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Abstract

There is a great interest in developing portable low-power devices working at room tem-

perature in the so-called Terahertz (THz) Gap, defined as the frequency domain between

100 GHz and 30 THz. Below this frequency domain, when the working frequencies are

smaller than the inverse of the electron transit time of the active region, the current

can be predicted from the amount of charge crossing the electron device and modelled

through an electrostatic approximation of the electromagnetic fields.

However when the working frequencies are inside the THz domain, the proper pre-

diction of the current needs the inclusion of the displacement current. I show in this

thesis that there is plenty of room for engineering new THz electron nanoscale devices for

a wide range of applications, when a proper quantum time-dependent treatment of the

displacement current is taken into account. To include the displacement current compo-

nent I propose a tool called the Displacement Current Coefficient. The models developed

in this thesis are used to study Resonant Tunnelling Diodes (RTDs) in the THz gap.

With the inclusion of the displacement current component, for example, one can predict

the behaviour of RTD and other devices even beyond the transit time limit, and engineer

non-linearities at such high frequencies to develop THz sources and detectors. I underline

that high frequency non-linearities are independent of the ones typical of the character-

istics of an RTD device, so that they present an additional opportunity for engineers to

control the non-linear response of the device in high frequency.

The electrostatic approximation mentioned above does only involve the longitudinal

component of the electric field. For a complete description of the effects of the interaction

between electrons and electromagnetic fields on the displacement current, it is necessary

to introduce also the effect of the transversal electric and magnetic fields on the dynamics

of the electron. This requires new degrees of freedom to describe the electromagnetic

field. In this thesis I will use a general approach to include coherently the interaction

of the electron with the transversal electric field. This approach can then be applied

to a classical transversal electromagnetic field or a quantized one with the inclusion of



photons.

The introduction of this quantization of electromagnetic fields is usually treated as

a collision in the computational nanoelectronics community. However this thesis goes

beyond this typical approach by discussing the effect of coherent electron-photon inter-

action on the displacement current, by using a wavefunction for the joined description

for the electron and for the electromagnetic field.

The coherent electron-photon interaction leads to phenomena which, despite being

well-known in the quantum optics community, remain mainly ignored in the electronic

community. In this thesis, a special effort is devoted to discuss how these exotic effects are

seen in the total (particle plus displacement) current. In particular, I observe a splitting

of the energy eigenstates of the quantum well of the RTD device, when the coherent

electron-photon interaction is included.

Another message of this thesis is the advantage of modelling electrons as particles

with well-defined positions, and electromagnetic fields with well-defined properties, in

the quantum regime. This description is widely favoured by the electronic engineering

community and finds conceptual rigour in the Bohmian explanation of quantum phenom-

ena used throughout this thesis. In addition, the Bohmian theory is known to provide

a tool, namely the Bohmian Conditional Wavefunction, to give rigorous justification for

the description of open systems in terms of pure states. I show the advantages of this

alternative tool to describe collisions in open systems, in comparison with the Density

Matrix and the Wigner function representation.



”It’s a victory when the weapons fall silent and people speak up.”

- Volodymyr Zelensky
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Introduction

The so called THz gap is defined in the frequency range between 300 GHz and 10 THz.

The electronic industry faces important challenges in building reliable electron devices for

developing sources and detectors at such frequencies. Other non-electronic technologies

working at this THz gap are bulky and expensive, so that they are unattractive for the

telecom industry. As a consequence, the use of sources of radiation in the THz gap is for

now mainly relegated to the development of prototypes in scientific and research entities.

Let us mention that the closure of this THz gap, with devices working at room tem-

perature, would enable a large body of applications with significant societal impacts [1],

such as non-ionizing imaging of human tissues [2–4] including cancer screening [5,6], non-

destructive materials testing, security imaging [1], and higher data rates associated to

the use of higher carrier frequencies for wireless information transmission [7–10].

In fact, the THz gap is quite atypical in the sense that its position in the frequency

spectrum is located between two domains that are technologically and theoretically very

different. At the lower end of the THz spectrum, I find the electronic technology, whose

main interest is describing electrons dynamics inside semiconductor devices and, at most,

engineering the electromagnetic fields outside these devices. The relevant figure of merit

here is the total current for a given external voltage. On the other end of the THz

spectrum, there is the world of photonics, where the relevant ”particle” is no longer the

electron, but the photon defined as a quantum of energy of the electromagnetic fields.

The relevant engineering in photonics is done basically inside the device, looking for

improvements of parameters such as the quantum efficiency related to electromagnetic

radiation power, while the dynamics of the electron alone is less relevant here.

It seems reasonable to expect that a proper exploitation of the whole THz spectrum

requires moving the previous technologies from their actual ”comfort zone” at both bor-

ders of the THz spectrum. Either, the electronic industry has to approach the photonic

technology, or vice-versa. This thesis is an attempt to extend the typical electronic tech-

nology towards higher frequencies by including the displacement current with a quantum

3 of 166



treatment of the electron and electromagnetic fields.

The attempt of approximating electronic and photonics technologies in this thesis will

be studied in a device named Resonant Tunnelling Diodes (RTD), which in its simplest

definition is a device built from 3 layers of materials creating a quantum well between

two potential barriers. This structure of the active region of an RTD is short enough so

that electrons undergo ballistic transport through the barrier region and tunnelling can

be observed in the macroscopic current. This quantum transport phenomenon, in proper

conditions, leads to negative differential conductance that can be properly engineered to

produced power gain at frequencies up to a few THz [11,12].

We explain below the structure of this thesis. It is divided into five big parts: (i) THz

Technology, (ii) Theoretical introduction, (iii) Models, (iv) Results and (v) Conclusions.

In Part I in Chapter 1 I will present an overview of technologies enabling THz radiation

sources, and in Chapter 2 I discuss the actual development of RTDs as sources and

detectors of THz radiation.

In Part II, in Chapter 3 I will present the Bohmian formalism, which is the theory used

to develop the computational models in this thesis. In Chapter 4 I will briefly mention

the different treatments done in the literature for open quantum systems. In particular, I

will focus on three models for open systems: the Density Matrix, the Wigner distribution

function (derived from the first one) and the Bohmian conditional wave function.

In Part III I will present different models developed in this thesis to study the THz

behaviour of RTDs. First, in Chapter 5 I explain the decomposition of the Maxwell equa-

tions into parallel and transversal fields and some approximations assumed in this thesis

to estimate the total current at THz frequencies. In Chapter 6 I show how light-matter

interaction can be treated in RTDs, while treating the electromagnetic fields in a classi-

cal or quantum way. Finally in the Model part, in Chapter 7 a non-coherent approach

for the light-matter interaction will be built to reduce the computational burden by im-

plementing an electron-photon collision model in large many-body systems, through the

mentioned Bohmian conditional wave function. Then, in Chapter 8 I explain what I have

named the Displacement current coefficient, which is a tool similar to the transmission

coefficient to estimate the response of a ballistic device at high-frequency, where the dis-

placement current component becomes relevant. This chapter can be understood as an

attempt to introduce the displacement current component into a Landauer-like model to

estimate the total current of a device. The mentioned modelling of light-matter interac-

tion in Chapter 6 will be re-written to study the Displacement current coefficient, in the

4 of 166



case of coherent interaction of the electron with the quantized electromagnetic field.

In Part IV I present the numerical results based on the theory of the previous part.

In particular, in Chapter 9 I show results of the light-matter interaction with coherent

evolution. The results of the non-coherent models explained in Chapter 7 will be shown

in Chapter 10, where I also show the limitations of the Wigner Function description

(or the density matrix) to properly describe electron-photon collisions and how such

limitations are overcame when dealing with the Bohnmian conditional wave function.

Then in Chapter 11, I compute the Displacement current coefficient in a typical RTD to

study the high-frequency behaviour of this device beyond the transit time limit. I show

that it is possible to accurately predict the small-signal non-linearities of this device at

THz frequencies, and engineer them to build novel THz devices. In this chapter, only

the parallel electromagnetic field (Poisson law) is considered to influence the evolution of

electrons inside the active region. Finally, in Chapter 12, I provide numerical simulations

unifying the models of Chapters 6 and 8, computing the total (particle and displacement)

current of the RTD with the inclusion of light-matter interaction in a coherent way

(including the quantization of the transversal electromagnetic fields), with the final goal

of looking into a theory of electron transport that can better approach electronics and

photonics.
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Part I

THz technology
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Chapter 1

The THz gap

The main difficulties of state-of-the-art technologies in the THz frequency domain is to

reach applications with high enough power (above 1 mW), at high enough frequencies (at

1 THz and above), with compact devices that can work at room temperature [8, 9]. In

this chapter I overview some of the main technologies that enable THz radiation, dividing

them between photonic and electronic technologies.

Photonic sources Currently if only power and frequency are taken into considera-

tion (and not compactness), the best THz sources are factory-sized structures like syn-

chrotrons, reaching high power levels at any frequency range within the THz domain [13].

The goal of these big structures is to make electrons oscillate in a vacuum, with the use

of high-intensity magnetic fields, and, sometimes with a resonant cavity. Then, they use

the dipole radiation generated by such electron oscillations [14]. The obvious drawback is

that the industry is looking for compact (not factory-sized) devices. Other optical sources

for THz radiations [15] are, for example, the THz radiation from gas lasers, where the

rotational resonance of given molecules produce dipole oscillation. This resonance and

the cavity of the laser amplify only the proper frequency. The main limitation is the

availability of the given molecule [16]. Another type of THz laser is the p-Germanium

(p-Ge) laser, which is a waveguide-shaped device where holes are accelerated in a E ⊥ B

field [17,18]. The p-Ge laser offers tunable broadband emission in the terahertz frequency

range but has the drawback of the strong heating of the crystal, which must be maintained

at temperatures below 20K.

A further family of sources in the optical range that can be scaled down to the

THz regime is based on non-linear optics. One type of such sources uses materials with

non-linear electric susceptibility, which convert two photons of optical frequencies into

one THz-frequency photon. This down-conversion is inherently inefficient, since a large
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amount of energy is lost through thermalization. These materials are usually crystalline

structures that need a relatively large propagation length of the photons inside the lattice,

limiting miniaturization. Non-linear optical sources however can also work as photomix-

ers, where through the creation of an electron-hole pair, with the absorption of an optical

photon, many THz photons can be emitted. This second type of down-conversion is more

efficient than the previous one as ideally there is no loss of energy [14].

Another interesting photonic source of THz radiation is the Quantum Cascade Laser,

which is a special kind of semiconductor laser not based on transitions between different

electronic bands, but on intersubband transitions of a semiconductor structure. Quantum

Cascade Lasers usually emit mid-infrared light.

Electronic sources Next, I discuss THz devices based on electronic sources [19, 20].

As briefly indicated above, one way of producing THz radiation is the use of a Negative

Differential Resistance (NDR) as a power source in a resonant circuit. If the device

can, at a given bias, maintain a negative conductivity at frequencies in the THz domain,

then radiation will be induced in the circuit in such domain. One of the most well-known

electron devices capable of achieving NDR is the mentioned RTD [21]. This device will be

introduced in Chapter 2. In fact, the RTD is the electron device used all along this thesis

in the result in Chapters 9, 10, 11 and 12. The key element to have THz output frequencies

in this and other electron devices is related to the miniaturization of the device, to reach

ballistic transport, while reducing geometric and quantum capacities. Besides the RTD

technology, electron NDR-based THz sources can be achieved using Esaki diodes [22,23]

or Gunn diodes [24–26]. The Esaki diodes in particular produce NDR in their current-

voltage characteristics through a transition between the conduction and valence bands in

a heavily doped p-n junctions.

Another electron source of THz radiation is the High Electron Mobility Transistor.

This technology uses a hetero-junction structure that creates an excess electron concen-

tration along the junction, with 2D geometry [27].
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Chapter 2

RTD-based THz technology

In this chapter I provide a brief overview of RTD-based THz technology. The RTD will

be the device where I will implement, through numerical simulation, all transport models

developed in this thesis.

As indicated in the introduction, the essential structure of an RTD device is composed

of a material with a low energy gap, the quantum well, sandwiched between two high-

energy gap materials, the barriers. The low energy-gap material is then used to build the

contacts. See the potential profile schematically shown in Fig. 2.1(a). The transport of

electrons inside this double barrier structure, with a typical length L usually under 20 nm,

is defined as ballistic meaning that electrons do not suffer any collision during the time

spent in the barrier (phonon scattering can be ignored as a reasonable approximation) so

that its initial total energy remains constant. Electrons interacting with this structure

will undergo tunnelling through the barriers. At some specific energies, which depends on

the geometry of the structure, the electrons will not only suffer tunnelling, but resonant

tunnelling, meaning that their transmission coefficient can be close to one. At these

resonant energies, the electrons traverse the double barrier more easily than just one

barrier. This apparent paradox is just a consequence of the quantum wholeness.

The resonant energies of the whole structure in Fig. 2.1(a) are shown in Fig. 2.1(b).

These resonant energies roughly coincide with the quantized energies allowed in an (in-

finite) quantum well with the same dimensions. These energy levels, working similar to

an artificial atom, can host determined densities of carriers, and can be easily occupied

when the energy level of the contacts are in energetic resonance with them. This is the

main message of the so-called Landauer model [28,29] applied to RTD devices [30]. The

fact that electron transport occurs when the energy of the injected electrons coincides

with the energies allowed in the quantum well can lead to highly non-linear I-V charac-
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teristics. The most innovative feature is the presence of a bias region called NDR as in

Fig. 2.1(c). This NDR is characterized by peak voltage VP , as the voltage where I observe

the maximum value of the current (peak current) IP , and valley voltage VV , where the

end of the NDR is reached, where I observe the relative minimum of the current (valley

current) IV . The NDR was first predicted theoretically in [30] back in 1973, and then

demonstrated experimentally in [31]. The small dimensions of the RTD in the transport

direction lead to a small transit time τ of electrons inside the active region of the device,

on the order of 1 ps or less. As indicated in the introduction, the NDR finds applications

in THz radiation source, proven, in the latest results, to reach frequencies up to 2THz [11]

when coupled with an external resonant circuit.

(a) (b) (c)

Figure 2.1: (a) Conduction band in function of position of a simple Double Barrier RTD device, (d)

typical DC transmission coefficient in function of the injection energy (c) typical DC I-V curve of the

RTD device, showing the NDR at bias from VP = 0.65 V to VV = 0.95 V, and showing broadening of the

peak voltage.

In a real device, taking into account thermal effects such as electron-phonon scattering

and fabrication defects, the NDR region tends to be not very sharp, however, experimental

results of good quality RTD devices show that the NDR can have sometimes almost

vertical slope [32].

The above explanation of the RTD is known as the coherent-tunnelling model in the

literature. An alternative explanation has been presented to understand the working

mechanism of carrier tunnelling in the RTD device. This is the so-called sequential-

tunnelling model. This has been first proposed in [33–35]. The main idea is that firstly

electrons tunnel from the emitter to the quantum well, and then they can undergo scat-

tering or thermalization inside the well. Secondly, electrons can be transmitted to the

collector. At the end of the day, both models are just simplified explanations of what

happens inside the RTD. At the fundamental level, electron transport inside an RTD has
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to be explained from a proper many-body quantum transport equation (i.e. a proper

modelling of a quantum open systems).

Finally, I also mention the possibility of using a triple barrier RTD (instead of a

double barrier) as a tool to have additional room for the engineering of the RTD I-V

curve [36,37].

RTD technology as THz source The main applications of the RTD device are related

to the use of the strong non-linearities of the I-V curve [21,38,39]. The NDR can be used

to build a power amplifier element inside a resonant circuit at frequency f . As long

as the resonant circuit induces on the RTD bias and frequency or operation where the

differential conductivity of the device is still negative, this amplification will be possible

at the frequency of the resonant circuit. If such frequency is selected in the THz range,

radiation at such frequencies with an acceptable power is possible. The first relevant

result of THz range emission with the use of an RTD-based oscillator (source application)

appeared in 1991 when the NDR of the RTD was shown to maintain negative differential

conductivity at frequencies of ≈ 700 GHz [40,41].

Another important step appeared in the early 2010s with frequencies above the 1THz

[12,32,42], and as already said recent results suggest the possibility of reaching frequencies

around 2THz [11]. Additional examples of RTD devices as THz sources are [43,44].

In general, RTD designs that minimize the length Lx of the active region are needed

to reach higher working frequencies of the oscillator. However, fabrication limits, in

particular in the growth of high quality contacts, will increase the contact resistance and

capacity, adding additional complexity to the engineering of the device.

RTD as intrinsics oscillator at THz frequency The RTD THz oscillators men-

tioned above can be also called extrinsic oscillators because the condition to reach oscil-

lations is the resonant circuit at frequency f , which is external to the RTD. The role of

the RTD is to provide a negative resistance around the bias point, producing gain. A

second, more exotic, category of RTD-based THz oscillators can be defined as intrinsic

oscillators. Here the only component needed for the oscillation is the RTD itself. The

intrinsic oscillator consisting exclusively of a double barrier RTD has been predicted in

various theoretical works. In the following simulation works [45–48], a bistable state of

the output current is observed in the region of negative resistance. However, the intrinsic

oscillation has not been experimentally proven yet, even for rather simple geometries of

the RTD device, and with the expected frequencies in the THz range. These approaches
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2.1. FUNDAMENTAL VERSUS PHENOMENOLOGICAL MODELLING

are based on the Wigner function description [49]. I will talk in Section 4.2 about this

description and its criticism when treating collisions inside the well, which can create

unphysical oscillations in the numerical results. I give some numerical proof of these

criticisms in Chapter 9, and for additional reads, I recall [50, 51].

RTD for detection of THz radiation Another application of RTD devices can be

in THz detection. In this application, the decrease of the noise-to-signal ratio is the key

element to detect low-power high-frequency THz signals. Some RTD devices can be used

outside of the NDR for this kind of application. In this case, devices need to have non-

symmetrical geometry to have strongly non-linear behaviour around zero bias. Then, an

external THz source oscillating around zero can be converted into a non-zero DC signal

of the RTD. See for example the RTD as THz detectors [37, 52, 53], with the advantage

of having off-state power. Additionally in [43] the same geometry could be used, for a

different bias, as a THz source.

2.1 Fundamental versus phenomenological modelling

The final goal of a simulation of an RTD is determining which is the output current

given some particular bias conditions. Important decisions are needed to be taken when

deciding a strategy to provide such output current. One can choose between a more

phenomenological or a more fundamental approach. Both options have pros and cons.

In this section, I will make an example of a simple phenomenological approach used to

model RTDs, and I will explain the strengths and limitations of such a phenomenological

approach compared with a more fundamental one.

In principle, one would say that a more fundamental approach is better suited for

improving RTD-based technology because it does not need to anticipate or presuppose

any behaviour for the RTD. Then, I can elaborate a model where the output macroscopic

current is predicted from the microscopic dynamics of the electrons. I underline that,

from a microscopic physical point of view, an RTD device is a many-body open quantum

system outside of thermodynamic equilibrium. As such, it is one of the most complicated

physical systems to be simulated and important approximations are needed if one wants

to reach numerical predictions from a fundamental simulation. The typical approximation

is based on treating the electron inside an RTD from a single-particle quantum picture

(ballistic transport) where the rest of electrons (or other relevant degrees of freedom) are

re-introduced from a type of mean-field effect. Let us notice that a fundamental approach
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2.1. FUNDAMENTAL VERSUS PHENOMENOLOGICAL MODELLING

of RTD at THz frequencies has an extra source of complication because of the quantum

measurement of the total electrical current at such high frequencies.

Another possibility to predict the performance of an RTD is directly ignoring the

microscopic description of the electrons and looking for some macroscopic equations for

the output current itself. Typically, a modelling of the output current as a function

of the input voltage can be conducted by using circuit theory and modelling the RTD

as a circuit with basic elements like resistors and capacitors. Certainly, such a type

of phenomenological model is more manageable than a fundamental one, but the key

question here is how can I be sure that the microscopic complexity of an RTD can be

simplified as a simple combination of circuit elements? Which circuits elements have to

be chosen? Which values for such elements? Typically the answer to these questions is

based on checking if a given circuit model reproduce or not experimental results in a given

range of bias or frequencies. The clear advantage of this strategy is that, if the selected

values fit the experimental results, then I have a very simple model that summarizes the

complexity of an RTD. Such phenomenological selection of the values of the elements of

the circuit is a hard handicap to be able to predict novel behaviours or applications of

the RTDs.

In this thesis, I will conduct a fundamental analysis of an RTD, to look for novel

applications of RTD at THz frequencies. However, before doing this, I would like to give

an example of one simple possible phenomenological approach used to model the RDT

device in the THz community. I will focus on the application of the RTD as a THz

source. The first relevant parameters are usually linked to the transit time τ , since it is

assumed that as the working frequency approaches the inverse of this parameter f → 1/τ ,

the conductance in the NDR will lose its negativity. The maximum power available

for by these sources is usually assumed to be equal to the current and voltage spacing

between the peak and valley values of the NDR device: Pmax ≈ |(VP − VV ) ∗ (IP − IV )|.
Additionally, the real part of the admittance Y f

11(V ) is the differential conductance, which

I callG11(V, f) = Re{Y f
11(V )}, which is bias and frequency dependent [54,55]. When these

devices parameters are included in a small-signal circuit model, the delay created by the

transit time τ and other physical phenomena is included inside a total capacitance of the

RTD Ctot. Finally from these parameters, the goal is to have a negative G11(V, f) and a

negative inductance LRTD ≈ τ/G11(V, f), so that the RTD can provide gain. From these

conditions, the maximum operating frequency, defined as the maximum frequency where
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2.1. FUNDAMENTAL VERSUS PHENOMENOLOGICAL MODELLING

the inductance G11(V, f) stays negative, was obtained as [21,56,57]:

fmax ≈ −
G11(V, f)

2πCtot

√
1

G11(V, f)Rs

+ 1, (2.1)

where the total capacitance Ctot is considered the sum of two main terms, the quantum

and geometrical capacitances: Ctot = Cq +Cg. Of these, Cq is related to the quantum dy-

namics of electrons inside the well by: Cq ≈ τ G11(V, f), and Cg is the geometric capacity,

given by the charging of the RTD-contacts interface. Additionally Rs is the series resis-

tance included to take into account the contact resistance, in the circuit shown in Fig. 2.2.

All of these term are bias and frequency dependent, and usually these are estimated with

a fitting from experimental data, with the first practical limitations that state-of-the-art

measurement apparatuses do not usually characterize devices beyond 200 GHz, so that

an extrapolation to estimate the behaviour at higher frequencies is always needed. We

will deal with the estimation of τ in quantum mechanics in expression (5.1), but I note

that sometimes this value is estimated in RTD devices in a more practical way with

τ = τeτc/(τe + τc), (2.2)

where τe and τc are usually estimated from the energy broadening of the emitted and

collector transmission probabilities.

Figure 2.2: Example of small-signal equivalent model of a RTD, from [54].

The conceptual limitations of using this kind of description are:(i) the need for an

educated guess about the tunnelling times, (ii) the fact that all of these parameters are

bias and frequency dependent, (iii) the high-frequency response of ballistic devices is

never linear, and new components rise in the spectrum of the output signal of the device,

so that the use of Y11(V, f) is not accurate in a domain where the device is approaching

f ≈ 1/τ , (iv) the definition of τ as in (2.2) lacks the idea of quantum wholeness so that

in part ignores the quantum nature of the RTD.

All these problems are well known in the engineering community and in fact approx-

imations that try to neglect such issues are included with caution and in very small

frequency domains of operation. The literature about the determination of these and
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2.1. FUNDAMENTAL VERSUS PHENOMENOLOGICAL MODELLING

other small-signal parameters is beyond the scope of this thesis, but I recall [58, 59] for

additional reading on the theory behind this phenomenological approach. In this thesis, I

will work on a more fundamental time-dependent quantum approach that deals with the

microscopic behaviour of electrons to directly estimate the output signal of the device in

the time and frequency domain.
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Chapter 3

Bohmian theory

All the models developed in this thesis for the RTD are inspired by, or find their rigor-

ous justification in, the Bohmian quantum mechanics. In this chapter, I will provide a

brief explanation of such theory. The Bohmian theory is in agreement with all experi-

mental quantum phenomena known today, as happens with the so-called orthodox (or

Copenhagen) theory, but the Bohmian theory has the conceptual advantage in front the

Copenhagen theory that electrons have microscopic properties (like position and veloci-

ties) even when such properties are not measured. And this is exactly how most engineers

and chemists imagine the behaviour of microscopic particles.

3.1 Bohmian mechanics in electronics

The introduction of the quantum theory at the beginning of the 20th century was induced

by the observation of several physical phenomena (like the photoelectric effect, the light

pressure or the black-body radiation) that had no explanation from the classical laws of

physics. When the quantum theory was introduced, it was fast understood that quantum

phenomena were open to multiple interpretations, like the orthodox (Copenhagen) the-

ory [60] or the Many-worlds interpretation [61]. The birthplace of another one of these

interpretations can be found as early as 1927, when de Broglie built a description of

quantum mechanics based on (non-classical) trajectories for particles. This was the base

for what is now called the pilot-wave formulation of quantum mechanics [62].

David Bohm in 1952 in his work [63, 64] rediscovered De Broglie’s work on the pilot-

wave theory and underlined the main advantages included in such interpretation, like

the elimination of deep conceptual difficulties in the orthodox description of quantum

measurement. Such interpretation is now called the De Broglie-Bohm theory or the

Bohmian theory. This is based on describing a quantum system, not only with the use of
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3.1. BOHMIAN MECHANICS IN ELECTRONICS

a wavefunction, but also with deterministic trajectories. Such deterministic trajectories

guided by the wavefunction, in the case of the RTD mentioned here, define the position

of unobserved electrons. I will also mention that in 1964 inspired by Bohm’s work, John

Bell developed the famous Bell inequalities [65]. Bell’s theorem showed that quantum

phenomena are not local. In fact, Bohmian theory is non-local because the velocity of one

electron depends not only on the local position of the electron itself, but on the position

of all other electrons (or particles) to tackle the non-local quantum wholeness.

On the other hand, simultaneously with the work of de Broglie, some researchers

working in Copenhagen developed an explanation of the quantum phenomena where the

wavefunction is the only tool needed to describe an unmeasured quantum electron. This

explanation is what is now known as the orthodox explanation of Quantum Mechanics,

and also known as the Copenhagen interpretation. This is the standard explanation of the

Quantum domain found in many books. In the case of an RTD, it says that electrons have

no position, only a wave function. The only case when electrons have positions is when

I explicitly measure their position with a measuring apparatus. This effect of the action

of measuring on the reality of the electron is called the collapse law because the initial

extended wave function of the electron collapse into a delta function when the position

is measured. But, there is no way of having position measurements inside the active

region of a device. Then, according to the orthodox theory electrons have no position

in the active region. Notice that the orthodox theory is not saying that the electrons

are somewhere inside the active region, but I do not know it. No. The orthodox theory

says that electrons are ontologically nowhere. They have no position. But, then, where

are the electrons? Such type of questions is usually ignored in the electronic modelling

community under the philosophy of ”shut up and calculate” [66].

