > w, for z, € T and u(z,) < wy,
for z, € S. Forn =1,2,---, let A(n) be the set of indexes k such that ((zx, z,) < N.
Write u(zy,) = (I) + (II), where

=Y w / P...(6)(1 + h(€)) |de],

kgAm) 7O
m= Y w / P.,.(6)(1 + h(€)) |de].
keA(n) 7Ok
We first show that
(1) < 26w,, n=1,2,- (1.2.12)

Actually if the constant € = £(d) > 0 is taken so that £ < 7, the compatibility condition
(L.0.1) tells that (I) can be bounded by

wy, Z 2”ﬂ(zk’z")2w(zn,Gk)
kg A(n)

which, by ([.2.2)), is bounded by 26w,,. Hence ([.2.19) holds.
For the other term, using that the sets {G,,} are pairwise disjoint and the compati-
bility condition ([[.0.I)) we have

M= w / Pu (6)(1+ h(€)|de] < 2N wn (1 + h(z0).
) G

keA(n

Also, since sup{|h(z,)|: 2 € D} < 1, the compatibility condition ([[.0.1]) and the estimate
(L2.1) yield

(I) > w, 27N (1 +h(zn) — /8 P, (6 1+ h(f))\dﬂ)

> 27N, (14 h(z,) — 26).

D\Uke a(n) Gk

So
27N w, (1 + h(z,) — 26) < (I1) < 2°Nw, (1 + h(zn)).

Hence
(a) If 2, € T, h(z,) > v and then u(z,) > (II) > w, 27N (1 + v — 26).
(b) If 2, € S, h(z,) < —v and then u(z,) = (I) + (II) < w,(26 + 25V (1 —~)).

For fixed v > 0, taking § = () > 0 and € = €(d,n, N) > 0 sufficiently small, we deduce
that u(z,) > wy if 2, € T and u(z,) < w, if 2z, € S. An application of Lemma [L.2.
concludes the proof of the sufficiency of condition ([1.0.2).

O]
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1.3 Other results

Equivalent conditions

In this section several geometric conditions which are equivalent to ([[.0.9) are collected.

Proposition 1.3.1. Let {z,} be a sequence of distinct points in D. Then the following
are equivalent:

(a) Condition ([[.0.3) holds, that is, there exist constants M > 0 and 0 < o < 1 such
that

#{zj: B(zj,20) <1} < M 2%

foranyn,l=1,2---

(b) There exist constants My > 0 and 0 < a < 1 such that

#{zj:

forany0<r <1 and anyn=1,2,---

Zj—Zn

ST <t < My(1—1)70,

(¢) There exist constants My >0 and 0 < a < 1 such that
#{z € Qzn): 27711 — |za]) S 1|25 <27/ (1 = |zn|)} < M 2%
for anyn,l=1,2,---

(d) There exist constants M3 > 0 and 0 < a < 1 such that

D (= lzD)* < My(1 = |za]),
ZjEQ(Z’VL)

foranyn=1,2---.

Proof. The equivalence between (a) and (b) follows from the following obvious observa-
tion. Let z,w € D, then B(z,w) < if and only if

9B(zw) _ 1 2 2
28(zw) 11 28(zw) 1 1 2041

zZ—Ww

1 —wz
Assume (a) holds. Fix two positive integers n,l. Let z; € Q(z,) satisfying

277 (1 — ) S 1 -z <271 — |zal).
Applying Lemma one shows that there exists a universal constant C' > 0 such that

W(zmzj) - l‘ <C.
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Hence
{2 € Q) 277 (1= fzal) < 1 I25] <27 (1= zl) } € {255 Bz, 20) < 1+ C)

and condition (|L.0.2) gives (c¢). Adding up over [ = 1,2,--- one shows that (c) implies
(d). Assume (d) holds and let us show condition ([[.0.d). By conformal invariance one
may assume z, = 0. So condition (d) tells us that

0

D (1=l < Ms.

J=1

Since ((z;,0) < implies

1— |z >27,
we deduce
#{zj: B(z,0) <1p <270 Y (1 |z)* < M2
zj: B(z5,0)<l
which gives ([[.0.9). O

As mentioned in the introduction, condition ([[.0.2) says how dense is the sequence
when one looks at it from a point of the sequence. It is worth mentioning that one
can not take as a base point an arbitrary point in the unit disc. This follows from the
following example of two separated interpolating sequences for h™ which will be called
Zy, Zy so that inf{3(z,£): z € Z1, £ € Z3} > 0 but such that the union Z; U Z3 is
not an interpolating sequence for h™. For instance one may take Z; = {ry} where
r1 =0, ry — 1 and B(rg,rp+1) — 00 as k — oo. For each k = 1,2,---, choose points
{z%k), cee z%g()k)}, N (k) = 2™, equally distributed in the hyperbolic cercle centered at ry,
of hyperbolic radius n. Here ny — oo as k — oo in such a way that ng < B(rg, 1) /4.
Let Zy = {sz): i=1,---,N(k),k=1,2,---}. It can be shown that Z; and Zy satisfy
condition ([[.0.2) with the exponent o = 1/2, while Z; U Z5 does not fulfill ([[.0.9) for
any 0 < a < 1 because the number of points in Z5 at hyperbolic distance nj from the
point rj, € Z; is 2". See figure [L.3.

An interpolation problem for bounded Analytic Functions without zeros

Let H* denote the algebra of bounded analytic functions in the unit disc D. Let
(H*)* be the subalgebra of H> which consists on the functions in H* without zeros
inD. If f € (H*)* then log (||f]ls/|f(2)]) € hT. So if {z,} is a sequence in D and
tn, =log (|| flleo/|f(zn)| ), Harnack’s inequality tells us that

|logy t, —10gs tim| < B(zn, 2m), n,m=1,2,---.

So, as before, we may consider a notion of interpolating sequence.
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oD
Figure 1.3: Interpolating sequences for h™
Definition 1.3.2. A sequence of points {z,} in the unit disc is called an interpolating

sequence for (H®)* if there exist constants € > 0 and 0 < C' < oo such that for any
sequence of non-vanishing complex values {w,}, |w,| < C,n =1,2,---, satisfying

log, (log2 <|wC'|>> — log, <log2 <|wC’|>>‘ <ef(zn, 2m), n,m=1,2,--- (1.3.1)

there exists a function f € (H*)* with f(z,) = w,, n=1,2,---.

The characterization of the interpolating sequences for (H*°)* is given in the follow-

ing result.

Theorem 1.3.3. A separated sequence {z,} of points in the unit disc is interpolating
for (H®)* if and only if there exist constants M >0 and 0 < a < 1 such that

#{zj: B(zj,2n) <L} < M2 for any n, 0 =1,2,--- (1.3.2)

Proof of Theorem [1.3.3. Let us start by showing the necessity of condition (.3.9). Given
a separated interpolating sequence {z,} for (H>)* consider the constants ¢ > 0 and
C < oo given in definition [[.3.9. Define the sequence of positive values t,, = 2eB(0:2n)
n=1,2,---. It is clear that

llogy tr, — logy tim| < €6(2n, 2m), n,m=1,2,---.

Then, if we consider a sequence of complex values {w,} with ¢, = log(C/|w,]|), we
have sup,, |wy,| < C and furthermore {w,} satisfies condition ([.3.T)). So, there exists a
function f € H* without zeros with f(z,) = w,, n = 1,2,---. The function v(z) =
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log <7|f(c;)\) is a harmonic function, v(z) > log(C/||f|lec) := —k1, and interpolates the
values {t,} at the points {z,}. So, u(z) = v(z) + k1 € ht(D) and u(z,) = t, +
ki = 2¢P02) 4 k1 p = 1,2,,---. Now, arguing as in the proof of the necessity of

Theorem [L.0.1], we can conclude that there exist constants M > 0 and 0 < o < 1 such
that
#{zj: B(zj,2n) <L} < M2% for any n, 0 =1,2,---

Let us now show the sufficiency of condition ([[.3.9). Given a separated sequence {z, }
satisfying ([[.3.9) and {w,} satisfying ([.3.1)) for some ¢,C, consider t,, = log hv% We
can take C' > ||wy|loo. Then obviously {t,} satisfies the compatibility condition (ﬁ)
So, there exists a function u € h™ (D) with u(z,) = log ﬁ, for n =1,2,---. Consider
uo(z) = u(z) —log(C) and let up(z) be the harmonic conjugate function of ug(z). Then
e~ (o) i5 a bhounded analytic function that interpolates de values {|wy|y,} at the
points {z,}, where 7, = e~ @0(n) p =12 .... The sequence {z,} is separated and
satisfies condition ([L.0.3), so it is an interpolating sequence for H* (see [Call or [Gad]).
So there exists a bounded analytic function g(z) such that g(z,) = — Arg(y,) + Arg(w,)
and then the function h(z) = e~“0~#0¢¥ is a bounded analytic function without zeros
with h(z,) = w, for any n =1,2,--- O

Higher Dimensions

Let hOO(RiH) be the space of bounded harmonic functions in the upper-half space
RE™ = {(z,y): © € RY, y > 0}. A sequence of points {z,} C RZ! is called an interpo-
lating sequence for h>°(RE™) if for any bounded sequence {w,,} of real numbers there
exists u € hOO(R‘iH) with u(z,) = wy,, n = 1,2,---. When the dimension d > 1, there
is no complete geometric description of the interpolating sequences for hoo(RiH). In
[Cal] and [CG], L. Carleson and J. Garnett proved Theorem [J. Moreover in [CG], the
authors present several geometric conditions on the sequence {z,} which imply that {z,}
is an interpolating sequence for h>° (Rﬂlfl). However it is not known if the two necessary
conditions in part () of Theorem [J are also sufficient. Related interpolation problems
have been considered in [[An] and [Dy]]. The situation for interpolating sequences for the
space ht (Rf’l) of positive harmonic functions in Riﬂ is quite similar. A sequence of
points {2,} C RE™ will be called an interpolating sequence for ht (RET) if there exists
a constant € = €({z,}) > 0 such that for any sequence {w,,} of positive values satisfying

|logy wy, — logy wi| < €B(zn, 2m), n,m=1,2,---

there exists a function u € hﬂ]Ri“) with u(z,) = wy, n = 1,2,---. Here B(z,w)
denotes the hyperbolic distance between the points z,w € ]Rfrl,

1+ p(z,w)

ﬂ(sz) = 10g2 1 —p(Z w)a
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where p(z,w) = |z —w|/|z — w| and W = (wy, - -+ ,wyq, —wgs1). As before, a sequence of
points {z,} C RE™ is called separated if inf,, zm B(2n, 2m) > 0.

