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Año depósito: 2017



i



Contents

1 Introduction 1
1.1 What is cancer? . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 The magic bullet approach to therapy . . . . . . . . . . . . . . . . . . . 3
1.3 Multi-scale modelling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.4 Aim and structure of the thesis . . . . . . . . . . . . . . . . . . . . . . 9

1 Intracellular noise 13

2 The effects of intrinsic noise on the behaviour of bistable cell regu-
latory systems under quasi-steady state conditions 15
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.2 Semi-classical quasi-steady state approximation . . . . . . . . . . . . . 18
2.3 Model of the G1/S transition . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3.1 Bifurcation analysis . . . . . . . . . . . . . . . . . . . . . . . . . 29

3 Minimum Action Path theory of stochastic biochemical transitions
out of oscillatory cellular states 35
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.2 The model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.3 Stochastic description . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.4 Minimum Action Path . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.5 Results. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.5.1 The MAP predicts average stochastic escape trajectories. . . . . 39
3.5.2 Minimum action path theory predicts MFPT for escape from the

cycle. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2 Stochastic multi-scale modelling of cellular populations 47

4 Stochastic multi-scale models of competition within heterogeneous
cellular populations: simulation methods and mean-field analysis 49
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.2 Summary of the multi-scale model . . . . . . . . . . . . . . . . . . . . . 50

ii



4.3 Intracellular scale: Stochastic model of the oxygen-regulated G1/S tran-
sition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4.3.1 Biological background . . . . . . . . . . . . . . . . . . . . . . . 53
4.3.2 Mean-field model of the regulation of the G1/S transition by

hypoxia . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.3.3 Stochastic G1/S transition model . . . . . . . . . . . . . . . . . 56
4.3.4 Semi-classical quasi-steady state analysis of the stochastic G1/S

transition model . . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.3.5 Stochastic behaviour of the G1/S model . . . . . . . . . . . . . 64
4.3.6 Scaling theory of the G1/S transition age . . . . . . . . . . . . . 67

4.4 Cellular scale: Multi-scale Master Equation . . . . . . . . . . . . . . . . 69
4.4.1 Numerical method . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.4.2 Steady-state of a homogeneous population: mean-field analysis . 73

4.5 Quasi-neutral competition within heterogeneous populations . . . . . . 75
4.5.1 Competition between two sub-populations . . . . . . . . . . . . 78
4.5.2 Mean-field coexistence versus quasi-neutral stochastic competition 79

4.6 Study of the effects of cell-cycle-dependent therapy . . . . . . . . . . . 81
4.6.1 Mean-field analysis . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.6.2 Critical dosage . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
4.6.3 Simulation results . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5 Coarse-graining and hybrid methods for efficient simulation of stochas-
tic multi-scale models of tumour growth 89
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
5.2 Summary of the stochastic multi-scale model . . . . . . . . . . . . . . . 91

5.2.1 General setting . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.2.2 Resource layer: dynamics of diffusible substances . . . . . . . . 93
5.2.3 Intracellular layer: oxygen-dependent birth rate . . . . . . . . . 95
5.2.4 Cellular scale: Age-structured birth-and-death with diffusion . . 95
5.2.5 Linking scales together . . . . . . . . . . . . . . . . . . . . . . . 96

5.3 Separation of time scales and coarse-graining of the age structure . . . 97
5.3.1 Mean-field model . . . . . . . . . . . . . . . . . . . . . . . . . . 97
5.3.2 Stochastic system . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.4 Hybrid method for stochastic multi-scale models of tumour growth . . . 105
5.4.1 Coupling the mean-field and the stochastic models at the inter-

face: fluxes, reactions and age-structure at the interface . . . . . 106
5.4.2 Moving the interface . . . . . . . . . . . . . . . . . . . . . . . . 107

5.5 Assessing the accuracy of the coarse-grained and hybrid descriptions:
travelling wave solutions . . . . . . . . . . . . . . . . . . . . . . . . . . 110

6 Conclusions & Discussion 115
6.1 Intracellular level . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

6.1.1 Intracellular noise and the SCQSSA . . . . . . . . . . . . . . . . 115

iii



6.1.2 Escape from oscillatory steady states . . . . . . . . . . . . . . . 117
6.2 Stochastic multi-scale modelling of cellular populations . . . . . . . . . 117

6.2.1 Population level: heterogeneous systems . . . . . . . . . . . . . 117
6.3 Population level: spatially heterogenous systems . . . . . . . . . . . . . 119

Annex 123

A Minimun Action Path: numeric algorithm 125

B Publications 126
B.1 Published Papers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
B.2 Submitted Papers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

iv



v



Chapter 1

Introduction

1.1 What is cancer?

The concept of cancer spans a large set of genetic diseases characterised by uncon-
trolled cell growth within a group of cells (cancer cells or abnormal cells), which have
the ability to spread and invade other parts of the body (metastasis). Cancer encom-
passes a number of different situations: benign and malignant. A tumour that does
not have the potential to invade is called a benign tumour, otherwise it is referred to
as a malignant tumour or a cancerous tumour. Benign tumours (which do not belong
to the carcinogenic category) are localised and non-invasive (e.g. ductal carcinoma in
situ). Malignant tumours have the ability of invading the surrounding tissue and other
parts of the body. “Liquid tumours” are also prevalent among malignancies such as
haematological tumours (e.g. leukaemia).

Cancer starts with the mutation of one or a small number of normal cells, trig-
gering an uncontrolled cell growth (neoplasm). In solid tumours, growth is initially
limited by the availability of resources (avascular phase); under these conditions of
restricted access to nutrients, in particular oxygen, a portion of the avascular tumour
cell population becomes hypoxic. This triggers the angiogenic switch, whereby cells
secrete angiogenic factors, in particular, VEFG (Vascular Endothelial Growth Fac-
tor). Secretion of angiogenic factors triggers angiogenesis, i.e. the formation of new
blood vessels by sprouting from the existing native vasculature. The new vasculature
provides unlimited resources and the possibility that cancer cells migrate and invade
other tissues and organs of the body (metastasis) [229]. A more comprehensive picture
of cancer as a multi-step process is provided by Hanahan and Weinberg, under their
celebrated “Hallmarks of Cancer” paradigm [91, 92]. According to this paradigm, all
types of cancer obtain eight hallmarks of biological capabilities: to keep proliferative
signalling, avoiding tumour suppressor genes, resisting apoptosis, unlimited replica-
tive potential, angiogenesis, invasion, reprogramming energy metabolism and evading
immune destruction [92]. These hallmarks are explained below:
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• Keeping proliferative signalling: normal tissue maintains homeostasis through
the production and release of growth-regulating signals. These signals guide the
evolution through the cell division cycle. However, cancer cells have different
mechanisms for evading this control and grow unlimitedly. Mechanisms used by
cancer cells to evade homeostatic control include, but are not limited to, pro-
duce growth factor ligands, release signals to stimulate normal cells which recip-
rocatively stimulate the cancer cells and decrease the threshold of the receptors
(making the cancer cells response to those lower signal concentration).

• Avoiding tumour suppressor genes: tumour suppressor genes possess the ability
to inhibit cell division. However, in cancer cells, tumour suppressor genes cannot
be expressed (due to their recessive trait). Thereby, they are unable to prevent
cell division when necessary. This gives rise to uncontrolled growth of the tumour.

• Resisting apoptosis: apoptosis is the programmed cell death triggered by the
organism itself, as a means of homeostatic control, as well as to eliminate damaged
cells in order to avoid its replication. Cancer cells resist apoptosis in many ways:
lack of equilibrium between pro-apoptotic and anti-apoptotic proteins, reducing
caspase (key set of enzymes in apoptosis) function and impairing death receptor
signalling, among others.

• Unlimited replicative potential: most normal cells can divide only a limited num-
ber of times, due to telomere shortening during the division process. Telomere is
a region at the ends of each chromosome which protects it from deterioration and
union with other chromosomes. However, cancer cells can present high telom-
erase activity (enzyme that add nucleotides at the ending of the telomere) thus
compensating for telomere shortening leading to more duplication per cell.

• Angiogenesis: normally, in the early stages, solid tumours grow without blood
supply to a maximum size limited by the amount of nutrients and metabolites
that diffuse through its surface. Usually, in response to the lack of oxygen in the
environment, the cancer cells secrete TAFs (tumour angiogenic factors) such as
VEGF, which diffuse across the tissue until a vasculature zone. Consequently,
those factors stimulate the formation of newly sprouting blood vessels which
migrate (via chemotaxis) to the source of TAFs. The tumour has access to po-
tentially unlimited resources and, eventually, a chance for invasion with adequate
blood supply.

• Invasion: metastasis is in itself a multi-step process. Firstly, local infiltra-
tion of cancer cells into the adjacent tissue occurs, followed by intravasation
(transendothelial migration into vessels). If metastatic cells survive their sojourn
through the circulation, they eventually will extravasate. With a certain proba-
bility, which depends on the origin of the invader and the receptor tissues (“Seed
and soil” theory) extravasated cells will start proliferating leading to the seeding
of a (micro-)metastasis.
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• Reprogramming energy metabolism: an uncontrolled cell proliferation implies
an increase of energy consumption. Thus, cancer cells use a different metabolic
pathway for glucose than normal cells. This pathway is more inefficient but it
is much faster (“effect Warburg”: cancer cells consume more than 20 times as
much glucose compared to normal cells). Cancer cells produce ATP faster than
normal cells. Also, this pathway produces intermediate biosynthetic precursos,
used for the production of proteins, lipids and DNA (necessary for cell division).

• Evading immune destruction: there are points in common between cancer and
wound healing: growth, formation new blood vessels and migration of cells (pro-
cesses lead by growth factors). As immune cells secrete growth factors to help
tissue repair, tumorus can use the same immune cells to promote their uncon-
trolled cell growth.

1.2 The magic bullet approach to therapy

Cancer is one of the principal causes of death in the world. According to the WHO
(World Health Organization), in 2015 it was the second leading cause of death globally
(approximately 1 in 6 deaths were due to cancer). Besides, it is expected that in the
next two decades the number of new cases will rise by 70% [231]. The proportion of
deaths is growing within the ever increasing aging population.

Despite all the resources invested in research for the development of new targeted
therapies, the most used treatments to fight cancer continue to be non-specific ther-
apies, such as surgery, radiotherapy and chemotherapy, that affect both healthy and
cancer cells (see e.g. Fig 1.1). In contraposition to unspecific therapies, an alternative
approach has been used in medicine that is commonly referred to as the magic bullet
to guide the development of new targeted therapies. The concept consists of finding
a drug with a specific target (gene, protein, etc.) implicated at a particular stage of
development of the disease by killing just unhealthy cells whilst leaving normal cells
unharmed. Although it is not a new approach, its impact on complex diseases has
been discreet [154]. The precursor of this idea was the Nobel laureate Paul Erhlich
in the early 20th century. Consequently, Ehrlich’s work inspired multiple successful
investigations as did the antibacterial drug research of Alexander Fleming [207].

A few decades ago, with the birth of the genomic technology, the magic bullet
approach was expected to finally come to fruition, as new omics techniques allow to
identify abnormalities of individual tumours, which then become potential targets (e.g.
personalised medicine). Thus, the principal aim of oncological research has been to de-
velop targeted therapies to find drugs that interfere at various stages of the cancer
growth and progression. However, the efficiency of these new therapies has been rather
modest [154]. In spite of important projects as The Cancer Genome Atlas (TGCA),
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Figure 1.1: First course treatments of all cancer diagnosed in USA from 2004 to 2014
[165]

the Cancer Genome Project and the International Cancer Genome Consortium [108],
the success of these new drugs against cancer has been very low [3, 171, 208].

The lack of effectiveness of the magic bullet approach brings about two questions:
Why does that approach fail in the case of cancer? and What do we do to improve its
effectiveness?.

There are various reasons why that approach has not been widely successful at
replacing non-specific therapies. Tumours exhibit remarkable intratumoral cellular
heterogeneity. Cellular heterogeneity often produces a sub-population of cancer cells
to survive an anticancer therapy and lead to tumour reappearance [95, 101, 162, 163].
Tumours also employ a number of systems used to endure hazardous enviroments (e.g.
hypoxia) [131]. They present multiple mechanisms whose functions allow to minimise
cytotoxin levels [160, 190], block apoptosis [236, 237] or withstand hypoxic environment
[86, 94, 103, 132].

Besides all the mechanisms of drug resistance in tumours, there are also reasons for
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the failure of magic bullet approaches, which have to do with the intrinsic complexity
and multi-scale nature of tumours. The behaviour and traits of biological systems are
influenced by a complex network of interactions between genes and gene products which
regulate gene expression. The non-linear, high-dimensional dynamical structures have
undergone evolutionary changes by natural selection. As time progresses, the resilience
of the phenotype against genetic alteration increases allowing canalisation (the ability
to become more robust). Particularly, in malignancies these properties and structures
are exploited by the tumour to increase its proliferative potential and resist therapies.
The layers of complexities involved within the system, induce difficulties in predict-
ing the effect of a perturbation applied in the system [89]. In order to successfully
address the issues, a huge amount of research has been undertaken involving analysis
and development of multi scale models. These models incorporate different sub-models
corresponding to different biological levels such that the global tissue behaviour could
be analysed as an emergent property of the coupled elements [34, 45, 147, 168, 186, 218].

1.3 Multi-scale modelling

The intrinsic complexity of the biological processes, together with the wide range of
temporal and spatial scales over which they operate and the complicated way in which
they are coupled, makes multi-scale approaches fundamental in the field of Systems
Biology. Tissues in living organisms are organised in different structural integration
levels (see Fig. 1.2), namely, an intracellular level (including genes, molecules and all
their regulatory machinery), a cellular level (which accounts for all processes that have
to do with interactions between cells), and a tissue level (which encompasses all those
processes involving large (“macroscopic”) numbers of cells). All these levels possess an
intrinsically complex dynamics, which additionally, is coupled to all others (see Fig.1.2
for illustration). The highly non-linear dynamics of these systems cause the perturba-
tions affecting single levels to provoke significant global effects (see Fig 1.2).

Recently, multi-scale modelling has become an important topic in the biological
systems field, including areas like cardiology [93, 139, 153, 203], developmental biology
[99, 164, 196, 199, 227] or tumour growth [5, 34, 45, 52, 116, 147, 149, 168, 170, 176,
180, 181, 186, 187, 211, 218, 219].

One of the principal features of biological systems is their complexity. Modelling
in any field means to reduce the complexity of the system as much as possible and, at
the same time, trying to retain the maximum amount of information. Therefore, this
could pose to be a difficult challenge in the case of biological systems particularly.
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Figure 1.2: Biological processes are multiscale phenomena

As previously mentioned, the multi-scale modelling is necessary since biological
processes are a multi-scale phenomena. It is the behaviour of these processes that
have attributed to the emergent property of non-linear coupling between systems with
different time and length scales. Hence, it is extremely difficult to predict the effect of
a perturbation at a particular level. However, this modelling presents certain problems
when trying to simulate all that is possible. As an example, we could consider the 3D
multi-scale modelling of angiogenesis and vascular tumour growth developed in [176].
The model couples:

• ODE models of signalling pathways (for example VEGF)

• ODE models of intracellular pathways (for example between extra-cellular oxygen
and cell cycle)

• Cellular automata models of competition between normal and cancer cells for
resources.

• Reaction-diffusion PDEs for the oxygen and signalling cues.

• Continuous models for blood flow and angiogenesis.
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The results of the simulations of this model are satisfactory (see Fig 1.3). How-
ever, the model is too complex and the analysis is even more difficult. One of these
issues concerns computational costs. Simulation of IBMs (individual-based models) in
which individual cells and their intracellular states are resolved impose heavy computa-
tional costs, since we must keep track of their temporal evolution. They also normally
contain a large number of parameters which are difficult to estimate using standard
methods such as Bayesian inference or Approximate Bayesian Computation. Beyond
these “technical” issues, current multiscale models do not account for the effects of
random fluctuations. Such effects are known to radically affect the dynamics at the
intracellular level ([2, 16, 35, 55, 90, 138, 146, 148, 151, 175, 182]). Random effects also
dominate the dynamics at the cell population level whenever cell numbers are small
enough (e.g. the dynamics of small micro-metastase [90]).

The formulation of these models can be developed from different points of view.
Among the most relevant are IBMs, off-lattice models and hybrid models. IBMs focus
on the behaviour of the individuals (in our case cells) of the system and the inter-
actions among them. This approach allows us to study the emergent behaviour that
arises from the interactions between individuals beyond the continuum classic methods
and to capture the heterogeneity of the population. However, the computational cost is
usually high, meaning that, unless high performance computing facilities are available,
only small cell numbers can be simulated. IBMs have had an important repercussion
in a number of fields. For example, in ecology, models of forest dynamics [24, 145, 201]
or schooling fish dynamics [109, 110, 111, 136] have been developed. We could differ-
entiate two types of IBM models: the lattice-based models where each individual (cell)
solely could be in a determined position of a specific lattice; and the off-lattice models
where the individuals are located (and move) in a continuous domain, the latter being
more relevant.

In lattice models, the behaviour of cells regarding its interactions with other cells
is determined by a set of prefixed rules (e.g. cellular automata (CA) models [97, 117]
or cellular Potts model (CPM) [169, 221]), being computationally less expensive than
the off-lattice models. Nevertheless, the lattice models do not consider, for example,
the mechanical properties of the cells. Off-lattice models are necessary for considering
such properties and are a more suitable framework to study phenomena such as cell
migration. Normally, the cell shapes in the off-lattice models are spheres, ellipsoids or
shapes within a Voronoi tessellation and the interactions amongst them are modelled
by Netwon’s law, although the nature of the forces varies depending on the model. In
the particular case of cell growth, off-lattice models have the capacity to explain pro-
cesses such as growth and pattern formation of cell populations under standard culture
conditions [66] or the growth of avascular tumours in suspension [51].
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Figure 1.3: Simulation result of the tumour growth model developed in [176]
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Another approach which is gaining importance is the hybrid modelling (combina-
tion of continuous and discrete formulations) [6, 127, 149, 168, 186, 187]. These models
are formed by different sub-models, each modelled in terms of different mathematical
descriptions (PDEs, ODEs, etc.). These models normally use IBM for the dynamics
of one or more cellular compartments of the model [170, 176] and the other phases are
modelled as continuous phases [127, 149]. These models have been invested in the evo-
lutionary dynamics of tumour growth [186] as well as in the angiogenesis [149, 170, 176]
or the response to therapy [6, 187].

Nevertheless, despite all the prevalent research conducted in recent times, certain
major aspects are not well treated by most of these models. One of the most consistent
limitations is that of the noise and its impact. Although several models consider
random effects [170, 176], there doesn’t exist a general method to add and to analyse
the effects of noise. The objective of this thesis is the development of stochastic multi-
scale modelling in tumour growth.

1.4 Aim and structure of the thesis

Multi-scale models of the types discussed in the previous section are known to be
affected by a number of issues. The principal aim of this thesis is the formulation and
analysis of stochastic multi-scale model of the dynamics of cellular populations that
shed light on:

• The effects of coupling between intrinsic fluctuations at the intracellular and
population levels. We aim to establish how the different sources of noise affect
global properties of growing tumours, such as the speed of invasion.

• Derive coarse-grained limits of these models so that the parameters of the multi-
scale models can be lumped together into a smaller number of parameters. This
will facilitate the task of parameter estimation.

• To formulate hybrid methods which allow us to simulate larger systems while
losing none of the essential features of the multi-scale system.

To this end, we establish a systematic way to consider the noise in multi-scale models.
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Figure 1.4: This thesis is structured into two parts, namely, a first part which con-
cerns intracellular noise in isolation, and a second part where both intracellular and
population fluctuations are considered.

In the first chapter we start to assemble the model from the intracellular level
where we analyse the effects of the intrinsic fluctuations at an intracellular level. We
consider a stochastic version of a bistable system which is part of the G1/S transi-
tion of the eukaryote cell cycle model proposed in [224]. We formulate the chemical
reactions in terms of the chemical master equation (CME) [120] and we use the semi-
classic quasi-steady state to resolve it. In particular, we aim and analyse the effect of
intrinsic fluctuations on the properties of bistable stochastic systems with time scale
separation operating under quasi-steady state conditions. To this end, we first for-
mulate a stochastic generalisation of the quasi-steady state approximation based on
the semi-classical approximation of the partial differential equation for the generating
function associated with the Chemical Master Equation. Such approximation proceeds
by optimising an action functional whose associated set of Euler-Lagrange (Hamilton)
equations provide the most likely fluctuation path. We show that, under appropriate
conditions granting time scale separation, the Hamiltonian can be re-scaled so that the
set of Hamilton equations splits up into slow and fast variables, whereby the quasi-
steady state approximation can be applied. Our theory establishes that the number
of molecules of the conserved species are order parameters whose variation regulates
bistable behaviour in the associated systems beyond the predictions of the mean-field
theory. This prediction is fully confirmed by direct numerical simulations using the
stochastic simulation algorithm. This result allows us to propose strategies whereby,
by varying the number of molecules of the three conserved chemical species, cell prop-
erties associated with bistable behaviour (phenotype, cell-cycle status, etc.) can be
controlled.

The next chapter considers the escape problem in biochemical systems with limit
cycles. Cell state determination is the outcome of intrinsically stochastic biochemical
reactions. Transitions between such states are studied as noise-driven escape problems
in the chemical species space. Escape can occur via multiple possible multidimensional
paths, with probabilities depending non-locally on the noise. Here, we characterise
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the escape from an oscillatory biochemical state by minimising the Freidlin-Wentzell
action, deriving from it the stochastic spiral exit path from the limit cycle. We also
use the minimised action to infer the escape time probability density function.

We then move to the second part of thesis where we consider the cell-population
level. In Chatper 4, we analyse the properties of heterogeneous populations under the
effects of fluctuations both within the intracellular pathways regulating (individual)
cell behaviour those associated with intrinsic randomness due to finite size of the pop-
ulation. We propose a modelling framework to analyse the stochastic behaviour of
heterogeneous, multi-scale cellular populations. We illustrate our methodology with a
particular example in which we study a population with an oxygen-regulated prolif-
eration rate. Our formulation is based on an age-dependent stochastic process. Cells
within the population are characterised by their age (i.e. time elapsed since they were
born). The age-dependent (oxygen-regulated) birth rate is given by a stochastic model
of oxygen-dependent cell cycle progression. Once the birth rate is determined, we for-
mulate an age-dependent birth-and-death process, which dictates the time evolution
of the cell population. The population is under a feedback loop which controls its
steady state size (carrying capacity): cells consume oxygen which in turns fuels cell
proliferation. We show that our stochastic model of cell cycle progression allows for
heterogeneity within the cell population induced by stochastic effects. Such heteroge-
neous behaviour is reflected in variations in the proliferation rate. Within this set-up,
we have established three main results. First, we have shown that the age to the G1/S
transition, which essentially determines the birth rate, exhibits a remarkably simple
scaling behaviour. Besides the fact that this simple behaviour emerges from a rather
complex model, this allows for a huge simplification of our numerical methodology. A
further result is the observation that heterogeneous populations undergo an internal
process of quasi-neutral competition. Finally, we investigated the effects of cell-cycle-
phase dependent therapies (such as radiation therapy) on heterogeneous populations.
In particular, we have studied the case in which the population contains a quiescent
sub-population. Our mean-field analysis and numerical simulations confirm that, if the
survival fraction of the therapy is too high, rescue of the quiescent population occurs.
This gives rise to emergence of resistance to therapy since the rescued population is
less sensitive to therapy.

Finally, we consider spatially heterogeneity. The development of hybrid methodolo-
gies is of current interest in both multi-scale modelling and stochastic reaction-diffusion
systems regarding their applications to biology. We formulate a hybrid method for
stochastic multi-scale models of cells populations that extends the remit of existing hy-
brid methods for reaction-diffusion systems. Such method is developed for a stochastic
multi-scale model of tumour growth, i.e. population-dynamical models which account
for the effects of intrinsic noise affecting both the number of cells and the intracellular
dynamics. In order to formulate this method, we develop a coarse-grained approxima-
tion for both the full stochastic model and its mean-field limit. Such approximation
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involves averaging out the age-structure (which accounts for the multi-scale nature
of the model) by assuming that the age distribution of the population settles onto
equilibrium very fast. We then couple the coarse-grained mean-field model to the
full stochastic multi-scale model. By doing so, within the mean-field region, we are
neglecting noise in both cell numbers (population) and their birth rates (structure).
This implies that, in addition to the issues that arise in stochastic-reaction diffusion
systems, we need to account for the age-structure of the population when attempting
to couple both descriptions. We exploit our coarse-graining model so that, within the
mean-field region, the age-distribution is in equilibrium and we know its explicit form.
This allows us to couple both domains consistently, as upon transference of cells from
the mean-field to the stochastic region, we sample the equilibrium age distribution.
Furthermore, our method allows us to investigate the effects of intracellular noise, i.e.
fluctuations of the birth rate, on collective properties such as travelling wave velocity.
We show that the combination of population and birth-rate noise gives rise to large
fluctuations of the birth rate in the region at the leading edge of front, which cannot be
accounted for by the coarse-grained model. Such fluctuations have non-trivial effects
on the wave velocity. Beyond the development of a new hybrid method, we thus con-
clude that birth-rate fluctuations are central to a quantitatively accurate description
of invasive phenomena such as tumour growth.
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Part 1

Intracellular noise
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Chapter 2

The effects of intrinsic noise on the
behaviour of bistable cell regulatory
systems under quasi-steady state
conditions

2.1 Introduction

The networks of interacting genes and proteins that are responsible for regulation,
signalling and response, and which, ultimately, orchestrate cell function, are under the
effect of noise [118, 125, 146, 151, 182]. It is this randomness that materialises in the
form of fluctuations of the number of molecules of the species involved, subsequently
leading to fluctuations in their activity. Besides external perturbations, biochemical re-
actions can be intrinsically noisy, especially when the number of molecules are very low.

Far from necessarily being a mere disturbance, fluctuations are an essential com-
ponent of the dynamics of cellular regulatory systems which, in many instances, are
exploited to improve cell function [35, 55]. For example, randomness has been shown
to enhance the ability of cells to adapt and increase their fitness in random or variable
environments [2, 89, 138]. Random noise also serves the purpose of assisting cell pop-
ulations to sustain phenotypic variation by enabling cells to explore the phase space.
[16, 55, 146, 148, 151, 182].

One of the mechanisms that allows noise-induced phenotypic variability relies on
multi-stability [40, 114]. The basis of this mechanism was first proposed by Kauffman
[122], who associated phenotypes or differentiated states to the stable attractors of the
dynamical systems associated to gene and protein interaction networks. In the presence
of noise, the corresponding phase space generates an epigenetic landscape, where cells
exposed to the same environment and signalling cues can coexist in different cellular
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phenotypes [106].

Multi-stability is also an essential element in the control of cell response and func-
tion via signalling pathways [223]. In particular, bi-stability as a means to generate
reliable switching behaviour is widely utilised in numerous pathways such as apopto-
sis [141], cell survival [142], differentiation [119], and cell-cycle progression [58, 224]
pathways. For example, bi-stability is used to regulate such critical cell functions as
the transition from quiescence to proliferation through bistable behaviour associated
with the Rb-E2F switch within the regulatory machinery of the mammalian cell-cycle
[18, 71, 73, 74, 234, 233].

A common theme which appears when trying to model cell regulatory systems is
separation of time scales. When noise is ignored and systems are treated in terms
of deterministic mean-field descriptions, such separation of time scales and the asso-
ciated slow-fast dynamics are often exploited for several forms of model reduction,
of which the most common is the so-called quasi-steady state approximation (QSSA)
[123]. This approximation is ubiquitously used whenever regulatory processes involve
enzyme catalysis, which is a central regulation mechanism in cell function [223]. In this
chapter, we investigate the effects of intrinsic noise on the bi-stability of an enzyme-
catalysed system of mutual inhibition. The mean-field limit of that system has been
shown to exhibit bi-stability [224]. The aim is to analyse how noise alters the mean-
field behaviour associated to these systems when they operate under quasi-steady state
conditions.

