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Introduction

This work is devoted to the study of upper and lower estimates of norms
and best approximations of the generalized Liouville-Weyl derivatives via
the best approximations of functions themselves. We also study estimates
of moduli of smoothness of the generalized Liouville-Weyl derivatives via
moduli of smoothness of functions themselves.

Let the series

agp

;f) —|—Z(ay(f) cosvx + b, (f)sinvx) (1.1.1)

be the Fourier series of f € L;. The transformed Fourier series of (1.1.1) is
given by

o(f,\B):= Z Ay [a,, cos(ve + ?) + b, sin(vx + ?) ,

v=1

where § € R and A = {\,,} is a sequence of positive numbers.

We call the function p(x) ~ o(f, A, ) the Liouville-Weyl derivative (or
(A, B)—derivative of the function f) and denote it by f*#). As an important
example, for \, =n",r > 0,8 =r, we have fOM) = f0) and for \, =n",r >
0,3 = r+1 we have fO9) = 4 f (") where (") is the fractional derivative in the
sense of Weyl and f() is the r-fractional derivative of the conjugate function
f . For more historical details concerning the Liouville-Weyl derivatives, see
the papers [7], [22], [38],[55], [73].
Let E,(f), be the best approximation of a function f € L, by trigonometric
polynomials of degree at most n, i.e.,

n

f(x) — Z(Oék cos kx + [ sin kz)

k=0

En(f)p - akigkaR

p

Denote by w,(f,0), the modulus of smoothness of fractional order o, @ > 0,
of the function f € L,, i.e.,

wa(fa 6)17 - |?11|1<% HA%OC)H]?;

where

(UES VS WVERISED



is a difference of fractional order o > 0 of a function f € L, at the point x
with increment h.

The study of the question of the existence of the r-th derivative of the
function f was started by Bernstein [4] in 1912. He proved the following
result for p = oo (for 1 < p < 00, see 8]):

If feL, 1<p< oo, and Z(k + 1) YEL(f), < 0o, r € N, then
k=0

LF Oy < C(r) Y (k+ 1) Ex(f),.

k=0

Later, Stechkin [60] obtained the following inequality for the best ap-
proximations of f) for p = oo (for 1 < p < 0o, see [37)):

E.(f'"), < C(r,p) (ann(f)p + Z kr_lEk(f)p), r,n € N.

k=n-+1

The corresponding estimate for moduli of smoothness was obtained by Johnen
and Scherer [29] (see also [8, pp.178-179]):

wk(f(T),l) C(k,r p) Z v wkM( 1) , 1<p<Loo, rknelN
n v=n+1

These investigations have been further developed by Timan, Ditzian, Si-
monov, Potapov, Tikhonov and others.
In [54] and [55], the authors considered the generalized derivatives in the
sense of Liouville-Weyl and extended mentioned above results as follows.
Theorem Al. Letl <p < oo, § =min(2,p), € R, and A = {\,}22,
be non-decreasing sequence of positive numbers satisfying Ao— condition, 1.e.,
Ao < N\ If f € L, and

oo

> (N = N)EL(f)y < oo,

n=1

then there exists a function fOMP) e L, with the Fourier series o(f, A, 3) and

L, S {A?Eg(f)p + Y (At — AfL)E,f,(f)p} :

n=1

6



En(fM) < {/\ZEG pT Z (Nt = MEL(S )y } :

k=n+1

Moreover, if a« > 0 and {ﬁ} is decreasing for some r > 0, then

wa(f( B ) { *O‘HZ (kr@ qul)re)k(rm)owzjw(f’ %)p
T Z )‘k+1 a+r(f %) +)‘0+1wa+r(f il)p}e'

k=n-+2

Moreover, the corresponding estimates in the limiting cases (p = 1, 00) were
also obtained. It was assumed in this case that {\,} is convex or concave.
Our main goal in Section 1 is to extend results mentioned above for a
larger class of the Liouville-Weyl derivatives. For this purpose we consider a
more general class of sequences {\,}. We replace the monotonicity condition
on {\,} and {A\,} by general monotonicity.
Let us recall the definition of general monotone sequences (GM) intro-
duced in [69].
Definition 1.4.1 A sequence A := {\,}32, of real numbers is said to be
general monotone, written X € GM, if the relation

Z Ak = A1 < Oy

holds for all integer n, where the constant C' is independent of n.

In subsection 1.6, we proved the following generalization of Theorem
Al.
Theorem 1.6.1 Let1 < p < oo, 8 = min(2,p), A = {\,}°2, € GM,
aeRy, andr e Ry U{0}. If f € L, and the series

Z ‘)‘n+1 AZ‘EZ(f)p

converges, then there exists a function fOP) e L, with the Fourier series

o(f, A B) and

LA, < {XiEo pt+ Z A1 — AZIE;‘Z(f)p} :

7



S

En(f<)\ﬂ))p 5 )‘[an/2 n/2 + Z |>‘k:+1 )‘z|El€(f)P )
=[n/4]

and

k—H

(0 d) s
3 - W(f D, et (r2), |

k=n+1

k(r+a)ewz+r (f, %)p

S

In subsection 1.7 we obtain the corresponding inequalities for p = 1 and
p = 0.

In subsection 1.8 we study estimates from below of norms and best
approximations of the generalized Liouville-Weyl derivatives. We obtain the
following result.

Theorem 1.8.1 Let 1 < p < oo,max(p,2) < 7 < 0o, A = {A\}0° be
a sequence of positive numbers such that A € GM. Assume that {\,}°°,
satisfies the additional condition

1

(31 —21) " <Ol
k=1

for all integer n, where the constant C s independent of n.
If for f € L, there exists a function fOB) ¢ L,, with the Fourier series

a(f,\,B) (B €R), then

£, 2 {A{Eamp + 2 Po = A Bl >p} ’
v=1

-

Eyn 1 (f*), 2 {)‘gmlE;ml(f)p + Z A%y = Ay |[ESe 1 () }

In the second section, we study sharp Ul’yanov-type inequalities for
moduli of smoothness of fractional order. The (p,q)-inequalities between
moduli of smoothness, nowadays called Ul’yanov-type inequalities. The first
result of this type was obtained by Ul’'yanov [85] in 1968:

8



1/q
0 ﬂ

t 9

1)
w(r.0, 5 | [ (urn),)

where

1<p<q<oo, O=——1, ql—{q’ 1=
p q 1, q=o0.

Here w(f,0), = wi(f,d), is the modulus of continuity and wi(f,d), is
the modulus of smoothness of order k € N.

This result was extended by DeVore, Riemenschneider, and Sharpley
for moduli of smoothness of an integer order and the K-functionals [9] (see
also [20, 21]). Similar estimates for moduli of smoothness of the derivatives
of a function was obtained by Ditzian and Tikhonov. Recently, a sharp
form of Ulyanov-type inequalities was extensively investigated by Simonov,
Tikhonov, Trebels, among other authors [19, 34, 36, 56, 68, 83].

Our main goal is to improve results of Tikhonov and Trebels [73] by
considering a more general class of sequences {\,}. We also consider all
limiting cases separately:

(1) p=1<q<o0;

(i) 1<p<q=ox;

(iit) p=1<q=o0c.

In subsection 2.1 we survey some known results concerning Ul’yanov-
type inequalities for moduli of smoothness. The corresponding result con-
cerning inequalities of different metrics for the best approximations can be
found in subsection 2.2. In subsection 2.3 we give some necessary lemmas. In
subsection 2.4 we obtain the main results for non-limiting case. In particular,
we obtain the following.

Theorem 2.4.1 Let f € L,, 1 < p < q < oo, § = 1/p—1/q. Let
A={\}2, € GM. Then, for any a > 0,

o0 1/q
1 1 q
A\B) m(6+p) _
W <f ) 2n>q 5 (Z (2 p AQmLUa—HH-e <f7 2m)p) ) )

m=n
where

. | Agr|
A = 1%?2% okp 7

p > 0.

9



In subsection 2.5 we obtain the sharp Ul'yanov-type inequalities for the
first limiting case: p =1 < ¢ < .
Theorem 2.5.1 Let f € L,, 1 =p < qg<oo, § =1—-1/q. Let A =
{2y € GM. Then, for any o > 0 and 0 < ¢ < min(p, 0),

00 l/q
1 m 1 q
(091 < (Z (27 DN (1:25) ) ) ,

m=n

where

- | Mgk
Agn =277 1@1%1 ok(p—5)

Theorem 2.5.2 Let f € L, 1l =p<qg<oo, § =1-1/q, and A =
{A\}oey € GM. Then, for any a > 0,

(e.¢]

1/q
1 1 q
(155, 5 (Z (270 Anspeof:37),) > 7

m=n

where

N Zk(qu) » P

In subsections 2.6 and 2.7, we obtain the sharp Ul’yanov-type inequalities for
the cases 1 <p<qg=o0and p=1, ¢ = 00,0 = 1, correspondingly.

In subsection 2.8 we consider estimates for the L,—best approximations of
the generalized Liouville-Weyl derivatives via the L,—best approximations
of functions themselves.

The third section is devoted to the study of estimates of the angle best
approximations of the generalized Liouville-Weyl derivatives by the angle
approximation of functions themselves in two-dimensional case. We consider
the generalized Liouville-Weyl derivatives in place of the classical Weyl mixed
derivatives. Our main goal is to prove analogues of Theorems 1.6.1 and 1.8.1
mentioned above in two-dimensional case. In subsection 3.1 we give necessary
notation and known results. Useful lemmas are given in subsection 3.2.

Let Y., m,(f)p be the best approximation by a two-dimensional angle
of the function f € L,(T?), i.e

10



Yo ms (f)p = inf If — Ty oo — Toom%sza

Tml,oo» 00,mo

where the function T, o (21, 72) € Ly(T?) is a trigonometric polynomial of
order at most m; in z1, and the function T, (21, 72) € L,(T?) is a trigono-
metric polynomial of order at most mo in xs.
By o(f) we will denote the Fourier series of a function f € L,(T?), that
18
0o oo

o(f) = E E (@pyny COS ML COSNOT2 + by, COS Ny T SIN Moo+

ny =0 n2:0
+ Cpyny SIN N T COSN2To + iy, SIN N2 SINNOTH),
where for the sake of brevity we set cos(0 - t) = 5.
The transformed Fourier series of o(f) is given by

[ OIENG ¢)

o(fi X B1,82) = D > Ay (@, cos(mzn + i /2) cos(nawa + for /2)

711:1 ’fl2:1
+ bpyn, cOS(n1xy + F17/2) sin(ngzy + Porr/2)
+ Cpyn, Sin(nyxy + B17/2) cos(newy + Por/2)
+ dpyn, sin(nyxy + B17/2) sin(ngzy + P /2)),

where 51, B2 € R and A = {1, }n, moen 18 a sequence of real numbers.

By analogy with the one-dimensional case we call the function
o(r1,22) ~ o(f, A, P1,B2) the (A, B, f2)— mixed derivative of the function
f (or Liouville-Weyl derivative) and denote it by fO9152) (), zy).

Definition 3.1.1 A sequence A = { Ay n, }nynpen @5 said to be general
monotone, written X\ € GM?, if the relations

2TL1

Z |)\k;1,n2 - >\k1+1,n2| < C‘Anlan2‘7
klzﬂl

2%2

Z |)‘Tl1,/€2 - )‘n1,k2+1| < C’)\nlﬂh‘?
kging

2n1 2%2

E E |)‘k17k2 - >‘]ﬁ+1,k2 - Akl,kfrl + )‘k1+17k2+1| < C‘)‘nl,nzl

k1=n1 ka=ny

11



hold for all integers ny and ns, where the constant C s independent of nq
and no.

In subsection 3.3 similarly to one-dimensional inequalities given by The-
orem 1.6.1, we obtain estimates of the angle approximations of (A, £y, 52)-
derivatives by angle approximation of functions themselves.
Theorem 3.3.1 Let 1 < p < o0, 0 <6 < min(p,2), A = {0, }nymen be
a sequence of positive numbers such that A € GM?, o; € Ry, r; € Ry U {0},
and f; € R (i =1,2).

If for f € L)(T?) the series

Z ‘A’I’Ll-i-l 1 n17

—J’_Z’)‘ln = ALY (P

ni= 1 no= 1
+ |)\ — N it ALY ()
k141, ko+1 kl—f—l ko k1,ko+1 k1,ko 1+ kq,ko p
ki1=1 ko=1

converges, then there exists a function fAPR2) ¢ Lg(TZ), with the Fourier
series O-(f7 )‘7 /817 52)7 and

}/2m1_1’2m2_1(f()\,ﬂ17ﬁ2))p < {>\ng1 2m271}/297n17172m271(f)p

+ Z |)‘2V1 ,2m2 1 Agurl,erl|Y26V1—1,2m2—1(f)p

+ Z |)‘2m1 Love ™ )‘gmrl,?’zfl|}3€711—1,2V2—1(f)p

V2=My3

+ E , E : ‘)‘2”1 2v2 T 2”1 1 ovo

Vi=m1 V2=my

_/\gV172V2—1 + )‘ng—172’/2—1 D/29”1—1,2”2—1(f)}7}

S

In subsection 3.4 we obtain the corresponding estimates from below.

12



1 Liouville-Weyl derivatives, best approximations, and moduli

of smoothness. (L,, L,) inequalities

1.1 Notation
In this section we will give needed definitions and introduce some nota-
tion. Let L, = L,[0,27] (1 < p < 00) be the space of 2m-periodic measurable

27 1/p
Lf 1l = < f(:v)lpd:c> < o0.
/

Let Lo, = C|0, 27| be the space of 2w-periodic continuous functions with

functions that satisfy

1 fllp, = max |f(z)], p=oc.

Let the series
ap

;f) —|—Z(ay(f) cosvx + b,(f)sinvx) (1.1.1)

be the Fourier series of f € L. The Fourier coefficients of a function f are

given by the formulas

1 2m

ag = — f(x)dx,
T Jo
1 27

a, = — f(x)cosvadr, v eN,
T Jo
1 2m

b, = — (x)sinvedzr, v e N.
T Jo

Throughout the paper n denotes an integer number. Let S,(f) denote the
n-th partial sum of (1.1.1), V,,(f) denote the de la Vallée-Poussin sum and
K,(x) be the Fejér kernel, i.e.,

Qg

Su(f) = ZAy(x) = ;f) + Z(ay(f) cosvr + b,(f)sinve),  (1.1.2)

13



n—l—lz( —l—Zcosmx)

The Fourier series of the r-th derivatives of f is given as follow

oo

f(z) ~ Zyr(a,,(f) cos (vx + 5 )—|—b (f)sin (v + —)),

v=1
where r € N.
We will use the following definition of fractional differentiation, which was

introduced by Weyl, see [52]. Let f be a 2m-periodic integrable function and
o > 0. Then the function f(® satisfying

(0. 9]

F9(z) ~ Z 78 (ay(f) cos (v + %) + b, (f)sin (va + %)) (1.1.3)

v=1

is called the Weyl fractional derivatives of order «.
Recall that the conjugate series to (1.1.1) is given by

o0
Z(au sinvx — b, cosv).
v=1

The transformed Fourier series of (1.1.1) is defined by

- [ [
a(f,\,B): ; Ay {au cos(vx + 7) + b, sin(vx + 7) (1.1.4)

where § € R and A = {\,} is a sequence of positive numbers.

We call the function p(z) ~ o(f, A, B) the Liouville-Weyl derivative (or
(A, B)—derivative of the function f ) and denote it by f*#). As an important
example, for \, = n",r > 0,8 = r, we have f(@# = f) and for \, = n",r >
0,8 =1+ 1 we have f(@#) = £ () where f(") is the fractional derivative in
the sense of Weyl (see (1.1.3)) and f() is the r-fractional derivative of the
conjugate function f :

Let E,(f), be the best approximation of a function f € L, by trigono-
metric polynomials of degree at most n, i.e.,

n

f(x) — Z(ak cos kx + B sin k)

k=0

E.(f), = inf
(f)p ot

14



Throughout the work we use the notation F' < G, with F,G > 0,
for the estimate F' < C'G, where C' is a positive constant, independent of
essential quantities in F' and G. Moreover F' < G means that FF < G S F
(in this case we say that I is equivalent to G). Moreover, C' denotes positive
constants not depending on essential parameters which may be different in
different formulas.

1.2 Moduli of smoothness
First, we give the definition of the modulus of smoothness w,(f, ), of
order o, a € N. We define

wa(f,0)p = sup [| AL f]lp, (1.2.5)
h|<d

where Ay f(x) = f(z +h) — f(z), AY=A,AL
Let us now define the difference of fractional order o« > 0 of function
f € L, at the point x with increment h by

e.¢]

83 = S0 (8) ot fa - (1.26)

v=0

where (g) =1forv =0, (‘;‘) =« for v =1, and

(a)zoz(oz—l)"'(@_V+1) for v > 2.

v V!

Since |(¢)| < C(a)v™!, v € N, then the following series

ol

converges for all o > 0. Therefore, A} f € L, for any f € L,, 1 < p < oo.

v=0

The main properties of fractional moduli of smoothness are similar
to those of the classical moduli. First, we recall some basic properties of
fractional differences.

Lemma 1.2.1. [7, 52, 66] Let f, f1,fo € L,, 1 <p < oo, and o, B > 0. Then
(a) AL (f1+ f2) = DF [+ A fa;

15



(b) AFALF) = Dy F;
©) 128 Flly S 1l

Denote by w,(f, ), the moduli of smoothness of fractional order o, o >
0, of the function f € L,, i.e.,

wWa(f;0)p = sup A5 O,

see [7, 52, 66]. Note that if o € N this definition coincides with (1.2.5).
The following properties of moduli of smoothness are well known.

Lemma 1.2.2. [7, 49, 72] Let f, fi1,fo € L,, 1 <p < 0o, a > 0. Then

(a) wa(f,0), is nondecreasing nonnegative function of 6, defined on (0, 00),

with 5lim Wa(f,0), =0

—0+
(b) wal(fi+ f2,6)p < walfi,0)p + walf2,0)p;
(c) If 0 < 9y < 0 < 7, then

Wa(f: 61)p < Wa(f; 52)10.
6o Y8y

(d) If A > 1, then
Wa(fi A0)p S AWa(f,0)p.

For any p > 1 and o > 0, introduce the periodic Sobolev space by

W)= {g €L, g\ e L, g\ ~ (g, {\, = no‘},oz)},
see (1.1.4). It is known [7, 34] that the modulus of smoothness is equivalent
to the corresponding K-functional, that is,
1 1 N
wa<f, 2—n>p ~ K(f,Z—n,Lp,Wp>, a0, (1.2.7)
where 1 < p < oo and

K<f, L

S Lo W) = int (17 = glly+27"lg ), ).

geWw

p

The following lemma will play an important role in the proofs of our

main results.

16



Lemma 1.2.3. [55] Let « > 0. If p € L,, 1 <p < o0, then

1 Y 1
wo(e2) Sle=Su@ly +n IS0y Swa(e) . (128)

p

If pe L, 1< p< oo, then

wap3) Sle=Va@ly+ 0 W@l Swalpr) . (1:29)

p

We mention that (1.2.8) and (1.2.9) are realization results for a modulus
of smoothness of fractional order. Note that for a € N these results follow
from [13]. To prove realization results, one needs the following lemma.

n

Lemma 1.2.4. [7, 66] Let T,,(z) = Y (axcoskx + bysinkz) be a trigono-
k=1
metric polynomial of degree n, 1 < p < 0o, and a > 0. Then

(a) ITallp < noll A2, Tl

(b) for all h such that 0 < |h| < w/n, there holds | AYT, |, S n‘o‘||T,§a)Hp.

1.3 History of the question

Direct and inverse inequalities in approximation theory

One of the main problems of the constructive theory of functions is
to find a relationship between differential properties of functions and their
structural or constructive characteristics. Direct and inverse approximation
theorems answer this question. Direct theorems for L,, 1 < p < oo, deal
with estimates of the best approximation in terms of moduli of smoothness:

E.(f)y < C(p, a)w, <f, %)p, n,a € N, (1.3.10)
Eo(f), < C(p’—f"r)wa (f(’"), l) n,a,r €N (1.3.11)
n n’/p
Inequality (1.3.10) was obtained by Jackson [27] for & = 1, p = co. Moreover,
Akhiezer [1] proved it for « = 2,1 < p < oo. In the case @ > 3 and p =
(1.3.10) was proved by Stechkin [59]. For a>3and 1 < p< oo see [§], [78].
The second inequality was obtained in [78], also see [8], [67], [87].

