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Introduction

At the begining of the 18th century, Leonhard Euler published a paper on the solution of the
Konigsberg bridge problem entitled: ”Solutio problematis ad geometriam situs pertinentis”, which
translates into English as ”The solution of a problem relating to the geometry of position”. Perhaps,
his work deserves to be considered as the beginnings of topology. In that paper, he demonstrated
that it was impossible to find a route through the town of Konigsberg (now Kaliningrad) that would
cross each of its seven bridges exactly once. This result did not depend on the lengths of the bridges,
nor on their distance from one another, but only on connectivity properties: which bridges connect
to which islands or riverbanks. This problem in introductory mathematics called Seven Bridges of
Konigsberg led to the branch of mathematics known as graph theory.

The paper not only shows that the problem of crossing the seven bridges in a single journey is
impossible, but generalises the problem to show that, in today’s notation,

A graph has a path traversing each edge exactly once if exactly two vertices have odd degree.

The next step in freeing mathematics from being a subject about measurement was also due to
Leonhard Euler. In 1750 he wrote a letter to Christian Goldbach which, as well as commenting on

a dispute Goldbach was having with a bookseller, gives Fuler’s famous formula for a polyhedron:
v-—e+ f=2,

where v is the number of vertices of the polyhedron, e is the number of edges and f is the number
of faces. Two years later, Leonhard Euler published details of his formula in two papers, the first
admits that Euler cannot prove the result but the second gives a proof based on dissecting solids into
tetrahedral slices. Following his ideas, at the begining of the 19th century, Antoine-Jean Lhuilier,

who worked for most of his life on problems relating to Euler’s formula, published an important work
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in which he noticed that Euler’s formula didn’t work for solids with holes in them. In particular,

he proved that if a solid has g holes then
v—e+ f=2-2g.

This was the first known result on a topological invariant. In fact, this result was the first step
to get the actual classification of compact connected surfaces. Then a natural question that arise
from the classification of surfaces is if there exists a similar result for 3-manifolds. In particular, we
concern about how to decide whenever two 3-manifolds are homeomorphic or not.

To deal with such problem, one tries to construct invariants of 3-manifolds, that is, a function
which sends each 3-manifold to an element of an abelian group in such a way that if two 3-manifolds
are homeomorphic then this function takes the same value on these 3-manifolds.

A first difficulty is to find a convenient way to describe 3-manifolds. A natural way to do this
is using the ”cutting and paste” techniques. These techniques consist on gluing several pieces to
get a 3-manifold. When one uses these techniques one can either consider ”complicated” pieces
and ”simple” gluing maps, like in Thurston’s decomposition, or ”simple” pieces and ”complicated”
gluing maps. In the last case one finds the theory of Heegaard splittings, in which the pieces are
two handlebodies and the glueing map is an element of the mapping class group. In this thesis we
will use the Heegaard splittings theory.

Consider a standardly embedded surface ¥, in the 3-sphere S?. This surface separates S in to
two handlebodies of the same genus H,, —H,. If we glue the boundaries of these handlebodies by
an element f of the mapping class group of ¥, we get another 3-manifold Hyu; ~H,. In fact, every
3-manifold can be obtained in this way. By technical reasons we consider ¥, the surface X, with
a marked disk and M, its mapping class group. The embedding ¥, — S? induces the following

three natural subgroups of M, 1 :
e A, 1 = subgroup of restrictions of diffeomorphisms of the outer handlebody -#,,
e 3,1 = subgroup of restrictions of diffeomorphisms of the inner handlebody H,,
o AB, 1 = subgroup of restriction of diffeomorphisms of the 3-sphere S3.

Denote by V3 the set of oriented diffeomorphism classes of compact, closed and oriented smooth
3-manifolds. The main advantage of using the Heegaard splittings theory instead of other theories,

is the existence of the following bijection

Jim Ay \Mg.1/By1 — V:

¢— S5 =HgU,,6—Hyg,
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proved by J. Singer in 1933. This bijection allows us to translate topological problems into algebraic
problems on M, ;. In particular, let S3 c V3 be the subset of all integral homology 3-spheres, if we
restrict the previous bijection to the Torelli group 74,1, which is the subgroup formed by the elements
that act trivially in the first homology group of the surface X, 1, one has the following bijection:
limg, o0 Ag1\Tg.1/By1 = S3. Moreover, in [38], W. Pitsch proved that the induced equivalence relation
on 7g41, which is given by: ¢ ~ ¢ <« 3( € Ay1 I € By1 such that (,¢¢, = 9, can be

rewritten as follows:

Lemma. Two maps ¢, € Mg1[d] are equivalent if and only if there exists a map p € ABg1 and
two maps &q € Ag1[d] and & € By1[d] such that ¢ = pEarpEppt.

As a consequence, he obtained the following bijection:
Jim (T Ag\Tg,1/TBg,1) 48,1 = s?,

where T Ag1=Tg1nAg1, TBy1=Ty10 By and ( )as,, are the AB, i-coinvariants.
This bijection allows us to define an invariant of integral homology 3-spheres F : S? — A, as

family of functions {Fy}, on the Torelli group with the following properties:

i) Fgei(x) = Fy(x) for every x €Ty 1,
i) Fy(&ax&p) = Fy(x) for every x € Ty1, &€ T Aga, & € TBya,

iii) Fy(¢rgt)=Fy(z) forevery zeTy1, ¢p e ABy.

In addition, if we consider the associated trivial 2-cocycles {Cy}4, which measure the failure of

the maps {F,}, to be homomorphisms of groups, i.e.

Cg:TgaxTgp — A
(9,9) — Fy(@) + Fy(v) = Fy(ov),

then the family of 2-cocycles {Cy}, inherits the following properties:

(1) The 2-cocycles {Cy}4 are compatible with the stabilization map, i.e. the following diagram of

maps commutes:
7?;,1 X 7},1% 7;;+1,1 X 7?;+1,1

Cg Cg+1

A
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(2) The 2-cocycles {Cy}, are invariant under conjugation by elements in AB, 1, i.e. for every
(b € ABQJ,
Cy(9-¢7"0-07") = Cy(~,-),

(3) If ¢ € T Ay or ¢ € TBy then Cy(¢,1) = 0.

In 2008, W. Pitsch, using this setting, gave a new tool to get invariants with values in an
abelian group without 2-torsion of integral homology 3-spheres as trivializations of 2-cocyles on 7Ty 1.
Moreover, using this tool, he gave a new purely algebraic construction of the Casson’s invariant.

In this thesis we generalized this tool to invariants with values in an abelian group without

restrictions getting the following result:

Theorem A. Let A be an abelian group and Ay the subgroup of elements of order < 2. For each
x € Ay, a family of cocycles {Cy}gs3 on the Torelli groups Ty1,9 > 3, satisfying conditions (1)-(3)
provides a compatible familiy of trivializations Fy + pug : Tg1 — A that reassemble into an invariant
of homology spheres

lim Fg+;1,§:$3—>A

g—)OO

if and only if the following two conditions hold:
(i) The associated cohomology classes [Cy] € H*(T,1; A) are trivial.
(ii) The associated torsors p(Cy) € H' (ABy1, Hom(T,1,A)) are trivial.

The main difference between this generalization and the tool given in [38] is the presence of the
Rohlin invariant which accounts for the failure unicity in the construction of the invariants.

In the same year, B. Perron conjectured an invariant of Q-homology spheres constructed from
a Heegaard splitting with gluing map an element of the (mod p) Torelli group My 1[p] with values
on Z/p. Here we call the (mod p) Torelli group the kernel of the canonical map My 1 — Spag(Z/p),
which is product of the Torelli subgroup and the subgroup generated by p-powers of Dehn twists.

Such conjectured invariant consist on writing an element of the (mod p) Torelli group as a
product of an element of the Torelli group and an element of the subgroup generated by p-powers
of Dehn twists and taking the Casson’s invariant modulo p of the part of the Torelli group.

The main purpose of this thesis is to study the Perron’s conjecture.

In order to achieve our target, we first study the subclass of Q-homology 3-spheres, which are
the 3-manifolds whose first homology group is finite. It is well known that there is not a subgroup
of M, that parametrizes all the Q-homology 3-spheres. Nevertheless, the union of all (mod p)
Torelli groups with p prime parametrizes such manifolds. Moreover we get the following criterion
to know whenever a Q-homology 3-sphere can be constructed as a Heegaard splitting with gluing

map an element of (mod d) Torelli group.

4
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Theorem B. Let M be a Q-homology 3-sphere and n = |Hy(M;Z)|. Then M has a Heegaard
splitting Hy U,y ~Hy of some genus g with gluing map f € Mgy1[d] with d > 2, if and only if d

dividesmn—1 orn+1.

Denote by S3[d] the set of Q-homology 3-spheres which are homeomorphic to Hg U, —Hgy for
some ¢ € M 1[d]. The above criterion tell us that, unlikely the case of integral homology 3-spheres
and the Torelli group, in general, S3[d] does not coincide with the set of Z/d-homology 3-spheres.

Nevertheless, we still have the following bijection:
Jim (Ag1[d\Mg.[d]/Bya[d]).as, . = S’[d],

where Ay 1[d] = Mg1[d]nAg1 and By1[d] = My1[d] n By 1.
Then using an analogous setting that we used to construct invariants of integral homology

3-spheres as a trivialization of 2-cocycles, for the (mod d) Torelli group we get the following result:

Theorem C. Let A an abelian group. For g > 3, d > 3 an odd integer and for g > 5, d > 2 an
even integer such that 4 + d. For each x € Ag, a family of 2-cocycles {Cy}g453 on the (mod d) Torelli
groups Mgy 1[d], with values in A, satisfying conditions analogous to (1)-(3) provides a compatible
family of trivializations Fy + ¢y : Mg1[d] — A that reassembles into an invariant of Q-homology
spheres S3[d]

gll)rgo Fy+ ¢y - S3[d] — A

if and only if the following two conditions hold:
(i) The associated cohomology classes [Cy] € H*(Mgy1[d]; A) are trivial.
(ii) The associated torsors p(Cy) € H'(ABy1, Hom(Mg1[d], A)) are trivial.

Unfortunately, in our attempt to use these tools to prove Perron’s conjecture, we realised that

the conjecture is actually false. What is more, we get the following result:

Theorem D. Perron’s conjecture is false with an obstruction given by the non-vanishing first

characteristic class of surface bundles reduced modulo p.
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Structure of the thesis

As a starting point, in Chapter 1, we give the background that we will use throughout this thesis.

In Chapter 2, we extend the tools given in [38] to give a construction of invariants with values on
an abelian group without restrictions, from a suitable family of 2-cocycles on 7y 1, proving Theorem
A. Moreover we give some interesting results about the Luft subgroup £, and the handlebody
subgroup By 1.

In Chapter 3, we show that every Heegaard splitting with gluing map an element of the (mod
p) Torelli group is a Q-homology 3-sphere and that every Q-homology 3-sphere has a Heegaard
splitting with gluing map an element of the (mod p) Torelli group. In particular, we give a criterion
to determine whenever a Q-homology 3-sphere has a Heegaard splitting with gluing map an element
of the (mod d) Torelli group, proving Theorem B.

In Chapter 4, we compare the automorphisms of p-nilpotent quotients of the free group given
by the Stallings or Zassenhaus filtration of the free group. To be more precise, given I' a free group
of finite rank and {I'} }1, the Stallings or Zassenhaus p-central series and N, =T'/T';,,. We show
that there is a well-defined homomorphism )} : Aut(N},,) - Aut(N}) that fits into a non central

extension

. P
0 —= Hom(N?, L}, ) —= Aut Nt, | —> Aut Nt —= 1,

and we study its splitability.

In Chapter 5, we extend the results obtained in Chapter 2 to the case of the (mod p) Torelli
group, getting a new tool to construct invariants of Q-homology spheres as a trivializations of
certain trivial 2-cocycles on the (mod p) Torelli group, proving Theorem C. Moreover, we get a new
invariant of Q-homology 3-spheres as a family of homomorphisms on the (mod p) Torelli group.

Finally, in Chapter 6, we give our obstruction to Perron’s conjecture, proving Theorem D.



CHAPTER 1

Preliminaries

In this Chapter we introduce basic background material that we will use throughout all this thesis.

1.1 Cohomology of groups and group extensions

In this section we give some definitions and elementary results about cohomology of groups and
group extensions. For further information on these topics see [3] and [15].
1.1.1 The group algebra

Definition 1.1.1. The group algebra ZG is the free Z-module with basis G and with multiplication

induced by the multiplication in the group G. Thus, elements are formal linear combinations

Z ag9,

geG

where a4 € Z, and where a4 = 0 for all but finitely many g € G, and multiplication is given by

Z agg Z bph = Z (agbn)g - h.

geG heG g,heG
With these definitions, the group algebra ZG becomes an associative ring with unit.
Invariants and coinvariants Let M be a left G-module. The invariants of M are the elements

of the Z-submodule
M ={meM | gm=m forall geG}.

In fact, M is the largest submodule of M on which G acts trivially.
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The coinvariants of M are the elements of the quotient Z-module
Mg=M/(gm-m | ge G,me M).
Indeed, Mg is the largest quotient of M on which G acts trivially.

Left and right G-modules Let M be a non-trivial (left) G-module given by the action
GxM—-M
(g,m) = gm,

since G is a group and in particular every element g € G has an inverse ¢~! € G, then we can give to

M the structure of a non-trivial (right) G-module taking the action
MxG—-M
(m,g) =g 'm.

Analogously, if M is a non-trivial (right) G-module then M admits the structure of a non-trivial
(left) G-module. Therefore we will not distinguish between left and right G-modules.
1.1.2 Homology and Cohomology of groups

We define the n-th cohomology group of G with coefficients in the G-module A by
H"(G; A) = Extyq(Z; A),

where Z is to be regarded as a trivial G-module. In particular H°(G; A) = Ag.
The n-th homology group of G with coefficients in the G-module B is defined by

H,(G,B) =Tor;“(B,Z),

where again Z is to be regarded as trivial G-module. In particular, Hy(G; B) = B®.

The way to compute such groups is taking a G-projective resolution P of the trivial G-module
Z, form the complexes Homyzg(P,A) and B ®z¢ P, and compute their homology.

In the next section we will give a standard procedure of constructing such a resolution P from

the group G.
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1.1.3 The bar resolution

We now describe a particular resolution B, — Z of the trivial ZG-module Z, called the bar resolution
or the standard resolution.
Let B, be the free Z-module with basis all (n + 1)-tuples (go, ..., gn) € G**!. Then B,, becomes

a ZG-module via the diagonal action

g-(90,---,9n) = (990,---,99n)

for g€ G. As a ZG-module, B, is free with basis all elements of the form

[g1]---lgn] = (1, 91,9192, - -, 9192"9n)

where g1, ...,9, € G. In particular, By is free with basis [ ] = (1), so we may identify By with the
ZG-module ZG.
For 0 < i < n, define the i** face map d; : B,, > Bp_1 to be the homomorphism of Z-modules

determined by
di(g(]7"'7gn) = (907"'7@7"'7971»)

where the symbol g; indicates that g; is to be omitted. Clearly, d; is also a homomorphism of

ZG-modules. It is easy to verify that if ¢ < j then
dl' o dj = dj—l ] dz

If we define 0, : B,, > Bp_1 by
On = Y (-1)"d;,
i=0

then the above relation implies that 0,10, = 0. Moreover By/Im ¢y = Z, by a direct computation.

Thus,

On 01

B,: - B,

B, 1 By

By 0

is a free resolution of the (left) G-module Z.

In terms of the basis [¢1]...|gn] for By, the face maps d; take the form:

dolg1|---lgn] = 91lg2|- - -|gn],
dilg1].--lgn] = [91]- - - |gi-1lgigi1] - - - lgn] (0 <i<n),
dnlg1l---lgn] = [91]- - |gn-1]-
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Thus, for instance

alal=al]-11
02[g1lg2] = 910921 - [9192] + [92]-

For any group G we can always take our resolution F' to be the bar resolution. In this case we
write Cy (G, M) for F @ M and C*(G, M) for Homg(F, M). Thus an element of C,,(G, M) can
be uniquely expressed as a finite sum of elements of the form m ® [g1|+:|gn], i.e., as a formal linear
combination with coefficients in M of the symbols [g1]--|gn ]. The boundary operator ¢ : Cy,(G, M) —
Cn-1(G, M) is given by

d(m & [g1]-|gn]) = mg1 ® [g2]-+*[gn]
-m® [g1g2]|gn] + -+ (-1)"m ® [g1|-+-|gn-1]-

Similarly, an element of C"(G, M) can be regarded as a function f : G"™ — M, i.e., as a function
of n variables from G to M. The coboundary operator 6 : C" (G, M) - C™(G, M) is given, up to
sign by

(0f)(g1s---s9n) =91f (g2, 9n)
- fg1925- -5 9n) -+ (=1)" f(g1,- - -, Gn-1)-

1.1.4 Some results on Cohomology of Groups

Lemma 1.1.1 (Center kills lemma (Lemma 5.4. of [6])). Let M be a (left) R[G]-module (R any
commutative ring) and let v € G be a central element such that for some r € R, yx = rx for all
x € M. Then (r—1) annihilates H,(G,M).

Definition 1.1.2 ( [3], VLI.7.). For M an abelian group, define M* = Hom(M,Q/Z). Let L > 2 be
an integer, observe that if M is a module over Z/L, then M* 2 Hom(M,Z/L).

Lemma 1.1.2 ( [3], VI. Proposition 7.1.). Let G be a group and let M be a G-module. Then there
is a natural isomorphism H*(G; M*) = (H(G; M))* for every k > 0.

Theorem 1.1.1 (K. Dekimpe, M. Hartl, S. Wauters [5]). For any group extension 1 - N - G —
Q = 1 and any G-module M, the Lyndon-Hochschild-Serre spectral sequence gives rise to an exact

sequence:

0 —— HY(Q; MY) —"1m HY(G M) —" H'(N; M)? —= H(Q; MY)

10
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e (G M)y T HN(Q HY (N M)) A HY(Q: MY),
where "inf” and “res” are respectively the inflation and restriction maps, and H*(G, M)y is the

kernel of the restriction map res: H*(G, M) - H?(N, M).

Theorem 1.1.2. Let 0 > L - M - N — 0 a short exact sequence of G-modules, then there is a

long exact sequence:
0-LY > M% - N® - HYG,L) > H(G,M) - HY(G,N) - H*(G, L)

Lemma 1.1.3 (Leedham [24]). If R is a commutative ring, A is an RG-module and n > 0 then

there is a natural isomorphism
Extha(R,A) 2 Extyo(Z, A).

Proof. If P is a projective ZG-module then P ® R is a projective RG-module as this is true for
free modules. Let P — Z be a projective resolution of Z as a ZG-module. Then P® R - R is a
projective resolution of R as an RG-module since P ® R — R is exact as its homology groups are
Tor%(Z,R) = 0. Since Hompg(P, ® R, A) is naturally isomorphic to Homzg(P,, A) it follows that
Ext) (Z,A) 2 Ext}o(R, A). O

Theorem 1.1.3 (Universal coefficients Theorem, Theorem 9.4.14 in [24]). Let G be a group, R
a Dedekind domain considered as a trivial G-module, and A an RG-module with trivial G-action,

then there are natural exact sequences
0 —= Bath(H, 1(G; R), A) —%= H™(G; A) —= Homp(Hn(G; R), A) — 0.

0— H,(G;R) ®r A— H,(G; A) —= Torf'(H, _1(G; R), A) — 0.
which split, but not naturally.

Remark 1.1.1. The map g : H"(G;A) - Homg(H,(G; R), A) of Theorem (1.1.3) is constructed
as follows. By definition of the cohomology of groups we know that H"(G; A) = Exty~(Z; A) and
by Lemma (1.1.3) have that Ext} (R, A) = Exty.(Z, A).

Since the bar resolution C.(G) — Z is a projective resolution of Z as ZG-module. Then
C+(G) ® R — R is a projective resolution of R as RG-module. Applying the contravariant functor
Hompa(-, A) to the projective resolution C,(G) ® R, we obtain the following chain complex

L Hompa(C2(G) ® R, A) 2 Hompa(C1(G) ® R, A) 2 Hompa(Co(G) ® R, A) < 0.

11
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Since A is a trivial RG-module, we have the following canonic isomorphisms:

Hompa(Cn(G) ® R, A) =Homp(Ch(G) ® R, A)¢ =
*Homr((Cr(G)® R)g, A) =
*Homp(Ch(G) ®z¢ R, A).

Then the above chain complex becomes
L Homp(Co(G, R), A) < Homp(C1(G, R), A) £ Homp(Co(G, R), A) < 0.
Thus we have that
H"(G;A) 2 H,(Homg(C.(G,R),A)). (1.1.1)

Therefore 8 : H"(G;A) - Homgr(H,(G;R),A) in Theorem (1.1.3) is given as follows. Let
z € H"(G;A) and Z € H,(Homg(C.(G,R),A)) the homology class that corresponds to z by the
isomorphism (1.1.1). Take a n-cycle ¢ € Hompa(Cr(G, R), A), with associated homology class Z.
By passage to subquotients, ¢ induces an element of Hompg(H,(G; R), A). Then (z) is defined as

the evaluation of such n-cycle ¢, on H,(G; R).
Theorem 1.1.4 (Theorem VI.8.1.in [15]). Let 1 - N - G - Q — 1 be an exact sequence of

groups. For Q-modules A, B, the following sequences are exact and natural

Hy(G;B) » Hy(Q; B) - B®g Ny, » Hi(G; B) -» H1(Q; B) -0,
0> H'(Q;A) - H(G; A) » Homg(Ny, A) - H*(Q; A) - H*(G; A).

Where natural means :

i) A commutative diagram of short exact sequences

0 J‘V T Q 1 (1.1.2)
0—N —G —=Q —=1

induces the following commutative diagrams

Hy(G; B) — H3(Q; B) — B ®q Noy — H1(G; B) — H1(Q; B) (1.1.3)

N T

Hy(G"; B) —= H2(Q'; B) —= B ®q Ny, — H1(G'; B) — H1(Q'; B)

12



1.1. Cohomology of groups and group extensions

HY(Q'; A) — H'(G'; A) — Homgy(N},, A) — H*(Q'; A) — H*(G';4)  (L1.4)

ab’

N S T

HY(Q; A) — H'(G; A) — Homg(Nay, A) — H*(Q; A) — H*(G; A)
ii) A homomorphism of Q-modules g: B - B’ induces the following commutative diagram

HQ(G;B) —>HQ(Q;B) —>B®Q Nab—>H1(G;B) —>H1(Q;B) (1.1.5)

T Y

Hy(G;B') —= H3(Q; B') —= B' ®g Noy —> H1(G; B') — H1(Q; B')
Similarly a homomorphism of Q-modules f : A - A’ induces the following commutative diagram

HY(Q; A) — H'(G; A) — Homq(Na, A) — H*(Q; A) — H*(G; A) (1.1.6)

T R

HY(Q;A") — H'(G; A") — Homg(Nay, A') — H*(Q; A') — H*(G; A')

Hopf formula modulo ¢ In [7] Graham J. Ellis find a formula to compute the homology of
groups with coefficients in Z/q, with ¢ a positive integer. In particular, following the Exercice I1.5.4
in [3] one can gives an explicit isomorphism which induces the Hopf modulo ¢ formula as follows.
Let ¢ be a positive integer and G be a group with a finite representation (t1,...,t,|r1,...7n). We
denote by F the free group generated by a family of elements T = {¢1,...,¢,} and by R the normal
closure in F of {rq,...,mm}.

Consider the following exact sequence

where 6 is the quotient map corresponding to R.

For each g € G choose an element s(g) € F such that s(g) = g. Given g, h € G, write s(g)s(h) =
s(gh)r(g,h) where r(g,h) € R. There is an abelian group homomorphism Co(G) - R/[R, R] given
by [g|h] = r(g,h) mod [R, R] and this induces an isomorphism

Rn([F,F]F?)

63 Ha(Gs2)a) ~ ~—pps

by passage to subquotients.

13
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1.1.5 Group Extensions

In this section, we recall some basic results about group extensions, we make a summary of chapter
IV in [3] and section VI.10 in [15].

An extension of a group G by a group N is a short exact sequence of groups
1-N->FE->G->1 (1.1.7)

A second extension 1 > N - E' > G — 1 of G by N is said to be equivalent to (1.1.7) if there is a

homomorphism E — E’ making the diagram

1 N E G 1
1 N E' G 1

commute. Note that such a map is necessarily an isomorphism.
Consider the case where the kernel N is an abelian group A (written additively). A special

feature of this case is that an extension
0—~A-%E>G—1 (1.1.8)

gives rise to an action of G on A, making A a G-module. For F acts on A by conjugation since A is
embedded as a normal subgroup of E; and the conjugation action of A on itself is trivial, so there
is an induced action of F/A = G on A. Moreover observe that the G-action is trivial if and only if
i(A) is central in E. In the case that i(A) is central in F, the extension (1.1.8) is called a central

extension.

Split Extensions. Fix a G-module A and let
0—A-5>FE>G—1 (1.1.9)

be an extension which gives rise to the given action of G on A. We say that (1.1.9) splits if there is
a homomorphism s : G - E such that 7s = idg.
Proposition 1.1.1. The following two conditions on the extension (1.1.9) are equivalent:

i) (1.1.9) splits.

it) (1.1.9) is equivalent to the extension 0 —A— AxG—=G—1, where Ax G is the semi-

direct product of G and A relative to the given action.

14



1.1. Cohomology of groups and group extensions

Observe that Proposition (1.1.1) says that there is only one split extension G by A (up to
equivalence) associated to the given action of G on A. Nevertheless, there is an interesting ”clas-
sification” problem involving split extensions: Given that an extension (1.1.9) splits, classify all
possible splittings.

In case G acts trivially on A, the group E is isomorphic to the direct product A x G and then
the splittings are obviously in 1-1 correspondence with homomorphisms G — A. In the general case,
splittings correspond to derivations (also called crossed homomorphisms). These are functions
d: G — A satisfying

d(gh) =d(g) +g-d(h)

for all g, h € G.

Two splittings s1, so will be said to be A-conjugate if there is an element a € A such that
s1(g) = i(a)s2(g)i(a)™! for all g € G. Since (a,1)(b,g9)(a,1)™ = (a +b,g-a,g) in Ax G, this
conjugancy relation becomes di(g) = a+d2(g) —g-a in terms of the derivations dj, do corresponding
s1, So. Thus dy and ds correspond to A-conjugate splittings if and only if their difference dy — dy is
a function G - A of the form g » ga — a for some fixed a € A. Such function is called a principal
derivation.

Summarizing, the A-conjugacy classes of splittings of a split extension of G by A correspond to
the elements of the quotient group Der(G,A)/P(G,A), where Der(G, A) is the abelian group of
derivations G - A and P(G, A) is the group of principal derivations. In addition, by Exercise 2
of III.1 in [3] one gets that the quotient Der(G,A)/P(G,A) is canonically isomorphic to the first
cohomology group H!(G, A). Therefore we have the following result:

Proposition 1.1.2. For any G-module A, the A-conjugancy classes of splittings of the split exten-
sion

0-A—-AxG->G—->1

are in 1-1 correspondence with the elements of H'(G, A).

Classification of extensions with abelian kernel. Let A be a fixed G-module. All extensions
of G by A to be considered in this section will be assumed to give rise to the given action of G on
A. To analyse an extension

0—A>ES>G—1, (1.1.10)

we choose a set-theoretic cross-section of 7, i.e., a function s : G — E such that 7s = idg.
If s is a homomorphism, then the extension splits and by Proposition (1.1.1), we know that
(1.1.10) is equivalent to 0 > A > Ax G - G - 1 . In the general case, however, there is a function

f: G x G — A which measures the failure of s to be a homomorphism. Indeed, for any g,h € G, the

15
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elements s(gh) and s(g)s(h) of E both map to gh in G, so they differ by an element of i(A). Thus

we can define f by the equation:

s(g)s(h) =i(f(g,h))s(gh). (1.1.11)

The function f is called the factor set associated to (1.1.10) and s.

The G-module structure on A and the factor set f classifies all extensions in the following way.
Let E¢ be the set A x G with the group law: (a,g)(b,h) = (a+ gb+ f(g,h),gh), then the original
extension (1.1.10) is equivalent to the extension 0 - A - Ey - G — 1. In particular to be E; a

group f has to satisfy the following identity:

gf(h, k) = f(gh, k) + f(g,hk) = f(g,h) = 0

for all g,h,k € G. As a consequence, f can be regarded as a 2-cocycle of the standard complex
C*(G, A) for computing H*(G; A).

Notice that to get the factor set f we have chosen an arbitrary theoretic section s. However, if
we take two sections s1, so with associated factor sets f1, fo, then there exists a function d: G - A
such that

fa(g,h) = d(g) + gd(h) - d(gh) + f1(g, h).
Hence, changing the choice of the section in (1.1.10) corresponds precisely to modifying the cocycle
f in C*(G, A) by a coboundary.

Therefore we get the following result:

Proposition 1.1.3. Let A be a G-module and let E(G,A) be the set of equivalence classes of

extensions of G by A giving rise to the action of G on A. Then there is a bijection E(G,A) =
H?(G, A).

Next we show another description of the bijection given in Proposition (1.1.3) , due to U.
Stammbach [15].
Denote by [E] ], the class of £(G, A) containing the extension

0 A—sE—">@ 1. (1.1.12)

We now will define a map A: £(G, A) - H*(G, A) as follows. Given an extension (1.1.12), Theorem
(1.1.4) yields the exact sequence

Opr
0—> H'(G; A) —= HY(E; A) — Homa(A, A) —= HX(G; A) — H*(E; A) . (1.1.13)
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Associate with the extension 1 - A - F — G — 1 the element
A[E]] = 0pr(ida) € H*(G; A)

The naturality of (1.1.13) immediately shows that 0pr(ida) € H?(G; A) does not depend on the

extension but only on its equivalence class in £(G, A). Hence A is well-defined,
A:E(G,A) - H*(G,A).
In VI.10. of [15], U. Stammbach showed moreover that A is one-to-one.

Maps between extensions. Next we give some results about maps between two extensions

induced by push-outs and pull-backs.

Proposition 1.1.4 (Exercice la, page 94 in [3]). Given an extension )0 > A - E - G - 1 and a
group homomorphism o : G' — G. There is an extension 0 - A - E' - G’ = 1, characterized up to

equivalence by the fact that it fits into a commutative diagram

0 A—‘ . p_".@q 1
H eT Oé]
0 Ay e 1

In fact (E';r' e) is given by the pull-back of (a,r).
As a consequence « induces a map o* : E(G,A) - E(G', A), which corresponds under the
bijection of Proposition (1.1.3) to o* : H*(G; A) — H?(G"; A).

Proposition 1.1.5 (Exercice 1b, page 94 in [3]). Given an extension 0 > A - E - G - 1 and a
homomorphism f: A— A" of G-modules, there is an extension 0 - A" - E' - G - 1, characterized

up to equivalence by the fact that it fits into a commutative diagram.:

0 A—s>F—"5@G 1
ol
0 A" 1.

In fact (E';i',e) is given by the push-out of (f,1).
As a consequence f induces a map f.: E(G,A) - E(G, A"), which corresponds under the bijection
of Proposition (1.1.3) to f.: H*(G,A) - H*(G,A").

17
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Corollary 1.1.1. Let 1 - A—> E - G — 1 be a central extension with associated cohomology class
c, let f+ A— A be a homomorphism of G-modules and ¢ : G — G a group homomorphism, such that
f+(c) = ¢*(c) in H*(G, A). Then there exists a homomorphism ® : E — E such that the following

diagram commutes.

0 A~ p-".@ 1
..
0 A g ".@q 1.

Proof. Given an extension 1 - A - F - G - 1, f : A > A a homomorphism of G-modules
and ¢ : G - G a group homomorphism, by Propositions (1.1.4), (1.1.5) we have the following

commutative diagrams:

0 A—>F—"-@Q 1 0 A E" G 1
] .
0 A E’ G 1 0 A E— =@ 1

In addition, since f,(c) = ¢*(c¢) in H?(G, A), using the bijection between £(G, A) and H?(G; A)
given by Proposition (1.1.3), and Propositions (1.1.4), (1.1.5) we obtain the following commutative

diagram
0 A E' G 1
0 A E" G 1.
Finally reassembling the above three diagrams we get the result. O
Lemma 1.1.4. Let A be a fized G-module,
1 A—~E—">G 1

a central extension with associated cohomology class [c] € H*(G; A), and n* : H*(G; A) — H?(E; A)

the induced morphism for w. Then the cohomology class [7*(c)] is zero.

Proof. Let [c] € H?(G; A), the cohomology class associated to

1 Ao p " .q— -1

18
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then we have the following commutative diagram

1 A—s>E-".F 1 (1.1.14)
n ™
1 A—top—T".G 1

where the top central extension is associated to the cohomology class [7*(¢)]. But such cohomology
class is given as follows. Let s a set theoretic section of 1, i.e. nos =1id, then [7*(c)] is equal to

the cohomology class of the 2-cocycle h defined by

h([zly]) =i (s(2)s(y)s(zy) ™).

Now since j is injective, the diagram (1.1.14) is commutatvie and s is a theoretic section of 7, we
have that

0= h([aly]) <=5 (s(x)s(y)s(ay) ™)) = 1 =
(noi) i (s(x)s(y)s(ay) ™)) = 1=
o(s(2)s(y)s(zy) ™)) =0 = ay(ay) " = 1

Therefore [7*(c)] € H2(E; A) is zero. O

Stabilizing automorphisms of an extension

Definition 1.1.3 (Section 9.1.3. in [42]). An automorphism ¢ of a group E stabilizes an extension

0 A E G 1

if the following diagram commutes:

The set of all stabilizing automorphisms of an extension of A by G, where A is a G-module, is a

group under composition and it is denoted by Stab(G, A). In addition, by Corollary 9.16 in [42],
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Stab(G, A) is isomorphic to the group of derivations Der(G, A) via the homomorphism

o : Stab(G,A) — Der(G, A)
pr(d: G~ A),

where d(x) = p(s(z)) - s(z) with s a section.

1.2 Geometric objects

1.2.1 Simple closed curves

We refer by a closed curve in a surface ¥, a continuous map S - . We will usually identify a
closed curve with its image in X. A closed curve is called essential if it is not homotopic to a point,
a puncture, or a boundary component.

A closed curve in ¥ is simple if it is embedded, that is, if the map S* - ¥ is injective. Moreover,
we say that v is a bounding simple closed curve if its homology class in H;(X) is zero, or equivalently,
if v separates X in two disjoint surfaces with boundary component +.

Any closed curve « is homotopic to a smooth closed curve a’. What is more, if « is simple, then

o’ can be chosen to be simple.

Intersection number There are two natural ways to count the number of intersection points
between two simple closed curves in an oriented surface: signed and unsigned. These correspond to
the algebraic intersection number and geometric intersection number, respectively.

Let a and 3 be a pair of transverse, oriented, simple closed curves in an oriented surface . The
algebraic intersection number i(c, 3) is defined as the sum of the indices of the intersection points
of o and B, where an intersection point is of index +1 when the orientation of the intersection agrees
with the orientation of S and is —1 otherwise. This definition only depends on the homology classes
of o and S.

The geometric intersection number between free homotoy classes a and b of simple closed curves
in a surface S is defined to be the minimal number of intersection points between a representative

curve in the class a and a representative curve in the class b:

i(a,b) =min{|anf| : a€a,f€b}.
Isotopy for simple closed curves Two simple closed curves a and 5 are isotopic if there is a
smooth homotopy

H:S'x[0,1] - S
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from a to B with the property that the closed curve H(S! x {t}) is simple for each ¢ € [0, 1].

Extension of isotopies An isotopy of a surface S is a smooth homotopy H : S x I - S so that,
for each t € [0,1], the map H(S,t) : S x {t} - S is a homeomorphism. Given an isotopy between
two simple closed curves in S, it will often be useful to promote this to an isotopy of .S, which we

call an ambient isotopy of S.

Proposition 1.2.1. Let S be any surface. If F: S'x I - S is a smooth isotopy of simple closed
curves, then there is an isotopy H : S x I — S so that H|p(g1x0)x1 = F

1.2.2 Handlebodies

Definition 1.2.1 (Definition 1.7 in [21]). Let By,..., B, be a collection of closed 3-balls and let
Dy,...,Dy,, Di,...,D], be a collection of pairwise disjoint disks in UU@dB;. For each i > m, let
¢i : D; > D] be a homeomorphism. Let H be the result of gluing along ¢, then gluing along ¢s,
and so on. After the final gluing if H is connected then H is a handlebody.

Definition 1.2.2. The genus of a handlebody is the genus of its boundary J0H.

O O O O

Figure 1.1: A Handlebody of genus 4

Definition 1.2.3. A properly embedded disk D c H is essential if its boundary does not bound a
disk in 0H.

Definition 1.2.4 (Definition 2.1 in [21]). A collection { D1, ..., D,,} of properly embedded, essential
disks is called a system of disks for H if the complement of a regular neighbourhood of U D; is a

collection of balls.
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Figure 1.2: A system of disks of a handlebody

Lemma 1.2.1 (Lemma 2.2 in [21]). Every handlebody has a system of disks.

Definition 1.2.5 (Definition 2.6 in [21]). A collection of disks in a handlebody is minimal if its

complement is connected.

Theorem 1.2.1 (Loop Theorem). Let M be an 3-manifold with boundary, not necessarily compact
or orientable, and let S ¢ M be a 2-sided surface. If the induced map .S — w1 M is not injective for
some choice of base point in some component of S, then there is a disk D?> ¢ M with D*>n S = 0D?

a nontrivial circle in S.