We note that we do not concern ourselves with the subject of noise-induced bifurca-
tions [67]. Such phenomenon has been studied in many situations, including biological
systems. An example which is closely related to the system we analyse here is the so-
called enzymatic futile cycles. Samoilov et al. [193] have shown that noise associated
to the number of enzymes induce bistability. In the absence of this source of noise, i.e.
in the mean-field limit, the system does not exhibit bistable behaviour. The treatment
of this phenomena would require to go to higher orders in the WKB expansion, which
we do not explore here.

The issue of separation of time scales in stochastic models of enzyme catalysis has
been addressed using a number of different approaches. Several such analysis have been
carried out in which the QSSA is directly applied to the master equation by setting
the fast reactions in partial equilibrium (i.e. the probability distribution corresponding
to the fast variables remains unchanged), and letting the rest of the system to evolve
according to a reduced stochastic dynamic [183, 222]. Other approaches have been pro-
posed such as the QSSA to the exact Fokker-Planck equation that can be derived from
the Poisson representation of the chemical master equation [216]. Approaches based
on enumeration techniques have also been formulated [50]. Furthermore, Thomas et
al.[215] have recently formulated a rigorous method to eliminate fast stochastic vari-
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ables in monostable systems using projector operators within the linear noise approx-
imation [215]. Methods for model reduction based on perturbation analysis have been
developed in [4, 31]. Additionally, driven by the need of more efficient numerical meth-
ods, there has been much activity regarding the development of numerical methods
for stochastic systems with multiple time-scales [33, 150, 226]. Several of these meth-
ods are variations of the stochastic simulation algorithm [36, 37, 54, 183, 192, 195] or
the τ -leap method [184] where the existence of fast and slow variables is exploited to
enhance their performance with respect to the standard algorithms. Another family
of such numerical methods is that of the so-called hybrid methods, where classical
deterministic rate equations or stochastic Langevin equations for the fast variables
are combined with the classical stochastic simulation algorithm for the slow variables
[96, 191]. Other related methods were studied in [13, 121, 159].

Here, we advance the formalism developed in [4], in which a method based on the
semi-classical approximation of the Chemical Master Equation allows to evaluate the
effects of intrinsic random noise under quasi-steady conditions. In the analysis of the
Michaelis-Menten model of enzyme catalysis in [4], it is shown that the semi-classical
quasi-steady state approximation reveals that the velocity of the enzymatic reaction is
modified with respect to the mean-field estimate by a quantity which is proportional
to the total number of molecules of the (conserved) enzyme. We extend this formalism
to show that, associated to each conserved molecular species, the (constant) number
of molecules is a bifurcation parameter which can drive the system into bi-stability
beyond the predictions of the mean-field theory. We then proceed to test our theoret-
ical results by means of direct numerical simulation of the Chemical Master Equation
using the stochastic simulation algorithm [76]. We should note the Hamiltonian for-
malism derived from the semi-classical approximation is formulated on a continuum of
particles, which requires the number of particles to be large enough. This must hold
true for all the species in our model, both fast and slow. Since this separation between
fast and slow species is based on their relative abundance, one must be careful that
the scaling assumptions are consistent. This assumption, however, has been used in
previous studies [15]. We also show that our simulation results of the full stochastic
processes agree with our analysis and, therefore, our re-scaled equations are able to
predict the behaviour of the system.

The approximation we develop falls within the general framework of the optimal
fluctuation path theory [26]. This framework is a particular case of large deviation the-
ory which allows us to study rare events (i.e. events whose frequency is exponentially
small with system size). Within these framework we will show that, upon carrying out
the QSSA, the only source of noise in the system is associated to the random initial
conditions of the species whose numbers are conserved. We therefore predict that a
population of cells, each having a random number of conserved molecules, will have a
bimodal distribution.
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This chapter is organised as follows. Next section is devoted to a detailed exposition
of the semi-classical quasi-steady state approximation for stochastic systems. In Section
2.3 we apply this formalism to analyse the behaviour of a bistable enzyme-catalysed
system. We will show that our semi-classical quasi-steady state theory allows us to
study the effect of intrinsic noise on the behaviour of this system beyond the predictions
of their mean-field descriptions. We also verify our theoretical predictions by means
of direct stochastic simulations. In the Chapter 6, in Section 6.1.1, we summarise our
results and discuss their relevance.

2.2 Semi-classical quasi-steady state approximation

In this section we introduce a stochastic generalization of the quasi-steady state
approximation and use such approximation to determine the effects of the noise on the
behaviour of the system beyond the predictions of the corresponding mean-field model.
We investigate how our stochastic system, whose mean-field model predict bistability,
is affected for stochastic effects.

The analysis is carried out in the context of Markovian models of the corresponding
reaction mechanisms formulated in terms of the so-called chemical master equation
(CME) [120]. Following [4], we formulate the QSS approximation for the asymptotic
solution of the CME obtained by means of large deviations/WKB approximations
[8, 135, 217]. The CME is given:

∂P (X, t)

∂t
=
∑
i

(Wi(X − ri)P (X − ri, t)−Wi(X)P (X, t)) (2.2.1)

where P (X, t) is the probability of the molecular species vector to be X at time t,
Wi(X) is the transition rate corresponding to reaction channel i and ri is a vector
whose entries denote the change in the number of molecules of each molecular species
when reaction channel i fires up, i.e. P (X(t+ ∆t) = X(t) + ri|X(t)) = Wi(X)∆t.

An way to analyse the dynamics of continuous-time Markov processes on a discrete
space of states is to derive an equation for the generating function, G(p1, . . . , pn, t) of
the corresponding probabilistic density:

G(p1, . . . , pn, t) =
∑
x

pX1
1 pX2

2 · · · pXnn P (X1, . . . , Xn, t) (2.2.2)

where P (X1, . . . , Xn, t) is the solution of the Master Equation (2.2.1). G satisfies a
partial differential equation (PDE) which can be derived from the Master Equation.
This PDE is the basic element of the so-called momentum representation of the Master
Equation [14].
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Although closed, analytic solutions are rarely available, the PDE for the generating
function admits a perturbative solution, which is commonly obtained by means of the
WKB method [14]. More specifically, the (linear) PDE that governs the evolution of
the generating function can be written as:

∂G

∂t
= Hk (p1, . . . , pn, ∂p1 , . . . , ∂pn)G(p1, . . . , pn, t) (2.2.3)

where the operator Hk is determined by the reaction rates of the Master Equation
(2.2.1). Furthermore, the solution to this equation must satisfy the normalisation con-
dition G(p1 = 1, . . . , pn = 1, t) = 1, for all t. This PDE, or, equivalently, the operator
H, are obtained by multiplying both sides of the Master Equation (2.2.1) by

∏n
i=1 p

Xi
i

and summing up over all the possible values of (X1, . . . , Xn). In the particular case in
which every transition rate is a linear polynomial and the amount of any specie changes
at most one, there is a systematic way to calculate that PDE:

We suppose in (2.2.1) that the transition rate of reaction i, Wi(X), is expressed as

Wi(X) = kiXi1Xi2 · · ·Xim , {i1, i2, · · · , im} ⊂ {1, 2, ..., n},

and we assume that the components of vector ri are +1, −1 or 0. We denote by ri(j)
the component j of ri. Let:

Ai = {a|ri(a) = −1} = {a1, · · · , aα},

Bi = {b 6∈ {i1, · · · , im}|ri(b) = 1} = {b1, · · · , bβ}

and
Di = {d ∈ {i1, · · · , im}|ri(d) = 1} = {d1, · · · , dδ}

Note that if z ∈ Ai then z ∈ {ii, · · · , im} (because of xk ≥ 0). Let

Ci = {c ∈ {i1, · · · , im}|ri(c) = 0} = {c1, · · · , cγ}

Then: ∑
x

pX1
1 pX2

2 · · · pXnn (Wi(X − ri)P (X − ri)−Wi(X)P (X)) =

= ki(pb1 · · · pbβpc1 · · · pcγp2
d1
· · · p2

dδ
− pi1 · · · pim)

∂G

∂pi1 · · · ∂pim
(2.2.4)

From the mathematical point of view, Eq. (2.2.3) is a Schrödinger-like equation
and, therefore, there is a plethora of methods at our disposal in order to analyse it.
In particular, when the fluctuations are (assumed to be) small, it is common to resort
to WKB methods [8, 85, 135]. This approach is based on the WKB-like Ansatz that
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G(p1, . . . , pn, t) = e−S(p1,...,pn,t). By substituting this Ansatz in Eq. (2.2.3) we obtain
the following Hamilton-Jacobi equation for the function S(p1, . . . , pn, t):

∂S

∂t
= −Hk

(
p1, . . . , pn,

∂S

∂p1

, . . . ,
∂S

∂pn

)
(2.2.5)

Instead of directly tackling the explicit solution of Eq. (2.2.5), we will use the so-
called semi-classical approximation. We use the Feynman path-integral representation
which yields a solution to Eq. (2.2.3) of the type [46, 56, 59, 135, 213]:

G(p1, . . . , pn, t) =

∫ t

0

e−S(p1,...,pn,Q1,...,Qn)DQ(s)Dp(s), (2.2.6)

where DQ(s)Dp(s) indicates integration over the space of all possible trajectories and
S(p1, . . . , pn, Q1, . . . , Qn) is given by [135]:

S(p1, . . . , pn, Q1, . . . , Qn) =

−
∫ t

0

(
Hk(p1, . . . , pn, Q1, . . . , Qn) +

n∑
i=1

Qi(s)ṗi(s)

)
ds+

n∑
i=1

S0,i(pi, Qi), (2.2.7)

where the position operators in the momentum representation have been defined as
Qi ≡ ∂pi with the commutation relation [Qi, pj] = S0,iδi,j. S0,i(pi, Qi) corresponds
to the action associated with the generating function of the probability distribution
function of the initial value of each variable, Xi(t = 0), which are assumed to be inde-
pendent random variables.

The so-called semi-classical approximation consists of approximating the path in-
tegral in Eq. (2.2.6) by

G(p1, . . . , pn, t) = e−S(p1,...,pn,t) (2.2.8)

where p1(t), . . . , pn(t) are now the solutions of the Hamilton equations, i.e. the orbits
which maximise the action S:

dpi
dt

= −∂Hk

∂Qi

(2.2.9)

dQi

dt
=
∂Hk

∂pi
(2.2.10)

where the pair (Qi,pi) are the generalised coordinates corresponding to chemical species
i = 1, . . . , n. These equations are (formally) solved with boundary conditions [56]
Qi(0) = xi(0), pi(t) = pi, where xi(0)pi(0) is the initial number of molecules of species
i.
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Eqs. (2.2.9)-(2.2.10) are the starting point for the formulation of the semi-classical
quasi-steady state approximation (SCQSSA) [4]. In order to proceed further, we as-
sume, as per the Briggs-Haldane treatment of the Michealis-Menten model for enzyme
kinetics [29, 123], that the species involved in the system under scrutiny are divided
into two groups according to their characteristic scales. More specifically, we have a
subset of chemical species whose numbers, Xi, scale as:

Xi = Sxi, (2.2.11)

where xi = O(1), whilst the remaining species are such that their numbers, Xj, scale
as:

Xj = Exj, (2.2.12)

where xj = O(1). Key to our approach is the fact that S and E must be such that:

ε =
E
S
� 1. (2.2.13)

We further assume that the generalised coordinates, Qi, scale in the same fashion as
the corresponding variable Xi, i.e.

Qi = Sqi, (2.2.14)

where qi = O(1). We refer to the variables belonging to this subset as slow variables.
Similarly,

Qj = Eqj, (2.2.15)

where qj = O(1), which are referred to as fast variables. Moreover, we assume that the
moment coordinates, pi, are all independent of S and E , and therefore remain invariant
under rescaling.

Under this scaling for the generalised coordinates, we define the following scale
transformation for the Hamiltonian in Eq. (2.2.7):

Hk(p1, . . . , pn, Q1, . . . , Qn) = kJSkE lHκ(p1, . . . , pn, q1, . . . , qn) (2.2.16)

where J identifies the reaction with the largest order among all the reactions that com-
pose the dynamics and kJ is the corresponding rate constant. For example, in the case
of the bistable enzyme-catalysed system whose reactions or elementary events and the
corresponding transition rates are given in Table 2.1, J = 1, as this reaction is order 3
whereas all the others are order 0, 1, or 2.

The last step is to rescale the time variable so that a dimensionless variable, τ , is
defined such that:
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τ = kJSk−1E lt (2.2.17)

It is now a trivial exercise to check that, upon rescaling, Eqs. (2.2.9)-(2.2.10) read

dpi
dτ

= −∂Hκ

∂qi
, (2.2.18)

dqi
dτ

=
∂Hκ

∂pi
, (2.2.19)

for the slow variables. By contrast, rescaling of the Hamilton equations corresponding
to the subset of fast variables leads to:

ε
dpj
dτ

= −∂Hκ

∂qj
, (2.2.20)

ε
dqj
dτ

=
∂Hκ

∂pj
, (2.2.21)

where ε is defined in Eq. (2.2.13). The QSS approximation consists on assuming that

ε
dpj
dτ
' 0 and ε

dqj
dτ
' 0 in Eqs. (2.2.20)-(2.2.21),

−∂Hκ

∂qj
= 0, (2.2.22)

∂Hκ

∂pj
= 0, (2.2.23)

resulting in a differential-algebraic system of equations which provides us with the
semi-classical quasi-steady state approximation (SCQSSA).

2.3 Model of the G1/S transition

We analyse a stochastic system proposed in [4, 89], whose mean-field limit has been
shown to correspond to a bistable system which is a part of a model for the G1/S
transition of the eukaryote cell cycle proposed in [224]. Tyson & Novak [224] have
formulated a (deterministic) model of the cell cycle such that the core of the system
regulating the G1/S transition is a system of two mutually-repressing proteins (Cdh1
and CycB). This system of mutual repression gives rise to a bistable system where one
of the stable steady states is identified with the G1 phase whereas the other corre-
sponds to a state where the cell is ready to go through the other three phases of the
cell-cycle, known as S, G2, and M. This central module, which is the one we focus on,
is acted upon by a complex regulatory network which monitors if conditions are met
for the cell to undergo this transition and accounts for its accurate timing. Presently,
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Figure 2.1: Reactions for the bistable enzyme-catalysed system proposed by Tyson &
Novak [224]. X1 represents active Cdh/Apc, X2 inactive Cdh/Apc, X3 inactivating
enzymes, X4 activating enzymes, X5 active Cdh/Apc-inactivating-enzyme complexes,
X6 inactive Cdh/Apc-activating-enzyme complexes, and X7 the number of CycB-CDK
complexes. The first two reactions correspond to enzyme-catalysed activation and
inactivation of Cdh/APC. The third reaction corresponds to the dynamics of CycB
activity: synthesis at a constant rate, k7, and degradation by natural decay and active
Cdh/Apc-induced inactivation.

we ignore this network and focus on the central bistable system. It is shown in [224]
that the mean field version of the model exhibits bistable behaviour as a function of
a bifurcation parameter m, i.e. the mass of the cell. For very small values of m, the
system is locked into a high (low) Cdh1(CycB)-level stable fixed point (i.e. into the
G1 phase). For very large values m, the system has only one stable steady state cor-
responding to a low (high) Cdh1(CycB)-level fixed point. For intermediate values of
m the system exhibits bistability, i.e. both of these stable fixed points coexist with an
unstable saddle point. In this section, we focus on how noise alters the behaviour of
the mean-field dynamics.

The transition rates corresponding to the different reactions involved in the stochas-
tic model associated to the enzyme-regulated kinetics shown in Fig. 2.1 are given in
Table 2.1. This kinetics corresponds to the enzyme regulated activation and inhi-
bition of Cdh1 (an inhibitor of cell-cycle progression). Cdh1 inactivation is further
(up)regulated by the presence of CycB, an activator of cell-cycle progression. CycB is
synthesised and degraded at basal rates and is further degraded in the presence of active
Cdh1 (see Fig. 2.1). Therefore, the resulting dynamics leads to a system with mutual
inhibition which produces bistable behaviour. It is important to note that the associ-
ated reaction kinetics exhibits three conservation laws (see Table 2.1): X3 + X5 = e0,
X4 +X6 = e0, and X1 +X2 +X5 +X6 = s0. The first two of these conservation laws are
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Variable Description
X1, X2 Number of active and inactive (respectively) Cdh1 molecules
X3, X4 Number of Cdh1-inactivating/activating (respectively) enzyme molecules
X5, X6 Number of enzyme-active/enzyme-inactive (respectively) Cdh1 complexes
X7 Number of active cyclin molecules

Transition rate r Event

W1(x) = k1X7X1X3 r1 = (−1, 0,−1, 0,+1, 0, 0)
Enzyme and active Cdh1

form complex

W2(x) = k2X7X5 r2 = (+1, 0,+1, 0,−1, 0, 0)
Enzyme-(active Cdh1)

complex splits

W3(x) = k3X7X5 r3 = (0,+1,+1, 0,−1, 0, 0)
Inactivation of Cdh1
and enzyme release

W4(x) = k4X2X4 r4 = (0,−1, 0,−1, 0,+1, 0)
Enzyme and inactive
Cdh1 form complex

W5(x) = k5X6 r5 = (0,+1, 0,+1, 0,−1, 0)
Enzyme-(inactive

Cdh1) complex splits

W6(x) = k6X6 r6 = (+1, 0, 0,+1, 0,−1, 0)
Activation of Cdh1
and enzyme release

W7(x) = k7 r7 = (0, 0, 0, 0, 0, 0,+1) CycB synthesis
W8(x) = k8(1 + aX1)X7 r8 = (0, 0, 0, 0, 0, 0,−1) CycB degradation

Table 2.1: Random variables and transition rates of the stochastic model associated to
the enzymatic reaction shown in Fig. 2.1.

associated to the conservation of the number of Cdh1-inhibiting and Cdh1-activating
enzymes, respectively, whilst the latter expresses the conservation of the total number
of Cdh1 molecules. The quantities e0 and s0 are the (conserved) number of enzymes
and Cdh1, respectively. Note that, as per the methodology developed in Section 2.2,
we assume that s0 = O(S) and e0 = O(E).

The corresponding stochastic Hamiltonian, Hk, which is derived by applying the
methodology of Section 2.2 to the Master Equation associated to the chemical kinetics
described in Table 2.1, can be split into three parts,

Hk(p1, . . . , p7, Q1, . . . , Q7) = HA +HI +HB, (2.3.1)

where HI is the Hamiltonian corresponding to the CycB-regulated enzymatic inacti-
vation of Cdh1 (reactions 1 to 3 in Table 2.1):

HI(p,Q) = k4(p6 − p2p4)Q2Q4 + k5(p2p4 − p6)Q6 + k6(p1p4 − p6)Q6, (2.3.2)

HA corresponds to enzymatic activation of Cdh1 (reactions 4 to 6 in Table 2.1):
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Rescaled variables Dimensionless parameters
τ = k1ESt ε = E/S, α = aS
q1 = Q1/S κ2 = k2/(k1S)
q2 = Q2/S κ3 = k3/(k1S)
q3 = Q3/E κ4 = k4/(k1S)
q4 = Q4/E κ5 = k5/(k1S2)
q5 = Q5/E κ6 = k6/(k1S2)
q6 = Q6/E κ7 = k7/(k1ES2)
q7 = Q7/S κ8 = k8/(k1ES)

Table 2.2: Dimensionless variables used in Eqs. (2.3.7). S and E are the average
concentration of Cdh1 (active plus inactive) and the average concentration of both
Cdh1-activating and Cdh1-inactivating enzymes, respectively. We further assume that
the stationary concentration of active CycB also scales with S.

HA(p,Q) = k1p7(p5 − p1p3)Q1Q3Q7 + k2p7(p1p3 − p5)Q5Q7 + k3p7(p2p3 − p5)Q5Q7,
(2.3.3)

and, finally, HB, which corresponds to synthesis and degradation of CycB, is given by
(reactions 7 and 8 in Table 2.1):

HB(p,Q) = k7(p7 − 1) + k8(1− p7)Q7 + k8ap1(1− p7)Q1Q7, (2.3.4)

where the expressions HI , HA and HB can be obtained by applying (2.2.4).

We now proceed to apply the procedure explained in Section 2.2 in order to obtain
the SCQSSA for the system determined by the transition rates given in Table 2.1. We
first need to determine which of the variables are slow variables and which ones are
fast variables. As shown in Table 2.2, the pairs (p1, Q1), (p2, Q2), and (p7, Q7), corre-
sponding to the active and inactive forms of Cdh1 and to CycB, respectively, are the
slow generalised coordinates, as the generalised positions scale with s0. The remaining
generalised coordinates scale as e0 and, therefore, are fast variables. Furthermore, the
rescaled Hamiltonian is given by:

Hk(p,Q) = k1ES2Hκ(p, q) (2.3.5)

where

Hκ(p, q) = Hκ,A +Hκ,I +Hκ,B, (2.3.6)

with

Hκ,I = κ4(p6 − p2p4)q2q4 + κ5(p2p4 − p6)q6 + κ6(p1p4 − p6)q6
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Hκ,A = p7(p5 − p1p3)q1q3q7 + κ2p7(p1p3 − p5)q5q7 + κ3p7(p2p3 − p5)q5q7

Hκ,B = κ7(p7 − 1) + κ8(1− p7)q7 + κ8αp1(1− p7)q1q7 (2.3.7)

The rescaled parameters κi are given in Table 2.2. Last, by rescaling time and defining
the dimensionless time variable as τ = k1ESt (Table 2.2), the SCQSSA equations
(2.2.18)-(2.2.19) and (2.2.22)-(2.2.23) lead to (see [4] for a detailed derivation):

dq1

dτ
= p4pe4

κ6q2

q2 + J2

− p7p3pe3
κ3q7q1

q1 + J1

+ κ8α(1− p7)q7q1 (2.3.8)

dq2

dτ
= −p4pe4

κ6q2

q2 + J2

+ p7p3pe3
κ3q7q1

q1 + J1

(2.3.9)

dq7

dτ
= κ7 − κ8(1 + αp1q1)q7 (2.3.10)

p5 = p3p1 (2.3.11)

p6 = p4p2 (2.3.12)

dp7

dτ
= −(1− p7)κ8(1 + αp1q1) (2.3.13)

where p1 = p2, p3, and p4 are constants to be determined and J1 = κ2 + κ3 and
J2 = κ−1

4 (κ5 + κ6), and pe3 = e3/E and pe4 = e4/E . Note that for q1(τ) + q2(τ) = pc,
with pc = s0/S, to hold p7 = 1 must be satisfied. In this case, we have

dq1

dτ
= p4pe4

κ6(pc − q1)

(pc − q1) + J2

− p3pe3
κ3mq7q1

q1 + J1

(2.3.14)

dq7

dτ
= κ7 − κ8(1 + αp1q1)q7 (2.3.15)

p5 = p3p1 (2.3.16)

p6 = p4p1 (2.3.17)

As shown in [4], the parameter values are determined by comparing the corre-
sponding mean-field approximation, which is obtained by taking pi = 1 [56], and
pc = pe3 = pe4 = 1, i.e. the total number of molecules of Cdh1 and its activating and
inhibiting enzymes be exactly equal to its average, i.e. s0 = S and e3 = e4 = E , to the
system originally proposed by Tyson & Novak [224]. In Eq. (2.3.14) we have redefined
κ3 → κ3m in order to make explicit the dependence on the bifurcation parameter, m,
as used by Tyson & Novak [224]. The parameter values are shown in Table 2.3.

Upon rescaling of the variables (Table 2.2) and the Hamiltonian (Eq. (2.2.16)), the
action functional reads:

S(p, q) = s0

∫ τ

0

(
−Hκ(p, q)−

∑
slow

qi
dpi
ds
−
∑
fast

qjε
dpj
ds

)
ds+

n∑
i

S0,i(pi) (2.3.18)
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Figure 2.2: Bifurcation analysis for the SCQSSA of Eqs. (2.3.14)-(2.3.17). The panels
on the top plot (a) shows the bifurcation diagrams for different values of the parameters
p1, pc = p1 and ρ =

p3pe3
p4pe4

. If e0 and s0 are random Poisson variables with parameter

S and E , respectively, then ρ =
p23
p24

(see Eq. 2.3.23). Solid lines correspond to r = 1,

dot-dashed lines to r = 2, and dashed lines to r = 3. The bottom plot (b) shows the
bistability boundaries in p1−mR parameter space. The region between the boundaries
corresponds to the bistable region of the stochastic system according to the SCQSSA.
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Rescaled parameter Parameter Units Reference
κ2 = J4 − κ3 a′1 = 0.04 min−1 [224]
κ3m = a4m

k1ES a′2 = 0.04 min−1 [224]

κ6 =
a′3
k1ES a′′2 = 1 min−1 [224]

κ5 = κ4J3 − κ6 a3 = 1 min−1 [224]

κ7 =
a′1
k1ES a4 = 35 min−1 [224]

κ8 =
a′2
k1ES m = 0.3 Dimensionless –

a =
a′′2

k1ESκ8 E = 4 Dimensionless [4]

S = 400 Dimensionless [4]
k1 = 1 min−1 [183]
κ4 = κ3 Dimensionless [4]
J3 = J4 = 0.04 Dimensionless [224]

Table 2.3: Parameter values used in simulations of the stochastic bistable enzyme-
catalysed system

It is straightforward to check that in SCQSSA conditions Hκ(p, q) = 0. Furthermore,
since p1 = p2 =const. and p7 = 1, and εṗj ' 0 for the fast generalised coordinates, the
SCQSS approximation of the action Eq. (2.3.18), SQSS, reduces to:

SQSS(p) =
n∑
i=1

S0,i(pi) (2.3.19)

where, as per the SCQSSA, p5 and p6 are determined by Eqs. (2.3.16) and (2.3.17),
respectively, p7 = 1, which implies S0,7(p7) = 0, and p1 = p2, p3 and p4 are constants
that remain to be determined. In order to do so, we resort to the method developed
in reference [4]. The quasi-steady state characteristic function, GQSS(p, τ) is given by:

GQSS(p, τ) = e(−
∑6
i=1 S0,i(pi)) =

6∏
i=1

G0,i(pi) (2.3.20)

where G0,i(pi) = e−S0,i(pi) is the generating function of the probability distribution for
the initial condition of species Xi i = 1, . . . , 6. In [4], we have shown that, applying a
Laplace-type asymptotic method [1, 158] to the integrals

P (X1(τ = 0) = s0) =
1

2πi

∮
C

G0,1(p1)

ps0+1
1

dp1 =
1

2πi

∮
C

e−(S0,1(p1)+s0 log p1)

p1

dp1,

P (Xi(τ = 0) = ei) =
1

2πi

∮
C

e−(S0,i(pi)+e0 log pi)

pi
dpi with i = 3, 4 (2.3.21)
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where, p1 = p2, p3 and p4 can be given as functions of s0 and ei, i = 3, 4, i.e. the
initial numbers of Cdh1 molecules and Cdh1-inactivating and Cdh1-activating enzymes,
respectively:

−p1
dS0,1

dp1

= s0

−pi
dS0,i

dpi
= ei for i = 3, 4 (2.3.22)

P (X1(τ = 0) = s0), P (X3(τ = 0) = e3) and P (X4(τ = 0) = e4) are the probabilities
that X1 initially takes the value X1(τ = 0) = s0 and that X3 and X4 have initial
values X3(τ = 0) = e3 and X4(τ = 0) = e4. These probabilities can be interpreted
to correspond to variability in the abundance of these enzymes within a population
of cells. A particularly simple case results from assuming that P (X1(τ = 0) = s0),
P (X3(τ = 0) = e3) and P (X4(τ = 0) = e0) are Poisson distributions with parameter
S and E , respectively. In this case [4]:

p1 =
s0

S
p3 =

e3

E
p4 =

e4

E
(2.3.23)

Note that, in the particular case in which the total numbers of Cdh1 and enzyme
molecules are random Poisson variables, we have that p1 = pc, p3 = pe3 , and p4 = pe4 .

