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Chapter 1

Introduction

1.1 Motivation

Over the last sixty years a significative advance in understanding dynamical
systems governed by nonlinear equations has created a profound change in
the scientific worldview. In order to predict the behavior of these dynami-
cal systems, researchers adopted mathematical models coming from different
fields of sciences. To solve the nonlinear equations created by these models,
the scientists always look for new techniques either qualitative or quantita-
tive. Every time new results are provided and a lot of techniques and theories
are developed. As it is known, by numerical integration of the equations of
motion we can observe a global dynamical properties. Along the last thirty
years, other methods are extensively used to describe the local dynamical
properties of Hamiltonian systems around their equilibrium points and peri-
odic orbits. The stability around these objects determines the kind of motion
in their neighborhood. For this reason my research is focused in finding an-
alytically families of periodic orbits for three different Hamiltonian systems
coming from both galactic and atomic dynamics. Until now the majority of
these studies have been on cubic or quartic polynomial Hamiltonian systems
of two degree of freedom.

In this work we extend these previous studies analyzing three fourth and
sixth polynomial Hamiltonian systems of three degree of freedom, two of
them depending on 6 parameters.

The principal aim of this research is to study analytically the existence
of periodic orbits of these systems via the averaging theory of first order.
In general, it is challenging to prove analytically the existence of periodic
solutions of a system of differential equations. The tool used is the averaging
theory of first order. This method will provide conditions on the parameters
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and on the Hamiltonian levels which guarantee the existence of the periodic
solutions. Furthermore, we provide analytical estimations of the shape of
these periodic orbits.

1.2 The three Hamiltonian systems studied

The Hamiltonian systems treated in this work are the Yang-Mills Hamil-
tonian, the Friedman- Robertson- Walker Hamiltonian, and the perturbed
elliptic oscillator. All of them in dimension 6.

The organization of this dissertation is as follows, in the rest of this
introduction, we present every Hamiltonian with his Hamiltonian system
associated and we give a brief history about the studies related on them in the
last years. At the end of this introduction we provide the statements of the
main results obtained. After that we have three chapters where we provide
in every one the proofs of the results on every Hamiltonian system studied.
Finally we add an appendix writing about the tool used, the averaging theory
of first order, remembering the important results of this technique that we
need to use in the proofs of this work.

Throughout this dissertation, we denote by p,,py,p. the components of
momentum per unit mass; € is a small positive real parameter, in fact € is the
perturbation strength, and a,b,c,d,e and f are parameters. The dot denotes
derivative with respect to the independent variable ¢, the time; A denotes
the Hamiltonian level; «, § and 6 are angular coordinates and r, R and p
positive reals.

1.2.1 The generalized classical Yang-Mills Hamiltonian
system in dimension 6

We study a generalized classical Yang—Mills Hamiltonian system in dimension

6. This Hamiltonian is formed by a harmonic oscillator plus the most general

homogeneous potential of fourth degree with monomials having only even
powers and with six parameters. .

1 1
H= g +py+p+a’+y*+2°) + glact +20a%° gy
+2cx%2% + dy* + 2ey?2? + f21).
The principal aim is to study analytically the periodic solutions in the dif-

ferent energy levels H = h of the Hamiltonian system associated to the
Hamiltonian (1.1).
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Until now the majority of articles related with the Hamiltonian (1.1) stud-
ied the planar classical Yang-Mills Hamiltonian system, i.e. the Hamiltonian
(1.1) with z = p, = 0. The periodic solutions of the planar system were
studied in [26]. Contopoulos and co-workers during many years studied this
planar Yang-Mills Hamiltonian system with a = 0. This Hamiltonian is now
known as the Contopoulos Hamiltonian which describes the perturbed central
part of an elliptical or barred galaxy without escapes. For more details see
the references [12], [13] and [14]. Deprit and Elipe in [15] studied also several
periodic orbits and bifurcations for this planar Hamiltonian system. When
d = 0 and the quadratic part (2% +y?)/2 is eliminated from the Hamiltonian
we obtain the mechanical Yang-Mills Hamiltonian H = (p3+p;)/2+bx*y?/2.
Many authors studied this quartic homogeneous potentials, for more details
see the references [3], [6] and [19]. Moreover, if b # 0 the Hamiltonian
of Yang-Mills is well known that it is non integrable and strongly chaotic.
Other researches associated to this mechanical system of Yang-Mills with
quartic potentials having three up to five terms were treated in [9], [17], [23],
and [29]. Maciejewski et. al. [29] studied generalized Yang-Mills Hamilto-
nian systems having a quadratic potential plus a homogeneous potential of
fourth degree with five parameters. They proved the existence of connected
branches of non stationary periodic orbits starting at the origin. Caranicolas
and Varvoglis [9] studied a Hamiltonian with a quartic potential of three
parameters plus a quadratic harmonic potential with two frequencies w; and
wo of the form

1
H = §(pi + p) 4 wiz? + wiy®) + e(az® + 2bz*y* + cy).
They calculated numerically families of periodic orbits and its characteris-
tic curves. In order to study the Hamiltonian system in a two-dimensional
parameter space, the paper [26] treated the generalization of the Yang-Mills
potentials H = (p2+p;+a°+y®)/2+ax* /4+bx*y? /2 with two real parameters
a and b.

The Hamiltonian differential system associated to the Hamiltonian (1.1)
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o oH
- apw _pxa
) OH
Y= S— =Dy,
Opy Y
) OH
= = Pz,
Op: (1.2)
Pe = o —z — z(az? + by® + cz?)
X ax bl
OH
S oo— T o b 2 d 2 2
Dy o y — y(bz® + dy* + ez®),
H
P, = —aa— = —z— 2(cx® + ey® + f27).
z

1.2.2 The generalized classical Friedmann-Robertson-
Walker Hamiltonian system in dimension 6

It is usual in galactic dynamics to consider potentials exhibiting a reflection
symmetry with respect to the axes, here we make a change in the x-axis. We
study a generalization of the Calzeta-Hasi’s Hamiltonian as follows

1 1
— 2 2 2 2 2 2 4 2,2
H= é(py+pz—pm+y + 2 —x)+1(ax + 202y (1.3)

+2cx22% + dy* + 2ey?2? + f24),

In astrophysics, the study of the dynamic of galaxies progressed consider-
ably thanks to the discovery of important theories coming from mathematical
models, see for instance the articles [5, 30, 33, 37]. Thus, Calzeta and Hasi
(1993) studied the simplified Friedmann-Robertson-Walker Hamiltonian sys-
tem in dimension 4 given by the Hamiltonian H = (p; — p2 +y* — 2%)/2 +
bx?y? /2 which is a model for a universe. They proved analytically and numer-
ically the existence of chaotic motion of the Hamiltonian system associated
to the above Hamiltonian. Although this model is too simplified to be con-
sidered realistically, it is an interesting testing ground for the implications
of chaos in cosmology, see for more details [7]. Hawking [21] and Page [31]
considered similar models for understanding the relation between the thermo-
dynamic and cosmological arrow of time, in the area of quantum cosmology.
When z = p, = 0 the previous Hamiltonian (1.3) contains the planar clas-
sical Friedmann-Robertson-Walker Hamiltonian system studied by Calzeta
and Hasi. In [27] we find a study of its periodic solutions.
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The Hamiltonian system associated to the Hamiltonian (1.3) is

_ OH
xr = — — Pz,
Ope P
‘ 0H
Y= =— =Dy,
Opy Y
‘ OH
z = = Dz,
81;}[ (1.4)
pe= —— =z — (e + by’ + c2?),
OH
s o O (b du? 4 e
Py oy~ Y y(ba® +dy* + ez%),
OH
b, = _8_:—z—z(cw2+692+f22)’
z

1.2.3 The Perturbed elliptic oscillators Hamiltonian
system in dimension 6

The next Hamiltonian consists of a three coupled harmonic oscillators known
as perturbed elliptic oscillators. It is formed by a harmonic oscillator plus a
potential with a monomial of degree 6.

H = %(ﬁ + 2+ 22+ Pl + Pl 4 pd) + (@Y + 27 + P27 — 2?y?R?). (15)
Perturbed elliptic oscillators appear very often in several fields of nonlinear
mechanics, as in galactic dynamics, and in atomic physics. During the last
three decades, in galactic dynamics, in order to describe the local dynamics
properties of galaxies we consider Hamiltonian systems. Many studies have
been made, see mainly [4, 8, 10, 11, 16, 18, 28]. In spite of the simple form
of the perturbation (generally, they are cubic or quartic polynomials) they
lead to chaotic phenomena as was shown in the work of Henon and Heiles
[22]. In this work we analyze the periodic orbits of the Hamiltonian system
associated to the Hamiltonian (1.5) studied by Caranicolas and Zotos in [11].
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The Hamiltonian system associated to (1.5) is

oH
Tr = = Pz
Ops b
) oH
Y= —=— =Dy
Opy Y
_ o0H
Z = = Dz,
Ip- (1.6)
. o0H 2 2 2,2
Pe= —— = —r— a2y’ + 202" — 20972,
o0H
Py = — e =Y~ e(22%y + 2y2% — 22%y2?),
Y
o0H
pr= = ==z —e(2z + 202 — 22%),
2

1.3 Statements of the main results

The principal goal of this research is to study analytically families of periodic
orbits of the Hamiltonian systems (1.2), (1.4) and (1.6). In general, it is a
hard task to find analytically these orbits. Reading publications and papers
related with this kind of studies, we choose the averaging theory as the main
tool in this research for providing the existence of periodic orbits in the
mentioned Hamiltonian systems.

For applying this tool, it is necessary to transform the Hamiltonian sys-
tems into the canonical form of the averaging theory. For that, a change of
variables is applied to obtain a perturbed 27—periodic differential system de-
pending on an angular coordinate instead of the time ¢. To find these changes
of variables sometimes is a difficult task of this work. After, we must elimi-
nate from the periodic differential system as many variables as first integrals
the system has, otherwise the system will have in general a continuum of
periodic orbits, and then the averaging method does not provide information
on the periodic solutions of the system. The new differential system obtained
is formed by the following four equations

= eFu(0,r,a,R,B)+ O0(e?),
o = eFpd,ra R, B)+ 0(?), 7
R = eFi3(0,r,a,R,B)+ O(?),
B = eFu0,r,a,R,B)+ O(e?).

where the prime denotes the derivative with respect to the angular coordinate

6
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0. Finally, we must calculate, fi; for ¢ = 1,2,3,4 the integrals of Fi; for
Jj =1,2,3,4 with respect to § with 6 € [0,27]. Thus, the problem of finding
periodic solutions is reduced now to find the zeros of the averaged function
f1 = (fi1, fi2, f13, f14). Sometimes this task is complicated to do.

When the Hamiltonian systems are written in the normal form of the av-
eraging theory (1.7), we must compute the zeros of f;. This calculation was
not easy having 6 real parameters and also sometimes due to the complicated
expression of the functions fy; for j = 1,2,3,4. Once the zeros (r*, o*, R*, 3*)
of f; are found, we must check that the Jacobian of f; on these zeros are
nonzero. This condition guarantees the existence of the periodic orbits. Fur-
thermore, going back to the original Hamiltonian differential system, we can
get an estimation of the analytical shape of these periodic orbits. Note that
in all this work the periodic orbits studied are isolated in every energy level.

The study of the periodic orbits of the three Hamiltonian systems leads
to the following results and statements

Theorem 1. At every positive energy level H = h > 0 the Yang—Mills
Hamiltonian system (1.2) has at least

(a) one periodic orbit if
3a —
b

‘3@—20‘ Qb‘ <1, be(a —b)(3a —b)(a —¢)(3a —¢) # 0;

)
c

(b) two periodic orbits if one of the following six conditions hold:

2¢ — 3d

(h.1) | ==

2e —3f

(&

2c—3f

c

(b-2) <1, ec(c=3f)(c=f)le=3f)(e=f) #0;

<1

3c? — 2bc + 2ae — 2ce — 3af + 2bf
1 — —2 0
bc —ae+ce —bf <1 (f=ola=2+f)>0,

(a—c)la—2c+ f) >0, c(bc —ae + af —bf — * + ce)(bc — ae +
ce —bf)(be — 3¢* — ae + ce + 3af — bf) # 0;

(b.3)

6ae — 9af — 2bc + 6bf + c* — 2ce
1 — —2
Sac T be—3b/ —ce <1, (3f—c)(3a—2c+3f) > 0,

(3a—c)(3a—2c+3f) >0, c¢(3bc — * — 3ae+ce+9af — 9bf) (be —
2 — 9ae + 3ce + 9af — 3bf)(3ae + be — 3bf — ce) # 0;

(b-4)

7
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P - 2b— d+ 2cd + 2ae — 2b
(6.5) ‘3 ¢ dadt2edt2ae Z 26| )y pe — 3ad 4+ ed +
—cd — ae + be

ae — be)(b2 — bc — ad + cd + ae — be)(bc — c¢d — ae + be) # 0,
(d—=0b)(a—2b+d)>0,(a—0b)(a—2b+d) > 0;

b* — 2bc — 9ad + 6¢d + Gae — 2be
1 —30e— 2
be — 3cd + 3ae — be < 1, b(3cd—3ae —be+be) (b

3bc — 9ad + 9cd + 3ae — be) (b? — be — 9ad + 3ed + 9ae — 3be) # 0,
(3d —b)(3a —2b+3d) > 0, (3a — b)(3a — 2b+ 3d) > 0;

(b.6)

(c) four periodic orbits if one of the following twenty sixz conditions hold:

; ce — 2cd + 2be — 3e* — 2bf + 3df
(c:1) cd —be —ce+bf
bf — 3df)(cd — be — ce + e* +bf — df) # 0,
(F—e)d—2e+f)>0,(d—e)(d—2e+ f) >0

1, e(cd — be — ce + 3e* +

2be + 2ce — €2 — 6ed — 6bf + 9df
. 1, (—=9¢cd +b —e? -
((32)‘ 3ed T be —ce 30/ , (=9cd + be + 3ce — e

3bf + 9df)(3cd — 3be — ce + €* + 9bf — 9df) # 0, (3f —e)(3d —
2¢+3f)>0,(3d—e)(3d —2e + 3f) > 0;

(c.3) a+d=0,d(c+d—e) >0, (cd—ce+e*—df)(c—a—e)(c+d—e) >
0, (* —ac+ae —cd —ce+df)(c—a—e)(c+d—re) > 0,
ce(c+d—e)(c—a—e)(c? —ad+2cd+2ae—2ce+e* —af —df ) # 0;

(c.4) c+d—e=0,dla+d) > 0,(cd+ae —ad)(a+d)(c+e— f) >
0,(ac+ad—cd—af)(a—l—d)(c—l—e— f) >0, ce(c® — ad + 2cd +
2ae — 2ce + €* — af — df) # 0;

(c.5) (cd — ce + e* — df)(c* + 2cd — 2ce + €* — df — ad + 2ae — af) >
0, (cd + ae — ad)(c® + 2cd — 2ce + €* — df — ad + 2ae — af) >
0,(0 —ce+ae—af)(c*+2cd—2ce+e* —df —ad+2ae—af) >0
ce(a+d)(c+d—e) #0;

)
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(c.6) a+d=0,d(3c+3d—e) > 0, (—9cd+3ce—e*+9df ) (3c+3d—e)(3a—
3c+e) > 0, (3ac—ae—3c*+3cd+ce—3df ) (3c+3d—e)(3a—3c+e) >
0, ce(3a—3c+e)(9¢® —9ad+18cd+6ae —6ce+e? —9af —9df ) # 0;

(¢.7) 3¢c+3d—e=0,d(a+d) >0, (3cd+ae—3ad)(a+d)(3c+e—3f) >
0,(ac+ad —af —cd)(a+d)(3c+e—3f) >0, ce(—9¢* + 9ad —
18cd — 6ae + 6ce — €% + 9af + 9df) # 0;

(c.8) (9cd—3ce+e*—9df)(9c¢® —9ad+18cd+6ae—6ce+e? —9af —9df ) >
0, (—3ad+3cd+ae)(9c* —9ad+18cd+6ae—6ce+e*—9a f—9df ) > 0,
(3c?—cetae—3af)(9¢*—9ad+18cd+6ae—6ee+e*—9af—9df) > 0,
ce(a+d)(3c+3d—e) #0;

(c.9) a+d=0,d(c+3d—e) > 0, (3cd—ce+e*—9df)(c—3a—e)(c+3d—
e) >0, (c* —3ac+3ae—3cd —ce+9df ) (c—3a—e)(c+3d—e) > 0,
ce(c? — 9ad + 6¢d + 6ae — 2ce + €2 — 9af — 9df) # 0;

(c.10) c+3d—e=0,d(a+d) > 0,(cd+ ae — 3ad)(a + d)(c+ e — 3f) >
0, (ac+3ad—cd—3af)(a+d)(c+e—3f) > 0, ce(c* — 9ad + 6¢d +
6ae — 2ce + €* — 9af — 9df) # 0;

(c.11) (3cd—ce+e* —9df)(c* —9ad + 6cd + 6ae — 2ce + €* — 9a f — 9df) >
0, (cd — 3ad + ae)(c* — 9ad + 6¢d + 6ae — 2ce + €* — 9af — 9df) >
0, (¢*—ce+3ae—9af)(c*—9ad+6cd+6ae—2ce+e*—9af—9df) > 0,
ce(a+d)(c+3d—e) #0;

(c.12) a+d = 0,d(c+3d—3e) > 0, ce(c* —9ad+ 6cd + 18ae — 6ee + 9e? —
9af — 9df) # 0, (ce — cd — 3€* + 3df ) (c + 3d — 3e)(3a — c + 3e) >
0, (3ac — ¢* — 9ae + 3cd + 3ce — 9df ) (c+ 3d — €)(3a — ¢+ 3e) > 0 ;

(c.13) c+3d —3e =0,d(a+d) > 0,ce(—c* + 9ad — 6¢d — 18ae + 6ce —
9¢ + 9af + 9df) # 0,(cd + 3ae — 3ad)(a + d)(c + 3e — 3f) >
0, (ac+ 3ad —3af — cd)(a+d)(c+3e —3f) > 0;

(c.14) ce(a+d)(c+3d —3e) # 0, (cd — ce + 3e? — 3df ) (c* — 9ad + 6ed +
18ae — 6ce + 9e* — 9af — 9df) > 0, (—3ad + cd + 3ae)(c* — Yad +

9
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(c.15)

(c.16)

(c.17)

(c.18)

(c.19)

(c.20)

6cd +18ae — 6ce +9e? — 9af —9df) > 0, (¢* —3ce+9ae —af)(c* —
9ad + 6cd + 18ae — 6ee + 9e* — 9af — 9df) > 0;

b—c—d+e=0,(d—b)(a—2b+d) > 0,(—b*—cd+be+bc—ae+
ad)(a—2b+d)(b—c—e+ f) >0, (cd+ab—ac—ad+af —bf)(a—
20+d)(b—c—e+ f) > 0,(b*> — 2bc+ ¢* — ad — 2cd + 2ae + 2be +
2ce +e* —af —2bf — df)(b*c® — bPc + b*cd — bcPd + ab*e — abce +
bcle—abde+acde—c*de—ace? +bee? —b?c f+-bedf +abe f —b?ef) # 0;

a—2b+d=0,(b—d)(b—c—d+e)>0,(e2+cd—ce—be+bf —
dfY(b—c—d+e)la—b—c+e)>0,(chb—c*—cd—ce—ac+
ac —bf +df)(b—c—d+e)la—b—c+e)>0,(2bc—b* -+
ad — 2cd — 2ae + 2be + 2ce — €* + af — 2bf + df)(b*ce — bcd +
bcte+acde—cde—abe® —bee* +cde? —b2cf+bedf +b%e f —bdef) # 0;

(b—c—d+e)(a—2b+d)(bc*d — b*ce — bce — acde + c*de + abe® +
ace? —bee? +b?cf —bedf —abef +b*ef) # 0, (b* —ad+cd+ae —be—
be)(b* —2bc+ c? — ad — 2cd + 2ae — 2be — 2ce+€* —af +20f — df) >
0, (cd —be — ce + €* + bf — df)(b* — 2bc + ¢® — ad — 2cd + 2ae —
2be — 2ce + €* —af + 2bf — df) > 0,(c* — ce + ae — af — bc +
bf)(b? —2bc+c? —ad—2cd+2ae—2be—2ce+e? —af+2bf —df) > 0;

3b—c—3d+e=0,(d—b)(a—2b+d)>0,(a—2b+d)(3b —c—
e+ 3f)(=3b*+ 3ad — cd — ae + bc + be) > 0, (a — 2b+ d)(3b — ¢ —
e+ 3f)(cd — 3bf + 3ab — ac — 3ad + 3af) > 0, (90* — 6bc + ¢ —
9ad + 6cd + 6ae — 6be — 2ce + €% — 9a f + 18bf — 9df ) (b*c® — 3b3c +
3b%cd — bed + 3ab*e — abee + 4b*ce — bce — 3abde — 3acde + c2de +
ace? — bee? — 3b%cf + 3bedf + 3abef — 3b%ef) # 0;

a—20+d=0,(b—d)(3b—c—3d+e)>0,(3a—3b—c+e)3b—
¢ —3d+ e)(e* + 3cd — ce — 3be + 9bf — 9df) > 0,(3a — 3b—c +
e)(3b — ¢ — 3d +¢€)(3bc + ¢* — 3cd — ce — 3ac + 3ae — b f + 9df) >
0, (6bc — 9b* — ¢® + 9ad — 6¢d — 6ae + 6be + 2ce — €2 +9af — 18bf +
9df ) (bc*d — 4abce + 3b*ce + bce + 3acde — 4bede — c*de + abe? —
bee? + cde? + 3b*cf — 3bedf — 3b%ef + 3bdef) # 0;

(€? + 3cd — ce — 3be + 9bf — 9df)(9b* — 6bc + ¢* — 9ad + 6cd +

10
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(c.21)

(c.22)

(c.23)

(c.24)

(c.25)

6ae — 6be — 2ce + €* — 9af + 18bf — 9df) > 0, (3b* — be + 3ad +
cd + ae — be)(90* — 6bc + ¢ — 9ad + 6¢d + 6ae — 6be — 2ce + €* —
9af + 18bf — 9df) > 0, (c* — 3bc + 3ae — ce — 9af + 9bf)(9b* —
6bc + ¢ — 9ad + 6¢d + 6ae — 6be — 2ce + €% — 9af + 18bf — 9df) >
0, (3b—c—3d+e)(a—2b+d)(bc*d — 5b3ce + bc*e + 3acde — c*de +
abe? — ace?® + bee? + 3b*cf — 3bedf — 3abef + 3b*ef) # 0;

b—3c—3d+e=0,(3d—0b)(3a —2b+3d) > 0, (3cd + ab — 3ac —
3ad+3af —bf)(3a— 20+ 3d)(b—3c—e+3f) > 0,(—9cd — V* +
3bc+be +9ad — 3ae)(3a — 20+ 3d)(b—3c—e+3f) > 0, (b* — 6bc+
9¢% — 9ad + 18cd + 6ae — 2be — 6ce + €% — 9af + 6bf — 9df ) (b3c —
3b%c? — 3b%cd + 9bc*d + 3ab*e — Yabee — 3bc*e — Yabde — acde +
9c%de + 12bcde + 3ace? — bee? + 3b*cf — Ybedf + 9abe f — 3b%ef) # 0;

3a—2b+3d =0,(b—3d)(b—3c—3d+e) > 0,(b—3c—3d+e)(3a—
b—3c+e)(e* + 9ed — be — 3ce + 3bf — 9df) > 0, (b — 3c — 3d +
e)(3a —b— 3c+ e)(—3ac+ ae + be + 3¢* — 3cd — ce — bf + 3df) >
0, (b* — 6bc+9¢? — 9ad + 18cd + 6ae — 2be — 6ce + € — 9a f + 6bf —
9df ) (9bc*d + 12abce — bb*ce — 15bc*e — Yacde + 12bede + 9cide —
3abe? + bbce? — 3ede? + 3b%cf — 9bedf + 3b%ef — 9bdef) # 0;

(3a—2b+3d)(b—3c—3d+e)(3bc*d+b*ce — bbc*e — 3acde + 3c*de —
abe? + ace® + bee? + V?cf — 3bedf + 3abef —b?ef) # 0, (9ed — be —
3ce+e+3bf —9df ) (b? — 6bc+9c? — 9ad + 18cd + 6ae — 2be — bee +
e —9af +6bf —9df) > 0, (b* + 9ed — 3bc — be — 9ad + 3aeb) (b?* —
6bc + 9c¢% — 9ad + 18cd + 6ae — 2be — 6ce + €2 — 9a f + 6bf — 9df ) >
0, (3¢* — be — ce + ae — 3af + bf)(b* — 6bc + 9¢* — 9ad + 18cd +
6ae — 2be — 6ce + €2 — 9af + 6bf — 9df) > 0;

3a—2b+3d=0,(b—3d)(b—c—3d+3e) > 0,(3a—b—c+3e)(b—
¢ —3d+ 3e)(cd — be — ce + 3> + bf — 3df) > 0,(3a —b—c+
3e)(b—c—3d+ 3e)(9ae — 3ac+ bc+ ¢* — 3ed — 3ce — 3bf + 9df ) >
0, (b* — 2bc+ ¢* — 9ad + 6¢d + 18ae — 6be — 6ce + 9e? — 9a f + 6bf —
9df ) (—bc*d + b*ce + bce — 3acde + c*de + 3abe® — 3bce* — 3cde® —
bicf + 3bedf — bPef + 3bdef) # 0;

b—c—3d+3e = 0, (3d—b)(3a—2b+3d) > 0, (b—c—3e+3f)(3a—
2b+3d)(—b? — 3cd +9ad —Yae+be+3be) > 0, (b—c—3e+3f)(3a—

11
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20 + 3d)(cd — bf + ab — ac — 3ad + 3af) > 0,(—b* + 2bc — * +
9ad — 6¢d — 18ae + 6be + 6ce — 9e* + 9a f — 6bf + 9df ) (b3c — b*c? —
3b%ed + 3bcd + 3ab*e — 3abce — 4b*ce + bc?e — 9abde + Yacde +
12bcde — 3c*de — ace? + 3bce® + 3b*cf — bedf +9abe f —3b%ef) # 0;

(c.26) (b—c+3d—3e)(3a—2b+ 3d)(bc*d — b*ce — bc*e + 3acde — c*de —
3abe? — 3ace? + 5bee? + bcf — 3bedf + 3abef — bPef) # 0, (3e* +
cd——ce—be+bf —3df )(b? +c* +6¢d — 6ce +9e* — 2be — 6be +6b f —
9df — 9ad + 18ae —9af) > 0, (b* — bc — 9ad + 3cd + Yae — 3be) (b* +
¢+ 6cd — 6ce + 9e? — 2bc — 6be + 6bf — 9df — 9ad + 18ae — 9Ya f) >
0, (¢* — bc + 9ae — 3ce — 9af + 3bf)(b* + ¢* + 6cd — 6ee + 9e? —
2bc — 6be 4+ 6bf — 9df — 9ad + 18ae — 9af) > 0.

Theorem 1 is proved in sections 2.2 and 2.3 of chapter 2.

In the next proposition we provide the shape of the periodic solutions
studied in Theorem 1.

Proposition 2. The family of periodic orbits (:c(t,s),y(t,g),z(t,g),px(t,g),
py(t,e),pz(t,s)) of system (1.2) generated by the zeros (r*,a*, R*, B*) of the
averaged function (fi1, fi2, fi3, f1a) given in (2.7) at every fixed energy level
H =h >0 are given by

x(t,e) = /& r*cost+ O(%?),
y(t,e) = e V2h—12— R cos(a* +t) + O(e3/?),
z(t,e) = /& R*cos(B*+1t)+ O(¥?),
pe(t,e) = /e r*sint+ O(%?),
py(t,e) = /e V2h — r*2 — R sin(a* +t) + O(e%/?),
p.(t,e) = e Rsin(B*+1t)+0(3?).

Proposition 2 is proved at the end of sections 2.3 of chapter 2.

Theorem 3. At every fized energy level H = h with h € R the Friedmann-
Robertson- Walker Hamiltonian system (1.4) has at least

(a) one periodic orbit if the following conditions hold

3a + 2b
b

h <0, bc#0, (a+b)(3a+ b)(a+ ¢)(3a+ ¢) # 0, < 1,

3a + 2¢
<
c

12
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(b) two periodic orbits if one of the following siz conditions hold

3d + 2b 2¢e — 3d

(&

(b.1) h>0,eb#0, (b+3d)(b+d) # 0,

<

<

2e — 3f
e

3f+2c
c

(b.2) h>0,ec#0, (c+3f)(c+ f)#0,

<1;

<

(b.3) a+2c+ f#0,bc—ae—ce+bf #0, h(a+2c+ f)(c+ f) <0,
h(a+2c+ f)(a+¢) >0, (bc —* —ae —ce+af +bf)(bc — 3c* —
292 2 2ce — -2
ae—ce+3af+bf) 40, 3c bc + 2ae + 2ce — 3af — 2bf <1,
bc —ae —ce+ bf

(b.4) 3a + 2c + 3f # 0, (be + 3ae + ce + 3bf) # 0, h(3a + 2¢ +
3f)(c+3f) < 0, h(3a + 2¢ + 3f)(3a + ¢) > 0, c(c* — 3bc +
3ae + ce — 9af — 9 f)(c* — bc + 9ae + 3ce — Yaf — 3bf) # 0,
—2bc + ¢ + 6ae + 2ce — Yaf — 6bf <1

bc + 3ae + ce + 3bf ’

(b.5) a+2b+d # 0, b+d # 0, be+cd—ae—be # 0, h(b+d)(a+2b+d) < 0,
h(a+b)(a+2b+d) > 0, b(3b*> — bc — 3ad — cd + ae + be) (b* — be —

30* — 2bc — 3ad — 2cd + 2ae + 2be
ad — cd + ae + be) # 0, TP B—— < 1;

(0.6) 3a+2b+3d # 0, 3ed+3ae+be+be # 0, h(b+3d)(3a+2b+3d) < 0,
h(3a-+b)(3a+2b+3d) > 0, b(b* —3bc—9ad—9cd+3ae+be) (b* —bc—

b?> — 2bc — 9ad — 6¢d + 6ae + 2be
d—3cd b 1.
9ad—3cd+9ae+3be) # 0 5ed + 30e - b+ be <

(¢) four periodic orbits if one of the following twenty eight conditions hold

(c.1) cd—be —ce+bf #0, d—2e+ f #0, h(d—2e+ f)(f —e) >

0, h(d—2e+f)(d—e) > 0, e(—be+bf+cd—ce+3df —3e?)(—be+bf+
—2cd + 2be + 2ce + 3e? — 2bf — 3df

_ 2 .

cd—ce+df —e*) #0, i —— < 1;

3d + 2b

(c.2) bd—cd—be+bf £ o,’ < 1,h(bd—cd—be+bf)(cd—bf) >

0, hb(bd — ed — be + bf)(d — ) > 0, be(b+ d)(b+ 3d)(d — 2 +
f)(ce—bf);éO;

13
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(c.3)

(c-4)

(c.5)

(c.6)

(c.7)

(c.8)

(c.9)

(c.10)

(c.11)

3cd+be—ce—3bf # 0, 3d—2e+3f # 0, h(3f—e)(3d—2e+3f) > 0,
h(3d—e)(3d—2e+3f) > 0, (—9cd+be+3ce+e*—3bf —9df ) (3cd —
2be + 2ce + e? — 6ed — 6bf — 9df
2
3be—ce—e*+9bf+9df) # 0, Sed T be —ce —3bf
1.

)

4bc+ 3bd+3cd —be+3bf # 0, hb(4bc+ 3bd + 3cd — be 4+ 3bf ) (3d —
e) > 0, h(4bc + 3bd + 3cd — be + 3bf)(4bc + 3cd + 3bf) > 0,

eb(b-+d)(b+ 3d)(3d — 26+ 3)(Abe+ e+ 3bF) £ 0, |25 Qb) <1;

atcte=0,e—c—f #0,eh(e—c—f) >0, h(cd+df —ce—e*)(a+
d)(e—c—f) >0, ce(ad—02+20d—2ae—206—62+af—|—df) #0,
h(ce +e* +ac+af)(a+d)(e—c— f)<0;

a+c+e#0,c—e+f=0,c—d+e#0,eh(a+c+e) <0,
he(c —d+e) > 0, h(ae —ad — cd)(a + ¢+ e)(c—d+¢e) > 0,
ce(c? — ad — 2cd + 2ae + 2ce + € — af —df) # 0

Y =c®—ad—2cd+2ae+2ce+e* —af —df #0,a+c+e#0,
e—c—f#0, hcd+df —ce —e*)X > 0, h(ae — ad — cd)X > 0,
h(ce + c* +ae — af)¥ > 0, ce # 0;

3c—3d+e #0,a+d=0,3a+3c+e # 0, dh(3c — 3d +
e) < 0, h(9cd — 3ce — €* + 9df)(3¢c — 3d + €)(3a + 3¢ + ¢) > 0,
h(3ac + ae + 3¢* + 3cd + ce + 3df)(3¢ — 3d + €)(3a + 3¢+ €) > 0,
cde(9¢* — 9ad — 18¢d + 6ae + 6ce + €2 — 9af — 9df) # 0;

3c—3d+e=0,a+d#0,3c—e+3f #0, dh(a+d) <0, h(3ad+
3ed—ae)(a+d)(3c—e+3f) >0, h(ac—ad+af —cd)(a+d)(3c—
e+3f) >0, cde(9¢* —9ad — 18cd + 6ae + 6ce +e* — 9af — 9df ) # 0;

¥, = 9¢* — 9ad — 18cd + 6ae + 6ce + €2 — 9af — 9df # 0, a+d # 0,
3c—3d+e#0, h(9cd — 3ce — e* +9df )31 > 0, h(3c¢* + ce + ae —
3af)¥; >0, h(3ad + 3cd — ae)¥; <0, ce # 0;

3a+c+e=0,c—e+3f #0, he(c—e+3f) <0, h(a+d)(c—e+
3f)(ce+e*—9df —3cd) > 0, h(a+d)(c—e+3f)(ce+e*+3ac+9af) >
0, a+d#0, ce(9ad — ¢ + 6¢d — 6ae — 2ce — €* + 9af + 9df ) # 0;

14
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(c.12)

(c.13)

(c.14)

(c.15)

(c.16)

(c.17)

(c.18)

3a+c+e#0,c—e+3f=0,3d—c—e#0, he(3a+c+e) <0,
he(3d —c—e) >0, h(3ad + c¢d — ae)(3d — c —e)(3a+ c+¢e) > 0,
ce(9ad—02+6cd—6ae—206—e2+9af+9df) #£0;

Yy = 2 —9ad — 6¢d+ 6ae + 2ce + €2 — af —9df # 0, h(ae —3ad —
cd)Yy > 0, 3a+cte # 0, c—e+3f # 0, h(3cd—ce—e*+9df )X > 0,
h(c* 4 ce + 3ae — 9af)Xy > 0, ce # 0;

a+d=0,c—=3d+3e#0,3a+c+3e#0, dh(c—3d+3e) <0,
h(cd—ce—3e*+3df)(c—3d+3e)(3a+c+3e) > 0, h(3ac+9ae+c*+
3ed+3ce+9df)(c—3d+3e)(3a+c+3e) > 0, d(2bc—b*—c*+9ad+
6cd—18ae—6be—6ce—9e*+9a f+6bf +9df ) (3bc*d—3abce —4bc* e+
9acde — 3bede+ 3c*de — 9abe? — 12bce® +9cde? + 9bedf —Ybde f) # 0;

a+d#0,c—3d+3e=0,c—3e+3f #0, dh(a+d) <0,
h(3ad + c¢d — 3ae)(a + d)(c — 3e + 3f) > 0, h(ac + 3af — 3ad —
cd)(a+d)(c—3e+3f) >0, (—=b* +2bc — ¢* + 9ad + 6¢d — 18ae —
6be — 6ce — 9e? + 9af + 6bf + 9df ) (bc*d + abce — 3abde + 3acde —
4bede + c2de — 3ace? + 3bedf + 3abef) # 0;

Y3 = 2 —9ad — 6¢d + 18ae + 6ce +9e? — 9af — 9df # 0, a+d # 0,
c—3d+3e # 0, h(3ae—3ad—cd)X3 > 0, h(cd—ce—3e*+3df )23 >
0, h(c® + 3ce + 9ae — 9af)¥; > 0, (2bc — b* — * + 9ad + 6¢d —
18ae — 6be — 6ce — 9e? + 9af + 6bf + 9df ) (3bc*d — 4bc*e + acde +
3c?de — 9abe? — ace® — 12bce* + 9bedf + Yabef) # 0;

b—c+d—e =0, a+2b+d # 0, b—c+e—f # 0, h(b+d)(a+2b+d) <
0, h(b* — cd + be — bc + ae — ad)(a + 2b+ d)(b—c+e— f) > 0,
h(cd+ab—ac+ad —af —bf)(a+2b+d)(b—c+e— f) >0,
(b* — 2bc + & — ad — 2cd + 2ae + 2be + 2ce + €* — af — 2bf —
df)(b*c* — bPc — b*cd + bc*d + ab*e — abce — bc*e + abde — acde —
c*de + ace® + bee* + b2 cf + bedf — abef — bef) # 0;

b—ct+d—e # 0, a+2b+d = 0, a+b+c+e # 0, h(b+d)(b—c+d—e) >
0, h(e* —cd+ce+be—bf —df)(b—c+d—e)(a+b+c+e) >0,
h(—ac—ae—cb—c?—cd—ce—bf —df)(b—c+d—e)(a+b+c+e) > 0,
(2bc—b? —?+ad+2cd—2ae —2be —2ce—e* +af +2bf +df ) (b?ce —
bcd +bcte + acde + Ede — abe? + bee? + cde® — b e f — bedf — bef —
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bdef) # 0;

(c.19) w = b*—2bc+c*—ad—2cd+2ae+2be+2ce+e* —af —20f —df # 0,

(c.20)

(c.21)

(c.22)

(c.23)

(c.24)

b—c+d—e#0, a+2b+d #0, h(cd—be—ce—e?+bf +df )w > 0,
h(b*—ad—cd+ae—bc+be)w > 0, h(c*+ce+ae—af—be—bf)w > 0,
(bc*d — b?ce — bc?e — acde — c2de + abe? + ace? + bee* + b e f + bedf —
abef — b’ef) # 0;

3b—c+3d—e =0, a+2b+d # 0, 3b—c+e—3f # 0, h(b+d)(a+2b+
d) <0, h(a+2b+d)(3b—c+e—3f)(3b*>—cd—bc+be—3ad+ae) > 0,
h(a+2b+d)(3b—c+e—3f)(3ab—ac+3ad+cd—3af —3bf) > 0,
(9b* — 6bc + ¢® — 9ad — 6cd + 6ae + 6be + 2ce + €% — 9af — 18bf —
9df ) (—3b3c+b*c? —3b*cd+bc* d+3ab*e—abce —4b* ce+bce+3abde+
3acde + *de — ace® — bee? + 3b%cf + 3bedf — 3abef — 3b%ef) # 0;

3b—c+3d—e¢ #0,a+20+d =0,3a+3b+c+e # 0,
h(b+d)(3b—c+3d—¢e) >0, h(3a+3b+c+e)(3b— c+ 3d —
e)(3be + ce + € — 3cd — 9bf — 9df) > 0, h(3a+ 3b+ c+e)(3b—
¢+ 3d — e)(3ac + 3ae + 3bc + 2 + 3cd + ce + 9bf + 9df) > 0,
(6bc — 9b? — ¢® + 9ad + 6¢d — 6ae — 6be — 2ce — €* + 9af + 18bf +
9df ) (bc*d + 4abce + 3b*ce + bc*e + 3acde + 4bede + c*de + abe? +
bee? + cde? + 3b*cf + 3bedf + 3b%ef + 3bdef) # 0;

w; = 9b? — 6bc + ¢ — 9ad — 6cd + 6ae + 6be + 2ce + €2 — af —
18bf —9df #0, 3b—c+3d—e #0, a+2b+d # 0, h(3cd — 3be —
ce —e2+9bf +9df )w; > 0, h(3b* — 3ad — cd + ae — be+ be)w;, > 0,
h(c* — 3bc + 3ae + ce — 9af — 9bf)w; > 0, (bc*d — Hb*ce + bcPe +
3acde+cEde+abe? —ace? —bee? +3b%cf+3bedf —3abe f —3b%ef) # 0;

b—3c+3d—e=0,3a+20+3d #0, b—3c+e—3f #0,
h(b* —9ad — 9cd + 3ae — 3bc+ be) (3a+2b+3d) (b—3c+e—3f) > 0,
h(b+3d)(3a+2b+3d) < 0, h(3cd—bf+ab—3ac+3ad—3af)(3a+
20+3d)(b—3c+e—3f) >0, (b* — 6bc+ 9¢* — 9ad — 18cd + 6ae +
2be + 6ce + €% — 9af — 6bf — 9df ) (b3c — 3b?c? + 3b*cd — 9bcd +
3ab’e — 9abce + 3bc2e + 9abde + Yacde + 9c2de + 12bede — 3ace* —
bee? — 3b%cf — 9bedf — 9abef — 3b%ef) # 0;

b—3c+3d—e#0,3a+2b+3d =0, 3a+b+3c+e #0,
h(b + 3d)(b —3c+3d—e) > 0, h(b—3c+3d —e)(3a+ b+
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(c.25)

(c.26)

(c.27)

(c.28)

3¢+ e)(e* — 9ed + be + 3ce — 3bf — 9df) > 0, h(b— 3¢+ 3d —
e)(3a+b+3c+e)(3ac+ ae + be+ 3¢* + 3ed + ce + bf + 3df) < 0,
(b* — 6bc + 9¢? — 9ad — 18cd + 6ae + 2be + 6ce + €* — 9af — 6bf —
9df ) (12abce — 9bc*d + Hb*ce + 15bc*e + Yacde + 12bede + 9P de +
3abe? + bbce? + 3ede? — 3b%cf — bedf + 3b%ef + Ybdef) # 0;

b—3c+3d—e#0,3a+2b+3d #0, wy = b*+ 9¢* — Yad + 6ae +
e? —18cd+6ce — 6bc+2be — 60 f —9a f —9df # 0, h(9cd —be — 3ce —
e? 4+ 3bf + 9df )wy > 0, h(b* — 9ad — 9cd + 3aeb — 3bc + be)wy > 0,
h(3¢* + ce + ae — 3af — bec — bf)wy > 0, (5bc*e — 3bc*d — b*ce +
3acde+3c*de+abe? —ace? +bee? —b2cf —3bedf —3abe f —b?ef) # 0;

c—b—3d+3=0,3a+20+3d # 0, b—c+3e—3f #0,
h(b+3d)(3a+2b+3d) < 0, h(3a+2b+3d)(b—c+3e—3f)(b* —
bc — 9ad — 3ed + 9ae + 3be) > 0, h(3a + 2b + 3d)(b — ¢ + 3e —
3f)(cd + ab — ac + 3ad — 3af —bf) > 0, (b* — 2bc + ¢* — 9ad —
6cd + 18ae + 6be + 6ee + 9e? — 9af — 6bf — 9df)(bPc — b?c® +
3b%cd — 3bc*d + 3ab*e — 3abce + 4b*ce — bcPe + 9abde — Yacde +
12bcde — 3c*de+9ace® + 3bce* — 3b%c.f — Ybedf —Yabe f —3b*e f) # 0;

c—b—3d+3e #0, 3a+2b+3d =0, h(b+3d)(b—c+3d—3e) > 0,
h(b—c+3d—3e)(3a+b+c+3e)(be—bf +ce—cd+3e* —3df) > 0,
h(b—c+3d — 3e)(3a + b+ ¢ + 3e)(3ac + be + ¢ + 3cd + Yae +
3ce + 3bf + 9df) < 0, (2bc — b? — ¢ + 9ad + 6¢d — 18ae — 6Gbe —
6ce — 92 + 9af + 6bf + 9df ) (b2 ce — bc*d + bc’e — 3acde — cde +
3abe? + 3bce? — 3cde® — b*cf — 3bedf + bef + 3bdef) # 0;

c—b—3d+3e#0,3a+2b+3d#0, wg =b*—2bc+ c* — 9ad —
6cd + 18ae + 6be + 6ce + 9e* — 9af — 6bf — 9df # 0 h(cd —be — ce —
3> +bf + 3df )ws > 0, h(b? — bec — 9ad — 3cd + Yae + 3be)ws > 0,
h(c*—be+9ae+3ce—9af —3bf)ws > 0, (bc?d—b*ce—bce+3acde+
cAde — 3abe? — 3ace? — 5bce? + b*cf + 3bedf + 3abef + b?ef) # 0.

