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“Quod super est, vacuas auris animumque sagacem,
semotum a curis adhibe veram ad rationem,
ne mea dona tibi studio disposta fideli,
intellecta prius quam sint, contempta relinquas.
Nam tibi de summa caeli ratione deumque
disserere incipiam et rerum primordia pandam,
unde omnis natura creet res, auctet alatque,
quove eadem rursum natura perempta resolvat,
quae nos materiem et genitalia corpora rebus
reddunda in ratione vocare et semina rerum
appellare suemus et haec eadem usurpare
corpora prima, quod ex illis sunt omnia primis.”

Translation: For the rest, do thou lend empty ears and a keen mind, severed from
cares, to true philosophy, lest, before they are understood, you should leave aside in
disdain my gifts set forth for you with unflagging zeal. For of the most high law of
the heaven and the gods I will set out to tell you, and I will reveal the first-beginnings
of things, from which nature creates all things, and increases and fosters them, and
into which nature too dissolves them again at their perishing: these in rendering our
account it is our wont to call matter or the creative bodies of things, and to name
them the seeds of things, and again to term them the first-bodies, since from them
first all things have their being.

Titus Lucretius Carus
On the nature of things (Book I), transl. by Cyril Bailey,

Franklin Classics Trade Press (2018)
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Preface

In the first-century BC, the Roman poet Titus Lucretius Carus wrote the most
extensive poem known in Latin, which is both a manual of moral philosophy and a
treatise on physics: De rerum natura [1] (On the nature of things1). With a quality
and beauty immediately recognised by Cicero, Virgil and Seneca, Lucretius begins by
warning the reader about the dangers of religion and how absurd it is to fear gods
or death, and then exhaustively explains the physics of Epicurus applied to all kinds
of phenomena, a physics that is an extension of Democritus’s atomistic theory. Ac-
cording to this philosophical school, all things, celestial and earthly, including living
beings, would be formed by eternal atoms of various sizes and shapes, moving and
colliding through the vacuum, so that all natural phenomena would be explained on
the basis of their interactions and different combinations. The poem fell into the
oblivion for more than a millennium in a world that censored and pursued philosoph-
ical debate [3] until Poggio Bracciolini, a humanist book seeker, rediscovered it in
1417 in the library of a remote monastery and, perceiving that it was an important
finding, ordered to make a copy for him. Bearing in mind that Epicurus works were
almost completely lost and that only a tiny part of Democritus works were preserved,
the return to light of the Lucretius poem constituted, according to some authors [4], a
real swerve in the direction that the history of Western thought had taken. The diffu-
sion of the images and ideas contained in De rerum natura became inevitable despite
religious persecution exercised by Christianity, and influenced artists, philosophers
and scientists such as S. Botticelli, G. Bruno, P. Gassendi, or G. Galilei who, in turn,
transmitted those ideas to others through their own works. Atomism as a physical
model, i.e., as an explanation of the nature of things, came to be in the forefront of
the cultural avant-garde but, this time, under the tutelage of scientific method and
mathematical language.

It was in the late 19th century when kinetic theory [5, 6], which assumes that gases
are formed by identical moving atoms that can be grouped in the form of molecules,
was able to describe successfully and in a quantitative way the thermodynamic prop-
erties of the gases. A significant part of the scientific community, however, did not
accept such a description of matter. M. Planck himself obtained, in 1900 [7], the cor-
rect formula for the spectral distribution of the black-body radiation using, but rather
unwillingly, the atomic theory and the probabilistic interpretation of L. Boltzmann’s
entropy [8]. To do this, he had to postulate that the exchange of energy between
light and matter occurred in the form of multiples of an energy package, the quan-
tum, which was proportional to the frequency of light. Planck would be admired not
so much for his audacious hypothesis, to which he gave a minor importance, but for
having corroborated the effectiveness of the ideas of the atomists. That new atomism
which, over time, was experimentally reasserting itself, seemed to have brought with

1Although the historian of science Michel Serres [2] propose to translate it simply as "Physics", a
term commonly used in antiquity.
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him a poisoned chalice, the quantum, which would call into question the concepts of
classical physics. Indeed, the quantum hypothesis was soon successfully applied to
the explanation of the photoelectric effect [9] and to the behaviour of the calorific
capacity of solids at low temperatures [10, 11], both phenomena being difficult or
even impossible to be explained with classical physics. During the first decades of the
20th century, several phenomenological theories were developed around the quantum
concept [12, 13, 14, 15, 16, 17, 18], many of which were closely related with the study
of the atomic structure by spectroscopy [19] conforming what has happened to be
called “The Old Quantum Theory”.

At the end of the 1920s, P. A. M. Dirac and J. von Neumann independently showed
that two different formulations of the quantum theory, matrix mechanics [13, 20] and
undulatory mechanics [14] were equivalent, and along with Born’s rule [21] the ortho-
dox formulation of Quantum Mechanics was developed [22, 23]. Quantum Mechanics
has been one of the greatest scientific revolutions in history, and its interpretation and
philosophical implications are still, almost a century later, cause for debate. The new
concepts that have emerged, e.g., wave-particle duality, the Heisenberg indetermina-
tion principle, the complementarity principle, entanglement, or indistinguishability,
have marked the study and discovery of new physical phenomena. The invention of
the laser [24, 25], in 1960s, has allowed to manipulate quantum systems with an un-
precedented precision and to experimentally observe many of these quantum effects.
Examples of these are laser spectroscopy [26], generation of entangled photons in
non-linear crystals [27], and cooling and trapping of particles [28]. These and other
advances in Quantum Optics, mainly together with Quantum Information science [29]
have led to the emergence of a new discipline, Quantum Engineering, which explores
the development of new technologies through the controlled manipulation of quantum
systems.

In the last decades, the engineering of three-level atomic systems interacting with
two electromagnetic fields has produced a great interest mainly for applications de-
rived from the electromagnetically induced transparency (EIT) [30], the coherent
population trapping (CPT) [31], and the stimulated Raman adiabatic passage (STI-
RAP) [32] techniques. In particular, the STIRAP technique consists of an efficient
population transfer between two atomic states coupled to an intermediate state by
adiabatically following one of the eigenstates of the Hamiltonian, the dark state. The
advantages of STIRAP over other population transfer techniques are (i) insensitiv-
ity to experimental details such as variations in the shape, area and intensity of the
pulses, and (ii) no influence of the intermediate state, avoiding the effects of the de-
cay by spontaneous emission. The fields of Atomic and Molecular Physics, Quantum
Information, and Solid State Physics have benefited from the STIRAP technique or
from any of its variants [33]. Due to its great versatility, exciting challenges have
been proposed [34, 33] for future applications of this technique. One of the most
suggestive is to demonstrate STIRAP beyond the optical range, in the XUV regime,
using intermediate excited states of inner-shell electrons. Other challenges are to take
advantage of the characteristics of the adiabatic passage in the field of nanoscopy or
in the design of new quantum memories.

This Thesis focuses mainly on addressing to these challenges through theoretical
proposals and, in the case of STIRAP in the XUV regime, through the participation
and development of an experimental project. In addition, the Thesis also includes
two theoretical studies, one on the spatial version of STIRAP, the spatial adiabatic
passage (SAP) [35] technique applied to the quantum transport of a Bose–Einstein
condensate, and another on amplification without inversion (AWI) [36] studied by
means of the Monte Carlo wave-function (MCWF) [37] and quantum-jump (QJ)



xi

approaches [38].
Chapter 1 consists of an introduction exposing the main analytical and numerical

methods used in this Thesis, as well as the control techniques based on the dark state
appearing in three-level systems, with special emphasis on the features of the STIRAP
technique. Finally, the state-of-the-art of STIRAP applications is summarised.

In Chapter 2, we present a proposal [39] to implement nanoscale resolution mi-
croscopy using the sub-wavelength localisation adiabatic passage (SLAP) [40] tech-
nique. SLAP is a position-dependent STIRAP technique that produces a localised
narrow population peak in one of the atomic states of a Λ-system at the end of
the adiabatic transfer process. We find that the lateral resolution obtained improves
with respect to that obtained using position-dependent CPT. Besides, we compare
our results with the typical values of the stimulated-emission-depletion (STED) [41]
microscopy finding that SLAP offers some advantages and better results for a certain
range of parameters values.

In Chapter 3, we propose [42] an alternative novel method to create an atomic
frequency comb (AFC) in a Doppler-broadened hot atomic vapour using the piecewise
adiabatic passage (PAP) [43] technique. PAP is the piecewise version of the STIRAP
technique and allows to transfer the population between the two internal ground
states of an atomic Λ-system by an accumulative coherent excitation using two trains
of pulses. We discuss the design of a quantum memory using the proposed PAP-
based AFC and we show that it presents some advantages over conventional quantum
memories based on AFC. We numerically simulate its application in 40Ba for telecom
wavelengths.

Chapter 4 describes the proposal and development of the first attempt of a x-
ray STIRAP experiment recently carried out at the FERMI@Elettra seeded FEL
(Italy), in which I actively participated together with my PhD supervisors and with
the project leader, Dr. A. Picón. This experiment is based both on the recent the-
oretical proposals about the viability of STIRAP in the XUV/x-ray regime [44] and
on the latest advances in high-gain harmonic generation with a x-ray free-electron
laser (XFEL), which uses a conventional laser superposed (seeding) on the electron
beam to induce coherence [45, 46]. Here, we perform a description of the physical sys-
tem, i.e., atomic Xe in interaction with two-colours XFEL pulses, and we present the
numerical optimisation of the STIRAP protocol taking into account the experimen-
tal constraints. In addition, the experimental realisation, some of the experimental
problems in situ as well as our proposal to overcome them are discussed in detail.

Chapter 5 focuses on investigating [47] spatial adiabatic passage (SAP) for a
Bose–Einstein condensate (BEC) in a triple-well potential for arbitrary values of
the non-linearity and energy bias using the three-mode approximation. SAP is a
technique that takes advantage of the STIRAP features applied to spatial states and,
in particular, can be used for efficient quantum transport of a matter wave between
the two outermost wells of a triple-well potential. Here, we analytically derive the
optimal conditions for the non-linear interaction and the on-site energies of each well
to achieve a highly efficient transport of a BEC. We show that the non-linearity
relaxes the requirement of degeneracy between the on-site energies of the initial and
target wells yielding a plateau for the condensate transport efficiency as a function of
the on-site energy difference between the outermost wells, favouring the robustness
of the transport. We also analyse the case of different non-linearities in each well,
which, for certain parameters values, leads to an increase of the width of the plateau.

In Chapter 6, we investigate the feasibility of UV-amplification without population
inversion (AWI) in a neutral Hg vapour using the QJ approach. In a previous work
[48], UV-AWI in neutral Hg was studied analytically using density matrix equations,
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and the results were confirmed in an experiment [49]. However, the QJ approach
allows for a deeper understanding of the mechanisms that give rise to AWI. Consider-
ing the four-level atomic scheme used, we analyse the most favourable configurations
and relationships between parameters to maximise the AWI of the probe field.

Finally, in Chapter 7, a general summary and the future perspectives of this
research are presented.
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Chapter 1

Fundamentals

This Thesis mainly focuses on the stimulated Raman adiabatic passage (STIRAP)
and related techniques, which are typically applied to three-level Λ-type systems and
they are based on the adiabatic following of an specific eigenstate of the system,
the so-called dark state. In this introductory Chapter, STIRAP will be put into
context, showing its close relationship with other control techniques that also exploit
the concept of dark state. The Chapter will be divided into four sections. First, in
Section 1.1, a brief background will contextualise the differences of three-level versus
two-level systems, introducing the different techniques related to STIRAP. Second,
Sec. 1.2 will present the formalisms used in this Thesis: the density matrix equations
(DME) will be derived for the Λ-scheme, the basic concepts of the Monte Carlo wave-
function (MCFW) approach will be explained, and some relevant aspects related to
the Einstein rate equations will be briefly discussed. Third, in Sec. 1.3 the different
techniques applied to three-level systems that make use of the dark state concept
will be reviewed: coherent population trapping (CPT), electromagnetically induced
transparency (EIT) and stimulated Raman adiabatic passage (STIRAP) techniques.
Finally, the state-of-the-art of the STIRAP technique will be reviewed in Sec. 1.4,
with an overview of the latest theoretical proposals and the most recent experimental
advances.

1.1 From two-level to three-level systems
Two-level systems interacting with an electromagnetic field exhibit an extensive phe-
nomenology based on the emergence of oscillations between the populations of the
ground and excited levels, the so-called Rabi oscillations [50]. In fact, the incidence
of an oscillating field in the atom leads, in a first approximation, to an oscillating
dipole that redistributes the probability of charge, and this in turn interacts with the
field, giving rise to a combined (dressed) atom-field system. A non-exhaustive list
of phenomena and some of the applications related to this simple image of two-level
systems is: the AC-Stark splitting, light shift [51] and the dipolar force [52, 53] in the
far detuned limit, the radiation pressure force [54, 55], the use of ligth pulses of well
defined area [56] for the design of qubit gates [57], and the echo of photons [58].

However, when one extends this study to an scheme involving three levels, a much
richer phenomenology appears. The key concept underlying the various techniques
used to control these systems is the so-called dark state. Let us consider, as an
example, a Λ-type three-level scheme, i.e., with two ground levels that can be coupled
by means of coherent electromagnetic fields to the same excited level. If the state of
the system is in a superposition of both ground states, the probability of absorption
will depend on an interference term, since we must consider the two possible pathways
of simultaneous excitation. Under the appropriate conditions, one can totally inhibit
the absorption of one of the fields if the interference is destructive, as occurs in the
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EIT [30] technique, or keep the population trapped between the ground states, as
occurs with CPT [59], or totally transfer the population from one ground state to
another ground state in a coherent, efficient and robust manner, as in STIRAP [33].
In all cases the corresponding phenomenon can be described in terms of the dark
state, which is an eigenstate of the Hamiltonian that is a superposition of the two
ground states. In addition, three-level systems offer an interesting set of schemes
for amplification and lasing without inversion (AWI, LWI) [36], which allows for
light amplification without population inversion by breaking the symmetry between
absorption and stimulated emission in the laser transition.

1.2 Formalism
In this Section, we present the various formalisms used in this Thesis. Along the
way, the formalism of the density matrix equations (DME) will be widely used, while
the Monte Carlo wave-function (MCWF) approach will be used in Chapter 6. Both
approaches are framed in the semiclassical theory of light-matter interaction, where
the atom is described by a wave-function which evolves with the non-relativistic
Schrödinger equation while light is classically described and its interaction with the
atom is treated as a perturbation that creates an electric dipole. Firstly, the DME
will be derived for a Λ-type system to obtain the ensemble average values of the popu-
lations and coherences, including coherent and incoherent processes, the latter added
phenomenologically. Next, the MCWF method, which allows for the unravelling of
the DME in terms of quantum trajectories for individual atoms, will be described.
The results of this approach converge with those obtained from the DME as the num-
ber of simulated systems increases and the average response is computed. Finally,
the Einstein rate equations will be briefly described, an approach that combines the
Bohr’s model of the old quantum mechanics with thermodynamic considerations in
the light-matter interaction. This model is specifically used in Chapter 2.

1.2.1 Density matrix equations (DME)

The density matrix equations (DME) can be used to describe the dynamics of an
ensemble of atoms or ions in interaction with coherent light. For our purposes, the
system under consideration consists of an idealised Λ-type atom interacting with
two electromagnetic fields (see Fig. 1.1). States |i〉, with i = 1, 2, 3, form the so-
called bare basis, and represent atomic levels of Bohr frequencies ωi and energies
Ei = }ωi, being } the reduced Planck constant. |1〉 and |3〉 are the ground levels,
while the upper level |2〉 can decay by spontaneous emission to the ground levels with
rates γ21 and γ23, respectively. The fields, labelled with α and β, are two coherent
monochromatic electromagnetic fields with amplitudes ~E0,α and ~E0,β, and carrier
frequencies ωα and ωβ. They couple the atomic transitions |1〉↔|2〉, and |3〉↔|2〉,
with detuning ∆α = ωα − ω12 and ∆β = ωβ − ω23, respectively, being ω12 = ω2 − ω1,
and ω23 = ω2−ω3 the frequencies of the corresponding atomic transitions. Using the
electric-dipole approximation (EDA) [60], the fields can be expressed as the following
harmonic plane waves,

~Eα(t) = ~E0,α cos(ωαt), (1.1a)
~Eβ(t) = ~E0,β cos(ωβt). (1.1b)
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Figure 1.1: Schematics of a Λ-configuration three-level system. The two allowed electric
dipole transitions, |1〉↔|2〉 and |3〉↔|2〉, are coupled with the fields ~Eα and ~Eβ , with Rabi
frequencies Ωα and Ωβ , and detunings ∆α and ∆β , respectively. γ21 and γ23 are the sponta-
neous emission decay rates from |2〉 to |1〉 and from |2〉 to |3〉, respectively. On the right, the
energy of the levels fulfilling E2 > E3 > E1 is indicated.

The dynamics of the system is given by the non-relativistic Schrödinger equation,

i} d
dt
|ψ(t)〉 = Ĥ |ψ(t)〉 , (1.2)

where

Ĥ = −
}
2

 0 Ωα 0
Ωα 2∆α Ωβ

0 Ωβ 2(∆α − ∆β)

 (1.3)

is the usual Hamiltonian in the interaction picture (IP) and under the rotating-wave
approximation (RWA) [60], where Ωα = ~µ12 · ~E0,α/} and Ωβ = ~µ32 · ~E0,β/} are the
Rabi frequencies, being ~µ12 and ~µ32 the dipolar moments of the corresponding atomic
transitions. The general state of the atom can be writen as

|ψ(t)〉 = a1(t) |1〉+ a2(t) |2〉+ a3(t) |3〉 , (1.4)

where ai(t) is the probability amplitude of being in the atomic state |i〉.
Inserting Eq. (1.4) in Eq. (1.2) using Eq. (1.3), one obtains the coherent evolution

equations of the probability amplitudes. Note that, for a closed system, the total
population is conserved, so it is fulfilled that

3∑
i=1

pi = 1, (1.5)

where pi = |ai|2 is the population of state |i〉. Although it is possible to add imaginary
diagonal terms in the Hamiltonian in order to include spontaneous emission, this
makes the Hamiltonian non-hermitic, so that the total population of the system
would not be preserved1. Here, we use the formalism of the density matrix which
allows to obtain a statistical description of the system that also includes incoherent
or dissipative processes like decays, pumpings, and collisions, fulfilling condition (1.5)
and facilitating the calculation of the expectation values of the observables. In fact,
if we consider N quantum systems described by the state given in Eq. (1.4), although
differing in phase or being in different stages of its temporal evolution, we can define

1A non-hermitic Hamiltonian of this type is used in Chapter 4 to deal with an open system. On
the other hand, the use of a non-hermitic Hamiltonian along with a normalisation of the state of the
system is the key element of the MCWF approach which will be explained in Subsection 1.2.2 and
used in Chapter 6.
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the mixed density matrix as

ρ̂(t) =
N∑
j=1

Pj |ψj(t)〉 〈ψj(t)| , (1.6)

where Pj indicates the probability that the system is in |ψj〉. In ρ̂, the diagonal
elements are the average populations of each atomic state, ρii = aia

∗
i = |ai|2 = pi,

and the off-diagonal terms are the complex average coherences, ρij = aia
∗
j , which

fulfil ρ∗ij = ρji. Note that these values are statistical results of an ensemble consisting
of identical quantum systems.

The temporal evolution of ρ̂ is given by the Schrödinger–von Neumann equation,
resulting from combining Eq. (1.6) and Eq. (1.2). The terms accounting for the
incoherent or dissipative processes are added ad hoc in the compact form L̂ρ̂, resulting

˙̂ρ(t) = − i} [Ĥ(t), ρ̂(t)] + L̂ρ̂(t), (1.7)

where L̂ is the Liouville operator and Eq. (1.7) the Schrödinger–von Neumann–
Liouville equation. The system of equations obtained from Eq. (1.7) are the so-called
density matrix equations (DME). For spontaneous emission, the ad hoc term is de-
fined as a Lindblad operator taking the form

L̂ρ̂(t) =
∑
i 6=j

γij

2
(
2Ŝij ρ̂(t)Ŝ†ij − Ŝ

†
ijŜij ρ̂(t)− ρ̂(t)Ŝ

†
ijŜij

)
, (1.8)

where |i〉 → |j〉 is an allowed transition, γij is its corresponding decay rate, and
Ŝij = |j〉 〈i| (Ŝ†ij = |i〉 〈j|), with Ei > Ej , is the lowering (raising) atomic operator.
The application of Eq. (1.8) is equivalent to add the following terms in the DME:
(ṗi)incoh ∝ +

∑
Ej>Ei γjipj −

∑
Ei>Ej γijpi in the equations for the populations, and

( ˙ρij)incoh ∝ −Γijρij , where Γij = (1/2)(γi + γj), being γi (γj) the total population
departure rate from state |i〉 (|j〉), in the equations for the coherences.

Treating separately the real and imaginary parts of the coherences, ρij = xij +
iyij , and considering the Rabi frequencies real for simplicity, the DME for the Λ-
scheme represented in Fig 1.1 are

ṗ1 = Ωαy12 + γ21p2, (1.9a)
ṗ2 = −Ωαy12 −Ωβy32 − (γ21 + γ23)p2, (1.9b)
ṗ3 = Ωβy32 + γ23p2, (1.9c)

ẋ12 = ∆αy12 +
Ωβ

2 y13 − Γ12x12, (1.9d)

ẏ12 =
Ωα

2 (p2 − p1)− ∆αx12 −
Ωβ

2 x13 − Γ12y12, (1.9e)

ẋ13 =
Ωα

2 y32 +
Ωβ

2 y12 − (∆β − ∆α)y13 − Γ13x13, (1.9f)

ẏ13 =
Ωα

2 x32 −
Ωβ

2 x12 + (∆β − ∆α)x13 − Γ13y13, (1.9g)

ẋ32 = −Ωα

2 y13 + ∆βy32 − Γ32x32, (1.9h)

ẏ32 =
Ωβ

2 (p2 − p3)−
Ωα

2 x13 − ∆βx12 − Γ32y32, (1.9i)
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where Γ13 = 0, and Γ12 = Γ23 = (1/2)γ2 = (1/2)(γ21 + γ23), since γ1 = γ3 = 0.
Note that for a basis of n states, we will have n2 real variable equations. However, due
to the closure condition given in Eq. (1.5), one of the equations for the populations
can be omitted.

1.2.2 Monte Carlo wave-function (MCWF) approach

With the use of the DME one obtains the average values of the populations and the
coherences of an atomic ensemble. However, they do not provide information about
the dynamics of individual atoms interacting with light fields. The Monte Carlo
wave-function (MCWF) approach [37, 61, 62], also called quantum-jump (QJ) or
quantum-trajectory method, offers this possibility in terms of quantum trajectories,
based on gedanken measurements that lead to a conditional coherent evolution of the
wave-function. As we will show next, the average of these trajectories over an atomic
ensemble reproduces the DME results.

Consider a single system of two levels |g〉 and |e〉 interacting with a coherent field,
with Rabi frequency Ω and detuning ∆. The general state of the system can be
expressed as |φ(t)〉 = ag(t) |g〉+ ae(t) |e〉, and the system can decay from |e〉 to |g〉
with a decay rate γ. This dissipative process can be introduced into the Hamiltonian
as follows. From a macroscopic point of view, the population of the excited state
decreases following an exponential decay statistical law, so the effect on the amplitude
ae is

pe(t) = e−γtpe(0)→ ae(t) = e−
γ
2 tae(0), (1.10)

which corresponds to add the imaginary term −i}(γ/2) in the corresponding diagonal
element of the Hamiltonian,Hee. This makes the Hamiltonian non-hermitic which will
generate a temporal evolution that will not preserve the norm of the wave-function.
The Hamiltonian can be written as

Ĥnh = Ĥ0 − i}
γ

2Ŝ
†Ŝ (1.11)

where Ŝ = |g〉 〈e| and Ŝ† = |e〉 〈g| are the lowering and raising atomic operators,
respectively, and where Ĥ0 = −∆}Ŝ†Ŝ+}(Ω/2)(Ŝ†+ Ŝ) is the hermitic Hamiltonian
in the interaction picture and assuming EDA and RWA approximations. Let us
consider that we can detect every photon emitted by spontaneous emission, i.e., every
quantum jump, by taking measurements at sufficiently small time intervals, dt �
γ−1, Ω−1, ∆−1, in such a way that the probability amplitudes nearly have not evolved
and at most one quantum jump has occurred. After one of these intervals from
the initial instant t0, we ask the following question: which is the probability that the
system remains in a superposition, i.e., no detection has occurred, during the interval
dt? The evolution of the superposition state after dt is

|φ(t0 + dt)〉 = e−
i
} Ĥnhdt |φ(t)〉 ≈ (1− i

}dtĤnh) |φ(t)〉 , (1.12)

and the probability of remaining in the superposition state is given by its norm

‖ 〈φ(t0 + dt)|φ(t0 + dt)〉 ‖ = 1− γdt|ae(t0)|2, (1.13)

where the terms O(dt2) have been neglected. Thus, the probability of collapsing and
ending in state |g〉 will be dp = γdt|ae(t0)|2. Two remarkable facts stand out from
these considerations. First, the probability of collapse depends on the amplitude
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ae evaluated at the previous instant t0. Second, considering (1.10) and using that
dt� γ−1, this amplitude ae reduces by a factor 1− (γ/2)dt.

We now describe the MCWF approach applied to this simple system. The method
simulates a quantum trajectory obtained by the conditional evolution of the wave-
function in very short intervals of time, dt. By means of gedanken measurements
simulating the detection of the spontaneous emitted photons, we assign to the system
one of the two following states: the superposition |ψ1(t)〉 = |φ(t)〉, if there is no
photon detection, or |ψ2(t)〉 = |g〉, if there is. The process can be summarised as
follows.

1. The total time is discretized in intervals dt fulfilling dt � γ−1, Ω−1, ∆−1. The
system is initialised in a normalized state |φ(t0)〉 = ag(t0) |g〉+ ae(t0) |e〉 with
ae(t0), ag(t0) given by the initial conditions.

2. At t1 = t0 + dt, a pseudo-random number, ε, uniformly distributed between 0
and 1 is generated and compared with dp = γdt|ae(t0)|2:
(i) ε > dp ⇒ No photon has been detected, so the wave-function has followed
its temporal evolution and it is |ψ1(t1)〉 = µ (1− (i/})dtĤnh) |φ(t0)〉, where
µ = (1− dp)−1/2 is the ad hoc renormalization factor.
(ii) ε ≤ dp⇒ A photon has been detected, so the system has collapsed and the
state is |ψ2(t1)〉 = |g〉.

3. We proceed to t2 = t1 + dt, now using dp = γdt|ae(t1)|2, and analogously for
successive intervals to complete a quantum trajectory.

Eventually, to reproduce the DMEs, the whole process is repeated for N atoms
and the obtained results are averaged.

To demonstrate that the results are equivalent to those obtained with the DME,
let us consider the density matrix expressed as ρ(t) = |φ(t)〉 〈φ(t)| in an arbitrary
time t. After a time dt the conditional evolution will have acted, and the state of
the system will be either |ψ1(t+ dt)〉 or |ψ2(t+ dt)〉, so we can define the evolved
density matrix operator as the sum of the density operators corresponding to both
alternatives multiplied by their statistical weight,

ρ(t+ dt) = (1− dp) |ψ1(t+ dt)〉 〈ψ1(t+ dt)|+ dp |ψ2(t+ dt)〉 〈ψ2(t+ dt)|

= (1− dp)µ2(1− i

}dtĤnh) |φ(t)〉 〈φ(t)| (1 +
i

}dtĤ
†
nh) + dp |g〉 〈g|

≈ ρ(t)− i

}dt
(
ρ̂(t)Ĥ†nh − Ĥnhρ̂(t)

)
+ γdtŜρ̂(t)Ŝ†, (1.14)

where the terms O(dt2) have been neglected. Using Eq. (1.11), we obtain

dρ̂(t)

dt
= − i} [Ĥ0, ρ̂(t)] +

γ

2
(
2Ŝρ̂(t)Ŝ† − Ŝ†Ŝρ̂(t)− ρ̂(t)Ŝ†Ŝ

)
, (1.15)

which coincides with Eq. (1.8) considering that the only decay occurs in the transition
|e〉 → |g〉 with rate γ.

The use of the MCWF approach in schemes with a larger number of levels and
with multiple dissipative processes increases the complexity of the algorithm. In such
a case, the total differential probability for a quantum jump to occur is the sum of
the probabilities of its ocurrence from each of the states involved. In addition, it is
necessary to use two random numbers, ε and ε′, which determine the state from which
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the quantum jump starts and the state in which the quantum jump ends, respectively.
The results obtained with the MCWF and the DME methods converge as the number
of quantum trajectories increases. Based on this method, the quantum-jump (QJ)
approach allows to obtain semi-analytical formulas that give direct information on the
weight of each type of coherent process along the quantum trajectory of a system [38,
63]. In Chapter 6, this method will be used to study amplification without inversion
(AWI) in a four-level system.