17



Inverse theorems for L 1 < < 00, are written as follows: for n,o,r e N,
D) p )
we have

. l)p <GPS g (), (1.3.12)

w10, %)p <Clp.ra) (ni D WHDE(fy+ ) v”EV(f>p>-

V=0 v=n+1

(1.3.13)
Inequality (1.3.12) was proved by Salem [51] for « = 1,p = oo; for @« € N
see [8], [78]. Inequality (1.3.13) was obtained by Stechkin [59] for p = oo,
for other cases see [8], [78]. Later on, inequalities (1.3.10) - (1.3.13) were
extended by Timan [79], [80], [81]. Note that direct and inverse inequalities
(1.3.10)-(1.3.13) influenced substantially the further research [8], [78].

Let us now discuss several well-known inequalities related to direct and
inverse theorems. Further, we present the most important inequalities for
norms, best approximations, and moduli of smoothness of the r-th derivative
in terms of those of the function f itself.

The following result was proved by Bernstein [4] for p = oo (for 1 <
p < 00, see [8]):

If felL, 1<p<oo,and > (k+ 1) 'EL(f), < oo, r €N, then
k=0

1, < C0) Y (k+ 1) Ex(f),. (1.3.14)

k=0

Marcinkiewicz [42] and Besov [5] obtained an improvement of this inequality
for 1 < p < oo:

e.¢]

£y < Clnp) (Do (k+ V" EL(S),) s 0= min(2,p).

k=0

SN[

Later on, Stechkin [60] for p = oo and Konyushkov [37] for 1 < p < o0
obtained the following inequality for the best approximations of f(")

E,(f"), < C(r, p) (nfEn( ot Y KB f)p), rneN.  (1.3.15)

k=n+1
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Inequality (1.3.15) was extended by Timan [82] for the case 1 < p < o0 as
follows

En(f(r))p < C(T, p) <ann(f)p + ( Z karlEz(f)p) é) )

k=n+1

where § = min(2,p), r,n € N.
Moreover, Stechkin [60] proved the similar result for f)

En(f(r))p < C(r) (ann(f)p + Z kr_lEk(f)p)y r,n € N, (1.3.16)
k=n+1

where p =1 or p = o0.

Corresponding estimates for moduli of smoothness was obtained by Johnen

and Scherer [29] (see also [8, pp.178-179)]):

o0

1
Cdk(f(r)7 _> < C(k,T,p) Z Vr_lwk-i-?”(fa _) ) 1 < p < 0, Takan € N.
n/p V/p

v=n-+1

(1.3.17)

From the result by Bari and Stechkin [61] one has

a(10.5), <l (T B+ 3 VR,

v=n-+1

where p =1,00 and r, k,n € N.
Moreover, in light of Jackson’s inequality, we have the following estimate:

(70.2), < (S (1), ¢ 5 vtan(s D))
(1.3.18)

where p=1,00 and r, k,n € N.
Inequality (1.3.17) was extended by Ditzian and Tikhonov [11] for the case
of 0 < p < o0 as follows

oo

" ( ) %) < Ck,r, p)( S vt ( f, %)p) 6 = min(2,p), r,k,n € N,

v=n+1

(1.3.19)
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see also [55].
Let us now mention estimates of £, (), from below. The following
inequality was proved for € N in [8] and for r > 0 in [54]:

n"En(f), < C(r)E,(f"),, 1<p< oo,

Simonov and Tikhonov [54, 55] obtained estimates from below of the best
approximations of f():

(W B+ Y KTTUEL),) T < CEIE(),,
k=n+1
where 1 < p < 00,7 = max (2, p). For the case 0 < p < 1, see [35].
The problem of multipliers for trigonometric polynomials
Let us consider the following problem. Let T,, be the space of trigonometric
polynomials of degree of most n, i.e.,

to(z) = % + Z (ak cos kx + by, sin kx) €T, (1.3.20)
k=1
with the norm ||¢,,(z)||cc = max, |t,(z)]. By A = {\:}72, we define a multi-
plier sequence. We set

To(x) = To(x, ty) = )\0%

+ Z Ak (ag cos kx + by sin kz)
k=1
and .
To(r) = Tz, t,) = Z Y (ak sin kx — by, cos kx),
k=1
where a; and b are the coefficients of the polynomial (1.3.20). Several au-
thors investigated the behavior of the following two expressions:

[[tnlloo<1

and

—_

M, = Mn(A) = Sup H?n(tn)uoo

[[tnlloo<1

By definition, the numbers M and Mn are the smallest constants for which
inequalities
170 ()| < M|ltnl],
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and
Fa(t) || < Myt

are valid for any polynomial ¢,, € T,,. The problem of estimating the constants
M, and ]\7n is called the problem of multipliers for trigonometric polynomials.
One of the first result related to the problem of multipliers for trigonometric
polynomials was the result Bernstein for A\ = &k ([4]). Szego [65] and Fejer
[18] proved that M, = Mn = A\, in the case \g = 0, AN, = \p — A\poq =
0(k=1,2,...,n), and A2X\p, =X\ —2X\_1 + A2 >0 (k=2,...,n).

Later on, Sokolov [58] obtained the following estimate

where )\, satisfies the following conditions:

Ao=0, A\ >0 (k=1,2..n),

0
, (1.3.21)
A2\, <0 (k =2,..,n).

In the case when conditions (1.3.21) hold, the next result was proved by
Stechkin [61] in 1950:

M, A)an:i%
k=1

We will extend the above mentioned results in Lemma 1.4.5 below.

Our next problem is closely related to embeddings of function spaces,
see [23]-[26], [45]-[47],[74], [75], and [84].

Inequalities for best approximation and moduli of smoothness
of Liouville — Weyl derivatives
In [54] and [55], the authors considered the generalized derivatives in the sense
of Liouville-Weyl and extended mentioned above results as follows. Recall
that o(f, A, 3) is defined by (1.1.4).

Theorem Al. Let 1 < p < oo, 8 = min(2,p), B € R,
and A = {\,}°2, be non-decreasing sequence of positive numbers satisfying
Ag—condition, i.e., Aoy < \p. If f € L, and

oo

> (N = MDEL(f), < oo,

n=1
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then there exists a function fOMP) e L, with the Fourier series o(f, A, 3) and

1P, < {A?Eg(ﬂp +> (M — Ai)EZ(f)p} , (1.3.22)
n=1
En<f<w>>s{A2E9 p+ Z (Aes1 — AL Ek<f>} . (1.3.23)
k=n+1

Moreover, if a > 0 and {2—?} s decreasing for some r > 0, then

(r3), {wzw P 1),
CY Ot () et () )

n
k=n+2 -

(1.3.24)

In the limiting cases p = 1 or p = oo one has to assume additional
conditions on the sequence {\,,}. The following theorem holds [54, 55].
Theorem A2. Letp = 1,00, 8 € R and A = {\,}>2, be non-decreasing

sequence of positive numbers satisfying Ao— condition and such that A\, <

CANg, and A?X\, >0 (or <0).
If f € L, and

s 2] SO0 - ME(1) 4

B (7O £ MBal Py + | cos ™| S vt - MBS, (13.26)
v=n-+1




Moreover, if a > 0 and the sequence {\,}32 is such that {22} is decreasing

for some p > 0 and, for some T > 0, there holds A* (2—”) > 0 with r =

(B=p)T
2

p+ Tsign‘ sin , then

wa(f(/\ﬂ) )5‘003_‘ Z vl — A wa+r(f i)p

v=n+2
1
+ [ ™ S Hisarr(£:5) + Mwtsarelfs =D
v=n+2
—a . /\V )\V—‘rl a+p ( 1>
+n ;(UP (V+1)p)y Wa+p f’y p'
(1.3.27)

In particular, (1.3.22) and (1.3.25) generalize (1.3.14), while (1.3.23)
and (1.3.26) generalize (1.3.15) and (1.3.16). In addition, (1.3.17), (1.3.18),
and (1.3.19) follow from (1.3.24) and (1.3.27).

Our main goal in this section (see subsection 1.6 and 1.7) is to prove
analogues of Theorems Al and A2 by considering a more general class of
sequences {\,}. We replace the monotonicity condition on {\,} and {A\,}
by general monotonicity.

1.4 General monotone sequences and their properties

In this subsection, we present some definition of monotone type se-
quences. In particular, we will give the definition of general monotone se-
quences introduced in [69] and their basic properties. First, we recall the
definition of monotone sequences:

M= {A={uben + A €R, Ay >0, A0, ies Ay > Ay 300 0 |,

The concept of quasi-monotone sequence was introduced in [57, 63] as follows:

QM:{)\:{An}neN . A, €R, 37 >0 such that —¢}

Now we give the definition of a more general class of O-regularly varying
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quasi-monotone sequences (see [62]):
ORVQM = {A = {Aubuent © A € R, 3y > 0, iy A pion < City

An
such that — | }

n

Leindler in [39] defined another class of sequences named as sequences of rest
bounded variation (denoted by RBV'S), keeping some properties of decreas-
ing sequences:

RBVS = {)\ = adnen - M ER A =0, Y A=A < CA| ¥neN }

v=n

In particular, {\,} € RBV S implies that |A\;y| < C|\,| for any n < k.
The classes QM (or ORVQM) and RBV'S are not comparable (see [40],
[69]). It is clear that M C ORVQM N RBV'S.

Recently, Tikhonov [69, 70] introduced the following new class of se-
quences, which contains all classes of sequences mentioned earlier.

Definition 1.4.1. A sequence X := {\,}°2, of real numbers is said to be
general monotone, written X € GM, if the relation

2n
D 1A= Akl < CJA
k=n

holds for all integer n, where the constant C' is independent of n.

In what follows we will consider only non-negative GM-sequences. The

class G M contains monotone or quasi-monotone sequences. Moreover, in [69],
the author showed that ORVQM U RBV'S C GM. We summarize various
generalizations of the monotone conditions in the following Figure 1.

GM

ORVQM

Figure 1: Relationships between different generalized classes of monotonic sequences.
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The following characterization of general monotone sequences is known.

Lemma 1.4.1. [69] {\,} € GM if and only if there exists C > 0 such that

1. |\ < ClA| for n <k <2n,
N N

2. Z|A>\k\<0<\/\n\+ > %) for any n < N.
k=n k=n+1

The following multiplier property holds true.

Lemma 1.4.2. [41] If X = {\,} € GM and n = {n,} € GM then \n =
{A\un} € GM.

Note that any G M-sequence satisfies As-condition, that is, Ay, < CA,,
see Lemma 1.4.1.

Clearly any monotone sequence belongs to the GM class but the reverse
is not always true. Some examples one can find in [41] and [69]. Below we
give examples of {\,} such that {A\,} € GM and {A22} € GM but {\,}
is not monotone or convex. These examples are related to Theorems A1l and
A2 and Theorems 1.6.1 and 1.7.1 below.

Example 1.4.1. Let us define

\ {na—i-l’ ok <n< 21@‘—}—17
n pu—

n°t 4 ¢, n=2"

where o > 1 and ¢ > 28D It s easy to check that
(1). {\n} € GM,
(2). {AN,} € GM,
(3). {2} € GM, where r > 0,
(4). {Az—"} € GM, where r > 0.

Example 1.4.2. Let {\,} be non-decreasing sequence satisfying the condition

Aop < CN,. We define

{X} s 2P 2R 42—
" )\2k+2k71+n,1 = )\2k+2k71,n, 1 < n < 2k_1, k € N.
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It is easy to see that {\.} € GM.

Remark 1.4.1. One can also define another class of general monotone se-
quences (see [69]):

Z Ak = Arrr| < ClAznl,

where the constant C' is mdependent of n. We denote the class of such se-
quences by GMT.

The following lemma provides a characterization of sequences from
GM'. The proof follows the same line as the proof of Lemma 1.4.1 (see
[69]).

Lemma 1.4.3. A sequences {\,} € GM" if and only if there exists C > 0
such that

1. ])\ | < O] for n<k<2n,
N
2. k;Z:n |AN;| < C(MN\ + an:H AT’“I> for any n < N.
Note that any non-decreasing sequence belongs to GM™.
To treat the case p = 1 or p = oo in subsection 1.7, we will need the
following two lemmas.

Lemma 1.4.4. If {AAn} e GM, then

27+2 9

Z ‘AQ)‘er?‘(m +1) + (2n+2 — 1)|ANgn+2_y]

m=2"
<C Z AN,

m2n1

Proof. Using the property of GM sequences, we have the following inequality
n+2_9
ST AR al(m 4 1) + (2742 = 1) Adgusa ] + (27 4 2) | Adas

m=2"

< c((zn+2 — 1) [ANguga| + (272 — 1)[Adga| + (27 + 2)|A/\2n\)

<C2NAN| S C Y |AN,

m=2n—1
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which proves the statement of the lemma.

For a given sequence {\,}°°; define A\, = A\, — \,u1 and A%\, =

A(AATL) - )\n - 2An+1 + )\TH-Q'
Lemma 1.4.5. Let p =1 or p = 00 and {A)\n} € GM. Let

n

T, (x) = Z(au cos vx + by, sinvzx),

v=1
T.(\, )= Z A (a, cosve + b, sinvx).
v=1
Then the following inequality holds
[Tonr2(A, ) = Ton (A, )l

271,

C( 3 1AM+ Do) 1 Tonsa () = Ton (D]

f=2n—1
Proof. Applying the Abel transformation twice, we get

| T2 1) = (A, ) )

_ % / <T2n+2( £) = Ton f)) (2 + u) jiu,, cos vut)du
< %/(Twz(f) _ Tgn(f)> (z+ u)( ; (O = Aos) mi%cos m

—T

gn+2 n—1
+ Aon+2 E COS MU — Agn E cos mx) du

p
1 s 2n+2 2
< —/ (T2n+z(f) —Ton(f ) T+ u ( Z A%\, ZZCosmu
7T_7r y=2n k=0 m=0
2]k
+ Adgni2_1 Z Z cos mu — Agn Z Z cos mu
k=0 m=0 k=0 m=0
2nt2—1 2"—1
+ Agn+2 Z COS MU — Agn Z coS mu) dul| =
m=0 m=0 D
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Using the definition of the Fejér kernel, we have

. 2n+2_9
1
== <T TS ) A2\ K, (u
- [ (Bt - +u(2 +1)
on+2_9
1
Z AQ V_2|_ ) +A)\2n+2,1K2n+2,1(U)2n+2 —I—A)\2n+2,12n+1—
y=2"
2" 4+ 1
2nt2—1 2"—1
+ Agn+2 Z COS U — Agn Z coS mu) du
m=0 m=0 P
n+2 -2
< HT2n+2(f)—T2n(f)H ( S A2 + 1)
_21’L

[ Adguea_ 1|27 4 2| Adgn|(27 + 1))
+ H |)\2n+2’ <T2n+2 Tgn ) H
By Lemma 1.4.4,

,
1< (30 18]+ Pavsa]) T (F) = T (P,

k=2n—1

completing the proof. ]

The following result provides a simple multiplier property of general
monotone sequences.

Lemma 1.4.6. Let {a,} € GM. Then {n%a,} € GM, a € R.
The proof follows from Lemma 1.4.2.
Lemma 1.4.7. Let A = {\}>°_, € GM, then

[ Agm| S 277 Ao,
gm 1

where Agm 1= ( > %)q and p,q > 0.
k=1
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Proof. Using properties of GM sequences, we get

2m

m —m L m 1 %
s <2l 3

f=2m-1

2m 1 2m 1
IRy Akl \ o
52”“’( > WH) 52“”( W) = 2" Agn.

f=2m—1 k=1

1.5 Auxiliary results
In this subsection we give some useful Lemmas that will be used in the
proof our main results.

2n+1

Lemma 1.5.1. [55] Let p = 1,00. If Tongnii(x) = > (¢, cosva+d,sinve),

p=2"
then

| Ton gnr1 () ||p S [ Ton 2001 (2)[p S (| Ton 201 (2) [] -

Lemma 1.5.2. [66] Let 1 < p < oo and o > 0. If T,(x) = > (¢, cosvx +

v=1
d, sinvz), then

—Q Q 1
n HT’IS, )(x)Hp S Woz(Tna E)p-

The following result is the well-known Marcinkiewicz multiplier theo-
rem.

Lemma 1.5.3. [88, Ch.XV] Let f € L,, 1 < p < oo, and (1.1.1) be the
Fourier series of f. If A = {\}°° satisfies the following conditions

A < M,
vl
A=Al <M (v=0,1,2,.),
s=2v

then there exists a function ¢ € L, with the Fourier series o(f, A, 5) and

lelly < CM, p)| flp-
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The following result is the well-known Hardy—Littlewood fractional in-
tegration theorem.

and

Lemma 1.5.4. /88, Ch.XII] Suppose that 1 < p < q < oo, 0 =

T.(z) = > (a, cosvz + b, sinvx), then

v=1

1_1
p q’

1T (@)llg S IT(@) .

Lemma 1.5.5. (Minkowskii inequality, [43]). Let 1 < p < oo and a,i, = 0.
Then

0 (2 (e)) <X (X))

Lemma 1.5.6. [43]. For a function f(u,y), defined on measurable set £ =
Ey x By C Ry, where x = (u,y),u = (1, .0; Tim), Yy = (Tmait, -, Tpn), the
following inequality

/!/fuydy‘pdu \/ /!fuy‘%lu)dy

holds for those p > 1 for which the right part of this inequality is finite.
Lemma 1.5.7. [88]. Let f € L,,1 <p <oo,n e NU{0}(i=1,2). Then

1Sn(N)lp < ClIf s
Cillf = Su(P)llp < En(f)p < Collf = Sulf)llp-
We denote Ay = Ap(x), A, = 2%31 A,(x), me N,
n=2m-1

Lemma 1.5.8. [88].
(a). Let f € L, 1 <p<oo. Then

(/ (iﬂi)gdaz); < CEIfl
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(b). Let 1 < p < oo. If (1.1.1) satisfies the following inequality

2m 2 ) .
([ [(Sa)ar) <o
oo v
Then (1.1.1) is the Fourier series of a function f(x) € L, and || f|, < C(p)I,.

We will also need the following technical lemma.

Lemma 1.5.9. Let « € Ry, € R,p e Ry U{0}. Let f € L,, 1 < p < o0
and S,(f) be the n-th partial sum of Fourier series of f. In particular,

Sn(f(’\’ﬁ)) = Zn: Am (am COS (mw + ?) + by, sin (mx + %))

m=1

Then the following inequality holds

155270, < | cos T |sfr 20
p
o R ““>>H~

+ | sin

Proof. We have

()
S(n)(f( ) (ZA [am cos (mx—k?ﬂ) + by, sin (ma:—l-?ﬁ)})

m=1

n (a)
= (lel Am [am COoS (mZE + (/62 ,0) + 2p) + b,,, sin (ml' + (ﬁ2_ p) n ﬂ'?p)}>
= <<m1 %mﬂ [am cos (mx + 7;/)) + by sin (ma + 7T2P)D cos@

n (a)
_ <m:1 )\_n;mp [am sin (mx + %p) — b,, cos (mx + %p)b sin @) .
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Applying the definition of the fractional derivative, we have

(a+p)
>\m B
HIHP ‘ ( p|:a'm C08m33+bmsinmx}> Cosm
m
m=1

2
n (a+p)
(Z Am { : }) . (B —p)
— — |a,, sinmx — b, cosmx sin ———
mP 2
m=1 p
< [eos O s Bon] + [sin I 857 g
2 p
The proof is now complete. ]

1.6 Estimates of best approximations and moduli of smooth-
ness for generalized Liouville - Weyl derivatives

In this subsection, we obtain estimates of norms, best approximations,
and moduli of smoothness in L,, 1 < p < oo, of the generalized Liouville-
Weyl derivatives via the best approximation and moduli of smoothness of the
function itself. The main results of this section were published in [30]. For
the sake of convenience, we assume that [{] =1 for 0 < ¢ < 1.

Theorem 1.6.1. Let 1 < p < 0o, 6§ = min(2,p), A = {\}22, € GM,
a € Ry, andr e Ry U{0}. If f € L, and the series

Z Aner = Al En(f)p (1.6.28)

converges, then there exists a function fOP) e L, with the Fourier series

o(f,\,B) and

=

|f<Avﬂ>|p5{A§E9 +Z|An+1 AZ|E2<f>p}, (1.6.29)
%
En(fO)y S8 A2 By (o + Z N = MIEL(f)p p - (16.30)
=[n/4]
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and
)Y
k+1

a0 2) s {3l - 2
£ Y Pt (), 4 et (72) |

k=n+1

1
k(r—koz)ﬁwz_w <f; %>
p
o (16.31)

Remark 1.6.2. In fact, we will obtain a sharper inequality than (1.6.30):

9
EZm—l(f(A’B))pg {AemEgm 1 )p + Z ’)\2v 1 Agv 2’E2V 1_1(F)p } -

v=m+1

Remark 1.6.3. Since any decreasing sequence or any increasing Sequence
satisfying the Ao—condition belongs to the GM class, Theorem 1.6.1 extends
Theorem Al.

Analogues of Theorems 1.6.1 for the class GM' can be written as fol-
lows.

