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Abstract

Although the ACDM model is the most complete model of modern cosmology to date, it
still lacks a compelling description of the baryonic matter origin and of the cosmological
inflationary period. In this thesis, we study the implications of the inflaton coupling
to the Chern-Simons density in various scenarios, focusing on the role played by the
Higgs sector in the baryogenesis and preheating capabilities. At first, we focus on the
Higgs inflation model, as it relates cosmological observables to properties of electroweak
physics, which makes the Higgs a candidate of particular interest for the inflaton. Then
we propose a modified model of the latter, where the Higgs is combined with a new
scalar field. Both fields participate in the inflation process in a unitary theory that
predicts values of the cosmological observables in agreement with the results from the
Planck/BICEP /Keck Collaborations. From a phenomenological perspective, this model
can solve the Standard Model instability problem and, under some specified conditions,
lead to the prediction of a TeV scale inflaton that could be produced and detected
at the LHC. This model thus combines Higgs inflation, baryogenesis via production
of helical magnetic fields, and stabilization of the Higgs potential by modifying the
renormalization group running, to provide a successful history of the Universe.
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Conventions and abbreviations

Unless otherwise specified, we set all the physical constants to unity

C:FLZE():/J,():]CB:L

We use the Einstein summation convention between upper and lower Greek indices (running
from 0 to 3) and between letters from any other alphabet without any particular instructions.

Bold characters stand for 3-vectors.

We use dots to represent cosmic time derivatives and primes to represent conformal time

derivatives
. _da , _da

a=—, a =—.
dt dr

Primes are also used to denote the derivative of a function with respect to its prime variable.

This is most often the case for the potential

but it can be for any single variable function.
The metric signature is (—, +, +, +).

The function log denotes the natural logarithm, i.e. in the base of the mathematical constant
e =2.718281.... This is the same for the exponential function exp.

We use the convention of Peskin and Schroeder for SM, hence the Higgs VEV is downstair in
the doublet and
Q=13+Y.
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Abbreviations used in this work

ALP
ATLAS
BAU

Axion-like particles
A Toroidal LHC Apparatus

Baryon asymmetry of the Universe

FRW
GUT

HE-LHC

Friedmann-Robertson-Walker
Grand unified theory

High-Energy Large hadron collider

BBN Big Bang nucleosynthesis HI Higgs inflation
BD Bunch-Davies IMF Intergalactic magnetic fields
BSM Beyond the Standard Model IR Infrared
CERN European Organization LHC Large hadron collider

for Nuclear Research

LHS Left hand side
CDM Cold dark matter
MHD Magnetohydrodynamics
CHI Critical Higgs inflation
. ) MOND Modified Newton dynamics
CKM Cabibbo-Kobayashi-Maskawa
MS Minimal Subtracti
CMB Cosmic microwave background HHal subiraction
CMS Compact Muon Solenoid MS Bare Minimal Subtraction
COBE Cosmic Background Explorer PT Phase transition
CPI Chiral plasma instability QCD Quantum chromodynamics
CS Chern-Simons QFT Quantum field theory
DM Dark matter RGE Renormalization group equation
EFT Effective field theory RHS Right hand side
EM Electromagnetism RK4 Fourth order Runge-Kutta
EoM Equation(s) of motion SM Standard Model
EW Electroweak UV Ultraviolet
EWPT Electroweak phase transition VEV Vacuum expectation value
FN Froggatt-Nielsen WIMP Weakly Interacting Massive Particle



Introduction

The ACDM model is, today, the most elegant and complete model of modern Cosmology. It adds a
period of accelerated expansion prior to the Hot Big Bang model, called the inflationary paradigm
(or inflation), and postulates the existence of Cold Dark Matter that accounts for the dynamics of
large-scale structures. The theory of Big Bang Nucleosynthesis (BBN), accounting for the birth of
the lightest elements, is embedded in this model as well as the description of the Cosmic Microwave
Background (CMB) radiation. Moreover, associated with so-called dark energy, a tiny cosmological
constant A is also accounting for the actual accelerated expansion.

From the point of view of particle physics, the Standard Model (SM) of the strong and elec-
troweak interactions provides results and predictions that agree with all experiments, with tremen-
dous accuracy. But the SM is somehow postulating the existence of its content without giving
it an origin. Moreover, the SM is a quantum field theory based on a gauge symmetry group.
An unavoidable requirement from Noether’s theorem is then the existence of associated conserved
quantities called charges. Therefore matter and antimatter must come by the same amount. They
can annihilate each other leaving behind, if no dynamical process is present, either an exact equal
amount of matter and antimatter, or only radiation. The obvious existence of matter, compared
to the lack of evidence of antimatter, as well as the CMB analysis and the BBN constraints, drive
physicists to think of a dynamical process that creates a matter/antimatter asymmetry during the
early Universe, called baryogenesis.

For baryogenesis to happen, the Universe must contain a source of baryon number B, charge
conjugation C and CP violations, and provide an out-of-thermal equilibrium period when these
processes can generate an asymmetry in the baryon/lepton sector before freezing out. It appears
that the SM contains all the necessary ingredients, as the weak interaction couples only to left-
handed particles and breaks CP through the CKM phase. This chiral aspect of the model is, by
the same token, anomalous and violates the baryon+lepton number. Lastly, the Higgs mechanism,
which breaks the electroweak symmetry into electromagnetism, might provide the desired out-of-
equilibrium condition. However, even if all the ingredients for a successful baryogenesis model exist
in the SM, they are present in only very little amounts, as the electroweak phase transition (EWPT)
is a crossover and the CP violation induced by the CKM phase (or the Jarlskog invariant) is too
small. Therefore, most baryogenesis mechanisms rely on beyond the SM (BSM) extensions, for
which the EWPT might be strong first order, and have an extra source of CP violation.

The reluctancy of experimental data to confirm deviations with respect to the SM predictions
has motivated people to reanalyze many phenomena with SM tools as much as possible. This thesis
fits into this movement as we aim to explain the baryon asymmetry of the Universe (BAU), and
the inflationary period, by using as much of the Higgs sector as possible. Although this particle
was discovered at CERN in 2012, many of its properties remain unknown today, such as its high-
energy interactions. As we will demonstrate, some higher order interactions allow the Higgs boson
to be at the origin of matter in the present Universe. Even if our false electroweak vacuum is
metastable, with a lifetime much larger than the age of our Universe, should the Higgs participate
in the inflationary period we may want to solve the Higgs vacuum instability problem, which states
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that our current (low-energy) understanding of the Higgs interaction predicts a true vacuum of its
potential at an energy scale of ~ 10! GeV that could lead the entire Universe to an unphysical
phase. This is because when radiative corrections are considered in the SM effective potential, the
value of the Higgs self- (quartic) coupling becomes a function of the Higgs background and turns
negative at scale ~ 10! GeV, mainly through the contribution from the top quark. To prevent
such a behavior, one must introduce new high-energy physics in the Higgs sector.

In doing so we will bring inflation into the picture, as besides solving the flatness and horizon
problems of standard cosmology, the inflationary paradigm opens up a variety of possibilities for
new scenarios, as it requires BSM physics. First, cosmological inflation requires the presence of a
scalar field ¢, the inflaton, with an appropriately flat potential. We will demonstrate that it can
generate the BAU with the appropriate coupling to the hypercharge Chern-Simons (CS) density.
When identified with the Higgs boson, it leads to models dubbed as Higgs inflation (HI) and we
will also provide conditions for baryogenesis in this framework. Finally we will present a modified
HI model where the SM potential is stabilized by an extra BSM field, inflation is realized and the
BAU generated at the electroweak crossover.

This thesis hence lies at the intersection between inflation, baryogenesis and Higgs physics,
which lines up in (p)reheating and low-energy particle phenomenology. While each component
has been previously explored and extensively studied, we have integrated these ideas within a
unified framework, the main goal being to establish specific constraints or predictions regarding the
baryogenesis capability in different models of inflation, all involving the Higgs field.

This thesis is divided as follows. In Part I we will review some aspects of theoretical high energy
physics, in order to set the framework for the subsequent chapters. In particular, Chap. 1 is devoted
to the standard and inflationary models of Cosmology, as well as some insights into the actual open
questions in the field, whereas Chap. 2 reviews the physics of elementary particles, the SM, the Higgs
vacuum instability, gauge field theory and axion physics. Our aim here is to be as comprehensive
as possible, without getting bogged down in detail, while focusing on the necessary aspects for
a proper understanding of the thesis. Over and above the necessary theoretical background, the
aim is to introduce the key topics, mainly the slow roll inflation paradigm, Higgs inflation, the
Sakharov conditions for baryogenesis, the SM chiral anomaly and its link with helicity and the
weak sphaleron.

In Part IT we set the grounds for the baryogenesis mechanism used in this work. We will then
go into more detail, and be more technical. In Chap. 3 we show how helical hypermagnetic fields
can convert into baryon asymmetry during the EWPT, a crossover, and how these fields can be
produced during inflation assuming the appropriate couplings. Chap. 4 is devoted to the detailed
description of a major backreaction effect in the early Universe plasma thus produced, called the
Schwinger effect. In addition to some analytical estimates, we will present the results of our own
numerical simulations.

Finally, Part III brings everything together into the formulation of two models for baryogenesis
and/or inflation. In Chap. 5 we show that the helical gauge fields produced at the end of HI
from the dimension-six interaction between the Higgs and the CS density, lead to a window in the
parameter space for baryogenesis, as least in the metric formulation. This model still faces the
vacuum instability problem which, as said above, happens at a scale of ~ 10'" GeV, much below
the values at which HI takes place, i.e. ~ 1072 M. Addressing this problem usually requires an UV
completion of the model which can modify the relationship between the low-energy and high-energy
SM parameters, and in particular the value of the quartic coupling at the inflationary scale.

With this aim in mind, we study in Chap. 6 a modification of the HI scenario where we introduce
an extra scalar coupled to the Ricci scalar and mixed with the Higgs field. The new scalar field
stabilizes the Higgs potential, provided that its mass is lower than the instability scale, triggers
cosmological inflation and, if coupled to the CS density, generates enough helical hypermagnetic
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fields to source the baryogenesis mechanism at EWPT. Finally, if the new scalar mass is at the TeV
scale, the mixing with the Higgs field becomes sizable while the theory turns natural. The latter
thus predicts modifications of the Higgs trilinear and quartic couplings, that could be explored at
the HE-LHC, as well as at future colliders, and allows for direct production at the LHC followed
by decay into di-Higgs. Present results from ATLAS and CMS already put (mild) bounds on the
mass of the heavy scalar as m 2 0.55 TeV at 95% C.L.



14

INTRODUCTION



Part 1

Framework






Chapter 1
Cosmology

Although the human species has always looked to the stars seeking an explanation of the observed
world, human thinking before the 19th century always led to cosmogony and mythology. Its desire
for knowledge, and its imagination were strong, but it was lacking observational resources. It is
possible to derive one of the fundamental equations of the Universe (the Friedmann equation) with
newtonian mechanics, but at the time of Newton the Universe did not have the same definition as
today, hence contemporary scientists had no clue about the framework, nor the observation, that
could confirm or reject their theory. Before the 19th century, the observations of many astronomers,
Galileo, Kepler, Copernicus, Halley, Messier, Herschel, etc., lead to the acceptance that the Universe
was roughly the size of the Solar system and later of the Milky Way, as the distance between all
visible objects in the sky was greatly underestimated.

It is at the beginning of the 20th century that modern cosmology was born thanks to two
revolutionary discoveries: one observational, the other theoretical. The second one is the theory
of general relativity published by Albert Einstein in 1915. It took many years for this theory to
establish itself and become one of the most important tools of modern science. But without the
other event, it would have remained confined to its use in the Milky Way, since it was always the
broadest framework that physicists could think of. The first confirmations of general relativity
actually occurred on the anomalous perihelion advance of Mercury.

On the other side, the astronomical community was faced for several decades with an important
debate on the subject of nebulae. Defined as diffuse stars that the instruments could not resolve
at that time, many scientist were claiming there were separate galaxies, an idea that dates back to
Kant. In 1920, after the Great Debate between Shapley and Curtis, the scale of the Universe was
revised upwards considerably thanks to Edwin Hubble who showed that the Andromeda nebulae
was far outside the Milky Way by measuring Cepheid variable stars.

But Hubble’s major contribution to modern cosmology, not to say its foundation, was his
redshift law which shows that the escape velocity of extra-galactic objects increases with their
distance. This is when the question of large scale dynamics arose in the scientific community. For
the first time in History, the Universe was seen as a subject of study in itself and no more as the
container of astrophysical objects. Modern cosmology was born.

1.1 A review of Standard Cosmology

In this chapter, we aim to provide a brief review of the fundamentals of modern cosmology. So
in this section, we will first go over the basics in a more technical way and review the successes
and issues of the standard cosmological model, before moving to inflation in Sec. 1.2 and some
contemporary puzzles of cosmology in Sec. 1.3.
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1.1.1 The Friedmann equations

The goal of this section is to relate the Einstein equations of general relativity [1]
G =81G Ty, (1.1)

to the large scale observation of the Universe. These relate the energy density to spacetime distor-
tions within a covariant formulation. The right-hand side (RHS) involves the energy-momentum
tensor T}, and the gravitational constant G ~ 6.67 - 107'* Nm?/kg?. On the left-hand side (LHS)
we find the Einstein tensor )

Guy = Ruu - ingu (12)

which contains non-linear combinations of up to second order derivatives of the metric tensor g, ,
defined below. The Ricci tensor R, and the Ricci scalar R are contractions of the Riemann tensor
R, with the metric

Ry = 0" Rppow, (1.3a)
R = g"R,,. (1.3b)

The Riemann tensor indicates the evolution of the geodesics relative to each other and hence
characterizes the geometry of the space. Its mathematical expression is given by

A A
Rpglw = QLFPW — (9VFPIM + FPHAF vo — FPVAF Lo (1.43)
1
Fuup = 59'1“7 (augap + apgua - aogpu) . (14b)

It involves the Christoffel symbols which describe how the basic vectors €, change when moving
through spacetime. This provides a relation between them and the metric as

o.é, =17,¢é,. (1.5)

=1’,
This non triviality has of course an impact on the derivative. Hence, the covariant derivative

V0, = 0,0, —I”

nv

Up (1.6)

is hence defined in order to transform like the basis under a change of coordinates.

We recover a set of ten coupled differential equations for the metric; six hyperbolic and four
elliptic. However, because both the energy-momentum and the Einstein tensor are symmetric (and
real), only six equations are linearly independent.

The metric is the name given to the matrix representation of the bilinear form that defines the
scalar product in a given vector space. The squared norm of the infinitesimal vector dz* is given
by

ds? = g, dzdz”. (1.7)

The whole challenge of applying the Einstein equations to the Universe is reduced to choosing
the metric accordingly. Hence, based on the paradigm of relativity, that is on the lack of absolute
or preferential reference frames, Einstein formulated the cosmological principle which states that
the Earth does not occupy a special position in the Universe. Besides, observations beyond the
Milky Way suggest that our Universe is isotropic from our perceptive. These two considerations
imply that each point of the Universe is isotropic and hence that the Universe is homogeneous, as
confirmed by the observation of the cosmic microwave background (CMB) in 1965 by Penzias and



1.1. A REVIEW OF STANDARD COSMOLOGY 19

Wilson, see Sec. 1.1.5 and Fig. 1.1. Homogeneity and isotropy bring about strong constraints on
Einstein equations, when these are applied to the Universe.
The cosmological principle implies the following form for the line element

2

1—kr?

ds?* = —dt* + a*(t) ( +72d6* + r? sin’9 dg02> , (1.8)
which defines the Friedmann-Robertson-Walker (FRW) metric. We choose the spherical coordinates
(t,r,0,p) as they reflect the symmetry from our reference frame. Isotropy of space forces the metric
to be diagonal and adding the homogeneity makes the spatial part of the metric proportional to
a term that is at most time dependent. This term, denoted by a(t), gives the scale of the spatial
length and is therefore called the scale factor. Finally, k is a constant related to the curvature of
space!, and using the scale invariance of the line element, i.e. a — Aa, r — r/A, k — A2k, we can
rescale r to make k dimensionless. In this case k has three possible values: if £ = 41 space is said
to be closed and has the shape of a four dimensional sphere, if K = —1 it is open and its shape
takes the form of a saddle, and if k = 0 space is said flat. In this thesis we will consider the last
case and use the above representation of the line element by which a(t) is dimensionless and r and
k~1/2 have length dimension.

The isotropy and homogeneity of the Universe also constrain the energy-momentum tensor
defined as

TMV = (P + p)uﬂuu +pg/_wv (19)

where u,, is the 4-velocity, p and p are the total energy density and pressure. For a comoving
observer, u, = (—1,0,0,0), the tensor has to be diagonal with equal elements associated to the
three different spatial directions:
p000
0p0O
Ty = 00po | (1.10)
0000p

hence we see that we are considering the Universe to be a perfect fluid.
The solution to the Einstein equations in this set-up yields two equations, one for the time
component and another for the spatial one, which is a logical outcome of the choice of index for
T,v. The first Friedmann equation hence describes the time evolution of the Universe by relating
the scale factor to energy and curvature. Indeed, it is sufficient to know the energy in order to
describe an isotropic homogeneous system; spherical symmetry allows us to restrict ourselves to a
one dimensional analysis of the scale factor. It writes
a? _ 8nG k

- 1.11
e 3 P (1.11)

and can be derived with newtonian mechanics for k¥ = 0. The second Friedmann equation is

a 4G
-= —— . 1.12
ST+ ) (112)

A third, redundant, equation can be casted, namely the energy-momentum conservation
v, T" =0, (1.13)

with the covariant derivative defined by (1.6). Out of this three last equations, only two are

IThe curvature radius of space is given by Reurv = a(t)/+/]K]
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independent. For the time component, v = 0, the last one becomes
) a
v, T = p+3£(p+p) =0. (1.14)

and is helpful to describe the global dynamics of the Universe. The only thing we are now lacking
in order to fully engage in cosmology is an equation of state

p=wp (1.15)

in order to distinguish the different forms that energy can take.

A key success of the standard cosmological model is its ability to correctly link the rate of
expansion of the Universe to its content. In order words, the energy characterization allows us to
find the function a(t). Plugging the equation of state into (1.14) we find

dpda ,pda 1

dadt Cadl (1.16)

The value w = 0 corresponds to matter, which has an energy density but no pressure. Unsur-
prisingly, p,a® is constant in this case, which is consistent with the definition of the volumetric
mass density?. With the use of the first Friedmann equation it is now straightforward to compute
the explicit time evolution of the scale factor for a flat Universe. In a matter dominated Universe

we have
agn -3
az. X P X @, (1.17)
and we find
am (t) o< t2/3, (1.18)

Similarly, the dynamics of a radiation dominated Universe, w = 1/3, is

2
Z—% xpyoxart = ay(t) /2, (1.19)
We can already conclude that for a mix of matter and radiation, i.e. what we observe from the
sky, the Universe is expanding, in agreement with the Hubble law that will be discussed in the
next section. Beforehand, let us point out that although the equation of state allows us to imagine
any kind of exotic energy species, there is a non trivial one motivated from the Einstein equations
themselves. Indeed, because the equations of motion (EoM) are obtained from derivatives, there is
a redundancy such that we can always add a constant term proportional to the metric and obtain
the same physics. This can be done in two ways: either redefining the Einstein tensor with an extra

constant term or, more commonly, adding a T/fu term to the energy-momentum tensor 1), with

A A

= ———0gu. 1.2
my srGIr (1.20)

The parameter A is called the cosmological constant and the above contribution corresponds to a
constant energy density despite the expansion, hence w = —1. This can be viewed as radiative
energy with negative pressure.

As the Einstein equations do not exclude this term, it is good to study its consequences in the

2This is valid only in the absence of processes that create or annihilate massive particles.
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dynamics of the Universe. Recasting (1.16) we get

a2

£ o pa, (1.21)
an
which is constant. Thus a is proportional to a, which implies an exponential behavior for the scale

factor:
At

ax(t) o exp (\/§> . (1.22)

This regime, named de Sitter after the Dutch physicist, is of peculiar interest because, unlike the
two others, it provides d > 0, which fits to the accelerated expansion observed in 1998 [2, 3]. Today
the most common explanation given to this fact is that the Universe is currently dominated by the
Tﬁu contribution called dark energy. The origin of this phenomenon is one of the biggest unsolved
problems of modern physics, see Sec. 1.3.1.

1.1.2 The Hubble law and the abundances

Since the Universe is expanding, one expects to observe a redshift over the whole electromagnetic
spectrum of distant? galaxies. However, although we can measure this redshift, the observed objects
are not actually moving away from us in spacetime. In fact it is the dilation of spacetime itself
which leads to our impression that these objects are moving away. Since this phenomenon has a
different nature than the usual redshift, it is called cosmological redshift.

A photon travels at the speed of light, hence its line element is ds% = 0. Consider now a radial
ray of light emitted at time ¢; from position R, that we observe today ty in R,. We do not expect
either the emitter, the observer nor the scale factor to vary during the timescale of one wavelength
A. Hence we have, according to our line element

to to+ 5= R,
/ dr :/ o dt :/ _dr (1.23)
o al(t) it a(t) . V1—Fkr?

i

where we restored the units to be explicit. Thus, after rearranging the integrals, this yields

fot 35 dt BT At N a
/ 07:/ @A _ g (1.24)
t

o Qg t; a; )\0 Qg

which means that the wavelength grows with the scale factor of the Universe. This result is in
agreement with (1.16), which tells us that the relation between the energy density and the scale
factor depends on the nature of the content of the Universe: the mass does not change with the
expansion, unlike the radiation energy which is proportional to its wavelength. This leads to a
factor a difference in the energy densities.

Using that property, Hubble could estimate the escaping velocity v of Cepheid-type stars while
their distance relative to us d can be obtained from their luminosity magnitude. In 1929 he showed
that there is the linear relation [4]

v=Hyd (1.25)

known as the Hubble law. Today there is some disagreement on the precise value of the Hubble con-
stant, as differently measured, often referred to as the Hubble tension. Modern direct measurements

3The light of the Andromeda galaxy is blue-shifted because pioc > pe (see Eq. (1.29) and below) within the local
group. The above statement is valid at scales at which the Universe is homogeneous and the FRW metric can be
applied.
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on the same principle provide a high value of the Hubble parameter, the latest being [5]

Hy = 73.04 = 1.04 km/s Mpc. (1.26)
On the other hand, indirect methods from the CMB observation (see Sec. 1.1.5) provide [6]

Hy =67.37 £ 0.54 km/s Mpc. (1.27)

We can see that, besides the numbers, the tension lies between early and late time Universe mea-
surement. Nowadays, many proposal have been made to solve that tension [7] but no consensus
has been found. Since in this thesis we are studying early Universe phenomena, we will use today’s
Hubble value from the CMB measurement and we will not enter the tension problem.

On a cosmological timescale, the Hubble constant is no more a constant and is viewed as a
parameter computed from the scale factor as

a
H==. 1.28
- (1.28)
The above Hubble constant Hy is therefore the value of the Hubble parameter today Hy = H (o).

In the literature, the Friedman equation (1.11) is often written in terms of H. We can change its
shape further by inserting the critical density defined as

3H§ —47 4
o= o0 ~ 10747 GeV?, 1.29
Pe= g e (1.29)
which yields
w2 (P Kk (1.30)
0\ e " @@mg) ‘

We now define the abundances of the different types of energy (radiation, matter,...) as the
energy to critical energy ratio _
Q=2 (1.31)

Pe

In these terms, the first Friedmann equation becomes today,

k
0 _ — 00 —
Q1= 7 = QY Q= 2 Q. (1.32)
K3

where for coherence with the previously used notation we define the RHS as the curvature abun-
dance. It is not an abundance, strictly speaking, but it measures the energy the Universe uses to
curve spacetime. We will come back on this quantity when presenting the curvature problem of the
standard model of cosmology in Sec. 1.1.7.

The total energy density is referred to as critical when QY = 0, i.e. when it is flat today.
Then the effects of gravitation and expansion compensate each other. The energy density value is
hence related to the geometry of the Universe. Locally we have a contraction of spacetime when
Ploc > pe and an expansion of spacetime when pioc < p.. Data from CMB and observations of type-
Ia supernovae put the constraint [Q9] < 0.01 [8]. Hence, assuming a flat Universe today, equation
(1.32) simply becomes

dad=1 (1.33)
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This allows cosmologists to draw the pie chart of the Universe energy as

0% = 0.691 QY =0.308

1.34
Q) = 0.0486 Q) ~ 1072, (139

These values are at the foundation of the A cold dark matter (ACDM) model of cosmology which
is implemented in terms of the abundances of radiation (v), dark energy (A), and total matter
(m), which contains baryonic matter (b). According to these values, the majority of the Universe’s
content is dark energy, which confirms the link made with the accelerated expansion. Today we do
not have any convincing explanation on why this share has such a value. Besides, a lack of matter
is found when comparing Q0, and Q. This indicates the presence of an exotic type of matter that
accounts for roughly 26% of the Universe’s content today called dark matter, see Sec. 1.3.2.

1.1.3 Comoving reference frame

The expansion of the Universe implies that all computations must be made in a curved spacetime,
even if the spatial part is flat, ¥ = 0, which introduces additional difficulties for e.g. computing
vectorial geometry (curl, divergence, cross product, etc.). It is however possible to get around
this complication by using comoving coordinates, i.e. coordinates that scale with the expansion.
In that frame, we recover the usual flat spacetime metric 7, = diag(—1,1,1,1) called Minkowski
spacetime, and the geometry computations stay trivial.
We do so by introducing the so-called conformal time 7, defined by
dr = ﬂ (1.35)
a(t)
Note that the RHS previously occurred in the derivation of the redshift. This change of variable
simplifies the flat FRW metric
ds* = —dt* + a*(t)d=x?, (1.36)

where dx denotes the spatial coordinates, to
ds* = a®(7) [—dr? + dz?] . (1.37)

Up to a global factor much easier to deal with, we recover a reference frame where, for instance,

computing vectorial analysis is trivial since it removes all terms related to spacetime curvature.

In other words, using conformal time guarantees that spacetime is flat since g, = a®(7) Ny We

recall that in this thesis, we denote the derivative with respect to conformal time 7 with a prime

and the derivative with respect to the cosmic time ¢ with a dot, e.g. o’ = da/dr and a = da/dt.
For matter, radiation and a A dominated Universe we then have

am (T) o 72, ay(T) x T, ap(T) fHLT. (1.38)

The Hubble parameter can be rewritten as
H(r)=— (1.39)
and therefore, for any function f depending on time, the following relation holds
a2 f" = f+Hf. (1.40)

As in this work the scale factor is dimensionless, both cosmic and conformal times are quantities
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that carry a dimension. Hence, it can be useful to use the scale factor a as the time variable to
remove that problem. Using (1.28) and (1.35) we can write the following changes of variables:

d d d? o[ d? d
d P d? 3772 d? d
2 2z — - 2 _ — 1.41
dr @ da’ dr? “ ada2 +( ) da |’ ( b)
where we have defined dH JH? d
a a a dp
- - _ZF 1.42
4 H da 2H? da 2pda’ ( )

and in the last equality we used the flat Friedmann equation (1.11). These relations will become
handy in Chap. 4.

1.1.4 Thermal history of the early Universe

An expanding Universe implies the concept of an arrow of time, as the Universe is not static.
Hence the Universe has a present, but also a future and, more importantly, a past. If we reverse the
direction of time and let the Universe evolve back in the past we shall have, according to the laws of
thermodynamics, a much more hot and dense Universe, and, eventually, a singularity when a = 0.
Without a theory that unifies general relativity and quantum field theory it is difficult to come up
with a description of what happens during that epoch (called the Planck era). At intermediate
times, when the Universe was big enough to avoid quantum gravity effects, but also hot enough
for its whole content to be a plasma of particles, the Universe was in thermal equilibrium and can
hence be described by statistical thermodynamics. This is called the Hot Big Bang theory.

Statistical thermodynamics

In this section we will review in a nutshell the basics of early Universe thermodynamics. We first
consider a plasma in thermal equilibrium with a constant total number of particles. A particle
with ¢ internal degrees of freedom has a density of states g/h® in the 6-dimensional phase space.
In the natural units where A = 1, the density writes as g/(27)3. The latter is a measurement
of “the available space” in phase space, and is independent of the physical volume so we can
apply it to arbitrarily large systems; the observable Universe for instance. Because of the laws of
thermodynamics, this available space is not filled in randomly when in thermodynamic equilibrium,
but satisfies the requirement that the physical state has maximum entropy S. The function which
indicates how the particles populate the phase space under this contraint is called the distribution

Sfunction
1

exp (%) 1

where the plus sign holds for fermions and the minus sign for bosons (see Sec. 2.3.1 for details).

f(p) = (1.43)

Because of homogeneity and isotropy, this function depends only on the momentum modulus p
implicit in the energy F. Its time dependence is implicit too and lies in the temperature 7' and
the chemical potential p. The temperature is related to the energy density in the system and the
chemical potential is related to the number density n = N/V of particles in the system, where V' is
the volume of the system. In other words, they are conjugate variable, one is extensive, the other
intensive. The fundamental equation of thermodynamics associate them both by pairs

E=TS8—pV+> N (1.44)

where here p is the system’s pressure.
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If a system is in thermal equilibrium all species in interaction have the same temperature. If

a system is in chemical equilibrium, the chemical potentials of different particle species are related
according to

A+B=C+D <& pa+pup=pc+pp. (1.45)

This only makes sense if the quantities A, B, C, D represent conserved quantities like particle/
baryon/lepton number, see Sec. 2.3.6 for a more in-depth description of this concept. Because of
that, the photon has zero chemical potential, which implies that particle and antiparticle share the
same chemical potential with the opposite sign. This can be seen from the annihilation equation
or pair creation (depending on the reading direction of the equation)

Y+ =sy+y (1.46)

to which is subject any particle/anti-particle 1, v pair. Thermodynamic equilibrium refers to having
both these equilibria, but this criterion is most of the time simply denoted as thermal equilibrium
in the literature and so will it be in this thesis.

The Hot Big Bang

The energy E, momentum p and mass m of each particle are related by
E? =p> +m?% (1.47)

Now it is straightforward to compute the number density, the energy density and the pressure for
all species (labelled with 7) in thermal equilibrium. By definition they compute

n; = / filp (1.48a)

271'

b= s | B (1.45)

9i P’ 3
;= i(p)d 1.48¢
where g; is the number of internal degrees of freedom (spin, color,...) of each species and d®p =
4mp?dp because of isotropy. In order to compute these integrals, we consider two limits for both
bosons and fermions.

e The highly relativistic limit, where T > |u|, m and therefore E ~ p, m ~ 0 : in the early
Universe, all particles are eventually in the relativistic limit because of the temperature in-
crease.

e The non-relativistic limit, where T' < |u|, T < m — p and therefore E ~ p?/2m: in this
case, the fermion and boson statistics are replaced by the Maxwell-Boltzmann statistics since
exp (%) +1 ~exp (%) As a matter of fact, there is no statical distinction between

non-relativistic fermions and bosons.

The results are shown in Table 1.1. We see that the number density, and hence the energy
density and the pressure, of non-relativistic particles are exponentially suppressed by temperature.
Because of that, their contribution, if any, to the total quantities of the early Universe thermal bath
can be neglected. With this at hand, total energy density reads

p= sz = fg* , 9= (Q?OSO“S + g gf“m“’“s) 7 (1.49)

9
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Relativistic fermions | Relativistic bosons | Non-relativistic particles
3
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Table 1.1. Number density, energy density and pressure for the particle species 4 in thermal equilibrium.

where g, is the effective number of relativistic degrees of freedom. When all the Standard Model
species are in thermal equilibrium, we have g, = 106.75. Another useful quantity in the early
Universe is the total entropy density defined as

ptp _2m

=0 2 _= 473 1.
s T T g (1.50)

A Universe in equilibrium

As the Universe expands, T" and p change, so that energy continuity and particle number conser-
vation are satisfied. In principle, an expanding universe is not in equilibrium, which could be a
problem since the Hot Big Bang results are only valid in that case. Therefore, the validity criterion
is that the expansion is sufficiently slow compared to particle interaction rates I'; so that the particle
soup usually has time to settle close to local equilibrium. The thermal equilibrium is maintained as
long as the particles exchange energy and momentum efficiently via their three main interactions
which are scattering, annihilation and pair creation. At equilibrium each reaction is associated
to a backreaction with the same rate I', implying that the number of particles for each species is
conserved.

Mathematically this condition translates to I' > H, as the Hubble parameter acts as the
expansion rate of the Universe. Another way to see it is to inverse the relation as I'™! <« H~!
where I'"! now denotes the typical interaction time and H~! the current age of the Universe. This
means that local thermal equilibrium is reached before the effect of the expansion becomes relevant,
as the latter tends to separate the particles that eventually no longer meet.

Although the expansion rate is faster for higher temperature, since combining Egs. (1.11), (1.28)
and (1.49) yields

3
o=yl g1,
the interaction rates were also much higher because of the higher density and higher particle energies.
There exists, therefore, a temperature above which all SM is in thermal equilibrium, which is found
to be T' ~ 200 GeV.

The departure from thermal equilibrium occurs when H ~ I', meaning that a given species 1

(1.51)

is frozen out when I'y, < H. One is generally interested in the freeze out temperature that we can
obtain from (1.51) if we know the temperature dependence of I'. At lower temperatures, the species
at issue does not contribute anymore to the thermal bath, which decreases g, when the temperature
drops down to its current value g.(tp) ~ 3.384 [6].

Out-of-equilibrium particle decay and creation prevents us from using the distribution function
(1.43) and all the results that follow. In such cases, we shall use the Boltzmann transport equa-



1.1. A REVIEW OF STANDARD COSMOLOGY 27

tion, which is a nonlinear integro-differential equation that involves convection and diffusion. We
comment more about that in Sec. 3.1.3. Its simplest realization is

%?+... =—Tn+.., (1.52)
where on the LHS the dots accounts for any possible background spacetime term*, and on the RHS
the dots account for all the sources, washout and/or background processes in the studied medium.
I" is the generic rate of all the processes in which the species may be involved.

The study of such out-of-equilibrium processes is crucial for baryogenesis, as we will see in
Sec. 1.3.3, where it will be shown that it is a necessary requirement. We will use the Boltzmann
transport equation in Chap. 3 to explain how we can convert helical fields to baryon asymmetry.

1.1.5 The cosmic microwave background

The Hot Big Bang received recognition through the observation of a primordial electromagnetic
radiation called the cosmic microwave background (CMB). It was discovered by accident in 1965
by two radio astronomers that were installing a new telescope [9]. This relic radiative signal comes
from the last scattering surface.

With the temperature drop from the expansion, the electrons eventually coupled with the
primordial nuclei to form neutral atoms, an event known as the recombination epoch. This happened
at T ~ 0.3 eV ~ 3000 K or approximately 380000 years after the initial singularity. Unlike the
plasma, these atoms could not scatter thermal radiation by scattering, and the Universe became
transparent since photons could then travel in spacetime without interacting with matter. Then, a
little later, around T' = 0.256 eV, the photon decoupling took place [10]. The CMB encapsulates all
photons’ last interaction with charged particles before their decoupling (the so-called last-scattering
surface). After this, the Universe went from radiation to matter domination.

Most of the radiation energy in the Universe today is in the CMB, making up an abundance
of roughly Q% =~ 6-1075. The CMB analysis is one of the biggest sources of information about
the early Universe, with the most outstanding result being that its spectrum is the one of a perfect
black body with temperature T ~ 2.725 K, see Fig. 1.1. This high degree of uniformity throughout
the observable universe and its faint but measured anisotropy, lend strong support for the Big Bang
model in general and the ACDM model in particular, see Sec. 1.2.3.

1.1.6 The Big Bang nucleosynthesis

If we continue our journey back in time, we reach the MeV scale at which the lightest elements were
formed. When T ~ 10 MeV, which corresponds to 1072 seconds after the initial singularity, the
plasma is cold enough for quarks and gluons to have gathered into baryons (QCD phase transition),
but too hot for larger structures to remain in thermal equilibrium. At this stage, the Universe
consists only of protons p, neutrons n, electrons and positrons e*, photons 7, neutrinos v and
antineutrinos v.
We can compute the ratio of protons versus neutrons number by studying the following inter-
actions:
n+vesp+e n+et =p+o, (1.53)

and their antiparticles version, that are in thermal equilibrium for 7' = 0.73 MeV. Past this tem-
perature, which corresponds to 1 second after the initial singularity, the number of neutrons and
protons ceases to be identical because, being heavier, the neutrons decouple from the plasma. Their

4In a homogeneous FRW expansion we should add the term 3Hn.
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Figure 1.1. Measurements of the CMB flux vs. frequency together with a fit to the data. Superimposed
are the expected black body curves for T' = 2K (yellow), T' = 2.725K (green) and T' = 4K (purple). Figure
taken from [11].

relative concentration is then given by

—1
n my —m
_™ 1 M — Myp
= [ ()

The neutrons, that do not have time to disintegrate (their half-life time is 15 min), then get captured

1
~ (1.54)
T~0.73MeV

by the nuclei and the lightest elements are formed by the following processes

p+n — ‘H4xy
H4+?H — S®H+p
H+?H — P®He+n
9 ) A (1.55)
H+“H — “He+~y
H+3%He — “He+4p

leaving the Universe at T < 1 MeV filled with H, ?H, 3H, *He, “He, "Li, e*, », v and . This
transformation lasted for ~ 30 minutes. These reaction rates are very small and thus are not in
thermal equilibrium.

In summary, Big Bang nucleosynthesis (BBN) is the production of nuclei during the early
phases of the Universe. The heaviest one produced is lithium, at a very small fraction. The heavier
elements are produced in star cores and supernovae explosions. The currently observed quantities of
hydrogen (90%) and helium (10%) come almost exclusively from the BBN epoch. The cumulative
activity of stars has barely changed these proportions.

As *He maximizes the binding energy per nucleon number (for light elements), we can make
the approximation that all neutrons will end up in helium nuclei. As two neutrons are necessary



1.1. A REVIEW OF STANDARD COSMOLOGY 29

for the formation of a *He nucleus, we can estimate its fraction as

Y, >~ 025 (1.56)
Ny + Ny
consistent with contemporary observation [12]. Besides, since n,, < n,, a majority of protons will
remain alone and will become hydrogen at recombination. No other source of helium that produces
such a quantity is currently known in the universe. This prediction is another big success of the
the standard cosmological model.

1.1.7 Problems of the standard model of cosmology

The main puzzles of standard cosmology do not arise from the model itself but from the initial
condition it requires. The question of whether the initial conditions of a theory should be contained
in it is not the subject here. In all cases, the situation is the same: the model presented so far needs
fine-tuning. The horizon problem is a direct consequence of the initial homogeneity and the flatness
problem is related to the initial amount of potential versus kinetic energy. So to be rigorous, these
first two problems are not strict inconsistencies in the standard cosmological model, but still need
to be addressed. Finally, the standard model of cosmology is a homogeneous theory, hence it cannot
account for the formation of structures.

Horizon problem

The most outstanding result about the CMB observation is that its spectrum is the one of a black
body with temperature T' ~ 2.725 K, see Fig. 1.1. Today, more accurate measurements of the tiny
deviations, AT /T ~ 10~*, provide plenty of information about the Universe structure and content
(see Sec. 1.2.3). There is however major evidence that at the time of recombination, the Universe
was in thermal equilibrium. The horizon problem is the following: today we receive the signal of a
thermal equilibrium among regions of space that were not able to interact at the time there were
supposed to, even if they do now. The distance at which a region can interact with another one is
bounded by the (finite) age of the Universe. It can be computed by the null geodesic as

t dt/ a
:/ r(t’) :/ rg dloga (1.57)
0 0

where ¢ = 1 and rg = (aH)~! is the comoving Hubble radius. For a universe dominated by a fluid
with equation of state (1.15) we get r%, ~ a'*3% hence for matter and/or radiation, w > 0, rg
grows monotonically and regions that could never interact eventually enter into causal contact.

The question is to find how those regions exhibit a perfect black body thermal equilibrium,
despite never having been in causal contact. This puzzle was first pointed out by Rindler in
1956 [13].

Flatness problem

As seen in Sec. 1.1.2, observations yield the constraint [Q?| < 0.01 [8], implying that, since Q
redshifts as =2, a flat Universe today means that the Universe has always been flat. This is
because the critical value Q = 1 is an unstable fixed point. In other words, the flatness observed
today requires an extreme fine-tuning of €2 close to unity in the early Universe, as the first Friedmann
equation tells us that any deviation of 2 from 1 would have been magnified. Indeed, we can write
Eq. (1.32) as

Q—1=kr%. (1.58)

Recall that in standard cosmology, the Hubble comoving radius ry grows with time, therefore any
deviation from & = 0 would lead to € # 1. For instance, if we assume a radiation dominated
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Universe, €, at the time of nucleosynthesis (¢ = 1 s) should be 23 orders of magnitude smaller than
today’s value! If we reject such fine tuning, we should look for some dynamical process to have
made the Universe flat. This problem was first mentioned by Dicke in 1969 [14].

Formation of structures

The Friedmann equations successfully relate the Universe shape and content to its time evolution.
However it is out of their scope to describe any inhomogeneous physics as they are grounded
on the cosmological principle and consequently they assume a homogeneous universe. There is,
nevertheless, structure in the Universe at lower scales, as we are living in it, whose origin should
be taken into account by a more complete theory of cosmology.

1.2 Inflationary Cosmology

Inflation was developed in the late 1970s in order to solve the problems of the standard model
of cosmology mentioned above by postulating a period before BBN where the Hubble horizon is
shrinking [15-17] (for up-to-date references, see e.g. [18-20]). We stress that inflation is not a theory
but a paradigm, a collection of different models that must conform to observations. For each one
of them, the origin of all the concerned details must be specified by some appropriate ultraviolet
(UV) completion of the inflationary model. As we shall see, once done, this paradigm nevertheless
solves all the aforementioned problems.

First, the causally disconnected patches at the time of CMB are homogeneous because they
were in thermal contact at an earlier time. In other words, there was a time, at the very beginning
of inflation where all the universe we observe today was causally connected. During inflation, the
Universe undergoes a period of exponential expansion, as we will see next, and causal contact is lost
among regions. When inflation ends, ry starts to grow again and allows bigger scales to re-enter
the horizon.

Second, the flatness problem is immediately solved by a decreasing rg as Eq. (1.58) for k = £1
yields |Q — 1| = r%. Hence during inflation, the solution = 1 becomes an attractor and the
Universe is flattened out.

Third, inflation is such a tremendous expansion that quantum fluctuations become macroscopic
and seed the primordial inhomogeneity. Gravity and time then allow these little deviations to
become the large scale structure of the Universe we see today.

1.2.1 Conditions for inflation

Mathematically, a shrinking Hubble horizon translates into an accelerated expansion:

dr
e ) (1.59)

dt
where we used the Hubble parameter definition (1.28). In the previous section we have seen that
neither matter domination nor radiation domination in the energy content of the Universe could
provide such a condition. Indeed, if we take the derivative of the first Friedmann equation (1.11)

with respect to time and use (1.14) to cancel p, we get

.. a P
= — — 1 1.
a 20, \/g (14 3w), (1.60)

where we used the reduced Planck mass

1

Mpl = 3

~2.435-10'® GeV. (1.61)

Q
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We immediately see that an accelerated expansion requires w < —1/3. Therefore, in a first approx-
imation, a natural choice for the dominant type of energy is dark energy, to which an exponentially
growing scale factor ayp(t) oc e’? is associated. Note that in de Sitter space the Hubble parameter
is constant in virtue of (1.21). However, a strict cosmological constant leads to exponential inflation
forever (eternal inflation), which cannot be followed by a radiation era. Indeed, we are interested in
a period of accelerated expansion that, in addition to being characterized by very different energy
scales in the early Universe, ultimately ends up leaving room for the standard radiation dominated
and BBN cosmological phases.

In order to have an arrow of time, the energy responsible for inflation cannot be exactly constant
(or in equilibrium), but should be dynamical, just as a quasi-static process in thermodynamics,
where a change occurs in a series of states at equilibrium. This is why in realistic models of
inflation, the Hubble parameter is not exactly constant. We can illustrate this by taking the time
derivative of Eq. (1.28) to write

g:HQ(lfeH)7 ey =

. ~ (1.62)

Two things can be deduced from this equation. First, if the Hubble parameter is constant, then
ey = 0 and the accelerated expansion lasts forever. This is a pure A-dominated Universe. Second,
if eg = 1, the acceleration is zero and inflation does not occur. Hence in order to have a finite
inflationary period, we need a non-zero ey < 1 at early times and provide conditions for this
parameter to grow until it reaches unity while satisfying the observational constraints. In sum, we
see that ey is a parameter that controls inflation and it will become handy when we discuss the
slow roll inflation approximation.

Finally, to solve the horizon and flatness problems using inflation, the Universe must have
expanded by a factor of 102126 in ~ 10736-32 seconds. We usually rewrite this condition with the
e-folding number

N =log ag’ (1.63)

7

thus making use of the change of variable dN = dloga that appeared in (1.57). The fluctuations
observed in the CMB are created N, ~ 50-60 e-folds before the end of inflation. The precise value
depends on the details of the post-inflationary history of the Universe.

1.2.2 Scalar field inflation

So far we have discussed the general conditions needed to solve the big problems of the standard
cosmology, but have not addressed the question of its realization. The goal is to have a pre-BBN
short period of almost A dominated Universe. In other words, at early times the Universe should be
filled by some homogeneous exotic matter with negative pressure but in a dynamical way such that
this energy eventually gets converted into radiation. From the point of view of particle physics, the
simplest solution is a scalar field whose energy share is dominated by its potential.

The simplest inflaton model

Let’s introduce a new real scalar field ¢, the inflaton, in the theory with Lagrangian

1 v
Its energy-momentum tensor is computed from the standard definition

5L
Ty = 2597‘7; — gLl (1.65)
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and reads
T;ux = u¢au¢ - guVE(ba (166)
which, combined with (1.10), gives
1.5
Py = 50" +VI(9), (1.67a)
1.
Py = 5¢° = V(9). (1.67b)

The criterion w < —1/3 is then fulfilled by imposing V(¢) > %¢2 as

30"~ V(9)

Wy = m (1.68)
The slow roll inflation
Using the second Friedmann equation (1.12), Egs. (1.67) and (1.62) we can write
Como i s H=- (1.69)
which leads to the fact that 5
e == (we+1). (1.70)

2

We can still use the criterion ey < 1 for accelerated expansion. As the kinetic energy is suppressed
compared to the potential energy, the dynamics regime is denoted as slow roll inflation and inflation
is controlled by the slow roll parameters, the first one being e;;. There is however a second condition
for a sucessfull inflation, which is that the slow rolling regime ensured by ey < 1 lasts long enough
for the N, e-folds to happen before the end. Hence, even if ¢ is negligible, we must ensure that it

stays so for a sufficiently long period of time by asking that ¢ is small enough, i.e. |ng| <1 with

¢

ng = ———, 1.71
o (1.7)

the second slow-roll parameter. Now, the only freedom left is in the choice of the potential V' (¢).
Varying the action in the FRW flat metric (1.36) with respect to ¢ yields the dynamics of the

field
2

¢+3H¢p — VG—Q +V'(¢) =0. (1.72)

Since the inflaton is homogeneous, we have V¢ = 0 and the result is none other than the Klein-
Gordon equation in an expanding Universe. Depending on the model, i.e. on the potential V' (¢),
it is usual, based on what we have just seen, to use the so-called slow roll approximation:

3H¢ ~ —V'(¢), (1.73a)
3M2H? ~ V(g), (1.73Db)

and express the slow roll parameters as conditions on the shape of the inflationary potential. As-
suming the slow roll approximation, we can use (1.62) and (1.69) to write the slow roll parameter

in terms of the potential
M (VD)
_ —pl
~ = — 1.74
en ey = — (V( ¢)) (1.74)

where the first equality is only valid deep inside the inflation regime, i.e. when eg, ey < 1. Similarly,
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the second slow roll parameter writes

VI/
NH =NV — €V, ny = MSIV((;)))' (1.75)

There is also a third slow roll parameter defined as

o V(O)V" ()
v =My W

which measures the running of the scalar tilt n, = dn,/dlog k, as we will see in Eq. (1.85). Inflation
is then guaranteed by the conditions ey < 1, |nv| < 1, & < 1.
When the slow roll approximation is made, the Hubble parameter is approximately constant

(1.76)

H ~ Hi,; and the Universe metric is approximately de Sitter a oc ef*. In this work, we will mainly
use the potential slow roll parameters and from now on we will drop the associate index as it will
be clear from the context. Also, if there is any difference between the Hubble and the potential
version, it is small and only for values near the end of inflation.

1.2.3 Density perturbations

As already mentioned when the CMB was discussed, the Universe is homogeneous on large scales,
its spectrum having a perfect black-body shape around T ~ 2.725 K, but remains highly inhomo-
geneous on small scales. These tiny deviations,

=~ 10" (1.77)

called primordial fluctuations, were the seeds of the present structure, and inflation can provide an
explanation for them. On Fig. 1.2 we show the CMB anisotropies map from Planck, obtained in
2013, and its power spectrum.

Inflation is modeled by the classical description of a (or many) field. At the quantum level, all
fields fluctuate around their expectation value according to the Heisenberg principle

o(t, @) = P(t) + do(t, x). (1.78)

These fluctuations lead to a local delay in the time at which inflation ends, which means that
different parts of the universe will end inflation at slightly different times. Because the perturbations
are small, expanding the Einstein equations (1.1) at linear order in perturbations approximates the
full non-linear solution to very high accuracy

G = 871G 0T, (1.79)

During inflation we define perturbations around the homogeneous background solutions for the
inflaton as (1.78) and the metric as

gHV(t7 :B) = gMV(t) + 69#“/ (t> CL'), (1'80)
where, in the absence of anisotropic stresses, which is verified during inflation,
ds? = —(1+2®)dt* + 2aB;dz’dt + a®[(1 — 2®)0;; + Eij]ldx’dx? . (1.81)

We can identify scalar (®), vector (B;) and tensor (E;;) perturbation modes, although this is not
the canonical way of decomposition and there are issues with the gauge invariance (for more details,
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Figure 1.2. Top map: The anisotropies of the CMB as observed by Planck. The color scale displays
deviation from the mean temperature from -300 K (blue) to +300 uK (red). Bottom plots: CMB temper-
ature power spectrum, also called multipole expansion, results from the Planck 2018 Collaboration [6]. The
larger the multipole ¢, the smaller the correlation angle «, and hence the distance, with ¢ ~ 200 < o ~ 1°.
The lower panel shows the residuals with respect to the base-ACDM theoretical model whose fit is in blue.
The error bars show £1o diagonal uncertainties. Figures taken from the European Space Agency website
(picture link) and Ref. [6].

see e.g. Ref. [20, 21]). Nevertheless, we recall that our aim in these sections is to motivate the main
chapters and not to give a complete description of all the topics.

We can change variable and work out the perturbation study in Fourier space to reduce the
observed inhomogeneity in the CMB to a few parameters. This detailed calculation also shows that
there is no vector perturbation in the absence of sources with vorticity. Primordial fluctuations
are typically quantified by a power spectrum which gives the power of the variations as a function
of spatial scale. The power spectrum is computed from the average of all the 2-point correlation
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function ) Solk
2
(510 = kLS 5(k — k) P(k), S = ”ﬁ()) (1.82)
The scalar and tensor components of the fluctuations obey power laws
dlog A2 dlog A?
= S = 1.
s dlogk " dlogk (1.83)
where
*(k K P(k 1.84
A = — . .
(k) = 5 P(K) (1.84)

The value ng = 1 corresponds to scale invariant fluctuations. We may also be interested in the

indices running
, dn , dny

f— = 1.
"s = Jlog k' " Jlogk (1.85)
while the amplitude of the scalar spectrum A is obtained from
k ns(k*)*1+%1og%
A2(k) = A (k) <k> (1.86)
*

where k, is an arbitrary reference or pivot scale.
Tensor fluctuations are often normalized relative to the (measured) amplitude of scalar fluctu-
ations. The tensor-to-scalar ratio is

(1.87)

Given a potential, the previous expressions allow us to construct the scalar amplitude and
spectral index, as well as the tensor-to-scalar ratio, in terms of the inflaton field values at the pivot
scale. At the leading order in the slow roll approximation, the amplitudes of the scalar and the
tensor spectra are given

H2\® 8 (H2\’
279/ k—an pl T ) k=aH
both evaluated at Hubble-radius crossing k = aH. This yields for the amplitude of scalar fluctua-
tions ) V()
As(9) (1.89)

C24mIMY e(0)

Since A? is fixed and A? ~ H? ~ V the tensor-to-scalar ratio is a direct measure of the energy
scale of inflation, as

r 4
Ve (S5) (107 Gev)* 1.90
oo1) ( eV) (1.90)
Constraints on inflation

Observations of the CMB spectrum lead to constraints on the inflation model. There are two sets

of (related) parameters to classify the inflation models:

e The slow roll parameters, whose current observational bounds are, from Ref. [22]:

€ < 0.0044 (95% C.L.),
n = —0.015 £ 0.006 (68% C.L.), (1.91)
€2 = 0.002979:9073 (95% C.L.).
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Figure 1.3. The marginalized joint 68 and 95% C.L. regions for the tilt in the scalar perturbation spectrum
and the relative magnitude of the tensor perturbations, obtained from the Planck 2018 and lensing data
alone, and their combinations with BICEP2/Keck Array (BK15) and (optionally) BAO data, confronted
with the predictions of some of the most known inflationary models. Figure is taken from [22].

e The scalar spectral index ng, the spectral index running n/, and the relative magnitude of
the tensor perturbations r, with experimental values

ns = 0.9649 + 0.0042, n, = —0.0045 4 0.0067, r=0.01415019 (1.92)

where we have included, in the last r» determination, the most recent combined result from
the BICEP /Keck collaboration [22, 23]. We show the allowed window in the parameter space
of (ns,r) on Fig. 1.3 in red and blue.

