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d’etapa. Durant aquests anys hem compartit des de discussions sobre f́ısica a dubtes
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i a la Irene, l’Albert i el Haolin els moments compartits, sobretot amb les activitat de
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àpats i viatges. Tota aquesta activitat social ha estat complementària i necessària per
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5. A. Gallemı́, G. Queraltó, M. Guilleumas, R. Mayol, and A. Sanpera, Quantum

spin models with mesoscopic Bose-Einstein condensates, Physical Review A 94, 063626

(2016).

viii

https://doi.org/10.1103/PhysRevA.94.063626


Contents

1 Introduction 1

2 Physical platform: optical waveguides 7

2.1 Optical waveguides . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2 Electromagnetic theory of light . . . . . . . . . . . . . . . . . . . . . . . 9

2.2.1 Light propagation in homogeneous media . . . . . . . . . . . . . . 9

2.2.2 Light propagation in optical waveguides . . . . . . . . . . . . . . 10

2.3 Coupled-mode theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3.1 Directional coupler . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3.2 Arrays of waveguides . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4 Quantum-optical analogies . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4.1 Mathematical analogies . . . . . . . . . . . . . . . . . . . . . . . . 20

2.4.2 Applications in this thesis . . . . . . . . . . . . . . . . . . . . . . 23

3 Supersymmetry in optics 25

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

3.2 Supersymmetric quantum mechanics . . . . . . . . . . . . . . . . . . . . 27

3.3 Supersymmetry in optics . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.3.1 Single waveguide . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

3.3.2 Array of waveguides . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.4 Discrete supersymmetry . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.4.1 Cholesky factorization . . . . . . . . . . . . . . . . . . . . . . . . 35

3.4.2 QR factorization . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.5 Two-dimensional supersymmetry . . . . . . . . . . . . . . . . . . . . . . 37

3.6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

ix



4 Mode-division (de)multiplexing using adiabatic passage and supersym-

metric waveguides 41

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.2 Physical system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.3 Theoretical background . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.3.1 Spatial adiabatic passage technique . . . . . . . . . . . . . . . . . 46

4.3.2 Supersymmetric waveguides . . . . . . . . . . . . . . . . . . . . . 47

4.4 Results and discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5 Integrated photonic devices based on adiabatic transitions between

supersymmetric structures 59

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.2 Theoretical model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

5.3 Physical system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

5.3.1 Single-waveguide structure . . . . . . . . . . . . . . . . . . . . . . 64

5.3.2 Two-waveguide structure . . . . . . . . . . . . . . . . . . . . . . . 66

5.4 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.4.1 Tapered waveguide . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.4.2 Single-waveguide mode filter . . . . . . . . . . . . . . . . . . . . . 71

5.4.3 Beam splitter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

5.4.4 Mach-Zehnder interferometer . . . . . . . . . . . . . . . . . . . . 74

5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

6 Topological state engineering via supersymmetric transformations 77

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

6.2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

6.2.1 The Su-Schrieffer-Heeger (SSH) model . . . . . . . . . . . . . . . 79

6.2.2 Discrete SUSY transformations . . . . . . . . . . . . . . . . . . . 84

6.3 Supersymmetric topological photonic structures . . . . . . . . . . . . . . 86

6.3.1 Experimental set-up . . . . . . . . . . . . . . . . . . . . . . . . . 90

6.3.2 Design of the superpartner structures . . . . . . . . . . . . . . . . 93

6.3.3 Robustness of the topological states . . . . . . . . . . . . . . . . . 96

6.4 Experimental verification . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

6.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

7 Artificial gauge field switching using orbital angular momentum modes

in optical waveguides 107

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

7.2 Physical system . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

x



7.2.1 Unit cell structure and coupling amplitudes . . . . . . . . . . . . 110

7.2.2 Band-structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

7.2.3 Light dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

7.2.4 Robustness of the Aharonov-Bohm caging effect . . . . . . . . . . 122

7.3 Experimental verification . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

7.3.1 Sample fabrication . . . . . . . . . . . . . . . . . . . . . . . . . . 124

7.3.2 Experimental observation of Aharonov-Bohm caging . . . . . . . . 126

7.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

8 Conclusions and outlook 133

xi





1
Introduction

The notion of light dates back to the ancient Egypt and Mesopotamia, where mirrors

and lenses were used, for instance, to illuminate the inside of pyramids [1]. Nevertheless,

the systematic study of light generation, propagation and interaction with objects i.e.,

optics, remained elusive until ancient Greek philosophers investigated them in order to

understand vision. Specifically, around 300 B.C., Euclid explained in Optics that light

propagates following straight lines and enunciated the reflection law [2]. Four centuries

latter, Hero of Alexandria discovered that light propagates following the shortest path

possible and Ptolemy investigated light refraction from air to water [3]. Their postulates

would last until the 11th century, when the Arabic polymath al-Haytham compiled a

rigorous research in Book of Optics [4]. His methodology arrived in western countries two

centuries later by the hand of Grosseteste, who contributed to introduce a mathematical

description of light, and Witello, who wrote the standard book in optics of the epoch [5].

The scientific advances in the field flourished again in the 17th century [4], when Kepler

laid the foundations of classical optics [6] and the discussion over light nature became

the center of attention in the field. In this context, scientists such as Huygens proposed

a wave theory of light [7] while others like Newton supported a corpuscular theory of

light [8]. Newton’s corpuscular theory prevailed until the 19th century, when Young

and Fresnel performed interference experiments with light [9] and Maxwell presented an

electromagnetic theory of light [10], vindicating light wave nature. Nevertheless, this

turned around again by the beginning of the 20th century, when Planck explained the

black-body radiation [11] and Einstein described the photoelectric effect [12] considering

that light is quantized in photons. The discussion over light nature ended in 1928 when

Bohr introduced the concept of complementarity, stating that light can behave both as

a wave or as a particle depending on the experimental arrangement, which was later

connected to the wave-particle duality of quantum mechanics (QM) [13].
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2 Introduction

In the early 20th century, QM emerged as a theory to explain the black-body radi-

ation [11], the photoelectric effect [12], the spectral lines of atomic gases [14] and the

internal structure of atoms [15]. Twenty years later, the standard formulation of QM

unified Born’s matrix formalism [16], the Schrödinger’s and de Broglie’s wave formalism

[17, 18] and the Heisenberg’s uncertainty principle [19]. In the field of optics, the appear-

ance of QM had a direct impact with the birth of quantum optics [20, 21], which studies

photons and their interactions with matter, and, later on, with the invention of the laser

[22]. Due to its exceptional properties of high spatial and temporal coherence, lasers

have boosted science and technology until nowadays, with uncountable applications in

sectors ranging from industry to medicine [23]. In particular, its discovery played a

fundamental role in the development of integrated optics, which revolutionized modern

optics with the idea proposed by Miller in 1969 [24] of creating planar optical circuits

guiding light in a similar way than electrons are guided in electronic circuits [25]. The

key elements to achieve it were optical waveguides with low losses, whose discovery by

Kao was awarded in 2009 with the Nobel Prize [26], connecting the passive and active

elements required for optical operations in integrated circuits [27]. Their development

occurred in a relatively short period of time, with the fabrication of the first optical

waveguides around the 70’s and its integration in telecommunication systems by the

80’s [28]. Moreover, the capabilities of integrated optical circuits were enhanced in the

2000’s with their extension to two-dimensional arrangements accomplished using optical

induction in photorefractive crystals [29, 30] and femtosecond laser direct writing meth-

ods [31, 32]. Note that, unlike electronics where silicon is the predominant material,

optical circuits have been written in a vast variety of materials including lithium nio-

bate, silica on silicon, silicon, indium phosphide, gallium arsenide, polymers and glasses,

depending on specific functionality that want to be strengthened [33, 34].

The combination of waveguides with other technologies such as electronics, lasers

and detectors merged in the field know as integrated photonics, which has the final aim

of miniaturizing photonic systems by including all the basic components for light gener-

ation, manipulation and detection in a single-optical chip [28]. The progress in this field

is boosting the technology of the 21th century [35] in a similar manner than electronics

did in the 20th century [36]. For instance, it is having a huge impact in the development

of information technology and data communications [37–39], in sensing devices [40, 41]

or in quantum technologies [42–45]. In the latter, integrated photonic circuits have

become a prominent platform for cryptography e.g., quantum key distributions [46–48]

and quantum random number generation [49, 50], for quantum signal processing [51–53]

e.g., boson sampling [54–56] and quantum walks [57–59], and for quantum computa-

tion [60–62], competing with other platforms such as ultracold atoms, trapped ions, or

superconducting circuits [63].



3

Furthermore, integrated photonic structures have also been consolidated as an ideal

playground for quantum simulation [64] i.e., for emulating quantum phenomena appear-

ing in other branches of physics such as condensed-matter physics, high-energy physics

or atomic physics [65, 66], by exploiting quantum-optical analogies [67]. In particular,

the main advantages of photonic systems over other platforms like ultracold atoms [68],

trapped ions [69] or superconducting circuits [70], are their flexibility, scalability and

the possibility to directly observe the evolution of the wavefunction density using simple

imaging techniques [71–73]. These exceptional features have allowed to investigate a

huge variety of coherent quantum phenomena using classical light in systems of cou-

pled optical waveguides (see [74–76] for extended reviews) like: (i) coherent quantum

transport in solid-state physics [77] such as Bloch oscillations [78, 79], Zener tunneling

[80, 81], dynamic localization [82, 83] or Anderson localization [84, 85]; (ii) coherent ef-

fects of atoms or molecules driven by laser fields like Rabi oscillations [86, 87], adiabatic

passage processes for population transfer [88, 89] or electromagnetically-induced trans-

parency [90, 91]; and (iii) general quantum phenomena as Aharonov-Bohm and Berry

phases [92, 93], coherent control of quantum tunneling [94, 95], quantum mechanical

decay [96, 97], decoherence [98, 99] or entanglement [100, 101]. Note that the flexibil-

ity offered by femtosecond laser written waveguides to create one- and two-dimensional

discrete systems with arbitrary distributions has bolstered photonic simulators [76, 102].

Besides, quantum optical-analogies have also been exploited to design photonic struc-

tures with non-trivial properties and enhanced performances, opening a new paradigm

for photonic circuits design [103]. For example, by mimicking a two-site Bose-Hubbard

Hamiltonian to engineer polarization splitters with superior performances [104], by ap-

plying quantum engineering protocols [89, 105] to design robust integrated photonic

devices [106–108] or by taking profit of non-trivial topological properties to transmit

optical signals without back-scattering using topological edge states [109–113]. In addi-

tion, integrated photonics has also contributed to fundamental science for itself due to

its unique intrinsic properties [114] that have allowed, for instance, to investigate non-

trivial phenomena such as vortex solitons [77], to explore synthetic dimensions [115, 116]

or to enquire quantum inspired symmetries such as Supersymmetry (SUSY) [117] and

Parity-Time (PT) symmetry [118, 119]. On the one hand, the concept of SUSY, discov-

ered in the 70’s and originally proposed to unify the mathematical treatment of bosons

and fermions [120–122], was extended to classical [123] and quantum [124] optics in

the middle of the 90’s by taking profit of the analogies with SUSY in QM [125–127].

Similarly, the concept of PT symmetry was proposed in QM by the end of the 90’s [128]

and extended to optical waveguides [129], where it can be easily implemented due to

the possibility of incorporating gain and loses in photonic structures [130, 131].



4 Introduction

In this line, this thesis is devoted to design integrated photonic devices with new

functionalities and enhanced performances with respect to the standard ones as well

as to design novel photonic simulators by taking profit of non-trivial properties stem-

ming from quantum physics. More precisely, we investigate the possibility of applying

adiabatic passage processes [89], SUSY [132] and non-trivial topological geometries [75]

to: (i) design efficient and robust mode-division (de)multiplexing devices in Chapter 4;

(ii) engineer tapered waveguides, mode filters, beam splitters and Mach-Zehnder inter-

ferometers in Chapter 5; (iii) investigate the interplay between SUSY and Topology in

Chapter 6, and (iv) generate artificial gauge fields in Chapter 7.

Since optical waveguides constitute the physical platform in which the research of

this thesis is sustained, Chapter 2 is devoted to provide the theoretical background

regarding light propagation in these structures. To this end, we present the different

types of waveguide geometries and we derive the Helmholtz equation and the coupled-

mode equations describing light propagation in arrays of evanescently-coupled optical

waveguides. Moreover, we also introduce the analogies between the Helmholtz and the

Schrödinger equations, the second cornerstone in which this thesis sustains.

In a similar vein, Chapter 3 is focused on introducing another fundamental pillar of

this thesis, optical SUSY. The chapter starts by briefly reviewing the state-of-the-art of

SUSY in optics, explaining how SUSY transformations applied to systems of coupled

optical waveguides [117, 133–136] and optical fibers [137, 138] have allowed to design

novel mode filtering and multiplexing devices [139–144], to engineer structures with the

same scattering characteristics [145–150], to investigate extremely disordered potentials

[151–154] and to fabricate enhanced laser arrays [155–159]. To continue, the basic math-

ematical concepts regarding SUSY in QM are introduced, laying the groundwork for its

mapping onto optics, and the different types of SUSY transformations that can be used

to synthesize supersymmetric photonic structures are also presented. In particular, we

first present SUSY transformations applied to one-dimensional refractive index profiles

and we explain how they allow to manipulate the modal content, illustrating it in a

single waveguide and, later on, in an array of coupled waveguides. Note that this type

of transformations is used in Chapters 4 and 5. Moreover, we also explain the concept

of discrete SUSY (DSUSY) transformations that can be used in one- and two- dimen-

sional arrays of waveguides described by the coupled-mode formalism. This kind of

transformation is used in Chapter 6.

In Chapter 4, we present a promising method for mode division (de)multiplexing

rooted on SUSY waveguides, which are engineered along the propagation distance fol-

lowing a Spatial Adiabatic Passage (SAP) protocol. Adiabatic passage processes [160],

based on adiabatically following an eigenmode [161], have been used the last decades to

efficiently transfer population between internal atomic levels, ultracold atoms between



5

potential traps or light intensity between optical waveguides [105]. In particular, to

efficiently and robustly transfer light intensity between the outermost waveguides in a

system of three evanescently-coupled waveguides, we apply the SAP technique [162, 163].

This technique is the spatial analog of the Stimulated Raman Adiabatic Passage tech-

nique [88] based on applying two temporally delayed laser pulses to transfer the atomic

population between the two ground states in a Λ-type three-level atomic system [89].

Besides, to engineer the modal content of the different waveguides such that some of

the modes cannot be coupled while the others do, we apply a SUSY transformation to

the central waveguide. Therefore, by taking advantage of the strongest features of both

techniques, we show how a superposition of two Transverse Electric modes can be de-

multiplexed with high efficiency and robustness, aiding to solve the increasing demand

of high-capacity optical transmissions [164].

Similarly, in Chapter 5, we develop a novel technique to design integrated photonic

devices based on adiabatically connecting SUSY refractive index profiles along the prop-

agation direction rather than coupling them in the transverse one. Thus, adding a new

degree of freedom to manipulate the modal content of optical waveguides. Specifically,

since the system has a discrete number of eigenvalues and eigenmodes, the refractive in-

dex profile can be engineered such that an eigenmode of the system adiabatically evolves

between two superpartner structures without being coupled to the other eigenmodes.

To illustrate the technique’s potential, we design (i) a tapered waveguide and a mode

filter by connecting the refractive index profile of a single-waveguide structure with its

superpartner, and (ii) a beam splitter and an interferometer by joining the refractive

index profile of a two-waveguide structure with its superpartner. The efficiency and ro-

bustness of the designed devices is assured by performing the connection in an adiabatic

fashion, hence, contributing to enhance the capabilities of integrated photonic circuits

for classical and quantum information processing [51, 53].

In Chapter 6, we explore the effect that SUSY transformations induce in systems with

non-trivial topological properties, which are intrinsically connected with the system’s

internal symmetries [165, 166]. Originated with the discovery of the quantum Hall effect

in condensed-matter physics [167, 168], topological phases have been extended to other

systems such as atomic, molecular or optical systems [169, 170]. Precisely, in photonics,

topological phases have opened a path to discover new states of light such as topological

insulators [171–173] or topological edge states [174–177], which have led to reflection-free

sharply bent waveguides, robust delay lines, spin-polarized switches or non-reciprocal

devices [109–112]. In this framework, we consider the simplest system with non-trivial

topological properties, the Su-Schrieffer-Heeger model [178], and demonstrate how the

topological protection of a targeted state can be suspended and reestablished by apply-

ing SUSY transformations. Particularly, we employ waveguide arrays fabricated using

femtosecond laser writing techniques [76] to show how the topological protection of the
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edge states propagating in the SSH-like waveguide lattice can be modified. With these

results, we shed light to the interplay between SUSY and Topology and we present a

novel technique for topological state engineering.

Moreover, to access these non-trivial topological phases, a key step is the introduction

of Artificial Gauge Fields (AGF), controlling the dynamics of uncharged particles that

otherwise elude the influence of standard electromagnetic fields. Therefore, developing

new techniques to induce AGF is essential to boost quantum simulation in photonic

structures. To this end, in Chapter 7 we investigate the possibility of inducing AGF by

injecting light beams carrying Orbital Angular Momentum (OAM), characterized by a

helical phase front, rather than manipulating the geometry of the system or imposing

external fields. Note that light beams carrying OAM have been extensively used in

classical and quantum optical communications [179–186]. To be specific, we use direct

laser written optical waveguides [187] to verify the appearance of an AGF in the form

of a synthetic magnetic flux, which is responsible of the resulting Aharonov-Bohm (AB)

caging effect that traps the light in a single cage composed by a few waveguides. The

proposed technique paves the way towards accessing different topological regimes in

one single structure, an important step forward for quantum simulation in photonic

structures.

Finally, in Chapter 8, to conclude the thesis we summarize the main results and

discuss future perspectives and possible extensions of the presented works.



2
Physical platform: optical waveguides

Optical waveguides constitute the physical platform in which the theoretical and

experimental works of this thesis are developed. In particular, coupled optical waveg-

uides are systems of major current interest in our investigations for: (i) the application

of quantum techniques to the design of photonic devices with advanced characteris-

tics; and (ii) the simulation of the physics of relevant quantum systems such as, for

instance, electrons in crystals. In this vein, this first chapter is aimed to explain what

optical waveguides are and how light propagation is mathematically described in such

structures, setting the basis for the rest of the thesis.

This chapter is organized as follows. In Section 2.1, we present the basic waveguide

geometries for one-dimensional light confinement, used in Chapters 4 and 5, and two-

dimensional light confinement, used in Chapters 6 and 7. This is followed by Section 2.2,

where we derive the equations governing light propagation in optical waveguides. To this

aim, we start with Maxwell’s equations describing electromagnetic waves propagating

in homogeneous dielectric media and we extend this derivation to optical waveguides.

To continue, in Section 2.3, we introduce the concept of evanescent coupling between

waveguides and we discuss under which conditions light dynamics can be described

using the coupled-mode theory. Finally, in Section 2.4, we present the quantum-optical

analogies that are applied to systems of coupled optical waveguides in this thesis.

7
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2.1 Optical waveguides

A dielectric optical waveguide, consisting of a core embedded in a cladding of lower

refractive index, can guide light confined in its core due to total internal reflection oc-

curring at the interfaces between the core and the cladding [27, 28, 188, 189]. Depending

on the dimensionality of the light confinement, an optical waveguide can be classified as

(i) a one-dimensional or planar waveguide as represented in Fig. 2.1(a),

(ii) a two-dimensional or channel waveguide as displayed in Fig. 2.1(b).

One-dimensional and two-dimensional optical waveguides are characterized by a spatial

dependence of the refractive index n(x) and n(x, y), respectively, which can be a step-

index profile in which the index of refraction is constant in each region but presenting an

abrupt change between the refractive index of the core, ncore, and the refractive index of

the cladding, nclad, see Fig. 2.1(c), or graded-index profiles in which the refractive index

distribution changes smoothly between the core and the cladding, as it is displayed in

Fig. 2.1(d).

Figure 2.1: (a) One-dimensional or planar optical waveguide and (b) two-dimensional

or channel optical waveguide. The core (dark region) is surrounded by a cladding of

lower refractive index. Spatial dependence of the refractive index corresponding to (c)

a step-index profile and (d) a graded-index profile.
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2.2 Electromagnetic theory of light

2.2.1 Light propagation in homogeneous media

Light is an electromagnetic wave composed of coupled electric E (r, t) and magnetic

H (r, t) fields whose dynamics are governed by Maxwell’s equations. Assuming a linear,

homogeneous, and isotropic dielectric medium, Maxwell’s equations read

∇ · E (r, t) = 0, (2.1)

∇ ·H (r, t) = 0, (2.2)

∇× E (r, t) = −µ∂H (r, t)

∂t
, (2.3)

∇×H (r, t) = ε
∂E (r, t)

∂t
, (2.4)

where r = (x, y, z) is the position, t is the time, µ is the absolute medium permeability

and ε its permittivity, which are related with their respective values in vacuum as µ = µ0

(non-magnetic medium) and ε = ε0n
2, where n is the refractive index of the medium. By

applying the curl operator to (2.3) and (2.4), using the vector identity ∇× (∇×A) =

∇(∇ ·A)−∇2A, and imposing (2.1) and (2.2), one can derive the wave equations

∇2E (r, t) = µε
∂2E (r, t)

∂t2
, (2.5)

∇2H (r, t) = µε
∂2H (r, t)

∂t2
, (2.6)

where v = 1/
√
εµ is the wave velocity. Moreover, considering monochromatic waves

E (r, t) = Re
[
E(r)eiωt

]
, (2.7)

H (r, t) = Re
[
H(r)eiωt

]
, (2.8)

where ω is the angular frequency and E(r) and H(r) denote complex amplitudes,

Maxwell’s equations (2.1)-(2.4) can be rewritten in frequency domain as

∇ · E(r) = 0, (2.9)

∇ ·H(r) = 0, (2.10)

∇× E(r) = −iµωH(r), (2.11)

∇×H(r) = iεωE(r). (2.12)

Applying the curl operator in both sides of Eqs. (2.11) and (2.12) and combining them,

one derive the Helmholtz equations[
∇2 + k2

]
E(r) = 0, (2.13)[

∇2 + k2
]
H(r) = 0, (2.14)
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where k2 ≡ µεω2 = k2
0n

2, being k0 = 2π/λ0 the vacuum wavenumber and λ0 the vacuum

wavelength. By solving the Helmholtz equations (2.13) and (2.14), one obtains solutions

in the form of plane waves

E(r) = e exp(−ik · r) (2.15)

H(r) = h exp(−ik · r), (2.16)

where e and h are complex envelopes and k = (kx, ky, kz) is the wavevector. Further-

more, by introducing (2.15) and (2.16) into (2.11) and (2.12), one obtains

k× h = −ωεe and k× e = ωµh (2.17)

Therefore, since E and H oscillate in a normal plane with respect to the propagation

direction k, these waves are known as Transverse Electromagnetic (TEM) waves.

2.2.2 Light propagation in optical waveguides

The equations derived above stand for linear, homogeneous and isotropic media,

however, for optical waveguides characterized by a refractive index distribution n(r) ≡√
ε0ε(r) some modifications have to be performed. Assuming a linear, inhomogeneous

and isotropic dielectric medium, the Maxwell’s equations (2.3) and (2.4) become

∇× E (r, t) = −µ∂H (r, t)

∂t
, (2.18)

∇×H (r, t) = ε(r)
∂E (r, t)

∂t
, (2.19)

and considering monochromatic waves given by Eqs. (2.7) and (2.8), Maxwell’s equations

(2.18) and (2.19) read

∇× E(r) = −iµωH(r), (2.20)

∇×H(r) = iωε(r)E(r). (2.21)

Applying the curl operator in both sides of Eqs. (2.20) and (2.21) and considering that

∇ · εE = ε∇ · E + E · ∇ε, one obtains ∇ · E = −ε−1∇ε · E, which leads to the vectorial

Helmholtz equations for inhomogeneous media [188][
∇2 + k2

0ε(r)
]
E(r) = −∇

[
∇ε(r)

ε(r)
· E(r)

]
, (2.22)

[
∇2 + k2

0ε(r)
]
H(r) = −∇ε(r)

ε(r)
×∇×H(r). (2.23)

Therefore, if ∇ε(r) 6= 0 e.g., in graded-index waveguides, the different components of the

electric E(r) and magnetic H(r) fields are coupled and one cannot derive an independent
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scalar wave equation for each component of the fields. Nevertheless, if n(r) is locally

homogeneous i.e., n(r) varies in space in a much slower rate than E(r) and H(r), the

right hand side terms of Eqs. (2.22) and (2.23) can be neglected, obtaining[
∇2 + k2

0n
2(r)

]
E(r) ≈ 0, (2.24)[

∇2 + k2
0n

2(r)
]
H(r) ≈ 0. (2.25)

Considering that the refractive index profile is constant along the propagation di-

rection (z direction) and only depends on the x and y directions i.e., n = n(x, y), the

solutions of the inhomogeneous Helmholtz equations (2.22) and (2.23) can be written as

E(x, y, z) = [e⊥(x, y) + ez(x, y)ẑ] exp(−iβz), (2.26)

H(x, y, z) = [h⊥(x, y) + hz(x, y)ẑ] exp(−iβz), (2.27)

where ⊥ and z denote the transverse and longitudinal components, respectively, β ≡ kz
is the propagation constant and ẑ is the unitary vector along the z direction. In addition,

by introducing (2.26) and (2.27) into (2.20) and (2.21), one obtains [188]

e⊥(x, y) =
i [β∇⊥ez(x, y)− ωµẑ ×∇⊥hz(x, y)]

β2 − k2(x, y)
, (2.28)

h⊥(x, y) =
i [β∇⊥hz(x, y) + ωε(x, y)ẑ ×∇⊥ez(x, y)]

β2 − k2(x, y)
. (2.29)

Thus, in general, to determine the transverse components of the fields one needs to

find the longitudinal ones. This means, solving the Helmholtz equations (2.22) and

(2.23) with the appropriate boundary conditions to find ez(x, y) and hz(x, y) in each

region, which typically requires the use of numerical techniques such as finite-difference

methods [190]. An exception are weakly-guiding waveguides characterized by ∆n(x, y) =

n(x, y) − nclad � nclad, in which |∇⊥ez| � |βe⊥| and |∇⊥hz| � |βh⊥|. Thus, one can

neglect the longitudinal components over the transversal ones and approximate the

wave as a TEM plane wave [188]. Another exception in which one of the longitudinal

components is zero are one-dimensional waveguides defined by n(x), where the electric

(2.26) and magnetic (2.27) fields are no longer y-dependent, becoming

E(x, z) = [ex(x)x̂+ ey(x)ŷ + ez(x)ẑ] exp(−iβz), (2.30)

H(x, z) = [hx(x)x̂+ hy(x)ŷ + hz(x)ẑ] exp(−iβz). (2.31)

where x̂, ŷ and ẑ are the unitary vectors along the x, y and z directions, respectively.

Light propagation in one-dimensional optical waveguides

In the particular case of one-dimensional optical waveguides, both longitudinal com-

ponents ez(x) and hz(x) are decoupled and one obtains two independent modes propa-

gating along the z direction: (i) the Transverse Electric (TE) mode (ez(x) = 0) and (ii)
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the Transverse Magnetic (TM) mode (hz(x) = 0), with transversal components ey(x)

and hy(x), respectively. In the following, we are considering TE modes but a similar

derivation can be performed for TM modes [28]. By introducing (2.30) and (2.31) into

(2.20) and (2.21), one obtains that the only non-zero components for TE modes are

ey(x), hx(x) and hz(x), which are related as

hx(x) = − β

ωµ
ey(x), (2.32)

hz(x) =
i

ωµ

∂ey(x)

∂x
, (2.33)

iβhx(x) +
∂hz(x)

∂x
= −iωε0n(x)2ey(x). (2.34)

Therefore, by introducing (2.32) and (2.33) into (2.34), one can derive the scalar

Helmholtz equation for the ey component

d2ey(x)

dx2
+ [k2

0n(x)2 − β2]ey(x) = 0, (2.35)

which is also typically written in terms of Ey(x, z) = ey(x) exp(−iβz) as

∂2Ey(x, z)

∂x2
+
∂2Ey(x, z)

∂z2
+ k2

0n(x)2Ey(x, z) = 0. (2.36)

By solving Eq. (2.35) for the appropriate boundary conditions a discrete number of

solutions i.e., guided modes, is obtained. Note that the rest of the non-zero components

i.e., hx(x) and hz(x), can be found by substituting ey(x) into Eqs. (2.28) and (2.29).

The Ey component of the electric field is typically expressed as a superposition of all

the allowed modes, reading

Ey(x, z) =
∑
m

amey,m(x) exp(−iβmz), (2.37)

where am is the amplitude, ey,m(x) the transverse field distribution and βm the propa-

gation constant of mode m. Note that, while there is a finite number of guided modes

whose propagation constants satisfy k0nclad < βm < k0ncore, there is an infinite number

of radiation modes propagating at βrad < k0nclad [28, 188, 189]. Moreover, guided modes

are orthonormal between them, satisfying [188]∫ ∞
−∞

e∗y,m(x)ey,m′(x)dx = δm,m′ , (2.38)

where δm,m′ is the Kronecker delta.

As an example, let us consider a step-index waveguide consisting of a core of width

d and refractive index ncore embedded in a medium of lower refractive index nclad. Pre-

cisely, we select the width and the refractive index contrast of the waveguide such that
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Figure 2.2: (a) Refractive index and transverse mode profiles in a step-index optical

waveguide of core width d = 4µm, ncore = 1.44, nclad = 1.38 and λ0 = 1.55µm.

Numerical simulations of light intensity propagation in the waveguide of (a) when the

(b) TE0, (c) TE1 and (d) TE2 modes are injected.

three TEm modes can propagate, as it is represented in Fig. 2.2(a). Moreover, the trans-

verse field distributions ey,m(x) are obtained by solving Eq. (2.35), which read [189]

ecore
y,m(x) ∝

{
cos(kx,mx), m = 0, 2

sin(kx,mx), m = 1
, |x| ≤ d/2 (2.39)

eclad
y,m(x) ∝

{
exp(−γx,mx), x > d/2

exp(γx,mx), x < −d/2 , m = 0, 1, 2 (2.40)

where kx,m = (k2
0n

2
core − β2

m)1/2 and γx,m = (β2
m − k2

0n
2
clad)1/2 are the wavevector and

the extinction coefficient along the x direction, respectively. Note that the fundamental

TE0, first excited TE1 and second excited TE2 modes are eigenmodes of the waveguide,

hence, they propagate confined in the waveguide core without modifying its transverse

spatial distribution, as represented in Fig. 2.2(b), (c) and (d), respectively.
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Light propagation in two-dimensional optical waveguides

Unlike in planar waveguides, where light propagation can be described in terms of

TE and TM modes, when dealing with two-dimensional waveguides one has to consider

hybrid modes. A particular case of interest that is considered in Chapter 7 are step-

index cylindrical waveguides of radius R characterized by a refractive index profile n(r),

as it is represented in Fig. 2.3(a). In cylindrical coordinates, the electric (2.26) and

magnetic (2.27) fields can be expressed, respectively, as

E(r, φ, z) = [e⊥(r, φ) + ez(r, φ)ẑ] exp(−iβz), (2.41)

H(r, φ, z) = [h⊥(r, φ) + hz(r, φ)ẑ] exp(−iβz), (2.42)

where r and φ are the polar coordinates with respect to the center of the waveguide in the

transverse plane and z the propagation direction. Moreover, these waveguides sustain

TE0,m and TM0,m modes, which are rotationally symmetric, and HE`,m and EH`,m hybrid

modes, where ` and m are the azimuthal and radial mode numbers, respectively. Note

that, in the following, we consider weakly-guiding waveguides i.e., ∆n(x, y) � nclad, in

which the longitudinal components are nearly zero and the modes can be approximated

as linearly polarized LP`,m modes.