2.3.1 Bifurcation analysis

Fig. 2.2 shows results regarding the bifurcation behaviour of the SCQSS approx-
imation of the stochastic bistable enzyme-catalysed system Eqs. (2.3.14)-(2.3.17). In
particular we are interested in a comparison between the bistable behaviour of the
mean-field model, corresponding to taking pi = 1 for all i, and that of the SCQSS
approximation with p1, p3 and p4 given by Eq. (2.3.22). i.e. they are determined as
functions of s0 and e0.

We have shown that both the ratio of p3 and p4, ρ =
p3pe3
p4pe4

=
p23
p24

=
e23
e24

, and p1

alter the bistable behaviour of the system beyond the predictions of the mean-field
model. In particular, we observe that decreasing the value of ρ extends the region of
stability of the G1-fixed point, i.e. the fixed point corresponding to the steady-state
value of q1, such that q1 ∼ 1. By contrast, when ρ is increased the stability region
of the G1-fixed point shrinks. Intuitively, given the relation between p3 and p4 and
the number of Cdh1-inactivating and Cdh1-activating enzyme, this result is straight-
forward to interpret: decreasing the number of Cdh1-inactivating enzyme demands a
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Figure 2.3: Simulation results for the stochastic bistable enzyme-catalysed system
Table 2.1. We have plotted the probability P (x1, T ) = Prob(x1(τ = T )) where x1 =
X1/S and T = 100 for different values of ρ. The initial number of Cdh1-inactivating
and Cdh1-activating enzymes are fixed according toX3(t = 0) = e0

ρ
andX4(t = 0) = e0,

respectively. m = 0.3. We aim to check our predictions regarding the effect of the ratio
ρ = p2

3/p
2
4 = e2

3/e
2
4 on the stability properties of the system. According to our results

shown in Fig. 2.2, decreasing the ratio between the number of Cdh1-inactivating (e4)
and Cdh1-activating (e3) enzymes, the system should be driven away from bistability
and into the stable G1-phase regime (see Fig. 2.2(b)). The remaining parameter values
are inferred from those given by Tyson & Novak [224] as shown in Tables 2.2 and 2.3.
We see that when varying ρ, the system switches from a state of high x1 (ρ ≥ 0.9) to
a state of low x1 (ρ ≤ 0.6), whereas at the intermediate levels of (e.g. ρ = 0.7 and
ρ = 0.8) the system is in a bistable state. We take p1 = pc = 1 in all the simulations
shown in this figure. Average is performed over 1000 realisations.
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larger value of m in order to de-stabilise the G1-fixed point. This is fully confirmed by
direct simulation using Gillespie stochastic simulation algorithm [76]. Fig. 2.3 shows
simulation results in which we compute the probability P (x1, T ) = Prob(x1(τ = T ))
for different values of ρ ≤ 1. T has been chosen so that the system has reached steady
state conditions. We observe, that for ρ = 1 and m = 0.3, the system evolves towards
the q1 � 1-fixed point (i.e. the S-G2-M fixed point). As ρ decreases, i.e. there is
more Cdh1-inactivating enzyme than Cdh1-activating enzyme, the system enters the
bistable regime. If ρ reaches low-enough values (depending upon the initial condition),
we may even observe an exchange of stability, i.e. the system evolves towards the
q1 ∼ 1-fixed point.

Regarding the dependence on p1, we have checked the predictions of the SCQSS
approximation by means of simulations with different values of s0. Figure 2.2 shows the
bi-stability region of system Eqs. (2.3.14)-(2.3.17) in p1 −mR-space, where mR = ρm.
For a fixed value of mR, there is a threshold value for p1 below which the system stops
being bistable to become entrapped into the the S-G2-M fixed point (i.e. q1 � 1). In
order to validate this prediction, we have conducted stochastic simulations for different
values of s0. Figure 2.4 shows simulation results for P (x1, T ) = Prob(x1(τ = T )).
We observe that for small values of s0, the system is locked into the the S-G2-M fixed
point, as predicted by the SCQSS approximation. As s0 increases, the system enters
a fluctuation-dominated bistable regime where, as the system goes through the bifur-
cation point, the system undergoes bistable behaviour. This behaviour is typical in a
system undergoing a phase transition, where fluctuations unboundedly increase [84].
Finally, as s0 continues to increase, the system becomes trapped into G1-fixed point
(see Figure 2.4). These results fully reproduce the behaviour predicted by our SCQSSA
stability analysis.

The aforementioned behaviour regarding unbounded increase of fluctuations close to
a bifurcation [84] is used to locate the critical value of the associated control parameter,
i.e. ρ and pc for the simulations shown in Figs. 2.3 and 2.4, respectively. This property
allows us to do a quantitative comparison between the simulations and asymptotic
analysis. To this end, we plot how the variance, σ2 = 〈(x1−〈x1〉)2〉 where x1 = X1(τ =
T )/S, changes as the corresponding control parameter varies. Regarding the results
shown in Fig. 2.5(a) (associated to the simulations shown in Fig. 2.3), we observe that
the critical value of the control parameter ρ, ρB, is approximately ρB ' 0.7, which,
taking into account that m = 0.3, implies that the critical value of the renormalised
mass, mR = ρm, mB = ρBm ' 0.21. Our asymptotic analysis predicts that mB = 0.11
(see Fig. 2.2(b) with pc = 1). The results shown in in Fig. 2.5(b) (corresponding to the
simulations shown in Fig. 2.4), the critical value of pc, pB, is approximately pB ' 0.7.
The prediction of our asymptotic analysis (see Fig. 2.2(b) with ρ = 1) is pB = 0.6.
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Figure 2.4: Simulation results for the stochastic bistable enzyme-catalysed system
Table 2.1. We have plotted the probability P (x1, T ) = Prob(x1(τ = T )) where x1 =
X1/S and T = 100 with different initial conditions and different values of pc. Average
is performed over 1000 realisations. m = 0.3 and X3(t = 0) = e0 and X4(t = 0) = e0.
The remaining parameter values are inferred from those given by Tyson & Novak [224]
as shown in Tables 2.2 and 2.3. We see that when varying pc, the system switches from
a state of high x1 (pc ≥ 0.8) to a state of low x1 (pc ≤ 0.6), whereas at the intermediate
levels of pc = 0.7 the system is in a bistable state.
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Figure 2.5: Plots showing the variance σ2 = 〈(x1 − 〈x1〉)2〉 where x1 = X1(τ = T )/S
associated to the simulation results shown in Fig. 2.3 (panel (a)) and in Fig. 2.4 (panel
(b)). These plots show how σ2 changes as the control parameter (ρ, for the simulations
associated to plot (a), and pc for the simulations shown in plot (b)). The maximum
of σ2 as a function of the control parameter helps us to quantitatively determine the
corresponding critical value [84].
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Chapter 3

Minimum Action Path theory of
stochastic biochemical transitions
out of oscillatory cellular states

3.1 Introduction

As discussed in chapter 2, cells are intrinsically noisy. Such stochasticity arises not
only from the production and degradation of cellular components, but also from their
mutual interaction or even the interaction with other cells. Nevertheless, some cellular
processes require a precise deterministic output, and noise-suppression mechanisms are
necessary within the cell [118, 125, 146, 151, 182]. On the other hand, since fluctu-
ations are an intrinsic component of cellular dynamics, mechanisms are in place that
cells exploit to improve its function [35, 55]. For example, randomness can enhance
the ability of cells to adapt and increase their fitness in random variable environments
[2, 90, 138], or to sustain phenotypic variation [16, 146, 148, 151, 182].

Mean-field descriptions of biochemical processes can be analyzed using dynamical
systems theory [47], where stable steady states, sustained oscillations or even tran-
sients of the ODEs correspond to different possible cellular states [114, 225]. Relevant
examples including sustained oscillations are circadian rhythms [82, 143, 204], cAMP
oscillations in Dictyostelium [83], cell-cycle regulation [71, 72, 73], or patterns of burst-
ing in neuronal activity [23, 48, 157, 212, 220].

When molecular populations are small, the mean-field framework is inaccurate and
a stochastic description is required. This involves the formulation of the Master Equa-
tion (ME) describing the underlying multivariate biochemical birth-death process [12].
Unfortunately the ME is rarely solvable analytically, requiring the use of Monte Carlo
methods (such as the Gillespie algorithm [77]). These numerical methods are often
computationally costly and in usually infeasible [36, 37]. This is especially true in

35



phenomena associated with rare fluctuations, as in the noise-induced escape from a
basin of attraction. In these escape problems, approximations such as the Langevin
equation [78, 120] or extreme event theory become necessary [175, 217]. In spite of
the importance of oscillatory phenomena in biology, most studies have tackled escape
problems from point attractors, and a general theory of escape from stable limit cycles
is lacking. In order to fill this gap, we consider a simplified oscillatory kinetic model
and unveil the ability of the Minimum Action Path (MAP) method from large devia-
tion theory [63, 228], which specifies the most probable path between attractors and
the mean escape time by minimization of an action functional.

3.2 The model

In order to study the limit cycle-fixed point transition we construct a generic tunable
dynamical landscape and then derive the underlying kinetic reactions. This approach
allows for a thorough analysis of the escape problem when changing key parameters,
such as the angular velocity along the stable limit cycle or the distance between the
fixed point and the stable limit cycle.

We construct this prototypical two-dimensional dynamical system, for species X
and Y, such that there is a single stable fixed point at (xc, yc), and a stable limit cycle
of radius c centered at the fixed point (see Fig.3.1). In order to determine the basins

of attraction, we include an elliptical repulser, E(x, y) ≡ 1 − (x−xc−x0)2

a2
− (y−yc)2

b2
= 0,

separating the stable limit cycle from the fixed point. The evolution of the system is
given by:

ṙ = r(r2 − c2)E(x, y), θ̇ = ω, (3.2.1)

where r ≡
√

(x− xc)2 + (y − yc)2 is the distance from the fixed point, and θ is the
corresponding angular coordinate, tan θ ≡ (y − yc)/(x − xc), and ω is the angular
velocity. Trajectories are either attracted to the fixed point or to the limit cycle, with
the exception of points lying on an unstable limit cycle, which remain on that orbit.
It is important to note that the unstable limit cycle is not the same as the repulser.

3.3 Stochastic description

To formulate a stochastic system whose mean-field behavior is given by Eqs. (3.2.1),
we must derive a compatible set of biochemical reactions. Considering four reactions,
each species being produced and degraded, the reaction rates are obtained by splitting
the rhs of Eq. (3.2.1) into positive and negative contributions:
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Figure 3.1: Dynamical landscape of the model. Stable limit cycle and fixed point are
shown in red. Dashed line indicates the repulser E(x, y) = 0.

ẋ = ρ+
x (x, y)− ρ−x (x, y),

ẏ = ρ+
y (x, y)− ρ−y (x, y),

(3.3.1)

where:

ρ+
x = r2 (x+ xc(1− E)) + c2(xc + x(1− E)) + ωyc,

ρ−x = r2 (xc + x(1− E)) + c2(x+ xc(1− E)) + ωy,

ρ+
y = r2 (y + yc(1− E)) + c2(yc + y(1− E)) + ωx,

ρ−y = r2 (yc + y(1− E)) + c2(y + yc(1− E)) + ωxc.

(3.3.2)

Identifying ρ±x and ρ±y with the rates of the biochemical reactions, the deterministic
system Eq. (3.3.1) corresponds to the macroscopic limit of the set of kinetic reactions:

�
Ωρ+x−−→ X, X

ρ−x /x−−−→ �, �
Ωρ+y−−→ Y, Y

ρ−y /y−−−→ �, (3.3.3)

where the system size, Ω, relates the concentrations x and y with the numbers of
molecules of each species, X = xΩ and Y = yΩ. Reactions (3.3.3) describe a multi-
variate birth-death process that can be solved numerically using the Gillespie algorithm
[77]. As Ω grows, the intrinsic noise is reduced, recovering the mean-field limit (3.2.1)
when Ω→∞. For large (but finite) Ω, the Master Equation can be approximated by
the Chemical Langevin Equation (CLE) [78],
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ẋ = ρ+
x − ρ−x + Ω−1/2

√
ρ+
x + ρ−x ξx(t),

ẏ = ρ+
y − ρ−y + Ω−1/2

√
ρ+
y + ρ−y ξy(t),

(3.3.4)

where ξx(t) and ξy(t) are uncorrelated white Gaussian noises, of zero mean, and au-
tocorrelation 〈ξx(t)ξx(t′)〉 = 〈ξy(t)ξy(t′)〉 = δ(t − t′). Within this formulation Ω con-
tributes only to the stochastic terms of the CLE (3.3.4). Therefore tuning the value of
Ω allows us to investigate the role of fluctuations in the transition between the stable
limit cycle and the fixed point.

3.4 Minimum Action Path

The intrinsic noise described in the previous section allows for transitions between
the limit cycle and the fixed point. Such transitions can occur through many possible
transient trajectories, ϕ(x(t), y(t)). Nevertheless, not all the transitions are equally
probable. In particular, for reaction systems, unlikely transitions decay exponentially
with Ω, P ∼ e−ΩS(ϕ) [120, 217]. Where the decay rate S(ϕ) is the so-called action of
the transition. This means that for large enough values of Ω, the stochastic transition
will concentrate along the path, ϕ∗, which minimizes the action:

S ≡ S(ϕ∗) = min
ϕ

S(ϕ). (3.4.1)

For the n-dimensional stochastic differential equation ϕ̇ = f(ϕ) + g(ϕ)Ω−
1
2 ξ(t), the

action for any path ϕτ of duration τ is given by the Freidlin-Wentzell functional [63]:

S(ϕτ ) =
1

2

∫ τ

0

‖ϕ̇τ (t)− f(ϕτ (t))‖2
g(ϕτ (t)) dt, (3.4.2)

where f(ϕτ ) is the deterministic field describing the dynamical system, given for our
system by the rhs of Eq. (3.3.1):(

fx(x, y)
fy(x, y)

)
=

(
ρ+
x (x, y)− ρ−x (x, y)
ρ+
y (x, y)− ρ−y (x, y)

)
(3.4.3)

The multiplicative noise appears in the norm ‖•‖2
g(ϕτ ), corresponding with the inner

product
〈
•,
(
g(ϕτ )g(ϕτ )

>)
)−1 •

〉
, where g(ϕτ )g

>(ϕτ ) ≡ D is the diffusion matrix. Here

D takes the form:

D(x, y) =

(
ρ+
x + ρ−x 0

0 ρ+
y + ρ−y

)
(3.4.4)

Interestingly, the action and, consequently, the most probable path, are independent
of Ω. Additionally, the mean first passage time (MFPT) T from one attractor to the
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other can be expressed as [63, 217]:

T ' CeΩS . (3.4.5)

In order to find numerically the path minimizing S(ϕτ ), each path of duration τ
was divided into a chain of N segments with initial and final points in the relevant
attractors. This reduces finding the optimal path to a minimization problem with
2(N − 2) degrees of freedom. This was solved using the Broyden-Fletcher-Goldfarb-
Shanno algorithm [61, 65], using the analytical expression for the gradient of the action
in any of the 2(N − 2) dimensions [175] (see appendix A for further details).

3.5 Results.

To assess whether MAP theory can characterise the escape from a stable limit cycle,
we have divided the analysis into two sections. First, we compare the MAP with paths
obtained numerically from the Master Equation and the CLE. In the second section,
we compare MAP predictions of the MFPT with those derived from CLE numerical
solutions.

3.5.1 The MAP predicts average stochastic escape trajecto-
ries.

The MAP defines the most probable transient molecular concentrations during the
escape from the stable limit cycle at low noise. Direct comparison of the MAP with
trajectories obtained from numerical integration of the CLE or Gillespie simulations
shows good agreement for Ω ≥ 150 (Fig. 3.2). This reveals that, as Ω increases, the
stochastic escape trajectories converge to the MAP. Stochastic simulations for Ω < 100
reveal that, when the number of molecular species is low, oscillations have poor quality,
and escape trajectories do not concentrate around a single path (data not shown). In
addition, our simulations show that the MAP recapitulates changes in escape trajectory
with the angular velocity ω (Fig. 3.2).

A more detailed comparison between stochastic simulations and MAP theory re-
veals that the prediction of the latter becomes less accurate close to the exit point
from the cycle. The discrepancy originates in a fraction of trajectories following the
limit cycle for a bit longer before starting the transition (Fig. 3.2). This results in the
prediction of a smaller exit angle than the actual average exit angle (Fig. 3.3). To gain
deeper understanding into the origin and magnitude of the discrepancy, we computed
the angular probability distribution along the cycle, and the probability distribution
of the escape angle from a thin annulus around the limit cycle (Fig. 3.3). The latter
has been proposed in [102] as a quantity that characterises escape from a stable limit
cycle in the low noise limit. Strikingly, our analysis shows that neither measure is as
informative as the MAP regarding the escape angle. These results suggest that, even
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Figure 3.2: Comparison of escape trajectories from the limit cycle to the stable fixed
point. Results show 5 trajectories of the CLE (green) compared with the MAP (blue)
for different values of ω and Ω. For Ω = 150, results are also compared with 5 Gillespie
trajectories (red). The unstable limit cycle separating the basins of attraction (shaded
area) is found by temporal inversion of eq. (3.3.1). For the sake of clarity, only the
last turn of each trajectory prior to escape is shown. The rest of the parameters are
xc=100, yc=100, x0 = 5, a = 8, b = 5, c = 15.
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for a simple dynamical system, knowledge of the whole dynamical landscape is required
to predict the exit angle from a stable limit cycle, since the purely local analysis around
the stable limit cycle does not produce accurate predictions. In this respect, the MAP
proves to be useful, since action minimization takes place along the whole escape tra-
jectory.

Localised inaccuracies in the MAP prediction suggest a highly heterogeneous con-
tribution to the action along the MAP. In order to study this, we have evaluated the
density of the action along the MAP, i.e. the Lagrangian of the system. Results show
that the density is highest in the middle of the MAP (Fig. 3.3), becoming negligible
close to the stable and unstable limit cycles, where, in addition, the MAP is tangent
to both limit cycles. This leads to the discrepancy observed in the exit angles. Note
that the portion of the MAP inside the basin of attraction of the stable node does not
contribute to the action functional since it corresponds with the deterministic trajec-
tory (ϕ̇ = f(ϕ(t))).

In usual escape problems, the path crosses from one basin of attraction to the other
at the saddle point of the deterministic system. Here the boundary between basins
of attraction is the unstable limit cycle, so the crossing point cannot be identified by
a simple local stability analysis. This again shows the predictive power of the MAP
approach.

3.5.2 Minimum action path theory predicts MFPT for escape
from the cycle.

Besides the optimal path, we are also interested in testing the ability of MAP theory
to predict the MFPT to exit the basin of attraction. Eq. (3.4.5) shows that this can be
achieved to logarithmic precision, up to a constant, C. When the basins of attraction
are separated by a saddle point, C can be determined by a Jacobian computed at the
saddle [25]. However, in the current case, the separatrix is an unstable limit cycle
and C must be computed numerically by solving the CLE at low Ω. It can then
be used to predict MFPT for larger Ω, where numerical integration of the CLE is
computationally costly. Our results show that the minimum action theory allows us
to capture the MFPT dependence on model parameters (Fig. 3.4). In our model, we
observe an increase in the MFPT with ω. In fact, C also depends non-monotonically on
ω (see Fig. 3.4). Nevertheless, as Ω grows, the contribution of the prefactor becomes
less important (lnT ≈ ΩS+lnC), and the minimum action dominates the escape time
estimate.

In addition to the MFPT, we are interested in finding the probability distribution of
escape times from the stable limit cycle. Assuming that escape is a rare event focused
around a certain exit angle, the escape problem can be described as a Bernoulli process
with low success probability p taking place every period of the cycle τ = 2π/ω, at times
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Figure 3.3: Comparison of the escape angle distribution from the limit cycle (green)
with the escape angle predicted by the MAP (cyan line) for ω = 75 and Ω = 150. The
results are also compared with the distribution of escape angles from an annulus of
radius 0.001 around the limit cycle (red), and the angular distribution along the limit
cycle, i.e. before escape, (dark blue). Inset: Action density (Lagrangian) along MAP
normalized to the maximum density. Other parameters are the same as those of Fig.
3.2.
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Figure 3.4: Comparison of predictions of the MFPT. Top) Comparison of MFPTs
calculated from CLE simulations (circles) with the exponential dependence of the
MFPT on Ω given by S (lines). Each line is computed by minimizing the action S
for different ω and fitting the prefactor C. Bottom) Following the same procedure, the
value of the action S and C are compared for different values of ω. Parameters values
are the same as those of Fig. 3.2, error bars are standard error of the mean from the
CLE.
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tn = 2πn/ω. The probability of exiting at the n−th revolution follows the geometric
distribution

P(tn) = p(1− p)
ωtn
2π
−1. (3.5.1)

Using rare event theory, we can write the success probability as p = e−SΩ/C. The
distribution Eq. (3.5.1) becomes

P(tn) =

(
1− e−SΩ/C

)ωtn
2π

CeSΩ − 1
. (3.5.2)

Interestingly, since escape is rare, the probability p will be very small and there
will usually be many revolutions before the exit from the limit cycle occurs. In the
limit p → 0, the discrete geometric distribution (3.5.2) can be approximated by its
continuum counterpart, the exponential distribution, which does not depend explicitly
on the angular velocity,

P(t) =
1

C
e−SΩ+ t

C
exp(−SΩ). (3.5.3)

Comparing the distributions Eqs. (3.5.2) and (3.5.3), with the probability distribu-
tion of MFPT obtained over several CLE realizations, we obtained a good agreement
(see Fig. 3.5). Surprisingly, even for realizations with a low average number of rev-
olutions prior to escape, the resulting probability distribution is more similar to an
exponential distribution than to a geometric one. This is true even for escapes that
occur during the first revolution, suggesting that θ differs significantly from ωt. A more
accurate prediction would involve a convolution of geometric processes with the angu-
lar noise [19, 20]. However, for the parameters we used, the exponential distribution
fits well independently of the average number of revolutions. Fitting the distribution
(3.5.3) to the MPFTs from CLE realizations therefore provides an alternative method
to compute the prefactor C.
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Figure 3.5: Comparison of the Cumulative Distribution Function (CDF) of the number
of turns t/(2πω) for 10000 realizations with ω = 75 and 2000 realizations with ω = 500
of CLE. For each distribution the Cramer-von Mises (CvM) criterion is computed to
compare the resulting distribution with the geometric and exponential distribution
determined by the value of the action.
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Part 2

Stochastic multi-scale modelling of
cellular populations
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Chapter 4

Stochastic multi-scale models of
competition within heterogeneous
cellular populations: simulation
methods and mean-field analysis

4.1 Introduction

In this chapter we analyse the properties of heterogeneous populations under the
effects of fluctuations both within the intracellular pathways which regulate (individ-
ual) cell behaviour and those associated to intrinsic randomness due to finite size of
the population. To this purpose, we expand upon the stochastic multi-scale methodol-
ogy developed in [89], where it was shown that such a system can be described by an
age-structured birth-and-death process, instead of a branching process [43, 52]. The
coupling between intracellular and the birth-and-death dynamics is carried out through
a novel method to obtain the birth rate from the stochastic cell-cycle model, based on
a mean-first passage time approach. Cell proliferation is assumed to be activated when
one or more of the proteins involved in the cell-cycle regulatory pathway hit a thresh-
old. This view allows us to calculate the birth rate as a function of the age of the
cell and the extracellular oxygen in terms of the associated mean-first passage time
(MFPT) problem [185]. The present approach differs from that in [89] in that our
treatment of the intracellular MFPT is done in terms of a large deviations approach,
the so-called optimal path theory [27, 63].

This methodology allows us to explore the effects of intrinsic fluctuations within
the intracellular dynamics, in particular a model of the oxygen-regulated G1/S which
dictates when cells are prepared to divide, as a source of heterogeneous behaviour: fluc-
tuations induce variability in the birth rate within the population (even to the point
of rendering some cells quiescent, i.e. stuck in G0) upon which a cell-cycle dependent
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therapy acts as a selective pressure.

This chapter is organised as follows. Section 4.2 provides a summary of the structure
of the multi-scale. In Section 4.3, we give a detailed discussion of the intracellular
dynamics, i.e. the stochastic model of the oxygen-regulated G1/S transition, and its
analysis. In Section 4.4, we summarise the formulation of the age-structured birth-
and-death process, the numerical simulation technique, and the mean-field analysis of
a homogeneous population. In Section 4.5, we discuss how noise within the intracellular
dynamics induces heterogeneity in the population and analyse the stochastic dynamics
of competition for a limited resource within such heterogeneous populations. In Section
4.6 we further study the effects of noise-induced heterogeneity on the emergence of drug
resistance upon administration of a cell cycle-specific therapy.

4.2 Summary of the multi-scale model

Before proceeding with a detailed discussion of the different elements involved in
the formulation of the stochastic multi-scale model, it is useful to provide a general
overview of the overall structure of the model, which is closely related to that of the
model proposed in [6].

The model we present in this chapter integrates phenomena characterised by dif-
ferent time scales, as schematically shown in Fig.4.1. This model intends to tackle the
growth and competition of cellular populations under the restriction of finite amount
of available resources (in this case, oxygen) supplied at a finite rate, S̄.

The general approach used in this model is a natural generalisation of the stan-
dard continuous-time birth-and-death Markov process and its description via a Master
Equation [68]. As we will see, the consideration of the multi-scale character of the
system, i.e. the inclusion of the physiological structure associated with the cell-cycle
variables, introduce an age-structure within the population: the birth rate depends on
the age of cell (i.e. time elapsed since last division) which determines, through the
corresponding cell-cycle model, the cell-cycle status of the corresponding cells.

The evolution of the concentration of oxygen, c(t), (resource scale, see Fig. 4.1) is
modelled by:

dc

dt
= S̄ − kc

NT∑
i=1

Ni(t) (4.2.1)

where NT is the number of cellular types consuming the resource c, and Ni(t), i =
1, . . . , NT , is the number of cells of type i at time t. Note that, in general, Ni(t) is
a stochastic process, and, therefore, in principle Eq. (4.2.1) should be treated as a
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Figure 4.1: Schematic representation of the different elements that compose our multi-
scale model. We show the different levels of biological organisation as well as associated
characteristic time scales [89] associated to each of these layers: resource scale, i.e.
oxygen which is supplied at a constant rate and consumed by the cell population,
cellular scale, i.e. oxygen-regulated cell cycle progression which determines the age-
dependent birth rate into the cellular layer, and, finally, the cellular scale, which is
associated to the stochastic population dynamics.
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stochastic differential equation [166].

The second sub-model considered in our multi-scale model, associated with the in-
tracellular scale (see Fig. 4.1), is an stochastic model of oxygen-regulated cell-cycle
progression. This sub-model is formulated using the standard techniques of chemical
kinetics [76] so that the mean-field limit of the stochastic model corresponds to the
deterministic cell-cycle model formulated in [18]. This model provides the physiolog-
ical state of the cell in terms of the number of molecules of each protein involved in
the cell-cycle of a cell of a given age, a. From such physiological state, we derive
whether the G1/S transition has occurred. The cell-cycle status of a cell of age a is
determined in terms of whether the abundance of certain proteins which activate the
cell-cycle (cyclins) have reached a certain threshold. In our particular case, if at age
a, the cyclin levels are below the corresponding threshold, the cell is still in G1. If,
on the contrary, the prescribed threshold level has been reached, the cell has passed
onto S, and therefore is ready to divide. This implies that the probability of a cell
having crossed the threshold of cyclin levels at age a can be formulated in terms of a
mean first-passage time problem (MFTP) in which one analyses the probability of a
Markov process to hit a certain boundary [68, 185]. Unlike our approach in [89], based
on approximating the full probability distribution of the stochastic cell cycle model, in
the present approach, passage time is (approximately) solved in terms of an optimal
trajectory path approach [27, 63].