Theorem 3 is proved in sections 3.2 and 3.3 of chapter 3.

In the next proposition we provide the shape of the periodic solutions
studied in Theorem 3.

Proposition 4. The family of periodic orbits of the system (1.4) generated
by the zeros (r*,o*, R*, B*) of the averaged function (fi1, fi2, f13, f14) given

17
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in (3.10) at every fized energy level H = h with h € R are given by
x(t,e) = /& r*cost+ O(%?),

y(t,e) = e V2h+12 — R cos(a* —t) + O(3/2),
2(t,e) = /e R*cos(B* —t)+ O(3/?),

pa(t,e) = /& r*sint+ O(e%?),

py(te) = VE V2h+ 12— Rsin(ar —t) + O(3/2),

p.(t,e) = e R*sin(B* —t) + O(%/?).
Proposition 4 is proved at the end of section 3.3 of chapter 3.

Theorem 5. At every fixed energy level H = h with h > 0 the perturbed
elliptic oscillator Hamiltonian system (1.6) has at least

(a) Ten periodic orbits if h € (0,6/5);

(b) Twenty periodic orbits if h € (6/5,9/5) U (9/5,27/10) U (27/10,3);
(c) Twenty two periodic orbits if h € (3,6);

(d) Thirty two periodic orbits if h € (6,5 + 2v/6);

(e) Forty two periodic orbits if h € (5 + 2v/6, +00).

Theorem 5 is proved in sections 4.2 and 4.3 of chapter 4.

In the next proposition we provide the shape of the periodic solutions
studied in Theorem 5.

Proposition 6. The family of periodic orbits of the system (1.6) generated
by the zeros (r*,a*, R*, B*) of the averaged function (fi1, fi2, f13, f14) given
in (4.8) at every fixed energy level H = h > 0 are given by

x(t,e) = r*cost+ O(e),
y(t,e) = /2h —r2 — R*? cos(a* +t) + O(e),
z2(t,e) = R*cos(B*+1t)+ O(e),
pz(t,e) = r*sint+ O(e),
py(t,e) = V/2h — 12 — R sin(a* +t) + O(e),
p.(t,e) = R*sin(8* +t) 4+ O(e).

18
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Proposition 6 is proved at the end of section 4.3 of chapter 4.

19



“Pure mathematics is, in its way, the poetry of logical
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Chapter 2

Yang-Mills Hamiltonian system
in 6D

In this chapter we study analytically the periodic orbits of the Yang-Mills
Hamiltonian system in dimension 6 using the averaging theory of first order.

2.1 Yang-Mills Hamiltonian system in 6D

We study a generalized classical Yang—Mills Hamiltonian system in dimension
6. It is formed by a harmonic oscillator plus the most general homogeneous
potential of fourth degree with monomials having only even powers.

1 1
H= 5(]93 +p Pty 27+ Z(aa:4 + 2022y + 2ca?2? (1.1)
+dy* + 2ey?2% + f24).

Note that the Hamiltonian (1.1) depends on six real parameters a,b,c,d,e and

f.

The Hamiltonian differential system associated to the Hamiltonian (1.1)
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18

i o0H B
- apx _pl’7
) oH
Yy= S— =Dy,
Opy Y
) oOH
z = = Pz,
Op- (1.2)
p — —a_H = —1 — x(ax2 _|_ by2 _|_ CZQ)
X aw bl
o0H
S oo— T o b 2 d 2 2
Py o y — y(br® + dy* + e2?),
H
P, = —%— = —z — 2(cx® + ey® + f27).
z

The dot denotes derivative with respect to the independent variable ¢, the
time.

The principal objective is to compute analytically the periodic orbits
of the Hamiltonian system (1.2), because after the equilibrium points the
periodic orbits are the most simple non—trivial solutions of the system, and
their stability determines the kind of motion in their neighborhood.

To do this study we use the averaging theory of first order, see Appendix
for more details. This averaging method converts the problem of finding
periodic solutions of a differential system in finding zeros of some convenient
finite dimensional function depending on the six parameters a,b,c,d,e and f.
The averaging method for studying periodic solutions of Hamiltonian systems
has been used in other Hamiltonians different from the ones considered in
this work, see for instance [2, 26, 25].

2.2 Applying averaging theory to Yang-Mills
Hamiltonian system in 6D
To have a small parameter in system (1.2) we change their variables (x, y, z, p.,

py)pZ) by (Xa}/uzuanpYJ?Z) where z = \/EX7 Yy = \/EY7 Z = \/EZ7
Pr = VEDPx, Dy = Vepy and p, = \/epyz, with ¢ a small positive param-
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eter. System (1.2) becomes

X = px,

Y = py,

Z = pz, (21)
px = —X —eX(aX?+bY?+cZ?),

py = —Y —eY(bX?+dY?+eZ?),

Pz = —Z—eZ(cX*+eY?+ f27).

This system again is Hamiltonian with Hamiltonian

1
H= Sk +py+py + X2+ Y2+ 2%)+

1
1 (aX* +2bX2Y? 4+ 2c X272 + dY* 4 2eY2 2% + f2*).

The original system (1.2) and the transformed system (2.1) have the same
topological phase portrait because the change of variables is only a scale
transformation for all ¢ > 0 fixed. Moreover, for ¢ sufficiently small the
Hamiltonian system (2.1) is close to an integrable one.

The periodicity of the differential system is a basic requirement to apply
the averaging theory. For that we need another change of variables to a kind
of generalized polar coordinates (1,0, p, o, R, 3) in R® as follows

X =rcosf, Y =pcos(+a), Z=Rcos(d+p),

px =rsinf, py = psin(@+«), pz = Rsin(0 + ), (2:2)
with » >0, p > 0 and R > 0.
The first integral H becomes
H = %(7‘2 +p? + R?) + 5}1 [arA‘ cos* 0 + 2br?p?
cos? 0 cos®(0 + ) + dp* cos*(0 + ) + 2R? (07"2 cos® 6 (2.3)

+ep? cos?(6 + a)) cos?(0 + B) + fR*cos* (0 + /B)] ;
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The new equations of motion are

7 = —ercosfsinf [a r?cos? 0 + b p? cos* (0 + a)
+c R% cos?(0 + 6)} ,
§ = —1—ccos?h [arQ cos? 0 + bp® cos?(0 + )
+cR? cos? (0 + ﬁ)] ,
p = —epcos(f+ a)sin(d + ) [b r? cos? 0 + dp* cos?(0 + «)
+eR? cos? (0 + B)} :
& = ¢ [a 2 cos* 0 + cos? 6(1)(—7"2 + p?) cos?(0 + ) 2.0
2.
+cR? cos?(0 + 6))
—cos?(0 + ) <d,02 cos?(0 + «)
+eR?cos? (60 + B))} :
R = —Recos(d+ B)sin(d + B) [cr2 cos® 0 + ep? cos? (0 + «)
+fR%cos?(0 + B)} ,

B = elar?cos'd+ bp? cos® fcos?(6 + o) — (c(r2 — R?)
cos? 0 + ep? cos? (0 + a)) cos?(0 + B) — fR? cos*(6 + B)|.

We take from now on the variable 6 as the new independent variable of the
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system instead of ¢t and we get the differential system

T/

R/

5/

ersinf cos O [a r? cos? 0 + bp* cos?(0 + )

+cR? cos? (60 + ﬁ)} + O(g?),

epcos(f + a)sin(0 + ) [b r? cos? 0 + dp* cos?(0 + «)

+eR? cos*(0 + ﬁ)} + O(e?),

8[ — ar?cos* 0 + dp? cos* (0 + ) + eR?

cos®(0 + ) cos?(0 + B) + cos? 9<b(r2 — p?) cos? (0 + )
2.

—cR? cos? (0 + B))} + O(g?), (25)

e Rsin(0 + ) cos(6 + B) [c r? cos? 0 + ep? cos? (0 + )
+ R cos?(0+ B)] + O(e2),

5[ — cos? 6 (ar2 cos? 0 + bp? cos? (0 + oz)) +

<c(7"2 — R?)cos® 0 + ep? cos?(0 + a)) cos®(0 + )+
fR? cos*(6 + ﬂ))] + O(&?),

where the prime means the derivative with respect to the variable 6, and we
have expanded the right-hand side of system (2.4) in Taylor series of powers

of e.

System (2.5) is now 27-periodic respect to the variable . We shall restrict
this system to every positive energy level H = h with h > 0. Otherwise,
when we should apply the averaging theory on it, the Jacobian (A.4) will be
zero because the periodic orbits would be non-isolated living on a cylinder
parameterized by the energy, see for more details [1].

Solving equation (2.3) = h with respect to p we obtain two solutions, we
choose the positive one, and expanding it in Taylor series in € we have

p=vV2h—1%2—R2+0(e).
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Substituting p in system (2.5) we obtain the differential system

o= 5rsin00080[ar2 cos? 0 + b(2h — r? — R?)
cos?(0 + a) + cR? cos*(0 + 5)] + O(£?),

o = 5[ — ar?cos* 0 + d(2h — r* — R?) cos*(0 + )
+eR? cos?(0 + a) cos?(0 + B)
+ cos? 6<b(—2h + 212 + R%) cos*(0 + «)
—cR? cos?(0 + ﬁ))] + O(g?),

R = eRsin(0+ B)cos(d + ) [cr2 cos® 0 + e(2h — r?
—R?)cos?*(0 + a) + fR*cos*(0 + B)} + O(g?),

B = e| — ar*cos*f + cos?*(0 + B) (e(Qh — 1% — R%) cos®(0 + a)
+fR?cos?(0 + ﬁ)) + cos? 9(6(—2h + 7%+ R?) cos?(0 + )
+c(—R? + 1?) cos®(0 + 6))] + O(£?).

The differential system (2.6) now is in the normal form (A.1) for applying

the averaging theory. Moreover, it is exactly the Hamiltonian differential
system (2.1) restricted to the energy level H = h > 0, i.e. to study the

periodic solutions of system (2.6) is the same thing to study the periodic
solutions of the Hamiltonian system (2.1) in the energy level H = h > 0.

For system (2.6) the function F} = (Fiq, Fio, Fi3, F14) which appear in
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system (A.1) is

Fi1 = rsinfcosf [a r? cos? O + b(2h — r* — R?) cos*(0 + a)
+cR? cos* (0 + ﬁ)} ,
Fiy = —ar*cos*0+d(2h —r* — R?*) cos*(0 + a)

+eR? cos® (0 + a) cos* (0 + 3) + cos® 9<b(—2h + 21 + R?)
cos?(0 + a) — cR? cos*(0 + ﬁ)),

Fi3 = Rsin(0+ () cos(6 + ) [ch cos® 0 + e(2h — r* — R?) cos*(0 + a)
+fR? cos?(0 + 5)],

Fy = —ar*cos*d+cos?(0 + ) (e(2h — 7% — R?)cos?(0 + )
+fR*cos*(6 + 5)) + cos® 6’(b(—2h + 7% + R*) cos*(0 + a)
te(—R? +12) cos?(8 + 5)).

Computing the function fi; = (fi1, fi2, f13, f14) using the expression (A.3)
we obtain
1
fulr,a, R, ) = gr[b(—2h + 7?2 + R?)sin 2a — cR?sin 23],

1
fralr o R, B) = S[6dh —3ar® — 3dr* —3dR? + (~20h + 201 + bR?)

(2 + cos2a) + eR?*(2 + cos 2(a — 3))
—cR?*(2 + cos 2)],

fis(r,a, R, B) = %R[e(—Qh + 7%+ R*)sin2(a — B) + er?sin 24]

1
frua(r,a, R, B) = §[4(—b +e)h —3ar? +2(b+c—e)r? + (2b — 2c — 2e

+3f)R% + (—2h + r? + R?)(bcos 2a — ecos 2(a — B3))
+c(r? — R?) cos 203].
2.3 Periodic orbits of Yang-Mills Hamiltonian
system in 6D

Our objective now, following Theorem 7 (see Appendix), is to find the zeros
S* = (r*,a*, R*, B*) of

filra, R, B) =0 fori=1,234, (2.7)
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such that the Jacobian determinant (A.4) at these zeros be different from
Z€ero.

Solving fi1(r, a,, R, ) = 0 we obtain three principal cases, case 1: r = 0;

R2sin 2
case 2: r:\/Qh—RQ—i-ﬂ

- if bsin 2 # 0; and case 3: bsin2a = 0.
bsin 2«

Case 1: r = 0. We have

f12(0,, R, B) = é [6dh — 3dR? + (—2bh + bR?)(2 + cos 2a) + e R?
(24 cos2(a — ) — cR?*(2 + cos 2&)} :

Fis(0.0, R, B) = éeR(—% + R?)sin2(a — B),

Fua(0, 0, R, B) = é [4(=b-+ )+ (20— 2(c+e) + 3 ) R* + (~2h + R?)

(b cos2a — e cos2(a — 6)) — cR? cos 25} .

k
So fi3 = 0 implies four subcases, e =0, R =0, R = v2h and a = 5 + g
with k € Z.

Subcase 1.1: ¢ = 0. Then f;3 = 0. The Jacobian vanishes and the
averaging theory does not provide information.

Subcase 1.2: R = 0. We obtain

1
f12(0,a, R, ) = §[6dh — 2bh(2 + cos2a)],

1
f14(0, 0, R, B) = Zh[_% + 2e — beos2a + ecos2(a — )] .

Subcase 1.2.1: b = 0. We get fi2 = 3dh/4= constant. The Jacobian
will be zero and the averaging theory does not give results.

Subcase 1.2.2: b # 0. Then we have

1 3d —2b
) = 5 arccos b s
Qg = —5 arccos b .

28



Chapter 2. Yang-Mills Hamiltonian system in 6D

If we substitute oy in f14(0, v, R, B) we get

2b — 3d

f14(0, 0, R, ) = —ih [e cos (arccos + 2ﬁ> + 3d — 26:| )

Subcase 1.2.2.1: ¢ # 0.

Bu=—

( 20 — 3d 2e — 3d>
arccos b ~+ arccos c ,

( 20— 3d 2e — 3d>
AICCOS ———— — AICCos —— :

f14(7’,Oé,R,B) =0=
Bra = —

N~ N~

If we substitute ay in f14(0, a, R, ) we get

1 -2
f14(0,, R, B) = Zh le cos (arccos 3d — 26 + 25) —3d + 26] )
So
1 3d — 2b 3d — 2e
b1 = 3 arccos 2 + arccos ,
e
ya, R B)=0=
fualr, o 2, 5) 1 3d — 2b 3d — 2
[op = —= | arccos — arccos )
2 b e
i 3d —2b 2e — 3d
eb%O,‘ _ ‘<1 and e; '<1, (2.8)

hold, then system (2.7) has four zeros S* = (r*,a*, R*, 5*) with p = V2h

1 3d — 2b 2e — 3d
and §* = —3 [arccos — + arccos = ] given by
e
1 3d — 2b
0, 5 arccos — 0, B*) ,
1 3d — 2b (29)
0, —5 arccos ; ,0, 5*) .
3d — 2b 2e — 3d
which reduce to two solutions if either 2 =1, ¢ < 1 and
e

eb # 0, or |(3d —2b)/b| < 1, |(2¢ —3d)/e] = 1 and eb # 0. We have one
solution if |(3d + 2b)/b| = |(2¢ — 3d)/e| =1, h > 0 and eb # 0.
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Now we calculate the Jacobian of f; applied on these solutions. By defi-
nition the Jacobian is

Ofuu Ofu Ofu Ofu
or daa  OR 0P
0fiz Ofi2 0Ofiz Ofi2
or da  OR 0p
Jf1(8*=(7‘*70<*7R*75*)) = |DTO‘Rﬁf1(S*)| - 8f13 af13 afl?, 8f13
or  Oda OR 0p
Ofia Ofia Ofia Ofia
or Oda OR 0f

The Jacobian is

T (s0) = —%h‘*(b —3d)(b—d)(d—e)(3d — e).

When the conditions (2.8) hold and the Jacobian evaluated at these solutions
is nonzero i.e. (b — 3d)(b— d)(d — e)(3d — e) # 0, then the four solutions
(2.9) of system (2.7) provide only two periodic solutions of differential system
(2.6) because when R = 0 the four solutions of 8 provide the same initial
conditions in (2.2). Note that the set of conditions on the parameters in this
subcase is nonempty because of the value b =1,d =2/3,e =4/3.

Subcase 1.2.2.2: e = 0. Then f14, = —3dh/4= constant. The Jacobian
will be zero and the averaging theory does not give results.

In the rest of this chapter since when either the Jacobian evaluated at the
solutions vanishes, or the set of conditions on the parameters that guarantee
the existence of the periodic solutions is not satisfied, we know that the
averaging theory does not provide information about the periodic solutions.

Subcase 1.3: R = v/2h. Then f15 and fi4 become

f12(0,, R, B) = %h[e(Q + cos2(a — B)) — c<2 + cos 25)} ,

f14(0,0, R, B) = —ih[?c —3f + ccos24].

Subcase 1.3.1: ¢ =0. Then f;4 = 3fh/4= constant. The Jacobian will
be zero and the averaging theory does not give results.
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Subcase 1.3.2: ¢ # 0.

1 3f —2c
(b3 = — arccos e
By = —5 arccos P

We substitute 33 in fi, we have

Cc

Ji2(0, 0 R, 5) = % [26 —3f —ecos (20z + arccos 2¢ ~ 3f)} ,

Subcase 1.3.2.1: e # 0. Then

— arccos
(& c

Q31 =

2e —3f 20—3f}

f12(0, o, R, /6) =0=

— arccos
e Cc

Q32 =

l 2¢e — 3f 20—3]}
— arccos

We substitute 4 in fi2 we have

h 3f — 2
f12(0,a, R, B) = 1 |:2€—3f—|—€COS <2a+arccos / C)] )

c
1 [ 3f — 2e 3f — 20}
Qq = 7 |arcCos ——— — arccos — ,
0,a,R,3)=0=
fial 2 1{ 3f — 2 3f—2c]
Oy = = |—arccos — arccos ,
2 e c
Supposing that
2e — 3 2c—3
ce 202730 <1 anal® f’ <1. (2.10)
e c
Then system (2.7) has four zeros S* = (r*, a*, R*, f*) with
1 2e —3f 2c—-3f
=g [ =+ arccos -~ arccos — },
1 3f—2 3f—2
Qo =5 [ + arccos -2 — arccos / C} and p = 0 given by

C

1 3f —2
0,00 4,V2h, 3 arccos / c) ,
(2.11)

1 3f —2
O,agi,\/Qh,—ﬁarccos / C),

C
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2c — 2e —
which reduce to two solutions if either c—3f =1, c—3f < 1 and
c e
ce #0,or |(2c—3f)/c| <1,|(2e —3f)/e| =1 and ce # 0. If |(2¢ — 3f)/c| =
|(2¢ — 3f)/e| =1 and ce # 0, we have only one solution. The Jacobian is

Tnte = —s5he = 3F)(e ~ e ~3f)(e — ).

If (2.10) and (¢ —3f)(c — f)(e —3f)(e — f) # 0 hold. Then the four solu-
tions (2.11) of system (2.7) provide only two periodic solutions of differential
system (2.6) because when p = 0 the eight solutions of « provide the same
initial conditions in (2.2). Note that the set of conditions on the parameters
of this subcase is not empty because of the value ¢ = 1,e =4/3, f = 2/3.

Subcase 1.3.2.2: e = 0 then fi5 = —3fh/4= constant. The Jacobian
will be zero and the averaging theory does not give results.

k
Subcase 1.4: a = f + = with k =0, 1,2, 3.
Due to the periodicity of the cosinus we study the cases k = 0 and k = 2,
and the cases k = 1 and k = 3 together.

Subcase 1.4.1: Assume that either £k =0 or k = 2, i.e. either a = [ or
= [+ w. We have

f12(0,a, R, B) = — 4bh 4 6dh 4 (2b — 2¢ — 3d 4 3e)R? + (—2bh

1r
sl (
+(b — ¢)R?) cos 26}
1r
8L
_l’_

f14(0,0{,R,ﬂ): _4bh+6€h+ 2b — 26—36+3f)R2+(—2bh

(
(b — ¢)R?) cos Zﬁ}

Subcase 1.4.1.1 2bh — bR? + cR? = 0. The system fi2 = fis = 0 does
not have solutions. Then the averaging theory cannot give information.

Subcase 1.4.1.2: —2bh + bR? — cR? # 0. Then solving fi» = 0 we have

1 —4bh + 6dh + 2bR? — 2cR? — 3dR? + 3eR? o
8= i§ arccos Soh — bR+ i . Substituting

2h(d —
B in f14 and solving fi4 =0 we getif d —2e+ f # 0, R = M' 90
d—2e+ f
8= :|:1 ALCCOS —3e? — 2cd + 2ce + 2be — 2bf + 3df and o — M
=5 cd—ce—be+bf = i—2e 1 f
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Assuming that

—3e? — 2cd + 2ce + 2be — 2bf + 3df

d—2 0 <1
erf#0, cd—ce—be+bf - (2.12)

(d—e)(d—2e+f)>0 and (f—e)(d—2e+ f)>0.

Therefore system (2.7) has four zeros S* = (r*, o*, R*, *) with
—3e? — 2cd + 2ce + 2be — 2bf + 3df

1 [2h(f —e)
=4 dp=4/—r—=
p g AHECOS cd —ce —be +bf e p d—2e+ f

given by
. 2h(d—e) .
0, 5%, m,ﬁ );
e ) (2.13)
* _6 *
07/8 +,/T7 d_2e+f?6)7

—3e® — 2cd + 2ce + 2be — 2bf + 3df |
cd —ce —be+bf N
e)(d—2e+f)>0,(f—e)(d—2e+ f)>0and d—2e+ f #0.
The Jacobian is
9e(e — d)(e — f)h*
§) = d — be — 24 0f —3d
e 52(d = 2¢ 1 f)? (c e —ce+3e”+bf — 3df)
(cd — be — ce + €2 + bf — df).

which reduce to two zeros if 1,(d—

If (2.12) and (cd—be—ce+3e*+bf —3df)(cd—be—ce+e*+bf —df) # 0 hold.
Then the four solutions (2.13) of system (2.7) provide four periodic solutions
of differential system (2.6). The set of conditions on the parameters of this

subcase is not empty because of the value b = 0,¢ = —2,d = —3/2,e =
—1/2,f =—1.
Subcase 1.4.2: Assume that either £k = 1 or k = 3, i.e. either a = B—l—g
or o=+ 3; Then fi2 and fi4 become
1
f12(0, 0, R, B) = 3 [ — 4bh + 6dh + (2b — 2c — 3d + €) R* + (2bh
—(b+ c)R?) cos 28)],
1
f14(0,, R, B) = g[_ 4bh + 2eh + (2b — 2¢ — e + 3f)R* + (2bh
—(b+ c)R?) cos 23].

Subcase 1.4.2.1: 2bh — bR? — cR* = 0. The averaging theory cannot
give information in this subcase because the functions fi2(0,«, R, 5) and
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f14(0,a, R, B) depend only of R and then we do not have solutions of « and
s.

Subcase 1.4.2.2: 2bh — bR? — cR? # 0. Then solving f1, = 0 we have

1 —4bh + 6dh + 2bR? — 2cR? — 3dR* + eR? o
b = i§ arccos “obh T LR+ o . Substituting
2h(3d —
B in fi4 and solving f14 = 0 we obtain if 3d—2e+3f # 0, R = ﬁ.

Soﬁ—ilarccos 2be + 2ce — €2 — 6¢d — 6bf + 9df and o — [ 2h(3f —e)
T2 3ed 4 be — ce — 3bf P= 3d —2e+3f
Considering that

3d —2e+3f #0,
(3f —e)(3d—2e+3f) >0,(3d —e)(3d —2e+3f) >0 and
2be + 2ce — e* — 6ed — 6bf + 9df )

3cd + be — ce — 3bf <

(2.14)

Therefore system (2.7) for has four solutions S* = (r*, a*, R*, 5*) with
1 2be + 2ce — €2 — 6¢cd — 6bf + 9df

2h(3f —e)
f 4= dp= /RS =
b g AFCCOS 3cd + be — ce — 3bf e p 3d— 2 + 3f

given by
, T 2h(3d —e) .
LTty mﬁ)
3 2h(3d — e) (2.15)
0.6+ 5 3d—2e+3f’ﬁ>’

which reduce to two zeros if we have 3d—2e+3f # 0, (3f —e)(3d—2e+3f) >

2be + 2ce — e? — 6cd — 6b d
0,(3d — ¢)(3d — 26 4+ 3f) > 0 and |2¢ 20 — ¢ = Ged = 0]+ 9d]

=1.
3cd 4 be — ce — 3bf

e(3d —e)(e — 3f)h?
Tis(en) = 9cd — be — 3ce + €2 + 3bf — 9d
569 = 3ad = 2e 1 af)p ed —be—ce e+ 30f —0df)

(3cd — 3be — ce + €* + 9bf — 9df).

When (2.14) and the Jacobian ’s condition (—9¢d + be + 3ce — e? — 3bf +
9df ) (3cd — 3be — ce + €2+ 9bf — 9df) # 0 hold, then the four solutions (2.15)
of system (2.7) provide four periodic solutions of differential system (2.6).

The set of conditions on the parameters of this subcase is not empty because
the value b=0,c = —3,d = —1,e = —4, f = —1 satisty it.
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2 o 2
Case 2: r = \/Qh — R?+ M with the condition bsin 2 # 0. We
bsin 2«
have
1 2sin 2
fiz(r,a, R B) = — [M(—Gac + 4bc cos 2a + 8be — be cos 4a
8b " 2sin 2«
+be — 6cd) + b(R*(3a — 2(b+ ¢ — €)) — 6ah
+bcos 2a(2h — R?) + 4bh) + bR? cos 26(e cos 2a — )],
in 2
fis(r,a, R, B) = CS}b%sSi;ITQ(f [Qbh sin 2a — R?(bsin 2a — c¢sin(203)

—esin2(a — B))} :

fua(r,o, R, B) = L [4()(—3@ + 2¢)h + (6ab — c(8b + e) + 6bf) R?

16b

in 2

+4bc(h — R?) cos 23 + cR*[ecos 43 + = b ((—6a
sin 2«

+4(b+ ¢ — e) + 2bcos 2a)

+(c — e cos2a) sin 45)}} :

Solving fi3 = 0 if bsin2a — ¢sin25 — esin2(a — f) = 0 we have three
k

possibilities, c = 0, R =0 and = ; with k& € Z because (bsin2a # 0) in

all of this case. In the case that bsin2a — csin 23 — esin2(a — ) # 0 we get

R 2bh sin 2a
~ \ bsin2a — csin283 — esin2(a — 3)°

Subcase 2.1: ¢ = 0. Then fi3 = 0 and the Jacobian is equal to zero so
the averaging theory does not give information.

Subcase 2.2: R = 0. Therefore r = v/2h and p = 0. We get
1
fra(r,a, R, B) = Z—Lh(—3a + bcos(2ar) + 2b),

fiualr,a, R, B) = ih(—?)a + ccos(25) + 2¢).

Subcase 2.2.1: b = 0. We have fj, = —3ah/4= constant.
Subcase 2.2.2: ¢ = 0 we obtain fi; = —3ah/4= constant.

Subcase 2.2.3: b # 0 and ¢ # 0. Then solving f15 = 0 we get
1 3a — 2b 1 3a — 2
o= :|:§ arccos ¢ and solving f1, = 0 we obtain 5 = j:§ arccos =€,

C
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Assuming that

3a — 2b
b

be 3a — 2c¢

‘ <1 and ( ‘ <1 (2.16)

System (2.7) has four solutions S* = (r*, a*, R*, 5*) with p = 0 given by

1 3a — 2b 1 3a — 2
V2h, +— arccosa—,(),j:— arccos 2. (2.17)
2 b 2 c
-2 —2b
which reduce to two zeros if either bc # 0, sa = 2 <1, 3 ‘ =1or
3 2c 3 —2b —2
bc%O‘a ‘—1, ¢ ‘<1 andtoonezer01fbc7é0‘ C’:
—2b
RS ’ ~ 1
The Jacobian is
9

i (sx) = —3—2h4(a —b)(3a —b)(a—c)(3a —¢).

We summarize the results of this subcase as follow, if (2.16) and the
Jacobian ’s condition (a — b) (3a — b) (a — ¢) (3a — ¢) # 0 hold, therefore the
four solutions (2.17) of system (2.7) provide only one periodic solution of
differential system (2.6) because when p = 0 and R = 0 the two solutions of
a and f provide the same initial conditions in (2.2). The set of conditions
on the parameters is not empty because the value a = 1,b = 2, ¢ = 2 satisty
it.

2bh sin 2a
Sub 23 R= .
ubease R \/b sin 2a — esin2(a — ) — ¢sin 23
2ehsin 2(a — )
Th = d
enr \/csin2ﬁ “bsin2a tesm2(a—p)

fia(r,a, R, B) = g [(3ae — bc — 2be)
in2(a — B) + (2bc + be — 3cd) sin 28 + 2b(e — ¢) sin 2a]

fu(r,a, R, B) = [(be — 3ae + 2ce)

(a — B) + (2bc + ce — 3bf) sin 2a + 2c(e — b) sin 2/3].

w@l?

sin

Where D = 4(bsin2a — esin2(a — ) — ¢sin23). To calculate the zeros
of this two last functions we need their numerators, h(sin(2(a — 3))(3ae —
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be — 2be) + sin(23)(2bc + be — 3cd) + 2bsin(2a)(e — ¢)) and h(sin2(o —
B)(3ae — be — 2ce) 4 2¢(b — e) sin 23 + sin(2a) (—c(2b+ €) + 3bf)). Expanding
the trigonometrical terms of these numerators and using one notation of

sina = s; cosa = +y/1— 82 sinff =95; cosfB = +v1— 52 we obtain

Pia(s,8) = 2hsv1 — s?2(—6aeS? + 3ae + 2bcS? — 3bc + 4beS?)
—2hSV1 — 52( — 6aes® + 3ae + 2bcs? — 3be + 4bes?
—3be + 3cd),

Piy(s,S) = 2hsv1— 32( — 6aeS? + 3ae + 20cS? — 3bc + 3bf + 4ceS?
—3ce) — 2hSV/1 — 5% (—6aes® + 3ae + 2bcs® — 3be + 4ces?) .

The other three notations provide the same previous expressions.
Pio(s,S) = 0 and Pyy(s,S) = 0 implies that Q12(s,S) = 0 and Q14(s,5) =0
where
Qi2(s,8) = 4h*S*(1 — 5?) ( — 6aes® + 3ae + 2bcs?
—3bc + 4bes® — 3be + 3Cd)2 — 4h?s* (1 — s?)
(—6aeS? + 3ae + 2bcS? — 3be + 4beS?)?
Qua(s,S) = 4h*S?(1— S?%) (— 6aes® + 3ae + 2bcs?
—3bc + 40682>2 — 4h%s* (1 — s%) ( — 6aeS? + 3ae
+2bc¢S? — 3bc + 3bf + 4ceS? — 306)2.

(2.18)

We calculate the resultant of ()15 and ()14 with respect to s and .S, we obtain

Ris(S) = 4TT75744115(—1 + S)AS¥(1 + S)*K2(S)L3(S),

Rys(s) = 4777574400 (=1 + 5)*s®(1 + s)* M?(s) N?(s), (2.19)
with K(S) and M(s) two polynomials of the form AS* + B and Cs* + D
respectively with A, B, C, D constants, and L(S) and N(s) two polynomials
of the form ES* 4+ FS? + G and Hs* + Is? 4 J respectively with E, F, G,
H, I, J constants. So if we calculate sy and Sy the zeros of Ri5 and Ry4 then
(S0,50) is a zero of (3.29).
Solving (3.30) we obtain 81 pairs of (s,.5). Only 9 of this pairs are solutions
of (3.29). When we calculate (« ,ﬁ) corresponding to (s,S) solution we find

the zeros z* = (r*, p*, a*, R*, *) of (2.6) which are
2eh 2ch T Zeh 2ch 7T
X , E—+2 + 2
Sl’i(\/e—i—c\/ +k:7r0 2+Z7T Szi\/ €+C
2eh 2ch 2eh 2ch
2 . * - j:_ 2 . * . .
mm,0,0); 83’i(\/e — \/e — C,O,O, 2+ nw); S4<\/e — \/e — C,O,O,O)

k, I, m, n € Z. The Jacobian applied in all this zeros is equal to zero. The
averaging theory in this case cannot give information.
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k
Subcase 2.4: § = 7” with k = 0,1,2, 3.
Due to the periodicity of the cosinus we study the cases £ = 0 and k = 2,
and the cases k = 1 and k£ = 3 together.

Subcase 2.4.1: Assume that either £ =0 or k = 2, i.e. either 3 =0 or
B =m. Then fi5 and f14 become

1
f(ra,R6)= ¢ [ — 6ah + 4bh + (3a — 2b — 3¢ + 2¢)R? + (2bh — bR?

+eR?) cos 2a],

fua(r,a, R, B) = 2[2(—a +c)h+ (a—2c+ f)R?].

Subcase 2.4.1.1: a—2c+ f = 0. We have f14 = —3(a—c)h/4= constant.

Subcase 2.4.1.2: a — 2c+ f # 0. Then solving fi4 = 0 we have R =
2h(a — ¢)

————>-. Substituting R in fi» and solving fi» = 0 we get
a—2c+ f

Subcase 2.4.1.2.1: bc — ae + ce — bf # 0. Then we get

1]3c% — 2bc + 2ae — 2ce — 3af + 2bf 2h(f —¢)
o = - . Then r = /| ———=
2 bc —ae+ce —bf a—2c+ f
and p = 0.
Supposing that
a—2c+ f#0, bc—ae+ce—bf #0,
(f—=¢c)a—=2c+ f)>0,(a—c)(a—2c+ f) >0 and
3c¢? — 2bc + 2ae — 2ce — 3af + 2bf (2.20)

< 1.

bc —ae +ce—bf

Then, system (2.7) has four solutions S* = (r*, o*, R*, 8*) with p = 0 and
. 1]3c% — 2bc + 2ae — 2ce — 3af + 2bf
af =+—
bc —ae +ce —bf

2
2h(f —¢) ., [2h(a—c)
a—20—i—f’a Y a—2c—|—f’0>’
2h(f —c) ., [2h(a—c)
a—26+f’a’ a—2c—|—f’ﬂ>'
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The Jacobian is
9ch*(a — ¢)(f — ¢)(bc — * — ae + ce + af — bf)
16(a — 2¢ + f)3(bc — ae + ce — bf)?
(bc — 3¢* — ae + ce + 3af — bf)(—bc + ae — ce + bf)>.

We conclude the results of this subcase as follows, when (2.20) and the
Jacobian ’s condition c¢(bc — ¢* — ae + ce + af — bf)(bc — 3c* — ae + ce +
3af — bf) # 0 hold then the four solutions (2.21) of system (2.7) provide
only two periodic solutions of differential system (2.6) because when p = 0
the two solutions of « provide the same initial conditions in (2.2). Note that
fora = -3/2,b=—4,c = —-1/2,d = 0,e =0, f = —1, the set of conditions
on the parameters is not empty.

Jfl (sx) =

Subcase 2.4.1.2.2: bc — ae + ce — bf = 0. Then fi» = h(3¢* + 2ae —
2ce — 3af + 2b(—c+ f))/(4(a — 2¢ + f))= constant.

Subcase 2.4.2: Assume that either k =1 or k = 3, i.e. either § = g or

3
B = ; Then fi2 and fi4 become

1
fi2(r,a, R, B) = 3 [ — 6ah + 4bh + (3a — 2b — ¢ + 2e)R? + (2bh — bR*
—eR?) cos 2a],

fua(r,o, R, B) = é[Q(—Sa +c)h + (3a — 2¢ + 3f)R2}.

Subcase 2.4.2.1: 3a — 2¢ + 3f = 0. We have fiq4 = 2h(—3a + ¢)h/4=
constant.

Subcase 2.4.2.2: 3a — 2c¢ + 3f # 0. Then solving fi4 = 0 we have

| 2h(3a —
R = M. Substituting R in fi» and solving fio = 0 we get two
3a —2c+3f

subcases.