Theorem 1.3.4. Let {z,} be a separated sequence of points in the upper-half space
R d> 1.

a ASS“m(Z th/at ZTL ZS an ZTLIE(?? p()“”’;lng S(fqunC(f 01 h/ R . jhtin I'thiﬂf UI/LSt con-
-+

#{zk: B(zk,2n) <1} < Mot I p=1,2, - (1.3.3)

(b) Assume that {z,} satisfies the condition ([.3.3) above. Then {z,} can be split into
a finite number of disjoint subsequences A;, i =1,--- | N,

{zn} =AM U---UA,,
such that A; U A;j is an interpolating sequence for h+(]Rff_+1) foranyi,j=1,--- N

The proof of (a) follows the same lines of the proof of the necessity in Theorem [L.0.1].
The first two steps and of the proof of the sufficiency in Theorem can
be extended to several variables. However the third step 3.3 can not be fulfilled because
we have not been able to show that a separated sequence satisfying condition ([L.3.9) is
an interpolating sequence for A*> (Riﬂ). Since it is clear that condition ([.3.3) implies
that u(Q) < C'1(Q)? for any Carleson cube @, applying Theorem [J of L. Carleson and
J. Garnett, the sequence {z,} can be split into a finite number of disjoint subsequences
Ay, -+, Ay such that A;UA; is an interpolating sequence for hOO(RiH), i,7=1,---,N.
Arguing as in step 3.3 of the proof of the sufficiency, one can show that for any i,j =
1,---, N, the sequence A; U A; is an interpolating sequence for h*(R‘fl).

It is worth mentioning that we have not been able to prove that a separated sequence
verifying ([1.3.3) is interpolating for h*(Ri‘H), when d > 1.






Chapter 2

Interpolating sequences for Besov
type spaces.

2.1 Preliminaries

Bergman Spaces

Let dA(z) be the area measure on D normalized so that the are of D is 1. In rectangular
and polar coordinates,

1 1
dA(z) = —dzdy = —rdrdb.
T T
Some spaces will be defined in terms of the measure dA(z). Given a real number 3, let
dAp(z) = (1+ B)(1 — |2*)7 dA(2).

For 8 > —1 and 0 < p < oo, the Bergman space Ag consists of all analytic functions in
LP(D,dAg) with norm
11, = [ 1P dAs(e) < o
The following result can be found in [HKZ, Corollary 1.5] and can be referred as a
reproducing formula for functions in the Bergman space. When z = 0, the proof is a
simple application of the mean value property and the rotation invariance of dAg. The

general case follows raplacing f by f o ¢,, with the change of variables w = ¢,(§) and
then replacing the function f(w) by the function (1 — @z)**P f(w).

Lemma G. Let 8 > —1, if v is a function in Aé, then

o) = [ e dds(w

for all z € D and the integral converges uniformly for z in every compact subset of D.

23
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The following result is from [HKZ, Theorem 1.9].

Lemma H. Let a and 3 be real numbers, and let T(v) be the integral operator defined

by
1)) = [ e (= o) dAw).

Let 1 <p < oo. Then T'(v) is bounded from LP(D,dAg) to itself if and only if
0<1+8<platl)
Another useful result that can be found in [HKZ, Proposition 1.11].

Lemma I. Suppose 1 < p < +00, —1 < 3 < 400, and that n is a positive integer. Then
an analytic function f in D belongs to A:g if and only if the function (1 — |z|2)" ") (2)
is in LP(D, dAg).

Some inequalities
We shall summarize now some well-known inequalities that we will use. Further details

may be found in [Stein], Appendix A].

Minkowski’s inequality for integrals states that the norm of an integral is not greater
than the integral of the corresponding norms. In explicit form, for the case of LP spaces,
this can be restated as follows. Let 1 < p < oo, then

|F(@y)| da "y 1/p§ 1Py dy " . (2.1.1)
A z z 8

Here F(x,y) is a measurable function on the o-finite product measure space 2~ x %
dx and dy are the measures on 2~ and % respectively.

Another useful result is the following pair of inequalities due to Hardy:

1/p

(/ ) ([ f<y>dy>px—’“—1dm)l/ps o ([ C(yf(y))py"”‘ldy> ,

( [ (] f(y)dy)px’"—ldw> o (/ C(yf(y))ﬁy—r—ldy)l/]f

Here f >0, p>1,r>0,and 0 < C < o0.

(2.1.2)

The following lemma is standard and a proof can be found in [fhu, Section 4.2].

Lemma J. Let z €D, t > —1 and ¢ > 0. Then

~ w2t
/(1 W) ga@w) ~ (1 - |22
D

|1 — wz[2Htte
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The following useful inequality is from [OF, Lemma 2.5]. A proof of this result can
be found in [fhad].

Lemma K. Leta>—1,rt>0, andr+t—a > 2. If t <a+ 2 <r then we have

(1= [w])e (1= [sf2)2ar
dA L —
/D T wal - g = O

Note that Lemma [K] is a generalization of one of the inequalities in Lemma [J.

2.2 Some results for B,(s)

Reproducing kernel

For 1 < p < oo and s > 0, let B),(s) be the Besov space of those analytic functions on
the unit disc D for which

115, ) = [FO)F + /D [F ()P = 2P dA(2) < o0

We will use the notation dA,s(2) = (1 — |2|2)P~2T5dA(z). Note that the dual space of

By (s) is isomorphic to By(s), where ¢ is the conjugate exponent of p, under the pairing
(f,h)s = f(0)R(0) +/Df’(2)h’(z) (1= [2%)* dA(2), (2.2.1)

a? b
defined for f € By(s) and h € By(s). Using the inequality ab < — + — which holds for

p q

all a,b > 0, we obtain

0 < Il Bl for all £ € By(s), he By(s).  (222)
Next we will use the reproducing formula given in Lemma [ to deduce a reproducing

formula for functions in B,(s). Let f € Bp(s), and let 0 < s <1 and 1 < p < oo, then
by Holder’s inequality,

[ r@la- kpraac
< (/D f ()P (1 - \z\z)““dA(z))l/p </D(1 _ |z,z)q2+sdA(z)>”q

1/p

e ( [wera- |z12>P—2+SdA<z>) < .
D
So f' € Al and Lemma [3 gives

1€ = [ G daw)
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Now, for z € D, we have

[rasc= [0 ([ ) aco

and we obtain the following reproducing formula

0+ [ £ (ST 0 - ey da) (223)

1 _ ’LUZ)H'S

Then with the notation of the pairing (R-2.1)),

F(2) = (. k=)o = £(O) /f VL) (1 — [w]2)° dA(uw)

with s
K (w) = 1—(1- uiz)
w (1l —wz)l+s

and k,(0) = 1. (2.2.4)
We can state some properties of the reproducing kernel k..

Lemma 2.2.1. Let 1 <p < o0, 0< s <1 and let z,w € D with f(z,w) < 1, then

|z — w| 1 1

k. —ky ) KO, here — + — = 1.
| B, (s) (1= [wP)+o/p where ’ + .

Proof. Observe that

1 —wy)ts — (1 —zv)tts 1—¢)*
) - k)] = | S e R s | e e | - wl
for some £ € [z, w]. Since [(z,w) < 1, we saw in Observation that
1 —&v|~ |1 —wv|~ |1 -7y
So,
KL (v) — KLy(v)] < c|1|f;:)|2|+8. (2.2.5)

Now, using this inequality,

1/q
1k2 — kuwllBy(s) = </D K2 (v) — Ky (0)|7(1 — |V|2)q_2+8dA(V)>

—2+s /a
(1 =[Pt '
< Clz —w| </D T dA(v)

|z — wl B |z — wl

(1= o) (L )

and applying Lemma [,

sz - kaBq(s) <C
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We can now estimate the norm of the reproducing kernel k.

Lemma 2.2.2. Let 1 <p < oo, 0<s<1, and let k, be the reproducing kernel defined

in (.2.4), then
1 11
p ~ - I
el o = (12 where ot 4

Proof. Using the explicit form (B.2.4) of £/ and the fact that

(1 —wz)t —

sup -
w

z, webh

1
‘ <C fort>1, (2.2.6)

we have

15115, ) = 1+/D!k’z(w)lq(1 — w[?) T2 dA(w)

q
.
D

1—(1—wz)tts
w(l —wz)lts
(1 w[2)r2+

(1= |w*)T*dA(w)

<1+4C T e dA(w),
and applying Lemma [J] we obtain
C 1
<
el = 1+ T opye S eyt

For the other inequality, let Dy (z,1) be the hyperbolic disc with center z and radius 1.
If w € Dy(z,1) then, by Observation [[.0., |1 —wz| ~ 1 —|z|. So, there exists a constant
ro(s) < 1 such that

|1 —wz|'™* <1/2 for all |z| > 7o(s).

We will distinguish two cases:

If |z| < ro(s) then (1 — |z])® (¢=1) > (1 —7ro(s))* s(e-1) = ¢, g0
0)|=1> 1
|| z||]3q(S > |k, (0)] = NW

If |z| > 7o(s) then |1 — (1 — wz )| > 1 — |1 —wZ|'** > 1/2. So,

1— 1—’LUZ 1+s |4 o
el =1+ [ [P | - oy aaw
1 (1— 9= 2ts 1
1 [w]?) dA@w) 2 ——o
= o Du(z,1) |1 —wz |[(1+9) (1 —]2?)sa=D
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A characterization of B,(s) without derivatives

We begin this section with a result that can be of independent interest.

Lemma 2.2.3. Let 1 <p<oo, andleto > —1,b> 0 withb <2+ 0. Let f be analytic
on D, then for any ¢ € D one has

» (L= 1eP)” POl
L@ - sop Tt aae < o [ o pppirep T )

Here C is an absolute constant which does not depend on (.
Proof. The case b = 0 is proved in [HKZ]. So, assume that b > 0. Choose ¢ > 0 with
oc—emax(l,p—1)>—-1 and b+e(p—1)<2+o0.

Without loss of generality we may assume

_Z2pfzpw Py 00
La-rprirer S aae) <o

Observe that Hoélder’s inequality gives

/ ()1 = 2217 dA(z)
D

< ([a-tprrer ST ) ([ AZEB 0

(L= |4f?) v
<C </D(1 |2] )p|f(2)|p|1_<2|bdA(z)) ’

so f € Ai,,. Then by the reproducing formula (.2.3), we have

1—(1—wz)%te

F2) = 10) = [ S ) (1= [w) 7 dAw).