Proposition 1.2.2. Let ¥, be a standardly embedded surface in S3, and Hy the inner handlebody.
Let D, be an essential proper embedded disk in Hy with boundary a bounding simple closed curve

7. Then there exists a minimal system of disks {Dg,}; that does not intersect D.,,.

Proof. Observe that the disk D, gives us, respectively, two compatible decompositions of ¥, and
Hy as:

X=X H#y Xg-hs (1.2.1)
Hy =V, #Dv Vy—r. (1.2.2)

We want to show that V,. and V|_, are handlebodies, obviously with 0V, = ¥, u D, and 0V,_, =
Eg—h U D'y. Take Sh = Zh U D7 and Sg—h = Eg—h U D’Y‘
Observe that the decompositions (1.2.1), (1.2.2) induce analog decompositions in homotopy.

Fixed a point zg of the curve «, using the Seifert van Kampen theorem we have that
7-‘-1(7{‘9’ iEO) = ﬂ-l(‘/f‘a .’.E[)) *ﬂl(D.\”xo) 7Tl(‘/g—?”) :EO) = 771(‘/1”7 xO) * Wl(%—Ta iEO).

Since m1 (M4, zo) is free, by Corollary 2.9. in [27], we have that 71 (V;,z0) and 71 (V,—,, o) are free
subgroups of m1(#Hg4, o). Computing the abelianization, we have that they are free groups of rank
r and g — r respectively.

Assume that r > h (if 7 < h, an analogous proof holds switching S, and Sg_j).
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Now we prove that the inclusion Sj, - V,. induces a surjective map m1(Sp) — 71(V,.) necessarily

without trivial kernel. Observe that we have the following commutative diagram:

771(29) - 771(7'[9)

|

1 (Sp) ——=m1(V})

where 71(Xy) - m1(Hy) is clearly surjective, and m(Hy) — m1(V;) is also surjective since every
generator element of w1 (V) is one of the generators of mi(Hy). Then 71 (Sy) - 71 (V) is surjective.
Moreover this map can not be injective since 71(V}.) is free and 71 (Sy) is not free and then it is not
possible that 71(V;.) 2 m1(Sh).

By Theorem (1.2.1), there exists a properly embedded disc Dg, in V;., with dDg, = 81 and (i
not nullhomotopic in Sy, so in particular Dg, is essential.

Notice that, without lose of generality, we can assume that 5y n D, = @. Since if 3 intersects
D, then we can take an homotopy pushing 3; out of D,.

Deleting a small open tubular neighbourhood N(Dg,) of Dg, from V., such that it does not
intersect D, we obtain a 3-manifold V,_; = V=N (Dg, ) with boundary. The neighbourhood N (Dg, )
is an interval-bundle over Dg , and since Dg, is orientable, N(Dg,) is a product Dg, x (-¢,¢).
Denote by Dy , Dy the disks Dg, x {-¢}, Dg, x {e} respectively. Then we have 3 embedded disks
D, D}, D, in

Sh-1=0(V; = N(Dg,)) = (Sp\Int(C)) u Dj, v Dy,

where C'= N(Dg,).

We prove that Sj_1 is a surface of genus h — 1.

Recall that if X is a topological space with X = S’ uS” where S’,S” are closed subsets then
X(X) = x(S9") + x(S") = x(S"nS") (where x denotes the Euler’s characteristic).

In our case we have that

X(Sh) = x(Sp\Int(C)) + x(C) = x((Sp\Int(C)) n C)
= x(Sp\Int(C)) +0 - x(0Dg, v D)
)
)

= X(Sp\Int(C)) - x(0Dg,) - x(Dj3,)
= X(Sp\Int(C)) = 0-0=x(Sp\Int(C))
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and adding the disks Dy , Dj to Sp\Int(C) we get that

X(Sh-1) = x(Sp\Int(C)) + x(Dg,) + x(Dg,) - x(0Dg,) = x(éDpg,)
=x(Sp\Int(C))+1+1-0-0
=2-2h+2=2-2(h-1).

Then the new surface Sj,_1 has genus h — 1.

Moreover, let be p~, p* points of Dy, DE1 respectively, and € € N(Dg, ) an arc with end points
p~, p*. We can do a deformation retract from V. to (V, - N(Dg,)) Ue.

Since Sj,_; is arc-connected there exists another arc €’ in Sj,_; with end points p~, p*. So now
we can do another deformation retract, from (V,. — N(Dg,)) ue to (V; = N(Dg,)) Va, S' sending p~
to p* through ¢’. Thus,

m (Ve = N(Dg,)) 2 m(((V; = N(Dg,)) V 51) = (5" = {p"})).
p+
Now taking V,_1 = (V; = N(Dg,)) and using the Seifert van Kampen theorem we get that
Fr=m1(Ve,p) =m(Vioa Ve S1,p7) = 1 (Veea, p™) # mi (ST, p") = m (Vi p') % P

Since w1 (V,,p") is free, by Corollary 2.9 in [27], we have that m(V,_1,p") is a free subgroup of
71(Vy, p*). Computing the abelianization, we have that this subgroup is a free group of rank h — 1.

Next, if we delete N(Dg,) from V, we obtain an inclusion Sy_; = V,_1.

Repeating this argument h times at the end we get a surface Sy with genus zero, i.e. a smooth
2-sphere S? embedded in S%. Applying Schéenflies theorem, we get that our embedded smooth 2-
sphere S? is the boundary of two embedded smooth 3-balls in S3. Then V,_;, is one of these 3-balls,
and so F,_p, = m(V;_p) = 0, i.e. h = 7. Thus V} is a handlebody with system of disks given by
{Dg,}i ={Ds,,...,Dg, } that is minimal by construction.

Using the same argument for the subsurface S,_j,, we obtain a handlebody V,_, with boundary
Sy-n, and a minimal system of discs {Dg, }; for V,,_, such that {Dg;}; do not intersect D., D;.

Then we can view H, as a boundary connected sum of Vj and V,_ given by:

Hy = Vi #0, Voo = (Vi L] Voi) /D5

Hence the union of the two families {Dg, }; and {Dg, }; gives us a new system of disks {Dgn };
for 4 such that {Dg, }; don’t intersect D,. And by construction {Dg, };, is a minimal disk system
of H,. O
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1.3. Mapping class group

1.3 Mapping class group

Let ¥, 5 denote an oriented, conneted surface of genus g > 0 with b > 0 disjoint open disks removed.
Let Homeo™(X4p,0%4p) denote the group of orientation-preserving homeomorphisms of ¥, that
restrict to the identity on 0%, ;. We endow this group with the compact-open topology.

The mapping class group of ¥, denoted Mod(%,y), is the group

Mod(%4) = mo(Homeo (Xgp,0%43)).

Equivalently, Mod(%,;) is the group of isotopy classes of elements of Homeo"(2,,0%,), where
isotopies are required to fix the boundary pointwise. If Homeog(2gp,0%p) denotes the connected

component of the identity in Homeo"(E,4,0%,), then we can equivalently write
Mod(X4) = Homeo" (Xg4p, 0%, )/Homeog(Xqp, 05g)-

The elements of Mod(X,;) are called mapping classes.

There is not a unique definition of Mod(X, ;). For example, we could consider diffeomorphisms
instead of homeomorphisms, or homotopy classes instead of isotopy classes. However, by Section
1.4 in [8], these definitions would produce isomorphic groups, i.e. we have the following equivalent
definitions of Mod(X,) :

Mod(%, ) =mo(Homeo" (Xgp, 0%g))
~sHomeo" (3,4, 0%, )/homotopy
Nﬂ'o(Diﬂq—(Eg’b, azg,b))?

where Diff" (3,4, 03, ) is the group of orientation-preserving diffeomorphisms of X, that are the
identity on the boundary.

1.3.1 Dehn twists

There is a particular type of mapping class called a Dehn twist. Dehn twists are the simplest
infinite-order mapping classes in the sense that the Dehn twists play the role for mapping class

groups that elementary matrices play for linear groups.
Twist map in annulus. Consider the annulus A = S' x [0,1]. To orient A we embed it in

the (0,r)-plane via the map (6,t) — (0,¢t+ 1) and take the orientation induced by the standard

orientation of the plane.
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Figure 1.3: Left twist

Let T: A - A be the twist map of A given by the formula
T(0,t) = (0 +27t,t).

The map T is an orientation-preserving homeomorphism that fixes 0 A pointwise. Note that instead

of using 0+ 27t we could have used 8 —2xt. Our choice is a left twist, while the other is a right twist.

Dehn twist in a general surface. Let S be an arbitrary oriented surface and let o be a simple
closed curve in S. Let N be a regular neighbourhood of o« and choose an orientation preserving
homeomorphism ¢ : A - N. We obtain a homeomorphism T, : S — 5, called a Dehn twist about «,

as follows:
To(z) = poTog¢ () %fxeN
x if z € S\N.

In other words, the instructions for T, are ”perform the twist map T on the annulus N and fix
every point outside of N.”

The Dehn twist T, depends on the choice of N and the homeomorphism ¢. However, by the
uniqueness of regular neighbourhoods, the isotopy class of T, does not depend on either of these

choices.

The action on simple closed curves via surgery We can understand T, by examining its
action on the isotopy classes of simple closed curves on S. If b is an isotopy class with i(a,b) = 0,
then T,(b) = b. In the case that i(a,b) # 0 the isotopy class T,(b) is determined by the following
rule: given particular representatives 8 and a of b and a, respectiely, each segment of 8 crossing
« is replaced with a segment that turns left, follows « all the way around, and then turns right.
Analogously, we can understand 7, ! following the same rule described above switching "left” by
"right”.

The reason that we can distinguish left from right is that the map ¢ used in the definition of T,

is taken to be orientation-preserving.
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1.3. Mapping class group

“ )
o [

Figure 1.4: Surgery

Properties of Dehn twists. Next we give some properties about Dehn twists. For the proofs of
these properties see Section 3.3 in [8].

Let f e Mod(S) and a, b isotopy classes of simple closed curves in S
i) T, =T, <= a=b.
ii) Tpey = fTaf "
iii) f commutes with T, < f(a) = a.
iv) i(a,b) =0 <= Tu(b) = b <= T,Tp = TyTy.
The Lantern relation The Lantern relation is a relation in Mod(S) between seven Dehn twists
all lying on a subsurface of S homeomorphic to Sp 4, a sphere with four boundary components.

Proposition 1.3.1. Let z, y, z, b1, ba, b and by be simple closed curves in a surface S that are

arranged as the curves shown in Figure 1.5.

Figure 1.5: Lantern relation
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Precisely this means that there is an orientation-preserving embedding So 4 = S and that each
of the above seven curves is the image of the curve with the same name in Figure 1.5. In Mod(S)
we have the relation

T,T,T, =Ty, Ty, Ty, T, .

1.3.2 Generators of the Mapping class group

Theorem 1.3.1 (Theorem 4.1 in [8]). For g > 0, the mapping class group Mod(Sy) is generated by

finitely many Dehn twists about nonseparating simple closed curves.
In particular we have the following result.

Theorem 1.3.2 (Theorem 4.14 in [8]). Let S be either a closed surface or a surface with one
boundary component and genus g > 3. Then the group Mod(S) is generated by the Dehn twists

about the 2g + 1 isotopy classes of nonseparating simple closed curves co,...ca4 of Figure 1.6.

Figure 1.6: Humphries generators

1.3.3 The Symplectic representation
We first give the definition of symplectic matrix as well as the Symplectic group.

Definition 1.3.1 (Section 1 in [34]). Consider the matrix 2 € Magyo4(Z) given by

o [ 0 T\
~Id, 0

If M is a matrix satisfying MQM" = Q, then M will be said to be symplectic. We define the
Symplectic group as
Spag(Z) = {M € Maguoy(Z) | MOM" = Q}.

From the definitions, it is easy to verify that a matrix

v )
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1.3. Mapping class group

is symplectic if an only if
AD'-BC'=1d,, AB'=BA', CD'=DC"

Next we define the Symplectic representation. Let S, be a closed surface of genus g and Mod(Sy)
its mapping class group. Recall that by definition, Mod(S,y) = mo(Homeo™(Sy)). Therefore we
can view every mapping class of ¢ € Mod(S,) as an element of Aut(I'), where I' = 71(Sy) (the
fundamental group of S,;). Moreover it is well known that the commutator subgroup [I',I'] c ' is a
characteristic subgroup, in other words, every element of Aut(I') preserves [I',T'].

Then taking ¢ € Aut(I') composed with the abelianization of I" we get an element of Aut(H1(Sy))

and as a consequence every element ¢ € Mod(Sy) induces an automorphism
gb* : Hl(Sg; Z) g Hl(Sg; Z)

More precisely, since Hi(Sy;Z) = 729, we get that ¢, € Aut(Z*9) = G L2¢(Z). Therefore we have a
linear representation
U : Mod(Sg) - GLag(Z).

Moreover, since the algebraic intersection number i : Hy(S,; Z)x H1(S,; Z) - Z on Hy(S,;Z) endows
the vector space Hi(Sy;7Z) with a symplectic structure and this symplectic structure is preserved

by the image of ¥, then V¥ is a representation
U : Mod(Sg) = Spag(Z).
The homomorphism V is called the symplectic representation of Mod(Sy).

The action of a Dehn twist on homology To understand W, first of all we need to understand

what it does to Dehn twists. We have the following formula.

Proposition 1.3.2. Let a and b be isotopy classes of oriented simple closed curves in Sy. For any
k >0, we have

U(Ty)([a]) = [a] + k i(a, D) [0].

In particular from Proposition (1.3.2) we get that ¥(7,) = ¥(T,/) < [a] = [d'], and also that
if [a] =0, then W(Ty) is the identity.

Theorem 1.3.3 (Theorem 6.4 in [8]). The symplectic representation is surjective.
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1.3.4 Heegaard splittings of 3-manifolds

Let X, an oriented surface of genus g standardly embedded in the 3-sphere S3. Denote by Y41 the
complement of the interior of a small disc embedded in XJ,. We fix a base point zg on the boundary
of 2971.

Figure 1.7: Standardly embedded %, ; in S3

Throughout this thesis we denote by M, 1 the following mapping class group
Mg71 = 7T0(Diff+(zg,1, 62971)).

Handlebody subgroups. Recall that our surface is standarly embedded in the oriented 3-sphere
S3. As such it determines two embedded handlebodies 83 = HyU—Hgy. By the inner handlebody H,
we will mean the one that is visible in Figure 1.7 and by the outer handelbody -H, we will mean
the complementary handlebody. They are naturally pointed by xzg € Hy N —H,. From these we get

the following three natural subgroups of Mg :

e A, 1 = subgroup of restrictions of diffeomorphisms of the outer handlebody -H,,
e 3,1 = subgroup of restrictions of diffeomorphisms of the inner handlebody H,,

e AB, 1 = subgroup of restriction of diffeomorphisms of the 3-sphere S3.

Moreover, in [48], F. Waldhausen proved that in fact, ABg1 = Ag1 N Bg1.

The stabilization map on the mapping class group. Define the stabilization map on the
mapping class group M, 1 as follows. Glue one of the boundary components of a two-holed torus
on the boundary of ¥,1 to get ¥g411. Extending an element of M, by the identity over the
torus yields an injective homomorphism Mg 1 < Myg,q 1, this is the stabilization map. This map
is compatible with the action on homology and is compatible with the definition of the subgroups
Ag1 and By 1.
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Heggaard splittings of 3-manifolds

Definition 1.3.2. A Heegaard splitting for a 3-manifold M is an ordered triple (3, Hy, H2) where
Y is a closed surface embedded in M and H; and Hy are handlebodies embedded in M such that
0H1=Y=0Hs=H;n Hs and Hy U Hy = M. The surface ¥ is called a Heegaard surface.

Definition 1.3.3. Let H; and Hs be handlebodies of the same genus and h : 0H; - 0Hsy a
homeomorphism. Then the quotient of the disjoint union of the two handlebodies by the relation
x~yif x e dHy, y € dHs and h(x) =y, is a closed 3-manifold. We denote by M = H; up Hs such

manifold.

Consider the following equivalence relation on M, 1 :

dp~1 << 3(eeAg1 I eByy such that (o = (1.3.1)

The equivalence relation (1.3.1) is compatible with the stabilization map.

Choose a map ¢4 € My 1 such that S3 = Hg U, —Hg. It is also possible to choose the map ¢, to
be compatible with the stabilization map Lg+1|ag =lg.

Denote by V3 the set of oriented diffeomorphism classes of compact, closed and oriented smooth

3-manifolds.

Theorem 1.3.4 (J. Singer [46]). The following map is well defined and is bijective:

Jim Ay 1 \Mg.1/By1 — Vi

¢ — S5 =Hg Uy, —Hy.

1.3.5 The Torelli group

The Torelli group 7,1 is the normal subgroup of the mapping class group M, ; of those elements of
Mg that act trivially on H;(3g,1;Z). In other words, 741 is characterized by the following short

exact sequence:

1 Tgn Mg1 — Spag(Z) —1

Example of elements of the Torelli group

i) Dehn twists about separating curves. Each Dehn twist about a separating simple closed
curve v in ¥4 1 is an element of 7, 1. This is because there exists a basis for H;(2,,1;7Z) where
each element is represented by an oriented simple closed curve disjoint from . Since T’, fixes

each of these curves it fixes the corresponding homology classes and is hence an element of 7y 1.
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The group generated by Dehn twists about separating simple closed curves in ¥, 1 is denoted
by K41 and is known as the Johnson subgroup. In the following picture we give an example of

a separating simple closed curve ~.

Figure 1.8: A separating simple closed curve

ii) Bounding pair maps. A bounding pair in a surface is a pair of disjoint, homologous, nonsep-
arating simple closed curves. A bounding pair map, (abbreviated, BP-map) is a mapping class

of the form
.1,

where a and b form a bounding pair. Since a and b are homologous, by Proposition 6.3 in [§]
the images of T, and T}, in Spy(Z) are equal. Thus any bounding pair map is an element of

Tg,1- In the following picture we give two examples of a bounding pairs {n,7'} and {8, 5'}.

e
O \
CIE

Figure 1.9: Boundig pairs

1.3.6 Heegaard splittings of homology 3-spheres
Definition 1.3.4. A 3-manifold X is an integral homology 3-sphere if

H.(X;Z)=H,.(S* 7).

Throughout this thesis we will refer to such manifolds simply as homology 3-spheres.

Example 1.3.1 (Section 9.D. in [41]). The most important example of a homology 3-sphere is the
Poincaré sphere which is the 3-manifold given by a full dodecahedron with opposite faces identified

with a twist of . The importance of this 3-manifold comes from the fact that it was the first
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example of an homology 3-sphere which is not an homotopy 3-sphere, i.e. its homotopy groups do

not coincide with the homotopy groups of the 3-sphere.
Denote by 82 c V3 the subset of integral homology 3-spheres.

Theorem 1.3.5 (S. Morita [30]). The following map is well defined and is bijective:

Jim Ay 1\Tg1/By1 — S,

¢r— S5 =HgU,,6—Hyg.

Then we can get any element of S® as H,, U,,¢ —Hg for a suitable g and ¢ € Ty 1.
From the group-theoretical point of view, the induced equivalence relation on 7g 1, which is given
by:
o~ << 3I(aeAg1 3G eBy1 such that (o =P, (1.3.2)

is a quite unsatisfactory, since it looks like, but is not, a double coset relation on 74 1. However, by
Lemma (1.3.1), due to W. Pitsch [38], we know that this relation is the composite of a double coset

relation in 7,1 and a conjugancy-induced equivalence relation.

Definition 1.3.5. We define the following subgroups of 7 1 :
TAg,l = 7;1,1 N Ag,lu TBg,l = 7_:]71 N Bg,l; T.ABg,l = 7;],1 N ABg,l-

Lemma 1.3.1 (W. Pitsch [38]). Two maps ¢, € Tg1 are equivalent if and only if there exists a
map pe ABg1 and two maps &, € TAg1 and & € TBy 1 such that ¢ = péab&p™ .

To summarize, we have the following bijection:

lim (TAg,l\,Tg,l/TBQ’l)ABg T 83’
Jim, , (1.3.3)
¢r— Sg =Hg Ui —Hy.

1.3.7 Homology actions

The isotopy class of the curves «;, 8;, for 1 >4 > g, are free generators of the free group (2,1, 20),
(see figure below). The first homology group of the surface H := H1(X,,7Z) is endowed via Poincaré
duality with a natural symplectic intersection form w : A2 H — Z. The homology classes {A;, B;}; of
the above curves freely generate the abelian group H ~ Z29 and define two transverse Lagrangians
A and B in H. Throughout this thesis we fix a basis of H given by (Aj,... Ay, Bi,...By) and a

symplectic intersection form w given by w(B;, A;) = 1 = —w(A;, B;) for every i and zero otherwise,
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i.e. Spw = Spay(Z).

According to Griffith [11], the subgroup By (resp. Ag1) is characterised by the fact that

its action on (X4, z¢) preserves the normal subgroup generated by the curves f,...,[5, (resp.
ai,...,04). As a consequence the action on homology of B, 1 (resp. Ag1) preserves the Lagrangian
B (resp. A).

Notation 1.3.1. Throughout this thesis, given two groups N, H and an action of H on N, we will
denote by H x N the semidirect product of H and N.

If one writes the matrices of the symplectic group Spag(Z) as blocks according to the decom-

position H = A @ B, then the image of By — Spa,(Z) is contained in the subgroup Sp%(Z) of

Gy 0
M Gs]’

Such matrices are symplectic if and only if G5 = tGII and thlM is symmetric. As a consequence

matrices of the form:

we have an isomorphism:

0" Sp3y(Z) — GLy(Z) x5 Sy(Z),

(Z\C; tci)_l) G, (1.3.4)

Here S;(Z) denotes the symmetric group of g x g matrices over the integers; the composition on the

semi-direct product is given by the rule
(G,S)(H,T)=(GH,"HSH +T).
Analogously, the image of Ay 1 — Spag(Z) is contained in the subgroup SpQAg(Z) of matrices of

H, N
0 Hy|

Such matrices are symplectic if and only if Ho = 'Hy Uand 'HyN is symmetric. Similarly, we

the form:
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have an isomorphism:

¢A : Sp?g(z) - GLQ(Z) XA SQ(Z)7

(Ig 51) — (H,H'N), (1:35)

Here the composition on the semi-direct product is given by the rule
(G,S)(H,T)=(GH,'H'SH™ +T).
Finally, the image of ABgy 1 — Spay(Z) is contained in the subgroup Spng (Z) of matrices of the

Gy 0
0 Gof

Such matrices are symplectic if and only if Go = ‘G7!. As a consequence have an isomorphism:

form:

¢1P: Spy(2) — GLy(2),

(G 0 )»—>G (1.3.6)
0 Gt '

Checking on generators of By 1 (see [47]) we get:

Lemma 1.3.2. There is a short exact sequence of groups:

¢Bol
l]—— TBQJ 3971 GLQ(Z) X Sg(Z) —1

An analogous statement holds for A, replacing the lagrangian B by A. Similarly, checking on

generators of AB, 1 we have the following result

Lemma 1.3.3. There is a short exact sequence of groups:

1——TAB,, AB,, GL,(Z) —=1

1.3.8 The Johnson homomorphism

Computing the action of the Torelli group on the second nilpotent quotient of (34,1, 20) Johnson

defines a morphism of groups known as the first Johnson homomorphism:

T:Tg1 —>/\H
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Notice that the mapping class group M, 1 acts naturally by conjugation on 7, and acts also on

A3 H via its natural action on homology. In [16], [18], [19] Johnson proves that

Proposition 1.3.3. The map 7 is M 1-equivariant with respect to the above actions. Up to a finite
dimensional 7.]2-vector space N3 H is the abelianization of the Torelli group: any homomorphism

Tg1 — A where A is an abelian group without 2-torsion factors uniquely through T.
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CHAPTER 2

Trivial cocycles and invariants on the Torelli

group

In [38], W. Pitsch gave a tool to construct invariants of homology 3-spheres, with values in any
abelian group without 2-torsion, from a family of trivial 2-cocycles on 7, 1. In this chapter we
generalize the results of [38], to include any abelian group without restrictions.

The main difficulty to generalize such results comes from the fact that if we consider an abelian
group with 2-torsion, then the abelianization of 7,1 is given by N H & T, where T is a 2-torsion
group, and H om(7;71,A)ABQ*1 is not zero because, unlikely the case of an abelian group without
2-torsion, in this case T has not to be sent to zero.

We show that the elements H 0m(7;71,A)A6971 are given by multiples of the Rohlin invariant.
As a consequence, any two invariants constructed from the same family of 2-cocycles differ by an
element of Hom(7y 1, A)ABgvl, and hence the Rohlin invariant explains the failure of unicity in this
case.

In the first section we review some basic definitions and properties about the Boolean algebra
and the Birman-Craggs-Johnson-homomoprhism. In the second section we recall the definition of a
contractible bounding pair twist, the Luft group and we exhibit some interesting results about the
handlebody subgroup B, 1 and the Luft-Torelli group £7 By 1. Finally, in the last two sections we

give the aforementioned generalization.

2.1 The Boolean algebra and the BCJ-homomorphism

Definition 2.1.1 (Boolean algebra). The Boolean polynomial algebra B = B, is a Z/2-algebra
(with unit 1) with a generator Z for each x € Hi(X41,Z/2) and subject to the relations:

(a) x+y=T+y+x-y, where z-y is the mod 2 intersection number,
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(b) z2 =7.

The relation (b) implies that p? = p for any p € B and also that if {e; | i€ {1,...2g}} is a basis for
Hi(X,,1,Z/2) then the set of all monomials e;, e;, ...e; with 0 <r <2g, 1 <i; <ig<...<ip <2gis
a Z/2-basis for B. Denote by By = ‘B;l the subspace generated by all monomials of ”degree” < k.

In [17], D. Johnson constructed a surjective homomorphism o : 741 — B3, called the Birman-

Craggs-Johnson homomorphism (abbreviated BCJ-homomorphism), which may be described as
follows.

Consider the Z/2-basis of B3 given by

where 7,7,k € {1,...,2g} are pairwise distinct, and consider the curves depicted in the following
figure:

The BCJ-homomorphism is given on a BP-map TﬂTﬁ_,l by

k
o(TsTy') = Y. CiDi(E + 1),

i=1
where E is the homology class of 3, and {C;, D;}; is a symplectic basis of a subsurface X1 of ¥, 1
with boundary component -y, such that yu S u 3’ is the boundary of a subsurface with genus zero

in Xg1.

The BCJ-homomorphism is given on a Dehn twist about a bounding simple closed curve y of
genus k, by:

k
O'(T’y) = Z CzDu
i=1
where {C;, D;}; is the symplectic basis of the subsurface of genus k£ bounded by ~.
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By Lemma 13 in [17], o is an M, j-equivariant map, in other words, for f € My, h € Ty
we have that o(fhf™') = f-o(h), where f denotes the image of the map f under the symplectic
representation mod 2, and the action of f on B3 is induced from the action of f on H 1(24.1,2/2),
ie. f- (ZZZ—]Zk) = fZiijka, where Z;, Z;, Z), are any three elements of Hy(341,7/2).

2.2 The Luft group and CBP-twists

Denote by L4 the kernel of the map By - Aut(mi(Hy)). We call it the Luft group. It was
identified by Luft in [25] as the " T'wist group” of the handlebody #,. Denote LT By the intersection
LN TBg1, and IA the kernel of the natural map Aut(m(Hy)) > GLy(Z).

Proposition 2.2.1. There is a short exact sequence

qﬁBo\IJ
|~ LT By — Ly "2 §,(Z) — 1. (2.2.1)

Proof. We first prove that ¢ o W: L,1 — S,(Z) is well defined, i.e. ¢Z oW (L,1) c Sy(Z). Recall
that L41 = Ker(Bg1 — Aut(mi(Hgy))). As a consequence, if x € L4, V() = (gjlod) and then
B oW(Ly1) c {Id} = Sy(Z) = S,(Z).

Next we prove that ¢Z o W: £, — S,(Z) is surjective with kernel LT B, ;.

Recall that S4(Z) is generated by the following family of matrices:

{(Eu|1<i<gyu{Eij+E;|1<i<j<g}.

where F;; denotes the matrix with 1 at position (4,j) and 0’s elsewhere. Thus it is enough to find

a preimage for each F;; and Fj;;. Consider 3;, 3; and ~;; the curves depicted in the following figure:

Figure 2.1: Contractible simple closed curves

Notice that the curves B, 7;; are contractible in H, and as a consequence Tp, , T, are elements
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of L4 1. In addition, we have that

_ -~ ap+b, if =k
U(TzH (ar) =a; =i ag, by) by, =
(T3, )(ar) =a; —i(as, by)by {az T
V(T3 (br) =bi,
U(Ty,; ) (ar) =ag +iar, [i]) [vig] =
ai—bi+bj if 1=1
=ay +7(az,bi—bj)(bi—bj): aj +b;—b; if l=j
a; if lii,j,
\IJ(T’Y”)(bl) =by.

Thus we get that

) Id 0 d 0
U(Ty) = o YWD g g B, 1)
By, Id Ei-E;;j+Ey;+E; Id

As a consequence,
1d 0
V(T3 T, T50) = .

‘ J Eij + Ejz‘ Id

Therefore ¢Z o W: £, 1 — S,(Z) is surjective. In addition, notice that
Ker(¢P oW: L1 - Sy(Z)) =Ker(By1 — GLy(Z) x Sy(Z))n Ly =
:TBQJ N Eg,l = ETBg,l.

Therefore we get the desired short exact sequence. O

Proposition 2.2.2. For every h € By 1, there exist elements l € Ly 1, f € ABg1 and & € TBg1 such
that h =& fl1, i.e.
8971 = 7-8971 ’ A8971 ’ ‘Cgvl'

Proof. Recall that by Lemma (1.3.2), we have the following short exact sequence:

1— > TBy, By GL,(Z) x Sy(Z) —= 1. (2.2.2)

Moreover, by Lemma (1.3.3) and Proposition (2.2.1) we know that ¢Z o W(AB, 1) = GL,(Z) and
pB o W(Ly1) = Sy(Z), respectively.
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As a consequence, if h € By 1 then there exist f € ABy 1, l € L1 such that
U(ht Y = 1d,

and by the short exact sequence (2.2.2), we get that there exists an element &, € 7B, 1 such that

& =hl"1f1 so h =& fl
O

Definition 2.2.1 (Section 4 in [38]). A contractible bounding pair map, abbreviated CBP-twist,
is a map of the form T, BT,BT,I, where 3 and ' are two homologous non-isotopic and disjoint simple

closed curves on Y, 1 such that each one bounds a properly embedded disc in H,.
Proposition 2.2.3 (Theorem 9 in [38]). The Luft-Torelli group LT By is generated by CBP-twists.

Lemma 2.2.1. Let TBTﬁ_,l be a CBP-twist of genus k, and let Dg, Dg be two essential proper
embedded discs in Hg with boundaries 3, 5 respectively. Then there exist g — 1 essential proper

embedded discs Dg,, ..., Dg,_, in Hg, with boundaries B1,...,Bqg-1 respectively, such that
Int(Hg) - N(DguDg uDg U...uDg, )

is the disjoint union of two open 3-balls.

Proof. Let Dg, Dg be essential proper embedded discs with boundaries 3, 5’ respectively. Since our
embedding of ¥, 1 into S? is standard, there exists a simple closed curve o in ¥4,1 which bounds a
properly embedded disc D, on —H, (the outer handlebody) and which intersects each of the curves
f and ' in exactly one point. Consider a regular neighbourhood of the union Dgu D, UDg:. It is a
3-ball, whose intersection with X, 1 is the disjoint union of two bounding simple closed curves, which

are in LT B, 1 by construction. Applying Proposition (1.2.2) to these curves we get the result. [

Lemma 2.2.2 (Lema 2.9 in [21]). Let H, H' be handlebodies and let {D1,...,Dy}, {Di,...,D],}
be systems of disks for H, H', respectively. Assume that there is a homeomorphism ¢ : 0H — 0H'
such that for each i, $(0D;) = dDj. Then there is a homeomorphism ¢ : H - H' such that ¢ | = ¢.

Proposition 2.2.4. By 1 acts transitively on CBP-twists of a given genus.

Proof. Let T<TC’,1, TsT, [},1 be CBP-twists of genus k on ¥,;. We prove that there is an element

Y € By 1 such that ¢(5) = ¢, ¥(5") = ¢’ and as a consequence we will get that the following equality:
V(LT ™" = Typ) Ty =TT

Given TgTﬂ_,l, TCTE,l CBP-twists of genus k, by Lemma (2.2.1), we know that there exist g — 1
essential proper embedded discs Dg,,...,Dg,, in Hgy, with boundaries fi,..., 81 respectively,
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such that
Int(Hg) - N (DguDg uDg u...uDg, )

is the disjoint union of two open 3-balls, and there exist g — 1 essential proper embedded discs

D¢y D¢,y in Hy, with boundaries (i,. .., (y-1 respectively, such that
Int(Hg) - N(DcuDeruDe, u...uDg, )

is the disjoint union of two open 3-balls.

Observe that in particular, {Dg, Dgr, Dg,,...,Dg,,} and {D¢, D¢r, D¢y, ..., D¢, } are two sys-
tem of disks for H,.

Since T¢T, C_’l’ T/;Trg,l are BP-maps of the same genus, by the change of coordinates principle,
there exists a homeomorphism ¢ from X, to X1 sending {3, 8', B1,...,Bg-1} to {¢, ¢, C1, ..o, g-1}
respectively.

By Lemma (2.2.2) we get that there exists a homeomorphism ¢ from H, to H, such that
Y |op,= ¢. Therefore ¢ extends to Hy 1 ie. ¢ eByy. O

Proposition 2.2.5. Fvery CBP-twist of genus k is a product of k CBP-twists of genus 1.

Proof. Let Tng,l be a CBP-twist of genus k. Consider the following simple closed curves in the

standarly embedded surface X 1 :

Observe that TCT_,1 is a CBP-twist of genus k£ and for ¢ = 0,...k -1, TC’iTC_zil are CBP-twists of

genus 1, where (y = ¢, {x = ¢'. By Proposition (2.2.4) we know that there is an element h € By ; such
that TﬁTﬂ_,l = NI, T, C_,lh_l. Therefore,
TsTs" = KT T bt =(hTe, TG ) (BT T h ) (W, (T ) =

-1 -1 -1
=(Thco)Tner)) Thie) Thice)) (Thice1) Thcy))-

Since {TCiTC_iL}i are CBP-twists of genus 1 and h € B ; then {Th(Ci)Th_(lgm)}i are also CBP-twists

of genus 1, as desired. O
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Remark 2.2.1. A posteriori we found that, in [35], G. Omori had obtained independently Propo-
sition (2.2.5).

2.3 From invariants to trivial cocycles

Let A be an abelian group. Denote by Ao the subgroup of 2-torsion elements.

Consider an A-valuated invariant of homology 3-spheres
F:8% > A
Precomposing with the canonical maps 7,1 = limge 751/ ~— S® we get a family of maps {Fy},
with Fy : Ty 1 — A satisfying the following properties:
i) Fgei(z) = Fy(x) for every z €Ty 1,
i) Fy(€an€s) = Fy(x) for every o € Ty, €0 € Ty, & € TBy,
iii) Fy(prgt)=Fy(z) forevery xeTyy, ¢p € ABy;.

Since the stabilization maps are injective, the map F, determines by restriction all maps Fy for
g’ < g. We avoid the peculiarities of the first Torelli groups by restricting ourselves to g > 3. We also
consider the associated trivial 2-cocycles {Cy}4, which measure the failure of the maps {Fy}4 to be

homomorphisms of groups, i.e.

Cg : 7;,1 X 7_:],1 - A7
(9,0) — Fy(@) + Fy(¥) = Fy(o0).

Since F' is an invariant, the family of maps {F,}, satisfies the properties i), ii), iii) and as a

consequence, the family of 2-cocycles {C,}4 inherits the following properties:

(1) The 2-cocycles {Cy},4 are compatible with the stabilization map, i.e. the following diagram of
maps commutes:
Tg1 % Tg1 > Tgr11 x Tgs11

C
Cg g+1

A

2) The 2-cocycles {C are invariant under conjugation by elements in AB, 1, i.e. for every
959 g,
6 ABy1,
Cg(¢_ ¢_17¢ - ¢_1) = Cg(_v _)a
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(3) If ¢ € T Ay or ¢ € TBy then Cy(¢,1) = 0.

In general there are many families of maps {F}}, satisfying the properties i) - iii) that induce
the same family of trivial 2-cocycles {Cy}.

Recall that any two trivializations of a given trivial 2-cocycle on 7,1 differ by an element of the
group Hom(Tg,1,A). Then, given two families of maps {Fy},, {Fé}g satisfying the properties i) -
iii), we have that { F;, - Fy}, is a family of homomorphisms satisfying the same properties. As a con-
sequence, the number of families {Fy }4 satisfying the properties i) - iii) that induce the same family
of trivial 2-cocycles {Cy},., coincides with the number of homomorphisms in Hom(7, 1, A)"Bs1
compatible with the stabilization map, that are trivial over T Ay and 7By 1. We devote the rest
of this section to compute and study such homomorphisms. In order to achieve our target, we
first give three algebraic lemmas. Throughout this chapter, given an element x € A of order 2, set

e¥:7/2 - A the homomorphism which sends 1 to x.

Lemma 2.3.1. For g >4, let w : B3 - By = Z/2 be the canonical projection. Then we have the

following isomorphism:

T:A; — Hom(%;l,A)GLg(Z)

T g =€ om.

Proof. First of all notice that T is well defined because €* and the canonical projection 7 : 83 - B
are GLg(Z)-invariant. Moreover, it is clear that T is injective. Next we show that T is surjective.
Let g4 € Hom(%gl,A)GLg(Z), we prove that ¢, = ¢y for some x € As.
Consider f the matrix (§ . ) with G = (1d)(24)(3k) € &4 c GLy(Z) for i,j, k pairwise differ-
ent. Then, for Z; = A; or B; for each [, we have the following equalities

Py (71) = @g(%) =¥y (Z)a ( )
0g(Z1Z3) = 04(f(Z1)f(Z2)) = 04(ZiZ;), (2.3.2)
0g(A1B1) = @g(f (A1) f(B1)) = ¢g(AiBi), (2.3.3)
(2.3.4)
(2.3.5)

0o(Z12273) = 04(f(Z1) f(Z2) f(Z3)) = vy(ZiZ; Z}.),
q(A1B122) = 04(f (A1) f(B1)f(Z2)) = vg(AiBi Z;).