Subcase 2.4.2.2.1: If bc + 3ae — ce — 3bf # 0. So
1|c? — 2bc + 6ae — 2ce — 9af + 6bf

1 2h(3f —¢)
= bc + 3ae — ce — 3bf

3a —2c+3f

. Then r =
2

and p = 0.
Considering that
3a—2c+3f#0, bc+ 3ae—ce—3bf #0,
Bf —c)(B3a—2c+3f) >0, (3a—c)(3a—2c+3f)>0
c? — 2bc + 6ae — 2ce — Yaf + 6bf
bc + 3ae — ce — 3bf

(2.22)
<1

and
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Then, system (2.7) has four solutions S* = (r*, a*, R*, 5*) with p = 0 and
. 1|c? — 2bc + 6ae — 2ce — 9af + 6bf
of =+—
bc + 3ae — ce — 3bf

2
\/2h(3f—c) *\/2h(3a—c) m
3@—20+3f’a’ 3a—2c+3f2) 593
\/2h(3f—c) *\/Qh(Sa—c) 3 (2.23)
3a—2c+3f "\ 3a—2e+3f 2 )

h*(3a — ¢)(3f —
016533—30(—1— 3f)§)(3bc_c2_3a€+66+9af—9bf)

(bc — ¢® — 9ae + 3ce + 9af — 3bf).

given by

The Jacobian is

Jp(s6) =

If the Jacobian ’s condition ¢(3bc — ¢ — 3ae + ce +9af — 9bf)(bc — ¢* — Yae +
3ce+9af —3bf) # 0 and (2.22) hold, then the four solutions (2.23) of system
(2.7) provide only two periodic solutions of differential system (2.6) because
when p = 0 the two solutions of a provide the same initial conditions in
(2.2). Note that for a = —1,b = =5/4,¢ = —4,e = =2, f = —1 the set of
conditions on the parameters is not empty.

Subcase 2.4.2.2.2: If bc + 3ae — ce — 3bf = 0, we get fio = h(c* — 2bc+
6ae — 2ce — 9af + 6bf)/(4(3a — 2c + 3f))= constant.

Case 3: bsin2a = 0. We have two main subcases: b = (0 and sin 2a = 0.

Subcase 3.1: b = 0. Then f;; = —crR?sin(23)/8. Solving fi; = 0 we
obtain the four subcases: ¢ = 0, r = 0 (studied in case 1), R =10, § = %

with m € Z.

Subcase 3.1.1: ¢ = 0. No information as in subcase 1.1. Hence in what
follows in subcase 3.1 we suppose that ¢ # 0.

Subcase 3.1.2: R = 0. This subcase does not give results because fi3
and f1; will be zero.

Subcase 3.1.3 § = % with m € Z. Due to the periodicity of the sinus

we study the subcases m = 0 and m = 2, and the subcases m = 1 and m = 3
together.
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R
Subcase 3.1.3.1: Assume that either 3 =0or 8 =7. So fi3 = %(r2+

R? — 2h)sin2a. Solving fi3 = 0 we have four subcases, e = 0, R = 0,
R =+2h —1r2, az%withnEZ.

Subcase 3.1.3.1.1: ¢ = 0. No information as in subcase 1.1. Hence, in
what follows in subcase 3.1.3.1 we assume that e # 0.

Subcase 3.1.3.1.2: R = 0. Then we have

f12 = g[th — ((l + d)’T‘Q],

1
fia = g[(—Sa + 3¢ — 2e — e cos 2a)r? + 2eh(2 + cos 2a)].

Subcase 3.1.3.1.2.1: a +d = 0. We have f;5 = 3dh/4= constant.

2dh
Subcase 3.1.3.1.2.2: a+d # 0. We have fio =0=1r = d So
a
2ah L . ) .
p= . Substituting r in f4 and solving f14, = 0 if
a+d
1 3ad — 3cd — 2
Subcase 3.1.3.1.2.2.1: ae # 0. We get a = i§ arccos a ¢ ae.
ae
3ad — 3cd — 2
In the case that | ¢ ac < 1,ae(a+d)#0,d(a+d) >0 and
ae

a(a+d) > 0, system (2.7) has four zeros S* = (r,a, R, ) with
2ah 2dh 1 3ad — 3cd — 2

p= j“i—d given by ( ——, +— arccos < ¢ ¢ ae) ,0,0), and
a

a+d 2 ae
2dh 1 3ad — 3cd — 2ae
——, +—arccos ,0,m |,
a+d 2 ae

which reduce to two zeros when ae(a+d) # 0, d(a+d) > 0, a(a+d) > 0 and
3ad — 3cd — 2ae

ae
the averaging theory does not give information in this subcase.

= 1. The Jacobian evaluated on these solutions is zero, so

Subcase 3.1.3.1.2.2.2: ae = 0. We obtain fiy = —————~== con-

stant.

Subcase 3.1.3.1.3: R = v/2h — r2. Studied in the subcase 2.4.1.2.1.
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Subcase 3.1.3.1.4: a = n_7r. Due to the periodicity of the sinus we

study the cases n = 0 and n = 2, and the cases n = 1 and n = 3 together.

Subcase 3.1.3.1.4.1: Assume that either n =0 orn =2,ie. a =0 or

o = T. 5
fz= —g[=2dh+(a+d)r* + (e +d = e)R7],
fu = g[26“(0—@—6)7"2—<c+e—f)R2].

To solve f12 = 0 we have four subcases to study.

3
Subcase 3.1.3.1.4.1.1: a+d =0and c+d— e =0 then f;, = Zdh:

constant.

Subcase 3.1.3.1.4.1.2: a+d = 0 and c+d—e # 0. Solving fi, = 0 with
2dh

———— . Substituting R in fi4 and solving
c+d—e

respect to R we obtain R =

f14 = 0 we have

2h(cd — ce + €* — df)
(c—a—e)(lc+d—e)

Subcase 3.1.3.1.4.1.2.1: I[fc—a—e#0,1r = \/

2h(c? — ac + ae — cd — ce + df)
(c—a—e)(c+d—e)

Therefore p =

Supposing that

a+d=0, c+d—e#0, c—a—e#0, dc+d—e)>0,
(cd—ce+e*—df)(c—a—e)(c+d—e) >0, and (2.24)
(*—ac+ae—cd—ce+df)(c—a—e)(c+d—e)>0.

System (2.7) has four solutions S* = (r*, a*, R*, §*) with
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\/Qh(CQ—ac—i—ae—cd—ce—i-df) _
p= given by

(c—a—e)(c+d—e)

¢Wﬂﬂ—00+e—df

2

)a()) ¢70 )
(c—a—e)c+d—e) "Vet+d—e
2h(cd — ce + €* — df) [ 2dh

, T —70 )
(c—a—e)(c+d—e) c+d—e
2h(cd — ce + €* — df) [ 2dh

a07 -, |,
(c—a—e)(c+d—e) c+d—e
2h(cd — ce + €* — df)
(c—a—e)c—i—d—e)’ Vc+d—e '

9cd?eh?

The Jacobian is
d— 2 df)(c® — ad + 2cd + 2
16<C+d—e)4(a—c+e)2(c ce+e If)(c* — ad + 2cd + 2ae
—2ce + € — af — df)(c* — ac + ae — cd — ce + df).

(2.25)

J 157

With the condition ce(c? — ad + 2¢d + 2ae — 2ce + €% — af — df) # 0 and
(2.24) we have Jy (s+) # 0. The set of conditions on the parameters is not
empty because the value a = 1,c = —2,d = —1,e = —1, f = 0 satisfy it. We
deduce that the four zeros (2.25) of (2.7) provide four periodic solutions of
(2.6).

Subcase 3.1.3.1.4.1.2.2: If c —a — e = 0, we have fi4 = 3h(ce — e* —
de+df)/(4(c + d — e))= constant.

Subcase 3.1.3.1.4.1.3: a+d # 0 and c+d —e = 0. we solve fi =0

2dh

with respect to r then r = 7 Substituting r in fi4 and solving fi14 =0

a—+
we have,

2h(cd + ae — ad)
(a+d)(c+e—f)

Subcase 3.1.3.1.4.1.3.1: If (c+e— f)#0, R = \/

2h(ac + ad — cd — af)

Therefore p = (ot dcte—])

Supposing that

dla+d) >0, c+d—e=0, (cd+ae—ad)(a+d)(c+e—f)>0
and (ac+ad—cd—af)(a+d)(c+e— f)>0.
(2.26)
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System (2.7) has four solutions S* = (r*, a*, R*, §*) with

~ [2h(ac+ad —cd — af)
TN dlere— )

~[ 707
+

given by

,0
(a+d)(c+e—f

S8

2h(cd + ae — ad) )

2dh 2h(cd + ae — ad)

7 70
+d (a+d)(c+e—f

(2.27)
0 2h cd—l—ae—ad
\/ d7 N (a+d)(c+e—f
2h cd—l—ae—ad
a+d’ (a+d)(c+e—f
The Jacobian is
9cdeh*

Jh(s%) 6a T d)i(c e f)3(ad — cd — ae)*(ac+ ad — ed — af)

(? — ad + 2cd + 2ae — 2ce + €* — af — df).

In case that ce(c? — ad + 2cd + 2ae — 2ce + €* — af — df) # 0 and (2.26)
hold, we have Jy (s+) # 0. The set of conditions on the parameters is not
empty because the value a = —3,¢ = 1,d = —2,e = —1, f = —2 satisty
it. Moreover the four zeros (2.27) of (2.7) provide four periodic solutions of
(2.6).

Subcase 3.1.3.1.4.1.3.2:If (c+e— f) =0, f14 = 3h(cd+ae—ad)/(4(a+
d))= constant.

Subcase 3.1.3.1.4.1.4: (a + d)(c+ d —e) # 0. Solving fio = 0 with
2dh + R*(e — ¢ — d)
a+d

respect to r we obtain r = \/ . Substituting r in f14 and

solving f14 = 0 we have,

Subcase 3.1.3.1.4.1.4.1: If &, = *4+2cd—2ce+e? —df —ad+2ae—af =
0. Then fi4 = 3h(cd + ae — ad)/(4(a + d))= constant.

Subcase 3.1.3.1.4.1.4.2: If &| = > +2cd—2ce+e?—df —ad+2ae—af #

0. Then B — \/Qh(cd +Zae — ad)'
1

— 7 — —
Therefore r = \/Zh(Cd c;+ ¢ df)’ and p = \/Qh(c CGE-F ae —af) '
! 1
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Assuming that

(a+d)(ct+d—e)#0, (cd—ce+e*—df)¥; >0,

(cd+ae —ad)X; >0, and (®—ce+ae—af)¥; > 0. (2.28)

System (2.7) for n = 0 and n = 2 has four solutions S* = (r*, o*, R*, 5%)

2h(c? — —
with p = \/ e C;+ ae — af) given by
1

\/2h(cd —ce+ e —df) \/Qh(cd ¥ ae — ad) )
.0, 0,
> =

2hcd—ce+e — df) \/ cd—l—ae—ad)o
77r7 9 ?

(2.29)

707

Y m Y

\/2h cd+ae—ad)

\/2h cd—ce+e — df)
\/thd—ce—i—e — df) \/2hcd+ae—ad) )
77r7 77r *

The Jacobian is

9ceh?*

1623
(cd — ce + e* — df).

J 157 ——(cd + ae — ad)*(c* + ae — ce — af)

If ce # 0 and (2.28) hold we have Jy,(s«) # 0. The set of conditions on
the parameters is not empty because the value a = —5,c = —2,d = —2,e =

)
-1, f = —3 satisfy it. Therefore the four zeros (2.29) of (2.7) provide four

periodic solutions of (2.6).

Subcase 3.1.3.1.4.2: Assume that either o = g or 3; Then

1
fo= 3 [6dh — 3(a + d)r* — (3¢ + 3d — e)R?],

1[2eh — (3a—3c+e)r? — (3c+e— 3f)R?].

hu=

Subcase 3.1.3.1.4.2.1: 3c+3d —e = 0 and a +d = 0. Then we get
f12 = 3dh/4= constant.

Subcase 3.1.3.1.4.2.2: 3c+3d —e # 0 and a + d = 0. Solving fio =0
we get
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6dh
R =/ —————. Substituting R in fi4 and solving f;4 = 0 with respect
3c+3d—e

to r we obtain two subcases.
Subcase 3.1.3.1.4.2.2.1: If 3a — 3¢ + e # 0. We have
_[2h(—9cd + 3ce — €* + 9df)
\ (Bc+3d—e)(3a—3c+e)’
B \/6h(3ac —ae — 3c¢* + 3cd + ce — 3df)

(3c+3d—e)(3a — 3c+e)
Whenever

a+d=0, 3a—3c+e#0, d(B3c+3d—e)>0,
(—9cd + 3ce — e* + 9df ) (3¢ + 3d — €)(3a — 3¢ +¢) >0 and (2.30)
(3ac — ae — 3c® + 3cd + ce — 3df)(3c + 3d — €)(3a — 3¢+ ¢€) > 0,

system (2.7) has four zeros S* = (r, o, R, ) with
B \/6h(3ac — ae — 3¢® + 3cd + ce — 3df)

given by

6dh 0
"V3c+3d—e )’
h
' 30+3d—e’0>’

6

(3c+3d —e€)(3a — 3c+e)

=

Y

2h(—9cd + 3ce — € + 9df
(Bc+3d—e)(3a—3c+e

2h(—9cd + 3ce — €* + 9df
(Bc+3d—e€)(3a—3c+e

2h(—9cd + 3ce — € + 9df
(Bc+3d—e)(3a—3c+e

2h(—9cd + 3ce — €* + 9df
(Bc+3d—e€)(3a—3c+e

W N
3

Y

|

(2.31)

=

Y

6d

dh -
"V3c+3d—e ’

6dh
V3exrad—e "

(9cd — 3ce + €2 — 9df ) (3ac

W N
)

Y

~— | | | || — |
|

Its Jacobian is

27cd?eh*
16(3a — 3¢ + €)?(3c + 3d — e)*
—ae — 3¢® + 3cd + ce — 3df ) (9¢* — 9ad + 18¢d + 6ae — 6ee
+e2 — 9af — 9df).

Jp(s0) =

In case that ce(9¢* — 9ad + 18¢d 4 6ae — 6ce + € — 9af — 9df) # 0 and (2.30)
hold, Then Jy, (s+) # 0 and the four zeros (2.31) of (2.7) provide four periodic
solutions of differential system (2.6). The set of conditions on the parameters
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is not empty because the value a = 1,c = —1,d = —1, f = 0,e = —1, satisty
it.

Subcase 3.1.3.1.4.2.2.2: If 3a — 3c+ e = 0. We have f14 = h(9cd —
3ce + €2 — 9df)/(4(e — 3¢ — 3d))= constant.

Subcase 3.1.3.1.4.2.3: 3c+3d—e = 0 and a+d # 0. Solving fio = 0 we

2dh
obtain r = ot d Substituting r in fi4 and solving fi4 = 0 with respect
a

to R we get

Subcase 3.1.3.1.4.2.3.1: If (3c+e —3f) # 0. Then
2h(3cd + ae — 3ad) . 6h(ac+ad —af — cd)
(a+d)(3c+e—3f) \ (@a+d)(Bct+e—3f)
Assuming that

3c+3d—e=0, dla+d)>0, (3cd+ ae—3ad)(a+d)
(Bc+e—3f)>0 and (ac+ad—af —cd) (2.32)
(a+d)(3c+e—3f) >0.

System (2.7) has four zeros S* = (1, a, R, ) with

6h(ac+ad —af —cd) | en b
= iven
PN @rdBere—3p Y

2h(3cd + ae — 3ad) 0
(a+d)(3c+e—3f)
2h(3cd + ae — 3ad) 0
"\ (a+d)(3c+e—3f)
2h(3cd + ae — 3ad)
T
"\ (a+d)(3c+e—3f)’
2h(3cd + ae — 3ad)
"\ (a+d)(3c+e—3f) -
3cdeh?

16(3c+ e —3f)3(a+ d)*
—cd)(—9¢* + 9ad — 18cd — 6ae + 6ce — €2 + 9af + 9df).

R:

2dh

I

+
QU

Q.
Qt
w|§° SE

(2.33)

bo | 3

Y

+
S8

Y

&
&
vl

The Jacobian is

(3ad — 3cd — ae)*(ac + ad — af

Jfl(S*) =

With the condition that ce(—9¢?+9ad—18cd —6ae+6ce—e?+9a f+9df ) #
0 and (2.32), we have Jy,(s+) # 0 and the four zeros (2.33) of (2.7) provide
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four periodic solutions of differential system (2.6). The set of conditions on
the parameters is not empty because it is satisfied for the value a = —2,¢ =
2/3,d=—1l,e=—1,f=—1.

Subcase 3.1.3.1.4.2.3.2: 3c+ e —3f = 0 we get fi4 = (3cd — 3ad +
ae)h/(4(a + d))= constant.

Subcase 3.1.3.1.4.2.4: (a + d)(3c+ 3d — €) # 0 we have
. \/Gdh — (3¢ +3d — e)R?

CE) . Substituting r in f14 and solving fi4 =0

we have two subcases

Subcase 3.1.3.1.4.2.4.1: If
Yy = 9¢® — 9ad + 18cd + 6ae — 6ce + € — 9af — 9df # 0,

— — 2 _
then, R — \/Gh( 3ad + 3cd + ae)7 . \/Qh(ch 3ce + e* — 9df) and
22 E2
6h(3c* — ce + ae — 3af)
p - E °
2

Considering that
(a+d)(3c+3d—e)#0, (9ed— 3ce+ €* —9df)Xy > 0,

(=3ad + 3cd + ae)Xs >0 and (3c¢* — ce + ae — 3af)Xy > 0. (2.34)
System (2.7) has four zeros S* = (r, o, R, ) with
\/6h(3c2 —ce+ae —3af) .
= given by
Y
\/2h(9cd — 3ce +€* — 9df) \/Gh( 3ad + 3cd + ae) 0
Yo ’
\/2h(90d 3ce + e* — 9df \/ —3ad + 3cd + ae) 0
22 2 ) )
(2.35)
\/2h(9cd —3ce+e*—9df) T \/6h —3ad —|— 3ed + ae)
P 727
\/2h(90d —3ce +e = 9df) 3m \/Gh —3ad + 3cd + ae)
22 ) 2 Y 7 *
Its Jacobian is
27ceh!
Jf (%) - 1665 = (—3ad + 3cd 4 ae)?(3¢® + ae — ce — 3af)(9ed — 3ce
2
+e? — 9df).
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Supposing ce # 0 and (2.34) hold. This assumption is not empty because
the value a = —2,c = —1,d = —1,e = —1, f = —1 satisfy it. Then Jy, (g+) #
0 and the four zeros (2.35) of system (2.7) provide four periodic solutions of
differential system (2.6).

Subcase 3.1.3.1.4.2.4.2: If ¥y = 0, we get fi4 = h(—3ad + 3cd +
ae)/(4(a + d))= constant.

3
Subcase 3.1.3.2: Assume that either § = g or f = o So fi3 =

2
R
—%(r + R? — 2h)sin2a. We get four subcases solving fi3 = 0, e =

R=0, R=+v2h—1r? anda:ng,withnez.

=

Subcase 3.1.3.2.1: ¢ = 0. No information as in subcase 1.1. Hence, in
what follows in subcase 3.1.3.2.1 we assume that e # 0.

Subcase 3.1.3.2.2: R = 0. Then we have

319dh — (a + d)r?],

fz= g
1
fia = g[(—?)a + 3¢ — 2e + ecos 2a)r? + 2eh(2 — cos 2a)].
Subcase 3.1.3.2.2.1: a+d = 0. We have fj5 = 3dh/4= constant.
: 2dh
Subcase 3.1.3.2.2.2: a + d # 0. Solving fio = 0 we get r = it d
a

[ 2ah
Then p = %i' Substituting r in fi4 and solving fi14 = 0 we obtain two
a

subcases

—3ad + cd + 2ae
ae ’

1
Subcase 3.1.3.2.2.2.1: If ae # 0 then o = 15 arccos

—3ad + cd + 2
In the case that adtcd 2ae) 1, ae(a+d) #0, d(a+d) > 0 and
ae
) 2ah
a(a+d) > 0, system (2.7) has four zeros S* = (r, o, R, ) with p = T d
a

given by

2dh 1 —3ad + cd + 2ae
+— arccos
a+ at+d 2
1

( 2dh L1 arccos( 3ad+cd+2ae> 0. )

a+d 2
which reduce to two zeros when ae(a + d) # 0, d(a +d) > 0, a(a + d) > 0
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—3ad +cd + 2
and dad + cd + 2ae = 1. But when the Jacobian is evaluated on these
ae

solutions it becomes zero so the averaging theory does not give information
in this subcase.

—hd(3a — ¢)

Subcase 3.1.3.2.2.2.1: If ae = 0, we get fiu = Ha+d)

= constant.

Subcase 3.1.3.2.3: R = v/2h — r2. Studied in the subcase 2.4.2.2.

Subcase 3.1.3.2.4: a = %T Due to the periodicity of the sinus we

study the cases n = 0 and n = 2, and the cases n = 1 and n = 3 together.

Subcase 3.1.3.2.4.1: Assume that either =0 or o = 7.
1
fi2 = 3 [6dh — 3(a + d)r? — (¢ + 3d — e) R?],

fia= é[th—l—(c—?)a—e)rQ—(c+e—3f)R2].

3
Subcase 3.1.3.2.4.1.1: a+d=0and c+3d—e =0. Then fi5 = Zdh:
constant.

Subcase 3.1.3.2.4.1.2: If a+d = 0 and ¢ + 3d — e # 0, then solving
6dh

=0 tR=4/——m——
f2 we ge c+3d—e

. Substituting R in f14 and solving fi4, =0

we have two subcases

2h(3cd — ce + €* — 9df)

Sub 3.1.3.2.4.1.2.1: If ¢c—3a— = .
ubcase c—3a—e # 0, r \/(c—3a—e)(c+3d—e)

Therefore p writes

2h(c* — 3ac + 3ae — 3cd — ce + 9df)
(c—3a—e)(c+3d—e)

Supposing that

p:

a+d=0, dlc+3d—e)>0,
(3cd — ce +€* — 9df)(c — 3a —e)(c+3d —e) >0, and (2.36)
(* — 3ac + 3ae — 3cd — ce + 9df)(c — 3a —e)(c+ 3d — ) > 0.

System (2.7) has four solutions S* = (r*, o*, R*, 5*) with
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Chapter 2. Yang-Mills Hamiltonian system in 6D

given by

~[2h(c® — 3ac + 3ae — 3cd — ce + 9df)
P= (c—3a—e)(c+3d—e)

0
(c—=3a—e)(c+3d—e) c+3d

N>I>1

\/ 2h(3cd — ce + 2 — 9df

2h(3cd — ce + €2 — 9df
(c—3a—e)(c+3d— ey " c—i—3d

)

)

)

)
2h(3cd — ce + €* — 9df) /
\/(C—Ba—e)(c+3d e)’o’ c+3d )
2h(3cd — ce + €2 — 9df) /
\/(C—Sa—e)(c—i-Sd—e)’ c+3d—e 2)

The Jacobian is

wm

(2.37)

| Y

9cd?eh?
3cd — 294
T6(c £ 34— e)i(3a — o 5 o)z ocd —eet et = 9df)
(* — 9ad + 6¢d + 6ae — 2ce + €* — 9af — 9df)
(c* — 3ac + 3ae — 3cd — ce + 9df).

Jri(s7)

If ce(c® — 9ad + 6cd + 6ae — 2ce + € — 9af — 9df) # 0 and (2.36) hold,
we have Jy (s+) # 0. Therefore the four zeros (2.37) of (2.7) provide four
periodic solutions of (2.6). The set of conditions on the parameters is not
empty because the value a = 1,c = —2,d = —1,e = —1, f = —1/2 satisfy it.

Subcase 3.1.3.2.4.1.2.2: If ¢ —3a —e = 0, fi4 = h(ce — €* — 3dc +
9df)/(4(c + 3d — e))= constant.

Subcase 3.1.3.2.4.1.3: If a+d # 0 and ¢ + 3d — e = 0 then solving

2dh
i Substituting r in fi4 and

f12 = 0 with respect to r we obtain r = n
a

solving f14 = 0 we have two subcases

2h(cd + ae — 3ad)
(a+d)(c+e—3f)

Subcase 3.1.3.2.4.1.3.1: If c+e—3f #0, R = \/

Therefore p = 2h(ac + 3ad — cd — 3af)
PTN T @rdete-3f)

Supposing that
dla+d) >0, c¢c+3d—e=0, (cd+ ae—3ad)(a+d)

(c+e—3f)>0, and (2.38)
(ac+3ad — cd — 3af)(a+d)(c+e—3f) >0
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System (2.7) has four solutions S* = (r*, a*, R*, §*) with

_ [2h(ac+ 3ad — cd — 3af)
P= (a+d)(c+e—3f)

[ 2 2h(cd + ae —3ad) w
a+d (a+d)(c+e—3f) 2
/2 2h(cd + ae — 3ad) w
a+d (a+d)(c+e—3f) 2
[ 2 2h(cd + ae — 3ad) 37r
a+d (a+d)(c+e—3f)
/2 2h(cd + ae — 3ad) 37r
a+d (a+d)(c+e—3f)

The Jacobian is

given by

(2.39)

cdeh’ (3ad — cd — ae)*(ac + 3ad — cd — 3af)
16(a + d)*(c+e —3f)3

(¢ — 9ad + 6cd + 6ae — 2ce + €2 — 9af — 9df).

In the case that ce(c? — 9ad + 6¢d + 6ae — 2ce + €% — 9af — 9df) # 0 and
(2.38) hold, Then Jy, (g+) # 0. Therefore, the four zeros (2.39) of (2.7) provide
four periodic solutions of (2.6). The set of conditions on the parameters is
not empty because the value a = —2,¢c =2,d = —1,e = —1, f = —1 satisfy
it.

I (s%)

Subcase 3.1.3.2.4.1.3.2: (c+ e —3f) = 0. Then fi4 = h(cd + ae —
3ad)/(4(a + d))= constant.

Subcase 3.1.3.2.4.1.4: (a+ d)(c+ 3d — e) # 0. Solving fi2 = 0 with

2dh — ar? 2
respect to R we have R = \/3( dh — ar? + dr?)
c+3d—e

solving f14, = 0 we have two subcases

. Substituting R in f14 and

Subcase 3.1.3.2.4.1.4.1: X3 = ¢*—9ad+6cd+6ae—2ce+e?—9af—9df #

_ 7
0. Then we obtain r = \/2h(36d C;+ € 9df)'
3

6h(cd — 3ad + ae) \/Qh(02 — ce + 3ae — 9af)
,and p = .
23 E3

Therefore, R = \/
Supposing that

(a+d)(c+3d—e)#0, (3cd—ce+e*—9df)23 >0,

(cd — 3ad + ae)¥3 >0 and (¢ — ce + 3ae — 9af)¥s > 0. (2.40)
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Therefore system (2.7) has four solutions S* = (r*, o*, R*, 5*) with

\/2h(c2 — ce + 3ae — 9af)
P= >
3

given by

\/2h(3cd — ce + e? — 9df) 0 \/Gh(cd 3ad + ae) T
X3 2
\/2h(3cd — ce + e* — 9df) \/ (cd — 3ad +ae) w
DA 7 2
(2.41)

\/2h(30d — ce + e* — 9df) 0 \/Gh (cd — 3ad + ae) 37
23 ) ) ) 2

\/Zh(Scd — ce + €2 — 9df) \/6h (cd — 3ad + ae) 37r>

7r — .
Y3 T 2

The Jacobian is

h4
912623 (3ad — cd — ae)*(c* + 3ae — ce — 9af)

(3cd — ce + €* — 9df).

Jti(5%)

Assuming that ce # 0 and (2.40) is satisfied. So we have Jy, (s+) # 0. The
four zeros (2.41) of (2.7) provide four periodic solutions of (2.6). The set of
conditions on the parameters is not empty because the value a = —2,¢ =
—2,d=—1,e=—1, f = —1 satisty it.

Subcase 3.1.3.2.4.1.4.2: Y3 = 0. Then fiu = h(—3cd + ce — €* +
9df)/(4(c + 3d — e))= constant.

Subcase 3.1.3.2.4.2: Assume that either a = g or 3_7r Then

5

1
fo= 3 [6dh — 3(a + d)r* — (c + 3d — 3e)R?],

Jia = %[&ah— (3a — ¢+ 3e)r? — (c+ 3e — 3f)R?].

Subcase 3.1.3.2.4.2.1: a+d =0 and ¢+ 3d — 3e = 0. We get fio =
3dh /4= constant.

Subcase 3.1.3.2.4.2.2: a +d =0 and ¢+ 3d — 3e # 0. Solving fio =0

/ 6dh
we get R = /| —————. Substituting R in fi4 and solving fi4 = 0 with
c+ 3d— 3e

respect to r we obtain two subcases
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Subcase 3.1.3.2.4.2.2.1: If 3a — ¢+ 3e # 0. So, we have

. 6h(ce — cd — 3e* + 3df)
~\/ (c+3d—3e)(3a — ¢+ 3e)

2h(3ac — ¢ — 9ae + 3cd + 3ce — 9df)
(c+3d —3e)(3a — ¢+ 3e)

and

Whenever
a+d=0, d(c+3d—3e)>0,
(ce — ed — 3e* + 3df)(c+ 3d — 3¢)(3a — c+3e) > 0 and (2.42)

(3ac — ¢ — 9ae + 3cd + 3ce — 9df ) (¢ + 3d — €)(3a — ¢+ 3e) > 0,

system (2.7) has four zeros S* = (r*, a*, R*, *) with
_[2h(3ac — ¢® — 9ae + 3cd + 3ce — 9df)
B (c+3d — 3e)(3a — ¢+ 3e)

6h(ce — cd — 3e* + 3df) /

(c+3d—3e)(3a — c+ 3e)’ c+3d 362
6h(ce — cd — 3e* + 3df) /
(c+3d—3e)(3a — c+ 3e)’ c—|—3d 3¢’ 2

given by

(2.43)

6h(ce — cd — 3e* + 3df) /
(c+ 3d — 3e) 3a—c—|—3e c+3d 3¢’ 2
6h(ce — cd — 3e* + 3df) /
(c+3d—3e)(3a — c+ 3e)’ +3d 3e’ 2

27cd*eh?
16(3a — ¢ + 3e)?(c + 3d — 3e)*
—9ae — ¢® + 3ed + 3ce — 9df ) (¢ — 9ad + 6¢d + 18ae — 6ee
+9¢2 — 9af — 9df).

Assuming that ce(c? —9ad+6¢d+18ae —6ce+9e* —9a f —9df) # 0 and (2.42)
hold, therefore we have Jy, (s+) # 0 and the four zeros (2.43) of (2.7) provide
four periodic solutions of differential system (2.6). The set of conditions on
the parameters is not empty because the value a = 1,¢c = —4,d = —1,e =

3
-1, f= 1 satisfy it.

Its Jacobian

Jh (s = (cd — ce + 3e* — 3df)(3ac

Subcase 3.1.3.2.4.2.2.2: If 3a — ¢+ 3e = 0. We have f14 = 3h(ce —
cd — 3e? + 3df)/(4(c + 3d — 3e))= constant.
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Subcase 3.1.3.2.4.2.3: a+d # 0 and c+3d—3e = 0. Solving f1o = 0 we
2dh

a+d

obtain r =

to R if

Substituting r in f14 and solving fi4 = 0 with respect

Subcase 3.1.3.2.4.2.3.1: ¢+ 3e — 3f # 0. We obtain
2h(cd + 3ae — 3ad) 4o \/Qh(ac +3ad — 3af — cd)
(a+d)(c+3e—3f) (a+d)(c+3e—3f)
Supposing that
c+3d—3e=0, dla+d)>0, (cd+ 3ae—3ad)(a+d)
(c+3e—3f)>0 and (ac+3ad—3af —cd)(a+d) (2.44)
(c+3¢—3f) > 0.

System (2.7) has four zeros S* = (r*, o, R*, *) with

_[2h(ac+ 3ad — 3af — cd)
P=A (@t d)(ct3e—3f)

given by

2dh 7 | 2h(cd +3ae —3ad) w
"27\ (a+d)(c+3e—3f) 2
h 3 | 2h(cd 4 3ae —3ad) w
a—l—d’ 27\ (a+d)(c+3e—3f) 2

(2.45)

7 | 2h(cd + 3ae — 3ad) 37r
727 (a+d)(c+3e—3f)

h 3w | 2h(cd + 3ae — 3ad) 37r
27\ (a+d)(c+3e—3f)
cdeh?

16(c+3e —3f)3(a+ d)*
—cd)(—c® + 9ad — 6¢d — 18ae + 6ce — 9e? + 9af + 9df ).

Q.

&.

The Jacobian is

Jr(s (3ad — cd — 3ae)*(ac + 3ad — 3af

Considering that ce(—c? + 9ad — 6¢d — 18ae + 6ce — 9e? + 9a f + 9df ) # 0
and (2.44) hold, we have Jy, (g+) # 0 and the four zeros (2.45) of (2.7) provide
four periodic solutions of differential system (2.6). The set of conditions on

the parameters is not empty because it is satisfied for the value a = —3,¢ =
3,d=—-2,e=—1,f=-2.

Subcase 3.1.3.2.4.2.3.2: If ¢ +3e — 3f = 0. We get f14 = (cd — 3ad +
3ae)h/(4(a + d))= constant.
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Subcase 3.1.3.2.4.2.4: (a + d)(c+ 3d — 3e) # 0. We have

\/Gdh —3(a+d)r?
R =

c+3d— 3e
obtain two subcases

. Substituting R in f14 and solving fi4 = 0 we

Subcase 3.1.3.2.4.2.4.1: If
Y, = ¢® — 9ad + 6¢d + 18ae — 6ce + 9 — 9af — 9df +# 0,

— 7 —
we have r = \/6h(6d ce ¥3¢ 3df>’ R— \/6h( 3ad + cd + 3ae) and
Yy Y,
2h(c* — 3ce + 9ae — 9af)
Y '

p =
Considering that

(a+d)(c+3d—3e)#0, (cd—ce+3e*—3df)3; >0,

(—3ad + c¢d + 3ae)Xy >0 and (c® — 3ce + 9ae — 9af)X, > 0. (2.46)
System (2.7) has four zeros S* = (r*, o, R*, §*) with
2h(c* — —
. (c¢* — 3ce + 9ae — 9af) given by
2y
\/Gh(cd —ce+ 3e” — 3df) \/Gh( 3ad + cd + 3ae) w
2y 2
\/6h(cd — ce + 3e* — Sdf \/ —3ad —|— cd + 3ae) w
24 2 ) ) 9 )
(2.47)
\/Gh(cd — ce + 3e* — 3df) \/6h —3ad + cd + 3ae) 3m
24 Y 2 7 ) 2 )
\/Gh(cd — ce + 3¢ — 3df) 3 \/Gh —3ad —|— cd + 3ae) 3w
24 ) o 0 Y 2 *
Its Jacobian is
27ceh!
Jhsy = — 16026 = (3ad — ¢d — 3ae)?(c* + 9ae — 3ce — 9af)(cd — ce
4
+3e? — 3df)

Whenever ce # 0 and (2.46) hold, we have Jy, (s+) # 0 and the four zeros
(2.47) of system (2.7) provide four periodic solutions of differential system
( .6). The set of conditions on the parameters is not empty because the value

= 3,c=—-4,d=—2e=—1,f = —19/16 satisly it.
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Subcase 3.1.3.2.4.2.4.2: If ¥, = 0. Then fi4 = 3h(ce — cd — 3e? +
3df)/(4(c + 3d — 3e))= constant.

Subcase 3.2: sin2a = 0. Then we have four possibilities to study o = 0,

T 3m
a=7,a=—and o = —.
2 2

Subcase 3.2.1: Assume that either @ = 0 or « = 7. So if fi; =
1
—gchz sin2f. If fi; = 0 then consequently one of the following four sub-

cases holds ¢ = 0, r = 0 (studied in case 1), R =0, § = pn/2 with p € Z.

Subcase 3.2.1.1: ¢ = 0. No results as in subcase 1.1. So in what follows
in subcase 3.2.1 we assume that ¢ # 0.

Subcase 3.2.1.2: R =0. We have
3
f12 = —g [(CL — 2b + d)’l“2 + 2(b — d)h] s

1
fiua = ~3 [(3a — 3b — 2c + 2e — ccos 23 + e cos 23)r?
—2eh cos 28 — 4eh + 6bh)].

h
Subcase 3.2.1.2.1: a —2b+d = 0. Then f5 = 3Z(d — b)= constant.

Subcase 3.2.1.2.2: a — 2b + d # 0, solving fi» = 0 we have r =
2h(d — [ 2h(a —
#b—i—b)d and p = %. Substituting r in f14 and solving f14, =0
we obtain two subcases

Subcase 3.2.1.2.2.1: bc — cd — ae + be # 0. we get
1 30? — 2bc — 3ad + 2cd + 2ae — 2b
B:i—ﬁarccos <A5 = ¢ Sad ced + cac e).

bc — cd — ae + be
Assuming that
a—2b+d#0, bc—cd—ae+be#0, |As] <1,

(d=b)(a—2b+d)>0 and (a—0b)(a—2b+d) >0, (2.48)
System (2.7) has four zeros S* = (r*, o, R*, §*) with p = w2 pgoven
by

2h(d —b) 1

m, 0, 0, :]:5 arccos A5 s

2h(d — b) 1 (2:49)
Bkl S 4= A

a—2b+d’7r’0’ 2arccos 5>,
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which reduce to two zeros if a —2b+d # 0, bc — cd — ae + be # 0, (d —b)(a —
2b+d) >0, (a—b)(a—2b+d) >0 and |As| = 1.
The Jacobian is

4
_32(a ?b;bb +d)3 (a—b)(d— b)(?)bQ —be — 3ad + cd + ae

—be)(b* — be — ad + cd + ae — be).

Jpi(sv) =

Supposing that b(3b*> —bc—3ad+cd+ae—be) (b* —bc—ad+cd+ae—be) # 0
and (2.48) hold. So Jy,(s=y # 0 and the four zeros (2.49) of system (2.7)
provide two periodic solutions of differential system (2.6) because when R =
0 the two solutions of § provide the same initial conditions. The set of
conditions on the parameters is not empty because it is satisfied for the
value a = 0,b= —-2,c=—-7,d=—1,e = 0.

Subcase 3.2.1.2.2.2: bc—cd —ae+be = 0. We have fi4 = h(3b? — 2bc —
3ad 4 2c¢d + 2ae — 2be) /(4(a — 2b+ d)) = constant.

Subcase 3.2.1.3: § = ]g with p € Z. Due to the periodicity of the

sinus we study the subcases p = 0 and p = 2, and the subcases p = 1 and
p = 3 together.

Subcase 3.2.1.3.1: Assume that either p = 0 or p = 2, i.e. S =0 or

b =m.
1
f12 = —g [6(17— d)h+3(&— 2b+d)7"2 — 3(b— C— d"—@)RQ] ,
3
fia = —g[Q(b—e)h+(a—b—c+e)r2—(b—c—e+f)R2].
Subcase 3.2.1.3.1.1: b—c—d+e =0and a—2b+d = 0, fio =
3h
_Z(b — d)= constant.
Subcase 3.2.1.3.1.2: b—c—d+e = 0and a—2b+d # 0. Solving fi15 =0,
ld —
we obtain r = % Substituting 7 in fi4 and solving fi4 = 0 with
a[ —
respect to R we have two subcases
2h N
Subcase 3.2.1.3.1.2.1: b—c—e+ f # 0 we get R = 3 L and p=
1

2hN.
f; 2 where Ny = —b?—cd+be+be—ae+ad, Ny = cd+ab—ac—ad-+af—bf
1

and 6; = (a—2b+d)(b—c—e+ f).
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Assuming that

b—c—d+e=0, a—2b+d+#0, b—c—e+ f#0,

(d=b)(a—2b+d) >0, Ny >0 and Nody > 0. (2:50)

System (2.7) for f = 0 and § = 7 has four zeros S* = (r*,a*, R*, f*) with

2,
p = 5,
a_2b+d’ ’ (51 ? 9
2h(d —
\/M,O,\/%MJ |
a—2b+d )
2h(d —
\/<d_b>’m 2N\
a—2b+d 51
\/ 2h(d —b) \/th1
. 5 , T ).
a—2b+d 8
9h*(b — d)
a Ny Ny(b* — 2 2 _
16(a—2b + d)i(b—c—et [P ! o( be + ¢ — ad
+2cd + 2ae — 2be — 2ce + € — af +2bf — df) (B2 — be

+b%cd — bc?d + ab’e — abee + bc’e — abde + acde — c*de
—ace? + bee? — b2cf + bedf + abef — b2ef).

given by

(2.51)

The Jacobian is

Jps =

Supposing that (b? — 2bc + ¢* — ad — 2cd + 2ae + 2be + 2ce + e* — af — 2bf —
df)(b*c? — b3c+ bPed — bc*d + ab®e — abee + bc*e — abde + acde — cde — ace? +
bee® —b*cf +bedf +abe f —b?e f) # 0 and (2.50) hold, thus we have Jy, (g+) # 0
and consequently the four zeros (2.51) of system (2.7) provide four periodic
solutions of differential system (2.6). The set of conditions on the parameters
is not empty because it is satisfied for the value a = 0,0 = —3,¢ = —2,d =
9e=—1,f=—2

Subcase 3.2.1.3.1.2.2: b—c+e¢ — f = 0 we have fi; = 3h(b* — bc —
ad + c¢d + ae — be)/(4(a — 2b+ d))= constant.

