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Abstract

Although the ΛCDM model is the most complete model of modern cosmology to date, it

still lacks a compelling description of the baryonic matter origin and of the cosmological

inflationary period. In this thesis, we study the implications of the inflaton coupling

to the Chern-Simons density in various scenarios, focusing on the role played by the

Higgs sector in the baryogenesis and preheating capabilities. At first, we focus on the

Higgs inflation model, as it relates cosmological observables to properties of electroweak

physics, which makes the Higgs a candidate of particular interest for the inflaton. Then

we propose a modified model of the latter, where the Higgs is combined with a new

scalar field. Both fields participate in the inflation process in a unitary theory that

predicts values of the cosmological observables in agreement with the results from the

Planck/BICEP/Keck Collaborations. From a phenomenological perspective, this model

can solve the Standard Model instability problem and, under some specified conditions,

lead to the prediction of a TeV scale inflaton that could be produced and detected

at the LHC. This model thus combines Higgs inflation, baryogenesis via production

of helical magnetic fields, and stabilization of the Higgs potential by modifying the

renormalization group running, to provide a successful history of the Universe.
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Conventions and abbreviations

• Unless otherwise specified, we set all the physical constants to unity

c = ~ = ε0 = µ0 = kB = 1.

• We use the Einstein summation convention between upper and lower Greek indices (running

from 0 to 3) and between letters from any other alphabet without any particular instructions.

• Bold characters stand for 3-vectors.

• We use dots to represent cosmic time derivatives and primes to represent conformal time

derivatives

ȧ ≡ da

dt
, a′ ≡ da

dτ
.

Primes are also used to denote the derivative of a function with respect to its prime variable.

This is most often the case for the potential

V ′(φ) ≡ dV

dφ
,

but it can be for any single variable function.

• The metric signature is (−,+,+,+).

• The function log denotes the natural logarithm, i.e. in the base of the mathematical constant

e = 2.718 281.... This is the same for the exponential function exp.

• We use the convention of Peskin and Schroeder for SM, hence the Higgs VEV is downstair in

the doublet and

Q = I3 + Y.
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Abbreviations used in this work

ALP Axion-like particles

ATLAS A Toroidal LHC Apparatus

BAU Baryon asymmetry of the Universe

BBN Big Bang nucleosynthesis

BD Bunch-Davies

BSM Beyond the Standard Model

CERN European Organization

for Nuclear Research

CDM Cold dark matter

CHI Critical Higgs inflation

CKM Cabibbo-Kobayashi-Maskawa

CMB Cosmic microwave background

CMS Compact Muon Solenoid

COBE Cosmic Background Explorer

CPI Chiral plasma instability

CS Chern-Simons

DM Dark matter

EFT Effective field theory

EM Electromagnetism

EoM Equation(s) of motion

EW Electroweak

EWPT Electroweak phase transition

FN Froggatt-Nielsen

FRW Friedmann-Robertson-Walker

GUT Grand unified theory

HE-LHC High-Energy Large hadron collider

HI Higgs inflation

IMF Intergalactic magnetic fields

IR Infrared

LHC Large hadron collider

LHS Left hand side

MHD Magnetohydrodynamics

MOND Modified Newton dynamics

MS Minimal Subtraction

MS Bare Minimal Subtraction

PT Phase transition

QCD Quantum chromodynamics

QFT Quantum field theory

RGE Renormalization group equation

RHS Right hand side

RK4 Fourth order Runge-Kutta

SM Standard Model

UV Ultraviolet

VEV Vacuum expectation value

WIMP Weakly Interacting Massive Particle



Introduction

The ΛCDM model is, today, the most elegant and complete model of modern Cosmology. It adds a

period of accelerated expansion prior to the Hot Big Bang model, called the inflationary paradigm

(or inflation), and postulates the existence of Cold Dark Matter that accounts for the dynamics of

large-scale structures. The theory of Big Bang Nucleosynthesis (BBN), accounting for the birth of

the lightest elements, is embedded in this model as well as the description of the Cosmic Microwave

Background (CMB) radiation. Moreover, associated with so-called dark energy, a tiny cosmological

constant Λ is also accounting for the actual accelerated expansion.

From the point of view of particle physics, the Standard Model (SM) of the strong and elec-

troweak interactions provides results and predictions that agree with all experiments, with tremen-

dous accuracy. But the SM is somehow postulating the existence of its content without giving

it an origin. Moreover, the SM is a quantum field theory based on a gauge symmetry group.

An unavoidable requirement from Noether’s theorem is then the existence of associated conserved

quantities called charges. Therefore matter and antimatter must come by the same amount. They

can annihilate each other leaving behind, if no dynamical process is present, either an exact equal

amount of matter and antimatter, or only radiation. The obvious existence of matter, compared

to the lack of evidence of antimatter, as well as the CMB analysis and the BBN constraints, drive

physicists to think of a dynamical process that creates a matter/antimatter asymmetry during the

early Universe, called baryogenesis.

For baryogenesis to happen, the Universe must contain a source of baryon number B, charge

conjugation C and CP violations, and provide an out-of-thermal equilibrium period when these

processes can generate an asymmetry in the baryon/lepton sector before freezing out. It appears

that the SM contains all the necessary ingredients, as the weak interaction couples only to left-

handed particles and breaks CP through the CKM phase. This chiral aspect of the model is, by

the same token, anomalous and violates the baryon+lepton number. Lastly, the Higgs mechanism,

which breaks the electroweak symmetry into electromagnetism, might provide the desired out-of-

equilibrium condition. However, even if all the ingredients for a successful baryogenesis model exist

in the SM, they are present in only very little amounts, as the electroweak phase transition (EWPT)

is a crossover and the CP violation induced by the CKM phase (or the Jarlskog invariant) is too

small. Therefore, most baryogenesis mechanisms rely on beyond the SM (BSM) extensions, for

which the EWPT might be strong first order, and have an extra source of CP violation.

The reluctancy of experimental data to confirm deviations with respect to the SM predictions

has motivated people to reanalyze many phenomena with SM tools as much as possible. This thesis

fits into this movement as we aim to explain the baryon asymmetry of the Universe (BAU), and

the inflationary period, by using as much of the Higgs sector as possible. Although this particle

was discovered at CERN in 2012, many of its properties remain unknown today, such as its high-

energy interactions. As we will demonstrate, some higher order interactions allow the Higgs boson

to be at the origin of matter in the present Universe. Even if our false electroweak vacuum is

metastable, with a lifetime much larger than the age of our Universe, should the Higgs participate

in the inflationary period we may want to solve the Higgs vacuum instability problem, which states
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that our current (low-energy) understanding of the Higgs interaction predicts a true vacuum of its

potential at an energy scale of ∼ 1011 GeV that could lead the entire Universe to an unphysical

phase. This is because when radiative corrections are considered in the SM effective potential, the

value of the Higgs self- (quartic) coupling becomes a function of the Higgs background and turns

negative at scale ∼ 1011 GeV, mainly through the contribution from the top quark. To prevent

such a behavior, one must introduce new high-energy physics in the Higgs sector.

In doing so we will bring inflation into the picture, as besides solving the flatness and horizon

problems of standard cosmology, the inflationary paradigm opens up a variety of possibilities for

new scenarios, as it requires BSM physics. First, cosmological inflation requires the presence of a

scalar field φ, the inflaton, with an appropriately flat potential. We will demonstrate that it can

generate the BAU with the appropriate coupling to the hypercharge Chern-Simons (CS) density.

When identified with the Higgs boson, it leads to models dubbed as Higgs inflation (HI) and we

will also provide conditions for baryogenesis in this framework. Finally we will present a modified

HI model where the SM potential is stabilized by an extra BSM field, inflation is realized and the

BAU generated at the electroweak crossover.

This thesis hence lies at the intersection between inflation, baryogenesis and Higgs physics,

which lines up in (p)reheating and low-energy particle phenomenology. While each component

has been previously explored and extensively studied, we have integrated these ideas within a

unified framework, the main goal being to establish specific constraints or predictions regarding the

baryogenesis capability in different models of inflation, all involving the Higgs field.

This thesis is divided as follows. In Part I we will review some aspects of theoretical high energy

physics, in order to set the framework for the subsequent chapters. In particular, Chap. 1 is devoted

to the standard and inflationary models of Cosmology, as well as some insights into the actual open

questions in the field, whereas Chap. 2 reviews the physics of elementary particles, the SM, the Higgs

vacuum instability, gauge field theory and axion physics. Our aim here is to be as comprehensive

as possible, without getting bogged down in detail, while focusing on the necessary aspects for

a proper understanding of the thesis. Over and above the necessary theoretical background, the

aim is to introduce the key topics, mainly the slow roll inflation paradigm, Higgs inflation, the

Sakharov conditions for baryogenesis, the SM chiral anomaly and its link with helicity and the

weak sphaleron.

In Part II we set the grounds for the baryogenesis mechanism used in this work. We will then

go into more detail, and be more technical. In Chap. 3 we show how helical hypermagnetic fields

can convert into baryon asymmetry during the EWPT, a crossover, and how these fields can be

produced during inflation assuming the appropriate couplings. Chap. 4 is devoted to the detailed

description of a major backreaction effect in the early Universe plasma thus produced, called the

Schwinger effect. In addition to some analytical estimates, we will present the results of our own

numerical simulations.

Finally, Part III brings everything together into the formulation of two models for baryogenesis

and/or inflation. In Chap. 5 we show that the helical gauge fields produced at the end of HI

from the dimension-six interaction between the Higgs and the CS density, lead to a window in the

parameter space for baryogenesis, as least in the metric formulation. This model still faces the

vacuum instability problem which, as said above, happens at a scale of ∼ 1011 GeV, much below

the values at which HI takes place, i.e. ∼ 10−2Mpl. Addressing this problem usually requires an UV

completion of the model which can modify the relationship between the low-energy and high-energy

SM parameters, and in particular the value of the quartic coupling at the inflationary scale.

With this aim in mind, we study in Chap. 6 a modification of the HI scenario where we introduce

an extra scalar coupled to the Ricci scalar and mixed with the Higgs field. The new scalar field

stabilizes the Higgs potential, provided that its mass is lower than the instability scale, triggers

cosmological inflation and, if coupled to the CS density, generates enough helical hypermagnetic
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fields to source the baryogenesis mechanism at EWPT. Finally, if the new scalar mass is at the TeV

scale, the mixing with the Higgs field becomes sizable while the theory turns natural. The latter

thus predicts modifications of the Higgs trilinear and quartic couplings, that could be explored at

the HE-LHC, as well as at future colliders, and allows for direct production at the LHC followed

by decay into di-Higgs. Present results from ATLAS and CMS already put (mild) bounds on the

mass of the heavy scalar as m & 0.55 TeV at 95% C.L.
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Part I

Framework





Chapter 1

Cosmology

Although the human species has always looked to the stars seeking an explanation of the observed

world, human thinking before the 19th century always led to cosmogony and mythology. Its desire

for knowledge, and its imagination were strong, but it was lacking observational resources. It is

possible to derive one of the fundamental equations of the Universe (the Friedmann equation) with

newtonian mechanics, but at the time of Newton the Universe did not have the same definition as

today, hence contemporary scientists had no clue about the framework, nor the observation, that

could confirm or reject their theory. Before the 19th century, the observations of many astronomers,

Galileo, Kepler, Copernicus, Halley, Messier, Herschel, etc., lead to the acceptance that the Universe

was roughly the size of the Solar system and later of the Milky Way, as the distance between all

visible objects in the sky was greatly underestimated.

It is at the beginning of the 20th century that modern cosmology was born thanks to two

revolutionary discoveries: one observational, the other theoretical. The second one is the theory

of general relativity published by Albert Einstein in 1915. It took many years for this theory to

establish itself and become one of the most important tools of modern science. But without the

other event, it would have remained confined to its use in the Milky Way, since it was always the

broadest framework that physicists could think of. The first confirmations of general relativity

actually occurred on the anomalous perihelion advance of Mercury.

On the other side, the astronomical community was faced for several decades with an important

debate on the subject of nebulae. Defined as diffuse stars that the instruments could not resolve

at that time, many scientist were claiming there were separate galaxies, an idea that dates back to

Kant. In 1920, after the Great Debate between Shapley and Curtis, the scale of the Universe was

revised upwards considerably thanks to Edwin Hubble who showed that the Andromeda nebulae

was far outside the Milky Way by measuring Cepheid variable stars.

But Hubble’s major contribution to modern cosmology, not to say its foundation, was his

redshift law which shows that the escape velocity of extra-galactic objects increases with their

distance. This is when the question of large scale dynamics arose in the scientific community. For

the first time in History, the Universe was seen as a subject of study in itself and no more as the

container of astrophysical objects. Modern cosmology was born.

1.1 A review of Standard Cosmology

In this chapter, we aim to provide a brief review of the fundamentals of modern cosmology. So

in this section, we will first go over the basics in a more technical way and review the successes

and issues of the standard cosmological model, before moving to inflation in Sec. 1.2 and some

contemporary puzzles of cosmology in Sec. 1.3.
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1.1.1 The Friedmann equations

The goal of this section is to relate the Einstein equations of general relativity [1]

Gµν = 8πGTµν (1.1)

to the large scale observation of the Universe. These relate the energy density to spacetime distor-

tions within a covariant formulation. The right-hand side (RHS) involves the energy-momentum

tensor Tµν and the gravitational constant G ' 6.67 · 10−11 Nm2/kg2. On the left-hand side (LHS)

we find the Einstein tensor

Gµν = Rµν −
1

2
Rgµν , (1.2)

which contains non-linear combinations of up to second order derivatives of the metric tensor gµν ,

defined below. The Ricci tensor Rµν and the Ricci scalar R are contractions of the Riemann tensor

Rρσµν with the metric

Rµν = gρσRρµσν , (1.3a)

R = gµνRµν . (1.3b)

The Riemann tensor indicates the evolution of the geodesics relative to each other and hence

characterizes the geometry of the space. Its mathematical expression is given by

Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ, (1.4a)

Γµνρ =
1

2
gµσ (∂νgσρ + ∂ρgνσ − ∂σgρν) . (1.4b)

It involves the Christoffel symbols which describe how the basic vectors êµ change when moving

through spacetime. This provides a relation between them and the metric as

∂µêν = Γρµν êρ. (1.5)

This non triviality has of course an impact on the derivative. Hence, the covariant derivative

∇µvν = ∂µvν − Γρµνvρ (1.6)

is hence defined in order to transform like the basis under a change of coordinates.

We recover a set of ten coupled differential equations for the metric; six hyperbolic and four

elliptic. However, because both the energy-momentum and the Einstein tensor are symmetric (and

real), only six equations are linearly independent.

The metric is the name given to the matrix representation of the bilinear form that defines the

scalar product in a given vector space. The squared norm of the infinitesimal vector dxµ is given

by

ds2 = gµν dx
µdxν . (1.7)

The whole challenge of applying the Einstein equations to the Universe is reduced to choosing

the metric accordingly. Hence, based on the paradigm of relativity, that is on the lack of absolute

or preferential reference frames, Einstein formulated the cosmological principle which states that

the Earth does not occupy a special position in the Universe. Besides, observations beyond the

Milky Way suggest that our Universe is isotropic from our perceptive. These two considerations

imply that each point of the Universe is isotropic and hence that the Universe is homogeneous, as

confirmed by the observation of the cosmic microwave background (CMB) in 1965 by Penzias and
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Wilson, see Sec. 1.1.5 and Fig. 1.1. Homogeneity and isotropy bring about strong constraints on

Einstein equations, when these are applied to the Universe.

The cosmological principle implies the following form for the line element

ds2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2dθ2 + r2 sin2θ dϕ2

)
, (1.8)

which defines the Friedmann-Robertson-Walker (FRW) metric. We choose the spherical coordinates

(t, r, θ, ϕ) as they reflect the symmetry from our reference frame. Isotropy of space forces the metric

to be diagonal and adding the homogeneity makes the spatial part of the metric proportional to

a term that is at most time dependent. This term, denoted by a(t), gives the scale of the spatial

length and is therefore called the scale factor. Finally, k is a constant related to the curvature of

space1, and using the scale invariance of the line element, i.e. a → λa, r → r/λ, k → λ2k, we can

rescale r to make k dimensionless. In this case k has three possible values: if k = +1 space is said

to be closed and has the shape of a four dimensional sphere, if k = −1 it is open and its shape

takes the form of a saddle, and if k = 0 space is said flat. In this thesis we will consider the last

case and use the above representation of the line element by which a(t) is dimensionless and r and

k−1/2 have length dimension.

The isotropy and homogeneity of the Universe also constrain the energy-momentum tensor

defined as

Tµν = (ρ+ p)uµuν + pgµν , (1.9)

where uµ is the 4-velocity, ρ and p are the total energy density and pressure. For a comoving

observer, uµ = (−1, 0, 0, 0), the tensor has to be diagonal with equal elements associated to the

three different spatial directions:

Tµν =


ρ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p

 , (1.10)

hence we see that we are considering the Universe to be a perfect fluid.

The solution to the Einstein equations in this set-up yields two equations, one for the time

component and another for the spatial one, which is a logical outcome of the choice of index for

Tµν . The first Friedmann equation hence describes the time evolution of the Universe by relating

the scale factor to energy and curvature. Indeed, it is sufficient to know the energy in order to

describe an isotropic homogeneous system; spherical symmetry allows us to restrict ourselves to a

one dimensional analysis of the scale factor. It writes

ȧ2

a2
=

8πG

3
ρ− k

a2
, (1.11)

and can be derived with newtonian mechanics for k = 0. The second Friedmann equation is

ä

a
= −4πG

3
(ρ+ 3p). (1.12)

A third, redundant, equation can be casted, namely the energy-momentum conservation

∇µTµν = 0, (1.13)

with the covariant derivative defined by (1.6). Out of this three last equations, only two are

1The curvature radius of space is given by Rcurv ≡ a(t)/
√
|K|
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independent. For the time component, ν = 0, the last one becomes

∇µTµ0 = ρ̇+ 3
ȧ

a
(ρ+ p) = 0. (1.14)

and is helpful to describe the global dynamics of the Universe. The only thing we are now lacking

in order to fully engage in cosmology is an equation of state

p = wρ (1.15)

in order to distinguish the different forms that energy can take.

A key success of the standard cosmological model is its ability to correctly link the rate of

expansion of the Universe to its content. In order words, the energy characterization allows us to

find the function a(t). Plugging the equation of state into (1.14) we find

dρ

da

da

dt
+ 3

ρ

a

da

dt
(1 + w) = 0 ⇒ ρ ∝

1

a(t)3(1+w)
. (1.16)

The value w = 0 corresponds to matter, which has an energy density but no pressure. Unsur-

prisingly, ρma
3 is constant in this case, which is consistent with the definition of the volumetric

mass density2. With the use of the first Friedmann equation it is now straightforward to compute

the explicit time evolution of the scale factor for a flat Universe. In a matter dominated Universe

we have
ȧ2
m

a2
m

∝ ρm ∝ a−3
m (1.17)

and we find

am(t) ∝ t2/3. (1.18)

Similarly, the dynamics of a radiation dominated Universe, w = 1/3, is

ȧ2
γ

a2
γ

∝ ργ ∝ a−4
γ ⇒ aγ(t) ∝ t1/2. (1.19)

We can already conclude that for a mix of matter and radiation, i.e. what we observe from the

sky, the Universe is expanding, in agreement with the Hubble law that will be discussed in the

next section. Beforehand, let us point out that although the equation of state allows us to imagine

any kind of exotic energy species, there is a non trivial one motivated from the Einstein equations

themselves. Indeed, because the equations of motion (EoM) are obtained from derivatives, there is

a redundancy such that we can always add a constant term proportional to the metric and obtain

the same physics. This can be done in two ways: either redefining the Einstein tensor with an extra

constant term or, more commonly, adding a TΛ
µν term to the energy-momentum tensor Tµν with

TΛ
µν = − Λ

8πG
gµν . (1.20)

The parameter Λ is called the cosmological constant and the above contribution corresponds to a

constant energy density despite the expansion, hence w = −1. This can be viewed as radiative

energy with negative pressure.

As the Einstein equations do not exclude this term, it is good to study its consequences in the

2This is valid only in the absence of processes that create or annihilate massive particles.
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dynamics of the Universe. Recasting (1.16) we get

ȧ2
Λ

a2
Λ

∝ ρΛ, (1.21)

which is constant. Thus ȧ is proportional to a, which implies an exponential behavior for the scale

factor:

aΛ(t) ∝ exp

(
Λ t√

3

)
. (1.22)

This regime, named de Sitter after the Dutch physicist, is of peculiar interest because, unlike the

two others, it provides ä > 0, which fits to the accelerated expansion observed in 1998 [2, 3]. Today

the most common explanation given to this fact is that the Universe is currently dominated by the

TΛ
µν contribution called dark energy. The origin of this phenomenon is one of the biggest unsolved

problems of modern physics, see Sec. 1.3.1.

1.1.2 The Hubble law and the abundances

Since the Universe is expanding, one expects to observe a redshift over the whole electromagnetic

spectrum of distant3 galaxies. However, although we can measure this redshift, the observed objects

are not actually moving away from us in spacetime. In fact it is the dilation of spacetime itself

which leads to our impression that these objects are moving away. Since this phenomenon has a

different nature than the usual redshift, it is called cosmological redshift.

A photon travels at the speed of light, hence its line element is ds2
γ = 0. Consider now a radial

ray of light emitted at time ti from position Re that we observe today t0 in Ro. We do not expect

either the emitter, the observer nor the scale factor to vary during the timescale of one wavelength

λ. Hence we have, according to our line element∫ t0

ti

dt

a(t)
=

∫ t0+ c
λ0

ti+
c
λi

dt

a(t)
=

∫ Ro

Re

dr√
1− kr2

, (1.23)

where we restored the units to be explicit. Thus, after rearranging the integrals, this yields∫ t0+ c
λ0

t0

dt

a0
=

∫ ti+
c
λi

ti

dt

ai
⇒ λi

λ0
=
ai
a0
, (1.24)

which means that the wavelength grows with the scale factor of the Universe. This result is in

agreement with (1.16), which tells us that the relation between the energy density and the scale

factor depends on the nature of the content of the Universe: the mass does not change with the

expansion, unlike the radiation energy which is proportional to its wavelength. This leads to a

factor a difference in the energy densities.

Using that property, Hubble could estimate the escaping velocity v of Cepheid-type stars while

their distance relative to us d can be obtained from their luminosity magnitude. In 1929 he showed

that there is the linear relation [4]

v = H0 d (1.25)

known as the Hubble law. Today there is some disagreement on the precise value of the Hubble con-

stant, as differently measured, often referred to as the Hubble tension. Modern direct measurements

3The light of the Andromeda galaxy is blue-shifted because ρloc > ρc (see Eq. (1.29) and below) within the local
group. The above statement is valid at scales at which the Universe is homogeneous and the FRW metric can be
applied.
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on the same principle provide a high value of the Hubble parameter, the latest being [5]

H0 = 73.04± 1.04 km/s Mpc. (1.26)

On the other hand, indirect methods from the CMB observation (see Sec. 1.1.5) provide [6]

H0 = 67.37± 0.54 km/s Mpc. (1.27)

We can see that, besides the numbers, the tension lies between early and late time Universe mea-

surement. Nowadays, many proposal have been made to solve that tension [7] but no consensus

has been found. Since in this thesis we are studying early Universe phenomena, we will use today’s

Hubble value from the CMB measurement and we will not enter the tension problem.

On a cosmological timescale, the Hubble constant is no more a constant and is viewed as a

parameter computed from the scale factor as

H =
ȧ

a
. (1.28)

The above Hubble constant H0 is therefore the value of the Hubble parameter today H0 = H(t0).

In the literature, the Friedman equation (1.11) is often written in terms of H. We can change its

shape further by inserting the critical density defined as

ρc =
3H2

0

8πG
' 10−47 GeV4, (1.29)

which yields

H2 = H2
0

(
ρ

ρc
− k

a2H2
0

)
. (1.30)

We now define the abundances of the different types of energy (radiation, matter,...) as the

energy to critical energy ratio

Ωi =
ρi
ρc
. (1.31)

In these terms, the first Friedmann equation becomes today,

Ω0 − 1 =
k

a2H2
0

≡ Ω0
k, Ω ≡

∑
i

Ωi. (1.32)

where for coherence with the previously used notation we define the RHS as the curvature abun-

dance. It is not an abundance, strictly speaking, but it measures the energy the Universe uses to

curve spacetime. We will come back on this quantity when presenting the curvature problem of the

standard model of cosmology in Sec. 1.1.7.

The total energy density is referred to as critical when Ω0
k = 0, i.e. when it is flat today.

Then the effects of gravitation and expansion compensate each other. The energy density value is

hence related to the geometry of the Universe. Locally we have a contraction of spacetime when

ρloc > ρc and an expansion of spacetime when ρloc < ρc. Data from CMB and observations of type-

Ia supernovae put the constraint |Ω0
k| < 0.01 [8]. Hence, assuming a flat Universe today, equation

(1.32) simply becomes ∑
i

Ω0
i = 1. (1.33)
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This allows cosmologists to draw the pie chart of the Universe energy as

Ω0
Λ = 0.691 Ω0

m = 0.308

Ω0
b = 0.0486 Ω0

γ ∼ 10−5.
(1.34)

These values are at the foundation of the Λ cold dark matter (ΛCDM) model of cosmology which

is implemented in terms of the abundances of radiation (γ), dark energy (Λ), and total matter

(m), which contains baryonic matter (b). According to these values, the majority of the Universe’s

content is dark energy, which confirms the link made with the accelerated expansion. Today we do

not have any convincing explanation on why this share has such a value. Besides, a lack of matter

is found when comparing Ω0
m and Ω0

b . This indicates the presence of an exotic type of matter that

accounts for roughly 26% of the Universe’s content today called dark matter, see Sec. 1.3.2.

1.1.3 Comoving reference frame

The expansion of the Universe implies that all computations must be made in a curved spacetime,

even if the spatial part is flat, k = 0, which introduces additional difficulties for e.g. computing

vectorial geometry (curl, divergence, cross product, etc.). It is however possible to get around

this complication by using comoving coordinates, i.e. coordinates that scale with the expansion.

In that frame, we recover the usual flat spacetime metric ηµν = diag(−1, 1, 1, 1) called Minkowski

spacetime, and the geometry computations stay trivial.

We do so by introducing the so-called conformal time τ , defined by

dτ =
dt

a(t)
. (1.35)

Note that the RHS previously occurred in the derivation of the redshift. This change of variable

simplifies the flat FRW metric

ds2 = −dt2 + a2(t)dx2, (1.36)

where dx denotes the spatial coordinates, to

ds2 = a2(τ)
[
−dτ2 + dx2

]
. (1.37)

Up to a global factor much easier to deal with, we recover a reference frame where, for instance,

computing vectorial analysis is trivial since it removes all terms related to spacetime curvature.

In other words, using conformal time guarantees that spacetime is flat since gµν = a2(τ) ηµν . We

recall that in this thesis, we denote the derivative with respect to conformal time τ with a prime

and the derivative with respect to the cosmic time t with a dot, e.g. a′ = da/dτ and ȧ = da/dt.

For matter, radiation and a Λ dominated Universe we then have

am(τ) ∝ τ2, aγ(τ) ∝ τ, aΛ(τ) ∝ − 1

Hτ
. (1.38)

The Hubble parameter can be rewritten as

H(τ) =
a′

a2
(1.39)

and therefore, for any function f depending on time, the following relation holds

a−2f ′′ = f̈ +Hḟ. (1.40)

As in this work the scale factor is dimensionless, both cosmic and conformal times are quantities
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that carry a dimension. Hence, it can be useful to use the scale factor a as the time variable to

remove that problem. Using (1.28) and (1.35) we can write the following changes of variables:

d

dt
= aH

d

da
,

d2

dt2
= aH2

[
a
d2

da2
+ (1−F)

d

da

]
, (1.41a)

d

dτ
= a2H

d

da
,

d2

dτ2
= a3H2

[
a
d2

da2
+ (2−F)

d

da

]
, (1.41b)

where we have defined

F = − a

H

dH

da
= − a

2H2

dH2

da
= − a

2ρ

dρ

da
, (1.42)

and in the last equality we used the flat Friedmann equation (1.11). These relations will become

handy in Chap. 4.

1.1.4 Thermal history of the early Universe

An expanding Universe implies the concept of an arrow of time, as the Universe is not static.

Hence the Universe has a present, but also a future and, more importantly, a past. If we reverse the

direction of time and let the Universe evolve back in the past we shall have, according to the laws of

thermodynamics, a much more hot and dense Universe, and, eventually, a singularity when a = 0.

Without a theory that unifies general relativity and quantum field theory it is difficult to come up

with a description of what happens during that epoch (called the Planck era). At intermediate

times, when the Universe was big enough to avoid quantum gravity effects, but also hot enough

for its whole content to be a plasma of particles, the Universe was in thermal equilibrium and can

hence be described by statistical thermodynamics. This is called the Hot Big Bang theory.

Statistical thermodynamics

In this section we will review in a nutshell the basics of early Universe thermodynamics. We first

consider a plasma in thermal equilibrium with a constant total number of particles. A particle

with g internal degrees of freedom has a density of states g/h3 in the 6-dimensional phase space.

In the natural units where ~ = 1, the density writes as g/(2π)3. The latter is a measurement

of “the available space” in phase space, and is independent of the physical volume so we can

apply it to arbitrarily large systems; the observable Universe for instance. Because of the laws of

thermodynamics, this available space is not filled in randomly when in thermodynamic equilibrium,

but satisfies the requirement that the physical state has maximum entropy S. The function which

indicates how the particles populate the phase space under this contraint is called the distribution

function

f(p) =
1

exp
(
E−µ
T

)
± 1

, (1.43)

where the plus sign holds for fermions and the minus sign for bosons (see Sec. 2.3.1 for details).

Because of homogeneity and isotropy, this function depends only on the momentum modulus p

implicit in the energy E. Its time dependence is implicit too and lies in the temperature T and

the chemical potential µ. The temperature is related to the energy density in the system and the

chemical potential is related to the number density n = N/V of particles in the system, where V is

the volume of the system. In other words, they are conjugate variable, one is extensive, the other

intensive. The fundamental equation of thermodynamics associate them both by pairs

E = TS − pV +
∑

µiNi (1.44)

where here p is the system’s pressure.
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If a system is in thermal equilibrium all species in interaction have the same temperature. If

a system is in chemical equilibrium, the chemical potentials of different particle species are related

according to

A+B � C +D ⇔ µA + µB = µC + µD. (1.45)

This only makes sense if the quantities A, B, C, D represent conserved quantities like particle/

baryon/lepton number, see Sec. 2.3.6 for a more in-depth description of this concept. Because of

that, the photon has zero chemical potential, which implies that particle and antiparticle share the

same chemical potential with the opposite sign. This can be seen from the annihilation equation

or pair creation (depending on the reading direction of the equation)

ψ + ψ̄ � γ + γ (1.46)

to which is subject any particle/anti-particle ψ, ψ̄ pair. Thermodynamic equilibrium refers to having

both these equilibria, but this criterion is most of the time simply denoted as thermal equilibrium

in the literature and so will it be in this thesis.

The Hot Big Bang

The energy E, momentum p and mass m of each particle are related by

E2 = p2 +m2. (1.47)

Now it is straightforward to compute the number density, the energy density and the pressure for

all species (labelled with i) in thermal equilibrium. By definition they compute

ni =
gi

(2π)3

∫
fi(p)d

3p, (1.48a)

ρi =
gi

(2π)3

∫
E(p)fi(p)d

3p, (1.48b)

pi =
gi

(2π)3

∫
p2

3E(p)
fi(p)d

3p, (1.48c)

where gi is the number of internal degrees of freedom (spin, color,...) of each species and d3p =

4πp2dp because of isotropy. In order to compute these integrals, we consider two limits for both

bosons and fermions.

• The highly relativistic limit, where T � |µ|, m and therefore E ' p, m ' 0 : in the early

Universe, all particles are eventually in the relativistic limit because of the temperature in-

crease.

• The non-relativistic limit, where T � |µ|, T � m − µ and therefore E ' p2/2m: in this

case, the fermion and boson statistics are replaced by the Maxwell-Boltzmann statistics since

exp
(
E−µ
T

)
± 1 ' exp

(
E−µ
T

)
. As a matter of fact, there is no statical distinction between

non-relativistic fermions and bosons.

The results are shown in Table 1.1. We see that the number density, and hence the energy

density and the pressure, of non-relativistic particles are exponentially suppressed by temperature.