At the interface between the intracellular and cellular scales sits our model of the
(age-dependent) birth rate, which defines the probability of birth per unit time (cellular
scale) in terms of the cell cycle variables (intracellular scale). The rate at which our
cell-cycle model hits the cyclin activation threshold, i.e. the rate at which cells undergo
G1/S transition, is taken as proportional to the birth rate. In particular, the birth rate
is taken to be function of the age of the cell as well as the concentration of oxygen, as
the oxygen abundance regulates the G1/S transition age, aG1/S(c), i.e. the time (age)
elapsed between the birth of a cell and its G1/S transition:

b(a) = τ−1
p H(a− aG1/S(c)). (4.2.2)

i.e. cell division occurs at a constant rate, τ−1
p , provided cells have undergo the G1/S

transition and H is the Heaviside function. In other words, we consider that the dura-
tion of the G1 phase is regulated by the cell cycle model, whereas the duration of the
S-G2-M is a random variable, exponentially distributed with average duration equal to
τp (see Fig. 4.1).

The third (and last) sub-model is associated with the cellular scale. It corresponds
to the dynamics of the cell population and it is governed the Master Equation for the
probability density function of the number of cells [68]. The stochastic process that
describes the dynamics of the population of cells is an age-dependent birth-and-death
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process where the birth rate is given by Eq. (4.2.2) where aG1/S(c) is provided by
the intracellular model. The death rate is, for simplicity, considered constant. As a
consequence of the fact that the birth rate is age-dependent, our Multi-Scale Master
Equation (MSME) does not present the standard form for unstructured populations,
rather, it is an age-dependent Master Equation.

A detailed description of each sub-model and its analysis is given in Sections 4.3
and 4.4, respectively.

4.3 Intracellular scale: Stochastic model of the oxygen-

regulated G1/S transition

4.3.1 Biological background

Cell proliferation is orchestrated by a complex network of protein and gene expres-
sion regulation, the so-called cell cycle, which accounts for the timely coordination
of proliferation with growth and, by means of signalling cues such as growth factors,
tissue function [233]. Dysregulation of such orderly organisation of cell proliferation is
one of the main contributors to the aberrant behaviour observed in tumours [229].

The cell cycle has the purpose of regulating the successive activation of the so-called
cyclin-dependent kinases (CDKs) which control the progression along the four phases of
cycle: G1 (first gap phase), S (DNA replication), G2 (second gap phase), and M (mito-
sis) [71, 72, 75]. This four phases must be supplemented with a fifth, G0, which account
for cells that are quiescent due to lack of stimulation (i.e. absence of growth factors,
lack of basic nutrients, etc.) to proliferate. Current models of the cell cycle organise
the complex regulatory network into CDK modules, each centred around a cyclin-CDK
complex which is key for the transition between the cell cycle phases (see, for example,
[71]): cyclin D/CDK4-6 and cyclin E/CDK2 regulate progression during the G1 phase
and elicit the G1/S transition, cyclin A/CDK2 promote progression during S phase
and orchestrates the S/G2 transition, and, finally, cyclin B/CDK2 brings about the
G2/M transition. The activity of each of these cyclin-CDK complexes is regulated in a
timely manner, so that each phase of the cell cycle ensues at the proper time, by means
of transcriptional regulation, postranscriptional modifications (e.g. phosphorylation),
and degradation (via ubiquitination) in which a large number of other components
participate, including transcription factors, enzymes, ubiquitins, etc.

In this chapter, we propose a coarse-grained description of the cell cycle phases by
lumping S, G2, and M into one phase, so that we consider a two-phase model G1 and
S-G2-M, as shown in Fig. 4.1, [5]. In particular, we use the simplifying assumption that
cells can only divide once they have entered the S-G2-M phase at a constant rate. En-
try in S-G2-M is regulated by a (stochastic) model of the G1/S transition which takes
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into account the regulation of the duration of the G1 phase by hypoxia (lack of oxygen).

The abundance of oxygen is known to be one of the factors that regulate the dura-
tion of the G1 phase of the cell cycle. The issue of the regulation of the G1/S transition
by the oxygen concentration has been the subject of several modelling studies [5, 18].
These models focus on the hypoxia-induced delay of the activation of the cyclins either
through activation of cyclin inhibitors [5] or via up-regulation of the HIF-1α transcrip-
tion factor [18]. From the modelling point of view, both of them are mean-field models,
thus neglecting fluctuations. In this Section, we formulate a stochastic version of the
model of Bedessem & Stephanou [18], of which an schematic representation is shown
in Fig. 4.2.

HIF-1 mediates adaptive responses to lack of oxygen [198]. HIF-1 is a heterodimer
consisting of two sub-units: HIF-1α and HIF-1β. Whilst the latter is constitutively
expressed, HIF-1α is O2-regulated. In the presence of adequate oxygen availability
is negatively regulated by the von Hippel-Lindau (VHL) tumour suppressor protein,
which allows HIF-1α for degradation. VHL loss-of-function mutations are usual in
many types of tumours, which allows for de-regulated HIF-1α degradation [198]. HIF-1
is involved in a number of cellular responses including switch from oxidative phospho-
rylation to glycolysis, activation of angiogenic pathways, and inhibition of cell cycle
progression [30, 198].

HIF−1a RbNP

E2FA

Hypoxia

CycE

CycD

SCF

Growth

Figure 4.2: Schematic representation of the elements involved in the model of hypoxia-
regulated G1/S transition proposed by Bedessem & Stephanou [18]. Within the frame-
work of this model, the negative-feedback between CycE and SCF is the key modelling
ingredient for the system to emulate the behaviour of a cell during the G1/S transition.
The relative balance between CycE (which promotes the G1/S transition) and SCF
(G1/S transition inhibitor) is regulated by growth and hypoxia, so that the timing of
the transition depends upon these two factors.
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4.3.2 Mean-field model of the regulation of the G1/S transi-
tion by hypoxia

Bedessem & Stephanou formulate a model of the effect of hypoxia (mediated by
HIF-1) on the timing of the G1/S transition [18]. The involvement of HIF-1 in cell
cycle regulation is complex and not completely understood. There is evidence that
HIF-1 delays entry into S(-G2-M) phase by activating p21, a CDK inhibitor, [134, 167].
HIF-1 up-regulation of p21 mediates indirect down-regulation of cyclin E [81]. Fur-
ther to HIF-1 regulation of the cell cycle, there exists a feedback regulation of cell
cycle proteins of HIF-1. Hubbi et al. [107] report that CDK1 and CDK2 physically
and functionally interact with HIF-1α: CDK1 down-regulates lysosomal degradation
of HIF-1α, thus consolidating its stability and promoting its transcriptional activity.
On the contrary, CDK2 activates lysosomal degradation of HIF-1α and promotes G1/S
transition. Bedessem & Stephanou [18] do not take into account all these issues and, for
simplicity, chose to focus on the well-documented effect of HIF-1 on cyclin D [167, 230].

Bedessem & Stephanou [18] model formulation is based on the following assump-
tions:

1. The G1/S is modelled by a biological switch which emerges from the mutual
inhibition between a cyclin (in this case, cyclin E) and an ubiquitin complex (SCF
complex): The latter marks the former for degradation whereas cyclin E mediates
inactivation of the SCF complex. This mutual inhibition gives rise to a bistable
situation in which two stable fixed points coexist, each associated with the G1
phase (high SCF activity, low cyclin E concentration) and the S-G2-M phase (low
SCF activity, high cyclin E concentration). Activation and inactivation of the
SCF complex are assumed to follow Michaelis-Menten kinetics.

2. As in previous models [5, 161, 224], the G1/S transition is brought about by
triggering a saddle-node bifurcation, whereby the G1 phase fixed point collides
with the unstable saddle, driving the system into S-G2-M fixed point. Two factors
drive the system through this bifurcation: cell growth (logistic increase of the cell
mass [224]) and activation of the E2F transcription factor. In [18], both factors
are taken to up-regulate the transcription of cyclin E.

3. Activation of E2F is modelled in terms of the E2F-Retinoblastoma protein (RBP)
switch [140]. Briefly, E2F is captured (bound) by unphosphorylated RBP. Upon
phosphorylation, RBP releases E2F which activates transcription of G1/S-transition
promoting cyclins, such as cyclin E [9]. Further, E2F can be in unphosphorylated
(active) form and phosphorylated (inactive) form. Following [161], Bedessem &
Stephanou assume that fraction of active E2F and RBP-bound E2F are in adia-
batic equilibrium with unphosphorylated RBP and total free E2F [18]. Further-
more, [18] takes cyclin D to phosphorylate RBP.
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Figure 4.3: Reactions for the stochastic version of the model proposed by Bedessem
& Stephanou [18]. The reactions correspond (from top to bottom): hypoxia-inhibited
synthesis and degradation of CycD, enzyme-catalysed, CycE-mediated inactivation of
SCF, enzyme-catalysed activation of SCF, synthesis (regulated by growth and active
E2F) and degradation (up-regulated by active SCF) of CycE, synthesis and degradation
of Rb, and, last, synthesis and degradation of E2F. The negative feedback (mutual
inhibition) between SCF and CycE mediates bistable behaviour in this model of the
G1/S transition. Some of the transition rates associated to the reactions shown in are
not constant but depend on the number of molecules of chemical species i present at
a particular time, Xi. For the definition of the quantities Xi, we refer the reader to
Table 4.1.

4. Last, Bedessem & Stephanou [18] assume that HIF-1α inhibits synthesis of cyclin
D. Following experimental evidence reported in [230], they assume that the level
of HIF-1α depends exponentially of the oxygen concentration.

These basic hypotheses are primarily based on previous models [5, 161, 224]. The
resulting pathway is schematically represented in Fig. 4.2.

4.3.3 Stochastic G1/S transition model

Based on the hypotheses summarised in Section 4.3.2, Bedessem & Stephanou [18]
formulated a mean-field model which is able to reproduce such behaviours as delay
of the G1/S due lo lack of oxygen as well as hypoxia-induced quiescence. Here, we
present a stochastic model (see Fig. 4.3 and Table 4.1), whose mean field limit is the
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Variable Description
X1, X8 Number of CyclinD and CyclinE molecules, respectively
X2, X5 Number of inactive and active SCF molecules, respectively
X3, X6 Number of SCF-activating/inactivating enzyme molecules, respectively
X4, X7 Number of enzyme-inactive/active SCF complexes, respectively
X9, X10 Number of free RbP and E2F molecules, respectively

Reaction probability p.u.t ri
W1 = k1 − k2[H] (1, 0, 0, 0, 0, 0, 0, 0, 0, 0)
W2 = k3X1 (−1, 0, 0, 0, 0, 0, 0, 0, 0, 0)
W3 = k4X2X3 (0,−1,−1, 1, 0, 0, 0, 0, 0, 0)
W4 = k5X4 (0, 1, 1,−1, 0, 0, 0, 0, 0, 0)
W5 = k9X8X7 (0, 1, 0, 0, 0, 1,−1, 0, 0, 0)
W6 = k6X4 (0, 0, 1,−1, 1, 0, 0, 0, 0, 0)
W7 = k7X5X8X6 (0, 0, 0, 0,−1,−1, 1, 0, 0, 0)
W8 = k8X8X7 (0, 0, 0, 0, 1, 1,−1, 0, 0, 0)

W9 = k10m
(

1− X9

[E2F ]tot

)
X10 (0, 0, 0, 0, 0, 0, 0, 1, 0, 0)

W10 = (k11 + k12X5)X8 (0, 0, 0, 0, 0, 0, 0,−1, 0, 0)
W11 = k13 (0, 0, 0, 0, 0, 0, 0, 0, 1, 0)
W12 = (k14 + k15X1)X9 (0, 0, 0, 0, 0, 0, 0, 0,−1, 0)
W13 = k16 (0, 0, 0, 0, 0, 0, 0, 0, 0, 1)
W14 = k17X10 (0, 0, 0, 0, 0, 0, 0, 0, 0,−1)

Table 4.1: Reaction probability per unit time, Wi ≡ W (X, ri, t), i = 1, .., 14. The
mass is assumed to grow following a logistic law: m(a) = m∗Keηa

Keηa−1
= m∗

1−Ke−ηa , where
K = 1 − m∗

m(0)
and a is the age of the cell (i.e. the time elapsed since birth). Ac-

cording to [18], the level of active HIF-1α, [H], depends exponentially on the ex-
tracellular oxygen concentration, c: [H] = H0e

β1(1−c). Furthermore, Following No-
vak and Tyson [161], we assume that at each time, the active E2F, [E2FA], is the

fraction of unphosphorylated free E2F factor, [E2F ]: [E2FA] = ([E2F ]tot−[E2FRb])[E2F ]
[E2F ]tot

.

The equilibrium between E2F-Rb complexes; free E2F and free Rb is given by [161]:

[E2FRb] = [Rb] = 2[E2F ]tot[Rb]

[E2F ]tot+[Rb]+
√

([E2F ]tot+[Rb])2−4[E2F ]tot[Rb]
= min {[E2F ]tot, [Rb]}
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model formulated in [18]. We analyse this model using the stochastic quasi-steady
state approximation we have developed in Chapter 2.

The deterministic model formulated in [18], which we have briefly described in Sec-
tion 4.3.2, is based on a series of reactions shown in Fig. 4.3, which include Michaelis-
Menten kinetics for activation and inactivation of SCF complexes. Our stochastic
model of the G1/S transition builds upon the stochastic (Markovian) description of
the same set of reactions.

Our model is based on the stochastic dynamics of the state vector being described
by a Markov jump process [88, 120], whereby the state of the system, X, changes by an
amount ri when the elementary reaction i occurs. The waiting time between Marko-
vian events is exponentially distributed, the process is characterised by the associated
transition rates, i.e. P (X(a+ ∆a) = X + ri|X(a) = X) = Wi(X)∆a+O(∆a2). Using
law of mass action [76] as our basic modelling framework, the transition rates of each
elementary process are given in Table 4.1. Once we have determined the transition
rates associated with each elementary reaction (or channel), the dynamics of the sys-
tem is given by the Chemical Master Equation of a (non-structured) Markov Process,
X(a):

∂P (X, a)

∂a
=

R∑
i=1

(Wi(X − ri)P (X − ri, a)−Wi(X)P (X, a)) (4.3.1)

where P (X, a) is the probability of the state vector of the system to be X at age a, i.e.
the time reckoned from the last division. The transition rates, Wi(X), the vectors ri
(whose components are the variation of the number of each chemical species upon oc-
currence of reaction i) are given in Table 4.1 and determine the dynamics of the system.

Even for moderately complex models, Eq. (4.3.1) has no solution in closed form.
Therefore, in order to study the properties of the system one must resort to numeri-
cal simulation (Monte Carlo) or asymptotic approximations. In the next section, we
present an asymptotic analysis based on developed in the chapter 2 stochastic quasi-
steady state approximation.

4.3.4 Semi-classical quasi-steady state analysis of the stochas-
tic G1/S transition model

In Chapter 2, we have developed a stochastic version of the classical QSS approx-
imation, the so-called semi-classical QSS approximation (SCQSSA) which, within the
framework of the optimal path theory, allows us to tackle systems which exhibit sepa-
ration of time scales, such as enzyme-catalysed reactions. Since these type of reaction
features prominently in our stochastic model of the hypoxia-regulated G1/S transition
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(see Fig. 4.3), we will use the SCQSSA to analyse the effects of intrinsic noise on the
stochastic model of the hypoxia-regulated G1/S transition (as determined by the tran-
sition rates shown in Table 4.1). This approximation allows us to study noise-induced
phenomena which are relevant for the timing of the G1/S transition and, therefore,
bear upon the population dynamics.

We derive the equations of the SCQSSA of the stochastic model of the G1/S tran-
sition as defined by the Master Equation Eq. (4.3.1) and the associated transition
rates shown in Table 4.1. See section 2.2 for details of the procedure. The associated
generating function satisfies the following PDE:

∂G

∂t
= H(p1, . . . , p10, ∂p1 , . . . , ∂p10)G(p1, . . . , p10, t) (4.3.2)

where the operator H(p1, . . . , p10, Q1, . . . , Q10) ≡ H(p,Q), where Qi ≡ ∂pi which satis-
fies the commutation relation [Qi, pj] = S0,iδi,j, is given by:

H(p,Q) = H1(p,Q) +H2(p,Q) +H3(p,Q) +H4(p,Q) +H5(p,Q) +H6(p,Q) (4.3.3)

where the full Hamiltonian H(p,Q) has been separated into 6 parts, each corresponding
to one of the reactions shown in Fig. 4.3. Using (2.2.4) we obtain:

H1(p,Q) = k4(p4 − p2p3)Q2Q3 + k5(p2p3 − p4)Q4 + k6(p3p5 − p4)Q4, (4.3.4)

and

H2(p,Q) = k9p8(p2p6 − p7)Q7Q8 + k7p8(p7 − p5p6)Q5Q6Q8 + k8p8(p5p6 − p7)Q7Q8,
(4.3.5)

correspond to enzymatic activation and (CycE-mediated) inactivation of SCF (X5),
respectively. H3(p,Q) through to H6(p,Q) are given by:

H3(p,Q) = (k1 − k2)(p1 − 1) + k3(1− p1)Q1, (4.3.6)

H4(p,Q) = k10m(p8 − 1)p10Q10(1− p9

[e2f ]tot
Q9) + (1− p8)Q8(k11 + k12p5Q5), (4.3.7)

H5(p,Q) = k13(p9 − 1) + (1− p9)(k14Q9 + k15p1Q1Q9), (4.3.8)

H6(p,Q) = k16(p10 − 1) + k17(1− p10)Q10, (4.3.9)
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Dimensionless variables Dimensionless parameters
a = k7ESt ε = E/S
q1 = Q1/S [̂e2f ]tot = [e2f ]tot/S
q2 = Q2/S κ1 = k1/(k7ES2)
q3 = Q3/E κ2 = k2/(k7ES2)
q4 = Q4/E κ3 = k3/(k7ES)
q5 = Q5/S κ4 = k4/(k7S)
q6 = Q6/E κ5 = k5/(k7S2)
q7 = Q7/E κ6 = k6/(k7S2)
q8 = Q8/S κ8 = k8/(k7S)
q9 = Q9/S κ9 = k9/(k7S)
q10 = Q10/S κ10 = k10/(k7ES)

κ11 = k11/(k7ES)
κ12 = k12/(k7E)
κ13 = k13/(k7ES2)
κ14 = k14/(k7ES)
κ15 = k15/(k7E)
κ16 = k16/(k7ES2)
κ17 = k17/(k7ES)

Table 4.2: Dimensionless variables and parameters corresponding.

which are the Hamiltonians associated with synthesis and degradation of CycD (X1),
CycE (X8), Rb (X9), and E2F (X10), respectively.

By re-scaling the coordinate-like variables Qi according to the scaling shown in
Table 4.2 and defining the dimensionless time as a = k7ESt, the associated Hamilton
equations, Eqs. (2.2.9)-(2.2.10)

dq1

da
= κ1 − κ2 − κ3q1 + κ15(1− p9)q1q9 (4.3.10)

dq2

da
= −κ4p3q2q3 + κ5p3q4 + κ9p8p6q7q8 (4.3.11)

ε
dq3

da
= −κ4p2q2q3 + (κ5p2 + κ6p5)q4 (4.3.12)

ε
dq4

da
= κ4q2q3 − (κ5 + κ6)q4 (4.3.13)

dq5

da
= κ6p3q4 − p8p6q5q6q8 + κ8p8p6q7q8 + κ12q5q8(1− p8) (4.3.14)

ε
dq6

da
= κ9p8p2q7q8 − p8p5q5q6q8 + κ8p8p5q7q8 (4.3.15)

ε
dq7

da
= −κ9p8q7q8 + p8q5q6q8 − κ8p8q7q8 (4.3.16)
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dq8

da
= (κ9(p2p6 − p7) + κ8(p5p6 − p7))q7q8 + (p7 − p5p6)q5q6q8+

+ κ10mp10q10

(
1− p9q9

[̂e2f ]tot

)
− κ11q8 − κ12p5q5q8 (4.3.17)

dq9

da
= κ10m(1− p8)p10

q9q10

[̂e2f ]tot

+ κ13 − κ14q9 − κ15p1q1q9 (4.3.18)

dq10

da
= κ10m(p8 − 1)q10(1− p9q9

[̂e2f ]tot

) + κ16 − κ17q10 (4.3.19)

dp1

da
= −κ3(1− p1)− κ15(1− p9)p1q9 (4.3.20)

dp2

da
= −κ4(p4 − p2p3)q3 (4.3.21)

ε
dp3

da
= −κ4(p4 − p2p3)q2 (4.3.22)

ε
dp4

da
= −κ5(p2p3 − p4)− κ6(p3p5 − p4) (4.3.23)

dp5

da
= −p8(p7 − p5p6)q6q8 − κ12(1− p8)p5q8 (4.3.24)

ε
dp6

da
= −p8(p7 − p5p6)q5q8 (4.3.25)

ε
dp7

da
= −(κ9(p2p6 − p7) + κ8(p5p6 − p7))p8q8 (4.3.26)

dp8

da
= −(κ9(p2p6 − p7) + κ8(p5p6 − p7))p8q7 − p8(p7 − p5p6)q5q6

− (1− p8)(κ11 + κ12p5q5) (4.3.27)

dp9

da
= −κ10m(1− p8)p10

p9q10

[̂e2f ]tot

− (1− p9)(κ14 + κ15p1q1) (4.3.28)

dp10

da
= −κ10m(p8 − 1)p10(1− p9q9

[̂e2f ]tot

)− κ17(1− p10) (4.3.29)

where ε = E/S � 1 and the re-scaled parameters κi are given in Table 4.2. Applying
the QSSA to the equations for the momenta p3, p4, p6 and p7 associated with the fast
variables, we obtain:

ε
dp3

da
= 0⇒ p4 = p2p3, ε

dp4

da
= 0⇒ p4 = p5p3 (4.3.30)

ε
dp6

da
= 0⇒ p7 = p5p6, ε

dp7

da
= 0⇒ p7 = p2p6 (4.3.31)

which implies that p2 = p5, which, in turn, yields that p8 = 1 (see Eqs. (4.3.21)
and (4.3.24)). Furthermore, the QSSA applied to the equations for the generalised
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coordinates associated with the SCF-activating, q3, Eq. (4.3.12), and the enzyme-
active SCF complex, q7, Eq. (4.3.16), yields:

ε
dq3

da
= 0⇒ κ5q4 − κ4q2q3 = −κ6q4, ε

dq6

da
= 0⇒ κ8q7 − q5q6 = −κ9q7, (4.3.32)

which implies that q2 + q5 = pc. Furthermore, since q3 + q4 = pe1 and q6 + q7 = pe2 are
satisfied, we obtain that:

q4 =
pe1q2

q2 + κ5+κ6
κ4

, q7 =
pe2q5

q5 + (κ8 + κ9)
(4.3.33)

Finally, using Eqs. (4.3.30)-(4.3.33), the SCQSSA equations for the stochastic
model of the G1/S transition are:

dq1

da
= κ1 − κ2 − κ3q1 + κ15(1− p9)q1q9 (4.3.34)

dq5

da
=

κ6p3pe1(pc − q5)

(pc − q5) + κ5+κ6
κ4

− κ9p8p6pe2q5q8

q5 + (κ8 + κ9)
(4.3.35)

dq8

da
= κ10mp10q10

(
1− p9q9

[̂e2f ]tot

)
− κ11q8 − κ12p5q5q8 (4.3.36)

dq9

da
= κ10m(1− p8)p10

q9q10

[̂e2f ]tot

+ κ13 − κ14q9 − κ15p1q1q9 (4.3.37)

dq10

da
= κ10m(p8 − 1)q10(1− p9q9

[̂e2f ]tot

) + κ16 − κ17q10 (4.3.38)

q2 = pc − q5 (4.3.39)

q4 =
pe1q2

q2 + κ5+κ6
κ4

, q3 + q4 = pe1 (4.3.40)

q7 =
pe2q5

q5 + (κ8 + κ9)
, q6 + q7 = pe2 (4.3.41)

dp1

da
= −κ3(1− p1)− κ15(1− p9)p1q9 (4.3.42)

dp9

da
= −κ10m(1− p8)p10

p9q10

[̂e2f ]tot

− (1− p9)(κ14 + κ15p1q1) (4.3.43)

dp10

da
= −κ10m(p8 − 1)p10(1− p9q9

[̂e2f ]tot

)− κ17(1− p10) (4.3.44)

p2 = p5 (4.3.45)

p4 = p2p3 (4.3.46)

p7 = p2p6 (4.3.47)

62



If we set pi = 1 in Eqs. (4.3.34)-(4.3.47), we recover the mean-field model proposed
in [18]. This limit allows us to determine the parameter values of the stochastic model
(see [4] or chapter 2 for details). This equivalence is shown in Table 4.3. The parameter
values of the mean-field model [18] are given in Table 4.4

Parameters Parameters
k1 = a1 ∗ S k11 = b2

k2 = a3 ∗ S ∗ [H] k12 = b3/S
k3 = a2 k13 = d2 ∗ S
k5 = J2 ∗ k4S − k6 k14 = d2

k6 = e1S/E k15 = d1/S
k8 = J1 ∗ S − k9 k16 = g1[E2F ]totS
k9 = e2/E k17 = g1

k10 = b1

Table 4.3: Table showing the equivalence between the parameters of the stochastic
model of the G1/S transition (see Table 4.1) and the parameters of the associated
mean-field model as formulated by Bedessem & Stephanou [18].

Since we will be interested in the random effects associated to the enzyme-regulated
dynamics of SCF, encapsulated in the parameters p3 and p6, we have taken pi(a) = 1
for all i 6= 3, 6. This corresponds to analysing the marginal distribution integrating out
all the stochastic effects associated to all Xi with i 6= 3, 6. :

dq1

da
= κ1 − κ2 − κ3q1 (4.3.48)

dq5

da
=

κ6p3pe1(pc − q5)

(pc − q5) + κ5+κ6
κ4

− κ9p6pe2q5q8

q5 + (κ8 + κ9)
(4.3.49)

dq8

da
= κ10mq10

(
1− q9

[̂e2f ]tot

)
− κ11q8 − κ12q5q8 (4.3.50)

dq9

da
= κ13 − κ14q9 − κ15q1q9 (4.3.51)

dq10

da
= κ16 − κ17q10 (4.3.52)

q2 = pc − q5 (4.3.53)

q4 =
pe1q2

q2 + κ5+κ6
κ4

, q3 + q4 = pe1 (4.3.54)

q7 =
pe2q5

q5 + (κ8 + κ9)
, q6 + q7 = pe2 (4.3.55)

p3 = cnt. p6 = cnt. (4.3.56)
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Parameter Value Reference
a1 0.51 [18]
a2 1 [18]
a3H0 0.0085 [18]
b1 0.018 [18]
b2 0.5 [18]
b3 1 [18]
d1 0.2 [18]
d2 0.1 [18]
e1 1 [18]
e2 14 [18]
m? 10 [224]
J3, J4 0.04 [224]
g1 0.016 [18]
[E2F ]tot 1 [18]
S 10
E 1
rcr 0.04

Table 4.4: Parameters values of the mean-field model of the hypoxia regulated G1/S
transition proposed by Bedessem & Stephanou [18].