Subcase 3.2.1.3.1.3: b—c—d+e # 0 and a — 20+ d = 0. Solving
2h(b — d)

b—c—d+e
f14 = 0 with respect to » we have two subcases

fi2 = 0, we obtain R = . Substituting R in fi4 and solving
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2hN.
Subcase 3.2.1.3.1.3.1: If a—b—c+e # 0. We get r = 3 > and
2
2hN.
p = 54whereN3:e2+cd—ce—be+bf—df,N4:cb+02—cd—
2

ce —act+ae—bf +df and 6o =(b—c—d+e)(a—b—c+e).
Assuming that

b—c—d+e#0, a—2b+d=0, a—b—c+e#0,

b—d)b—c—d+e) >0, Nybp>0 and Nudy > 0. (2.52)

System (2.7) for f = 0 and § = 7 has four zeros S* = (r*,a*, R*, f*) with

2hIN, .
p= given by
02
2h N3 0 2h(b—d)
do " Nb—c—d+e )’
2h N3 2h(b—d)
77T7 ) )
o b—c—d+e
(2.53)
2h N3 0 2h(b—d)
b " Vb—c—d+e )’
2hNs 2h(b—d)
3y SR Y — +e’
Its Jacobian is
9ht(b — d)
sy = — N3N, (2bc — b* — ¢*
f1(87) 16(b—c—d+e)(a—b—c+e) ° 1(2be ¢

+ad — 2cd — 2ae + 2be + 2ce — €? + af — 20f + df )(b*ce
—bc*d + bc*e + acde — c2de — abe? — bee? + cde? — bief
+bedf + b2ef — bdef).

Whenever (2bc—b? — ¢+ ad —2cd —2ae+2be+2ce —e* +af —2bf +df ) (b?ce —
bctd+ bc*e + acde — c?de — abe? — bee? + cde? — b cf + bedf +b%ef —bdef) # 0
and (2.52) hold, hence we have Jy, (g+y # 0. Therefore the four zeros (2.53) of
system (2.7) provide four periodic solutions of differential system (2.6). The
set of conditions on the parameters is not empty because it is satisfied for
the value a = =2, = -3,c = -2, d= —4,e = -1, f = —-3.

Subcase 3.2.1.3.1.3.1: If a—b—c+e = 0. We have f14 = 3h(bf +cd —
df —be — ce + €2)/(4(b — ¢ — d + €)= constant.
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Subcase 3.2.1.3.1.4: (b—c—d+e)(a—2b+d) # 0. Solving f12 =0 we
2h(d—b)+ (b—c—d+e)R?

a—2b+d
f14 = 0 with respect to R if

get r = . Substituting r in f14, and solving

Subcase 3.2.1.3.1.4.1:

Y5 = b* — 2bc + 2 — ad + 2cd + 2ae — 2be — 2ce 4+ e* — af + 2bf — df #0,

2h N, 2h N 2h N
we get r = R = S and p = T where Ng = b — ad +
X5 X5 X5

cd+ae—bc—be, Ny = cd—be—ce+e*+bf —df, Ny = > —ce+ae—af—bc+bf.
In the case that

(b—c—d+e)(a—2b+d)#0, N535 >0,

NgXis > 0 and N7 > 0, (254)

hold, then system (2.7) for 5 = 0 and 5 = 7 has four zeros S* = (r*, o*, R*, 5*)
hN;

with p = given by

2hN; 2h N
) 07 ) 0 )
25 25
OhN; 2N
) 07 ) m )
s s

5

(2.55)
2h N 2hNg 0
T
25 ) Y 25 ) )
2h N5 2hNg
25 77T7 25 77T *
The Jacobian is
9nt 2 2 2 2 2
Jr(sv) = @N5N6N7(bc d — b°ce — bcte — acde + c*de + abe
5

+ace* — bee? + bcf — bedf — abef + bef).

Considering that (bc*d—b*ce—bc*e—acde+c*de+abe? +ace? —bee? +b*cf —
bedf — abef + b?ef) # 0 and (2.54) hold. We get Jy,(g+) # 0 and then the
four zeros (2.55) of system (2.7) provide four periodic solutions of differential
system (2.6). The set of conditions on the parameters is not empty because
the value a = —13,b = —4,c = —3,d = —5,e = —1, f = —10, satisfy it.
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Subcase 3.2.1.3.1.4.2: 35 = 0. we have fi4 = 3h(b* — bc — ad + cd +
ae — be)/(4(a — 2b + d))= constant.

Subcase 3.2.1.3.2: Assume that either p =1 or p = 3, ie. = g or
3
=5

fi2 =

B

[(6(d — b)h — 3(a — 2b+ d)r? + (3b— ¢ — 3d + €) R?],

= 00| =

fia = g[Qh(e—Bb)—(3a—3b—c+e)r2+(3b—c—e+3f)R2}.

Subcase 3.2.1.3.2.1: 3b—c—3d+e=0and a—2b+d =0, fi5 =

h
—3—(b — d)= constant.

4
Subcase 3.2.1.3.2.2: If 3b —c—3d+e =0 and a — 2b+ d # 0, solving
h(d —
fi2 =0 we get r = M Substituting 7 in f14 and solving f14 = 0
a—2b+d

we have two subcases
Subcase 3.2.1.3.2.2.1: If 3b — ¢ — e+ 3f # 0. Then we obtain R =
2hNs here 6, — (a—2b+d)(3b—c— e+ 3f), Ny = —3b2 + 3ad — cd —
’ 2h Ny

3

ae +bc+be and p =

where Ng = (cd — 3bf + 3ab — ac — 3ad + 3af).
If we have

3b—c—3d4+e=0, a—2b+d#0, 3b—c—e+3f#0,

(d—b)(a—2b+d) >0, 0Ns>0 and dsNy >0, (290

then system (2.7) for § = g and § = 3; has four zeros S* = (r*, a*, R*, 5*)

hNg
03

with p = given by

SHEN
I =
|
S
+| >
Q\‘.\_/
\.O
X
&5
[0')
B

2
2h(d=b) . [2hNg 37
a—2b+ d, ’ (53 ’ 2 ’

(2.57)

2h(d —b) 9Ny
a—2b+d o3 2]
2h(d — b) ohNs 31
a— 2b + d, ’ (53 ’ 2
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The Jacobian is

hA(b — d)Ns Ny
16(a —2b+ d)*(3b — c — e + 3f)
+6¢d + 6ae — 6be — 2ce + €* — 9af + 18bf — 9df ) (b*c?
—3b3c + 3b%cd — bcd + 3ab*e — abce + 4b*ce — bcke — 3abde
—3acde + c*de + ace* — bee? — 3b%cf + 3bedf + 3abef
—3b%ef).

s+ = 5 (90* — 6bc + ¢ — 9ad

Supposing that (96* — 6bc + ¢ — 9ad + 6¢d + 6ae — 6be — 2ce + €2 — 9af +
18bf — 9df ) (b*c* — 3b>c + 3b*cd — bc*d + 3ab*e — abce + 4b*ce — be*e — 3abde —
3acde + c2de + ace® — bee? — 3b%cf + 3bedf + 3abef — 3b%ef) # 0 and (2.56)
hold. As a result of that, we have Jy (s+) # 0 and the four zeros (2.57) of
system (2.7) provide four periodic solutions of differential system (2.6). The
set of conditions on the parameters is not empty because it is satisfied for
the value a = —1,b= —4/3,c = -2,d = —1l,e = —1, f = —2.

Subcase 3.2.1.3.2.2.2: If 3b —c— e+ 3f = 0. We have f1; = (3b* +
cd — be — be — 3ad + ae)h/(4(a — 2b + d))= constant.

Subcase 3.2.1.3.2.3: 3b —c—3d+ ¢ # 0 and a — 2b+ d = 0. Solving

6h(b —d)
S1z = 0 we get R \/Bb—c—3d+e
f14 = 0 we have two subcases

Substituting R in f14 and solving

Subcase 3.2.1.3.2.3.1: If 3a — 3b — ¢+ e # 0. Then we obtain r =
2h N1

4
3be + 9bf — 9df and p =

3ae — 9bf + 9df).
If we have

where ¢, = (3a—3b—c+e¢)(3b —c—3d+e), Nyg = e*+3cd — ce —
2hN11

4

where N1y = (3bc + ¢ — 3cd — ce — 3ac +

3b—c—3d+e#0, a—2b+d=0, 3a—3b—c+e#0,

(b - d)(?)b —c—3d+ 6) > O, 54N1[) >0 and 54]\711 > (), (258)

then system (2.7) for § = g and 8 = 3; has four zeros S* = (r*, a*, R*, 3*)
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2h N1y
04

with p = given by

\/2th0 . \/ Gh(b— d) g>
0 " V3b—-c—3d+e’ 2]
hNw 6h(b—d)  3m
\/ N ’W’\/3b—c—3d—|—e’7>’
\/2th0 . \/ 6h(b— d) E)

0y  V3b—-—c—3d+e 2)
ShNw 6h(b—d)  3r
\/ N ’ﬂ’\/?)b—c—?)d—i-e’?)'

Oh*(b — d)Nyo Ny
16(3b —c — 3d + e)*(3a — 3b — c +¢)3
+9ad — 6cd — Gae + 6be + 2ce — e* + 9af — 18bf + 9df)

(bc?d — 4abce + 3b*ce + bc*e + 3acde — 4bede — *de + abe?
—bece? + cde* + 3b*cf — 3bedf — 3b%ef + 3bdef).

(2.59)

The Jacobian is

Jfl(g*) = (6()6 — 9()2 — 62

With the condition that (6bc — 9b? — ¢? + 9ad — 6¢d — Gae + Gbe + 2ce —
e? 4+ 9af — 18bf + 9df ) (bc*d — 4abce + 3b*ce + bc*e + 3acde — 4bede — *de +
abe? — bee* + cde?® + 3b%cf — 3bedf — 3b*ef + 3bdef) # 0 and (2.58) hold,
we have Jy (g+) # 0 and the four zeros (2.59) of system (2.7) provide four
periodic solutions of differential system (2.6). The set of conditions on the

parameters of this subcase is not empty because it is satisfied for the value
a = —1/2,b: —17C: —27d: —3/276 = —]_7f = —1.

Subcase 3.2.1.3.2.3.2: 3a — 30— c+e = 0. We get fi14 = (3cd — 3be —
ce + €* + 9bf — 9df)h/4(3b — ¢ — 3d + €)= constant.

Subcase 3.2.1.3.2.4: (3b —c—3d+e)(a —2b+ d) # 0 we have
6h(d —b) + (3b — ¢ — 3d + e) R*

r= 300 — 20+ d) . Substituting r in f14 and solving
fuu=0if

Subcase 3.2.1.3.2.4.1:

Y6 = 9% —6bc+ 2 —9ad+ 6¢d+6ae — 6be — 2ce+e* —9af +18bf —9df # 0
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/ / [2h N4
5, R . and p > where Nio e +

3cd — ce — 3be + 9bf — 9df, Ni3 = 3b* — bc — 3ad + cd + ae — be, Nyy =
c? — 3bc + 3ae — ce — 9af + 9bf.
Supposing that

SO r =

(3b—c—3d+e)(a—2b+d) #0,

N1l > 0, N1 > 0 and N2 > 0. (260)

3
System (2.7) for § = T and B = g has four zeros S* = (r*, a*, R*, f*) with

2
2hNyy
given by
6

p:

2hN12 0 6hN13 s
26 ) Y 26 ’2 Y
2hN12 0 6hN13 3
26 ) Y 26 Y 2 )
(2.61)
2hN12 6hN13 ™
26 77T7 26 72 Y
2hN12 6hN13 3T
Y 0V S 2 )
Its Jacobian is
9nt

Jh(se) = —@N12N13N14(b62d — 5b%ce + bce + 3acde — c2de + abe?

—ace® + bee? + 3b%cf — 3bedf — 3abef + 3b3%ef).

Assuming that (bc*d — bb*ce + bc*e + 3acde — c*de + abe? — ace® + bee? +
3b%cf — 3bedf — 3abe f +3b%*ef) # 0 and (2.60) hold. Then Jy, (g+) # 0 and the
four zeros (2.61) of system (2.7) provide four periodic solutions of differential
system (2.6). The set of conditions on the parameters is not empty because
the value a = —10,b = —4,c = —65/4,d = —25,e = —1, f = —8 satisfy it.

Subcase 3.2.1.3.2.4.2: ¥ = 0 then f14 = hN13/(4(a — 20 + d))= con-
stant.

3 1
Subcase 3.2.2: If either o = g or a = 7% So fi1 = —gchQ sin 23.

Then if f;; = 0 we have one of the following four subcases ¢ = 0, r = 0
(studied in case 1), R =0, 8 = gqn/2 with ¢ € Z.

65



Chapter 2. Yang-Mills Hamiltonian system in 6D

Subcase 3.2.2.1: ¢ = 0. No information about the periodic orbits as in
subcase 1.1. So in what follows in subcase 3.2.2 we assume that ¢ # 0.

Subcase 3.2.2.2: R =0. Then

fip = —% (3a — 2b+ 3d)r® — 2(3d — b)h],
Jia = _é [(Ba — b —2¢c+2e — (c+e)cos23)r? + 2h(b — 2e+
ecos20)].

h
Subcase 3.2.2.2.1: 3a —2b+3d =0, fi2 = Z(Sd — b)= constant.

Subcase 3.2.2.2.2: 3a — 20+ 3d # 0. Solving fi2 = 0 we get r =
2 - 2 _
3ah_(3§b +—b§ d and p = %. Substituting r in fi4 and solving

fi4 = 0 we obtain two subcases
Subcase 3.2.2.2.2.1: If 3cd — 3ae — bc + be # 0. We have
5 il (A b2—260—9ad+60d+6ae—266>
= +— arccos = )
2 0 bc — 3cd 4 3ae — be

Whenever
3a—2b+3d#0, 3cd— 3ae —bc+ be # 0,
(3d —b)(3a —2b+3d) >0, (3a—0b)(3a—2b+3d) >0 (2.62)
and |Ag| < 1,
2 —
system (2.7) has four zeros S* = (r*,a*, R*, §*) with p = %

given by

3a—2b+3d 2’ 2

2h(I=b) = O,izam%),
(2.63)
2h(3d—b) 3 1 )

O 0. 4= A
3qa—2b+3d 2 g s

which reduce to two zeros if 3a — 20 + 3d # 0, 3cd — 3ae — be + be # 0,
(3d —b)(3a —2b+3d) > 0, (3a — b)(3a — 20+ 3d) > 0 and |Ag| = 1.
The Jacobian is
7 B bh*
A 32(3a — 20+ 3d)
+3ae — be)(b? — bc — 9ad + 3ed + 9ae — 3be).

5(3a — ) (b — 3d)(b* — 3bc — 9ad + 9cd
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Assuming that b(b*>—3bc—9ad+9cd+3ae—be) (b* —bc—9ad+3cd+9ae—3be) #
0 and (2.62) hold. Consequently, we get Jy, (s+) # 0 and the four zeros (2.63)
of system (2.7) provide only two periodic solutions of differential system (2.6)
because when R = 0 the two solutions of 5 provide the same initial conditions

in (2.2). The set of conditions on the parameters is not empty because the
valuea = —1,b=—-2,c= -3, d=—-1,e=0,f =0.

Subcase 3.2.2.2.2.2: If 3cd — 3ae — bc + be = 0. Then we have
F h(b* — 9ad + 6¢d + 6ae — 2bc — 2be)
14 =

= tant.
4(3a — 2b+ 3d) constan

Subcase 3.2.2.3: 3 = % with ¢ € Z. Then due to the periodicity of

the sinus we study the subcases ¢ = 0 and ¢ = 2, and the subcases ¢ = 1 and
q = 3 together.

Subcase 3.2.2.3.1: Assume that either ¢ = 0 or ¢ = 2, i.e. either 5 =0
or f =m.

1
frz = 5 (b= 3d)h+ (30— 2>+ 3d)r* — (b—3c — 3d + )7,

fa= —g 20—l (Ba—b—3ct ey~ (b—3c—e+3)RY).

Subcase 3.2.2.3.1.1: b—3c—3d+e=0and 3a —2b+ 3d =0, fi» =
1
Z(Sd — b)h= constant.

Subcase 3.2.2.3.1.2: b —3c—3d+e =0 and 3a — 2b+ 3d # 0. Solving
2h(3d — b)

3a —2b+3d’
f12 = 0 with respect to R if

fi2 = 0, we obtain r = Substituting r in fi4 and solving

Subcase 3.2.2.3.1.2.1: b —3c— e+ 3f # 0 we get
. \/2h(—9cd — b + 3be + be + 9ad — 3ac)

and

(3a —2b+3d)(b—3c— e+ 3f)

~ [6h(3cd + ab — 3ac — 3ad + 3af — bf)
B (3a —2b+3d)(b—3c—e+3f)
Considering that

b—3c—3d+e=0, 3a—2b+3d+£0, b—3c—e+3f+0,

(—9cd — b* + 3bc + be + 9ad — 3ae)(3a — 2b + 3d)
(b—3c—e+3f)>0, (3d—"0b)(3a—2b+3d) >0 and (2.64)
(3cd + ab — 3ac — 3ad + 3af — bf)(3a — 2b + 3d)
(b—3c—e+3f) >0.
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System (2.7) for § = 0 and [ = 7 has four zeros S* = (r*, o*, R*, §*) with
~ [6h(3cd + ab — 3ac — 3ad + 3af — bf)
P=A " (Ba—2b+3d)(b—3c—e+3f)

o \/2h(—9cd — b + 3be + be + 9ad — 3ac)

and

iven b
Ba—2b+3d)(b—3c—e+3f) oo

2h(3d—0) =
3a—2b+3d’§’R’O>’
2h —
2hBd=b) m o, )
3a —2b+3d’ 2
(2.65)
2h(3d—b) 3 .
3a—2b+3d 277 ’
2h(3d—b) 3
_— = — R .
3a—20+3d 2 ’”)
Its Jacobian is
drag 2 _ _
Ty = ~ 3h*(3d — b)(b* — 3bc — 9ad + 9Ycd + 3ae be)(ab—?)ac

16(3a — 20+ 3d)*(b—3c — e+ 3f)3
—3ad + 3cd + 3af — bf)(b? — 6bc + 9¢* — 9ad + 18cd
+6ae — 2be — 6ce + €% — 9af + 6bf — 9df ) (bPc — 3b*c?
—3b%cd + 9bc*d + 3ab*e — 9abce — 3bc*e — Yabde — Yacde
+9c2de + 12bcde + 3ace® — bee? + 3b%cf — 9bedf + 9abe f
—3b%ef).
In the case that (b* — 6bc + 9¢* — 9ad + 18cd + 6ae — 2be — 6ce + € — 9af +
6bf —9df ) (b*c— 3b*c* — 3b*cd +9bc*d + 3ab*e — 9abee — 3bc*e — 9abde — acde +
9c?de + 12bcde + 3ace® — bee? + 3b?cf — 9bedf + 9abef — 3b%ef) # 0 and (2.64)
hold, then Jy, (s+) # 0 and the four zeros (2.65) of system (2.7) provide four
periodic solutions of differential system (2.6). The set of conditions on the

parameters in not empty because for the value a = 2,b = —5,¢c = —1,d =
—l,e=—1,f = —1/2 it is satisfied.

Subcase 3.2.2.3.1.2.2: If b—3c—e+3f = 0. We have f14 = (b* — 3bc —
9ad + 9cd + 3ae — be)/(4(3a — 2b + 3d))

Subcase 3.2.2.3.1.3: b —3c—3d+e # 0 and 3a — 2b+ 3d = 0. Solving
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2h(b — 3d)

=0 btain R =
Sro , We obtat \/6—30—3d+e
f14 = 0 with respect to r we have two subcases

. Substituting R in fi4 and solving

2h N
Subcase 3.2.2.3.1.3.1: If 3a—b—3c+e # 0. Then we get r = 5 1
5

6h N
and p = 4/ 5 % Where N5 = €2 + 9cd — be — 3ce + 3bf — 9df, Nig =
5

—3ac+ae+be+3c*—3cd—ce—bf+3df and 05 = (b—3c—3d+e)(3a—b—3c+e).
Supposing that

b—3c—3d+e+£0, 3a—2b+3d=0,
3a—b—3c+e#0, (b—3d)(b—3c—3d+e) >0, (2.66)
55N15 >0 and 55N16 > 0.

System (2.7) for § = 0 and § = 7 has four zeros S* = (r*,a*, R*, f*) with
 [6hN
p - 55

given by

\/2th5 m \/ 2h(b — 3d) o)
05 2°Vb—3c—3d+e )’
2WNis © [ 2h(b—3d)
\/ ’ \/b—30—3d+e )
(2.67)
\/m 3r [ 2h(b—3d) o)
5 b—3c—3d+e |’
2hN15 37T 2h(b — 3d)
V b—3c—3dt+e |
o 3h4(b — 3d)NisNig
AT T 16(b— 3¢ — 3d+ €)' (3a— b — 3¢ + €)?)
—9ad + 18cd + 6ae — 2be — 6ce + €2 — 9af + 6bf — 9df)

(9bc?d + 12abce — Sb*ce — 15bc*e — Yacde + 12bede + 9c*de
—3abe? + bbce? — 3cde? + 3b*cf — Ybedf + 3b%ef — bdef).

Its Jacobian is

(b* — 6bc + 9¢?

Supposing that (b? —6bc+9c* — 9ad + 18cd + 6ae — 2be — 6ce +e* —9a f +6bf —
9df ) (9bc*d +12abce — 5b*ce — 15bce — Yacde + 12bcde + 9 de — 3abe? + Hbce? —
3cde? + 3b%cf — 9bedf + 3b%e f —9bdef) # 0 and (2.66) hold. Then Jy, g+ # 0
and the four zeros (2.67) of system (2.7) provide four periodic solutions of
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differential system (2.6). The set of conditions on the parameters is not
empty because the value a = 5/3,b = —2,¢c = —1,d = =3,e = =1, f = —1
satisfy it.

Subcase 3.2.2.3.1.3.2: If 3a — b — 3¢ + e = 0 then
f1a = h(9cd — be — 3ce + €* — 3bf — 9df)/(4(b — 3¢ — 3d + €))= constant.

Subcase 3.2.2.3.1.4: (b — 3¢ — 3d + ¢)(3a — 2b + 3d) # 0. Solving

B _[2h(b— 3d) + (3a — 2b+ 3d)r?
f12—0wegetR—\/ b—3c—3d+e
and solving f14 = 0 with respect to r if

. Substituting R in fi4

Subcase 3.2.2.3.1.4.1:
Y7 = b* —6bc+ 9¢® — 9ad + 18cd + 6ae — 2be — 6ce + e — 9af +6bf — 9df # 0,

2h N 2h N 6h N
we get r = 17, R = ' and p = Y where Ny; = 9cd —
27 27 X7

be — 3ce + €% + 3bf — 9df, Nig = b* + 9cd — 3bc — be — 9ad + 3ae and
Nig = 3¢ — bc — ce + ae — 3af + bf.
Considering that

(b—3c—3d+e)(3a—2b+3d)7£0, Ni7X7 > 0,
Nigdiz >0 and Nig2iz > 0.

(2.68)

System (2.7) for f = 0 and = 7 has four zeros S* = (r*, a*, R*, f*) with
6hN1g

7

p= given by

\/2th7 ™ 2hN18

27 I ) 0)

\/2th7 ™ 2hN18
2hN17 37'(' 2hN18 0
27 2
2hN17 3 2hN18

—_ ™.
¥, 27 ¥

——=N17N1gN19(3bc%d + b*ce — bbce — 3acde + 3c*de

(2.69)

The Jacobian is
9h*
1623
—abe? + ace® + bee? + bPef — 3bedf + 3abef — bPef).

J 157
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Wherever (3bc*d + b*ce — 5bc*e — 3acde + 3cde — abe* + ace® + bee? +
b?cf — 3bedf 4 3abef — b*ef) # 0 and (2.68) hold, Jy, (s+) # 0. Therefore the
four zeros (2.69) of (2.7) provide four periodic solutions of (2.6). The set of
conditions on the parameters is not empty because the value a = —68,0 =
—259/16,c = —4,d = —21,e = —1, f = —92 satisfy it.

Subcase 3.2.2.3.1.4.2: ¥; = 0 we have f14 = hN17/(4(b—3c—3d+e))=
constant.

Subcase 3.2.2.3.2: Assume that either ¢ = 1 or ¢ = 3, i.e. either § = g

or f = 3; Then

1
1
fia = _§[2h<b_ 3¢)+ (Ba—b—c+3e)r? + (b—c—3e+3f)R?].

Subcase %.2.2.3.2.1: 3a —2b+3d =0 and b — c— 3d + 3e = 0. Then
we get fio = Z<3d — b)h= constant.

Subcase 3.2.2.3.2.2: b—c—3d + 3e # 0 and 3a — 2b+ 3d = 0. Solving

) 2h(b — 3d)
=0 bt R =
fi2 , we obtain \/b—c—3d+3e
f14 = 0 we have two subcases

. Substituting R in fi4 and solving

6h V.
Subcase 3.2.2.3.2.2.1: If 3a — b — ¢+ 3e # 0. We obtain r = 5—20
6
2hN:
and p = 521, where Nyy = cd — be — ce + 3e? + bf — 3df, Ny =
6

9ae—3ac+bc+c?—3cd—3ce—3bf+9df and 6 = (3a—b—c+3e)(b—c—3d+3e).
Supposing that

3a—2b+3d=0, (b—3d)(b—c—3d+3e)>0,

56N2() > 0 and 56N21 > 0 (270)

System (2.7) for § = g and f§ = 3; has four zeros S* = (r*, o*, R*, *) with
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 [2hNy
p - 56

given by

6h Ny 7 \/ 2h(b—3d)
56 7 b—c—3d+ 3e’ 2
\/6th0 m \/ 2h(b—3d) 3
’ b—c—3d+3e’ 2 )’
6hN20 37T 2h(b—3d)
6 b—c—3d+3e 2]’
/GhN20 37r 2h(b—3d) 3«
b—c—3d+3e 2
9h*(3d — b) NagNoy
b? — 2b 2 _ 9qd
16(3a_b_C+3€)3(b—C—3d—|—3e)4( C+ ¢ a
+6¢d + 18ae — 6be — 6ee + 9e* — 9af + 6bf — 9df)

(—bc*d + b*ce + bc*e — 3acde + c*de + 3abe? — 3bce? — 3cde?
—b%cf + 3bcdf — bPef + 3bdef).

(2.71)

The Jacobian is

T (s%)

Assuming that (b* — 2bc + ¢* — 9ad + 6¢d + 18ae — 6be — 6ce + 9e* — 9af +
60f — 9df ) (—bc*d + b*ce + bc*e — 3acde + c*de + 3abe? — 3bce? — 3ede? — b cf +
3bedf —b*ef+3bdef) # 0 and (2.70) hold, thus Jy, g+) # 0 and the four zeros
(2.71) of system (2.7) provide four periodic solutions of differential system
(2.6). The set of conditions on the parameters is not empty because the value

a=-3/2,b=-3,c=-2,d=—1/2,e = —1, f = —9/8 satisty it.

Subcase 3.2.2.3.2.2.2: If 3a — b — c+ 3e = 0. We obtain fi4; =
3N/ (4(b — ¢ — 3d + 3e))= constant.

Subcase 3.2.2.3.2.3: b—c—3d+3e = 0 and 3a —2b+ 3d # 0. We have

2h(3d — b
3a—<2—b—1—3)d' Substituting r in fi4 and solving fi4 = 0 we have two
subcases
2hN-
Subcase 3.2.2.3.2.3.1: If b—c—3e+3f # 0. we get R = 5 22
7
6h NN
and p = 5 23, where Noy = —b? — 3cd + 9ad — 9ae + be + 3be, Nz =
7

cd —bf +ab—ac—3ad+ 3af and §; = (b—c— 3e+ 3f)(3a — 2b+ 3d).
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Assuming that

b—c—3d+3e=0,(3d—b)(3a — 2b+3d) > 0,

(57N22 >0 and 57N23 > 0. (272)

System (2.7) for § = g and f§ = 3; has four zeros S* = (r*, o*, R*, *) with

[6hNy3
p= given by
o7

Qh(gd—b) ™ 2hN22 T
3a—2b+3d' 2\ 5 2/

2
2h(3d —b) © [2hNa 37r§

3a—2b+3d 2’ 5 2

(2.73)
2h(3d - b) 3 2hN22 ™
3a—20+3d 2’ o T2)
2h(3d—0) 37 [2hNy 3w
3(1—2[)—*—3d7 27 (57 ’ 2 '

The Jacobian is

3h4(b — 3d) Nog Nog 9 9
TT60 —c—3e 7377 Ba— 1 aay 0 T2em ¢+ dad
—6cd — 18ae + 6be + 6ce — 9e? + 9af — 6bf + 9df ) (bPc — b*c?
—3b%cd + 3bc*d + 3ab*e — 3abce — 4b*ce + bc’e — 9abde + 9acde
+12bcde — 3c2de — ace? + 3bce? + 3b%cf — Ybedf + Yabe f
—3b%ef).

Jpi(sv) =

Assuming that (—b? + 2bc — ¢® 4+ 9ad — 6¢d — 18ae + 6be + 6ce — 9e? + 9a f —
60f +9df ) (b*c — b*c* — 3b%cd + 3bc*d + 3ab®e — 3abce — 4b*ce + bc*e — Yabde +
9acde + 12bcde — 3c*de — Yace? + 3bce? + 3b?cf — 9bedf + Yabef — 3b%ef) # 0
and (2.72) hold. This assumption is satisfied for the value a = 2,0 = —1,¢ =
—4,d =0,e = —1,f = =3/4. Then Jy,(s+) # 0 and the four zeros (2.73) of
system (2.7) provide four periodic solutions of differential system (2.6).

Subcase 3.2.2.3.2.3.2: If b —c—3e+ 3f = 0. We obtain fi4 =
—hNy/(4(3a — 2b + 3d))= constant.

Subcase 3.2.2.3.2.4: (b—c—3d+3e)(3a—2b+3d) # 0. Solving f1o =0
we have
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6dh — 20h + (b — ¢ — 3d + 3e) R? o . .
"= 3a (_ % + 3d ) , substituting r in fi4 and solving

f14 = 0 we have two subcases

Subcase 3.2.2.3.2.4.1:
Y = b* + 2 + 6¢d — 6ce + 9e* — 2bc — 6be + 6bf — 9df — 9ad + 18ae — Yaf # 0,

6h N2y 2hNos and p = ~/2hz])v26 where Noy = 3e? +

then r =

cd—ce—be+bf—3df, Noy = bz—bc—9ad+3cd+9ae—366 and Nog =
c? — be + 9ae — 3ce — Yaf + 3bf.
With the condition that

(b —c—3d+ 36)(3& —2b+ Sd) 7é 0, Noy2ig >0,

NosXg >0 and NygXg > 0, (2.74)

system (2.7) for f = g and = 3; has four zeros S* = (r*, a*, R*, 5*) with

_ [2hNy
P=1\"5,

given by

6hN24 ™ 2hN25 s
Yg 27 g 2
\/6hN24 s \/2hN25 3
/ hN24 37'(' / hN25 7T
/6 hN24 37r 2 hN25 37r>
The Jacobian is

9h* N3y Nos Nog
1653
—3ace® + bbee? + bcf — 3bedf + 3abef — bef).

(2.75)

Jp(se) = (bc?d — b*ce — bcte + 3acde — c*de — 3abe?

Assuming that (bc2d—b*ce—bc2e+3acde —c2de—3abe? —3ace® +5bce +b?c f —
3bedf + 3abef — bPef) # 0 and (2.74) hold. Therefore Jy (s+) # 0 and the
four zeros (2.75) of system (2.7) provide four periodic solutions of differential
system (2.6). The set of conditions on the parameters is not empty because
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it is satisfied for the value a = —14802,b = —15,¢c = —225/16,d = —62,¢ =
-1, f = —6.

Subcase 3.2.2.3.2.4.2: Y3 = 0. Then we have f14 = hNos/(4(3a —2b+
3d))= constant.

Proof of Proposition 2. Following the averaging theory, (r*,a*, R*, f*) is a
periodic solution of (2.6) means that

r(t,e) = r*+0(e),

a(t,e) = o+ 0(e), (2.76)
R(t,e) = R*+O(e),

B(0,e) = "+ 0O(e)

r(t,e) = r*+0(e),
p(t,e) = V2h—12— R?2 4 0(e),
at,e) = a*+ O(e), (2.77)
R(t,e) = R*+ O(e),
B(t,e) = B+ O(e)
We reconsider the variable, t, the temps instead of §. The (2.77) becomes
r(t,e) = r*+ O(e),
O(t,e) = t+O0(e),
p(t,e) = V2h—1r2— R2 4 0(e), (278)
a(t,e) = a*+ O(e),
R(t,e) = R*+ O(e),
B(t,e) = B+ O(e).

Using the change of variables (2.2): X = rcosf, Y = pcos(0 + ), Z =
Rcos(0 + ), px = rsiné, py = psin(d + «), pz = Rsin(0 + (), the system
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(2.78) becomes

X(t,e) = r*cost + O(e%?),
Y(t,e) = V2h— 12 — R cos(a” +t) + O(e%2),

Z(t,e) = R*cos(B* +1t) + O(*/?),
prt,e; = sint(f- o(gz)a/?)’ - (2.79)
prit.e) = V2h—r? = R7sin(0" +1) + O(),

pz(t,e) = R*sin(B* +1t) + O(e%?).

Finally we reused the scaling r = /e X, y =Y, 2 =/ Z, p, = /e px,
Py = Vepy and p, = \/epz and (2.79) becomes

w(t,e) = /e r*cost+ O(e¥?),
y(t,e) = e V2h—12 — R cos(a* +t) + O(%?),
z(t,e) = /e R*cos(f*+1t)+ 0(e%?),
pe(t,e) = /& r*sint+ O(e%?),
py(t,e) = VE V2h—12 — RZsin(a* + 1) + O(e3/?),
p.(t,e) = e R*sin(B* +1t) + O(e%?).

The results of this chapter produced the following two articles:

F. LEMBARKI AND J. LLIBRE, Periodic orbits for the generalized Yang-
Mills Hamiltonian system in dimension 6, Nonlinear Dynam. 76 (2014),
1807-18109.

F. LEMBARKI AND J. LLIBRE, Periodic orbits for the generalized Yang-
Mills Hamiltonian system in dimensiton 6 II, Nonlinear Dynam. 2016 Sub-
mitted.
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Chapter 3

Friedmann-Robertson-Walker
Hamiltonian system in 6D

In this chapter we study analytically the periodic orbits of the Friedmann-
Robertson-Walker Hamiltonian system in dimension 6 using the averaging
theory of first order.

3.1 Friedmann-Robertson-Walker Hamiltonian
system in 6D

We study the following generalized classical Friedmann-Robertson-Walker
Hamiltonian system in dimension 6.

1 1

H = 5(1?3 +p—pi P+ -2+ Z—l(a:c4 + 202%y? + 2cx?2? + dy? (1.3)
+2ey?2? + f24),

Note that this Hamiltonian depends on six parameters a,b,c,d,e and f.

Our goal in this work is to study the periodic solutions in the different
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energy levels of the Hamiltonian system

_ OH
xr = — — Pz
Opz b
) OH
Y= —F— =Dy,
Opy Y
) OH
Z = = Dz,
Op- (1.4)
. oOH 2 2 2
Py = _%:x—x(aﬂi +by +CZ>7
‘ OH
Py = ——— = —y —y(ba® + dy® + e2?),
dy
OH
Po= o= -z aler b eyt 4 f2),
z

associated to the Hamiltonian (1.3).

We study the existence of periodic orbits of system (1.4) and we compute
them by using the averaging theory. Specifically we will provide through
the averaging theory of first order sufficient conditions on the six parameters
a,b,c,d,e and f for ensuring the existence of periodic orbits of Friedmann-
Robertson-Walker system (1.4).

3.2 Applying averaging theory to Friedmann-
Robertson-Walker Hamiltonian system in
6D

We scale using a small parameter € > 0. In fact, In fact, in the Hamil-
tonian system (1.4), we change the variables (x,y, 2, p., py, 02) by (X,Y, Z,

px,Py,pz) where v = /e X, y = \eY, 2 =\eZ, p, = \/epx, py = Vepy
and p, = /e pz. In the new variables, system (1.4) becomes

X = -px;

Y = Dy,

Z = Dpz, (31)
px = X —eX(aX?+bY?+cZ?),

By = —Y —eY(bX2+dY? + eZ?),

Pz = —Z—eZ(cX?+eY?+ f77).
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This differential system again is Hamiltonian with Hamiltonian

1
H= 5(_p§(+p%/Jmfp?Z—X2+Y2+Z2) +Z<aX4+2bX2Y2 52
12eX272 4 dYH 4 2eY2 22 + fZ4>. '
The original and the transformed systems (1.4) and (3.1) have the same
topological phase portrait because the change of variables is only a scale
transformation for all £ > 0, and also system (3.1) for ¢ sufficiently small is

close to an integrable one.

The periodicity in the independent variable of the differential system is
needed to apply the averaging theory, so we change the Hamiltonian (3.2)
and its equations of motion (3.1) to a kind of generalized polar coordinates
(1,0, p,a, R, 3) in R®. Defined by

X =rcos, Y =pcos(a—0), Z= Rcos(f—0),

px =rsinf, py =psin(a —0), pzy = Rsin(f —0). (3.3)
Of course in this change of variables r > 0, p > 0 and R > 0.
The first integral H in the new variables becomes
1
H= 5(,02 + R? —r?) + Z [ar cos* § + 2br? p* cos? 0
cos?(a — 0) + dp* cos* (v — 0) + 2R*(cr? cos? 0 (3-4)

+ep? cos? (o — 6)) cos?(B — 0) + fR*cos* (B — 0)],
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and the equations of motion (3.1) become

i = —ercosfsinf[ar?cos?d+ bp*cos?(a —0)
+cR?cos?(8 — )],

§ = 1—ccos’ 0lar? cos® 6 + bp* cos*(a — 0)
+cR? cos* (B — 6)],

p = —epcos(a—0)sin(a— 0)[br?cos®d
+dp* cos?(a — 0) + eR? cos*(8 — 6)],

a = 5[ —ar?cos 0 — cos? 0(6(7‘2 + p?) cos*(a — 0)
+cR? cos?(8 — 0) ) — cos*(a — 0) (dp2 cos*(a — 0) (3.5)
+eR? cos*(8 — 0) ],

R = —cRcos(B —0)sin(B — 0)[cr? cos?d
+ep? cos* (o — 0) + fR*cos*(B — 0)],

B = 5[ —ar?cos* 0 — bp? cos? O cos?(a — 0)

— <c(r2 + R?) cos? 0 — ep? cos? (o — 9))
cos?(B — 0) — fR*cos*(8 — (9)]

We note that in this system if we take the variable 8 as the new indepen-
dent variable instead of t, we obtain the necessary periodicity for writing the
system in the normal form of the averaging theory. In what follows the inde-
pendent variable will be #. This means that the new differential system will
have only five equations. We denote by a prime the derivative with respect
to 6 and we expand system (3.5) in Taylor series in e. Thus, system (3.5)
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becomes
" = —ersinfcosf|ar®cos?§ + bp* cos?(a — 6)
+cR? cos*(B — 0)] + O(g?),
p = —epcos(a —0)sin(a — 0)[br? cos® § + dp? cos* (o — 6)
+eR? cos?(8 — 0)] + O(?),
o = e[ — ar?cos’§ — dp? cos’ (o — 0)

—eR? cos?*(a — 0) cos*(B — ) — cos 9( r? + p?)
cos?(a — 0) + cR* cos?(8 — 0))] + O(?),

R = —eRsin(f — 0)cos(B —6)[cr?cos*f
+ep® cos?(a — ) + fR?cos?*(8 — 0)] + O(£?),

g = e[ — fR*cos*(B — ) — cos* 0 (ar?® cos®§
+bp? cos?(a — 0)) — cos*(B — 0) (c(r? + R?) cos* 6
+ep? cos* (o — 0))] + O(e?).

System (3.6) is 2m-periodic in respect to the variable 6, i.e. it is written as
the normal form (A.1) but it is not ready for applying the averaging theory,
we must fix the value of the first integral H = h with h € R, otherwise
the Jacobian (A.4) will be zero because the periodic orbits are non-isolated
leaving on cylinders parameterized by the energy, see for more details [1].

(3.6)

Solving p from (3.4) = h, we get two positive solutions, but the unique
with physical meaning expanded in Taylor series in ¢ is

p=V2h 12— R+ O(e). (3.7)

Since p > 0 we need that 2k + 12 — R? > 0.
Substituting p in system (3.6) we get the differential system

' = —ersinfcosfar? cos® § + b(2h + r? — R?) cos* (o — 6)
+cR? cos*(B — 6)] + O(g?),

o =¢ [ — ar?cos* 0 + d(R? — 2h — r?) cos*(a — 0)
—eR? cos?(a — 0) cos?(B — 0) + cos ¢9<b(R2 — 2h — 2r?)
cos?(a — 0) — cR? cos? (B — 9))} O(e?)