1.2.3 Einstein rate equations

In 1917, A. Einstein proposed [64] a simple two-level model based on Bohr’s atom
using the probabilities per unit time of the different basic processes of light-matter
interaction to explain the spectral lines of atomic lamps, which has come to be called
the Einstein rate equations. In addition to considering that the excited atom can
spontaneously decay by emitting a photon or become excited by absorbing it from an
external electromagnetic field, a third process was added: the stimulated emission of
a photon from an excited level to the ground state due to the presence of the field.
We can express the variation of the population at each level as the sum of the rates
for each type of process. Thus, for a closed two-level system where |g〉 is the ground
and |e〉 is the excited level, we have

ṗg = Ape +Begρ(ν,T )pe −Bgeρ(ν,T )pg, (1.16a)
ṗe = −ṗg, (1.16b)

where A, Beg and Bge are the Einstein coefficients for spontaneous emission, stimu-
lated emission and absorption, respectively, and ρ(ν,T ) is the spectral energy density
of the field at temperature T . As we will see in Chapter 2, an alternative formula-
tion, which is more appropriate from the experimental point of view, consists of
re-expressing the products Bρ(ν,T ) by σcsφ, where σcs is the cross-section in reso-
nance measured in cm2, and φ is the photon flux expressed as the optical intensity
divided by the energy of one photon, measured in (W/cm2)× (1/J).

From thermodynamic considerations based on the study of the black-body radia-
tion and the Maxwell–Boltzmann statistics, Einstein was able to determine [64] the
relationship between the coefficients which, for non-degenerated energy levels, are

A

Beg
=

}ω3

π2c3 , (1.17)

Bge = Beg, (1.18)

being

A =
ω3

3πε0}c3 |~µ|
2, (1.19)

where ω is the frequency of the field, ~µ is the electric-dipole moment, ε0 is the vacuum
permittivity, and c is the speed of light in vacuum. We see that the ratio between
the stationary populations of a closed two-level system, i.e., imposing ṗg = ṗe = 0 in
Eq. (1.16a) is

pg
pe

=
A+Begρ(ν,T )
Bgeρ(ν,T ) . (1.20)
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which, together with Eq. (1.18), implies that the system cannot be inverted in the
steady state, i.e., we will always have pg ≥ pe. Thus, it is not possible to invert
the population and, thus, to convert the system into a gain medium that allows laser
generation, as it absorbs more photons than it coherently emits. Therefore, to achieve
light amplification one should consider an open two-level atom in which, for instance,
the population is pumped to an extra level that rapidly decays to the excited one of
the laser transition, as it is the case for He-Ne and Ruby lasers [65]. However, from
Eq. (1.19), the required threshold pumping power scales with the frequency as ω4 to
ω6 [36] increasing the difficulty of generating continuous high-frequency lasers. For
these reasons, the search of lasers that do not require population inversion is a field
of special interest. Lasing without inversion (LWI) [66, 67, 36] exploits the possibility
of breaking the equality Bge = Beg [Eq. (1.18)]. This will be discussed in Chapter 6
for the UV-regime in Hg vapor.

The rate-equations method can be used in two- or more level systems when the
effects of quantum coherences are not relevant, e.g., with incoherent fields or for
stationary state of a system after pumping and fluorescence de-excitation processes.
This is the case that will be discussed in Chapter 2, where stimulated-emission-
depletion (STED) microscopy is simulated in a Rhodamine B fluorophore.

1.3 Techniques for three-level systems

1.3.1 Coherent population trapping (CPT)

In 1976, the Alzetta group in Pisa observed [68] an unexpected inhibition of fluo-
rescence in a Na vapour cell, which was illuminated with two different longitudinal
modes of a dye laser that coupled two Zeeman hyperfine sublevels with the same ex-
cited level. This inhibition, observed in the form of a black line (riga nera, in Italian),
occurred when the splitting between the hyperfine levels, induced by the presence of
a spatially variable magnetic field along the laser propagation axis, matched the fre-
quency difference between the dye modes. Using the scheme and the definitions of
Subsection 1.2.1, we can express this condition as

1
}(E1 −E3) = ωα − ωβ, (1.21)

which implies
∆α = ∆β, (1.22)

the so-called two-photon resonance condition. This phenomenon was explained by E.
Arimondo and G. Orriols [59, 69] in terms of non-linear effects on coherences. Due to
quantum interference, the population was trapped in a coherent superposition of the
ground states, from which it is not possible to produce fluorescence, hence the name
of this superposition is dark state.

To describe this phenomenon, called coherent population trapping (CPT) or dark
resonance [70], it is convenient to consider the so-called dark-bright basis, which is a
particular normalized basis of the Hamiltonian. This basis {|D〉 , |B〉 , |2〉} is formed
by the dark, the bright and the excited states, where

|D〉 =
Ωβ

Ω
|1〉 −

Ωα

Ω
|3〉 , (1.23a)

|B〉 =
Ωα

Ω
|1〉+

Ωβ

Ω
|3〉 , (1.23b)
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Figure 1.2: Schematic representation of CPT. (a) Λ-system in the bare basis, assuming
∆α = ∆β = 0 for simplicity. (b) Scheme in the dark-bright basis. After several cycles of
Rabi oscillations between |B〉 and |2〉 and spontaneous emission from |2〉, the population is
trapped in the dark state |D〉, from where it can not get out, since |D〉 is not coupled with
|2〉 (see text).

being Ω2 = Ω2
α + Ω2

β. Using Eq. (1.3), these states fulfil that

Ĥ |D〉 = −
}
2(∆α − ∆β)

Ωα

Ω
|3〉 , (1.24a)

Ĥ |B〉 = −
}
2Ω |2〉+ }(∆α − ∆β)

Ωβ

Ω
|3〉 . (1.24b)

Notice that, when ∆α = ∆β, the dark state |D〉 is not coupled with any state while
the bright state |B〉 is coupled with |2〉 via Ω. Let us assume that the system is in
an unknown state and that condition (1.22) is fulfilled [see Fig. 1.2 (a)]. After several
cycles of Rabi oscillations between |B〉 and |2〉 and spontaneous emission from |2〉,
the entire population will end up in the dark state, from where it can not leave, as
this state is isolated from the rest of the system [see Fig. 1.2 (b)]. In other words,
the interaction with the fields together with the effect of the decay has produced
an optical pumping of the population to the dark state, which is a decoupled state
from the fields. Note that, due to the combined effect of the fields to generate the
interference, it is necessary that both fields are mutually coherent during the process.

1.3.2 Electromagnetically induced transparency (EIT)

In 1991, Harris et al. reported [71] the first demonstration of a technique closely
related to CPT, electromagnetically induced transparency (EIT) [72], a control tech-
nique that turns a medium into transparent around an absorption line. Consider the
Λ-scheme described in the Subsection 1.2.1 where now ~Eβ(t) will act as a resonant
intense control field and ~Eα(t) as a weak probe field, with respective couplings, Ωc

and Ωp [see Fig. 1.3 (a)]. The control field will be on resonance and different values
of the detuning of the probe field, ∆p, will be scanned. When Ωc � Ωp, the control
field produces an AC-Stark splitting equal to Ωc in the excited state |2〉 resulting in
the creation of the dressed states,

∣∣2+〉 and |2−〉 [see Fig. 1.3 (b)].
For ∆p = 0, the obtained effect is the inhibition of the absorption of the probe

field, i.e., the medium becomes transparent for the probe field. EIT occurs as a
combination of the AC-Stark splitting and the destructive interference between the
absorption pathways from the initial state |1〉 to both dressed states. Fig. 1.3 (c) shows
the absorption profile of the probe field (continuous black line) consisting of an Autler-
Townes doublet plus the effect of the interferences which lead to zero absorption at
∆p = 0, and the refractive index profile (dashed blue line) in arbitrary units. From
this figure, a remarkable fact emerges. In a two-level system in which a resonant field
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0

0

(c)

−Ωc/2 Ωc/2
∆p

Figure 1.3: Schematic representation of EIT. Λ-system interacting with an intense resonant
control field and a probe field whose detuning ∆p is scanned, with respective couplings Ωc

and Ωp, in (a) the bare basis and (b) the dressed basis. (c) Absorption (continuous black
line) and dispersion (dashed blue line) profiles of the probe field. Note that, close to ∆p = 0,
the transparency window within the dispersion exhibits a positive slope (see text).

is absorbed, the rapid change in the refractive index coincides with the maximum
absorption. However, in our three-level scheme, the steep slope of the refractive
index occurs in the transparency window for the probe field, i.e., for ∆p = 0. This
allows the group velocity of light to be dramatically reduced without the field being
absorbed. By turning off the control field, light can be stored in the ground states
atomic coherence for later re-emission, when the control field is turned on again,
which is the basis of EIT-based quantum memories [73].

The EIT process can be understood as a protocol in terms of the dark state: EIT
brings the system from state |1〉 (with the control field off) to the dark state (control
field on), which is a superposition of |1〉 and |3〉 from where there is no absorption
towards |2〉, to return again to |1〉 (control field off). Note that EIT does not require
both fields to be mutually coherent, since the weak field only acts as a probe of the
interference phenomenon, which is produced exclusively by the control field. Also,
EIT does not rely on spontaneous emission.

1.3.3 Stimulated Raman adiabatic passage (STIRAP)

Introduced in 1990 by Bergmann et al. [74], stimulated Raman adiabatic passage
(STIRAP) [33] is a coherent, efficient and robust control technique of population
transfer between two quantum states consisting of adiabatic following one of the
eigenstates of the Hamiltonian, the dark state. The concept of adiabaticity, which in
classical thermodynamics refers to processes in which the system does not exchange
heat with the medium, takes a new meaning in the context of quantum states. Stated
by M. Born and V. Fock in 1928 [75], the theorem of adiabaticity in quantum mechan-
ics, valid for non-degenerated states, indicates that a quantum system will remain in
its instantaneous eigenstate if a given perturbation is acting on it slow enough and
there is an energy gap between the corresponding energy eigenvalue and the rest of
the energy spectrum. Typically, the STIRAP technique is performed in a Λ-type
system whose transitions between the ground and the excited states are coupled with
two coherent electromagnetic pulses, which will now be called pump (p) and Stokes
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(S) instead of α and β, respectively, used in the Subsection 1.2.1. They read

~Ep(t) = ~E0,p cos(ωpt)Ep(t), (1.25a)
~ES(t) = ~E0,S cos(ωSt)ES(t). (1.25b)

where it has now been added a temporal envelope Ei(t) with i = p,S for each of
them. The Hamiltonian given in Eq. (1.3) is rewritten as

Ĥ(t) = −
}
2

 0 Ωp(t) 0
Ωp(t) 2∆p ΩS(t)

0 ΩS(t) 2(∆p − ∆S)

 , (1.26)

where Ωp(t) = Ω0,p Ep(t) (ΩS(t) = Ω0,S ES(t)) is the Rabi frequency of the coupling
between the states |1〉↔|2〉 (|3〉↔|2〉), being Ω0,p = ~µ12 · ~E0,p/} (Ω0,S = ~µ32 · ~E0,S/}),
and ∆p = ωp − ω12 (∆S = ωS − ω23) is the detuning of the pump (Stokes) field. The
Rabi frequencies are considered real for simplicity. When the two-photon resonance
condition is fulfilled, i.e., ∆p = ∆S , it is possible to diagonalize the Hamiltonian
obtaining the eigenstates

|+〉 = sin θ(t) sinφ(t) |1〉+ cosφ(t) |2〉+ cos θ(t) sinφ(t) |3〉 , (1.27a)
|D〉 = cos θ(t) |1〉 − sin θ(t) |3〉 , (1.27b)
|−〉 = sin θ(t) cosφ(t) |1〉 − sinφ(t) |2〉+ cos θ(t) cosφ(t) |3〉 , (1.27c)

with eigenvalues

ε± =
}
2
(

∆p ±
√

∆2
p + Ω2(t)

)
, (1.28a)

εD = 0, (1.28b)

where

tan θ(t) =
Ωp(t)

ΩS(t)
, (1.29a)

tan 2φ(t) =
Ω(t)

∆p
, (1.29b)

being Ω(t) = [Ω2
p(t) + Ω2

S(t)]
1/2. The eigenstates given in Eqs. (1.27) are called the

adiabatic or dressed states, and |D〉 is the dark state. It is easy to see that the dark
state defined in Eq. (1.27b), which only depends on the angle θ, is equal to the one
defined in Eq. (1.23a). As will be clear below, it is convenient to use the angles defined
in Eqs. (1.29) because STIRAP is a dynamical process, which is usually represented
as a rotation of the state of the system in the three-dimensional space generated by
the bare basis |i〉, with i = 1, 2, 3.

STIRAP works as follows. Starting from the system initially prepared in state |1〉,
we smoothly apply the pulses in the so-called counterintuitive sequence, i.e., first the
Stokes and then the pump pulse with a certain time delay T [see Fig. 1.4 (a)], modi-
fying the value of the mixing angle θ from 0 to π/2 [see Fig. 1.4 (b) and Eq. (1.29a)].
Note that, as shown in Fig. 1.4 (c) for the case ∆p = ∆S = 0, there is a gap between
the energy of the dark state, which remains zero, and the rest of eigenenergies, which
equals Ω(t)/2. The existence of this gap during the process allows the adiabatical
following of the dark state |D〉 as long as the process is slow enough. But, what does



12 Chapter 1. Fundamentals

π/2
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time (a.u.) time (a.u.)

Figure 1.4: STIRAP features. (a) Rabi frequencies of the pulses with respect to time,
assuming Ω0 = Ω0,p = Ω0,S . The counterintuitive sequence consists in applying first the
Stokes and then the pump pulse with a time delay T . (b) This causes the mixing angle to
vary from θ = 0 to θ = π/2. (c) Energies of the eigenstates for the case of two-photon and
single photon resonance conditions, ∆p = ∆S = 0. (d) Evolution of the bare atomic state
populations during the process. The population of state |1〉 is adiabatically transferred to |3〉
while state |2〉 remains unpopulated. Arbitrary units (a.u.) for time have been used.

it mean here to be slow enough? To obtain the required condition, we reexpress the
time-dependent Hamiltonian given in Eq. (1.26) in the base of the dressed states2,

Hd(t) = −
}
2

 −Ω(t) cotφ(t) −2iθ̇(t) sinφ(t) −2iφ̇(t)
2iθ̇(t) sinφ(t) 0 2iθ̇(t) cosφ(t)

2iφ̇(t) −2iθ̇(t) cosφ(t) Ω(t) tanφ(t)

 , (1.30)

and impose that the differences between the energies of the |D〉 and the |±〉 states (di-
agonal terms) are much larger than the corresponding couplings (off-diagonal terms),
obtaining ∣∣∣∣Ω(t)

2 cotφ(t)
∣∣∣∣� ∣∣∣θ̇(t) sinφ(t)

∣∣∣ , (1.31a)∣∣∣∣Ω(t)

2 tanφ(t)
∣∣∣∣� ∣∣∣θ̇(t) cosφ(t)

∣∣∣ , (1.31b)

for |+〉 and |−〉, respectively. For ∆p = ∆S = 0, which implies φ = π/4, and
considering the process as a whole in which θ(t) varies a total angle of π/2 during a
time T , we obtain the global adiabaticity condition [33], ΩT � π/

√
2 which, based

on numerical simulations, becomes

ΩT > 10, (1.32)

being Ω2
= Ω2

0,p + Ω2
0,S , and where, for Gaussian pulses, the optimal time delay

is about T =
√

2σsd, being σsd the standard deviation of the Gaussian temporal
profiles. Under these conditions, STIRAP changes the state of the system from |1〉
to |3〉 remaining in the dark state |D〉 in such a way that the initially population in

2The new Hamiltonian is given by Hd = R−1HR − i}R−1Ṙ, where R is the corresponding rotation
matrix.
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|1〉, P1, is efficiently and robustly transferred to the state |3〉 avoiding spontaneous
emission from the excited state |2〉, which is not populated at anytime [see Fig. 1.4
(d)]. From the point of view of photon exchange, the phenomenon is understood as
a two-photon coherent process: a photon of the pump field is absorbed meanwhile
a Stokes photon is stimulatedly emitted to the Stokes field. This view is useful to
understand the light-atom moment transfer involved, but it is important to note that
there is no absorption before emission since the intermediate state does not become
excited.

Note that unlike the Rabi oscillations technique, which requires the use of pulses
with well-defined area to transfer the population between two coupled states, the
adiabatic character of STIRAP allows a fully efficient transfer between two ground
states which form a forbidden electric-dipole transition as long as the global pulse
area, ∝ ΩT , is large enough. In addition, the efficiency of the process is neither
affected by the shape nor the phase of the pulses, or by intensity fluctuations. On
the other hand, STIRAP requires mutual coherence between both fields and it is
not applicable to V-schemes since in them the initial and final states decay to the
intermediate state, breaking the coherence of the process.

1.4 State-of-the-art of STIRAP
STIRAP was originally introduced in 1990 by Bergmann et al. [74] in a paper dealing
with the selective excitation of vibrational states in molecules, in the field of chemical
physics. However, it was not until around 2000 that the quantum optics community
became more interested in exploiting the capabilities of this technique. Since then,
several reviews of STIRAP have been published [32, 76, 33]. In the following lines,
we list the main experimental achievements as well as some recent theoretical works
related to this technique.

The formation and control of dense samples of molecules by laser and evaporative
cooling processes presents added difficulties with respect to atoms. Due to optical
pumping, the molecules are excited to ro-vibrational decaying states that compro-
mise the cooling process. However, STIRAP’s experimental success in this field was
demonstrated first using Rb2 [77], Cs2 [78], and then other molecules [79, 80, 81,
82, 83]. In addition, STIRAP has been proposed [84] as a way of optically pumping
molecules in magnetic decelerators and can also be used in the realisation of magneto-
optical cooling [85]. Within the field of molecular control, although from a different
perspective, STIRAP has been used to observe parity violation by measuring the
ground state energies of the two enantiomers of chiral molecules such as 14NH3 [86],
and has been proposed in other molecules as C4H4S2 [87] and HSSSH [88]. STIRAP
has also been recently used to perform precise measurements of the electric dipole
moment of the electron (eEDM), which is relevant when testing theories beyond the
standard model, which predict the existence of a small electron moment due to the
interaction with massive particles [89, 90]. While efficient population transfer via
STIRAP in atomic Rydberg states has been widely demonstrated and studied for
more than a decade [91, 92, 93, 94, 95], in the case of molecular Rydberg systems,
where there is a rapid dissociation of the excited state, some difficulties must still
be overcome. However, by accessing high-` Rydberg states, recent simulations show
that STIRAP would be feasible both in atomic and molecular systems [96]. Also the
creation of polarised angular-momentum states in atoms and molecules via STIRAP
has received theoretical attention [97, 98]. Beyond the control of atomic and molecu-
lar states, STIRAP has also been proposed [99, 100] for the control of nuclear states.
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In this context, the challenge is to have coherent sources of two-colours in the x-ray
or gamma-ray range, such as those offered in the x-ray free-electron lasers (XFEL).
In this regard, some schemes have been proposed [101, 102], as well as others even
guaranteeing the mutual coherence between the two colours [103, 104].

STIRAP has also been successfully tested in applications involving trapping and
cooling of ions. The first experiment in 2006 [105] allowed coherent transfer of pop-
ulation in Doppler laser-cooling 40Ca+ ions into a string configuration. Recently, co-
herent control via STIRAP has been demonstrated [94] in single 88Sr+ Rydberg ions,
to produce single-ion geometrical qubit gates by applying two STIRAP sequences in a
four-level system [106], to generate single photons from single ions in an optical cavity
[107, 108], and for increasing the fidelity of the coherent control in logic gates [109,
110]. In addition, many theoretical schemes have been proposed to generate quan-
tum gates [111, 106, 112, 113], entangled states [114, 115, 116] or quantum algorithms
[117] based on STIRAP or variations of STIRAP. The main challenges to obtain high
fidelity in the control of the qubits (an admissible error of less than 0.01%) are to use
modifications to shortcuts to adiabaticity as superadiabatic STIRAP (saSTIRAP)
[118], to avoid non-adiabatic processes by means of a composite-STIRAP [119] or to
optimise the profile of the pulses [33].

The STIRAP technique has become a promising instrument in the fields of quan-
tum computing, quantum networking and quantum communication. In this sense,
one of the possibilities offered by STIRAP is to create devices that generate station-
ary and flying qubits [120, 121], to encode quantum bits in the temporal mode of a
single photon [122], to generate state mapping and entanglement swapping [123], to
design driving pulses required to absorb photons of a particular shape [124], or to
design single-atom quantum memories [125].

STIRAP has also been seen as a versatile tool in solid-state systems. In particular,
in the design of quantum memories in rare-earth ion-doped crystals (REIC). Several
variants of STIRAP have been complemented with EIT-based quantum memories in
REIC [126, 127, 128, 129, 130]. In addition, the use of cyclic STIRAP processes has
been demonstrated for classical logic operations [131]. The composite versions of STI-
RAP, i.e., the use of composite pulse sequences to transfer the population between the
ground states, has also been experimentally tested [119] to compensate for variations
of the initial population and fluctuations in the experimental parameters. Another of
the solid-state systems where STIRAP has also been demonstrated [132] are diamond
nitrogen vacancy (NV) centers, whose interest has recently grown for the development
of phononic quantum networks for spin-based quantum computers. To speed up the
relatively slow STIRAP protocol with respect to the rapid qubit decoherence, short-
cuts to adiabaticity have been tested, such as the use of specially-designed temporal
shapes of the pulses [133], the so-called superadiabatic transitionless driving (SATD)
[134] techniques, or the use of an auxiliary microwave field [135] that couples the two
ground states in order to keep the system in the dark state and avoid unwanted non-
adiabatic processes. Similar alternatives, like the saSTIRAP mentioned above [118],
which adds a third two-photon off-resonant pulse in the transition between the initial
and the final states, have also been tested [136] in superconducting quantum circuits.
In these artificial structures, STIRAP was first demonstrated in 2016 [137] where the
combination of the adiabatic passage with Rabi pulses allows the creation of Fock
states, and superposition of Fock states of a cavity field [138]. These and other types
of strategies have been proposed [139] to design quantum gates using STIRAP with
transmon qubits.

The concept of STIRAP has been extended beyond the systems of internal levels,
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as is the case of the transport of electromagnetic waves. In these systems, the prop-
agation is described by a Hamiltonian that allows STIRAP-like engineering. The
temporal coordinate is replaced by the spatial one, and the coupling between the
three states depends on the nature of each phenomenon. This set of techniques has
been called spatial adiabatic passage (SAP) [140]. One of the first applications of
SAP was the control of light propagation in coupled optical waveguides and was ex-
perimentally demonstrated in 2007 [141, 142], being currently an important promise
in the design of integrated photonic devices. In such devices, light propagates in a
system formed by three coplanar waveguides evanescently coupled and it is trans-
ferred between the two outermost ones with a negligible excitation of the central one.
The adequate configuration of the distances between waveguides along the propa-
gation direction modifies the photon tunneling during the process, reproducing the
Stokes-pump counterintuitive sequence. Optical SAP has been demonstrated also in
the transport of photons via dressed states and via continuum [143], i.e., with the in-
termediate guide embedded in a continuous of waveguides in the transverse direction.
Subsequently, it has been proposed for the design of a polychromatic beam splitting
[144], spectral filters [145], or the generation of pairs of photons [146], among others.
Furthermore, proposals to implement SAP also include matter waves. In its basic
scheme, internal atomic states are replaced by the spatial localised states of a triple
well potential, where the couplings are given by the tunneling. The idea is to transfer
a particle from the left to the right well applying the counterintuitive tunneling se-
quence by, for example, properly approaching and separating the wells. SAP has been
proposed for single neutral atoms in optical dipole traps [147], entangled atoms [148],
electrons in quantum dots [149], and for Bose–Einstein condensates (BEC) [150, 151].
Recently, SAP in momentum space with ultracold atoms trapped in an optical lattice
has been experimentally reported [152]. On the other hand, the so-called magnonic
STIRAP process has also been proposed for the transport of spin waves, i.e., magne-
tons [153]. In this case, the coupling between the guides is given by the dipole-dipole
interaction, and the proposal uses techniques developed for nanoscopic ferromagnetic
waveguides [154]. Last, and very recently, the use of STIRAP in acoustic systems has
also been discussed [155]. These systems consist of three connected cavities, whose
connections can be modified to reproduce the counterintuitive sequence. These sys-
tems could offer applications in medical ultrasonography, in the design of acoustic
diodes, in one-way sound absorption, in single-pass acoustic communications, or in
underwater acoustics [155].
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Chapter 2

Nanoscale resolution for
fluorescence microscopy via
adiabatic passage

In this Chapter, we propose the use of the sub-wavelength localisation via adiabatic
passage technique for fluorescence microscopy with nanoscale resolution in the far
field. This technique uses a Λ-type medium coherently coupled to two laser pulses:
the pump, with a node in its spatial profile, and the Stokes, which does not present
any node in its spatial profile. The population of the Λ-system is adiabatically trans-
ferred from one ground state to the other except at the node position, yielding a
narrow population peak. This coherent localisation allows fluorescence imaging with
nanometer lateral resolution. We derive an analytical expression to asses the lateral
resolution and perform a detailed comparison with the coherent population trapping
and the stimulated-emission-depletion technique.

2.1 Introduction
In the last decades, far-field fluorescence microscopy has experienced great advances
with applications in medicine and biology, among other fields, offering the possibil-
ity to obtain high resolution images in a non-invasive manner. In lens-based light
microscopes, the image of a point object obtained from the fluorescence emitted
by a fluorophore placed in the sample is, in principle, limited by diffraction [156].
This image becomes a finite-size spot in the focal plane, mathematically described
by the point-spread function (PSF), whose full width at half maximum (FWHM) is
λ/(2 NA), being λ the wavelength of the addressing light, and NA the numerical aper-
ture of the objective. Due to the reduced dimensions of the samples to investigate,
frequently around few nanometers, high resolution images overcoming the diffraction
limit are necessary. To this aim, one of the most extended group of techniques is
based on the general concept of reversible saturable optical fluorescence transition
(RESOLFT) [157] between two distinguishable molecular states, such as stimulated-
emission-depletion (STED) [41] and ground-state-depletion (GSD) [158]. RESOLFT
exploits the spatial inhibition of the fluorescence signal from a light-excited fluo-
rophore in order to engineer the effective PSF, reducing its FWHM.

Concurrently, in recent years, there has been an intense activity in the spatial
localisation of atomic population in Λ-type systems coherently interacting with two
electromagnetic fields (see, e.g., Ref. [159, 160]). All these methods are based on
the so-called coherent population trapping (CPT) technique or close variations, and
have also been considered for microscopy [161, 162, 163]). In the context of atomic
population localisation, the sub-wavelength localisation via adiabatic passage (SLAP)
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technique [164] has been proposed. In SLAP, position-dependent stimulated Raman
adiabatic passage (STIRAP) [32] is performed using spatially dependent fields. This
approach provides population peaks narrower than using other coherent localisation
techniques [159, 161] and its application in nanolitography and patterning of BEC’s
[164], and single-site addressing of ultracold atoms [165], has already been discussed.

In this Chapter, we propose a SLAP-based nanoscale resolution technique for
fluorescence microscopy. At variance with respect to [164, 165], two driving laser
pulses are applied here to a continuous distribution of emitters, and we take into
account, in our model, the effect of the objective lens. In Section 2.2, we describe the
physical system under consideration, derive an expression for the lateral resolution,
and compare it with the one obtained for the CPT case. In Section 2.3, we show
numerical results of the SLAP proposal and compare it with the STED technique.
Finally, Sec. 2.4 presents the conclusions and discusses a possible implementation of
the proposed technique using quantum dots.

2.2 Model
We consider a Λ scheme, where the population is initially in |1〉 [see the left side of
Fig. 2.1 (a)]. Two laser pulses, Stokes (S) and pump (P), couple to transitions |3〉↔|2〉
and |1〉↔|2〉 with Rabi frequencies ΩS(x, t) ≡ ~µ32 · ~ES(x, t)/} and ΩP (x, t) ≡ ~µ12 ·
~EP(x, t)/}, respectively, where ~ES ( ~EP) is the electric field amplitude of the Stokes
(pump), ~µ32 (~µ12) is the electric-dipole moment of the |3〉↔|2〉 (|1〉↔|2〉) transition,
and } is the reduced Planck constant. The excited level |2〉 has a decay rate γ21 (γ23)
to the ground state |1〉 (|3〉).