By inequality (P.2.0), Holder’s inequality and Lemma ],

/ _w21+a P
fe-sop <o ([ HIEZED " daw)

|1 _ wz|2+o

e f o e o) ([ aa) ™

— w2 (1+e)p+o—¢
c( [ E=t dA(w)) (1~ |=2) =D

|1 _ 1T)Z|2+‘7
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since ¢ — e > —1. Now, by Fubini’s theorem we have

» (=P
L) i ap M

. , (1 - ‘w’2)(1+e)p+075 (1 _ |Z’2)75(p71)+0
<[ (17w dA(w)) o dA(2)

1 —wz[**t7 11— C2[°

- "(w — |w|? (14+€)pto—e (1 - |z|2)_5(1’—1)+0 . y

1 — w271 = (2’

that by Lemma [K], is bounded by constant times

[a-tupy u'mn”_ﬂdm )
> 1= Cul?

and this finishes the proof. ]

The following Theorem is a generalization of a result in [RW] where a characterization
of Bs(s) without derivatives for s > 0 is given. The case s = 0 had already been
considered in [AFP]. Our proof is quite different from the one by Rochberg and Wu,
since in [RW] they use some Hilbert space techniques.

This result presents a description of the functions in B,(s) which use oscillation
instead of derivatives.

Theorem 2.2.4. Let 1 < p < oo and 0,7 > —1, s > 0 such that min(o,7) > s — 2.
Then, for any analytic function f,

/ /IDJ|1 - w2’4+0+7‘ps (1 - |w‘2)0 (1 - ‘Z|2)T dA(Z) dA(w)
%/D\f’@)lp(l — [2P)P7EE dA(2).

Proof. Notice that if o # 7, say o > 7, then by the fact that (1—|z|), (1—|w]) < |[1—Zw]|,
for z,w € D, we have

(1 —[2[)7(1 = Jw[?)

’1 _ @Z‘ 4420—s

(L= [2P)7( —w)T _ (1= )71 = [w])7

< ‘1 _ @Z‘ 44-041—5 < |1 _ WZ’ 4427—5

Hence, the case o # 7 can be obtained from the case 0 = 7. Let us consider the case
o = 7. We first prove the upper estimate. Let

w —

ow(z) = s for all z,w € D,
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then
| pu ()2 = L= ’sz)fulz‘; ) and ()] = : ’ipTZ’(P”
Observe also that if ( = ¢, (2) then z = ¢, ((),
iA© = b @PiaE = T aae) =1

The change of variables ¢ = ¢,,(2) gives
| [P 0wy (- ) dae) daw)
D ‘1 _ U)Z’4 s+2a

_ ,w20' _ ZZO'
Z//If(Z)f(w)l”(l W)= |2 )
D JD |1 —wz|

1—wz|* [ 1—|w]?

2
X TTeP) <|1_wz|2> dA(2)(1 — [w|?)*~2dA(w)

1— C 2\o _
= [ (L5 o0a©) = (¢ o mop T da0) 01~ )y dA(w).
Since o0 > s — 2, Lemma tells that this last quantity is smaller than constant times

_ pto
[a-wy? [1eenor S aa aaw),

and, by the change of variables z = ¢,,({) and Fubini’s theorem, this quantity is

/D(l_|w‘2)82 /D|f/(z)|p (|i :mf)p <(1 - ||110ﬁ)1(012|_2 |Z|2)>p+o
X <‘11__ ﬁﬂ) (‘1 f_‘ZjZf dA(2) dA(w)

—/Df’(z)\” — 121 p*" /‘1_;;2' . dA(w))dA(z)
<C [ IFGP -1y da),
D

after an application of Lemma [J]. This proves the upper estimate.

To prove the lower estimate, we use Cauchy’s integral formula on the circle and
obtain ) 0
" (R~ 1)

"0) = — _ for all 1.
£(0) 571 ) (Rey2 , forall0< R<
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Multiplying by R? and integrating with respect to R in both sides of the equality we get

If(0)]P < C(p, r)/ |f(w) = f(0)PdA(w), forall0<r<landl<p< 0.

lw|<r
Therefore if we take 7 = 1/2, since (1 — |w|?) > 3/4, we have
1 (0)|P < C/ |f(w) — FO)P(1 = |w*)PdA(w), for all 3> 0.
Replacing f by f o ¢, we get
(A= BRPIFOP S [ 1o pw) - £GP dAs(w) (227)

Choose 3 =2+ o > 0. Then, by (E2.1), and the change of variables w = . (¢) we get

La—ERY 1@ 0 222 dAe)
S [ i [1f e - fePdas)
— [ i [0 FOP QP 0 e P da)

- [ [ Z§|4+£ﬁ’p (1= P (1= G dA(:) dAQ)

D |

—2]2)245 (1 — |¢]2)2
//D|1—ZC\4 s+20 (L= [ (1= [¢*)” d Hl)—z((]irs <) dA(z) dA(C)

< [ IR - B (- 1Py dA) daco)

and this finishes the proof. d

2—s

2.3 Carleson measures and multipliers

Let 1 < p < oo. Classical Carleson measures were introduced by L. Carleson [Cal] as
those Borel measures p > 0 supported on the unit disc for which there exists a constant

K = K(p) > 0 such that
21 )
[1sGpanc) < & [ iseoras
D 0

for any analytic function f in D. He proved that j is a Carleson measure if and only if
w(S(I)) < C|I| for any arc I C 0D defined as in ([[.0.4).

Given a > 0 and a positive measure p on D we say that u is an a-Carleson measure if

w(S(I)) < C[I* for all arcs I in OD.
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Carleson measures for B,(s)

A positive measure p on D is an (s, p)-Carleson measure if

AU@W@@SCW%m)

whenever f € B,(s). The best constant C, denoted by ||u||p,s, is said to be the (s, p)-
Carleson measure norm of p.

Let p1(2) = dA(z) be the Lebesgue measure in D, then p; is an (s, p)-Carleson
measure for 1 < p < oo and 0 < s < 2. Now consider, for any 29 € D, the atomic
measure p2(z) = 05,(2), then pa(z) is an (s, p)—Carleson measure for 1 < p < oo and

s > 0. The (s, p)-Carleson measures are geometrically described in [ARS])] and [[ARSZ],
but for our purposes we only need the following simple result.

Lemma 2.3.1. Let 1 < p < 00, s > 1—p and let u be an (s, p)-Carleson measure. Then

for each e > 0
1— 2\e
sup/ &du(z) < 0.
weD

Proof. Let
(1~ JuP)lr
(1 — wz)Er/p’

fuw(z) =

We have that f,, € Bp(s) with || wap ) < C', where C'is a positive constant independent
of w. In fact, applying Lemma [J in the last inequality,

1_ w — |z 2\p—2+s
1l = (0~ wf?) +c/ ||1!_wzya+|sf+p) dA(z) < C.

Therefore

_w25
/Wll‘>dM@:Auawwma<cwmg@<c

D ’1 _ wz’s—l—s

O

It is worth mentioning that the condition in Lemma does not characterize
(s,p)—Carleson measures. The following result which will be used later tells that
(s, p)—Carleson measures are stable under a certain operator 7.

Theorem 2.3.2. Let a > —1, s > 0 and v an integrable function in D. Consider

1)) = [ T (1= ) dAw),

D |1 _ wz|2+a



2.3. Carleson measures and multipliers 33

(1) Let 1 < p <2, and suppose
ap >(-1+s)(p—1) ifs<1

a >—-1+s if s > 1.
Suppose also that
sup (1 — |2]?) |v(2)| < oo. (2.3.1)
z€eD

If the measure |v(2)P (1—|z|2)P=25dA(2) is an (s, p)-Carleson measure, then the mea-
sure |T'(v)(2)|P (1 — |2|2)P=2T¢ dA(z) is also an (s,p)-Carleson measure.

(13) Letp>2, B> max(—1,-2+s) and
ap>1+pF—p+max(0,—1+s).

If [u(2) [P (1—|2|2)8 dA(2) is an (s, p)-Carleson measure, then |T(v)(2)[P (1—|2|?)? dA(z)
is also an (s,p)-Carleson measure.

Remarks: For p = 2, this result is proved by Rochberg and Wu in [RW)]. The case
s=0and 8 = p—2is proved in [Bol]], but only for the range ap > 1. Also, when s < 1,
the condition on a can be rewritten as

max(p,q)a > [ — (p—1).

For p > 2, we do not need condition (R.3.1). Also, for 1 < p < 2, the result is only
obtained for 3 = p— 2+ s. It could be interesting to extend the result for § in the same
range as in the case p > 2. Observe also that we will only apply Theorem for the
casea=0,8=p—2+s.

Proof of Theorem [2.3.4. We must show that for all f € B,(s) we have

/ FEP IT@)EP (1 - [2P) dAR) < CIFI,

for some positive constant C, where §=p —2+sfor 1 < p < 2.
Put fT(v) = (fT(v)—T(fv))+T(fv). By hypothesis 0 < 14+ 3 < p(a+1) so, applying
Lemma [[ and the fact that |v(2)|P (1 — |2|2)? is an (s, p)-Carleson measure, we have
/DIT(fU)(Z)Ip (1— 2[*)7 dA(= / P [u(2)P (1 = [2*)7 dA(2)
<Clfie, .,

On the other hand, we have

FETWE - 10 = [ YOI 4 epraaw,. @32

|1 — wz|*t

Now we consider separately the cases 1 < p < 2 and p > 2.
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The case 1 < p < 2.
In this case 8 = p — 2 + s, and since (1 — |z|?) [v(2)| < C and p < 2 we have

[0(2)] = ()P~ ()PP < Clu(z) P71 (1 = |72

and this gives

FETE - TP S ([ PEION wpt (1 ey aaqw).

p |1 —wz[*te

If s =0, then by Holder’s inequality
|f(2) = f(w)] p—1 2\p—2+a p
([ i apee @l (w2 dA(w))

1) |f(z) = fw)[P ap+(p—
< CH ||ipp(dz4,3 5 W (1 — ‘w|2) p+(p—2) dA(w)

Hence, by (P-3.3) and Theorem with o =ap+ (p—2) and 7 = p—2 (we can apply
it since ap > 1 — p),

/ () T(fo)()P (1 - 222 dA(2)
<c ||vu’z§fd;;) [ (= Py (1 ) dAC:) dAw)
<C ol

el ufuB,,(s

If s > 0, we apply Hélder’s inequality again, and then Lemma P.3.1], to obtain
< ’f( ) ( )’ ’ ( )‘pfl (1 o ‘w’2)p72+a dA(w))p
D

’1 _ wz‘?-ﬁ-a

< (/D |f(z) = f(w)P (1- |w|2)ap71+(lfs)(p71) dA(w))( v (w) P dAp75(w))p—1

|1 — wz‘p(l-&-a)-&-l D |1 _ wzllfers

—1+4s)(p— f Z 7f w)[P ap— —s)(p—
< ey [IEE (o ol 090 ),

Therefore we have
/ ) T(fo)(2) <1 2R dA(z)

/ [T 1 oy (- P aa() dAw),

where o =s(p—1)—1+sand r=ap—1+ (1 —s)(p—1). Since s > 0 then o > —1,
and o > s — 2. Also, the conditions on a ensure that 7 > —1 and 7 > s — 2. Since

4d4o0+17—s=p(l+a)+1,
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we can apply Theorem to obtain

/If T(fo)(2)IP (1 = [z)P7*T2 dA(2) S |1 £I5, )

The case p > 2.
Choose € > 0 such that 8 > max(—1,—2+ s) +&(p — 1) and

ap>1+p—p+max(0,—1+s)+e(p—2).