Both sets can be used for calculations and constraints and one can switch from one to the other
with

ns ~ 1 — 6e+ 27, (1.93a)
n. ~ 16en — 24 — 262, (1.93b)
r = 16e. (1.93¢)

To perform the exact change of basis, the correlation between the variables must be taken into
account and the procedure is more complicated. Nevertheless the above relations are good approx-
imation for most of the cases.

In this work, we find it more convenient to use the slow roll parameters as we will always specify
the inflation model with its potential. To compare any model with the present bounds, we should
evaluate all these parameters at the field value ¢. = ¢(N,) with

1 [ V(e)
N, = —
Mgl bE V/(QS)

do, (1.94)
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being N, the number of e-folds at which the reference scale exits the horizon. Here ¢, the value
of ¢ at the end of inflation, is defined by the condition ¢(¢g) = 1.

Observations indicate that the amplitude of the scalar perturbation associated with a mode
that crossed the Hubble radius about N, ~ 60 e-folds before the end of inflation is about [22]

A% ~22.1079, (1.95)

This value contrains the inflationary potential, as A4(¢.) = AP should hold, with A,(¢) given
by Eq. (1.89). We can combine all these results to also give a constraint on the Hubble parameter
value at the onset of inflation [22]

HOP < 6-101 GeV (95% CL). (1.96)

1.2.4 Reheating

By definition the Universe expands adiabatically, therefore a dazzling accelerated expansion, such
as inflation, cools it down to absolute zero. To be able to fit in the historic timeline of the Universe,
where inflation is followed by the Hot Big Bang, any inflation model shall come with an explanation
on how the Universe reheats.

In the simplest picture the inflaton ¢ is rolling down its potential. At first slowly rolling, hence
leading to successful inflation, the field starts accelerating when ¢, || ~ 1, and then rapidly oscillates
around its potential minimum. This leads to the decay of the inflaton into radiation. The details of
this mechanism are intricately related to the model so we cannot comment it further. In all cases,
the inflaton model usually specifies the decay rate I'y_,~, of the inflaton into photons, or at least
the decay rate I'y of the inflaton into species (of a given model) that eventually decay to photons.

The inflaton starts to decay when its lifetime becomes comparable to the age of the Universe,
I‘;l ~ H~1 see Sec. 1.1.4. Thus we can compute the reheating temperature using (1.51) where we
identify I'y as H therein which provides

90 \
Trh:( ) VT, (1.97)

w2g,
where we also used (1.61). Besides, in this thesis we define T as a reference temperature given
by the above equation with I'y being the Hubble rate at the end inflation Hg. It would correspond
to the reheating temperature for instant reheating, i.e. immediately after inflation ends.
When this last mechanism is not fulfilled, it has been shown that the temperature follows a
non-trivial dynamics between the end of inflation and the reheating epoch. Indeed, the temperature
first grows from zero to a maximum temperature Ty given by [24, 25]

Ty = 0.614/ T, TS, (1.98)

The temperature Tj is attained at a time ¢y, when the scale factor a grows by an O(1) factor after
the end of inflation, i.e. ap ~ 1.5ax, and, after that®, the Universe evolves toward the reheating
temperature following the law 7' ~ a~3/8 [26], with a scale factor ay, given by

Tins 3
amn ~ 0.4 ag (h) : (1.99)
Trh

5The energy density is dominated, after the end of inflation, by the inflaton energy density pg(t), which decays as

e~ T¢? so that at the reheating temperature the energy density is dominated by the radiation energy density p~(1).
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At the reheating temperature, the inflaton energy density has completely decayed and the Universe
is fully dominated by radiation, giving rise to a radiation dominated era where the temperature
evolves as T ~ 1/a. Of course, the value of the inflaton decay width I'y, and the reheating
temperature T}, depend on the particular interactions between the inflaton and the Standard
Model particles.

Note that, when studying the reheating process only, a good approximation is to use V(¢) ~
%m2¢2 since the mass term is the leading one of the potential expansion in the vicinity of its
minimum. This term however forbids describing the full inflationary period, see next section on
monomial inflation.

For some models, it is also possible that the photon production happens non-perturbatively, i.e.
through an energy transfer that happens at the classical level in the equation of motion. In those
cases this phenomenon is ofter referred to as preheating, as after this energy transfer to radiation
the inflaton will still decay and reheats the Universe through a perturbative process.

For the remainder of this section, we will briefly present some models of inflation, for later use
in this thesis.

1.2.5 Inflation models

In this section we introduce several classes of models that all satisfy the cosmological constraints.
They should be considered as a sample of possible models, and they are chosen for later use in this
thesis. They do not exhaust by any means all the allowed inflationary models.

Monomial inflation

Monomial inflation was suggested because of its simplicity, as the inflaton potential is taken to be
V(¢) =AM~ "o, (1.100)

where A is a dimensionless coupling. The case n = 4 (chaotic inflation [27]) corresponds to the
self-coupling of the scalar field, an interaction that is natural from the point of view of effective
theory.

Now using (1.74) and (1.94) we compute

nMPl
\/i 9

Then, the slow roll parameters evaluated N, e-fold before the end of inflation write

o = 6. = My /20 (N, + 7). (1.101)

4

n 2(n—1)

o) = N W) = IN T

(1.102)

The constraints (1.91) are not satisfied for n > 2, hence all monomial models are ruled out.

a~attractor models

The a-attractor potential is given by [28]

Va(p) = A2 [1 — exp (— ?ijl\j'lﬂ ) (1.103)
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Setting o = 1 yields the R? model, or Starobinsky potential, see Sec. 1.2.6. In the slow roll
approximation, the field value at the end of inflation is

o =/ %a My log (1 + \/?’Ta) (1.104)

We can readily compute ¢,, and evaluate the slow roll parameters N, = 60 e-folds before the
end of inflation. The slow roll parameters and the cosmic observables are in agreement with the
cosmological contraints for the range

1 < a £ 100. (1.105)
In particular, for « = 1(100) we get
€. ~ 0.00019 (0.00387), Ny =~ —0.0159 (—0.00331) (1.106)
ns =~ 0.967 (0.97), 7. =~ 0.003 (0.062), Hp ~0.82 (1.13) - 10* GeV. '

in agreement with the observed values (1.91), (1.92) and (1.96). Using the observed value of A
given by Eq. (1.95), we fix the vacuum energy. The result depends on « and is approximately
given by A, ~ 3.4-1073al/> M,,). We then obtain the values A; = 3.152 - 1072 My, and Ajgp =
8.313 - 1073 M.

Hilltop quartic models
The hilltop model potential is given by [29]

Vi(¢) = Ay [1 - (i)p} 2 (1.107)

with p > 2. The case p = 4 can be compatible with the Planck measurements. There are two ways
for the field to relax to the minimum at ¢ = p, with different initial conditions:

1. ¢« > ¢p: In this case the field ¢ > p is relaxing in a potential region that can be approximated
by Vi, ~ ¢, and thus, the slow roll conditions are not met, as monomial inflation is ruled out.

2. ¢« < ¢p: In this case the field ¢ < p is relaxing in a flat potential region and the model
predicts correct inflationary observables for a large range of the parameter space. In this
thesis, this option will be retained.

The slow roll parameters and the cosmic observables are in agreement with the contraints for
the range
10Mp1 S o S 50M . (1.108)

We fix the vacuum energy from the constraint on the amplitude of scalar fluctuations. The result
depends on p and is approximately Ay, ~ 6 - 10~* p2/3 M;l/g. We then have the values A, =
3.243 - 1073 My, for p =10 My and Ay, = 8.081 - 1073 My, for p = 50 M.

In particular, for g = 10 (50) My we get

€. ~ 0.00021 (0.0041) 1y ~ —0.0207 (—0.00328)

. (1.109)
ns ~ 0.957 (0.97) 7, ~ 0.00335 (0.0654), Hg ~0.64 (1.1) - 10" GeV.
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D-brane models

The D-brane potential is given by [30-32]

Vn(¢) = Ap [1 - <g)pr (1.110)

with p > 0. As in the last case, there are two ways for the field to relax to the minimum at ¢ = u
and only the option ¢, > ¢ is viable for inflation as the potential region ¢ < pu is too steep. The
slow roll parameters and the cosmic observables are in agreement with the constraints for the range

8Mp1 S 1 S 14Mp (p=1) (1.111a)
IMp S 1 S 26Mp (r=2) (1.111b)
AMp1 S S 3TMp (p = 3). (1.111c)

For p > 4 there is no lower bound anymore and the upper bound keeps raising.

Because the results depend on the value of p we will not provide the values of the slow roll
parameters at ¢, but they can easily be computed with the same methods as in the previous
examples. Finally, unlike the others, we will not use this model in the following chapters, but we
have introduced it anyway because we will have the opportunity to comment on it.

Non minimal couplings

In this class of models, a non minimal coupling is added to gravity in the so-called Jordan frame
where this coupling appears explicitly in the Lagrangian [33-36]. The latter writes in M}, units

S = /d4x V=g <— L +29¢pR + %ama“qs - U(¢)> , (1.112)

where p € N*. To ensure a flat potential for ¢ — oo, the dominant term in the Jordan frame
potential needs to be
U(p) ~ \p?P, (¢ — 0). (1.113)

Hereafter we will see that this choice guarantees a slow roll regime.

In order to use the canonical tools at our disposal, one must go to the Einstein frame where the
graviton has a canonical kinetic term. The interaction between the Higgs and Ricci then modifies
the potential and the Higgs kinetic term, as we will see now.

For values of the ¢ field such that g¢P > 1, we must redefine the metric and go to the so-called
Einstein frame to recover the Einstein-Hilbert action for the Ricci scalar. To do so, we perform a
Weyl redefinition of the metric:

Guv = O Guv, V=g — ©%/=g. (1.114)
For the Ricci scalar this implies
6 O (9"V=90,/0)
©3/2 V=9

Note that R is absent in the correction term R, hence we will define © by demanding that the
explicit coupling between ¢ and R disappears from the Lagrangian in the Einstein frame. The Ricci

R— = —R, R=

. (1.115)

Ol
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part of the action transforms then as

1 P _
Sgp— S = —/d4x V=g %W (RO — RO?) (1.116)
and so the definition )
) = 1.117
)= 5o (1117)
leads to R
SE = /d4x\/?g (-2 + 302470 (%qﬁ@“d)) . (1.118)

In the meantime the kinetic term gets transformed to %8,@8”(/5 so that the remainder of the
action becomes

Sg = /d4x V=g [—1; + % (1+6g°¢" ©) 0,00"¢ — V((b)} (1.119)
where the Einstein frame potential V(¢) is given by
A 1\ 72 A 1\?
V(g) = ©*U =<1+> z(l—) 1.120
(©)=0U(0) =5 (1+ ) ~5(1- (1.120)

where the last approximation is valid in the regime g¢P > 1 where the Einstein frame departs from
the Jordan frame.

The true inflaton field x has a canonical kinetic term, unlike ¢, hence we perform the following
change of variable

dx \/—
3 = VO +65%70), (1.121)
such that R o1
5= [t =3 |5 + 300 - VIoWl (1.122)

Solving the differential equation (1.121) is possible analytically and the result depends on the
value of p. In the limit g¢P > 1 we obtain

g X2
d(x) ~ 1569 4 (p=1) (1.123a)
SR g _
000 = 5 e (|2 ) =2 (1.123b)
S(x) =~ Ay(cy—x)77 (p>3) (1.123¢)

where, for the last case, the constants A, and c, are such that

N g\
A, = 5 (1 "+ 6g , ¢1ergo X(9) = ¢p, X € [0, ¢p). (1.124)
Their particular values are not important for the discussion.

The potential written as a function of the canonically normalized field y in the same limit is
then

A 02\’ 2TF6
Vo = (1 - X12> : v = Tg (p=1) (1.125a)
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A 4g -
Vix) ~ 7 [1 —4(1 + 6g)exp < T 69 x)] (p=2) (1.125Db)
2p 2
— v\ 72 -1/p
Vi) ~ g% l1_ <va X) ] L w = 2;’ SVIH6g.  (=3)  (11250)
; _

For the case p = 1, we get a potential in the class obtained from D-brane models, shown above.
For the case p = 2, we get an a-attractor potential with o = 1 + é. For the cases p > 3, we can
see that 1)2%2 > 0 in the limit where ¢ > 1, i.e. when (¢, — x) < 1. Also, the potential for p > 3
is flat and can provide a good inflationary model. This kind of potential for p > 3 coincides with
the hilltop models considered above. In particular for p = 4, the field dependence of the potential
is (c4 — x)%, as in the hilltop model.

To conclude, we can see that we recover some of the previous potentials, though with a major
difference, which is that we changed variables ¢ — x. So in one case we have the potential from the
start, without any coupling to the Ricci, and in the other case the potential arises from the Weyl
rotation to the Einstein frame. In the meantime, we have redefined the inflaton field, as ¢ has no
canonical kinetic term. Thus it is important to distinguish between the two cases and not just stop
at their potentials because they really represent two different models.

1.2.6 Higgs inflation

Identifying the Higgs ® as the inflaton went without saying since it is the only scalar field in
the Standard Model of particle physics (SM). These theories, dubbed as Higgs inflation (HI) [37—
39], first proposed monomial potentials because the Higgs self-interaction V(®) = A\,|®|* comes
naturally in the theory and is the dominant term at the energy scale where inflation takes place.
However, we have seen in the last section that this option is ruled out by cosmological observations.

Today, Higgs inflation refers to another class of models where the inflaton is still identified with
the SM physical Higgs field, but with an added non minimal coupling to gravity according to the
model we have just seen in last section (for a review see [40]). Adapting the action (1.112) to Higgs
physics leads to the starting point

2
S = /d% V=g (J\g"lR — &,|®°R+ (D, ®)'D'® — U(<I>)> : (1.126)

where U the Higgs potential in the Jordan frame. The Higgs doublet writes

s A O
O =l <h> (1.127)
V2

where ¢ are the three Goldstone bosons, 7 are the SU(2) generators (see Sec. 2.2.2) and h is
the physical Higgs. The covariant derivative D, given by (2.80) couples the four Higgs degrees of
freedom to the weak and hypercharge interactions, see Sec. 2.3.1 for more details.

As we study inflation, the physical Higgs VEV is then large (except for the brief moments
when it crosses zero in case it oscillates in the reheating period) and EW symmetry is broken,
see Sec. 2.3.3. Furthermore, for the Higgs sector, the Goldstone bosons x® are eaten up in the
unitary gauge w(a®) = exp(ia®7®), with a® = —(?, while the Higgs field h is chargeless under
electromagnetism, ¢ = 0, hence its covariant derivative reduces to 9, leading to the action

M§1 + &ph?

S = /d‘*x\/?g <— 5 R+ %a#haﬂh - U(h)) . (1.128)
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For the scale involved in inflation, we can use

U(h) ~ % n, (1.129)
where \p, is taken as a positive free parameter. We hence implicitly assume that the Higgs potential
is stabilized by some mechanism that leads to non-negative self-coupling at the energy scale at
which inflation takes place (see Sec. 2.3.5).

Using the results from the last section with ¢ = h, p = 2 and g = &, we obtain in the limit
£,h? > 1 that the Higgs field is given as a function of , i.e. h(x) by Eq. (1.123b). The potential
written as a function of the canonically normalized field x in the same limit is then given by (1.125b).
Assuming &, > 1, which will be proven in the next section, we can write

x
Mp1€ VOMp

h(y) ~ —PlC_ " 1.130
()= M (1.130)
and N )
V(x) ~ 455’1 [1 _ gy e Vi (1.131)
h

Slow roll Higgs inflation

Using the latter approximations, which is justified provided that /§,h 2 Mp and &, > 1, we solve
e(xg) =1 to obtain
2

14+ —,
V3

XE = \/g My log (24€,3) , B (1.132)

and from Eq. (1.94) we get

Xx = \/g My <log (24£,8) — 4]?:[* -B8- W*> , (1.133)

where W, is the Lambert function evaluated at

W, =W_ [—ﬁexp (—5 — 4];[*)] . (1.134)

The slow roll parameters and the cosmic observables are in agreement with the cosmological

contraints as A 42 W
o= s, N = L)Q (1.135)
3(1+W.) 3(L+Ws)

In particular, for N, = 60 (50) one has

€, ~ 0.00019 (0.00026) e =~ —0.0155 (—0.0184)

(1.136)
ns ~ 0.968 (0.962) 7. ~ 0.003 (0.004).

We now use the constraint on the amplitude of scalar fluctuations Eq. (1.89) to find an analytical
relation between the Higgs self-coupling A and &, as

€n ~ 5.0 (4.2) - 10* /A, (1.137)

for N, = 60 (50). This validates our approximation &, > 1 for A, > 1075.
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Lastly, using these results we can estimate the typical values for the Higgs field, given by (1.130)
hp ~1.16 - 1072 My, hy ~ 7.34 (7.36) - 1072 M, (1.138)
for N, = 60 (50) and where we used Ap, = 0.1.

Some related issues

The last result is often seen as a fundamental problem of HI as such a big value for a coupling
parameter can be at odds with the validity of the effective field theory, with a naive value of the
cutoftf equal to M;/&,. Indeed, perturbative theory favors couplings smaller than one to allow
the expansion in the effective point of view. Such value of the Higgs self-coupling questions the
unitarity constraint of the theory. In fact, we can already see from the second (dimension-six
effective operator) term in Eq. (1.118) that the cutoff of the theory Ay, is identified as Ay, = M, /&,
This (dynamical) value is nevertheless defined for values of the Higgs at the electroweak scale,
ie. h ~ v [41-46], while at values of the Higgs where inflation happens, i.e. h ~ My /\/&p, the
cutoff has been proven to be ~ M, /\/€, at least for two-by-two tree level scattering amplitudes,
thus avoiding unitarity violation [47-49]. Anyway, in this thesis we aim to also present a model in
which HI is realized, although modified, with values of the coupling ~ O(1). This is done with the
introduction of another scalar field which mixes itself with the Higgs, see Chap. 6.

Another issue is that all SM couplings are running because of radiative corrections (see Sec. 2.3.5),
which means their value changes with the energy scale at which they are considered. Therefore,
the value Aj, ~ 0.12, valid at the electroweak scale, i.e. ~ O(100) GeV, is not valid at the inflation
scale ~ O(10'5-18) GeV anymore . Hence, every model involving the Higgs scalar at such scale must
justify a credible value of the Higgs quartic coupling, i.e. 0 < A\;, < 1. We will come back to this
topic when addressing the subject of 5 functions in Sec. 2.3.5 and discussing the different models
in Chaps. 5 and 6.

Palatini formalism
Until now we have used the metric formulation of gravity, where the connection giving rise to the

Ricci scalar is identified with the connection I'¥, ), see definitions (1.3) and (1.4). In the Palatini

formulation of HI however (for a review see e.g. Ref. [50]), the connection from which the Ricci
tensor is calculated does not depend on the metric. Hence the Weyl rescaling (1.114) leaves R
invariant and, in the Einstein frame, the action writes

/d4:v Na (—R + o 0, hO"h — V(h)) (1.139)

The canonical inflaton y is obtained by

ax 1

dh T T &

This simplifies considerably the equations in terms of x as we can now write exact analytical
relations such as

(1.140)

_ sinh (V& x)
7\/5 .

Vix) = @ tanh? (fx) (1.141b)

(1.141a)
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The slow roll analysis from inflation is then modified as we now have

sinh(2/&xE) = 4v/26, (1.142a)
cosh(2+/&nxx) ~ 16&, Ny, (1.142b)

in the limit &, > 1. This approximation is largely satisfied as we will see hereafter. The amplitude
of fluctuations at N, is given by Eq. (1.89)

A sinh? (v x.) tanh® (v, x.)

A, = . 1.143

76872 & (1.143)
Using now Eq. (1.142b) and the observed scalar amplitude (1.95) this leads to
An N2 M (N

* o AOPS ~1.4x 107 2 (=2 . 1.144

1272 ¢, - S 10751 (6o (1.144)

We see that the two formalisms of gravity, the metric and the Palatini formulations, lead to different
inflationary predictions.

The Palatini formulation provides exact results, especially for the potential in the Einstein
frame and the true inflaton expression h(x).

1.3 Open questions in modern Cosmology

In addition to the true nature of inflation, there are other open questions in modern cosmology. In
the following section, we will restrict our description to the essence of these problems for complete-
ness.

Nowadays, the energy content of the Universe has been observationally constrained to (1.34).
These values are the best fit for the CMB multipole expansion and the Hot Big Bang prediction.
The most complete model that physicists have on matter and its interactions, in other words on all
forms of energy we can interact with, is the Standard Model of particles (SM), presented in the next
chapter. Unfortunately, this model covers only ~5% of the energy present in the Universe, which
means that we have very little clue about the nature of the remaining 95%. Moreover, even if future
models manage to characterize dark matter as the Standard Model does with ordinary matter, we
would still lack the explanation of their origin. As of today, there is no established model providing
an explanation of the origin of these states of energy, i.e. 100% of the Universe’s energy content.

These puzzles lead to the three biggest open questions of cosmology, that we will briefly present
now.

1.3.1 Dark Energy

Tackling the Dark Energy problem is like opening Pandora’s box: quickly the puzzles cascade and
we come across questions as fundamental as the anthropic principle, our place in the Universe, etc.
For this reason, we will restrict ourselves to a brief overview of the problem for completeness and
redirect curious readers to more complete sources. The following sketch is based on Refs. [51, 52].

The designation of Dark Energy is often mixed with the cosmological constant problem and the
vacuum energy, and this is for good reason, as we aim to clarify this nomenclature. To do so, let us
start from the beginning and recast the Einstein equations (1.1). For reasons of his own, Einstein
defended the vision of a static universe, hence he famously chose to introduce a non-zero constant
A as (1.20) in his equations with a value such that the dynamic of the Universe corresponds to his
belief.
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As we know, more observations made it more and more obvious that the Universe was expand-
ing, therefore A was assumed to vanish. This choice was convenient because even if A had been
non zero, it would have been so small that the easiest thing to do was still not to worry about it.
Indeed, the fact that the Universe is large compared to the Planck length

[Gh
ra > by = [ —5 > 1.616- 107% m (1.145)

and old compared to the Planck time

|Gh
ta > tp = |/ —5 2 5.391- 107* s (1.146)

implies A < Mgl, as any non-zero value of A introduces a length and time scale

rA=clan = ’/%. (1.147)

If we use the information about the Universe size and age at our disposal we find the bound
Al S 107 M (1.148)

largely compatible with the assumption A ~ 0. There are, however, two tiny details that prevent
us from getting rid of this issue in that way.

First, today’s accelerated expansion, exposed in 1998 [2, 3], is consistent with a positive, non-
zero value of A, as it sets the bound [53]

pa =AM~ (2.33+£0.17) - 10721 M. (1.149)

This conclusion has been crosschecked by, for instance, the spatial flatness of the Universe explained
by the above value, and which cannot be accounted for by baryonic and dark matter alone.

Second, it appears that the SM provides a dark energy candidate in the shape of vacuum energy.
It is well known from quantum mechanics that a harmonic oscillator has non-zero vacuum energy
as its hamiltonian writes

. 1
H = /d3xs/—gV + Zwk (a};ak + ) ) (1.150)
k 2

where a}, (ax) are the creation (annihilation) operators canonically normalized as [ag, aj/] = dgw-
In quantum field theory (QFT), the vacuum state is the state with the lowest energy, i.e. the ground
state |0) defined by ax|0) = 0. This means that the vacuum is not empty. It has a latent energy,
described by the Heisenberg principle AgA; > h/2, that allows for quantum fluctuations of a given
energy F in a given amount of time ¢. In the modern, quantum path, formalism of QFT, this
phenomenon takes the shape of virtual particles interaction, or loops. By Lorentz invariance, the
only consistent energy-momentum tensor (1.9) is

Ty = —pv Yuv (1.151)

with

1 3
Py :VJFWZ;;% V= /d v/=g. (1.152)
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Furthermore, the energy conservation condition (1.13) implies that the vacuum energy density p,
is constant. This means that the vacuum energy well described by the SM acts like a cosmological
constant in Einstein equations, hence it must be considered as such, i.e. with the properties of Dark
Energy: a perfect fluid with equation of state w = —1.

The problem is now that this contribution can be quantified from the SM and it can be shown
that the vacuum energy receives many contributions much larger than the bound (1.149). As a toy
model, we will compute the vacuum energy density (1.152) from some SM state with mass m. The
energy wy, associated to each momentum is given by Eq. (1.47) hence we see that the integral is
quadratically divergent. This is called an ultraviolet divergence and one way out is to cutoff the
integral at an arbitrary scale A > k > m. Then

pv =V + oA + coA>m? + egm? + .. (1.153)

with calculable dimensionless coefficients ¢;. As we will see in the next chapter, we have broken
down the general theory to an effective one valid up to scale A. We can now calculate the loop
contribution to the vacuum of any SM species at a specific scale. For instance, electron loops up
to the cutoff A = 100 GeV have a contribution of order p, ~ 10_66M1;117 which is already 55 orders
of magnitude bigger than (1.149). Moreover, if one takes the largest scale of the SM, the Planck
scale, we found a discrepancy of about 120 orders of magnitude between the SM contribution to
the vacuum and the actual measurement!

Normally such a large disagreement spawns many new candidate theories. The problem here is
that for the vacuum, nothing can be added by definition and for now there is no alternative theory
of quantum fields at all. The problem arises because of the robustness of the prediction of the SM,
as the computation is based on a solid theory that already reconciles the requirements of special
relativity and quantum mechanics. These 60 to 120 orders of magnitude discrepancy in a quantity
as “basic” as empty space represents a serious crisis in modern physics.

In addition, we can graft to this puzzle an anthropic question since one can show that galaxies
form only in a region of spacetime where p, is comparable to the present matter density p2, . As
we can reasonably postulate, that regions without galaxies do not contain any observers, a batch of
arguments driven by Weinberg in 1987 supports that we should inevitably observe pd ~ p% . From
today’s abundances (1.34) we see that he was right, as pQ ~ 2.24p9 .

We have shown in the first section of this chapter that p,, redshifts as a=> and ps does not
redshift (by definition of the cosmological constant). This means that the epoch where pp ~ p;, is
unique in the history of the Universe since in the past we had ppy < p,, and in the future we will
have pp > pm,. So the only epoch where both energy densities are comparable is the one when there
can be an observer to make that observation. Therefore if this coincidence has any explanation it
will have to be an anthropic one.

To conclude and summarize, we must distinguish between: (i) the cosmological constant prob-
lem, which arises from the need of explaining the (non) zero value of p, in the Einstein equations,
(ii) the Dark Energy, which is the state of energy with equation of state p = —p, and (iii) the vac-
uum energy problem, which is the huge contribution of the quantum field theory to the vacuum. It
appears that, as the vacuum energy acts fully like a cosmological constant in the Einstein equations
of motion, we can identify it as Dark Energy. Depending on the authors and the models in the
literature, the distinction is more or less stressed. Although this is not the most studied problem
at the moment, many proposals have been made to solve this problem, but until now none of them
was convincing enough, see Ref. [51] for a discussion.
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1.3.2 Dark Matter

In the 1970s, observations of spiral galaxies rotation curves by Rubin and Ford [54] show the evidence
of a strong difference between dynamical mass and luminous mass. Until then all the mass of the
Universe was considered to emit light, which seemed reasonable, considering that gravitational
attraction makes matter collapse into stars, this process having been described by astrophysicists.
Furthermore the assumption that nearly all mass emits light was observationally confirmed by the
solar system in which more than 99% of all mass was found to be in the Sun.

Concerning spiral galaxies, Freeman formulated an empiric law for luminosity [55] stating that
it decreases exponentially from the center I(r) = I e "/Ep where Rp is the radial scale length of
the disk. If one assumes the same behaviour for the mass, a simple Newtonian analysis can show

that the velocity of the stars outside the bulge (that contains almost all the mass) follows a r—1/2
law. Indeed, Newton’s law F' = ma applied to a star gives
GmM 2
o —m~, r>Rp, (1.154)
r r

which can also be deduced from the virial theorem. However, this prediction does not agree with
Rubin and Ford’s observation that v becomes approximately constant after reaching a maximal
value.

The following sketch does not aim to be exhaustive but to give a qualitative understanding of
the problem: the light we receive from the Universe tells us the amount of the baryonic matter
abundance in the Universe, ), whereas we can deduce the total abundance of matter Q0, from an
analysis of the galaxies dynamics. It turns out that QO is six times bigger than QY. The lack of
matter therefore must come from some type of non-visible matter with the abundance

Q% =% — 09 ~0.26. (1.155)

This kind of matter has been named dark matter (DM), see e.g. Ref. [56] for a review. In the last
decades, other evidence for DM has been found. The strongest is the value for Q2 deduced by the
analysis of the CMB anisotropies, whereas BBN theory leads to constraints on Qg. This argument
is of a different nature and gives credence to the existence of such kind of energy state.

The fact that DM is dark implies that it does not interact electromagnetically, hence it is
electrically neutral. Beyond this constraint, several models are possible, as long as they fit with
observations and the results of DM experiments.

DM can be relativistic (hot DM) or non relativistic (cold DM). A famous hot DM candidate
is the sterile neutrino [57, 58]. It can be shown that ordinary neutrinos cannot be DM candidates
because their masses are too small. The model of hot DM suffers from its prediction of structure
formation from large to low scales, which is in disagreement with observations because galaxies are
in dynamical equilibrium, whereas large structures such as superclusters are not.

Structure formation might happen from low to large scale, which is in the range of cold dark
matter predictions. Cold DM is constituted of massive and non-relativistic particles. One good cold
DM candidate is the Weakly Interacting Massive Particle (WIMP) [59], because it was found that
the Qpps value can only be fitted if the cross sections of dark matter particles are similar to those
of the weak interactions. This observation is known as the WIMP miracle but the corresponding
candidate has not been detected so far.

Also for completeness we have to mention that there is another way out. When facing a discrep-
ancy, physicists have two options: either they change the players of the game, i.e. postulating new
particles, new symmetries, new forces, etc., or they can change the rules of the game, i.e. Einstein
gravity over Newton gravity. Adding DM to the standard cosmology model is the reaction of the
first kind. The other option is to assume that the theory of gravity deviates from Einstein’s pre-
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diction at large scales. These modified Newton dynamics, or MOND, theories thus aim to explain
the galaxies’ dynamics without the need of introduction new states of energy such as DM, see e.g.
Ref. [60].

1.3.3 Baryon asymmetry

In 1928, Paul Dirac derived an equation of motion for relativistic fermionic quantum fields [61].
He found the energy of the state to be (1.47). Normal people would have stopped calculating,
refuting the possibility of negative energy states (since VE? = +F), but Dirac interpreted those
states as antiparticles with positive energy. The underlying image is nowadays referred to as the
Dirac Sea: states with negative energy cannot be occupied because they already are, and vacuum
fluctuations can create particles with positive energy, leaving a hole in the sea. This hole is seen as
an antiparticle. With this model at hand, Dirac predicted the existence of the positron which was
discovered by Carl Anderson in 1932 [62]. This is how the concept of antiparticles with the same
mass and the same energy distribution as their particle counterparts, but with opposite charge,
were introduced to the new theory of quantum fields.

This foundation of particle physics has not been revised ever since, however, we are compelled to
note that the theoretical framework does not reflect our everyday life: both obvious and less obvious
evidence of a matter/antimatter asymmetry (or baryon asymmetry) has led to the conclusion that
there must have been baryogenesis in the early Universe although the standard and inflationary
cosmology models are not able to explain this phenomenon. For a review, see e.g. [63]

Characterization

The symmetric part of the baryonic matter (i.e. all fermions and antifermions of the SM) annihilates
into photons through electromagnetic interactions such that one does not need to worry about it.
The asymmetric part, defined as the difference between the baryon and anti-baryon number density,
ny — Ny, is not an ideal measure of the asymmetry because it redshifts as a=2. Instead, we usually
consider its ratio with another quantity that redshift the same way. It can be the number density
of photons or the entropy density

Ty = nbnynb’ = = s nb’ (1.156)
where s is given by (1.50). The former is a useful measure because it remains constant with the
expansion of the Universe, at least at late times. However at early times and high temperatures,
many heavy particles were in thermal equilibrium, which later annihilated to produce more photons
but not baryons. In this case, the latter is more convenient to use. Both are related by

1y =~ 7.04 1), (1.157)

where the conversion factor is valid in the present universe since the epoch when neutrinos went
out of equilibrium and positrons annihilated. In this work we will mainly use the entropic version
of the asymmetry parameter that we will denote as ng = .
A third related way to express the asymmetry is in terms of the baryonic abundance QY (1.34)
as
ny, =2.74-107% Q) h? (1.158)

where h is defined such that
Hy =100k km/s Mpc. (1.159)

As we are studying the primordial plasma, we will use the Hubble value obtained from the early
Universe measurements, so the one given by (1.27). This yields A ~ 0.67.



50 CHAPTER 1. COSMOLOGY

Evidences for baryon asymmetry

The first evidence for the existence of a baryon asymmetry is provided by everyday’s life observation.
Obviously there is hardly any antimatter on Earth or inside the Solar System. In cosmic rays the
fraction of antimatter is way below that of matter, with about 10* more protons than antiprotons
and 10° more helium than anti-helium atoms. This proves that there is almost no antimatter in our
galaxy. Suppose that regions where antimatter dominates did exist in the Universe. These would
border to matter-dominated regions, considering that it is very unlikely for antimatter-dominated
and matter-dominated regions to be separated by vacuum. At the interfaces between the matter-
and the antimatter-dominated regions, annihilation reactions would produce gamma-rays, however,
no such rays have been observed to date. Some assumptions suggest that antimatter is concentrated
beyond our horizon but this is in contradiction with the large scale homogeneity of the Universe on
which the standard model of cosmology is based.

The CMB furnishes the second and strongest proof for the existence of a matter/antimatter
asymmetry, wiping away any lingering doubts left by the above conclusions: the multipole expan-
sion of the CMB anisotropy is in outstandingly good agreement with theories involving a baryon
asymmetry, see Fig. 1.2 and Sec. 1.2.3. We see in the left panel of Fig. 1.4 that changing the
value of the asymmetry parameter modifies the shape of the spectrum plot. This is because the
CMB provides information about baryon acoustic oscillations in which baryons and photons form a
plasma exhibiting sound waves. The pressure of the photons tends to erase anisotropies, whereas the
gravitational attraction of the baryons, moving at speeds much slower than light, makes them tend
to collapse to form overdensities. These two effects compete to create acoustic oscillations, which
give the microwave background its characteristic peak structure. The peaks correspond, roughly,
to resonances in which the photons decouple when a particular mode is at its peak amplitude.
Nowadays, the best fit, obtained by the Planck collaboration, is [6]

ng = (8.70+0.11) - 10~ (95% CL). (1.160)

Another proof for baryon asymmetry is the accuracy of the BBN predictions, see Sec. 1.1.6, as
all the light element abundances depend on the baryon to photon ratio, see Fig. 1.4. The observed
abundances of all the BBN isotopes today coincide with the value [12]

8.2-107" <np <9.2-1071 (95% CL) (1.161)
compatible with the CMB measurement.

Sakharov’s conditions

In 1967, Andrei Sakharov published a paper [66] on the baryon asymmetry in the Universe (BAU).
It gives three conditions any dynamical process creating a baryon asymmetry under CP7 symmetry
must satisfy.

The first one is quite obvious:

1. The process should violate the baryon number B.

Schematically this can be written with a rate
"X —-Y+B)#0, (1.162)

where X and Y are some particle species and B a third one that carries an excess of baryon number.
But this is not enough. If the reverse process happens at the same rate, no net baryon number can
be produced. Therefore one should require that
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Figure 1.4. Left: The effect on the multipole expansion of a deviation of the baryon-to-photon-ratio
from its reference value w, = QA% = 0.022, which corresponds to np = 8.56-107 ", taken from [64]. Right:
Population of the primordial (lightest) elements as a function of the parameter 7, taken from [65]. D
stands for deuterium *H. The aim of this figure is to show how the value of the asymmetry parameter
affects theoretical predictions of the CMB multipole expansion and BBN abundances.

2. The process should be out of thermal equilibrium

such that
NX—-Y+DB)#T(Y + B — X). (1.163)

A third (double) condition is required. Indeed, if charge conjugation C is a symmetry, then
(X —-Y+B)=I'(X—>Y+B) (1.164)

and
dB

dt

Moreover if charge conjugation C and parity P are simultaneously a symmetry, then

=I'X =Y +B)+I(X —-Y+B)=0. (1.165)

FLEF(XL—)YL—FBL):F(XR—)YR—FBR)EFR

- 1.166
F, —In (1.166)

hence
dB

dt

Without CP violation, we can get an asymmetry between left and right-handed particles but no

:FL+FR+]-;L+]-;R:0 (1167)

baryon asymmetry. This is why we shall impose that
3. The process should violate C/CP symmetries.

These three conditions are called the Sakharov conditions. They are based on the assumption of
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CPT invariance for the fields.

Baryogenesis models

To be successful, any model of baryogenesis must come with a clear manifestation of these three
conditions. An out-of-equilibrium condition often comes from a specific out-of-equilibrium decay
or from a first order phase transition (electroweak, QCD, Peccei-Quinn, etc.). As for the two
other requirements, the first attempts focused on grand unified theory (GUT) with, for instance,
out-of-equilibrium extra particles decay in a SU(5) symmetry breaking [67, 68].

Then other models were proposed such as Leptogenesis, where the asymmetry is generated in
the lepton sector before being transferred to the baryon sector with some mechanism [69-71], or
supersymmetry in the Affleck-Dine mechanism where the BAU is produced by coherent motion
of scalar fields [72]. Also, there is one model called spontaneous baryogenesis that does not need
the Sakharov conditions and can hence be described in thermal equilibrium, but it breaks CP7T
symmetry. In this model, the classical evolution of a scalar field can cause a baryon asymmetry by
generating an effective chemical potential for baryon number [73, 74].

Lastly, let us introduce what our concern will be in this work. During the development of
the GUT baryogenesis, it was not known that the SM had a usable source of B violation, see
Sec. 2.3.6. Besides, there are processes in the SM that violate the CP symmetry, see Sec. 2.3.4, so,
along with the Higgs mechanism (see Sec. 2.3.3), these two observations meet all three Sakharov
conditions, thus another class of models was born dubbed as electroweak baryogenesis. They use
the chiral nature of the electroweak interaction to produce an excess of baryons during a first order
electroweak phase transition (EWPT) [75, 76].

Today it appears that the EWPT is second order, so its transition rate is governed by the
expansion rate of the Universe, which at the weak epoch is about 14 orders of magnitude slower
than scattering processes, hence the Universe would maintain quasistatic thermal equilibrium. Nev-
ertheless, because the joint effects of the weak sphaleron and helical hypermagnetic fields, a second
order EWPT can still provide out-of-thermal equilibrium conditions for baryogenesis to happen, as
we will see in Sec. 3.1.3.

On the other hand, as we will see in the next chapter, one needs new sources of CP violation
and hence new physics beyond the SM in order to generate a sizable amount of baryon asymmetry.
Even if there is no theorem proving that it is impossible to find some other mechanism that does
work within the SM, there are so far no convincing demonstrations, and most practitioners of
baryogenesis agree that CP violation in the SM is too weak. The aim of this thesis is therefore to
produce the BAU with as little physics beyond the SM (BSM) as possible.

For more details about the models mentioned in this section, see e.g. Ref. [63, 77].



Chapter 2
Particle physics

The Standard Model is a quantum gauge field theory that classifies all known subatomic particles
and describes three of their four fundamental interactions: strong, weak and electromagnetism. In
the 20th century, research in nuclear physics after World War II led to the development of particle
accelerators which revealed the existence of dozens of particles living in what some scientists call
the particle zoo. In a similar fashion to the unification of electricity and magnetism by Maxwell,
the first success of the Standard Model in the 1950s was to explain this large diversity of particles
as combinations of a few elementary particles. It basically describes all exotic hadrons found in
colliders in terms of quarks. Ever since, it has pursued its vocation of unifying all descriptions
of matter and of interaction using a small number of parameters. The Standard Model is not a
theory of everything, since it neither includes gravity, nor any dark matter candidate. Furthermore
it leaves some phenomena such as neutrino oscillations unexplained and is not compatible with the
standard model of cosmology.

It is clear that a complete description of the Standard Model would fill more than one book.
Therefore we will stick to a short overview of its content, the structure of fundamental interactions
and the anomaly equations which will be relevant for the main purpose of this thesis.

2.1 Preliminary: a note on quantum field theory

As soon as we discover the topic of analytical mechanics, and how closely related it is to quantum
mechanics, since the Poisson brackets are replaced by commutation relations and variables by
operators to obtain the dynamics

dO 90 dO 90

@ = o TOHE = = 108 @1)

known as the Ehrenfest theorem, it is very tempting to think that the action

Sl = / at L [g(t), d(1)] (2.2)

is the most general quantity we can think of. In the above relation, we related the Lagrangian L
and the Hamiltonian H of the system by

L1t q(t),q(t)] = (kinetic energy) — (potential energy),
2.3
H=¢% 1. (23)
9q
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By “most general”, we mean the object that contains all the information about the dynamics
of all the objects we are studying. This is true in classical mechanics, where the action encodes all
possible world-lines of the system, and, by picking the one that minimizes the action §;S = 0, we
get the equation of motion for the object f.

The shift to quantum field theory is made by replacing variables with fields and Lagrangians
with Lagrangian densities

q — ¢(z")
L[t q(t),q(t)] — L[z", ¢(a"),0up(x")]

such that the action for QFT reads

(2.4)

Slg) = /d4x L(z). (2.5)

Note that, although this is mathematically possible, it is rare that L (£) depends explicitly on ¢
(x#)°, so we will generally omit this dependence from now on.

Naively, we would simply have to repeat everything we did for analytical mechanics, but for
quantum fields now these replacements have been done. It appears that the aforementioned method
is valid for the study of classical field theory only. The quantum description of a propagation involves
the path integral formalism, and the only object that contains all the quantum effect of the system,
its only true library, is the generating functional

ZL0] = (0]e—Ht]0) = / D eiSle1+iT0 (2.6)

where J is the current associated to the field ¢. Its name comes from the property of producing
the Green’s function of the theory when functional derivatives are applied to it:

52Z[J]

Y GG

(2.7)
This procedure is known as the LSZ reduction formula (see e.g. Ref [78]). We break down

the differences between classical field theory and a full description of a quantum system with some
highlights:

e Fields are integration (dummy) variables. In the literature (and in this thesis), the starting
point is almost always given by the Lagrangian density, sometimes by the action, but it
is crucial to have in mind that all the fields in the operator will at some point be (path)
integrated to produce the observable physics.

e A symmetry can leave the action invariant while changing the measure of the path integral
D¢, resulting in a non-conserved current. This effect is called an anomaly (see Sec. 2.3.6)
because it is anomalous from the conventional analytical mechanics point of view.

e The generating functional maps the current to a number, which means the true physical input
are the currents because they source the wave equations through Green’s functions. Indeed,
Green’s functions G are the solutions of a linear differential operator L

L(a") G(at —y*) = 60 (2" —y"). (2.8)

S1f it does, the energy E is not conserved in the system and H # E.
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The linear differential operator depends on the theory. For instance, for free scalar field it is
L = 02 — m?, resulting in the Klein-Gordon equation. Green’s functions are used to compute
the field’s equation of motion in the presence of a source. Indeed, the solution of

L(a") g(at) = J(z") (2.9)

is given by the convolution of G with the source
o) = [ty Glar ) (2:10)

For the purpose of gauge theory, we can stick to a classical description. As we will see, the
quantization of the gauge fields yields to particles that carry the associated interaction. However,
in the next section we will only use a classical approach and the subtleties we have outlined will
come back into play later on.

2.2 Gauge symmetries

In the beginning of the 20th century, with the birth of electrodynamics and quantum mechanics,
came the development of gauge theory, which formalizes how the redundancies of a theory are linked
to conserved quantities. Gauge theories make use of group theory, symmetries and topology. In
order to avoid losing the physical context, an effort will be made in this chapter to connect the
mathematical result with its physical implications. The aim of this section is to give the background
information for the Standard Model as well as the main clues about the way it can provide baryon
number non-conservation.

2.2.1 Noether’s theorem

In 1918, Noether proved the equivalence between conserved quantities and the invariants of physi-
cal laws called symmetries [79]. As an example, the invariance of Newton’s second principle under
spatial translations leads to momentum conservation. In a more modern and anomaly free formu-
lation, a symmetry is defined by the invariance of the action defined as Eq. (2.5), under a given
transformation: £ d*x — £’ d*2’, where £ is the Lagrangian density”. To each symmetry, defined
by the transformations of the coordinates and the fields

ot — 2t gt — € (at)ad, (2.11a)

Ga(ah) = @ (') = ga(ah) + Agi(z#)a, (2.11b)

the it conserved current can be associated:

au¢a at — €
9l = 0, (2.12b)

oL
T 7
)i = za: a( )A € [-:7 (2123)

with Agial = A, = ¢ (2#) — ¢a(x). The a; are called Lie parameters. Their nature will become
clear in the next section. The spatial integration of the time component yields the conserved charges

Qi = /j? d’z. (2.13)

"To simplify the notation, we will generally omit this designation since it is clear within the context of field
theory.
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This means we can view j? as the charge density of the symmetry involved. Indeed, if we consider
the U(1) group as an example, we have that Eq. (2.12b) is the covariant formulation of the continuity
equation

Ip(t, )
ot

Dt =0 o - V.jte) o W —/ B(t)-dS  (214)
v

where j#* = (p, j), which states that the rate of change of a given quantity in a volume V' is given
by the integrated flux ® thought the bounding surface oV

If we now consider the Lorentz symmetry, we can formally derive the energy-momentum tensor,
already used in the previous chapter. It can be found by generalizing the above sketch involving
Newton’s principle and its invariance under spatial translations. Considering spacetime symmetry,
the conserved current takes the form:

oL

T = (") = W&Aﬁ’a — 0L, (2.15)
nPa

which is the energy-momentum tensor. The four-component conserved charge is then

pu = (E,p) = /Tfj d3z, (2.16)
which is the four-momentum.

A historical example: Electromagnetism

Gauge symmetries are a description of n degrees of freedom with m > n variables leading to
redundancies in the mathematics that never change the observable physics. This characteristic
appeared in Maxwell’s theory of electromagnetism. Since the electric E and magnetic B fields can
be written in terms of the potentials V' and A as

E=-VV -0A,

(2.17)
B=VAA,
and, since performing the transformation
V=V =V -0t ),
ix(t, @) (2.18)

A— A=A+ Vx(t,x)

leaves the equations of motion unchanged, the function x(¢, ) is an additional degree of freedom
called a gauge function. It is a symmetry that depends on the spacetime coordinates, unlike a
global transformation, which remains the same at every point.

In a covariant formulation, A* = (V, A), the electric and magnetic fields become

E; = F, (2.19a)
1 )
B; = 581-ij]]€, (2.19b)

where ¢, is the Levy-Civita anti-symmetric tensor of rank 3 and where

F = 0,4, — 0,4, (2.20)
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is called the field strength tensor. In this language, Eq. (2.18) reads simply
Au(@) = A(@) = Au(a) + Bux(a). (2.21)

The Lagrangian of electromagnetism without interactions is
Ly = L F,,F*
EM — _Z nv ) (222)

where the overall minus sign ensures that the energy is positive. Note that the Lagrangian is
invariant under the gauge transformation (2.21) due to the fact that F},, = F},,.

Mathematically, these kinds of symmetries form a group, and symmetry groups can be described
in terms of Lie groups. If the symmetry is local, the group is called a gauge group in physics. Groups
and Lie groups are whole fields of research in mathematics so we will not go into much detail.

2.2.2 Gauge groups

A group is a set of elements G associated with a composition law under which it is closed, and that
obeys three properties: the existence of a unique neutral element, the existence of a unique inverse
element for each element of the group and the associativity of multiplication. If multiplication
is commutative for every element of the group, the group is called Abelian, otherwise it is called
non-Abelian. Lie groups are smooth matrix groups, in other words manifolds which can be viewed
in a R2"" Euclidean space. They depend on the so-called Lie parameters and are differentiable with
respect to them.

The tangent space to a curved manifold of dimension n is a real vector space of dimension n,
so that any element w(z) of the Lie group near unity can be written as

w(z) =1+iAz + O(z?), (2.23)

with A belonging to the Lie algebra of the group. It is straightforward to see that a multiplication
in the group correspond to an addition in the algebra, and moreover, that the commutator is the
composition law of the algebra. When applying the commutator to the vector basis of the Lie
algebra {T;}, which are called the generators of the group, one will always find an element of the
algebra because the commutator is closed. The commutator can hence be written in term of the
basis {T;}:

(T3, T3] = i fijiTh (2.24)

The scalars f;j;, are called the structure constants of the group. They encode all the information
about the group because they determine the Lie brackets of all elements of the Lie algebra (and
thus of the corresponding Lie group).

Compact, i.e. closed and bounded, Lie groups have an interesting property of great importance
in gauge theories: in the corresponding (compact) Lie algebra there exists a bilinear form which
defines a scalar product in terms of the trace operation. When we choose the vector basis of the
algebra to be orthonormal, which is always possible, their normalization under the aforementioned

scalar product takes the form

TH(T: T) = 564 (2.25)

The factor multiplying d;; is called the Dynkin index.

As the historical example of electromagnetism suggests, gauge groups describe interactions. Out
of the four fundamental interactions in physics, there are (at least) three that can be described by
gauge groups: the electromagnetic, the weak and the strong interaction. Let us ignore gravitation
for the moment. Interactions must be able to take place between the constituents of matter in order
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to have a physical meaning. In quantum field theory, matter particles (fermions) are excitations of
the associated fermionic fields which are spinor fields. Under each symmetry they transform in the
fundamental representation of the associated Lie group:

W(z) = ' (z) = w(x)y(x) weq. (2.26)

Any Lagrangian containing derivatives of ¢ cannot be invariant under this transformation because
of the local character of gauge transformations, which would make derivatives of 1 transform as
O = woY+10,w. It is therefore impossible to find a symmetry without modifying the derivative
such that it transforms in the same way as the fundamental representation, i.e. as

D, (x) = w(x)D (). (2.27)

Such a derivative is called a covariant derivative. In virtue of the transformation (2.21), the covariant
derivative is given by D, = 9, — iA,, which is in agreement with (2.27) if one sets w(z) = (@),
Therefore, the group G describing electromagnetism consists of only one parameter w such that
w = w™!, which corresponds to the unitary group of dimension one, denoted U(1).