Because of that, their contribution, if any, to the total quantities of the early Universe thermal bath

can be neglected. With this at hand, total energy density reads

ρ =
∑
i

ρi =
π2

30
g∗T

4, g∗ =
∑
i

(
gbosons
i +

7

8
gfermions
i

)
, (1.49)
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Relativistic fermions Relativistic bosons Non-relativistic particles

ni =
3ζ(3)

4π2
giT

3 ζ(3)

π2
giT

3 gi

(
miT

2π

) 3
2

e−(mi−µi)/T

ρi =
7π2

240
giT

4 π2

30
giT

4 mini

pi =
ρi
3

ρi
3

niT

Table 1.1. Number density, energy density and pressure for the particle species i in thermal equilibrium.

where g∗ is the effective number of relativistic degrees of freedom. When all the Standard Model

species are in thermal equilibrium, we have g∗ = 106.75. Another useful quantity in the early

Universe is the total entropy density defined as

s =
ρ+ p

T
=

2π2

45
g∗T

3. (1.50)

A Universe in equilibrium

As the Universe expands, T and µ change, so that energy continuity and particle number conser-

vation are satisfied. In principle, an expanding universe is not in equilibrium, which could be a

problem since the Hot Big Bang results are only valid in that case. Therefore, the validity criterion

is that the expansion is sufficiently slow compared to particle interaction rates Γ, so that the particle

soup usually has time to settle close to local equilibrium. The thermal equilibrium is maintained as

long as the particles exchange energy and momentum efficiently via their three main interactions

which are scattering, annihilation and pair creation. At equilibrium each reaction is associated

to a backreaction with the same rate Γ, implying that the number of particles for each species is

conserved.

Mathematically this condition translates to Γ � H, as the Hubble parameter acts as the

expansion rate of the Universe. Another way to see it is to inverse the relation as Γ−1 � H−1

where Γ−1 now denotes the typical interaction time and H−1 the current age of the Universe. This

means that local thermal equilibrium is reached before the effect of the expansion becomes relevant,

as the latter tends to separate the particles that eventually no longer meet.

Although the expansion rate is faster for higher temperature, since combining Eqs. (1.11), (1.28)

and (1.49) yields

H =

√
4π3G

45
g∗ T

2, (1.51)

the interaction rates were also much higher because of the higher density and higher particle energies.

There exists, therefore, a temperature above which all SM is in thermal equilibrium, which is found

to be T ∼ 200 GeV.

The departure from thermal equilibrium occurs when H ∼ Γ, meaning that a given species ψ

is frozen out when Γψ � H. One is generally interested in the freeze out temperature that we can

obtain from (1.51) if we know the temperature dependence of Γ. At lower temperatures, the species

at issue does not contribute anymore to the thermal bath, which decreases g∗ when the temperature

drops down to its current value g∗(t0) ' 3.384 [6].

Out-of-equilibrium particle decay and creation prevents us from using the distribution function

(1.43) and all the results that follow. In such cases, we shall use the Boltzmann transport equa-
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tion, which is a nonlinear integro-differential equation that involves convection and diffusion. We

comment more about that in Sec. 3.1.3. Its simplest realization is

∂n

∂t
+ ... = −Γn+ ... , (1.52)

where on the LHS the dots accounts for any possible background spacetime term4, and on the RHS

the dots account for all the sources, washout and/or background processes in the studied medium.

Γ is the generic rate of all the processes in which the species may be involved.

The study of such out-of-equilibrium processes is crucial for baryogenesis, as we will see in

Sec. 1.3.3, where it will be shown that it is a necessary requirement. We will use the Boltzmann

transport equation in Chap. 3 to explain how we can convert helical fields to baryon asymmetry.

1.1.5 The cosmic microwave background

The Hot Big Bang received recognition through the observation of a primordial electromagnetic

radiation called the cosmic microwave background (CMB). It was discovered by accident in 1965

by two radio astronomers that were installing a new telescope [9]. This relic radiative signal comes

from the last scattering surface.

With the temperature drop from the expansion, the electrons eventually coupled with the

primordial nuclei to form neutral atoms, an event known as the recombination epoch. This happened

at T ∼ 0.3 eV ' 3 000 K or approximately 380 000 years after the initial singularity. Unlike the

plasma, these atoms could not scatter thermal radiation by scattering, and the Universe became

transparent since photons could then travel in spacetime without interacting with matter. Then, a

little later, around T ≈ 0.256 eV, the photon decoupling took place [10]. The CMB encapsulates all

photons’ last interaction with charged particles before their decoupling (the so-called last-scattering

surface). After this, the Universe went from radiation to matter domination.

Most of the radiation energy in the Universe today is in the CMB, making up an abundance

of roughly Ω0
CMB ' 6 · 10−5. The CMB analysis is one of the biggest sources of information about

the early Universe, with the most outstanding result being that its spectrum is the one of a perfect

black body with temperature T ' 2.725 K, see Fig. 1.1. This high degree of uniformity throughout

the observable universe and its faint but measured anisotropy, lend strong support for the Big Bang

model in general and the ΛCDM model in particular, see Sec. 1.2.3.

1.1.6 The Big Bang nucleosynthesis

If we continue our journey back in time, we reach the MeV scale at which the lightest elements were

formed. When T ∼ 10 MeV, which corresponds to 10−2 seconds after the initial singularity, the

plasma is cold enough for quarks and gluons to have gathered into baryons (QCD phase transition),

but too hot for larger structures to remain in thermal equilibrium. At this stage, the Universe

consists only of protons p, neutrons n, electrons and positrons e±, photons γ, neutrinos ν and

antineutrinos ν̄.

We can compute the ratio of protons versus neutrons number by studying the following inter-

actions:

n+ νe � p+ e− n+ e+ � p+ ν̄e (1.53)

and their antiparticles version, that are in thermal equilibrium for T & 0.73 MeV. Past this tem-

perature, which corresponds to 1 second after the initial singularity, the number of neutrons and

protons ceases to be identical because, being heavier, the neutrons decouple from the plasma. Their

4In a homogeneous FRW expansion we should add the term 3Hn.
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Figure 1.1. Measurements of the CMB flux vs. frequency together with a fit to the data. Superimposed
are the expected black body curves for T = 2K (yellow), T = 2.725K (green) and T = 4K (purple). Figure
taken from [11].

relative concentration is then given by

nn
np + nn

'
[
1 + exp

(
mn −mp

T

)]−1
∣∣∣∣∣
T'0.73MeV

' 1

7
. (1.54)

The neutrons, that do not have time to disintegrate (their half-life time is 15 min), then get captured

by the nuclei and the lightest elements are formed by the following processes

p+ n → 2H + γ
2H + 2H → 3H + p
2H + 2H → 3He + n
2H + 2H → 4He + γ

2H + 3He → 4He + p

...

(1.55)

leaving the Universe at T . 1 MeV filled with H, 2H, 3H, 3He, 4He, 7Li, e±, γ, ν and ν̄. This

transformation lasted for ∼ 30 minutes. These reaction rates are very small and thus are not in

thermal equilibrium.

In summary, Big Bang nucleosynthesis (BBN) is the production of nuclei during the early

phases of the Universe. The heaviest one produced is lithium, at a very small fraction. The heavier

elements are produced in star cores and supernovae explosions. The currently observed quantities of

hydrogen (90%) and helium (10%) come almost exclusively from the BBN epoch. The cumulative

activity of stars has barely changed these proportions.

As 4He maximizes the binding energy per nucleon number (for light elements), we can make

the approximation that all neutrons will end up in helium nuclei. As two neutrons are necessary
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for the formation of a 4He nucleus, we can estimate its fraction as

Yp '
2nn

nn + np
≈ 0.25 (1.56)

consistent with contemporary observation [12]. Besides, since nn < np, a majority of protons will

remain alone and will become hydrogen at recombination. No other source of helium that produces

such a quantity is currently known in the universe. This prediction is another big success of the

the standard cosmological model.

1.1.7 Problems of the standard model of cosmology

The main puzzles of standard cosmology do not arise from the model itself but from the initial

condition it requires. The question of whether the initial conditions of a theory should be contained

in it is not the subject here. In all cases, the situation is the same: the model presented so far needs

fine-tuning. The horizon problem is a direct consequence of the initial homogeneity and the flatness

problem is related to the initial amount of potential versus kinetic energy. So to be rigorous, these

first two problems are not strict inconsistencies in the standard cosmological model, but still need

to be addressed. Finally, the standard model of cosmology is a homogeneous theory, hence it cannot

account for the formation of structures.

Horizon problem

The most outstanding result about the CMB observation is that its spectrum is the one of a black

body with temperature T ' 2.725 K, see Fig. 1.1. Today, more accurate measurements of the tiny

deviations, ∆T/T ∼ 10−4, provide plenty of information about the Universe structure and content

(see Sec. 1.2.3). There is however major evidence that at the time of recombination, the Universe

was in thermal equilibrium. The horizon problem is the following: today we receive the signal of a

thermal equilibrium among regions of space that were not able to interact at the time there were

supposed to, even if they do now. The distance at which a region can interact with another one is

bounded by the (finite) age of the Universe. It can be computed by the null geodesic as

r =

∫ t

0

dt′

a(t′)
=

∫ a

0

rH d log a (1.57)

where c = 1 and rH = (aH)−1 is the comoving Hubble radius. For a universe dominated by a fluid

with equation of state (1.15) we get r2
H ∼ a1+3w, hence for matter and/or radiation, w > 0, rH

grows monotonically and regions that could never interact eventually enter into causal contact.

The question is to find how those regions exhibit a perfect black body thermal equilibrium,

despite never having been in causal contact. This puzzle was first pointed out by Rindler in

1956 [13].

Flatness problem

As seen in Sec. 1.1.2, observations yield the constraint |Ω0
k| < 0.01 [8], implying that, since Ωk

redshifts as a−2, a flat Universe today means that the Universe has always been flat. This is

because the critical value Ω = 1 is an unstable fixed point. In other words, the flatness observed

today requires an extreme fine-tuning of Ω close to unity in the early Universe, as the first Friedmann

equation tells us that any deviation of Ω from 1 would have been magnified. Indeed, we can write

Eq. (1.32) as

Ω− 1 = k r2
H . (1.58)

Recall that in standard cosmology, the Hubble comoving radius rH grows with time, therefore any

deviation from k = 0 would lead to Ω 6= 1. For instance, if we assume a radiation dominated
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Universe, Ωk at the time of nucleosynthesis (t = 1 s) should be 23 orders of magnitude smaller than

today’s value! If we reject such fine tuning, we should look for some dynamical process to have

made the Universe flat. This problem was first mentioned by Dicke in 1969 [14].

Formation of structures

The Friedmann equations successfully relate the Universe shape and content to its time evolution.

However it is out of their scope to describe any inhomogeneous physics as they are grounded

on the cosmological principle and consequently they assume a homogeneous universe. There is,

nevertheless, structure in the Universe at lower scales, as we are living in it, whose origin should

be taken into account by a more complete theory of cosmology.

1.2 Inflationary Cosmology

Inflation was developed in the late 1970s in order to solve the problems of the standard model

of cosmology mentioned above by postulating a period before BBN where the Hubble horizon is

shrinking [15–17] (for up-to-date references, see e.g. [18–20]). We stress that inflation is not a theory

but a paradigm, a collection of different models that must conform to observations. For each one

of them, the origin of all the concerned details must be specified by some appropriate ultraviolet

(UV) completion of the inflationary model. As we shall see, once done, this paradigm nevertheless

solves all the aforementioned problems.

First, the causally disconnected patches at the time of CMB are homogeneous because they

were in thermal contact at an earlier time. In other words, there was a time, at the very beginning

of inflation where all the universe we observe today was causally connected. During inflation, the

Universe undergoes a period of exponential expansion, as we will see next, and causal contact is lost

among regions. When inflation ends, rH starts to grow again and allows bigger scales to re-enter

the horizon.

Second, the flatness problem is immediately solved by a decreasing rH as Eq. (1.58) for k = ±1

yields |Ω − 1| = r2
H . Hence during inflation, the solution Ω = 1 becomes an attractor and the

Universe is flattened out.

Third, inflation is such a tremendous expansion that quantum fluctuations become macroscopic

and seed the primordial inhomogeneity. Gravity and time then allow these little deviations to

become the large scale structure of the Universe we see today.

1.2.1 Conditions for inflation

Mathematically, a shrinking Hubble horizon translates into an accelerated expansion:

d rH
dt

< 0 ⇔ ä > 0, (1.59)

where we used the Hubble parameter definition (1.28). In the previous section we have seen that

neither matter domination nor radiation domination in the energy content of the Universe could

provide such a condition. Indeed, if we take the derivative of the first Friedmann equation (1.11)

with respect to time and use (1.14) to cancel ρ̇, we get

ä = − ȧ

2Mpl

√
ρ

3
(1 + 3w), (1.60)

where we used the reduced Planck mass

Mpl ≡
1√

8πG
' 2.435 · 1018 GeV. (1.61)
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We immediately see that an accelerated expansion requires w < −1/3. Therefore, in a first approx-

imation, a natural choice for the dominant type of energy is dark energy, to which an exponentially

growing scale factor aΛD(t) ∝ eHt is associated. Note that in de Sitter space the Hubble parameter

is constant in virtue of (1.21). However, a strict cosmological constant leads to exponential inflation

forever (eternal inflation), which cannot be followed by a radiation era. Indeed, we are interested in

a period of accelerated expansion that, in addition to being characterized by very different energy

scales in the early Universe, ultimately ends up leaving room for the standard radiation dominated

and BBN cosmological phases.

In order to have an arrow of time, the energy responsible for inflation cannot be exactly constant

(or in equilibrium), but should be dynamical, just as a quasi-static process in thermodynamics,

where a change occurs in a series of states at equilibrium. This is why in realistic models of

inflation, the Hubble parameter is not exactly constant. We can illustrate this by taking the time

derivative of Eq. (1.28) to write

ä

a
= H2(1− εH), εH ≡ −

Ḣ

H2
. (1.62)

Two things can be deduced from this equation. First, if the Hubble parameter is constant, then

εH = 0 and the accelerated expansion lasts forever. This is a pure Λ-dominated Universe. Second,

if εH = 1, the acceleration is zero and inflation does not occur. Hence in order to have a finite

inflationary period, we need a non-zero εH � 1 at early times and provide conditions for this

parameter to grow until it reaches unity while satisfying the observational constraints. In sum, we

see that εH is a parameter that controls inflation and it will become handy when we discuss the

slow roll inflation approximation.

Finally, to solve the horizon and flatness problems using inflation, the Universe must have

expanded by a factor of 1021-26 in ∼ 10−36-32 seconds. We usually rewrite this condition with the

e-folding number

N = log
a

ai
, (1.63)

thus making use of the change of variable dN = d log a that appeared in (1.57). The fluctuations

observed in the CMB are created N∗ ≈ 50-60 e-folds before the end of inflation. The precise value

depends on the details of the post-inflationary history of the Universe.

1.2.2 Scalar field inflation

So far we have discussed the general conditions needed to solve the big problems of the standard

cosmology, but have not addressed the question of its realization. The goal is to have a pre-BBN

short period of almost Λ dominated Universe. In other words, at early times the Universe should be

filled by some homogeneous exotic matter with negative pressure but in a dynamical way such that

this energy eventually gets converted into radiation. From the point of view of particle physics, the

simplest solution is a scalar field whose energy share is dominated by its potential.

The simplest inflaton model

Let’s introduce a new real scalar field φ, the inflaton, in the theory with Lagrangian

Lφ =
1

2
gµν∂µφ∂νφ− V (φ). (1.64)

Its energy-momentum tensor is computed from the standard definition

Tµν = 2
δLφ
δgµν

− gµνLφ (1.65)
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and reads

Tµν = ∂µφ∂νφ− gµνLφ, (1.66)

which, combined with (1.10), gives

ρφ =
1

2
φ̇2 + V (φ), (1.67a)

pφ =
1

2
φ̇2 − V (φ). (1.67b)

The criterion w < −1/3 is then fulfilled by imposing V (φ)� 1
2 φ̇

2 as

wφ =
1
2 φ̇

2 − V (φ)
1
2 φ̇

2 + V (φ)
. (1.68)

The slow roll inflation

Using the second Friedmann equation (1.12), Eqs. (1.67) and (1.62) we can write

ä

a
= H2 − 1

2
φ̇2 ⇒ Ḣ = −1

2
φ̇2 (1.69)

which leads to the fact that

εH =
3

2
(wφ + 1) . (1.70)

We can still use the criterion εH < 1 for accelerated expansion. As the kinetic energy is suppressed

compared to the potential energy, the dynamics regime is denoted as slow roll inflation and inflation

is controlled by the slow roll parameters, the first one being εH . There is however a second condition

for a sucessfull inflation, which is that the slow rolling regime ensured by εH < 1 lasts long enough

for the N∗ e-folds to happen before the end. Hence, even if φ̇ is negligible, we must ensure that it

stays so for a sufficiently long period of time by asking that φ̈ is small enough, i.e. |ηH | < 1 with

ηH = − φ̈

Hφ̇
, (1.71)

the second slow-roll parameter. Now, the only freedom left is in the choice of the potential V (φ).

Varying the action in the FRW flat metric (1.36) with respect to φ yields the dynamics of the

field

φ̈+ 3Hφ̇− ∇
2φ

a2
+ V ′(φ) = 0. (1.72)

Since the inflaton is homogeneous, we have ∇φ = 0 and the result is none other than the Klein-

Gordon equation in an expanding Universe. Depending on the model, i.e. on the potential V (φ),

it is usual, based on what we have just seen, to use the so-called slow roll approximation:

3Hφ̇ ' −V ′(φ), (1.73a)

3M2
plH

2 ' V (φ), (1.73b)

and express the slow roll parameters as conditions on the shape of the inflationary potential. As-

suming the slow roll approximation, we can use (1.62) and (1.69) to write the slow roll parameter

in terms of the potential

εH ' εV ≡
M2

pl

2

(
V ′(φ)

V (φ)

)2

(1.74)

where the first equality is only valid deep inside the inflation regime, i.e. when εH , εV � 1. Similarly,



1.2. INFLATIONARY COSMOLOGY 33

the second slow roll parameter writes

ηH ' ηV − εV , ηV ≡M2
pl

V ′′(φ)

V (φ)
. (1.75)

There is also a third slow roll parameter defined as

ξ2
V = M4

pl

V ′(φ)V ′′′(φ)

V 2(φ)
(1.76)

which measures the running of the scalar tilt n′s = dns/d log k, as we will see in Eq. (1.85). Inflation

is then guaranteed by the conditions εV � 1, |ηV | � 1, ξ2
V � 1.

When the slow roll approximation is made, the Hubble parameter is approximately constant

H ' Hinf and the Universe metric is approximately de Sitter a ∝ eHt. In this work, we will mainly

use the potential slow roll parameters and from now on we will drop the associate index as it will

be clear from the context. Also, if there is any difference between the Hubble and the potential

version, it is small and only for values near the end of inflation.

1.2.3 Density perturbations

As already mentioned when the CMB was discussed, the Universe is homogeneous on large scales,

its spectrum having a perfect black-body shape around T ' 2.725 K, but remains highly inhomo-

geneous on small scales. These tiny deviations,

δT

T
∼ δρ

ρ
∼ 10−5 (1.77)

called primordial fluctuations, were the seeds of the present structure, and inflation can provide an

explanation for them. On Fig. 1.2 we show the CMB anisotropies map from Planck, obtained in

2013, and its power spectrum.

Inflation is modeled by the classical description of a (or many) field. At the quantum level, all

fields fluctuate around their expectation value according to the Heisenberg principle

φ(t,x) = φ̄(t) + δφ(t,x). (1.78)

These fluctuations lead to a local delay in the time at which inflation ends, which means that

different parts of the universe will end inflation at slightly different times. Because the perturbations

are small, expanding the Einstein equations (1.1) at linear order in perturbations approximates the

full non-linear solution to very high accuracy

δGµν = 8πGδTµν . (1.79)

During inflation we define perturbations around the homogeneous background solutions for the

inflaton as (1.78) and the metric as

gµν(t,x) = ḡµν(t) + δgµν(t,x), (1.80)

where, in the absence of anisotropic stresses, which is verified during inflation,

ds2 = −(1 + 2Φ)dt2 + 2aBidx
idt+ a2[(1− 2Φ)δij + Eij ]dx

idxj . (1.81)

We can identify scalar (Φ), vector (Bi) and tensor (Eij) perturbation modes, although this is not

the canonical way of decomposition and there are issues with the gauge invariance (for more details,
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Figure 1.2. Top map: The anisotropies of the CMB as observed by Planck. The color scale displays
deviation from the mean temperature from -300 µK (blue) to +300 µK (red). Bottom plots: CMB temper-
ature power spectrum, also called multipole expansion, results from the Planck 2018 Collaboration [6]. The
larger the multipole `, the smaller the correlation angle α, and hence the distance, with ` ' 200⇔ α ' 1°.
The lower panel shows the residuals with respect to the base-ΛCDM theoretical model whose fit is in blue.
The error bars show ±1σ diagonal uncertainties. Figures taken from the European Space Agency website
(picture link) and Ref. [6].

see e.g. Ref. [20, 21]). Nevertheless, we recall that our aim in these sections is to motivate the main

chapters and not to give a complete description of all the topics.

We can change variable and work out the perturbation study in Fourier space to reduce the

observed inhomogeneity in the CMB to a few parameters. This detailed calculation also shows that

there is no vector perturbation in the absence of sources with vorticity. Primordial fluctuations

are typically quantified by a power spectrum which gives the power of the variations as a function

of spatial scale. The power spectrum is computed from the average of all the 2-point correlation

https://www.esa.int/Science_Exploration/Space_Science/Planck/Planck_and_the_cosmic_microwave_background
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function

〈δkδk′〉 =
2π2

k3
δ(k − k′)P(k), δk ≡

δρ(k)

ρ
(1.82)

The scalar and tensor components of the fluctuations obey power laws

ns = 1 +
d log ∆2

s

d log k
, nt =

d log ∆2
t

d log k
, (1.83)

where

∆2(k) ≡ k3

2π2
P(k). (1.84)

The value ns = 1 corresponds to scale invariant fluctuations. We may also be interested in the

indices running

n′s =
dns
d log k

, n′t =
dnt
d log k

(1.85)

while the amplitude of the scalar spectrum As is obtained from

∆2
s(k) = As(k?)

(
k

k?

)ns(k?)−1+
n′s(k?)

2 log k
k?

(1.86)

where k? is an arbitrary reference or pivot scale.

Tensor fluctuations are often normalized relative to the (measured) amplitude of scalar fluctu-

ations. The tensor-to-scalar ratio is

r(k) ≡ Pt(k)

Ps(k)
. (1.87)

Given a potential, the previous expressions allow us to construct the scalar amplitude and

spectral index, as well as the tensor-to-scalar ratio, in terms of the inflaton field values at the pivot

scale. At the leading order in the slow roll approximation, the amplitudes of the scalar and the

tensor spectra are given

Ps(k) '
(
H2

2πφ̇

)2

k=aH

Pt(k) ' 8

M2
pl

(
H2

2π

)2

k=aH

, (1.88)

both evaluated at Hubble-radius crossing k = aH. This yields for the amplitude of scalar fluctua-

tions

As(φ) =
1

24π2M4
pl

V (φ)

ε(φ)
. (1.89)

Since ∆2
s is fixed and ∆2

t ' H2 ' V , the tensor-to-scalar ratio is a direct measure of the energy

scale of inflation, as

V ∼
( r

0.01

) (
1016 GeV

)4
. (1.90)

Constraints on inflation

Observations of the CMB spectrum lead to constraints on the inflation model. There are two sets

of (related) parameters to classify the inflation models:

• The slow roll parameters, whose current observational bounds are, from Ref. [22]:

ε < 0.0044 (95% C.L.),

η = −0.015± 0.006 (68% C.L.),

ξ2 = 0.0029+0.0073
−0.0069 (95% C.L.).

(1.91)
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Figure 1.3. The marginalized joint 68 and 95% C.L. regions for the tilt in the scalar perturbation spectrum
and the relative magnitude of the tensor perturbations, obtained from the Planck 2018 and lensing data
alone, and their combinations with BICEP2/Keck Array (BK15) and (optionally) BAO data, confronted
with the predictions of some of the most known inflationary models. Figure is taken from [22].

• The scalar spectral index ns, the spectral index running n′s, and the relative magnitude of

the tensor perturbations r, with experimental values

ns = 0.9649± 0.0042, n′s = −0.0045± 0.0067, r = 0.014+0.010
−0.011 (1.92)

where we have included, in the last r determination, the most recent combined result from

the BICEP/Keck collaboration [22, 23]. We show the allowed window in the parameter space

of (ns, r) on Fig. 1.3 in red and blue.

Both sets can be used for calculations and constraints and one can switch from one to the other

with

ns ' 1− 6ε+ 2η, (1.93a)

n′s ' 16εη − 24ε2 − 2ξ2, (1.93b)

r = 16 ε. (1.93c)

To perform the exact change of basis, the correlation between the variables must be taken into

account and the procedure is more complicated. Nevertheless the above relations are good approx-

imation for most of the cases.

In this work, we find it more convenient to use the slow roll parameters as we will always specify

the inflation model with its potential. To compare any model with the present bounds, we should

evaluate all these parameters at the field value φ∗ = φ(N∗) with

N∗ =
1

M2
pl

∫ φ∗

φE

V (φ)

V ′(φ)
dφ, (1.94)
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being N∗ the number of e-folds at which the reference scale exits the horizon. Here φE , the value

of φ at the end of inflation, is defined by the condition ε(φE) = 1.

Observations indicate that the amplitude of the scalar perturbation associated with a mode

that crossed the Hubble radius about N∗ ' 60 e-folds before the end of inflation is about [22]

Aobs
s ' 2.2 · 10−9. (1.95)

This value contrains the inflationary potential, as As(φ∗) = Aobs
s should hold, with As(φ) given

by Eq. (1.89). We can combine all these results to also give a constraint on the Hubble parameter

value at the onset of inflation [22]

Hobs
∗ . 6 · 1013 GeV (95% CL). (1.96)

1.2.4 Reheating

By definition the Universe expands adiabatically, therefore a dazzling accelerated expansion, such

as inflation, cools it down to absolute zero. To be able to fit in the historic timeline of the Universe,

where inflation is followed by the Hot Big Bang, any inflation model shall come with an explanation

on how the Universe reheats.

In the simplest picture the inflaton φ is rolling down its potential. At first slowly rolling, hence

leading to successful inflation, the field starts accelerating when ε, |η| ∼ 1, and then rapidly oscillates

around its potential minimum. This leads to the decay of the inflaton into radiation. The details of

this mechanism are intricately related to the model so we cannot comment it further. In all cases,

the inflaton model usually specifies the decay rate Γφ→γγ of the inflaton into photons, or at least

the decay rate Γφ of the inflaton into species (of a given model) that eventually decay to photons.

The inflaton starts to decay when its lifetime becomes comparable to the age of the Universe,

Γ−1
φ ∼ H−1, see Sec. 1.1.4. Thus we can compute the reheating temperature using (1.51) where we

identify Γφ as H therein which provides

Trh =

(
90

π2g∗

) 1
4 √

ΓφMpl, (1.97)

where we also used (1.61). Besides, in this thesis we define T ins
rh as a reference temperature given

by the above equation with Γφ being the Hubble rate at the end inflation HE . It would correspond

to the reheating temperature for instant reheating, i.e. immediately after inflation ends.

When this last mechanism is not fulfilled, it has been shown that the temperature follows a

non-trivial dynamics between the end of inflation and the reheating epoch. Indeed, the temperature

first grows from zero to a maximum temperature T0 given by [24, 25]

T0 ' 0.61
√
TrhT ins

rh . (1.98)

The temperature T0 is attained at a time t0 when the scale factor a grows by an O(1) factor after

the end of inflation, i.e. a0 ' 1.5 aE , and, after that5, the Universe evolves toward the reheating

temperature following the law T ∼ a−3/8 [26], with a scale factor arh given by

arh ' 0.4 aE

(
T ins

rh

Trh

) 4
3

. (1.99)

5The energy density is dominated, after the end of inflation, by the inflaton energy density ρφ(t), which decays as

e−Γφt, so that at the reheating temperature the energy density is dominated by the radiation energy density ργ(t).
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At the reheating temperature, the inflaton energy density has completely decayed and the Universe

is fully dominated by radiation, giving rise to a radiation dominated era where the temperature

evolves as T ∼ 1/a. Of course, the value of the inflaton decay width Γφ, and the reheating

temperature Trh, depend on the particular interactions between the inflaton and the Standard

Model particles.

Note that, when studying the reheating process only, a good approximation is to use V (φ) '
1
2m

2φ2 since the mass term is the leading one of the potential expansion in the vicinity of its

minimum. This term however forbids describing the full inflationary period, see next section on

monomial inflation.

For some models, it is also possible that the photon production happens non-perturbatively, i.e.

through an energy transfer that happens at the classical level in the equation of motion. In those

cases this phenomenon is ofter referred to as preheating, as after this energy transfer to radiation

the inflaton will still decay and reheats the Universe through a perturbative process.

For the remainder of this section, we will briefly present some models of inflation, for later use

in this thesis.

1.2.5 Inflation models

In this section we introduce several classes of models that all satisfy the cosmological constraints.

They should be considered as a sample of possible models, and they are chosen for later use in this

thesis. They do not exhaust by any means all the allowed inflationary models.

Monomial inflation

Monomial inflation was suggested because of its simplicity, as the inflaton potential is taken to be

V (φ) = λMn−4
pl φn, (1.100)

where λ is a dimensionless coupling. The case n = 4 (chaotic inflation [27]) corresponds to the

self-coupling of the scalar field, an interaction that is natural from the point of view of effective

theory.

Now using (1.74) and (1.94) we compute

φE =
nMpl√

2
, φ∗ = Mpl

√
2n
(
N∗ +

n

4

)
. (1.101)

Then, the slow roll parameters evaluated N∗ e-fold before the end of inflation write

ε(φ∗) =
n

4N∗ + n
, η(φ∗) =

2(n− 1)

4N∗ + n
. (1.102)

The constraints (1.91) are not satisfied for n > 2, hence all monomial models are ruled out.

α-attractor models

The α-attractor potential is given by [28]

Vα(φ) = Λ4
α

[
1− exp

(
−
√

2

3α

|φ|
Mpl

)]2

. (1.103)
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Setting α = 1 yields the R2 model, or Starobinsky potential, see Sec. 1.2.6. In the slow roll

approximation, the field value at the end of inflation is

φE =

√
3α

2
Mpl log

(
1 +

2√
3α

)
. (1.104)

We can readily compute φ∗, and evaluate the slow roll parameters N∗ = 60 e-folds before the

end of inflation. The slow roll parameters and the cosmic observables are in agreement with the

cosmological contraints for the range

1 6 α . 100. (1.105)

In particular, for α = 1 (100) we get

ε∗ ' 0.00019 (0.00387), η∗ ' −0.0159 (−0.00331)

ns ' 0.967 (0.97), r∗ ' 0.003 (0.062), HE ' 0.82 (1.13) · 1013 GeV.
(1.106)

in agreement with the observed values (1.91), (1.92) and (1.96). Using the observed value of As
given by Eq. (1.95), we fix the vacuum energy. The result depends on α and is approximately

given by Λα ' 3.4 · 10−3 α1/5Mpl. We then obtain the values Λ1 = 3.152 · 10−3Mpl and Λ100 =

8.313 · 10−3Mpl.

Hilltop quartic models

The hilltop model potential is given by [29]

Vh(φ) = Λ4
h

[
1−

(
φ

µ

)p]2

(1.107)

with p > 2. The case p = 4 can be compatible with the Planck measurements. There are two ways

for the field to relax to the minimum at φ = µ, with different initial conditions:

1. φ∗ > φE : In this case the field φ > µ is relaxing in a potential region that can be approximated

by Vh ∼ φ8, and thus, the slow roll conditions are not met, as monomial inflation is ruled out.

2. φ∗ < φE : In this case the field φ < µ is relaxing in a flat potential region and the model

predicts correct inflationary observables for a large range of the parameter space. In this

thesis, this option will be retained.

The slow roll parameters and the cosmic observables are in agreement with the contraints for

the range

10Mpl . µ . 50Mpl. (1.108)

We fix the vacuum energy from the constraint on the amplitude of scalar fluctuations. The result

depends on µ and is approximately Λh ' 6 · 10−4 µ2/3M
1/3
pl . We then have the values Λh =

3.243 · 10−3Mpl for µ = 10Mpl and Λh = 8.081 · 10−3Mpl for µ = 50Mpl.

In particular, for µ = 10 (50)Mpl we get

ε∗ ' 0.00021 (0.0041) η∗ ' −0.0207 (−0.00328)

ns ' 0.957 (0.97) r∗ ' 0.00335 (0.0654), HE ' 0.64 (1.1) · 1013 GeV.
(1.109)
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D-brane models

The D-brane potential is given by [30–32]

VD(φ) = Λ4
D

[
1−

(
µ

φ

)p]2

(1.110)

with p > 0. As in the last case, there are two ways for the field to relax to the minimum at φ = µ

and only the option φ∗ > φE is viable for inflation as the potential region φ < µ is too steep. The

slow roll parameters and the cosmic observables are in agreement with the constraints for the range

8Mpl . µ . 14Mpl (p = 1) (1.111a)

9Mpl . µ . 26Mpl (p = 2) (1.111b)

4Mpl . µ . 37Mpl (p = 3). (1.111c)

For p > 4 there is no lower bound anymore and the upper bound keeps raising.

Because the results depend on the value of p we will not provide the values of the slow roll

parameters at φ∗ but they can easily be computed with the same methods as in the previous

examples. Finally, unlike the others, we will not use this model in the following chapters, but we

have introduced it anyway because we will have the opportunity to comment on it.