Next, consider f the matrix (% . 69_1 ) with G € GLy(Z) the matrix with 1’s at the diagonal and

position (2,1) and 0’s elsewhere. Then we have the following equalities

‘Pg(A_l) = g(f(A1)) = pg(A1 + A2) = @g(A_l) + SOQ(A_Z)v

o (2.3.6)
hence, p4(A2) = 0.
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q(B2) = ¢g(f(B2)) = ¢4(B1 + B2) = ¢4(B1) +¢y(B2),
hence, ¢4(B1) = 0.

As a consequence of relations (2.3.1), (2.3.6), (2.3.7), we get that
0g(Z;) =0 for all 4.

In addition, o
g(A1Z3) = og(f(A1)f(Z3)) = pg((A1 + A2)Z3) =
= @a(A1Z3) + pg(A2Z3), hence, p,(A2Z3) = 0.

0g(B223) = pg(f(B2)f(Z3)) = pg((B1 + B2) Z3) =
= pg(B123) + p4(B2Z3), hence, gog(TZg) =0.

As a consequence of relations (2.3.2),(2.3.9),(2.3.10), we get that
wg(Z;Z;) = 0 for all i, j with i # j.

Besides,

©g(A3B3 A1) = g(f(As3) f(B3)f(A1)) = ¢g(A3Bs(Ar + Az)) =
= (pg(A3BgA1) + gog(AngAg),hence, gog(AngAQ) =0.

0g(A3B3Bs) = 0g(f(A3)f(B3) f(B2)) = ¢g(AsB3(B1 + Bs)) =
= (pg(A3B3Bl) + Lpg(AngBg),hence, gog(AngBl) =0.

As a consequence of relations (2.3.5),(2.3.12),(2.3.13) we get that
0q(AiB;Z;) =0 for all 4, j with ¢ # j.

Moreover,

(A1 Z374) = pg(F(AN) [(Z3) [(Za)) = 9o (AL + A2) Z3Z4) =
= (pg(A123Z4) + QOQ(A2Z3Z4), hence, QOQ(AQZ3Z4) =0.

¢g(B2Z3Zs) = y(f(B2) [(Z3)[(Z4)) = pg((B1 + B2)Z37Z4) =
= SDg(BlZ3Z4) + @9(322324), hence, ¢g(Blzgz4) =0.

As a consequence of relations (2.3.4), (2.3.15), (2.3.16) we have that

0g(Z;2;Z1) =0 for all ¢, j,k with i # j # k.

(2.3.7)

(2.3.8)

(2.3.9)

(2.3.10)

(2.3.11)

(2.3.12)

(2.3.13)

(2.3.14)

(2.3.15)

(2.3.16)
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Furthermore,

©g(A1B1B2) = ¢4 (f (A1) f(B1)f(B2)) = pg((A1 + A2) Bi(B1 + By)) =
= g(A1B1) + g (A1B1By) + pg(A3By) + g (A2 B1By) (2.3.17)
Thus, Sog(m) = _‘Pg(A2Bl) - ¢g(A2BlBZ)-

As a consequence of relations (2.3.11), (2.3.14), (2.3.17), we get that
©qg(A;B;) =0 for all 4.

Thus ¢, is zero on all basis elements of B3 except possibly on 1, which can only be sent to an

element of order <2 in A. O

Lemma 2.3.2. For g >4 there is an isomorphism

E: Ag x Ay — Hom (B, A)“s®)

x1,22 . 1 —
([]}17an) —> (pg N
AlB,L —> T9.

Proof. First of all we show that = is well-defined, i.e. ¢3"""* is GLy(Z)-invariant.

Let x1 be a 2-torsion element of A. Consider @31’0 the homomorphism given by the composition
of the projection map By — By = Z/2 and £ : Z/2 - A. Notice that wgl’o is a GLy(Z)-invariant
homomorphism.

Let x3 be a 2-torsion element of A. Consider p)™ ¢ Hom(B7 ,
0y"(ZiZ) = w(Ziy Zj)xa, 9y (Zi) = 0o (ZiZy) = w(Zi, Zi)aa = 0 and g™ (1) = 0. Notice that
the action of GLy(Z) on 1 is trivial. On the other hand, since w is Spog-invariant, we have that for

any matrix f of the form (g ¢ C?‘l ), the following equality holds

A) the homomorphism given by

0y "2 (f-ZiZ;) = 9g " (F(Z) F(Z))) = w([(Zi), [(Z)))az = w(Zi, Zj)x2 = 0" (Zi Z).

0,72 1,72 71,0

Hence, ¢4*? is a GLgy(Z)-invariant homomorphism. Therefore, ¢g"™* = pg'" + cpg’“ is GLy(Z)-
invariant. Moreover, it is clear that Z is injective. Next we prove that Z is surjective. Let ¢, €
Hom(%al, A)GLa(B) | we show that @, = i for some 1, T € As.

Following the proof of Lemma (2.3.1), in particular, by the equalities (2.3.1), (2.3.2), (2.3.3),
(2.3.6), (2.3.7), (2.3.9), (2.3.10) of Lemma (2.3.1), we have that

0s(Zi)=0 ©y(ZiZ;) =0 ¢4(A1B1) = py(A;B;) for all i,7 with i # j.
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Hence, the elements of H om(%;l,A)GLg(Z) are completely determined by the images of 1 and
A1 B;. O

Lemma 2.3.3. For g >4, the group Hom(N° H, A)L9(?) s zero.
Proof. Let f be an element of Hom (A3 H,A)GLH(Z).

e Consider the element ¢ = (g fc?-l ) € Spag(Z) with G = (1,4)(2,7)(3,k) € &,. Then:

(b' f(Cl A A 03) =f(¢ *C1 NC2 N 63) = f(CZ A Cj A\ Ck),

¢'f(61 N Qa9 /\bg) =f(¢'01 N a2 /\bQ) = f(CZ Aaj /\bj).

Thus, every element of Hom(A> H ,A)GLQ(Z) is determined by the images of the elements

Cc1 Aca Acg, €1 Aag Aby with ¢; = a; or b;.

e Consider the element ¢ = (g z£_1) € Spag(Z) with G € GLy(Z) the matrix with 1’s at the

diagonal and position (3,4), and 0’s at the other positions. Then we get that

d-flcancanag)=f(p-cincanay) =f(ciAcanag+ci AcaAay)
=f(01 NCa N ag) + f(cl N Ca N CL4)
Thus, f(c1 AcaAag) =0. Analogously, we have that f(c; Acg Ab3) =0.

e Consider the element ¢ = ([CJ; z£_1) € Spag(Z) with G € GLy(Z) the matrix with 1’s at the

diagonal and position (1,3), and 0’s at the other positions. Then we get that
¢~f(a3/\a2/\b2) :f(qb'ag/\ag/\bg) :f(a1 /\a2/\b2+a3/\a2/\b2)
:f(a1 AN ag N bg) + f(a3 ANag N bg)
Thus, f(aj1 Aag Aby) =0. Analogously, f(b1 Aag Aby) =0.
Therefore we get the desired result. O

Remark 2.3.1. Using the same arguments in proof of Lemma (2.3.3), we also have that given an
integer d > 2, for any g >4 Hom(A? Hd,A)GLg(Z) is zero.

Next, we give a lemma which ensures us that every AB, i-invariant homomorphism has to be

zero on T Ag1,TBg,1.
Lemma 2.3.4. For g >3, every AB, 1-invariant homomorphism
SDg : TBg’l - A and (pg : TAgJ - A
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has to be zero.

Proof. We only give the proof for 7B, 1 the other case is similar.
Let o, € Hom(T By, A)*Ba1. Consider the following short exact sequence:

1 —— LT By —TBy1 1A 1. (2.3.18)

We prove that
I) ¢4 factors through A := ker(Aut(mi (Hy)) - GLy(Z)).
IT) the morphism ¢, : IA - A is trivial.

I) By the short exact sequence (2.3.18), ¢, : TBg1 — A factors through I'A if and only if ¢, is zero
over LT By1. Moreover, by Propositions (2.2.3) and (2.2.5), we have that LT B, is generated by
CBP-twists of genus 1. Thus it is enough to show that ¢, is zero on all CBP-twists of genus 1.

Next, we divide the proof into three steps:
1) g4 takes the same value on all CBP-twists of genus 1.
2) g4 is zero on all CBP-twists of genus 2.
3) g is zero on all CBP-twists of genus 1.

1) Consider the following simple closed curves in the standardly embedded surface ¥ :

s

Observe that TBTﬁ_’l is a CBP-twist of genus 1.

By Proposition (2.2.4) we know that for every CBP-twist of genus 1, T, 7,,}, on ¥, there exists
an element h € B, ; such that T,7,! = thT[},lh_l.

Besides, by Proposition (2.2.2), we have that there exist elements | € L1, f € ABy1 and
& € TBy,1 such that h =&, fl.
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Thus, since ¢, is a AB, 1-invariant homomorphism, we get that

0o(T, T, ) =g (WT5T3 h™Y) = 0o (G AITSTE T f716T) =
=0g(&) + g (FITETE U f71) + g (&) =
=y ( fngTg,ll‘l = ¢g(lT5T5,1z-1)

Therefore there exists an element [ € £, such that
pg(TLT,1) = g UTT5 ). (2:3.19)
Recall that S4(Z) is generated by the following family of matrices:
(Eul1<i<gyu{Ei;+E;|1<i<j<g}.

where F;; denotes the matrix with 1 at position (7, 7) and 0’s elsewhere.
Take the theoretic section s: S¢(Z) - Lg1 of W: L1 — S¢(Z) given by

T5'T,,T5' for i=1

Ey) =Ts Eii+ Ey) =
$(Bu) = T, s(Eiy + Eji) {T‘?T(_T‘,l for i>2,
Bi ~Yij~ By

where 3;, 7ij, %'j are given in the following picture:

By the short exact sequence (2.2.1), we know that given an element [ € L, there exists an element
& € LT By such that [ = &s(W(1)). Thus, by the equality (2.3.19),

2o(T,T,") =g (IT5T5 ") = 0y (s (V) T T s(V(1) ') =

2.3.20
=g (s(U()TT5 s(¥ (1)) ™). ( )

Now observe that s(¥(1)) is a product of the following elements
{T’Y1j| j22}7 {T’y;j| 2Si<j}v {T52|1SZS9}
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Recall that by the properties of Dehn twists we know that for every a,b isotopy classes of simple

closed curves on Y 1,
TaTb = TbTa A—y Z(a, b) = ().

Then, since the curves
me, {vigl 2<i<j}, {Bill<i<g}, (2.3.21)

are disjoint with the curves
B, B Amyl =3}, (2.3.22)

the geometric intersection number between a curve of the family (2.3.21) and a curve of the family

(2.3.22) is zero. Therefore, the elements of the family of Dehn twists
Ty, {T%(j | 2<i<j}, {Ts |1<i<g}, (2.3.23)
commutes with the elements of the family of Dehn twists
Ts, Tp, {T,,| Jj=3}. (2.3.24)

Furthermore, the elements of the family {7, | j >3} commute between them because the curves

of the family {v1; | j >3} are pairwise disjoint. Therefore,

s(UW) T T s(W(1) ™ = (T3 Ty ) TTa (T3 T30 )™ (2.3.25)
where x3,...,24 € Z, and 3, ', {71 | 3 <j > g} are the curves given in the following picture:

As a consequence of equalities (2.3.20), (2.3.25) we get that

@Q(TuTz/_’l) = (Pg((T’ffs Vlg)TﬁTﬁ’l(T’;?s ’Ylg) 1) ©g(Ts (_7};”13 T30 ) (B ))' (2.3.26)
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Next, we prove that

‘PQ(T/B T””S

713

3838 = %(TBT@HZ% 2(T5T5") - 2o (T5Trh 5)).

=1

Consider the curves {v17,71; | 3<j 2 g} given in the following picture:

Notice that T T c€ABy 1 for 3<i<y.

Fix an mtegerJ with 3 < j < g. Define 3} = (Tfl(g:l)) Ty )(B') for j < g-1 and By = f'. Then

the following equality holds
_ 1
TBT o ;B (TﬁTB' )(TB’T -1 (5))(TT‘1 (5) k (5"))
Since ¢4 is an AB, 1-invariant homomorphism, we have that
-1 _ -1 -1 -1 _
gpg(TﬁTT’]ﬁj (,6’;')) —@g(TﬁTB/ ) + SDQ(TH'TT’}‘ (ﬁ)) + QOg(TT’;Il(B)TT’%(B;,)) =
:QOQ(TﬁT,GT’l) + 909((T ’Ylg )Tﬁ' T 1 (ﬁ)( ’yl]) )+
(2.3.27)
+‘Pg((T )TT p (5) k (5")( 71]) b=
:Qog(TﬁTﬁT’ ) + (‘Dg(TT‘ﬁlj (B,)Tﬁ ) + QOg(T/BTj_—v’I;f;(B;/))
Applying equality (2.3.27) from k = z; to k =1, we get that
S"g(TBTﬁ” ) @Q(TB e (5”)) =
=2;09(T5T5') + 2509 (Tr1 (ﬁ’)TB )+ sog(TgTﬁn) = (2.3.28)

:xj(S"g(TBTE’ ) - CPg(TﬁTT;fj (51))) + @g(TBTﬁéf )-
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Then, applying recursively the equality (2.3.28) from j = 3 to j = g, we obtain the following formula:

713" Y1g

g
wg(TﬁT&}zS 179 y(ny) = 0o(TsT5') + > iy (TsT5') - @Q(TgTi;%l_ 5))- (2.3.29)
i=1 :
Next we prove that for 3<k < g,
-1y _ -1
QOg(Tf)’TB/ ) = SOg(TBTT;llk (ﬁl))

Consider the element f, € AB, 1 given by the half twist of the shaded ball depicted in the
following figure, that exchanges the holes 3 and k.

Observe that f; leaves §, ' invariant and sends 71 to 713. Since ¢, is ABg -invariant, for
3 <k < g, we have that

gpg(TgTi_“;lllk (5/)) =<Pg(T,y_11kTﬁT,6TrlT’71k) = Qog(fkT“;fk flngfBngllfkT'nkfk_l) B (2 3 30)
09Ty To T Tns) = 09 (To T (a1))-

Therefore it is enough to show that
-1y _ -1
@Q(TﬁTB/ ) = QOg(TBTT’;Ilg (ﬁ’))
Since f31, 33 are disjoint with 3, 8, v13 then
-1 ~1p-1 -1 -1 -1 /-1 -1y-1
jjﬁj-'T’Yl3 (ﬁ’) = T’YlBT,BT,B’ 7—‘,)/13 = (Tﬁl T713T53 )TIBTﬁl (Tlgl T”flST,Bg ) .

Now take f e ABy 1 given by f = (TasTn34Tﬁ_41 ~1 where a3, 134, B4 are the curves on Y41 given in

the following picture:
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Since a3, N34, f4 do not intersect either of 3, 3’ then f commutes with TﬁT[;,l. Thus,
11 p-1 -1 —1y -1 -1 -1 —1y p-1y-1
fT’YISTﬁTBI T’ylgf = (f(Tﬁl T'713T63 )f )TBTﬁl (f(Tﬁl T’713Tﬁ3 )f ) .

Observe that

G 0 1 1 Id 0
\I/(f):(o tG_l) \P(Tﬁl T’YlBTB;g):(M Id)7
with
1 0 0 O 0010
01 0 O 00 0O
G: M: .
0 0 1 -1 1 0 0 O
0 00 1 00 0O
Thus
Id 0
-1 —1y -1y _
\Ij(f(Tﬂl T"/13T,83 )f ) - (tG_lMG_l Id)
with
1 0 0 0\fO O 1 O\f1 O O O
thlMGJZO 1 0 00 0 0 OJj0 1 O 0:
0O 01 0J]1 0 0 OJJ]0 O 1 1
0 01 1J\O O O O/J\O O O 1
0 01 0\/f1 0 O O 0 0 11
B 0 0 0 0Jjo 1.0 O ~ 0 0 0O
1 00 0flo 01 1 1 00 0f
1 0 0 0J\O 0 O 1 1 0 0 O
Then

U(f(T5 T T 1) = O (T3, T, T ) (T3, T, T5,1))-

As a consequence, by the short exact sequence (2.2.1), there exists an element & € LT B, such
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Chapter 2. Trivial cocycles and invariants on the Torelli group

that
f(Tﬂll ‘713T,831)f_ = gb(Tﬁll ’713Tﬁ31)(Tﬁ11 714Tﬁ_41)~ (2-3'31)
Since ¢4 is an AB, 1-invariant homomorphism, T, , T3,, 1, commute with T’,,,, Ty,,, T, T, and
f commutes with T, T, by (2.3.31) we get that
(T Ts T3 T =g (T3, Ty T3 ) T5T5 (T3, Ty T3 ) ) =
PglLyizdpgdg 713 =Py B tmstps JABLp \Lp vzt s
=g ((f(Tﬁ sl )f )TﬂTﬁ’l(f(Tﬁ M3 _31)f_1)_1) =
—SOg(fb( V13 714)T5T,3’1( s L 4) gb ) = (2.3.32)

—SDg(fb)'*‘SDg(( 73 ’714)T/3T,B’( 73 14)_1)_909(&7):
—Sog(( 13 714)T5Tﬁ’( 713 14) ):

=¥y (TB TW13T"{14 (8 ) ’

Notice that
-1
ToT, 1,040 = DT )T Ty )Ty 97,2, 00):

Since @4 is a ABgy 1-invariant homomorphism and fy, T 713T7’ € AB, 1, we have that

-1 -1 -1 -1
sog(TBTT“qu’Ym(ﬁ/)) :@Q(TBTﬁr ) + SOg(T[—}/TT—,l (B)) + QOQ(TT;’I (/8)TT713T714(B/)) =
1
_¢Q(TﬁTﬁl ) +(Pg(( 713 WIS)TBIT 1 (ﬁ)( ’)/13 '713) )+

—1 1
+ (T3, Ty, et () TwlgTwM(B)( Ty, ) =

(2.3.33)
_SOQ(TBTB’ ) + (Pg(TT 1 (ﬁr)Tﬁ ) + (pg(Tg 14(5/)) =
-1
=80g(TﬁTﬁ' )~ ‘P‘(;(TBTT;Il3 (/3’)) +0g(faT} T714(ﬁ')f4 ) =
-1 -1 -1
:SDQ(TBTB, ) - SOg(TﬁTT’?fg (ﬁ’)) + (‘Dg(TBTT’ylg)(,BI)).
Hence, by equalities (2.3.32),(2.3.33), we get that
g (TsT, T71 3)) = SDg(TBT,B' ) - ‘PQ(T,BTT L(8) )+80g(Tﬂ m(ﬁf))
Then gog(TgTﬁ_, ) =g(TpT P 1 (5,)), and by (2.3.30) we get that
0o(TsT5') = @Q(T5T5$llk (5)- (2.3.34)
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Finally, by equalities (2.3.29), (2.3.34), (2.3.26), we get that

‘Pg(TuT;'l) = ¢9(TBT5'1)7

i.e. ¢4 takes the same value on all CBP-twists of genus 1.

2) We prove that ¢, is zero on all CBP-twists of genus 2 using 1).

By Proposition (2.2.5) we know that every CBP-twist of genus 2 is a product of two CBP-twists
of genus 1, what is more, by the proof of Proposition (2.2.5), we know that given 7.7 6_,1 a CBP-twist
of genus 2, there exists a curve ¢ such that T:T¢ L and TCT;'l are CBP-twists of genus 1.

Thus we have that

SOg(TaTe_'l) :‘Pg(TfTC_l) + @Q(TCTE_'l)
g (T.T7") = g (T T,

and since, by 1), we know that cpg(TaTC‘l) = cpg(Ta/TC‘l), then
pg(T:T5") = 0,

i.e. g4 is zero on all CBP-twists of genus 2.
3) We prove that ¢, is zero on all CBP-twists of genus 1 using 1), 2) and the lantern relation.

Consider the following curves in the standardly embedded surface X, 1 :

B B3

B2 B G G

Observe that for 7 = 1,2, 3, T/BiTB_’.l are CBP-twists of genus 1, TCiTC_(l are CBP-twists of genus 2,
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and T, € LT By 1. Using the following lantern relations

we get the following equalities:

-1 -1 -1
(TﬁéTﬁz )(T51T51 )(TﬂéTﬁs = T’Y?

—1 -1 -1
(T Te) )Ty T, )Ty Ty ) = Ty

Thus,
Ty T, = (Ts, T ) (T, T ) (T TR (T, T ) (T T,

In general, if 7,7} a CBP-twist of genus 1, by Proposition (2.2.4), there exists an element
h € By 1 such that T,,TU‘1 = hTﬁéTB_;h_l. Then

T, T, =(hTp, Tﬁ’ilh’l)(thQT/gélh’l)(hTCiTC’llh’l)(théTg;lh’l)(thénglh’l)
-1 -1 -1 -1 -1
=(Th80) Th(p)) (Tis) Thap) ) Thie) Trieny) (Thie) Thea)) (Thieg) Thica))-

Since Tey Ty, To, Ty, Ty T¢,' ave CBP-twists of genus 2 and h € By,1 then Ty Ty e,y Thicy) Tnien)-

Th(%)TE&B) also are CBP-twists of genus 2. Thus, by 2), we get that

2o(TuT5") =09 (Tn(an) Tn(e) + Po(Thia) Th(ay)) =
:(pg(Th(Bl)T};(lgi)) - SDg(Th(Bé)Tf:(lﬁz))’

and since, by 1), we know that ‘Pg(Th(ﬁl)Ti;(lﬁi)) = ‘Pg(Th(Bg)Tﬁ(I[;Q)% then
SOQ(TVTV_’l) = Oa
i.e. g4 is zero on all CBP-twists.
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2.3. From invariants to trivial cocycles

IT) As a consequence of I), ¢, factors through IA. As the action on the fundamental group
of the inner handlebody #, induces a surjective map ABg1 — Aut(mi(Hy)), we can view ¢g4
as an Aut(m (Hg))-invariant map ¢g : TA - A. Let ai,--,ay denote the generators of m(Hy).
According to Magnus [27], the group I A is normally generated as a subgroup of Aut(mi1(#H4)) by
the automorphism Kjy given by Kis(ay) = a2a1a§1 and Ki2(o;) = a; for i > 2. By invariance, ¢4
is determinated by its value on Ki2. So it is enough to show that ¢, (K12) = 0.

Consider the automorphism f e Aut(m(Hy)) given by f(as3) = asag and f(oy) = o for i # 3, with
inverse f~! e Aut(m(Hy)) given by f~!(as) = azaz’ and f71(a;) = o; for i + 3.
Take the element K3 € Aut(m(H,)) given by

Kis(aq) = agoqagl and Kis(a;) =«; fori>2.
Clearly K3 is an element of I A. Observe that
fE13f (1) = agaponay'es’ and  fEisf ' (ow) =a; fori>2.
Then fKi3f " = K12K13, and since ¢, is an Aut(mi(H,))-invariant map, we have that
pg(K13) = 0o (fK13f 1) = 0 (K12K13) = 94 (K12) + g (K13).
Therefore ¢g4(K12) =0, as desired. O

Now we are ready to compute the AB, 1-invariant homomorphisms on the Torelli group.

Lemma 2.3.5. For g >4, there is an isomorphism

A Ay — Hom(’];’l’A)AB.q,l

x»—>u§:¢§oa

where g is the map defined in Lemma (2.3.1).

Proof. First of all, notice that A is well defined because the BCJ-homomorphism o is Spag(Z)-
equivariant, ¢ is AB, 1-invariant and then pj is also AB 1-invariant. Moreover, it is clear that A
is injective. Next we will prove that A is surjective.

From the work of D. Johnson (see [19]), we know that there is a short exact sequence
1—= By —> Hy(Ty1;2) > NH—1.

Taking the 5-term exact sequence associated to the above short exact sequence we get the exact
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sequence

0 ——= Hom(N H, A) "L Hom(H,(T, 1;Z), A) % Hom (B2, A).

Taking G L4(7Z)-invariants we get another exact sequence
0— Hom(N H, A)%Ls(@) > Hom(H,(T,1:2), A)%Ls®) —~ Hom (By, A)F e @)
By Lemma (2.3.3), Hom(N> H, A)¢L9(Z) = 0 for g > 4. As a consequence, we have an injection
Hom(H(Ty1:Z), A) ) o Hom (9B,, A)“Ls@)

By Lemma (2.3.2), all elements of Hom(%g,A)GLH(Z) are @72 with 21,29 € Ay. Next we check
which elements ¢®172 can be extended to Hom(Hy(Ty1;7Z), A)Fa(®).

Suppose that for some g > 4 there exists an element hy, € Hom(H;(Ty1;7%),A)%*s(®) which
restricted on By coincides with ¢g'™*?, for some z1, 29 € Ay. By Lemma (2.3.4), hy has to be zero
on T By 1, in particular on KBy 1 =Kg1n By 1.

Then, if we consider the element T’y € Ky 1 with « depicted in the following figure

we have that T, € TBy 1, and by definition of the BCJ-homomorphism, o(T) = A1B;. As a
consequence, if g2 can be extended to Hom(H(T;1;2), A)¢ ) then """ has to be zero on
A1 By, and so x5 has to be zero. Finally, notice that @3’0 € Hom(B, A)GLH(Z) is the restriction of
g € Hom(Hy(Ty1;7), A)G ) to 9B,

O

Next we show that the family of homomorphisms {u}, that we have given in Lemma (2.3.5)

reassemble into an invariant of homology spheres and we identify such invariant.

Lemma 2.3.6. The homomorphisms {jig},, defined in Lemma (2.3.5), are compatible with the

stabilization map.

Proof. By definition, o : 741 — B3 and g+ Bg — A, are compatible with the stabilization map. As

a consequence, the compositions of this maps, { g }4, are compatible with the stabilization map. [

By Lemmas (2.3.4), (2.3.6), the AB, 1-invariant homomorphisms {1}, in Lemma (2.3.5), are
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compatible with the stabilization map and zero on T Ay 1, TBg1. Then, by bijection (1.3.3), the

family of homomorphism {g}4 reassemble into an invariant of homology spheres.

Lemma 2.3.7. The homomorphisms {ug}g, defined in Lemma (2.3.5), take the value x on the

Poincaré sphere.

Proof. By Example 9.G.2. in [41], we know that the Poicaré sphere is obtained as a 1 Dehn surgery
along the right hand trefoil knot. By Lemmas V.1.1, V.1.2, V.1.3 in [1], we have that this Dehn
surgery is equivalent to a Heegaard splitting given by the Dehn twist about a right hand trefoil
knot.

Next, we follow the construction of the Heegaard splitting given in the proofs of Lemmas V.1.1,
V.1.2, V.1.3 in [1]. Take a Seifert surface S of the right hand trefoil knot and thicken this surface
obtaining a handlebody S x [0,1]. Consider the boundary of S x [0,1] and the knot K = 05 x {%},
which is the right hand trefoil knot K in dS x [0,1]. Taking this Heegaard surface with the Dehn
twist about K we get the Heegaard model

which corresponds to the 1 Dehn surgery of right hand trefoil knot.

We show that the image of Tk by uj is z. We first compute the image of Tk by the BCJ-
morphism o and then we apply ¢j. To compute o(Tx), we write Tk as a product of Dehn twists
on unknotted simple closed curves.

Taking the product of left Dehn twists about the simple closed curves a; and ao, we have that

T, ', }(K) = K’ as in the following figure.

2

Taking the left Dehn twist about the simple closed curve ¢ depicted in the following figure, we
have that T, 1(K') = 1.
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Then we have that the product of Dhen twists T := T, 'T,; 'T, ! takes K to . Thus, T~! takes v to
K. Hence

o(Tg) = o(T7'T,T) = U(T Mo (T).

Consider the subsurface on the left of our curve 7 (if we take the other subsurface the same
argument works), Observe that Aj, By is a symplectic basis of the homology of this subsurface. So
O'(Tfy) = A1 Bl.

Next, we compute W(7T!). Since ¥ is a homomorphism we have that
V(™) = W(Toy T, Te) = W (Tap ) W (Tay ) U(Te).

By definition the images of T¢, T,, and T,, by ¥: M, - Sps(Z), are given by

1 010 1 0 0 O 0 0 0
01 0 O0 01 0 1 1 00
U (T, )= , Y(T,,)= , U(T,) =
(al)0010 (a2)0010 (c)_110
0 0 01 00 0 1 1 -1 0 1
Hence
1 010 0O 0 O 0O 1 1 0
01 0 1 0O 1 00 1 0 01
U(T7) = =
0O 01 0J]-1 1 1 0 -1 1 10
0 0 01 1 -1 01 1 -1 01
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2.4. From trivial cocycles to invariants

Thus,
o(Tk) =¥(T™)o(T,) = W(T-1)(A)¥(T-1)(B1)
:(A2 + Bl + BQ)(Al + Bl)
=(Ag+ By +By+1)(A; + By + 1)
=A2A1 +BlA1 +B2A1 +A_1+A2B1 +BlBl +BQBl +B_1+I2+F1+B_2+T
=A2A1 +BlA1 +BQA1 +A_1+A2B1 +E+BQBI +A_2+B_2+T.
Therefore, by definition of ¢y, we have that ug (T ) = pg 0 0(Tk ) = , as desired. O

Proposition 2.3.1. The invariant pg coincides with the Rohlin invariant Ry composed with the

homomorphism &*.

Proof. In [20], D. Johnson proved that the Rohlin invarinat induces a family of homomorphisms
{R,}, with R, € Hom(T,1;7/2)"Bs1. Since, by Lemma (2.3.5), there is only one non-zero element
in Hom(Ty1;7Z/2)*Bs1, we have that u; and R4 must coincide. Therefore, £* o ,u; and €” o R, must

coincide too. O

2.4 From trivial cocycles to invariants

Conversely, what are the conditions for a family of trivial 2-cocycles C, on 71 satisfying properties
(1)-(3) to actually provide an invariant?
Firstly we need check the existence of an AB, i-invariant trivialization of each Cy. This is a

cohomological problem. Denote by Qc, the set of all trivializations of the cocycle C :

Qc, ={q:Tg1 —~ Al q(d) +q(¥) — q(d¢) = Cy(d, )}

Recall that any two trivializations of a given 2-cocycle differ by an element of Hom(7g,1,A). As the
cocycle Cy is invariant under conjugation by AB, 1 this latter group acts on Q¢, via its conjugation
action on the Torelli group. Explicitly, if ¢ € ABy 1 and q € Qc, then ¢-q(n) = q(¢~'n¢). This action
confers the set Qc, the structure of an affine set over the abelian group Hom(7,,1,A). Choose an

arbitrary element g € Q¢, and define a map as follows

pq: ABg1 — Hom(Tg1,A)
pr—d-q—q.

A direct computation shows that p, is a derivation, i.e. pg(Py) = ¢ - pg(¥) + pg(¢), and the
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difference p, — py for two elements in Qc¢, is a principal derivation. Therefore we have a well-

defined cohomology class
p(Cy) € H' (ABg 1; Hom(Ty1,A))

called the torsor of the cocycle C|.

By construction, if the action of AB;1 on Qc, has a fixed point, the class p(Cy) is trivial.
Conversely, if p(Cy) is trivial, then for any q € Qc, the map p, is a principal derivation, i.e. there
exists mq € Hom(7y,1,A) such that

Vo e ABgy 1 pa(P) = p-mg—my.
In particular the element g —my € Qc, is fixed under the action of AB, 1, since
¢ (g-mg) =¢-q—¢-mg=(pg(¢) +q) = (pg(9) + mq) = q-my

So we have proved:

Proposition 2.4.1. The natural action of ABy1 on Qc, admits a fived point if and only if the

associated torsor p(Cy) is trivial.

Suppose that for every g > 4 there is a fixed point g, of Q¢, for the action of AB, 1 on Qc¢,. Since
every pair of AB, 1-invariant trivialization differ by a AB, ;-invariant homomorphism, by Lemma
(2.3.5), for every g > 3 the fixed points are g, + yiy with x € As.

By Lemma (2.3.6), all elements of Hom(7g.1, A)ABs1 are compatible with the stabilization map.
Then, given two different fixed points g, q; of Qc¢, for the action of ABy 1, we have that

_ ! :( _ /) — xT — x
9917910 ~ Y9y7,_y 4 = 9 =g )1 Tg10 = Hgy7, ., = Hg-1

Therefore the restriction of the trivializations of Q¢, to T;-1,1, give us a bijection between the fixed
points of Q¢, for the action of AB, 1 and the fixed points of Qc¢, , for the action of ABy-1 ;.

Therefore, given an AB, j-invariant trivialization g4, for each x € Ay, we get a well-defined map
q+p’ = lm g+ py: lim Ty — A.
g—oo g—o0

These are the only candidates to be A-valued invariants of homology spheres with associated family
of 2-cocycles {Cy},. For these maps to be invariants, since they are already AB, -invariant, we

only have to prove that they are constant on the double cosets T.Ag41\7g,1/7 By,1. From property
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(3) of our cocycle we have that V¢ € Ty 1, Vb, € TAg1 and Yob, € TBy 1,

(qg + pg)(9) = (qg + 1) (P¥0) = = (qg + 11g) (Vp),

(2.4.1)
(g + 115)(9) = (qg + 11y (Va®) = = (qg + pg) (Ya)-

Thus in particular, taking ¢ = 14,9 in above equations, we get that g4 + py with x € Ao, are
homomorphisms on T Ay 1, TBy1. Then, by Lemma (2.3.4), we get that gg + i is trivial on T Ay
and TBy 1.

Therefore, by equalities (2.4.1), we obtain that g, + py with x € Ay are constant on the double
cosets T Ag 1\Ty,1/T By,

Summarizing, we get the following result:

Theorem 2.4.1. Let A be an abelian group and Ao the subgroup of 2-torsion elements. For each
x € Ag, a family of cocycles {Cy}gs3 on the Torelli groups Ty1,9 > 3, satisfying conditions (1)-(3)
provides a compatible familiy of trivializations Fy + g : Tg1 — A that reassemble into an invariant
of homology spheres
. . o3
;LrgoFg+u§.S - A

if and only if the following two conditions hold:

(i) The associated cohomology classes [Cy] € H*(T,1; A) are trivial.

(ii) The associated torsors p(Cy) € HY(ABy1, Hom(T,1,A)) are trivial.

Notice that Proposition (2.3.1) tell us that the homomorphisms g factor through the Rohlin
invariant R,. Therefore the existence of the Rohlin invariant makes to fail the unicity in the con-

struction of invariants from a family of 2-cocycles in Theorem (2.4.1).
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CHAPTER 3

The mod d Torelli group and homology
3-spheres

In this chapter, we study the relation between the mod d Torelli group, the Z/d-homology 3-spheres
and the Q-homology 3-spheres. To be more precise, our aim is to show that given an integer d > 2,
a Heegaard splitting with gluing map an element of the (mod d) Torelli group is a Z/d-homology
3-sphere, and so a Q-homology 3-sphere, and that every Q-homology 3-sphere can be obtained as
a Heegaard splitting with a gluing map an element of the (mod p) Torelli group. This last result is
a direct consequence of Proposition 6 in [36], in which B. Perron stated that given a Q-homology
3-sphere M? with n = |Hy(M?3;Z)|, if d | n - 1, then M? can be obtained as a Heegaard splitting
with gluing map an element of the (mod d) Torelli group. Unfortunately, the proof of such result is
not available in the literature. In this chapter, we prove a generalization of this result in which we
consider d | n + 1 instead of d | n — 1. We point out that, as we will see, the divisibility condition is
indispensable for such result.

As a starting point, in the first two sections, we give some basic definitions and properties about
the symplectic representation modulo d as well as the (mod d) Torelli group. In the third section,
we study the action of the subgroups Ay 1, By 1, ABg1 on Hy:= Hi1(X,1;Z/d). The main difference
between the action on Hy and the action on H := Hi(X,1;7Z), is the fact that, if Uy denotes
the symplectic representation modulo d, then W;(By1) does not correspond to the subgroup of
Spag(Z/d) formed by matrices of the form (7 9), which is isomorphic to GL4(Z/d) x S¢(Z/d).
But for d a prime number Wy(B,,1) is isomorphic to SL7(Z/d) x Sy(Z/d). For d not prime, such
isomorphism does not hold. However, there is an stable version that give us an isomorphism
Ui(Beo1) = SL*(Z]d) x S(Z/d).

Finally, in the last section, we give a criterion to know whenever a Q-homology 3-shpere is
homeomorphic to a Heegaard splitting with gluing map an element of (mod d) Torelli group. As

an application of this criterion, if we denote by S3[d] the set of Q-homology 3-spheres which are
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homeomorphic to H, u, 4 —~Hy for some ¢ € M, 1[d], unlike the case of the Torelli group and
homology 3-spheres, we show that, in general, the set of Z/d-homology 3-spheres do not coincide
with S3[d]. In addition, analogously to the case of the integral homology 3-spheres and the Torelli
group, we show that there is the following bijection: limg_ e (Ag,1[d]\Mg1[d]/Bg1 [d])AB%1 ~ S3[d].

3.1 The Symplectic representation modulo d

Definition 3.1.1 (Section 1 in [34]). Let d > 2 be an integer and M € M, (Z) be a matrix satisfying
MQM! = Q (mod d), then M will be said to be symplectic modulo d. We define the Symplectic

group modulo d as

Spag(Z]d) = {M € Magxa,(Z/d) | MQM" = Q}.

As in the case of the symplectic matrices, from the definitions, it is easy to verify that a matrix
A B
M =
C D

AD'-BC'=1d,, AB'=BA', CD'=DC".

is symplectic modulo n if an only if

We define the Symplectic representation modulo d as the composition
Uyt M1 —2> Spag(Z) > Spay(Z]d).

