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Abstract

Global Navigation Satellite Systems (GNSSs) have undergone significant development andwidespread
adoption to meet the increasing demands for positioning, timing, and navigation. GNSS has not
only revolutionized civilian fields such as wireless communications and autonomous driving but
also advanced military applications in aerospace and weaponry. However, the accuracy of GNSS
has been severely affected by multipath signals, which are reflected by high-rise buildings and
complex terrains. This degradation in accuracy has particularly impacted high-precision and high-
dynamic GNSS applications. Consequently, multipath mitigation has remained a long-standing
challenge in academic research.

The main objective of this thesis is to address the issues related to multipath mitigation and
parameter estimation in GNSS multipath environments. By utilizing GNSS multipath signals and
channel characteristics, this thesis investigates the critical technology of joint multi-dimensional
processing, such as spatial, temporal, polarization, and frequential domains in GNSS multipath
mitigation. The main contributions of this thesis can be summarized as follows:

1. Establishment of GNSS multi-dimensional receiving architecture and system model. To ad-
dress the issue of insufficient utilization of space and time information in cascaded spatial and
temporal GNSS receivers, this thesis explores the GNSS signal and channel features in spatial,
temporal, polarization, and frequential domains. Based on the short-term quasi-static character-
istics at the discriminator, a generalized multi-dimensional GNSS multipath mitigating signal
model is proposed. This architecture fully integrates the characteristics of GNSS multipath sig-
nals in various dimensions and lays the foundation for enriching and enhancing the multipath
mitigation of GNSS receivers in urban environments.

2. Spatial and temporal GNSS multipath mitigation. This thesis primarily focuses on the advan-
tages of joint space and time multipath mitigation in GNSS and proposes two categories of
algorithms: subspace-based and multiple sparse Bayesian learning (MSBL)-based joint spatial
and temporal GNSSmultipath mitigation algorithms. To achieve a balance between complexity
andmultipathmitigation enhancement, the thesis presents a subspace-based joint angle and time
delay estimation architecture that considers rotation invariance in space and time. By leverag-
ing the Vandermonde phase relationship between the spatial steering vectors and the frequential
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code phase vectors, a joint spatial and frequential smoothing approach is proposed to address
the rank-deficiency issue of the covariance matrix in spatially correlated signals. Moreover,
in scenarios where both spatial and temporal domains exhibit correlation, the thesis proposes
the use of the MSBL method in conjunction with joint angle and delay estimation techniques
to exploit the sparsity present in both domains. To overcome the limitations of sparse repre-
sentations, two different algorithms based on on-grid and off-grid estimators are introduced,
aiming to reduce complexity or enhance resolution. These algorithms allow the proposed mul-
tipath mitigation approach to be adaptable to various practical GNSS scenarios. Furthermore,
an improved resolution algorithm is obtained by applying the space alternating generalized
expectation–maximization (SAGE) algorithm to refine the MSBL-based joint angle and delay
estimates. These three MSBL-based methods effectively resolve GNSS multipath signals and
outperform existing methods, even in challenging situations such as low carrier-to-noise ratio
and spatially or temporally correlated multipath scenarios.

3. Spatial, polarization, and temporal GNSS multipath mitigation. In severe multipath environ-
ments, tracking performance can be significantly degraded, resulting in meter-level pseudo-
range errors. To address the challenges of parameter estimation in such environments, particu-
larly when the line-of-sight (LOS) signal and multipath signals are highly spatially and tempo-
rally correlated, we explore polarization diversity in addition to the joint spatial and temporal
sparsity. An off-grid MSBL-based joint estimator for the angle, polarization, and time delay
of each multipath signal is then derived to reduce complexity and improve resolution. The
proposed MSBL-based method has excellent robustness and effectiveness in combating mul-
tipath, which achieves close-to-optimal performance compared to the Cramér-Rao bound and
outperforms other methods, particularly under highly spatially or temporally correlated signals.

4. Spatial and frequential GNSS multipath mitigation. Growing evidence suggests that wide-
bandwidth signals and multi-antenna technology are set to become two vital factors in im-
proving GNSS multipath mitigation, leading to the concept of meta-GNSS signal and multi-
dimensional processing. To estimate the time delay of LOS signal in multipath environments,
we propose a meta-signal SAGE-based locked loop (SAGELL) design, which exploits the high-
resolution meta-signal together with the characteristics from spatial and temporal domains. The
SAGELL design comprises two main setups: the SAGE-based discriminator and combina-
tional loops. Benefiting from the multi-dimensional processing and meta-signal bandwidth, the
SAGE-based discriminator first estimates the LOS and multipath signals in single side-band
components and coherently achieves global estimates of the dual side-band components. Aim-
ing to track meta-signal accurately, we further close the SAGELL via angle, code phase, and
carrier phase locked loops to filter and predict the estimates. The proposed GNSS meta-signal
multipath mitigating loop design allows for GNSS high-precision mitigation and tracking in
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multipath scenarios, even in the presence of extremely highly correlated signals, as confirmed
by the numerical results.

5. Furthermore, this thesis aims to validate the proposed joint spatial and temporalmethods through
the collection of GNSS signals using a multi-antenna GNSS data collection platform. The col-
lected data also serve to showcase the viability of online GNSS data received by multi-antenna
for scientific research, thereby facilitating data uploading and sharing.
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Glossary

ACF Auto-Correlation Function

ADC Analog-to-Digital Converter

ALL Angle Locked Loop

AR Axial Ratio

ARD Automatic Correlation Determinism

BOC Binary Offset Carrier

CDMA Code Division Multiple Access

CRLB Cramér-Rao Lower Bound

DC Direct Current

DFO Doppler Frequency Offset

DLL Delay Locked Loop

DOA Direction-Of-Arrival

DOAMatrix DOA Matrix

DPA Dual-Polarization Antennas

DSB Double Side-Band

EM Expectation-Maximization

ESPRIT Estimating Signal Parameter via Rotational Invariance
Techniques

FOCUSS FOCal Underdetermined System Solution

GLONASS GLObal NAvigation Satellite System

GNSS Global Satellite Navigation Systems

GPS Global Positioning System

IAA Iterative Adaptive Approach
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JADE Joint Angle and Delay Estimation

JADE-FSF-DOAMatrix Joint Angle and Delay Estimation based on Spatial and Fre-
quential Smoothing DOAMatrix

JADE-SS-DOAMatrix Joint Angle and Delay Estimation based on Spatial Smooth-
ing DOAMatrix

JAODE-MSBL Joint off-grid Angle and On-grid Delay Estimation based
on MSBL

JAPDE-MSBL Joint off-grid Angle, Polarization, and time Delay Estima-
tion based on MSBL

JOADE-MSBL Joint On-grid Angle and off-grid Delay Estimation based
on MSBL

JOAODE-MSBL&SAGE Joint On-grid Angle and On-grid Delay Estimation based
on MSBL and SAGE

LHCP Left-Hand Circular Polarization

LOS(S) Line-Of-Sight (Signal)

MEDLL Multipath Estimating Delay Locked Loop

ML Maximum Likelihood

(M)SBL (Multiple) Sparse Bayesian Learning

MUSIC MUltiple SIgnal Classification

NCO Numerically Controlled Oscillator

PDF Probability Density Function

PLL carrier Phase Locked Loop

PSD Power Spectrum Density

RFFE Radio Frequency Front-End

RHCP Right-Hand Circular Polarization

SAGE Space Alternating Generalized Expectation-Maximization

SAGELL SAGE based Locked Loop

SMR Signal-to-Multipath Ratio

SS Spatial Smoothing

UDP User Datagram Protocol

ULA Uniform Linear Antenna
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Introduction

1.1 Research Background

Global Satellite Navigation System (GNSS) is a crucial component of modern navigation technol-
ogy that employs unique signals transmitted by navigation satellites to provide real-time position-
ing information with high accuracy for ground, sea, air, and space users. GNSS has numerous
advantages, including giving precise position, velocity, and time information for any location and
at any time, and it is widely used in various civilian fields such as industrial production, wireless
communication, autonomous driving, and precision agriculture, as well as in military areas such
as aerospace and weapons equipment.

The GNSS acronym generally refers to diverse systems such as the Global Positioning System
(GPS) of America, Galileo of Europe, the Global Navigation Satellite System (GLONASS) of
Russia, Beidou of China, and their augmentation systems. In addition to the established navigation
systems mentioned above, critical regional economic powers such as Japan, South Korea, and
India are also dedicated to developing regional enhanced satellite positioning systems that focus
on improving positioning accuracy in essential areas.

GNSS signals are weak and challenging to detect when they reach the ground due to the long
distance, up to 20-30 thousand kilometers away from ground or airborne receivers, and their low
transmission power of typically only a few tens of watts. For instance, the GPS L1 signal reach-
ing the earth’s surface has a signal power of approximately -160 dBw, about 20 dB lower than the
noise level of the receiver [1]. This makes GNSS highly susceptible to various types of external
interference, and effective anti-interference algorithms are needed to enhance their performance
in complex electromagnetic environments. Among the different types of interference, multipath
interference is the primary source of errors for GNSS. Multipath signals occur when GNSS signals
reflect off objects surrounding the receiver antenna and arrive at the receiver, leading to significant
degradation in tracking performance and large increases in positioning errors [2]. In traditional
GNSS receivers, multipath interference can cause pseudo-range errors of several meters or even
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2 CHAPTER 1. INTRODUCTION

hundreds of meters, which imposes strict requirements on system accuracy and reliability. There-
fore, there is a need to improve the ability to mitigate multipath effects through signal processing.
The formation of multipath signals depends on various factors, including the receiver’s environ-
ment, motion state, and the directional characteristics of the receiving antenna. However, due to
the differences among these factors, there currently needs to be a universal and accurate mathe-
matical model for correcting multipath errors. Moreover, there is a high correlation between the
reflected path and the direct path of the GNSS signal in time domain, making it challenging to
use traditional techniques for multipath mitigation. Therefore, multipath mitigation remains a hot
research topic in the field of GNSS receiver design [2–5].

Current technologies for mitigating multipath mainly involve receiver antenna design and sig-
nal processing. Antenna enhancement technologies include constructing a multipath environment
diagram, employing specialized antenna types, and selecting suitable sites for antenna deployment
[6–8]. Mitigating multipath signals can be achieved through two main signal processing approaches.
The first approach leverages the inherent characteristics of GNSS signals to distinguish or suppress
signals. The second approach focuses on principles that can identify and mitigate multipath signals.
Identifying multipath based on inherent GNSS signal characteristics involves analyzing temporal,
frequency, spatial, and polarization domain features. By observing different features in various
domains or combining multiple domains, the receiver can differentiate between signals from dif-
ferent paths. Early GNSS receivers were mainly restricted to temporal processing methods due to
antenna limitations, such as narrow correlation techniques [9] and delay-locked loopmethods [10, 11].
With the development of multi-antenna technology, multi-antenna GNSS receivers have emerged,
which utilize the spatial domain features of multipath signals for adaptive array signal processing
[12–14]. Polarization processing is another method for mitigating multipath using the polarization
characteristics of the signal [15–17]. As industries such as autonomous driving and precision agri-
culture continue to advance, the need for high-precision positioning of vehicles and equipment in
various environments becomes increasingly urgent. Observations in time, space, and polarization
alone may not meet the demands for high-precision positioning. Therefore, the bandwidth expan-
sion brought by frequency domain processing has become a hot research topic [18–20], providing
new hope for multipath mitigation. In addition to utilizing observations and combining different
domains, the criteria on which different principles are based also have varying effects on mitigat-
ing multipath signals. There are three main classes of methods today: maximum likelihood-based
(ML) algorithms [21–25], subspace-based algorithms [26, 27], and sparse representation algorithms
[13, 28]. Each category has unique features, such as good performance, low complexity, or direct
processing of correlation signals with fewer snapshots, and can meet the demands of different
multipath scenarios.

In addition to the traditional observation of GNSS multipath signals in time domain, the char-
acteristics of space, polarization, and frequency of the signals can improve the ability of multipath
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mitigation to varying degrees. At the same time, the principles on which multipath mitigation are
based also greatly affect the performance. Therefore, this thesis focuses on the analysis of GNSS
signal and channel characteristics in multipath environments and explores how to combine multi-
dimensional multipath-mitigating processing methods such as temporal, spatial, polarization, and
frequency domains to obtain good multipath mitigation performances and provide robustness to
multipath signals with different correlations.

1.2 Review of GNSS Multipath Mitigation

Significant research and development efforts have been devoted to mitigating the multipath effects.
They may be classified according to a variety of criteria, e.g., single-dimensional versus multi-
dimensional processing and traditional versus sparse representationmethods, as it will be described
in detail below.

1.2.1 GNSS Single-dimensional or Multi-dimensional Multipath Mitigation

Research on temporal domain multipath mitigation

Traditionally, multipath mitigation methods are applied in a single time domain, making the
time delay difference between the line-of-sight (LOS) and multipath signals crucial in combat-
ing multipath. Typically, temporal domain receivers rely on the sharp and conventional auto-
correlation function (ACF) to determine the time delay. However, due to the presence of multipath
signals, the main lobe of the signal’s ACF no longer takes the shape of a triangle, especially with
noise, potentially leading to the discriminator of the receiver identifying a wrong estimate. With
respect to single-antenna GNSS receiver, the narrow correlator delay locked loop (DLL) [9] and
multipath estimating DLL (MEDLL) [10] are some of the most popular methods. The narrow cor-
relator DLL searches only near the acquisition time delay to effectively suppress multipath signals,
while MEDLL is based on the expectation-maximization (EM) principle and iteratively separates
the multipath from the temporal domain. Both algorithms have been widely used in multipath
mitigation for GNSS receivers. The former improves the settings of the discriminator, while the
latter completely abandons the existing discriminator structure. Unfortunately, the narrow correla-
tor DLL and MEDLL come with limited multipath discrimination capabilities, as only the signal
feature from the temporal domain is exploited.

Research on spatial domain multipath mitigation

Thanks to a significant leap forward in multi-antenna technology, the spatial domain provides
additional degrees of freedom for direction-of-arrival (DOA) resolving multipath. In terms of
multi-antenna technology, it mainly consists of multipath mitigation and multipath identification
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(the former is referred to as parameterized beamforming). The data-independent delay-and-sum
beamforming [29] is widely used but suffers from low-resolution and high sidelobes. Another com-
monly used beamforming algorithm is the standard Capon beamformer [12], which forms the op-
timal spatial filter that maximizes the output signal-to-noise ratio based on the real covariance
matrix and steering vector under the mitigation of interference. However, its performance may
be poor due to limited data. Reference [30] utilized the interference null space projection and the
angle estimation results of input signals to perform multipath cancellation using the least-squares
beamforming in the spatial domain. Subspace-based methods also belong to this kind, such as
multiple signal classification (MUSIC) [26], estimating signal parameter via rotational invariance
techniques (ESPRIT) [27], and DOA matrix algorithm (DOAMatrix) [31]. These methods are sus-
ceptible to the presence of multipath signals, and the existence of correlated sources can lead to a
rank-deficiency covariance matrix. In general, spatial smoothing (SS) techniques [32] are used to
alleviate the rank deficiency issue. The rapid growth of sparse representation can also be applied
to beamforming. The prominent methods in this field mainly rely on convex optimization, such
as orthogonal matching pursuit [33], ℓ1-singular value matrix decomposition [34], sparse Bayesian
learning (SBL) [13], multi-snapshot SBL (MSBL) [35], and iterative adaptive approach (IAA) [14].
MSBL uses the Bayesian criterion and the EM algorithm to eliminate and identifymultipath signals.
IAA iteratively updates the spatial power estimate and weight vector based on the weighted least
squares method. They can handle signals received with low carrier-to-noise ratio in few snapshots.
These sparse representation algorithms model signals directly in the signal domain, so they do not
suffer from rank-deficiency issues caused by coherent sources like the subspace-based methods.

Research on polarization domain multipath mitigation

Multipath mitigation can also be performed based on the polarization domain. The fact that
the GNSS transmits a right-hand circular polarization (RHCP) signal that partially turns into a
left-hand circular polarization (LHCP) signal upon reflection [15, 16] supports the idea of polariza-
tion domain processing. Most GNSS antennas are designed to be sensitive to RHCP signals [17],
which naturally rejects multipath. Standard receiving antennas only output RHCP signals while
suppressing LHCP signals [36]. However, considering the output of LHCP signals can provide an
additional approach to detect and suppress multipath. With the development of dual-polarization
antennas (DPA), research on multipath mitigation in the polarization domain has further explored
the potential advantages of RHCP and LHCP signals. Reference [37] attempted to estimate the
parameters of LOS and multipath signals separately using independent correlation processing of
RHCP and LHCP signals for reconstruction and interference cancellation methods for multipath
mitigation. Reference [38] jointly considered RHCP and LHCP signals and estimated the time
delay parameters of the LOS signal based on the ML principle.
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Research on frequential domain multipath mitigation

The narrow bandwidth, in general, can only cope with the multipath mitigation under a large
time delay difference between the LOS signal and the multipath signals and is therefore restricted
to the meter-level ranging accuracy. To handle the multipath mitigation of GNSS that has highly
correlated signals, a direct but efficient solution is to break the bandwidth limitation of narrow-
band signal (The large bandwidth signal allows the narrower main peak of ACF, hence a better
temporal resolution). Therefore, meta-signal, a paradigm of multi-signal combination based on
two different GNSS signals transmitted at different carrier frequencies, has recently received sig-
nificant academic interest. It is expected that the typical meta-signal reaches bandwidths of tens
or hundreds of megahertz and hence can fundamentally support a superior tracking accuracy and
promising multipath mitigation [39].

Several approaches and estimators are available to perform time delay estimation for meta-
signals, categorized into direct meta-signal processing and double side-band (DSB) processing.
The former involves considering the meta-signal as a whole using a meta-signal local replica at the
receiver, thus following the matched filter principle [40]. The researchers in [41–43] directly adopt
an ML-based solution to the whole meta-signal and analyze the corresponding CRLBs. Since the
spectra of the constituent side-band signals may result in a large bandwidth, the sampling rate can
even reach hundreds of megahertz, which seriously aggravates the complexity burden [44]. In order
to reduce the complexity, thematched filter can be equivalently implemented by splitting it into two
different matched filters in DSB processing, one corresponding to each side-band signal, which are
then coherently combined. This approach was adopted, for instance, in the pioneering work [20] via
two ML-based estimators, laying a solid foundation for DSB processing of the meta-signal. Later
on, the classical double estimator technique was proposed for binary offset carrier (BOC) signals in
[45], with extensions to combat the multipath in [46, 47]. Due to the similar frequency separation
characteristic tometa-signal, this methodwas ingeniously applied tometa-signal processing in [47–
49]. As a consequence of the double loops for code and subcarrier, ambiguities are diminished to
some extent. Although the existing meta-signal processing methods have decimeter- or centimeter-
level ranging accuracy, all these discussions were carried out under the ideal precondition of single
signal. While for themeta-signal paradigm in amore practical multipath condition, several relevant
investigations, including the detailed working mechanism and the fundamental capability in terms
of multipath mitigation, have yet to be explored.

To improve multipath mitigation performance, multi-dimensional processing techniques, such
as spatial, temporal, polarization, and frequential domains, have been widely explored. Current re-
search has focused on joint spatial and temporal processing, joint spatial and polarization process-
ing, and joint spatial and frequential processing, which will be discussed in detail in the following
sections.
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Research on joint spatial and temporal domains multipath mitigation

Founded on the establishment of joint angle and delay estimation (JADE) structure, the refer-
ence [50] was the first to estimate angle and delay by observing both spatial and temporal channel
characteristics. One of the advantages of JADE over cascaded spatial and temporal processing
is its ability to fully integrate available space and time information, which in turn enhances mul-
tipath mitigation capability and increases the number of estimable signals. References [50] and
[51] proposed JADE-MUSIC or JADE-ESPRIT for joint estimation of angle and delay, which laid
the foundation for joint spatial and temporal processing. Reference [52] extended the DOAMatrix
algorithm, initially developed for a dual parallel-line array, to estimate the angle and delay in both
spatial and temporal domains. Reference [53] introduced joint spatial and temporal processing for
code division multiple access (CDMA) systems, which entirely takes advantage of CDMA and
smart antenna technology, effectively suppresses multi-access interference, and increases system
capacity. The code spreading of CDMA is similar to that of GNSS signals, which also inspired
us to introduce and verify the effectiveness of joint spatial and temporal processing. Although the
above algorithms [50–53] are universal and have motivated our thinking, they lack detailed discus-
sion on the unique features of GNSS signals and the improvement of tracking accuracy, which
limits their practicality in GNSS.

References [54, 55] proposed a combined approach that integrates subspace-based spatial and
temporal multipath mitigation with GNSS tracking loops. This approach aims to mitigate the bias
in time delay estimation caused by code phase drift during long-period accumulation and achieve a
good balance between computational complexity and performance. However, subspace-based al-
gorithms exhibit sub-optimal performance under scenarios with few snapshots, fractional Doppler
frequency offsets (DFOs), and high spatial and temporal correlations. Reference [22] proposed
the space alternating generalized expectation-maximization (SAGE) algorithm, which employs
parallel interference cancellation and EM algorithm iterations to transform the multi-dimensional
searching problem into multiple one-dimensional optimization problems, achieving the CRLB in
multipath environments. Subsequently, Professor Antreich et al. applied SAGE to address mul-
tipath issues in GNSS receivers, providing reasonable spatial and temporal parameter estimates.
Furthermore, reference [25] combined SAGE with the principle of extended invariance to simulta-
neously suppress interference and multipath signals within uncalibrated antenna arrays. Similarly,
the reference [24] proposed a spatial and temporal WRELAXation parameter estimation based on
nonlinear least squares criteria for GNSS multipath mitigation, transforming the two-dimensional
linear optimization problem into a series of one-dimensional optimizations. However, ML search-
type algorithms have complex complexity, and the SAGE algorithm [22] is highly sensitive to initial
values, requiring accurate initial values to ensure tracking accuracy in practice.
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Research on joint spatial and polarization domains multipath mitigation

In view of the high spatial and temporal correlations of multipath signals, joint space and po-
larization processing is another promising solution, which is generally fulfilled by deploying an
array of polarized antennas. By exploiting the polarization diversity in addition to the spatial di-
versity, the reference [56] used LHCP signals to estimate the DOA of multipath and suppressed
the multipath component in RHCP signals based on null-steering techniques. In the presence of
radio frequency interference, the reference [57] proposed the use of dual-polarized null-steering
techniques to combat interference. The results of reference [58] showed that joint estimation in the
spatial and polarization domains could significantly improve the estimation performance of DOA
under RF interference conditions. Further considering the urgent need for the accurate time delay
of LOSS in practical GNSS applications, various beamformers based on angle and polarization esti-
mates of multipath signals, such as spatial null-steering [59], and joint spatial and polarization linear
constraint minimum variance [60] or Capon beamformers [61], have been ingeniously designed to
mitigate the multipath signals. While joint spatial and polarization processing offers increased
degrees of freedom for identifying highly spatially correlated signals, it does not fully consider
temporal separations, limiting its ability to enhance robustness. Additionally, this processing is
constrained by the antenna size and may need to improve in rich multipath environments.

Research on joint spatial and frequential domains multipath mitigation

The multi-antenna technique can provide considerable spatial degrees of freedom. If they can
be processed with large bandwidth signals such as meta-signal, specific spatial processing capacity
can be improved. At present, only a few researchers have introducedmulti-antenna technology into
the field of meta-GNSS signal processing. In [62], multi-antenna is used to receive meta-signals in
the environment of LOS signal only. By simulation, the multi-antenna is aligned with the direction
of the received LOS signal so as to improve the receiving gain of meta-GNSS signals. However,
the above literature does not discuss the improvement advantages of joint spatial and frequential
domain processing for multipath mitigation. This field is still blank and needs to be explored
urgently.

1.2.2 GNSS Traditional or Sparse Representation Multipath Mitigation

The previous section discussed the advantages and shortcomings of one-dimensional and multi-
dimensional processing for mitigating multipath signals, both of which rely on the physical char-
acteristics of GNSS signals. However, different methods for multipath mitigation are based on
various criteria, resulting in differing abilities. In the subsequent sections, we will delve into
the current research status of traditional methods and emerging sparse representation multipath-
mitigating methods, which enable us to gain insights and perspectives for developing effective



8 CHAPTER 1. INTRODUCTION

multipath mitigation methods.

Research on traditional multipath mitigation

Traditional multipath mitigation methods, including ML-based and subspace-based methods,
have been extensively studied. The ML-based methods [22–25, 63] fully exploit the statistical prop-
erties of the signals and generally require a simultaneous search over all unknown parameters.
Therefore, their performances are achieved at the expense of an increased complexity [21]. Stem-
ming from the ML method, the SAGE algorithm [22, 23] was proposed for the classical multipath
estimation problem. It is a sequential approximation of the ML-based estimator, which can attain a
higher accuracy close to the Cramér-Rao lower bound (CRLB) and with improvements regarding
the trade-off between convergence rate and complexity. In addition to the successful application of
parameter estimation in mobile radio environments, it has been shown that SAGE is also a promis-
ing candidate to combat multipath for GNSS due to its multi-dimensional processing. However,
the SAGE requires a high computational complexity and is sensitive to initial values, which can
result in erroneous estimates due to local extrema. To simplify the received signal in GNSS multi-
path environments, reference [63] represented it as a set of LOS signals and all other interference.
Using the ML principle, they derived a novel estimator for the code and carrier phase that utilized
the DOA of the LOS signal. This estimator is much simpler than other estimators derived under
more detailed signal models and forms the basis for effectively handling multipath and interference
using the extended invariance principle, as demonstrated in reference [25].

Subspace-based methods represent the other class of signal processing for multipath mitigation.
These methods can decompose the signal into signal and noise subspaces, striking a favorable bal-
ance between multipath separation and computational complexity. Examples of subspace-based
methods include the MUSIC algorithm [26, 64], the ESPRIT algorithm [27], and the DOAMatrix al-
gorithm [31]. Although they are generally suboptimal compared toML-based algorithms, subspace-
based methods are less computationally intensive and widely used for signal parameter estimation.
To tackle the limitations of the covariance matrix within coherent signals, forward-backward av-
eraging and SS methods have been proposed [32]. In GNSS receivers, researchers have applied
the combination of spatial and temporal subspace-based methods and SS methods for multipath
mitigation [54, 65]. While subspace-based methods are computationally efficient and do not require
iterative searches, their ability to provide reliable parameter estimates in highly correlated multi-
path environments warrants further investigation.

Research on sparse representation multipath mitigation

Besides the traditional methods above, sparse representation, an alternative obtained by for-
mulating the problem using sparsity, has attracted noticeable interest. The estimation problem
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recasts a sparse linear problem in the sparse representation by defining an over-complete matrix
of steering vectors evaluated over a certain domain. The prerequisite is that the received signal
should show sparsity in its corresponding spatial or other domains. This means the signal only
appears at a few values in the corresponding domain while the other values remain zero. The appli-
cation of sparse representation in GNSS has been centered on angle estimation: see, for example,
the basis pursuit method [33], the orthogonal basis pursuit method [66], ℓ1-singular value decompo-
sition obeying minimization optimization [28], iterative methods such as focal under-determined
system solution (FOCUSS) [67], IAA based on weighted least squares [14], and MSBL following
the Bayesian method together with EM method [13]. Sparse representation methods possess a nat-
ural capability to handle multipath scenarios, as they perform linear reconstruction of the signal
without incorporating its covariance matrix.

The distinction between sparse representation and traditional methods lies in the fact that the
former is based on the sparsity of a particular domain (such as spatial sparsity). Sparse repre-
sentation estimates the angle of a signal by using a reconstructed sparse dictionary. This method
maintains a spatial sparsity that remains unchanged, regardless of signal correlations. The resolu-
tion of sparse representation depends on the separation between the two spectral peaks formed in
the spatial spectrum. If the vectors in the dictionary are sparse enough, i.e., the amplitudes outside
of the true angle are close to zero, even if two signals are correlated in the spatial domain, theoreti-
cally, the super-resolution can be achieved by reducing the spatial discretization interval. However,
the subspace-based methods rely on the covariance matrix for subspace decomposition and utilize
the orthogonality between the noise subspace and signal subspace to estimate signals. If the sig-
nals are correlated, the covariance matrix will become rank-deficient, and the correlation between
signals will weaken the orthogonality between the noise subspace and signal subspace. The array
aperture influences the resolution of subspace methods, and their resolution remains fixed.

Compared with other sparse representation methods, SBL-type algorithms are based on prob-
abilistic modeling. They do not require any user parameters, including regularization parameters
and signal sparsity. This allows SBL to maintain multipath-mitigating capability even with few
snapshots in severe multipath environments [68]. These methods are built upon the framework of
SBL, which first proposes a prior hypothesis for the sparse vector based on the probability model.
A cost function containing the sparse vector is then derived to optimize the posterior information
of the sparse vector. The critical factor of this method lies in the incorporation of empirical priors,
which depend on a set of hyperparameters. Importantly, these hyperparameters must be estimated
through observing data. One attraction of SBL is that, different from the ℓ1 minimization-based
algorithms mentioned above, whose global minimum is generally not the sparsest solution [69, 70],
the global minima of SBL are always the sparsest one. Also, SBL has much fewer local min-
ima than some classic algorithms, such as the FOCUSS family [67, 71]. All these advantages make
SBL excel in multipath mitigation with few snapshots and the presence of severe multipath signals



10 CHAPTER 1. INTRODUCTION

[68]. In addition, the sparse representation performance can be improved by the dense sampling
grids. However, the complexity and the mutual coherence between the steering vectors in the
over-complete matrix are increased [72]. Considering the requirement of low complexity and the
reduction of off-grid effects * [73], the off-grid SBL estimators are proposed and have been tested
effectively [74]. This method provides a solid foundation for the subsequent application of MSBL
in GNSS receivers.