If the two-photon resonance condition is fulfilled, one of the eigenstates of the
Hamiltonian, the so-called dark state, takes the form (see Section 1.3):

|D(x, t)〉 = [Ω∗S(x, t) |1〉 −Ω∗P(x, t) |3〉]/Ω(x, t), (2.1)

where Ω(x, t) = (|ΩP(x, t)|2 + |ΩS(x, t)|2)1/2. Note that |D(x, t)〉 does not involve
the excited state |2〉. In our scheme, and in order to adiabatically follow the dark state,
both pulses are sent in a counterintuitive temporal sequence, applying first the Stokes
and, with a temporal delay T and a certain time overlap, the pump [see the right
side of Fig. 2.1 (a)]. In addition, to ensure no coupling between the different energy
eigenstates, a global adiabatic condition must be fulfilled, which imposes Ω(x) T ≥ A,
where A is a dimensionless constant that for optimal Gaussian profiles and delay times
takes values around 10 [32]. In the SLAP technique, the pump pulse has a central
node in its spatial profile such that the described temporal sequence of the pulses
produces an adiabatic population transfer from |1〉 to |3〉, except at the position of
the pump node. Therefore, we obtain a narrow peak of population remaining in |1〉,
whose profile can be considered as the PSF function referred to an image object in
a lens-based microscope. Note that the FWHM of the population peak determines
the resolution of the technique. Finally, an exciting pulse, denoted by E, is used to
pump the population remaining in |1〉 either to state |2〉 or to an auxiliary excited
state, allowing for the subsequent registration of the fluorescence. If state |2〉 decays
radiatively, the pump (P) could be used also as the exciting (E) pulse, reducing the
experimental requirements. Fig. 2.1 (b) shows a possible setup for the proposal. Right
to left, the Stokes, pump and exciting pulses are sent, and we assume that due to
the Stokes’s shift, the fluorescence (left arrow) can be separated from the light of the
different pulses by, e.g., dichroic mirrors (DM).
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Figure 2.1: (a) SLAP technique. Left side: Λ-system with pump (P) and Stokes (S) pulses
coupling the |1〉↔|2〉 and |3〉↔|2〉 transitions, respectively. The decay rate from |2〉 to |1〉 (|3〉)
is γ21 (γ23). Right side: Pulse temporal sequence, being E the exciting pulse. (b) Schematic
setup of the SLAP-based fluorescence microscopy. Note the central node of the pump pulse.
DM accounts for dichroic mirrors.

To take into account the effect of the objective lens in our model, we consider
the Rabi frequency of the Stokes pulse having a Bessel beam spatial profile, and the
one of the pump being the result of superimposing two Bessel beams focused with
a lateral offset, producing a node in its center. The spatio-temporal profiles of the
Stokes and pump fields read

ΩS(υ, t) = ΩS0F (υ, 0) e−(t−tS)2/σ2 , (2.2)

ΩP(υ, t) = ΩP0[F (υ, δ) + F (υ,−δ)] e−(t−tP)2/σ2 , (2.3)

where ΩS0 (ΩP0) is the peak Rabi frequency of the Stokes (pump) pulse, F (υ, r) ≡
2J1(υ+r)
υ+r , where J1(υ) is the first order Bessel function and υ = (2πxNA) /λ is the

optical unit corresponding to the Cartesian coordinate x in the focal plane, σ is
the temporal width of the pulses, T = tP − tS is the temporal delay between the
pulses, which is proportional to σ, and δ = 1.22π is the offset with respect to υ = 0
corresponding to the first cutoff of F (υ, 0). It is possible to obtain an analytical
expression for the FWHM of the final population peak in |1〉, p1(x), by considering
that the global adiabaticity condition is reached for the value x ≈ FWHM, assuming
a Gaussian population peak profile and considering |υ| � δ. Thus, from the spatial
profiles in Eqs. (2.2)-(2.3), the FWHM of the population distribution is

FWHMSLAP =
λ

2NA
δ

π

√ 4R
k−2 − 1 + 1

−1/2

, (2.4)

where R ≡ (ΩP0/ΩS0)
2 is the intensity ratio between the pump and the Stokes

pulses, and k ≡ ΩS0T/A must fulfil 0 < k < 1. In such a SLAP-based fluorescence
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Figure 2.2: Ratio between the FWHM using SLAP and CPT techniques as a function of
R, for k = 0.1 (blue solid line), k = 0.4 (green dashed line), and k = 0.9 (red dotted line).

microscope, the effective PSF is given by the product hexc(υ) p1(υ) normalised to 1,
where hexc(υ) is the PSF of the E pulse. If we assume that all the localised population
leads to fluorescence, the lateral resolution is determined by Eq. (2.4), where the first
factor accounts for diffraction, the second one is 1.22, and the third one can be less
than 1 depending on the adiabaticity of the process, and tends to zero in the limit
R→∞, i.e., when ΩP0 � ΩS0.

Other dark-state techniques proposed to obtain atomic localisation [159, 161] are
based on the so-called coherent population trapping (CPT) or close variations, in
which the fields can be either two continuous waves or two perfectly overlapping long
pulses. In this case, to obtain the analytical expression for the FWHM of the final
population peak in state |1〉, we have considered, as in [159], that | 〈1|D(υ)〉 |2 = 1/2
for x = FWHM/2. Using the profiles given in Eqs. (2.2)-(2.3), the FWHM for CPT
is

FWHMCPT =
λ

2NA
2δ
π

(√
2
√
R+ 1

)−1/2
. (2.5)

Fig. 2.2 shows the ratio between the analytical FWHM obtained for SLAP [Eq. (2.4)]
and CPT [Eq. (2.5)] as a function of R for different values of k. From the figure,
we can see that in the whole range of parameters considered, the peak obtained with
SLAP is significantly narrower than the one with CPT. Note that the adiabatic nature
of the SLAP technique allows to increase the final resolution by increasing the time
delay T , while fixing the intensities.

2.3 Numerical results
In the following, we are interested in comparing our scheme with the STED mi-
croscopy technique [see Fig. 2.3 (a)]. In the STED technique, two beams, the exciting
(E) and the depletion (D) lasers, interact with an organic fluorophore, with a time
delay ∆t. Typical values for ∆t are some hundreds of ps, larger than the vibrational
relaxation time τ (∼ps) but much shorter than the fluorescence time τfl (∼ns) of the
transition n1 → n0. First, the E field excites all the population to state nvib

1 , which
rapidly decays to n1. Next, the D field, which has a doughnut-like spatial profile,
produces a spatial depletion of the population in n1 by stimulated emission. Out of
the node, the excited population is removed resulting in fluorescence inhibition, and
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Figure 2.3: (a) STED technique. Top: Fluorophore energy levels interacting with the
exciting (E) and the depletion (D) fields, and their decay rates. Bottom: Pulse temporal
sequence. (b) Analytical (solid line) and numerical (crosses) values for the FWHM of the
population peak in |1〉, using SLAP, as a function of R. Inset: Spatial profiles of pump (P)
and Stokes (S) Rabi frequencies for R = 150. (c) Numerical results of the population p1(x)
in |1〉 for SLAP using different values of R, and the population n1(x) in the first excited
vibrational level of Rhodamine B for STED typical values (see text).

reducing the width of the effective PSF. Note here that the main distinctive feature
of SLAP with respect to general RESOLFT techniques, e.g., STED, is the adiabatic
nature of the state transfer process, which as discussed below, confers robustness and
flexibility to our method.

In Fig. 2.3 (b), values for the FWHM of the final population peak obtained from
numerical simulations using SLAP (crosses) and the analytical curve (solid line) given
by Eq. (2.4) using A = 20 are represented. For the simulations, we have used the
density-matrix formalism for a Λ-system with degenerated ground states with the
following parameters setting: γ21 = γ23 = 39.96 ns−1, ΩS0/γ21 = 1.5, σ = 100 ps,
T = 1.5σ, NA = 1.4, and λ = 490 nm. Fig. 2.3 (c) shows the final population p1(x)
in |1〉 using the SLAP technique for R = 10 (dashed line), R = 50 (dotted line) and
R = 300 (dotted-dashed line), marked with vertical arrows in Fig. 2.3 (b). In addition,
the population n1(x) using the STED technique (black solid line) is also shown.
For the STED simulation, we have used rate equations for the Rhodamine B dye
with intensity profiles of the exciting and depletion pulses corresponding to Eq. (2.2)
and Eq. (2.3), respectively, and typical values [41] for the absorption cross Sections
σcs = 10−17 cm2, peak intensity of the depletion laser hpeak

D = 1300 MW/cm2, τ = 1
ps, τfl = 2 ns, ∆t = 90 ps, σ = 100 ps, NA = 1.4, λE = 490 nm, and λD = 600
nm, obtaining FWHM = 65.2 nm. Note that the final peak in STED does not reach
unity due to the loss of population by fluorescence while depletion acts. This does
not occur in SLAP, since the final peak corresponds to the population in a ground
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state.

2.4 Conclusions
In conclusion, we have presented a proposal to implement nanoscale resolution mi-
croscopy using the SLAP technique. We have derived an analytical expression to
estimate the lateral resolution and we have compared it with the corresponding one
for the CPT case, showing that SLAP yields a better resolution. In both cases, the
resolution can be improved by increasing the peak pump intensity ∝ Ω2

P0, as long as
the peak Stokes intensity ∝ Ω2

S0 is kept constant. This behaviour is similar in STED
microscopy, whose resolution improves by increasing the intensity of the depletion
laser. Then, we have performed a numerical comparison between the STED tech-
nique and the SLAP technique with Rabi frequencies of the order of GHz, obtaining
a similar resolution in both cases.

All the previous results suggest that localisation via adiabatic passage may offer
interesting features for fluorescence microscopy. In this sense, fluorescent semiconduc-
tor nano-crystals, also known as quantum dots [166] (qdots), could be good candidates
to act as a diluted medium over the sample. Qdots have excellent photo-stability, ex-
hibit efficient fluorescence, can be selectively attached onto the item to study, and
have been used effectively for imaging cells and tissues [167]. Further, coherent pop-
ulation transfer via adiabatic passage in two- [168] and three- [169] coupled qdots
has been recently proposed. Qdots have recombination times of the order of some
hundreds of ps which means that, in our proposal, laser pulses yielding peak Rabi
frequencies of GHz are needed to perform SLAP. As an example, this is compatible
with dipole moment values around |~µ| ' 10−28 C ·m and with an intensity pump
beam around 106 W/cm2 [170]. This intensity is similar to that used recently in
RESOLFT-based microscopy using qdots [171], and up to three orders of magnitude
below the one of the depletion beam used in STED microscopy with conventional
fluorophores. Nevertheless, due to the adiabatic nature of SLAP: (i) it is possible
to enhance the resolution by increasing the temporal duration of the pulses, without
increasing the fields intensity, thus reducing the possibility of damaging the sample,
(ii) the spontaneous decay rate from |2〉 does not play any role in the localisation
process, and (iii) there is no need of using resonant lasers in our localisation method
provided the two-photon resonance condition is fulfilled. This last fact should permit
to use the same experimental arrangement with different types of emitters.
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Chapter 3

Atomic-frequency-comb
quantum memory via piecewise
adiabatic passage

In this Chapter, we propose a method to create an atomic frequency comb (AFC) in
hot atomic vapours using the piecewise adiabatic passage (PAP) technique. Due to
the Doppler effect, the trains of pulses used for PAP give rise to a velocity-dependent
transfer of the atomic population from the initial state to the target one, thus forming
a velocity comb whose periodicity depends not only on the repetition rate of the
applied pulses but also on the specific atomic transitions considered. We highlight
the advantages of using this transfer technique with respect to standard methods
and discuss, in particular, its application to store a single telecom photon in an AFC
quantum memory using a high density Ba atomic vapour.

3.1 Introduction
The ability to process flying qubits or strings of flying qubits, and specifically the
control of light-matter interfaces capable of storing these qubits and retrieve them
on demand for subsequent use, i.e., quantum memories (QM) [172, 173], are key
elements for quantum communications [174, 175]. Several QM-protocols have been
proposed based, for instance, on electromagnetically induced transparency (EIT) [73],
controlled reversible inhomogeneous broadening (CRIB) [176, 177] and AFC [178,
179, 180, 181, 182, 183, 184, 185] (see Ref. [172] for a review of the most relevant QM
protocols), the latter being the most suitable for a multimode storage [186, 187] as
the number of modes that can be stored is independent of the optical depth. AFC
based QMs have experienced an enormous progress in the last years, achieving spin-
wave storage for on-demand retrieval [188, 181, 189], high-fidelity multiplexing [190],
optimised efficiencies [180, 191, 192], and telecom wavelength operation [193, 194, 195,
196, 197]. Typically, the AFC is generated in a static inhomogeneously broadened
optical transition in a rare-earth ion-doped crystal (REIC) at cryogenic temperatures
by means of optical pumping techniques. In this approach, a large number of pulses
with temporal spacing Tint are repeatedly sent to generate the frequency grating with
a detuning spacing 2π/Tint. When a signal photon enters the crystal, it is completely
absorbed as a single atomic excitation delocalized over the atoms forming the AFC.
Subsequently, due to the frequency-to-time conjugation properties, the re-emission of
the signal (echo) occurs at a time Tint.

The ground and the excited states involved to generate the AFC system are usually
split in several hyperfine sublevels and one or more of them are used as auxiliary levels
for population transfer. Since those different transitions are hidden within the large
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inhomogeneous broadening, it is first necessary to apply a hole burning (distillation)
process in which a wide spectral transmission window is created. Then, the atomic
population grating is obtained by optical pumping, which requires many cycles of
excitation and de-excitation [181]. In other cases, the AFC is directly generated by a
combination of π-pulses that coherently transfer population at different frequencies
[198]. This approach requires highly accurate control of the pulses intensities.

Here, we propose an alternative way to produce an AFC using the piecewise
adiabatic passage (PAP) [43] technique. PAP is the piecewise version of the well-
known stimulated Raman adiabatic passage (STIRAP) [32] technique. PAP transfers
the population between the two internal ground states of an atomic Λ-system by
an accumulative coherent excitation using two trains of pump and dump pulses. We
discuss the implementation of this technique in a hot atomic vapour in which a velocity
comb (VC) acting as the atomic grating is generated. Some proposals concerning the
generation of VCs by means of a train of short pulses have already been proposed, for
instance, to map an optical frequency comb (OFC) into a velocity-selective population
transfer between hyperfine levels in Rb [199], to achieve Doppler cooling in a two-level
atomic system [200], and to study the coherent control of the accumulative effects in
the coherence in a cascade configuration [201]. In our case, the two optical frequency
combs of the two PAP trains of pulses selectively transfer the population in a Λ-type
atomic system. Thus, the two-photon resonance condition in a Doppler broadened
media is used to generate a velocity comb-like AFC, in order to subsequently store
and retrieve a single-photon pulse. We will consider the mapping of the propagating
photon into a storage state different from the ones used for the creation of the velocity
comb. The final state where the photon is mapped can be accessed either by a direct
one-photon absorption, in which case the retrieval time is predetermined, or by a
two-photon process such that the retrieval time can be selected to be the first or any
of the subsequent echos.

An AFC generated via PAP has several advantages: (i) since only a single PAP
cycle is needed to complete the transfer of population, the number of required pulses
is drastically reduced compared with standard methods [181], (ii) the process exhibits
robustness with respect to intensity fluctuations, and (iii) the spacing between the
AFC peaks depends not only on the temporal spacing of the PAP pulse train, but
also on the ratio between the frequencies of single- and two-photon transitions of the
Λ-type system. Thus, the retrieval time for the QM can be larger compared with
other AFC-based QMs generated by a train of pulses with the same temporal spacing.

The Chapter is organised as follows. Section 3.2 describes the physical system
under consideration and the mechanism and conditions to generate an AFC via PAP
in an atomic vapour. In Sec. 3.3, we show numerical simulations for the AFC and use
them to investigate the storage and retrieval of a single telecom photon in a Ba atomic
vapour. Finally, in Sec. 3.4 we summarise the results and present the conclusions.

3.2 Physical model

3.2.1 Velocity comb (VC)

The physical system under consideration consists of an atomic gas in a vapour cell
interacting with two co-propagating trains of coherent pulses. The gas is characterised
by a Maxwell–Boltzmann velocity distribution,

f(v) =
%√
2πη

exp
(
− v2

2η2

)
, (3.1)
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where v is the velocity component along the propagation direction of the fields being
v > 0 (v < 0) for atoms approaching to (moving away from) the fields, η =

√
kBT/m

is the velocity standard deviation, % is the total atomic density, m is the atomic
mass, kB is the Boltzmann constant, and T is the absolute temperature. Each atom
of the gas is modelled as a Λ-type system formed by two ground states |1〉 and |3〉,
and an excited state |2〉 (see Fig. 3.1). The population decay rate from |2〉 to |1〉
(|3〉) is γ21 (γ23), and the Bohr frequency of the optical transition |1〉↔|2〉 (|3〉↔|2〉)
is ω12 (ω32). The atoms are initially in state |1〉. A train of N pump (dump1)
pulses with Rabi frequency Ωp(t) = ~µ12 · ~Ep(t)/} [Ωd(t) = ~µ32 · ~Ed(t)/}] couples
the |1〉↔|2〉 (|3〉↔|2〉) optical transition with nominal detuning, i.e., for atoms at
rest, ∆0

p = ω0
p − ω12 (∆0

d = ω0
d − ω32). Here, ~µ12 (~µ32) is the electric-dipole moment

of the |1〉↔|2〉 (|3〉↔|2〉) transition, ~Ep(t) [ ~Ed(t)] is the slowly varying envelope of
the pump (dump) electric field vector, ω0

p (ω0
d) is the corresponding carrier frequency,

and } is the reduced Planck constant.
Due to the Doppler effect, the pump and dump detunings will be shifted by

∆p(v) = ∆0
p + ω0

pv/c, (3.2a)
∆d(v) = ∆0

d + ω0
dv/c, (3.2b)

respectively.
Our aim is to create an AFC by means of the PAP technique, which is the piecewise

version of STIRAP. In STIRAP, two single pulses, the pump and the dump, couple
the two optical transitions of a Λ-type system, fulfilling the two-photon resonance
condition ∆0

p = ∆0
d. Under this condition, one of the eigenstates of the Hamiltonian,

the so-called dark state, takes the form

|D(t)〉 = cos θ(t) |1〉 − sin θ(t) |3〉 , (3.3)

where θ(t) = arctan[Ωp(t)/Ωd(t)]. Therefore, by smoothly varying the value of θ
from 0 to π/2 one can efficiently transfer the atomic population from state |1〉 to state
|3〉, adiabatically following the dark state. The desired variation of the mixing angle
θ is achieved by coupling the pulses with the atoms in the so called counterintuitive
sequence, i.e., if the atoms are initially in |1〉 the sequence consists of applying first
the dump and with a certain delay in time τ the pump. To avoid the coupling between
|D〉 and the other eigenstates of the system, the required global adiabatic condition
(See Subsection 1.3.3) reads Ωτ > 10 for optimally delayed Gaussian pulses [32],
where Ω2 = Ω2

p0 + Ω2
d0, being Ωp0 (Ωd0) the peak value of the pump (dump) Rabi

frequency.
In PAP, the pump and the dump pulses are replaced by two trains of pulses sep-

arated by an inter-pulse period, Tint, and with an envelope that follows the temporal
sequence of STIRAP (see Fig. 3.1). As it has been previously reported [43, 202], the
population is transferred from |1〉 to |3〉 by accumulation of the coherence as long as
the inter-pulse period is shorter than the atoms decoherence time. We consider the
following temporal profiles for the pulse trains:

Ωp(t) = Ωp0 e
−(t−τ )2/2σ2

e

N−1∑
l=0

e−(t−lTint)
2/2σ2 , (3.4a)

Ωd(t) = Ωd0 e
−t2/2σ2

e

N−1∑
l=0

e−(t−lTint)
2/2σ2 . (3.4b)

1The term dump is used here instead of Stokes, as is usual in the PAP technique.
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Figure 3.1: Scheme of the Λ-type system modelling an atom at rest, initially in |1〉, inter-
acting with the pump and dump trains of pulses with temporal spacing Tint. In the frequency
domain, the fields correspond to an OFC with a frequency separation of 2π/Tint around its
nominal frequency. See the main text for the definition of the parameters.

Each of these expressions corresponds to a sum of N narrow Gaussian pulses of
width σ, separated by Tint, and modulated by a Gaussian envelope of width σe. The
pump and dump individual pulses are coincident in time while the corresponding
envelopes are shifted with respect to each other by a time τ = (N − 1)Tint, during
which the PAP takes place (see Fig. 3.1). In what follows, we will use for simplicity
Ω0 = Ωp0 = Ωd0.

Standard STIRAP requires to fulfil the two-photon resonance condition which, for
a Doppler-broadened medium, is equivalent to set ∆p(v) = ∆d(v). However, in the
case of a train of pulses one has to look for the accumulation of the coherence between
two consecutive pulses. In particular, this effect has been studied in Ref. [201] for a
cascade configuration. In our scheme, the conditions for constructive interference in
the accumulation of the coherences are given by ∆p(v)Tint = j2π and ∆d(v)Tint =
k2π, with j, k ∈ Z. Taking the difference between these two expressions, the two-
photon resonance condition leads to

∆p(v)− ∆d(v) = (j − k)∆ω, (3.5)

with ∆ω = 2π/Tint. Using the definition for the Doppler shifted detunings, Eq. (3.2),
one obtains the velocity v2ph required for an atom to be transferred from |1〉 to |3〉:

v2ph =
(j − k)∆ω

ω13
c, (3.6)

where we have assumed the nominal two-photon resonance condition ∆0
p = ∆0

d and
defined ω13 = ω12 − ω32.

One can obtain the same expression, Eq. (3.6), through energy-conservation ar-
guments as follows. In the reference frame of an atom moving with velocity v, each
train of pulses in frequency domain corresponds to an optical frequency comb (OFC)
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with detunings

∆np (v) = ωnp (v)− ω12, (3.7a)
∆md (v) = ωmd (v)− ω32. (3.7b)

Here the frequencies ωnp (v) = ω0
p(1+ v/c) + n∆ω, and ωmd (v) = ω0

d(1+ v/c) +m∆ω
correspond to the different harmonics of the OFC, and n and m are the integer
indices for each harmonic (0,±1,±2, ...), see Fig. 3.1. Therefore, transfer of atomic
population from |1〉 to |3〉 will only be achieved by the simultaneous absorption of a
pump photon and the stimulated emission of a dump one, such that their frequency
difference matches the energy gained by the atom, i.e.,

∆np (v) = ∆md (v). (3.8)

This is the generalisation of the two-photon resonance condition for pairs of harmonics
of the two OFCs. It is easy to see that combining Eq. (3.7) with Eq. (3.8) and
assuming ∆0

p = ∆0
d we recover Eq. (3.6) by identifying j − k = m− n. Thus, every

value of v2ph, i.e., every peak of the VC, is the result of the contribution of all the
harmonics of both OFC fulfilling Eq. (3.5) and sharing the same value j − k.

Note that such a VC, governed by Eq. (3.6), is not well defined for ω13 = 0,
i.e., for degenerate ground states. To physically understand this point, we should
notice that, in this situation, the atoms, regardless of their velocity, see two OFCs
that perfectly overlap in Fourier space since the field frequencies will have the same
Doppler shift. Thus, a single possible match between harmonic indices occurs, j = k,
which corresponds to v2ph = 0.

At the end of the PAP process, we expect to obtain a VC of population transferred
to |3〉, ρ33(v), with peaks centered at velocity values given by Eq. (3.6).
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Figure 3.2: Atomic VC via PAP generated using nominal detunings (a) ∆0 = 0, (b)
∆0 = 2π × 63.7 MHz, and (c) ∆0 = 2π × 127.4 MHz. Here ρ33 is weighted by the Maxwell–
Boltzmann velocity distribution with η = 350 m/s and rescaled to show the single atom
probability instead of the atomic density. See text for the rest of parameters values.
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Finally, we have to take into account that for values of velocities different from
those given in Eq. (3.6) the population can also be transferred to |3〉 by spontaneous
emission after the absorption of one pump photon. This undesired effect will decrease
the contrast of the velocity peaks around the central value v = 0 distorting the comb.
We can diminish this effect by shifting the nominal detuning ∆0(= ∆0

p = ∆0
d) out of

resonance. Then, population decaying from |2〉 to |3〉 occurs for velocity classes far
from v = 0. A numerical example is shown in Fig. 3.2 for three different nominal
detunings (a) ∆0 = 0, (b) ∆0 = 2π × 63.7 MHz, and (c) ∆0 = 2π × 127.4 MHz,
using, in all cases, N = 18 pump-dump pulses, ω32 = 2π × 637 THz, ω12 = 2.5ω32,
Ω0 = 2π× 80 MHz, σ = 5 ns, Tint = 0.7 µs, and γ21 = γ23 = 10 µs−1.

3.2.2 Atomic frequency comb (AFC)

AFC Configurations

Once it is generated, the VC will translate into an absorption grating for a single
photon pulse, E , copropagating with the pump and dump laser pulses, coupling any
transition involving state |3〉. Two different configurations for the storage process are
shown in Fig. 3.3. In the simplest configuration, one-photon AFC, a single photon
directly couples the dipole allowed transition |3〉↔|4〉 [see Fig. 3.3 (a)], where |4〉
can be degenerate with state |2〉 or have any other energy. A second possibility
is the two-photon based AFC where the single photon is mapped into the |3〉↔|4〉
transition via an off-resonant two-photon Raman process where, in this case, |4〉 is a
metastable (long-lived) state [see Fig. 3.3 (b)]. The latter can allow, in principle, for
longer memory lifetimes only limited by the finite width of the comb teeth and the
atomic motion since the effect of the spontaneous emission from the excited states
is avoided. In the remaining of this Section, we will focus only on the one-photon
AFC configuration, although the results here obtained also apply for the two-photon
configuration, provided that the state |2〉 can be adiabatically eliminated as we will
discuss in Section 3.3. We assume that, for atoms at rest, the signal photon is resonant
with this transition, i.e., δ0 ≡ ω0 − ω34 = 0, with ω0 being the central frequency of
the photon wave-packet and ω34 the frequency of the transition |3〉↔|4〉. Therefore,
for moving atoms, the corresponding detuning reads δ(v) = ω0v/c = ω34v/c.

Figure 3.3: Schematics of two AFC configurations to store a single photon. The signal
photon E is stored in the |3〉↔|4〉 transition via a (a) one-photon or (b) two-photon process
using a control field Ωc.

AFC Parameters

In order to characterise the AFC, we model the density of atoms in state |3〉, after
the transfer from |1〉 via PAP, with a sum of Gaussian functions, modulated by a
Gaussian envelope of width Γ. Expressed as a function of the detuning δ, it takes the
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form:
ρ33(δ) = e−δ

2/2Γ2
∞∑

j=−∞
e−(4 ln 2)(δ−j∆δ)2/$2 . (3.9)

Here, ∆δ is the peak separation, while$ is the FWHM of the AFC peaks. A numerical
example of the generation of the PAP train of pulses and of the corresponding AFC
atomic spectral distribution is shown in Fig. 3.4 (a) and Fig. 3.4 (b), respectively, with
N = 16 pump-dump pulses, ω34 = ω32 = 2π×637 THz, ω12 = 2.5ω32, Ω0 = 2π×151
MHz, σ = 6.2 ns, Tint = 0.17 µs, ∆0 = 2π× 360 MHz, and γ21 = γ23 = 10 µs−1.

Next, we discuss the figures of merit involved in the PAP-based AFC and derive
their analytical expressions.

Bandwidth. The usual limitation for the comb width is given by the width of the
Maxwell–Boltzmann distribution. However, here we consider only cases in which the
comb width is narrower than the velocity standard deviation η, so the Doppler width
does not affect the comb bandwidth. To obtain an expression for the AFC bandwidth,
we consider first the bandwidth of the respective OFCs for every train of pulses,
which is given by the frequency-time Fourier relations, 1/σ (see Appendix 3.A.1).
Secondly, due to the Doppler effect, in terms of velocities, the pump and dump
OFCs will have modified envelope bandwidths c/σω0

p and c/σω0
d, respectively (see

Appendix 3.A.2). Moreover, the centers of these OFC depend on the atomic velocity.
Thus, only those atoms with velocities producing a significant overlap between the two
OFC will be able to interact with both fields. The overlap between the OFC envelopes
(see Appendix 3.A.2), in terms of the transition frequency ω34, has a bandwidth

Γ =

√
2
σ
ξ, (3.10)

where ξ ≡ ω34/ω13. For the AFC of the example in Fig. 3.4 (b), the analytical
(numerical) value is Γ = 2π× 24.19 MHz (2π× 25.46 MHz).

Eq. (3.10) gives us the bandwidth of the AFC with a Gaussian shape. We should
mention that when increasing Ω0 or the number of pulses N , the adiabaticity of PAP
increases and the height of the peaks in the comb rises up to its maximum value,
given by the Maxwell–Boltzmann distribution by Eq. (3.1). When this occurs, the
form of the comb acquires a flat top profile and Eq. (3.10) does not longer provide a
good enough estimation of the comb bandwidth.

Peak separation. Due to the condition given in Eq. (3.6) for the atoms to be
transferred into state |3〉, the absorption peaks will be found at detunings fulfilling
δ2ph = ω34v2ph/c and, consequently, they will be separated in frequency by

∆δ = ξ∆ω. (3.11)

Note that the ξ factor in the last expression, accounting for the asymmetry in the
optical transition frequencies, determines the peak separation of the VC and, in turn,
of the AFC. For instance, if ω32 = ω34 = ω12/3, then ∆δ = ∆ω/2 which reduces by
half the peak separation that one would have in a conventional AFC. For the AFC of
the example shown in Fig. 3.4 (b), the analytical (numerical) value is ∆δ = 2π× 3.91
MHz (2π× 3.95 MHz).