Strictly speaking, the wave function of an electron does not provide a type of charge

distribution, but a probability distribution of finding an electron at one position when it

is measured (not the probability of being there when it is not measured). However, for the

DC current, an ergodic argumentation can be used to establish that an electron measured

many times gives similar results to many electrons measured a single time each. Then,

if I assume a large number of electrons in an RTD described by the same single-particle

wave function, I can really interpret the square root of the wave function as a type of

current distribution, without worrying about the collapse of the wave function due to the

measurement. For example, this is the point of view raised by Esaki’s works [30] in 1973

on RTD devices. Consequently, the Copenhagen interpretation of quantum mechanics,

22 of 166



3.1. BOHMIAN MECHANICS IN ELECTRONICS

by far the most used one in the physics community, was introduced in the electronics

community. For additional reading about the adoption of the Copenhagen interpretation,

inserted in a historical context, I drive the reader to [67]. However, before the inclusion

of quantum phenomena in the description of electrons, the modelling of devices was done

by treating electrons as particles with determined positions. Nowadays, rather curiously,

despite the more and more widespread use of orthodox quantum mechanics in electronics,

the deep understanding of electron transport inside the engineering community remains

linked to a trajectory description of electrons.

The author of this thesis argues that, even if the complexities of the Copenhagen inter-

pretation were accepted but not deeply understood by the engineering community, such

understanding of quantum phenomena forbidding the use of trajectories is not needed,

and would be even detrimental, in the state-of-the-art high-frequency electronics. In

fact, as I have explained above, a good and intuitive alternative explanation of quantum

phenomena in THz RTDs can be given according to the proposal of de Broglie and Bohm.

As an example, while Esaki was successful in using the Copenhagen interpretation in

the 1970s in its analysis [30, 31] for DC applications, let us mention unnecessary prob-

lems that appear in the modelling of high-frequency RTDs when I eliminate the use of

trajectories. The estimation of the cutoff frequency in the RTD as THz source [33–35] is,

in fact, linked to the so-called tunnelling time. However, the orthodox theory has many

difficulties in properly defining a tunnelling time. The orthodox theory has renounced

to define the position of an electron but, then, how can I model the time needed for one

electron to pass from one position to another (from the begging of the barrier to the

end of the barrier) if the electron, indeed, has no position at all? For an explanation on

how electronic engineering, and its view of electron transport, can be related to Bohmian

mechanics, to avoid the unnecessary complications of the Copenhagen interpretation, I

recall the work ”Why engineers are right to avoid the quantum reality offered by the

orthodox theory?” [68].

In this chapter, the fundamentals of Bohmian mechanics will be introduced. These will

then be used within this thesis to explain a tool called the Bohmian Conditional Wave-

function, used all along this thesis for the modelling of open systems and the electron-

photon coherent interaction. Finally I suggest some literature for a deeper look into

theory [69,70], implications [71] and applications [72,73] of Bohmian mechanics.
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3.2. BOHMIAN MECHANICS FOR MANY-PARTICLE SYSTEMS

3.2 Bohmian mechanics for many-particle systems

In this section, I will explain the mathematical base of the Bohmian theory, as introduced

by De Broglie in [62]. In the case of typical two-contacts nanodevice, where the lateral

area is much larger than the length of the active region L in the transport direction x,

it is common to assume that the degrees of freedom x, y and z of the electron evolve

independently and that only the degree of freedom x, evolving in a 1D space, are needed

to be explicitly simulated to compute transport properties. With this 1D simplification,

in the Bohmian theory, a system composed of N particles is described by a many-particle

wavefunction Ψ = Ψ(~x, t) = ψ(x1, x2, x3, ..., xN , t) evolving in the configuration space,

and by N trajectories {x1[t], x2[t], x3[t], ..., xN [t]} = ~x[t], each one evolving in the physical

space. So that ~x[t] can also be seen as the single trajectory of the many-body system in

the configuration space with N degrees of freedom. Notice that the vector is not in the

3D real space, but on the N-dimensional configuration space.

In principle, the evolution of this many-body wavefunction ψ(~x, t) should also include

the degrees of freedom of the atoms, or other ”external” perturbations, that can be the

origin of scattering as photons, phonons, crystalline defects etc..., however, to provide a

first simple explanation of the Bohmian approach, in this chapter, only electrons and the

electron-electron Coulomb interaction among each other will be taken into account in the

discussion. The wavefunction Ψ(~x, t) is guided by the many-body Schrödinger equation:

i~
∂Ψ(~x, t)

∂t
=

(
−

N∑
i=1

~2

2m

∂

∂x2
i

+ U(~x, t)

)
Ψ(~x, t), (3.1)

where m is the electron mass, inside the simulation box (to take into account the different

electron masses in the structure a modification of this expression can be also considered),

~ is Planck’s constant, and U(~x, t) is the electron-electron Coulomb interaction. The

evolution of the probability presence, defined as ρ(~x, t) = |ψ(~x, t)|2 guided by this N-

electron Hamiltonian can be found by rearranging (3.1) and its complex conjugate as

follows Ψ∗ · ∂Ψ
∂t

+ Ψ · ∂Ψ∗

∂t
, so that a continuity equation is formed:

∂|Ψ(~x, t)|2

∂t
= −

N∑
i=1

(
∂

∂xi

i~
2m

(
Ψ(~x, t)

∂Ψ∗(~x, t)

∂xi
−Ψ∗(~x, t)

∂Ψ(~x, t)

∂xi

))
, (3.2)

which tells us that the current related to each i-th electron is:

Ji(~x, t) =
i~
2m

(
Ψ(~x, t)

∂Ψ∗(~x, t)

∂xi
−Ψ∗(~x, t)

∂Ψ(~x, t)

∂xi

)
. (3.3)
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Then, it is natural to define a velocity vi(~x, t) of the i-th trajectory liked to ρ(~x, t) =

|Ψ(~x, t)|2 as Ji(~x, t) = ρ(~x, t)vi(~x, t), so that the definition of Bohmian velocity is:

vi(~x, t) =
Ji(~x, t)

|Ψ(~x, t)|2
. (3.4)

I insist that ~x is a vector in the configuration space showing the non-local character

of quantum phenomena. The Bohmian velocity is used, then, to evolve each trajectory

in a deterministic way, simply following:

xi[t] = xi[t0] +

∫ t

t0

vi(~x[t′], t′)dt′. (3.5)

The relevance of this definition of velocity, given by the continuity equation (3.2),

is that if a set of trajectories are distributed according to |Ψ(~x, 0)|2 at time t = 0.

Then, if such trajectories move according to the velocity in (3.4), they will reproduce the

distribution |Ψ(~x, t)|2 at any other time t. As such, the trajectories can be understood as

a microscopic description beneath the orthodox probability distribution. In other words,

the orthodox theory plays the role in the quantum regime that statistical mechanics plays

in the classical mechanics, while the Bohmian trajectories plays the role in the quantum

regime of Newton classical trajectories.

Quantum equilibrium The condition that each initial position xi[0] of each trajectory

xi[t] in the physical space is chosen by the following probability density ρ(~x, 0) = |Ψ(~x, 0)|2

given by the many-body wavefunction can be written mathematically as:

|Ψ(~x, 0)|2 = lim
M→∞

1

M

M∑
j=1

N∏
i=1

δ(xi − xji [0]). (3.6)

Equation (3.6) argues that for a M → ∞ number of simulated trajectories (experi-

ments) the probability distribution will be perfectly reproduced at the initial time. Ad-

ditionally, the continuity equation of the charge ρ(~x, t), in (3.2), can now be written in a

simpler way by substituting (3.3), as:

∂ρ(~x, t)

∂t
+

N∑
i=1

∂

∂xi
Ji(~x, t) =

∂ρ(~x, t)

∂t
+

N∑
i=1

∂

∂xi
(ρ(~x, t)vi(~x, t)) = 0. (3.7)

This tells us that since trajectories are evolved using Eq. (3.5) with (3.4), at any time

t we will get:
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|Ψ(~x, t)|2 = lim
M→∞

1

M

M∑
j=1

N∏
i=1

δ(xi − xji [t]). (3.8)

Now, I gave reason to why the Bohmian theory is able to exactly reproduce the same

results as the orthodox one. Both formulations satisfy the Born law. The condition

(3.8) is named quantum equilibrium, and the reader should realize that (3.8) is just a

mathematical consequence of (3.6). Now, the question is what is the physical justification

of (3.6) at the initial time? This topic is far from the scope of this thesis, but there are

several justifications for the use of such distribution [69–72].

Notice also that, even when I know the initial state, I have no technological control to

prepare or determine what is the initial position xji [0]. Thus, I do not have the techno-

logical means to know which will be the output. This is how the quantum randomness is

explained in Bohmian mechanics. I emphasize that there is a big difference between say-

ing that the position of the electron is well-defined but unknown experimentally (as said

in Bohmian mechanics) and that the electron position is unknown because the electron

has no position (as said by the orthodox theory).

A different presentation of the Bohmian velocity can be done by a reformulation

of the guiding wavefunction in polar form, as it was originally formulated by Bohm in

1952 in [63], by writing the wavefunction as Ψ(~x, t) = R(~x, t)eiS(~x,t)/~, where if Ψ(~x, t) is

complex, R(~x, t) and S(~x, t) are real values. See Appendix B for this formulation.
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Chapter 4

Physics of open systems

In this chapter, I will explain some of the main techniques used to treat open systems in

the quantum domain. This explanation will be divided between orthodox and Bohmian

techniques. In particular, for the orthodox case, I will present the Density Matrix, and

its deriving description that is the Wigner Function, while for the Bohmian approach I

will explain the so-called Bohmian Conditional Wavefunction. I anticipate that the use

of a wavefunction to describe an open system is not natural nor rigorous in the orthodox

theory, but it is accurate and well justified in the Bohmian approach. The discussions in

this chapter will be later relevant to discuss electron quantum transport with the inclusion

of electron-photon and electron-phonon interactions.

4.1 To be or not to be Markovian

An electron device involves many electrons, atoms, inside and outside of the active region.

The explicit simulation of all these particles is impossible. Thus, only some particles (the

electrons inside the active region) are explicitly simulated. In other words, the simulation

of an electron device is an example of the simulation of an open system [74]. In this section

I explain when an open system can be considered as a Markovian or non-Markovian one.

This is interesting because, for the simulation of open systems, a Markovian transition

can be described with a simpler algorithm, reducing the computational cost but also

losing information about the qualitative evolution of the system.

By definition, a closed system is a Markovian system because what happens in the

future does only depends on the values of all degrees of freedom at the present. On

the other hand, in principle, an open system is a non-Markovian system because what

happens in the future does not only depend on the values of the degrees of freedom of

the open system (explicitly simulated) at the present. There is always the possibility
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that a non-simulated degree of freedom has a large influence on the behaviour of the

open system. Even though this is not the scope of this thesis, let us provide a more

mathematical description of what is a Markovian system.

The analysis of a classical Markovian system can be helpful. Suppose I am considering

a stochastic process taking values in a numerable set of positions {xi} with i = 1, .., N .

For simplicity, let us assume that I want to describe the probability that the system is

in different xi at different numerable times tn > tn−1 > ... > t1 > t0. The process is said

to be Markovian if the probability that the system is defined by xn at time tn (that in

principle depends on all the previous history) can be written as:

p(xn, tn|xn−1, tn−1;xn−2, tn−2; ........;x0, t0) = p((xn, tn|xn−1, tn−1), (4.1)

so that the probability only depends on the last assumed value, and not on previous ones

xn−1 at tn−1. In this sense the process is said to lack memory.

The quantum definition of Markovianity also relies on the lack of memory, but the

conditional probability in orthodox quantum mechanics needs to be linked to a mea-

surement process. The mentioned probabilities have to be linked to a measurement or

observation time ts. To have a more intuitive understanding of what is a quantum Marko-

vian system, let us assume that the perturbation is acting on the system at every time

interval ts (for example, I am measuring an electron device every picosecond or the en-

vironment is perturbing the system once every picosecond). Let us define the duration

of such perturbation as τs. During the time interval τs, the open system is entangled

with the measuring apparatus or with the environment and what happens to the system

cannot only be understood from the degrees of freedom of the open system. After such

time τs, the open system loses its interaction with the measurement apparatus and it

evolves basically only according to the degrees of freedom of the open system. Then, if I

have a scenario with ts > τs I can consider that the open system is still Markovian. What

I see at every time ts is basically dictated by the open system alone. On the contrary, if

ts < τs, then the system is non-Markovian because the external measuring apparatus is

affecting the behaviour of the open system. Now, the reason why the system’s evolution

during the perturbation time τs is not described by the open system alone is due to the

fact that the environment or the measuring apparatus is not a degree of freedom of the

evolution, so that how the open system affects the environment, or the environment’s

state, are not accessible informations [75].

The conclusion is that a quantum system that wants to be described at very short

times ts tends to be non-Markovian, while the same system in large times ts can be
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considered Markovian. In a language closer to engineers, the DC performance of an

electron device can be modelled with a Markovian approach, without memory, while a

non-Markovian approach, which includes memory, will be needed for the same electron

device in high-frequency conditions.

4.2 Orthodox tools for open systems

In this section, I briefly present the literature about the description of open systems within

orthodox quantum mechanics. In particular, first, I will discuss the Density Matrix and

the Liouville equation used to evolve it [74, 76–78]. Then, I will give a description of

the Wigner function and its equation of motion [47, 79–82]. An additional description

for modelling open systems in orthodox quantum mechanics is the use of a wavefunction

evolved with a Stochastic Schrödinger Equation under some limitations [83–88].

Every description will be presented in the present section, while in Section 4.4 I will

explain some criticisms for each of these descriptions on how collisions are implemented.

Additional description of an open system found in the literature are the Green’s func-

tion [89–92], Kubo-Bastin Formalism [93–95], Pauli Master Equations [96–98], etc. The

analysis of these last orthodox descriptions for open systems is beyond the scope of this

thesis.

4.2.1 The Density Matrix

For a system described by a total wavefunction Ψ(x, y, t), where x is the degree of freedom

of the open system and y is the one of the environment, the density matrix operator

ρ(x, x′, t) (in the position representation) is defined as:

ρ(x, x′, t) =

∫
dyΨ∗(x′, y, t)Ψ(x, y, t). (4.2)

The ρ(x, x′, t) is referred to as the reduced density matrix because the y degree of freedom

has been eliminated. The observable 〈O(t)〉, related to the operator O(x) of the system is

also described by the density matrix operator ρ̂(t), and it is estimated by applying what

is called the trace of the operator on ρ̂Ô:

〈O(t)〉 =

∫
dx

∫
dyΨ∗(x′, y, t)O(x)Ψ(x, y, t)

=

∫
dx O(x)

(∫
dyΨ∗(x′, y, t)Ψ(x, y, t)

)
=

∫
dx O(x) ρ(x, x′, t) = Tr(ρ̂Ô), (4.3)
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where Tr is the trace defined as the integral of the x degree of freedom when the operator

ρ̂Ô in the position representation is evaluated only on the diagonal elements (x′ = x).

As an example if I take an open system described by ρ̂0(t), which absorbs a photon with

energy Eγ at time ts, the mean energy before the absorption is 〈E(ts)〉 = Tr(ρ̂0(t)Ĥ0)

where Ĥ0 is the operator linked to the total energy of the electron. After the absorption

I will have Tr(ρ̂s(t)Ĥ0) = Tr(ρ̂0(t)Ĥ0)+Eγ. Where ρ̂s(t) is the generic scattered Density

Matrix. The typical equation of motion of the density operator is the Liouville-Von

Neumann equation:

dρ̂(t)

dt
= −i1

h

[
Ĥρ̂(t)

]
= −i1

h

[
Ĥ0ρ̂(t)

]
+ Ĉρ̂(t). (4.4)

Where the first term on the right-hand side of (4.4) gives the unperturbed unitary evo-

lution of the open system alone. On the other hand, the second term is the interaction

term [99], which models the perturbation acting on the open system due to external

effects (the environment of the measurement). Here Ĥ0 is the Hamiltonian of the free

electron

H0 =
p2

2m
+ Uext(r, t). (4.5)

the term Uext(r, t) is an ”external” arbitrary potential which may contain many contribu-

tions. The explicit discussion about Uext(r, t) will be done in the following chapter. The

Hamiltonian Ĥ0 can be understood as the free Hamiltonian of the open system composed

of kinetic energy plus a potential energy V̂ that in our case will be a double barrier profile.

For example, let us analyze a scattering process due to the operator Ĉ in (4.4). I

define ρ̂(ts) as the density matrix before the scattering and ρ̂(ts + τs) the density matrix

when the scattering process has finished, where I dropped the apex s for simplicity. With

a finite difference approximation of dρ̂(t)
dt
≈ ρ̂(ts+τs)−ρ̂(ts)

∆t
with ∆t = τs I get:

ρ̂(ts + τs) = ρ̂(ts) +
τs
i~

[
Ĥ0ρ̂(ts)

]
+ τsĈ[ρ̂(ts)]. (4.6)

This last expression will be relevant later when discussing collision with orthodox tools.

In principle, the density matrix description has no limitations for what concerns the

representation of Markovian or non-Markovian open systems. The Markovianity of the

approach used to evolve the density matrix depends on which is the definition of the

interaction operator Ĉ. As we will see, the problem in practical scenarios will be to find

the proper operator Ĉ to build realistic collisions.
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4.2.2 Wigner function

The Wigner function is a tool to represent the density matrix of a given system in a phase

space, with momentum k and position x as degrees of freedom (instead of x and x′ as

happens in the density matrix). The Wigner-Weyl transform is applied on the density

matrix ρ̂(t) to reach the Wigner function fW (x, k, t) defined as:

fW (x, k, t) =
1

2π

∫
dx′〈x+

x′

2
|ρ̂(t)|x− x′

2
〉e−ikx′ . (4.7)

The equation of motion for the Wigner function is also obtained from the Wigner-

Weyl transformation of the previous Liouville equation in (4.4) given the Wigner equation

[81,99].

∂fW (x, k, t)

∂t
+

~
m
k
∂fW (x, k, t)

∂x
+

1

~
∂Uext(x, t)

∂x

∂fW (x, k, t)

∂k
= ĈWfW (x, k, t)+Q̂WfW (x, k, t).

(4.8)

Where Q̂W is an additional term related to the potential energy Uext(x, t) of the free

electron Hamiltonian H0, and:

QWfW (x, k, t) =

∫
dk′Uq(x, k − k′)fW (x, k′, t). (4.9)

with Up the Wigner-Weyl transformation of the potential Uext(x, t). In addition, I have

ĈW which is the Wigner-Weyl transform of the typical Collision operator in the Liou-

ville equation (4.4). As it happens with the density matrix, such collision operator can

either be described by a Markovian or by a non-Markovian approach. The most widely

used approach for treating collisions is the so-called Boltzmann-like collision operator,

which consists in the use of the scattering rate sk,ks which, as in the classical Boltzmann

equation, gives the transition rate from the wavevector k to ks due to a collision, or vice

versa [80,100,101],

CWfW (x, k, t) =
1

2π

∫
[sk,ksfW (x, ks, t)− sks,kfW (x, k, t)] dks. (4.10)

I will show in Chapter 6 how this collision term conserves the energy only in very partic-

ular conditions.

4.2.3 Stochastic Schrödinger equation

The Stochastic Schrödinger equation is a technique based on using a decomposition of

the reduced density matrix in (4.2) in terms of pure states Ψj(x, t) of the open system
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alone

ρ(x, x′, t) =
∑
j

Pj(t)Ψ
∗
j(x
′, t)Ψj(x, t). (4.11)

With Pj(t) the probability of the different pure states. Pseudo-Schrödinger equations

can be found for the dynamic evolution of Ψj(x, t). The evolution is mostly independent

on the environment, which is simulated as a type of stochastic noise in the pseudo-

Schroedinger equation [83–87,102,103].

For Markovian condition, when the observation time is larger than the time interval

while the open system is entangled with the environment, ts > τs, the pure states Ψj(x, t)

in (4.11) can be understood as the real states of the open system. As described in Sec.

4.1, after a time τs, the open system is disentangled from the environment and it can

be considered for a while as a closed system described by the pure state Ψj(x, t). After

a measurement or collision with the environment, the system can be considered to be

described by another pure state Ψ′j(x, t). However, for general non-Markovian conditions,

the state Ψj(x, t) can only be considered as a mathematical tool (not a physical state of

the system) within the orthodox theory.

It has been recently shown that systems under non-Markovian condition can still

be studied with pure states with the use of the Bohmian theory, where the additional

information about the environment described by the degree of freedom y can be invoked as

the Bohmian trajectory y[t], while keeping a wavefunction description for the open system.

See the recent works [88, 104–106] for an enlarged explanation. In conclusion, within

a strictly orthodox quantum description, the wavefunction is not enough to describe

the system under non-Markovian condition. A better description for such a goal is the

Bohmian quantum theory applied to open systems, which provides a tool that I will

explain in the following section.

4.3 Bohmian tools for open systems

In this section I will present a formal description of the Conditional Wavefunction for a

system with N -particles. I will see that the wavefunction with a N -dimensional descrip-

tion can be substituted by N one-dimensional wavefunctions. For each one-dimensional

wavefunction, only one degree of freedom remains, while all other N − 1 degrees of free-

dom, related to the other trajectories, are treated as time-dependent parameters (i.e. as

deterministic Bohmian trajectories). This description will be used later in Chapter 6 to

treat electron-photon collisions with the use of pure states. The Bohmian Conditional
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wavefunction has an important role in the results reported in this thesis in Part IV.

4.3.1 Bohmian conditional wavefunction

The direct solution of the N particle Schrödingher equation in (3.1) is practically not

feasible, as it needs the solution of the equation along all N of its degrees of freedom

simultaneously, to find the evolution of the N -dimensional many-body wavefunction.

This is called the many-body problem.

One solution to this many-body problem is to use the so called Bohmian Conditional

wavefunction. The Bohmian Conditional wavefunction approach was first proposed in

[107, 108]. As I said, a N particle systems is described in the Bohmian theory by N -

dimensional wave function Ψ(x1, x2, ..., xN , t) plus N trajectories {x1[t], x2[t], ..., xN [t]}.
I will substitute some of the degrees of freedom inside the N -dimensional many-body

wavefunction with the instantaneous value of N−1 trajectories. To simplify the notation,

I define ~xb = {x1[t], x2[t], ..., xa−1[t], xa+1[t], ..., xN [t]}. Then, the Bohmian Conditional

wavefunction will only include one degree of freedom xa as.

ψ(xa, t) ≡ Ψ(xa, ~xb[t], t). (4.12)

This Bohmian Conditional wavefunction will useful to compute the a-th trajectory, xa[t].

Notice that the trajectory xi[t] = xi[t0] +
∫ t
t0
vi(~x[t′], t′)dt′ in (3.5) requires the knowledge

of the Bohmian velocity at the position ~x[t′]. From (3.3), I see that the Bohmian velocity

does only require a partial derivative in the xa direction thus

Ja(~x, t)|~x=~x[t′] =
i~
2m

(
Ψ(~x, t)

∂Ψ∗(~x, t)

∂xa
−Ψ∗(~x, t)

∂Ψ(~x, t)

∂xa

)
|~x=~x[t′]

=
i~
2m

(
Ψ(xa, ~xb[t], t)

∂Ψ∗(xa, ~xb[t], t)

∂xa
−Ψ∗(xa, ~xb[t], t)

∂Ψ(xa, ~xb[t], t)

∂xa

)
|xa=xa[t′]

=
i~
2m

(
ψ(xa, t)

∂ψ∗(xa, t)

∂xa
− ψ∗(xa, t)

∂ψ(xa, t)

∂xa

)
|xa=xa[t′].

(4.13)

In conclusion, the Bohmian velocity in (3.4) can be computed from Ψ(~x, t) evaluated

at ~x = ~x[t′] or from ψ(xa, t) evaluated at xa = xa[t
′]. This Bohmian Conditional

wavefunction can be also understood as a projection of the many-body wave function

Ψ(x1, x2, ..., xN , t) on the xa degrees of freedom [109]. The Bohmian Conditional wave-

function tool is implemented in the home-made BITLLES simulator [110] used in some

results of this thesis.

The next question is what is the equation of motion of such conditional wave function.

It can be shown that the Bohmian Conditional wavefunction can be guided by an equation
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of motion where again all the N − 1 degrees of freedom are taken as parameters for

the evolution of the a-th trajectory xa[t], guided by ψa(xa, t). The equation of motion

reads [109]:

i~
∂ψa(xa, t)

∂t
=

(
− ~

2m

∂2

∂x2
+ Ua(xa, ~xb[t], t) +Ga(~x[t], t) + iJa(~x[t], t)

)
ψa(xa, t). (4.14)

Where I defined the total Coulomb potential as:

U(xa, ~xb[t], t) = Ua(xa, ~xb[t], t) + Ub(~xb[t], t), (4.15)

where Ua(xa, ~xb[t], t) is the interaction with a potential external to the electron system,

like the conduction band, and Ub(~xb[t], t) is the electron-electron Coulomb interaction,

acting on the a-th particles, taking all the other trajectories as parameters (~xb = ~xb[t]).

The explicit definition of Ga and Ja can be found in Appendix C

The Bohmian conditional wave function can describe either the Markovian or non-

Markovian evolutions of a system. Notice that in the above development I have not

specify any particular (Markovian or non-Markovian) condition to reach the Bohmian

Conditional wavefunction in (4.12). The proper definition of interacting potentials

Ua(xa, ~xb[t], t), Ga(xa, ~xb[t], t) and Ja(xa, ~xb[t], t) can be re-written to describe the effect

that the environment has on the electron. In Chapter 6 I will give an example of this

re-definition, while some numerical results will be given in Chapter 9.

4.4 Implementation of orthodox and Bohmian tools

In this section I will comment on the advantages and limitations of the descriptions

explained in the previous Sections 4.2 and 4.3. First, I report two conditions needed to

implement the environment perturbation (collisions) in a physically accurate way. Then

I talk about how and if these conditions are verified in those orthodox and Bohmian

tools. When modelling electron devices through open system theories explained in the

previous Sections 4.2 and 4.3, a key element to build a physically realistic simulation is the

inclusion of the proper term for the external perturbation in the dynamics of simulated

electrons.

4.4.1 Complete positivity and energy conservation

Obviously, collisions are difficult to be treated in an exact way because the external

degrees of freedom (atoms for phonons and electromagnetic fields for photons) are not
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explicitly simulated in the theories of open systems. The most I can do is an approxi-

mate model. Typically, the approach used to model collisions is changing from one initial

state to a final one. The question now is how I can certify if the perturbation algorithm

that has been implemented is correct or not. Certifying is not trivial because it would

require solving the whole system, open system plus environment, as a closed system, and

comparing it with the result. A simpler way to certify that the implemented method is

correct, is by checking some properties of the model. I explain below two conditions:

Complete Positivity : The density matrix ρ(x′, x, t), the Wigner function and

the wavefunction ψ(x, t) encode probabilistic information of the open system.

As such I require them to provide always (before and after the collisions) pos-

itive value of the probability. For the wavefunction, it means |ψ(x, t)|2 > 0

at every position of the simulation box x and at every time t of the evolu-

tion. Identically, for the density matrix, it requires ρ(x′, x, t)|x′=x > 0 at every

value of x and t. A similar condition for the Wigner function. I will see that

the accomplishment of the Complete Positivity is not always evident in the

Wigner and density description of an open system.

Energy Conservation: The total energy of the global system (including the

open system plus the environment) satisfies the conservation of energy for any

type of interaction between the parts of the system. In principle, the amount

of energy added/eliminated to the open system by a collision of an electron

with a phonon or a photon is well defined. Provided by that the energy of the

interacting particles is known, this is a quite straightforward condition. So

that, one can intuitively check if the implemented collision model is accept-

able or not by checking this condition.

These conditions need to be satisfied by any model of collisions in open systems, either

Markovian or non-Markovian.
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4.4.2 Checking orthodox tools

In this section, I will explain how the previous checks (Complete positivity and Energy

conservations) are difficult to be fully satisfied when implementing collisions from an

orthodox quantum description of open systems, either with the Density Matrix or the

Wigner Function representation.