From the summary of various multipath mitigation methods, it is clear that relying solely on
signal characteristics from a single domain in GNSS is not robust enough to handle different types
of multipath signals. Therefore, combining different domains, such as joint spatial and temporal
domains, joint spatial, polarization, and temporal domains, or joint spatial and frequency domains,
can provide more effective ways to combat multipath. Additionally, algorithms that are better
suited for GNSS multipath mitigation should be developed to meet the requirements of different
GNSS receivers to achieve accurate estimation. This thesis will primarily focus on combining
multi-dimensional methods with multipath mitigation to achieve high-precision LOS time delay
estimation in multipath environments.

1.3 Objectives and Organization of the Thesis

The thesis consists of seven chapters, and this chapter is the introduction. The rest of the thesis is
organized as follows:

Chapter 2 analyzes the signal model and characteristics of GNSS channels from both a motiva-
tion and systems perspective. To explore the idea of multi-dimensional processing, a generalized
GNSSmulti-dimensional multipath signal model is further refined and derived to guide subsequent
discussions. Accordingly, we also propose a generalized off-grid sparse GNSS multi-dimensional
signal model. The subsequent discussions at the motivation level are all based on this generalized
multi-dimensional signal model and its off-grid sparse model. Three types of joint GNSS spa-
tial and temporal signal models and their off-grid sparse models, joint GNSS spatial, polarization,
and temporal signal model and its off-grid sparse model, and joint GNSS spatial and frequential
signal model needed in the subsequent chapters are further refined. Chapter 2 explores various
channel characteristics of GNSS in spatial, temporal, polarization, and frequency domains, pro-
viding attention and guidance for subsequent multipath mitigation methods that jointly consider
multiple dimensions of GNSS. It is noted that there are sparsity characteristics in both space and
time, which provide relevant theoretical foundations for the sparse representation applied in the
following chapters. Additionally, Chapter 2 introduces three effective multipath-mitigating meth-
ods: ML-, subspace-, and sparse representation-based methods. The following chapters analyze

*Off-grid effects refer to the phenomenon that the true estimates are not on the discretized sampling grid yielding
the on-grid operation a critical factor in intrinsically introducing a residual bias.
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Their advantages and disadvantages to provide targeted multipath-mitigating measures for differ-
ent scenarios.

Chapter 3 begins by comparing the joint spatial and temporal processing structure with a gen-
eral GNSS receiver to explore the feasibility of this structure in GNSS multipath environments.
Using the concept of two-dimensional processing in space and time and the short-time quasi-static
characteristics of the signal, the chapter proposes two joint GNSS spatial and temporal multipath
mitigation algorithms based on subspace and off-grid MSBL. The subspace-based GNSS spatial
and temporal multipath mitigation maintains a perfect balance between effective multipath mitiga-
tion and low complexity. For the purpose of multipath identification and suppression improvement
in situations with high spatial correlation, the chapter explores the Vandermonde structure of GNSS
signals in space and frequency, and then applies spatial and frequential smoothing to alleviate the
rank-deficiency effect of the covariance matrix. To fully exploit the sparsity in both space and time,
we propose utilizing the MSBL method along with the joint angle and delay estimation technique
in GNSS multipath environments. Additionally, we extend the techniques to include the fractional
Doppler frequency offset estimation in addition to angle and delay. To counteract the inherent
drawbacks of sparse representations, we propose two different algorithms based on on-grid and
off-grid estimators to reduce complexity or enhance resolution, thus allowing the proposed mul-
tipath mitigation approach to be adapted to various GNSS practical situations. Furthermore, we
obtain a third algorithm with an improved resolution by applying the SAGE algorithm to refine the
MSBL-based joint angle and delay estimates. Simulation results indicate that the three proposed
MSBL-based algorithms can effectively resolve GNSS multipath signals and perform better than
existing methods, even in severe situations such as those with signals with low carrier-to-noise
ratio and spatially and temporally correlated multipath.

Chapter 4 analyzes the advantages and limitations of using only the spatial and temporal di-
mensions to mitigate multipath in Chapter 3. It is clear that in some scenarios with abundant
multipath signals, especially when either the space or time domain is highly correlated, relying
solely on joint spatial and temporal processing for multipath mitigation is insufficient. Therefore,
this chapter combines the diversity characteristics of the polarization domain and deploys a DPA
to distinguish between the LOS and multipath signals in the polarization domain. Furthermore,
considering the advantages of joint spatial and temporal waveform features, this chapter investi-
gates multipath-mitigating methods using a joint spatial-polarization-temporal structure to achieve
better multipath mitigation capability in highly correlated environments. This chapter also con-
siders the MSBL algorithm, which has the ability to find global extremum, and extends the joint
spatial and temporal MSBL algorithm proposed in Chapter 3 to the joint spatial, polarization, and
temporal MSBL-based one. The relative theoretical lower bound received by DPA is derived in a
closed-form expression of CRLB for the time delay. The chapter also conducts simulations and
compares the proposed joint spatial, polarization, and temporal MSBL algorithm with other algo-
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rithms, such as joint spatial and temporal processing and pure spatial processing, under different
multipath environments.

Chapter 5 further discusses the development of GNSS multipath mitigation for high-precision
applications. Generally, GNSS signals are limited by the narrow bandwidth of the signal and can
only cope with situations where there is a significant delay between the LOS signal and multipath
signals, which limits the ranging accuracy to the meter level. To improve the resolution capabil-
ity in a multipath environment, this chapter combines two GNSS signals transmitted on different
carrier frequencies, whose bandwidth is much larger than that of a conventional GNSS signal, to
achieve sub-decimeter or even centimeter-level estimation accuracy while promoting multipath
mitigation capabilities. Based on the concept of meta-GNSS signals, this chapter first explores
the characteristics of this signal in a multipath environment and synergistically employs the spatial
degrees of freedom brought by multi-antenna technology and the temporal domain advantages of
meta-GNSS signals, as discussed in earlier chapters. Furthermore, this chapter proposes the con-
cept of joint spatial and frequency processing, designs a meta-GNSS signal tracking loop based
on multi-dimensional processing using the SAGE algorithm, and aims to solve the problem of
mitigating highly correlated multipath signals in both space and time domains, providing higher
estimation accuracy to meet the high-precision requirements of different GNSS applications. Fi-
nally, this chapter validates the effectiveness of the proposed meta-GNSS signal tracking loop
design under different multipath environments.

Chapter 6 implemented the collection of real satellite signals using an existing multi-antenna
GNSS data collection platform. By implementing a series of amplitude and phase calibration and
array attitude estimation methods on the collected multi-antenna GNSS signals, this chapter vali-
dated the joint spatial and frequential smoothing subspace-based algorithm and the joint spatial and
temporal off-grid MSBL algorithm proposed in Chapter 3, respectively. The comparison focused
on their ability to use spatial and temporal spectra as discriminators in short integration time and
their code phase tracking performances when embedded in a tracking loop.

Chapter 7 provides a summary and outlook of the entire thesis. This chapter concludes the
work presented in this thesis, discusses the potential for extension of the proposed methods in
complex electromagnetic environments, and further optimization of off-grid sparse representation.
Future research directions are also discussed, such as applying the proposed plans to anti-spoofing
interference and localization of unmanned aerial vehicles.

To facilitate the understanding of the relationship between the proposed algorithms, the sum-
mary structure is displayed in Figure 1.1 (see the following chapters for abbreviations).

Notations: Matrices are denoted by capital letters in boldface (e.g.,A), and vectors are denoted
by lowercase letters in boldface (e.g.,a). CM×N denotes the set ofM×N matrices with the entries
being complex numbers. IN ∈ CN×N denotes an identity matrix. E {·} denotes the expectation
operation. CN (µ,Σ) denotes the complex Gaussian distribution with the mean being µ and the
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variance matrix being Σ. ∥·∥2F , ∥·∥
2
2, ♢, ⊗, ⊙, tr {·}, vec {·}, diag {·}, (·)

−1, (·)T , (·)H denote
the Frobenius norm, the ℓ2-norm, the Khatri-Rao product, the Kronecker product, the Hadamard
product, the trace of a matrix, the vectorization of a matrix, the diagonalization of a matrix, the
inversion, the matrix transpose and the Hermitian transpose, respectively.

1.4 Novelty and Author Contributions

In this section we describe the novel contributions provided in this thesis along with the main
author’s contributions:

1. Based on the short-time quasi-static characteristics of GNSS transmitted signals, the classical
cascaded space-time receiver is abandoned in favor of a generalized multi-dimensional GNSS
multipath-mitigating reception model that fully exploits the characteristics of GNSS signals
in spatial, temporal, polarization, and frequency domains. The author has also published the
contributions related to this point in [65, 75].

2. Spatial and temporal GNSS multipath mitigation. The thesis proposes two methods for spatial
and temporal GNSS multipath mitigation. The first method utilizes subspace-based techniques
to analyze the phase relationship between GNSS signals and establish a structure based on
space-time rotation invariance, effectively improving real-time performance and pseudo-range
estimation. The second method combines MSBL with joint angle and delay estimation and
addresses the limitations of sparse representations using on-grid and off-grid estimators. Sim-
ulation results demonstrate the effectiveness of both methods in dealing with multipath signals
with low complexity and high correlation. Four papers [65, 75–77] have been published on this
theme by the author. Papers [65, 76] mainly focus on joint angle and time delay estimation
based on subspace methods, while papers [75, 77] focus on joint angle and time delay estima-
tion based on MSBL methods.

3. Spatial, polarization, and temporal GNSS multipath mitigation. A severe multipath environ-
ment hampers tracking, but the thesis proposes an MSBL-based method for parameter esti-
mation in the presence of spatial and temporal correlation. It establishes and solves a joint
GNSS signal model using multi-dimensional processing, such as spatial, polarization, and tem-
poral domains. The method shows robustness and outperforms other approaches in combating
multipath, especially in highly correlated signals. Contribution related to this topic has been
submitted to the journal and is under review.

4. Spatial and frequential GNSS multipath mitigation. Wide-bandwidth signals and multi-antenna
technology are crucial for GNSS multipath mitigation. We propose a meta-signal SAGELL
design that utilizes meta-signals and multi-dimensional processing to estimate time delays in
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multipath environments. The design includes a SAGE-based discriminator and combinational
loops to accurately track each signal. Our approach enables high-precision discrimination and
tracking in multipath scenarios, even with highly correlated signals. Contributions related to
this point are addressed in [78].

5. In addition, we build up a multi-antenna GNSS data collection platform and verify the proposed
joint angle and time delay estimation methods in the thesis using collecting signals.
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GNSS Signal Model and Multipath Miti-
gation Foundation

2.1 Introduction

The characteristics of GNSS signals in multipath environments can be analyzed from two per-
spectives: Firstly, the LOS and multipath signals exhibit distinct properties in spatial, temporal,
polarization, and frequency domains. Combining these multi-dimensional characteristics can im-
prove the accuracy of multipath mitigation. Secondly, understanding the characteristics of GNSS
signals transmitted through the channel is essential for making reasonable assumptions and appro-
priate selections in subsequent processing steps. These insights enable more effective and efficient
processing of GNSS signals in challenging environments. Therefore, a comprehensive analysis of
GNSS signals in multipath environments can enhance the performance of GNSS and improve user
experience in various applications.

In this chapter, we first establish a generalized multi-dimensional GNSS signal model, from
whichwe derive the simplified or evolved signal models required for the joint space and time (Chap-
ter 3), joint space, time, and polarization (Chapter 4), and joint space and frequency (Chapter 5),
respectively. Additionally, to apply sparse representation methods, this chapter also constructs
the multi-dimensional sparse GNSS signal model and thus derives the joint space and time sparse
model and joint space, time, and polarization sparse model. Furthermore, this chapter discusses
the GNSS multipath channel characteristics in spatial, temporal, polarization, and frequential do-
mains. These discussions are intended to guide the establishment of GNSS signal models and the
use of multipath mitigation. Finally, a brief introduction and analysis of the advantages and dis-
advantages of typical methods, such as maximum likelihood, subspace decomposition, and sparse
representation, are provided to guide the selection of algorithms for different GNSS receiver re-
quirements.

16
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2.2 GNSS Signal Model

This section utilizes the generalized GNSS signal model in a multipath environment to develop
specific models based on antenna array types and signal characteristics. Specifically, we subdivide
the generalized spatial and temporal signal model into three models: the joint spatial and temporal
GNSS signal model, the joint spatial, polarization, and temporal GNSS signal model, and the joint
spatial and frequential GNSS signal model. In addition, this section also presents the corresponding
sparse signal models for these improved signal models, which serve as a foundation for applying
sparse representation techniques in subsequent processing steps.

2.2.1 Generalized GNSS Signal Model

The signals received by a GNSS receiver can be divided into two types: LOS signals transmitted
directly from satellites and multipath signals generated by reflections from nearby objects. These
two signal types exhibit differences in multiple dimensions, enabling us to distinguish between
them. In the temporal domain, the transmission paths of the LOS and multipath signals result in
different delays, while the delay difference is relatively small compared to the long transmission
distance from the satellite to the ground. In the spatial domain, the DOAs of the two signal types
are distinct, which makes it possible to separate easily. In the polarization domain, the LHCP
and RHCP signals show polarization differences that allow for further differentiation between the
two signal types. These differences in the temporal, spatial, and polarization domains provide
significant advantages for mitigating multipath effects on GNSS signals.

Consider the wavefield generated by one LOS signal and K − 1 multipath signals arriving
from DOAs θ .

= [θ1, . . . , θK ]T with corresponding time delays τ .
= [τ1, . . . , τK ]T and DFOs

fd
.
= [fd1, . . . , fdK ]T . Under the narrowband approximation, the vector y (t) at the output of an

Mθ-element array for one specific satellite signal can be expressed as

y (t) =
K∑
k=1

γka (θk) c (t− τk) e
j(2πfdkt+ϕk) + n (t) (2.1)

where a (θk) is the steering vector and γk is the amplitude of the k th signal. The term c (t− τk)

denotes the code waveform of the k th signal with delay τk, and its corresponding DFO is fdk and
the initial phase ϕk.

TheGaussian noise contributionn (t) are assumed spatially and temporally uncorrelated. Mean-
while, we assume that the number of signals K is already known, and some specific criteria can
be applied to determine the number of signals, e.g., classical criteria [79, 80] and burgeoning tech-
niques [81, 82]. Note that the DFO is mainly caused by the relative movement between the satellites
and receiver, and it can be as large as nearly ±10KHz when the GPS signals are impinging the
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antenna. However, the Doppler differences of the multipath components among themselves and
the LOS are usually small and within several hertz, as verified in several practical measurements
[83, 84]. Without loss of generality, we can reasonably assume that the LOS and multipath signals
have similar DFOs, and most of the DFOs will be compensated in the acquisition stage. Thanks to
the carrier phase-locked loop (PLL) in the tracking stage of the GNSS receiver, the residue DFOs
and phases can also be accurately [85, 86]. Therefore, on the premise that the carrier phase of the
received signal has been stably tracked, the signal model (2.1) can be expressed as

y (t) ≈
K∑
k=1

γka (θk) c (t− τk) + n (t) (2.2)

Collecting L samples in each code period, the observed signal during the n th period can be
expressed as

Ẏ (n)
.
= [y (((n− 1)L+ 1)Ts) , . . . ,y (((n− 1)L+ L)Ts)] (2.3)

where Ts is the sample interval and l = 1, . . . , L, n = 1, . . . N . Likewise, the sampled shifted
waveform is

c (τk)
.
= [c (Ts − τk) , . . . , c (LTs − τk)]

T (2.4)

In this way, the signal of the n th code period in matrix format is denoted as

Ẏ (n) = A (θ) diag (γ)CT (τ ) + Ṅ (n) (2.5)

where the steering vector matrix denotes as A (θ)
.
= [a (θ1) , . . . ,a (θK)], the complex ampli-

tude vector γ .
= [γ1, . . . , γK ]T , and code waveform matrix C (τ )

.
= [c (τ1) , . . . , c (τK)]. Ṅ (n)

represents the set of Gaussian noise in n th code period.

It is commonly understood that GNSS signals employ spread spectrum modulation to provide
spreading gain, enabling demodulation even when signal power is lower than noise. However, this
modulation technique typically involves a large number of sampling points per code period, leading
to increased computational complexity. To obtain the spreading gain and reduce the computational
complexity, a transformation matrix to the codespace B .

= [c (τ̄1) , . . . , c (τ̄Mτ )]
T can be applied

on each code period. According to the information obtained from the acquisition phase, the set of
the uniformly distributed delays τ̄ .

= [τ̄1, . . . , τ̄Mτ ] is centered on the correlation peak and span
both sides, and the number of codebeams satisfiesMτ ≪ L

Yb (n) = Ẏ (n)BH

= A (θ) diag (γ)RT (τ̄ , τ ) + Ṅb (n)
(2.6)
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with the temporal matrixR (τ̄ , τ ) ∈ CMτ×K , the element in the temporal matrix are defined as the
conjugate between the waveform of delay set centered on the correlation peak and the waveform of
true delay r (τ̄mτ , τk)

.
= cH (τ̄mτ ) c (τk) andmτ = 1, . . . ,Mτ , k = 1, . . . ,K . Ṅb (n) represents

the noise matrix obeying Gaussian distribution.

To observe both the spatial and temporal domains so as to obtain the estimation of the angles
and time delays simultaneously, the vectorization operator spreading in the column is carried out
to the temporally filtered data, and we get

yb (n) = vec
(
Ẏb (n)

)
= (A (θ)⊗R (τ̄ , τ ))γb + nb (n)

(2.7)

where we define γb
.
= vec (diag (γ)) and nb (n)

.
= vec

(
Ṅb (n)

)
. Equation (2.7) represents the

fundamental expression of multi-dimensional processing. This thesis proposes three types of multi-
dimensional processing structures: the joint spatial and temporal, the joint spatial, polarization,
and temporal, and the joint spatial and frequential multipath-mitigating structure. When different
antenna types or signal modes are adopted, such as uniform linear antenna (ULA), DPA, or meta-
signal, formula (2.7) can be easily transformed into the specific signal model.

In the following subsections, we will specifically introduce the three signal models derived by
(2.7): the spatial and temporal, the spatial, polarization, and temporal, and the spatial and frequen-
tial GNSS signal models.

Spatial and Temporal GNSS Signal Model

In multipath environments, the GNSS receiver is equipped with aMθ-element ULA to provide
the multipath mitigation in spatial domain, as shown in Figure 2.1. Based on the GNSS receiver

1
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( )ty

0
g 1

f

f

Figure 2.1: Diagram of GNSS multi-antenna receiver

with ULA, the spatial and temporal signal model established using a ULA is consistent with the
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model (2.7). However, the steering vector A (θ) in GNSS receiver with ULA can be concretized
into

a (θk) =
[
1, e

j 2πd
λant

sin(θk), . . . , e
j 2πd
λant

(Mθ−1) sin(θk)
]T

(2.8)

where d and λant respectively represents the element spacing and signal wavelength. The equa-
tions (2.7) and (2.8) are the foundations of signal model for joint spatial and temporal multipath
mitigation in Chapter 3.

Spatial, Polarization, and Temporal GNSS Signal Model

When GNSS signals propagate through the air and reach the ground, multipath signals are
generated by reflections from nearby objects. Current GNSSs typically employ RHCP transmit and
receive antennas. However, the polarization of reflected signals can reverse for reflection angles
greater than the Brewster angle, resulting in LHCP signals. In general, multipath signals exhibit
elliptical polarization, a superposition of both RHCP and LHCP polarization. The powers of two
polarization may differ due to differences in the reflecting object and its polarization properties.
Equipping GNSS receivers with DPAs, as shown in Figure 2.2 makes it possible to discriminate
between multipath signals in the polarization domain.

R ty

L ty

R

R

L

L

R

f

f

Figure 2.2: Diagram of GNSS multi-antenna receiver with DPA

In the case ofMθ-element DPA, the steering vector matrixA (θ) in model (2.7) is denoted as

A (θ) = [AM (θ1) , . . . ,AM,K (θK)] (2.9)

and

A (θ) =

 aRc (θk) aRx (θk)

aLx (θk) aLc (θk)

 (2.10)

where the steering vectors aLc (θk) ,aRc (θk) ∈ CMθ×1 represent the k th co-polar LHCP and
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RHCP signal,respectively. Accordingly, the steering vectors aLx (θk),aRx (θk) ∈ CMθ×1 repre-
sent the k th cross-talk from RHCP and LHCP waves to LHCP and RHCP antenna output, respec-
tively.

In this way, the complex amplitude vector γb is no longer constituted by each signal’s ampli-
tude but replaced by the polarization coefficient vector λ = [λR,1, λL,1, . . . , λR,K , λL,K ]T and
amplitude vector γ. Define the left and right polarization coefficient λL,k and λR,k of the k th
signal as the complex amplitude of LHCP and RHCP signals, we have

γb
.
= vec (diag (λ) Iddiag (γ)) (2.11)

with the transition matrix Id ∈ C2K×K . It is a connection between the polarization coefficient
vector and the amplitude vector, composed of zeros and K vectors [1, 1]T on the left diagonal.
The equations (2.7), (2.9), (2.10), and (2.10) are the foundation for joint spatial, polarization, and
temporal multipath mitigation in Chapter 4.

Spatial and Frequential GNSS Meta-signal Model

It is widely recognized that breaking the bandwidth limitation is a crucial approach to mitigat-
ing multipath signals in GNSS systems with highly correlated signals, increasing the signal band-
width results in a narrower main peak of the ACF and improving temporal resolution and enhancing
multipath mitigation, as illustrated in Figure 2.3. To achieve this, multi-frequency GNSS receivers
are used to receive signals from the same satellite at two different frequencies. By exploiting
the bandwidth difference between these two signals, along with spatial diversity, a GNSS multi-
antenna multi-frequency receiver can be constructed. We can develop more effective techniques
for mitigating multipath in GNSS signals by utilizing multi-antenna multi-frequency receiver ar-
chitectures to increase signal bandwidth. These approaches enhance accuracy and reliability under
challenging operating conditions, supporting a wide range of applications.

1
g

2
g

( )ty

0
g

1
f

2
f

f

Figure 2.3: Diagram of GNSS multi-antenna multi-frequency receiver
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A multi-antenna multi-frequency GNSS receiver receives a signal comprised of two signals of
different frequencies transmitted by the same satellite simultaneously. This signal is referred to as
a meta-GNSS signal. The two different frequency signals yL (t) and yR (t), taking the center po-
sition of the two signals as the center frequency, are−fs and fsdistance from the center frequency
respectively. Referring to Equation (2.1), there is

y (t) = yL (t) + yR (t)

=
K∑
k=1

aL (θk) γ
L
k c

L (t− τk) e
−j2πfs(t−τk)ej(2πfdkt+ϕk) + nL (t)

+
K∑
k=1

aR (θk) γ
R
k c

R (t− τk) e
j2πfs(t−τk)ej(2πfdkt+ϕk) + nR (t)

(2.12)

where the superscripts L and R respectively represent the left and right components of the meta-
GNSS signal, so the corresponding steering vectors, code waveforms, complex amplitudes, and
noises are different. The subcarrier phases −2πfsτk and 2πfsτk of the k th signal of each compo-
nent is the key to obtaining high temporal resolution. For the ULA case, the steering vectors of the
left and right components can be expressed as

aL (θk) =

[
1, e

j 2πd

λLant
sin(θk)

, . . . , e
j 2πd

λLant
(Mθ−1) sin(θk)

]T
(2.13a)

aR (θk) =

[
1, e

j 2πd

λRant
sin(θk)

, . . . , e
j 2πd

λRant
(Mθ−1) sin(θk)

]T
(2.13b)

The λL
ant and λR

ant corresponds to the left and right component’s wavelengths. Equation (2.12) is
the foundation for joint spatial and frequential multipath mitigation in Chapter 5.

2.2.2 Sparse GNSS Signal Model

The concept of sparse representation involves describing signals using optimization techniques
combined with a minimal number of vectors from an overcomplete dictionary. To leverage the
sparsity properties of spatial and temporal domains in GNSS signals, we extend the received signal
yb in Equation (2.7) into a sparse representation across both spatial and temporal domains [73, 74].

The spatially uniformly sampling grid points set is θ̃ .
=

[
θ̃1, . . . , θ̃Nθ

]
with fixed angle interval

rθ. Similarly, the temporally uniformly fixed sampling grid points set is τ̃
.
= [τ̃1, . . . , τ̃Nτ ] with

fixed delay interval rτ and covering the range of τ̄ . Tc is defined as the duration of each code.
Based on the above definitions, the on-grid over-complete basis matrix of the joint spatial and
temporal processing can be obtained

Φ = A⊗C (2.14)

where A denotes the sparse spatial over-complete basis matrix with the definition A
(
θ̃
)

.
=
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[
a
(
θ̃1

)
, . . . ,a

(
θ̃K

)]
. Likewise,C denotes the sparse temporal over-complete basis matrix with

the element cτ (τ̄mτ , τ̃nτ ) defined as cτ (τ̄mτ , τ̃nτ ) = cH (τ̃nτ ) c (τ̄mτ ) withmτ = 1, . . . ,Mτ and
nτ = 1, . . . , Nτ .

The traditional sparse representation method is proposed based on the sparse on-grid model.
However, the on-grid sparse model (2.14) to the off-grid effects that most of the true parameters do
not strictly fall onto the grid point [73]. The bias between the real value and the nearest grid tends
to zero only as the number of the grid points tends to infinity and vice versa. Still, the number
of grid points cannot be arbitrarily increased for computational cost. To significantly improve the
angle estimation performance without dense sampling grids, the off-grid sparse model for angle
estimation is proposed in [74, 87].

In this thesis, the off-grid sparse model is modeled in both spatial and temporal domains so
that two kinds of off-grid over-complete basis matrices are assumed. The off-grid angle vector
βθ

.
= [β1, . . . , βNθ

]T contains the components βnθ
= θk−θ̃nθk, which are assumed to be uniformly

distributed in the interval
[
−1

2rθ,
1
2rθ

]
with θk being the true angle value and θ̃nθk being the nearest

grid point to the k th signal. Similarly, for off-grid delay vector βτ
.
= [β1, . . . , βNθ

]T , it is formed
by βnτ = τk− τ̃nτk, which are assumed to be uniformly distributed in the range

[
−1

2rτ ,
1
2rτ

]
, with

τk being the true delay value and each τ̃nτk being the nearest point to the k th signal. Thus, we
can construct an over-complete off-grid spatial and temporal matrix based on the first-order Taylor
series expansion

Φβ = Φβθ
⊗Φβτ

=(A+Bθdiag (βθ))⊗ (C +Bτdiag (βτ ))
(2.15)

whereBθ is the first order derivative ofAwith respect to τ̃nτ , which is composed of bθ
(
mθ, θ̃nθ

)
with bθ

(
mθ, θ̃nθ

)
=

∂a(mθ,θ̃nθ)
∂θ̃nθ

and mθ = 1, . . . ,Mθ and nθ = 1, . . . , Nθ. Similarly, Bτ is the

first order derivative of C with respect to τ̃nτ , which is composed of bτ (τ̄mτ , τ̃nτ )
.
= ∂r(τ̄mτ ,τ̃nτ )

∂τ̃nτ

andmτ = 1, . . . ,Mτ and nτ = 1, . . . , Nτ .

So far, the over-complete off-grid spatial and temporal matrix has been established. To further
improve the performance, we extend the above single measurement vector to multiple, specifically
N , measurement vectors as Y .

= [yb (1) , . . . ,yb (N)] andN .
= [nb (1) , . . . ,nb (N)]. Then, the

joint on-grid angle and on-grid delay estimation sparse model is given by

Y = ΦβX +N (2.16)

with complex source amplitudes matrix X
.
= [xb (1) , . . . ,xb (N)] where X is row sparse since

only a few entries ofX are nonzero, and they tend to appear in the same positions in each column.
Equation (2.16) is the basic spatial and temporal model for adopting sparse representation.

In the following two subsections, we will specifically introduce the sparse model concretely
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introduced by the spatial and temporal sparse model (2.15): on-grid sparse spatial and temporal
GNSS signal model, sparse on-grid spatial and off-grid temporal GNSS signal model, sparse off-
grid spatial and on-grid temporal GNSS signal model, off-grid sparse spatial, polarization, and
temporal GNSS signal model for Chapter 3 and 4.

Sparse Spatial and Temporal GNSS Signal Model

In real-world environments, it is essential to balance the complexity of GNSS receiver systems
while meeting practical requirements. In addition to the on-grid sparse spatial and temporal GNSS
signal model presented in Equation (2.14), two additional sparse models have been proposed to
address different needs. The first model prioritizes the accuracy of delay estimation over angle
estimation. This approach recognizes that delay accuracy directly impacts the precision of GNSS
pseudo-range observable, making it critical for achieving accurate positioning results.

