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Abstract

This thesis is devoted to the theoretical modeling of skyrmionic devices, with a focus on

optimizing the transport of skyrmions under realistic conditions without compromising

simulation performance. Three different theoretical frameworks are used: the first two are the

well-known micromagnetic model and the Thiele equation, and the third one is the Fokker-

Planck equation of a skyrmion that is developed in this thesis. The main contributions of this

thesis are: (i) a new set of numerical meshes that can optimize micromagnetic simulations in

some scenarios, (ii) the design of the skyrmionic rails, a skyrmionic device that speeds-up

skyrmions by an order of magnitude, (iii) the development of a deterministic, yet probabilistic,

approach to model the dynamics of skyrmions at room temperature that outperforms the

other theoretical models, and (iv) the incorporation of the granularity to the above approach

without significantly increasing the computational cost of the simulations, resulting in a model

that offers the best realism/performance ratio of all the current methods in the literature,

to the best of our knowledge. The methodology introduced in this thesis represents a step

forward in modeling skyrmions under realistic conditions since it is efficient, yet simple enough,

to be spread throughout the community.

i



ii



Author’s Note

After dedicating the last 4 years to scientific research and listening to various opinions, I

have decided to write my thesis as a compendium of articles. While I understand the many

advantages of a traditional thesis, such as the ability to explain research in more detail, the

learning process for the Ph.D. student, and the potential for sharing knowledge, I believe

that the scientific community (and society at large) is moving towards a world where we are

inundated with information. With approximately two million scientific articles published

every year, staying up-to-date with the latest research is becoming increasingly challenging,

and doctoral theses, once a vital means of transmitting information, are losing their relevance.

Due to the global pandemic, I suffered many delays in my research, and last year I found

myself with two half-finished projects (Papers C and D). I had to decide whether I wanted to

write a classical thesis with the risk of leaving these two research projects unfinished, or write

two more papers and do a thesis in compendium format. I decided to do the latter because I

believe that well-written papers could have more impact on the scientific community than

a classical thesis; in my opinion, the classical format is becoming obsolete in this massive

publishing system that the scientific community is following. Due to its format, this thesis

is divided into two parts: the introduction intended to provide the context and theoretical

background necessary for a better understanding and assessment of the second part, four

articles referred to as Papers A, B, C, and D, where the main results of my research are

presented and discussed. However, I do not recommend a linear reading of this document and

kindly ask you to follow the instructions below.

The introduction, is divided into four chapters: a general background introduction to spintron-

ics and skyrmions, the second and third chapters are devoted to the micromagnetic and the

rigid model, respectively, and it finishes with the conclusions and final remarks. Papers A and

B are embedded in chapter 2, while Papers C and D are embedded in chapter 3. Chapters 2

and 3 are structured as follows. First, a theoretical framework is introduced and the different

elements needed for the calculations done in the Papers are introduced. This is followed by an

introductory subsection for each paper, in which the main results are presented, contextualized,

and discussed. I strongly recommend reading each Paper after its corresponding introductory

subsection before continuing the lecture of the rest of the thesis. To be more precise (look at

the table of contents you can find on page v), I recommend reading Paper A after section

2.5.1, Paper B after 2.5.2, Paper C after 3.4.1, and Paper D after 3.4.2.
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I also would like to highlight that besides obtaining all the scientific results shown in this

thesis, during my PhD I devoted a great portion of my time to develop a software package

writen from scratch to both, perform numerical simulations and analize the obtained data.

We have used this package to do all the simulations done in this thesis and the corresponding

papers. We hope that we can soon share this package with the scientific community.
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Chapter 1

Motivation and Background

In a few centuries historians will probably refer to our era as the Information or Digital
age. Claude Shannon, with his paper "A Mathematical Theory of Communication",1 laid the
cornerstone for the Digital Revolution. During the 1950s research institutions, the military,
and businesses developed the first computer systems to automate mathematical calculations
and improve telecommunications. But it was during the 1970s that the digital revolution
flooded people’s daily lives with the proliferation of personal computers. Yet there is already
much more than just personal computers.

Digital data records (like DVDs, flash memories, or hard drives), the internet, smartphones...
In the last few decades, mankind has experienced the most significant technological leap in
history. And it has not stopped. 5G, artificial intelligence and much more applications are
coming.2–4 Even so, for all these new technologies to flourish, the scientific community has to
overcome two significant hurdles.

Figure 1.1: Scheme of Intel’s processors power and the year they were produced. We can see
the linear trend that approximately follows Moore’s law. Published by Intel in Ref. [5]

The first one, is the physical limitations of Moore’s law,6,7 Fig. 1.1, imposed by heating and
the Heisenberg uncertainty principle. In 1965, Gordon Moore, co-founder of the well-known
company Intel, predicted that the number of transistors on a chip would approximately double
every two years without a significant increase in cost. During the late 1900s, the strategy to
achieve that was to make the transistors smaller and smaller. Recently, we reached a transistor
size small enough to sense quantum effects in electrical circuits. The industry has found other

1
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strategies to further increase transistor density such as more efficient packaging or the recent
explosion of GPUs. However, all these strategies will reach their limit in the following years.

The second major obstacle is the energy consumption, Fig. 1.2. This huge technological jump
came with a cost. Nowadays people are much more aware of climate change and we are trying
to become a greener and more sustainable society. Still, most people are not conscious of
the growing environmental impact of digital technologies. For example, every time we do a
Google search we are emitting 0.2 g of CO2.8 Moreover, if the information techonology (IT)
sector was a country, it would be the third largest energy consumer in the world.

Figure 1.2: Figure from Ref. [8]. In the left side we can see the evolution of the energy
consumption until 2017 and a forecast up to 2030. On the upper right side we can see the
evolution of the energy consumed by the IT sector compared with the other sectors. In the
bottom right side the exponentially growing internet traffic is displayed in a scheme.

More powerful and energy-efficient devices are essential to ensure the steady growth of
our digital developments without compromising the environment. This need motivated the
emergence of spin electronics, or spintronics.9, 10 The field of spintronics pretends to build
solid-state devices that are based on the flow of electrons and their spin. Indeed, while
electronic devices only take advantage of the electron’s electric charge, spintronics pretends to
build devices that exploit both the electrical charge and the spin of the electrons. In addition
to the plethora of physical phenomena that can be exploited, pure magnonic spin currents,
in contrast to electrical currents, do not produce heat by Joule effect.11 By overcoming one
of the main limitations of conventional electronic devices, spintronics has the potential to
significantly enhance the power and energy efficiency of these devices.

Spintronics emerged thanks to a series of scientific advances that took place between the 60s
and 90s,9, 12–15 among which the following stands out the discovery of giant magnetoresistance
independently by Albert Fert [14] and Peter Grünberg [15] in 1988. Thanks to this discovery
they were awarded the Nobel Prize in 2007. The number of possible applications and proposed
devices escalated quickly,9, 16–18 being the spin transfer torque magnetoresistive random access
memory (STT-MRAM) and the racetrack memory the more promising applications, Fig. 1.3.
Nowadays spintronics is not only relevant in the field of classical computation and information
processing but is also of great interest in the fields of quantum19 and neuromorphic20,21

computing.
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Figure 1.3: a) Figure from Ref. [22]. Scheme of the simplest design of a MRAM. Its design is
based on the dependence of the magnetoresistance of the system as a function of the orientation
of the magnetization of the free layer. b) Figure from Ref. [22]. Scheme of a modern design of
a MRAM. c) Figure from Ref. [18]. Sketch of the domain wall racetrack memory proposed by
Parkin, and its functioning. The magnetic orientation of the domain wall would be a 1 or a 0.
The domain walls would be moved with spin currents, thus it is a solid state drive (it does not
require the motion of internal elements).

1.1 Skyrmions and state of the art

Thanks to a large number of advances in spintronics and material science,23 in 2010 was
experimentally detected for the first time the existence of a magnetic structure that would
open a new path in spintronics: the skyrmion.24,25 Skyrmions were proposed by Tony Skyrme
in the 1960s in the field of particle physics.26 They were topologically protected particles,
in the sense that no continuous deformation of the field configuration could destroy them.
The same theoretical model was used in other fields like Bose-Einstein condensates,27 liquid
crystals,28 or quantum Hall systems.29,30 But the field in which skyrmions would achieve
their maximum impact would be in the field of the helimagnetic systems, where the skyrmions
are spin textures with particle-like behavior.31

Hence, in the field of magnetism, skyrmions are magnetic whirling structures that can be
found on certain magnetic materials,32 Fig. 1.4. They were theoretically predicted in the
1990s33 and experimentally found in 2010,24,25 but the interest in this structure skyrocketed
after they were proposed for a new kind of racetrack memory by Albert Fert [34] in 2013.
After that, skyrmions have been envisioned as the building blocks of a new generation of
memories and spintronic devices thanks to their outstanding properties.31,34–38

Skyrmions are very small magnetic structures, their size range from a few tens of nanometers



4 Chapter 1. Motivation and Background

at temperature T = 0 K to 100-200 nm at room temperature (RT).39,40 Skyrmions have a
very robust metastability thanks to their topological protection.41 They have been found at
RT experimentally42 and it has been theoretically proved that their lifetime is long enough
to be used as information carriers.41 Finally, skyrmions can be moved with relatively small
electrical currents (compared with other magnetic structures, such as domain walls) through
the torques generated by the interaction between the spins of the material and the spins of a
free spin current.34,43

Skyrmions are usually found in materials where the Dzyaloshinskii–Moriya interaction is
present.44–49 This interaction occurs when there is a lack of inversion symmetry in the
crystallographic structure of the material and it can appear in two kinds of materials: bulk
materials or ultrathin films through the interaction between the interfaces, which is known as
interfacial Dzyaloshinskii–Moriya interaction (iDMI). In this thesis, we will only work with
ultrathin systems so we will only refer to two-dimensional systems from now on. It has been
also stated that "skyrmions" can be stabilized through the classical magnetic field in more
common magnetic systems. However, these magnetic structures are much larger (micrometer)
than the regular skyrmions and they are usually referred to as magnetic bubbles.50

Figure 1.4: a) Figure from [42]. Experimental observation of skyrmions at room temperature
with magnetic transmission soft X-ray microscopy. b) Figure from [46]. Experimental observation
of a skyrmion at room temperature at the ALBA synchrotron. c) Scheme of the spin texture of
a Néel skyrmion, the kind of skyrmions that is stabilized by interfacial Dzyaloshinskii–Moriya
interaction and that will be studied in this thesis.