Non minimal couplings

In this class of models, a non minimal coupling is added to gravity in the so-called Jordan frame

where this coupling appears explicitly in the Lagrangian [33–36]. The latter writes in Mpl units

S =

∫
d4x
√
−g
(
−1 + gφp

2
R+

1

2
∂µφ∂

µφ− U(φ)

)
, (1.112)

where p ∈ N∗. To ensure a flat potential for φ → ∞, the dominant term in the Jordan frame

potential needs to be

U(φ) ' λφ2p, (φ→∞). (1.113)

Hereafter we will see that this choice guarantees a slow roll regime.

In order to use the canonical tools at our disposal, one must go to the Einstein frame where the

graviton has a canonical kinetic term. The interaction between the Higgs and Ricci then modifies

the potential and the Higgs kinetic term, as we will see now.

For values of the φ field such that gφp > 1, we must redefine the metric and go to the so-called

Einstein frame to recover the Einstein-Hilbert action for the Ricci scalar. To do so, we perform a

Weyl redefinition of the metric:

gµν → Θ gµν ,
√
−g → Θ2√−g. (1.114)

For the Ricci scalar this implies

R→ R

Θ
− R̄, R̄ =

6

Θ3/2

∂µ

(
gµν
√
−g ∂ν

√
Θ
)

√
−g

. (1.115)

Note that R is absent in the correction term R̄, hence we will define Θ by demanding that the

explicit coupling between φ and R disappears from the Lagrangian in the Einstein frame. The Ricci
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part of the action transforms then as

SR → SER = −
∫
d4x
√
−g 1 + gφp

2

(
RΘ− R̄Θ2

)
(1.116)

and so the definition

Θ(φ) =
1

1 + gφp
(1.117)

leads to

SER =

∫
d4x
√
−g

(
−R

2
+ 3Θ2g2φp ∂µφ∂

µφ

)
. (1.118)

In the meantime the kinetic term gets transformed to Θ
2 ∂µφ∂

µφ so that the remainder of the

action becomes

SE =

∫
d4x
√
−g
[
−R

2
+

Θ

2

(
1 + 6g2φp Θ

)
∂µφ∂

µφ− V (φ)

]
(1.119)

where the Einstein frame potential V (φ) is given by

V (φ) = Θ2U(φ) =
λ

g2

(
1 +

1

gφp

)−2

' λ

g2

(
1− 1

gφp

)2

(1.120)

where the last approximation is valid in the regime gφp � 1 where the Einstein frame departs from

the Jordan frame.

The true inflaton field χ has a canonical kinetic term, unlike φ, hence we perform the following

change of variable
dχ

dφ
=
√

Θ(1 + 6g2φp Θ), (1.121)

such that

SE =

∫
d4x
√
−g
[
−R

2
+

1

2
∂µχ∂

µχ− V [φ(χ)]

]
. (1.122)

Solving the differential equation (1.121) is possible analytically and the result depends on the

value of p. In the limit gφp � 1 we obtain

φ(χ) ' g

1 + 6g

χ2

4
(p = 1) (1.123a)

φ(χ) ' 1

2
√
g(1 + 6g)

exp

(√
g

1 + 6g
χ

)
(p = 2) (1.123b)

φ(χ) ' Ap (cp − χ)
2

2−p (p > 3) (1.123c)

where, for the last case, the constants Ap and cp are such that

Ap =

(
p− 2

2

) 2
2−p

(
g

1 + 6g

) 1
2−p

, lim
φ→∞

χ(φ) = cp, χ ∈ [0, cp]. (1.124)

Their particular values are not important for the discussion.

The potential written as a function of the canonically normalized field χ in the same limit is

then

V (χ) ' λ

g2

(
1− v2

1

χ2

)2

, v1 =
2
√

1 + 6g

g
(p = 1) (1.125a)
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V (χ) ' λ

g2

[
1− 4(1 + 6g)exp

(
−
√

4g

1 + 6g
χ

)]2

(p = 2) (1.125b)

V (χ) ' λ

g2

[
1−

(
cp − χ
vp

) 2p
p−2

]2

, vp =
2g−1/p

p− 2

√
1 + 6g. (p > 3) (1.125c)

For the case p = 1, we get a potential in the class obtained from D-brane models, shown above.

For the case p = 2, we get an α-attractor potential with α = 1 + 1
6g . For the cases p > 3, we can

see that 2p
p−2 > 0 in the limit where φ � 1, i.e. when (cp − χ) � 1. Also, the potential for p > 3

is flat and can provide a good inflationary model. This kind of potential for p > 3 coincides with

the hilltop models considered above. In particular for p = 4, the field dependence of the potential

is (c4 − χ)4, as in the hilltop model.

To conclude, we can see that we recover some of the previous potentials, though with a major

difference, which is that we changed variables φ→ χ. So in one case we have the potential from the

start, without any coupling to the Ricci, and in the other case the potential arises from the Weyl

rotation to the Einstein frame. In the meantime, we have redefined the inflaton field, as φ has no

canonical kinetic term. Thus it is important to distinguish between the two cases and not just stop

at their potentials because they really represent two different models.

1.2.6 Higgs inflation

Identifying the Higgs Φ as the inflaton went without saying since it is the only scalar field in

the Standard Model of particle physics (SM). These theories, dubbed as Higgs inflation (HI) [37–

39], first proposed monomial potentials because the Higgs self-interaction V (Φ) = λh|Φ|4 comes

naturally in the theory and is the dominant term at the energy scale where inflation takes place.

However, we have seen in the last section that this option is ruled out by cosmological observations.

Today, Higgs inflation refers to another class of models where the inflaton is still identified with

the SM physical Higgs field, but with an added non minimal coupling to gravity according to the

model we have just seen in last section (for a review see [40]). Adapting the action (1.112) to Higgs

physics leads to the starting point

S =

∫
d4x
√
−g

(
−
M2

pl

2
R− ξh|Φ|2R+ (DµΦ)†DµΦ− U(Φ)

)
, (1.126)

where U the Higgs potential in the Jordan frame. The Higgs doublet writes

Φ = eiζ
aτa

(
0
h√
2

)
, (1.127)

where ζa are the three Goldstone bosons, τa are the SU(2) generators (see Sec. 2.2.2) and h is

the physical Higgs. The covariant derivative Dµ given by (2.80) couples the four Higgs degrees of

freedom to the weak and hypercharge interactions, see Sec. 2.3.1 for more details.

As we study inflation, the physical Higgs VEV is then large (except for the brief moments

when it crosses zero in case it oscillates in the reheating period) and EW symmetry is broken,

see Sec. 2.3.3. Furthermore, for the Higgs sector, the Goldstone bosons χa are eaten up in the

unitary gauge ω(αa) = exp(iαaτa), with αa = −ζa, while the Higgs field h is chargeless under

electromagnetism, Q = 0, hence its covariant derivative reduces to ∂µ, leading to the action

S =

∫
d4x
√
−g

(
−
M2

pl + ξhh
2

2
R+

1

2
∂µh∂

µh− U(h)

)
. (1.128)
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For the scale involved in inflation, we can use

U(h) ' λh
4
h4, (1.129)

where λh is taken as a positive free parameter. We hence implicitly assume that the Higgs potential

is stabilized by some mechanism that leads to non-negative self-coupling at the energy scale at

which inflation takes place (see Sec. 2.3.5).

Using the results from the last section with φ = h, p = 2 and g = ξh, we obtain in the limit

ξhh
2 � 1 that the Higgs field is given as a function of χ, i.e. h(χ) by Eq. (1.123b). The potential

written as a function of the canonically normalized field χ in the same limit is then given by (1.125b).

Assuming ξh � 1, which will be proven in the next section, we can write

h(χ) ' Mple
χ√

6Mpl

√
24 ξh

(1.130)

and

V (χ) '
λM4

pl

4ξ2
h

[
1− 24ξh e

−
√

2
3

χ
Mpl

]2

. (1.131)

Slow roll Higgs inflation

Using the latter approximations, which is justified provided that
√
ξhh &Mpl and ξh � 1, we solve

ε(χE) = 1 to obtain

χE =

√
3

2
Mpl log (24ξhβ) , β ≡ 1 +

2√
3
, (1.132)

and from Eq. (1.94) we get

χ∗ =

√
3

2
Mpl

(
log (24ξhβ)− 4N∗

3
− β −W∗

)
, (1.133)

where W∗ is the Lambert function evaluated at

W∗ ≡ W−1

[
−β exp

(
−β − 4N∗

3

)]
. (1.134)

The slow roll parameters and the cosmic observables are in agreement with the cosmological

contraints as

ε∗ =
4

3 (1 +W∗)
2 , η∗ =

4 (2 +W∗)

3 (1 +W∗)
2 (1.135)

In particular, for N∗ = 60 (50) one has

ε∗ ' 0.00019 (0.00026) η∗ ' −0.0155 (−0.0184)

ns ' 0.968 (0.962) r∗ ' 0.003 (0.004).
(1.136)

We now use the constraint on the amplitude of scalar fluctuations Eq. (1.89) to find an analytical

relation between the Higgs self-coupling λ and ξh as

ξh ' 5.0 (4.2) · 104
√
λh (1.137)

for N∗ = 60 (50). This validates our approximation ξh � 1 for λh & 10−8.
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Lastly, using these results we can estimate the typical values for the Higgs field, given by (1.130)

hE ' 1.16 · 10−2Mpl, h∗ ' 7.34 (7.36) · 10−2Mpl, (1.138)

for N∗ = 60 (50) and where we used λh = 0.1.

Some related issues

The last result is often seen as a fundamental problem of HI as such a big value for a coupling

parameter can be at odds with the validity of the effective field theory, with a naive value of the

cutoff equal to Mpl/ξh. Indeed, perturbative theory favors couplings smaller than one to allow

the expansion in the effective point of view. Such value of the Higgs self-coupling questions the

unitarity constraint of the theory. In fact, we can already see from the second (dimension-six

effective operator) term in Eq. (1.118) that the cutoff of the theory Λh is identified as Λh ≡Mpl/ξh.

This (dynamical) value is nevertheless defined for values of the Higgs at the electroweak scale,

i.e. h ∼ v [41–46], while at values of the Higgs where inflation happens, i.e. h ∼ Mpl/
√
ξh, the

cutoff has been proven to be ∼ Mpl/
√
ξh, at least for two-by-two tree level scattering amplitudes,

thus avoiding unitarity violation [47–49]. Anyway, in this thesis we aim to also present a model in

which HI is realized, although modified, with values of the coupling ∼ O(1). This is done with the

introduction of another scalar field which mixes itself with the Higgs, see Chap. 6.

Another issue is that all SM couplings are running because of radiative corrections (see Sec. 2.3.5),

which means their value changes with the energy scale at which they are considered. Therefore,

the value λh ' 0.12, valid at the electroweak scale, i.e. ∼ O(100) GeV, is not valid at the inflation

scale ∼ O(1015-18) GeV anymore . Hence, every model involving the Higgs scalar at such scale must

justify a credible value of the Higgs quartic coupling, i.e. 0 < λh < 1. We will come back to this

topic when addressing the subject of β functions in Sec. 2.3.5 and discussing the different models

in Chaps. 5 and 6.

Palatini formalism

Until now we have used the metric formulation of gravity, where the connection giving rise to the

Ricci scalar is identified with the connection Γµνρ, see definitions (1.3) and (1.4). In the Palatini

formulation of HI however (for a review see e.g. Ref. [50]), the connection from which the Ricci

tensor is calculated does not depend on the metric. Hence the Weyl rescaling (1.114) leaves R

invariant and, in the Einstein frame, the action writes

SE =

∫
d4x
√
−g
(
−R

2
+

Θ2

2
∂µh∂

µh− V (h)

)
. (1.139)

The canonical inflaton χ is obtained by

dχ

dh
= Θ =

1√
1 + ξhh2

. (1.140)

This simplifies considerably the equations in terms of χ as we can now write exact analytical

relations such as

h(χ) =
sinh

(√
ξh χ

)
√
ξh

, (1.141a)

V (χ) =
λ

4ξ2
h

tanh4
(√

ξh χ
)
. (1.141b)
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The slow roll analysis from inflation is then modified as we now have

sinh(2
√
ξhχE) = 4

√
2ξh (1.142a)

cosh(2
√
ξhχ∗) ' 16ξhN∗, (1.142b)

in the limit ξh � 1. This approximation is largely satisfied as we will see hereafter. The amplitude

of fluctuations at N∗ is given by Eq. (1.89)

As =
λh

768π2

sinh4(
√
ξhχ∗) tanh2(

√
ξhχ∗)

ξ3
h

. (1.143)

Using now Eq. (1.142b) and the observed scalar amplitude (1.95) this leads to

λh
12π2

N2
∗
ξh
' Aobs

s ⇒ ξh ' 1.4× 109 λh
0.1

(
N∗
60

)2

. (1.144)

We see that the two formalisms of gravity, the metric and the Palatini formulations, lead to different

inflationary predictions.

The Palatini formulation provides exact results, especially for the potential in the Einstein

frame and the true inflaton expression h(χ).

1.3 Open questions in modern Cosmology

In addition to the true nature of inflation, there are other open questions in modern cosmology. In

the following section, we will restrict our description to the essence of these problems for complete-

ness.

Nowadays, the energy content of the Universe has been observationally constrained to (1.34).

These values are the best fit for the CMB multipole expansion and the Hot Big Bang prediction.

The most complete model that physicists have on matter and its interactions, in other words on all

forms of energy we can interact with, is the Standard Model of particles (SM), presented in the next

chapter. Unfortunately, this model covers only '5% of the energy present in the Universe, which

means that we have very little clue about the nature of the remaining 95%. Moreover, even if future

models manage to characterize dark matter as the Standard Model does with ordinary matter, we

would still lack the explanation of their origin. As of today, there is no established model providing

an explanation of the origin of these states of energy, i.e. 100% of the Universe’s energy content.

These puzzles lead to the three biggest open questions of cosmology, that we will briefly present

now.

1.3.1 Dark Energy

Tackling the Dark Energy problem is like opening Pandora’s box: quickly the puzzles cascade and

we come across questions as fundamental as the anthropic principle, our place in the Universe, etc.

For this reason, we will restrict ourselves to a brief overview of the problem for completeness and

redirect curious readers to more complete sources. The following sketch is based on Refs. [51, 52].

The designation of Dark Energy is often mixed with the cosmological constant problem and the

vacuum energy, and this is for good reason, as we aim to clarify this nomenclature. To do so, let us

start from the beginning and recast the Einstein equations (1.1). For reasons of his own, Einstein

defended the vision of a static universe, hence he famously chose to introduce a non-zero constant

Λ as (1.20) in his equations with a value such that the dynamic of the Universe corresponds to his

belief.
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As we know, more observations made it more and more obvious that the Universe was expand-

ing, therefore Λ was assumed to vanish. This choice was convenient because even if Λ had been

non zero, it would have been so small that the easiest thing to do was still not to worry about it.

Indeed, the fact that the Universe is large compared to the Planck length

rΛ � lpl =

√
G~
c3
' 1.616 · 10−35 m (1.145)

and old compared to the Planck time

tΛ � tpl =

√
G~
c5
' 5.391 · 10−44 s (1.146)

implies Λ�M2
pl, as any non-zero value of Λ introduces a length and time scale

rΛ = c tΛ =

√
3

|Λ|
. (1.147)

If we use the information about the Universe size and age at our disposal we find the bound

|Λ| . 10−118 M2
pl (1.148)

largely compatible with the assumption Λ ' 0. There are, however, two tiny details that prevent

us from getting rid of this issue in that way.

First, today’s accelerated expansion, exposed in 1998 [2, 3], is consistent with a positive, non-

zero value of Λ, as it sets the bound [53]

ρΛ ≡ ΛM2
pl ' (2.33± 0.17) · 10−121 M4

pl. (1.149)

This conclusion has been crosschecked by, for instance, the spatial flatness of the Universe explained

by the above value, and which cannot be accounted for by baryonic and dark matter alone.

Second, it appears that the SM provides a dark energy candidate in the shape of vacuum energy.

It is well known from quantum mechanics that a harmonic oscillator has non-zero vacuum energy

as its hamiltonian writes

Ĥ =

∫
d3x
√
−g V +

∑
k

ωk

(
a∗kak +

1

2

)
, (1.150)

where a∗k (ak) are the creation (annihilation) operators canonically normalized as [ak, a
∗
k′ ] = δkk′ .

In quantum field theory (QFT), the vacuum state is the state with the lowest energy, i.e. the ground

state |0〉 defined by ak|0〉 = 0. This means that the vacuum is not empty. It has a latent energy,

described by the Heisenberg principle ∆E∆t > ~/2, that allows for quantum fluctuations of a given

energy E in a given amount of time t. In the modern, quantum path, formalism of QFT, this

phenomenon takes the shape of virtual particles interaction, or loops. By Lorentz invariance, the

only consistent energy-momentum tensor (1.9) is

Tµν = −ρv gµν (1.151)

with

ρv = V +
1

2V
∑
k

ωk, V =

∫
d3x
√
−g. (1.152)
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Furthermore, the energy conservation condition (1.13) implies that the vacuum energy density ρv

is constant. This means that the vacuum energy well described by the SM acts like a cosmological

constant in Einstein equations, hence it must be considered as such, i.e. with the properties of Dark

Energy: a perfect fluid with equation of state w = −1.

The problem is now that this contribution can be quantified from the SM and it can be shown

that the vacuum energy receives many contributions much larger than the bound (1.149). As a toy

model, we will compute the vacuum energy density (1.152) from some SM state with mass m. The

energy ωk associated to each momentum is given by Eq. (1.47) hence we see that the integral is

quadratically divergent. This is called an ultraviolet divergence and one way out is to cutoff the

integral at an arbitrary scale Λ > k � m. Then

ρv = V + c0Λ4 + c2Λ2m2 + c4m
4 + ... (1.153)

with calculable dimensionless coefficients ci. As we will see in the next chapter, we have broken

down the general theory to an effective one valid up to scale Λ. We can now calculate the loop

contribution to the vacuum of any SM species at a specific scale. For instance, electron loops up

to the cutoff Λ = 100 GeV have a contribution of order ρv ∼ 10−66M4
pl, which is already 55 orders

of magnitude bigger than (1.149). Moreover, if one takes the largest scale of the SM, the Planck

scale, we found a discrepancy of about 120 orders of magnitude between the SM contribution to

the vacuum and the actual measurement!

Normally such a large disagreement spawns many new candidate theories. The problem here is

that for the vacuum, nothing can be added by definition and for now there is no alternative theory

of quantum fields at all. The problem arises because of the robustness of the prediction of the SM,

as the computation is based on a solid theory that already reconciles the requirements of special

relativity and quantum mechanics. These 60 to 120 orders of magnitude discrepancy in a quantity

as “basic” as empty space represents a serious crisis in modern physics.

In addition, we can graft to this puzzle an anthropic question since one can show that galaxies

form only in a region of spacetime where ρΛ is comparable to the present matter density ρ0
m. As

we can reasonably postulate, that regions without galaxies do not contain any observers, a batch of

arguments driven by Weinberg in 1987 supports that we should inevitably observe ρ0
Λ ∼ ρ0

m. From

today’s abundances (1.34) we see that he was right, as ρ0
Λ ' 2.24ρ0

m.

We have shown in the first section of this chapter that ρm redshifts as a−3 and ρΛ does not

redshift (by definition of the cosmological constant). This means that the epoch where ρΛ ∼ ρm is

unique in the history of the Universe since in the past we had ρΛ � ρm and in the future we will

have ρΛ � ρm. So the only epoch where both energy densities are comparable is the one when there

can be an observer to make that observation. Therefore if this coincidence has any explanation it

will have to be an anthropic one.

To conclude and summarize, we must distinguish between: (i) the cosmological constant prob-

lem, which arises from the need of explaining the (non) zero value of ρΛ in the Einstein equations,

(ii) the Dark Energy, which is the state of energy with equation of state p = −ρ, and (iii) the vac-

uum energy problem, which is the huge contribution of the quantum field theory to the vacuum. It

appears that, as the vacuum energy acts fully like a cosmological constant in the Einstein equations

of motion, we can identify it as Dark Energy. Depending on the authors and the models in the

literature, the distinction is more or less stressed. Although this is not the most studied problem

at the moment, many proposals have been made to solve this problem, but until now none of them

was convincing enough, see Ref. [51] for a discussion.
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1.3.2 Dark Matter

In the 1970s, observations of spiral galaxies rotation curves by Rubin and Ford [54] show the evidence

of a strong difference between dynamical mass and luminous mass. Until then all the mass of the

Universe was considered to emit light, which seemed reasonable, considering that gravitational

attraction makes matter collapse into stars, this process having been described by astrophysicists.

Furthermore the assumption that nearly all mass emits light was observationally confirmed by the

solar system in which more than 99% of all mass was found to be in the Sun.

Concerning spiral galaxies, Freeman formulated an empiric law for luminosity [55] stating that

it decreases exponentially from the center I(r) = I0 e
−r/RD , where RD is the radial scale length of

the disk. If one assumes the same behaviour for the mass, a simple Newtonian analysis can show

that the velocity of the stars outside the bulge (that contains almost all the mass) follows a r−1/2

law. Indeed, Newton’s law F = ma applied to a star gives

GmM

r2
= m

v2

r
, r � RD, (1.154)

which can also be deduced from the virial theorem. However, this prediction does not agree with

Rubin and Ford’s observation that v becomes approximately constant after reaching a maximal

value.

The following sketch does not aim to be exhaustive but to give a qualitative understanding of

the problem: the light we receive from the Universe tells us the amount of the baryonic matter

abundance in the Universe, Ω0
b , whereas we can deduce the total abundance of matter Ω0

m from an

analysis of the galaxies dynamics. It turns out that Ω0
m is six times bigger than Ω0

b . The lack of

matter therefore must come from some type of non-visible matter with the abundance

Ω0
DM = Ω0

m − Ω0
b ' 0.26. (1.155)

This kind of matter has been named dark matter (DM), see e.g. Ref. [56] for a review. In the last

decades, other evidence for DM has been found. The strongest is the value for Ω0
m deduced by the

analysis of the CMB anisotropies, whereas BBN theory leads to constraints on Ω0
b . This argument

is of a different nature and gives credence to the existence of such kind of energy state.

The fact that DM is dark implies that it does not interact electromagnetically, hence it is

electrically neutral. Beyond this constraint, several models are possible, as long as they fit with

observations and the results of DM experiments.

DM can be relativistic (hot DM) or non relativistic (cold DM). A famous hot DM candidate

is the sterile neutrino [57, 58]. It can be shown that ordinary neutrinos cannot be DM candidates

because their masses are too small. The model of hot DM suffers from its prediction of structure

formation from large to low scales, which is in disagreement with observations because galaxies are

in dynamical equilibrium, whereas large structures such as superclusters are not.

Structure formation might happen from low to large scale, which is in the range of cold dark

matter predictions. Cold DM is constituted of massive and non-relativistic particles. One good cold

DM candidate is the Weakly Interacting Massive Particle (WIMP) [59], because it was found that

the ΩDM value can only be fitted if the cross sections of dark matter particles are similar to those

of the weak interactions. This observation is known as the WIMP miracle but the corresponding

candidate has not been detected so far.

Also for completeness we have to mention that there is another way out. When facing a discrep-

ancy, physicists have two options: either they change the players of the game, i.e. postulating new

particles, new symmetries, new forces, etc., or they can change the rules of the game, i.e. Einstein

gravity over Newton gravity. Adding DM to the standard cosmology model is the reaction of the

first kind. The other option is to assume that the theory of gravity deviates from Einstein’s pre-
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diction at large scales. These modified Newton dynamics, or MOND, theories thus aim to explain

the galaxies’ dynamics without the need of introduction new states of energy such as DM, see e.g.

Ref. [60].

1.3.3 Baryon asymmetry

In 1928, Paul Dirac derived an equation of motion for relativistic fermionic quantum fields [61].

He found the energy of the state to be (1.47). Normal people would have stopped calculating,

refuting the possibility of negative energy states (since
√
E2 = ±E), but Dirac interpreted those

states as antiparticles with positive energy. The underlying image is nowadays referred to as the

Dirac Sea: states with negative energy cannot be occupied because they already are, and vacuum

fluctuations can create particles with positive energy, leaving a hole in the sea. This hole is seen as

an antiparticle. With this model at hand, Dirac predicted the existence of the positron which was

discovered by Carl Anderson in 1932 [62]. This is how the concept of antiparticles with the same

mass and the same energy distribution as their particle counterparts, but with opposite charge,

were introduced to the new theory of quantum fields.

This foundation of particle physics has not been revised ever since, however, we are compelled to

note that the theoretical framework does not reflect our everyday life: both obvious and less obvious

evidence of a matter/antimatter asymmetry (or baryon asymmetry) has led to the conclusion that

there must have been baryogenesis in the early Universe although the standard and inflationary

cosmology models are not able to explain this phenomenon. For a review, see e.g. [63]

Characterization

The symmetric part of the baryonic matter (i.e. all fermions and antifermions of the SM) annihilates

into photons through electromagnetic interactions such that one does not need to worry about it.

The asymmetric part, defined as the difference between the baryon and anti-baryon number density,

nb − nb̄, is not an ideal measure of the asymmetry because it redshifts as a−3. Instead, we usually

consider its ratio with another quantity that redshift the same way. It can be the number density

of photons or the entropy density

ηγ =
nb − nb̄
nγ

, ηs =
nb − nb̄

s
, (1.156)

where s is given by (1.50). The former is a useful measure because it remains constant with the

expansion of the Universe, at least at late times. However at early times and high temperatures,

many heavy particles were in thermal equilibrium, which later annihilated to produce more photons

but not baryons. In this case, the latter is more convenient to use. Both are related by

ηγ ' 7.04 ηs (1.157)

where the conversion factor is valid in the present universe since the epoch when neutrinos went

out of equilibrium and positrons annihilated. In this work we will mainly use the entropic version

of the asymmetry parameter that we will denote as ηB ≡ ηs.
A third related way to express the asymmetry is in terms of the baryonic abundance Ω0

b (1.34)

as

ηγ = 2.74 · 10−8 Ω0
b h

2 (1.158)

where h is defined such that

H0 = 100h km/s Mpc. (1.159)

As we are studying the primordial plasma, we will use the Hubble value obtained from the early

Universe measurements, so the one given by (1.27). This yields h ' 0.67.
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Evidences for baryon asymmetry

The first evidence for the existence of a baryon asymmetry is provided by everyday’s life observation.

Obviously there is hardly any antimatter on Earth or inside the Solar System. In cosmic rays the

fraction of antimatter is way below that of matter, with about 104 more protons than antiprotons

and 105 more helium than anti-helium atoms. This proves that there is almost no antimatter in our

galaxy. Suppose that regions where antimatter dominates did exist in the Universe. These would

border to matter-dominated regions, considering that it is very unlikely for antimatter-dominated

and matter-dominated regions to be separated by vacuum. At the interfaces between the matter-

and the antimatter-dominated regions, annihilation reactions would produce gamma-rays, however,

no such rays have been observed to date. Some assumptions suggest that antimatter is concentrated

beyond our horizon but this is in contradiction with the large scale homogeneity of the Universe on

which the standard model of cosmology is based.

The CMB furnishes the second and strongest proof for the existence of a matter/antimatter

asymmetry, wiping away any lingering doubts left by the above conclusions: the multipole expan-

sion of the CMB anisotropy is in outstandingly good agreement with theories involving a baryon

asymmetry, see Fig. 1.2 and Sec. 1.2.3. We see in the left panel of Fig. 1.4 that changing the

value of the asymmetry parameter modifies the shape of the spectrum plot. This is because the

CMB provides information about baryon acoustic oscillations in which baryons and photons form a

plasma exhibiting sound waves. The pressure of the photons tends to erase anisotropies, whereas the

gravitational attraction of the baryons, moving at speeds much slower than light, makes them tend

to collapse to form overdensities. These two effects compete to create acoustic oscillations, which

give the microwave background its characteristic peak structure. The peaks correspond, roughly,

to resonances in which the photons decouple when a particular mode is at its peak amplitude.

Nowadays, the best fit, obtained by the Planck collaboration, is [6]

ηB = (8.70± 0.11) · 10−11 (95% CL). (1.160)

Another proof for baryon asymmetry is the accuracy of the BBN predictions, see Sec. 1.1.6, as

all the light element abundances depend on the baryon to photon ratio, see Fig. 1.4. The observed

abundances of all the BBN isotopes today coincide with the value [12]

8.2 · 10−11 6 ηB 6 9.2 · 10−11 (95% CL) (1.161)

compatible with the CMB measurement.

Sakharov’s conditions

In 1967, Andrei Sakharov published a paper [66] on the baryon asymmetry in the Universe (BAU).

It gives three conditions any dynamical process creating a baryon asymmetry under CPT symmetry

must satisfy.

The first one is quite obvious:

1. The process should violate the baryon number B.

Schematically this can be written with a rate

Γ(X → Y +B) 6= 0, (1.162)

where X and Y are some particle species and B a third one that carries an excess of baryon number.

But this is not enough. If the reverse process happens at the same rate, no net baryon number can

be produced. Therefore one should require that
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Figure 1.4. Left: The effect on the multipole expansion of a deviation of the baryon-to-photon-ratio
from its reference value ωb ≡ Ω0

bh
2 = 0.022, which corresponds to ηB = 8.56 ·10−11, taken from [64]. Right:

Population of the primordial (lightest) elements as a function of the parameter ηγ , taken from [65]. D
stands for deuterium 2H. The aim of this figure is to show how the value of the asymmetry parameter
affects theoretical predictions of the CMB multipole expansion and BBN abundances.

2. The process should be out of thermal equilibrium

such that

Γ(X → Y +B) 6= Γ(Y +B → X). (1.163)

A third (double) condition is required. Indeed, if charge conjugation C is a symmetry, then

Γ(X → Y +B) = Γ(X̄ → Ȳ + B̄) (1.164)

and
dB

dt
= Γ(X → Y +B) + Γ(X̄ → Ȳ + B̄) = 0. (1.165)

Moreover if charge conjugation C and parity P are simultaneously a symmetry, then

ΓL ≡ Γ(XL → YL +BL) = Γ(X̄R → ȲR + B̄R) ≡ Γ̄R

Γ̄L = ΓR
(1.166)

hence
dB

dt
= ΓL + ΓR + Γ̄L + Γ̄R = 0 (1.167)

Without CP violation, we can get an asymmetry between left and right-handed particles but no

baryon asymmetry. This is why we shall impose that

3. The process should violate C/CP symmetries.

These three conditions are called the Sakharov conditions. They are based on the assumption of
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CPT invariance for the fields.

Baryogenesis models

To be successful, any model of baryogenesis must come with a clear manifestation of these three

conditions. An out-of-equilibrium condition often comes from a specific out-of-equilibrium decay

or from a first order phase transition (electroweak, QCD, Peccei-Quinn, etc.). As for the two

other requirements, the first attempts focused on grand unified theory (GUT) with, for instance,

out-of-equilibrium extra particles decay in a SU(5) symmetry breaking [67, 68].

Then other models were proposed such as Leptogenesis, where the asymmetry is generated in

the lepton sector before being transferred to the baryon sector with some mechanism [69–71], or

supersymmetry in the Affleck-Dine mechanism where the BAU is produced by coherent motion

of scalar fields [72]. Also, there is one model called spontaneous baryogenesis that does not need

the Sakharov conditions and can hence be described in thermal equilibrium, but it breaks CPT
symmetry. In this model, the classical evolution of a scalar field can cause a baryon asymmetry by

generating an effective chemical potential for baryon number [73, 74].

Lastly, let us introduce what our concern will be in this work. During the development of

the GUT baryogenesis, it was not known that the SM had a usable source of B violation, see

Sec. 2.3.6. Besides, there are processes in the SM that violate the CP symmetry, see Sec. 2.3.4, so,

along with the Higgs mechanism (see Sec. 2.3.3), these two observations meet all three Sakharov

conditions, thus another class of models was born dubbed as electroweak baryogenesis. They use

the chiral nature of the electroweak interaction to produce an excess of baryons during a first order

electroweak phase transition (EWPT) [75, 76].

Today it appears that the EWPT is second order, so its transition rate is governed by the

expansion rate of the Universe, which at the weak epoch is about 14 orders of magnitude slower

than scattering processes, hence the Universe would maintain quasistatic thermal equilibrium. Nev-

ertheless, because the joint effects of the weak sphaleron and helical hypermagnetic fields, a second

order EWPT can still provide out-of-thermal equilibrium conditions for baryogenesis to happen, as

we will see in Sec. 3.1.3.

On the other hand, as we will see in the next chapter, one needs new sources of CP violation

and hence new physics beyond the SM in order to generate a sizable amount of baryon asymmetry.

Even if there is no theorem proving that it is impossible to find some other mechanism that does

work within the SM, there are so far no convincing demonstrations, and most practitioners of

baryogenesis agree that CP violation in the SM is too weak. The aim of this thesis is therefore to

produce the BAU with as little physics beyond the SM (BSM) as possible.

For more details about the models mentioned in this section, see e.g. Ref. [63, 77].