Let ¢ be the conjugate exponent of p. By Holder’s inequality we have

HETWE - T EP < ([ PO 0 e aaw)

|1_wz’2+a
S /| LB p/Q/wa_W)TdA(w),
fl—wz!(p 0 L — 2|
where
y = 22002 T=ap-F+(1-¢)p-2)

A=c+s+(1+2)p—2), B=2+a)p—ec—s—(1+2)(p—2).

Since p > 2 we can apply Holder’s inequality once again with exponent p/q > 1, and
then Lemma and Lemma }J] to obtain

]w\ ) JA p/a
/ | \1 — wz| = = w ))
v(w)P (1 — |w 1 —|wl?)~ 1+ p—2
/ |v( ‘1‘_ wz‘a‘Jrs’ dA(w))</D<\1—w"z\1+25dA(w))
S (U= o) (1= [6) 02 = (1 |22) <0,

~

Therefore, if 0 = 3 — e(p — 1), by Theorem we have

LI ETOE - T EP 0 - ) dAc)
|f(z) = f(w)P — 12127 (1 — lwl2) . w
s [ [ L -y (= ey aae) dAw)

< P

SIFIE,
since 4+ o0 + 7 — s = B, and the choice of ¢ > 0 ensures that 0,7 > —1 and min(o, 7) >
s — 2. This finishes the proof. O

The following is a well known generalization of the classical Mobius invariant version
of Carleson measures. See [[Gad, Chapter VI, Lemma 3.3] for the classical case and [ASX],
Lemma 2.1] for the general case.
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Lemma 2.3.3. Let a > 0. Then the following are equivalent:

(i) w(S(I)) < C|I|* for all Carleson sector S(I)

y 1— 202 \*
— | d <C.
@ s [ (=aip) <

Proof. First we will show that (ii) implies (i). Let @ = S(I) be a Carleson square with
20 € T(Q). For all z € Q,

1Arg 2o

1 .
[1—Z02| < |2o] | —e + 20| [P 47970 — 2| < C(1 — |2)).

On the other hand |1 — Zpz| > 1 — |2p|. Hence

C < 1—|Zo|
1—J20] = |1 —Z02]2 — 1— |20]

For the other implication, given zy € D, consider I = I(zp), Q@ = Q(z0) and let N € N
such that 2V=1(1 — |z]) < 1 < 2V(1 — |20|). If we define

for all z € Q.

Then, by hypothesis (ii),

I,=2"1, forn=0,.,N—1 and Iy=0D\In_1,
then

]D):UCH, where Cy = S(I) and C,, = S(I,) \ S(Ip—1), forn=1,2,....

n>0

By hypothesis (i),
p(Cn) < u(S(In)) < ClIn| %,

and observe that
|1 —Zoz| > C max(1—|z|,|Argz — Argzp|) > C|I,| for all z € C,,.

So,

< CZ |I|} ’éa'a <C) (;)n <c.
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As an immediate consequence of the previous results we obtain the following one.

Lemma 2.3.4. Let 1 < p < oo and s > 0. If p is an (s, p)-Carleson measure, then there
exists a constant C' > 0 such that u(S(I)) < C|I|* for all sectors S(I).

Proof. Tt follows immediately by choosing € = s on Lemma and then using Lemma
] 0

Multipliers of B,(s)
Recall that
M(By(s)) ={g € Hol(D) : gf € By(s) whenever f € B,(s)}.

Let g € M(B,(s)), then by the Closed graph Theorem, the operator

Bp(s) — By(s)
o= g
is bounded and we define the multiplier norm of ¢ as
l9llms,s) = inf [[f9llB,s)-
£l (s)=1

The following well known result (see [ARSI], p. 472]) describes the multipliers of B,(s)
in terms of (s, p)-Carleson measures.

Lemma L. Let 1 <p < oo and 0 < s < 1. Then g € M(By(s)) if and only if g € H®
and |g'(2)|P (1 — |2]?)P=2+5 dA(2) is an (s,p)-Carleson measure.

Proof. Suppose first that g € M(Bp(s)). By the closed graph theorem | fgl/p, ) <

ClfllB,(s), whenever f € By(s). Using inequality (2.2.9) and Lemma P.2.3, we obtain
that for all h € Bp(s),

[A(2)] = [{h k)| < Pl ) K2l ,(s) < CllR, ) (1 = 121%) /7. (2.3.3)

(L—faP)y e
(= azyzir 8 Bpls) with [ fallg, ) < € (see

Lemma P.3.1)). Since g € M(B,(s)), we can apply (2.3.3) with the function h = gf, to
get

For each a € D, the function f,(2) =

19(2) fa(2)] < C(1 — |2[})~*/P.

Taking a = z we get that g € H*®. In order to see that |g'(2)[P(1 — |2|?)P72T$ dA(2) is
an (s, p)-Carleson measure just note that

LIPS P01y dAG) < € (Ialll i, + 191, ) S 11,0
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since |[f(2)d'(2)IP < |(f9)' (2)]P + |f'(2)g(2)|P. The other implication is easier. Let
f € Bp(s), then

1£9llB,5) S 1f|B,() 9l o= +/D!f(2)\p!9'(»2)!p(1 — [P A(2)

and using the hypothesis on g we obtain that || fgl|,s) < Cl|fllB,(s), S0 g € M(Bp(s)).
O

Proposition 2.3.5. Let 1 < p < 00, 0 < s < 1, and let {z,} be a sequence in D such
that S°(1 — |2,|?)%d.,, is an (s,p)-Carleson measure. Then the Blaschke product

H |2n| 2
-+ Zn 1—Zz,2 ZnZ
is a multiplier of By(s).

Proof. Note first that the assumption also implies that the measure

p=> (1|2’ 0, (2.3.4)

n

is a Carleson measure. Indeed, let S(I) be a Carleson box, then by Lemma P.3.4,

pSM)= Y, A=lz) <™ Y @-|ml) <Cll.

zn€S(I) 2n€S(I)

In particular, by Lemma, with @ = 1, one has

(1—|z.12) (1 — |2]?
supz 2nl*) 12%) <C. (2.3.5)

z€D 11— an‘z N

Since ||B||ss < 1 then, by Lemma [[], the condition that B € M(B)(s)) is equivalent to
the fact that |B'(2)[P(1 — |2]?)P~27* dA(2) is an (s, p)-Carleson measure. Observe that

zn| 1— |zn| \zm\ Zm — %
B'(z) = Z@

~ 17222 m 1 —Znz

SO
|Zn|
|B'(2)] < Z T aap (2.3.6)

and together with (R.3.J) we obtain that

(1—|2*)|B'(2) < C forall z€D. (2.3.7)
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Let f € B,(s), using the estimation (R.3.9) and (R.3.7), we have

/]D) [FP B () (1= |2)P=*** dA(2)
=/ [FP B ()] (1= [=)B ()P~ (1 = [2) T dA(2)

s [irer (S 'Z”Z’P) ~ o) ()

- Yl [ e LD )
— Zp2|
1+s
<Z 1— |z)%) /If I” — Iz |)Z|2 dA(2)
1— 2\—14s
#2015 e G aac)

=1 + I

By Lemma [] and the fact that >, (1 — |2,|?)%d,, is an (s, p)-Carleson measure, we have

n

=3 1FGa)P (1= |za]?) /DWCM(Z)

1 — z,2[?

< Z |f(zn)lP (1= |Zn’2)s S ||f||%p( )

On the other hand, let

1_’%‘ /,f f(zn) \pmd/l(z)

11— z,2|?
(1 —[w?)***
= Z (1- ’Zn| / | fo(w 0) W dA(w),

where f, = f o v,. Therefore, since 0 < s < 1, by Lemma and the change of
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variables z = o (w), we get
BEY0 -l [ isr S )

—er on(@)P(1 — [P) (e () (1 — w22

o (U=l ot

11— z,w|?

) entw) daw)
=" [ 17 EF Q= len(2)?) (1= 2P~ 2 dA(2)
D

_ ()P (1_’Zn|2) (1_‘2‘2) _ zQp—2+s e
= [rer(s U EY (- pyeaace),

11— z,2|?

and finally, applying inequality (2.3.9) to the last term, the proof is finished. O

Boundary values

Let 1 < p < ooand 0 < s < 1, since By(s) C HP, it follows that every function f in
B, (s) has nontangential limits a.e. on 9. Denote by f, € LP(0D) the boundary values
of f (taken as a nontangential limit). The purpose of this section is to give a description
of the space Bp(s) in terms of its boundary values. Let f € LP(0D), we say that that
the function f is in L% if

2w 27 ‘f zu)‘p
||f||Lp —/ / |€'Lt_ezu|2 ——dudt < .

The main purpose of this section is to show that the boundary values of functions
in By(s) are in LE. Our arguments follow closely the proof in [Nid].

Lemma 2.3.6. Let 1 <p < oo and 0 < s < 1. Let f € LP(OD) and let F € CY(D) with
lim,_; F(re?) = f(eie) for a.e. €% € OD. Then

27 2 zu D
|7 [T dwd <o [ (VRGP0 - R AR, (239
et —e D
where C is an absolute constant.

Proof. The proof is based on an idea in [Steid, chapter V]. Changing the coordinates
t = u + h we obtain

e - ey B | () — pe)p
/ / elt—eWP - dudt_2/0 /0 leih — 1|2+ du | dh
1 2m ) .
b i(u+h)y ) P
- C/o — </O F(H) — f(et) du) dh.
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Consider

[FH) — f )]

< |F(E W) = F(re ™) 4 [F(r(e ) — F(re™))| + |F(re™) — f(e™)]

1 h 1
< / [V E(ze )| da + / IV F (re )| dt + / |VF(ze™)| dz,
T 0 T
for any r € (0,1). Apply Minkowski’s integral inequality (B-1.0]), to get
2 ) )
i) < pemyp
0
2 1
,S/ </ |VF(ze™ |dx> du+/ </ IVF( Tez(“+t))|dt> du
0 T
1 2 1/p
< / </ |V F(ze™)|P du
r 0
h 27 1/17
+ / </ |V F(revtt))|p du> )+ (I1).
0 0
Therefore,

2m 27r‘f zu ’p
/ / ’ezt _ ezu’2 s

For the term (I) we make the change of variables ¢» = h/(27) and take r = 1 — ¢ €
(1/2,1),

/OWh;_S(I)dh:/Oﬂhj_s (/1 (/O%\VF(xe “)Pdu) /pd:):>pdh
_C /0 v Wls < /1 1w ( /0 %\VF(xei“)‘Pdu)l/ pdx>pd1/1.