Considering that the electric field (2.41) is polarized along the x direction i.e., E =

Ex(r, φ, z)x̂, it satisfies the Helmholtz equation (2.24) in the core and in the cladding

regions, which in cylindrical coordinates reads [189][
∂2

∂r2
+

1

r

∂

∂r
+

∂2

∂z2
+ n2

jk
2
0

]
Ex(r) = 0, (2.43)

where nj with j = core, clad accounts for the refractive index of the core and the

cladding, respectively. Moreover, considering a solution of the form

Ex(r, φ, z) = er(r) exp(−i`φ) exp(−iβz), (2.44)

where φ ∈ (0, 2π), the Helmholtz equation (2.43) for each region of the waveguide

becomes [189] [
d2

dr2
+

1

r

d

dr
+ n2

jk
2
0 − β2 − `2

r2

]
er(r) = 0. (2.45)

By solving (2.45) for the appropriate boundary conditions, one obtains that the radial

distribution of the mode is given by

er,`(r) ∝
{
J`(kr,`r) if r ≤ R

K`(γr,`r) if r > R
, (2.46)

where J` is the Bessel function of the first kind and order `, K` is the modified Bessel

function of the second kind and order `, k2
r,` = n2

corek
2
0 − β2

` and γ2
r,` = β2

` − n2
cladk

2
0 are
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Figure 2.3: (a) Refractive index distribution for a cylindrical waveguide with radius

R = 1.9µm, ncore = 1.548 and nclad = 1.540. Intensity distributions corresponding to

(b) the ` = 0 mode and (c) the ` = 1 mode. The wavelength used is λ0 = 0.7µm.

the wavevector and the extinction coefficient along the radial direction, respectively. As

an example, the field distributions corresponding to the LP0,0 and the LP1,1 modes are

represented in Fig. 2.3(b) and (c), respectively. Note that an analogous derivation can

be performed for the magnetic field polarized along the x direction or by exchanging the

x and y polarization [188].

2.3 Coupled-mode theory

In the previous section, we have studied different modes propagating in isolated

waveguides. However, in general, integrated optical circuits are composed of two or more

waveguides. In this section, we discuss the power exchange between two optical waveg-

uides when they are close enough due to the coupling between their modes. Although

light propagation in systems of coupled waveguides can be computed using Maxwell’s

equations and imposing boundary conditions for the entire structure, its description in

the weakly-coupling regime is considerable simplified within the coupled-mode theory

[28, 188, 189]. To introduce the coupled-mode theory we consider a directional coupler

composed of two parallel evanescently-coupled waveguides and then we generalize the

formalism to arrays of evanescently-coupled waveguides.

2.3.1 Directional coupler

We consider two parallel step-index single-mode waveguides, see Fig. 2.4(a), with

cores of refractive index nL and nR for the left and right waveguides, respectively, em-

bedded in a cladding of lower refractive index nclad, as it is illustrated in Fig. 2.4(b).
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When the waveguides are isolated, the electric field (2.26) in each waveguide reads

EL(x, z) = aLeL(x) exp(−iβLz), (2.47)

ER(x, z) = aReR(x) exp(−iβRz), (2.48)

where aj is the mode amplitude, ej(x) the transverse spatial distribution and βj the

propagation constant of the mode in waveguide j. Instead, if the separation between

waveguides is reduced such that the evanescent tails of the modes overlap, the waveguides

become weakly-coupled and one can approximate the electric field of the entire structure

as a superposition of both fields, reading

E(x, z) = aL(z)eL(x) exp(−iβLz) + aR(z)eR(x) exp(−iβRz), (2.49)

where the amplitudes aL(z) and aR(z) change along the propagation direction while the

transverse field distributions eL(x) and eR(x) and the propagation constants βL and βR
are not altered.

Considering the presence of the right (left) waveguide as a perturbation for the field

propagating in the left (right) waveguide, due to the excess of refractive index n2
R−n2

clad

(n2
L − n2

clad) that acts as a source of radiation, the Helmholtz equation (2.24) for each

region can be expressed as [189][
∇2 + k2

0n
2
L

]
EL(x, z) + k2

0(n2
R − n2

clad)ER(x, z) = 0, (2.50)[
∇2 + k2

0n
2
L

]
ER(x, z) + k2

0(n2
L − n2

clad)EL(x, z) = 0. (2.51)

Figure 2.4: (a) Schematic representation of a directional coupler viewed from above.

(b) Refractive index distribution at zc and transverse mode profiles supported for each

isolated waveguide. The parameter values used are d = 2µm, D = 8µm, ncore = 1.44,

nclad = 1.43 and λ0 = 1.55µm.
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Introducing (2.47) and (2.48) with aj(z) into equations (2.50) and (2.51) and neglecting

da2
j/dz

2 since the mode amplitudes vary slowly with respect to z, one obtains [189]

i2βL
daL
dz

eL(y) exp(−iβLz) = k2
0(n2

R − n2
clad)aReR(y) exp(−iβRz), (2.52)

i2βR
daR
dz

eR(y) exp(−iβRz) = k2
0(n2

L − n2
clad)aLeL(y) exp(−iβLz). (2.53)

Multiplying both sides of (2.52) and (2.53) by eL(y) and eR(y), respectively, and inte-

grating over x, one obtains the coupled-mode equations [189]

daL(z)

dz
= −icRLei(βL−βR)zaR(z), (2.54)

daR(z)

dz
= −icLRei(βR−βL)zaL(z), (2.55)

where

cRL =
1

2βL
k2

0(n2
R − n2

clad)

∫ D/2+d/2

D/2−d/2
eL(x)eR(x)dx, (2.56)

cLR =
1

2βR
k2

0(n2
L − n2

clad)

∫ −D/2+d/2

−D/2−d/2
eR(x)eL(x)dx. (2.57)

are the coupling coefficients quantifying the coupling of the mode propagating in the

left and right waveguide to the right and left waveguide, respectively. Moreover, using

ãj(z) = aj(z) exp(−iβjz), coupled-mode equations can be written as

i
d

dz

(
ãL
ãR

)
=

(
βL cRL
cLR βR

)(
ãL
ãR

)
. (2.58)

Solving Eq. (2.58) with the appropriate boundary conditions and considering, for in-

stance, that light is injected in the left waveguide i.e., aL(0) 6= 0 and aR(0) = 0, one

obtains that the power Pj ∝ |aj|2 in each waveguide j oscillates as [189]

PL(z) = PL(0)

[
cos2(γz) +

(
∆β

2γ

)2

sin2(γz)

]
, (2.59)

PR(z) = PR(0)
|cLR|2

γ2
sin2(γz), (2.60)

where γ2 = (∆β/2)2 + c2 and c =
√
cLRcRL. In particular, for modes sharing the same

propagation constant ∆β = 0, the power carried in each waveguide simplifies, becoming

PL(z) = PL(0) cos2(cz) and PR(z) = PR(0) sin2(cz). (2.61)
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Figure 2.5: Spatial evolution of the power Pj in each waveguide j = L,R when the mode

is injected in the left waveguide of the two straight waveguide structure represented in

Fig. 2.4(a) with (a) βL = βR and (b) βL/βR = 1/3. The red dashed lines correspond

to the power in the left waveguide while the blue solid lines correspond to the power in

the right waveguide. The vertical dotted lines indicate the coupling length Lc and L̃c
for each case.

Therefore, as it can be observed in Fig. 2.5(a), light injected in the left waveguide (red

dashed line) is fully transmitted to the right waveguide (blue solid line) and vice-versa.

Alternatively, as it is illustrated in Fig. 2.5(b), only part of the power injected in the

left waveguide (red dashed line) is transferred to the right waveguide (blue dashed line)

and vice-versa, when modes have different propagation constants. Moreover, the spatial

period of the power oscillation i.e., the coupling length Lc, can be used to compute the

coupling between waveguides without knowing the analytical expressions of the trans-

verse field distributions or the exact refractive index profiles, which are required in

Eqs. (2.56) and (2.57). Thus, along the thesis, we characterize the couplings by numeri-

cally simulating or experimentally implementing directional couplers and measuring the

coupling length. For the case of equal propagation constants, represented in Fig. 2.5(a),

the coupling strength can be calculated as

c =
π

2Lc
. (2.62)

On the other hand, for the case of different propagation constants represented in

Fig. 2.5(b), the coupling strength can be calculated using

c =
π
√
V

2L̃c
, (2.63)
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where

V =
max(IL)−min(IL)

max(IL)
, (2.64)

is the intensity contrast and IL is the intensity in the left waveguide [139]. The obtained

results in both cases can be fitted into an exponential decaying function given by

c(D) = K exp(−κD), (2.65)

where K and κ are constants, allowing to characterize the coupling strength for any

separation D between them.

2.3.2 Arrays of waveguides

The coupled-mode formalism introduced for a directional coupler can be generalized

to arrays of evanescently-coupled waveguides [114]. For a one-dimensional array of

N evanescently-coupled single-mode waveguides, as the one represented in Fig. 2.6,

coupled-mode equations read

i
dãj(z)

dz
=
∑
j

[βj ãj(z) + cj+1,j(z)ãj+1(z) + cj−1,j(z)ãj−1(z)] , (2.66)

which can be rewritten in matrix form as

i
d

dz


ã1

ã2

ã3

...

ãN

 =



β1 c2,1 0 . . . 0

c1,2 β2 c3,2
. . .

...

0 c2,3
. . . . . . 0

...
. . . . . . . . . cN,N−1

0 . . . 0 cN−1,N βN




ã1

ã2

ã3

...

ãN

 . (2.67)

where cj±1,j is the coupling strength between adjacent waveguides and βj is the propa-

gation constant of the mode in waveguide j. Note that, Eq. (2.67) is typically rewritten

... ...

Figure 2.6: Schematic representation of a discrete array of N evanescently-coupled

single-mode waveguides, whose coupling strengths cj ≡ cj,j±1 depend on the separation

between waveguides. The different propagation constants βj of the mode in waveguide

j are illustrated by the size of the circle.
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subtracting β1 from the diagonal terms, reading

i
d

dz


ã1

ã2

ã3

...

ãN

 =



0 c1 0 . . . 0

c1 ∆β2 c2
. . .

...

0 c2
. . . . . . 0

...
. . . . . . . . . cN−1

0 . . . 0 cN−1 ∆βN




ã1

ã2

ã3

...

ãN

 , (2.68)

where ∆βj = βj − β1 is named the detuning between waveguide j and waveguide 1 and

where we have considered real couplings coefficients i.e., ci,j = cj,i ≡ cj. For multi-mode

waveguides, one would have a set of coupled-mode equations (2.67) for each mode m.

2.4 Quantum-optical analogies

Optical waveguides constitute an ideal playground to visualize and experimentally

demonstrate a huge variety of phenomena stemming from other fields of physics (see

[74–76] for extended reviews). For instance, coherent quantum transport in solid-state

physics e.g., Bloch oscillations [78, 79] and Zener tunneling [81], coherent effects of atoms

driven by laser fields e.g., Rabi oscillations [86] and adiabatic passage processes [105],

or even gravitational effects such as the equivalence principle [191]. In this section, we

discuss the similarities between the Helmholtz and the Schrödinger equations in different

regimes, introducing the quantum-optical analogies implemented along the thesis.

2.4.1 Mathematical analogies

Non-paraxial regime

The Helmholtz equation for TE modes propagating in planar waveguides (2.35) can

be rewritten as an eigenvalue equation of the form[
− d2

dx2
− k2

0n
2(x)

]
ey,m(x) = −β2

mey,m(x), (2.69)

which is analogous to the time-independent Schrödinger equation[
− d2

dx2
+ V (x)

]
Ψm(x) = EmΨm(x), (2.70)

where k2
0n

2(x) is playing the role of the potential V (x) in quantum mechanics, −β2
m the

role of the energy Em, and ey,m the role of the wavefunction Ψm(x) of state m. Note

that, for the analogy, we have set ~2/2M ≡ 1, being ~ = h/2π the reduced Planck
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constant and M the mass of the particle. Moreover, Eqs. (2.69) and (2.70) also stand

for one-dimensional lattice potentials and waveguide lattices with the only difference

that Ψm(x) and ey,m(x) are the supermodes of the entire structure.

The analogy between Eqs. (2.69) and (2.70) enables to investigate quantum inspired

symmetries such as Supersymmetry (SUSY) [117] or Parity-Time (PT) symmetry [118]

in optical waveguides. On the one hand, SUSY in quantum mechanics generates super-

partner potentials V (1)(x) and V (2)(x) sharing their eigenvalues E
(2)
m = E

(1)
m+1, except for

E
(1)
0 that is removed from the spectrum of V (2)(x) [132]. This technique can be mapped

onto optical waveguides to engineer superpartner refractive index profiles n(1)(x) and

n(2)(x), with global phase-matching conditions among their modes except for the fun-

damental mode of n(1)(x) [117]. On the other hand, PT-symmetry [118], which requires

a potential satisfying V (x) = V ∗(−x) i.e., the real (imaginary) part of the potential

should be an even (odd) function under space inversion x↔ −x [130, 131], can be eas-

ily achieved by engineering the refractive index profile as n(x) = nR(x) + inI(x), where

nR(x) represents the refractive index distribution and nI(x) the gain and loss profiles.

Both symmetries are still valid in the paraxial regime.

Paraxial regime

Assuming light propagation in weakly-guiding waveguides i.e., ∆n(x, y, z) � nclad

and β ≈ k0nclad, characterized by refractive index profiles slowly varying along the

propagation direction, each of the components of the electric fields can be expressed as

E(x, y, z) ≈ e(x, y, z) exp(−ik0ncladz). (2.71)

Therefore, by introducing (2.71) into the Helmholtz equation (2.24), and assuming the

slowly varying envelope approximation∣∣∣∣∂2e

∂z2

∣∣∣∣� ∣∣∣∣2k0nclad
∂e

∂z

∣∣∣∣ , (2.72)

one obtains the paraxial Helmholtz equation

iλ̄
∂

∂z
e(x, y, z) =

[
− λ̄2

2nclad

∇2 −∆n(x, y, z)

]
e(x, y, z), (2.73)

where λ̄ = λ/2π is the reduced wavelength and we have assumed that

[∆n(x, y, z)]2/2nclad ≈ ∆n(x, y, z). Equation (2.73) is analogous to the time-dependent

Schrödinger equation

i~
∂

∂t
Ψ(x, y, t) =

[
− ~2

2M
∇2 + V (x, y, t)

]
Ψ(x, y, t). (2.74)
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Therefore, the time evolution of the wavefunction Ψ(x, y, z) can be mapped onto the

spatial evolution of the electric field envelope e(x, y, z) along the z direction. Note that

an analogous derivation can be done for the magnetic field [28]. The main advantage of

optical waveguides is that they allow to directly observe the evolution in space of the

wavefunction probability density. For example, the experimental observation of Bloch

oscillations took almost 65 years since its theoretical prediction due to the short lifetime

of the electron coherence [75]. Instead, analogous optical Bloch oscillations [78, 79]

has been directly observed in optical waveguides using standard techniques such as

simple fluorescence imaging [71, 73] or scanning tunneling microscopy techniques [72].

Moreover, the dynamics of a single quantum particle trapped in a lattice potential can

be mapped into the dynamics of a mode propagating in a system of evanescently-coupled

optical waveguides, with the evanescent coupling of the light between the waveguides

resembling the role of quantum tunneling. This permits to apply quantum engineering

protocols to control light dynamics along the propagation direction.

Discrete regime

Paraxial light evolution in arrays of weakly-coupled optical waveguides can be sim-

plified using the coupled-mode formalism discussed in Section 2.3. In this regime, the

transverse mode profiles can be assumed to be constant and only the mode amplitudes

change along the propagation direction. In this regard, light dynamics in an array of

N evanescently-coupled single-mode waveguides can be described using coupled-mode

equations (2.66), which can be rewritten as

i
d

dz
ψ = Hψ, (2.75)

where ψ = (ã1, . . . , ãN)T , with ãj describing the complex modal field amplitude in

waveguide j, and H is the Hamiltonian whose matrix elements are Hi,j = ci(δj−1,i +

δj+1,i) + βjδi,j, where δi,j is the Kronecker delta. Equation (2.75) is analogous to

i~
d

dt
Ψ = ĤΨ, (2.76)

where Ψ = (Ψ1, . . . ,ΨN)T is a discrete wavefunction and Ĥ is a Hamiltonian in the

tight-binding nearest-neighbor approximation [75]. As before, the time evolution in

Eq. (2.76) can be mapped by the spatial evolution in Eq. (2.75). This analogy enables

to visualize discrete phenomena emerging from other fields of physics such as ultracold

atoms trapped in periodic potentials or electrons in the crystalline structure of solids

using coupled optical waveguides [76]. Moreover, the success of optical waveguides

to simulate discrete phenomena was boosted after the discovery of femtosecond laser

writing techniques [31], which allow to inscribe two-dimensional waveguide arrays with

arbitrary configurations [102, 192].



2.4 Quantum-optical analogies 23

2.4.2 Applications in this thesis

In this thesis we use the quantum-optical analogies presented above to design novel

photonic devices with improved performances with respect to the standard ones and to

explore phenomena stemming from other fields of physics such as topological phases or

the generation of artificial gauge fields.

Specifically, by exploiting the similarities between Eqs. (2.69) and (2.70) and be-

tween Eqs. (2.75) and (2.76), we are able to extend SUSY from quantum mechanics to

optics, which allows to manipulate the modal content of optical waveguides as described

in detail in Chapter 3. Besides, we combine these transformations with quantum engi-

neering protocols, which improve the performance of photonic devices. To be precise,

in Chapter 4 we propose an efficient and robust mode-division (de)multiplexing device

based on the combination of spatial adiabatic passage techniques, first proposed to trans-

fer population between spatially separated potential wells [105] and later mapped onto

optical waveguides by using the analogies between Eqs. (2.75) and (2.76), and SUSY

techniques [141]. This combination leads to a great improvement in terms of robustness

and efficiency compared to conventional devices. Similarly, in Chapter 5 we introduce

a new technique based on the application of SUSY transformations combined with an

adiabatic modification along the propagation direction, allowing to engineer efficient

and robust photonic devices such as tapered waveguides, single-waveguide mode filters,

beam splitters, and interferometers. Furthermore, in Chapter 6, we propose to use

DSUSY transformations to systematically address, alter and reconfigure the topological

properties of a system. Therefore, by exploiting the analogies between Eqs. (2.75) and

(2.76), we explore phenomena stemming from topological phases of matter using opti-

cal waveguides, providing a deeper understanding of topological physics [170]. In this

line, we theoretically propose and experimentally verify using femtosecond-laser written

waveguides how SUSY transformations can selectively suspend and re-establish topo-

logical protection of specific states, establishing SUSY-inspired techniques as a powerful

tool for topological state engineering [193].

Finally, in Chapter 7, by exploiting the analogies between Eqs. (2.73) and (2.74)

and between Eqs. (2.75) and (2.76), we experimentally verify using direct laser written

waveguides the generation of artificial gauge fields induced by modes carrying Orbital

Angular Momentum (OAM) [185, 194], first proposed with ultracold atoms [195, 196].

Specifically, we show how an effective magnetic flux naturally appears when light beams

carrying OAM are injected into cylindrical waveguides arranged in a diamond-chain con-

figuration, producing the Aharonov-Bohm (AB) caging effect [92]. These findings pave

the way of switching on and off artificial gauge fields just by changing the topological

charge of the input state, representing a step forward for optical quantum simulation.





3
Supersymmetry in optics

In the last few decades, the mathematical concept of supersymmetry has been ex-

tended from particle physics to other fields of physics such as condensed-matter, quan-

tum mechanics or optics. In this regard, optical supersymmetry, based on applying

supersymmetric transformations to engineer photonic devices, has been recently consol-

idated as an area of research on its own. In this chapter, the different mathematical tools

used to design supersymmetric photonic structures are presented, establishing the basis

to follow the rest of the thesis. Specifically, we focus on explaining how supersymmet-

ric transformations can be used to synthesize superpartner phase-matched structures,

except for some target modes that can be eliminated.

This chapter is organized as follows. In Section 3.1, we briefly discuss the origin of

supersymmetry and its applications in optics. This is followed by the derivation of the

basic mathematical tools of supersymmetric quantum mechanics in Section 3.2, and its

mapping onto optics in Section 3.3. There, we discuss the simplest case corresponding to

supersymmetric transformations of a single optical waveguides, which is used in Chap-

ter 4, and their extension to waveguide arrays, which is implemented in Chapter 5. To

continue, in Section 3.4, we introduce discrete supersymmetric transformations that can

be applied to weakly-coupled waveguides, which are used in Chapter 6. Finally, in Sec-

tion 3.5 we discuss the application of discrete SUSY transformations to two-dimensional

waveguide arrays and in Section 3.6 we present the conclusions.

25
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3.1 Introduction

Supersymmetry (SUSY), proposed in the 70’s as an attempt to unify the mathemat-

ical treatment of bosons and fermions [120–122, 197, 198], states that every fermion has

a bosonic superpartner and viceversa [199]. In this vein, SUSY provides a framework for

unifying particle physics and gravity at the Planck energy scale and gives an explanation

of the hierarchy problem [200]. Despite the lack of direct experimental evidence of su-

perpartner particles, some of its fundamental concepts have attracted attention across

numerous fields of physics in the last decades such as nuclear [201] and atomic [202]

physics, condensed-matter [203], cosmology [204], non-relativistic quantum mechanics

[132], and classical [117, 123] and quantum [124, 205, 206] optics. In particular, in this

chapter, we focus on supersymmetry in quantum mechanics and in optics and their con-

nection. Supersymmetric quantum mechanics (SUSY QM), first proposed by Witten in

the 80’s [207], has become a field of investigation on its own [125–127, 132, 208], yielding

new ways to find analytically solvable [209–211] and reflectionless one-dimensional po-

tentials [212, 213]. Furthermore, SUSY QM has also been implemented to periodic and

non-periodic lattice potentials [214–218], to non-linear systems [219, 220], and to systems

with Parity-Time (PT) symmetry [221–223]. The generalization to two-dimensional po-

tentials is not trivial and requires the use of high order supercharge operators [224, 225],

a vector-form SUSY decomposition [226, 227], or intertwined Hamiltonians [228, 229].

In the middle of the 90’s, Chumakov and Wolf proposed for the first time the map-

ping of the mathematical concepts of SUSY QM onto optics by exploiting the analogies

between the Helmholtz and the Schrödinger equations [123]. Their idea started to grow

fast within the optics community after the publication of Supersymmetric Optical struc-

tures by Miri et. al. [117], an overview of how SUSY transformations can be used

to manipulate the modal content of a given optical structure and control its scatter-

ing properties. Since then, most of the ideas previously introduced in SUSY QM have

been applied in optics to engineer novel photonic devices with non-trivial properties.

In particular, in guided wave optics, SUSY is implemented through an appropriate

manipulation in space of the transverse refractive index profile, which allows to system-

atically shape the modal content of highly multimode structures creating superpartner

structures with global phase-matching conditions among their modes, except for some

targeted modes that are eliminated. This property has been exploited for mode filtering

and multiplexing purposes by properly engineering one-dimensional refractive index pro-

files along the transverse [133–136, 141, 230, 231] and propagation [142, 144] directions,

and two-dimensional profiles with cylindrical symmetry [137, 138]. Note that inverse

SUSY transformations have also been used to add modes with certain propagation con-

stants [145, 147]. Besides, discrete SUSY (DSUSY) transformations have been applied

to arrays of coupled waveguides [139, 143, 153, 154], to create band gaps in extremely
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disordered potentials [151, 152, 232], to manipulate graph networks [233], to scale up

the radiance of laser arrays [155–159, 234–237] and to explore the interplay between

SUSY and topology [193, 238–240]. In addition, the ideas behind SUSY have also been

extended to non-Hermitian settings [140, 241–243] and to the time-domain [244]. An-

other aspect of SUSY transformations that has been highly investigated is the fact that

superpartner structures exhibit identical scattering properties [145, 146, 245], allowing

to design transparent defects [147–150, 246–248].

3.2 Supersymmetric quantum mechanics

Unlike the Poincaré algebra, where symmetry generators satisfy commutation

(bosonic) relations, the Super-Poincaré or SUSY algebra is characterized by anti-

commutation (fermionic) relations [122]. In particular, in the quantum-mechanical for-

malism [132], SUSY algebra satisfies

{Q̂, Q̂†} = Ĥ, (3.1)

{Q̂, Q̂} = {Q̂†, Q̂†} = 0, (3.2)[
Ĥ, Q̂

]
=
[
Ĥ, Q̂†

]
= 0, (3.3)

where Q̂ is the supercharge operator and Q̂† its Hermitian conjugate, satisfying Q̂2 =

(Q̂†)2 = 0, and Ĥ is the super-Hamiltonian. In matrix form, the supercharge operators

and the super-Hamiltonian read

Q̂ =

(
0 0

Â 0

)
, Q̂† =

(
0 Â†

0 0

)
and Ĥ =

(
Â†Â 0

0 ÂÂ†

)
. (3.4)

where Â and Â† are the factorization operators and Ĥ(1) = Â†Â and Ĥ(2) = ÂÂ† are

the superpartner Hamiltonians [249, 250]. Assuming that the superpartner Hamiltonian

Ĥ(1) satisfies the eigenvalue equation Ĥ(1)Ψ
(1)
m = E

(1)
m Ψ

(1)
m , where Ψ

(1)
m is the eigenstate

and E
(1)
m the eigenvalue of state m, one can derive

ÂĤ(1)Ψ(1)
m = ÂE(1)

m Ψ(1)
m , (3.5)

ÂÂ†ÂΨ(1)
m = E(1)

m ÂΨ(1)
m , (3.6)

Ĥ(2)(ÂΨ(1)
m ) = E(1)

m (ÂΨ(1)
m ), (3.7)

obtaining that ÂΨ
(1)
m is an eigenstate of Ĥ(2) with energy E

(1)
m , establishing SUSY isospec-

trality between Ĥ(1) and Ĥ(2). While for broken SUSY all the eigenvalues are shared

between both superpartner Hamiltonians (E
(1)
m = E

(2)
m ), as it is displayed in Fig. 3.1(a),

for unbroken SUSY, the ground state eigenvalue of Ĥ(1) is annihilated (ÂΨ
(1)
0 = 0) and
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x

Figure 3.1: Schematic representation of the eigenvalue spectrum of the superpartner

Hamiltonians Ĥ(1) and Ĥ(2) for the (a) broken and (b) unbroken SUSY regimes.

removed from the eigenvalue spectrum of Ĥ(2), as it is shown in Fig. 3.1(b). Therefore,

in the unbroken SUSY regime, the eigenvalues satisfy

E(2)
m = E

(1)
m+1 and E

(1)
0 = 0. (3.8)

As an example of the factorization of the Hamiltonian, we consider the one-

dimensional single-particle Hamiltonian, given by

Ĥ = − d2

dx2
+ V (x), (3.9)

where V (x) is the potential. The shape of the superpartner isospectral potentials V (1)

and V (2) can be obtained using the factorization operators Â = W (x) + d/dx and

Â† = W (x) − d/dx, where W (x) is the so-called superpotential. Applying Ĥ(1) = Â†Â

and Ĥ(2) = ÂÂ† to Ψ
(1)
m and Ψ

(2)
m , respectively, one obtains

H(1)Ψ(1)
m =

[
− d2

dx2
− dW (x)

dx
+W 2(x)

]
Ψ(1)
m , (3.10)

H(2)Ψ(2)
m =

[
− d2

dx2
+
dW (x)

dx
+W 2(x)

]
Ψ(2)
m , (3.11)

with the superpartner potentials being

V (1)(x) = W 2(x)− dW (x)

dx
and V (2)(x) = W 2(x) +

dW (x)

dx
, (3.12)

and the superpotential W (x), considering a nodeless ground state Ψ
(1)
0 , reading

W (x) = − d

dx
ln
[
Ψ

(1)
0 (x)

]
. (3.13)
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3.3 Supersymmetry in optics

The factorization process described in Section 3.2 can be adapted to optical waveg-

uides. In particular, we introduce SUSY transformations considering a one-dimensional

refractive index profile n(x), in which Transverse Electric (TE) modes propagate along

the z direction. Note that a similar derivation can be performed for Transverse Mag-

netic (TM) modes [136]. As discussed in Section 2.2 of Chapter 2, from the Helmholtz

equation (2.35), one can derive the eigenvalue equation

Hem(x) = µmem(x), (3.14)

where µm = −β2
m is the eigenvalue, βm is the propagation constant and em(x) ≡ ey,m(x)

the eigenfunction of mode m, and H is the Hamiltonian given by

H = − d2

dx2
− k2

0n
2(x), (3.15)

where k0 = 2π/λ0 is the vacuum wavenumber. By comparing the Hamiltonians (3.9) and

(3.15), one can see how −k2
0n

2(x) is playing the role of the potential V (x), as previously

explained in Section 2.4 of Chapter 2. Thus, superpartner structures can be achieved

by properly engineering the refractive index profiles. Note that, from here on, we order

the modes with respect to its propagation constant βm i.e., with the fundamental mode

laying at the top of the eigenvalue spectrum, as it is represented in Fig. 3.2.

Considering the original index profile n(1)(x) supporting at least the fundamental

TE0 mode with a transverse field distribution e
(1)
0 (x) and a propagation constant β

(1)
0 ,

SUSY can be established according to Eq. (3.4) by factorizing the Hamiltonian into

H(1) +
(
β

(1)
0

)2

= A†A and H(2) +
(
β

(1)
0

)2

= AA†, (3.16)

where A = W (x) + d/dx and A† = W (x) − d/dx are the factorization operators and

W (x) the superpotential. Therefore, the eigenvalue equation (3.14) can be rewritten in

terms of the factorization operators as

H(1)e(1)
m =

[(
β

(1)
0

)2

−
(
W (x)− d

dx

)(
W (x) +

d

dx

)]
e(1)
m , (3.17)

H(2)e(2)
m =

[(
β

(1)
0

)2

−
(
W (x) +

d

dx

)(
W (x)− d

dx

)]
e(2)
m , (3.18)

where e
(1)
m+1(x) ∝ A†e

(2)
m (x) and e

(2)
m (x) ∝ Ae

(1)
m+1(x). Moreover, from Eqs. (3.17) and

(3.18), one can derive the superpartner index profiles n(1)(x) and n(2)(x), reading

n(1)(x) =
1

k2
0

√(
β

(1)
0

)2

−W 2(x) +
dW (x)

dx
, (3.19)

n(2)(x) =
1

k2
0

√(
β

(1)
0

)2

−W 2(x)− dW (x)

dx
. (3.20)
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Figure 3.2: Schematic representation of the eigenvalue spectrum of a hierarchical se-

quence of superpartner refractive index profiles {n(1), n(2), . . . , n(q)}.

Finally, by imposing that for unbroken SUSY the ground state of H(1) is annihilated

i.e., Ae
(1)
0 = 0, one obtains that the superpotential is given by

W (x) = − d

dx
ln
[
e

(1)
0 (x)

]
. (3.21)

Therefore, if one knows the fundamental mode wavefunction e
(1)
0 (x), the superpartner

profile n(2)(x) can be derived. Besides, these SUSY transformations can be applied in

an iterative manner q times. In this case, the superpartner Hamiltonians read

H(q) + (β
(q)
0 )2 =

(
A(q)

)†
A(q) and H(q+1) + (β

(q)
0 )2 = A(q)

(
A(q)

)†
, (3.22)

where A(q) = W (q)(x)+d/dx,
(
A(q)

)†
= W (q)(x)−d/dx, W (q)(x) = −∂x ln[e

(q)
0 (x)], which

correspond to a family of superpartner index profiles {n(1), n(2), . . . , n(q)}, satisfying

n(q+1)(x) =

√
[n(q)(x)]

2 − 2

k2
0

dW (q)(x)

dx
, (3.23)

and sharing a common set of eigenvalues as it is shown in Fig. 3.2.