Number of peaks. Considering 2
√

2πΓ for the base of the Gaussian comb, and for
a large number of peaks, we can estimate the total number of peaks Nc forming the



30 Chapter 3. AFC quantum memory via piecewise adiabatic passage

0.5
1/
√
e

0

1

−45 −30 −15 0 15 30 45

(b)

1/
√
e

0

1

0 0.5 1 1.5 2 2.5

(a)PAP (N pulses)

ρ
3
3
(δ
)

δ/2π (MHz)

AFC (Nc peaks)

∆δ

Γ

̟

Ω
p
,d
(t
)/
Ω

0

t (×10−6s)

Tint

2σ

Figure 3.4: Numerical example of the (a) temporal sequence of a piecewise adiabatic passage
(PAP) withN = 16 simultaneous dump (blue lines) and pump (red lines) pulses with temporal
inter-pulse spacing Tint, and pulse width σ, which generates (b) an atomic frequency comb
(AFC) with Nc peaks, bandwidth Γ, detuning peak separation ∆δ, and peak FWHM $. Here
η = 350 m/s and ρ33(δ) is rescaled to show the single atom probability instead of atomic
density. See text for the parameters values.

AFC with Nc∆δ = 2
√

2πΓ. Using Eq. (3.10) and Eq. (3.11) we find that

Nc =
2Tint√
πσ

, (3.12)

which depends only on the PAP parameters. The ability to control the number of
peaks of the AFC is an interesting feature since this quantity determines the number
of temporal modes that can be stored when used as a quantum memory [178]. For
the AFC of the example of Fig. 3.4 (b), the analytical (numerical) value is Nc = 25.7
peaks (25 peaks).

Peak width. The FWHM of each individual tooth of the AFC is given by the trans-
fer efficiency under conditions of quasi-two-photon resonance. Based on the expression
for the velocity peak width obtained in STIRAP for a Doppler broadened medium
and the relationship between the PAP and STIRAP processes (see Appendix 3.B),
one can estimate the width of each peak as

$ =

√
πΩ2

0σξ

4∆0Tint
, (3.13)

for |∆0| > Ω0
√
ω32/ω12. For the AFC of the example in Fig. 3.4 (b), the analytical

and numerical values are $ = 2π × 0.684 MHz and $ = 2π × 0.891 MHz, respec-
tively. The discrepancy is due to the fact that Eq. (3.13) has been derived neglecting
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spontaneous emission, in the limit of large detunings, for combs with a large number
of peaks, and assuming perfect Gaussian profiles.

Finesse. One of the important parameters to estimate the quality of an AFC is the
finesse of the comb F ≡ ∆δ/$. In terms of the system parameters, it can be written
as

F =
8
√
π∆0

Ω2
0σ

. (3.14)

According to this expression, the finesse of the comb does not depend on the number
of pulses but can be varied adjusting the rest of the PAP parameters (Ω0,σ, ∆0).
For the AFC of the example in Fig. 3.4 (b), the analytical and numerical values are
F = 5.72 and F = 4.43, respectively. The discrepancy comes from the assumptions
done in the estimation of the peak width $, commented above.

In what follows, we summarise the differences of the AFC created via PAP with
respect to the conventional AFC generated by a train of pulses with the same pulse
temporal spacing:

(i) The form of the frequency peaks is not affected by the temporal shape of the
individual pulses. This is because our comb is generated via PAP, whose efficiency
is insensitive to the shape of the pulses, provided that their envelopes follow the
counterintuitive sequence of STIRAP.

(ii) Performing PAP more adiabatically, e.g., by increasing Ω0 or N , produces
an increment of the height of the peaks and thus enhances the optical depth of the
|3〉 ↔ |4〉 transition.

(iii) The peaks frequency spacing, ∆δ, is proportional to 2π/Tint but also to the
ratio of the transition frequencies of the Λ-type system and the storage transition,
via the ξ factor.

3.2.3 AFC-based QM

From Eq. (3.11), one can derive the expression for the retrieval time T̃ in an AFC-
based QM via PAP as

T̃ =
Tint

ξ
=
ω13

ω34
Tint, (3.15)

where Tint = 2π/∆ω coincides with the retrieval time of the conventional AFC-based
QM. As previously commented, Eq. (3.15) implies that, when our AFC proposal is
used as a quantum memory, the retrieval time also depends on the chosen specific
atomic system through ξ.

Next, we discuss the parameters for PAP and the frequencies of the transitions
involved in order to optimise the QM and satisfy the assumptions required in our
model.

On the one hand, in order to achieve high storage efficiencies a large optical depth
is needed. In turn, the higher the finesse the better the reemission due to the atoms
rephasing. However, it is easy to show that the optical depth of the medium is
effectively reduced by a factor 1/F . Therefore, a compromise between a large optical
depth and the reemission efficiency is required. It has been shown that for a backward
retrieval scheme, in the absence of spontaneous emission, the memory efficiency reads
η ' (1− e−OD/F )2e−7/F [178], where OD is the optical depth of the medium. Thus,
for large optical depths, the efficiency is above 90% for F & 10. Using Eq. (3.14)
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with Γ� ∆δ, this condition for the finesse leads to

Ω2
0σ

∆0 .
4
5
√
π ≈ 1.4. (3.16)

From this expression it is clear that in order to obtain a large finesse, for a given
Ω0 and σ, we must increase the nominal detuning. This is even more clear looking
at Fig. 3.2 where the widths of the velocity peaks decrease for increasing detunings.
Moreover, to avoid spontaneous emission for the central velocity classes, a necessary
requirement would be to impose a nominal detuning larger than the comb bandwidth
itself, given in Eq. (3.10).

On the other hand, if we define the ratio between the transition frequencies of
the Λ-system as r ≡ ω12/ω32, so such that ξ = (ω34/ω32)/(r− 1), one can see that
our AFC is not formally available for degenerate ground states, i.e., r = 1, since
according to Eq. (3.11), ∆δ → ∞, which it is consistent with the discussion about
the velocities given in Eq. (3.6) in Section 3.2.1 when ω13 = 0.

Furthermore, according to Eq. (3.15), to obtain longer retrieval times than in
conventional AFC-based QMs, it should be satisfied ξ < 1, i.e.,

ω34 < ω13, (3.17)

or equivalently, r > ω34/ω32 + 1, which becomes simply r > 2 if |2〉 and |4〉 are
degenerate.

To summarise, Eq. (3.16) and Eq. (3.17) give us the conditions to implement an
AFC-based QM via PAP, which improve some features of conventional AFC-based
QMs.

3.3 Numerical example of a PAP-based AFC-QM
In this Section, we show a numerical example of the proposed AFC-based QM via
PAP. We consider Ba atoms [203], although other atomic species with different energy-
level schemes could be chosen. The reasons for this choice may be summarised as
follows. (i) Alkaline earth metals such as Ca or Ba feature available Λ-type systems
with a large asymmetry in the pump and Stokes transitions, formed by S, P , and D
states, where the later are, very often, long-lived metastable states. This configuration
allows us to fulfil Eq. (3.17). (ii) They also have transitions in the telecommunication
range (∼ 1.5µm), which are of special interest for long distance quantum commu-
nications [204, 205]. (iii) Alkaline earth metals can be prepared in vapour cells or
hollow cathode lamps capable of reaching high atomic densities [206].

For the simulation of the VC creation we consider the |1〉 = 6s2 (1S0
)
↔ |2〉 =

6s6p
(1P1

)
and |2〉 ↔ |3〉 = 6s5d

(1D2
)
transitions of Ba [see Fig. 3.5 (left frame)].

Since in this system the spontaneous emission from the excited state |2〉 occurs pre-
dominantly towards the initial ground state |1〉, the number of atoms that can reach
the final state |3〉 via spontaneous decay is very limited. Moreover, the |2〉 ↔ |3〉
transition is already in the telecom range (1500.4 nm). For this reason, to implement
the QM (once the VC has been created), one could consider a single telecom photon
coupling the |2〉 ↔ |3〉 transition. However, in order to circumvent the spontaneous
emission from the excited state |2〉, the photon will be stored in the atomic coherence
between state |3〉 and the long-lived state |4〉 = 6s5d

(3D2
)
through an off-resonant

two-photon Raman process [Fig. 3.5 (right frame)].
First, for the simulation of the AFC preparation we use the density matrix equa-

tions and parameters for a Ba vapour (see transition properties in, e.g., Ref. [207])
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Figure 3.5: Relevant energy-levels for Ba with the Rabi frequencies and detunings involved
in the VC creation via PAP (left frame) and the single telecom photon QM (right frame).
See the main text for the definition of the parameters.

at 800 oC (typical in hollow cathode lamps [208, 209, 206]) and a density of % =
2.5×1020 at/m3. The decay rates from the excited state to the ground and metastable
states are γ21 = 1.19× 108 s−1 and γ23 = 0.25× 106 s−1 (the decay to state |4〉 is
γ24 ' γ23/100 so we can safely neglect it), respectively, while the transition frequen-
cies are ω32 = 2π× 200 THz and ω12 = 2π× 540 THz, so ω13 = 2π× 340 THz. The
effective storage transition |3〉 ↔ |4〉 has a frequency ω34 ≡ ω42 − ω32 = 2π × 65.35
THz, where ω42 = 2π× 270 THz (1130.6 nm). With these values we obtain ξ = 0.19
and r = 2.7, satisfying condition Eq. (3.17). We perform numerical simulations
using different number of pulses, Rabi frequencies, and nominal detunings. In all
cases the pulses of the train are separated by Tint = 689 ns and have a width of
σ = Tint/64 = 10.77 ns. The envelope width, σe = τ/(2

√
2 ln 2), is chosen depend-

ing on the number of pulses, and the nominal detunings are such that the two-photon
resonance condition is satisfied for the central velocity class ∆0(= ∆0

p = ∆0
d). For these

parameters, the estimated peak separation is ∆δ = 2π× 0.28 MHz, corresponding to
a retrieval time of T̃ = 3.6µs.

After the comb creation, we simulate the propagation of a signal photon coupling
transition |2〉 ↔ |3〉, see Fig. 3.5, through a medium of length L = 2 cm. We consider
that at the input of the medium, the photon wave-packet can be described with a
slowly varying Gaussian envelope

E(z = 0, t) =
1√
τp
√
π
e−(t−tc)

2/(2τ2
p ), (3.18)

normalised such that
∫
|E(0, t)|2 dt = 1. Here, τp = 0.3µs is the duration of the

pulse, centered at tc = 4τp. Since the excited state |2〉 has a short lifetime, we
consider the signal photon being tuned out of resonance, with detuning δ0

s , and it is
coupled via a strong control field, of Rabi frequency Ωc, to the |4〉 metastable state
in a two-photon Raman configuration. In this configuration, the harmful effect of
the spontaneous emission is reduced and the signal photon is effectively stored in the
|3〉 ↔ |4〉 atomic coherence. Thus, by adiabatically eliminating the excited state, the
equations describing the propagation of the signal photon and the slowly-varying spin
wave amplitudes, E and S, respectively, in the photon co-moving frame t → t− z/c
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[210] read

∂zE(z, t) =− i
g2%

c

∫
ρ33(v)

δs(v) + iγ
dδE(z, t)

− i
g
√
%

c
Ωc

∫
ρ33(v)

δs(v) + iγ
S(z, t, δ)dδ, (3.19)

∂tS(z, t, δ) = i

{
δ(v)− iIm

[
Ω2
c

δs(v) + iγ

]}
S(z, t, δ)

− i
g
√
%Ωc

δs(v) + iγ
E(z, t). (3.20)

Here, c is the speed of light in vacuum, g = µ23
√

ω32
2ε0 h̄ is the photon-atom coupling

constant, with ε0 the vacuum electric permittivity and µ23 = 5.47× 10−30 C ·m the
electric-dipole moment of the probe transition, γ is the coherence decay rate (which we
assume γ ' γ21/2, since γ23 is negligible), and δ(v) ≡ δs(v)− δc(v)−Re{Ω2

c/[δs(v)+
iγ]} is the effective two-photon detuning, with δs(v) = δ0

s +
v
cω32 and δc(v) = δ0

c +
v
cω42, the signal and control detunings, respectively, including the Doppler shifts.

In order for the adiabatic elimination of state |2〉 to hold, we must impose a
large detuning compared to the other frequency scales of the system, thus we choose
δ0
s ' −2π× 380.38 MHz and Ωc = 2π× 15.20 MHz. The control detuning is set to be
on two–photon resonance with the probe detuning and to compensate the AC-Stark
shift δ0

c = δ0
s −Ω2

c/δ0
s . With this choice of parameters values the effective detuning in

Eq. (3.20) is proportional to the frequency difference between the signal and control
transitions δ(v) ' ω34v/c, and the atoms are on quasi two-photon resonance with the
fields when v = 0. For convenience, we perform a backward retrieval protocol [178] for
which the retrieved field is always maximum at z = 0. The simulation is performed
by discretizing the space and time variables, and considering a large enough number
of velocity classes to ensure the convergence of the results. The integration time is
tf = 2tc + T̃ . For the simulation we choose only a section of the comb, but still
larger than the incident photon bandwidth [see Fig. 3.6 (a)]. For this figure, the
parameters values used to create the comb are N = 40 pulses, Ω0 = 2π× 51.72 MHz,
and ∆0 = 8.75/σ = 2π × 129.35 MHz, resulting in a comb finesse of F = 5.9 (the
peak separation is ∆δ = 2π × 0.28 MHz and the peak width $ = 2π × 47.27 kHz).
In Figs. 3.6 (b,c), we plot the scaled intensity, I(z, t) ≡ |E(z, t)|2 / |E(0, tc)|2, of the
signal photon. In Fig. 3.6 (b), the solid line corresponds to I0(t) ≡ I(0, t), where the
left and right Gaussian profiles indicate the intensity of the incident and backward-
retrieved photons, respectively. Moreover, we show the transmitted intensity of the
incident photon IL(t) ≡ I(L, t) with a dashed line. In Fig. 3.6 (c), we show the photon
scaled intensity during the full propagation, as a function of time and space. For this
example, we obtain that the incoming photon is absorbed into the medium with a
storage efficiency of ηs ≡ 1−

∫ tf/2
0 |E(L, t)|2 dt = 93.4%, and that the reemission time

occurs around T̃ ≡ Tint ω13/ω34 = 3.6µs with respect to the input pulse, as expected
from Eq. (3.15). The retrieval efficiency is ηr ≡

∫ tf
tf/2 |E(0, t)|2 dt = 41.3% (typical

experimentally reported AFC efficiencies are around 15-20% [211]), limited partially
due to imperfect comb profile and a low effective optical depth, which causes part of
the photon wave-packet to leak at the medium output.

In Fig. 3.7 we show the storage (a,c,e), and retrieval (b,d,f) efficiencies as a function
of the nominal detuning imposed during the AFC creation, for different number of
pulses N = 10 (red lines-crosses), N = 20 (blue lines-plus signs), N = 30 (yellow
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Figure 3.6: (a) Comb distribution ρ33/% (black line) as a function of the detuning δ(v), to-
gether with the input photon spectral distribution seen by the atoms (red line). (b) Temporal
evolution of the photon intensity at z = 0 (solid line) and z = L (dashed). The retrieved
pulse in the backward direction is found at T̃ ' 3.6µs with respect to the input pulse. (c)
Scaled photon intensity as a function of position and time. The simulation is performed with
an AFC comb created using N = 40 pulses, Ω0 = 2π × 51.72 MHz, and ∆0 ' 2π × 129.35
MHz (see text for the rest of the parameters values).

lines-circles), and N = 40 (green lines-squares), and three Rabi frequencies for the
pump and dump fields: (a,b) Ω0 = 2π × 27.85 MHz, (c,d) Ω0 = 2π × 39.78 MHz,
and (e,f) Ω0 = 2π× 51.72 MHz.

In the first column [see Figs. 3.7 (a,c,e)], the storage efficiency ηs slightly changes
for small values of ∆0 and then experiences a pronounced decrease for increasing
values of the detuning. This behavior can be understood by considering that there is
a value of the detuning given by Eq. (3.26) in Appendix 3.B, i.e., ∆0/Ω0 =

√
ω32/ω13

(indicated by vertical dashed lines), above which the width of the absorption peak
changes from being approximately constant to asymptotically decrease with ∆0/Ω0.

In the second column [Figs. 3.7 (b,d,f)], we observe maxima values for the retrieval
efficiency ηr. As demonstrated in Ref. [178], there is an optimal finesse (& 10 for
large optical depths) which maximises the retrieval efficiency. This is consistent with
the observed maxima, which coincide approximately with the value given by the
condition of the Eq. (3.16), represented as vertical dashed lines. We observe that,
for large detunings, a large number of pulses or large Rabi frequencies improve the
efficiency since they increase the height of the comb peaks (and hence the optical
depth). On the contrary, in the region of small values of the detuning, we observe
that for a low number of pulses or small Rabi frequencies, the efficiency is slightly
higher. This is because in this region the population transfer via spontaneous decay
is more significant. Therefore, the larger the number of pulses or the Rabi frequency
the larger the amount of undesired population is transferred to |3〉 from state |2〉.
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Figure 3.7: (a,c,e) Storage and (b,d,f) retrieval efficiency for the signal photon as a function
of the nominal detuning used to produce the AFC for pulse number N = 10 (red lines-
crosses), N = 20 (blue lines-plus signs), N = 30 (yellow lines-circles), and N = 40 (green
lines-squares), and Rabi frequency (a,b) Ω0 = 2π× 27.85 MHz, (c,d) Ω0 = 2π× 39.78 MHz,
and (e,f) Ω0 = 2π× 51.72 MHz. The rest of parameters values are as in Fig. 3.5. The vertical
dashed lines correspond to the values given by Eq. (3.26) (a,c,e) and Eq. (3.16) (b,d,f).

It is worth to mention that even with the mentioned limitations, the large atomic
densities achievable in hot vapours provide, in general, large efficiencies compared to,
e.g., cold atoms QMs. In particular, for the parameters values used in our exam-
ple, the efficiencies are larger than the state-of-the-art AFCs in REICs. Moreover,
the number of pulses used to achieve such efficiencies is remarkably lower than for
conventional AFC creation methods. Nevertheless, we must point out here that the
efficiencies depend strongly on the Rabi frequencies used. For instance, the transi-
tion |2〉 ↔ |4〉 exhibits a weak dipole moment, which would require large intensities
for the driving laser. In particular, the value of the Rabi frequency Ωc considered
in Fig. 3.6 corresponds to an intensity of ∼ 2.4 W/cm2. This requirement could be
reduced by, e.g., tailoring the temporal shape of the Ωc to have a better matching
with the single photon, but this lies out of the scope of this work. We should also
note that the retrieval time could be partially controlled by switching off the control
field during the storage interval. Differently from the typical spin-wave AFC [188,
181, 189], in our case the evolution of the coherence for each atom does not stop
during the storage of the photon, but it evolves with a phase depending on the atom
velocity due to the Doppler shift, v ω34/c. Therefore, at the moment of rephasing,
if the control field is switched off, the atoms cannot reemit the photon. Thus, one
could wait until a subsequent rephasing to turn on the control field and retrieve the
photon at a time multiple of the original retrieval time (2nd, 3rd, 4th... echo). In
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any case, since state |4〉 is metastable, this would allow to store the photon for times
only limited by atomic motion. Note that the latter has not been considered in this
work since the numerical simulations presented here do not aim at reproducing a
realistic experiment but at guiding experimentalists in the basic steps to implement
our protocol. In any case, however, an increasing number of experiments are now
focused on implementing QMs in hot vapours [212, 213, 214, 215, 216, 217] in which
the detrimental effects of atomic motion are avoided, e.g., by using buffer gases, cell
coatings, specific Raman configurations, and short enough signal photons.

3.4 Conclusions
In this Chapter, we have first studied the implementation of a VC and, eventually,
an AFC in hot atomic vapours by using the PAP technique to, later on, discuss its
application for QMs. We have shown that by using this technique a reduced number
of pulses, compared to standard methods, is enough to create a well defined AFC,
whose properties not only depend on the applied trains of pulses, but also on the
specific atomic transition frequencies considered. In particular, the peak separation
of the comb can be several times smaller than the one that would be obtained with
conventional excitation techniques. Moreover, due to the adiabatic following of a
dark-state involved in the PAP technique, the resulting combs are robust under in-
tensity fluctuations of the pulses. We have derived analytical expressions for the comb
characteristic parameters such as the bandwidth, peak separation, number of peaks,
peak width and finesse, and determined the optimal conditions for its application in
QMs. In particular, we have studied the implementation of this technique in a high
density Ba atomic vapour for the storage and retrieval of single photons at the telecom
range. Finally, although this technique has been discussed for hot vapours in which
the Doppler effect is exploited, it could also be implemented in other Λ-type systems
presenting a large enough inhomogeneous broadening in the two-photon transition
due to, e.g., inhomogeneous magnetic fields.

Appendix 3.A

3.A.1 OFC bandwidth and height

We consider a train of N decreasing pulses as the one in Eq. (3.4b). If we assume
that the individual pulses, of width σ, are much shorter than the Gaussian envelope,
of width σe, the train can be approximated to

Ω(t) = Ω0

N−1∑
n=0

Ωn e
−(t−nTint)2/2σ2 , (3.21)

where Ωn = e−n
2T 2
int/2σ2

e being Tint the separation between two consecutive pulses.
The corresponding OFC is given by the absolute value of the Fourier transform

of Eq. (3.21), defined as Ω̃(ω) ≡
∫ +∞
−∞ Ω(t)e−iωtdω, which reads

Ω̃(ω) = σΩ0e
−ω2σ2/2

N−1∑
n=0

Ωne
inTintω, (3.22)

where the envelope has a bandwidth of 1/σ. The maxima of the OFC peaks cor-
respond to the frequencies ω = k2π/Tint, with k ∈ Z, since for those values the



38 Chapter 3. AFC quantum memory via piecewise adiabatic passage

summation of Eq. (3.22) takes its maximum value,
∑N−1
n=0 Ωn, which increases with

N . Thus, the height of the OFC increases with N and it is proportional to Ω0.
The same results can be obtained for a train of N increasing pulses like the one

given by Eq. (3.4a).

3.A.2 AFC bandwidth

To obtain an expression for the bandwidth of the AFC, we proceed as follows. From
Eq. (3.22), the envelopes of the pump and dump OFCs for an atom at rest are two
Gaussian whose centers are given by the sum of the corresponding transition frequency
and nominal detuning,

Sp,d(ω) ∝ exp

−
(
ω− (ω12,32 + ∆0

p,d)
)2

2/σ2

, (3.23)

where σ is the width of the field pulses. Further, for a moving atom, the Doppler
shift changes the detuning according to Eq. (3.2) so, the previous expression reads

Sp,d(ω) ∝ exp

−
(
v− c

ω− ω12,32 − ∆0
p,d

ω0
p,d

)2

2
(

c

σω0
p,d

)2

, (3.24)

whose respective bandwidth in velocity is c/(σω0
p,d). We note that each spectral

distribution is displaced differently depending on the atomic velocity. Thus, only the
atoms that experience a non-zero overlap with the two fields |

∫
Sp(ω)Sd(ω)dω| will

have the possibility to be transferred to state |3〉 via PAP. It is easy to see that such
an overlap takes the form of a Gaussian with a width

√
2c/(σω13), which determines

the range of velocities that allows the atoms to interact with both fields. Finally, in
terms of the storage transition frequency ω34, we recover the bandwidth of the AFC
in Eq. (3.10), Γ =

√
2ω34/(σω13) =

√
2ξ/σ.

Appendix 3.B
To obtain the expression for the width of the peaks of the AFC, i.e., Eq. (3.13), we
proceed in two steps as follows.

I. Frequency peak for STIRAP. In STIRAP, a Λ-system as the one shown in
Fig. 3.1 (and following the same notation and definitions for clarity) is shined by a
pair of pulses, pump and dump, which are sent in a counterintuitive temporal manner.
In order for STIRAP to properly work, the pump and dump fields have to fulfil the
so called two-photon resonance condition, i.e., ∆0

p − ∆0
d = 0. Beyond this condition,

it can be shown that the final population ρ33 after applying STIRAP is distributed
in a two-photon resonance window [34]. Similarly, for a Doppler broadened medium
the velocity of an atom v produces a differential Doppler shift in the pump and dump
transitions, which leads to an inhomogeneous broadening in the two-photon reso-
nance. Analogously as in Ref. [47], we have rewritten the STIRAP Hamiltonian in
the dark/dressed states basis, obtaining the so-called Optimal Zone (OZ) of parame-
ters values ∆0, Ω0, and v for which STIRAP works [218]. In particular, for an atom
with velocity v along the propagation direction of the fields, this zone is bounded by
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Figure 3.8: Contour plot of ρ33 via STIRAP as a function of the atomic velocity v and
the ratio ∆0/Ω0. Note that the region in which the population is transferred to |3〉, named
Optimal Zone, is bounded by the curves V±s,p. The values for the frequencies, couplings, and
decays are the same as in Fig. 3.4.

the curves:

Vs± → v =
c

2ω12ω13

{
±
√
ω13 [(∆0)2ω13 + Ω2

0ω12]− ω13∆0
}

, (3.25a)

Vp± → v =
c

2ω32ω13

{
±
√
ω13 [(∆0)2ω13 −Ω2

0ω32]− ω13∆0
}

. (3.25b)

Fig. 3.8 shows the contour plot of the numerically calculated population ρ33 after
the STIRAP process as a function of the atomic velocity v, and the ratio ∆0/Ω0,
where the pump and dump pulses coincide with the envelopes of the corresponding
trains of pulses used in PAP. We also consider the same atomic frequencies as in the
example shown in Fig. 3.4. The region where the population is transferred to state
|3〉 practically coincides with the region enclosed by the curves Vs± and Vp±, being∣∣∆0∣∣

Ω0
=

√
ω32

ω13
, (3.26)

the points at which the Vp± curves change from being real to complex valued. Note
that these points delimit two zones with different growing behaviours for the base of
the curve ρ33(v) as a function of ∆0/Ω0. Thus, the FWHM of ρ33(v) will be given
by

Wss = 1
2 (Vs+ −Vs−) for

∣∣∆0∣∣
Ω0

<

√
ω32

ω13
, (3.27a)

Wsp = 1
2 (Vs+ −Vp+) for

∣∣∆0∣∣
Ω0

>

√
ω32

ω13
, (3.27b)

using that Vs+ −Vp+ ≈ Vp− −Vs−. Arrows in Fig. 3.8 indicate the width of the base
of the curve for the parameters values used in Fig. 3.4. Let us consider that the nom-
inal detuning ∆0 is large enough to neglect the effect of spontaneous emission, which
is a requirement to perform our AFC as discussed in the main text. Then, assum-
ing that the condition given in Eq. (3.27b) is fulfilled, combining it with Eq. (3.25a)
and Eq. (3.25b), and using the first order of the Taylor expansion in

√
1± x with
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x =
∣∣ω12,32 Ω2

0/ω13(∆0)2∣∣ � 1, we obtain that the FWHM of the curve ρ33(v) for
which STIRAP is successfully performed reads:

Wsp =
Ω2

0 c

4ω13∆0. (3.28)

In terms of the frequencies, the last expression corresponds to a FWHM for ρ33(δ) of

$STIRAP =
Ω2

0 ξ

4∆0 , (3.29)

where ξ = ω34/ω13.
II. Relation between PAP and STIRAP. It has been shown that PAP is equivalent

to STIRAP [43] due to the fact that the global evolution operators are the same,
as long as each individual pulse of the PAP trains does not significantly change the
population.

As the global evolution of the wave-function is equal for both processes, we con-
sider that the temporal integrals for all the elements of the density matrix are also
the same (we neglect incoherent processes). In particular,∫ tf

0

∣∣∣cPAP
3 (t)

∣∣∣2 dt = ∫ tf

0

∣∣∣cSTIRAP
3 (t)

∣∣∣2 dt, (3.30)

where c3 is the probability amplitude of state |3〉. Considering Parseval’s theorem
about the unitarity of the Fourier transform, we conclude∫ +∞

−∞
ρPAP

33 (δ) dδ =
∫ +∞

−∞
ρSTIRAP

33 (δ) dδ, (3.31)

where ρ33(δ) = |c3(δ)|2.
The last expression means that the total area under the curve ρSTIRAP

33 (δ) of
STIRAP and the sum of the areas of the PAP comb peaks have to be equal. From
Eq. (3.31) we can obtain a relation between the width $STIRAP and the width of the
comb peaks $PAP by proceeding as follows.