For a general system, the Density Matrix is the tool needed by orthodox quantum

mechanics to treat open systems, as explained in 4.2.1. The density matrix by its nature

eliminates the information about which individual states ψi(x, t) is used to build it. Let

us imagine that the density matrix ρ̂(t) operator provides a description of our system as

follows:

ρ(x, x′t) =
1

M

N∑
i=1

Miψ
∗
i (x
′, t)ψi(x, t), (4.16)

where Mi is the number of states ψi(x, t) present in the system with M =
∑N

i=1Mi the

total number of components used to build the N -particle density matrix representing the

open system. In any practical model we will work with the right hand side of (4.16),

and evolve ρ̂(t) following the Liouville equation (4.4), then I will have no access to the

information about each state |ψ〉. In fact, the orthodox theory says that such information

does not exist in a general (non-Markovian) system. This means losing the information

about the single-particle state of each electron in the system.

The density matrix after a scattering process, ρ(x, x′, ts + τs), can be written as:

ρ(x, x′, ts + τs) = ρ(x, x′, ts)−
1

M
ψ∗−(x′, t)ψ−(x, t) +

1

M
ψ∗+(x′, t)ψ+(x, t), (4.17)

where ψ−(x, t) is the eliminated state and ψ+(x, t) is the added states. This is nothing

else than the typical description of the creation and annihilation of quantum states in an

open system after the effect of an external perturbation. This evolution due to collisions,

in the case that not every state in ρ(ts) are known, could lead to the elimination of

states that were not present. Notice that the right hand side of (4.16) is not a physical

information in the orthodox theory (there are no orthodox pure states able to describe a

open system). In fact, the new evaluation of the density matrix after the scattering will

be computed from (4.6) that I rewrite here

ρ̂(ts + τs) ≈ ρ̂(ts) + τsĈ[ρ̂(ts)]. (4.18)

Notice that, for simplifying the discussion, I have eliminated the free evolution due to Ĥ0

under the assumption that the scattering is fast. Since I do not know what I am really
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doing on the states when implementing the scattering process in terms of τsĈ[ρ̂(ts)], I

will have problems in satisfying complete positivity after the scattering process. In other

words, (4.17) can give negative values when ρ(x, x′, ts + τs) is evaluated at x = x′, which

means the nonphysical result of a negative probability of finding an electron at x.

As similar problem appears in the conservation of the energy. Let us consider an

open system that has an energy 〈E(ts)〉 before the scattering, and an energy 〈E(ts + τs)〉
after it. Let us assume, for example, that I am dealing with an absorption of the energy

Eγ of a photon so that the proper conservation of energy condition would read 〈E(ts +

τs)〉 = 〈E(ts)〉+ Eγ. From (4.3) and (4.17), I can write the energy of the density matrix

ρ(x, x′, ts + τs) after the scattering as:

〈E(ts + τs)〉 = Tr(ρ̂(ts + τs)H0) =
N∑
i=1

Mi

M
〈Ei(ts)〉 −

1

M
〈E−(t)〉+

1

M
〈E+(t)〉, (4.19)

where Mi is the number of the components building the single-particle state of each

i-th electron, and M is the total number of components used to build the N -particle

density matrix. In fact, we have M = ΣN
i=1Mi. Where 〈E−(t)〉 is the energy of the

removed state |ψ−(t)〉 using (4.3), and 〈E−(t)〉 is the energy of the added state |ψ+(t)〉.
However, exactly as it is not guaranteed that the state |ψ−(t)〉 removed from the density

matrix in (4.17) is present in the density matrix, also its associated energy 〈E−(t)〉 may

not be present, and the elimination of this energy value does not always respect the

conservation of energy − 1
M
〈E−(t)〉 + 1

M
〈E+(t)〉 = Eγ where, by construction, I define

〈E(ts)〉+ Eγ =
∑N

i=1
Mi

M
〈Ei(ts)〉.

The Wigner function suffers from similar drawbacks mentioned above. The reason is

that the Wigner function is just a simple metamathematical transformation of the density

matrix. The Wigner-Weyl transformation of the Density Matrix is also hiding information

about the i−th particle inside a N−particle Wigner Function fW (x, k, t). Some works

underlining issues about guaranteeing complete positivity in the Wigner description are

the following [51,111,112]. Additional problems will be underlined in Section 6, following

results from [113], which reveal problems about respecting energy conservation in this

description.

4.4.3 Checking Bohmian tools

The Bohmian mechanics representation of an open system, which uses the tool of the

Bohmian Conditional Wavefunction, can treat both Markovian and non-Markovian sys-
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tems. Once I deal with a conditional wave function for each j-electron Ψj(~x, t), it is

obvious that it satisfies Complete Positivity because
∑

j |Ψj(~x, t)|2 > 0 by construction.

I will show numerically in Chapter 9 that it also satisfies energy conservation when proper

modelling of the effect of the perturbation is provided. Examples of implementation of

non-Markovian systems using the Bohmian Conditional wavefunction are: [104,114,115].

The reason why these conditions can be more easily respected in the Bohmian view, in

comparison with the orthodox one is that the Bohmian Conditional Wavefunction allows

for a microscopic description of each electron and its single-particle wve function and

properties such as energy, position, velocity, etc. Without the need for a measurement

process. Then, the knowledge of which properties are needed to be changed because of the

collision event is quite simple, because many variables are well defined at the time of the

collision. On the contrary, the orthodox view does only provide a global information of the

whole system through the density matrix ρ(x′, x, t) (or the Wigner function fW (x, k, t))

for all electrons. Then, it is not possible to know which are the microscopic properties of

each electron that need to be changed.

In simple words, as said when I presented in the Bohmian theory in Chapter 3,

the orthodox theory plays, within the quantum domain, the same role that statistical

mechanics plays in the classical domain. On the other hand, the Bohmian theory plays,

within the quantum domain, the same role that Newtown classical trajectories. The

former approach has very little information about the single states of each element of

the system, while the latter has a huge amount of information about them. Certainly,

in the classical regime, it is much easier to implement collisions from Newton law, than

from a statistical formulation. The same happens in the quantum regime. It is simpler

to understand and implement collisions from the (microscopic) Bohmian mechanics than

from a (macroscopic) orthodox formulations.

The reader can argue that the Stochastic Schrödinger equation, which also works with

states, can be understood also as a microscopic description in the orthodox theory. This

is false. Or, only partially true. In a system under Markovian condition, one can accept

that the individual states of the Stochastic Schrödinger equation describe the physical

system, but in a general system with a general non-Markovian condition this is not true

because the states of the Stochastic Schrödinger equation are only mathematical tools,

not physical elements that describe the open system. At the end of the day, one of the

postulates of the orthodox theory is negating the existence of microscopic properties of a

quantum system, as long as such properties are not measured. This is the key element that

38 of 166



4.4. IMPLEMENTATION OF ORTHODOX AND BOHMIAN TOOLS

makes the implementation of collisions with the orthodox view much more complicated

than with the Bohmian one.
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Chapter 5

Maxwell equations and displacement

current

In electron devices, the typical output is the electrical current. In this chapter, I will

discuss how such electrical current is evaluated in the frequency range of the THz gap.

Starting from Maxwell’s equations, I will define the total current including the particle

and displacement components. The role of the second term in high-frequency scenarios

will be emphasized. The results of this chapter will be used in the next Chapter 8 to build

the Displacement Current Coefficient. Additionally, the effect of the electromagnetic field

on the dynamics of the electron will be treated in Chapter 6.

Please notice that now I use the notation W to refer to an arbitrary vector W in

the three-dimensional real space. All the vectors shown in Chapter 3 and 4.12 use the

notation ~W , to represent an array of deterministic values of a given observable (position,

velocity, etc. ), representing a N -particle system in a Bohmian description.

5.1 Maxwell equations

In this section, I will describe Maxwell’s equations to introduce some notation used all

along the thesis. In particular, I will divide the electromagnetic fields between transversal

(with divergence equal to zero) and longitudinal (with curl equal to zero) ones.

For the electric field, the Helmholtz decomposition allows us to write the electric field

E(r, t):

E(r, t) = E⊥(r, t) + E‖(r, t). (5.1)

43 of 166



5.1. MAXWELL EQUATIONS

These two components will satisfy Maxwell equations [116,117]:

∇ · E⊥(r, t) = 0, (5.2)

∇× E⊥(r, t) = −∂B(r, t)

∂t
, (5.3)

∇× E‖(r, t) = 0, (5.4)

∇ · E‖(r, t) =
ρ(r, t)

ε0
, (5.5)

(5.6)

where ρ(r, t) is the charge density. For simplicity, I use the ε0 is the electric permittiv-

ity in vacuum but, if needed, ε0 can be substituted to the corresponding value in a specific

material. I then call the vector potential A(r, t) which satisfy E(r, t) = ∇×A(r, t). Along

this thesis, I will use the Coulomb Gauge ∇ ·A(r, t) = 0 so that the vector potential is

also a transversal field. Then, I can write the two components of the electric field as:

E⊥(r, t) =
∂A(r, t)

∂t
, (5.7)

E‖(r, t) = −∇U(r, t). (5.8)

This will also let us rewrite (5.6) as the Poisson equation:

∇2U(r, t) = −ρ(r, t)

ε0
. (5.9)

From Maxwell’s laws, I know that the magnetic field B(r, t) has only a transversal

component, so that:

∇ ·B(r, t) = 0. (5.10)

and

∇×B(r, t) = ε0µ0

∂E‖(r, t)

∂t
+ µ0Jc(r, t), (5.11)

where Jc(r, t) is the particle current and µ0 is the magnetic permeability in vacuum. The

above parameters give the well-known relationship c = 1√
ε0µ0

as the speed of light in

vacuum.

5.1.1 Bohmian sources of Maxwell’s equation

An important note appears now, about how I define the sources of Maxwell’s equation

in a quantum scenario. Defining the charge ρ(r, t) and the current and Jc(r, t) with

the orthodox quantum theory is not easy at all because, unless I have some measured
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properties, the wave function is all the information that I have about the electron. In other

words, the wave function does not explain to us which is the position of the electron or its

velocity, it only provides probabilistic information on what would happen if one property

is measured. But, what happens if I want to know such properties when no measurement

is done? The orthodox theory cannot help us. On the contrary, the Bohmian mechanics,

describing the system with both wave function and deterministic trajectories ri[t] for each

electron, does provide such type of unmeasured information. Then, I can write the charge

density as:

ρ(r, t) =
N∑
i=1

evi(r, t)δ(r− ri[t]), (5.12)

and the current density as

Jc(r, t) =
N∑
i=1

evi(r, t)δ(r− ri[t]). (5.13)

In summary, I identify three components of the electromagnetic field: two related to

the decomposition of the electric field E(r, t) = E⊥(r, t) + E‖(r, t), and B(r, t). These

three components respect equations (5.3)(5.4)(5.6)(5.10), and (5.11) which couple them

together. The sources of such components are the current defined in (5.13), which acts on

the components of the electric field through (5.11), and the charge density (5.12), which

is inserted in (5.6).

5.2 The displacement current

In this section I will show that the definition of the displacement current is hidden in

Maxwell’s equations. Applying a divergence on (5.11), and substituting (5.6) I have

∇ · (∇×B(r, t)) = ε0µ0

∂∇ · E‖(r, t)
∂t

+ µ0∇ · Jc(r, t)

= µ0

(
∂ρ(r, t)

∂t
+∇ · Jc(r, t)

)
= 0, (5.14)

which provides a continuity equation, and a definition of a the total current J(r, t)

with the condition ∇ · J(r, t) = 0 as:

J(r, t) = Jc(r, t) +
∂E⊥(r, t)

∂t
+
∂E‖(r, t)

∂t
. (5.15)

Notice the inclusion of the term ∂E⊥(r,t)
∂t

in the definition of the total current because

∇ · E⊥(r, t) = 0. From the above definitions, the components of (5.15) can also be
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written as

J(r, t) = Jc(r, t) +
∂2A(r, t)

∂t2
+
∂∇U(r, t)

∂t
. (5.16)

Notice that the property ∇·J(r, t) = 0 implies that in a two-terminal device, as the RTD,

the instantaneous current entering in one contact is the same that is leaving the other.

This equivalence does not need to be true for the particle current alone Jc(r, t). As a

well-known example, the particle current entering in a capacitor can be different from

the particle current in the middle of the capacitor, but the total current in both points

is the same at any time. It is in this sense that what I have to predict in high frequency

electron devices is the total current in the active region, not the particle current.

5.2.1 The Ramo-Shockley-Pellegrini theorem

We now explain a practical way of computing the total current of (5.15). This result was

found by Ramo, Shockley and later extended by Pellegrini [118–123].

We define an arbitrary mathematical volume Ω enclosed by a closed surfaces S that

can be subdivided into different surfaces S = {S1, S2, ...}. I define the total observable

current Ij(t) as the current estimated on one of these surfaces, Ij =
∫
Sj

J(x, t)ds . I define

a function Gj related to surface Sj using Dirichlet conditions, so that Gj(r) = 1 in any

point of the j-th surface, while Gj(r) = 0 on any other surface. We also define the vector

function Fj(r) as follows

Fj(r) = −∇Gj(r), (5.17)

so that I will have:

∇ · [ε0(r)Fj(r)] = −∇ · [ε0(r)∇Gj(r)] = 0. (5.18)

Finally, thanks to the definition of Gj(r), I can go from the integral on the surface S

to the one within the volume Ω, which gives

Ij(t) =

∫
S

Gj(r, t)J(r, t) · ds = −
∫

Ω

Fj(r, t) · J(r, t) dv, (5.19)

and, by substituting (5.15), I find [118,119]:

Ij(t) = −
∫

Ω

Fj(r, t) · Jc(r, t) dv + Γe + Γm, (5.20)
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where the two components related to the transversal and longitudinal electric field terms

are:

Γe =

∫
Ω

Fj(r, t) ·
∂E‖(r, t)

∂t
dv =

∫
Ω

Fj(r, t) ·
∂∇U(r, t)

∂t
dv, (5.21)

Γm =

∫
Ω

Fj(r, t) ·
∂E⊥(r, t)

∂t
dv =

∫
Ω

Fj(r, t) ·
∂2A(r, t)

∂t2
dv. (5.22)

Now I can use the so-called the Darwin approximation where E⊥(r, t) is considered

non negligible with respect to E‖(r, t), while its derivative is negligible in comparison

with the derivative of E‖(r, t) so that, (5.15) with the use of (5.13), will be

J(r, t) ≈ Jc(r, t)−
∂E‖(r, t)

∂t
. (5.23)

Notice that the Darwin approximation keeps the vector potential A(r, t) as a relevant

element, and also its time dependent derivative ∂A(r,t)
∂t

6= 0. I will use later A(r, t) to

see the effect of the transversal fields on the description of the interaction of the electron

with the electromagnetic field. I now substitute Γe from (5.22) into (5.23) with Γm ≈ 0

because ∂2A(r,t)
∂t2

� ∂A(r,t)
∂t

due to the Darwin approximation. Then using (5.17), I write

Γe as an integral on the surface of the simulation box S containing the simulated volume

Ω as ∫
Ω

ε0Fj(r, t) ·
∂∇U(r, t)

∂t
dv =

∫
S

ε0(r)Fj(r, t) ·
∂U(r, t)

∂t
· ds. (5.24)

We assume that the surfaces of the arbitrary volume Ω parallel to the transport direction

are in the contact regions (reservoirs). If I assume then the contact regions (reservoirs)

to be made of ideal metal, I can assume that no electric field is present in the mentioned

parallel surfaces S of volume Ω so that ∂U(r,t)
∂t
≈ 0. This means that the electrons outside

the active region (inside the contacts) have a screening time equal to zero, so that electrons

outside the active region do not contribute to the electrical current. I also assume that

the other surfaces of the volume Ω are far from the active region where there are electrons

so that I get ∂U(r,t)
∂t
≈ 0 at such other surfaces. Then, Γe in the shape (5.24) can be also

neglected. I then only need to take into account the first term of in (5.20) and, finally,

the total current on the surface Sj can be computed from

Ij(t) =

∫
Ω

Fj(r, t) · Jc(r, t)dv, (5.25)

If then I substitute (5.13), I have the expression in function of the (Bohmian) velocity

of the particles inside the volume Ω:

Ij(t) = −
N(t)∑
i=1

evi(ri(t), t)Fj(ri(t), t). (5.26)
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We remember that both particle and displacement current components are included in

(5.26). In fact, the i-th electron in the sum of (5.26) contributes to the total current

Ij(t) detected at the j-th surface, even if it is far away from the surface Sj. The reasons

why such electron contributes to the (total) current without crossing the j-th surface is

because its movement provides displacement current on such surface.

For a 2 terminal device with lateral areas much larger than the distance between the

transport direction of the active region, one can assume that Fj(ri(t), t) ≈ 1
L
ûx, with ûx

indicating the unitary vector along the x direction (assumed as the transport direction).

This gives the total current through the surface Sj as [115,118,119]:

Ij(t) =

N(t)∑
i=1

evi(x)

L
. (5.27)

Where L is the length device, e is the fundamental charge, and N(t) is the number of

electrons that at time t are inside the volume Ω. This last expression will be used in all

the rest of the thesis to compute the current in RTD at high frequencies.

5.2.2 Interaction of the active region with the contacts

The Ramo-Shockley-Pellegrini theorem gives us a practical way to estimate the current

in the case of a device 1D device, with very large lateral contacts. To build such model,

however, I used the approximation that (5.24) can be neglected in (5.23), because of the

very small screening time of electrons inside the metallic contacts. This approximation

assumes that the active region of the device is not affecting the state of the contacts.

However, in a real device, the active region acts on the contacts, and produces processes

that propagate energy throughout the contacts that can also reflect some of this energy.

To build a model that enables this kind of self-consistent phenomenon between the system

and the contact, I propose in Appendix A, an algorithm that uses (5.27) from a time-

dependent system, as an input for an external circuit that mimics the contacts (or some

antenna placed next to the RTD active region). Such algorithm was implemented in the

BITLLES simulator [110].
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Chapter 6

Coherent interaction of electrons

with transversal field

The typical way of treating the effects of the electromagnetic fields on the dynamics of

electrons is by assuming the electromagnetic fields as something ”external” to the elec-

trons. In this chapter, however, I will first propose a model for the coherent explanation

of the electrons and electromagnetic fields. From the Coulomb gauge, the longitudinal

electric field is perfectly well-defined when I know the positions of all electrons, on the

contrary, the transversal electric and magnetic fields are not defined only by the position

of the electrons. New degrees of freedom are needed for the transversal electromagnetic

fields. When these new degrees of freedom are treated quantum-mechanically I reach the

quantization of the energy of the electromagnetic fields (the so-called photons).

6.1 Hamiltonian for electrons and electromagnetic

fields

The computation of the total current I(t) of a device, as introduced in Chapter 5, requires

the knowledge of the dynamics of a set of N electrons, in the Bohmian description each

electron is also described by its determined position ri[t] and velocity vi[t]. Additionally,

I know that the dynamics of the electrons are coupled to Maxwell’s equations. What I am

still missing is a motion equation that takes into account everything together, electrons

and the electromagnetic fields, in a general way. In this section I will look for such

general (or classical or quantum) equation of motion. For this goal, I will start using

the Helmholtz decomposition (5.1), and Maxwell equations (5.3)(5.4)(5.5)(5.6)(5.10) and

(5.11).

In this section, I will consider one electron interacting with one mode of the electro-
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magnetic field. In electron device computations, such approximation is usually accepted

when ballistic electron transport is assumed. This ballistic assumption implies that there

is no Coulomb interaction in the Hamiltonian that I will develop (because there is only one

electron). This is not a strong assumption as I will re-introduce the many-body Coulomb

interaction through an external potential profile within a mean-field approximation. The

single-particle Hamiltonian will then be:

H =
[p− eA(r, t)]2

2m
+ U(r, t) + Uext(r, t) +Hγ, (6.1)

with e is the signed fundamental electron charge, p is the canonical momentum. A is

the vector potential, that introduces the effect of an external longitudinal electric field on

the electron, as will be explained in the following paragraph. On the other hand, Uext(r, t)

is the mentioned external potential energy that accounts for the spatial variation of the

conduction band inside the active region of the device. I write also U(r, t), which is

the Coulomb electron-electron interaction, to insist that U(r, t) = 0 which implies that

E‖(r, t) = 0 in our simple single-particle example. I insist that I have assumed E‖(r, t) = 0

only to find the single-electron Hamiltonian, but I have considered many electrons inside

the active region, and E‖(r, t) 6= 0, in the computation of the displacement current.

Additionally, in our development of the single-electron Hamiltonian, the energy of the

electromagnetic field is defined through the two components E⊥(r, t) and B(r, t), and

this will define Ĥγ as [124]:

Ĥγ =
ε0
2

∫
dr
[
E2
⊥(r, t) + c2B2(r, t)

]
. (6.2)

To better specify which terms of the Hamiltonian introduce interaction between elec-

trons and electromagnetic fields, I now include the dipole approximation, which is verified

if the vector potential (and the electric field) is space-independent inside the active region

of the device, or A(r, t) ≈ A(r0, t). Clearly, this can be justified by the frequency domain

that is treated by this model. In fact, if I define L as the space of the simulation box,

where a reasonable value can be L ≈ 50 nm, then I can define a maximum frequency

fmax = c/L ≈ 100 THz. Any working frequency much smaller than fmax, for example an

operating frequency around 20 THz used in our numerical examples, justify the approxi-

mation A(r, t) ≈ A(r0, t). As I have said, in our single electron Hamiltonian the Coulomb

potential is U(r, t) = 0, so that from (5.1) and (5.8), I get E(r, t) = E⊥(r, t) = −∂A(r,t)
∂t

.

Then in the Coulomb Gauge ∇ ·A = 0, I can use a gauge transformation A′ = A +∇Σ

and U ′ = U + ∂Σ
∂t

which is satisfied by Σ = −eA(r0, t) · r/~ = −eE⊥(r, t) · r/~, I re-write
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the Hamiltonian (6.1) in a way that separates the electron part from the electromagnetic

field part:

H =
p2

2m
+ Uext(r, t)− er · E⊥(r0, t)/~ +Hγ. (6.3)

In this way it is clear that a big part of the energy is determined by two variables,

E⊥(r, t) and B(r, t) which are not only dependent on the electron dynamics but are new

degrees of freedom needed to define the whole electron-electromagnetic system. Here I

see the reason for using the Darwin approximation in our description of the displacement

current, in doing so, I can use (6.3) as the equation of motion of the matter-light system,

because the Darwin approximation states that E⊥(r0, t) 6= 0, while I can still compute

the displacement current with a simplified expression (5.23).

Canonical conjugate variables It will be very interesting to arrive at a general ex-

pression of (6.3) in terms of the so-called canonical variables. When I write a Hamiltonian

with canonical variables it is very easy to pass from a classical scenario to a quantum one.

Thus, our goal now is to find such canonical variables. The first two terms of the Hamil-

tonian (6.3) represent the electron part of the energy as a function of canonical conjugate

variables, r and p. This is because such variables respect the following relationships:

∂H

∂p
=

dr

dt
,

∂H

∂r
= − dp

dt
, (6.4)

for the electron Hamiltonian, that we report from (4.5)

H0 =
p2

2m
+ Uext(r, t). (6.5)

In [125] it is shown how Eq. (6.2) (when only one mode, one frequency, of the elec-

tromagnetic field is considered) can be represented in terms of two Canonical Conjugate

variables Q and P in the following way:

Hγ =
ε0
2

∫
dr
[
E2
⊥(r, t) + B2(r, t)

]
=
ω

2
(Q̂2 + P̂ 2), (6.6)

where ω is the frequency of the one mode electromagnetic field. In fact, it is easy to show

that (6.4) is also valid for Q and P related to the new operator Ĥγ:

∂H

∂Q
= − dP

dt
, (6.7)

∂H

∂P
=

dQ

dt
. (6.8)
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And a general Hamiltonian for the coupled dynamics of electrons and electromagnetic

fields can be written using the four canonical conjugate variables, p and r for the electron,

and Q and P for the electromagnetic field as.

H =
p2

2m
+ Uext(r, t)− er ·Q+

ω

2

(
Q2 + P 2

)
. (6.9)

Equation (6.9) is general in the sense that it can be used either for classical or quantum

systems. When {~r, ~p} and {Q,P} are treated as ordinary variables I have a classical

scenario, while when each pair of the canonical variables are treated as non-commuting

operators I reach a quantum scenario. In the result of this thesis, I will always deal with

quantum electrons, however, sometimes I will discuss classical electromagnetic fields and

some other quantum electromagnetic fields. Below, I describe these two possible scenarios

used in this thesis. In the latter case, I will see that the energy of the electromagnetic

fields is quantized in terms of photons.

6.2 Classical electromagnetic field

In the quantum optics literature, the quantum treatment of electrons and the classical

treatment of the electromagnetic field in (6.9) is named semi-classical approximation. In

this section, I build a semiclassical version of the general Hamiltonian (6.9). To do so,

need the definition of degrees of freedom of the electron as operators r̂ and p̂, while the

electromagnetic field’s degrees of freedom are substituted by time-dependent variables

Q → Q(t) and P → P (t). For simplicity, I now assume a 1D electron system (as is

typical in RTDs modelling), and the electron operators in the position representation are

x and p = i~∂/∂x, which it is well-known to have non-commuting properties. Then, the

semi-classical approach to the Hamiltonian in (6.9), for a 1D system, is

HS =
p̂2

2m
+ Uext(x, t)− ex ·Q(t) +

ω

2

(
Q(t)2 + P (t)2

)
, (6.10)

where the last two terms (giving the electromagnetic energy) are time dependent po-

tentials without spatial dependence so that they do not affect the evolution of the electron

wave function and can be neglected. The third term is the interaction term HI between

the electrons and the electromagnetic fields in the semi-classical approximation. Finally,

since the position and momentum of the electron are not well-defined simultaneously, the

electron is defined by a wave function ψ(x, t) that satisfies the following Schroedinger

equation

i~
∂ψ(x, t)

∂t
= − ~

2m

∂2ψ(x, t)

∂x
+ Uext(x, t)ψ(x, t)− exQ(t)ψ(x, t). (6.11)
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the variable Q(t) models the oscillating electromagnetic field acting on the conduction

band of the device Uext(x, t). From [124], if I do not assume a perfect monochromatic

electromagnetic field, but a superposition of components with small frequency dispersion

δf , then the interaction term ĤI can be written as:

HI = −exQ(t) = −ex γs√
ω
q(t), (6.12)

where γs = ωe
√
δkε0(2π)3 is the coupling strength, and q(t) is the oscillating electro-

magnetic field with frequency ωγ, so that q(t) ∝ cos(ωγt).

So that the general Hamiltonian ĤS taking into account the interaction of the elec-

tron with the transversal components of the electromagnetic field in the semi-classical

approximation will be

HS = − ~
2m

∂2

∂x2
+ Uext(x, t)− ex

γs√
ω
q(t). (6.13)

In the next section, I develop the full quantum Hamiltonian, where the degrees of

freedom of electrons and electromagnetic fields are both treated quantum-mechanically.