3.3.1 Single waveguide

To illustrate how one-dimensional SUSY transformations are implemented, we exam-

ine first the simplest case of a single waveguide defined by a refractive index profile n(1)(x)

supporting the fundamental TE
(1)
0 and the first excited TE

(1)
1 modes with propagation

constants β
(1)
0 and β

(1)
1 , respectively, whose superpartner is defined by a refractive index

profile n(2)(x) only supporting the TE
(2)
0 mode with propagation constant β

(2)
0 = β

(1)
1 .



3.3 Supersymmetry in optics 31

As an example, we consider (i) a step-index profile, which is analytically solvable, and

(ii) a super-Gaussian profile, which is numerically solvable.

First, let us consider the step-index waveguide represented in Fig. 3.3(a) consisting

of a core of width d and refractive index ncore embedded in a medium of lower refractive

index nclad. Introducing the analytical field distributions of e
(1)
0 (x), given by Eqs. (2.40)

and (2.41) in Chapter 2, into Eq. (3.21), one obtains the superpotential

W (x) =

{
k0 tan(kx,0x), |x| ≤ d/2

±γx,0, |x| > d/2
, (3.24)

where kx,0 is the wavevector and γx,0 the extinction coefficient in the x direction, respec-

tively. Moreover, introducing

dW (x)

dx
=

{
k2

0 sec2(kx,0x), |x| ≤ d/2

0, |x| > d/2
, (3.25)

into Eq. (3.20), the analytical expression of the superpartner index profile reads

n(2)(x) =


√
n2

core − 2
(
kx,0
k0

)2

sec2(kx,0x), |x| ≤ d/2

nclad, |x| > d/2
. (3.26)

The superpartner index profile n(2)(x), the superpotential W (x) and its derivative

dW/dx, are represented in Figs. 3.3(b), (c) and (d), respectively. Note that the sharp

features in the superpartner profile, which appear due to the discontinuity of the step-

index profile at x = ±d/2, can be reduced by smoothing the original profile. To this

aim, we consider a super-Gaussian refractive index profile represented in Fig. 3.3(e),

given by [
n(1)(x)

]2
= n2

clad + (n2
core − n2

clad) exp

[
−
(

2x

d

)2p
]
, (3.27)

where 2p is an index that smooths the profile. Here, the fundamental mode wavefunction

e
(1)
0 (x) has to be obtained numerically, e.g., using standard finite-difference methods

[190]. As it can be seen in Fig. 3.3(f), the sharp dips in the superpartner index profile

n(2)(x) have been considerably reduced.
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Figure 3.3: Refractive index and transverse mode profiles in (a) the step-index profile

and (b) its superpartner profile. (c) Superpotential W (x) and (d) its slope dW/dx

corresponding to the step-index profile. Refractive index and transverse mode profiles

in (e) the super-Gaussian profile and (f) its superpartner profile. The width of the

waveguide is d = 4µm, 2p = 8, ncore = 1.444, nclad = 1.414 and the wavelength used is

λ0 = 1.55µm.
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3.3.2 Array of waveguides

SUSY transformations are not restricted to single waveguides and can also be ap-

plied to arrays of waveguides just by considering the supermodes l of the entire struc-

ture satisfying the eigenvalue equation Hel(x) = µlel(x). In this case, the removal of

the eigenvalue µ0 corresponding to the fundamental supermode of the original structure,

composed of N waveguides, generates a superpartner structure composed of N−1 waveg-

uides. Note that, from here on, we name the superpartner lattices as SPs, where s iden-

tifies the eigenvalue µs that is removed. To exemplify it, we consider a waveguide lattice

described by a one-dimensional refractive index profile n(1)(x), we consider six identical

step-index single-mode waveguides, see the lower panel of Fig. 3.4(a), supporting six

TE
(1)
l supermodes with propagation constants β

(1)
l , as represented in the upper panel of

Figure 3.4(a). By using the SUSY transformation given by Eq. (3.23), one obtains the

Figure 3.4: Eigenvalue spectrum and eigenstate profiles (upper panel) and refractive

index distribution (lower panel) corresponding to (a) the original lattice and (b) the

SP0 lattice, obtained by removing the eigenvalue µ
(1)
0 using standard SUSY factoriza-

tion techniques. The original lattice is composed of six identical waveguides separated

alternating distances D1 = 10µm and D2 = 20µm. The core width is d = 10µm,

ncore = 1.444, nclad = 1.424 and λ0 = 1.55µm.
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superpartner index profile n(2)(x) represented in the lower panel of Fig. 3.4(b), which

sustains five TE
(2)
l supermodes with their propagation constants satisfying β

(2)
l = β

(1)
l+1,

as it can be observed in the upper panel of Fig. 3.4(b).

From a technological perspective, the experimental implementation of superpartner

index profiles has remained elusive so far due to the complexity of the spatial refractive

index profiles, requiring fabrication methods with subwavelength scale control over the

refractive index. In this regard, advanced femtosecond laser writing techniques [76, 102]

or electron-beam lithography [251, 252] are promising techniques. Alternatively, the

problem of implementing superpartner index profiles can be overcome in waveguide

arrays described by the coupled-mode formalism introduced in Section 2.3 of Chapter 2,

where one can fabricate the superpartner lattice [139, 146, 157, 193] just in terms of

the detunings (controlled by the width/height of the waveguides) and the couplings

(controlled by the separation between waveguides).

3.4 Discrete supersymmetry

In the coupled-mode regime introduced in Section 2.3 of Chapter 2, a chain of N

single-mode evanescently-coupled waveguides can be described by

Hψl = µlψl, (3.28)

where ψl = (ã1
l , . . . , ã

N
l )T is the eigenfunction of supermode l, with ãjl describing

the complex modal field amplitude in waveguide j. Moreover, the Hamiltonian H of

Eq. (3.28) is an N ×N matrix with elements Hi,j = (δj−1,i + δj+1,i)ci + ∆βjδi,j, where cj
is the coupling strength between nearest-neighbours waveguides and ∆βj the detuning

between waveguides. In this regime, the problem of having two superpartner Hamilto-

nians H(1) and H(2) with the same eigenvalue spectrum µ
(1)
l = µ

(2)
l can be addressed

through the concept of similar matrices using symmetric or asymmetric methods [253].

Specifically, DSUSY transformations applied to tri-diagonal Hamiltonians preserve their

form i.e., keep the nearest-neighbour couplings between waveguides but decouple the

last waveguide (cN−1 = 0). Therefore, the superpartner Hamiltonian H(2) is given by

an N ×N matrix that can be decomposed in two decoupled blocks, a one-dimensional

one containing the eigenvalue µ
(1)
s and an N − 1-dimensional one containing the rest of

the eigenvalues, which are phase-matched with the original structure. Therefore, since

one of the eigenvalues is decoupled from the rest of the system, these transformations

resemble standard SUSY transformations and, from here on, we refer to the superpart-

ner structure as the lattice composed of N − 1 waveguides. In addition, the iterative

application of DSUSY transformations reduces the overall size of the system, removing

one waveguide in each iteration.
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3.4.1 Cholesky factorization

The Cholesky factorization [253] is a symmetric method that resembles standard

SUSY transformations in the sense that only the eigenvalue corresponding to the funda-

mental supermode of H(1) can be detached from the eigenvalue spectrum of H(2). This

method decomposes the Hamiltonian into

H(1) − µ(1)
0 I = A∗A and H(2) − µ(1)

0 I = AA∗, (3.29)

where A is a lower triangular matrix, A∗ its conjugate transpose and I theN -dimensional

identity matrix. As an example, we consider the lattice represented in the lower panel

of Fig. 3.5(a) consisting of six identical waveguides with alternating couplings c1 and

c2. As it is represented in the upper panel of Fig. 3.5(a), this lattice supports six TE
(1)
l

supermodes. By applying the Cholesky factorization given by Eq. (3.29), the symmetric

superpartner lattice SP0 represented in the lower panel Fig. 3.5(b) is obtained. This

superpartner structure is composed of five waveguides supporting five TE
(2)
l supermodes

Figure 3.5: Eigenvalue spectrum and eigenstate profiles (upper panel) corresponding

to (a) the original lattice and (b) the SP0 lattice, obtained by removing the eigenvalue

µ
(1)
0 using the Cholesky factorization. Discrete representation (lower panel) in terms of

the waveguide’s detuning ∆β (grey bars) and couplings c (blue bars) of (a) the original

lattice with c1 = 0.5 cm−1 and c2 = 1.0 cm−1, and (b) the SP0 lattice.
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that are phase-matched with the ones of the original lattice, as it is displayed in the upper

panel of Fig. 3.5(b). Moreover, there is an isolated waveguide where the supermode with

eigenvalue µ
(1)
0 if fully localized.

3.4.2 QR factorization

A more powerful decomposition technique that can be used to perform DSUSY

transformations is the QR factorization [253]. The main advantage of this asymmetric

method over the symmetric one is that it overcomes the limitation of removing only the

fundamental supermode of the system while preserving the nearest-neighbour couplings

configuration. With this method, the superpartner Hamiltonians can be factorized as

H(1)
s − µ(1)

s I = QR and H(2)
s − µ(1)

s I = RQ, (3.30)

where µ
(1)
s is the eigenvalue (s ≥ 1) that is detached from the eigenvalue spectrum of

H(2), as it is displayed in Fig. 3.6, Q is an orthogonal matrix, satisfying QTQ = I, and R

is an upper triangular matrix. This factorization is unique only when H(1) is invertible

i.e., det(H(1)) = 0, and requires the diagonal elements of R to be positive.

The QR factorization of Eq. (3.30) can be implemented using (i) the Gram–Schmidt

method, which is easy to implement but numerically unstable, (ii) the Householder trans-

formation, and (iii) the Givens rotation method, which is used in Chapter 6. Methods

(ii) and (iii) are numerically stable and based on transforming an arbitrary linear system

into a triangular system by systematically introducing zeros using unitary transforma-

tions. While the Householder transformation relies on using reflections to introduce

zeros into the subdiagonal elements of H(1) [253], the Givens rotation method does so

x

Figure 3.6: Schematic representation of the eigenvalue spectrum of the superpartner

Hamiltonians H(1)
s and H(2)

s , obtained by removing the eigenvalue µ
(1)
s using asymmetric

DSUSY transformations.
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by applying rotations gj to each diagonal element of H(1), such as

gj

(
Hj,j

Hj+1,j

)
=

(
tj sj
−sj tj

)(
Hj,j

Hj+1,j

)
=

(
rj
0

)
, (3.31)

where

tj =
Hj,j

rj
, sj =

Hj+1,j

rj
and rj =

√
|Hj,j|2 + |Hj+1,j|2. (3.32)

Therefore, the R matrix is obtained by introducing zeros at the tri-diagonal Hamiltonian

H(1) while the Q matrix is obtained by concatenating all the Givens rotation matrices

Gj = gj ⊗ I, forming

R =
N−1∏
j=1

GjH(1)
s and Q =

N−1∏
j=1

GT
j . (3.33)

The application of an asymmetric DSUSY transformation using the QR factoriza-

tion is exemplified for the lattice represented in the lower panel of Fig. 3.7(a), which

is composed of six identical waveguides supporting six TE
(1)
l supermodes. The super-

partner structure SP2, obtained after decoupling the eigenvalue µ
(1)
2 from the eigenvalue

spectrum of H(2) using the QR factorization given by Eq. (3.30), is shown in the lower

panel of Fig. 3.7(b). Moreover, as it can be seen in the upper panel of Fig. 3.7(b), the

SP2 structure supports five TE
(2)
l supermodes, which are phase-matched with the modes

of the original structure except for the TE
(1)
2 which has no counterpart in the N − 1

superpartner structure.

3.5 Two-dimensional supersymmetry

The extension of SUSY transformations to two-dimensional waveguides characterized

by n(x, y) is not trivial due to the coupling between the different components of the

fields. Therefore, the implementation of two-dimensional SUSY transformations can

only be achieved under some conditions such as cylindrical waveguides i.e., n(r) [117,

137, 138], separable refractive index profiles i.e., n(x, y) = nx(x)ny(y) [149, 151] or

using Darboux transformations [231, 254]. Alternatively, DSUSY transformations can

be easily applied to two-dimensional waveguide arrays described by the coupled-mode

formalism [143, 152, 236, 237]. Nevertheless, one has to be aware that, in general, the

Hamiltonian and its superpartner are no longer tri-diagonal matrices. Therefore, the

off-diagonal terms appearing in the factorization process may correspond to long-range

couplings [255] that are difficult to physically implement. Thus, one has to restrict the

structures to those that have realistic solutions with implementable geometries. Here,

the use of femtosecond laser written waveguides is of great interest due to its flexibility
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Figure 3.7: Eigenvalue spectrum and eigenstate profiles (upper panel) corresponding to

the (a) original lattice and (b) SP2 lattice, obtained by removing the eigenvalue µ
(1)
2

using the QR factorization method. Discrete representation (lower panel) in terms of

the waveguide’s detuning ∆β (red bars) and couplings c (blue bars) of (c) the original

lattice with c1 = 0.5 cm−1 and c2 = 1.0 cm−1, and (d) the SP2 lattice.

to implement two-dimensional configurations [76]. To alleviate the restrictions of two-

dimensional geometries, a new method based on implementing the notion of DSUSY

to a quantum version of one-dimensional coupled bosonic oscillators has been recently

proposed [237].

To illustrate two-dimensional DSUSY transformations, we consider four identical

waveguides distributed in a rectangular geometry, as it is displayed in Fig. 3.8(a). The

Hamiltonian of this system is given by

H =


0 c1,2 c1,3 0

c2,1 0 0 c2,4

c3,1 0 0 c3,4

0 c4,2 c4,3 0

 . (3.34)

The superpartner Hamiltonian obtained by removing µ
(1)
1 using the QR factorization,
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x

Figure 3.8: Schematic representation of (a) a two-dimensional array of optical waveg-

uides, which are evanescently-coupled with couplings cv ≡ c1,2 = c3,4 and ch ≡ c1,3 = c2,4,

and (b) its superpartner obtained by removing µ
(1)
1 using the QR factorization. The

width of the lines is proportional to the coupling strength and the size of the cir-

cles illustrate the detuning between waveguides. Eigenvalue spectrum corresponding

to (c) the original and (d) the SP1 lattices. The coupling strengths are ch = 1.0 cm−1,

cv = 0.5 cm−1, and cT = cv + ch.

given by Eq. (3.30), reads

H(2) =


∆β1 c̃1,2 c̃1,3 0

c̃2,1 ∆β2 c̃2,3 0

c̃3,1 c̃3,2 ∆β3 0

0 0 0 0

 . (3.35)

Since the 4th waveguide is completely detached from the rest of the system, see

Fig. 3.8(b), the superpartner structure SP1 becomes triangular and supports three su-

permodes whose eigenvalues are displayed in Fig. 3.8(d). Note that, although we have

chosen a rectangular lattice as an example, this technique can be extended to systems

with a higher number of waveguides and more complex geometries as long as the cou-

plings that appear in the superpartner Hamiltonian are physically realistic. Moreover,

by implementing these transformations in an iterative way, the geometry of the struc-

ture can be substantially changed while the properties of the eigenvalue spectrum are

preserved, which could lead to novel two-dimensional non-trivial topological structures.
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3.6 Conclusions

This chapter was aimed to introduce the reader to the concept of SUSY in Optics.

In this context, we have started by briefly introducing the basic formalism of SUSY

QM, illustrating how the Hamiltonian factorization process works for one-dimensional

potentials, and we have mapped this process onto Optics, where superpartner structures

can be synthesized by properly engineering the refractive index profile. Moreover, to

familiarize the reader with the different SUSY transformations used along this thesis, we

have started with the simplest case i.e., performing the SUSY transformation of a single

optical waveguide structure. This transformation, in combination with spatial adiabatic

passage techniques, is used in Chapter 4 to design an efficient and robust mode-division

demultiplexing device. To continue, we have applied SUSY transformation of an array of

evanescently-coupled waveguides. In this case, the adiabatic connection of superpartner

structures along the propagation direction is used in Chapter 5 to design efficient and ro-

bust tapered waveguides, mode filters, beam splitters and interferometers. The chapter

has continued with the introduction of DSUSY transformations, which can be applied to

waveguide arrays, overcoming the restriction of standard SUSY techniques of removing

only the eigenvalue associated to the fundamental mode. Moreover, this DSUSY trans-

formations have also the advantage that can be experimentally implemented using stan-

dard fabrication techniques. In this regard, we use DSUSY transformations to induce

topological phase transitions in Chapter 6. To end this chapter, we have discussed under

which conditions SUSY transformation can be extended to two-dimensional waveguides

and to arrays of waveguides arranged in two-dimensional configurations, which opens

interesting perspectives for its application to manipulate two-dimensional systems with

non-trivial topological properties. Finally, note that although we have focused on op-

tical waveguide structures, the SUSY transformations presented in this chapter can be

implemented in other platforms such as trapping potentials for neutral atoms [256] or

acoustics [257], being a powerful mathematical tool to perform eigenvalue spectrum

engineering that could lead to non-trivial phenomena.
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Mode-division (de)multiplexing using adiabatic

passage and supersymmetric waveguides

The development of mode-division multiplexing techniques is an important step to

increase the information processing capacity in integrated photonic platforms. To this

end, we propose an efficient and robust mode-division (de)multiplexing device based

on the combination of spatial adiabatic passage and supersymmetric techniques. The

proposed device consists of two identical step-index external waveguides coupled to a

supersymmetric central one, which is engineered with a specific modal content that

prevents the transfer of the fundamental transverse electric TE0 spatial mode of the

outer waveguides. Moreover, the separation between waveguides is modified along the

propagation direction to optimize the adiabatic passage for the first excited TE1 mode

of the outer waveguides. Thus, by injecting a superposition of the two lowest TE modes

into the left waveguide, the TE0 mode remains in the input waveguide while the TE1

mode is fully transferred to the right waveguide, hence, demultiplexing the modes. The

combination of both techniques leads to a great improvement in terms of robustness and

efficiency compared to conventional (de)multiplexing devices.

This chapter is organized as follows. First, in Section 4.1, we motivate the importance

of developing mode-division multiplexing techniques. This is followed by the description

of the device in Section 4.2 and the introduction of the supersymmetric and spatial

adiabatic passage techniques used to engineer the device in Section 4.3. To continue,

Section 4.4 is devoted to prove the efficiency and robustness of the device working as a

demultiplexer. Finally, in Section 4.5, we conclude and propose possible extensions of

the work.

41
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4.1 Introduction

Integrated optical devices [28], exhibiting both high fidelity and high speed trans-

mission, are expected to foster novel communication platforms [37, 38]. In this context,

due to the increasing demand of high-capacity optical transmissions and the proximity

of the capacity crunch [164, 258], a lot of efforts have been put during the last decades

to further enhance the information transmission capacity [259, 260]. In this vein, mul-

tiplexing technologies [261], based on encoding information using different approaches

including Space-Division Multiplexing [262], Mode-Division Multiplexing (MDM) [263],

Wavelength-Division Multiplexing [264], and Polarization-Division Multiplexing [265],

have emerged as an efficient solution. Here, we focus on MDM techniques, which use

different spatial modes as degrees of freedom and can be implemented using multimode

fibers and waveguides [266, 267]. In this regard, integrated MDM devices [268] have

been designed using photonic lanterns [269], multimode interference devices [270, 271],

asymmetric directional couplers [272–274], adiabatic couplers [275, 276], asymmetric Y-

junctions [277, 278], microring-based devices [279, 280] and SUSY-based optical devices

[137, 139, 141, 143].

The success of applying SUSY transformations to design mode-division demultiplex-

ing devices relies on the possibility of generating superpartner phase-matched structures

for an arbitrarily large number of modes, except for some targeted modes that can be

removed from the spectrum of the system, as discussed in detail in Chapter 3. These

SUSY techniques can be applied to guided wave optics through an appropriate manipu-

lation of the refractive index profile, offering new ways of controlling the modal content

of light beams in optical waveguides [117, 134, 140, 142, 142, 144, 230]. Thus, the appli-

cation of SUSY techniques allows to systematically construct a superpartner profile with

its modes sharing all the propagation constants with the original waveguide, except for

the fundamental mode of the original waveguide that has no counterpart in the super-

partner structure. By exploiting this property, SUSY-based optical devices constitute

a promising alternative to standard MDM devices offering global phase-matching and

efficient mode conversion in an integrated and scalable way [139], and being compatible

with other existing multiplexing techniques. Here, to design a robust (de)multiplexing

device, we combine SUSY transformations with Spatial Adiabatic Passage (SAP) tech-

niques, known as a high-efficient and robust method to transfer light between systems

of three evanescently-coupled waveguides [281, 282].

The idea of SAP [105], first proposed to transfer matter waves between spatially

separated potential wells [283, 284] and later extended to transfer light beams between

evanescently-coupled waveguides [162, 163], was inspired by the Stimulated Raman

Adiabatic Passage (STIRAP) technique [88, 89]. The STIRAP technique consists of

applying two temporally delayed laser pulses in a counter-intuitive sequence to effi-
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ciently transfer the atomic population between the two ground states in a Λ-type three-

level atomic system [160, 285]. Analogously, SAP can be achieved in systems of three

evanescently-coupled optical waveguides by engineering the waveguide separation along

the propagation direction introducing a spatial delay such that the light beam adia-

batically follows a dark supermode of the system. Consequently, light is efficiently and

robustly transferred between the outermost waveguides of the triple waveguide config-

uration. Besides, SAP of light has also been implemented in systems with a higher

number of waveguides [286, 287], incorporating absorption and nonlinearity [288, 289],

via a continuum [290, 291], and in digital systems [292, 293], leading to applications

ranging from spectral filtering to quantum gates [106–108, 294, 295].

In this chapter, we combine SUSY and SAP techniques to design an efficient and

robust device that can be used for (de)multiplexing spatial modes, to manipulate the

modal content or to remove non-desired modes of an input field distribution [141]. In

particular, we demonstrate that a system of three coupled waveguides, with two identical

step-index external waveguides and a supersymmetric central one, engineered along the

propagation direction to optimize SAP for the first excited mode of the step-index

waveguides, can be used to demultiplex a superposition of the two lowest spatial modes.

Besides, the same device can also be used for multiplexing by using the output ports

as the input ones. Although the idea of SUSY has already been experimentally applied

for MDM purposes [139], its combination with SAP techniques is proposed for the first

time, leading to a great improvement in terms of robustness and efficiency.

4.2 Physical system

We consider a set of three planar evanescently-coupled waveguides consisting of a

core of refractive index ncore embedded in a medium of lower refractive index nclad.

The central (C) waveguide is straight while the left (L) and right (R) waveguides are

truncated circles of radius r, with their centers displaced δ from each other along the

z direction, see Fig. 4.1(a). Regarding the refractive index profiles, two structures are

investigated:

(i) The step-index (SI) structure formed by three identical step-index waveguides with

refractive index n
(1)
j (x) where j = L,C,R, see Fig. 4.1(b).

(ii) The SUSY structure consisting of two identical step-index waveguides with

n
(1)
L (x) = n

(1)
R (x) and a supersymmetric central one with n

(2)
C (x), see Fig. 4.1(c).

Even though SUSY transformations are not restricted to specific refractive index con-

trasts and profiles [117], here we consider ncore = 1.444 and nclad = 1.414, corresponding
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to refractive indices of fused silica at telecom wavelength λ0 = 1.55µm, which is the

material used in the fabrication of discrete SUSY structures [139, 193]. In addition, the

width d of the step-index waveguides is chosen to allow the propagation of the funda-

mental TE
(1)
0 and the first excited TE

(1)
1 modes while the superpartner waveguide only

supports the TE
(2)
0 mode, which has the same propagation constant as the TE

(1)
1 mode.

As discussed in detail in Section 2.2 of Chapter 2, the TE component of the electric

field in each isolated waveguide j, with an arbitrary one-dimensional refractive index

profile nj(x), can be expressed as a superposition of modes as

Ej
y(x, z) =

∑
m

ajm(z)ejm(x) exp(−iβjmz), (4.1)

where k0 = 2π/λ0 is the vacuum wavenumber, ajm(z) is the amplitude, ejm(x) is the

transverse spatial distribution and βjm the propagation constant of mode m propagating

in waveguide j. Moreover, these modes are solutions of the eigenvalue equation

Hje
j
m(x) = −

(
βjm
)2
ejm(x), (4.2)

where Hj = −d2/dx2 − k2
0n

2
j(x) is the Hamiltonian of each isolated waveguide j. In

particular, we apply a SUSY transformation to the central step-index refractive index

profile and then, we engineer the separation between waveguides along the propagation

direction in order to couple the waveguides in such a way that only the first excited

TE
(1)
1 mode of the step-index waveguides is transmitted between waveguides.

4.3 Theoretical background

As it has been discussed in detail in Section 2.3 of Chapter 2, in systems of weakly-

coupled waveguides in which the transverse spatial distribution of the mode ejm(x) re-

mains constant and only its amplitude changes along the propagation direction, the

Hamiltonian of the system can be defined in a discrete way. In this regime, the prop-

agation of mode m in a system of three weakly-coupled waveguides can be defined by

coupled-mode equations, which read [188]

i
d

dz

 ãLm
ãCm
ãRm

 =

 βLm cLCm cLRm
cCLm βCm cCRm
cRLm cRCm βRm

 ãLm
ãCm
ãRm

 , (4.3)

where ãjm(z) = ajm(z) exp(−iβjmz) is the complex modal field amplitude of mode m in

waveguide j, and cLCm (z), cRCm (z) and cLRm (z) are the coupling coefficients between mode

m in the left ↔ central, right ↔ central and, left ↔ right waveguides, respectively.
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Figure 4.1: (a) Schematic representation of the proposed device viewed from above. The

width of the waveguides cores is d = 4µm, the minimum separation between waveguides

is xmin = 7µm, the radius of curvature of the external waveguides is r = 3.5 m, the

spatial delay between their centers is δ = 4 mm and the total length along z is D =

18 mm. Refractive index distribution and transverse mode profiles supported for each

isolated waveguide at zc in (a) for (b) the SI structure and (c) the SUSY structure. The

positions of the modes along the vertical axis correspond to βm/k0.
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The coupling is due to evanescent fields, hence, depends on the separation between

waveguides, and it is symmetric, i.e., cijm = cjim. Moreover, we assume that the left

and right waveguides are not directly coupled (cLRm = cRLm = 0). Therefore, for the

SI structure one has identical waveguides, hence, β
L(1)
m = β

C(1)
m = β

R(1)
m for m = 0, 1.

Furthermore, for the SUSY structure, one also has the same propagation constants for

the fundamental mode of the step-index waveguide and the first excited mode of the

superpartner waveguide i.e., β
L(1)
1 = β

C(2)
0 = β

R(1)
1 . Therefore, when the modes are

perfectly phase-matched, the coupled-mode equations read

i
d

dz

 ãLm
ãCm
ãRm

 =

 0 cLCm 0

cLCm 0 cRCm
0 cRCm 0

 ãLm
ãCm
ãRm

 . (4.4)

For the SI structure, we have two independent sets of equations, one for each mode

(m = 0, 1), while for the SUSY structure there is only one set of equations due to the

coupling between the TE
(1)
1 mode of the external waveguides with the TE

(2)
0 mode of

the central waveguide.

4.3.1 Spatial adiabatic passage technique

To achieve an efficient and robust transmission of the first excited TE mode between

the outermost waveguides, we engineer the separation between waveguides along the

propagation direction following a SAP protocol. Diagonalizing the matrix of the right

hand side of Eq. (4.4), one obtains that one of the supermodes of the system only

involves light in the left and right waveguides

Dark(Θm) =

 cos(Θm)

0

− sin(Θm)

 , (4.5)

where Θm is the mixing angle given by

Θm(z) ≡ arctan

(
cLCm (z)

cRCm (z)

)
. (4.6)

The supermode of Eq. (4.5) is analogous to the well known dark state of quantum optics

[88]. If the input beam coincides with the dark supermode, its adiabatic modification

allows for an efficient and robust transfer of the light beam between the outermost

waveguides without light propagation into the central one, known as SAP of light [281].

In particular, we consider that light is injected into the left waveguide and the couplings

are engineered following a counter-intuitive sequence along z. By counter-intuitive se-

quence we mean that, first, the right waveguide approaches to the central waveguide and
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then, with a certain spatial delay, the left waveguide approaches to the central waveguide

whereas the right separates from it, see Fig. 4.1(a). With this spatial configuration, the

mixing angle Θm evolves from 0 to π/2 and light can be transferred from the left to the

right waveguide. The variation of the couplings along z in the structure of Fig. 4.1(a)

follows a Gaussian function of the form [282]

cLC,RCm (z) ≈ cm(xmin, λ) exp

[
−(z −D/2± δ/2)2

2rbm(λ)

]
, (4.7)

where 2rbm(λ) indicates the width of the Gaussian, bm(λ) is a decaying constant and

cm(xmin, λ) ≡ c̃m(λ) exp

[
−xmin
bm(λ)

]
, (4.8)

gives the maximum value of the couplings. Note that, due to the fact that for higher λ the

modes are less confined, the coupling coefficients increase linearly with the wavelength

[295]. Besides, the global adiabaticity condition reads

δ
√

(cLCm )2 + (cRCm )2 > K, (4.9)

where K is a dimensionless constant that takes a value around 10 for optimal parameter

values, such as the spatial delay between the couplings [160]. Thus, Eqs. (4.7) and (4.9)

allow to select the appropriate geometrical parameter values D, δ and xmin to efficiently

perform SAP of mode m.

4.3.2 Supersymmetric waveguides

To design the superpartner index profile n
(2)
C (x) for the central waveguide only prop-

agating the TE
(2)
0 mode with the same propagation constant as the fundamental mode

of the step-index waveguide (β
C(2)
0 = β

C(1)
1 ), we perform a systematic deformation of

the refractive index profile following the continuous SUSY techniques described in Sec-

tion 3.3 of Chapter 3. From Eq. (4.2), the superpartner index profile can be derived by

factorizing the Hamiltonian describing the central waveguide in terms of

H(1)
C + (β

C(1)
0 )2 = A†A and H(2)

C + (β
C(1)
0 )2 = AA†, (4.10)

where A = d/dx+W (x), and A† = −d/dx+W (x) are the factorization operators and

W (x) = − ∂

∂x
ln
[
e
C(1)
0 (x)

]
(4.11)

is the Superpotential of the central waveguide. By applying a SUSY transformation,

the superpartner index profile n
(2)
C (x) reads

n
(2)
C (x) =

√[
n

(1)
C (x)

]2

− 2

k2
0

dW (x)

dx
, (4.12)
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which for the step-index profile given by Eqs. (2.40) and (2.41) in Chapter 2, reads

n
(2)
C (x) =


√
n2

core − 2
(
kx,0
k0

)2

sec2(kx,0x), |x| ≤ d/2

nclad, |x| > d/2
, (4.13)

where kx,0 is the wavevector component of the fundamental mode in the x direction.

The superpartner profile is represented in the central waveguide of Fig. 4.1(c).

4.4 Results and discussion

In this section we demonstrate that the combination of SAP and SUSY techniques

allows for a very efficient and robust demultiplexing of transverse spatial modes. In

particular, we show that, by injecting an equally weighted superposition of TE
(1)
0 and

TE
(1)
1 modes in the left waveguide, the TE

(1)
1 mode is efficiently transferred to the right

waveguide while the TE
(1)
0 mode remains in the left one. To guarantee an efficient and

robust transfer of the TE
(1)
1 mode, we optimize the geometrical parameters to perform

SAP of this mode in the SI structure. The coupling between waveguides is given by

the overlap integral between the evanescent field of the modes. Therefore, since the

coupling between fundamental modes is much weaker than for the first excited modes,

the adiabaticity condition of Eq. (4.9) is not fulfilled for the former, hence, they are not

efficiently transferred. On the contrary, although the coupling is slightly weaker between

the TE
(1)
1 and the TE

(2)
0 modes of the SUSY structure than the coupling between the

TE
(1)
1 modes of the SI structure, the adiabaticity condition is satisfied and the TE

(1)
1

mode will be efficiently transmitted.