Three processes need to be studied and optimized if skyrmionic devices are to become a
reality.31,32,51 If they are supposed to be bits of information, we should first of all be able to
nucleate/annihilate them individually, which is equivalent to writing/erasing data. Next, we
will want to transport them as fast and efficiently as possible. And finally, we will want to
"operate" with them, which will depend on the type of application we are talking about.

From the theoretical point of view, these processes have been studied in depth at low
temperature (LT) mainly with two theoretical models: the micromagnetic model52,53 (MM)
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and the rigid model.54 The micromagnetic model studies the magnetization dynamics at the
sub-micrometer length scale. To do so, the discrete atomic magnetic moments distribution
is approximated by a continuous magnetization distribution. The rigid model assumes that
the skyrmion is a rigid magnetization distribution that moves through space, behaving like
a particle. The rigid model provides the skyrmion trajectory. This model is derived from
the MM and it is much simpler, but it cannot simulate phenomena where the skyrmion is
deformed or destroyed and may be inaccurate in some scenarios. The MM has been used
to simulate the nucleation/annihilation of skyrmions.55–68 Both models have been used to
study the skyrmionic transport by improving the original design of the skyrmion racetrack
memory43,69–80 or with the design of alternative skyrmion-transport devices.81–83 Also, the
interaction between the skyrmions with external agents (different than the edges of the
material), like defects or non-homogeneities in the material,84–99 granularity,100–110 voltage-
controlled magnetic anisotropies (VCMAs),111–116 other skyrmions,117 notches,118 magnetic
field gradients,63, 119–121 temperature gradients,122–124 or superconductors125 have been studied.
Based on these advances, some skyrmionic applications have already been designed, such us
logic gates.126–129

However, at RT the advances made are not so abundant58, 105, 130–136 and many important
issues remain elusive. That is because skyrmionic dynamics at RT are stochastic since
a Brownian-like motion arises. This phenomenon hugely increases the complexity of the
analytical models and the computational power required for the simulations. However, we
expect spintronic devices to work at RT, so it is essential to make physical simulations
as realistic as possible. Moreover, very promising applications that take advantatge of
the stochatistic properties of skyrmionic dynamics to generate random numbers have been
proposed.135, 137, 138

In this thesis, we have contributed with our grain of sand to these three essential processes
(nucleation/annihilation, transport, and applications) with special emphasis to the transport
stage. First, most of the studies of the nucleation/annihilation of skyrmions have been done
in confined geometries. We detected some inconsistencies in the results of micromagnetic
simulations in axisymmetric systems. In Paper A, we prove that some of these results have a
questionable validity and we provide two new numerical meshes that solve this problem and
outperform the commonly used quadrilateral mesh.

Second, in the transport stage, we developed an alternative to the skyrmionic racetrack
memory, and we provided a new theoretical model to study skyrmionic dynamics at RT: in
Paper B we introduce the skyrmionic rails, two linear defects engineeried in a way that speed up
the skyrmions by an order of magnitude while compressing and guiding them, outperforming
the classical racetrack memory; in Paper C, we developed a deterministic model to study
the skyrmionic dynamics at non-zero temperatures, that incorporates all the complexity of
the Brownian motion with high performance; and in Paper D, we used this model to study
the viability of the racetrack memory in real conditions (RT and granularity). Furthermore,
Paper C and Paper D also contribute at the third stage, the development of applications. We
present a methodology that allows to theoretically model possible skyrmionic devices (like the
random number generators135, 137) in real conditions that consists in solving a simple partial
differential equation (PDE), which could be done with many popular commercial softwares.
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Chapter 2

Micromagnetism

Historically, when studying magnetic systems, and magnetic materials in particular, classical
electromagnetism was used. However, as technology and physics progressed and smaller
systems became more relevant, Maxwell’s equations fell apart. When approaching the
nanometric scale the atomic structure becomes rellevant, quantum effects arise, and classical
physics no longer works. Hence, to study magnetic materials at the nanometric scale we would
have to solve an unmanageable amount of coupled Schrödinger equatios.

Micromagnetics52,53 is the framework that studies magnetic systems at submicrometer length
scales: large enough to ignore the internal structure of the material, yet small enough to
resolve magnetic structures such as skyrmions.139 This semiclassical theory was developed
to bridge the gap between classical magnetism and the quantum mechanical treatment of
exchange interactions as first described by Heisenberg.

In the semiclassical atomic model, we assume that each atom has a single localized classic
magnetic moment, µ, which is the average of the quantum magnetic moments of the nucleons
and electrons that constitute the atom. If we have a large number of atoms and they form
a ferromagnetic (FM) system, we can assume that the spatial variation of µ is smooth.
Therefore, we can construct a continuous magnitude for the magnetic moment, µ → M(r),52

where r is the positon. This magnetization field, M(r), becomes a semiclassical version of
the classical-electromagnetism magnetization. For example, it generates the same stray field
predicted by Ampêre’s law, but its time dynamics takes into account quantum-mechanical
effects. In addition to the continuous limit, in the original MM another approximation is done:
we assume that we are at temperature T = 0, or, at least, far from the Curie temperature,
TC . Hence, we can assume that the magnetization has a constant modulus Ms, the saturation
magnetization. Then, M(r, t) = Msm(r, t), where t is the time, and m(r, t) is a unitary
vector. The step from the discrete µ to the continuous Msm(r, t) is called the micromagnetic
approximation and is sketched in Fig. 2.1

2.1 The Landau-Lifshitz-Gilbert equation

So far, one might wonder what are the differences between the MM and classical magnetism.
The first main difference is that inside the ferromagnet we have an effective field, Heff.
This effective field contains the classical magnetic field generated by M and the externally
applied magnetic field, but also includes extra terms coming from the quantum-mechanical
interactions between the magnetic moments of the material. The second difference is that
the time evolution of M is given by the Landau-Lifshitz-Gilbert (LLG) equation. The LLG
equation is a PDE describing the precessional motion of M around an effective field Heff at
each point.140–142 It is an equation of empirical origin and it is written as

(1 + α2)dM
dt

= −γM × Heff − γα

Ms
M × (M × Heff) + τ , (2.1)

7
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Figure 2.1: Scheme to represent the micromagnetic approximation. The top figure is a discrete
distribution of atomistic magnetic moments. They form an helicoide. The MM approximation
is displayed at the bottom figure, where the discrete atomistic moments, µ, are approximated
by the continuos vectorial field M. All the physical magnitudes are in arbitrary units.

where, α is the dimensionless Gilbert damping constant, γ is the gyromagnetic constant
(γ = 2.21 · 105 m A−1 s−1), and τ contains the external torques, generated by external spins,
for example, a spin current flowing through the ferromagnet. Since M has a fixed modulus,
its dynamics are constrained to rotations, so the terms of the LLG equation are torques
acting on the magnetization. −γM × Heff is the precession torque and empirically represents
the Larmor precession on the micromagnetic scale. If a single magnetic moment was set in
the void and an external magnetic field was applied, M would precess around the applied
field, Fig. 2.2, pink arrow. However, FM materials are solid state systems, and when M
precess around Heff it is damped. This is accounted by the term − γα

Ms
M × (M × Heff). As

the precession is damped, M moves toward the direction of minimum energy, which is being
parallel with Heff, Fig. 2.2, yellow arrow.

To solve Eq. (2.1) we need to calculate Heff, τ , and the boundary conditions (BC) which are
highly system dependent. In all the papers presented in this thesis we focus on 2D skyrmionic
systems, which are ultrathin FM films (located at the plane z = 0) with a heavy-metal (HM)
substrate or multilayers with alternating FM films and heavy-metals.48,49

2.2 Effective field

In classical electromagnetism the magnetic field H is generated by variations of the electrical
field, free currents, and magnetic poles. None of these explain or justify the existence of the
FM phase. The reason is that the FM phase exists because of interactions of quantum origin
such as the exchange interaction.

In the MM, these quantum-mechanical effects can be incorporated by transforming the hamil-
tonians of these interactions into effective fields using the micromagnetic approximation.52,53
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Figure 2.2: Schematical representation of the torques that M would experiment when is
subjected to the effects of an Heff, and the trajectory that it would follow.

To do so, first we write the discrete Hamiltonian of the interaction, H(µ). Then, by performing
the continuous limit†, it is transformed into a continuous energy density ϵ(M). Then, from
the magnetic energy expression we obtain the corresponding effective field, Heff(M):

ϵ = −1
2µ0M · Heff, → Heff = − 1

µ0

δϵ

δM , (2.2)

where µ0 is the vacuum permeability, and δ indicates functional derivative. In the sys-
tems studied in this thesis, the following interactions are considered: exchange, uniaxial
magnetocrystalline anisotropy, and interfacial Dzyaloshinskii–Moriya. Therefore, the total
Hamiltonian (not accounting for external interactions), H, of our system is

H = Hex + Han + HDM. (2.3)

Hex is the Hamiltonian of the exchange interaction, Han is the Hamiltonian of the uniaxial
anisotropy interaction, and HDM is the Hamiltonian of the iDMI. The classical demagnetizing
field it is renormalized within the uniaxial anisotropy. It has been shown that in 2D systems
this is a valid approximation.97, 143, 144 The main reason is that despite the long range of the
interaction, in 2D systems the shape of the field is almost the same than the anisotropy field,
so the demagnetizing and the uniaxial magnetic fields are almost proporcional. Then the
demagnetizing field is taken into account renormalizing the anisotropy constant, K. Thermal
effects can also be incorporated into the MM as an effective field. This is not done here since
thermal effects are not considered in papers A and B but will be discussed in the following
chapter.