After the change of variables z = 1 — ¢, we apply Hardy’s inequality (B.1.9) and obtain

[ama=c [T ([ /O TR - e ag) o
0/1/2 /ZWWF P du P~ dy

<c /D VE()P(L — |22 2 dA(2).

™1
I)dh + / s (1) dh.
0
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For the term (/1) we make the change of variables v = h/(27), take r = 1 — ¢ and
integrate with respect to ¢ and we obtain

"L nan= "L h( " V(e rau) "

0 h 0 h 0 0
- 0/01/2 w;_ (/Ow (/027r IVF((1 - w)ei“)]pdu)l/pdt>pd¢
— 0/01/2 YP2ts (/OQW IVF((1- h)ei“)|pdu> da)

SC’/D\VF(z)]p(l—|z|2)p2+SdA(z).

This finishes the proof. O

Proposition 2.3.7. Let 1 < p<oo and 0 < s < 1. Let f € LP(OD), then f € L if and
only if
[ VPGP = P da) < o,
D

where P[f] is the Poisson integral of f. Moreover, there exists a universal constant C
such that

Ty < [ IVPLAGI - 22 +dAG) < CIfI,

Proof. Consider f € LP(0D), and let P[f] be the Poisson integral of f. Then, it follows
from Lemma that

Hﬂ@gSCAJVPm@NWL%dW%“WA@)

For the converse, since

2m _ Z2
PG = [ ren

leit — 2|2 27’

an easy computation gives

27 z 7,t dt 27 (f(eit) o f(ew))eit dt
/0 (et — 2)2 27 /0 (et — 2)2 27’
/2“ ) e [ s
0 0

e’Lt ezt 2 271' eit(eit _ 2)2 21

and consequently,

21 |f zt zu)|
IV P[f](re™)| < C/ ezt dt. (2.3.9)

ezu’Z
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Therefore, using (R.3.9) and Holder’s inequality, we get

/IVP[f](Z)Ip(l — [P dA(2)

<o / (/ i |f|ezt rez(uwﬂdt)p“‘ﬂ

<C’/27T/ </2” ‘f|67,t Tegu’f” dt)
1

)p72+s rdrdu

p
2 —2+s
X (/ eZt_'r'e'LU|2dt> (1 )p Tdrdu

o S e 2
o [T [T ey

2T 2w 1 2\—1+s
- ~ r(1—r?)
_ o/ / F(eit) — F(e™)P (/ ..dr> dt du.
o Jo o lett—ren|?
The proof will be finished if we show that
1 1 _ 2\—1+s 1
/ T(.tr—).dr <C— " forallt,uc|0,2n].
0 |61 _ ,r.ezu|2 |6'Lt _ 6zu|273

We can assume | e — e™| < 1/2. Consider

Ry = {r €[0,1) such that 0 < 1 —r < | — ™|},

= {r € [0,1) such that 2" |e — ™| <1 —r < 2" — ™|} forn=1,..,

where N € N satisfies 2V~ 1e®* — eff| < 1 < 2N]ei* — ¢

|eit _Teiu‘ > (1 _ T‘) _ |eit _ eiu‘ 2 2n|ez‘t _

So,

r(l—r? HS r(l —r2)=1+s N
/ |€zt _ ,r.ezu|2 Z/ elt _ Tezu|2 dr ’S Z
0 n=0

N _ 1
- Z 92—s ’eit _ eiu’Q—s ~ ‘eit _ eiu‘Q—s’

n=0

and we conclude that

2w 2w
ots [f(e") = fle™)P
[ivemera-lspreeae <o [T I

VIS dr du

. Then, if n > 1

W ifr e R,

(Qn‘e'it . eiu‘ )*HS

(27]eit — eiu] )2

N,

_ Jiu

O]

As an immediate consequence of Proposition we obtain the following result.



44 2. Interpolating sequences for Besov type spaces.

Corollary 2.3.8. Let f be analytic on D and continuous on D. Let fy be the boundary
values of f on OD so that f = P[fy]. Then f € By(s) if and only if f, € LE. Moreover,
there exists a universal constant C > 0 such that

CHIf e < Ifllsys) < Cllfllzz,  for any f(0) =

Multipliers of L?
Let M(LE) be the algebra of (pointwise) multipliers of L, that is,
M(LE) ={g:0D — C: gf € LY whenever f € LF}.

The main purpose of this section is to present a description of the multipliers of L% in
terms of (s, p)-Carleson measures.

Lemma 2.3.9. Let 1 < p < oo and 0 < s < 1. Let u be a finite positive measure in the
closed unit disc. Then the following conditions are equivalent:

(i) w is an (s,p)-Carleson measure
i Pu)(2)P du(z) < Cllul®, for all uw € L8 with [*" u(e®)df =0
D L 0

Proof. First we will proof that (i) = (i¢i). Let u be an (s, p)-Carleson measure and
u € LE. We can assume u is real valued. Let Plu](z) be the harmonic conjugate function
of Plu](z) with P[u](0) = 0. By the Cauchy-Riemann’s equations,

IVP[u)(z)| = |U'(2)|, where U(z) = Plu](z) + i P[u](2).

Observe that U(0) = 0. Now, applying Proposition P.3.7 with the function u € L%, we
deduce that U € By (s). Since p is an (s, p)—Carleson measure,

[ IPuGIPan) < [ 0P <0 [0 ra -1y dae)
and by Proposition P.3.7, this last integral is comparable to ||uHig
Let us show that (ii) = (i). We need to prove that
| ireraut) < cifi, .

for any f € Bp(s). Let f, be the boundary function of f. By Proposition and
hypothesis (ii), f, € LL and

/ F(2) = FO)P d(=) < CILfllL, < © / PP - 222+ A(2).

So we can conclude that p is an (s, p)—Carleson measure. O
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Lemma 2.3.10. Let g € L>®(9D) and let G € L>®(D) N CY(D) with lim,_; G(re?) =
g(e®) for a.e. ¢ € OD. If

IVG(2)[P(1 = [2|*)P7#*d A(z)
is an (s,p)-Carleson measure, then g € M(LE).

Proof. Observe that Lemma tells that the function g is in LL. We must show that
gf € LE whenever f is in L. So, let f € LL. Without loss of generality we may think
P[f](0) = 0. Using Lemma with the extension G P[f] of gf on D we get

2 2w
loslty, = [ [ i< 0 / V(G P dApal2)
sc( [IGEITPHEP A+ [ PTG >\pdAp,s<z>).

Since G € L™ (D), for the first term of the sum, using Proposition with f € LE we
obtain

/D G)PIVPIf(2)P(1 = [P~ dA(2) < O fII],

For the second term we use the fact that |[VG(z)[P dA, s(2) is an (s, p)-Carleson measure
and Lemma to get

/ IPIAIPIVG(2)P(1 = [P~ dA(2) < Ol £l

Hence ||gf||zr < C||f| gz for all f € LY with P[f](0) = 0. So g € M(LY), which finishes
the proof. 0

Now we can give a description of the multipliers of L% in terms of (s, p)-Carleson
measures.

Theorem 2.3.11. Let1l < p < oo and0 < s < 1, the following conditions are equivalent:
(i) g € M(L)
(ii) g € L>®(0D) and |VP|g](2)[P(1 — |z|?)P~2t5dA(2) is an (s,p)-Carleson measure.

Proof. The implication (i) = (i) follows from Lemma P.3.10. For the converse, let
g € M(LE). Without loss of generality we may think that P[g](0) = 0. We start by
proving that g € L°°(9D) using an argument from [CH]. Consider the operator of
multiplication by g, then by the closed-graph theorem we have

loslly < (Wi +| [ sy}, foran e 1z
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Taking ¢(z) = g(z)/CP we have that

27 ) P
||90f||lz§ < HfH};g + ‘/o f(e") da‘ , forall felLl.

Since 1 € L%, we see that ¢ € LY and so o™ € L with [[¢"|[ e < [|¢]/zp, forn=1,2,---
Note that

P(E () = J(e™) = (") — (" D(E™) = FE) (" (") - " (™).

Hence,

Tty () = )P
/ / t | P ‘ezt zu‘2 s dt du
< [T D) ener ,,
ezt _ ezu‘Z s
2 27 | n p
oL "(e) — " (™)
/ / | |ezt ezu|2 s dt du
2m p2m n p
n zu ¥
— g1, /‘/ \” L} N
2w 27r n zu p

‘6zt ezu‘? s

Now, let f be the identity function on 0D, we then have

2w p27 ) ) )
/ / ‘So(ezt)|np|ezt _ ezu|p—2+s dt du
0 0
2n 2w ]go n( )’p
< 1+/ / ‘ezt em|2 L dtdu < C.

Therefore, since n is arbitrary and the constant C'is independent of n, we have |¢(£)| < 1
for almost every £ € 0D and so g € L>°(9D).

Now we are going to show that the measure |V P[g](2)|P(1 — |2|?)P72T5dA(2) is an
(s,p)-Carleson measure, that is,

/le(Z)l”!VP[g](Z)!p(l—IZIQ)p_Q“dA( ) < Cllfls, ),

whenever f is in B,(s). Let f € By(s), since g € M(LE), we have that f, g € L%, so by
proposition R.3.7,

l/WfP (L — [P 2odA(z)
< Cllfglliz < CUIAIL, + 1FOF) < CIFIE .

(2.3.10)
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Furthermore, since g € L*>°(0D) then P[g] € L*°(D) and we obtain

/D\P[Q](Z)’”Vf(z”p(l — [21?)P7HdA(2) < Clf I, o) (2.3.11)

Finally, using the inequalities (2.3.1(0) and (R.3.11]), we get

/D FEPIVP(2)PQ — 222 dA(2)
< / Y/ Plg) (2)P(1— |22 dA(2)
D

+ [ PGPV |2Pp-2dac)
D
< CIfIE,

Therefore, the measure |V P[g](2)[P(1 — |2|?)P72T5dA(z) is an (s, p)-Carleson measure
and the proof is complete. O

As an immediate consequence of the previous results we can deduce the following
relationship between multipliers in B, (s) and multipliers in L%.

Corollary 2.3.12. Let g be a bounded analytic function in D and let gy be its boundary
values so that g = Plgy|. Then g € M(By(s)) if and only if g, € M(LE).