Notice that Symplectic representation modulo d is surjective because the Symplectic representation

VU is surjective and, by Theorem 1 in [34], r4 is also surjective.

3.2 The mod d Torelli group

The (mod d) Torelli group Mg 1[d] is the normal subgroup of the mapping class group M, of
those elements of M, 1 that act trivially on Hy(Xg,1;7Z/d). In other words, M, 1[d] is characterized

by the following short exact sequence:

)\
1 —— M,1[d] Mg1 —= Spay(Z]d) —1

Let D, 1[d] be the subgroup of M, generated by the d-powers of Dehn twists. The following

proposition and corollary announced in [36] by B. Perron and proved by J. Cooper in [4] enlightens
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the structure of M, [d].

Proposition 3.2.1. The mod d Torelli group Mgy1[d] is the normal subgroup of Mg 1 generated
by the Torelli group Tg1 and the d"-powers of Dehn twists.

Since a conjugate of a Dehn twist is a Dehn twist, one gets:

Corollary 3.2.1. Every element ¢ € Mg i[d] can be written as: ¢ = fom with f € Tg1 and
m e Dg71[d:|.

Remark 3.2.1. In [4], J. Cooper give a proof of Proposition (3.2.1) and Corollary (3.2.1) for the
case of d prime. Nevertheless, following the same proof one gets the same result for the case of any

integer d.

3.3 Homology actions modulo d

If one writes the matrices of the symplectic group modulo d Spag(Z/d) as blocks according to the
decomposition Hy = Ag & By, then the image of By1 — Spag(Z/d) is contained in the subgroup
G1 0

Ga
Such matrices are symplectic modulo d if and only if G3 = 'G7! and 'G7* M is symmetric. As a

Spgg(Z/d) of matrices of the form: (

consequence, we have an isomorphism:

deB : SPQB;;(Z/d) — GLy(Z[d) xp Sy(Z[d),

G 0
(M tG1) — (G,'GM).

Here Sy(Z/d) denotes the symmetric group of g x g matrices over the Z/d. The composition on the
semi-direct product is given by the rule (G, S)(H,T) = (GH,'HSH +T).
Analogously, the image of A, 1 - Spag(Z/d) is contained in the subgroup Sp’;g(Z/d) of matrices

Hy N
of the form: )
0 Hy

Such matrices are symplectic modulo d if and only if Hy = 'H;' and *HyN is symmetric. As a

consequence, we have an isomorphism:

i : Spay(Z]d) — GLy(Zd) xa Sy(Z/d),
H N .
(0 tﬂl) — (G,'GM)
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where the composition on the semi-direct product is given by the rule
(G,S)(H,T)=(GH,"H 'SH™ '+ T).

Similarly, the image of ABy1 — Spag(Z/d) is contained in the subgroup SpglgB (Z/d) of matrices of

the form: Gi 0 )
0 Gy

Such matrices are symplectic modulo d if and only if Go = {G7!. As a consequence, we have an

isomorphism:

(b:?B : Sp?gB(Z/d) - GLQ(Z/d)7

G 0
(0 tG‘l) -G

Notation 3.3.1. Denote by 7/, : GL4(Z) - GLy(Z/d), 1} : S¢(Z) - S¢(Z/d) the respective reduc-

tions modulo d.
Definition 3.3.1. Let d a positive integer, we define the following groups:
SL;(Z/d) ={A e Myy(Z/d) | det(A) = +1},

SLy(Z,d) =Ker(rly: SLy(Z) - SLy(Z/d)),
S,(dZ) =Ker(rl) : Sy(Z) — S,(Z/d)).

Notation 3.3.2. Let R be a division ring, ¢, j distinct integers between 1 and g and u € R.
Denote by e;;(u) € SLy(R) the matrix with entry w in the (4, j) position, ones on the diagonal and
zeros elsewhere. Such matrices are called elementary matrices of rank g. We denote by E,(R) the
subgroup of SLy(R) generated by elementary matrices of rank g. We denote by D, the diagonal

matrix of rank g, with a —1 at position (1,1) and 1’s at positions (i,7) with 2<i < g.

Theorem 3.3.1 (Theorem in [10]). Let R be a division ring. The group SLy(R) coincides with
Ey(R).

Lemma 3.3.1. Let p be a prime number, there is a short exact sequence of groups
1 —> SLy(Z,p) —= GLy(Z) = SLX(Z[p) —= 1.

Proof. First of all, we show that r, : GLy(Z) — SL;(Z[p) is surjective. By Theorem (3.3.1)
SLy(Z[p) = E¢(Z[p). Observe that if A e SL7(Z/p) with det(A) = —1 then det(DyA) = 1, i.e.
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DyA € SLy(Z/[p). Therefore SLy(Z/[p) is generated by {Dg,e;;(u) | u € Z[p}. Since r,(Dy) = Dy
and r,(Ey(Z)) = E4(Z[p), we have that r;, is surjective.

Next, notice that we have a pull-back diagram

1| —> Ker(r) — SLy(Z) —2> SLy(Z/p) — 1

]

1 — Ker(r)) — GLy(Z) —= SL:(Z[p) — 1.

As a consequence Ker(r,) = SLy(Z,p), as desired. O

Lemma 3.3.2 (Lemma 1 in [34]). Let d be an integer, there is a short exact sequence of groups

"

1—> 8,(dZ) —= S, (Z) —% Sy (Z)d) —= 1.

Lemma 3.3.3. Let p be a prime number, there is a short exact sequence of groups

1 ——= SLy(Z,p) x Sy(pZ) — GL,(Z) x Sy(Z) —* SL:(Z[p) x Sg(Z[p) —= 1.

Proof. First of all we show that r/, x /] is a homomrophism.
Let G,H e GL,(Z), S,T € S4(Z), then we have that the following equality holds

(ry x ) (G, S)(H,T)) =(ryxr])((GH,HSH' + T'))
=(r,(GH),r)(HSH' + T))
=(GH,HSH'+T)
=(G,S)(H,T)
=(rp, xry)(G, S)(ry, x ) )(H,T).

Notice that, by Lemmas (3.3.1), (3.3.2), ker(r},) = SLy(Z,p), Ker(r})) = Sq(pZ). Then

Ker(r]') x 7“1')') = Ker(r;) X Ker(r;') =SLy(Z,p) x S¢(pZ).

Finally, we have that r, x ;" is surjective because r;,,7, are surjective too. O

Definition 3.3.2. We define the following subgroups of M, 1[d]:

.Ag71[d] = ./Vlg,l[d] n Ag,l, Bg,l[d] = Mg71[d] n Bg,l, .ABg,l[d] = Mg,l[d] n ./43971.
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Lemma 3.3.4. Let p be a prime number, there are short exact sequence of groups

d)fo\llp N

1—>Bg,1[p:| Bg’l SLQ(Z/p) KSQ(Z/p)—>1,
d)EO\I/p N

1 ——=B,1[p] By SLy(Z[p) = S¢(Z[p) —1,
(;5‘;30\1/;,

1 —— ABy1[p] — ABy1 — SL3(Z[p) — 1.

Proof. We only give the proof for the first short exact sequence (the proof for the other two short

exact sequences is analogous). Observe that by definition of By 1[p], we have that
KeT(QSf o \ij : Bg,l - SL;(Z/p) X Sg(Z/p)) = Bg,l n Mg,l[p] = Bg,l [p]
On the other hand, by Lemmas (1.3.2), (3.3.3) we have that
B (B _ / " B _
(& 0 Wp)(By1) =( orpo W) (By) = ((r, x 1) 097 0 W)(By) =
=(rp x 1y (GLg(Z) x Sg(Z)) = SLy(Z[p) % S¢(Z[p),
as desired. O
Notation 3.3.3. Throughout this thesis we set:

Spy(Z)d) =(¢™) N (SLE(Zd) x4 Sy(Z/d)),
SphE(Z)d) =(¢7) N (SLE(Z/d) % Sy(Z/d)).

We point out that Lemmas (3.3.1), (3.3.3), (3.3.4) are not true switching the prime p for a no
prime integer d. This comes from the fact that SL,(Z) - SLy(Z/d) is surjective if and only if d is
prime, which is based on the fact that E4(Z/d) = SLy(Z/d) if and only if d is prime. Nevertheless,
as we will show next, taking the direct limit of above families of groups one gets the analogous

results for the stable case with an integer d.

Direct systems and direct limits Let (I,<) be a directed set. Let {A4; |i € I} be a family of
objects indexed by I and f;; : A; = A; be a homomorphism for all ¢ < j with the following properties:

i) fi is the identity of A;,
ii) fir = fjk o fij forall i <j<k.

Then the pair (A, fi;) is called a direct system over I.
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The direct limit of the direct system (A;, f;;) is denoted by lim A; and is defined as follows. Its

underlying set is the disjoint union of the A;’s modulo a certain equivalence relation ~:
h_H)lAl = |T| Al/ ~o

Here, if z; € A; and xj € Aj, then x; ~ z; if and only if there is some k € I with ¢ <k and j <k and
such that fir(x;) = fir(z;).

The stable General linear group and symmetric group. Let R be a commutative ring with

unite. Consider the General linear groups {GL,(R)}, and the homomorphism:

inn : GLn(R) —> GLm(R),

A 0
0 Idmy)
Then (GLy(R),inm) is a direct system

Similarly, we can consider the symmetric groups {S,(R)}, and the homomorphism:

which sends A € GL,(R) to

jn,m : Sn(R) - m(R)7

A O
0 0)
Then (S, (R), jn,m) is a direct system.

Therefore, taking the direct limit of the above direct systems, we obtain the following groups:

which sends A € S, (R) to

GL(R) =limGLy(R),  SL(R)=lmSLy(R),  E(R)=limE,(R),

SL*(R)=lmSL:(R),  S(R)=1limS,(R).

Throughout this section we denote by R* the group of units of R, i.e. the set of invertible elements
of R, and we set:

Observe that we have the following short exact sequence of groups:

1—SL(R)— GL(R) — R* — 1.
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Taking the quotient by E(R), the above short exact sequence becomes
1—SKi(R) — K;(R) — R* —1,

where

SL(R)
E(R)

GL(R)

SKi(R) = B

Ki(R) =

These groups are well known in K-theory (see for instance [49], [28]).

Definition 3.3.3 (Sections 19, 20 in [22]). A commutative ring R is a local ring if it has a unique
maximal ideal. A commutative ring R is a semilocal ring if it only has a finite number of maximal

ideals. In particular every commutative local ring is a commutative semilocal ring.

Proposition 3.3.1 (Lemma III.1.4 in [49]). Let R be a commutative semilocal ring, then
Kl(R) ~ R* and SKl(R) =1.

Notice that, for every d > 2, Z/d is a semilocal ring because Z/d is finite. Therefore, by Propo-
sition (3.3.1), we get the following result:

Corollary 3.3.1. Let d >2 be an integer, SKi(Z/d) =1, i.e. SL(Z/d) = E(Z]d).

Remark 3.3.1 (Remark II1.1.2.3 in [49]). If I is an ideal of R, each homomorphism FE,(R) —
E,(R/I) is onto, because the generators e;;(r) of E,(R) map onto the generators e;;(7) of E,(R/I).

Lemma 3.3.5. Let d > 2 be an integer, we have a short exact sequence of groups

1 —> SL(Z,d) —= GL(Z) —% SL*(Z/d) — 1,

where 1)) is gien by modulo d reduction.

Proof. Fix an integer g. Consider A € SL7(Z/d). Then DyA € SLy(Z/d). By Corollary (3.3.1) we
have that there exists an integer h and elementary matrices ey € Ej(Z/d) such that the following

equality holds.

DgA = ih,g (H €k) .

k=1

Since iy, 4(Dp,) = Dy and Dy, = D,’ll, we have that

A= ih,g (Dh H ek) .

k=1
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Notice that r/,(Dy) = Dj,. Moreover, by Remark (3.3.1), we have that r/,(E,(Z)) = E,(Z/d). There-

fore r, is surjective. O

Corollary 3.3.2. Let d > 2 be an integer, there is a short exact sequence of groups

| — S(dZ) —> S(Z) —= §(Z/d) —= 1,

where )] is given by the reduction modulo d.

Lemma 3.3.6. Let d > 2 an integer, there is a short exact sequence of groups:

| — SL(Z, d) x S(dZ) — GL(Z) x S(Z) "% S1+(Z)d) x S(Z)d) — 1,

where rly: GL(Z) - SL*(Z/d), r] : S(Z) - S(Z/d) are the reduction modulo d.

Proof. This result is a direct consequence of Lemma (3.3.5) and Corollary (3.3.2). O

The stable Mapping class group. Consider the Mapping class groups {Mg1}4 and the stabil-
itzation map i, : Mg 1 — My, 1. Then we have a direct system (M, 1,4, ). Define

Moo,l = limMgJ.
—

Since Ay 1, Bg1, ABy1 are subgroups of M, 1, then we have the following natural subgroups of
Moo71 :
A1 = h_r)n.Ag,l, Boo,1 =lim By 1, ABoo 1 = li_r)nABg,l,
Ao 1[d] = li_I)nAg,l[d], Beo1[d] = li_r)nt,l[d], ABoo1[d] = h_r)nABgJ[d].

Moreover, if we consider the direct limit of the short exact sequences in Lemmas (1.3.2) and (1.3.3)

we get the following result.

Lemma 3.3.7. There are short exact sequences of groups

1 —> TBoss — Boo —= GL(Z) x S(Z) — 1,
1 —> T A1 —> Aot —> GL(Z) x S(Z) — 1,

1 —> T ABoo ) —> ABoo) —> GL(Z) — 1.
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Lemma 3.3.8. Let d >2 an integer, there are short exact sequences of groups

1 —> Boo1[d] —= Beog —% SL*(Z/d) x S(Z]d) —=1,
1 Aot [d] —= oot —% SL*(Z/d) x S(Z]d) — 1,

1 —> ABoo1[d] —= ABoo1 —% SL*(Z/d) —> 1.

Proof. We only give the proof for the first short exact sequence (the proof for the other two short

exact sequences is analogous). By definition of By 1[d], we have an exact sequence
1~ Bya[d] —= By —% SL:(Z/d) x Sy(Z/d).
Then taking the direct limit, the above exact sequences becomes
1 — Boo1[d] —= Booq —% SL*(Z/d) x S(Z]d),
and by Lemmas (3.3.7), (3.3.6) we have that ¥y : Be1 — SL*(Z/d) x S(Z/d) is surjective, as
desired. O

3.4 Heegaard splittings of homology 3-spheres

In this section we show what are the relation between (mod d)-Torelli groups, Q-homology 3-spheres

and Z/d-homology 3-spheres.

Definition 3.4.1. Let R=Q or Z/d. A 3-manifold X is a R-homology 3-sphere if
H.(X:R) =z H.(S*R).

Remark 3.4.1. By Universal coefficients Theorem and the Poincaré duality, an orientable compact
connected 3-manifold M is a Q-homology 3-sphere if and only if H;(M;Z) is finite. As consequence,
every Z/d-homology 3-sphere M is also a Q-homology 3-sphere, because H1(M;Z/d) = 0 implies
that Hy(M;Z) has no free part, i.e. Hy(M;Z) is finite.

Example 3.4.1 (Section 9.B in [41]). Examples of Q-homology 3-sphere are the lens spaces, which
are defined as follows. Consider two solid tori Vi and V. Fix longitude and meridian generators a;

and by for 71 (0V}), for instance
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(o)

Consider an element h € Homeo" (0V7) such that h.(bs) = paj + gby, where p and ¢ are coprime
integers.

The 3-manifold obtained gluing the boundaries of V; and V5 by the homeomorphism £ is called
the lens space of type (p,q) and denoted traditionally by L(p,q). In other words, a 3-manifold is a
lens space if and only if it contains a solid torus, the closure of whose complement is also a solid

torus. Moreover we have the following classification result:

Theorem 3.4.1 (Remark 9.B.7 in [41]). Two lens spaces L(p1,q1), L(p2,q2) are homeomorphic if
and only if
pL=+py and q = +¢5 (mod py).

Next we show that a Heegaard splitting with gluing map an element of (mod d) Torelli group is
Z/d-homology 3-sphere and so a Q-homology 3-sphere.

Proposition 3.4.1. Let S% =%, U, —Hg. If we twist this glueing by an arbitrary map ¢ € My 1[d]
we get a Z/d-homology sphere Sf;’, =Hg Uiyp —Hy.

Proof. In order to prove this statement we compute the homology groups of H, U, 4 —H,. using a
Mayer-Vietoris sequence.

Consider the following Mayer-Vietoris sequence:

H3(Hg; Z[d) ® H3(-Hg; Z/d) — H3(M;Z[d) —
—Hy(2y; Z/d) — Ho(Hy;Z]d) ® Ho(~Hy; Z/d).

(3.4.1)
Observe that a handlebody H, is homotopy equivalent to a wedge of circles V4, .S 1 so
H3(Hg;Z|d) = H3(-Hg;Z/d) =0 and Hy(Hg;Z[d) = Ha(-Hg; Z/d) = 0.
Thus the exact sequence (3.4.1) becomes
o> 0 —> Hy(M; Zfd) —> Ho(Sg; Z)d) —> 0 —> -
Because ¥ is orientable Ho(3y;Z/d) = Z/d. Hence Hs(M;Z[d) = Hy(X,;7Z/d) = Z/d.
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Writing more terms of the Mayer-Vietoris sequence we get

Hy(Hg;Z[d) & Hy(-Hg; Z]d) — Ho(M;Z]d) — (3.4
S H\ (S Z)d) — Hy(Hg: Z/d) © Hy(~Hy; Z/d).
Since Ha(Hg;Z[d) = Ha(-Hg; Z/d) = 0, the exact sequence (3.4.2) becomes
0— Ho(M;Z[d) — H1(Xg; Z]d) — H1(Hg; Z]d) & Hi(-Hg; Z/d).

Thus Ho(M;Z[d) = ker (¢ : Hi(Xg; Z]d) — H1(Hg; Z[/d) & Hi(-Hg; Z/d)) .

Recall that the basis of H1(X,) is given by the homology classes {a1,...,ag4,b1,...,by}, the basis
of Hi(Hy) is given by the homology classes {a1,...,aq} and the basis of Hi(-H,) is given by the
homology classes {-ai,...,—ag4}.

The map ¢ is given by ¢ = (incl.,incl. o140 ¢), where ¢4 denotes the map that switch a; and -b;
for all i, and incl. denotes the map induced by the natural inclusion of 3, in H,, i.e. the map that
sends all b;’s to zero. Recall that ¢ € My 1[d], i.e. Wgq(¢p) = Id. So the induced map ¢ in homology

with coefficients Z/d has the following matrix form:

Id, 0
= € Moyxo,(Z/d).
¥ (0 Idg) 2g2g(/)

Thus ker(y) =0, i.e. Ho(M;Z/d) = 0.
Now, using the Mayer-Mietoris for reduced homology, since ¢ = Idy, i.e. ¢ is an isomorphism,

we get the following exact sequence:
0 —= Hy(M;Z/d) — Hy(Z,;Z/d) —
— Hy(Hg; Z/d) ® Ho(~Hg; Z[d) —= Ho(M;Z/d) —0 .
Since Ho(X4;Z/d) = Hy(Hg; Z/d) = Hy(-Hq; Z]d) = Z]d, then
Ho(Sg;Z]d) = Ho(Mg; Z/d) = Ho(~Hg; Z/d) = 0.
Thus, by above exact sequence,
Hi(M;Z)d) =0 and Hy(M;Z/d)=Hy(M;Z/d) & Z/d = Z/d.

Therefore M is a Z/d-homology 3-sphere. O
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Remark 3.4.2. As a direct consequence of Proposition (3.4.1) we get that the Heegaard splitting
Sg; =Hy U, —Hg with ¢ € M 1[d] is a Q-homology 3-sphere

We now look for the converse: when is a Q-homology 3-sphere constructed from a Heegaard
splitting with gluing map an element of M 1[d] 7

Denote by S3(d) c V3 the subset of Z/d-homology 3-spheres and by S3[d] ¢ S3(d) the set of
Z/d-homology 3-spheres which are homeomorphic to H, U, ¢ ~H, for some ¢ € M 1[d].

Theorem 3.4.2 (Theorem 368 in [9]). Let A € Myxn(Z) be given. There exist matrices U €
GLn(Z),V e GL,(Z) and a diagonal matriz S € My,xn(Z) such that A =USV, the diagonal entries
of S are dy,ds,...,d.,0,...,0, each d; is a positive integer, and d;|d;+1 fori=1,2,...,r—1.

The diagonal matrix S is called the Smith normal form of A. The diagonal entries di,ds, ..., d,,
of the Smith normal form of A are called the elementary divisors (or sometimes the invariant

factors) of A.

Lemma 3.4.1. Let M =Hyu, s ~H, with f e Mgy be a Q-homology 3-sphere, n = |H1(M;Z)| and
U(f)=(EE). Then n=|det(H)|

Proof. Consider the Mayer-Vietoris sequence for the reduced homology of Hy U, r —H, :
Hy(3y;7) > H\(Hy; Z) ® Hy(~Hy; Z) —= Hy(M;Z) — 0. (3.4.3)

Then Hy(M;Z) = Coker(yp). A direct inspection shows that if U(f) = (£ %), we have that ¢ =
(14 0). Hence,
H\(M;Z) = Coker(H).

Next, by the Theory of invariant factors (see Theorem (3.4.2)), we know that there exist matrices

U,V € GLyy(Z) such that
di
_ 4
UHV = ( 5 .. ) .
0

Coker(H) 2 Z/dy x Z]dy x ---Z]dy, x Z97F.

As a consequence,

Since M is a Q-homology sphere, by Universal coefficients Theorem, we have that 0 = Hy(M;Q)
H\(M;Z)®Q=Q9 % Then k = g.

Hence,

29
det(H) = +det(UHV) =+ ][] d; #0.
i=1
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Moreover, we have that

2g
n= |H1(M,Z)| = Hdl + 0.
i=1
Therefore we get that n = |det(H )|, as desired. O

Now we are ready to study whenever a Q-homology 3-sphere is homeomorphic to a Heegaard
splitting with gluing map an element of (mod d) Torelli group. The following result is inspired in

Proposition 6 in [36] due to B. Perron.

Theorem 3.4.3. Let M be a Q-homology 3-sphere and n = |Hy(M;7Z)|. Then M € S3[d], i.e. M
has a Heegaard splitting Hy U, ; ~Hy of some genus g with gluing map f € My1[d] with d > 2, if

and only if d divides n—1 or n+ 1.

Proof. We first prove that if M is a Q-homology 3-sphere with n = |H{(M;Z)| and d > 2 divides
n—1orn+1, then M e S3[d].

By Theorem (1.3.4), there exists an element f € M, 1 such that M is homeomorphic to Hyu,,
—H,4. By definition of Mg 1[d] we have the short exact sequence

4
1—— Mya[d] Mgy —> Spay(Z[d) — 1. (3.4.4)

Consider the image of f by U :

w(f) = (g Z)

We show that there exist matrices X € Spfg*(Z/d), Y e Sp%*(Z/d), such that

XUy(f)Y =Id. (3.4.5)

Then, by Lemma (3.3.8), we will get that there exist an integer h > g and elements &, € Ap 1,
& € Bp,1, f € My such that Wa(&a) = ig,n(X), Ya(&) =ign(Y), f =ign(f) and

Vg(6af) = 1d.

As a consequence, by the short exact sequence (3.4.4) and Theorem (1.3.4), we will get that f is
equivalent to an element of My, 1[d].

In order to construct such matrices X,Y, we first show that H € SL3(Z/d).

By hypothesis, d |n—1or d|n+1, ie. n==+1(mod d). Moreover, by Lemma (3.4.1), we know
that n = |det(H)|. Therefore, det(H) = 1 (mod d), i.e. H € SL;(Z/d).

Next we proceed to construct the aforementioned matrices X, Y.
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Consider the matrix

Id A
X = ;
0 Id
with A=-FH ™ € My (Z/d).
We prove that X is an element of Spg‘gi(Z/d).
Since W4(f) € Spag(Z/d), by definition, H'F is symmetric and as a consequence the following
equality holds

A=-FH'=—(H)'H'FH ' =~(H")'F' = -(H")'F' = A".

Then A € Sg(Z/d), and therefore X € Spyt(Z/d).

Next, observe that we have that

1d A\(E F\ (E+AG F+AH\ (E+AG 0
o rdf\¢ H) \ @ H |\ ¢ H)
which is an element of SpQBg(Z/d).

In fact, since H € SL3(Z/d), we know that (PG D) e Spfg*(Z/d).

Therefore, setting

-1
E+AG 0
Y = e SpPE(Z)d),
( o H) P2y (Z[d)
we get the result.

Next we show that the condition d divides n+ 1 or n — 1 is a necessary condition for M to
be in S3[d]. Let M € S3[d]. By Theorem (1.3.4), there exists an element f € M, such that M is
homeomorphic to H,u,, s ~H,. In addition, by Theorem (3.4.3), there exists h > g for which the class
f= igh(f) in Ap1\Mp,1/Bp,1 contains an element in My, ;[d]. Then there exist &, € Ap 1,6 € By
and ¢ € My, 1[d] such that

aplp = f-
Thus,
Va(f) = Va(€a) Va(e)Wa(&) = Yal€a) Wa(Sh)-
Set
Va(6a) - (]j o ) SpA (). Wa(&) - (g t F?) e SpEs(2/d).
Then

- E A\(F o0 EF+AB  A'F!
\I’d(f):\pd(ga)\l’d(gb):(o tEl)(B tFl):( tp-1p tEltFl)‘
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Since E, F € SL¥(Z/d) and by Lemma (3.4.1) n = |[det(*E~'*F~')|, then we have that
n = xdet('E"MF™) = £1 (mod d),

as desired. ]

As a consequence of Theorem (3.4.3), we get that the family of groups { Mg 1[d]},,q is enough
to produce all Q-homology spheres.

Notice that Theorem (3.4.3) give us a criterion to know whenever a Q-homology sphere can be
formed as a Heegaard splitting with gluing map an element of the (mod d) Torelli group. Next,
using this criterion, we study whenever the set of Z/d-homology 3-spheres, S3(d), and the set of
Z/d-homology 3-spheres which are constructed as a Heegaard splitting with gluing map an element
of the mod d Torelli group, S3[d], coincide. As we will see, unlike the integral case, these two sets

do not coincide in general.

Lemma 3.4.2. Let d be a positive integer, the invertible elements of Z/d are contained in {1,-1}
if and only if d =2,3,4,6.

Proof. Let d > 2 be an integer. Recall that an element of Z/d is invertible if and only if ged(z,d) = 1.
As a consequence, given a prime number p and n e N, [(Z/p")*| = (p—1)p"!. Let d = prtepr, we
know that (Z/d)* = (Z[p*)* x - x (Z[p})*, so

(Z/d)| - 1j<m e,

Observe that if for some 4,5 with j #4, p; > 5, or p; =3 and n; > 2, or p; =2 and n; > 3, or p; = 2,
n; = 2 and p; = 3, then [(Z/d)*| > 3. On the other hand, we directly check that |(Z/d)*| < 2 for
d=2,3,4,6. 0

Proposition 3.4.2. Given an integer d =5 or d > 7. The set of Z]d-homology 3-spheres, S*(d), and
the set of Z/d-homology 3-spheres which are constructed as a Heegaard splitting with gluing map an
element of the mod d Torelli group, S3[d], do not coincide.

Proof. We construct a Q-homology 3-sphere M € S3(d), which does not belong to S3[d]. By Lemma
(3.4.2) we know that, for d = 5 and for every d > 7, there exists an element u € (Z/d)* with u different
from +1. Fix such an element u € (Z/d)*.

Consider the matrix (g té),l ) € Spag(Z[d), with G € GLy(Z/d) given by

a-[" V).
0 Id
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Since V¥, is surjective, we know that there is an element f € M, satisfying that

\Ild(f) = (E); tcs)_l) :

Consider the 3-manifold M given by the Heegaard splitting Hy U, 5 —H,.

Following the argument of the proof of Proposition (3.4.1) with f defined as before, one gets
that M is a Z/d-homology 3-sphere, i.e. M € S3(d).

On the other hand, by Lemma (3.4.1), we have that +n = +|H;(M;Z)| = det(!G™') = u™t # +1.
Then, by Theorem (3.4.3), M is not in S3[d]. O

Proposition 3.4.3. Let d = 2,3,4,6. If M is a Z/d-homology 3-sphere, then M has a Heegaard
splitting Hq U, 5 —Hgy of some genus g with gluing map f € Mgld].

Proof. Let d = 2,3,4,6, M a Z/d-homology 3-sphere and n = |Hy(M;Z)|. We show that n =
+1 (mod d) and by Theorem (3.4.3) we will get the result.

Since M is a Z/d-homology 3-sphere, we have that ged(d,n) = 1. Then, by Bezout’s identity,
there exist integers A1, Ay such that Ajd + A\an = 1. As a consequence, Aon = 1 (mod d). Hence,
n € (Z/d)*. Finally, by Lemma (3.4.2), one gets that |(Z/d)*| <2 for d = 2,3,4,6, as desired. O

As a consequence of Proposition (3.4.1) and Theorem (1.3.4) we get the following result:

Theorem 3.4.4. The following map is well defined and bijective:

lim Ay, \Ma[d)/B,0 — S°d),
¢ S =My Uy —Hyg.
From the group-theoretical point of view, the induced equivalence relation on My 1[d], which is

given by:
o~ << I(aeAg1 3G eBy1 such that (o =Y, (3.4.6)

is quite unsatisfactory. However, as in the integral case, Lemma 4 in [38], we can rewrite this

equivalence relation as follows:

Lemma 3.4.3. Two maps ¢,¢ € Mgy 1[d] are equivalent if and only if there exists a map p € ABg1
and two maps &, € Ag1[d] and & € By1[d] such that ¢ = p&p&ut.

Proof. The proof of this Lemma is analogous to the proof of Lemma 4 in [38] due to W. Pitsch.
The ”if” part of the Lemma is trivial. Conversely, assume that ¢ = £,¢&,, where 1,¢ € Mg 1[d].
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Chapter 3. The mod d Torelli group and homology 3-spheres

Applying the symplectic representation modulo d ¥4 to this equality we get

Id=Y4(£)¥q(&) (mod d).

By section (1.3.7) , ¥(&) is of the form

G 0
(M tG-l) with G € GLy(Z) and "G M € Sy(Z).

Similarly, U(&,) is of the form

H N
( . tﬂl) with H € GL,(Z) and H'N € Sy(Z).

Therefore,
Id 0\ (H N \[G o0 HG+NM N!G™!
o 1d) \o ta')\m t¢t) \ tm'm tEG)! (mod d).

Thus N=0=M (mod d) and G = H™! (mod d).
By Lemma (1.3.3), we can choose a map p € ABg 1 such that

W) - (ﬁf t ;)

Since N =0= M (mod d) and G = H™! (mod d), we have that

-1 1
vaorte) (" )0 ) () 2 e

0 ‘HJ\o tH! 0 Id
G 0 \(H o0 GH 0
Wa(&pp) = (M tG-l) ( 0 tH-l) = (MH t(GH)—l) = Id (mod d).

Therefore we get

= po(p ) d(Gp) op™,
where (n71&,) € Ag1[d], (&) € Bya[d] and pe ABg as desired.
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To summarize, we get the following bijective map:

lim (Aga[d\Mya(d)/By () 45,, — S°[d)

; (3.4.7)
d) > S¢ = ?'[g Ubg¢ _Hg.

The bijection (3.4.7) will play an important role in this thesis. As we will see in the following
sections, it allows us to relate the structure of invariants of S3[d], with the algebraic structure of
the group My [d].

As we have seen in this chapter, for d # 2,3,4,6 the set of Z/d-homology 3-spheres, S?(d), and
the set of Z/d-homology 3-spheres which are constructed as a Heegaard splitting with gluing map
an element of the mod d Torelli group, Sg[d], do not coincide. Then a natural question which arise
from this chapter is:

What is the difference between S3(d) and S3[d] for d # 2,3,4,6 ?

83



Chapter 3. The mod d Torelli group and homology 3-spheres

84



CHAPTER 4

Automorphisms of descending mod-p central

series

Let T" be a free group of finite rank and {I'} }; be the Stallings or Zassenhaus p-central series and

o =T/T;,,. In this chapter, we compare the automorphisms of the group N;. To be more
precise, we show that there is a well-defined homomorphism ¢} : Aut(Ng, ;) - Aut(N}) that, using
the theory of versal extensions mod p, which is a mod p version of the versal extensions given in [37],

fits into a non central extension
. ¢’
0 —= Hom(N?, L},,) —= Aut N}t, | —> Aut N} —= 1. (4.0.1)

In addition, we show that such extension does not split for £ > 2 and we study its splitability for
k =1 using the computations of H2(SL,(Z/p);sl.(Z/p)).

As a starting point, in the first section, we recall some definitions about central series and mod p
central series with some examples. Moreover we give the notion of p-nilpotent group. In the second
section, we give the notion of a versal extension modulo p and we develop some theory about it. In
the third section, we give some technical results that we will need in the last section. Finally, in

the last section, we study the extensions (4.0.1).

4.1 On p-central series and p-nilpotent groups

Definition 4.1.1. A central series is a sequence of subgroups
{1}<] A, ... <A1 A =G

such that [A;,G] € Aj,1. Equivalently, A;/A; . is central in G/Aj4;.
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Chapter 4. Automorphisms of descending mod-p central series

Definition 4.1.2. We say that a central series {G}} is the fastest descending series respect to a

property P if for every central series { Hy }; satisfying P, we have that Gy € Hy, for every k.

Definition 4.1.3. Two series {G;} and {H,} are cofinal if for every natural number n there exists
a natural number m such that G,, < H,, and for every natural number [ there is some natural
number k such that H; < Gj.

Definition 4.1.4 (Lower central series). The lower central series {G}}i of a group G is defined
recursively by G1 = G and Gy = [G,Gj_1].

Next we give the "mod p version” of central series.

Definition 4.1.5. A p-central series is a central series whose successive quotients A;/A;.1 are

p-elementary abelian groups, i.e. abelian groups in which every nontrivial element has order p.

There are many p-central series, but the most important are the Zassenhaus mod-p central series

and the Sallings mod-p central series which are defined as follows:

Definition 4.1.6 (Zassenhaus). The Zassenhaus mod-p central series {Gf } for G is defined by the
rule:
Gi = TL (G7,
ipi>k
where G; denotes the " term of the lower central series of G.

This series is the fastest descending series with respect to the properties:
° [GZ,GIZ] < G%w
. (GFP <G,

Definition 4.1.7 (Stallings). The Stallings mod-p central series (also known as the lower p-central

series) {G7} for G is defined recursively by setting
Gy =G and GY =[G,GY](Gy )P
This series is the fastest descending series with respect to the properties:
hd [GSaGig] < G/fw
. (G <G,

Even though the aforementioned mod-p central series are distinct, we have the following result,

which will allow us to compare them.
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Proposition 4.1.1 (Proposition 2.6 in [4]). Given a prime number p. The Stallings and Zassenhaus

mod-p central series are cofinal. More precisely, for every positive integer l,

G% <Gy <Gt
Remark 4.1.1. In [4] J. Cooper proved Proposition (4.1.1) for G a free group. The same proof
gives the result for any group G.

Throughout this chapter we denote by I' a free group of finite rank and we set:

Nk. = F/F;Hv Eé = F;/F;H?

— r

.. r I
N = [0, T3 ](T3)P

T AE
where e = S or Z.

Definition 4.1.8. A group G is p-nilpotent if the corresponding lower p-central series has finite
length. Notice that the groups N with ¢ = Z, S and k a positive integer, are p-nilpotent groups

and, in particular, p-groups.

Definition 4.1.9. Let G be a group and d(G) the minimal cardinality of a generating set of G.
The Frattini subgroup ®(G) is defined as the intersection of the set of all maximal subgroups of G.

Proposition 4.1.2 (Proposition 1.2.4 in [24]). Let G be a finite p-group. Then the Frattini subgroup
®(G) = [G,G]GP and d(G) coincides with the rank of the abelian p-elementary group G|®(G).
4.2 Versal extensions modulo p

Fix a prime p. Let G be a group such that H1(G;Z/p) is a free Z/p-module. Applying the Universal
coefficients Theorem to the group G and the Z/p-module Hy(G;Z/p) with trivial G-action, since

H1(G;Z]p) is a free Z/p-module, we have an induced natural isomorphism:
n: H*(G; Ha(G;Z[p)) — Homyy,(Ha(G; Z[p), H2 (G5 Z/p)). (4.2.1)

Definition 4.2.1 (Section 9.5 in [24]). Let G be a group. A p-covering of G is an extension of the

form

0 — Hy(G;Z]p) E G 0.

In this case we say that E is a p-covering group of G.
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Chapter 4. Automorphisms of descending mod-p central series

Denote by v, € H?(G; Ho(G;Z/p)) the preimage of the identity by the isomorphism (4.2.1) and
by
V, 0—> Hy(G:Z[p) —= E —= G —0,

a central extension with associated cohomology class vy,.

Definition 4.2.2. A central extension 0 — Ha(G;Z/p) E' G 0 is called a versal

extension modulo p if it is equivalent to V.

Lemma 4.2.1. Let v, € H*(G; H2(G;Z/p)) denote the cohomology class given by the preimage of
the identity by the isomorphism n of (4.2.1). Then for each ¢ € Aut(G), the following equality holds

(H2(¢;Z[p))+(vp) = ¢* (vp).
Here Hy(¢;Z[p) denotes the element of Aut(Haz(¢;Z/[p)) induced by ¢.

Proof. Fix an element ¢ € Aut(G), by naturality of the isomorphism 7, we have that

(¢ (vp)) =(Ha(; Z[p))" (id) = Ha(¢; Z[p),
n((Ha(¢; Z[p))«(vp)) =(H2(¢; Z[p)) (id) = Hz(¢; Z[p).