R' = —e Rsin(B — 0) cos(8 — 0) [cr? cos? 6 + e(2h + r? — R?)
cos?(a — 0) + fR*cos*(B — 0)] + O(?),

B = 5[ — ar?cos* 0 + cos?(8 — 0)(—e(2h + r? — R?)
cos?*(a — 0) — fR?*cos?( — 0)) — cos? 9<b(2h +7? — R?)
cos®(a — 0) + c(R* + r?) cos? (S — 6’))] + O(%).

9

(3.8)
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Following the notation of the averaging theory given in section 2, the function
Py = (Fuy, Fig, Fiz, Fig) of (A1) is

Fy=—r sin@cos@[a r? cos? 0 + b(2h + 12 — R?)
cos?(a — 0) + cR? cos?(8 — 0)],

Fiy = — ar?cos* 0 — d(2h + r* — R?) cos*(a — 0)
—eR? cos*(a — 0) cos? (8 — 0) — cos® §(b(2h + 21> — R?)
cos?(a — 0) + cR? cos?(B — 0)),

Fi3 = —Rsin(8 — 0) cos(8 — 0) [cr? cos® § + e(2h + 1* — R?)
cos?(a — 0) + fR?*cos*(B — 0)],

Fiy = — ar?cos? 0 — e(2h + r* — R?) cos?(a — 0) cos? (3 — 0)
—fR?cos* (8 — ) — cos? 0(b(2h + r? — R?) cos®(a — 0)
+c(R* + 1%) cos*(B — ),

(3.9)

where Fy; = Fy;(0,r,a, R, B) for j =1,2,3,4.

From (A.3) and (3.9) we compute the averaged function f; = (fi1, fi2,
f13, f14) and we obtain

1
fi1 = —3" [b(Qh +7? — R?)sin 2« + cR?sin 2/3} ,

1
fio = g[ — 6dh — 3ar? — 3dr? + 3dR* + (—2bh — 2br* + bR?)

(2 4+ cos2a) — eR*(2 + cos 2(« — 3)) — cR*(2 + cos 23)],

fis = éR[e(Qh + 72— R?)sin2(a — 8) — cr?sin 23],

1
fu= 5| = 3ar® =8fR* = (2h+r> = B)(2(b+ ) + beos2a

+ecos2(a — ﬁ)) —c(r? + R?)(2 + cos 25)} ;

where fi; = fi;(r,a, R, ) for j =1,2,3,4.

3.3 Periodic orbits of Friedmann-Robertson-
Walker Hamiltonian system in 6D

According to Theorem 7 (see Appendix), our aim is to find the zeros S* =
(r*, a*, R*, B*) of

fulr.a, R, B) =0 fori=1,2,3,4, (3.10)
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and afterwards we must check that the Jacobian determinant (A.4) evaluated

in these zeros are different from zero.
Then from fi,(r, o, R, ) = 0 we obtain either r = 0, or bsin 2« # 0 and

2 o 2
r= \/R2—2h—M, or bsin2a = 0.
bsin 2«

Case 1: r = 0. Substituting r in fy;, for ¢ = 2, 3,4, we get

[ — 6dh + 3dR? 4+ (—2bh + bR?)(2 + cos 2a) — eR*
(2 + cos2(a — B)) — cR*(2 + cos28)],

ool —

f12(0, a, R, B) =

Fis(0, 0, R, B) — —%eR(—2h + R?)sin2(a — B),

f1a(0,0, R, B) = [ —4(b+e)h+ (2b— 2(c —€) — 3f)R?—

(2h — R?) (bcos 200+ ecos2(a — 6)) — cR?cos 23] .
From fi3(0,a, R, 5) = 0 we have the following four subcases: e =0, R = 0,
R:\/Qh,a:ﬁ—i—k; with k € Z.

Subcase 1.1: ¢ = 0. The Jacobian is zero in this subcase because
f13 vanish and the averaging theory cannot provide information about the
periodic orbits. Hence, in what follows in case 1 we assume that e # 0.

Subcase 1.2: When R = 0 then fi5 and fi4 become

1
f12(0,0,0,8) = —Zh[%—i— 3d + bcos 204} ,

1
f14(0,,0,8) = _Zh[% + 2e 4 beos 2a + ecos 2(a — B)} .

Subcase 1.2.1: b # 0. Then solving f12(0,a, 0, 3) = 0 we obtain

1 3d + 2b
a4y = —£—arccos— + )

Substituting a. respectively in f14(0, o, R, 3)

and solving f14, = 0 we get two subcases

Subcase 1.2.1.1: e # 0. Then we have respectively
3d + 2b 2e — 3d

—_

Biy = 5 [ — arccos =+ arccos ] and
e
1 3d + 2b 2e — 3d
by = —[arccos i + arccos = }
2 e
Supposing that
3d + 2b 2e — 3d
h>0, eb+0, ‘ : ‘<1 and |5 ‘<L (3.11)
e
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System (3.10) has four zeros S* = (r*, o, R*, *) with p = v2h and

e
and eb # 0, or |(3d 4+ 2b)/b] < 1, |(2¢ —3d)/e| = 1, h > 0 and eb # 0. We
have one solution if |(3d + 2b)/b| = |(2¢ — 3d)/e| =1, h > 0 and eb # 0.

We should check if the Jacobian of f; evaluated in these solutions is
different from zero. The Jacobian is

3
‘]fl(S*) = 6—4h4€2(b + 3d>(b+ d) [1 - <

Assuming that (b+d)(b+3d) # 0 and (3.11) hold. This supposition is not
empty because the value b = 1,d = —2/3,e = —4/3, h = 1 satisfy it. Then
Jt(s+) 7 0 and the four solutions (3.12) of system (3.10) provide only two
periodic solutions of differential system (3.8) because when R = 0 the two
solutions of 8 provide the same initial conditions in (3.3). In the remaining
subcases throughout this chapter we have two possibilities and in both of
them we do not have results. The first one when the Jy,(s-) = 0, therefore the
averaging theory does not provide information about the periodic solution.
The second one when the set of conditions on the parameters which guarantee
the existence of the solutions is empty.

1 3d+ 2b 2e — 3d
b= i arccos i + arccos — ] given by
e
1 3d + 2b
07 §aI'CCOS— _l')_ a07ﬁ*> 9
1 3d +2b (3.12)
0, — 5 AIceos — Z ,0, ﬁ*) )
3d + 2b 2e — 3d
which reduces to two solutions if either i ‘ =1, ‘ ¢ ‘ <1, h>0

26—3d>2

Subcase 1.2.1.2: If e = 0. Then f4 = 3dh/4= constant. The Jacobian
will be zero and the averaging theory does not give results.

Subcase 1.2.2: b = 0. We obtain fi» = —3dh/4= constant. The
Jacobian will be zero and the averaging theory does not give results.

Subcase 1.3: R =+v/2h so h > 0. Then fi» and fi4 become
1
f12(0, a, V2R, B) = —Zh[2e + 2c+ ccos2f + ecos2(a — B)],

f14(0, , V2h, B) = —}lh[2c—|— 3f +ccos2p].

Subcase 1.3.1: ¢ # 0. Then solving fi4 = 0 we get
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3f +2c

1
by = i§ arccos — . Substituting £. respectively in fi5 and solv-

c
ing f1o = 0 with respect to a we have two subcases

Subcase 1.3.1.1: e # 0. We obtain four solutions

1 2e — 3 3 2
Qe = 5 {:i: arccos ¢ / F arccos S+ c] .
e
Assuming
2e — 3 3 2
h >0, ec#0, ¢ f‘<1 and ‘ 2 < 1. (3.13)
e c

System (3.10) has four solutions S* = (r*, o*, R*, §*) with p = 0 and o* =
2¢e—3f 1 3f +2c

— arccos
2

i§ arccos given by

e

1 3 2
0,a*,v2h, 5 arccos — S+ C) ,

C

3f + 2c> (3.14)

1
0,a*,v2h, —3 arccos —

c

which reduce to two solutions if either h > 0, [(2¢ — 3f)/e| < 1, ec # 0 and
|(3f +2¢)/c| =1 or [(2¢ —3f)/e] =1 and |(3f + 2¢)/c| < 1. We have one
solution if A > 0, ec # 0 and [(2e — 3f)/e| = |(3f + 2¢)/c| = 1.

We evaluate the Jacobian on these solutions and we get

2
Jfl(S*) = i]Z4€2<C—|— 3f)(c+ f) [1 — (26 ; 3f) ]

32

Supposing that (c+3f)(c+f) # 0 and (3.13) hold. This assumption is not
empty because it is satisfied for the value c =1, f = —=3/4,e = —=7/4,h = 1.
Therefore Jy,(g+) # 0 and the four zeros (3.14) of system (3.10) provide only
two periodic solutions of differential system (3.8) because since p = 0 the
two solutions of « provide the same initial conditions in (3.3).

Subcase 1.3.1.2: ¢ = 0. Then f15 = 3fh/4= constant.

Subcase 1.3.2: ¢ = 0. We get f14 = —3fh/4= constant.

k
Subcase 1.4: o = [ + g We consider four subcases k= 0,1, 2, 3.

Due to the periodicity of the cosinus we study the cases £ = 0 and k = 2,
and the cases k = 1 and k£ = 3 together.
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Subcase 1.4.1: Assume that either £k =0 or k = 2, i.e. either a = [ or
a = [+ m. Then

f12(0,, R, B) = 1 [21(2b + 3d + bcos2) — (2b — 2¢ + 3d — 3e+
(b— c) cos 28) R?],

(0.0, R, B) = —é [3fR2 + cR(2 + cos26) + (2h — R?)
(2b+ 3e + beos 28)].

Subcase 1.4.1.1: Dy = 2b—2c¢+3d — 3e + (b — ¢) cos 23 # 0. Solving
fi2 =0 we get R = \/2h (2b + 3d + bcos23) /Dy. Substituting R in fi4 and
solving f14 = 0 with respect to the variable 5 we get two subcases

Subcase 1.4.1.1.1: ¢d — be — ce + bf # 0. Then we have
1
g = iﬁ arccos|(—2cd+2be+2ce+3e? —2bf —3df) /(cd—be—ce+bf)]. Let d—

2e+f#0, R=+/2h(d—e)/(d—2e+ f)and p = \/2h(f —e)/(d — 2¢ + f).
With the condition that

cd—be—ce+bf #£0, (d—2e+ f)#0, ‘A1|<1
h(d—2e+ f)(f—e) >0 and h(d—2e+ f)(d—e) >0,

(3.15)

where Ay = (—2cd + 2be + 2ce + 3¢ — 2bf — 3df ) /(cd — be — ce + bf), system

(3.10) for k = 0 and k = 2 has four solutions S* = (r*, o, R*, %) with
2h(f —e)

PN @=2e+))

2h(d —e) 1
<0,6, (d—Q—e—{—f)’ﬁ = :|:§ arccosA1>,

given by

o (3.16)

1
— 7 B=4— A
<O,6+7r, (d—Qe—i—f)’@ 2arccos 1>,

which reduce to two solutions if ¢d — be — ce + bf # 0, (d — 2e + f) # 0,
hd—2e+ f)(f—e)>0,h(d—2e+ f)(d—e)>0and |A]| =1.
Its Jacobian

9eh?
J(s+) = 2020 f)3(f —e)(d—e)(=be +bf + cd — ce + 3df — 3¢?)

(—be +bf + cd — ce + df — €?).

Assuming that e(—be+bf+cd—ce+3df —3e*)(—be+bf+cd—ce+df —e?) #
0 and (3.15) hold. The set of the conditions on the parameters is not empty
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when b = 5,¢ =0,d =0,f = —1/2,e = —1,h = 1. Then Jy,(s-) # 0 and
the four solutions (3.16) of system (3.10) provide four periodic solutions of
differential system (3.8).

Subcase 1.4.1.1.2: c¢d — be — ce + bf = 0. We get f14 = 3h(2be + 3e* —
2¢d + 2ce — 2bf — 3df)/4D;. So either fi4 never is zero, or fi4 is identically
zero. In both cases the averaging theory does not provide information.

Subcase 1.4.1.2: D; = 0. We have
1
f12(0, 0, R, ) = _Zh[% + 3d + beos 2f],

1
f14(0,, R, B) = —Zh[2b + 3¢+ bcos283 + 2R*(2b — 2c + 3e — 3f
+(b—c)cos28)].

Subcase 1.4.1.2.1: b # 0. Solving fio = 0 we have

1 3d + 2b
b= j:§ arccos — i

. Substituting 8 in fi4 and solving fi14 = 0 we get

two subcases

Subcase 1.4.1.2.1.1: bd — ¢d — be + bf # 0. Then we have R =

\/ 2hb(d — €) \/ 2h(cd — bf)
and p = :
bd — cd — be + bf bd — cd — be + bf

In the case that

3d + 2b

bd —cd —be+bf #0, b+#0, <1,
h(bd — cd — be + bf)(cd — bf) >0 and (3.17)
hb(bd — cd — be + bf)(d — €) > 0,
system (3.10) has four solutions S* = (r*, a*, R*, §*) with
= 2hed = b)) iven b
P\ bd —cd —be +bf) VY
2h0( 1 3d + 2b
= 4= —
0.5, \/bd—cd—be+bf f = &5 arccos =— ) -
2hb(d — e) 1 3d + 2b '
= :l:— —
0.6+, \/bd—cd—be+bf’5 p Arccos = )

which reduce to two solutions if bd — cd — be + bf # 0, b # 0,
h(bd — c¢d — be +bf)(cd — bf) > 0 and hb(bd — c¢d — be + bf)(d —e) > 0.

3d+2b’
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o 9beh’
S ™ 32(bd — ed — be + bf ) I
cd)(ce — bf)?].
Assuming that e(b+d)(b+3d)(d—2e+f)(ce—bf) # 0 and (3.17) hold. This
supposition is not empty because the value b =3,¢=5,d = -2, f = -3,
e = —1,h = 1 satisfy it. Then Jy (=) # 0 and the four solutions (3.18) of
system (3.10) provide four periodic solutions of differential system (3.8).

b+ d)(b+3d)(d—e)(d—2e+ f)(bf —

Subcase 1.4.1.2.1.2: bd —cd —be+bf = 0. We get fi4 = 3(d —e)h/4=

constant.

Subcase 1.4.1.2.2: b = 0. we have fjo = —3dh/4= constant.

Subcase 1.4.2: Assume that either K = 1 or k = 3, i.e. either a = B—}—g

3
oroz:ﬁ+77rthen

1
f12(0,a, R, B) = -3 [2R(2b + 3d + bcos2/3) + (2¢ — 2b — 3d + e+
(b+ c) cos2B)R?],

FaO,c R B) = [ = 2(2b+ e)h+ (26— 2c+ ¢ — 3)R2 + (2bh—
(b+ c)R?) cos 23].

Subcase 1.4.2.1: Dy = 2c—2b—3d+e+bcos25+ccos 2 # 0. So solving
f12(0,c, R, B) = 0 we get R = \/2h (—2b— 3d — bcos23) /Dy. Substituting
R in f14 and solving fi4 = 0 with respect to the variable 3 we obtain two
subcases

Subcase 1.4.2.1.1: 3cd + be — ce — 3bf # 0. Then we have
B:l:laccos(A 2be+206+62—60d—6bf—9df)
- 2T 3ed + be — ce — 3bf '
2h(3d — e) 2h(3f —e)
Then R=4/——— and p= 4/ —>——~ .
o 3d—2e+3f P TN\ 3d—2e +3f

Considering that

3cd + be —ce — 3bf #0,3d —2e+ 3f #0,
h(3f —e)(3d—2e+3f) >0, h(3d—e)(3d—2e+3f)>0  (3.19)
and |Aq| < 1.

System (3.10) for k = 1 or k = 3 has four solutions S* = (r*, a*, R*, *) with
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_ M iven b
P=\3d—2er3f 8V
T 2h(3d — e)
2\ 3d—2¢ 1 3f

3m 2h(3d — e)
2\ 3d—2¢ 1 3f

1
0,8+ 0= j:§ arccos A2>,

1 (3.20)
0,8+ 0= i§ arccos A2> ,

which reduce to two solutions if 3cd + be — ce — 3bf # 0, 3d — 2e + 3f # 0,
h(3f —e)(3d —2e+3f) >0, h(3d —¢)(3d — 2e + 3f) > 0 and |Aq| = 1.
The Jacobian is
7 _ eh(3f —e)(3d—e)
A8 ™ 732(3d — 2e + 3f)3
(3cd — 3be — ce — €2 + 9bf + 9df).

(—9¢cd + be + 3ce + €* — 3bf — 9df)

Assuming that (—9cd + be + 3ce + € — 3bf — 9df)(3cd — 3be — ce — % +
9bf + 9df) # 0 and (3.19) hold. This supposition is not empty because the
value b =5/8,¢c =1,
d=—1,f=—1,e=0,h = 1 satisfy it. Therefore Jy sy # 0 and the four
solutions (3.20) of system (3.10) provide four periodic solutions of differential
system (3.8).

Subcase 1.4.1.2.2: 3cd+be—ce—3bf = 0. We obtain f14 = h(6¢d—2be—
2ce — e + 6bf + 9df)/(4D3). So either fi4 never is zero, or fi4 is identically
zero. In both cases the averaging theory does not provide information.

%(b cos2f — 2b — 3d). Solving
1
fi2 = 0 when b # 0 we get 8 = i§ arccos(3d + 2b)/b. Substituting 5 in fi4

and solving fi14 = 0 we obtain two subcases

Subcase 1.4.2.2: Dy, = 0. Then fi5 =

Subcase 1.4.2.2.1: 4bc + 3bd + 3cd — be + 3bf # 0. Then we get R =

\/ 2hb(3d — €) and p— \/ 2h(4bc + 3cd + 3bf)

4bc + 3bd + 3cd — be + 3bf 4bc + 3bd + 3cd — be + 3bf
Assuming that

Abe + 3bd + 3cd — be +3bf £0, b #0,

hb(4bc + 3bd + 3cd — be + 3bf)(3d — €) > 0,

h(4bc 4 3bd + 3cd — be + 3bf)(4be + 3ed + 3bf) > 0, (3.21)
3d + 2b’ o

and ’
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System (3.10) for £ = 1 and k& = 3 has four solutions S* = (r*, o, R*, /)

th _\/ 2h(4bc + 3cd + 3bf)
WP =N\ Sbe 1 3bd + 3¢d — be + 3bf

o hO(3d — ¢ *
0.5 +§’\/4bc+3bd+3cd—be+3bf’5)’

3 SO(3d —¢) i
0.5+ 5 ’\/4bc+3bd+3cd—be+3bf’ﬂ)’

1
and §* = i§ arccos(3d + 2b) /b given
by

(3.22)

which reduce to two solutions when 4bc + 3bd + 3cd — be + 3bf # 0, b # 0,
h(4bc + 3bd + 3cd — be + 3bf)(4bc + 3cd + 3bf) > 0, h(4bc + 3bd + 3cd — be +

2 4 3d
Bbf)b(3d—e)>0and’ +9 ‘:1.
We have
3beh*(b+ d) (b + 3d)
Ty = — 3d —e)(3d —2e+ 3f)(4b
s 35(4be + 3bd & 3ed — be + 3oy o0~ )3 = 2e+3)(dbe

+3cd + 3bf)(4be + ce + 3bf)2.

In the case that e(b+ d)(b+ 3d)(3d — 2e 4+ 3f)(4bc + ce + 3bf) # 0 and
(3.21) hold, this supposition is true for the value b = 2,¢ = 8,d = —1, f =
—6,e = —9,h = 1. Then we have Jy, (s+) # 0 and the four solutions (3.22) of
system (3.10) provide four periodic solutions of differential system (3.8).

Subcase 1.4.2.2.1.2: 4bc + 3bd + 3cd — be + 3bf = 0. We get fi4 =
h(3d — e)/(4b)= constant.

Subcase 1.4.2.2.2: b =0. Then fj5 = —3dh/4= constant.
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R?sin 213

Case 2: bsin2a7£0,r:\/R2—2h—c . Then

bsin 2«

1
fra(r,a, R, B) = 9 [4b(6ah + 4bh — (3a +2(b + ¢ + €)) R

+b(2h — R?) cos 2a — 4bR?(c + e cos 2ar) cos 23
R?sin 2/
o
sin o cos o
+be cos 4av)],
cRsin2p h— R?
4 2bsin 2c
+esin2(a — f)]],

(6ac + 8bc + 6¢d — be + 4bc cos 2

fis(r,a, R, B) = [bsin 2« — ¢sin 23

1
fua(r,o, R, B) = 39 8b(3a + 2¢)h — 2R?*(6ab + 8bc — ce + 6bf)

+8bc(h — R?) cos 23 + cR? [ — 2ecos4f

———[(c+ ecos2a) sin4f3 + sin 23
sin av cos

+(2bcos 2a + 6a + 4b + 4c + 46)]]

So if D3 = bsin2ae — ¢sin 25 + esin2(a — ) =0,

c=0,
R =0,
f13(r7a/>R75) =0= L
5:7” with & € Z.

and if D3 # 0 we get

/2bh sin 2
f13(r7a7Raﬁ>:O:>R: %
3

Subcase 2.1: D3 = 0 and ¢ = 0. No information as in subcase 1.1.
Hence, in what follows in the rest of case 2 we assume that ¢ # 0.

Subcase 2.2: D3 =0and R =0. Then r = v/—2h, h < 0 and p = 0.
fia(r,a, R, B) = [h(Sa—i—Qb—l—bcosZoz)},

fua(r,a, R, B) = = [h(3a+ 2¢+ ccos2f3)].

N e
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Subcase 2.2.1: b # 0 and ¢ # 0. Solving f12 = f14 = 0 we get

3 2b 1 3 2
at andﬁ::l:éarccos— at C.
c

1
o= :|:§ arccos —
With the condition that

3a + 2b
b

3a + 2c¢
c

h <0, bc#0, <1 and <1, (3.23)

system (3.10) has four solutions S* = (r*, o*, R*, 8*) with p = 0 given by
3a + 2b 1 3a + 2c

1
(v —2h, £ = arccos — ,0, £= arccos — ), (3.24)
2 b 2 c
3a+ 2b
which reduce to two solutions if either h < 0, bc # 0, a—bi_ < 1 and
3a+ 2 3a+ 2b 3a+ 2
a+czlorh<0,bc#0, a;)i— =1 and a+c<1,andtoone
c c
3a + 2b 3a+ 2
solution if h < 0, be # 0, a—;}— _|2ete =1.
c

9ht
The Jacobian Jy, (g+) = —3—2(a +b)(3a + b)(a+ ¢)(3a + ¢).

Assuming that D3 =0, (a+b)(3a+b)(a+c)(3a+c¢) # 0 and (3.23) hold.
This supposition is true for the value a = —(2/3),b = 1,¢ = 4/3,h = —1.
Then Jy,(s+) # 0 and the four solutions (3.24) of system (3.10) provide only
one periodic solution of differential system (3.8) because when R = 0 and

p = 0 the two solutions of both o and g provide the same initial conditions
in (3.3).

Subcase 2.2.1: b = 0. Then we have fj5 = 3ah/4= constant.
Subcase 2.2.1: ¢ = 0. Then we obtain f4 = 3ah/4= constant.
k
Subcase 2.3: D3 =0and 8 = ; Due to the periodicity of the cosinus
we study the cases k = 0 and k£ = 2, and the cases k = 1 and k = 3, together.

Subcase 2.3.1: Assume that either £ = 0 or kK = 2, i.e. either § = 0
or 8 = w. Then substituting 3 in r we obtain r = VR2 — 2h. fi» and fi4

become

fi2(r,a, R, B) = é[6ah+4bh — (3a + 2b + 3¢ + 2¢) R?
+(2bh — (b + e)R?) cos 2a],
fia(r, o, R, B) = 2[2(a—|—0)h— (a+2c+ f)R?].
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Subcase 2.3.1.1: a + 2c¢ + f # 0. Solving fi4 = 0 with respect to R we
obtain

R = \/2h(a+c)/a+2c+ f. Substituting R in f15 and solving fi» = 0
with respect to a we obtain two subcases

Subcase 2.3.1.1.1: bc —ae — ce + bf # 0. Then we obtain a =
3¢? — 2bc + 2ae + 2ce — 3af — 2bf

1
:|:§ arccos Az, where Az = be—ac —ce 1 bf . Substituting
—2h
R in r and in p we obtain r = ﬂ and p = 0.
a+2c+ f

Supposing that

a+2c+ f#0, |As] <1, (bc—ae—ce+bf)#0,

hat2et fetf)<0 and h(at2e+ flate >0 &)

System (3.10) for k = 0 and k = 2 has four zeros solutions S* = (r*, o*, R*, 5*)
with p = 0 given by

—2h(c+f) |1 2h(a + )
e )y 2 Ay, (22T
( a+ 2t [ M EN e )

et ) ,:I:larccosAg, 2Matc) 7|,
(a+2c+ f) 2 a+2c+f

which reduce to two solutions if (bc — ae — ce +bf) # 0, a + 2¢ + f # 0,
|As| =1, h(a+2c+ f)(c+ f) <0and h(a+2c+ f)(a+c) > 0.
The Jacobian is

—9ch? 5 ) 5
16(a+20+f)3(a+c)(c+f)(C_C —ae—ce+af +bf)

(bc—302 —ae—ce+3af+bf).

(3.26)

Jpi(sv) =

In the case that (be—c*—ae—ce+af +bf) (bc—302—ae—ce—|—3af—|—bf) #0
and (3.25) hold, this supposition is not empty because the value a = 2,b =
—3,c=—1,f=—1,e =0,h = —1 satisty it. Then J (s # 0 and the four
zeros (3.26) of system (3.10) provide only two periodic solutions of differential
system (3.8) because since p = 0 the two solutions of « provide the same
initial conditions in (3.3).

Subcase 2.3.1.1.2: bc+bf — ae — ce = 0. We get f12 = h(3af + 2b(c +
f) = 3c* — 2ae — 2ce) /4(a + 2¢ + f)= constant.

Subcase 2.3.1.2: a+2c+ f =0. Then fi4 = 3h(a + ¢)/4= constant.
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Subcase 2.3.2: Assume that either £k =1 or k = 3, i.e. either f = g or

3
b= ; Then substituting 5 in r we get r = vV R?> — 2h. fi5 and f14 become

1
fr(ra R B) = ¢ [6ah + 4bh — (3a + 2b + ¢ + 2¢) R
+(2bh — bR? + eR?) cos 2a]
1
fua(r,o, R, B) = 3 [2h(3a + ¢) — (3a + 2¢ + 3f)R?].

Subcase 2.3.2.1: 3a + 2c + 3f # 0. Solving fi4 = 0 we get R =
2h(3a + ¢)

3a+2c+3f
subcases

Substituting R in fi» and solving fi2 = 0 we obtain two

1
Subcase 2.3.2.1.1: bc+ 3ae + ce+ 3bf # 0. We have a = j:§ arccos Ay
where Ay = (—2bc+c?+6ae+2ce—9af—6bf)/be+3ae+ce+3bf. Substituting

-2

Ri d i h =
in r and in p we have r 34+ 201 3f

Assuming that
3a+2c+3f #0, bc+ 3ae+ ce+3bf #0,

A4l <1, h(3a+2c+3f)(c+3f) <0, (3.27)
and h(3a+2c+3f)(3a+c) > 0.

System (3.10) for £ = 1 and k = 3 has four solutions S*
with p = 0 given by

—2h(c+3f) 1 2h(3a+¢)
Bt Sl A et A et S
3a+2c+43f 2R3 o 32 )
—2h(c+3f) 1 2h(3a+c) 3m
Bt Sl A W A et Sl
V3at2et 3 2020\ 30 2c 3702 )
which reduce to two solutions if 3a + 2¢ + 3f # 0, bc + 3ae + ce + 3bf # 0,

1Ayl =1, h(3a+2c¢+3f)(c+3f) <0 and h(3a+ 2c+ 3f)(3a + ¢) > 0.
The Jacobian is

(r*7a*’ R*7/B*)

(3.28)

ch*(3a + ¢)(c + 3f) )
Jr(se) = (1630 + 2c 1 37)° (= 3bc+ ¢ + 3ae + ce — Yaf — 9bf)

(—bc+ ¢* + 9ae + 3ce — 9af — 3bf).
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Considering that c( — 3bc + 2 + 3ae + ce — 9af — 9bf)( —be+ A+
9ae + 3ce — 9af — 3bf) # 0 and (3.27) hold. This assumption is not empty
because the value a = 1,b = —2,¢ = —1,f = —1,e = 0,h = —1 satisty it.
Therefore Jy,(g+) # 0 and the four zeros (3.28) of system (3.10) provide only
two periodic solutions of differential system (3.8) because since p = 0 the
two solutions of a provide the same initial conditions in (3.3).

Subcase 2.3.2.1.2: 3a+2c+3f # 0 and bc + 3ae + ce +3bf = 0. Then
fi2 = h(9af + 2b(c + 3f) — ¢* — 6ae — 2ce)/4(3a + 2¢ + 3f)= constant.

Subcase 2.3.2.2: 3a+ 2c+ 3f = 0. Then we have f14 = h(3a + ¢)/4=
constant.

2bh sin 2 2 in2(8 —
Subcase 2.4: D3 # 0 and R = /%. Then r — \/ eh SlHD(ﬁ 04)'
3 3

f12, f14 become

fia(r,o, R, B) = % [(3ae — be + 2be) sin2(a — ) + (2bc — be
3

+3cd) sin 28 — 2b(c + €) sin 2a]

Jua(r, o, R, ) = 1De [(—2bc + ce — 3bf) sin 2a + (—be + 3ae + 2ce)
3

sin2(a — ) + 2¢(b + e) sin 23] .

To calculate the zeros of these two last functions we need their numerators
h{(3ae — bc 4 2be) sin2(a — B) + (2bc — be + 3cd) sin 25 — 2b(c + ) sin 2« |,
h{(—=2bc+ ce — 3bf) sin 2a.+ (—be+ 3ae 4 2ce) sin 2(a — §) +2¢(b+¢€) sin 25|
Expanding the trigonometrical terms of these numerators and using the nota-
tion sina = s; cosa = £v/1 —s?; sinff = S; cosf = =1 — S? we obtain

using the sign + for cos« and cos 3

Pjy(s,8) = 2hsv1 — s?2(—6aeS? + 3ae + 2bcS? — 3bc — 4beS?)
—2hSV1 — SQ( — 6aes? + 3ae + 2bcs® — 3bc — 4bes?
+3be — 30d),

Piy(s,S) = 2hsv1— s2( — 6aeS? + 3ae + 2bcS? — 3bc — 3bf
—4ceS? + 3ce)
—2hSV/1 — 52 (—6aes? + 3ae + 2bcs® — 3be — 4ces?) .

Note that the other three subcases provide, taking into account the dif-
ferent signs, the same zeros than the system Pj5(s,S) = Pyy(s,S) = 0. This
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last system is equivalent to the system Q7,(s,S) = Q7,(s,5) = 0 where

Qi(s,8) = 4h*S*(1 — 5?) ( — 6aes® + 3ae + 2bcs?
—3bc — 4bes® + 3be — 3ccl)2 —4h?s% (1 — s?)
( — 6aeS? + 3ae + 2bcS? — 3bc — 4b652)2,

Qi4(s,5) = 4n*S?(1— S?%) (— 6aes® + 3ae + 2bcs?
—3bc — 40682)2 — 4h?s* (1 — s%) ( — 6aeS?
+3ae + 2bcS? — 3bc — 3bf — 4ceS? + 306)2.

(3.29)

Calculating the resultant of 7, and @7, with respect to s and S, we
obtain

R:,(S) = 4TT75744R1(—1 + $)4S3(1 + S)AT2(S)U2(S),

3.30
Riy(s) =47775744h (=1 + 5)*s®(1 + s)*V2(s)W3(s), (3.50)

with T(S) and V(s) two polynomials of the form AS? + B and Cs* + D
respectively with A, B, C, D constants, and U(S) and W(s) two polynomials
of the form ES* + FS? + G and Hs* + Is? + J respectively with E, F, G,
H, I, J constants. Solving (3.30) we obtain 81 pairs (s,S). Only 9 of these
pairs are solutions of (3.29). When we calculate («,/3) corresponding to an
(s,5) solution we find the zeros S* = (r*, p*, *, R*, 5*) of (3.10) given by

2eh 2ch
HEi_( c—e\/c—ei Oi?)
2eh 2ch 7r
S* — .
2% ( c—e’ \/c—e >’
2eh  [2h(c — 2e) T
3 (\/c—e\/ c—e 0,0, 2)’
(\/ 2eh \/Zh (c — 2e) 0,0,0>
c—e c—e

The values of » and R are not well defined in these solutions. So the
averaging theory in subcase 2.4 does not give information.

Case 3: bsin2a = 0. Then b = 0 or sin 2« = 0.

Subcase 3.1: b = 0. Then f;; = —crR?sin(24)/8. Solving f1; = 0 we
obtain the following four subcases: ¢ = 0, r = 0 (studied in case 1), R = 0,

5:%wnhmez.

Subcase 3.1.1: ¢ = 0. No information as in subcase 1.1. Hence in what
follows in subcase 3.1 we assume that ¢ # 0.
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Subcase 3.1.2: R = 0. This subcase does not give results because fi3
and fi; will be zero.

Subcase 3.1.3 5 = % with m € Z. Due to the periodicity of the sinus

we study the subcases m = 0 and m = 2, and the subcases m = 1 and m =3
together.

R
Subcase 3.1.3.1: Assume that either 5 =0or 8 = m. So fi3 = %(2h+

r? — R?)sin 2a.

0

\/ 2h + 12,

i with n € Z.

S

€ =
R
flg(T,a,R,ﬁ):0:> R
0%

|

Subcase 3.1.3.1.1: e = 0. No information as in subcase 1.1. Hence, in
what follows in subcase 3.1.3 we assume that e # 0.

Subcase 3.1.3.1.2: R = 0. Then we have

Fip = —g[2dh +(a+dr,

1
fra = —g[(?)a + 3¢ + 2e + e cos 2a)r? + 2eh(2 + cos 2a)].

Subcase 3.1.3.1.2.1: a+d # 0. Then solving fi = 0 we have r =

—2dh | 2ah
T d So p = aid' Substituting r in fi4 and solving fi4 = 0 we

obtain two subcases

3ad + 3cd — 2ae
ae ’

1
Subcase 3.1.3.1.2.1.1: ae # 0. We get a = j:§ arccos

-2
In the case that sad + 3cd ae' < 1,ae(a+d) #0, hdla+d) <0

ae
and ah (a + d) > 0, system (3.10) has four zeros S* = (r*,a*, R*, 5*) with

\/ d given by
2dh 1 3ad + 3cd — 2ae
arccos ,0,0 1,
Ca + d 2 ae

( 2dh -] Lo (Bad + 3cd — Qae) o W) |

ae
which reduce to two zeros when ae(a + d) # 0, hd(a +d) < 0, ah(a+d) >0
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d d — 2
an dad + 3¢ €l = 1. But when the Jacobian is evaluated on these
ae

solutions it becomes zero so the averaging theory does not give information
in this subcase.

Subcase 3.1.3.1.2.1.2: ae = 0. Then we have fi4 = —3hd(a—|—c):
4(a+d)

constant.
Subcase 3.1.3.1.2.2: a +d = 0. We have fjo = —3dh/4= constant.

Subcase 3.1.3.1.3: R = 2h + r2. Studied in the subcase 2.4.1.

Subcase 3.1.3.1.4: a = % Due to the periodicity of the sinus we

study the cases n = 0 and n = 2, and the cases n = 1 and n = 3 together.

Subcase 3.1.3.1.4.1: Assume that either n = 0 or n = 2, i.e. either
a=0ora=m.

1
frz = —g [6dh+3(a+d)r? + 3(c — d + )R,
1
fiq = _g[6@h+3(a+c+e)r2—3(e—c—f)R2].
Subcase 3.1.3.1.4.1.1: a+c+e = 0 and (e — ¢ — f) # 0. Solving
2eh
fia =0 we get R = Lf’ Substituting R in fi2 and solving fi2 = 0
e—c—

we obtain two subcases

Subcase 3.1.3.1.4.1.1.1: a + d # 0. Then we have

_[2h(cd +df — ce —€?) . —2h(ce +e* +ac+af))
TV arde—c—pn MV T ardle—e—p)
Supposing that

a+c+e=0, e—c—f#0, ehlfe—c—f)>0
h(cd +df —ce —e?)(a+d)(e—c— f) >0 and (3.31)
h(ce +e* +ac+af)(a+d)e—c— f)<O0.

System (3.10) has the following four zeros S* = (r*,a*, R*, *) with p =
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(a+d)(e—c—f) given by

2h(cd + df — ce — €?) 0
(a+d)(e—c—f) \/e—c—f’ ’
2h(cd + df — ce — €?) 0
(a+d)(e—c—f) e—c—f’ ’
2h(cd + df — ce — €?) /
(a+d)(e—c—f) €—C—f7 ’
2hcd—|—df—ce—e
(a+d)(e—c—f e—c—f '
9ce®h*

16(a + d)?(e — c — f)*
—e?)(ad — ¢ 4 2cd — 2ae — 2ce — €* + af + df).

\/—2h(ce + €2 4+ ac + af)

(3.32)

The Jacobian

Tt (s6) = (ce+e* +ac+af)(cd+ df — ce

With the condition ce (ad —?+2cd — 2ae — 2ce — e* +af + df) # 0 and
(3.31) we have Jy,(g+) # 0. The condition is not empty because the value
a=2c=-1,d=-3,f =—1,e = —1,h = —1 satisfy it. Therefore the four
zeros (3.32) of (3.10) provide four periodic solutions of (3.8).

Subcase 3.1.3.1.4.1.1.2: a +d = 0. Then f1o = 3h(ce + €? — dc —
df)/(4(e — ¢ — f))= constant.

Subcase 3.1.3.1.4.1.2: a+c+e=0and (e—c— f) = 0. Then we have
fia = —3eh/4.

Subcase 3.1.3.1.4.1.3: a+c+e # 0and (e—c— f) = 0. Solving f1, =0
[ —2eh
we get r = rc(:—e' Substituting 7 in fi2 and solving fi» = 0 we obtain

two subcases

Subcase 3.1.3.1.4.1.3.1 ¢ — d + ¢ # 0. Then we have
2h(ae — ad — cd) 2hc
and p =4/ ———.

(a+c+e)c—d+e)

Assuming that
a+c+e#0, c—e+f=0, c—d+e#0,
eh(a+c+e)<0, he(c—d+e)>0 and (3.33)
h(ae —ad — cd)(a+c+e)(c—d+e) > 0.

R:
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System (3.10) has the following four zeros S* = (r*,a*, R*, *) with p =
2hc

_ 2" siven b
c—d+e Siven by

—2eh 0
Va+tecte
| —2eh
a+c+e

—2eh

0,
a+c+H+e

| —2eh
a+c+e

B 9c?e?ht
16(a+c+e)?(c—d+e)?
+2ae + 2ce + €* — af — df).
With the condition 06(02 — ad — 2cd + 2ae + 2ce + €* — af — df) # 0
and (3.33), we have Jy,(s+) # 0. The set of conditions is not empty because
it is satisfied for the value a = 9/4,c = —1,d = —4,e = -2, f = -1, h = —1.
Then the four zeros (3.34) of (3.10) provide four periodic solutions of (3.8).

2h(ae — ad — cd) )
,0

(a+c+e)(c—d+e)

2h(ae — ad — cd)

a+c—|—e Y(c—d+e)

)
2h(ae — ad — cd) )
)

0
(3.34)

(a+c+e) c—d+e

2h(ae — ad — cd)
(a+c+e) c—d+e

T~ N

The Jacobian

(ad + cd — ae)?*(c* — ad — 2cd

Jpi(s%) =

Subcase 3.1.3.1.4.1.3.2: ¢ — d + e = 0. Then we have fi5 = —3h(ad +
cd — ae)/(4(a + ¢ + €))= constant.

Subcase 3.1.3.1.4.1.4: a+c+e # 0 and e — c— f # 0. Then solving

(e —c— f)R? — 2he
J1a we get r \/ atcte

fi2 = 0 we have two subcases

. Substituting r in fi5 and solving

Subcase 3.1.3.1.4.1.4.1: ¥ = > —ad—2cd+2ae+2ce+e? —af —df # 0.