Φβ = A⊗Φβτ

= A⊗ (C +Bτdiag (βτ ))
(2.17)

The second approach relies on the assumption that the accuracy of the angle estimates is prior-
itized because the angle is needed to create a beamformer that can mitigate spoofing or multipath.

Φβ = Φβθ
⊗C

= (A+Bθdiag (βθ))⊗C
(2.18)

Sparse Spatial, Polarization, and Temporal GNSS Signal Model

In the combination of spatial, polarization, and temporal sparse representation, an on-grid
sparse spatial, polarization, and temporal GNSS signal model is established according to (2.14)
where the angle over-complete basis matrixA ∈ C2Mθ×2Nθ is denoted as a sparse spatial and po-
larization basis matrix A (θ)

.
=

[
AM

(
θ̃1

)
, . . . ,AM,K

(
θ̃K

)]
. Note that Φ ∈ C2MθMτ×2NθNτ

represents an on-grid sparse spatial, polarization, and temporal over-complete basis matrix. For
better clarity, we present the specific diagram of Φ in Figure 2.4. This joint sparse spatial, po-
larization, and temporal basis matrix is denoted by Φ ∈ C2MθMτ×2NθNτ and is composed of Nτ

blocks, such as b1, each with a size of 2MθMτ × 2Nθ. Each block is formed by taking the Kro-
necker product of matrixA and the nτ th column of matrix C, as illustrated in the leftmost figure
of Figure 2.4. For instance, the nτ th block b1 (shown in the middle of Figure 2.4) is comprised
of two parts that respectively represent the RHCP and LHCP antenna receive signals. Each part
comprises Nθ blocks with dimensions MθMτ × 2, referred to as b2. These blocks are created by
taking the Kronecker product of matrixAM

(
θ̃nθ

)
and the nτ th column of matrixC. To illustrate
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Figure 2.4: Diagram of a joint sparse spatial, polarization, and temporal over-complete basis ma-
trix

further, the nθ th block b2 (depicted in the rightmost of Figure 2.4) can be divided into two parts:
the left side with a darker color represents the co-polar component of the RHCP signal, which is
the Kronecker product of aRc

(
θ̃nθ

)
and the nτ th column of matrix C, while the right side with

a lighter color represents the cross-polar component of the LHCP signal, which is the Kronecker
product of aRx

(
θ̃nθ

)
and the nτ th column of matrix C.

When establishing the off-grid spatial and polarization over-complete basis matrix, this off-grid
vectorβθ can be redefined asβθ

.
= βθs⊗[1, 1]T . The off-grid spatial vectorβθs

.
= [β1, . . . , βNθ

]T ,
where βnθ

= θk − θ̃nθ
for nθ = 1, . . . , Nθ, with ˜θnθ

being the nearest grid point to the kth signal.
Thus, an off-grid spatial, polarization, and temporal over-complete basis matrix can be constructed
as (2.14), but with Bθ ∈ C2Mθ×2Nθ being the first order Taylor series expansion derivation of
A with respect to τ̃nτ , which is composed of bθ

(
mθ, θ̃nθ

)
with bθ

(
mθ, θ̃nθ

)
=

∂AM,k(mθ,θ̃nθ)
∂θ̃nθ

and k = 1, . . . ,K , nθ = 1, . . . , Nθ. The amplitude vector X ∈ C2MθNθ×2N correspondingly
upgrades, which displays spatial-right-polarization-temporal spectrum in its odd columns but also
spatial-left-polarization-temporal spectrum in its even columns.
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2.3 Analysis of Channel Characteristics in Multipath Environments

Section 2.2 focuses on analyzing the channel characteristics of GNSS in multipath environments.
These characteristics are crucial for estimating satellite signals that pass through wireless transmis-
sion channels. Furthermore, the channel characteristics impact the choice of estimation algorithms
for GNSS in complex environments. Hence, it is essential to analyze and explain the wireless
channel characteristics of GNSS before exploring the application of the multi-dimensional signal
model for mitigating multipath effects.

2.3.1 Analysis of Spatial and Temporal Characteristics in Multipath Environments

This subsection aims to analyze the spatial and temporal distribution of features in a multipath
environment through an examination of the measured spatial characteristics distribution of GNSS
signals in urban areas, the impact of the Doppler effect on code phase, and the phenomenon of code
phase drift. These analyses provide valuable guidance for making assumptions about quasi-static
channels and exploring the possibility of mitigating multipath in the spatial domain.

Spatial Characteristics Distribution

The number of antenna elements plays a critical role in the ability to identify between signals
in the spatial domain. Additionally, the extent of DOA expansion for each signal influences the
required array aperture size. In a study of [84], a synthetic aperture technique was used to measure
the spatial angle distribution characteristics in urban environments by moving the receiver at a
constant velocity. The measurement of azimuth and elevation angles for different satellites in
various urban environments are partially presented in Figure 2.5 of [84].

These findings provide valuable insights into the sparsity of GNSS signals in the spatial domain
with the limited number of signals in urban environments. Each signal corresponds to a specific
angle range within the receiver’s reception range, with no multipath signals present in other angle
ranges. Additionally, the measured data includes both azimuth and elevation angles, and there is a
minimum angular separation of approximately 5◦ between different signals.

Based on these findings, we can draw some guiding principles for modeling various signal
models and channel assumptions. In particular, they suggest that multipath signals in the GNSS
environment exhibit sparsity in the spatial domain, and a large number of antenna elements are not
necessary when using spatial domain multiple antennas for multipath mitigation. However, the
distance between antenna elements in a multi-antenna array should be a manageable size to ensure
sufficient spatial resolution.
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Figure 2.5: The distribution of azimuth and elevation angles for the signals of different satellites
in urban environments

The Influence of Doppler Effect and Clock Bias on Code Phase

In contrast to wireless communication systems, GNSS signals experience a significant relative
velocity between satellites and ground receivers, which results in a notable Doppler effect at the
receiver end. This effect can be observed in two ways: First, there is a substantial DFOs in the
received signal, and second, the code rate is also affected. By considering the relationship between
the DFOs and the code rate [88], as well as the relationship between the clock deviation of the
transmitter and receiver and the code rate, we can express this phenomenon mathematically

δc + fc
fc

=
δchip + fchip

fchip
(2.19)

where fc and fchip represents the central frequency and chip rate, respectively. The DFO variation
can be defined as δc = δc

doppler + δc
clock, which is the sum of the frequency offset caused by the

Doppler effect and the DFO resulting from the clock bias of the transmitter and receiver. Similarly,
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the chip rate variation can be defined as δchip = δchip
doppler + δchip

clock, which is the sum of the
chip rate variation caused by the Doppler effect and the chip rate variation resulting from the clock
bias of the transmitter and receiver.

In ground-based wireless communication, the data length is typically short, measured in mi-
croseconds to milliseconds. Any effects caused by variations in chip rate can be ignored over such
a short period. However, to improve the carrier-to-noise ratio, GNSS signals require longer accu-
mulation time during tracking for coherent or non-coherent integration. It is essential to consider
whether the code phase drift of the signal during receiver tracking can be ignored in some scenarios.
For instance, the GPS C/A signal in the L1 frequency band has a DFO of 1 kHz, which causes a
peak of the ACF to shift one code chip in 1540ms due to the code rate variation. In most GNSS
signals, the typical range of DFOs lies between -5 kHz to 5 kHz, meaning that the fastest possible
code chip shift would take 308ms.

Several factors need to be evaluated when considering the impact of Doppler effects and clock
bias on the code phase in GNSS signal processing. We must assess the effect of DFO on the GNSS
signal received by a typical GNSS receiver based on specific scenarios to determine whether static
GNSS channel models can reliably be used. For narrowband GNSS signals, subspace-based meth-
ods are often employed for multipath mitigation, but these methods require a longer signal accu-
mulation time to establish their covariance matrix. To mitigate the impact of code phase drift,
dynamic tracking loops can be combined with subspace-based methods [55]. Alternatively, SBL-
based methods, which inherently require fewer snapshots for estimation, can reduce the sensitivity
to code phase drift even in high Doppler scenarios. For example, the commonly used duration is
only 10ms. In the case of a 4 kHz DFO, the effect of code phase drift is approximately 0.026Tc,
which somewhat reduces the impact of code phase drift. This thesis mainly explores the improve-
ment of multipath mitigation through joint multiple dimensions, and they are all constructed based
on the premise of a stable tracking loop. In the case of meta-GNSS signals requiring precise es-
timation, they are extremely sensitive to code phase drift. Consequently, considering the funda-
mental principles of tracking loops, the practical processing of wideband GNSS signals must be
approached.

The DFO Difference and Its Influence on Code Phase

The LOS signal and each of the multipath signals that have undergone reflection experience
different propagation paths during the transmission. As a result, the DFO also varies between
signals. In [89] and [83], the characteristics of GNSS channel at the physical layer, such as the
DOAs of multipath signals, relative time delays, DFOs, and power distribution along different
signals, were measured in urban scenarios. The figure below displays some of the test results.

From Figure 2.6, it is evident that during the process of mobile reception, multipath signals
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Figure 2.6: Changes in relative DFOs with power intensity for LOS and multipath signals

with power levels greater than 35 dB-Hz exhibit relative DFOs that are generally less than 10Hz
when compared to the LOS signal. This indicates that for the GPS’s L1 frequency band C/A signal,
the time delay variation between paths over a 100ms period will not exceed 6.49× 10−4Tc. Thus,
if only shorter data segments are considered, it can be assumed that the relative time delays between
different reception signals during this period are approximately static. Given the code phase drift
eliminated, the generalized joint spatial and temporal signal model established in this chapter can
provide an approximate guarantee in multipath mitigation.

2.3.2 Analysis of Polarization Characteristics in Multipath Environments

Ideally, the RHCP antenna is designed to receive the RHCP component of combined the LOS and
multipath signals, while the LHCP antenna receives the LHCP component of the mutlipath signals.
However, a practical RHCP or LHCP antenna has finite amplitude attenuation to the signals with an
opposite polarization state, thus, it receives both RHCP and LHCP signals [16]. This attenuation is
known as polarization mismatch loss and is influenced by the Axial Ratios (ARs) of the antennas
and signals, which define the polarization state of an electric field [38, 90, 91]. When the ARs of
the signal and antenna differ, it results in polarization mismatch loss [90]. The AR of the antenna
varies depending on the elevation and azimuth angles, while that of the LOS signal depends on the
satellite antenna’s AR, which is no worse than 1.8 dB [92], whereas the AR of the multipath signal
primarily arises from reflection.

To measure and set the magnitude of the polarization coefficient vector λ, we have employed a
typical AR value for the signal and antenna. For instance, the AR for the LOS signal is set to 1.8 dB,
while that of the antenna mapped to the azimuth and elevation angles of the LOS signal is set to
2 dB [90]. Based on these assumptions, and assuming the power of the LOS signal is normalized
to λ2

R,0 = 0 dB, the power leakage from the LOS signal to the LHCP signal depends on the tilt



30 CHAPTER 2. GNSS SIGNAL MODEL AND MULTIPATH MITIGATION FOUNDATION

angle between the polarization ellipse major axis of the signal and the receiving antenna, with λ2
L,1

ranging from -39 dB to -13.3 dB. In general, since the AR of the LOS signal is less than 1.8 dB, the
value of λ2

L,1 can be further reduced. The feasibility of these values has been validated by [93].

Figure 2.7: The power of multipath LHCP signals reflected by two typical reflective surfaces

In general, the powers of multipath signals reflected by objects near the receiver are lower
than that of the LOS signal. According to measurements presented in [91], Figure 2.7 shows the
powers of multipath LHCP signals via grazing angles, i.e., λ2

L,2, reflected by surfaces such as
concrete or wetlands under the aforementioned assumptions. If wetlands reflect the signal, the
received multipath LHCP signal will not exceed -3 dB, while if it is reflected by concrete, the
upper limit may only reach -9 dB. Based on these results from two different reflective surfaces, we
can generally assume that the value range of λ2

L,2 is between -40 dB and -3 dB. Similarly, when
determining the value of λ2

L,2, we can also infer that the value range of λ2
R,2 lies between -40 dB

and 0 dB.

We can provide the following guidelines in the preceding discussion of the polarization charac-
teristics of various received signals. As the LOS signal is not reflected, its LHCP power is typically
weak, usually below -15 dB. Hence, it is reasonable to assume that the LOS signal only comprises
an RHCP component received by the RHCP antenna. Conversely, the powers of multipath signals
vary substantially and cannot be determined based on one scenario. Therefore, it is crucial to de-
fine the concept of dual-polarization gain [38], as discussed extensively in Section 4. This notion
represents the power ratio between the multipath LHCP and RHCP components, which can help
inform us how to set different reflection powers for varying dual-polarization gains when modeling
and simulating.
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2.3.3 Analysis of Frequential Characteristics in Multipath Environments

This subsection aims to investigate the frequential characteristics of multipath GNSS signals by
observing different frequency GNSS signals in multipath environments and understanding the im-
pact of ionospheric propagation on the code phases. The findings will guide the utilization of
meta-GNSS signals and assist in setting simulation parameters.

The Influence of Different Frequencies of Meta-Signal on Spatial Domain

In meta-GNSS signals, the two components are transmitted at different carrier frequencies.
When using a multi-antenna GNSS receiver, the steering vectors corresponding to the left and
right components differ in wavelength. Since the satellites are far from the ground, satisfying the
far-field signal incident conditions [94], and the left and right components pass through the same
transmission path reaching the receiver, their angles are basically the same.

In the discussion of different carrier frequencies influence on the spatial domain, we can pro-
vide the following guidance: the steering vectors corresponding to the left and right components
of meta-GNSS signals are modeled differently. For typical meta-signals, such as the B1I and B1C
signals in the Beidou system, which have a frequency separation of only 14 MHz, their steering
vectors for different components can be assumed identical.

The Influence of Ionospheric Propagation Delay on Code Phase of Meta-Signals

Meta-signals’ bandwidth is large, ranging from tens ofmegahertz to several hundredmegahertz.
Based on the fact that the ionosphere is dispersive, the different frequencies of components in the
spectrum experience different time delays when passing through the upper atmosphere. Using the
first-order ionospheric delay model [1], the group delay expressed in meters is given by:

τ (f) =
40.3TEC

f2
(2.20)

where TEC refers to the total electron content, and f is the transmission frequency. For traditional
GNSS narrowband signals, such as the GPS C/A code signal in the L1 frequency band, which has a
two-sided bandwidth of only 2 MHz. The delay carried by the signal is assumed to be represented
by the ionospheric delay at the center frequency instead of the total group delay. As the band-
width increases, the change in ionospheric delay across the entire band becomes more significant.
This also applies to meta-signals, where the dispersion characteristics of the ionospheric medium
result in different component signals experiencing varying delays, introducing some distortion
compared to narrowband signals [95]. In contrast, wideband received signals are increasingly uti-
lized in GNSS applications to achieve higher tracking accuracy and better multipath mitigation
performance. Therefore, it is necessary to further discuss whether the delay model solely based on
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the center frequency can meet the requirements of high-precision GNSS applications.
It is known that an ionosphere dispersion can cause the asymmetry ACF, which introduces bias

in the estimation of peak delay, as shown in Figure 2.8 in reference [95].
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Figure 2.8: Effect of TEC=100 on the ACFs of a 50MHz bandwidth signal (left panel) and of a
100MHz bandwidth signal (right panel);

In addition, reference [95] points out that ionospheric dispersion can cause power loss due to a
mismatch between the received signals and the local replica. Furthermore, ionospheric dispersion
can also affect the constellation, resulting in distortion as illustrated in reference [96].

In the above discussion of the impact of ionospheric propagation on the code phase, we can
provide the following guidelines. It is advisable to choose two adjacent signals from the same satel-
lite, with the most commonly used pair being the B1I and B1C signals in the Beidou system, with a
frequency separation of only 14 MHz that renders the effect of ionospheric propagation negligible.
The relevant analysis and simulations in this thesis are based on this combination. However, if
higher bandwidths are required, the impact of ionospheric propagation cannot be ignored. Many
studies propose compensating for this delay before processing the baseband signal. For example,
the all-pass filter proposed in [97] compensates for the delay at different frequencies to achieve a
constant amplitude response across the entire bandwidth while non-linearly compensating for the
phase.

2.4 Introduction to Classical Multipath Mitigation

2.4.1 Introduction to Maximization Likelihood Methods

The ML method is a widely used parameter estimation technique first proposed in the late 1980s
[21, 98]. This method defines the likelihood function of the observed signal as the conditional prob-



2.4. INTRODUCTION TO CLASSICAL MULTIPATH MITIGATION 33

ability density function (PDF) with unknown parameters. The goal is to select the optimal un-
known parameters that maximize the likelihood function. In Equation (2.2), the conditional PDF
is defined,

p (y (t) ;η) =
(
πσ2

)−Mθ
exp

(
−∥y (t)− s (t;η)∥2F

)
σ2

(2.21)

where the parameter set is defined as η .
=

[
θT ,γT , τ T

]T and s (t; η) =
K∑
k=1

a (θk) γkc (t− τk).

To acquire the calculation convenience, the logarithm of Equation (2.21) is generally taken to
obtain the cost function with ML,

η̂ = argmax
η

{− ln (p (y (t) ;η))} (2.22)

The ML method maximizes the cost function by determining the parameter set η. Usually, this
involves solving for one parameter while considering the others as known values. While the ML
method theoretically offers optimal performance, it presents challenges in high computational com-
plexity when dealing with multiple parameters across multiple dimensions.

The SAGE algorithm [22] is based on the EM method, which facilitates optimizing ML-based
cost functions that arise in statistical estimation problems, but with improvements regarding the
trade-off between convergence rate and complexity. The first main step in SAGE is the Expectation-
step, which constructs each path based on the estimated parameter except for that of the k th signal
and estimates the hidden data space of the k th signal,

x̂k (t) = y (t)−
K∑

k′=1,k′ ̸=k

s (t;ηk′) (2.23)

SAGE breaks down the multi-dimensional optimization problem into several smaller problems by
conditioning sequentially on a subset of parameters. This step is called the Maximization-step.

θ̂k = argmax
θk

{∣∣∣a(θk)H x̂k (t) c(t− τ̂k)
H
∣∣∣2} (2.24a)

τ̂k = argmax
τk

{∣∣∣∣a(θ̂k)H
x̂k (t) c(t− τk)

H

∣∣∣∣2
}

(2.24b)

Using these two steps, SAGE completes one iteration. After several iterations, the results can
approximate that of the ML estimator. Please refer to Chapter 3 and 5 for specific descriptions.

2.4.2 Introduction to Subspace-based Methods

The subspace-based methods include two most widely used algorithms: One is based on noise
subspace, like MUSIC [26], and the other is based on signal subspace rotation invariance, such as
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ESPRIT [27] and DOAMatrix [31].

MUSIC is based on the second-order statistics of the received signal. Extending the concept
of geometry can obtain a reasonable approximate solution in the presence of noise. As long as
the layout form of the antenna array is known, high-resolution estimates are obtained. Note that
there is no strict requirement on the format of the array. Based on the model of Equation (2.2), the
covariance matrix is calculated on the assumption that signal and noise are independent

R = E
{
y (t)yH (t)

}
= A (θ)RsA

H (θ) + σ2I
(2.25)

whereRs = E




γ1c (t− τ1)

...

γKc (t− τK)


(

γ∗1c
H (t− τ1) · · · γ∗KcH (t− τK)

) represents the

covariance matrix of received signal. The noise follows a Gaussian distribution with a mean of
zero and a variance of σ2. Conduct the eigen decomposition toR and we have

R = USΣSU
H
S + σ2UNUH

N (2.26)

US is the signal subspace, while UN is the noise subspace. Ideally, the signal subspace and noise
subspace in data space are mutually orthogonal [99], that is, the steering vector in signal subspace
is also orthogonal to the noise subspace,

aH (θ)UN = 0 (2.27)

Based on this fact, the spectrum of MUSIC is

PMUSIC (θ) =
1

aH (θ)UNUH
N a (θ)

(2.28)

DOAMatrix, proposed by Prof. Yin et al., is a widely used method for DOA estimation that
leverages the rotation invariance of ULA. It is a two-dimensional parameter estimation technique
designed for parallel ULA, where the popular ESPRIT algorithm is a specific instance of DOAMa-
trix. This approach overcomes spectrum search and nonlinear optimization challenges, offering
low computational requirements and automatic parameter matching. This thesis focuses on the
ULA case, thus reducing DOAMatrix to a one-dimensional scenario.

Take first Mθ − 1 elements in ULA denoting as yx, and take last Mθ − 1 elements in ULA
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denoting as yy. We, therefore, define the following covariance matrices

Rxx = E
{
yx (t)y

H
x (t)

}
= Ā (θ)RsĀ

H (θ) + σ2I
(2.29)

Ryx = E
{
yy (t)y

H
x (t)

}
= Ā (θ)ΦθRsĀ

H (θ)
(2.30)

where Φθ = diag
{
ej2πd sin(θ1)/λ, . . . , ej2πd sin(θK)/λ

}
.

Define DOA matrixR as
R = RyxR

−1
xx0 (2.31)

withRxx0 = Rxx − σ2I .

If Ā (θ) andRs are full rank,Φθ has no same diagonal elements, then the angles and steering
vectors correspond to the non-zero eigenvalues and eigenvectors of DOA matrixR

RĀ (θ) = Ā (θ)Φθ (2.32)

As long as conducting the eigen decomposition ofR, Ā (θ) and Φθ can be directly acquired.

2.4.3 Introduction to Sparse Representation Methods

Sparse representation is to use as few non-zero elements as possible to represent the signal sim-
plifying the problem of signal processing. Based on the joint sparse spatial and temporal GNSS
signal model (2.15), a sparse spatial expression is simplified (All subscripts b are omitted for the
sake of convenience.)

y = Ax+ n (2.33)

where y is the observable data, andA ∈ CMθ×Nθ is a spatial over-complete basis matrix composed
of Nθ vectors. The Gaussian noise is denoted as n. In the case of noise-free, the sparsest solution
can be obtained through optimization, x̂ = argmin ∥x∥0

s.t.y = Ax
(2.34)

The solution to the above equation is a searching process to find the sparsest solution in the over-
complete basis matrix. However, in the presence of noise, y cannot be accurately represented. The
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relaxation optimization problem is adopted to obtain an approximate solution,

x0 (λ) = argmin ∥y −Ax∥22 + λ∥x∥0 (2.35)

This is a non-deterministic polynomial problem and is hard to solve. Moreover, the regulariza-
tion parameter λ is challenging to choose and not guaranteed to be the best estimate of the global
optimal solution xopt.

Via the Bayesian principle, Equation (2.35) can be rewritten by exponential transformation.
Assume that the Gaussian likelihood function p (y |x) with variance λ is

p (y |s) ∝ exp
[
1

λ
∥y −Ax∥22

]
(2.36)

The prior distribution p0 (x) of complex amplitude vector x is

p0 (x) ∝ exp [−∥x∥0] (2.37)

Using the Bayesian principle, the maximization of the posterior probability of x is estimated as

xMAP = argmax p0 (x|y)

= argmax p (y|x) p0 (x)

= argmin (− ln (p (y|x))− ln (p0 (x)))

= x0 (λ)

(2.38)

The aforementioned problem can be interpreted as a maximization of the posterior probability
estimation. Two algorithms can be utilized to tackle this problem. The first approach involves
employing a greedy algorithm, such as basis matching pursuit [66], which provides local optimal
solutions. The second approach involves replacing the prior distribution p0 (s) with a specific dis-
tribution, such as the FOCUSS algorithm [71]. Both algorithms seek posterior distributions under
the assumption that the prior distributions remain fixed, albeit with notable drawbacks. Choosing
a moderately sparse prior distribution simplifies the search process, but the result may not be suf-
ficiently sparse to achieve an optimal solution. On the other hand, selecting an adequately sparse
prior distribution increases the number of combinations of locally optimal solutions, thereby inten-
sifying the search challenge.

A method based on automatic correlation determinism (ARD) solves the sparse representation
problem in SBL. Suppose p (y |x) is Gaussian distributed, ARD for each component of the sparse
vector exerted an independent Gaussian prior

p (xn;αn) = CN (0, αn) (2.39)
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with the prior distribution with respect toX

p (x;α) =

N∏
n=1

p (sn;αn) (2.40)

which is controlled by hyperparameters α = [α1, . . . , αN ]T . From the Bayesian principle, the
posterior distribution of x is

p (x |y ;α) =
p (y |x ;α) p (x;α)

p (y)
(2.41)

Since both of the distributions are Gaussian, the posterior distribution of x is Gaussian as well

p (x |y ;α) = CN (µ,Σ) (2.42)

with the mean and variance

µ = E {x |y ;α} = ΓAHΣ−1
y y (2.43)

Σ = E
{
(x− µ) (x− µ)H |y;α

}
= Γ− ΓAHΣ−1

y AΓ (2.44)

respectively and with Γ = diag (α), Σy = AHΓA + σ2I . The sparsity is achieved when the
majority of αn is zero. Therefore, the problem of obtaining the optimal solution is transformed to
the estimation of hyperparameter α.

Under the observable data y, each hyperparameter vector corresponds to the assumption of a
prior distribution so that determining a suitable value for each hyperparameterα is equivalent to a
model selection. Generally, marginal processing is adopted, and the cost function based on ARD
is

ℓ (α) = log
∫
p (y |x ;α) p (x;α) dx

= log |Σy|+ yHΣ−1
y y

(2.45)

The sparse reconstruction method based on maximum a posterior utilizes a prior distribution
that applies the same prior distribution to each element of the sparse vector, resulting in a dis-
crepancy between the sparse and signal models. SBL addresses this issue by employing a set
of independent hyperparameters α that impose different prior distributions on each element of the
complex amplitude vector. By optimizing these hyperparameters, SBL obtains a sparseα estimate
that leads to a posterior probability distribution function consistent with the real signal.
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Table 2.1: Comparison of the merits and flaws of three methods

Methods Merits Flaws

ML (SAGE) 1. Performance approximates
CRLB closely
2. No restrictions on
estimable signals

1. Highly sensitive to initial
values
2. Multipath mitigation
decreases with high
correlation
3. Complexity increases with
the number of signals

Subspace (DOAMatrix) Ideal trade-off between
complexity and performance

1. Rank-deficient covariance
matrix in multipath cases
2. Large snapshots required
3. Limited estimable signals

Sparse Representation (SBL) 1. Works with few snapshots
2. Process signals directly in
the signal domain
3. Shares global convergence
property with ℓ0-norm

1. High complexity
2. Cause off-grid effects

2.4.4 Merits and Flaws

The above threemethods, ML, subspace-based, and sparse representation, have strengths andweak-
nesses that can be analyzed. The ML method is built upon the principle of multi-dimensional max-
imum likelihood, representing different signals as linear superposition in each signal dimension.
This approach offers natural performance advantages, closely approximates the CRLB, and is not
limited by the number of elements in the antenna array.

However, the complexity of joint searching in multiple dimensions is exceedingly high. Even
though SAGE can approximate the multi-dimensional ML performance through iterative single-
dimensional searches, the complexity still increases significantly as the number of signals grows.
Additionally, SAGE relies on reconstructed signals, making it highly sensitive to initial values
and susceptible to convergence near local extrema rather than achieving global optimization. This
phenomenon becomes evident in cases where the signals are highly correlated, leading to a decrease
in SAGE to handle multipath in such situations.

Subspace-based methods strike a balance between complexity and performance, albeit with
some deviation from the CRLB. However, subspace-based methods require computation of the co-
variance matrix, and an ideal recovery of the original covariance matrix requires more snapshots.
This increase in the number of snapshots also raises the requirement for static channel characteris-
tics. In the multipath scenario, where the covariance matrix is not full-rank, effective separation
and identification of signal and noise subspaces through subspace decomposition is unfeasible.
Instead, spatial smoothing must be used to construct a full-rank covariance matrix. Moreover,
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subspace decomposition relies primarily on the number of antenna elements for multipath miti-
gation from different spatial directions, thus limiting the estimable radius to the number of array
elements. For multipath environments, subspace decomposition necessitates large antenna arrays,
which could be more practical.

Sparse representation process signals directly in the signal domain rather than estimating the
signal’s covariance matrix. This inherent property makes them less sensitive to the presence of
multipath signals and enables them to work with fewer snapshots. The SBL algorithm shares the
same global convergence property as the ℓ0-norm and can achieve the most sparse minimum value
among all extreme global values, making it practical for multipath mitigation. However, sparse
representations have a large number of iterations, resulting in high complexity. The most signifi-
cant drawback is the off-grid effect. While adding linear vectors to the complete basis matrix can
improve the parameter estimation accuracy, an increased correlation between these basis vectors
may lead to performance bottlenecks. Moreover, if the spacing between adjacent basis vectors is
too large, a fixed error arises between the true value and the grid value, resulting in performance
issues.

Each of these three methods offers unique advantages and limitations, and the choice of method
depends on application requirements and trade-offs between accuracy, computational complexity,
and real-time processing capability. Table 2.1 summarizes the typical methods’ advantages and
disadvantages.