The weak and the strong interactions are described by the SU(2) and the SU(3) gauge groups,
respectively, which can be represented by unitary square matrices of dimension 2 and 3, respectively,
with unit determinant and which are simply connected®, compact and non-Abelian. su(N) is the
Lie algebra of Hermitian N x N matrices with zero trace. Since w(x) € SU(N) will not transform
in (2.27) in the same way as w(z) = ¢'X(*) | we are forced to reconsider the gauge transformation of
the field A, belonging to su(N) if we want to keep the above definition of the covariant derivative.
Requiring (2.27) with the transformation (2.26) and the same covariant derivative for the gauge
field leads, after some algebra, to the transformation

Ay — A, = wAw ! +iwdw ™t (2.28)

If w = eX(®) € U(1) one recovers (2.21). This change has an impact on the expression of the field
strength. Because we still want the Lagrangian to be invariant under the gauge transformation,
we should generalize its definition in order to recover the electromagnetic case when w(z) € U(1).
Firstly, because A, takes values in the Lie algebra of the group G, it can be written in a basis of
the vector space. The analog is true for F,, (z):

dim(Q) dim(G)
Au(z)= Y TAl(x), Fu(z)= > T"Fi(x), (2.29)
a=1 a=1

where T'® are the generators of the group and AZ(x) are the associated coefficients. After a more
careful look we remark that the relevant term in the Lagrangian of electromagnetism is Fg, F* ¢
with ¢ = dim(G) = 1. To make things simpler and the notation lighter, we will always write
F,, F'* because the two formulations are equivalent in this group. This turns not to be the case
in a general compact Lie group. Using Eq. (2.29) and the normalization (2.25), the generalization

is straightforward
1 a a 1% a 1 v
L= —EFWT Frvbbgab — —§Tr(FWF‘ ). (2.30)

Considering the cyclic property of the trace one should have F,, — wF},,w™!. This condition and
Eq. (2.28) can be satisfied simultaneously by defining

Fuy = 0,A, — 0,4, —i[A,, A,). (2.31)

8 A space is simply-connected when every loop within this space can be shrunk to a point.
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The non-Abelian character of the group is now explicit. It becomes even more obvious when £,
is written in terms of its components:

FY, = 0,A% — 9, A% + [ AL AS. (2.32)

N2

Now we have the tools to characterize the gauge groups of weak and strong interactions.

SU(2) gauge group

SU(2) is a 3-dimensional compact gauge group, hence having three generators which are hermitian
2 x 2 matrices. The usual choice of basis for the algebra are traceless matrices 7, which are
proportional to the Pauli matrices

01:((1)(1)>, 02:(?Bi>7 03:((1)_01>. (2.33)

By defining .
.= —, 2.34
we obtain
M = M,7,, VM € su(2), M, € R, (2.35a)
[TaaTb] = 1€qbcTe- (235b)

SU(3) gauge group

SU(3) is an 8-dimensional compact gauge group, hence having eight generators which are hermitian
3 x 3 matrices. The usual choice of basis for the algebra is the traceless matrices 7, proportional
to the Gell-Mann matrices:

010 0—:i0 1 00
AMM=(100], =i 00], A3=10-10],
000 000 000
001 00 —3 000
M=(000], Ad=1000 |, X=10011, (2.36)
100 100 010
000 1 10 0
Mm=|(00—-i], d=—=1010
07 0 V3 00 -2
Defining
Aa
a — o> 2
la =~ (2.37)
we obtain
M = Myn,, VM € su(3), M, € R, (2.38a)
[7711’ Wb] = ifabcncv (238]1))

where fupe is the completely antisymmetric structure constant of SU(3) with the values

1 V3
fiaz =1, frar = foae = fost = faas = fare = 3 fass = fers = 5 (2.39)
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2.2.3 Topology of gauge groups

In this section, we will see that non-Abelian gauge groups have a non trivial vacuum structure. We
will prepare the theoretical ground for the axion description made in Sec. 2.4, which will provide
CP- and B-violating terms required by the Sakharov condition for baryogenesis, see Sec. 1.3.3.

Elementary homotopy

Let X and Y be two topological spaces and F the set of continuous maps from X to Y. The latter
are said homotopic if, for f,g € F, f(X) can be continuously deformed to g(X) in Y. The idea
of homotopy theory is to study and classify all the maps from X to Y according to this homotopy
equivalence. A homotopy class is a set containing all the elements which are homotopic among
themselves. One element of a homotopy class is called a representative.

As a sandbox example, let us take R? and R? \ {0} and see how loops (paths that begin and
end at the same point) can be mapped inside. In the first space, any loops can be continuously
deformed to a point whereas in the second only loops that do not contain the hole do have this
property. Therefore, in R? a loop is homotopic to a point and hence the space is said trivial. By
contrast, the loops in R? \ {0} can be classified according to the number of times they wrap the
hole with a winding number v € Z (the negative sign accounts for the path direction change). Thus
they form a homotopic class labelled by m; where the simplest representative is the circle S* as S™
has definition

S"={z e R"" ||z =1} (2.40)

To summarize in a more rigorously way we can state that m (R?\ {0}) = Z. Of course the same
property arises when considering the loop’s mapping on S': 71 (S?) = Z.

If we consider now R? and R3 \ {0} we see that any closed paths can be shrunk to a point in
both spaces whereas the homotopic class of closed surfaces s is shrinkable only in R3. For the other
spaces, a classification of the different wrappings with a winding number enters in the description.
As we go higher in the dimensions the same scheme repeats itself, allowing us to state, not in the
most rigorous way, that

mp(S™) =0 for k < n,

o (5") = 7, (2.41)

where 7, is the homotopic class of closed dimension-k hypersurfaces. Because one is interested
in the result of this discussion and not in the demonstrations, we have skipped the mathematical
definitions of most of the concept used (path, loop, contraction, etc.). For the complete story, the
reader should refer to e.g. Ref. [80].

SM gauge groups homotopy

In this section, we will be interested in the structure of U(n) and SU(n) Lie groups, or, more
precisely, we want to know which kind of simpler groups they are equivalent to.

The case of SU(2) is quite simple to demonstrate. Consider a matrix representation of SU(2).
Any element R of this representation can be written as

R= (u _Z ) , such that |u|*+ |v]* =1, (2.42)
vou

where u,v € C. The asterisk denotes the conjugation operation. In terms of the real numbers

a, b, c,d satisfying v = a + ib and v = ¢ + id, the condition of unit determinant turns out to be

a? +b% + ¢ + d? = 1, which defines a 3-dimensional sphere of radius 1. This shows that SU(2) is

homotopically equivalent to S®. The same demonstration with identical outcome can be done for
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SU(3). In fact, we have
w3 [SU(n) =2Z, Vn>=2. (2.43)

More generally, an important result of homotopy theory is that
m3(G) =17 (2.44)

for any simple (simply-connected, locally compact and non-Abelian without non-trivial connected
normal subgroups) compact Lie group G [80]. Therefore we will have to give a closer look to the
non-Abelian groups of the SM in the next section and find what the consequence are of their non
trivial topology.

Lastly, as a consequence for the gauge group of the electromagnetic interaction, 7 [U(1)] = 0
for k > 2. This means that, unless the theory is in 141 dimensions, U (1) gauge theory has just the
one trivial vacuum.

2.2.4 Degenerate vacua

The result (2.43) implies the existence of a class of bijective maps g, : SU(n) — S (called a
diffeomorphism in homotopy theory) defining an infinite number of wrappings labelled by a winding
number v € Z. Thus, the vacuum state of non-Abelian gauge groups is degenerate since there are
an infinite number of pure gauge configurations [81].

The instanton

One can go from a vacuum to another by performing a so-called global gauge transformation (by
opposition of a local, standard gauge transformation)

Q|O>n = |0>m~ (2-45)

The instanton is the soliton that connects two gauge equivalent but different vacua characterized
by winding number change of 1 :
Ul0)n, = |0)n+1- (2.46)

It corresponds to a tunneling between two neighboring vacua whose transition amplitude can be
computed using a Wick rotation ¢ — —i7 in the Euclidean action S — iSg, like any quantum
tunneling [82]. The Euclidean action of a SU(n) type free field is

1
Sp = / 5 Tr(F,, F*)d*z, (2.47)

where the replacement A — —iA% must be made in order to have F§, — —iF§; and F&F%® —
—F§F% 2. For the action to be finite, the fields must decay sufficiently quickly at large distances.
Therefore 3L such that F,,(z) = 0, V|z| > L. This means that A, are pure gauges at large
distances and thus that, if for |z| > L, A,(z) = iwd,w™! with w € SU(n), then

F = 0u(iwd,w™) —i(wdw ) (wdw™ ') — (u <+ v) =0, (2.48)

where the double arrow denotes the repetition of the previous terms with a change of indices. The
fact that this happens when |z| = L is crucial, because this condition puts us in the topological
space {z € R* | |z| = L} which is homotopic to S3. Thus (2.44) applies: the SU(n) groups have a
degenerate structure of vacua, each one being characterized by zero energy in a different topological
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class labelled by the winding number, which classifies the map

g : 8% — su(n)

2.4
r — Au(z) = iw(z)d,w(z). (249)
The instanton action is given by [83]
1 v g4
Se=7F 3 Tr(F,, F*)d*x, (2.50)
where we defined the dual of the field strength as
.1 o
F;LV - ie,ul/poF . (251)

Hence the action depends on a gauge invariant topological Lorentz scalar, as the two tensors are
not contracted with the metric. Moreover, this quantity is topologically closed, which means that
its exterior derivative’ vanishes d Tr(F),, F**) = 0. Therefore, by the Poincaré lemma'® there exists
K* such that

O K" = Tr(F,, F"). (2.52)

It is straightforward to verify that
2.
KF =P Tr(F,,As + ng,,ApAg). (2.53)

This quantity is called the Bardeen current or the Chern-Simons (CS) current. We can integrate it
to obtain the so-called CS number, an integer defined as [83]

2 t=+o0

9 4 2 g 3, KO
— a va __

t=—o0

which measures the change of the degree of mapping g (in other words, the change of the winding
number of SU(n) over S3). It is a topological charge in the sense that due to the integral it does
not depend on the position in space, nor does it depend on the metric, since K* is the contraction
of terms proportional to the gauge field with an antisymmetric tensor. As its name suggests, the
topological charge is a measure of the topological properties of the space.

In more detailed computations [83], it appears that the sign of Ncg depends on the choice to
cancel the RHS of (2.50). If we choose F),, = j:ﬁ’,“,, we have Ngg 2 0 and therefore Sg is always
positive. Moreover, since N¢g represents the change in the number of vacua, the instanton is strictly
speaking only defined for Ncg = 1. The value Ngg = v corresponds to v instantons. The reverse
change in the topology, with Nocs = —1, is called the anti-instanton. Taking all these results into
account, the minimal action becomes

82

Sg = :FgTNcs. (255)

In the semi-classical situation, the tunneling rate is given by I'; o< e=29% since it is related
to the probability which in turn is proportional to the transition amplitude squared. Therefore
in the case of weak interaction, g?> = 4ray with ay = 1/29, the rate of tunneling between two

9The exterior derivative is a differential defined in topology and should not be confused with the ordinary or
covariant derivative. Readers interested in this matter are referred to Ref. [80].

10Tf X is a contractible open subset of R™, then any smooth closed p-form defined on X is exact with p € Z, p < n
(an exact form is a differential form that is an exterior derivative of another differential form).
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neighbours minima is I'yy 6_0% ~ 107169 which is so small that it is impossible to occur within
the lifetime of the Universe.

As a closing remark we would like to mention that because it is localized in Euclidean time, an
instanton has no worldline. It is an object that does not exist in real time (in 3+1 dimensions), it
lives at one instant, hence the name due to 't Hooft.

The sphaleron

Since tunneling is unlikely, it is necessary to pass through non-vacuum, i.e. finite energy field
configurations, in order to change from a vacuum configuration to another one. The potential
barrier between adjacent vacua has an energy scale given by a peculiar static solution of the classical
gauge fields equations. The solution of the equation of motion at the saddle point of the potential is
called the sphaleron [84]. A sphaleron, being static and localized in space, is particle-like, but since
it is unstable, we do not want to call it a soliton. Unlike a soliton, a sphaleron does not correspond
to a stable particle state in the quantum theory. Finally, let us mention that the term sphaleron
was coined by Klinkhamer and Manton from the Greek, meaning “ready to fall”.

At zero temperatures, the energy is insufficient to allow for a transition other than a tunneling
and hence this process is entirely negligible. At high temperatures, the situation is different. The
energy barrier Egpp, represented by the classical sphaleron solution is finite, hence a thermal kick, if
strong enough, would suffice to overpass the barrier. The probability associated to this process is
—Faon/T and hence it is exponentially suppressed at today’s energy scale, making
it unobservable. However, in the early Universe the sphaleron comes in thermal equilibrium as
eventually T > FEg,, 11 which changes its nature as it is now referred as the thermal spaleron.
Taking the SU(2) weak sphaleron as an example, it has been pointed out that its energy barrier is

proportional to e

Fupnw = 2. 108 GeV, (2.56)
aw
where myy is the mass of the W+ boson, see Sec. 2.3.3.
At energies above Egpn, the sphaleron has so much energy that the system evolves from a
neighborhood of one vacuum to another in a classical way, without tunneling. Mathematically, we
can consider it taking a random walk in the vacuum, which is characterized by the equations

(Nes) =0, (N&s) ~ Tsput. (2.57)

This means that the variance Var(z) = (2%) — (x)? which contains information on the diffusion
properties of the system, increases with time. Hence the change in the topological charge is diffusive
as long as T' > FEgn. The detailed calculation shows that for both weak and strong sphalerons
we have Dsppn/V oc o®T* [85-87]. We will come back to the effects of sphalerons when in thermal
equilibrium with the primordial plasma in Sec. 3.1 because it participates in the baryogenesis
mechanism presented in this work.

The 0 vacuum

The true vacuum of the group cannot be one of these vacua, labeled |0);, because they are not gauge
invariant. Also taking one |0); as the vacuum wave function would violate a basic property in field
theory, which is that the VEV of the product of several local operators at causally independent
points must be reducible to the product of the VEV for each operator. In other words, we must
have

(0102) = (01)(02). (2.58)

HDetailed calculations showed that the weak sphaleron is in thermal equilibrium for 130 GeV < T < 10'2 GeV,
see Sec. 3.1.2 and references therein.
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This property can be traced back to the causality and unitarity of the theory [88].
Hence we shall find a true vacuum of the theory in order to properly compute VEV. The latter
is called the # vacuum and is defined as the superposition of all the possible vacua

10) = cul0)n- (2.59)

To determine the coefficients ¢,, let’s apply U to |6) :

Ulo) = cnlO)ni1 = cn1/0)n. (2.60)

We want the true vacuum to be invariant under gauge transformation, hence ¢, = e“c,_;. It

follows that ¢, = ¢, So we get
10) = |0, (2.61)
n=0
and thus
Ul) = e¥|0). (2.62)

The transition amplitude (2.6) must therefore be modified to take into account that in general the
path of the field does not need to start and end with configuration of the same winding number [89].
In other words, the vacuum can change during the transition amplitude and the path integral really
computes

<9‘€_th|9> _ /D¢ eis[¢]+’iJ¢'_ (263)

In order to isolate the # vacuum effects on the path integral, we compute the transitions from true
vacuum to true vacuum by v instantons:

016y => e ™m0 (0]0)n = > ™Y 11,(0[0),. (2.64)

Therefore, the transition amplitudes ,,(0]0), are given by a path integral in which the space-
time integral of FF is fixed by (2.54). The extra factor of €% in (2.64) corresponds to an additional
piece of the action

etSett[d] — oiSsU(n)[@]+iSe (2.65)

which is Sy = O N¢g with Ngg given by (2.54). Finally, putting everything together we get

2 ~
010y = / D e SestlOl+io 5 <,, — 12772 / d*z F;}VFWG> . (2.66)

We see therefore that the non trivial nature of the SU(n) vacuum leads directly to the potentially

P, T and CP-violating effective Lagrangian
Sm) = Lsum) + Lo (2.67)

where )
g

~ 1672

Therefore, and to conclude, the non trivial vacuum structure of the SU(n) gauge groups brings
a new parameter in the theory, labeled as 0, with an associated Lagrangian so-called topological
density Lagrangian. Concerning the SM, we will see in the next section how this affects the model.

Ly OFS, Fi e, (2.68)
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2.3 The Standard Model

The Standard Model of particle physics (SM) is a QFT model based on the SU(3).®SU(2),@U(1)y
gauge group, where ¢ stands for color, L for left-handed and Y for hypercharge. Its description
restraints to the so-called baryonic matter (a misnomer which includes leptons and bosons) abun-
dance of the Universe QY (see Sec. 1.1.2) which accounts for only ~ 5% of the Universe energy
share.

The SM is a model describing three of the four known fundamental forces : the electromagnetic,
weak, and strong interactions, in the universe, as well as classifying all known elementary particles.
It exhibits a wide range of physics including spontaneous symmetry breaking, anomalies and non-
perturbative behavior. The SM is a renormalizable theory (see Sec. 2.3.5) and can also be viewed
as an effective field theory'?. In that regard, the model’s content corresponds to an energy scale of
< 100 GeV while high-energy colliders, such as LHC, probe much higher energies. As a consequence,
in order to describe our contemporary low-energy physics, as well as energy physics at scale 2
100 GeV (such as inflation), physicists use effective field theories which extend the SM with higher
dimensional operators, see Eq. (2.82).

Lastly, the SM does not explain the origin of its content, neither the nature of DM nor the
neutrino masses. An effective Lagrangian for gravitation can be added, but only at tree-level, hence
it can only describe interactions with an empty space energy density (known as the cosmological
constant).

All data and values are taken from [12].

2.3.1 Content

Because it is a QFT, from the point of view of the SM its contents are particles. From the spin-
statistic theorem, we know that all particles that move in three dimensions have either integer
spin or half-integer spin (in units of /). In the first case, the wavefunction is symmetric under the
permutation of two elements and the associated particles are called bosons. In the other case the
wavefunction is anti-symmetric under the permutation of two elements and the associated particles
are called fermions with the implication that the amplitude for two identical fermions to occupy
the same state must be zero. The fact that two identical fermions cannot occupy the same state is
called the Pauli exclusion principle. We stress that it does not apply to bosons.

In the SM, bosons are the force carriers and fermions are the elementary bricks of matter. Both
their statistics are given by the distribution fonction Eq. (1.43). From the point of view of QFT,
all particles ¢ are excitations of their corresponding fields which are representations of the (proper-
orthochronous) Lorentz group, the group of all Lorentz transformations of Minkowski spacetime.
They are labelled by two half-integer numbers (j_, j+) which classify the Lie Algebras. The trivial
case (0, 0) is the case of scalar fields to which the Higgs and the axion belong. The other SM bosons
belong to the (%, %) representation and are called vector fields. We will come back to the fermions
representation in the section dedicated to them. Lastly, let us mention for completeness that the
graviton lies in the (1, 1) representation of the group.

Bosonic sector

There are three fundamental forces among the four that have been gauged. To this we shall add
the Higgs field responsible of the Higgs mechanism (see Sec. 2.3.3).

12T6 be more explicit, we consider in this thesis that the SM consists only of renormalizable dimension 4 operators
in the Lagrangian. Initially not included, aspects such as gravity, neutrino masses or heavier states can be added to
the SM in an effective approach, mostly as higher dimensional operators.
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Strong interaction The theory of strong interactions is called quantum chromodynamics (QCD).
It is based on the SU(3) gauge group, hence has eight force carriers called the gluons described
by the eight gauge fields written Gj,. They are real massless vectors. There are three conserved
charges called colors. Quarks do carry color, hence they are the only matter constituent to couple
to the strong interaction. Quarks ¢ enter in the fundamental representation of SU(3) that is a
column vector of three different states

a=14q |, (2.69)
@

where the color labels are (conventionally) red, green and blue. This means that from the perspective
of the strong interaction, a given red and green quark are as different as an electron and an electron-
neutrino from the perspective of the weak interaction, see Eq. (2.73).

At scales A < 1 GeV, the quarks are confined, because the interaction coupling blows up with
decreasing energy (Landau pole, see section 2.3.5). From an effective point of view, there is no quark
at low scale, only bound states. Quarks “appear” at high energy. The bound states (hadrons) are
colorless.

Electroweak interaction The weak force couples only to left-handed fermions, as an experiment
on decay of the muon [90] showed that a right-handed lepton never decays through weak interaction.

Process ‘ Rate
ME — 6; + Uer, + VuL 100%
uﬁ — 61?{ + Ver + ViR 0%

The SM is therefore a chiral theory. In other words left and right-handed particles are treated
differently, the first difference being that the right-handed neutrinos do not exist in the SM. The
weak force associated gauge group is SU(2), hence it has three force carriers written as Wj. They
are complex massless vectors. Left-handed fermions are in the fundamental representation of the
group, see Eq. (2.73).

In the 1960s, Glashow, Weinberg and Salam discovered a way of combining electromagnetism
and the weak interaction into the electroweak interaction [91-93]. The electroweak theory is based
on the SU(2);, ® U(1)y gauge group, meaning that a new electromagnetism-like gauge group is
added to the weak interaction. This interaction has a conserved charge called hypercharge and is
denoted as such.

Hypercharge interaction is inoperative at our low-energy scale, but couples to every fermion
at scales 2 100 GeV. Like ordinary electromagnetism, each fermion is in a singlet representation
of U(1)y and carries a specific value of hypercharge Y,,. The associated massless vector boson is
written Y,. This implies at our scale that the electroweak interactions are broken down to ordinary
electromagnetism. The process of this breaking down is called the Higgs mechanism, see Sec. 2.3.3.

In order to describe it, we shall add a new boson in the representation (0,0) of the Lorentz
group, hence a scalar, whose potential controls the breaking of the electroweak group to the electro-
magnetism group. This boson is called the Higgs boson. Its associated field is a complex massive
scalar SU(2), doublet!?, i.e. four real degrees of freedom,

+ 0t
o — (20 ) , B¢ — iy d* = (:I’q)_ > (2.70)

13Here we write the Higgs doublet in another representation than the one used in Eq. (1.127) but they are
equivalent. At first order, this can be checked by expanding e T ~ 14 i¢*7* and identifying the four scalar fields
(¢®, h) with the four real degrees of freedom of (&%, ®0).
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with weak hypercharge Yo = 1/2. It is self-interacting and couples to every fermion via the Yukawa
interaction.

During the Higgs mechanism, the field looses three degrees of freedom that become the longi-
tudinal modes of the massive W* and Z° bosons in the unitary gauge (their so-called longitudinal
polarization). Only one massive scalar real field remains, the physical Higgs boson h. Through the
corresponding Yukawa couplings, all fermions also acquire their mass that way.

The photon, written A,,, is a linear combination of Y}, and the diagonal part of SU(2) written
7)), see Eq. (2.90c).

Fermionic sector

The fermions of the SM v are classified into quarks and leptons, depending on whether they couple
to the strong force or not. This distinction was made by experimentalists in the second half of
the 20" century when they discover, on the one hand a wide variety of heavy particles they called
hadrons (heavy in Greek) and, on the other hand, much lighter ones they named leptons (light
in Greek). Note that some of the hadrons are bosons, and they are called mesons, but they are
not elementary particles which the SM aims to describe. Moreover, stable hadrons found in the
Universe are very few: the proton and the neutron, which are fermions and called baryons.

Hence in the SM the matter constituents are, 6 leptons'#
states, 6 quarks, spin % elementary particles. They are classified into 3 generations we can differ-
entiate only by their masses.

and, if we disregard counting color

e = (e,u,7) V' = (Ve, vy, vr) u' = (u,c,t) d' = (d,s,b) (2.71)

Each fermion ¢ has its own antiparticle denoted . Their antiparticles have same mass, but
opposite charge. Depending on the gauge field they couple to, they can carry electric charge Q,
color, weak isospin I3, etc. In particular, it is straightforward to see from (2.33) that the upper
component of any SU(2);, doublet has I3 = 1/2 and the lower one has I3 = —1/2. Moreover, all
fermions transform under the hypercharge gauge group and carry a hypercharge Y. A summary
of the classification of SM fermions is shown in table 2.1. We normalize the electric charge in a way
that makes the charge of a proton unity. Besides, the particles also carry handedness and mass,
but here we focus only on the parameters that enter into their interactions. Moreover, no invariant
mass term is allowed by the SM symmetries, so fermions will acquire their mass from the Yukawa
interactions and the Higgs mechanism, see sections hereafter. Lastly, since the SM cannot explain
the phenomenon of neutrino oscillations, neutrinos are considered massless in the SM. Handedness
should be discussed in detail because experiments to date have not been able to prove the existence
of right-handed neutrinos.

From the point of view of QFT, all fermions are excitations of spinor fields. The spinor rep-
resentation is the first non trivial representation of the Lorentz group. It comes in two types: the
left-handed spinors 17, are part of the (%70) representation and the right-handed spinors ¥ are
in the (0, %) representation. ¢ g fields are called Weyl spinors. The generators of the spinor
representation are the Pauli matrices o,. Hence the algebras of 17,/ are su(2) and v,/ are in the
fundamental representation. The basis of left-, and respectively right-handed matrices are given by

ot = (I, 0,), ot = (I3, —0y). (2.72)
Left-handed fermions couple to the weak force and hence form SU(2) doublets

i 0y i el
QL = (dli) = (Vi) (2.73)

14The 3 neutrinos are Weyl fermions, with only the left chirality.
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Type | Particle | Handedness Q I3 Y
>z, left -1 | -1/2 | -1/2
g G T right 1 0 | -1
% v left 0 1/2 | -1/2
i) e T T right - - -
v wot left 2/3 | 1/2 | 1/6
aa o right 2/3 0 2/3
=1 Teft A3 12| 1/6
< e right -1/3 0 -1/3

Table 2.1. Fermion classification in the Standard Model with the values of electric charge @, weak isospin
I3 and hypercharge Y, related by Q = I3 + Y, Eq. (2.88).

in the fundamental representation of the gauge group. The right-handed ones are singlets, but
without right-handed neutrinos 1/}5 as this species is absent from the SM.

Two observations suggest that we build a representation that embeds both right- and left-
handed spinor: the Dirac representation. The first is that a parity transformation flips the two
half integers P : (j—,j+) — (j+,J—), meaning that one does not take parity into account when
only considering vy, or ¥ alone. The second is that the left-handed and the complex conjugate
of the right-handed representation are related by a unitary transformation, which means that, for
instance, (%,0)* transforms like (0, ) under a Lorentz transformation. Defining therefore the Dirac
representation as (4,0) @ (0, ) and the Dirac spinor as

v = (Z; > . (2.74)

the Dirac algebra naturally arises from the algebra of Weyl spinors. It is given in terms of the

gamma matrices:
0 ot
= ( _ ) . (2.75)

The fifth gamma matrix, which is not a gamma matrix despite its name, is given by the product of

all gamma matrices:

. —I, 0
=’y =( 7). (2.76)
0 I

The subscript 5 is not an index, it is a relic of the old notation in which 4% was written as v*. That
is why we will always use the 5 as a subscript and never move it. The matrix v5 is used to deal
with chirality (i.e. left- and right-handedness), see Sec. 2.3.6.

2.3.2 Lagrangian

The full Lagrangian of the Standard model is

£SM = »Cgauge + Efermion + EHiggs + EYukawa + £gravit0n + Eé + ‘Ccorrections (277)
where

1 a va
Loange = D — F " (2.78a)

spin 1 bosons

Efermion = Z “Z)’VHD,U«'LZ} (278b)

fermions
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Litiggs = (D, @) D" @ + m?|@|* — \|@|* (2.78¢)
ACYuk'a»wa - er_]'(/]zlq)wk (278d)
»Cgraviton = »Cgrav kin T [’grav int (2786)

2
__ 9 Yal BN all &
Ly = 150G, (2.78f)

with

1 1
Lgrav kin = _iauhua o'h"? + iaﬂhuy 8“;11/” + QJL’“’ &,ho,, + 3ﬂh”u 8617/0“ (2793)
Egrav int = \/a hNVTMV- (279]:))

The graviton Lagrangian is not officially part of the SM, as is it still at the stage of effective
field theory. It should be removed for purists, but it has been put here for completeness. Lcorrections
accounts for all counterterms coming from renormalization and so-called ghosts that together make
the SM a renormalizable theory (see section 2.3.5). The gauge covariant derivative D), is introduced
so that the derivatives of the fields transform the same way as the fields themselves under the SM
gauge groups. It introduces a coupling between the fermions and the interaction they couple to via
the associated gauge field. It writes

D, =0, —ig'YyY, —igr*W; —ign*G}, (2.80)
where the matrices 7* and n® have been defined by (2.34) and (2.37) respectively.

In the Yukawa Lagrangian, Y;; is a matrix of the Yukawa couplings v, where 7, j label the
generation. For a more accurate Yukawa Lagrangian, see Eq. (2.96). After diagonalization, the
mass of every fermion is directly related to its Yukawa coupling as

_ B

My =
KV

As we will see in Sec. 2.3.4, when the states 1/)2/1% are in the flavor basis, the mass matrix is not
diagonal. Making use of the CKM matrix in the quark sector, it is possible to diagonalize it to be
in the mass eigenstate, but then 1/)2 /R 8re in a mixed flavor basis.

In the effective approach, the SM Lagrangian can be extended to operators of higher dimensions

(2.81)

and we can see Lg\ as the leading term in the expansion:
1
Len,funt = Lsm + Z FO(”H). (2.82)
n>1
The added terms can then be viewed as corrections to Ly, relevant for scales of order A.

Parameters
The 19 free parameters of the SM are:

e The nine fermion masses (6 quarks and 3 charged leptons) via the Higgs mechanism, see
Sec. 2.3.3.

e The U(1l)y, SU(2)r, and SU(3). gauge couplings [94].
g = 0.3587 g = 0.6483 gs = 1.1666 (2.83)

given at two-loops correction in the MS scheme at the top mass m; = 173.35 GeV, see
Sec. 2.3.5.
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e The four parameters of the CKM matrix, see Sec. 2.3.4.

e The QCD SU(3) 6 vacuum angle, see Sec. 2.2.4 and Eq. (2.68).

e The Higgs vacuum expectation value v = 246.21971 & 0.00006 GeV [94], see Sec. 2.3.3.
e The Higgs mass mj = 125.25 GeV.

Note that in the SM neutrinos are massless. In the effective theory approach, we can consider
a dimension-five mass term for each left-handed neutrino. Hence in this extension, we have to
include three neutrino masses and their correspond mixing angles that come in the Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) matrix, an analog of the CKM matrix, which accounts for the
neutrino oscillations.

Accidental symmetries

If, after imposing the gauge symmetries from interactions and renormalizing the theory, symmetries
still remain, these are called accidental symmetries. They are symmetries that we did not impose
but that the action exhibits anyway. They are usually valid up to a certain point in the EFT
expansion (2.82). We call accidental symmetries of the SM the accidental symmetries at leading
order (Lgy given by (2.77)).

Some accidental symmetries of the SM are

e The product of parity P : & — —a, times the charge conjugation C : 1) — —CyT where
C = ivp7v2, that change handedness of the fermions: vy < ©pg, times the time reversal

T :t— —t: CPT.
e The global U(1)p that conserve the baryon number B.
e Three global U(1), where £ = e, u, T that conserve each generation of lepton number.

The first symmetry is discrete and stands that every localized quantum system should be invariant
under these three symmetries applied together. We ofter write the two last symmetries as

U peU1L). U1, @U1), o Ul)seUl);, (2.84)

where U(1), = [U(1)]>. Sometimes we also refer to the accidental global U(1)p_ 1, symmetry.

Accidental symmetries have huge implications on a theory. For instance, a Majorana mass
term violates the U (1) g_r symmetry by two units. Neutrino masses are therefore protected by this
Symmetry.

As already stated in Sec. 2.1, accidental symmetries do not necessarily conserve the generating
functional Z[J] defined in (2.6) because the measure in the path integral can change even if the
action remains untouched. Indeed, the field ¢ is shifted according to (2.11b), hence does D¢. When
this happens, the corresponding current is not conserved 9,,j* # 0 and the symmetry is said to be
anomalous. In Sec. 2.3.6 we give an overview of the chiral anomaly in the SM and how it is linked
to the accidental global symmetries.

2.3.3 The Higgs mechanism

The Higgs mechanism is a description of the spontaneous symmetry breaking of the electroweak
sector into electromagnetism that happens at scale ~ 100 GeV. Spontaneous breaking of symmetry
happens when the ground energy of a system (the vacuum) has less symmetry than the system itself.
For instance, consider magnetic materials, which are characterized by the presence of magnetic
moments. These are due to the movement of the so-called valence electrons in the atoms. When
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hot, the direction of the magnetic moments are randomly distributed among microscopic patch of the
material. Thus, at macroscopic level the resulting magnetization results to zero by isotropy, hence
there is an O(3) symmetry of the system. However, the state of lowest energy (the ground state)
of these materials corresponds to all the magnetic moments being aligned in the same direction. In
that state, the global symmetry has been broken down to Z5 and the material is now macroscopically
magnetized.

In field theory, it it possible to mobilise the same mathematical tools to describe how global and
gauge symmetries can be partially or totally broken. In addition to this aim, the Higgs mechanism
also explains how the electroweak bosons and fermions got massive during the process. Consider
the electroweak sector of the SM (2.77) given by

1 a va 1 v
Low = — Wi, W"* = YY" + (D, @) D'e — V() + Lyuiawa- (2.85)

Assume that the Higgs potential has a minimal value for the specific doublet value

<@>_\2<2>, <q>0>_\}§<8). (2.86)

This can be possible if the quadratic term in the Higgs potential (2.78c) is negative. With the sign
convention we used this means m > 0. Then the shape of the potential is the one of a Mexican
hat and the neutral component of the scalar doublet acquires a non-zero vacuum expectation value
(VEV). The ground state (i.e. the vacuum) is then defined to be

® = (®), wa =0, Y, =0. (2.87)

The unbroken generators @ of the vacuum symmetry subgroup are Hermitian matrices such that
Q(®) = 0. If one chooses the generator of U(1)y to be Y = 1/2 on the Higgs, it means that we
have Q = 72 + Y, where 73 was defined in (2.34).

Thus when the Higgs field sits at its minimum, there is an unbroken U(1) gauge group which is
different from the original U(1)y group and to which electromagnetism is identified. The U(1)gm
subgroup therefore has a single gauge field A,, which is a linear combination of the 73 component of
the SU(2), gauge field and the hypercharge gauge field. In quantum mechanics, hermitian operators

3, sometimes written as I3,

are observables, hence () corresponds to the electromagnetic charge, 7
denotes the weak isospin and Y is the hypercharge. Due to our choice of the U(1)y generator, these
three parameters are related by

Q=1I+Y. (2.88)

As a bottom line, the physics when ® = 0 (the symmetric phase) is drastically different from
the one when ® = (®) (the broken phase). The way that the primordial plasma transitions from
one phase to another is described by the changing shape of the Higgs potential that depends on
the Universe temperature, and is referred to as the electroweak phase transition (EWPT). Phase
transitions can either be first or second order, see Fig. 2.1. In the first case, the transition is abrupt
as quantum tunneling is possible. Like liquid water becoming gas, one phase suddenly appears
among the other and forms bubbles that, under some conditions, can expand before dominating
the Universe. The second case is a continuous crossover, like liquid water becoming solid. Today,
experimentation and results are in favor of a second order EWPT. Today, the rate of transition
is still under study and will be of great importance for us because the EWPT can provide the
out-of-equilibrium situation required by the Sakharov conditions. We will come back to this issue
when talking about the baryon asymmetry generation mechanism, see Sec. 3.1.

The symmetric phase is described by the Lagrangian (2.85) whereas the broken phase La-
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V(o)

T>Tp

Figure 2.1. Left: A typical first order phase transition with a potential normalized at ¢ = 0 for all values
of T. At Ty > T, the only minimum is at ¢ = 0 and the symmetry is said to be restored. At T" = T1,
a local minimum appears as an inflection point and a barrier between both minimum starts to develop as
temperature falls. At the critical temperature "= T, both minima are degenerate. As soon as T. > T, the
original minimum becomes metastable and tunneling is possible, which starts the phase transition. The
tunneling rate depends on the barrier’s height and for some potentials the tunneling becomes efficient later.
Finally, when T' = T, the barrier disappears and the original minimum is now a maximum. Right: A typical
second order phase transition with a potential normalized at ¢ = 0 for all values of T. As for first order
phase transition, at 7' > T, the only minimum is at ¢ = 0 and the symmetry is said to be restored. At
T = T,, the global minimum becomes a local maximum and when T falls the field simply rolls down the
potential acquiring a new expectation value different from zero. This transition is said to be soft, as the
minimum of V(¢) continuously changes from the high temperature global minimum to a new position at
low temperatures. Figures taken from [95].

grangian can be obtained at leading order by studying the perturbations around the Higgs potential
vacuum. In fact, the physical (scalar) Higgs field h is a small linear perturbation of the doublet
around the vacuum. As long as ® # 0, any configuration of the field close to the classical vacuum
is gauge equivalent to the following configuration, in the unitary gauge,

& — <2h> (2.89)
V2

If we now define the fields

Wl Eiw?
Wi = % (2.90a)
Zg = Wg cos Oy — Y, sin Oy (2.90b)
Ag = Y, cosOw + Wg sin Oy (2.90¢)
the EW Lagrangian terms become in the broken phase
1 a nra 1 iz 1 + — pv 1 nz 1 N4
7ZV[//“/W — ZY#VY = 7§W//UJW - ZZ‘UJ/Z - ZF'U'DF + ... (291&)
1 2
(D) D"® = SO, h+miy WEW ™!+ Z2Z02° + .. (291b)
where we wrote only the quadratic terms with
gv mw g : g
—_— — — S 9 = 0 p— . 2.92
mw 5 mz = o cos Oy \/92-5-79’27 sin Oy, \/924-—9’2 ( )

We can see that the resulting Lagrangian describes four vector fields, like (2.85), but three of them
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are massive. The second equation shows that three of the four Higgs doublet degrees of freedom
became the longitudinal components of the W=+ and Z° bosons. We identify the massless vector
field with the photon. The full broken phase Lagrangian contains nonlinear terms describing the
field interactions that we eluded here.

Note that the number of longitudinal components match the number of broken generators
(7%, Y) — Q. This is part of the Goldstone theorem which states that, to each broken generator of
a global symmetry corresponds a massless scalar field called a Goldstone boson. As we have seen,
for a gauge symmetry, the Goldstone boson becomes the longitudinal polarization of the associated
vector field. If the symmetry is global but approximate, each broken generator provide a massive
boson called a pseudo Nambu-Goldstone boson.

The bosons W# and Z° have been detected experimentally; their masses are myy ~ 80 GeV and
mz ~ 91 GeV. Besides, the weak angle 0y is measured independently by studying the interaction
of photons and the massive bosons with other particles. This is possible because 0y is determined
by the coupling constants g and g’. The experimental value is sin? 8y ~ 0.23, hence the equation
mw = my cos By is satisfied in nature with good accuracy.

The covariant derivative in (2.85) contained all four EW gauge fields in the symmetric phase,
see Eq. (2.80). In the broken phase it becomes

D, = 8, —ieA, (2.93)

where ,

e=—29 __ — 03139 (2.94)

/g2 +g/2
computed according to the values given by (2.83).
The physical Higgs h has a mass m;, = v/2Av (that we shall not confuse with the mass parameter
m) and a VEV
m
v=(h) = —= ~ 246 GeV. 2.95
) =7 (295)
The quartic coupling A is a free parameter in the SM, and hence, there is no a priori prediction
for the Higgs mass. Moreover, the sign of the mass parameter m? = A\v? is crucial for the EW
symmetry breaking to take place, but is not specified in the SM. There should be a sign difference
between the quadratic and the quartic terms; here we put it explicitly in the potential definition.
The experimentally measured Higgs mass, mj ~ 125 GeV, implies that A ~ 0.13 and m = 88.8 GeV
at the top mass scale!®. The Higgs boson was predicted in 1964 [96-98] and discovered at CERN
in 2012 [99, 100],

2.3.4 Flavor and mass mixing

In the previous section we focused of the gauge part of the EW symmetry breaking. In this one, we
will study the consequence on the fermion sector, in particular the Yukawa interactions, and how
it leads to flavor mixing in the broken phase. Recall the Yukawa Lagrangian (2.78d)

Lyuk = (Yo)ij Ly el + (Vo) i QL Ol + (Ya)i; Q1 °d% (2.96)

where 1/_)1L = d}f'yo is a left-handed doublet of generation i and 1/)3% a right-handed singlet of genera-
tion j. The matrices (Yy);; encode the Yukawa coefficients of the three SU(2) families of fermions.
The first term stands for leptonic sector, the second for up-type quark and the last for down-type
quark, see Eq. (2.71). We could add a term YijffL@CVf% but right-handed neutrinos have not been
observed yet.

15A11 SM couplings values are given at a specified energy scale as they are running with it, see Sec. 2.3.5.
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The Higgs doublet then gets a VEV given by (2.86), hence using the doublet representation
(2.73), the Yukawa Lagrangian becomes

Lyur = (My)izel el + (My)ijuiul + (Ma)ijdy d (2.97)
where we defined

v (Yy)i
V2

as the mass mixing matrix of the family 1. These three matrices can be diagonalized by the use of
the unitary matrices VLw - Without index notation, it writes

(My)ij = (2.98)

My =V Dy(VH)! (2.99)

with
D, = diag(mm My, m‘r)

D,, = diag(my, me, my) (2.100)
D, = diag(mg, ms, mp)

With those changes, the Yukawa Lagrangian now writes
Lyae = €S VEDo(VE) er + ul VEDL (Vi) ug + di VED (V) dg. (2.101)

This way of writing things is relevant because the propagators are defined in the mass eigenstate of
the fermions as they should satisfy the equation (92 —m?)G(z,y) = 6(z —y), see Eq. (2.8). Hence,
in order to draw Feynmann diagrams and calculate anything from it, it is needed to put the fields in
the mass basis. To do so, we use the accidental symmetries of the SM (2.84) and perform rotations
for the fermion fields. For the lepton part this works well, since by U(3); ® U(3)g rotating

VZ
L, —ViL,= (VLfL), er — Vi er, (2.102)
LVL

we can go to a basis where the mass mixing is removed. This is because there is as many fields
(L1, er) as there are rotating matrices (V/, V). Once in this basis, there is a residual symmetry
[U(1)¢]° that distinguishes the three lepton families. Thus, the take away message is that there is
no mixing in the lepton sector and we can always consider the SM in the lepton mass eigenstate.
However, the story is different in the quark sector, because there are 3 fields (Qr, ug, dg) for 4
unitary matrices (V}, VLd, Vg, Vg). Therefore we cannot simultaneously diagonalize them as there
is not enough symmetry to put all quarks in mass eigenstates without mixing their flavors. This is
because uz, and dy must transforms the same way since they belong to the same SU(2) doublet.
Therefore there is a 4 — 3 residual mixing matrix called the CKM matrix.
We have the choice then between two fields redefinition to make one mass mixing matrix
diagonal,
Vu/d ury,

Qr — VLu/d QL = (VLu/d d > . ur = Vi ugr, dr— Vidg, (2.103)
L L

where V' /% stand for the fact that there is the possibility to choose (once for all) between V}* or V{
as the diagonalizing matrix. If we choose V} and define the Cabibbo-Kobayashi-Maskawa (CKM)
matrix as Vokm = (VL“)TVLd, which is unitary transformation, we can then perform a residual
mass mixing in the quark sector as M, = VCKMDdVgKM and the Yukawa Lagrangian in the mass
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eigenstate becomes

Lvuk = Z miege%—k Z miufu%%— Z (]\;[d)ijd?dﬁ (2.104)

i=e,u,T i=u,c,t i,j=d,s,b

As a consequence, to interpret the SM Lagrangian in term of mass eigenstates, we need to
redefine the quark fields as ‘ ‘ A ‘
upp = Upr, drp —dg

" ; (2.105)

L (VCKM)ij dy,

which induces flavor mizing [101].

The CKM matrix

The CKM matrix is a 3 x 3 unitary matrix, Voxm € U(3). It has 9 parameters because the unitarity
condition VCTKM = VC_KIM removes 9 degrees of freedom to the 9 complex entries. It explicitly writes

Vud Vus Vub
VCKM = Vea Ves Vb (2106)
Via Vis Vi

The transition amplitude from i to j is proportional to |V;;|?. There are 5 U(1) global symmetries,
namely Qr, ug, dg, Lz, er, that allow a shift to remove the phase of the corresponding fields.
Those shift angles are unobservables and contribute to the CP problem as we will see in Sec. 2.4.1.
At the end of the day, 4 free parameters remain for the CKM matrix and various representations
of them exist. The standard one is

1 0 0 C13 0 Slge_i5 c12 S12 0
VCKM = 0 C23 S923 0 1 0 —S12 C12 0 (2107)
0 —8923 C23 —813ei6 0 C13 0 01

where s;; = sin6;; and ¢;; = cosf;;. Here we see the three rotations and the remaining phase
explicitly.

As shown, the unitary rotation (2.105) makes the mass matrices M,, and M, diagonal but with
the price of flavor mixing. Because the propagators are always in their mass eigenstate, the latter
is carried by charged bosons from EW sector in their mass eigenstate: the W bosons. In other
words, when drawing a Feynmann diagram, every vertex involving a W= will have a V;;. This
comes from the coupling to SU(2) in the covariant derivative :

SU(2) term
s

Wy D, gw}"aﬂawi‘wg (2.108)

where 4, j are the flavor indices. Under SU(2), the representation (2.73) explicitly writes
_

int go YF" + WS Wl} - ZWI%) ('LLJ ) (2109)

— i gti [
Lsve =73 (“L dL)(W;HWj v, -wi )\ d

where uiL/R and diL/R are both flavor families, see Eq. (2.71). We now go to the broken phase basis
using (2.90) and we write schematically Y, £ W2 = Ci" A9 + C3 Z) where C§° and C5° are constant
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depending solely on g and ¢, see (2.92). Therefore, the interaction (2.109) becomes

in g(_fﬂ i i i .
£Sltj(2) = W [UTL (C’{"Ag + C’QJrZE)uL + uTL W/jngMdjL (2.110)
+ dTLZVlJ;CKMW;uJL + dTLi(Ol_Ag + ngg)dﬂ '

Since VCTKMVCKM = 1, we see that neutral bosons (7°, Z°) conserve flavor because the CKM
matrices cancel out, whereas the W* bosons inevitably mix the quarks by converting an up-type to
a down-type of quark or vice-versa (but never an up-type to an up-type or a down-type to a down-
type quark). This can also been seen with the commutation relation [VLu/d, 73} = [Vf/d7 Q} =0,

because the photon and the Z° boson are linear combinations of 73 and @, see Sec. 2.3.3. We say
that neutral currents conserve flavor. Note that this vertex only apply to left-handed fermions.

CP violation in the SM

The ¢ shift phase parameter is a CP-violating term. There are only two CP-violating parameters
in the SM, § and 0, giving rise to the strong CP problem, see Sec. 2.4.1. Moreover, only three
quark families can provide a non vanishing 4, since in a U(2) group field redefinition reabsorbs all
the phases. This can be seen from the Jarlskog invariant, a parameter built from triangles in the
complex plane of CKM matrix elements called unitarity triangles, whose areas are all equal to S.
In the standard parametrization the parameter writes to [12].

J=28= 6126230%3812523813 sind = (308418%2) -107°. (2.111)

We notice that it involves four Vj;, thus a diagram with four W# vertices at least is needed to have
a CP-violation operator. Moreover, the three quark families are necessary because J is a product
from the mixing angle between all the families. When only two families are involved, even with
four W vertices, it is always possible to perform a global U(1) quark number rotation to get rid
of the phase.

To conclude, there is a CP violation in the SM but it needs the three families of quarks getting
involved. This can only happen in a minimum of two-loop process which is hence highly suppressed.
Therefore the SM CP-violation process is not strong enough to produce enough baryon asymmetry
with regard to Sakharov conditions (see Sec. 1.3.3) and we will need to add CP-violating terms in
a successful theory of baryogenesis, see Secs. 2.4 and 3.2.

2.3.5 Renormalization and S functions

This sketch on renormalization is made to be intuitive and does not enter in the mathematical
details. Renormalization has to be understood as the corrections one should apply to every QFT
on a first naive Lagrangian that we are still forced to begin with. It is impossible to write a QFT
which is already renormalized because each first draft of a theory must then be corrected in a way
dictated by the theory itself.

The renormalization process ensures that the parameters of a theory, namely the masses and
couplings, are the true physical quantities from measurement. It is done by adding counterterms and
ghost fields to the original bare Lagrangian and leads to the effective redefinition of the couplings,
making them run according to their 8 functions, see hereafter.

Since the renormalizability of a theory depends on its number of dimensions, the simplest way
to renormalize it is to compute the corrections with dimensional regularization. It means we should
first write the theory in d = 4—¢€ dimensions and take the limit ¢ — 0 at the end of the computation.
Once the corrected propagator has been computed, there will be constant terms and terms that
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depend on € in the result. The way to absorb these terms in the renormalization is left to a choice
called renormalization scheme. Amongst the infinite schemes at our disposal, two are most-known.

e The Minimal Subtraction scheme (MS) originally used by ’t-Hooft where only 1/e is removed
and absorbed into the counterterms.

e The bare Minimal Subtraction scheme (MS) used nowadays where
1
- — g + log4r (2.112)
€

are removed and absorbed into the counterterms, where

= [1 1
YE=)_ {k —log (1 + k)} ~ 0.577 215 665 (2.113)
k=1

is the Euler-Mascheroni constant.

By changing the dimension 4 to 4 — ¢, dimensional regularization introduces a (spurious) scale Q,
called the renormalization scale, which physical observables should not depend on.

All schemes should give the same physics. The scheme must be viewed as a renormalization
degree of freedom. The same principles as for gauge symmetry apply. A renormalized quantity '

will depend on the used scheme
'r=Z(R)T (2.114)

without changing the physical information it contains. It is hence possible to pass from one scheme
to another with the rule

T'p = Z(R,R)Tx, Z(R',R) = . (2.115)

The factors Z(R', R) respect the composition law, the existence of a neutral element and an inverse;
therefore they form a group called the Renormalization Group.

Consider now as physical quantity the effective action I'[¢.], where ¢, is the classical value of
the scalar field in the effective potential, that may depend on the interaction couplings g;, which
also includes the mass m, etc. Physically, I' should not depend on the renormalization scale Q, i.e.

dl — (. It is convenient to perform a chain derivative and multiply by Q to get

do
dar 0 dg; 0 do. O
i — 2 — T[¢.] = 0. 2.11
%30 (Qag *Cu0ay, ~ “aQ a¢c> el =0 (2110)
We define the renormalization group functions as
_ dgi
Bi = QdQ (2.117a)
Q do.
- = 2.117b
"= 5.0 ( )

that measure how the couplings change with the energy scale. The first are denoted as the 3
functions and will be of prime importance in the following. Finally we obtain

9

0 0
(Qag + 618791 - 'Yd)caqsc

) T[¢e] = 0 (2.118)

called the Renormalization Group Equation (RGE).
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Figure 2.2. SM renormalization group evolution of the gauge couplings g1 = /5/3¢’, 92 = g, g3 = gs,
of the top and bottom Yukawa couplings (yt,yp), and of the Higgs quartic coupling A. Here p = Q. All
couplings are defined in the MS scheme. Plot taken from [102].

According to the RGE, all the SM couplings change with energy. We show the runnings on
Fig. 2.2 of the three gauge couplings

5
g = \/ggﬂ 92 =g, g3 = gs» (2.119)

the top/bottom yukawa 1, as well as the Higgs quartic coupling \.
The 8 functions for the gauge couplings are given at 1-loop correction by [78]

3
W 9 20 1
3
1 _ % 22 4 1
_ _2. 4 1 2.120b
2 167r2< 3 73" TG (2.1200)
3
L _ G 4
B = o (—11+3ng> (2.120¢)

where ny = 3 is the number of generation.
The $ function for the top yukawa is given at 1-loop correction by [103, 104]

W Y (9o 1T 9, 4o 1o 35,
By = 162 <4yt 1091~ g% ~ A9ty W (2.121)

Last, the 8 function for the Higgs potential parameters are given at 1-loop correction by [105]

m?2 9 3
8 = 672 (yZ + 3y — igg - ng + 61+ 3y§) (2.122a)

o _ 1 o4 a4, D4 309 3 4 2
B = 1602 ( Yr =3y + 1p92 + g9192 + 1591 + 207 (2.122b)
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9 3
+6AyE — 5/\95 — iAgf +12)\% + 6y — 3yf) .

As we can see from Fig. 2.2 and deduce from computation, the Higgs self-coupling becomes
negative for a scale Q; ~ 10%!! GeV. This results in a negative potential for values h > Q.
This is called the Higgs instability or vacuum catastrophe problem. Still it has been proven that
the fake electroweak vacuum is metastable, and its life time is much larger than the present age
of the Universe. Any model and any physics involving the Higgs at such scale may come with a
solution to fill the vacuum. It usually requires altering the Higgs UV physics in order to influence
the behavior of the beta function at scales 2 100 GeV. This must be done for instance in the
Higgs inflation model (see Sec. 1.2.6), where the physical Higgs field plays the role of the inflaton
at scales ~ M) > Qy. In Chap. 6 we will introduce an inflation and baryogenesis model that has
the additional feature to stabilize the Higgs potential.