Exchange interaction

This interaction comes from a quantum mechanical effect, discovered independently, by
physicists Werner Heisenberg and Paul Dirac in 1926. This interaction favors the alignment
of neighboring magnetic moments to the same direction.52, 145, 146 As a simplified picture,
when two fermions are identical, due to the Pauli exclusion principle, they can not have the
same wave function so they can not be in the same place if they have the same spin state.
Then, the electrons with the spin pointing to the same direction are more spaced between

†The detailed step-by-step continuous limit for each interaction is done in Ref. [52].
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them, and since these fermions repel each other (have the same electrical charge), when they
are spaced, the electrostatic energy becomes smaller, and the energy of the system is lowered.
The Hamiltonian of this interaction can be written as

Hex = −J
∑

<i,j>

µi · µj , (2.4)

where J is the exchange integral, and we sum over all the pairs of neighboring magnetic
moments µi. After doing the micromagnetic approximation, we obtain the exchange interaction
energy density, ϵex:

ϵex = A

M2
s

[
(∇Mx)2 + (∇My)2 + (∇Mz)2

]
, (2.5)

where A is the exchange interaction constant, which depends on J , |µ|, and the lattice
parameter of the material. Mν (ν = x, y, z) are the components of M. Eq. (2.5) can be
written as:

ϵex = − A

M2
s

M · ∇2M, (2.6)

from which the exchange field, Hex
eff, can be obtained directly from Eq. (2.2):

Hex
eff = 2A

µ0M2
s

∇2M. (2.7)

Uniaxial anisotropy

A FM material is said to have magnetocrystalline anisotropy if it is energetically easier to
magnetize along certain directions than others,52, 147 or in other words, if it has an easy axis.
This occurs as a consequence of the interaction between the crystal’s magnetic moments with
the crystal’s electric field, so it depends on the particular crystal structure. In this thesis,
we only consider systems with uniaxial anisotropy with the easy axis perpendicular to the
ultrathin film (ẑ direction). The Hamiltonian of this interaction can be written as,

Han = −κ
∑

i

(µi · ẑ)2, (2.8)

where κ is the anisotropy parameter and depends on the material. Therefore, the magnetic
moments will tend to align along the z-axis (no preference between up or down). Now, we
proceed as before: the micromagnetic approximation is done, replacing µi for a vectorial field
M(r) and we rewrite Eq. (2.8) as an energy density:

ϵan = − K

M2
s

M2
z , (2.9)

where K is the effective anisotropy constant (recall that a correction has been added to account
for the classical demagnetizing field) which depends on κ, |µ|, and the lattice parameter of
the material. From ϵan, the effective field coming from the anisotropy, Han

eff, is calculated:

Han
eff = 2K

µ0M2
s

Mzẑ. (2.10)

Interfacial Dzyaloshinskii-Moriya interaction

The iDMI is only present in some systems, and it enables the metastability of Neél Skyrmions,44–49

Fig. 1.4. It is an indirect exchange interaction that arises from the strong spin-orbit coupling
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between two magnetic moments of the FM film with a third one of the HM substrate, Fig.
2.3. This interaction favors that the neighboring spins are oriented perpendicularly. The
Hamiltonian of this interaction is:

HDM =
∑

<i,j>

Dij · (µi × µj), (2.11)

where Dij depends on the position of the three atoms, Fig. 2.3, being always perpendicular
to their plane, and the summation is done over all the pairs of neighboring magnetic moments.
If we use the micromagnetic approximation, we can rewrite the Hamiltonian as an energy
density:

ϵDM = −DDM
M2

s

M · [(∇M) ẑ − ∇Mz] , (2.12)

where DDM is the iDMI parameter which depends on Dij , |µ| and the lattice of the material.
From ϵDM we compute the corresponding effective field:

HDM
eff = 2DDM

µ0M2
s

[(∇M) ẑ − ∇Mz] . (2.13)

This energy interaction is minimized when (µi ×muj) is antiparallel to Dij , and the directions
of the two magnetic moments form an angle of π/2.

Figure 2.3: Sketch the iDMI. Two atoms of the ultrathin FM film (blue) are interacting
between them through a third atom located in the HM substrate (green). Figure from [34].

Hence, while the anisotropy favors the alignment of the spins in the z-axis (perpendicular to
the film), the exchange favors that all the magnetic moments point in the same direction (have
the most uniform distribution possible). Therefore, if we only had these two interactions, the
most stable configuration would be to have all the magnetic moments pointing in the z-axis
direction, but the iDMI favors a relative tilt between neighboring magnetic moments of π/2.
The trade-off between these interactions could favor a smooth spin canting which makes Néel
skyrmions metastable.

Applied Field

To all the previous internal energetic interactions of the material we have to add the externally
applied field, Hap to have the total Heff. Hence, the energetic term coming from this interaction
is,

ϵZ = −µ0M · Hap. (2.14)
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Notice that this energy term does not have the 1
2 term. This is because it is an external

interaction. So, finally, we can write the total energy density of our system, ϵm, and the total
effective field, Heff, summing all the terms:

ϵm = − A

M2
s

M · ∇2M − K

M2
s

M2
z − DDM

M2
s

M · [(∇M) ẑ − ∇Mz] − µ0M · Hap, (2.15)

Heff = 2A

µ0M2
s

∇2M + 2K

µ0M2
s

Mzẑ + 2DDM
µ0M2

s

[(∇M) ẑ − ∇Mz] + Hap. (2.16)

2.3 External Torques

Two kinds of torques appear in the LLG equation, Eq. (2.1). The first two terms in the right
side of the equation depend on Heff which depends on M, so they are the torques produced
on the magnetization by the magnetization itself (and the applied magnetic fields). However,
we can influence the magnetization dynamics by using external torques, the last term in Eq.
(2.1). There are several ways in which one can generate torques acting over the magnetization.
They mainly focus on generating a spin current flowing through the FM film. In this thesis,
we focus on the external torques used to move skyrmions in ultrathin films, the spin transfer
torque (STT), and the spin Hall effect (SHE) torque. The STT is the torque generated by
the direct injection of a spin polarized current into the FM layer of the system. The SHE
torque is the torque generated by the spin current that difusses into the FM layer when a
regular electrical current flows through the HM layer.

Spin Transfer Torque

In ordinary currents, formed by electrons with spin s, the average spin polarization < s >= 0,
so the net interaction between the current and the magnetic moments of the material is 0.
However, if a current with < s ≯= 0 is generated, which is called a spin-polarized current, an
interaction appears, Fig. 2.4. In Ref. [148] it was computed which would be the torque that
an electrical spin-polarized current would produce to M using quantum mechanical theory.

Figure 2.4: Sketch of the the spin transfer torque. a) the electrons (pink arrows) flow through
the magnetization of the material (blue arrow), transfering their mangnetic moment producing
a torque. b) Equivalent of Fig. 2.2 when the STT is added.

If current flows through our film with < s >= (0, 0, s), two torques appear,87, 148–151 τ T1 and
τ T2:

τ T1 = −(1 + αβ)(vF · ∇)M, (2.17)
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τ T2 = β − α

Ms
[M × [(vF · ∇)M]], (2.18)

where β is called the ratio of nonadiabaticity of spin transfer, a dimensionless parameter that
depends on the material and how the current is injected, and vF is the effective speed of the
spin carriers fed into the FM film, which is proportional to the current density, JFM.

Spin Hall Effect Torque

Early theoretical designs of skyrmionic devices proposed to move the skyrmions with STT.34

However, experimentalists soon exposed the drawbacks of this method: ultrathin FM films
(0.6-1 nm) are hardly conductors when in-plane currents are applied. Therefore, the heating
produced by the currents needed to induce the STT would be critical.

Fortunately, there is a more recent method to move magnetic structures: inducing spin
currents through the spin Hall effect.152–154 This technique consists in making the electrical
current flow through the much thicker HM substrate. Then, by spin Hall effect, a spin current
diffuses into the FM film, Fig. 2.5. This spin (non-electrical) current produces two torques,
τ H1 and τ H2, on M, given by,153

τ H1 = −µBθHJH

|e|M2
s d

M × [M × σ̂], (2.19)

τ H2 = −ζ
µBθHJH

|e|M2
s d

M × σ̂, (2.20)

where µB is the Bohr magneton, JH the modulus of the electrical current density fed into
the HM, JH , e the electrical charge of the electron, d the thickness of the FM film, σ̂ the
direction of the polarization of the spin-polarized electrons flowing into the ferromagnet,
θH the spin Hall angle factor, which represents the ratio of the electronic current density
circulating through the heavy metal to the polarized spin current density diffusing through the
ferromagnet, and ζ is a dimensionless parameter indicating the strength of τ H2 with respect
to τ H1. In all simulations in this thesis, τ H2 is neglected (as done usually in the literature)
because ζ is usually very small.

Figure 2.5: Sketch of how the SHE torque is generated. An ordinary electrical current flows
through the HM substrate (green). Due to spin Hall effect a spin polarized current that difuses
into the FM film is generated. The torques generated are shown.

This technique, in contrast with STT, allows skyrmions to reach velocities on the order of 100
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m/s experimentally,137 as predicted theoretically. Therefore, all the papers in this thesis that
deal with skyrmion dynamics (B, C, and D) use SHE torque to drive skyrmions. Also, there
are other techniques to induce external torques which are relevant in the field of spintronics,
but since they are not used to move magnetic structures they have not been included in this
thesis.

2.4 Boundary conditions

With Heff and τ determined, one might think that we have all the necessary ingredients to
solve the LLG equation, Eq. (2.1). However, we are dealing with coupled PDEs, so we need
BC. The BC used in Papers A and B are introduced here.

Periodic system: Periodic Boundary conditions

When we want to simulate a periodic system, we use periodic boundary conditions (PBC).
These boundary conditions are also used to simulate an infinite material when the calculation
window is large enough. For example, infinite tracks of magnetic structures use this boundary
conditions in the boundaries perpendicular to the track. In paper B, PBC are used. Its
mathematical expression is,

M(r) = M(r + rT ), (2.21)

where rT indicates the direction in which the system is periodic and |rT | is the spatial period.

Edges of the material: Von Neumann boundary conditions

When we want to simulate a finite material, with a real edge, the Dzyaloshinskii-Moriya
condition is used. This boundary condition can be found from a variational approach, by
minimizing the energy density Eq. (2.15) in a region in the presence of an edge. If we minimize
this energy density, we obtain that M on the edge must fulfill the following condition:155

dM
dn̂

∣∣∣∣
n̂

= DDM√
2Aµ0M2

s

(ẑ × n̂) × M, (2.22)

where n̂ is the vector normal to the edge. The finding of this boundary condition was one
of the cornerstones of the theoretical designs of the skyrmionic racetrack. However, this BC
induces some problems that we address in Paper A.

Now, all the ingredients are ready to solve the LLG equation in our system, but slightly
different conditions have been considered in Paper A and B. In Paper A we solved Eq. (2.1)
with an applied field, in a finite geometry, so we used the BC given by Eq. (2.22) but no
external torques are considered. In Paper B there is no external fields but we move the
skyrmions using SHE torque in an infinite sample, so PBC are used.