Theorem 1.6.1'. Let 1 < p < oo, § = min(2,p), A = {\.}>2, € GMT,
acRy, >0 If fe L, and

S N = Mt [, < o0,

n=1

then there exists a function fOMP) e L, with the Fourier series o(f,\, ) and

o 0
17 S {A?Eg(f)p £ - AémEﬁnl(f)p} >
n=1

=

B (f*), < {)\anEin )wZIAgk—AgmlEﬁm(f)p} ,
k=n

and

1 u 1
(A\B) ) < 2—na9 E :2(7“+04)V9 0 < )
wO[ (f Y 2n P ~Y { 1/21 wOL+T f? 2V P

1 1 '
+ Z |)\9V /\Qv 1 a+r(f7 ?) +)‘2”wa+r(f 2_) } :

v=n-+2

N M
2(v+1)rd ouro
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Proof of Theorem 1.6.1. Let f € L, and series (1.6.28) be convergent. We
use the following inequality

A0 <IN +Z|A2V - (1.6.32)
on_1

Recall that Ay = Ay(f,z), A, = > A, (f,x), n = 2,3, ... Using inequality
2n71

(1.6.32) and the inequality
Cr(@)(uy +uy) < (w1 +u2)® < Cy(@)(uy + u3)

for a > 0 and uy,u; > 0, we get

P

21 L %

27 2
0

SIS
SIS

dx}

2w -] 9m 8y 2 1
o0 o0 712 0 p
< {/{ !ZAﬂAQ Z(ZMAQH )\3,,_2|> ] } da:} .
0 n=1 =2
Further, applying again Minkowski’s inequality (Lemma 1.5.5) for % > 1, we

have

p

gm0 P 1
A P
[MAQH AQV_Q\] ] } da:}

B}

_|_

WK
WK

[}
S azl

2 50
I S {/{)\?
0 n=1 n
2 00 0
< {(/ [A?(ZA%) dx)
0 n=1
9 2 0.1
=16 p 6
dx) } )

2w 00 00 0
+ ( / [Z NS — XS] (Z Ai)
0 v=2 n=v

Using Minkowski’s inequality with & > 1, the Littlewood-Paley theorem ([88,
Ch.15]), and the following inequality || f — S.(f)ll, S En(f)p ([8, p. 207]), we

1%

oz ||
)
I
<

hSEE~
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obtain

S

R ELIES S R S
v=1

Then, convergence of the series (1.6.28) implies I; < oo. Hence, by the
Littlewood-Paley theorem, there exists a function g € L, with the Fourier
series

> Ae]A, (1.6.34)
n=1

and ||g|l, < I;. We rewrite series (1.6.34) in the form of Y 7, A4,(f,z),
=1

where 1 == |\, 7 = | A1 for 2771 < <27~ 1 (n= 2,?;, ...). Consider

2 MAn(f2) =D mAnAn(f, ), (1.6.35)
n=1 n=1
where A; := 1, A, = |§”| = % for 2771 < v <2 -1 (n = 2,3,..).

Since the sequence A = {A,}°° satisfies the conditions of the Marcinkiewicz
theorem (see Lemma 1.5.3), then series (1.6.35) is the Fourier series of a
function fMA) ¢ L, and

LF& N < llglly-

Further, we estimate the right-hand side of (1.6.33) as follows

N i
154 {A?Eg(f)p + 2 e = Mol B >p}
rv=1

-

00 2¥ -1 9
< {A?Eg(f)p SSELG, S W Az}
v=1

n=2v-1
00 7
< {Ang(f)p LS - Azwzmp} |
n=1

Thus, (1.6.29) has been proved.
In the same way let us verify (1.6.30). Now we use the inequal-
ity E,(fO%), < |IfO — S, (fM)],. Applying inequality (1.6.32) and
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Minkowski’s inequality, we get

15

k=m-+1

2m 00 %
<{/[ > ( o + Z Aot — A§V2|) A?
0

p
2

k=m+1 v=m+1

< {Vm (/ L%:HN] dx)
+ Z NGt — Ad—] (O/{E;Airdx)z}é_lg.

v=m+1

dx}

By the Littlewood-Paley theorem, we have

v=m+1

< { - z e AzEzmp} | (1.6.36)

for the given m € N. Now we choose n such that 2 < n < 2™l Then two
previous inequalities imply (1.6.30).

%
12 5 {)\emEgm 1 + Z |)\2u 1 )\gu 2|E2u 1 l(f) }

Finally, let us prove (1.6.31). Taking into account Lemma 1.2.3, we get
1 — [0
(00, 2) SN = Su(FO) y + SO (1637

Let us estimate the first term. Applying Jackson’s inequality to estimate
(1.6.36), we obtain

S

1
1708, (Ol S § Myaelinr (£:2) + Z X = Ml (£.7)

=[n/4]
(1.6.38)
To estimate the second term in (1.6.37), we use the same reasoning as in
(1.6.29) and the following inequality

2—sr9|>\98

< 2—mr€|)\ m’ + Z ‘2 UT@)\HV _ o—(v+1) TOAOVH’.
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Using this inequality, we obtain

2m m p
I3 { Z\Ags_l\?a(slmg] d:c}

-s=1

[
;

D=

m

Z <2 mr9>\2m+

| s=1

<

NS

SN
D =

+ Z |2 yre)\gy . V+1)T9)\2V+1‘) 22(8—1)(OA+7‘)A§

v=s—1

By Minkowski’s inequality,

2m m 0_p ¢
I3 < { </ [Q—mTé’)\Qm |:Z 22(8—1)(04+T)A§] 2] gdaj>
0 s=1

v+1
+ Z |2 Vre)\GV _ o—(v+1) 7"9/\9”+1|</ [2225 1)(a+r A2] dl’)

By the Littlewood—Paley theorem, we have

2w m 5
(/ [Z 22(s—1)(a+r)A§] ;L-) SIS A
0 s=1

From Lemma 1.5.2, we obtain

T m(a+r 1
ISy S 2 e (S y £, )

—1/y
1
5 2m(a+r) (wa—l—r <f;

dx}.

k<SS
H/_/
S [E
I
{:4

i), 151 = Jl)

1
< 2mletn) <Wa+r <f7 m)p + E2m(f)p>
1
< gmlatn),, r( _) .
~ Wa+ f7 om _ ’

Therefore,

1
]4 2= mr¢9>\9m2m a—i—r)@cug_'_r (f —)
2m —1/p

—_
S

m— 1
+ ‘2—1/7“9>\9y . (V+1)7"9>\2V+1 |2(V+1)(OZ+T)9W§+T <f’ W) } .
v=0 . '
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Using monotonicity properties of moduli of smoothness and the formula

2vtl—1
. 3 (AZ My )
ovbr 2(v+1)6r ‘ Jor (k+1)9r )

we have

1
I 5 {Qame)\zm Woyre (f, om 1)
- p

2m—1
1
200037 kN = (k4 1) TN Rl (1 z)p} .
=1

Combining estimates for I3 and I, we get

n_allsr(za)(f()\ﬁ))”p 5 {An/Q a+r(f7 )

1 (1.6.39)
n 1 0
n=y TN = (v 1) ”VHIV’"*“)%ZM(J”, ;>p} |
=1
From (1.6.38) and (1.6.39), we have
1
(\8) >
wo (00 )
= 1
S Q0RO — (k)M e (£ 1)
{ =1 k/p (1.6.40)

S

n Z N, — Ai\w§+r(f,1> + N a+r(f %)p

=[n/4]

Now we note that

Z N1 — Ml (f %)p

=[n/4]
A PV 1
k—H Lo 0 k+1 4
< = (1)

;4( P i (k+ 1) >“’W 1%,

4 N PV 1
<\ 0 & Z ko k+1 0, 0 -)
= )\[n/4]w04+7" (f7 Tl)p + km@ (k + 1)7“9 k Wotr (f’ ]{)p

k=[n/4]
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Thus, we have

1 — - rTo —-r -r 1
wa<f(m)’_)p§ {n ezk( 00| E=TON  (f 1 1) 9)\Z+1|wg+r<f, E>p

n
k=1

T Z Nest — Milwar (f %) +>‘[n/4] a+r(f %)1)}0.

k=n+1
Nothing that

n—1 )\9

$<(3)" X

k=[n/4]

N
]{:7'0 (k + 1)7‘9

PN
+n7"9(z> ’

we arrive at

1 . 1
Wa (f()‘vﬁ), —) < {no‘a E k(r“La)e\k:_re)\Z — (k+ 1)_T9)‘Z+1|Wz+r <f7 _)
p k/p

n
k=1
+Z|Ak+1 ot (£,5) + Nl (£ %)}

The proof of Theorem 1.6.1 is complete. ]

1.7 Estimates for transformed Fourier series in the limiting
cases p=1 and p = o0

In this subsection we obtain estimates of norms, best approximations,
and moduli of smoothness of the generalized Liouville-Weyl derivatives in
the limiting cases p = 1 and p = oc.

Theorem 1.7.1. Let p=1 orp =00 and {AN,} € GM. If f € L, and the
series

’ﬂ

Z( Z \Mk|+|Azn+2l)Ezn(f)p (1.7.41)

n=1 k=9on— 1
converges, then there exists a function fOP) € L, with the Fourier series

o(f, N\, B) such that

oo

1FXDN S Il Bolf p+2( Z AN+ Dorea] ) Byn (), (1742)

2n1
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and

E2n+1 A8 Z( Z ‘A)\]J + |)\25+2|>E25 1( ) (1743)

251

Moreover, if {A%2} € GM, a € Ry and p € R, U {0}, then

00 29

Wa, (f(/\,ﬂ)7 %)p < Z ( Z |AN| + |)\2s+2|)wa+r <f7 %)p

s=n k=92s— 1
2n+2

ZnaZ‘ /~LJrl

. m(f—p no 1
S1n (T’ Z ‘A2n+1‘2 wOH-p (f, —> .

27’L
k=1 b

Remark 1.7.4. Note that the conditions {AN,} € GM, {A%} € GM in
Theorem 1.7.1 are much weaker than the corresponding conditions on {\,}
in Theorem A2.

1
Ny (£o) (174
H/p

_|_ 2—na

The following analogues of Theorems 1.7.1 for GM' can be written as
follows.

Theorem 1.7.1' Let p = 1 or p = oo, {AN,} € GMT, {A%} € GMT,
aeRy, and pe R U{0}. If f € L, and the series

271

Z( S 1AM+ onie] ) (1),

n]_ k2n1

converges, then there exists a function fO9) e L, with the Fourier series

o(f, A B) and

27L

90 S B+ 32 (3 180+ Pl ) B (1)

n=1 fk=2n-1
00 A
By (fA), €3 ( S AN+ \/\25+2|)E2s( P
s=n k=251

(P9 L) 37 (30 1+ Pl (1)

s=n k2$1
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2n+2 1

1
4 Qe ‘ H+1 a+p N =
2 T Ae w+p<f u)p
—nal (ﬁ —p no 1
+ 2 SIHT’;|)\2WH‘2 wa+p<f, 2_">p'
Proof of Theorem 1.7.1. We consider the series
COS %Vl()\, f) —sin ?‘71()\, f+
- 5 . B (= ~
>3 0 VarA ) = Vo (0, f) ) = sin == Ve (A f) = Vs (0, ) )
n=1
(1.7.45)

where Vi (A, f) := M AL (f,z) and

2n—1

V, = o(\ V(S Z/\A fa:+2)\(

m=n+1

—) An(f2) (0 > 2)
Let M > N > 0. Applying the Abel transformation twice, we get

J =

S g
> [] cos | (Ve (A f) = Vir(A. )

n—=—

— sin?’ <‘72n+1(/\a f) = ‘72"()"][)>]

‘ { COS— %/ <V2n+1(f) - V2“(f)>(£€+u) 2i:i()\,,cos zxu)du]

—T

_ sm?‘ [%/ <‘/2n+1(f) — %(f))(x + u) %(AV cos Vu)du] }

y=2"

gt p

By Lemmas 1.4.5 and 1.5.1 and || f — V,,(f)|| < CE,(f), we obtain

M 2"
TSI (X 1AM+ Paesa]) [Vaun () = Var (D,

’I’L—N k:2n7 1

i( i |A>\k‘+|)‘2”+2‘)E2”(f)p'

n=N  k=2n-1
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Then the convergence of series in (1.7.41) implies that there exists f*9) € L,
such that the series (1.7.45) converges to f*) in L,. Moreover, the Fourier
series of fM) is o(f, ar, B). This can be shown as in the proof of Theorem 1
(ii) in [55, pp.1379-1380).

Let us prove (1.7.43). Applying again Lemmas 1.4.5 and using the
properties of {\,} and the inequality || f — Vi.(f)|l, < CEL(f), , we obtain

M
7= [VQs+1<f<W>> - st(f(””)]
s=N P
M 2° M
SY Vet =va (]| D0 1and+ || D AV () = V()
s=N pk:2371 s=N p
M 2°
S (DT AN+ Pavie] ) Bas()
s=N  k=2s-1
Hence,

52( 3 \AAk|+\A25+2|)EQS(f)p. (1.7.46)

s=n k=9s—1

H FOD Vi ( f<A,ﬁ>)H

p

Therefore, we have

S

B (FM)), < Z( Z |Axky+|AQS+Qy)E23(f)p. (1.7.47)
s=n =92s5-1

In order to prove (1.7.44), we use inequality (1.2.9) from Lemma 1.2.3. The
estimate of || f(M7) — ‘/27z(f()\’5))|‘p follows from (1.7.46). Now let us estimate
second term of (1.2.9). By Lemma 1.5.9, we have

VIS, < | cos T pvaw (760

p

Jr‘sim ( ‘HV‘HP f(ffﬂl’o))H.
p
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Applying Abel transformation twice, we get

p
n—1
(6% )\— « A (0%
= (‘/z(kip)(f G0 — Vit (R 0) ) 4y (a0
k=0 p
n—1 1 7T 2k+2 )\
=25 / (Ve = Vo) ) Y 22 cosvudu + ML (f)
k=0 _ =2k »
2k 421 3 \
SZHVQ]S:P a+p |p( ’A2 ‘(]+1)+2k+2‘A 13—1;2 Qk‘A 2 )
j=2k
n—1 )\
k42 o o N
4+ 2(;+2)p(v2(kip) . V2(k +p))(f) 4 )\1‘/1( +p)(f) — T+ J.
k=0 p

To obtain the upper estimate of .J;, we will use the properties of GM sequences
(see Lemma 1.4.1)

n—1 k+2_q
a a Aj A A
Ji < HVQ(HTP) _ VQ(k +P)Hp <2k+2 Z ‘AQ(._}]))‘ 4 2k+2‘A 2 | Qk‘A_Qk )
, J
_2k

2(k+2)p kp
k=0
n—1 )\
a+ a+ 2k
S DIV = v, 2k A s
J=0
n—1 2k )\
(atp) 1 (atp) v
SV = v, Y |ass
k=0 v=[2k-1]
270N A 1
< Ao Al | ey ( _>
- puril (v+ 1) VT e\ S v/yp

where in the last step we have used Lemma 1.2.3 and monotonicity properties
of modulus of smoothness. Now we estimate Js:

n—1 n—1
(OH—p) (OH—p) A2u+2 )\2u+3 )\2n+2
J2 < Z(‘/Qk“ N ‘/2’“ )(f) <Z (2(1/+2)p N 2(V+3)p> + 2(n+2)p)
k=0 v=k
MV ()
p

Changing the order of summation, we derive
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)\2n+2

J2 < HW(V;’?W = V()
)\2V+2 >\2”+3 (a+p) (atp) (atp)
+ Z (2 = 2 )V = V) () + MV ()
P
)\2u+2 )\2u+3 a4+ )
52‘2 v+2)p 2(v+3)p H‘/2”+1p (f) »
—0

)\2n+2 o (6%

2(n+2)p HVQ " ) p

2n+2_1 | 1
Z ‘ 'LH'l MOﬁpra—i-p (f’ —) —+ ‘)\2n+2|2nawa+p (f, 2_”) .
= w7 p P

S A Apnt2 Wartp(f)
Here we used that |A;] < El =~ Tuime | T | anrs | and the fact that ===

is almost decreasing (see Lemma 1.2.2). To estimate HV e )( FEEN | we
will need the following lemma, which follows applying the Abel transforma-

tion.

Lemma 1.7.1. Let p = {p,}02 . Let

n

T.(z) = Z(al, cosvx + b, sinvr)
v=1

and
T, x) = Z (@, cosvx + b, sinve).
v=1
Forany M > N+1, M e N, N e€NU{0}, we have

T (ps ) — To(p, ) = prar (T () — Tiv())
1 7 M—2

=@ -T2 5= 2+ )+ DE

T .
g J=N+1

+ (a1 = MM>MKM_1<u>} du = g (Tys () = T ()

™

i1 /<TM—TN x+u[2 A2 (1) (G + D () + Alpar )M K1 (w)| du,

s
“r Jj=N+1
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where

n

n+lz;< +Zcosmx) —nilyzn;Dy(x)

Using Lemma 1.7.1 with p = {u, = %}, M =22 N =2 we have

K,(x) =

A

[Vt (fEB o,

-1
Z ( zifﬂp ,0)) _ %(S+p)(f({22}70))) + Vl(a+ﬂ)<f({2%}70))
k=0 p

n—1 \
o k+2 ~(« o

= [MT @) + X | (B D@ - V(6 )

k=0

™

oo [T - TE0) @+

T
2k+2_2 )\] ' >\2k+2_1 k42
X Ay <3_P) (J+1)K;(u) + A(m)Q Koz 1 (u) |du
j=2k4+1 P
n—1 )\ .
+2 (o Vs
) k=0 ’2<k2+2>p H 2(’“:[))(]0 @) =T ) ) P
T () @) Vi () = V()
p
k+2
Aﬁ'l Aﬂgk“:-JJJ
X Z sz (j+1)+ (22— 1) D3t Jy+ Js.
j=2F+1

To estimate J3, we first note that by Lemma 1.5.1,
[Vaers (1) =Vl )| < WVaren() = V(D

Then, making use of Lemma 1.4.1, we get

-1

3

Aok+2 a a
I © Y g [V (@) = v (@)
k=0
n—1
)\2k+2 k( +a) 1
S, T 2(k—|—2)p2 P wa—i—p(fa ﬁ)p
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Further, we have

e+ S - v o
ok+2_ )\
: 221 k+2
x[ 1A2< oo+ a(GEEp)l
j=2F+1
@ (a « Aok
S [ i) { VD) =) @)| 24|agE
A A 1
< ‘_ﬂ_ﬂ—“ atpy ( 7_> .
”Z w ekl e\,
Collecting estimates of .Jy, Js, J3, Jy4, and J5, we obtain that
on+2__ 1
Hv(n /\ﬁ Hp ~S Z ‘ MH Ma+pwa+p<fa _>
=1 pop
n—1
nao 1 : 7‘-(6 B P) Q@ 1
+ |)\2n+2|2 Wa+p (f, 2—n)p + ‘ Sin T‘ kz:; |)\2k+2|2k Wa+p (f, ?)p
(1.7.48)

Combining (1.7.47) and (1.7.48) and taking into account Jackson’s in-
equality, we arrive at (1.7.44). The proof of Theorem 1.7.1 is now complete.
[

1.8 Estimates from below of best approximations for general-
ized Liouville - Weyl derivatives

Theorem 1.8.1. Let 1 < p < 0o, max(p,2) < 7 < 00, and X = {\,}>2, be
a sequence of positive numbers such that X € GM. Let the sequence {/\n}n:1
satisfy the additional condition

1

(ZM - 2“) < CfAn| (1.8.49)

for all integer n, where the constant C s independent of n.
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If for f € L, there exists a function fOB) ¢ L,, with the Fourier series

a(f,\,B) (8 €R), then

|=

1FO0 2 (B (D + D N = At BE 1 (£))”
v=1
and
B 1 (£ 2 (Nonr B a (£ + D Noe = Aps BRa(£))

Remark 1.8.1. Note that if {\,} satisfies the condition {\} € GM, then
(1.8.49) follows from the condition

zn:)\gk < Ao (1.8.50)
Indeed
n n 2kt1_1
Do Al <Y D A~ s+1|<ZA S A
k=1 k=1 s=2k

The last inequality is equivalent to (1.8.50). For more mformation concerning
condition (1.8.50) see [76, 77].