2.5 Conclusions

This chapter begins by deriving an extended general joint spatial and temporal GNSS multipath
signal model based on the existing characteristics of the GNSS spread spectrum and acquisition in-
formation, starting from the general expression of GNSS signals in multipath environments. This
model serves as a unified mathematical matrix guide for joint analysis of various dimensions of
information characteristics. Furthermore, this chapter forms specific models for subsequent joint
spatial and temporal, joint spatial, polarization, and temporal, and joint spatial and frequential
GNSS signals based on the generalized GNSS signal model. Additionally, to fulfill the require-
ment of sparse representation, we derive the off-grid joint spatial and temporal sparse model and
off-grid joint spatial, polarization, and temporal sparse model, providing model possibilities for us-
ing sparse representation methods to address the problem of multipath mitigation. Subsequently,
this chapter discusses the impact of various multipath input scenarios on GNSS measurements,
exploring the effects of Doppler frequency differences between different signals and the spatial
distribution of reception signals in urban environments. It also examines the measurement and
distribution of reflected polarization in multipath environments and investigates the effect of iono-
spheric propagation delay on the multi-frequency GNSS signal code phase. These discussions
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lay a foundation for proposing processing structures and relevant algorithms based on joint space
and time, joint space, polarization and time, and joint space and frequency methods. Finally, this
chapter introduces criteria and typical algorithms for ML-, subspace-, and sparse representation-
based methods, comparing their advantages and disadvantages to provide a basis for subsequent
algorithm selection for multipath-mitigating GNSS receivers.



Joint Spatial and Temporal GNSSMulti-
path Mitigation

3.1 Introduction

Multipath signals formed by signal reflection coming from objects in the vicinity of GNSS re-
ceivers result in a degradation of the tracking performance and an increase in the positioning error.
In particular, the pseudo-range error produced by multipath can reach meters or even hundreds of
meters in traditional GNSS receivers. Most GNSS receivers are equipped with a single-antenna
and rely on typical multipath-mitigating techniques in the time or frequency domain. It is difficult
to effectively identify cases of high correlation in the time domain (i.e. when the delay difference
between the LOS and the multipath signals is less than half a chip). Even if the receiver has mul-
tiple antennas and uses cascaded spatial and temporal structure to suppress multipath signals, it
may still be unable to deal with cases of high correlation in the spatial domain (i.e., when the angle
difference between the LOS and the multipath signals is less than half the main lobe width of the
antenna array). This chapter proposes a joint spatial and temporal GNSS receiving way that ob-
serves signals with a multipath environment from a two-dimensional perspective. The joint angle
and time delay estimation based on subspace or MSBL is proposed based on different application
requirements and advantages.

This chapter is structured as follows. First, the advantages and feasibility of joint spatial and
temporal processing compared to cascaded approaches are analyzed based on channel character-
istics discussed in Chapter 2. Second, we propose joint spatial and temporal subspace-based al-
gorithms that ensure both multipath mitigation and complexity reduction. We also introduce a
joint spatial and frequential smoothing subspace-based algorithm to address the rank-deficiency
problem that may occur with highly correlated sources. Next, we extend MSBL to the joint spa-
tial and temporal domains to account for sparsity in both domains. To overcome the limitations
of sparse representation, two algorithms based on on-grid and off-grid estimators are proposed to

41
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reduce complexity and improve resolution, making the proposed multipath mitigation applicable
to various GNSS scenarios. We optimize angle and delay estimation using the SAGE algorithm,
which yields a third algorithmwith improved resolution. We provide complexity analyses for these
methods and compare their performance in different multipath scenarios through LOS time delay
estimation. Finally, we summarize our findings.

3.2 Feasibility Analysis of GNSS Joint Spatial and Temporal Multi-
path Mitigation

The methods for mitigating multipath in pure space are limited by the number of antenna elements,
which determines the maximum number of multipath signals that can be resolved. While conven-
tional multi-antenna GNSS receivers cannot carry a large volume of antennas due to their limited
size, rendering pure space processing impractical for multipath mitigation. Existing multi-antenna
GNSS receivers often employ a cascaded spatial and temporal processing structure as depicted in
Figure 3.1 [100].

Spatial

Process

Temporal

Process

( )ty
( )H
tw y t̂

Figure 3.1: Cascaded Spatial and temporal structure of GNSS receiver

As mentioned in Figure 3.1, conventional multi-antenna GNSS receivers typically follow a
cascaded structure of space processing followed by time processing. The received signals are first
angles estimated and then subjected to beamforming operations. Since LOS signal and multipath
signals arrive at different angles, even the simplest beamforming pointed to the LOS signal can
partially suppress the multipath signals, as demonstrated in Figure 3.2.

Many spatial processing can be used for multipath mitigation based on these cascaded multi-
antenna GNSS receivers, such as the RELAXation[101], SAGE[22] and other ML algorithms, MU-
SIC [26], ESPRIT[27] and other subspace-based algorithms, matching pursuit[33], IAA[102], MSBL[13]

and other compressed sensing algorithms, as well as power inversion[103], MVDR[104] and spatial
beamforming algorithms. After spatial beamforming, a conventional GNSS receiver applies tem-
poral processing to suppress residual multipath signals further while capturing and tracking the
satellite signals. Multipath mitigation commonly used in GNSS receivers, such as narrow-band
early-late discriminators (nEMLs) [9], MEDLL [10], and other multipath-mitigating tracking loops
can be directly employed in the temporal processing.

The advantage of the cascaded spatial and temporal GNSS receiver is that it does not require
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Figure 3.2: The effects of beamforming to multipath signals

changes to the internal structure of the receiver itself. Instead, it adds a multi-antenna array at the
receiver’s front end, which can apply the corresponding mature research results in signal process-
ing. This makes it easier to develop and deploy GNSS receivers quickly. However, this cascaded
spatial and temporal receiver is limited by the spatial degrees of freedom, as the number of multi-
path signals that can be distinguished must be smaller than the total number of antenna elements.
Additionally, the cascaded spatial and temporal GNSS receiver processes signals separately in
space and time, meaning that the spatial and temporal information of the received signals cannot
be jointly utilized. As a result, there is a certain degree of inefficiency, and the performance may
deteriorate significantly in multipath scenarios with high correlation in either time or space.

In the past decades, the idea of JADE, aiming at parameter estimation by the corporation of spa-
tial and temporal information, was proposed. Subspace-based JADE processing has been applied
in CDMA and other communication systems, and its effectiveness has been demonstrated with low
complexity achieving good estimation performance [52]. JADE allows simultaneous observation
of spatial and temporal information from two dimensions, which solves the problem of high cor-
relation in either domain. This structure also expands the maximum number of signals estimated
by the Kronecker product of temporal and spatial steering vectors. However, extended JADE
subspace-based methods face challenges such as rank deficiency in the covariance matrix under
the multipath environment with highly correlated sources. Moreover, subspace-based methods re-
quire a quasi-static signal model and many snapshots to form the covariance matrix decomposition
for better performance. In sparse representation, the challenge is to estimate parameters with fewer
snapshots while maintaining robustness to incomplete compensation of small fractional DFOs in
multipath environments and overcoming computational complexity and off-grid effects.
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3.3 Joint Spatial and Temporal Multipath Mitigation based on Sub-
space Method

Traditional subspace-based methods, such as the ESPRIT [27],[52] and DOAMatrix [31], both rely
on steering vectors to construct subspace rotational invariance. They can obtain estimates through
eigenvalue decomposition without the need for searching. The corresponding smoothing methods
can achieve a perfect trade-off between performance and complexity in conventional multipath
environments. In this section, we propose two fast spatial and temporal subspace-based multipath-
mitigating algorithms, which can quickly estimate angles and delays through eigen decomposition.

3.3.1 Coherent Incidence Effects on Signal Subspace

Based on the joint spatial and temporal GNSS signal model (2.1), its auto-correlation matrix is
denoted as

Ryb
= E

{
yb (n)y

H
b (n)

}
= (A (θ)⊗R (τ̄ , τ ))γbγ

H
b (A (θ)⊗R (τ̄ , τ ))H + σ2I

= (A (θ)⊗R (τ̄ , τ ))Rs(A (θ)⊗R (τ̄ , τ ))H + σ2I

(3.1)

As Section 2.2 mentions, multiple GNSS signals typically have different DFOs. As a result, when
the matrix Rs is full rank, the subspace formed by the K eigenvectors corresponding to the K

largest eigenvalues is known as the signal subspace [105]. Additionally, the eigenvectors ofRyb
in

Equation (3.1) can be divided into two parts: the signal subspace and the noise subspace.

Ryb
=

(
Us Un

) Λs 0

0 Λn


 UH

s

UH
n

 (3.2)

where Us and Un are basis vectors for the signal and noise subspaces, respectively, consisting
of eigenvectors. Λs is a diagonal matrix composed of the K largest eigenvalues, while Λn is a
diagonal matrix containing the remaining eigenvalues. It is worth noting that the GNSS signal is
necessarily contained in the signal subspace. Therefore, the following relationship exists

A (θ)⊗R (τ̄ , τ ) = UsTs (3.3)

Assuming that the signals are uncorrelated, Ts ∈ CK×K is a full rank matrix that represents
the spatial and temporal steering vectors of each signal by a linear combination of column vectors
inUs. By substituting Equation (3.3) into (3.1) and comparing it with (3.2), it can be observed that
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the diagonal matrix Λs can also be expressed as

Λs ≈ TsRsT
−H
s (3.4)

However, one of the basic conditions for the derivation above is the full rank of Rs, which
may not be satisfied in the GNSS multipath environments. As mentioned earlier, the frequency
separation between different signals received by the antenna from the same satellite is relatively
small and can be approximately considered coherent in a static scenario. This may result in signifi-
cant singularity, high condition number, or even rank deficiency ofRs. This leads to an inaccurate
estimation of the number of input signals and affects the selection of column vectors in Us.

Similar to the coherent source incident problem in spatial processing, when the correlation be-
tween various signals is high, it is impossible to directly apply the subspace-based method as in
the case of incoherent sources. The high condition number and significantly different eigenvalue
distribution of Rs also estimate the signal subspace very sensitive to noise perturbations, result-
ing in inaccurate spatial estimates, especially at low signal-to-noise ratio or with fewer snapshots.
Therefore, to utilize the convenience of the subspace-based method for multipath mitigation, it is
necessary first to address the problem of coherent source estimation.

3.3.2 Joint Spatial and Frequential Smoothing

To address the multipath-mitigating problem, traditional spatial processing usually employs spatial
smoothing techniques [106]. By exploiting the repetitive nature of the spatial steering vectors pro-
duced by the received signals, spatial smoothing divides the receiving array into multiple subarrays
with similar spatial features. Then, by combining the auto-correlation matrices of each subarray, it
achieves coherent signal separation at the cost of reducing the array aperture in the spatial domain.
Since this thesis focuses on multipath mitigation, which belongs to the case of coherent source inci-
dence, the general subspace decomposition method cannot separate the two signals due to the rank
deficiency of the auto-correlation matrix. Therefore, this method further constructs an extended
matrix based on the idea of spatial smoothing[106], introducing some spatial degrees of freedom
into the frequency domain and increasing the resolution of the multipath signals.

Based on the analysis of temporally filtered GNSS signal model, as shown in Equation (2.6),
it can be inferred that the time domain matrix RT (τ̄ , τ ) is selected based on the values of the
signal’s auto-correlation function around its peaks. By utilizing the time delay set τ̄ close to the
coarse delay, the signal’s time domain waveform can be reconstructed, and pointwise amplitude
distortion caused by the signal waveform can be removed in the frequency domain. This also
creates rotation invariancewith respect to the time delay in the frequency domain. The performance
can be further improved by transforming Equation (2.6) into the frequency domain and equalization,
as demonstrated in [65].
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Ẏf (n) = A (θ) diag (γ)P T (τ ) + Ṅf (n) (3.5)

where the frequential matrix P T (τ ) is defined as P (τ )
.
= [p (τ1) , . . . ,p (τK)] and p (τk)

.
=[

1, . . . , e−j
2π(Mτ−1)τk

Mτ

]T
.

To construct a spatial and frequential GNSS similar to the construction of the spatial and tem-
poral GNSS signal in Equation (2.7), we have

yfb (n) = (A (θ)⊗ P (τ ))γfb + nfb (n) (3.6)

combining the steering vector of ULA in (2.8) and the spatial and frequential vector p (τk) ⊗
a (θk) in (3.6), it can be seen that despite being extended by the frequency vector p (τk), the
spatial characteristics behave a Vandermonde structure. This means traditional spatial smoothing
techniques can still be applied to this spatial and frequential vector.

Taking the first MθsMτ rows of A (θ)⊗ P (τ ) to form the submatrix (ΨθA (θ)) ⊗ P (τ ),
the matrix Ψθ can be defined by selecting elements from (ΨθA (θ)) ⊗ P (τ ). Let the selection
matrix be Ψθ

.
=

[
IMθs

,0Mθs×(Mθ−Mθs )

]
∈ CMθs×Mθ . There are Nθs = Mθ −Mθs + 1 groups

of spatial smoothing available, one of which can be expressed as follows

xs (n) = ((ΨθA (θ))⊗ (P (τ ))) (Φθ)
nθs−1γfb + ns (n) (3.7)

whereΦθ is a diagonal matrix composed of phase shifts generated by the angles of each signal on
adjacent array elements in spatial domain.

Φθ = diag
{
ej2πd sin(θ1)/λ, . . . , ej2πd sin(θK)/λ

}
(3.8)

Taking the first (Mθs − 1)Mτ rows as xsx and the last (Mθs − 1)Mτ rows as ysy, it can
be observed that both xsx and ysy behave a rotated invariant structure. They are respectively
represented as

xsx (n) =
((
ΨθĀ (θ)

)
⊗ (P (τ ))

)
(Φθ)

nθs−1γfb + nsx (n) (3.9a)

ysy (n) =
((
ΨθĀ (θ)

)
⊗ (P (τ ))

)
(Φθ)

nθsγfb + nsy (n) (3.9b)

Through Equation (3.6), we primarily utilize the rotation invariance in spatial domain to per-
form smoothing operation, whichmakes the inherently low-rank covariance matrix full rank. It can
also be observed that the frequential domain matrix P (τ ) has rotational invariance due to equal-
ization. By extending the smoothing operation from spatial to spatial and frequential domains, the
subspace method’s ability to resolve multipath is further enhanced through this kind of smoothing.
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Use the spatial selection matrixΨθ
.
=

[
IMθs

,0Mθs×(Mθ−Mθs )

]
∈ CMθs×Mθ and the frequen-

tial selection matrixΨτ
.
=

[
IMτs

,0Mτs×(Mτ−Mτs )

]
∈ CMτs×Mτ to select the firstMθs rows from

the spatial matrix A (θ) and the first Mτs rows from the frequential matrix P (τ ), respectively,
to form a new spatial and frequential submatrix (ΨθA (θ)) ⊗ (ΨτP (τ )) in Equation (3.7). It
can be seen that there are NθNτ groups of smoothing techniques available in both the spatial and
temporal domains, with Nθs = (Mθ −Mθs + 1) and Nτs = (Mτ −Mτs + 1). One of these can
be expressed as follows

xs (n) = ((ΨθA (θ))⊗ (ΨτP (τ ))) (Φθ)
nθs−1(Φτ )

nτs−1γfb + nm (n) (3.10)

whereΦτ is a diagonal matrix composed of phase shifts generated by the delays of each signal on
adjacent array elements in the frequential domain.

Φτ = diag
{
e−j2πτ1/Mτ , . . . , e−j2πτK/Mτ

}
(3.11)

The spatial and frequential smoothing process and submatrix selection can be summarized in
3.3.
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Figure 3.3: The spatial and frequential smoothing processing

Similarly, we have the subvectors xsx and yys

xsx (n) =
((
ΨθĀ (θ)

)
⊗
(
Ψτ P̄ (τ )

))
(Φθ)

nθs−1(Φτ )
nτs−1γfb + nsx (n) (3.12a)
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ysy (n) =
((
ΨθĀ (θ)

)
⊗
(
Ψτ P̄ (τ )

))
(Φθ)

nθs (Φτ )
nτsγfb + nsy (n) (3.12b)

Under the condition of different angles for each signal, pure spatial processing can support
coherent solutions for up toMθs signals, which requiresMθs ≥ K. Unlike the spatial processing
in [105], the spatial and frequential smoothing of the auto-correlation matrix benefits from the
expansion of the frequency elements P̄ (τ ) in the spatial and frequential subarray steering vectors.
This significantly reduces the requirement for the number of array elements during the smoothing,
from Nθs ≥ K to NτsNθs ≥ K. Here, Nτs is the length of the frequential subvectors. Although
Nτs ≥ Mτ , the joint spatial and frequential processing method effectively treats the frequential
subvectors as spatial elements, greatly increasing the estimated number of signals. Even for GNSS
signals with BPSK modulation, the sampling rate is at least 4, and considering the need to fully
reconstruct the whole signal by thoroughly sampling the main lobe, the value of Mτ is usually
above 10. This makes the adequate number of elements in the spatial and frequential subvector
NτsNθs large enough such that only the smoothing factor Mθs needs to be considered during the
spatial or spatial and frequential smoothing operations.

3.3.3 Joint Spatial and Temporal Estimation based on Subspace Method

According to the definitions of xsx and ysy in Equation (3.9) and (3.12), we know that the spatial-
frequential subvectors output by these two adjacent submatrices have the same characteristic wave-
form matrix

((
ΨθĀ (θ)

))
⊗
((
Ψτ P̄ (τ )

))
, the complex amplitude vector γfb are the same. The

only difference is in the diagonal matrices Φθ and Φτ , which correspond to the rotational invari-
ance property of subspaces pointed out in ESPRIT [27]. Accordingly, an approach similar to DOA-
Matrix [31] can be constructed by constructing a matrix, which can decompose the multipath sig-
nals into their respective angles and the joint spatial and temporal waveforms of the signals. This
method can then be used to obtain the angles and delays of each signal. A simple derivation is
provided below.

Firstly, compute the auto-correlation matrix within N code periods,

Rxx =
1

NτsNθs

Nτs∑
nτs=1

Nθs∑
nθs=1

xsx (n)x
H
sx (n) (3.13)

The auto-covariance matrix ofRxx is recorded as

Rxx0 = Rxx − σ2I (3.14)
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Meanwhile, compute the cross-correlation matrix

Ryx =
1

NτsNθs

Nτs∑
nτs=1

Nθs∑
nθs=1

ysy (n)x
H
sx (n) (3.15)

An assumption has beenmade that eachmultipath signal’s angle is different from others. There-
fore, Equation (3.13) and (3.15) are full rank. According to (3.13) and (3.15), we have

R = RyxRxx (3.16)

then we have
R

((
ΨθĀ (θ)

)
⊗ P (τ )

)
=

((
ΨθĀ (θ)

)
⊗ P (τ )

)
Φθ (3.17)

From Equation (3.16), the joint spatial and temporal subvector and angles can be obtained from
the corresponding eigenvalue and eigenvector in eigen decomposition ofR. The Joint Angle and
Delay Estimation with Spatial Smoothing DOAMatrix algorithm in (3.9) is abbreviated as JADE-
SS-DOAMatrix, and the Joint Angle and Delay Estimation with Spatial and Frequential Smoothing
DOAMatrix algorithm in (3.12) is short for JADE-SFS-DOAMatrix.

The JADE-SS-DOAMatrix and JADE-SFS-DOAMatrix algorithms can be summarized in the
following Algorithm 1.

Algorithm 1 JADE-SS-DOAMatrix and JADE-SFS-DOAMatrix Algorithm

Input: The received signal Ẏ in N code periods and the number of signalsK
Output: The estimated time delay set τ and angle set θ
1: According to Equation (2.6), the vectorized signal Ẏ is conducted by temporal filter based

on the acquisition information, and FFT processing is carried out to construct the spatial and
temporal GNSS signal according to (3.5) and (3.6).

2: Apply spatial forward smoothing or space-frequency forward smoothing using Equations (3.7),
(3.9), or (3.16), (3.17).

3: The spatial and temporal covariance matrix Rxx or Ryx is calculated based on the spatial
and temporal vector after spatial smoothing or spatial and frequential smoothing and Equation
(3.10) and (3.13).

4: Using the extended DOAMatrix method, and according to the formula (3.14) and (3.15), the
angles and delays are obtained from the eigenvalues and eigenvectors, respectively.

3.4 Joint Spatial and Temporal Multipath Mitigation based on off-
grid MSBL

Based on the robustness and effectiveness of MSBL in mitigating multipath signals [107], this sec-
tion proposes three joint spatial-temporal multipath mitigation methods according to parameter
estimation accuracy requirements for various GNSS applications. Firstly, we propose a joint angle
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and delay estimation algorithm based on MSBL in a sparse spatial-temporal model that achieves
simultaneous estimation of angle and delay, improves robustness against multipath, and adaptive
capabilities in low signal-to-noise ratios and with few snapshots. Secondly, we combine on-grid
and off-grid estimators with spatial-temporal domain processing to reduce computational complex-
ity and improve parameter estimation accuracy. Thirdly, considering practical GNSS scenarios,
three methods are proposed: JOADE-MSBL (joint on-grid angle and off-grid delay estimation
based on MSBL) is proposed for cases where delay estimation requires more accuracy than angle
estimation; JAODE-MSBL (joint off-grid angle and on-grid delay estimation based on MSBL) is
proposed for reverse situations; Furthermore, the JOAODE-MSBL&SAGE (joint on-grid angle
and on-grid delay estimation based on MSBL and SAGE) method, which uses SAGE to refine the
estimation results of JOAODE-MSBL and obtain accurate angle and delay estimates.

JOADE-MSBL is described first, and the other two algorithms are outlined later.

3.4.1 Joint On-grid Angle and Off-grid Delay Estimation based on MSBL

The problem of joint on-grid angle and off-grid delay estimation consists in finding not only the
set of nonzero indices of X but also the off-grid shifts βτ for the delays. A method based on the
MSBL methodology is presented below.

Given that the additive noiseE in (2.16) is assumed to be complex Gaussian with mean value
zero and variance σ2, the data likelihood for the sources X given the observation Y is complex
Gaussian as

p (Y |X, λn,βτ ) =
N∏

n=1
CN

(
yb (n) |Φβτ xb (n) , λ

−1
n IMθ,Mτ

)
(3.18)

A Gamma hyperprior (since it is a conjugate prior of the Gaussian distribution) is adopted for
the unknown precision, λn

.
= σ−2, and it can be expressed as

p (λn; a, b) = B (λn| a, b) (3.19)

with the hyperparameters a, b, andB (λn| a, b)
.
=[Γ (a)]−1baλa−1

n e−bλn beingΓ (a)
.
=
∫∞
0 xa−1e−xdx

the Gamma function.

For the prior of X , we assume that columns are uncorrelated between them and each one
follows a zero-mean complex Gaussian distribution with angle-delay-dependent variance α =

[α1, . . . , αNθNτ ]
T andΥ = diag (α),

p (X|α) =

N∏
n=1

CN (xb [n]| 0,Υ) (3.20)

A two-stage hierarchical prior: p (X; ρ) =
∫
p (X|α)p (α; ρ) dα is adopted with hyperpa-
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rameter ρ > 0

p (α, ρ) =

NθNτ∏
ng=1

Γ (α (ng)| 1, ρ) (3.21)

which promotes the row sparsity ofX , that is to say, it favors that most rows ofX are zero.
For the off-grid parameter vector βτ , a non-informative uniform prior is used

p (βτ ; rτ ) = U

(
−1

2
rτ ,

1

2
rτ

)
(3.22)

where we have

U ([c, d]) =


1

d−c , c ≤ x ≤ d

0, otherwise.
(3.23)

To estimate angle and delays, we can formulate the following problem to maximize the poste-
rior probability given the received signal

{
X̂, λ̂n, α̂, β̂τ

}
= arg max

{X,αn,α,βτ}
p (X, λn,α,βτ |Y ) (3.24)

The problem of posterior probability above cannot be solved directly; hence, the EMmethod is
applied toMSBL. By combining the stages of the hierarchical Bayesianmodel, the joint probability
density function (PDF) is

p (X,Y , λn,α, βτ ) = p (Y |X, λn,βτ ) p (X|α) p (α) p (λn) p (βτ ) (3.25)

with the distributions on the right-hand side as defined by (3.18), (3.20), (3.21), (3.19) and(3.22),
respectively. To realize the proposed JOADE-MSBL, a graphical model is depicted in Figure 3.4
that the unknown parameters (written in circles) are determined by hyperparameters (written in
rectangles).
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Figure 3.4: Graphical model of JOADE-MSBL

Given the likelihood of the array observations (3.18), and the priors (3.20) and (3.21), the
posterior PDF for the source amplitudesX can be found using the Bayes rule conditioned on αn
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and α as

p (X |Y , λn,α,βτ ) ∝p (Y |X, λn,βτ ) p (X|α) (3.26)

It is easy to show that the posterior distribution ofX is a complex Gaussian distribution, since
both p (Y |X;λn,βτ ) and p (X; ρ) are Gaussian, with posterior mean µ and covarianceΣ

µ (n) = E {xb (n) |Y , λn,α,βτ }

= λnΣΦH
βτ
yb (n)

(3.27)

Σ = E
{
(xb (n)− µ (n)) (xb (n)− µ (n))H |Y , λn,α,βτ

}
=

(
λnΦ

H
βτ
Φβτ +Υ−1

)−1
(3.28)

wheren = 1, . . . , N . TheWoodburymatrix identity is applied to obtainΣ = Υ−ΥΦH
βτ
Σ−1

y ΦβτΥ,
where the array data covarianceΣy is

Σy = E
{
yb (n)y

H
b (n)

}
= λ−1

n I +ΦβτΥΦH
βτ

(3.29)

From the formulations mentioned above, hyperparameters λn, α, βτ are needed to be known
to calculate µ and Σ. To address the estimation of hyperparameters, the EM algorithm is imple-
mented. It treatsX as a hidden variable and turns tomaximizingE {log p (X,Y , λn,α,βτ )}with
respect to each hyperparameter. Following a similar procedure as Tipping described [107], denoting
U = [µ (1) , . . . ,µ (N)], it is easy to obtain the following updates of λn and α by maximizing
E {log p (X |α) p (α)} and E {log p (Y |X, λn,α,βτ ) p (λn)}, respectively

α (ng) =

√
N2 + 4ρE

{
∥X (ng, :)∥22

}
− 1

2ρ
(3.30)

λn =
2MθMτ ·N + a− 1

E
{
∥Y −ΦβτX∥2F

}
·N + b

(3.31)

whereE
{
∥X (ng, :)∥22

}
=∥U (ng, :)∥22+Σ (ng, ng), E

{
∥Y −ΦβτX∥2F

}
= ∥Y −ΦβτU∥2F +

α (ng)
NθNτ∑
n=1

ς (ng), and ς (ng) = 1−α−1 (ng)Σ (ng, ng) when ng = 1, . . . , 2NθNτ .

As for the off-grid vector βτ , we can obtain the following likelihood function by maximizing
E {log p (Y |X, λn,βτ ) p (βθ)}, what results in the following expression after ignoring the terms
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independent of βτ

E

{
1
N

N∑
n=1

∥yb (n)−Φβτxb (n)∥22

}
= 1

N

N∑
n=1

∥yb (n)−Φβτµ (n)∥22 + tr
{
ΦβτΣΦH

βτ

}
= βT

τ Pτβτ − 2vT
τ βτ + C1

(3.32)

where C1 is a constant term independent of βτ . Pτ is a positive semi-definite matrix

Pτ = Re

{
1
N

N∑
n=1

ΞH
τ Ξτ

}
+

Re
{
JT
NθNτ×Nτ

(
Σ⊙ (A⊗Bτ )

H (A⊗Bτ )
)
JNθNτ×Nτ

} (3.33)

vτ = Re

{
1
N

N∑
n=1

{
(yb (n)− (A⊗C)µ (n))HΞτ

}T
}

−Re

{{
diag

(
(A⊗Bτ )

H (A⊗C)Σ
)}T

JNθNτ×Nτ

T} (3.34)

with Ξτ =
((
A ·matµT (n)

)
⊗ IMτ

)
(INτ ⊗Bτ )JN2

τ×Nτ
and matµ (n) ∈ C2Nθ×Nτ being a

reshaped matrix of µ (n). JNθNτ×Nτ is defined by JNθNτ×Nτ

.
= 1Nθ

⊗ INτ . J(Nτ )
2×Nτ

is with
the element of (Nτ (mτ − 1) +mτ ) th row mτ th column being one, mτ = 1, . . . , Nτ and other
elements being zero. Besides the detailed derivation of (3.32)-(3.34) is shown in Appendix 3.8.

For the purpose of estimating βτ , we have

Φ̂τ = arg min
βτ∈[− 1

2
rτ ,

1
2
rτ ]

{
βT
τ Pτβτ − 2vT

τ βτ

}
(3.35)

To simplify the above calculation, by (3.35) and ∂
∂βτ

{
βT
τ Pτβτ − 2vT

τ βτ

}
= 2 (Pτβτ − vτ ) we

have β̂τ = P−1
τ vτ in case of Pτ being invertible.

3.4.2 Joint Off-grid Angle and On-grid Delay Estimation based on MSBL

After describing in detail the derivation of JOADE-MSBL, we sketch how the other estimators are
obtained since the derivation follows similar steps to the previous ones, so we highlight only the
differences.