Chapter 2

Particle physics

The Standard Model is a quantum gauge field theory that classifies all known subatomic particles

and describes three of their four fundamental interactions: strong, weak and electromagnetism. In

the 20th century, research in nuclear physics after World War II led to the development of particle

accelerators which revealed the existence of dozens of particles living in what some scientists call

the particle zoo. In a similar fashion to the unification of electricity and magnetism by Maxwell,

the first success of the Standard Model in the 1950s was to explain this large diversity of particles

as combinations of a few elementary particles. It basically describes all exotic hadrons found in

colliders in terms of quarks. Ever since, it has pursued its vocation of unifying all descriptions

of matter and of interaction using a small number of parameters. The Standard Model is not a

theory of everything, since it neither includes gravity, nor any dark matter candidate. Furthermore

it leaves some phenomena such as neutrino oscillations unexplained and is not compatible with the

standard model of cosmology.

It is clear that a complete description of the Standard Model would fill more than one book.

Therefore we will stick to a short overview of its content, the structure of fundamental interactions

and the anomaly equations which will be relevant for the main purpose of this thesis.

2.1 Preliminary: a note on quantum field theory

As soon as we discover the topic of analytical mechanics, and how closely related it is to quantum

mechanics, since the Poisson brackets are replaced by commutation relations and variables by

operators to obtain the dynamics

dO
dt

=
∂O
∂t

+ {O, H} → dO
dt

=
∂O
∂t

+ [O, H], (2.1)

known as the Ehrenfest theorem, it is very tempting to think that the action

S[q] =

∫
dt L [q(t), q̇(t)] (2.2)

is the most general quantity we can think of. In the above relation, we related the Lagrangian L

and the Hamiltonian H of the system by

L [t, q(t), q̇(t)] = (kinetic energy)− (potential energy),

H = q̇
∂L

∂q̇
− L.

(2.3)
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By “most general”, we mean the object that contains all the information about the dynamics

of all the objects we are studying. This is true in classical mechanics, where the action encodes all

possible world-lines of the system, and, by picking the one that minimizes the action δfS = 0, we

get the equation of motion for the object f .

The shift to quantum field theory is made by replacing variables with fields and Lagrangians

with Lagrangian densities

q → φ(xµ)

L [t, q(t), q̇(t)] → L [xµ, φ(xµ), ∂µφ(xµ)]
(2.4)

such that the action for QFT reads

S[φ] =

∫
d4x L(x). (2.5)

Note that, although this is mathematically possible, it is rare that L (L) depends explicitly on t

(xµ)6, so we will generally omit this dependence from now on.

Naively, we would simply have to repeat everything we did for analytical mechanics, but for

quantum fields now these replacements have been done. It appears that the aforementioned method

is valid for the study of classical field theory only. The quantum description of a propagation involves

the path integral formalism, and the only object that contains all the quantum effect of the system,

its only true library, is the generating functional

Z[J ] = 〈0|e−iHt|0〉 =

∫
Dφ eiS[φ]+iJφ (2.6)

where J is the current associated to the field φ. Its name comes from the property of producing

the Green’s function of the theory when functional derivatives are applied to it:

iG(x− y) =
δ2Z[J ]

δJ(x) δJ(y)
. (2.7)

This procedure is known as the LSZ reduction formula (see e.g. Ref [78]). We break down

the differences between classical field theory and a full description of a quantum system with some

highlights:

• Fields are integration (dummy) variables. In the literature (and in this thesis), the starting

point is almost always given by the Lagrangian density, sometimes by the action, but it

is crucial to have in mind that all the fields in the operator will at some point be (path)

integrated to produce the observable physics.

• A symmetry can leave the action invariant while changing the measure of the path integral

Dφ, resulting in a non-conserved current. This effect is called an anomaly (see Sec. 2.3.6)

because it is anomalous from the conventional analytical mechanics point of view.

• The generating functional maps the current to a number, which means the true physical input

are the currents because they source the wave equations through Green’s functions. Indeed,

Green’s functions G are the solutions of a linear differential operator L

L(xµ)G(xµ − yµ) = δ(4)(xµ − yµ). (2.8)

6If it does, the energy E is not conserved in the system and H 6= E.
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The linear differential operator depends on the theory. For instance, for free scalar field it is

L = ∂2 −m2, resulting in the Klein-Gordon equation. Green’s functions are used to compute

the field’s equation of motion in the presence of a source. Indeed, the solution of

L(xµ)φ(xµ) = J(xµ) (2.9)

is given by the convolution of G with the source

φ(xµ) =

∫
d4y G(xµ − yµ)J(yµ). (2.10)

For the purpose of gauge theory, we can stick to a classical description. As we will see, the

quantization of the gauge fields yields to particles that carry the associated interaction. However,

in the next section we will only use a classical approach and the subtleties we have outlined will

come back into play later on.

2.2 Gauge symmetries

In the beginning of the 20th century, with the birth of electrodynamics and quantum mechanics,

came the development of gauge theory, which formalizes how the redundancies of a theory are linked

to conserved quantities. Gauge theories make use of group theory, symmetries and topology. In

order to avoid losing the physical context, an effort will be made in this chapter to connect the

mathematical result with its physical implications. The aim of this section is to give the background

information for the Standard Model as well as the main clues about the way it can provide baryon

number non-conservation.

2.2.1 Noether’s theorem

In 1918, Noether proved the equivalence between conserved quantities and the invariants of physi-

cal laws called symmetries [79]. As an example, the invariance of Newton’s second principle under

spatial translations leads to momentum conservation. In a more modern and anomaly free formu-

lation, a symmetry is defined by the invariance of the action defined as Eq. (2.5), under a given

transformation: L d4x→ L′ d4x′, where L is the Lagrangian density7. To each symmetry, defined

by the transformations of the coordinates and the fields

xµ → x′µ ' xµ − εµi (xµ)αi, (2.11a)

φa(xµ) → φ′a(x′µ) ' φa(xµ) + ∆ai(x
µ)αi, (2.11b)

the ith conserved current can be associated:

jµi =
∑
a

∂L
∂(∂µφa)

∆ai − εµi L, (2.12a)

∂µj
µ
i = 0, (2.12b)

with ∆aiα
i = ∆a = φ′a(xµ)− φa(xµ). The αi are called Lie parameters. Their nature will become

clear in the next section. The spatial integration of the time component yields the conserved charges

Qi =

∫
j0
i d3x. (2.13)

7To simplify the notation, we will generally omit this designation since it is clear within the context of field
theory.
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This means we can view j0
i as the charge density of the symmetry involved. Indeed, if we consider

the U(1) group as an example, we have that Eq. (2.12b) is the covariant formulation of the continuity

equation

∂µj
µ = 0 ⇔ ∂ρ(t,x)

∂t
= −∇ · j(t,x) ⇔ dQ(t)

dt
= −

∫
∂V

Φ(t) · dS (2.14)

where jµ ≡ (ρ, j), which states that the rate of change of a given quantity in a volume V is given

by the integrated flux Φ thought the bounding surface ∂V .

If we now consider the Lorentz symmetry, we can formally derive the energy-momentum tensor,

already used in the previous chapter. It can be found by generalizing the above sketch involving

Newton’s principle and its invariance under spatial translations. Considering spacetime symmetry,

the conserved current takes the form:

Tµν = (jµ)ν =
∂L

∂(∂µφa)
∂νφa − δµνL, (2.15)

which is the energy-momentum tensor. The four-component conserved charge is then

pµ = (E,p) =

∫
T 0
µ d3x, (2.16)

which is the four-momentum.

A historical example: Electromagnetism

Gauge symmetries are a description of n degrees of freedom with m > n variables leading to

redundancies in the mathematics that never change the observable physics. This characteristic

appeared in Maxwell’s theory of electromagnetism. Since the electric E and magnetic B fields can

be written in terms of the potentials V and A as

E = −∇V − ∂tA,
B = ∇ ∧A,

(2.17)

and, since performing the transformation

V → V ′ = V − ∂tχ(t,x),

A→ A′ = A+ ∇χ(t,x)
(2.18)

leaves the equations of motion unchanged, the function χ(t,x) is an additional degree of freedom

called a gauge function. It is a symmetry that depends on the spacetime coordinates, unlike a

global transformation, which remains the same at every point.

In a covariant formulation, Aµ = (V,A), the electric and magnetic fields become

Ei = Fi0, (2.19a)

Bi =
1

2
εijkF

jk, (2.19b)

where εijk is the Levy-Civita anti-symmetric tensor of rank 3 and where

Fµν = ∂µAν − ∂νAµ (2.20)
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is called the field strength tensor. In this language, Eq. (2.18) reads simply

Aµ(x)→ A′µ(x) = Aµ(x) + ∂µχ(x). (2.21)

The Lagrangian of electromagnetism without interactions is

LEM = −1

4
FµνF

µν , (2.22)

where the overall minus sign ensures that the energy is positive. Note that the Lagrangian is

invariant under the gauge transformation (2.21) due to the fact that F ′µν = Fµν .

Mathematically, these kinds of symmetries form a group, and symmetry groups can be described

in terms of Lie groups. If the symmetry is local, the group is called a gauge group in physics. Groups

and Lie groups are whole fields of research in mathematics so we will not go into much detail.

2.2.2 Gauge groups

A group is a set of elements G associated with a composition law under which it is closed, and that

obeys three properties: the existence of a unique neutral element, the existence of a unique inverse

element for each element of the group and the associativity of multiplication. If multiplication

is commutative for every element of the group, the group is called Abelian, otherwise it is called

non-Abelian. Lie groups are smooth matrix groups, in other words manifolds which can be viewed

in a R2n2

Euclidean space. They depend on the so-called Lie parameters and are differentiable with

respect to them.

The tangent space to a curved manifold of dimension n is a real vector space of dimension n,

so that any element ω(x) of the Lie group near unity can be written as

ω(x) = 1 + iAx+O(x2), (2.23)

with A belonging to the Lie algebra of the group. It is straightforward to see that a multiplication

in the group correspond to an addition in the algebra, and moreover, that the commutator is the

composition law of the algebra. When applying the commutator to the vector basis of the Lie

algebra {Ti}, which are called the generators of the group, one will always find an element of the

algebra because the commutator is closed. The commutator can hence be written in term of the

basis {Ti}:
[Ti, Tj ] = ifijkTk. (2.24)

The scalars fijk are called the structure constants of the group. They encode all the information

about the group because they determine the Lie brackets of all elements of the Lie algebra (and

thus of the corresponding Lie group).

Compact, i.e. closed and bounded, Lie groups have an interesting property of great importance

in gauge theories: in the corresponding (compact) Lie algebra there exists a bilinear form which

defines a scalar product in terms of the trace operation. When we choose the vector basis of the

algebra to be orthonormal, which is always possible, their normalization under the aforementioned

scalar product takes the form

Tr(Ti, Tj) =
1

2
δij . (2.25)

The factor multiplying δij is called the Dynkin index.

As the historical example of electromagnetism suggests, gauge groups describe interactions. Out

of the four fundamental interactions in physics, there are (at least) three that can be described by

gauge groups: the electromagnetic, the weak and the strong interaction. Let us ignore gravitation

for the moment. Interactions must be able to take place between the constituents of matter in order
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to have a physical meaning. In quantum field theory, matter particles (fermions) are excitations of

the associated fermionic fields which are spinor fields. Under each symmetry they transform in the

fundamental representation of the associated Lie group:

ψ(x)→ ψ′(x) = ω(x)ψ(x) ω ∈ G. (2.26)

Any Lagrangian containing derivatives of ψ cannot be invariant under this transformation because

of the local character of gauge transformations, which would make derivatives of ψ transform as

∂µψ → ω∂µψ+ψ∂µω. It is therefore impossible to find a symmetry without modifying the derivative

such that it transforms in the same way as the fundamental representation, i.e. as

Dµψ(x)→ ω(x)Dµψ(x). (2.27)

Such a derivative is called a covariant derivative. In virtue of the transformation (2.21), the covariant

derivative is given by Dµ = ∂µ − iAµ, which is in agreement with (2.27) if one sets ω(x) = eiχ(x).

Therefore, the group G describing electromagnetism consists of only one parameter ω such that

ω† = ω−1, which corresponds to the unitary group of dimension one, denoted U(1).

The weak and the strong interactions are described by the SU(2) and the SU(3) gauge groups,

respectively, which can be represented by unitary square matrices of dimension 2 and 3, respectively,

with unit determinant and which are simply connected8, compact and non-Abelian. su(N) is the

Lie algebra of Hermitian N ×N matrices with zero trace. Since ω(x) ∈ SU(N) will not transform

in (2.27) in the same way as ω(x) = eiχ(x), we are forced to reconsider the gauge transformation of

the field Aµ belonging to su(N) if we want to keep the above definition of the covariant derivative.

Requiring (2.27) with the transformation (2.26) and the same covariant derivative for the gauge

field leads, after some algebra, to the transformation

Aµ → A′µ = ωAµω
−1 + iω∂µω

−1. (2.28)

If ω = eiχ(x) ∈ U(1) one recovers (2.21). This change has an impact on the expression of the field

strength. Because we still want the Lagrangian to be invariant under the gauge transformation,

we should generalize its definition in order to recover the electromagnetic case when ω(x) ∈ U(1).

Firstly, because Aµ takes values in the Lie algebra of the group G, it can be written in a basis of

the vector space. The analog is true for Fµν(x):

Aµ(x) =

dim(G)∑
a=1

T aAaµ(x), Fµν(x) =

dim(G)∑
a=1

T aF aµν(x), (2.29)

where T a are the generators of the group and Aaµ(x) are the associated coefficients. After a more

careful look we remark that the relevant term in the Lagrangian of electromagnetism is F aµνF
µν a

with a = dim(G) = 1. To make things simpler and the notation lighter, we will always write

FµνF
µν because the two formulations are equivalent in this group. This turns not to be the case

in a general compact Lie group. Using Eq. (2.29) and the normalization (2.25), the generalization

is straightforward

L = −1

4
F aµνT

aFµν bT bδab = −1

2
Tr(FµνF

µν). (2.30)

Considering the cyclic property of the trace one should have Fµν → ωFµνω
−1. This condition and

Eq. (2.28) can be satisfied simultaneously by defining

Fµν = ∂µAν − ∂νAµ − i[Aµ, Aν ]. (2.31)

8A space is simply-connected when every loop within this space can be shrunk to a point.
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The non-Abelian character of the group is now explicit. It becomes even more obvious when Fµν
is written in terms of its components:

F aµν = ∂µA
a
ν − ∂νAaµ + fabcAbµA

c
ν . (2.32)

Now we have the tools to characterize the gauge groups of weak and strong interactions.

SU(2) gauge group

SU(2) is a 3-dimensional compact gauge group, hence having three generators which are hermitian

2 × 2 matrices. The usual choice of basis for the algebra are traceless matrices τa which are

proportional to the Pauli matrices

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
. (2.33)

By defining

τa =
σa
2
, (2.34)

we obtain

M = Maτa, ∀M ∈ su(2), Ma ∈ R, (2.35a)

[τa, τb] = iεabcτc. (2.35b)

SU(3) gauge group

SU(3) is an 8-dimensional compact gauge group, hence having eight generators which are hermitian

3 × 3 matrices. The usual choice of basis for the algebra is the traceless matrices ηa proportional

to the Gell-Mann matrices:

λ1 =

 0 1 0

1 0 0

0 0 0

 , λ2 =

 0 −i 0

i 0 0

0 0 0

 , λ3 =

 1 0 0

0 −1 0

0 0 0

 ,

λ4 =

 0 0 1

0 0 0

1 0 0

 , λ5 =

 0 0 −i
0 0 0

i 0 0

 , λ6 =

 0 0 0

0 0 1

0 1 0

 ,

λ7 =

 0 0 0

0 0 −i
0 i 0

 , λ8 =
1√
3

 1 0 0

0 1 0

0 0 −2

 .

(2.36)

Defining

ηa =
λa
2
, (2.37)

we obtain

M = Maηa, ∀M ∈ su(3), Ma ∈ R, (2.38a)

[ηa, ηb] = ifabcηc, (2.38b)

where fabc is the completely antisymmetric structure constant of SU(3) with the values

f123 = 1, f147 = f246 = f257 = f345 = f376 =
1

2
, f458 = f678 =

√
3

2
. (2.39)
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2.2.3 Topology of gauge groups

In this section, we will see that non-Abelian gauge groups have a non trivial vacuum structure. We

will prepare the theoretical ground for the axion description made in Sec. 2.4, which will provide

CP- and B-violating terms required by the Sakharov condition for baryogenesis, see Sec. 1.3.3.

Elementary homotopy

Let X and Y be two topological spaces and F the set of continuous maps from X to Y . The latter

are said homotopic if, for f, g ∈ F , f(X) can be continuously deformed to g(X) in Y . The idea

of homotopy theory is to study and classify all the maps from X to Y according to this homotopy

equivalence. A homotopy class is a set containing all the elements which are homotopic among

themselves. One element of a homotopy class is called a representative.

As a sandbox example, let us take R2 and R2 \ {0} and see how loops (paths that begin and

end at the same point) can be mapped inside. In the first space, any loops can be continuously

deformed to a point whereas in the second only loops that do not contain the hole do have this

property. Therefore, in R2 a loop is homotopic to a point and hence the space is said trivial. By

contrast, the loops in R2 \ {0} can be classified according to the number of times they wrap the

hole with a winding number ν ∈ Z (the negative sign accounts for the path direction change). Thus

they form a homotopic class labelled by π1 where the simplest representative is the circle S1 as Sn

has definition

Sn = {x ∈ Rn+1 | |x|2 = 1}. (2.40)

To summarize in a more rigorously way we can state that π1(R2 \ {0}) = Z. Of course the same

property arises when considering the loop’s mapping on S1: π1(S1) = Z.

If we consider now R3 and R3 \ {0} we see that any closed paths can be shrunk to a point in

both spaces whereas the homotopic class of closed surfaces π2 is shrinkable only in R3. For the other

spaces, a classification of the different wrappings with a winding number enters in the description.

As we go higher in the dimensions the same scheme repeats itself, allowing us to state, not in the

most rigorous way, that
πk(Sn) = 0 for k < n,

πn(Sn) = Z,
(2.41)

where πk is the homotopic class of closed dimension-k hypersurfaces. Because one is interested

in the result of this discussion and not in the demonstrations, we have skipped the mathematical

definitions of most of the concept used (path, loop, contraction, etc.). For the complete story, the

reader should refer to e.g. Ref. [80].

SM gauge groups homotopy

In this section, we will be interested in the structure of U(n) and SU(n) Lie groups, or, more

precisely, we want to know which kind of simpler groups they are equivalent to.

The case of SU(2) is quite simple to demonstrate. Consider a matrix representation of SU(2).

Any element R of this representation can be written as

R =

(
u −v∗
v u∗

)
, such that |u|2 + |v|2 = 1, (2.42)

where u, v ∈ C. The asterisk denotes the conjugation operation. In terms of the real numbers

a, b, c, d satisfying u = a + ib and v = c + id, the condition of unit determinant turns out to be

a2 + b2 + c2 + d2 = 1, which defines a 3-dimensional sphere of radius 1. This shows that SU(2) is

homotopically equivalent to S3. The same demonstration with identical outcome can be done for
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SU(3). In fact, we have

π3 [SU(n)] = Z, ∀n > 2. (2.43)

More generally, an important result of homotopy theory is that

π3(G) = Z (2.44)

for any simple (simply-connected, locally compact and non-Abelian without non-trivial connected

normal subgroups) compact Lie group G [80]. Therefore we will have to give a closer look to the

non-Abelian groups of the SM in the next section and find what the consequence are of their non

trivial topology.

Lastly, as a consequence for the gauge group of the electromagnetic interaction, πk [U(1)] = 0

for k > 2. This means that, unless the theory is in 1+1 dimensions, U(1) gauge theory has just the

one trivial vacuum.

2.2.4 Degenerate vacua

The result (2.43) implies the existence of a class of bijective maps gν : SU(n) → S3 (called a

diffeomorphism in homotopy theory) defining an infinite number of wrappings labelled by a winding

number ν ∈ Z. Thus, the vacuum state of non-Abelian gauge groups is degenerate since there are

an infinite number of pure gauge configurations [81].

The instanton

One can go from a vacuum to another by performing a so-called global gauge transformation (by

opposition of a local, standard gauge transformation)

Ω|0〉n = |0〉m. (2.45)

The instanton is the soliton that connects two gauge equivalent but different vacua characterized

by winding number change of 1 :

U |0〉n = |0〉n+1. (2.46)

It corresponds to a tunneling between two neighboring vacua whose transition amplitude can be

computed using a Wick rotation t → −iτ in the Euclidean action S → iSE , like any quantum

tunneling [82]. The Euclidean action of a SU(n) type free field is

SE =

∫
1

2
Tr(FµνF

µν)d4x, (2.47)

where the replacement Aa0 → −iAa0 must be made in order to have F a0i → −iF a0i and F a0iF
0i a →

−F a0iF 0i a. For the action to be finite, the fields must decay sufficiently quickly at large distances.

Therefore ∃L such that Fµν(x) = 0, ∀|x| > L. This means that Aµ are pure gauges at large

distances and thus that, if for |x| > L, Aµ(x) = iω∂µω
−1 with ω ∈ SU(n), then

Fµν = ∂µ(iω∂νω
−1)− i(ω∂µω−1)(ω∂νω

−1)− (µ↔ ν) = 0, (2.48)

where the double arrow denotes the repetition of the previous terms with a change of indices. The

fact that this happens when |x| = L is crucial, because this condition puts us in the topological

space {x ∈ R4 | |x| = L} which is homotopic to S3. Thus (2.44) applies: the SU(n) groups have a

degenerate structure of vacua, each one being characterized by zero energy in a different topological
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class labelled by the winding number, which classifies the map

g : S3 −→ su(n)

x 7−→ Aµ(x) = iω(x)∂µω
−1(x).

(2.49)

The instanton action is given by [83]

SE = ∓ 1

2

∫
Tr(Fµν F̃

µν)d4x, (2.50)

where we defined the dual of the field strength as

F̃µν ≡
1

2
εµνρσF

ρσ. (2.51)

Hence the action depends on a gauge invariant topological Lorentz scalar, as the two tensors are

not contracted with the metric. Moreover, this quantity is topologically closed, which means that

its exterior derivative9 vanishes d Tr(Fµν F̃
µν) = 0. Therefore, by the Poincaré lemma10 there exists

Kµ such that

∂µK
µ = Tr(Fµν F̃

µν). (2.52)

It is straightforward to verify that

Kµ = εµνρσTr(FνρAσ +
2

3
iAνAρAσ). (2.53)

This quantity is called the Bardeen current or the Chern-Simons (CS) current. We can integrate it

to obtain the so-called CS number, an integer defined as [83]

NCS =
g2

16π2

∫
d4xF aµν F̃

µν a =
g2

16π2

∫
d3x K0

∣∣∣∣t=+∞

t=−∞
(2.54)

which measures the change of the degree of mapping g (in other words, the change of the winding

number of SU(n) over S3). It is a topological charge in the sense that due to the integral it does

not depend on the position in space, nor does it depend on the metric, since Kµ is the contraction

of terms proportional to the gauge field with an antisymmetric tensor. As its name suggests, the

topological charge is a measure of the topological properties of the space.

In more detailed computations [83], it appears that the sign of NCS depends on the choice to

cancel the RHS of (2.50). If we choose Fµν = ±F̃µν , we have NCS ≷ 0 and therefore SE is always

positive. Moreover, since NCS represents the change in the number of vacua, the instanton is strictly

speaking only defined for NCS = 1. The value NCS = ν corresponds to ν instantons. The reverse

change in the topology, with NCS = −1, is called the anti-instanton. Taking all these results into

account, the minimal action becomes

SE = ∓8π2

g2
NCS. (2.55)

In the semi-classical situation, the tunneling rate is given by Γi ∝ e−2SE , since it is related

to the probability which in turn is proportional to the transition amplitude squared. Therefore

in the case of weak interaction, g2 = 4παW with αW = 1/29, the rate of tunneling between two

9The exterior derivative is a differential defined in topology and should not be confused with the ordinary or
covariant derivative. Readers interested in this matter are referred to Ref. [80].

10If X is a contractible open subset of Rn, then any smooth closed p-form defined on X is exact with p ∈ Z, p 6 n
(an exact form is a differential form that is an exterior derivative of another differential form).
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neighbours minima is ΓW ∝ e−
4π
αW ∼ 10−160, which is so small that it is impossible to occur within

the lifetime of the Universe.

As a closing remark we would like to mention that because it is localized in Euclidean time, an

instanton has no worldline. It is an object that does not exist in real time (in 3+1 dimensions), it

lives at one instant, hence the name due to ’t Hooft.

The sphaleron

Since tunneling is unlikely, it is necessary to pass through non-vacuum, i.e. finite energy field

configurations, in order to change from a vacuum configuration to another one. The potential

barrier between adjacent vacua has an energy scale given by a peculiar static solution of the classical

gauge fields equations. The solution of the equation of motion at the saddle point of the potential is

called the sphaleron [84]. A sphaleron, being static and localized in space, is particle-like, but since

it is unstable, we do not want to call it a soliton. Unlike a soliton, a sphaleron does not correspond

to a stable particle state in the quantum theory. Finally, let us mention that the term sphaleron

was coined by Klinkhamer and Manton from the Greek, meaning “ready to fall”.

At zero temperatures, the energy is insufficient to allow for a transition other than a tunneling

and hence this process is entirely negligible. At high temperatures, the situation is different. The

energy barrier Esph represented by the classical sphaleron solution is finite, hence a thermal kick, if

strong enough, would suffice to overpass the barrier. The probability associated to this process is

proportional to e−Esph/T and hence it is exponentially suppressed at today’s energy scale, making

it unobservable. However, in the early Universe the sphaleron comes in thermal equilibrium as

eventually T � Esph
11, which changes its nature as it is now referred as the thermal spaleron.

Taking the SU(2) weak sphaleron as an example, it has been pointed out that its energy barrier is

Esph,W '
4mW

αW
∼ 104 GeV, (2.56)

where mW is the mass of the W± boson, see Sec. 2.3.3.

At energies above Esph, the sphaleron has so much energy that the system evolves from a

neighborhood of one vacuum to another in a classical way, without tunneling. Mathematically, we

can consider it taking a random walk in the vacuum, which is characterized by the equations

〈NCS〉 = 0, 〈N2
CS〉 ∼ Γspht. (2.57)

This means that the variance Var(x) = 〈x2〉 − 〈x〉2 which contains information on the diffusion

properties of the system, increases with time. Hence the change in the topological charge is diffusive

as long as T � Esph. The detailed calculation shows that for both weak and strong sphalerons

we have Γsph/V ∝ α5T 4 [85–87]. We will come back to the effects of sphalerons when in thermal

equilibrium with the primordial plasma in Sec. 3.1 because it participates in the baryogenesis

mechanism presented in this work.

The θ vacuum

The true vacuum of the group cannot be one of these vacua, labeled |0〉i, because they are not gauge

invariant. Also taking one |0〉i as the vacuum wave function would violate a basic property in field

theory, which is that the VEV of the product of several local operators at causally independent

points must be reducible to the product of the VEV for each operator. In other words, we must

have

〈O1O2〉 = 〈O1〉〈O2〉. (2.58)

11Detailed calculations showed that the weak sphaleron is in thermal equilibrium for 130 GeV . T . 1012 GeV,
see Sec. 3.1.2 and references therein.
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This property can be traced back to the causality and unitarity of the theory [88].

Hence we shall find a true vacuum of the theory in order to properly compute VEV. The latter

is called the θ vacuum and is defined as the superposition of all the possible vacua

|θ〉 =
∑

cn|0〉n. (2.59)

To determine the coefficients cn, let’s apply U to |θ〉 :

U |θ〉 =
∑

cn|0〉n+1 =
∑

cn−1|0〉n. (2.60)

We want the true vacuum to be invariant under gauge transformation, hence cn = eiθcn−1. It

follows that cn = einθ. So we get

|θ〉 =

∞∑
n=0

einθ|0〉n (2.61)

and thus

U |θ〉 = eiθ|θ〉. (2.62)

The transition amplitude (2.6) must therefore be modified to take into account that in general the

path of the field does not need to start and end with configuration of the same winding number [89].

In other words, the vacuum can change during the transition amplitude and the path integral really

computes

〈θ|e−iHt|θ〉 =

∫
Dφ eiS[φ]+iJφ. (2.63)

In order to isolate the θ vacuum effects on the path integral, we compute the transitions from true

vacuum to true vacuum by ν instantons:

〈θ|θ〉 =
∑
m,n

e−imθeinθm〈0|0〉n =
∑
ν

eiνθ
∑
n

n+ν〈0|0〉ν . (2.64)

Therefore, the transition amplitudes n+ν〈0|0〉ν are given by a path integral in which the space-

time integral of FF̃ is fixed by (2.54). The extra factor of eiνθ in (2.64) corresponds to an additional

piece of the action

eiSeff[φ] = eiSSU(n)[φ]+iSθ (2.65)

which is Sθ = θNCS with NCS given by (2.54). Finally, putting everything together we get

〈θ|θ〉 =
∑
ν

∫
Dφ eiSeff[φ]+iJφ δ

(
ν − g2

16π2

∫
d4xF aµν F̃

µν a

)
. (2.66)

We see therefore that the non trivial nature of the SU(n) vacuum leads directly to the potentially

P, T and CP-violating effective Lagrangian

Leff
SU(n) = LSU(n) + Lθ (2.67)

where

Lθ =
g2

16π2
θF aµν F̃

µν a. (2.68)

Therefore, and to conclude, the non trivial vacuum structure of the SU(n) gauge groups brings

a new parameter in the theory, labeled as θ, with an associated Lagrangian so-called topological

density Lagrangian. Concerning the SM, we will see in the next section how this affects the model.
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2.3 The Standard Model

The Standard Model of particle physics (SM) is a QFT model based on the SU(3)c⊗SU(2)L⊗U(1)Y
gauge group, where c stands for color, L for left-handed and Y for hypercharge. Its description

restraints to the so-called baryonic matter (a misnomer which includes leptons and bosons) abun-

dance of the Universe Ω0
b (see Sec. 1.1.2) which accounts for only ∼ 5% of the Universe energy

share.

The SM is a model describing three of the four known fundamental forces : the electromagnetic,

weak, and strong interactions, in the universe, as well as classifying all known elementary particles.

It exhibits a wide range of physics including spontaneous symmetry breaking, anomalies and non-

perturbative behavior. The SM is a renormalizable theory (see Sec. 2.3.5) and can also be viewed

as an effective field theory12. In that regard, the model’s content corresponds to an energy scale of

. 100 GeV while high-energy colliders, such as LHC, probe much higher energies. As a consequence,

in order to describe our contemporary low-energy physics, as well as energy physics at scale &
100 GeV (such as inflation), physicists use effective field theories which extend the SM with higher

dimensional operators, see Eq. (2.82).

Lastly, the SM does not explain the origin of its content, neither the nature of DM nor the

neutrino masses. An effective Lagrangian for gravitation can be added, but only at tree-level, hence

it can only describe interactions with an empty space energy density (known as the cosmological

constant).

All data and values are taken from [12].

2.3.1 Content

Because it is a QFT, from the point of view of the SM its contents are particles. From the spin-

statistic theorem, we know that all particles that move in three dimensions have either integer

spin or half-integer spin (in units of ~). In the first case, the wavefunction is symmetric under the

permutation of two elements and the associated particles are called bosons. In the other case the

wavefunction is anti-symmetric under the permutation of two elements and the associated particles

are called fermions with the implication that the amplitude for two identical fermions to occupy

the same state must be zero. The fact that two identical fermions cannot occupy the same state is

called the Pauli exclusion principle. We stress that it does not apply to bosons.

In the SM, bosons are the force carriers and fermions are the elementary bricks of matter. Both

their statistics are given by the distribution fonction Eq. (1.43). From the point of view of QFT,

all particles ψ are excitations of their corresponding fields which are representations of the (proper-

orthochronous) Lorentz group, the group of all Lorentz transformations of Minkowski spacetime.

They are labelled by two half-integer numbers (j−, j+) which classify the Lie Algebras. The trivial

case (0, 0) is the case of scalar fields to which the Higgs and the axion belong. The other SM bosons

belong to the ( 1
2 ,

1
2 ) representation and are called vector fields. We will come back to the fermions

representation in the section dedicated to them. Lastly, let us mention for completeness that the

graviton lies in the (1, 1) representation of the group.

Bosonic sector

There are three fundamental forces among the four that have been gauged. To this we shall add

the Higgs field responsible of the Higgs mechanism (see Sec. 2.3.3).

12To be more explicit, we consider in this thesis that the SM consists only of renormalizable dimension 4 operators
in the Lagrangian. Initially not included, aspects such as gravity, neutrino masses or heavier states can be added to
the SM in an effective approach, mostly as higher dimensional operators.
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Strong interaction The theory of strong interactions is called quantum chromodynamics (QCD).

It is based on the SU(3) gauge group, hence has eight force carriers called the gluons described

by the eight gauge fields written Gaµ. They are real massless vectors. There are three conserved

charges called colors. Quarks do carry color, hence they are the only matter constituent to couple

to the strong interaction. Quarks q enter in the fundamental representation of SU(3) that is a

column vector of three different states

q =

 qr
qg
qb

 , (2.69)

where the color labels are (conventionally) red, green and blue. This means that from the perspective

of the strong interaction, a given red and green quark are as different as an electron and an electron-

neutrino from the perspective of the weak interaction, see Eq. (2.73).