Parameter Initial condition Reference
CycD 0.1 [18]
SCF 0.9 [18]
Rb 1.0 [18]
E2F 0.1 [18]
m 5.0 [18]

Table 4.5: Initial conditions used in simulation system (4.3.48)-(4.3.56) -Figure 4.4

The oxygen dependencies enters the model though the [H] dependent parameter κ2

(see Table 4.2-4.3).

4.3.5 Stochastic behaviour of the G1/S model

We now proceed to study the behaviour of the stochastic model of the oxygen-
regulated G1/S transition. We pay special attention to those aspects in which we
observe a departure of the stochastic system from the mean-field behaviour. In par-
ticular, we highlight the effects of modifying the relative abundance of SCF-activating
and inactivating enzymes, including the ability of inducing oxygen-independent quies-
cence.
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Figure 4.4: Series of plots illustrating how the ratio p6/p3, which is associated with
the ratio of the number of SCF-inactivating and SCF-activating enzymes, modulates
the timing of the G1/S transition. Parameter values as given in Table 4.3. Initial
conditions are provided in Table 4.5
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The relative abundance of the SCF activating and inactivating enzymes
controls the timing of the G1/S transition

In the chapter 2 we have shown that, under SCQSSA conditions, the momenta p3

and p6, i.e. the momenta coordinates associated with the SCF-activating and inacti-
vating enzymes, respectively, are determined by the probability distribution of their
initial (conserved) number. In particular, if we assume that the initial number of
SCF-activating and inactivating enzyme molecules, E1 and E2, is distributed over a
population of cells following a Poisson distribution with parameter E , we have shown
that:

p3 =
e1

E
= pe1 , p6 =

e2

E
= pe2 .

With this in mind, we can analyse the effect of changing the relative concentration
of SCF-activating and inactivating enzymes on the timing of the G1/S transition.
Our results are shown in Figs. 4.4 and 4.5. Fig. 4.4 illustrates that, for a fixed
oxygen concentration, the G1/S transition is delayed by depriving the system of SCF-
activating enzyme: as the ratio p3/p6 = e1/e2 of SCF activating and deactivating
enzyme increases, the G1/S transition takes longer to occur. Then, Fig. 4.5 shows that
the G1/S transition age aG1/S(c, p3, p6) decreases when p3/p6 increases. Furthermore,
increasing the oxygen concentration c from c = 0.1 to c = 1 shifts the curve towards
lower transition ages aG1/S(c, p3, p6). Note that this prediction is beyond the scope of
the mean-field limit [18].

Induction of quiescence

In view of the results of Section 4.3.5, we have proceeded to a more thorough analy-
sis of the effect of varying the ratio p3/p6, which we recall that, within the SCQSSA, is
equal to the ratio between the abundance of SCF-activating and inactivating enzymes,
on the behaviour of the SCQSSA system Eqs. (4.3.48)-(4.3.56). In particular, we have
investigated the bifurcation diagram of Eqs. (4.3.48)-(4.3.56) with p3/p6 as the control
parameter. Our results are shown in Fig. 4.6. We observe that, regardless of the value
of m, there exists a range of values of the control parameter for which the saddle-node
bifurcation, which gives rise to the G1/S transition, does not occur (i.e. only the G1-
fixed point is stable). This result implies that depletion of SCF-activating enzyme, or,
equivalently, over-expression of SCF-inactivating enzyme can stop cell-cycle progres-
sion by locking cells into the so-called G0 state, i.e. quiescence.

These results are confirmed by direct simulation of the stochastic cell-cycle model
(Table 4.1) using Gillespie’s stochastic simulation algorithm [76], see Fig. 4.7.
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Figure 4.5: Plot showing how the G1/S transition age, aG1/S(c, p3, p6), changes as
the ratio p3/p6, which is determined by the ratio of the (conserved) amounts of SCF
activating and inactivating enzymes (chapter 2), varies. We show aG1/S(c, p3, p6) for
c = 1 (blue circles) and c = 0.1 (red squares). Parameter values as given in Table 4.3.

4.3.6 Scaling theory of the G1/S transition age

We finish our analysis of the intracellular dynamics by formulating a scaling the-
ory of one of the fundamental quantities in our multi-scale model, namely, the G1/S
transition age, aG1/S(c, p6, p3), which determines the age-dependent birth rate (see Eq.
(4.2.2)). In this section, we will show that, in spite of the complexity of the SCQSSA
formulation of the oxygen-dependent cell-cycle progression model (see Eqs. (4.3.48)-
(4.3.56)), aG1/S exhibits remarkable regularities with respect to its dependence on the
oxygen concentration and the cell-cycle parameters p6 and p3. Such regularities hugely
simplify our multi-scale methodology.

We can see this regularity in Figure 4.8. Figure 4.8(a) shows aG1/S as a function of

the ratio
(

c
ccr(p6/p3)

− 1
)

, for six different values of p6
p3
< rcr, where rcr = 1.004 is the

critical value. We see that all graphs fall together on a straight line in log-log space,

indicating a power-law dependence of aG1/S on
(

c
ccr(p6/p3)

− 1
)

. On the other hand,

Figure 4.8(c) shows the dependence of the normalized function
aG1/S

(
c,
p6
p3

)
a+(p6/p3)

, on c, for

five values p6
p3
> rcr. Here, a+(p6/p3) = aG1/S(c = 0, p6/p3). We see that there is good

agreement between the five values p6
p3

for small c, with the disagreement increasing with

67



p
3
/p

6

0 0.5 1 1.5 2

q
5

0

0.2

0.4

0.6

0.8

1

Figure 4.6: This figure shows the bifurcation diagram of the SCQSSA of the stochastic
cell-cycle model for different values of the parameter m. The ratio p3/p6 is the control
parameter. The order parameter is the steady state value of the generalised coordinate
associated with active SCF, q5. Solid line corresponds to m = 10, dash lines to m = 8
and dotted lines to m = 6. Parameter values as give in Table 4.4, pi = 1, i 6= 3, 6,
pc = 1 and c = 1. Blue lines indicate stable steady state and red lines indicate unstable
steady state.

increasing c. Thus, a good scaling approximation for aG1/S is given by

aG1/S

(
c,
p6

p3

)
'

 a+

(
p6
p3

)
e−c/c0 if p6

p3
> rcr

a−

(
c

ccr(p6/p3)
− 1
)−β

if p6
p3
< rcr

(4.3.57)

Here, c0, a−, and β are constants. According to our analysis of the data presented in
Figure 4.8, these constants are given by c0 ' 1.1, a− ' 8.25 ·103 and β ' 0.2. Likewise,
a+(p6/p3) is obtained by fitting to the data presented in Figure 4.8(d). The critical
oxygen concentration for quiescence ccr can be estimated analytically (with parameter
values taken from Table 4.3):

ccr

(
p6

p3

)
= 1− 1

β1

log

(
1

a3H0

(
a1 +

a2d2

d1[e2f ]t

(
1− 1

1− a0(p3
p6

)2

)))
(4.3.58)

where a1, a3, d1, d2, [e2f ]t, and H0 are parameters defined in Table 4.3. The parameter
a0 can be estimated as follows. Let A(c) be defined as:

A(c) =

(
p6

p3

)2
(

1− d2

(d2 + d1
a1−a3[H]

a2
)[e2f ]t

)
(4.3.59)
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Figure 4.7: Simulation results for the stochastic model of the oxygen-regulated G1/S
transition defined by the transition rates given in Table 4.1. We have plotted the
probability P (X5, T ), where T = 100, with different values of X3(τ = 0)/X6(τ = 0).
1000 realisations and m=5.0.

where [H] = a3H0e
β1(1−c). a0 = A(cbif ), where cbif is the critical value of the oxygen

concentration for which the saddle node bifurcation occurs, i.e. the critical value for
which the number of real, positive solutions of the equation:

e1(1− x)(J4 + x)(b2 + b3x) = A(c)e2b1m∗[e2f ]tx(1 + J3 − x) (4.3.60)

goes from 3 to 1. The parameters bi, ei, and Ji are defined in Table 4.3

4.4 Cellular scale: Multi-scale Master Equation

We start by summarising the formulation of the multi-scale Master Equation (MSME)
for the population dynamics model in terms of an age-structured stochastic process [89].
First, we consider a simple age-dependent birth-and-death process where n(a, t) stands
for the number of cells of age a at time t. Both a and t are dimensionless according to
the scaling prescribed in Table 4.2. The time variable is t → k7ESt and a is defined
after Eq. (4.3.56). The offspring of such cells with age a = 0.

P (n, a+ δa, t+ δt) = W (n+ 1, a, t)δtP (n+ 1, a, t) + (1−W (n, a, t)δt)P (n, a, t),
(4.4.1)
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Figure 4.8: Series of plots showing the scaling analysis of the G1/S transition age.
Plot (a) shows that below the critical value rcr, which corresponds to the value of the
ratio p6/p3, above which there is no transition to quiescence (i.e. if p6/p3 > rcr the
G1/S transition age is finite when c = 0), aG1/S(c, p6, p3) follows an algebraic decay
with a universal p6/p3-independent exponent provided that the oxygen, c, is rescaled
by the critical oxygen concentration, ccr(p6/p3). Plot (c) shows that if, by contrast,
p6/p3 > rcr aG1/S(c, p6, p3) decays exponentially with the oxygen concentration with
a characteristic concentration c0 which, provided p6/p3 is larger enough than rcr, is
p6/p3-independent. Plot (b) shows how ccr varies as p6/p3 is changed. Similarly, plot
(d) shows how a+ varies p6/p3 changes. Parameter values as given in Table 4.3.
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where W (n(a), a, t) = (ν + b(a))n(a) (see Table 4.6), µ is the (age-independent) death
rate, and the age-dependent birth rate, b(a), is given by:

b(a) =

{
0 if q8(a) < CycET

τ−1
p if q8(a) ≥ CycET

(4.4.2)

where q8(a) is the generalised coordinate associated with the concentration of CycE
which must exceed a threshold value, CycET for the cell-cycle to progress beyond the
G1/S transition. Before this transition occurs, cells are not allowed to divide.

Event Reaction Transition rate, Wk(n, a, t) rk

Birth
n(a)→ n(a)− 1
→ n(a = 0) = 2

W1(n, a, t) = b(a)n(a) r1 = −1

Death n(a)→ n(a)− 1 W2(n, a, t) = µn(a) r2 = −1

Table 4.6: This table summarises the elementary events involved in the age-dependent
birth-and-death process. Cells of age a produce offspring at a rate proportional to the
age dependent birth rate, b(a), Eq. (4.4.2). We are assuming that upon cell division
both cells are reset to a = 0. Therefore, upon proliferation, one cell is removed form
the population of age a and two cells are added to the population of age a = 0. For
simplicity, death is assumed to be age-independent and to occur at a rate proportional
to the death rate, µ.

By re-arranging Eq. (4.4.1) and taking the limit δt = δa→ 0, we obtain:

∂P (n, a, t)

∂t
+
∂P (n, a, t)

∂a
= W (n+ 1, a, t)P (n+ 1, a, t)−W (n, a, t)P (n(a), a, t)

(4.4.3)

where W (n, a, t) = W1(n, a, t) + W2(n, a, t) (see Table 4.6). Eqs. (4.4.3) needs to be
supplemented with the appropriate boundary condition at a = 0, P (n0, a = 0, t). We
proceed by first considering the number of births that occur within the age group a = aj
during a time interval of length δt. Since we are assuming that our stochastic model is a
Markov process where, within each age group, birth and death occur independently and
with exponentially distributed waiting times, the number of births, B(aj), is distributed
according to a Poisson distribution:

P (B(aj) = bj|δt) = e−b(aj)n(aj ,t)δt
(b(aj)n(aj, t)δt)

bj

b!

The total number of births delivered by the whole population during δt, B, is B =∑
i∈I(t)B(aj). Its probability density is therefore given by:

P (B = b0) =
∑
{bj}

(∏
j

Pj(B(aj) = bj)

)
δ∑

j∈I(t) bj ,b0
(4.4.4)
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Since Eq. (4.4.4) is a convolution, using the well-known property of the probability
generating function, the generating function associated with P (B), GB(p, t) is given
by [88]:

GB(p, t) =
∏
j∈I(t)

Gj(p, t),

where Gj(p, t) is the generating function associated with Pj(B(aj)):

Gj(p, t) = eb(aj)n(aj)δt(p−1)

Therefore, by taking δt = δa→ 0

GB(p, t) = e(p−1)(
∑
a b(a)n(a))δt (4.4.5)

Eq. (4.4.5) determines P (n0, a = 0, t) since P (n0, a = 0, t) = P (B = n0/2, t) and

P (B = b0, t) =
1

b0!

∂b0GB

∂pb0

∣∣∣∣
p=0

(4.4.6)

4.4.1 Numerical method

Before proceeding further, we briefly describe the numerical methodology that we
use to simulate the stochastic multi-scale model. In essence, the numerical method is an
extension of the hybrid stochastic simulation algorithm used in [90] to accommodate the
age structure of the cell populations we deal with here [89]. For simplicity, we restrict
our description of the algorithm to a homogeneous cell population. Its generalisation
to heterogeneous populations composed of a variety of cellular types is straightforward.

Similarly to the procedure described in [89], we start by defining the population
vector N (t) = {naj(t), j ∈ J (t)}, where J (t) is the set of indexes which label all those
age groups which, at time t, are represented within the population, i.e. all those age
groups such that n(a = aj, t) > 0. Having defined N (t), we summarise the numerical
algorithm:

1. Set initial conditions: c(t = 0) = c0, n(a, t = 0) = f(a) ⇒ N (t) = {faj , j ∈
J (t = 0)}, N(t = 0) =

∫∞
0
f(a)da. We also set the value of the ratio of the

SCF-regulating enzymes p6/p3.

2. At some later time t, the system is characterised by the quantities c(t), N (t),
J (t), and N(t)

3. Generate two random numbers, z1 and z2, uniformly distributed in the interval
(0, 1)
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4. Use z1 to calculate the exponentially distributed waiting time to the next event:
τ = 1

a0(t)
log 1

z1
where a0(t) =

∑
j∈J (t)

(
W1(naj) +W2(naj)

)
. The rates W1 and

W2 are given in Table 4.6

5. Update the oxygen concentration at c(t+ τ) by solving the associated ODE Eq.
(4.2.1) between (t, t+ τ) taking c(t) as initial condition. We use a 4 stage Runge-
Kutta solver

6. Update the age-dependent birth rate for each j ∈ J , b(a) =τ−1
p H

(
a− aG1/S(c, p6

p3
)
)

.

The quantity aG1/S(c(t+ τ), p6
p3

) is given by Eq. (4.3.57)

7. Use z2 to determine which event occurs (i.e. birth or death within the jth sub-
population) at time t+ τ : event l occurs with probability

l∑
k=1

Wk ≤ z2a0(t) <
J∑

k=l+1

Wk,

where J = card(J (t)) and W2(j−1)+1 = W1(naj) and W2(j−1)+2 = W2(naj)

8. If the randomly chosen event is l = 2(j − 1) + 1 (i.e. cell proliferation within age
group j), then naj+τ (t+ τ) = naj(t)− 1, nak+τ (t+ τ) = nak(t) for all k 6= j, and
na=0(t+ τ) = na=0(t) + 2

9. If the randomly chosen event is l = 2(j − 1) + 2 (i.e. cell death within age group
j), then naj+τ (t+ τ) = naj(t)− 1, nak+τ (t+ τ) = nak(t) for all k 6= j

10. Finally, we update the set J (t+ τ), i.e. the set of age groups for which naj+τ (t+
τ) > 0

11. Steps 3 to 10 are repeated until some stopping condition (e.g. t ≥ T ) is satisfied

Note that Step 5 does not involve the use a stochastic method of integration of the
ODE which rules the time evolution of the oxygen concentration, Eq. (4.2.1). This is
due to the fact that, within the time interval (t, t+ τ ], the population stays constant,
so that Eq. (4.2.1) can be solved by means of a non-stochastic solver.

4.4.2 Steady-state of a homogeneous population: mean-field
analysis

Before proceeding further, in order to check the numerical algorithm proposed in
Section 4.4.1, we analyse how it compares with results regarding the steady-state of the
mean-field limit of a homogeneous (i.e. composed by one cellular type only) population
[105]. The mean-field equations associated with the stochastic multi-scale model are:
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dc

dt
= S̄ − kN(t)c,

∂n(a, t)

∂t
+
∂n(a, t)

∂a
= −(ν + b(a))n(a, t) (4.4.7)

with boundary condition:

n(a = 0, t) = 2

∫
b(a)n(a, t)da

and birth rate given by:

b(a) = τ−1
p H

(
a− aG1/S(c, p6/p3)

)
with aG1/S(c, p6/p3) is given by Eq. (4.3.57)

According to [105], in order to ascertain whether a steady-state solution, i.e. whether
the system settles onto an age distribution where the proportion of cells of each age
does not change, we seek for a separable solution: n(a, t) = A(a)T (t). Defining
µ(a) = ν + b(a), we obtain:

1

T

dT

dt
= − 1

A

(
dA

da
+ Aµ(a)

)
= σ (4.4.8)

with σ =cnt. to be determined. n(a, t) is therefore given by:

n(a, t) = A(a = 0) exp

(
σ(t− a)−

∫ a

0

µ(y)dy

)
(4.4.9)

The value of the parameter σ is obtained by means of the characteristic equation
obtained by introducing Eq. (4.4.9) with a = 0 into the boundary condition:

1 = 2

∫ ∞
0

b(a) exp

(
−σa−

∫ a

0

µ(y)dy

)
da (4.4.10)

After some algebra, the characteristic equation Eq. (4.4.10) reads:

2
τ−1
p e−(σ+ν)aG1/S

σ + ν + τ−1
p

= 1 (4.4.11)

From Eq. (4.4.11) we obtain the condition for the system to be in equilibrium, i.e.
σ = 0. Substituting σ = 0 in Eq. (4.4.10):

R0 ≡ 2
τ−1
p e−νaG1/S

ν + τ−1
p

= 1 (4.4.12)

where R0 is the average number of offspring per cell at equilibrium: if R0 > 1 the
system grows exponentially, R0 < 1 the system dwindles, and if R0 = 1 the population
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remains constant. The equilibrium condition R0 = 1 allows us to find the value of
aG1/S for which such equilibrium exists:

aG1/S(c∞, p6/p3) = −1

ν
log

(
τp(ν + τ−1

p )

2

)
(4.4.13)

For this quantity to be positive τpν < 1 must hold. This condition states that for a
steady state be reached, the average waiting time to division after the G1/S transition,
τp, must be smaller than the average life span of the cell, ν−1. Eq. (4.4.13) determines
the stationary value of the oxygen concentration, c∞.

The long-time dynamics of Eqs. (4.4.7) can therefore be summarised as follows:
given the values of τp, ν, and the cell-cycle parameters (see Table 4.3), the population
evolves and consumes oxygen until, the oxygen concentration reaches a steady value
c∞. At this point, the population of resident cells has settled onto a steady state where
its age structure does not change. The total number of cells is also constant and given
by (see Eqs. (4.4.7)):

N∞ =
S̄

kc∞
(4.4.14)

In order to verify the age-structured SSA proposed in Section 4.4.1, we compare
its results with the mean-field predictions, which should be in agreement with the
stochastic behaviour of the system for large values of the carrying capacity, N∞. Re-
sults are shown in Fig. 4.9. We observe that, as predicted by our steady-state analysis,
the stochastic simulations show how the resident population goes through an initial
(oxygen-rich) phase of exponential growth. As the population grows, oxygen is de-
pleted and the resident population eventually saturates onto a number of cells which
fluctuates around the mean-field prediction of the carrying capacity (Eq. (4.4.14)).

Further verification of the validity of our numerical methodology is provided in Fig.
4.10. Our mean-field theory predicts that, everything else remaining unchanged, the
average steady-state population should increase linearly with the rate of oxygen deliv-
ery, S (see Eq. 4.4.14). By contrast, the average equilibrium oxygen concentration does
not depend on S, as shown in Eq. (4.4.13), and, consequently, it should stay constant
upon increasing the rate of oxygen delivery. Fig. 4.10 shows that our simulations agree
with these mean-field predictions.

4.5 Quasi-neutral competition within heterogeneous

populations

A problem of fundamental importance in several biological and biomedical con-
texts is that of a population composed by a heterogeneous mixture of coexisting cellular

75



(a) (b)

0 0.5 1 1.5 2 2.5 3

x 10
5

0

500

1000

1500

2000

2500

3000

3500

4000

4500

Time

N
r

rr

0 0.5 1 1.5 2 2.5 3

x 10
5

0

500

1000

1500

2000

2500

3000

3500

4000

4500

Time

N
r

r

(c) (d)

0 0.5 1 1.5 2 2.5 3

x 10
5

0

0.2

0.4

0.6

0.8

1

Time

O
xy

ge
n

0 0.5 1 1.5 2 2.5 3

x 10
5

0

0.2

0.4

0.6

0.8

1

Time

O
xy

ge
n

Figure 4.9: Plots showing simulation results of the stochastic multi-scale dynamics of
a cell population. These plots show how, in agreement with our steady-state analysis,
the population evolves until it reaches a steady-state where the population of resident
cells fluctuates around its associated carrying capacity Eq. (4.4.14). Colour code: blue
lines show the total resident cell population at time t, N(t) (panels (a) & (b)). Green
lines (panels (c) & (d)) show the associated oxygen concentration, c(t). The results
shown in this figure correspond to a single realisation of the process. Parameter values:
ν = 2.4 · 10−4, S̄ = 1.57 · 10−2, k = 1.57 · 10−4, τp = 2.4 · 101 in panels (a) & (c), and
τp = 2.4 · 103 in panels (b) & (d).
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Figure 4.10: Plots showing simulation results of the stochastic multi-scale dynamics of a
cell population. These plots show how, in agreement with our steady-state analysis, the
average population at equilibrium increases linearly as the rate of oxygen delivery, S̄, is
changed (plot (a)). Also, in accordance with our mean-field theory, the average, steady-
state oxygen concentration remains unchanged as S̄ increases. Parameter values: ν =
2.4 · 10−4, k = 1.57 · 10−4, τp = 2.4 · 101 in panels (a) & (c), and τp = 2.4 · 103 in panels
(b) & (d). Average has been performed over 100 realisations.

types. A particularly relevant example of such situation is that of cancer, where hetero-
geneity within the cancer cell population is assumed to be a major factor in the evolu-
tionary dynamics of cancer as well as the emergence of drug resistance [70, 80, 87, 155].
Within this context, we are interested in (i) exploring the stability of a co-existing het-
erogeneous population, and (ii) the effects such heterogeneity has on the long-term
effects a cell-cycle dependent therapy.

The origins of heterogeneity of cancer cell populations is normally attributed to
genetic variability arising from chromosomal instability and increased mutation rate
[155]. Our discussion of the model of the G1/S transition (see Section 4.3) suggests
a different source of heterogeneity associated with stochastic effects due to intrinsic
fluctuations. We have shown, by means of both the SCQSSA analysis and stochastic
simulations, that the relative abundance of SCF-regulating enzymes, which is quantified
in our analysis by the ratio p6/p3 (see Sections 4.3.5, 4.3.6 and chapter 2). In Section
4.3.5 we have shown that the timing of the G1/S transition, and, consequently, the
overall birth rate is strongly affected by changes in this quantity. In view, of this we
associate heterogeneity to a distribution of the abundance of such enzymes, whereby
we associate cell phenotypes with different values of the ratio p6/p3. We further assume
that this heterogeneity is hereditary, i.e. daughter cells inherit the value of the ratio
p6/p3 from their mother.
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4.5.1 Competition between two sub-populations

To proceed further, we consider the case of the birth-and-death dynamics of a het-
erogeneous population composed by two sub-populations, n1(a, t) and n2(a, t), compet-
ing by a common resource, c(t), which regulates the rate of progression of the cell-cycle
of each cell type. The stochastic dynamics of the whole population is determined by
the associated multi-scale master equation:

∂P (n1, n2, a, t)

∂t
+
∂P (n1, n2, a, t)

∂a
=

= W1(n1 + 1, n2, a, t)P (n1 + 1, n2, a, t) +W2(n1, n2 + 1, a, t)P (n1, n2 + 1, a, t)

− (W1(n1, n2, a, t) +W2(n1, n2, a, t))P (n1, n2, a, t)

(4.5.1)

where W1(n1, n2, a, t) = (ν1 + b1(a))n1(a, t) and W2(n1, n2, a, t) = (ν2 + b2(a))n1(a, t),
ν1 and b1(a) are the (age-independent) death rate and the birth rate of the resident
population, and ν2 and b2(a) are the (age-independent) death rate and the birth rate of
the invader. The quantities b1(a) and b2(a) are determined by the (oxygen-dependent)
rate of cell-cycle progression of each sub-population:

b1(a) = τ−1
p1
H
(
a− aG1/S(c, p61/p31)

)
, (4.5.2)

b2(a) = τ−1
p2
H
(
a− aG1/S(c, p62/p32)

)
(4.5.3)

aG1/S(c, p6/p3) is given by Eq. (4.3.57). The concentration of resource (oxygen), c(t),
is determined by the following ODE:

dc

dt
= S̄ − (k1N1 + k2N2)c (4.5.4)

where Ni(t) =
∫∞

0
ni(a, t)da for i = 1, 2.

The associated initial conditions are given by:

P (n1, n2, a, t = 0) = δ(n1(a, t = 0)− n01(a))δ(n2(a, t = 0)− n02(a))

In the remaining of this Section we will consider two cellular populations, resident
and invader. Each of these phenotypes are determined in terms of the values four pa-
rameters. The resident cells are characterised by two population-dynamics parameters,
namely, the average time to division after the G1/S transition, τp1 , and the death rate,
ν1. We consider two further parameters, p31 and p61 , associated with the cell-cycle
progression dynamics of the resident cells (see Section 4.3.4). Similarly, the invader is
characterised by the corresponding parameters: τp2 , ν2, p32 and p62
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4.5.2 Mean-field coexistence versus quasi-neutral stochastic
competition

We proceed to analyse the conditions under which two populations are capable of
long-term coexistence. In particular, we analyse a scenario in which the mean-field
description predicts long term coexistence between within a heterogeneous population
leads to mutual exclusion of all strands but one through so-called quasi-neutral stochas-
tic competition [90, 133, 144].

The starting point for our study is the mean-field analysis carried out in Section
4.4.2. According to these results, (mean-field) populations evolve until a concentration
of oxygen, c∞, is reached so that the associated replication number R0i(c∞) = 1,
i = 1, 2. The replication number of either population is given by:

R01 = 2
τ−1
p1
e−ν1aG1/S1

(c∞,p61/p31 )

ν1 + τ−1
p1

and R02 = 2
τ−1
p2
e−ν2aG1/S2

(c∞,p62/p32 )

ν2 + τ−1
p2

Therefore, our theory predicts that, provided that there exists c∞ such that:

aG1/S1(c∞, p61/p31) = − 1

ν1

log

(
τp1(ν1 + τ−1

p1
)

2

)
,

aG1/S2(c∞, p62/p32) = − 1

ν2

log

(
τp2(ν2 + τ−1

p2
)

2

)
, (4.5.5)

is satisfied, long-term coexistence ensues, since the whole system (oxygen, resident and
invader) is able to evolve to a state where both populations are in equilibrium (in the
sense that R0i(c∞) = 1 for both populations) with the same concentration of oxygen.
Furthermore, the number of resident cells, N1, and the number of invaders, N2, satisfy:

k1N1 + k2N2 =
S̄

c∞
(4.5.6)

Thus, the mean-field theory predicts that there exist a continuous of fixed points. The
eventual convergence on to a particular point along the line of fixed points Eq. (4.5.6)
depends on the initial conditions. Eq. (4.5.6) can be further simplified by assuming
k1 = k2 = k, in which case N1 +N2 = K, where K ≡ S̄/(kc∞) is the carrying capacity.