Following the sparse model (2.16) and (2.17) for JOADE-MSBL, the solutions of α and λn

can be obtained by adopting the same steps of (3.30) and (3.31). We can compute the off-grid angle
estimate vector βθ following the same procedure described in (3.32)-(3.35) with the corresponding
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changes in the expressions:

E

{
1
N

N∑
n=1

∥yb (n)−Φβθ
xb (n)∥22

}
= 1

N

N∑
n=1

∥yb (n)−Φβθ
µ (n)∥22 + tr

{
Φβθ

ΣΦH
βθ

}
= βT

θ Pθβθ − 2vT
θ βθ + C2

(3.36)

with the matrix Pθ and the vector vθ given by

Pθ = Re

{
1
N

N∑
n=1

ΞH
θ Ξθ

}
+

Re
{
JT
NθNτ×Nθ

(
Σ⊙ (Bθ ⊗C)H (Bθ ⊗C)

)
JNθNτ×Nθ

} (3.37)

vθ = Re

{
1
N

N∑
n=1

{
(yb (n)− (A⊗C)µ (n))HΞθ

}}
−Re

{{
diag

(
(Bθ ⊗C)H (A⊗C)Σ

)}T
JNθNτ×Nτ

} (3.38)

In the above equations, Ξθ = (Bθ ⊗ IMτ ) (INθ
⊗ (C ·matµ (n)))JN2

θ×Nθ
. JNθNτ×Nτ is

defined by JNθNτ×Nθ

.
= [ONτ×Nθ

(1) , . . . ,ONτ×Nθ
(Nθ)]

T , and the nθ th matrix ONτ×Nθ
(nθ)

is with the nθ th column being one and the other entries being zeros. JN2
θ×Nθ

is with the element of
(Nθ (mθ − 1) +mθ) th row andmθ th column being one wheremθ = 1, . . . , Nθ and other entries
being zeros. The JOADE-MSBL and JAODE-MSBL are summarized in Algorithm 2.

Algorithm 2 JOADE-MSBL and JAODE-MSBL algorithms
Require: Y ,A and C,Bθ orBτ and the number of signalsK
Ensure: α, βτ and βθ

1: λn = 100/var {Y }, βθ = 0, or βτ = 0.
2: The hyperparameters are defined as a = b = 1× 10−4 and ρ = 0.01.
3: while it meets ε ≤ 10−3 or exceeds the maximum iteration ≤ 500 do
4: Calculate µ, Σ and Φβτ or Φβθ

using the current values of the hyperparameters according
to (3.26), (3.27), (3.28), and (2.17) or (2.18), respectively.

5: Update α and λn according to (3.30) and (3.31) with the sparse model Φβτ or Φβθ
.

6: FindK + 1 largest peaks in α and calculate the corresponding angles and delays grid num-
bers, respectively.

7: Update βθ or βτ according to (3.32), (3.33), (3.34) or (3.36), (3.37), (3.38).
8: Calculate the error ε =

∥∥αnew −αold
∥∥
2

/∥∥αold
∥∥
2
.

9: end while

3.4.3 Joint Angle and Delay Estimation based on MSBL and SAGE

Thanks to the robustness against correlatedmultipath, JOADE-MSBL and JAODE-MSBL are pow-
erful methods to obtain either accurate delay or angle estimates. However, high resolution in both
angle and delay may be needed in specific GNSS use cases. The SAGE algorithm [22, 23] provides a
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way to achieve super-resolution and unbiased estimates, but it has the drawback that it only guaran-
tees local optimality, which makes it extremely sensitive to initial values. Therefore, a combination
of SAGE and JOAODE-MSBL is proposed whereby JOAODE-MSBL provides with SAGE the
precise initialization values; meanwhile, SAGE returns the finer estimates.

The graphical model of JOAODE-MSBL is depicted in Figure 3.5 that the unknown parameters
(written in circles) are determined by hyperparameters (written in rectangles).

Y

X

r

a

b

an
l

Figure 3.5: Graphical model of JOAODE-MSBL

As Fleury [22] described, the basic concepts of SAGE are the hidden data space breaking
down the multi-dimensional optimization problem into several smaller ones, and the parameter
estimation for each path by sequentially conditioning on a subset of parameters while keeping the
parameters of the complement subset fixed.

According to model (2.2), we introduce a definition of sk (t)
.
= γka (θk) c (t− τk). After

collecting N code periods and we get

YN = [y (1) , . . . ,y (L) , . . . ,y ((N − 1)L+ 1) , . . . ,y ((N − 1)L+ L)] ∈ CMθ×LN (3.39)

andSN,k ∈ CMθ×LN ,EN,k ∈ CMθ×LN , cN (τk) ∈ C1×LN . The stochastic mapping of the hidden

data space to the observed signal is YN = XN,k +
K∑

k′=1,k′ ̸=k

(
SN,k′ +EN,k′

)
where XN,k

.
=

SN,k +EN,k. After estimating the hidden data space in the so-called expectation step with

X̂N,k = YN −
K∑

k′=1,k′ ̸=k

ŜN,k′ (3.40)

where SN,k = a (θk) γkcN (τk). The maximization step is used to estimate in each hidden data
space

z (θk, τk, vk) = aH (θk) X̂N,kc
H
N (τk) (3.41a)

θ̂k = argmax
θk

{
|z (θk, τ̂k, v̂k)|2

}
(3.41b)

τ̂k = argmax
τk

{∣∣∣z (θ̂k, τk, v̂k)∣∣∣2} (3.41c)
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γ̂k =
z
(
θ̂k, τ̂k, v̂k

)
MθLN

(3.41d)

which are performed. Obviously, the estimated hidden data space in (3.40) is the vulnerable
step that requires precise estimates to ensure the correct path elimination, and these estimates
can be the on-grid estimated angles and delays obtained with JOAODE-MSBL. The JOAODE-
MSBL&SAGE algorithm is outlined in Algorithm 3.

Algorithm 3 JOAODE-MSBL&SAGE algorithm
Input: Y ,A and C and the number of signalsK
Output: The estimated time delay set τ and angle set θ
1: λn = 100/var {Y }.
2: The hyperparameters are defined as a = b = 1× 10−4 and ρ = 0.01.
3: while it meets ε ≤ 10−3 or exceeds the maximum iteration ≤ 500 do
4: Calculate µ, Σ and Φ using the current values of the hyperparameters according to (3.26),

(3.27), (3.28) and (2.14) respectively.
5: Update α and λn according to (3.29) and (3.30) with the sparse model Φ.
6: Find the K + 1 largest peaks in α and calculate the corresponding angles and delays grid

numbers, respectively.
7: Calculate the error ε =

∥∥αnew −αold
∥∥
2

/∥∥αold
∥∥
2
.

8: end while

3.5 Complexity and Convergence Analysis

3.5.1 Complexity Analysis

In Section 3.3, the two subspace-based methods differ only in the type of smoothing applied, either
in the spatial or joint spatial and frequential domains. Therefore, their computational complexities
are approximately similar and mainly involve one FFT, one matrix decomposition, and one matrix
inversion. For instance, the computational complexity of a complex multiplication for one FFT
should beO (LN · log2 (L)). Due to the acquisition information, the GNSS signal is filtered to the
time domain, and a segment near the peak value of the ACF is extracted. As a result, the complexity
is reduced to almostO (MτN · log2 (Mτ )). The assumption is thatMτ ≪ L significantly reduces
the computational complexity compared to performing an FFT directly on the original signal. Both
matrix decomposition and inversion are equally complex as they are performed on a joint spatial
and temporal matrix and consume resources up to O

(
(MθMτ )

3
)
.

The computational complexity of the SAGE mainly depends on the resource consumption of
each dimension’s search. In this section, we used 2D-SAGE, so the complexity of SAGE can be
expressed as O (2K · LN ·Nn · IS), whereNn represents the number of search points per dimen-
sion (assuming that the number of search points is the same for all dimensions), and IS denotes the
number of iterations. The number of search points in SAGE changes with search precision, and
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generally, the iteration count of SAGE should be at least 10 times with over 200 search points.
For the JADE-MSBL, the computational complexity of the three proposed MSBL algorithms

is almost the same. The most complex operation in each iteration is the inversion of the spatial
and temporal matrix, which has a complexity ofO

(
(NθNτ )

3
)
. After multiple iterations, the over-

all complexity can reach O
(
IL · (NθNτ )

3
)
, where IL denotes the number of iterations required.

Generally, the JADE-MSBL algorithms should have at least 30 iterations.
The above three methods can be summarized as Table 3.1.

Table 3.1: Complexity Analysis

Methods FFT Decomposition Matrix Inversion Searching
JADE-

DOAMatrix
O (MτN log2 (Mτ )) O

(
(MθMτ )

3
)

O
(
(MθMτ )

3
)

/

JOAODE-
MSBL

/ / O
(
IL(NθNτ )

3
)

/

SAGE / / / O (2KLNNnIS)

The joint spatial and temporal subspace-based multipath mitigation has a clear advantage in
terms of computational complexity compared to SAGE or the joint spatial and temporal MSBL-
based multipath mitigation methods. Although the SAGE algorithm has fewer iterations, its com-
plexity increases significantly with the number of search points and multipath signals. On the
other hand, the MSBL-based method is not affected by the number of multipath signals, but due to
more iterations and an increase or decrease in the spatial and temporal dimensions caused by grid
division, its complexity is relatively high.

3.5.2 Convergence Analysis

The hyperparametersα, λn are estimated by a type-III ML, i.e., by maximizing the evidence that
was treated as constant in (3.26), and the cost function can be expressed as

ℓ (α, λn) = log p (Y |λn, α, βτ )

=
∫
p (Y |X, λn, α, βτ )p (X |α) dX

∝ −tr
(
Y HΣ−1

y Y
)
−N log |Σy|

(3.42)

where the EM method is adopted to minimize (3.42). The hyperparameters updating rules are
derived from the cost function ℓ (α, λn) with respect to α and λn, denoting as

αnew (ng) =

(
αold (ng)

)2
N

∥∥Y HΣ−1
y Φβτ (:, ng)

∥∥2
2
+Σ (ng, ng) (3.43)

The sequence of parameter estimates in the EM iteration converges [108]. However, conver-



58 CHAPTER 3. JOINT SPATIAL AND TEMPORAL GNSS MULTIPATH MITIGATION

gence is guaranteed toward a local optimum of the marginal log-likelihood log p (Y , λn,βτ )
[35].

Guarantees for convergence can be given provided
∣∣∂αnew (ng)

/
∂αold (ng)

∣∣ < 1 but is hard to
prove analytically [13, 35], while we can observe the convergence of the proposed methods through
simulations.

To demonstrate the convergence performance of the proposed methods, the simulations in
terms of spatial and temporal spectra, convergence rate, the estimated variance of noise, and RM-
SEs via increased iterations are shown in the following subsections. The three proposed methods
based on MSBL have similar convergence performance, and here we only take JOADE-MSBL as
an example. The simulation is conducted with a carrier-to-noise ratio ofC/N0 = 45 dB-Hz. In the
simulation, we define the highly spatial correlation as the angle difference between the LOS signal
and the multipath signal less than half of the main lobe of beamwidth. Similarly, highly temporal
correlation is defined as the time delay difference between the LOS signal and the multipath signal
is less than half of the chip Tc

[25, 75]. These definitions will be used consistently throughout the
rest of the thesis. Two simulation scenarios are set in this section. One is temporally correlated,
where the time delays of the LOS signal and the multipath signal are 0.03Tc and 0.38Tc, respec-
tively, and the angles are 0.3◦ and 30.8◦, respectively. The other scenario is both highly spatially
and temporally correlated, where the time delays of the LOS signal and the multipath signal are
0.03Tc and 0.38Tc, respectively, and the angles are 0.3◦ and 6.8◦, respectively. All channel and
name settings are consistent with Subsection 3.6.1.
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Figure 3.6: The spatial and temporal spectra of JOADE-MSBL with temporally correlated signals
(1st row) and spatially and temporally correlated signals (2nd row)

The spatial and temporal spectra of JOADE-MSBL under two different correlated situations
and varied iterations are displayed in Figure 3.6. As the number of iterations increases, the miti-
gation results of the LOS signal and the multipath signal become better, from having a clear main
peak at the beginning to finally removing the multipath interference completely.

The convergence rate ε =
∥∥αnew −αold

∥∥
2

/∥∥αold
∥∥
2
of JOADE-MSBL in different correlated
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Figure 3.7: Convergence rate ε and noise variance σ2 of JOADE-MSBL for 10 monte carlo simu-
lations with temporally correlated signals (1st row) and spatially and temporally correlated signals
(2nd row)

scenarios are demonstrated in Figure 3.7. JOADE-MSBL exhibits good convergence (with εmin =
−60 dB defined) and the convergence rate is faster in purely temporal correlated scenario than in
the spatial and temporal correlated scenario. At the same time, as the number of iterations increases,
the noise variance can converge quickly to a fixed value.
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Figure 3.8: The RMSEs via increased iterations with temporally correlated signals (left panel) and
spatially and temporally correlated signals (right panel)

To observe the relationship between the number of iterations and the multipath mitigation per-
formance, the RMSE of JOADE-MSBL and SAGE are compared. In the case of temporally cor-
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related signals, as shown in Figure 3.8, it can be seen that 2D-SAGE, whether ideal or practical
initialization, has a faster convergence rate than JAODE-MSBL. 2D-SAGE only converges a few
iterations, while JAODE-MSBL requires twice as many iterations to achieve nearly the same per-
formance. In particular, on the correlation between signals, a relatively low number of iterations
for JOADE-MSBL between 10 and 25 suffices.

3.6 Simulation Results and Performance Analysis

In this section, we evaluate the root mean square error (RMSE) performance of the subspace-based
and off-grid MSBL-based methods to mitigate multipath effects in simulation. We assess their per-
formance under varying carrier-to-noise ratio (C/N0) and varying angle and time delay differences
between LOS signals and multipath signals. The simulations use GPS L1 C/A code signals as the
target signal to validate the effectiveness of the proposed methods.

3.6.1 RMSEs as a Function of C/N0

The RMSEs of the subspace-based and off-grid MSBL methods as a function of C/N0 are dis-
played. In the following two subsections, we assume the use of an 8-element uniform linear array
(ULA) with half-wavelength spacing between elements. The simulations assume the presence of
a LOS signal and a multipath signal, and the signal-to-multipath ratio (SMR) is defined as 3 dB.

RMSEs of JADE-DOAMatrix as a Function of C/N0

We observe a 100ms signal, corresponding to using N = 100 C/A code periods. The RMSEs
of JADE-SS-DOAMatrix, JADE-SFS-DOAMatrix, and their CRLB as a function of C/N0 are
shown under two multipath scenarios. One multipath scenario is with only temporal correlation
conditions, and the other one is with spatial and temporal correlation conditions. The LOS and
multipath signals have time delays of 0Tc and 0.6Tc, respectively, but are incident from different
angles in the spatial domain. In the temporal-only correlated scenario, they are from 0◦ and 60◦,
respectively. In spatial and temporally correlated scenarios, they are from 0◦ and 10◦, respectively.

Figure 3.9 compares the two joint spatial and temporal subspace-based algorithms. In the
case of separable space (left panel), the performance of JADE-SS-DOAMatrix and JADE-SFS-
DOAMatrix algorithms are close to CRLB. However, in the right panel, JADE-SS-DOAMatrix,
which only relies on spatial smoothing to solve the rank deficit problem of the covariance matrix,
cannot effectively distinguish multipath signals in highly spatially correlated cases. By contrast,
JADE-SFS-DOAMatrix adopts both spatial smoothing and frequential smoothing, which ensures
the full rank requirement of the covariance matrix. Therefore, it can distinguish multipath more
effectively than JADE-SS-DOAMatrix when the C/N0 is over 39 dB-Hz.
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Figure 3.9: RMSEs of LOS signal time delay via C/N0 in case of temporally correlated signals
(left panel) and spatially and temporally correlated signals (right panel)

RMSEs of JADE-MSBL as a Function of C/N0

This section investigates JOADE-MSBL, JAODE-MSBL, JOAODE-MSBL&SAGE, SAGE,
and JADE-SS-MUSIC for various GNSS multipath cases.

For all the proposed approaches based on sparse representation, the scanning angle grid is
uniformly distributed in the range from −90◦ to 90◦ with the angle interval of rθ = 2◦ between
adjacent grid points. Likewise, we use a uniform scanning delay grid range from −Tc to Tc, with
delay interval rτ = 0.1Tc. As for the initialization, we set ρ = 0.01 and a = b = 1 × 10−4. In
addition, λn and α are initialized as λn = 100

var{Y } with var {Y } denoting as the element-wise

variance of Y and α = 1
MθMτN

N∑
n=1

∣∣ΦHyb (n)
∣∣ var {Y }. Off-grid vectors are set as βτ = 0 or

βθ = 0. The convergence condition is satisfied with εmin = −30 dB or the number of iterations
exceeding 500.

Unless noted otherwise, SAGE is implemented by two different initializations: the ideal one
(SAGEi) and the practical one (SAGEp). The former is that both angles and delays are initialized
in a uniformly randomway within a very range around the true value of the parameters. The ranges
for angle and delay are

(
−3

4rθ,
3
4rθ

)
and

(
−3

4rτ ,
3
4rτ

)
, respectively. To account for a more realistic

environment, in SAGEp, the initial angles are unknown and the initial delays are constrained to be
in a [−Tc, Tc] range centered on the true delay, since in practice a rough estimation of the delay is
available thanks to the acquisition step. For comparison purposes, two-dimensional (2D) SAGE
for angle and delay is applied to all cases, and the 3D-SAGE for angle, delay and FFO is used in
cases C and D, as described below.
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JADE-MUSIC subspace method is implemented as described in [65]. Spatial smoothing with
6 sliding elements and forward averaging are adopted to facilitate the decorrelation of the LOS and
multipath signals.

Case A: RMSEs as a Function of C/N0 with Temporally Correlated Signals In this case, we
consider the LOS and multipath signals to be separable in the spatial domain. These two correlated
rays impinge from angles equal to −0.7◦ and 30.2◦, and the corresponding delays are 0.03Tc and
0.38Tc. The FFOs of both the LOS signal and multipath signal are assumed zero.
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Figure 3.10: RMSEs of the angles (left panel) and the delays (right panel) via C/N0 for case A

Figure 3.10 compares the RMSEs of the three proposed algorithms, 2D-SAGE, SS-JADE-
MUSIC and the CRLB as a function of the C/N0 under the separable angles case. As expected,
2D-SAGEi performs well thanks to the help of the exact initialization. In addition, both of 2D-
SAGEp and SS-JADE-MUSIC are strongly degraded at moderate and low C/N0 values.

For the proposed algorithms, the low and inaccurate C/N0 region is narrowed down to only
3 dB-Hz wide from 30 dB-Hz to 33 dB-Hz. Then, two estimations of on-grid one and off-grid one
begin to show a difference. For the angle of JOADE-MSBL and the delay of JAODE-MSBL, the
off-grid effects become evident when C/N0 is greater than 42 dB-Hz which means that even if
C/N0 increases, the residual biases are determined by the granularity of the grid, namely 1/2rθ or
1/2rτ . In contrast, the JAODE-MSBL angle and the JOADE-MSBL delay adopting off-grid esti-
mation outperform 2D-SAGEp and JADE-SS-MUSIC. Nevertheless, the performance of off-grid
estimation reaches an error floor in high C/N0 because of the first-order Taylor series expansions.
Since JOAODE-MSBL provides accurate on-grid estimations and SAGE further refines the results,
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JOAODE-MSBL&SAGE has more precision than the other proposed algorithms at the price of in-
creased complexity. In general, these simulation results show that our proposed methods are more
appropriate than the existing ones in the range of typical C/N0 values for the GNSS signals, that
is from 35 dB-Hz to 50 dB-Hz.

Case B: RMSEs as a Function of C/N0 with Both Spatially and Temporally Correlated Sig-
nals In order to gain deeper insight into the performance of the proposed algorithms in both
spatially and temporally correlated case, the angles of the LOS signal and the multipath signal are
set to 0.3◦ and 6.8◦, while the delays remain 0.03Tc and 0.38Tc, respectively. This means that the
angular difference between the two signals is less than half of the first beamwidth of the antenna
array, and the delay difference is less than half a chip. The FFOs are the same as in case A.
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Figure 3.11: RMSEs of the angles (left panel) and the delays (right panel) via C/N0 for case B

Figure 3.11 results confirm that it is difficult to resolve the two signals if the angle and delay
difference are both close enough unless the C/N0 is high enough. Worse still, 2D-SAGEp can
hardly distinguish the signals in any case. 2D-SAGEi always behaves good, but the RMSE reaches
a floor level at high C/N0.

JOAODE-MSBL-based algorithms show strong robustness to multipath. In spite of the fact
that JOADE-MSBL and JAODE-MSBL also experience an error floor in the angle and delay RM-
SEs, respectively, both of them vehave well, especially from 30 dB-Hz to 48 dB-Hz. In particular,
as far as the delay estimate is concerned, JOADE-MSBL performs as good as 2D-SAGEi, even
reaching the 10−2 Tc level, which corresponds to a decimeter error level in the pseudo-range at
42 dB-Hz. Moreover, JOAODE-MSBL&SAGE provides more reliable estimates, what means that
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the on-grid initial estimates obtained with JOAODE-MSBL are more accurate than the idealistic
initialization values assumed in 2D-SAGEi.

Case C: RMSEs as a Function of C/N0 with Both Spatially and Temporally Correlated Sig-
nals and FFOs Under the situation of DFOs completely compensated, the proposed algorithms
indeed perform well no matter how spatially and temporally correlated the signals are. However,
in practice, DFOs of each path are neither identical nor completely compensated, and hence, some
FFOs remain to be estimated. In Case C, we consider FFOs within ±500Hz, and we analyze the
performance and the robustness against FFOs.

First, we use the same settings as in case B, but adding to each signal an FFO of 400 Hz and
−300 Hz, respectively.
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Figure 3.12: RMSEs of the angles (left panel) and the delays (right panel) via C/N0 for case C

As can be seen in Figure 3.12, 3D-SAGEi losses its resolvable ability due to the lack of FFO
estimation step. This phenomenon also happens in 3D-SAGEp, but the reason is inaccurate ini-
tialization. On the other hand, 3D-SAGEi performs very well and the initial FFOs values are very
accurate and different among them. Besides, as the large FFO difference between the LOS signal
and the multipath signal improves the resolution, JADE-SS-MUSIC performs better than that in
case B butstill suffers a clear degradation at low C/N0. On the contrary, although JAODE-MSBL
and JOADE-MSBL only perform a 2D estimation, both of them have almost the same perfor-
mance as that in case B, which stands out for their robustness to FFOs. Moreover, unlike in case
B, JOAODE-MSBL&SAGE no longer tends flat to be flat at high C/N0, but it is close to CRLB
since the large FFO difference decreases the similarity of two signals.
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3.6.2 RMSEs as a Function of Angle Difference or Delay Difference

All the cases above consider fixed angles and delays. In this case, we study the performances as a
function of the delay or the angle differences.

In this subsection, the angles are set to 0.2◦ and 10.2◦. This means that the angle difference
is smaller than the first beamwidth of array. The delay difference ∆τ is denoted as the difference
between the LOS signal and the multipath signal, ranging from 0 to 1Tc, and the C/N0 = 45 dB-
Hz.
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Figure 3.13: RMSEs of the angles (left panel) and the delays (right panel) for case D as a function
of ∆τ

Case D: RMSEs as a Function of Delay Difference with Spatially Correlated Signals Fig-
ure 3.13 illustrates the RMSEs of angles and delays as a function of the relative delay. All the
proposed algorithms follow the trend of CRLBs except, as expected, the JOADE-MSBL for DOA
and JAODE-MSBL for a delay due to the on-grid estimation. The irregular behaviors of the CRLB
are due to the very small angle difference between the signals. It is worth noting that, in gen-
eral, JOAODE-MSBL&SAGE is much closer to the CRLB than JOADE-MSBL does in delay and
JAODE-MSBL does in angle. Only for some points of∆τ around 0.25Tc the RMSE of JOAODE-
MSBL&SAGE is slightly above JOADE-MSBL. This occurs because SAGE suffer sometimes
from poor separation capability of highly correlated signals.

Case E:RMSEs as a Function of Angle Differencewith Temporally Correlated Signals Next,
we consider another case with two temporally correlated signals with a delay difference of 0.25Tc
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Figure 3.14: RMSEs of the angles (left panel) and the delays (right panel) for case E as a function
of ∆θ

while the angle difference∆θ varies from 0◦ to 30◦ and the C/N0 = 45 dB-Hz.

Figure 3.14 presents the RMSEs of angle and delay as a function of the relative angle. As
expected, in general, the error decreases as the relative angle increases. In Figure 3.14, the RM-
SEs of JOADE-MSBL and JOAODE-MSBL&SAGE become very close to the CRLB when the
two angles are non-spatially separable. The delay RMSE of JAODEMSBL remains constant be-
cause of the grid granularity. In contrast, the angle RMSE of both JAODE-MSBL and JOAODE-
MSBL&SAGE follows the CRLB, while JOADEMSBL has some specific errors in the very par-
ticular cases when the true values of DOA coincide with the grid points.

3.7 Conclusions

This chapter proposes two types of multipath mitigation methods based on the joint spatial and
temporal structure: the subspace-based and MSBL-based spatial and temporal algorithms. The
subspace-based algorithm balances complexity and multipath mitigation performance, achieving a
perfect trade-off, while theMSBL-based algorithms further improve the ability of multipath mitiga-
tion and achieve better performance. We compare the complexities of two types of algorithms and
provide convergence analysis for space-time algorithms based on MSBL. Finally, through simula-
tions in multipath environments with different spatial and temporal correlations, we demonstrate
the performance of proposed algorithms in low signal-to-noise ratios, with fewer snapshots and
small fractional DFOs, validating the advantages of joint spatial and temporal processing.
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3.8 Derivation of (3.32)

To obtain the off-grid angle vector βθ and off-grid delay vector βτ , the maximum likelihood func-
tions can be derived by maximizing the βθ dependent partE {log p (Y |X, λn,α,βτ ,βθ ) p (βθ)}
and theβτ dependent partE {log p (Y |X, λn,α,βτ ,βθ ) p (βτ )} in (3.32), respectively (the sam-
pling point is omitted for short)
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(3.44b)

where C1 and C2 are constant terms independent of βθ and βτ , respectively.

Similar to the derivation deduced in [75], we respectively calculate (3.44a) and (3.44b) through
the following two groups of equalities (since the estimation with respect to off-grid time delay
vector βτ is similar to that of βθ, we hereafter put a short derivation of βτ for simplicity)
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(3.45)

and
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where C1 and C2 are constant terms independent of βθ and βτ , respectively. Equation (3.46) can
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be obtained by the following two group of parts:

Re
{
tr(A⊗C)Σ(A⊗ (Bτdiag (βτ )))

H
}

= Re
{
tr(A⊗C)Σ

[
diag (JNθNτ×Nτβτ )

(
AH ⊗BH

τ

)]}
= Re

{
diag

((
AHA⊗BH

τ C
)
Σ
)T}

(JNθNτ×Nτβτ )

(3.47)

tr
{
(A⊗ (Bτdiag (βτ )))Σ(A⊗ (Bτdiag (βτ )))

H
}

= tr
{
((A⊗Bτ ) diag (JNθNτ×Nτβτ ))Σ

(
diag (JNθNτ×Nτβτ )

(
AH ⊗BH

τ

))}
= βT

τ J
T
NθNτ×Nτ

(
Σ⊙ (A⊗Bτ )

H (A⊗Bτ )
)
JNθNτ×Nτβτ

(3.48)

Note that βT
τ Qβτ belongs to real domain under the circumstance of a positive semi-definite

matrix Q and thus leads to a result βT
τ Qβτ = Re

{
βT
τ Qβτ

}
= βT

τ Re {Q}βτ due to the real-
valuedβτ . Thenwe have the positive semi-definite matrixPτ . Regarding the solutions to Equation
(3.36) in Chapter 3, and Equation (4.16a) and (4.16b) in Chapter 4, they can all be referred to this
derivation.



Joint Spatial, Polarization, and Tempo-
ral GNSS Multipath Mitigation

4.1 Introduction

The polarization domain possesses a unique property in which a portion of RHCP signals trans-
forms into LHCP ones after reflection. This has attracted significant research interest in the field
of multipath mitigation. By deploying DPAs and utilizing polarization diversity, it becomes pos-
sible to resolve the LOS and multipath signals in the polarization domain. This chapter investi-
gates the use of joint spatial, polarization, and time structures to improve the multipath mitiga-
tion capability under high correlation conditions. We take advantage of the spatial freedom and
temporal waveform characteristics of these structures and deeply explore sparse representation as
a method for mitigating multipath effects, comparing it to traditional methods such as subspace
and ML. Sparse representation is effective in recasting received signals into a sparse linear prob-
lem, offering improved performance in solving multipath mitigation problems. Among various
sparse representation-based algorithms, MSBL stands out as one that follows Bayesian principles
while implementing the EMmethod, with sparser global minima and fewer local minima. As such,
MSBL is highly effective in solving multipath mitigation problems [68].