In order to characterize the coupling coefficients along z, we numerically simulate the

propagation of the TE
(1)
1 mode between two straight step-index waveguides separated

different distances, xmin, as it is illustrated in Fig. 4.2(a). By measuring the spatial

period of intensity oscillations given by the coupling length Lc = π/2c1, an exponentially

decaying curve can be fitted as represented in Fig. 4.2(b) and previously discussed

in Section 2.3 of Chapter 2, obtaining the coupling coefficients c̃
(1)
1 ≈ 263 mm−1 and

b
(1)
1 ≈ 1.67µm Casting these values into Eq. (4.7), the optimized set of parameters to

efficiently perform SAP of the TE
(1)
1 mode in the SI structure can be found. By properly

adjusting the spatial delay between waveguides, as it is represented in Fig. 4.3(a), one

obtains that the mixing angle Θ given by Eq. (4.6) evolves from 0 to π/2 as required for

the SAP process, see Fig. 4.3(b). Moreover, by integrating Eq. (4.4) for these optimized

parameters, we obtain that the TE
(1)
1 mode is fully transferred to the right waveguide

following the dark supermode of the system, with almost no intensity in the central

waveguide, as it can be observed in Fig. 4.3(c).
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Figure 4.2: (a) Numerical simulation of light intensity propagation along z when the

TE
(1)
1 mode is injected in the left waveguide of a two straight step-index waveguide struc-

ture with xmin = 8µm. (b) Coupling coefficients calculated for xmin = 6, 6.5, 7, 7.5, 8

and 8.5µm, λ0 = 1.55µm and d = 4µm.

After verifying that the SAP of the first excited TE
(1)
1 mode is efficiently performed

in the SI structure, we check if these parameters are also valid for the SUSY structure.

In this case, to verify that the couplings satisfy the adiabaticity condition of Eq. (4.9)

using the SUSY structure, we perform the same analysis as before using a two-waveguide

structure composed of a step-index n(1)(x) waveguide in the left and a supersymmetric

n(2)(x) waveguide in the right, see Fig. 4.4(a). In this case, as displayed in Fig. 4.4(b),

the obtained parameters are c̃
(2)
1 ≈ 144 mm−1 and b

(2)
1 ≈ 1.67µm. As expected, the

coupling coefficients in the SUSY structure are slightly weaker than in the SI structure.

Nevertheless, if one introduces these parameters into Eq. (4.9), one obtains that they

fulfill the adiabaticity condition. Therefore, since the modes are perfectly-phase matched

and the adiabaticity condition is fulfilled, the optimized geometry for the SI structure

also provides maximum TE
(1)
1 mode transmission for the SUSY structure.
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Figure 4.3: (a) Spatial sequence of the coupling coefficients for m = 1 in the designed

device of Fig. 4.1(a) with the SI structure of Fig. 4.1(b). Spatial evolution of (b) the

mixing angle Θ and (c) the TE
(1)
1 mode power in each waveguide along the propagation

direction predicted by the coupled-mode equations. The parameter values of the SI

structure defined in Fig. 4.1(a) are λ0 = 1.55µm, c̃
(1)
1 = 263 mm−1, and b

(1)
1 = 1.66µm.
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Figure 4.4: (a) Numerical simulation of light intensity propagation along z when the

TE
(1)
1 mode is injected in the left waveguide of the structure composed of a step-index

profile n(1)(x) (left) parallel to a supersymmetric profile n(2)(x) (right), with xmin =

8µm. (b) Coupling coefficients calculated for xmin = 6, 6.5, 7, 7.5, 8 and 8.5µm,

λ0 = 1.55µm and d = 4µm.

Performing full numerical simulations using finite difference methods for the SI struc-

ture with the optimized geometry, we confirm the results of the coupled-mode equations,

obtaining that 99.3% of the injected intensity of the TE
(1)
1 mode is transmitted to the

right waveguide, see the right panel of Fig. 4.5(a). Alternatively, for the TE
(1)
0 mode, the

injected intensity spreads among the three waveguides, see the left panel of Fig. 4.5(a),

obtaining 11.2% in the right, 25.9% in the central and 62.8% in the left waveguides. To

keep the TE
(1)
0 mode in the left waveguide and achieve efficient mode separation, we

now consider the SUSY structure with the optimized geometry. In this case, 99.3% of

the injected intensity of the TE
(1)
1 mode is still transmitted to the right waveguide while

99.8% of the injected intensity of the TE
(1)
0 mode now remains in the left waveguide,

as it can be seen in the right and left panels of Fig. 4.5(b), respectively. Moreover, as

the TE
(1)
0 and the TE

(1)
1 have different parity, the cross-talk between them is negligi-

ble. Thus, by injecting the superposition of both modes in the left waveguide of the SI

structure, efficient demultiplexing is not achieved, as can be seen in Fig. 4.6(a). On the

contrary, if we inject the superposition in the SUSY structure, the modes are efficiently

demultiplexed as it can be seen in see Fig. 4.6(b).
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Figure 4.5: Numerical simulations of light intensity propagation (λ0 = 1.55µm) along

z when the fundamental (left panels) or the first excited mode (right panels) is injected

in the left waveguide of the designed device of Fig. 4.1(a), with (a) the SI structure of

Fig. 4.1(b) and (b) the SUSY structure of Fig. 4.1(c).
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Figure 4.6: Numerical simulations of light intensity propagation (λ0 = 1.55µm) along z

when an equally weighted superposition of the fundamental and the first excited modes

is injected in the left waveguide of the designed device of Fig. 4.1(a), with (a) the SI

structure of Fig. 4.1(b) and (b) the SUSY structure of Fig. 4.1(c).

To investigate the efficiency and robustness of the proposed device for

(de)multiplexing purposes, we introduce the Figure of Merit

F =
IL0,out
IL0,in

·
IR1,out
IL1,in

= ĨL0 · ĨR1 , (4.14)

where ĨL0 is the fraction of intensity of the TE
(1)
0 mode that remains in the left waveguide

and ĨR1 is the fraction of intensity of the TE
(1)
1 mode that is transmitted to the right

waveguide. The maximum fidelity F = 0.99 is achieved for the parameter values used

so far to optimize SAP for the TE
(1)
1 mode.

To prove the robustness of the device, we perform numerical simulations varying the

geometrical parameters and light’s wavelength. From these simulations, we find that

the proposed device can be miniaturized down to Dmin = 10 mm and the spatial delay

engineered within 3.5 mm ≤ δ ≤ 4.5 mm, maintaining a fidelity F = 0.99. Moreover,

fidelities F > 0.90 are achieved for 2.0 mm < δ < 6.0 mm, as displayed in Fig. 4.7(a).

Outside this range, the adiabaticity conditions are not fulfilled and light does not fol-

low the dark supermode of the system anymore, spreading between waveguides, see

Fig. 4.7(b). Note that, since the TE
(1)
0 mode cannot be coupled to the central super-

symmetric waveguide, it remains in the left waveguide even if the SAP conditions are

not fulfilled.
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Figure 4.7: (a) Fidelity F in terms of the spatial delay δ calculated by injecting an

equally weighted superposition of the fundamental and the first excited modes in the

left waveguide of the SUSY structure of Fig. 4.1(c). The darker and lighter shaded

regions indicate F > 0.99 and F > 0.9, respectively. (b) Numerical simulation of light

intensity propagation along z when the TE
(1)
1 mode is injected in the left waveguide of

the SUSY structure of Fig. 4.1(c) without spatial delay (δ = 0). Geometrical parameters

as defined in Fig. 4.1(a) and λ0 = 1.55µm.

Figure 4.8 shows the dependence of the fidelity with respect to the light’s wavelength

λ and the minimum separation between waveguide centers, xmin, assuming the refractive

index profiles fixed and independent of the wavelength. Efficient demultiplexing (F >

0.90) is achieved in a broad region of ∆λ ∼ 0.5µm and ∆xmin ∼ 2µm, reaching F =

0.99 in some small regions. Although we have considered fixed refractive indices, the

influence of dispersion remains negligible across 1.5µm ≤ λ ≤ 1.6µm [139]. Besides,

we have numerically checked that dispersion introduces deviations of the fidelities below

3% for the range 1.6µm < λ < 2µm, while its impact becomes important for longer

wavelengths. Note that, losses due to the bending of the waveguides associated to the

adiabatic passage geometry [295] and the ones associated to SUSY mode conversion

[139] are negligible. Thus, we only have the usual propagation losses, which depend

on the characteristics of the specific waveguide. Therefore, from the results obtained

in Fig. 4.8, we can conclude that the proposed device is an efficient and robust mode-

division demultiplexing device. Furthermore, if one injects the fundamental and the

first excited modes in the left and right waveguides of the output port, respectively, the

same device operates as a multiplexer with the same fidelity and robustness.
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Figure 4.8: Demultiplexing fidelity calculated through numerical simulations when we

inject an equally weighted superposition of the TE
(1)
0 and the TE

(1)
1 modes in the left

waveguide for different wavelengths and different minimum separation between waveg-

uides for the SAP device of Fig. 4.1(a) with the SUSY structure of Fig. 4.1(c).

To highlight the advantages of combining SUSY and SAP techniques, we compare

the designed device with a device consisting of three straight waveguides with the SUSY

structure of Fig. 4.1(c). Since it does not require adiabaticity, the straight SUSY struc-

ture can demultiplex modes in shorter distances than the here investigated device, as

can be seen in Fig. 4.9(a), where the demultiplexing is achieved in D̃ = 1 mm, which

is an order of magnitude less than our SAP device. Nevertheless, its efficiency rapidly

decreases in front of small parameter variations, as can be observed in Fig. 4.9(b). In

this case, the same level of fidelity as for the SAP geometry cannot be achieved since

the process is not adiabatic and the regions with F > 0.90 are drastically reduced

to ∆λ < 0.05µm and ∆xmin < 0.5µm, while for the SAP device we have obtained

∆λ ∼ 0.5µm and ∆xmin ∼ 2µm. Thus, the introduction of the SAP geometry in the

proposed device have clearly improved the robustness of the device.

Moreover, although we have designed the device to operate at telecom wavelengths,

due to the high-fidelity mode conversion that SUSY offers over the telecommunication

C-band [139], the device can be optimized to operate at different wavelengths by simply

modifying the geometrical parameter values. In addition, as the proposed device is

efficient for a broad wavelength range, it may also be used for demultiplexing light

pulses and it is fully compatible with wavelength division multiplexing techniques [264].
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As a proof of principle, we have focused on the simplest possible case for which

only two TE spatial modes can propagate through the step-index planar waveguides.

However, this configuration can be generalized to a higher number of TE modes as

SUSY techniques offer global phase matching conditions among their modes, irrespective

of the number of modes [135], to transverse magnetic modes [136] or even to modes

propagating in optical fibers [137]. In the case of a higher number of TE modes, the index

profile of the central waveguide could be engineered by applying SUSY transformations

in a reiterative manner to select the modes to be transferred between the outermost

waveguides and by coupling in series different devices to demultiplex the modes in an

efficient and robust way. Note that, although demultiplexing between two modes could

also be achieved using a central step-index waveguide designed in such a way that only

one mode propagates with the same propagation constant as the first excited mode

of the external waveguides, the extension to higher order modes cannot be performed

without SUSY isospectrality.

Figure 4.9: (a) Numerical simulations of light intensity propagation along z when an

equally weighted superposition of the TE
(1)
0 and the TE

(1)
1 modes is injected in the left

waveguide. (b) Demultiplexing fidelity for different wavelengths and different minimum

separation between waveguides. The device is composed of three straight waveguides

with the refractive index distribution of the SUSY structure of Fig 4.1(c). In (a), the

parameter values considered are: d = 4µm, xmin = 7µm, D̃ = 1 mm and λ0 = 1.55µm.
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4.5 Conclusions

In this chapter, we have demonstrated that it is possible to design an efficient and

robust (de)multiplexing device by combining SUSY and SAP techniques. On the one

hand, SUSY techniques have allowed to design the superpartner profile with the desired

modal content. On the other hand, SAP techniques have provided robustness to the

device. In particular, we have considered a triple-waveguide system with two curved

step-index waveguides with their centers displaced from each other and a central straight

waveguide characterized by a superpartner index profile. With this device, we have

demonstrated that by injecting an equally weighted superposition of the TE
(1)
0 and TE

(1)
1

modes in the left waveguide, the TE
(1)
1 mode is transferred to the right waveguide while

the TE
(1)
0 mode remains in the left one. Moreover, we have also tested the efficiency and

robustness of the device obtaining demultiplexing fidelities F > 0.90 in a broad region

of ∆λ ∼ 0.5µm and ∆xmin ∼ 2µm, reaching F = 0.99 for optimized values.

The proposed device offers a significant improvement in terms of robustness com-

pared to previous approaches using SUSY for mode filtering [135, 139] and confirms that

supersymmetric structures can be used for multiplexing/demultiplexing spatial modes,

to manipulate and study the modal content of an input field distribution or to filter sig-

nals and remove the non-desired modes in an efficient and integrated way [137, 141, 142].

In addition, the high obtained fidelities open promising perspectives in the field of quan-

tum integrated photonics to, for instance, prepare and manipulate quantum states with

minimal errors or by taking profit of the high dimensional Hilbert space associated to

spatial modes [296, 297].





5
Integrated photonic devices based on adiabatic

transitions between supersymmetric structures

The development of new techniques to design efficient and robust integrated devices

is crucial to consolidate the field of integrated photonics. To this aim, we introduce a

new technique to connect superpartner profiles by adiabatically modifying the refrac-

tive index profile along the propagation direction. By doing so, if a superposition of

transverse electric spatial modes is injected, the fundamental mode evolves adapting

its shape and propagation constant without being coupled to other guided or radiation

modes, while the rest of the modes are radiated during its propagation. Therefore, this

technique offers a systematic way to manipulate the modal content in systems of optical

waveguides, allowing to engineer efficient and robust photonic devices such as tapered

waveguides, single-waveguide mode filters, beam splitters, and interferometers.

This chapter is organized as follows. First, we motivate the development of efficient

and robust integrated photonic devices in Section 5.1. This is followed by Section 5.2,

where we present the theoretical basis describing the transformation of a given refractive

index profile along the propagation direction connecting two superpartner profiles, and

we discuss the adiabaticity conditions that have to be fulfilled. To continue, in Sec-

tion 5.3, we describe how one can design a tapered waveguide, a single-waveguide mode

filter, a beam splitter and a Mach-Zehnder interferometer, by applying the previously

described technique. Finally, we discuss the obtained numerical results in Section 5.4

and we conclude and adress future perspectives in Section 5.5.

59
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5.1 Introduction

Photonic integrated devices, offering high fidelity, high speed transmissions, and

scalability [28], are playing a fundamental role in the progress of modern technology

[36, 39], becoming relevant in different areas such as communication networks [37, 38],

lab-on-a-chip experiments [41, 298], and quantum technologies [42–44, 51]. In this re-

gard, although the miniaturization process has been successfully achieved in integrated

devices, the robustness of the devices is still a challenge in the field. Therefore, the de-

velopment of new techniques to engineer devices with enhanced performances is of the

main interest. In this vein, different approaches have been used to design tapered waveg-

uides [299–301], photonic lanterns [269], adiabatic [275, 302] and directional [273, 276]

couplers, mode filters [303], converters [304, 305], multiplexers [268], beam splitters

[306, 307], symmetric [308] and asymmetric [309, 310] Y-junctions, and interferometers

[311, 312]. To enhance the efficiency and robustness of these devices, a key factor is the

control over the propagating modes such that they evolve adiabatically [313, 314].

As discussed in detail in Chapter 3, one of the emerging techniques in the field

of integrated photonics is the application of Supersymmetry (SUSY), which allows to

manipulate the modal content and engineer structures with global phase-matching con-

ditions among their modes except some targeted ones that are removed [117]. So far,

SUSY-based optical devices have been designed by evanescently-coupling the modes

of superpartner structures [117, 137, 139–141]. Here, instead, we consider a structure

where the transverse index profile is adiabatically modified along the propagation direc-

tion such that, at the input and output ports, one has superpartner index profiles [142].

Moreover, since the superpartner of a photonic lattice has one less waveguide than the

original waveguide lattice [139], structures with different number of channels at the input

and at the output ports can be implemented. Even more, as mode transformation losses

are minimized due to the adiabaticity of the process and back reflections are negligible

due to the phase-matching conditions of the modes at the interfaces, where consecutive

transitions between superpartners are connected, the proposed technique constitutes an

new efficient manner to engineer robust integrated photonic devices [142, 144].

In this chapter, we exemplify the potential of connecting superpartner index profiles

in an adiabatic manner by designing four different devices. First, we adiabatically

connect the superpartner profiles of a single-waveguide characterized by a refractive

index profile n(1)(x), which supports three Transverse Electric (TE) spatial modes, with

the superpartner index profiles n(2)(x) and n(3)(x), which support two and one TE

modes, respectively. In particular, since the transition is adiabatic and the profile is

engineered to remove high order modes, if a superposition of the three TE modes is

injected into the structure, the fundamental TE mode will evolve adapting its shape

and propagation constant without being coupled to other guided or radiation modes,
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while the rest of the modes will be radiated. Thus, the device works will work as a filter

of high order modes filter and as a tapered waveguide for the fundamental mode. This

discussion is followed by the extension of this technique to a two-waveguide structure,

whose superpartner is a one-waveguide structure. Therefore, if the lowest TE mode is

injected using as the input port the superpartner profile that has one waveguide, it will

coherently split at the output port that is composed of two waveguides, and thereby,

the device will operate as a beam splitter. Note that, by exchanging the ports, the same

device would operate as a beam recombiner. Finally, by joining the beam splitter with

the beam recombiner, a Mach-Zehnder interferometer (MZI) could also be designed.

5.2 Theoretical model

The TE component of an electric field propagating along the z-direction given by

Eq. (2.37) of Chapter 2, can be generalized to a medium with arbitrary index of refraction

n(x, z) as [27]

Ey(x, z) =
∑
m

am(z)em(x, z) exp

[
−i
∫ z

0

βm(z)dz

]
, (5.1)

where am(z) is the amplitude, em(x, z) the transverse spatial distribution and βm(z) the

propagation constant of mode m. Here, since the refractive index profile n(x, z) changes

along the propagation direction, so does the propagation constant βm(z) of the modes.

Nevertheless, at any fixed position along the propagation direction, the problem can be

defined by the eigenvalue equation

Hem(x) = −β2
mem(x), (5.2)

where H = −d2/dx2 − k2
0n

2(x) is the Hamiltonian and k0 = 2π/λ0 is the vacuum

wavenumber. As previously discussed in Section 3.3 of Chapter 3, the superpartner

profile n(q+1)(x) of a given n(q)(x), obtained after applying q SUSY transformations, can

be derived by factorizing the Hamiltonian in

H(q) + (β
(q)
0 )2 =

(
A(q)

)†
A(q) and H(q+1) + (β

(q)
0 )2 = A(q)

(
A(q)

)†
, (5.3)

where A(q) = d/dx+W (q)(x) and A(q)† = −d/dx+W (q)(x) are the factorization operators

and W (q)(x) = −∂x ln
[
e

(q)
0 (x)

]
is the Superpotential. Moreover, as described in (3.32)

in Chapter 3, the superpartner index profile reads

n(q+1)(x) =

√
[n(q)(x)]

2 − 2

k2
0

dW (q)

dx
. (5.4)
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Figure 5.1: Schematic representation of a hierarchical sequence of superpartner struc-

tures characterized by the index profiles {n(1), n(2), . . . , n(N)}. The diagonal arrows in-

dicate the evolution of the modes when the index profile is adiabatically modified along

the propagation direction connecting the superpartner profiles.

These transformations allow the systematic design of superpartner profiles with desired

modal content, as it is shown in Fig. 5.1. Here, to achieve a transition connecting super-

partner profiles, we propose to smoothly modify the transverse refractive index profile

along the propagation direction. To this aim, we introduce a continuous transformation

function g(z), valued between 0 and 1, from z = Lq to z = Lq+1. To clarify the notation

along the chapter, we introduce the subscript gq→q+1(z) when we refer to a specific tran-

sition, whereas we omit it when referring to the transformation function in a general

way i.e., g(z). The index profile along the transition is then characterized by

n(q)→(q+1)(x, z) =

√
[n(q)(x)]

2 − gq→q+1(z)
2

k2
0

dW (q)

dx
. (5.5)

To perform the adiabatic modification leading to the evolution of the propagating

mode following the diagonal arrows of Fig. 5.1, the coupling to other guided or radia-

tion modes should be avoided. This can be achieved by modifying g(z) slowly enough

such that the propagation constants do not cross each other. Specifically, the propa-

gation constants and modes of the system should be continuous along the propagation

direction, with well defined first and second derivatives along z [105]. From here on, to

simplify the notation along the chapter, we use the bra-ket formulation from quantum

mechanics where |em〉 accounts for the eigenfucntion of mode m and 〈em′ |dem
dz
〉 denotes

the corresponding overlap integral. To quantify how smooth this modification has to be
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[313], the probability

pm→m′ ≤ max

∣∣∣∣∣ 〈em′ |dem
dz
〉

βm(z)− βm′(z)

∣∣∣∣∣
2

, (5.6)

of exciting a mode |em′〉 while being in |em〉 has to be minimized. Specifically, to avoid

coupling to any other guided mode m′, the following adiabaticity condition∣∣∣∣〈em′ |dem
dz
〉
∣∣∣∣� |βm(z)− βm′(z)|. (5.7)

should be satisfied. For symmetric variations of the refractive index profile along z,

〈em′|dem
dz
〉 = 0 between modes with opposite parity. Besides, one also has to avoid the

coupling with radiation modes and satisfying the adiabaticity condition∣∣∣∣〈erad|demdz 〉
∣∣∣∣� |βm(z)− k0nclad|, (5.8)

where |erad〉 accounts for a radiation mode and k0nclad sets the minimum propagation

constant, below which, the modes are radiated.

5.3 Physical system

As a proof of concept, we focus on the application of adiabatic transitions connecting

superpartner profiles of:

(i) a single-waveguide structure, which offer a systematic way to design tapered waveg-

uides [299, 300] that can be used to propagate modes between waveguides with

different widths [305], to avoid single-photon loss due to mode profile mismatch or

to filter higher order modes by radiating them [315].

(ii) a two-waveguide structure, which allows to the design of beam splitters [307] re-

sembling the behaviour of symmetric Y-junctions [308] and Mach-Zehnder inter-

ferometers [316] with potential applications for sensing [317].

To be specific, we consider LiNbO3 waveguides [312, 318] with refractive indices

ncore = 2.111 and nclad = 2.209 at telecom wavelength (λ = 1.55µm), known for its high

electro-optic coefficient [319]. Note that, from a technological perspective, the experi-

mental realization of the proposed superpartner index profiles is difficult to achieve due

to the high spatial resolution required both in the transverse and longitudinal directions.

Nevertheless, as we have discussed in Chapter 3, promising techniques to this aim are

femtosecond laser writing techniques [76, 102] or electron-beam lithography [251, 252].

Moreover, here, channel waveguide segmentation could be also an interesting approach

to create an effective index profile that resembles the superpartner one [299, 320].
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5.3.1 Single-waveguide structure

Here, we consider a waveguide defined by a super-Gaussian refractive index profile

[
n(1)(x)

]2
= n2

clad + (n2
core − n2

clad) exp

[
−
(

2x

d

)2p
]
, (5.9)

where 2p is an index that smooths the profile. The width d of the waveguide is selected to

allow the propagation of the TE
(1)
0 , TE

(1)
1 and TE

(1)
2 modes with propagation constants

β
(1)
0 , β

(1)
1 , and β

(1)
2 , respectively, see Fig. 5.2(a). The first superpartner profile n(2)(x),

see Fig. 5.2(b), sustains the TE
(2)
0 and TE

(2)
1 modes with β

(2)
0 = β

(1)
1 and β

(2)
1 = β

(1)
2 ,

respectively, and the second superpartner profile n(3)(x), see Fig. 5.2(c), only supports

the TE
(3)
0 mode with β

(3)
0 = β

(2)
1 = β

(1)
2 .

Considering the n(1)→(2)→(3)(x, z) structure with n(1)(x) as the input and n(3)(x) as

the output ports, if the transverse refractive index profile is adiabatically modified along

the propagation direction, the propagating modes will evolve adapting their shape and

propagation constant as indicated by the arrows of Fig. 5.2. In particular, if the TE
(1)
0

mode is injected, it will be converted into the TE
(3)
0 mode at the output port and

the device will work as a tapered waveguide. To optimize the device, the adiabaticity

conditions of Eqs. (5.7) and (5.8) should be satisfied. For parity reasons, the TE
(1)
0

mode can only be coupled to the TE
(1)
2 mode, with the latest becoming a radiation

mode after a short propagation distance. Hence, it is enough to fulfill Eq. (5.8) for the

fundamental mode, avoiding the coupling with the radiation modes. This means that we

need a transformation function g(z) that behaves linearly at the beginning, where the

Figure 5.2: Refractive index distribution and transverse mode profiles of (a) a Super-

Gaussian profile n(1)(x) with d = 20µm and 2p = 8, (b) its first superpartner profile

n(2)(x), and (c) its second superpartner profile n(3)(x). The positions of the modes along

the vertical axis correspond to βm/k0 and the arrows indicate the evolution of the modes

when the index profile is adiabatically modified along the propagation direction.
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Figure 5.3: Continuous transformation function g(z) = cosκ(z) for κ = 2 (green solid

line), κ = 4 (red dotted line) and κ = 6 (blue dashed line), within the range 0 < z < π.

The shaded area delimits the range 3π/4 < z < π.

gap between the propagation constants of the modes is constant, while it changes slowly

as z approaches the end of the structure, where the gap between the fundamental and

the radiation modes |β0(z) − k0nclad| decreases. An analytic function satisfying these

conditions is g(z) ∝ cosκ(z), which is represented in Fig. 5.3 for different values of κ.

To be specific, we choose κ = 2 and 3π/4 < z < π, illustrated by the green solid line

and the shaded region in Fig. 5.3, which corresponds to a transformation function

gq→q+1(z) = 4 cos2 [Aq(z)]−Bq, (5.10)

where Aq(z) and Bq are used to bound the values of the function between 0 and 1.

Specifically, for the n(1)→(2)(x, z) transition occurring between 0 ≤ z ≤ L2, we use

A1(z) =
π

12

z

L2

+
3π

4
and B1 = 2, (5.11)

which leads to

g1→2(z) = 4 cos2

[
π

12

z

L2

+
3π

4

]
+ 2. (5.12)

As desired, the g1→2(z) function is approximately linear function, as it can be seen

in Fig. 5.4(a). On the other hand, for the n(2)→(3)(x, z) transition occurring between

L2 < z ≤ L3, we choose

A2(z) =
π

6

(z − L2)

(L3 − L2)
+

5π

6
and B2 = 3, (5.13)

and thereby,

g2→3(z) = 4 cos2

[
π

6

(z − L2)

(L3 − L2)
+

5π

6

]
+ 3, (5.14)
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Figure 5.4: Evolution along the propagation direction of the (a) continuous transfor-

mation function g(z), (b) propagation constants βm(z), and (c) refractive index profile,

corresponding to the n(1)→(2)(x, z) transition between 0 ≤ z ≤ L2 and n(2)→(3)(x, z)

transition between L2 ≤ z ≤ L3.

which becomes smoother as it approaches z = L3, as it is displayed in Fig. 5.4(a).

Note that the choice of the gq→q+1(z) function is not unique. The evolution along the

z-direction of the propagation constants and the refractive index profile are shown in

Figs. 5.4(b) and (c), respectively. Furthermore, the n(1)→(2)→(3)(x, z) structure could also

be used as a single-waveguide mode filter since the high order modes are not supported

by the superpartner profile n(3)(x) and they would be radiated along the propagation.

Specifically, if a superposition of the TE
(1)
0 , the TE

(1)
1 and the TE

(1)
2 modes is injected

through the input port, the TE
(1)
1 and the TE

(1)
2 modes will be radiated during the

n(2)→(3)(x, z) and n(1)→(2)(x, z) transitions, respectively, while the TE
(1)
0 mode will be

efficiently converted to the TE
(3)
0 mode at the output port.

5.3.2 Two-waveguide structure

Here, we consider a two-waveguide structure with refractive index profile ñ(1)(x)

characterized by two identical waveguides, each of them defined by a super-Gaussian

profile (5.9), separated a distance D. The waveguides are single-mode in isolation and,

when they are coupled, the entire structure supports the symmetric TE
(1)
s and the an-

tisymmetric TE
(1)
a supermodes, with propagation constants β̃

(1)
s and β̃

(1)
a , respectively,

see Fig. 5.5(a). Therefore, by applying SUSY transformations, the superpartner pro-

file ñ(2)(x) supporting only the TE
(2)
0 mode with propagation constant β̃

(2)
0 = β̃

(1)
a is
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Figure 5.5: Refractive index profile and transverse mode profile of (a) a two-waveguide

super-Gaussian profile ñ(1)(x) with d = 8µm and D = 20µm, and (b) its superpartner

profile ñ(2)(x). The positions of the modes along the vertical axis correspond to βm/k0

and the diagonal arrows indicate the evolution of the modes when the index profile is

modified adiabatically along the propagation direction.

obtained, as it is represented in Fig. 5.5(b). Note that, to avoid misleading, the main

parameters corresponding to the two-waveguide structure are identified with a tilde.

Using the ñ(2)→(1)(x, z) structure, with ñ(2)(x) as the input and ñ(1)(x) as the output

ports, if the TE
(2)
0 mode is injected and the modification of the refractive index profile is

performed adiabatically, the TE
(2)
0 mode will evolve following the green arrow of Fig. 5.5,

becoming the TE
(1)
s supermode at the output port. Thus, having the same power in

each of the two waveguides of the output port, with the device behaving as a symmetric

beam splitter. For parity reasons there is no coupling between the two guided modes,

hence, it is enough to fulfill Eq. (5.8). Moreover, since the difference |βm(z) − k0nclad|
is approximately constant, a linear g̃2→1(z) would satisfy the adiabaticity condition.

The evolution of the propagation constants and the refractive index profile along the

z-direction for the g̃2→1(z) of Fig. 5.6(a), are shown in Figs. 5.6(b) and (c), respectively.

Note that, by exchanging the input and output ports, the ñ(1)→(2)(x, z) structure can be

used to recombine two light beams into a single channel. In addition, the composition

of the beam splitter, the two-waveguide profile and the beam recombiner, form a MZI

represented in Fig. 5.7. Therefore, if one injects the TE
(2)
0 mode, it will coherently split

after the ñ(2)→(1)(x, z) region, becoming the TE
(1)
s supermode, it will propagate without

modifying its shape in ñ(1)(x), and it will recombine after ñ(1)→(2)(x, z), obtaining the

TE
(2)
0 mode at the output port. The evolution of the transformation function g̃(z), the

propagation constants and the index profile along the z-direction of the MZI are shown

in Figs. 5.7(a), (b) and (c), respectively.
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Figure 5.6: Evolution along the propagation direction of the (a) continuous transforma-

tion function g̃2→1(z), (b) propagation constants βm(z), (c) the refractive index profile,

corresponding to the ñ(2)→(1)(x, z) transition between 0 ≤ z ≤ L̃1. Note that m = s, a

accounts for the symmetric and antisymmetric supermodes, respectively.