We have
T o2
R \/2h(ae ad — cd) then - — \/Qh(cd—l—df ce — e?) and
Y by
\/Qh(ce +* +ae — af)
Wherever

Y =c? —ad— 2cd + 2ae + 2ce + € — af — df #0,
atcte#0, e—c—f#0, h(ed+df —ce—e*)X >0, (3.35)
h(ae —ad — cd)X >0 and h(ce+ c +ae —af)X > 0,
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system (3.10) has four zeros S* = (r*, a*, R*, 5*) with
\/Qh ce + ¢ +ae—af)

given by

\/Qh cd+df—ce—e) 0, \/Qh( ae — ad — cd) 0)

2hcd+df—ce—e ae—ad—cd)

70 )

\/thd—l—df—ce—e \/Qhae—ad—cd)
’07 77T )

77T7

(3.36)

The Jacobian is

9ceh?*

T (50 = o ———(cd+df —ce —e*)(ce + ¢ + ae — af)(ae — ad — cd)?.

Assuming that ce # 0 and (3.35) hold. This supposition is not empty
because the value a = 5,¢c = —2,d = =2, f = —2,e = —1,h = 1, satisty
it. Then Jy, (s+) # 0 and the four zeros (3.36) of (3.10) provide four periodic
solutions of (3.8).

Subcase 3.1.3.1.4.1.4.1: ¥ = 0. We have f15 = —3h(ad+cd—ae)/(4(a+
¢+ €))= constant.

Subcase 3.1.3.1.4.2: Assume that either n = 1 or n = 3, i.e. either

a=2Zor 3—7T Then
2 2
1
fa= -3 [6dh + 3(a+ d)r* + (3¢ — 3d + ) R?],
1
fu= —g[2eh+ (Ba+3e+ o)t + (3c+3f — )R],

Subcase 3.1.3.1.4.2.1: 3c—3d+e # 0 and a + d = 0. Solving fio =0
we get

6dh
R = | ———=——. Substituting R in fi4 and solving fi4 = 0 with respect
3c—3d+e

to R we have two subcases

Subcase 3.1.3.1.4.2.1.1: 3a + 3c + e # 0. We obtain
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3c—3d+e¢€)(3a+3c+e)

_ [6h(3ac+ ae + 3¢® + 3cd + ce + 3df)
B (3¢ —3d+¢e)(3a + 3¢+ e)

B \/ 2h(9ed — 3ce — €2 + 9df)
Vo

Whenever

3c—=3d4+e#0, a+d=0, 3a+3c+e#0,
dh(3c —3d+e) <0, h(9cd— 3ce —€? + 9df)(3c — 3d + ¢)

(Ba+3c+e)>0 and h(3ac+ ae+ 3c* + 3cd + ce + 3df) (3.37)
(3¢ —3d+e)(3a+3c+e) >0,
system (3.10) has four zeros S* = (r*, a*, R*, §*) with
6h(3ac + ae + 3c* + 3cd + ce + 3df) .
given by
(3¢ —3d+¢e)(3a+ 3¢+ e)
2h(9cd — 3ce — €2 + 9df) E 6dh 0
(3c —3d + e)( 3a+3c+e) 3c—3d+e) ’
2h(9cd — 3ce — €2 + 9df) 0
(Bc—3d+e)(3a+3c+e)’ 3c—3d+e ’ (3.38)
2h(9cd — 3ce — €* +9df) « .
- 7,
(3c—3d+e)(Ba+3c+e) 2’ 3c—3d—|—e

2h(9cd — 3ce — €2 + 9df) 3m
7|
(3c—3d+e)(3a+3c+e) 27 3c—3d+e
Its Jacobian is

_ 27cd*eh?
16(3a + 3¢ + €)?(3¢ — 3d + e)*
+ae + 3c* + 3cd + ce + 3df)(9¢* — 9ad — 18cd + 6ae + Gce

+e2 — 9af — 9df).

(9cd — 3ce — €? 4 9df ) (3ac

Jpi(s%) =

In the case that cde(9¢* — 9ad — 18cd + 6ae + 6ce + € — 9af — 9df) # 0
and (3.37) hold, the set of these conditions is not empty because the value
a=2c=—-1,d=-2,f =0,e =—1,h = 1, satisfy it. Therefore we have
Jr s+ # 0 and the four zeros (3.38) of (3.10) provide four periodic solutions
of differential system (3.8).

Subcase 3.1.3.1.4.2.1.2: 3a + 3c+ e = 0. We have
f1a = h(9cd — 3ce — € + 9df )/ (4(3¢ — 3d + e))= constant.
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Subcase 3.1.3.1.4.2.2: 3c—3d+e=0and a+d =0. We get fio =
—3dh/4= constant.

Subcase 3.1.3.1.4.2.3: 3c—3d+e=0and a+d # 0. Then f; =0 =

—2dh
r= d Substituting r in f4 and solving f14 = 0 with respect to R we
a

have two subcases
Subcase 3.1.3.1.4.2.3.1: 3¢ — e+ 3f # 0. We obtain

2h(3ad + 3cd — ae) . 6h(ac —ad + af — cd)
(a+d)(3c —e+3f) \ (@a+d)(Bc—e+3f)
Assuming that

3c—3d+e=0, a+d#0, 3c—e+3f#0,
dh(a+d) <0, h(3ad+ 3cd —ae)(a+d)(3c—e+3f) >0 (3.39)
and h(ac —ad+af —cd)(a+d)(3c—e+3f) > 0.

System (3.10) for n = 1 and n = 3 has four zeros S* = (r*, o*, R*, 5*) with

\/6 (ac —ad+af —cd)

a+d)(3c—e+3f)

—2dh m | 2h(3ad + 3cd — ae) 0

a+d 2"\ (a+d)(3c—e+3f) ")’
—2dh 3w | 2h(3ad + 3cd — ae)
(a+d)(3c —e+3f)’

—2dh © | 2h(3ad + 3cd — ae)

a+rd 2\ a+d)Bc—ex3f) ")

—2dh 3w | 2h(3ad 4 3cd — ae)
(a+d)(Bc—et3f) "

given by

(3.40)

The Jacobian is

3cdeht
16(3c — e+ 3f)%(a+ d)*
—cd)(9¢® — 9ad — 18cd + 6ae + 6ce + €2 — 9af — 9df).

(s (3ad + 3cd — ae)*(ac — ad + af

With the condition that cde(9c?—9ad—18cd+6ae+6ce+e*—9af—9df) # 0
and (3.39) hold, we have Jy, (s+) # 0 and the four zeros (3.40) of (3.10) provide
four periodic solutions of differential system (3.8). The set of conditions is
not empty because it is satisfied for the value a = 2,¢ = -2/3,d = —1, f =
—l,e=—1,h=1.
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Subcase 3.1.3.1.4.2.3.2: 3c — e+ 3f = 0. We get fi14 = (3ad + 3cd —
ae)h/(4(a + d))= constant.

Subcase 3.1.3.1.4.2.4: a+d # 0 and 3¢ — 3d + e # 0. Then we have
. \/_Gdh + (3¢ —3d+ ¢)R?

. Substituting 7 in fi4 and solving f14 = 0 we

3(a+d)
have two subcases

Subcase 3.1.3.1.4.2.4.1: If

Y1 = 9¢® — 9ad — 18cd + 6ae + 6ce + €* — 9af — 9df # 0.

— — — 2
Then we have R = \/— 6(3ad + 3cd ae)j r= \/Qh(QCd 3ce — e + 9df)
21 21
6h(3c* + ce + ae — 3af)
P ’

and p =
Considering that

Y1 = 9¢? — 9ad — 18cd + 6ae + 6ce + €2 — 9af — 9df # 0,
a+d#0, 3c—3d+e#0, h(9cd—3ce—e*>+9df)X; >0, (3.41)
h(3¢® 4+ ce + ae — 3af)X; >0 and h(3ad + 3cd — ae)X; < 0.

System (3.10) for n = 1 and n = 3 has four zeros S* = (r*, a*, R*, 5*) with
p = +/6h(3c2 + ce + ae — 3af)/%; given by

\/2h(90d —3ce —e* + 9df) \/ 6h(3ad + 3cd — ae) 0)

2 2

\/ (9cd — 366 e’ + 9df \/ 3ad+3cd — ae) 0)

2 Y )
(3.42)

\/Qh (9cd — 306—6 + 9df) \/ 6h( 3ad—|—30d—ae) )

Y 7 77T Y

\/Qh (9cd — 3ce — eZ 1 9df) \/ 6h(3ad + 3cd — ac) ﬂ)

Its Jacobian is
27ceh?
Jr(s) = 176626 (3ad + 3cd — ae)?(3c¢* + ae + ce — 3af)(9ed — 3ce
1
—e? 4+ 9df).

Supposing ce # 0 and (3.41) hold. This assumption is not empty because
the value a = 1/2,¢ = —1,d = =1, f = 3,e = —1,h = —1 satisfy it. Then
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Jr(s+y # 0 and the four zeros (3.42) of system (3.10) provide four periodic
solutions of differential system (3.8).

Subcase 3.1.3.1.4.2.4.2: ¥; = 0. Then we get fi4 = h(3ad + 3ed —
ae)/(4(a + d))= constant.

3
Subcase 3.1.3.2: Assume that either g = g or f = ; So if fi3 =
eR

—(R? — 2h — r?)sin2a = 0, then consequently one of the following four

8
subcases holds: e =0, R =0, R =+v2h+r? and o = 7 /2 with [ € Z.

Subcase 3.1.3.2.1: ¢ = 0. No information as in subcase 1.1. So in what
follows in this subcase we assume that e # 0.

Subcase 3.1.3.2.2: R =0. Then

3
fz = —gl2dh +(a+ d)r?],
1
fia = —§[4eh + (3a + ¢+ 2¢e)r? — e(2h + r?) cos 2a].

Subcase 3.1.3.2.2.1: a +d # 0. Solving fi» = 0, we obtain r =

V/—2dh/(a+d) and p = \/2ah/(a + d). Substituting r in fi4 and solving

fi4 = 0 we obtain two subcases

1 2ae — 3ad — cd
Subcase 3.1.3.2.2.1.1: ae # 0. we get a = iﬁ arccos o — 2047 @
ae
2ae — 3ad — cd
Therefore when hd(a 4+ d) < 0, ah(a + d) > 0 and e e < 1,

ae

system (3.10) has four zeros S* = (r*, a*, R*, §*) with

2 1 2ae — —
p =+/2ah/(a+ d) given by( _ 2dh + arccos e Sad Cd,O,g),

a+d 2 ae
2dh 1 2ae —3ad —cd 37
———, +—arccos ,0,— |,
a+d 2 ae 2
2ae — 3ad — cd
which reduces to two zeros if |~ 20~ _ 1, hd(a + d) < 0 and
ae

ah(a + d) > 0. Evaluating the Jacobian on these zeros we get zero so the
averaging theory does not give information in this subcase.

Subcase 3.1.3.2.2.1.2: ae = 0. We get fi4 = hd(3a + ¢)/(4(a + d))=
constant.
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Subcase 3.1.3.2.2.2: a +d = 0. We have f15 = —3dh/4= constant.
Subcase 3.1.3.2.3: R = v/2h 4 r2. Studied in the subcase 2.4.2.

l
Subcase 3.1.3.2.4: a = g with | € Z. Due to the periodicity of the
sinus we study the cases [ = 0 and [ = 2, and the cases | = 1 and | = 3

together.

Subcase 3.1.3.2.4.1: Assume that either [ = 0 or [ = 2, i.e. either
a=0or a=mx. Then

1
fia = 3 [6dh + 3(a + d)r* + (¢ — 3d + ¢) R?],

fia = —%[2he+(3a+c+e)r2+(c—e—|—3f)R2].

Subcase 3.1.3.2.4.1.1: 3a+c+e =0 and ¢ — e + 3f # 0. Solving

2h
fia = 0, we obtain R = L Substituting R in fi» and solving
c—e+3f

f12 = 0 with respect to r we have two subcases

Subcase 3.1.3.2.4.1.1.1: a +d # 0. Then we get
2h(ce + e — 9df — 3cd) _|2h(ce +e*+ 3ac+ 9af)
3(a+d)(c—e+3f) B 3(a+d)(c—e+3f)
Supposing that
3a+c+e=0, c—e+3f#0, he(c—e+3f) <0,
h(a+d)(c—e+3f)(ce+€* —9df — 3cd) >0, h(a+d) (3.43)
(c—e+3f)(ce+e*+3ac+9af) >0 and a+d#0.
System (3.10) has four zeros S* = (r*, o*, R*, §*) with
. \/2h(ce+62+3ac+9af)

r =

i b
3(a+d)(c—e+3f) SIven by

2h(ce + €* — 9df — 3cd —2he
3(a+d)(c—e+3f) \/c—e—|—3f 2
2h(ce + e* — 9df — 3cd) —2he
3(a+d)(c—e+3f) N e et 3f
2h(ce + €* — 9df — 3cd —2he
3(a+d)(c—e+3f) c—e+3f’
2h(ce + e* — 9df — 3cd) —2he
3(a+d)(c—e+3f) o c—e+3f
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The Jacobian is

ce®h?
144(a + d)?(c — e + 3f)
—e? + 9df)(9ad — %+ 6ed — 6ae — 2ce — €% + 9af + 9df).

Jh(s0) = 2 (Bac + ce+e* +9af)(3cd — ce

Considering that ce (9ad — % + 6cd — 6ae — 2ce — €% + Yaf + 9df) # 0
and (3.43) hold. This assumption is not empty because it is satisfied for the
value a = 2/3,d = —1,c = —1,f = —=1,e = =1,h = —1. Then Jy,(s-) # 0
and the four zeros (3.44) of system (3.10) provide four periodic solutions of
differential system (3.8).

Subcase 3.1.3.2.4.1.1.2: a+d = 0. We get fio = h(2ec + 2¢* — 6dc —
18df)/(8(c — e + 3f))= constant.

Subcase 3.1.3.2.4.1.2: 3a+c+e =0and ¢c—e+ 3f = 0. We have
fia = —eh/4= constant.

Subcase 3.1.3.2.4.1.3: 3a+c+e # 0 and c—e+3f = 0. Solving f14, =0
we obtain r = \/—2he/(3a + ¢ + €). Substituting r in fi» and solving fi» =0
with respect to R we have two subcases

Subcase 3.1.3.2.4.1.3.1: 3d —c —e # 0. We get

R 6h(3ad + cd — ae) and o — | —2ch
\VBd—c—e)(Ba+tc+e) P=\3d—c—¢
Assuming that

3a+c+e#0, c—e+3f=0, 3d—c—e#0,
he(3a+c+e) <0, he(3d—c—e)<0 and (3.45)
h(3ad + cd — ae)(3d —c —e)(3a + c+¢€) > 0.

System (3.10) has four zeros S* = (r*, o, R*, 5*) with

B —2ch ven b
P= 3d—c—eg1vn Y

—2he 0
V3a+c+e
[ —2he

77-‘-7
da+c+e

—2h
/ c_0,
Ja+c+e
[ —2he

77-‘-7
Ja+c+e

(
(3d—c—e)(Ba+c+e)
6h(3ad + cd — ae) 7T>
(
(

6h(3ad + cd — ae) 71')
aE )

Bd—c—e)(3a+c+e) 2

- (3.46)

3ad + cd — ae) 3
(Bd—c—e)Ba+c+e) 2 )

6h(3ad + cd — ae) 3

_ = = =

(Bd—c—e)(Ba+c+e) 2
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The Jacobian is

9c2e*h*(3ad + cd — ae)?
16(3d —c —e)?>(3a + ¢+ €)?
—9af — 9df).

(* — 9ad — 6cd + 6ae + 2ce + €

Jpi(sv) =

Supposing that ce (9ad — % + 6cd — 6ae — 2ce — €% + af + 9df) # 0 and
(3.45) hold. This assumption is not empty because it is satisfied for the
value a = 3/2,d = =2,c = —1,f = —1,e = —4,h = —1. Then Jy,(s-) # 0
and the four zeros (3.46) of system (3.10) provide four periodic solutions of
differential system (3.8).

Subcase 3.1.3.2.4.1.3.2: 3d —c—e = 0. We get f1o = —3h(3ad + cd —
ae)/(4(3a + ¢ + e))= constant.

Subcase 3.1.3.2.4.1.4: 3a+c+e # 0 and ¢ — e+ 3f # 0. Solving
f14 = 0 we have

2he + (3a+ ¢+ e)r?
(c—e+3f)
with respect to r if

R:

. Substituting R in fi5 and solving fio = 0

Subcase 3.1.3.2.4.1.4.1: Xy = 2—9ad—6cd+6ae+2ce+e?—9af—9df #

2h(Bed — ce — & —

0. Then we got r — \/ MBed —ce =+ 9d) \/Gh(ae 3ad — cd)
22 22

and

2o
Supposing that

Yy = ¢ — 9ad — 6cd + 6ae + 2ce + €2 — 9af — 9df # 0,
h(ae —3ad — cd)¥e >0, 3a+c+e#0, c—e+3f#0,
h(3cd — ce — €* + 9df )Xy > 0 and

h(c* + ce + 3ae — 9af)Xs > 0.

(3.47)

System (3.10) has four zeros S* = (r*, o*, R*, §*) with
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b= \/2h(02+ce+3ae—9af)

s, given by

\/2h(30d — ce — e* + 9df) 0, \/6h(ae —3ad —cd)
Yo Yo "2 )7
\/Qh(Scd — ce — e* + 9df) \/ ae — 3ad —cd) m
22 77T7 Y 2 Y
(3.48)
\/2h(3cd—ce—62+9df 0 \/6h ae—3ad—cd) 3
22 Y ) Y 2 Y
\/Qh(Scd — ce — e* + 9df) \/6/1 ae —3ad — cd) 3w
22 77T7 Y 2 *
Its Jacobian is
h4
J 1 (5% %(ae — 3ad — cd)*(c* + ce + 3ae — 9af)(3cd — ce — €*
2

+9df).

Assuming that ce # 0 and (3.47) hold, this supposition is not empty because
the value a = —1,d = 0,c = —1,f = —1,e = 5/2,h = 1 satisfy it. Then
Jt(s+) # 0 and the four zeros (3.48) of system (3.10) provide four periodic
solutions of differential system (3.8).

Subcase 3.1.3.2.4.1.4.2: Y, = 0. We have f;, = —3h(3ad + cd —
ae)/(4(3a + ¢ + e))= constant.

Subcase 3.1.3.2.4.2: Assume that either [ =1 or [ = 3. Then
1
fi2 = -3 [6dh + 3(a + d)r* + (c — 3d + 3e) R?],
1
fia = -3 [(Ba + ¢+ 3e)r? + (¢ — 3e + 3f) R* + 6eh) .

Subcase 3.1.3.2.4.2.1: a+d =0 and ¢ — 3d + 3e # 0. Solving fio =0

| —6dh
we get R = /——————. Substituting R in fi4 and solving fi4 = 0 we
c—3d+ 3e

obtain two subcases

Subcase 3.1.3.2.4.2.1.1: 3a + ¢+ 3e # 0. Then we have

| 6h(cd — ce — 3e* + 3df) and
~\ (c—3d+3e)(3a + ¢+ 3e)
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2h(3ac + 9ae + ¢* + 3cd + 3ce + 9df)
(¢ —3d+ 3e)(3a + c+ 3e)
Considering that

a+d=0, ¢c—3d+3e#0, 3a+c+3eF#0,

dh(c —3d+3e) <0, h(ed— ce—3e*+ 3df)(c — 3d + 3e) 3,49
(Ba+c+3e) >0 and h(3ac+ 9ae + ¢ + 3cd + 3ce + 9df) (349)
(¢ —3d+ 3e)(3a+ ¢+ 3e) > 0.

System (3.10) has four zeros S* = (r*, o, R*, 5*) with

2h( 3ac—|— 9ae + ¢* + 3cd + 3ce + 9df)
(¢ —3d+ 3e)(3a + ¢ + 3e)

given by

(c—3d+3e)Ba+c+3e) 2"\ (c—3d+3e) 2

\/ 6h(cd — ce — 3e* + 3df) 3w —6dh 7r>

6h(cd — ce — 3e2 +3df) = —6dh Z)

c—3d+3e)3a+c+3e) 27\ (c—3d+3e) 2
6h(cd —ce —3e* +3df) 7 —6dh 3m
(c—3d+3e)(3a+c+3e) 2"\ (c—3d+3e) 2 |’

6h(cd — ce — 3e* + 3df) 3w —6dh 3
(c—3d+3e)(3a+c+3e) 27\ (c—3d+3e)” 2 )

(3.50)

N N N

Its Jacobian is

9dh*
16(3a + ¢ + 3e)3(c — 3d + 3e)
+c 4 3ed + 9ae + 3ce + 9df ) (—b* + 2bc — ¢ + 9ad + 6cd
—18ae — 6be — 6¢ce — 9e? + 9af + 6bf + 9df ) (3bc*d — 3abce
—4bc?e + 9acde — 3bede + 3c*de — 9abe? — 12bce? + 9ede?

+9bedf — 9bdef).

Jr(s%) = ~(cd — ce — 3e* + 3df ) (3ac

With the condition that d(2bc — b* — ¢ + 9ad + 6¢d — 18ae — 6be — 6ee — 9e* +
9af + 6bf + 9df)(3bc*d — 3abce — 4bc*e + 9acde — 3bede + 3c*de — Jabe? —
12bce? + 9ede? + 9bedf — 9bdef) # 0 and (3.49) hold, we have Jp gy # 0
and the four zeros (3.50) of system (3.10) provide four periodic solutions of
differential system (3.8). The set of conditions is not empty because the
value a = 4,0 = —16,c = —169/32,d = —4, f = —1,e = —1, h = 1 satisfy it.
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Subcase 3.1.3.2.4.2.1.2: 3a + ¢+ 3e = 0. Then we have fi; = 3(cd —
ce — 3e* + 3df)h/4(c — 3d + 3e)= constant.

Subcase 3.1.3.2.4.2.2: a+d =0 and ¢ — 3d + 3e = 0. We get fi5 =
—3dh /4= constant.

Subcase 3.1.3.2.4.2.3: a +d # 0 and ¢ — 3d + 3e = 0. Solving fio =0
[—2dh
we get r = Trd Substituting r in fi4 and solving f;4 = 0 we obtain two
a

subcases
Subcase 3.1.3.2.4.2.3.1: ¢ — 3e + 3f # 0. Then we have

| 2h(3ad + cd — 3ae) B \/Zh(ac +3af — 3ad — cd)

(atd)(c—3et3f) " (a+d)(c—3e+3f)
Considering that

a+d#0, ¢c—3d+3e=0, c—3e+3f#0,
dh(a+d) <0, h(3ad+ cd — 3ae)(a+ d)
(c—=3e+3f)>0 and h(ac+ 3af — 3ad — cd)
(a+d)(c—3e+3f) >0.

System (3.10) has four zeros S* = (r*, o*, R*, §*) with
. \/2h(ac+ 3af — 3ad — cd)

(3.51)

iven b
(atd)(c—3e+3f) o

—2dh m | 2h(3ad + cd — 3ae) w
a+d 2"\ (a+d)(c—3e+3f)" 2)
—2dh 3r | 2h(3ad + cd — 3ae) T
a+d 27\ (a+d)(c—3e+3f) 2]
2h(3ad 4+ cd — 3ae) 37w
(a+d)(c—3e+3f) 2 )’

3r | 2h(3ad + cd — 3ae) 3m
a+d 27\ (a+d)(c=3e+3f) 2 )

(3.52)

SHN
|y
QU
| =

The Jacobian is
7 _ dh*
f(87) 16(a + d)*(c — 3e + 3f)?
—3ae)(—ac + 3ad + cd — 3af)(—b? + 2bc — ¢* + 9ad + 6cd
—18ae — 6be — 6ce — 9e® + 9af + 6bf + 9df ) (bc*d + abee
—3abde + 3acde — 4bcde + Ede — 3ace? + 3bedf + 3abef).

(3ad + cd
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With the condition that (—b% + 2bc — ¢® + 9ad + 6¢d — 18ae — 6be — 6ee —
9e2 + 9af + 6bf + 9df ) (bc*d + abce — 3abde + 3acde — 4bede + c*de — 3ace® +
3bedf + 3abef) # 0 and (3.51) we have Jy,(g+) # 0 and the four zeros (3.52)
of system (3.10) provide four periodic solutions of differential system (3.8).
The set of conditions is not empty because the value a = 3,b = —68,¢ =
—3,d=—-2,f = —6,e = —1,h =1 satisty it.

Subcase 3.1.3.2.4.2.3.2: ¢ — 3e + 3f = 0. We have f1; = (¢d + 3ad —
3ae)h/(4(a + d))= constant.

Subcase 3.1.3.2.4.2.4: a+d # 0 and ¢ — 3d + 3e # 0. Then we have
. \/ 3dR? — 6dh — cR* — 3¢R*

3t d) . Substituting r in f14 and solving f14 = 0

we obtain two subcases

Subcase 3.1.3.2.4.2.4.1:1f
Y3 = 2 — 9ad — 6¢d + 18ae + 6ce + 9e* — 9af — 9df # 0

— 3ad — " oo _ 3.2
we obtain R = \/6h<3a6 3ad Cd)’ . \/Gh(cd ce — 3e® + 3df)

3 23

2h(c* 4 3ce + 9ae — 9af)

and p = >
3

In the case that

Y3 = ¢ — 9ad — 6¢d + 18ae + 6ce + 9e? — 9af — 9df # 0,
a+d#0, ¢—3d+3e#0, h(3ae—3ad— cd)¥3 >0,

h(cd — ce — 3e* + 3df)¥3 > 0 and (3.53)
h(c? + 3ce + 9ae — 9af)X3 > 0,
hold, system (3.10) has four zeros S* = (r*, o*, R*, 5*) with
\/Qh(02—|—306~|—9ae—9af) ,
p= given by
3
\/Gh(cd —ce—3e*+3df) \/6h(3ae —3ad —cd)
D3 12’ X3 "2 )7
\/ (cd — ce — 36 +3df) 3 \/6h(3ae —3ad —cd) T
) 2 ) 23 ) 2 Y
(3.54)
\/Gh (cd —ce — 36 +3df) « \/6h(3ae —3ad —cd) 3w
7 27 23 Y 2 Y
\/6h (cd — ce — 36 +3df) 3 \/6h(3ae —3ad —cd) 37
Ty s SN
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Its Jacobian is

9h*
1632
—3e% + 3df)(2bc — b* — ¢* + 9ad + 6¢d — 18ae — 6be — 6ce
—9¢? + 9af + 6bf + 9df ) (3bc*d — 4bc*e + Yacde + 3c*de
—9abe® — 9ace® — 12bce? + Ybedf + 9abef).

Jh (s = (3ad + cd — 3ae)(c* + 9ae + 3ce — af)(cd — ce

Whenever (2bc — b* — ¢® + 9ad + 6¢d — 18ae — 6be — 6¢ce — 9e? + 9af + 6bf +
9df ) (3bc2d — 4bc*e + acde + 3c*de — Yabe® — Yace® — 12bce? + Ibedf + abe f) #
0 and (3.53) hold, then Jf (s+) # 0 and the four zeros of system (3.10)
provide four periodic solutions (3.54) of differential system (3.8). The set of
conditions is not empty, the value a =3,b=0,c = —4,d = -2, f = —2,e =
—1,h = 1 satisfy it.

Subcase 3.1.3.2.4.2.4.2: ¥3 = 0. We have fi4 = h(cd+3ad—3ae)/(4(a+
d))= constant.

Subcase 3.2: sin2a = 0.

Subcase 3.2.1: Assume that either @« = 0 or a = 7. Then we get

1
fii = —échQ sin2f. If fi; = 0 then consequently one of the following four
subcases holds ¢ = 0, r = 0 (studied in case 1), R =0, § = pr/2 with p € Z.

Subcase 3.2.1.1: ¢ = 0. No information as in subcase 1.1. So n what
follows in subcase 3.2 we assume that ¢ # 0.

Subcase 3.2.1.2: R =0. Then

3
fio = -3 [(a+ 20+ d)r* +2(b+ d)h],
1
fia = -3 [3ar? + cr?(2 + cos 23) + (2h + r%)(3b + 2e + e cos 283)] .
—2
Subcase 3.2.1.2.1: a+2b+d # 0. Then fio,=0=r = %
2h b
and p = %. Substituting r in fi4 and solving fi4 =0

Subcase 3.2.1.2.1.1: bc + cd — ae — be # 0. We get
5 :I:l (A 3b2—2bc—3ad—26d—|—2ae+2be>
= +— arccos = :
2 b bc + cd — ae — be
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In the case that
a+2b+d#0, bc+cd—ae—be#0,

h(b+d)(a+2b+d) <0, h(a+b)(a+2b+d) >0, (3.55)
and ’A5| <1,
2h
system (3.10) has four zeros S* = (r*,a*, R*, %) with p = %
given by
2h(b+d 1
—%,0,0,jﬁ arccos As |,
2h(b + d) 1 (3.56)
—m, ™, 0, Zi:§ arccos A5> s

which reduce to two zeros if a +2b+d # 0, bc + c¢d — ae — be # 0, h(b+
d)(a+2b+d) <0, h(a+b)(a+2b+d) >0 and |As] = 1.
The Jacobian is
J = oon” b)(b+ d)(3b* — bc — 3ad — cd
fl(S*)i _32(a—i—2b—i—d)3<a+ )( + )( —0Cc—doaa —¢ +a€
+be)(b* — be — ad — cd + ae + be).

Supposing that b(3b*> —bc—3ad —cd+ae+be) (b* —bec—ad—cd+ae+be) # 0
and (3.55) hold. This assumption is not empty because it is satisfied for the
value a = 2,0 = —1,¢c = —2,d = —1,e = 0,h = —1. Then Jy ) # 0
and the four zeros (3.56) of system (3.10) provide two periodic solutions of
differential system (3.8) because when R = 0, the two solutions of § provide
the same initial conditions.

Subcase 3.2.1.2.1.2: bc+ cd — ae — be = 0. Then fi4 = —h(3b* — 2bc —
3ad — 2cd + 2ae + 2be) /(4(a + 2b + d)) = constant.

3h
Subcase 3.2.1.2.2: a+ 2b+ d = 0. Then we have fj5 = _Z(b +d)=

constant.

Subcase 3.2.1.3: 8 = % with p € Z. Due to the periodicity of the

sinus we study the subcases p = 0 and p = 2, and the subcases p = 1 and
p = 3 together.

Subcase 3.2.1.3.1: Assume that either p = 0 or p = 2, i.e. § =0 or

b =m.
Fio = —%[6(b+d)h+3(a+2b+d)r2—3(b—c+d—€)32],
fia = —%[6(b+e)h+3(a+b—|—c+e)r2—3(b—c—|—e—f)R2].
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Subcase 3.2.1.3.1.1: b—c+d—e =0 and a+ 20+ d # 0. Solving
_ 2h(b+d)

a+2b+d
f14 = 0 with respect to R we have two subcases

fi2 = 0, we obtain r = . Substituting r in f;4 and solving

2h Ny

Subcase 3.2.1.3.1.1.1: b—c+e— f # 0 we get R =

01
2h N, 9
5 where Ny = b°—cd+be—bc+ae—ad, Ny = cd+ab—ac+ad—af—bf
1

and 6, = (a+2b+d)(b—c+e— f).
Assuming that

and p =

b—c+d—e=0, a+2b+d#0, b—cH+e—f#0,

hb+d)(a+2b+d) <0, hNi6 >0 and hNyg, >0. OO0

System (3.10) for p = 0 and p = 2 has four zeros S* = (r*,a*, R*, §*) with
[2h Ny .
p= given by
o1
\/_ 2h(b+ d) 0 \/2th 0
a+2b+d 5 )

\/_ 2h(b+ d) 0 \/2th i

a+2b+d 7 6 )

\/_ 2h(b+ d) \/2th 0
a+2b+d’7r’ 5 )

\/ 2h(b + d) \/2th
- y Ty y T -
a—|—2b+d 51

9t (b + d) ) )
" 16(a+20+d)i(b—c+e— f)3N1N2(b 2ot —ad
—2cd + 2ae + 2be + 2ce + €* — af — 2bf — df)(b*c® — bPc
—b%ed + bc*d + ab*e — abce — bcke + abde — acde — cAde
+ace? + bee? + bcf + bedf — abef — bPef).

(3.58)

Its Jacobian is

Jpi(se) =

With the condition (b? — 2bc + ¢? — ad — 2cd + 2ae + 2be + 2ce + €* — af —
2bf — df)(b?c® — b3c — bed + bc*d + ab’e — abce — bc*e + abde — acde —
Ade + ace* + bee? + V?cf + bedf — abef — b?ef) # 0 and (3.57), we have
Jf(s+) # 0. The set of conditions is not empty because it is satisfied for the
value a = 1,b = 2,¢ = —1,d = —4,e = —1, f = —3,h = 1. Therefore the
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four zeros (3.58) of system (3.10) provide four periodic solutions of differential
system (3.8).

Subcase 3.2.1.3.1.1.2: b—c+e— f = 0. We have f1; = 3h(—b*+ bc+
ad + c¢d — ae — be) /(4(a + 2b + d))= constant.

Subcase 3.2.1.3.1.2: b—c+d—e =0and a+2b+d = 0. Then
3h
Ji2 = _Z(b + d)= constant.

Subcase 3.2.1.3.1.3: b—c+d—e # 0 and a + 20+ d = 0. Solving

2h(b+d
fi2 = 0, we obtain R = % Substituting R in f14 and solving
—c —e
f14 = 0 with respect to r we have two subcases
2hN.
Subcase 3.2.1.3.1.3.1: a+b+c+e # 0. We get r = 5 ® and
2

2hN,
=1\

—cd—ce—bf —df and by = (b—c+d—e)(a+b+c+e).
Assuming that

b—c+d—e#0, a+2b+d=0, a+b+c+e#0,
h(b+d)(b—c+d—e)>0, hN352>0 and hN452>0.

System (3.10) for p = 0 and p = 2 has four zeros S* = (r*, a*, R*, f*) with

where N3 = e? —cd + ce + be — bf — df, Ny = —ac — ae — cb —

(3.59)

2hIN, .
p= given by
02
2h N3 0 2h(b+ d) 0
g " Nb—cH+d—e )’
2hN.
377T7 2h(b+d> 70 )
(52 b—c+d—e
(3.60)
2h N3 0 2h(b+ d) -
do " Nb—cH+d—e )’
2h N3 2h(b+ d)
) T T, 5 T
(52 b—c+d—e
Its Jacobian is
9n(b + d)

Jrgy = — NyN4(2bc — b? — 2
f1(57) 16(b—c+d—e)*(a+b+c+e)d ° 1(2be ¢

+ad + 2cd — 2ae — 2be — 2ce — €* + af + 20f + df )(b*ce
—bc?d + bc*e + acde + c2de — abe? + bee? + cde? — bcf
—bedf — b?ef — bdef).
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With the condition (2bc — b* — ¢* + ad + 2cd — 2ae — 2be — 2ce — €* + af +
20f +df ) (b*ce — bc*d + bc*e + acde + de — abe® + bee? + cde? — bcf — bedf —
bef —bdef) # 0 and (3.59) we have Jy, s+ # 0. The set of conditions is not
empty because it is satisfied for the value a =7,b= -2, c= —1,d = —3,e =
—1, f = =2,h = 1. Therefore the four zeros (3.60) of system (3.10) provide
four periodic solutions of differential system (3.8).

Subcase 3.2.1.3.1.3.2: a+ b+ c+ e = 0. Then we have
fia = =3h(bf + cd + df — be — ce — €*)/(4(b — ¢+ d — e))= constant.

Subcase 3.2.1.3.1.4: b—c+d—e # 0 and a + 2b + d # 0. Solving
f12 = 0 we get

2h(b+d) + (a + 2b+ d)r?
R—
(b—c+d—e)

with respect to r we have two subcases

. Substituting R in fi4 and solving f14 =0

Subcase 3.2.1.3.1.4.1: If
w="b%—2bc+ * — ad — 2cd + 2ae + 2be + 2ce + e* — af — 2bf — df # 0,

[2hN; [2h N, [2h N
then we get r = 5, R = S and p = 7, where N; =
w w w

cd —be — ce — e? +bf +df, Ng = b*> — ad — cd + ae — bc + be, N; = % + ce +
ae —af —bc—bf.
In the case that

w=0%—=2bc+ ?— ad — 2cd + 2ae + 2be + 2ce + 2 —

af —2bf —df #0, (3.61)
b—c+d—e#0, a+2b+d+#0, hNsw >0, '
hNgw >0 and hN;w >0,

hold, then system (3.10) for p = 0 and p = 2 has four zeros S* = (r*, a*, R*, 8*)

[2hN.
with p = == given by
w
2hN. 21N,
\/h ‘”’,0,\/ d 6,0>,
w w
\/QhN5 \/th6
707 77-‘_ )
w w
\/th5 \/2hN6
77T7 70 )
w w
\/th5 \/2hN6 >
) T y T ) -
w w
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The Jacobian is

9ht
16 3N5N6N7(b02d — b?ce — bc?e — acde — c*de + abe?
W

+ace* + bee? + bicf + bedf — abef — b2ef).

Jp(st) =

Considering that (bc*d —b*ce — bc*e — acde — c*de + abe? + ace? + bee? + Ve f +
bedf — abef — b?ef) # 0 and (3.61) hold. This assumption is not empty
because the value a = 4,b = —3,¢c = -2, d = -2, f = —b,e = —-1,h = —1
satisfy it. Then Jy,(s+) # 0 and the four zeros (3.62) of system (3.10) provide
four periodic solutions of differential system (3.8).

Subcase 3.2.1.3.1.4.2: w = 0. Then we have f14 = —3h(cd — be — ce —
e +bf +df)/(4(b — ¢+ d — e))= constant.

Subcase 3.2.1.3.2: Assume that either p = 1 or p = 3, ie. f = g or

3T
=5
1
fiz = —§[6(b+d)h+3(a+26+d)r2 — (3b—c+3d—e)R?],
1
fra = _§[2h(3b+e)+(3a+3b+c+e)7‘2— (3b—c+e—3f)R?].

Subcase 3.2.1.3.2.1: 3b —c+3d —e =0 and a + 2b+ d # 0. Solving
fi2 = 0 we get r = \/—2h(b+d)/(a+2b+ d). Substituting r in fi4 and
solving fi14 = 0 we have two subcases

2h N,
Subcase 3.2.1.3.2.1.1: 3b—c+e—3f # 0. Then we obtain R = 5 i
3

where 03 = (a + 20+ d)(3b — c+ e — 3f), Ny = 3b*> — cd — be + be — 3ad + ae
2h Ny

3
If we have

and p = where Ny = (3ab — ac + 3ad + cd — 3af — 3bf).

3b—c+3d—e=0, a+2b+d#0, 3b—c+e—3fF#0,

hb+d)(a+2+d) <0, hosNs>0 and hosNe >0 (63

then system (3.10) for p = 1 and p = 3 has four zeros S* = (r*, o*, R*, /%)
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hN,
with p = i given by
03
(a+2b+d)” "\ 6 2
~2h(b+d) . [2RN 37r>
a+2b4+d)’ N 6 2 )
( ) ’ (3.64)
~2h(b+d) _ [2hNs ©
(a+20+4d) "’ o T2
—2h(b+ d) 20Ny 3
(a+2b+d)’7r’ 63 12 )
The Jacobian is
h*(b+ d) NsNq

Jfl(S*) = (9b2 — 6bc + C2 — 9ad

16(a+2b+d)*(3b — c+ e — 3f)3
—6cd + 6ae + 6be + 2ce + €2 — 9af — 18bf — 9df ) (b*c?
—3b3%¢ — 3b%cd + bcd + 3ab*e — abce — 4b*ce + bcte + 3abde
+3acde + c2de — ace? — bee? + 3b%cf + 3bedf — 3abef
—3b%ef).

Supposing that (96> — 6bc + ¢* — 9ad — 6¢d + 6ae + 6be + 2ce + € — 9af —
18bf — 9df )(—3b%c + b*c® — 3b*cd + bc*d + 3ab*e — abce — 4b%ce + bcte +
3abde + 3acde + *de — ace? — bee* + 3b%cf + 3bedf — 3abef — 3b*ef) # 0
and (3.63) hold. This assumption is not empty because it is satisfied for the
value a = 0,b=13/3,c= —4,d = =6, f = —2,e = —1,h = 1. As a result of
that, we have Jy,(g+) # 0 and the four zeros (3.64) of system (3.10) provide
four periodic solutions of differential system (3.8).

Subcase 3.2.1.3.2.1.2: 3b—c+ e —3f = 0. We have fi; = (cd — 3b* +
bec — be + 3ad — ae)h/(4(a + 2b + d))= constant.

Subcase 3.2.1.3.2.2: 3b —c+3d—e=0and a +2b+d=0. Then we

h
have fi2 = —Sz(b + d)= constant.