Inspired by the robustness and effectiveness of joint processing in the spatial, polarization, and
temporal domains, as well as the sparse representation approach, this chapter proposes a MSBL for
joint estimation of angle, polarization information, and time delay to improve the ability of multi-
path resolution, especially in scenarios where there is high correlation between the LOS signal and
multipath signals in the space or time. The organization of this chapter is as follows. We begin with
an analysis of polarized characteristics in Chapter 2, followed by a proposal of joint processing in
the spatial, polarization, and temporal domains to improve multipath mitigation. We first intro-
duce the feasibility of joint space, polarization, and time for multipath mitigation enhancement.
Next, we propose a joint space, polarization, and time method based on off-grid MSBL, which

69
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addresses multipath mitigation within highly spatially and temporally correlated signals. Further-
more, we derive a closed-form expression for the CRLB of time delay under the DPA. Then, using
simulation experiments, we demonstrate the advantages of the proposed algorithm compared to
other algorithms such as joint spatial and temporal processing, and spatial processing. Finally, we
provide a conclusion in this chapter.

4.2 FeasibilityAnalysis ofGNSS Joint Spatial, Polarization, andTem-
poral Multipath Mitigation

Chapter 3 provides a comparison of the advantages and disadvantages of cascaded space and time
and space-time GNSS receivers for multipath mitigation. Joint spatial and temporal processing
offers the multipath-mitigating ability by utilizing two-dimensional information in both the space
and time domains, which extends the subspace-based method and SBL to achieve joint angle and
time delay estimation in multipath environments. These algorithms offer benefits such as low
complexity and robustness in low carrier-to-noise ratio or fewer snapshots. Additionally, method
headways are proposed for different application purposes, including space-time beamforming, fine
time delay estimation, or fine joint angle and time delay estimation, leading to improved time de-
lay accuracy under high correlation in space or time domains. However, when the differences in
angle or time delay between LOS and multipath signals are small, relying solely on joint spatial
and temporal processing for multipath mitigation is limited, especially in rich urban multipath en-
vironment [84], low elevation angle with ground reflections or high elevation angle with reflections
from tall buildings in urban areas, where there is a high correlation in the spatial domain.

In the scenarios above, polarization diversity is particularly valuable as it provides additional
assistance in multipath mitigation. Currently, most GNSS receivers adopt RHCP antennas. When
the reflection angle exceeds the Brewster angle, the polarization flips, becoming LHCP signals
[15]. In such cases, we can naturally utilize RHCP receiving antennas to suppress multipath inter-
ference [36]. However, due to differences in reflection coefficients, not all RHCP signals change
their polarization characteristics after reflection, and typically, a portion of RHCP signals co-exist
with LHCP signals. Many studies have focused on the joint processing of spatial and polarization
domains. Various beamforming techniques [59–61] based on estimating multipath signal angles and
polarization information can effectively mitigate the effects of multipath interference. However,
these joint processing only estimate the signals received by two polarization antennas separately
and only partially utilize the information received by the polarization antenna, which cannot wholly
describe the characteristics of the polarization domain. Moreover, the joint spatial and polariza-
tion processing needs to consider that temporal information may also have some identifying ability.
Therefore, accurate time delay estimation cannot be achieved by solely considering the spatial and
polarization domains. Additionally, the isolation between DPAs cannot be completely free from
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Figure 4.1: Graphical model of JAPDE-MSBL

cross-talk. Using the aforementioned joint spatial and polarization processing will affect the esti-
mation of LOS and multipath angles, as well as polarization information.

Furthermore, considering the limitation of GNSS receiver antenna size, various joint process-
ing methods in the spatial and polarization domains suffer from significant degradation in rich
multipath environments. Therefore, we have chosen to consider joint spatial, polarization, and
temporal processing in this chapter. This way, observations of multipath can be made simultane-
ously from three dimensions: spatial domain, polarization domain, and time domain, providing a
comprehensive joint analysis of all information to mitigate multipath. As a result, the joint space-
polarization-time structure constructed can benefit from gains in spatial, polarization, and temporal
diversities, enhancing the robustness of methods built on this structure. Thus, regardless of whether
multipath has a high correlation in the spatial, polarization, or temporal dimensions, joint angle,
polarization information, and time delay estimation method can effectively mitigate the multipath
signals.

4.3 Joint Spatial, Polarization, and Temporal Multipath Mitigation
based on MSBL

This section proposes a Bayesian-based algorithm for jointly estimating multipath signals from
spatial, polarization, and temporal domains. The main challenge is determining the on-grid points
closest to the true values of angle and time delay. The second challenge is obtaining the deviation
between the corresponding on-grid value and the true parameters. Finally, we form a joint spatial,
polarization, and temporal spectrum to estimate.

4.3.1 Joint On-grid Angle, Polarization and Delay Estimation based on MSBL

To realize the proposed joint off-grid angle, polarization, and time delay estimation based onMSBL
(JAPDE-MSBL), a graphical model is depicted in Figure 4.1 that the unknown parameters (written
in circles) are determined by hyperparameters (written in rectangles).
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Assuming elements in the white noise vector are independent and each of them has a Gaussian
distribution, we have

p
(
E

∣∣σ2
n

)
=

N∏
n=1

CN
(
es (n)

∣∣02MθMτ ,1, σ
2
nI2MθMτ

)
(4.1)

To simplify the following analysis, we define the precision λn
.
= σ−2

n , a Gamma distribution
is used to describe the inverse of noise variance

p (λn; a, b) = B (λn| a, b) (4.2)

where B (λn| a, b)
.
=[Γ (a)]−1baλa−1

n e−bλn with the Gamma function Γ (a)
.
=

∫∞
0 xa−1e−xdx.

The parameters a and b refer to the hyperparameters for λn.

Then, the data likelihood for the complex sourse amplitudes matrix X given the observation
Y is complex Gaussian

p (Y |X, λn,βτ ,βθ ) =
N∏

n=1
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(
ys (n) |Φβ xs (n) , λ

−1
n I2Mθ,Mτ

)
(4.3)

As all the columns of X are independent among snapshots and share the same prior, the prior of
X is given by

p (X|α) =
N∏

n=1

CN (xs [n]| 0,Υ) (4.4)

where the spatial-polarization-temporal dependent variance α = [α1, . . . , α2NθNτ ]
T is a hyperpa-

rameter vector controlling the row sparsity ofX andΥ = diag (α). A two-stage hierarchical prior
is adopted here, which favors most rows ofX being zeros

p (α, ρ) =

NθNτ∏
ng=1

Γ (α (ng)| 1, ρ) (4.5)

with p (X, ρ) =
∫
p (X |α) p (α, ρ)dα and the hyperparameter for α being ρ > 0.

For the off-grid spatial-polarization vector βθ and temporal parameter vector βτ , we use non-
informative uniform prior
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where we have

U ([c, d]) =
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d−c , c ≤ x ≤ d

0, otherwise.
(4.7)
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To find the estimates of angle, polarization, and time delay, we combine the stages of the
hierarchical Bayesian model, thus the joint distribution ofX for all parameters is obtained

p (X,Y , λn,α,βτ ,βθ) = p (Y |X, λn,α,βτ ,βθ ) p (X|α) p (α) p (λn) p (βτ ) p (βθ) (4.8)

where the distributions p (Y |X, λn,α,βτ ,βθ ), p (X|α), p (α), p (βτ ), and p (βθ) defined by
(4.3), (4.4), (4.5), (4.6a), and (4.6b), respectively.

Using the Bayes rule, we obtain the posterior forX

p (X|Y , λn,α,βθ,βτ ) =
p(Y ,X,λn,α,βτ ,βθ)
p(Y ,λn,α,βτ ,βθ)

= p(Y |X,λn,α,βθ,βτ )p(X|α)
p(Y |λn,α,βθ,βτ )

(4.9)

As p (Y |X, λn,α,βθ,βτ ) is irrelevant toX , the posterior distribution ofX can be simplified as

p (X|Y , λn,α,βθ,βτ ) ∝ p (Y |X, λn,α,βθ,βτ ) p (X|α) (4.10)

where p (Y |X, λn,α,βθ,βτ ) and p (X|α) can be calculated in (4.3) and (4.4), respectively,
and they are both Gaussian distributions. Therefore, the posterior distribution of X follows the
Gaussian function

p (X |Y , λn,α,βθ,βτ ) = CN (µ,Σ) (4.11)

with the mean value
µ (n) = λnΣxΦ

H
β ys (n) (4.12)

and the covariance matrix

Σ =
(
λnΦ

H
β Φβ +Υ−1

)−1 (4.13)

where n = 1, . . . , N .

When calculating µ andΣ, we need to estimate the noise variance λn, the spatial-polarization-
temporal dependent variance α, the off-grid angle vector βθ, and the off-grid delay vector βτ .
To address the estimates of these hyperparameters, we employ the EM method [108] to implement
JAPDE-MSBL, treating X as a hidden variable, and maximizing the expectation with respect to
the joint distribution E {log p (X,Y , λn,α,βθ,βτ )}. Following a similar procedure as in [107]
by denoting U = [u (1) , . . . ,u (N)] , it is easy to obtain the following updates of α and λn by
maximizing E {log p (X |α) p (α)} and E {log p (Y |X, λn,α,βθ,βτ ) p (λn)}

α (ng) =

√
N2 + 4ρE

{
∥X (ng, :)∥22

}
− 1

2ρ
(4.14)
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4.3.2 Joint Off-grid Angle and Delay Estimation based on MSBL

Referring to the estimation of off-grid vectors βθ and βτ , we respectively maximize two parts in
(4.8)E {log p (Y |X, λn,βθ,βτ ) p (βθ)} andE {log p (Y |X, λn,βθ,βτ ) p (βτ )}. After lengthy
but straightforward calculations similar in Appendix 3.8, we have
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where Pθ and Pτ are positive semi-definite matrices
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with the definitions of

Ξθ = (Bθ ⊗ IMτ )
(
I2Nθ

⊗
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2,2Nθ
(4.19a)
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Ξτ =
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where µM (n) ∈ C2Nθ×Nτ is a reshaped matrix of µ (n). The specific definitions are listed be-
low: J2NθNτ ,2Nθ

.
= 1Nτ ,1 ⊗ I2Nθ

, J2NθNτ ,2Nτ

.
= 12Nθ,1 ⊗ I2Nτ , J(2Nθ)
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In summary, JAPDE-MSBL is concluded as follows.

Algorithm 4 JAPDE-MSBL algorithm for DPA
Input: Y ,A and C and the number of signalsK
Output: α, βτ and βθ (The estimated time delay of LOS signal is obtained from the position of

peak value in α and the corresponding position in βτ )
1: λn = 100/var {Y }.
2: The hyperparameters are defined as a = b = 1× 10−4 and ρ = 0.01.
3: while it meets εmin or maximum iteration do
4: CalculateΣ, µ andΦβ using the current values of the hyperparameters according to (4.13),

(4.12) and (2.15), respectively.
5: Update α and λn according to (4.15) and (4.16).
6: FindK+1 largest peaks in amplitudesα, and calculate the corresponding angle-polarization

and delay on-grid numbers, respectively.
7: Update βθ, βτ according to (2.15), (4.16a), (4.17a), (4.18a) and (4.16b), (4.17b), (4.18b),

respectively.
8: Calculate the error ε =

∥∥αnew −αold
∥∥
2

/∥∥αold
∥∥
2
.

9: end while

4.4 CRLB Derivation and Convergence Analysis

4.4.1 Derivation of CRLB with Dual-polarization Antenna

To facilitate comparison, we derive the CRLB under the circumstance of DPA in this subsection
employing the Bangs-Slepian’s formula [109], [110] as a theoretical reference. The CRLB for the
time delay is

CRLB−1 (τ ) = Re {W4} −Re
{
WH

5 W−1
1 W5

}
+
(
Re

{
W6

T
}
Ω−Re

{
WH

5 W−1
1 W3

}) (
Re

{
WH

3 W−1
1 W5

}
−Re {W6}

) (4.20)

where the definitions of W1, W3, W4, W5, W6, Ω, and the detailed derivations can be found in
Appendix 4.7.

4.4.2 Convergence Analysis

JAPDE-MSBL, like other MSBL-based algorithms, uses the EM algorithm to update α and λn.
While it is challenging to provide rigorous analytical proof of convergence, it is conjectured that
JAPDE-MSBL converges based on the fact that the EM algorithm is guaranteed to converge during
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iterations [111]. To verify the convergence property of JAPDE-MSBL, subsequent simulations were
conducted.
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Figure 4.2: JAPDE-MSBL spatial, right polarization, and temporal spectrum at different iterations

The convergence performance of JAPDE-MSBL will be demonstrated through simulations
of the spatial, right polarization, and temporal spectrum at different iterations, convergence rates,
noise variances, and RMSE with increasing iterations. The simulations were conducted using
carrier-to-noise ratio ofC/N0 = 45 dB-Hz. Since JAPDE-MSBL is an extension of JADE-MSBL
presented in Chapter 3, their convergence properties are expected to be similar. In this section, an
extreme scenario is observed where one LOS signal with two multipath signals, correlated in both
space and time, are present at angles of 0◦, 9◦, and 6◦, respectively. The DPG value is set to 2,
while all other settings were consistent with those described in Section 4.5.

Figure 4.3: Convergence of MSBL (1st row), JADE-MSBL (2nd row), and JAPDE-MSBL (3rd
row) for monte carlo simulations
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Figure 4.4: The RMSE of JAPDE-MSBL via iterations

For demonstration, the RHCP part of the estimated spatial, polarization, and temporal spectra
is used to construct the spatial and temporal spectra. Figure 4.2 shows the JAPDE-MSBL spa-
tial and temporal spectra at different iterations under spatially and temporally correlated condition.
Comparing with the convergence analysis of JADE-MSBL in Chapter 3, it can be observed that
JAPDE-MSBL operates not only in the spatial domain but also incorporates the polarization do-
main, resulting in slower convergence but the more pronounced main peak for multipath signals
as the iteration increases.

Simulation results in Figure 4.3 demonstrate that all update rules (MSBL with 2M-SPA, JADE-
MSBL with 2M-SPA, and JAPDE-MSBL) converge. JAPDE-MSBL exhibits slower convergence
than JADE-MSBL and MSBL to εmin = −60 dB where the methods stop, see Figure 4.3. Consid-
ering the setting of εmin is -30 dB in the rest cases, a relatively low number of iterations no more
than 50 suffices.

Under spatially correlated conditions, the RMSE of JAPDE-MSBL as a function of iterations
exhibits three distinct stages, as shown in Figure 4.4. These stages correspond to the resolution
of multipath signals in the spatial, polarization, and temporal spectrum at different iterations in
Figure 4.2. In the first stage, the LOS signal time delay estimation is inaccurate with relatively
few iterations. In the second stage, the ACF peaks of the two multipath signals are estimated. Still,
the independent main peaks of two multipath signals are not yet identified separately, resulting
in decreased estimation resolution. However, as the iteration increases, the ACF peaks of both
multipath signals become clear, leading to improved estimation accuracy.
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4.5 Simulation Results and Performance Analysis

This section focuses on evaluating the performance of several methods, including the proposed
JAPDE-MSBL withMθ-element dual-polarization antenna (M-DPA), JADE-MSBL [75] withMθ-
element single-polarization antenna (M-SPA) and 2Mθ-element SPA (2M-SPA), and MSBL [102]

with 2M-SPA. In addition to these methods, we also compare the spectra of the spatial smoothing
MUSIC (SS-MUSIC) [106] with 2M-SPA. It is noteworthy that “M-DPA” refers to theMθ-element
RHCP antenna combined with Mθ-element LHCP antenna, and “M-SPA” refers to Mθ-element
RHCP antenna. We assume a uniform linear array with the half-wavelength spacing antenna array
andMθ = 4 for both SPA and DPA. The SPA has the same information on angles and polarization
information as the DPA but uses only the RHCP channels for calculation.

One LOS signal and twomultipath signals utmost are assumed in the simulations. These signals
are in phase arg (γk) = 0, k = 0, 1, 2, and the direct-to-multipath ratio is |γ0|/|γk| = 3 dB,
k = 1, 2. All the simulations use C/N0 = 45 dB-Hz. For the known waveform c (t), we consider
the GPS C/A code with code period T = 1ms, 1023 chips per code period each with a chip
duration Tc = 977.52 ns and N = 20ms code periods in total. We assume the set of uniformly
distributed delays τ̄ that ranges from −0.5Tc to 0.8Tc with delay interval 0.1Tc, i.e., Mτ = 14.
Unless noted, we consider three highly spatially and temporally correlated signals with time delays
τ = [0, 0.25, 0.3] Tc from directions specified by the angles θ = [0, 9, 6]◦ in most following cases.

Various materials of the reflecting objects are known to affect the multipath reflection coef-
ficients. For the sake of convenience, we define the Dual-Polarization Gain (DPG) [38] of the
k th multipath signal as DPGk

.
=

λ2
R,k+λ2

L,k

λ2
R,k

, k = 1, 2, which is one plus the ratio between the
power of the LHCP component of one reflection and the power of the RHCP component. We
assume each multipath signal has the same DPG value, i.e., DPGk = 2, k = 1, 2. As for the
reflection coefficients, we assume the phases arg (λR,k) = 0, k = 1, 2 and arg (λL,k) = 0.5π,
k = 1, 2 for multipath signals, and these reflection coefficients satisfying λ2

R,k + λ2
L,k = 1. Con-

sidering mutual coupling effects of DPA, we model this effect as aRc (θk) = aLc (θk) = a (θk),
aRx (θk) = κRa (θk), and aLx (θk) = κLa (θk)where a (θk) is the steering vector of a uniformly
distributed antenna. The cross-talk parameters κR = κL = −10 dB are chosen for each signal.

For the sparse methods, the scanning angle grid is uniformly distributed in the range from
−90◦ to 90◦ with angle interval of rθ = 2◦ between adjacent grid points. Likewise, we adopt a
uniform scanning delay grid range covering the τ̄ , with delay interval rτ = 0.05Tc. In addition,
the hyperparameters ρ = 0.01 and a = b = 1e−4 are set. Off-grid vectors are set as βθ = 0

and βτ = 0. The convergence condition is satisfied with εmin = −30 dB or the iterative number
exceeding 1000.
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4.5.1 Multi-dimensional Spectra

In this subsection, the spatial spectra and joint spatial and temporal spectra are shown. Specifically,
we display the RHCP part of JAPDE-MSBL’s joint spatial, polarization, and temporal spectrum to
illustrate the joint spatial-polarization-temporal spectrum. We then compare this RHCP part with
other methods within the joint spatial and temporal spectrum.
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Figure 4.5: Spatial spectra of spatial processing
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Figure 4.6: Spatial and temporal spectra of multi-dimensional processing

The spectra of two multipath mitigation methods in the spatial domain are depicted in Figure
4.5. SS-MUSIC fails to identify the signals due to a lack of sufficient spatial degrees of freedom,
while MSBL only provides an approximate outline, deviating from the true values. These results
demonstrate that more than relying solely on spatial processing is needed for distinguishment be-
tween correlated signals.
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In Figure 4.6, we compare the spectrum of the proposed JAPDE-MSBL with those of JADE-
MSBL withMθ and 2Mθ antennas. The JADE-MSBL spectrum using 2M-SPA is notably sharper,
whereas with M-SPA, it becomes difficult to separate the signals. However, JAPDE-MSBL ex-
hibits peaks that are much closer to the true values, confirming the effectiveness of joint spatial,
polarization, and temporal domain processing for highly correlated signals.

4.5.2 RMSEs as a Function of Angle Difference

In this section, we examine the RMSEs of LOSS time delay as a function of the angle difference
between the LOSS and the first multipath signal. We present two cases: Case A with one LOS
signal and one multipath signal; Case B with one LOS signal and two multipath signals.

Case A: RMSEs as a Function of Angle Difference with Two Signals

To comprehensively demonstrate the performance as a function of angle difference, low tem-
porally correlated signals and highly temporally correlated signals are assumed. We set the time
delays of the LOS and multipath signal as [0, 0.1] Tc and [0, 0.5] Tc, respectively, for the two
scenarios mentioned above.
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Figure 4.7: RMSEs of LOS time delay as a function of angle difference in case of low temporally
correlated signals (left panel) and highly temporally correlated signals (right panel)

The RMSE of MSBL with 2M-SPA, as detailed in Figure 4.7, is generally consistent with that
of JADE-MSBL with 2M-SPA across most angle differences, while it occurs a noticeable decrease
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in small angle differences. JAPDE-MSBL with M-DPA, in the case of low temporally correlated
signals, tends to align with JADE-MSBL with M-SPA. In the case of highly temporally correlated
signals, JAPDE-MSBL with M-DPA substantially outperforms the other methods from 0◦ to 5◦.
This improvement is attributed to the utilization of polarization information.

Case B: RMSEs as a Function of Angle Difference with Three Signals
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Figure 4.8: RMSEs of LOS time delay as a function of angle difference

In the scenario where three signals exhibit high correlations in space and time, JADE-MSBL
with M-SPA results in limited improvement, observable only for large angle differences (see in
Figure 4.8). Similarly, using 2M-SPA leads to unsatisfactory resolution for multipath between
0◦ to 12◦ for both MSBL and JADE-MSBL. However, joint space, time, and polarization process-
ing demonstrates superior performance. Specifically, JAPDE-MSBL significantly improves under
highly correlated scenarios and yields results closer to the CRLB.

4.5.3 RMSEs as a Function of Delay Difference

This subsection describes in detail RMSEs varying from delay difference between the LOS signal
and the first multipath signal. Two cases are further presented: Case C with one LOS signal and
one multipath signal; Case D with one LOS signal and two multipath signals.

Case C: RMSEs as a Function of Delay Difference with Two Signals

Similarly, highly spatially correlated and low spatially correlated signals are conducted to in-
vestigate different scenarios. We set the LOS and multipath signal time delays for the above two
scenarios as [0, 30]◦ and [0, 3]◦, respectively.
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Figure 4.9: RMSEs of LOS time delay as a function of delay difference in case of low spatially
correlated signals (left panel) and highly spatially correlated signals (right panel)

Consistent with the analysis in Case 4.5.2, the spatial beamforming MSBL shows a distinct
sensitivity to angle differences. When the angle difference is small, MSBL is unable to resolve
two spatially correlated signals, as seen in the right panel of Figure 4.9. On the contrary, JAPDE-
MSBL facilitates multipath mitigation from additional characteristics in the polarization domain.
Its performance in region [0, 0.3] Tc is even better than that of both MSBL and JADE-MSBL using
2M-SPA.

Case D: RMSEs as a Function of Delay Difference with Three Signals

As shown in Figure 4.10, it is evident that three signals have strong spatial and temporal cor-
relations within the region [0.23, 0.48] Tc. The use of MSBL, JADE-MSBL with 2M-SPA, and
JADE-MSBL with M-SPA does not appear to effectively address the issue of multipath in this
region. Conversely, the proposed JAPDE-MSBL method performs remarkably well, as demon-
strated by the results.

4.5.4 RMSEs as a Function of the Number of Antenna Elements

Figure 4.11 illustrates the performance of LOS time delay estimationwith respect to the number
of antenna elements. Increased size of the antenna array offers more spatial degrees of freedom,
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Figure 4.10: RMSEs of LOS time delay as a function of delay difference

resulting in better mitigation of multipath effects for both DPA and SPA. In general, CRLB with
2M-SPA outperforms CRLB with M-DPA (e.g., see the RMSE of M-SPA at Mθ = 8 and the
RMSE of M-DPA at Mθ = 4). Thus, it is theoretically better to use ’twice’ the number of SPA
elements than the same number of DPA, . However, in such a highly correlated signals scenario,
JAPDE-MSBL with M-DPA shows comparable or even superior performance to JADE-MSBL
with 2M-SPA.

4.5.5 RMSEs as a function of DPG

Figure 4.12 displays the RMSEs of LOSS time delay estimation for various DPG values. In
particular, we focus on DPG1 of the first multipath signal, which ranges from 1.125 to 3, gradually
transitioning from a weak LHCP to a strong LHCP multipath signal. For small DPG values where
a strong RHCP component dominates the multipath signal, all methods experience performance
degradation except for JAPDE-MSBL. JAPDE-MSBL, on the other hand, accounts for both RHCP
and LHCP components. Incorporating the LHCP component can aid JAPDE-MSBL in effectively
mitigating multipath signals, leading to a favorable effect on LOSS estimation.

4.6 Conclusions

The multipath mitigation problem in the presence of highly spatially and temporally correlated
signals has been addressed in this chapter. We propose a joint angle, polarization, and time delay
estimation based on the MSBL method by systematically exploiting the sparsity in spatial and tem-
poral domains and characteristics in the polarization domain. The off-grid angle and time delay
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Figure 4.11: RMSEs of LOSS time delay as a function ofMθ

estimation have also been considered concurrently, aiming at accuracy enhancement. The im-
provement in terms of estimation performance of the LOSS and the ability to distinguish multipath
signals are thoroughly verified by simulations showing the estimated spatial spectra and the time
delay RMSEs as a function of the varied time delay difference, angle difference, number of antenna
elements, and the gain of the LHCP component. Numerical results show that the proposed method
JAPDE-MSBL with M-DPA has superiority concerning multipath mitigation in high spatial and
temporal correlations between the LOS and the multipath signals, as compared with the existing
JADE-MSBL with 2M-SPA and M-SPA, MSBL with 2M-SPA.

4.7 Derivation of CRLB with Dual-polarization Antenna

This appendix provides a closed-form CRLB based on unknown polarization information. In this
derivation process, we use Bangs-Slepian’s formula [109, 110]. For convenience purposes, we rede-
fine the dual-polarization signal model (2.5) and (2.11),

Yb (n) = Ab (θ)V Cb (τ) +Eb (n) (4.21)

where V ∈ C2(K+1)×(K+1), defined as V .
= diag (λ) Ibdiag (γ), including the complex ampli-

tudes, the reflection coefficient vector v .
= [vR,0, vL,0, . . . , vR,K , vL,K ]T , vR,k

.
= γkλR,k and

vL,k
.
= γkλL,k. Form the signal parameters into a set,

η =
[
Re

{
(v)T

}
, Im

{
(v)T

}
,θT , τ T

]T
(4.22)

According to the Bangs-Slepian’s formula, the i, jth element of the Fisher Information Matrix
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Figure 4.12: RMSEs of LOSS time delay as a function of DPG value

(FIM), which is the inverse of the CRLB matrix, is

[FIM (η)]i,j = −E

{
∂2 ln p (Yb,η)

∂ηi∂ηj

}
(4.23)

Therefore, the CRLB for the signal parameters is the inverse of the corresponding block of the
FIM, which is partitioned as follows

FIM (η) =



Re {W1} −Im {W1} Re {W3} Re {W5}

Im {W1} Re {W1} Im {W3} Im {W5}

Re
{
W3

T
}

Im
{
W3

T
}

Re {W2} Re {W6}

Re
{
W5

T
}

Im
{
W5

T
}

Re
{
W6

T
}

Re {W4}


∈ C4(K+1)×4(K+1)

(4.24)

After straightforward but lengthy calculations, similar to the derivations in [112], we get

W1 =
2

σ2
n

[(
AH

b Ab

)
⊙
((
C∗

bC
T
b

)
⊗ [e, e]

)]
∈ C2(K+1)×2(K+1) (4.25a)

W2 =
2

σ2
n

[(
C∗

bC
T
b

)
⊙
(
(DθV )H (DθV )

)]
∈ C(K+1)×(K+1) (4.25b)

W3 =
2

σ2
n

{(
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b DθV
)
⊙
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bC
T
b

)
⊗ e

)}
∈ C2(K+1)×(K+1) (4.25c)

W4 =
2

σ2
n

{(
V HAH

b AbV
)
⊙
(
DτD

H
τ

)T} ∈ C(K+1)×(K+1) (4.25d)

W5 =
2

σ2
n

{(
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b AbV
)
⊙
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bD
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τ

)
⊗ e

)}
∈ C2(K+1)×(K+1) (4.25e)
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W6 =
2

σ2
n

{(
V HDH

θ AbV
)
⊙
(
C∗

bC
T
b

)}
∈ C(K+1)×(K+1) (4.25f)

where e = [1, 1]T . We also have Dθ =
[
∂aR,0(θ0)

∂θ0
,
∂aL,0(θ0)

∂θ0
, . . . ,

∂aR,K(θK)
∂θK

,
∂aL,K(θK)

∂θK

]
∈

C2Mθ×2(K+1) andDτ =
[
∂c(τ0)
∂τ0

, . . . , ∂c(τK)
∂τK

]T
∈ C(K+1)×L.

Based on the properties valid for non-singular matrices, the CRLB for the time delays is the
trailing block of the inverse of FIM (η). Via the formula of the inverse of a partitioned matrix, this
CRLB can be expressed as

CRB−1 (τ ) = Re {W4}−
[
Re

{
{W5}T

}
Im

{
{W5}T

}
Re

{
{W6}T

} ]
Π


Re {W5}

Im {W5}

Re {W6}


(4.26)

andΠ can be simplified using the formula of the partitioned matrix inverse again,
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with Ω1 =
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Substituting (4.27) into (4.26), we further simplify the CRB−1 (τ),

CRB−1 (τ )=Re {W4}−Re
{
WH

5 W−1
1 W5

}
+
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3 W−1
1 W5

}
−Re {W6}

) (4.28)



Joint Spatial andFrequentialGNSSMul-
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5.1 Introduction

As discussed in Chapter 3 and 4, many representative multipath mitigation methods have been
proposed for GNSS signals in the past decades. For the single-antenna GNSS receiver, nEML
[9] and MEDLL [10, 113] are the most popular ones. Thanks to the major leap forward in multi-
antenna technology, joint spatial and temporal multipath mitigation methods exploit both spatial
and temporal domains, which can improve the robustness of multipath resolution. These methods
are basically classified into three categories, joint spatial and temporal GNSS multipath mitigation
based on subspace methods [27, 54], joint spatial and temporal GNSS multipath mitigation based on
ML methods [112], and joint spatial and temporal GNSS multipath mitigation based on compressed
sensing methods [68, 75]. Among these methods, SAGE can perform closely to the Cramer-Rao
lower bound and reach the balance between convergence and complexity. It can be regarded as an
appropriate alternative in the direction of GNSS multipath mitigation.