At scales Λ . 1 GeV, the quarks are confined, because the interaction coupling blows up with

decreasing energy (Landau pole, see section 2.3.5). From an effective point of view, there is no quark

at low scale, only bound states. Quarks “appear” at high energy. The bound states (hadrons) are

colorless.

Electroweak interaction The weak force couples only to left-handed fermions, as an experiment

on decay of the muon [90] showed that a right-handed lepton never decays through weak interaction.

Process Rate

µ−L −→ e−L + ν̄eL + νµL 100%

µ−R −→ e−R + ν̄eR + νµR 0%

The SM is therefore a chiral theory. In other words left and right-handed particles are treated

differently, the first difference being that the right-handed neutrinos do not exist in the SM. The

weak force associated gauge group is SU(2), hence it has three force carriers written as W a
µ . They

are complex massless vectors. Left-handed fermions are in the fundamental representation of the

group, see Eq. (2.73).

In the 1960s, Glashow, Weinberg and Salam discovered a way of combining electromagnetism

and the weak interaction into the electroweak interaction [91–93]. The electroweak theory is based

on the SU(2)L ⊗ U(1)Y gauge group, meaning that a new electromagnetism-like gauge group is

added to the weak interaction. This interaction has a conserved charge called hypercharge and is

denoted as such.

Hypercharge interaction is inoperative at our low-energy scale, but couples to every fermion

at scales & 100 GeV. Like ordinary electromagnetism, each fermion is in a singlet representation

of U(1)Y and carries a specific value of hypercharge Yψ. The associated massless vector boson is

written Yµ. This implies at our scale that the electroweak interactions are broken down to ordinary

electromagnetism. The process of this breaking down is called the Higgs mechanism, see Sec. 2.3.3.

In order to describe it, we shall add a new boson in the representation (0, 0) of the Lorentz

group, hence a scalar, whose potential controls the breaking of the electroweak group to the electro-

magnetism group. This boson is called the Higgs boson. Its associated field is a complex massive

scalar SU(2)L doublet13, i.e. four real degrees of freedom,

Φ =

(
Φ+

Φ0

)
, Φc = iσ2Φ∗ =

(
Φ0 †

−Φ−

)
(2.70)

13Here we write the Higgs doublet in another representation than the one used in Eq. (1.127) but they are
equivalent. At first order, this can be checked by expanding eiζ

aτa ' 1 + iζaτa and identifying the four scalar fields
(ζa, h) with the four real degrees of freedom of (Φ+,Φ0).
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with weak hypercharge YΦ = 1/2. It is self-interacting and couples to every fermion via the Yukawa

interaction.

During the Higgs mechanism, the field looses three degrees of freedom that become the longi-

tudinal modes of the massive W± and Z0 bosons in the unitary gauge (their so-called longitudinal

polarization). Only one massive scalar real field remains, the physical Higgs boson h. Through the

corresponding Yukawa couplings, all fermions also acquire their mass that way.

The photon, written Aµ, is a linear combination of Yµ and the diagonal part of SU(2)L written

Z0
µ, see Eq. (2.90c).

Fermionic sector

The fermions of the SM ψ are classified into quarks and leptons, depending on whether they couple

to the strong force or not. This distinction was made by experimentalists in the second half of

the 20th century when they discover, on the one hand a wide variety of heavy particles they called

hadrons (heavy in Greek) and, on the other hand, much lighter ones they named leptons (light

in Greek). Note that some of the hadrons are bosons, and they are called mesons, but they are

not elementary particles which the SM aims to describe. Moreover, stable hadrons found in the

Universe are very few: the proton and the neutron, which are fermions and called baryons.

Hence in the SM the matter constituents are, 6 leptons14 and, if we disregard counting color

states, 6 quarks, spin 1
2 elementary particles. They are classified into 3 generations we can differ-

entiate only by their masses.

ei = (e, µ, τ) νi = (νe, νµ, ντ ) ui = (u, c, t) di = (d, s, b) (2.71)

Each fermion ψ has its own antiparticle denoted ψ̄. Their antiparticles have same mass, but

opposite charge. Depending on the gauge field they couple to, they can carry electric charge Q,

color, weak isospin I3, etc. In particular, it is straightforward to see from (2.33) that the upper

component of any SU(2)L doublet has I3 = 1/2 and the lower one has I3 = −1/2. Moreover, all

fermions transform under the hypercharge gauge group and carry a hypercharge Yψ. A summary

of the classification of SM fermions is shown in table 2.1. We normalize the electric charge in a way

that makes the charge of a proton unity. Besides, the particles also carry handedness and mass,

but here we focus only on the parameters that enter into their interactions. Moreover, no invariant

mass term is allowed by the SM symmetries, so fermions will acquire their mass from the Yukawa

interactions and the Higgs mechanism, see sections hereafter. Lastly, since the SM cannot explain

the phenomenon of neutrino oscillations, neutrinos are considered massless in the SM. Handedness

should be discussed in detail because experiments to date have not been able to prove the existence

of right-handed neutrinos.

From the point of view of QFT, all fermions are excitations of spinor fields. The spinor rep-

resentation is the first non trivial representation of the Lorentz group. It comes in two types: the

left-handed spinors ψL are part of the ( 1
2 , 0) representation and the right-handed spinors ψR are

in the (0, 1
2 ) representation. ψL/R fields are called Weyl spinors. The generators of the spinor

representation are the Pauli matrices σa. Hence the algebras of ψL/R are su(2) and ψL/R are in the

fundamental representation. The basis of left-, and respectively right-handed matrices are given by

σµ = (I2, σa), σ̄µ = (I2,−σa). (2.72)

Left-handed fermions couple to the weak force and hence form SU(2) doublets

QiL =

(
uiL
diL

)
LiL =

(
eiL
νiL

)
(2.73)

14The 3 neutrinos are Weyl fermions, with only the left chirality.
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Type Particle Handedness Q I3 Y

L
E

P
T

O
N e, µ, τ

left -1 -1/2 -1/2
right -1 0 -1

νe, νµ, ντ
left 0 1/2 -1/2

right - - -

Q
U

A
R

K u, c, t
left 2/3 1/2 1/6

right 2/3 0 2/3

d, s, b
left -1/3 -1/2 1/6

right -1/3 0 -1/3

Table 2.1. Fermion classification in the Standard Model with the values of electric charge Q, weak isospin
I3 and hypercharge Y , related by Q = I3 + Y , Eq. (2.88).

in the fundamental representation of the gauge group. The right-handed ones are singlets, but

without right-handed neutrinos νiR as this species is absent from the SM.

Two observations suggest that we build a representation that embeds both right- and left-

handed spinor: the Dirac representation. The first is that a parity transformation flips the two

half integers P : (j−, j+) 7−→ (j+, j−), meaning that one does not take parity into account when

only considering ψL or ψR alone. The second is that the left-handed and the complex conjugate

of the right-handed representation are related by a unitary transformation, which means that, for

instance, ( 1
2 , 0)∗ transforms like (0, 1

2 ) under a Lorentz transformation. Defining therefore the Dirac

representation as ( 1
2 , 0)⊕ (0, 1

2 ) and the Dirac spinor as

ψ =

(
ψL
ψR

)
. (2.74)

the Dirac algebra naturally arises from the algebra of Weyl spinors. It is given in terms of the

gamma matrices:

γµ =

(
0 σµ

σ̄µ 0

)
. (2.75)

The fifth gamma matrix, which is not a gamma matrix despite its name, is given by the product of

all gamma matrices:

γ5 = iγ0γ1γ2γ3 =

(
−I2 0

0 I2

)
. (2.76)

The subscript 5 is not an index, it is a relic of the old notation in which γ0 was written as γ4. That

is why we will always use the 5 as a subscript and never move it. The matrix γ5 is used to deal

with chirality (i.e. left- and right-handedness), see Sec. 2.3.6.

2.3.2 Lagrangian

The full Lagrangian of the Standard model is

LSM = Lgauge + Lfermion + LHiggs + LYukawa + Lgraviton + Lθ̄ + Lcorrections (2.77)

where

Lgauge =
∑

spin 1 bosons

−1

4
F aµνF

µν a (2.78a)

Lfermion =
∑

fermions

iψ̄γµDµψ (2.78b)
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LHiggs = (DµΦ)†DµΦ +m2|Φ|2 − λ|Φ|4 (2.78c)

LYukawa = Yijψ
†i
LΦψjR (2.78d)

Lgraviton = Lgrav kin + Lgrav int (2.78e)

Lθ̄ =
g2

16π2
θ̄GaµνG̃

µν a (2.78f)

with

Lgrav kin = −1

2
∂µhνσ ∂

µhνσ +
1

2
∂µh

ν
ν ∂

µhνν + ∂µh
µν ∂σh

σ
ν + ∂µh

ν
ν ∂σh

σµ (2.79a)

Lgrav int =
√
G hµνT

µν . (2.79b)

The graviton Lagrangian is not officially part of the SM, as is it still at the stage of effective

field theory. It should be removed for purists, but it has been put here for completeness. Lcorrections

accounts for all counterterms coming from renormalization and so-called ghosts that together make

the SM a renormalizable theory (see section 2.3.5). The gauge covariant derivative Dµ is introduced

so that the derivatives of the fields transform the same way as the fields themselves under the SM

gauge groups. It introduces a coupling between the fermions and the interaction they couple to via

the associated gauge field. It writes

Dµ = ∂µ − ig′YψYµ − igτaW a
µ − igsηaGaµ (2.80)

where the matrices τa and ηa have been defined by (2.34) and (2.37) respectively.

In the Yukawa Lagrangian, Yij is a matrix of the Yukawa couplings yψ, where i, j label the

generation. For a more accurate Yukawa Lagrangian, see Eq. (2.96). After diagonalization, the

mass of every fermion is directly related to its Yukawa coupling as

mψ =
yψv√

2
. (2.81)

As we will see in Sec. 2.3.4, when the states ψiL/R are in the flavor basis, the mass matrix is not

diagonal. Making use of the CKM matrix in the quark sector, it is possible to diagonalize it to be

in the mass eigenstate, but then ψiL/R are in a mixed flavor basis.

In the effective approach, the SM Lagrangian can be extended to operators of higher dimensions

and we can see LSM as the leading term in the expansion:

LSM,full = LSM +
∑
n>1

1

Λn
O(n+4). (2.82)

The added terms can then be viewed as corrections to LSM, relevant for scales of order Λ.

Parameters

The 19 free parameters of the SM are:

• The nine fermion masses (6 quarks and 3 charged leptons) via the Higgs mechanism, see

Sec. 2.3.3.

• The U(1)Y , SU(2)L and SU(3)c gauge couplings [94].

g′ = 0.3587 g = 0.6483 gs = 1.1666 (2.83)

given at two-loops correction in the MS scheme at the top mass mt = 173.35 GeV, see

Sec. 2.3.5.
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• The four parameters of the CKM matrix, see Sec. 2.3.4.

• The QCD SU(3) θ vacuum angle, see Sec. 2.2.4 and Eq. (2.68).

• The Higgs vacuum expectation value v = 246.21971± 0.00006 GeV [94], see Sec. 2.3.3.

• The Higgs mass mh = 125.25 GeV.

Note that in the SM neutrinos are massless. In the effective theory approach, we can consider

a dimension-five mass term for each left-handed neutrino. Hence in this extension, we have to

include three neutrino masses and their correspond mixing angles that come in the Pontecorvo-

Maki-Nakagawa-Sakata (PMNS) matrix, an analog of the CKM matrix, which accounts for the

neutrino oscillations.

Accidental symmetries

If, after imposing the gauge symmetries from interactions and renormalizing the theory, symmetries

still remain, these are called accidental symmetries. They are symmetries that we did not impose

but that the action exhibits anyway. They are usually valid up to a certain point in the EFT

expansion (2.82). We call accidental symmetries of the SM the accidental symmetries at leading

order (LSM given by (2.77)).

Some accidental symmetries of the SM are

• The product of parity P : x → −x, times the charge conjugation C : ψ → −Cψ̄T where

C = iγ0γ2, that change handedness of the fermions: ψL ↔ ψR, times the time reversal

T : t→ −t: CPT .

• The global U(1)B that conserve the baryon number B.

• Three global U(1)` where ` = e, µ, τ that conserve each generation of lepton number.

The first symmetry is discrete and stands that every localized quantum system should be invariant

under these three symmetries applied together. We ofter write the two last symmetries as

U(1)B ⊗ U(1)e ⊗ U(1)ν ⊗ U(1)τ or U(1)B ⊗ U(1)L, (2.84)

where U(1)L = [U(1)`]
3
. Sometimes we also refer to the accidental global U(1)B−L symmetry.

Accidental symmetries have huge implications on a theory. For instance, a Majorana mass

term violates the U(1)B−L symmetry by two units. Neutrino masses are therefore protected by this

symmetry.

As already stated in Sec. 2.1, accidental symmetries do not necessarily conserve the generating

functional Z[J ] defined in (2.6) because the measure in the path integral can change even if the

action remains untouched. Indeed, the field φ is shifted according to (2.11b), hence does Dφ. When

this happens, the corresponding current is not conserved ∂µj
µ 6= 0 and the symmetry is said to be

anomalous. In Sec. 2.3.6 we give an overview of the chiral anomaly in the SM and how it is linked

to the accidental global symmetries.

2.3.3 The Higgs mechanism

The Higgs mechanism is a description of the spontaneous symmetry breaking of the electroweak

sector into electromagnetism that happens at scale ∼ 100 GeV. Spontaneous breaking of symmetry

happens when the ground energy of a system (the vacuum) has less symmetry than the system itself.

For instance, consider magnetic materials, which are characterized by the presence of magnetic

moments. These are due to the movement of the so-called valence electrons in the atoms. When
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hot, the direction of the magnetic moments are randomly distributed among microscopic patch of the

material. Thus, at macroscopic level the resulting magnetization results to zero by isotropy, hence

there is an O(3) symmetry of the system. However, the state of lowest energy (the ground state)

of these materials corresponds to all the magnetic moments being aligned in the same direction. In

that state, the global symmetry has been broken down to Z2 and the material is now macroscopically

magnetized.

In field theory, it it possible to mobilise the same mathematical tools to describe how global and

gauge symmetries can be partially or totally broken. In addition to this aim, the Higgs mechanism

also explains how the electroweak bosons and fermions got massive during the process. Consider

the electroweak sector of the SM (2.77) given by

LEW = −1

4
W a
µνW

µν a − 1

4
YµνY

µν + (DµΦ)†DµΦ− V (Φ) + LYukawa. (2.85)

Assume that the Higgs potential has a minimal value for the specific doublet value

〈Φ〉 =
1√
2

(
0

v

)
, 〈Φc〉 =

1√
2

(
v

0

)
. (2.86)

This can be possible if the quadratic term in the Higgs potential (2.78c) is negative. With the sign

convention we used this means m > 0. Then the shape of the potential is the one of a Mexican

hat and the neutral component of the scalar doublet acquires a non-zero vacuum expectation value

(VEV). The ground state (i.e. the vacuum) is then defined to be

Φ = 〈Φ〉, W a
µ = 0, Yµ = 0. (2.87)

The unbroken generators Q of the vacuum symmetry subgroup are Hermitian matrices such that

Q〈Φ〉 = 0. If one chooses the generator of U(1)Y to be Y = 1/2 on the Higgs, it means that we

have Q = τ3 + Y , where τ3 was defined in (2.34).

Thus when the Higgs field sits at its minimum, there is an unbroken U(1) gauge group which is

different from the original U(1)Y group and to which electromagnetism is identified. The U(1)EM

subgroup therefore has a single gauge field Aµ which is a linear combination of the τ3 component of

the SU(2)L gauge field and the hypercharge gauge field. In quantum mechanics, hermitian operators

are observables, hence Q corresponds to the electromagnetic charge, τ3, sometimes written as I3,

denotes the weak isospin and Y is the hypercharge. Due to our choice of the U(1)Y generator, these

three parameters are related by

Q = I3 + Y. (2.88)

As a bottom line, the physics when Φ = 0 (the symmetric phase) is drastically different from

the one when Φ = 〈Φ〉 (the broken phase). The way that the primordial plasma transitions from

one phase to another is described by the changing shape of the Higgs potential that depends on

the Universe temperature, and is referred to as the electroweak phase transition (EWPT). Phase

transitions can either be first or second order, see Fig. 2.1. In the first case, the transition is abrupt

as quantum tunneling is possible. Like liquid water becoming gas, one phase suddenly appears

among the other and forms bubbles that, under some conditions, can expand before dominating

the Universe. The second case is a continuous crossover, like liquid water becoming solid. Today,

experimentation and results are in favor of a second order EWPT. Today, the rate of transition

is still under study and will be of great importance for us because the EWPT can provide the

out-of-equilibrium situation required by the Sakharov conditions. We will come back to this issue

when talking about the baryon asymmetry generation mechanism, see Sec. 3.1.

The symmetric phase is described by the Lagrangian (2.85) whereas the broken phase La-
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Figure 2.1. Left: A typical first order phase transition with a potential normalized at φ = 0 for all values
of T . At T1 > T , the only minimum is at φ = 0 and the symmetry is said to be restored. At T = T1,
a local minimum appears as an inflection point and a barrier between both minimum starts to develop as
temperature falls. At the critical temperature T = Tc both minima are degenerate. As soon as Tc > T , the
original minimum becomes metastable and tunneling is possible, which starts the phase transition. The
tunneling rate depends on the barrier’s height and for some potentials the tunneling becomes efficient later.
Finally, when T = To the barrier disappears and the original minimum is now a maximum. Right: A typical
second order phase transition with a potential normalized at φ = 0 for all values of T . As for first order
phase transition, at T > To the only minimum is at φ = 0 and the symmetry is said to be restored. At
T = To, the global minimum becomes a local maximum and when T falls the field simply rolls down the
potential acquiring a new expectation value different from zero. This transition is said to be soft, as the
minimum of V (φ) continuously changes from the high temperature global minimum to a new position at
low temperatures. Figures taken from [95].

grangian can be obtained at leading order by studying the perturbations around the Higgs potential

vacuum. In fact, the physical (scalar) Higgs field h is a small linear perturbation of the doublet

around the vacuum. As long as Φ 6= 0, any configuration of the field close to the classical vacuum

is gauge equivalent to the following configuration, in the unitary gauge,

Φ =

(
0
v+h√

2

)
. (2.89)

If we now define the fields

W±µ =
W 1
µ ∓ iW 2

µ√
2

(2.90a)

Z0
µ = W 3

µ cos θW − Yµ sin θW (2.90b)

A0
µ = Yµ cos θW +W 3

µ sin θW (2.90c)

the EW Lagrangian terms become in the broken phase

−1

4
W a
µνW

µν a − 1

4
YµνY

µν = −1

2
W+
µνW

−µν − 1

4
ZµνZ

µν − 1

4
FµνF

µν + ... (2.91a)

(DµΦ)†DµΦ =
1

2
∂µh∂

µh+m2
WW

+
µ W

−µ +
m2
Z

2
Z0
µZ

0µ + ... (2.91b)

where we wrote only the quadratic terms with

mW =
gv

2
, mZ =

mW

cos θW
, cos θW =

g√
g2 + g′2

, sin θW =
g′√

g2 + g′2
. (2.92)

We can see that the resulting Lagrangian describes four vector fields, like (2.85), but three of them
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are massive. The second equation shows that three of the four Higgs doublet degrees of freedom

became the longitudinal components of the W± and Z0 bosons. We identify the massless vector

field with the photon. The full broken phase Lagrangian contains nonlinear terms describing the

field interactions that we eluded here.

Note that the number of longitudinal components match the number of broken generators

(τa, Y )→ Q. This is part of the Goldstone theorem which states that, to each broken generator of

a global symmetry corresponds a massless scalar field called a Goldstone boson. As we have seen,

for a gauge symmetry, the Goldstone boson becomes the longitudinal polarization of the associated

vector field. If the symmetry is global but approximate, each broken generator provide a massive

boson called a pseudo Nambu-Goldstone boson.

The bosons W± and Z0 have been detected experimentally; their masses are mW ' 80 GeV and

mZ ' 91 GeV. Besides, the weak angle θW is measured independently by studying the interaction

of photons and the massive bosons with other particles. This is possible because θW is determined

by the coupling constants g and g′. The experimental value is sin2 θW ' 0.23, hence the equation

mW = mZ cos θW is satisfied in nature with good accuracy.

The covariant derivative in (2.85) contained all four EW gauge fields in the symmetric phase,

see Eq. (2.80). In the broken phase it becomes

Dµ = ∂µ − ieAµ (2.93)

where

e =
gg′√
g2 + g′2

= 0.3139 (2.94)

computed according to the values given by (2.83).

The physical Higgs h has a mass mh =
√

2λv (that we shall not confuse with the mass parameter

m) and a VEV

v ≡ 〈h〉 =
m√
λ
' 246 GeV. (2.95)

The quartic coupling λ is a free parameter in the SM, and hence, there is no a priori prediction

for the Higgs mass. Moreover, the sign of the mass parameter m2 = λv2 is crucial for the EW

symmetry breaking to take place, but is not specified in the SM. There should be a sign difference

between the quadratic and the quartic terms; here we put it explicitly in the potential definition.

The experimentally measured Higgs mass, mh ' 125 GeV, implies that λ ' 0.13 and m = 88.8 GeV

at the top mass scale15. The Higgs boson was predicted in 1964 [96–98] and discovered at CERN

in 2012 [99, 100],

2.3.4 Flavor and mass mixing

In the previous section we focused of the gauge part of the EW symmetry breaking. In this one, we

will study the consequence on the fermion sector, in particular the Yukawa interactions, and how

it leads to flavor mixing in the broken phase. Recall the Yukawa Lagrangian (2.78d)

LYuk = (Y`)ijL̄
i
LΦejR + (Yu)ijQ̄

i
LΦujR + (Yd)ijQ̄

i
LΦcdjR (2.96)

where ψ̄iL ≡ ψ
i†
L γ

0 is a left-handed doublet of generation i and ψjR a right-handed singlet of genera-

tion j. The matrices (Yψ)ij encode the Yukawa coefficients of the three SU(2) families of fermions.

The first term stands for leptonic sector, the second for up-type quark and the last for down-type

quark, see Eq. (2.71). We could add a term YijL̄
i
LΦcνjR but right-handed neutrinos have not been

observed yet.

15All SM couplings values are given at a specified energy scale as they are running with it, see Sec. 2.3.5.
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The Higgs doublet then gets a VEV given by (2.86), hence using the doublet representation

(2.73), the Yukawa Lagrangian becomes

LYuk = (M`)ije
i†
L e

j
R + (Mu)iju

i†
Lu

j
R + (Md)ijd

i†
Ld

j
R (2.97)

where we defined

(Mψ)ij ≡
v (Yψ)ij√

2
(2.98)

as the mass mixing matrix of the family ψ. These three matrices can be diagonalized by the use of

the unitary matrices V ψL,R. Without index notation, it writes

Mψ = V ψL Dψ(V ψR )† (2.99)

with
D` = diag(me,mµ,mτ )

Du = diag(mu,mc,mt)

Dd = diag(md,ms,mb)

(2.100)

With those changes, the Yukawa Lagrangian now writes

LYuk = e†LV
`
LD`(V

`
R)†eR + u†LV

u
LDu(V uR )†uR + d†LV

d
LDd(V

d
R)†dR. (2.101)

This way of writing things is relevant because the propagators are defined in the mass eigenstate of

the fermions as they should satisfy the equation (∂2−m2)G(x, y) = δ(x− y), see Eq. (2.8). Hence,

in order to draw Feynmann diagrams and calculate anything from it, it is needed to put the fields in

the mass basis. To do so, we use the accidental symmetries of the SM (2.84) and perform rotations

for the fermion fields. For the lepton part this works well, since by U(3)L ⊗ U(3)R rotating

LL → V `L LL =

(
V `LeL
V `LνL

)
, eR → V `R eR, (2.102)

we can go to a basis where the mass mixing is removed. This is because there is as many fields

(LL, eR) as there are rotating matrices (V `L, V `R). Once in this basis, there is a residual symmetry

[U(1)`]
3

that distinguishes the three lepton families. Thus, the take away message is that there is

no mixing in the lepton sector and we can always consider the SM in the lepton mass eigenstate.

However, the story is different in the quark sector, because there are 3 fields (QL, uR, dR) for 4

unitary matrices (V uL , V dL , V uR , V dR). Therefore we cannot simultaneously diagonalize them as there

is not enough symmetry to put all quarks in mass eigenstates without mixing their flavors. This is

because uL and dL must transforms the same way since they belong to the same SU(2) doublet.

Therefore there is a 4− 3 residual mixing matrix called the CKM matrix.

We have the choice then between two fields redefinition to make one mass mixing matrix

diagonal,

QL → V
u/d
L QL =

(
V
u/d
L uL

V
u/d
L dL

)
, uR → V uR uR, dR → V dR dR, (2.103)

where V
u/d
L stand for the fact that there is the possibility to choose (once for all) between V uL or V dL

as the diagonalizing matrix. If we choose V uL and define the Cabibbo-Kobayashi-Maskawa (CKM)

matrix as VCKM = (V uL )†V dL , which is unitary transformation, we can then perform a residual

mass mixing in the quark sector as M̃d = VCKMDdV
†
CKM and the Yukawa Lagrangian in the mass
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eigenstate becomes

LYuk =
∑

i=e,µ,τ

mie
i†
L e

i
R +

∑
i=u,c,t

miu
i†
Lu

i
R +

∑
i,j=d,s,b

(M̃d)ijd
i†
Ld

j
R (2.104)

As a consequence, to interpret the SM Lagrangian in term of mass eigenstates, we need to

redefine the quark fields as
uiL,R → uiL,R, diR → diR

diL → (VCKM)ij d
j
L

(2.105)

which induces flavor mixing [101].

The CKM matrix

The CKM matrix is a 3×3 unitary matrix, VCKM ∈ U(3). It has 9 parameters because the unitarity

condition V †CKM = V −1
CKM removes 9 degrees of freedom to the 9 complex entries. It explicitly writes

VCKM =

 Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb

 (2.106)

The transition amplitude from i to j is proportional to |Vij |2. There are 5 U(1) global symmetries,

namely QL, uR, dR, LL, eR, that allow a shift to remove the phase of the corresponding fields.

Those shift angles are unobservables and contribute to the CP problem as we will see in Sec. 2.4.1.

At the end of the day, 4 free parameters remain for the CKM matrix and various representations

of them exist. The standard one is

VCKM =

 1 0 0

0 c23 s23

0 −s23 c23

 c13 0 s13e−iδ

0 1 0

−s13eiδ 0 c13

 c12 s12 0

−s12 c12 0

0 0 1

 (2.107)

where sij = sin θij and cij = cos θij . Here we see the three rotations and the remaining phase

explicitly.

As shown, the unitary rotation (2.105) makes the mass matrices Mu and Md diagonal but with

the price of flavor mixing. Because the propagators are always in their mass eigenstate, the latter

is carried by charged bosons from EW sector in their mass eigenstate: the W± bosons. In other

words, when drawing a Feynmann diagram, every vertex involving a W± will have a Vij . This

comes from the coupling to SU(2) in the covariant derivative :

iψ̄γµDµψ
SU(2) term→ g

2
ψ†iL σ̄

µσaψjLW
a
µ (2.108)

where i, j are the flavor indices. Under SU(2)L the representation (2.73) explicitly writes

Lint
SU(2) =

gσ̄µ

2

(
u†iL d†iL

)( Yµ +W 3
µ W 1

µ − iW 2
µ

W 1
µ + iW 2

µ Yµ −W 3
µ

)(
ujL
djL

)
(2.109)

where uiL/R and diL/R are both flavor families, see Eq. (2.71). We now go to the broken phase basis

using (2.90) and we write schematically Yµ±W 3
µ = C±1 A

0
µ +C±2 Z

0
µ where C±1 and C±2 are constant



76 CHAPTER 2. PARTICLE PHYSICS

depending solely on g and g′, see (2.92). Therefore, the interaction (2.109) becomes

Lint
SU(2) =

gσ̄µ√
2

[
u†iL (C+

1 A
0
µ + C+

2 Z
0
µ)uiL + u†iLW

+
µ V

CKM
ij djL

+ d†iLV
†CKM
ij W−µ u

j
L + d†iL (C−1 A

0
µ + C−2 Z

0
µ)diL

]
.

(2.110)

Since V †CKMVCKM = 1, we see that neutral bosons (γ0, Z0) conserve flavor because the CKM

matrices cancel out, whereas the W± bosons inevitably mix the quarks by converting an up-type to

a down-type of quark or vice-versa (but never an up-type to an up-type or a down-type to a down-

type quark). This can also been seen with the commutation relation
[
V
u/d
L , τ3

]
=
[
V
u/d
L , Q

]
= 0,

because the photon and the Z0 boson are linear combinations of τ3 and Q, see Sec. 2.3.3. We say

that neutral currents conserve flavor. Note that this vertex only apply to left-handed fermions.

CP violation in the SM

The δ shift phase parameter is a CP-violating term. There are only two CP-violating parameters

in the SM, δ and θ, giving rise to the strong CP problem, see Sec. 2.4.1. Moreover, only three

quark families can provide a non vanishing δ, since in a U(2) group field redefinition reabsorbs all

the phases. This can be seen from the Jarlskog invariant, a parameter built from triangles in the

complex plane of CKM matrix elements called unitarity triangles, whose areas are all equal to S.

In the standard parametrization the parameter writes to [12].

J = 2S = c12c23c
2
13s12s23s13 sin δ = (3.08+0.16

−0.18) · 10−5. (2.111)

We notice that it involves four Vij , thus a diagram with four W± vertices at least is needed to have

a CP-violation operator. Moreover, the three quark families are necessary because J is a product

from the mixing angle between all the families. When only two families are involved, even with

four W± vertices, it is always possible to perform a global U(1) quark number rotation to get rid

of the phase.

To conclude, there is a CP violation in the SM but it needs the three families of quarks getting

involved. This can only happen in a minimum of two-loop process which is hence highly suppressed.

Therefore the SM CP-violation process is not strong enough to produce enough baryon asymmetry

with regard to Sakharov conditions (see Sec. 1.3.3) and we will need to add CP-violating terms in

a successful theory of baryogenesis, see Secs. 2.4 and 3.2.

2.3.5 Renormalization and β functions

This sketch on renormalization is made to be intuitive and does not enter in the mathematical

details. Renormalization has to be understood as the corrections one should apply to every QFT

on a first naive Lagrangian that we are still forced to begin with. It is impossible to write a QFT

which is already renormalized because each first draft of a theory must then be corrected in a way

dictated by the theory itself.

The renormalization process ensures that the parameters of a theory, namely the masses and

couplings, are the true physical quantities from measurement. It is done by adding counterterms and

ghost fields to the original bare Lagrangian and leads to the effective redefinition of the couplings,

making them run according to their β functions, see hereafter.

Since the renormalizability of a theory depends on its number of dimensions, the simplest way

to renormalize it is to compute the corrections with dimensional regularization. It means we should

first write the theory in d = 4−ε dimensions and take the limit ε→ 0 at the end of the computation.

Once the corrected propagator has been computed, there will be constant terms and terms that
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depend on ε in the result. The way to absorb these terms in the renormalization is left to a choice

called renormalization scheme. Amongst the infinite schemes at our disposal, two are most-known.

• The Minimal Subtraction scheme (MS) originally used by ’t-Hooft where only 1/ε is removed

and absorbed into the counterterms.

• The bare Minimal Subtraction scheme (MS) used nowadays where

1

ε
− γE + log 4π (2.112)

are removed and absorbed into the counterterms, where

γE =

∞∑
k=1

[
1

k
− log

(
1 +

1

k

)]
' 0.577 215 665 (2.113)

is the Euler-Mascheroni constant.

By changing the dimension 4 to 4 − ε, dimensional regularization introduces a (spurious) scale Q,

called the renormalization scale, which physical observables should not depend on.

All schemes should give the same physics. The scheme must be viewed as a renormalization

degree of freedom. The same principles as for gauge symmetry apply. A renormalized quantity ΓR
will depend on the used scheme

ΓR = Z(R)Γ (2.114)

without changing the physical information it contains. It is hence possible to pass from one scheme

to another with the rule

ΓR′ = Z(R′, R)ΓR, Z(R′, R) =
Z(R′)

Z(R)
. (2.115)

The factors Z(R′, R) respect the composition law, the existence of a neutral element and an inverse;

therefore they form a group called the Renormalization Group.

Consider now as physical quantity the effective action Γ[φc], where φc is the classical value of

the scalar field in the effective potential, that may depend on the interaction couplings gi, which

also includes the mass m, etc. Physically, Γ should not depend on the renormalization scale Q, i.e.
dΓ
dQ = 0. It is convenient to perform a chain derivative and multiply by Q to get

Q dΓ

dQ
=

(
Q ∂

∂Q
+Qdgi

dQ
∂

∂gi
−Qdφc

dQ
∂

∂φc

)
Γ[φc] = 0. (2.116)

We define the renormalization group functions as

βi = Qdgi
dQ

(2.117a)

γ =
Q
φc

dφc
dQ

(2.117b)

that measure how the couplings change with the energy scale. The first are denoted as the β

functions and will be of prime importance in the following. Finally we obtain(
Q ∂

∂Q
+ βi

∂

∂gi
− γφc

∂

∂φc

)
Γ[φc] = 0 (2.118)

called the Renormalization Group Equation (RGE).
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Figure 2.2. SM renormalization group evolution of the gauge couplings g1 =
√

5/3g′, g2 = g, g3 = gs,
of the top and bottom Yukawa couplings (yt, yb), and of the Higgs quartic coupling λ. Here µ ≡ Q. All
couplings are defined in the MS scheme. Plot taken from [102].