2.3.6 Anomalies

Symmetries play an important role, if not the most important role, in the SM, either being con-
served, being violated or being anomalous. Unlike a gauge symmetry, the group elements w of a
global symmetry are constant, i.e. d,w = 0. It would be wrong to believe that global symmetries
are of less interest than the gauge ones because of their comparative apparent simplicity. We have
already devoted some sections to gauge groups and began to draw some links with the SM. In
Sec. 2.3.2 we have seen that the SM exhibits accidental global symmetries. Here we aim to show
how gauge and global symmetries articulate themselves with the matter sector in the SM. For
references, see e.g. [88, 106-108].

Global U(1) symmetry

Consider a field ¢ charged under a U(1) symmetry with some charge Q. Then, a group element
w =€ € U(1) acts on 1 as P — @), Because T2 is the same element as w, it means that

eiQaw _ eiQ(a+2n7r),l/}’ Vn € 7. (2]_23)

Therefore the allowed charges under a U(1) symmetry are quantized: @ € Z. They must be integers.
In other words, they are quantum numbers. We can hence use global U(1) symmetry groups to
count objetcts. This becomes more obvious if we compute the associated current and charges of a
Weyl spinor. As we have seen, they come in two representations of the Lorentz group, (%7 0) and
(0, %), that we label L/R for left-/right-handedness. Hence the theory

LD il a" Dby, + ihho" Dyg (2.124)

has a U(1),®U(1) g global symmetry where the two U(1) factors rotate the fermions independently:
P — €Ly and Y — e*Fihp. The charges (qr,qr) of ¥ and ¥x under this group are (1,0)
and (0, 1) respectively. From Noether theorem their associated currents (2.12a) and charges (2.13)

write ) )
jg = wL&I—Lq/}La ]]% = /lzZ)RUH’l/)R7

(2.125)
QL= /WLl/JL d’z, Qr = /lb;#/JR d*a.
One recognizes the number operator afa in the integrals, therefore Q. /R counts the particle number
of the Weyl spinor field in the left/right representation.
Of course, we can equivalently use the Dirac formulation of spinor (2.74) in which £ D i@Z_w“D#z/J
and define the same global symmetry U(1)y ® U(1)4 in another basis. Here V stands for vector
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and corresponds to a;, = ar and A for axial where ay, = —ag. The names come from the fact that
their associated currents are respectively a vector and a pseudovector, see Eq. (2.127) below.
In the Dirac representation, the symmetries write

Y — e (vector), Y — "% (axial), (2.126)
and the associated current and charge are

v =y = g1 + ik Jh =0y = —if + Jg,

(2.127)
Qv = Qr + Qr, Qa=—-Qr+ Qr.

In the classical theory, the standard arguments from Noether ’s theorem tell us that all these
currents are conserved, d,,j* = 0. However, at quantum level, when working the details, it turns out
that the vector and axial currents cannot be conserved simultaneously. In other words, the full group
U(l), @ U(1)g cannot be gauged, as we cannot couple a gauge field to a non-conserved current.
Only the diagonal subgroup U(1)y can be gauged, which is the gauge group for electromagnetism
U(1)gm that we described in previous sections. This is a major result of the SM called the chiral
anomaly. Tt was proven by ’t Hooft in 1976 [109], after the explanation by Adler-Bell-Jackiw
[110, 111] of the m decay problem (that violates chirality) and leads to non-trivial consequences
from a cosmology point of view.

The chiral anomaly

There are many ways to prove the anomaly, either by solving the associated triangle diagrams,
or by computing the change in the path integral measure, or by looking the shift in the Landau
level under the change of coupled gauge fields. In a more mathematical approach, we can also
prove that the chiral anomaly is a manifestation of the Atiyah-Singer index theorem [80, 107]. In
this section we aim to give an insight of the phenomenon while avoiding the explicit quantum field
theory computation.

The most physical argument is to show how left- and right-handed particles are created/de-
stroyed differently when coupled to a background electromagnetic field (where the electric and
magnetic fields share a parallel component). This is usually done in 141 dimensions for illustra-
tive purposes as this simplification preserves the key concepts of the mechanism while avoiding
the degeneracy in the other directions. In other words, the only Laudau level of interest for the
demonstration of the 3+1 dimensions solution is the one retained by the 141 model.

Consider a matter field coupled to a U(1) gauge field (that we can choose to be electromag-

netism):
1

4

In 1+1 dimensions, all the interactions mediated by the electromagnetic field reduce to the Coulomb

L=—=F,F" + i (2.128)

potential V(z) = ex where e is the electric charge, since there are no transverse components. In
order to avoid IR divergences, we confine the model in a spatial domain of length L such that
el < 1. Note that as Ay becomes negligible, we will thereby treat it as zero in what follows.

The other aspect which is different when two spatial dimensions are removed is the topology.
In R*, U(1) is trivial but on a vector space based on R? one has a classification of the gauge field A4,
in terms of a winding number because 71 [U(1)] = Z, see Sec. 2.2.3. Thus, A; must be considered
only on the interval [0, %’T], since it is a matter of gauge transformation to go beyond this domain.
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Figure 2.3. Left: Fermion energy levels in function of A;, taken from [88]. Right: Fermi surface for a
fermion in the 3+1 dimensions theory in a uniform magnetic field along the z-direction. The hyperbolic
branches of the Landau levels are either fully populated or empty, and the states within these branches
simply rearrange under an applied electric field. Only the linear branch changes in the presence of an
applied field, effectively reducing to the 1+1 dimensions problem. Taken from [108].

Skipping some details'®, the equation of motion from the above Lagrangian reads

O 5.0
— — —+ A =0 2.129
“or —° (’ oz * 1> v="0 (2.129)
where the correspondence v° = o2, v! = io! for 14+1 dimensional space have been made, and we
find that one level of energy E}, is given by

(?gi) B [<k+;> 2% _Al] (Z;ff) (2.130)

The level of energy shifts in an opposite way for left- and right-handed particles when the
value of A; changes. If A; passes from one configuration to another which is gauge equivalent, a
restructuring of the fermion levels take place, see Fig. 2.3. The energy levels of the left-handed
particles move upward and right-handed ones downward, or equivalently, the Dirac sea that defines
the vacuum simultaneously rises for right-handed particles and falls for left-handed ones. We know
that a hole in the Dirac sea is the definition of an antiparticle, because the vacuum is a filled
Dirac sea. If we take the true vacuum as our initial state and let A; to move from 0 to %’T, our
final state is composed of a right-handed hole (the sea rises) and a left-handed particle (the sea
falls). During this process, the total number of particle Qy is conserved, but Q4 has been violated
because handedness has been flipped: AQ4 = —2. Hence, when A; changes from QWT" to M
the corresponding change of the axial charge is AQ 4 = —2m which implies

Q= —%Al. (2.131)

163ee Ref. [88] for a complete description.
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The current corresponding to the latter charge is

1
Bt = —— " F,

v 2.132
2r H ( )

where €*¥ is the Levi-Civita antisymmetric tensor €% = —¢'® = 1. This equality represents the
famous axial anomaly in 1+1 dimensions. Although we have derived it by hand-waving arguments,
we have preserved the only feature that makes the phenomenon extremely simple and widely known:
the crossing of the zero point in the energy scale. The presence of an infinite number of levels and
the Dirac sea interpretation constitute the essential elements of the construction. With a finite
number of levels there is no place for such an interpretation and there can be no quantum anomaly.

The three-point function of U(1) currents, computed via a loop of fermions, is the classic
calculation that revealed the existence of the chiral anomaly. The detail calculation can be found
in e.g. Chap 19 of [106], or in Ref. [107]. The triangle anomaly calculation has the virtue of being
easily adapted to general symmetry currents, not just U(1).

Indeed, we can repeat the same we did for U(1) as the SM Lagrangian (2.124) is also symmetric
under the global SU(n)r, ® SU(n)g group (for n = 2,3). We can then rewrite (2.126) as

¢L —>wL¢L, wi, € SU(TL)L wR%waRv WR € SU(n)R (2133)
This implies the following vector and axial currents
" =9y Ty 74" = Py (2.134)

where T are the generator of the SU(n), defined in (2.29). Like the vector U(1) remained a valid
anomaly-free symmetry at the quantum level, the same is true with regard of the vector SU(n)
currents: they are conserved. The axial currents are anomalous. The conclusion for SU(n) is then
per se the same as for U(1), and the chiral anomaly for the SU(n) group is the same, but with the
corresponding gauge field instead.

It is found that, for a fermion coupled to a massless spin-1 particle with field strength F}j, and
coupling g,

g2

3272

Ouil” =— Tr (T“ {Tb,TC}> €pvpo FM VFP7C (2.135)

where T are the generators of the algebra, see Sec. 2.2.2.
Alternatively, we can study how a U(1) transformation leads to the measure transformation

/ DYDY — / DYDY exp <1éfr _ / Az aeWPUF’“’Fp"). (2.136)

The current associated to axial transformations is no longer conserved: instead it obeys (2.135).
This method is referred to as the Fujikawa path integral calculation, see e.g. Ref. [107] for the
derivation.

In Sec. 2.2.4 we have seen that the RHS of (2.54) is a topological quantity. The same is true
for Egs. (2.141) and therefore (2.143). Using (2.51) and (2.52) we can relate the axial current to
the Bardeen current as

2
. g
Oujhy = e o, K", (2.137)
Like in the 141 dimensions case, these results imply that the axial charge is not conserved anymore,
since
. g2 .
Qr=-25 [ &3z K", (2.138)

- 8n2
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the analog to Eq. (2.131), and more importantly, that the change of axial charge is a direct conse-
quence of the change of topology, obeying the selection rule

AQa=—-2ANcs = AQr=-AQr=ANcs, (2.139)

where N¢gg is the Chern-Simons number defined in Eq. (2.54). Thus, if we perform a global gauge
transformation on a gauge-fermion interacting system by the action of an instanton or a sphaleron,
the total number of fermions is unchanged but their chirality has been violated, the creation of
left (resp. right) handed particles being compensated by the creation of right- (resp. left-) handed
anti-particles. We will see that this allows an embedded baryon number violation in the SM which
will participate in the mechanism to generate the BAU.

Gauge anomaly

The above statement that gauge fields cannot couple to a non-conserved current is, so to say, a
kind of a top-down approach to anomaly. We can rephrase it as such: for a given fermion set, only
anomaly-free global symmetries can be gauged.

There is however another approach in which we first gauge any symmetry of interest and, in a
second step, we choose the set of fermions charged under this group such that the gauge symmetry is
anomaly free. This approach is useful for model building when exotic/dark sectors are introduced
to the SM and is often referred to as gauge anomaly even though the core idea is that a gauge
symmetry cannot be anomalous.

Indeed, while anomalies in global symmetries are physically interesting, anomalies in gauge
symmetries kill all physics completely: they render the theory mathematically inconsistent because
gauge symmetries refer to redundancies in our description, that are necessary to make sense of the
theory. An anomaly in gauge symmetry removes this redundancy. If we wish to build a consistent
theory, then we must ensure that all gauge anomalies vanish.

To illustrate this other approach, take for instance a right (left) handed Weyl spinor charged
under U(1)gym. By computing the associated current divergence, we find that

Ouiy = ~0u7t = 3 Ouh (2.140)
hence this theory is anomalous: it must be abandoned or changed such that the anomaly disappears.
To do so, we shall add more fermion species in the theory in such a way that their anomaly
contributions cancel each other. By adding a left (right) handed Weyl spinor charged under U (1)gm
the same way as the initial left-handed one, we ensure that the total current is conserved as in that
case we have 9,1, = 0,4 + 0,77 = 0.

In both approaches, the result is the same: in order for electromagnetism to be anomaly free,
we must couple it to Dirac fermions. A theory with gauge fields which are coupled in the same
manner to both left and right-handed fermions is called vector-like.

It happens that the SM is a chiral theory because the weak interaction only couples to left-
handed particles, thus left and right-handed fermions are coupled differently to gauge fields: it is
a chiral theory. Consistency of chiral theories is harder to ensure. Note that chiral gauge theories
are necessarily coupled only to massless fermions. This is because a mass term requires both left
and right-handed Weyl fermions (see Sec. 2.3.4) and is gauge invariant only if they transform in
the same way under the gauge group. In other words, mass terms are only possible for vector-like
matter. This is why in the present sketch we have dropped the tree-level mixing from Dirac mass
terms, see Eq. (2.150) and Sec. 2.4.1.
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G w Y
Y | Cf | Cy Cy

Qp | Ne | X NchYéL

2 2
ug | =3 | 0 | —=N.Y2
dr | =2 | 0 —N.Y7}
Ly | 0 i N, YZ,
ER 0 0 —YfR

Table 2.2. Coefficients of the anomaly equation (2.141) for each SM gauge group and fermion specie.
The multiplicities N. = 3 and N,, = 2 take into account the color and weak isospin states of a given family
of leptons and quarks. Indeed, the representation (2.73) is considered a singlet under SU(3)., resulting in a
triple contribution to the anomaly. In the same way, the representation (2.69) is considered a singlet under
SU(2)r resulting in a double contribution to the anomaly. The SM hypercharges Y, are given in Table
2.1. The charge conjugates of the displayed fermion species (i.e. their anti-particle state) have the same
coefficients with all the signs flipped.

Baryon and lepton number violation

To summarize, in the SM there are 5 global U(1) symmetries, defining 5 classes of fermion species:
2 left quark and lepton SU(2);, doublets @y and Ly, 2 right quark SU(2), singlets ur and dgr
and 1 lepton SU(2)y singlet er, see (2.71) and (2.73). Therefore, using Eq. (2.135) the anomaly
equation for each of them write [112]

g9”
6m

2
Ouil = C§ G, G e v O T3 YV, (2.141)

o WS+ Oy
¥ 1672 Tl

16
where the coefficients C' are given for each fermion and gauge group in Table 2.2. Thus, when
considering the full SM gauge group, none of the spinors’ currents are individually conserved.

A central result that will be extensively used in this thesis is that the baryon and lepton
number are not conserved by the SM, which provides the first Sakharov condition for baryogenesis,
see Sec. 1.3.3. From previous results the proof is straightforward, simply compute the baryon and
lepton current, defined by

N,
. I
= §Z (ng + 4" ﬂm) (2.142a)
Ng
it = (JU + 5t ) (2.142b)

=1

where N, = 3 is the number of generations and the factor 3 accounts for the fact that a baryon

1
3
consists of three quarks. From the anomaly equations we find

- L - LL NQ 92 a YIruva g
8H]B:8#3L:7 1671_QVVWW ~ i6m e yHr . (2.143)
It is accidental that
8Mj}’§7L =0 (2.144)

but this accident has wide consequences. One of them is that the baryon and lepton number change
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by the same amount when varying the RHS:
ANy = ANp. (2.145)

Recall that here N is the number of all three lepton generations. Some authors also write the
selection rule between the baryon number and one lepton species as 3AN;, = ANg '7. We have
already seen in Sec. 2.2.4 that the RHS is a topological quantity. This means that the amount of
baryon and lepton numbers is a direct consequence of the topology in which the gauge fields live.
Since we have also seen that there exists various processes to change from one topology to another
(even on the vacuum), the shape of the SM B-violation source starts to appear. This was the first
Sakharov condition, see Sec. 1.3.3. In Chap. 3 we will show in more detail how we can generate the
BAU from the SM chiral anomaly.

Gauge anomaly cancellation in the SM

Consistency of gauge theory then requires that all 3-point combinations of its gauge group anomalies
vanish. For the SM, this translates to the fact that the SU(N)3, U(1)? and U(1)SU(N)? anomalies
must vanish. We can forget about the Higgs field and associated Yukawa couplings because they
do not affect the anomalies.

In the SM with a single generation of fermions, the non-perturbative SU(2) anomaly

74 [SU(2)] = Zo, (2.146)

where we have defined 7 in Sec. 2.2.3, causes no problem as we will see. The latter equation
implies that an SU(2) gauge theory with any odd number of Weyl fermions in the fundamental
representation is mathematically inconsistent [113]. To make sense of the theory, Weyl fermions
must come in pairs. In other words, they must complete Dirac fermions. Unlike the previously
shown anomalies, this one cannot be seen in perturbation theory: it is a non-perturbative anomaly.
Since there are four fermions transforming in the doublet representation in the SM with a single
generation of fermions, the anomaly is avoided.

Similarly, the SU(3)? diagram is anomaly free because there are two left-handed and two right-
handed quarks. There is also no non-perturbative anomaly as

m [SU(n)] =0, Vn >3 (2.147)

Finally, all anomalies involving the Abelian factor cancel, see e.g. [L07] for a detailed calculation.
Therefore, all three gauge currents

FIE I L (S a / H D DI i (2.148)
P YL quarks
have a null divergence. There is a further related criterion arising from a possible gravitational

anomaly of a U(1) current, which also vanishes. Hence the Standard Model is arguably the simplest
chiral gauge theory that one can write down.

2.4 The Axion

In this section we will first explain the original axion for QCD and how it arose. Then we will give
hints on a more general class of axions called axion-like particles (ALP). In the next chapter we
will demonstrate how an ALP identified with the inflaton can generate the BAU.

17With the notation used in this thesis, this equation would be written as 3 AN, = ANg.
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2.4.1 The strong CP problem

In a typical Lagrangian for an interacting fermion
1 a va - "
L= —iFWF“ + iy Dyp + myp (2.149)

the mass parameter does not necessary need to be real, m = |m|e? since it is only a mathematical
parameter of the theory and not the physical mass. But we can always absorb the ¢* term by
performing the chiral (or axial) rotation (2.126) m — me~2'*. This is called the spurion technique
and it leads to the relation 20 = « while the mass parameter becomes real. This is a manifestation
of the tree level chiral anomaly

Dudhy = 2imypysip. (2.150)

The same happens for the complete SM mass matrix in the Yukawa sector, see Sec. 2.3.4. The
d-quark mass matrix My (see Eq. (2.104)) can have a global phase that is possible to cancel by
fields redefinition. In general we have

det My = e'®. (2.151)

As in the above simple model, we can do a chiral rotation to cancel this phase such that det My = 1
but then we pay the price of another 6-like contribution (2.68).

Indeed, because of the anomaly, a chiral rotation is equivalent to the introduction in the action
of a topological density Sy given by Eq. (2.68). The [U(1),]* rotation freedom in the lepton sector
makes it possible to choose a configuration where the Sf Y® contribution to the SM action vanishes.
This is a direct equivalent of the absence of flavor/mass mixing in the lepton sector (in the pure
SM) described in Sec. 2.3.4. Conversely, this freedom is not given in the quark sector such that
there will always be a topological residue S’(f YG) that survives any rotation. In fact, the standard
parametrization of the CKM matrix (2.107) has already assumed that the five-field redefinition has
been done, see Sec. 2.3.4. Hence, the physical, observable CP-violating parameter of the effective
SM theory contains both contributions, the pure gauge strong vacuum topology and the CKM
matrix cleaning [89]

0 = 0 + argdet M,. (2.152)

We can relate the value of 8 with the electric dipole momentum of the neutron
2

0 ge—a ~ 107'%|6]q, - cm. (2.153)
my

dy ~

Measurements contraint its value to d,, < 3 - 10726 leading to || < 107!° [114]. The strong CP
problem is, why is the latter value so small? Why do both contributions almost cancel each other?
Such a near cancellation is difficult to achieve, given their distinct origin: one from QCD, one from
EW.

The CP problem falls under the scope of a naturalness problem. Since the term (2.68) is
allowed by symmetry, a extremely small value of it would need some explanation. Note that if
there would be one massless quark (which is in contradiction with measurements), we could make
a field redefinition by absorbing the § angle in the mass term.

2.4.2 The Peccei-Quinn solution

In 1977, Peccei and Quinn showed that if the SM was augmented by a global chiral U(1) symmetry,
the dynamics of the theory is such that  is dynamically set to zero [115, 116].

Let us introduce a global chiral symmetry, U(1)pg, which is spontaneously broken by a scalar
field a(x) with zero mass at the tree level: the axion, which is the massless Goldstone boson of this
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broken symmetry. Under U(1)pg, the axion has a shift symmetry:
a(z) = a(z)+ af,, (2.154)

where f, is the order parameter associated with the breaking. This shift symmetry implies that
the axion is a compact field, meaning that the field values live on a circle, which is to say that the
value of a(z) is only defined modulo 27. Thus a(z) — a(z) + 27 is a redundancy of our theory.
This redundancy places strong limitations on the axion Lagrangian. We can only write arbitrary
interactions involving J,,a, because this is invariant, and interactions involving 27-periodic functions
like cos ka (with k € Z), which can give rise to a mass for the axion. Anyway the strong dynamics
of QCD generates a potential for the axion from which the mass can be computed. The existence
of a mass for the axion makes it a pseudo Nambu-Goldstone boson and its shift symmetry is
approximate.
At last, we can add to the SM Lagrangian an effective axion Lagrangian as

a g
fa 1672

L=CLg

el quclm( ; ,w) (2.155)

where we recall that G, is the strength tensor of SU(3).. Here, { and Ly are model dependent
quantities related to how one assigns U(1)pq transformations to the fermions in the theory. The
second to last term is needed to ensure that the U(1)pg current has a chiral anomaly

iy g a LV G.
Ouitg = E153 GG (2.156)
To show that the shift symmetry (2.154) implies the Lagrangian (2.155), we use Eq. (2.52) and we
perform an integration by parts

8 a Guwa _ O g pen _ _On0

7. O S RO =,
where we removed the constants for clarity. The last term is a total derivative and these are usually
neglected in QFT because fields are square integrable functions, or in a mathematical notation
¢ € L2(R). It means that fields vanish at infinity and are localized. Here, because of the gauge
transformation that change topology, and the change in the path integral measure, it is not the case
and the total derivative term brings the instantons (which are in essence global). Leaving this aside,

K" 48, {f “], (2.157)

we see that the Lagrangian written is this way has a shift symmetry because of its dependence on
Oua. Of course, the shift must be a constant.

The existence of the U(1)pg breaking term aGG actually provides a potential for the axion
field. Hence it is no longer true that any value of (a) is allowed in the vacuum. Including the
anomaly contribution, one finds that the VEV of the axion must be [89, 115]

(a) = (0]alf) = —g fa (2.158)

The physical axion is the excitation from this vacuum, hence a, = a — (a). In term of a,, the
effective Lagrangian becomes

fa 1672 Ja

The new Lagrangian does not contain L5 anymore, since this term is all ready encoded in Ly, see

L= Lov— %aua,,aﬂap Ll 9 e Gy (a ap,zp) (2.159)
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Eq. (2.77). The presence of the extra U(1) pg symmetry has removed the C'P-violating 6 parameter,
replacing it by a dynamical field.

2.4.3 Axion-like particles

There are a variety of similar models which introduce a new scalar axion-like field independently of
the EW scale, enabling much larger vacuum expectation values, hence very light axions [117-119].
Axion-like particles (ALP) are hypothetical massive pseudoscalar particles that arise from other
new symmetries which are spontaneously broken and which appear abundantly in string theory.
The most noticeable difference with the original axion from Peccei-Quinn is that for ALP, mass and
couplings are independent. Also they are in general not related to QCD, the strong CP problem
or the Peccei-Quinn mechanism. They simply borrow their name from the original and true axion
described in the previous section.

In fact, when an approximate U(1) global symmetry is spontaneously broken, the field space
is a circle, so the associated pseudo Nambu-Goldstone boson is a periodic scalar field, a ~ a + 2.
Therefore it is common for such a periodic scalar field to be referred to as an axion, or ALP, even
outside the context of axion solutions of the strong CP problem.

The terminology around axion is subject to fluctuations. Some people prefer to reserve the
word azxion for the original Peccei-Quinn model and use ALP for the other ones. Other people will
use the term axion more broadly, and will often say QCD axion to refer to the original case, a
choice also made in this thesis.

Although the axion has not been detected, axion models have been well studied for over 40 years,
giving time for physicists to develop insights into axion effects that might be detected. There are
many processes involving the axion we can think of. The most famous one is the Primakov process,
which is a decay in the background of charged leptons, and the axion to photons annihilation.
Axions are also one of the few remaining plausible candidates for dark matter particles, and might
be discovered in some dark matter experiments.

Finally, let us state that in order the generate the BAU we will use an interaction of the form
¢FF , see next chapter. In the first models using this mechanism, the inflaton ¢ was identified as
an axion. In this thesis we will partially use these results (Chap. 4) but also consider ¢ as a scalar,
in order to identify it with the Higgs (Chap. 5), or mix it with the Higgs (Chap. 6).
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Chapter 3

Electroweak Baryogenesis

Electroweak Baryogenesis is a term that indicates that the baryon asymmetry was generated during
a first order electroweak phase transition (EWPT), as the latter provides the necessary out-of-
equilibrium condition required by the Sakharov conditions, see Sec. 1.3.3.

As we already explained, a first order transition proceeds with bubble nucleation, where inside
the bubbles the Higgs VEV and particle masses are non zero, while they are still vanishing in the
exterior symmetric phase. The bubbles expand, to eventually collide, and fill out all the space.
In a first order EWPT model, the baryon asymmetry is generated in the vicinity of the bubble
wall in motion. This process is much more “violent” than a second order transition, where, even
though the sphalerons still go in the direction from equilibrium to out-of-equilibrium, they do so
in a continuous way, and uniformly throughout space. This is because the phase transition rate
is governed by the expansion rate of the Universe and hence happens in a quasi-static thermal
equilibrium. For a review on first order electroweak baryogenesis, see e.g. Refs. [63, 77].

With the recent discovery of the Higgs boson at CERN and its mass measurement, it turns out
that the SM EWPT is not even second order, but a crossover, see Sec. 2.3.3. Nevertheless, baryon
asymmetry can still happen during a second order EWPT under certain conditions we will provide,
as it has been proven that even within the crossover, the difference in the sources and washouts
decay rates yield an out-of-equilibrium configuration [120, 121]. To prove this fact requires the
resolution of a system of coupled Boltzmann equation, as we will explain in Sec. 3.1.3.

Besides, during a number of years, many studies have investigated the connection between
a primordial magnetic field and the BAU, see e.g. Refs. [122-132]. In the meantime there was
progress done on the generation of magnetic fields from inflation, see e.g. Refs. [112, 133, 134].
Later, these two ideas were combined in order to generate, from inflation, the magnetic field with
the specification required by the baryogenesis model [135]. This idea was further elaborated in a
number of papers, see e.g. Refs. [120, 121, 136-139].

In this chapter we will review the necessary conditions for electroweak baryogenesis in a
crossover phase transition, that we will use in the models of the following chapters. We will also
address the main constraints involved, see Sec. 3.3.

3.1 Primordial magnetic fields and the BAU

The anomaly equation (2.143) provides the necessary ingredients to generate the BAU during the
EWPT. In this section we will demonstrate, following [120, 121] (see also [140]), that it leads to an
equilibrium value of the baryon asymmetry for 7'~ 135 GeV.

This part needs big machinery in plasma physics, namely magnetohydrodynamics, which com-
bines the Navier-Stokes equation from fluid dynamics with the Maxwell equations from electromag-
netism. The physics involved used transport equations, and out-of-equilibrium decay modelled by
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the Boltzmann equation. We will strive to give as much relevant information as possible for the
aim of this thesis, with the fewest possible unnecessary details, as this topic is not central to this
work. Furthermore, it is very easy to get lost in the maze of this topic.

3.1.1 Helical fields

A key observation for our baryogenesis model it that the anomalous baryon/lepton current (2.143)
depends on the topological density of the hypercharge field. In other words, even if the vacuum
structure of U(1) groups is trivial, a B-violating process can be induced from the helicity change
of a non-zero helical hypermagnetic field, as we will see in this section. In the next one we will
comment on the effect of the SU(2)r, contribution to the anomaly equation.

The relevant equations to describe a (hyper)electromagnetic field in a plasma interaction with
charged particles are the magnetohydrodynamics (MHD) equations, which are written in flat space-
time as [127, 141, 142]

0B
_— = — E .1
5 V x E, (3.1a)
E
%—FJ:VXB, (3.1b)
V-B =0, (3.1¢)
V.-E = p, (3.1d)
V.-J =0, (3.1e)
J =0(E+vxB)+Js, (3.1f)
where v is the fluid velocity, and
ce 1S 2
bl o~ 4.5, a=9_ (3.2)

7= alog(a—1)’

the conductivity of the thermal plasma [143, 144]. The quantity T} is the typical (comoving)
temperature of the plasma, see Eq. (3.66). Furthermore, the current

m
is due to the chiral magnetic effect [126, 145, 146] with

s = ew Ny Yy pay, (3.4)
"

where ) runs over all SM species, with multiplicity Ny, hypercharge Yy, €, = + for right-/left-
handed particles, and 14, the chemical potentials. The chiral magnetic effect is the phenomenon
whereby a magnetic field induces an electric current in a medium with a charge-weighted chiral
asymmetry, and it will have consequences when discussing the constraints on the helicity survival,
see Sec. 3.3.3. From this we deduce that Js vanishes for vector-like fields.

Then, assuming kinetic equilibrium, the chemical potential writes

KAy = ez
’ ]\/}/,T2

(3.5)

where Q4 is the axial charge (2.139) for the species ¢. Note that the ps-dependent term is only
applicable for p5/T < «, which will always be fulfilled in our case, see [147] and references therein
for other regimes.
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We will show that the SM B violation is a direct consequence of helicity variation. The helicity
is a measure of the linkage, twist, and writhe of a magnetic field, which is defined as

H= /A -B d3z. (3.6)

When a magnetic field contains helicity, it tends to form large scale structures from small scale
ones [148], a phenomenon called the inverse cascade and which will be relevant later (Sec. 3.3.3).
Since the magnetic vector potential is not gauge invariant, the magnetic helicity is neither gauge
invariant in general. It is then useful to use the radiation gauge

A, = (0, A), V. A=0. (3.7)

The U(1) quantity
F,,F" = -4 E.B, (3.8)

called the Chern-Simons density, is the local expression of a change in helicity, as

/E.Bd%:%/A-Bd%

This is because, using (2.17) and (3.1a), and the vectorial identity V- (X xY) =Y - (V x X) —
X - (V xY) one has

t=-+o0
(3.9)

t=—0o0

%~B:—E-B, A~8—B:—E-B—V-(E><A), (3.10)
or or
and thus I
o —2/E -B dz. (3.11)

Hence comparing (3.9) with (2.54) and (2.143), we conclude that changes in baryon and lepton
numbers can be induced by changes in U(1)y hypermagnetic helicity as

12

AN, = ANp = —-2

It is sometimes said, either for simplification or through misuse of language, that the helical
fields get converted into the BAU at EWPT. This statement refers to the full process presented
in this section, and does not mean that baryon and lepton numbers increase on the cost of helical
topology. Actually, the last equation states the opposite: baryon/lepton asymmetry and helicity
are generated together although with the opposite sign. Therefore without anything more than
the chiral anomaly, there is no way to distinguish between a Universe that contains only baryonic
matter and a Universe that contains only helical fields. The aim of this section is precisely to give
the factors that allowed matter to survive until today.

Note that the electromagnetic U(1)gym component is absent from the anomaly equation (2.143),
as the diagonal parts of SU(2)r ® U(1)y cancel out. Indeed, we have seen in Sec. 2.3.6 that vector-
like gauge theories, such as U(1)gm, are anomaly-free. Thus, the helicity stored in an ordinary
electromagnetic field has no effect whatsoever on the baryon/lepton number.
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3.1.2 Sphaleron effect

Combining Eqgs. (2.143), (2.54) and (2.57), we can easily see that the EW sphaleron tends to erase
the asymmetries stored in the fermions [127] as we can write, schematically

% o *Psph Ty (313)
which is the Boltzmann equation (1.52) for the particle number asymmetry ny, = ny /s (analogous
to (1.156)), with the number density defined such that Ny = [ny d3z.

We have seen in Sec. 2.2.4 that the rate I'sp, is negligible at low temperatures. However for
temperatures 130 < 7 < 10'2 GeV, EW sphalerons are in thermal equilibrium and lead to the
rapid erasure of any baryon/lepton asymmetries in the left sector. Indeed, because sphalerons
couple only to left-handed fermions, right-handed ones are preserved from this direct washout. But
eventually the asymmetries in right-handed fermions are driven to zero by sphalerons once right-
and left-handed particles reach chemical equilibrium via their Yukawa couplings (2.78d).

Due to its small Yukawa coupling, the right-handed electron is the last species to reach chemical
equilibrium, at temperatures ~ 10° GeV. Below this temperature, all the asymmetries are erased.
We will see in Sec. 3.3.3, though, that a process called chiral plasma instability can potentially
convert the asymmetries into hypercharge helicity before they can be erased by sphalerons.

The take-away message is that as long as T' 2 130 GeV, the action of the sphaleron in the
plasma is to washout any baryon/lepton asymmetry. Thus any asymmetry generated at higher
scale can be considered as nonexistent.

Putting the helicity and the sphaleron effects together, Eq. (2.143) yields

/2
ANp = AN, = N, <ANCS S A’Hy) : (3.14)
1672
This is the master equation for baryogenesis. The B + L anomaly, the U(1)y helicity and the
weak sphaleron are three connected vessels and the challenge of baryogenesis is to understand how
they can interact in order to yield a net baryon asymmetry at low-energy scale. In the following
sections we will see how the effects of the helicity decay and sphaleron washout balance each other
to produce a non-zero np (Sec. 3.1.3) while avoiding the transformation of baryon asymmetry back
into helicity (Sec. 3.3.3).

3.1.3 Electroweak crossover

In [120, 121] a careful analysis of the transport equations for all SM species during the EWPT has
been done, including the effects of gauge fields, in particular strong and weak sphalerons as well
as helicity decay. The transport equations can be seen as the generalization of the conservation
equation (2.14) where the scalar flux ® has been broken down into its convective (how it moves with
the fluid flow) and diffusive (how it diffuses into the fluid) components. There is the possibility left
to add a source term, absent from (2.14), but of prime interest here. The final baryon asymmetry is
determined by the opposition of the helical hypermagnetic field decay and the electroweak sphaleron,
both described above.

The study consists of writing the transport equation for each SM species, based on the model of
(1.52) and (3.13), including all source terms, Yukawa interaction, sphaleron, electroweak interactions
in a regime where all of the SM processes are in chemical equilibrium'® The system of coupled
differential equations then reduce to an equilibrium solution for the baryon asymmetry 15" whose
equation depends on the considered temperature window. As expected, the equilibrium solutions

18Fxcept for the chiral magnetic effect and electron sign-flip interaction.
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take the form of (source)/(washout). For each case, approximations are made, in particular keeping
only the dominant reaction rates.

The novelty of this mechanism lies in the introduction of a time-dependent weak mixing angle
Ow (t), see (2.92), which brings an additional source of the baryon number in the kinetic equation.
As the result depends on the subtle balance between the unbroken/broken phase gauge field, a
thorough examination of the EWPT is necessary.

If we neglect the thermal effects during the Higgs mechanism, the weak angle, which is the SO(2)
parameter that controls the change of basis, see (2.90), makes a discrete change from y, = 0 in the
symmetric phase to 6y ~ 28.6° in the broken phase. We recall that this process was sketched in
Sec. 2.3.3. When the EW symmetry breaking occurs at 7' ~ 160 GeV, the primordial hypermagnetic
field becomes an electromagnetic field. However, the electroweak sphaleron remains in equilibrium
until 7' ~ 130 GeV and threatens to washout the baryon asymmetry. Therefore proper modeling
of the epoch 160 GeV 2 T > 130 GeV is critical to an accurate prediction of the relic BAU. By
making the assumption of zero temperatures, information is lost in the breaking process. We shall
then come up with a more complete description of the electroweak crossover than in Sec. 2.3.3.

For finite temperatures, the gauge fields W7 acquire an effective (thermal) mass from their
interactions with the plasma, which leads to the screening of the massive fields. In fact, the thermal
mass for the transverse modes of W/i)’7 on the diagonal of the mass matrix, initially dominates over
the off-diagonal mass from the Higgs VEV which gradually develops during the crossover. On the
other hand, no magnetic mass arises for the hypercharge gauge boson or the photon [149-151].
Because of that, the weak angle really smoothly interpolates between the above values during the
phase transition, and continues to deviate appreciably from its zero-temperature value 6y, ~ 28.6°,
even at relatively low temperatures somewhat below the EW scale, see Fig. 3.1

In other words, Oy (¢) is defined as the rotation angle that projects the massless field degree of
freedom onto the U(1)y field axis. This behavior is confirmed by analytic calculations [150], and
numerical lattice simulations [151]. We follow [121, 137] and model it with a smooth step function

2 /2
2 _ g 1 g T - Tstcp
COS 0W = g/2 + 92 + 59/2 + 92 <1 -+ tanh |:M (315)

which for 155 GeV < Tygtep S 160GeV and 5GeV < AT < 20 GeV describes the analytical and
lattice results for the temperature dependence reasonably well, see Fig. 3.1.

In the end, this gives rise to a smooth source term for the baryon asymmetry which is controlled
by the changing EW angle. Besides, by drawing on analytic and lattice results, the hypermagnetic
field is not fully converted into an electromagnetic field even at temperatures as low as T' = 140 GeV.
Therefore, the source term from decaying magnetic helicity remains active, while the washout by
EW sphalerons goes out of equilibrium for temperatures 7' ~ 130 GeV. Consequently, it is possible
to generate the observed BAU from a maximally helical magnetic field that was generated prior to
the EW crossover. Indeed, including all contributions, the Boltzmann equation for the baryon-to-
entropy ratio np (1.156) reads

dnp 111

3 2 oy
= ——ws — (g + 20w
dr 34 TWsph 1B + 1672 (g g°) sin( )

Ao Hy

Nl
dr s’ (3.16)

where © = T/H(T), with H(T) being the Hubble rate at temperature T, Hy the hypermagnetic
helicity that is initially present and s the comoving entropy density of the SM plasma given by
(1.50). Furthermore, ywsph = 6I'weph /T* is the dimensionless transport coefficient for the EW
sphaleron which, for temperatures T' < 161 GeV, is found from lattice simulations to be [152]

YWeph o €Xp (147.7 +107.9 (3.17)

130 Gev>'
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Figure 3.1. Left: Visualization of the SO(2) change of basis (W, Y,,) — (Z,, A,.) that happens at EWPT,
see Eq. (2.90). The weak angle 6y (t) measures the separation between the massless degree of freedom and
the U(1)y axis. Right: The same weak angle as a function of temperature during the EWPT. The grey dots
are the results from the lattice simulation from [151], whereas the black dashed line displays the one-loop
analytical computation from [150]. The plain lines show various possibilities of the smoothed step function
(3.15). Both figures are taken from Ref. [121].

The Boltzmann equation (3.16) has been numerically solved in [121] and the baryon-to-entropy
ratio np was found to become frozen, i.e. np = 0, at a temperature T' ~ 135 GeV. As expected,
this is close to the temperature T' ~ 130 GeV at which EW sphalerons freeze out. Setting the RHS
of Eq. (3.16) to zero and solving for ng yields

3
_ HY HE 2 Trh
~4.10712 0 == . 3.18
B Jow 7 (1013 GeV> (T;{;S)’ (3.18)

where Hp is the Hubble rate at the end of inflation and the (instant) reheating temperature
has been defined in (1.97). This result is a main ingredient of this thesis as it directly relates the
amount of the final baryon asymmetry of the Universe to the amount of hypermagnetic helicity
available at the EWPT.

All the details on the EWPT dynamics are encoded in the parameter fy,, which is subject to
significant uncertainties

dbw
dlogT |7_ 35 Gev

fony = —sin(20y) 5.6-107% < fo,, <0.32. (3.19)

The bounds on fy,, are given by varying Ty, and AT in the ranges given below Eq. (3.15).

3.2 Helical magnetic fields generation

Our main interest in this section is to show the simplest way to generate a maximally helical
(hyper)magnetic field at the end of inflation in order to source Eq. (3.18). We will follow [112, 135,
136], where an axion inflation model was used together with a CP even dimension-five coupling,
a natural interaction for a pseudoscalar (see Secs. 1.2.2 and 2.4.2) and therefore natural from the
EFT point of view. The action is written as

¢

S = /d“fc [x/fg <;aﬂ¢>au¢ - EYWY’“’ - V(¢)> i

YW?W] , (3.20)
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where fy is the interaction scale in mass dimension. The Higgs is assumed to lie at the minimum of
its potential, in other words we are in the symmetric phase, thus the U(1) field is the hypercharge
and the fields A, E, B are, in what follows, the hypercharge version of their electromagnetism
counterparts.

3.2.1 Equations of motion and solutions

Varying the action (3.20) with respect to the fields (¢,Y},) leads to the equation of motion (EoM)
for the inflaton and the gauge field.

Y, Y
O¢ + V'(¢) + “47 =0, (3.21a)
Y
9, Y +0, (bf =0, (3.21b)
¢

where O = 0,,0" is the d’Alembert operator. Using now (1.35), (2.20), (3.8) in the flat FRW metric
(1.36), and the radiation gauge (3.7), together with the Gauss-Faraday equation 9, Y*" = 0, we get

] ., . _E-B
B+ BHG+V'(9) = T (3.222)
2, 10 B

(W_v -+ VX)A—O. (3.22b)

During the inflationary period one has, according to (1.35) and (1.38),

06 _ ¢
= ~ — . 2
or = S Ty (3:23)
Therefore, defining the instability parameter as
¢
=——— 3.24
e (3:24)
the gauge field EoM becomes
0? 2 2
— —-V'—=Vx|A=0. (3.25)
or? T

Note that if we assume the slow roll regime given by Egs. (1.73), the instability parameter can be

NM21 Vix) _ My e
<= 3p g = P50 (3.26)

where in the second step we used Eq. (1.74). The remaining computation assumes that the inflaton

is slowly rolling. In Sec. 3.2.3 we will provide the conditions to guarantee this approximation.
We now quantize the gauge field A in momentum space in the helical basis as

written as

A(r,x) = Z / (6217:;3 [ex(k) ax(k) Ax(T,k) e ™ + h.c], (3.27)
A=+

where A is the photon polarization and aj (k) (a;(k)) are annihilation (creation) operators that
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fulfill the canonical commutation relations
lax(k), al, (k)] = (2m)%6x0 0P (k — K'). (3.28)

The polarization vectors €y (k) satisfy the conditions

k-E)\(k)ZO, kXG)\(k):—iAkE)\(k), (3 29)
ex (k) - ex(k) = dxn ex(k) = ex(—k), '
where k = |k|. Therefore, the equation of motion for the gauge modes (3.25) yields
0% A, 26
E{k+X—=]A,=0 3.30
or? + < + T ) A ’ (3.30)

which is the spherical Coulomb wave equation'®. Provided that ¢ is constant (see Eq. (3.35) and
Sec. 3.2.4), its general solution is
i Fo(NE, —k Go(XE, —k
AA — 1 0( 57 T) + 0( 57 7—)7 (3.31)
V2k

where Fy and G are, respectively, the regular and irregular Coulomb wave functions with index
0 [133, 153].

At early times, the last solution has the asymptotic behavior that corresponds to the Bunch-
Davies vacuum of the modes, defined as

Ax(r k) = V% ekt (7 = —o0). (3.32)

In fact during inflation, where ¢ < 1, we obtain, using Eq. (3.24), that £ < 1 and therefore |k7| > 2£

which implies (3.32). However, the end of inflation happens, by construction, when €(7g) ~ 1 and

so we can have £ 2 1. Then, only one mode develops both parametric and tachyonic instabilities
for k ~ k. where

kc = 2§ClEHE, ap = CL(TE), (333)

while the other mode stays close to its vacuum. As in our model £ > 0, and during inflation
7 < 0, the mode exhibiting the instability is the one with the A = + polarization. For late times,
k< k. (ie. [kT| < 2£), Fy can be neglected and the growing mode solution can be approximated
by [133, 153

Go 1 < k )i 2%k
Ay ~ ~ -2 . 3.34
A V2k 2k \2lagHEg P (Wé aEHE> (3:34)

All modes produced during inflation will get diluted, except the last mode that exits the horizon
right before the end of inflation. This mode reenters the horizon at the onset of reheating, and is
the source for the BAU. Hence, it is only necessary to consider the mode produced at 7 ~ 7, for
which e ~ 1, and hence, using the last equality in Eq. (3.26), we obtain for & the constant value

M,
V2fs

Let us mention that, even if the first equality in Eq. (3.26) looks model dependent, as it depends

= (3.35)

191n the literature, this equation is sometimes solved using the Whittaker function, as Coulomb wave functions F,
G can be expressed in terms of Whittaker functions with imaginary arguments: M_e 1 (—2ikT) and W_e 1 (—2ikT).
2 2



3.2. HELICAL MAGNETIC FIELDS GENERATION 99

on the potential and its derivative, in fact it is very model independent because the last relation
only relies on the slow roll regime of the inflationary potential, and € ~ 1 at the end of inflation,
see Sec. 3.2.4 for a discussion.

From this approximated value we can see that the parameter £ can be traded for the value
of the parameter f4 such that { > 1 corresponds to f3 < Mp. Moreover, as we see from the
explicit solution in Eq. (3.34), there is an exponential magnification for large values of . However,
as shown later on in Sec. 3.2.3, for very large values of £, the backreaction on the inflation dynamics
from magnetic fields cannot be neglected, which would lead to upper bounds on the values of £, or
correspondingly to lower bounds on the values of fy.

3.2.2 Plasma macroscopic observables

Assuming homogeneity in momentum space, we recast the definition for the physical helicity of

quantum U (1) fields
o1 ;s (A-B)
H = lim V/Vd T g (3.36)

V—=o0

where () is the expectation value of quantum fields and the integral V! fv d3z is the spatial
average, which is trivial for space independent quantities.

The definition (3.6) was a correct definition for classical fields in Minkowski spacetime, but
in an expending Universe it is of prime importance to distinguish between comoving and physical
quantities. In this thesis, the main macroscopic plasma quantities, which are the helicity (3.36),
the helicity time derivative

g= LM _ l/d3x<E'B> (3.37)
1%

_ g L 5. (E?)
PE = ‘}LI;I;OT Vd T a4 s (3383)
1 (B?)
= lim — By L .
o = i gy [ 328

and the correlation length of the magnetic field ¢, are all physical, i.e they dilute with the Universe
expansion®’. On the contrary, the fields A, E, B, as well as the current J and the conductivity
o are comoving, i.e. they scale with the Universe expansion. This allows us simpler computation
of vectorial algebra, see Sec. 1.1.3. Note that the definition (3.37) is the analog of (3.11) with the
same mentioned changes.

In the helical basis (3.27) these five quantities write as [141]

I K 2 2
H=— ; dkﬁ(mq —1A_%), (3.39a)
G= L kcdkk—g(m AL~ |A_A)) (3.39b)
o a4 0 271—2 T T ’
L B (3.39)
pE - a4 0 471—2 + - ’ ' ¢
- 1/]% ak (AL 1 a?) (3.394)
pPB = at o ) + — ) .

20They relate to the comoving ones P%s PH, HE, and G¢ by the relations pJCB,E = a4pB,E7 He = a®H, G¢ = a’G.
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27
I = 3
pPBQ

ke k? 2 2
/0 ak g (14512 +1A), (3.39¢)

where we cut off the integrals at the last mode exiting the horizon given by (3.33). We see from
the momentum dependence o k3 of the integrals that only the modes generated during the last
e-folds of inflation will significantly contribute to the final macroscopic quantities. In other words,
all modes generated formerly k < k. are washed out by the Universe expansion and we can address
our efforts on the period a ~ ap (or equivalently € ~ 1).

Since at that time all the modes of one given helicity stay in its BD vacuum, while the other is
amplified (£ = 0 & AL is amplified), we can neglect one mode?! and set the other one to (3.34) in
all the quantities from (3.39), and we find [135, 154]

Y ~ % 75?4 e (3.40a)
G~ ;312’7% 2ne. (3.40D)
pE =~ 26% :2%3 me, (3.40c)
B =~ % ;21?5 e, (3.40d)
g ~ %% (3.40e)
where we have used the ¢ > 1 approximation??. From these we can extract
PE ~ g PB, PEM = PE + pB =~ pB <1 + 4§2> : (3.41)

Hence we see that, except for £p, all macroscopic quantities grow tremendously with & due to the
exponential factor. Thus, even for O(1) values of £, enough helicity can be generate at the end of
inflation in order to explain the BAU via Eq. (3.18), see Fig. 3.2. The four other quantities will be
needed to take care of the constraints and of the Schwinger effect, see next chapter. Moreover, we
see explicitly that the scale is given by Hg, i.e. the scale of inflation.

To close this section, we would like to underline that maximally helical fields, E(k) and B(k),
in (Fourier transformed) momentum space are collinear, as using the identities (3.29) one can easily
check that both are proportional to €y (k). Besides, these fields in configuration space are, using
the approximation (3.34), (almost) collinear. In fact, one can compute, using our approximated
solution for the backreactionless solution, the angle 8 measuring the collinearity of the electric and

magnetic fields, as
(E-B)| 9]

cosf = ~ . 3.42
V(E%) (B?)  2\/pEpB (3.42)

Using Egs. (3.40) we obtain, for £ > 1
cosf ~ % ~ (.958, (3.43)

which corresponds to the angle § ~ 0.00167. As a result we have proven that the fields E and B
are (almost) collinear, a property that will be used when applying the Schwinger effect in Chap. 4.

21The choice is made such that H > 0.
221n fact, we have found that the approximation is valid up to O(e~8¢) terms, so that it is good enough for & > 2-3.
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3.2.3 Slow roll approximation and self-consistency

We can perform the quantum and space average on the EoM (3.22a) and write

b+3H)+V'(¢) = g (3.44)
fs
where we used (3.37). The LHS did not change as ¢ is a background field.

In the previous sections, we have computed the helical gauge fields generated in the presence
of the inflationary background, (eventually) after estimating the backreaction of fermion currents
on gauge fields, but we have neglected the backreaction of gauge fields on the inflaton dynamics,
i.e. the RHS of ¢’s EoM. We will now compute the actual conditions needed to have negligible
backreaction of the generated gauge fields on the inflaton equations of motion, such that we can
reliably trust the inflationary predictions, and therefore the actual generation of helical magnetic
fields. In other words, we seek the conditions on & to guarantee the slow roll regime given by (1.73).
Needless to say this condition is mainly a simplifying one, and allows us to work out the inflationary
model independently of the generated gauge fields.

Thus, in order to consistently neglect the backreaction on the inflaton, we must simply enforce
that, in the inflaton equation of motion (3.44), the RHS term is negligible compared to the potential
term, i.e. |G/V'| < fs. This condition is independent of the reheating temperature and should hold
during the full magnetogenesis process, hence during the last few e-folds of inflation. Due to its
exponential growth, putting an upper bound on the quantity G at the end of inflation ensures that
the latter condition is valid during the full inflationary period. Evaluating it then at this time,
when € = 1 or, equivalently, V' ~ \/§V/Mp1, we get

§Glamay < V(o) (3.45)

where we used (3.35). We can express this condition in a different way by combining prv ~ pg
given by (3.40c), together with (3.39b), which yields

Hence, the condition |G/V'| < fy, evaluated at the end of inflation, is equivalent to imposing

2pEM|a:aE < V(¢E) (347)

Notice that the condition (3.47) is stronger than the condition for neglecting pgy in the Friedmann
equation, i.e. ppm <K ?;H]%le1 ~ V(¢g), so that the latter does not need to be imposed. On
Fig. 3.2, we plot this condition for the results (3.40).

3.2.4 Almost constancy of ¢ and model dependance

We have seen that the methods employed to analytically compute the electromagnetic energy density
and helicity require an approximate constant behavior of £&. We aim to demonstrate in this section
how this parameter changes during inflation for various models as these results will matter later on
in this thesis.

Let us consider the following interaction term in the action between the inflaton ¢ and the CS
density

SO / d*z F(¢) Y, YH . (3.48)

If we are in the slow roll regime given by the approximations (1.73), the instability parameter can
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Figure 3.2. Baryon asymmetry ng given by (3.18), and self-consistency condition for the parameter space
(&, Hg), for various values of the reheating to instant reheating temperature ratio in the case of model given
by Egs. (3.40) (no Schwinger effect). In virtue of condition (3.47), the red region is excluded. The error
margin in the value of ng comes from the significant uncertainty of the parameter fq,,,. We recall that the
current bound on the (constant) Hubble parameter is Hg < 6 - 10'® GeV.

be written as

V'(¢)
Vi(g)
It is a generalization of Eq. (3.26) where we are taking units with M}, = 1. Thus, a constant value
of £ is guaranteed by the condition

§=2F(¢)

(3.49)

V(o)
V'(9)
which then depends on the inflaton model. For illustrative purposes, we recast the models presented
in Sec. 1.2.5 and we aim to compute under which condition ¢ can be constant therein.