Proof. By Lemma [, the function g € M(B,(s)) if and only if |¢’(2)[P(1—|z|?)P~2T$d A(2)
is an (s, p)-Carleson measure. And using Theorem P.3.11], this is equivalent to the fact
that g, € M(L%). O

2.4 A O-problem

A O-problem with estimates

In the classical setting of bounded analytic functions, the Corona Theorem and the
characterization of interpolating sequences can be proved using solutions of d-problems
with uniform estimates. In our situation the result we need is Theorem P.4.2 We start
with the following more simple result.

Theorem 2.4.1. Let 1 <p < oo and 0 < s < 1. If ¢ € C(DD), then there is a function

be C(D) such that

ob

5 =?
in the sense of distributions and such that the boundary value function by, belongs to
LE. Moreover ||b,,llp < CllollLr(aa,.), where C is an absolute constant.
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Proof. Consider the function

u(z)—/D $(w) dA(w).

(z —w)

It is easy to check that u € C(D) and du = ¢. We will show that w, € L%. Consider
the function
v(z) = / Mdzﬁl(w).
p (1 —wz)

Observe that v(z) = zu(z) for all z € ID. So, it is sufficient to show that v, € L¥. An
easy calculation tells

IVou(z)| < A m dA(w).

If we define

1(6):) = [ 2 dAGw),

Lemma [ tells that T is a bounded operator from LP(dA, ) to itself. Since the function
¢ belongs to LP(dA, ),

/D|Vv(z)|p(1 — 2P 72dA(z) ST er(an,. S 190r@a,,) < oo

So, by Lemma P.3.4, v),, € L% and the proof is finished. O]

The main result of this section is the following.

Theorem 2.4.2. Let p > 1 and 0 < s < 1. Let ¢ be a continuous function in D such
that |p(2)|P(1 — |2|2)P~2+3dA(2) is an (s,p)-Carleson measure (and |¢(2)|(1 — |z]) < C
for 1 < p < 2), then there is a function b € C(D) such that

ab

9z o(2)

and such that the boundary value function by, belongs to M(LE).
The proof of Theorem uses two auxiliary results.

Lemma 2.4.3. Let 1 < p < o0, 0 < s < 1. If |¢(2)[P(1 — |2|>)P~2+5 dA(2) is an (s, p)-
Carleson measure, then |p(z)|dA(z) is a Carleson measure.
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Proof. Given a Carleson sector S(I), applying Hélder’s inequality and Lemma P.3.4, one
has

P— —(p—2+s)

/ 16(2)| dA(z) = / BN~ 25 (1= |#2) "5 dA(2)
S(1) S(1)

3=

<C (/S(I) p(2)[P(1 = |2[7)P~ +SdA(Z))

" (/ (1- |Z|2);<p_2+s)dA(Z)>
S(I)

p—1

s dA P
S C |I| P / (223—2+s
SO (1—|2]2) 7

p—1

gcuﬁ0ﬁ3y7:cm

Q=

Here ¢ satisfies % + % = 1. Observe that in last line we have used s < 1. O

The proof of Theorem is based in the following beautiful result of P. Jones

o],

Theorem 2.4.4 (Jones). Let du be a Borel measure on D such that d|u| is a classical
Carleson measure. For z € D and £ € D, consider

2 1P 1+wé 1+wz
Kla= o ey ™ me <1 —wE 1 —wz> d'“'(w)]

and
(s
il = g
Then
k(o
S0 = [ K(Ilu\ll’ ,s) an(e) (2.4.1)

satisfies So(u) € Li, (D) and 0Sy(1)/0Z = p in the sense of distributions. Moreover, if

loc

z € OD, then the integral in (R.4.1) converges absolutely and

sup /
20D JD

In particular, So() € L(0D) and || So(1)l| = (om) < Cllul1-

K2 )‘d Cllully.
(,Wh,z,f () < Cllulh

Proof of Theorem B-]-3. By hypothesis, | ¢(2)[P(1—|z|*)P~*T$dA(z) is an (s, p)-Carleson
measure, so applying LemmaP.4.3, | ¢(2)| dA(z) is a classical Carleson measure. Without



50 2. Interpolating sequences for Besov type spaces.

loss of generality we can assume that both Carleson norms are smaller than 1. Let
b = So(p), where du(z) = ¢(z) dA(z). Thus, by Theorem P.4.4, the function b is defined
at almost every point of D and satisfies the equation 9b/9Z = ¢(z) in the sense of
distributions. Moreover, the boundary value function b, lies in L>(9D). Our aim is to
verify that the boundary value function b, lies in M(LE). For this purpose, consider

’ (Z)_Tr/mu—&zl?

14+wé 14wz
exp [ [ e o) Wl dag

which satisfies b*(z) = zb(z), for any z € 0D. Hence it is sufficient to prove that
b* € M(LE). Now write

¢(&) dA(€)

() =2 [ (e ha(e) exp ( | fzgwwnm(w)) H(6)dA(E), = €D,

where

— g2 wz
he) = L= 50 hz(z):exp<—/| 1w |¢(w)|dA(w)).

1 =& 2l — W=

Since d| p| (2) = | ¢(z)| dA(2) is a classical Carleson measure,

1+wé
Re Al
</|w|>|s|1—wg‘¢( )|dA( ))

_ LHWEN | o) dA(w 9.4.2

[ e (s ) tetwlaau (2:42)
2

<2/|1 '5'52 (w)ldA(w) < C,

where the constant C' is independent of &. Hence e~ ¢ < |ho(z)| < 1 for any z € D. The
main technical estimate in the proof is

WWMSCAH@?Ndmm. (2.4.3)

w |2
Observe that

(Vb (2)] < C/D(Ihl(Z)Wm(Z)\+!hz(Z)Vhl(Z)l)|¢(£)|dA(€)-

Since |hg| < 1, we have

C
|ha(2)Vhi(z)| < n_ep
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We also have

hi(2)Vha(z)| < C—1 251
I (2)Vha(2)] < 11— 2€ 2 Du—w42

Lemma 2.1 in [[Jol|] states that

1—[2¢] N 2w |?
/]D)|1—Z§‘2 expl /w>|£‘1_zw’2 |p(w)| dA(w)

Therefore

() dAE) < 1. (2.4.4)

[ @Vl o©laa < c H‘f(“’)‘dA(wx
D D z

w |2
and this finishes the proof of (R.4.3). Since |¢(2)[P(1 — |z|?)P~2+5dA(z) is an (s, p)-
Carleson measure, we apply Theorem and obtain that |Vb*(2)|P(1—|z|?)P~2+5d A(z2)
is also an (s, p)-Carleson measure. Given z € D, by inequalities (R.4.9) and (R.4.4) we
have that

¥ 1— €2 B . 1+wz w w
pei<o [ WGXP( [ e () letwlaa >) 6] dA(©)

< C/ID)l_Z€|2 exp (—/ 1- \zw\2’¢< )]dA(w)) |p(€)| dA(E) < C.

11— €z|2 >l — 2w

Thus b* € L*°(D), and Lemma tells us that b* € M(LE) which finishes the
proof. O

The Corona Problem in M(B,(s))

Let Y be a subalgebra (nonclosed) of H*. If, for an arbitrary finite set of functions
fi,--+, fn € Y satisfying the condition

inf =0 >0.
zeD Z ‘fj |
there is a set of functions g1, -+, g, € Y such that

f191+"'+fngn517

then we will say that the corona problem is solvable in the algebra Y. The corona
problem in H* is usually described with the help of solutions of & equations [GaJ].
It is easy to see that M(Bp(s)) is a Banach algebra with the norm

£l mB,(s)) = suplllf 9ll,s) = 9 € Bp(s), ll9llB,s) = 1}-

Let 1 <p < ooand 0 < s < 1, in this section we will consider the corona problem for the
algebra M(B,(s)). This was first proved by V. Tolokonnikov ([[Tol]). Here we present
an approach based on 0 techniques.
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Theorem 2.4.5. Let 1 <p < oo, 0<s<1and fi,..., fn € M(By(s)). Assume

1nf \f]( z)|=0>0. (2.4.5)
] 1

Then there exist gi,-- - , gn € M(Bp(s)) with

Proof. By normal families, we may assume that fi,--- , f, are holomorphic in a neigh-
borhood of the closed unit disc. As in the classical case of bounded analytic functions,
the proof is based on solutions of O-problems with appropriate estimates. Take

i)
Y i)

By (R.4.5), the denominator is bounded below. So,

j(z) = j=1, ..n.

0; €C¥MD);  jllo <o M Ifilloo < 00i fio1 + . + fapn =1 on D.

Observe that [Vi;(z)| < C(o,n) 3°7_ |f;(2)]- So, [Vi;(2)[P(1 - |2|2)P=2F5d A(2) is an
(s,p)—Carleson measure. Hence Lemma tells that ¢, € M(LE). The difficulty is
that ¢; may not be analytic on ID. To rectify that, we write

+Z ie(2) = bio i (2)) fu(2)

where the functions b, to be determined will be the solution of a certain O—problem.
It is obvious that

figi + ...+ fagn =1 on D.

We want the functions g; to be analytic and this will follow if we can find solutions b; j
of the O—problems
bk =0j0pr,  j,k=1,..,n (2.4.7)

Finally, since g; should lie in M(B,(s)), we will need b; ;, € M(L%). A calculation shows

o, Ii e fifl Zfl(ﬁfz—ﬁﬁ).

oz YIAE AP CIAP?
Thus, |p;00k| < C(0) >, |f]]- Hence

sup |ip;(2)0pr(2)[ (1 — |2]) < Csugz i -z) =C
zE =1

zeD
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Observe also that since
|/ (2)[P(1 — |2|?)P~2T5dA(2) is an (s, p)-Carleson measure, for I =1,...,n

then |¢;(2) pr(2)[P(1 — |2]?)P~2T5dA(z) is also an (s, p)-Carleson measure. Applying
Theorem P.4.2, the equation (R.4.7) has a solution b, € M(LE). So, g; € M(LE) for
j=1,...,n and Corollary tells that g; € M(By(s)) for j =1,...,n. O

Fefferman-Stein decomposition

As is well known, there is a close relation between d-equations and the Fefferman-Stein
decomposition asserting that any f € BMO(JD) can be decomposed into f = u + v,
where u,v € L>°(0D) and v means the conjugate function of v. So, it is not surprising
that solving 0-equations with appropriate estimates leads to the following result. Also,
it should be recalled that M(LE) C L>(9D).

Theorem 2.4.6. Let 1 < p < 00, 0 < s < 1, f € LP(ID) and let P[f] denote the
Poisson extension of the function f. Assume

IVP[f](2)[P(1 — |2[*)P2T5dA(z) is an (s, p)-Carleson measure,
then f = u+iv, where u,v € M(LE).

Proof. Without loss of generality we may assume that f is a continuous real valued
function. Consider the d-problem

db =9 P[f].
Since |VP[f](2)[P(1 — |2|*)P72T5dA(2) is an (s, p)-Carleson measure then

Sup IVPIfI(2)I(1 = 2]) < C.