2.5 Papers

In this thesis, two papers focus on the micromagnetic framework. Paper A presents the
cylindrical mesh (CM), and the radial mesh (RM), two meshes that present higher performance
than the usual quadrilateral mesh (QM) when some conditions are met, Fig. 2.6 and 2.7.
Paper B presents skyrmionic rails, Fig. 2.8, which consist of two linear defects that, with the
optimal properties, can speed up the skyrmions by an order of magnitude while channeling
them along predefined paths, and reducing their size.
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Paper A is the only one in this thesis that does not address skyrmion dynamics. We undertook
the elaboration of this paper when we realized that, in some conditions, micromagnetic
simulations could yield unrealistic magnetic structures. These magnetic structures could seem
as valid results, but, in Paper A, it is shown that they are the result of numerical errors that
are pretty hard to detect and could be overlooked. Despite this topic was a bit far from our
original objective of optimizing skyrmionic transport, we could not leave a problem unresolved.

2.5.1 Paper A

MM is an essential tool for theoretical physicists studying magnetic systems at submicrometer
length. It consists in solving Eq. (2.1). However, Eq. (2.1) is a vectorial PDE, highly nonlinear,
which has no analytical solution (except in some extremely simple cases, e.g., considering
a single magnetic moment52). Therefore, it is solved numerically. Although in most fields
of physics numerical simulations are done using finite elements, MM is an exception. For
some technical reasons in terms of performance, when computing the magnetic fields, finite
differences are preferred.156

The usual approach to solving Eq. (2.1), and the method used by the most popular software,
is an explicit method based on a quadrilateral mesh that is integrated over time using a
method from the Runge-Kutta (RK) family.156, 157 This approach has proven to be valid but
may have its limitations in some specific scenarios.

Figure 2.6: Sketch of a circular FM dot (orange circle) meshed with two different meshes. a)
The commonly used QM. b) The CM proposed in Paper A.

In the simulation of skyrmionic circular systems, structures similar to Fig. 2.7 have been
reported. These structures share the same 90/180° rotational symmetry as the QM and, more
importantly, break the cylindrical symmetry of the system, which should be preserved.

In Paper A we show that these are numerically artificial structures, mainly because of two
factors. First, skyrmionic BC, Eq. (2.22) are more numerically stressful than the regular ones
(DDM = 0). Second, it is shown that the error generated by numerical integration has the
same symmetry as the QM. This error distribution is responsible for symmetry breaking.
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Figure 2.7: Comparison of the same MM simulation done with the CM (top row) and the QM
(bottom row). Huge discrepancies are found. In Paper A it is shown the the right results are
the ones obtained with the CM and explains the origin of the structures obtained with the QM.

To solve this problem the CM is presented, Fig. 2.6, a mesh that has the same symmetry as
the system geometry and therefore does not break the symmetry. The most relevant result
is that the same results are obtained with a relatively coarse CM as with a much finer QM.
Meanwhile, a coarser QM leads to artificial magnetic structures. Also, the RM is introduced,
a mesh that reduces computational time by orders of magnitude when the geometry, applied
fields, and initial state are all radially symmetric.

From the results and methods presented in Paper A, it is concluded that for cylindrically
symmetric systems the CM (and the RM when possible) is much better in terms of numerical
performance. However, the QM can still be used in many cases, but care must be taken with
the mesh size.

2.5.2 Paper B

If skyrmions are conceived as bits of information, their fast and energy-efficient transport is
a key factor for future spintronic devices. Skyrmions are usually driven by SHE torques, as
this is the most efficient technique at the moment.43, 137 In a certain range of current density,
known as the linear regime, there is an almost linear dependence between the applied density
current, JH , and the skyrmion velocity.

For lower currents, we enter in the crippling regime. The granularity of the samples, which can
be considered a set of pining sites cripples the motion of the skyrmion, making it much more
stochastic and even stopping it. The skyrmion is in crippling regime when its velocity is below
15-20 m/s.101, 102, 105, 158–160 For higher JH the skyrmion deforms and may be unstabilized
(generating stripes or domain walls) or annihilated. The skyrmion is usually unstablized when
its velocity is higher than 200-300 m/s.43 There is another limitation to the skyrmion motion,
the skyrmion Hall effect (SkyHE). The skyrmion does not travel completely perpendicular
to the current, it has a relative angle between the perpendicular of the spin current and the
resulting velocity, which is known as the skyrmion hall angle.34,71,87,92, 159, 161
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Figure 2.8: Sketch of the functioning of the skyrmionic rails. A skyrmion is driven by SHE
torque and is channeled along the rails. When channeled, the skyrmion is sligthly compressed
and recieves a great speed-up.

The most known approach to transport skyrmions is the skyrmion racetrack memory.34,43

It consists of a narrow, ultrathin film where JH is applied along it. Since SHE torque is
proportional to JH and the current is applied at the narrowest surface, the total electrical
current required is much smaller. However, the SHE torque causes the skyrmion to move
perpendicular to the track. Thanks to the gyrotropic nature of the skyrmion motion, the
track borders not only repel the skyrmion, confining it inside the track (and nullifying the
SkyHE effect), but also pushes the skyrmion along the track.43 The skyrmion receives a
speed up of the order of 1/α,162 which usually has values around 3. One might think that
this would allow skyrmions to reach a velocity of 600-900 m/s, but this is not true. The use
of racetracks sets a new threshold velocity: If the skyrmion velocity is too large, it escapes
the confining potential and is annihilated. This new threshold speed is also around 100-200
m/s,71, 134, 162 which means that racetracks do not allow skyrmions to go faster but allow them
to go as fast as without them but with lower JH , thus consuming less energy.

In this paper, the skyrmionic rails are presented with the same philosophy. The skyrmionic
rails are a device consisting of two linear defects (local modifications of iDMI constant)
engineered in a way that allow skyrmions to be accelerated, compressed, and guided along
them. Skyrmionic rails outperform racetracks in terms of efficiency: they are much thinner,
which would allow a higher density of skyrmion channels, and they can achieve a speed-up
factor of an order of magnitude, compared with the factor 3 of racetracks.

The results show that skyrmions are guided along a channel formed by the skyrmionic rails
which are thinner than the original skyrmion diameter. Moreover, the highest achieved velocity
is around 180 m/s, whereas with the same applied JH the skyrmion would travel at around
60 m/s along a racetrack.
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Chapter 3

Rigid Model

Magnetic skyrmions are very robust magnetic structures thanks to their topological protection.
The energy barriers that must be overcome to destroy them are large enough to find them
in RT and have lifetimes long enough to be considered as bits of information.163 It has
been shown experimentally and theoretically by micromagnetic simulations that, although
deformable, skyrmions conserve its global shape except in some extreme situations.137, 164–166

Thus, in a large number of scenearios it is a good approximation to consider the skyrmion a
rigid magnetization distribution, M0, that translates on time over a uniform magnetization
background. It can be mathematically expressed as

M(r, t) = M0(r − rs(t)), (3.1)

where rs is the position of the skyrmion. This is called the rigid approximation.54 In Fig. 3.1
it is shown that this is a good approximation for skyrmionic transport of isolated skyrmions.
We can see how a skyrmion being driven by SHE torque at 50 m/s approximately conserves
its shape. If we assume the rigid approximation, we can transform the LLG equation into the
Thiele equation (TE),54,71,87

(G − MsαD)vs + γM2
s F = 0, (3.2)

Figure 3.1: Micromagnetic simulation of the motion of an isolated skyrmion to illustrate how
the skyrmion translates without deformation. Two snapshots at different times of a skyrmion
being driven by SHE are shown. It can be observed that the skyrmion position changes, but
its shape is not altered. The cian long vectors correpond to rs at two different times, and the
green vector corresponds to vs

19
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where vs = ṙs, and G and D are the gyrotropic and dissipative tensors, respectively. Both
tensors depend on the magnetization distribution of the magnetic structure we are studying.
The expression of its components, Gνυ, Dνυ, (ν and υ are the cartesian coordinates of the
plane, x or y) are

Gνυ =
∫

V
M0 ·

(
∂M0
∂ν

× ∂M0
∂υ

)
dV ′, (3.3)

Dνυ =
∫

V

∂M0
∂ν

· ∂M0
∂υ

dV ′, (3.4)

where V its the whole volume of the FM ultra-thin film where the skyrmion is located
and dV ′ its corresponding differential of volume. In this framework, we will only consider
ideal (isolated in an infinite sample), symmetric skyrmions whose core points along the +1
direction (along the z axis) while the FM background points along the -1 direction. Hence,

G =
(

0 G
−G 0

)
and D =

(
D 0
0 D

)
, being G = 4πM3

s d and D = 4πM2
s d. Q = G/4πM3

s d

is known as the skyrmionic number and the fact that for ideal skyrmions Q = ±1, is the
mathematical expression of the topological protection of skyrmions158, 159, 167–170(structures
with an integer Q are topologically protected). However, as it will be stated later, G and D
also determine other characteristic phenomena of skyrmions motion.

F in Eq. (3.2) is the "force" term. F contains the effects on the skyrmion dynamics caused
by the external torques in the LLG equation and all the external agents that the skyrmion
may encounter, such as defects in the materials, applied magnetic field gradients, the material
edges, or other magnetic structures, among others.43,71,84,86,87, 171–174 Therefore, the system
that we are trying to model will determine F.

Valuable information about the dynamics of the skyrmion can be obtained from TE even
without solving it. First, TE is an ordinary differential equation (ODE) (like Newton’s
equation), whose solution is rs(t), the trajectory of the skyrmion. However, unlike Newton’s
equation, it is a first-order ODE. This means that no forces are acting over the skyrmion.
Those "force-terms" are actually physical magnitudes that do not have units of force and are
proportional to the velocity of the skyrmion. Consequently, rigid skyrmionic dynamics‡ do not
contain inertia.74,76,87, 176, 177 This means that, for example, if we are moving our skyrmion
by SHE torque, when we turn off the current the skyrmion instantly stops its motion. Hence,
all the interactions that skyrmions receive cause an instantaneous change in their velocity.
However, as done in the literature we will continue to call F forces, so have in mind that from
now on whenever we refer to a force acting over a skyrmion, it is actually an instantaneous
change in speed.