As a consequence we get the following result:

Corollary 4.2.1. Let G be a group and 0 —» Ho(G;Z/p) - E - G > 1 a versal extension modulo p.
For every element ¢ € Aut(G), there exists an element ® € Aut(E) such that the following diagram

commutes
0— Hy(G;Z/p) E G 1 (4.2.2)
Ha($5Z/p) @ ¢
0—>H2(G;Z/p) E G 1.

Therefore every element ¢ € Aut(G) is induced by an element ® € Aut(FE).

Proof. Consider a versal extension modulo p

0 —— Hy(G;Z[p) E G 1.

with associated cohomology class v,. By Lemma (4.2.1) we know that for every ¢ € Aut(G), the
following equality holds (Ha(¢;Z/p))«(vp) = ¢*(vp). Then, by Corollary (1.1.1), there exists an
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4.2. Versal extensions modulo p

element ® € Hom(FE, F) making the following diagram commutative

0 —— Hy(G;Z/p) E G 1
lH2(¢;Z/p) ® ¢
0 —— Hy(G;Z]p) E G 1.
Finally, the 5-lemma implies that ® is an automorphism of E that lifts ¢ as desired. O

4.2.1 Versal extensions modulo p for p-groups

If G is a p-group, the modulo p Hopf formula becomes simpler. In this case,let 1 > R > F - G - 1
be a presentation of G with d(F') = d(G). Then R < [F,F|F?, so Ho(G;Z/p) = R/[R, F]RP and
F/[R, F]RP is a p-covering group of G.

Definition 4.2.3 (Definition 9.5.12 in [24]). We say that a p-covering of G

0 —> Hy(G;Z)p) —= P —> G —=0

is the universal p-covering of G and P is the universal p-covering group of G (up to canonical

isomorphisms) if for any other central extension

0 A E G 0

with A a p-elementary abelian group satisfying that A < ®(F), there is a surjection of P onto FE
that induces a surjection of Hy(G;Z/p) onto A, and the natural isomorphism from P/Hs(G;Z/p)
onto E/A.

Proposition 4.2.1 (Proposition 9.5.13 in [24]). The group P = F/[R,F|RP is the universal p-

covering group of G.

Proposition 4.2.2. The central extension

0—> Ho(G;Z)p) —= P —> G —=1, (4.2.3)

where P is the universal p-covering group of G, is a versal extension mod p.

Proof. Let c e H*(G; R/[F, R]RP) the cohomology class associated to the central extension

0 o E G 1. (4.2.4)
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Chapter 4. Automorphisms of descending mod-p central series

Using the Universal coefficients Theorem we get the natural isomorphism

7: HQ(G;[ R

R
R,T]Rp) — Hom (HQ(G;Z/p);—), (4.2.5)

[R,F]Rr

that takes ¢ to the homomorphism h given by the evaluation on Ha(G;Z/p) of the 2-cocycle
r([g|h]) = s(g)s(h)s(gh)™! where s is a theoretic section of (4.2.4). Notice that, in fact, the
homomorphism A is the modulo p Hopf isomorphism.

Since h is an isomorphism and 7 is natural, applying ;! to (4.2.5) we get a natural isomorphism
n: H*(G; Ha(G; Zfp)) — Hom(H2(G;Z[p); H2 (G Z[p)),

which takes h;!(c) to the identity as desired. O

4.3 On central extensions and characteristic subgroups

Consider the following group extensions

L] 7‘ (]
0 £k+1 k+1

(4.3.1)

e @ . k .
0 L3 Nea N L,

where 4 is the natural inclusion and 7y, 7r~]; are the quotient map corresponding to I'y ;.
Proposition 4.3.1. The above group extensions (4.3.1) are central.
Proof. Let N be either I'y ., or [I', T} ;](I'},)P. By construction, N< I}, <T', moreover [I',I'} ] c

N. Then a direct computation, using Hall identities shows that

T Iy
[N’ %] c [I,Tk41] mod N.

O]

Definition 4.3.1. A subgroup H of a group G is a characteristic subgroup of G if every automor-

phism of G maps the subgroup H to itself.
Proposition 4.3.2. Let G be a group. The groups Gj, are characteristic subgroups of G.

Proof. We begin with the case of the Stallings series. We proceed by induction on k. The base case
k =1 holds because by definition, Gf = G. Now assume that the Proposition holds for £ and we

prove it for k + 1.
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Let f € Aut(G) and z € G%,,. We prove that f(z) € G7,,. Recall that by definition, G%,, =
[G,GY1(GY)P. Thus z is a product of elements of [G,G¥](GY)P. Since f is a homomorphism, it is
enough to prove that [G,G%] and (G5 )P are characteristic subgroups of G.

Let ye G, z € Gf. By induction hypothesis we have that f(y) € G, f(z) € Gf. Therefore

F([y:2D) = [f W), f(2)] € [G,GF] and  f(2) = f(2)P € (G}

For the case of the Zassenhaus series, recall that by definition GZ = H,L‘pjzk.(Gi)pj. Thus every
element of G,f is a product of elements of the form xlf € GkZ with z; € G; and ip’ > k. Since f is a
homomorphism, it is enough to prove that f(z% J) € Gg with z; € G; and ip? > k.

It is well known that G; is a characteristic subgroup of G. Moreover, by the properties of the

Zassenhauss series we know that G; < GZ and (GZ )pj < GZ.Zp ; < GZ. Therefore we have that

F@) = fla)? e (G <GE.

Proposition 4.3.3. For every k > 1, there are isomorphisms

Z
11I<:+1

=W Lf2WOR B2 0DE mdity

= (VDL (432

Proof. First we prove the last three isomorphisms of (4.3.2).
Let N be either T'Z, | or [[,I'Z](I'7)? and [ = k or k + 1. We have the following epimorphism:

ey -n(R)

ipi>l ipi>l

The kernel of f is N n Hipjzl(Fi)pj = N nT{. Moreover, by the properties of Zassenhauss and

Stallings series, we know that N c FZZ . Therefore, the first isomorphism Theorem of groups give us

()"

ipd >l

an isomorphism

Then we get the last three isomorphism of (4.3.2).
Next we prove that £ = (N, ks )f . For every [ < k, consider the following epimorphism:
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Chapter 4. Automorphisms of descending mod-p central series

We show that f; induces an isomorphism

s r\°
FTl S (FT) : (4.3.3)
k+1 k+171

for | < k. We proceed by induction on .

For [ = 1, the result is clear by definition of the Stallings series. Assume that f;_; induces an

S
ry, (r
s ~\rs

k+1 k+1/1-1

isomorphism

We prove that f; induces an isomorphism (4.3.3). Observe that f; is given by an epimorphism

fr: 0,07 (09 )P - [ r Iy, ] (Ff’_l )p

S 'S S
Fk+1 I‘k+1 I‘Ic+1

with kernel I'y,, n [[, 17 |(T¥ )P =T, nT¥ =T, ,, because [ < k + 1. Therefore, the first isomor-

phism Theorem of groups give us the desired isomorphism. O

As a consequence of Propositions (4.3.3), applying Proposition (4.3.2) to N}, 7\/? we get the

following result.

— A
Corollary 4.3.1. The groups Ly, Ly, [FFFZ?% are respectively characteristic subgroups of N,
. Tk k
Z Z

Proposition 4.3.4. For any prime number p,

F.
Ha (N3 Z[p) = L =L;. .
2(Nk7 /p) [F,F;+1](Fz+1)p k+1

Proof. Applying the Hopf formula modulo p to the presentation of N} given by

1-T,, > T >N =1,

since I'y ; ¢ [T, T]I'P we get that Hy(N};Z/p) = [FF.# O

e JTh)P

4.4 Extensions of Automorphims

Let I' be a free group of finite rank and {I'} };, be the Stallings or Zassenhaus p-central series. Since

L3 ., is a characteristic subgroup of N}, , there is a well defined homomorphism ¢} : Aut(N}, ;) =
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Aut(Ny). The main goal of this section is to show that there is a short exact sequence

. [
0 —= Hom(N?, L}, ) — Aut Nt, | —> Aut N} —= 1. (4.4.1)

To achieve our goal, we first prove that there is a short exact sequence

0—>H0m(/\/1',H2(/\/';Z/p))—i>Aut./’\_/];';i-AutNk'ﬁl. (4.4.2)

Then we get the short exact sequence (4.4.1) as a push-out of this short exact sequence.

Remark 4.4.1. Notice that the short exact sequences (4.4.1), (4.4.2) coincide for e = .S and differ
for e = Z.

Consider the group /T/']i’l , which, by Proposition (4.2.1), is the universal p-covering group of
N Since Zf; is a characteristic subgroup of J\’Tk‘; , there is a well defined homomorphism %’; :
Aut(/v,;';) — Aut(N}). Next we prove that @T,; is an epimorphism and that K er(1/1~];) is isomorphic
to Hom(N7, Ha(NZ; Z[p)).

The map 122 is an epimorphism. Applying Corollary (4.2.1) to the universal p-covering group
NZ.| of Ni, we get that ¢F : Aut(N7, ) — Aut(Ny) is an epimorphism.

The Kernel of %’; is isomorphic to Hom(N7, Hy(N;Z/p)).

Proposition 4.4.1. The kernel of the homomorphism 1717; s Aut(NR, ) = Aut(N}) is isomorphic
to the group Stab(Ny, Ha(N3;Z[p)), i.e. the group of stabilizing automorphisms of the extension
0= Hy(N;Z[p) = N2y = N = 1.

Proof. Consider the versal extension modulo p

0 — Ho(Ng; Z/p) N Ng 1. (4.4.3)

Denote v, € H*(Ng; Ho(Ng;Z[p)) its associated cohomology class. Let @ e Ker({/;g). Then &

induces a commutative diagram

0—= Hy(N3: Z)p) —= N, —= N —= 1 (4.4.4)

oo

0= oA /) — Ry —= A —= 1.
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and this implies that 1. (v,) = v,. Applying the natural isomorphism 7 of (4.2.1) to the above
equality, we obtain that id = n(vp) = N« (vp) = Yun(vy) = ¥« (id) = 1. Therefore ® stabilize the
extension (4.4.3). Hence, Ker(y3) = Stab(Ny, Ho(N3; Z/p)). O

Moreover, we have the following isomorphisms:

Stab(Ny, Ha(Ny; Z[p)) 2Der (N, Ha(Ny; Z[p)) = Hom(Ny, Ha(Ny; Z[p)) =
=Hom(NT, Hy (N Z[p)).

Therefore we get the following result:

Proposition 4.4.2. We have an exact sequence of groups

— Ut
0 —= Hom (N7, Hy(N; Z[p)) —= Aut N?,, — Aut N —= 1.

As a consequence of Proposition (4.3.4), using the modulo p Hopf isomorphism, we get the

following result:

Corollary 4.4.1. We have an ezxact sequence of groups

. — U
0—= Hom(N?, L}, ) —= Aut N | —> Aut N} —= 1,

where i is defined as i(f) = (v~ f([7])7)-

As a consequence of Corollary (4.4.1), we get the following result:

Proposition 4.4.3. We have an exact sequence of groups
(] L] 7/ L] w; (]
0— Hom(N7T, L}, ) — Aut N}, —> Aut N} — 1,

where i is defined as i(f) = (v~ f([v])7)-

Proof. Notice that we have a push-out diagram

., — Ut
0—= Hom(N?, L}, ) —= Aut N} | —>= Aut N} —=1

S

0 —> Hom(NT, LS, ) —= Aut N, | —> Aut N —= 1,

where ¢ is the quotient respect m.lﬂﬁ% O
T k+1 k+1
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Remark 4.4.2. Despite the fact that the extensions of Proposition (4.4.3) for ¢ =.S and e = Z are
diferent, notice that Fg < Fls < FlZ . Then, one can show that there is a well defined epimorphism
Aut(NY) » Aut(N7).

4.4.1 On centrality

In this section we prove that the extension of Proposition (4.4.3) is not central. In particular, we
prove that the action of Aut(Ng,,) on Hom (N7, L}, ) factors through Aut(N7T).

Denote by TAP(N}) formed by the elements which act trivially on the first homology (with
coefficients in Z/p) of N?. In other words, I AP(N,) is the kernel of the surjection Aut N} - Aut N7.

i.e. we have the following short exact sequence
1 —=TAP(N}) —= Aut N — Aut N — 1. (4.4.5)

If we restrict the short exact sequence of Proposition (4.4.2) to TAP(N},,) we get the following

short exact sequence

0 Hom(H,, £},,) - TAP(N?, ) “Em TAP(N?) —> 1. (4.4.6)

Next we prove that the short exact sequence (4.4.6) is a central extension for e = S, Z. We first

give some preliminary results.

Definition 4.4.1 (complex commutator [12]). Let Pi, P, ..., P, be any r elements of a group G. We
shall define by induction what we mean by a compler commutator of weight w in the components
P, Ps,...,P.. The complex commutators of weight 1 are the elements P, Ps,..., P. themselves.
Supposing the complex commutators of all weights less than w have already been defined, then
those of weight w consist of all the expressions of the form [S,T'], where S and T are any complex
commutators of weights wy and ws in the components Py, Ps, ... P, respectively, such that wy +ws =
w.

The weight of a complex commutator is, of course, always relative to the choice of components;
these must be specified before the weight can be determined. For example, [[P,Q], R] is of weight
3 in the three components P, @ and R; but of weight 2 in the two components [P, Q] and R.

Theorem 4.4.1 (P. Hall, Theorem 3.2. in [12]). If p is a prime, o is a positive integer, P and Q

are any two elements of a group G, and
Ry, Ry, Ry, ... (R1=P, Ry=Q)
are the various formally distinct complex commutators of P and Q) arranged in order of increasing
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weights, then integers ni,ng,...,n;,... can be found (ny = ng = p*) such that
(PQY" = By Ry

and if the weight w; of R; in P and Q satisfies the inequality w; < p® < p®, then n; is divisible by
-B+1
perT

Lemma 4.4.1 ( [13] ,Three Subgroups Lemma). Let A, B and C be subgroups of a group G. If
N < G is normal subgroup such that [A,[B,C]] and [B,[C, A]] are contained in N then [C,[A, B]]

1s also contained in N.

Definition 4.4.2. (Holomorph group) Let G be a group. The Holomorph group of G is defined as

the semidirect product

Hol(G) = G x Aut(G),
where the multiplication is given by (g1, f1)(g2, f2) = (91./1(g2), f1f2)-
Remark 4.4.3. Consider the natural inclusion homomorphisms
11: G- GxAut(G), 1y Aut(G) - G x Aut(G).
g~ (g,id) =)

Using these homomorphisms, we can view any subgroup of G and any subgroup of Aut(G) as

subgroups of Hol(G), and any normal subgroup of G as a normal subgroup of Hol(G).

Notation 4.4.1. Let z € G, f € Aut(G), H < G and K < Aut(G). Throughout this chapter we
denote by [f,z] € G the element [f,z] = f(x)z™!, and by [K, H] the subgroup given by [K, H] =
{[f,2]eG; feK,zeH}

Remark 4.4.4. Given z € G and f € Aut(G). The notation [f,z] = f(x)z~! makes sense because
computing the commutator [c2(f),t1(x)] € Hol(G) one gets that

[LZ(f)vbl(x)] :[(17f)7($7id)] = (17f)(x’id)(1af_l)($_17id) =
=(f(2), (A, )@ id) = (f(2),id) (27" id) =
=(f(x)z™id) = u(f(x)z™),

which corresponds, by the natural inclusion homomorphism ¢1, to f(z)z™! e G.

Lemma 4.4.2 ( [4], J. Cooper). Given a prime p. If f € I (k) and x € I} then f(x)zleTy,,.
Equivalently, [Z31(k),I7] <T},.
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Remark 4.4.5. In the proof of Lemma (4.4.2), J. Cooper asserts that the result for the case of
the Zassenhaus filtration follows using the same argument that he used for the Stallings filtration.
Reviewing his proof we found that it is not clear how to use the same argument to prove the
statement for the Zassenhaus filtration. However, using the Hall-Petresco identity, we will give an

argument to get the result. Indeed, we realised that Lemma (4.4.2) is more general.

Next we will state a generalization of Lemma (4.4.2), whose proof follows the original one by

J.Cooper.

Definition 4.4.3. Denote by I A} (G) the elements of Aut(G) that act trivially on G that is,

G;+1
TALNG) = {f e Aut(G) | f(z)z™ e Gy, for all z € G}.

Throughout this section we denote IA}(G) by [AP(G), with e =S or Z.

Lemma 4.4.3. Given a prime p. If f € IAY(G) and x € G, then f(z)z™' € G},,. Equivalently,
[1A(G), G < Ghyy-

Proof. We begin with the case of the Stallings series. Recall that by definition, G} | = [G, G¥](G¥)P.
Thus every element of G7 , is a product of elements of the form [z,y] € G |, 2P € G |, where v € G
and y,z € Gls . So first of all we will prove the statement for such elements and later for any product
of them.

We proceed by induction on [. The base case | =1 follows from the definition of Ag (G). Now
assume that the lemma holds for [. We will prove that lemma holds for [ + 1.

Consider elements of the form [z,y] € Glﬁl and 2P € Glﬁl, where x € G and y, z € Gf.

We first show that f([z,y])[z,y]™ € GY,,,, for f € IA7(G). The main idea of this proof

originally comes from [2]. First note that

F([yDlz,y] ™ = [ [2.y]] € [TAZ(G). [G, G ]].

The idea is to apply the Three Subgroup Lemma for the subgroups [ Af (@), G, Gf of Hol(G).
Observe that by induction and the definition of the Stallings series,

[[IAS(G), G?]a G] < [Gfﬂv G] < G€+l+1’
[1A7(G), G, G} < [GR. GP1 < G-

: S
Moreover, since Gp,;,

Hol(G). Therefore the Three Subgroup Lemma implies that

S

1 is a normal subgroup of G, we can view G%,,,

1 as a normal subgroup of

[IA?(G), [Ga GlS]] < Gg+l+1'
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Chapter 4. Automorphisms of descending mod-p central series

Next we show that f(2P)z7P € Gf”ﬂ. First of all we prove that
FEP)ZP = (f(2)27)P mod Gy
Observe that the following equality holds

FE)P = 1,2 = 12020 [

Note that by induction, [f,z] € GEH and by normality, [f, z]zi € Ggﬂ for each ¢ = 1,...,p -
1. Furthermore, [[f,2],2'] € G¥,,,, so that [f,z] = [f,z]zi mod G%,,,, and finally f(2P)z7P =
(F(2)=1)7 mod G, ...
Now we note that by induction, (f(2)z71)? € (G¥,,)P, and by the properties of the Stallings
series, (G%.,,)P € Gy .,.,. Therefore, f(2P)2P e Gy, .
Finally, we prove the statement for products of elements of G2g+1' Let fel Ag (G) and w; € G29+1'
Using the fact that f(w;)w;! e Gy, for all i, we have:
n n -1
P({1)(ITwr) - =sonsnnstonyntonto
=f(wi)f(wn-)wplywit (mod Giyyy)
Fwr)-f(wn-g)wplowi' (mod GFypy)

oz flwn) fwwr'wrt = fw)wr =1 (mod GEp,y).

Therefore,
n n -1
f(le) (sz) EGE+Z+1'
=1 =1

For the case of the Zassenhaus series, recall that by definition GZZ = Hipjzl(Gi)pj. Thus every
element of GZZ is a product of elements of the form xf !¢ GZZ with z; € G; and ip? > . So first of all
we will prove the statement for such elements and later for any product of them.

Let f e I7(G) and :cfj € G with z; € Gy, i.e. ip’ > 1. We want to prove that f(azfj):c;pj eGY .
Observe that if ip/ > [ + 1 then x’i’] € GlZJrl and as a consequence f(mfj):):;pj € GZZH. Thus we can
assume that ip? = [. Next, the idea is to prove the statement for the elements z; € GG;, and use an
inductive argument on j to prove the general result.

We first prove that f (xl)acl_l € GIZJrk. By induction on [. The base case x; follows from the def-
inition of I AkZ (G). Now assume that the lemma holds for x;, and prove that the Lemma holds
for z;,1. As in the case of Stallings, applying the Three Subgroup Lemma for the subgroups

TAZ(G),G,G¥ < Hol(G), we have that [TAZ(G),[G,GF]]<GZ,,.,.
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Observe that

F@ )2 = f@r Py

. j—1
Let g = ip? ™1, take Tq= a:fj . Observe that since x, € GqZ, by induction hypothesis, f(a:q)xq € G’q+,C

Then there exists an element 4., € C77qZ+,f such that f(xq) = 24yg+k- Next we show that
(g’ =t (mod GEy).
By Theorem (4.4.1) we have that
(BqUger)’ = RIVRE? - R-..

where

R]_,RQ,...,RZ',... (R1=$q, Rgzyq+k)

are the various formally distinct complex commutators of 24 and y4.4 arranged in increasing weights
order, and n1,ng,...,n;,... positive integers such that ni = no = p and if the weight w; of R; in z,
and y,4 satisfies that w; < p then n; is divisible by p.

Next we prove that R} € GZ, for i > 2.

e For i =2, we know that Ry = y,.; and ng = p. Since yg41, € GZ.,, we have that

q+k>
Z
q+k € (Gq+k) < Gp(q+k) < qu+k’ Gl+k'

e For ¢ > 3, as R; are complex commutators of weight w; in the two components xy, yq+x, we
have that w; > 2. As a consequence, at least one component of R; has to be 14,1, because if it
is not the case then R; has to be 1.

If the weight w; of R; in z, and y,. satisfies that 2 < w; < p, since at least one component of
R; has to be y44k, we get that R; € G? =G4

wiq+k- Moreover, in the case 2 < w; < p,
we have that p | n; and then

(wi-1)g+(g+k) ~

an € (G q+k:)nZ < (Gw q+k) < G plwig+k) = C;’qu+k: = GlZ-i—k

On the other hand, if the weight w; of R; in x4 and y4, satisfies that w; > p, since at least one

<G4

component of R; has to be y,,, then R; € G(Zwi_l)qu(quk) = Gfqurk <Gk As a consequence,

%
R eGmﬂlC

Therefore, (z4yq+x)? =25 (mod GZ,), i.e. f(xp )x_p €GZ,.
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Chapter 4. Automorphisms of descending mod-p central series

Finally, we prove the statement for products. The same argument of the case of Stallings works
here, giving that if f € IAf(G) and w; € GlZJrk, then

n n -1
=1 =1
O

As a direct consequence of Lemma (4.4.3), using ideas of S. Andreadakis (see Theorem 1.1 in [2]),

we get the following result.

Corollary 4.4.2. For any two elements ¢ € IA}(G) and ¢ € IA}(G), the commutator [¢,v] is
contained in 1A}, (G). Equivalently, [IA;(G),1A;}(G)] <IA;,,(G).

Proof. Notice that G, 1A} (G), IA}(G) are subgroups of Hol(G). By Lemma (4.4.3),

[IAZ.(G)v [IAI;(G)’ G]] < [IAI.(G)’ G;+1] < G;+l+lv
[IA;(G% [G’ IAZ.(G)]] < [IA;(G)’ Gl.+1] < G;+l+1'

Then, by the Three Subgroups Lemma, [G,[IA;(G), 1A} (G)]] < G},,.,- Hence,
[[1AL(G), TA[(G)],G] < Giapr-
As a consequence, for every v € G, ¢ € [A}(G) and 1 € IA}(G), we have that

(o, ] (7)7_1 € GE+Z+17

which, by definition, means that [¢, 1] € A} ,,(G), as desired. O

Next, we show that, for a free group of finite rank, Lemma (4.4.3) and Corollary (4.4.2) give us

the most efficient bound, in the sense that

[LAR(D), I7] <Thy,  [TAR(D), TA](D)] < TAg (1),
[LART), D7) # Thsgers HARD), TAT(T)] £ LA 44 ().

Proposition 4.4.4. Let I' be a free group of finite rank n > 1. Then
Z) [IA;(F)v Fl.] £ FZHH’

i1) [TAL(T), TA}(D)] £ 1A}, . (D),
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Proof. Consider the free group I' = (z1,...,2,). Let 71 = [x1, [x2, [21, [22,...]]]], a commutator of
length k alternating x1, x9, and vo = [x1, [z2, [21, [22,...]]]] a commutator of length [ alternating
x1, Ta.

i) Take f € IA;(I') the inner automorphism given by the conjugation by ~i. Notice that f €
I A3 (T") because for every z €T,

f(z) = ’7136’}’{1 = [v1, 2]z = 2 (mod T'ky1).

Then we have that [ f,72] € [[A}(I"),T}] and

[f,72] = F(2)72 "t =27 st = [11,72] € Dhar,

which does not belong to I';,;,; < I'ki41I'”7 because [y1,72] is neither a power p element nor an
element of I'y,;,1 because it can not be written as a product of at least 2(k + 1) + 2 generators.

ii) Take ¢ € A} (I"), ¢ € IA}(I") the inner automorphisms respectively given by the conjugation
by 71 and 2. Then we have that [¢, 1] € [IA}(T"),IA;(I")] and

[, 0](x1)27 = [, 72]71 (1, 92] P2t = [, 72] #1] € Tharen,s

which, as in ), does not belong to I'},,,,. Therefore, [¢,9] ¢ TA,,, (). O
As a direct consequence we have the following result:

Corollary 4.4.3. The group [IA;(Ny), (N;3);] with l+k =n and [TA;(Ny;), IA] (N;;)] with 1 +k =

n—1, are not trivial.

Proof. We use the same notation of proof of (4.4.4). Take the f € JA}(I') and x € I'} as in the
proof of Proposition (4.4.4). These elements induce elements f € I A (") and T € I'}. Moreover, by
Proposition (4.4.4), we have that

Lf,z]=[f,z]=[y,72] # 1.

Therefore there is an element in [T A} (N}), (N;3);] which is not trivial.
Take ¢ € TA}(T), v € IA}(T'), and 1 € I'. These elements induce elements @ € TA;(N}),
Y e IA3(Ny), and 77 € Ny, Moreover, by Proposition (4.4.4), we have that

[[@1—0]’575_1] = [[(pad)]?xl] = [[’Yla’YQ]a.Tl] +1.

Therefore there is an element in [IA} (N}), A7 (N;)] which is not trivial. O
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Chapter 4. Automorphisms of descending mod-p central series

Proposition 4.4.5. The natural action of Aut(NZ,,) on Hom(N7, L}, ) factors through Aut(N7).

Proof. In virtue of Proposition (4.4.3), the natural action of Aut(Ng,,) on Hom(N7, L3, ) is given
by

AUt(Nk.+1) x Hom(Nl.v‘c;+1) - Hom(./\/’f,ﬁ;+1)
(h f) = (&> h(f(h7'2)))),

where h™'z is the action of A7 € Aut(Ny,,) on = € N} via the surjection Aut N — Aut N7.
Moreover, by Proposition (4.3.3) and Lemma (4.4.3), we know that if h € TAP(N}? ;) and y € L7,
then h(y) = y. Therefore the action of Aut N} on L}, factors through Aut(N7) via the surjection
Aut N - Aut N7 and as a consequence we get the result. O]

As a direct consequence of Proposition (4.4.5), we have the following result:

Corollary 4.4.4. Let T" be a free group of finite rank n > 1. The extension
0—= Hom(N7, LS, ) —= TAP(N?, ) —= TAP(N?) —= 1

is central.

Proposition 4.4.6. Let I' be a free group of finite rank n > 1. The extension

0 Hom(N?, L2,,) —= Aut N, 25 Aut Nt —— 1,

18 not central.

Proof. We provide a counterexample.

Consider ' = (x1,...,2,) and x = [x1, [z2, [21, [22,...]]]] & commutator of length &k + 1. Denote
[;] the class of ; in N7, and T the class of x in L3, ,. Observe that N7 is a Fp-vector space with
basis {[z1],...,[zn]}. Let f e Hom(N7, L},,) be the homomorphism defined on the basis of N7 by
f([z1]) =7 and f([z;]) =0 for 1 <i<n.

Consider h = (z122) € &, c Aut I'. Since I}, is a characteristic subgroup of I', h induces an
element h € Aut N7,,. Then we have that

f([e1]) =2 and  R(f((R)"'[21]) = A(f([22])) = h(1) = 1.

Therefore the extension is not central. O
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4.4.2 Splitting the extensions

In this section, our goal is to study the splitability of the extension

. ¢'
0 —= Hom(N?, L}, ) —= Aut Nt | —> Aut N} — 1.

We first consider the case £ = 1. To make notations lighter, we will denote by H, the group
NP =NZ =T/TPTy.

Notation 4.4.2. Let p be a prime number and n > 2 an integer, we denote by gl,,(Z/p) the additive
group of matrices n x n with coefficients in Z/p, and by sl,,(Z/p) the subgroup of gl,,(Z/p) formed

by the matrices of trace zero.

Theorem 4.4.2 (Theorem 7 in [43]). Let p be a prime number and n > 2 an integer. The extension
0~ slu(Z/p) —= SLn(Z/p*) == SLu(Zfp) —1,

only splits for (p,n) =(3,2) and (2,3).

Corollary 4.4.5. Let p be a prime number and n > 2 an integer. The extension
0—— gl (Z/p) —= GL(Z/p?) —= GL,(Z/p) —= 1, (4.4.7)

only splits for (p,n) = (3,2), (2,2) and (2,3).

Proof. We first prove that the extension does not split for (p,n) # (3,2), (2,2) and (2,3). Set
SLY(Z]p?) = {A € GL,(Z]p?) | det(A) = 1 (mod p)}.

Notice that we have a pull-back diagram

0 — gl (Z/p) —= SLY (Z[p?) > SL,(Z[p) —= 1
¢

0 —> gl,(Z/p) — GLn(Z[p*) > GLn(Z[p) — 1.

Then it is enough to show that the top extension in above diagram does not split.

Next notice that we have a push-out diagram

0 — 50, (Z/p) —= SLn(Z[p*) 2= SLy(Z[p) —= 1 (4.4.8)

o]

0 — gl (Z/p) —= SLP (ZJp?) 2> SL,(Z[p) —= 1.
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which induce a map i, : H2(SL,(Z/p); s, (Z[p)) — H?*(SL.(Z[p); gl (Z/p)).

By Theorem (4.4.2) the top extension in above diagram does not split for (p,n)  (3,2),(2,3).
Next we show that i, is injective for (p,n) # (2,2),(3,2), and as a consequence, we will get that
the extension (4.4.7) does not split for (p,n) # (3,2),(2,2),(2,3).

Consider the short exact sequence

0 —> 50 (Z/p) —= g1, (Z/p) —=Z/p— 1,
where tr is given by the matrix trace. The long chomology sequence for SL,(Z/p) with values in

above short exact sequence, give us an exact sequence

H'(SLn(Z[p): Z|p) —= H*(SLy(Z/p);stu(Z/p)) —= H*(SLn(Z[p): 0, (Z[p)).

By proof of Theorem 7 in [43], H'(SL,(Z/p);Z/p) = 0 for (p,n) # (2,2),(3,2). As a consequence,
i is injective for (p,n) # (2,2),(3,2).

Next we prove that the extension (4.4.7) splits for (p,n) = (3,2), (2,2) and (2, 3).

By Proposition 4.5 in [44], we know that H2(GLo(Z/p); gly(Z/p)) = 0 for p = 2,3. Therefore the
extension (4.4.7) splits for (p,n) = (3,2) and (2,2).

For the case (p,n) = (2,3), consider the push-out diagram

0 —>sl3(Z/2) — SL3(Z/4) —> SL3(Z/2) —= 1 (4.4.9)

oo

0— gly(Z/2) — SL{P (2/4) 22> SL3(Z/2) — 1.

By Theorem (4.4.2) we know that the top extension of this commutative diagram splits. There-
fore, the bottom extension in above diagram splits too. Notice that SL:()’Q)(Z/ZL) = GL3(Z/4) and
SL3(Z]2) = SL3(Z/2). Hence, the extension (4.4.7) splits for (p,n) = (2,3). O

Definition 4.4.4. Let k be an arbitrary commutative ring, let V' be a k-module, and let T9(V') =
Ve®--®V (q copies of V'), where ® = ®;. We denote by AY(V) the quotient of T9(V) by the

k-submodule generated by the elements v1 ® --- ® v, such that v; = v;41 for some 1.

Proposition 4.4.7. Let p be a prime number and I' a free group of rank n. The extension

0—> Hom(N?, £8) —i> Aut N —2 Aut Nt —> 1, (4.4.10)

only splits for e = Z with p odd and for ¢ =S with (p,n) =(3,2),(2,2),(2,3).
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Remark 4.4.6. Notice that for p = 2, the extensions (4.4.10) with e = Z, ¢ = S coincide, because in
this case, Fis = FiZ fori=1,2,3.

Proof. For e =7 and p an odd prime. In this case, we have that
L8 = NNZ=N'H,,  Aut N? = Aut H, = GL,(Z/p).

Then, the extension (4.4.10) becomes

. zZ
0 — Hom(H,, N> Hy) — Aut N¥ L GL,(Z]p) —= 1.

Notice that —Id is an element of the center of G L, (Z/p), which acts on Hom(H,, N> H,) by the
multiplication of —1. Then, by the Center kills Lemma,

Hy(GLn(Z/p); Hom(Hy, N Hy)) = 0
As a consequence, by Lemma (1.1.2), we have that

H*(GL,(Z[p); Hom(H,, N> H,)) = H*(GL,(Z[p); Hom(H,, \* H,)*) =
= (HX(GLn(Z[p); Hom(Hy, \' H,)))* =

Therefore the extension (4.4.10) splits.
For ¢ =S and p prime with (p,n) # (3,2),(2,2),(2,3). In this case, we have that

Aut N¥ = Aut H, = GL,(Z]p).

Then, the extension (4.4.10) becomes

0 — Hom(Hy, £5) —= Aut N§ 2o GLo(Z/p) —= 1. (4.4.11)

Set /\725 = ES = F . Observe that —2 is a characteristic group of NQS . Then there is a

Ty sz’ I308TP
well defined homomorphlsm q: Aut Ny — Aut ./\/'25 and there is a push-out diagram

. S
0 —= Hom(H,, L5) — Aut NQS&GL (Z]p) —1 (4.4.12)

R

0 — Hom(H,, £S) —> Aut N¥ —> GL,(Z[p) — 1,
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where ¢, § are induced by the quotient map respect to . Next, notice that

Iy
[3050P
Hom(Hy, L) = gL, (Z[p),  Aut N = GLa(Z/p?).
Thus, the bottom row of diagram (4.4.12) becomes

0 — g1, (Z/p) —= GLn(Z[p*) 2> GL,(Z[p) — 1.

By Corollary (4.4.5), the above extension does not split for (p,n) # (3,2),(2,2),(3,2). Then, by
push-out diagram (4.4.12), we have that the extension (4.4.11) does not split for (p,n) # (3,2),

(2,2),(2,3).
For ¢ = S with (p,n) =(3,2),(2,2). In this case the extension (4.4.10) becomes

0 —> Hom(H,,L5) —1s Aut /\/'QSLiGLQ(Z/p) —1. (4.4.13)
By Universal coefficients Theorem and Hopf formula we have that
£5 = Hy(NF \ Zfp) = Ha(N) ® Zfp ® Tor (Hy (NS Zfp) = N Hy © Hy,
as GLy(Z/p)-modules. As a consequence, we have an isomorphism
Hom(H,, L3) = Hom(H,, \* H,) ® Hom(H,, H,),
also as GLy(Z/p)-modules. Then we have the following isomorphism in cohomology:

H*(GLy(Z/p);Hom(H,, L3)) =
= H2(GLy(Z/p); Hom(H,, H,)) ® H*(GLy(Z/p); Hom(H,, \ H,)).

By Proposition 4.5 in [44], we know that H*(GLa(Z/p); Hom(H,, H,)) =0 for p =2, 3.
For (p,n) =(3,2), by the Center kills lemma, we have that

H*(GLy(Z/3); Hom(Hs, \* H3)) = 0.

For (p,n) = (2,2), the groups Sp2(Z/2), SL2(Z/2) coincide and so we have an isomorphism
N2 Hy = 7J2 of SLy(Z/2)-modules given by the symplectic intersection form w, which induces the
following isomorphisms of SLy(Z/2)-modules

Hom(Ha, N’ Hy) = Hom(Hy,ZJ2) = Hy.
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Moreover, by Proposition 4.4 in [44], we know that H?(SL2(7Z/2); H3) = 0.
Therefore H2(GLa(Z/p); Hom(H,, L£5)) = 0 for p = 2,3 and so the extension (4.4.13) splits for

(p,n) = (3,2),(2,2).
For ¢ = S with (p,n) = (2,3). Analogously to the above case, the isomorphism

@1 © g2 : Hom(Hy, L5) —~ Hom(Hy, \* Hy) ® Hom(Hs, Hy)

induces the following isomorphism in cohomology:

H*(GLs(Z[2);Hom(Hx, £3)) = (441
~ H*(GL3(Z/2); Hom(Ha, Hy)) ® H*(GL3(Z/2); Hom(Ha, \* Hz)). h
Notice that we have the following commutative diagram:
(4.4.15)

0 —> Hom(Hy, gl3(Z/2)) —> GLs(Z/4) —= GL3(Z/2) —= 1

q2 q2
L s Aut N —— GL3(Z)2) — 1

0 —— Hom(Hy, LS)

q1

q1

Aut i GL3(Z[2) —= 1.

0 — Hom(Hs, \* Hy)

By Corollary (4.4.5) the bottom extension in diagram (4.4.15) splits. Then, by the isomorphism
(4.4.14), the middle extension in diagram (4.4.15) splits if and only if the bottom extension in

diagram (4.4.15) splits.
Next, observe that we have the following commutative diagram:

L Aut 7l GL3(Z]4) —=1

(4.4.16)

0 — Hom(Hy, N> Hy)

"

0 —= Hom(Ha, N> Hs)

I

GLs(Z/2) — 1,

r
Aut T2

O

By the Center kills lemma, the top extension in the above diagram splits. and, by Corollary (4.4.5),
the homomorphism GL3(Z/4) — GL3(Z/2) also splits. As a consequence, the bottom extension in

the above commutative diagram splits too, which implies the result.
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Proposition 4.4.8. Let ' be a free group of finite rank n > 1. The extension

i Yk
0—= Hom(NY,L},,) —= TAP(Ng, ) —> TAP(N}) —= 1,

does not split for k > 2.