F'(¢) (3.50)

Monomial potentials The potential (1.100) provides F'(¢) = ¢2/f¢%, where the constant fy has
mass dimension. The latter condition can be trivially verified from criterion (3.50).

a attractor models Criterion (3.50) applied to the potential (1.103) implies

F(¢) =exp (\/z ¢> - \/z ¢ (3.51)

This yields for the instability

8
= —. .52
£= (3.52)
Hilltop models Criterion (3.50), when applied to the potential (1.107) for ¢ < p implies
F(¢) = p ¢* 77/ f2. (p #2) (3.53a)
A
F(¢) = -5 log¢. (r=2) (3.53Db)

where A is a dimensionless parameter. This yields the relations for the instability parameter (3.49)

p(p —2)

=1 (g =PP =2 (»#2) (3.54a)
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peE = A (p=2) (3.54b)

D-brane models Criterion (3.50) applied to the potential (1.110) implies

+2
F(¢) = fj;l” <¢>”+2 - ]%1 T ¢2> ji;g (3.55)

This yields for the instability

f2e=pp+2) 5

. Vp > 0. (3.56)
fe

Non minimal couplings We start from the generic action (1.112) in which we include the terms
F .
) / [ V=g Y,“,Y‘“’ - % Y V| (3.57)

In the Einstein frame, ¢ becomes a function of the true inflaton field x, see Eqgs. (1.123), then the
criterion for a constant £ (3.50) yields

(p=1) (3.58a)

Fl800]  exp (—\/E y (r=2) (3.58b)

Flo(x)] x (¢, — )@V (p>3) (3.58¢)

In term of the field ¢ the latter conditions become

F(¢) o< ¢ <¢ + 2) ~ ¢* (p=1) (3.59a)
F(¢) x ¢ (p=>2) (3.59D)

where we recall that we are in the regime g¢P > 1, which means x — oo for p = 1,2 and x — ¢,
for p > 3.

To conclude, in the case of a non-minimal coupling g¢P R, the requirement of a constant £ put
the constraint of a dimension-six interaction term between the inflaton and the gauge field as

S o — /d4 1 Y, Y, Vp>1 (3.60)
I

where f, is a dimensional coupling. The value of the parameter £ for the different models is then
given by
2p (

2 ~
Jo&= 1+6g’

p=1). (3.61)

Discussion

At this stage, several conclusions can be obtained. They all have implications for what we have
seen, as well as for the different models we will show in Chaps. 5 and 6.

First, none of the above conditions displayed a linear function F(¢) x ¢, which means that the
assumption of a constant £ in the model-independent action, Eq. (3.20), is arguable. Our results
show that deep inside the inflation regime, ¢ < 1, ¢ has indeed an approximate constant behavior
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because ¢ « /€. But, in the absence of a strong friction term?3, the way a field gets out from this
regime in any potential is to accelerate more and more, so the exit from the slow roll condition is
inevitably done in an abrupt way. We show an illustration for the Starobinsky potential in Fig. 4.4.
Hence although £ has an approximate constant behavior at the early stages of inflation, it grows
exponentially at the end, precisely when the gauge field production is dominant.

Although this observation seems to jeopardize the models, we will see in Chap. 4 that the
fermion effect on the plasma changes the whole situation, and thus the constant £ problem becomes
irrelevant. We will be able to address this issue by means of a numerical solution that can take
into account not only the fermion effect, but also a time-dependent instability parameter and the
RHS of the inflaton EoM. As a consequence, the corresponding results (3.40) will be replaced by a
better description of the system.

On the other hand, if one wishes to keep an analytical description, we can find a way to fix
a particular coupling between the inflaton and the CS density; for instance by suggesting a model
in which the linear coupling is forbidden in the effective expansion. Indeed, for a naive scalar field
inflaton, there is a priori no reason why such a term would be missing in favor of a quadratic one.
However, in the Higgs inflation model (see Sec. 1.2.6), and identifying the inflaton with the Higgs
doublet, this requirement is met as in this theory the linear term is forbidden and the quadratic
one is the leading order coupling. Therefore the result (3.60) applies and assuming a constant value
of ¢ is analytically exact up to some caveats, as we will see in Sec. 5.1.1.

3.3 Constraints

In Sec. 3.2 we have seen a non-perturbative mechanism which generates helical hypermagnetic
fields from inflation, hence for scales Hg > 100 GeV. Earlier, in Sec. 3.1, we have shown under
which conditions the hypermagnetic helicity get converted into baryon asymmetry at the EW scale,
i.e. T ~ 100 GeV. There is thus a gap to bridge between these two distant scales, as we have to
make sure that hypermagnetic fields generated during inflation survive until the EWPT.

On the one hand, there are mechanisms (dissipation, chiral plasma instability) that could
washout the helicity stored in the gauge sector under some specific conditions. On the other hand,
there are observational bounds on a number of associated phenomena (primordial non-Gaussianity,
isocurvature perturbations,...) that prevent total freedom in the possible configurations. All of
these constraints can further narrow the region of the parameter space where the BAU can really
be reproduced by any theory, and will be analyzed in this section. The model dependence on these
constraints will be given alongside the different models of baryogenesis in the next chapters. Here
we provide their common ground.

3.3.1 Backreactions

Even the backreaction effect is a very generic one, in this thesis we denote by backreaction two
specific phenomena

1. The backreation of the gauge field on the inflaton field, see Sec. 3.2.3.

2. The backreation of fermions on the gauge fields: in the presence of strong gauge fields, i.e. for
& > 1, fermions charged under the gauge group are produced by the backreaction of gauge
fields which source the fermion equations of motion. The corresponding currents can then,
in turn, backreact on the produced gauge fields and change their (so-called backreactionless)
solutions given by Eqs. (3.40). This phenomenon is called the Schwinger effect and we devote
Chap. 4 to its detailed description.

23The slow roll regime can be ensured, even in a steep potential, if the RHS of the inflaton EoM (3.44) is dominant,
thus acting as a strong friction term, see e.g. Ref. [134].
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Moreover, the fermions produced by the latter effect are at the origin of another phenomenon,
called the chiral plasma instability, see Sec. 3.3.3.

3.3.2 Magnetohydrodynamics and Reynolds numbers

The hypercharge gauge fields interact with the thermal plasma of SM particles after reheating and
set it into motion. The latter in turn backreacts on the hypercharge gauge fields. This combined
system is described by the magnetohydrodynamics (MHD) equations (3.1) where the time depen-
dence shall be replaced by conformal time, i.e. ¢ — 7, as all quantities in Egs. (3.1) are from now
taken as comoving.

As a result, that we demonstrate hereafter, the physical quantities of interest (amplitudes,
energy densities, correlation length and helicity) do not scale adiabatically in such an environment,
or equivalently their comoving values are not constant. Therefore there can be a magnetic diffusion
effect leading to the decay of the helicity. If, on the other hand, the magnetic induction is the
leading effect, then the helicity can be conserved until the EWPT, and the baryogenesis mechanism
can take place. This effect is measured by the magnetic Reynolds number R,,, and we will see that
it is enough to require R,, > 1 at reheating for the helicity to be conserved until the EW crossover.
Hence, in this section we will study how this constraint affects the region of the parameter space
that yields the BAU. In this section we mainly follow Refs. [139, 140, 154-156].

For fluid velocities |v| <« 1, we can neglect the displacement current 0, FE in the Ampere-
Maxwell equation (3.1b). This can be seen as follows. If we denote the characteristic electric
and magnetic field, and time and length scales of a gauge field configuration with E, B, 7 and
¢, respectively, we can estimate the terms in (3.1b) as |0, E| ~ E/7 and |V x B| ~ B/{. Using
the estimate E/B ~ {¢/7, that follows from the Maxwell-Faraday equation (3.1a), we then find
0, E|/|V x Bl ~ (¢/7)? ~ [v]2 < 1.

Combining Egs. (3.1b), (3.1f), (3.3) and this approximation, we obtain
VX B 2aus

- =5 B_vxB (3.62)
g ™ O

E

Together with the Maxwell-Faraday equation (3.1a), this yields the MHD equation for the hyper-
magnetic field
0B _ VB
or o

This is supplemented by the Navier-Stokes equation for the velocity field of an incompressible fluid

LV x(wxB)+ 225 v B, (3.63)
™ O

interacting with the hypermagnetic field

@:VV%—(WV)U—Fi(VXB)XB

3.64
o e (3.61)

where p and p are respectively the energy and pressure density of the plasma. We use p = p/3 as
the plasma evolves in a radiation dominated universe by definition. The kinematic viscosity

c
~ - 3.65
P> log(a=1) T (365)

is used with ¢, = 0.01 for temperatures above the EW scale [144]. The typical comoving temperature
of the plasma is obtained from Eq. (1.99) with ag =1 as

c ins {Zﬂrlﬁ5 K
Tpl = Trh Ay =~ 0.4 rh Ti}l . (366)
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Note that the viscous-damping term vV?2wv is only present in (3.64) if the correlation length of the
hypermagnetic field is larger than the mean free path of the particles in the plasma. This will
always be fulfilled in our case. See Refs. [155, 156] for the damping term in the opposite regime.

The MHD equations (3.63) and (3.64) determine the coevolution of the hypermagnetic field
and the fluid velocity of the thermal plasma. We are in particular interested in the evolution of
the hypermagnetic helicity that is generated after inflation. By taking the time derivative of the
hypermagnetic helicity defined analogously to Eq. (3.37) and using (3.62), we find

a*G = lim l/ o (B VA + 20‘“532> . (3.67)
Voo Vo iy, o T o
Let us for the moment ignore the p5-dependent terms in Eqgs. (3.63) and (3.67). The hypermagnetic
field can change due to magnetic diffusion and induction from the plasma motion, corresponding
to the first and second term on the RHS of Eq. (3.63), respectively. Denoting the characteristic
strength and correlation length of the magnetic field with B and {g, respectively, and the typical
velocity of the plasma at the length scale {5 with v, we can estimate |V?B|/o ~ B/({%0) and
|V x (v x B)| ~ Bv/{p. The magnetic Reynolds number balances these two quantities as

R =cvlp, (3.68)

such that R,, > 1 corresponds to the domination of magnetic induction over magnetic diffusion.
Lastly, notice that Eq. (3.67) does not depend on the plasma velocity which has dropped out. In-
duction from the plasma motion therefore does not lead to the decay of the helicity. We then expect
that if the magnetic Reynolds number is larger than unity and the dynamics of the hypermagnetic
field is dominated by the plasma motion, the helicity is preserved.

We now need to estimate the typical velocity v in order to discuss this in more detail. To this
end, we note that the last term on the RHS of Eq. (3.64) acts as a source term that sets the plasma
into motion. A steady velocity is obtained by balancing the first and second term with this source
term. The general solution should be computed numerically, but for asymptotic cases, when one
term clearly dominates over the others in the equation, we can use the electric Reynolds number

defined by
v/l B

Re = > (3.69)
If R > 1, there is an equipartition between the kinetic energy in the plasma and the magnetic
energy. In the opposite case, when R, < 1, the kinetic energy and velocity are smaller than the
magnetic energy.
The hierarchy between both Reynolds numbers is given by the magnetic Prandtl number which
balances the viscous over the magnetic diffusion rate defined as

R
P = R ov ~ 150, (3.70)

where we used Egs. (3.2), (3.65), (3.68) and (3.69). Thus the magnetic Reynolds number is much
bigger than the electric one and given that, we can compute all quantities in the following two
separate cases:

e Viscous regime: R, <1 <R,
o Turbulent regime: 1 < Re < Ry

We omit the other cases, where R,, < 1, since they would rule out the baryogenesis model, hence
we are never interested in them.
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In summary, the evolution of these two scaling regimes with respect to conformal time 7 in a
comoving reference frame is

lpB?
For R.<1: Bocr_%, lg < T, v o~ BC x 7Y, (3.71a)
vps)
_1 2 B _1
For Re>1: B x 775, lp x T3, v o~ XT38, (3.71b)

\/ Pgl

where here pf) is the comoving plasma energy density. Hence the following relation holds

3 )
c aE T;ns 3
P = Prh @y = <arh> P ary = 0.4 py ( T ) , (3.72)
where we used (1.99), our convention ap = 1, and properties of the inflaton energy density,
cf. Egs. (1.16) and (1.73): pg ~ 3M2HE oc a=®. Inserting the latter relations for v in (3.68)
for both cases and using Eqs (3.2), (3.65), (3.66), (3.72) as well as B? ~ 2pp, we can estimate the
magnetic Reynolds number at reheating as

2
2 Hy T \ 3
For RM<1 = R"~59.10°0F°P88 i 3.73
or Ke < m H2, \108Gev ) \Tips ) (3.73)
1 1
VPBlB Hg 2T \?
For R">1 = R"~11.1070 VP8 : 3.73b
o e m Hg \108Gev) \Tips) ~ (3.73b)

which, of course, depend on the electric Reynolds number at reheating R:P. Next, from (3.71), using
(3.68) and (3.69), we see that in both regimes both Reynolds numbers grow with time according to
the same scaling relations:

For R.<1: R X T, Re o< T, (3.74a)
For Re>1: R o T3, Re o 75 . (3.74b)

Hence, once the requirement R > 1 is reached, the magnetic Reynolds number remains greater
than one, as long as there is a plasma filling the Universe. The conservation of helicity is due to
an inverse cascade in which the helicity is transferred from smaller to larger scales, reflected in the
growth of /5. Therefore, to guarantee the survival of the comoving helicity at the EWPT, it is
enough to compute both Reynolds numbers after the end of inflation, at the reheating temperature,
i.e. R™M and R}, allowing us to ignore the calculation of the plasma evolution at later times.

Now, all we have to know is the regime (viscous or turbulent) that applies at the reheating
temperature. This is given by the value of R. at that time. Inserting the above expressions for
v, Egs. (3.71a) and (3.71b), in the definition of R, Eq. (3.69), and using again Egs. (3.2), (3.65),
(3.66), (3.72), we obtain at reheating

2

02 Hy T\ 3
For R <1 Rb ~ 25.107° PE B ; : 3.75
o e st T T a2 \10%Gev ) \1ips ) (8.752)
1 1
rh rh -5 PB EB HE 2 Trh 3
For RIM>1 = R ~54.10 VHE (1013 GeV) 7 ) (3.75b)

To summarize, for a given theory one needs to first compute R to find which regime of R one
shall use. Then, hypermagnetic fields generated during inflation will survive at later time thanks to
its self-feeding convection if R > 1 since this condition implies that R,, > 1 at later times. Note
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Figure 3.3. Baryon asymmetry (blue), self-consistency condition (red), and summary of the MHD (orange)
and CPI (green) constraints in the case of model given by Egs. (3.40) (no Schwinger effect). The panels
displays results for various values of the reheating to instant reheating temperature ratio in the parameter
space (§, Hg). The red region is excluded and the overlapping regions between blue, orange and green yield
a successful BAU at EWPT.

that this mechanism applies, as it stands, to ordinary electromagnetic fields. Indeed, the difference
between U(1)y and U(1)gm lies in the pus component, that we neglected for the Reynolds number
sketches. The effect of the axial current component is studied in the following section.

We display on Fig. 3.3 the allowed region where R,, > 1 in orange for the model given by
Egs. (3.40).

3.3.3 The Chiral Plasma Instability

So far we have ignored the effect of the ps-dependent terms in Eqgs. (3.63) and (3.67). In Sec. 3.1.1
we have seen that the number density of particles and their antiparticles is generated together
with the helicity. Since these asymmetries are related to the helicity via the chiral anomaly, see
Eq. (3.12), they can be transformed back into helical gauge fields, resulting in a cancellation of the
total helicity, as we will now explain. We remind the reader that in this section all fields, observables
and parameters are related to the hypercharge U(1)y field.

Let us focus on the right-handed electron since it is the last species to come into chemical
equilibrium, at temperatures ~ 10° GeV, and its asymmetry thus survives the longest. If we assume
T > 10° GeV and drop the contribution from the Yukawa coupling, the anomaly equation (3.12)
gives 0-Qe, x —0;H. From this, we see that if the asymmetry Q., is driven to zero, a gauge
field configuration with helicity H ~ Q.,/« is generated. As before, denoting the characteristic
magnetic field of this configuration with B and its characteristic size with g, we can roughly
estimate its helicity in terms of these quantities using (3.36) as H ~ £gB%. The energy densities
in right-handed electrons and the gauge field configuration are ~ QgR /T? and ~ B2, respectively.
The gauge field configuration then has lower energy density than the equivalent asymmetry of
right-handed electrons for [126]

T2
Qe
The formation of such an energetically favoured helicity configuration from an asymmetry is called
the chiral plasma instability (CPI) [126, 157-162]. In Eq. (3.67) for the helicity evolution, it arises
from the us-dependent term. The fastest growing mode has a length scale saturating (3.76). Using

lp 2

(3.76)

that s ~ fley ~ Qe /T? in kinetic equilibrium, if only right-handed electrons have an asymmetry,
as well as Egs. (3.67) and (3.76), we can estimate the time scale of the CPI as

: (3.77)

g
TCPI X —5—

2
5

where we have ignored all numerical prefactors. A more careful analysis of (3.63) and (3.67) in
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momentum space shows that (3.77) also applies to the more general situation where several species
have asymmetries and gives 72/2 as a numerical prefactor [139].

Because 0;Qe,, x —0.H, the CPI would convert the asymmetries back into helicity, approxi-
mately equal and opposite in sign to the helicity that is already present. This would thus strongly
reduce the total helicity. In order to avoid this, we want to ensure that the CPI cannot occur before
the electron Yukawa coupling reaches thermal equilibrium and all asymmetries are erased. To this
end, we will require the time scale (3.77) for the CPI to be sufficiently long that the Universe has
already cooled to temperatures below 10° GeV, before it can happen. To determine the parameter
s in Eq. (3.77), let us consider temperatures somewhat above 10° GeV where all SM species, except
for the right-handed electron, are in chemical equilibrium. Imposing constraints from sphalerons,
Yukawa interactions and conserved quantities, the asymmetries and chemical potentials of all SM
species can then be expressed in terms of those for the right-handed electron. Using (3.12), we get
[139]

2133 H
STy

On the other hand, at temperatures below 10° GeV, the electron Yukawa coupling is in thermal
equilibrium and all asymmetries are erased. This gives us = 0 and the CPI is no longer possible.
Relating (3.77) to the temperature of the Universe at that time, and using the last equation, the
CPI temperature writes

40(2,&% L 2 7 H? Hg ’ T 2
Topr ~ —— T3 (TH)5 ~ (4-1077 GeV) — | 1o : 3.79
T o Hp (L) = ( V) HS \10183GeV ) \Tips) "’ (379)

M5 = (3.78)

where in the second equality we used Eqs (1.97), (3.2), (3.66), (3.72), (3.78). Let us emphasize that
the derivation of this condition had an approximate nature, and that a numerical MHD simulation
taking into account the asymmetries would be required to establish the firmer condition for helicity
survival in more detail.

To summarize in other words, the take-away message is that CPI can be avoided if we require
that the CPI timescale is long enough to allow all fermionic states to come into chemical equilibrium
(so that sphalerons can erase their corresponding asymmetries in particle number densities) before
CPI can happen. The last fermion species to enter chemical equilibrium, through its Yukawa
coupling with the left-handed electron ey, is the right-handed electron, e, and it happens at the
temperature T ~ 10° GeV. Indeed, when the fermionic states are in chemical equilibrium, their
asymmetry is washed out through weak sphalerons and Yukawa couplings. Therefore the constraint
Tcopr < 10° GeV guarantees that the CPI cannot occur before the smallest Yukawa coupling reaches
equilibrium and all particle number density asymmetries are erased, thus preventing the cancellation
of the helicity generated at the reheat temperature.

We display on Fig. 3.3 the allowed region where Tcpr < 10° GeV in green for the model given
by Egs. (3.40).

3.3.4 Primordial non-Gaussianity

Inflation predicts that the statistical distribution of primordial fluctuations is nearly Gaussian.
Measuring deviations from a Gaussian distribution, i.e. non-Gaussian correlations in primordial
fluctuations, is a powerful test of inflation. While the two-point function for §¢ defines the power
spectrum, the three-point correlation function encodes departures from Gaussianity [163, 164]. The
magnitude of the three-point function is conventionally quantified using the parameters fxr,. Non-
Gaussian effects from helical gauge fields are maximal when the three modes have comparable
wavelength, the so-called equilateral form, which in the backreactionless case where gauge fields are
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given by Eq. (3.34) is given by [165, 166]
6.

&’
?

€

equil -
il 47 . 10716 (3.80)
where &, = £(¢s). Current observational bounds on non-Gaussianity of CMB anisotropies lead
to [167]

il — 96 4 47, (3.81)

which translates from Eq. (3.80) into
€omp < 2.54 (95% C.L.). (3.82)

As pointed out in Refs. [165, 166], even if the non-backreaction conditions are satisfied, the
coupling (3.48) can generate cosmological fluctuations in the inflation model. The equation for the
fluctuation is model dependent, and is found by replacing the background field ¢(t) by Eq. (1.78),
see Sec. 1.2.3. Hence we will come back on this topic when discussing specific baryogenesis scenarios,
see Chaps. 5 and 6.

For the specific model given by Egs. (3.40), where ¢ is given by (3.26), we can use the scaling

relation
£ |elor) 1
6" ¢ 6 " \/ ) (353

together with the value (1.91) given by Planck measurement. It yields £ < 38, a bound already
satisfied by other constraints, e.g. condition (3.47).

3.3.5 The baryon isocurvature perturbation

Many models of baryogenesis using (hyper)magnetic fields try to simultaneously explain the origin
of the large scale, intergalactic, magnetic fields (IMF) measured today by the Fermi satellite [168—
170]. They all face a balance problem when addressing this issue.

While maximally helical fields can indeed generate the BAU without explaining the observed
IMF, they would suffer from baryon overproduction should they try to accommodate IMF. In the
case of a mixture of helical and non-helical fields, the baryogenesis is less effective so that stronger
hypermagnetic fields are needed to explain the present BAU, and hence, in principle, they could
meet the lower bound from the IMF observations.

However, it has been recently shown that such models are inconsistent with the baryon isocur-
vature perturbations, that are constrained by the observations of cosmic microwave background on
large scales [171]. In particular, it was pointed out that the baryon isocurvature perturbations, at
a scale larger than the neutron diffusion scale at the BBN epoch, is constrained by the deuterium
overproduction due to the second-order effect [172]. This translates into an upper bound on the
volume average of the baryon isocurvature perturbation, as

S?p.BBN < 0.016  (20). (3.84)

It was shown that, regardless of their helicity properties, hypermagnetic fields with too large
strength and coherence length are not allowed before the EWPT [171]. Still baryogenesis from the
hypermagnetic helicity decay can be responsible for the present BAU, but additional magnetogene-
sis, or an unknown mechanism of the magnetic field amplification after the EWPT, is needed to fit
the IMF observations. However the constraints become less severe for more helical hypermagnetic
fields. Since in our model the magnetic field produced at the end of inflation is maximally helical,
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we should be safe from this constraint. In the following we sketch a demonstration that the bound
(3.84) is indeed widely satisfied in the backreactionless model presented in Sec. 3.2.

Baryon isocurvature perturbations can be generated by the presence of strong gauge fields [171].
To be conservative, in this section we will consider the case where the generated gauge fields
are as strong as possible. Hence we neglect the Schwinger effect, see Chap. 4, and consider the
backreactionless case where the plasma macroscopic quantities are given by Egs. (3.40). Bor-
rowing the notation from [171], we have the symmetric and antisymmetric combinations, S(k) =
(|JAL(R)]? + |A_(k)|*)/2 and A(k) = (JAy(k)|> — |[A_(Kk)|?)/2. For the case of maximally helical
gauge fields one obtains

N A k
S(k) ~ A(k) ~ | ;l ~ s (b) eg exp (—4\/Z> , (3.85)

where we are choosing e.g. Ay (k) as the amplified mode, and (3.34) was used together with the
definition k) = agHp/2¢ ~ 10'2 GeV, which corresponds to the spectrum peak of A,. Writing
B? ~ 2pp in term of ky, and using (3.40d), we obtain a relation for the spectrum given by [171]

102472 B% [k \ 2 k
Alk) > =202 (& a2, .
(k) 351 (k)\) exp( k>\> (3.86)

It may be interesting to note that, in this notation, the magnetic field and the helicity are written

as
1 315 e27¢ 2 B2
B~ 22 4 ~ 2 3.87
4721024 26 N =7 k (3.87)

From this we can estimate the baryon isocurvature perturbation at the BBN as

— W (ka\> [ ko \° ka)’
S? ~ — s o(—| , 3.88
B,BBN 203 (k,\> k,EWPT + kx ( )
where kg is the comoving neutron diffusion scale at the BBN, k;l ~ 0.0025 pc. From the expansion

ratio kq/ky ~ 10742, we can see that Eq. (3.88) is suppressed provided that ky/kYWFT is not too
big, which we will next demonstrate.

Eq. (3.88) should be evaluated at the time of baryon asymmetry production, at TgwpT =~
135 GeV, hence the rescaling for the wave number k). At first glance, this rescaling could appear to
be exactly one since k) is comoving, but because of the peculiar dynamics of the plasma, described
by the MHD equations, comoving quantities do scale with the expansion of the Universe after
reheating, as already stated in Sec. 3.3.2.

We shall now study how the comoving coherence length scales until the EWPT. Every plasma
quantity (field amplitude, correlation length, wave number) evolves adiabatically from reheating
until the eddy turnover temperature 7; ~ vT,, where v is the typical bulk velocity of the plasma.
For T' < T} the scaling regime depends on the value of the electric Reynolds number at the end of
inflation. The velocity of the plasma is

3

_10 !BpPB < Hpg )2 <Trh)

Re<l = wv=x29.-1071° ) (3.89a)
¢ H} \ 1013 GeV Tins
2

_6 VPB Hg T \?

Re>1 = wv=53-107° <)< : ) . (3.89h)
HZ \1013GeV ) \ Tips

For RIP < 1, as R. grows with time, we eventually reach the point where it becomes one, at



112 CHAPTER 3. ELECTROWEAK BARYOGENESIS

temperature [139]
T1=T(Re=1)=RI"T;. (3.90)

Once R, > 1, the scaling regime for comoving quantities becomes (3.71b) until recombination.

In summary, the magnetic energy and correlation length scale adiabatically until the eddy
turnover temperature 73, then they scale according to (3.71a) until R, = 1, where the regime
changes to (3.71b) until recombination. However, we compute the scaling only until Trwpr =
135 GeV, since the comparison with the neutron diffusion scale must be done at the EWPT tem-
perature [171]. This yields a total dilution factor for comoving quantities as

BEWPT Towpr 3 T 3

o (e (1) o
JEWPT T -5 /L

el == (3.91b)
o i T,

We stress that T, and T; depend on v, which in turn depends on fg ~ k~' and pp. For
values of the parameters space yielding the correct BAU, e.g. for ¢ ~ O(1), Hg ~ 10% and
Tin ~1-1078T1 see Fig. 3.2, we find that

BEWPT
Brh

EWPT
ZB

rh
EB

~107% - 103, ~107* - 10, (3.92)

Going back to the baryon isocurvature perturbation (3.88), we hence have

ko \? T \ ko \? _99
(kEWPT> x (Tg;s , pEwer ) > 107 (3.93)

which therefore implies an exceedingly small value for the observable ?BBBN. This result also
holds for the case where the Schwinger effect is considered, as in this case gauge fields are much
weaker than in the backreactionless case studied above, and so their contribution to ?BBBN is
expected to be much smaller.




Chapter 4
The Schwinger effect

In the last chapter, we have demonstrated that the inflaton coupling to the Chern-Simons density
gives rise to the production of helical hypermagnetic fields, which can then survive until the EWPT
and trigger the BAU. However, in the presence of strong gauge fields, light fermions charged under
the gauge group are produced by the backreaction of gauge fields that source the fermions EoM [173,
174]. The corresponding currents can then, in turn, backreact on the produced gauge fields. This
phenomenon is called the Schwinger effect (see e.g. Ref. [175]).

The backreaction of fermion currents on the produced gauge fields acts as a damping force
in the explosive production of helical gauge fields, and many of the conclusions from the gauge
field production should be revised in the presence of the Schwinger effect?*, in particular those
concerning the gauge preheating capabilities and the baryogenesis mechanism, see Sec. 4.4.

In this chapter, we will study the effect of the Schwinger particle production on the helical
hypermagnetic fields produced at the end of inflation. In order to consider the backreaction of the
produced gauge fields on the inflationary equations of motion, and that of the Schwinger effect on
the gauge field production, we will use numerical methods, in particular, the fourth order Runge-
Kutta (RK4) algorithm. Our numerical results are validated, as they overlap with some recent
semianalytical methods, and the gradient expansion formalism of Refs. [176-179]. Our general
finding is that the gauge field production is much less explosive than in the absence of the Schwinger
effect, which will jeopardize the conclusions concerning the possibility of gauge preheating, although
they leave an open window for baryogenesis.

The content of this chapter was the subject of a publication [180].

4.1 Theoretical grounds

To model the Schwinger effect in a simple way, we take back the action (3.20) in which we include
the interaction of fermionic currents

55 [ds =it D, (4.1)

corresponding to hypercharge Y fermions, with the hypercharge fields encoded in the covariant
derivative D, see Eq. (2.80). All gauge field quantities are U(1) hypercharge fields, i.e. Ay,
Ey, By, etc. To make the notation lighter, we drop the index Y as there will be no ordinary
electromagnetic fields in this chapter.

Due to this coupling, massless hypercharged fermions are continuously produced during infla-
tion. They are massless as long as the EW symmetry remains intact and thus contribute to the

240ne possible way out is if there are no light charged fields when gauge fields are produced.
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energy density of relativistic radiation as

— 1m 2 5 (A-E) o ke K d 2 2
pwivlgnoo\//vd T T4 Koo dk 272 dr (144 +14-F) (42)

where o is the generalized conductivity, see Egs. (4.7) and (4.8). In the second step we use the A
quantization given by Eq. (3.27).

It has been shown in Ref. [177] that the fermion energy density can easily dominate the radiation
energy density at the end of inflation. On the other hand, if the gauge share dominates at least
by 80%, the Universe will reheat before the perturbative decay of the inflaton [181], a phenomenon
called gauge preheating, see Sec. 1.2.4. Thus, in this chapter we will analyze all inflaton, gauge,
and fermion energy contributions and compare them to figure out under which conditions gauge
preheating and barygenesis can happen.

Notice that, similarly to pg, pp, H and G, py is a physical quantity.

4.1.1 Gauge equation of motion

The system of EoM are exactly the ones from last chapter, i.e. Egs. (3.22), with the exception of
an added current

3 = (per ) = Y ig'Yy " (4.3)
»
such that (3.22b) becomes
0? 2 ag¢

We now assume that the Universe does not initially contain any asymmetry of charged particles
and that these ones are produced only later in particle-antiparticle pairs. Therefore, we initially set
the charge density to zero, p. = 0.

The current J is given by the Ohm’s law

A
J=0FE = faa—. (4.5)
or
It implies that when the Schwinger effect is taken into account, Eq. (3.30) becomes
" / a é —
¢

As in this chapter we will have to solve the coupled differential system of the fields (¢, Ay), we
kept ¢ explicitly in the above equation. Of course, it is always possible to define a time-dependent
instability parameter with the definition (3.24) but we would lose clarity by hiding the variables in
this way. In this chapter we will nevertheless use £ but only for comparison purposes.

In the case of one Dirac fermion f with mass m; and charge @y under a U(1) group with
coupling g, the conductivity can be written as?® [173]

of = ‘ng‘Sg v/2pp coth <7r pB) exp fﬂ-imi (4.7
= "6t H V re V20E |9 Qy|

25As the conductivity o relates J and E in (4.5), it is a comoving quantity, i.e. it scales with the Universe
expansion. Our definition differs from the one in [177, 178] where the authors used a physical conductivity that we
will denote & in this chapter, their relation being o = a 4.
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This conductivity is to be distinguished from the conductivity we defined in Eq. (3.2), as the
latter is the conductivity of a thermal plasma after reheating, in a radiation dominated universe,
while the above is the conductivity at the end of inflation, before the reheating, produced by fermion
pair formation from the magnetic field.

This estimation is valid in the case of collinear electric and magnetic fields, an assumption that
we have numerically checked by verifying from Eq. (3.42) that cosf ~ 1. The total conductivity
in the plasma is the sum on every SM species involved. Also the electric and magnetic fields
are assumed to be slowly varying, as we expect the hypercharge gauge field to reach a stationary
configuration, where the tachyonic instability and the induced current balance each other. We have
verified from the numerical simulation that this is indeed the case.

The Schwinger effect effectively depends on the masses configuration. For very massive particles
it can be avoided while it is maximal for massless ones, see hereafter. Then, when only the first
two generations are considered, there is just a factor 3/2 difference with the full SM. We checked
that such an O(1) factor does not make any difference to the final result, since the (hyper)magnetic
field production with or without Schwinger effect can vary by orders of magnitude.

In Sec. 3.2 we have shown that the electromagnetic energy density grows tremendously during
inflation, which will imply a growth of ¢ with time. This yields a nontrivial integro-differential
system as the damping term grows with the magnetic energy and hence backreacts on the amount
of produced electric/magnetic fields. Therefore, we aim to solve this setup of the Schwinger effect
numerically.

4.1.2 Conductivity and the Higgs VEV

Concerning the Higgs vacuum expectation value, there are two possibilities during the inflationary
period:

i) The first possibility, which we will use in this chapter for the numerical simulations, is that
(hy = 0, and so the electroweak symmetry is unbroken during the inflationary period. In
order to ensure unbroken electroweak symmetry, and hence massless SM fermions, which all
contribute to the conductivity (4.7), we assume that the SM Higgs field h remains stabilized
at the origin in field space by a large mass term throughout the inflationary period. Such
a large mass can e.g. be induced by a nonminimal coupling to the Ricci curvature scalar as
L = 16h2R with € > 3/16 (see e.g. Ref. [26]). Hence, we get

2
a PB

o~ Zy — \/2pp coth (71'1 / ) . (4.8)
H PE

where we have defined

g Qs
Z = . .
> o2 (4.9)
f
Thus for the hypercharge group this yields
41 g/S

1
where ¢’ ~ 0.4 is computed at the characteristic scale u ~ ((E)?+(B)?)* where the Schwinger
effect takes place [178].

i) The second possibility is that the electroweak symmetry is broken during the inflationary period.
In this case after AN e-folds of inflation, there is a Gaussian distribution of values of the
Higgs field with zero mean and variance (h?) = H2AN/(4n?) with probability P(h, AN) o
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exp(—%&—;) dominated by the values h < /(h?), see Ref. [26]%¢. In this case, the electroweak
symmetry is broken and the hypercharge field strength is projected onto the electromagnetic
field strength with a coupling to the inflaton given by fs/ cos® Oy, see Eq. (2.90c). Now the
conductivity for the hypermagnetic field in Eq. (4.7) should be replaced by a similar expression
for the magnetic field, with the replacement |¢'Y| — |eQ]|. The condition for a fermion f to
contribute to the magnetic conductivity Wmff < V2pE leQy| translates into the condition, for
the fermion Yukawa coupling yy,

1/4
vy $0.45 (25) /1yl (4.11)

where we used Egs. (2.81), We have computed all couplings at the characteristic scale p ~

1

((E)? + (B)?)* where the Schwinger effect takes place. If the three generations of fermions
satisfy the above condition then the conductivity for the magnetic field is given by Eq. (4.8)
with the replacement Zy — Zgy where

o3

ZEM = —- 4.12

o= 5 (412

We have checked that, in this case, the results for f; < 0.2Mp) are consistent with all three

generation fermions contributing to the magnetic conductivity. For f, 2 0.2M only the

top quark does not contribute. Given that Zy ~ 0.3772 while Zgym ~ 0.3672, at the scales

where the Schwinger effect takes place, we have found that the results in this second case are

qualitatively similar to those for the first case discussed here, see Fig. 4.1. Hence, the results

from this chapter are transferable to inflation theories in the broken phase, see Chaps. 5 and
6.

4.1.3 The gauge vacuum

Solving (4.6) is very similar to what we did in Sec. 3.2.1. However, the introduction of non-zero
conductivity has implication on the gauge vacuum of the theory, as we will see now.

At very early times, when |a(ﬁ| < kfg, the modes are in their Bunch-Davies (BD) vacuum given
by Eq. (3.32). Initially, we can consider all the modes in the BD vacuum (which would be possible
by initializing the numerical simulation such that ag < ko/Hp). In that case, since |[A;| = |A_|,
the fields E and B are plane waves, perpendicular to each other, as G = 0 in (3.42) yields cos 6 = 0.
Therefore, there is no Schwinger effect and o = 0.

It has recently been shown that in the presence of the conductivity o, the BD vacuum amplitude
of the modes that are still in the vacuum get damped by the ones that left it, Ref. [177]. Indeed, let
us consider we are at a time a, where modes k > k, are still in the BD vacuum, while modes k < k,
were amplified by both tachyonic and parametric instabilities from Eq. (4.6). Then, the equation
of motion for modes such that |a.¢(7.)| < kf, does not reduce to a plane wave in the presence of
a non-zero o, but instead to Ay + 0 A} + k?A\ = 0, and Eq. (3.32) is not a solution anymore. To
derive the generalized BD vacuum, we write the gauge equation of motion (4.6), in cosmic time, as

Ay+ (6 +H) A\ + S (i — A}i) Ay =0, (4.13)

26The SM Higgs potential is still unstable at a value of the Higgs field h = h; ~ 10! GeV and the condition
for P(h;, AN) < e 32N (so that it is unlikely to find the Higgs away from its EW vacuum in any of the 348N
causally disconnected regions formed during inflation) implies Hg < /2/37hr /AN, a condition that is not fulfilled
by any of the models of inflation we have considered. Therefore this possibility would require stabilization of the
Higgs potential by some new physics.
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where we used the identity (1.40), and perform the transformation Ay = v/A Ay with [177]
t
A(t) = exp (— / 6(t’)dt’>. (4.14)

We recall that we have defined 6 = o/a as the physical conductivity in footnote 25. The above
equation hence becomes

k(k o6\ & &> Hé
() A R W A R N 415
A + a (CL f¢) 2 4 2 ] a -’4)\ ’ ( )
where we used the fact that A(t) = —6(¢)A(t). A mode crosses the horizon when the expression in

the square brackets vanishes for the first time at least for one polarization, at k = k.. The modes in
the vacuum are then characterized by k > k.. This yields the momentum of the mode that crosses
the horizon at time t, namely the cutoff of the integrals, as

N 2
ag a? [ o)
— — |6+ -+H)||. 4.16
<2f¢> 3 ["“(f ﬂ (416)
Notice that for ¢ = 0 we recover Eq. (3.33) with & given by (3.24).

Deep inside the horizon, when the first term in square brackets of (4.15) dominates, the solution
for Ay must satisfy the BD condition (3.32). As we have seen, in the presence of finite conductivity,

as

k. =
21

this equation does not fully describe the gauge-field mode function inside the horizon, as the damped
BD condition includes an exponential damping factor
A(t)

—ikT

Ax(m, k) = (1 = —00). (4.17)

The bottom line of this section is that the modes, still in their BD vacuum, see their ampli-
tudes damped because of the effect of the modes that left their vacuum earlier and participate in
the equations of motion (3.44) and (4.6). The parameter A was first introduced in the context of
the gradient expansion formalism in Ref. [177], where it was dynamically solved, while in Ref. [178]
it was also considered as a free parameter and validated the corresponding procedure by numerical
calculations. In order to compare with results from the gradient expansion formalism in configura-
tion space, we will also both compute A numerically and consider it as a free parameter, although
our final results will be based upon the dynamical calculation of A.

4.2 Analytical estimates

With the introduction of the operator (4.1), the production of the gauge fields and fermions cannot
be treated independently. Parallel electric and magnetic fields, created via the tachyonic instability,
necessarily lead to chiral fermion production by deforming the fermion energy levels to discrete
Landau levels. Populating the lowest Landau level yields the chiral asymmetry, as we have seen
in Sec. 2.3.6, while the higher levels are populated through pair-production, the analog to the
Schwinger effect [182, 183], hence the actual terminology for this backreaction effect.

In Ref. [173], the induced current was calculated by solving the equations of motion for the
fermions in the presence of a gauge field background. Taking into account this backreaction, the
authors derived two analytical estimates for the Schwinger effect, the equilibrium estimate and the
mazximal estimate, which lie significantly below the results obtained in the absence of fermions,
i.e. Egs. (3.40). Both regimes follow different strategies: in the maximal estimate all quantities are
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capped by other relations, that still depend on the parameter £, whereas in the equilibrium case
the exponential relations from the previous section stay with the counterpart of the substitution
(4.18) on &.

Besides, in Refs. [176-178], the same computation was done using the gradient ezpansion for-
malism, a method that describes the time evolution of a set of vacuum expectation values for bilinear
hypermagnetic functions in position space. Thus, we will compare our numerical calculations with
these three (semi)analytical results that we will first present in more details.

4.2.1 Equilibrium estimate

The Schwinger effect has been proven to roughly be encoded into a redefinition of the ¢ parameter,
& — Loty as [173)

4 1B|\ |E]
=¢(-A A== coth (7= | — 4.1
geff 5 67 § 2 cot (71' |E‘ ) H2’ ( 8)
where Z is given by (4.9) and where we defined
1 1 -
E|= lim — [ &z /(E?) ~\/2pp, |B| = lim — [ d®z+\/(B2)~+/2pp. (4.19)
Vooo V Y Voo V v

Assuming that the energy densities are given by the exponential case (3.40), the correction becomes
significant, A§/¢ 2 0.1, for £ 2 3.7, which corresponds to f; < 0.2 M) in the approximation (3.35).
Hence for £ 2 3.7 the Schwinger effect must be taken into account, and the amplitudes of the gauge
fields in equilibrium must satisfy the equation

SnH|E||B| = H(E]* + |B?) = P24 = 0. (4.20)

In the case of the equilibrium estimate, we take into account the backreaction of the chiral

fermions on the gauge fields by just replacing the parameter £ with the effective one given by (4.18)
in the backreactionless solutions (3.40). Using (3.39¢), (3.39d) and (4.19), Eq. (4.18) becomes

63 Z2 e%mea 9 5 m
s = (€= &eq)? tanh? [/ — ], (4.21)
272 €3, eq 1 €,

which is only valid during the last e-folds of inflation since we used the backreactionless solutions
(3.40) (which are self-consistently found in this approximation). To make explicit which case we
are handling, we chose to label the effective parameter as q. The solution of Eq. (4.21) provides
the function &eq = &eq(§) and, using (3.24), we can obtain &, as a function of f,. We show its
behavior on Fig. 4.1.

Next, the MHD quantities (3.40) are calculated in the same way as in the case without consid-
ering the Schwinger effect, but with the replacement & — &4, hence

Heq = H(geq)a geq = g(&eq)v P?/E = PB/E (éeq)a E? =/{p (66(1)' (4-22)
These equilibrium estimates are shown with a purple line in the plots of Fig. 4.3.

4.2.2 Maximal estimate

In this case we assume the exponential behaviors of the backreactionless solutions (3.40) to be valid
until they saturate the maximal value that we will display hereafter. We numerically determine
the value of crossing, which happens for £ ~ 4.4-4.7 depending on each quantity, corresponding
to fs ~ 0.15 M. However, as we just saw, for such value the Schwinger effect can no longer be
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Figure 4.1. In the Schwinger equilibrium estimate, the instability parameter £ is replaced with an effective
one that mimic the fermion backreaction on the gauge fields. We display their relation in the above plot
for both hypercharge and electromagnetism groups.

neglected, so there remains in this process a gray area of uncertainty as to the exact transition
between the two regimes.

The maximum electric and magnetic energy density can be estimated as the solution of Eq. (4.20).
This replacement yields an equation relating the |E| and |B]| fields that can be solved analytically.
We then choose, as definition of our maximal estimate, the solution (|E|,|B]) of (4.20) that maxi-
mizes the product |E| - |B| 2". We assume |B| 2 |E| such that the hyperbolic cotangent in (4.18)
is unity, and then we can write, combining the latter with (4.20),

Z |E|

|E|? + |B|* ~ ( - 2H2) |E||B]. (4.23)

Under the aforementioned constraint this yields, for £ > 1

8 £2H4
pﬁax = § Z2E’ (4248‘)
8 ¢4
B E
~ — 4.24b
Pmax 81 Z2 ( )
2Gmax 26303
e = 2Zmx o 328 M (4.24c¢)

3Hg 81 22

In the numerical calculations, we use the exact (analytical) solutions. In the computation of Gyax
we maximized the product by assuming a collinear configuration of E and B. We can see that

B &€ g

Pmax = 5 Pmax (425)

hence for £ 2 3, our approximation |B| 2 |E| is self-consistent. The maximal estimates for the
quantities pZ, . pB. | Humax and Gpax are shown with a pink line in the plots of Fig. 4.3.

Finally, combining (3.39a) and (3.39¢), and assuming maximally helical magnetic fields, we get

2"Notice that our definition of maximal estimate departs from that used in Ref. [173], where separate maximal
conditions to the configurations for the fields E and B (corresponding to absolute maximal values independently
reached by the configurations F and B) are imposed, so that their corresponding partners do not satisfy Eq. (4.20).
Conversely, our criterium of maximizing the helicity guarantees that our solution satisfies Eq. (4.20).
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for the correlation length (still for large &)

) Hmax 4
pmax _ o ~ 2T 4.6
BT g T (420

which does not depend on Z (even for the exact solution).
Note that in the maximal estimate the consistency condition from Sec. 3.2.3 can be reinterpreted
as follows. Combining Eqs. (4.24), we obtain, for large &,

max

6 pent = € [(E - B) (4.27)

max *

Hence, in the maximal estimate, imposing the condition |G/V’| < f4 is equivalent to requiring
6 e < Vixe), (4.28)

which is again stronger than the condition for neglecting the total gauge energy density in the
Friedman equation, pl¥ < V(xg).

Finally, let us stress that in this case the upper labels “max” on pgii and £** mean that they
are computed from maximal quantities, but do not necessarily mean upper bounds. In fact the
estimate for £5%* is a conservative one, as it matches the corresponding backreactionless quantity
at a small value, £ ~ 1.4, so in principle we would expect higher values for £5**, giving rise to bigger
Reynolds numbers (see Sec. 3.3.2). Still, we will use the estimate in Eq. (4.26) for our numerical
calculations.

4.2.3 Gradient expansion formalism

This method was introduced in Refs. [176-178] and transforms the EoM for the vector field A
into EoM for observable quantities, in particular the electric E and magnetic B fields. As the
spatial gradients in the EoM do always appear as rot E and rot B, the EoM can be written as
an infinite series in terms of the bilinears £ = (E - rot"E)/a", G = (E - rot"B)/a" and
B™ = (B -rot"B)/a", with n = 0,1,.... In this way the coupled system of EoM for the fields E
and B transforms into a system of coupled differential equations for the quantities £, B and
G . This system is not block diagonal in the space of the n index so that the system has to be
truncated to find solutions.

Moreover, the parameter A(t) in Eq. (4.14), which suppresses the gauge-field amplitude on small
scales, depends on the conductivity at all times ¢’ < t. So, a precise determination of A(t) would
require a complete analytical solution of the infinite-dimensional system of equations. While A was
dynamically computed in Ref. [177], for the sake of simplicity and generality, it was considered as
a free parameter in Ref. [178] and fixed to the values A = 1, 1072, 10=%, 1075, In our numerical
approach we will consider A as a function of the conductivity o, as the initial condition for E and B
are plane waves, such that E - B = 0 and therefore initially ¢ = 0 and so A = 1. However, as time
is evolving E and B will become collinear, and a nonvanishing conductivity will be developed, as
well as the function A(¢) < 1. In order to compare our numerical results with those from Ref. [178],
we also (eventually) will enforce A to be a constant in our code. Upon considering a constant value
of A, our results will agree pretty well with those obtained in the gradient expansion formalism,
see Fig. 4.3. In the more realistic cases, where we just compute the value of A(t), we will see that
at the beginning t = tg, just very deep inside the inflationary period, A(tg) = 1, while the value of
A will decrease very fast and at the end of inflation ¢t = tg, A(tp) < 1.
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4.3 Numerical approach

We find it more convenient to change the variable from the time ¢ to the scale factor a, as the latter
is dimensionless. Moreover, by adequate change of variables, we transform all given differential
equations to solve into a coupled system of first order differential equations such that

d
% = f(a7 LE), (429)
where x is the vector that contains all the variables. Its exact content will be displayed in the

sections below for the different cases at hand. To perform each time step Aa, we use the fourth
order Runge-Kutta (RK4) algorithm:

A1 = fla;, ;)
X=Ff (ai + %Aa,mi + %Aa/\l)
As=7Ff (ai + %Aa,azi + %Aa)\g)
Ay = fa; + Aa,x; + Aa As)
aiv1 = a; + Aa
Tip1 = + ¢ Aa (A1 42X +2X3 + Ay).

(4.30)

Runge-Kutta algorithms have the peculiarity to make predictions for the next step by means of the
estimated slopes A,,. Averaging the four slopes with appropriate weights makes the RK4 algorithm
effective up to an order of convergence of O(Aa*). Note that x is complex, hence we solve the
system (4.29) for both real and imaginary parts, but with their specific initial conditions.

We can see that the above RK4 algorithm is an explicit scheme such that at each time step we
compute the quantities needed to compute the next time step. This can be seen from the last two
lines of (4.30) where the LHS are quantities at step ¢ + 1 obtained from quantities at step 7 in the
RHS. Explicit schemes have the advantages to be cheaper in computation resources, but are less
stable than implicit schemes. They also need smaller time steps Aa than implicit schemes.

In (semi)-implicit schemes, the last two lines of (4.30) contain quantities from step i+1, i.e. the
same time step than the LHS. These schemes have the advantage to be more stable when handling
the so-called stiff differential equations and can afford a good convergence with a bigger time step.
However, because of this difference, a system of algebraic equations has to be solved at every step.
This increases the computational cost considerably. Here, our definition of the conductivity (4.7)
assumes slowly varying electric and magnetic fields, hence the conductivity is itself slowly varying
so there is no need to use an implicit scheme. We simply have to make sure that we are taking
Aa small enough to converge to the solution, which we checked. Therefore for our case the best
solution is to use an explicit scheme, hence our choice of the algorithm (4.30).

4.3.1 Gauge sector only

We first start with the numerical solving of the gauge field Ay only, whereas the inflaton ¢ will be
obtained from analytical estimations and injected into the code as external input.
Once we change the time variable to a using (1.41), the gauge field equation of motion (4.6)

becomes 924 oA ) )
A1 o A
— 4+ -2 -2 Ay =0. 4.31

da? +a( +aHE> da +a3HE (aHE )\§> »=0 (4:31)

To match the Schwinger analytical estimate approximation, we assume that the Hubble parameter
is constant hence we take its value at the end of inflation Hg. This implies F = 0 in (1.41) because
of (1.42).
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The Bunch-Davis solutions (4.17) become

A)\(a,k) _ A(a) eik/aHE

2k
0 4.32
%(a ) B A(CL) ; ﬁ B g 1 eik/aHE ((1, — )7 ( )
da * 7 a2Hp 2 2%

with the analog to (4.14)

Ala) = exp (- / ;(?E da’). (4.33)

The value of Hg sets the scale of all quantities with dimension, hence we will implement the
numerical code in units where Hg = 1.

Numerical implementation
Writing
_ 0Ay

zy(a) = Ax(a), ya(a) 5a (a),

(4.34)

Eq. (4.31) becomes, in units of Hg, the following system:

L(Zi):<£(2)‘0§_’;) _i(§+2))(§i) < %:f(aw). (4.35)

Note that there is such a system per value of A, hence there are two of them. Alternatively we can
double the array @ by defining = (24, y+,2—,y—) and use a 4 x 4 time stepping matrix. The time
iteration is then done using the algorithm (4.30) with time steps Aa distributed on a logarithmic
scale

loga; —loga;—1 =loga;y1 — logay, (4.36)

so that the discretization is the same for each order of magnitude. This means Aa grows exponen-
tially with a. The advantage of this method is that there is a refinement of the grid for small values
of a, at the beginning of inflation?®. The same is done for the discretization in k.

Indeed, we recall that our quantities of interest (and o which is needed at each step) are
obtained from integrals in the Fourier space, see Egs. (3.39) and (4.2). These integrals are computed
numerically as well, which means we are also discretizing the Fourier space with N; number of k;.
Thus there are Ny systems (4.35) that are evaluated simultaneously in the code?®. At each time
step, we compute the electric (3.39¢) and magnetic (3.39d) energy density as

k¢ 2
. c k B
b= [ b (7 BF + i (OP) (4.37a)
Kmin 4
i e k! (112 — 12
PB = dk (lzi (B> + |7 (B)[?) (4.37D)
ai kmin 0

where the integral over k is done numerically. We nevertheless write here an analytical symbol for
the integral in order not to make the notation too heavy. For all the details we refer to App. C,
where the numerical code is transcribed.