According to the RGE, all the SM couplings change with energy. We show the runnings on

Fig. 2.2 of the three gauge couplings

g1 =

√
5

3
g′, g2 = g, g3 = gs, (2.119)

the top/bottom yukawa yt/b as well as the Higgs quartic coupling λ.

The β functions for the gauge couplings are given at 1-loop correction by [78]

β
(1)
1 =

g3
1

16π2

(
20

9
ng +

1

6

)
(2.120a)

β
(1)
2 =

g3
2

16π2

(
−22

3
+

4

3
ng +

1

6

)
(2.120b)

β
(1)
3 =

g3
3

16π2

(
−11 +

4

3
ng

)
(2.120c)

where ng = 3 is the number of generation.

The β function for the top yukawa is given at 1-loop correction by [103, 104]

β(1)
yt =

yt
16π2

(
9

4
y2
t −

17

40
g2

1 −
9

8
g2

2 − 4g2
3 +

1

2
y2
τ +

3

4
y2
b

)
(2.121)

Last, the β function for the Higgs potential parameters are given at 1-loop correction by [105]

β
(1)
m2 =

m2

16π2

(
y2
τ + 3y2

b −
9

4
g2

2 −
3

4
g2

1 + 6λ+ 3y2
t

)
(2.122a)

β
(1)
λ =

1

16π2

(
−y4

τ − 3y4
b +

9

16
g4

2 +
3

8
g2

1g
2
2 +

3

16
g4

1 + 2λy2
τ (2.122b)
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+6λy2
b −

9

2
λg2

2 −
3

2
λg2

1 + 12λ2 + 6λy2
t − 3y4

t

)
.

As we can see from Fig. 2.2 and deduce from computation, the Higgs self-coupling becomes

negative for a scale QI ∼ 109-11 GeV. This results in a negative potential for values h & QI .
This is called the Higgs instability or vacuum catastrophe problem. Still it has been proven that

the fake electroweak vacuum is metastable, and its life time is much larger than the present age

of the Universe. Any model and any physics involving the Higgs at such scale may come with a

solution to fill the vacuum. It usually requires altering the Higgs UV physics in order to influence

the behavior of the beta function at scales & 100 GeV. This must be done for instance in the

Higgs inflation model (see Sec. 1.2.6), where the physical Higgs field plays the role of the inflaton

at scales ∼ Mpl � QI . In Chap. 6 we will introduce an inflation and baryogenesis model that has

the additional feature to stabilize the Higgs potential.

2.3.6 Anomalies

Symmetries play an important role, if not the most important role, in the SM, either being con-

served, being violated or being anomalous. Unlike a gauge symmetry, the group elements ω of a

global symmetry are constant, i.e. ∂µω = 0. It would be wrong to believe that global symmetries

are of less interest than the gauge ones because of their comparative apparent simplicity. We have

already devoted some sections to gauge groups and began to draw some links with the SM. In

Sec. 2.3.2 we have seen that the SM exhibits accidental global symmetries. Here we aim to show

how gauge and global symmetries articulate themselves with the matter sector in the SM. For

references, see e.g. [88, 106–108].

Global U(1) symmetry

Consider a field ψ charged under a U(1) symmetry with some charge Q. Then, a group element

ω = eiα ∈ U(1) acts on ψ as ψ → eiQαψ. Because eiα+2niπ is the same element as ω, it means that

eiQαψ = eiQ(α+2nπ)ψ, ∀n ∈ Z. (2.123)

Therefore the allowed charges under a U(1) symmetry are quantized: Q ∈ Z. They must be integers.

In other words, they are quantum numbers. We can hence use global U(1) symmetry groups to

count objetcts. This becomes more obvious if we compute the associated current and charges of a

Weyl spinor. As we have seen, they come in two representations of the Lorentz group, ( 1
2 , 0) and

(0, 1
2 ), that we label L/R for left-/right-handedness. Hence the theory

L ⊃ iψ†Lσ̄
µDµψL + iψ†Rσ

µDµψR (2.124)

has a U(1)L⊗U(1)R global symmetry where the two U(1) factors rotate the fermions independently:

ψL → eiαLψL and ψR → eiαRψR. The charges (qL, qR) of ψL and ψR under this group are (1, 0)

and (0, 1) respectively. From Noether theorem their associated currents (2.12a) and charges (2.13)

write
jµL = ψ†Lσ̄

µψL, jµR = ψ†Rσ
µψR,

QL =

∫
ψ†LψL d

3x, QR =

∫
ψ†RψR d

3x.
(2.125)

One recognizes the number operator a†a in the integrals, therefore QL/R counts the particle number

of the Weyl spinor field in the left/right representation.

Of course, we can equivalently use the Dirac formulation of spinor (2.74) in which L ⊃ iψ̄γµDµψ

and define the same global symmetry U(1)V ⊗ U(1)A in another basis. Here V stands for vector
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and corresponds to αL = αR and A for axial where αL = −αR. The names come from the fact that

their associated currents are respectively a vector and a pseudovector, see Eq. (2.127) below.

In the Dirac representation, the symmetries write

ψ → eiαψ (vector), ψ → eiαγ5ψ (axial), (2.126)

and the associated current and charge are

jµV = ψ̄γµψ = jµL + jµR, jµA = ψ̄γµγ5ψ = −jµL + jµR,

QV = QL +QR, QA = −QL +QR.
(2.127)

In the classical theory, the standard arguments from Noether ’s theorem tell us that all these

currents are conserved, ∂µj
µ = 0. However, at quantum level, when working the details, it turns out

that the vector and axial currents cannot be conserved simultaneously. In other words, the full group

U(1)L ⊗ U(1)R cannot be gauged, as we cannot couple a gauge field to a non-conserved current.

Only the diagonal subgroup U(1)V can be gauged, which is the gauge group for electromagnetism

U(1)EM that we described in previous sections. This is a major result of the SM called the chiral

anomaly. It was proven by ’t Hooft in 1976 [109], after the explanation by Adler-Bell-Jackiw

[110, 111] of the π0 decay problem (that violates chirality) and leads to non-trivial consequences

from a cosmology point of view.

The chiral anomaly

There are many ways to prove the anomaly, either by solving the associated triangle diagrams,

or by computing the change in the path integral measure, or by looking the shift in the Landau

level under the change of coupled gauge fields. In a more mathematical approach, we can also

prove that the chiral anomaly is a manifestation of the Atiyah-Singer index theorem [80, 107]. In

this section we aim to give an insight of the phenomenon while avoiding the explicit quantum field

theory computation.

The most physical argument is to show how left- and right-handed particles are created/de-

stroyed differently when coupled to a background electromagnetic field (where the electric and

magnetic fields share a parallel component). This is usually done in 1+1 dimensions for illustra-

tive purposes as this simplification preserves the key concepts of the mechanism while avoiding

the degeneracy in the other directions. In other words, the only Laudau level of interest for the

demonstration of the 3+1 dimensions solution is the one retained by the 1+1 model.

Consider a matter field coupled to a U(1) gauge field (that we can choose to be electromag-

netism):

L = −1

4
FµνF

µν + iψ̄ /Dψ. (2.128)

In 1+1 dimensions, all the interactions mediated by the electromagnetic field reduce to the Coulomb

potential V (x) = ex where e is the electric charge, since there are no transverse components. In

order to avoid IR divergences, we confine the model in a spatial domain of length L such that

eL� 1. Note that as A0 becomes negligible, we will thereby treat it as zero in what follows.

The other aspect which is different when two spatial dimensions are removed is the topology.

In R4, U(1) is trivial but on a vector space based on R2 one has a classification of the gauge field Aµ
in terms of a winding number because π1 [U(1)] = Z, see Sec. 2.2.3. Thus, A1 must be considered

only on the interval [0, 2π
L ], since it is a matter of gauge transformation to go beyond this domain.
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Figure 2.3. Left: Fermion energy levels in function of A1, taken from [88]. Right: Fermi surface for a
fermion in the 3+1 dimensions theory in a uniform magnetic field along the z-direction. The hyperbolic
branches of the Landau levels are either fully populated or empty, and the states within these branches
simply rearrange under an applied electric field. Only the linear branch changes in the presence of an
applied field, effectively reducing to the 1+1 dimensions problem. Taken from [108].

Skipping some details16, the equation of motion from the above Lagrangian reads

i
∂ψ

∂t
− σ3

(
i
∂

∂x
+A1

)
ψ = 0, (2.129)

where the correspondence γ0 = σ2, γ1 = iσ1 for 1+1 dimensional space have been made, and we

find that one level of energy Ek is given by(
ELk
ERk

)
=

[(
k +

1

2

)
2π

L
−A1

](
−ψL
ψR

)
. (2.130)

The level of energy shifts in an opposite way for left- and right-handed particles when the

value of A1 changes. If A1 passes from one configuration to another which is gauge equivalent, a

restructuring of the fermion levels take place, see Fig. 2.3. The energy levels of the left-handed

particles move upward and right-handed ones downward, or equivalently, the Dirac sea that defines

the vacuum simultaneously rises for right-handed particles and falls for left-handed ones. We know

that a hole in the Dirac sea is the definition of an antiparticle, because the vacuum is a filled

Dirac sea. If we take the true vacuum as our initial state and let A1 to move from 0 to 2π
L , our

final state is composed of a right-handed hole (the sea rises) and a left-handed particle (the sea

falls). During this process, the total number of particle QV is conserved, but QA has been violated

because handedness has been flipped: ∆QA = −2. Hence, when A1 changes from 2πn
L to 2π(n+m)

L

the corresponding change of the axial charge is ∆QA = −2m which implies

Q̇A = −L
π
Ȧ1. (2.131)

16See Ref. [88] for a complete description.
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The current corresponding to the latter charge is

∂µj
µ
A = − 1

2π
εµνFµν , (2.132)

where εµν is the Levi-Civita antisymmetric tensor ε01 = −ε10 = 1. This equality represents the

famous axial anomaly in 1+1 dimensions. Although we have derived it by hand-waving arguments,

we have preserved the only feature that makes the phenomenon extremely simple and widely known:

the crossing of the zero point in the energy scale. The presence of an infinite number of levels and

the Dirac sea interpretation constitute the essential elements of the construction. With a finite

number of levels there is no place for such an interpretation and there can be no quantum anomaly.

The three-point function of U(1) currents, computed via a loop of fermions, is the classic

calculation that revealed the existence of the chiral anomaly. The detail calculation can be found

in e.g. Chap 19 of [106], or in Ref. [107]. The triangle anomaly calculation has the virtue of being

easily adapted to general symmetry currents, not just U(1).

Indeed, we can repeat the same we did for U(1) as the SM Lagrangian (2.124) is also symmetric

under the global SU(n)L ⊗ SU(n)R group (for n = 2, 3). We can then rewrite (2.126) as

ψL → ωLψL, ωL ∈ SU(n)L ψR → ωRψR, ωR ∈ SU(n)R. (2.133)

This implies the following vector and axial currents

jµaV = ψ̄γµT aψ jµaA = ψ̄γµγ5T
aψ (2.134)

where T a are the generator of the SU(n), defined in (2.29). Like the vector U(1) remained a valid

anomaly-free symmetry at the quantum level, the same is true with regard of the vector SU(n)

currents: they are conserved. The axial currents are anomalous. The conclusion for SU(n) is then

per se the same as for U(1), and the chiral anomaly for the SU(n) group is the same, but with the

corresponding gauge field instead.

It is found that, for a fermion coupled to a massless spin-1 particle with field strength F aµν and

coupling g,

∂µj
µa
A = − g2

32π2
Tr

(
T a {T b, T c}

)
εµνρσF

µν bF ρσ c , (2.135)

where T a are the generators of the algebra, see Sec. 2.2.2.

Alternatively, we can study how a U(1) transformation leads to the measure transformation∫
DψDψ̄ →

∫
DψDψ̄ exp

(
− ig

16π2

∫
d4x α εµνρσF

µνF ρσ
)
. (2.136)

The current associated to axial transformations is no longer conserved: instead it obeys (2.135).

This method is referred to as the Fujikawa path integral calculation, see e.g. Ref. [107] for the

derivation.

In Sec. 2.2.4 we have seen that the RHS of (2.54) is a topological quantity. The same is true

for Eqs. (2.141) and therefore (2.143). Using (2.51) and (2.52) we can relate the axial current to

the Bardeen current as

∂µj
µ
A = − g2

8π2
∂µK

µ. (2.137)

Like in the 1+1 dimensions case, these results imply that the axial charge is not conserved anymore,

since

Q̇A =
g2

8π2

∫
d3x K̇0, (2.138)
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the analog to Eq. (2.131), and more importantly, that the change of axial charge is a direct conse-

quence of the change of topology, obeying the selection rule

∆QA = −2∆NCS ⇒ ∆QL = −∆QR = ∆NCS , (2.139)

where NCS is the Chern-Simons number defined in Eq. (2.54). Thus, if we perform a global gauge

transformation on a gauge-fermion interacting system by the action of an instanton or a sphaleron,

the total number of fermions is unchanged but their chirality has been violated, the creation of

left (resp. right) handed particles being compensated by the creation of right- (resp. left-) handed

anti-particles. We will see that this allows an embedded baryon number violation in the SM which

will participate in the mechanism to generate the BAU.

Gauge anomaly

The above statement that gauge fields cannot couple to a non-conserved current is, so to say, a

kind of a top-down approach to anomaly. We can rephrase it as such: for a given fermion set, only

anomaly-free global symmetries can be gauged.

There is however another approach in which we first gauge any symmetry of interest and, in a

second step, we choose the set of fermions charged under this group such that the gauge symmetry is

anomaly free. This approach is useful for model building when exotic/dark sectors are introduced

to the SM and is often referred to as gauge anomaly even though the core idea is that a gauge

symmetry cannot be anomalous.

Indeed, while anomalies in global symmetries are physically interesting, anomalies in gauge

symmetries kill all physics completely: they render the theory mathematically inconsistent because

gauge symmetries refer to redundancies in our description, that are necessary to make sense of the

theory. An anomaly in gauge symmetry removes this redundancy. If we wish to build a consistent

theory, then we must ensure that all gauge anomalies vanish.

To illustrate this other approach, take for instance a right (left) handed Weyl spinor charged

under U(1)EM. By computing the associated current divergence, we find that

∂µj
µ
R = −∂µjµL =

1

2
∂µj

µ
A, (2.140)

hence this theory is anomalous: it must be abandoned or changed such that the anomaly disappears.

To do so, we shall add more fermion species in the theory in such a way that their anomaly

contributions cancel each other. By adding a left (right) handed Weyl spinor charged under U(1)EM

the same way as the initial left-handed one, we ensure that the total current is conserved as in that

case we have ∂µj
µ
V = ∂µj

µ
R + ∂µj

µ
L = 0.

In both approaches, the result is the same: in order for electromagnetism to be anomaly free,

we must couple it to Dirac fermions. A theory with gauge fields which are coupled in the same

manner to both left and right-handed fermions is called vector-like.

It happens that the SM is a chiral theory because the weak interaction only couples to left-

handed particles, thus left and right-handed fermions are coupled differently to gauge fields: it is

a chiral theory. Consistency of chiral theories is harder to ensure. Note that chiral gauge theories

are necessarily coupled only to massless fermions. This is because a mass term requires both left

and right-handed Weyl fermions (see Sec. 2.3.4) and is gauge invariant only if they transform in

the same way under the gauge group. In other words, mass terms are only possible for vector-like

matter. This is why in the present sketch we have dropped the tree-level mixing from Dirac mass

terms, see Eq. (2.150) and Sec. 2.4.1.
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ψ CGψ CWψ CYψ

QL
Nw
2

Nc
2 NcNwY

2
QL

uR − 1
2 0 −NcY 2

uR

dR − 1
2 0 −NcY 2

dR

LL 0 1
2 NwY

2
LL

eR 0 0 −Y 2
eR

Table 2.2. Coefficients of the anomaly equation (2.141) for each SM gauge group and fermion specie.
The multiplicities Nc = 3 and Nw = 2 take into account the color and weak isospin states of a given family
of leptons and quarks. Indeed, the representation (2.73) is considered a singlet under SU(3)c, resulting in a
triple contribution to the anomaly. In the same way, the representation (2.69) is considered a singlet under
SU(2)L resulting in a double contribution to the anomaly. The SM hypercharges Yψ are given in Table
2.1. The charge conjugates of the displayed fermion species (i.e. their anti-particle state) have the same
coefficients with all the signs flipped.

Baryon and lepton number violation

To summarize, in the SM there are 5 global U(1) symmetries, defining 5 classes of fermion species:

2 left quark and lepton SU(2)L doublets QL and LL, 2 right quark SU(2)L singlets uR and dR
and 1 lepton SU(2)L singlet eR, see (2.71) and (2.73). Therefore, using Eq. (2.135) the anomaly

equation for each of them write [112]

∂µj
µ
ψ = CGψ

g2
s

16π2
GaµνG̃

µν a + CWψ
g2

16π2
W a
µνW̃

µν a + CYψ
g′2

16π2
Yµν Ỹ

µν , (2.141)

where the coefficients C are given for each fermion and gauge group in Table 2.2. Thus, when

considering the full SM gauge group, none of the spinors’ currents are individually conserved.

A central result that will be extensively used in this thesis is that the baryon and lepton

number are not conserved by the SM, which provides the first Sakharov condition for baryogenesis,

see Sec. 1.3.3. From previous results the proof is straightforward, simply compute the baryon and

lepton current, defined by

jµB =
1

3

Ng∑
i=1

(
jµ
QiL

+ jµ
uiR

+ jµ
diR

)
, (2.142a)

jµL =

Ng∑
i=1

(
jµ
LiL

+ jµ
eiR

)
, (2.142b)

where Ng = 3 is the number of generations and the factor 1
3 accounts for the fact that a baryon

consists of three quarks. From the anomaly equations we find

∂µj
µ
B = ∂µj

µ
L =

Ng
2

(
g2

16π2
W a
µνW̃

µν a − g′2

16π2
Yµν Ỹ

µν

)
. (2.143)

It is accidental that

∂µj
µ
B−L = 0 (2.144)

but this accident has wide consequences. One of them is that the baryon and lepton number change
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by the same amount when varying the RHS:

∆NL = ∆NB . (2.145)

Recall that here NL is the number of all three lepton generations. Some authors also write the

selection rule between the baryon number and one lepton species as 3 ∆NL = ∆NB
17. We have

already seen in Sec. 2.2.4 that the RHS is a topological quantity. This means that the amount of

baryon and lepton numbers is a direct consequence of the topology in which the gauge fields live.

Since we have also seen that there exists various processes to change from one topology to another

(even on the vacuum), the shape of the SM B-violation source starts to appear. This was the first

Sakharov condition, see Sec. 1.3.3. In Chap. 3 we will show in more detail how we can generate the

BAU from the SM chiral anomaly.

Gauge anomaly cancellation in the SM

Consistency of gauge theory then requires that all 3-point combinations of its gauge group anomalies

vanish. For the SM, this translates to the fact that the SU(N)3, U(1)3 and U(1)SU(N)2 anomalies

must vanish. We can forget about the Higgs field and associated Yukawa couplings because they

do not affect the anomalies.

In the SM with a single generation of fermions, the non-perturbative SU(2) anomaly

π4 [SU(2)] = Z2, (2.146)

where we have defined πk in Sec. 2.2.3, causes no problem as we will see. The latter equation

implies that an SU(2) gauge theory with any odd number of Weyl fermions in the fundamental

representation is mathematically inconsistent [113]. To make sense of the theory, Weyl fermions

must come in pairs. In other words, they must complete Dirac fermions. Unlike the previously

shown anomalies, this one cannot be seen in perturbation theory: it is a non-perturbative anomaly.

Since there are four fermions transforming in the doublet representation in the SM with a single

generation of fermions, the anomaly is avoided.

Similarly, the SU(3)3 diagram is anomaly free because there are two left-handed and two right-

handed quarks. There is also no non-perturbative anomaly as

π4 [SU(n)] = 0, ∀n > 3. (2.147)

Finally, all anomalies involving the Abelian factor cancel, see e.g. [107] for a detailed calculation.

Therefore, all three gauge currents

jµY =
∑
ψ

Yψψ̄γ
µψ, jµaW =

∑
ψL

ψ̄τaγµψ, jµaG =
∑

quarks

ψ̄ηaγµψ (2.148)

have a null divergence. There is a further related criterion arising from a possible gravitational

anomaly of a U(1) current, which also vanishes. Hence the Standard Model is arguably the simplest

chiral gauge theory that one can write down.

2.4 The Axion

In this section we will first explain the original axion for QCD and how it arose. Then we will give

hints on a more general class of axions called axion-like particles (ALP). In the next chapter we

will demonstrate how an ALP identified with the inflaton can generate the BAU.

17With the notation used in this thesis, this equation would be written as 3 ∆N` = ∆NB .
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2.4.1 The strong CP problem

In a typical Lagrangian for an interacting fermion

L = −1

4
F aµνF

µν a + iψ̄γµDµψ +mψ̄ψ (2.149)

the mass parameter does not necessary need to be real, m = |m|eiθ since it is only a mathematical

parameter of the theory and not the physical mass. But we can always absorb the eiθ term by

performing the chiral (or axial) rotation (2.126) m→ me−2iα. This is called the spurion technique

and it leads to the relation 2θ = α while the mass parameter becomes real. This is a manifestation

of the tree level chiral anomaly

∂µj
µ
A = 2imψ̄γ5ψ. (2.150)

The same happens for the complete SM mass matrix in the Yukawa sector, see Sec. 2.3.4. The

d-quark mass matrix M̃d (see Eq. (2.104)) can have a global phase that is possible to cancel by

fields redefinition. In general we have

det M̃d = eiφ. (2.151)

As in the above simple model, we can do a chiral rotation to cancel this phase such that det M̃d = 1

but then we pay the price of another θ-like contribution (2.68).

Indeed, because of the anomaly, a chiral rotation is equivalent to the introduction in the action

of a topological density Sθ given by Eq. (2.68). The [U(1)`]
3

rotation freedom in the lepton sector

makes it possible to choose a configuration where the S
SU(2)
θ contribution to the SM action vanishes.

This is a direct equivalent of the absence of flavor/mass mixing in the lepton sector (in the pure

SM) described in Sec. 2.3.4. Conversely, this freedom is not given in the quark sector such that

there will always be a topological residue S
SU(3)
θ that survives any rotation. In fact, the standard

parametrization of the CKM matrix (2.107) has already assumed that the five-field redefinition has

been done, see Sec. 2.3.4. Hence, the physical, observable CP-violating parameter of the effective

SM theory contains both contributions, the pure gauge strong vacuum topology and the CKM

matrix cleaning [89]

θ̄ = θ + argdetM̃d. (2.152)

We can relate the value of θ̄ with the electric dipole momentum of the neutron

dn ' |θ̄|qe
m2
π

m3
N

' 10−16|θ̄|qe · cm. (2.153)

Measurements contraint its value to dn < 3 · 10−26 leading to |θ̄| < 10−10 [114]. The strong CP
problem is, why is the latter value so small? Why do both contributions almost cancel each other?

Such a near cancellation is difficult to achieve, given their distinct origin: one from QCD, one from

EW.

The CP problem falls under the scope of a naturalness problem. Since the term (2.68) is

allowed by symmetry, a extremely small value of it would need some explanation. Note that if

there would be one massless quark (which is in contradiction with measurements), we could make

a field redefinition by absorbing the θ̄ angle in the mass term.

2.4.2 The Peccei-Quinn solution

In 1977, Peccei and Quinn showed that if the SM was augmented by a global chiral U(1) symmetry,

the dynamics of the theory is such that θ̄ is dynamically set to zero [115, 116].

Let us introduce a global chiral symmetry, U(1)PQ, which is spontaneously broken by a scalar

field a(x) with zero mass at the tree level: the axion, which is the massless Goldstone boson of this
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broken symmetry. Under U(1)PQ, the axion has a shift symmetry:

a(x) → a(x) + αfa, (2.154)

where fa is the order parameter associated with the breaking. This shift symmetry implies that

the axion is a compact field, meaning that the field values live on a circle, which is to say that the

value of a(x) is only defined modulo 2π. Thus a(x) → a(x) + 2π is a redundancy of our theory.

This redundancy places strong limitations on the axion Lagrangian. We can only write arbitrary

interactions involving ∂µa, because this is invariant, and interactions involving 2π-periodic functions

like cos ka (with k ∈ Z), which can give rise to a mass for the axion. Anyway the strong dynamics

of QCD generates a potential for the axion from which the mass can be computed. The existence

of a mass for the axion makes it a pseudo Nambu-Goldstone boson and its shift symmetry is

approximate.

At last, we can add to the SM Lagrangian an effective axion Lagrangian as

L = LSM −
1

2
∂µa∂

µa+ ξ
a

fa

g2

16π2
GaµνG̃

µν a + Lint

(
∂µa

fa
;ψ

)
(2.155)

where we recall that Gaµν is the strength tensor of SU(3)c. Here, ξ and Lint are model dependent

quantities related to how one assigns U(1)PQ transformations to the fermions in the theory. The

second to last term is needed to ensure that the U(1)PQ current has a chiral anomaly

∂µj
µ
PQ = ξ

g2

16π2
GaµνG̃

µν a. (2.156)

To show that the shift symmetry (2.154) implies the Lagrangian (2.155), we use Eq. (2.52) and we

perform an integration by parts

a

fa
GaµνG̃

µν a =
a

fa
∂µK

µ = −∂µa
fa

Kµ + ∂µ

[
a

fa
Kµ

]
, (2.157)

where we removed the constants for clarity. The last term is a total derivative and these are usually

neglected in QFT because fields are square integrable functions, or in a mathematical notation

ψ ∈ L2(R). It means that fields vanish at infinity and are localized. Here, because of the gauge

transformation that change topology, and the change in the path integral measure, it is not the case

and the total derivative term brings the instantons (which are in essence global). Leaving this aside,

we see that the Lagrangian written is this way has a shift symmetry because of its dependence on

∂µa. Of course, the shift must be a constant.

The existence of the U(1)PQ breaking term aGG̃ actually provides a potential for the axion

field. Hence it is no longer true that any value of 〈a〉 is allowed in the vacuum. Including the

anomaly contribution, one finds that the VEV of the axion must be [89, 115]

〈a〉 ≡ 〈θ̄|a|θ̄〉 = − θ̄
ξ
fa. (2.158)

The physical axion is the excitation from this vacuum, hence ap = a − 〈a〉. In term of ap, the

effective Lagrangian becomes

L = LSM −
1

2
∂µap∂

µap + ξ
ap
fa

g2

16π2
GaµνG̃

µν a + Lint

(
∂µap
fa

;ψ

)
− Lθ̄. (2.159)

The new Lagrangian does not contain Lθ̄ anymore, since this term is all ready encoded in LSM, see
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Eq. (2.77). The presence of the extra U(1)PQ symmetry has removed the CP -violating θ̄ parameter,

replacing it by a dynamical field.

2.4.3 Axion-like particles

There are a variety of similar models which introduce a new scalar axion-like field independently of

the EW scale, enabling much larger vacuum expectation values, hence very light axions [117–119].

Axion-like particles (ALP) are hypothetical massive pseudoscalar particles that arise from other

new symmetries which are spontaneously broken and which appear abundantly in string theory.

The most noticeable difference with the original axion from Peccei-Quinn is that for ALP, mass and

couplings are independent. Also they are in general not related to QCD, the strong CP problem

or the Peccei-Quinn mechanism. They simply borrow their name from the original and true axion

described in the previous section.

In fact, when an approximate U(1) global symmetry is spontaneously broken, the field space

is a circle, so the associated pseudo Nambu-Goldstone boson is a periodic scalar field, a ' a+ 2π.

Therefore it is common for such a periodic scalar field to be referred to as an axion, or ALP, even

outside the context of axion solutions of the strong CP problem.

The terminology around axion is subject to fluctuations. Some people prefer to reserve the

word axion for the original Peccei-Quinn model and use ALP for the other ones. Other people will

use the term axion more broadly, and will often say QCD axion to refer to the original case, a

choice also made in this thesis.

Although the axion has not been detected, axion models have been well studied for over 40 years,

giving time for physicists to develop insights into axion effects that might be detected. There are

many processes involving the axion we can think of. The most famous one is the Primakov process,

which is a decay in the background of charged leptons, and the axion to photons annihilation.

Axions are also one of the few remaining plausible candidates for dark matter particles, and might

be discovered in some dark matter experiments.

Finally, let us state that in order the generate the BAU we will use an interaction of the form

φFF̃ , see next chapter. In the first models using this mechanism, the inflaton φ was identified as

an axion. In this thesis we will partially use these results (Chap. 4) but also consider φ as a scalar,

in order to identify it with the Higgs (Chap. 5), or mix it with the Higgs (Chap. 6).
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Chapter 3

Electroweak Baryogenesis

Electroweak Baryogenesis is a term that indicates that the baryon asymmetry was generated during

a first order electroweak phase transition (EWPT), as the latter provides the necessary out-of-

equilibrium condition required by the Sakharov conditions, see Sec. 1.3.3.

As we already explained, a first order transition proceeds with bubble nucleation, where inside

the bubbles the Higgs VEV and particle masses are non zero, while they are still vanishing in the

exterior symmetric phase. The bubbles expand, to eventually collide, and fill out all the space.

In a first order EWPT model, the baryon asymmetry is generated in the vicinity of the bubble

wall in motion. This process is much more “violent” than a second order transition, where, even

though the sphalerons still go in the direction from equilibrium to out-of-equilibrium, they do so

in a continuous way, and uniformly throughout space. This is because the phase transition rate

is governed by the expansion rate of the Universe and hence happens in a quasi-static thermal

equilibrium. For a review on first order electroweak baryogenesis, see e.g. Refs. [63, 77].

With the recent discovery of the Higgs boson at CERN and its mass measurement, it turns out

that the SM EWPT is not even second order, but a crossover, see Sec. 2.3.3. Nevertheless, baryon

asymmetry can still happen during a second order EWPT under certain conditions we will provide,

as it has been proven that even within the crossover, the difference in the sources and washouts

decay rates yield an out-of-equilibrium configuration [120, 121]. To prove this fact requires the

resolution of a system of coupled Boltzmann equation, as we will explain in Sec. 3.1.3.

Besides, during a number of years, many studies have investigated the connection between

a primordial magnetic field and the BAU, see e.g. Refs. [122–132]. In the meantime there was

progress done on the generation of magnetic fields from inflation, see e.g. Refs. [112, 133, 134].

Later, these two ideas were combined in order to generate, from inflation, the magnetic field with

the specification required by the baryogenesis model [135]. This idea was further elaborated in a

number of papers, see e.g. Refs. [120, 121, 136–139].

In this chapter we will review the necessary conditions for electroweak baryogenesis in a

crossover phase transition, that we will use in the models of the following chapters. We will also

address the main constraints involved, see Sec. 3.3.

3.1 Primordial magnetic fields and the BAU

The anomaly equation (2.143) provides the necessary ingredients to generate the BAU during the

EWPT. In this section we will demonstrate, following [120, 121] (see also [140]), that it leads to an

equilibrium value of the baryon asymmetry for T ' 135 GeV.

This part needs big machinery in plasma physics, namely magnetohydrodynamics, which com-

bines the Navier-Stokes equation from fluid dynamics with the Maxwell equations from electromag-

netism. The physics involved used transport equations, and out-of-equilibrium decay modelled by
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the Boltzmann equation. We will strive to give as much relevant information as possible for the

aim of this thesis, with the fewest possible unnecessary details, as this topic is not central to this

work. Furthermore, it is very easy to get lost in the maze of this topic.

3.1.1 Helical fields

A key observation for our baryogenesis model it that the anomalous baryon/lepton current (2.143)

depends on the topological density of the hypercharge field. In other words, even if the vacuum

structure of U(1) groups is trivial, a B-violating process can be induced from the helicity change

of a non-zero helical hypermagnetic field, as we will see in this section. In the next one we will

comment on the effect of the SU(2)L contribution to the anomaly equation.