Proof of Theorem 1.8.1. We consider the series

D dpiy = ANA (), (1.8.51)
n=1 n=1
where A, A{{’ - for 271 < 2" -1 (n =1,2,...). Taking into account

that A\ € GM, we have |)\k| C’])\ | for n < k < 2n.
We will show that the following inequality follows from (1.8.49)
Cl)\s < )\k‘ < CQ)\S, k < S < 2k. (1852)

The left-hand side estimate follows from the GM condition. To prove the

right-hand side, let 2" < k < 2”1, Then 2""! < 2k < 2"*2 and
n+1

)\2 < C)\Tn — ( om+2 + Z )\Tm - 2m+1 )

n+2

(A;n+2+ZWm N ) CANjs < CNG,
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Thus, Ay < CAgr < CAg and (1.8.52) follows. Let us now show that (1.8.52)
implies that {1/\,} € GM, that is,

Eh-<s
k=n )YSRD YUY B W
Indeed,
2n 1 1
A= Akt = 2 Ak \———\/cv ]
Z‘ k 1| = Z kAk+1 At kgt nz:: N
We also note that
>\ n—1 )\ n—1
1) 1] = |22 < o] < v
)\271 1
2) for n = 17
on 1
A A
> A = Ap] = _1__2’ <M.
p=2n-1 /\1 /\2
3) forn =23, ...,
271 212
Z ‘Ay - Ay+1| = Z ‘AV — AV+1| + ‘A2n71 _ A2n‘
=271 y=2n-1
L)
1 1 A2n—1 )\277,
— o - <M
: 1/1;1 )\V )\V+1 )\2"—1 >\271

Since the sequence {A,}>°, satisfies the conditions of Lemma 1.5.3, then
the series (1.8.51) is the Fourier series of a function g(x) € L,, and ||g|/, <

CE)FA,.
Applying Lemmas 1.5.6 and 1.5.8, we have

I::)\IES(f)erZ\/\TV— so-1 | E3e 1 (f)p

. o .,
SN+ 321 ([ [ 3 i ae)’

o n=v+l
SNE () + ( / (> be [ 3 &t} ar)
n=v+1

0
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2

SNE () + ( / { 3 [f_oj N - apalfaz, ] ) ae)

0 v=1

Using condition (1.8.49), Lemma 1.5.5 with 7 > 2 and Lemma 1.5.8, we get

n T 2

S {3 [ g k] ) V)

n=1 v=1

K

SN+ ([ ar)’
0 n=1
o ..
— NTET(f), + ( / ZAgxgn_l}dep)”
0 n=2
2T 0 » . 2 00 » .
5A;(0/{;Ai} d:c)‘”+ (O/{;A%M} dx)”
27 2r o » .
,SA{(/{A%}gdx);+>\{(/{ZA2}QCZ$>F
0 0 n=
2T 00 »
; (O/{ZQAz)é}dx)

Now we use the fact that

n—1
AT A+ ) AL = AL S CALy, n=2,3,..
v=1

We arrive at

2T

s ([ ] a) slol < 10000
0 n=1

Thus, we have shown that
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1

1509 2 (MBS, + 3 N = Al BB ()
v=1

Now we estimate Eom_1(¢p), from below as follows:

b, 2 { [ [£ o).

Using Lemmas 1.5.6 and 1.5.8, we obtam

1

= (NorBa s () + > - Nl B (F)p)

(w(/[ZAnﬂ] )

" </[zw .y
H(J{E [y

(zml(/[ZAw} )

T

2 o0 oo Ty 2,P T 1
(JHE [ s} V)
0 v=m n=v

Further, applying Lemma 1.5.5 with 7 > 2, we have

T (w/ (> b))’

20



(AEAE bs - )} Yoy

- (o [[E 8t )

H({E S0 f Yy
O[S ) (f{ Sty u))
(o ([ 35 a0+ ([ 5 s Yoy

Further, taking into account that

n—1 n—1
gmfl == Z( 72-1/71 - ) —|— >\2n 1 X Z | 72—1/71 - ‘ + )\271 1 C)\Qn 1,
v=m v=m

we derive that
o

({2 )

n=m++1

|=

o

1

=1 / [iﬁ%@ dz}" S Bona(fO9),.
k=m

This gives

2=

(Mones B s £y + D0 N5 = Apral BL 1 (1)) S Boma(FO),,

completing the proof.
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2 Sharp Ul’yanov inequalities for Liouville-Weyl derivatives.
(Ly, L,;) inequalities

In this section, we study sharp (p, g)-inequalities of Ul’'yanov type for
moduli of smoothness of fractional order. In more detail, we obtain estimates
of the best approximation and the modulus of smoothness of the generalized
Liouville-Weyl derivatives. We give examples showing the sharpness of these
inequalities. Main results of this section were published in [31, 33].

2.1 Ul’yanov type inequalities for moduli of smoothness

Ul'yanov [85] proved the following (p, ¢)-inequalities between moduli of

continuity
B} 1/Q1
< 0 q dt
f. s | [ )T
0
where
1 1
1<p<qg<<oo, 0=-——,
P q
and
q, q < 00,
Q=
1, ¢q=o0.

Here w(f, ), = wi(f,d), is the modulus of continuity and the modulus
of smoothness of order k£ € N is given in subsection 1.2.

The following (p, q) estimate for moduli of smoothness (of an integer
order) is due to DeVore, Riemenschneider, and Sharpley [9] and Gol’dman
20, 21]:

) 1/a

(1.0, 5 | [ (@ atro)" G
0
Similar estimates for moduli of smoothness of a function ) was proved by
Z. Ditzian and S. Tikhonov [11], [12]

/q
Uil f%é

; , (2.1.1)

5
wi(fP,8) < /(topwmp(f: t)p)
0
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where p € NU{0} and 0 < p < ¢ < 0.
It is easy to see that (2.1.1) does not give, in general, the sharp estimate.
Take, for example, f € C*°. Then
5 ;
w(f?),0)y =< 6" < / (et )< o,
~ t
0

Recently, several authors (see, e.g., [56], [68], [83]) studied the sharp form of
Ul'yanov-type inequalities given by

5 1/q

g dt
/0,5 | [ el 0) T )
0

where p >0, 1<p<g<oo, 0= % — é, a > 0, and f) is p-fractional

derivative in the sense of Weyl of the function f. Note that this estimate
provides sharper estimate than (2.1.1). See also [10, 19, 34, 45, 49].

S. Tikhonov and W. Trebels [73] investigated the sharp Ul'yanov in-
equality for the Liouville-Weyl derivatives. Let us recall this definition.

Let the Fourier series of f € Lq be given by

f(x) ~ ) foe™,
VEZ

with f,, being the Fourier coefficients. Then the generalized Liouville-Weyl

derivatives D*f can be defined as follows (if the right-hand side is the Fourier
series of an integrable function):

DAf ~ Z)\nyeiux’ A = A([v]),
ver

where A : [0,00) — [0,00) is an increasing (non-decreasing) function satisfy-
ing the following conditions:

(A1) there exists some p > 0 such that t7?A(¢) is increasing;

(A]) there is slowly varying, increasing function & : [l,00) —
[c,00), ¢ > 0, such that t?A(¢)£(t) is increasing for some p > 0;

(As) there exists some o > 0 such that, with p from (A1), t777\(t) is
decreasing (i.e. non-increasing);

(As) there exists some ¢ > 0 such that, t777°\(¢) is increasing (where
p=0);
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(A4) A is convex or X is locally absolutely continuous and ¢|\"(t)| <
N(t), t>0.

The following three theorems provide the sharp Ul’yanov inequalities
for the Liouville-Weyl derivatives in the cases 1 < p<g<oocandp=1<
q < oo.

Theorem B1. [73] Let fe L,, 1<p<g<oo, 8 =1/p—1/q. Let X
satisfy conditions (Ay) and (As). Then, for any o > 0,

) 1/q

oy (1 T dt
wa(DF,6), < / (t 9A(Z> wipso(f, t)p> =] . o<i<t
0

Theorem B2. [73] Under the hypotheses of theorem B1 with condition
(A1) being replaced by (AY}), we obtain

) 1/q

wa(D M f, 0)¢ < / (t‘%(%){(%)waﬂ)w(f, t)p>q% , a>0, 0<d<1.
0

Theorem B3. [73] Let f e L1, 1<g<o0, 0=1-1/q.
(2) If X\ satisfies conditions (A1)—(As). Then

5 1/q
wa(Df,8)g < / (t—9A<%)wa+p+9(f, t)1>q% , a>0, 0<di<l1,
0
(13) If X satisfies conditions (A1), (As), and (Ay), then
5 1/q
Wa (D f,0)y S / (t_aAG)prw(f, t)1>q anldt Ca>0, 0<d< %
0

To the best of our knowledge, the Ulyanov type inequalities for the general-
ized Liouville-Weyl derivatives were not studied in the case p = 1 and ¢ = oc.
However, the following theorem holds for the classical Weyl derivatives.

Theorem B4. Let f e Ly,0=1, and p > 0. We have

1)
dt
wa(f(p)a(s)oo S) /tpewa—i—p—i—e(f, t)17, o > 0, 0<d<l1.
0

o4



Theorem B4 immediately follows from the sharp Ulyanov inequality ([68])

1)
dt
walf,8)m < / (£ a>0, 0<5<

0

and the following (p, p) estimate (1 < p < oo) for the Weyl derivatives ([53],
[55, Cor. 2], for a simple proof see also [71, Lemma 2.12]):

)

wa(f(p),é)p < /tpwa+p(f, t)p%, a,p>0, 0<d<1.
0

Our main objectives are two-fold. The first goal is to prove analogues
of Theorems B1, B2, B3, and B4 by considering a more general class of se-
quences { A, }. We replace the monotonicity condition on {\,,} by the general
monotonicity. Our second goal is to study in detail all limiting cases:

(1) p=1<q<o0;

(171) 1<p<q=o0;

(iii) p=1<q=o0.

2.2 Inequalities of different metrics for the best approxima-
tions

The following inequality establishes the relationship between the best
approximations of a function in different L, metrics. It was proved by
Konyushkov and Stechkin (see [37, Theorem 2]). One has

Ew(f)g S kéEk(f)p + Z me_lEm(f)pa (2.2.2)
m=k

where 1< p<g<ooandf= —é.

1
P
Inequality (2.2.2) was extended by Ul'yanov [86] for the case of 1 <p < g <
oo as follows:

(0.9]

1/q
Ek(f)q 5 kﬁEk(f)P + (Z mqelEgn(f)w) , 1<p<g<oo.

m=k
Later, Timan [82] obtained the following inequality for the best approxima-
tions of f(:

00 l/q
EL(f, S EEL(f)+ (Z mmﬂ“Egl(f)p,) , 1<p<g<oo, reN.
m=k

55



An estimate for best approximations involving generalized derivatives was
proved by Szalay [64]:

where k£ € N and p,, = max (|\,, — /\m+1|,m*1|)\n\). Here f™ defined by
(1.1.4) with = 0. It is assumed in [64] that {\,};2; is monotonically
increasing, convex (or concave) sequence.

2.3 Some necessary lemmas

To prove our main result we will use several auxiliary results. The first
one is the well-known Nikol’skii inequality for trigonometric polynomials.

Lemma 2.3.1. [§]/ Let 0 < p < g < 00, 0= —%,and

1
p
n

%4 Z(a,, cosvx + b, sinvz).

To(x) = 5
v=1

Then
T (@) lq S 0’| T ().

Lemma 2.3.2. [68] For any T,,(z) = > (a, cosvx + b, sinvx), we have

v=1
1T (2)lls0 < IH(Ta()) [l
We will also need the following lemma which was proved in [12].

Lemma 2.3.3. Let f € L,, 0 <p<g<oo0, 0= % — %, and vV, be a near
best trigonometric approvimant of f, i.e., ||y — fll, < CEy(f),, where C
does not depend on o. Then

|30 = e

m 1/q
(Z ((02) Epys(£), )) ,

=1
¢ g <0,

where q; =
1, g=o0

The following result is the Hardy—Littlewood theorem for function with
general monotone Fourier coefficients.

26



Lemma 2.3.4. [17, 69] Let A\ = {\}*_, € GM. Let the Fourier series of

f be given by > A\ coskx. A sufficient condition that the function f should
k=1

(0.9]
belong to L,, 1 <p < oo, is that Y [\|PkP~% < co. Moreover,
k=1

170 S (3 eler2)”.
k=1

If, additionally, {\,}°°, is a non-negative sequences, then

111 = (3 Aw2)’

k=1
2.4 New results in the case 1 < p < g < o©
For this non-limiting case we obtain the following generalization of
Theorems B1 and B2.

Theorem 2.4.1. Let f € L,, 1 <p < qg<oo, 8§ =1/p—1/q. Let A =
{\.}02, € GM. Then, for any o > 0,

00 1/(]
1 1 q
Wy (f()\75)7 2_n> ) 5 ( E (zm(9+p)A2'rnWa+/)+9 (f7 2m)p) ) 3

m=n

where

. | Aar|
A = 121?31 okp 7

Remark 2.4.1. Note that if for f € L, the series

S (20 (1) )
2m ) p

m=

p > 0.

converges, then there exists a function fOP) e L, with the Fourier series
o(f, A\, B). Similar remarks are valid for all further theorems.

For the sake of convenience, we formulate Ul’'yanov’s inequalities for

sums. However, the corresponding integral form holds as in Theorems B1-
B4.

Remark 2.4.2. Using the fact that w.(f,9), < wa(f,20),, we note that under
conditions of Theorem 2.4.1, one has

) 1/q

qdt
w108, 5 | [ (0 M youpalrin) )L 0<b <.
0
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Remark 2.4.3. Note that for any {\,}32, € GM, we have
[ Ao [As|

max —— < X )
1<k<n 2FP 1<s<2n sP

This holds from property 1 in Lemma 1.4.1.
Remark 2.4.4. Theorem 2.4.1 generalizes Theorem B1 and B2.
The proof of this remark will be given below.

Example 2.4.1. For 1l <p<gq<oo, 0 =1/p—1/q, Theorem 2.4.1 implies

that
. o ! . 1/q
We, (f()"ﬁ), 2_n) < <Z (2m(9+p)m7wa+p+e (f’ 2_m) ) ) : (2.4.3)
q m=n P
where A\, =n”In"(n + 1 >0, and
1/q
1 q
wa( ( 2m o+e) Wa+p+ (f7 _) > ) ) (244)
2™ ) p
where \, = —— = 0.

T In7(n+1)?

Note that inequality (2.4.3) also follows from Theorem B1.

Remark 2.4.5. Note that inequality (2.4.4), for \, = % > 0, cannot

be improved as follows.

o L = gm0+ 1y e
Wa(f ’ ’2_">q’§ ;1( T Wa+,o+6(f,2—m>p) :

See Example 3.2 in [75].

Proof of Theorem 2.4.1. We start with the realization result (Lemma 1.2.3)

1 no
LY S0 — S (70N, 2 S (PO, = I+ E

Wa (fo\ﬂ)a on ¢

First, we estimate /; using Lemma 2.3.3 to obtain

-1

1/q
1S5 (fO) = Sou(FOD)]], < (Z 2704|| Sypia (fM)) — SQm(f<W>>|z> .

m=n

o8



By the Marcinkiewicz multiplier theorem, the definition of GM sequences,
and the fact that [A\g| < |Aom|, 2™ < k < 2™ we have

1Samir (fO) = Sam (FAN)p S [ham || Samer (f) = Sam ()]l
Let us denote Asm 1= max Poil Tt s clear that | Agm| < 2™ Agm. Then

k
1<k<m 27

[ Agm ||| Sam+1 (f) — Sam (f)llp < 2" Agm || Sgmr (f) — Sam (f) £ fllp
< 9 Ao Egn(f),.

Applying Jackson’s inequality, we obtain

1/q
I = || ) = Sou(FO)]], S (Z 2" PNL B (f), )

m=n

| 1/q
(Z om(6+p) qumwa+p+9(f 2m)Q> )

m=n

To estimate Iy, we use the Hardy-Littlewood fractional integration theorem

« a+6)
552 (SOl < 1™ FAD).
Nothing that for any {\,}3°, € GM, we have that {22}>, € GM for any
p € R (see Lemma 1.4.6), and applying Lemma 1.5.3, we get

(a+0) ‘)\M
1SS (FAN)], < max

(a+6+p)
max SESE (1))

Using Lemma 1.2.3, we obtain
|>\2k|

Io < 27" max
1<k<n

2S5 ()]

)\ K 1
| |wa+p+9(fa %

1
= 2n(0+p Agnwa+p+0(f7 2_n)p

Collecting estimates for I1 and Iy, we have

0 1/q
1 1 q
W (f()\,ﬂ)7 2_n>q < (Z (Qm O10) Ngma 1 p16 (f; 2_m>p> ) :

m=n

< 270+) max
1<k<n Qkp

)y

completing the proof.
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Proof of Remark 2.4.4. We show only a nontrivial part that Theorem 2.4.1
extends Theorem B2. Let conditions (A}) and (As) hold. Then A9, < A,
Assume that £(¢) is an increasing slowly varying function. Then the function
t7PE(t) is strictly decreasing for t large enough. Suppose that %f (n) is in-
creasing. Then we have that {\,} € GM. Indeed, this follows from Lemma
1.4.2, since the conditions of A imply that { "5 } € GM and { ) } e GM.
Here we have used an obvious fact that any increasing sequence b,, such that
ba, < by, is general monotone.
Now we remark that

Aok
An = max S2E(2") =

Agn
2np

S 6(27).

Then Theorem 2.4.1 gives

00 1/
(199.8), 5 (5 sl 2)))

m=n

= (Z <2m9)\2m§(2m)wa+p+9 <f7 ZLm)p)q> q’

m=n

the latter is equivalent to the statement of Theorem B2.

2.5 New results in the case p=1< g < o©
The next results provide the sharp Ul’'yanov type inequality for the first
limiting case and, in particular, generalize Theorem B3.

Theorem 2.5.1. Let f € L,, 1 =p < q<oo, § =1—-1/q. Let A =
{A\ )y € GM. Then, for any o > 0 and 0 < € < min(p, 0),

o0 1/q
1 m 1 q
(201 < (Z (27D (1. 25) ) ) ,

m=n

where N
_n& 2k
Agn := 2772 max —.

1<k<n 2k(P—5)

Remark 2.5.1. It is clear that Theorem B3 (i) follows from Theorem 2.5.1.
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Proof of Theorem 2.5.1. We consider the de la Vallée-Poussin polynomials
Vi(f) == Ai(f, x) and

2n—1

ZA fa:—i—Z(

m=n+1

—) An(f2) (n > 2),

where A,,(f,z) are given by (1.1.2). We start by applying realization in-
equality (1.2.9) from Lemma 1.2.3

1 —no &
wa(f(W)’Z_Jq < Hf(A,B) _ Vgn(f(W))Hq 49 |W2(n)(f(A’*B))Hq R
(2.5.5)
Let 0 < e < min(p,d). To estimate [, we use Lemma 2.3.3

-1

1/q
[Var (FOP)) = Vau (FON), < (Z 200 Vg i1 (fNF)) — v2m<f<*5>>||go) ,

where 1 < py < ¢ < oo is chosen such that
1 1 €

T
" g 2

By Lemmas 1.4.1 and 1.5.3, we get
[[Varsa (FN) = Van (FOD) [y S Dam[[Vamss () = V()| po-

Denoting

__ o-ne/2 ‘)‘2’“‘
Agn 1= 270 max o= m

we have
DanllVar () = Van(F)llpn S 27 Aon [Vanes (F) = Van ()l
Applying Lemma 2.3.1, we obtain
20 N [V () — V() o S 272055 [Vios () — Vo ()]s = I
It is well known that V,,(f) is the L, near-best approximant of f, that is,

I =Vallly S Eal )y = jnf 1 =Tl

where T, is the set of all trigonometric polynomials of degree at most n.
Then

Iy < 2" 750 Mg | Varenr () = Ve (f) & £l S 27056 Mg By ()1
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Using Jackson’s inequality implies

00 1/(]
Il 5 (Z <2m(60+p+99())A2mE2m(f)1>q)

m=n

- 1/q
m 1 !
5 (Z (2 (9+p)A2mwa+p—|—9—8(f7 2_m)p) ) :

m=n

Now let us estimate the second term in (2.5.5). By Lemma 1.5.4, we have
Vo Ol S NV ) e

Note that if {\,} € GM, then {n*),} € GM, ¢ € R. Again applying
Lemmas 1.4.1 and 1.5.3, we obtain

I S 27V (FON)]

< 27" max [ Ao

1<k<n 2k(p—</2) H 2"
gn(e/2-a) 2nHV2noz+90+ﬂ—5/2 (f)

a+90+p 6/2( )H
Po

[0-
Therefore,

I < on (e/2— aA 2n0 o) HV (a+bo+p— 5/2)(f)”1
1

< 2n(5/2—a A2n2n 9—90)2n(a+90+p—6/2) L

)

Wadp+h—c/2—¢/2 (fa

1
T

Here, the first inequality follows from Nikol’skii’s inequality given by Lemma

_ 2n(0+p)A2nwa+p+9_g(f,

2.3.1 and the second from Lemma 1.5.2. Collecting estimates for I; and I,

we obtain

00 1/(]
1 1 q
wa(f(/\’ﬁ), %)q < (Z (2m 0+p) Aomwaqtpro— E(f, 2—m)1> ) ,

m=n
which completes the proof.
]

In the next result, unlike Theorem 2.5.1, we deal with wq,r0(f, )
obtaining the sharp Ul'yanov inequality.
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Theorem 2.5.2. Let f € L,, 1 =p < qg < oo, 8 =1-1/q,

and \ =
{\.}22, € GM. Then, for any a > 0,

2m /) q
m=n

00 l/q
1 1 q
Wa (f()\ﬂ)v 2_n> ¢ 5 ( E (2m(0+p)A2mwa+p+9 (f7 ) ) ) )

where

Remark 2.5.2. Since the conditions (A1),(As), and (Ay) imply that {\, =
A(n)} € GM and

om .

|>\k‘ Q1 |>\2’m 1
m = —) = < q
Az (Z<kp>l<: ~ g

then Theorem 2.5.2 sharpens Theorem B3 (ii).