6.3 Orthodox Quantum electromagnetic field

Let us now look for a fully quantum form of the general Hamiltonian (6.9), within the

orthodox theory. The canonical variables Q and P are associated with time independent

Hermitian Operators Q̂ and P̂ . Being operator associated with canonical variables, ex-

actly as r̂ and p̂ for the electron’s position and momentum, the commutation between

these operators yields:

[
Q̂, P̂

]
= i~I. (6.14)

Two operators that satisfy such non-commuting property are Q =
√
ωq and P =

(−i~/
√
ω)∂/∂q. The interaction term of the Hamiltonian in the q and x space can be

written as:

HI = −e~r ·Q = γqxq, (6.15)

where γq = eε0
√

2ω/~ [124], indicates the coupling strength between electron and photon

open systems. Additionally, knowing (6.8), Ĥγ in the q space becomes:

Hγ = −~2

2

∂2

∂q2
+
ω2

2
q2, (6.16)
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Finally, the wave function Ψ(x, q, t) in the {x, q} describing the quantum nature of

the electrons and electromagnetic field is the solution of the following two-dimensional

Schrödinger equation:

i~
∂Ψ(x, q, t)

∂t
= − ~2

2m

∂2Ψ(x, q, t)

∂x2
+ Uext(x)Ψ(x, q, t)

− ~2

2

∂2Ψ(x, q, t)

∂q2
+
ω2

2
q2Ψ(x, q, t)

+ γq x qΨ(x, q, t), (6.17)

where both the photon and electron systems evolve each one in one dimension, re-

spectively q and x, and the interaction term couples these two dynamics in a coherent

way. I call ĤQ the coherent (or fully-quantum) Hamiltonian.

6.3.1 The electron-photon state

We now develop a bit the wave function Ψ(x, q, t) to get a better understanding of its

meaning. I define φm(x) as the eigenstates of the electron Hamiltonian Ĥ0 in (6.5), and

φ
(γ)
n (q) the eigenstate related to the electromagnetic energy operator Ĥγ in (6.16). The

components φ
(γ)
n (q) are eigenstates of the Harmonic Oscillator. The energy of each of these

eigenstates is quantized so that I can talk about the quantization of the electromagnetic

energy in terms of photons. The optical cavity is assumed to host a single mode with

frequency ω. In a general way, the whole electron-photon Ψ(x, q, t) wave function can be

written as a combination of electron and photon eigenstates in the following way:

Ψ(x, q, t) =

Ne(t)∑
m

Nγ(t)∑
n

cn,m(t)φm(x)φ(γ)
n (q), (6.18)

where Ne(t) is the number of electron eigenstates and Nγ(t) the number of photons eigen-

states. I can re-write as a superposition of photon eigenstates and electron wavepacket

Ψ(x, q, t) =

Nγ(t)∑
n

ψn(x, t)φ(γ)
n (q), (6.19)

where

ψn(x, t) =

Ne(t)∑
m

cn,m(t)φm(x), (6.20)

in (6.19) and (6.20) I create a one-to-one correspondence between the n-th photon

eigenstate and its own associated n-th electron wavepacket (composed of many m-th
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electron eigenstates). Thus, the presence of the n-th electron wavepacket in the simulation

will also indicate the existence of the n-th photon.

If I substitute (6.19) into the Schrödingher equation (6.17), and then integrating on

the degree of freedom of the photon, I can go to a general equation of motion to evolve the

electron wave functions ψn(x, t), related to the n-th photon states in the optical cavity

φ
(γ)
n (q). This would be:

i~
∂ψn(x, t)

∂t
= − 1

2m

∂2ψn(x, t)

∂x2
+ Uext(x)ψn(x, t)

+ ~ωγ
(
n+

1

2

)
ψn(x, t)

+ γq x
(√

n+ 1ψn+1(x, t) +
√
nψn−1(x, t)

)
. (6.21)

6.3.2 Practical computation

To simplify our discussion of emission and absorption of a photon by an electron in an

RTD, let us assume that only the zero photon state, φ
(γ)
0 (q), and the one-photon state,

φ
(γ)
1 (q), are relevant inside the active region of the device. The eigenstate φ

(γ)
0 (q) is related

to the absence of a photon (ground state of the Harmonic oscillator), φ
(γ)
1 (q) is the state

of the optical cavity where only one photon is present. Then, I can rewrite the wave

function Ψ(x, q, t) solution of (6.17) as:

Ψ(x, q, t) = ψA(x, t)φ
(γ)
0 (q) + ψB(x, t)φ

(γ)
1 (q), (6.22)

with

ψA(x, t) =

∫
φ

(γ)∗
0 (q)Ψ(x, q, t)dq, (6.23)

ψB(x, t) =

∫
φ

(γ)∗
1 (q)Ψ(x, q, t)dq. (6.24)

In other words, ψA(x, t) and ψB(x, t) are the projection of the electron wave function

respectively on the eigenstates φ
(γ)
1 (q) (with zero photons) and φ

(γ)
0 (q) (with one photon).

From a practical point of view, this means that it is possible to observe the whole two-

dimensional light-matter system Ψ(x, q, t) from one-dimensional computations involving

the solution of ψA(x, t) and ψB(x, t) [50]. The equation of motion of ψA(x, t) and ψB(x, t)

can be obtained by introducing the definition (6.22) into (6.17) and by integrating in the
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degree of freedom q:

i~
∂ψA(x, t)

∂t
= − ~2

2m

∂2ψA(x, t)

∂x2
+

(
V (x) +

1

2
~ωγ

)
ψA(x, t) + γ′qxψB(x, t),

(6.25)

i~
∂ψB(x, t)

∂t
= − ~2

2m

∂2ψB(x, t)

∂x2
+

(
V (x) +

3

2
~ωγ

)
ψB(x, t) + γ′qxψA(x, t),

where I have defined γ′q = γq
∫
φ

(γ)
0 (q) q φ

(γ)
1 (q) dq and I have used

∫
φ

(γ)∗
0 (q) q φ

(γ)
0 (q) dq =∫

φ
(γ)∗
1 (q) q φ

(γ)
1 (q) dq = 0.

Equations (6.25) will be used to evolve coherently the total wave function Ψ(x, q, t)

with a practical approach that only requires solving two coupled one-dimensional equa-

tions (under the assumption that only the n = 0 and n = 1 photon states are relevant).

This type of computation will be done in Chapter 9 and 12. A generalization where two

other photon states n and n+1 (with n arbitrary) can be done straightforwardly, showing

that the numerical results presented later can properly capture the emission and absorp-

tion of light due to the interaction of the electron with the transversal electromagnetic

field.

6.4 Bohmian Quantum electromagnetic field

In this section, I am interested in building a Bohmian framework to complete the descrip-

tion of the quantum equation of motion (6.17). This is done to avoid the unnecessary

complications deriving from the need for measurement, typical of the orthodox view. The

Bohmian theory uses the same wave function Ψ(x, q, t) that I have mentioned in the or-

thodox case, while including additional variables in the description of the quantum state

so that I get more information on how is the quantum system behaving. For example,

from the wave function Ψ(x, q, t) I cannot know which is the position of the electron or

which is the amplitude of the electromagnetic field. On the contrary, from the Bohmian

trajectories q[t] and x[t] in the {x, q} space I can know such properties. So that, the

Bohmian electron has the well-defined position x[t] and the electromagnetic field (with

one mode at frequency ω) has the well-defined amplitude q[t]. This additional micro-

scopic information is very valuable in several topics in this thesis. Similarly as done in

Chapter 3, from the definition of the Bohmian velocity (3.4), I can define the ”velocity”

vq for the q[t] particle (degree of freedom of the electromagnetic field) as:
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vq ≡ vq(x, q, t) =
Jq(x, q, t)

|Ψ(x, q, t)|2
, (6.26)

and for the the x[t] particle:

vx ≡ vx(x, q, t) =
Jx(x, q, t)

|Ψ(x, q, t)|2
. (6.27)

where Jq(x, q, t) is the single-mode current in the q space, which has the typical

quantum mechanics definition

Jq(x, q, t) =
i~
2

(
Ψ(x, q, t)

∂Ψ∗(x, q, t)

∂q
−Ψ∗(x, q, t)

∂Ψ(x, q, t)

∂q

)
. (6.28)

The single-particle current Jx(x, q, t) in the x space will be analogous to (6.28) but

with the derivative in x. The Bohmian velocity is used to evolve each trajectory similarly

to (3.5), both in the q space and in the physical x space in a deterministic way, simply

following:

q[t] = q[t0] +

∫ t

t0

vq(x[t′], q[t′], t′)dt′, (6.29)

x[t] = x[t0] +

∫ t

t0

vx(x[t′], q[t′], t′)dt′. (6.30)

Notice that x[t] is really a trajectory in the physical space, while q[t] is a trajectory

in the abstract space of the electromagnetic field. For many trajectory M → ∞, the

quantum equilibrium condition in (3.8) reads, in the {x, q} space summing on each i-th

trajectory (each i-th trajectory is in fact a i experiment with the same preparation of the

wave function):

|Ψ(x, q, t)|2 = lim
M→∞

1

M

M∑
i=1

δ(x− xi[t])δ(q − qi[t]), (6.31)

similarly to what was done in (3.6) for a 1D system. Then the particle current density

in the x space can be also written as

Jc(x, q, t) = lim
M→∞

1

M

M∑
i=1

vxδ(x− xi[t])δ(q − qi[t]). (6.32)

This discussion will be relevant in the next section about non-coherent electron-photon

interaction, where the Bohmian Conditional wave function approach will be used in the

following Chapter 7, and also for the definition of the Displacement Current Coefficient

in Chapter 8.
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Now I would like to give an example of the trajectories evolved with (6.29) and (6.29)

in the {x, q} space. To do so, I imagine a 2D wavepacket Ψ(x, q, t) in an simplified model

for the quantum well of the RTD device. I will assume that only two states of the quantum

well are available to the electron. This electron interact with a quantum electromagnetic

field where only two states are available: zero photon and one photon. In other words,

I rebuild the conditions of Subsection 6.3.2, where I can describe the system using the

wavefunction (6.22), where the two electron components ψA(x, t) and ψB(x, t) are evolved

with the two equation of motion (6.25). Now I would like to show qualitatively what the

particles evolved using (6.29),(6.30) where the velocities are given by (6.26),(6.27) and

(6.28). In this way I define as ~χ(t) = {x(t), q(t)} the instantaneous position of the

electron-photon system in the {x, q} space, the evolution of these trajectories in the case

of initial injection of a wavepacket at the second level of the quantum well, initially in

absence of a photon, is shown in Fig. 6.1:

(a) (b)

Figure 6.1: Two trajectories χ(t) = {x(t), q(t)} evolving in function of time, chosen at arbitrary initial

positions {x(t0), q(t0)} (a) with a side view of the evolution (b) with a top view showing an oscillation

between two quadrants.

Notice that if for example I take the blue trajectory in Fig. 6.1 I see that it will follow

a circular path, which means that it oscillates between two electron-photon states. First

excited state in the harmonic oscillator (sides of axis q), and bottom state in the quantum

well (center of axis x), which are the grey quadrants, corresponding to a higher probability

presence of a photon. The bottom state in the harmonic oscillator (center of axis q),

and second state in the quantum well (sides of axis x), which are the white quadrants,
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corresponding to higher probability of absence of a photon. There is continuous transition

between these two states, which means that the system keeps emitting and absorbing a

photon, creating this circular periodic behaviour, which is another way of observing the

Rabi oscillation.
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Chapter 7

Non-coherent interaction of

electrons with transversal field

In the previous Chapters 5 and 6 I provide a coherent description of the interaction of

electrons with the transversal electric and the magnetic fields. The topics explained in

those chapters are quite common in the quantum optic community but are not so com-

mon in the electronic community. To the best of my knowledge, it is the first time that

such coherent evolution of light and matter are studied for electrons devices. Such a type

of simulation requires a large computational effort. Let us mention that the electromag-

netic energy is quantized can be included in the simulation of electron devices without

having to solve such complicated equations. In fact, in most simulators, the interaction

of electrons with light is considered in terms of collisions (scattering mechanism). In

the language of the physics of open systems used in previous chapters, the electron is

simulated explicitly, while the role of the photons is considered as an external effect that

provokes the modification of the electron properties. I named this approach electron-

photon scattering in a non-coherent description. In addition, I provided an explanation

of such collisions models in terms of wave functions.

7.1 Collisions in terms of Bohmian conditional wave

functions

In this chapter, the treatment of photon-electron interaction will be introduced in the

single-particle description of a wave function. The properties of an initial wave function

of an electron ψ(x, ts) at time ts will be modified during the collision that takes a time

τs. Then, at time ts + τs I will get a new ψ(x, ts + τs) with new properties. From the

point of view of Orthodox quantum physics, this procedure for collision in terms of wave
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functions is not be justified, since the orthodox element that describes an open system is

the Density Matrix (not a pure state) for general Non-Markovian scenarios needed in high-

frequency devices. On the contrary, in this thesis, the use of the Bohmian Conditional

wave function explained in Section 4.3 is the key element that justifies the choice of using

a wave function to describe such open system. Let us consider an electron interacting

with an electromagnetic field described by the wave function Ψ(x, q, t) developed in the

previous chapter with full coherence between both degrees of freedom. Then, the electron

wave function alone used in this chapter can be defined in the Bohmian language as:

ψ(x, t) ≡ Ψ(x, qi[t], t), (7.1)

where qi[t] is one Bohmian trajectory specifying the properties of the electromagnetic

field in the i-th experiment. In principle, I will have to keep the parametric dependence

of the conditional wave function on qi[t]. But, to simplify the notation, hereafter I will

omit such dependence.

The equation of motion of this Bohmian Conditional wave function will not be derived

in an exact way (which requires the knowledge of the whole electron-photon wave function

whose explicit computation I want to avoid), but I will study two different scenarios to

provide a reasonable equation of motion for the conditional wave function, ψ(x, ts) →
ψ(x, ts + τs), when the scattering with light occurs. In particular, to find such simplified

equation of motion, I will check a model ψ(x, ts)→ ψ(x, ts+τs) that satisfies conservation

of energy during the electron-photon interaction (with either absorption or emission) and

a model which satisfies conservation of momentum during the interactions. The numerical

results of these two algorithms will be compared with the coherent model and between

each other in Chapter 9. In any case, I anticipate that the model with conservation of

energy is the one that best fits the coherent evolution of ψ(x, t) ≡ Ψ(x, qi[t], t) in most

(not all) conditions.

7.2 Momentum exchange model

In this section, I consider an electron defined by a single-particle (Bohmian conditional)

wave function that at time ts undergoes a scattering event, during the time interval τs. I

defined ts as the time just before and ts + τs as the time just after the scattering event.

This model was first presented in [106], with an algorithm that can be understood as

a selection of the initial electron wave function, ψ(x, ts), with expectation value of the

momentum 〈p(ts)〉 and of the final one, ψ(x, ts + τs), with expectation value of the mo-
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mentum 〈p(ts+τs)〉. I consider that an external particle with momentum pf is interacting

with the electron, during the time interval ts, so that pf = 〈p(ts + τs)〉 − 〈p(ts)〉. In this

momentum-based model, the expected evolution of the electron wave function can be

easily understood by written it as superposition of momentum eigenstates φp(x) as:

ψ(x, ts) =

∫
dp b(p, ts) φp(x), (7.2)

with b(p, ts) =
∫
dx ψ(x, ts) φ

∗
p(x).

And the expectation value of the momentum before the scattering 〈p(ts)〉 is

〈p(ts)〉 =

∫
dp p |b(p, ts)|2, (7.3)

that can be increased to get the new expectation value of the momentum 〈p(ts + τs)〉 =

〈p(ts)〉+ pγ at ts + τs as:

〈p(ts + τs)〉 = 〈p(ts)〉+ pγ =

∫
dp (p+ pγ) |b(p, ts)|2 =

∫
dp′ p′ |b(p′ − pγ, ts)|2

=

∫
dp′ p′ |b(p′, ts + τs)|2, (7.4)

where b(p, ts + τs) = b(p− pγ, ts).
In this particular model, I know the explicit shape of the momentum eigenstates,

φp(x) = 1/
√

2πe(ipγx/~), so that

ψ(x, ts + τs) =

∫
dp b(p, ts + τs) φp(x) =

∫
dp b(p− pγ, ts) φp(x)

=

∫
dp

∫
dx′ψ(x, ts) φ

∗
p−pγ (x

′)φp(x) (7.5)

=

∫
dp

∫
dx′ ψ(x, ts)

1

2π
eip(x−x

′)/~eipγx
′/~ = eipγx/~ψ(x, ts).

The increase of the global phase, in a flat potential scenario, means an increase of the

speed of the electron (for positive pγ). In fact, if I estimate the Bohmian velocity after

the collision (at ts + τs), I have that:

vix[ts + τs] =
1

m

∂s(x, ts + τs)

∂x
|q=qi[t] =

1

m

∂s(x, ts)

∂x
|q=qi[t] + pγ/m. (7.6)

we keep the notation q = qi[t] to emphasize that pγ/m is the perturbation of the electron

by the ”external” photon of a particular experiment i. This is exactly what was done for

the solution of the many-body problem in (C.2) in Appendix C. Eq.(7.6) says that the

new velocity vix[ts + τs] is just the old velocity vix[ts] plus the momentum given by the

interaction with the scattering photon pγ/m.
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The implementation of the non-coherent evolution of the momentum exchange needs

a finite time step to happen. In fact, in the results shown in [50, 113], the time interval

dedicated to the collision is divided into several steps, each one must last a time δts

divided by the number of steps. In the results of Chapter 9 I will discuss if this type of

scattering satisfies complete positivity and energy conservation. In [106] it is explained

how a change of momentum pγ in a wave packet in free space can be performed with a

unitary Schrödinger equation, I report this explanation in Section 7.4.

7.3 Energy exchange model

As done in the previous section, now I consider an electron defined by a single-particle

Bohmian conditional wave function that at time ts undergoes a scattering event. Again ts

is the time just before and ts + τs is the time just after the scattering event. Also here, as

I have seen in Section 7.2 such transition between initial and final Bohmian Conditional

wave functions takes a finite time because, from a conceptual point of view, it has to

guarantee the continuity of the Bohmian Conditional wave function in space and time.

The initial and final Bohmian Conditional wave functions are ψ(x, ts) and ψ(x, ts + τs),

which satisfy 〈E(ts + τs)〉 = 〈E(ts)〉 + Eγ, with Eγ the energy of a photon. Within

the energy representation, the wave packet can be decomposed into a superposition of

Hamiltonian eigenstates φE(x) of the electron Hamiltonian H0 as:

ψ(x, ts) =

∫
dE a(E, ts) φE(x), (7.7)

with a(E, t) =
∫
dx ψ(x, t) φ∗E(x). The central energy 〈E(ts)〉 is then:

〈E(ts)〉 =

∫
dE E |a(E, ts)|2, (7.8)

which can be increased to get the new central energy at ts + τs as

〈E(ts + τs)〉 = 〈E(ts)〉+ Eγ =

∫
dE (E + Eγ) |a(E, ts)|2 =

∫
dE ′ E ′ |a(E ′ − Eγ, ts)|2

=

∫
dE ′ E ′ |a′(E ′, ts + τs)|2, (7.9)

where I have defined a′(E, ts + τs) = a(E − Eγ, ts). Thus, the new wavepacket after the

collision is

ψ(x, ts + τs) =

∫
dE a′(E, ts + τs) φE(x) =

∫
dE a(E ′ − Eγ, ts) φE(x). (7.10)

This transition corresponds to absorption of energy by the electron. Emission of energy

can be identically modelled by using 〈E(ts+τs)〉 = 〈E(ts)〉−Eγ. If required, the technical
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discontinuity between ψ(x, ts) and ψ(x, ts + τs) can be solved by just assuming that the

change of energy is produced in Nts smaller time interval. Then, at each time step of the

simulation, the change in the wave packet central energy will be Eγ/Nts .

7.4 Coherent or non-coherent models?

In these models, I do not include explicitly the phonon degree of freedom. Thus, I am

treating the electron-photon closed system with the techniques of open systems where

only the degree of freedom of the electron is simulated explicitly. However, in principle,

the fact that I am using an equation of motion (in our case, an equation of motion for

the conditional wave function) to deal with the electron interacting with a photon does

not mean that I am losing the coherence (quantum wholeness). At the practical level,

the development of an equation of motion for the open system with proper treatment of

the quantum wholeness is, most of the time, a very complicated task (if not impossible).

So, the best I can offer is a reasonable equation of motion. In this particular case of

the electron-photon interaction, I will see that I am able to capture most of the physics

of such interaction (but not all) with the model of exchange of energy. I will see in

the results section that there are some scenarios, with resonances between electrons and

photons eigenenergies, where the model cannot capture all the physical phenomena. It is

in this sense that the title of the present chapter is ”Non-coherent interaction of electrons

with transversal fields”, to differentiate from other exact models of the interaction with

the direct solution of Ψ(x, q, t) in the closed system with the {x, q} space.
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Chapter 8

Displacement Current Coefficient

In this chapter I use the definition of the total current given in Chapter 5 and I build a

new tool named Displacement Current Coefficient D(f)(E, t), with the goal of including

the displacement current present in (5.27) inside a Landauer-like formula that can be

applicable at THz. The use of this Displacement Current Coefficient D(f)(E, t) extends

the possibility of estimating the current of a ballistic device (RTD) well inside the THz

gap, overcoming the transit time limit. In the result section, I will discuss this scenarios

with (in Chapter 11) and without (in Chapter 12) the presence of quantized transversal

electromagnetic fields.

8.1 The Landauer model

We consider here a two-terminal device with an active region of length L = b− a defined

as the space between the source and drain contacts (a < x < b), where the source

contact is at −∞ < x < a and the drain is at b < x < ∞. For DC computations,

the Landauer model condensates all informations about the nature of the active region

inside a transmission coefficient T (E), which interacts with the contacts only based on

the energy levels. The DC current IDC for the electrons injected from left to right contact

can be defined as

IDC =

∫ ∞
0

dEf(E)g(E)T (E), (8.1)

where f(E) is the Fermi distribution function of the electron in the left contact [126] with

total energy E, and g(E) is the density of states of the system. A similar expression can

be computed for the DC current of the electrons from the right to left, with a new Fermi

distribution function depending on the applied bias.

The transmission coefficient T (E) of the i−th electron injected from the left or source

contact (x < a), at time ti, is expressed by:
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T (E) =

∫ ∞
b

|ψi(x, ti + τ ′)|2 dx =

∫ ti+τ
′

ti

Ji(b, t)dt, (8.2)

where |ψi(x, t)|2 is the quantum probability distribution of the single-electron wavepacket,

Ji(b, t) is the associated current density as defined in (3.3) calculated at the right or drain

contact (x > b). Finally τ ′ is a time interval large enough to ensure that the i-th electron

has completely crossed the active region, ideally τ ′ → ∞. I define the time τ as the

tunnelling or dwell time. For an accurate estimation of T (E) the main condition is

that the time τ ′ in the above expression (8.2) is larger than the tunnelling (dwell) time

τ [127,128]. This is simply to be sure that all of the wave function ψi(x, t) has been fully

transmitted or fully reflected when estimating the transmission probability.

The Landauer model assumes the device to be in static condition. The electron sees

the same potential profile while traversing the active region during the time τ . However,

this assumption is no longer true at high frequencies. In fact, it is well-known that the

Landauer model ignores the displacement current.

8.2 Electronics beyond the transit time limit

We have seen above that in the discussion of high-frequency electronics I need to know

which is the tunnelling or dwell time τ of the electron inside the active region. However,

the definition and estimation of τ is a controversial and complicated topic following

the orthodox rules [129, 130]. If electrons have no well-defined position, then, it is not

possible to know at what time the electron has entered the active region. According

to the orthodox theory, the only way to now, with certainty, when the electron has

entered into the active region (a < x < b) is placing a position detector at x = a. But,

then, such position measuring apparatus inside the active region will destroy our original

electron device performance because the position measurement will collapse the electron

into something like a delta function and completely modify the transmission coefficient.

On the contrary, the Bohmian theory is much more helpful since the knowledge of

trajectory can directly provide the electron transit time. The (average) transit time can

be estimated by building a set of Bohmian trajectories associated with the same wave

function. With the use of such trajectories, it will be easy to understand the approxi-

mate ensemble time needed to move from the source to the drain. In fact, with a given

single-electron wave function ψi(x, t) in the Bohmian description, guiding a deterministic

trajectory xi[t], with velocity vi = Ji/|ψi(x, t)|2 (from Eq. (3.4)), the (average) transit
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time of the electron in an active region defined as a < x < b, will be:

τDi =

∫ ∞
0

dtΘ[xi(t)− a]Θ[b− xi(t)], (8.3)

where Θ[xi−l] is the Heaviside function. And for N particles system, the transit time will

be the ensemble value: τD =
∑N

i τDi/N . This was used for example in works in graphene

in [131–135]. This is a very intuitive and natural way of estimating times needed for

electrons to cross the active region. Such final expression can be rewritten in a more

compact way as:

τD =

∫ ∞
0

dt

∫ b

a

dx|ψ(x, t)|2. (8.4)

Many researchers argue that the Orthodox quantum mechanics can provide (8.4) as the

definition of the dwell time. This can be true from a mathematical point of view, but

it cannot be true from a physical point of view. The orthodox theory has given up in

providing information on what happens in the active region (if such information is not

measured). Since the present thesis is based on Bohmian mechanics, I assume that I can

get the information of the dwell time of our RTD without any conceptual problem and

use it to evaluate our high-frequency current where the transit time is a very relevant

Figure of Merit to understand if the device can be considerer in static conditions or not.

Some numerical estimations of the transit time for the typical RTD structures used in this

thesis are on the order of 0.1 ps. Thus, clearly at frequencies of few THz, even hundreds

of GHz, the static assumption of the Landauer model is no longer valid.

8.3 The Displacement Current Coefficient without

transversal field

In this and the next section, I will use the final expression of the total current (5.27)

developed in Chapter 5 to build a new parameter named Displacement Current Coefficient

D(f)(E, t), with the goal of including the displacement current in an approach for quantum

transport similar to the Landauer model of (8.2). The use of this Displacement Current

Coefficient D(f)(E, t) extends the possibility of estimating the current of a ballistic device

(RTD) well inside the THz gap, overcoming the transit time limit. I will discuss in this

section a scenario without the presence of quantized transversal electromagnetic fields.

In the next section within the present chapter, the quantization of the transversal field

will be considered.

We consider a single-electron wave function ψi(x, t), used through (3.3) and (3.4) to

determine the velocity of the electron, used in (5.27). This wave function is solution of
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the electron Hamiltonian H0 = p2

2m
+ eUext(x, t), where I repeat that the potential energy

Uext(x, t) can include many ”external” interactions (as the conduction band of the device

or the Coulomb interaction) in a type of mean-field approximation. In particular, the

external potential (in Volts) Vext(x, t) = Uext/e is described as:

Vext(x, t) = Vin(x, t) + Ec(x)/e. (8.5)

Where Vin is the input signal applied at the external contacts of the device:

Vin(x, t) = V0 cos(2πft+ θ) · x− L/2
L

, (8.6)

Where in the input signal Vin(x, t), f is the frequency of an input external signal

applied on the device, θ as the phase of the signal, whose use will be explained in Chapter

5.1. Notice that this type of potential is related to the scalar potential in Maxwell’s

equations, and not to the vector potential. As such, the above potential deals with the

longitudinal electrical field E‖(r, t), and does not affect directly the transversal electrical

field E⊥(r, t).