The relevant equations to describe a (hyper)electromagnetic field in a plasma interaction with

charged particles are the magnetohydrodynamics (MHD) equations, which are written in flat space-

time as [127, 141, 142]

∂B

∂t
= −∇×E, (3.1a)

∂E

∂t
+ J = ∇×B, (3.1b)

∇ ·B = 0, (3.1c)

∇ ·E = ρ, (3.1d)

∇ · J = 0, (3.1e)

J = σ(E + v ×B) + J5, (3.1f)

where v is the fluid velocity, and

σ '
cσT

c
pl

α log(α−1)
, cσ ' 4.5, α =

g2

4π
, (3.2)

the conductivity of the thermal plasma [143, 144]. The quantity T cpl is the typical (comoving)

temperature of the plasma, see Eq. (3.66). Furthermore, the current

J5 =
2α

π
µ5B (3.3)

is due to the chiral magnetic effect [126, 145, 146] with

µ5 =
∑
ψ

εψ Nψ Y
2
ψ µA,ψ, (3.4)

where ψ runs over all SM species, with multiplicity Nψ, hypercharge Yψ, εψ = ± for right-/left-

handed particles, and µA,ψ the chemical potentials. The chiral magnetic effect is the phenomenon

whereby a magnetic field induces an electric current in a medium with a charge-weighted chiral

asymmetry, and it will have consequences when discussing the constraints on the helicity survival,

see Sec. 3.3.3. From this we deduce that J5 vanishes for vector-like fields.

Then, assuming kinetic equilibrium, the chemical potential writes

µA,ψ =
6QA,ψ
NψT 2

(3.5)

where QA,ψ is the axial charge (2.139) for the species ψ. Note that the µ5-dependent term is only

applicable for µ5/T � α, which will always be fulfilled in our case, see [147] and references therein

for other regimes.
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We will show that the SM B violation is a direct consequence of helicity variation. The helicity

is a measure of the linkage, twist, and writhe of a magnetic field, which is defined as

H ≡
∫
A ·B d3x. (3.6)

When a magnetic field contains helicity, it tends to form large scale structures from small scale

ones [148], a phenomenon called the inverse cascade and which will be relevant later (Sec. 3.3.3).

Since the magnetic vector potential is not gauge invariant, the magnetic helicity is neither gauge

invariant in general. It is then useful to use the radiation gauge

Aµ = (0,A), ∇ ·A = 0. (3.7)

The U(1) quantity

Fµν F̃
µν = −4 E ·B, (3.8)

called the Chern-Simons density, is the local expression of a change in helicity, as∫
E ·B d4x =

1

2

∫
A ·B d3x

∣∣∣∣t=+∞

t=−∞
. (3.9)

This is because, using (2.17) and (3.1a), and the vectorial identity ∇ · (X × Y ) = Y · (∇×X)−
X · (∇× Y ) one has

∂A

∂τ
·B = −E ·B, A · ∂B

∂τ
= −E ·B −∇ · (E ×A), (3.10)

and thus
dH
dt

= −2

∫
E ·B d3x. (3.11)

Hence comparing (3.9) with (2.54) and (2.143), we conclude that changes in baryon and lepton

numbers can be induced by changes in U(1)Y hypermagnetic helicity as

∆NL = ∆NB = − g′2

16π2
∆HY . (3.12)

It is sometimes said, either for simplification or through misuse of language, that the helical

fields get converted into the BAU at EWPT. This statement refers to the full process presented

in this section, and does not mean that baryon and lepton numbers increase on the cost of helical

topology. Actually, the last equation states the opposite: baryon/lepton asymmetry and helicity

are generated together although with the opposite sign. Therefore without anything more than

the chiral anomaly, there is no way to distinguish between a Universe that contains only baryonic

matter and a Universe that contains only helical fields. The aim of this section is precisely to give

the factors that allowed matter to survive until today.

Note that the electromagnetic U(1)EM component is absent from the anomaly equation (2.143),

as the diagonal parts of SU(2)L⊗U(1)Y cancel out. Indeed, we have seen in Sec. 2.3.6 that vector-

like gauge theories, such as U(1)EM, are anomaly-free. Thus, the helicity stored in an ordinary

electromagnetic field has no effect whatsoever on the baryon/lepton number.
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3.1.2 Sphaleron effect

Combining Eqs. (2.143), (2.54) and (2.57), we can easily see that the EW sphaleron tends to erase

the asymmetries stored in the fermions [127] as we can write, schematically

dηψ
dt
∝ −Γsph ηψ (3.13)

which is the Boltzmann equation (1.52) for the particle number asymmetry ηψ = nψ/s (analogous

to (1.156)), with the number density defined such that Nψ =
∫
nψ d

3x.

We have seen in Sec. 2.2.4 that the rate Γsph is negligible at low temperatures. However for

temperatures 130 . T . 1012 GeV, EW sphalerons are in thermal equilibrium and lead to the

rapid erasure of any baryon/lepton asymmetries in the left sector. Indeed, because sphalerons

couple only to left-handed fermions, right-handed ones are preserved from this direct washout. But

eventually the asymmetries in right-handed fermions are driven to zero by sphalerons once right-

and left-handed particles reach chemical equilibrium via their Yukawa couplings (2.78d).

Due to its small Yukawa coupling, the right-handed electron is the last species to reach chemical

equilibrium, at temperatures ∼ 105 GeV. Below this temperature, all the asymmetries are erased.

We will see in Sec. 3.3.3, though, that a process called chiral plasma instability can potentially

convert the asymmetries into hypercharge helicity before they can be erased by sphalerons.

The take-away message is that as long as T & 130 GeV, the action of the sphaleron in the

plasma is to washout any baryon/lepton asymmetry. Thus any asymmetry generated at higher

scale can be considered as nonexistent.

Putting the helicity and the sphaleron effects together, Eq. (2.143) yields

∆NB = ∆NL = Ng

(
∆NCS −

g′2

16π2
∆HY

)
. (3.14)

This is the master equation for baryogenesis. The B + L anomaly, the U(1)Y helicity and the

weak sphaleron are three connected vessels and the challenge of baryogenesis is to understand how

they can interact in order to yield a net baryon asymmetry at low-energy scale. In the following

sections we will see how the effects of the helicity decay and sphaleron washout balance each other

to produce a non-zero ηB (Sec. 3.1.3) while avoiding the transformation of baryon asymmetry back

into helicity (Sec. 3.3.3).

3.1.3 Electroweak crossover

In [120, 121] a careful analysis of the transport equations for all SM species during the EWPT has

been done, including the effects of gauge fields, in particular strong and weak sphalerons as well

as helicity decay. The transport equations can be seen as the generalization of the conservation

equation (2.14) where the scalar flux Φ has been broken down into its convective (how it moves with

the fluid flow) and diffusive (how it diffuses into the fluid) components. There is the possibility left

to add a source term, absent from (2.14), but of prime interest here. The final baryon asymmetry is

determined by the opposition of the helical hypermagnetic field decay and the electroweak sphaleron,

both described above.

The study consists of writing the transport equation for each SM species, based on the model of

(1.52) and (3.13), including all source terms, Yukawa interaction, sphaleron, electroweak interactions

in a regime where all of the SM processes are in chemical equilibrium18 The system of coupled

differential equations then reduce to an equilibrium solution for the baryon asymmetry ηeq
B whose

equation depends on the considered temperature window. As expected, the equilibrium solutions

18Except for the chiral magnetic effect and electron sign-flip interaction.
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take the form of (source)/(washout). For each case, approximations are made, in particular keeping

only the dominant reaction rates.

The novelty of this mechanism lies in the introduction of a time-dependent weak mixing angle

θW (t), see (2.92), which brings an additional source of the baryon number in the kinetic equation.

As the result depends on the subtle balance between the unbroken/broken phase gauge field, a

thorough examination of the EWPT is necessary.

If we neglect the thermal effects during the Higgs mechanism, the weak angle, which is the SO(2)

parameter that controls the change of basis, see (2.90), makes a discrete change from θW = 0 in the

symmetric phase to θW ' 28.6◦ in the broken phase. We recall that this process was sketched in

Sec. 2.3.3. When the EW symmetry breaking occurs at T ' 160 GeV, the primordial hypermagnetic

field becomes an electromagnetic field. However, the electroweak sphaleron remains in equilibrium

until T ' 130 GeV and threatens to washout the baryon asymmetry. Therefore proper modeling

of the epoch 160 GeV & T & 130 GeV is critical to an accurate prediction of the relic BAU. By

making the assumption of zero temperatures, information is lost in the breaking process. We shall

then come up with a more complete description of the electroweak crossover than in Sec. 2.3.3.

For finite temperatures, the gauge fields W a
µ acquire an effective (thermal) mass from their

interactions with the plasma, which leads to the screening of the massive fields. In fact, the thermal

mass for the transverse modes of W 3
µ , on the diagonal of the mass matrix, initially dominates over

the off-diagonal mass from the Higgs VEV which gradually develops during the crossover. On the

other hand, no magnetic mass arises for the hypercharge gauge boson or the photon [149–151].

Because of that, the weak angle really smoothly interpolates between the above values during the

phase transition, and continues to deviate appreciably from its zero-temperature value θW ' 28.6◦,

even at relatively low temperatures somewhat below the EW scale, see Fig. 3.1

In other words, θW (t) is defined as the rotation angle that projects the massless field degree of

freedom onto the U(1)Y field axis. This behavior is confirmed by analytic calculations [150], and

numerical lattice simulations [151]. We follow [121, 137] and model it with a smooth step function

cos2 θW =
g2

g′2 + g2
+

1

2

g′2

g′2 + g2

(
1 + tanh

[
T − Tstep

∆T

])
(3.15)

which for 155 GeV . Tstep . 160 GeV and 5 GeV . ∆T . 20 GeV describes the analytical and

lattice results for the temperature dependence reasonably well, see Fig. 3.1.

In the end, this gives rise to a smooth source term for the baryon asymmetry which is controlled

by the changing EW angle. Besides, by drawing on analytic and lattice results, the hypermagnetic

field is not fully converted into an electromagnetic field even at temperatures as low as T = 140 GeV.

Therefore, the source term from decaying magnetic helicity remains active, while the washout by

EW sphalerons goes out of equilibrium for temperatures T ' 130 GeV. Consequently, it is possible

to generate the observed BAU from a maximally helical magnetic field that was generated prior to

the EW crossover. Indeed, including all contributions, the Boltzmann equation for the baryon-to-

entropy ratio ηB (1.156) reads

dηB
dx

= −111

34
γW sph ηB +

3

16π2
(g′2 + g2) sin(2θW )

dθW
dx

HY
s
, (3.16)

where x = T/H(T ), with H(T ) being the Hubble rate at temperature T , HY the hypermagnetic

helicity that is initially present and s the comoving entropy density of the SM plasma given by

(1.50). Furthermore, γW sph = 6ΓW sph/T
4 is the dimensionless transport coefficient for the EW

sphaleron which, for temperatures T < 161 GeV, is found from lattice simulations to be [152]

γW sph ' exp

(
−147.7 + 107.9

T

130 GeV

)
. (3.17)
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Figure 3.1. Left: Visualization of the SO(2) change of basis (W 3
µ , Yµ)→ (Zµ, Aµ) that happens at EWPT,

see Eq. (2.90). The weak angle θW (t) measures the separation between the massless degree of freedom and
the U(1)Y axis. Right: The same weak angle as a function of temperature during the EWPT. The grey dots
are the results from the lattice simulation from [151], whereas the black dashed line displays the one-loop
analytical computation from [150]. The plain lines show various possibilities of the smoothed step function
(3.15). Both figures are taken from Ref. [121].

The Boltzmann equation (3.16) has been numerically solved in [121] and the baryon-to-entropy

ratio ηB was found to become frozen, i.e. η̇B = 0, at a temperature T ' 135 GeV. As expected,

this is close to the temperature T ' 130 GeV at which EW sphalerons freeze out. Setting the RHS

of Eq. (3.16) to zero and solving for ηB yields

ηB ' 4 · 10−12 fθW
HY
H3
E

(
HE

1013 GeV

) 3
2
(
Trh

T ins
rh

)
, (3.18)

where HE is the Hubble rate at the end of inflation and the (instant) reheating temperature

has been defined in (1.97). This result is a main ingredient of this thesis as it directly relates the

amount of the final baryon asymmetry of the Universe to the amount of hypermagnetic helicity

available at the EWPT.

All the details on the EWPT dynamics are encoded in the parameter fθW which is subject to

significant uncertainties

fθW = − sin(2θW )
dθW
d log T

∣∣∣∣
T=135 GeV

5.6 · 10−4 . fθW . 0.32. (3.19)

The bounds on fθW are given by varying Tstep and ∆T in the ranges given below Eq. (3.15).

3.2 Helical magnetic fields generation

Our main interest in this section is to show the simplest way to generate a maximally helical

(hyper)magnetic field at the end of inflation in order to source Eq. (3.18). We will follow [112, 135,

136], where an axion inflation model was used together with a CP even dimension-five coupling,

a natural interaction for a pseudoscalar (see Secs. 1.2.2 and 2.4.2) and therefore natural from the

EFT point of view. The action is written as

S =

∫
d4x

[√
−g
(

1

2
∂µφ∂

µφ− 1

4
YµνY

µν − V (φ)

)
− φ

4fφ
Yµν Ỹ

µν

]
, (3.20)
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where fφ is the interaction scale in mass dimension. The Higgs is assumed to lie at the minimum of

its potential, in other words we are in the symmetric phase, thus the U(1) field is the hypercharge

and the fields A, E, B are, in what follows, the hypercharge version of their electromagnetism

counterparts.

3.2.1 Equations of motion and solutions

Varying the action (3.20) with respect to the fields (φ, Yµ) leads to the equation of motion (EoM)

for the inflaton and the gauge field.

�φ+ V ′(φ) +
Yµν Ỹ

µν

4fφ
= 0, (3.21a)

∂µY
µν + ∂µ

φ Ỹ µν

fφ
= 0, (3.21b)

where � ≡ ∂µ∂µ is the d’Alembert operator. Using now (1.35), (2.20), (3.8) in the flat FRW metric

(1.36), and the radiation gauge (3.7), together with the Gauss-Faraday equation ∂µỸ
µν = 0, we get

φ̈+ 3Hφ̇+ V ′(φ) =
E ·B
a4fφ

, (3.22a)(
∂2

∂τ2
−∇2 − 1

fφ

∂φ

∂τ
∇×

)
A = 0. (3.22b)

During the inflationary period one has, according to (1.35) and (1.38),

∂φ

∂τ
= φ̇a ' − φ̇

Hτ
. (3.23)

Therefore, defining the instability parameter as

ξ = − φ̇

2fφH
, (3.24)

the gauge field EoM becomes (
∂2

∂τ2
−∇2 − 2ξ

τ
∇×

)
A = 0. (3.25)

Note that if we assume the slow roll regime given by Eqs. (1.73), the instability parameter can be

written as

ξ '
M2

pl

2fφ

V ′(χ)

V (χ)
=
Mpl

fφ

√
ε

2
> 0, (3.26)

where in the second step we used Eq. (1.74). The remaining computation assumes that the inflaton

is slowly rolling. In Sec. 3.2.3 we will provide the conditions to guarantee this approximation.

We now quantize the gauge field A in momentum space in the helical basis as

A(τ,x) =
∑
λ=±

∫
d3k

(2π)3

[
ελ(k) aλ(k)Aλ(τ,k) eik·x + h.c.

]
, (3.27)

where λ is the photon polarization and aλ(k) (a†λ(k)) are annihilation (creation) operators that
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fulfill the canonical commutation relations

[aλ(k), a†λ′(k
′)] = (2π)3δλλ′δ

(3)(k − k′) . (3.28)

The polarization vectors ελ(k) satisfy the conditions

k · ελ(k) = 0 , k × ελ(k) = −iλk ελ(k) ,

ε∗λ′(k) · ελ(k) = δλλ′ , ε∗λ(k) = ελ(−k) ,
(3.29)

where k ≡ |k|. Therefore, the equation of motion for the gauge modes (3.25) yields

∂2Aλ
∂τ2

+ k

(
k + λ

2ξ

τ

)
Aλ = 0, (3.30)

which is the spherical Coulomb wave equation19. Provided that ξ is constant (see Eq. (3.35) and

Sec. 3.2.4), its general solution is

Aλ =
iF0(λξ,−kτ) +G0(λξ,−kτ)√

2k
, (3.31)

where F0 and G0 are, respectively, the regular and irregular Coulomb wave functions with index

0 [133, 153].

At early times, the last solution has the asymptotic behavior that corresponds to the Bunch-

Davies vacuum of the modes, defined as

Aλ(τ, k) =
1√
2k

e−ikτ (τ → −∞). (3.32)

In fact during inflation, where ε� 1, we obtain, using Eq. (3.24), that ξ � 1 and therefore |kτ | � 2ξ

which implies (3.32). However, the end of inflation happens, by construction, when ε(τE) ' 1 and

so we can have ξ & 1. Then, only one mode develops both parametric and tachyonic instabilities

for k ' kc where

kc = 2ξaEHE , aE = a(τE), (3.33)

while the other mode stays close to its vacuum. As in our model ξ > 0, and during inflation

τ < 0, the mode exhibiting the instability is the one with the λ = + polarization. For late times,

k � kc (i.e. |kτ | � 2ξ), F0 can be neglected and the growing mode solution can be approximated

by [133, 153]

Aλ '
G0√
2k
' 1√

2k

(
k

2ξaEHE

) 1
4

exp

(
πξ − 2

√
2ξk

aEHE

)
. (3.34)

All modes produced during inflation will get diluted, except the last mode that exits the horizon

right before the end of inflation. This mode reenters the horizon at the onset of reheating, and is

the source for the BAU. Hence, it is only necessary to consider the mode produced at τ ' τE , for

which ε ' 1, and hence, using the last equality in Eq. (3.26), we obtain for ξ the constant value

ξ ' Mpl√
2fφ

. (3.35)

Let us mention that, even if the first equality in Eq. (3.26) looks model dependent, as it depends

19In the literature, this equation is sometimes solved using the Whittaker function, as Coulomb wave functions F0,
G0 can be expressed in terms of Whittaker functions with imaginary arguments: M−iξ, 1

2
(−2ikτ) andW−iξ, 1

2
(−2ikτ).
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on the potential and its derivative, in fact it is very model independent because the last relation

only relies on the slow roll regime of the inflationary potential, and ε ' 1 at the end of inflation,

see Sec. 3.2.4 for a discussion.

From this approximated value we can see that the parameter ξ can be traded for the value

of the parameter fφ such that ξ � 1 corresponds to fφ � Mpl. Moreover, as we see from the

explicit solution in Eq. (3.34), there is an exponential magnification for large values of ξ. However,

as shown later on in Sec. 3.2.3, for very large values of ξ, the backreaction on the inflation dynamics

from magnetic fields cannot be neglected, which would lead to upper bounds on the values of ξ, or

correspondingly to lower bounds on the values of fφ.

3.2.2 Plasma macroscopic observables

Assuming homogeneity in momentum space, we recast the definition for the physical helicity of

quantum U(1) fields

H ≡ lim
V→∞

1

V

∫
V

d3x
〈A ·B〉
a3

, (3.36)

where 〈·〉 is the expectation value of quantum fields and the integral V −1
∫
V
d3x is the spatial

average, which is trivial for space independent quantities.

The definition (3.6) was a correct definition for classical fields in Minkowski spacetime, but

in an expending Universe it is of prime importance to distinguish between comoving and physical

quantities. In this thesis, the main macroscopic plasma quantities, which are the helicity (3.36),

the helicity time derivative

G ≡ 1

2a

dH
dτ

= − lim
V→∞

1

V

∫
V

d3x
〈E ·B〉
a4

, (3.37)

the electric and magnetic energy densities

ρE ≡ lim
V→∞

1

2V

∫
V

d3x
〈E2〉
a4

, (3.38a)

ρB ≡ lim
V→∞

1

2V

∫
V

d3x
〈B2〉
a4

, (3.38b)

and the correlation length of the magnetic field `B , are all physical, i.e they dilute with the Universe

expansion20. On the contrary, the fields A, E, B, as well as the current J and the conductivity

σ are comoving, i.e. they scale with the Universe expansion. This allows us simpler computation

of vectorial algebra, see Sec. 1.1.3. Note that the definition (3.37) is the analog of (3.11) with the

same mentioned changes.

In the helical basis (3.27) these five quantities write as [141]

H =
1

a3

∫ kc

0

dk
k3

2π2

(
|A+|2 − |A−|2

)
, (3.39a)

G =
1

a4

∫ kc

0

dk
k3

2π2

(
|A+A

′
+| − |A−A′−|

)
(3.39b)

ρE =
1

a4

∫ kc

0

dk
k2

4π2

(
|A′+|2 + |A′−|2

)
, (3.39c)

ρB =
1

a4

∫ kc

0

dk
k4

4π2

(
|A+|2 + |A−|2

)
, (3.39d)

20They relate to the comoving ones ρcE , ρcB , Hc, and Gc by the relations ρcB,E = a4ρB,E , Hc = a3H, Gc = a4G.
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`B =
2π

ρB a3

∫ kc

0

dk
k3

4π2

(
|A+|2 + |A−|2

)
, (3.39e)

where we cut off the integrals at the last mode exiting the horizon given by (3.33). We see from

the momentum dependence ∝ k3-5 of the integrals that only the modes generated during the last

e-folds of inflation will significantly contribute to the final macroscopic quantities. In other words,

all modes generated formerly k � kc are washed out by the Universe expansion and we can address

our efforts on the period a ' aE (or equivalently ε ' 1).

Since at that time all the modes of one given helicity stay in its BD vacuum, while the other is

amplified (ξ ≷ 0⇔ A± is amplified), we can neglect one mode21 and set the other one to (3.34) in

all the quantities from (3.39), and we find [135, 154]

H ' 45

215

H3
E

π2ξ4
e2πξ, (3.40a)

G ' 135

216

H4
E

π2ξ4
e2πξ, (3.40b)

ρE '
63

216

H4
E

π2ξ3
e2πξ, (3.40c)

ρB '
315

218

H4
E

π2ξ5
e2πξ, (3.40d)

`B '
8

7

π ξ

HE
, (3.40e)

where we have used the ξ � 1 approximation22. From these we can extract

ρE '
4ξ2

5
ρB , ρEM = ρE + ρB ' ρB

(
1 +

4ξ2

5

)
. (3.41)

Hence we see that, except for `B , all macroscopic quantities grow tremendously with ξ due to the

exponential factor. Thus, even for O(1) values of ξ, enough helicity can be generate at the end of

inflation in order to explain the BAU via Eq. (3.18), see Fig. 3.2. The four other quantities will be

needed to take care of the constraints and of the Schwinger effect, see next chapter. Moreover, we

see explicitly that the scale is given by HE , i.e. the scale of inflation.

To close this section, we would like to underline that maximally helical fields, E(k) and B(k),

in (Fourier transformed) momentum space are collinear, as using the identities (3.29) one can easily

check that both are proportional to ελ(k). Besides, these fields in configuration space are, using

the approximation (3.34), (almost) collinear. In fact, one can compute, using our approximated

solution for the backreactionless solution, the angle θ measuring the collinearity of the electric and

magnetic fields, as

cos θ ≡ |〈E ·B〉|√
〈E2〉 〈B2〉

' |G|
2
√
ρEρB

. (3.42)

Using Eqs. (3.40) we obtain, for ξ � 1

cos θ ' 3
√

5

7
' 0.958, (3.43)

which corresponds to the angle θ ' 0.0016π. As a result we have proven that the fields E and B

are (almost) collinear, a property that will be used when applying the Schwinger effect in Chap. 4.

21The choice is made such that H > 0.
22In fact, we have found that the approximation is valid up to O(e−8ξ) terms, so that it is good enough for ξ & 2-3.
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3.2.3 Slow roll approximation and self-consistency

We can perform the quantum and space average on the EoM (3.22a) and write

φ̈+ 3Hφ̇+ V ′(φ) =
G
fφ

(3.44)

where we used (3.37). The LHS did not change as φ is a background field.

In the previous sections, we have computed the helical gauge fields generated in the presence

of the inflationary background, (eventually) after estimating the backreaction of fermion currents

on gauge fields, but we have neglected the backreaction of gauge fields on the inflaton dynamics,

i.e. the RHS of φ’s EoM. We will now compute the actual conditions needed to have negligible

backreaction of the generated gauge fields on the inflaton equations of motion, such that we can

reliably trust the inflationary predictions, and therefore the actual generation of helical magnetic

fields. In other words, we seek the conditions on ξ to guarantee the slow roll regime given by (1.73).

Needless to say this condition is mainly a simplifying one, and allows us to work out the inflationary

model independently of the generated gauge fields.

Thus, in order to consistently neglect the backreaction on the inflaton, we must simply enforce

that, in the inflaton equation of motion (3.44), the RHS term is negligible compared to the potential

term, i.e. |G/V ′| � fφ. This condition is independent of the reheating temperature and should hold

during the full magnetogenesis process, hence during the last few e-folds of inflation. Due to its

exponential growth, putting an upper bound on the quantity G at the end of inflation ensures that

the latter condition is valid during the full inflationary period. Evaluating it then at this time,

when ε = 1 or, equivalently, V ′ '
√

2V/Mpl, we get

ξ G|a=aE
� V (φE), (3.45)

where we used (3.35). We can express this condition in a different way by combining ρEM ' ρE
given by (3.40c), together with (3.39b), which yields

2 ρEM ' ξ G. (3.46)

Hence, the condition |G/V ′| � fφ, evaluated at the end of inflation, is equivalent to imposing

2 ρEM|a=aE
� V (φE). (3.47)

Notice that the condition (3.47) is stronger than the condition for neglecting ρEM in the Friedmann

equation, i.e. ρEM � 3H2
EM

2
pl ' V (φE), so that the latter does not need to be imposed. On

Fig. 3.2, we plot this condition for the results (3.40).

3.2.4 Almost constancy of ξ and model dependance

We have seen that the methods employed to analytically compute the electromagnetic energy density

and helicity require an approximate constant behavior of ξ. We aim to demonstrate in this section

how this parameter changes during inflation for various models as these results will matter later on

in this thesis.

Let us consider the following interaction term in the action between the inflaton φ and the CS

density

S ⊃
∫
d4x F (φ) Yµν Ỹ

µν . (3.48)

If we are in the slow roll regime given by the approximations (1.73), the instability parameter can
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Figure 3.2. Baryon asymmetry ηB given by (3.18), and self-consistency condition for the parameter space
(ξ,HE), for various values of the reheating to instant reheating temperature ratio in the case of model given
by Eqs. (3.40) (no Schwinger effect). In virtue of condition (3.47), the red region is excluded. The error
margin in the value of ηB comes from the significant uncertainty of the parameter fθW . We recall that the
current bound on the (constant) Hubble parameter is HE . 6 · 1013 GeV.

be written as

ξ = 2F ′(φ)
V ′(φ)

V (φ)
. (3.49)

It is a generalization of Eq. (3.26) where we are taking units with Mpl = 1. Thus, a constant value

of ξ is guaranteed by the condition

F ′(φ) ∝ V (φ)

V ′(φ)
(3.50)

which then depends on the inflaton model. For illustrative purposes, we recast the models presented

in Sec. 1.2.5 and we aim to compute under which condition ξ can be constant therein.

Monomial potentials The potential (1.100) provides F (φ) = φ2/f2
φ, where the constant fφ has

mass dimension. The latter condition can be trivially verified from criterion (3.50).

α attractor models Criterion (3.50) applied to the potential (1.103) implies

F (φ) = exp

(√
2

3α
φ

)
−
√

2

3α
φ (3.51)

This yields for the instability

ξ =
8

3α
. (3.52)

Hilltop models Criterion (3.50), when applied to the potential (1.107) for φ < µ implies

F (φ) = µp φ2−p/f2
φ. (p 6= 2) (3.53a)

F (φ) = −λ
2

log φ. (p = 2) (3.53b)

where λ is a dimensionless parameter. This yields the relations for the instability parameter (3.49)

f2
φ ξ =

p(p− 2)

1− (φ/µ)p
' p(p− 2) (p 6= 2) (3.54a)
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µ2ξ = λ (p = 2) (3.54b)

D-brane models Criterion (3.50) applied to the potential (1.110) implies

F (φ) =
1

fp+2
φ

(
φp+2 − p+ 1

2
µp φ2

)
' φp+2

fp+2
φ

. (3.55)

This yields for the instability

f2
φ ξ = p(p+ 2)

µp

fpφ
∀p > 0. (3.56)

Non minimal couplings We start from the generic action (1.112) in which we include the terms

S ⊃
∫
d4x

[
−
√
−g 1

4
YµνY

µν − F (φ)

4
Yµν Ỹ

µν

]
. (3.57)

In the Einstein frame, φ becomes a function of the true inflaton field χ, see Eqs. (1.123), then the

criterion for a constant ξ (3.50) yields

F [φ(χ)] ∝ χ2 +
g2

8

χ4

1 + 6g
(p = 1) (3.58a)

F [φ(χ)] ∝ exp

(
−
√

4g

1 + 6g
χ

)
(p = 2) (3.58b)

F [φ(χ)] ∝ (cp − χ)
4/(2−p)

(p > 3) (3.58c)

In term of the field φ the latter conditions become

F (φ) ∝ φ

(
φ+

2

g

)
' φ2 (p = 1) (3.59a)

F (φ) ∝ φ2 (p > 2) (3.59b)

where we recall that we are in the regime gφp � 1, which means χ → ∞ for p = 1, 2 and χ → cp
for p > 3.

To conclude, in the case of a non-minimal coupling gφpR, the requirement of a constant ξ put

the constraint of a dimension-six interaction term between the inflaton and the gauge field as

S ⊃ −
∫
d4x

φ2

4f2
φ

Yµν Ỹ
µν , ∀p > 1 (3.60)

where fφ is a dimensional coupling. The value of the parameter ξ for the different models is then

given by

f2
φ ξ '

2p

1 + 6g
, (p > 1). (3.61)

Discussion

At this stage, several conclusions can be obtained. They all have implications for what we have

seen, as well as for the different models we will show in Chaps. 5 and 6.

First, none of the above conditions displayed a linear function F (φ) ∝ φ, which means that the

assumption of a constant ξ in the model-independent action, Eq. (3.20), is arguable. Our results

show that deep inside the inflation regime, ε � 1, ξ has indeed an approximate constant behavior
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because ξ ∝
√
ε. But, in the absence of a strong friction term23, the way a field gets out from this

regime in any potential is to accelerate more and more, so the exit from the slow roll condition is

inevitably done in an abrupt way. We show an illustration for the Starobinsky potential in Fig. 4.4.

Hence although ξ has an approximate constant behavior at the early stages of inflation, it grows

exponentially at the end, precisely when the gauge field production is dominant.

Although this observation seems to jeopardize the models, we will see in Chap. 4 that the

fermion effect on the plasma changes the whole situation, and thus the constant ξ problem becomes

irrelevant. We will be able to address this issue by means of a numerical solution that can take

into account not only the fermion effect, but also a time-dependent instability parameter and the

RHS of the inflaton EoM. As a consequence, the corresponding results (3.40) will be replaced by a

better description of the system.

On the other hand, if one wishes to keep an analytical description, we can find a way to fix

a particular coupling between the inflaton and the CS density; for instance by suggesting a model

in which the linear coupling is forbidden in the effective expansion. Indeed, for a naive scalar field

inflaton, there is a priori no reason why such a term would be missing in favor of a quadratic one.

However, in the Higgs inflation model (see Sec. 1.2.6), and identifying the inflaton with the Higgs

doublet, this requirement is met as in this theory the linear term is forbidden and the quadratic

one is the leading order coupling. Therefore the result (3.60) applies and assuming a constant value

of ξ is analytically exact up to some caveats, as we will see in Sec. 5.1.1.

3.3 Constraints

In Sec. 3.2 we have seen a non-perturbative mechanism which generates helical hypermagnetic

fields from inflation, hence for scales HE � 100 GeV. Earlier, in Sec. 3.1, we have shown under

which conditions the hypermagnetic helicity get converted into baryon asymmetry at the EW scale,

i.e. T ∼ 100 GeV. There is thus a gap to bridge between these two distant scales, as we have to

make sure that hypermagnetic fields generated during inflation survive until the EWPT.

On the one hand, there are mechanisms (dissipation, chiral plasma instability) that could

washout the helicity stored in the gauge sector under some specific conditions. On the other hand,

there are observational bounds on a number of associated phenomena (primordial non-Gaussianity,

isocurvature perturbations,. . . ) that prevent total freedom in the possible configurations. All of

these constraints can further narrow the region of the parameter space where the BAU can really

be reproduced by any theory, and will be analyzed in this section. The model dependence on these

constraints will be given alongside the different models of baryogenesis in the next chapters. Here

we provide their common ground.

3.3.1 Backreactions

Even the backreaction effect is a very generic one, in this thesis we denote by backreaction two

specific phenomena

1. The backreation of the gauge field on the inflaton field, see Sec. 3.2.3.

2. The backreation of fermions on the gauge fields: in the presence of strong gauge fields, i.e. for

ξ � 1, fermions charged under the gauge group are produced by the backreaction of gauge

fields which source the fermion equations of motion. The corresponding currents can then,

in turn, backreact on the produced gauge fields and change their (so-called backreactionless)

solutions given by Eqs. (3.40). This phenomenon is called the Schwinger effect and we devote

Chap. 4 to its detailed description.

23The slow roll regime can be ensured, even in a steep potential, if the RHS of the inflaton EoM (3.44) is dominant,
thus acting as a strong friction term, see e.g. Ref. [134].
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Moreover, the fermions produced by the latter effect are at the origin of another phenomenon,

called the chiral plasma instability, see Sec. 3.3.3.