Example 2.5.1 and Remark 2.5.3 below show that the inequalities in
Theorems 2.5.1 and 2.5.2 are not comparable.

Example 2.5.1. Let l = p < ¢ < oo, § =1-1/q,
A =nIn"(n+1). By Theorem 2.5.1, we have

00 1/q
1 Z 1 q

p>0,vekR, and

Y 2m
m=n

and, by Theorem 2.5.2, we have

([ 1 q 1/

( > (20 o (£.35) ) ) sl
1 % q 1/q
Wey (f()"ﬁ), 2_n>q < < S (Qm(0+p)wa+p+9 (f, 2%)) In m) ’ N = 1

. T
© 1/q
0 q
(£ @ nm(rd))) 0 <k
\ \m=n
(2.5.7)

Remark 2.5.3. We note that inequality (2.5.6) for v € R and inequality
(2.5.7) for v = 0 also follows from Theorem B3 (see [13, Corollary 1.5]).

Using {A,} allows us to prove (2.5.7) for any choice of v € R. Moreover, in
[73] it was shown that estimates (2.5.6) and (2.5.7) are not comparable.
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Proof of Theorem 2.5.2. The proof follows the same lines as those in Theo-
rem 2.5.1. We consider the de la Vallée-Poussin sum of the function f*7).
As above, we use Lemma 1.2.3

1 —no «
wo(FO0,55) SN = Var(FOM) 4 277 [V (PO =: Ly + I

Now we apply the following (p, ¢)-inequality:

1 1/q
[Vt (FO)) — Vi ( (Z 2004 Vg1 <’5))—‘/zm(f“’5>)go> ,

m=n

Further,

where 1 < py < g < o0, 6y= pi %

[Varst (FOP) = Vor (FON) [y S [am[[Vamss (F) = Vo (F)lpo-

Set,

- ( S |>\k|q>§
2 Lap+1) -

By Lemma 1.4.7, we have Agm < 2™PAgm. Then
Dl Vot (F) = Vo (F)lpn S 2 Agi Vo (f) = Vi ()
Using Lemma 2.3.1, we get
2 Mg [V (f) = Ve )l S 27 An 20750 [Vawos () = Vo ()]s = .

~Y

Since V}, is the L, near-best approximant of f, we obtain that
I3 < 27750 A | Vot (F) — Vi (F) £ Fll1 < 2756 Mg B ()1

Combining these estimates and Jackson’s inequality, we derive that

00 1/(]
L < (Z (zm(90+p+990)A2mE2m(f)1)q>

m=n

00 1/(]
1
S gm(fte) AomWayptg (f, = h ' .
2m

m=n
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Let us estimate [o. Applying Young’s convolution inequality ([88]) we

have
on ontl_1 m — "
e D R (e L
m +1
on+1_q )\ 2n
— ( Z p"ie cosm:z:) * <Zma+p+914m(f7$>
m
m= m=1
ontl_q m — on
DI R [ ) |
m=2"+1 !
n+1 1

/N

s

Using the fact that {\,}32; € GM implies that {22;}°, € GM, Lemma
2.3.4 yields

cosm:cH | Van (a+p+9) (f, )

n+1 2”+1_1 1 2n+1_1 1
E COS M A ) E Ao|?y e A
= e n+1 .
mP +9 pp+o pap+1 2nHi=1
m=1 v=1 v=1

Taking into account that A\, < A\p, k& < n < 2k, we can estimate Agm+1_q <
Aom. Finally, Lemma 1.5.2 implies

o 1
I S 27" Ao [V (f ) |1 S 20t A2nwa+p+9<fa 2_71)1'

Collecting estimates for I1 and I, we get

00 1/q
1 m 1 q
wa(f(A’m,2—n)q S (Z (2 (9+P)A2mwa+p+9 (f; 2_m)1) ) ,

m=n

completing the proof.

2.6 New results in the case 1 <p < qg= o0

In the following theorems we investigate the Ulyanov-type inequality
for another limiting case: 1 < p < ¢ = oo. As in the previous subsection we
obtain two main theorems.
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Theorem 2.6.1. Let f € L,, 1 <p<qg=o00, § =1/p, and A ={\,}2>, €
GM. Then, for any o >0 and 0 < e < min(p, §),

2" 00 ™ 2m ) p

1 - 1
We (f@\ﬂ)’ _> < Z gmlf+r) A2mwa+p+9 5(f7 _) J

where

ne/2 |)‘2k|
Agn =277 max 2o m

Proof of Theorem 2.6.1. The proof is the same as that of Theorem 2.5.1. We
use Lemma 1.2.3 for ¢ = oo to get

1 a
wa (£, 2) SO = Vo (FO) oo + 27 |V (FO) o =2 1y + .

Observing that

Aok |
< ne/2 ‘ 2
An S A o= 2700 max S

we use Lemmas 2.3.3 and 1.5.3 to derive

[Var(fP) = Vou (F*) |06 < Z2mauvzm+1 M) — Vo (fON]1,

l 1

S D2 Pan || Vama () = Van ()l

m=n
-1

S D 27027 g [Vamea (f) = Vi ()|

m=n

Then



and we estimate

L= 27"V (FO) e < 27270 [V (SO

N a+6
< 27" | VAt (f O,

< 271(%—60 max ’)\Qk’ HV 06+90+p 6/2 ( )

Iy

~ 1<k<n 2k(p—¢/2)
o 1
< onle/? a+q0)An2n(a+90+p—€/2)wa+p+9,5/275/2(fa %)p
1

e 2n(9+p)Anwa+p+9—E(f7 2_n)p

Combining the obtained estimates, we finally arrive at
L . L
wal I, 300 Z B E(f 2m>

The next result is the sharp Ul'yanov inequality for 1 < p < ¢ = o0

Theorem 2.6.2. Let f € L,, 1 <p<qg=o00, §=1/p, and A ={\,};2, €
GM. Then, for any a > 0,

1 1
/\7 m 9
We <f( 5)’ 2_n> < Z 9 +p) A2mwa+p+9 (f 2m)
where
IARP N
AN — ( kp/p+1) ) > 0

Example 2.6.1. Let f € L,, 1 <p<qg=o00, 0 =1/p, p >0, v €R, and
A =nPIn"(n+1). Then, by Theorem 2.6.1, we have

Wa (f(A’6)7 i) 5 Z 2m(9+p)m7wa+p+9—5 <f7 i) .

2” — 2m p
Theorem 2.6.2 yields
( oo N
1 0 =
Wa (fO‘?B), 2_n>oo ,S 4 z 2m(9+P) <lnm> Wap+6 <f, QLm)p’ v = —1%7
Z 2m(0+p)wa+p+9 (fa %)1; v < _Z%
\ m=n

(2.6.8)
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Remark 2.6.1. Note that letting formally p = ~v =0 in (2.5.7) and (2.6.8)

gives 1
1 S max (1.3 Ly ye )"
wa(f,Q—n)q 5 (Z (Qmam (q’p/)wa+9< ’2—m)p) > ,

m=n
¢ q<x

" which is the the

forl<p<qg=o0orl=p<qg<oo, q =
L, q=o0,

sharp Ul’yanov inequality proved in [68].
Proof of Theorem 2.6.2. Let 1 < p < q = co. Applying Lemma 1.2.3, we get

1 —no «
wa(109.50) SO = Vao(FOM) oo + 27 [V GO oo =2 I+ I
where Vo (fM) is the de la Vallée-Poussin sum of the function f*%). As in
the proof of Theorem 2.6.1, we have

[Var (FA) = Vau (FO) || oo < ZT” Vot (fO) = Vo (FAN)]),

-1

<Y 2" dgn

S D 2" g [Vawss (f) — Van ()l

[Vamer (f) = Var (f)lp

3
|
3

—
|
—

i
S

1
7

where Aom := ( Z A" >p and the last inequality follows from Lemma 1.4.7.

kp'p+1

We know that V ( f) is the L, near-best approximant of f. By Jackson’s
inequality, we get

I S Z 270 Ny By (f),

m 1
S Z 2m(@+r) Aomwatpro(f, 2m)

We handle I similarly. Applying Young’s convolution inequality and Lemma
2.3.4, we have

2n,+1 -1

(0% Am .
VO £ | 3 g cosmal] vt s )l

m=

< Ao [V O (£ 2) ).
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Remark that Asnt1 < Aga. Finally, by Lemma 1.5.2, we obtain

o 1
B S 2 VAL )l S 2 it (Fr ) -
p

Collecting estimates for I1 and I, we derive

1 m
Wa (f()\ ) 2 ) Z 2 () A27”Woz—|—p+9 (fv ) :

m=n

2.7 New results in the case 1 =p,q =
Our two main results here are Theorem 2.7.1 and 2.7.2 below.

Theorem 2.7.1. Let f € L,,p=1,qg=00, 0 =1, and A = {\,}}°, € GM.
Then, for any o> 0 and 0 < ¢ < min(p, 9),

ALY AN 2m /1

1 - 1
wa(f@ﬁ)’_) < 22 m(-+p) A2mwa+p+9 5<f7 _) ’

where

ne/2 p\?k‘
Agn 1= 270 max ool

Proof of Theorem 2.7.1. Let p = 1 < q = 00. The method of proof is the
same as above. Lemma 1.2.3 with ¢ = oo gives

1 —no «@
wa(£09, ) S IO = Var(fOD) oo 2 VO e =i T+ o
Applying Lemma 2.3.3 and 1.5.3, we obtain for 6y = 1/py

2n

[Vt (FO) = Vgu (fO <2p%wb4 MY — Vaur (F )|,

-1
S 27 gn[[Vames (£) = Van () o

where pg > 1. We set Agn 1= 277¢/2 11211?5 % Using Nikol’skii’s inequality,

we get

| Mg | [|[Vamsr (f) = Vam (f)llpy < 2" Agm|[Vamr (f) — Vam (f)] pg
< 2™ Ao 207000 || Vs (f) — Vi () 1.
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Finally, we estimate I; as follows:

1
I S Z 2mlpto) A2mwa+p+9 £ (f 2m)

Arguing as above, we estlmate I>. Applying Nikol’skii’s inequality with

1 <pyp<qp<o0,by= p—o — q—o = 0 — 5 and then Hardy-Littlewood fractional

integration theorem and Lemma 1.5.3, we obtain
I = 27|V (FOD) oo S 272" [V (SO,

—naant a+6
< 27" ||V (FOD)|
L) |>\2k|

< 93~ max

(400+ 2)
< ] L §)
1<k<n 2k(p—¢/2)

F)lpo-
Using again Nikol’skii’s inequality gives

] < 2 n(e/2— Oé+q0 A 2 1_7 ||V (a+0o+p— 6/2)(f)H1

< 2n(5/2—a+9—90)A2n2n(0¢+90+ﬂ—5/2)w Y pth—c/2 /Q(f i)1

S @ TEETEEM T o
1

— on0+r) Aornwaipro—c(f, %)1

The last inequality follows from Lemma 1.5.2. Collecting estimates for I; and

15, we have

1

1
wa(f()\ P, — 2 Z 2m(0+0) Aomwatpro-e (f 2m>

m=n

Now we state the sharp Ul'yanov inequality in the case p =1, ¢ = c©
and 6 = 1.

Theorem 2.7.2. Let « € Ry and p € Ry U{0}. Let f € L1, A={\,}°2, €
GM, {AN,} € GM, and {A2=2} € GM. We have

wa(f()\ﬂ ) ZQ |>\2m|wa+p+1< 2;)

2n+2_1

o Ak Ak | et 1
+2 ;\ﬁ‘m\k casoni(Fg), 279)

—na| . ﬂ-(ﬁ_p) - k(o 1
+2 |smT| ; | Agi |25 +1)wa+p+1(f, ﬁ)l
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Proof of Theorem 2.7.2. Let 1 = p and ¢ = oco. Using Lemma 1.2.3, we get

o (f(m)’i) < Hﬂm) _ %n(f(A,m)H L gna

2"/ o 00

VQ(T?)(f(/\’ﬂ))H =: 11 + I>.

oo

Taking into account Lemma 2.3.3 for ¢ = 0o, ¢t =1, py > 1 and o =
2", L =1 —n, we obtain

|Var () = Van (£ | 22 T

By the Marcinkiewicz multiplier theorem and properties of GM sequences,

Varnir (f7) = Vou (F37)

Po

we have

H‘/Qm+1 (f(AwB)) _ {/Qm(f(W))

< Pran | Vares (£) = V()

Po Po

Nikol’skii inequality implies

< Pl ) |Vams () = Van ()]

| Agm|
1

Vo (f) = Vo (f)

Po

Applying Jackson’s inequality, we obtain

1
[l < Z 2m|>\2m|E2m < Z 2m |)\2m|wa+p+1 (f 2m)

m=n m=n

To estimate I, we first use Lemma 2.3.2
Ve (FOloo S IV (SO

Further using (1.7.48), we have

271-{-2 1

Hva+1 Z ‘ u+1
u=1

1
+ ’)\2"+2 ‘Qn(a+1)wa+p+1 (fa %) 1

n—1
+ | sin M| Z ‘)\2k+2|2k(a+l)wa+ +1 (f i) .
2 — SRANELYS

1
Ha+p+1wa+p+1 <f7 _>
W/ 1

By properties of GM sequences and collecting estimates of I; and Iy, we
obtain
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1 1
wa(f(/\m on ) S ZQ |>\2m|wa+p+1 (f 2m>

7! A 1
nao _ AR+l g ptadtd -
2 EE: ‘ (k+ 1) ‘k “a+p*1(f’k)1
—na| - T 6 o :0 k(a+1 1
+2 ’SlnT‘;’/\Qku (ot )wa+p+1(f> @)1
The proof of Theorem 2.7.2 is now complete. []

Let us apply Theorems 2.7.1 and 2.7.2 for power—logarithmic deriva-
tives.

Example 2.7.1. Let f € Ly, 6 =1, and
Ap=n’In"(n+1), p>0, veR.

Theorem 2.7.1 tmplies that

1 — 1
Wa (f(A’ﬁ)u 2_n) o 5 Z 2 (9+p)m’ywa+p+9—€ (f7 2_m> 1'

m=n

On the other hand, Theorem 2.7.2 implies

(i) if v =10, B=p,
1
wa(FO9, ) Z 20 g (f, =), (2.7.10)
(ii) if v =0,
0p) LY < N gmi) 1
We <f ’2_”>oo ~ Z 2 Wa+tp+0 <f7 2—m)1 (2.7.11)
—na| : ﬂ-(ﬁ B p) - o 1
+2 ‘ sin T‘ Z ok +6+p)wa+p+9 (f, ?> X

k=1
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fiii) if 7 £ 0,

1 = 1
(1) 2 L),

—no - « — 1
+2 Z hltota) gy " Watpro (f, ?) .
k=1

—nal o W(ﬁ'_'p) - k(a+6 1
+ 2 ’smT’;Q G +p)k7wa+p+9(f, ?)1
Proof. The proofs of (2.7.10) and (2.7.11) are clear. The part (iii) follows
from Theorem 2.7.2 and the fact that

2n+1 -1

1 1
D k=1 (k4 DR i (f )= 0200 g (f 500
k=21
]
Remark 2.7.1. Note that inequality (2.7.10) and (2.7.11) imply the following
estimates: 5
dt
)oo /t Pwatps1(f, )1?
0
and

1

1)
dt V.
)oo /t PWatpr1(frt)1— ; +ta/t b-p “Watpr1(fit)
0

d

dt
.

Here the first inequality is given in Theorem B4 and the second one is

new.

2.8 Estimates for the best approximations

In this subsection we obtain estimates for the L,—best approximations
of the generalized Liouville-Weyl derivatives via the L,—best approximations
of the function themselves.

Theorem 2.8.1. Let f € L,, 1 <p < qg< oo, 8§ =1/p—1/q. Let A =
{22, € GM. Then, for any o > 0,

(0]

/¢
En(fO), < (Z (zmeAQmEQm(f)p)“) , (2.8.12)

m=n
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q g <0,
where q; =
1, ¢q=oc.

Proof of Theorem 2.8.1. Let 1 < p < ¢ < oo. By Lemmas 2.3.3 and 1.5.3,
we have

-1 1/q
||Szl(f()\’ﬁ)) — S2”(f()\’ﬁ))||q S (Z <2m9|‘52m+1(f</\75)) - Szm(f(/\’ﬁ))up> 1)

m=n
( -1
m=

2
00 1/q
(Z <2m9|>\2m|E2m(f)p> ql) :

) < 00, . ) )
where ¢1 = {q 4 Using the inequality E,(fM), < || fM) —
1, ¢q=oo0.

Su(fAM)||, and the fact that ||fM) — Sy (fO)], < lim | Sqr (fFMA)) —
—00
San (fAP))]|,, we obtain

00 /g
Ean(fO), < (Z (sz’\Agm\Ezm( f)p)m) .

. 1/@1
(2" an o1 () = San(£)]ly) )

S
S

[]
Theorem 2.8.2. Let f € L,, 1 =p < q < o0, § =1-1/q. Let A =
{\ )y € GM. Then, for any o > 0,
00 1/
E2n+171(f(/\’m)q S (Z (Zma/\QmEQ’”(f)p)ql) ) (2.8.13)

q, q < o0,
where q =
1, q=o0.

Proof of Theorem 2.8.2. The proof follows from estimate I; in Theorem 2.7.2
when 1 < g < oo. [|f) = Var(fOD)|y < lim [Var(fOD) = Var (FAD)g,
—00

applying the inequality Eguii_1(f*), SIFM — Vau (fO)|,, we get

e.¢]

/¢
By (), S <Z <2m9|)\2mE2m(f>1>ql> '

m=n
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[]

Remark 2.8.1. Note that some estimates of the best approzimation of f*9)
in Ly in terms of the best approximation of f in L, were obtained in the paper

[54]
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3 Liouville-Weyl derivatives of double trigonometric series

3.1 Some notations, known results, and goals
Let Lp(TQ),l < p < o0, be the space of measureable functions of two
variables that are 2mr—periodic in each variable and such that

2 2w »
Hf”p - // ‘f(xla xz)\pdﬁﬁld@ < 0.
0 0
Lg - the set of functions f € L, such that
27
/f(x17372)d$2 =0a.e. 11
0
and
2r
/f(xl,fﬁz)dxl =0 a.e. zs.
0

Let f(P172) be a derivative in the sense of Weyl of the function f(x,x)
of order pi(p; = 0) with respect to x; and of order ps(py > 0) with respect
to x9.

In the paper [48], the following result was proved.

Theorem C. Let 1 < p < 00,0 < # < min(2,p), max(2,p) < 7 < oo, and

r1,72, 51, B2 be positive numbers.
A. Let f € Lg(T2) and

11
1
0—1 -1 0 o
= <//t r1 t2?"2 r1+3177°2+52(f’ tl,tQ)pdtldt2> < 00,
0 0

then the mized derivative of f in the sense of Weil frr2) ¢ LS(TQ), and
LFrr), < CA(F,6).
B. Let f € LY(T?) be such that f"+"2) € LY(T?), then
J(f.7) Oy,
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Here wy, 1,(f,t1,%2), is the mixed modulus of smoothness of a function
f € L,(T?) of orders l; and Iy with respect to variables x; and z9, corre-
spondingly, that is,
N
wiy (f,01,02)p = sup [JAG (AR ()l

|h1|<61, [ha|<62

The difference of order [y > 0 with respect to the variable x; and the difference
of order [y > 0 with respect to the variable x5 are defined as follows:

AL () =D DR fan+ (b — k)b, )
k1=0

and
[ee]

AR (f) =) (=1)RC f (a1, 25+ (I — ka)ha).

ko =0
Let Y., m,(f)p be the best approximation by a two-dimensional angle
of the function f € L,(T?), i.e

le,mz(f)p = T lﬂjﬁ Hf - Tmlvoo - Too,mQHpa

mq,005- 00,mog

where the function T, (21, 72) € Ly(T?) is a trigonometric polynomial of
degree at most my in x1, and the function Th , (71, x2) € L,y(T?) is a trigono-
metric polynomial of degree at most mo in x,.