Within the Bohmian theory, I study the active region (open system) from Bohmian

conditional wave functions. I define ψ(x, t; ti, E) as a wave packet (Bohmian conditional

wave function) with central energy E injected from the left contact at time ti with positive

central momentum. To be exact, the wave-packet at time ti is located at a central position

xleft deep inside the left reservoir. Identically, I get J(x, t; ti, E) as the current density

in the x direction linked to ψ(x, t; ti, E). Form such state, I can compute the Bohmian

velocity from (3.4) and introduce it into (5.27). I can also transform the sum over electrons

as a an integral
∑N(t)

i=1 → β
∫ t
−∞ dti

∫ L
0
dx|ψi(x, 0)|2. Notice that β is a constant that

determines number of electrons injected by second (with units of s−1). This parameter

is proportional to the lateral area of device (the more lateral area, the more electrons

injected). I consider electrons injected from ti = −∞ until ti = t (Electrons injected

after t cannot have any effect on the current). I only consider electrons at each position

inside the active region (from x = 0 to x = L) with |ψi(x, 0)|2 the density probability of

electrons in each position x. As a result, the total current from (5.27) (considering only

one injecting energy for simplicity) will be:

I(f)(E, t) = β
e

L

∫ ∞
0

dE f(E) g(E)

∫ t

ti=−∞
dti

∫ b

x=a

dx · J (f)(x, t; ti, E). (8.7)

Here I have added the superindex (f) indicating the external frequency in (8.6). To
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obtain a more compact notation, I define the Displacement Current Coefficient as:

D(f)(E, t) = β
1

L

∫ t

ti=−∞
dti

∫ b

x=a

dx · J (f)(x, t; ti, E). (8.8)

Note that in equation (8.8) the injection time ti is fundamentally different from the

observation (measurement) time t. And now, if I consider different injecting central

energies E, the energy integral of equation 8.7 can be written with a shape similar to the

Landauer model in (8.1):

I(f)(t) = q

∫ ∞
0

dE f(E) g(E)D(f)(E, t). (8.9)

The Displacement Current Coefficient Df (E, t) in DC conditions For DC sce-

narios where I have Vext(x, t) ≈ Vext(x), I know that the wave function injected at the

injecting time ti and evaluate at the observation time t = 0 is identical to a wave packet

injected at ti = 0 and evaluated at t− ti, meaning that an offset of time ti has no effect

so that ψ(x, t− ti; 0, E) = ψ(x, t; ti, E), then (8.8) can be rewritten as

D(f=0)(E, t)/β =
1

L

∫ b

x=a

dx

∫ 0

ti=−∞
dtiJ

(f)f(x, t; ti, E)

=
1

L

∫ b

x=a

dx

∫ 0

ti=−∞
dtiJ

(f)f(x, t− ti; 0, E)

=
1

L

∫ b

x=a

dxT (E) = T (E), (8.10)

where the have used the definition of T (E) in (8.2). At low frequencies, the probabilities

(8.2) is equal to (8.8) divided by the constant β. The constant β with units s−1 is needed

because D(f)(E, t) has units of s−1.

8.4 The Displacement Current Coefficient with transver-

sal field

In this section, I want to generalize the Displacement Current Coefficient D(f)(E, t) when

the electron-photon interaction is considered. To do so, I take again the total current

(5.27) and again I change the sum to a continuous integral∑N(t)
l=1 → β

∫ 0

−∞ dti
∫ L

0
dx
∫∞
−∞ dq|Ψ

(f)(x, q, t, ti, E)|2. Now, I am interested only on the

velocity of the electron in the x direction. Since the coherent interaction depends also

on the variable q, I have added an extra integral on q. This means that I consider
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many electrons simultaneously in the device. Many of them with the same wave packet

preparation, assuming them to be independent between each other. Since I compute

each electron interacting with the electromagnetic filed, all possible values of q and x

distributed from |Ψ(f)(x, q, t, ti, E)|2 has to be considered. Then, following the same

steps as in the previous computation, the total current through (8.7) will be

I(f)(t) = β
e

L

∫ ∞
0

dE f(E) g(E)

∫ t

−∞

∫ L

0

∫ ∞
−∞

dti dx dq J
(f)(x, q, t; ti, E). (8.11)

Again, to have a more compact notation, in a parallel procedure as done in (8.8), I define:

D(f)(E, t) ≡ β
1

L

∫ t

−∞

∫ L

0

∫ ∞
−∞

dti dx dq J
(f)(x, q, t; ti, E). (8.12)

so that it is possible to define the total current, similarly to (8.9):

I(f)(t) =

∫ ∞
0

dE f(E) g(E)D(f)(E, t), (8.13)

Let us now provide a practical tool to be able to use (8.12) in a more effective way for

a simplified system. The results of this simplified system will be shown in Chapter 12.

8.4.1 Practical computation

The practical model of (6.25) evolves two coupled electron wave functions in the physical

space x, through ψA(x, t) and ψB(x, t), which are respectively related to an electron in

the absence of a photon inside the optical cavity, and to an electron in the presence of

a photon in the optical cavity. Then, by using the standard definition of the quantum

current, I have:

J(x, t; ti) =

∫
dq J(x, q, t; ti) =

∫
dq

~
m

Im
(
∂Ψ∗(x, q, t)

∂x
Ψ(x, q, t)

)
=

~
m

∫
dq Im

(
∂ψ ∗A (x, t)

∂x
φ

(γ)∗
0 (q) +

∂ψ∗B(x, t)

∂x
φ

(γ)∗
1 (q)

)
·

· Im(ψA(x, t)φ
(γ)
0 (q) + ψB(x, t)φ

(γ)
1 (q))

=
~
m

Im
(
∂ψ∗A(x, t)

∂x
ψA(x, t)

)
+

~
m

Im
(
∂ψ∗B(x, t)

∂x
ψB(x, t)

)
= JA,i(x, t) + JB,i(x, t). (8.14)

Where I used the orthonormality of φ
(γ)
0 (q) and φ

(γ)
1 (q), that is

∫
φ

(γ)
1 (q) φ

(γ)
0 (q) dq =∫

φ
(γ)
1 (q) φ

(γ)
0 (q) dq = 0. Finally, the total current (in the physical space x) of the electron-

photon system evolving fully coherently can be estimated using the new (extended) dis-

placement current coefficient D(f)(E, t) as:
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D(f)(E, t) ≡β 1

L

∫ L

0

∫ 0

t=−τ
dx dti (JA,i(x, t) + JB,i(x, t)) . (8.15)

The two electron components, related to two different states of the optical cavity, both

contribute to the current. In this way, an external harmonic signal at frequencies in the

optical domain can be studied in its effects on the conductivity of the active region of

a device. The numerical estimation of D(f)(E, t) for an optical cavity with determined

frequency ωγ in resonance with a two-level electron system is shown in Chapter 12. The

result will be shown first in function of the injection energy E in DC conditions, then in

high frequency AC condition for a fixed injection energy E.
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Chapter 9

Coherent Transport of Electrons

with Transversal Field

In this chapter, I report results from the numerical simulation of the models explained

in Chapter 6. The system will be first described by the electron wavefunction ψ(x, t)

guided by the semiclassical modelling of electron-photon interaction, with the equation

of motion given by (6.11) and the Hamiltonian ĤS.

Secondly the system will be described by the 2D fully-quantum wavefunction Ψ(x, q, t)

from (6.18), guided by the quantum equation of motion (6.17) and Hamiltonian ĤQ. This

last one is actually represented by the electron in 1D system ψ(x, t) from (6.22), guided

by the 1D quantum equation of motion (6.25).

The nomenclature used in the chapter and in the rest of the results will use the capital

Ψ when the wavefunction describes the state of both electrons and photons, while I will

use ψ when referring to the electron alone. In both cases, the justification of using pure

states in a many-body system as an RTD, instead of density matrixes, is explained in the

theory, developing the concept of Bohmian conditional wave function, in Chapter 4. The

different parameters or subindexes will specify more information about the wave packets.

To denote an energy eigenstate of the electron system alone or the photon alone, used as

a base, I will write the symbol φ.

The results of this chapter are reproduced or adapted from:

� M. Villani, G. Albareda, C. Destefani, X. Cartoixà, X. Oriols, ”Scattering in terms

of Bohmian conditional wave functions for scenarios with non-commuting energy

and momentum operators”, Entropy, vol. 23, no. 4, p. 408, 2021;

� M. Villani, C. Destefani, X. Cartoixà, M. Feiginov, X. Oriols, ”THz displacement
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current in nanodevices with coherent electron-photon interaction”, 2022. (Submit-

ted)

9.1 Classical electromagnetic field

In this section, I consider a Gaussian wavefunction ψ(x, t) injected inside the simulation

box and interacting with the RTD device whose structure is shown in Fig. 9.1(a), with

quantum well of 16 nm, barrier thickness 2 nm, mass m = 0.041m0 and barrier height

0.5 eV. The DC transmission probability of the RTD structure is shown in Fig. 9.1(b).

-10 0 10

0.0

0.1

0.2

0.3

0.4

0.5

C
on

du
ct

io
n 

Ba
nd

 (e
V)

Position x (nm)
(a)

0.00 0.04 0.08 0.12
10-6

10-5

10-4

10-3

10-2

10-1

100

Tr
an

sm
is

si
on

 P
ro

ba
bi

lit
y 

(e
V-1

)

Energy (eV)
(b)

Figure 9.1: (a) Conduction band of the RTD device with quantum well of 16 nm, barrier thickness

2 nm, constant electron mass m = 0.041m0, barrier height 0.5 eV (b) DC transmission probability in

function of injection energy E, where the bottom energy level is E0 = 26 meV, and the second excited

level E1 = 104 meV.

The transmission probability shown in Fig. 9.1(b) reveals the bottom energy eigen-

state of the quantum well at energy E0 = 26 meV and the first excited eigenstate at

energy E0 = 103 meV. From now on I define the energy difference between the two states

as EG = E1 − E0. The wavepacket will be injected from the left with a central energy

E = 103 meV to occupy the first excited level of the quantum well.

The numerical estimation of the evolution of the electron wavefunction ψ(x, t) is

guided by the equation of motion equation (6.11), and Hamiltonian ĤS (6.10). The

related charge density PS(x, t) = |ψ(x, t)|2 is shown in Fig. 9.2. The semiclassical elec-

tromagnetic field q(t) ∝ cos(ωγt) forces the quantum well to oscillate with frequency

fγ = ωγ/2π = EG/~. In (6.12) the interactions strength γ is fixed as γs = 1.33 meV/nm.
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In particular in Fig. 9.2 light-matter interaction is activated in an adiabatic way at the

beginning of the interaction time ts = 0.2 ps, where τs = 0.1 ps is the duration of the

light-matter interaction, and in this case is the time used for the adiabatic activation of

the interaction. So that the semiclassical term HI in (6.12) is: HI = −ex γs√
ω
q(t)Θ(t),

with Θ(t) = (t− ts)/τs and Θ the Heaviside function.

(a) (b)

Figure 9.2: Spatial distribution of the charge associated with the wavefunction ψ(x, t) (a) with null

strength γs = 0 of electron-photon interaction, (b) with light-matter interaction with γs = 1.33 meV/nm,

activated at time ts = 0.2 ps and activated adiabatically until time ts + τs = 0.3 ps. Interacting with

a double barrier structure shown in Fig. 9.1(a). The Rabi oscillation is observed when the interaction

between electron and electromagnetic field is activated in (b).

In Fig. 9.2(a) I see the Gaussian wave packet occupying the second state of the quan-

tum well, where with null strength γs = 0 of the light-matter interaction is considered. On

the contrary, in Fig. 9.2(b), when the mentioned semi-classical light-matter interaction

is activated, the wavefunction ψ(x, t) shows oscillations of the charge at t > ts > 0.2 ps.

In fact, I see oscillations at two different frequencies.

The first frequency is due to the dipole oscillation forced by the term q(t) ∝ cos(ωγt)

with frequency fγ = 18 THz. However, I observe also a lower frequency of oscillations.

Since the field is in resonance with the quantum well fγ = EG/~, the oscillation of q(t)

produces also Rabi oscillations [124,125]. This is observed at frequency fR,s = 5.18 THz.

This oscillation respects the conditions, fR,s = γs|dx|/~, where the dipole is approximated

between the two bottom eigenstates of the quantum well dx = L
∫
φ∗E1

(x)xφE0(x)dx, that

with L = 16 nm is dx = −2.88 nm.
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9.2 Quantum electromagnetic field

Now I will provide results for what concerns the quantum description of the electron-

photon interaction (both electron and electromagnetic fields are quantum). My goal is to

describe the evolution of the electron-photon system described by Ψ(x, q, t) in the {x, q}
degrees of freedom, evolved in (6.17), but in its simplified version, which is (6.25), as

explained in Chapter 6. In order to compare this with results of the previous Section 9.1,

where only the x degrees of freedom can be represented, I define PQ(x, t) as:

PQ(x, t) =

∫
dq |Ψ(x, q, t)|2

=

∫
dq (ψA(x, t)φ

(γ)
1 (q) + ψB(x, t)φ

(γ)
0 (q))∗ · ((ψA(x, t)φ

(γ)
1 (q) + ψB(x, t)φ

(γ)
0 (q)))

= |ψA(x, t)|2 + |ψB(x, t)|2, (9.1)

where I have used the wave functions ψA(x, t) and ψB(x, t) defined in (6.22), whose

equations of motion are (6.25). I have also defined φ
(γ)
0 (q) as the ground energy eigenstate

of the harmonic oscillator (zero photons) and φ
(γ)
1 (q) as the first energy eigenstate of the

harmonic oscillator (one photon) in the quantum description of the wave nature of the

electromagnetic field. Notice that PQ(x, t) can be understood as diagonal element of a

reduced density matrix PQ(x, t) = ρ(x′, x, t)|x′=x′ with:

ρ(x′, x, t) =

∫
dqΨ∗(x′, q, t)Ψ(x, q, t)

=

∫
dq (ψA(x′, t)φ

(γ)
1 (q) + ψB(x′, t)φ

(γ)
0 (q))∗ · ((ψA(x, t)φ

(γ)
1 (q) + ψB(x, t)φ

(γ)
0 (q)))

= ψ∗A(x′, t)ψA(x, t) + ψ∗B(x′, t)ψB(x, t). (9.2)

Notice that ψA(x, t) and ψB(x, t) are both needed, not only one, to describe the system

in the orthodox language ρ(x′, x, t). The reason, explained in the previous chapters, is

that it is not possible to describe an open system with orthodox pure states. Or, to be

more precise, the state ψA(x, t) alone, or the state ψB(x, t) alone, are not a good physical

description of the electron. Both are needed in an orthodox formulation to describe the

electron system, as it is an open system. Notice that under a Markovian approximation,

when observing only the system at the initial and final times, I could say that the system

is initially described by ψA(x, t) and finally by ψB(x, t) alone. This would be accurate,

however, it would be an approximation unable to provide information about the evolution

in the intermediate times, during the transition.

We consider initially that the electromagnetic field is described by the zero-photon
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wave function φ
(γ)
0 (q). The Gaussian wavefunction ψ(x, t) is then associated to the zero

photon state in the optical cavity, which in (6.22), means ψ(x, t = 0) = ψA(x, t = 0).

We consider the Gaussian wavefunction ψ(x, t) interacting with the RTD device shown

in Fig. 9.1(a). The wavepacket is injected, again, with a central energy equal to the

second state of the quantum well E = E1 = 104 meV. The total charge estimated with

(9.1) is shown in Fig. 9.3(a) without light-matter interaction, and (b) with light-matter

interaction. The interaction, guided by the equation of motion (6.25), and the frequency

of the photons is in resonance with the quantum well: ωγ = EG/~. To compare this

result with the previous one I use the same strength of the electron-electromagnetic field

interaction γq = γs = γ = 1.33 meV/nm. The resonance of the photon with the energetic

difference between the two eigenstates EG enables a Rabi oscillation that is observed in

Fig. 9.3(b).

(a) (b)

Figure 9.3: Spatial distribution of the charge associated with the wavefunction ψ(x, t) (a) with

null strength γ = 0 of electron-photon interaction, (b) with electron-photon interaction with γ =

1.33 meV/nm. Both interacting with the double barrier structure shown in Fig. 9.1(a). The Rabi

oscillation is observed when the interaction between electron and photon is activated in (b).

9.2.1 Rabi oscillation

We now want to further study the presence of these Rabi oscillations in RTDs. I consider

now a Gaussian wavepacket ψ(x, t) injected in the RTD device shown in Fig. 9.4(a), with

quantum well of 10 nm, barrier thickness 2 nm, mass m = 0.041m0, where m0 is the mass

of the free electron m0 = 9.109 · 10−31 Kg, barrier height 0.5 eV.
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(a) (b)

Figure 9.4: (a) Conduction band of the RTD device with quantum well of 10 nm, barrier thickness

2 nm, mass m = 0.041m0, barrier height 0.5 eV (b) DC transmission probability in function of injection

energy E, bottom energy level E0 = 58 meV, and second energy level E1 = 235 meV.

The new RTD structure includes a quantum well with width of L = 10 nm. This value

is chosen to be different from the ones of Fig. 9.1 to increase the energy spacing between

the eigenstates and improve the ”quality” of the Rabi oscillations. The transmission

probability in Fig. 9.4(b) shows the two quantum well eigenstates. The bottom energy

eigenstate of the quantum well φE0(x) has energy E0 = 58 meV and the second eigenstate

φE1(x) is at energy E1 = 235 meV.

Next, to estimate how much of the probability of the electron-electromagnetic field

system inside the well can be assigned to the presence of one photon (associated to

ψB(x, t) in (6.22)) or its absence (associated to ψA(x, t) in (6.22)), I define the occupa-

tion probabilities of each state relative to the occupation of the bottom state or second

eigenstates of the quantum well, with the following practical description. I define the

importance of each energy in the quantum well in the description (in the superposition)

of ψA(x, t) and ψB(x, t) as:

cA(E, t) =

∫ L

0

ψA(x, t)φ∗E(x)dx , cB(E, t) =

∫ L

0

ψB(x, t)φ∗E(x)dx. (9.3)

Then, I define the probabilities of the energy eigenstates with electrons related to the

one-photon case:

PB,0(t) =
1

N

∫ E0+E1
2

0

|cA(E, t)|2dE , PB,1(t) =
1

N

∫ ∞
E0+E1

2

|cA(E, t)|2dE, (9.4)
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and the same for the eigenstates of the the electron related to the zero-photon case:

PA,0(t) =
1

N

∫ E0+E1
2

0

|cA(E, t)|2dE , PA,1(t) =
1

N

∫ ∞
E0+E1

2

|cA(E, t)|2dE. (9.5)

The wave functions φE(x) are the energy eigenstates of the electron Hamiltonian H0 in

(6.5). These definitions are needed because I are dealing with an open system where the

distribution of energies allowed to the electrons is continuous, even tough the highest

probability appears at the resonant energies E = E0 and E = E1. Please remind that I

am only interested in the probability inside the barrier region with spatial limits given by

0 < x < L. Also, a normalization constant N , is included ensuring that PA,0(t)+PA,1(t)+

PB,0(t) +PB,1(t) = 1 at any time (to exclude the probabilities outside the quantum well).

In the following Fig. 9.5 the meaning of the probabilities defined in (9.4) and (9.5) is

represented schematically with the four different possible states of the system, which will

take the role of the base of the electron-photon system. The evolution is again driven by

(6.25), with γq = 7.9 meV/nm, and the dipole is dx = −1.66, due to the new geometry of

Fig.9.4.

(a) (b) (c) (d)

Figure 9.5: Schematic representation of all the states that I assume to be possible within the simple

two electron states and two photon states representation. The light blue squares represent the optical

cavity, while the black line is the RTD device double barrier structure. Red horizontal lines represent

the electron energy eigenstates φE0
(x) and φE1

(x) of the quantum well, used to define the electron

wavefunction ψ(x, t), while the gray arrow shows the presence of a photon inside the optical cavity. The

electron-photon wavefunctions Ψ(x, q, t) will always be a combination of two or more of these fours states,

each one associated with a probability defined in (9.4) and (9.5).

The evolution of probabilities PA,0, PB,0, PA,1 and PAB,1, from (9.4),(9.5) for a wave-

function ψ(x, t) undergoing Rabi oscillation inside a quantum well of Fig. 9.4(a), is shown

in Fig. 9.6, here I see the exchange of probability from PB,0 to PA,1, which tells us that the

Rabi oscillation is taking place with periodic change of probability between the two states

shown in Fig. 9.5(b) and Fig. 9.5(c). In fact the Rabi frequency respects the condition

fR,q = 2
√
γ
q
|dx|/~20 THz.
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(a) (b)

Figure 9.6: (a) evolution of probabilities for the wavefunction to occupy the bottom state PA,0 (blue

line) and PB,0 (red line) at 0 < E < (E0 + E1)/2 (b) evolution of probabilities for the wavefunction

to occupy the second state PA,1 (blue line) at and PB,1 at energies (E0 + E1)/2 < E < ∞ defined in

(9.5),(9.4) for the case that the initial Gaussian wavepacket ψ(x, t) is injected in the second state of the

quantum well. Most of the probability of the electron wavefunction ψ(x, t) is oscillating from PB,0 (red

line in (a)) to PA,1 (blue line in (b)). This probability oscillation is the signature of the Rabi oscillation.

It is now interesting to see how the previous results will change if the frequency of

the photons involved in the discussion is not in resonance with the mentioned energy EG

of the electrons. In particular, I consider now photons with an energy 2EG. I expect the

light-matter interaction to switch off, because of the lack of resonance. The wavepacket

is again injected in the RTD structure with energy E = 234 meV to occupy the second

level of the quantum well so that it would have enough energy to emit the photon. In

particular, in this non-resonant case, the evolution of probabilities defined in (9.4) and

(9.5) does not show periodic oscillation. This means that the electron-photon interaction

is not activated so that the electron and the photon evolve independently. These results

can also be understood from the fact that the total energy of the system has to be

conserved. In other words, E0 + 2EG > E1, thus, the absorption of one photon by the

electron ground state is not possible in this case, while in the previous case the absorption

was possible because the energy conservation law red E0 + EG = E1.
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(a) (b)

Figure 9.7: (a) evolution of probabilities for the wavefunction to occupy the bottom state PA,0 (blue

line) and PB,0 (red line) at 0 < E < (E0 + E1)/2 (b) evolution of probabilities for the wavefunction

to occupy the second state PA,1 (blue line) at and PB,1 at energies (E0 + E1)/2 < E < ∞ defined in

(9.5),(9.4) for the case that the initial Gaussian wavepacket ψ(x, t) is injected in the second state of the

quantum well (so that at t = 0, PA,1 ≈ 1). Here I show the non-resonant case where fγ = 2EG/h. It is

clear that most of the probability is maintained in PA,1, since the electron and the optical cavity are far

from resonance.
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Chapter 10

Non-coherent Transport of Electrons

with Transversal Field

In this chapter, I analyze the quantum electron interacting in a non-coherent way with

the quantum transversal electromagnetic field. I remind that I named as non-coherent

the model of the electron-photon interaction when I use the Bohmian conditional wave

function and I approximate its equation of motion from simple arguments based on con-

servation of momentum or conservation of energy. In particular, the non coherent treat-

ment, explained in Chapter 7, is done using the energy exchange model in (7.10) and the

momentum exchange model in (7.6). Additionally, similar results will be shown in the

Wigner function representation, explained in (4.7). For comparison, the Wigner repre-

sentation will be first shown with a coherent treatment (without approximations), and

then non-coherently.

The results of this chapter are reproduced or adapted from:

� M. Villani, G. Albareda, C. Destefani, X. Cartoixà, X. Oriols, ”Scattering in terms

of Bohmian conditional wave functions for scenarios with non-commuting energy

and momentum operators”, Entropy, vol. 23, no. 4, p. 408, 2021;

� M. Villani, X. Oriols, ”Can Wigner distribution functions with collisions satisfy

complete positivity and energy conservation?”, Journal of Computational Electron-

ics, vol. 20, no. 6, p. 2232–2244, 2021.
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10.1 Collisions with the Bohmian conditional wave-

function

In this section, I show results of the non-coherent evolution of electron-photon interaction

presented in Section 7. First for a flat potential case, and then for an arbitrary potential

one, in this case the RTD device of Fig. 9.4. In both cases I will compare the momentum

exchange model of (7.4) to the energy exchange model of (7.9). The scattering is assumed

to happen at time ts, with the interaction taking place from time ts to time ts + τs.

10.1.1 On the electron energy and momentum definitions

To properly compare the momentum and energy models, I assume that the change of

the expectation value of the electron ∆E due to interaction with a photon with energy

Eγ = E(ts + τs) − E(ts) = ∆E is comparable to a change of the momentum with

pγ = p(ts + τs)− p(ts) satisfying:

pγ = p(ts + τs)− p(ts) =

√
2mE(ts + τs)

~
−
√

2mE(ts)

~
. (10.1)

Where pγ is the momentum needed to have a change in energy of Eγ of the electron

wavefunction ψ(x, t). If (10.1) is verified, then the momentum exchange model of (7.4)

and the energy exchange model of (7.9) are equivalent. But, now, the pertinent question

is: can the momentums and energies of the electrons inside the device be always well-

defined? The same question, in more technical words: Do the momentum and energy

operators always commute?

Let us answer this question before showing the numerical result. For a arbitrary wave

function ψ(x, t), I can always compute the expectation value of the energy 〈E(t)〉 through

(7.8), and of the momentum 〈p(t)〉 through (7.3). However, a change of energy ∆E in

the expectation value of the energy corresponds to a change of momentum of the kind

∆p only if electron energy eigenstates φE(x) are also momentum eigenstates φK(x). This

is satisfied the energy and momentum operators commute: [p,H0] = 0.

The typical quantum mechanical momentum operator in the position representation

p = −i~ ∂
∂x

commutes with the Hamiltonian H0 when there is are spatial variations on

the potential profile; for example, in the presence of a null potential profile. However, in

the presence of a position-dependent arbitrary potential V (x), the Hamiltonian operator

is H0 = − ~
2m

∂2

∂x2
+V (x), and the commutator of the energy operator with the momentum

operator will different, in general, from zero:
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[p,H0] = −i~ ∂
∂x
V (x) 6= 0. (10.2)

This result will be very relevant in this chapter when I discuss collisions inside a typi-

cal device with a space-dependent conduction band; for example, the RTD used in my

examples.

In particular, if momentum and energy do not commute I have the following situ-

ation depicted in Fig. 10.1. Let us consider an initial wave packet at a time t = ts,

before the collision, located in a flat potential where energy and momentum operators

do commute. Then, ψ(x, ts) is characterized by a energy eigenstates distribution a(E, ts)

with a Gaussian shape with small dispersion σE, and the expectation value 〈E(ts)〉 (from

(7.8)) so that I conclude that the energy of the initial electron is (roughly) well-defined.

Identically, I can expect a similar behavior for the momentum given by a Gaussian shape

with dispersion σp, and momentum eigenstates distribution b(k, ts), with expectation

value 〈p(ts)〉 (from (7.3)). So, I conclude, again, that the momentum of the electron is

(roughly) well-defined at this initial time. This is represented in Fig. 10.1 by the red

Gaussian wave packets in energy and momentum.

Then, the wave function interacts with the arbitrary potential Vext(x, t), where the

time dependence t is not needed in this discussion, but it is kept to maintain generality.

During this time I applied our collision model (either momentum exchange or energy

exchange). But, now, because of the spatial dependence of Vext(x, t) it is not possible to

have well-defined momentum and energy after the scattering. This is schematically shown

in Fig. 10.1, and numerically validated in the following section where its consequences

for quantum transport are discussed in detail. To bring additional proof this will also

be shown with a Wigner representation, and with a different RTD structure, in Section

10.2.
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Figure 10.1: Schematic representation of the evolution of the energy and momentum components in the

momentum exchange model (left figure) of (7.4) and energy exchange model (right figure) of (7.9). On

the top figures I show the implemented transition, on the bottom figures I show the consequent creation

of a new energy or momentum spectra.