Figure 5.7: Evolution along the propagation direction of the (a) continuous transfor-

mation function g̃(z), (b) propagation constants βm(z), and (c) refractive index profile,

corresponding to the: ñ(2)→(1)(x, z) transition between 0 ≤ z ≤ L̃1, ñ(1)(x, z) between

L̃1 ≤ z ≤ L̃′1, and ñ(1)→(2)(x, z) transition between L̃′1 ≤ z ≤ L̃′2. Note that m = s, a

accounts for the symmetric and antisymmetric supermodes, respectively.
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5.4 Numerical results

In this section, we demonstrate through numerical simulations using finite difference

methods the efficiency and robustness of the devices. Moreover, we also test the MZI by

simulating the application of a voltage in one of its arms, which changes the refractive

index and give rise to a differential phase shift that modulates the output intensity.

Specifically, the fidelity of each device is calculated using

Fm = |〈eout|em〉|2 , (5.15)

where |eout〉 is the transverse modal field distribution numerically obtained at the output

port, and |em〉 is the theoretically expected transverse modal field distribution at this

port. In addition, we also compute the transmitted power given by

Tm =
P out
m

P in
m

· 100, (5.16)

where P in
m and P out

m are the input and output powers of mode m, respectively, obtained

by integrating the intensities within the waveguide cores.

5.4.1 Tapered waveguide

Here, we demonstrate the efficiency and robustness of the n(1)→(2)→(3)(x, z) structure,

illustrated in Fig. 5.4(c), working as a tapered waveguide. The numerical simulations

confirm that, since the adiabaticity condition is fulfilled, the TE
(1)
0 mode is converted

into the TE
(3)
0 mode at the output port, while the TE

(1)
1 and TE

(1)
2 modes become

radiation modes during the propagation, as can be seen in Figs. 5.8(a), (b) and (c),

respectively. Besides, by injecting the TE
(1)
0 mode at the telecom wavelength, we obtain

fidelities F0 > 0.99 and F0 > 0.999 for devices with total length L3 > 1.2 mm and L3 >

1.8 mm, respectively, see Fig. 5.9, with a transmitted power of T0 > 99% for both cases.

Instead, if one considers a linear g(z) function rather than the optimized g1→2(x) and

g2→3(x) transformation functions given by Eqs. (5.12) and (5.14), respectively, to achieve

fidelities F0 > 0.999 one would require longer devices with L3 > 10 mm. In addition,

the robustness of the device is demonstrated obtaining F0 > 0.99 in a broad region

of wavelengths 1.4µm ≤ λ ≤ 1.7µm for devices with L3 > 1.2 mm, see Fig. 5.9, with

back-reflections remaining under −30 dB. Note that, for lower wavelengths, the modes

are more confined, less sensitive to the refractive index variations, and the fidelities

are higher. The obtained results are similar to other approaches such as segmented

waveguides [300], where fidelities between 0.78 and 0.98 and power transmissions above

98% are obtained. Thus, our proposal constitutes an efficient alternative to design

tapered waveguides with a high mode overlap and minimum mode losses due to the

adiabaticity of the process.
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Figure 5.8: Numerical simulation of light intensity propagation (λ = 1.55µm) along the

n(1)→(2)→(3)(x, z) structure of Fig. 5.4(c), when the (a) TE
(1)
0 , (b) TE

(1)
1 , and (c) TE

(1)
2 ,

mode is injected through the input port n(1)(x). The horizontal dashed line delimits the

two transitions. The total length of the simulated device is L3 = 1.8 mm.

Figure 5.9: Numerically calculated fidelity of the tapered waveguide of Fig. 5.4(c) for

the fundamental TE
(1)
0 mode for different device lengths L3 and light wavelengths λ.
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Moreover, if only the n(1)→(2)(x, z) transition is used, the device behaves as an efficient

tapered waveguide for the TE
(1)
0 and TE

(1)
1 modes, obtaining F0 > 0.99 and F1 = 0.96,

respectively, for L2 = 0.6 mm. As the TE
(1)
1 mode is less confined and g1→2(z) has not

been optimized to fulfill Eq. (5.8) for this mode, a longer device of L2 > 1.5 mm is

required to obtain F1 > 0.99.

5.4.2 Single-waveguide mode filter

Here, we investigate the operation of the previous n(1)→(2)→(3)(x, z) structure as a

mode filtering device. Specifically, the fidelity of the mode filter is given by

Ffilter = F0(1−F1)(1−F2). (5.17)

Fidelities F0 = 0.999, F1 = 0.245, and F2 = 0.205, are numerically obtained, yielding

to Ffilter = 0.60 using the previous used structure with L3 = 1.8 mm. The fidelity of

the mode filtering device can be increased to Ffilter > 0.9 by re-scaling the structure

from L3 = 1.8 mm to L3 = 3.9 mm, or by adding 1.2 mm of the n(3)(x) profile after

the 1.8 mm of the n(1)→(2)→(3)(x, z) structure. In terms of power, above T0 > 99% of

the TE
(1)
0 mode is transmitted, and 94.5% and 98.5% of the TE

(1)
1 and TE

(1)
2 modes

is radiated, respectively. The same fidelities could be achieved by optimizing g(z) to

faster radiate the unwanted modes. Note that the fidelities and transmitted powers

are calculated using single mode excitation, as displayed in Fig. 5.8. Nevertheless, the

Figure 5.10: Numerical simulation of light intensity propagation (λ = 1.55µm) along

the n(1)→(2)→(3)(x, z) structure of Fig. 5.4(c), when an equally weighted superposition

of the TE
(1)
0 , TE

(1)
1 , and TE

(1)
2 modes is injected through the input port n(1)(x). The

vertical dashed line delimits the two transitions. The width of the simulated device is

200µm and the total length is L3 = 1.8 mm.
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device is still efficient when an equally weighted superposition of the TE
(1)
0 , TE

(1)
1 , and

TE
(1)
2 modes is injected as it can be seen in Fig. 5.10, with above 95% of the fundamental

mode power being still transmitted.

The proposed device is more efficient than a standard taper designed by just de-

creasing the index contrast until a single-mode waveguide is obtained. Using the same

optimized g0→1(z) and g1→2(z) functions given by Eqs. (5.12) and (5.14), respectively,

Ffilter = 0.47 is obtained for L = 3.9 mm, which is much lower than the obtained with

the SUSY-based device. In terms of power, 99% is transmitted for the fundamental

mode, and 77% and 97% is radiated for the first and second excited modes, respectively,

which is lower than the obtained before. Furthermore, the obtained fidelities are higher

than other filtering techniques, such as interference couplers [303] or segmented waveg-

uides [321], with 63% and 80% of mode suppression, respectively. Finally, our proposal

has the advantage over conventional tapers that both the waveguide size and the index

contrast are modified in such a way that the desired mode profile is obtained at the

output port, leading to higher fidelities.

5.4.3 Beam splitter

Here, we demonstrate the efficiency and robustness of the symmetric beam splitter,

characterized by the index profile transition ñ(2)→(1)(x, z), represented in Fig. 5.6(c).

Figure 5.11(b) shows how when the TE
(2)
0 mode injected through the input port ñ(2)(x),

see Fig. 5.11(a), it is converted into the TE
(1)
s mode at the output port ñ(1)(x), see

Fig. 5.11(c). In this case, the fidelity of the beam splitter is given by

F̃s = |〈eout|e(1)
s 〉|2. (5.18)

Using the previously discussed g̃2→1(z) function and working at telecom wavelength,

we find F̃s > 0.99 and F̃s > 0.999 for L̃1 > 6 mm and L̃1 > 8 mm, respectively, with

a transmitted power T̃s > 99%. Besides, F̃s > 0.99 are obtained in a wide region

of wavelengths 1.4µm ≤ λ ≤ 1.7µm for L1 > 6 mm, see Fig. 5.12, confirming the

robustness of the device. The same fidelity and robustness is obtained for the device

working as a beam recombiner. The robustness for a broad range of wavelengths is an

advantage over standard beam splitters based on evanescently-coupled waveguides, and

resembles a broadband beam splitter in which a transmission power of 97% is achieved

for 1.5µm ≤ λ ≤ 1.63µm [322]. Moreover, the device also resembles a symmetric Y-

junction [309] with similar transmitted powers for the same total length. Even more, a

SUSY-based device resembling an asymmetric Y-junction, which allows mode-division

demultiplexing [277], could also be designed using waveguides with different widths [144].
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Figure 5.11: Numerical simulation of light intensity propagation (λ = 1.55µm) along

the ñ(2)→(1)(x, z) structure of Fig. 5.6(c), when the TE
(2)
0 mode is injected through the

input port ñ(2)(x). (a) Injected intensity corresponding to the TE
(2)
0 mode, (b) intensity

propagation, and (c) output intensity corresponding to the TE
(1)
s mode. The total length

of the simulated device is L̃1 = 8 mm.

Figure 5.12: Numerically calculated fidelity of the beam splitter of Fig. 5.6(c) for the

TE
(2)
0 mode for different device lengths L̃1 and light wavelengths λ.
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5.4.4 Mach-Zehnder interferometer

Finally, we numerically test the performance of the MZI represented in Fig. 5.7(c).

Applying a voltage to one of the arms, a change in the refractive index ∆ñ is introduced

due to the linear electro-optical effect, which introduces a phase difference [318]

∆φ = k0∆L̃1∆ñ = −k0∆L̃1[ñ(1)(x)]3r33
V

2h
Γ, (5.19)

where ∆L̃1 = L̃′1 − L̃1 is the electrode length, r33 is the electro-optical coefficient, V

is the applied voltage, h is the distance between the electrodes and Γ is the overlap

integral between the propagating and the applied electric fields. By injecting the TE
(2)
0

mode through the input port, we can observe in Fig. 5.13(a) how, when no voltage

is applied, the beams are recombined at the output port obtaining the TE
(2)
0 mode

with a fidelity F̃0 = 0.998 for L̃′2 = 20 mm. Instead, when V = 5.63 V is applied, a

phase difference ∆φ = π/2 is introduced, leading to a superposition of the symmetric

TE
(1)
s and antisymmetric TE

(1)
a supermodes, which are partially radiated and recombined

Figure 5.13: Numerical simulation of light intensity propagation (λ = 1.55µm) along the

MZI when the TE
(2)
0 mode is injected through the input port ñ(2)(x), and a voltage (a)

V = 0, (b) V = 5.625 V, and (c) V = 11.25 V, is applied to the right arm. The horizontal

dashed lines delimit the three regions of the MZI. Parameters used: λ = 1.55µm,

r33 = 30 pm/V, h = 8µm, l = 4 mm and Γ = 0.83.
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at the output port, see Fig. 5.13(b). Finally, when V = 11.25 V is applied, a phase

difference ∆φ = π is introduced transforming the mode into the TE
(1)
a mode, which is

radiated during the ñ(1)→(2)(x, z) transition, see Fig. 5.13(c). The output intensities for

these three different voltages are represented in Fig. 5.14(a). Besides, by computing the

transmitted power T̃0 of the TE
(2)
0 mode, integrating the intensities in the waveguide core

for different voltages, we find that the minimum transmitted power T̃min = 1.4% occurs

at V = 11.25 V, which is in good agreement with the expected behavior T̃ = cos2 (∆φ/2),

see Fig. 5.14(b). Note that the SUSY-based MZI has a visibility of 98.6%, which could

be improved by prolonging the output port ñ(2)(x).

Figure 5.14: (a) Output intensities obtained after the TE
(2)
0 mode has propagated

through the MZI as shown in Fig. 5.13, and a voltage V = 0 (green solid line),

V = 5.625 V (blue dotted line), and V = 11.25 V (red dashed line), is applied to

the right arm. (b) Numerically computed transmission (dots) and theoretical expected

curve (solid line) for the MZI as a function of the applied voltage V . Parameters used:

λ = 1.55µm, r33 = 30 pm/V, h = 8µm, l = 4 mm and Γ = 0.83.
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5.5 Conclusions

In this chapter, we have introduced transitions connecting superpartner profiles in

systems of optical waveguides by modifying the transverse refractive index profile along

the propagation direction. Specifically, this has been achieved by defining a continuous

transformation function that connects the superpartner structures, which has allowed

to manipulate the modal content in an adiabatic fashion. In particular, we have demon-

strated that these transitions offer a systematic way to design efficient and robust (i)

tapered waveguides and mode filters by using a single-waveguide structure, and (ii) beam

splitters and MZI’s by using a two-waveguide structure. Numerically calculated fidelities

above 0.999 have been achieved in a broad region of wavelengths for L > 1.8 mm tapered

waveguides and L > 8 mm symmetric beam splitters, respectively. Moreover, we have

also designed a single-waveguide mode filter with fidelities above 0.9 and a MZI with a

visibility of 98.6%. Due to the high efficiency and robustness of the proposed devices, we

conclude that adiabatic transitions connecting superpartner profiles constitute a novel

powerful technique to design integrated photonic devices.

As a proof of principle, we have focused on transitions applied to single- and two-

waveguide structures. However, more complex structures could be designed by increas-

ing the number of waveguides, using waveguides with different widths [144], using opti-

cal fibers [137] or combining the transitions along the propagation direction with SUSY

transformations along the transverse direction. Finally, we would like to remark that

such transitions are not restricted to optical systems and could be extended to the

general formalism of SUSY quantum mechanics and applied to, for instance, trapping

potentials for neutral atoms, modifying its shape in time instead of space [256].



6
Topological state engineering via supersymmetric

transformations

The quest to explore new techniques for the manipulation of topological states pro-

vides a deeper understanding of topological physics, and it is essential for identifying new

ways to harness their unique features. Here, we examine the potential of supersymmetric

(SUSY) transformations to systematically address, alter and reconfigure the topologi-

cal properties of a system. To this end, we theoretically and experimentally study the

changes that topologically protected states in photonic lattices undergo as SUSY trans-

formations are applied to their host system. In particular, we show how SUSY-induced

phase transitions can selectively suspend and re-establish topological protection of spe-

cific states. Furthermore, we reveal how understanding the interplay between internal

symmetries and symmetry constraints of SUSY transformations provides a road-map

to directly access the desirable topological properties of a system. Our findings pave

the way for establishing SUSY-inspired techniques as a powerful and versatile tool for

topological state engineering.

This chapter is organized as follows. In Section 6.1, we motivate the interest in apply-

ing SUSY transformations to a system supporting topologically protected states. This

is followed by Section 6.2, where we introduce the Su-Schrieffer-Heeger (SSH) model. To

continue, we describe the experimental set-up used to inscribe one-dimensional lattices

of femtosecond laser written waveguides and how to design supersymmetric topological

photonic structures and engineer its topological properties in Section 6.3. Moreover, in

Section 6.4 we provide the experimental verification of the predicted results. Finally,

we conclude and discuss future perspectives in Section 6.5. The work included in this

chapter was carried out thanks to different short stays at Prof. Szameit group in the

Universität Rostock, during which I was involved both in the development of the theory

and the realization of the experiments.
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6.1 Introduction

Physical laws are intrinsically connected to symmetries, which can be mainly classi-

fied in space-time symmetries, involving transformations in space and time, and internal

symmetries [323]. Unlike any other symmetry, Supersymmetry (SUSY), originally de-

veloped as an extension of the Poincaré Group [199], offers a loophole to the Coleman-

Mandula theorem [324], allowing the interplay of space-time and internal symmetries

in a non-trivial way [325]. Despite the lack of direct experimental evidence of SUSY in

high-energy physics, some of its fundamental concepts have been extended to numerous

fields [123, 132, 203, 204]. In particular, SUSY provides an effective theory to describe

quantum phase transitions occurring at the boundary of topological superconductors

[326], where topologically protected edge states [327, 328] characterized by topological

invariants [165, 329] emerge. Discovered with the integer quantum Hall effect [167, 168],

topological insulators led to a breakthrough in condensed-matter [171]. Moreover, the

study of topological phases has been extended to other fields such as solid-state physics

[330], atomic physics [331], acoustics [332], electronics [333], mechanics [334], magnetism

[335], ultracold atoms [336] or photonics [170, 337–340].

In this chapter, we explore the interplay between SUSY and topology – two seem-

ingly independent fundamental concepts in physics - and demonstrate theoretically and

experimentally its deep connection [193]. To this aim, SUSY transformations are ap-

plied to manipulate topological properties strongly connected to internal symmetries

of the systems, inducing topological phase transitions. Specifically, a new method for

topological state engineering, e.g., to selectively suspend and re-establish the topological

protection of a targeted state, is presented. Moreover, it is shown how closely this behav-

ior is linked to symmetry constraints of SUSY transformations [238, 240], enabling these

symmetries to be fully or partially preserved, or cancelled in their entirety. As SUSY

transformations are tailored to their specific purpose, they imprint their characteristic

signature on the topological invariants, as well as the related topological protection.

To explore the fruitful interplay between SUSY and topology, we employ femtosec-

ond laser written photonic lattices [76, 102]. In recent years, the field of photonics has

shed light on a plethora of phenomena stemming from topological phases [338, 339],

sparkling numerous sophisticated applications such as scatter free light transport, due

to the unidirectional nature of the edge states [109–112], which can be used for efficient

routing and switching applications [174–177]. Within the field of topological photonics

(see [170] for a recent review), photonic lattices have been consolidated as a versa-

tile experimental platform [172, 173, 341, 342]. In a similar vein, SUSY notions have

been introduced to photonics [117] leading to many applications (as discussed in detail

in Section 3.1 of Chapter 3) ranging from mode filtering [137, 139, 141] to creating

topologically protected mig-gap states starting from trivial configurations [239]. Here,
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to elucidate how SUSY enables the manipulation of topological properties, we apply

Discrete SUSY (DSUSY) transformations to photonic lattices embodying the simplest

system with non-trivial topological properties, the Su-Schrieffer-Heeger (SSH) model

[178, 343]. The SSH model, which is one of the most important models in condensed-

matter physics for illustrating topological physics [344, 345], has also been extensively

studied and implemented using optical waveguides [346–350]. Along these lines, we show

how SUSY allows the systematic breaking and recovery of symmetries of the system,

constituting a powerful tool to tailor topological transitions and to manipulate the topo-

logical properties of a system. In addition, the proposed method for topological state

engineering is not restricted to photonic lattices and can be extended to other systems

described by a tight-binding Hamiltonian, e.g., coupled cavities [159], ultra-cold atoms

[344] or acoustic and mechanical systems [257].

6.2 Theory

6.2.1 The Su-Schrieffer-Heeger (SSH) model

The SSH model is characterized by a one-dimensional lattice consisting of N/2 unit

cells hosting two sites, one on sublattice A and one on sublattice B, and staggered

couplings c1 and c2, as it is displayed in Fig. 6.1(a). The coupling within the sites of

the unit cell is c1 while the coupling between unit cells is c2. Here, the SSH model is

discussed considering N evanescently-coupled single-mode waveguides whose couplings

can be tuned by changing the separation between waveguides. For the waveguide lattices

here employed, light propagation along the z-direction can be defined using coupled-

mode equations introduced in Section 2.3 of Chapter 2, which are given by

i
d

dz
ψ = Hψ, (6.1)

where ψ = (ã1, . . . , ãN)T , with ãj describing the complex modal field amplitude in

waveguide j, and the Hamiltonian is given by the N ×N tri-diagonal matrix

H =



β1 c1 0 . . . 0

c1 β2 c2
. . .

...

0 c2
. . . . . . 0

...
. . . . . . . . . . . .

0 . . . 0
. . . βN


, (6.2)

where the propagation constants βj occupy the diagonal elements and the coupling

strengths between adjacent waveguides the off-diagonal ones. Note that, depending
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on the number N of waveguides, the lattice terminates with c1 or c2. In addition,

the properties of the model can be described in terms of the bulk, which is the long

central part of the chain and determines the most important physical properties of the

system, and the edges. By applying periodic boundary conditions, the system becomes

translationally invariant and it can be Fourier transformed, with the Bloch Hamiltonian

in momentum space reading [343]

H(k) =

(
0 c1 + c2e

ik

c1 + c2e
−ik 0

)
, (6.3)

where k is the Bloch wavenumber within the first Brillouin zone. Diagonalizing (6.3),

one obtains the bulk dispersion relation

E(k) = ±
√
c2

1 + c2
2 + 2c1c2 cos (k). (6.4)

If one of the coupling parameters is zero or there is staggering c1 6= c2, we have an

insulator that is characterized by a gapped band structure, see Figs. 6.1(b) and (c),

respectively. Instead, the band gap closes for c1 = c2, as it can be observed in Fig. 6.1(d).

Note that, although the band structure is the same for |c1| > |c2| and |c1| < |c2|, its

topological properties are different. The Hamiltonian (6.3) can be rewritten as

H(k) = hx(k)σx + hy(k)σy + hz(k)σz, (6.5)

where

hx(k) = c1 + c2 cos (k), hy(k) = c2 sin (k) and hz(k) = 0, (6.6)

and the Pauli matrices are given by

σx =

(
0 1

1 0

)
, σy =

(
0 −i
i 0

)
and σz =

(
1 0

0 −1

)
. (6.7)

The trajectories of ~h(k) on the hx−hy plane form a closed loop due to the periodicity

of the Brillouin zone [343]. For |c1| > |c2| (|c1| > |c2|) the loop is localized outside

(around) the origin, as it can be seen in Fig. 6.1(e) (Fig. 6.1(g)). Thus, to go from one

situation to the other, one has to cross the origin at least once, see Fig. 6.1(f), closing

the energy gap and inducing a topological phase transition. The topological invariant

distinguishing when the trajectory winds or not around the origin is the Winding number

W = Z/π, which is related with the Zak phase [351]

Z = i

∮
BZ

ψ∗(k)
∂

∂k
ψ(k)dk, (6.8)

where ψ(k) is the eigenstate in k-space. Whereas an infinite lattice is invariant under

the exchange of the couplings, the presence of edges in a finite SSH chain gives rise to
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... ...

Figure 6.1: (a) Visual representation of the SSH chain formed by N unit cells, with each

unit cell hosting two sites, one on sublattice A (grey circles) and one on sublattice B

(white circles). The coupling within the sites of the unit cell is given by c1 while the

coupling between unit cells is given by c2. Dispersion relation obtained from the bulk

Hamiltonian plotted for (b) c1 = 0 or c2 = 0, (c) c1 6= c2 and (d) c1 = c2. Trajectories

of ~h(k) on the hx − hy plane for (e) |c1| > |c2|, (f) c1 = c2, and (g) |c1| < |c2|.

topological edge states at the end of a region with non-zero Zak phase, which can be

described by the bulk-edge correspondence [352, 353]. Establishing that c1 < c2, if one

side of the lattice terminates with the weak coupling c1, one has W = 1 and that side

hosts a topological edge state, as it is shown in Fig. 6.2(a). On the other hand, if that

side terminates with the strong coupling c2, one has W = 0 and does not support an

edge state, as it is displayed in Fig. 6.2(b).
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Furthermore, the full Hamiltonian satisfies the eigenvalue equation

Hψl = µlψl, (6.9)

where ψl = (ã1
l , . . . , ã

N
l )T is the eigenstate and µl the eigenvalue of supermode l. The

eigenvalue spectrum has a topologically protected zero-energy eigenstate within the gap

when the lattice terminates with the weak coupling, while it does not appear when the

lattice terminates with the strong coupling, as it can be seen in Figs. 6.2(c) and (d),

respectively. Note that, the edge states are exponentially localized in one side of the

lattice and are characterized by a staggered profile, while the rest of the states spread

across the bulk of the lattice. This behaviour can be observed in Fig. 6.2(e), where apart

from the bulk states, the structure supports one edge state, and in Fig. 6.2(f) where all

the states spread across the bulk.

Symmetries of the SSH model

Topological systems can be classified regarding symmetries [354, 355]. In particular,

the SSH model can be characterized with two main symmetries: the chiral symmetry

and the particle hole symmetry. On the one hand, the chiral or sublattice symmetry,

is defined by the unitary and Hermitian operator Γ, which anti-commutes with the

Hamiltonian H, hence, {H,Γ} = 0. On the other hand, the particle hole symmetry is

defined by an anti-unitary operator P , which also anti-commutes with the Hamiltonian

H, having {H, P} = 0. The application of these operators to the Hamiltonian leads to

ΓHΓ† = −H, (6.10)

PHP−1 = −H. (6.11)

Moreover, the chiral operator Γ can be expressed in terms of the z Pauli matrix as

Γ = σz ⊕ σz ⊕ . . .⊕ σz = ⊕N/2i=1 σz, (6.12)

where i is the index of the unit cell. Thus, the chiral operator Γ can be rewritten as an

N ×N matrix of the form

Γ =



1 0 0 . . . 0

0 −1 0
. . .

...

0 0
. . . . . . 0

...
. . . . . . 1 0

0 . . . 0 0 −1


. (6.13)
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Figure 6.2: Representation of a SSH-like lattice implemented using optical waveguides,

which are evanescently-coupled with alternating couplings c1 and c2 (c1 < c2). Depend-

ing on the termination of the lattice, the structure has (a) Winding number W = 1 and

supports a topological edge state on that edge or (b) W = 0 and does not support an

edge state on that edge. Eigenvalue spectrum corresponding to the lattice supporting

(c) one topologically protected edge state and (d) no edge states. The energy gap is

2|c1−c2| and cT = c1+c2. Amplitude of the eigenstates of the SSH lattice supporting (e)

one topologically protected edge state and (d) no edge states. The lattices are composed

of N = 21 waveguides for (c) and (e) and N = 20 waveguides for (d) and (f).
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The chiral operator is local, acting only within the unit cell, and follows the same

algebra as σz, satisfying Γ†Γ = Γ2 = 1. In the momentum space, where the Hamiltonian

H(k) is defined by a 2× 2 matrix, chiral symmetry implies

σzH(k)σz = 0. (6.14)

Besides, since chiral and PHS exist for this model, time reversal symmetry also exists

by combining the two previous operators [343]

ΓPHP−1Γ† = H. (6.15)

The chiral symmetry of the system entails that the energy spectrum of the system is

symmetric around zero, guaranteeing that all the states with positive energy have a

counterpart with the same negative energy. This can be easily verified by applying the

chiral operator Γ to the eigenvalue equation (6.9), obtaining

H(Γψl) = −ΓHψl = −Γµlψl = −µl(Γψl). (6.16)

Thus, one can see that for any eigenstate ψl with eigenvalue µl 6= 0, a symmetric

eigenstate Γψl with energy −µl exists, implying that they can be host in both sub-

lattices [343]. On the contrary, the states with zero energy eigenvalue (µl = 0) are

localized within one sublattice, being protected by the chiral symmetry and thereby,

becoming robust against disorder maintaining the underlying symmetry of the system.

6.2.2 Discrete SUSY transformations

As we have seen with more detail in Section 3.4 of Chapter 3, DSUSY connects two

superpartner Hamiltonians H(1) and H(2), sharing a common set of eigenvalues except

for the eigenvalue µ
(1)
l of H(1), which is removed from the spectrum of H(2). Using the

QR factorization technique, the superpartner Hamiltonians are given by

H(1)
s = H− µsI = QR and H(2)

s = RQ, (6.17)

where Q is an orthogonal matrix (QTQ = I), R is an upper triangular matrix, and I is

the N × N identity matrix. Note that, in general, the QR factorization is not unique

and could lead to different solutions sharing the same eigenvalue spectrum [253]. In

particular we use the Givens rotation method, based on applying rotations Gj = gj ⊗ I
to the tri-diagonal Hamiltonian H(1)

s , where

gj = tjσ0 + isjσy, (6.18)

and σ0 is the 2×2 identity matrix. In addition, the R and Q matrices can be calculated

as

R =
N−1∏
j=1

GjH(1)
s and Q =

N−1∏
j=1

GT
j . (6.19)
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x

x

Figure 6.3: Schematic representation of the eigenvalue spectrum of the (a) superpartner

Hamiltonians {H(1)
0 ,H(2)

0 }, (b) original Hamiltonian H, and (c) superpartner Hamilto-

nians {H(1)
s ,H(2)

s }. The sets of superpartner Hamiltonians are obtained by removing the

eigenvalues µ0 and µs using SUSY transformations, respectively.

The superpartner Hamiltonian H(2)
s shares a common set of eigenvalues with H(1)

s ,

except for µs that has been removed from the spectrum, as it is shown in Fig. 6.3(c).

The corresponding eigenvalue µs is removed because its eigenstate ψs is completely

localized in the fully decoupled N th waveguide and, as such, does not have any influence

on the dynamics of the remaining system of N − 1 waveguides. Note that the standard

SUSY transformation annihilating the fundamental state can still be carried out with

this method, as it is illustrated in Fig. 6.3(a). By applying these transformations in an

iterative way, superpartner structures with desired eigenvalue spectra can be engineered

by removing the desired number of eigenvalues, and reducing the overall system size. A

question that naturally arises and yet to this date has remained unexplored, is the impact

of targeting a state with non-trivial topological properties, such as the topological edge

states of the SSH model. Does its removal irrevocably change the topological properties

of the system?

Symmetry preservation in SUSY transformations

Discrete SUSY transformations applied to the Hamiltonian can be expressed in terms

of a transformation matrix V as

VH(1)
s V −1 = V QRV −1 = RQ = H(2)

s , (6.20)

where V = Q−1. If both H(1)
s and V possess some symmetry, e.g., chiral symmetry

satisfying the anti-commutation relation {H(1)
s ,Γ} = {V,Γ} = 0, then, this symmetry is
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transferred to the superpartner Hamiltonian

H(2)
s = VH(1)

s V −1 = −V ΓH(1)
s Γ†V −1 = −ΓH(2)

s Γ†. (6.21)

On the other hand, if the transformation matrix V does not obey this symmetry, it

is not reproduced in the superpartner Hamiltonian H(2)
s either. Exploiting this con-

nection between symmetry constraints of SUSY transformations and symmetries of the

system, superpartner Hamiltonians with modified topological properties can be engi-

neered. Thus, establishing a new method for topological state engineering by combining

SUSY isospectrality and the breaking of symmetries of the system.

6.3 Supersymmetric topological photonic structures

To explore the interplay between topological non-trivial systems and SUSY trans-

formations, we engineer supersymmetric structures of the SSH lattice and evaluate its

different topological properties. To elucidate this, a SSH-type lattice composed of N

(even) waveguides with the weak coupling c1 at both terminations and thus, supporting

two topologically protected zero-energy edge states, is considered as the starting point,

as it is displayed in Figs. 6.4(b) and (e). As a proof of concept, two distinct superpartner

structures are investigated:

(i) the superpartner SP0 lattice obtained by removing the eigenvalue µ0 corresponding

to a bulk state, as it is represented in Figs. 6.4(a) and (d),

(ii) the superpartner SPN/2 lattice obtained by removing the eigenvalue µN/2 corre-

sponding to a topological edge state, as it is displayed in Figs. 6.4(c) and (f).

Note that, due to the symmetry of the eigenvalue spectrum, equivalent results would

be obtained by removing µN−1 and µN/2−1, respectively. Subsequently, the degree of

protection of the superpartner topological states is probed analytically with respect to

their symmetries, as well as by gauging their robustness against chiral disorder.

First, let us focus on the SP0 lattice displayed in Fig. 6.4(d) (see the entire lattice in

Figs. 6.11(b) and (d)). Considering that the removal of any bulk state of the system per

definition breaks the inversion symmetry of the eigenvalue spectrum, see Fig. 6.4(a), one

would expect that the topological protection of the edge states is necessarily destroyed.

Nevertheless, the chiral symmetry of the system is partially respected by the SUSY

transformation, preserving the topological protection of one edge state. This can be

explained by separating the Hamiltonian H(2)
0 into H(2)

0,L and H(2)
0,R, corresponding to the

left and right parts of the lattice, respectively. On the one hand, the chiral symmetry
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x

x
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Figure 6.4: Eigenvalue spectrum of the (b) SSH and two superpartner lattices, obtained

by removing (a) a bulk state (m = 0) and (c) an edge-state (m = N/2), respectively.