The direct and inverse theorems between best approximations by two-
dimensional angle and mixed moduli of smoothness are well known [44, 45].
The Jackson inequality reads as follows: if f € Lg(T2), 1 < p < oo, then

Vonona )y o (Fi ) (3.1.1)
myp ma/p

The inverse inequality states that if f € L)(T?), 1 < p < oo, then

1 1 m
. a1 1 k 2_1 S/ .
Wa 00 (f’ my’ m2> mo‘lmg‘2 Z Z 1) ko ()

=0 ko=
(3.1.2)

Using these estimates and applying Hardy’s inequalities, we easily obtain
that

1
s

(Z Z kl n 1 r1S— 1 5+ 1)T23_1Yk81,k2<f)p>

=0 ko=0

7



for any s > 0, where as usual Fi(f,r,s,p) < F5(f,7,s,p) means that there
exist positive constants C; and (s, independent of f such that

Cl ' Fl(f,r,s,p) < FQ(f7T757p) < 02 : Fl(f7T787p)'

The goal of this section is to extend theorem C in the following re-
spects. First, we consider the generalized Liouville-Weyl derivatives in place
of the classical mixed Weyl derivatives. Second, similarly to one-dimensional
inequalities (1.6.29) and (1.6.30), we obtain estimates of the angle approxi-
mations of these derivatives by angle approximation of functions themselves.
By o(f) we will denote the Fourier series of a function f € L,(T?), that is,

[C OINNG ¢

o(f) = E E (Gpyny COSMITY COSNOTo + by, COS N T SIN NoTo+

n1=0n2=0

+ Cpyny SIN N T1 COSN2To + iy, SINN1X7 SINNTH),

where for the sake of brevity we assume that cos(0 - ¢) = 3.

The transformed Fourier series of o(f) is given by

xS XX

a(f, A B, B2) = Z Z )\nl,nQ(anmg cos(nyz1 + B1m/2) cos(ngwy + Bam/2)

’/l1=1 n2:1
+ byyn, cOS(n1xy + B17/2) sin(ngxy + Por/2)
+ Cpyn, Sin(nyxy + B17/2) cos(ngzy + Porr/2)
+ dpyn, Sin(nyzy + B17/2) sin(ngxy + Por/2)),

where (1, 2 € R and A = {1, }ny.nen i a sequence of real numbers.

By analogy with the one-dimensional case we call the function
o(x1,T2) ~ o(f, A, P1, B2) the (A, B, f2)— mixed derivative of the function
f (or Liouville-Weyl derivative) and denote it by f*#:%2) (2, 25). For exam-
ple, if A\yn, = ny'ny, r; >0, B =r; (i = 1,2), then fM82) = frr2) where
frir2) is the mixed derivative of f in the sense of Weyl. Note that, for any
B and By, || fO58) |, x | FA99)],, 1 < p < oc.

We recall [69] that a sequence A := {\,}’2 is said to be general monotone,
written A € GM, if the relation

2n
D 1Ak = Ak < CJA
k=n
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holds for all integer n, where the constant C' is independent of n.

Similarly, one can introduce the class GM?, where 2 stands for dimension.
See [14, 15, 16].

Definition 3.1.1. A sequence A = { Ay n, by moen 15 said to be general mono-
tone, written X € GM?, if the relations

2711

Z |>‘k1,nz Aky+1, nz| C’)‘m,nz‘

k1=n,

2722

Z |)‘n1,k2 - n1,k‘2+1| C‘)‘nhnz‘

]412:712

27’L1 2712

Z Z |>‘/€17k‘2 Aki+1ks = Mkl T Ak, k‘2+1| C‘)‘n1,n2|

k1=n1 ka=nq

hold for all integers ny and nsy, where the constant C' s independent of ny
and ns.

3.2 Auxiliary results
In this section we state several useful lemmas that will be used in the
proof our main result. First, we introduce some notation.

Let the series

(0. ¢] o0
o(f) = E E (Gpyn, COSMITL COSNTo + by, COS N T SIN NoTo
ni=1ns=1
o0 oo
+ Cpyny SIN N T1 COSN2To + dyy p, SIN N T] SINNTH) = g E Apiny (1, x9).
ni=1ns=1

(3.2.3)

be the Fourier series of f € L)(T?).
We denote

2m1—1 2m2—1

m1m2 = E E Amm iUl,ZCQ) mi, Mo = 1,2,

n1_2m1 177/2 omag— 1
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Let Si,00(f), Soomy (f)s Smymy(f) denote the partial sums of Fourier
series of f(z1,x9), i.e.,

2

Sy f) = %/f(ml +t1, 22) Dy, (t1)dt1,

0
2

Seoms(f) = %/f(lﬁla@ + t2) Din, (t2)dt2,

0
2r 2w

1
Smyms (f) = ) / / f(x1 + 11, 2 + t2) Dy, (81) Dy, (E2)dt 1 dis,
0 0

where D,,(t) = Sin(m+%)t, m € NU{0}.

1
2s1n§

From [69], it follows that if {\,,,,} € GM?, then
’Ak1,k2| < C‘/\nl,n2| for ni < kl < 2”17 ng < k2 < 2”2-

This implies that the condition

21’L1 2n2

Z Z |)‘k1,k2 - )\k1+1,/€2 - Akl,kQ‘Fl + )‘k1+1,k2+1| < C(|)‘Tl1,n2‘ + |)\2n1,2n2|)

ki1=n1 ka=ny

is equivalent to the condition

2n1 2712

E , E , ‘)‘kl,]w - >‘k1+1,k2 - )\klak2+1 + )‘k1+17k2+1’ < C|>‘TL1,W|‘

k‘1 =11 k‘g =N

Lemma 3.2.1. A sequences {\,,n,} € GM? satisfies the following properties:
there exists C' > 0 such that

(1) | Aeyk] < ClAnyn,| for niy <k <2ny, ng < ko < 2nog,

. Nl N1 A .
(M’) Z |>\k1,n2 - )\k1+1,n2‘ < C(‘)\nan‘ + Z %) fO'r' ny < Nl;

k1:n1 k1:n1—|—1

N2 N2
(i) S Dacks = Mdost] S Ol + 3 2220 for ny < N,

ko=no ko=no+1
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N, N,
(ZU) Z Z ‘)\kl,kz - )‘k1+1,k2 - Akl;k2+1 + )‘k1+1,/€2+1| <

k1=n1 ka=no

AT PV oyt | Ny i |
<C<|>\n1n2\+ S Ramly 54 Poata] s W) for ny <

k1:n1+1 kg n2+1 kl 7'L1+1 kQ ’I'LQ+1
Nl, ny < Ns.

Proof. The properties (), (ii), and (ii7) follow from Lemma 1.4.1. Let us
prove the property (iv). Let I; € NU {0},l; € NU {0} such that 2n; <
Ny < 2btlpn, 2bpy < Ny < 22F1n,. Then, by definition, we have

Ny N,

A= E E |)‘k17/€2 - >‘]ﬁ+1,k2 - Aklak2+1 + )‘k1+17k‘2+1|

k1=n1 ka=ny

i, 1y 2%1tlp,—12%2tlp,1

< Z Z Z Z | Aky by — Mkl ks — Mhbykot1 T+ Akl k1

51=052=0 k1=2%1n; k9=252n4

L

<CY > Pavin oo

S1 =0 8220

Using (i), we get

Ll

< n1 n2| + Z |>\251n1 TLQ’ + Z |)\n1 252712‘ + Z Z ‘>\251n1 282”2

s1=1 so=1 s1=1 s9=1
1 2%1n, 292n9 1
< C(‘Am,n2| + E , |>‘251n17n2‘ E , 7 + E , |)‘n1 252712 E , ]ﬁ_
s1=1 k1:281*1n1+1 s9=1 ko=2%2"1ny+1 2
l1 l2 251n1 2827L2 1 1
+ E § | 201y 2021, E E k_k;_)
5171 5271 kl 281717114-1 k2—252’1n2—|—1 172
‘)\ ‘+ |)\k:1n2‘ ‘)\nlk’Q + |>‘k‘1/€2
n1n2 ]{/‘ ]{/‘
ki=n1+1 ko=no+1 ki=n1+1 ko=no+1 12
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Lemma 3.2.2. Let f € L)(T?) have the Fourier series (3.2.3). We consider

= Z Z (Gpyny cOs(nixy + P17/2) cos(naxs + o /2)

n1=1 712:1

+ bpyn, cOS(nyxy + B17/2) sin(ngzy + Por/2)
+ Cpyn, SiN(nyxy + B17/2) cos(nozy + Porr/2)
+ dpyn, sin(nyzy + B17/2) sin(ngxy + Por/2)),

where By, B2 € R. Then

Ci@) 1l < llelly < Co(p)lI flp-

The proof is analogous to the proof of Lemma 5.2.6 of [49] and it uses
boundedness of the conjugate operator in L,, 1 < p < oo.

Lemma 3.2.3. [}3, p. 125] Let a, > 0,0 < a < 8 < co. Then

() < ()

Lemma 3.2.4. [/5, /9] Let f € L,(T?),1 < p < oo, and m; € NU{0}(i =
1,2). Then

-

[f = Sinoo(f) = Sooma (f) + S s (F)llp =X Yoy o (f ) p-

Lemma 3.2.5. [/3]
(a). Let 1 < p < oo and (3.2.3) be the Fourier series of f € Lj(T?).
Then

2 27

( / / > ZAmlmg) dxld@)l\ C)lIf 1,

mi=1mo=1

(b). Let 1 < p < oo. If (3.2.3) satisfies the following inequality

2 2w

I, = // mlmQ)dxldxg)p<oo,

mi= 1 mg—

then (3.2.3) is the Fourier series of a function f(x1,z2) € L,(T?) and
1flly < C ()1,
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Lemma 3.2.6. [43] Let f € L)(T?),1 < p < oo, and (3.2.3) be the Fourier
series of f. If {\n,n,} satisfies the following conditions

(Z) ‘Anl,n2| < M

2" —1 2"2—1
(ZZ) Z ‘)‘mbnz - )‘m1+1 nz‘ M Z ‘An17m2 - )\nl,m2+1| < M7
m1:2n1—1 mo= —9onga—1

2" —1 2n2—1

(ZZZ) Z Z |)\m1,m2 - >\m1+1,m2 - >\m1,m2+1 + >\m1+1,m2+1‘ <M

mi= 2n1 1m2_2’n2 1
for allni,ng =1,2, ...

Then the series

Z Z )\nl,ngAnan (331, x2)

n1:1 ’ngzl

is the Fourier series of a function o(f,\) € Ly)(T?) and |||, < C| fll,, where
the constant C' is independent of f.

3.3 Upper estimates of angle best approximations of general-
ized Liouville—Weyl derivatives

Our main result reads as follows.

Theorem 3.3.1. Let 1 < p < oo, 0 <8 <min(p,2), A = { A, n,tnimen be
a sequence of positive numbers such that A € GM?, a; € Ry, r; € Ry U {0},
and f; € R (i =1,2).

If for f € L)(T?) the series

Z s = AV o)y + Z ATt = AL | Y0, ()

n11 ’ngl

+ Z Z MLttt = My — Mekor1 T Mo Vi g, ()

ki=1 ko=1

(3.3.4)

converges, then there exists a function fOP152) ¢ Lg(TQ), with the Fourier
series J(f) >\7 517 /62)7 and
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OB (2 ), < { 5+ Z X — Al o ()

Tll—l
No= 1
1
6
N ~ Mpnas1 T Ay Yo, ()
ni,ng n1+1 o ny,no+1 ni+1n9+115 ny,no p )
ny= 1TL2 1

p T Z Py 1 Agvrl,ﬂYQeﬂ—Lo(f)p

1/11

LF5 (@, 29) |, S {A

+ Z Y 2v2 A?’2U2,1D/6972V2_1(f)p

1/21

S

6 6 4
+ Z Z ‘)‘2'4 2v2 2V1 12v2 >‘2V1,2V2*1 + )‘2V11,2V21|YQV11,2“21(f)p} )

1/1—1 V2—1

and

}/lefl 2m271(f(/\,ﬁ17/82) (x17 JUQ))p 5 {Agm1—1’2m2—1}/v2€n,1_1’2m2_1(f)p

+ Z ‘)‘2”1 ,2m2 1 /\3”1—1,27"2—1|Y§91’1—1,2m2—1(f)p
+ Z ‘)\le 121/2 )\gml—l’?@fl|Yv23m17172u271(f)p

+ § § ‘)‘21’1 22 T 2V1 1 ov2

=mjy V2=
1
[

Mg+ Mot ot [V et (D }

Proof of Theorem 3.3.1. Let the series (3.3.4) be convergent and f € L(T?).
We use the following inequality

0 E
)\277,1 12n2 1 — >\ 2n2 1 —|— >\2m1 12n2 1 )\2m1 22n2 1)

m12

1+ E >\12m21_ 12m22 + 5 )\le 11 2m1 21)
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§ : § : 0
+ >\2m1 12m2 1 )\le 22m2 1 )\27711 12m2 2 +)\2m1 22m2 2)

ng
n
+ Z ‘)\1 2m2 1 )\f,2m272| + Z ‘)\2m1 1 1 Agm172,1| (335)
m1—2
—|_ Z Z ’)\le 12m2 1 )\2m1 22m2 1 )\ omy— 12m2 2 +)\2m1 22m2 2’
2m2

2" —1 22 -1
Let us denote A, , = > Yo A (fiz,m) (n,ne = 1,2,..); see
U1:2n1—1 1/2:27L2—1

(3.2.3).
We will use several times the simple fact that, for any 6 > 0, one has
CLO) (7 + j3) < (1 +52)” < Co(O)(37 + 45), Ju. g2 2 0.

Using (3.3.5), we derive

2 27
00

[1 L= // Z Z )\277,1 1 gny— 1An1 nz} pdl‘ldl'g};

0 0 ny= ].77,2 1

00 1

= Z Z)‘"l 1 gna— 1An1n2:| »

B ’I’Ll_l n2:1

— A21+Z)\2n111 1"‘2)\22”2 1A1n2

n1—2

1

+ Z Z Nt g A2 M}

2’/12

< H()\%1 ZAnll[ 1+Z [ASr- S Agin- 21|]
+ZA1n2[ 1“‘2‘)‘121/21 Al o 2@
T Z ZAMHZ{ +Z ‘)\12"2 ! 2”2 1 +Z ’)\2"1 I ”1 2,1|

2712

201
Z Z 0 0 0\ 2
—|_ ‘)\QV1 1 21/2 1 )\2V1 2 21/2 1 )\2V171,2V272 —|— )\2V172’2V272 |:| )

21/2

SSIN)

SN
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nl—
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1 V1 1

ZAlng

TL2—2

I

L1 Z Z Anlﬂz

ni=2 ng=

+ Z Z Anl,ng |: Z |>\9 1,2v2—1 )‘9 1,2v2~ 2| + Z |)\2u1 11 )\3,,1,271‘

1/1—2

TL1—2 No= 2 1/2:2

201
§ : 2 : 0 0 0 92
—|— ‘>\2l/1 1 21/2 1 A2V172’2V271 - A2V171’2V272 + A2V172’2V272 |i| )

V1—2 Vo=

This implies that

ns [ (at+ ZA it ZA1n2+

+ZA [Zp‘?"lll 21’1 21‘]6

=S Z A2

n1—2 No=

> s -
1/1—

2V1 21@

2

+ Z A1 N2 { Z |>‘§,2V2*1 - )‘?,21’22‘] ’

1/22
oo o0

T Z Z Anla%

’I’L1—2 No= 2

+ Z Z A”la%

n1—2 No= 2

o

SN

’nl—l ng—l

DI
1/2—

Z Z AGr-

=2 vy=2

2
0 0 0
)\2111 2 21/2 1 )\211171,211272 —|— )\21/12’21/22‘:| }
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- (i Sz

TL1:2 n2:1 ) V1=

N0
~
ol
=

‘)‘2”1 11 )‘3”1—2,1|
: _

[ OIENG ¢)

T (Z Z A7211,n2 Z ‘)‘1 ,2v2—1 sz 2|

n1:1 7L2:2

N0
~
ol
=

00 o0 _
+ ( Anl,ng ‘)\2”1 121’2 1
ny =2 n2:2 Vl*2 Vo=

2 1
0 0 0\ 2
)\QVI 2 2y2 1 )\2u1—1,2u2—2 + )\2u1—2,2y2—2|i| )

p

= Ji+ o+ J3+ Jy.

Let us estimate J;. Applying Lemma 3.2.5, we have J; < CAqy||f]|, < oo.
Now we estimate Jo given by

2 27

n={ ] (S5 st [ 3 ] )

n1—2 %) 1

1N
|=

2

Using Minkowski’s inequality and Lemma 1.5.5 (a) for 2 > 1, we derive

>

00 00 _m 2
2 0
E : z :Anl,nz |)\21’1 11 >\2V1 21‘:|
no=1mn1=2 - 1/1:2
o0
- E (( E ‘Anl,nz‘ |>‘2V1 11 2V1 21] ) )
n1:2 n2:1 Vl—

ni

S S s = M ]

2 1/1—2 ng—l
ny o0

> {2 [ s = li] F))’

ny =2 :2 No=
oo 0]

(
<§:{ Z Z Ay o |*[ A5 1] A~ 21|9}9>3
(

A
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ni
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/N

ni=uvy TLQ—l

% 2
2\ 0
Wy = Ml (0 S 180 )

ni=uvy TLQZ].
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I
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Applying this estimate, we obtain

27 27
1
JQ NS // Z |>\2y1 11— )\gul 21|( Z Z ‘Anan‘ > } } dxldﬂfg}
V1= =2 n1=rv1 no= 1
o 2 )
{// 21/1 11 )\gul 21|( Z Z ‘Anlnz‘ > ) dxlde}p)g.
0 0 1/1— ni=uvy ng—
Further, using Minkowski’s inequality for 4§ > 1, Lemmas 3.2.4 and 3.2.5, we
have
27 27
N
(Z |)\2u1 11— )\gul 21| // Z ‘Anl N > ) dxldxg} )
ni=uv; ’n,g—
(ZP\QVI 11— )\gl’l 21|H<Z Z|An1n2 ) >
1/1:2 ni=uvy ’I’LQ—
G
S (30 Wy — M o)
V1—1
Thus, we obtain
7
5 (D2 W = MoV 1))
V1= 1
From (3.3.4), it follows that Jy < oo.
Let us estimate
27 27 - .
// nl No [ Z ‘)\1 2va—1 )\?2@—2@ 0} Qd.flildxg}p.

ni= 1712

We use Lemmas 1.5.6 and 1.5.5 (a) with Z > 1 to get

Y3 a W[Z A s A‘;qua
ni=1

No=— =2
o0 ) o0

3 (30 (3 [l N s = X el )

2:2 1/2:2 n1:1

N
(SIS

)3
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o0 U») ]

= ([ {2 (S 1t ) ) T')

TL2:2 1/2:2 n1—1

o0 00 00 9. 2
(D M = Mol (32 D 180a) )
Vo=2

No="Vy n1:1

Using this and Lemma 1.5.6 with £ > 1, we obtain that

2m 27
n={ [ 1 S 80 [ W =] )t}
0 0 n1=1mnye=2 Vo=2
om 21 ~ o o .
< {// (D M = A pel (D2 D 18w mf?)’ ) } dxldxg}
0 0 Vo=2 no=ry n1=1

2m 27 0 0

(iuml A e // >3 Auwl) da:ldxg} ) .
Vo=2

No=V9 N1= 1

By Lemmas 3.2.4 and 3.2.5, we have

1

6
J3 < (Z Y 272 )‘?,2V21|Y09,2V21(f)p) < 00,

1/2—].

provided that (3.3.4) holds.
To estimate Jy, we first obtain the upper estimate of the following sum.
Applying Lemmas 1.5.5 and 1.5.6 twice for % > 1, we get

s 2
E : E : E : E : 0 0 0
n17n2 |: ‘)\21/1 1 21/2 1 )\2111 2 21/2 1 )\211171721/272 —|_ )\2V12721/22|:|
n1—2 No= 21/2
o o
<§<§{§[<§‘An1n2 |>‘2V112V21
ni=2 =2 ng=Uy V=2

2

0 0 0
A21/1 2 21/2 1 A21/1—1721/2—2 _|_ A2V1—2721l2—2‘>} }

<y (ZZ{ S 1Bl g

’I’Ll—2 =2 V= No=Vy

(SIS
SN

)

2

[
0 0 0] 2
>\2V1 221/2 1 )\21/1717211272 + )\2V1272V22’:| } )

SN
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v
SV

)

0 0 2
)\21/1 2 21/2 1 )\211171,21/272 —|— )\2V1272V22|0:| }
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(S [ (3 18P
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N0
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A2V1 22V2 1 A Vl 12V2 2 +A2yl 22V2 2|
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2
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ni1=vi n2=rs3

Hence, Lemma 1.5.6 with £ > 1 implies that

A:{/

//\

2 2w o oo
/ |: E E An17n2|: E E |)\2y1 121/2 1 )\2y1 221/2 1
n1=2ny=2 V=2 o=

2
- )\gulfl72y272 —|— )\ ov1—2 21/2 2|:| :| dxlde}

2r 2w

// Z Z ‘A2V1 1 gvp—1 /\QV1 —2 gug—1
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2 :2 : 0
( ‘)\2u1 1 2u2 1 )\2u1 2 2u2 1 )\2u1—1 2u2—2

=2 V1=
2 27

—|—>\gu12721/22‘{// [( i i |An1,n2|2)g} gdxlde}p>9

n1=V1 Ng=V
0 0 1 172 2

( E § ‘AQUI 1 21/2 1 AQUI 221/2 1 A2U1 121/2 2

=2 V1=
2 27

+ A0 2 gus-2| // Z Z AN } d:z:ld:cg}p) .

ni=vi N2=rz

By Lemmas 3.2.4 and 3.2.5, we obtain

9 0 9
Ji S <Z Z |)‘2”1 2v2 2"1 1,2v2 )‘2”172"2—1 + )‘2V1—1,2VQ—1\qul—l,m—l(f)p) '

Vo= 11/1 1

By (3.3.4), we have J; < oo.