Subcase 3.2.1.3.2.3: 3b —c+3d —e # 0 and a + 2b+ d = 0. Solving

B B 6h(b+ d)
Jiz = 0 we get R = \/3b—c+3d—e‘
f14 = 0 we obtain two subcases

Substituting R in fi4 and solving
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2hN-
Subcase 3.2.1.3.2.3.1: 3a+ 3b+ c+ e # 0. We obtain r = 5 10
4

where 6, = (3a+3b+c+e)(3b—c+3d—e), Nig = 3be+ce+e*—3cd—9bf —9df

2hN
and p = 1 where Nyj = (3ac+ 3ae 4 3bc + ¢ + 3cd + ce 4 9bf + 9df).
4
If we have
3b—c+3d—e#0, a+2b+d=0,
3a+3b+c+e#0,h(b+d)(3b—c+3d—e) >0, (3.65)

h(54N10 >0 and h(54N11 > 0,

then system (3.10) for p = 1 and p = 3 has four zeros S* = (r*, a*, R*, 5%)
2h N4

4

with p = given by

0, V3 —c+3d—-e"2)

\/2th07T\/ 6h(b+d) 37
00 V3 —c+3d—e 2]’

(3.66)
5, " V3b—c+3d—e' 2]
2hN1o \/ 6h(b+ d) 37
5. V3 —ct3d—e 2 )
The Jacobian is
h4(b + d)Nyg V-
Jh(sv) = ON1b + d) V1o Ny (6bc — 9b% — ¢2

16(3b—c+3d —e)*(3a+3b+c+e)?
+9ad + 6¢cd — 6ae — 6be — 2ce — €2 + 9af + 18bf + 9df)
(bc*d + 4abce + 3b*ce + bc’e + 3acde + 4bede + c*de + abe?
+bce? + cde? + 3b%cf + 3bedf + 3b%ef + 3bdef).

Supposing that (6bc — 9b* — ¢? + 9ad + 6¢d — 6ae — 6be — 2ce — €2 + 9af +
18bf +9df ) (bc*d + 4abce 4 3b*ce + bc*e + 3acde + 4bede + c*de + abe? + bee? +
cde? + 3b%cf + 3bedf + 3b%ef + 3bdef) # 0 and (3.65) hold. This assumption
is not empty because it is satisfied for the value a = 4,0 = —2,¢ = —1,d =
0,f=—-1/2,e = —=1,h = 1. Therefore Jy,(g+) # 0 and the four zeros (3.66)
of system (3.10) provide four periodic solutions of differential system (3.8).

Subcase 3.2.1.3.2.3.2: 3a +3b+ c+e = 0. We have f14 = (—3cd +
3be + ce +e* — 9bf — 9df )h/4(3b — ¢ + 3d — €)= constant.
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Subcase 3.2.1.3.2.4: 3b —c+3d —e # 0 and a + 2b+ d # 0. We have
R \/6h(b +d) + 3(a+ 2b+ d)r?

3b—c+3d—ce¢
f14 = 0 we have two subcases

Substituting R in f;4 and solving

Subcase 3.2.1.3.2.4.1: If
wi = 9b* —6bc+c? —9ad — 6cd +6ae+6be +2ce+e? —9af —18bf —9df # 0

[2h N [6h N [2h N
SO r = 12’ R = 13 and P = 1 where N12 = 3cd —
w1 w1 w1

3be — ce — e? + 9bf + 9df, N1z = 3b* — 3ad — cd + ae — bc + be, Ny =
c? — 3bc + 3ae + ce — 9af — 9bf.
Supposing that

wi = 9b? — 6bc + ¢* — 9ad — 6cd + 6ae + 6be + 2ce + €2 — Yaf
—18bf —9df #0, 3b—c+3d—e#0, a+2b+d#0, (3.67)
hN12w1 > 0, hN13w1 >0 and hN14(A)1 > 0.

System (3.10) for p = 1 and p = 3 has four zeros S* = (r*,a*, R*, *) with
[2h N1y .
p= given by
%1
\/2th2 0 \/6th3 s
wl ) Y wl Y 2 Y

\/2th2 0 \/6th3 3
wl ) Y wl Y 2 )

(3.68)
\/2th2 \/6th3 ™
7T f—
w1 s My Wy ) 9 )

Its Jacobian is

9ht
J Sy = ——N12N13N14(bc2d — 5b2C€ + b02€ + 3acde + C2d€ + Clb€2
h(s7) 16w?

—ace? — bee? + 3b%cf + 3bedf — 3abef — 3b%ef).

Assuming that (bc?d —5b%ce+bc2e+ 3acde+ c2de+ abe? — ace* —bee? +3b%c f +
3bedf —3abe f—3b*ef) # 0 and (3.67) hold. This set of conditions is not empty
because the value a = 7,0 = —6,¢c = —24,d = —45, f = 17,e = —1,h = —1
satisfy it. Then Jy, (s+) # 0 and the four zeros (3.68) of system (3.10) provide
four periodic solutions of differential system (3.8).
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Subcase 3.2.1.3.2.4.2: w; = 0. Then fi4 = —hN12/(4(3b—c+3d—e))=
constant.

3
Subcase 3.2.2: Assuming either a = g or a = ; Then we have

1
fi1 = —gchQ sin23. If fi; = 0 then consequently one of the following four
subcases holds ¢ = 0, r = 0 (studied in case 1), R =0, 8 = gqn/2 with q € Z.

Subcase 3.2.2.1: ¢ = 0. No information about the periodic orbits as in
subcase 1.1. So in what follows in subcase 3.2.2 we assume that ¢ # 0.

Subcase 3.2.2.2: R =0. Then

1
1
fia = —3 [((Ba+b+2c+ 2e + (c — €) cos26)r? + 2h(b + 2e—
ecos2f3)].

Subcase 3.2.2.2.1: 3a + 2b + 3d # 0. Solving fi» = 0 we get r =

2 2
\/—% and p = %. Substituting r in f;4 and solving

fi4 = 0 we obtain two subcases

Subcase 3.2.2.2.1.1: 3cd + 3ae + be + be # 0. Then we have
B b? — 2bc — 9ad — 6¢d + 6ae + 2be>

1
_ 4 (A _
€Vh 2 areeos 6 3cd + 3ae + be + be
enever

3a+2b+3d # 0, 3cd+ 3ae+ be+ be # 0,
h(b+3d)(3a+2b+3d) <0, h(3a+b)(3a+2b+3d) >0 (3.69)

and |Ag| <1,
2h(3 b
system (3.10) has four zeros S* = (r*,a*, R*, 8*) with p = 3 f_;b—:_ ;d
a
given by
oh(b+3d) 7 . 1
— Z —0.+= A
3a+2b+3d 2 2 MR 6)’ (3.70)
—2h(b+3d) 37 1 A '
it S el — arccos
3a12043d 2 MR |
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which reduce to two zeros if 3a + 2b + 3d # 0, 3cd + 3ae + bc + be # 0,
h(b+3d)(3a + 2b+ 3d) < 0, h(3a+ b)(3a + 2b + 3d) > 0 and |Ag| = 1.
The Jacobian is
bh?
32(3a + 2b + 3d)
+3ae + be)(b* — be — 9ad — 3ed + 9ae + 3be).

Jp(s+) = 5 (3a +0)(b+ 3d)(b* — 3bc — 9ad — 9cd

Assuming that b(b* — 3bc — 9ad — 9ed + 3ae + be) (b* — be — 9ad — 3cd + Yae +
3be) # 0 and (3.69) hold. This supposition is not empty because the value
a=1/2,b=—-1,c=-3/8,d=0,e =0,h = —1. Therefore Jy,(s-) # 0 and
the four zeros (3.70) of system (3.10) provide only two periodic solutions of
differential system (3.8) because when R = 0 the two solutions of § provide
the same initial conditions in (3.3).

Subcase 3.2.2.2.1.2: 3cd + 3ae + be + be = 0, we have
F h(b* — 2bc — 9ad — 6cd + 6ae + 2be)
4=

4(3a + 2b + 3d)

= constant.

h
Subcase 3.2.2.2.2: 3a + 2b + 3d = 0. Then we get fi5 = _Z<b + 3d)=

constant.

Subcase 3.2.2.3: 3 = % with ¢ € Z. Then due to the periodicity of

the sinus we study the subcases ¢ = 0 and ¢ = 2, and the subcases ¢ = 1 and
q = 3 together.

Subcase 3.2.2.3.1: Assume that either ¢ = 0 or ¢ = 2, i.e. either § =0
or f =m.

1
Ji2 = —3 [2(b+ 3d)h + (3a + 2b+ 3d)r* — (b — 3c + 3d — e) R?],

fua = —%[2(b+e)h+(3a+b—|—30—|—e)7‘2—(b—30+6—3f)R2]-

Subcase 3.2.2.3.1.1: b —3c+3d — e = 0 and 3a + 2b+ 3d # 0. Solving

) 2h(b + 3d)
fi2 = 0, we obtain 7 \/ 34+ 2b + 3d
f14 = 0 with respect to R we have two subcases

Substituting r in fi4 and solving

Subcase 3.2.2.3.1.1.1: b — 3c+ e — 3f # 0. Then we get R =
2h(b? — 9ad — 9cd + 3ae — 3bc + be)
(3a+ 20+ 3d)(b—3c+e—3f)

and
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(3a+2b+3d)(b—3c+e—3f)
Considering that

B \/6h(3cd —bf + ab — 3ac + 3ad — 3af)

b—3c+3d—e=0, h(b+3d)(3a+2b+3d) <0,
h(b* — 9ad — 9cd + 3ae — 3bc + be)(3a + 2b + 3d)

(b—3c+e—3f)>0 and h(3ed—bf + ab (3.71)
—3ac + 3ad — 3af)(3a +2b+ 3d)(b—3c+e —3f) > 0.
System (3.10) has four zeros S* = (r*, o, R*, /*) with
6h(3cd — bf + ab — 3ac + 3ad — 3af)
= and
(3a +2b+3d)(b—3c+e—3f)
R 2h(b? — 9ad — 9cd + 3ae — 3bc + be) wven b
= ven
Ba+20+3d)(b—3c+e—3f) o
2h(b+3d) w _,
\/_3a+2b+3d’§’R ’0>’
2h
ST 5
3a+2b+ 3d" 2
(3.72)
\/_ 2h(b+3d) 3w R0
3a+20+3d" 27 )’
2h(b+3d) 3w _,
\/_3a+2b+3d’7’R ’”)‘
Its Jacobian is
3h(b + 3d)(b* — 3bc — —
T = — (b+ 3d)( ¢ — 9ad — 9cd + 3ae + be) (ab — 3ac
16(3a + 2b + 3d)*(b — 3c+ e — 3f)3

+3ad + 3cd — 3af — bf)(b* — 6bc + 9c* — 9ad — 18cd
+6ae + 2be + 6ce + €* — 9af — 6bf — 9df)(b*c — 3b*c?
+3b%cd — 9bc*d + 3ab*e — Yabee + 3bc*e + Yabde + Jacde
+9c%de + 12bcde — 3ace® — bee? — 3b%cf — 9bedf — 9abe f
302 f).

In the case that (b* —6bc+9c¢? —9ad — 18cd +6ae +2be +6ce+e? —9a f —6bf —

9df ) (bPc—3b%c* +3b*cd — 9bc*d+3ab*e —Yabce + 3bc*e+9abde +9acde+ 9 de+
12bede—3ace? —bee? —3b%c f —9bedf —9abe f —3b%e f) # 0 and (3.71) hold, then
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Jr(s+y # 0 and the four zeros (3.72) of system (3.10) provide four periodic
solutions of differential system (3.8). The set of conditions in not empty
because for the value a =1, =5,c= -2, d=—4,f=—-1l,e=—-1,h =11t
is satisfied.

Subcase 3.2.2.3.1.1.2: b—3c+e—3f = 0. We have fi4 = (—b? + 3bc+
9ad 4 9cd — 3ae — be)/(4(3a + 2b + 3d)).

Subcase 3.12.2.3.1.2: b—3c+3d—e =0 and 3a+ 2b+ 3d = 0. Then
we get fia = _é_l(b + 3d)h= constant.

Subcase 3.2.2.3.1.3: b — 3¢+ 3d — e # 0 and 3a + 2b+ 3d = 0. Solving

) 2h(b+ 3d)
fi2 =0, we obtain R = \/b—3c+3d—e
f14 = 0 with respect to r we have two subcases

. Substituting R in f14 and solving

2hN15

Subcase 3.2.2.3.1.3.1: 3a + b+ 3¢+ e # 0, Then we get r =

05
—6hN
5 % Where Ni5 = €2 — 9cd + be + 3ce — 3bf — 9df, Niyg =
5

3ac+ae+be+3c®+3cd+ce+bf +3df and 65 = (b—3c+3d—e)(3a+b+3c+e).
Supposing that

and p =

b—3c+3d—e#0, 3a+2b+3d=0,
3a+b+3c+e#0, h(b+3d)(b—3c+3d—e)>0, (3.73)
h(55N15 >0 and h55N16 < 0.

—6hNyg
0

System (3.10) has four zeros S* = (r*, o*, R*, 5*) with p =

by

\/2th5 m \/ 2h(b + 3d) O)
05 2°Vb—=3c+3d—¢e ]’

2hNy; T 2h(b + 3d)
\/ ’ \/b—z-ac+3d—e7r ’

(3.74)

\/mgw 2h(b + 3d) 0)
05 b—3c+3d—¢e )’

\/W 2h(b + 3d)
b—3c+3al—e7r ‘
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Its Jacobian is

3h* (b + 3d)Ni5Nyg
16(b — 3c+3d — e)*(3a+ b+ 3¢+ €)3)
—9ad — 18cd + 6ae + 2be + 6ce + €2 — 9af — 6bf — 9df)
(12abce — 9bcd + bSb*ce + 15bc%e + acde + 12bede + 9c2de
+3abe? + bbee? + 3cde? — 3b*cf — Ybedf + 3b%ef + Ybdef).

Jfl(S*) = (b2 — 6bC + 902

Supposing that (b? — 6bc + 9¢* — 9ad — 18¢cd + 6ae + 2be + 6ce + € — Ja f —
6bf — 9df )(12abce — 9bc*d + 5b*ce + 15bc*e + Yacde + 12bede + 9c*de + 3abe? +
Sbce? + 3cde? — 3b%cf — bedf + 3b*ef + 9bdef) # 0 and (3.73) hold. This
assumption is not empty because the value a = 11/3,b = —1,¢ = —2,d =
=3, f =0,e = —1,h = 1 satisty it. Therefore Jy,(s~) # 0 and the four zeros
(3.74) of system (3.10) provide four periodic solutions of differential system
(3.8).

Subcase 3.2.2.3.1.3.1: 3a+b+3c+e = 0. Then fi4 = h(eb+ €2 —
9cd + 3ce — 3fb—9fd)/(4(b — 3c+ 3d — €))= constant.

Subcase 3.2.2.3.1.4: b —3c+3d — e # 0 and 3a + 2b+ 3d # 0. Solving

2h(b+ 3d) + (3a + 2b + 3d)r?
=0 t R = .

Sz we 8¢ \/ b—3c+3d—e
fia and solving fi4 = 0 with respect to 7 if wo = b? + 9¢* — 9ad + 6ae +

Substituting R in

2h N
e? — 18cd + 6ce — 6bc + 2be — 6bf — 9af — 9df # 0 we get r = 7
w2
[2hN- [6h 1N
R = % and p = Y where Ny; = 9cd — be — 3ce — 2+ 3bf + 9df,
Wa [0%5)

Nig = b?> —9ad — 9cd + 3aeb — 3bc+be and Nig = 3c? +ce+ae—3af —bc—Dbf.
Considering that

b—3c+3d—e#0, 3a+2b+3d#0, wy+#0,

hNi7wy > 0, hNjgws >0 and hANjgws > 0. (375)

6hN1g

%)

System (3.10) has four zeros S* = (r*, o, R*, §*) with p = given
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by

\/2th7 s \/2th8 0
Wa 727 Wa ’

\/2th7 Z \/2th8
Wy DX Wy YT

(3.76)
2hN17 3T 2hN18 0
Wo 1Ty Wo ) )
2hN17 3 2hN18
- m
Wa ’ 2 ’ W2 ’
The Jacobian is
9h4 2 2 2 2
Jfl(s*) = _WN17N18N19(5bC e — 3bc*d — b*ce + 3acde + 3¢ de
2

+abe? — ace? + bee? — V?cf — 3bedf — 3abef — b2ef).

Whenever (5bc%e — 3bc*d — b*ce + 3acde + 3c*de + abe* — ace* + bee? —
b?cf — 3bedf — 3abef — b?ef) # 0 and (3.75) hold, Jy, (s+) # 0. Therefore the
four zeros (3.76) of (3.10) provide four periodic solutions of (3.8). The set of

conditions is not empty because the value a = 24801,

125650218335849692517022677184147
- — 4939 - _9 —
738740718443550679046052380672 € 32808, d 3930, ¢
—72913, f = —92159, h = 1 satisty it.

Subcase 3.2.2.3.1.4.2: wy = 0. Then fi4 = h(eb+e? —9cd+3ce —3bf=
constant.

Subcase 3.2.2.3.2: Assume that either ¢ = 1 or ¢ = 3, i.e. either § = g

or f = 3% Then

1
fz= —g [2h(b + 3d) + (3a + 2b + 3d)r* + (¢ — b — 3d + 3e)R?],
1
fra = —g[Qh(b+3e)+(3a+b+c+3e)r2+(3f—b—3e+c)R2}.

Subcase 3.2.2.3.2.1: ¢ —b—3d+ 3e = 0 and 3a + 2b+ 3d # 0. Solving

) 2h(b + 3d)
=0 bt == 7
fio , we obtain r \/ S0t 9b T 3d
f14 = 0 we obtain two subcases

Substituting r in fi4 and solving
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2hN.
Subcase 3.2.2.3.2.1.1: b —c+ 3e — 3f # 0. We obtain R = 5 20
6
6h .
and p = 5 21, where Noy = b — be — 9ad — 3cd + 9ae + 3be, Ny =
6

cd + ab — ac+ 3ad — 3af — bf and § = (3a + 20+ 3d)(b — ¢ + 3e — 3f).
Supposing that

c—b—3d+3e=0,3a+2b+3d#0,
b—c+3e—3f£0, h(b+3d)(3a+2b+3d) <0, (3.77)
h(56N20>O and h56N21>0.

hN:
System (3.10) has four zeros S* = (r*,a*, R*, *) with p = 0 5 2L given
6
by
\/_M T [2hNy 7
3a+2b+3d 2’ d 2]
\/_ 2h(b+3d) m [2hNy 3m
3a+2b+3d’ 2’ é6 2 )
(3.78)

\/_M 3 [2hNg

3a+2b+3d 2’ b 2]

\/_M 3w [2hNoy 3
3a+2b+3d 27 d 2 )

3h*(b + 3d) oy Ny
16(3a + 2b + 3d)*(b — ¢ + 3e — 3f)3
—6cd + 18ae + 6be + 6ce + 9e? — 9af — 6bf — 9df)(b3c
—b%c? + 3b%cd — 3bc*d + 3ab*e — 3abce + 4b*ce — bcte
+9abde — 9acde + 12bcde — 3cde + Yace® + 3bce® — 3b3cf
—9bedf — 9abef — 3b%ef).

The Jacobian is

(b* — 2bc + ¢* — 9ad

Jp(se) =

Assuming that (b? — 2bc+c? —9ad — 6¢d + 18ae + 6be + 6ce +9e? — a f — 6bf —
9df ) (bPc—b*c? + 3b*cd — 3bc*d + 3ab*e — 3abce + 4b*ce — bc*e + 9abde — Yacde +
12bede — 3c2de+9ace? + 3bce? — 3b%c f — bedf — 9abe f — 3b%ef) # 0 and (3.77)
hold, then Jy,(s+) # 0 and the four zeros (3.78) of system (3.10) provide four
periodic solutions of differential system (3.8). The set of conditions is not
empty because the value a =2,b=1,c=-2,d=-2,f = —4,e=—-1,h =
1.
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Subcase 3.2.2.3.2.1.2: b—c+3e—3f = 0. We have fi4 = —No/(4(3a+
2b + 3d)) = constant.

Subcase 3.12.2.3.2.2: 3a+2b+3d=0and ¢c—b—3d+ 3e = 0. Then
we get fio = _Z(b + 3d)h =constant.

Subcase 3.2.2.3.2.3: ¢ —b—3d+3e # 0 and 3a+2b+ 3d = 0. We have

2h(b+ 3d
R = \/ (b+3d) . Substituting R in f14 and solving f14 = 0 we have
b—c+3d—3e

two subcases

6hNoo

Subcase 3.2.2.3.2.3.1: 3a+b+c+3e # 0. We get r =

o7
2h N
o 23, where Ny = be — bf + ce — cd + 3e% — 3df, Noz =
7

3ac+be+c?+3cd+9ae+3ce+3bf+9df and 67 = (b—c+3d—3e)(3a+b+c+3e).
Assuming that

and p =

c—b—3d+3e#0, 3a+20+3d=0, 3a+b+c+3e#0

h(b+3d)(b—c+3d—3¢) > 0, hosNp >0 and hosNeg < 0. 79

2hN.
System (3.10) has four zeros S* = (r*, o*, R*, %) with p = {/— hé 2 given

7

by
\/6hN22 s \/ 2h<b + 3d) ’/T
57 ’ b—c + 3d — 36
6hﬁ&2 T \/ 2h(b+3d) 3m
’ b—c+3d—3¢" 2 )

(3.80)

/6hN22 37T 2h b + 3d 71'
57 b —c+ 3d 36 ’

6hN22 37T 2h b + 3d 3T

\ b—c+3d—3e 2

OB (b + 3d) Ny Nag
16(b — ¢+ 3d — 3e)*(3a + b+ c + 3¢)?
+6¢d — 18ae — 6be — 6ce — 9e? + 9af + 6bf + 9df ) (b3ce
—bc?d + bc*e — 3acde — c*de + 3abe? + 3bce? — 3cde® — Vcf
—3bedf + bPef + 3bdef).

The Jacobian is

(20c — b* — ¢ + 9ad

Jp(s0) =
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Assuming that (2bc — b* — ¢* + 9ad + 6¢d — 18ae — 6be — 6ce — 9e? + 9af +
60f + 9df ) (b*ce — bc*d + bce — 3acde — c2de + 3abe? + 3bce? — 3ede® — bPef —
3bcdf + b*ef + 3bdef) # 0 and (3.79) hold. This assumption is satisfied for
the value a = 7,b = —=3,¢c = —2,d = —=5,f = —2,e = —1,h = 1. Then
Jt(s+) # 0 and the four zeros (3.80) of system (3.10) provide four periodic
solutions of differential system (3.8).

Subcase 3.2.2.3.2.3.2: 3a+b+c+3e = 0. We obtain f14 = 3h Ny /(4(b—
¢+ 3d — 3e))= constant.

Subcase 3.2.2.3.2.4: ¢ —b—3d+ 3e # 0 and 3a + 2b+ 3d # 0. Solving

2bh + 6dh + 3ar? + 2br? 4 3dr?
b—c+3d—3e

substituting R in f14 and solving f14 = 0 we obtain two subcases

Subcase 3.2.2.3.2.4.1: If

wy = b® —2bc+ ¢* — 9ad — 6ed + 18ae + 6be + 6ce + 9e* — 9af — 6bf — 9df # 0,

[6hN. [2hN. [2hN.
then r = 24 25 and p = 2 Wwhere Noy = cd —
w3 ws w3

e—ce—3e +bf—i—3df, Nos = b? — bc — 9ad — 3cd + 9ae + 3be and Nog =
c? — be + 9ae + 3ce — Yaf — 3bf.
With the condition that

wsg = b? — 2bc + ¢ — 9ad — 6cd + 18ae + 6be + 6ce
+9¢? — 9af — 6bf — 9df # 0,

c—b—3d+3e£0, 3a-+2b+3d+40, (3.81)
hNosws > 0, hNosws >0 and hNygws > 0,
2hN.
system (3.10) has four zeros S* = (r*, a*, R*, 5*) with p = 20 given by
w3
6hN24 s 2hN25 s
w3 ’ 27 W3 ’ 2 ’
\/6hN24 ™ \/2hN25 3T
wy 2] wy 2
’ ’ (3.82)

6hN24 3T 2hN25 m
w3 ’ 2 ’ w3 ’ 2
6hN24 3T 2hN25 3
\/ W3 ’ 2 ’ w3 ’ 2 ’
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The Jacobian is

9h* Ny Nos Nag

e I T

(bc*d — b*ce — bc*e + 3acde + *de — 3abe?

—3ace? — 5bce? + b2cf + 3bedf + 3abef + bief).

Assuming (bc?d — b?ce — bc2e + 3acde + c*de — 3abe? — 3ace? — 5bee? + b cf +
3bcdf + 3abef + b?ef) # 0 and (3.81) hold. This supposition is not empty
because the value a = 5,b = —9,¢c = —8,d = -31,f = -2,e=—-1,h = —1
satisfy it. Therefore Jy, (s+) # 0 and the four zeros (3.82) of system (3.10)
provide four periodic solutions of differential system (3.8).

Subcase 3.2.2.3.2.4.2: w3 = 0. We have f14 = —3hNoy/(4(b— c+ 3d —

3e)) =constant.

Proof of Proposition 4. Following the averaging theory, (r*,o*, R*, %) is a
periodic solution of (3.8) means that

r(t,e) = r* 4+ O(¢g),
a(t,e) = a*+0(e),
) ©) (3.83)
R(t,e) = R*+ O(e),
B(0,e) = B*+O(e)
Adding the fact that p = v/2h + r*2 — R*? so system (3.83) becomes
r(t,e) = r* 4+ O(e),
pt,e) = V2h 412 — R4+ 0(e),
a(t,e) = a*+0(e), (3.84)
R(t,e) = R*+O(e),
Blt.e) = f+O(e).
We reconsider the variable,t, the temps instead of # and the (3.84) becomes
r(t,e) = r*+0(e),
0(t,e) = t40(e),
t,e) = V2h+12— R?+0(e),
lt.2) = VA E R4 O() -
a(t,e) = o+ O(e),
R(t,e) = R*+ O(e),
B(t,e) = B+ 0(e).
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Now using the change of variables (3.3): X = rcosf, Y = pcos(a — 6),
Z = Rcos(f —0), px = rsinf, py = psin(a — ), pz = Rsin(f — 0), the
system (3.85) becomes

X(t,e) = r*cost+ Ofe),
Y(t,e) = V2h+r2— R2cos(a* —t) + O(e),
Z(t,e) = Rcos(f* —1t)+ O(e),
(9 (5 1) +0) 556
px(t,e) = r*sint+ O(e),
py(t,e) = V2h+ 12 — R=Zsin(a* — t) + O(e),
pz(t,e) = R*sin(f* —t) + O(e).
Finally, we reused the scaling v = /e X, y =Y, 2=/ Z,
Pz = VEDPx, Py = VeEpy and p, = /e pz and (3.86) becomes
w(t,e) = /& r*cost+ O(e¥?),
y(t,e) = e V2h+r2— R2cos(a* —t) + O(e3/2),
2(t,e) = E R*cos(B* —t) + O(3?),
pe(t,e) = /& r*sint+ O(e%?),
py(te) = VE V2h+ 12— RZsin(a* —t) 4+ O(3/2),
p.(t,e) = e Rsin(B* —t) + O(e3?).
]

The results of this study have been published, see

F. LEMBARKI AND J. LLIBRE, Periodic orbits for the generalized Friedmann-
Robertson-Walker Hamiltonian in dim 6, Discrete and Continuous Dynamical
Systems, Series S Volume 8, Number 6, December 2015.
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Chapter 4

The Perturbed elliptic
oscillators Hamiltonian system
in 6D

In this chapter we study analytically the periodic orbits of the Perturbed
Elliptic Oscillators Hamiltonian system in dimension 6 using the averaging
theory of first order.

4.1 The Perturbed elliptic oscillators Hamil-
tonian system in 6D

The Hamiltonian studied in this chapter consists of a three coupled harmonic
oscillators known as perturbed elliptic oscillators.
H= (2 +y*+22+p2+pl+p2) +e(ay® + 222

2,22

+y22? — 22y?2?). (1.5)

We present conditions on the energy level to guarantee the existence of peri-
odic orbits which, we hope, will be useful information on the study of periodic
motion not only in galactic dynamics but in the general field of nonlinear dy-
namics.

Our objective is to fix the families of the periodic solutions of the Hamil-
tonian system defined by the Hamiltonian (1.5)
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The Hamiltonian system associated to (1.5)

. OH
xr = = Pz,
op.
. OH
Y= =S =Dy,
Opy Y
. 0H
Z = = Dz,
Ip- (1.6)
. oH 2 2 2,2
Po= —a = —a - (2ot 4 202" — 2ay?a?),
OH
by = o=y —e(2fy + 292" — 20727,
y
OH
pe= —- =z = e(20%2 4 2 — 207y7).
z

We study the existence of families of periodic orbits of the Hamiltonian
system (1.6) and we compute them analytically using the averaging theory
of first order.

4.2 Applying averaging theory to the perturbed
elliptic oscillators Hamiltonian system in
6D

The periodicity of the independent variable of the differential system is
needed to apply the averaging theory, so we change the Hamiltonian sys-
tem (1.6) to a kind of generalized polar coordinates (r,0,p,a, R, ) in R®
defined by

r=rcosf, y=pcos(@+a), z= Rcos(f+p),

ps =7rsinfd, p, =psin(d +«a), p, = Rsin(0+ f), (4.1)
where r > 0, p > 0 and R > 0.
The first integral H in the new variables is
1
H = §(p2 +r*+ R +¢ [7“2 cos? 9(/)2 cos*(0 + )
(1 — R?cos*(0 + B)) + R? cos*(6 + 6)) (4.2)

+p? R? cos? (0 + «) cos? (0 + 5)] ,
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and the equations of motion (1.6) become

P =

0 =

2re sin 6 cos 0 [pQ cos?(0 + a) (R? cos?(0 + B) — 1)
—R? cos?(0 + 5)] ,

—1 + 2ecos? 6 [pQ cos?(0 + a) (R? cos?(0 + B) — 1)
—R? cos?(0 + 5)] ,

2pe sin(0 + a) cos(f + ) | R? cos? (6 + )
(r?cos?§ — 1) — r?cos? 6|,

£ [6082 9((7“2 — p?) cos?(0 + o) (R? cos 2(6 + )
+R?* —2) + 2R* cos?(B + 9)> — 2R?cos?(0 + a)
cos?(6+ )]

(4.3)

2Resin(6 + ) cos( + ) [p2 cos*(0 + )
(r2 cos?(0) — 1) —r? 0052(8)} :

6[ — 2p% cos?(0 + ) cos*(0 + ) + 2 cos® 0
(p2 cos?(0 + a) + (r* — R?) cos?(0 + B3)
(p*cos?(0 + a) — 1))} :

If we take the variable 6 as the new independent variable instead of ¢ in
the system (4.3), we obtain the necessary periodicity to have the system of
equations of motion in the normal form of the averaging theory. From now
on the independent variable will be 8. Then the new differential system will
have only five equations. Expanding system (4.3) in Taylor series in ¢ we
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have
r’'= —2resinfcosb [p2 cos?(0 + ) <R2 cos*(0 + ) — 1>
—R?cos? (0 + ﬁ)} + O(g?),
p= —2pesin(f + ) cos(d + ) [R2 cos?(0 + B)(r* cos?§ — 1)

—7r? cos? 0} + O(£?),
o = ¢ [2R2 cos*(0 + a) cos?(0 + ) — cos? 9((7"2 — p?) cos?(0 + )

(32 cos2(0 + 8) + R? — 2) + 2R2 cos®(0 + 5>)] +0(e?), (4.4)

R = —2Resin(0 + () cos(f + B) [pz(r2 cos’0 — 1)
cos?(0 + a) — r? cos? 9] + O(£?),

pl= 2 [,02 cos®(0 + f3) cos?(0 + a) — cos? 6’<p2 cos?(0 + a)
+(r? — R*)(p* cos?*(0 + o) — 1) cos?(0 + 5))] + O(£?).

The prime denotes derivative with respect to the angle variable . System
(4.4) is 2m-periodic respect to the variable 6, i.e. it is written in the normal
form (A.1) of the averaging theory but we should fix the value of the first
integral H = h with h € R™ to make it ready for applying the averaging
theory. Otherwise, the Jacobian (A.4) will be zero because the periodic
orbits are non-isolated leaving on cylinders parameterized by the energy, see
for more details [1].

We fix the energy level in (4.2) and we solve H = h with respect to p, we
get two solutions, but we take only the one with physical meaning and we
expanded it in Taylor series in ¢

9h — 2 — R2 + O(e). (4.5)

Since p > 0 we need that 2h — 7% — R? > 0.
Substituting p in system (4.4) we get the differential system written in

140



Chapter 4. The Perturbed elliptic oscillators Hamiltonian system in 6D

the normal form of the averaging theory

r'= —2re sin@cos@[cosQ(H +a)(2h —r* — R?)
(R cos?(0+8) — 1) — R cost (0 + )] + O(&2),

o = 5[c032 0(0082(0 + a)(2h — 2r? — R?)
(R?*cos2(0 + B) + R? — 2) — 2R?cos?(6 + ﬁ))
+2R%cos*(0 + ) cos*(0 + ﬁ)} + O(g?),

R' = 2Resin(0 + ) cos( + ) [7“2 cos? § — cos?(0 + )
(2h — r* — R?)(r? cos 6% — 1)} + 0(e?),

B = 2¢ [(R2 + 1% — 2h) cos? § cos*(0 + ) — cos?(6 + B3)
((R2 —7r?)cos? 0 — (r* + R? — 2h)((r* — R?)cos®* 0 — 1)
cos?(0 + oz))} + O(e?).
Following the notation of the averaging theory given in section 2, the function
F1 = (FH,F12,F137F14) of (Al) 1S
Fi; = 2rsinfcosf [(Qh — 1% = R*)(1— R?cos*( + B3))
cos?(0 + o) + R? cos*(6 + B)} ,
Fia = 2R%*cos?*(0 + «) cos*(0 + ) — cos? 6 [0082(9 + )
(—2h + 2r? + R?*)(R*cos2(6 + ) + R* — 2)

+2R?% cos?(0 + 6)}

Fi3 = 2Rsin(0+ §)cos(0 + B) | cos?(0 + a)(2h — r* — R?) (1)

(1 —7r?cos? ) + r?cos? 6|,
Fiy = 2cos?*(0+ B) [(2h —7r? — R?) — 2cos*(0 + )
(1 — cos®6) — (r* — R?) cos? 9((2h —r*— R%) — 1>
cos?(6 + a)},
where Fy; = Fi;(0,r,a, R, B) for j =1,2,3,4.

From (A.3) and (4.7) we calculate the averaged function f; = (fi1, fia,
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f13, f14) and we obtain

1
fu= gr [(2 ~ R2)(R® + 1 — 2h)sin2a — R*(R® + 12 — 2h + 2)
sin 25],

é [(Qh —2r? — R?%) <2R2 cos acos(a — 283) + (R* — 2) cos 20z>
HAR(R? = 2) = 2(2r2(R2 = 2) + R*) + 2R(cos 2(a — ) +2)

—2R? cos 26} ,

fia =

1
fis = gR[(Z —r2)(=2h + 12 + R?)sin 2(a — B)
+72(=2h +1r? + R? + 2) sin 25} :

Jia = %[(T2 — R? —2)cos2(a — B)(—2h +1? + R?)+

cos 20(r2 — R% + 2)(—2h + 1% + R?)+
(r* — R*)(—2h +r* + R* + 2)(cos 20 + 2)] 7

where fi; = fi;(r,a, R, ) for j =1,2,3,4.

4.3 Periodic orbits of the perturbed elliptic
oscillators Hamiltonian system in 6D

According to Theorem 7 (see Appendix), our objective is to find the zeros
S* = (r*,a*, R*, B*) of

fri(r,a, R, B) =0 fori=1,2,3,4, (4.8)
and after we must check that the Jacobian determinant (A.4) evaluated at
these zeros are nonzero. Note that in all numerical calculations the numerical

value h, the energy, is treated as a parameter.
Solving fi1(r, a, R, ) = 0 we obtain three cases:

Case 1. r = 0;

Cose 2. 1 — (2h — R?)(2 — R?*)sin2a + R*(2 — 2h + R?)sin 23
e e 2sin 2 — R?%(sin 20 + sin 2«)

if 2sin2a — R?*(sin 23 + sin 2a) # 0;
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Case 3. 2sin2a — R*(sin 28 + sin 2a) = 0.

Case 1: r = 0. Substituting r in fio, fi3 and f14 we have

f12(0,, R, B) = % [(Qh — R?) (2R2 cosacos(a — 2f8) + (R* — 2)(2+

cos 2a)> — 4R?*sinasin(a — 26)} :

fisl0,0, B, B) = JR(R = 2h)sin2(c — B),

Fua(0,0, R, B) = é [(2h — B2)(B2 — 2) cos2a + (2h — B2 + B?)

cos2(a — ) — R*(2 — 2h + R*)(2 + cos 26)]

Solving f13(0,a, R, 3) = 0 we obtain three subcases: =0, R = V2h,
k
a:ﬁ+§ with k€ Z.

Subcase 1.1: R =0, fi» and fi4 become
h
fu(O, OC,O,B) = —§(2+COSQOZ),
f14(07a707ﬁ) = hSlIl(QOé—ﬁ)Slnﬁ

The system f15 = fi14 = 0 has no solution in this subcase. The averaging
theory does not give results.

Subcase 1.2: R = v/2h, Then f}» and fi4 become
f12(0,a, V2h, ) = —hsin(a — 25) sin
h
f14(07 a, V2h, 5) = _5(2 + cos 2ﬁ)
As in the previous case, the averaging theory does not give information.

k
Subcase 1.3: a = + ; with k € Z. Due to the periodicity of the

cosinus and the sinus we study two subcases, either (k = 0 and k& = 2) or
(k=1 and k = 3).

Subcase 1.3.1: Assume that either £ =0 or k = 2, i.e. either « = 8 or
a = [+ m. Then
f12(0,0, R, B) = =[6(h+ 1)R* — 2cos23(R* — 2h(R* — 1)) — 8h — 3R],

f12(0,a, R, B) = =[6(h — 1)R? — 2cos28(R"* — 2h(R* — 1)) + 4h — 3R*].

0| — oo| —
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1 2 —3h
Solving fis = fiu = 0 we obtain R = Vvh and b = j:§ arccos Z(h——32)
Substituting R in formula (4.5): p = v/2h — r2 — R?, we get p = V/h.
Supposing that
2 —3h
0w |27y :
>0 an =) < (4.9)

6
which is equivalent to 0 < h < £

System (4.8) has four zeros S* = (r*,a*, R*, 8*) with p = v/h given by

. 1 2 —3h 1 2 —3h
Sio = O,ié arccos m, \/ﬁ,ié arccos m)

1 2 —3h 1 2 —3h 410)
S34= 0,4 arccos —————— v/h, £= arccos_—) —|—7r),

2 2(h —2) 2 2(h —2
) . ) 2 —3h
which reduce to two solutions if A > 0 and ’—‘ =1.
2(h —2)

The Jacobian of f; evaluated at these solutions is
3
s = =g (h +2)(5h = 6).
If (4.9) hold, then Jy, (s+) # 0 and the four solutions (4.10) of system (4.8)
provide four periodic solutions of differential system (4.6). However, going
back from the differential system (4.6) to the differential system (1.6) and

using the Proposition (6) we obtain only two periodic orbits S} and S} since
ST and S5 are in the same family of periodic orbits as well as S5 and Sj.

Subcase 1.3.2: Assume that either K = 1 or k = 3, i.e. either a = B—}—g

oroz:ﬂqL%T. Then
f12(0,0, R, B) = —[—8h+2(1+ h)R?> — R* + 4(h — R?) cos 23],

f14(0, a, R, 5) =

| — oo —

[ —4h+2(=1+ h)R?> — R* + 4(h — R?) cos 23].

Solving fio = fi4 = 0 we do not have solutions. Therefore the averaging
theory does not give information.

Case 2: r = (2h — R?)(2 — R?)sin2a + R%*(2 — 2h + R?)sin 203 u
. (2_R2>Sin20€_R2Sin2ﬁ
the condition D = 2sin 2a — R?(sin 2« + sin 23) # 0.

We cannot study this general case due to the difficulty of the calculations
and to the huge expressions obtained when replacing r in fis, fi3, f14, but

nder
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from the expression of D we can study the following two particular subcases,
either (2 — R?*)sin2a = 0 and R*sin28 # 0 or (2 — R*)sin2a # 0 and
R?sin 2 = 0.

Subcase 2.1: (2 — R?)sin2a = 0 and R?*sin23 # 0.

Subcase 2.1.1: R = /2 and R*sin2asin28 # 0. Replacing R in r
we get 7 = y/2(h —2) then substituting R and r in formula (4.5): p =

2
V2h — R? — r2 we get p = v/2. Substituting r in fi5 we obtain fi3 = g(h—

3)sin2(a — B). When f13 = 0, we have either a =  + % with m € Z or

h = 3. Due to the periodicity of the cosinus we study the subcases m = 0
and m = 2, and the subcases m = 1 and m = 3 together.