Proof. Applying Theorem (1.1.4) to the central extension

. e
0 — Hom(N, L3,y) — = TAP(N},y) — TAP(N}) — 1, (4.4.17)
one gets the exact sequence

Hom(IAp( ,:H);Hom(/\/l',ﬁfﬁl))gHom(Hom(Nf,£;+1),Hom(./\/’f,f,;ﬂ))—>
(4.4.18)
2 H2(TAP(N?); Hom(NT, £3,)).

Then the cohomology class associated to the extension (4.4.17) is given by d(id).

Suppose that the central extension (4.4.17) splits, i.e. d(id) = 0. Since (4.4.18) is exact, there
would be an element f € Hom(IAP(N},,); Hom(NT, L3, ,)) such that res(f) = 1id.

Notice that for every element x e [TAP(N},,),IAP(N?,;)], one has that f(xz) = 0 because
Hom(N7, L},,) is abelian. On the other hand, by Corollary (4.4.3),

[LAP(Nj1) TAG 1 (Ng)] # 1
In addition, by Corollary (4.4.2),
i ([TAP (N1 ), TA i (VgD D) = HAP(NE), TAL (V)] < TAR (V) = 1.

Then, by short exact sequence (4.4.6), [TAP(N}, ), TA; (N2, 1)] = Hom(NT, L3, ).

As a consequence, res(f) can not be the identity. O

Corollary 4.4.6. Let I' be a free group of finite rank n > 1. The extension

. 3
0—= Hom(N?, L}, ) —= Aut N?, | —> Aut N} —= 1

does not split for k > 2.
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4.4. Extensions of Automorphims

Proof. Observe that we have the following pull-back diagram:

i Y
0—>H0’m(/\/’1°,£;+1) _>IAP(NIC.+1) _k)IAp(Nk.) —1

0 — Hom (N7, ;+1)—i>Aut o —— Aut N — 1.

By Proposition (4.4.8), the top extension of this diagram does not split. Therefore the bottom

extension this diagram does not split. O
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CHAPTER 5

Trivial cocycles and invariants on the (mod d)

Torelli group

In this chapter, following the same strategy of Chapter 2, we give a tool to construct invariants
of Q-homology spheres that have a Heegaard splitting with gluing map an element of the (mod d)
Torelli group, from a family of trivial 2-cocycles on the (mod d) Torelli group. As in Chapter 2,
such a construction does not give a unique invariant. This is because there exists an invariant,
which is not an extension of the Rohlin invariant, that makes to fail the unicity of the construction.

As a starting point, in the first section we give some results about a mod p version of the Johnson
homomorphism. In the second and third sections we exhibit the construction of invariants form a
family of trivial 2-cocycles on the (mod d) Torelli group. Finally, in the last section we give a way
to construct a family of 2-cocycles satisfying the hypothesis of our construction as a pull-back of

bilinear forms along the mod p Johnson homomorphisms.

5.1 Johnson homomorphisms mod p

Let I" be the fundamental group of ¥, 1 and I'}, the k-term of one of the mod-p central series defined
in Section 4.1. The natural action of the mapping class group M, 1 on I' induces one on the p-group

» =T'/T'7 ;. Therefore we have a representation
pr Mg > Aut Ny .
Denote by Z7 ; (k) c Mg 1 the kernel of p}, : My 1 — Aut Ny. For instance,

T5,(1) = TZ,(1) = Mg [p)-
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Chapter 5. Trivial cocycles and invariants on the (mod d) Torelli group

In [4] J. Cooper defined the following maps

T Ig.,l(k) — Hom(Hp, L}41)
fr (e f(z)z™)
and proved that these are well defined homomorphisms. These homomorphisms are called the
Zassenhaus mod-p Johnson homomorphisms for e = Z, and Stallings mod-p Johnson homomorphisms

for e = S. In general, for e = Z or S, we call these maps the mod-p Johnson homomorphisms.

In fact, we show that these homomorphisms arise in a more natural way.
Proposition 5.1.1. The mod-p Johnson homomorphisms 7 are the restriction of py,y to Zg ;.

Proof. Consider the following diagram:

Pl

0——1¢ (k) Mg

\TI: \PLH

0 —= Hom(Hy, L}, ) — Aut N, —== Aut Nt — 1.

Aut N

If f eI}, (k), a trivial computation show that show that i(7;(f)) = pg.1(f)- O

Lemma 5.1.1 (Lemma 5.10 in [4]). Let v c X4 be a simple closed curve and y € I' be a based curve

isotopic to . Let x € ' with |[x ny| =n. Then
1_T P 1
T2yt = [Ty @
i=1
for some z; €T (where e(p;) = £1 depending on the sign of the intersection between x and y at p;).

As a consequence of this result, following the proof of Lemma 5.11 in [4], we have the following

proposition:

Proposition 5.1.2. Let p be an odd prime number and Dy 1[p] the subgroup of Mg 1[p] generated
by p-powers of Dehn twists. Then Dg1[p] c Igl (p-1), i.e. Dy1[p] is in the kernel of TkZ for every
k<p-1.

Proof. We proceed by induction. We know that D, 1[p] c Iﬁl(l) = My 1[p]. Now suppose that
Dgyi[p] c Ijl(k) for k < p-1 and we will prove that D, [p] c Zjl(k +1). Recall that by the
properties of Zassenhaus filtration, we know that [Ff , I < Ff .; and observe that by definition of
I'Z, for I < p we have that ['” < I'Z, so we obtain that [[’?,I'] < I'{ for every [ < p. Then by definition
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5.2. From invariants to trivial cocycles

of TkZ , we know that given an element f € IgZJ(k:),
i (f) = (@ = f(x)z™" mod T'Y;)

Taking f = T%, since [I?,T'] <I'Z,; and I'? <I'Z, |, we have that

+

n
f)z™ =T] 2y PP = yPF = 0 mod TZ, |,
i=1

where k = Y7 e(p;). Thus f € Ker(77) c Ker(p?,,), ie. f EIgl(k+ 1). O

Remark 5.1.1. Observe that Zp (k) = Ker(py) and thus Z7 ,(k + 1) < Z7 (k). So Ker(p;,;) is
equal to the kernel of p;,; restricted to I;71(k), but by definition of TkZ , we know that this is the
kernel of 7. Therefore Ker(p},,) = Ker(g).

5.2 From invariants to trivial cocycles

Let A be an abelian group. Denote by Ay the subgroup formed by d-torsion elements.

Consider an A-valuated invariant of Z/d-homology spheres
F:8%[d] - A.
Precomposing with the canonical maps Mg 1[d] - limg_e My 1[d]/ ~— S*[d] we get a family of
maps {F,}, with F;: M, 1[d] - A satisfying the following properties:
i) Fgi1(z) = Fy(z) for every z e Mgy 1[d],
i) Fy(&xé&p) = Fy(x) for every x € My i[d], & € Agi[d], & € Bga[d],
iii) Fy(pxgt)=Fy(z) forevery z e My[d], ¢ € ABy1.

We avoid the peculiarities of the first Torelli groups by restricting ourselves to g > 3. If we consider

the associated trivial 2-cocycles {Cy}, i.e.

Cy: Mga[d] x Mya[d] — A,
(6,0) — Fy(¢) + Fy(¥) = Fy(ov),
then the family of 2-cocycles {Cy}, inherits the following properties:
(1) The 2-cocycles {Cy}, are compatible with the stabilization map,

(2) The 2-cocycles {Cy}, are invariant under conjugation by elements in ABy 1,
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(3) If ¢ € Ag1[d] or v € By1[d] then Cy(, ) = 0.

In general there are many families of maps {F}}, satisfying the properties i) - iii) that induce
the same family of trivial 2-cocycles {Cy},4. Next, we concern about the number of such families.

Notice that given two families of maps {Fy},, {F}}, satisfying the properties i) - iii), we have
that {Fy-F, g’} g is a family of homomorphisms satisfying the same conditions. As a consequence, the
number of families {F}}, satisfying the properties i) - iii) that induce the same family of trivial 2-
cocycles {Cy} 4, coincides with the number of homomorphisms in Hom(M,1[p], A)*Ps1 compatible
with the stabilization map, and that are trivial over Ay 1[p] and By 1[p]. We devote the rest of this

section to compute and study such homomorphisms.

Proposition 5.2.1. Let A be an abelian group. For g > 3, d > 3 an odd integer and for g > 5,
d > 2 an even integer such that 4 + d, the pull-back along ¥ : Mgy 1[d] - Spag(Z,d) induces an
isomorphism

Hom(Mg1[d], A)APo1 = Hom(Spay(Z,d), A)GFe (),

Proof. Restricting the symplectic representation of the mapping class group to Mg 1[d] we have a

short exact sequence

1 Ton Mg[d] —2—= Spog(Z,d) —1. (5.2.1)
Applying the 5-term sequence associated to the above short exact sequence, we get an exact sequence

Hi(Tg,13Z) Spay (2.d) L Hy(My1[d]; Z) — Hi(Sp2y(Z,d); Z) — 1. (5.2.2)

In Lemma 6.4. in [40], A. Putman proved that the homomorphism j in (5.2.2) is injective for g > 3,
d >3 an odd integer and that for g > 5, d > 2 an even integer with 4 4 d, the kernel of j in (5.2.2) is
Z/2. Next we distinguish both cases.

For g > 3 and d > 3 an odd integer, we have the following commutative diagram of exact
sequences:

1 Ty : Mg [d]

)

Spag(Z,d) —1

1 —= Hy(Ty 13 ) spyy (2,0) — H1 (Mg [d]; Z) —= Hi(Sp2g(Z,d); Z) — 1.

By Proposition 6.6 in [40], we have an isomorphism Hy(74,1;Z) Spag(Z,d) = A} Hy, induced by the
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5.2. From invariants to trivial cocycles

first Zassenhaus mod-d Johnson homomorphism le . Then we have a commutative diagram

Toa : M,[d] (5.2.3)
T1Z Hl
N Hy —L~ Hi (M, 1[d]; 7).

Consider an element f € Hom(M,1[d], A)*B+1. Since A is an abelian group, by commutativity of di-
agram (5.2.3), the restriction of f to 7Ty, factors through TIZ . Since 7'1Z is an M, 1-equivariant epimor-
phism, we have that the restriction of f to 74,1 is a pull-back of an element of Hom(A* Hy, A)GLQ(Z)
along 7¥. But, by Lemma (2.3.3), Hom(A> Hy, A)%*s(2) = 0,

As a consequence, the restriction of f to 7,1, is zero and therefore f factors through the

symplectic representation, i.e. we have an isomorphism
Hom(Mg,[d], A)Bs1 = Hom(Spay(Z,d), A)ELe(2),

For g >5 and d > 2 an even integer such that 4 { d, we have the following commutative

diagrams of exact sequences:

1 T71 Mg,1[d] Spgg(Z,d) —1

| | |

1—=7/2 —= H\(Tg1; Z) sp,,(2,0) Lo Hy(M1[d); Z) — Hi(Spag(Z,d); Z) — 1,

T1

1 Ko To1 NH—1

oo

1 —= By —> Hi(T315Z) sy, 2.y —= N Hq — 1.

Reassembling these diagrams we get another commutative diagram

Kg1 Ton Mg1[d] (5.2.4)

)

F |

By —> H1(Ty1; L) $pay 2.y —= H1(Mg1[d]; Z).

Let f € Hom(Mg1[d], A)Bs1. We show that f restricted to T, 1 is zero.
Let f e Hom(T1,A)*Ps1 be the restriction of f to T,1. By Lemma (2.3.5), we have that
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f= @y © 0, where @y is zero on all B3 except possibly on 1. Since A is abelian, f restricted on Kg1
factors through joioao.

On the other hand, by Theorem 7.8. in [40], we know that (joi)(1) = 0. As a consequence,
©%(1) = 0 and so f restricted to Ty is zero. Therefore every element of Hom(M, 1[d], A)*Ba

factors through Spey(Z,d), i.e. we have an isomorphism
HOm(MgJ[d:LA).ABg,l ~ HOm(Spgg(Z7d),A)GL9(Z).

O]

Proposition 5.2.2. Let A be an abelian group and g > 3, for every integer d > 2 we have the

following isomorphism
Hom(Spag(Z,d), A)FLe?) = Hom(5p2g(Z/d),A)GLg(Z)'

Proof. Denote by spy,(Z/d) the additive group of 2g x 2g matrices M with entries in Z/d satisfying
MTQ+ QM =0. In section 1 in [23], R. Lee and R.H. Szczarba showed that the homomorphism

abel : Spay(Z,d) — spo,(Z]d)
]d2g +dA— A (mod d)

is the abelianization. Moreover, a direct computation shows that this homomorphism is Spag(Z)-
equivariant. In Corollary of Lemmas 2.1, 2.2, 2.3 in [23], R. Lee and R.H. Szczarba proved that, for

any prime d, there is the following short exact sequence

1 ——> Spag(Z, d*) —— Spag(Z,d) 2L~ spyy (Z)d) — 1. (5.2.5)
In fact, following their proof, the same short exact sequence holds for any integer d > 2. Next, we
distinguish the case of d odd and the case of d even.
The case d odd. In [36], [45], [39], B. Perron , M. Sato and A. Putman respectively proved
independently that for any ¢g > 3 and an odd integer d > 3,

[Spag(Z,d), Spay(Z,d)] = Spag(Z,d?).

Then, by the short exact sequence (5.2.5), since A is an abelian group, every homomorphism of
H om(Spgg(Z,d),A)GLg(Z) factors through the homomorphism abel, i.e. we have the following
isomorphism

Hom(Spag(Z,d), A) P = Hom(spy,(Z/d), A)F"e®),

116



5.2. From invariants to trivial cocycles

given by the pull-back of the map abel and where GL,(Z) acts on sps,(Z/d) by conjugation.

The case d even. Consider the following normal subgroup of Spay(Z) :

Spag(Z,d,2d) = {A € Spag(Z,d) | A=Idy, +dA’, A ;= Al

g+i,0 1,g+1

=0 (mod 2) Vi}.
In Proposition 10.1 in [45], M. Sato proved that for every even integer d > 2,

Sp2g(Z, d*,2d%) = [Spag(Z. d), Spag(Z,d)).
As a consequence, in (10.3) in [45], he obtained the following short exact sequence

szg(Z,dQ) Spag(Z,d) abel
Spag(Z,d?,2d?) Spag (Z,d? 2d%)

spog(Z[d) — 1.
Since A is abelian, we have that

SpQQ(Z, d)
Spog(Z,d?,2d?)

GLy(Z)
)

Hom(Sp2y(Z,4d), A)CL) =~ Hom (

Spag(Z,d) )GLg(Z)

We prove that every element ¢, € Hom (W’

. Spag (Z,d?)
1S z€ero on Sy (Z,d2 22) "

In section 10 in [45], M. Sato proved that

factors through spy,(Z/d), i.e. o4

Spag (2,d?)

Spag (LI 3E) is generated by

{(Idag + d*Ej gii), (Idag + d*Eyuii) Yo, (5.2.6)

Then it is enough to check that ¢, is zero on all elements of (5.2.6).
Take f the matrix (gté),l ) with G = (1,7) € G,. Since ¢4 is GLy(Z)-invariant, we have that
pg(Idag + d2Ei,g+i) =g (f(Idag + d2Ei,g+z’)f_1) =

(5.2.7)
:ng(IdQQ + d2GE¢7g+iGt) = (,Og(Idgg + d2E17g+1).

Analogously, g (Idag + d2Eg+i7Z~) = pg(Idag + d2E9+171).

Now, take f the matrix (g té),l ) with G € GLy(Z) the matrix with a 1 at position (2,1), 1’s at
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the diagonal and 0’s at the other positions. Then we have that

pg(Idag + d2El,g+1) =g (f(Idag + d2E1,g+1)f71) =
=pg(Idog + d*GE1 g11G") =
=pg(Idag + d*(F1,ge1 + Eagio + (E1gea + B2 gi1))) =
=pg(Idag + d*E1 gi1) + g (Idog + d°Ba gi2)+
+ 0g(Idag + d*(E1 o2 + B2 g11)))

But Iday + d*(E1 gi2 + By gi1) € Spag(Z,d*,2d%), ie. pg(Idyg + d*(Ey gi2 + E2.441)) = 0. Therefore,
by relation (5.2.7), we get that

pg(Idag + d2E17g+1) = 2pg(Idag + d2E1,g+1)
i.e.
gog(Idgg + d2E179+1) =0.
Analogously ¢g(Idag + dQEngLl) = 0. Therefore we get the desired result. O
Notation 5.2.1. Throughout this chapter, we denote by 7y, € Hom(spy,(Z/d), gl ,(Z/d)) the ho-

momorphism given by

g+ 5Pag(Z/d) — gl,(Z/d)
(55~ e
Lemma 5.2.1. Let g > 3, d > 2 be integers. There is an isomorphism

©: Ag — Hom(spy,(Z[d), A)“ o)
x— (@3 1 X o tr(mg (X))
Proof. First of all we show that © is well-defined, i.e. &y € Hom(spgg(Z/d),A)GLg(Z).
Let X' = (a: _?I,) and X = (a _Bt), we have that
v -ta e
Ty X+ X') =tr(a+a )z =tr(a)z +tr(a )z =5, (X) + T, (X').

In addition, it is well known that in general tr(AB) = tr(BA) for any matrices A, B € Mg4(Z).
Then, for every matrix f € Spyy(Z) of the form (g tcf‘)-l ) with G € GLy(Z), we have that
@g(foﬁl) = tr(GaG M)z = tr(a)z = Py (X).
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Therefore, pZ € Hom(spy,(Z/d), A)ELs(2) Moreover, it is clear that © is injective.

Next we show that © is surjective. Recall that, by definition of sp,,(Z/d), the elements of
B

ot ) where «, 3, are matrices of size g x g with §,~ symmetric matrices.

5Py (Z/d) are matrices (:
For 1 <1i,j<2g, let E;; denote the matrix with a 1 at position (¢,j) and 0’s elsewhere. Define

where
Aij=Eij-Egijgris Cij=Eguij+Egji,  Cij=Eigej+ Ejgui,
Bi=Eg.ii, Bj=FE;g.
By the form of the elements of spy,(Z/d), it is clear that .S is a basis for spy,(Z/d).
Moreover, given an element X = (: _it) € 5Py (Z/d) and f € Spag(Z) a matrix of the form
(§.2) with G € GLy(Z), we have that

0tGg!
4 (G 0 Y[a B\[(GT O
JXI= 0 tG_l)(v —at)( 0 Gt)

Ga G3 \[G' 0
- tGly tGlat 0 Gt

GaG™! GBG!
thl,.YG—l _(GaGfl)t ’

Let g € Hom(spa,(Z/d), A)GL9(Z) then we have the following relations:

e Take f the matrix (gt£-1 ) with G = (1i)(2j) € 64 c GL4(Z) for i # j.

0q(Aij) =pg(fAi;f1) = 0g(f(Eij - Egujgei) [ )

(5.2.8)
=pg(E12 = Egi2,9+1) = @g(A12),
0g(Cij) =g (fCiif ) = 0g(f(Eguij + Egeji) [ ) (5.29)
=pg(Egi12+ Egi2.1) = ¢4(C12),
©g(C} ) :(;Og(fcil,jf_l) = 0g(f(Eigej + Ejgei) f ) (5.2.10)
=pg(E1,g+2+ E2g41) = @g(C{,z)a
Aig) =pg(fAiif ") = Eii—Eguigei)f™
909( , ) ‘Pg(f i ) ‘Pg(f( , g+i,9+ ) (5.2.11)

=pg(E11 = Egi1,941) = (A1),
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pg(Bi) = ‘Pg(fBif_l) = ‘Pg(ngﬂ',if_l) = pg(Eg+1,1) = pg(B1), (5.2.12)
‘Pg(Bz{) = ‘Pg(fBz{f_l) = ‘Pg(fEi,ngif_l) = (Pg(El,g+1) = (Pg(Bi)- (5.2.13)

e Take f the matrix (g tGO,l) with G € GLy(Z) the matrix with 1’s at positions (1,2), (2,1)

and (7,7) # (2,2) Vi and 0’s at the other positions.

Observe that

G 0 \(0o E Gt oo 0 GE .Gt
B -1 _ B -1 _ 1,1 _ 1,1
IR = TEgn ] (0 tG-l)(o oJ\lo ) o o )

where

(48]0 [ 150
L oo 0 |Id

11 0
= 11 0) = El,l + E272 + (ELQ + Eg’l).

Thus fBf™! = By g1+ By gio + (B1gsa + Eagi1) = Bl + By + C] 5. Therefore,
pg(BY) = ‘Pg(fBif_l) = py(B1 + By + C{,z) = pg(B1) + p4(Bs) + ‘PQ(C{,Q)a Le.

0g(B3) = —p4(C1 2)- (5.2.14)

Similarly, we have that

al oo o o\flag 0 0 0
B f=f1E = - ’
/ 1f=f 9+1,1f 0 Gt Eip 0]J\oO tg-1 GtElJG 0

where

G'E11G =

==
OO»—A
~
QL ]
v
—_
o
OOO
o O
N —
—
==
OO»—‘
~
QL o
v

=
=
o

B 0 0) :E1,1+E2,2+(E172+E271)'
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Thus f_lBlf = Eg+171 + Eg+272 + (Eg+172 + Eg+271) =B1+ By + 0172. Therefore,
0g(B1) = 0g(f ' Bif) = pg(Bi + By + C12) = ¢4(B1) + ¢4(B2) + ¢4(Ci2), e,

©g(B2) = ~pg(C12). (5.2.15)

e Take f the matrix (g 169_1 ) with G € GLy(Z) the matrix with 1's at the diagonal and positions
(2,1),(3,1), and 0’s elsewhere.

Observe that

_ _ G 0 0 Fi1 Gl 0 0 GE; 1Gt
B/ 1 _ E 1 _ 3 — ) ,
IBi =T Evgn] (0 tG‘l) (0 0 )( 0 Gt) (0 0

where
(1380 Y[ a88 o[ aid]o
GE;1G' =101 000 001 =
0 |1d 0 |0 0 |Id
1000\ o100 it o
= Mi = =
0 0 0 Id 0 0
:El,l + EQ,Z + E3’3 + (ELQ + Eg,l) + (E273 + E372) + (El’g + E3’1).
Thus,
fBif =B +By+B;+ Cla+Cy3+C1 3.
Therefore,

0g(B1) = 0g(fBLI™) = 0g(B1) +9g(B3) + 0g(B3) + 94 (C1 5) + 04(C3.3) + 04 (C1 ),
and by relations (5.2.13), (5.2.14), (5.2.10), we get that
g(B1) = 30g(B1) = 3p4(B1) = 0.
Moreover by relations (5.2.13), (5.2.14), (5.2.10), we also get that
0= SOg(Bi) = ‘Pg(Bz() = ‘Pg(Cz",j)-

Similarly, take f the matrix (g t(?,l) with Gt e GLy(Z) the matrix with 1’s at the diagonal
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and positions (2,1),(3,1), and 0’s at the other positions. Then we have that

Gt o\ o o\fG o 0 0
Bif=f"FE = = ’
7 B1f=f"Egf ( 0 Gt) (ELI 0) (0 tG_l) (GtEl,lG 0)

where
. RIERYE LAY
G El,lG = 000 001 =
0 |1Id 0 |0 0 |Id
=E1’1 + E2’2 + E3’3 + (ELQ + EQJ) + (E273 + Eg}g) + (E173 + E371).
Thus,
fBlf_l = Bl + BQ + Bg + 01’2 + 02’3 + 01’3.
Therefore,

0g(B1) = 0g(FBLI™Y) = 0g(B1) + ¢g(B2) + 94(Bs) + 94(Cr2) + 94(Ca3) + 9g(Ci3),
and by relations (5.2.12), (5.2.15), (5.2.9), we have that
©g(B1) =3¢y(B1) = 3pye(B1) = 0.
Moreover by relations (5.2.12), (5.2.15), (5.2.9), we have that
0= pg(B1) = g(Bi) = g(Cij). (5.2.16)

e Take f the matrix (g tGO_l) with G € GLy(Z) the matrix with a 1’s at the diagonal and
position (1,2), and 0’s at the other positions.

Observe that

B _ G 0 Eyp 0 G0
A Lof(By1 - E b= ’
fA2 7 =f(Eoy = Bgarge2) f (0 tg—l)( 0 —El,g)( 0 Gt)

_ GE2’1G_1 0
B 0 —~(GEy GV’
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where
GEQJG_1= (1)% 0 (1)8 0 (1)_11 ‘ 0
0 | Id 00 0 |1Id
(8]0} (4]0
010 0 Id
12110
== =Ei1-FEs2-Ei12+ Ea).
Thus
fAs1f ' =F11~Fog~F19+Fo1— Egi1gi1 + Egiogia + Egiagi1 — Egit ge2
=A11 - Ao+ A12-Ao1.
Therefore,

0q(A2,1) =pg(fA21f ") = @g(A11 - Agp + A1p — As)
=pg(A11) = @g(A22) + pg(A12) = @g(A21),

and by relations (5.2.8), (5.2.11) we obtain that
@g(A21) =0, (5.2.17)

and by relation (5.2.11) we get that ¢4(A; ;) =0forall 1<i<j<g.

Summarizing, the unique elements of the basis S, whose image by ¢, are not necessarily zero, are
the elements {A;; | 1 <i < g}. By the relation (5.2.8) we have that ¢4(A;;) = ¢4(A1,1). Thus, any
homomorphism ¢, € Hom(spZQ(Z/d),A)GLg(Z) only depends on the image of A ;. In particular,
for all X = (: jt) € 5py,(Z/d), we have that

pg(X) =tr(a)pg(A11),

where tr(a) denotes the trace of the matrix a.
Furthermore, since every element of sp,,(Z/d) is a d-torsion element and ¢, is a homomorphism,

then ¢4(A1,1) is also a d-torsion element. Therefore, p,(A1,1) may be any element of Ag. O

As a direct consequence of Propositions (5.2.1), (5.2.2) and Lemma (5.2.1) we have the following

result:
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Lemma 5.2.2. For g >3, d>3 an odd integer and for g > 5, d > 2 an even integer such that 4 + d,

there is an isomorphism

Aq — Hom(My[d], A)*Ps
T g =Py oabel oV,
where @y is defined in Lemma (5.2.1).

Next, we show that every element of Hom(Mg1[d], A)*Ps1 is zero on A, 1[d], By 1[d]. We first
need to compute W(Ag1[d]), V(By,1[d]). We also compute ¥(ABy1[d]), for sake of completeness.

Lemma 5.2.3. There are short exact sequences of groups:
¢P oW
1 ——TBg1 — Bgi1[d] —— SLy(Z)[d] x S4(dZ) —1,
¢t oW
1 ——TAj1 —— Ay 1[d] —— SLy(Z)[d] x Sg(dZ) —1,
¢AB o U
1—— TABg,l e ABg,l[d] —— SLQ(Z,p) — 1.

Proof. We only prove the first short exact sequence (the proof for the other two short exact sequences

is analogous). Observe that we have the following commutative diagram

1 1
¢B oW
1—=TBy1 Bgild] ——— SLy(Z)[d] x Sg(dZ) —1
H ¢B o U
1—=TBg1 By GLy(Z)x Sy(Z) ——1
q&f 0T, X7y

GLy(Z]d) x Sy(Zd) == GLy(Z)d) x Sy(Zfd)

where i denotes the natural inclusion. We prove that the 1st row is a short exact sequence.
We first show that the kernel of ¢ o W restricted to By 1[d] is TBy.1.
Since TBy1 c Ker(¥), we have that

TBy, ¢ Ker((¢7 o ) : Bya[d] » SLy(Z)[d] x Sg(dZ)) By 0 Ty1 = T By,
Next, we prove that (¢ o W) : By 1[d] = SLy(Z)[d] x S4(dZ) is surjective. Let x € SLy(Z)[d] x
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Sg(dZ), then i(z) € GLy(Z)x Sy(Z). By Lemma (1.3.2) we know that ¢ o W: By - GLy(Z)xSy(Z)
is surjective and as a consequence there exists an element T € B, 1 such that (¢ o ¥)(Z) =i(z). By
the above commutative diagram and Lemma (3.3.3), we know that the 3th column is exact and we

have the following equality:

(6p © Up)(T) = (1), x 1) (i(2)) = 0.

Thus (¢, © ¥,)(Z) = 0. Since by Lemma (3.3.4) the 2nd column is exact then we get that T € By 1[d].
Therefore by the above commutative diagram we know that i((¢ o ¥)(Z)) =i(x) and since i is
injective we get that (¢ o ¥)(Z) = z. O

Now we are ready to prove the following result:

Lemma 5.2.4. Let A be an abelian group. Fiz an integer d > 2, then for any g > 3 all ABg -

invariant homomorphisms
¢g:Bgi[d] > A and @g: Agald] > A,

have to be zero.

Proof. We only prove the result for B, 1[d], since the other case is similar.

Let ¢4 : Bg1[d] = A be a ABgy 1-invariant homomorphism. By Lemma (2.3.4) we know that the
restriction of ¢, to TBy,1 is zero. Then, by the short exact sequence in Lemma (5.2.3), ¢, factors
through SLy(Z,d) xp S¢(dZ). Thus we have an isomorphism

Hom(By[d], A)*Pat = Hom(SLy(Z,d) x Sy(dZ), A)Ls@,
Observe that we have the short exact sequence
1 — S4(dZ) —= SLy(Z,d) xp S¢(dZ) —= SLy(Z,d) — 1.

By analogous relations to the relations (5.2.9), (5.2.12), (5.2.15), (5.2.16) in the proof of Lemma
(5.2.2), we have that Hom(S,(dZ), A)%*s(Z) = 0. Thus we have an isomorphism

Hom(SLy(Z,d) % Sy(dz), A)*s™) = Hom(SLy(Z,d), A)*"®).
In [23], Lee and Szczarba showed that for g > 3 and any prime p, Hi(SLy(Z,p)) = sly(Z/p), as

modules over SLy(Z/p). Actually, following the same proof the same result holds for any integer d.

Then, since A is an abelian group, we have that every homomorphism H om(SLg(Z,d),A)GLH(Z),
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factors through sl,(Z/d), i.e. we have an isomorphism
Hom(SLy(Z,d), A)*9 D) = Hom(sl,(Z/d), A)Ls®).

Finally, by relations (5.2.8), (5.2.17), (5.2.11) in proof of Lemma (5.2.2), we get that every element
of Hom(sly(Z/d), A)Fs(?) have to be zero, obtaining the desired result. O

Lemma 5.2.5. The homomorphisms ¢y defined in Lemma (5.2.2) are compatible with the stabi-

lization map.

Proof. Recall that the homomorphisms ¢y, for T'e M 1[d] are defined as follows
@y (T') = tr(mg oabel o W (T))x.

Let abel(¥(T)) = ( p ) € 5py,(Z/d). Then if we take T' as an element of My, 1[d], we have that

[0
v -at

abel(W(T)) = (& D) € spaqgeny(Z/d),

where o’ = (89).
Hence, g (T) = 5,1 (T) for every T'e M, 1[d]. O

Remark 5.2.1. By Lemmas (5.2.4), (5.2.5), the A, 1-invariant homomorphisms {¢g },, in Lemma
(5.2.2), are compatible with the stabilization map and zero on Ay 1[d], By 1[d]. Then, by bijection
(3.4.7), we get that, for each x € Ay, the family of homomorphisms {¢g}, of Lemma (5.2.2) re-

assemble into an invariant of S3[d].

A natural question that arise from this section is what 3-manifolds distinguish the invariant ¢”.
Next we answer this question for lens spaces. Given a lens space L(p,q), since Lens spaces are
Q-homology 3-spheres, by Theorem (3.4.3), we know that there exists an integer d > 2 for which

L(p,q) € S*[d]. Thus, given an integer d > 2, we first need to determine which lens spaces are in
S3[d].

Proposition 5.2.3. A lens space L(p,q) is in S3[d] if and only if p = +1(mod d).

Proof. Given a lens space L(p,q), it is well known that its homology groups are:

Z, fork=0,3,
Hk(L(p7q)7Z) = Z/pa for k = 17

0, otherwise.
Then |H1(L(p,q);Z)| = p. By Theorem (3.4.3), L(p,q) € S3[d] if and only if p = +1(mod d). O

126



5.3. From trivial cocycles to invariants

As a consequence, all lens spaces in S3[d] are of the form L(x1 + dk,q) with k,q € Z. Next we
compute the values of the invariant ©* on these lens spaces. By the classification of lens spaces we
know that L(1+dk,q) = L(-1—dk,q). Then, it is enough to compute the value of the invariant ¢®
on the lens spaces L(-1+dk,q).

Given a lens space L(-1+dk,q) € 83[d], by definition of lens spaces, such space has a Heegaard
splitting of genus 1. Following the proof of Theorem (3.4.3), we have that there exists an element
fa € My 1[d] such that L(-1+dk,q) = H1U,,—H1. Then, the lens space L(-1+dk, ¢) is homeomorphic
to L(-1+ dk,—dl) for suitable integers k,l,m,r, with

1+dr dm

€ Spa(Z).
di 1-dk) p2%)

Y (fa) =(

Since Spo(Z) = SLy(Z), det(¥(f;)) = 1 and reducing modulo d? we have that
1=det(U(fy))=1+d(r-k)+d*(-rk+1Im) =1+d(r - k) (mod d?).
Thus, k =7 (mod d). Then,
@ (L(~1+pk,-pl)) = ©T (fq) = tr(m o abel o U(fg))x = rz = ka.

Therefore we get the following result:

Proposition 5.2.4. The homomorphisms {pg}, € Hom(M,y1[d],A), defined in Lemma (5.2.2),
take the value kx on lens spaces L(—1+ dk,q) and —kxz on lens spaces L(1 + dk,q).

5.3 From trivial cocycles to invariants

Conversely, what are the conditions for a family of trivial 2-cocycles Cy on M, [d] satisfying
properties (1)-(3) to actually provide an invariant? Here we follow the same arguments used in
Section 2.4 taking My 1[d] instead of Ty 1.

Firstly we need to check the existence of an AB, i-invariant trivialization of each C,. Denote by

Qc, the set of all trivializations of the cocycle Cj :

Qc, ={q: Mgald] > Alq(¢) +q(¢) - q(9¥) = Cy(9, V) }-

The group ABy,1 acts on Q, via its conjugation action on M, 1[d]. This action confers the set Q¢,
the structure of an affine set over the abelian group Hom(Mg 1[d], A). On the other hand, choosing
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an arbitrary element q € Q¢, the map defined as follows

pq: ABg1 — Hom(Mga[d], A)
pr—d-q-q,

induces a well-defined cohomology class p(Cy) € H'(ABy 1; Hom(Mg1[d], A)), called the torsor of

the cocycle Cy, and we have the following result:

Proposition 5.3.1. The natural action of ABy1 on Qc, admits a fived point if and only if the

associated torsor p(Cy) is trivial.

Suppose that for every g > 3 there is a fixed point g, of Q¢, for the action of AB,; on Q¢,. Since
every pair of AB, 1-invariant trivialization differ by a AB, i-invariant homomorphism, by Lemma
(5.2.2), for every g > 3 the fixed points are g, + g with x € Ay.

By Lemma (5.2.5), all elements of Hom (M, 1[d], A)*Bs1 are compatible with the stabilization
map. Then, given two different fixed points gy, q; of Qc, for the action of ABy 1, we have that

q ~ 4 = (g - 44) = ¢4 = @y
9Mg-11[d] ~ D9|My11[d] 9~ 99/ Mg-1.1d] = Fgimyy4[d) ~ Fo-1

Therefore the restriction of the trivializations of Q¢, to M1 1[d], give us a bijection between the
fixed points of Qc¢, for the action of ABy; and the fixed points of Qc,_, for the action of AB, 1 ;.

Therefore, given an AB, i-invariant trivialization g, for each z € A5 we get a well-defined map
q+¢"=lim gy +py: lim Mg,[d] — A.
g—)OO g—>oo

These are the only candidates to be A-valued invariants of Z/d-homology spheres with associated
family of 2-cocycles {Cy},. For these maps to be invariants, since they are already AB, ;-invariant,
we only have to prove that they are constant on the double cosets Ag1[d]\ My 1[d]/Bg1[d]. From
property (3) of our cocycle we have that V¢ € Mgy 1[d], Vi), € Ag1[d] and Vi), € By 1[d],

(g9 +#g) (@) = (gg + Pg)(PUs) == (qg + ¢g) (¥b),

(5.3.1)
(g9 + ) (®) = (ag + ¢g) (Va®) = = (g4 + ) (Ya)-

Thus in particular, taking ¢ = 14, in above equations, we have that g, + ¢ with x € Ag, are
homomorphisms on Ay 1[d], By1[d]. Then, by Lemma (5.2.4) we have that g, + ¢ are trivial on
Ag1[d] and By 1[d].

Therefore, by equalities (5.3.1), we get that ¢, +py with x € Ay are constant on the double cosets
Ag[d)\My1[d)/By1[d].

Summarizing, we get the following result:
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Theorem 5.3.1. Let A an abelian group. For g > 3, d > 3 an odd integer and for g > 5, d > 2
an even integer such that 4 + d. For each x € Aq, a family of 2-cocycles (Cy)gs3 on the (mod d)
Torelli groups Mg 1[d], with values in A, satisfying conditions (1)-(3) provides a compatible family
of trivializations Fy + ¢y : Mg1[d] = A that reassembles into an invariant of Q-homology spheres
S[d]

lim Fy+ ¢} : S°[d] — A

g—>o0

if and only if the following two conditions hold:
(i) The associated cohomology classes [Cy] € H*(Mgy1[d]; A) are trivial.

(ii) The associated torsors p(Cy) € H'(ABy1, Hom(Mg1[d], A)) are trivial.