The signal processing techniques currently used for GNSS signals are primarily designed to
handle narrowband signals. However, in scenarios where the signals are highly temporally cor-
related, these techniques may not be effective due to limited temporal resolution, leading to sub-
optimal meter-level ranging accuracy. To overcome this issue, it is necessary to break the band-
width limitation and use meta-signals, which combine two GNSS signals transmitted on different
carrier frequencies, to achieve bandwidths of tens or hundreds of megahertz. This approach fun-
damentally supports higher tracking accuracy and better multipath mitigation [39]. Most current
meta-signal processing methods adopt a ”divide and conquer” approach, where each of the two
signals is processed separately before being coherently combined to process the entire wideband
signal. For example, pioneering work [20] and double loop-based techniques [47–49] are presented.
Unfortunately, although meta-signals are suitable for multipath mitigation, the shape of ACF will
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be distorted in the multipath environment.

Based on the superiority of spatial processing brought by multi-antenna technology, this chap-
ter utilizes the synergistic effect of spatial characteristics and meta-signal temporal characteristics
to process jointly and design the SAGE-based locked loop. To sum up, this chapter is arranged
as follows: Firstly, the temporal characteristics of meta-signal are firstly introduced, especially
the characteristics and performance in the case of multipath signals, and the feasibility of spatial
and frequential processing for multipath mitigation is analyzed. Secondly, a double side-band pro-
cessing tracking loop design based on multi-dimensional processing was proposed to maintain the
time delay estimation accuracy of decimeter- or even centimeter-level in multipath environment.
Thirdly, this chapter demonstrates the proposed scheme’s effectiveness in extremely highly corre-
lated signals compared with typical multipath mitigation methods.

5.2 Feasibility Analysis of Joint Spatial and Frequential GNSS Mul-
tipath Mitigation

This section first presents the definition of meta-signal and the characteristics of three represen-
tative meta-signals from the perspective of power spectrum density (PSD) and ACF. Then, the
multipath-induced ACFs of the meta-signals are examined. A spatial-temporal spectrum of the
meta-signal is also provided and discussed as an improved solution to multipath mitigation.

5.2.1 Brief Introduction to Meta-signal

Meta-signal is defined as an ensemble of two different frequency bandGNSS signals, and hence has
a wider bandwidth compared to standard GNSS signals. This wide-bandwidth property allows the
meta-signal to obtain a better time resolution, therefore more precise ranging accuracy. Any pair of
synchronized signals could be in principle chosen, however the signals from the same satellite and
modulated on adjacent frequencies are more appropriate than others [20] that they enjoy the same
propagation path and similar time delay between the two components in meta-signal. Among a
couple of discussed examples, this section will examine the three combinations in detail: the GPS
L1 and L2C signals transmitted on L-band, the Galileo E5a and E6 signals transmitted on E-band,
and the Beidou B1I and B1C signals transmitted on B-band. The characteristics of the meta-signal
are given in terms of PSD and ACF, as follows.

The PSD of the meta-signal is approximated by the sum of the PSDs of the left and right side-
band components [45]. As the bandwidth of the meta-signal is normally spaced by greater than
several megahertz, the vast majority of the spectrum of each component of the meta-signal does
not overlap, which allows for negligible interaction between the two components of the spectrum.
The PSDs of typical meta-signals are shown in Figure 5.1.
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Figure 5.1: PSDs of typical meta-signals

To display the potential of the meta-signal more intuitively, we next discuss the ACF of the
meta-signal [20], which can be derived as follows,

R (∆τ)=RL (∆τ)+RR (∆τ)

=RcL (∆τ) ej2πfs∆τ+RcR (∆τ) e−j2πfs∆τ (5.1)

whereRcL (∆τ) andRcR (∆τ) denote the ACFs of the left and right side-band component, respec-
tively. The corresponding ACFs of three typical meta-signals are depicted in Figure 5.2.
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Figure 5.2: ACFs of different satellite signals and meta-signals

In the two figures above, we show the PSDs of typical meta-signals and compare the main ACF
peaks, where as expected, a wider PSD implies a narrower ACF and hence a higher time resolution.
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In particular, the ACF main peaks of typical meta-signals are evidently narrower compared to the
ACF peaks of standard GNSS signals. The main peak of the B-band meta-signal of Beidou B1I
and B1C signals, for example, is just about one-fourteenth as large as that of GPS L1 of the C/A
signal. The above performance indicates that such a high-resolution meta-signal is a compelling
feature for multipath mitigation. A detailed description of the different GNSS meta-signals’ main
characteristics is given in Table 5.1.

Table 5.1: Meta-signals main characteristics

Signals Modulation Frequency (MHz) Bandwidth (MHz) Main Peak

L2C BPSK(10) 1227.6
GPS

L1 BPSK(1) 1575.42
347.82 0.00288Tc

E5a BPSK(10) 1176.45
Galileo

E6 BPSK(5) 1278.75
102.3 0.00977Tc

B1I BPSK(2) 1561.098
Beidou

B1C data BOC(1,1) 1575.42
14.322 0.0698Tc

5.2.2 Characteristic Analysis of Meta-signal in Multipath Case

The main peak of ACF has a sharp, almost triangular shape, which facilitates multipath mitigation
theoretically, as shown in Figure 5.2. However, the ACF will be seriously deformed in practical
multipath environments. To verify the multipath effect on the meta-signal, we consider two signals:
one LOS signal with one multipath signal, and the time delay of the LOS signal is assumed as 0Tc.
The SMR is supposed to be 6 dB and we take the Beidou B1I-B1C signals as the meta-signal
example. When the time delay difference between the LOS signal and the multipath signal is large,
i.e., on the order of magnitude or larger than the width of the main peak (the time delay of the
multipath signal is assumed to be 0.2Tc), the amplitudes of the peaks change and a side peak can
become higher than the central one, as depicted in the red curve of Figure 5.3. When the time
delay difference between the LOS signal and the multipath signal is small, i.e., restricted in the
main peak (the time delay of the multipath signal here is assumed to be 0.03Tc), then the shape of
the main peak is distorted, as demonstrated in the blue curve of Figure 5.3. The ACFs in the above
two cases are distorted and may lead to inaccurate estimation of LOS signal.

5.2.3 Feasibility Analysis of Spatial and Frequential Multipath Mitigation

To tackle multipath mitigation, especially in the presence of highly temporally correlated sig-
nals, the multi-antenna technology can be efficiently exploited, as it provides extra spatial degrees
of freedom. With the help of the spatial domain, we can observe the LOS and multipath signals
from multiple characteristics, such as angle and time delay. Figure 5.4 illustrates the spatial and
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Figure 5.3: Spatial-temporal spectrum of the meta-signal in multipath situation

Figure 5.4: Spatial-temporal spectrum of the meta-signal in multipath situation

temporal spectrum of Beidou B-band meta-signal received by the multi-antenna array within the
same settings in Figure 5.3. Note that this spectrum is directly acquired by the two-dimensional
ML method in spatial and temporal domains.

Figure 5.4 shows that the LOS signal and the multipath signal are undoubtedly discriminated
thanks to the joint use of spatial and temporal domains, and two perfect triangle-shaped ACFs
are observed. Besides, the sharp main peak of each separated ACF indicates excellent time delay
estimation accuracy. Inspired by this spatial and temporal meta-signal spectrum, such a combi-
nation of multi-dimensional processing and meta-signal is expected to further improve multipath
mitigation.



92 CHAPTER 5. JOINT SPATIAL AND FREQUENTIAL GNSS MULTIPATH MITIGATION

5.3 GNSS Meta-signal SAGE-based Multipath-Mitigating Loop De-
sign

Based on the above analyses, we next investigate the specific processing structure dedicated to
meta-signal. In particular, several techniques are available: The SAGE iteratively deals with mul-
tipath mitigation from multi-dimensions and provides precise descriptions for each signal. The
broadband advantage of the meta-signal contributes to high-accuracy estimates and the improve-
ment of multipath mitigation in the temporal domain. Numerous types of loops: Angle Locked
Loops (ALLs), DLLs, and PLLs, can be extended to filter and predict each signal. Our major
concern is how to incorporate the above techniques into a multipath-mitigating loop design and
achieving multipath mitigation (even in highly correlated signals). In the upcoming section, we
first discuss the basic concept of the SAGE algorithm and then introduce the proposed SAGELL
design from its structure to the whole scheme.

5.3.1 SAGE-based Estimator for Side-band Component

The derivation of SAGE relies on two key notions: complete (unobservable) and incomplete (ob-
servable) data. In the problem of estimating superimposed single side-band meta-signals, referring
to Equation (2.12), the individually observable signal* sLk (t) is expressed as

sLk (t)
.
= sLk

(
t; ξLk , α

L
k

)
= αL

ka
L (θk) c

L (t− τk) e
−j2πfs(t−τk)ej(2πfd,kt+ϕk)

(5.2)

based on previous parameter estimate vector ξk
.
= [θk, τk, fd,k, ϕk] of the k th signal for the left

side-band component. Corrupted by a part of the additive noise, the equation

xL
k (t)

.
= sLk (t) + nL

k (t) (5.3)

constitutes the natural set of complete data [22]. The received side-band component yL
k (t) is iden-

tified with incomplete data. It is related to the received signal according to yL (t) =
∑K

k=1 x
L
k (t).

Since xL
k (t) is not observable, one can try to estimate it based on the observation yL (t) of the

incomplete data and previous estimates. A natural estimate of xL
k (t) is its conditional expectation

(Expectation-step) which is given by

x̂L
k (t) = yL (t)−

K∑
k′=1,k′ ̸=k

sLk′ (t) (5.4)

*To avoid repetition, the left side-band component of the meta-signal is taken as an example. The SAGE algorithm
of the right side-band component can be processed in a similar way.
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To get parameters estimated, including angles, time delays, DFOs, amplitudes, and carrier
phase offsets for each signal, the Maximization-step is presented,

z (θk,τk,fd,k)
.
=

(
aL (θk)

)H
x̂L
k (t)

(
cL(t− τk) e

−j2πfs(t−τk)ej2πfd,kt
)H (5.5a)

θ̂k = argmax
θ

{∣∣∣z (θk, τ̂k, f̂d,k)∣∣∣2} (5.5b)

τ̂k = argmax
τ

{∣∣∣z (θ̂k, τk, f̂d,k)∣∣∣2} (5.5c)

f̂d,k = argmax
fd

{∣∣∣z (θ̂k, τ̂k, fd,k)∣∣∣2} (5.5d)

α̂k =
∣∣∣z (θ̂k, τ̂k, f̂d,k)∣∣∣/Mθ (5.5e)

ϕ̂k = angle
(
z
(
θ̂k, τ̂k, f̂d,k

))
(5.5f)

where the multi-dimensional procedure is turned into single-dimensional ones. It should be noted
that although SAGE ensures the multipath mitigation while reducing the complexity, it tends to fall
into local optimality due to its sensitivity against initialization in a multipath environment. Any
initialization algorithms that provide practical spatial and temporal initial values can be arbitrarily
selected, for example, [102], [25]. To initial the SAGELL, we use a joint spatial and temporal
sparse representation algorithm to estimate the coarse time delays and angles for all signals of the
meta-signal via DSB processing. Please refer to the reference [75] for more details.

5.3.2 SAGELL for Meta-signal

The multi-dimensional estimator SAGE and the meta-signal are a good combination to attain a
centimeter-level ranging accuracy in a multipath case. Moreover, with the help of various ALLs,
DLLs, and PLLs, the design of SAGELL for meta-signal can resolve and track each signal. As
shown in Figure 5.5, the SAGELL design for meta-signal is generally divided into two distinct sec-
tions: the SAGE-based discriminator (the purple, yellow, and green parts) and the combinational
tracking loops (the blue part). The SAGE-based discriminator contributes to multipath mitigation
by means of iterative SAGE and meta-signal. The two SAGE-based estimators are based on the
left and right component of the meta-signal and the meta-signal processing unit is responsible for
coherent or noncoherent combinations of all the estimates. The whole procedure of discriminator
tends to follow the dotted lines. To keep a low resource consumption, we take the divide-and-
conquer processing into account that the SAGE-based discriminator consists of two SAGE-based
estimators and one meta-signal processing unit.

More specifically, we could expand the SAGELL to analyze the signal processing, as the spe-
cific description of SAGELL structure demonstrated in Figure 5.6 (The parts of the same color in
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Figure 5.5: SAGELL Overview

the two figures 5.5 and 5.6 have the same function.)

SAGE-based estimator for side-band component (the purple and yellow parts): We here carry
out two SAGE-based estimators to sequentially separate each signal of the left and right side-band
component. The black dotted lines show the process in each side-band estimator. Firstly, the
observable side-band signals

{
sLk (t) , sRk (t)

}
are reconstructed based on the updated variables{

∆α̂L
k ,∆α̂R

k ,∆ξ̂k

}
obtained by the SAGE-based discriminator and the results ξ̂k predicted in

the last loop period. Secondly, the unobservable side-band signals
{
xL
k (t) ,xR

k (t)
}
are achieved

through the Expectation-step. Thirdly, with the help of the Maximization-step, we acquire the es-
timated spatial ACFs

{
R̂L

θ,k

(
∆θLk

)
, R̂R

θ,k

(
∆θRk

)}
, temporal ACFs

{
R̂L

τ,k

(
∆τLk

)
, R̂R

τ,k

(
∆τRk

)}
,

and the prompt correlators
{
P̂L
ϕ,k

(
∆ϕL

k

)
, P̂R

ϕ,k

(
∆ϕR

k

)}
for each side-band component.

Meta-signal processing (the green part): In order to obtain high accuracy of time delay esti-
mation, we take advantage of the meta-signal characteristics, such as wide-bandwidth and strong
coherence between the two components. The estimated ACFs and prompt correlators of each
SAGE-based estimator are sent to the angle, code phase, and carrier phase units to coherently or
incoherently form the global parameters, namely, angle ∆θ̂k, time delay ∆τ̂k, and carrier phase
∆ϕ̂k. These variables, along with the amplitudes

{
∆α̂L

k ,∆α̂R
k

}
for each signal are further up-

dated through iterations going inside the whole SAGE-based discriminator. It is reminded that the
process of the entire meta-signal shall be observed through the colored dotted lines.

Regarding the tracking loops (the blue part) where the process flow goes after the solid lines,
the parameters (angles, time delays, and carrier phases) for each signal merged by the meta-signal
processing unit are sent into the corresponding ALLs, DLLs and PLLs for filtering and predicting.
These functions can be realized by common filters and Numerically-Controlled Oscillators (NCOs)
inGNSS locked loops [114]. The precise prediction results ξ̂k are fed back to the next tracking period
for initialization of SAGE-based discriminator.
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SAGE-based estimator for side-band component

Now we take a more detailed look at the SAGE-based discriminator, including the purple,
yellow, and green parts, considering the particular case of the SAGE-based estimator that there is
one LOS signal and one multipath signal of each side-band component. The further specification
referring to the SAGE-based discriminator for meta-signal is displayed in Figure 5.7.

Based on the prediction results in SAGELL, the estimated parameter vectors ξ̂1 and ξ̂2, and the
estimated amplitudes

{
∆α̂L

1 ,∆α̂L
2 ,∆α̂R

1 ,∆α̂R
2

}
, the reconstructed multipath signal sL2 (t) can be

expressed as

sL2 (t)
.
= sL2

(
t; ξ̂2,∆α̂L

2

)
= ∆α̂L

2a
L
(
θ̂2

)
cL (t− τ̂1) e

−j2πfs(t−τ̂2)ej(2πf̂d,2t+ϕ̂2)
(5.6)

The residual part is defined as the estimated LOS signal x̂L
0 (t), i.e., an unobservable one,

x̂L
1 (t) = yL (t)−

K∑
k′=1,k′ ̸=k

sLk′ (t) (5.7)

Thus, the variables for the LOS signal of left side-band component, such as the spatial ACF
R̂L

θ,1

(
∆θL1

)
, the temporal ACF R̂L

τ,1

(
∆τL1

)
, the prompt correlator P̂L

ϕ,1

(
∆ϕL

1

)
, and its amplitude

∆α̂L
1 are estimated successively. They can be approximately denoted as the equations

R̂L
θ,1

(
∆θL1

)
=

1

T

∫ T

0

(
aL

(
θ̂1+∆θL1

))
H x̂L

1 (t)
(
cL(t−τ̂1) e

−j2πfs(t−τ̂1)ej(2πf̂d,1t+ϕ̂1)
)H

dt (5.8a)
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Figure 5.7: The Proposed SAGE-based Discriminator for Meta-signal

R̂L
τ,1

(
∆τL1

)
=

1

T

∫ T

0

(
aL

(
θ̂1

))
H x̂L

1 (t)
(
cL

(
t−τ̂1+∆τL1

)
e−j2πfs(t−(τ̂1+∆τL1 ))ej(2πf̂d,1t+ϕ̂1)

)
Hdt

(5.8b)

P̂L
ϕ,1

(
∆ϕL

1

)
=

1

T

∫ T

0

(
aL

(
θ̂1

))
Hx̂L

1 (t)
(
cL(t−τ̂1) e

−j2πfs(t−τ̂1)ej(2πf̂d,1t+(ϕ̂1+∆ϕL
1 ))

)H
dt

(5.8c)

∆α̂L
1 =

∣∣∣∣ 1T
∫ T

0

(
aL

(
θ̂1

))H
x̂L
1 (t)

(
cL (t− τ̂0) e

−j2πfs(t−τ̂1)ej(2πf̂d,1t+ϕ̂0)
)H

dt

∣∣∣∣/Mθ

(5.8d)
where the Doppler frequency f̂d,1 and carrier phase offsets ϕ̂1 for the LOS signal of the meta-
signal are acquired by standard PLLs, and∆ϕ̂1 for the LOS signal of the left side-band component
is estimated by the left side-band prompt correlator.

It is worth noting that no significant DFO difference (generally within a few Hertz) was found
between the LOS and multipath signals, as verified in several practical measurements [83, 84, 89].
Without loss of generality, we can reasonably assume that the LOS and multipath signals have
similar DFOs, and most of the DFOs will be compensated in the acquisition stage [85]. Starting
with the fundamental fact that the residual DFOs are very similar for all signals, we cannot profit
much from the frequency offsets for multipath mitigation. To reduce the complexity, the signals
are mainly resolved from the spatial and temporal ACF correlators. Meanwhile, we set up PLLs
to complete the carrier tracking as well. Thanks to these PLLs, the architecture of SAGELL incor-
porates frequency discrimination of the signals if the frequency separation of signals is larger than
the bandwidth of PLLs.
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Similarly, the expressions
{
R̂L

θ,2

(
∆θL2

)
, R̂L

τ,2

(
∆τL2

)
, P̂L

ϕ,2

(
∆ϕL

2

)
,∆α̂L

2

}
for the multipath

signal of left component, the expressions
{
R̂R

θ,1

(
∆θR1

)
, R̂R

τ,1

(
∆τR1

)
, P̂R

ϕ,1

(
∆ϕR

1

)
,∆α̂R

1

}
for the

LOS signal, and the expressions
{
R̂R

θ,2

(
∆θR2

)
, R̂R

τ,2

(
∆τR2

)
, P̂R

ϕ,2

(
∆ϕR

2

)
,∆α̂R

2

}
for the multi-

path signal of right component of the meta-signal will not be detailed displayed anymore. More-
over, the amplitudes∆α̂L

k and ∆α̂R
k for each signal of component are kept to the next iteration.

Meta-signal Processing Unit

To improve accuracy, a coherent combination referring to ACFs of meta-signal (5.1), including
the spatial ACFs

{
R̂L

θ,k

(
∆θLk

)
, R̂R

θ,k

(
∆θRk

)}
, the temporal ACFs

{
R̂L

θ,k

(
∆θLk

)
, R̂R

θ,k

(
∆θRk

)}
,

are conducted to acquire the angles∆θ̂k and time delays∆τ̂k estimates of the meta-signal,

∆θ̂k= argmax
∆θ

∣∣∣γR̂L
θ,k

(
∆θLk

)
+ R̂R

θ,k

(
∆θRk

)∣∣∣ (5.9)

∆τ̂k= argmax
∆τ

∣∣∣γR̂L
τ,k

(
∆τLk

)
+ R̂R

τ,k

(
∆τRk

)∣∣∣ (5.10)

with the compensation γ for unequal powers of two components, which is necessary to know the
amplitude ratio between two signals [48]. This coherent combination of the LOS signal and the
multipath signal of the meta-signal is mentioned in Figure 5.7 as well.

Moreover, the prompt correlators
{
P̂L
ϕ,k

(
∆ϕL

k

)
, P̂R

ϕ,k

(
∆ϕR

k

)}
for each signal of each compo-

nent are sent to incoherently estimate the carrier phases of the meta-signals,

∆ϕ̂k =
1

2

(
angle

(
P̂L
ϕ,k

(
∆ϕL

k

))
+ angle

(
P̂R
ϕ,k

(
∆ϕR

k

)))
(5.11)

The meta-signal parameters obtained above, the amplitudes for each signal of each compo-
nent, together with the prediction results tracked through the last loop, are sent back to the SAGE-
based discriminator for initialization. Inside the SAGE-based discriminator, the first two kinds
of variables are updated until the convergence criteria get satisfied. Afterwards, they are filtered
and predicted through various loops to get more accurate estimates and fed back to initialize the
SAGE-based discriminator eventually.

5.4 Simulation Results and Performance Analysis

In this section, we provide two kinds of simulation experiments to evaluate the performance of three
methods. Firstly, the maximum error envelopes (MEEs) experiments are arranged to indicate the
ultimate time delay bias. Secondly, the simulations of time delay RMSE via C/N0 in different
multipath cases are shown. The typical combination of Beidou B1I and B1C signals is considered
for the targeted meta-signal. The subcarrier frequency offset fs locates at 7.161MHz.
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Three DSB methods are adopted in the simulation experiments: the MEDLL [10], the Double
Estimator Technique (DET) based technique [47, 48] and the proposed SAGELL. In the MEDLL for
meta-signal, we first iteratively acquire the temporal ACF and the prompt correlator for the LOS sig-
nal and the multipath signal of each side-band component according to Equation (5.8b) and (5.8c),
then coherently and incoherently combine the time delay estimates and carrier phases according
to Equation (5.10) and (5.11), respectively. Finally, the DLLs with Early-Late discriminator and
PLLs are utilized to track each signal of the meta-signal. A 4-element ULAwith a half-wavelength
antenna spacing is assumed. To make a relatively fair comparison, we make beamforming to the
LOS direction before conducting the conventional MEDLL and DET, and the detailed ACF dis-
tortion before and after beamforming are described in reference [54]. Generally, the multipath dis-
tortion after beamforming can be further relieved by the temporal multipath-mitigating methods.
Furthermore, we utilize narrowband GPS C/A code signals as our target and apply the simplified
SAGELL method to estimate the LOS time delay. To compare the advantages of meta-GNSS sig-
nals over single-frequency GNSS signals in mitigating multipath signals, the C/A code signal in
GPS is also adopted using the SAGELL tracking loop.

Under the assumption of two signals (one LOS signal and one multipath signal), we suppose
four multipath scenarios that are differentiated by the angles and the time delays. For angles, we
consider two cases: one is with large angle difference that the angle of LOS signal is from 0◦ and
the multipath signal is from 40◦, and the other one is with small angle difference that the angle
of LOS signal is from 0◦ and the multipath signal is from 10◦. Likewise, we consider two cases
in time delays: One is with large delay difference that the time delay of LOS signal is 0Tc and
the multipath signal is 0.08Tc, and the other one is with small delay difference that the time delay
of LOS signal is 0Tc and the multipath signal is 0.007Tc. The denotation Tc refers to the time
duration Tc = 977.52 ns of two adjacent chips per C/A code period. The SMR is set to be 6 dB.
The pre-detection integration time T is 20ms. The noise bandwidth parameters of angle, delay,
and carrier tracking lock loops are 5Hz, 5Hz, and 10Hz, respectively. All the lock loops’ orders
are second order. The early-late spacing in the DLL of DET are 0.5Tc and 0.33Tc for B1I and
B1C signals, respectively. And that of MEDLL is set to be 0.034Tc.

5.4.1 MEEs via Multipath Delay

In this subsection, the MEEs of the LOS signal with large angle difference and small angle differ-
ence between the LOS signal and multipath signal are demonstrated.

It is apparent from Figure 5.8 that theMEEs with large angle difference generally behave about
twice as large as that with small angle difference. In situations with large angle differences, single-
frequency GNSS signal (referring to C/A code) demonstrates excellent resolution. However, in
scenarios with small angle differences, mitigating the multipath signal from the LOS signal re-
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Figure 5.8: MEEs of LOS signal with large angle difference (left panel) or small angle difference
(right panel)

quires a multipath delay that is greater than 0.15Tc. Among these three comparisons for meta-
signal, the beamformed DET reveals comparatively poor multipath mitigation with a small angle
difference and a large one. A possible explanation is that the beamforming cannot thoroughly mit-
igate the multipath signal. Thus, the residual multipath still causes quite a considerable influence
on subcarrier phase tracking of the LOS signal.

The error of beamformed MEDLL, by contrast, maintains a competitive advantage out of the
range [0Tc, 0.02Tc] irrespective of the similarity in spatial domain. However, the curves of the
beamformed MEDLL in the range [0Tc, 0.02Tc] rise and fall drastically, and they peak at nearly
0.007Tc reaching 0.6m. By only time domain characteristics, MEDLL cannot eliminate the mul-
tipath under the condition of two highly temporally correlated signals. Besides, beamforming
contributes to multipath mitigation when the low spatially correlated signals exist, but it offers
poor attenuation in highly spatially correlated situations. A direct consequence of combining mul-
tiple dimensions is that SAGELL observes and differentiates the multipath from both spatial and
temporal domains, so it exhibits reasonably good performance.

5.4.2 RMSEs via C/N0

Five specific simulated scenarios are set to evaluate and compare the thermal noise performance,
and the RMSEs of the LOS signal are exploited in this section. These five scenarios conclude single
signal, large angle differencewithin small delay difference and large delay difference, together with
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Figure 5.9: Delay RMSEs comparison of single signal

small angle difference within small delay difference and large delay difference. The other settings
are the same as those in the previous section.

In Figure 5.9, the comparisons of the LOS time delay RMSEs among three methods in a single
signal (i.e., LOS only) scenario and the theoretical boundary of the meta-signal are shown. Since
the single is set, the beamforming in this scenario plays a crucial role in the signal gain increase
instead of multipath mitigation. The theoretical boundary with a single antenna can be plotted
according to [115, 116], and the theoretical boundary with a four-element antenna could be derived
easily. The curves show that these methods yielded the best values, especially the SAGELL and
the SLL of DET, almost reaching the theoretical boundary. Given that SAGELL adopts an iterative
multiple correlators discriminator in multi-dimensions, whereas the DET and MEDLL use prompt
or Early-Late discriminators in the temporal domain, the complexity of SAGELL slightly exceeds
that of the MEDLL.

Next, the RMSEs of the LOS time delay in four multipath scenarios are presented. The trend
of beamformed MEDLL corresponds to the fact that it can differentiate the multipath in large time
delay difference in the previous analysis of MEE, which are shown in the left-hand side plots in
Figure 5.10 and Figure 5.11. However, this fact is in contrast with the behaviors of the beamformed
MEDLL in a small delay difference scenario. The beamformed MEDLL suffers from limitations
of only resolving multipath via time delays, especially in the presence of highly spatially and tem-
porally correlated signals, as displayed by the right panel in Figure 5.11.

Unlike other methods carried out in this case, SAGELL is found to perform exceptionally
well with high C/N0, benefiting from spatial, and temporal domains. Despite the appearance
of the meta-signal ambiguity in the low C/N0 range [42], the SAGELL has basically reached a
centimeter-level ranging performance at 39 dB-Hz.
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Figure 5.10: Delay RMSEs of LOS signal comparison when LOS and multipath signals are sepa-
rate from 0◦ and 40◦, respectively, with large delay difference 0.08Tc (left panel) and small delay
difference 0.007Tc (right panel)
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Figure 5.11: Delay RMSEs of LOS signal comparison when LOS and multipath are similar from
0◦ and 10◦, respectively, with large delay difference 0.08Tc (left panel) and small delay difference
0.007Tc (right panel)
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5.5 Conclusions

In this chapter, a series of researches are carried out for the purpose of providing decimeter- or even
centimeter-level ranging accuracy in multipath environments. Meta-GNSS signals can be highly
precise with the bandwidth of tens of megahertz or even hundreds of megahertz. Meanwhile, multi-
antenna technology can improve signal gain and provide spatial freedom for multipath mitigation.
The combination of the multi-antenna technology and meta-signals can easily reach the decimeter-
level ranging accuracy and effectively distinguish multipath, especially in highly correlated signals.