Any non-coherent algorithm should be aware of this fundamental limitation to es-

timate simultaneously the energy and the momentum of a wave packet. In fact, since

electrons are governed by the Hamiltonians that are the energy operators (not momen-

tum operators), it is much more reasonable to expect a roughly well-defined energy for

an electron, rather than a well-defined momentum. In such a way, an energy-exchange

algorithm for collisions is much more physically acceptable than a momentum-exchange

one. The conclusion is that those approaches that manipulate the momentum (like the

Wigner function in the phase space) will have important difficulties to deal with collisions

in a proper way.

Electron-photon interaction in case of flat potential

As just said, non-coherent algorithms based on either the momentum or energy exchange

in a flat potential condition lead to equivalent results. Here I consider the electron

Bohmian Conditional Wavefunction ψ(x, t) interacting with a photon, with the interac-

tion modelled with the momentum exchange algorithm of (7.4), whose probability dis-

tribution |ψ(x, t)|2 is shown in Fig. 10.2(a). Then the scattered electron Bohmian Con-

ditional Wavefunction ψ(x, t) is modelled with the energy exchange algorithm of (7.9),

whose probability |ψ(x, t)|2 evolution is shown in Fig. 10.2(b). The expectation value

of the velocity of the wavepacket is increased as a consequence of the absorption of a

photon with energy Eγ = 100 meV and momentum pγ = 1.704 · 108m−1, at the arbitrary

scattering time ts = 15 fs. Clearly in this case the two models are fully equivalent.
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(a) (b)

Figure 10.2: Evolution of the probability density |ψ(x, t)|2, in flat potential conditions, with initial

energy 58 meV, absorbing a photon at time ts = 15 fs (a) using the momentum exchange model of (7.4)

to absorb a photon with momentum pγ = 1.704 · 108m−1 (b) using the energy exchange model of (7.9)

to absorb a photon with energy Eγ = 100 meV.

In Fig. 10.3 the same comparison is done with the Bohmian Conditional Wavefunc-

tion ψ(x, t), in the case of emission of a photon with energy Eγ = 100 meV and mo-

mentum pγ = 1.704 · 108m−1. The equivalence shown in Fig. 10.2 is also clear looking

at Fig. 10.3(a), which show the probability density |ψ(x, t)|2 scattered with the momen-

tum exchange algorithm of (7.4), and comparing it with Fig. 10.3(b), which show the

probability density scattered with the energy exchange algorithm of (7.9).

In both figures the expectation value of the velocity of the wavepacket is decreased

at the scattering time ts = 12 fs. This equivalence is due to the fact that the momentum

and energy operator commute in the case of a flat potential, as anticipated in subsection

10.1.1.
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(a) (b)

Figure 10.3: Evolution of the probability density |ψ(x, t)|2, in flat potential conditions, emitting a

photon at time ts = 15 fs (a) using the momentum exchange model of (7.4) to emit a photon with

momentum pγ = 1.704 · 108m−1 (b) using the energy exchange model of (7.9) to emit a photon with

energy Eγ = 100 meV.

10.1.2 Momentum exchange model in case of arbitrary poten-

tial

In this subsection, I show the same result as Fig. 10.2 and 10.3 but in the presence of the

arbitrary potential shown in Fig. 9.4.

We now show the unphysical result obtained when using a momentum exchange model

to model electron-photon non-coherent interaction in the presence of an arbitrary poten-

tial Vext(x, t). I consider an electron Bohmian Conditional Wavefunction ψ(x, t), which

is injected in the active region in the presence, as I said, of an arbitrary potential. The

evolution is described by (7.4), which in this case performs a simple shift of amount

pγ = 2.529 · 108m−1 (momentum of the photon) of the expectation value of momentum

of the wavepacket, so that pγ = 〈p(ts + τs)〉 − 〈p(ts)〉. In the arbitrary potential case

this is not equivalent to a shift of Eγ = 176 meV, because of the presence of the RTD

structure. In particular, in Fig. 10.4 the wavepacket is injected in the bottom level of

the quantum well Vext(x, t) shown in Fig. 9.4 with energy Einj = E0 = E(ts) = 58 meV

and momentum pinj = p(ts) = 2.507 · 108m−1, occupying the bottom state state φE0(x)

of the quantum well. In Fig. 10.4(a) the wavepacket is shown without scattering, to

compare it with the following result in Fig. 10.4(b) where the wavepacket undergoes

scattering, at time ts = 250 fs, consisting of absorption of a photon with resonant energy

Eγ = EG. The distribution of the momentum eigenstates b(k, ts + τs) forming the base
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of the wavefunction has a well-defined Gaussian shape, since the momentum exchange

model of (7.4) is used, but now the distribution of the energy components a(E, ts + τs)

is not Gaussian any more, as schematically shown in Fig. 10.1.

The first effect of this is that some of the components of a(E, ts + τs) has non-null

occupation probability of energy eigenstates φE(x) so that, when included in the calcu-

lation of expectation value of the energy 〈E(ts + τs)〉 in (7.8) does violate the energy

conservation:

Eγ =
~2p2

γ

2m
=

~2〈p(ts)〉2

2m
− ~2〈p(ts + τs)〉2

2m
6= 〈E(ts)〉 − 〈E(ts + τs)〉. (10.3)

Additionally a non-Gaussian shape of a(E, ts + τs) means a mixing of energy eigen-

states φE(x) whose combination is not continuous in its spatial distribution and this

creates the spatial oscillations visible in 10.4(b) after the scattering time ts = 250 fs.

On the other hand the non-coherent emission of a resonant photon with the same al-

gorithm (7.4) is shown Fig. 10.5, where the wavepacket is injected with energy equal

to the second energy state of the quantum well E(ts) = E1 = 235 meV and momentum

p(ts) = 5.036 · 108m−1.

(a) (b)

Figure 10.4: Spatial distribution of the electron probability density |ψ(x, t)|2 (a) unperturbed electron

evolving in time interacting with the quantum well (b) electron evolving in time interacting with the

quantum well, absorbing a photon with momentum pγ = 2.529 · 108m−1. Green vertical lines show the

position of the RTD barriers.
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In Fig. 10.5(a) the wavepacket is shown without scattering, to compare it with the

following result in Fig. 10.5(b) where the wavepacket undergoes scattering, consisting of

emission of a photon at the arbitrary time ts = 125 fs. The momentum behaves as in

the previous photon absorption case, maintaining its Gaussian well-defined shape, and

again this builds additional unphysical components in the superposition of the energy

eigenstates used as the base of the wavefunction.

(a) (b)

Figure 10.5: Spatial distribution of the electron probability density |ψ(x, t)|2 (a) unperturbed electron

evolving in time interacting with the quantum well (b) electron evolving in time interacting with the

quantum well, emitting a photon with momentum pγ = 2.529 · 108m−1 at time ts = 125 ps. Green

vertical lines show the position of the RTD barriers.

As I have said, the momentum exchange in arbitrary potential is unphysical because

it violates the total conservation of energy, which would be otherwise guaranteed by the

coherent evolutions of wave packets from Hamiltonian (energy) operators. The conclusion

is that those approaches that manipulate the momentum can provide unphysical results.

As an example of these unphysical results in the literature are the oscillations simulated in

the quantum well of an RTD which have been used to wrongly predict RTDs as intrinsic

THz oscillators.
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10.1.3 Energy exchange model in case of arbitrary potential

Now I apply the energy exchange model described in (7.9) to show a proper implementa-

tion of a non-coherent evolution of the system describing electron-photon interaction. I

consider the same case shown in Fig. 10.4, with a single-electron wavepacket injected in

the bottom state with mean energy Einj = E0 = 58 meV in the same RTD device shown in

Fig. 9.4. The electron is absorbing a resonant photon, with energy Eγ = EG = 176 meV,

where the variation in energy of the electron is modelled with (7.9). The result is shown in

Fig. 10.6(b), where first the probability density |ψ(x, ts)|2 shows one maximum one maxi-

mum inside the quantum well, meaning that the bottom eigenstate φE0(x) is occupied and

〈E(ts)〉 = E0. Then, after the scattering time ts = 160 fs the wavepacket is occupying the

second state φE1(x), and its related probability |ψ(x, ts + τs)|2 shows two maxima inside

the quantum well, which indicates that that 〈E(ts + τs)〉 = E1. The behaviour of prob-

ability density is synonymy of an effective absorption of a resonant photon with energy

Eγ = EG inside the quantum well. For comparison, in Fig. 10.6(a) the same wavepacket

is shown to evolve without undergoing scattering, so that 〈E(ts)〉 = 〈E(ts + τs)〉 = E0

occupying the bottom state of the quantum well for the whole simulation time.

The energy components of the Bohmian Conditional Wavefunction before, a(E, ts),

and after the scattering, a(E, ts + τs), are shown in Fig. 10.7(a) for the momentum ex-

change model of (10.7) and in Fig. 10.7(b) for the energy exchange model of (7.9). In

Fig. 10.7(a) the a(E, ts+τs) does not have any more the Gaussian shape of a(E, ts), with

components that go up to 0.8 eV , much larger than the energy inside the whole electron-

photon system, which can give, at best, an electron energy of Emax = E2 = 234 meV. All

the additional unphysical components shown in red in Fig. 10.6(a) are the reason of the

oscillation of the charge in 10.4. This is a result deriving from the non commutability

of the energy and momentum operators in (10.2). On the other hand, in Fig. 10.6(b)

the Gaussian shape is maintained in the transition from a(x, ts) with expectation value

〈E(ts)〉 = E0 to a(x, ts + τs) with expectation value 〈E(ts + τs)〉 = E1.
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(a) (b)

Figure 10.6: Spatial distribution of the electron probability density |ψ(x, t)|2 interacting with the

quantum well of Fig. 9.4, (a) unperturbed electron evolving in time interacting with the quantum well

(b) electron evolving in time interacting with the quantum well of Fig. 9.4, while absorbing a photon

with resonant energy Eγ = E1 − E0 = 176 meV, at time ts = 160 ps. Green vertical lines show the

position of the RTD barriers.

(a) (b)

Figure 10.7: Energy components of the electron wavefunction ψ(x, t) (a) evolved with the momentum

exchange model, before the scattering event at t = ts (in blue) and after the scattering event at t = ts+τs

(in red), related to evolution of Fig. 10.4, (b) evolved with the energy exchange model, before the

scattering event at t = ts (in blue) and after the scattering event at t = ts + τs (in red), related to

evolution of Fig. 10.6.

In Fig. 10.8 I take into consideration the wavepacket ψ(x, t) injected in the second

energy level, with expectation value of the energy Einj = E1 = 234 meV. The wavepacket

is now shown to emit a photon, with energy Eγ = EG = 176 meV, where the interaction

is modelled with the energy exchange model of (7.9). The result is shown in Fig. 10.8(b),

where the second eigenstate φE1(x) is initially occupied, so that 〈E(ts)〉 = E1 and then
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after the scattering time ts = 150 fs the wavepacket is occupying the bottom eigenstate

φE0(x), with one maxima inside the quantum well, so that 〈E(ts + τs)〉 = E0. This

indicates the emission of a resonant photon inside the quantum well. For comparison, in

Fig. 10.6(a) the same wavepacket is shown to evolve without undergoing scattering.

(a) (b)

Figure 10.8: Spatial distribution of the electron probability density |ψ(x, t)|2 interacting with the

quantum well of Fig. 9.4, (a) unperturbed electron evolving in time interacting with the quantum well

(b) electron evolving in time interacting with the quantum well of Fig. 9.4, while emitting a photon with

resonant energy Eγ = E1−E0 = 176 meV, at time ts = 150 ps. Green vertical lines show the position of

the RTD barriers.

10.2 Collisions with the Wigner function

In this section, I analyse the Wigner Function description in its ability to implement a

proper non-coherent electron-photon interaction. The Boltzmann-Wigner model of (4.8)

is the tool used to introduce collision in the Wigner representation, and the bibliography

that tries to properly implement a physically sound collision operator keeps expanding

by the year. As already anticipated in Sec. 4.2 the most well-known problem when the

collision operator is defined within the Wigner function description is to guarantee the

condition of complete positivity of the probability. I will analyse how the condition

of energy conservation is also often violated when a Wigner description is used if the

collision operator is not properly defined. One reason for this is well known and explored

in bibliography [51,111,113], and is deriving from analogous issues of the Density Matrix
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description, which is Wigner’s father representation, as explained in Sec. 4.2, in (4.19).

A second reason which makes conservation of energy problematic will be observed in

this thesis and was analysed in [113]. This reason is linked to the already mentioned

non-commutability of the momentum p̂ and energy Ĥ operators (10.2) when an arbitrary

potential Vext(x, t) is included in the simulation box. This problem will affect any phase-

space description in the implementation of a non-coherent system, but I anticipate that is

a problem with a practical nature: while conceptually it is always possible to implement

scattering in an open system defined in a phase-space {x, p}, in practice this needs the

definition of a rather complicated collision operator Ĉ, to overcome the problem of non-

commutability shown in Fig.10.7.

10.2.1 Example for coherent model

To give additional results to compare the coherent approach with a non-coherent ones,

I consider, also in the Wigner description, the coherent evolution of a Wigner function

fW (x, k, t) interacting with a RTD structure shown in Fig. 10.9, with quantum well

of 16 nm, barrier thickness 2 nm, electron mass m = 0.041m0, barrier height 0.3 eV.

The RTD device with this structure has a bottom energy level φE0(x) with energy

E0 = 23 meV, and the second state φE1(x) with eigenenergy E1 = 96 meV. The RTD

is interacting with an optical cavity which hosts two-photon states φ
(γ)
0 (q) related to the

vacuum state, and φ
(γ)
1 (q) related to the first excited state of the optical cavity.

The optical cavity is assumed to only host perfectly monochromatic states with fre-

quency ωγ and resonant with the energy eigenstates of the quantum well: EG = ωγ/~ =

76 meV.

For a coherent implementation of electron-photon interaction within the Wigner de-

scription, I use equations (6.25) to evolve the wavefunction (6.22). The evolution is guided

with the interaction strength γq = 1.33 meV/nm. The evolution of (6.22) is represented

in its Wigner representation, estimated with (4.7) on the whole wave function Ψ(x, q, t)

with the degree of freedom q integrated. From a computational point of view, the Wigner

function fW (x, k, t) describing the open system of is computed form the density matrix

ρ(x, x′, t) defined in (9.2), which give a total Wigner function equal the Wigner function

computed form ψA(x, t) plus the Wigner function computed from ψB(x, t).
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(a) (b)

Figure 10.9: (a) Conduction band of the RTD device with quantum well of 16 nm, barrier thickness

2 nm, constant electron mass m = 0.041m0, barrier height 0.3 eV (b) DC transmission probability in

function of injection energy E, bottom energy level E0 = 23 meV, second level E1 = 96 meV.

The initial Wigner function is related to the wavefunction ψ(x, 0) = ψA(x, t) in (6.22),

meaning that initially there is no photon in the optical cavity. The initial wavefunction

is injected in the second level of the quantum well, so that ψ(x, 0) ≈ φE1(x) and Eenj =

E0 = 23 meV. In Fig. 10.10 I show the result of the evolution of the Wigner function

fW (x, k, t), the system is evolving from the top figures to the bottom ones, on the left

column I show the Wigner function fW (x, k, t) in its typical {x, k} phase-space, while in

the right column I show the projection along the x and k axes, and along the kinetic

energy E = ~2k2/2m. In Fig. 10.10(a) fW (x, k, t) is injected deep into the contact, with

central position x = −90nm, far away from the double barrier structure, the expectation

value of the energy is Einj = 23 meV, as can be seen to the red Gaussian distribution

in the {x, p} space, far away from the two vertical green lines. Then in Fig. 10.10(c)

and (d) the fW (x, k, t) is entering inside the active region mostly occupying the bottom

eigenstate in the quantum well, as I can notice the single peak inside the double barrier

structure in the bottom part of Fig. 10.10(d). Finally in Fig. 10.10(e) and (f) the Wigner

function fW (x, k, t) is interacting with the optical cavity, and inside the quantum well it

occupies the second eigenstate, as can be observed by the double peak of the probability

in the charge in the bottom of Fig.10.10(f).
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(a) (b)

(c) (d)

(e) (f)

Figure 10.10: Wigner function of the total electron wavefunction interacting with a double barrier

structure (green lines), at different times of its evolution: (a) at the beginning of the evolution, (c) when

first entering inside the double barrier structure with 〈E(t)〉 = 23 meV, (d) after absorbing a photon,

so that the electron energy is 〈E(t)〉 = 96 meV. In (b), (d), (f) are shown projections along the energy

(top), momentum (middle) and position (bottom) axis of the Wigner transform respectively of (a), (c),

and (d).
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Electron-photon interaction in case of flat potential

To show that the momentum exchange model is not problematic for the Wigner func-

tion given particular conditions, I try the Boltzmann-Wigner equation in flat potential

condition, Vext(x, t) = 0. The result is shown in Appendix D, where in Fig. D.1, in flat

potential conditions the momentum exchange (non-coherent) model of (7.4) is used to

simulate the absorption of a photon in one electron described by the Wigner function

fW (x, k, t). The Wigner function fW (x, k, t) maintains a well-defined gaussian shape of

the momentum components during the scattering from Fig.D.1(b), showing the Wigner

function at at t = ts, to D.1(d) showing the Wigner function at at t = ts + τs.

10.2.2 Momentum exchange model in case of arbitrary poten-

tial

In this section, I use the Wigner representation of the Bohmian Conditional Wavefunction

evolved using the momentum exchange and the energy exchange algorithms presented

respectively in (7.4) and (7.9), in the presence of an arbitrary potential Vext(x, t) 6= 0.

In Fig. 10.1 I show the rising of the same issues of the previous Section 10.1, where the

momentum exchange algorithm is used for photon emission or absorption by an electron

that interacts with a double barrier structure. In this case the structure is the one shown

in Fig. 10.9, with quantum well of 16 nm, barrier thickness 2 nm, constant electron mass

m = 0.041m0, barrier height 0.3 eV.

The change of the expectation value of the momentum of the Winger function fW (x, k, ts)

of the Bohmian Conditional Wavefunction is equivalent to the most diffused algorithm

used for scattering in the Wigner description, which, by the nature of this description, is

based on evolution in space and momentum. In Fig. 10.11(a) the Wigner function of the

Bohmian Conditional Wavefunction with initial injection momentum p(ts) is impinging

against the double barrier structure whose position is indicated by the vertical green lines.

The Gaussian wavepacket interacts with a photon with momentum pγ = p(ts + τs)−
p(ts) =

√
2mE1

~ −
√

2mE0

~ while it evolves in space, where E1 and E0 are the second

eigenenergy and the bottom energy of the double barrier structure. In Fig. 10.11(b)

the Wigner function fW (x, k, ts) is shown to have initial expectation value of the energy

of Einj = 〈E(ts)〉 = E0 = 23 meV (see top figure), equivalent to (mostly) occupying the

first eigenstates of the quantum well, because one peak in the probability is visible (see

bottom image of Fig. 10.11(b)). When the majority of the wavefunction is inside the

quantum well, the emission of a photon of momentum pγ is taking place. In Fig. 10.11(c)
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the scattered Wigner function fW (x, k, ts + τs) is shown, and its projections along the

x and k axis show the problems of implementation the momentum exchange algorithm.

In fact the expectation value of the momentum (and of the energy) of the Wigner func-

tion is not changing from fW (x, k, ts) in Fig. 10.11(b) to the one in fW (x, k, ts + τs) in

10.11(d). This is also visible in the charge distribution, where in both 10.11(b) and (d)

the same bottom eigenstates of the quantum well si occupied. This means that after the

scattering, I have 〈E(ts + τs)〉 6= E1, so that the energy conservation is violated, and

〈E(ts + τs)〉 6= 〈E(ts)〉+ Eγ.

(a) (b)

(c) (d)

Figure 10.11: Wigner function for photon absorption in a double barrier structure evolved with the

momentum exchange model (7.4): (a) before scattering (fW (x, k, ts)), injected in the bottom level Einj =

E0 = 23 meV and (c) scattered (fW (x, k, ts+τs)) by emitting a photon with resonant energy Eγ = EG =

E1 −E0 = 73 meV, where E1 and E0 is the bottom and second energy eigenstates of the quantum well.

In (b) and (d) I show projections along the energy (top), momentum (middle) and position (bottom)

axis of the Wigner functions respectively of the Wigner function (a) and (c). The green lines show the

position of the double barrier structure.
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Equivalent results are observed when the photon is emitted, as in Fig. 10.12. Here

initially the Wigner function fW (x, k, ts) is injected with momentum p(ts), equivalent to

the energy Einj = 〈E(ts)〉 = E1 = 0.96 meV, which is equivalent to the energy eigenvalue

of the second state in the quantum well, as it is proved by the charge distribution at

the bottom of Fig. 10.12(b). After the scattering, Fig. 10.12(c) and (d) show the

same expectation values of energy and momentum, and the same charge distribution of

Fig. 10.12(a) and (b). Again I have violated the conservation of energy 〈E(ts + τs)〉 6=
〈E(ts)〉 − Eγ.

(a) (b)

(c) (d)

Figure 10.12: Wigner function for photon emission in a double barrier structure evolved with the

momentum exchange model (7.4): (a) before scattering (fW (x, k, ts)), injected in the second resonant

level Einj = E2 = 96 meV and (c) scattered (fW (x, k, ts + τs)) by emitting a photon with resonant

energy Eγ = EG = E1 − E0 = 73 meV, where E1 and E0 is the bottom and second energy eigenstates

of the quantum well. In (b) and (d) I show projections along the energy (top), momentum (middle)

and position (bottom) axis of the Wigner functions respectively of the Wigner function (a) and (c). The

green lines show the position of the double barrier structure.
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10.2.3 Energy exchange model in case of arbitrary potential

In this section, I use the Wigner representation scattered with the energy exchange al-

gorithm in (7.9), in the presence of an arbitrary potential Vext(x, t) 6= 0. shown in

Fig. 10.9, with quantum well of 16 nm, barrier thickness 2 nm, constant electron mass

m = 0.041m0, barrier height 0.3 eV. This algorithm will be applied to the same Wigner

function fW (x, k, t) of the previous Fig. 10.11 and 10.12. As for the case of the wave-

function representation, I expect the model of (7.9) to provide an effective algorithm for

non-coherent electron-photons scattering. The result is shown in Fig. 10.13 for the ab-

sorption of a photon with energy Eγ = 73 meV. In Fig.10.13 (a) and (b), the Wigner func-

tion fW (x, k, ts) initially has expectation value of the energy of 〈E(ts)〉 = 23 meV (see top

figure), which is equivalent to (mostly) occupying the bottom state of the quantum well.

In fact, only one peak in the probability is visible (see bottom figure 10.11(b)). Then in

Fig. Fig.10.13 (c) and (d) after the scattering at time the Wigner function fW (x, k, ts+τs)

is occupying the second state of the quantum well, and I have 〈E(ts + τs)〉 = E1. In fact,

all of the energy and momentum components are shifted at higher values, respecting the

energy conservation: 〈E(ts + τs)〉 = 〈E(ts)〉+ Eγ = E0 + Eγ = E1 = 96 meV.

The same result can be shown for photon emission. In Fig.10.13 (a) and (b), the

Wigner function fW (x, k, ts) has initial expectation value of the energy of E(ts) = 23 meV.

And only two peaks in probability are present in the bottom figure 10.11(b)). Then in Fig.

10.13 (c) and (d) after the scattering the Wigner Function fW (x, k, ts+τs) is occupying the

bottom state of the quantum well. This shows that the energy conservation is respected,

since E(ts + τs) = E(ts)− Eγ = E1 − Eγ = E0 = 23 meV.
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(a) (b)

(c) (d)

Figure 10.13: Wigner function for photon absorption in a double barrier structure evolved with the

energy exchange model (7.9): (a) before scattering (fW (x, k, ts)), injected in the second resonant level

Einj = 〈E(ts)〉 = E0 = 23 meV and (c) scattered (fW (x, k, ts + τs)) by emitting a photon with resonant

energy Eγ = EG = E1 − E0 = 73 meV, and occupying the second eigenstate of the quantum well with

〈E(ts + τs)〉 = E1 = 96 meV. In (b) and (d) I show projections along the energy (top), momentum

(middle) and position (bottom) axis of the Wigner functions respectively of the Wigner function (a) and

(c). The green lines show the position of the double barrier structure.
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(a) (b)

(c) (d)

Figure 10.14: Wigner function for photon emission in a double barrier structure evolved with the

energy exchange model (7.9): (a) before scattering (fW (x, k, ts)), injected in the second resonant level

Einj = 〈E(ts)〉 = E1 = 96 meV and (c) scattered (fW (x, k, ts + τs)) by emitting a photon with resonant

energy Eγ = EG = E1 − E0 = 73 meV, and occupying the second eigenstate of the quantum well with

〈E(ts + τs)〉 = E0 = 23 meV. In (b) and (d) I show projections along the energy (top), momentum

(middle) and position (bottom) axis of the Wigner functions respectively of the Wigner function (a) and

(c). The green lines show the position of the double barrier structure.

Finally in Fig.10.15 I compare the expectation value of the electron energy 〈E(t)〉 for

the Wigner function fW (x, k, t). The value of the energy for the coherent evolution shown

in Fig. 10.10, evolved with (6.25), and then converted in the Wigner function description

with (4.7), is the black dashed line. This is compared with the change of the expectation

value of the energy from the charge evolution shown in Fig. 10.13 and 10.14, both evolved

with the energy exchange model of (7.9), and then represented in the Wigner function

with (4.7).
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Figure 10.15: Evolution of the expectation value of the energy of the Wigner Functions. The dashed

line shows the evolution for the coherent photon-electron interaction model in Fig. 10.10. The coherent

and non-coherent models are shown to be equivalent in the expectation value of the energy, both for

emission and for absorption of a photon (respectively red and blue lines). The equivalence in time

is artificially fixed by the choice of a proper adiabatic transition for the non-coherent electron-photon

interaction.

I conclude by repeating that, in principle, the Wigner function can develop a model to

include scattering, but the typical Boltzmann collision operator can provide unphysical

results because it is based on a momentum exchange that does not satisfy conservation

of energy during the scattering process. Such lack of conservation of energy can generate,

for example, the unphysical oscillation of the charge in the well of the RTD, as seen in Fig.

10.5. In fact, such unphysical oscillations have been used in the literature to erroneously

predict intrinsic THz oscillators build from RTD.
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Chapter 11

Displacement current coefficient

without transversal field

In this chapter I show results related to the estimation of the Displacement Current Coef-

ficient D(f)(E, t) defined in (8.8). This estimation will be done for a double barrier RTD

device whose structure will be explained later. First I will consider the DC condition, for

a comparison of the Displacement Current Coefficient D(f)(E, t) with the transmission

probability T (E) typical of the Landauer model. This comparison will be done in function

of input bias and then in function of the injection energy of the electron wavefunctions

ψ(x, t). Secondly, the AC regime will be studied in the frequency range from 10 GHz up

to 8 THz, with a qualitative analysis of the small-signal response of the RTD device first

in the time domain, with a focus on the frequencies from 350 GHz to 2 THz, and then in

the frequency domain through the mentioned Displacement Current Coefficient.

The results of this chapter are reproduced or adapted from:

� M. Villani, S. Clochiatti, W. Prost, N. Weimann, X. Oriols, ”There is Plenty of

Room for THz Tunneling Electron Devices Beyond the Transit Time Limit”, IEEE

Electron Device Letters, vol. 42, no.2, p. 224-227, 2021.