This mean-field scenario is the basis for the study of the long-term stochastic
dynamics of two populations which satisfy Eqs. (4.5.5), which are equivalent to
R01 = R02 = 1. The reproduction number is the average number of offspring per
cell. We know from elementary considerations [88] that the value of such quantity
allows us to classify birth-death/branching processes. If R0 > 1 the population grows,
on average, exponentially and has a finite probability of eventual survival. In this
case, the process is referred to as super-critical. If R0 < 1 the population undergoes
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exponential decline (on average) and the extinction probability is equal to 1. The last
case, in which R0 = 1, the so-called critical case, the population, on average, stays
constant. However, due to effects of noise, extinction occurs with probability 1, with
the probability of survival up to time t asymptotically tends to PS(t) ∼ t−1 [130]. In
our case, both the resident and the invader undergo a critical stochastic dynamics,
where, once the steady state has established itself, the population evolves very close
to the mean-field line of fixed points N1 + N2 = K until fixation of one of the species
(and, consequently, extinction of the other) occurs.

In order to numerically check this scenario, we could proceed to estimate the survival
probability at time t, PS(t). However, since this quantity exhibits a fat-tail behaviour,
this would be computationally costly. A more efficient method is to resort to the
asymptotic study of the extinction time with system size, which in this case can be
identified with the carrying capacity, K [100]. Typically, a quasi-neutral competition
is associated with an algebraic dependence of the average extinction time of either
population, TE, on the system size, in this case determined by the carrying capacity,
K [49, 133, 144]. In Fig. 4.11 we plot simulation results for the competition between
two identical populations. In particular, we study how the average extinction time of
either population, TE, varies as the carrying capacity is changed. We observe that this
quantity exhibits a linear dependence on the carrying capacity:

TE ∼ K, (4.5.7)

Our scenario produces the same qualitative results as Lin et al. [144] and Kogan et
al. [133] who studied the average extinction time of birth-and-death processes engaged
in quasi-neutral competition. In both papers, the average extinction time was reported
to depend linearly on system size.
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Figure 4.11: Simulation results corresponding to the competition between the sub-
populations of a heterogeneous populations. We show how the average extinction time
of either population, TE, varies as the carrying capacity, K, changes. We observe that
the dependence is linear. For simplicity, the two sub-populations are assumed to be
identical (i.e. with the same characteristic parameter values for both the intracellular
dynamics (cell-cycle) and the population-level dynamics (birth and death rates)). The
carrying capacity K = S̄

k1c∞
by varying the death rates of both populations. The values

of are ν = 1.0·10−4, 0.83·10−4, 0.73·10−4, 0.625·10−4, 0.417·10−4, which correspond to
K = 0.9969 ·103, 1.9301 ·103, 2.6956 ·103, 3.4367 ·103, 4.2661 ·103, respectively. Averages
are done over 500 realisations of the hybrid stochastic model.

4.6 Study of the effects of cell-cycle-dependent ther-

apy

In Section 4.5 we have analysed how the dependence of the cell-cycle progression
on the concentration of SCF-activating and SCF-inactivating enzymes allows us to en-
gineer heterogeneous populations where invasion and coexistence may occur. In this
Section, we further explore the ability of inducing quiescence by varying the ratio
between SCF-activating and SCF-inactivating enzymes, this time in connection with
the ability of such populations to withstand the effects of cell-cycle-dependent therapy
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[22, 64, 179, 180].

In particular, we consider a scenario where two cellular populations coexist. Ini-
tially, one of these populations consists of a set of cells actively progressing through
the cell-cycle which have reached a steady state characterised by the mean-field equi-
librium Eqs. (4.4.12)-(4.4.14). The second population consists of quiescent cells whose
cell-cycle is locked into the G0 phase and therefore do not proliferate. These cells are
further assumed to undergo apoptosis at a very slow rate. More specifically, the ratio
SCF-activating and SCF-inactivating enzymes in the quiescent cell population is such
that, for the steady-state level of oxygen for the active cells (see Eq. (4.4.13)), cells
are locked into the G1-fixed point (see Fig. 4.6).

In this Section we show that the presence of a quiescent population within a hetero-
geneous population may lead to resistance to cell-cycle-dependent therapy. In particu-
lar, we show that, whereas such therapies effectively reduce or even eradicate the active
cell population, the feedback between the therapy-induced decrease in cell numbers and
the associated increase in oxygen availability can yield to the quiescent population to
enter the active state and thus regrow the population. In this sense, we claim that the
quiescent population has a stem-cell-like effect whereby, under the action of therapeu-
tic agent, can repopulate the system [7].

4.6.1 Mean-field analysis

We start our mean field analysis by considering a heterogeneous population com-
posed by cells of two types: type 1 and type 2 cells. Type 1 consists of cells with
values of p3 ≡ p31 and p6 ≡ p61 (see Section 4.3.4) such that cells are actively progress-
ing through the cell-cycle. Type 2 cells are characterised by values of p3 ≡ p32 and
p6 ≡ p62 so that they are locked in G0 (i.e. not cycling). The associated mean-field
dynamics are given by:

dc(t)

dt
= S̄ − k1(N1 +N2)c(t), (4.6.1)

∂n1

∂t
+
∂n1

∂a
= −(ν1 + b1(a))n1 (4.6.2)

∂n2

∂t
+
∂n2

∂a
= −ν2n2 (4.6.3)

with boundary conditions:

n1(a = 0, t) = 2

∫
b1(a)n1(a, t)da, n2(a = 0, t) = 0.

N1(t) and N2(t) are the total cell population of type 1 and type 2 cells, respectively:
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N1(t) =

∫
n1(a, t)da, N2(t) =

∫
n2(a, t)da.

For simplicity, we assume that both populations consume oxygen at the same rate, k1.
We further assume that ν2 � ν1, i.e. type 2 (quiescent) cells die at a much slower
rate than type 1 (active) cells. In Section 4.4.2, we have already analysed under which
conditions Eqs. (4.6.1)-(4.6.3) reach a steady state:

R01 ≡ 2
τ−1
p1
e−ν1aG1/S1

ν1 + τ−1
p1

= 1 (4.6.4)

where R01 is the average number of offspring per cell of type 1 at equilibrium. The
associated equilibrium value of aG1/S1 is then given by:

aG1/S1(c∞, p61/p31) = − 1

ν1

log

(
(τp1ν1 + 1)

2

)
(4.6.5)

which determines the steady-state value of the oxygen concentration c∞. At this point,
the population of resident cells has settled onto a steady state where its age structure
does not change. The total number of cells is also approximately constant and given
by:

N1∞ +N2 '
S̄

k1c∞
(4.6.6)

where we have used the fact that ν2 � ν1. The cell-cycle parameters p32 and p62 have
been chosen so that, for c = c∞, aG1/S2(c∞, p62/p32)→∞, i.e. type 2 cells are initially
locked into G0 (see Fig. 4.6).

Once the population reaches this therapy-free quasi-equilibrium state, we assume
that a therapy which only acts on proliferating cells is administered. Examples of
such therapies abound in cancer treatment and can take the form of cell-cycle specific
drugs or radiotherapy [22, 64, 179, 180]. We characterise the efficiency of the therapy
by the so-called survival fraction, FS, i.e. the percentage of cells which survive the
prescribed dose. For example, in radiotherapy FS is usually taken to be given by
the linear quadratic model: logFS = − (αD + βD2) where D stands for the radiation
dosage expressed in Grays and α and β are cell type-specific parameters. In the present
context, we do not specify any particular form of therapy and we simply take FS ∈
[0, 1). Initially, the therapy only affects type 1 cells (since type 2 are not proliferating).
Therapy affects the birth and death rates of the type 1 population, which now read:

bT1(a) = τ−1
p1
FSH(a− aG1/S1(c, p31 , p61)) = Fsb1(a) (4.6.7)

νT1(a) = ν1 + (1− Fs)b1(a) (4.6.8)

The resulting mean-field equation is given by:
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∂n1

∂t
+
∂n1

∂a
= −(ν1 + b1(a))n1 (4.6.9)

n1(a = 0, t) = 2FS

∫
b1(a)n1(a, t)da (4.6.10)

The action of the therapeutic agent on the active population initially induces a decline
of the population, which, in turn, involves an increase in the available oxygen concen-
tration. The latter has the effect of accelerating the rate of progression of type 1 cells
through the cell cycle. In the absence of the quiescent population, eventually both
effects would find a balance and the population of active cells would settle onto a new
equilibrium characterised by:

R0T1
≡ 2FS

τ−1
p1
e
−ν1aG1/ST1

ν1 + τ−1
p1

= 1 (4.6.11)

or, equivalently:

aG1/S1(cT∞1
, p31 , p61) = − 1

ν1

(
− logFS + log

(
(τp1ν1 + 1)

2

))
(4.6.12)

where cT∞1
is the equilibrium oxygen concentration for the type 2 population with

therapy. Note that aG1/S1(cT∞1
, p31 , p61) < aG1/S1(c∞, p61/p31) and therefore cT∞1

> c∞
since aG1/S is a decreasing function of the oxygen concentration. Re-oxygenation dur-
ing cell-cycle dependent therapy, in particular, radiotherapy, has been predicted by
other models [124].

Consider now the effect of this process on the type 2 cell population which is ini-
tially quiescent. We know that hypoxia-induced arrest of the cell cycle is reversible
[5, 18], i.e. upon increase of the concentration of oxygen quiescent cells may re-enter
the cell cycle and become proliferating. Re-entry of quiescent cells into the cell cycle
is predicated upon a sufficient increase in the oxygen contraction: c > cH2(p32 , p62),
where the critical oxygen concentration for type 2 cells, cH2 , depends on the mo-
menta p32 and p62 or, equivalently, on the concentration of SCF-activating and SCF-
inactivating enzymes. Taking this property into account, one can devise a scenario in
which cT∞1

> cH2(p32 , p62) > c∞, i.e the initial oxygen concentration is such that type
2 cells are quiescent, but, as the therapy is administered and proceeds to act upon
the type 1 cells, the oxygen concentration increases until it reaches its critical re-entry
concentration. At this point, type 2 cells abandon quiescence and become active and
competition between type 1 and type 2 cells ensues.

In order to assess the long-time behaviour of the system, we first study the equi-
librium of the type 2 cell population upon re-entry into cell-cycle progression. Its
mean-field dynamics is given by:

84



∂n2

∂t
+
∂n2

∂a
= −(ν2 + b2(a))n1 (4.6.13)

n2(a = 0, t) = 2FS

∫
b2(a)n2(a, t)da (4.6.14)

where b2(a) = τ−1
p2
H(a− aG1/S2(c, p32 , p62)) and c is determined by Eq. (4.6.1). Recall

that, upon re-entering cell-cycle progression, type 2 cells are no longer immune to the
therapy. Although in general the survival fraction is type-dependent, for simplicity we
assume that FS has the same value for both cell types. The equilibrium condition is
once again given in terms of the associated reproduction number, i.e. R0T2

= 1 which
yields:

aG1/S2(cT∞2
, p32 , p62) = − 1

ν2

(
− logFS + log

(
(τp2ν2 + 1)

2

))
(4.6.15)

Since ν2 � ν1, we have that aG1/S2(cT∞2
, p32 , p62) � aG1/S1(cT∞1

, p31 , p61) (see
Eqs. (4.6.12) and (4.6.15)). The latter inequality implies that the equilibrium oxy-
gen concentration for type 2 cell, cT∞2

, is such that cT∞2
< cT∞1

. It is easy to argue
that, in these conditions, the type 2 population out-competes the type 1 cells: for
cT∞2

< c < cT∞1
, the growth rate of type 1 cells is positive whereas the growth rate

of the type 2 cell population is negative (see Eq. (4.4.11)). This implies that, upon
application of therapy and provided that cT∞1

> cH2(p32 , p62) > c∞ is satisfied, the
type 1 population declines and it is replaced by the type 2 population.

4.6.2 Critical dosage

In order to gain some degree of control over the behaviour described in the previous
section, it is useful to provide an estimate of the critical dosage above which therapy-
induced re-oxygenation is capable of activating quiescent cells. We characterise the
therapy dose by means of the critical survival fraction, FSC . Recall that the character-
istic equation for the oxygen-dependent growth rate, σ1(c), of the population of active
cells is given by:

2FS
τ−1
p1
e−(σ1+ν1)aG1/S1

(c)

σ1 + ν1 + τ−1
p1

= 1 (4.6.16)

In order to activate the quiescent population the oxygen concentration must raise
above the critical value cH2(p32 , p62). For the oxygen concentration to grow above
this threshold σ1(cH2) < 0 so that the active cell population continues to decline thus
allowing the oxygen concentration to keep on raising. Therefore the critical value FSC
is such that σ1(cH2) = 0, i.e.

FSC =
ν1 + τ−1

p1

2τ−1
p1
e−ν1aG1/S1

(cH2
(p32 ,p62 )

(4.6.17)
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If FS < FSC the decrease in the active cell population is enough to provide enough
oxygen for the quiescent population to become active.

This analysis implies that in heterogeneous populations which include quiescent sub-
populations, the effect of cell-cycle-dependent therapy does not eradicate the popula-
tion. Rather the following two scenarios are possible. If cH2(p32 , p62) > cT∞1

, type 2 cells
do not become activated and become eventually extinct, and the type 1 cells settle onto
the steady state prescribed by Eq. (4.6.12). If, by contrast, cT∞1

> cH2(p32 , p62) > c∞
is satisfied, type 2 cells out-compete type 1 cells and the system, composed entirely
of type 2 cells, settles onto the steady state prescribed by Eq. (4.6.15). In this sense,
quiescent cells have stem-cell-like behaviour, in the sense that they can repopulate the
system. In this second scenario, therapy is not completely without virtue since therapy
drives the system to be taken over by a slower-cycling (less aggressive) phenotype.

4.6.3 Simulation results

In order to check the accuracy of the mean-field analysis carried out in Section 4.6.2
regarding the critical survival fraction for rescue from quiescence. We start by show-
ing (Fig. 4.12) two typical realisations of the stochastic population dynamics which
illustrate the rescue mechanism. In this simulations, we first let the active population
settle on to its steady state. We then apply a sustained therapy with constant survival
fraction. A more aggressive treatment (FS = 0.6 in Fig. 4.12) greatly affects the active
population: the amount of active cells killed by the therapy induces re-oxygenation of
the population above the critical oxygen level for activation of the quiescent popula-
tion whereupon the quiescent cells become proliferating. In Figs. 4.12(a) & (c), we
show that upon activation of the quiescent population, a competition between both
populations ensues, which eventually leads to extinction of the active population. A
less aggressive therapy (FS = 0.7 in Fig. 4.12) also induces death of the active pop-
ulation and re-oxygenation. However, in this case, the latter is not intense enough to
induce activation of the quiescent cells (see Fig. 4.12(d)) and therefore the active cells
will repopulate the system as the quiescent population stays on its course to eventual
extinction, as shown in Fig. 4.12(b).

Fig. 4.13 shows simulation results for the variation of probability of fixation of
the quiescent population as the survival fraction of the therapy, FS changes. Our
simulation results show qualitative agreement with our mean-field theory (see Sections
4.6.1 & 4.6.2): as the survival fraction increases (i.e. the therapy becomes less efficient),
the probability of fixation abruptly decreases from almost certainty of fixation to almost
certainty of extinction. We observe that our mean-field theoretical predicts a critical
value for FS slightly smaller than the observed when fluctuations due to finite size
effects are present. However, we observe that, as the carrying capacity of the system
is increased, the critical value of FS converges to the mean-field value.
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Figure 4.12: Stochastic simulation results showing typical realisations associated with
rescue of quiescence cells (plots (a) & (c)) and recovery of the proliferating population
(plots (b) & (d)) upon application of a cell-cycle dependent therapy. The efficiency of
the therapy is characterised by the survival fraction, FS. Quiescence rescue is achieved
when the survival fraction is set to a value which falls below the critical threshold,
Eq. (4.6.17). If FS < FSC (plots (a) & (c)), the cell killing triggered by the therapy is
enough to re-oxygenate the population above the activation threshold of the quiescent
cells. By contrast, if FS > FSC (plots (b) & (d)), re-oxygenation is not enough to rescue
latent cells from quiescence. Parameter values: ν1 = 4.167 · 10−5, ν1 = 4.167 · 10−7,
τp1 = τp2 = 2.1 ·10−3,

p61
p31

= 1,
p62
p32

= 0.989. The subindex “1” corresponds to the active

population whilst the subindex “2” denotes quantities associated with the quiescent
population. The critical oxygen (as defined in Sections 4.3.5 & 4.3.6) is ccr1 = 0.023
for the active cells and ccr2 = 0.1 for the quiescent cells. Colour code: blue (red) lines
correspond to the time evolution of the total number of proliferating (quiescent) cells
and green lines, to the time evolution of the oxygen concentration
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Figure 4.13: This figure shows stochastic simulation results regarding the variation of
the probability of fixation of the quiescence population varies the efficiency of a cell-
cycle dependent therapy changes. The efficiency of the therapy is measured in terms of
the survival fraction FS. The orange vertical line represents the mean-field, theoretical
critical survival fraction (Eq. 4.6.17). We observe that as the carrying capacity of
the system increases, which in these simulations is achieved by increasing the rate of
oxygen supply, S, the results of the stochastic simulations tend towards the mean-field
prediction. Parameter values: ν1 = 4.167 ·10−5, ν1 = 4.167 ·10−7, τp1 = τp2 = 2.1 ·10−3,
p61
p31

= 1,
p61
p31

= 0.989. The subindex “1” corresponds to the active population whilst the

subindex “2” denotes quantities associated with the quiescent population. The critical
oxygen (as defined in Sections 4.3.5 & 4.3.6) is ccr1 = 0.023 for the active cells and
ccr2 = 0.1 for the quiescent cells. Each data point corresponds to the average over 500
realisations of the stochastic population dynamics.
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Chapter 5

Coarse-graining and hybrid
methods for efficient simulation of
stochastic multi-scale models of
tumour growth

5.1 Introduction

Cells behaviour within tissues respond to a number of stimuli. Their behaviour re-
sult from a complex network of interactions between genes and gene products which ul-
timately regulates gene expression. Such systems of gene regulation are often modelled
as non-linear, high-dimensional dynamical systems whose structure has been molded
in the course of biological evolution. In addition to such intracellular complex dynam-
ics, cells are also influenced by intricate interactions between different components of
the biological systems at all levels, from complex signalling pathways and gene regu-
latory networks to complex non-local effects where perturbations at whole-tissue level
[6, 45, 115, 149, 168, 170, 180, 187]. These and other factors contribute towards a
highly complex dynamics in biological tissues which is an emergent property of all the
layers involved. To tackle such complexity, a number multi-scale models of biological
systems, particularly in the context of tumour growth, have been developed [6, 34, 39,
42, 45, 52, 115, 116, 147, 149, 170, 168, 176, 180, 181, 186, 187, 197, 211, 218, 219, 232].

Many current multi-scale models of tumour growth formulated so far are individual-
based, i.e. cells are individually resolved and their response to different types of cues
(chemical, mechanical, etc.) is explicitly described by models of cell behaviour of vary-
ing levels of complexity [6, 42, 45, 115, 116, 168, 176, 180, 187, 211]. Further to the
individual-based approach to multi-scale modelling of biological cell populations, we
have recently introduced new stochastic models that allow to analyse the effects of
fluctuations, both at the intracellular level (intrinsic noise in signalling pathways and
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gene regulatory networks) and at the level of the birth-and-death dynamics of cells
[89], chapter 4.

Multi-scale approaches have been shown to have both strengths and limitations.
Among the latter, it prominently features the computational intensity of these models.
The level of detail they involve implies that large scale simulations are computationally
costly, which limits the scope of such models. In order to simulate growth in a wider
range of conditions, along with model development, algorithms and analytic methods
must be developed that enable us for more efficient analysis and simulation of such
models. The formulation of hybrid methods for multi-scale models of the growth of
tumour [127, 128, 129] is one such development. The basis of hybrid methodologies
is to use models at different resolutions in different regions of the simulation domain,
whereby cells (or other structures such as vessels in models of angiogenesis) are in-
dividually resolved in some region of interest. Away from such region, the system is
described by a lower-resolution, coarse-grained model, obtained for example by means
of homogenisation methods [38, 152, 172, 173, 174, 200]. Such homogenised model
describes the system at a reduced level of detail but with the benefit of a much smaller
computational cost. The challenges involved in these hybrid methodologies include
defining criteria to identify the different domains, derive coarse-grained models consis-
tent with their individual-based counterparts, and formulate the appropriate boundary
conditions between the individual-based and coarse-grained regions.

A similar situation arises in a different area in which fair progress has been made:
stochastic reaction-diffusion systems. Such systems are also costly to simulate using
standard methods (i.e. variations of the Gillespie method [21, 57, 209]), so it is of-
ten necessary to resort to hybrid methods [156]. The rationale for a hybrid method
is that noise levels, roughly associated with the local population or number of par-
ticles, is not uniform over the whole system, resulting in regions where fluctuations
have more severe effects than in others. An archetypic example of this situation is
the propagation of fronts such as travelling waves [28, 32, 41, 156]. In such systems,
the population behind the propagating front approaches the carrying capacity of the
system. If the carrying capacity is large enough, fluctuations in the region behind the
front will be relatively small, so that the system may be described by the mean-field
limit of the system. By contrast, at the front and ahead of it fluctuations dominate
system behaviour and therefore the full stochastic description is needed. Such inho-
mogeneities in the level of noise have been exploited to formulate hybrid simulation
methods. According to this methodology, the mean-field limit of the system is used in
low-noise regions which are then coupled to the full stochastic dynamics describing the
high-noise regions. The coupling between both descriptions is achieved by means of
appropriately defined boundary conditions at the interface(s) between mean-field and
stochastic regions [60, 62, 98, 156, 189, 206, 214, 235].

In this chapter, we extend and further develop the hybrid method formulated by
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[206] for stochastic reaction-diffusion systems to stochastic multi-scale models of tu-
mour growth. Such models [89], chapter 4 consider fluctuations regarding both number
of cells (population noise) and the intracellular (cell-cycle) dynamics (structure noise),
and consequently any attempt to formulate a hybrid method for such systems must find
a way to accommodate both types of noise. Structure noise is associated with noise at
the intracellular level and it manifests itself in fluctuations of the birth rate. We show
in our analysis that this source of noise is at least as important as the population noise
on the behaviour of the system. In particular, we show that the speed of propagation
of travelling wave solutions is heavily affected by birth rate fluctuations at the leading
edge of the front. More specifically, when a model in which the intracellular dynamics
is coarse-grained (i.e. fluctuations of the birth rate are averaged out) is considered, the
speed of the travelling wave front is over-estimated by a rather significant percentage.
However, when the coarse-grained mean-field model is coupled to the full stochastic
multi-scale population-dynamical model, the deviation travelling wave speed is very
much rectified and a much more accurate result is obtained. This result demonstrates
the usefulness of such hybrid approaches: they can recover accurately the behaviour
predicted by the more detailed models whilst, by averaging out some of those details
in regions where they are not necessary, their computational performance is much im-
proved.

5.2 Summary of the stochastic multi-scale model

The model presented here is closely related to that presented in chapter 4, the
main difference being the introduction of spatial heterogeneities. This model intends
to describe the growth of cellular populations in a spatially heterogeneous environment
under the restriction of finite amount of available resources (in this case, oxygen c(t, x))
supplied at a finite rate, S̄(t, x).

The general approach to the stochastic population dynamics used here is a natural
generalisation of the standard continuous-time birth-and-death Markov process and its
description via a Master Equation [68]. In chapter 4 showed that the consideration of
the multi-scale structure of the system, i.e. the inclusion of the physiological structure
associated with the cell-cycle variables, can be accounted by an age-structure within
the population: the birth rate depends on the age of cell (i.e. time elapsed since last
division) which determines, through the corresponding cell-cycle model, the cell-cycle
status of the corresponding cells.

We summarise the different sub-models involved in the formulation of the stochastic
multi-scale model. For a detailed discussion of a non-spatial version of the model we
refer the reader to 4. Here, we emphasise the new elements introduced by considering
spatially extended systems.
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Figure 5.1: Schematic representation of the different elements that compose our multi-
scale model. This scheme is an extension of Fig. 4.1, adding a spatial component to
the model.
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5.2.1 General setting

Our model couples partial differential equation (PDE), continuum models for dif-
fusible substances, which drive individual cell behaviour, with a spatially discrete
cell population dynamics described by a reaction-diffusion Master Equation (RDME)
[21, 90, 113, 205, 209]. The scheme that we are using is a simple extension of the Chem-
ical Master Equation (CME), where the space is discretised into a lattice. Each lattice
site is associated to a compartment and the population within each compartment is
assumed to be homogeneous (well-mixed) with reaction rates modelled according to
the (local) law of mass action: reaction rates depend on the population within the
corresponding compartment only. Diffusion is modelled by means of continuous-time
random walk on the lattice.

Regarding the coupling between the diffusible substances (in this particular case,
oxygen) and the birth-and-death dynamics, we assume that all the cells within a com-
partment are exposed to the same concentration and, therefore, they all respond iden-
tically to their stimuli. From the numerical point of view, we will assume that the grid
on which we solve the PDEs is the same as the lattice which sustains the stochastic
population dynamics. Since we primarily focus on one dimensional numerical experi-
ments, PDEs are solved using a finite-difference discretation and an explicit Euler or
a four-stage Runge-Kutta method.

We must note that the RDME approach has been recently criticised as it has been
shown that, except in one dimension, it does not converge to a continuum reaction-
diffusion PDE [112]. A convergent RDME scheme has been recently proposed [113],
although at this point we limit ourselves to the classical RDME scheme.

5.2.2 Resource layer: dynamics of diffusible substances

The evolution of the concentration of oxygen, c(t, x), (resource scale see Fig. 5.1)
is modelled by:

∂c

∂t
= Dc

∂2c

∂x2
− kc

∑
xi∈L

N(t, xi)δ(x− xi) + S̄(t, x)− k2c, (5.2.1)

where L is the lattice defined in Section 5.2.1 (see Fig. 5.2), and N(t, xi), i = 1, . . . , NL,
is the number of cells in compartment i at time t. Note that, in general, N(t, xi) is
a stochastic process, and, therefore, in principle Eq. (5.2.1) should be treated as a
stochastic differential equation [104]. S̄(t, x) is a source that accounts for oxygen deliv-
ery to the system. Dc is the oxygen diffusion coefficient, k is the oxygen consumption
rate, and k2 is a oxygen decay rate.
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Figure 5.2: Representation of the setting of our model. Diffusible substances (e.g.
oxygen), c(t, x), is modelled as a continuous field described by a reaction-diffusion PDE,
it is represented by green solid line. The birth-and-death dynamics with diffusion of
the cell population is modelled by means of a RDME on a lattice L. Each vertex of the
lattice, xi ∈ L, is associated to a compartment of voxel within which the population
is assumed to be well-mixed and its stochastic dynamics ruled by a local law of mass
action. L is the total length of the system and h is the lattice spacing, so that L = NLh
where NL = card(L). Here N(t, xi) depict the number of cells in compartment i and
it is calculated as N(t, xi) =

∫∞
0
n(t, a, xi)da, with n(t, a, xi) being the number of cells

of age a at time t and compartment xi.
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5.2.3 Intracellular layer: oxygen-dependent birth rate

The intracellular scale in the present model is the same as for the model in chapter
4 (see chapter 4, section 4.3).