28Note that this choice implies that we are using N as the effective time variable, see Eq. (4.57) even if all the
code is written in function of a.
29To be more specific, there are Ny, systems for & € C per value of A, which means 4N}, real valued systems
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The cutoff k¢ is obtained from (4.16) as

kia¢§+\/(ai£)2+aj {W+0i<gi +1)], (4.38)

A; — A;—1 a; 20,2‘

while ki, is obtained from the initial time of the simulation and the BD penetration factor, see
Eq. (4.42). The color matching dashed vertical lines in Fig. 4.2 show the cutoff values k! computed
from (4.38). They agree perfectly with the point where the BD vacuum modes become dominant
for large k.

Likewise, the helicity (3.39a) and its derivative (3.39b) become

o= [ e ot o - ke o) (1.390)
P = a':? . 27_[_2 Z; Z; 5 .oJda
1ok RS o
Gi = aﬁ/ dk 92 (|x7, (k)y; (k)| — |z (k)y; (k)D (4.39b)
i J kmin g

If the Schwinger effect is taken into account, we turn on the possibility of having o computed at
each time step a; of the numerical computation with

41 g/3 - pl
Ti41 = g @1\l coth ([ 22 (4.40)

and injected into the calculation of the next step. Otherwise, we keep it zero. Last, the fermion
energy density is computed as
i gi e k? A A A A

P:z; =3 dk — [Re(wi JRe(y;') + Im(z;)Im(y; )} . (4.41)
[ kmin Q0 A=+
Finally, after N, steps we stop the simulation at ay, = ap. Quantities at that time are compared
to the known analytical results, see Fig. 4.3.

The initial conditions (4.32) are mode-dependent, as it takes longer for modes with bigger wave
number to leave the BD vacuum. Therefore, we choose as initial condition for each mode

k
ako = —, (4.42)
TBD

where we choose the factor zgp in order to make sure that we initialize the gauge field sufficiently
deep inside the Hubble radius. As we can see from Egs. (3.39), high values of k are dominating the
integral hence large modes are negligible compared to small ones. This makes us to choose a lower
bound on the k range such that the initial time of the simulation is

kmin
ag = —. 4.43
0= (4.43)

In that way, at ag we make sure that all the modes are in their respective vacua, which implies
o = 0 as explained in Sec. 4.1.3. In practice, this means that the modes with k > xppa are given
by the following relations

[ A k
BD i 4.44
Re(xm) T cos @’ ( a)
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[A; k
BDy _ i
Im(z)7) = 55, Sin o (4.44b)

1 /A k o; k
BD\ _ il . B 7
Re(yxi) = 2V 32 (\/E sin - Vi cos ai) , (4.44c¢)
1 /A k o; k
BDy _ if _ %
Im(yy7) = —a? 5 ( V'k cos s sin ai) (4.444d)

while the others are evolving with the RK4 algorithm. Note that the BD solutions do not depend
on the helical mode labeled by A.

We explored the numerical convergence of the solution, both in the number of a;’s, labeled
as N,, and in the number of k;’s, labeled as Nj. Provided that N, > 2000 and N, > 200, the
simulations are very stable and the output does not depend on the discretization. For big values of
fo, fo 2 0.1 My, we can even lower the number of needed time steps.

Besides, we must choose the BD penetration factor xgp such that it produces trustable results.
We have done a numerical analysis and conclude that depending on the value of N,, a range
20 < zpp < 50 yields trustable results. We hence choose throughout this work the following values

Tpp = 20, N, = 500, 1000, 2000, N, = 300. (4.45)

We display in Fig. 4.2 the spectra of all the observable quantities in order to see how the BD
vacuum is dominating the spectra for large k and how the cutoff k.(a), given by (4.16), efficiently
removes that part of the integration. The difference between the BD vacuum and the damped BD
vacuum is also clear, as the first goes like k3 whereas the second goes like A(a)k® with A decreasing
with time. Hence the asymptotic behaviors are not superimposed since A changes. Finally, we
also see explicitly how the growth of pg and pp with the scale factor a is due to the increase in
amplitude of the spectrum hump and its shift to larger values of k. For this illustrative purpose we
used a constant value of £&. Here we have fixed fs = 0.1 M}, while for other values of this parameter
the plots are similar.

Slow roll inflation

Firstly, we use the slow roll approximations (1.73) for ¢, because the backreactionless solutions
(3.40) as well as both Schwinger approximate estimates (Secs. 4.2.1 and 4.2.2) have been obtained
in this regime. Also, as we already mentioned in Sec. 4.2.3, the parameter A was fixed to constant
values in Ref. [178] while £, as defined in Eq. (3.24), is often considered as a constant in the slow
roll approximation, see Sec. 3.2.1 and Eq. (3.35) in particular. Note that, when assuming that the
parameters A and £ are constants, we can treat them as inputs in the code and completely ignore
¢ from our computations.

In Fig. 4.3, we displayed several results already present in the literature that we successfully
reproduced with our numerical method. First the backreactionless case, where there is no con-
ductivity, by simply enforcing o = 0 (therefore A = 1) in the code. The data set is displayed as
blue bullets and match the corresponding analytical values given by Egs. (3.40). Then, in order to
reproduce the results from Ref. [178], we considered a non-zero conductivity given by (4.8) while
assuming A constant during inflation, thus making it a free parameter. In Fig. 4.3, we plot the
quantities pp, pg, H and G at the end of inflation for chosen values of A. We can see that the
results agree well with those using the gradient expansion formalism in Ref. [178] and with both
Schwinger estimates?".

30Regarding pg, the maximal estimate seems violated by our numerical results. But what we call maximal estimate
here is not the same as the definition which appears in [173, 178], where | E| and |B| are separately maximized. Instead,
we have chosen to maximize the product |E| - |B|, which is the relevant quantity for the baryogenesis calculation,
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Figure 4.2. Spectra of the magnetic energy (top left), electric energy (bottom left), helicity (top right)
and its derivative (bottom right), i.e. the integrands of Egs. (3.39), for different values of a during inflation
simulation. Here we used the variable o(a) and A(a) with constant £&. The color matching dashed vertical
lines show the cutoff values kc(a) computed from (4.16).

The benefit of the slow roll approximation is that the results look “model independent”. How-
ever, the trade-off comes with the need of having a constant parameter £ as the slow roll regime
implies an approximately constant q.i see Eq. (3.24). Besides, we know that this parameter can
also be expressed in terms of the slow roll parameter €, see Eq. (3.26), which is indeed small and
constant during inflation but then quickly becomes unity during the last e-folds. We also know
that the modes produced during the last e-folds are the ones that contribute the most to the inte-
grals (3.39), as all the modes previously generated get washed out by the Universe expansion, see
Sec. 3.2.2.

All these observations lead us to conclude that the most important contribution to the quantities
pE, pB, H and G is taking place during an epoch when the constant ¢ approximation loses its
relevance. This is why in a second step we will relax this assumption while maintaining the slow
roll description of ¢. This can only be done by choosing a model for inflation. Hence, in the
next section, we will study the same configuration with the numerical code but for the case of the
Starobinsky model, see Sec. 1.2.5. Of course in that case the instability parameter will depend on
the time variable.

Starobinsky inflation

We have chosen the Starobinsky potential as it provides a realistic model of inflation, and will be
a particular case of a more general class of models we will consider to make predictions using the
full solution of the system, see Sec. 4.3.3. The purpose of this section will thus be to assess the
goodness of the slow roll approximation when computing the full solution to the (¢, Ay) system in
the next section.

The Starobinsky potential is given by (1.103) with a = 1. Using the slow roll regime (1.73)

see Sec. 4.2.2. This explains the apparent contradiction that our data from the numerical simulation provide bigger
values for pg than the maximum estimate.
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Figure 4.3. Electric pg and magnetic pp energy densities, and the helicity H and its derivative G, at the
end of inflation (i.e. for €(ag) = 1), in units of Hg, as functions of the coupling f, assuming A constant.
We see the plots confirm the result from Fig. 1 of Ref. [178]. Here, we also assumed & constant and given
by (3.35).

and the change of variables (1.41), the inflaton field ¢(a) is given by
4

2 ¢(a) _ ap % _ ag\ "3 B 2
\/; My 8 (7) —Wa [_56 ’ (7) ] ~B+logh, =1+ (440)

where W, is the n-th branch of the Lambert function. We now wish to compute the instability
parameter for the Starobinsky potential in the slow roll regime. Hence we use the approximation
(3.26) which applied to (1.103) with o = 1 provides
-1
) — 1] . (4.47)

o

This way, we still do not need to simulate the field ¢ in our numerical code while having an

approximation for £ much closer to the numerical solution. We show this in Fig. 4.4 where we plot
the different behaviors for the instability parameter £, namely the constant slow roll approximation
(3.35), the former approximated solution for the Starobinsky model (4.47), and the definition (3.24)
where the function ¢ is obtained from the full numerical solution done in the next section. We can
see that the Starobinsky estimation is a very good approximation in the sense that for almost the
entire duration of inflation it merges with the numerical solution. The two solutions differ only for €
close to unity, but the error stays marginal. This way we can check the validity of the full numerical
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computation done in the next section. Also, this plot clearly exhibits the problem with the constant
& approximation, as it is far from both Starobinsky estimation and full solution behaviors. Finally,
we verify from the plot that £(a) given by (4.47) evaluated at the value ag such that e(ag) = 1
(i.e. ag = 1) yields indeed (3.35).

f¢ = 01 Mp|

t=n
1 — Starobinsky slow roll

..... Full solution

10°% 10°% 10* 10°* 102 10~ 1
a

Figure 4.4. Comparison of the instability parameter £ for the three cases at hand: the constant approx-
imation (3.35) from the slow roll regime (green), the Starobinsky estimation (4.47) also in the slow roll
regime (blue) and finally the numerical solution where £ is obtained from its definition (3.24) and ¢ from
the system (4.51) applied to the Starobinsky potential (red, dashed).

In Fig. 4.5, we display in blue results for the Starobinsky model, for various values of €, when
o and A vary dynamically. Although the slow roll approximation loses its relevance for values of
€ closer to 1, we already see a difference with the plots in Fig. 4.3. This is because, no matter
the value of the initial time, the function A(a) goes to extremely small values when approaching
the end of inflation, thus killing the BD modes that would have been amplified at the very end
of inflation and that would have contributed the most to the integrals (3.39), see Fig. 4.6 for a
qualitative example. With the assumption of a constant A, this suppression is less effective and
the tachyonic amplification yields higher energy densities and helicity.

4.3.2 Full solution

In this section, we are not using the slow roll hypothesis for the inflaton equation of motion and
consider the full solution to the system given by (3.44) and (4.6) in specific models of inflation.
We will first choose the Starobinsky inflationary potential to compare our results with the previous
semianalytical results. Then we will use a set of inflationary models that are well known to be in
agreement with all cosmological constraints. Finally, we do not assume any peculiar geometry of
the Universe.

In the last section we have already disclosed the fact that, for the case of the Starobinsky
potential, the full numerical solution and the slow roll approximation are comparable. One could
therefore question the need to simulate ¢ alongside the gauge field. However, the main motivation
for solving the full system is to obtain results beyond the end of inflation, when the slow roll
approach breaks down. So, once our code provides trustable results for the inflation period, we will
extend the simulation to a few e-folds after inflation to see how the observable plasma behaves,
which will allow us to make a comment on gauge preheating.

Implementation

The first step is to write Eqgs. (3.44) and (4.6) in terms of the variable a. Unlike in the previous
section, the change of variables must take into account that the Hubble parameter is not constant.
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Hence using (1.41) and (1.42), together with the Friedmann equations, c.f. Egs. (1.11) and (1.12)
with k& = 0, (1.28) and (1.61),

Q 3p+p
2o _P @_ 4.48
3M§1’ a 6M2 (4.48)
we have ) ) 5 )
— ZH2 4 2 z 4.49
F TR <2¢> +gpEM + 3pw>, (4.49)
where we used the total energy density and pressure
1.5
p =50 +V+pem + Py, (4.50a)
L.y PEM | Py
= - - T . 4'
P 2(;5 V+ 3 + 3 (4.50Db)
Thus, Egs. (3.44) and (4.6) become
d*>¢ 4—Fdo V() g
— — =0 4.51
da? * a da a’?H?  a?H?fy (451a)
d*A, 1 o\ dAy k k A do
= = — 2 ) Ay =0 4.51b
rraltl L) <a2H foda) 7" (4.51b)

which is the full (¢, Ay) system that takes into account the backreaction of the gauge field on ¢,
the Schwinger effect and the expansion of the Universe.

The Hubble parameter can be computed from the first Friedmann equation, where p is given
by (4.50a). This way, we can compute the value of H and F at each time step recursively to feed
the equations of motion, like we already did for o and G. The BD vacuum modes are identical to
the previous case, see Egs. (4.32).

The numerical implementation follows from the previous case. Defining the variables

w= ¢, T = %, yx = Ax, Zy = % (4.52)
we transform the above coupled system of differential equations (4.51) into the system
Z—Z) =z (4.53a)
/
% = 2z (4.53¢)
ﬁz&(ﬁx—é)w—i@—f+(g{) Z) (4.53d)

which is equivalent to writing (4.29) with = (w, z,y4, 24, y—, 2—). We recall that w, 2 € R and
Yx, z2x € C. Similarly to the previous calculation in the slow roll regime, we use the RK4 algorithm
(4.30) with the values of H, o, F and G computed at each time step and feed back in the next one,
see App. C.

Inflaton initial condition could be set to

wo = ¢*, o = 0. (454)
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Figure 4.5. Comparison between the slow roll approximation and the full solution for the Starobinsky
model. The analytical estimates are given for ¢ = 1. As expected, the slow roll computation diverges from
the full solution as inflation is nearing the end, since the slow roll approximation is only valid in the regime
€ < 1. Hence the slow roll computation overshoots the value of all quantities, closer to the value given by
the Schwinger equilibrium estimate for fs < 0.05 Mp. As expected, we also have compared both analysis,
slow roll and full solution, for values of a such that e(a) < 1 (in particular e = 107*, 1072, 107®) and found
good agreement.

However, the number of e-folds sets the initial time as ag = e~ IV+I ~ 10726, which is too small a
number for the numerical implementation. We then proceed as follows. For a < kmin/2Bp, and
sufficiently low kmin, the gauge field modes stay in their vacuum and the total contribution to A(a)
is negligible. Hence we do not need to perform the numerical simulation before that time, as the
inflaton is the main player, so we can solve its equation of motion analytically. Instead, we fix the
start of the simulation like before, at ag = kmin/zpp and we compute the corresponding number of
e-folds N which leads us to the corresponding value of ¢(NN). Therefore, the initial condition must
be set to wg such that
0 Vie)

ox V'(9)

and, using ¢ ~ —% which is valid at the early stages of inflation,

de = —M? log ag (4.55)

V' (wy)
3(10H§ '

As for the gauge field, initial conditions are set in the same way as in the slow roll approximation,
i.e. with (4.44).
Results at the end of inflation

In this subsection we will compare our results at the end of inflation, where we are making a
full numerical analysis of the EoM, with those obtained using the slow roll approximation for the
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Figure 4.6. Plots of the parameter A as a function of the e-fold number (4.57) for the Starobinsky potential
when simulating the full system (4.51). We display the results for various value of the coupling f, for the
last third of the inflation period (left) as well as the last e-folds before and after the end of inflation (right).
We see that the stronger the coupling 1/ f4 is, the stronger the amplitude suppression from the BD vacuum
is, hence greatly reducing the gauge field share at the end of inflation.

inflationary potential. For the sake of comparison we will concentrate on the Starobinsky model
given by (1.103) with o = 1. In this current framework, we see in Fig. 4.5 that the four studied
quantities, namely pp, pg, H and G, are much closer to the Schwinger equilibrium estimate at the
end of inflation.

We present in Fig. 4.5 the values of the physical observables evaluated at various stages of
inflation, i.e. various values of the scale factor a, from €(a) = 1073 to €(a) = 1, as a function of the
coupling f, for the Starobinsky model. We superimpose the analytical results from Secs. 3.2.2, 4.2.1
and 4.2.2, i.e. the backreactionless solution and the Schwinger equilibrium and maximal estimates.
From the plots we see that for f; < 0.05 My the equilibrium estimate is a good approximation,
especially for pg where the predictions of maximal and equilibrium estimates merge. We also verify
that cosf ~ 1 hence satisfying the assumption on parallel electric and magnetic fields leading to
the conductivity of Eq. (4.7).

In this setup, our numerical code is computing a value of the conductivity ¢ and A for each
time step, hence we got the functions o(a) and A(a). The variation and presence of A(a) is not
without effects on the final results, see Fig. 4.6. Indeed, the smallest (k > Hpg) modes are the
ones that most contribute to the integrals (3.39). Without the Schwinger effect, these modes are
produced last, just at the end of inflation, and only briefly leave the horizon. They therefore should
have a significant impact on preheating. When the Schwinger effect prevents their generation, by
reducing them by a < 1 factor, while they are still in the BD vacuum, we can ask ourselves about
the effectiveness of gauge preheating. It was shown in previous studies of gauge preheating [181]
that its efficiency mainly depends on the electromagnetic energy fraction available at the end of
inflation pgm/pros. To shed light on the last point, we will extend, in the next section, our numerical
results beyond the end of inflation when the inflaton is coherently oscillating around its potential
minimum. We will do that in a set of particularly interesting phenomenological models that we
describe in the next section.

4.3.3 Solution beyond inflation

Now that once we have established a method to numerically compute the quantities pg, pB, py, H
and G, we aim to study the system evolution past e = 1, and the onset of reheating. Indeed, the
system (4.51) describes the most general interaction of the zero mode of both hypercharge gauge
and inflaton fields. In particular, no assumption was made on the geometry of the Universe, hence
there is no specific reason to stop its numerical computation at the end of inflation except perhaps
that, with our computational method, we are not considering the contribution to the kinetic inflaton
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energy coming from the field spatial gradients. Notice however that as the contribution from the
gradients is positive we can still conservatively use our results to exclude the appearance of gauge
preheating after inflation. We will also find it convenient to present some numerical results using
as the variable the number of e-folds before the end of inflation N, instead of the scale factor a,
and related to it by

N =—log %E (4.57)

such that N = 0 corresponds to the time ag when e¢(ag) = 1 and N < 0 to the inflationary period.
This last convention introduces a sign difference with the definition (1.63).

We study a benchmark of two classes of inflationary potentials: the a-attractor models (1.103)
and the hilltop models (1.107). For each of them we choose the two values of their parameter that
bound the range in agreement with the constraints (1.92), namely a = 1,100 and p = 10,50 My,
see Egs. (1.106) and (1.109). We recall that a-attractor model for o = 1 is also referred to as
the Starobinsky model, which was studied in the last section. We then show the postinflationary
energy breakdown for a = 1,100 in Fig. 4.7 and for p = 10,50 M}, in Fig. 4.8, for two disctinct
values of fy namely fy = 0.02,0.15 M.

From the inflaton behavior, we see that as soon as inflation ends, the Universe enters a matter
3. For high enough values of f,, i.e. f, 2 0.1 My, we reproduce the
results shown in Ref. [181], whereas for fs < 0.1 Mp, the electric and magnetic fields exhibit a
different behavior: the former decay faster than the latter while oscillating. This is due to the fact,
already mentioned in Ref. [177], that the energy density for the electric component E = —A’
much more sensitive to the Schwinger effect than the magnetic component B, because it directly
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Figure 4.7. Inflaton kinetic and potential energy density, as well as electric, magnetic and fermion energy
density ratios to the initial total energy density of the Universe for the a-attractor models with o = 1
(upper panels) and o = 100 (lower panels). The vertical gray lines display the value a for which €(a) = 1
and the dashed line shows the expected scaling of the dominant sector.
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Figure 4.8. Inflaton kinetic and potential energy density, as well as electric, magnetic and fermion energy
density ratios to the initial total energy density of the Universe for the hilltop models with p = 10 My
(upper panels) and p = 50 My, (lower panels). The vertical gray lines display the value a for which e(a) =1
and the dashed line shows the expected scaling of the dominant sector.

couples to the conductivity in the gauge field equation of motion (3.30). On the other hand, the
magnetic component reflects spatial effects, as it is defined by B = V A A. In this work, as already
mentioned, we do not consider the inflaton spatial effects, V¢, because this would require one to
implement real fermion interactions in a lattice simulation. Hence, for low values of f4, when the
Schwinger effect is strongly affecting the system, the behavior of pp is expected to be subject to
changes when the spatial effects are enabled; namely we expect to see a faster decay, like that of
pE. As also observed in Ref. [177], the electric field, which is dominant during inflation, becomes
subdominant afterwards. Finally, we can see that for low values of fg the fermion energy density
dominates the radiation energy density at the end of inflation as already highlighted in Ref. [177].

4.4 Applications

To conclude this chapter, we will comment on the implications about two related topics: gauge
preheating and baryogenesis.

First we will demonstrate that our numerical estimates suggest that the Schwinger effect signif-
icantly reduces the share of electromagnetic energy for the considered models and gauge preheating
is unlikely to occur. Our results do apply to the above considered class of inflationary models. They
show a certain degree of model dependence, so we cannot exclude a qualitatively different result for
models of inflation other than the considered ones.

On the other hand, we have seen in Chap. 3 that a successful baryogenesis does depend on a
delicate equilibrium between the amount of helicity, magnetic energy density, and magnetic corre-
lation length. Therefore damped fields do not necessarily mean no baryon asymmetry in the late
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Figure 4.9. Time evolution of the electromagnetic to total energy density fraction, during and after
inflation for various values of the coupling fs. The upper panels correspond to the a-attractor model with
a =1 (top left) and a = 100 (top right) and the lower panels to the hilltop model with g = 10 M}, (bottom
left) and p = 50 My, (bottom right).

Universe. Actually, as a result of our numerical calculation, we have found there is still a window
in the parameter space for baryogenesis to happen.

These two comments should be viewed as hints for future studies that address the production
of gauge fields at the end of inflation. Of course, a full lattice simulation of the Schwinger effect
involving fermions remains to be done.

4.4.1 Gauge preheating

The authors of Ref. [181] quote a sufficient criterion for gauge preheating to happen, namely that
at least an 80% fraction of the total energy density of the Universe is electromagnetic energy. In the
absence of the Schwinger effect, they found that this criterion is satisfied for values fy < 0.1 Mp;.
However, as expected, the Schwinger effect significantly reduces the share of electromagnetic energy,
as shown on Fig. 4.9 for the considered models, which displays the ratio pgm/protal for the four
previous considered cases. We can see that the maximum is attained with a value ~ 1073, which
precludes any gauge preheating, at least for f; 2 0.01 Mp,. Another conclusion from Ref. [181] is
that the spatial effects of the inflaton become relevant for sufficiently low values of f, and contribute
to preheating. Since we are neglecting them in our simplified calculation, any negative statement
concerning the possibility of gauge preheating due to the lack of enough electromagnetic energy
should be a conservative one.

The final results from our analysis can be summarized in Fig. 4.10, where we plot the maximum
value of the electromagnetic to total energy fraction as a function of f; (preheating efficiency) for the
Starobinsky model, the a-attractor model with o = 100 and the hilltop models with p /M, = 10, 50.
For f4 2 0.01 My, we obtain

PEM. < .01, (4.58)

Ptot
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Figure 4.10. Maximum value of the electromagnetic to total energy fraction as a function of fy for the
four considered models: a-attractor models, with o = 1, 100, and hilltop models, ¢ = 10, 50 My,;. Gauge
preheating seems unlikely to occur.

which seems to prevent gauge preheating as its efficiency is far from the value of ~ 0.8 established
in the numerical analysis of Ref. [181].

End of reheating

If gauge preheating does not occur, the inflaton will eventually decay by perturbative processes
which depend on the inflaton total decay width I'y, see Sec. 1.2.4. Therefore at the time ¢, ~ 1/T'y,
the inflaton has completely decayed and the radiation domination era starts.

Results from last sections have shown that shortly after inflation ends, the Universe is matter
dominated, hence using (1.18) and (1.28) we can approximate the Hubble parameter by

3
ag\ 2 2
H~(—) H H~ — 4.
( a ) B 3t’ (4.59)
where Hg = H(ag), such that

2

3Hgp\?
arh ~ OF <2F¢ ) (4.60)

is the end value after reheating by inflaton perturbative decays. Of course a,}, is a model-dependent
quantity, which depends on the value of I'y, which in turn, depends on the couplings of the inflaton
to the matter.

In particular, the coupling 1/ f4 of the inflaton to the hypercharge CS density provides a channel
for the perturbative decay of the inflaton into a pair of hyperphotons A, as ¢ — AA. This decay

has a width given by [184]
3

mg
T(¢ — AA) ~ G (4.61)

where my is the inflaton mass that can be extracted from its potential as

oV
2
mi= 7 . (4.62)
6¢2 ¢:¢min
For the a-attractor (hilltop quartic) model, we have ¢min,a = 0 (Pmin,» = ) and
4A% 32A%
2 « 2 _ h
=k, (4.63)

m2 = m2
¢ 3aMp21’ 2 1
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In the simplest case where the inflaton is only coupled to the hypercharge gauge bosons through
the CS density, the total width is 'y, = I'(¢p — AA). Using the masses found above we see that

M3 M3
T, ~12 (3.0)-1071 . —BL, T,~42(21)-10710. 2 (4.64)
i i
for @ = 1 (100) in the a-attractor models (left), and for p = 10 (50) M in the hilltop models

(right).
The value of the scale factor and the temperature at reheating, a,, and Ty, are given by

Egs (1.99) and (1.97). We recall that
Tin Iy
— o~y [ —. 4.65
T~ \ Hy (4.65)

Consequently we can express a,, and 7, as functions of all the involved parameters, namely fs,

and « (p) for the a-attractor (hilltop quartic) model. In particular, the relevant parameter for
baryogenesis is the ratio Ty, /TDS given by

Trh
ins
Trh

~1.9 (0.8)~104( 0.01 > T g4 (0.7)-104< 0.01 ) (4.66)

fo /My The fo/ My

for @« = 1 (100) in the a-attractor models (left), and for u = 10 (50) My in the hilltop models
(right).

In Chap. 3 we have seen that the ratio T}y, /T]ri}‘}S is a parameter for the baryogenesis model,
see Egs. (3.18), (3.73), (3.79) and Fig. 3.3. Therefore, when a specific model is chosen for the
baryogenesis mechanism, the above results will constrain the parameter space by adding a relation
that the parameters fy and the temperature ratio should fulfill, see next section.

In the presence of extra couplings of the inflaton to matter, the predictions for the inflaton decay
width, Eqgs. (4.64), and the reheating temperature, Egs. (4.66), will change in a model-dependent
way, as well as the model predictions concerning the generation of the baryon asymmetry.

Of course in the hypothetical case where the explosive production of gauge fields should have
prevailed over the perturbative inflaton decays, gauge preheating would have taken place over a few
e-folds after the end of inflation. As we see from the previous results, this is never the case and
gauge preheating is never strong enough to reheat the Universe after the period of cosmological
inflation. This result does not preclude that, in the presence of a strong coupling A of the inflaton
with some other field, e.g. a scalar (or a fermion), there could exist an explosive production of that
scalar (or fermion), triggering preheating of the Universe after inflation [185].

4.4.2 Baryon asymmetry

Before concluding this chapter, we wish to make a small comment on the baryogenesis issue at the
EWPT. In Chap. 3, we presented a baryogenesis mechanism in the slow roll regime that leads to a
successful BAU, see Fig. 3.3. Hence it is straightforward, using our numerical analysis in this paper,
to make an update of the final results for the BAU for inflation, this time taking into account the
Schwinger effect.

Thus, instead of using the backreactionless results Egs. (3.40), we compute the plasma ob-
servables H, G, pg, pp and £ by numerical means, and we insert them into Egs. (3.18), (3.73),
(3.79) to get the final parameter space. We chose to compute them using the a-attractor model
with a = 1, namely the Starobinsky potential, as it is the one responsible for Higgs inflation (see
Sec. 1.2.6) and it is close to our model shown in Chap. 6. It also provides an accurate value of Hg
given by (1.106).
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All together, this yields the plot displayed in Fig. 4.11, which is the analog of Fig. 3.3, namely
the parameter space that provides a successful BAU. Note that here, £ has been replaced by fy,
as the former is no longer constant and the latter is the true coupling of the theory. Also, there
is no excluded region such as the red one in Fig. 3.3 since our numerical solving is taking into
account the backreation of the gauge field on the inflaton EoM, i.e. the RHS of Eq. (3.44). Lastly,
the primordial non-gaussianity and baryon isocurvature perturbations provide no constraints as the
Schwinger effect induces a strong damping of all the plasma quantities. Since these constraints were
satisfied in the backreactionless case presented in Chap. 3, they also do now.

Therefore, we can conclude that for f, 2 0.06 My, there is no space for the BAU, as the produc-
tion of gauge fields is too weak. In addition to this we have seen that the reheating temperature is
constrained by the model, see Eq. (4.66), as we can see from Fig. 4.11 and the compatibility of the
model reheating temperature with the baryogenesis results translates into the baryogenesis region
on the parameter fy

fo S 0.03 Mpy, (4.67)

a result valid for the Starobinsky potential. Finally, one other possible take-away of this chapter is
that baryogenesis at the EWPT is favored by low reheating temperatures, in the range 1076 7ns <
Tn S 1073 7Tms,

Ong=910"
Rh > 1
O Tem < 10° GeV

001 002 005 01 02
fs [Mpi]
Figure 4.11. The baryogenesis window in the parameter space (g, Trn/Tir*) for the Starobinsky potential
(a-attractor model with a = 1). The dashed line corresponds to Eq. (4.66) for a = 1.
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Chapter 5
Higgs Baryogenesis

In this chapter we will study the cosmological implications of the CP-odd dimension-six operator
|®|2 FF which is natural in the Higgs sector from the EFT point of view.

More specifically, we will consider a direct extension of the ordinary Higgs inflation (HI) model
(see Sec. 1.2.6) with an arbitrary value of the quartic coupling Aj,. We will be agnostic about the
origin on its value and the mechanism stabilizing the Higgs potential as we aim to focus on the
helical hypermagnetic fields production from the Higgs non-perturbative decay during inflation, or
at least during the last e-folds of inflation. We will therefore mobilize everything we have seen
in the previous chapters to take into account all the constraints and give a parameter space for a
successful BAU.

Here, there is one key difference with the axion inflation presented in the previous chapters,
namely that the Higgs VEV is non zero, hence inflation and the subsequent period until reheating
happen in the broken phase. As ordinary electromagnetism gauge fields do not feed the anomaly
equation for baryon/lepton number, the baryogenesis scenario will be slightly revisited.

This model was first presented in Ref. [186].

5.1 The model
We include the following term to the HI action given by (1.126)

[,HID—@Y yH (51)
2f2 M '

where we recall that @ is the Higgs doublet. A possible UV completion giving rise to this dimension-
six CP-odd operator is provided in App. A.2.

The HI model was presented in Sec. 1.2.6. As stated there, the background physical Higgs field
h is large during the inflationary stage, hence the EW symmetry is broken. As we have seen in
Eq. (1.138), during inflation the Higgs VEV has values ~ 1072M,,, which implies that the W=+
and Z° bosons are super-heavy, see Eq. (2.91b), and hence much harder to produce in comparison
to massless degrees of freedom such a photons. So we can consider the trivial solution WZL = 0.
According to Eqs. (2.90) this implies that W,jt =0, Z, = 0 and also that Y, = cosf A, and
W2 = sinfw A,,, meaning we are producing ordinary U(1)gm magnetic fields. This is also why we
do not consider the covariant derivative as (2.93) in the broken phase. Since the physical Higgs h
is neutral, its only coupling to electromagnetism is the considered dimension-six operator.

Hence, in the broken phase during inflation, the latter will look like

cos? Oy h?

ﬁHID—i—F,,F'“” 5.2
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where we used Eq. (2.90c). This term remains untouched by the Weyl transformation that allows
us to express the HI action (1.126) in the Einstein frame, yielding the potential (1.131), where yx
is the inflaton field with canonical kinetic term. We can relate the Higgs field to it as (1.130), see
Secs. 1.2.5 and 1.2.6.

Besides, we want to take into account the Schwinger effect. Hence following Sec. 4.1, we include
the interaction of fermionic currents as (4.1). Taking these changes into account, we can redo the
derivation presented in Sec. 3.2.1 in order to write the system of EoM for the inflaton and the gauge
field as

X+3Hx+V'(x)=K(x) fg (5.3a)
X
0? 5
analogous to the system (3.22), with

V3 x 212 '

€ X
K(x) = —= = h =-K . 4
(X) 63/25}21 ) fX COS2 9W ) 5 (X) 2HfX (5 )

Notice that if K(x) = 1, we recover the axion case given by Egs. (3.22a), (4.4) and (3.24).

We recall that here the main difference is that A, J, E, B and o are U(1)gy electromagnetism
quantites. As we have seen in Secs. 3.1.1, 3.2.2 and 3.3.2, the helicity, helicity time derivative,
energy densities and Reynolds number are computed the same way as for the hypermagnetic field.
The only differences are the Z factor in the conductivity, see Sec. 4.1.2 and the fact that U(1)gm
gauge field do not contribute to the anomaly equation (2.143), see more in Sec. 5.3.

We aim to solve the system (5.3) analytically, following the example of Sec. 3.2 but with the
Schwinger effect. Thus, we assume the slow roll regime and neglect the RHS of Eq. (5.3a), i.e. we
will assume K (x)G < f,V'(x), a consistency condition that will be checked a posteriori. Then, all
the results of Sec. 1.2.6 apply, in particular the value of the inflaton field at the end of inflation,
XE, given by (1.132) as well as its value N, e-folds before, x. given by (1.133) and the slow roll
parameters Egs. (1.135).

In the next section we will see that we can further simplify this setup, as £ with the studied
coupling barely changes during HI while its main dependence lies in the couplings f;, and Aj.

5.1.1 Constant ¢ approximation

Because the field @ is an SU(2) doublet, the lowest term in a power expansion is F'(h) o h?, hence
the condition (3.50) is guaranteed. Therefore the coupling (5.2) leads to a constant value of £ given
by (3.61) with p = 2, fs = fr and g = &, given by (1.137). This points to a fundamental difference
between axion and Higgs inflation models. Whereas in the axion inflation model, there were no
reasons why a linear term would be missing in favor of a quadratic one, the Higgs field provides a
natural one. Indeed, a linear term in the function F'(h) would explicitly break gauge invariance in
the symmetric phase.

In fact, in the slow roll approximation (1.73), the instability parameter for the potential (1.131)
is given by, in units where M, =1 3!,

K() [e _K()_ 8/6& (5.5)

V2T eVEX _o4g,

31We will keep this convention for the rest of the chapter.
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Figure 5.1. Left: Plot of the parameters £ for various values of the coupling f. Right: Instability
parameter at CMB value &, for various values of f; from numerical simulations (blue dots) and their
numerical fit (orange). Both perfectly overlap with the analytical relation (5.6) in dashed green.

Now, using the definition of K (x) and f,, we find that & is approximately constant provided that
X2 \/glog (24€) ~ xE, and given by

4
3fx€h

£~ ~32.10-5 /21 2, (5.6)
An

which agrees with (3.61). Using the numerical method introduced in Sec. 4.3, we verified the latter
by solving the full system (5.3) without making the slow roll approximation and found the behavior
displayed on the left panel of Fig. 5.1, where we plot the parameter £ as a function of the number
of e-folds during inflation IV for various values of the parameter f; and A\, = 0.1. We see in the
figure that £ stays constant during most of the inflationary period and only increases at the end of
inflation. This behavior is in stark contrast to that shown in Fig. 4.4 for F(¢) o ¢. The fact that £
stays almost constant during the inflationary era provides confidence to analytically solve the EoM
(3.30), while its small variation provides a window for generating baryogenesis, as we will see later
on in this chapter.

To know how much £ does vary during the N, e-fold in inflation, we compute, using Eqs. (1.132)
and (1.133),

4

e p
((xE) =6 = 3 nB 1 (5.7a)
Hence e
_ o HE W,
Se _Poe T s, (5.8)

f* 6 -1
this ratio being insensitive to the value of N, up the second digit. Notice that it does not contain
the self-coupling Ay, nor f.

In conclusion, we see that the instability parameter £ is flat, regardless of when the simulation
begins or on the chosen value of fj,. Only at the very end of the simulation does £ deviates from its
constant value. In fact, if we plot how this constant value changes with the parameter &, we find
a perfect agreement between the numerical calculation and the analytical one (5.6), as we can see
in the right panel of Fig. 5.1, where we plot £, as a function of f; for the different estimates. The
case of a constant £ is suitable for the following scenarios as they both have been studied with this
assumption:
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e Absence of the Schwinger effect, i.e. ¢ >~ 0. One possibility that can guarantee this result
would be a dynamical mechanism such that all fermion Yukawa couplings at the inflation scale
are O(1), so that the criterion (4.11) is not met anymore, and after inflation they relax to the
physical values which correspond to fermion masses and mixing angles. A possible mechanism
described in App. B appears if flavor is explained by a Froggatt-Nielsen mechanism [187],
where the flavon field is coupled to the inflaton and gets a very large VEV of ~ h during
inflation, while the flavon VEV relaxes to its low-energy value when h >~ v.

e Presence of the Schwinger effect in the equilibrium estimate. In that case we redefine £ — &
with ¢ # 0 according to Sec. 4.2.1 such that Eq. (5.3b) becomes, in momentum space and
helical basis,

N+ k(k—2XeqaH) Ay = 0. (5.9)

At the end of this chapter we shall compute the baryogenesis parameter space in both cases accord-
ingly.

5.2 Constraints

5.2.1 Backreactionless consistency condition

In the absence of a backreaction of the gauge field on the inflaton EoM, the inflationary equation
(5.3b) with slow roll conditions reduces to 3Hx ~ —V’(x). Thus, in order to consistently neglect
the backreaction on the inflaton, we must simply enforce that, in the inflaton EoM, the RHS term
is negligible as compared to the kinetic term, i.e.

3Hx > K(x) g. (5.10)
fx

Using the result (3.39b) for G and the definition of £ given in Eq. (5.4), this condition becomes
45 e?rs .

where the spectrum of primordial perturbations, for around 60 e-folds before the end of inflation
(i.e. for x = x4) is Pclﬂ = H?/(2m|x|) = 4.7 x 1075 [22]. This leads to the upper bound &, < 4.74,
for which we can neglect the backreaction of the gauge fields on the inflaton EoM for the value of
the inflaton field x = x.. As we will see in the next section this condition is superseded by the
condition of non-Gaussianity effects.

We must however ensure that condition (5.10) is valid throughout the end of inflation. Using
the slow roll conditions, and the fact that, for our model, V'(xg) > V'(x.), we found a stronger

bound than the former one as Eq. (5.10) can be written as

V/Q
— 5.12
£9 < o (5.12)
which leads to &g < 6.45 (i.e. £« < 3.48), at the end of inflation.
Once the non-backreaction condition on the inflaton equation is satisfied, the non-backreaction
condition on the Friedmann equation

(E>+B% 63 H* , 5 )
S =gt (1) < Vs (5.13)

4¢

holds automatically. In particular the latter condition leads to £ < 6.55 (i.e. £ < 3.54).

~
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5.2.2 Non-gaussianity bounds for HI

As pointed out in Refs. [165, 166], even if the non-backreaction conditions are satisfied, the coupling
h2FF can generate cosmological fluctuations in the HI model. The perturbations on the inflaton
are obtained by replacing x (¢, Z) = x(¢) + dx(¢, Z), where x(¢) is the inflationary background and
dx(t, &) the fluctuation, see Sec. 1.2.3. The equation for the fluctuation is given by

0G

[ ” 0 7 (5.14)

— +3H— — V—2+V”(’)—I_(’g 5x = K(x)
o2 ot a? X Ix X =8

where K = K(x) and G = (E- B — (E- B))/a*.
The function K satisfies the condition K’ = 1/2/3K, while for our potential, during the infla-
tionary period, it turns out that V”(y) ~ —4/2/3V’(x). Then, the last two terms of the LHS of

Eq. (5.14) are
K’ 2 K 2
v Koo /2 (v' ; g) ~ —\/;V' ~ Y (5.15)

where we have made use of the non-backreaction condition (5.10). In this way the last term in the
LHS of Eq. (5.14) can be safely neglected.

The resulting fluctuation equation has been explicitly solved in Ref. [188], provided the backre-
actionless consistency condition of Sec. 5.2.1 is satisfied, as well as the correlation functions for the
curvature perturbations on uniform density hypersurfaces (¢, ¥) = —Hdx(t,Z)/x. A good fit for the
equilateral configuration of the three-point function yields the fit, valid for values 2 < & < 3 [18§],

equil _ 1.6 X 10716 (o
NL — 58.1

(5.16)

The current Planck bound on fl‘ffiu“ [167], ﬁfiu“ = —26 4 47 yields, at CMB scales, the upper
bound &, < 2.55, at 95% CL. A much stronger condition than that leading to the absence of
backreaction. Given that in our model the near constancy of & leads to the relation (5.8), the
non-Gaussianity bound translates in our model into the bound

¢p S ATL (5.17)

As already stated, all the calculations done in the absence of the Schwinger effect apply, in the
presence of the Schwinger effect in the equilibrium approximation, to corresponding bounds on the
effective parameter, i.e. {ogy < 2.55.

5.3 Baryogenesis

During inflation the Higgs background value is non zero, and so the electroweak symmetry is
broken, meaning we are producing ordinary U(1)gm magnetic fields. At reheating, h will drop to
its potential minimum at zero because of the sudden dominance of the thermal correction terms, and
we will recover the symmetric phase. This is a necessary requirement for a successful baryogenesis
as the helical fields participating in the chiral anomaly must belong to the unbroken electroweak
sector, see Sec. 2.3.6.

Thus, as the U(1)y helical magnetic fields participate in the baryogenesis process, while U(1)gm
helical magnetic fields are produced at the end of inflation, the projection of the latter on the former
must be taken into account with a factor

Ay = COS QW AEM7 HY = 0052 0W HEM . (518)
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because of Eq. 2.90c. The Z fields can also project onto U(1)y fields but, as stated before, we will
ignore this contribution as they were too heavy to be produced.

According to the anomaly equation Eq. (3.14), the sudden hypermagnetic helicity due to the
latter projection implies the creation of a B + L asymmetry that is rapidly washed out by the
weak sphalerons. So in the end, the scenario is the same as for the hypermagnetic field up a factor
cos? Oy in the available helicity at EWPT to feed into Eq. (3.18).

For this model we assume instant reheating [50, 138, 189], Ty, ~ Triﬁs, hence the ratio Ty, / Tri}?s
drops in Egs. (3.18), (3.73) and (3.79). However, in addition to their dependence on the gauge
sector observables, the quantities used in this section vary according to the quartic coupling A, as
& x )\,:1/2, see Eq. (5.6). Besides, the Hubble ratio at the end of inflation Hg ~ /V(xg)/3 also
depends on \j, as V does.

Hereafter, we will discuss the baryogenesis capabilities the HI model in three cases: the metric
formulation of HI, the critical HI model and the Palatini formulation of HI.

5.3.1 Metric Higgs inflation

As we have previously explained we will be agnostic about the mechanism stabilizing the Higgs
potential (see Sec. 2.3.5) and then just will consider the self-coupling A, as a free parameter. The
corresponding plot, for values 1073 < A, < 1, is shown in Fig. 5.2, for the backreactionless case
(left panel) and the Schwinger equilibrium solution (right panel), which shows that condition (3.18)
provides a wide window for baryogenesis (in blue). Then we display in orange the region where
RIE > 1, see Eq. (3.73a), and in green the region where Tcpr < 10° GeV, see Eq. (3.79). In both
plots the red region is excluded because of the CMB non-Gaussianity bound.
We can compute that in this scenario, the BAU is attained for values

3.6 < Ep <AL (5.19)

This range is the same for both the backreactionless and the Schwinger equilibrium case by con-
struction of the latter. However, because of the replacement { — .4, the relation between ¢ and
the couplings A, and fj, is different in both cases (this is why we showed two panels on Fig. 5.2).
These bounds correspond to the values

PE PB
1.4><1045F51.7><105 1.4><103§F§1.3><104
E E
2 G (5.20)
5.6 x 10> < — < 6.2 x 10* 8.4 x10° < = <9.3x 10*
~ H3 ~ ~ H4 ~
E E

5.3.2 Critical Higgs Inflation

Depending on the values of the Higgs and top quark masses, A; could remain positive until the
Planck scale, and such that A\, < 1 and B, < 1 (exhibiting a critical behavior) without any
need of new physics, see Fig. 5.3. In particular this should happen if the top quark mass is
my ~ 171.3 GeV [102, 190-192], which however exceeds its current value from direct measurements,
my = 172.76 £ 0.30 [12] by ~ 30. Those models initially proposed in Refs. [193-199] were dubbed
critical Higgs inflation (CHI) and in principle would not need any UV completion for the Higgs
potential stabilization.

Nevertheless, in view of the actual experimental values of the Higgs and top quark masses,
people have been proposing UV completions to change the size of the quartic g function, and such
that Ap, and S, , can attain a critical behavior for the values of the Higgs for which HI takes place,
and stay positive all the way down to the electroweak scale [200].
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Figure 5.2. The baryogenesis parameter space for the backreactionless (left panel) and Schwinger equi-
librium (right panel) cases. The red region is excluded because of CMB non-Gaussianity. We seek the
overlapping region between the first three ones. The condition on CPI temperature is no constraint since it
overlaps the entire region for np. Hence the tradeoff must be made between g and the magnetic Reynolds
number.
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Figure 5.3. Renormalization group running of the Higgs self-coupling for several values of the top quark
Yukawa coupling (top pole mass) and fixed 125.5 GeV Higgs boson mass. Figure taken from [192].

In all cases, for critical values of Ap, CHI has the advantage that the required value of the
coupling to the Ricci scalar &, as given by Eq. (1.137), is considerably reduced with respect to
ordinary HI. In particular &, < O(10) for A;, < 4-1078. For these reasons, we found it interesting to
show a wider parameter window of Fig. 5.2 that covers smaller values of the self-coupling parameter
An. We show, in Fig. 5.4, the overlapping region of Fig. 5.2 for \;, < 1 where all conditions are met
to successfully produce the BAU. As in this case, the Higgs self-coupling can be arbitrary small,
so we used the exact solutions (1.123b) and (1.125b) instead of their approximations (1.130) and
(1.131), with only minor differences.

5.3.3 Palatini formulation

In the Palatini formulation of HI, see Sec. 1.2.6, the inflationary predictions are different than those
in the metric one [201]. Hence we are interested here to see if baryogenesis can occur.
From the interaction term (5.2) and the definition (3.48), we can extract

cos? Oy h2(x) _ cos? Oy sinh®(v/E,x)

PO="0"" 71 e

(5.21)
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Figure 5.4. Region where the BAU can successfully be achieved, for a wider range of the parameters.

where we used Eq. (1.141a) in the second step. The parameter £ is given, using Eq. (3.49), by

- 4 cos? Oy
i

We remind the reader that this result is valid only in the slow roll regime.
Notice the important difference between HI in the metric and the Palatini formalisms:

(5.22)

e In the metric formulation, the parameter £ is almost constant, just providing the small growth
& ~ 1.84¢&, at the end of inflation, when the helical magnetic fields are generated relaxing
their helicity into the baryon asymmetry at the EWPT. Therefore the non-Gaussianity bound
on ¢ at the CMB, &, < 2.55 translates into the bound £ < 4.71 at the end of inflation.

e In the Palatini formulation, the parameter £ is exactly a constant throughout all the infla-
tionary period, in particular £ = £.. Therefore the non-Gaussianity bound at the end of
inflation is g < 2.55.

Given the baryogenesis window (5.19) we have found, this result means that while Palatini HI can
be a viable candidate to produce cosmological inflation, the magnetic fields produced at the end of
Palatini HI do not, however, have enough strength to generate the BAU.



Chapter 6

Combined Higgs — scalar field
inflation

In this last chapter, we combine three main ideas we already presented in this thesis to provide a
successful history of the Universe. They are the Higgs inflation model (Sec. 1.2.6) to which we will
add a new coupling, baryogenesis via chiral (hyper)magnetic fields (Chap. 3), and stabilizing the
SM Higgs potential by modifying the RG running of the Higgs quartic coupling (Sec. 2.3.5).

More precisely, motivated by HI we will here propose a model where the SM potential is simply
stabilized by a scalar field ¢ coupled to the Higgs, opening up the possibility of direct or indirect
detection at present (LHC) and future colliders. Moreover if the stabilizing field has a weak enough
self-coupling and is coupled to the Ricci tensor as oc g2 R, it can trigger cosmological inflation, as
the potential becomes flat in the Einstein frame, while the COBE normalization does not impose
strong constraints on the g coupling. Besides, in this theory the inflaton can couple to the Chern-
Simons component of the SM hypercharge and trigger baryogenesis via the production of helical
magnetic fields.

As the model utilizes many existing ideas, the consequence of each idea will be carefully ex-
amined to see how they interplay. Lastly, we will provide a successful parameter space for both
the inflation model and baryogenesis that also could be probed in the terrestrial experiments like
the LHC and electroweak precision constraints. In a devoted section, we will finally study from
the point of view of particle physics the phenomenological implications of a light inflaton, one the
possible outcomes of our model.

6.1 The model

As stated in the introduction, we will consider, on top of the Higgs field h, a new scalar state ¢
that couples to the Ricci tensor. Similarly to Eq. (1.112) with p = 2, we write the action in the
Jordan frame as
4 Mlzl g 2 1 4 1 4
S= | dxz\/—g _TR — §¢ R+ §8Hh8”h + 56,@8”(]5 —U(g,h) |, (6.1)

where U(¢, h) is the two-field potential, see below.

Notice that in this model we do not need to primarily introduce any &,|®|?R term, i.e. the
coupling leading to HI, see Eq. (1.126). Although a small value of the parameter &;, will be generated
anyway by radiative corrections [26], its effects on the inflation mechanism will always be negligible,
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even for values of &, ~ O(1). So for simplicity we are assuming &, = 0. This is a major difference
with respect to a previous attempt [202] of stabilizing the EW vacuum.

As we have seen for the non minimal coupling models of inflation in Sec. 1.2.5, because the
Ricci term is quadratic in ¢, g¢2R, the beginning of inflation will be controlled by the quartic term
)\¢qz54, which is the condition that guarantees a flat potential for large values of ¢. This corresponds
to the value p = 2 in Eq. (1.113). Therefore, in our model the Higgs field is not the only inflaton,
but a component of the inflaton system, as inflation is really driven along a particular path in the
two-field space, while its orthogonal direction has a strong curvature around its minimum, where
the field system is anchored. We will develop this point in the next subsections.

The potential in the Jordan frame is a function of the two fields ¢ and h, which for Planckian
values of the field ¢ can be approximated by the most general renormalizable polynomial satisfying
the Zy symmetry ¢ — —¢, softly broken by the mixing term ¢h?2, i.e.

1 1 1 1
U(¢,h) = Usm(h) + §m2¢52 + 5)\¢>h¢2h2 + 1)\¢></>4 - §M¢h2
(6.2)
1 1
USM(h) = — iﬂihz + 1)\0h4.

The first four terms of the potential U(¢, h) are indeed invariant under this symmetry while the last
term is a soft breaking that provides a correction in the one-loop 8 function of the Higgs quartic
coupling such that the EW vacuum can be stabilized, see Sec. 6.1.2. Such a coupling was already
pursued in Refs. [202, 203] and we will use it to constrain our parameter space.

We close the model presentation with a word on its parameters. Firstly, for large Higgs field
configurations we will be neglecting the mass parameter ,u,zl, as compared to the Ag term, in Ugyi(h).
Then, the parameters Ay, and Ay should be constrained by the slow roll conditions during inflation
to very small values Agp, Ay < 1, as we will see in Sec. 6.2. Their smallness is radiatively stable, as
can easily be deduced from their one-loop § functions,

Aoh 9 9
Bron = 1622 12X0 4 8Agn + 6Ag — (295 ng - Gy?)] o(t — to), (6.3a)
1
Br, = o7 (8A3), + 18X2)0(t — to), (6.3b)

where t — ¢ty = log(Q/m), and Q is the renormalization scale, see Sec. 2.3.5. The choice Agp = 0
is technically natural at one loop, as can be seen from Eq. (6.3a). For simplicity we will adopt
hereafter the value Ay, = 0. Moreover, from the amplitude of density perturbations, we will see
that typically Ay ~ 1072 (see left panel of Fig. 6.4), a value that is very mildly changed by radiative
corrections.