First, we assume that the curve ρ33(δ) for STIRAP and for the Nc peaks of
the PAP comb have Gaussian profiles. Then, we approximate the integral of each
Gaussian by the area of a rectangle with the same height as the peak and a base equal
to the corresponding FWHM, $STIRAP for STIRAP [see Fig. 3.9 (a)] and $PAP for
the PAP peaks [see Fig. 3.9 (b)]. In the figures, the maximum heights are taken to
be 1 for simplicity without lack of generality. Secondly, we consider the Gaussian

Figure 3.9: Modelling of the ρ33(δ) profile for (a) STIRAP and (b) PAP with rectangles
of the same area. We can reconstruct the rectangle of (a) by combining conveniently the Nc
peaks of the comb (b) as shown in (c). This allows us to relate the widths of the STIRAP
and PAP peaks (see text).
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envelope of the PAP comb [blue dashed curve in Fig. 3.9 (b)]. Using the properties
of a Gaussian, it is easy to see that the rectangle ABCD, being DC =

√
2πΓ, is

divided into two regions with approximately equal areas: the area of the region under
the curve, containing the right half of the peaks, and the area of the region over the
curve. This allows us to place the left half of the rectangles, in orange in Fig. 3.9 (b),
on top of the right half ones, inside the region ABCD over the curve. Next, getting
rid of the spaces between rectangles, a new one is constructed [see Fig. 3.9 (c)] with
a base equal to (Nc/2)$PAP, assuming that Nc � 1. According to Eq. (3.31), the
bases of the rectangles of Fig. 3.9 (a) and of Fig. 3.9 (c) must be the same. Therefore,
using Eq. (3.12), we obtain

$PAP =

√
πσ

Tint
$STIRAP. (3.32)

Finally, casting Eq. (3.29) into the last expression, we obtain Eq. (3.13).
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Chapter 4

Stimulated Raman adiabatic
passage with two-colour x-ray
free-electron laser pulses

This Chapter describes the proposal and development of the first x-ray free-electron
laser (XFEL) stimulated Raman adiabatic passage (STIRAP) experiment carried out
in November 2018 at the FERMI@Elettra seeded FEL (Italy) with Xe atoms us-
ing intermediate resonant inner-shell excited states. This experiment exploits recent
development in XFEL that make possible the generation of highly coherent, intense x-
ray pulses with time lengths of the order of femtoseconds. The detection of the Auger
electrons emitted from the excited state of the considered Xe Λ-system during the
counterintuitive sequence of the Stokes/pump pulses together with the detection of
the photoelectrons emitted by the final state would allow to corroborate the STIRAP
signature. The experiment was led by Antonio Picón (UAM) and involved different
working teams. Team in charge of the beamline setup, optics and detectors: Carlo
Callegari (Elettra), Oksana Plekan (Elettra), and Kevin Prince (Elettra). Theoretical
team: Jordi Mompart (UAB), Verònica Ahufinger (UAB), Solene Oberli (UAM), and
Juan Luis Rubio (UAB). Data analysis team: Jon Marangos (ICL), Oliver Alexander
(ICL), Ruth Ayers (ICL), Timur Avni (ICL), Daniel Greening (ICL), and Richard
Squibb (UG). Christoph Bostedt (PSI), Gregor Knopp (PSI), Kirsten Schnorr (PSI),
Raimundo Feifel (UG), and Dooshaye Moonshiram (IMDEA Nanociencia) also pro-
vided experimental support. The use of the beamline took place from 8th to 12th
November 2018 at FERMI@Elettra (Italy). The initial experimental plan is described,
detailing the simulations previous to the experiment and the setup foreseen to carry
out the experiment. Some of these forecasts had to be modified due to technical
difficulties in the preparation of the machine and in the beam line. We also discuss
one of the problems that arose in situ: the contamination of the pump pulse, with
a clone of the Stokes, detailing how this should be taken into account both in the
simulations and in the subsequent analysis of the data.

4.1 Introduction
As discussed in detail in Chapter 1, stimulated Raman adiabatic passage (STIRAP)
[32] is a well-known coherent control technique typically performed in Λ-type systems
in which the population is completely and efficiently transferred between the two
ground states with no influence of the excited (intermediate) state. Provided that the
two-photon resonance condition is fulfilled, one of the eigenstates of the Hamiltonian
under the electric-dipole (EDA) and the rotating-wave (RWA) approximations, the
dark state, is a superposition only of the two ground states. In addition, if the global
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adiabatic condition is satisfied [see Eq. (1.32)], the population transfer is possible
by adiabatically following the dark state by means of the so-called counterintuitive
sequence of the electromagnetic pulses. In this sequence, the Stokes pulse, which
couples the final state with the excited one, precedes the pump pulse, which couples
the initial state with the excited one, with a certain temporal overlap. Numerous
applications of STIRAP have been designed and demonstrated in atoms and molecules
in the optical range, where lasers guarantee a high degree of spatio-temporal coherence
(see, e.g., Refs. [76] and [33]). The use of the STIRAP beyond the optical range,
in the UV regime, would avoid the damaging effect of radiation from the excited
state, because the influence of that state is suppressed during the adiabatic passage.
However, as it has traditionally been a challenge to generate and coherently control
short-wavelength lasers, which imply intense ultra-short pulses, STIRAP has never
been carried out in the XUV/x-ray regime.

Nevertheless, the experimental scenario has rapidly evolved in the last years. Re-
cently, the experiments carried out with x-ray free-electron laser (XFEL) using seeding
techniques have increased the temporal coherence of the x-ray pulses [219, 220, 45,
221]. This technique uses a conventional laser that induces coherence to the electron
beam. The combined use of XFELs with high temporal coherence and an optical field
has been tested experimentally [222] by performing coherent control in the photoion-
ization of Neon atoms. Furthermore, in the FERMI@Elettra FEL (Italy) has been
successfully achieved the generation of two-colour x-ray pulses using this technique
and its use in resonant-pump/resonant-probe experiments [46]. Adding to this setup
a delay control between the pulses opens up the possibility of demonstrating STIRAP.
This challenge is supported by a recent work [44] which theoretically demonstrates the
feasibility to implement STIRAP in Ne atoms and CO molecules using two-colours
x-ray pulses, in which the intermediate state is a resonant inner-shell hole excited
state.

The aim of this Chapter is to describe the realisation of the first experimental
attempt to demonstrate STIRAP in the XUV/x-ray regime. Although at the moment
of writing the present Thesis the final analysis of the obtained data is not finished
yet, this overview of the calculation process, as well as of the solutions proposed for
each of the difficulties encountered at each stage, is of interest for the community,
and may be valuable for future experiments. Our experiment was conducted using
two-colours XFEL pulses generated by seeding techniques applied to atomic Xe in
the FERMI@Elettra seeded FEL (Italy). The choice of Xe was mainly based on
two considerations. On the one hand, the spectrum of the Auger products emitted
from the considered inner-shell excited state (4d−16p1) is well known [223], and it
is far from the resonance energies of the Λ-system transitions, which makes possible
to distinguish the phenomena of Auger emission from those of ionisation. On the
other hand, the energies of the involved atomic transitions are compatible with those
supplied by means of the technique of seeding at FERMI. The seeding technique [46]
imposes a restriction on the energies of the pump and Stokes pulses, which have to
meet the harmonic conditions of a common frequency (seed). This makes difficult
to choose both the Λ-system and the seed itself. It is observed that, although the
energy values of the pump/Stokes photons applied do not strictly fulfil the two-
photon resonance condition, the transfer by means of a counterintuitive sequence
is achieved whenever the pulses overlap in frequency. The proposed experimental
confirmation of STIRAP is based on two combined measurements: (i) the detection
of a minimum in the emission of Auger electrons with respect to the delay between the
pulses for the counterintuitive sequence, and coincidently with this, (ii) the detection
of a maximum in the photoelectrons emitted by the final state, thus confirming the
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transfer of population.
The Chapter is organised as follows. In Section 4.2 we describe the physical sys-

tem under consideration: the Xe atom in interaction with the fields, the dynamical
equations, the experimental restrictions, and the subsequent optimisation of the pa-
rameters used. The experimental setup is presented in Sec. 4.3. In Sec. 4.4, we
describe the initial scenario considered using the twin seeding method which was
eventually discarded. The theoretical difficulties for which this scenario was not im-
plemented are explained. Sec. 4.5 explains the final implemented scenario based on
the single seed method. The contamination of the pump pulse, which was one of
the mainly technical difficulties that appeared in situ, is also discussed. Finally, in
Sec. 4.6, the conclusions are presented.

4.2 Model

4.2.1 Xe atom

The physical system under consideration consists of a Xe atomic gas beam in inter-
action with two-colour x-ray FEL coherent pulses, the pump and the Stokes. Each
atom is modelled as a Λ-system formed by the ground state |1〉 = 5p6 (1S0), the
inner-hole intermediate state |2〉 = 4d−16p1 (1P1) with a total decay rate of Γ2, and
the meta-stable state |3〉 = 5p56p1 (6p[1/2]1). The transition |1〉↔|2〉 (|2〉↔|3〉) is
coupled with the pump (Stokes) x-ray pulse [see Fig. 4.1 (a)]. The transition from
one state to another through coherent processes of absorption or stimulated emission
can be understood as follows. Assuming the atom initially in |1〉, it can be excited
to state |2〉 by the absorption of a pump photon by an inner-shell electron 4d which
will be promoted to the outer-shell 6p leaving a hole in the inner-shell [see Fig. 4.1
(c)]. State |2〉 may decay by fluorescence or by emission of an Auger electron [224].
The schematic mechanism of Auger electron emission is shown in Fig. 4.1 (d). After
the (primary) electron is removed from the inner shell 4d an electron from an exter-
nal shell 5p fills the generated vacancy. This process involves an excess of energy in
the atom that can be released by the emission of a photon (fluorescence) or by the
emission of a secondary electron from the outer shell 5p (Auger electron) [see Fig. 4.1
(d)]. State |3〉 can be populated coherently from the excited state |2〉, in the presence
of a resonant Stokes photon, by stimulated emission of a identical photon along with
the occupation of the vacancy of the inner-shell 4d by an electron of higher energy
from the 5p shell [Fig. 4.1 (e)]. Note that the effect of the x-ray interaction will also
produce ionisation of the three states during the process (not indicated in Fig. 4.1)
emitting photoelectrons from each of the levels.

4.2.2 Theory

As in references [225, 226] we assume as ansatz that the state of the atom reads
|Ψ(t)〉 =

∑
i ai(t) |i〉 +

∑
n

∫
dEnbn(Ea, t) |Ea,n〉 where |i〉, with i = 1, 2, 3 is the

initial, the excited (inner-hole), and the final atomic state of a Λ-scheme, respectively,
with energies Ei, and where ai are the corresponding probability amplitudes. |Ea,n〉
is one of the possible final states in case of decay of the inner-hole state by Auger
processes or by fluorescence, with energy Ea and probability amplitude bn(Ea, t). We
derive the equations of motion in the dipole and Markov approximations [227] (or
Wigner–Weisskopf theory), which decouples the states of the three-level Λ-system
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Figure 4.1: (a) Considered Λ-scheme for Xe: the initial ground state |1〉 and the final
state |3〉 are coupled with the 4d inner-shell excited state |2〉 by the pump and Stokes pulses,
respectively. The excited state has a total decay rate Γ2. (b) Counterintuitive sequence of
the pulses, Stokes before pump, with a time delay T , required for the STIRAP process. (c-e)
Schematic diagrams of the involved shells of the considered Λ-system in Xe: (c) absorption of
a pump photon from state |1〉 inducing a inner-hole in 4d and the excitation of an electron to
6p (state |2〉), (d) Auger decay process from the excited state |2〉, and (e) coherent transition
from |2〉 to |3〉 by the stimulated emission of an Stokes photon (see text).

from the continuum. In atomic units (au), they are given by

i
d

dt

a1
a2
a3

 = −


i
2 Γ1x(t) ~µ12 · ~ET (t) e−iE12t 0

~µ21 · ~ET (t) eiE12t i
2 [Γ2 + Γ2x(t)] ~µ23 · ~ET (t) eiE23t

0 ~µ32 · ~ET (t) e−iE23t i
2 Γ3x(t)


a1
a2
a3

 ,

(4.1)
where Γ2 = Γfl + ΓA is the sum of the fluorescence, Γfl, and of the Auger, ΓA, decay
rates, Γix is the ionisation rate of the state |i〉, ~ET (t) = ~Ep(t) + ~ES(t) is the sum of
the pump and Stokes fields,

~Ep(t) = ~Ep(t) sin [ωp(t− tcp)], (4.2a)
~ES(t) = ~ES(t) sin [ωS(t− tcS)], (4.2b)
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being

~Ep(t) = ~E0p e
−(t−tcp)2/2σ2 , (4.3a)

~ES(t) = ~E0S e
−(t−tcS)2/2σ2 , (4.3b)

the envelopes of the fields, with a temporal width σ, and that are sent with a time
delay T such that tcp = tcS + T . We consider that the fields, given in Eq. (4.2), have
circular polarisation and that the phase fluctuations of the pulses are negligible, so
that the bandwidth in frequency can be obtained in the limit of the Fourier transform.
Eij = Ei−Ej is the energy of the transition |i〉 ↔ |j〉, and ~µij is the dipole transition
element between the states |i〉 and |j〉, fulfilling ~µij = ~µji. We assume that the pulses
are mutually coherent. Note that, in Eq. (4.1), for the sake of generality, we are not
applying the RWA and we consider that both fields, pump and Stokes, can couple
the two transitions involved.

The valence ionisation rate of a state |i〉 within the Markov approximation can be
expressed as Γix(t) = σiJx(t), where Jx is the instantaneous x-ray flux [228], and σi
is the x-ray photoionisation cross-section. In our case, the valence ionisation rate can
be expressed as the sum of the contributions of the pump and of the Stokes fields. So
that, in atomic units, it can be calculated as

Γix(t) =
c

8π

σiS
∣∣∣~ES(t)∣∣∣2
ωS

+ σip

∣∣∣~Ep(t)∣∣∣2
ωp

 , (4.4)

where σiS(σip) is the x-ray photoionisation cross-section due to the interaction with
the ~ES( ~Ep) field in resonance, and ωS(ωp) is the energy of the Stokes (pump) photon.

The STIRAP technique consists of coupling the transition |1〉↔|2〉 (|2〉↔|3〉) with
the pump (Stokes) x-ray pulse in a counterintuitive manner, i.e., first the Stokes and
then, with a certain temporal delay T , of the order of σ, the pump [see Fig. 4.1 (b)].
Note that T > 0, as defined above, corresponds to the counterintuitive sequence.
One of the eigenstates of the system is the so-called dark state, which does not have
contribution of the excited state |2〉. By means of the counterintuitive sequence,
the adiabatic following of the dark state allows to efficiently transfer the population
initially in |1〉 to the state |3〉. Although, in our model, we couple each transition
with the sum of both fields, ~ET , the coupling of the pump and the Stokes with the
corresponding transitions to perform the STIRAP sequence is possible due to the
different frequencies of both transitions. At the end of the STIRAP process, t = tf ,
the total ionisation products for each level |i〉 are given by

Iix =
∫ tf

0
Γix(t)|ai(t)|2dt. (4.5)

Similarly, the total Auger products are

IA =
∫ tf

0
Γa|a2(t)|2dt. (4.6)

Considering our system as a closed system formed by the atomic levels and the elec-
tron emission, the sum of the populations of the atomic states, Auger products and
ionisation is equal to 1 for each instant of time t. Hereafter, these products will
be treated as probabilities. In particular, at the end of the process,

∑
i |ai(tf )|2 +∑

i Iix+IA = 1.
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To confirm that the STIRAP process has occurred, two signatures can be checked:
(i) the measurement of the Auger electrons from the excited state |2〉 as a function of
the temporal delay between Stokes and pump pulses, which should show a minimum
for T > 0, corresponding to a counterintuitive sequence, due to the adiabatic transfer
of population from |1〉 to |3〉, and (ii) the ionisation curve for the initial and final states
as a function of the temporal delay, which should give a mapping of the population
with respect to the temporal delay.

4.2.3 Data and estimations

The data of our system are the following. The energies of the transitions are E21 =
65.1 eV [229] and E23 = 55.17 eV. The Auger decay is the dominant process, about
the 99%, and we assume that Γ2 ≈ ΓA, with Γ2 = 0.11 eV [229]. The transition dipole
moment elements are estimated to be |~µ12| = 0.124193 au and |~µ23| = 0.318368 au
[230] and the oscillator strengths f12 = 2.46× 10−2, f23 = 1.37× 10−1. The x-ray
photoionisation cross-sections have been also calculated [230]: σ1p = 1.05344 Mb,
σ2p = 0.9205 Mb, σ3p = 0.68694 Mb for the pump interaction, and σ1S = 1.81875
Mb, σ2S = 1.436 Mb, σ3S = 1.05602 Mb for the Stokes interaction. In addition, we
consider that the pulses have a temporal duration of the order of 40 fs, which implies
frequency bandwidths of 0.05 eV, assuming Fourier transform-limited pulses.

To estimate the orders of magnitude of the pulse intensities that ensure the adi-
abaticity of the process, we consider a modification of the adiabatic condition for
pulsed light with significant phase fluctuations [32, 231],

Ω ≥

√√√√√100
T 2

1 +
(

∆ωL
∆ωTF

)2
β, (4.7)

where Ω =
√

Ω2
S0 + Ω2

p0, being ΩS0 (Ωp0) the Rabi frequency peak of the Stokes
(pump) field, ∆ωL/∆ωTF is the ratio between the actual frequency bandwidth and
the Fourier-transform limit bandwidth of the pulses, and β is a factor that depends
on the shape of the pulse, being of the order of the unity. In our model, we assume
∆ωL = ∆ωTF , and taking into account the orders of magnitude of T , |~µ|, the above
condition imposes pulse intensity peaks equal to or greater than 1014 W/cm2, which
are kept for 1 ≤ ∆ωL/∆ωTF ≤ 5. In addition, due to the strong decay from state
|2〉, the condition α2 � Γ2T , where α = ΩT , has to be satisfied to avoid significant
loss of transfer efficiency [232]. For T ' 40 fs and Γ2 ≈ 0.1 eV, this condition is also
fulfilled with the above order of magnitude of the intensities. Note that, in the absence
of ionisation, the intensity could be increased to ensure efficient adiabatic transfer.
However, in our case, the larger the intensities the larger the ionisation of the initial
and final states [see Eq. (4.4) and Eq. (4.5)] reducing the transfer efficiency. Therefore,
as it will be seen in the next Section, the theoretical values have to be optimised to
find the adequate ranges to guarantee an observable population transfer via adiabatic
passage.

In the next Section we describe the experimental setup and highlight the con-
straints that it imposes. We also present the initial numerical optimisation.

4.3 Setup
The experiment is performed in the low density matter (LDM) end-station of the
FERMI beamline in a standard configuration [233]. A schematic setup of the ex-
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Figure 4.2: Schematic setup of the experiment. The Xe atomic beam interacts with the
x-ray pulses (XFEL) and the VMI detector measures the energies of the emitted charged
particles (see text).

periment is shown in Fig. 4.2, where the Xe atomic beam interacts with the x-ray
free-electron laser (XFEL). A velocity map imaging (VMI) detector is used to mea-
sure the energies of the Auger electrons and of the ionisation products, detecting in
the interval 30-65 eV. On the one hand, the energies of the photoelectrons emitted by
ionisation of the ground state, |1〉, and of the final state, |3〉 are: 52.97 eV and 62.90
eV, respectively (values from the NIST database [234]). On the other hand, the Auger
electron spectrum for the excited state, |2〉, is known [223] and it is in the range of 30-
40 eV. Therefore, the discernment between the two types of electrons in the detector
is guaranteed, so that the behaviour of each one can be studied separately.

The x-ray pump/Stokes pulses are generated by the seeding technique in which
we start from a seed conventional laser pulse temporally synchronised to overlap the
electron beam. This allows to obtain a coherent FEL pulse whose wavelength, λ, is an
harmonic of the seed, λseed, according to λ = λseed/n, where n is the harmonic order.
For a given seed wavelength, this process restricts the value of the available FEL
wavelengths due to the harmonic conditions. In atomic units, the relation between
the photon energy ω and λseed is given by

ω(eV) = n
1239.842
λseed(nm)

. (4.8)

In particular, the operating range of wavelengths of the seed pulse is 230-268 nm
with a precision of about (0.5− 1)× 10−3 nm and the harmonics go from n = 4 to
n = 14. The fluctuations of the intensities of the final x-ray pulses can be around
5%-30%. In principle, these fluctuations occur simultaneously for both pulses, which
ensures that the ratio between the intensities and, therefore, the ratio between the
Rabi frequencies, remains constant.

With respect to the spatial features, the diameter of the atomic beam can range
from 1 mm to 4 mm, while the area of the interaction region between the laser and the
atomic beam can vary from 10µm× 10µm to 500µm× 500µm, and it fixes the energy
delivered for the pulses. As a first approximation, we consider that the profile of the
pulses is flat with respect to the atomic beam, i.e., the entire available diameter of the
atomic beam is homogeneously illuminated. The typical energy available per pulse is
in the range 20-100 µJ, which depends on the pulse length, and the range used for the
FEL pulse length (FWHM) is 40-120 fs. In the pre-experiment phase, we theoretically
adjusted some parameters in order to optimise the results. As the optimal results
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Figure 4.3: (a) In the discarded scenario, the twin seeding method allows to create two
identical sequences of two pulses with different intensities and temporally separate ∼ 500 fs
(solid and dashed lines) whose wavelengths are harmonics of their respective seed wavelengths.
(b) An adequate delay of the previous sequences (slightly below 500 fs) yields a four-pulse
sequence in which the central Stokes-pump pulses corresponds to the counterintuitive sequence
of STIRAP adjusted with a delay of about 40 fs. (c) In the final experiment, the single seed
scheme consists of generating both Stokes and pump pulses as different harmonics of the same
seed wavelength, λseed. The green arrow indicates the direction of propagation (see text for
details).

in STIRAP are obtained for equal Rabi frequencies for the pump/Stokes pulses [33],
being |~µ23|/ |~µ12| = 2.56, the ratio of the intensities of the pump and Stokes field
should fulfil Ip/IS = 6.57. In our calculations, we fix the intensity of the pump pulse,
which imposes the maximum value for the energy demanded in the experiment and
from it, the intensity of the Stokes. The fields are near-resonant with the transitions.
The optimal population transfer occurs for an intensity of the pump of about Ip =
1014 W/cm2, which fulfils the adiabaticity condition. This intensity corresponds to an
energy of 2.6µJ for an interaction area of 10µm× 10µm and of 6.6 mJ for 500µm×
500µm. The optimal range of values for the time delay and for the pulse width is T =
σ = 25-70 fs. The performed simulations for STIRAP using realistic FERMI pulse
duration, intensities, and delays show that we can achieve around 15% of population
transfer from the initial ground state to the final state, for near-resonant fields.

4.4 Discarded scenario
Before carrying out the experiment, we considered an initial scenario that was later
discarded. Nevertheless, we find instructive to discuss it here. The generation of
the pulses was considered to be the twin seeding method [46, 45] which produces
two identical sequences of a pair of pulses [see Fig. 4.3 (a)] with wavelength and
intensities that can be tuned separately. With this technique, the wavelengths of the
pump and Stokes pulses had to meet the harmonics conditions of their respective seed
wavelengths, λp, λS , where the order of the harmonics is np and nS , respectively. The
delay between them can be fixed slightly below 500 fs by the photon analysis delivery
and reduction system (PADReS). This produces a four-pulse sequence: an initial
parasitic Stokes pulse, the overlapping Stokes and pump pulses needed for STIRAP,
and a final parasitic pump pulse [see Fig. 4.3 (b)]. According to our estimations, the
effect of the initial weak Stokes pulse is negligible and the effect of the final strong
pump pulse could be used to ionise state |1〉 at the end of the STIRAP process and
provide a measure of the non transferred population.

Fig. 4.4 (a) shows the population transferred to |3〉 and Fig. 4.4 (b) shows the
Auger products for different values of the one-photon resonance deviation δ = ωp −
E12 = ωS − E23, using σ = 35 fs (FWHM ∼ 83 ps), and Ip = 1 × 1014 W/cm2



4.4. Discarded scenario 51

0

0.2

0.4

0.6

0.8

1

−100 −50 0 50 100
0

0.2

0.4

0.6

0.8

1

(a)

0

0.2

0.4

0.6

0.8

1

−100 −50 0 50 100
0

0.2

0.4

0.6

0.8

1

(b)

|a
3
|2

T (fs)

0 eV
0.1 eV
0.25 eV
0.5 eV

A
u
ge
r
p
ro
b
ab

il
it
y

T (fs)

0 eV
0.1 eV
0.25 eV
0.5 eV

Figure 4.4: (a) Population transferred to |3〉 and (b) the Auger products as a function of
the temporal delay T between Stokes and pump pulses for different values of the deviation
δ from the one-photon resonance condition but keeping the two-photon resonance condition
(see text).

while keeping always the two-photon resonance condition. When increasing δ, the
transferred population peak extends toward the T < 0 region, i.e., where the two
pulses follow the intuitive sequence and, at the same time, the minimum of the Auger
products decreases. Clearly, for STIRAP to work, one- and two-photon resonance
conditions should be satisfied. For this reason, and in order to fulfil both one- and
two-photon resonance conditions, we chose np = 13 of λp = 247.59 nm for the pump
and nS = 11 of λS = 247.20 nm for the Stokes. The target was to fix the pump
frequency to resonance at 65.10 eV (λ = 19.05 nm) and then tune the Stokes photon
energy to satisfy the two-photon resonance condition, to fix it at 55.17 eV (λ = 22.47
nm). Fig. 4.5 (a) and Fig. 4.5 (b) show the expected results for the final population of
level |3〉 and of the Auger products, respectively, as a function of the seed wavelength
λS and the intensity of the pump pulse, with σ = T = 50 fs (FWHM ∼ 120 ps)
with the pump pulse in resonance. However, this scenario was not experimentally
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Figure 4.5: (a) Population transferred to |3〉 and (b) the Auger products as a function of
the intensity of the pump pulse Ip and of the seed wavelength for the Stokes pulse generation,
λS . The pump pulse is resonant, ωp = E12 (see text).
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feasible. The reason being that the two required seed wavelengths differ less than the
bandwidth of the undulators, which was 1%. In practice, this would result in a single
seed generating the two harmonics simultaneously, and the split-and-delay line could
only generate further copies of the overlapping pairs. Another technical restriction
was that both seed wavelengths could not differ more than 3%. Both conditions
impose that

1.01 <
λS

λp
< 1.03, for λS > λp, (4.9a)

1.01 <
λp

λS
< 1.03, for λp > λS . (4.9b)

One could also think to consider the use of pairs of harmonics of different order. In
this respect, one of the candidates would be the pair formed by harmonic np = 12 of
λp = 228.54 nm and nS = 10 of λS = 224.73 nm but these give a ratio of 1.01695
and they are below the lower operating limit, 230 nm. Another candidate would
be the one formed by the harmonic np = 14 of λp = 266.63 nm and nS = 12 of
λS = 269.68 nm but these give a ratio of 1.01, and surpasses the upper operating
limit, 268.5 nm. We also looked for other atomic transitions of Xe that could form a
three-level system, but the energies were also out of range. Finally, this scenario was
discarded because of the generated frequencies of the x-ray pulse were incompatible
with the energies of the transitions of our atomic system. Fortunately, new technical
possibilities were enabled in FERMI, which allowed the experiment to be carried out
with a new configuration, as described in the next Section.

4.5 Implemented scenario
After analysing the technical possibilities of FERMI, we decided to use a single seed
scheme [46] and a sequence of only two Stokes-pump pulses [see Fig. 4.3 (c)] instead
of the four-pulse sequence initially considered. With this scheme, it was possible to
separate harmonics np = 13 and nS = 11, assigned to the pump and the Stokes
pulses, respectively, by manipulating the trajectory of the electrons in the ondulator.
Using the delay line, the two harmonics were then separated in time incorporating
the required delay to perform STIRAP. The seed wavelength was selected considering
the deviation energy function from the one-photon resonance condition for pump and

Figure 4.6: Scheme of the Stokes (left) and the pump (right) Gaussian pulses in frequency
space with nominal frequencies, ωS and ωp, respectively. Note that all the frequencies of
the pulse spectrum can contribute to fulfil the two-photon resonance condition when the
bandwidth ∆ω is comparable with to the separation of the nominal frequencies (see text).
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Figure 4.7: Implemented scenario using a single seed scheme with np = 13, nS = 11. In
the upper panel, the one-photon deviation functions for pump ζp(λ) (black dashed-dotted
line), Stokes ζS(λ) (blue dashed line), and ζp(λ)− ζS(λ) (solid brown line) are represented.
Black arrow (left) indicates the seed wavelength λ1 = 247.4 nm close to fulfil both one-photon
resonance conditions for the pump and the Stokes pulses, and the blue arrow (right) indicates
the seed wavelength λ2 = 249.7 nm matching the two-photon resonance condition. In the
bottom panel, the population of the final state, |a3|2, is represented as a function of the
intensity of the pump pulse and of the seed wavelength. Note that the most populated areas
are located around the values indicated by the arrows [see text and cf. Figs. 4.8 (a,b)]. Data:
σ = T = 50 fs.