Another important phenomenon that we can deduce from the TE is the SkyHE. Skyrmions
have gyrotropic dynamics, which means that if we "push" them in one direction, they will
move in a different one. This causes the well-known skyrmionic Hall angle, which is the
angle between the applied F and vs.43,71,73,92, 170 This can be seen by solving the TE for an
arbitrary constant force:

vs = −γM2
s (G − MsαD)−1F. (3.5)

The result is that the skyrmion velocity will be the vector F multiplied by the matrix
−γM2

s (G − MsαD)−1. The matrix-vector product will cause a rotation of the vector F and

‡It has been shown175 that small deformations can be taken into account in the TE, adding an extra term
proportional to r̈s, thus leading to an inertial term.
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since −γM2
s (G − MsαD)−1 is considered constant in time in the rigid model, this leads to a

constant rotation of F. The angle of this rotation is the SkyHE angle, θsk, see Fig. 3.2.

Figure 3.2: Schematic representation of the vectors rs, vs, and F, and the skyrmionic Hall
angle, θsk. The blue rectangle represents the FM background with mz = −1 and the dark red
circle and the brown corone represent a skyrmion at the position rs. This skyrmion experiments
a force F which causes a velocity vs. The angle between vs, and F is the Skyrmionic Hall angle
θsk.

As with micromagnetic simulations, the different terms that appear in the TE depend a lot
on the system that we are modeling. To solve the TE we need to know the applied external
torques, which generates an effective force on the skyrmion. For each system, we have to
model the corresponding external torques and external agent forces. In particular, we will
develop the STT and SHE torques that have been developed in Chapter 2, despite only using
SHE in both Papers C and D. The external agents that are introduced here are the edges
of the material (to model a racetrack), and atomic point defects. Both expressions will be
relevant for both Papers in this chapter.

3.1 External Torques

Following the same methodology used to derive the TE one can derive the forces that the
different external torques produce over the skyrmion.43,87 We consider the skyrmion a rigid
structure, Eq. (3.1), and using vectorial properties one can derive the corresponding term for
each torque. The forces produced by the STT, and SHE torques, FSTT and FSHE, respectively,
are:

FSTT = −(G − MsβD)vF , (3.6)

FSHE = Ms(N + ζMsY)vH , (3.7)

where
vH = −µBθH

|e|Ms
(ẑ × JH). (3.8)
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Nνυ = 1
d

∫
V

(
∂M0
∂ν

× M0

)
υ

dV ′, (3.9)

Yνυ = 1
d

∫
V

∂(M0)υ

∂ν
dV ′, (3.10)

where Nνυ and Yνυ are the components of the tensors N and Y.

3.2 External Forces

Modelling the forces that external agents do over skyrmions, Fext, is not as straight forward
as modeling the forces of the external torques. The components of this force, (Fext)i, can be
calculated by,54,71

(Fext)ν =
∫

V
Hext · ∂M0

∂ν
dV, (3.11)

where Hext is the field generated by the external agent. The difficulty here lies in calculating
such field: what is the effective field generated by a material edge or an atomic defect, for
example?

Edge of the material & racetrack

Within the MM the edges of the racetrack are modeled with boundary conditions. This
means that the effective field can not be computed at the edges of the material. Hence we
can not use Eq. (3.11) to compute the corresponding force. To solve this problem, different
approaches have been used. In particular we will use the expression found in Ref. [71], where
a mathematical expression is found empirically and adjusted via energy minimization.

Upon reaching the material edge, the skyrmion is repelled by it. Due to the gyrotropic nature
of the skyrmionic dynamics, the skyrmion also experiences a force parallel to the track which
usually speeds it up. All this has been observed both experimentally and theoretically through
MM simulations.34,37,43,74,86, 114, 162, 178–182Thus, it can be empirically deduced that the force
that the edge of the material exerts over a skyrmion, FEd, should have the following shape:

FEd = FEd(dsk−Ed)n̂, (3.12)

where FEd(dsk−Ed), the modulus of the force, is a decreasing function of dsk−Ed, the distance
between the edge of the material and the skyrmion, and n̂ is the unitary vector normal to the
edge. Using an energy-minimizing method the force expression is found,

FEd = f0e−(dsk−Ed)n̂, (3.13)

where f0 is a constant that depends on the material parameters, the skyrmion shape, and
size. This expression is crucial in the modelling of skyrmionic systems since the most famous
skyrmionic device is the skyrmionic racetrack memory,34 which basically consists in a narrow
strip of FM material which channels the skyrmions thanks to the confining potential of its
edges. Hence, the force that a racetrack parallel to the x axis of width 2W generates on a
skyrmion, FR is,

FR = FEd(y + W ) + FEd(y − W ) = f0
[
e−(y+W ) − e−(y−W )

]
ŷ. (3.14)

This is the expression used to model racetracks in both, Papers C and D. The effect that it



3.2. External Forces 23

has over a skyrmion is sketched in Fig. 3.3 with and without applied curred. In Fig. 3.3-a/b
we can see the force field that a track generates without/with applied current. In Fig. 3.3-c/d
we see the equilvanet vs caused by this force without/with applied current. We can see how
the skyrmion is repelled by the edges of the material and how, thanks to the gyrotropic nature
of the skymion dynamics, this translates in the skyrmions being channeled along the racetrack.
Notice that Fig. 3.3 is a sketch of the scenario where vH is not large enough to overcome the
confining potential.

Figure 3.3: Schematic representation of vectorials fields F and vs. The darker the arrow, the
more intense the magnitude is, where the vectors are hard to see, the magnitude is almost 0. a)
F if we had a racetrack formed by two edges of the material separated by a distance 2W . b)
Same than a) adding vH = (0, −vH), where vH is a positive constant. c)/d) vs generated by
the F displayed in a)/b).

Atomic Point Defect

An atomic point defect is an absence or the substitution of one atom of the ferromagnet by
a different one, causing a local variation of the physical parameters of the system. In Ref.
[86], the effective field due to an atomic point defect in a system such as the one treated in
this thesis (ultrathin FM film, considering exchange, anisotropy, and iDM interaction), and
considering a square lattice with lattice parameter a, was found to be

Hat = |µ|2δ(r − rd)
µ0M2

s d

[
(δex − 1)Ja2

2 ∇2M + (δan − 1)KMzẑ +

+(δDM − 1)|Dij |a [(∇M) ẑ − ∇Mz]
] (3.15)

where δex, δan, and δDM are the fraction of variation of the exchange, anisotropy, and iDMI
parameters, respectively. δ(r) is the Dirac delta and rd is the position of the defect. The force
that a point atomic defect causes on an ideal skyrmion of radius R is [after Eq. (3.11)]:

Fat = 4|µ|2R2γ

µ0Msd

[
2|Dij |(δDM − 1)aRrs

(R2 + r2
s)3 − K(δan − 1)rs(R2 − r2

s)
(R2 + r2

s)3

]
r̂, (3.16)

where R is the radius of the skyrmion and rs = |rs|. This expression is used to justify the
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expression used for a punctual pinning in Paper C and it is the starting point to model
granularity in Paper D. The effect of an atomic defect of iDMI, located at the center of each
figure, would have on a skyrmion is sketched in Fig. 3.4 with and without applied current.
In Fig. 3.4-a/b we can see the force field that a atomic point defect generates without/with
applied current. In Fig. 3.4-c/d we see the equivalent vs caused by this force without/with
applied current. We can see how the skyrmion is attracted by the defect and how thanks to
the gyrotropic nature of the skymion dynamics this translates in the skyrmions following a
spiral-like trajectory around it. Notice that Fig. 3.4 is a sketch of the scenario where vH is
not large enough to overcome the pinning potential.

Figure 3.4: Schematic representation of vectorials fields F and vs. The darker the arrow, the
more intense the magnitude is, where the vectors are hard to see, the magnitude is almost 0. a)
Fat with κ = 0, δ < 0. b) Same than a) adding vH = (0, −vH), where vH is a positive constant.
c)/d) vs generated by the F displayed in a)/b).

3.3 Thermal Effects and the Stochastic Thiele Equation

Most of the work done up to now by theoreticians in the skyrmionic field has been done without
considering the thermal effects. This is due to the enormous complexity that temperature
adds to the system. Moreover, ferromagnetism is a temperature-dependent phase state, so
even the macroscopic properties of the material could change depending on the order of
magnitude of the temperature.52,53 In spite of this, the effect that the temperature has on
the skyrmion dynamics within the rigid model can be modeled by a force, FT .53 Let’s go
back to the beginning. If we consider a FM ultrathin film, it remains FM if its temperature is
below its Curie temperature, TC . One of the assumptions of the MM is that |M| = Ms is a
constant, however, it is well-known that Ms depends strongly on the temperature.52,53 Hence,
to model a FM film at 0 ̸= T ≪ TC , it can be considered that Ms variations are not relevant.
If these conditions are met, we can consider that the temperature causes a stochastic effective
field, HT , which can be added to the MM. This is known as the stochastic MM. To obtain
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relevant results from stochastic simulations one might perform a large number of simulations
and average over them to obtain statistically relevant results.

HT is an stochastic field described by a Gaussian noise with the following properties:

⟨HT,ν(t)⟩ = 0, (3.17)〈
HT,ν(t)HT,υ(t′)

〉
= ξ

V
δνυδ(t − t′), (3.18)

where ⟨⟩ are the averages over time, the subscripts ν, υ refer to the Cartesian components,
δνυ is the Kronecker delta, δ(t − t′) is the Dirac delta, and ξ=2αkBT

γµ0Ms
, being kB the Boltzmann

constant.53, 130, 156 From this stochastic field, one can compute the associated stochastic force,
Fst that this field makes on a skyrmion using Eq. (3.11),

(Fst)ν =
∫

V
HT

∂M0
∂ν

dV ′. (3.19)

Hence, Fst will also be described by a Gaussian noise, whose properties will be,

⟨Fst,ν⟩ =
∫

V
⟨HT ⟩ ∂M0

∂ν
dV ′ = 0, (3.20)

〈
Fst,ν(t)Fst,υ(t′)

〉
=

∫
V

∫
V

〈
HT,ν(t)HT,υ(t′)

〉 ∂M0
∂ν

∂M0
∂υ

dV ′dV ′′ ≃

≃ ξDδνυδ(t − t′).