Before studying the inflationary dynamics, our aim is to study the two-fields potential at both
high energy ¢ > M,,/,/g and low-energy ¢ < My1/,/g scales to find some analytical approximation
that could simplify the inflation description.

6.1.1 Jordan frame

The action (6.1) is defined in the Jordan frame, and it is a valid framework provided that the field
¢ satisfies the condition ¢ < Mpy1/,/g. In other words, as we have seen in Sec. 1.2.5, no distinction
is needed between Einstein and Jordan frames at low-energy scales, when the coupling to the Ricci
tensor is subdominant. In this chapter, we hence refer to Jordan frame as the region where this is
the case and we will see that it encompasses part of the inflationary period, and in particular the
end of inflation. The trajectory of fields ¢ and h will proceed along the submanifold given by the
minimum of the two-dimensional potential surface, providing a relationship between both fields, as
anticipated in the last section.
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To find the relationship between both fields ¢ and h, along the potential minimum direction,
we will follow a general procedure summarized here. Given a potential V(z,y) of two fields = and
y, the contour lines corresponding to constant values of the function V' (x,y) = constant, satisfy the
relation dV = 0, which reads

ov ov dy oV/ox
v IV dy = Ja =% _ _
Ox do + oy dy=0 =Py dx ov/oy’

(6.4)

where, by definition, the function F[z,y] is the slope along the contour lines at the point (x,y).
We wish to find the direction y = f(x) that intersects orthogonally every contour line. The slope
of this line is obviously f’(z) and the slope of the orthogonal line is —1/f’(x), so the condition for
the orthogonal intersection is

Pz, f(x) = =1/ (@). (6.5)

The idea behind the regions is to divide the potential valley into segments where, approximately,
¢ = ah™. The regions are separated according to which term dominates in the potential. Hence,
we will find it useful to work with logarithmic variables

y = log ¢, x = logh, (6.6)

where the ¢ and h fields are considered in some arbitrary mass units, such that the relation between
fields translate into straight lines y = nxz + loga. Given the shape of our potential we find a unique
solution to (6.5) in each region.

The direction ¢ = f(h) that intersects orthogonally every contour line in the plane (h,¢) is
given by the solution to the equation

avV/oh h _ 1
V06 bl oy T

where Eqgs. (6.4) and (6.5) have been used.

Therefore, the trajectory in the (¢, h) plane is given by relation (6.7), which changes according
to the different regions of the potential that we will now introduce. This is validated by the plot of
the total potential exhibited in Fig. 6.1. In all cases, the valley acts as an attractor for the fields,
as explicitly shown in Ref. [202].

(6.7)

Hereafter, we will first carefully analyze the regions relevant after inflation, where the Einstein
and Jordan frames are approximatively equivalent.

Region A

In this region both fields take their maximum allowed values in the (approximated) Jordan frame,
and the potential can be approximated by the quartic coupling terms

1 1
UA ~ Z)\Oh4 + Z)\¢¢4 . (68)

The direction along the minimum can be found, after applying Eq. (6.7) to the potential (6.8), with
the function f(h) = (Ao/Ag) "1/ h, i.e.
RN
h= <4’> ¢ . (6.9)
Ao

We plot in Fig. 6.1 the complete inflationary potential in the Einstein frame (see Sec. 6.1.3) and
show the direction from Eq. (6.9) with a solid (green) line as specified in the figure caption.



150 CHAPTER 6. COMBINED HIGGS — SCALAR FIELD INFLATION
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Figure 6.1. Left panel: Contour plot of the potential V (¢, h) in units where My = 1 with Regions ©,
A and B and the corresponding minimum submanifolds. Right panel: 3D plot of the potential with the
same color code. We use the following numerical values: g = 0.01, m = 10'° GeV, \o = 0.23, 6» = 0.15,
Ay = 10712,

Its region of validity is then given by

1 1
M 24/2 2 2v/2 2
Mot 2oz 22 (B, bz 2 (B)°, (6.10)
V9 Ve \ o (AsAo) T \Ao
where we have defined the constant §, as
2
"
o= —. 6.11
AT om2 ( )
Along the minimum direction (6.9) the potential can be written, as a function of ¢, as
1 4
Ua(¢) = 5)\4@ ) (6.12)

which will be used in the next section to describe the end of inflation.

To make contact with HI results, in this region we can also use the Higgs field as the explicit
variable using the relation between the fields h and ¢ given by Eq. (6.9). This implies that the
Ricci term in Eq. (6.1) can be equivalently written as —£5 /2 h2R, with £5 = g1/ Ao/Ae. For typical
values of the parameters (e.g. g ~ 0.01, \g ~ 0.2, Ay ~ 1072 see Secs. 6.1.2 and 6.2), we get
& ~ 4 - 10*, which is the value required by HI, see Eq. (1.137). Moreover the potential (6.12) can
be written, using again (6.9) as

1
Up(h) ~ §>\0h4. (6.13)

This result shows how, in region A, the results of HI could be interpreted in our model with ¢ < 1,
being perfectly consistent with the unitarity condition ¢ < Ag.

Region B

In this region, where

A

: mShs

(6.14)

[\
=
3
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the potential can be approximated by

1 1 1
Ug ~ —§M¢h2 + §m2¢2 + onh‘*, (6.15)

which, using Eq. (6.7), has its minimum along the direction

_ - 3p Ip? 2X0 ) o
o= f(h) = ( gy + Toma + m2> h*. (6.16)

Direction (6.16) is shown in the potential plot, Fig. 6.1, with a solid (magenta) line. If we define
the coupling A as

A= Ao — 6y, (6.17)

in the limit A < 1 we can write the minimum condition as

o= /2 1 o) (6.18)
5 .
and the potential (6.15) becomes
1
Up ~ iAh‘l +0(\?), (6.19)

which shows that the effective quartic coupling in this region is given by A, instead of \g as written
in the original potential (6.2).

Region C

In this region v < @ = h < m, where v is the Higgs vacuum expectation value (VEV) and Q, the
renormalization scale, is here identified with the classical value of the Higgs field h. The field ¢
hence decouples and is integrated out as

_ M g2 6y /0 P2
o= 2m2h + O(h°) ~ 5 T (6.20)
which yields a potential
1
Uc ~ Zw‘ + O(h®). (6.21)

Notice that, to leading order, the solution to the equation of motion of ¢, Eq. (6.20), agrees with the
minimum condition in Region B, Eq. (6.18), which guarantees the continuity between both regions.
Moreover the stability of the potential in both Regions B and C is provided by the same condition,
A>0.

6.1.2 Stability of the potential

In Region C, h < m, the inflaton field ¢ is integrated out and the potential, as a function of the
Higgs h, is given by Eq. (6.21), so that the parameter A runs as the quartic coupling in the SM
potential, according to the SM [ function, BiM. In Regions B and A, h > m, the inflaton ¢
propagates and thus there is an extra contribution to the running of the parameter A as [202]

1
By =M + 530 BA+ )6 — o), (6.22)
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where 6(z) is the Heaviside function, equal to 1 (0) for z > 0 (z < 0), and ¢ — tg = log(h/m). The
parameter d, also runs with the renormalization scale as

1 (5,\(3)\4-25)\) e(t—t()). (6.23)

" o2

Bs,,

The extra contribution to the running of A in Eq. (6.22) can solve the Higgs vacuum instability
problem provided that:

e The inflaton mass m is smaller than the SM instability scale, Q; ~ 10! GeV.

e The value of J, at the scale @ = m, d,(m), is large enough in order to significantly change
the value of ﬁ§M.

Of course, smaller values of m (i.e. wider regions where ¢ propagates) allow smaller values of &) (m)
to satisfy the second criterion. Conversely, for values of m close to Qj, the minimum value of §y(m)
that solves the instability is a largish one.

Note that should we have, instead, considered in the starting action a linear Ricci term, goR,
and a quadratic, m?¢? inflationary potential, i.e. p = 1 in Eq. (1.112), one could also have achieved
the amount of flatness required by the slow roll conditions during the inflationary period, but the
size of the amplitude of density perturbations, now controlled by m and no longer by Ay, would
have yielded a value m > Qj, which is too large to stabilize the EW vacuum.

As we have seen, the condition for the stability of the potential is that the coupling A defined
in Eq. (6.17) is positive definite, A > 0. We have solved at two-loop the RGE’s of the theory for
the following set of values of the input parameters [204] at the pole top mass M; = 172.76 GeV,

g'(M,) = 0.358545, g(M;) = 0.64765, gs(M,) = 1.1618,

(6.24)
A(M,) = 0.12607, he(M;) = 0.9312.

In Fig. 6.2 we show the two-loop running of the parameters A and Ag for two extreme cases,
with a light (m = 1 TeV, upper panels) and a heavy (m = 10'° GeV, lower panels) inflaton. As we
can see typical values of §y are smaller for smaller values of m. We have chosen d) = 0.05 form =1
TeV, and §y = 0.15 for m = 101° GeV. In both cases the value of §x(m) can be tuned to smaller
values, such that the corresponding values of A at high scales are smaller. On the other hand, larger
values of §) are bound by imposing that the theory remains in the perturbative regime up to the
high scale. In particular we find for large values of m, m ~ Qy, that dx(m) < 0.35, while for m in
the TeV region, dy(m) < 0.2. The dashed lines in the left panels are the SM running, shown for
comparison. On both left panels, we can see that the condition 0 < A < 1 is satisfied while §) > A
at Q ~ Mpl-

6.1.3 Einstein frame

For values of the ¢ field such that ¢ > M, /,/g, we must redefine the metric and go to the Einstein
frame to recover the Einstein-Hilbert action for the Ricci scalar. To do so, we perform a Weyl
redefinition of the metric and follow the procedure presented in Sec. 1.2.5 with p = 2. We can
see from the second (dimension-six effective operator) term in Eq. (1.118) adapted to the current
model, i.e. 3@2%(8(;5)2, that the cutoff of the theory Ay is identified as Ay = M,1/g.

It has been proven in Refs. [44, 46], that there is no tree-level unitarity problem for the am-
plitude A(¢p¢p — ¢¢) as, in the Einstein frame, see Eq. (6.25), there appears the effective operator
¢2(8M¢)2/A3) that, upon integration by parts, gives, on-shell, the correction m?¢*/A2, and leads
to a four-point function that does not grow with the energy, and thus does not violate unitarity.
A similar result is obtained in the Jordan frame, where the amplitude A(¢¢p — ¢¢) grows, in the
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Figure 6.2. In blue, two-loop running of A (left panels) and Ao (right panels) for two cases. Top panels:
with m = 1 TeV, §x(m) = 0.05. Bottom panels: with m = 10'° GeV, dx(m) = 0.15. The green dashed line
is the SM running. In both cases one has Ao ~ §x for Q ~ M.

s-channel, with the energy, and behaves as s /A?S However, considering the cross channels, there
is a cancellation, and the four-point amplitude behaves as (s + ¢ 4 u)/AZ oc m*/A}. However, the
quick conclusion that unitarity is not violated at the scale A, has been challenged in Refs. [45, 46],
where it was pointed out that, in the Jordan frame, the above cancellation is very unlikely to appear
in loop-induced corrections to the same process ¢p¢ — ¢¢, leading to a cutoff at the value ~ 4mAg,
where a loop factor has been included. The observation is similar for higher order processes, since
e.g. ¢ — ¢¢ + neo has a cross section that scales as )\és"/z_lg”/Mgl, where Ay is the ¢ quartic

coupling. This indicates that the perturbative description breaks down for energies /s 2 /\;2/ "Ny,
which goes to Ay for large values of n. Similarly, in the Einstein frame, on top of the nonprob-
lematic effective operator ¢?(9,,¢)?, other higher order operators, e.g. ¢?(9,¢)?, are expected to be
generated by loop effects, and so are expected to trigger violations of unitarity beyond the scale
Ag. In view of these arguments we will conservatively consider in this chapter Ay as the scale at
which unitarity is violated.

Unlike the generic non minimal coupling model from Sec. 1.2.5, there are here two fields affected
by the Weyl transformation so that the (noncanonical) kinetic terms are given by

212
Lign = o + % f O ) 0,90 ¢ + 9<9uha"h (6.25)
2 M2 2
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leading to the action in the Einstein frame with potential
4 Mgl E 2
Sp = /d V=g |~ B+ L= V(©.h) |, V(g,h) =07(¢) U(e,h), (6.26)

where U(¢, h) is given by Eq. (6.2). The potential region where the values of the field ¢ satisfy the
condition ¢ > My/,/g is denoted as Region © and is explored hereafter.

Region ©

As just stated, Region O is characterized by the potential V' (¢, h) in the Einstein frame, i.e. Eq. (6.26)
for g¢? > Mgl, and a straightforward application of Eq. (6.5) shows that, using Eq. (6.7), the di-
rection along the minimum in the two-dimensional potential is given by

A 3
h? = My | =2 6.27
a (1) (6:27)
from where the function f(h) in Eq. (6.7) can easily be read out. Along this direction the potential
is
A M A
Vo(9) = ©%(9) 5 & <391 + ¢2) ~ 0%(0) 7 o', (6.28)

where again the last equality comes from the very definition of the © region. Notice that the values
of the field ¢ at the beginning of inflation, and in particular its value ¢, at horizon crossing of the
present Universe, belong to Region ©.

In Fig. 6.1 we plot the potential in the Einstein frame V (¢, h) for a chosen set of the param-
eters values, and we superimpose the lines of minimum submanifolds given by Egs. (6.27), (6.10)
and (6.16), for Regions ©, A and B, respectively. As we can see they intersect orthogonally, by
construction, the contour lines of the potential. In the left panel we plot the contour lines of the
potential and in the right panel the three-dimensional plot with the same color codes.

We can try to make contact with HI in Region O, as we did in Region A, using the Higgs field
h as the explicit variable, by means of the relation between the fields ¢ and h given in Eq. (6.27),
which we can write as
h4 _ 392)\0

90* = o~ with &g =
M Ag

. (6.29)

The Ricci coupling can then be written as —§@h4R/M§1, where £g ~ 3 - 107 by using the typical
values of the parameters, g ~ 0.01, A\g ~ 0.2, Ay ~ 107!? (see Secs. 6.1.2 and 6.2). Similarly, using
(6.27) we can also write the potential (6.28) as

—2
h Ao o h®
~ |1 — — — . .
Vo(h) <+f@M§1> T (6:30)

These two expressions show that our model, written in terms of the Higgs field, departs from the
conventional HI as it requires an effective dimension-eight operator for the potential which could
only appear when the Standard Model is completed by some UV theory, giving rise, after decoupling,
to higher dimensional operators.

6.2 Inflation

Inflation takes place only in Regions © (for \/g¢ > M), and A (for \/g¢ < M), thus we will
choose conditions (6.27) and (6.9), respectively, to relate h and ¢. In this case the kinetic term



6.2. INFLATION 155

(6.25) along the minimum direction can be written in both Regions © and A, as

e 9*¢°
‘Ckm = E

1+6
M3

© + Ag | 8,00" 9, (R=0,A) (6.31)

where AR corresponds to the (tiny) contribution of the Higgs kinetic term

Ao\ 2 My [ Ao \? Ao )2
Apr= (22 Ag = —2 .32
A ()\0) ) S (3ng> < (48)\0 (6.32)

and the last inequality comes from the condition ,/g¢ > M. Putting in numbers we obtain that
Apx ~ 107% and Ag < 1077, so that Ag can be safely neglected for numerical calculations in
Eq. (6.31).

As for the potential in both inflationary regions, ©® and A, using the previous results we can

write it as
2,0 1 4 co =1
Va(6) = en V(9), V(9) = 8%(8) 3 Ao 0", (633)
CA = 2
so that, in both regions, they only differ by a global factor. As the slow roll parameters do depend
on ratios of the potential and its derivatives, they will not depend on the global factor cg and can
thus be given a universal expression. So for the computation of the slow roll parameters we will
just remove the global factor cg and use V(¢) as the inflationary potential.
In the same way as we did in Egs. (1.121) and (1.122), we can now define the inflaton field x,
c.f. Eq. (1.121) with p = 2,

dx 6g>¢? _
PERLI (1 T e<¢>) = (o), (6.34)
which also defines the change of variable ¢ — x. In the last equality we defined the function f(¢)
which will soon be handy for the slow roll parameters. Solving the above differential equation gives
the approximation ¢(x) given by Eq. (1.123b) for \/g¢ 2 My, while for /g¢ < My, we get ¢ ~ x
as in this limit the Jordan and Einstein frames should coincide.

Although the slow roll parameters must be computed from the inflaton potential V (), we will
not need to use this explicit solution to obtain the inflationary parameters. Instead, we can keep ¢
as the explicit variable, since performing the change of variables (6.34) in the slow roll parameters
definition allows us to avoid making inevitable approximations stemming from the relationship
between the fields ¢ and x. Hence, we can keep the description of the model in terms of the ¢
field and the potential V(¢) given in Eq. (6.33). In this framework the slow roll parameters can be
written as [205]

2
_Tp V ) 2(¢), (6.35a)
VAO) 2y V) o
. A @) | (6:350)
() = M, “//(()f () (6.350)
VO V) o+ YD) (20 2 — o)
D s ro 0+ T e e - o).
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Figure 6.3. Left panel: ¢g, ¢« and x. in unit of My, as functions of g. The dark shading region violates
the unitarity bound ¢ < Mpi/g. The white area corresponds to Region A and the light shading one to
Region ©. Right panel: slow roll parameters evaluated at the beginning of inflation and their corresponding
observational bounds (dashed, matching color). The bound for €(¢.) is an upper bound.

where we dropped the index V from their definition in Eqs. (1.74), (1.75) and (1.76)32. Their
current observational bounds are given by Eqs. (1.91).

We should evaluate the slow-roll parameters at the field value ¢, = ¢(N,) with, recasting
Eq. (1.94),
1 (v

Mpl [032) 14 (¢)

Here ¢g, the value of ¢ at the end of inflation, is defined by the condition €(¢r) = 1 and can be
computed analytically. A plot of its dependence on g is shown on the left panel of Fig. 6.3. One
can evaluate the integral (6.36) to find

F2(¢) do. (6.36)

(L+69)(02 — 05) 5y, M + 993

N, —_—
2M§1 M§1 + 9¢2E

1
-3 (6.37)

and then solve it for ¢, = ¢(N,) 23. A plot of ¢., for N, = 60, and its dependence on g is shown
in the left panel of Fig. 6.3. The dark shading region is excluded as there ¢, > Ay = M, /g and
so there is a unitarity violation (see however comments in Sec. 6.1.3). This constraint provides an
upper bound on the value of the parameter g as g < 0.0508 34.

We display, in the right panel of Fig. 6.3, the functions €(¢.) and n(¢.) as functions of g. The
observational constraints (1.91) provide a lower bound on the Ricci coupling as g = 0.0096. When
combined with the upper bound from unitarity, the allowed region in the g parameter is given in

32We stress that the variable ¢ in these definitions must be the inflaton field with a canonical kinetic term, which
is not the variable ¢ here but x.

33We can solve Eq. (6.37) for ¢(N.) recursively, first ignoring the logarithm for the first iteration and then inserting
each solution into the next iteration (which this time contains all terms). The sequence converges quickly to the
exact solution. After 3-4 iterations the relative error is already ~ 103 at most.

34For g < 1 the cutoff Ay is trans-Planckian, and from Fig. 6.3 we can see that during inflation A¢ ~ 20 M,
which satisfies the so-called Lyth bound [206]. Such behavior induces non-negligible quantum gravity corrections to
the potential. However, the terms induced by quantum gravity effects are suppressed, not by factors ¢ /Mg, but by

factors V/M;)l1 and mZ/ME)l7 see Sec. 2.4 of Ref. [207]. Hence, as long as the inflationary potential takes sub-Planckian

values and m < My, (like in our model), quantum gravity effects are insignificant, regardless of the values of g or
Ag.



6.2. INFLATION 157

the range®
0.0096 < g < 0.0508. (6.38)

Finally we have found that, in the relevant region of the g parameter, the parameter £2 is [£2| ~ 1074,
well in agreement with the experimental range in Eq. (1.91).

For the allowed region of the slow roll parameters in Fig. 6.3, the cosmological observables, the
scalar spectral index, the spectral index running, and the tensor to scalar ratio given by Eqs. (1.93)
fall inside the experimental range given by Eqgs. (1.92). In particular, for the allowed range (6.38)
in the coupling g the theory predicts that

0.96448 < n, < 0.96695 (0.96783) (6.39)
—0.00063 < n!, < —0.00019 (—0.00005) (6.39D)
0.0467 > r > 0.0124 (0.00296) (6.39¢)

where the unbracketed RHS bounds come from the unitarity bound, while the bracketed ones come
from disregarding the latter in view of the comments in Sec. 6.1.36. As we can see, both predicted
ranges (with/without considering the unitarity bound) in (6.39) nicely fit inside the allowed range
in Eq. (1.92). These results also agree with those of model (n,p) = (2,4) in the recent work of
Ref. [209], where general inflationary models with nonminimal inflaton couplings to gravity have
been analyzed.

We now use the constraint on the amplitude of scalar fluctuations to find an analytical relation
for the inflaton self-coupling A4, since this quantity is obtained from the potential as

1 Vo (¢*)
AS = 6.40
247r2M§1 (o) (6.40)
where we are using as inflaton potential Vi, as the ¢, line in the left panel of Fig. 6.3 is inside the
light shading region, where the inflaton potential corresponds to that in Region 0, Eq. (6.33). We
can then compute Ay as

M2\

Ao = 9672 g* Ay e(6.) (1 + ‘3) . (6.41)
993

Using the observed value of A, from Ref. [22], A%* =2.2.1079, as well as the values of €(¢.) and

¢, from Fig. 6.3, we plot in the left panel of Fig. 6.4 the parameter Ay as a function of the Ricci

coupling g. Notice that inside the allowed region in Eq. (6.38) we obtain Ay ~ 1012 as postulated

when presenting the model.

Finally, we can compute the Hubble parameter (1.28) during inflation H(¢). From the Fried-
mann equation (1.11) we have that the energy density of the inflaton reads as p(¢) = 3M3 H?(¢).
Since we are assuming a slow roll evolution (1.73) of the inflaton, we can neglect the kinetic part
in the energy density and consider p(¢) ~ Vg(¢). Therefore in Region A, i.e. around the end of

350ne should worry about the stability, under radiative corrections, of such small values of the g parameter.
Contributions to the one-loop ¢, function, in the Ricci coupling (&5, /2) h?R, from the contribution of the SM fields
(top quark, gauge and Higgs bosons), have been computed in Refs. [26, 208] where it is shown that the renormalization
from the weak to the high scale of ¢4 is < 20%. In the case of our coupling (g/2) ¢?R, as ¢ is not directly coupled to
the SM fields, the g running between m and the high scales is suppressed by the mixing angle o between the fields ¢
and h (see Sec. 6.5), so that By >~ 20 (v2/m2)55h < B¢, - In this way the running of the g parameter can be safely
neglected.

361f we disregard the unitarity bound, see the comments in Sec. 6.1.3, there is no upper bound on g from obser-
vational constraints and the cosmological observables for larger values of g asymptotically go to the RHS values in
parenthesis.
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Figure 6.4. Left panel: The inflaton self-coupling Ay as a function of g. Right panel: The Hubble
parameter H at the end of inflation H(¢g) and for the number of e-folds N., H(¢.) as functions of g.
In both plots the vertical red lines show the range for g where the slow roll cosmological observables and
unitarity constraints are met.

inflation and, in particular, at ¢, Hg = H(¢g),

2\ 1
H(¢) = ]‘?\/AGT? <1 + Zf;) . (6.42)

For the value ¢ = ¢, in Region O, this further simplifies to

H, = H(¢.) = 2°/%n M/ e(p.) ASPs. (6.43)

We plot in the right panel of Fig. 6.4 the Hubble parameters at the end of inflation, i.e. for
¢ = ¢p, Hg, and at the beginning of inflation, for a number of e-folds N, = 60, H,. As we can see
from the right panel of Fig. 6.4, for the lower bound of g, g ~ 0.01, the Hubble parameter changes,
between ¢z and ¢., by one order of magnitude, from H, ~ 5.5-10'3 GeV, to Hg ~ 6.4-10'? GeV.
On the other hand, for the upper bound of g, g ~ 0.05, the Hubble parameter changes by a
little, from H, ~ 2.8 - 10'3 GeV to Hp ~ 102 GeV. As we can see, the absolute upper bound
on the Hubble parameter in our model is H, < 5.5- 10 GeV, or equivalently an inflation scale
Vé/ 4((b*) < 1.5-10% GeV, in agreement with the observational upper bounds given by Egs. (1.96).
Consequently our model, independently of the value of m, is a high scale inflation model, where the
Hubble parameter does depend on the value of g and is maximized for its lower bound.

6.3 Reheating

When studying non minimally coupled models of inflation in Sec. 1.2.5, we have found that the
potential (1.125b), i.e. V[p(x)] from Eq. (6.33), is equivalent to an a-attractor potential with
a=1+ é. Thus, the range (6.38) of the present model translates into 4 < o < 18. In Chap. 4
we have studied the baryogenesis and preheating capabilities of an a-attractor potential®” with
a = 1,50, see in particular Figs. 4.10 and 4.11. Our calculations have shown that the results in the
cases o ~ 4,18 are very similar to the case a = 1, therefore we can already make some conclusions
by retrieving the informations in the previous chapters. The first one is that in our model gauge
preheating does not occur and reheating should take place by perturbative decays of the inflaton

37The computations were done in the symmetric phase while here the Higgs VEV is non zero, but the results are
transferable since Zy ~ Zgn\, see Sec. 4.1.2.
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into the SM matter only. The second conclusion concerns the helical hypermagnetic field production
and will be addressed in the next section.

In Sec. 4.4.1 we have given some relations, see Eqs (4.66), between the reheating to instant
reheating temperature ratio, a quantity entering the baryogenesis parameter space, and the coupling
between the inflaton and the CS term fy. These were based on an inflaton decay to hyperphotons
whose rate is given by (4.61). In the present model however, the action (6.2) contains the interaction
term /8x/2m yh? which gives rise to the leading inflaton decay channel x — hh, with a decay
width given by [210]

(5)\ m 4m,2L

1-—=r 6.44
167 m2’ (6.44)

T'(x — hh) =

where m;, = 125.25 GeV is the Higgs mass. As the inflaton is stabilizing the EW vacuum (see
Sec. 6.1.2), which has an instability around Qr ~ 10! GeV, we can reliably put the upper bound
on mas m < Qp, and fix e.g. m ~ 510" GeV while 5y, < 0.35 on perturbative grounds (see
Sec. 6.1.2). This gives for the decay width I'(x — hh) ~ 3.5 - 108 GeV leading, using Eq. (1.97),
to a reheating temperature given by T}, ~ 1.6 - 1013 GeV, which corresponds to Trh/Tri}rl1S ~ 1072
On the other hand, the lowest bound on m, fixed by phenomenological considerations (see Sec. 6.5)
to m ~ 103 GeV, together with 5y < 0.2 (see Sec. 6.1.2) provides I'(x — hh) of a few GeV and
correspondingly Ty, ~ 10° GeV, which implies Ty, /T ~ 107%. Hence from now on, we will
consider the temperature ratio Ty, /TriflIS as a parameter of the model, which as we know is handy
for the baryogenesis and constraints calculations. We also stress that this ratio mainly reflects the
dependence of coming results on m, as just sketched above.

There are of course other channels that can contribute to I'y such as (4.61) but we have
already seen in Sec. 4.4.1 that this one is subleading with respect to the channel x — hh for the
relevant values of m and fg. In particular I'(xy — AA) ~ 107° GeV for m = 5-10'Y GeV, while
I(x — AA) ~ 1072 GeV for m = 103 GeV.

Moreover, there is a mixing angle a between ¢ and h (see Sec. 6.5), which is sizable for m ~
O(few) TeV, while of course is negligible for m > 1 TeV, given by sin o ~ v/25\v/m. This mixing
opens up the x decays into the SM channels, with a total decay width into all SM channels given
by I'(x — SM) = sin?a- T'(h — SM) ~ 4sin” @ MeV, in all cases subleading with respect to the
decay width I'(xy — hh).

Finally, the possibility that the Lagrangian in Eq. (6.2) could induce preheating by the explosive
production of scalar fields after inflation was considered in Ref. [185]. In this case, we can identify
the scalar fields of Ref. [185] with the Higgs field®® and this mechanism, if implemented, would be
more efficient than the perturbative production that has been considered so far in this section. First
of all, as we wanted the inflaton to stabilize the Higgs potential we have imposed the condition on
its mass m < 107" Mp). This means that during preheating the inflaton potential term i)\(z,qb‘l will
dominate the mass term $m?¢?, as Ay ~ 107'2 and ¢ ~ M. In Ref. [185] it was proven that
there are no runaway solutions provided that §y < Ag/4, and preheating imposes the mild condition
265 > (100m/¢g)” which is always satisfied as 100m/¢p < 1075 Still in the rest of the chapter
we will be agnostic about the (p)reheating mechanism and will consider the reheating temperature
Tin as a free parameter.

38The relation between the parameters g3 and gy in Ref. [185] and our parameters can be written as

Ao¢?
QS:\/25A%, Ix = =

m2
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Figure 6.5. The baryogenesis region. In the shading region the value of ng satisfies Eq. (3.18). We can
see that the dependence on g is tiny. Left panel: Schwinger maximal estimate. Right panel: Schwinger
equilibrium estimate.

6.4 Baryogenesis

In this section we will consider the generation of fully helical hypermagnetic fields that will be
transformed into baryon asymmetry at the EWPT. We need a source of CP violation and we will
assume, similarly to Eq. (3.20), the CP-odd dimension-five operator given by

S5 - / d'z ;J;Fwﬁw (6.45)

where by virtue of the minimum condition in Region A, Eq. (6.9), the Higgs background value is non
zero (it is anchored to the value of the field ¢), and so the electroweak symmetry is broken, meaning
ordinary U(1)gy magnetic fields are produced during inflation. At reheating, the Higgs VEV will
drop at its potential minimum because of the sudden dominance of the thermal correction terms,
and we will recover the symmetric phase. The ordinary magnetic fields are therefore projected
according to (5.18) to the hypercharge components where they survive until EWPT if the criteria
from the constraints discussed in Sec. 3.3 are met. A UV completion for the above interaction
within our model is provided in App. A.1.

We will be concerned by the last e-folds of inflation, corresponding to the inflaton value ¢ ~ ¢,
well inside Region A, with a potential given by Eq. (6.33). This is because we have seen in the
previous chapters that the modes that contribute the most to the plasma quantities, Egs. (3.39),
are generated near the end of inflation. This effect is even more pronounced since the instability
parameter & increases sharply at the end of inflation (see Fig. 4.4), which allows the magnification of
modes k after a time 7 such that |k7| ~ |2¢| ~ v/2¢/f,. Therefore, the differential equation (6.34)
admits the simple solution ¢ ~ x + O(g) and we can write the EoM for y as (3.44) with the
replacement ¢ — .

As an outcome, the results presented in Fig. 4.11 are valid for the present scenario. However,
in the following we will develop on this result for the actual model, by having a closer look at
the constraints. To do so, we choose for convenience to keep an analytical framework, i.e. we will
use the Schwinger equilibrium and maximal estimate (see Secs. 4.2.1 and 4.2.2) for the fermion

backreaction, since we have proven in Chap. 4 that the full numerical solution lies in between3?, see

39 Actually, the numerical results are in favor of the Schwinger equilibrium estimate (at least for fo $0.05 M)
but for completeness we will provide the maximal estimate as well.
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Figure 6.6. Ratio between the potential term and the backreaction term in the inflaton equation of motion,
see Sec. 3.2.3, for the range of values of g allowed by inflation. Solid lines are the maximal estimate while
dashed lines are the equilibrium estimate, after taking into account the Schwinger effect.

plots on Fig. 4.5. Moreover, we aim to show that the dependence on g of the baryogenesis result is
tiny.

Indeed, in Fig. 6.5 we show in the plane (fg, Trn/T'1), for both bounds on the allowed g range
given by Eq. (6.38), and for both Schwinger estimates for the magnetic fields, i.e. maximal (left
panel) and equilibrium (right panel) estimates, the region where the value of np satisfies Eq. (3.18),
taking into account the range in Eq. (3.19) for the quantity fp,, . As we can see from both panels,
together with the range (6.38) on the g parameter where inflationary conditions in Ref. [22] are
satisfied, there is an absolute upper bound on the parameter fy as fs < 0.25 My, for both Schwinger
estimates, corresponding to the reference (instant) reheating temperature where the baryogenesis
conditions are met. This result changes a little bit in the case of the numerical result for a = 1,
where we have f, < 0.1 My, see Fig. 4.11. Moreover, for the highest reheating temperature we
can get from our model of inflation, Ty, ~ 1072 Til*, the bound lowers to fs < 0.19 (0.17) M, for
the maximal (equilibrium) Schwinger estimate. For the numerical solution of Fig. 4.11, the bound
becomes f, < 0.06 My, We remind the reader that the value g = 0.05 corresponds roughly to
a~4.

As we know from Sec. 3.3, there are constraints that can further narrow the region of the
parameter space where the BAU can really be reproduced by our theory. Since the dependence on
g is tiny, we will from now provide the results for g = 0.05 only. We chose this bound as it is the
closest to the numerical solving of Sec. 4.4.2. Therefore, the parameter space reduces to (fg, Trn)-

For the Schwinger estimate to be valid, we must ensure that the self-consistency condition
|G/V'| < fo is met, see Sec. 3.2.3, where it was studied for the backreactionless case. Now taking
into account the Schwinger effect, the equilibrium estimate is obtained by the replacement £ — &4 in
the expression (3.40b), as described in Sec. 4.2.1. Hence, the consistency condition in the Schwinger
equilibrium estimate is given by Eq. (3.47) where £ — &g, i.e.

2 ppn < Vxe), (6.46)

a stronger condition than the one coming from the Friedman equation phy; < V(xg), but much
weaker than Eq. (3.47) where we were ignoring the Schwinger effect, since phy; < pem.

On the other hand, for the maximal estimate, a similar reasoning for the consistency condition
does apply to this case. Instead, we use the results from the end of Sec. 4.2.2, in particular
Egs. (4.27) and (4.28), where the total energy density is dominated by the energy stored in the
magnetic field, ppy >~ ppB,
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We display in Fig. 6.6 the quantity |G/(f,V')| as a function of fy for the range allowed on
the parameter g by the inflationary observables, using for G both the maximal and the equilibrium
estimates given by Eqgs. (4.22) and (4.24c). In conclusion, condition |G/V'| < f, is satisfied for:

> 1.9-1072 M, Maximal estimate),

fo 2 7.2-107* My, (Equilibrium estimate).

Moving to the MHD constraints, see Sec. 3.3.2, we conclude from the left panels of Fig. 6.7
that in our scenario RI" < 1, for the range of parameters that provides a successful baryogenesis.
We plot the value of R, at reheating in solid lines for the two extreme values of the parameter
Tin/THs = 1072 (blue color) and 107% (orange color). Thus, the plasma starts in the viscous
regime and the magnetic Reynolds number should be computed using Eq. (3.73a). Plots of R,
as a function of fy, are also shown in the left panels of Fig. 6.7 (dashed lines) for the same values
of the parameter Ty, / Triﬁs and the same color codes. We consider the Schwinger maximal (top left
panel) and equilibrium (middle left panel) estimates for the gauge fields. As for the bottom panels,
they display the numerical results from Sec. 4.4.2. In all cases we exhibit the regions allowed by
the baryogenesis constraint, which depend on the corresponding values of the parameter Ty, /T08,
using the same color code than for the different lines (both for R:" and R!) in the plot. Then even
if RIP < 1, at some later time 7 the plasma will eventually fall into the turbulent regime where
R. > 1, with an evolution given by Eq. (3.73b).

As we can see from the dashed lines in the left panel plots of Fig. 6.7 the condition R} > 1
is not satisfied everywhere in the region allowed by baryogenesis. Therefore, as summarized in
Fig. 6.8, the condition for magnetic induction dominance, R,, > 1, constrains the available region
from the baryogenesis window. Of course, once the condition RI? > 1 is satisfied (at the reheating
temperature), its value increases with time, see Eq. (3.74b), which guarantees that the condition
will be fulfilled until the EWPT.

The chiral plasma instability (CPI) constraint, see Sec. 3.3.3, is studied on the right panels of
Fig. 6.7. Here we show the plot of Tcpr as a function of f, for both the Schwinger maximal (top
panel) and equilibrium (middle panel) estimates, as well as the numerical result from Sec. 4.4.2
(bottom panel) and values of Ty, /T = 1072 (blue color) and 1075 (orange color). In each
plot, the region between the vertical bands is that selected by the baryogenesis mechanism for the
corresponding value of Ty /TriflIS with the same color code. As we can see from Fig. 6.7, the range
of values for Tcpy in the corresponding baryogenesis region is

10 GeV > Tgpr 2> 1073 GeV (6.48)

which then prevents the cancellation of any previously generated helicity. So, as we will explicitly
exhibit in Fig. 6.8, this constraint is satisfied in all the region provided by the baryogenesis condition.

Before summarizing these result, we finally have to ensure that the primordial non-Gaussianity
and the baryon isocurvature perturbation provide no constraint. Recasting Eq. (3.83), which we
adapt to the Schwinger estimates, as

geq/max o 1
tos 0 (6.49)

where {eq/max = eq/max (X&) is the value of the effective £ parameter at the end of inflation in the
equilibrium /maximal Schwinger estimate, one can compute corresponding upper bounds on &g /max,
at the end of inflation using the value of €(y.) from our model, see Sec. 6.2 and Fig. 6.3. For the
lower value of g allowed by the cosmological observables in our inflation model, g ~ 0.01, one gets
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Figure 6.7. Left panels: Plot of the electric (solid lines) and magnetic (dashed lines) Reynolds number
at reheating as a function of f, for different values of Trn/Tir* = 1072 (blue color) and 107% (orange
color). The ranges of successful baryogenesis for the different values of Ty, /T'1S are displayed here by
the vertical bands, whose colors match the corresponding lines color. We see that the production of the
helical magnetic fields at reheating always occurs for R < 1 but not necessarily for R,, > 1, in the
correct baryogenesis region. The latter condition must nevertheless be met for successful baryogenesis,
which reduces the parameter window mainly (but not only) for high reheating temperatures. Right panels:
Plot of the Tcpr temperature. In the baryogenesis regions we always have Tcpr < 10° GeV. Top panels
correspond to the Schwinger maximal estimate, middle panels to the equilibrium estimate. In the bottom
panels we display, for completeness, the numerical result for the a-attractor potential from Sec. 4.4.2 with
a = 1. We recall that a value of g = 0.05 corresponds to a ~ 4, hence both scenarios are very close.

§eq/max S 47 while for the upper bound, g ~ 0.05, one gets {eq/max S 91. However those values of
eq/max are never reached in our model, as they would correspond to negligibly small values of f,
which are never met. For the case of the equilibrium estimate, this can be seen from the relation
between £ and & displayed on Fig. 4.1.
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Figure 6.8. Summary of constraints on baryogenesis for g = 0.05 (the dependence on g is tiny) in the plane
(fo/Mp1, Tin/T'ES). The considered constraints are on np (blue area), on the magnetic Reynolds number
(orange area) and on chiral plasma instability (green area). We are looking for the overlapping region.
On the left side of each plot, the black band displays the region where the backreaction of gauge fields on
the inflaton can no longer be neglected. Left panel: Schwinger maximal estimate. Right panel: Schwinger
equilibrium estimate. The equivalent plot for the numerical result with the a-attractor potential can be
found in Fig. 4.11.

In conclusion, in the presence of the Schwinger effect the produced gauge fields are never strong
enough to trigger non-Gaussianity in the distribution of the primordial inflaton fluctuations, in
good agreement with present observations. In other words, the model prediction in the presence of
the fermionic Schwinger currents is foI™ ~ 0 and so we will not consider this constraint further.

Finally, in Sec. 3.3.5 we have computed the baryon isocurvature perturbation for the plasma
quantity in the backreactionless scenario, where they depend exponentially on 27€. We have found
that the bound given by (3.84) was largely satisfied. It is thus even more so if the fields are damped
by the Schwinger effect, so this constraint does not need to be taken into account any further.

To conclude on baryogenesis, we show on Fig. 6.8 the parameter space of all the aforementioned
constraints, where we removed the dependence on g as the results are not sensitive to it, preferring
to choose the value g = 0.05 in the allowed range from the inflation model.

From both plots we can conclude that the CPI constraint is satisfied in all the regions where
the constraint of having enough baryon asymmetry np holds. On the other hand the constraint
from the magnetic Reynolds number is effective for the case of the Schwinger maximal estimate,
by cutting off the larger available values of the parameter f4 for every value of Ty,. However, for
the Schwinger equilibrium estimate the magnetic Reynolds number constraint is effective for the
larger values of Ty, /70, by cutting off the larger values of the parameter f,, while for the smaller

T

values of Ty, in particular for Ty, < 51074 Triﬂs, it entirely covers the region satisfied by the

constraint on np. Finally, given the range m € [103,5 - 1019] GeV, for the corresponding range on
Ton/Tins € [1072,107°], we get the available (approximated) regions, for g € [0.01,0.05],

The condition on the nonbackreaction of the gauge fields on the inflaton (see Sec. 3.2.3), dis-
played by the black bands, becomes a constraint only at low temperature, Ty, /71 < 2-107° (3-

107°) for the Schwinger maximal (equilibrium) estimate.

fo/Mp € [0.14,0.17] for Tpn/THS =102

) ) i 6 (Maximal estimate),
fo/My €[19-1072,2.8-1072]  for Tp/Ti =10~

fo/Mpy € [4.1-107%,0.13] for Ty, /TS =102

4 ) - 5 (Equilibrium estimate).
fo/My € 72107, 1.1-1072]  for Tpn/Ti =10~
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These results are to be compared with the numerical case, see Fig. 4.11, which were in favor
of the range 0.030 My < fp < 0.044 My, for Ty, ~ 1072 Ti while there were no allowed ranges
for Ty, ~ 107¢ T1s for the studied values of f;. However if we accept an extrapolation from the
numerical plot, and by comparing with the equilibrium estimates, we can guess that there could
be a range for fg ~ 1073 M1, especially since the window for n7p becomes unconstrained for values
fo $0.01 Mp;. We leave the confirmation of this intuition for future work.

6.5 Some phenomenological considerations

In some chaotic inflation models, the mass of the inflaton is constrainted to a high value because of
the observational constraint on the scalar perturbations amplitude. In our model, though, we have
two terms in the inflaton potential: while inflation is controlled by the quartic term, dominant at
Planckian scales, the quadratic one controls reheating and low-energy physics. Thus the value of
the inflaton mass is decoupled from the inflationary dynamics.

In previous sections, we have considered on the one hand the upper value of the inflaton mass
as m < Qp, small enough to solve the instability problem of the Higgs potential, and on the other
hand we have roughly imposed m 2 1 TeV on phenomenological grounds for the theory to not
be excluded by present experimental data. In fact, an inflaton mass at the TeV scale could have
implications for low-energy physics. Therefore, in this section we will make some considerations
from the point of view of collider physics and the Standard Model in the presence of the inflaton
field with the interactions appearing in the Lagrangian (6.2).

6.5.1 The naturalness problem

First of all, our theory has two hierarchically separated scales, the inflaton mass m and the Higgs
mass my = 125.25 GeV, with m > my,. As such, the theory should exhibit a hierarchy problem,
which in general implies an unnatural fine-tuning of the parameters. In the absence of any symmetry
protecting the EW scale from the high-scale UV physics, one has either to accept the fine-tuning (as
it is customary done in non supersymmetric extensions of the SM) or to lower the value of the mass
m as much as possible. More quantitatively, the coupling in the Lagrangian u¢|®|? = /20,m|®|?
generates a contribution to the Higgs mass term ,u,% through the one-loop radiative corrections. In
the limit 4 — 0 (i.e. dy — 0), there is an enhanced Zy symmetry ¢ — —¢ indicating that any value
of u, as small as it can be, is natural in the sense of 't Hooft, since in this limit the symmetry
is recovered. Moreover, this coupling induces a correction to the parameter u7 in the Lagrangian
as [211]

2

O 2 log . (6.50)

Apd 2
Hn 8m2 mj

12

Naturalness would then require |Au? | < p? = m3 /2, which translates into the bound
m <12 TeV, (6.51)

where we have considered the typical value of the coupling dy ~ 0.1. This leads to the exciting
possibility of having an inflaton with an O(TeV) mass, which does not spoil naturalness, solve the
problem of the instability of the EW minimum, and has phenomenological implications for present
and future colliders.

6.5.2 The Higgs-inflaton mixing
Near the vacuum, the potential for the Higgs and ¢ fields is given by

1
V (g, @) = —/205 m $|®|? + §m2¢2 — 12D+ No|@[*. (6.52)
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The vacuum is defined as the solution to the minimum equations 9V/9¢ = 9V/Oh = 0, which
provides (h) = v = 246 GeV and (¢) = vy, with

wa =\, Y (6.53)

where the parameters dy and A were defined in Egs. (6.11) and (6.17), respectively.
In the presence of the parameter 0y, there is a mixing between the Higgs h and ¢ fields given
by the squared mass matrix at the minimum

2
M2 = (2()\4-6)\)0 265\ mv) . (6.54)

—/20\ mv m

This matrix is diagonalized by an orthogonal rotation with angle o 0 as

2
Ca S Cq —S m; 0
<;’ CC’) M? (S‘“ ) “) = ( 0 m%) : (6.55)
« « « (e} (b

such that the mass eigenstates are

h=coh+ 540, d=cad—Sah, (6.56)

and the mass eigenvalues are

mg~ 1 2 2 4
i, v 1 v v
2¢ =2+()\+5)\)m2:|:\/—()\—5/\)mZ+()\+5A)2m4

; (6.57)

m

In this way the physical mass eigenstate h is associated with the Standard Model Higgs, with
a mass mj = 125.25 GeV, while ¢ is the physical singlet, and both of them are coupled to the SM
fields through the mixing angle a.

Hence this theory predicts then the existence of a scalar ¢ that decays mainly into the channel
é — hh with a decay rate

4m?
— k= /28xca(l — 35%) 4 6542 (A+55)
m4

¢

(6.58)

v
)
m

which was (possibly) responsible for the reheating in Sec. 1.2.4. Contour lines of F(qg — ﬁﬁ) are
exhibited in the upper left panel of Fig. 6.9 in the parameter space (m,dy). As we can see, typically
the width of the resonance <;~$ is around a few GeV. As was already stated in Sec. 1.2.4, there are
also subleading decay channels into SM particles (X € SM), as ¢ — XX, induced by the mixing
with the Higgs, with very suppressed branching fractions
it v 7 - 2 1
B(¢—>XX):B(h—>XX)-Saﬁ (6.59)
¢

as I’ ~ 4c2 MeV in the SM, Iy~ ['(¢ — hh) ~ few GeV, so that sil"ﬁ/l"q; < 1

40We are using the notation cq = cosa, sq = sina, to = tana.
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6.5.3 Electroweak precision constraints

The doublet-singlet mixing can affect the electroweak precision observables (EWPO) through
changes in the gauge boson propagators. Explicit expressions for the modified scalar contribu-
tions to the W and Z propagators are given in Refs. [212; 213]. In particular the contribution to
the S and T oblique parameters from the new physics, AS = SNF — §5M and AT = TNP — 7SM
are found to be given by

2 1 m2 mg mg mg
AT ~ 3 57@ 772 log g 5 h 5 log 2h — (m;1 — m(z;) (6.60)
167 sW Cyy m3 —mZ mz o my —my miyy,
and 6 4 2 2
s2 | M3 — 9m; +3ms + 54 12m log( ms ) . A
AS = 2o AT = (1, = 1) (6.61)
h

where we are defining masses in units of myz, i.e. thx = mx/my.
The model predictions, Egs. (6.60) and (6.61), must be compared with the experimental values,
given by [214]
AT = 0.05 4+ 0.06, AS =0.0+0.07 (6.62)

and 92% correlation between the S and T parameters. This gives rise to a Ax?(m, dy) distribution,
which defines the allowed region in the parameter space (m, dy), exhibited in all panels of Fig. 6.9.
In particular we display, in orange shading, the region in the parameter space (m,dy) for which
Ax2(m,dy) < 5.99, that corresponds to the bound at 95% C.L. As we can see, for large values of
the parameter §, the lower bound on m can be near the TeV scale.

6.5.4 LHC constraints

In this section we will consider several constraints arising from LHC physics where we are led to the
exciting possibility to explore the inflaton sector at present and future high energy colliders and, in
particular, at the LHC.

The Higgs signal strength

From Eq. (6.56) we see that the coupling of the mass eigenstate h to the SM particles, is suppressed,
with respect to the coupling of the SM Higgs h, by the factor c¢,. Given that, the signal strength
modifier rf for a specific process i — h — f, is given by

ag; Bf

f 2
o= TR L2 (6.63)
(o) sm Bl

where o; is the production cross section for the initial state into h, and B/ its branching fraction
on the final state. For the last equality we have considered that the production cross section is
suppressed by ¢2 while the branching fraction is approximately equal to the SM one. Experimental
data from ATLAS [215] and CMS [216] provide the global values

r=1.11705 (ATLAS), r=1174+0.1 (CMS) (6.64)

which are consistent with a value of r =1 (the SM prediction) with ~ 10% error, thus providing a

lower bound on ¢, as
2
«

Vv

2 >0.9. (6.65)

For m > v the mixing angle is s, ~ /20 (v/m) < 1 so that the bound (6.65) is easily satisfied.
However for TeV values of m the bound (6.65) translates into a lower bound on the value of m.
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Figure 6.9. Contour lines in the plane (m/TeV,dy) of the decay rate I'(¢ — hh)/GeV (top left panel),
the quartic parameter at the weak scale A(mw ) (top right panel) as well as the Higgs trilinear (bottom left
panel) and quartic (bottom right panel) couplings normalized to the SM values with the regions of validity
defined by the signal strength modifier (6.65) (blue) and the constraints from the electroweak parameters
(6.62) (orange) superimposed. One should read the contour lines in black that pass through the overlapping
region, and hence satisfy both constraints. As discussed in Sec. 6.1.2, for m ~ O(TeV), to solve the stability
problem and after imposing that the theory remains in the perturbative regime up to the high scale, the
parameter 0 is constrained to be in the region 0.05 < dx < 0.2.

We shade in blue, in all panels of Fig. 6.9, the region in the parameter space (m,dy), where this
constraint is satisfied. In particular we see that, for 5 = 0.1, the bound (6.65) is satisfied for
m 2 0.4 TeV. For m ~ 1 TeV and §, = 0.1, the mixing is given by ¢2 =~ 0.988, which is not
excluded by the actual LHC data.

Trilinear and quartic Higgs couplings

As the light state h is to be identified with the SM Higgs, with mass my, = 125.25 GeV, for any
fixed value of the parameter §) the experimental value of the Higgs mass fixes the value of the
quartic parameter at the weak scale, A(my/ ), at a different value than in the SM case. In the upper
right panel of Fig. 6.9 we plot contour lines of A(my/) in the parameter space (m,dy). As we can
see A(mw) > Asm(mw ), and only for values of m — oo one recovers the SM value.

Moreover, the mixing of the Higgs with the singlet ¢ modifies, in the broken phase, the trilinear
A3 and quartic Ay SM couplings. Recent experiments on di-Higgs searches are putting bounds on

)\SM = 'U>\SM

these two parameters by looking for possible departures with respect to the SM values
and MM = Agy. In our theory the h-¢ mlxmg angle o generates such a departure. After going

to the broken phase by means of the shifts (;5 — qb + Vg, h—h+o (where 0 = cq v+ 54 v4 and
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Dy = Ca Vg — Sa V), and integrating out the field q[;, which yields the value

m

~ 5)\ 2 v B2
p=ca |\ =(1—3s)+3A+0x)SaCa—| —+ -, (6.66)
2 m
one gets the Higgs potential, in the broken phase,
7 e 73 Ly sy
where the ellipses are higher order terms, giving rise to powers h™ (n > 4) in the potential, and

>\+5A*ta 5Am‘|7
V2 v

M=+ A (—ch — 45t +4c252 + 2)oy

_ .3
Ag—CO"U

(6.68)

2
2 U

—61/20) c2sa(c2 — 252) (A + (h)% —18s2ct (A +6y) 5

The model can then, in the future, be excluded or confirmed by experimental data on trilinear
(and quartic) Higgs couplings data. Notice that in the limit m > m;, the mixing angle behaves as
Sa 2 /205 v/m so that A3 ~ /\§M and \q ~ )\EM 41 and the decoupling is automatic. We plot in
the bottom panels of Fig. 6.9 contour lines of the trilinear and quartic couplings, normalized to the
corresponding SM values, as functions of the parameters m and 6. At present, with 89 fb~! of LHC
data, the triple Higgs coupling has been constrained by the ATLAS collaboration to be As/ )\gM =
4.0793 ) excluding it outside the interval [3.2,11.9] at 95% C.L. [217], while the CMS collaboration
finds A\3/ASM = 0.6792, excluding it outside the interval [3.3,8.5] at 95% C.L. [218]. Theoretical
studies based on the HE-LHC at /s = 27 TeV and 15 ab~—! luminosity foresee exploring the interval
range A3/A\$M € [0.6,1.46] at 68% C.L. [219], while a future 100 TeV hadron collider could achieve
the trilinear coupling measurement within better than 5% accuracy [220], thus potentially imposing
strong constraints on m from the plots in Fig. 6.9.