Stokes, defined as

ζp(λ) = E12 − np
1239.842

λ
, (4.10a)

ζS(λ) = E23 − nS
1239.842

λ
, (4.10b)

respectively. For ideal monochromatic pulses or for pulses whose frequency bandwidth
∆ω is significantly smaller than the difference between the respective nominal frequen-
cies, the two-photon resonance condition can be written as |ζp(λ)− ζS(λ)| = 0. How-
ever, we must take into account the more general situation represented in Fig. 4.6,
where the nominal values for the frequencies of the pump and Stokes photons, ωp
and ωS , respectively, is schematically represented as the center values of Gaussian
spectrum. Note that the two-photon resonance condition could be fulfilled by any
pair of frequencies values of the respective Gaussian spectrum. In particular, can be
fulfilled by the extreme values, whose separation is maximum, ωp−ωS + 2∆ω. Using
(4.8) and (4.10), the two-photon resonance condition can be extended to

|ζp(λ)− ζS(λ)| ≤ 2∆ω. (4.11)

In the upper panel of Fig. 4.7, the functions ζp(λ), ζS(λ), and ζp(λ) − ζS(λ) are
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Figure 4.8: Population transferred to state |3〉 (solid black line), population in state |1〉
(dashed-pointed violet line) and the Auger products (dashed blue line) as a function of the
delay for (a) quasi-one-photon resonance seed wavelength λ1, and for (b) ideal two-photon
resonance seed wavelength, λ2. In the first case the process occurs exclusively in the coun-
terintuitive zone, for T > 0 (see text).

represented by a black dashed-dotted, a blue dashed, and a solid brown line, respec-
tively. Notice that the conditions ζp(λ) = 0 and ζS(λ) = 0 occur for different values
of λ, both around λ1 = 247.4 nm (black arrow on the left), approximately deviated
0.1 eV of the two-photon resonance condition (red line), i.e., |ζp(λ1)− ζS(λ1)| =
0.1 eV. Fortunately, for this wavelength, the condition (4.11) is loosely met, using
FWHM=70 ps, which involves a bandwidth of about ∆ω = 0.05 eV. On the other
hand, |ζp(λ)− ζS(λ)| = 0 is met for the value λ2 = 249.7 nm (blue arrow on the
right), which guarantees that the two-photon resonance condition is exactly fulfil for
the nominal frequency values, although slightly away from the one-photon resonances.
At the bottom panel of Fig. 4.7, the population of the final state, |a3|2, is represented
as a function of the intensity of the pump pulse and of the seed wavelength. We
observe an area with a maximum population transfer of up to 40% around λ2 and a
second area with a lower transfer rate of up to 10% located around λ1, which is close
to both one-photon resonances. In addition, Figs. 4.8 (a,b) show the population of
the initial state, |a1|2 (black solid line), the final state, |a3|2 (violet dashed-pointed
line), and the Auger products (blue dashed line) for λ1 (with Ip = 2× 1014 W/cm2)
and λ2 (with Ip = 1× 1014 W/cm2), respectively, as a function of the temporal delay
T . Note that the population transfer for λ1 occurs for T > 0, in line with STIRAP
signature, which is not the case for λ2.

In view of these results, we decided to use λ1. Thus, the two XFEL colours
used were: ωp = 65.15 eV (19.03 nm) for the pump photons and ωS = 55.12 eV
(22.49 nm) for the Stokes photons. With this scheme, we decided to try two different
configurations: (1) introduce an additional parameter, which is a “tuned” chirp in the
seed, broadening the FEL line in order to fulfil both one- and two-photon resonance
conditions; (2) optimise the intensity of the pulses, to balance the fact we are slightly
out of two-photon resonance. Thursday (08/11/2018) we started with option (1), and
we switched to option (2) at 1pm on Saturday (10/11/2018). During the realisation
of the first configuration (1), there was no control on the introduced chirping and we
could not simulate the experimental results. In the second configuration, the main
issue of the experimental setup was the effect of the unexpected contamination of the
pump pulse, as we describe in the following.
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Figure 4.9: The curve of the Auger products as a function of the time delay without (green
line) and with (blue line) contamination. Note that the presence of the clone of the Stokes in
the pump produces rapid oscillations (inset). Data: λseed = 247.52 nm, Ip = 2×1014 W/cm2,
σ = 35 fs (FWHM ∼ 83 ps) (see text).

4.5.1 About the pump contamination

Due to the limitations associated to the physics of the FEL process, there was an
unavoidable cross-contamination of the two colours. Specifically, a clone of the Stokes
pulse was generated accompanying the pump pulse, with an estimated presence close
to 100%. As a consequence, ionisation in the initial and final states was higher than
initially expected, so that the population of those states was drastically reduced at
the end of the process and the total amount of the Auger products slightly decreased.
Fig. 4.9 shows the Auger curves with (blue line) and without (green line) pump
contamination for λ = 247.52 nm, Ip = 2× 1014 W/cm2, and σ = 35 fs (FWHM ∼ 83
ps). Note that the presence of the Stokes clone generates rapid oscillations compared
to the smooth behaviour of the clean curve. To understand this result, we must realise
that, for a fixed time delay T , the total Stokes field seen now by the atoms will be of
the form

ES(t) ∝ sin(ωSt) + sin(ωS(t− T )), (4.12)

where the second term represents the clone that accompanies the pump. According
to Eq. (4.12), there will be constructive interference for ωST = k2π, with k being an
integer. Those interferences produce rapid oscillations in the population curves, and
in the ionisation and Auger products. In particular, we checked that, for the data of
Fig. 4.9, the period of these oscillations is 2π/ωS ≈ 0.07 fs, which is indicated by a red
arrow on the inset in the figure. On the other hand, experimental data were obtained
by shooting at different wavelengths and different time delay values, taken at regular
intervals of ∆T = 10, 20, 25, 30 fs. The presence of the contamination implies that
the selection of experimental data taken for different ∆T determines the smoothness
of the curves obtained. Indeed, using the interference condition and Eq. (4.8) we get
the relationship

k = γ
11
2π

∆T (fs)
λseed(nm)

∈ Z, (4.13)

where γ = 1883.65 nm/fs is a conversion factor.
Taking into account the above relationship, Eq. (4.13), we can properly choose

the pairs of values (∆T ,λseed) for which the value of k is close to being an integer. For
an integer k, the T values of the data correspond to points that oscillate exactly in
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Figure 4.10: Data selection to avoid the effect of the contamination for λseed = 247.52 nm.
The Auger products (solid blue line) and the total ionisation (black dashed line) are shown
for different steps in the measurement of the time delay, ∆T . The Auger minimum is clearly
appreciated when the selected values are in phase with respect to the rapid oscillations due
to the contamination, as in case (c) (see text).

phase with the rapid oscillations due to the contamination. In such a case, the curve
obtained will be smooth and will allow us to identify the minimum of the Auger curve
that we would obtain in the absence of contamination. On the contrary, the further
away the k-value from an integer is, the larger the phase differences of the selected
points and a Auger curve with abrupt changes or teeth will be obtained. Fig. 4.10
shows the curves of the Auger products (solid blue line) and of the total ionisation
(black dashed line) with contamination by selecting the data for (a) ∆T = 10 fs
(k = 133.23), (b) ∆T = 20 fs (k = 266.461), (c) ∆T = 25 fs (k = 333.076), and (d)
∆T = 30 fs (k = 399.691), where λseed = 247.52 nm and the rest of parameters values
are the same as in Fig. 4.9. Fig. 4.10 (c) shows the curve that allows us to better
determine the minimum of the Auger products. Note that due to the contamination,
the population remaining in the initial and final states is negligible so that the sum
of the Auger and of the ionisation products is around 1 for all the values of T .

4.6 Conclusions
Both the theoretical model and the experiment carried out to demonstrate STIRAP
in the XUV/x-ray regime using XFEL pulses in Xe atoms have been described. In our
model, the confirmation of the STIRAP signature is based on the detection of a mini-
mum in the Auger emission curve from the inner-shell excited state coinciding with a
maximum in the ionisation curve of the final state with respect to the temporal delay
of the pump/Stokes pulses, for a counterintuitive sequence. Before the experiment,
a scenario for the pulses generation by means of the twin seeding method, which
produces a four-pulse sequence, was considered. However, our calculations showed
that the frequencies of the x-ray pulses were incompatible with the energies of the
transitions in our atomic system. Thanks to new technical possibilities achieved just
before the experiment, we were able to use the single seeding method. This method
allows the use of a single sequence of only two pulses where the frequency of each of
them corresponds with different harmonics of the same frequency seed. It has been
shown that if we consider the frequency bandwidth of the pulses, the two-photon
resonance condition can be fulfilled for a wide range of values. According to our cal-
culations, this fact would allow to obtain the STIRAP signature for a seed frequency
value different from the nominal one that exactly fulfils the two-photon resonance
condition. During the experiment, the major unexpected challenge was the contam-
ination of the pump pulse, consisting on the presence of a clone of the Stokes pulse.
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We have proposed a method to overcome this problem, based on a proper selection of
the final data depending on the time delay step. At the time of writing this Thesis,
a preliminary data analysis does not provide significant results.
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Chapter 5

Optimal conditions for spatial
adiabatic passage
of a Bose–Einstein condensate

In this Chapter, we investigate, in the so-called dark/dressed basis, spatial adiabatic
passage (SAP) for a Bose–Einstein condensate (BEC) in a triple-well potential for
arbitrary values of the non-linearity and energy bias using the three-mode approxi-
mation. We analytically derive the optimal conditions for the non-linear parameter
and the on-site energies of each well to achieve a highly efficient condensate transport
between the two outermost wells. We show that the non-linearity relaxes the require-
ment of degeneracy between the on-site energies of the initial and target wells yielding
a plateau for the condensate transport efficiency as a function of the on-site energy
difference between the outermost wells, favouring the robustness of the transport.
We also analyse the case of different non-linearities in each well which, for certain
parameters values, leads to an increase of the width of the plateau.

5.1 Introduction
Spatial adiabatic passage (SAP) [235], i.e., the matter-wave analogue of the well-
known quantum optical stimulated Raman adiabatic passage (STIRAP) [236, 237]
technique, has been proposed for high fidelity and robust transport of quantum par-
ticles between the outermost traps of a triple-well potential. SAP is based on adi-
abatically following an energy eigenstate of the system that, for initial and target
resonant wells, consists of a superposition involving only the two localised states of
the outermost wells. To transport the quantum particle between these two localised
states, the followed eigenstate must be adiabatically transformed from the initial to
the target one. SAP processes have been investigated for single-atoms [238, 239,
240, 241, 242, 243, 244, 245, 246, 247], electrons in quantum dots [248, 249, 250],
and experimentally reported for light beams in systems of three evanescently-coupled
optical waveguides [251, 252, 253, 254].

SAP applied to the transport of a BEC in a triple-well potential has also been
investigated [255, 256, 257, 258] showing that, in principle, it only works for a very
limited range of non-linear interactions [255]. In fact, non-linear interactions have
two detrimental effects in SAP: (i) the on-site interaction breaks, in a dynamical
fashion, the resonant condition between the two outermost wells; and (ii) unstable
non-linear eigenstates and level crossings can appear during the dynamics preventing
the adiabatic following of an energy eigenstate.

In this Chapter, we investigate, in the so-called dark/dressed basis [259, 260], SAP
for a BEC in a triple-well potential for arbitrary values of the non-linearity and the
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Figure 5.1: Schematic diagram of the triple-well potential under consideration. |i〉 with
i = L,M ,R is the BEC ground state localised in the left, middle, and right wells, respectively,
JLM (JMR) is the tunneling rate between the left and middle (middle and right) wells, and
δM (δR) is the on-site energy of the middle (right) well with respect to the left well.

energy bias between the wells. In the presence of the non-linearity, we analytically
derive the optimal on-site energies of the wells to achieve a highly efficient BEC
transport. In particular, we show that the non-linearity relaxes the requirement of
degeneracy between the on-site energies of the initial and target wells giving rise to
a plateau in the transport efficiency curve as a function of the energy bias between
these two wells. The width of this plateau can even be increased by an appropriate
local modification of the non-linear BEC parameter.

This Chapter is organised as follows. Section 5.2 introduces the physical model
under investigation, which consists of a BEC in a triple-well potential described within
the three-mode approximation. The three-mode Hamiltonian of the system is then
transformed to the dark/bright and dark/dressed bases in Sec. 5.3. Describing the
dynamical process in the dark/dressed basis, we analytically derive and numerically
check, in Sec. 5.4, the SAP optimal conditions for the BEC adiabatic transport with
an identical non-linear interaction parameter in each well. Section 5.5 is devoted
to the discussion of BEC adiabatic transport with different non-linear interaction
parameters in each well. Conclusions are presented in Sec. 5.6.

5.2 Physical model
The physical system under investigation consists of a zero temperature BEC in a one-
dimensional (1D) triple-well potential with near-neighbouring tunneling (see Fig. 5.1).
In the mean-field approximation and at zero temperature, the evolution of a 1D BEC
wave-function ψ(x, t) is governed by the Gross–Pitaevskii equation (GPE)

i h̄
∂ψ(x, t)
∂t

= Hψ(x, t), (5.1)

with
H = − h̄2

2m
∂2

∂x2 + V (x, t) + g1DN |ψ(x, t)|2. (5.2)

Here, V (x, t) is the external trapping potential, N is the total number of atoms in
the BEC, and g1D = 2 h̄ω⊥as is the 1D non-linear interaction strength being ω⊥ the
transverse trapping frequency and as the scattering length.

Assuming that the on-site interaction energy is smaller than the trapping energy of
the corresponding well, one can apply the three-mode approximation to describe the
BEC dynamics. In this approximation, the BEC wave-function or order parameter is
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written as
ψ(x, t) = aL(t)φL(x) + aM (t)φM (x) + aR(t)φR(x). (5.3)

Here, ai with i = L,M ,R is the probability amplitude for the BEC to be in the
left, middle, and right well, respectively, while φi is the BEC ground state in the
isolated well i. We assume

∫ +∞
−∞ |ψ(x, t)|2dx = 1 and

∫ +∞
−∞ φ∗jφidx = δij , which means∑

i |ai(t)|2 = 1. Note, however, that for short wells separations, states φi should be
properly orthonormalized. From now on, we will use Dirac’s notation for the BEC
localised states: |i〉 ≡ 〈x|φi〉.

Under the three-mode approximation, the equations of motion for the probability
amplitudes ai can be derived casting Eq. (5.3) in Eq. (5.1) yielding

i h̄
d

dt

aLaM
aR

 = ĤLMR

aLaM
aR

 , (5.4)

with the Hamiltonian [255]

ĤLMR = h̄

gL|aL|2 −JLM
2 0

−JLM
2 δM + gM |aM |2 −JMR

2
0 −JMR

2 δR + gR|aR|2

 , (5.5)

where εi ≡ δi+ gi|ai|2 are the energies in the bare basis {|L〉 , |M〉 , |R〉}, being δL = 0
for the left well. The on-site single-atom energy bias for middle (δM ) and right (δR)
wells with respect to the left one read

h̄δi =
∫ +∞

−∞
φ∗i

(
− h̄2

2m
∂2

∂x2 + V (x, t)
)
φi dx, (5.6)

the tunneling rates between the left and middle, and between middle and right wells
are

− h̄2 JLM =
∫ +∞

−∞
φ∗MHLMR φLdx, (5.7a)

− h̄2 JMR =
∫ +∞

−∞
φ∗RHLMR φMdx, (5.7b)

respectively, and the non-linear interaction parameter is

h̄gi = g1DN

∫ +∞

−∞
|φi(x)|4dx (5.8)

for each well i which, in Sections 5.3 and 5.4, have been assumed to be the same and
equal to g for the three wells, while in Section 5.5 we have considered the case of a
different non-linear interaction parameter in each well. Energies and coupling rates
in the bare basis are sketched in Fig. 5.2 (a).

5.3 SAP in the dark/bright and dark/dressed bases
For gi = 0, i.e., for the single particle case, and δR = 0, the diagonalization of the
three-mode Hamiltonian of the Eq. (5.5) gives three energy eigenstates. One of them
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Figure 5.2: (a) Energies and coupling rates in the (a) bare basis {|L〉 , |M〉 , |R〉}, (b)
dark/bright basis {|D〉 , |B〉 , |M〉} for δR = g = 0, (c) dark/bright basis for δR, g 6= 0,
and (d) dark/dressed basis {|D〉 , |+〉 , |−〉} for δR, g 6= 0. Solid (dashed) arrows indicate
strong (weak) couplings.

is the so-called spatial dark state (see Section 1.3)

|D〉 = cos θ |L〉 − sin θ |R〉 , (5.9)

with tan θ = JLM/JMR. SAP consists of adiabatically following the spatial dark
state, Eq. (5.9), by slowly varying the mixing angle θ from 0 to π/2 to transport a
quantum particle from |L〉 to |R〉.

To investigate the transport of a BEC from the left to the right well via SAP
we proceed in two steps. First, we transform Hamiltonian of the Eq. (5.5) to the
dark/bright basis and, later on, to the dark/dressed basis. The latter allows to derive
the optimal conditions for the transport process.

5.3.1 Dark/bright basis

The dark state given by Eq. (5.9), the bright state |B〉 = sin θ |L〉+ cos θ |R〉 fulfilling
〈D|B〉 = 0, and the |M〉 state define the dark/bright basis. Since dark and bright
states are time dependent through θ(t), the transformed Hamiltonian is given by

ĤDBM = CĤLMRC
−1 + i h̄

dC

dt
C−1, (5.10)

where

C =

cos θ 0 − sin θ
sin θ 0 cos θ

0 1 0

 . (5.11)

Assuming a successful SAP process, i.e., |aL|2 = cos2 θ, |aM |2 = 0, and |aR|2 = sin2 θ,
and casting Eq. (5.5) and Eq. (5.11) in Eq. (5.10), we obtain

ĤDBM = h̄

 εD −JDB
2 − iθ̇ −

JDM
2

−JDB
2 + iθ̇ εB −JBM

2
−JDM

2 −JBM
2 εM

 , (5.12)
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with

εD =
1
4 (g (3 + cos 4θ) + 2δR (1− cos 2θ)) , (5.13)

εB = cos2 θ
(
δR + 2g sin2 θ

)
, (5.14)

εM = δM , (5.15)
JDB = (δR − g cos 2θ) sin 2θ, (5.16)
JDM = JLM cos θ− JMR sin θ = 0, (5.17)

JBM = JLM sin θ+ JMR cos θ =
√
J2

LM + J2
MR, (5.18)

where the definition of the mixing angle has been used in Eq. (5.17) and Eq. (5.18),
and where we have taken g = gL = gM = gR. Note that εD = εB = 0 for δR = g = 0,
corresponding to the case displayed in Fig. 5.2 (b). For the general case sketched in
Fig. 5.2 (c), it is straightforward to check that JBM � JDB.

5.3.2 Dark/dressed basis

Let us proceed now by diagonalizing the 2× 2 submatrix associated to states |B〉 and
|M〉 in Hamiltonian, Eq. (5.12), obtaining the dressed states

|±〉 =
1
N±

(|M〉+ ζ± |B〉) , (5.19)

where

ζ± ≡
1

JBM

(
εM − εB ±

√
(εM − εB)2 + J2

BM

)
, (5.20)

N± ≡
√
ζ2
± + 1. (5.21)

with the corresponding energies

ε± =
1
8

(
ξ + 4δM ±

√
(ξ − 4δM )2 + 16J2

BM

)
, (5.22)

where
ξ ≡ g (1− cos 4θ) + 2δR (1 + cos 2θ) . (5.23)

Since |D〉 and |±〉 are time-dependent, proceeding as in the previous Subsection,
the Hamiltonian in the {|D〉 , |+〉 , |−〉} basis transformed from HLMR reads

ĤD± = h̄

 εD −JD+
2 −JD−

2
−JD+

2 ε− 0
−JD−

2 0 ε+



+ i h̄θ̇


0 − ζ+

N+
− ζ−
N−

ζ+
N+

0 − ˙ζ+
ζ+N2

+
ζ−
N−

˙ζ+
ζ+N2

+
0

 , (5.24)

where
JD± =

ζ±

N±
JDB (5.25)
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are the couplings between the dark and the dressed states. Adiabaticity of the process
[237], θ̇ → 0, allows to neglect the second matrix at the r.h.s. of Eq. (5.24) since all
elements of this matrix are finite as ˙ζ± ∝ ζ2

±θ̇.
Note that, for g = δR = 0, the expressions for the involved energies, Eq. (5.13)

and Eq. (5.22), take the form

εD = 0, (5.26)

ε± =
1
2

(
δM ±

√
δ2
M + J2

BM

)
. (5.27)

This last expression gives the well-known energy shifts in the absence of non-linear
interaction.

In the presence of the non-linearity, as the spatial dark state to be followed is
weakly coupled to the dressed states |±〉 [see Fig. 5.2 (d)], its adiabatic following will
fail whenever the dark state gets on resonance with any of the two dressed states.
Thus, the necessary condition for SAP to work is

ε−(t) < εD(t) < ε+(t), ∀t ∈ [ti, tf ], (5.28)

where ti and tf are the initial and final times of the process, respectively. Hereinafter,
we will refer to the set of parameters values satisfying Eq. (5.28) as the Optimal Zone
(OZ).

As mentioned above, the SAP protocol consists of adiabatically following the dark
state given in Eq. (5.9) by varying the mixing angle from 0 to π/2. Figs. 5.3 (a)-(c)
show εD and ε± given in Eq. (5.13) and Eq. (5.22), respectively, for the following
temporal variation of the couplings [see Fig. 5.3 (d)],

JLM = J0e
− (t−tp)2

2σ2 , (5.29)

JMR = J0e
− (t−ts)2

2σ2 , (5.30)

with tp = T/2, ts = −T/2, T = 1.5σ, σ = 150, and J0 = 1, from ti = −600 to
tf = 600, all in harmonic oscillator (h.o.) units with respect to the trapping frequency,
ωx, of each well.

In the absence of the non-linearity, g = 0, and with the three localised states being
on resonance, i.e., δM = δR = 0, the energies are εD = 0, and ε±(t) = ±JBM(t)/2
[see Fig. 5.3 (a)], which means that condition (5.28) is fulfilled for all times. Fig. 5.3
(b) shows the energies εD and ε± for g 6= 0 and δR = 0. The presence of g shifts
the energy of the dark state which, in principle, could cross any of the two dressed
states. However, by appropriately selecting the value of δM , one can compensate this
shift and bring back εD to the OZ. This occurs for δM > g, as shown in Fig. 5.3 (b)
for g = 0.1 and δM = 0.15. For δR 6= 0, see Fig. 5.3 (c), εD is asymmetrically shifted
at both temporal extremes of the process, and ε± are also modified depending on
the relative values between δM and δR. In the figure, εD crosses ε+, despite the fact
that the process starts within the OZ. In this scenario, we have a resonance between
the dark state |D〉 and the dressed state |+〉 that will break the adiabaticity of the
process. In Fig. 5.3 (c), we have used the values g = 0.1, δM = 0.05, and δR = 0.3.

In what follows, we will study condition (5.28) in more detail.
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Figure 5.3: Energies of the dark and the dressed states as a function of time: εD (red
dashed), ε+ (blue solid), and ε− (black solid) for (a) g = δM = δR = 0, (b) g = 0.1,
δM = 0.15, δR = 0, and (c) g = 0.1, δM = 0.05, δR = 0.3. (d) Temporal sequence of the
tunneling rates (solid colour lines) and of the mixing angle (dashed red line). Parameters and
variables in h.o. units. See text for more details.

5.4 SAP optimal conditions for a BEC
In this Section, we will show that conditions

ε−(ti) < εD(ti) < ε+(ti), (5.31a)
ε−(tf ) < εD(tf ) < ε+(tf ), (5.31b)

imply the most general condition of Eq. (5.28) if J0 is larger than a threshold value
J0,min.

The initial, ti, and final, tf , times are defined such that the tunneling rates
JLM(ti,f ), JMR(ti,f ) → 0, with JMR(ti) > JLM(ti) and JLM(tf ) > JMR(tf ). There-
fore, θ(ti) ≈ 0 and θ(tf ) ≈ π/2.

Let us consider the optimal zones OZ(ti) and OZ(tf ) at the initial and final time
of the process. Imposing ε±(ti) = εD(ti) and ε±(tf ) = εD(tf ), we obtain the pair of
curves Ci and Cf:

Ci→ δR = g+
J2

MR(ti)

2(δM − g)
, (5.32a)

Cf → δR = −g+ 1
2

(
δM ±

√
J2

LM(tf ) + δ2
M

)
, (5.32b)

which fix an interval of parameters allowing εD to remain in the OZ at times ti
and tf , respectively. Curves given in Eqs. (5.32) allow to find the boundaries of
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Figure 5.4: OZ (dotted pattern) in the parameter plane (δM , δR) for the SAP of a BEC
from |L〉 to |R〉 with (a) g = −0.3 and (b) g = 0, delimited by the curves Ci (orange solid
lines) and Cf (blue dashed lines). In (a), red vertical arrows I, II and III indicate the optimal
range of δR values for δM equal to −0.9,−0.7 and −0.5, respectively. Note that in (b) the
OZ is much smaller than in (a). The temporal variation of the tunnellings is the same as in
Fig. 5.3 (d). Parameters and variables in h.o. units.

the intersection region OZ(ti)∩OZ(tf ). Inside this region, the set of parameters
{g, δM , δR} fulfil

δM > g, (5.33a)

1 >
δR

g
> −1, (5.33b)

δM > δR + g, (5.33c)

if g > 0, and

δM < g, (5.34a)

1 <
δR

g
< −1, (5.34b)

δM < δR + g, (5.34c)

if g < 0. Note that, for g > 0 and δR = 0, we can keep the system in OZ(ti)∩OZ(tf )
simply fulfilling the first condition (5.33a), which is consistent with the conclusions of
Ref. [255]. Inequalities of Eqs. (5.33) for g > 0 (Eqs. (5.34) for g < 0) determine the
set of parameters that keeps the dark state out of resonance with the dressed states
at ti and tf , fulfilling Eqs. (5.31).

Once we have explicitly obtained the above conditions, it is possible to show that
(5.31) implies the most general condition (5.28), i.e., OZ=OZ(ti)∩OZ(tf ). To this
aim, it is convenient to consider the involved energies as a function of θ within the
range θ ∈ (θi, θf ), where θi = θ(t = ti) = 0, and θf = θ(t = tf ) = π/2. In
Appendix 5.A we demonstrate that Eqs. (5.33)-(5.34) imply ε−(θ) < εD(θ) < ε+(θ)
for 0 < θ < π/2. To do this, we just consider the energy curves and their extreme
values. While the crossing between εD(θ) and ε+(θ) (ε−(θ)) is avoided for g > 0
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(g < 0), it exists, however, a minimum value of the tunneling rate given by

J0,min =
1
2

∣∣∣∣∣δRg
∣∣∣∣∣
√
δ2
R

2 + 4gδM − 2gδR − 2g2 (5.35)

above which εD(θ) and ε−(θ) (ε+(θ)) do not intersect for g > 0 (g < 0). Note that
J0,min = 0 for δR = 0, while it takes a positive real value for arbitrary values of δR,
δM , and g fulfilling Eqs. (5.33) or Eqs. (5.34). Thus, we conclude that the problem
of finding the optimal conditions to efficiently perform SAP of a BEC is reduced to
fulfil the conditions given by Eqs. (5.33)-(5.34), which are derived at the initial and
final times of the process, together with J0 > J0,min.

Fig. 5.4 shows curves Ci (orange solid lines) and Cf (blue dashed lines) defined
in Eq. (5.32), for g = −0.3 [Fig. 5.4 (a)] and g = 0 [Fig. 5.4 (b)], with the same
temporal variation for the couplings used in Fig. 5.3 (d). For g = −0.3, the resulting
OZ has been highlighted with a dotted pattern. Note that for δM < −0.6, the OZ
extends symmetrically in the range δR ∈ (−g, g). However, for g = 0, the resulting
OZ reduces to a very small region around δR = δM = 0. Thus, we conclude that the
presence of the non-linearity broadens the energy bias range for which the adiabatic
transport succeeds.

By means of the numerical integration of Eq. (5.4), Fig. 5.5 shows the SAP effi-
ciency as a function of δR for different values of δM and the rest of parameters values
as in Fig. 5.4 (a). Note that the numerically obtained plateaus of maximum efficiency
in Figs. 5.5 (a), (b) and (c), highlighted with red horizontal arrows, correspond to
the values of δR predicted in Fig. 5.4 (a): plateaus I and II range in the interval
δR ∈ (−0.3, 0.3) for δM = −0.9 [Fig. 5.5 (a2)] and δM = −0.7 [Fig. 5.5 (b2)], and
the one labelled with III extends approximately along the interval δR ∈ (−0.2, 0.3)
for δM = −0.5 [Fig. 5.5 (c2)]. For δM = −0.3 [Fig. 5.5 (d)], although there is a
broad region with efficiency values close to 1, fluctuations appear. For the simulated
value outside the OZ, δM = 0 [Fig. 5.5 (e)], fluctuations dramatically increase, and
adiabatic transport fails.