The energy gap is 2|c1 − c2| and cT = c1 + c2. Sketch of the (d) SP0, (e) SSH and (f)

SPN/2 lattices. Detuning (coupling) is indicated by the size (spacing) of (between) the

circles. The intensity of the color inside each waveguide is proportional to the amplitude

of the edge/interface states, which is also illustrated above the lattices.

of H(2)
0,R is preserved, satisfying

ΓH(2)
0,RΓ† = −H(2)

0,R, (6.22)

hence, the topological protection of the right edge-state is maintained. On the contrary,

the chiral symmetry ofH(2)
0,L is destroyed by the appearance of nonzero diagonal elements

and the symmetry protection of the left edge state removed. Moreover, although the left

edge-state loses its topological protection, its zero-energy eigenvalue is still pinned to

zero due to SUSY isospectrality. Specifically, the SP0 lattice exhibits an exponentially

decaying detuning on the left side of the lattice, which is responsible for the edge state

localization, while still resembles the SSH model towards the right part of the lattice,

where the topological edge state is located. Note that, by applying another SUSY

transformation removing µN−1, the inversion symmetry of the system is reestablished,

and the topological protection of the left edge state can be restored. Moreover, by

removing high-order (0 < m < N/2) bulk states of the spectrum, the detuned region

can be extended across the lattice to facilitate an enhanced coupling with the right edge

state, which can even lose its topological protection due to the effect of the detuning.

Finally, by applying multiple SUSY transformations symmetrically, gaps can be carved
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out in the eigenvalue spectrum while preserving the topological protection of the zero-

energy states. In short, we transform a lattice supporting two topological edge states to

a phase-matched lattice supporting one topological edge state, and one state that has

lost its topological protection becoming sensitive to the underlying disorder.

Now, let us analyse the SPN/2 lattice displayed in Fig. 6.4(f) (see the entire lattice

in Figs. 6.12(b) and (d)). Since we are removing the zero energy eigenvalue µN/2, see

Fig. 6.4(c), the diagonal elements of the superpartner Hamiltonians H(1)
N/2 and H(2)

N/2 re-

main zero, and thereby, the superpartner lattice is composed of waveguides with zero

detuning. Here, the transformation matrix possesses chiral symmetry, which is trans-

ferred to the superpartner Hamiltonian, and thereby,

ΓH(2)
N/2Γ† = −H(2)

N/2. (6.23)

Therefore, the symmetries of the system are preserved and the topological properties

of the remaining zero-energy eigenstate stand. By applying SUSY transformations, two

different superpartner lattices supporting one topological state ψN/2−1, which can be an

interface or an edge state, can be obtained due to the non-unicity of the QR factorization

process [253]. For the interface state solution, the SPN/2 structure resembles two SSH

chains with different terminations at the interface and strong coupling at the outer

edges. The topological interface state, whose position in the lattice can be controlled by

changing the dimerization |c1 − c2|, is located between the two SSH lattices and decays

exponentially into the bulk, as it is illustrated in Fig. 6.4(f). For the edge state solution,

the SP’N/2 lattice resembles the SSH model, see Fig. 6.4(e), with interchanged couplings

and the N th waveguide removed, except for a localized deviation in the couplings with

respect to c1 and c2 near the leading edge. Here, the SUSY transformation constitutes

a topological phase transition in the sense that couplings are interchanged and one

waveguide removed, annihilating one of the edge states. Note that, by applying another

SUSY transformation, the remaining zero-energy eigenvalue can be removed and the

system would become topologically trivial. To sum up, by annihilating zero-energy

eigenvalues, SUSY transformations induce topological phase transitions, leading to the

displacement, and destruction of topological states. Besides, the protocol could be

implemented the other way around by applying inverse SUSY transformations [147] i.e.,

starting with the topologically trivial SSH model, whose eigenvalue spectrum does not

support any zero-energy state as it is displayed in Fig. 6.5(a), and adding a zero-energy

eigenvalue to the spectrum as it is represented in Fig. 6.5(b). In this case, since the

removal or addition of a zero-energy eigenvalue does not break the chiral symmetry of

the system, the symmetry will be transferred to the superpartner structure and the

introduced zero-energy state will be topologically protected.
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Figure 6.5: Eigenvalue spectrum of (a) the trivial SSH lattice and (b) the superpartner

lattice obtained by adding a zero-energy state (m = N/2). The energy gap is 2|c1 − c2|
and cT = c1 + c2.

To summarize, the effects that DSUSY transformations induce on a system support-

ing two topologically protected zero-energy states are the following:

(i) the removal of a bulk state that is energetically far from the energy gap i.e., l is

close to 0 or N−1, leads to a superpartner structure that supports one topological

and one non-topological zero-energy states,

(ii) the suppression of a bulk state that is energetically close to the energy gap (l close

to N/2), may destroy the topological protection of both zero-energy states of the

superpartner structure,

(iii) the elimination of a zero-energy state (l = N/2 orN/2−1), produces a superpartner

structure that supports one topologically protected zero-energy state.

Finally, note that, if one removes bulk states of the system in a symmetric way, e.g.,

l = 0 and l′ = N − 1, both zero-energy states will hold their topological properties since

chiral symmetry is preserved. Instead, if the bulk states of the system are removed in

an asymmetric way e.g., l = 2 and l′ = N − 10, both zero-energy states will loss their

topological protection due to the breaking of the chiral symmetry of the system.
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6.3.1 Experimental set-up

In order to experimentally corroborate the previous theoretical findings, we employ

the femtosecond direct laser writing technology [76], to inscribe waveguide arrays in 10

cm fused-silica glass (Corning 7980). This method is based on focusing femtosecond

pulses, creating a microplasma due to a nonlinear absorption process that induces a

change in the molecular structure, as it is illustrated in Fig. 6.6(a). In particular, for

fused silica the density is locally increased due to the partial breaking of the molecular

ring structure of SiO2, yielding to an increase of the refractive index [356]. To be

specific, the laser system used to inscribe the waveguides consists of a Coherent RegA

9000 amplifier seeded with a Coherent Vitara S Ti:Sa laser with an energy of 250 nJ

at 800 nm, 100 kHz repetition rate, and a pulse width of approximately 130 fs. By

moving the sample along the propagation direction with a high-precision positioning

stage (Aerotech ALS 180) with speeds between 91 to 103 mm min−1, the refractive

index change at the focal point is around 7×10−4, creating waveguides with a mode field

diameter of about 10.4 µm× 8 µm at 633 nm. The propagation losses and birefringence

are estimated to be 0.2 dB cm−1 and 1× 10−7, respectively.

Figure 6.6: (a) Illustration of the waveguide laser writing process (image courtesy of

M. Kremer). Representation of (b) the original SSH lattice, (c) the superpartner SPN/2

lattice, (d) the superpartner SP0 lattice, and (e) the SSH lattice weakly coupled to the

SP0 lattice.
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To our aim, four different samples are fabricated

(i) the original SSH lattice represented in Fig. 6.6(b),

(ii) the superpartner SPN/2 lattice displayed in Fig. 6.6(c),

(iii) the superpartner SP0 lattice depicted in Fig. 6.6(d),

(iv) the SSH lattice weakly coupled to the SP0 lattice illustrated in Fig. 6.6(e).

For the implementation of the SUSY structures, the coupling as well as the detuning

needs to be tuned individually. This can be achieved with our method, which allows to

independently tune the coupling c and detuning ∆β by changing the separation between

waveguides d and the inscription velocity v, respectively [139]. The relation between

distance and coupling is retrieved from directional couplers, by measuring the spatial

period of intensity oscillation i.e., the coupling length Lc, which is connected with the

coupling strength c by c = π/2Lc (as discussed in detail in Section 2.3 of Chapter 2).

In addition, the relation between the writing speed and the detuning is calculated by

measuring the intensity contrast

V =
max(I1)−min(I1)

max(I1)
, (6.24)

where I1 is the light intensity in the first waveguide. In this case, the coupling and

detuning are given by [139]

c =
π
√
V

2L̃c
and ∆β =

π
√

1− V
2L̃c

, (6.25)

respectively. The calibration graphs of the relation between coupling, separation dis-

tance and writing velocity are plotted in Figs. 6.7(a) and (b), respectively, while the

relation between detuning and writing velocity is shown in Fig. 6.7(c). The coupling

is well fitted by an exponential function of the distance between waveguides, while the

detuning depends linearly on the writing speed. The exponential and linear fits are

c (d) = κ1 exp(−κ2d), (6.26)

∆β (v) = κ3v + κ4, (6.27)

where κ1 = 10.93 cm−1, κ2 = 0.121µm−1, κ3 = −0.8327 min cm−2 and κ4 = 8.376 cm−1.

Note that the coupling is virtually unaffected by changes in the writing speed, as shown

in Fig. 6.7(b), and thereby, an independent tuning of the coupling and the detuning can

be achieved for a wide parameter values range.
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Figure 6.7: Coupling coefficient c dependence with respect to (a) the waveguide sepa-

ration d, calibrated using pairs of evanescently-coupled waveguides with different sep-

aration, and, (b) the writing speed v, calibrated using pairs of evanescently-coupled

waveguides written with different velocities. (c) Detuning ∆β dependence with respect

to the writing velocity. The dots correspond to the experimentally obtained values

while the lines are the (a) exponential and (b)-(c) linear fits. The experimental error

associated to the couplings and detunings is ±0.05 cm−1 and ±0.1 cm−1, respectively.

Figure 6.8: Representation of sj and tj of the Givens rotation matrices gj = tjσ0 + isjσy,

where σ0 is the two-dimensional identity matrix, σy the y-Pauli matrix and j the site

number. (a) and (c) shows the sj and tj elements, respectively, corresponding to the SP1

lattice, while (b) and (d) display the elements associated with the SPN/2 lattice. The

original SSH lattice used to construct the SP1 (SPN/2) lattice is composed of N = 50

(N = 110) waveguides, c1 = 0.5 cm−1 and c2 = 1.0 cm−1 (c2 = 1.8 cm−1).
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6.3.2 Design of the superpartner structures

To design the superpartner structures we use the Givens rotation method previously

introduced in Section 6.2. Specifically, the parameters tj and sj of Eq. (6.18), which are

represented in Fig. 6.8 for the SP0 and SPN/2 lattices, are directly related with the struc-

ture of the couplings and detunings of the superpartner lattices and connected to the

topological transitions. Note that, to design the structures, there are some constraints

from the fabrication process that needs to be taken into account.

To design the SP1 structure, we consider an original SSH lattice with c1 = 0.5 cm−1,

c2 = 1.0 cm−1 and N = 50 waveguides, which supports two topologically protected

edge states, as it is represented in Figs. 6.9(a) and (c). Here, we have the experimental

restriction to adjust the detuning ∆β below 2 cm−1 in order to guarantee that the cou-

pling stays constant when changing the detuning. This could not be fulfilled when using

higher contrast between c1 and c2 for the SSH lattice. By applying the Givens rotation

method, we can observe in Fig. 6.8(a) and (c) how sj → 1 and tj → 0 as j increases,

respectively. Thus, gj → iσy towards the right part of the lattice, where the superpart-

ner still resembles the SSH model, while gj ∼ tjσ0 is the dominant term throughout the

left side of the lattice, inducing a small deviation in the couplings with respect to the

Figure 6.9: Eigenstate amplitudes of the edge states for the (a) SSH and (b) SP0 lattices.

Discrete representation in terms of the detunings ∆β (red bars) and couplings c (blue

bars) of the (c) SSH, and (d) SP0 lattices. The original SSH lattice is composed of

N = 50 waveguides, c1 = 0.5 cm−1 and c2 = 1.0 cm−1.
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Figure 6.10: Discrete representation in terms of the detunings ∆β (red bars) and cou-

plings c (blue bars) of the (a) SP20 lattice obtained after removing µ20, and (b) the SP0,49

lattice obtained after removing µ0 and µ49. The original SSH lattice is represented in

Fig. 6.9(c).

original SSH lattice and introducing an exponentially decaying detuning. Note that the

shape of tj and sj is reflected in the SP0 structure displayed in Fig. 6.9(d). Besides,

the detuning of the left part of the lattice is the responsible for the confinement of the

non-topological edge state represented in Fig. 6.9(b), whose profile is clearly different

from the staggered profile of the topological edge states. Remember that topological

edge states are localized only in one of the sublattices, a condition that is not fulfilled in

this case. This occurs because the appearance of detunings in the left side of the lattice,

corresponding to the diagonal terms of the Hamiltonian, breaks down the chiral sym-

metry of the system. Besides, if one removes a bulk state that is close to the energy gap

(l close to N/2), the detunings become more asymmetric and spread towards the right

part of the lattice, as it can be seen in Fig. 6.10(a). In this case, if one apply DSUSY

transformations in an iterative way removing different eigenvalues from just one side

(0 < l < N/2) of the eigenvalue spectrum, the topological protection of the right edge

state will also be destroyed due to the effect of the detunings. On the other hand, if the

eigenvalues are removed in a symmetric way, e.g., l = 0 and l′ = N − 1, the SPl,l′ lattice

composed of N − 2 waveguides would not have any detuning, see Fig. 6.10(b). Thus,

preserving the chiral symmetry of the system that protects the edge states.
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Figure 6.11: Eigenstate amplitudes of the edge and interface states for the (a) SSH, (c)

SPN/2 and (d) SP’N/2 lattices. Discrete representation in terms of the couplings c of

the (b) SSH, (e) SPN/2 and (f) SP’N/2 lattices. The original SSH lattice is composed of

N = 110 waveguides, c1 = 0.5 cm−1 and c2 = 1.8 cm−1.
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To design the SPN/2 structure, the original SSH lattice represented in Fig. 6.11(b)

with c1 = 0.5 cm−1, c2 = 1.8 cm−1 is considered. Here, since no detuning is needed, we

introduce a higher contrast between the couplings c1 and c2 of the original SSH lattice

in order to have more confined edge states. By comparing Fig. 6.9(a) and Fig. 6.11(a),

one can clearly see how the edge state confinement is directly related to the difference

between couplings. Now, by applying the Givens rotation method, one can observe in

Figs. 6.8(b) and (d), how sj → 1 and tj → 0 for j < jinterface, and thereby, gj → iσy,

interchanging the couplings c1 and c2 of the original SSH lattice. In addition, around

jinterface, there is a transition to a more complex behavior gj,even → iσy, and gj,odd →
±σ0 + iσyc2/c1, which leads to a recovering of the original SSH configuration. As it

can be seen in Fig. 6.11(c), the generated structure supports an interface state with a

staggered profile. Note that, although the pattern of Fig. 6.8(d) suggests that the lattice

should have detunings, the diagonal terms appearing at H(2)
N/2 are of the same order than

the subtracted eigenvalue, which is µN/2 ∼ 10−16cm−1, and does not have any influence

on the dynamics of the system. Note that, in this case, a degenerate solution exists when

one performs the QR factorization. In particular, the SP’N/2 lattice resembles the SSH

model with interchanged couplings and N − 1 waveguides, with gj → iσy constituting a

topological phase transition, as it is represented in Fig. 6.11(f).

6.3.3 Robustness of the topological states

To numerically prove the topological protection of the states, we introduce chiral

disorder of the form

c̃q1 = c1 + ∆c and c̃q2 = c2 −∆c, (6.28)

where ∆c = ξqK̃ = ξqK|c1 − c2|/2. The disorder is quantified in terms of the disorder

strength K, the dimerization |c1− c2|, and a random number −1 ≤ ξq ≤ 1 affecting the

couplings of each unit cell q. To demonstrate the robustness, we compute the deviation

of the eigenvalues and eigenstates with respect to the case without disorder

|∆µl| = |µl − µl(K = 0)| and |∆ψl|2 = |ψl −ψl(K = 0)|2. (6.29)

Due to their symmetries, the zero-energy eigenvalues, corresponding to the topological

edge states, should be robust against this kind of disorder, while the other states should

exhibit an eigenvalue deviation.

For the SP0 lattice of Fig. 6.9(d), by introducing up to 25% of disorder with respect

to |c1 − c2|, we can observe in Fig. 6.12(a) how there is no deviation of the eigenvalue

µN/2 corresponding to the topological edge state. Instead, if we take a look at the devi-

ation of the eigenvalue µN/2−1 corresponding to the non-topological edge state, we can

confirm that the state is not topologically protected since the deviation of its eigenvalue
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with respect to the non-disordered case increases linearly with the amount of disorder.

Besides, the deviation of the topological edge state eigenvalue µN/2 is reduced as N

increases, whereas the eigenvalue deviation of the non-topological edge state ∆µN/2−1 is

not affected by the size of the system. Regarding the changes in the eigenstate shapes

shown in Fig. 6.12(b), we can observe how the non-topological edge state suffers more

deviations than the topological one. In both cases, the change in the eigenstate shapes

are small, and the states remain localized at the corresponding edges of the SP0 lattice.

Moreover, if we look at the SPN/2 lattice of Fig. 6.11(d), we obtain that by introducing

up to 25% of disorder, there is no deviation of the zero-energy eigenvalue µN/2−1 cor-

responding to the topological interface state, see Fig. 6.12(a). In this case, the slightly

higher deviation of the interface shape with respect to the edge states shape may be

produced due to the fact that the interface state spreads along more waveguides. Thus,

the disorder introduced to the system has more impact on the modification of its shape,

while it does not affect its eigenvalue which is symmetrically protected. Note that, if any

other kind of disorder not preserving the chiral symmetry of the system is introduced,

the topological states are no longer protected and their zero-energy eigenvalues suffer

deviations of the same order as those of the non-topological states.

Figure 6.12: Robustness against chiral disorder. Deviation of the (a) eigenvalues µl and

(b) eigenstate shapes ψl with respect to the ones of the original lattice (K = 0) when

chiral disorder is introduced into the system, for: the non-topological edge state l = 24

(squares), the topological edge state l = 25 (circles), and the topological interface state

l = 54 (crosses). The introduced chiral disorder is of the form ∆c = K̃ξq, where K̃ =

K|c1−c2|/2 being K the disorder strength, |c1−c2| the dimerization, and −1 ≤ ξq ≤ 1 a

random number that affects the couplings of unit cell q. The total deviation is averaged

over 5000 different simulations with different random disorder. All the simulations were

carried out using the lattices of Figs. 6.9(c)-(d) and Fig. 6.11(d).
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6.4 Experimental verification

In this section, we verify the existence and the different properties of the topological

and non-topological states described in Section 6.3. On the one hand, by launching

a single site excitation using a 10× microscope objective (0.25NA) with light from a

Helium-Neon laser at 633 nm (Melles-Griot), light evolution of the different states along

the different structures is directly measured. This can be done because color centers are

formed during the fabrication process, which enables a direct observation of the propa-

gation dynamics by using fluorescence microscopy [76]. Moreover, the resulting light at

the output facet of the sample is imaged onto a CCD camera (BASLER Aviator) with

another 10× microscope objective. Note that, the recorded images are post processed to

reduce noise, distortions and the influence of background light. On the other hand, by

using a white light source, the wavelength of the injected light is continuously tuned to

evaluate the robustness and different origins of the edge states. In this case, the inten-

sities at the output facet at different wavelengths are measured by using a white light

source (NKT SuperK EXTREME) combined with a narrow wavelength filter (Photon

ETC LLTF-SR-VIS-HP8). Moreover, the recorded images are post processed to reduce

noise and subsequently integrated over a strip along the direction perpendicular to the

lattice orientation for each wavelength. The resulting intensity distributions for the dif-

ferent wavelengths are then normalized to the maximum value to increase the visibility.

Finally, by placing the SSH lattice in close proximity to the SP0 lattice, evanescent

coupling is introduced between the topological edge state in the former, and the non-

topological edge state in the latter. The contrast of the resulting sinusoidal intensity

oscillations serves as a direct indicator for any detuning between them.

The first step to verify the previous theoretical predictions is to prove the existence of

the topological edge states of the SSH lattice shown in Fig. 6.9(c). To this end, we excite

the right edge state by injecting light into the N th waveguide, as depicted in Fig. 6.13(b).

As a single-site excitation is made, and the theoretically expected edge state is exponen-

tially localized within the waveguides N , N − 2 and N − 4, see Fig. 6.9(a), other bulk

states of the system are also excited and the injected intensity slightly spreads during the

propagation. However, one can clearly observe how the output measured intensity distri-

bution is in accordance with the predicted mode profile, showing the expected SSH edge

state. Besides, since the SSH lattice is symmetric, a mirrored propagation image would

be obtained by injecting light into the first waveguide, exciting the left topological edge

state. The next step is to demonstrate the presence of the interface state of the SPN/2

lattice described in Fig. 6.11(d). Although the expected theoretical interface state spans

approximately five odd waveguides, as depicted in Fig. 6.11(b), it is nevertheless popu-

lated by a single site excitation at the interface waveguide, as displayed in Fig. 6.13(c).

Moreover, as can be observed from the output intensity pattern, most of the light is
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H II

Figure 6.13: Experimentally observed light evolution along the propagation direction

(top) and output intensities (bottom) for the (a) non-topological edge state, (b) topo-

logical edge state and (c) topological interface state. The total length of the sample is

L = 10 cm and the wavelength used to excite the waveguides is λ = 633 nm. The SP0,

SSH, and SPN/2 lattices, which are sketched above the propagation images, are com-

posed of 49, 50 and 109 waveguides, respectively. The values of couplings and detunings

used to fabricate the SSH, SP0, and SPN/2 lattices are shown in Figs. 6.9(c) and (d) and

Fig. 6.11(d), respectively.

localized at the interface waveguide itself. Note that, for the solution corresponding to

the SPN/2 structure supporting only one edge state, light evolution and output intensity

would resemble the previously obtained for the SSH lattice. The next stage is to prove

the existence of the non-topological edge state of the SP0 lattice described in Fig. 6.9(d),

which has lost its topological protection due to the breaking of chiral symmetry of one

part of the system. To do that, the first waveguide of the SP0 lattice is excited, as it

is displayed in Fig. 6.13(a). While the localization is still visible, it may be noted that

the intensity distribution at the output facet for the non-topological edge state does not

have the staggered profile that characterizes the topological edge states. Instead, the

non-topological edge state is mainly localized due to the high detuning in the first and

second waveguides of the lattice, as it is depicted in Fig. 6.13(a). These differences are

in agreement with the theoretical edge state profiles previously depicted in Fig. 6.9(b).

Besides, since this edge state is solely mediated by the detuning, it is less robust against

perturbations than the topological state as we have numerically verified.

Furthermore, to verify the different origin of the edge states of the SP0 lattice, we
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excite both edges with different wavelengths and observe the output intensities after

10 cm of propagation, see Fig. 6.14. The first observation is that, in spite of their

different topological nature, both edge states remain localized at the corresponding

edges. However, since the non-topological edge state is supported by the detuning, its

degree of localization strongly decreases towards longer wavelengths as can be seen in

Fig. 6.14(a). This occurs because the coupling substantially increases while the detuning

decreases, and thereby, the former becomes the dominant term. On the contrary, it gets

fully localized into a single waveguide for shorter wavelengths, where the detuning is

the dominant term. This confirms that this edge state is localized due to the detuning,

and thereby, it is less robust since it does not have a topological origin. The second

observation is that the topological state strictly maintains its characteristic staggered

intensity structure across the investigated spectral range as it is shown in Fig. 6.14(b).

The slight delocalization at short wavelengths occurs as both couplings decrease and

their absolute difference |c1 − c2| becomes too small to strongly confine the state at the

edge.

Figure 6.14: Experimentally observed output intensities for different wavelengths

(500 nm ≤ λ ≤ 720 nm) obtained by exciting the (a) non-topological and (b) the topo-

logical edge states of the SP0 lattice, schematically represented in (c). The red dots

indicate the excited waveguides. The relation between the wavelength used and its

intensity measured at the output is represented in the inset. The total length of the

sample is L = 10 cm and the SP0 lattice is composed of 49 waveguides.
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The last step is to verify that the non-topological edge state does indeed possess

a zero-energy eigenvalue, as expected from SUSY transformation. To this aim, we

weakly couple the non-topological edge state with the topological state, as displayed

in Fig. 6.15(c). Here, if the two states have the same energy, one would expect their

coupling with a full exchange of power. On the contrary, if the two states have different

energies, one would expect only a partial exchange of power. In Figs. 6.15(a) and (b),

we show the light evolution along the propagation direction when we excite either the

waveguide supporting the topological state or the non-topological edge state, respec-

tively. Moreover, in Figs. 6.15(c) and (d), one can see how the topological edge state is

coupled to the non-topological one and viceversa. Specifically, one can observe how light

is completely outcoupled from the excited waveguide, indicating that both edge states

share the same propagation constant. Note that the intensity oscillations are in good

agreement with the tight-binding simulations, shown by the dashed lines of Figs. 6.15(c)

and (d).

... ... ... ...

Figure 6.15: Experimentally observed light evolution along the propagation direction

when the waveguides supporting (a) the topological and (b) the non-topological edge

states of the coupled structure, schematically displayed above, are excited. Power os-

cillations when the waveguide supporting (c) the topological (green line) and (d) the

non-topological (blue line) edge state, is excited. The solid lines correspond to the

experimental results while the dashed lines correspond to the tight-binding numerical

simulations. The total length of the sample is L = 10 cm, the wavelength used to excite

the waveguides is λ = 633 nm and the lattice is composed of N = 99 waveguides.
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Moreover, an additional check that both edge states share the same energy indepen-

dently of the wavelength is made exciting them with a white light source, as displayed in

Fig. 6.16(a). By increasing the wavelength, the coupling increases, leading to a reduced

effective length scale of the chip. Looking at the output intensities, the full exchange

of intensity between waveguides can be observed, confirming that both superpartners

share the same eigenvalue spectrum.

Finally, the resulting patterns are compared to tight-binding simulations, obtained

by numerically integrating Eq. (6.1) with the corresponding Hamiltonian for each struc-

ture. The results are displayed in Fig. 6.17, showing an overall good agreement between

the experiments and the simulations and confirming the validity of the theoretical de-

scription. Note that a quantitative discrepancy in Fig. 6.17(c), due to locally increased

coupling caused by tightly spaced waveguides at the interface, can be observed. Never-

theless, the qualitative behavior is well reproduced.

Figure 6.16: (a) Experimentally observed output intensities for different wavelengths

obtained by exciting the topological edge state of the coupled lattice, indicated with the

red dot in (b). (b) Schematic representation of the SSH lattice (left) weakly coupled

to the SP1 lattice (right). The relation between the wavelength used and its intensity

measured at the output is represented in the inset. The total length of the sample is

L = 10 cm, the wavelength range used to excite the waveguides is 500 nm ≤ λ ≤ 720 nm

and the lattice is composed of N = 99 waveguides.
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Figure 6.17: Intensity distribution, extracted by means of fluorescence microscopy (left)

and tight-binding binding simulations (right), for the (a) SP0 lattice, (b) SSH lattice, (c)

SPN/2 lattice, and (d)-(e) coupled SSH and SP0 lattices. The corresponding lattices are

shown schematically above the propagation pictures. The red dots of each structure in-

dicate the excited waveguide. In (a) and (e) the non-topological edge state propagation,

in (b) and (d) the topological edge state propagation, and in (c) the topological interface

state propagation are shown. All the simulations have a correction of ∆c = −0.05 cm−1

with respect to the lattices represented in Fig. 6.9(c)-(d), to adjust the results to the

experimental values.
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6.5 Conclusions

In this chapter, we have explored theoretically and experimentally the interplay

between topological non-trivial systems and SUSY transformations. For this, we have

considered one of the most prominent models for illustrating topological physics, the

SSH model, and we have demonstrated how topological phase transitions can be induced

by SUSY transformations. Specifically, we have explained how SUSY transformations

can suspend and reestablish the topological protection of a state. Moreover, we have

also shown how SUSY transformations can be used to annihilate topological states as

well as to displace them from the edge to the bulk of the lattice. Specifically, we have

exemplified it by transforming a lattice supporting two topological edge states to a lattice

supporting (i) one topological edge or interface state, and, (ii) one topological and one

non-topological edge states. Besides a throughout theoretical analysis, our findings have

been experimentally verified by using femtosecond laser written waveguides.

Clearly, we have shown how SUSY techniques constitute a powerful tool to design

structures with desirable topological properties, which could be extended to higher di-

mensions and chiral edge states in future works. Our work not only has shed light to

the connection between topology and SUSY transformations, it also has shown how to

harvest it to specifically tailor topological phase transitions. This is potentially of high

importance for the design of topological non-trivial structures, leading to a deeper un-

derstanding of how both fields are intertwined, which might spark further developments

in this field. Moreover, iterative SUSY transformations could also serve to remove any

number of states from the system and reduce its overall size while preserving the desired

part of the spectrum and the system’s topological properties. Besides, inverse SUSY

transformations [145, 147] could be used to introduce zero-energy states, which would

be topologically protected when these transformations are applied to systems having

topology protecting symmetries. Finally, note that the method for topological state en-

gineering presented here can be extended to any platform allowing independent control

of the coupling and detuning of the sites such as coupled cavities [159], ultra-cold atoms

trapped in lattice potentials [344] or acoustic and mechanical systems [257].





7
Artificial gauge field switching using orbital angular

momentum modes in optical waveguides

The discovery of artificial gauge fields, providing control over the dynamics of un-

charged particles that otherwise elude the influence of standard electromagnetic fields,

has revolutionized the field of quantum simulation. In this vein, developing new tech-

niques to induce those artificial fields is essential to boost quantum simulation in pho-

tonic structures. Here, we demonstrate the generation of an artificial gauge field in

a photonic lattice by modifying the input state, overcoming the need to modify the

geometry or imposing the presence of real external fields. Specifically, we show that

an effective magnetic flux naturally appears when light beams carrying orbital angular

momentum are injected into waveguide lattices with certain configurations. Moreover,

to validate the existence of this flux, we experimentally measure an effect that derives

its origin solely from the presence of a magnetic flux, the Aharonov-Bohm caging effect.

Our findings verify the possibility of switching artificial gauge fields just by changing the

input state, paving the way to access different topological regimes in one single structure

and representing an important step forward for optical quantum simulation.

This chapter is organized as follows. In Section 7.1, we motivate the interest in in-

ducing artificial gauge fields in an active way by changing the input state of a light beam,

rather than by properly engineering the geometry of the structure. This is followed by

Section 7.2, where we introduce the diamond-chain photonic lattice, its band structure

and the different basis rotations required to understand the appearance of the artificial

magnetic flux. The chapter continues with the description of the experimental setup

and the experimental verification of the Aharonov-Bohm caging effect in Section 7.3.

Finally, in Section 7.4 we conclude and discuss future perspectives. The work included

in this chapter was carried out in collaboration with Prof. von Freymann group from

the Universität Kaiserlautern and Prof. Szameit group from the Universität Rostock.
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7.1 Introduction

Photonic platforms have been shown to provide an ideal playground for quantum

simulation [65], where many efforts have been devoted to implement topologically non-

trivial phenomena [170, 337–340] such as topological insulators [171–173] or topological

edge states [174–177]. Some of these non-trivial topological phases can be accessed via

the introduction of Artificial Gauge Fields (AGF) [357, 358], controlling the dynamics

of uncharged particles that otherwise elude the influence of standard electromagnetic

fields. In this context, developing new techniques to induce AGF [359–362] is essential to

boost quantum simulation in photonic structures. Typically, these AGF are introduced

either by geometry manipulation [172, 362] or by time-dependent modulation [363–365].

While in Wu et al. [366] wavepackets carrying OAM were used to create edge states in

crystalline topological insulators, here, we experimentally demonstrate that an AGF in

the form of an effective magnetic flux can be induced using light beams carrying orbital

angular momentum (OAM) [185].