In summary, the Thiele equation of a skyrmion driven by damping-like torques, produced by
spin-polarized currents arising from the SHE after feeding an in-plane current into a heavy-
metal substrate, in the presence of arbitrary external agents and at an arbitrary temperature
is,130

(G − MsαD)vs + MsNvH + γM2
s (Fext + Fst) = 0. (3.21)

Figure 3.5: Solutions of the STE at RT with the parameters of Paper C, with no external
agents present with a) vH = (0, 0), b) vH = (600, 0) m/s. The colored lines represent 5
particular solutions of the STE. The red line corresponds to the solution of T = 0. The purple
dots are the final position of 500 simulations with the same simulation time. The simulation
times are a) 0.8 ns b) 0.4 ns. Note that different solutions are found for the same equation due
to its stochastic nature.
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This equation also called the stochastic Thiele equation (STE). It is an stochastic ODE that
describes the motion of a body subjected to a combination of deterministic and stochastic forces.
Some solutions of this equation are shown in Fig. 3.5. Notice that, as with the stochastic
MM model, to obtain statistically significant results, a large number of simulations must be
performed and the results obtained averaged. This leads to a prohibitive computational time
if results with high accuracy are to be obtained.

Eq. (3.21) is the starting point of Paper C. From this equation, a deterministic approach is
developed which consists in solving a single PDE, hence it only requires one single simulation.
The same deterministic approach is used in Paper D.

3.4 Papers

In this thesis, two papers focus on the rigid model. In Paper C we have presented a
deterministic approach for studying the skyrmion dynamics with T ̸= 0 that consists in solving
the Fokker-Plank equation (FPE) of the skyrmion. This approach outperforms the STE, Fig.
3.6. The solution of the FPE is the probability of finding a skyrmion at a given position and
time, Fig. 3.7. Paper D uses this deterministic approach to determine the feasibility of the
original track when considering thermal effects and granularity simultaneously, scheme in Fig.
3.8 and results in Fig. 3.9. The methodology followed in Paper D has the best, to the best
of our knowledge, realistic/numerical performance ratio for simulating skyrmionic devices
reached up to now.

3.4.1 Paper C

The incorporation of temperature effects in modeling nano- and micromagnetic systems is
a difficult challenge for theorists. The main theoretical models, ranging from the lowest to
the broadest length scale are the stochastic atomistic model (SSAM), the stochastic MM, the
Landau-Lifshitz-Bloch (LLB) model, and the STE model.

In the SSAM,53 there is no extra assumption in comparison with the regular atomistic model.
It is only assumed that the system is under a thermal bath of temperature T . As a consequence,
an extra effective field is generated, which makes the atomic moments "jiggle". It is the most
accurate model from the physical point of view and all the models to be presented later are
derived from it. The major drawback is the extremely high computational power required.
For example, to simulate a skyrmion at RT (they usually have a R ∼ 100nm) requires about
106 magnetic moments, in contrast to the 104 required in the stochastic MM or the LLB
model. This, of course, scales exponentially as the system grows to make the simulation of
the skyrmion dynamics at RT not feasible.

The stochastic MM is perhaps the most widely used of all. It is derived from the SSAM,
but as already mentioned, it is only valid in a certain temperature range (around T < 1

3TC),
where considering Ms approximately constant is a valid approximation. In spite of this, the
nucleation, annihilation, and dynamics of skyrmions can be studied (the TC of Co is 1400K
approximately), but some phenomena, such as the ferromagnetic-paramagnetic transition of
a system, cannot be studied with the same accuracy. The computational power required to
perform a single stochastic MM simulation is higher than that of a regular MM, but of the
same order of magnitude.

The LLB model is also derived from the SSAM and solves most of the drawbacks of the
stochastic MM. Using a mean field approximation, the effective fields are modified, and some
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extra terms are added to the LLG equation. As a result, one obtains a model that is almost as
valid as the SSAM (only the mean-field approximations are made), and much more accurate
than the stochastic MM. There is a family of these methods, but the one currently in use
is also a stochastic method. Although it is a much more accurate version of the stochastic
MM, it is barely used due to its complexity. In addition to a more complex set of PDEs, a
large set of parameters is needed to use the model, which requires several previous SSAM or
density-functional theory calculations. The computational power required for this method is
higher than the stochastic MM but on the same order of magnitude.

The STE is derived from the stochastic MM, with the extra assumptions of the rigid model.
Therefore, not only does the system need to be far from TC , but also the energy barrier of the
skyrmionic state must be much larger than kBT . For some systems it has been shown that
skyrmions’ lifetime at RT is long enough to be considered for spintronic applications, so it
would be safe to use STE. STE requires much less computational power than stochastic MM
but has the same drawbacks as the regular TE compared to the regular MM. The generation,
deformation, and annihilation processes of the skyrmion can not be simulated or taken into
account in the dynamics. The STE and all the methods aforementioned are stochastic. This
means that a large number of simulations have to be performed and then averaged to obtain
meaningful results.

Figure 3.6: Comparisson of the total error of both methods (statistical + numerical) as
a function of the simulation time when the mesh size is fixed. We can see that the error is
about an order of magnitude lower for the FPE, and as the simulation time increases, the error
decreses even faster. Notice that the scale is logarithmic.

Fortunately, the STE is a Langevin equation, and the corresponding FPE can be derived.
The FPE of a body is a PDE whose solution is the probability density of finding that object
at a given position and time, thus it is a deterministic equation. The only condition is that
the object in motion, in this case, the skyrmion, follows a Brownian-like motion. This is the
case for skyrmions, and it has been shown both experimentally and theoretically.130, 137

In Paper C the FPE of a skyrmion [the corresponding FPE of the STE introduced in Eq.
(3.21)] is derived. The advantages of this model compared with the other ones presented
here are shown, Fig. 3.6. For this purpose, the motion of a skyrmion moving near a pining
center, Fig. 3.7, and the motion of a skyrmion along a racetrack are simulated as examples.
Compared to the STE, the FPE is a much more efficient method since its solution is equivalent
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to the average of infinitely many STE solutions. Furthermore, the STE is a transport equation
that can be easily solved with relatively simple numerical methods and commercial software.

Figure 3.7: Solution of the FPE of a skyrmion approaching a pinning potential (green cross)
for different times. The brigther it is the spot, the more likely it is to find a skyrmion there. We
can see how the binarity of the dynamics are broken: there is a probability that the skyrmion is
trapped by the pinning or that the skyrmions escapes the potential.

3.4.2 Paper D

Skyrmions have been a hot topic for the last decade due to their promising properties.
Skyrmionic devices have been proposed for stochastic computing, neuromorphic computing,
information transport, processing, and storage... As the list grows and scientists bring these
devices closer to reality, realistic simulations become essential.

(b)

(a)
L

2W

(c)
Lg

Figure 3.8: Scheme of the modeled system in Paper D. There are 3 samples: a) the plain
sample, without granularity, b) a granular sample, represented by a Voronoi tesselation, c)
how the granularity is geometrically simplified to obtain simpler, yet equivalent, mathematical
expressions.
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MM has proved to be adequate and useful for the simulation of simple application designs, as
in paper B, mainly because they have a great trade-off between realism and computational cost.
However, the designs are becoming much more complex and the accuracy margin is becoming
much thinner. Moreover, as we include more ingredients in the MM, the computational power
required for the simulations escalates exponentially. Real skyrmionic systems are granular,
Fig. 3.8, and most importantly, if they are ever to be real devices, they have to run at RT.
Including these two phenomena in the MM is too costly.

In Paper D, one of the most realistic simulations of a skyrmionic device is done, with a
realistic computational time. To do so, we model the granularity of a system within the rigid
model, computing the effective force generated over the skyrmion. Then we solve the FPE of
skyrmion moving along a granular racetrack at RT, Fig. 3.9. From the results, we calculate
some key magnitudes like the probabilities of success of the transport of information.

Figure 3.9: Solution of the FPE of a skyrmion being transported along a granular racetrack
at RT. Different snapshots of the probability density function are shown for each track. The
amount of grains is the same in the 4 plots and the variation of physical parameters between
grains increases from a) to d).

The results from this work establish the viability of the skyrmionic racetrack memories,
highlighting a few flaws in the device, and indicating how they could be fixed. Moreover, we
also present a methodology that can be used for realistic and efficient simulations of heavily
complex skyrmionic systems, like some of the new skyrmionic devices designed.38, 183–186
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Chapter 4

Conclusions & Final remarks

This thesis focuses on the theoretical study of skyrmionic devices, a type of spintronic device
that employs skyrmions as the building blocks. Skyrmions are a magnetic structure with
remarkable properties, such as being small, easy to move, and highly stable. As a result,
skyrmionic devices have the potential to significantly contribute to the development of more
powerful and environmentally friendly data centers and computers.

The field of skyrmions is relatively recent, since it skyrocketed after the theoretical proposal
of the racetrack memory34 in 2013. Several advances have been made, but there are still
many obstacles to overcome before skyrmionic devices can become a reality, let alone be
commercialized. In this thesis we contributed to this field with a set of new theoretical tools
(Paper A and C), designing a new device (Paper B) and optimizing and checking the feasibility
in realistic conditions of the racetrack memory (Paper D).

Although the papers in this thesis have been grouped into two chapters based on the theoretical
model used, there is a stronger argument for separating Paper A from Papers B, C, and D
based on subject matter. Paper A addresses a highly specific problem that was encountered
during the development of the other papers and is more numerically and technically oriented.
In contrast, Papers B, C, and D center around the primary topic of this thesis: optimizing
the transport of skyrmions.

Paper B presents the skyrmionic rails, a device that achieved the highest efficiency in terms of
skyrmionic transport at the time of its publication. However, the experimental implementation
of such a device would require cutting-edge technology, as it necessitates the modification of
the HM substrate of the system with a precision on the order of nanometers.

Micromagnetic simulations have been one of the main tools of theoreticians in the field of
solid magnetism. However, experimentalists sometimes find them inaccurate and unrealistc.
This is because many things are ignored when using the MM, for the sake of simplicity and
computational efficiency, which are sometimes relevant. The main two factors that are ignored
are the thermal effects and the inhomogeneities of the material or granularity. We aimed to
bridge this gap providing a computationally efficient method to include both, the granularity
and the thermal effects.