11.1 Simulation setup

Let us first introduce the simulation setup used all along this chapter. The simulation

of the Displacement Current Coefficient D(f)(E, t) as in (8.8) is performed by injecting

a train of non-interacting single-electron Gaussian wavepackets ψ(x, t; ti), with given ex-

pectation value of the energy, which I define as injection energy 〈E(t = 0)〉 = Einj. The

109 of 166



11.1. SIMULATION SETUP

parameter ti in ψ(x, t; ti) specifies at what time the electron was located deep in the left

reservoir (far from the active region). The active region is the RTD structure shown in

Fig. 11.1, with quantum well width of 1.7 nm, barrier thickness 1.7 nm, constant electron

mass m = 0.067m0, barrier height 0.5 eV. Each Gaussian’s injection energy determines

the energy dependency inside the Displacement Current Coefficient D(f)(E, t), so that I

will from now on say Einj ≡ E, then each wavefunction is evolved with the Hamiltonian

H0 in (6.5). The single-electron current density, J(x, t; ti), needed in (8.8) , is estimated

from ψ(x, t; ti) with the typical definition (3.3).

(a) (b)

Figure 11.1: (a) Conduction band of the RTD device with quantum well width of 1.7 nm, barrier thick-

ness 1.7 nm, constant electron mass m = 0.067m0, barrier height 0.5 eV(b) DC transmission probability

in function of injection energy E, bottom energy level E0 = 396 meV, second eigenstate is not shown as

it is beyond the reach of the Fermi distribution function at room temperature and zero bias conditions.

I remind the reader that from (8.5) the RTD device’s drain contact oscillates give

an external sinusoidal signal Vin(t) = V0 · cos(2πf · t + θ) with given external frequency

f , which determines the f apex of the Displacement Current Coefficient D(f)(E, t), and

phase θ. The steady-state of a device is defined as a working frequency f respecting

the relationship f << 1/τ , where τ is the (average) transit time of carriers inside the

active region. For the device in Fig. 11.1, without electron-photon interaction, the

transit time is estimated to be around 0.3 ps. In fact in the practical implementation

of (8.8), the ∞ value in the integral, which dictates the simulated time tmax for each

single-electron current J(x, t; ti), is reduced to just satisfy being greater than τ . In the

numerical simulation, I will use tmax = 0.4 ps. I underline that the exact estimation

of the transit time in the model (8.8) is not needed for an accurate simulation, as the

time-dependent evolution of ψ(x, t) will naturally include this time in the simulation, and
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as already said, the role of tmax is just giving the time-dependent wavefunction enough

time, tmax, to enter and leave the wave function in a natural way. Regarding the quasi-

static regime, from the transit time of τ ≈ 0.3 ps, I know that for an input frequency of

f > 1 THz the device is fully above the transit time limit.

11.2 Device in DC condition

In this section I show some numerical results where I excite the device with input signal

frequency of f = 1 GHz, in (8.6), which can be considered to be steady-state conditions.

I call D(f=0)(E, t) the value of the Displacement Current Coefficient D(f)(E, t) estimated

in steady-state conditions. In the frequency analysis I will better define the limit of this

condition, however here I stay in a safe low frequency condition. The train of indepen-

dent single-electron wavefunctions ψ(x, t; ti) is injected with different central energies, to

observe how the transmission probability T (E) and the Displacement Current Coefficient

D(f)(E, t) compare. I have already shown in (8.10) that, by construction it is easy to show

that for f → 0, I have D(f)(E, t) → T (E). In fact, in Fig. 11.2 it can be seen how the

two parameters perfectly coincide when this low-frequency signal (black dashed line) is

applied on the RTD device. The two coefficients are shown for different injection energies

E. Additionally here I assume β = 1 s−1 in (8.8). Here is shown that T (E) from (8.2)

and the Displacement Current Coefficient D(f)(E, t) from (8.8) have good agreement.
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Figure 11.2: The transmission probability T (E) (red line) as in (8.2), compared with the Displace-

ment Current Coefficient D(f)(E, t)(blue shapes) as in (8.8), estimated for the same RTD device whose

potential profile is shown in Fig. 11.1. The estimation is done for different injection energies, in function

of time, under an input signal with frequency f = 1 GHz (black dashed line).

The energy analysis in DC conditions is shown in the following result of Fig. 11.3

where the transmission probability T (E), is confronted with the Displacement Current

Coefficient D(f)(E, t) in function of the injection energy E, estimated with no applied

bias and in DC condition (with f = 1 GHz).
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Figure 11.3: Transmission probability T (E) (black line) from (8.2) and Displacement Current Coeffi-

cient D(f)(E, t) (red line) from (8.8) in function of the injection energy E for the structure in Fig.11.1,

in DC conditions. The additional broadening of the Displacement Current Coefficient D(f)(E, t) derives

from the non-zero energy dispersion σE = 15 meV of the injected Gaussian wavepackets ψ(x, t; ti) used

to estimate (8.8). This also gives problems in estimating the Displacement Current Coefficient D(f)(E, t)

for injection energies E below 30 meV as numerical problems rise.

11.3 Device in AC condition

In this section and the following, I estimate the Displacement Current CoefficientD(f)(E, t)

for the RTD device of Fig.11.1, here I show the evolution of the output, for a harmonic

input signal as in (8.6), with amplitude V0 = 0.01V and different frequencies f . The in-

put signal (8.6) influences the potential profile Vext(x, t) through (8.5). This will influence

the evolution of the ti-train of electron wavefunctions ψ(x, t; ti, E) with the Hamiltonian

H0 in (6.5). The analysis of the output is first done in a time domain, where the output

current will be estimated using (8.7) in function of time. Secondly, the same coefficient

is estimated in function of frequency f of the input signal, by defining a small-signal

conductance Y11(f). For both the following results the injection energy of the wavefunc-

tion is E = 50 meV. I remind that the single-band time-dependent Displacement Current

Coefficient D(f)(E, t) is directly proportional to the output current I(f)(t) as in (8.9).

11.3.1 Time domain analysis

In Fig. 11.4, the output current related to the energy band of E = 0.05 eV is shown as a

function of time. The amplitude of the input signal Vin(t) shown in (8.6) has amplitude
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V0 = 0.01 V, while the frequency f varies. The resulting conduction band Vext(x, t) evolves

oscillating the RTD device as in (8.5). The simulation shows that the output current can

vary strongly when the input frequency moves in the domain from 350 GHz to 2 THz. I

will discuss each frequency comparing it with the inverse of the (average) transit time

τ ≈ 0.3 ps.

Figure 11.4: Time-dependent output current of the RTD calculated at the injection energy of 0.05 eV,

for different frequencies of the input signal, shown in function of time. (a) f = 350 GHz, (b) f = 500 GHz,

(c) f = 1 THz, (d) f = 2 THz. The input signal is represented by the continuous black line.

For low frequency, in Fig.11.4(a) the behaviour of the output current is similar to

what I expect looking at the transmission probability T (E). Since at this input signal I

have f ≈ 0.1 · 1
τ
, the low working frequency makes the device reproduce the strong non-

linearities of the DC characteristics. Single-electron currents will simply be transmitted

or reflected following what is the DC bias.

The output current of Fig.11.4(b) show a slight increase in the non-linear behaviour,

but the output current I(t) is still easily linked to the value of the input signal, and the

conductance is still mostly positive.

In Fig.11.4(c), the working frequency is approaching the inverse of the (average) tran-
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sit time, as f ≈ 0.4 · 1
τ
. The output current I(t) ≈ D(f)(E, t) shows non-linearities

and additional components that are not expected in the DC behaviour of this device.

The physical origin of these components is the interference between electrons injected at

different times ti which have evolved with different effective potential profiles since this

will be different for every time interval [t − τ, t], where τ is the (average) transit time

of electrons in the active region. Since I assumed all electrons to be independent, the

interference is happening in the integral of (8.8), where all the single-electron currents

are summed to create unexpected patterns of the output current.

In Fig.11.4(d) I have a frequency almost equal to the inverse of the (average) transit

time: f ≈ 0.66 · 1
τ
. The output current’s behaviour is clearly non-linear because all of the

single-electron currents J(x, t; ti) that have a role in the creation of the output current

are different between each other, as the potential profile is very different at each time ti

in the range [t−τ, t]. In other words, each electron injected at a different time ti will have

a very different memory of the behaviour of the potential profile. Moreover, I remind

the reader that the electron’s (average) transit time is of the order of τ = 0.3 ps, and

since the time scale of Fig.11.4(d) is around 1.5 ps, one electron will occupy the active

region for a good portion of the period of the input signal, and will ”see” different shapes

of the potential profile as in (8.5). This is another reason why having a simple linear

relationship between the input signal Vin(t) and output total current I(t) ≈ D(f)(E, t) at

any time t looks to be rather unreasonable.

We underline that while this is only a partial and qualitative analysis of the behaviour

of the output current of a single energy band inside the device, in Fig. 11.4(c) and (d) I

reveal that the definition of the Displacement Current Coefficient D(f)(E, t) is opening

the possibility of predicting the output current of the RTD device well beyond the quasi-

static condition, without the need of assuming a linear behaviour of the device.

11.3.2 Frequency domain analysis

In Fig. 11.5 I show results taken from publications [136, 137], and I will extend the ex-

planation of the Displacement current coefficient and its meaning. To build a frequency

analysis of the Displacement Current Coefficient D(f)(E, t) I use a small-signal model.

For an applied DC bias VDC I get a DC current IDC . Then, the steady-state (complex)

small-signal conductance Y11(f) is the relationship between the input voltage Vin(t) from

(8.6) and the output signal from the Displacement Current Coefficient D(f)(E, t) from

(8.8) when the DC current IDC is subtracted. The real and imaginary components of
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Y11(f) describe, in linear domain, the (complex) output current I(f)(t) when a (complex)

input AC small-signal Vin(t) is used. The frequency f of the input signal is considered

a parameter in the computation of the admittance Y11(f). When the linear domain be-

tween current and voltage is verified, the input and output signal present well-known

behaviour and only two phases of the sinusoidal output signal are relevant [138]. I de-

fine I
(f)
R (t) = Re(I(f)(t)) and I

(f)
I (t) = Im(I(f)(t)) as the real and imaginary parts of a

complex current I(f)(t) as:

I(f)(t = 0)− IDC − jIDC = I
(f)
R (t = 0)− IDC + j[I

(f)
I (t = 0)− IDC ]

= Y11(f) · V0 e
2πft

= Y11(f) · V0[cos(2πft) + j sin(2πft)]

= Y11(f) · V0[cos(2πft) + j cos(2πft− π/2)]

= I
(f)
0 (t = 0)− IDC + j[I

(f)
−π/2(t = 0)− IDC ], (11.1)

where t = 0 is an arbitrary time that fixes at what time to observe the different current

corresponding to different phases θi. Thus, I see that what I call first a complex current

I(f)(0) is, in fact, computed from a unique simulation of a real current I(f)(t) and ob-

serving it at different times (implying different θ). For example, I
(f)
R (t = 0) (also defined

as I
(f)
0 (t = 0)) correspond to I(f)(t = 0) for an input voltage Vin(t) = V0cos(2πft), while

I
(f)
I (t = 0) (also defined as I

(f)
−π/2(t = 0)) correspond to I(f)(t = 1/(2f) for the same input

voltage Vin(t) = V0cos(2πft). Notice that any other phase θ can also be computed, while

for a linear system these two phases are enough. Finally using the Displacement Cur-

rent Coefficient D(f)(E, t) in (8.8), the Y11(f) parameter is estimated with the following

definition [138–140]:

Y11(f) =

(
I

(f)
R (t = 0)− IDC

V0

)
+ j

(
I

(f)
I (t = 0)− IDC

V0

)

=

(
I

(f)
0 (t = 0)− IDC

V0

)
+ j

(
I

(f)
−π/2(t = 0)− IDC

V0

)

= q

∫ ∞
−∞

dE · g(E) · f(E) ·

[(
D

(f)
0 (E, t)− T (E)

V0

)
+ j

(
D

(f)
−π/2(E, t)− T (E)

V0

)]

= Re(Y11(f)) + Im(Y11(f)). (11.2)

Here, to simplify the notation, I define positive energies E as those belonging to electrons

injected from the left and negative energies E for those electrons injected from the right.
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For an applied DC bias, the Fermi-Dirac distribution f(E) changes for negative and

positive energies. As before, D
(f)
0 (E, 0) and D

(f)
−π/2(E, 0) mean the Displacement Current

Coefficient D(f)(E, t) estimated from the input signal has respectively the phase θi = 0

and θi = −π/2.

As I have mentioned, the whole procedure of the computation of the Y11 parameter

is based on the assumption that the device is linear. Then, knowing these two phases

of the response will reveal the value of the conductance at any phase of the period. To

explore any non-linear behaviour that is expected following the qualitative results of Fig.

11.4, I need to estimate the Displacement Current Coefficient D(f)(E, t) at other phases.

For example, at this opposite phase: θi = −π, leading to the current I
(f)
−π (t = 0). Since

the harmonic input signal Vin in (8.6) gives cos(2πft) = − cos(2πft − π), in literature

it is known that, in linear domain, I
(f)
0 (t = 0) = −I(f)

−π (t = 0) This condition is in fact

the indication that a small signal-model can be used to predict in a compact way the

value of the output current I(f)(t) at any time t. On the other hand, the inequality

I
(f)
0 (t = 0) 6= −I(f)

−π (t = 0) reveals non-linearities of the device. I argue in this thesis

that these non-linearities are not a drawback, but just a new opportunity to get richer

THz devices, since it indicates additional components created in the spectrum of the

output signal. However, what is lacking is a model for the device working at high-

frequency to predict these non-linearities, to enable engineering. For more details about

the meaning of Displacement Current Coefficient D(f)(E, t) and possibilities opened by

this study of high-frequency nanodevices, I recall [139]. Finally, in Fig. 11.5, the three

different phases of the Displacement Current Coefficient D(f)(E, t): D
(f)
0 (E, t) ≈ Re(Y11),

D
(f)
−π/2(E, t) ≈ Im(Y11) and D

(f)
−π(E, t) are plotted as a function of the input frequency f

in (8.6)(8.5) in the range from 10 GHz to 10 THz, estimated for a single injection energy

band at E = 0.05 eV. In this figure, four different frequency domains can be observed, for

each domain, I will analyse the behaviour of each one of these three phases components

of the Displacement Current Coefficient D(f)(E, t). But first, let me define the four

frequency regimes:

� Linear Regime f < 100 GHz, where the D(f)(t) coefficient is equivalent to the

transmission probability of the device at a given energy T (E). For small enough

input signal, the RTD behaves in a linear way.

� Non-linear THz regime 100 GHz < f < 10 THz. The frequency is so high that for
a (finite) small input voltage, the RTD is no longer linear.

� Electromagnetic regime f > 10 THz. Here additional component and Γm in Eq
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(5.20) becomes relevant, and the device goes out of the Darwin approximation

explained in Chapter 5. So that the definition of the total current I(t) (5.26),

which neglect this component, loses its validity, and any prediction given by the

model presented in (8.8) start to be inaccurate.

Figure 11.5: Displacement Current Coefficient D(f)(E, t) for the RTD in Fig. 11.1 for different input

frequencies f and estimated for all three phases θ = 0, θ = −π/2 and θ = −π. Result from [136]. ©

2021 IEEE.

The behaviour of all the phases of D(f)(t) can be explained keeping in mind that the

current observed at time t holds memory about all electrons injected at all times [t−τ, t],
and the device’s memory has the length of the (average) transit time τ . The behaviour of

the current can be explained by simple visualization of the evolution of the Conduction

Band Vext(x, t) (defined in (8.5)) during the (average) transit time, so that I will compare

Vext(x, t), the conduction band at the observation time, with Vext(x, t − τ), the latest

relevant value of the conduction band which still has a role in determining the output

current at the measurement time t, because of the memory conserved by electrons along

the (average) transit time τ . As already said in Chapter 5.1, in (8.5) I will now avoid to

include the Coulomb electron-electron interaction U(x, t). This approximation will only

add complexity to the result of this section. I define VSD(t) as the value of the input

signal at time t, equal to Vin(x = b, t) − Vin(x = a, t), where a and b are the position
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of interfaces of the active region respectively with the source and drain contact. I also

assume the source to be connected with a ground contact, so that Vin(x = a, t) = 0 and

VSD(t) = Vin(x = b, t). Where Vin(x, t) was defined in (8.6).

Linear regime In linear regime, I have Ec(t) ≈ Ec(t − τ), and the three lines of Fig.

(11.5) are: D
(f)
0 (E, t) = TDC(E−V0), D

(f)
π/2(E, t) = TDC(E), D

(f)
π (E, t) = TDC(E+V0). In

fact, in this regime, the Landauer model perfectly quantifies the transmission probability

of the active region.

Non-linear THz regime In the non-linear THz regime, Ec(t) 6= Ec(t − τ), and the

RTD shows a much richer phenomenology. The behaviour of the three phases can be

explained as follow:

� For D
(f)
0 (E, t), I know that the input signal will behave in the following way:

VSD(t) > VSD(t − τ). So, looking at the instantaneous values of the transmis-

sion probability, T (E)|t < T (E)|t−τ . Performing the time integral in 8.7, the value

of T (E)|t−τ will be more and more relevant for the estimation of I(f)(t) as the fre-

quency increases. As a consequence, D
(f)
0 (E, t) will decrease, as in the blue line in

Fig.11.5.

� For D
(f)
−π(E, t), because of the phase, I have that VSD(t) < VSD(t − τ). So that

T (E)|t > T (E)|t−τ . Gain, the value of T (E)|t−τ will be more and more relevant for

the estimation of I(f)(t) as the frequency increases. And for this phase, D
(f)
−π(E, t)

will increase, as in the black line in Fig.11.5.

� For D
(f)
−π/2(E, t), the input signal is at the maximum of its derivative so that its

frequency dependence is higher than the other phases. In fact, this phase is the

first one to be affected by the high frequency of the input signal as in the red line

in Fig.11.5. Depending on the phase (φ = 0 or φ = 2 π), I can either observe an

increase or decrease of this parameter as input frequency increases.

All the variations observed here are just showing a delay of the system with respect to

the input signal. This phenomenon is included in the estimation of the cut-off frequency

of the device as the input frequency f approaches the inverse of the (average) transit

time.
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The non-linearity We can observe that the value of D
(f)
−π(E, t) changes from its DC

value D
(f=0)
−π (E, t) at the relatively low input frequency of f = 200 GHz, while D

(f)
0 (E, t)

changes from its DC value D
(f=0)
0 (E, t) at higher frequencies at around f = 500 GHz. The

reason for D
(f)
0 (E, t) 6= −D(f)

−π(E, t) is the memory of the device, which can be held for

the (average) transit time τ , and is non-symmetrical for the two opposite phases. Please

remind that the relevant single-electron currents J(x, t; ti) for the current measured in

I(f)(t) are the ones related to electrons that were injected at times [t− τ, t].
This is because for this particular phase (see blue line in Fig.11.5) I will have VSD(t−

τ) < VSD(t) (see the small blue double barrier structure in Fig.11.5). As a consequence

the instantaneous transmission probability will be higher at time t than the one at time

t − τ , and a different amount of charge will enter inside the RTD at these two different

times: J(x, t; ti) > J(x, t − τ, ; ti). Thus, the measured charge at time t will be less

influenced by the smaller amount of charge entered at time t− τ , decreasing the strength

of the memory and thus the frequency dependence.

For the opposite phase D
(f)
−π(E, t) (black line in Fig.11.5) has higher frequency depen-

dence because since VSD(t − τ) > VSD(t) (see the black blue double barrier structure in

Fig.11.5), and the amount of charge entered in the active region at time t−τ , J(x, t−τ ; ti),

will be higher than the one entering at the observation time t: J(x, t; ti) < J(x, t− τ ; ti).

This behaviour leads to higher dependency on the memory, in comparison with the op-

posite phase, and this will increase the frequency dependence,as observed in Fig. (11.5).

Memory-related effects in ballistic and non-ballistic devices The memory-related

effects explained in the previous paragraph is conceptually valid for any electron device.

This is the reason why eventually at high enough frequency any device has a non-linear

behaviour. The main difference between a ballistic device, such as a Resonant Tunnelling

Diode, and a non-ballistic resistor is the memory of the device. While for the RTD the

memory is held for a time τ , any non-ballistic device holds memory only for its electron

free-flight time τf , determined by the scattering rate. Surely, τ > τf , so that the non-

linear regime that I explained here is much more important for ballistic devices than for

resistive ones. However, it is relevant to conclude that this is just a physical difference,

not a conceptual one.

The summary of this chapter is identical to the title of the article that I have recently

published on this topic. Up to now, tunnelling electron devices have basically been

engineered to work at frequencies not overcoming the inverse of the electron transit time.

The behaviour of such tunnelling electron devices below the transit time can be easily

120 of 166



11.3. DEVICE IN AC CONDITION

predicted with quasi-static tools like the transmission coefficient, but ”There is Plenty of

Room for THz Tunnelling Electron Devices Beyond the Transit Time Limit”.
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Chapter 12

Displacement current coefficient

with transversal field

In this chapter I show the numerical simulation of the Displacement Current Coefficient

D(f)(E, t) defined in (8.8), but modified as explained in Section 6.3.2, where the electron

is interacting with an external electromagnetic field so that the whole wave function is

Ψ(x, q, t) with x a degree of freedom of the electron and q a degree of freedom of the

(transversal part of the) electromagnetic field. The interaction is described coherently,

first in a semiclassical way following (6.13), and then in a fully quantum way, following

(6.25). These two analyses will be done in both DC and AC conditions, and in the latter

conditions, I will show a characterization in the frequency domain, using the definition

of the device admittance from (11.2), and doing an analysis similar to the one done in

Chapter 11.

The results of this chapter are reproduced or adapted from:

� M. Villani, C. Destefani, X. Cartoixà, M. Feiginov, X. Oriols, ”THz displacement

current in nanodevices with coherent electron-photon interaction”, 2022. (Submit-

ted)

12.1 Simulation setup

I now take into consideration the RTD device whose conduction band Ec(x) is shown in

Fig. 12.1(a) with quantum well of 16 nm, barrier thickness 2 nm, constant electron mass

m = 0.041m0, barrier height 0.5 eV. In Fig. 12.1(b) the related transmission coefficient

T (E) is shown. I remind that the distance between the energy eigenstates is defined as

EG = E1−E0 = 78 meV. A photon with this energy has frequency fγ = EG/h = 18 THz.
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(a) (b)

Figure 12.1: (a) Conduction band of the RTD device with quantum well of 16 nm, barrier thickness

2 nm, constant electron mass m = 0.041m0, barrier height 0.5 eV (b) DC transmission probability in

function of injection energy E, bottom energy level E0 = 26 meV, second level E1 = 104 meV.

12.2 Device in DC condition

In this section, the Displacement Current Coefficient D(f)(E, t) is estimated in DC con-

ditions for different injection energies. The electron wavefunction is injected at different

injecting times ti and different energies E. In the semiclassical treatment of the electro-

magnetic field, ψ(x, t; ti, E) is the wave function of the electron, while in the quantum

treatment of the electromagnetic field the electron, together with the photon, is defined

as Ψ(x, q, t; ti, E).

12.2.1 Classical electromagnetic field

Here I consider the semiclassical light-matter interaction, so that the wavefunction ψ(x, t; ti, E)

is guided by the Hamiltonian HS in (6.13). As a result I have the electron described as a

quantum particle, interacting with a classical electromagnetic field, with a matter-light

interaction strength γs = 1.33 meV/nm in (6.16). Additionally, for the DC analysis, I

compute the displacement current coefficient with null frequency f = 0 as in (8.5), with

Ec(x) shown in Fig. 12.1. Then the Displacement Current Coefficient D(f)(E, t) is esti-

mated using (8.8) for an interaction with the classical electromagnetic field with frequency

ωγ = 2πCdot18 THz, acting in the injected wavepackets ψ(x, t; ti) with the Hamiltonian

(6.13). Both results are shown in 12.2. Again to make this comparison I assume β = 1 s−1

in 8.8.
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Figure 12.2: D(f)(E, t) coefficient estimated in DC conditions in function of the injection energy E,

with inclusion of coherent semiclassical light-matter interaction.

The changes between D(f=0)(E, t) with and without the interaction with the classical

EM filed are quite minimal. Again, the estimation of the transmission coefficient at low

frequency, below 30 meV, suffers because of the use of wave packets when the mean energy

E approaches the standard deviation σE.

12.2.2 Quantum electromagnetic field

Here I consider the quantum light-matter interaction, so that the wavefunction Ψ(x, q, t; ti, E)

is guided by the equation of motion (6.25) including the electron-photon coherent interac-

tion, with electron-photon interaction γq = 1.33 meV/nm in (6.16), a time-independent

external potential Vext(x, t) as in (8.5), with Ec(x) shown in Fig. 12.1. Then the Dis-

placement Current Coefficient D(f)(E, t) is estimated using (8.15). The initial injection

is ψA(x, 0) = ψ(x, 0) and ψB(x, t) = 0 defined in (6.22), so that I consider an initial state

related to the vacuum state of the electromagnetic field, meaning that initially the no-

photon case is considered. I also add that the injected wavefunction ψ(x, t), consisting of

a Gaussian wavepacket of energy eigenstates, has standard deviation in energy equal to

σE = 15 meV, because of this reason, injection energies E below 30 meV pose numerical

problems in the proper definition of an injected wavepacket. This is done for several

injection energies E from 0.01 eV to 0.16 eV, and because of the DC condition, I have

that Df=0(E, t)→ T (E). In Fig. 12.3 I show the resulting Df=0(E, t) for different photon

frequencies ωγ. The goal is to observe that the electron-photon interaction changes the

resonant energy of the whole electron-photon structure.
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(a) (b)

Figure 12.3: D(f)(E, t) coefficient estimated in DC conditions in function of the injection energy

E, with inclusion of coherent electron-photon interaction, interacting with resonant (in magenta) and

strongly non resonant (in red) photons, all compared with the non-interacting case (black dashed line).

Fig. 12.3(a) the non-interacting case (black dashed line) is compared with the inter-

acting case with photon energy out of resonance with the quantum well. In particular,

in the case ωγ = 0.5EG/~ = 2π · 9 THz (blue line), additional peaks appear concern-

ing the non-interacting case. This is explained by knowing that each peak is related to

an energy eigenvalue of the 2D Hamiltonian (6.17), even if in a particular case. The

middle peak is created by the sum of the energies of the bottom state of the quantum

well with the first excited state of the optical cavity (presence of a photon). This means

that Ep = E0 + ωγ~ = E0 + 0.5EG/~ = 65meV . This is the second peak from the left

at Ep = 65 meV in the blue line of Fig. (12.3)(a). Again for Fig. 12.3(a), in the case

ωγ = 2EG/~ = 2π · 36 THz (green line), minimal change is observed in the structure of

the transmission probability, because the high energy given by the photon goes beyond

the energy window represented here. However, the standard deviation of the injected

wavepackets σE may bring some components of the energy base to change the peak of a

small amount of around 10 meV.

In Fig. 12.3(b) I will first explain the behaviour of the red line, as here the photon fre-

quency is ωγ = 200 GHz, far away from the value needed for resonance. The result

is a very good equivalence between the interacting model with low photon frequency

ωγ = 200 GHz and γq = 1, 33 meV/nm and the non-interacting model with γq = 0. Then

the magenta line shows the D(f=0)(E, t) coefficient, for the case of electron-photon coher-

ent interaction with (6.17) (like for all this subsection 12.2.2), but now interacting with

a resonant photon: ωγ = EG/~ = 2π · 18 THz. This result should be compared with the
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one in Fig. (12.2) red line in the previous subsection, which was resonant too, but for

the semiclassical interaction of (6.13). Notice that the magenta line shows a splitting of

the main peak of the red and black dashed lines. This splitting is a well-known result in

the photonics community [124], [125], but it is unknown in the framework of electronic

engineering. I are observing a phenomenon that is typical of photonics, using as the

figure of merit the total current, instead of observing photons. The splitting itself is due

to the fact that the coherent electron-photon interaction creates two degenerate states,

which are the ones that were schematically shown in 9.5 (b) and (c). In fact, in Fig. 12.3

inside the well at energy E = E1 = 104 meV I have the behaviour of Fig.9.3(b), which

is the Rabi oscillation between two states, these states have different energies created by

quantum mechanics, which creates the splitting.