So, by Theorem P43, there exists a solution b of the previous d-problem such that
b € M(LE). Observe that the function P[f] — b is analytic on D. So,

P[fl-b=h+ ih, where h and h are harmonic conjugate functions.

Since f is real valued, we have that a.e. on D, f = Reb+ h = u + v, where u = Reb
and v = h = —Imb. Thus, since b € M(L%), this finishes the proof. O
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2.5 Interpolating sequences for B,(s)

Consider the point evaluation functional

Tn: Bp(s) — C

A sequence of points {z,} C D is called an interpolating sequence for the Besov type
space Bjy(s) if the map f — {JICI(Y‘“Z:H)} transforms B,(s) onto and into P, where ||T},||
denotes the norm of the point-evaluation functional at z,. Using the pairing in section
P-J and the reproducing kernel, Lemma tells that the norm of the point evaluation
functional is comparable to

1
52,11 B, (s) = A= [en2)?

The corresponding notion of interpolating sequences for the multiplier space M(B(s))
consists on the sequences {z,} C D for which the map g — {g(z,)} transforms the space
of multipliers of B, (s) onto [*°.

The characterization of the interpolating sequences for both spaces is given in the
following theorem which is the main result of this Chapter.

Theorem 2.5.1. Let 1 < p < oo and 0 < s < 1. Let {z,} be a sequence of points in
the unit disc . The following conditions are equivalent:

(M) Z is an interpolating sequence for M(Bp(s)).
(UIS) Z is an interpolating sequence for Bp(s).

(CS) Z is a separated sequence and piz = ), (1 — |2|2)%6,, is an (s,p)-Carleson

measure.

We point out that in the case p = 2, Theorem was first proved in [Bod] and
after in [Kj. When s = 0, that is, when working with functions in the classical Besov
spaces, the result was proved by C. Bishop [B]] and Marshall&Sundberg [MS] for p = 2.
The general case 1 < p < oo and s = 0 is due to B. Boe [Boll.

2.5.1 Necessity of condition (CS)
(M)=(CS)
In this section we will prove that (C'S), that is,

e 7 is a separated sequence (S)

o uz =13, c;(1—|2,]*)%0, is an (s, p)-Carleson measure (C)
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are necessary conditions for a sequence {z, } to be interpolating for M(B,(s)). Since {z,}
is an interpolating sequence for M(B)(s)) C H*, in particular {z,} is an interpolating
sequence for H°. Then, the separation condition follows. For the proof of the necessity
of the Carleson measure condition (C') we will need the following Lemma for the case
l<p<2.

Lemma 2.5.2. Let 1 <p <2, and 0 < s < 1. If {z,} is an interpolating sequence for
M(Bp(s)) then
o
1— 2\s 1— 2\s
Supz( |2[*) E 23|Zk| ) < o
zeD =1 ‘1 - Zkz|

A proof of this Lemma can be done using a result in [NX], Theorem 1.3]. Lemma
can also be proven by combining Khinchin’s inequality (R.5.1]) and a reproducing
formula for B, (s).

The necessity of the Carleson measure condition (C) in Theorem will follow
from an argument which combines Khinchin’s inequality and a reproducing formula for
By (s). The idea goes back to N. Varopoulos [Vg]. To be precise, given finitely many
complex numbers w1, ..., wy, consider the 2™ possible sums

n
Z iwj
7=1

obtained as the plus-minus signs vary in the 2™ possible ways. For r > 0 we use

& ’iﬂ:w]'
j=1

’ T

to denote the average value of

r

n
‘ Z Tw;
j=1

over the 2" choices of sign. Khinchin’s inequality states an estimate on the expectation

below,
r/2

n n
£ ’ Ziwj(r < Cr [ 3 fuyP? (2.5.1)
Jj=1 J=1

where C, is a constant that does not depend on "n” (see [Gad, p. 302]). Actually C, = 1
if » < 2. This inequality will be used in the reproducing formula for B,(s).

Suppose now that (M) holds. Let 5{3 = +1 and let g; € M(B,(s)) with g;(zx) = 5%,
for k,j =1,2,--- . Let f € By(s), without loss of generality we may think f(z,) # 0 for
alln=1,--- . Applying the reproducing formula (P.2.3) we obtain

(f 95)(zx) = (f 9;)(0) + /D(f g;)' (w)kL, (w)(1 — [w|*)*dA(w), (2.5.2)
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where ( -
1—(1—wzg ) ™°
k;k (w) = ——
w(l — wzy)

In particular, by (2.2.6),

1
KL, (w)] S

| ~ W. (2.5.3)

Observe that if 0 < r < 1, then

> larl < (X el (25.4)

Fixn > 1, and j=1,--- . By (.5.9), we have

Z\f )P = |=*)* =D e (f 95) ) f ()1 f () P2 (1 = [f*)®
k=1

M:

= (f9)(0) D> el fGz)lf ()P (1 = |z)°
k=1
#3200 - e aa) TR0
=L +1I

We will compute the expectation of both sides of this identity. Let g be the conjugate
exponent of p. Since |f(0)| < |||/, (s) for all f € By(s), applying Khinchine’s inequality

with r =1,

E(IL]) < Cllfgls,s) € (’ Y e f @I ()P (1 — |
k=1

n 1/2
< ClfllBys) (Z |f ()PP (1~ |Zk|2)28> :

k=1

e If p > 2, then 2(p — 1) > p, and therefore, applying (R.5.4) with r = ﬁ =q/2<1
we get

n 1/q
E(IL]) < CllfliB,es) (Z |f(z)P (1= \Zk\Q)qs)
k=1

n

1/q
< C|flIB,(s) ( | f(z) [P (1 — |Zk|2)s) :

k=1
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e If 1 < p < 2 we apply Holder’s inequality with exponent ¢/2 > 1 to get

2—-p

n 1/q n “2p
E(IL]) < Cllf B, s) (Z [f ()| 70 (1~ \Zk\2)25> (Z(l - |Zk|2)25>

k=1
n 1/q
< CllfllB,(s) (Z!f (z)[P(1 — |2 [*)° ) 7
k=1

by Lemma with z = 0. Let us now estimate the expected value of the second term
I5. Applying Fubini and Holder’s inequality, we obtain that £(]I2]) equals

£ (\ [ ey w) < oL 1, () Tl ()P 2(1 - |zk|2>8) (1- |w|2>$dA<w>\>
D 1

<|1f9illB,s)

1/q
(/ ()Zeik;k Enlli <Zk>|l’—2<1—|zk\2>sq> <1—w|2>s+<q—2>dA<w>> .

Now, by Khinchine’s inequality (2.5.1) with r = ¢, the last expression can be bounded
above by constant times

q/2

1/q
1 £11B,(s) (/ (ZW w)?| f (z) PP~V (1 _|Zk|2)28> (1w2)q2+SdA(w)> .

o If p > 2, we use (P-5.4) with r = ¢/2 <1 and (R.5.9) to obtain

E(IL2]) S 1f1lB,(s)

1/q
(/ (Z 1L ()7 £l (1~ [42)) (1 - \wP)q-?*SdA(w))
P qs (1- |w’2)q_2+s Y
<1 ls,00 <;\f<zk>r R e dA(w))

n 1/‘1
S Bys) <Z |f(z) P (1 — \Zk\Q)S) ,
P

after an application of Lemma, [J]
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e If 1 < p < 2, we apply estimate (£.5.J) and use Hélder’s inequality with exponent
q/2 > 1. Then we apply Lemma R.5.9 to obtain

ENLI) 5 1115,
LB (g A a Py N
/(ij )| |1_wqu+zs)(§|1_wzk|2s) (1 = ol dA(w)
gs 1/‘1
(1—|z?)t = 9y =2(e=2) 2\q—2
p— _ ) _ q—2+s
/D Sl e ) (1= ) =52 (1= )= Aw)

q 1/q
as 1—|w 2\q+2s—2—s3
||f||B<>(Z|f P - fapyee¥ [ CE dA(w))

S IflB,(s)

3

k

I
-

3

1/q
S 1B, s Z|f (zi)|P (1= |z 2)*F 5 (1 — zk|2)_sg>

k=1

n 1/‘1
= [1£1lz, () (ZI (Zk)p(1_|zk|2)s> ,

after an application of Lemma []. Then,
- p 2\s - P 2 s 1/q
S AP ) < E(RD + ELD) < Ol (3 1FEPQ - 12) .
k=1 k=1

where the constant C' is independent of n. So we can conclude that

Do IFEPA— [2?)® < CUAG, )

k>1

Hence

Z (1 — |2n|?)%6., is an (s, p)-Carleson measure,
Zn€Z

and the proof is finished. Note that we only use Lemma when 1 <p < 2.

(UIS) = (CS)

Let k. be the reproducing kernel associated to the pairing

(f.h)e = / PR (1 [22)° dA(2),

defined for f € B,(s) and h € B,(s). By Lemma P.2.2,

1

kW5, ) = 7o
Bals) (1~ [2]2)®
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Assume that the map T': f — {%} from By (s) to [P, is bounded and onto.
Zn q(s

We want to see that the measure du = > (1 — |2,|2)6.
that is,

is an (s, p)-Carleson measure,

n

LU @Paut:) < Il forall £ € By(s).
This follows easily from the boundedness of T'. Actually if f €B (s) one has

[ ireraut) = S 1 eopa - <02Hk

using the fact that the operator T is bounded.

< C|fIlp, (s
anB " By (s)

Now we will see that the sequence {z,} is separated. Suppose z,,z, € Z with
B(2n, zm) < 1. Then, by Lemma P.2.1],

‘Zn - Zm’
_ < .
”an kZmHBq(S) — C(l _ ‘ZN‘Q)HS/ZJ

Consider the sequence {wy} given by w, = 1 and wy = 0 for k& # n. By hypothesis

(UIS), there exists a function f € B,(s) with f(z;) = wy for k = 1,---. Moreover by
the open mapping Theorem, we may assume
|f(zm ‘p 1
115, sy S
b 5 2 [ IIkznllB o (5)

Hence for m # n, one has

‘f(zn) — [ (zm)| < C‘ < fikz, — ks > | < CHfHBp(s)szn - kzmHBq(S)
[ e N € B A e A (1= |zn|?)=5/P

1118, (s) <

So,
1k, — kzm”Bq(S) >CO(1 - |Zn‘2)_s/p-

Since B(zn, 2m) < 1, we have 1 — |2,]? ~ |1 — Z;,2,|, and Lemma gives

1Kz = K ll By (s) |zn — 2m|(1 — |2n] )S/p |20 — 2m
C < n m q < C
- (- |Zn‘2)_8/p B (1- |Zn|2)1+s/p T 1= Zmz

So, p(2n,zm) > C and the sequence {z,} is separated.