Heavy Higgs production

Finally the state ¢ can be produced at the LHC by the same mechanisms of Higgs production with
a cross section given by
olpp = ¢+ X)=s20(pp — H + X) (6.69)

where H is a heavy SM-like Higgs with a mass equal to m. Using the results of inclusive cross
sections for o(pp — H) for the leading mechanism of gluon-gluon fusion (ggf) [221] we plot, in
Fig. 6.10, the cross section o447 (pp — (/;) as a function of m for two relevant values of the parameter
dy for m < 1 TeV and a center of mass energy /s = 13 TeV. Given that, as we have explained
earlier in this section B(¢ — hh) ~ 1, we can compare these cross sections with the SM cross
sections for di-Higgs production o(pp — hh) given by USE/JIC (hh) ~ 33.5 fb [222].

The predicted cross sections in Fig. 6.10 are compared with the present experimental upper
bounds at 95% C.L. on the production of a scalar field (q’;) which decays into two Higgs bosons,
from ATLAS with luminosities 27.5-36.1 fb~! [223] and CMS with luminosity 35.9 fb=! [224], at
present LHC center of mass energies /s = 13 TeV (see Fig. 6.10). We conclude from here that the

present lower bounds on the value of m are

m > 0.55 (0.7) TeV @ 95% C.L., for 6, = 0.05 (0.15), (6.70)

410f course, in the limit m > v, A =~ Agym as exhibited in the top right panel of Fig. 6.9.
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Figure 6.10. Plots of cross section o(pp — d~>) in fb for relevant values of §x = 0.05, 0.15. The dots (stars)
are the 95% C.L. upper bound from ATLAS [223] (CMS [224]), that bring the approximate constraint
m 2, 0.55-0.7 TeV, depending on the value of J.

while in the future much stronger bounds could be achieved.



Conclusion

In this thesis, we have explored how the SM Higgs sector, the inflationary paradigm and a specific
baryogenesis mechanism can interplay to provide a successful history of the Universe. In particu-
lar, we have studied the implications of an extra coupling, at leading order in the Lagrangian of
the Higgs/axion inflation to the Chern-Simons (CS) density, a quantity related to the gauge field
topological configuration. Such an interaction generates a (hyper)magnetic field that is maximally
helical at the end of inflation. If the helicity survives until the electroweak phase crossover, it can
be converted into baryon asymmetry thanks to the chiral anomaly of the SM. Soon after inflation,
the Universe reheats and a thermal plasma is generated by the decay of the inflaton into SM parti-
cles. Consequently, if the electroweak symmetry was broken because of the model-dependent Higgs
dynamics, it is restored until the EWPT by the appearance of thermal masses. Hence in that case
the helicity in photons gets transformed into helicity in hypercharge gauge fields. Otherwise, if
the physical Higgs has zero VEV during inflation, the produced hypermagnetic fields stay in the
symmetric phase until the EWPT at T ~ 160 GeV.

In any case, we must make sure that the helicity survives the various plasma effects between
these two epochs. As the Universe is cooling down from the reheating to the EW scale, the helical
hypermagnetic fields interact with the thermal plasma which, in turn, backreacts on the gauge fields.
This system can be described by the so-called magnetohydrodynamics (MHD) equations, in which
the physical quantities of interest (amplitudes, energy densities, correlation length, helicity and its
derivative) do not scale adiabatically in such an environment or, in other words, their comoving
quantities are not constant. Therefore, there can be a magnetic diffusion effect leading to the decay
of the helicity. If, on the other hand, the magnetic induction is the leading effect, then the helicity
can be conserved until the EWPT and the baryogenesis mechanism can take place. This effect
is measured by the magnetic Reynolds number, and it is a sufficient condition to require it to be
bigger than unity, at reheating, for the helicity to be conserved until the EW crossover.

In addition, we also have to prevent the baryon asymmetry generated alongside the helical
(hyper)magnetic fields at the end of inflation to get converted back into the gauge sector, as the
energy configuration is more favorable there, an effect called the chiral plasma instability (CPI).
Thus one must require that all the fermion asymmetry has already been washed out by the EW
sphaleron effect when the CPI can happen. The asymmetry in the left-handed fermion sector is
rapidly erased, but the right-handed ones are protected from the washout as long as their Yukawa
interactions are not in thermal equilibrium. Thus, by requiring that the CPI temperature is lower
than ~ 10° GeV, the temperature at which the Yukawa interaction of the last SM species enters into
thermal equilibrium (i.e. the right-handed electron), the CPI is avoided and thus the hypermagnetic
helicity survives.

Finally, we have verified that the non-Gausiannity issues, and the bounds on the baryon isocur-
vature perturbations, are no constraints on our models, as the amount of produced hypermagnetic
fields is too low.

The three Sakharov conditions for baryogenesis are met since: (7) the chiral anomaly in the SM
provides B+ L violation through helicity decay (source) and weak sphaleron interaction (washout),
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(i) the interaction term of the type F(¢)F,, F* is odd under CP transformation as ¢ is a scalar®?,
and, (i) although the EWPT is a crossover, both the B+ L source and washout processes become
inactive (i.e. they go out of thermal equilibrium) with different rates when the Universe undergoes
the phase transition. Therefore, after solving the transport equations system by also taking into
account the kinetic equations for all the SM fermion species with their Yukawa interactions, the
chiral magnetic effect and a time-dependent weak angle, it is found that a net baryon asymmetry
survives at temperature T' < 130 GeV [120, 121].

The amount of baryon asymmetry is proportional to the available hypercharge helicity during
the crossover. It is therefore essential to quantify it well, as the BAU can easily be under/over
estimated when the relevant plasma effects are ignored. It is in this perspective that we considered
the Schwinger effect, which is the damping of the gauge fields because of the fermion backreaction.
When exiting the vacuum, the gauge modes are strong enough to create particle/antiparticle pairs
of light fermions, which contribute to the electrical conductivity of the plasma. The backreaction of
fermion currents on the produced gauge fields acts as a damping force on the explosive production of
helical gauge fields. The latter significantly reduces the amount of electromagnetic energy and he-
licity generated at the end of inflation, as the exponential behavior of the backreactionless solutions
can be replaced by two polynomial approximations: the mazimal and equilibrium estimates.

This effect was already considered in numerous studies of inflation and/or baryogenesis, where
some analytical and numerical estimates were computed, mainly in configuration space. In addition
to these estimates that we used in our models, we have studied by means of numerical computations,
the effect of the Schwinger particle production on the helical hypermagnetic fields produced at
the end of inflation. Unlike the methods just mentioned, our calculation is done in momentum
space. The equations of motion are a nontrivial integro-differential system, numerically solved by
using a fourth order Runge-Kutta method, with details being displayed in App. C. The computed
observables of interest are the electric and magnetic energy density, the helicity, as well as the
helicity time derivative. We assumed a homogeneous inflaton with only zero mode, hence we did
not treat any spatial effects. We also ensured the convergence of the algorithm and its invariance
to the initial conditions.

First of all we have checked that we recover previous results in the slow roll inflation regime,
by making the same approximations required by an analytical resolution. In this way, we validate
our code, i.e. we verify that our code produces the right results in known cases such as the back-
reactionless case, where the Schwinger effect is turned off, and the gradient expansion formalism,
where the Bunch-Davies parameter A was first introduced.

In a second step, still in the slow roll regime, we considered a specific model of inflation, namely
the Starobinsky potential, in order to account for the instability parameter as varying function,
&(a), instead of the constant value imposed by the analytical approximations. That way, we could
also implement the effects of the function A(a) obtained from the plasma evolution on the gauge
production itself.

We then simulated, in a third step, the full system, where neither the slow roll conditions nor
the Universe geometry (e.g. de Sitter) are imposed. In order words, the inflaton equation of motion
was computed alongside the gauge one, taking the backreaction of the latter to the former into
account, along with the Schwinger effect. We compared our results to the previous setup, and
found perfect agreement as long as the slow roll conditions are met. When inflation is near its end,
the full solution diverges from the slow roll results and produces, as expected, less energy density
and helicity.

As our code is free from any geometrical issues, and only requires a model of inflation, we let
the simulations run until the onset of reheating, in order to compute the electromagnetic to total

42In the case of the axion inflation of Chaps. 3 and 4 , ¢ was a pseudoscalar, the interaction term ¢FH,}F‘“U is
even and CP is spontaneously broken by the background value ¢(t) which solves the inflaton EoM.
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energy density ratio. We choose two well-known classes of models that satisfy the cosmological
constraints as illustrative examples: the a-attractor and the hilltop models. Previous studies have
quoted a sufficient criterion for gauge preheating to happen, namely that this fraction should be at
least 2 80% [181]. However, our numerical estimates suggest that the Schwinger effect significantly
reduces the share of electromagnetic energy for the considered models, and gauge preheating is
unlikely to occur. Moreover, since we are neglecting all spatial effects, any negative statement
concerning the possibility of gauge preheating, due to the lack of electromagnetic energy, should be
considered as a conservative one. On the other hand, our results do apply to the considered class
of inflationary models. They show a certain degree of model dependence, so we cannot exclude a
qualitatively different result for models of inflation other than the considered ones. Of course, a
full lattice simulation of the Schwinger effect involving fermions remains to be done.

However, because of the considered scales, lattice simulations are defined when the particle
number is big, so they can only deal with classical fields. For fermions, the occupation number
never exceeds one, hence it is for now not known how to implement the fermion dynamics without
strong approximations. Still, an effective treatment of the conductivity, like that in this thesis, is
still possible. For instance, a lattice code has been publicly released recently: CosmoLattice can
simulate the dynamics of interacting scalar field theories with U(1) and SU(2) gauge theories in an
expanding FRW background [225, 226]. With an added modulus for axionic dynamics, a future line
of research would be to consider the local non-linear production of electromagnetic energy densities
and helicity for the CS coupling, along with an implementation of a local effective treatment of the
Schwinger effect.

Taking all these constraints into consideration, we have then studied two scenarios where baryo-
genesis occurs. The first one uses the well known Higgs inflation (HI) model, where the Higgs is
non-minimally coupled to gravity, while the second is a modification of it where a new state is
added with also a non-minimal coupling to gravity. In both cases, we found a sizable window in
the parameter space to achieve the BAU.

In the HI model, by adding a dimension-six CP-violating operator coupling the Higgs ® to
the hypercharge CS density, as \<I>|2FF7 we have proven there is an explosive production of helical
hypermagnetic fields which can produce baryogenesis when the helicity relaxes into the BAU at the
electroweak crossover. The parameter £ responsible for the energy transfer from the inflaton to the
gauge fields is almost a constant, due to the particular shape of the inflationary potential and the
coupling of the Higgs to the CS density, and we can thus fully rely on analytic approximations to
consider the gauge field solutions. We have also proven that the helicity produced at the end of
inflation satisfies the required MHD conditions to survive to the EWPT, and produce the observed
BAU, for a window of £ at the CMB scale given by

[ 1.96 < &, < 2.23 & 3.6 < &p < 4.1

thus satisfying the bound &, < 2.55 on non-Gaussianity.

In the above analysis we have worked out the metric formulation of gravity, and considered two
particularly simple cases: a) in the absence of Schwinger effect, and; b) in the presence of Schwinger
effect. We have treated case a) by assuming that the SM flavor problem is implemented by means
of a Froggatt-Nielsen (FN) mechanism, in the special case where the flavon field is coupled to the
inflaton. As a consequence of this coupling, during inflation one can easily impose the condition
that all fermions are heavy (say as heavy as the top quark) in such a way that the Schwinger
conductivity, which is exponentially suppressed by the fermion mass squared, is negligible and the
Schwinger effect turns out to also be negligible. After inflation the flavon field relaxes to its usual
minimum, which can describe all fermion masses and mixing angles at the electroweak scale. The
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details of the mechanism are described in App. B. As for case b), in the presence of the Schwinger
effect, we have taken advantage of the (almost) constancy of the parameter £ to use the simple
Schwinger equilibrium approximation, which simply amounts to a redefinition of the £ parameter.
In all cases we have extended our calculation to the case of critical Higgs inflation and found that
for values of the quartic Higgs self-coupling < 10719, the coupling 1/f, of the Higgs to the CS
density (h?/f2)F,, F* can be < Mrﬁl in the weakly coupled region.

We also have considered the Palatini formulation of gravity. In this case the equations for the
change from the Jordan to the Einstein frame are analytic, as well as the inflationary potential,
and the relation between the inflaton y and the Higgs field h. As a consequence of the shape of
the inflationary potential, it turns out that in this model the parameter £ is exactly a constant,
i.e. & = &g. In this formalism helical gauge fields can still be produced, however the bounds on
non-Gaussianity impose that its production is not as explosive as required to trigger electroweak
baryogenesis, which is then forbidden in this model. It was already known that the two formalisms
of gravity, the metric and the Palatini formulations, were leading to different inflationary predic-
tions. In this work, we have also proven that they behave differently concerning the baryogenesis
capabilities of the helical gauge fields produced at the end of inflation.

There are a number of physics problems that are left open and deserve future analysis, some
of them being related to the classical problems of HI. One of them is related to the stabilization of
the Higgs potential, its relation to the measured value of the top quark mass, and the possibility
of getting critical values of the Higgs mass at the inflationary scales. This problem is particularly
relevant in the case where the SM flavor problem is solved by a FN mechanism where the flavon
field is coupled to the inflaton, in the way we have described in the devoted chapter. This analysis
clearly requires a more detailed analysis of the renormalization group running in the presence of the
FN mechanism, working at the inflationary scales. Some comments on the effective, CP-violating,
operator given by Eq. (5.2) are also in order here. Recall that we get from Eq. (1.138) that
hg ~ 10*2Mp1 for A\, >~ 0.1, while the value of the scale f; which provides the BAU, from Fig. 5.4,
is such that the expansion parameter hg/fn, 2 O(1). For smaller values of Ap, characteristic of
CHI, we obtain similar results. For instance for A\;, = 1078, h ~ 0.6 M, and the value of f), which
provides the correct value of the BAU, is such that hg/fn, = O(1). As these values are at the
limit of validity of the effective theory, the UV completion should be such that higher dimensional
operators do not spoil the validity of the results. An example of such UV completion was provided
in Ref. [140].

Finally, we have explored the possibility of modifying the HI theory by means of the introduction
of an extra scalar field ¢, with the Ricci coupling (g/2)¢?R, and an interaction term p ¢h? to solve
the stability problem of the electroweak vacuum. Here, the Higgs field is not explicitly coupled
to the Ricci scalar and, although such a term is generated by radiative corrections, its effects stay
negligible. Both fields, ¢ and h, participate in the dynamics of inflation through the two-field
potential V (¢, h), which has the shape of a valley, along which they are related by simple analytical
expressions so that we can express one field in terms of the other. This allows us to define the true
inflaton field x as the one following the valley with a canonical kinetic term, although we kept the
description in terms of ¢ for mathematical convenience. A key point is that we have considered a
quartic coupling \,¢? for the ¢ field, and a squared mass m?¢?, such that inflation is driven by the
quartic coupling term, while reheating is driven by the mass term. The Lagrangian coupling u¢h?,
Oy = pu?/2m?, triggers a positive contribution to the 3 function of the Higgs quartic coupling such
that, if the mass scale m is in the range 1 TeV < m < Qy, where Q; ~ 10! GeV is the instability
scale of the electroweak potential, the instability problem of the electroweak vacuum can be solved
by roughly imposing the mild constraint 6, < O(1).

We find that the beginning of inflation ¢(N,) = ¢, (N, = 60) is mainly driven by the scalar
field ¢, and since the amplitude of density perturbations is fixed by the A4 quartic coupling (and
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not by the Higgs quartic coupling), the main problem of Higgs inflation is easily solved with g < 1.
On the other hand, the end of inflation (N ~ 0), where the hypermagnetic helicity will be produced,
is equally driven by both the scalar ¢ and the Higgs h quartic terms, so that the role played by
the Higgs field is relevant. Both regimes are separated, for g ~ 0.01 (0.05), by a critical value of
the field ¢./Mp ~ 10 (4), which corresponds to the critical number of e-folds N, ~ 12 (2). After
imposing the Planck and BICEP /Keck conditions on the slow roll parameters, and the unitarity
condition ¢, < Mpi/g (see however Sec. 6.1.3 for a nuance), we obtain the allowed interval on the
parameter g, 0.01 < g < 0.05, which translates into the prediction for the cosmological observables
in agreement with observations, and with a Hubble parameter almost saturating the Planck upper
bound H < 6-10'3 GeV:

0.965 < e < 0.967, 0.047 > 7 > 0.012, 5.5-10'% GeV > H, > 2.8-10'3 GeV }

By adding a dimension-five coupling between the scalar ¢ and the CS density, we can generate
maximally helical magnetic fields during the last e-folds of inflation, and baryogenesis at EWPT as
described earlier. This effective CP breaking operator can be easily obtained from a UV completion
with a CP-violating Yukawa coupling of ¢ to a hypercharged vector-like heavy fermion, as it is shown
in App. A.1. We chose again to keep an analytical description of the model, so for self-consistency
we have to make sure that the gauge field backreaction on the inflaton is negligible. We have found
a critical value of the coupling strength of ¢ to gauge bosons in the CP-violating operator, fg, such
that this is the case for fy 2> fg- The field ¢ is thus weakly coupled to the gauge fields and the
Universe reheating proceeds by the perturbative decay of the inflaton into SM particles (mainly in
a couple of Higgs bosons). In particular we find f§/Mp ~ 0.02 (7 10~%) for the Schwinger maximal
(equilibrium) estimate.

We have undertaken all constraints from previous chapters and considered both Schwinger ana-
lytical estimates, while making comparisons with the numerical results obtained from the Starobin-
sky potential, a very good approximation to our effective potential in the region where the magnetic
fields are generated. The value of the BAU generated at the EW crossover, g, depends on the value
of the reheating temperature Ty, and in particular on its ratio with respect to the reference instant
reheat temperature Ty, /T2 (here TS ~ 2105 GeV for the range of g allowed by inflation). We
have shown that all constraints are satisfied for a large range of the parameters f; and 7}, and are
insensitive to the value of the parameter g inside its allowed range from cosmological observables.
In summary, one has the ranges

fo/Mp1 € [0.14,0.17] for T /TS =102

Ly _2 . i (Maximal estimate)
Fo/Mp € [1.9-1072,2.8-107%] for Ten/T3® =10

fo/Mp € [4.1-1072,0.13] for Tw/Ti" =10""

=2 -2 : & (Equilibrium estimate)
f¢/Mp1 S [72 - 10 ,1.1- 10 ] for Trh/ rll?s —10

The complete available parameter region is summarized in Fig. 6.8. The bounds on the temperature
ratio come from the fact that reheating should proceed by perturbative inflaton decays. Then the
value of Ty, /T2 depends on the inflaton decay width I'y.. In this model the inflaton mainly decays
through the channel xy — hh, with a width which increases with the value of the inflaton mass m
and ranges in the interval 1 GeV < T, < 10° GeV, which corresponds to 1076 < Tpy, /T2 < 1072,
for 1 TeV <m < 5-10'° GeV.
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Notice that the fact that the inflaton potential has both quadratic and quartic terms allows us
to decouple the mass m from the actual value of the amplitude of density perturbations, which in
the absence of a quartic term would fix its value to m ~ 10'2 GeV (or smaller only at the price of the
introduction of a curvaton scalar), allowing any value m < Q; in order to stabilize the electroweak
vacuum. This is achieved by the contribution to the Higgs quartic coupling § function, provided
by the coupling dy in the Lagrangian term, /20, m ¢ |®|2. We have found, for the parameter dy,
the absolute bounds §y 2 0.05 in order to solve the stability problem and dy < 0.35 to not spoil
the perturbativity of the theory, although its particular range depends on the actual value of m.
Nevertheless, values m > my, create a naturalness/fine-tuning problem, essentially given by the fact
that a loop correction to the Higgs squared mass term ,u,zl appears. It translates into a fine-tuning
of the order of 47%/(6,p? log p?) where p = m/my,. While for §y ~ 0.1 and m = 10 GeV the
fine tuning is ~ 10714 (similar to the SM fine-tuning), and for m = 10 TeV it is ~ 0.01, there is
essentially no fine-tuning for values m < 1 TeV. This leads to the exciting possibility of a light
inflaton, which could possibly be detected by direct measurements at LHC and/or future colliders.

The key point here was that the Lagrangian term /20, m ¢ |®|? creates a ¢-h mixing, sizeable
for low values of the mass m, leading to interesting phenomenology for high energy colliders. In fact
all collider phenomenology is triggered by the mixing angle a. The mass eigenstates (d;, ﬁ), where
in particular i should be identified with the experimentally detected Higgs with a mass equal to
125.25 GeV, are related to the weak eigenstates (¢, h) by a rotation with angle a. This implies that
A(myy) is different from Agy(my) ~ 0.13, which leads to predictions on the ratios A3/ASM and
A1/ MM which could be probed by future experiments, as HE-LHC and/or a 100 TeV collider. The
mixing is already bounded by present ATLAS and CMS results on the SM Higgs signal strengths,
which provide the bound m 2 0.3 (0.45) TeV for 6, = 0.05 (0.15). It also generates a contribution
to the oblique electroweak observables, and yields, for e.g. §, = 0.15, the lower bound m 2 0.5 TeV.
Finally, the mixing is responsible for the inflaton production and decay. In particular gg — fzfz,
triggered by the coupling d,, is the main decay channel, while other decay channels into the SM
particles, via the mixing s, are subleading. The inflaton ¢ can also be produced mainly by the
gluon-gluon fusion mechanism through its Higgs mixing. Present data from ATLAS and CMS
translate into lower bounds m = 0.55 (0.7) TeV at 95% C.L. for 6, = 0.05 (0.15).

There are a number of research lines which could be safely explored in the future. First of all, we
have considered models of inflation based on the Ricci coupling >R, and a ¢ dependent potential
dominated, for large values of ¢, by the quartic coupling. These kind of theories, when considered
in the Einstein frame, naturally give rise, for large values of ¢, to flat potentials, appropriate for
inflation, without invoking any particular symmetry. It is clear that similar results could also be
obtained for theories with a Ricci coupling as F'(¢)R, and a Jordan frame potential behaving, for
large values of ¢, as U(¢) ~ F?(¢). In particular it would be interesting to see what kind of
theories would produce enough baryon asymmetry in the presence of a period of preheating, by
the nonperturbative production of gauge fields. A recent work [209] has already explored a general
class of inflationary potentials, and shown consistency with cosmological observables. In particular,
our model, labeled therein by (n,p) = (2,4), gives results for the cosmological observables, which
are in good agreement with this model. These general theories are therefore good candidates to
also generate the observed value of the BAU, provided they contain the inflaton coupling to the CS
term.

Moreover, at the level of particle physics, the possibility of producing and detecting the inflaton
at present or future colliders remains an exciting playground. In particular, future experimental
results on the production of heavy scalars coupled to the SM fields, or measurements of the trilinear
and quartic Higgs couplings by di-Higgs production, could start cornering the present theory and
put stronger bounds on the mass of the inflaton and its mixing with the SM Higgs.

Furthermore, the results from this thesis can be adapted to some other inflationary scenarios
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such as R? couplings. The reheating mechanism can (and should) also be studied in more detail,
as the inflaton decay rate is not a constant, contrary to what is often assumed. Besides, if we
manage somehow to have a spatial description of the equations of motion (e.g. by the use of lattice
simulations), we could make some predictions in the gravitational waves and primordial black holes
sectors. From the inflation model perspective, if the backreaction from the gauge fields on the
inflaton is strong enough, it can slow down its rolling regardless of the potential shape [134]. This
would enable an inflation model in agreement with the swampland criteria provided that py > pEm
during inflation.

Another possibility is to consider an inflaton coupling to a non-Abelian gauge group, such
as the CS density of SU(2). as F(¢)W;}VW““", instead of a U(1) coupling, to prevent a wild
electromagnetic contribution to the scalar perturbation. This idea is linked to the previous one
as it would provide another mechanism to slow down the inflaton despite its potential, this time
without the bound py > prm as here the inflation is driven by electromagnetism. Hence we could
have pgpm > pg without spoiling the scalar perturbations.

We close this thesis by mentioning that a study on the effect of a CS coupling with the Ricci
scalar, in R?-Higgs inflation, is in preparation [227]. More specifically the non-minimal couplings
in the action written, in the Jordan frame and in units where M, =1,

R -
(L4 ErR+ & |®%) + (D, @) D*® — U(®) | — —— Y, Y™

R
2 4fr

sz/d%\/fg[

induces in the Einstein frame, and in the unitary gauge, a two-field (h, ¢) inflationary potential
similar to the model presented in Chap. 6, as here we include both HI and R? non-minimal couplings.
Both fields are mixed through their kinetic terms, which induces a system of coupled EoM for both
of them and for the gauge field. The latter especially depends on both (h, ¢) fields time derivatives.
Some analytical approximation and/or numerical computation will hence be needed to obtain the
BAU produced via this mechanism.
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Appendix A

UV completions

A.1 Linear CS coupling

CP violation in our model is driven by the effective dimension-five operator

Spr = —/d% ¢ Y, YH (A1)
4fs
where Y* is the hypercharge field strength.
A simple UV completion generating such effective operator can be a massive (with mass M)
hypercharged vectorlike fermion ¢ with a CP-violating Yukawa coupling to ¢ as

L= (M + (Al $)op + hc. = —|Ay|é [cos Ot + sin Baiinse)] | (A-2)

where CP violation is induced by the angle 6. The CP-even ¢Y,,Y*", and CP-odd QSYWY"”,
couplings are generated by loop diagrams where the fermion 1 propagates in the loop and emits two
gauge bosons Y,
Feynman diagrams are finite and thus one gets f¢ o M. For maximal CP violation, i.e. 0 = +7/2,

only the coupling QSYW)}’“’ is generated such that

via the cos 8y and sin @, couplings in Eq. (A.2), respectively. The corresponding

Aylg”
M ~
472

fo=8-10" GeV [\y| (fs/Mp) - (A.3)

Stability of the inflationary potential

The UV completion here proposed could affect the stability of the inflationary potential through
radiative corrections in the high energy theory. In fact, the coupling in Eq. (A.2) provides a
correction to the 8 function of the coupling Ay, similar to the correction to the 8 function of the
Higgs quartic coupling B, from the top quark Yukawa coupling. This contribution comes from
the box diagram with four ¢ external legs, where the fermion v is exchanged, and the resulting
contribution to 3y, is given by

2/ Ay |4
ABy = — Ay

® 1672 G(tftM), t—ty :log(Q/M) (A4)

Notice that the correction given by Eq. (A.4) is negative, as it arises from a fermion loop, which
can lead the coupling Ay to negative values and thus destabilize the whole inflationary scenario, a
process similar to the destabilization of the EW vacuum by the loop corrections induced by the top
quark. It is then required to prevent such destabilization. A sufficient condition to not destabilize
the quartic inflaton coupling, without any tuning of parameters, is to impose |Ay| < )\;/ * which
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translates, using the typical value, from Fig. 6.4, Ay ~ 10712, into [Ay| < 1073, and so into an
upper value of the 1-mass as
M < 10" GeV(fs/My). (A.5)

Notice that in the limit Ay, — 0 the UV Lagrangian has the enhanced Zy symmetry, ¢ — —¢, and
thus any small value of A\, is natural in the sense of 't Hooft. For instance, values of Ay ~ 10712
would lead to values of M ~ O(TeV).

Naturalness problem

The UV completion brings a new naturalness problem as there is the hierarchy of masses M > my,.
In fact, the presence of the vectorlike fermion v coupled to the field ¢ through the coupling (A.2),
along with the ¢-h mixing generates the Lagrangian

L = Ay |8a hhivst + | Ay |ca & Pins (A.6)

whose first term provides at one-loop (for scales Q > M) a contribution to the mass parameter ui

as
2

1 M
2 2 2 772
App, 152 e A" M logmf}gl (A7)
which would require, for large values of M, a fine-tuning. In particular, the naturalness condition
Ap? < m3? /2 implies, for m ~ 1 TeV, the upper bounds on M and || given by

M < (7.6, 2.5,0.8) - 10% GeV, Ayl < (1,3, 10)-107°, (A.8)

where the values in parenthesis correspond to f¢, /M, = (0.1,0.01,0.001), respectively, and where
we have used §, = 0.15.
Of course the second term of (A.6) can create a second naturalness problem, as M > m by

radiative corrections providing a one-loop contribution to m% as

2

1 M
2, 1 2 205210, A
Am@; ~ 3 Ca [Ay|® M*1log 3 (A.9)
However, once we have solved the naturalness problem between M and my,, as m? > m3, the second
naturalness problem between M and m is automatically solved as, for all values in Eq. (A.8), it

turns out that Am?;/m2 ~ 0.4.

Cosmological problems

The Lagrangian (A.2) has the (¢ number) discrete Zs symmetry ¢ — —t making the fermion
cosmologically stable, inconsistent with direct Dark Matter detection, and possibly overclosing the
Universe. A simple way out is explicitly breaking the Zs symmetry. For instance we can identify
Y = F with a heavy vectorlike, SU(2) singlet, lepton E = (Er, Eg)T, with hypercharge —1, as
the SM right-handed leptons er,. We can then generate a tiny mixing of e.g. the third generation
leptons with E by means of the Yukawa coupling Yy

[,E:—MELER—YggLSHTR—YgZL3HER+h.C. (AlO)

The mixing in (A.10) generates a mass matrix as

(e B M (). M= (") (A1)
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where mg = Yzv/ V/2 is the 7-lepton mass in the absence of the mixing with the heavy fermion, and
m4 = YJv/v/2. One can diagonalize the mass matrix M with left and right unitary transformations,
with angles 6, and 0, respectively, as

o _ ( sinfr/r cosfp/r A12
My =U; MUg, UL/r (—cosGL/R sinf, ) (A2

In the limit M > mg, mf we get

. ms m32 . mams m2 — m#
Sm@Lﬁ]\j[lJr]\ﬂJr'“]» sinfp ~ ;’423 [14— 3M2 3 +} (A.13)
As a consequence of the mixing the mass eigenfunctions are shifted as
msms mams
TR — TR+ ]\3423ER7 Er — Egr— ]\34237'3, (A.14a)
m; m;
L= T+ ﬁ?’EL, E; - Ep — M?)TL, (A.14D)
and the mass eigenvalues as
B my my
m3—>m7—m3{1—2w+-~], M—)M{l+2M2+--~ (A.15)

by which the fermion E decays as F — Hr, as well as to leptons and gauge bosons through the
mixing with 77, and 7, as E — Wv, or E — 7Z, 7. These decays prevent the heavy fermion from
overclosing the Universe.

A.2 Quadratic CS coupling
In this appendix, we present a possible UV completion which gives rise to the dimension-six operator

1 |(I)|2 LY
that we are using to generate the magnetic field after the end of the inflationary period.
A very simple model consists of a complex scalar field S, a singlet under the SM gauge group,

which interacts with wa/’“’ via the dimension-five operator

L= i (e"S + h.c.) Y, Y*, (A.17)
where « is an arbitrary phase and fg is a mass scale. After decomposition of the complex field into
its real and imaginary parts, S = r + ia, this gives rise to the usual axial coupling (a/ fS)YWY/‘“’
for @« = 7/2, but of course the coupling can be much more general.

We will now consider a general renormalizable potential for the field S, with a coupling to the
Higgs doublet ® as

. 1
V(S,®) = —u(e"™S +h.c.)|®|* +m%|S|* + AsnlS]*|®|* + §A%|S|4 + Vam(®), (A.18)

where 4 > 0 is a mass parameter, m% > 0 is the (common) mass-squared of the real and imaginary
parts of S, and \g;, > 0, Ag are real couplings. The global invariance S — €SS, where g is an
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arbitrary phase, is explicitly broken by the first term in the potential (A.18) which then prevents
the appearance of a massless Goldstone boson if S acquires a VEV once EW symmetry is broken.

For momenta much smaller than mg, the field S is decoupled from the theory and can be
integrated out neglecting its kinetic term and simply using its potential. Minimization of the
potential (A.18) yields for

S = eS| (A.19)
the equations determining the minimum
0 = —«
pl@ = (m3 + Asn|®> + AE|S)?) |S]. (A.20)

A quick glance at eq. (A.20) shows that for © = 0 the only solution is |S| = 0. For p # 0 and
As, mg # 0 the solution, as can be seen from eq. (A.20), depends on two parameters,

Ag|S |2 o2
2551 _ pa2, ), =g 2 o = Aan i (A.21)
mg mgs mg mg

which can be solved analytically. For the validity of the EFT expansion, the parameters = and y
should be small. A power series expansion in  and y then gives

_ ey y* 3y®
151 _'um% 1+ 22 (1+x2)4+(1+x2)7+
Kis Kis
e 1—A5hm7%+@(l¢l4/m‘é) 7 (A.22)

and the term in eq. (A.17) at the minimum yields

ploP [ 1 y* 3y® 5
r_o K - |y, v
fomd [Tva?  (Tvad)t ' (ray ]
) 2 P 2 ~
= LB 1 0alZF - ogeptmy)| v (223
S S

Matching the leading term with eq. (A.16) we find

Similarly, the potential (A.18) at the minimum is given by

Vi e 1 y? y® Ve (@
(®) = m%' | [_1+az2 T (1+x2)7+”l + Vou(®)
.U2 4 |‘I’2 4/ 4 A
= —m%|¢>\ -1 +/\Sh—m% +O(|2*/ms)| + Vam(®P). (A.25)

Consistent with the condition z2,y? < 1, we will consider field configurations such that

Ashfs

2 g2 ASSS 14
T\qﬂ < M?, W|<I>| < M°, (A.26)

where we have used eq. (A.24). We are interested in field values up to |®| ~ M. The conditions
can then be fulfilled for example for Ag;, < 1 and p ~ fs < M. This ensures that higher-
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dimensional operators in eq. (A.23) of the form |®|?"Y,,, Y*” for n > 2 and corrections to Vi (®)
in eq. (A.25) are greatly suppressed. Moreover, as mg ~ M > Qr ~ 10711 GeV (see values of
M = fj, 2 1072 Mp; in Chap. 5) the coupling of the singlet S with the SM Higgs does not change
the instability properties of the SM Higgs vacuum.

Finally, note that a simple way of generating a term like that in eq. (A.17) is through the
introduction of a massive hypercharged vector-like (Dirac) fermion y with Yukawa coupling to
S [228] A = |\|e*, where 6 is an arbitrary phase, as was done in App. A.1. The corresponding
term reads

L = Ax5Sxr +h.c. = |A|[S][cos(0\ — a)xx + sin(0y — a)XivsX] (A.27)
where the EOMs (A.20) for the field S have been used in the second step. For the phase values
Or = a£7/2, eq. (A.27) yields

L = £[A|[S[xivsx - (A.28)
Through one-loop diagrams where a loop of x-fermions is exchanged and emits two photons, this
gives rise to the interaction in eq. (A.17) evaluated in the minimum in Eq. (A.20)%3.

43For arbitrary values of the phase 6y, the coefficient of the term Xx in eq. (A.27) does not vanish, and the
corresponding interaction would also give rise to the Lagrangian term |S|Y,, Y*¥.
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Appendix B

Froggatt-Nielsen mechanism in de
Sitter space

The Froggatt-Nielsen (FN) mechanism [187] is one of the simplest and most elegant solutions to
the problem of flavor for the SM fermions. The hierarchy of masses and mixing angles for quarks
and leptons can be explained by a global, generation dependent, U(1) symmetry under which
the fermions are charged. This symmetry is spontaneously broken by the radial part of scalar field
S = ge'?, the “favon field”, which is charged under the U (1) (with charge conventionally normalized
to -1) and which has a VEV, (¢) = v,. The breaking is communicated to the fermion sector at
different orders in the parameter A({c)) = (o) /M,, where M, is the scale of flavor dynamics, which
depend on the charges of the SM fermions ¢;, u$, df, ¢;, ef involved in Yukawa couplings.
If we denote the U(1) charge of the fermion f by [f], the Yukawa coupling matrices are given
by
Y~ Aail+lug] ydij ~ Aail+1d5] y;'j ~ N1+ e]] (B.1)

When the field ¢ is at its minimum, and provided that A(v,) ~ 0.2, of the order of the Cabibbo
angle, one can choose the U(1) charges such that the SM fermion mass spectrum and mixing angles
are correctly described. A simple example is provided by (see e.g. Ref. [229] for a pedagogical
introduction): [g321] = [u§21] = (0,2,4), d§51 = (2,2,3), [l321] = (2,2,3), [e521] = (0,2,4).
However the details of the model are not important for our argument here.

We will introduce a coupling between the flavon and the inflaton (Higgs fields) as |S|?|H|?, and
assume that the flavon field has a potential given, in the Jordan frame, by

U(0) = M (I8]? = v2 = Xo|H[?)? (B.2)
which corresponds, in the Einstein frame, to the potential
A (02 — 02 — Ixgh2)°
2
(1 %%)

where v, > v, so that at electroweak scales (h ~ v) the vacuum expectation value (o) ~ v,, which

V(o) = (B.3)

spontaneously breaks the flavor symmetry**.
At the electroweak phase transition, when the field o is at its minimum v,, and provided that
the flavor scale be M, ~ 5uv,, it is possible to solve the flavor problem for fermion masses. Moreover,

44 After the global U(1) symmetry breaking a (massless) Goldstone boson will remain in the spectrum. To avoid
phenomenological problems it is usually assumed that there is a small explicit soft breaking of the U(1) symmetry
giving a mass to the (pseudo) Goldstone boson. These model details are also orthogonal to our argument here.
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there is an extra quartic coupling for the Higgs field from the potential (B.2) which is negligible,
compared to the SM one, provided that A\jA3 < \p,, where \;, is the SM Higgs quartic coupling
evaluated at the electroweak scale. This condition can be widely satisfied e.g. for typical values of
the couplings

A1 =X =0.1 (B.4)

However during the de Sitter phase, things can be pretty much different. We will study the
possibility that at the end of inflation A({c)) ~ 1. In fact, at the end of inflation hr ~ 1072M,
and one can safely neglect v2 as compared to %)\Qh%, so that (o) ~ \/A2/2 hg, which dictates the
flavor scale M, by imposing the condition A({c)) ~ 1 as

A
M, ~ ?2 he . (B.5)

which yields, e.g. for the values of the couplings in (B.4), v, ~ 10! GeV.

Moreover, the condition for the de Sitter fluctuations to be suppressed, so that the field o stays
anchored to its minimum V' ((o)) = 0, during inflation V"'({¢)) > $H% [26], translates into the
condition \ ,

8 9
% > Hi (B.6)
(- 5)
P
which, using the value of hg above and Hgr ~ 2 - 103 GeV, yields the condition /A Ay > 1073,
which is satisfied for the choice in Eq. (B.4).

What are the implications of the above scenario for the conductivity in the Schwinger effect? As
we have seen the conductivity from a Dirac fermion f, of electric charge @) and Yukawa coupling

Y%, is exponentially suppressed as ~ e~ 4 where

272
77th

ORI (B2

and for Ay > 1 it does not contribute to the Schwinger effect. Now, considering, at the end of HI,
Ys ~ 1 and hg ~ 1072M,,, the condition for the fermion f to not create any conductivity, Ay > 1,
self-consistently translates into an upper bound on the generated electric field |E| in the absence of
Schwinger effect, as
HE Qg
The strongest bound is then provided by the leptons, for which |Q,| = 1 so that a (conservative)
safe bound for all charged SM fermions to not contribute to the Schwinger effect is £ < 105H%.
If we use the analytic expression for zero conductivity, pr = 63/(2'972¢3)e®™ H},, we get the
corresponding upper bound ¢ < 6.7, which translates into the lower bound on the parameter f, as
fn 2 0.0022M,.

(B.8)



Appendix C

Numerical code

On the following pages we display the numerical code we have written on Wolfram Mathematica
in order to simulate the fermion backreaction on the gauge plasma during and just after inflation,
see Chap. 4. In particular, we present the code for the a-attractor model that simulate the joint
evolution of the inflaton and the gauge beyond inflation to see the preheating possibilities of the
model. It is run in units of H(ag) where ag set the initialization time. The code for the hilltop
model is identical to the exception of the potential, ¢ some other functions declarations.

The displayed code is divided into three parts. First we specify which model is simulate by
means of the potential and we also define the slow roll parameter functions. We then compute ¢g,
¢« and A,. In a second part we declare the linear system (4.51) and the initialization function
for the inflaton and the gauge field (the BD vacuum) given by (4.44). Next, until the function
Monitor, we declare every variables used, in particular the ones we want to export for plots. These
are array that will be filled at each measurement function happening in the While time iteration
loop that follows. The latter consists of first the time stepping for the inflaton and every mode of
both helicity for the gauge field, then the computation of the plasma integrals and their storage.
Once the loop breaks, the data is saved on the computed memory for plots and later use.

All of this is embedded in a For loop over the parameter f; and it can also be for the parameter
«, here set to 1, or another one depending on the wanted analysis. Last, note that we have
voluntarily omit the code sections corresponding to importing and plotting the datas, are these are
already shown in Chap. 4 figures.
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Inflation potential

inf+1:= V¢

A% Mpleff?

1-Exp|-.,/—
[ 3a Mpleff

: 7 ]]2;

Mpleff? (D[V, ®1 ]2
€ = H

)

2 Vv
D[V, {¢, 2
n = Mpleff? DV, {9, 231 ;
Vv
3a 2
¢E := [ — Log[1+—] Mpleff;
V2 Nl
1 \"
int 1= —— Integrate[— , d:];
Mpleff? D[V, ¢]

N@E[a_] := (¢ » ¢E /. a > a) [2];

Nint[a_] :=1int /. a- a;

Nintg¢E[a_] :=1int /. ¢ > @E /. a > a;

Ng¢ast[a_] := FindRoot[Nint[a] - Nint¢E[a] = 60, {¢, 5}][1, 2]}

Asobs = 1.88 <107 ° Exp[2 < 0.078];

selfcoup[a_] := Quiet@FindRoot [
1 Vv

/. ¢ - Npast[a] /. a - al| == Asobs, {aA, 1}][[1, 213
24 52 efun[Ngast[a], a]

Vfun[x_, a_] :=V /. {a>a, ¢ > x};
dvfun[x_, a_] :=D[V, ¢] /. {a>a, ¢ > X}}
efun[phi_, a_] t=€e /. ¢ > phi /. a> a;
nfun[phi_, a_] :t=n/. ¢->phi/. a-a;

3 +[3alpha HE )
5

A selfcoup[alpha]?

aE

aendfun[a_] ¢

Printed by Wolfram Mathematica Student Edition
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Function to solve

. EB 4-F dvVfun[w, alpha]
inflatonf[a_, {w_, x_}, EB_, f¢_, H_, F_] := {x, - X - };

a2 H? f¢ a a2 H?
initialphi[a0_, af_, a_] :=

af
Quiete F'indRoot[N'int[a] - Nint¢E[a] == Log[—e] , {9, 5}] I1, 21;
a

modes[a_, {x1_,yl_, x2_,y2 },k_, & ,0 ,H_, F_] := {yl,
k k 1 o k k 1 o
— 2§-—]x1-—(—+2-F]y1,y2,-—[2§+— x2-—(—+2-F)y2};
a’H aH a \aH a’H aH a

initializationRe[a_, ax_, k_,A_, 0 _,H_] :=

(Y= cos[=- 2], axle\/g VK sin[= -2

| A Cos['_‘_i],_ A ﬁsin[f_i]_
2k a ax ax? H 2 a ax

initializationIm[a_, ax_, k_, A_, o_, H_] :=

(2 sinfs- X, 2 \/g WCOS[_-_] s['_‘i]]

ax?H

| >
(%)
)
=]
—
I x
I
| =
[a—
1
[
N>
(o)
[«
w0
—
I x
I
[E—
(%]
)
=]
—
I x
1
| =
[—
P
——

Code

fearray = {0.02, 0.05, 0.1, 0.15, 0.2};
alpha = 1;

na = 2000.;
naMD = 2000.;
saveevery = 5;
af = 50.;

SetSystemOptions["CheckMachineUnderflow" - False];
For[j =1, j < Lengthefgarray, j++,

f¢ = fearray[jl;

a0 = 10739,
nk = 300;
BDfac = 20;

Printed by Wolfram Mathematica Student Edition
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kc = 03
kmin = BDfac a0;

1
€= 5

V2 fo

kmax = & af;

o=0;
Mpleff = 1;
A = selfcoup[alpha];
phi@ := initialphi[a0®, 1, alpha];
dphio i= - dvVfun[phi@, alpha] :
3 a0
phi = {phi0, dphi0};

’ 1 \/Vfun[ph'io, alpha]
. Mpleff 3

.
b

(*WE SET THE SIMULATION IN UNITS OF Hx)
Mpleff = H';

phi = Mpleff {phi[1], phi[2] Mpleff’};
H=1;

F=0;

phidot = a® H phi[2];

b

. . Log@kmax - Logekmin
kdis = Exp@Range[Log@km'ln, Logekmax, ]
nk -1

xire = Tab'Le['in'it'ia'l.'izationRe[aO, p
BDfac

xiim = Table ['i nitializationIm [a@ s
BDfac

. . Logel - Log@a0d
time = Jo1n[Exp@Range[Log@a0, Logel, —] N
na-1

af-1
aMD

Delete[Range[l, af, ], 1] , {af + 1}];

sigma = {o};
PE = {0};

PB = {0};
pY = {0};
hel = {0};
EBi = 03

EB = {EBi};
cos6 = {0}
inDelta = 0;
A=1;

Delta = {A};

Printed by Wolfram Mathematica Student Edition

s ks 1, 0, H], (k, kdis}];

s ks 1,0, H], (k, kdis}];



Hubble = {H};
Ffactor = {F};

a0 phi[2]
2 Mpleff fo
xi={&};

phi[1]

inflatong = { {

cutoff = {0}
Stime = {a0};
Ekin = {};

Epot = {};
Boolkmax = True;
BoolE = True;

ai = a0y

i = 1;

Mon-itor[

While[ai < af,

h = time[i +1] - ai;

(*+ INFALTON #)

, —
Mpleff Mpleff?

phidot

}s

11 = inflaton[ai, phi, EBi, Mpleff f¢, H, F];

12

h h
13 = -inflaton[ai +—, phi+—12, EBi, Mpleff f¢, H, F] 3
2 2

14 = inflaton[ai + h, phi +h 13, EBi, Mpleff fo, H, F];

h h
inflaton[ai+-—, phi + — 11, EBi, Mpleff fo, H,F];
2 2

h
phi = phi+— (11+212+213+14);
6

phidot = ai Hphi[2];

ai phi[2]
2 Mpleff fo

(*+ GAUGE FIELD =)

spectrum = Transpose@ParallelTable [

kdis[n]
ax = —
BDfac

If[a-i < ax,

xire[n] = initializationRe[ai, ax, kdis[n], A, o, H]};
xiim[n] = initializationIm[ai, ax, kdis[n], A, o, H]};

b

(* REAL PART =)

11 = modes[ai, xire[n], kdis[n], £, o, H, F];

Printed by Wolfram Mathematica Student Edition
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h h
12 = modes[a'i +—, xire[n] + — 11, kdis[n], &, o, H, F];
2 2

h h

13 = modes[a'i +—, xire[n] + — 12, kdis[n], &, o, H, F];
2 2

14 = modes[ai + h, xire[n] + h 13, kdis[n], &, o, H, F];

h
xire[n] = xire[n] + — (11+212+213+14);
6

(* IMAGINARY PART =)
11 = modes[ai, xiim[n], kdis[n], §, o, H, F1};

h h
12 = modes[a'i +—, xiim[n] + — 11, kdis[n], &, o, H, F];
2 2
h h
13 = modes[a'i +—, Xiim[n] + — 12, kdis[n], §, o, H, F];
2 2
14 = modes[ai + h, xiim[n] + h 13, kdis[n], §, o, H, F];
h
xiimn] = xiimEn] + — (11 +212+2 13 +14)
6
E
{w
4 x?

1 kdis[ny* , 2 2 2
— ———— (xire[n, 11% + xiim[n, 1]° + xire[n, 31% + xiim[n, 31%),

kdis[n]?
———— (xire[n, 21% + xiim[n, 2]° + xire[n, 41% + xiim[n, 41°%),

ai4 4 n?

1 kdis[n]® | g . 2. 2 s 2

— ————— (xire[n, 11° + xiim[n, 1]° - xire[n, 3]* - xiim[n, 3]1%),

aid 2 n?
H kdis[ny®

T (»\/(xirel[n, 172 + xiim[n, 1]]2) (xirefln, 272 + xiim[n, 2]]2) -
ai 27

\/(X'ire[[n, 3]% + xiim[n, 3]%) (xirefn, 41% + xiim[n, 4]%) ),

H kdis[n]? X . .. ..
—— —— (Abse (xire[n, 1] « xire[n, 2] + xiim[n, 1] « xiim[n, 2]) +
ai? 2
Abse@ (xire[n, 3] <« xire[n, 4] + xiim[n, 3] « xiim[n, 4])),
kdis[n] (xire[n, 1]%+xiim[n, 1]° + xire[n, 31% + xiim[n, 31°%),
xire[n], X'i'im[[n]]},

{n, nk)];

If['i >2,
If[Boolkmax,
ai phidot
2 Mpleff fo *

ai phidot Y2 ai? (Ho- oldHoldo o o
oo, (L2 ) 2 (Ho-othotde o (o),
2 Mpleff f¢ 2 ai-time[i-1] ai \2ai

kc = Abse

)55

Printed by Wolfram Mathematica Student Edition



kc = 03

oldo = o}

If[kmin > kc,
intQuantity = {0, 0, 0, 0, 0}

c=0j3,
intQuantity = ParallelTable[NIntegrate[
Interpolation]
Transpose[{kdis, spectrum[i]}]
11k1, {k, kmin, kc}

1, {i, 5}1;
41 2 0.428 intQuantity[2]
o =ai ———— 2 intQuantity[2] Coth[n - ];
72 n? intQuantity[1]

E

EBi = intQuantity[4];
oldH = H;

o 1 (phidot? .
H = Mpleff — | —— +Vfun[phi[1], alpha] +
3 2

intQuantity[1] + intQuantity[2] +oldo 'intQuant'ity[[S]]]] H

o= 5

Tlq

F=Mpleff?H?

phidot? 2
—— + — (intQuantity[1l] + intQuantity[2] +oldo intQuantity[5]) |;
2 3

. . h o oldo
inDelta = inDelta + — + 5
2 (Htime[i+1]®> oldHai?

A = Exp[-inDelta];

If[Mod[i, saveevery] == 0,

If[kmin > ke,

cang = 03,

EB1
cang = Abse 5

2 «/1' ntQuantity[1] ~ intQuantity[2]
|E

AppendTo[Stime, ai];

AppendTo[xi, £];

Printed by Wolfram Mathematica Student Edition
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phi[1]
, —
Mpleff Mpleff?

phidot
AppendTo[inflaton¢, {

s

AppendTo[cutoff, kc];
AppendTo [Hubble, H];
AppendTo[Ffactor, F];
AppendTo[sigma, o]}
AppendTo[Delta, A];
AppendTo[pE, intQuantity[1]];
AppendTo[pB, intQuantity[2]];
AppendTo[hel, intQuantity[3]];
AppendTo[p¥, ointQuantity[5]];
AppendTo[EB, EB1i];
AppendTo[cos6, cang];

1 phidot?
AppendTo[Ek'in, - —];
2 Mpleff?
Vfun[phi[1], alpha]

Mpleff?

AppendTo[Epot,

|E

If[efun[phi[1], alpha] > 1&&BoolE,

E

'iE:'I;
aE = ai;
HE = H;

BoolE = False;
13

T4+

ai = time[i];

xire = spectrumf[-2];
xiim = spectrum[-1];

|E

s (o, 1}];

time = Stime;

{time, inflaton¢, Hubble, Ffactor,
xi, pB, pE, p¥, hel, EB, sigma, cose, Delta, cutoff} >>>
"Documents/Preheating/Datas/preheating-alphal-8f4-thesis-datal.dat";

E

Printed by Wolfram Mathematica Student Edition
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