In paper C, we present the skyrmion’s FPE, the most computationally efficient model that
includes the thermal effects in the skyrmionic dynamics. In contrast with the other presented
methods, it is a deterministic model, hence, does not require to solve an equation multiple
times and a posterior statistical analysis. The only drawback is that we have to consider the
skyrmion as a rigid structure. But, as a matter of fact, if we can not achieve rigid enough
skyrmions at RT, skyrmionic devices will not be a reality.

31
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In paper D we add the granularity to the model presented in paper C. We study the viability of
the racetrack memory finding some carences of the system (that can be fixed). The simulations
done in this work have the highest reality/complexity ratio in the literature. Moreover, the
methodology consists in solving a deeply studied and very standard PDE that can be solved
with many popular softwares. We believe that if the scientific community would give a try to
our model, they would find a much more efficient substitute to the STE.

Continuing with the work done in Paper C and D, there is still more to be done to make
the model more realistic. For example, it has been reported that the diffusion coefficient
introduced in Paper C does not depend lineraly with the temperature.130 Also, a correction to
D has been done when working at T ̸= 0.187 Both these corrections (and any other correction
that is done to the STE) could be included in our model, without adding any extra layer of
complexity.

Step by step, the skyrmionic community will keep working to make the skyrmionic devices
feasible. Some members of the scientific community say that skyrmions might be a transitory
hot topic that will decay with time. They might be right. Skyrmionic systems are based
in rare metals and materials like the platinum and iridium. Individual skyrmion motion is
still really hard to controll experimentally. Experiments show general trends, but not the
extreme accuracy that we expect from a data storage system. However, even in the worst
scenario, where skyrmionic devices are proven to be unviable, many significant advances in
many fields would have been done: in the theoretical studies of magnetic textures at the sub
micrometer length scale, the experimental manipulation of such structures through external
torques and magnetic fields, new material systems like the HM-FM multilayers or other
interfacial systems...

There is also room for optimism as the field has advanced at breakneck speed. Major hurdles
have already been overcome so there is no reason not to be confident that the scientific
community can continue to do so. And, if we are capable to do it, the reward would
be extraordinary: the implementation of skyrmionic devices would have the potential of
revolutionise the landscape of IT.

And what is certain is that, sooner or later, a way will be found to sustain our technological
growth without compromising our planet, and fortunately, I will have contributed my grain of
sand.
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Abstract

Skyrmions can be envisioned as bits of information that can be transported along

nanoracetracks. However, temperature, defects, and/or granularity can produce diffu-

sion, pinning, and, in general, modification in their dynamics. These effects may cause

undesired errors in information transport. We present simulations of a realistic system

where both the (room) temperature and sample granularity are taken into account.

Key feasibility magnitudes, such as the success probability of a skyrmion traveling a

given distance along the racetrack, are calculated. The results are evaluated in terms

of the eventual loss of skyrmions by pinning, destruction at the edges, or excessive

delay due to granularity. The model proposed is based on the Fokker-Planck equation

resulting from the Thiele’s rigid model for skyrmions. The results could serve to es-

tablish error detection criteria and, in general, to discern the dynamics of skyrmions

in realistic situations.

Magnetic skyrmions are whirling magnetic structures that can be found in certain mag-

netic materials.1 Their small size and high mobility have promoted them as promising infor-

mation carriers, as well as building blocks in ultradense magnetic memories, logic devices, and
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computational systems.2–6 In ferromagnetic ultrathin films, with a heavy-metal substrate, it

has been found that skyrmions can be stabilised with the aid of interfacial Dzyaloshinskii-

Moriya interaction.7–10 The same mechanism allows the formation of skyrmions in multi-

layers with alternating ferromagnets (FMs) and heavy-metals.11,12 The experimental finding

of room-temperature skyrmions13 has boosted the potentiality of skyrmions for applications

and, consequently, the study of their spin-current driven dynamics at non-zero temperatures

to predict the feasibility of the aforementioned applications.

One of the most promising skyrmion-based applications proposed up to date is the

skyrmionic racetrack memory. It is designed to drive skyrmions along the racetrack, with the

spin-orbit torque produced by a spin-polarized current fed into a heavy-metal substrate.2,14

In such systems, the borders of the track create a confining potential that sets a driv-

ing velocity upper threshold above which the skyrmions would escape the track.15–18 Hence,

when transporting stable skyrmions at zero temperature along a clean (defect-free and grain-

free) racetrack we have two possible scenarios depending on the driving current: either the

skyrmion is annihilated at the edge or it is channeled along the racetrack.

However, real skyrmionic racetracks are granular, and one would like to operate at room

temperature. It is known that granularity acts as an array of pinning potentials for skyrmions

that results in a minimum applied current density for the activation of skyrmion motion.19–24

At room temperature, stochastic effects on the skyrmions position25–27 could compromise

their stability when approaching the borders or defects.16,28 Moreover, even above the min-

imum threshold, there is a certain probability of being trapped.29,30

As a consequence, in a real racetrack, there is no longer a binary scenario for the sur-

vival of skyrmions. The problem becomes probabilistic. Here we address this problem by

realistically simulating a nanoracetrack for skyrmions transport, taking into account both

the (room) temperature and granularity. We use a deterministic, yet probabilistic, approach

to study the dynamics of a skyrmion in a granular racetrack at room temperature. In the

present work, we first model the interaction of the grains of the system with a skyrmion and
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Figure 1: Sketch of the modeled racetrack. (a) Clean racetrack: the skyrmion is driven along
the track of length L and confined by the borders at y = ±W . (b) A Voronoi tessellation
showing a possible grain structure. (c) The grains are modeled as square regions randomly
distributed in the plane with Gaussian distributed anisotropy constants (represented by the
different blue tones in the sketch).

derive the stochastic Thiele’s equation (STE); second, we obtain the corresponding Fokker-

Planck equation (FPE), which includes the temperature, and solve it numerically; and third,

we study the feasibility of skyrmionic racetracks and how granularity affects the performance

of such devices at room temperature.

The rigid (Thiele’s) model31 assumes that, during motion, the internal structure of the

skyrmion is not modified, so its position and velocity can be described by generalized mag-

nitudes, rs and vs respectively. We consider that the skyrmion is moving along a thin

ferromagnetic racetrack of length L and width 2W . The thickness of the ferromagnetic layer
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is d ≪ W,L. Thus, the magnetization is considered uniform across the thickness and we

locate the FM layer at z = 0 (see sketch in Fig. 1a). Considering symmetric Néel-type

skyrmions on a background magnetization pointing to −ẑ, the STE for the movement of

skyrmions driven by damping-like torques (produced by spin-polarized currents arising from

the spin-Hall effect) after feeding an in-plane current JH in a heavy-metal substrate, is32,33

(G−MsαD)vs +MsNvH + γM2
s (Fext + Fst) = 0, (1)

where G =




0 G

−G 0


, D =



D 0

0 D


, and N =




0 −N

N 0


, being G, D, and N constants

that depend on the internal structure of the skyrmion. α is the Gilbert damping constant, γ

(γ = 2.21 · 105 m A−1 s−1) the gyromagnetic constant, vH = −µBθH
eMs

(ẑ× JH), being µB the

Bohr magneton, θH the Hall angle, e (> 0) the charge of the electron, and Ms the saturation

magnetization. We use G = 4πdM3
s , D = 4πdM2

s and N = 4πRM2
s , where R is the radius of

the rigid skyrmion. These values correspond to ideal Néel skyrmions with z-magnetization

Mz = Ms(R
2 − ρ2)/(ρ2 + R2). Fst and Fext come from the stochastic and external forces,

respectively. They will contain the information about the temperature and granularity, as

explained below.

On the one hand, the temperature T is introduced by considering the term Fst a white

noise with ⟨Fst,j⟩ = 0 and ⟨Fst,i , Fst,j⟩ = 2αDkBT
γµ0Ms

δijδ(t − t′), being i, j = x, y, z. µ0 is the

vacuum permeability, kB the Boltzmann constant, δij the Kronecker delta and δ(t− t′) the

temporal Dirac’s delta.25

On the other hand, Fext has two contributions, Fext = FR+FG. The force
1 coming from

the confining potential of the racetrack is FR and the force produced by the granularity is

FG.

The edges of a racetrack create a confining potential that repels the skyrmion. However,

1Strictly, Fext and Fst do not have units of force. Nevertheless, we call them ”force terms”, following the
usual nomenclature.
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if a large enough driving current is applied, this potential can be overcome and the skyrmion

is annihilated when it reaches the edge. An exponential function decaying with the edge-

skyrmion distance has been proposed to account for these facts.15,34 Thus, the force created

by the borders of the racetrack over a skyrmion, whose generalized position is rs = xsx̂+ysŷ,

is modeled as

FR = f0
[
e−(ys+W )/R − e−(ys−W )/R

]
ŷ, (2)

where f0 is a parameter that controls the strength of the repulsion.

Since the rigid model does not allow to consider the skyrmion deformation near the edges,

we also assume that a skyrmion is annihilated when it “touches” any racetrack border. That

is, when the distance between its center and the edge equals the radius of the skyrmion.

To model the granularity force term, FG, is a more intrincated task. The physical origin

of this term arises from the different physical properties values of the different grains that

form the FM films. Despite all the relevant magnetic parameters can vary slightly between

grains (e.g., exchange constant, Dzyaloshinskii-Moriya constant, or Ms) the most (usually)

modified one is the uniaxial anisotropy constant, as the strength and the direction of the

uniaxial anisotropy strongly depends on the crystalographic orientation of the material.23,35

For simplicity, we only consider variations of anisotropy in our model.

A common approach to model granularity within the micromagnetic model is to generate

a random set of grains, using Voronoi tessellation,30,36,37 with an average size and some

randomly distributed variation of anisotropy constant in each grain (see Fig. 1b). However,

there is no clear way of how to translate this into the rigid model.

Here we use a slightly different approach. In Ref. [ 38], an analytical expression for the

Thiele’s force term generated by a single atomic defect that consist of a local modification

of anisotropy, Fld, was found as

Fld =
Ka2γ

µ0Ms

4∆K R2r(R2 − r2)

(R2 + r2)3
r̂, (3)
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where K is the value of the anisotropy constant of the plain sample and ∆K the variation

of the defect anisotropy with respect to K. a is the lattice constant and r is the distance

from the position of (the center of) the skyrmion to the defect.

We consider each grain as a surface with an atomic defect density given by σld = 1/a2.

Each surface differential dS generates a differential of force given by σldFld dS. Then, the

force that a grain exerts over a skyrmion is

Fgr =

∫

Sg

σldFld dS, (4)

where the integration is done over the grain surface, Sg.