This chapter addresses the challenges of achieving accurate ranging in multipath environments
by studying the characteristics of meta-signals and analyzing their ACFs. The study highlights that
the ACFs of meta-signals exhibit distortions in the presence of multipath, rendering temporal do-
main analysis inadequate for distinguishing highly correlated signals. To overcome this limitation,
the chapter proposes the SAGELL design, which leverages the robustness of SAGE against mul-
tipath signals and the excellent temporal resolution of meta-signals. Using the basic principles of
SAGE, the SAGE-based discriminator combats multipath signals from both spatial and temporal
domains to provide coherently precise estimates of the meta-signal. To maintain high accuracy in
multipath mitigation, various loops, including ALLs, DLLs, and PLLs, are employed to track and
predict the signals for SAGELL. The study shows that combining multi-dimensional processing
with wide bandwidth provides optimal time delay estimation in severe multipath propagation. Sim-
ulation results demonstrate that the proposed SAGELL design reaches the theoretical bound in an
environment with no multipath signals and performs remarkably well in mitigating multipath, par-
ticularly when dealing with small time delay differences and angle differences between the LOS
signal and the multipath signal.



Multi-antennaGNSSSignalCollection Plat-
form and Verification

6.1 Introduction

In this chapter, we build a multi-antenna GNSS signal collection platform to collect GNSS sig-
nals and validate the feasibility of the joint spatial and temporal multipath mitigation algorithms
proposed in Section 3. Additionally, the data collected from this platform is publicly shared for
experimental purposes, addressing the gap in existing public data sources that only provide single-
antenna measured data. This valuable datasets can support further research and development in
the field of GNSS signal processing.

This chapter discusses the requirements for indicators and the real measurement environment of
the multi-antenna GNSS signal collection platform. Subsequently, we also present the calibration
method. Building upon these foundations, we provide and demonstrate functional verification
results for the primary methods presented in this thesis. Finally, we conclude this chapter.

6.2 Introduction to Multi-antenna GNSS Signal Collection Platform

The multi-antenna GNSS signal collection platform mainly comprises two parts, including an out-
side radio frequency front-end (RFFE) part and an inside data collection part. The specific module
is illustrated in Figure 6.1.

The GNSS signal is first received by an outdoor multi-antenna consisting of 4-element ULA,
as shown in Figure 6.2. The spacing between each element is 10 cm, and the gain of each element
is approximately 5 dBi. The antenna includes a low noise amplifier that provides a gain of 28-
30 dB with a noise figure below 2 dB. The signal is then connected to the power division network
and correcting network, constructed by a Mini-Circuits ZN2PD2-63-S+ broadband power splitter.
This network performs amplitude and phase calibration between channels for the single-frequency
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Figure 6.1: Structure of multi-antenna GNSS signal collection platform

signal sent prior.

Figure 6.2: 4-element ULA

After passing through the power division network for calibration, the GNSS signal is trans-
mitted through RF coaxial cables to the indoor section. The indoor section consists of three parts.
Firstly, the multi-channel RFFE feeder reactor powers the low noise amplifier in the antenna. It
provides power to the RF coaxial cable connected to the antenna using an onboard high cut-off
filter and uses a series capacitor on the RF channels for direct current (DC) potential isolation be-
tween stages, as shown in Figure 6.3. Secondly, considering the long-distance transmission loss of
GNSS signals, the signal power at the receiver is usually below the noise level. Its spread spectrum
modulation can recover gain ranging from 30 dB by despreading. Therefore, we only consider the
noise level for the gain design of the receiving link. An indoor signal amplifier module with a
gain of approximately 50 dB was designed based on the INA-02186 wideband high-gain module
on the ADRV9009 multi-channel agile transceiver. The module is encased in a shielded enclosure
to prevent channel self-excitation, coupling, and cross-talk, as shown in Figure 6.4. Finally, the
amplified signal undergoes down-conversion, sampling, and uploading in the multi-antenna GNSS
collection platform. The GNSS collection unit is implemented on the ADRV9009 multi-channel
agile transceiver processing board, which supports up to 8 channels, as shown in Figure 6.5. Ac-
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cording to the requirements of this chapter, the local oscillator signal of the core processing board
is set to 1575 MHz to receive the C/A code of the GPS in the L1 frequency band (1575.42MHz).
The 420KHz frequency residual is compensated for in the down-conversion. The sampling rate of
the entire core board is set to 10.24MSPS, with 4-bit quantization data for both the I and Q chan-
nels. These data are uploaded to the host computer via a user datagram protocol (UDP) network
interface.

Figure 6.3: Indoor multi-channel RFFE feeder reactor

Figure 6.4: Indoor instrument amplifier

This platform can fulfill the design requirements. Specific requirements are as follows: The
platform should have a 4-element ULA, compatible with typical GNSS frequency bands to enable
the comprehensive collection; Each channel should provide a gain of over 40 dB to address the
attenuation problem of the satellite-ground link. Considering the amplitude and phase inconsisten-
cies between channels, the calibration unit should be designed to maintain consistent amplitude and
phase among all channels; Since the bandwidth of GNSS signals varies, the analog-to-digital con-
verter (ADC) of this platform should meet the typical bandwidth requirements of GNSS signals,



106
CHAPTER 6. MULTI-ANTENNA GNSS SIGNAL COLLECTION PLATFORM AND

VERIFICATION

Figure 6.5: Indoor multi-channel data collection

achieving a maximum sampling rate of 30MHz for single-frequency signals; Finally, to ensure
secure and efficient transmission, the platform should communicate with the host computer via a
UDP interface using gigabit Ethernet.

6.3 Introduction to GNSS Signal Collecting Environment

GNSS signals experience significant path loss when transmitting from high altitude to the ground.
Signals with higher elevation angles are more easily received by antennas. Considering the need
for isolation between indoor amplifier conditioning and antenna, we have placed the multi-antenna
on the roof of Hongli building in Xi’an Jiaotong University. Each element of the antenna is ori-
ented towards satellites with high elevation angles, as demonstrated in Figure 6.6. The remaining
components of the collection platform are located indoors and linked to the antenna through the
10m RF coaxial cables for signal transmission and antenna power supply.

The antenna is deployed along the direction of the stairs, with the array orientation roughly
aligned with the stairs, as displayed in Figure 6.7. It should be noted that the stairs of Hongli
building in Xi’an Jiaotong University are located approximately 30◦ west of true north.
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Figure 6.6: Placement of multi-antenna GNSS collection platform

Figure 6.7: Related azimuth information of multi-antenna GNSS collection platform

6.4 Channel Calibration and Attitude Estimation

Although the multi-antenna GNSS collection platform has completed collecting, sampling, and
uploading GNSS signals, the data received by each antenna may need to be consistent and urgently
need calibration. In addition, the platform can recognize the DOAs of GNSS signals. Therefore, an
estimation of attitude is required to verify the functionality of the methods proposed. This section
presents the amplitude and phase calibration method for the channels of the platform, as well as
the relevant thinking for attitude estimation.
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6.4.1 Amplitude and Phase Calibration

This subsection describes the selection of the single-frequency calibration method for various
channels of the multi-antenna GNSS data collection platform. Specifically, an offline calibration
method is adopted. To avoid the impact of local oscillator leakage, a single-tone signal s (t) with
the frequency of 1575MHz and power of -50 dBm was emitted indoors. After calculation and
measurement, the signal was amplified to approximately -17 dBm before reaching the ADRV9009,
resulting in a power increase of around 33 dB, much higher than the noise of the antennas. Based
on this fact, we can conclude that the received signal primarily consists of calibrated signals, which
can be utilized for channel calibration.

Through the sampling and transmission of the indoor data collection unit, the single-tone signal
is received as sR (t) in the upper computer. By utilizing the known signal and the conjugate result
of the received signal within time T , the complex amplitude estimation of each receiving channel
can be obtained

ŵ =
1

T

∫ T

0
sR (t)s∗ (t) dt (6.1)

where the estimated complex amplitude for each channel is ŵ = [ŵ1, . . . , ŵMθ
]T .

Define the mθ th element of ŵ as ŵmθ
, where mθ = 1, . . . ,Mθ. Take the first receiving

channel as a reference, the correction coefficient of themθ th receiving channel is

w̄mθ

.
=

ŵ1

ŵmθ

(6.2)

6.4.2 Attitude Estimation for Array

The GNSS signal collection platform collected 10 s GNSS signal. The amplitude and phase of each
channel were corrected using the correction coefficients provided in Equation (6.2), resulting in
the corrected data s̄R (t). Following the collecting stage, the local waveform was conjugated and
correlated with the corrected waveform to estimate the spatial steering vector of the multi-antenna.

âp =

∫ T
0 s̄R (t) c∗ (t) dt∫ T
0 s̄R1 (t) c∗ (t) dt

(6.3)

where s̄R1 (t) denotes the calibrated data from the first receiving channel. Since we use a ULA
structure, a in (2.8) behaves the Vandermonde structure.

The website www.gnssplanningonline.com provides satellite information for various sys-
tems, including azimuth information between satellites relative to a ground observation point. As
shown in Figure 6.8, the data collected by our platformwas around 10:15 pm onOctober 28th, 2021.
During this period, GPS signals above Xi’an could be acquired from satellites with PRN numbers
04, 07, 08, 09, 16, 21, and 27, and the corresponding elevation angles of these satellites are shown

www.gnssplanningonline.com
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Figure 6.8: The azimuth information of GNSS provided by Trimble
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Figure 6.9: The elevation information of GNSS provided by Trimble

in Figure 6.9. The elevation angle in Figure 6.9 represents the satellite’s elevation angle, while
the angle relative to the center point in Figure 6.8 represents the satellite’s azimuth angle. Based
on these information, we can obtain the azimuth and elevation information of each GPS satellite
relative to the geocentric coordinate system. In this case, the y-axis represents the north direction.
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Table 6.1: The direction information of GPS relative to the local spherical coordinate system

PRN
22:10 22:20 22:15

Azimuth Elevation Azimuth Elevation Azimuth Elevation

04 -117.9 38.63 -114.5 34.32 -116.2 36.475
07 134 36.72 133.8 40.28 133.9 38.5
08 -100.3 81.67 -90 86.82 -95.15 84.245
09 -169 43.83 -167.6 42.02 -168.3 42.925
16 36.7 37.72 33.5 34.69 35.1 36.205
21 -70.5 18.39 -68 22.43 -69.25 20.41
27 41 61.96 45 52.92 43 57.44

The azimuth and elevation angles of each satellite at different time intervals are presented in Table
6.1.

The antenna of platform was placed roughly 30◦ west of north and horizontally on the rooftop.
Thus, the elevation angle of the array steering vector can be approximated as zero. Consequently,
the steering vector of the antenna can be modeled using the following equations:

ap =
[
1, e

−j 2πd
λant

hT
p hl , . . . , e

−j 2πd
λant

(Mθ−1)hT
p hl

]T
(6.4)

The DOA of the signal, which is the angle between the signal steering vector hg and the array
steering vector hl, is defined as

hp = [cos θp cosφp, sin θp cosφp, sinφp]
T (6.5)

hl = [cos θ0, sin θ0, 0]T (6.6)

where θp is the azimuth angle of the steering vector of the p th satellite, φp is the pitch angle relative
to the ground, and θ0 is the azimuth angle of the array steering vector.

To determine the direction of the array steering vector ĥl, we can perform inter-satellite differ-
encing between the steering vectors, yielding âp ⊙ â∗

m (where subscripts p and m indicate the two
satellites used for inter-satellite differencing). The differential signal obtained from the difference
between signals received by the first Mθ − 1 and last Mθ − 1 elements is then used to solve the
phase (hp − hm)T ĥl, which can be expressed as

(hp − hm)T ĥl =


cos θp cosφp − cos θm cosφm

sin θp cosφp − sin θm cosφm

sin θp − sinφm


T 

cos θ0

sin θ0

0

 (6.7)
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The steering vector estimation of array can be obtained by usingmore than or equal to four different
satellites

ĥl =

(
h2 − h1 h3 − h1 h4 − h1

)−1


(h2 − h1)

T ĥl

(h3 − h1)
T ĥl

(h4 − h1)
T ĥl

 (6.8)

Based on the information provided in Table 6.1, the azimuth angle θ0 can be estimated as
120.3◦, which is consistent with the approximate direction of the steering vector. This result pro-
vides a reliable theoretical basis for comparing the angle estimation results obtained in subsequent
analyses.

6.5 Verifications

This section validates the functional performance of two GNSS joint spatial and temporal multi-
path mitigation methods in Chapter 3 using data collected by the platform. Both methods were
integrated into the classical loop of a traditional GNSS receiver to ensure good tracking capability.
The signal for validation is the L1 frequency C/A code of GPS. The sampling rate is 10.24MHz,
and the data was collected for approximately 10 s above Xi’an on the evening of October 28 th,
2021. A 4-element ULA is utilized with an element spacing of 10 cm.

6.5.1 Short Period Estimation Verification

In the validation, we will verify the performance of JADE-SFS-DOAMatrix and JAODE-MSBL
discussed in Section 3. In this scenario, we consider these two algorithms standalone discriminators
and estimate the time delay and angle based on the acquisition information. The duration of short
period is set to 20ms.

Based on the GPS information during the collecting period, the measurements of satellites
with PRNs 04, 07, 08, 09, 16, 21, and 27 were processed using joint spatial and temporal multipath
mitigation algorithms. The real DOAs of each satellite were then computed using Equation (6.8)
and are presented in Table 6.2.

Figure 6.10 illustrates the spatial and temporal spectrum of GPS signals for PRN 04 and 16
while comparing two discriminators, namely the joint spatial and temporal ML-based algorithm
and the JAODE-MSBL algorithm. The figure suggests that the JAODE-MSBL algorithm has a
sharper peak than the ML-based algorithm, while it may suffer from the issue of reduced accuracy
or long computed time due to over-sparse or over-dense grid division. In such cases, conducting a
small-range ML search around the estimated parameters can mitigate the off-grid effect.
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Table 6.2: Real DOA calculation and angle estimation of two algorithms in Chapter 3

PRN Real DOA Estimated
DOA

JAODE-MSBL

Estimated
DOA

JADE-SFS-
DOAMatrix

Note

04 116.2731◦ 115.81◦ 115.4499◦

07 40.4489◦ 38.46◦ 37.7815◦ Blocked by
tower

08 94.6796◦ 93.6◦ 93.4976◦

09 76.4221◦ 78.14◦ 78.7086◦ Blocked by trees
16 86.209◦ 86.82◦ 87.0345◦

21 157.512◦ 146.1◦ 142.0029◦ Blocked by
tower

27 83.2579◦ 83.36◦ 83.4546◦

6.5.2 Tracking Performance Verification

The two joint spatial and temporal multipathmitigation algorithmswere treated as discriminators in
the tracking loop and validated during a short period. The estimated results of these discriminators
under short-term static channel conditions were provided. To ensure the tracking performance of
the GNSS receiver and address the Doppler phase drifting, we embedded the discriminators into a
typical tracking loop, forming an improved joint spatial and temporal GNSS tracking loop. Figure
6.11 shows a schematic diagram.

The upper part constitutes a new joint spatial and temporal DLL, while the lower part uses the
classical PLL. This way, the joint spatial and temporal discriminator can be used mainly for joint
spatial and temporal multipath mitigation and parameter estimation. In contrast, PLL and DLL are
primarily used for signal filtering and tracking.

We name the two proposed loops the JADE-SFS-DOAmatrix tracking loop and JAODE-MSBL
tracking loop, respectively. The accuracy of code phase tracking is compared with that of a typical
single-antenna tracking loop. The relevant parameters are listed as follows: GPS signals corre-
sponding to PRN 04 and 16 are used as the measured data. A typical single-antenna tracking loop
uses an early-late-prompt discriminator with a spacing of 0.5Tc, DLL bandwidth of 10Hz, PLL
bandwidth of 15Hz, and 10ms data for each discrimination. It should be noted that the true code
phase cannot be obtained here, making it impossible to calculate the estimation error of the code
phase precisely. Therefore, linear regression is performed using the tracking loop to obtain the
reference value, and the tracking error is calculated based on the fitted value.

Figure 6.12 compares the code phase tracking error of the three tracking loops using 2 s of stable
tracking data as a reference. The analysis shows that the two proposed spatial and temporal tracking
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Figure 6.10: Spatial and temporal spectrum of the discriminator for PRN 04 (left panel) and PRN
16 (right panel)
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Figure 6.11: Schematic diagram of the improved joint spatial and temporal processing GNSS
tracking loop

loops outperform the typical single-antenna tracking loop regarding code phase error. This is partly
due to the spatial gain provided by multi-antenna and the advantage of having more correlation
points in the discriminator. However, since the acquired data only contains clear LOS signal and
lacks obvious multipath signals, the mitigation capability of the multipath cannot be evaluated
accurately. As a result, the difference between the JADE-SFS-DOAMatrix tracking loop and the
JAODE-MSBL tracking loop is not very apparent.

Table 6.3 presents the RMSEs of the code phase for the three tracking loops. The table shows
that the performance of the three tracking loops is consistent with the theoretical analysis, thereby
verifying the functionality and effectiveness of the proposed methods. It is worth noting that the
performance of JADE-SFS-DOAMatrix tracking loop and JAODE-MSBL tracking loop are almost
identical. This is because only one LOS signal is present, and no multipath interference exists in
this scenario.

Due to the limitations of the platform and time constraints, we are currently unable to use this
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Figure 6.12: Tracking error of the proposed tracking loops of PRN 04 (left panel) and PRN 16
(right panel)

Table 6.3: RMSEs of code phase for three tracking loops

PRN Single-antenna JADE-SFS-
DOAMatrix

JAODE-MSBL

04 0.0044Tc 0.0028Tc 0.0026Tc

16 0.0035Tc 0.0023Tc 0.002Tc

platform to create a multipath environment and thus verify the performance. Additionally, the
feasibility and performance of the joint space, polarization and time method in Chapter 4 and the
joint space and frequency method in Chapter 5 cannot be validated at this time. In future research,
we will make efforts to improve the platform and its integration as soon as possible in order to
complete the functionality and performance verification of the proposed methods. The relevant
results will be published in GNSS-related conferences or journals.

6.6 Conclusions

This chapter introduces a GNSS data collection platform with multiple antennas, utilizing exist-
ing equipment. It explores the calibration of antenna phase errors and estimation of array atti-
tude. Specifically, the platform receives GPS L1 frequency C/A signals through a 4-element ULA,
aiming to validate the functionality and effectiveness of the JADE-SFS-DOAMatrix and JAODE-
MSBL algorithms proposed in Chapter 3. To assess these algorithms, a comprehensive analysis is



6.6. CONCLUSIONS 115

conducted: Firstly, the joint spatial and temporal spectrum is carefully examined as a discrimina-
tor in short periods; Next, the tracking performance of the integrated GNSS tracking loop with the
two algorithms is compared to the error performance of the spatial and temporal cascaded track-
ing loop; Finally, this comparison evaluates the practical implementation and effectiveness of the
proposed algorithms.



Summary andTopics for FutureResearch

7.1 Summary

This thesis focuses on the study of multi-dimensional GNSS receivers in positioning services, aim-
ing to solve the multipath mitigation problem in urban environments. By analyzing the character-
istics of GNSS channels and typical GNSS signals, the thesis proposes a joint multi-dimensional
processing structure that includes spatial, temporal, polarization, and frequency domains to iden-
tify and mitigate multipath signals. Some of the proposed structures and corresponding algorithms
are verified through practical observed data using a multi-antenna GNSS data collection platform.

The content of this thesis can be summarized into several categories based on different multi-
path processing objectives: Considering general multipath environment and receiver complexity,
the thesis first proposes a joint spatial and frequential smoothing subspace-based algorithm; Further
exploring the sparsity of GNSS multipath signals in space and time domains, the thesis presents a
series of sparse off-grid joint spatial and temporal MSBL-based algorithms; To meet the demand
for multipath mitigation of high correlation signals in space and time, the thesis proposes a sparse
off-grid joint spatial, polarization, and temporal MSBL algorithm; For high-precision GNSS appli-
cations, the thesis breaks through the limitation of GNSS signal’s time resolution and combines the
wideband characteristic of meta-GNSS signals with their spatial domain to design a meta-signal
multipath-mitigating tracking loop based on SAGE; Finally, the proposed joint angle and time de-
lay estimation algorithms are validated using GNSS signals collected from a multi-antenna GNSS
data collection platform. Specifically, the main contents of this thesis can be summarized as fol-
lows:

1. At the system model level of GNSS joint multi-dimensional receivers, this thesis departs from
the traditional cascaded space-time processing in GNSS receivers. Instead, it fully utilizes
the spatial, temporal, polarization, and frequential dimensions of GNSS multipath signals and
proposes a generalized joint multi-dimensional GNSS multipath-mitigating receiver and recep-
tion model. Additionally, the thesis explores the sparsity in spatial and temporal domains to-
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gether with the characteristics in polarization domain, establishing corresponding joint multi-
dimensional sparse models for applying sparse representation algorithms. This architecture
effectively combines the characteristics of GNSS multipath signals in various dimensions to
enhance the capability of multipath identification and mitigation.

2. Based on the temporal and spatial characteristics of GNSS signals, this thesis explores the advan-
tages of a joint spatial and temporal architecture over the traditional spatial-temporal cascaded
one. It proposes two categories of joint spatial and temporal processing to cater to different
GNSS receiver requirements: subspace-based and off-grid MSBL-based methods. In order to
address parameter estimation in general multipath environments where spatial and temporal
correlation behaves low, a subspace-based joint spatial and temporal multipath mitigation al-
gorithm is introduced. This algorithm leverages spatial smoothing and offers the advantage of
low complexity, making it suitable for general multipath scenarios. Moreover, in high spatial
correlation environments, the proposed algorithm takes advantage of the rotation-invariant prop-
erty of GNSS multipath signals in the frequency domain to tackle the issue of rank-deficient
covariance matrices. It presents a subspace-based algorithm performing joint angle and time
delay estimation with spatial and frequency smoothing. To handle scenarios with high spatial
or temporal correlation, the thesis explores joint spatial and temporal sparsity of GNSS mul-
tipath signals. It introduces an off-grid MSBL-based approach that capitalizes on the ability
of MSBL to select sparser global points from extremal points. This algorithm applies both
on-grid and off-grid estimation techniques for angle and delay estimation, depending on the
specific requirements of the GNSS application. This reduces the complexity resulting from the
joint spatial and temporal MSBL and enhances the resolution of off-grid estimation parameters.
The proposed algorithms demonstrate improved multipath mitigation performance in scenar-
ios with low carrier-to-noise ratios and few snapshots. They also achieve accurate ranging in
scenarios with spatial and temporal correlations in GNSS signals.

3. GNSS tracking performance can be hampered in a severe multipath environment, leading to
meter-level pseudo-range errors. This thesis proposes a method for parameter estimation (angle,
polarization, and time delay) in the presence of high spatial and temporal correlation between
the LOS and multipath signals. The method uses MSBL and multi-dimensional processing
to enhance multipath mitigation. A jointly spatial, polarization, and temporal GNSS signal
model is established to exploit sparsity in the spatial and temporal domains and characteristics
in the polarized domain. An MSBL-based joint solution of angle, polarization, and time delay
estimator is derived for each multipath signal. An off-grid estimator for angles and time delays
is also extended to reduce complexity and improve resolution. Simulation results demonstrate
that the proposed method is promising with strong robustness and effectiveness in combating
multipath. It performs close to the CRLB and outperforms other methods in highly spatially or
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temporally correlated signals and multiple multipath signal scenarios.

4. Recent findings indicate that the integration of wide bandwidth signals and multi-antenna tech-
nology is crucial for improving GNSS multipath mitigation. This has led to the emergence of
meta-GNSS signals and multi-dimensional processing. To estimate the time delay of the LOS
signal in a multipath environment, we propose a locked loop design called SAGELL, which
leverages the high resolution of meta-signals and incorporates spatial and temporal domain char-
acteristics. The SAGELL design consists of two main components: the SAGE-based discrim-
inator and combinational loops. By utilizing multi-dimensional processing and the bandwidth
of meta-signals, the SAGE-based discriminator first estimates the LOS signal and multipath sig-
nals in single side-band components, achieving coherent global estimates of the dual side-band
components. To accurately track each signal of the meta-signal, we employ angle, code phase,
and carrier phase-locked loops in the SAGELL, which filter and predict the estimates. The pro-
posed GNSS meta-signal multipath-mitigating loop design enables high-precision mitigation
and tracking in multipath scenarios, even when dealing with highly correlated signals.

5. We constructed a GNSS data collection platform with a 4-antenna array. Two multipath mit-
igation algorithms, subspace-based and MSBL-based joint spatial-temporal approaches, were
integrated into traditional GNSS loops. Validation using the acquired data showed that both
methods achieved superior time delay estimation accuracy compared to traditional GNSS loops,
confirming their effectiveness. Additionally, the collected data demonstrated the feasibility of
online uploading and sharing multi-antenna GNSS sampling data for scientific research pur-
poses.

7.2 Topics for Future Research

This thesis addresses the growing demand for effective multipath mitigation techniques in complex
multipath environments, with a specific focus on achieving high-precision positioning. To tackle
this challenge, the multi-dimensional processing structure is proposed for multi-antenna GNSS re-
ceivers. The structure incorporates multiple dimensions and signal features, including joint space
and time, joint space, time, and polarization, and joint space, time, and frequency. Various al-
gorithms, such as subspace, MSBL, and SAGE, are employed to mitigate multipath. The results
demonstrate significant improvements in multipath mitigation and estimation accuracy. Neverthe-
less, there are still challenges to address, and future research can explore mitigating the impact of
multipath signals, enhancing robustness, and integrating with other estimation algorithms.

1. Research on off-grid effects in sparse representation. Current off-grid estimation methods, re-
lying on first-order Taylor expansion, have limitations in achieving high precision. As the
carrier-to-noise ratio increases, off-grid effects become more pronounced, impacting accurate
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estimation. Two approaches can be pursued to address this issue. The first approach involves
developing a dynamic off-grid estimation model that adjusts the grid in time and space during
each iteration. However, challenges arise in establishing a dynamic grid model that reduces
bias from fixed grids and minimizes off-grid effects caused by the Taylor expansion. The sec-
ond approach explores gridless reconstruction that eliminates off-grid effects by avoiding grid
selection. However, this approach faces challenges in applying gridless methods in extreme
multipath environments where the covariance matrix’s Toeplitz property may not hold. Practi-
cal techniques for dynamic off-grid estimation and gridless reconstruction need further investi-
gation to achieve accurate estimation, even in complex multipath environments.

2. Enhancing high-precision and high-dynamic positioning through the bandwidth and sparse prop-
erties of meta-GNSS signals. Achieving high-precision and high-dynamic positioning using
meta-GNSS signals presents a significant challenge due to the difficulty of establishing sig-
nal models in high-dynamic scenarios. This can limit our ability to accurately estimate over
long-term data accumulation periods or track signals effectively. To address this challenge,
one potential solution is to utilize sparse representation, which can operate effectively with few
snapshots. By combining meta-GNSS signals with sparse representation, it may be possible to
achieve high-precision positioning even in high-dynamic scenarios. Specifically, sparse repre-
sentation can exploit the sparsity and structure of meta-signals to enable accurate and efficient
estimation. Nevertheless, further research is needed to explore effective ways to combine meta-
GNSS signals and sparse representation methods in high-dynamic scenarios. It is necessary to
develop methods that provide quick and effective high-precision estimation while resisting the
Doppler effects caused by high dynamics. Addressing these challenges could pave the way for
achieving simultaneous high-precision and high-dynamic positioning using meta-signals and
sparse representation.

3. Receiver-based spoofing detection and mitigation. Intelligently resisting receiver-based spoof-
ing is a challenging problem in GNSS anti-spoofing studies, particularly in military applica-
tions. Receiver-based spoofing resembles true GNSS signals, with identical spreading codes
and navigation messages differing only in time delay and slightly stronger signal power, simi-
lar to multipath signals. Establishing an analysis and identification method for different features
of receiver-based spoofing using multi-antenna GNSS receivers is a promising area for future
research. However, this thesis mainly focuses on multi-dimensional mitigation, a promising ap-
proach for achieving accurate GNSS positioning in challenging environments. Extending this
approach to receiver-based spoofing detection and mitigation could be a breakthrough in solv-
ing the current challenges posed by receiver-based spoofing. By analyzing the various features
of spoofing from multiple dimensions, it may be possible to establish a more comprehensive
approach for detecting and suppressing this type of interference.
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4. GNSS channel modeling and algorithm extension based on multiple GNSS data sets. To accu-
rately study multipath-mitigating algorithms for GNSS signals, measuring and modeling their
feature distributions in various real-world scenarios using multi-antenna and multi-frequency
GNSS collection platform is necessary. This is particularly important given the limited under-
standing of statistical channel distribution corresponding to various parameters, especially for
GNSS signals in complex electromagnetic environments. Thus, this thesis proposes to use mul-
tiple real-world data sets to inform GNSS channel modeling and algorithm extension, with a
focus on modeling and setting spatial and temporal parameters for GNSS signals in multipath
environments.
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