Up to now we have analysed the optimal conditions for the SAP of a BEC, sum-
marised in Eqs. (5.33) and Eqs. (5.34), by using constant values of the parameters.
Nonetheless, we can also dynamically change the value of some parameters during
the process, as long as our system remains within the OZ for all times t ∈ (ti, tf ). For
instance, for a fixed value of g and a value of δM in OZ(ti), we can appropriately vary
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δR in time from δRi = δR(ti) to δRf = δR(tf ), as schematically shown in Fig. 5.6 (a),
keeping the pair (δM , δR (t)) ∈ OZ(t) , ∀t. In Fig. 5.6 (b), the numerically calculated
efficiency for the SAP of a BEC with g = 0.1 by fixing the value δM = 0 and starting
from δRi = 0.2 (point A) is plotted as a function of the final value δRf , showing
that the maximum efficiency is obtained when the process ends at point B, which
corresponds to a value δR = −0.1 belonging to the OZ(tf ). For the simulation we
have used a linear dependence δR(t) = mt+ n, where m = (δRi − δRf )/ (ti − tf ),
and n = δRf −mtf .

Note, in addition, that an alternative protocol to achieve a high efficient SAP of a
BEC from the left to the right well consists of considering a temporal variation of the
right well energy bias fulfilling δR(t) = g cos 2θ(t) such that JDB = 0, see Eq. (5.16).
This is exactly the approach suggested in Ref. [261].

To conclude this Section, we will make an estimation of the applicability of the
SAP protocol to state-of-the-art BECs. Applying Eq. (5.8) to a BEC composed of
10000 87Rb atoms, with s-wave scattering length as = 5.3 nm, trapped in a potential
whose transverse trapping frequency is ω⊥ = 2π × 1000 Hz, one obtains g = 0.5 in
h.o. units. As predicted by inequality of the Eq. (5.33a), SAP of this 87Rb BEC is
not possible at full resonance, i.e., for δR = δM = 0, but it will work for δM > g.
At full resonance, SAP of a BEC could be performed with BECs of different species,
e.g., 85Rb, for which the scattering length could be tuned to almost negligible values
by means of a Feshbach resonance.

5.5 Different non-linear interaction parameter in each
well

Let us now consider the case in which we have different non-linearities gi with i =
L,M ,R in each well. Note that the non-linear interaction parameter can be modified
in space by the spatial variation of the scattering length using magnetic or optical
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Feshbach resonances [262, 263]. In this case, the non-linear on-site energies in the
{|L〉 , |M〉 , |R〉} basis are given by εi = δi + gi|ai|2. Following the same procedure
described in Section 5.3, one can derive the energies for the dark and for the dressed
states in the basis {|D〉 , |+〉 , |−〉}:

εD = gL cos4 θ+ δR sin2 θ+ gR sin4 θ, (5.36)

ε± =
1
16

(
ξ
′
+ 8δM ±

√
(ξ′ − 8δM )

2 + 64J2
BM

)
, (5.37)

where
ξ
′ ≡ g̃ (1− cos 4θ) + 4δR (1 + cos 2θ) , (5.38)

being g̃ ≡ gL + gR. Note that for the case gL = gR = g ⇒ g̃ = 2g ⇒ ξ
′
= 2ξ and,

therefore, Eq. (5.37) reduces to Eq. (5.22). Also for this case, one obtains Eq. (5.13)
from Eq. (5.36) after applying some trigonometric identities.

We now derive the Ci and Cf curves corresponding to the conditions ε±(ti) =
εD(ti), and ε±(tf ) = εD(tf ):

Ci→ δR = gL +
J2

MR(ti)

2(δM − gL)
, (5.39)

Cf → δR = −gR +
1
2

(
δM ±

√
J2

LM(tf ) + δ2
M

)
, (5.40)

with J2
MR(ti), J2

LM(tf )→ 0.
The intersection of both regions delimited by the curves Ci and Cf, OZ(ti)∩OZ(tf ),

defines the OZ, which is characterised by the following inequalities.
For all cases,

δM > gL, for gR > 0, (5.41a)
δM < gL, for gR < 0. (5.41b)

In addition,
i) for gR, gL > 0 we have

−gR < δR < gL, (5.42a)
δR < δM − gR, (5.42b)

and the reverse inequalities for gR, gL < 0,
ii) for gR < 0, gL > 0 and gL < −gR we have two regions:

δM < 0, (5.43a)
gL < δR < −gR, (5.43b)
δR > δM − gR, (5.43c)

and

δM > 0, (5.44a)
−gR < δR < gL − gR, (5.44b)

δR < δM − gR, (5.44c)
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Figure 5.7: OZ for the SAP of a BEC (black dotted pattern) delimited by curves Ci (solid
orange lines) and Cf (dashed blue lines) for equal (a1, b1, c1) and for different (a2, b2, c2)
non-linear parameters in each well. Third row: Efficiency for the SAP of a BEC from |L〉 to
|R〉 as a function of δR for the above scenarios and a fixed value of δM with the red horizontal
arrows indicating the extension of the plateaus. The width of these plateaus perfectly agrees
with the width of the corresponding OZ in the upper figures highlighted with red vertical
arrows. Note that in (c3) the efficiency curve for gL = gR = 0 (dashed-dotted green line)
does not posses a plateau. In all cases gM = (gL + gR)/2. The temporal variation of the
tunnellings is the same as in Fig. 5.3 (d). Parameters and variables in h.o. units.

iii) for gR < 0, gL > 0 and gL > −gR we have:

gL < δR < gL − gR, (5.45a)
δR < δM − gR. (5.45b)

Finally, for the opposite cases gR > 0, gL < 0 and gR > −gL we have the reverse
inequalities of Eqs. (5.43)-(5.44), and for gR > 0, gL < 0 and gR < −gL we have the
reverse inequalities of the Eq. (5.45).

Following the same lines as for the case of identical non-linear parameter g in each
well discussed in Section 5.4, it can be shown that the previous conditions Eq. (5.41)-
Eq. (5.45) imply Eq. (5.28) (see Appendix 5.B, at the end of this chapter, for details).

Fig. 5.7 shows numerical simulations for the SAP of a BEC with a different non-
linear interaction parameter in each well. In all cases, the middle well non-linear
coupling has been taken as gM = (gL + gR)/2. Three different cases depending on
the sign of the product gLgR have been examined.

Case gLgR > 0. In Figs. 5.7 (a1,a2) the OZ (dotted pattern) for gR = gL = 0.1
and for gR = 3gL = 0.3 have been represented, respectively. The efficiency curves
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for the SAP of a BEC for both cases with δM = 0.4 are represented in Fig. 5.7 (a3).
Note that for gR 6= gL (dashed-dotted green line) the plateau is twice larger than for
the case with the same non-linear parameter in all wells (solid black line). For the
case gL < 0 and gR < 0, the OZ can be obtained performing two specular reflections,
first respect to the axis δR and then respect to the axis δM .

Case gLgR < 0. In Figs. 5.7 (b1) and (b2) the OZ for gR = gL = −0.1 and for
gR = −3gL = 0.3 have been represented, respectively. The SAP efficiency in both
cases has been plotted in Fig. 5.7 (b3) where the plateaus III and IV indicated in
Figs. 5.7 (b1) and (b2) are highlighted with double red arrows for δM = −0.4 (solid
black line) and δM = 0.4 (dashed-dotted green line), respectively. For the case with
opposite signs, gL > 0 and gR < 0, the results are a specular reflection first respect
to the axis δR and then respect to the axis δM .

Case gLgR = 0. In Figs. 5.7 (c1) and (c2) the OZ (dotted pattern) for gL = gR =
0, and gL = 0 with gR = 0.3 have been plotted, respectively. Note that the case
gL = gR = 0 corresponds to the Fig. 5.4 (b) in which the OZ is almost negligible.
The SAP efficiency has been plotted in Fig. 5.7 (c3) showing the absence of a plateau
for gL = gR = 0 with δM = 0 (solid black line) and a relatively wide plateau denoted
as V for gL = 0, gR = 0.3 with δM = 0.4 (dashed-dotted green line) as predicted in
Fig. 5.7 (c2). For the case with opposite signs, the results are a specular reflection
first respect to the axis δR and then respect to the axis δM .

As shown in Fig. 5.7, the ability to locally modify the non-linear interaction
parameter leads, for certain parameters values, to an increase of the width of the
efficiency plateaus compared to the case with the same non-linear parameter value in
all the wells.

5.6 Conclusions
We have obtained the optimal conditions to perform SAP of a BEC in a triple-well
potential, taking into account the BEC non-linear parameter and the on-site energy
in each well. Transforming the three-mode Hamiltonian of the system from the bare
basis to the dark/dressed basis, we have analytically derived the energies of the dark
and dressed states. The resonances between the dark state and the dressed states
allow to define the optimal conditions to perform SAP of a BEC. This approach is
complementary to the non-linear dynamics approach discussed in Ref. [255], which
yields a complete characterisation of the bifurcation scenario once the adiabaticity
breaks down.

A detailed discussion of the optimal parameter region, referred as the Optimal
Zone (OZ), to achieve a highly efficient SAP of the BEC has been performed. In par-
ticular, we have analytically derived the OZ boundaries and check the corresponding
predictions by numerical integration of the 1D Gross–Pitaevskii equation within the
three mode approximation. Worth to remark, we have demonstrated that the BEC
non-linearity allows for the appearance of high-efficient transport plateaus as a func-
tion of the energy bias between the wells, which are not present in the linear case.
The width of these plateaus can even be further increased by an appropriate tuning
of the non-linear interaction parameter in each well.

Finally, we would like to indicate that a detailed numerical investigation through
a direct integration of the full 1D GPE still remains to be performed. However,
it would be difficult to quantitatively compare the results obtained from the three-
mode approximation with those obtained from the integration of the GPE, since
the tunneling rates and the energy biases are independent control parameters in the
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former while they are dynamical variables in the latter. Note that although SAP is
robust under variations of the tunneling rates it is very sensitive, particularly for a
BEC, to fluctuations in the energy biases between wells. Thus, the results obtained
from the three-mode approximation must be considered as a global landscape on the
parameter region for which SAP for a BEC works.

Appendix 5.A
Let us consider the case g > 0, and show that Eq. (5.33) implies ε−(θ) < εD(θ) <
ε+(θ) for 0 < θ < π/2.

I) Proof of εD(θ) < ε+(θ)
To demonstrate that εD(θ) < ε+(θ), let us temporarily assume that JBM = 0 in

Eq. (5.22) since this coupling only increases the value of ε+(θ). By evaluating the
derivative of ξ(θ), defined in Eq. (5.23), with respect to θ, we obtain one maximum
at θ1 = arccos

√
2g+δR
2√g , yielding ξ(θ1) =

(2g+δR)2

2g . It can be seen that

ξ(θ1) = 2
(
g+ δR + δ2

R/4g
)
< 4δM , (5.46)

since g+ δR < δM , and δ2
R/4g < g2/4g < δM/4 < δM , where we have used Eq. (5.33c)

and Eq. (5.33b)-Eq. (5.33a), respectively. Note that Eq. (5.33b) implies δ2
R < g2.

As ξ(θ1) is a maximum, ξ(θ1) < 4δM ⇒ ξ(θ) < 4δM within the interval. There-
fore, from Eq. (5.22), ε+(θ) = δM for JBM = 0 and ε+(θ) > δM for JBM 6= 0.

On the other hand, εD(θ) has two maxima at θ2 = 0 and θ3 = π/2, giving

εD(θ2) = g, (5.47a)
εD(θ3) = g+ δR. (5.47b)

Thus, according to Eq. (5.33a) and Eq. (5.33c), εD(θ) < ε+(θ).
II) Proof of ε−(θ) < εD(θ)
ε−(θ) has a maximum and εD(θ) has a minimum at θ1. Imposing ε−(θ1) =

εD(θ1), it is possible to find a threshold value for the tunneling amplitude, J0,min,
above which the crossing between these two functions can be avoided. In general,
assuming g 6= 0,

J0,min =
1
2

∣∣∣∣∣δRg
∣∣∣∣∣
√
δ2
R

2 + 4gδM − 2gδR − 2g2. (5.48)

An analogous proof can be made for the case g < 0.

Appendix 5.B
Let us consider the case gL, gR > 0 for which Eq. (5.41a) and Eq. (5.42) apply.

I) Proof of εD(θ) < ε+(θ)
To demonstrate that εD(θ) < ε+(θ), let us temporarily assume that JBM = 0 in

Eq. (5.37) since this coupling only increases the value of ε+(θ). By evaluating the
derivative of ξ′(θ), defined in Eq. (5.38), with respect to θ, we obtain one maximum
at θ4 = arccos

√
(g̃+ δR)/2g̃, yielding ξ′(θ4) = 2 (g̃+ δR)

2 /g̃. It can be seen that
ξ′(θ4) < 8δM which is a consequence of

2
(
g̃+ 2δR + δ2

R/g̃
)
< 8δM . (5.49)
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To prove (5.49) we see that gR+ gL+ 2δR+ δ2
R/g̃ < gL− gR+ 2δM + δ2

R/g̃ < 3δM +
δ2
R/g̃− gR, where we have used Eq. (5.42b) and Eq. (5.41a) in the first and the second
inequality, respectively. For gR > gL, the last two terms satisfy δ2

R/g̃− gR < g2
R/g̃−

gR = −gLgR/g̃ < gL < δM , and, for gR < gL, we have that δ2
R/g̃− gR < g2

L/g̃− gR <
gL − gR < δM − gR < δM , where we have used Eq. (5.42a) and Eq. (5.42b).

As ξ′(θ4) is a maximum, ξ′(θ4) < 8δM ⇒ ξ′(θ) < 8δM . Then, using JBM = 0
in Eq. (5.37) gives ε+(θ) = δM , been constant in the interval (0,π/2). Therefore,

we only need to be sure that the only extreme εD(θ5) = −
δ2
R − 4gL(gR + δR)

4g̃ , where

θ5 = arccos
√
(2gR + δR)/2g̃, takes a lower value than δM . Indeed, it can be seen

that
−
δ2
R

4g̃ +
gL

g̃
(gR + δR) < δM , (5.50)

using Eq. (5.42b).
II) Proof of ε−(θ) < εD(θ)
To find a threshold value for the tunneling amplitude, J0,min, above which the

crossing between εD(θ) and ε−(θ) can be avoided, it is sufficient to impose εD(θ5) =
ε−(θ4), where θ5 (introduced in proof I above) and θ4 are the extreme values of εD(θ)
and ε−(θ), respectively, in the interval (0,π/2). From this condition, we obtain

J0,min =
1

2 |g̃|

√
(g2
L + g2

R + 2gRδR + 2δ2
R − 2gL (gR + δR)) (4gRδM + δ2

R − 4gL(gR − δM + δR)),

(5.51)
which becomes Eq. (5.48) for gL = gR = g.

An analogous proof can be made for the rest of cases corresponding to different
combinations of signs of gL and gR.
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Chapter 6

Amplification without inversion
in a four-level scheme using the
quantum-jump approach

In this Chapter, we use the quantum-jump (QJ) approach to study a particular
four-level atomic scheme in order to obtain amplification without inversion (AWI).
This approach is based on the Monte Carlo wave-function (MCWF) formalism which
provides a description of the light-matter interaction of a single quantum system sub-
jected to dissipative processes. Under some approximations, the QJ approach allows
to obtain semi-analytical expressions for the different mechanisms that contribute to
the amplification or attenuation of a probe field. The results obtained apply to the
realistic case of neutral Hg vapour where, recently, it has been possible to experi-
mentally obtain AWI of a probe field in the UV regime, opening the way for lasing
without inversion (LWI) in this range of frequencies. The present study extends the
theoretical understanding of the underlying mechanisms involved in this phenomenon.

6.1 Introduction
In the last decades, one of the technical challenges of applied quantum optics has been
the development of continuous-wave lasers in the UV and VUV frequency range, with
relevant applications in spectroscopy or lithography, among others. The main con-
straint is the fact that, in order to obtain population inversion in the laser transition,
the threshold pumping power scales with the laser frequency from ω4 to ω6 [36].
A way to circumvent this constraint is to build lasers with techniques that exploit
nonlinear effects, as using four-wave sum-frequency mixing [264]. An alternative is
the development of lasers that do not require population inversion, i.e., lasing with-
out inversion (LWI), which implies amplification of a probe field without population
inversion in the probe field transition, the so-called amplification without inversion
(AWI) [67, 36, 265]. The key idea of AWI is to cancel the absorption of a probe field
by means of quantum interferences while maintaining unchanged or favouring the
stimulated emission. However, atomic schemes commonly used in AWI do not allow
the wavelength of the probe laser to be significantly smaller than that of the lasers
used to excite the required coherence, i.e., driving lasers, and therefore are far from
making it possible to obtain lasers in the UV or VUV regime. Overcoming this point,
a particular four-level scheme has recently experimentally been investigated [49] in
neutral Hg vapour obtaining amplification of a probe field in the UV frequency range,
i.e., achieving up-conversion LWI.

Usually, these systems are studied using the density matrix equations (DME),
which allow to obtain average values of the magnitudes for an ensemble of atomic
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systems as detailed in Subsection 1.2.1. However, this description does not pro-
vide a detailed information about the different mechanisms that are present in the
light-matter interaction. In contrast to the DME formalism, the Monte Carlo wave-
function (MCWF) formalism [37, 61] enables the study of the time evolution of each
individual system, describing it as a sequence of coherent evolution periods separated
by quantum jumps, the so-called quantum trajectory, calculated by integrating the
time-dependent Schrödinger equation with an effective non-Hermitian Hamiltonian.
This approach allows to obtain information from the respective contributions of the
different dissipative and coherent processes, and the results obtained averaging over
many realisations converge with those of the DME as the number of systems increases
(see Subsection 1.2.2). In the last decades, the MCWF formalism has been success-
fully applied to various problems in quantum optics [38, 266, 267]. Nonetheless, the
MCFW formalism has two main limitations: (i) it does not offer analytical expressions
and (ii) the computational time is, in general, very long. The QJ approach [38], based
on the MCWF formalism, offers some advantages. Under certain approximations, it
allows to study the statistical properties of the coherent periods occurring between
two successive quantum jumps as well as to obtain semi-analytical expressions for
their occurrence probabilities. In the case of AWI, the respective contributions of the
various physical processes involved in the amplification or attenuation of a probe field
can be obtained [266, 268].

The aim of this Chapter is to study, using the QJ approach, a four-level atomic
scheme as the one used in [49] for neutral Hg vapour in order to obtain AWI using
the QJ approach. This approach allows to elucidate the most favourable conditions
for the amplification of a probe field and discriminates the contributions of each
coherent process, opening the way to a better understanding and refinement of the
experimental technique. In Section 6.2, we introduce the atomic model under study
and review the main concepts of the MCWF and the QJ approaches. Section 6.3
is devoted to the system analysis using the QJ approach. Favourable conditions for
the probe field amplification, semi-analytical expressions for the probability of each
coherent process and the key features of the scheme are also discussed. In Sec. 6.4, the
results are applied to the realistic case of neutral Hg vapour. Finally, we summarise
the results of this Chapter in Sec. 6.5.

6.2 Model
Fig. 6.1 shows the four-level scheme under consideration. In this scheme, a probe
laser field couples levels |1〉↔|2〉 with Rabi frequency Ωp and detuning ∆p, while a
strong (weak)1 laser field couples levels |3〉↔|2〉 (|3〉↔|4〉) with Rabi frequency Ωs

(Ωw) and detuning ∆s (∆w). The population can decay by spontaneous emission
from level |3〉 to levels |2〉 and |4〉 with rates γ32 and γ34, respectively, and from level
|2〉 to level |1〉 with rate γ21. In addition, we consider the presence of a bidirectional
incoherent pumping mechanism between levels |1〉 and |2〉 with rate Λ.

From Fig. 6.2, one can identify the different coherent periods and quantum jumps
that can occur at random times. Using combined states atom+field, each manifold

1The convenience of a strong-weak field configuration will be discussed in the following Section.
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Figure 6.1: The four-level atomic scheme under investigation. Ωw, Ωs, and Ωp are the
Rabi frequencies, and ∆w, ∆s, and ∆p the detunings of the weak, strong, and probe laser
fields, respectively. γ32, γ34, γ21 and Λ are the rates for the incoherent processes (see text).

of four states is labelled as

ξ(Nw +m,Ns + n,Np + q) ≡{|1,Nw +m− 1,Ns + n+ 1,Np + q+ 1〉 ,
|2,Nw +m− 1,Ns + n+ 1,Np + q〉 ,
|3,Nw +m− 1,Ns + n,Np + q〉 ,
|4,Nw +m,Ns + n,Np + q〉}, (6.1)

beingm,n, q = 0,±1,±2, . . . , andNp, Ns andNw the number of photons in the probe,
strong, and weak laser fields, respectively. The solid arrows (in colour) represent the
interaction of a laser with a pair of atomic levels in a specific manifold and the dashed
arrows (in black) represent the dissipative processes, i.e., pumping and spontaneous
emission, between two different manifolds.

The interpretation of a diagram such as Fig. 6.2 is as follows. One quantum jump
places the state of the system in the atomic state |i〉, with i = 1, 2, 3, 4, of one of the
manifolds. Then, the system evolves within this manifold, following a coherent period
that begins in the initial state |i〉, where the previous quantum jump ended, and that
ends in state |j〉 of the manifold from which the next quantum jump occurs. We
will denote such a coherent period as period(i, j). On the other hand, the dissipative
processes responsible for the quantum jumps are denoted by Jij , meaning that the
quantum jump occurs from state |i〉 to state |j〉. Thus, the evolution of the system is
described by a quantum trajectory, which is a sequence with all the coherent periods
and the quantum jumps between them,

. . . Jij period(j, k) Jkl period(l, r) Jrs . . .

where |i〉,|j〉,|k〉,|l〉,|r〉, and |s〉 are atomic states. Each of the coherent periods implies
an increase or decrease in the photon number of the fields involved.

In the QJ approach, the evolution of the wave-function is given by the Schrödinger
equation

i} d
dt
|ψ(t)〉 = Ĥnh |ψ(t)〉 , (6.2)
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Figure 6.2: Manifolds of the four states of the atom plus laser photon numbers. Nw,
Ns and Np are the photon numbers of the weak, strong and probe laser field, respectively.
The continuous evolution given by the coherent interaction is shown with solid arrows and
the dissipative processes are shown with dashed arrows accounting for the quantum jumps
associated to spontaneous emission and incoherent pumping.

where

Ĥnh = −
}
2


iG1 Ωp 0 0
Ωp −2∆p + iG2 Ωs 0
0 Ωs −2∆s + iG3 Ωw

0 0 Ωw −2(∆s − ∆w)

 (6.3)

is the non-hermitian Hamiltonian under the electric-dipole (EDA) and the rotating-
wave (RWA) approximations in the interaction picture. Gi is the total departure rate
due to incoherent processes from the atomic state |i〉, being G1 = Λ, G2 = γ21 + Λ,
and G3 = γ34 + γ32. We can obtain a quantum trajectory of the system using the
MCWF formalism (see Subsection 1.2.2). In this approach, the wave-function is
evolved for very small intervals of time dt � G−1

i using the non-unitary evolution
operator built with the non-hermitic Hamiltonian. This temporal evolution is con-
ditioned by imaginary (gedankenexperiment) and random detections of the collapses
due to the dissipative processes. In each dt, the wave-function can either undergo
a quantum jump and collapse into a state or continue in a superposition following
a coherent evolution after which it must be normalised. Using quantum trajecto-
ries, numerical values for the probabilities of each coherent period can be obtained.
However, it is also possible to obtain semi-analytical expressions in certain particular
cases without the need of numerical simulations. This approach allows an analysis of
the most favourable conditions for achieving amplification of the probe field, as will
be discussed in the following Section.

6.3 Quantum-jump analysis
We are interested in studying the amplification of the probe field in the four-level
scheme under consideration (see Fig. 6.1). Note that, due to the absence of dissi-
pative processes that collapse the wave-function in state |3〉, there are no coherent
periods which start in this state. In addition, as there are no dissipative processes
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from state |4〉, no coherent periods will end in that state. Therefore, there are 9 dif-
ferent possible coherent periods that can occur in the quantum trajectory of the sys-
tem: period(1, 1), period(1, 2), period(1, 3), period(2, 1), period(2, 2), period(2, 3),
period(4, 1), period(4, 2), and period(4, 3). However, only four of them involve
changes in the photon number of the probe laser field, ∆Np. Table 6.1 lists those
periods indicating, in each case, the respective photon variation for the probe, strong
and weak laser fields, the type of process and whether it implies gain or loss for the
probe field. Therefore, the total mean variation of the probe photon number per

∆Np ∆Ns ∆Nw process type probe effect

period(2,1) 1 0 0 one-photon gain

period(1,2) -1 0 0 one-photon loss

period(4,1) 1 1 -1 three-photon gain

period(1,3) -1 -1 0 two-photon loss

Table 6.1: Coherent periods that involve changes in the photon number of the probe laser
field. From left to right, the columns indicate the photon number variation of the probe,
strong, and weak laser field, the type of the process and whether the process involves gain or
loss of the probe laser field.

period can be expressed as

〈∆Np〉T = P (2, 1) + P (4, 1)− P (1, 2)− P (1, 3), (6.4)

where P (i, j) is the probability that a random choice among all coherent evolution pe-
riods of the stochastic quantum trajectory results in the period(i, j). This probability
can be expressed as [38]

P (i, j) = P (i)Gj

∫ ∞
0
|cij(τ )|2dτ , (6.5)

where P (i) is the probability that a coherent evolution starts in state |i〉, and cij(τ ) =
〈j|exp(−iĤnhτ/ h̄)|i〉 is the probability amplitude of finding the system in state |j〉
at t+ τ once the coherent evolution period has started at time t in state |i〉 of the
same manifold. In some particular cases, we can obtain analytically the probabilities
P (i) by means of the recursive relation

P (i) =
∑
j

P (j)Q(i/j), (6.6)

where Q(i/j) is the conditional probability of starting a coherent period in state |i〉
when the previous one started in state |j〉.

To obtain the expressions Q(i/j) we will consider the limit Ωp � Λ, γ21, and
Ωs, Ωw > γ34, γ32, Λ, having in mind the scheme of Fig. 6.1. First, we will look for
the values Q(i/1). Consider that the system started a coherent period in the state
|1〉. Since Ωp � Λ, γ21, before the probability of being in any of the other states
is significant, it is very likely that a quantum jump occurs from the state |1〉. This
quantum jump can only take place via Λ and collapses the wave-function in |2〉, so
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the next coherent period will begin in this state. Therefore,

Q(1/1) = 0, (6.7a)
Q(2/1) = 1, (6.7b)
Q(3/1) = 0, (6.7c)
Q(4/1) = 0. (6.7d)

Let us now consider that a coherent period begins in any of the states |2〉, |3〉 or |4〉.
In that case, since Ωs, Ωw > γ34, γ32, Λ, the system evolves into a superposition of
all those states while the probability amplitude of finding the system in |1〉 will be
almost negligible. Therefore, the conditional probabilities will be the same regardless
on where the previous coherent period began, i.e., Q(i/2) = Q(i/3) = Q(i/4), for
all |i〉. The probability that the next coherent period starts in a state |i〉 will be
given by the ratio between the number of favourable cases, i.e., those that take the
system through a sequence period(j, l) Jli period(i, k), where |l〉 and |k〉 indicate any
atomic state, and the number of all the possible cases, i.e., those which first cause a
period(j, l), then a quantum jump, and then any other coherent period. This ratio
corresponds to the ratio between the sum of the dissipative processes rates which
cause the system to collapse in |i〉 and the total sum of the departure rates from the
states |j〉=|2〉,|3〉, and |4〉. Note that Q(3/j) = 0 for all |j〉 since it is not possible for
the next coherent period to start in |3〉, because no dissipative process has previously
collapsed the wave-function to that state. Therefore,

Q(1/2) = Q(1/3) = Q(1/4) =
γ21 + Λ
D

, (6.8a)

Q(2/2) = Q(2/3) = Q(2/4) =
γ32

D
, (6.8b)

Q(3/2) = Q(3/3) = Q(3/4) = 0, (6.8c)

Q(4/2) = Q(4/3) = Q(4/4) =
γ34

D
, (6.8d)

whereD = γ34 +γ32 +γ21 +Λ. By introducing Eqs. (6.7) and Eqs. (6.8) into Eq. (6.6)
and Eq. (6.5), we obtain

P (2, 1) =
γ21 + γ32 + Λ

D′
Λ
∫ ∞

0
|c21(τ )|2dτ , (6.9a)

P (1, 2) =
γ21 + Λ
D′

(γ21 + Λ)
∫ ∞

0
|c21(τ )|2dτ , (6.9b)

P (4, 1) =
γ34

D′
Λ
∫ ∞

0
|c41(τ )|2dτ , (6.9c)

P (1, 3) =
γ21 + Λ
D′

(γ34 + γ32)
∫ ∞

0
|c13(τ )|2dτ , (6.9d)

where D′ = γ34 + γ32 + 2(γ21 + Λ), and where it has been used that c12 = c∗21. Note
that all expressions consist of a multiplicative factor that explicitly depends on the
pumping and decay rates and the integrals of the square of the probability amplitudes,∫∞

0 |cij(τ )|2dτ . These integrals are maximised (minimised) when the system is on (out
of) resonance with the corresponding transition |i〉↔|j〉.
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6.3.1 Gain conditions per process type

From each type of process (see the previous discussion and Table 6.1) we enumerate
the conditions to obtain amplification for the probe laser field.