5.4 Pull-back of 2-cocycles over abelian groups

In general, it is not easy to construct a family of 2-cocycles {Cy}, > 3 satisfying the hypothesis
of Theorem (5.3.1). The idea to construct such family of 2-cocycles (Cy)gs3, inspired on [38], is
the following: Consider a ABy 1-equivariant map f from Mg [p] to a certain module V. Then, we
construct a family of bilinear forms {B,}, on the module V, (which are naturally 2-cocycles on V'),
in such a way the pull-back of this bilinear forms along f will be the desired family of 2-cocycles on
Mg 1[p]. For the purposes of this thesis it is enough to give the construction for the first Zassenhaus
mod p Johnson homomorphism le , defined in Section (5.1), and bilinear forms on A3 Hy,.
Consider the first Zassenhaus mod p Johnson homomorphism 7'12 and a family of bilinear forms

(Bg)g»3, defined on A? H, satisfying the following properties:

(1’) The 2-cocycles {By}, are compatible with the stabilization map.
(2') Forevery ¢ = (151 ) € Sp2g(Z) with G € GLy(Z), By(¢p~ ¢ ¢~ ¢7") = By(~,-),
(3") If ¢ e {(Ag,1[d]) or ¢ € 7{ (By,1[d]) then By(¢,1) = 0.

Since le is an M 1-equivariant homomorphism and compatible with the stabilization map, the

pull-back of this family of 2-cocycles along le give us a family of 2-cocycles on M, 1[p] satisfying
the properties (1)-(3) in Section (5.2).

Then we devote this section to find families of 2-cocycles on A? H,, satisfying the properties
(1")-(3"). To find such families, we first compute the image of Ay 1[d], By1[d] under 7¥.
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5.4.1 The extension of Johnson’s homomorphism

We first construct, in a natural way, a crossed homomorphism k, : My 1 — A H,, which extends
the Jonhson homomorphism 71 modulo p. By definition of the Zassenhaus filtration, we have a

commutative diagram

1 Tt My —2— Spoy(Z) —1 (5.4.1)

LTIZ \pQZ ]Tp
zZ

0 —— A* Hy —— p§ (My,1) —— Spay(Z/p) — 1
By Lemma (1.1.2) and the fact that A? H, is an F,-vector space, we have isomorphisms

H*(Spag(Z/p); N Hp) = H* (Spag(Zfp); (N Hp)*) = (H.(Sp2g(Z/p); N Hp))*.

Since —Id € Spay(Z/p) acts on A* H, by the multiplication of 1, by the Center kills Lemma we
have that H.(Speg(Z/p); A* Hp) = 0. As a consequence,

H*(SP2Q(Z/I7)§ /\3 Hp) =0.

Then the bottom extension of diagram (5.4.1) splits with only one A3 H-conjugacy class of split-

tings. By Proposition (1.1.1), we have an isomorphism
3
[ PQZ(MQ,I) — /\" Hp % Spag(Z).

Recall that the operation on A* Hy, x Spag(Z/p) is given by (a,g) - (b,h) = (a+g-b,gh). Then, if we
take 7 : A> Hp x Spag(Z/p) - A H, the projection on the first component, we get a derivation, and

as a consequence we have that k, = (7o f o pZ) is a crossed homomorphism
3
kp: Mg1 — /\" Hp.

Observe that in fact 7 is a retraction of the bottom extension of (5.4.1), then using the commutative
diagram (5.4.1) we have that &, restricted to 71 is the image of the Johnson homomorphism reduced
modulo p. Thus, we have found an extension of the Johnson’s homomorphism modulo p to the whole
mapping class group Mg ;.

Moreover, if we consider the crossed homomorphism k, € H'(M,1; A* H),) restricted to M, 1[p]
we get an extension of the Johnson’s homomorphism modulo p to M, 1[p]. Notice that the first
Zassenhaus mod p Johnson homomorphism le is also an extension of the Johnson’s homomorphism
modulo p to Mg 1[p].
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Next we concern about the unicity of such extensions.

Proposition 5.4.1. For any odd prime p and g > 4, there are isomorphisms

H' (Mg N Hy) =H (Mg [p); N Hp) P20 P = gV (T, 1; \* Hy) P20 (2IP)
xHom(N\’ Hy, N Hp) P2 1P) = (Z,[p)* .

Proof. Consider the 5-term exact sequence associated to the short exact sequence
1 —= My 1[p] —= Mg1—= Spay(Z[p) —=1
and the Spyg(Z/p)-module A? H,. Then, we get the exact sequence
in f
0—= H'(Spag(Z/p); N Hp) —= H' (My1; N Hp) = H' (M1 [p]; A Hy) P20 ZIP).

By the Center kills Lemma, since —Id acts on A? H,, as the multiplication by —1, we have that
H'(Spay(Z[p); N> Hp) = 0. Therefore we have the injection

res: H'(Mgas N Hp) = H' (Mg [p]; N° Hy) P2 ), (5.4.2)
Next, consider the 5-term exact sequence associated to the short exact sequence
1 —="Tg1 —> Mga[p] —= Sp2y(Z,p) —1
and the Spa,(Z/p)-module A> H,. Then we get the exact sequence
00— Hl(Spgg(Z,p); /\3 Hp) ﬁ’ HI(MQJ[P]S /\3 Hp) - HI(EJ; /\3 Hp)-
Taking Spaoy(Z/p)-invariants, we get another exact sequence

0 H'(Spay(Z,p); N’ Hy) P2 *P) ~ H' (Mg [p); N’ Hy) P27

N H1(7'g,1;/\3 Hp)SPQ-"(Z/p).

By the Universal coefficients Theorem and Proposition (5.2.2) we have that

H'(Spag(Z,p); N Hp) 2517 = Hom(spyy(Z/p), N Hyp) P20 /7).
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Notice that, since —Id € Spag(Z/p) acts trivially on spy,(Z/p) and as =1 on A* H,, then
Hom(spyy(Z[p), \' Hy)P2sP) = 0,
Therefore we have the injection
res: H'(Mga[pls N Hy) » H' (Tg13 N Hy) P2 /7). (5.4.3)

Moreover, by the Universal coefficients Theorem and Theorem 6.19 in [8], we have that the first

Johnson homomorphism modulo p induces an isomorphism

Next, we compute Hom(A® Hp, A® Hp)Smg(Z). Let ¢; = a; or b; for every i € {1,...,g}, and
f e Hom(N® Hy, \* H,,)5P20(2).

o Consider the element ¢ = (§ . %) € Spag(Z) with G = (1,i)(2,5)(3,k) € &,. Then we have
that

(;5~ f(cl ANC2 A Cg) =f(¢ *C1NC2 A 63) = f(cz ANCj N Ck),

gb- f(61 N ag N b2) =f(¢ cC1 Nas N bg) = f(cz ANag A bj).

Thus, every element of H om(/\3 Hp, A3 Hp)SPQQ(Z) is determined by the images of the elements

Cc1 Aca Acg, €1 Aag Aby with ¢; = a; or b;.

e Consider the element ¢ = (9, %) € Spag(Z). Then we have that

(Z)' f(a1 N ag N\ (13) :f(gb ap Nag N\ a3) = f(—b1 A bg A b3) = —f(bl N bQ A bg),
¢' f(a1 A ag N bg) =f(gz5-a1 AN ag N bg) = f(bl N bg /\a3),
¢' f(a1 Naz A bg) =f(qz§-a1 Naz A b2) = f(bl A b2 /\CLQ).

e Consider the element ¢ € Spay(Z), the matrix with 1’s at the diagonal and position (3, g+ 3),

and 0’s elsewhere. Then we have that

qb-f(al/\ag/\bg) :f(d)-al/\ag/\bg):f(al/\ag/\b3+a1/\a2/\a3):

:f(a1 N ag N bg) + f(a1 N ag N ag).
SO, f(a1 AN ag N a3) = (b . f(al N ag N bg) - f(CLl N ag N bg).
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e Consider the element ¢ = (', 1) € Spag(Z), with *G™ € GLgy(Z) the matrix with 1's at

positions (3,2) and at the diagonal, and 0’s elsewhere. Then we have that
gb-f(al /\CLQ/\bQ) =f(¢-a1 /\(12/\b2) =f(a1 /\(12/\b2+a1 /\CLQ/\bg) =

=f(a1 N a9 /\bg) +f(a1 AD)) /\bg).
So, f(a1naz Abg) = ¢ f(ar Anaz Abz) = f(ar Aaz Abs).

Hence, every element of Hom(A> Hp, \? Hp)Sp29(Z) is determined by the image of the element

a1 A asg A ba. Next we study the possible images of this element. Set

flag Aag Aby) = Z m(c;, ¢, Cr)Ci A Cj A+ Zm(ci,as,bs)ci A ag A bg,
i<j<k i,s

with m(ci,cj,ex) € {1,...,p—1}. Let [ # 1. Consider the element ¢ = (thO_l) € Spag(Z), with

G € GLay(Z) the matrix with —1 at position (/,1) and 1’s at the positions (r,r) with r # [. Then for
[ =g, we have that

Z m(¢;, ¢, Cr)Ci ACj Al + Zm(ci,as,bs)ci Aag Abg
i<j<k i,
=f(a1/\a2/\bg):f(d)-al/\ag/\bg):¢~f(a1/\a2/\b2)=

= Z m(ci,cj,Cr)Ci ACj A cg + Z m(ci,as,bs)ci Aas Abg+
i<j<k<g 1<g,s

- Z m(cs, ¢j,cq)Ci ACj Ay — Zm(cg, as,bs)cg Aas Abs.
1<j<g s

Hence m(c;,¢j,¢q) =0, for all 4,7 such that i < j < g, and m(cg,as,bs) = 0 for all s. Then,

flag Aag Aby) = Z m(¢c;, ¢, Cr)Ci A Cj Al + Z m(ci, as,bs)ci A ag A bs.
i<j<k<g i<g,s

Repeating the same argument from [ = g -1 to [ = 2 we get that m(c;,cj,¢) =0, for all 4, j, k such
that i < j < k, and m(c¢;,as,bs) =0 for all i, s with ¢ # 1. Then

f(a1 N ag N bz) = Zm(cl,aj, bj)cl ANajg A bj.
J

Next, consider the element ¢ € Spay(Z) the matrix with 1’s at the diagonal and position (1,g+1).
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Then we have that
Zm(cl,aj,bj)cl ANaj A bj :f(a1 AN ag N bg) = (Z) f(a1 N ag N bg) =
J

= Zm(cl,aj,bj)cl ANag A bj + Zm(bl,aj,bj)al ANag A bj.
J J
Thus m(b1,a;,b;) =0 for all j, and we have that

f(a1 A ag N bQ) = Zm(al,aj, bj)al ANaj A bj.
J

For a fixed k # 1,2, consider the element ¢ = (%; t(g,l) € Spag(Z), with G € May(Z) the matrix
with 1’s at the positions (k+1,k), (I,1). Then we have that

Zm(al,aj,bj)al Aaj /\bj = f(a1 D) /\bg) = f(¢-a1 D) /\bg) = (ﬁ'f(dl N a9 /\bg)
J

=m(a1, ak,bp)ar A ager Abg —m(ar, ager, bri1)ar A ager Abg+

+ Zm(al,aj,bj)al ANaj A bj.
J

Thus m(ay,ak, bg) = m(ay,axs1,brs1), for every k # 1,2. Hence,

g
f(a1 /\ag/\bg)zmlal/\ag/\b2+m2 Zal /\aj/\bj,
7=3

with mq,mg € Z/p. Therefore Hom(A> Hp, A3 Hp)Sp29(Z) at most has p? elements.
Observe that the identity is an element of Hom(A? H,, A Hp)smg (Z) | In addition, if we consider
the Spag(Z/p)-equivariant maps

C:/\3Hp_’Hp’ “:Hp_’/\3Hp>

defined by
Clanbnac)=2[w(b,c)a+w(c,a)b+w(a,b)c],
g
u(z) =x A (Zbi/\ai).
i=1

Then r = FuoC is an endomorphism of A H,, which is Spay(Z/p)-equivariant because w is Spag(Z/p)-
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invariant and Y.7_; b; A a; is a fixed point by the action of Spay(Z/p). In addition we have that

1 g
T(al N ag N bz) = §u(C’(a1 AN ag N bg)) = - Zal ANaj A bj.
j=2
As a consequence, the homomorphism r and the identity are linearly independent and generates
Hom(A? Hy, N* H,)5P29(Z/P) | Therefore,

Hom(N’ Hy, \* H,) P29 2IP) = (7,/p)2.

Finally, observe that Id ok, (uoC) ok, are elements of H'(M,1; A\> H,), whose restriction to
Tg,1 induce the homomorphisms Id, (u o C') € Hom( N> Hp, N2 Hp)SPQQ(Z/p) respectively. Therefore,
by the injections (5.4.2), (5.4.3) and the isomorphism (5.4.4), we get the desired isomorphisms. [

As a consequence, the extension of the Johnson’s homomorphism modulo p to M, 1 is unique
up to principal derivations and the extension of the Johnson’s homomorphism modulo p to Mg 1[p]
is also unique. Therefore, the homomorphism 77 : Mg 1[p] = A H, coincides with the restriction
of k, to Mgy 1[p].

Images of A, 1[p], B,1[p] under 7Z. Next, we focus on computing the image of Ay 1[p], By.1[p]
under 7. First of all we need to compute the ablianization of Spi(Z, p) and SpQAg(Z,p).

Definition 5.4.1. For 1 <4, j <n, denote by Ej';(r) the n x n matrix with an r at position (i, )
and 0’s elsewhere. Similarly, denote by SE}; the nxn matrix with an 7 at positions (i,7) and (j,1)

and 0’s elsewhere.

o . Idy 0 ,
Definition 5.4.2. For 1 <4, j < g, denote by Xig’j(r) the matrix (SEfj(r) 1d, ) , by ygj(r) the matrix
Idg SE? (r) g . [ 1dg+E] (1) 0
( o 1d, )» and by Z7.(r) the matrix ( 0" 14,-E2 .,

The following Proposition is a direct consequence of results in [34] due to M. Newman and J.R.
Smart, and [23] due to R. Lee and R.H. Szczarba.

Lemma 5.4.1. Let g >3, and p an odd prime, the following sequence is a short exact sequence.
bel
1 —— Spb (Z,p*) — Sp§,(Z,p) === sloy(Z[p) & Sy(Z[p) — 1

Proof. Consider the homomorphism abel : Spag(Z,p) = 5po,(Z/p). In [23], R. Lee and R.H. Szczarba

proved that this map induces the following short exact sequence:
bel
1 ——— Spog(Z,p*) — Spag(Z, p) === spy,(Z[p) — 1.
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Observe that for any element (]\G4 tGO-1 ) € Spgg(Z,p) i.e. GeSLy(Z,p), "GM € S,(pZ), we have that

G o)\ (¢ o Id 0
M otgt] \o tgt)\tem 14d)

By [23] we get that (G - Id)/p mod p is an element of sl,(Z/p), and clearly ‘GM /p mod p is an
element of S¢(Z/p). So we get that

abel(Sphy(Z,p)) c slag(Z[p) & Sy(Z[p).

On the other hand, in [23], R. Lee and R.H. Szczarba proves that the map abel : SLy[p] — sly(Z/p)
is surjective, and in [34] M. Newman and J.R. Smart proves that the map Sy(pZ) - Sy(Z/p) given
by N = N/p mod p is also surjective, then it is clear that abel : SpQBg(Z,p) — sloy(Z[p) ® S¢(Z/p)
is surjective. Finally, the kernel of this map is given by Spa,(Z,p?) n SpZ(Z,p) and this is by
definition Spi(Z, p?). Therefore we get the desired short exact sequence. ]

Lemma 5.4.2. Let g > 3, and p an odd prime,

H1(Sph,(Z,p); Z]p) =sly(Z[p) & Sg(Z[p), Hi(Spsy(Z,p);Z[p) = sly(Z[p) & Sy(Z/p).

Proof. We only prove the result for Spgq(Z,p) (the proof for Spfg(Z,p) is analogous). We show
that [Sp%(Z,p),SpZ(Z,p)] = Spr;(Z,pz). Then, by Lemma (5.4.1), we will get the result. Since
slog(Z[p) ® Sy(Z[p) is abelian, [SpQBg(Z,p),Sp%(Z,p)] c Spgg(Z,pz). Next we show that

Spy,(Z,p°) < [Spy,(Z,p), Sps,(Z,p)]-

Observe that for any element (AC/’} tc?_l) € Spfg(Z,pQ) i.e. GeSLy(Z,p?*), 'GM € Sy(p*Z) we have
that

G o0\ (G o0 Id 0
M ta )] \o tgt)\tam 1d)’

In [23], R. Lee and R. H. Szczarba proved that
SLy(Z,p*) = [SLy(Z,p), SLy(Z,p)]

Then, for every G € SLy(Z,p*), there exists a family of elements {Gi,, G, }i,.i, of SLy(Z,p) such

136



5.4. The extension of Johnson’s homomorphism modulo p

that

G 0 _ Hil,ig[Ginh] 0
. = -1
0 ‘G 0 "My [Giy» Giy])
G; 0 G; 0
= H ( . _ )7( . - )
0 tGill 0 tGigl

11,02
On the other hand, we have that any element of the form (ﬁ Iod) with H € S,(p®Z) is a product of

elements of the family {X}; (p*)}:.;, and moreover we have that

X7(p%) = [X7.(p), 20,(p)] < [Sphy(Z,p), Spyy(Z,p)].

Thus we get that (J\G/[ tGO,l )€ [SpQBg(Z,p), SpZBg(Z,p)]. Therefore,

Sps,(Z,p°) = [Sp3(Z,p), Sps,(Z,p)],
as desired. O
Proposition 5.4.2. The map res: H'(By1[p]; A Hp)Bot — HY(TB,1; A* Hy)APat is injective.

Proof. Taking the 5-term sequence associated to the short exact sequence

1 TBy, Byi1lp] — Sph,(Z,p) —1,
and the B, 1[p]-module A® H, with the trivial action, we get the exact sequence
0— HI(SP%(ZP); N Hp) e Hl(BgJ[p]Q N Hp) = Hl(TBgJ? N Hp).
By Universal coefficients Theorem and Lemma (5.4.2), we have that
H' (Spiy(Z.0): N’ Hy) = Hom(sly(Z[p) @ S,(Z/p). \' Hy),
and taking AB, i-invariants, we get the exact sequence
0 — Hom(sly(Z[p) ® Sy(Z[p), N° Hp)*Po o H'(Bya[pl; N Hy)Bot —

S HY(TBy1; A Hy)ABo,

Since W(ABy,1) = SL;(Z[p), there is an element f such that W(f) = ~Id, which acts trivially on
sl,(Z/p) ® S,(Z/p) and as —1 on A3 H,,. Hence, Hom(sl,(Z/p) ® S,(Z/p), \* H,)*Ps1 = 0. O
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Now we are ready to compute the images of A, 1[p] and By 1[p] under 7.

Recall that we have a decomposition H = A @ B, this induces the decomposition A> H = A> A @
BA(N2A)@ AN AN’ B)®NA3B. Set Wa=A>A, Wg=A*Band Wap = BA(A2A)® Ar(A? B). The
Johnson homomorphism computes the action of the Torelli group on the second nilpotent quotient

of the fundamental group of ¥, ;. Computing on specific elements one can check that (see [30])

Lemma 5.4.3. The image of T Ag1 and TBg1 under 1 in N H are respectively
WidWap and W Wyp.

Similarly as before, we have a decomposition H, = A, ® B, and this induces the decomposition
N H, = N3 A, @ By A (A2 Ay) © Ay A (A2 Bp) ® A By, Set Wh = A* Ay, Wh = A*B, and Wh ;=
By A (A% Ap) @ Ap A (A? Bp). We get the following lemma analog to (5.4.3).

Lemma 5.4.4. The image of Ag1[p] and By1[p] under ¥ in A3 H,, are respectively
WheWh, and WheWl,.

Proof. We only do the proof for B, 1[p]. For A, 1[p] the argument is analogous. Observe that we

have a commutative diagram

3

1 TBg 1 Bya Spy (Z) —1 (5.4.5)

‘TIZ \pgz L’"p
. zZ

0— W @ Wh g —— pi (By1) — Spy; (Z[p) —= 1.

By Center kills Lemma we have that H*(Spff(Z/p); W7 e W) =0. Then the bottom row of the
diagram (5.4.5) splits with only one Wg ® WﬁB—conjugacy class of splittings. Therefore, we have
an isomorphism f : p§ (By1) » (Wh e Wh,) x Spg;*(Z/p).

Consider the map 7 : (W5 & W¥ ) x SpQBg*(Z/p) - WE @ Wh 5 given by the projection in the
first component. Take kg = (7o fo p2Z ) we obtain a crossed homomorphsim:

kp: 8971 — Wg @ WﬁB

If we restrict kg on Bgi[p], we get an By -equivariant homomorphism: kp : By 1[p] — Wk @
WA . Composing kp with the natural inclusion W5 @ W4, - A’ H, we get an B, i-equivariant
homomorphism:

kg : Byi[p] — N Hp,
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and by the commutative diagram (5.4.5), and the fact that 7 is a retraction, we get that kp restricted
to TBy,1 is the Johnson homomorphism modulo p.

On the other hand, if we take k, : M, 1[p] — A® H, restricted to B, 1[p] a priori we get
another By 1-equivariant homomorphism, which is the Johnson homomorphism modulo p on 751,
but by Proposition (5.4.2) there is only one B ;-equivariant homomorphism that coincides with the
Johnson homomorphism modulo p on TBg,1. Hence, the restriction of k, to By 1[p] and kp have to
be equal and so ky(By,1[p]) = Wh e W . O

5.4.2 Pull-back of 2-cocycles

For each g, the intersection form on homology induces a bilinear form w : A® B — Z/p. This in
turn induces the bilinear forms J, : W4 ® W& — Z/p and J; :WE @ W — Z/p that we extend by 0
to degenerate bilinear forms on A3 Hy, = Wﬁ ® Wz 5 ® Wg,. Written as a matrices according to the
decomposition A3 H,= Wz @ WIZB @ Wg these are:

0 0 Id 0 0 0
Jo=10 0 0], Jo=10 0 0
00 0 Id 0 0

Notice that bilinear forms are naturally 2-cocycles on abelian groups.

Proposition 5.4.3. For each g > 3, the 2-cocycle J; is the unique cocycle (up to a multiplicative
constant) on A3 H,, whose pull-back along k, on the Torelli group modulo p, Mgy 1[p] satisfies con-
ditions (2) and (3). Moreover once we have fized a common multiplicative constant the family of

pull-backed cocycles satisfies also (1).

Proof. Fix an integer n € Z/p. It is obvious from the definition and from Lemma (5.4.4) that the
family ky(n.J}) satisfies (1), (2) and (3).

Let B denote an arbitrary 2-cocycle on A? H,, whose pull-back on M, 1[p] along 7'1Z satisfies
(2) and (3). Write each element w € A® H, as w = w, + Wy, + wy, according to the decomposition
wWhewi,eW,.

The cocycle relation together with condition (3) and Lemma (5.4.4) imply that

Vo, w e /\3 H,, B(v,w) = B(vp,wy)

139



Chapter 5. Trivial cocycles and invariants on the (mod d) Torelli group

We first prove that B is bilinear. For the linearity on the first variable compute

B(u+v,w) =B(up + vy, wg)
=B(vp, wg) + B(up, vp + wg) — B(up, vp)
=B(up, wq) + B(vp, wg)
=B(u,w) + B(v,w).

where in the second equality we used the cocycle relation. A similar proof holds for the linearity
on the second variable.

The equivariance of k, and the condition (3) and Lemma (5.4.4) implies that our bilinear form
B(z,y) should be zero for y € N Hy,, x ¢ Wh @ Wi, and x € A’H,,, y ¢ W5 ® W4 ,. By the

equivariance properties of k, we have the following relations:

o Let i,j,k,l,m,n € {1,...¢9} with 7,7k pairwise distinct, I,m,k pairwise distinct and n #

1,5,k,l,m. Take f the matrix (gté),l) with G € 6, ¢ GLy(Z) with 1’s at the diagonal

and position (m, k). Then we have that

B(bz /\bj /\bk, aj /\am/\ak) =B(f(bz /\bj /\bk), f.(al /\am/\ak)) =
=B(bi Abj Abg, A Aag+ap Ay Aay) =
=B(bi Abj Aby, ai Aam Aag)

+ B(bi Abj Abg, ap A am Aap)

Thus B(b; Abj Aby, aj Aam Aayp) =0, where i, j not necessarily equal to [,m.

e Take f the matrix (¢, Y, ) with G = (14)(25)(3k) € &y c GLy(Z) for i # j + k. Then we have

0tGg!
that
B(b1 A b2 /\bg, ay Nag N (Lg) =B(f(b1 A b2 N bg), f.(a1 AN ag N (13)) =
=B(bZ A bj A bk, a; N aj /\(lk)
Thus B must be nJ; for some n € Z/p. O
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CHAPTER 6

Obstruction to Perron’s conjecture

In this chapter, our aim is to give an obstruction to the Perron’s conjecture. The main ideas of this
chapter are inspired in the computations in [33] due to S. Morita.

As a starting point, in the first section, we state the Perron’s conjecture. In the second section, in
order to study the Perron’s conjecture, we make some cohomological computations with coefficients
in Z/p, which are similar to the cohomological computations with rational coefficients done in [33]
by S. Morita. Finally, in the last section, we will use the computations of the second section to give
an obstruction to Perron’s conjecture. As we will show in the last section, such obstruction comes
from the fact that if the conjectured Perron’s invariant is well-defined, then the cohomology class of
the associated 2-cocycle is equal to the restriction of the first characteristic class of surface bundles
e1 € H*(Mgy1;7Z), defined in [29], to M, 1[p] reduced modulo p. But such cohomology class is not
Zero.

Throughout this chapter we denote by A the Casson’s invariant, and by S]3c the Heegaard splitting
Hg U, r —Hg with fe Mg;.

6.1 Perron’s conjecture

In [36] B. Perron stated the following conjectures:

Conjecture 6.1.1. Let g > 3 and p > 3 be a prime number. For every f € Tg1 nDgy1[p], we have
that /\(5]3:) =0 (mod p).

Conjecture 6.1.2. Let g > 3, p > 3 be a prime number and Sf; € S3[p] with ¢ = fom, where f € Tg.1,
m € Dy 1[p]. Then the map ~y,: Mg1[p] - Z[p given by

() = A(S}) (mod p)
is a well defined invariant of S3[p].
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Chapter 6. Obstruction to Perron’s conjecture

Remark 6.1.1. In particular in [36] B. Perron states that the conjecture (6.1.1) implies the con-
jecture (6.1.2). In addition, he asserts that we can reformulate the conjectures (6.1.1), (6.1.2) for
all integer coprime with 6 instead of a prime p > 3. Unfortunately, the proof of such results are not

available in the literature.

6.2 Preliminary results

Before to prove the obstruction’s result to the Perron’s conjecture, we need to do some cohomological
computations with Z/p coefficients. We devote this section to do such computations, some of them
quite similar to the cohomological computations with rational coefficients that S. Morita have done
in [33].

Proposition 6.2.1. For g >4 and p an odd prime, the restriction maps

res: H2(Sp2g(Z);Z/p) - H2(Sp2g(Zap)§Z/p)a
res: H*(Mg1;Z[p) -~ H*(Mya[pl; Z/p),

are injective homomorphisms.

Proof. Consider the short exact sequence
T
1 —— Sp2g(Z,p) —= Spag(Z) —> Sp2g(Z[p) —1,

where the surjectivity of r, was been proved by M. Newmann and J. R. Smart in Theorem 1 in [34].
Taking the 5-term exact sequence associated to the above short exact sequence we get the exact

sequence
0 —= H'(Spoy(Z/p); Z/p) Anf H'(Spag(Z); Zp) =& H' (Spag(Z,p); Z[p) oP2e2lr) s

H?(Spag(Z[p); Z[p) —= H?(Spag(Z); Z[p)1 —= H (Sp2g(Z[p); H' (Spag(Z,p); Z/p)).

By Lemma 3.7 and Theorem 3.8 in [40], we know that Ha(Sp2g(Z/p);Z) =0, Hi(Sp2y(Z/p);Z) = 0.

Then, by Universal coefficients Theorem, we have that

H*(Sp(Z[p); Z|p) =Hom(Hs(Sp(Z[p); Z), Z[p) & Exty(H1(Sp(Z[p); Z),Z[p)
=Hom(0,Z/p) ® Ext(0,Z/p) = 0.
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Moreover, by Universal coefficients Theorem we have that

H'(Spag(Z,p); Z[p) =Hom(H:(Spay(Z,p), Z[p) ® Exty(Ho(Sp2g(Z,p); Z), Z[p)
=(spo, (Z/p))* ® Exty(Z,Z[p) = (spo,(Z[p))*.

Then H'(Spag(Z/p); H' (Spag(Z,p); Z[p)) = H' (Spag(Z[p); (shay(Z[p))*).
By Lemma (1.1.2) we have that

H' (Sp2g(Z[p); (sp2g(Z[p))*) = (H1(Sp2g(Z[p); sp20(Z[p))) "
By Theorem G in [40], for g >3 and L > 2 such that 4 4 L,
H,y (Sp2g(Z/L); spay(Z[L)) = 0.
Thus H'(Speg(Z/p); (spog(Z[p))*) =0, and as a consequence we get that
H?(Sp2y(Z); Z[p)1 = 0.

Therefore we get an injective homomorphism

res: H*(Spag(Z); Z[p) — H*(Sp2g(Z,p); Zp).

Consider the commutative diagram

1 —=Tg1 —= Mgy 1[p] —= Spay(Z,p) —1

1 —=Tg1 —= Mg1 ——= Spay(Z) —1,

where the rows are short exact sequences. By naturality of the 5-term exact sequence, we get the

commutative diagram

0 —— H'(Spy(Z); Z/p) — " H (M1 Zfp) — == H'(T51;Z/p)>r2s(®) —

0 —= H'(Spag(Z,p);: Z/p) 2 HY (My1[p): Z/p) == HY (Ty1; Z/p)S2e@r) —
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—— H2(Spsy(Z); ZJp) —2 H2(M,1; Z/p)
— H*(Spay(Z,p); Z[p) =2 H* (M1 [p); Z/p).

Next we prove that inf : HQ(Spgg(Z,p); Z[p) — HQ(./\/lg,l[p]; Z[p) is injective. By exactness of the
5-term exact sequence, it is enough to prove that the homomorphism res : H'(M,1[p],Z/p) —
HY(T,1,Z[p) is surjective.

By Universal coefficients Theorem we have isomorphisms

Hl(ngll:p],Z/p) = Hom(Hl(Mg,l[p])7Z/p)a
H'(Tg1, 2p) " *P) = Hom(Hi(Ty 1), Z/p) % *? = Hom(N\’ Hy, Z/p),
H' (Spag(Z,p); Z[p) = Hom(H1(Spag(Z,p)), Z[p) = Hom(spyy(Z/p), Z[p).

By Theorem 5.12 in [4] we have a split extension of Z/p-modules
0—= N’ Hy, — H1(Mgy1[p]) —>5ng(Z/p) —0.
Then, applying the contravariant functor Hom( ,Z/p), we get a short exact sequence of Z/p-modules
0 —= Hom(spsy(Z[p), Zp) — Hom(H1(Mg1[p]), Zp) — Hom(N® Hy, Z[p) — 0.

Therefore the homomorphism res : H' (M, 1[p], Z/p) = H'(T,1,Z/p) is surjective.
Next we show that inf : H?(Speg(Z); Z[p) » H*(My1;Z[p) is an isomorphism. By Universal

coefficients Theorem we have that
H' (Tg1,Z[p)*\®) = Hom(H1(Tg1). Z/p) "> ™ = Hom(N’ Hy, Z[p)5s™ =0,

Thus, by exactness of the 5-term exact sequence, the map inf : H*(Spey(Z); Z/p) —» H*(Mg1;Z/p)
is injective. Moreover, by the Universal coefficients Theorem, Theorem 5.1 in [40] and Theorem
5.8 in [8], we get that H?(Spay(Z);Z/p) = Z[p and H*(M,1;Z/[p) = Z/p. Hence the map inf is an
isomorphism.

As a consequence, we have the following commutative diagram:

H?(Spag(Z): Z/p) — = HX(My,1:Z{p) (6.2.1)

Tes Tes

H2(Spag(Z,p): Z/p) e HA(My 1 [p)i Z/p).
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Therefore, the homomorphism
res: H?(Mg1;Z[p) -~ H* (Mg [p); Z/p)

is also injective. O

Definition 6.2.1. Denote by S?(A? H,) the submodule of N2 H,® N2 H, generated by all elements

of the form:

i) (aAb)® (aAb), also denoted by (a A b)®?,

ii) (anb)®(crd)+(cand)® (anbd), also denoted by a Ab < cAd.
(where a,b,c,d € Hp).

Remark 6.2.1. Observe that in Definition (6.2.1), if p is an odd prime, the elements of the form
i) generate S*(A2 H,) since (a AD)®% = (p+1)(anb)® = 2 (anb <« anb)

In Theorem 3.1 in [31], S. Morita considered the 2-cocycle associated to following central exten-

sion
T1

0 —— Im(72) — p3(Ty1) N H 1 (6.2.2)

and he determined the explicit corresponding map of Hom(A?(A> H); Im(2)) as o x where y €
Hom(N(N H); S2 (N2 H)) is given by
x(éan)=—(a-d)brcsenf—-(a-e)brce fAad-(a-flbrcodne
—(b-d)cnasenf-(b-e)enae fad-(b-flerna<dne
—(c-d)anboenf-(c-e)anbe fad-(c-flanb<dne,

whith ¢ =anbac,n=dnrenfe N H (a,b,c,d,e, f e H). And 7 is the following natural projection
map of Hom(S?*(A\? H), H ® L3) given by

m(anbecnd)=a®[b[c,d]]-b®[a,[c,d]]+c®[d,[a,b]] -d®[c, [a,b]].

We will denote by x, € Hom(A2(A? Hp,); Im(75)) and 7, € Hom(S*(A* H,), H,® £LZ) the reduction
modulo p of the respective functions x and .

As a direct consequence of Section 5 in [31], we have that

Proposition 6.2.2. The kernel of 7, : S* (A2 H,) - H, ® LZ is generated by the elements of the
form

arnb<cAd—-anrcobrd+and<—bnac.
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Proposition 6.2.3. Let p be an odd prime, then Hom(S*(A2 Hy),Z[p)*Ps1 = (Z[p)? with a basis

di(anb<cnd)=w(a,b)w(c,d),
da(anb < cnd)=w(a,c)w(b,d)—w(a,d)w(b,c),
ds(anb < cnd) =w(a,c)w(b,d) - w(a,d)w(b,c),

0 Id

where w is the intersection form and w is the form associated to the matrix (Id 0 )

Proof. We first show that every element f € Hom(S?(A? H,),Z[p)"Bs1 is completely determined

by its value on the following elements:
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{bl/\b2<—>a1/\a2, bl/\CL2<—>a1/\b2, CL1/\b1<—>a2/\bQ}.

e Let i,j,k,l be pairwise distinct sub-indexes. Consider the element ¢ = (%; . c?-l) € Spag(Z)

with G = (1,7)(2,7)(3,k)(4,1) € §4. Then we have that
fleinc; o dpnd)) = f(¢-(cinc) < dpndp)) = fler Achy < dzndy).
Consider the element ¢ = (g tGO_l) € Spag(Z) with G = (1,2) € S4. Then we have that

f(61 N Co <> d3/\d£1) :f(qﬁ (01 N Co <> dg /\dil)) = f(02 NC1 <> Cl3/\d£l) =

Z—f(cl/\CQ <—>d3/\d£1).
Thus f(c1 Aca < dsnd)) =0.

Consider the element ¢ = (g tGO—l ) € Spag(Z) with G € GLy(Z), with 1’s at the diagonal and

position (2,1), and 0’s elsewhere. Then we have that

f(a1 AN bl <~ d3 A dﬁl) =f(qb (al /\b1 <~ dg /\dil)) =
=f(a1 A bl <> d3 AN dﬁl) + f(ag A b1 <~ d3 N d:l)

Thus f(CLQ A b1 > d3 A dﬁl) =0.
Consider the element ¢ = (g té]_l ) € Spag(Z) with G = (1,2) € §,. Then we get that

f(al/\bg<—>d3/\d£1)Zf((b-(al/\bg<—>d3/\dﬁl))=f(a2/\b1<—>d3/\d£1)=0.

Therefore f(c; Acj <> di Ad)) =0 with 4, j, k, [ pairwise distinct.

e Suppose that there are two sub-indexes equal and the other are different. Then we have to
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study the image of f € Hom(S*(A? H,),Z[p)*B+1 on the elements of the form:

Ci/\cg<—>dj/\d;6, Ci/\cg-<—>di/\d;€, Ci/\63<<—>dk/\dg,

/ / ’ / ’ U
Cj/\Ci<—>di/\dk, Cj/\ci<—>dk/\di, CjACkHdi/\di.