0

(55

1

S

Collecting estimates of Jp,Jo, J3 and Jy, we get [; < oco. Hence, by
Lemma 3.2.5 (b), there exists a function g(z1,z;) € L), with the Fourier

series
(0. @] 0
E E )\2n17172n271An1’n27
ny =1 ’17,2:1
and

lglly < C(p) 1.

We rewrite series (3.3.6) in the form of

o0 oo
Z Z an,nQAnlng ('CC:[? x2)7

n1=1 n2=1
where (ny,ns = 2,3, ...)
n 1 n
Y11 = A1, Vi, = Apgn-1 for 277 <27 -1,
1
7]/171 — )\2n17171 fOI' 2n1 \ 1/1 X 2n1 - 1,

Yirwy = Agni-1gna—1 for 22t Ly < 2" —1,2m7 Ly K
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Now we consider the following series

o 0 (o] o0
Z Z )\nl’HQAmT@ (331, .CU2> - Z Z 7”17”2‘/\“17”214”1”2 (xla x2)7 (338)
TL1:1 ’I’L2=1 ’I’lel n2:1
where
ALVQ ALVQ 77,2—]. no
Ap=1, Ay, = = for 2 <12 -1 (np=2,3,...),
M,vo >\1,2n2*1
)‘V171 )‘Vhl ni—1 ni
A= = for 2 < <2 =1 (g =2,3,...),
Yvi,1 )\2n1—1,1
A A
AV17V2 =2 = e for 2m~! <y <2 —1,

Vyl,y2 )\2711—1’2712—1
2 Ly <2 — 1 (ng,mp = 2,3,...).

Let us show that {A,, ,} satisfies the conditions of Lemma 3.2.6. Taking
into account that {\,, n.,} = A € GM? we have

1) ’An17n2’ < M7

2) forny =ny =1,

2n1—1
A A At o
> A = Aya] = L= M,
V1:2n1_1 2’1
2n2 1
E A1, — Arpa] < M,
V2:2”2_1
3) for no =1, n; =2,3,...,
2n1—1 1 271 -2 A\
on1—-1,1
|AV1,n2 - AV1+1,n2‘ - ‘)‘m - )‘V1+1,1 + — 11 < M,
A A
yy=2m1-1 2L, —gm 2l
4) for ny =1, ng =2,3, ...,
2n2 1
E A1y, — A1pya] < M,
1/2:2n2_1
5) for ny = 2,3, ... such that 2™ 1 <ny < 2™ —1 (my = 2,3,...),
2m1—1 1 2" -9
E , |Aul,n2 - AV1+1,n2‘ < w1 ] E ‘)‘thz - )‘V1+1,n2|
V1:2n1—1 2m a2 2 y1:2n1—1
)\2"1—1 n )\2"1 n
_|_ 5102 + 5102 < M’

)\2n1—172m2—1 )\2n172m2—1
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6) for n; = 2,3, ... such that 2™ <ny < 2™ —1(m; = 2,3,...),
9m2 1

Z ‘AnhVQ _ Anl,yg+1| < M,

1/2:271271
7) for ny = ng = 17
M1  2n2_]
E E I/1,V2 - AV1+17V2 - AI/1,V2+1 + AV1+1,I/2+1’ < M)
_2n1 1 V2—2”2 1
8) for ny =1, ny =2,3, ...,
M1  2n2—]

§ : E : ‘AV1,V2 - V1+17V2 - AV1,V2+1 + AV1+1,V2+1‘

_2n1 11/2—2n2 1

ong _1 on2 1
< D M= Al DY A, — Mg <M,
:271271 1/2:2’"'271

9) for no =1, ny =2,3,...,
9m_1  9n2—]

E : E , ‘AVl,Vz - AV1+1,1/2 - AV1W2+1 + AV1+1,V2+1’ < M7

vy =211 py=2m2—1

10) for ny,n9 = 2,3, ...,

-1 2m2—]

E , E : V1,V2 - AV1+1,V2 - AV17V2+1 + AV1+1,V2+1‘

_2711 11/2_2712 1

29  9n1-9
: : : : VlaVQ - AV1+17V2 - AV13V2+1 + AV1+17V2+1|
_2n2 1 _2n1 1
9n2 9
+ E ‘A2n1—1,V2 - A2n1,l/2 - A2n1—1,V2—|—1 + A2"17V2+1‘
:271,271
9n1 9
+ E |Ay, 021 — Apjs19mo1 — Ny ome + Ayiq omo |
V1—2n1 -2
+ [Agni—1.9m0 1 — Agna ama 1 — Agmi_1 970 + Agny gns|
22 -2 2" -2
1/1,1/2 >\I/1—|—1,V2 )\Vl,Vz—Fl >\I/1—|—1,V2—|—1
Z Z )\2711 1 2n2 1 )\271171 271271 B )\27’7,171 27’7,271 + )\277,171 277,271
_2n2 1 _2n1 1 ’ ) )
9n2 2

+ Z )\27117171/2 _ )\271171/2 _ >\2n171,l/2+1 + >\2n1,1/2+1

277,2 1 >\2n1—172n2—1 >\2n172n2—1 >\2n1—1’2n2—1 )\2711721’7,2—1
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21 -2
+ § : 1/1 2m2—1 )\I/1+1,2n2—1 . Al/1,2712 + )\V1+1,2n2

oni— 9 >\2n1 12n2 1 )\2n1—172n2—1 >\2n1—172n2 )\2n1—172n2

>\2”1—1,2n2—1 Agnignz 1 Agmi_19m2 | Agni gm

)\2711’271271 A2n171’2n2 )\2n1’2n2

271,1_2
)\2711—1 2n2—1 1
< C>\ _1’ - )\ » . E ‘)\y172n2_1 - )\V1+172n2_1|
2117 ,2n2 2m1 = 2n2 g1
1 211 -9 1 gny o
+ )\— : : ‘)\V1,2n2 - )\I/1+172n2| + )\— E |>\2’ﬂ171’y2 - )\2n171’y2+1
n1—1 9n ot
2m1—2 212 v=2m-1 2m—2.2m2 B
|
LY D Paniw, = A <M.
n no—1
2m1,2m2 Vy—gi-1
00,00

Since the sequence {Ay 5, },.21 ,,—1 satisfies the conditions of Lemma 3.2.6,
then the series (3.3.8) is the Fourier series of a function f#1:%) (21, 19) € L,

and Hf()\’ﬂl’ﬁQ)Hp < C(p7 )\)Hng

Taking into account (3.3.7) and the estimates of Jy, Jo, J3 and Jy, we
have

‘|f(/\’ﬁ1’52)“p S p T Z ‘)\% 1 V1 1 1| 21,0 )pt

1/1—1

+ Z N gn = A st [ Y 1 ()

1/2—1

Sy

0 0 %
+ Z Z ‘)‘2"1 2ve T 21'1 L2v2 )\2V1’2V2—1 + )‘2V1—1,2V2—1|Y2”1—1,2”2—1(f)p

1/2—1 1/1:1
00 2"1—1
SN+ Yoo D INein — Aol
=1 n1:21’1*1
00 2v2—1
0
+ Z Yoo -1 () Z A o1 = ALl
vo=1 n2:2’/2_1
S IINe'S)
0
+ Z Z You 1,901 (f)p
1/2:1 1/1:].
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=

211 2721

§ § 0
X |)\n1,n2 n1+1 No A n1,n9+1 + A ni1+1 n2+1|}

nl 2V1 1n2 21)2 1

N { LA + Z At = MY o()y
ni= 1
+Z‘/\1n +1 1n2‘YE)n2( )
No— 1
1
oo 6
+ Z Z |)‘n1,n2 )‘nl—i—l N9 )‘91 no+1 + )‘1911—&—1 TL2+].‘ nl,ng(f)]?}
n1—1 n2—1

Let us estimate ng_1,2m2_1(fu’51’52))p. Using Lemma 3.2.4, we get

}/2m171,2m271<f</\761aﬁ2))p < O fPrbe)
_ oo,gmz_l(f(/\,ﬁlﬁz)) — 527”1—1,00(]0()"&’62)) + S2m1_172m2_1(f()\7ﬂl,ﬂ2)>Hp-

We consider the series (cf. (3.3.8) )

E , E :/\m,nz NN x17x2 E : E :%11,712 ny,ng nlng(xhx?)

ni=1ny=1 n1=1mny=1

where A} | (71,72) = 0,if ny < 2™ —Tandny < 2™ —1,also 4, |, (71,72) =
Ay, n,y (21, 22) otherwise.

Since the sequence {A,, ,,} satisfies the conditions of Lemma 3.2.6,
then

H Z Z /\n1,n2A7>;1n2($1,x2 H CH Z Z /\2n1 1 gna— 1An1 s

n1:1 n2:1 ni= 1 No— 1
e . :
where A} =0, if ny <my or ng <ma, A} = Ay, otherwise,

By Lemma 3.2.5, we have

2 27 1
a2, 5{ [ [1 5 5 st imin)
0

m1+1 kz m2+1

(3.3.9)

It is easy to see that
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0 _ E
>\2k1—172k’2—1 - )\ Qmq— 12m2 1 + )\le 121/2 1 )\2177,1 121/2 2)
m2+1

—|_ E )\2111 12m2 1 >\2V1 22m2 1)

Vl—m1+1

—|— E E 2V1 1 2y2 1 A2V1 22y2 1 A ov1— 1 2y2 2 + A2V1 22y2 2:|

Vl—m1+1 Vo= m2+1

Substituting this estimate in (3.3.9), we derive

2 2w

Yami _1.9m 1 (fO75)), < / / Z Z <)‘2’”1 hame

k’l—m1+1 ]{32 m2+1

k1
§ : 0 § :
+ |>‘2m1 1 gva—1 )‘2m1—1,2V2—2| + ‘)‘21’1 1 gma—1 )‘21’1 —22ma—1
m2—|—1 V1:m1—|—1

+ E § ‘)\21/1 121/2 1 )\21/1 221/2 1

Vl—m1+1 1/2—777,24*1

S
LA

2
0 0 7 A2 2
- >\2u171721/272 + >\2u12721/22‘> Akhka] dxldl'g

Then
2 2w

ng1,2m21(f“’51’52>)p5Agml_l,m-l{ / / { Sy Azmrdxldxg}”
0 0

|=

ki=mi+1 ko=mo+1

27 27
~ o0 o0 kq 2 p i
2 2 : 0 02 P
+ { // Z Z Akth( |)\2V1 1 2m2 1 )\2V1—272m2—1|> dx]_de’Q}
0 0 ) ki=mi1+1 ko=mo+1 vi=mq+1 B
2 27 ) 0 o ey . .
2 0 612 P
T {/ Z Z A/<?1J<52< E : |)‘2m1 1gv2—1 )‘27"'1—1,2V2—2|) dxldx2}
0 0 ) ki=mq1+1 ko=mo+1 vo=mo+1 -
21 27T
T {/ Z Z k17k2< § : E : ‘)‘2”1 1 gvp—1 )‘21/1 2 grp—1
0 0 kl—m1—|—1 kg—m2+1 Vl—m1+1 Z/Q—TTL2+1
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1

—)\ 2v1—1 gva— 2—{—)\21,1 2 Qo 2‘) } da:ld:cg} L1+L2+L3—|—L4

SN
[S]pS]

We estimate Lq as J; to get

2 2w
Ll Aomy - 1 gmy-1 // Z Z Ak1,k2:|2dxldx2}p
0 0

ki=mi+1 ka=mo+1
SJ )\2’”1_1,27”2—1}/27"171,2’”2—1(f)p'

To estimate Lo, we have

2 27

k‘l 2 P 1
// E g k17k2( E ‘/\21/1 1 gmo—1 )\ 2v1-2 9ma— 1‘) } dSIZldSUQ}
ki=mi+1 ko=mo+1 vi=mq+1
00 2 2w 0 v 0 1
: : 0 j : 2 2 p\ 0
SJ ( ‘A2u1 1 2m2 1 = A2y1 2 277;2 1 // Ak17k2i| dl‘ldxg} )
rv1=mi+1 ki1=v1 ko=mo+1
00 1
0 0 o
5 ( § P‘Ql'l Lomo—1 ™ /\2”12,2m21|Y2V111,2m21(f)p> :
V1=m1—|—1
Similarly, we obtain the estimate for Lj:
21 27 0 0 ko ) p .
E § 2 §
{// |: Akl’kz( ‘>\2m1 1 2112 1 )\ om1— 1 21/2 2‘) :| dxldx2}
0 0 ki=mi+1 kao=mo+1 Vo=mo+1
e 1
: : 6
5 ( ‘)\2"’1 1 2y2 1 )\ gm1—1 2u2 2| amy1 _1 2u2—1_1(f)p>
V2:m2—|—1
Finally, we estimate L, as follows
2m 27 0 0
L4 _{// |: Akl,kQ( |>\2u1 121/2 1 )\21/1 221/2 1
0 0 ki=mi+1 ko=mo+1 vi=mi+1 vo=mo+1

P 1

2 =
- )\gulq 2v2—2 + )\ 2v1-2 Q2 2|) } d:l?ldﬂ]g}

( E E |)\2V1 121/2 1 )\21/1 221/2 1

V1—m1+1 Vo= m2+1
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2 27

o0 o0 p 6 1

P N

_/\g”1—1,2”2—2+/\gyl—2,2”2—2|// { Z Z A%hkz]delde} >
0 O

k1=v1 ka=1s

< E E ‘>\2V1 121/2 1 >\2V1 221/2 1

=mi+1 vo=mo+1

1
0
_>\ Vl 12V2 2 +>\2V1 22D2 2| 1/1 1 121/2 1 1(f) ) .

Taking into account the estimates for Lq, Lo, L3, and L4, we derive

Yo _2ma 1 (fP52)) ) <SNG 1 st Vi 1 gms 1 ()
+ Z ’)‘2”1 ,2m2 1 /\3”1—1,27”2—1|}3€’1—1,2m2—1(f)p

+ Z ‘)\277’7,1 121/2 Agml—l’?@fl|Yv2€n1_172u2_1(f)p

=ma

+ E E ‘)\21/1 2112 21/1 1 21/2

=mjy V2=

S

- >‘ 2v1 2ra—1 + )‘2V1 1 ova— 1|}/29"1—1,2V2—1(f)19

The proof is now complete.

3.4 Estimates from below of angle best approximations of gen-

eralized Liouville-Weyl derivatives
Recall that a sequence A = { Ay n, bny moen is such that 1 € GM? if the

relations

2n1
1 1 1
> -] <o)
k _ )\k‘l,TLQ )\k1—|—1,n2 )\nl,ng
1="n1
2712
1 1 1
) - <Cl5—|
foo )\n17k2 >\n1,k2+1 )‘nl,nz
2="2
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2711 2712

DB B PRTRR T Nw

ki=ny ky=ny P02 Mt Mt /\k1+1k2+1

Anl ;12

hold for all integers n; and no, where the constant C' is independent of n;
and ng (see Definition 3.1.1). Note that the last condition can be equivalently
written as follows:

Our main result in this subsection is the following analogue of Theorem 1.8.1

27’1,1 2”2

ZZ‘A et )<C<‘)\1

Jey=ny ky=ns k1,ko )‘k1+1,k2 Ak17k2+1 )‘k1+1,k2+1 ni,ng

_|_

‘ )\27L1 ,QTLQ

in two-dimensional case.

Theorem 3.4.1. Let 1 < p < oo, max(p,2) < 7 < 6, oy € Ry, r; €
Ry U {0}, Bi € R(i = 1,2), A = {0, tnimeen be a sequence of positive
numbers such that % c GM?, and also satisfy the additional conditions

1
( E :|)‘2”1 12k 2"1 1 2k2— 1‘) < C’)\2"1—1,2"2 )

ko=1
1
(Z |)\2k1 2712 1 ;k1—1’2712—1‘> < C‘)\2n172n2—1|, (3410)
k1 1
1
< Z Z |)\2k1 2ka T 2k172k2—1 — >\72-k1—172k-2 + )\72-161—1’2@—10 < C‘A2"172”2|7
k1=1 ko=1

where ny and ny integers and the constant C' is independent of ny and ns. If
f e Lg(’I[Q) and there exists a function fWMPLP2) ¢ Lg(’]IQ), with the Fourier
series a(f, A, B1, B2), then

+ Z |)‘21’1 1 /\;1—1,1’}/727”1—1,0(]0)?

1/11

ORI, 2 {

o0
+ Z [Alave = Al o1 Ygam 1 (f)p

1/2:1

_|— Z Z |>\2V1 2y2 - 2y1 1 2u2 A72-V172”2_1 + )\72-y11’2u21}/27;1172u21(f)p}

Vo= 11/1 1
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and

Y2ml—1,2’”2—1(f()\7ﬁ1’62>)p e gmrl,gmz*l}gml—1,2m2—1(f)p

+ Z |>‘2V1 ,2ma—l ;V1*1,2m2*1‘Y2T’1—1,2m2—1(f)p

vi=ma

+ Z |>‘2m1 Love = gmrl,zl’z*l‘Y'QTml—l,Q%—l(f)p

Q=

+ Z Z ‘)‘2"1 2ve T 21'1 1ove ™ ;1,2@—1 +)‘;V1—1,2V2—1| 27”1—1,2”2—1(f)p

V1=mj V2=my

Proof of Theorem 3.4.1. We consider the series

DY domcrp B = > > A An (e, m),  (3.4.11)
n1=1 n2:1 n1=1 ngzl
where A, ,, = AQT”;—QHTI for 201 <y <2%—1 (m; =1,2,...),i=1,2.

Taking into account that + s €GM 2 we list some properties of the sequence

{AVl,Vz} :

)\277.1 1 277,2 1 )\271171 271271
1)| V17V2‘_‘ X —)\ ’ < M,
]/1 Vo 271171,271271
2) for ny =ny =1,
9m1 1
Z A1 A2
AU17n2 - AU1+17’I’L2 — A : - A : < M,
ot —1 1,1 2.1
y1:2 1
9n2 1
E : Anl,Vz - Anl,Vz-H < M7
V2=2n271
3) forng =1, ny =2,3,...,
on1 1 9n1 9
1 1
§ , AV17”2 - AV1+17”2 - )\2"1_1,1 Z A B A
vp=2"1"1 v =2m1-1 vl n+l,1
)\271,1—1 1 )\271,1 1
Lo <,

Aomi_11  Agmig

100



4) forny =1, ng = 2,3, ...,

2m2—1
’Al,l/g - Al,l/2+1’ < M7
V2:2n271
5) for ng = 2,3,...: 2™ <iny 2™ — 1 (my = 2,3, ...),
2" —1
E : ’Alﬂ ng Al/1+1,nz
V1—2n1 1
2"1—2
. Z )\2n17172m271 A2n17172m271 + ‘)\27111’2717,21 )\2n1’2m271
1 )‘Vlﬂ”bz )\u1+1,n2 )‘2”1—17712 )‘2”1 2
1/1:2n1
9n1 2
1 1 )\271171’2771271 )\2n1,2m271
< )\2n1—172m2—1 E —
)\Vl,ng )\1/1—1—1,112 )\2"1—1,712 >\2"1,n2

141 =271 -1

6) for ng =2,3,...: 2" <y 2™ — 1 (my = 2,3, ..