= Cp(zn, Zm)-

2.5.2 Sufficiency of condition (CS)
(CS) = (UIS)

Given a separated sequence {z,} C D such that u = > (1 — [2,]?)*3, is an (s,p)-

n

Carleson measure, consider the map

T: Bp(s) — »
i)
f { ToanTmn 0o } :
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We want to see that the map 7T is bounded and onto. Recall that Hk:ZH%q(S) ~(1—|z)7*
Since p is an (s, p)-Carleson measure, we deduce

for all f € Bp(s). So the map T is bounded.

f(zn

W = I =l = [ 1SPdE) 5 11,

To see that T is also onto, consider an arbitrary sequence {wy,} € IP. We will find a
function f € Bp(s) with

fGn)

=w,, for n=12---
152,11 B,(s) "

By a normal family argument we may assume that the sequence {z,} is finite and
0 ¢ {zn}. Let D(z,r) denote the pseudohyperbolic disc of center z and pseudohyperbolic
radius r. Since {z,} is separated, there exists € > 0 such that the pseudohyperbolic
discs {D(zn,2¢) @ n=1,2,---} are pairwise disjoints. With standard arguments, we
construct a smooth function ¢ with the following properties:

(a) ¢(2) = wnllkz, |lB,(s) for 2 € D(zn,€);
(b) ¢ vanishes outside U, D(zy, 2¢);
(c) (1=[2zDIVe(2)| < Clwnl [|kz, [, (s) for all z € D(zn, 2¢);

Using the above conditions and Lemma P.2.3,
[1ve@Pa - [spy2rda)
D

N
SY [l kel ) (- 12D*2dAG) < Clull,
n=1

Zn,2€)
where C' is an absolute constant non depending on N, the number of points of the
sequence. Let B(z) be the Blaschke product with zeros {z,} and let ¢ be a positive
constant. By (B:3.4), > (1 — |z,|)d, is a Carleson measure, and there exists a constant

C > 0 such that |B(z)| > C for any z € D with inf 3(z, z,) > . Hence |B(z)| > C for
all z € supp(9¢(z)), thus

¢
B € C(D).

So, by Theorem P.4.1], we can solve the d-equation

1 —
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in the variable function b obtaining a solution b € L% with
||b\|§§ < C/D [Vo(2)[P(1 — |2]2)P 2 5dA(2).
Without loss of generality we may assume b(0) = 0. Consider now the function
f=¢— Bb.
Hence f is analytic in the unit disc D and

f(zn) = SO(ZTL) = Wn, for n= 1> 2> e

It only remains to prove that the function f is in By(s). By Lemma P.3.5, the Blaschke
product B € M(By(s)). Hence Bb € L¥ with || Bb|[» < C||b]|z» and thus fisp € L§. By
Corollary we conclude that the function f € B,(s) with

1£11B,(s) < Cllifiopllzz < Cllbllz < Cllwnlli,

where C' is an absolute constant not depending on the number of points N.

(CS) = (M)

Let Z be a separated sequence such that piz = Y-, ., (1—|2,]*)%6., is an (s, p)-Carleson
measure. We want to see that Z is an interpolating sequence for M(B,(s)). Before pro-
ving this, we will present some auxiliary results.

Let W = {w,} be a sequence of values with sup,, |w,| < 1. By a normal family argument
we may assume that the sequence {z,} is finite and 0 ¢ {z,}. Since Z = {z,} is sepa-
rated, there exists ¢ > 0 such that the pseudohyperbolic discs {D(zp,2¢) : n=1,2,---}
are pairwise disjoints. With standard arguments, we construct a smooth solution ¢ of
the interpolating problem with the following properties:

(a) ¢(z) = wy, for z € D(zp,¢);

(b) ¢ vanishes outside U,, D(zp, 2¢);
(c¢) 0 <|p| <1 everywhere on Dj

(d) (1 —[2])|[Ve(z)| < C for all 2z € D;

Claim 2.5.3. Let ¢ be a function in D with the above properties, then the measure
dugy(2) = |[Ve(2)[P(1 — |2|2)P72T5d A(z) is an (s, p)-Carleson measure.
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Proof. Let D,, be the pseudohyperbolic disc centered at z,, and pseudohyperbolic radius
2¢e, and let f € By(s). Since ¢ is supported in UD,, and (1 — |2])|Vp(z)| < C, we have

/Wf@ﬂﬂVw@ﬂ%l—vPV2*%A@>5§j/”\ﬂawu-—uﬁf2¢ua
SIE PPMI+Z/ Flam) P = 22y 2dA(2).
Since 32, (1 — |2,]2)*0s, is an (s, p)-Carleson measure,
S GPA = =) < CIAIE,
So, if we show that
> / Fl)P(L = |2)2dA() < CUFIG, o
we obtain
LU @PIDeEPa = |=PPaa) < Clfll,

proving that the measure |V (2)[P(1 — |2|2)P72T5dA(2) is an (s, p)—Carleson measure.
Let z, 2, € Dy, the reproducing formula (.2.9) for B,(s) and inequality (.2.5) tell that

F(2) = f ()| = — R () ) (1~ [ dA(w)
< c/ ' (w ngLSa— lw[2)*dA(w).

Choose t > 0 with max(0,2 —p) < tp+ 1+ s-min(1,p—1). Then, by Holder’s inequality
and Lemma [J,

() = )P < (1 (/ 1w |p1‘“”’|2)f§dAp,s<w>)

| (/D WW‘% W)

</ f'(w Ipy1 ‘w”Q)JrsdAp,s(wD (1 [22)2.
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Hence, by Fubini’s theorem and Lemma [J| we obtain

S MICEFEIUNERAREIS
$Y / ([irp e da. ) 0 - e aac)

/ e ([ ST 04 ) 0 ey
S [P ) < 171,

Note that the conditions on ¢ ensures that the application of Lemma }J] is correct. So,
the proof is complete. O

Once we have the function ¢, consider the Blashcke product B(z) with zeros at the
points {2,,}. Since as before, | B(z)| > C for all z € supp(dp(2)), we have

de(2) " 2\p—2 -
1— p—2+s < p 2\p—2+s
2 (1= Py < Ol (- )
so, by Claim R.5.9,
5 P
8;1(2)) (1 — |2[*)P~2T*dA(z) is an (s, p)-Carleson measure.
z

By Theorem R.4.3, we can solve the d-equation

_ 1 —

in the variable function b obtaining a solution b € M(L) with b(0) = 0 and

16l 2z < C/D Vp(2)[P (1= [2*)P7*F2dA(2).

Consider now
g =@ — Bb.

By construction, g is analytic in the unit disc D and g(z,,) = ¢(z,) = wp, n =1,2,---
It only remains to prove that the function g € M(B,(s)). By Lemma P.3.5, the Blaschke
product B € M(By(s)) with || Bb|[» < C||b e, so g € M(LE). Since g € C(D) then
g = Plg,,] and applying Corollary we get that g € M(B,(s)) with

l91lB,(s) < ClIVOlLr(da,..),

where C' is an absolute constant not depending on N, the number of points of the
sequence {z,}.
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(CS) = (M): A constructive proof

J.P. Earl gave a method to construct a bounded analytic function having prescribed
bounded values on a uniformly separated sequence. See [Ed] or [Ga3, VIL5].

Theorem M (Earl). Let {z,} be a sequence in the unit disc D such that

I

i#k

A sy k=1,2,... (2.5.5)

1—Ejzk

Then there is a constant C = C({zn}) > 0 such that whenever {w,} € I°°, there exist
{&n} satisfying

§k — &

nang —
p(&ns 2n) T

and H

ik

>5/3,  k=1,2,..

Wl >

such that the function
() = € (suplun] ) BG).
where B(z) is the Blaschke product with zeros {£,} satisfies
9(zn) = wp, n=12,...

Let {z,} be a separated sequence with > (1 — |2,])®d,, an (s,p)-Carleson measure,
and let {w,} € [°°. Using Earl’s result we will show that the interpolation problem
g(zn) = wy, can be solved with a multiple of a Blaschke product B € M(By(s)). In fact,

by (R:34), it follows that Y (1 — |2,]?)d,, is a classical Carleson measure. Hence (2.5.5)
holds, and applying J.P. Earl’s result stated above, we obtain a Blaschke product B with

zeros {&,} such that a multiple of B solves the interpolation problem. By proposition
P33, if 3, (1 — |€n%)%6¢, is an (s, p)-Carleson measure then the Blaschke product B is
in M(By(s)). So we will be finished if we prove the following result.

Lemma 2.5.4. Let {z,} be a separated sequence of points in D with p(zy, zm) > 0 for
m # n, and suppose that Y (1 — |2,])%0,, is an (s,p)-Carleson measure. Let {{} be a
sequence of points in the unit disc such that

p(&rzk) <6/3, k=1,2,...
for some fized 6 > 0. Then Y (1 — |§x])*0¢, is also an (s,p)-Carleson measure.

Proof. Let f € By(s). Since p(2p,&n) < 6/3 then 1 — |2,| = 1 — [&,]. So,

D oIFEDP (= 16l < (1) + (1D),
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where (1) = 3 £ (z0) (1= |20[?)* and (IT) = 53| f(20) = £(€n) P (1~ |20 [?)°. Now, since
S (1 — |2,]?)%6,, is an (s, p)-Carleson measure, (I) < C’||f||%p(8). For the other term,
since |f’| is a subharmonic function,

) = 1€l < [ elase)< [ 5o [ i wlaaw) dse).

where D, is the pseudohyperbolic disc of center o and radius 6/6 and ~, is the hyperbolic
geodesic joining z, and &,. Since p(z,,&,) < 0/3, one has D, C lN)Zn for any o € vy,
where D, is the pseudohyperbolic disc of center z, and radius §/2. Observe that | Dy | ~
(1 — |zn|)? and that |z, — &,| <1 — |2,]. Then,

() — FE)] < /(1_1|) /52| /(w)| dA(w) ds(0) < (1_1”) /D | (w)| dA(w).

Zn

Since p(zn, 2m) > d for m # n, the discs lN)zn are pairwise disjoint and finally
=Y 1f(za) = FE)P (1= [2a]*)®
1 P
< —_ f(w)|dA(w 1—|z,]?)®
Z(l_w (/D /() A >> (1= fzaP)

n

p

[ (@)1~ [w]?) "2 dA(w)

n

/52 [f (w)P(1 - ‘w|2)p—2+sdA(w)> </~n(1 B |w|2)_2>p/q

n

<2
< Z/ — |w[?P~ESdA(w) < HfHB ()"

So, (1 — |2,]?)d., is an (s, p)-Carleson measure. O
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