But observe that
Ci/\C7,:<—>dj/\d;€=dj/\d;€<—>Ci/\C£,
cinc: > dind,=—cinc: > d.ndi=cNeyp <> di Ndy = —c Aej > di A
7 7 1 k 1 7 k ) J (3 k 7 J ) 1 k-

Thus, it is enough to study image of f € Hom(S%(A2 H,),Z/p)"Ps1 on the elements of the
form:

Ci/\C£<—>dj/\d;€, Cz‘/\63~<—>di/\d;€.
Consider the element ¢ = (thO,l ) € Spag(Z) with G = (1i)(25)(3k) € &4. Then we get that

f(Ci /\Cz,' <~ dj /\d;c) Zf(gb (Ci /\Cé <« dj /\d;ﬁ)) = f(Cl /\C’l g d2 /\dé),
f(Ci /\09 <> dz /\d;c) :f(gb (Ci /\CS- <~ dz Ad;c)) = f(Cl /\Cé <~ d1 /\dé)

Consider the element ¢ = (% tGO,l ) € Spag(Z) with G € GLy(Z), with 1’s at the diagonal and
position (2,3), and 0’s elsewhere. Then we have that

f(61 /\C’l <~ as /\bg) =f(¢ (01 /\Cll <~ a3 /\bg)) = f(61 /\C’l <~ (GQ +a3) /\bg) =
=f(cr Ay < az Ab3) + f(ci Ac) <> ag Abs),
f(Cl N ag <> d1 /\bg) =f(¢ (01 N ag <> d1 /\bg)) = f(Cl A (ag +a3) d d1 /\bg) =

=f(c1 Aag < dy Ab3) + f(c1 Aag <> di Ab3).
Thus,
f(cinc) < aznbs) =0, f(c1Aag < diabg)=0.
Taking the element ¢ = (% tGO-1 ) € Spag(Z) with G = (23) € G, we also get that

f(cl/\c'1<—>bg/\a3):0, f(cl/\b2<—>d1/\a3):0.
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Moreover taking the same element we have that

f(Cl /\C’l > dg/\dg) Zf(d) (Cl /\Cll <~ d2 /\dg)) = f(01 /\Cll A nd d3/\d2) =

:—f(cl/\cll <—>d2/\d3).

Thus f(c1 A ¢} < da Adg) =0. Therefore f(cy Ac) < dandy)=0.
Then, it is enough to check the value of f(cy Aag <> dy Aag), and f(c1 Aby < di Ab3).

Consider the element ¢ = (G, %) € Spag(Z) with G € GLy(Z), with 1’s at the diagonal and
position (2,3), and 0’s elsewhere. Then we have that
f(ernaz < cinas)=f(¢-(c1Aag < raz)) =
=f(c1 A (ag +ag) < cj A (az +a3)) =
=f(c1 Aag < ci Aag) + f(c1 Aag < c) Aag)+

+flcrnaz < ¢y raz) + fer Aas < ) Aas).

Thus f(ci Aag < ¢ Aag) =—f(c1 Aag < ¢ Aaz) — f(e1 Aag < ¢) Aag).

Now using the element ¢ = ((o;tcf*]*l) € Spag(Z) with G = (2,3) € &, we have that f(ci1 Aaz <

¢t naz) = f(er Aag < ¢) Aaz). And as a consequence we get:
f(c1nag < cpnag) =-2f(c1 Aag < ¢ Aas).

Consider the element ¢ = (g té),l ) € Spag(Z), with G € GLy(Z), with 1’s at the diagonal and
position (2,3), and 0’s elsewhere. Then we get that

f(ciAnag < ¢ nag) = f(er Aag < ) A (az +a3)).

Thus f(c1 Aag < ¢] Aag) =0, and therefore f(c1 Aag <> ¢] Aag) = 0. Similarly switching G by
tG71 and the a’s by b’s, we also get that f(c1 A by <> ¢} Ab3) = 0.

Suppose that three indexes of i, j, k,l are equal and the other one is different. Then taking a
suitable element ¢ = (g tGo,l ) € Spag(Z) with G € G4, we get that

f(Cl' /\CE And dl /\d;) = f(Cl /\Cll > d1 /\d,2)

Consider the element ¢ = ((0; t(g{l) € Spag(Z) with G € GLy(Z) with 1’s at the diagonal and
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position (2,3), and 0’s elsewhere. Then we get that
flaandy < dindy)=flerncy < dindy)+ fler ncy < dy ndy).
Thus f(c1 Ac) < dind) =0.

Summarizing, an element f € Hom(S?(A* Hp), Z/p)“Bs1 is completely determined by the image

of f on the following elements:

’ 1 / 1 ’ 1
Ci/\Cj<—>di/\dj, Ci/\cz‘(—’dj/\dja CZ‘/\CZ-<—>di/\di.

In particular if we take the element ¢ = (g té),l) € Spag(Z) with G = (1,7)(2,7) € &4. Then we get
that an element f € Hom(S?(A? Hp),Z/p)*Ps1 is completely determined by the image of f on the

following elements:
/ ! / / / !/
Cl/\CQHdl/\dz, C]_/\cl<_>d2/\d2, C]_/\Cled]_/\dl.

e Now take the element ¢ = (g té,)_l ) € Spag(Z) with G € GLy(Z), with 1’s at the diagonal and

position (2,3), and 0’s elsewhere. Then we get that
flcanag < cinag)=f(¢-(c1 Aag < ¢ Aag)) =
=f(c1 A (ag +asz) < cj A (az +a3)) =
=f(c1 Aag < ) Anag) + f(ci Aag <> c] Aag)+
+flcrnaz <y rnaz)+ flernas < crnaz) =

=f(c1 Aag < ¢ Aag) + f(cr Aag < c) Aag),

since by above relations we know that f(c1 Aas <> ¢] Aag) = f(e1 Aag < ¢ Aag) =0. Thus we
get that

fleinas < ¢ nag) = flag ey <> agAc)) =0.

Analogously, we get that f(c1 Abg < ¢ Ab2) = f(bancy < banch)=0.

Therefore the only elements of the form ¢; A ch <> dy Ad) with f(c1 Ach, < dy Adh) #0 are

bl/\b2<—>a1/\a2, bl/\a2<—>a1/\b2.
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e Now observe that the elements of the form ¢; A ¢] < da A d), are:

al/\b1<—>a2/\bg, bl/\a1<—>a2/\bg,

al/\bl <—>bQ/\a2, b1/\a1 <—>b2/\a2.
Moreover we have that

f(al/\bl <—>CL2/\b2) =—f(b1/\a1 <—>CL2/\bQ) =

= —f(a1 /\b1 <> bg /\CLQ) = f(bl Nayp < b2 /\ag).

e Now observe that the elements of the form ¢; A ¢} < dy Ad] are:
al/\b1<—>a1/\bl, al/\b1<—>b1/\a1.

Moreover we have that f(a1 Aby < a1 Aby) =—=f(a1 Aby < by Aaq).
Consider the element ¢ = ((Cj tc?-l ) € Spag(Z) with G € GL,(Z), with 1’s at the diagonal and
position (1,2), and 0’s elsewhere. By the previous relations, we have that
0=f(arAnby < a; Aby) =f(¢p- (a1 Aby < a3 Ab2)) =
=f((a1 +az) A (=b1 +b2) < (a1 +az) A (b1 +b2)) =
=f(a1 Aby <> a1 Ab) = f(ag Aby < ag Aby)+
—flag Aby <> agAby) — flag Aby < a; Aba)+
—flagAby <> a3 Aby) + flag Aby < az Abg) =
=f(a1 Aby < a1 Aby) + f(ag Abg <> ag Abg)+

- 2f(a1 A b1 > ag N bg) — 2f(a1 A bg <> ag N bl).
Thus, by the previous relations and the fact that 2 is invertible in Z/p, we get that

f(al/\bl <—>a1/\b1) =f(a1/\bl <—>a2/\b2)+f(a1 /\b2<—>a2/\bl).

Therefore every element f € Hom(S?(A? Hp),Z/p)ABQvl is completely determined by its image on
the following elements:

bl/\b2<—>a1/\a2, bl/\(12<—>al/\bQ7

CL1/\b1<—>a2/\b2.
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Next consider the following maps:

di(anb<cnd)=w(a,b)w(c,d),
da(anb < cnd)=w(a,c)w(b,d)—w(a,d)w(b,c),
ds(anb < cnd)=w(a,c)w(b,d) —w(a,d)w(b,c),

where w is the intersection form and w is the form associated to the matrix ( Iod Iod). Notice that

these maps are AB, 1-invariant homomorphisms. Moreover, observe that

dl(bl A bz <~ ai N ag) =w(bl,bg)w(a1,a2) = 0,
dl(bl Nag <> a1 N bg) =w(b1,a2)w(a1,b2) = 0,

dl(al A b1 > a2 N bg) =w(a1,b1)w(a2,b2) =1.

da(by ANba < a1 Aag) =w(bi,ar)w(by,az) —w(br,a2)w(be,ar) =1,
dg(bl ANag <> a1 N bg) :w(bl,al)w(ag,bg) - w(bl,bg)w(ag,al) = —1,

dg(al AN b1 <~ ag N bg) =w(a1,a2)w(bl,bg) - w(al,bg)w(bl,ag) =0.

dg(bl A b2 > a1 N CLQ) :w(bl,al)w(bg,ag) - w(bl,ag)w(bz,al)

)

1
L,
0

dd(bl ANag <> a1 N b2) :w(bl,al)w(ag,bg) - w(bl,bg)w(ag,al)

d3(a1 A bl <> a9 N bz) =w(a1,a2)w(b1,b2) - w(al,bg)w(bl,ag)

Therefore di, ds, d3 are linearly independent AB, j-invariant homomorphisms. Hence,
Hom(S* (N’ Hy), Z[p) P+t = (Z/p)?,

and {di,d>,ds} is a basis of this F,-vector space. O

Proposition 6.2.4. The homomorphisms ds and 2dy + d2 of Proposition (6.2.3) factor through the

homomorphism .

Proof. We show that d3 is zero on Ker(m,), and so it factors through ). By Proposition (6.2.2), it

is enough to check that d3 is zero on the elements of the form

anb—ocrnd-ancbard+and<bnc.
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Notice that, since w is symmetric,

ds(anbcnd—ancbArd+and<—bac)=
=ds(anbecnd)—ds(ancbad)+ds(and<—bac) =
=w(a,c)w(b,d) —w(a,d)w(b,c) - w(a,b)w(c,d)+
+w(a,d)w(c,b) + w(a,b)w(d,c) - w(a,c)w(d,b) = 0.

In addition we have that, since w is skew-symmetric,

(2d1 +dg)(anbecnd—arcobard+and<bac) =
=(2dy+da)(anb<cnd)—(2d1 +d2)(anc—obad)+(2d1 +de)(and = bnac) =
=2w(a,b)w(c,d) +w(a,c)w(b,d) —w(a,d)w(b,c)+

—2w(a,c)w(b,d) —w(a,b)w(c,d) +w(a,d)w(c,b)+

+2w(a,d)w(b,c) +w(a,b)w(d,c) —w(a,c)w(d,b) = 0.

Therefore d3 and 2dy + do factor through 7.

Proposition 6.2.5. The homomorphisms di, da do not factor through mp.

Proof. Consider the element of Ker(m,),
CL1/\b1 <—>a2/\b2—a1/\a2<—>b1/\bg+a1/\b2<—>b1 N as.
Observe that

dl(al/\bl<—>a2/\b2—a1/\a2<—>b1/\b2+a1/\b2<—>bl/\ag)=1¢0,

dg(al/\bl<—>a2/\bg—a1/\a2<—>b1/\b2+a1/\b2<—>b1/\a2):—2;t0.

Proposition 6.2.6. For any odd prime p and g > 3, there is an isomorphism
Hom(N\'(N' H,), 2/p)*®) = (Z/p)*,
and every element is uniquely determined by its values on
(ay Aag Aag) A(by AbyAbs), (a1 Aag Abg) A (by Aag Abs),

(a1 D) /\bQ) N (bl N as /\bg).
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Moreover it has a basis formed by bilinear maps: Qg, O, (J;]f - Jy), where ©4, Q4 are defined on
the basis of A H), as

Oglcincinep®cine; Aey) = Z@ (-1 (w(es, Co(i)w(Chs oy )w(Chs )
0€O3

Qglcincinep@cincincy)=w(C(einei neg),C(c;AcyAet)),

where T(o) denotes the sign of the permutation o.

Proof. Suppose that By is an element of Hom (/\3 Hy A NS HP;Z/p)GLg(Z)

following equalities:

. Then B, satisfies the
o Let i, j,k,l,m,ne{l,...qg} with i #j # k. Consider the element ¢ = (%; té),l) € Spag(Z) with
G=(1,1)(2,7)(3,k) € 64. Then we get that

B((cincjneg) A(egnen, nen)) =B(¢-(cinciAcg) Nd-(cpAen, Acy)) =

:B((Cl N Co N C3) A (C,G(l) A C,G(m) A C,G(n))’

B((cinaj nbj) A (cgne, ne)) =B(é- (¢ NajANbj) NG (cgnen, Aey)) =

:B((C]_ A a2 AN b2) A (C,G(l) A C’G(m) AN C,G(n)))

e Suppose that [ #1,2,3, and [ #+ n # m. Now take the element ¢ = (g *c?-l) € Spag(Z), with
G € GLy(Z) the matrix with a -1 at position (I,!) and 1’s at positions (i,7) for i # [, and 0’s

elsewhere. Then we get that

B((exneaneg) n(egnct, neh))=B(g-(circancs)ng-(cpnch, Ach)) =
=B((c1 Acaneg) A(=¢nch, ne)) =

=-B((ciAcancs)A(cne, Ach))
Observe that this argument also works for m, n instead of I. So we get that
B((c1 Acanes) n(cpnc, Ach)) =0

for all [,m,n e {1,...g}, such that [ # n # m, with [ or n or m different of 1,2, 3.
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Now suppose that [ # n # m. With out lose of generality we can suppose that [ # 1, then

B((c1 nag nbo) A(epncl, neh))=B(¢-(cthag Abs) Ad-(c)nch, Ach)) =
=B((c1 Aag Ab) A (=ciACh, A ch)) =

Z—B((Cl N a9 /\bg) N (Cg/\C;n /\C:l))

Thus B((c1 Aaa Ab) A(cjncy, Acy)) =0 for any I,m,ne{l,...g} such that [ #n # m.

Now suppose that [ # 1, then

B((c1 Aag Ab) A(e]Aam Abp)) =B(¢- (c1 Aag Aba) Ad- (] Aam Abp)) =
=B((c1 Aag Ab2) A (= A am Aby)) =
== B((c1 Aag Aba) A(C] A Abp))
Thus B((c1 Aaz Abz) A(¢]Aam Aby,)) =0 for any I,m e {1,...g} such that 1#1, I # m.

e Suppose that | # m, and with out lose of generality we can assume that 1 # [, m. Now take the
element ¢ = (g ,,Go_l ) € Spag(Z), with G € May(Z) the matrix with a —1 at position (1,1) and
1’s at positions (i,7) for i € {2,... g}, and 0’s elsewhere. Then we get that

B((c1 Acaneg) A Aam Aby))=B(¢-(c1 Acanes) Ad- (] Aam Aby)) =
=B((-c1 Aca Acs) A(C) A am Abp)) =

=-B((c1 Acanc3) A Aam Abp))

Thus B((c1 AcaAcg) A(C]Aam Aby)) =0forall [,m,ne{l,...qg}.

o Let ke {1,...,g9} such that k # 2. Consider the element ¢ = (g tC?_l) € Spag(Z) with G =
(3,k) € 4. Then we get that

B((c1 nag Abg) A(c) Anagpaby)) =B(¢-(ciAagnbe) Ad-(c) Aap Aby)) =

ZB((Cl AN ag N b2) A (C’l ANaz N bg))

Summarizing, every element B € Hom(AN*(A\* H,),Z/ p)GLg(Z) is completely determined by its image

on the following elements:
(ciAcancs)A(ciAchAch), (c1AagAby)A(c) AagAby),

(61 AN ag N bg) N (C’l ANag N bg).
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Observe that B((c1 Aaz Ab2) A(c] Aag Abg)) =—=B((c] Aag Ab2) A(e1 Aag Abz)). Thus

B((c1 Aag Aby) A(ey Aas Abg)) =0 for ¢ =aq or by,

B((a1 N a2 /\bg) A (bl N a9 /\bg)) = —B((bl N a9 /\b2) A (a1 N a9 /\bg)).

Consider the element ¢ = (g t(?_1 ) € Spag(Z) with G = (2,3) € §,. Then we get that

B((61 N a9 /\bg) AN (C’l N as /\b3)) =B((;5 (Cl N a9 /\bg) /\¢- (C’l N as /\bg)) =
B((ci1 AagAb3) A(cyAasAbe)) =—B((c] Aaz Abs) A(c1 Aag Abs))

Thus

B((Cl A ag /\bQ) A (61 Aag/\bg)) =0 for C1 =ap or bl,

B((al A a9 /\bg) A (bl N as /\bg)) = —B((bl N a9 /\bg) A (al N as /\bg)).

Observe that B((ci Acanez) A(crAcances))=—B((c1 Acanes)A(ecr Acanes)). Thus

B((ciAcanez) A(erAcances)) =0 for ¢; =a; or by,
B((a1 N a2 /\a3) N (b1 /\bQ /\bg)) = —B((bl /\b2 /\bg) N (a1 D) /\ag)),
B((a1 /\bg /\a3) N (bl N a9 /\bg)) = —B((b1 N a9 /\bg) A (a1 /\bg /\ag)),

Now suppose that there exist elements ¢ # j € {1,2,3} such that ¢; = ¢, and ¢; # c}. Taking

the element ¢ = (g tGO,l) € Spog(Z) with G = (1,4)(2,7) Then without lose of generality we

can suppose ¢; = ¢; and ¢y # . Consider the element ¢ = (%; té)_l ) € Spag(Z) with G € &, the
matrix with a —1 at position (2,1), 1’s at the diagonal and 0’s elsewhere. Then we get that
B((a1 Aa2A03) A (al /\bg /\Cé)) = B(gf) (CLl /\CLQ/\Cg) /\gf)‘ (a1 /\b2 /\Cé)) =
B((a1 AN ag N Cg) A ((a1 - CLQ) A (b2 + bl) A Cé))
Therefore we get that
B((a1 N ag N 63) A ((11 A b1 A Cg)) =B((a1 AN ag N 63) A ((ZQ A b2 A Cé))
+ B((a1 N ag N 03) A (CLQ N b1 A Cé))
But the above relations we get that B((a1 Aag Acg) A(ag Abi Acy)) =0

Now taking the element ¢ = (g tcg—l) € Spag(Z), with G € GL,(Z) the matrix with 1’s at the
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diagonal and position (3,2), and 0’s elsewhere. Then we get that

0=B((a1 Aag Aba) A (b Aaz Ab3)) =
=B((a1 A (a2 +a3) Aba) A(by A (a2 +a3) A(bs—b2))) =
=B((a1 Aas Ab2) A (by Aag Abs)) — B((a1 Aag Aba) A (by Aaz Aby))+
+B((a1 Aag Aby) A(byAagAbs)) — B((a1 Aaz Abg) A(by Aag Ab))+
+B((ag AazAby) A(byAas Ab3)) — B((a1 Aasz Aba) A(by Aag Ab))+

)

)

+B((ag AazAby) A(byAagAbs)) — B((ar Aaz Ab) A (b Aag Abg)) =

=—B((a1 hnaz Aba) A(by Aag Ab2)) + B((ag Aag Abg) A (by Aas Abs))+
)

+B(((I1 N as /\bQ) A (b1 N a2 /\b3 )
Thus

B((al A b2 A a3) A (b1 N ag N bg)) =
=-B((a1 Aag Aby) A (b1 Aag Ab2)) + B((a1 Aag Aba) A (by Aas Abs)).

Summarizing we have that, every element B € Hom(N2(N° Hy,), Z/p)%*s(?) is completely determined

by its image on the following elements:
(a1 N ag N ag) A (bl AN bQ N bg), (a1 ANag N bg) N (bl N ag N bg),

(a1 D) /\bg) A (b1 N as /\bg).

Observe that Qg, O, (J; - J,) are elements of Hom (N (N Hp), Z/p)*s(Z) and in addition these

elements are linearly independent because

(J; - Jg)((a1 N ag N CL3) AN (bl A b2 A bg)) = —1,
(J; - Jg)((a1 AN ag N b2) A (bl N ag A bg)) = O,
(J;; - Jg)((a1 N ag N b2) A (bl ANag N bg)) =0.

Qg((al N ag N a3) N (bl A b2 N bg)) = O,
Qg((a1 N ag N bQ) A (b1 AN ag N bg)) = —4,
Qg((a1 N aa N\ bg) A (b1 Nag N bg)) =4,
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Og((a1 Aag Aag) A (by Aby Ab3)) = -1,
9!]((&1 A a A b2) A (bl /\CLQ A b2)) = —17
O4((ar Aaz Aby) A (b AagAb3)) = 0.

Corollary 6.2.1. For any odd prime p and g > 4, there is an isomorphism

)szg(Z/p)

Hom (/\2(/\3Hp);Z/p ~ (Z/p)>.

Moreover it has a basis formed by the bilinear maps ©4, Q.

)GLg

Proof. By Proposition (6.2.6) we know that Hom (A*(A* Hp); Z[p @) 1as a basis given by (J} -

Jg); Og, Qy-

By definition, it is clear that ©4, Qg are Spay(Z)-invariant. Next we show that (J§ - J,) is not
Spag(Z)-invariant.

Suppose that (J} - Jy) was Spag(Z)-invariant and consider the element ¢ € Spag(Z) the matrix
with 1’s at the diagonal and position (1,¢+ 1), and 0’s elsewhere. Then we would have that

0 =(J} = Jg)((by Aag Aas) A (by Aby Abs)) =
=(Jg = Jg) (¢ (bi naz Aag) A~ (by Aba Ab3))
=(J: = Jg)(((a1 +b1) Aag Aag) A ((ar +b1) Aby Abg)) =
:(J; - Jg)((a1 Aag Aag) A (b Aba AD3)) = -1,

which is a contradiction. Therefore, Hom (/\2(/\3 Hp);Z/p)Sp29 (Z/p) Z/p* with a basis given by
the elements ©,4, @y, as desired. O

Corollary 6.2.2. For any odd prime p and g >4, there are isomorphisms
HA (N Hys 2fp) P = (2p)?, - HA(N Hyi 2p) 10 = (2p)?.
Proof. Since A} H),, is abelian, the Universal Coefficients Theorem gives us a short exact sequence
0 — Eaty(Hi(N Hy); Z[p) —= H*(N’ Hy; Z[p) —= Hom(N (N Hy); Z[p) — 1.

A direct computation shows that Extl(Hy(A* Hp); Z[p) = Hom (A Hp, Z/p). Then the above short
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exact sequence becomes
0 —= Hom(A> Hp, Zp) —= H?*(N} Hp; Z|p) —= Hom(N (N> Hp); Z[p) —= 1.

Taking GL4(Z/p)-invariants and Spag(Z)-invariants in the above short exact sequence, we get exact

sequences

0 —>Hom(/\3 Hpjz/p)GLg(Z/p) - H2(/\3 HP;Z/p)GLg(Z/P) N
~Hom(N (NN’ Hy); Z[p) P HY(GLy(Z/p): (N Hp)*),

0 »Hom(N’ Hy,Z[p)°P2sZIP) » H2(N® H,; Z.[p)SP2a ZIP)
~Hom(N (N’ Hp); Z[p) P2 “IP)  HY(Spay(Z[p); (N Hyp)*).

Observe that taking the action of —Id, we get that
HOm(/\3 Hp7 Z/p)GLg(Z/P) - Hom(/\3 Hp, Z/p)SPQQ(Z/p) _0.

In addition, by the Center kills Lemma, since —Id acts on (A? H,)* by the multiplication by -1, we
get that

HY(GLy(Z/p); (N Hp)*) = H (Spag(Z/p); (N> Hy)*) = 0.

Therefore we obtain isomorphisms

H2(N Hy; 2/p)FLa®I0) = Hom(NX (N Hy); 2/p) s 1P,
HQ(/\3 Hy; Z/p)szg(Z/p) = Hom(/\Q(/\?’ Hp); Z/p)sng(Z/p).

Finally, by Proposition (6.2.6) and Corollary (6.2.1), we get the desired result. O

6.3 The obstruction to Perron’s conjecture

Now we are ready to give an obstruction to Perron’s conjecture. We split the argument in the

following two parts:

1. First of all we show that the triviality of the 2-cocycle (77 )*(=2J%) is a necessary condition
for Conjecture (6.1.2) to be true.

2. Secondly, we show that, up to a non zero multiplicative constant modulo p, the cohomology
class of (¢ ) (Jy) in H 2(Mg1[p];Z/p) is equal to the restriction of the first characteristic
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class of surface bundles e; € H?(M,1;Z), defined in [29], to M, 1[p] reduced modulo p.

As a consequence, we will get that the 2-cocycle (17 )*(—2J;) on Mg 1[p] is not trivial. Therefore
we will get an obstruction to the Perron’s conjecture.
1) We show that the triviality of (7'1Z )* (—2J§) is a necessary condition for the Perron’s conjecture

to be true.

Proposition 6.3.1. If the Conjecture (6.1.2) is true, i.e. -y, is an invariant of S3[p], then

(r¢ )*(=2J%) must be trivial with trivialization ~y,.

Proof. We show that given o1, 2 € My 1[p] such that @1 = fi omy, and @2 = fo 0o mo with f; € Ty
and m; € Dy 1[p] for ¢ = 1,2, then the following equality holds

(D) (=272) (01, 92) = 1 (1) + p(02) = Wp(01902)

Observe that

(le)*(_QJ;)(<P17802) =(le)*(—2,];)(f1m1,f2m2) = —QJ;(le(flml)’ﬁZ(me2)) -
=27l (f1), 77 (f2)) = 2T (11 (1), 71(f2)) (mod p),

(1) + Wp(p2) = W (w102) = (fima) +p(fama) =y (fima fama) =
=Y (f1) + 9 (f2) = Ve (frfo(f3 ' maf2)ma) =
=Yp(f1) + W (f2) =W (f1f2).

On the other hand, in [38], W. Pitsch proved that 77 (-2J}) is a trivial 2-cocycle with trivialization
the Casson invariant. In other words, he proved that for every fi, fa € 74,1 the following equality
holds

=275 (11(f1), 71(f2)) = A(f1) + A(f2) = A(f1f2).-

Therefore

=275 (11(f1), 11 (f2)) = A(f1) + A(f2) = A(f1f2) (mod p),

and as a consequence,

(T7)* (=272) (01, 92) = (1) + 1 (02) — Wp(01002).-
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2) We show that the 2-cocycle (TIZ)*(J;) is not trivial in H%(Mg1[p];Z/p). First of all we

rewrite the 2-cocycle (1{)* (J5) as

Y = G (T Q) - () (@)

We will see the following two facts:
i) The cohomology class of (TIZ)*(J; +15@g) is zero in H*(Mgy1[pl; Z/p).

ii) The cohomology class of (7¥)*(Q,) is the restriction of the first characteristic class of surface
bundles ey € H*(My1;Z) to My 1[p] reduced modulo p. Therefore, the cohomology class of
(t7)*(Qy) is not zero in H2(My1[p]; Z/p).

i) Consider the short exact sequence

,7_Z
0—=TI7,(2) — Mga[p] — N H, —0.

Recall that Izl(k) Ker(p?) and pf,, restricted to gl(kz) is 7.

Z
Since IZ1(3) c 251(2) c My 1[p], then Im(rf) = Izzigz and pZ (M, 1[p]) = AI/lZ“’ 1(%)] Therefore

taking the quotient by Zg% 1(3) in the above short exact sequence, we get another short exact sequence

A
Y A3 H, 0, (6.3.1)

0—= Im(75") — p§ (Mg[p])

which is central by Corollary (4.4.4). By Section V.3 in [3], we know that there is an associated
2-cocycle ¢ € HX(A} Hp; Im(7£)) for the central extension (6.3.1) which is defined by c(w,y) =
s(z)s(y)s(xy)~! where s: N> H, — p§ (Mgy1[p]) is a set theoretic section. Let f = —6d3 — 2dy — 4dy,
by Proposition (6.2.4) we know that f factors through m,. Denote by f the homomorphism satisfying
that f =m0 f.

Consider the short exact sequence obtained in the proof of Corollary (6.2.2):

0 —= Hom(A? Hy, Z,/p) ——= H2(N Hy; Z,/p) —> Hom(N2(N® H,); Z,/p) — 1.

Next we show that [.J} 48Q9] [f.(0)].
Proposition 6.3.2. The following equality holds H(J; Qg) 9(i4 L(€)).

Proof. Observe that § and f, commutes so we have that 6(f,(c)) = f.(0(c)). Now we show that
6(c) = 7 o Xp- Recall that by definition of ¢ we know that c(x,y) = s(z)s(y)s(zy)" where s is a
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6.3. The obstruction to Perron’s conjecture

theoretic section of the central extension (6.3.1). So we have that

0(c)(z Ay) = c(lzly]) - c([ylx]) = [s(x), s(y)].

Since s(z), s(y) € pZ(My1[p]), we know that there exist elements &,7 € M, 1[p] such that p% (&) =
z,p4(n) = y, in particular, since My 1[p] = T;1D,1[p], by Proposition (5.1.2) without lose of
generality we can suppose that &7 € Ty1. So 0(c)(zAy) = pF ([€,1]). But we know that [T,1,75.1] <
Kg1, then pZ([&,n]) = 72 ([€,n]) = 72([€,1]) ( mod p). By Theorem 3.1 in [31], we know that
7o ([€,n]) = 7(x(T1(&) AT1(n))) = 7(x(xz Ay)), and by definition we have that 7(x(x Ay)) mod p is
equal to m,(xp(z Ay)). Thus G(ﬁ?*(c)) = if* (Tp o Xp)-

Moreover we have that f, m, and x, are AB, i-equivariant, so in particular f,(m, o xp) is an
element of Hom(A2(A® Hp),Z/p)*P+*. On the other hand we have that 0(Ji+£Qg) = Ji—Jy+ £ Q,
and this is also an element of Hom(A2(A® Hy),Z[p)*P+1. So applying Proposition (6.2.6) we get

that it is enough to check that these two elements take the same values on the following elements
(a1 AN ag N ag) A (bl A bQ A b3), (a1 AN ag N bQ) A (bl AN as N bg),

(a1 A ag N bg) A (b1 N as /\bg).
One can check that:
1—
ﬁf((ﬂp oxp)((a1 Aaz Aag) A (br AbaAD3))) =
1—

= 24f((7rp(a2/\a3<—>b2Ab3+a3/\a1<—>b3/\b1+a1/\a2<—>b1/\bg):

1 1
:gf(a/l/\G/QHbl/\bQ):g(_6_2+0):_1’

1=
51/ ((mpoxp)((ar Aaz Abz) A (b naz A b)) =
1=
:ﬁf((ﬁp(cm/\bgeag/\[nﬁ-bg/\al b Aag—ay /\a2<—>b2/\b1):
= ﬁ[f(ag/\bQ <—>a2/\b2)+f(b2/\a1 <—>b1 /\CLQ)—f((Ll/\aQ <—>bg/\b1)] =

:2_14[(6—2—4)+(6—2+0)—(6+2+0)]=—é,
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i}((% o Xp)((a1 Aaz Aby) A (b Aaz Ab3))) =

1 1
:ﬂf(a2/\b2<—>a2/\b3)=—6,

1
(Jg =g+ 57Q9) (a1 Aaz naz) A (b A by ABg)) = -1,

1 1
(Jo—Jg+ ﬁQg)((al Aag Aby) A (by Aag Abg)) = 5

1 1
(J; - Jg + ﬁQQ)((al N ag N bg) N (bl ANag N b3)) = —6.
O

By Proposition (6.3.2), the cohomology class of the 2-cocycle Jg + 4—18Qg — f.(¢) corresponds to
the image of an element h € Hom(A> Hp, Z/p) under i. In [26], S. MacLane described how to get

this element h. In particular he established the following natural isomorphism:
v:Ext(T;G) =~ Hom(T; G[pG) (pT =0);

In his result, the isomorphism v may be described as follows. Write each element E of Ext(T,G) as
a short exact sequence
0 G B—t->T 0.

The corresponding homomorphism vE : T — G/pG is then given as follows: to each ¢ € T choose a
representative b(t) € B with pb(t) =0 and then set (vE)(t) = pb(t) + pG. Now we apply this in our

case. Let Gy = Jg + ﬁQQ — f..(¢) we take the central abelian extension associated to Gg:

0 Z/p—1—=Zpxg, N H,—"—~ N> H, 0.

Then the corresponding homomorphism h : A> H, — Z/p is given by h(z) = j71((0,z)P).

Proposition 6.3.3. The homomorphism h € Hom(A> Hy, Zp) described above is zero.
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6.3. The obstruction to Perron’s conjecture

Proof. If we expand the expression (0, z)P, since Jt e Qg is a bilinear map, we get that
G0, 2)P) =7 (G (2, 2) + Gy (22, 2) + -+ Gy((p - 1), x),0))

2? (¢)(iz,x) z_: Qg (iz, )

i=1
p-1 p-1
= ;f*(c)(ix,x) + 2, i(( Qg)(ﬂf z))
-y ’*
= 2 f.(0) iz, x) f(z c(iz,x)).

Thus, it is enough to prove that Zp c(iz,x) is zero. Recall that ¢ is the 2-cocycle associated to

the central extension

v
0 ——Im(7) —— p§ (Mga[p]) —— N H, —1.

Observe that if we take (0,z) € Im(7f) x. A> H, and we expand the p'"-power of (0,z) we get that

p-1
(0,2)? = (Z; c(iz,x),0).

Hence, it is enough to show that (0,2)P € Im(7¢) x. A> H, is zero. Since [c] is the cohomology
class associated to the central extension (6.3.1), there is an isomorphism ¢ : Im(75) x. /\3H
p% (Mgya[p]), so there is an element & € pZ (M, 1[p]) such that (0,2)P = ZP. As a consequence,
there is an element & € M, 1[p] such that p(p% (7)) = (0,2)P. Moreover, by Proposition (5.1.2), we
know that pZ (Dy1[p]) = 77 (Dg1[p]) = 0. Therefore, without lose of generality, we can assume that
e

Now we show that p3 Z(&P) = 0. Since £ € T, 4,1, we can express P as a product of BP-maps, i.e.
&= ((TﬁlTﬁ?)(TﬁzTéél)"'(TﬁzTégl))p-

To prove that p3 Z(&P) = 0 we proceed by induction on the number I of BP-maps.
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First of all, observe that given f, g€ 7,1 we have that

(o) =(f)*  aflfF g =) 2 g fIf g7 =
=(fo)" 2L g 21 g ) =

= fLF g P L gL g

p-3 (6.3.2)
=g" (]Bl f[f’l,gk‘p‘l]) bl e el Rl |

=" 17 f ﬁ 0 i I i i |
Now take [ = 1. In this case, since 74 (Dgy1[p]) = 0, we have that

0.

Z -1 Z - Z -
o5 (T T3y ) = o8 (T4, T,0) = 75/ (T3, T,1)
Suppose that the assertion is true for [ — 1 and we will prove it for [. So assume that
-1 -1 -1
§= (T, T ) (T, Ty ) (T 1) = f9,

with f = TBlTﬁ_il and ¢ = (TgQTﬁ‘;)---(Tngﬂ‘}). Now using the formula (6.3.2) and the induction’s
l
hypothesis we have that

p3 ((f9)") =p% (U )Hp3<[ VA I i VA (Vi )
AU D+ U ) )
But, by construction, we know that 72 ([€,7]) = (mp 0 xp) (72 (€) A 77 (1))). Then,
AU = X0+ 1= K)o ) () 17 ) =
(5] e E @) -0 (o)

Thus p% (£€P) = 0, and therefore the homomorphism h is zero.
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Therefore we get that [J, + 4—18Qg] = [f.(c)] and as a consequence [(le)*(J; + 4—18Qg)] =

[(r{7)*(f.(e))].

Thus it is enough to prove the following proposition
Proposition 6.3.4. The cohomology class of the 2-cocycle (t2)*(f.(c)) is zero.

Proof. Recall that we have the following central extension

wZ
0 —— Im(75) —— p§ (Mga[p]) —— N Hy —— 1. (6.3.3)

Notice that (Z)* commutes with f, Moreover, on M 1[p], ¥& o p§ = 7. Then we have a commu-

tative diagram

HA(N Hy; (1)) 2 2 (0 (Mo [p]); Im(72)) (6.3.4)
fx I+
H*(N° Hp; Z[p) H=(p5 (Mgalp]); Z[p)
() (pF)*
H?*(Mg1[p); Z]p) ———= H*(My[p]; Z/p)

As a consequence, we have that [(77)*(f.(c))] = [(pF)*f.(¥Z)*(c)]. On the other hand, ap-
plying Lemma (1.1.4) to the central extension (6.3.3) we get that [(vZ)*(c)] is zero. Therefore

[({)*(f.(c))] is zero. O

ii) We show that the cohomology class of the 2-cocycle (77)*(Q,) is not zero.
In [32], S. Morita gave a crossed homomorphism k : Mg — 5 A* H (denoted by k in [32]) that
extends the first Johnson homomorphism 7y : 741 — A} H. Moreover, in [30], he defined a 2-cocycle

gg on Mg 1 (denoted by c in [30]) given by

s9(6,9) = w((ko O)(9), (ko O)(W™)),

where w is the intersection form and C' is the contraction map.

Now, if we restrict the 2-cocycle ¢; on M, 1[p] and take values in Z/p we have the 2-cocycle

w((r 0 0)(9), (17 0 CY (™)) = w(({ 0 C) (@), ~(7{ 0 O)(¥)) =
= ~w((1{ 2 C)(9), (7 0 O)(¥)) = ~(1)*(Q) (4, ¥).
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Chapter 6. Obstruction to Perron’s conjecture

Because k restricted to M 1[p] with values in Z/p is also an extension of the first Johnson homo-
morphism modulo p and by Section (5.4.1) we know that this coincide with le .

In [14] J. Harer proved that the second cohomology group H?(M,1;7Z) of M, is an infinite
cyclic group (for g > 3) generated by the first Chern class

c] € H2(./\/lg,1;Z).

Now let e1 € H*(My1;7Z) the first characteristic class of surface bundles defined in [29]. S. Morita
proved that

€1 = 1201,

and that ¢, is a 2-cocycle which represents e;. Therefore, the image of ¢, is 12Z and so, for p > 3,
the cohomology class of ¢, reduced modulo p is not zero. As a consequence, since the restriction
map res : H*(Mgy1;Z/p) — H?*(M,1[pl;Z/p) is injective, we have that the cohomology class of
(t£)*(Qy) is not zero.
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