2"2—1

Z ’A”M/z - Anl,y2+1‘ < ]\47

vo=2n2-1

7)forn1:n2:1

21— 2"2—-1

E E ‘ vi,Vy AV1+1,Z/2 - AV1,I/2+1 + Al/ﬁ—l,l/g—i—l

_2"71 11/2_2712 1

A1 Alp >\2,2’

= 1— — ’ —|—
‘ A2l A2 Ao

8) for ny =1, ny = 2,3, ...,

21— 2m2 —

< M,

E E ‘Al/l,VQ - AI/1+].,I/2 - AV1,V2+1 + AV1+1,I/2+1’

_2n1 11/2_2712 1

9n2 1 9n2 1
< E ‘Al,ug - A17u2+1’ +
1/2:2"2_1 V2:2"2_1
9) for no =1, ny = 2,3, ...,
on1 1 9m2 ]

E E ‘Ayl,llg - AZ/1+1,V2 - AV1,I/2+1 + Ayl—‘rl,l/g—i-l’

_2n1 1 _2n2 1

ony] _1

Z ‘Ayl - AV1—|—1,1 - AV1,2 —|— AV1+172‘ < M7

vy =2n1-1
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Since the sequence {Anlm}

10) for ny,me = 2,3, ...,
o1 gn2—]

E E ‘ Vi,V - Al/1+171/2 - AI/1,V2—|—1 + AV1—|—1,I/2—|—1’

72711 11/2—2”2 1

2m2—-2 2"

Z Z ‘ on1—1 gnp—1 )\2'”1—1’2'”2—1 )\2n1—172n2—1 4 )\271,1—17277,2—1

—ogng— 1 —9nj— 1 1/1,1/2 )\I/1+1,l/2 )\1/1,1/2+1 )\V1+].,I/2+1

2n1 -

)\2711 12712 1 )\2n1—1’2n2—1 )\2n1—172n2 )\2n1—172n2
- E -

Gonl Amaear Avigmer Ao Ao
2”272
)\271171’271271 )\27117271271 )\271171’271271 )\277.1,2?1271
+ ) +

:2”2_1 A2’”1_:]‘7”2 A2n171/2 A2n1_17y2+1 A2n17y2+1

)\277,1717277,271 A2n172n271 )\271171’2712 )\27’7,1’2712

1on2-1  Agnigma1 Agmio1gme Agmigm

2m1 -2
)\271171 271271 1 1
< O—’ + )\2n1—172n2—1 E - ’
)\2n1—1’2n2—1 V1:2n171 >\V1,2n2—1 >\V1+1,2n2—1
2m1 2

+)\2n1—172n2 Z ‘ L — L

vy =2n1-1 Av2ma Auyigm
1=
222
—|— )\2n1 1 2n2 1 E ‘ )\
2n2 1 2 1

2”2 -2

Z 1 1
—|— A2n172n271 - ’ < M.
B /\2"1 v )\2"1 vo+1

V2:2n2 1 W2 W2

1 1 ‘

-1 ,V2 )\2'”171,1/24*1

00,00
1712

then the series (3.4.11) is the Fourier series of a function g(x1,z2) € L,, and

lgllp < C(p)l\f“’ﬁ“ﬁ”\\p
Applying Lemmas 1.5.6 and 3.2.5, we get

LI + Z A% 1 = A= 1Yo 1 0(f)p + Z AT — Al gva1|YG 21 (f)p
VQ—

1/1—

+ Z Z |)‘2V1 2v2 2V1 lova 2V1 22—t + )‘21’1 1 ova— 1‘Y221—1,2V2—1(f)p

1/2—1 I/l—
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+Z|)‘2V11 " 11\(//{ Z Ail’l}gd:cld@)p
0 0

1/1—]. TL1:I/1+].

00 21 21 00 » .

2 : T E 2 2 P
+ |)\1 21/2 - 1721/2—1‘(// |: A17n2i| d.’ljldﬂf?)

Vo= 1 0 0 n2:V2+1
+ E E |)‘2V1 2v2 T 2V1 1ovg 2V1 2v2—1 + )‘21’1 1 gva— 1|

1/2_]. 1/1_].

27 27
p T

X ( / / Z Anlw}dazld:cg)p

ni=vi+1 no=ro+1

0 O
27 277 0 . .
T+ |>\ — M\ A2 1PV daydry )"
1,1 2v1.1 2”1_1,1 ny,l 1 2
I/1—1 TL1=1/1+1
2r 27 50 . .
.
(//{ E | 1,2v2 _)\172u21‘|: E A1n2j| } dxlde)
1/2:1 No= I/2+].
27T 27r
E E T T
// |)\2V1 21/2 - 21/1 1 21/2 - 21/1,21/271 —|— )\211171’211271‘
0 0 1/2—11/1—1
o0 T
<[ > E: a2l } dxld.m)
n1:1/1+1 No= l/2+1
2m 2w 00 i C 2
T T T 2 A2 2172
ML+ / / [ Pt = XualP22 0]
V= 1 ni=uvy
2 2 o o z 2.p T
§ : § : T T T2 p
+ (//{{ |: |)\172u2 A 21/2 1’ Al 7’L2+1:| } } dx]_dx2>
1/2:1 =

o0 0

271' 271' . o
/ / Z:{ S AY Moion = A

1/121 ni=vp No=Vy

I,2,ZI.,P T
2 2 T 2 T o
21/1 21/2 1 + )\21/1 1 21/2 1‘ An1+1’n2+1}i| } } } dl'ldxz)

S
|
=~

Using Lemmas 1.5.5 and 1.5.6 for 7 > 2, we obtain
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2 2w

il ([ [ Do 2]
0 0

TL1:]. 1/1:].

2,p
}T}2
2 P T

}T}2d:1:1dx2> ’

(SR

S

d$1d$2>

(I

Z U}‘I,Ta - 12vz 1‘ A1 nﬁ—l}

27 27 o o
+(//{Z Z{ZHZMW% A3t g0,
0 0 =1 m=1 n=1 No=ls

IS

T 2 T T
T 2 2)17)12) " D
>\21/1 21/2 1 + )\21/1 1 21/2 1| An1+1’n2+1}:| } } } dxlde)

Note that the last term is equal to
27 27

// {Z [ Z |)\2l’1 2v2 2”1 1 9vs
Vo= 1 ny=1

V= 1 No=—19

T, 2T, 24P T
T 2 2 T 2 T |2 D
)\21/1 21/2 1 + )\21/1 1 21/2 1‘ An1+17n2+1j| } } } :| dxlde)
27 27 n 0
T T
([ [IE(SUE IS b

n1_1 Vo= 1 V1:1 No="V9
2.p

T 2 T
T 2 2)17)2)7]|2
)\21/1 21/2 1 + )\21/1 1 21/2 1‘ An1+17n2+1j| } } } :| dxlde) .

hSER]

Applying Minkowskii inequality, we derive the following estimate of the latter:

2w 21 50 00 0 n
T T
SIS S S e
0 0 n1=1 VQZ]. No=V9 l/1:1

T 2 2 T
T 2,9 3Y7)2)7]2 P
/\2y1 2v2—1 + )\2u1 1 gva— 1‘ Anl—l—l,ng—i—l dxleEQ .

Thus,
2 2w n ) ]
T T T . )2 P
Jl S 1,1”pr + <//{ Z Am+1 1{ Z |)\2V1’1 - /\21/1—1’1‘} } diﬁldxg)
O ny= 1 1/1:1
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> 2 2 b T
+ (//{ Z Ai”frl{ Z ‘/\I,Qlﬁ T )\I’2u21|}7}2dl’1d£€2>1)
0 0 ne= vo=1
27 2w . o
* (// {Z { Z { Z Anﬁ-l n2+1{ Z ‘)‘2”1 2v2 T 72—V1—1’2y2
0 0 m=l =l ma=w =1

2

2]z T
- )\72—u1’2u271 + )\72—1111’21/21‘}7- } ’ }T:| d$1d$‘2> = J2

By Lemma 1.5.5 and taking into account (3.4.10), we have

2w 27
J2 S 71—1Hf||; + (//{ Z Anﬁ—l 1{ Z [ A 1 )\EV1—1,1|}T} d$1d$2>p
0 0 ni= 1 V= 1
27 27 . _
(//{ Z Alng—i—l{ Z ‘A12’/2 - 12”2 1|}T}2dxldx2>p
na= 1 Vo= 1
27r 27r
/ / S A e 0D P
ny1=1ny=1 vo=111=1
— )\72-1,1’211271 + )\TV171 2u21|}7i| dﬂ?ldl"g) ’
27 27 , .
1Hf||T // Z An1+1 1 2n1 1}2d$1d96'2) ’
ny= 1
21 27 , .
(//{ Z A%ng—kl)\l 2n2}2d$1d$2>p
0 No=— 1

27r 2

i (// {Z Z AmH na 1 A2 2n2} d$1d$2>; = J3.

0 0 Tll—]. TLQ—l

Using Lemma 3.2.5 (a), we obtain

T

3o a2 n2}2dx1d:c2> v
177/2 1
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2 27

+ (//{ f:A A 11}2d:1:1d:1:2>;

0 0 2

2m 2w 00 . .
(//{ Z A /\%’2n2—1}2d331d$2>p

0 0 No=— 2

(// [Z Z A2 N g | dxldxg);_

0 0 ni= 2n2 2

Similarly to the estimates of .J in the proof of Theorem 1.8.1, we derive

2 27 2 2w 0
Js S ( / / 11 dxlda:g / / Soaz, dxldasg)
21 271' 00 271' 2 " .
/{ > A%, | deids) (/ {Z Z A2, b dwdzy)’]
0 no=2 0 0 ni1=2ny=2
2w

K

(S}
1N

Z A%,ng/\%,%z—l } i dxldx2> ’

[ O ¢)

+ (// S AL 1rdx1da:2);

0 0 n1:2 7’1,2:2

2 2w 50 50

S()][X X 800 ] dondas) < gl S 1505

0 0 n1:1 TL2:1
Thus,

o0
| o8| > { TULAID +) TIN5y = Ao 1 Yo o)y

V1:1

o
+ Z [ALar = AL g1 [Y( 201 (f)p

1/2:1
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S =

+ Z Z ‘/\2% 2v2 T 2V1 Lova ™ 2'/1 ,2v2—1 + /\2V1 1 ova- 1|Y271’1—1,2V2—1(f)p

Vo= 1 Vl—

Now we estimate Yzml_mm_l(f(Aﬁl’B?))p from below. By Lemma 3.2.5 , we
have

27 21
g 1
Yomi g gma 1 (fO00R), > {//{ Z Z Mg 2 k1+1,k2+1} dmld@}p‘
0 0 k:l—ml kz—mg

We consider the following series

Jy = (Ale 1 gma—1Yomi 1 9ms_1(f)p

+ Z ‘/\21’1 ,2me—l T ;’1—1,2”%2—1‘Y2T'/1—1,2m2—1<f)p

vi=my

+ Z P‘le Lova gmrl,?l'z*l‘}/2;1—1,2”2—1<f)p

1
T T
+ § E |)‘2V1 2v2 T 2V1 Lova ™ 2V1 ,22v2—1 +)‘2'4 L ova— 1‘Y2V11,2V21(f)p>
vi=my V2=
Applying Lemmas 1.5.6 and 3.2.5, we get,
27 27
g T
p
J4 S ( omi— 12m2 1<//{ Z Z An1+1 n2+1:| dl’ld,fljz)
0 0 nN1=mi ng=
27 2w
P T
T p
_|— E |)\2u1 2m2 1 2V1—1’27n2—1| ( // E E An1+1 n2+1 dx]_dﬂfQ)
vi=my 0 n1=v1i ng=my
27 2w
I) T
7‘ p
—l_ g |)\2m1 1 2u2 - 2771,1—172u2—1| ( // E E Anl+1 n2+1 dxlde)
Vo=My 0 0 n1=mjy Na2=vsa
g E T T
+ ‘)\21/1 21/2 - 21/1 1 21/2 - 21/1,21/2—1 —|— >\2V1—1,2V2—1|

vi=mg V2=
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2 2w 00 00

« ( / / [ Sy Az, n2+1fdx1dx2)

ni=rvi No="ry

2 27

P T
z : 2 P
5 ( 72-m1—1’2m2 1 // An1+1 n2+1j| d:CleUQ>

n1=mi ng=msy

B

hS]
SN—
3=

27 27 0 .
T T
+ (//{ Z |/\2V1 ,2mz—1 2”1_1,27”’2—1‘ E E : Am—l—lnz—i—l } d!fl?ldx2>
0 0 MTm =11 na=mo
2 2w
% p
T T
+ // 27711—1,2@ - 2m1—172u2—1‘ E E An1+1 n2+1 } d-’lfldl'g)
va=ma2 n1—m1 No=Vv2
27‘(’ 27T
+(// Z Z ’)‘2”12”2_ 2v1-12v2 T 2”121’2 1t Agn- L gvg— 1|
0 0 vVi=my Vo=

D

X { i Z Anl—i-l mﬂ}Q}Tdﬂfflcl@);)i

n1=vi no=r2

2w 27T
p o
J— T A 2d d p
= \Aomi-1 gma- 1 n+1ng+1| AL1GL2
0 0 nl—ml Nno=my
2 27
() [{{ > (% Z
0 0 vVi=mg ni=vi Ngo=
5 T, 2.P T
T z 2 2 T 2 P
‘)\21)1 2m2 1 = 2u1—172m2—1|7An1+1’n2+1i| } } dxlde)
2 27 0 0 0
“([J{Z[x X
0 0 V=M No=Vy N1=M1
5 T, 2P T
T Z 2 2 T 2 p
’)\27111 12u2 - 2m1—1?2y2—1|7—An1+1’n2+1i| } } d$1d$2>
27 27

4 // Z [Z S N — Ao

Vo=m2 vi=mi  ni=vi ng=rz

T, 2,ZI.,P Ty 1
T 2 2 2 T 2 T p\T
21/1721/271 —|_ )\21/1 1 2u2 1| An1+1’n2+1:| } } } dﬂ?ldl’g) ) .
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Further, using Minkowski’s inequality and Lemma 1.5.6 for 7 > 2, we obtain

2 2w
g T
2 : 2 : p
J4 < omy— 12m2 1(//|: An1+1 TL2+1:| dxlde)
0 0 ni=mi na=msa
2 2w 00 ny 0
(I H{Z{ZT
0 0 ny=m: vVi=mg No=M2
) T, 2P T
T 2 2 2 T 2 p
A3y g — 2V1_172m2_1pAanmH} } } dmldx2>
2 2w

(Jhsss

Va=m2 N1=Mm1

T 2 P
2 2)17) 2
T 2 A2 T
‘)\27”1 1 ,2v2 - 2m1—1?2y2—1|7—An1+1’n2+1i| } } dxlde)
2w 2w

+ / / {;2{ SR DI D DL .

ni=m: vVi=m No="Vy

(NI
Bl
=

T 2 D
2 2] T T
2 T T
21/1 2va—1 + )\2:/1 1 gva— 1| An1+1,n2—|—1:| } } } d$1d$2>
27 2w

p T
2 p
S (Agoos oo // Z A2 1] dordas )

ni1=mi No=mMsy

,,)T

2 2w
X B
O 0 nN1=mM1 Na=My
™ ) T, 2P T
T “ 2 T 2 P
{ E |:|>\2V1 9Qmo— 1 2V11’2m21‘7-:| } } dl’ldiﬁ'g)
vi=ma
2 2w . o
+( / / (XX
0 0 No=M29 N1=M7
12 T, 2P T
T T 2 T 2 P
{ E : [|>‘2m11,21'2_ 2m1*172V2*1‘ An1+1n2+1] } } dxld:@)
Vo=M2
2 2w 0 o o n
.
+( / / I XX X Mz =X
0 0 Vo=M2 n1=miy Na2=Vs vi=mq
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| P T

T 2
2 2 2 T 2 T p
21/1 21/2 1 + A2u1 1 21/2 1| A’I’L1+1,’I’LQ+1 dxlde

2 27

5 ( gm17172m2 1 // Z Z Anﬁ—l n2—|—1:| gdxlde);

ni1=mi No=1mMmso

S =

2 2w ny )
T T
+ (//{ § : E : AnlJrl n2+1{ E |>‘2V1 2me—1 7 )\2V11’2m21‘}
0 0 ny=mi ng= vVi=m
2 2w Ny )
T T
+ (//{ E : § : Anl—i—l n2+1{ E |>‘2m1 Love 2m1—172V2—1‘}
0 0 N2=M2z N1=Mmi Va=my2
2 27

i

\
\

TS AE (S Shomad o

0 0 No=Mmy Vo= ni=mi vVi=m
2,1,2,¢P Ty 1
T 2 T 2 P T
21/1 21/2 1 _|_ AQU]_ 1 21/2 1|} } } } dxldl.Q) ) .

Applying Lemma 1.5.6 and additional conditions (3.4.10), we get

2 2w

J4 < gm1—1 gmy—1 // Z An1+1 n2+1i| 2d$1d$2) :

n1=mi nNog=msy

27 2w - )
T T
+ (//{ Z Z Anrf—l ng—l—l{ E |)\2V1 ,2me—1 T 2V1—172m,2—1‘}
0 O n1=mi Na=ms vi1=my
21 27 ) )
T T
+ (//{ Z Z An1+1 n2+1{ : : |)\2ml 1 ,2V2 - 2m1—172u2—1‘}
0 0 no2=ms N1=m1 Vo=ms
2w 2w ) o

// Z An1+1 Nt { Z {{ Z |)‘§V1,2V2 - ;171’21,2

Nn2=mz nN1=m; V2=1M2 vi=mi
T, 2
2

1
2

4 1
21/1 2v2—1 +)\2u1 1 9va— 1|} } }T}2d£€1d$2>p)T

2 27

5 ( ;7"‘171727”2 1 // Z Anl n2:| deld'%.Q) ’

nl—m1+1 No=— m2+1

110

iS]

[iS]

(SIS

[\S]pS]

dxldx2>

dmld@)

dxlde)

dxldxg)

SRt

AR

SR

SR



T (//{ i Z Anl,nz gn1—1 gmy— 1}gd$1dx2>;

0 0 ni=mi+1 no=mso+1

T (//{ i Z Anhnz 2m1—1 gn2— 1}§d371d$2>;
0 0

no=mo+1 ni=mi+1

2 27

TS S st s

no=mo+1 ni=mqy+1

It is easy to see that, for any ny > my and ny > mo,

77,2—1
T _ E T T
27711—1’27712—1 - ( 2177,1—1721/2—1 - )\2177,1—1’21/2) _|— )\le 1 2n2
Vo=M3
ng—l
j : T
< ‘A2m1 1 21/2 1 = 2m1—1721/2| + A21’7’L1 1 21’7,2 1
Vo2=My
TLQ—l n1—1
E T E T
< ’)\2m1 1 2u2 1 2m1—172y2| + |)\2u1 1 2n2 1 2V1727l2 1| + >\2n1 1 2n2 1
1 ) rvi=my
’/7,1—1
_ T
— E ‘)\2u1 1 2712 1 2u172n2 1| + )\2711 1 2712 1
vi=mi

ngfl nlfl

T T T T
+ | 2u1—172u2—1 - 2u1—172u2 - 2y1’2u2—1 - 2V1)2D2

Vo=Mmg V1=M1

+ ( 72-n1—1’2u2—1 - 72-n1—1721/2)’
7117].
< E ‘AQVI 1 2n2 1 = )\2111 2712 1| + )\2111 1 2n2 1
vi=ma
TLQ— n1—1

+ Z Z ‘ gu171,2y271 - ;ulfl,Quz) - ( 72—1)1’2112—1 - ;u172u2)

Vo=Mmsz Vi1=m

TLQ—

T
+ E {Aznl 1 21/2 1 277.171721/2

< T
~ 277,1717277,271-

Using this estimate, we derive that
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2 27

Ji < (//{ i i A2 Nt 1}gd5(;1dx2)zl)

0 0 no=ma+1ni=m+1
2 27

- (//[ Z Z )‘2k1 2k2 k1+1,k2+1}gdxldx2>;
0 0

k1=mq ko=my

S Y2m1—1,2m2—1(f()\761762))p-

Thus,

T T T T
2M1—1,2m2—1Y2'm1—1,2’”2 p T E : |)‘2V1 ACRE 2”1—1,2""2—1|Y2”1—1,2m2—1(f)29

vi=my

+ Z |)‘2m1 Love 72-7"1—1,2V2—1|Y2T7"1—172”2—1(f)p

1
+ Z Z ‘>‘2V1 2v2 T 2V1 love ;1,2”2*1 + >‘§V1*1,2V2*1|Y2T'/1—1,2V2—1(f)p
Vi=my V=
S Y2m1_1,2m2_1(f(A’51’62))p,
completing the proof. []
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