5.2.4 Cellular scale: Age-structured birth-and-death with dif-
fusion

Consider the random variable n(t, a, xj), i.e the number of cells of age a in position
xj at time t. Age is defined as the time elapsed since last division. Let us further define
the random vector N (t, a) = (n(t, a, x1), . . . , n(t, a, xNL)) where NL = card(L). An
age-dependent Master Equation can be written for the birth-and-death with diffusion
process described in Table 5.1, which is an extension of the age-dependent birth-and-
death process formulated in chapter 4 to account for the effects of cell diffusion. Chapter
4 have shown that the evolution on each characteristic curve or genealogy (see Fig. 5.3)
is independent and, therefore, the following equality holds on each characteristic curve:

P (N , t+ δt, a+ δa) =

NL∑
j=1

z+2∑
i=1

Wi(N −Ri, t, a, xj)δtP (N −Ri, t, a)+(
1−

4∑
i=1

Wi(N , t, a, xj)δt

)
P (N , t, a) (5.2.2)

where δa = δt, z is the coordination number of the lattice L, and Ri = (ri1 , . . . , riNL )
with Wi and rij are given in Table 5.1. Re-arranging terms and taking the limit δt→ 0,
we obtain:

∂P (N , t, a)

∂t
+
∂P (N , t, a)

∂a
=

=

NL∑
j=1

z+2∑
i=1

(Wi(N −Ri, t, a, xj)P (N −Ri, t, a)−Wi(N , t, a, xj)P (N , t, a)) (5.2.3)

A cornerstone in our model is the age-dependent birth rate, b(a), defined in Ta-
ble 5.1, since it constitutes the coupling between the three layers that compose our
multi-scale model: nutrient, intracellular, and cellular layer. In Section 5.2.3, we have
discussed a model in which we consider that cell division is divided into parts: a regu-
lated one culminating in the G1/S transition, characterised by the oxygen-dependent
MFPT, aG1/S, Eq. (4.3.57), and an unregulated one characterised by an average dura-
tion, τ−1

p . This model can be described by an age-dependent birth rate:

b(a) = τ−1
p H(a− aG1/s(c, p6/p3)) (5.2.4)
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Figure 5.3: This plot shows a schematic representation of the characteristic curves, a =
t+ a0, corresponding to our age-structured stochastic dynamics and the emergence of
new genealogies (red line) when a birth occurs (indicated by the red dashed line) within
a previously existing one. Genealogies terminate when the corresponding population
becomes extinct (indicated by the red point).

where H(·) is Heaviside’s step function and aG1/S is given by Eq. (4.3.57). Eq. (5.2.4)
can be interpreted as follows: cell division cannot occur in cells younger than the
oxygen regulated age aG1/S. Cells that have aged beyond aG1/S undergo cell division
at a constant rate τ−1

p .

5.2.5 Linking scales together

The connections between different time-scales describe in Fig. 5.1 is given by cou-
pling the different sub-models so that the global behaviour of the system arises as an
emergent property of this linking:

1. The coupling between the intracellular and the cellular layers takes place through
the age-dependent birth rate, Eq. (5.2.4).

2. The intracellular layer and the resource layer are coupled through the oxygen-
dependence MFPT to the G1/S transition, given by Eq. (4.3.57).

3. Finally, the resource layer is coupled to the cellular layer, via Eq. (5.2.1), where
the cell population regulates the concentration of oxygen, where N is,

N(t, xj) =

∫ ∞
0

n(t, a, xj)da. (5.2.5)
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Event Reaction Wk(n, t, a, xj) rk

Birth
n(t, a, xj)→ n(t, a, xj)− 1
∅→ n(t, a = 0, xj) = 2

W1 = b(a)n(t, a, xj)
r1j = −1,
r1k = 0, k 6= j

Death n(t, a, xj)→ n(t, a, xj)− 1 W2 = νn(t, a, xj)
r2j = −1,
r1k = 0, k 6= j

Diffusion
n(t, a, xj)→ n(t, a, xj)− 1
n(t, a, xj±1)→ n(t, a, xj±1) + 1

W2+k = Dn
h2
n(t, a, xj)

k = 1, . . . , z
r2+kj = −1,
r2+kl = 1, xl ∈ 〈xj〉

Table 5.1: This table shows the details regarding the rates and stoichiometric matrix
associated with the birth-and-death with diffusion process. This process is a straight-
forward generalisation of the age-dependent birth-death-process formulated in chapter
4. Here b(a) is the age-dependent birth rate, ν is the death rate (which, for simplic-
ity, we assume to be age-independent), and Dn is the diffusion coefficient of the cells.
h is the lattice spacing defined in Fig. 5.2. Furthermore, 〈xj〉 stands for the set of
neighbours of xj in L, and z is the so-called coordination number, i.e. the number of
neighbours of a node: z = card(〈xj〉) .

5.3 Separation of time scales and coarse-graining of

the age structure

In this section we analyse the system regarding the separation of time scales in the
system. This analysis requires to make assumptions involving typical key parameter
values, particularly the oxygen diffusion coefficient, Dc, the cell diffusion coefficient,
Dn, and the average cell life expectancy, ν−1. These assumptions are consistent with
typical values of these parameters reported in the literature.

We start our analysis by considering the mean-field (deterministic) limit of our
model, where the different time scales arise in a more intuitive way. We will then
generalise our analysis to the full stochastic system using the Poisson representation
[17, 121, 137], rather than the Master Equation representation Eq. (5.2.3). In both
cases, we will show that provided that ν−1 � τn � τc, where τc = h2/Dc and τn =
h2/Dn, is satisfied, it is possible to approximate the age-structured system by a coarse-
grained version of it where the age distribution within the population reaches a quasi-
steady state that can be explicitly calculated. This allows for a huge simplification of
the model and the formulation of efficient hybrid numerical schemes.

5.3.1 Mean-field model

The mean-field limit of our stochastic model is a straightforward generalisation of
the one obtained in chapter 4 for the non-spatial model:

∂c

∂t
= Dc

∂2c

∂x2
− kN(t, x)c+ S̄(t, x)− k2c,N(t, x) =

∫ ∞
0

n(t, a, x)da, (5.3.1)
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∂n

∂t
+
∂n

∂a
= Dn

∂2n

∂x2
− (b(a) + ν)n(t, a, x), (5.3.2)

n(t, a = 0, x) = 2

∫ ∞
0

b(a)n(t, a, x)da, (5.3.3)

with no-flux boundary conditions at the boundaries of the domain and b(a) is given by
Eq. (4.3.57). We first proceed to express the system in dimensionless units: τ = νt,
α = νa, x → x/h, and c → c/c0, where c0 is characteristic scale of the oxygen
concentration. Eqs. (5.3.1)-(5.3.3) now read:

ε1
∂c

∂τ
=
∂2c

∂x2
− κN(τ, x)c+ S(τ, x)− κ2c,N(τ, x) = ν−1

∫ ∞
0

n(τ, α, x)dα, (5.3.4)

ε1

(
∂n

∂τ
+
∂n

∂α

)
= ε2

∂2n

∂x2
− (τcb(α) + ε1)n(τ, α, x), (5.3.5)

n(τ, α = 0, x) = 2ν−1

∫ ∞
0

b(α)n(τ, α, x)dα, (5.3.6)

with ε1 = τcν � 1, ε2 = τc/τn = Dn/Dc � 1, κ = τck, and S = τcS̄/c0.

Under the assumption that ε1 � 1, ε2 � 1, and ε2 � ε1 hold, we now show that
there are three different regimes: a regime that corresponds to the very early evolution,
where the oxygen distribution evolves under a constant-in-time population until it
reaches a quasi-equilibrium state, an intermediate regime where the only evolution is
associated to the local evolution of the age-distribution (no cell diffusion) until the
age-distribution reaches a quasi-steady state equilibrium, and a third regime, which
corresponds to the long-time evolution of the system, where both cell diffusion and
population birth-and-death occur, only that the latter corresponds to the quasi-steady
state age-distribution.

Early evolution

Consider the following time and age re-scaling: T = ε−1
1 τ and A = ε−1

1 α. Under
this re-scaling the left hand sides of Eqs. (5.3.4) and (5.3.5) become O(1). However,
the two terms on the right hand side of Eq. (5.3.5) stay O(ε2) and O(ε1). Therefore,
at the lowest order, i.e. O(ε01), n(T,A, x) ' cnt., i.e. n(T,A, x) ' n(T = 0, A, x).
Therefore,

∂c

∂T
=
∂2c

∂x2
− κN(x)c+ S(T, x)− k2c, N(x) = τc

∫ ∞
0

n(T = 0, A, x)dA, (5.3.7)

that is the oxygen concentration evolves against a background of constant population,
until it reaches a quasi-equilibrium oxygen distribution.
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Intermediate regime

This regime does not involve any re-scaling. We only need to recall that ε2 � ε1
and ε1 � 1. Under this assumptions, one can neglect O(ε2)-cell diffusion in Eq. (5.3.5),
with all the remaining terms of O(ε1). Similarly, we can neglect the O(ε1)-left hand
side of Eq. (5.3.4) compared to the O(1) right hand side. The resulting approximation
reads:

0 =
∂2c

∂x2
− κN(τ, x)c+ S(τ, x)− κ2c,N(τ, x) = ν−1

∫ ∞
0

n(τ, α, x)dα, (5.3.8)

∂n

∂τ
+
∂n

∂α
= −(ν−1b(α) + 1)n(τ, α, x), (5.3.9)

n(τ, α = 0, x) = 2ν−1

∫ ∞
0

b(α)n(τ, α, x)dα, (5.3.10)

this means the population evolves in a purely local fashion, with no diffusion, where
within each compartment the age-distribution evolves towards equilibrium with a quasi-
steady state oxygen distribution. This local quasi-equilibrium age-distribution has been
studied and described in chapter 4.

Long-time behaviour

Consider the re-scaling σ = ε2
ε1
τ and γ = ε2

ε1
α. Under this re-scaling, the left had

sides of both Eqs. (5.3.4) and (5.3.5) become O(ε2). Since, the right hand side of Eq.
(5.3.4) remains O(1), the approximation is:

0 =
∂2c

∂x2
− κN(σ, x)c+ S(σ, x)− κ2c,N(σ, x) = ν−1 ε1

ε2

∫ ∞
0

n(σ, γ, x)dγ, (5.3.11)

∂n

∂σ
+
∂n

∂γ
=
∂2n

∂x2
− ε1
ε2

(ν−1b(γ) + 1)n(σ, γ, x), (5.3.12)

n(σ, γ = 0, x) = 2ν−1 ε1
ε2

∫ ∞
0

b(γ)n(σ, γ, x)dγ, (5.3.13)

Since ε2 � ε1, Eqs. (5.3.12) and (5.3.13) imply that the local birth-and-death process,
which drives the evolution of the age-distribution of the population, is much faster
than the spatial spread of the cells. In other words, the local age-distribution reaches a
quasi-equilibrium state against the background of a quasi-steady state distribution of
oxygen. This property suggests that the long term evolution of the system can be de-
scribed by a coarse-grained (age-independent) system where the local birth-and-death
dynamics is determined by the (oxygen-dependent) net growth rate, λn(c). This quan-
tity can be obtained from the local equilibrium age distribution in a straightforward
way, as we have shown in chapter 4.
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To make this statement more precise, consider a separable solution of Eqs. (5.3.12)
and (5.3.13) in one dimension:

n(σ, γ, x) = Σ(σ)Γ(γ)X(x), (5.3.14)

and assume the oxygen concentration to be a constant. This solution is characterised
by two set of eigenvalues, λD(k), which are associated to cell diffusion and which,
for no-flow boundary conditions in one dimension, are given by λD(k) = −k2 π2

L2 , k =
0, 1, 2, . . . with L being the length of the domain measured in units of h, i.e. the lattice
spacing. The second set of eigenvalues, λn(c), are associated to the local birth-and-
death dynamics. If b(a) is given by Eq. (5.2.4), λnk(c) are the solutions of the following
characteristic equation [105]:

2
ε1
ε2

(τpν)−1 e
−
(
λnk+λD(k)+

ε1
ε2

)
γG1/S

λnk + λD(k) + 1
ε2

(ε1 + τcτ−1
p )

= 1. (5.3.15)

where γG1/S is a function of c. Now for each k we may solve for λnk in terms of λD(k),
allowing for a full expansion of the solution in terms of Fourier modes. That is, we
extract the Fourier coefficients ak, bk from the Fourier expansion of the initial condition
and we construct the associated solution as

n(σ, α, x) = Σ(0)Γ(0)
∞∑
k=0

eλnkσ exp

(
λD(k)γ − (ε1/ε2 + λnk)γ −

ε1
νε2

∫ γ

0

b(τ) dτ

)
·

· (ak sin(kπx/L) + bk cos(kπx/L)) (5.3.16)

Consider now the (unique) solution of Eq. (5.3.15) with λD(k) = 0, x0. Then
λnk = x0 − k2 π2

L2 . Clearly the slowest mode would be the one for k = 0. From
Eq. (5.3.15) and since ε2 � ε1, many modes have nearly the same time decay rate,
being roughly the one dictated by λn0 . This accumulation of modes around the one
associated to the equilibrium age-structure distribution justifies that the local age-
distribution reaches a quasi-equilibrium state against the background of a quasi-steady
state distribution of oxygen.

Coarse-grained mean-field description

In view of the above analysis, particularly the results of Sections 5.3.1 and 5.3.1, we
formulate a coarse-grained limit of Eqs. (5.3.4)-(5.3.6), where the local age-distribution
is assumed to be in quasi-equilibrium with the quasi-steady distribution of oxygen:

0 =
∂2c

∂x2
− κncg(σ, x)c+ S(σ, x)− κ2c, (5.3.17)

∂ncg
∂σ

=
∂2ncg
∂x2

+ λn(c)ncg, (5.3.18)
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2
ε1
ε2

(τpν)−1 e
−
(
λn+

ε1
ε2

)
γG1/S

λn + 1
ε2

(ε1 + τcτ−1
p )

= 1. (5.3.19)

This description is valid from time σ = O(1) onwards. It will fail to describe the earlier
evolution of the system, where the local age-distribution of the population has not had
time to reach equilibrium.

5.3.2 Stochastic system

We now proceed with multiple time scale analysis of the full stochastic system. As
in the case of the mean-field analysis carried out in Section 5.3.1, our aim here is to try
and find regimes where the stochastic system defined in Section 5.2.4 can be approxi-
mated by simpler versions that are more amenable to analysis and efficient numerical
simulation. In particular, we will show that, under the same hypothesis as in Section
5.3.1 regarding time scales, it is possible to coarse-grain the system so that the local
(i.e. within each compartment) age-distribution of the population can be assumed to
have reached quasi-equilibrium.

We start by reformulating Eq. (5.2.3) in terms of the Poisson representation [17,
79, 121, 137]:

n(t, a, xj) = n(t = 0, a− t, xj)− Y
(∫ t

0

(b(a(t)) + ν)n(t, a(t), xj)dt

)
+

+
∑

xl∈〈xj〉

(
Y

(
τ−1
n

∫ t

0

n(t, a(t), xl)dt

)
− Y

(
τ−1
n

∫ t

0

n(t, a(t), xj)dt

))
, (5.3.20)

n(t, a = 0, xj) = 2Y

(∫ ∞
0

b(a)n(t, a, xj)da

)
(5.3.21)

where a(t) is the equation of the characteristic curve (see Fig. 5.3) and Y (λ) ∼
Poisson(λ), i.e. Y (λ) is a random number sampled from a Poisson distribution with
parameter λ. By writing the system in terms of the dimensionless variables τ = νt and
α = νa:

ε1
∂c

∂τ
=
∂2c

∂x2
− κc

∑
xl∈L

N(τ, xl)δ(x− xl) + S(τ, x)− κ2c,

N(τ, xj) = ν−1

∫ ∞
0

n(τ, α, xj)dα,

(5.3.22)

n(τ, α, xj) = n(τ = 0, α− τ, xj)− Y
(
ε−1

1

∫ τ

0

(τcb(α(t)) + ε1)n(t, α(t), xj)dt

)
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+
∑

xl∈〈xj〉

(
Y

(
ε−1

1 ε2

∫ τ

0

n(t, α(t), xl)dt

)
− Y

(
ε−1

1 ε2

∫ τ

0

n(t, α(t), xj)dt

))
, (5.3.23)

n(τ, α = 0, xj) = 2Y

(
ε−1

1

∫ ∞
0

τcb(α)n(τ, α, xj)dα

)
Under the same assumptions regarding time scales, i.e. ε1 � 1, ε2 � 1, and ε2 �

ε1, we now show that the stochastic system exhibits exactly the same three regimes
as its mean-field counterpart, namely, early evolution, where the oxygen distribution
evolves under a constant-in-time population until it reaches a quasi-equilibrium state,
an intermediate stage where the local age-distribution evolves (with no cell diffusion)
until it reaches a quasi-steady state equilibrium, and a third regime, associated with the
long-time behaviour, where both cell diffusion and population birth-and-death occur
with the latter determined the quasi-steady state age-distribution.

Early evolution

Consider the re-scaling: T = ε−1
1 τ and A = ε−1

1 α. Under this change of variables,
both the right and left hand sides of Eq. (5.3.22) are now O(1). The stochastic
evolution of the population become:

n(T,A, xj) = n(T = 0, A− T, xj)− Y
(
ε1

∫ T

0

(ν−1b(A(t)) + 1)n(T,A(t), xj)dt

)
+
∑

xl∈〈xj〉

(
Y

(
ε2

∫ T

0

n(t, A(t), xl)dt

)
− Y

(
ε2

∫ T

0

n(t, A(t), xj)dt

))
, (5.3.24)

n(T,A = 0, xj) = 2Y

(
ε−1

1

∫ ∞
0

ν−1b(A)n(T,A, xj)dA

)
Taking into account that, upon re-scaling the waiting times associated to both diffusion
and birth and death are very large, one can assume that n(T,A, xj) = n(T = 0, A −
T, xj) + O(ε1). So that at the lowest order, i.e. O(ε01), n(T,A, xj) remains constant,
n(T,A, xj) ' n(T = 0, A− T, xj) [17, 121], so that:

∂c

∂T
=
∂2c

∂x2
− κc

∑
xl∈L

N(x)δ(x− xl) + S(T, x)− κ2c,

N(x) = ν−1ε1

∫ ∞
0

n(T = 0, A−T, x)dA

(5.3.25)

Intermediate regime

Since ε2 � 1, to the lowest order, Eqs. (5.3.22) and (5.3.23) can be approximated
by [17, 121]:
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0 =
∂2c

∂x2
− κc

∑
xl∈〈xj〉

N(τ, x)δ(x− xl) + S(τ, x)− κ2c,

N(τ, xj) = ν−1

∫ ∞
0

n(τ, α, xj)dα,

(5.3.26)

n(τ, α, xj) = n(τ = 0, α− τ, xj)− Y
(∫ τ

0

(ν−1b(α(t)) + 1)n(t, α(t), xj)dt

)
(5.3.27)

n(τ, α = 0, xj) = 2Y

(
ν−1

∫ ∞
0

b(α)n(τ, α, xj)dα

)
Eqs. (5.3.26) and (5.3.27) imply that, during this intermediate dynamics, cell do

not diffuse and the population dynamics is purely local against the background of
a quasi-steady state distribution of oxygen. This evolution during this stage of the
dynamics drives the local age-distribution towards local equilibrium.

Long-time behaviour

We finish our analysis by, once again, considering the following re-scaling of the
time and age variables: σ = ε2

ε1
τ and γ = ε2

ε1
α. Under this change of variables and

recalling that ε1
ε2
� 1, Eqs. (5.3.22) and (5.3.23) transform into:

0 =
∂2c

∂x2
− κc

∑
xl∈〈xj〉

N(σ, xj)δ(x− xl) + S(σ, x)− κ2c,

N(σ, xj) = ν−1 ε1
ε2

∫ ∞
0

n(σ, γ, xj)dγ

(5.3.28)

n(σ, γ, xj) = n(σ = 0, γ − σ, xj)− Y
(
ε1
ε2

∫ σ

0

(ν−1b(γ(t)) + 1)n(t, γ(t), xj)dt

)
+

+
∑

xl∈〈xj〉

(
Y

(∫ σ

0

n(t, γ(t), xl)dt

)
− Y

(∫ σ

0

n(t, γ(t), xj)dt

))
, (5.3.29)

n(σ, γ = 0, xj) = 2Y

(
ε1
ε2

∫ ∞
0

ν−1b(γ)n(σ, γ, xj)dγ

)
where we have neglected terms of O(ε2).

Eqs. (5.3.28) and (5.3.29) are the basis for the formulation of our coarse-grained
model. Eq. (5.3.29) imply that the rate at which the events associated with the local
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birth-and-death dynamics fire up at a rate which is of order O( ε1
ε2

)� 1, whereas diffu-
sion occurs at a rate of order O(1). This property implies that, between diffusion events
and as long as such separation of time scales is large enough, the local age-distribution
evolves through the birth-and-death dynamics, unperturbed by the diffusion part of
the process, until it settles down on to quasi-equilibrium [36, 37].

Stochastic coarse-grained model

On the basis of the argument we have put forward in Section 5.3.2, we propose a
coarse-grained model of the stochastic evolution Eqs. (5.3.22)-(5.3.23). This coarse-
graining strategy consists of integrating out the age structure taking and formulating
the stochastic birth-and-death dynamics in terms of the total local population only.
This is done by using the fact that age-distribution is in quasi-equilibrium, and therefore
is no longer valid in the early evolution of the system. In order to proceed with
this programme, we first consider the number of new cells at time σ and position xj,
n(σ, γ = 0, xj). According to Eqs. (5.2.4) and (5.3.29), we can write:

n(σ, γ = 0, xj) = 2Y

(
ε1
ε2

(ντp)
−1

∫ ∞
γG1/S

n(σ, γ, xj)dγ

)
= 2Y

(
ε1
ε2
BN(σ, xj)

)
,

(5.3.30)
where the coarse-grained birth rate is given by:

B = (ντp)
−1

∫∞
γG1/S

n(σ, γ, xj)dγ∫∞
0
n(σ, γ, xj)dγ

. (5.3.31)

In a general setting, the quantity B should be considered as a function of time. How-
ever, under the conditions discussed in Section 5.3.2, where the age-distribution is in
quasi-equilibrium, B is time independent. This is a simple consequence of the fact that
at equilibrium, the ratio between the population younger than γG1/S and the popula-
tion older than γG1/S is, on average, time independent [105].

Using the quasi-equilibrium condition, the (constant) fraction of the population
younger than γG1/S and the population older than γG1/S can be estimated with regard
to the probability of survival to age γ, PS(γ), which is given by:

PS(γ, λn) ∝ e
−λnγ− ε1ε2 (γ+(τpν)−1(γ−γG1/S)H(γ−γG1/S)) (5.3.32)

where λn is the mean-field growth rate, given by the characteristic equation (Eq.
(5.3.15)), and H(γ) is Heaviside’s step function [105]. At equilibrium, PS(γ, xj) pro-
vides the proportion of the total population at compartment xj of age γ. Therefore
the ratio in Eq. (5.3.31) can be calculated from Eq. (5.3.32), so that:
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B = (ντp)
−1

(
λn + ε1

ε2

)
e
− ε1
ε2
γG1/S

λn + ε1
ε2

+ (τpν)−1 ε1
ε2

(
1− e−

ε1
ε2
γG1/S

) . (5.3.33)

Eq. (5.3.33) allows us to write a coarse-grained stochastic evolution which is given
by:

0 =
∂2c

∂x2
− κc

∑
xl∈〈xj〉

N(σ, xj)δ(x− xl) + S(σ, x)− κ2c,

N(σ, xj) = ν−1 ε1
ε2

∫ ∞
0

n(σ, γ, xj)dγ,

(5.3.34)

Ncg(σ, xj) = Ncg(σ = 0, xj) + Y

(
ε1
ε2
B

∫ σ

0

Ncg(t, xj)dt

)
− Y

(
ε1
ε2

∫ σ

0

Ncg(t, xj)dt

)
+

+
∑

xl∈〈xj〉

(
Y

(∫ σ

0

Ncg(t, xl)dt

)
− Y

(∫ σ

0

Ncg(t, xj)dt

))
, (5.3.35)

with B given by Eq. (5.3.33) taking into account that γG1/S = γG1/S(c), i.e. it is a
function of c given by Eq. (4.3.57).

5.4 Hybrid method for stochastic multi-scale mod-

els of tumour growth

We now proceed to describe the hybrid algorithm for stochastic multi-scale models
For simplicity, we focus our discussion to the case of a single interface in one dimension.
The formulation of our hybrid methodology follows closely that of [206]. We consider
an interface between the mean-field and stochastic domains based on the number of
total number cells: the interface, I, is located in the last compartment such that its
total population is larger than a threshold, Θ:

N(t, xI) =

∫ ∞
0

n(t, a, xI)da > Θ. (5.4.1)

Since the description of the dynamics at the interface compartment is mixed, i.e. partly
stochastic and partly mean-field, we impose that Θ be large enough compared to sys-
tem size, so that both descriptions accurately account for the dynamics of the sys-
tem. In order to increase the computational efficiency of our hybrid algorithm, we use
the coarse-grained mean-field description coupled to the full age-structured stochastic
model. We therefore need to provide specific rules for how age is introduced when cells
are moved from the mean-field portion of the domain to the stochastic one.
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Hybrid algorithm

We first provide a general overview of the algorithm. The parts that need more
detailed discussion are dealt with later on.

1. Set Θ.

2. Set initial condition. We chose as an initial condition:

N(t, xi) = KH(xI − xi), c(t, xi) = c∞ = cnt.

where K is the carrying capacity and c∞ is the associated equilibrium oxygen con-
centration. The age-distribution of the interface compartment, whose population
dynamics is described by means of the stochastic model, is set to the equilibrium
distribution Eq. (5.3.32). This choice is motivated by the fact that at the inter-
face compartment both descriptions, i.e. the coarse-grained mean-field and the
age-dependent stochastic process must hold.

3. Set time step as the waiting time to next stochastic event using the age-dependent
Gillespie method (chapter 4).

4. Update the population within the stochastic domain according to the age-dependent
Gillespie method (chapter 4).

5. Solve the PDEs for the coarse-grained mean-field population (over the mean-field
domain) and the oxygen concentration (over the whole domain) in the interval
[t, t + τ). The PDE for the oxygen is solved in the whole domain, mean-field
plus stochastic parts, coupled to the coarse-grained population PDE and the
stochastic population model, respectively.

6. Renormalise the number of cells in the interface compartment so that it is an
integer.

7. Recalculate the position of the interface compartment.

8. Iterate 3-7 until some stopping condition is satisfied.

5.4.1 Coupling the mean-field and the stochastic models at
the interface: fluxes, reactions and age-structure at the
interface

This section provides details of how the mean-field and stochastic domains are cou-
pled. Our procedure follows closely that presented in [206]. We currently provide the
specific changes introduced to deal with age structure within the interface and beyond.
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Recall that the interface compartment is considered as belonging to both the mean-
field and the stochastic domains, so that the density of cells (associated with the mean-

field description) is given by ncg(t, xI) = N(t,xI)
h

. Within the interface compartment,
the population has age-structure and the birth-and-death dynamics is determined by
the stochastic dynamics. The diffusive fluxes affecting it are considered exactly as in
[206]: diffusion between the interface compartment and its stochastic neighbour are
modelled using the usual diffusion transition rates:

WnxI−1,nxI+1+1|nxI ,nxI+1 =
D

h2
n(a, t, xI),

WnxI+1,nxI+1−1|nxI ,nxI+1 =
D

h2
n(a, t, xI + 1),

(5.4.2)

where, for simplicity, we have used the notation nxI = n(a, t, xI). The diffusive fluxes
to and from the last mean-field compartment need to be slightly modified with respect
to the ones proposed in [206] in order to accommodate the age-structure of the interface
population. The flux, JI,I−1, from the interface compartment, xI , into the last mean-
field compartment, xI−1, simply involves integrating out the age and using ncg(t, xI) =
N(t,xI)

h
:

JI,I−1 =
Ds

h2
(ncg(t, xI)− ncg(t, xI−1)) (5.4.3)

The flux from compartments xI−1 into xI modelled deterministically with ncg(t, xI):

ncg(t+ τ, xI) = ncg(t, xI) + τ
Ds

h2
(ncg(t, xI)− ncg(t, xI−1)) . (5.4.4)

We now need address two issues: cells entering the interface compartment must
be assigned an age and the number of cells must be an integer. In order to deal with
these, we first renormalise the number of cells using the same procedure as in [206].
This procedure involves the consideration of the fractional part of the population prob-
abilistically: we consider it as one minus the probability of regularising the interface
population by removing its fractional part. In this case the excess of mass is moved to
and distributed over the mean-field domain. Otherwise, the necessary amount of mass
is evenly taken from the mean-field part and a whole cell is added to the interface.
Upon renormalisation, we need to assign an age to the the cell being removed or added
to the interface. In the case of removal, this age is sampled from the age-structure
distribution at the interface and one cell is removed from that age group. In the case
of addition, the age of the added cell is sampled from the age-structure equilibrium
distribution given by (5.3.32) and one cell is added to that age group.