Light beams carrying OAM are characterized by a helical phase front exp(i`φ), where

` is the topological charge accounting for the amount `~ of OAM carried per photon. In

particular, light carrying OAM was first proposed by Allen et. al. in 1992 [367] and, since

then, it has attracted a lot of attention in classical and quantum optical communications

[179–186]. In this regard, OAM modes have been used to increase the transmission

capacity in optical fibers [266, 368, 369], for space-division multiplexing [370–373], for

optical tweezers [374, 375], to create synthetic lattices [376] or in stimulated emission

depletion microscopy [377] and lithography [378] (see [185] for a recent review). In

particular, these OAM states can be generated using q-plates [379], spiral-phase plates

[380], Spatial Light Modulators (SLM) [381], micro-ring resonators [382], phase and

waveguide arrays [383, 384] or directly implementing a geometric phase control inside a

laser cavity [385].

In this chapter, we inject OAM modes in cylindrical optical waveguides arranged in

a diamond-chain configuration to create an effective magnetic flux in a diamond-chain

configuration [195, 196], whose presence is demonstrated by measuring the induced

Aharonov-Bohm (AB) caging effect [386]. Originally studied in the context of two-

dimensional electronic systems [92], the AB caging is a single-particle localization effect

arising as a consequence of the interplay between the lattice geometry and the magnetic

flux. More precisely, it is due to a constant magnetic flux that modifies the phase rela-

tions of wave packets, resulting in a destructive interference effect that binds the modes.

Thus, it enables one to halt all propagation by controlling the flux. This phenomenon,

which can be interpreted in terms of quantum interference [387, 388], has been predicted

to occur [389–393] and experimentally verified [394, 395] in photonic structures imple-

menting AGF. Unlike the previous photonic experimental proposals based on geometry
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manipulations [394, 395], here we show how non-zero energy flat bands, which are re-

quired for the caging effect, can be achieved naturally and deliberately by injecting light

carrying OAM, instead of fabricating a new sample. Therefore, our proposal enables to

study the effect of AGF in photonic lattices just by selecting the topological charge of the

input beam. In this context, our proposal differs from related works where the intrinsic

angular momentum, i.e., the polarization of the input beam, instead of the extrinsic one,

i.e., the OAM, has been used as the AGF switching mechanism [396]. Moreover, this

method allows to access different topological regimes without the need of fabricating

different structures or employing high intensities, as it is the case for topological phase

transitions realized via nonlinear optics [397].

7.2 Physical system

We consider an array of evanescently-coupled optical waveguides arranged in a

diamond-chain configuration, as it is displayed in Fig. 7.1(a). Specifically, the chain

can be divided in N unit cells, with each unit cell j being composed of three waveguides

(Sj = Aj, Bj, Cj) forming a triangle with a central angle θ. Moreover, as introduced in

Section 2.2 of Chapter 2, cylindrical waveguides sustain OAM modes of the form [189]

E±`Sj
(rSj

, φSj
, z) = e`Sj

(rSj
) exp(±i`(φSj

− φ0)) exp(−iβ`Sj
z), (7.1)

where Sj accounts for the waveguide S in unit cell j, ` = 0, 1, 2, . . . is the topological

charge, ± accounts for positive and negative circulations of the phase front, (rSj
, φSj

)

are the polar coordinates with respect to the center of each waveguide Sj in the trans-

verse plane, z is the propagation direction, φ0 is an arbitrary phase origin, and β`Sj

is the propagation constant of mode ` in waveguide Sj. In particular, we restrict our

implementation to ` = 0 and ` = 1 modes propagating in identical waveguides. The

restriction on the number of guided modes is achieved by properly engineering the re-

fractive index contrast and the width of the step-index waveguides, which consist of a

core of refractive index ncore embedded in a cladding of lower refractive index nclad, as it

is illustrated in Fig. 7.1(b). The transverse field distribution of the modes e`Sj
(rSj

) can

be obtained by solving Helmholtz equation in cylindrical coordinates (2.45) introduced

in Chapter 2, which reads [189]

e`Sj
(rSj

) ∝

{
J`(k

`
Sj
rSj

) if rSj
≤ R

K`(γ
`
Sj
rSj

) if rSi
> R

, (7.2)

where J` is the Bessel function of the first kind and order `, K` is the modified Bessel

function of the second kind and order `, (k`Sj
)2 = n2

corek
2
0 − (β`Sj

)2 and (γ`Sj
)2 = (β`Sj

)2 −
n2
cladk

2
0 are the wavevector and the extinction coefficient, respectively, k0 = 2π/λ0 is the

vacuum’s wavenumber and λ0 the vacuum’s wavelength.
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7.2.1 Unit cell structure and coupling amplitudes

To introduce the coupling amplitudes between modes c`,`′ we focus on a unit cell

of the diamond-chain. Moreover, since modes with different ` are not coupled between

them due to its different propagation constant, we can analyse the coupling in the ` = 0

and ` = 1 subsets independently. Assuming θ > π/3, the coupling between modes

propagating in Bj with modes propagating in Cj can be neglected for both ` due to the

exponential decaying of the evanescent field of the modes [398], as it will be discussed

in detail in Section 7.2.3. Instead, the coupling between the other sites is different

depending on the considered mode. While between fundamental modes (` = 0) there

is only one coupling amplitude c0,0 ≡ c0, between OAM modes (` 6= 0) there are two

coupling amplitudes c`,` ≡ c1 and c`,−` ≡ c2 exp(i2`φ0) between modes with equal or

opposite circulations, respectively [399].

For ` = 0, there is only one coupling amplitude c0,0 ≡ c0 occurring between modes

propagating in Aj with modes propagating in Cj and Bj, as it is represented by the

green arrows in Fig. 7.1(c). In this case, the system is described by a 3× 3 Hamiltonian

H0 =

 β0
Cj

c0 0

c0 β0
Aj

c0

0 c0 β0
Bj

 , (7.3)

where β0
Sj

is the propagation constant of mode ` = 0 in waveguide Sj. Note that, since

we consider identical waveguides, β0
Sj
≡ β0. On the other hand, for ` = 1, there are two

different coupling amplitudes between modes with equal and opposite circulations

c1,1 ≡ c1 and c1,−1 ≡ c2e
i2φ0 = c2e

−i2θ, (7.4)

respectively [399]. While c1,1 ≡ c1 irrespective of the direction (see black solid arrows in

Fig. 7.1(d)), c1,−1 changes depending on the phase origin φ0. To be precise, we set φ0

along the Aj ↔ Cj direction such that the coupling amplitude c1,−1 is real i.e., c1,−1 ≡ c2,

in that direction, while it is complex i.e., c1,−1 ≡ c2e
−i2θ in the Aj ↔ Bj direction,

as represented by the blue dashed and red dotted arrows in Fig. 7.1(d), respectively.

Therefore, when dealing with OAM modes, complex coupling amplitudes between modes

with different circulations appear naturally in some directions. In this case, the system

is described by a 6× 6 Hamiltonian of the form

H1 =



β+
Cj

0 c1 c2 0 0

0 β−Cj
c2 c1 0 0

c1 c2 β+
Aj

0 c1 c2e
−i2θ

c2 c1 0 β−Aj
c2e

i2θ c1

0 0 c1 c2e
−i2θ β+

Bj
0

0 0 c2e
i2θ c1 0 β−Bj


, (7.5)
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Figure 7.1: (a) Schematic representation of the structure composed of identical cylin-

drical waveguides arranged in a diamond-chain configuration. Each unit cell j hosts

three waveguides Sj ≡ Aj, Bj, Cj forming a triangle with central angle θ. The dis-

tances between waveguide centers are dAj↔Bj
= dAj↔Cj

≡ d, dBj↔Cj
= 2d sin(θ/2) and

dAj↔Aj+1
= 2d cos(θ/2). The blue arrows indicate the directions of the couplings. (b)

Refractive index profile of the waveguides, defined by ncore = 1.548, nclad = 1.540 and

waveguide radius R = 1.9µm and field intensity profile of ` = 0 (green) and ` = 1

(red) modes, where β` is the propagation constant of mode `, k0 = 2π/λ0 the vacuum

wavenumber and λ0 the light’s wavelength in vacuum. (c) Coupling amplitudes in a

unit cell j of the photonic lattice. The coupling amplitudes between ` = 0 modes are

represented by the green arrows, the coupling amplitudes between ` = 1 modes with

equal circulations c1,1 ≡ c1 are represented by the black solid arrows, the coupling am-

plitudes between ` = 1 modes with opposite circulations c1,−1 ≡ c2 are represented by

the blue dashed arrow, and c1,−1 ≡ c2 exp(2iφ0) = c2 exp(−i2θ), represented by the red

dotted arrow, for the phase origin φ0 fixed along the Aj ↔ Cj direction. The grey arrow

indicates the coupling between Bj and Cj that can be neglected for θ > π/3.
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where β±Sj
is the propagation constant of mode ` = 1 with positive and negative circula-

tions in waveguide Sj. Note that, since we consider identical waveguides and β+`
Sj

= β−`Sj
,

all the propagation constants of ` = 1 modes are the same i.e., β±1
Sj
≡ β1. In particular,

in our implementation, we fix θ = π/2 such that a relative phase difference of π between

the c1,−1 couplings in the Aj ↔ Cj and Aj ↔ Bj directions appears. This phase dif-

ference is responsible of introducing a π flux in the plaquettes, opening an energy gap

between the dispersive bands of the system and inducing magnetic-like effects. To prop-

erly understand the band structure of the system, let us first characterize the coupling

strengths c0, c1 and c2.

Coupling characterization

We momentarily consider a unit cell with the in-line configuration (θ = π) that

simplifies the characterization of c0, c1 and c2. Particularly, we numerically simulate the

propagation of modes injected in the central waveguide A for a different separation d

between waveguides, we then measure the coupling length L`, which is directly connected

to the coupling strength as previously explained in Section 2.3 of Chapter 2, and, finally

we fit the results into a exponential decaying function of the form

c`(d) ≡ K` exp(−κ`d), (7.6)

where K` and κ` are constants. On the one hand, by injecting the ` = 0 mode in

the central waveguide A, as it can be seen in Fig. 7.2(a), one can extract the coupling

strength c0 = π/4L0 for a fixed separation d between waveguides. By repeating this

process for different separations, see crosses in Fig. 7.3(a), one can fit the values into

(7.6) and obtain the specific values K0 = 387 mm−1 and κ0 = 1.17µm−1, characterizing

c0(d). On the other hand, the calculation of c1 and c2 cannot be directly performed

injecting ` = 1 modes with positive and negative circulations in waveguide A, since

modes with positive and negative circulations propagating in different waveguides are

coupled between them, requiring a basis rotation to decouple them. Note that, to

simplify the notation along the chapter, we use the bracket notation i.e., |S±`〉, where

the superscripts ± accounts for positive or negative circulations of mode ` in waveguide

S. In particular, the symmetric |AS〉 and antisymmetric |AA〉 supermodes, given by

|AS〉 =
1√
2

(|A+〉+ |A−〉) and |AA〉 =
1√
2

(|A+〉 − |A−〉), (7.7)

are only coupled to [400]

|KS〉 =
1√
2

(|CS〉+ |BS〉) and |KA〉 =
1√
2

(|CA〉+ |BA〉) , (7.8)
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Figure 7.2: Numerically simulated light evolution along the propagation direction when

we inject (a) the |A0〉 mode, (b) the symmetric |AS〉 = (|A+〉 + |A−〉)/
√

2 supermode

and (c) the antisymmetric |AA〉 = (|A+〉 − |A−〉)/
√

2 supermode, in central site A. The

parameters used in the simulations are ncore = 1.548, nclad = 1.540, waveguide radius

R = 1.9µm, separation d = 5.5µm and wavelength λ0 = 700 nm.
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respectively, with coupling strengths

cS =
√

2(c1 + c2) and cA =
√

2|c1 − c2|. (7.9)

Therefore, by injecting the symmetric and antisymmetric supermodes in waveguide A,

one can measure the beating lengths

LS =
π

2cS
and LA =

π

2cA
, (7.10)

as it can be observed in Figs. 7.2(b) and (c), respectively. By repeating these mea-

surements for different separation between waveguides, one can extract the coupling

strengths c1 and c2, see circles and squares in Fig. 7.3(a), respectively, obtaining

K1 = 19.39 mm−1, κ1 = 0.52µm−1, K2 = 56.25 mm−1 and κ2 = 0.59µm−1. Note

that, the fact that |c2| > |c1| can be intuitively understood by realizing that the phases

between modes propagating with opposite (equal) circulations flow in the same (op-

posite) direction at the region between waveguides where the overlap between modes

occurs [400]. Moreover, once c1(d) and c2(d) are known, the ratio c2(d)/c1(d), which is

a fundamental parameter to understand the flattening of the dispersive energy bands

and the associated AB caging phenomena, can be computed, as it is represented in

Fig. 7.3(b).

Figure 7.3: (a) Numerically calculated coupling strengths for separation d =

5, 5.5, 6, 6.5, 7 and 7.5µm using λ0 = 700 nm. In particular, c0 (crosses) ac-

counts for the coupling between ` = 0 modes, and c1 (circles) and c2 (squares) ac-

count for the coupling between ` = 1 modes with equal or opposite circulations, re-

spectively. The dashed, dotted and solid lines correspond to the exponential fitting

of c0(d) ≈ K0 exp(−κ0d), c1(d) ≈ K1 exp(−κ1d) and c2(d) ≈ K2 exp(−κ2d), respec-

tively, where K0 = 387 mm−1, κ0 = 1.17µm−1, K1 = 19.39 mm−1, κ1 = 0.52µm−1,

K2 = 56.25 mm−1 and κ2 = 0.59µm−1. (b) Numerically calculated c2/c1 with respect

to the separation d using the exponential fits calculated in (a).
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7.2.2 Band-structure

After the coupling characterization, we consider again the entire diamond-chain lat-

tice represented in Fig. 7.1(a), specifically, with a central angle θ = π/2. Assuming

periodic boundary conditions, the momentum space Hamiltonian H0(k) for ` = 0 modes

reads

H0 = c0

 0 1 + e−ik e−ik

1 + eik 0 0

eik 0 0

 , (7.11)

whose eigenvalues corresponding to the energy bands of the bulk are given by [390]

E0
0(k) = 0, (7.12)

E0
+(k) = 2c0

√
1 + cos(k

√
2d), (7.13)

E0
−(k) = −2c0

√
1 + cos(k

√
2d), (7.14)

where k is the quasi-momentum and
√

2d is the lattice constant. Therefore, the band

structure consists of one zero-energy flat band, represented by the red solid line in

Fig. 7.4(a), and two dispersive bands, represented by the green dotted lines in Fig. 7.4(a).

On the other hand, the momentum space Hamiltonian H1(k) for ` = 1 is given by

0 0 c1(1 + e−ik) c2(−1 + e−ik) c1(1 + e−ik) c2(1− e−ik)
0 0 c2(−1 + e−ik) c1(1 + e−ik) c2(1− e−ik) c1(1 + e−ik)

c1(1 + eik) c2(−1 + eik) 0 0 0 0

c2(−1 + eik) c1(1 + eik) 0 0 0 0

c1(1 + eik) c2(1− eik) 0 0 0 0

c2(1− eik) c1(1 + eik) 0 0 0 0


.

(7.15)

Note that H1(k) possesses chiral symmetry i.e., ΓH1Γ† = −H1, where Γ is an unitary

and Hermitian operator [195]. For ` = 1, the band structure is composed of six energy

bands i.e., three bands with a two-fold degeneracy (positive and negative circulations),

given by [195]

E1
0(k) = 0, (7.16)

E1
+(k) = 2

√
(c2

1 + c2
2) + (c2

1 − c2
2) cos(k

√
2d), (7.17)

E1
−(k) = −2

√
(c2

1 + c2
2) + (c2

1 − c2
2) cos(k

√
2d), (7.18)

Thus, the band structure consists of two zero-energy flat bands, represented by the red

solid line in Fig. 7.4(b), and four dispersive bands, represented by the blue dashed lines

in Fig. 7.4(b).
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Figure 7.4: Band structure of the diamond-chain lattice for (a) ` = 0, consisting of two

dispersive bands E0
−(k) and E0

+(k) (green dotted lines) and one zero-energy flat band

E0
0(k) (orange solid line), and ` = 1 when (b) c2/c1 = 2 and (c) c2/c1 = 1.25. In (b)

and (c) each band has a two-fold degeneracy, i.e., E1
−(k) ≡ E1(k) = E2(k) (blue dashed

line), E1
0 ≡ E3(k) = E4(k) (red solid line) and E1

+(k) ≡ E5(k) = E6(k) (dashed line).

The main difference between the energy bands in both cases is the existence of an

energy gap for ` = 1, which is absent for ` = 0, indicating the presence of a flux

throughout the plaquettes of the lattice for ` = 1. Moreover, while the zero-energy

band E1
0(k) is flat regardless of the values of c1 and c2, the non-zero energy bands

flatten E1
± → ±2

√
2c1 in the c2/c1 → 1 limit, as it is represented in Fig. 7.4(c). Note

that, as it can be seen in Fig. 7.3(b), this limit can be achieved for large separation

d between waveguides. Moreover, the supermodes associated to the non-zero energy

flat bands are localized in Aj, Bj, Bj+1, Cj and Cj+1 waveguides, hence, if one excites

Aj with a ` = 1 mode, the injected intensity will oscillate between the central and the

four surrounding waveguides producing the AB caging effect. To properly understand

the gap opening due to the presence of a π-flux as well as to derive the supermodes

associated to the non-zero energy flat bands, some basis rotations have to be performed

[195].
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Basis rotations for ` = 1 modes

Let us consider the diamond chain for the ` = 1 manifold with coupling strengths

c1, c2 and −c2, represented by the black solid, blue dashed and red dotted arrows in

Fig. 7.5(a), respectively. By performing the following basis rotation [195]

|D±j 〉 =
1√
2

(
|C+

j 〉 ± |B+
j 〉
)

and |F±j 〉 =
1√
2

(
|C−j 〉 ± |B−j 〉

)
, (7.19)

the original chain with two OAM modes (positive and negative circulations) per waveg-

uide splits into two identical and decoupled sub-chains, depicted in Figs. 7.5(b) and (c),

which sustain one mode per waveguide and with a π-flux throughout the plaquettes.

In the sub-chain of Fig. 7.5(b) (Fig. 7.5(c)), |D+
j 〉 and |F−j 〉 (|D−j 〉 and |F+

j 〉) are

coupled to the |A+
j 〉 (|A−j 〉) with coupling strengths

√
2c1,

√
2c2 and −

√
2c2, as it is

represented by the black solid, blue dashed and red dotted arrows, respectively. This

basis rotation breaks the degeneracy of the energy bands of the original lattice and

allows to understand the gap opening due to the existence of a π-flux in the plaquettes.

Moreover, in order to get more insight into the topology of the system and the origin of

the non-zero energy flat-bands, we perform a second basis rotation [195]

|G+
j 〉 =

1√
c2

1 + c2
2

(
c1|D+

j 〉+ c2|F−j 〉
)
, (7.20)

|G−j 〉 =
1√

c2
1 + c2

2

(
c2|D+

j 〉 − c1|F−j 〉
)
. (7.21)

By doing so, the sub-chain of Fig. 7.5(b) can be mapped into a modified SSH chain

with alternating strong (Ω1 ≡
√

2
√
c2

1 + c2
2) and weak (Ω3 ≡

√
2(c2

1 + c2
2)/
√
c2

1 + c2
2)

couplings, and extra dangling states coupled by Ω2 ≡ 2
√

2c1c2/
√
c2

1 + c2
2, as represented

by the green solid, purple dashed and orange dotted arrows in Fig. 7.5(d), respectively.

In the c2/c1 → 1 limit, Ω3 → 0 and the chain is decoupled into trimers whose (non-zero

energy) eigenmodes read

|E±j,1〉 =
1

2

(
|G+

j 〉 ±
√

2|A+
j 〉+ |G−j+1〉

)
. (7.22)

Specifically, |E±j,1〉 can be rewritten in the original basis as

|E±j,1〉 =
1

2

(
|C+

j 〉+ |B+
j 〉+ |C+

j+1〉+ |B+
j+1〉

)
+

1

2

(
|C−j 〉 − |B−j 〉 − |C−j+1〉+ |B−j+1〉

)
± 1√

2
|A+

j 〉. (7.23)
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Figure 7.5: (a) Schematic representation of the photonic lattice arranged in a diamond

chain configuration with central angle θ = π/2, supporting two ` = 1 modes per waveg-

uide. The coupling amplitudes between modes with equal and opposite circulations

are given by c1,1 = c1 and c1,−1 = ±c2, respectively. Specifically, c1, c2 and −c2 are

represented by the black solid, blue dashed and red dotted arrows, respectively. (b)-(c)

Schematic representation of the decoupled diamond chain lattices obtained performing

a basis rotation into |D±j 〉 and |F±j 〉. In this new basis there is only one mode per

waveguide and a π-flux is present in the plaquettes. The coupling amplitudes
√

2c1,√
2c2 and −

√
2c2 are represented by the black solid, blue dashed and red dotted ar-

rows, respectively. (d) Schematic representation of the modified SSH chain obtained

performing a second basis rotation for the positive circulation sub-chain. The coupling

amplitudes Ω1 ≡
√

2
√
c2

1 + c2
2, Ω2 ≡ 2

√
2c1c2/

√
c2

1 + c2
2 and Ω3 ≡

√
2(c2

1 + c2
2)/
√
c2

1 + c2
2

are represented by the green solid, purple dashed and orange dotted arrows, respectively.
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Note that an analogous derivation can be performed for the sub-chain of Fig. 7.5(c) by

substituting Fj by Dj in Eqs. (7.20) and (7.21), which leads to |E±j,2〉 given by Eq. (7.23)

with exchanged circulations i.e., + ↔ −. These non-zero energy flat-band supermodes

are localized in the j and j + 1 unit cells and can be rewritten as

|A+
j 〉 =

1√
2

(
|E+

j,1〉 − |E−j,1〉
)

and |A−j 〉 =
1√
2

(
|E+

j,2〉 − |E−j,2〉
)
, (7.24)

respectively. Therefore, since |A+
j 〉 and |A−j 〉 belong to different decoupled sub-chains,

any superposition of ` = 1 OAM modes with positive and negative circulations injected

in Aj is trapped in the cage formed by Aj, Bj, Cj, Bj+1, Cj+1 as it evolves along the

propagation direction, producing the AB caging effect.

7.2.3 Light dynamics

For the evanescently-coupled waveguides with a small refractive index contrast here

employed, the spin-orbit interaction can be neglected [368, 401]. Therefore, as discussed

in detail in Section 2.3 of Chapter 2, light dynamics along the z direction can be described

by coupled-mode equations of the form

i
d

dz
ψ = Hψ. (7.25)

where ψ = (c̃±`1 , ã±`1 , b̃±`1 , . . . , c̃±`N , ã
±`
N , b̃

±`
N , )

T , with ã±`j , b̃±`1 and c̃±`1 describing the com-

plex field amplitude of mode ` with positive or negative circulation in waveguides Aj, Bj

and Cj, respectively, and H is the Hamiltonian of the system. In particular, for ` = 0,

coupled-mode equations can be decomposed as

i
dã0

j

dz
= β0

Aj
ã0
j + c0

(
b̃0
j + b̃0

j+1 + c̃0
j + c̃0

j+1

)
, (7.26)

i
db̃0
j

dz
= β0

Bj
b̃0
j + c0

(
ã0
j + ã0

j+1

)
, (7.27)

i
dc̃0

j

dz
= β0

Cj
c̃0
j + c0

(
ã0
j + ã0

j+1

)
. (7.28)

On the other hand, coupled-mode equations for ` = 1 can be decomposed as

i
dã±j
dz

= β1
Aj
ã±j + c1

(
b̃±j + b̃±j+1 + c̃±j + c̃±j+1

)
+ c2

(
b̃∓j+1 − b̃∓j + c̃∓j − c̃∓j+1

)
,(7.29)

i
db̃±j
dz

= β1
Bj
b̃±j + c1

(
ã±j + ã±j+1

)
+ c2

(
ã∓j+1 − ã∓j

)
, (7.30)

i
dc̃±j
dz

= β1
Cj
c̃±j + c1

(
ã±j + ã±j+1

)
+ c2

(
ã∓j − ã∓j+1

)
. (7.31)
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Nearest neighbor vs. Next-nearest neighbor couplings for ` = 1 modes

The nearest neighbor (NN) couplings occur between Aj ↔ Bj, Aj ↔ Bj+1, Aj ↔ Cj
and Aj ↔ Cj+1, as it is illustrated in Fig. 7.6(a), while the next-nearest neighbor (NNN)

couplings occur between Aj ↔ Aj±1, Bj ↔ Bj±1, Cj ↔ Cj±1 and Bj ↔ Cj as it is illus-

trated in Fig. 7.6(b). Moreover, although the coupling strengths c1 and c2 between NN

waveguides has the dependence of the separation between waveguides, d, illustrated in

Fig. 7.3(a) of the main text, the coupling strengths c̃1 and c̃2 between NNN waveguides

cannot be directly retrieved from the values corresponding to their separation
√

2d in

Fig. 7.3(a). The reason is that the NN waveguide laying between the NNN waveguides

has to be taken into account when calculating the overlap integral between the modes,

reducing the effective NNN coupling strengths [398], which are ∼ 10 times weaker than

the NN ones. Therefore, the NNN couplings can be safely neglected. This fact can be

easily verified by comparing the light dynamics described by the coupled-mode (CM)

equations (7.29)-(7.31) considering only NN couplings (see Fig. 7.7(a)) or also includ-

ing NNN couplings (see Fig. 7.7(b)), with the numerical simulations performed using

finite-difference methods (FDM) that take into account all the possible couplings. We

can observe in Fig. 7.7 how NN couplings already give a good approximation of light

dynamics, validating our assumption.

Figure 7.6: Schematic representation of the (a) nearest-neighbor (NN) couplings between

` = 1 modes with equal c1,1 = c1 and opposite c1,−1 = ±c2 circulations, represented by

the black solid, blue dashed and red dotted arrows, respectively, and (b) Next-Nearest

Neighbor (NNN) couplings between ` = 1 modes with equal c̃1,1 = c̃1 and opposite

c̃1,−1 = ±c̃2 circulations, represented by the light black solid, light blue dashed and light

red dotted arrows, respectively.
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Figure 7.7: Numerically calculated intensity propagating in waveguide Aj when the ` = 1

mode is injected in waveguide Aj. The blue solid lines correspond to the full numerical

simulations performed using finite difference method (FDM) calculations that take into

account all the real couplings while the red dashed lines correspond to the coupled-mode

(CM) equations considering (a) NN couplings, (b) NN and NNN couplings. All the

simulations were performed using d = 5.3µm, R = 1.9µm, ncore = 1.548, nclad = 1.540

and λ0 = 700 nm.
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7.2.4 Robustness of the Aharonov-Bohm caging effect

To test the robustness of the AB caging effect, we have numerically analyzed the

deviations induced by changes in the separation between waveguides, d and the refractive

index contrast ∆n = ncore − nclad. Specifically, we have analyzed (i) uniform deviations

and (ii) random deviations, of the distances and the refractive index contrast.

Uniform deviations

Small deviations in the separation between waveguides induce small changes in the

positions and values of the minima and maxima of the caging. For instance, if the sepa-

ration between waveguide centers varies by ∆d = ±0.2µm as considered in Fig. 7.8(a),

the position of the first maximum z1 is displaced by ∆z1 = ±0.04 mm and its value, I1,

changes by ∆I1 = ±0.03. The reason why the effect is robust against these variations

relies on the fact that c2/c1 only changes by ±0.05, and thereby, the band structure

remains almost unaltered. Moreover, uniform variations in the refractive index contrast

have a similar effect and the AB caging effect remains robust. In particular, we can ob-

serve in Fig. 7.8(b) how for ∆n = ±0.001 deviations, the first maximum is displaced by

∆z1 = ±0.05 mm and its value changes by ∆I1 = ±0.09. Note that, the larger decrease

for ncore = 1.547 occurs because β1/k0 ≈ k0nclad, inducing losses as the mode is only

weakly-bound to the waveguide.

Random deviations

Small random deviations of the distances between waveguides induce similar changes

in the positions and values of the maxima than uniform deviations. In particular,

as illustrated in Fig. 7.8(c), for an average of five different random deviations dj ±
0.2µm in the x- and y- directions, the position of the first maximum z1 is displaced

by ∆z1 = ±0.03 mm and its peak value, I1, changes by ∆I1 = ±0.03. Therefore, the

effect is still robust against random ∆d variations. Instead, the effect is no longer robust

against random ∆nj variations because it implies different mode propagation constants

between different waveguides, decreasing the coupling between modes. In particular,

as illustrated in Fig. 7.8(d), we can see how for an average of five different random

deviations ncore,j ± 0.001, the first maximum displaces its position z1 by a similar value

than before, ∆z1 = ±0.04 mm, and its value I1 changes by ∆I1 = ±0.1. However, one

can observe how after the first peak one does not reach the zero minimum due to the

detuning between waveguides and the second oscillation is clearly different from the

case without disorder. For this reason, we restrict our experimental observations to

the central waveguides (A3 and A4) where the deviations in the index contrast due to

fabrication are the lowest.
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Figure 7.8: Numerically calculated intensity propagating in waveguide A4 using finite-

difference methods for (a) d = 5.1µm (green dashed line), d = 5.3µm (blue solid line)

and d = 5.5µm (red dotted line) and ncore = 1.548, (b) ncore = 1.547 (green dashed

line), ncore = 1.548 (blue solid line) and ncore = 1.549 (red dotted line) and d = 5.3µm,

(c) d = 5.3µm (blue solid line) and an average of five random variations of dj ± 0.2µm

(red dotted line) and ncore = 1.548, (d) ncore = 1.548 (blue solid line) and an average

of five random variations of ncore,j ± 0.001 (red dotted line) and d = 5.3µm. The rest

of the parameters are R = 1.9µm, nclad = 1.540 and λ0 = 700 nm. The vertical shaded

regions indicate the deviation with respect to the position of the first maximum ∆z1

and the horizontal shaded regions the deviation of its value ∆I1.
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7.3 Experimental verification

7.3.1 Sample fabrication

To experimentally demonstrate the generation of AGF in photonic lattices by chang-

ing the input state, we fabricate several samples of direct laser written optical waveguides

[187] inscribed using a commercial Nanoscribe system and the photo-resist IP-Dip, as it

is represented in Fig. 7.9(a). In particular, the waveguides have a radius of R = 1.9µm,

a refractive index contrast of ∆n = ncore − nclad ≈ 0.008 obtained by writing with more

laser power the core (60%) than the cladding (35%) [402], with center-to-center distance

of d = 5.5µm and a total number of N = 7 unit cells, as it is shown in Fig. 7.9(b).

Moreover, in order to be able to observe light evolution along the propagation direction,

we fabricate samples with different total lengths corresponding to z = 250, 500, 750 and

1000µm, from which we extract the output intensities.

During the writing process, the laser intensity towards the edges of the sample de-

creased due to vignetting of the writing objective lens. At the same time, the proximity

effect [403] had less influence at the edges of the sample than in the center. Therefore,

both processes led to a non-uniform refractive index profile of the sample, with higher

index in the center and lower index at the edges [404]. As a result, the waveguides that

were written with high laser power, were less prone to refractive index changes by vi-

gnetting and proximity effect than the material surrounding the waveguides. Therefore,

the measurements were performed on the central waveguides (A3 and A4).

Figure 7.9: (a) Illustration of the waveguide laser writing process (image courtesy of

C. Jörg). (b) Microscopy image of the waveguide lattice composed of waveguides with

radius R = 1.9µm, center-to-center distance d = 5.5µm and N = 7 unit cells.