12.3 Device in AC condition

Now I take into consideration a AC condition of the potential profile Vext(x, t), defined in

(8.5). The electron wavefunction ψ(x, t) is evolved in the RTD device shown in 12.1, ad

interacting with a electromagnetic field. The light-matter interaction is modelled both

as semiclassical by using the Hamiltonian ĤS as in (6.10), with interaction strength γs =

1.33 meV/nm and as quantum by using the Hamiltonian ĤQ, whose equation of motion

are (6.25), with interaction strength γq = 1.33 meV/nm. The high frequency analysis is

done as in Chapter 11, in Fig. 11.5, where the Displacement Current Coefficient D(f)(E, t)

is defined at three different phases θ of the input signal: D
(f)
0 (E, t), D

(f)
−π/2(E, t), D

(f)
−π(E, t).

And this is linked to the estimation of the high frequency conductance as in (11.2). The

input signal, as defined in (8.6), acting on the potential profile Vext(x, t) as in (8.5), has

amplitude V0 = 0.01 V, and different frequencies f in the range [200 GHz, 2 THz]. Finally,

the electron wavefunctions are always injected in the second eigenstate of the quantum

well of Fig. 12.1, with injection energy Einj = E1 = 104 meV, which in the model of the

Displacement Current Coefficient D(f)(E, t) determines the energy dependence, so that

in the notation I will assume Einj ≡ E. In Fig. 12.4 I show the result of this analysis in

function of different input frequencies.
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(a) (b)

(c) (d)

Figure 12.4: D(f)(E, t)0, D
(f)(E, t)−π/2, D

(f)(E, t)−π coefficients estimated for electron wavefunction

ψ(x, t) injected at energy equal to the second eigenstate of the quantum well E = E1 = 104 meV (a)

for non-interacting case (c) for interacting case with the semiclassical light-matter model of (6.13) (d)

interacting for fully quantum light-matter model of (6.17). (b) show a zoom of the result of Fig. 12.3(b)

around the energy of injection of the electron wavefunction, resonant with the second eigenstate of the

quantum well E = E1 = 104 meV.

The evolution of the system shown in Fig. 12.4 at low frequency f = 200 GHz is

coherent with the results shown in Fig. 12.2 and 12.3(b). We already talked, in the

previous Chapter 11, about the origin of the high frequency non-linearities of a ballistic

device, predicted by the D(f)(E, t) coefficient, and observed by the inequality D
(f)
0 (E, t) 6=

−D(f)
−π(E, t). Now I observe how the result shown in Fig. 12.4 is coherent with the results

of Fig. 12.2 and 12.3. I remind that all electrons injected in the current at any time

[t, t− τ ] contribute with the total current.
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Low-frequency analysis For the low frequency of f = 200 GHz, considered to be

f << 1/τ , the result of Fig. 12.4(a), showing the estimation of the Displacement Current

Coefficient D(f)(E, t) without electron-photon interaction, with γq = 0, is coherent with

the result of the DC estimation in the dashed line of Fig. 12.3 around the injection

energy E = 0.104 eV. This result is zoomed in in Fig. 12.4(b). The dashed line shows

a higher transmission for the phase where the system is in resonance. This is the case

of the red line in Fig.12.4(a), which shows D(f)(E, t)−π/2. Then, the same dashed line in

in Fig.12.4(b) shows lower transmission when the phase of the input signal is at θ = 0

or θ = −π, since the system is out of resonance. In particular, the higher value of

D(f)(E, t)−π at f = 200 GHz is probably due to the non-symmetry of the peak of the

dashed line in Fig.12.4(b), around the resonance energy E = 104 meV.

A similar analysis can be done for Fig.12.4(c), for the case of interaction of the elec-

tron with the electromagnetic field modelled with a semiclassical equation of motion of

Hamiltonian HS in (6.13). The DC transmission coefficient is the red line in 12.2, and

the resonant energy, linked to D(f)(E, t)−π/2 give a higher value of said coefficient at

f = 200 GHz, in comparison with the coefficient related to other two phases.

A different analysis is done for the D(f)(E, t) for quantum electron interaction with a

quantized electromagnetic field. Here the transmission probability for the resonant case,

which dictates ωγ = EG/~, is shown zoomed around E = 104 meV in the red line in

Fig.12.4(b). The new shape of the transmission coefficient in DC for the quantum inter-

action case, with a local minimum of the transmission probability around the injection

energy, is the reason why I see D
(f=0)
0 (E, t) ≈ D

(f=0)
−π (E, t) > D

(f=0)
−π/2 (E, t). In fact, the

resonant case now has a disadvantage with respect to the non-resonant cases.

High-frequency analysis Beside the low-frequency analysis, I remind the reader when

the frequency is f ≈ 1/τ , the current at time t,influenced by any potential profile at time

[t, t − τ ], can be affected by the memory hold by ballistic electrons. It is possible to

give a explanation on the behaviour of the D(f)(E, t)−π/2 coefficient in Fig.12.4(a) as

frequency increases. Since D
(f=0)
−π/2 (E, t) > D

(f=0)
0 (E, t), ss the transmission probabil-

ity is more and more dependent on potential profiles at time t − τ the Displacement

current coefficient D
(f)
−π/2(E, t) is going to decrease as the frequency increases, which is

the behaviour of the red line of Fig.12.4(a). This is also happening for the red line of

Fig.12.4(c). Additionally, deriving from the inequality D
(f=0)
−π/2 (E, t) > D

(f=0)
0 (E, t) and

D
(f=0)
−π/2 (E, t) > D

(f=0)
−π (E, t) for the non-interacting case, we can expect the Displacement

Current Coefficient D(f)(E, t) related to the two other phases to increase with the fre-
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quency, as the memory of the memory at time t − τ is related to higher transmission

probability. This is in fact observed in the blue and black lines both in Fig.12.4(a) and

(c).
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Goal of this thesis

The THz gap, defined as the frequency between 100 GHz and 10 THz, is highly attrac-

tive to build a new generation of telecommunication technology. Currently, sources of

electromagnetic radiation in this domain are inefficient and/or not portable. To tackle

this lack of reliable radiation sources, in this thesis I propose a framework to extend the

static view of tunnelling electron devices into higher THz frequencies. At such higher

frequencies, the so-called displacement current (usually ignored in quantum electron de-

vices) becomes more important than the traditional particle current. In addition, at such

THz frequencies, the energy of the transversal electromagnetic fields interacting with the

electrons needs to be quantized. With a proper modelling of such new phenomena, novel

performances in THz electron devices can be predicted. The new modelling tools intro-

duced in this thesis for tunnelling electron devices at THz frequencies pave the way for

new capabilities of engineering devices in the THz gap. In particular, I specify three big

conclusions.

� Displacement Current Coefficient For properly modelling the THz gap, the

electrical current has to include two components, the particle and the displacement

currents. In this thesis I introduce a new tool, called the Displacement Current

Coefficient, to include the displacement current component in the description of

quantum tunnelling devices at THz frequencies in a simple Landauer-like approach.

I use the Displacement Current Coefficient to study the performance of a double

barrier Resonant Tunnelling Diode (RTD) in the THz gap. First, in DC or steady-

state conditions, the Displacement Current Coefficient is shown to be equivalent

to the traditional Transmission coefficient of the Landauer model. This result tells

us that, as expected, the displacement current component can be neglected in DC

conditions. Then in AC, I estimate the small-signal conductivity of an RTD from

the Displacement Current Coefficient and I show its ability to predict non-linearities

at THz frequency. These non-linearities are not an unexpected result, but can now

be accurately predicted and potentially engineered to improve the performance of

RTD technology, or any technology based on ballistic transport, for a wide range

of THz applications.

� Quantum electron interacting with quantum electromagnetic fields To

further improve the range of applicability of the Displacement Current Coefficient,
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I include a description of the transversal electromagnetic field inside the active re-

gion of the electron device. This energy of the electromagnetic field is well known

to show quantization (photons) when the involved frequencies are in the THz gap.

I introduce the interaction between quantum electron and quantum electromag-

netic field (photon) in a time-dependent description, and I use it to estimate a new

Displacement Current Coefficient. With this model, the electrical current shows

new phenomena that are well-known to the photonics community, but never ac-

knowledged in the electronic domain; for example, the splitting of the energy of

the eigenstates of the quantum well of the electron device due to coherent electron-

photon interaction.

Thirty years ago a revolution appears in the electron device industry when the clas-

sical view of modelling electrons were adapted to a new quantum one. The results

of this thesis suggest that, now, the classical view of modelling electromagnetic

fields in high-frequency electron devices needs to be adapted to a quantum view.

� Orthodox Macroscopic or Bohmian microscopic view of electron devices?

It seems quite strange that an engineer like me wants to say something about the

foundations of quantum mechanics. In general, the role of engineers is just using

mature physical theories to provide practical applications to improve our society.

However, is the quantum theory a mature one? On one side, it was developed more

than a century ago, so it seems old enough to become a mature theory. On the other

hand, philosophers and physicists are still under a lively debate on fundamental

topics, as for example what is the role of the wavefunction, is it a real object of just

a probability. So, it seems that quantum mechanics is not as mature as engineers

think it is. This is in fact ever more evident when photonics and electronics meet.

In this regard, the present thesis has been inspired and developed under a non-

orthodox understanding of quantum phenomena: the Bohmian quantum mechanics.

In this theory, electrons are particles with determined positions and electromagnetic

fields are just fields with determined properties. Such definition of electrons and

electromagnetic fields may seem naive, but it is a revolutionary definition from

the point of view of orthodox quantum mechanics. The orthodox theory says that

electrons have no positions (unless one measures the position), and electrons are

probability distributions, without any determined value. The same happens to the

quantum electromagnetic fields. However I ask ourselves is it if needed to go to

such lengths, to get to a description so far away to how I things at the world.

134 of 166



The answer is no, the Bohmian mechanics shows a path to understand the most

complex phenomena with a simple and natural language of unobserved deterministic

trajectories. This can fro example describe the electron interacting with a quantized

electromagnetic field, studied in this thesis.

We show, in a practical example, the computational advantages of the Bohmian

theory in front of the orthodox one. The modelling of electron-photon collision

through orthodox tools, like the Density Matrix or the Wigner function, has many

problems to ensure complete positivity and energy conservation. This is because

such orthodox tools have no microscopic information about the state of a single-

particle (its energy, momentum), but only macroscopic information through the

wave function on all electrons together. In general (non-Markovian) scenarios, tools

of orthodox mechanics forbid the use of single-particle pure states to describe the

open system. On the contrary, in this thesis, such collisions can be described with

the use of a single-particle pure state through the rigorous use of the Bohmian

conditional wave function. The orthodox theory has renounced to a microscopic

description of the properties of the electron in the active region, while the Bohmian

theory provides such a microscopic view!

The overall summary of this thesis is that ”There is Plenty of Room for THz Tun-

neling Electron Devices Beyond the Transit Time Limit”. The proper engineering of the

displacement current and a coherent treatment of the interaction of electrons and elec-

tromagnetic fields, brings the performance of electronic devices closer to the worlds of

photonics, opening many new unexplored possibilities to close the mentioned THz gap.
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Appendix A

Time-dependent circuit-based

boundary conditions for the active

region

In all the simulation done in the main text, I have assumed that the external applied

voltages are directly affecting the active region, which I have simulated with great detail.

But, in a real device, the external applied bias is applied very far from the active region.

There are, at least, cables between the external bias and the active region. In some cases,

the active region is not connected to cables only, but to a type of resonant circuit. This

setup is typical of a THz oscillator used as a source for THz radiation, as explained in

Chapter 2.

In this appendix, I explain how to eliminate the previous assumption (the external

bias is applied directly to the active region) by implementing a self-consistent boundary

conditions on the active region where the external elements (cables of resonant circuit

are also simulated). Certainly, I cannot simulate such external elements with the same

microscopic tools that I are doing for the active region. In a type of multiscale simulation

scheme, I will use a circuit model for this external parts and still the Bohmian trajectories

approach for the active region of the RTD.

The basic idea the self-consistent simulator is resumed in the scheme of Fig. A.1.

Now I will describe it for the case of a simple external resonant circuit, modelling an

antenna coupled to what I call the quantum simulation box, modelling the active region

of an electron device. The quantum simulation box is characterized, besides other things,

by the instantaneous potential profile Uext(x, t). In fact, the electron wavefunction ψ(x, t)

injected inside the system is evolved with the Hamiltonians described in the main text.
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For example, I assume:

H0 =
~2

2m

∂2

∂x2
+ Uext(x, t). (A.1)

and the ability to provide an external total current in the borders of the active region

has been explicitly explained in the main text of this thesis.

The quantum simulation box is interaction, as it will be explained, with an arbitrary

circuit that has an admittance Yc(V, f). Notice that in principle, the right and left circuits

can be different and they can have their own external batteries. For simplicity, I consider

the simple circuit shown in Fig. A.1.

At each time t, after giving the proper boundary conditions for the potentials at

the borders of the active region, I get a value of the current I0(t) for the microscopic

simulation of electrons in the RTD. This value of the current will give a potential at each

border of the active region when coupled to the circuits given by of Vin(t) = I0(t)/Yc(V, f).

This computed value of Vin(t), at each time, is the input of the quantum simulation box.

In other words Vin(t) is the potential applied by the external circuit (with its external

batteries).

Here I show a schematic representation of the two simulated domains:

Figure A.1: Schematic representation of the two self-consistent loops implemented in this algorithm,

the loo (A), evolving the quantum system, is in the dashed rectangle, while the loop (B) the self-consistent

evolution of the classical and quantum system.

Here I give a step by step explanation about how the two systems interact in a self-

consistent way.

140 of 166



(1) The quantum system in equilibrium, with potential energy Uext(x, t) = Ec(x), sees

the injection of wavepackets following the Fermi distribution function;

(2) The quantum system self-consistently solves the Poisson and Schrödinger equations

for injected electrons, so that the potential energy Uext(x, t) = Ec(x) + U(x, t)

contains the Coulomb interaction. The potential profile will affect the evolution of

N single-particle wavepacket through (A.1). Additionally, the new potential profile

affects the injection rate and energy of new electrons.

(3) After several repetitions of point 2, at time t′ the total current from the active

region is estimated using Ramo-Shockley Theorem of (5.27) and its value, is the

input I0 of the external classical circuit.

(4) The external circuit is excited by the total current I0, and returns the resulting

potential falling on the drain and source contacts with respect to the ground, which

is Vin.

(5) The potential Vin affects the potential profile of the quantum simulation box, so

that Uext(x, t
′) = Ec(x) + U ′(x, t′) + e · Vin(x, t′)a−x

L
, at the same time t′.

(6) The new potential profile is used to estimate the injection probabilities of electron

wavefunctions ψ(x, t) at time t′, which will be different from the one in step 1. This

step restarts the loop.

We underline that only step (4) is spent in the classical domain of the external circuit,

however, this influences the quantum domain in two different ways: (i) by changing the

potential profile Uext, and through (A.1) affecting electron dynamics, and (ii) by changing

the injection of new electrons inside the simulation box.

The time scale of the two simulated domains There are two time-dependent

simulations involved in this scheme:

� (A) The time dependent quantum simulation in the active region in terms of time-

dependent trajectories. It has its own time-step of the simulation.

� (B) The time dependent simulation of the circuit is done by solving Kirchhoff equa-

tions.

While loop (A) has a time periodicity dictated by the sampling frequency of the

solution of the Schroedinger equation, loop (B) is related to a proper sampling of the
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time-dependent output current of the external circuit and its physical requirements are

a proper estimation of the potential applied to Vin given the conductivity Yc(V, f) of the

circuit. As such, to minimize the computational cost, the self-consistency of the loop

(B) is usually solved after many self-consistent solutions of the (A) loops. So that the

classical system interacts with the quantum active region with relatively large steps. As

an example, loop (B) can be repeated each 0.1 ps, while loop (A) is repeated each 1 fs.

This algorithm has been implemented in the time-dependent fully-quantum BITTLES

simulator [110].
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Appendix B

Bohmian treatment of the guiding

wavefunction theory

In this appendix, I report a reformulation of the work of de Broglie done by Bohm

in 19352 [63, 64]. The guiding wavefunction can be written in polar form, by defining

Ψ(~x, t) = R(~x, t)eiS(~x,t)/~, where if Ψ(~x, t) is complex, R(~x, t) and S(~x, t) are real values.

Substituting the polar form in the Schrödinger equation, then the imaginary part of the

new Schrödinger equation will be equal to zero and equivalent to the continuity equation

(3.7):

∂R2(~x, t)

∂t
+

N∑
i=1

∂

∂xi

(
1

m

∂S(~x, t)

∂xi
R2(~x, t)

)
= 0. (B.1)

On the other hand, the real part is:

∂S(~x, t)

∂t
+

N∑
i=1

1

2m

(
∂S(~x, t)

∂xi

)2

+ U(~x, t)−
N∑
i=1

1

2m

∂2R(~x, t)

∂xi
= 0, (B.2)

which is the quantum Hamilton-Jacobi equation, and while all the first three terms

compose the classical Hamilton-Jacobi equation, the fourth term on the left side is the

quantum potential ~Q(~x, t) with no classical counterpart. This is why the above equation

is named quantum Hamilton-Jacobi equation.

Since the kinetic energy term related to the single particle from (B.2) has the shape:

Ki(~x, t) =
1

2m

(
∂S(~x, t)

∂xi

)2

, (B.3)

then I can easily deduce and expression for the Bohmian velocity of the i-th particle

as:

vi(~x, t) =
1

m

∂S(~x, t)

∂xi
. (B.4)
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This expression of the velocity is exactly the same velocity given by (B.4) in the main

text, but written in a polar form. The way of deducing the Bohmian expression in the

text has some advantages in comparison with the one used here. When it is difficult to

reach a quantum Hamilton-Jacobi equation I can always look for the development done

in the main text.
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Appendix C

Equation of motion of the Bohmian

conditional Wavefunction

In this appendix, I show how the equation of motion of the Bohmian Conditional Wave-

function. I consider a N particle system described in the Bohmian theory in N degrees

of freedom by Ψ(x1, x2, ..., xN , t) and trajectories {x1[t], x2[t], ..., xN [t]}. As in the main

text, I define ~xb = {x1[t], x2[t], ..., xa−1[t], xa+1[t], ..., xN [t]} and I look for an equation of

motion for the Bohmian Conditional wave function which will guide trajectory xa.

C.1 Velocity of Bohmian conditional wavefunction

It can be demonstrated that the trajectory of particle a can be alternatively simu-

lated from the many-body wavefunction Ψ(xa, ~xb, t), and from the Bohmian Condi-

tional Wavefunction ψ(xa, t) ≡ Ψ(xa, ~xb[t], t). As done in Appendix B, I write the

Bohmian Conditional Wavefunction in polar form ψ(xa, t) = ra(xa, t)e
isa(xa,t)/~, where

sa(xa, t) ≡ S(xa, ~xb, t) and ra(xa, t) ≡ R(xa, ~xb, t), and then I define the Bohmian ve-

locity of the Bohmian Conditional Wavefunction as the spatial derivative of S(xa, ~xb, t)

along the xa degree of freedom, as suggested by (B.4),

va[t] =
1

m

∂S(xa, ~xb, t)

∂xa

∣∣∣∣
~xb=~xb[t]

(C.1)

=
1

m

∂sa(xa, ~xb, t)

∂xa

∣∣∣∣
~xb=~xb[t]

.

Where the condition ~xb = ~xb[t] means that I fixed the position of all the other particles in

the time t, which are used as parameters. The definition of the positions as parameters

is the key of the definition (4.12).
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C.2. EQUATION OF MOTION

At the end of the day, the Bohmian velocity va[t] of the a-th particle will hold infor-

mation about the position of all the N − 1 particles as indicated in the main text.

C.2 Equation of motion

To look for the equation of motion of the Bohmian Conditional Wavefunction, I know that

for any single-valued function ψa(~xa, t) that can be solved from a Schrödinger equation,

there is a potential Ũ(xa, t) that can be defined in the xa degree of freedom as [109]:

Ũ(xa, t) =
i~∂ψ(xa,t)

∂t
+ ~

2m
∂2ψ(xa,t)
∂x2a

ψ(xa, t)

∣∣∣∣
~xb=~xb[t]

. (C.2)

The imaginary part of this potential will be equal to zero if ψa(~xa, t) conserves the

norm, so that, substituting the polar form, I write the imaginary part of the potential

Ũ(xa, t) as:

Im[Ũ(xa, t)] =
∂r2(~x, t)

∂t
+

N∑
i=1

∂

∂xi

(
1

ma

∂s(~x, t)

∂xi
r2(~x, t)

)
= 0, (C.3)

while the real part is:

Re[Ũ(xa, t)] =
∂s(~x, t)

∂t
+

N∑
i=1

1

2ma

(
∂s(~x, t)

∂xi

)2

+ U(~x, t)−
N∑
i=1

1

2m

∂2r(~x, t)

∂xi
= 0. (C.4)

Most importantly, now I would like to link the evolution of ψ(xa, t) with the evolution

of the conditional wavefunction in the shape Ψ(xa, ~xb[t], t) = R(xa, ~xb[t], t)e
iS(xa,~xb[t],t),

meaning that I would like to make explicit the dependence on all the other N − 1 tra-

jectories. To do so, I have to take into account all the conditional positions of the

other particles ~xb[t], so that, I look for the derivatives in (C.3) and (C.4), in function of

R(xa, ~xb[t], t) and S(xa, ~xb[t], t):

∂S(xa, ~xb[t], t)

∂t
=

(
∂S(xa, ~xb[t], t)

∂t

) ∣∣∣∣
~xb=~xb[t]

+
N∑

i=1,i 6=a

∂S(xa, ~xb[t], t)

∂xi
vi(~x[t], t)

=

(
− 1

2m

(
∂S(xa, ~xb[t], t)

∂xa

)2

− U(xa, ~xb[t], t)−Qa(xa, ~xb[t], t)

)∣∣∣∣
~xb=~xb[t]

+
N∑

i=1,i 6=a

∂S(xa, ~xb[t], t)

∂xi
vi(~x[t], t), (C.5)
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C.2. EQUATION OF MOTION

where I substituted the Hamilton-Jacobi of Ψ(~x, t) in polar form (B.2), and U(xa, ~xb[t], t)

is the potential and Qa(xa, ~xb[t], t) the quantum potential. And I can write:

∂R2(xa, ~xb[t], t)

∂t
=

(
∂R2(xa, ~xb[t], t)

∂t

) ∣∣∣∣
~xb=~xb[t]

+
N∑

i=1,i 6=a

∂R2(xa, ~xb[t], t)

∂xi
vi(~x[t], t)

=

(
−

N∑
k=1

∂

∂xi

(
1

m

∂S

∂xi
R2(xa, ~xb[t], t)

)) ∣∣∣∣
~xb=~xb[t]

+
N∑

i=1,i 6=a

∂R2(xa, ~xb[t], t)

∂xi
vi(~x[t], t), (C.6)

where I used (B.1). Many of the terms in (C.5) and (C.6) can be seen as potential

terms that include the effect of all particles in the a-th trajectory. Now I divide the total

Coulomb potential in:

U(xa, ~xb[t], t) = Ua(xa, ~xb[t], t) + Ub(~xb[t], t), (C.7)

where Ua(xa, ~xb[t], t) is the interaction with a potential external to the electron system,

like the conduction band, and Ub(~xb[t], t) is the electron-electron Coulomb interaction,

acting on the a-th particles, taking all the other trajectories as parameters (~xb = ~xb[t]).

and I define:

Ga(xa, ~xb[t], t) = Ub(xa, ~xb[t], t) +

+
N∑

i=1,i 6=a

(
1

m

(
∂S(xa, ~xb[t], t)

∂xi

)2

+Qi(xa, ~xb[t], t)

)

−
N∑

i=1,i 6=a

(
∂S(xa, ~xb[t], t)

∂xi
vi(xa, ~xb[t], t)

)
, (C.8)

Ja(xa, ~xb[t], t)=
N∑

i=1,i 6=a

~
2R2(xa, ~xb[t], t)

·

·
(
∂R2(xa, ~xb[t], t)

∂xi
vi(~x[t], t)− ∂

∂xi

(
R2(xa, ~xb[t], t)

m

∂S(xa, ~xb[t], t)

∂xi

))
. (C.9)

So that I rewrite (C.2) for the Bohmian Conditional Wavefunction as a sum of po-

tentials given by different interactions between electrons:

i~
∂ψa(xa, t)

∂t
=

(
− ~

2m

∂2

∂x2
+ Ua(xa, ~xb[t], t) +Ga(~x[t], t) + iJa(~x[t], t)

)
ψa(xa, t).(C.10)

Notice that terms Ua, Ga, Ja, acting as potentials on the Bohmian Conditional Wave-

function φ(xa, t), depended on the particular configuration of all trajectories ~x. However
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C.2. EQUATION OF MOTION

this dependence is not known for all the terms, in particular, U(~x, t) is determined by

the Poisson law, while terms Ga(xa, ~xb[t], t) and Ja(xa, ~xb[t], t) can be shown to be re-

lated to the exchange energy, but their dependence on the position configuration ~x is not

straightforward.
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Appendix D

Non-coherent Wigner-Boltzmann

collision in flat potential

In this appendix, I show that the momentum exchange model is not problematic for the

Wigner function evolved with flat potential condition, Uext(x, t) = 0. In the following Fig.

D.1, in flat potential conditions, the momentum exchange (non-coherent) model of (7.4)

is used to simulate the absorption of a photon in one electron described by the Wigner

function fW (x, k, t). I see from Fig. D.1(a) to (c) that the Gaussian wavepacket absorbs

a photon with momentum pγ = p(ts + τs) − p(ts) =
√

2mE1

~ −
√

2mE0

~ while it evolves in

space, where E1 and E0 are two arbitrary energies. The change in momentum is clearly

visible from Fig. D.1(b) to (d) in the projection over the momentum axis, and in the

estimated energies. The same result is obtained when the energy exchange (not shown)

model is used. In Fig. D.2 (a) and (c) the same Gaussian wavepacket is shown to emit a

photon, and the same equivalence between momentum exchange (shown) and in energy

exchange (not shown) algorithms are verified.
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(a) (b)

(c) (d)

Figure D.1: Wigner function of a single-electron undergoing photon absorption in free space using the

algorithm of (7.4) and alternatively (7.9): (a) before the scattering event t = ts (c) after the scattering

event t = ts+τs with the energy exchange and the momentum exchange algorithms, which are equivalent

in free space conditions. In (b) and (d) is it possible to see projections of the Wigner function along the

energy (top), momentum (middle) and position (bottom) axis respectively related to figures (a) and (c).
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(a) (b)

(c) (d)

Figure D.2: Wigner function of a single-electron undergoing photon emission in free space(a) before

the scattering event t = ts (c) after the scattering event t = ts + τs with the energy exchange and

the momentum exchange algorithms, which are equivalent in free space conditions. In (b) and (d) is

it possible to see projections of the Wigner function along the energy (top), momentum (middle) and

position (bottom) axis respectively related to figures (a) and (c).
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