Subcase 2.1.1.1: either m = 0 or m = 2 i.e. either a = f or a = f + .
Replacing « in fi2 and fi4 we get

1
fir= —5l(h— )+ (h~2)cos2g],
1
Jua = —5[(h —4) + (h —2) cos 2].
. 4—h
Solving fio = fi4 = 0 we get = 4 arccos Pt
With the condition
4 —
h>0, h—2>0 and ‘h—’; <1, (4.11)

which is equivalent to h > 3, system (4.8) has four zeros S* = (r*, o*, R*, %)
with p = v/2 given by

. 1 4-h 1 4—h
Sty = 2(h — 2),15 arccos —, V2, 12 ArCCos 5— 2),
1 4—h 1 4—h 412
S34= 2(h — 2),i§ arceos 3—, V2, i2 arceos »— +7r>,
If h >0, h—2>0and‘h ‘—116 h = 3 we have only two zeros.

The Jacobian evaluated on these solutions is Jy, (g+) = 8(h — 3)*.

We conclude that if (4.11) hold we get Jy, (s+) # 0 and the four solutions
(4.12) of system (4.8) provide four periodic solutions of differential system
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(4.6). Nevertheless, going back to the differential system (1.6) and using the
Proposition 6, we obtain only two periodic orbits S} and S5 since ST and S3
are in the same family of periodic orbits as well as S5 and Sj.

Subcase 2.1.1.2: Assume that either m = 1 and m = 3, i.e. either

3
azﬁ—kgora:ﬂqL;. Then

fiz= =[(h—4)— (h—2)cos28],

— N =

Jia= 5[(h—4)+(h—2)0082ﬁ].

The averaging theory does not give information because solving fio = fi4 =
0, we do not obtain any solutions.

Subcase 2.1.1.3: h = 3, sin2(a — ) # 0 and R%*sin28 # 0. We obtain
r=+/2and R =+/2 and fi, and fi4 become

fi2 = —sinasin(a —20),
fia = sinfBsin(2a — B).

Solving fi2 = fi4 = 0 with respect to («, 3) we obtain eight solutions.
System (4.8) has eight zeros S* = (r*, a*, R*, 3*) with p = v/2 given by

EERAEY
T 27
Sk = 2, ——.V2,——
3 \/_7 37\/_7 3)7
m m
St = 2, ——, V2, =
4 \/_7 37\/_73 )

(4.13)

R
I
9
SR
9
w|y




Chapter 4. The Perturbed elliptic oscillators Hamiltonian system in 6D

81
The Jacobian evaluated at these eight solutions Jy, (g+) = T # 0.

Despite the eight solutions (4.13) of system (4.8) which provide eight
periodic solutions of differential system (4.6), we have only four periodic
orbits S5, S5, S5 and S}. Because going back to the differential system (1.6)
and using the Proposition 6, we get that S7 and S§ are in the same family
of periodic orbits as well as S5 and S7, S5 and S¢, S§ and S;.

[
Subcase 2.1.2: a = g with [ € Z and (2 — R?*)R?sin28 # 0. Due

to the periodicity of the cosinus and sinus we study the subcases [ = 0 and
[ = 2, and the subcases [ = 1 and [ = 3 together.

Subcase 2.1.2.1: either | = 0 or [ = 2. i.e. either « = 0 or a = 7.
Substituting « in r we have r = /2h — 2 — R?. Replacing r and « in fi3

1
we get fi3 = ZR(4 —2h + R*)sin2f3. Solving fi3 = 0 we get R = /2h — 4

because by hypothesis R?sin 23 # 0. Then p = v/2. So replacing r and R in

fi2, f1a we get
f12: 07

fia= —%[h—4+(h—2)cos2ﬁ}.

4—h
h—2

1
Solving fi4 = 0 we have = j:§ arccos

Assuming that

4—h
h>0, h—2>0 and m<1, (4.14)
which is equivalent to h > 3.
Then system (4.8) has four zeros S* = (r*, o*, R*, 3*) with p = /2 given
by

1 4—h
Sio = V2,0,v/2h — 4, i§ arccos - 2))

. h) (4.15)

1
S34= V2, m,\/2h — 4, :|:§ arccos -

The Jacobian evaluated on these solutions Jy, (g-) = 8(h — 3)%.

When (4.14) hold we have Jg (g+y # 0 and the four solutions (4.15) of
system (4.8) provide four periodic solutions of differential system (4.6). How-
ever, going back to the differential system (1.6) and by the Proposition 6,
we get only two periodic orbits ST and Sj since S} and S; are in the same
family of periodic orbits likewise S5 and Sj.
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Subcase 2.1.2.2: [ =0and [ = 3. ie. a = g and o = 3;
a in r we get r = v/2h —2 — R%. Substituting ~ and « in fi3 we obtain
fis = —}lR(Zl — 2h + R?)sin2B. Solving fi3 = 0 we have R = /2h —4
because by hypothesis Rsin28 # 0. Then we get r = v/2 and p = V2. fio
and fi4 become

. Replacing

fiz=(2—h)cos2p,

fia = —%[h—4+(h—2)cos2ﬁ}.

Solving fi12 = fi4 = 0 we do not have solutions for 5. The averaging theory
does not give information.

Subcase 2.1.3: sin2a =0, (2 — R?) =0 and R?*sin23 # 0.
Subcase 2.1.3.1: Either « = 0 or & = 7 and R = /2. Replacing «
and R = /2 in r we get r = /2h — 4. Substituting 7 in fi3 we obtain
2
fizs = —%—(h — 3)sin 28. Solving f13 = 0 we have h = 3 because sin 23 # 0.

fi2, f14 become

fiz="(3—h)cos2p,
fia = —%[h—?—i— (h —4) cos 2].

System fi15 = f14 = 0 does not give solutions for f3.

Subcase 2.1.3.2: Either a = 37

or o= —- and R = /2. Substituting
o and R = v/2 in r we obtain » = v/2h — 4. Replacing r in fi3 we have
\/_

2
fi3 = _T(h —3)sin 2. Solving fi3 = 0 we have h = 3 because sin 25 # 0.

us
2

f12 = —cos2p,

Jua = %[h—2+(h—4)0082ﬂ}.

System f12 = f14 = 0 does not provide solutions for 3.

Subcase 2.2: (2 — R?)sin2a # 0 and R?*sin283 = 0.
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Subcase 2.2.1: R =0, sin2f # 0 and (R*—2)sin2a # 0. Then r = v/2h
and

h
fio = 5(2 + cos 2a),

f14 = g(Q + cos 25)

The system fio = fi4 = 0 does not have solutions. The averaging theory
does give information.

Subcase 2.2.2: R # 0, sin28 = 0 and (R? — 2)sin2a # 0. Because of

the periodicity of the sinus and the cosinus we study § = ; for £ =0 and
k = 2 together and for k =1 and k = 3 together.

Subcase 2.2.2.1: either k =0 or k = 2, i.e. either § =0or f =7. So

we have r = vV2h — R? and

1
fio = <[8h—6(1+ )R + 3R + 2(R* = 2h(1* - 1)) cos 20

8
fl3 = 07
3 2
f14 - é(h - R )
Solving fi4 = 0 we obtain R = v/h then p = 0. Replacing R in f1» and
lving f 0 we L n 2 —3h
solvin = 0 we have o = + arccos ———.
ving Ji2 w Vi 2(h —2)
i 2 —3h
h>0 and )_—‘ 1, 4.16
>0 an 2 —9) < (4.16)

6
which is equivalent to 0 < h < £
System (4.8) has four zeros S* = (r*, o*, R*, *) with p = 0 given by

1 2 —3h
e h, &= ——— Vh
STo Vh, 2arccosz(h_2),\/—,0>,
(4.17)

1 2—3h
S§’4 = \/E, :|:§ arccos m, \/E, 7T> 5

which reduce to two solutions if A > 0 and ’2 —3h ‘ = 1.

(h —2)
3

The Jacobian read Jy,(g+) = —ah‘l(h +2)(5h — 6).
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If (4.16) hold, then Jy (s+) # 0 and the four solutions (4.17) of system
(4.8) provide four periodic solutions of differential system (4.6). However,
going back to the differential system (1.6) and by the Proposition 6, we
obtain only two periodic orbits S} and S3.

Subcase 2.2.2.2: either £k =1 or k = 3. i.e. either f = g or f = 3—7T

2
Then r = vV2h — R? and

1
flo= =[8h—2(1+ )R+ R* + 4(h — R?)cos 2a],

8
f13 - 07

1 2
f14 = §(h—R )

h
Solving f14 = 0 we get R = v/h. Replacing R in fi, we have fip = g(ﬁ—h) =
constant. The Jacobian will be zero and the averaging theory does not give
results.

Subcase 2.2.3: R =0, sin28 = 0 and (R* — 2) sin 2a # 0.

Subcase 2.2.3.1: R =0, either 3 =0or 3 = 7, and (R? —2) sin 2a # 0.
We have r = v/2h and

h
fi2 = 5(2 + cos 2a),

3h

Jia= o

We have f14, = constant. The Jacobian will be zero and the averaging theory
does not give results.

Subcase 2.2.3.2: R = 0, either § = g or 3 = 3;, and (R? —2) sin 2« #
0. So r =+/2h and )
f12 = 5(2 + cos 206),
h
Jia = 5

As in the anterior subcase f14 = constant. The Jacobian will be zero and the
averaging theory does not give information.

Case 3: D = 2sin2a — R*(sin2a + sin23) = 0.
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Subcase 3.1: sin2a +sin28 # 0. Then solving D = 0 we have

2sin 2
R = \/sin Q;T— s(i); 55 The new averaged function f; = (fi1, fi2, fi3, f14)

becomes
fiy = rsin 2asin 23
1= 4(cos asin o + cos B sin 3)’
1
) in 28 ((h —r* + 1) sin(4a — 28) +2(h — r*
f12 I(sin 20 + 5in 27 [sm B((h—7r*+1)sin(4a —28) +2(h —r?)

sin2(av — ) + sin2a( — 2cos 26 — 3h + 3r? + 3))
+ sin Qa( — 2sinacos(a + 283) + (h — r?) sin(4da — 23)
+(2h — 2r* — 3) sin 2(a — ﬁ))

+(—3h+3r? 4+ 1) sin® 25],

sin ov cos av .
fis = \/16(sin 2a+sin 23) [(2 —r¥)sin2(a - f) <r2 -2t

2sin 2 2sin 2
sin 2cv )+r28in26<2—2h+r2+ sin 2cv )]’

sin 2« + sin 23) sin 2« + sin 23
1 2 sin 2«
= - 2(a — 2_92— 2 _2h
fu= g|eos2a =) sin2a+sin26)(r
2sin 2« 2 sin 2«
200(2 4 1r? — 2 _2h
+sin20z+sin25)+cos a( T sin2a+sin2ﬁ)(r
N 2sin 2a )+(2+ 25)( 9 2 sin 2a )
co re —
sin 2« 4 sin 23 i sin 2« + sin 28
2 sin 2«
2 —2h +1? )
( tr +sinQoz—{—sinQﬂ)

Solving f;; = 0 we obtain three main subcases: r = 0 (studied in case 1),

k
azgwitthZandB:gwithmeZ.

k
Subcase 3.1.1: a = % with & € Z. Due to the periodicity of the

cosinus and sinus we study the subcases k = 0 and k£ = 2, and the subcases
k =1 and k = 3 together.

Subcase 3.1.1.1: either £ = 0 or kK = 2. ie. either « = 0 or @ = .
Substituting «vin fio we have fi, = —i(h—vj). Solving fi, = 0 we obtain r =
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1 2 —3h
V'h. Replacing r in fi4 and solving fi4 = 0 we get § = j:§ arccos h—2) _32)
Then R =0 and p = V.
Supposing
2—3h
h d )—‘ 1. 4.1
>0 an 20h —2) < (4.18)

6
which is equivalent to 0 < h < 5
System (4.8) has four zeros S* = (r*,a*, R*, 8*) with p = v/h given by

1 2 —3h
Sio = \/E,O7O,j:§ arccos m);

) 5 an (4.19)
Sia= \/E,W,O,j:§ arccos m)

which reduce to two solutions if ~ > 0 and ’ﬂ‘
2(h —2)
3
The Jacobian evaluated on these solutions Jy, g+ = —6—4h4(h—|—2)(5h—6).

When (4.18) hold, Jy,(s+) # 0 and the four solutions (4.19) of system (4.8)
provide only two periodic solutions of differential system (4.6) because when
R = 0 the two solutions of 5 provide the same initial conditions in (4.1).

3
Subcase 3.1.1.2: cither Kk =1 or kK = 3. i.e. either a = g or o = ;
1
Substituting « in fj2 we obtain fio = 5(7‘2 — h). Solving fi» = 0 we get
h
r = v/h. Replacing r in fi4 we have fiq = —g(h — 6) = constant. The

Jacobian will be zero and the averaging theory does not give results.

Subcase 3.1.2: g = % with m € Z. Due to the periodicity of the

cosinus and sinus we study the subcases m = 0 and m = 2, and the subcases
m = 1 and m = 3 together.

Subcase 3.1.2.1: either m = 0 or m = 2. i.e. either § =0 or § = 7.

V2

Substituting 3 in fi3 we get fi3 = —?(r — 2)(r* + 2 — 2h) sin 2a.. Solving

f1s = 0 under the hypothesis sin 2a 4 sin 25 # 0 we get two subcases 7 = /2
and r = v/2h — 2.

Subcase 3.1.2.1.1: r = /2. Replacing r in f;5 and solving fi, = 0 we
h
5 Then we get R = V2 and p=+V2h—4.

obtain o = =+ arccos
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With the condition

4—h

which is equivalent to h > 3, system (4.8) has four zeros S* = (r*, o*, R*, %)

with p = v/2h — 4 given by

4 —
S’f’Qz \/_j:arccosh Z’\/_ 0)
(4.21)

4 —h
S5, = V2, & arccos Pt V2, ’/T),
h
which reduce to two solutions if A > 0, h —2 > 0 and ‘— =1.

The Jacobian evaluated on these solutions is Jp, (g« = 8(h — 3)3.

If (4.20) hold, then Jy (s+) # 0 and the four solutions (4.21) of system
(4.8) provide four periodic solutions of differential system (4.6). However,
going back to the differential system (1.6) and using the Proposition 6, we
have only two periodic orbits S and S3.

Subcase 3.1.2.1.2: r = \/2h — 2. Substituting r in fi4, we have fi, =

3
§(h— 2)= constant. The Jacobian will be zero and the averaging theory does
not give results.
. . m 3
Subcase 3.1.2.2: either m = 1 or m = 3, ie. [ = 5 and f = >

2
Replacing 8 in fi3 we have fi3 = \/?—(7"2 — 2)(r* — 2h + 2) sin 2a.  Solving

f13 = 0 we get either 7 = /2 or r = \/2h — 2.
Subcase 3.1.2.2.1: r = /2. Then
Ji2 = %(4—h— (h—2)0082a),
fiu= —(h—2)cos2a.

f12 = f14 = 0 does not have solution. So the averaging theory is not available.

1
Subcase 3.1.2.2.2: r = v/2h — 2. We have fi; = E(h — 2)= constant.

The averaging theory does not give results.

153



Chapter 4. The Perturbed elliptic oscillators Hamiltonian system in 6D

Subcase 3.2: sin2a + sin283 = 0. Solving D = 2sin2a — R*(sin 2« +
sin2f3) = 0 we obtain «a = % with m € Z and § = % with n € Z.

Subcase 3.2.1: For the values of (a, 8) = (0,0), (m,7), (0,7), (7,0) we
have

1
f12 = g(?h — 27"2 — RZ)(E)RQ - 6),

1

fia = g(ﬁ — R?*)(5R? + 512 — 10h + 6).

Solving f12 = fi14 = 0 we obtain four pairs of (r

When r; = \/7 Ry =\—— 5h 6) then pL= \/7

Assuming that
h>0 and 5h—6>0, (4.22)

6
which is equivalent to h > 5 system (4.8) has four zeros S* = (r*, o*, R*, 8*)

6
with p = \/g given by

- (e
()
- ()
- (5]

The Jacobian evaluated at these solutions is

36
15625

(4.23)

Jhs —_(5h — 9)%(5h — 6)(10h — 27).

Under the assumption (4.22), we get Jy (s+) # 0. Therefore the four zeros
(4.23) of system (4.8) provide four periodic solutions of differential system

(4.6).
[2h 12h [2h
E ro = 3 Ry = 3 we have py = 3

h >0, (4.24)
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2h
system (4.8) has four zeros S* = (r*, a*, R*, *) with p = \/? given by

2h 2h
Sk = —.,0,4/—,0
*7 3 y Yy 3) )7
2h 2h
S5 = 2204/ 2
2 3 a()? 3 y T
(4.25)
o 2N 2h
= — . T _
3 3 )y My 3 I I
2h 2h
SZ = ?Jﬂ ?777-)’

The Jacobian evaluated at these solutions is

If (5h —9)(h — 3) # 0 and (4.24) hold. The set of conditions on the energy
level h is not empty because for h = 1 it satisfy it. Then Jy (g-) # 0 and
the four solutions (4.25) of system (4.8) provide four periodic solutions of
differential system (4.6).

5h — 6
When rs = \/7 Rs = \/7we obtain p3 = ( 3 )

Assuming that
h>0 and b5h—6>0, (4.26)

6
which is equivalent to h > —, then system (4.8) has four zeros

5h 6)
S* = (r*,a*, R*, *) with p = {/ ———— given by
St = 0
1 \/;7 )

|

(4.27)
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The Jacobian evaluated on these solutions
36
15625
If (5h—9)(10h—27) # 0 and (4.26) hold. The set of conditions on the energy
level h is not empty because for h = 3/2 it satisfy it. Then Jy, (s+) # 0 and

the four solutions (4.27) of system (4.8) provide four periodic solutions of
differential system (4.6).

[2( h
Finally if r4 = 5 6) , Ry = \/7 we get py = \/g

Assuming that

Jh(s) = ————(5h —9)2(5h — 6)(10h — 27).

h>0 and 5h—6>0, (4.28)

*

6
which is equivalent to h > = then system (4.8) has four zeros S* = (r*,

6
o, R*, 5*) with p = \/g given by

The Jacobian evaluated at these solutions is
36
15625
If (5h—9)(10h—27) # 0 and (4.28) hold. The set of conditions on the energy
level h is not empty because for h = 3/2 it satisfy it. Then Jy, (s+) # 0 and
the four solutions (4.29) of system (4.8) provide four periodic solutions of

differential system (4.6).

(4.29)

Jh(s%) ——_(5h — 9)2(5h — 6)(10h — 27).

Subcase 3.2.2: If («, 5) = (0, 2) (0, 37%) (, E), (m, 3;) we get

1
f12 = §(2h — 27"2 — R2)(R2 - 6),

1
fro= (! +6r2 = 2® + 2R+ ) — R~ 8h).

156



Chapter 4. The Perturbed elliptic oscillators Hamiltonian system in 6D

Solving fi2 = fi14 = 0 we obtain four pairs of (r, R) :,

l+h— VR —10h+1 2(2h — 1+ V/h% — 10h 1 1
Wheml:\/+ \/3 0*,31:\/( +\/3 0h+1)

we get p1 = 71.

If
h>0 1+h—VIZ—10h+1>0, h®—10h+1>0, (4.30)
and 2h —14++vVh?>—10h+1> 0, '

which is equivalent to h > 5 + 2v/6, then system (4.8) has four zeros S* =

T+ h—ViE—10h 1
(r*, o, R*, p*) with p; = \/ +h h 0h + an

3 d
2(2h — 1+ Vh% — 10h + 1
R*:\/( +\/3 Oh + )given by
. l+h—VR—10h+1 =
Sl_ \/ 3 707R7§)7
1+h—+vh?2—-10h+1
SSZ \/ i \/ Oh+ 707R73_7T )
3 2
(4.31)
G \/1+h—\/h2—10h+1ﬁR*z
3 — 3 y ity 72 )
1+h—+vh2—-10h+1
SZ: \/ i 3 Oh+ 77T7R*7377T>7

The Jacobian is

Vh2 —10h + 1
1+h—+vVh2—10h+ 1235 —h+Vh2—10h+1
51992 (1+ 0h +1)*(5 + 0Oh +1)

(2h — 10 + VA2 — 10h + 1)(2h — 1 + /A% — 10h + 1)
(h? 4+ 17h — 14 + (14 — h)V/h2 — 10k + 1).

The Jy,(s+) does not vanish for h %5+ 21/6. Therefore with the condition
(4.30), the four solutions (4.31) of system (4.8) provide four periodic solutions
of differential system (4.6). Although, going back to the differential system
(1.6) and using the Proposition 6, we obtain only two periodic orbits S§ and

Si.

Jp(s) =

L+h+ V2 —10h+1 \/2(2h—1—\/h2—10h+1)
) 2 =

-
"2 3 3

then we obtain ps = rs.
With the condition

h>0, 14+h++vVh2—10h+1>0, h2—10h+1>0, (432)
and 2h—1—+h2—10h+1 >0, '
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which is equivalent to h > 5 4 2/6, system (4.8) provide four zeros S* =

1+h h? —10h +1
(r*, o, R*,ﬁ*)withpgz\/ + +\/3 Oh + and
2(2h — 1 —/h%? —10h + 1
R* :\/ ( \/3 Oh + >given by
) I +h+vR2—10h+1 . =
Sl_ \/ 3 7OaRa§>7
1+h++vVh2—-10h +1
S;: \/ tht Oh+ aoaR*v?)_ﬂ- >
’ ’ (4.33)
G \/1+h+\/h2—10h+1 o T '
3 3 y Ty 72 )
1+h++vVh2—-10h+1
SZ: \/ Th 3 Oh + 7W7R*73§>7

The Jacobian is

2
VIZZ10h + 1(1 Fh+ VI —10h+ 1)
Jpsy = — 3199 h—5

+VAZ=T0h+1) (10 = 20+ VA = 10h +1) (2 - 1
VAT —10h + 1) (h? +17Th — 14 + (h — 14)ViZ — 10k + 1).

For h # 5+ 2v/6, Jy,(s+) does not vanish. Then with the condition (4.32),
the four solutions (4.33) of system (4.8) provide four periodic solutions of
differential system (4.6). Nevertheless, going back to the differential system
(1.6) and using the Proposition 6, we obtain only two periodic orbits S} and
S;.

When r3 = VVh — 3 — vhZ— 10h + 33 and Ry = V6, then we get

ps =V h—3+Vh*—10h + 33.

Assuming

h>0, h—3—+vh2—10h+33>0, h?—10h+33>0,
and h—3—+h?>—10h+33 >0,

which is equivalent to h > 6. Then system (4.8) provide four zeros S* =

(4.34)
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(r*,a*, R*, 8*) with ps = /h — 3 + v/hZ — 10h + 33 given by

St = \/h—S—\/h2—10h+33,0,\/6,g>,

S;= | Vh-3-VR2— 10h+33,0,\/6,3§>,
(4.35)

Sk = \/h—S—\/h2—10h+33,w,\/€,g>,

Sr = \/h—3—\/h2—10h+33,7r,\/6,3§>,

The Jacobian is

3
Jp(s9) = §(h —6)(h? —10h + 33)(3 — h + Vh? — 10h + 33)

(h— 3+ vhZ = 10h + 33).

For h # 6 the Jacobian does not vanish. So with the condition (4.34) we
get Jp (s+) # 0, therefore the four solutions (4.35) of system (4.8) provide
four periodic solutions of differential system (4.6). However, going back to
the differential system (1.6) and using the Proposition 6, we obtain only two
periodic orbits ST and S3.

Ifry = Vh— 3+ vhZ— 10k + 33 and R, = v/6, we have
p1=\Vh—3—+hZ—10h + 33.

Supposing
h>0, h—3—+vh2—10h+33>0, h?—10h+33>0, (4.36)
and h—3++Vh?2—10h+ 33 >0, '

which is equivalent to h > 6. Then system (4.8) provide four zeros S* =

(r*, a*, R*, *) with py = Vh — 3 —+/h?2 —10h + 33 given by

Si= [Vh-3+ h2—10h+33,0,\/6,g>,

Sy = \/h—3+\/h2—10h+33,0,\/6,3§>,

(4.37)
S:= [Vh-3+ h2—10h+33,ﬂ,\/6=g>7

3
S = \/h—3—|—\/h2—10h+33,7r,\/6,77r
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The Jacobian is

3
Tnesy = 5= 6)(h* — 10h + 33)(3 — h + v/h* — 10h + 33)

(h — 3+ vh? — 10h + 33).

If h # 6 we have Jy,(s+) # 0. The condition (4.36) guarantees the fact that
Jr(s+y # 0. Moreover, the four solutions (4.37) of system (4.8) provide four
periodic solutions of differential system (4.6). However, going back to the
differential system (1.6) and using the Proposition 6, we obtain only two
periodic orbits S} and S3.

3 3
Subcase 3.2.3: If (a, ) = (g,O),(?ﬂ,O),(g,ﬂ),(;,ﬂ) then fio, fia
become )
Fio = —g(m COR(h—1— 1) — 42 4 4h>,

1
fu= L0t B 41221 6)

Solving f12 = f14 = 0 we obtain four pairs of solutions (r, R),

1+h—vhZ-1 1
rllez\/ +h h3 0ht1 .
2(2h — 14 Vh% — 10h + 1)
p1= 3 .
Whenever
h>0, 1+h—+vh—=10h+1>0, h®—10h+1>0 (4.38)
and 2h—1++vh2—10h+1>0, ‘

which is equivalent to h > 5 + 21/6, then system (4.8) has four zeros
2(2h -1 h? —10h + 1
S* — (T*,OZ*,R*,/B*> Wlth )01 — \/ ( + \/ + )

3 given by

. . 1+h—VR—T0h+1 7
Sl_ r _\/ 3 7§>T70>a

. . \/1+h—\/h2—10h+1 3r
52: ro= 7_7T70 9

3 2
(4.39)

G . \/1+h—\/h2—10h+1 T

= ro= —,r,m

3 3 727 ) )

. i} 1+h—+Vh?—10h+1 37
54: r= 3 ,7,7’,7{' )
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The Jacobian is

(1+h—VEZ =10k +1)2
oh — 10+ VAZ —10h T 1
17196 ( 0+ 0 + )

(56 — 596h + 413h* — Th3 + Th* — h® — 563/h2? — 10h + 1

{316hVR2 — 10h + L+ 9h2VR2 — 10h + 1 — 20312 — 10h + 1
FhAIE — 10h £ 1).

The Jy,(s+) does not vanish for h # 5 + 24/6. Therefore with the condition
(4.38), the four zeros (4.39) of system (4.8) provide four periodic solutions
of differential system (4.6). However, going back to the differential system
(1.6) and using the Proposition 6, we obtain only two periodic orbits S} and

S3.
1+h h?2 —10h +1
Whenrnggz\/ + +\/3 Oh -+

2(2h — 1 —/h2 —10h + 1)
P2 = 3 .
With the condition
h>0 1+h++vVh2—10h+1>0, h>—10h+1>0 (4.40)
and 2h—1—+vh2—10h + 1 > 0, '

which is equivalent to h > 5 + 2v/6, system (4.8) provide four zeros S* =
2(2h — 1 —+h?>—10h + 1
(T'*,Oé*, R*aﬁ*) with P2 = \/ ( 3 i )

‘]f1(S*) == —

then we get

given by

) . i he VR —10h+1 7
Sl_ r _\/ 3 ,5,7",0),
. . \/1+h+\/h2—10h+1 3r
52: r = 7_7T70 )
3 2
(4.41)
o *_\/1+h+\/h2—10h+1 T,
3 r= 3 ,2,T,W )
X . 1+h++vVh?—10h+1 37
54: ro= 3 777T77T )

The Jacobian evaluated at theses solutions is

(1+h+Vh2—10h + 1)?
9h — 10 — VA2 = 10h + 1
17496 ( 0 Oh + )

(56 _ 596/ + 413h% — TH3 + Th* — h® + 567/h2 — 10h + 1
~316hyAZ — 10h + 1 — 9h2VRZ — 10k + 1
213RE — 10h + 1 — hA/RZ — 10h + 1).
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For h # 5+ 2v/6, J,(s+) does not vanish. Then with the condition (4.40),
the four solutions (4.41) of system (4.8) provide four periodic solutions of
differential system (4.6). Although, going back to the differential system
(1.6) and using the Proposition 6, we obtain only two periodic orbits S} and
S3.

If r3 = Vh— 3+ vh*—10h + 33 and Ry = \/h — 3 — /A2 — 10h + 33
we have p3 = V6.

Assuming that

h>0, h—3++vh2—10h+33 >0, (4.42)
h—3—h2—10h +33 > 0and h%— 10h + 33 > 0, '

which is equivalent to h > 6. Therefore system (4.8) provide four zeros

S* = (r*,a*, R*,5*) with p3 = V6 and R* = \h—3— Vh® — 10h + 33

given by

St = \/h—3+\/h2—10h+33,g,R*,0>,

Si= [Vh—3+VRr— 10h+33,3§,3*,0>,
(4.43)

Sy = \/h—3+\/h2—10h+33,g,R*,7r>,

3
St = \/h—3+\/h2—10h+33,§,R*,w>,

The Jacobian is

3
5 (= 6)(h* — 10h + 33)(h — 3 — V¥ —10h + 33)

(h — 3+ v/h? — 10h + 33).

For h # 6 we have Jy, (g+) # 0. With the condition (4.42), the four solutions
(4.43) of system (4.8) provide four periodic solutions of differential system
(4.6). Nevertheless, going back to the differential system (1.6) and using the
Proposition 6, we obtain only two periodic orbits S and 53.

Ifry=vVh—3—vh2—10h+33 and Ry = Vh — 3+ vVh2 — 10h + 33.

Jrs =

We get ps = /6.
Considering that
_3_ 2 —
h>0, h—3—+h?—10h+ 33 >0, (4.44)

h—3++vVh?—10h+33>0 and h?—10h+ 33 >0,
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which is equivalent to h > 6 then system (4.8) provide four zeros S* =

o, RY with py = an = —9o+ - + 335 given by
* %, R*, B*) with V6 and R* = \/h — 3 +v/h2 — 10h + 33 given b

St = \/h—3—\/h2—10h+33,g,R*,0>,

2

3
Si= [ vVh—3— /A — 10k + 33, W,R*,O),
(4.45)

St = \/h—?)—\/h?—10h+33,g,R*,7r>,

3
i — \/h—B—\/hQ—10h+33,§,R*,7r),

The Jacobian is

Jp (s = —;(h —6)(h* — 10h + 33)(3 — h + v/h% — 10h + 33)
(h —3 —+vh?—10h + 33).

If h # 6 we have Jg, (g-y # 0. Then with the condition (4.44), the four zeros
(4.45) of system (4.8) provide four periodic solutions of differential system
(4.6). However, going back to the differential system (1.6) and using the
Proposition 6, we obtain only two periodic orbits S and 53.
T T, ,m 37, 37 m, 37 3w
"2

Subcase 3.2.4: If (o, 5) = (5, =) (=, — ), (7

5 2)7(772 )thenfu,fm

become

1
—5(34 COR2(h 43— 12) — 4?4 4h>,

Ji2 =
1 4 2 4 2
fia = —g(R —9R*(h—3) —rt + 2r (1+h)—8h).

Solving f12 = fi14 = 0 we have four pairs of solutions (7, R),

2 l+h—vVh2—1 1
Ifm:\/g(zh—1+\/h2—10h+1)and31:\/+h h3 Oh 1
\/1+h—\/h2—10h+1
we get p = .

3
Whenever
h>0 2h—1++vh2—10h+1>0, h>—10h+1>0 (4.46)
and 1+ h—+Vh2—10h+1 >0, '
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which is equivalent to A > 5 + 21/6, then system (4.8) has four zeros

14+ h—+h?2—10h+1
S* = (r*,a*, R*, f*) with p; = \/ + v 3 Oh -+ and
14+h—+vh?—10h+1
R*:\/ + \/3 Oh + given by
Si = \/(Zh—1+\/h2—10h+ Lz
! 3 "2
2 3m
Sy = \/3(2h—1+\/h2—10h+ )—R*7 )
5 5 (4.47)
a0 7
5= —(2h —1++Vh?>—10h+ 1), —, R*, =
83 \/3( + 0h + )7 27 2 )
2 3T 3T
- Zh—14+VRZ—10h + 1), = R* -
S \/3(h +Vh 0h + 1), 2,R, 2),

The Jacobian evaluated on these zeros

VRZ =10k + 1 2
s = 31505 - (14 h— v =T0r+1) (5 -

SV —10h+1)(2h— 10+ VRZ—10h ¥ 1) (2h 1
VAT —10h 1 1) (h2 +17Th — 14 + (14 — h)WRZ — 10k + 1).

The Jy,(s+) does not vanish for h # 5 £ 21/6. Therefore with the condition
(4.46), the four zeros (4.47) of system (4.8) provide four periodic solutions
of differential system (4.6). Although, going back to the differential system
(1.6) and using the Proposition 6, we obtain only one periodic orbits S}.

5 I+ h+ Vi —10h+ 1
Ifr2:\/§(2h—1—\/h2—10h+1)andR2:\/ +ht VhE - 100+

3 Y
1+h+Vh?2—10h+1
5 .

we get pg =
With the condition

h>0 14+h++vh?—10h+1>0, h*—10h+1>0
and 2h—1—+vh?2—10h+1 >0,

which is equivalent to h > 5 + 2v/6, system (4.8) provide four zeros S* =

(4.48)

1 vh?—1 1
(r*, a*, R*, B*) with py = \/ ht h3 Oh + and

164



Chapter 4. The Perturbed elliptic oscillators Hamiltonian system in 6D

. \/1+h+\/h2—10h+1 .
R = g

5 iven by

2
St = \/—(Qh—l—\/h2—10h+1),7r R*,5>,

3 2’

7
Si = \/§(2h —1-VRZ—10h +1), g,R*,
(4.49)

2

2
2 3 3
St = \/5(211— 1— VAT = 10h+1),§,R*, W),

The Jacobian evaluated at theses solutions is

VAZ—10h 1 1
Jpis) =~ (2h—1— VR =105 +1)

<h—5+\/m><10—2h+\/m>
<1+h+\/m>2(h2+17h—14+(h—14)
m).

For h # 5+ 2v/6, Jy,(s+) does not vanish. Then with the condition (4.48),
the four solutions (4.49) of system (4.8) provide four periodic solutions of
differential system (4.6). However, going back to the differential system (1.6)
and using the Proposition 6, we obtain only one periodic orbits S7.

When 73 = v/6 and Ry = Vh — 3 — VIZ — 10k + 33, we have
ps =V h—3+vVh®—10h + 33.

Supposing that

h>0, h—3++vVh?>—-10h+33 >0,
h—3—+h?—=10h+33>0 and h?—10h+ 33 >0,

(4.50)

which is equivalent to h > 6. Therefore system (4.8) provide four zeros
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S* = (r*,a*, R*, %) with ps = \/h — 3+ v/h2 — 10h + 33 given by

St = \/E,g,\/h—B—\/hQ—loth%,g),

3
Si = \/é,g,¢h—3—\/h2—10h+33,§ :

(4.51)

Si = \/6,37”,\/h—3— h2—10h+33,g,

3 3
St = \/6,7”,\/11—3— h2—10h+33,§>,

The Jacobian is

Tp(s0) = g\/m —10h + 33(h — 6)(3 — h+ /A% — 10% + 33)
(2 = 100+ 33+ (h — 3)V/A7 = 10K + 33).

For h # 6 we have Jy (g+y # 0. Then with the condition (4.50), the four
solutions (4.51) of system (4.8) provide four periodic solutions of differential
system (4.6). However, going back to the differential system (1.6) and using
the Proposition 6, we obtain only one periodic orbits S7.

Ifr, = v6 and Ry = Vh — 3 + VA2 — 10h + 33, we have
ps = Vh—3—hZ—10h + 33.

Assuming that

h>0, h—34++vh?—-10h+ 33 >0,
h—3—+vh*—10h+33>0 and h?—10h+ 33 >0,

which is equivalent to h > 6. Then system (4.8) provide four zeros S* =
(r*,a*, R*, 5*) with
o1 =V h—3—+/h%—10h + 33 given by

(4.52)

St = \/6,%,\/11—3+ h2—10h+33,g>,

Sy = \/é,g,\/h—3+ h2—10h+3,3§,
(4.53)

3
;= \/6,7”,\/11—3+ h2—10h+3,g,

3 3
S = \/é,g,\/h—zw R — 10k +3 7”)
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The Jacobian is

3
Jpisn = —5VR? = 10h+33(h— 6)(3 — h — VA = 10h + 33)
(h2 —10h+ 33+ (h— 3)VAZ —10h + 33).

If h # 6 we have Jy (g-y # 0. With the condition (4.52), the four zeros
(4.53) of system (4.8) provide four periodic solutions of differential system
(4.6). Nevertheless, going back to the differential system (1.6) and using the
Proposition 6, we obtain only one periodic orbits Sj.

Proof of Proposition 6. (r*,a*, R*,3*) is a periodic solution of (4.6) using
the averaging theory means that

r(t,e) = ™+ 0(e),

a(t,e) = a*+0(e), (454)
R(t,e) = R*+O(e),

p(0,e) = B+ 0(e)

Adding the expression of p = V2h —1*2 — R*? in system (4.54) we have

r(t,e) = r*+0O(e),
p(t,e) = V2h—12— R?240(e),
a(t,e) = a*+0(e), (4.55)
R(t,e) = R*+ O(e),
Bt,e) = B+ 0(e)
Instead of 6 we reconsider the variable, t, the temps, then (4.55) becomes
r(t,e) = r*+ O(eg),
O(t,e) = t+O(e),
plt,e) = 2h —1r2 — R4 0(e), (4.56)
a(t,e) = a4+ 0(e),
R(t,e) = R*+ O(e),
Bt,e) = B+ 0(e)

Finally, using the change of variables (4.1): x = rcosf, y = pcos(6 + «),
z = Rcos(0+ ), p, = rsinb, p, = psin(0+«), p, = Rsin(6+ (), the system

167



Chapter 4. The Perturbed elliptic oscillators Hamiltonian system in 6D

(4.56) becomes

z(t,e) = r*cost+ O(e),
y(t,e) = V2h — 12 — R cos(a* +t) 4 O(e),
2(t,e) = R*cos(B*+1t)+ O(e),
p(t,e) = r*sint + O(e),
py(t,e) = V2h — 12 — R*%sin(a* +t) + O(e),
p.(t,e) = R*sin(B* +1t) 4+ O(e).

The results of this study have been submitted for publication.

F. LEMBARKI AND J. LLIBRE, Periodic orbits of perturbed elliptic oscil-
lators in 6D via averaging theory, 2016. Submitted.
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Appendix A

The averaging theory

We remember in this section the main results of averaging theory that we
shall use for proving the results of this thesis work.

A.1 About the averaging theory

The idea of the averaging theory started at the eighteenth century when
Laplace was studying Sun-Jupiter-Saturn system. After the averaging theory
was considered by Lagrange (1788), in his study of three-body problem as
a perturbation of the problem of the two bodies. During the 20" century,
this theory was developed by Fatou, Krylov and Bogoliubov and Bogoliubov
and Metropolsky. A general introduction to the averaging theory and more
references can be found in the books of Sanders, Verhulst and Murdock [35],
and Verhulst [36].

We consider the following differential system
x =eFy(t,x) + 2 Fy(t, x,¢), x(0) = %o (A.1)

with x € D, where D is an open subset of R, t > 0. Additionally, we assume
that the functions Fi(¢,x) and Fy(t,x,¢) are T—periodic in ¢t. The averaged
differential system in D is defined as follows

y=cfi(y), y(0)=xq, (A.2)
where .
) =5 | Ay (A3

Later on, we see under convenient hypotheses that the equilibria solutions of
the averaged system will provide T'—periodic solutions of system (A.1).
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A.2 The averaging theory of first order

Theorem 7. Consider the two initial value problems (A.1) and (A.2). Sup-
pose that

(i) the functions Fy, OF,/0z, 0*F,/0z*, Fy and OFy/0z are defined, con-
tinuous and bounded by a constant independent of € in [0,00) X D and
e € (0,e0];

(i1) the functions Fy and Fy are T—periodic in t (T independent of €).
Then the following statements hold.

(a) If p, an equilibrium point of the averaged system (A.2), satisfies

det (%)
dy
then there is a T'—periodic solution ¢(t,e) of system (A.1l) such that
©(0,6) > pase —0.

£0, (A.4)

y=p

(b) If p, an equilibrium point of the averaged system (A.2), is hyperbolic
then it has the stability behavior of the Poincaré map associated to the
periodic solution p(t,€).
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