7.3 Experimental verification 125

qwp

linear
polarizer

0.5

0.5

pinhole

Figure 7.10: Laser light from a white light laser (NKT photonics) is sent through a

VARIA filter box to select a wavelength of λ0 = 700 nm. The beam is linearly polarized,

expanded and sent onto a spatial light modulator (SLM). We load a hologram onto

the SLM that consists of a phase-only vortex, with an added blazed grating to shift

the pattern to the first diffraction order. Other orders are blocked by a pinhole. The

beam is circularly polarized by a quarter wave-plate and imaged onto objective lens 1,

which Fourier transforms the phase hologram to create a donut-shaped intensity profile

with ` = 1 and positive/negative circulations, or a Gaussian-shaped intensity profile

with ` = 0 and constant phase. The reflection of the input mode is imaged via a

beamsplitter onto camera 1. Using white light from a common torch lamp allows to

additionally image the sample input facet onto camera 1 at the same time, to overlap

the input mode with the waveguide position. The sample can be moved in the x- and y-

directions by linear actuators (Zaber, smallest realistic step size 100 nm). The output

intensity at the sample output facet is imaged by objective lens 2 onto camera 2.
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7.3.2 Experimental observation of Aharonov-Bohm caging

To experimentally demonstrate AB caging using OAM modes, we excite a central

waveguide Aj using modes with ` = 0 or ` = 1 and compare the resulting dynamics.

In particular, the modes are excited using a white light laser, which is sent through

a filter to select the wavelength and onto an SLM, where an hologram consisting of

a phase-only vortex is loaded to generate a donut-shaped intensity profile with ` = 1

and positive/negative circulations or a Gaussian-shaped intensity profile with ` = 0

and constant phase. The full measurement set-up is displayed in Fig. 7.10. First, we

inject a mode with ` = 1 and negative circulation in waveguide A4 as it is displayed in

Fig. 7.11(a). As expected from the AB caging effect, the injected mode spreads to the

four surrounding waveguides at z = 250µm and recombines in the central waveguide

at z = 500µm, as it can be seen in Figs. 7.11(b) and (c), respectively. This spreading

and recombination effect occurs a second time at z = 750µm and z = 1000µm, as

it can be seen in Figs. 7.11(d) and (e), respectively. Note that the input and output

intensities were measured with camera 1 and 2 of Fig. 7.10, respectively. Besides, the

recorded images were post processed to reduce noise by overlapping the pictures with

a mask of the waveguide structure, separating the intensity within the waveguides and

the surroundings and subtracting the noise level of the surrounding. Note that the

experimental results are in agreement with finite differences method (FDM) simulations

once a small correction in the separation distance of ∆d = dexp − dsim = 0.2µm is

introduced, as it is represented in Figs. 7.11(f)-(j). This difference ∆d may be originated

from slight variations of the position in the writing process (±0.05µm) or/and small

changes in the refractive index contrast. Even though we implement the model with

c2/c1 ≈ 2 due to experimental restrictions in the total size of the samples, we are

able to measure two full oscillations of the AB caging effect. Nevertheless, since the

dispersive bands are not totally flat, light propagates into waveguides A3 and A5 during

the second oscillation and part of the intensity escapes from the cage, as it can be seen

in Figs. 7.11(d) and (e).

Note that, the donut mode with positive or negative circulations injected in waveg-

uide Aj is an eigenmode of the waveguide in isolation. Therefore, according to the tight-

binding model, when these donut modes are injected in a waveguide Aj of the diamond-

chain lattice they should always recombine to waveguide Aj in the same shape. However,

one observes in Figs. 7.11(b)-(e) that although we try to excite the donut mode with a

negative circulation (see the input beam in Fig. 7.11(a)), the propagating mode has a

lobe-shaped intensity corresponding to a superposition of donut modes with positive and

negative circulations. This lobe-shaped mode, which is a superposition of donut modes

with positive and negative circulations, appears due to the nonsymmetric presence of

the NNN waveguides and a slight ellipticity of the fabricated waveguides. In particular
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considering perfectly cylindrical waveguides, we can observe how in the first recombina-

tion the mode still looks like a donut mode in the simulations (see Fig. 7.11(h)), rather

than the lobe-shaped mode that seems to appear in the experiment (see Fig. 7.11(c)),

while in the second recombination we obtain the lobe-shaped mode in both cases (see

Fig. 7.11(e) and (j)).

Figure 7.11: Experimentally observed input and output intensities, obtained by exciting

waveguide A4 using the OAM mode with ` = 1 and negative circulation, at (a) z = 0µm,

(b) z = 250µm, (c) z = 500µm, (d) z = 750µm and (e) z = 1000µm. Note that

the image in (a) is taken before entering the sample. Input and output intensities

numerically obtained considering cylindrical waveguides at (f) z = 0µm, (g) z = 250µm,

(h) z = 500µm, (i) z = 750µm and (j) z = 1000µm, and considering slightly elliptical

waveguides at (k) z = 0µm, (l) z = 250µm, (m) z = 500µm, (m) z = 750µm and

(o) z = 1000µm. The lattice is composed of 7 unit cells, i.e., 21 waveguides with

radius R = 1.9µm, nearest-neighbor separation dexp = 5.5µm and λ0 = 700 nm. The

experimental results are in agreement with the simulations once a small correction of

∆d = dexp−dsim = 0.2µm is introduced. Moreover, in (k)-(o) the waveguides are slightly

elliptical, i.e. the diameter of the waveguide is slightly bigger in the y- direction than

in the x- direction by ∆R = 0.1µm. The intensity distribution is normalized to the

maximum intensity value of each figure to increase the visibility.
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The changing from the donut mode into the lobe-shaped mode in the lattice is

due to the non-symmetric presence of the NNN waveguides (they are present to the

left and right of the chain, but not to the top and bottom), which slightly breaks

the degeneracy of the modes. In addition, the faster appearance of the lobe-shaped

mode in the experiment respect to the simulations is due to a slight ellipticity of the

fabricated waveguides. This has been checked by sending a donut mode in a single

waveguide without neighbors and observing that the mode is also transformed into a

lobe-shaped mode, which rotates when rotating the sample. Introducing this ellipticity

in the diamond-chain lattice, we can observe how the lobe-shaped mode is obtained faster

Figs. 7.11(k)-(o), in better agreement with the experimental results of Figs. 7.11(a)-(e).

Therefore, confirming that our experimental measurements are influenced by the slight

ellipticity of the waveguides. Nevertheless, since the propagation of ` = 1 modes with

positive and negative circulations results in the same flux, the observed AB caging is

Figure 7.12: Experimentally observed output intensities, obtained by exciting (left col-

umn) waveguide A4 using the OAM mode with ` = 1 and positive circulation, at (a)

z = 250µm, (b) z = 500µm, (c) z = 750µm and (d) z = 1000µm, (central col-

umn) waveguide A3 using the OAM mode with ` = 1 and positive circulation, at (e)

z = 250µm, (f) z = 500µm, (g) z = 750µm and (h) z = 1000µm, (right column) waveg-

uide A3 using the OAM mode with ` = 1 and negative circulation at (i) z = 250µm,

(j) z = 500µm, (k) z = 750µm and (l) z = 1000µm. The lattice is composed of 7

unit cells, i.e., 21 waveguides with R = 1.9µm, dexp = 5.5µm and λ0 = 700 nm. The

intensity distribution is normalized to the maximum intensity value of each figure.
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exactly the same for any superposition of both circulations i.e., a lobe-shaped mode

[195]. In fact, if we keep exciting waveguide A4 but changing to a positive circulation,

see Fig. 7.12(a), or we excite waveguide A3 with positive and negative circulations, see

Figs. 7.12(b) and (c), respectively, the AB caging effect is still present. In contrast,

when the ` = 0 mode is injected in A4, see Fig. 7.13(a), it just spreads transversely as

Figure 7.13: Input and output intensities experimentally measured by exciting the A4

waveguide using the mode with ` = 0 at (a) z = 0µm, (b) z = 250µm, (c) z = 500µm,

(d) z = 750µm and (e) z = 1000µm. Note that the image in (a) is taken without the

sample in the measurement set-up. Input and output intensities numerically obtained

using FDM techniques at (f) z = 0µm, (g) z = 250µm, (h) z = 500µm, (i) z = 750µm

and (j) z = 1000µm. The lattice is composed of 7 unit cells, i.e., 21 waveguides with

R = 1.9µm, dexp = 5.5µm and λ0 = 700 nm. The simulations have been made with

dsim = 5.3µm . The intensity distribution is normalized to the maximum intensity value

of each figure.
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it evolves along the propagation direction and no caging is observed in Figs. 7.13(a)-

(e). As before, the experimental results propagating the ` = 0 mode, with the same

correction of ∆d = dexp − dsim = 0.2µm, are in agreement with the numerical results

shown in Figs. 7.13(f)-(j).

To compare the experimental observations with the numerical simulations in a quan-

titative way, we extract the intensities at the output ports by integrating over a circle

that covers almost the whole mode at the position of each waveguide i.e., the circles are

as big as possible such that they touch at the diagonals. In particular, the intensities

extracted at the output port from the A4 waveguide and its associated cage formed by

A4, B4, C4, B5 and C5 are shown in Fig. 7.14. On the one hand, in Fig. 7.14(a), one

can observe how the experimentally measured maxima of intensity in A4 associated to

the caging phenomenon occur around z = 500µm and z = 1000µm, in agreement with

FDM simulations. Besides, one can observe how the minima of the experimental results

do not reach the zero value, remaining above 10% of the injected power, and the second

maximum peak is slightly above the expected one. This fact may be due to small varia-

tions between waveguides leading to small variation between the propagation constants

of the modes. On the other hand, in Fig. 7.14(b), one can observe the standard decay

of the intensity in A4 when the ` = 0 mode is injected.

Moreover, to investigate the dynamics for longer distances, we use the coupled-mode

equations given by Eqs. (7.26)-(7.28) for the ` = 0 mode and Eqs. (7.29)-(7.31) for the

` = 1 modes. In Fig. 7.14(c), one can observe how, for ` = 1, the first and second maxima

of intensity in A4 have around 60% and 10% of the injected intensity, respectively, which

can be increased by reducing the difference between c1 and c2 (see Fig. 7.3(b)). For

example, for c2/c1 ≈ 1.25 i.e., d = 15µm the first and second maxima increase up

to 97% and 80%, respectively, achieving 100% in the flat-band limit. However, larger

separations between waveguides require longer samples, which were not feasible in our

experiments due to restriction in the total length [404]. Finally, for ` = 0, the intensity

in A4 decays exponentially independently of the waveguide separation, as it can be

seen in Fig. 7.14(d), confirming the different origins of the oscillations. An interesting

approach to observe light dynamics for longer distances using a short sample could be

the use of state-recycling methods [405], in which the output state is introduced again

in the prepared sample. By using this technique, one could overcome the total length

limitation.
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Figure 7.14: Intensity extracted from waveguide A4 (circles) and from the cage formed

by A4, B4, C4, B5 and C5 (squares) normalized to the intensity extracted from the entire

lattice as a function of the propagation distance z when the (a) ` = 1 mode and (b)

` = 0 mode is injected in waveguide A4. The results shown in (a) are an average

of the intensities extracted for ` = 1 with positive and negative circulations. The

solid (empty) circles and squares correspond to the experimental (simulated) extracted

intensities, while the lines correspond to the best-fitting curve of the simulated results

using FDM numerical techniques. The error bars associated to the experimental data are

estimated taking into account a refractive index error of ∆n = ±0.001 in the fabrication

process. Numerically calculated intensity propagating in waveguide A4 using coupled-

mode equations as a function of z when the (c) ` = 1 mode and (d) ` = 0 mode is

injected in waveguide A4. The solid lines correspond to the case with dsim = 5.3µm i.e.,

c2/c1 ≈ 2 while the dashed lines correspond to dsim = 15µm i.e., c2/c1 ≈ 1.25.
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7.4 Conclusions

In this chapter, we have demonstrated theoretically and experimentally that an ar-

tificial gauge field of the form of an effective magnetic flux can be induced in a photonic

lattice by exploiting the OAM carried by light beams. Specifically, we have shown the

appearance of this synthetic flux by experimentally measuring the photonic analogue of

the AB caging effect in an arrangement of direct laser written cylindrical waveguides

distributed in a diamond-chain configuration. Using this structure, we have presented

how an energy gap is opened between the dispersive bands of the system when light

carrying OAM is injected, analogous to the effect produced by an AGF [390]. More-

over, we have shown how non-zero energy flat-bands, which yield the AB caging effect,

can be achieved by properly tuning the geometry of the unit cells and the separation

between waveguides. The agreement between the dynamics shown by the coupled-mode

equations, the FDM simulations and the experiments have confirmed the validity of the

presented model.

Clearly, the possibility of inducing AGF in an active way by changing the topological

charge of the input state constitutes a step-forward in the field of quantum simulation

allowing to explore different topological regimes in a single structure. In addition, the

inherently infinite dimensionality of OAM modes [185] might pave the way towards com-

bining integrated spatial multiplexing [370] with topological protection [170]. Moreover,

the method demonstrated here to induce AGF using OAM states is not restricted to

photonic lattices and it could be extended to other platforms like, for instance, polariton

micropillars in quantum wells [406], photonic crystals [407] or ultracold atoms in optical

lattices [195, 196], being thus of interest for different research areas.
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Conclusions and outlook

In this last chapter, we summarize the main results and we discuss future perspectives

of the research lines that have been addressed along the thesis.

The common element binding this thesis is the use of coupled optical waveguides

as a tool to (i) design novel photonic devices with advanced functionalities using quan-

tum techniques, and (ii) simulate, both theoretically and experimentally, the physics of

relevant quantum systems. In particular, we have exploited the similarity between the

Helmholtz and the Schrödinger equations, which allows to mimic the temporal dynamics

of a single particle trapped in a lattice potential with the spatial evolution of a light

beam propagating in an array of optical waveguides [75], to investigate the combination

of supersymmetry (SUSY) with adiabatic passage techniques [141, 142] and with non-

trivial topological geometries [193] in systems of coupled optical waveguides. Moreover,

by exploiting these quantum-optical analogies, we have also investigate the generation

of artificial gauge fields in systems of coupled optical waveguides [386], .

To start, in Chapter 2, we have introduced the physics describing light propagation

in optical waveguides to set the general background of the physical system used along

the thesis. First, we have presented the basic waveguide geometries and, starting from

Maxwell’s equations describing electromagnetic waves propagating in homogeneous and

inhomogeneous dielectric media, we have derived the Helmholtz equation governing

light propagation in optical waveguides. Moreover, we have also discussed systems of

evanescently-coupled optical waveguides and we have presented the coupled-mode theory

describing light dynamics in such systems. To end this first chapter, we have reviewed

the quantum-optical analogies used in this thesis to investigate coherent quantum effects

stemming from other fields of physics such as atomic or condensed-matter physics.

To continue with the theoretical background, in Chapter 3 we have addressed the

concept of SUSY in optics. In particular, we have started by introducing the mathemat-

ical formalism of SUSY in quantum mechanics (QM) and, by harnessing the quantum-

133
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optical analogies announced in Chapter 2, we have extended SUSY transformations to

optical waveguides. To be precise, we have started with the simplest analytically solv-

able case, which is the SUSY transformation of an isolated step-index waveguide. This

transformation, in combination with Spatial Adiabatic Passage (SAP) techniques [105],

has been used in Chapter 4 to design a robust mode-division (de)multiplexing device.

To continue, we have applied a SUSY transformation to an array of coupled waveguides.

In this case, the adiabatic connection of superpartner refractive index profiles along the

propagation direction has served in Chapter 5 to design efficient and robust photonic

integrated devices. Finally, we have discussed the discrete version of SUSY transfor-

mations i.e., DSUSY, which can be applied to one-dimensional and two-dimensional

waveguide arrays. Specifically, DSUSY transformations have been considered in Chap-

ter 6 to explore the interplay between SUSY and topology, offering a powerful tool to

modify the topological protection of some targeted states [193]. In a similar vein, the

interplay of SUSY with Parity-Time (PT) symmetry or non-linear physics are promising

lines of research. The former has already provided a few novel applications in photonics

[140, 241, 242] and it seems a fertile ground to further dip in. On the contrary, the latter

has been explored in QM [219, 220] but it remains absent in optics. Moreover, note that

the introduction of non-linear effects could also allow to simulate interactions such as

the ones appearing in many-body quantum physics, opening new lines of research.

After introducing the theoretical background in Chapters 2 and 3, we have presented

in Chapter 4 a mode-division (de)multiplexing (MDM) device based on the application

of SUSY and SAP techniques to a system of three evanescently-coupled waveguides. On

the one hand, we have used SUSY transformations to engineer the refractive index of the

central waveguide such that it can not sustain the lowest Transverse Electric (TE) mode

of the adjacent waveguides, while it preserves the phase-matching conditions among the

other modes. On the other hand, we have engineered the waveguide separation along

the propagation direction following the SAP protocol such that the first excited mode is

robustly and efficiently transferred between the outermost waveguides [105]. Therefore,

by injecting an equally weighted superposition of the fundamental and the first excited

modes in the left waveguide, we have been able to efficiently transfer the first excited

mode to the right waveguide while keeping the fundamental mode in the left waveguide.

The combination of SUSY and SAP techniques has revealed a significant improvement

of the efficiency and robustness of the MDM process with respect to standard devices,

hence, constituting an alternative approach for the increasing demand of high-capacity

optical transmissions [164]. Moreover, the high demultiplexing fidelities (F > 0.90)

obtained for a broad wavelength range, open the possibility of using the proposed device

for demultiplexing light pulses, to combine it with wavelength division multiplexing

schemes or even to use it to manipulate quantum states and engineer novel waveguides

architectures for coherent information transfer [408, 409].
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Keeping on the idea of applying quantum engineering protocols to design novel pho-

tonic devices with enhanced performances, in Chapter 5 we have proposed to connect, in

an adiabatic fashion, superpartner structures along the propagation direction. By doing

so, we have incorporated a new degree of freedom to manipulate the modal content of

optical waveguides [142]. As a proof of principle, we have focused on both a single- and

a two- waveguide structure. On the one hand, by adiabatically connecting the super-

partner profiles of a single-waveguide, we have engineered a tapered waveguide in which

the fundamental TE mode has propagated adapting its shape and propagation constant

without being coupled to other guided or radiated modes. Moreover, the same waveg-

uide has worked as a mode filter, radiating the rest of the modes before arriving at the

output port. On the other hand, we have created a beam splitter by adiabatically joining

a two-waveguide structure with its single-waveguide superpartner. In this case, we have

shown how if one injects the fundamental TE mode of the superpartner profile, it adia-

batically evolves until it becomes the symmetric supermode of a two-waveguide system,

hence, coherently splitting its intensity between the two waveguides of the output port.

Moreover, by concatenating the beam splitter with a recombiner, we have designed a

MZI based on adiabatic transitions connecting superpartner index profiles. Remarkably,

high fidelities F > 0.90 have been obtained in a broad region of parameters for all the

proposed devices, evidencing the capabilities of the proposed technique. Furthermore,

note that more complex structures could be designed by: (i) increasing the number

of waveguides to generate a 1-to-N power splitter, (ii) using waveguides with different

widths to design asymmetric Y-junctions that could be used for MDM purposes, or (iii)

combining the transitions along the propagation direction with SUSY transformations

along the transverse direction, to gain more degrees of freedom for modal content ma-

nipulation. A second extension of Chapter 5 could be the adiabatic connection of two

discrete superpartner structures along the propagation direction, yielding novel possi-

bilities such as exciting supermodes at will just by exciting a single waveguide, which is

initially decoupled from the rest of the system.

Whilst in Chapters 4 and 5 we have focused on the development of novel photonic

devices by exploiting the combination of SUSY and adiabatic techniques, in Chapters

6 and 7 we have moved to the field of photonic simulators using coupled optical waveg-

uides. In particular, in Chapter 6, we have explored theoretically and experimentally,

using femtosecond laser written waveguides, the interplay between SUSY and topol-

ogy, two seemingly independent fundamental concepts in physics. In this vein, we have

demonstrated how SUSY transformations could induce topological phase transitions,

unmasking the links between topological behavior and symmetry constraints of SUSY

transformations [238, 240]. Particularly, we have shown how SUSY transformations

could fully preserve, partially preserve, or totally suppress the protecting symmetries

of a targeted system, shedding light on how both fields are connected. As an exam-
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ple, we have considered the simplest system with non-trivial topological properties, the

Su-Schrieffer-Heeger (SSH) model [178], and we have demonstrated how the topological

protection of a state can be suspended and reestablished by applying DSUSY transfor-

mations. To be more precise, we have transformed a lattice supporting two topological

edge states to a lattice supporting (i) one topological edge state, (ii) one topological in-

terface state, or (iii) one topological and one non-topological edge states. Note that these

transformations could be applied in an iterative way to remove any number of states

from a given system, reducing its overall size while preserving its topological proper-

ties. Moreover, the proposed technique could be naturally extended to two-dimensional

systems or to other physical platforms such as coupled cavities [159], ultra-cold atoms

[344] or acoustics and mechanical systems [257], boosting the design of structures with

desirable topological properties. Even more, one could explore quantum state trans-

fer protocols to efficiently transmit the topological edge states discussed in Chapter 6

between the outermost sites of the lattice [409, 410]. Another natural continuation

of Chapter 6 would be to investigate the effect of DSUSY transformations applied to

two-dimensional waveguide arrays, which could be used to manipulate topological chiral

edge states and enhance novel ways of transmitting information in a robust manner.

Moreover, to access these non-trivial topological phases, a key step is the introduc-

tion of Artificial Gauge Fields (AGF) controlling the dynamics of uncharged particles

that otherwise elude the influence of standard electromagnetic fields. To this end, in

Chapter 7, we have focused on the generation of AGF by breaking the time-reversal

symmetry using light beams carrying Orbital Angular Momentum (OAM) [185], in line

with the proposal of Pelegŕı et al. based on ultracold atoms carrying OAM [195, 196].

To be concrete, we have experimentally verified the generation of an AGF in the form

of a synthetic magnetic flux using direct laser written cylindrical waveguides distributed

in a diamond-chain configuration. Moreover, to validate the presence of that flux, we

have measured the Aharonov-Bohm (AB) caging effect, a localization phenomenon of

wavepackets that derives its origin solely from the presence of the flux. In addition, we

have theoretically described how non-zero energy flat bands, which are responsible for

the caging effect, can be achieved by injecting light beams carrying OAM, verifying the

possibility of switching on and off AGF just by changing the topological charge of the

input state. Thus, we have proposed a technique that paves the way to access different

topological regimes in one single structure, which represents an important step forward

to enhance the possibilities of quantum simulation in photonic structures. The proposed

method could be applied to other platforms such as polariton micropillars in quantum

wells [406], photonic crystals [407] or ultracold atoms in optical lattices [195], and could

also be extended to different geometrical configurations and higher order OAM modes.
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oscillations in temperature tuned waveguide arrays,” Phys. Rev. Lett. 83, 4752

(1999).

[79] R. Morandotti, U. Peschel, J. S. Aitchison, H. S. Eisenberg, and Y. Silber-

berg, “Experimental observation of linear and nonlinear optical bloch oscillations,”

Phys. Rev. Lett. 83, 4756 (1999).

[80] R. Khomeriki and S. Ruffo, “Nonadiabatic landau-zener tunneling in waveguide

arrays with a step in the refractive index,” Phys. Rev. Lett. 94, 113904 (2005).

[81] H. Trompeter, T. Pertsch, F. Lederer, D. Michaelis, et al., “Visual observation of

zener tunneling,” Phys. Rev. Lett. 96, 023901 (2006).

[82] H. S. Eisenberg, Y. Silberberg, R. Morandotti, and J. S. Aitchison, “Diffraction

management,” Phys. Rev. Lett. 85, 1863 (2000).

[83] G. Lenz, R. Parker, M. Wanke, and C. de Sterke, “Dynamical localization and ac

bloch oscillations in periodic optical waveguide arrays,” Opt. Commun. 218, 87

(2003).

[84] T. Schwartz, G. Bartal, S. Fishman, and M. Segev, “Transport and anderson lo-

calization in disordered two-dimensional photonic lattices,” Nature 446, 52 (2007).

[85] Y. Lahini, A. Avidan, F. Pozzi, M. Sorel, et al., “Anderson localization and non-

linearity in one-dimensional disordered photonic lattices,” Phys. Rev. Lett. 100,

013906 (2008).

http://dx.doi.org/ 10.1364/OE.16.003474
http://dx.doi.org/ 10.1364/OE.16.003474
http://dx.doi.org/10.1016/j.physrep.2012.03.005
http://dx.doi.org/10.1016/j.physrep.2012.03.005
http://dx.doi.org/ 10.1002/lpor.200810055
http://dx.doi.org/ 10.1002/lpor.200810055
http://dx.doi.org/ 10.1088/0953-4075/43/16/163001
http://dx.doi.org/ 10.1016/j.physrep.2008.04.004
http://dx.doi.org/10.1103/PhysRevLett.83.4752
http://dx.doi.org/10.1103/PhysRevLett.83.4752
http://dx.doi.org/10.1103/PhysRevLett.83.4756
http://dx.doi.org/10.1103/PhysRevLett.94.113904
http://dx.doi.org/10.1103/PhysRevLett.96.023901
http://dx.doi.org/10.1103/PhysRevLett.85.1863
http://dx.doi.org/ 10.1016/s0030-4018(03)01172-6
http://dx.doi.org/ 10.1016/s0030-4018(03)01172-6
http://dx.doi.org/ 10.1038/nature05623
http://dx.doi.org/10.1103/PhysRevLett.100.013906
http://dx.doi.org/10.1103/PhysRevLett.100.013906


143

[86] S. Longhi, “Landau–zener dynamics in a curved optical directional coupler,” J.

Opt. B 7, L9 (2005).

[87] S. Longhi, “Dynamics of driven two-level systems with permanent dipole moments:

an optical realization,” J. Phys. B 39, 1985 (2006).

[88] N. V. Vitanov, A. A. Rangelov, B. W. Shore, and K. Bergmann, “Stimulated

raman adiabatic passage in physics, chemistry, and beyond,” Rev. Mod. Phys. 89,

015006 (2017).

[89] K. Bergmann, H.-C. Naegerl, C. D. Panda, G. Gabrielse, et al., “Roadmap on

stirap applications,” J. Phys. B 52, 202001 (2019).

[90] D. D. Smith, H. Chang, K. A. Fuller, A. T. Rosenberger, and R. W. Boyd,

“Coupled-resonator-induced transparency,” Phys. Rev. A 69, 063804 (2004).

[91] Q. Xu, S. Sandhu, M. L. Povinelli, J. Shakya, et al., “Experimental realization

of an on-chip all-optical analogue to electromagnetically induced transparency,”

Phys. Rev. Lett. 96, 123901 (2006).

[92] Y. Aharonov and D. Bohm, “Significance of electromagnetic potentials in the

quantum theory,” Phys. Rev. 115, 485 (1959).

[93] M. Berry, “The adiabatic phase and Pancharatnam’s phase for polarized light,”

J. Mod. Opt. 34, 1401 (1987).

[94] I. Vorobeichik, E. Narevicius, G. Rosenblum, M. Orenstein, and N. Moiseyev,

“Electromagnetic realization of orders-of-magnitude tunneling enhancement in a

double well system,” Phys. Rev. Lett. 90, 176806 (2003).

[95] S. Longhi, “Coherent destruction of tunneling in waveguide directional couplers,”

Phys. Rev. A 71, 065801 (2005).

[96] K. Yamane, M. Ito, and M. Kitano, “Quantum zeno effect in optical fibers,” Opt.

Commun. 192, 299 (2001).

[97] S. Longhi, “Nonexponential decay via tunneling in tight-binding lattices and the

optical zeno effect,” Phys. Rev. Lett. 97, 110402 (2006).

[98] A. G. Kofman and G. Kurizki, “Universal dynamical control of quantum mechan-

ical decay: Modulation of the coupling to the continuum,” Phys. Rev. Lett. 87,

270405 (2001).

[99] S. Longhi, “Quantum simulation of decoherence in optical waveguide lattices,”

Opt. Lett. 38, 4884 (2013).

http://dx.doi.org/ 10.1088/1464-4266/7/6/L01
http://dx.doi.org/ 10.1088/1464-4266/7/6/L01
http://dx.doi.org/10.1088/0953-4075/39/8/016
http://dx.doi.org/ 10.1103/RevModPhys.89.015006
http://dx.doi.org/ 10.1103/RevModPhys.89.015006
http://dx.doi.org/10.1088/1361-6455/ab3995
http://dx.doi.org/10.1103/PhysRevA.69.063804
http://dx.doi.org/10.1103/PhysRevLett.96.123901
http://dx.doi.org/ 10.1103/physrev.115.485
http://dx.doi.org/ 10.1080/09500348714551321
http://dx.doi.org/10.1103/PhysRevLett.90.176806
http://dx.doi.org/10.1103/PhysRevA.71.065801
http://dx.doi.org/10.1016/s0030-4018(01)01192-0
http://dx.doi.org/10.1016/s0030-4018(01)01192-0
http://dx.doi.org/10.1103/PhysRevLett.97.110402
http://dx.doi.org/10.1103/PhysRevLett.87.270405
http://dx.doi.org/10.1103/PhysRevLett.87.270405
http://dx.doi.org/ 10.1364/OL.38.004884


144 Bibliography

[100] J. Fu, Z. Si, S. Tang, and J. Deng, “Classical simulation of quantum entangle-

ment using optical transverse modes in multimode waveguides,” Phys. Rev. A 70,

042313 (2004).

[101] I. Pitsios, L. Banchi, A. S. Rab, M. Bentivegna, et al., “Photonic simulation of

entanglement growth and engineering after a spin chain quench,” Nat. Commun.

8, 1 (2017).

[102] R. Osellame, G. Della Valle, N. Chiodo, S. Taccheo, et al., “Lasing in femtosecond

laser written optical waveguides,” Appl. Phys. A 93, 17 (2008).
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[388] J. Vidal, B. Douçot, R. Mosseri, and P. Butaud, “Interaction induced delocaliza-

tion for two particles in a periodic potential,” Phys. Rev. Lett. 85, 3906 (2000).

[389] K. Fang, Z. Yu, and S. Fan, “Photonic Aharonov-Bohm effect based on dynamic

modulation,” Phys. Rev. Lett. 108, 153901 (2012).

http://dx.doi.org/ 10.1364/OL.19.000780
http://dx.doi.org/ 10.1364/OL.19.000780
http://dx.doi.org/10.1002/lpor.201100046
http://dx.doi.org/10.1063/1.2207993
http://dx.doi.org/10.1016/0030-4018(94)90638-6
http://dx.doi.org/10.1016/0030-4018(94)90638-6
http://dx.doi.org/10.1038/srep07441
http://dx.doi.org/10.1126/science.1226528
http://dx.doi.org/ 10.1364/ol.39.005977
http://dx.doi.org/ 10.1364/ol.39.005977
http://dx.doi.org/ 10.1088/1361-6455/50/1/014002
http://dx.doi.org/ 10.1038/nphoton.2016.37
http://dx.doi.org/arXiv:2004.07038
http://dx.doi.org/10.1103/PhysRevLett.81.5888
http://dx.doi.org/10.1103/PhysRevLett.85.3906
http://dx.doi.org/10.1103/PhysRevLett.108.153901


165

[390] S. Longhi, “Aharonov–Bohm photonic cages in waveguide and coupled resonator

lattices by synthetic magnetic fields,” Opt. Lett. 39, 5892 (2014).

[391] S. Mukherjee and R. R. Thomson, “Observation of localized flat-band modes in a

quasi-one-dimensional photonic rhombic lattice,” Opt. Lett. 40, 5443 (2015).

[392] M. Di Liberto, S. Mukherjee, and N. Goldman, “Nonlinear dynamics of aharonov-

bohm cages,” Phys. Rev. A 100, 043829 (2019).
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and edge states supported by nonlinear staggered potentials,” Phys. Rev. B 93,

155112 (2016).

[398] R. Keil, B. Pressl, R. Heilmann, M. Gräfe, et al., “Direct measurement of second-
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