5.4.2 Moving the interface

After completing the previous set of operations we must assess if the current inter-
face position, held fixed through steps 3 -6 of the hybrid algorithm, is consistent with
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the updated state of the system. If this is not the case then we shall relocate the inter-
face according to the updated state of the system before we resume with step 3. Let us
specify how to do this. First we check if the interface condition (5.4.1) continues to be
satisfied at the interface compartment. If this is not the case (population at the current
interface location dropped below Θ), we displace the interface one compartment to the
left and check if the interface condition is met with this new choice of interface. If
this happens to be true we stick with this new choice. If not we repeat this procedure
until a compartment satisfying the interface condition is met, and then we displace
the interface there. Incidentally we may find that we reach the left end of our spatial
domain without fulfilling the previous criterion. In that case the whole spatial domain
shall be described using the stochastic model on the next time step. However, this did
not happen in any of our simulations -note that we are describing an invasion process.

Assume now that the interface condition (5.4.1) continues to be satisfied at the
current interface compartment. What we do in this case is to check if the next com-
partment to the right does also satisfy this condition. In such a case we must shift
the interface location one slot to the right and repeat this check (thus enlarging the
mean field domain), until we make sure that we have relocated the interface so that its
rightmost neighbour does not satisfy the interface condition.

The previous set of rules tells us how to position the interface after the state of
the system is updated. If the interface experiences a net displacement then the mean
field and stochastic regions are redefined. To be consistent with that we have to switch
carefully between both descriptions at those voxels that changed from one domain to
the other. If the interface moves to the right then we assign values to N(t, x) at those
locations in which it was not previously defined simply by integrating out the age
variable. The procedure is subtler if the interface moves left, as we have to provide
an age structure to those compartments entering the stochastic region from scratch.
In the simple case of the interface moving a single voxel to the left, we proceed as
follows: (i) we convert population identity to cell number at new interface’s site -this
will probably yield a non-integer cell number, (ii) we round the previous cell number
into an integer value using the same mass transfer rules given in the previous paragraph,
(iii) we assign an age structure to the resulting population by sampling the equilibrium
age distribution (5.3.32) as many times as cells sit in the new interface compartment.
Larger displacements are handled recursively by iterating unit displacements as we
have just explained.
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Figure 5.4: Plot showing the time evolution of the average front position for the three
models: the coarse-grained mean-field model (green line), hybrid model (blue line),
and stochastic model (red line). Results shown for the hybrid and stochastic models
correspond to an average over 100 and 40 realisations respectively. Θ = 2000. For
other parameter values see Section 5.5. Position calculation: average of the positions
x where the population is greater than 0 y smaller than K- 100
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5.5 Assessing the accuracy of the coarse-grained

and hybrid descriptions: travelling wave solu-

tions

We now proceed to assess the accuracy of the coarse-grained mean-field and hy-
brid approximations by comparing them to the full stochastic simulations, which we
take as our benchmark. We focus our analysis on the case where the system exhibit
travelling wave behaviour. This regime has been used as a prototype to test a number
of hybrid approaches in reaction-diffusion systems [206, 214]. Furthermore, travelling
waves are a setting of particular interest regarding tumour modelling, as it has been
used to describe of growth and invasion in several cancer models [69, 210]. In order to
carry out a quantitative comparison between the predictions of the three models, we
consider two quantities: the average position of the front of the travelling wave as a
function of time, X(τ), and the average speed of the travelling wave.

We start our discussion by comparing the (average) position of the wave front as a
function of time. Fig. 5.4 shows that, for all three models, the system exhibits travel-
ling wave behaviour as the position of the wave front is a linear function of time, i.e.
their speeds are constants. However, we appreciate that, whereas agreement between
the results of the stochastic and hybrid models is rather good, an important departure
exists between the results of the coarse-grained mean-field model and the stochastic
and hybrid models.

This discrepancy is analysed in more a quantitative way in the results shown in
Fig. 5.5, where we compare the travelling wave velocity measured in the coarse-grained
mean-field simulation, vcg, the stochastic model simulations, v, and the hybrid method
simulations, vh. We observe that whereas relative difference between v and vh is typi-
cally of the order of a 5%, the relative difference between vh and vcg is of the order of
a 30%. Before addressing this difference, we have checked the robustness of the wave
speed vh with respect to variations in Θ. Our results, see Figure 5.6, show that, as long
as Θ is of the order of magnitude of the carrying capacity, K, vh is rather insensitive
to changes in Θ.

The rather substantial difference observed in the wave speeds and how the hybrid
model rectifies this variation need to be explained, since fluctuations in the N(t, xj) do
not seem to play a sufficiently significant role .In order to address these issues, we need
to look beyond purely demographic noise, i.e. fluctuations of N(t, xj), and look into
fluctuations associated with the age distribution of the population, or, in other words,
fluctuations associated with the intracellular, cell-division dynamics. Recall that our
coarse-grained approach is predicated upon the hypothesis that the age distribution of
the system be in equilibrium (See Sections 5.3.1 and 5.3.2), given by Eq. (5.3.32). Un-
der this hypothesis the growth rate of the population is given by Eq. (5.3.19), and the
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Figure 5.5: Results shown for the hybrid and stochastic models correspond to an
average over 100 and 40 realisations respectively. Θ = 2000. For other parameter values
see Section 5.5. Velocity calculation: from Fig 5.4 data, subtracting two positions and
diving by the elapsed time between both.
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Figure 5.6: Comparison of the velocity average of 100 realisations of hybrid simulation
with different threshold Θ = 1000, 1500, 2000, 2500, 3000 and 3500. Error bars
correspond to standard error of the mean.

birth rate, whose general expression is Eq. (5.3.31), is given by Eq. (5.3.33). Departure
of the empirically measured birth rate (i.e. using Eq. (5.3.31)) from its equilibrium
value is a signature of non-equilibrium fluctuations of the age structure and, therefore,
of the intracellular cell-division dynamics. It also heralds failure of the coarse-grained
approximation to accurately describe the dynamics of the system.

To assess the accuracy of the assumption that the age structure of the population
is in equilibrium, we have ran simulations of the full stochastic model and compare the
empirical birth rate, Eq. (5.3.31), with equilibrium birth rate, Eq. (5.3.33). Results are
shown in Fig. 5.7 where we plot the time evolution of probability distribution function
(PDF) of the empirical birth rate, as obtained from simulation of the full stochastic
multi-scale model. We can see that behind the wave the front (Fig. 5.7(a), (b) and (c))
where cell numbers approach the carrying capacity of the system, the empirical birth
rate is reasonably approximated by the equilibrium birth rate. However, closer to and,
crucially, ahead of the front, the empirical birth rate exhibits huge fluctuations both
above and below the equilibrium birth rate. The latter implies that the age-structure
of the population within the compartments located at the edge of wave is strongly
off-equilibrium (Fig. 5.7(d), (e) and (f)) his observation explains the reason for the
disparity of the wave velocities the coarse-grained mean-field and the stochastic mod-
els: the speed of propagation of a travelling wave is critically affected by the behaviour
of the region close to the absorbing boundary, just at the edge of wave front. In the
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case of our stochastic front, the equilibrium birth rate completely fails to describe the
population dynamics in that region, and therefore the speed of the front is determined
by stochastic effects associated to non-equilibrium fluctuations of the age distribution.
By contrast, when the hybrid model is considered, the coarse-grained mean-field model
deals only with the part of the system that is (approximately) in equilibrium. The part
of the system whose age distribution is off-equilibrium, i.e. the population at the edge
of the wave, is modelled by the full stochastic age-structured model, which provides the
actual value of the birth rate. This fact also explains why the hybrid model provides
a much more accurate description of the behaviour of the system.

Parameter values

The parameter values associated to the population dynamics are taken from chap-
ter 4: ν = 0.0000416667 min−1 and τp = 480 min. Estimates for the oxygen diffusion
coefficient and the cell diffusion coefficient are Dc = 10−3 mm2/sec and Dn = 10−7

mm2/sec, respectively [176, 194]. The rates of oxygen supply and oxygen consumption
are taken to be S = 1.57 · 10−2 µM/sec and k = 1.57 · 10−4 sec−1 (chapter 4). Further-
more, unless otherwise stated, the oxygen decay rate, k2 is taken so that S

κ2
= O(1).

Finally, the carrying capacity, K, is given by:

K =
S
κc∞

(5.5.1)

where c∞ is given by the (unique) solution of:

αG1/S(c∞, p6/p3) = − log

(
τpν + 1

2

)
(5.5.2)

with αG1/S(c∞, p6/p3) is given by Eq. (4.3.57), where we take p6/p3 = 1.
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Figure 5.7: Plots showing the time evolution of probability distribution function of the
birth rate as obtained from simulation of the full stochastic multi-scale model. We
show three snapshots (time increasing from top to down) for the region at the behind
the interface (left column) and ahead of the interface (right column). These results
show that behind the interface the distribution of the empirical birth rate, calculated
using Eq. (5.3.31), is centered around the equilibrium birth rate, Eq. (5.3.33), vertical
red line. By contrast, ahead of the interface the birth rate distribution is much broader.
Therefore, whereas behind the interface the equilibrium birth rate is a good approx-
imation, this is not the case ahead of the interface. Θ = 2000. For other parameter
values see Section 5.5.
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Chapter 6

Conclusions & Discussion

6.1 Intracellular level

6.1.1 Intracellular noise and the SCQSSA

By means of the semi-classical quasi-steady state approximation, Section 2.2, we
have analysed stochastic effects affecting the onset of bi-stability in cell regulatory
systems. Our theory shows that there exists a conserved momentum coordinate asso-
ciated to each conserved chemical species. In the case of the enzyme-catalysed bistable
system, Section 2.3, there are three such conserved momenta, associated to each of the
conserved chemical species, i.e. Cdh1 and its activating and inhibiting enzymes.

According to the SCQSSA analysis of [4], the maximum rate achieved by an en-
zymatic reaction, Vmax, predicted by the mean-field theory [123] is renormalised by a
factor which equals the value of the (constant) momentum coordinate pi associated to

the conserved enzyme: V
(SC)
max = pejpiVmax where V

(SC)
max is the maximum rate predicted

by the SCQSSA. As a consequence of this parameter renormalisation, we have shown
that variation in the value of the conserved momenta can trigger bifurcations leading to
the onset of bistable behaviour beyond the predictions of the mean-field limit, i.e. for
values of parameters where the mean-field limit predicts the system to be mono-stable,
the SCQSSA predicts bi-stability, and vice versa (see Figs. 2.2).

Furthermore, we have established that the value of the constant momenta is actually
determined by the probability distribution of the associated conserved chemical species,
and, ultimately, by the number of molecules of these species (see Eqs. (2.3.22)). There-
fore, our theory establishes that the numbers of molecules of the conserved species are
order parameters whose variation should trigger (or cancel) bistable behaviour in the
associated systems. This prediction is fully confirmed by direct numerical simulation
using the stochastic simulation algorithm (see Figs. 2.3, 2.4). Quantitative comparison
between the predictions of our asymptotic analysis and the simulation results (see Fig.
2.5) shows that our theoretical approach slightly underestimates the critical value for
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the bistable enzyme-regulated system.

Our results allow us to propose a means of controlling cell function. For example,
regarding the enzyme-catalysed bistable model analysed in Section 2.3, varying the
number of molecules of the three conserved chemical species (Cdh1 and the associated
activating and inhibiting enzymes) enables us to lock the system into either of the G1

or the S-G2-M stable fixed points or to drive the system into its bistable regime where
random fluctuations will trigger switching between these two states. This could be
accomplished by ectopically increasing the synthesis of the corresponding molecule or
by targeting the enzymes with enzyme-targeted drugs [188, 202].

This result allows us to explore strategies, for example, in the field of combination
therapies in cancer treatment. Cellular quiescence is a major factor in resistance to
unspecific therapies, such as chemo- and radio-therapy, which target proliferating cells.
Bi-stability is central to control cell-cycle progression and to regulate the exit from
quiescence, with enzyme catalysis (usually accounted for by (mean-field) Michaelis-
Menten, quasi-steady state dynamics) being ubiquitously involved [18, 140, 234, 233].
Our findings will allow us to formulate combination strategies in which chemo- or radio-
therapy are combined with a strategy aimed at driving cancer cells into proliferation or
quiescence depending on the phase of the treatment cycle. Evaluation of the viability
and efficiency of such combination requires the formulation of multi-scale models [6, 89].

Our approach differs from previous work, such as Dykman et al.[53] in a significant
aspect, namely, whilst their aim is to estimate the rate of noise-induced transition
between metastable states in systems exhibiting multi-stability, the purpose of our
analysis is to ascertain whether noise can alter the multi-stability status of the system.
Dykman et al.[53] do not address such issue.

Eqs. (2.3.14)-(2.3.17) are derived from a semi-classical approximation of the Mas-
ter Equation (or its equivalent description in terms or the generating function PDE).
This approximation yields a set Hamilton equations (Eqs. (8)-(9)) whose solutions are
the optimal fluctuation paths and, as such, they describe fluctuation-induced phenom-
ena which cannot be accounted for by the mean-field approximation. One of the best
known examples of this is exit problems from meta-stable states in noisy systems (e.g.
extinctions), where the semi-classical approximation provides the optimal escape path
from which information such as mean-first passage time or waiting time for extinction
can be obtained (see, for example, references [14, 56, 126]). Furthermore, Eqs. (2.3.14)-
(2.3.17) are derived from the general Hamilton equations, Eqs. (8)-(9), by means of
an approximation based on separation of time scales, not on any mean-field assumption.

A closely related subject to that analysed in this chapter is that of noise-induced
bifurcations [67]. Such phenomenon has been studied in biological systems where the
mean-field limit does not predict bistability, such as the so-called enzymatic futile
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cycles [193] where noise associated to the number of enzymes induce bistability. In
the absence of this source of noise, the system does not exhibit bistable behaviour.
We have not dealt with such noise-induced phenomena in the present chapter, in the
sense that the system analysed in this paper is such that their mean-field limit exhibits
bistability. We leave the interesting issue of whether our SCQSSA framework can be
used to analyse noise-induced bifurcation phenomena for future research.

6.1.2 Escape from oscillatory steady states

We have shown that, within the rare event theory framework, escape problems
from a stable limit cycle can be accurately characterised. The success of the method,
in comparison with alternatives, relies on the fact that the Freidlin-Wentzell action is
not a local property of the dynamical landscape but of the whole escape trajectory.

For sufficiently large system sizes, we have shown that MAP theory accurately
predicts escape trajectories and the escape time distribution. The method has also
revealed properties of the escape trajectory, such as the tangent exit of the MAP from
the stable limit cycle and tangent entry into the basin of attraction of the stable fixed
point, as well as the dependence of the entry and exit points on the parameters of the
system.

MAP predictions, whilst better than previously used methods, were less successful
in determining the exit angle from the stable limit cycle. A deeper analysis of the
exit angle could be carried out through a relaxation of the Laplace condition, i.e. the
reduction to an integral along a single optimal path, by further exploring the distribu-
tion of suboptimal paths. Additionally, in the absence of a unique point ( the saddle)
separating the basins of attraction, novel research into the calculation of the prefactor
[25] should be extended.

Eventually, the details of the dynamical landscape will be determined by concrete
biological systems. For this reason, future work plans include the application of action
minimization to stochastic excitable transitions in type II neurons, where rare event
theory will prove its predictive power.

6.2 Stochastic multi-scale modelling of cellular pop-

ulations

6.2.1 Population level: heterogeneous systems

In this chapter, we have presented and studied a stochastic multi-scale model of
a heterogeneous, resource-limited cell population. This model accounts for a stochas-
tic intracellular dynamics (in this particular case, a model of the oxygen-regulated
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G1/S transition) and an age-structured birth-and-death process for the cell population
dynamics. Both compartments are coupled by (i) a model for the time variation of
resource (oxygen) abundance which regulates the rate of cell-cycle progression, and (ii)
a model of the age-dependent birth rate which carries out the coupling between the
intracellular and the cellular compartments (see Fig. 4.1 for a schematic representation
of the model and Section 4.2 for a summary of the model formulation).

Our analysis of the stochastic dynamics of the oxygen-regulated G1/S transition,
which is a generalisation of the mean-field model presented in [18], has revealed a
number of previously unreported properties related to the presence of fluctuations. In
particular, the optimal path theory and the quasi-steady state approximation allows
us to explore the effect of the SCF-regulating enzymes on the timing of the G1/S tran-
sition. The relative abundance of SCF-activating and inhibiting enzymes regulates the
rate at which cells reach the G1/S transition: excess of SCF-activating enzyme can
delay the transition and even rendering the cell quiescent regardless of oxygen concen-
tration beyond the predictions of the mean-field model (see Sections 4.3.5 & 4.3.5).
Furthermore, we have shown that the effects on timing of the G1/S transition of the
relative abundance of SCF-activating enzyme give rise to a scaling form dependence of
the age to the transition, aG1/S, whereby this quantity is a function of aG1/S(c, p6/p3)
which takes the form of Eq. (4.3.57) (see Section 4.3.6). Taken together, these results
imply that stochasticity in the intracellular dynamics naturally generates variability
within the population: an otherwise homogeneous population presents a distribution of
birth rates induced by variability in the relative abundance of SCF-activating enzyme
within the population of cells.

This variation in the duration of the cell-cycle allows us to analyse the dynam-
ics of a stochastic heterogeneous population under resource limitation conditions. To
this end, we consider populations formed by sub-populations of cells characterised
by differing relative abundance of SCF-activating and inhibiting enzymes. We fur-
ther assume that this heterogeneity is heritable (i.e. daughter cells inherited the ra-
tio of SCF-regulating enzymes from their mother). In this scenario, we have shown
sub-populations within heterogeneous population engage in quasi-neutral competition:
sub-populations of cells get extinct in an average time which is of the order of the
carrying capacity of the system (see Section 4.5.2). In the context of modelling cancer
cells populations, where heterogeneity is a main contributor to the complex dynamics
of cancer [10, 11, 80, 87, 155], this result is of relevance since it allows us to estimate the
rate at which sub-populations or clones disappear from the tumour. The fact that this
rate is proportional to the inverse of the carrying capacity reveals a highly dynamical
scenario where clones are quickly decaying and being replaced within the tumour. This
can have a profound impact in a variety of evolutionary phenomena such as emergence
of drug resistant phenotypes. From the modelling perspective, we should note that
quasi-neutral competition is a purely stochastic scenario: the mean-field limit predicts
coexistence between the corresponding cell types.
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We have further explored the issue of emergence of drug resistant cell types by
analysing a case study in which a quiescent population can be rescued from latency
by the application of a cell-cycle dependent therapy. Examples of such therapies are
radiotherapy or cytotoxic drugs designed to target cells in specific stages of cell cycle
progression [179]. In the particular example analysed in Section 4.6, we have shown
that in mixed population composed by active (proliferating) and quiescent cells, if the
drug is not efficient enough (characterised in terms of its associated survival fraction,
FS), quiescent cells are rescued from latency and eventually reach fixation within the
population, i.e. the activated quiescent cells out-compete the original active cells until
the latter population becomes extinct [7]. It is noteworthy the fact that in this process
of quiescence rescue the original cancer population is replaced by a much more resistant
population as the activated quiescent cells are less sensitive to the therapy than the
original active cells.

Our results show that the methods and models presented in this paper are of great
potential importance for the analysis of the complex dynamics of heterogeneous popu-
lations under resource limitation, in particular for the study of emergence of drug resis-
tance in heterogeneous cancer cell populations. Several important issues have been left
out of the present work. A major contributor to heterogeneity within a cancer cell pop-
ulation is spatial heterogeneity [10, 80] which is closely related to micro-environmental
heterogeneity. A further issue which should be analysed in depth concerns the scaling
properties of the age to the G1/S transition (see Section 4.3.6), in particular whether
this is a general property of the cell-cycle dynamics or rather a specific attribute of the
stochastic model presented here. A thorough analysis of these issues falls beyond the
scope of the present paper and are left for future research.

6.3 Population level: spatially heterogenous sys-

tems

The development of hybrid methodologies is a current field of current interest in
both multi-scale modelling and stochastic reaction-diffusion systems, particularly re-
garding their applications to model biological systems. In this paper, we have pro-
posed a hybrid methodology for a stochastic multi-scale model of tumour growth, i.e.
a population-dynamical model which accounts for the effects of intrinsic noise affecting
both the number of cells and the intracellular dynamics, associated in our model to
cell proliferation (cell cycle). In order to formulate this method, we have developed
an asymptotic theory which, taking into account the hierarchy of characteristic time
scales and their separation, allows us to formulate a coarse-grained approximation for
both the full stochastic model and its mean-field limit. This coarse-grained approx-
imation involves averaging out the age-structure (which accounts for the multi-scale
nature of the model) by assuming that the age distribution of the population settles
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onto equilibrium very fast compared with the time scales associated with cell motility.

Our hybrid model consists of coupling the coarse-grained mean-field model to the
full stochastic simulation. By doing so, we are neglecting noise in both cell numbers
(population) and their birth rates (structure). This means that, in addition to the
issues that arise in stochastic-reaction diffusion systems, we need to account for the
age-structure of the population when attempting to couple both descriptions. In this
case, we exploit the nature of our coarse-graining strategy, namely, the fact that in
the mean-field region the age-distribution is in equilibrium, of which we know its ex-
plicit form. This very much simplifies the coupling between both regimes, as upon
transference of cells from the mean-field to the stochastic regime we just to sample the
equilibrium age distribution.

In order to check the accuracy of both the coarse-grained and the hybrid approxi-
mations, we have chosen to study a particular situation of interest in many biological
problems, including tumour growth: the propagation of travelling waves. By taking as
a benchmark the solution of the full stochastic model by means of the age-structured
Gillespie algorithm previously formulated in chapter 4, we have been able to test both
approaches for their accuracy in reproducing the behaviour of the moving front in
terms of its position and velocity. The first observation we make is that the travelling
wave velocity predicted by the mean-field coarse-grained model (where fluctuations in
both population and birth rate are averaged out and thus not considered) is way off the
benchmark. In fact, inaccuracies are larger than those expected from fluctuations in cell
numbers alone. In view of this, we have investigated whether spatially-heterogeneous
fluctuations of the birth rate are responsible for these discrepancies. Indeed, we have
found that whereas such fluctuations have a modest effect behind the interface (i.e. in
the mean-field region), noise associated to the birth rate is much larger ahead of the
interface (i.e. in the stochastic region). The hybrid method, by incorporating the ap-
propriate model of the birth rate in the different regions, leads to a much more faithful
description of the dynamics of the full system than the coarse-grained limit alone.

We have thus formulated a method that extends the remit of existing hybrid meth-
ods for stochastic reaction-diffusion systems. A number of possible lines of improvement
are shared with hybrid methods for reaction-diffusion systems: consistent ways to set
the position of the interface (e.g. based on quantification of the local fluctuations), use
of a convergent version of the Master Equation rather the regular reaction-diffusion
Master Equation, whose mean-field limit only converges to the associated reaction dif-
fusion PDE in 1D [113], and extension to finite-element or unstructured meshes [57],
among others. Other extensions of the current method are specific to the presence of
structure variables, which reflect the multi-scale nature of the system. In particular,
we need to explore the inclusion of more general structure variables (size, physiological,
etc.) [44, 177, 178], for which the coarse-graining is likely to be more challenging. All
these issues will be the subject matter of future research.
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Our method has the additional merit of allowing us to explore the effects of intra-
cellular noise, i.e. fluctuations in the birth rate associated with an out-of-equilibrium
age distribution, on collective properties such as the speed of the travelling wave. We
have showed that the interplay between population and structure noise results in large
fluctuations of the birth rate in the region at the leading edge of front, which cannot
be accounted for by the coarse-grained model. Such fluctuations have non-trivial ef-
fects of the speed of the wave. This leads us to conclude that the consideration of
birth-rate fluctuations is necessary for a quantitatively accurate description of invasive
phenomena such as tumour progression.
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Appendix A

Minimun Action Path: numeric
algorithm

To calculate numerically the minimum of (3.4.2), we discretise the continuous path
ϕτ in N straight segments (equally spaced over time, ∆t = τ/N , where τ is the total
path time). Let {φ0, φ1, ..., φN} the positions of the borders of that segments. The
expresion of (3.4.2), after this approximation, results:

S(ϕτ ) =
1

2

N∑
i=1

2∑
j=1

(ϕ̇ji − f
j
i )2

Dj
i

, (A.0.1)

where f ji and Dj
i are the j-component of the deterministic field (3.4.3) and the diagonal

diffusion tensor (3.4.4), respectively, evaluated in the centre of i-th segment (φi−1 +
φi)/2, and ϕ̇ = (φi − φi−1)/∆t the velocity. If the total time (τ), the initial position
(φ0) and final position (φN) are fixed, (A.0.1) can be minimised by means of quasi-
Newtonian method, using the analytic expression for the derivative of the action on
the j-th direction in each φn:

∂S
∂φjn

=
ϕ̇jn − f jn
Dj
n

−
ϕ̇jn+1 − f

j
n+1

Dj
n+1

− ∆t

2

2∑
k=1

[
ϕ̇kn+1 − fkn+1

Dk
n+1

f
′k
j,n+1+

+
ϕ̇kn − fkn
Dk
n

f
′k
j,n +

(D′)kj,n+1

2(D2)kj,n+1

(ϕ̇kn+1 − fkn+1)2 +
(D′)kj,n

2(D2)kj,n
(ϕ̇kn − fkn)2

]
(A.0.2)

where f
′k
n,j and D

′k
n,j are the derivative in the j direction of the k-th component of the

deterministic field (3.4.3) and the diffusion tensor (3.4.4), respectively, of the n-th seg-
ment. The misimisation of (3.4.3) (2x(N-2) freedom degrees) is solved using L-BFGS
algorithm [61, 65], obtain a minimum of the action Sτ for a certain τ . For obtaining
the minimal action, we use a custom made line search method over Sτ .
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Appendix B

Publications

B.1 Published Papers

Roberto de la Cruz, Pilar Guerrero, Fabian Spill, Tomás Alarcón, Stochastic
multi-scale models of competition within heterogeneous cellular populations: Sim-
ulation methods and mean-field analysis, Journal of Theoretical Biology 407,
161-183 (2016).

Roberto de la Cruz, Pilar Guerrero, Fabian Spill, Tomás Alarcón, The effects of
intrinsic noise on the behaviour of bistable cell regulatory systems under quasi-
steady state conditions, The Journal of Chemical Physics 143, 074105 (2015).

B.2 Submitted Papers

Roberto de la Cruz, Rubén Pérez-Carrasco, Pilar Guerrero, Tomás Alarcón,
Karen Page, Prediction of rare stochastic switching in presence of limit cycles
follow an action minimisation, submitted to Physical Review Letters.

Roberto de la Cruz, Pilar Guerrero, Juan Calvo, Tomás Alarcón, Coarse-graining
and hybrid methods for efficient simulation of stochastic multi-scale models of
tumour growth, submitted to Journal Computational Physics.
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