The problem now is that the position and shape of the grains have to be known in order

to evaluate this force term. The grain distribution is modeled as follows. Consider that the

whole surface of the track (of total surface area 2WL) is formed by Ng grains of square shape

and surface area L2
g. Thus, Ng = 2WL/L2

g. Those grains are randomly distributed over the

track with the constraint that there cannot be more than four grain centers in any given

square surface of side Lg (see Fig. 1c).

The typical size of grains is Lg ≃ 10 − 20 nm while the radius of skyrmions with the

parameters used here (see below) is R ≃ 80 nm. Thus, when evaluating the force over a

skyrmion due to a given grain its relative orientation with respect to the skyrmion and its

shape are not relevant. Fgr can be thus evaluated as

Fgr = fG

[
arctan

(
Lg/2

r0

)(−2

r0
+

R2

r30

)
+

R2Lg

2r20[(Lg/2)2 + r20]

]r+

r−

r̂. (5)

Equation (5) is found after Eq. (4), by arbitrarily choosing that the line segment that goes

from the center of the grain to the skyrmion position crosses perpendicularly one of the sides

of the grain. We have checked that considering other orientations and shapes the difference

in the force is less than 6%. The constant fG is fG = (2K∆KγR2)/(µ0Ms). The variable

r0 should be evaluated at r± =
√

(r ± Lg/2)2 +R2. r is now the distance between the grain
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center and the position of the skyrmion.

Finally, the total force over a skyrmion is the sum over all the grains,

FG =

Ng∑

i=1

|Fgr(|rs − ri|)|
rs − ri
|rs − ri|

, (6)

where rs is the position of the skyrmion and ri are the positions of the centers of the different

grains.

To set the value of ∆K (needed for evaluating fG) we follow the same procedure as

in the Voronoi tessellation models:30 we assume that the distribution of the values of the

uniaxial anisotropy constant of the grains follows a normal distribution with mean value K

and standard deviation σK . The value of ∆K is given to each grain randomly following the

aforementioned normal distribution. Since FG is randomly generated, for each set of param-

eters several simulations with different FG are generated and averaged to get statistically

significant results.

Equation (1) is a stochastic equation whose dependent variable is the position rs of the

skyrmion. Its corresponding Fokker-Planck equation can be derived (in a similar way as

described in Ref. [ 29]):

∂

∂t
p(r, t) = −∇ · [p(r, t)(vdrv + vext)] +Dd∇2p(r, t), (7)

with the definitions

Dd =
γM3

sαDkBT

µ0(G2 +D2α2M2
s )
, (8)

vdrv = −Ms(G− αMsD)−1NvH , (9)

vext = −γM2
s (G− αMsD)−1(FG + FR). (10)

Equation (7) is a deterministic equation whose solution is p(r, t), the probability density of

finding the center-of-mass of the skyrmion at position r = (x, y) at time t. It is a convection-
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Figure 2: Overlapped snapshots of the probability density n of the presence of a skyrmion
at a given position along the track for different times (1.7, 4.2, 6.7, and 11.7 ns). The
distribution of the grains is the same in all figures but σK changes: σK=0(a), 0.05K(b), 0.1K
(c), 0.2K(d). The side of the grains is Lg = 20 nm. The dots indicate the grain centers. The
gray region indicates that skyrmion has reached the border and, thus, disappeared.

diffusion equation. The first term in the right-hand side indicates that the probability density

is transported at a velocity vdrv + vext, whereas the second term is a linear, homogeneous,

and isotropic diffusion term with constant Dd. Note that each of the solutions of the FPE

[Eq. (7)] corresponds to infinitely many solutions of the STE [Eq. (1)] with the same grain

distribution. To achieve the same accuracy as obtained by solving the FPE, the calculation

time needed using the STE would be prohibitive.

Consider a skyrmion, initially at the position (xs, ys) = (0, 0), traveling along the race-

track while driven by a vH = (0,−vH). Our purpose is to study how the granularity of the

sample, characterized by Lg and σK , affects the skyrmion dynamics at room temperature. To

fix numbers, we use vH = (0,−426.8) m s−1 and f0 = 8.71 ·10−14 m2 A−1. These parameters

are chosen so that, in the clean sample and at T = 0 K, the skyrmion travels at about 35 m

s−1 when far from any border, speeding up to about 100 m s−1 when reaching the borders.

The probability of surviving along the track a distance of 1.2 µm is found to be higher than
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0.99998. The rest of the parameters used in the simulations are α = 0.3, Ms = 580 kA m−1,

K = 0.425 MJ m−3, R = 80 nm, T = 300 K, W = 150 nm, and L = 1.2µm.

In Fig. 2 we show four simulations considering the same grain distribution, but with

different dispersion in the ∆K value, from σK = 0 (no granularity) to σK = 0.2K. Each plot

shows a superposition of four snapshots (at different times) corresponding to the probability

density of finding the skyrmion. In this way, the translation and the diffusion effect are clearly

visualized. In particular, as σK becomes larger, skyrmions can be trapped or delayed more

easily at some grains, stretching the probability density cloud. As a result, the probability

of a skyrmion reaching a given distance along the track for a given time is expected to

be reduced due to this grain-induced delay effect. In addition, even for infinite times, the

probability of a skyrmion reaching a given position is reduced due to the pinning at some

grains.

To quantify these results more accurately, the probability that a skyrmion reaches the

position x of the track before a time t, or the skyrmion success probability, is calculated as

Ps(x, t) =

∫ W

−W

dy′
∫ t

0

dt′ x̂ · Jp(x, y
′, t′), (11)

where Jp(x, y, t) is the probability current density. It can be obtained by considering that

∂p(r, t)/∂t = −∇Jp. After Eq. (7),

Jp = (vdrv + vext)p(r, t)−Dd ∇p(r, t). (12)

To have the potential to become a real device, the skyrmionic racetrack should ideally

achieve a Ps(L, τ) = 1 for reasonable times τ to be determined by the particular device in

mind. This is because in general, one does not desire the skyrmions carrying information to

“disappear”, nor to reach their destination beyond the expected time.

In Fig. 3 we show the skyrmion success probability as it travels along the track for

different σK . These results have been obtained after averaging the results of 30 simulations
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[solutions of Eq. (7)] considering different distributions of grains with the same size Lg = 20

nm and σK .

In general, finding a skyrmion at a given distance and time is less likely for more hetero-

geneous samples (larger σK) indicating that the granularity somewhat delays the skyrmion.

As time goes, the probability of reaching a given distance increases (naturally). After 100

ns (well after the longest time shown in the figures 3 and 4) we have observed that for the

σK = 0.2K case (red line in Fig. 3), the probability of reaching the 1.2 µm is about 0.85,

indicating that the skyrmion has been lost, pinned, or greatly delayed.

There is a curious effect for small times. As seen in Fig. 3a the distances at which a

skyrmion can be found is larger for more heterogeneous samples (the red line overcomes the

other ones at x ≃ 0.6µm). This is because, when far from the edges, there is a substantial

diffusion along the y axis and the cloud of probability density stretches significantly along

y. When the skyrmion reaches the border, it is accelerated along x. Thus, the part of the

p(r, t) cloud near the edge is then stretched along x. As a result, there is some relatively large

probability of finding skyrmions in more heterogeneous samples at larger distances along x,

with respect considering a plain sample. At larger times, this effect disappears since the

p(r, t) distribution is already mostly concentrated near the borders in all cases.

We also studied how the defect size affects the performance of this device. In Fig. 4 we

compare the results already shown in Fig. 3 for σK = 0.1K and 0.2K with those using a

different grain size, Lg = 10 nm. It is observed that the smaller the grains are, the weaker

their effect is. This is because, when the grains are small, the skyrmions are much larger than

them and, they seldom perceive the granularity. Actually, from the skyrmion perspective, it

moves over an effectively uniform film. This is clearly seen in Fig. 4 where the small-grain

results (dashed lines) practically match with the plain sample calculation (green solid line).

In this case, if σK where very high, there could be some grain acting basically as a local

point defect.38 If the grains are much larger than the skyrmions then one would expect that

the grain boundaries act as extended defects.33
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Figure 3: Probability of finding a skyrmion along a racetrack as a function of x. Each plot
corresponds to a different time, from (a) to (d): t =6.67, 10, 13.33, and 20 ns. The different
lines correspond to averaging 30 different grain distributions of side Lg = 20 nm with the
same σK . σK/K = 0 (green), 0.05 (purple), 0.1 (blue), and 0.2(red).

Here, we have only took into account the anisotropy variations. In a strongly granular

sample, other parameter changes may have to be taken into account as well. From our results

we can conclude that trying to obtain more homogeneous racetracks is more important than

obtaining monocrystalline racetracks, in terms of transport efficiency. In this sense, a sample

with small grains (relative to the skyrmion size) acts as an effective homogeneous sample.

Of course, stronger variations of anisotropy, softer edge barriers, or other defects could

yield in skyrmion loss. We have studied just a few particular cases because our goal was

to study the effect of granularity. The main conclusion is that the information transport is

not necessarily compromised due to the granularity (except for very heterogeneous samples),

although the delay effect could be significant and, thus, a precise tracking of skyrmions and

time synchronization of the readout would be necessary. For example, in a skyrmionic race-
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Figure 4: Probability of finding a skyrmion along a racetrack as a function of x. Each plot
corresponds to a different time, from (a) to (d): t =6.67, 10, 13.33, and 20 ns. Solid blue
and red curves are the same as in Fig. 3. The dotted curves of each color correspond to the
respective σK but with smaller grains, Lg = 10nm. The green solid lines correspond to the
clean racetrack and are included for comparison.

track memory, a chain of bits is a chain of skyrmions (1) and spaces without skyrmions (0).

Hence, preserving the distance between skyrmions is mandatory for the proper functioning

of the device. In this sense, racetracks require some kind of “synchronization points” for

skyrmions. A possible solution could be considering wedges at the borders.39 The overall

velocity would be reduced, but the feasibility would be ensured.

The methodology presented here can be useful for controlling and somewhat harness-

ing the randomness in magnetic systems.40 The “as realistic as possible” simulations are

key ingredients in the design and development of a particular application. Neuromorphic

computing systems,41 logic and probabilistic computing devices,42 or true random number

generators43 can benefit from the presented results and model.
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