One-photon processes. From Eq. (6.9a) and Eq. (6.9b), we obtain a condition for
which the gain exceeds the loss for the probe laser field due to one-photon processes,
i.e., P (2, 1) > P (1, 2),

Λ >
γ2

21
γ32 − γ21

, (6.10)

valid as long as γ32 > γ21. Note that for γ21 ≥ γ32 it is no possible to obtain
amplification of the probe field exclusively with one-photon processes.

Two-photon processes. As P (3, 1) = 0, we only have losses due to two-photon
processes, by means of P (1, 3). In order to minimise the role of P (1, 3), it is convenient
to be out of the two-photon resonance i.e., ∆s + ∆p 6= 0.

Three-photon processes. We have probe gain via the process P (4, 1), which can
be maximised if the system is under the three-photon resonance condition, i.e., ∆w =
∆s + ∆p. There are no three-photon loss processes, i.e., P (1, 4) = 0.

In conclusion, the favourable conditions for obtaining AWI of the probe laser field
will be given by the fulfilment of the three-photon resonance condition avoiding the
two-photon resonance condition.

6.3.2 Favourable configurations

Two schematic configurations fulfilling the favourable conditions discussed above are
shown in Fig. 6.3 (a) and Fig. 6.3 (b), keeping the probe and the strong laser fields on-
resonance, respectively. In both cases, the system fulfils the three-photon resonance
condition and avoids the two-photon resonance condition in the transition |1〉↔|3〉
when ∆w 6= 0. For clarity, the dissipative processes have been omitted in the diagrams.

Figs. 6.3 (c,e) and Figs. 6.3 (d,f) show contour plots for Im [ρ12] /Ωp, being ρ12 the
coherence between levels |1〉↔|2〉, which indicates probe absorption (amplification) if
it is negative (positive), for particular cases using the configurations of Fig. 6.3 (a)
and Fig. 6.3 (b), respectively. The parameters values are γ32 = 5γ21, γ34 = 10γ21,
Λ = 0.3γ21, Ωp = 0.001γ21, Ωw = 20γ21 and, where applicable, Ωs = 70γ21. Fig. 6.3
(c) shows Im [ρ12] /Ωp as a function of Ωs/γ21 and ∆s/∆p, which corresponds to the
scheme of (a), using ∆w = 5γ21 and ∆p = 0. The maximum amplification is observed
for Ωs above a certain value Ωs ∼ 40γ21 when the three-photon resonance condition
is fulfilled, i.e., around ∆s = ∆w. Fig. 6.3 (d) shows the analogous case for the
scheme of (b), using ∆s = 0 and ∆w = 5γ21, obtaining maximum amplification when
∆p = ∆w. Fig. 6.3 (e) represents Im [ρ12] /Ωp with respect to ∆w/γ21 and ∆s/γ21
using ∆p = 0 showing that at ∆s = ∆w one obtains roughly the same amplification
for the wide range of considered values. This is explained by considering that P (4, 1)
is the relevant process that contributes to the probe gain when ∆p = 0, which is
maximised for the configuration of the scheme in (a), i.e., when the three-photon
resonance condition is fulfilled. The other process that can compete contributing to
the absorption of the probe field is P (1, 3), which is not relevant for ∆p = 0, as it
will be discussed in the next Subsection. Fig. 6.3 (f) shows Im [ρ12] /Ωp with respect
to ∆w/γ21 and ∆p/γ21 for ∆s = 0. In this case, there are two regions giving rise to
probe absorption close to ∆p ∼ Ωs/2 due to the Rabi splitting of level |2〉 produced
by the strong field. These absorption areas deviate and vanish when the three-photon
resonance condition is fulfilled, i.e., ∆p = ∆w. Note that when the value ∆p = ∆w is
close to the absorption regions, the amplification decrease.
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Figure 6.3: (a-b): Two favourable configurations for AWI of the probe laser field in which
(a) the probe and (b) the strong laser fields are on resonance. Both cases cause the system to
be under the three-photon resonance condition and to avoid the two-photon resonance with
transition |1〉↔|3〉 if ∆w 6= 0. (c-f): Im [ρ12] /Ωp as a function of (c) Ωs/γ21 and ∆s/∆w,
(d) Ωs/γ21 and ∆p/∆w, (e) ∆w/γ21 and ∆s/γ21, and (f) ∆w/γ21 and ∆p/γ21. In (c,e) and
(d,f) we consider the configuration of (a) and (b), respectively, using ∆w = 5γ21 where it
applies. In (g,h) the maximum value for Im [ρ12] /Ωp as a function of ∆w is represented using
the configuration of (a) and (b), respectively for different Ωw values. The rest of parameters
values is: γ32 = 5γ21, γ34 = 10γ21, Ωw = 20γ21, Ωs = 70γ21, Λ = 0.3γ21, Ωp = 0.001γ21
(see text for details).

Finally, Fig. 6.3 (g) and Fig. 6.3 (h) show the maximum value of Im [ρ12] /Ωp,
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Figure 6.4: (a) Total mean variation of the probe photon number per period with respect to
the probe detuning ∆p, using ∆w = ∆s = 0, and Ωs = 70γ21, which exhibits an amplification
peak when the three-photon resonance condition is fulfilled, i.e., ∆p = 0, and two separated
absorption peaks around ∆p = ±Ωs/2. (b-c) Curves for the involved probabilities P (i, j) of
the corresponding regions of interest. Rest of parameters values as in Fig. 6.3 (c).

i.e., the peak amplification value, with respect to ∆w/γ21 for different values of the
weak field Rabi frequency, Ωw, fixing the strong one at Ωs = 70γ21, using the con-
figurations of Fig. 6.3 (a) and Fig. 6.3 (b), respectively. On the one hand, Fig. 6.3
(g) indicates the existence of an optimal value Ωw = 20γ21 leading the highest am-
plification peak. On the other hand, note that the effect of keeping the system far
from the two-photon resonance, i.e., considering the favourable configuration in (b),
is only perceptible when Ωw � Ωs [see Fig. 6.3 (h)]. In particular, we see that the
corresponding curves Ωw = 5γ21 and Ωw = γ21 increase slightly when ∆w (= ∆p)
increases while all the curves decay for values close to the absorption region of the
probe field. To sum up, it is observed that the best results for probe amplification
are obtained using the configuration of Fig. 6.3 (a) with an optimal value of Ωw when
the rest of parameters values are fixed.

6.3.3 Favourable parametes values

Let us discuss in this Section the role of the different parameters of our scheme in
order to obtain probe field amplification.

Emission/absorption dependence on the probe detuning. For the most favourable
configuration shown in Fig. 6.3 (a) it is important to highlight the fact that the two
competing coherent processes, i.e., period(1, 3) and period(4, 1), are not simultane-
ously maximized for the same detuning values of the probe laser field. On the one
hand, since Ωs > Ωw � Ωp, the absorption of the probe laser field is maximum
close to ∆p = ±Ωs/2. On the other hand, period(4, 1) is responsible for probe
stimulated emission for values of ∆p that fulfil the three-photon resonance condi-
tion, e.g., ∆p = ∆w = ∆s = 0, and this period does not have to compete with its
opposite period, as P (1, 4) = 0. Thus, the regions of maximum absorption and stimu-
lated emission occur for well separated values of ∆p. However, this circumstance may
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Figure 6.5: (a) Total mean variation of the probe photon number per period with respect
to the probe detuning ∆p, using ∆s = 0, and ∆w = 25γ21, which exhibits an amplification
peak around ∆p = ∆w and two wide absorption peaks around ∆p = ±Ωs/2. (b-c) Curves
for the involved P (i, j) of the corresponding regions of interest. (c) When the three-photon
resonance condition is fulfilled, i.e., ∆p = ∆w, the maximum of P (4, 1) induces, in turn, a
lower maximum of P (1, 3). Rest of parameters values as in Fig. 6.3 (d).

change with the configuration schematised in Fig. 6.3 (b), as the maximum absorption
and emission can be obtained for similar values of the probe detuning.

Numerical examples are shown in Fig. 6.4 and Fig. 6.5 corresponding to the con-
figuration represented in Fig. 6.3 (a), using ∆w = ∆s = 0, and in Fig. 6.3 (b), using
∆w = 25γ21, respectively. The rest of parameters values are the same as the ones used
in Fig. 6.3 (c) and Fig. 6.3 (d), respectively. Fig. 6.4 (a) and Fig. 6.5 (a) show the
total mean variation of the probe photon number per period, 〈∆Np〉T , with respect to
the probe detuning, ∆p, which has been obtained using Eq. (6.9) and which is iden-
tical to what it is obtained using the density matrix equations (DME) for Im [ρ12].
In Fig. 6.4 (a), we observe a narrow amplification peak around ∆p = 0 and two wide
absorption peaks close to ∆p = ±Ωs/2 = 35γ21. Both regions of interest are anal-
ysed in Fig. 6.4 (b) and Fig. 6.4 (c), where the curves for the probabilities of the
gain probe coherent processes, P (2, 1) and P (4, 1), and for the loss probe coherent
processes, P (1, 2) and P (3, 1), are shown. Note that, around the amplification peak
in ∆p = 0, the contribution of P (1, 3) is negligible while P (4, 1) is the dominant one.
The opposite situation is observed around the absorption peaks. In Fig. 6.5 (a), we
observe an amplification peak close to ∆p = ∆w = 25γ21 and two wide absorption
peaks close to ∆p = ±Ωs/2 = 35γ21 [cf. Fig. 6.3 (f)]. While the region of interest
featured on Fig. 6.5 (b) shows nearly the same behaviour as in Fig. 6.4 (b), the one
showed in Fig. 6.5 (c) presents a maximum of P (4, 1), which is a consequence of the
three-photon resonance, accompanied by a lower maximum of P (1, 3). This effect,
due to the proximity of the absorption zone, is detrimental for amplification. There-
fore, in order to obtain large probe amplification, the configuration of Fig. 6.3 (a)
is more preferable than that of Fig. 6.3 (b), as it avoids the undesired effect of the
accompanying loss peak of P (1, 3).
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Figure 6.6: Curves of (a) P (2, 1), (b) P (1, 3), (c) P (4, 1), and (d) P (1, 2) with respect to
the pumping rate using ∆p = ∆w = ∆s = 0, and the rest of the parameters values as in
Fig. 6.3 (c), calculated using the MCFW approach. (e) Total mean variation of the probe
photon number per period with respect to the pumping rate (black solid line).

Pumping rate. The presence of the pumping mechanism favours probe gain pro-
cesses corresponding to period(2, 1) and period(4, 1), since it allows a way for a
subsequent quantum jump that starts in |1〉 to take place. Both contributions are
null if there is no pumping, as can be inferred from Eq. (6.9a) and Eq. (6.9c). Note
that, from Eqs. (6.9), all quantities P (i, j) → 0 when Λ → ∞, since the probability
of finding the system in any of the states during a coherent process in a differential
time dt decreases when the probability of a quantum jump that connects the states
involved increases. As a numerical example, Figs. 6.6 (a-e) show the dependence of
the relevant probabilities P (i, j) on the pumping rate for Ωs = 70γ21, Ωw = 20γ21,
∆p = ∆w = ∆s = 0, and the rest of the parameters values as in Fig. 6.3 (c). To obtain
the P (i, j) values from Eq. (6.5), the probabilities P (i) have been calculated via the
MCWF approach using N = 5000 atoms and dt = 0.01, in units of γ−1

21 , while the in-
tegral factors have been calculated numerically. On the one hand, we see that P (2, 1)
and P (4, 1) increase quickly with the pumping rate from zero to a maximum value
and then decrease, as shown in Figs. 6.6 (a,c). On the other hand, P (1, 3) and P (1, 2)
decrease monotonously from a certain value, as seen in Figs. 6.6 (b,d). Fig. 6.6 (e)
shows the total mean variation of the probe photon number per period (black solid
line) obtained using Eq. (6.4), where we observe that the probe field amplification
reaches a maximum for an optimal pumping value and progressively decreases to zero
in the limit Λ→∞.

Strong-weak fields configuration. For similar decay rates from level |3〉, γ34 ' γ32,
the condition Ωs > Ωw favours the quantum jumps via γ34 over those due to γ32,
favouring in turn the presence of the gain probe process period(4, 1) in the quantum
trajectory. On the other hand, if Ωw = 0, it would not be possible to initiate any
coherent process in |4〉, so we expect that probe amplification due to this process
presents a maximum for some value that fulfils Ωs > Ωw. As a first numerical
example, Im[ρ12]/Ωp is represented as a function of Λ/γ21 and Ωs/γ21 in Fig. 6.7
(a), and as a function of Λ/γ21 and Ωw/γ21 in Fig. 6.7 (b), using Ωw = 20γ21 and
Ωs = 70γ21, respectively. The probe detuning is ∆p = 0 and the rest of the parameters
values are the same as in Fig. 6.3 (c). It can be seen from both figures that, for a
given pumping rate, maximum amplification is obtained when Ωs > Ωw. This effect
is more important the lower the value of the pumping rate. In addition of Ωs > Ωw,
the probe field amplification can be enhanced if γ34 > γ32. Note that favouring the
three-photon gain process period(4, 1) in this way goes against the presence of the
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Figure 6.7: Im[ρ12]/Ωp as a function of (a) Ωs/γ21 and Λ/γ21, using Ωw = 20γ21, and
(b) Ωw/γ21 and Λ/γ21, using Ωs = 70γ21. The probe detuning is ∆p = 0, and the rest of
parameters values are the same as in Fig. 6.3 (c). In (c), the stationary populations pi of each
level |i〉, with i = 1, 2, 3, 4, have been represented as a function of Ωw/γ21, using Ωs = 70γ21,
and Λ = 0.3γ21.

one-photon gain process period(2, 1), which can occur after a quantum jump via γ32.
The latter, however, can be optimised by choosing an adequate value of the pumping
rate, according to Eq. (6.10). In Fig. 6.7 (c), the stationary population pi of each
level |i〉, with i = 1, 2, 3, 4, is represented as a function of the Rabi frequency of the
weak field, Ωw/γ21, by fixing Ωs = 70γ21, and Λ = 0.3γ21. In the absence of the
weak field, the entire population is accumulated in the state |4〉. In the presence of
the weak field, the population is distributed mainly among the states |1〉, |2〉, and
|4〉, with no population inversion in the probe field transition, |1〉↔|2〉. Figs. 6.8
(a-e) show the dependence of the relevant probabilities P (i, j) on the ratio Ωw/Ωs,
fixing Ωs = 70γ21, and using the same calculation process and parameters values as in
Figs. 6.6 (a-e). It is observed in Fig. 6.8 (e) that the total mean variation of the probe
photon number per period (black solid line) exhibits a positive maximum for a certain
value of the ratio Ωw/Ωs and then decreases and even takes negative values when
this ratio increases, thus showing a transition from amplification to absorption of the
probe field [cf. Fig. 6.7 (b)]. This is explained as a result of the different contributions
shown in Figs. 6.8 (a-d) according to Eq. (6.4). Probabilities P (2, 1) and P (1, 2) have
a very small value for Ωw = 0. Both probabilities increase with the ratio Ωw/Ωs in a
similar way, slightly offsetting each other. The probability P (4, 1) is exactly null for
Ωw = 0 and shows a maximum as interpreted above, around Ωw ≈ 0.1Ωs. We also
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see that P (1, 3) has a maximum around Ωw ≈ 0.2Ωs, which favours the two-photon
absorption process.

6.4 Application to neutral Hg
As an implementation, we will apply the previous study to the four-level scheme (see
Fig. 6.1) formed by the states |1〉 ≡

∣∣6 1S0
〉
, |2〉 ≡

∣∣6 3P1
〉
, |3〉 ≡

∣∣7 3S1
〉
, and |4〉 ≡∣∣6 3P2

〉
of neutral Hg, with decay rates γ21 = 2π × 1.27µs−1, γ34 = 2π × 7.75µs−1,

and γ32 = 2π × 8.86µs−1 (values from the NIST database, [234]). This scheme has
recently been used [49] in an experiment to obtain AWI of a probe laser field coupled
to the transition |1〉↔|2〉. Note that the parameters values for this scheme are quite
similar to those considered in the previous sections. Therefore, taking into account
our previous discussions, the optimal parameters values to obtain amplification of the
probe field are: Ωs = 2π × 88.9 MHz, Ωw = 2π × 25.4 MHz, and Ωp = 2π × 0.0013
MHz. Fig. 6.9 shows Im[ρ12]/Ωp as a function of ∆p/2π using ∆p = ∆s = ∆w = 0
with an incoherent pumping rate (a) Λ = 2π × 0.38µs−1 [cf. Fig. 6.4 (a)], and (b)
Λ = 0µs−1. Note how the optimal value for the pumping rate inverts the behaviour
of the probe field in the absence of pumping by converting an absorption peak into
an amplification peak for ∆p = 0.

The experiment in Ref. [49] considered a hot vapour of Hg atoms. Thus, it is
worth to discuss in which conditions AWI persists when atomic motion is considered.
According to our previous analysis based on the QJ approach, the three-photon reso-
nance condition, which can be expressed as ∆3 ≡ ∆p+ ∆s−∆w = 0, is the favourable
condition for obtaining AWI in the considered scheme. Let us suppose that the above
condition is fulfilled for atoms at rest. Due to the Doppler effect, an atom with a
velocity −→v in interaction with an electromagnetic field with nominal frequency ω and
wave vector

−→
k sees a Doppler shifted frequency ω′ = ω −

−→
k · −→v . In this case, the
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Figure 6.9: Im[ρ12]/Ωp as a function of ∆p/2π with incoherent pumping rate (a) Λ =
2π × 0.38µs−1 and (b) Λ = 0µs−1. The used parameters values are Ωs = 2π × 88.9 MHz,
Ωw = 2π × 25.4 MHz, and Ωp = 2π × 0.0013 MHz, and ∆s = ∆w = 0, applied to the Hg
four-level system under consideration (see text).
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three-photon resonance condition is modified as

∆3 ≡ ∆p + ∆s − ∆w − (
−→
kp +

−→
ks −

−→
kw) · −→v = 0. (6.11)

From Eq. (6.11), we see that if an atom at rest fulfils the three-photon resonance
condition, all the moving atoms will also fulfil it provided that

−→
kp +

−→
ks −

−→
kw = 0,

i.e., through a proper orientation of the fields wave vectors, as used in Ref. [49].
Therefore, in hot vapours with large inhomogeneous broadening all atomic velocity
classes can contribute to AWI in this Doppler-free configuration.

6.5 Conclusions
In this Chapter, we have used the QJ approach to study a particular four-level atomic
scheme with the aim to optimise the conditions to obtain AWI for a probe field. The
coherent periods that contribute to the amplification and absorption of the probe field
have been identified and, under certain approximations, semi-analytical expressions
associated with their probabilities of occurrence along the quantum trajectory have
been derived. The most favourable atomic configurations for the probe amplifica-
tion have been identified as well as the optimal relationships between the system’s
parameters. Specifically, the requirement to use a strong-weak field configuration
has been discussed as well as the existence of (i) an optimal ratio between the Rabi
frequencies of these two fields, and (ii) an optimal value of the incoherent pumping
rate to maximise the amplification of the probe field. Finally, the study has been ap-
plied to Hg atoms using realistic parameters values. The results are consistent with
those obtained in a recent LWI experiment [49]. In this experiment, the fulfilment of
the three-photon resonance condition is persecuted in order to have a Doppler-free
system. However, in our study it has been shown that the three-photon resonance
condition is required to obtain the maximum amplification of the probe field, i.e., it
fixes the best favourable configuration. The obtained results offer a deeper knowl-
edge of the coherent processes involved in LWI and the relationships between the
parameters of the four-level atomic scheme being considered.
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Chapter 7

Summary

In this last Chapter, we will summarise the main results that have been presented in
this Thesis, and we will discuss possible future perspectives.

This Thesis aims to contribute to the field of Quantum Optics Engineering with
applications based mainly on the stimulated Raman adiabatic passage (STIRAP)
technique, such as a new type of quantum memory or a fluorescence nanoscope which
offer potential improvements over the state-of-the-art ones. We have also explored
the possibility to implement adiabatic passage beyond the optical range, through the
participation in the first experimental STIRAP attempt in the XUV/x-ray regime. In
addition, we have provided a general theoretical framework to study the feasibility to
perform spatial adiabatic passage (SAP), the spatial analogue of STIRAP, in Bose–
Einstein condensates (BECs), as well as to obtain a deeper understanding of the
conditions for achieving lasing without inversion (LWI) in a four-level scheme. Before
presenting the various specific issues of our research, Chapter 1 is devoted to the
fundamental concepts, needed to place in context the STIRAP technique as one of
the main methods for three-level systems engineering. The approaches and methods
used in this Thesis have also been introduced, being the most used the density matrix
equations (DME), the Einstein rate equations applied in Chapter 2, and the Monte
Carlo wave-function (MCWF) formalism and the quatum-jump (QJ) approach, used
in Chapter 6.

In Chapter 2 a new scheme based on the sub-wavelength localisation adiabatic
passage (SLAP) technique has been proposed for the development of a fluorescence
microscope with resolution in the nanometer scale. SLAP consists of implementing a
spatial profile with a central node in the pump pulse of the STIRAP sequence. Under
these conditions, the population is transferred to the final state via STIRAP except
for a narrow region around the node, obtaining a narrow population peak remaining
in the initial state. We have obtained an analytical expression for the lateral resolu-
tion of this nanoscope, corresponding to the FWHM of this population peak and we
have demonstrated a better resolution than that obtained by the coherent population
trapping (CPT) technique. The SLAP resolution has also been compared with the
one obtained with the stimulated-emission-depletion (STED) technique, considering
for the latter its application in a standard fluorophore, Rhodamine B dye, using typ-
ical parameters values. We have seen that STED and SLAP techniques offer similar
results if SLAP uses Rabi frequencies of the order of GHz. Nevertheless, SLAP could
exceed STED’s resolution by increasing either the pump pulse intensity or the tem-
poral duration of the SLAP pulses. This last fact offers an advantage over the STED
technique, whose increased resolution is associated always with an increase in inten-
sity with a subsequent risk of damaging biological samples. Another advantage of the
SLAP technique is that it is possible to work with different types of emitters using
the same experimental arrangement, since it is not necessary to use resonant lasers.
The implementation of our proposal with fluorescent semiconductor nano-crystals,
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also known as quantum dots [166] (qdots), has been considered. These qdots take the
role of conventional fluorophores in a diluted medium on the sample. The required
intensities using qdots have been estimated to be similar to those currently used in
reversible saturable optical fluorescent transition (RESOLFT)-based microscopy us-
ing qdots [171] and are three orders of magnitude lower than in beam depletion in
STED microscopy with conventional fluorophores. A possible extension of our study
would consist of its application in Nitrogen vacancy centers, where STIRAP has been
recently demonstrated [132]. In addition, new schemes for SLAP-based microscopy
can be foreseen, e.g., using a stationary pump field that generates multiple nodes in
the studied sample.

In one of the variants of the adiabatic passage, the so-called piecewise adiabatic
passage (PAP), two trains of mutually coherent short pulses, typically of the order
of ns-fs, following the shape of the envelopes of the STIRAP sequence, replace the
pump/Stokes pulses of the STIRAP technique. This is how the robustness of the
adiabatic passage is combined with the use of broadband light sources and, therefore,
with ultra-fast pulses. Chapter 3 uses this technique, to implement, first, a velocity
comb and, then, an atomic frequency comb (AFC) in a hot vapour. We have obtained
analytical expressions for the characteristic parameters of such an AFC, and it has
been shown that its properties depend, among other parameters, on the ratio between
the frequencies of the transitions of the Λ-scheme used. Through the study of the
properties of a quantum memory based on our proposed AFC, we have demonstrated
that the storage time can be longer than the one obtained in conventional AFC-
based quantum memories, as long as the Λ-system considered has a large difference
between the two optical atomic transitions frequencies. Finally, we have simulated
our model for the storage and the posterior retrieving of a photon in a high density Ba
atomic vapour at the telecom range, confirming our predictions for the storage time.
For the parameters values used in our example, we have obtained larger efficiencies
using remarkably lower number of pulses, compared with conventional AFC-based
quantum memories [211]. Our study could be extended to systems in which a large
enough inhomogeneous broadening in the two-photon transition is generated using,
for example, an inhomogeneous magnetic field.

In the previous chapters, STIRAP-based applications have been proposed within
the optical range. In Chapter 4, the preparation and execution of the first experiment
attempting to demonstrate the feasibility of STIRAP beyond the optical range, i.e., in
the XUV/x-ray frequency range, using x-ray free-electron laser (XFEL) pulses in Xe
gas-phase atomic sample, has been described. For this purpose, the theoretical model
used and the parameters values optimisation previous to the experiment have been
described. We have also outlined how the signature of STIRAP can be demonstrated
by detecting a minimum of Auger electrons emitted from the inner-shell excited state
in combination with a maximum of ionisation with respect to the temporal delay
between the pump/Stokes pulses in the counter-intuitive pulse sequence. In addition,
two different experimental scenarios depending of the XFEL source configuration
have been discussed. The first one consisted of generating a four-pulse sequence of
the XFEL pulses by means of the twin-seed technique, which was found to have
unavoidable limitations and was therefore discarded. The second scenario, based on
the use of two different harmonics of a single frequency seed, was finally implemented.
We have also discussed how, according to our predictions, it should be possible to
verify the STIRAP signature using seed wavelength values that differ significantly
from the exact value that fulfils the two-photon resonance condition. Finally, during
the execution of the experiment, the main drawback was the presence of a clone of the
Stokes pulse in the pump pulse, which could distort the identification of the STIRAP
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signature in the data analysis. A method for proper data selection to avoid the effect
of this contamination has been proposed. We consider that this has been an exciting
step towards achieving the experimental demonstration of adiabatic passage in the
XUV/x-ray regime, which will provide a robust method of coherent control in this
regime. Several options for new experiments could be considered. One would be
to attempt the STIRAP demonstration in new schemes that minimise experimental
current limitations. Another, which is a current proposal, would be to demonstrate
the existence of Rabi oscillations in the XUV/x-ray regime in a two-level scheme,
involving an inner-shell excited state.

A theoretical study on the optimal conditions for performing spatial adiabatic
passage (SAP) for a Bose–Einstein condensate (BEC) in a triple-well potential has
been described in Chapter 5. Unlike the previous chapters, where the adiabatic
passage was applied to internal atomic levels, this Chapter considers external spatial
levels to perform an adiabatic transport of a condensate from the left to the right
well, with almost negligible population in the central one. In our study, a particular
rotation of the three-mode Hamiltonian has been made by means of two successive
steps: from the bare to the dark/bright basis and later, from the dark/bright to a
particular dark/dressed basis. The analytical expressions of the couplings between
the states and of the energies of each state have been obtained, which, in general,
depend on the non-linear parameter of the BEC for each well. The optimal conditions
for performing SAP have been subsequently determined, taking into account the
resonances between the dark and the dressed states. We have defined as optimal
zone (OZ) the region of parameters values for which the population transferred to
the final state approaches 100%, characterised by a high-efficiency plateau in the
population curves with respect to the energy biases between the outermost wells. We
have analytically obtained the OZ boundaries. Two cases, with identical non-linear
interactions and with different non-linear interactions in each well have been studied.
We have also shown the possibility of obtaining high-efficient SAP by dynamically
modifying the energies of the wells. Our results generalise the study of Refs. [255,
242] and allow to obtain a general set of analytical conditions for arbitrary values
of the non-linearity and of the energy-bias between the wells. We have concluded
that the non-linearity not only does not limit the viability of the SAP, but also
favours the existence of this OZ, which allows for wide ranges of parameters values in
which the transport would have maximum efficiency. Our results provide a theoretical
framework that stimulates the realisation of a first SAP experiment with BECs, which
has not been carried out to date. A next development in our research would be to
extend it to two or more species BECs. In addition, it would be interesting to
expand our study with BECs into 2D spatial configurations such a triangular trapping
geometry, which has been proposed for single-atom interferometry in Ref. [246].

Finally, in Chapter 6, we have explored amplification without population inver-
sion in a four-level scheme, recently used in an experiment [49] to generate LWI in
neutral Hg. Our novel contribution is to study this scheme using the QJ approach,
which provides information on the coherent processes involved, based on the MCFW
formalism. We have used the QJ approach to find out the most favourable configu-
rations to obtain probe field amplification, those being the configurations that fulfil
the three-photon resonance condition. Subsequently, the most favourable parameters
values, the suitability of using a weak/strong drive lasers configuration, the existence
of optimal values for the pumping rate, as well as the dependence of the gain with
respect to the probe field detuning have been studied. Finally, our research has been
applied to the realistic values of the experiment of Ref. [49]. One of the advantages
of using a four-level scheme is that it allows, through the proper orientation of the
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lasers, to cancel the Doppler shift for a particular probe laser direction, i.e., it allows
to have a Doppler-free configuration. This is possible as long as the three-photon
resonance condition is fulfilled. We have shown that the three-photon processes is
actually, from the point of view of the QJ approach, the process responsible to obtain
amplification of the probe field. These results provide a deeper understanding of why
amplification is maximised for certain configurations and parameters values, by giving
the possibility to test novel LWI schemes and using more suitable configurations.
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