3.3.2 Magnetohydrodynamics and Reynolds numbers

The hypercharge gauge fields interact with the thermal plasma of SM particles after reheating and

set it into motion. The latter in turn backreacts on the hypercharge gauge fields. This combined

system is described by the magnetohydrodynamics (MHD) equations (3.1) where the time depen-

dence shall be replaced by conformal time, i.e. t → τ , as all quantities in Eqs. (3.1) are from now

taken as comoving.

As a result, that we demonstrate hereafter, the physical quantities of interest (amplitudes,

energy densities, correlation length and helicity) do not scale adiabatically in such an environment,

or equivalently their comoving values are not constant. Therefore there can be a magnetic diffusion

effect leading to the decay of the helicity. If, on the other hand, the magnetic induction is the

leading effect, then the helicity can be conserved until the EWPT, and the baryogenesis mechanism

can take place. This effect is measured by the magnetic Reynolds number Rm, and we will see that

it is enough to require Rm > 1 at reheating for the helicity to be conserved until the EW crossover.

Hence, in this section we will study how this constraint affects the region of the parameter space

that yields the BAU. In this section we mainly follow Refs. [139, 140, 154–156].

For fluid velocities |v| � 1, we can neglect the displacement current ∂τE in the Ampère-

Maxwell equation (3.1b). This can be seen as follows. If we denote the characteristic electric

and magnetic field, and time and length scales of a gauge field configuration with E, B, τ and

`, respectively, we can estimate the terms in (3.1b) as |∂τE| ∼ E/τ and |∇ × B| ∼ B/`. Using

the estimate E/B ∼ `/τ , that follows from the Maxwell-Faraday equation (3.1a), we then find

|∂τE|/|∇×B| ∼ (`/τ)2 ∼ |v|2 � 1.

Combining Eqs. (3.1b), (3.1f), (3.3) and this approximation, we obtain

E =
∇×B
σ

− 2α

π

µ5

σ
B − v ×B. (3.62)

Together with the Maxwell-Faraday equation (3.1a), this yields the MHD equation for the hyper-

magnetic field
∂B

∂τ
=

∇2B

σ
+ ∇× (v ×B) +

2α

π

µ5

σ
∇×B. (3.63)

This is supplemented by the Navier-Stokes equation for the velocity field of an incompressible fluid

interacting with the hypermagnetic field

∂v

∂τ
= ν∇2v − (v ·∇)v +

(∇×B)×B
ρ+ p

, (3.64)

where ρ and p are respectively the energy and pressure density of the plasma. We use p = ρ/3 as

the plasma evolves in a radiation dominated universe by definition. The kinematic viscosity

ν ' cν
α2 log(α−1)T cpl

(3.65)

is used with cν ≈ 0.01 for temperatures above the EW scale [144]. The typical comoving temperature

of the plasma is obtained from Eq. (1.99) with aE = 1 as

T cpl = Trh arh ' 0.4 T ins
rh

(
T ins

rh

Trh

) 1
3

. (3.66)
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Note that the viscous-damping term ν∇2v is only present in (3.64) if the correlation length of the

hypermagnetic field is larger than the mean free path of the particles in the plasma. This will

always be fulfilled in our case. See Refs. [155, 156] for the damping term in the opposite regime.

The MHD equations (3.63) and (3.64) determine the coevolution of the hypermagnetic field

and the fluid velocity of the thermal plasma. We are in particular interested in the evolution of

the hypermagnetic helicity that is generated after inflation. By taking the time derivative of the

hypermagnetic helicity defined analogously to Eq. (3.37) and using (3.62), we find

a4 G = lim
V→∞

1

V

∫
V

d3x

(
B

σ
·∇2A+

2α

π

µ5

σ
B2

)
. (3.67)

Let us for the moment ignore the µ5-dependent terms in Eqs. (3.63) and (3.67). The hypermagnetic

field can change due to magnetic diffusion and induction from the plasma motion, corresponding

to the first and second term on the RHS of Eq. (3.63), respectively. Denoting the characteristic

strength and correlation length of the magnetic field with B and `B , respectively, and the typical

velocity of the plasma at the length scale `B with v, we can estimate |∇2B|/σ ∼ B/(`2Bσ) and

|∇× (v ×B)| ∼ Bv/`B . The magnetic Reynolds number balances these two quantities as

Rm ≡ σ v `B , (3.68)

such that Rm > 1 corresponds to the domination of magnetic induction over magnetic diffusion.

Lastly, notice that Eq. (3.67) does not depend on the plasma velocity which has dropped out. In-

duction from the plasma motion therefore does not lead to the decay of the helicity. We then expect

that if the magnetic Reynolds number is larger than unity and the dynamics of the hypermagnetic

field is dominated by the plasma motion, the helicity is preserved.

We now need to estimate the typical velocity v in order to discuss this in more detail. To this

end, we note that the last term on the RHS of Eq. (3.64) acts as a source term that sets the plasma

into motion. A steady velocity is obtained by balancing the first and second term with this source

term. The general solution should be computed numerically, but for asymptotic cases, when one

term clearly dominates over the others in the equation, we can use the electric Reynolds number

defined by

Re ≡
v `B
ν
. (3.69)

If Re > 1, there is an equipartition between the kinetic energy in the plasma and the magnetic

energy. In the opposite case, when Re < 1, the kinetic energy and velocity are smaller than the

magnetic energy.

The hierarchy between both Reynolds numbers is given by the magnetic Prandtl number which

balances the viscous over the magnetic diffusion rate defined as

Pm ≡
Rm
Re

= σν ' 150, (3.70)

where we used Eqs. (3.2), (3.65), (3.68) and (3.69). Thus the magnetic Reynolds number is much

bigger than the electric one and given that, we can compute all quantities in the following two

separate cases:

• Viscous regime: Re < 1 < Rm

• Turbulent regime: 1 < Re < Rm

We omit the other cases, where Rm < 1, since they would rule out the baryogenesis model, hence

we are never interested in them.
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In summary, the evolution of these two scaling regimes with respect to conformal time τ in a

comoving reference frame is

For Re < 1 : B ∝ τ−
1
2 , `B ∝ τ , v ∼ `BB

2

νρcpl

∝ τ0 , (3.71a)

For Re > 1 : B ∝ τ−
1
3 , `B ∝ τ

2
3 , v ∼ B√

ρcpl

∝ τ− 1
3 , (3.71b)

where here ρcpl is the comoving plasma energy density. Hence the following relation holds

ρcpl = ρrh a
4
rh =

(
aE
arh

)3

ρφ a
4
rh ' 0.4 ρφ

(
T ins

rh

Trh

) 4
3

, (3.72)

where we used (1.99), our convention aE = 1, and properties of the inflaton energy density,

c.f. Eqs. (1.16) and (1.73): ρφ ' 3M2
plH

2
E ∝ a−3. Inserting the latter relations for v in (3.68)

for both cases and using Eqs (3.2), (3.65), (3.66), (3.72) as well as B2 ≈ 2ρB , we can estimate the

magnetic Reynolds number at reheating as

For Rrh
e < 1 ⇒ Rrh

m ≈ 5.9 · 10−6 ρB`
2
B

H2
E

(
HE

1013 GeV

)(
Trh

T ins
rh

) 2
3

, (3.73a)

For Rrh
e > 1 ⇒ Rrh

m ≈ 1.1 · 10−1

√
ρB`B

HE

(
HE

1013 GeV

) 1
2
(
Trh

T ins
rh

) 1
3

, (3.73b)

which, of course, depend on the electric Reynolds number at reheating Rrh
e . Next, from (3.71), using

(3.68) and (3.69), we see that in both regimes both Reynolds numbers grow with time according to

the same scaling relations:

For Re < 1 : Rm ∝ τ, Re ∝ τ , (3.74a)

For Re > 1 : Rm ∝ τ
1
3 , Re ∝ τ

1
3 . (3.74b)

Hence, once the requirementRrh
m > 1 is reached, the magnetic Reynolds number remains greater

than one, as long as there is a plasma filling the Universe. The conservation of helicity is due to

an inverse cascade in which the helicity is transferred from smaller to larger scales, reflected in the

growth of `B . Therefore, to guarantee the survival of the comoving helicity at the EWPT, it is

enough to compute both Reynolds numbers after the end of inflation, at the reheating temperature,

i.e. Rrh
m and Rrh

e , allowing us to ignore the calculation of the plasma evolution at later times.

Now, all we have to know is the regime (viscous or turbulent) that applies at the reheating

temperature. This is given by the value of Re at that time. Inserting the above expressions for

v, Eqs. (3.71a) and (3.71b), in the definition of Re Eq. (3.69), and using again Eqs. (3.2), (3.65),

(3.66), (3.72), we obtain at reheating

For Rrh
e < 1 ⇒ Rrh

e ≈ 2.5 · 10−9 ρB `
2
B

H2
E

(
HE

1013 GeV

) (
Trh

T ins
rh

) 2
3

, (3.75a)

For Rrh
e > 1 ⇒ Rrh

e ≈ 5.4 · 10−5

√
ρB `B

HE

(
HE

1013 GeV

) 1
2
(
Trh

T ins
rh

) 1
3

. (3.75b)

To summarize, for a given theory one needs to first computeRrh
e to find which regime ofRrh

m one

shall use. Then, hypermagnetic fields generated during inflation will survive at later time thanks to

its self-feeding convection if Rrh
m > 1 since this condition implies that Rm > 1 at later times. Note
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Figure 3.3. Baryon asymmetry (blue), self-consistency condition (red), and summary of the MHD (orange)
and CPI (green) constraints in the case of model given by Eqs. (3.40) (no Schwinger effect). The panels
displays results for various values of the reheating to instant reheating temperature ratio in the parameter
space (ξ,HE). The red region is excluded and the overlapping regions between blue, orange and green yield
a successful BAU at EWPT.

that this mechanism applies, as it stands, to ordinary electromagnetic fields. Indeed, the difference

between U(1)Y and U(1)EM lies in the µ5 component, that we neglected for the Reynolds number

sketches. The effect of the axial current component is studied in the following section.

We display on Fig. 3.3 the allowed region where Rm > 1 in orange for the model given by

Eqs. (3.40).

3.3.3 The Chiral Plasma Instability

So far we have ignored the effect of the µ5-dependent terms in Eqs. (3.63) and (3.67). In Sec. 3.1.1

we have seen that the number density of particles and their antiparticles is generated together

with the helicity. Since these asymmetries are related to the helicity via the chiral anomaly, see

Eq. (3.12), they can be transformed back into helical gauge fields, resulting in a cancellation of the

total helicity, as we will now explain. We remind the reader that in this section all fields, observables

and parameters are related to the hypercharge U(1)Y field.

Let us focus on the right-handed electron since it is the last species to come into chemical

equilibrium, at temperatures ∼ 105 GeV, and its asymmetry thus survives the longest. If we assume

T & 105 GeV and drop the contribution from the Yukawa coupling, the anomaly equation (3.12)

gives ∂τQeR ∝ −∂τH. From this, we see that if the asymmetry QeR is driven to zero, a gauge

field configuration with helicity H ∼ QeR/α is generated. As before, denoting the characteristic

magnetic field of this configuration with B and its characteristic size with `B , we can roughly

estimate its helicity in terms of these quantities using (3.36) as H ∼ `BB
2. The energy densities

in right-handed electrons and the gauge field configuration are ∼ Q2
eR/T

2 and ∼ B2, respectively.

The gauge field configuration then has lower energy density than the equivalent asymmetry of

right-handed electrons for [126]

`B &
T 2

αQeR
. (3.76)

The formation of such an energetically favoured helicity configuration from an asymmetry is called

the chiral plasma instability (CPI) [126, 157–162]. In Eq. (3.67) for the helicity evolution, it arises

from the µ5-dependent term. The fastest growing mode has a length scale saturating (3.76). Using

that µ5 ∼ µeR ∼ QeR/T 2 in kinetic equilibrium, if only right-handed electrons have an asymmetry,

as well as Eqs. (3.67) and (3.76), we can estimate the time scale of the CPI as

τCPI ∝
σ

α2µ2
5

, (3.77)

where we have ignored all numerical prefactors. A more careful analysis of (3.63) and (3.67) in
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momentum space shows that (3.77) also applies to the more general situation where several species

have asymmetries and gives π2/2 as a numerical prefactor [139].

Because ∂τQeR ∝ −∂τH, the CPI would convert the asymmetries back into helicity, approxi-

mately equal and opposite in sign to the helicity that is already present. This would thus strongly

reduce the total helicity. In order to avoid this, we want to ensure that the CPI cannot occur before

the electron Yukawa coupling reaches thermal equilibrium and all asymmetries are erased. To this

end, we will require the time scale (3.77) for the CPI to be sufficiently long that the Universe has

already cooled to temperatures below 105 GeV, before it can happen. To determine the parameter

µ5 in Eq. (3.77), let us consider temperatures somewhat above 105 GeV where all SM species, except

for the right-handed electron, are in chemical equilibrium. Imposing constraints from sphalerons,

Yukawa interactions and conserved quantities, the asymmetries and chemical potentials of all SM

species can then be expressed in terms of those for the right-handed electron. Using (3.12), we get

[139]

µ5 = −α 2133

481π

H
T 2

. (3.78)

On the other hand, at temperatures below 105 GeV, the electron Yukawa coupling is in thermal

equilibrium and all asymmetries are erased. This gives µ5 = 0 and the CPI is no longer possible.

Relating (3.77) to the temperature of the Universe at that time, and using the last equation, the

CPI temperature writes

TCPI ≈
4α2µ2

5

π2σHE
T

1
3

rh(T ins
rh )

2
3 ' (4 · 10−7 GeV)

H2

H6
E

(
HE

1013 GeV

)3(
Trh

T ins
rh

)2

, (3.79)

where in the second equality we used Eqs (1.97), (3.2), (3.66), (3.72), (3.78). Let us emphasize that

the derivation of this condition had an approximate nature, and that a numerical MHD simulation

taking into account the asymmetries would be required to establish the firmer condition for helicity

survival in more detail.

To summarize in other words, the take-away message is that CPI can be avoided if we require

that the CPI timescale is long enough to allow all fermionic states to come into chemical equilibrium

(so that sphalerons can erase their corresponding asymmetries in particle number densities) before

CPI can happen. The last fermion species to enter chemical equilibrium, through its Yukawa

coupling with the left-handed electron eL, is the right-handed electron, eR, and it happens at the

temperature T ∼ 105 GeV. Indeed, when the fermionic states are in chemical equilibrium, their

asymmetry is washed out through weak sphalerons and Yukawa couplings. Therefore the constraint

TCPI . 105 GeV guarantees that the CPI cannot occur before the smallest Yukawa coupling reaches

equilibrium and all particle number density asymmetries are erased, thus preventing the cancellation

of the helicity generated at the reheat temperature.

We display on Fig. 3.3 the allowed region where TCPI < 105 GeV in green for the model given

by Eqs. (3.40).

3.3.4 Primordial non-Gaussianity

Inflation predicts that the statistical distribution of primordial fluctuations is nearly Gaussian.

Measuring deviations from a Gaussian distribution, i.e. non-Gaussian correlations in primordial

fluctuations, is a powerful test of inflation. While the two-point function for δφ defines the power

spectrum, the three-point correlation function encodes departures from Gaussianity [163, 164]. The

magnitude of the three-point function is conventionally quantified using the parameters fNL. Non-

Gaussian effects from helical gauge fields are maximal when the three modes have comparable

wavelength, the so-called equilateral form, which in the backreactionless case where gauge fields are
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given by Eq. (3.34) is given by [165, 166]

f equil
NL ' 4.7 · 10−16 e

6πξ∗

ξ9
∗
, (3.80)

where ξ∗ ≡ ξ(φ∗). Current observational bounds on non-Gaussianity of CMB anisotropies lead

to [167]

f equil
NL = −26± 47, (3.81)

which translates from Eq. (3.80) into

ξCMB . 2.54 (95% C.L.). (3.82)

As pointed out in Refs. [165, 166], even if the non-backreaction conditions are satisfied, the

coupling (3.48) can generate cosmological fluctuations in the inflation model. The equation for the

fluctuation is model dependent, and is found by replacing the background field φ(t) by Eq. (1.78),

see Sec. 1.2.3. Hence we will come back on this topic when discussing specific baryogenesis scenarios,

see Chaps. 5 and 6.

For the specific model given by Eqs. (3.40), where ξ is given by (3.26), we can use the scaling

relation

ξ

ξ∗
=

√
ε(φE)

ε(φ∗)
=

√
1

ε(φ∗)
(3.83)

together with the value (1.91) given by Planck measurement. It yields ξ . 38, a bound already

satisfied by other constraints, e.g. condition (3.47).

3.3.5 The baryon isocurvature perturbation

Many models of baryogenesis using (hyper)magnetic fields try to simultaneously explain the origin

of the large scale, intergalactic, magnetic fields (IMF) measured today by the Fermi satellite [168–

170]. They all face a balance problem when addressing this issue.

While maximally helical fields can indeed generate the BAU without explaining the observed

IMF, they would suffer from baryon overproduction should they try to accommodate IMF. In the

case of a mixture of helical and non-helical fields, the baryogenesis is less effective so that stronger

hypermagnetic fields are needed to explain the present BAU, and hence, in principle, they could

meet the lower bound from the IMF observations.

However, it has been recently shown that such models are inconsistent with the baryon isocur-

vature perturbations, that are constrained by the observations of cosmic microwave background on

large scales [171]. In particular, it was pointed out that the baryon isocurvature perturbations, at

a scale larger than the neutron diffusion scale at the BBN epoch, is constrained by the deuterium

overproduction due to the second-order effect [172]. This translates into an upper bound on the

volume average of the baryon isocurvature perturbation, as

S2
B,BBN < 0.016 (2σ). (3.84)

It was shown that, regardless of their helicity properties, hypermagnetic fields with too large

strength and coherence length are not allowed before the EWPT [171]. Still baryogenesis from the

hypermagnetic helicity decay can be responsible for the present BAU, but additional magnetogene-

sis, or an unknown mechanism of the magnetic field amplification after the EWPT, is needed to fit

the IMF observations. However the constraints become less severe for more helical hypermagnetic

fields. Since in our model the magnetic field produced at the end of inflation is maximally helical,
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we should be safe from this constraint. In the following we sketch a demonstration that the bound

(3.84) is indeed widely satisfied in the backreactionless model presented in Sec. 3.2.

Baryon isocurvature perturbations can be generated by the presence of strong gauge fields [171].

To be conservative, in this section we will consider the case where the generated gauge fields

are as strong as possible. Hence we neglect the Schwinger effect, see Chap. 4, and consider the

backreactionless case where the plasma macroscopic quantities are given by Eqs. (3.40). Bor-

rowing the notation from [171], we have the symmetric and antisymmetric combinations, S(k) =

(|A+(k)|2 + |A−(k)|2)/2 and A(k) = (|A+(k)|2 − |A−(k)|2)/2. For the case of maximally helical

gauge fields one obtains

S(k) ' A(k) ' |A+|2

2
' 1

4kλ

(
k

kλ

)− 1
2 e2πξ

ξ
exp

(
−4

√
k

kλ

)
, (3.85)

where we are choosing e.g. A+(k) as the amplified mode, and (3.34) was used together with the

definition kλ = aEHE/2ξ ' 1012 GeV, which corresponds to the spectrum peak of A+. Writing

B2 ' 2ρB in term of kλ, and using (3.40d), we obtain a relation for the spectrum given by [171]

A(k) ' 1024π2

315

B2

k5
λ

(
k

kλ

)− 1
2

exp

(
−4

√
k

kλ

)
. (3.86)

It may be interesting to note that, in this notation, the magnetic field and the helicity are written

as

B2 ' 1

4π2

315

1024

e2πξ

2ξ
k4
λ, H ' 2

7

B2

kλ
. (3.87)

From this we can estimate the baryon isocurvature perturbation at the BBN as

S2
B,BBN '

7
√
π

20
√

3

(
kd
kλ

)3(
kλ

kEWPT
λ

)3

+O
(
kd
kλ

)5

, (3.88)

where kd is the comoving neutron diffusion scale at the BBN, k−1
d ' 0.0025 pc. From the expansion

ratio kd/kλ ∼ 10−42, we can see that Eq. (3.88) is suppressed provided that kλ/k
EWPT
λ is not too

big, which we will next demonstrate.

Eq. (3.88) should be evaluated at the time of baryon asymmetry production, at TEWPT '
135 GeV, hence the rescaling for the wave number kλ. At first glance, this rescaling could appear to

be exactly one since kλ is comoving, but because of the peculiar dynamics of the plasma, described

by the MHD equations, comoving quantities do scale with the expansion of the Universe after

reheating, as already stated in Sec. 3.3.2.

We shall now study how the comoving coherence length scales until the EWPT. Every plasma

quantity (field amplitude, correlation length, wave number) evolves adiabatically from reheating

until the eddy turnover temperature Tt ' vTrh where v is the typical bulk velocity of the plasma.

For T < Tt the scaling regime depends on the value of the electric Reynolds number at the end of

inflation. The velocity of the plasma is

Re < 1 ⇒ v ≈ 2.9 · 10−10 `BρB
H3
E

(
HE

1013 GeV

) 3
2
(
Trh

T ins
rh

)
, (3.89a)

Re > 1 ⇒ v ≈ 5.3 · 10−6

√
ρB

H2
E

(
HE

1013 GeV

)(
Trh

T ins
rh

) 2
3

. (3.89b)

For Rrh
e < 1, as Re grows with time, we eventually reach the point where it becomes one, at
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temperature [139]

T1 ≡ T (Re = 1) = Rrh
e Tt. (3.90)

Once Re > 1, the scaling regime for comoving quantities becomes (3.71b) until recombination.

In summary, the magnetic energy and correlation length scale adiabatically until the eddy

turnover temperature Tt, then they scale according to (3.71a) until Re = 1, where the regime

changes to (3.71b) until recombination. However, we compute the scaling only until TEWPT =

135 GeV, since the comparison with the neutron diffusion scale must be done at the EWPT tem-

perature [171]. This yields a total dilution factor for comoving quantities as

BEWPT

Brh
=

(
TEWPT

T1

) 1
3
(
T1

Tt

) 1
2

, (3.91a)

`EWPT
B

`rhB
=

(
TEWPT

T1

)− 2
3
(
T1

Tt

)−1

. (3.91b)

We stress that Tt and T1 depend on v, which in turn depends on `B ∼ k−1 and ρB . For

values of the parameters space yielding the correct BAU, e.g. for ξ ∼ O(1), HE ∼ 106-14 and

Trh ∼ 1 - 10−8 T ins
rh , see Fig. 3.2, we find that

BEWPT

Brh
∼ 10−6 - 103,

`EWPT
B

`rhB
∼ 10−4 - 107. (3.92)

Going back to the baryon isocurvature perturbation (3.88), we hence have(
kλ

kEWPT
λ

)3

∝
(
Trh

T ins
rh

)−4

,

(
kλ

kEWPT
λ

)3

� 10−22, (3.93)

which therefore implies an exceedingly small value for the observable S2
B,BBN. This result also

holds for the case where the Schwinger effect is considered, as in this case gauge fields are much

weaker than in the backreactionless case studied above, and so their contribution to S2
B,BBN is

expected to be much smaller.



Chapter 4

The Schwinger effect

In the last chapter, we have demonstrated that the inflaton coupling to the Chern-Simons density

gives rise to the production of helical hypermagnetic fields, which can then survive until the EWPT

and trigger the BAU. However, in the presence of strong gauge fields, light fermions charged under

the gauge group are produced by the backreaction of gauge fields that source the fermions EoM [173,

174]. The corresponding currents can then, in turn, backreact on the produced gauge fields. This

phenomenon is called the Schwinger effect (see e.g. Ref. [175]).

The backreaction of fermion currents on the produced gauge fields acts as a damping force

in the explosive production of helical gauge fields, and many of the conclusions from the gauge

field production should be revised in the presence of the Schwinger effect24, in particular those

concerning the gauge preheating capabilities and the baryogenesis mechanism, see Sec. 4.4.

In this chapter, we will study the effect of the Schwinger particle production on the helical

hypermagnetic fields produced at the end of inflation. In order to consider the backreaction of the

produced gauge fields on the inflationary equations of motion, and that of the Schwinger effect on

the gauge field production, we will use numerical methods, in particular, the fourth order Runge-

Kutta (RK4) algorithm. Our numerical results are validated, as they overlap with some recent

semianalytical methods, and the gradient expansion formalism of Refs. [176–179]. Our general

finding is that the gauge field production is much less explosive than in the absence of the Schwinger

effect, which will jeopardize the conclusions concerning the possibility of gauge preheating, although

they leave an open window for baryogenesis.

The content of this chapter was the subject of a publication [180].

4.1 Theoretical grounds

To model the Schwinger effect in a simple way, we take back the action (3.20) in which we include

the interaction of fermionic currents

S ⊃
∫
d4x
√
−g i ψ̄γµDµψ, (4.1)

corresponding to hypercharge Y fermions, with the hypercharge fields encoded in the covariant

derivative Dµ, see Eq. (2.80). All gauge field quantities are U(1) hypercharge fields, i.e. AY ,

EY , BY , etc. To make the notation lighter, we drop the index Y as there will be no ordinary

electromagnetic fields in this chapter.

Due to this coupling, massless hypercharged fermions are continuously produced during infla-

tion. They are massless as long as the EW symmetry remains intact and thus contribute to the

24One possible way out is if there are no light charged fields when gauge fields are produced.
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energy density of relativistic radiation as

ρψ = lim
V→∞

σ

V

∫
V

d3x
〈A ·E〉
a4

=
σ

a4

∫ kc

kmin

dk
k2

2π2

d

dτ

(
|A+|2 + |A−|2

)
, (4.2)

where σ is the generalized conductivity, see Eqs. (4.7) and (4.8). In the second step we use the A

quantization given by Eq. (3.27).

It has been shown in Ref. [177] that the fermion energy density can easily dominate the radiation

energy density at the end of inflation. On the other hand, if the gauge share dominates at least

by 80%, the Universe will reheat before the perturbative decay of the inflaton [181], a phenomenon

called gauge preheating, see Sec. 1.2.4. Thus, in this chapter we will analyze all inflaton, gauge,

and fermion energy contributions and compare them to figure out under which conditions gauge

preheating and barygenesis can happen.

Notice that, similarly to ρE , ρB , H and G, ρψ is a physical quantity.

4.1.1 Gauge equation of motion

The system of EoM are exactly the ones from last chapter, i.e. Eqs. (3.22), with the exception of

an added current

jµ = (ρc,J) =
∑
ψ

ig′Yψ ψ̄γ
µψ (4.3)

such that (3.22b) becomes (
∂2

∂τ2
−∇2 − a φ̇

fφ
∇×

)
A = J . (4.4)

We now assume that the Universe does not initially contain any asymmetry of charged particles

and that these ones are produced only later in particle-antiparticle pairs. Therefore, we initially set

the charge density to zero, ρc = 0.

The current J is given by the Ohm’s law

J = σE = −σ∂A
∂τ

. (4.5)

It implies that when the Schwinger effect is taken into account, Eq. (3.30) becomes

A′′λ + σA′λ + k

(
k − λ a φ̇

fφ

)
Aλ = 0 . (4.6)

As in this chapter we will have to solve the coupled differential system of the fields (φ,Aλ), we

kept φ̇ explicitly in the above equation. Of course, it is always possible to define a time-dependent

instability parameter with the definition (3.24) but we would lose clarity by hiding the variables in

this way. In this chapter we will nevertheless use ξ but only for comparison purposes.

In the case of one Dirac fermion f with mass mf and charge Qf under a U(1) group with

coupling g, the conductivity can be written as25 [173]

σf =
|g Qf |3

6π2

a

H

√
2ρB coth

(
π

√
ρB
ρE

)
exp

(
−

πm2
f√

2ρE |g Qf |

)
. (4.7)

25As the conductivity σ relates J and E in (4.5), it is a comoving quantity, i.e. it scales with the Universe
expansion. Our definition differs from the one in [177, 178] where the authors used a physical conductivity that we
will denote σ̂ in this chapter, their relation being σ = a σ̂.
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This conductivity is to be distinguished from the conductivity we defined in Eq. (3.2), as the

latter is the conductivity of a thermal plasma after reheating, in a radiation dominated universe,

while the above is the conductivity at the end of inflation, before the reheating, produced by fermion

pair formation from the magnetic field.

This estimation is valid in the case of collinear electric and magnetic fields, an assumption that

we have numerically checked by verifying from Eq. (3.42) that cos θ ' 1. The total conductivity

in the plasma is the sum on every SM species involved. Also the electric and magnetic fields

are assumed to be slowly varying, as we expect the hypercharge gauge field to reach a stationary

configuration, where the tachyonic instability and the induced current balance each other. We have

verified from the numerical simulation that this is indeed the case.

The Schwinger effect effectively depends on the masses configuration. For very massive particles

it can be avoided while it is maximal for massless ones, see hereafter. Then, when only the first

two generations are considered, there is just a factor 3/2 difference with the full SM. We checked

that such an O(1) factor does not make any difference to the final result, since the (hyper)magnetic

field production with or without Schwinger effect can vary by orders of magnitude.

In Sec. 3.2 we have shown that the electromagnetic energy density grows tremendously during

inflation, which will imply a growth of σ with time. This yields a nontrivial integro-differential

system as the damping term grows with the magnetic energy and hence backreacts on the amount

of produced electric/magnetic fields. Therefore, we aim to solve this setup of the Schwinger effect

numerically.

4.1.2 Conductivity and the Higgs VEV

Concerning the Higgs vacuum expectation value, there are two possibilities during the inflationary

period:

i) The first possibility, which we will use in this chapter for the numerical simulations, is that

〈h〉 = 0, and so the electroweak symmetry is unbroken during the inflationary period. In

order to ensure unbroken electroweak symmetry, and hence massless SM fermions, which all

contribute to the conductivity (4.7), we assume that the SM Higgs field h remains stabilized

at the origin in field space by a large mass term throughout the inflationary period. Such

a large mass can e.g. be induced by a nonminimal coupling to the Ricci curvature scalar as

L = 1
2ξh

2R with ξ > 3/16 (see e.g. Ref. [26]). Hence, we get

σ ' ZY
a

H

√
2ρB coth

(
π

√
ρB
ρE

)
. (4.8)

where we have defined

Z ≡
∑
f

|g Qf |3

6π2
. (4.9)

Thus for the hypercharge group this yields

ZY =
41 g′3

72π2
, (4.10)

where g′ ' 0.4 is computed at the characteristic scale µ '
(
〈E〉2+〈B〉2

) 1
4 where the Schwinger

effect takes place [178].

ii) The second possibility is that the electroweak symmetry is broken during the inflationary period.

In this case after ∆N e-folds of inflation, there is a Gaussian distribution of values of the

Higgs field with zero mean and variance 〈h2〉 = H2∆N/(4π2) with probability P (h,∆N) ∝
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exp(− 1
2
h2

〈h2〉 ) dominated by the values h .
√
〈h2〉, see Ref. [26]26. In this case, the electroweak

symmetry is broken and the hypercharge field strength is projected onto the electromagnetic

field strength with a coupling to the inflaton given by fφ/ cos2 θW , see Eq. (2.90c). Now the

conductivity for the hypermagnetic field in Eq. (4.7) should be replaced by a similar expression

for the magnetic field, with the replacement |g′Y | → |eQ|. The condition for a fermion f to

contribute to the magnetic conductivity πm2
f <
√

2ρE |eQf | translates into the condition, for

the fermion Yukawa coupling yf ,

yf . 0.45
( ρE
H4

)1/4√
|Qf |, (4.11)

where we used Eqs. (2.81), We have computed all couplings at the characteristic scale µ '(
〈E〉2 + 〈B〉2

) 1
4 where the Schwinger effect takes place. If the three generations of fermions

satisfy the above condition then the conductivity for the magnetic field is given by Eq. (4.8)

with the replacement ZY → ZEM where

ZEM =
e3

π2
. (4.12)

We have checked that, in this case, the results for fφ . 0.2Mpl are consistent with all three

generation fermions contributing to the magnetic conductivity. For fφ & 0.2Mpl only the

top quark does not contribute. Given that ZY ' 0.37π2 while ZEM ' 0.36π2, at the scales

where the Schwinger effect takes place, we have found that the results in this second case are

qualitatively similar to those for the first case discussed here, see Fig. 4.1. Hence, the results

from this chapter are transferable to inflation theories in the broken phase, see Chaps. 5 and

6.

4.1.3 The gauge vacuum

Solving (4.6) is very similar to what we did in Sec. 3.2.1. However, the introduction of non-zero

conductivity has implication on the gauge vacuum of the theory, as we will see now.

At very early times, when |aφ̇| � kfφ, the modes are in their Bunch-Davies (BD) vacuum given

by Eq. (3.32). Initially, we can consider all the modes in the BD vacuum (which would be possible

by initializing the numerical simulation such that a0 � k0/H0). In that case, since |A+| = |A−|,
the fields E and B are plane waves, perpendicular to each other, as G = 0 in (3.42) yields cos θ = 0.

Therefore, there is no Schwinger effect and σ = 0.

It has recently been shown that in the presence of the conductivity σ, the BD vacuum amplitude

of the modes that are still in the vacuum get damped by the ones that left it, Ref. [177]. Indeed, let

us consider we are at a time a∗ where modes k > k∗ are still in the BD vacuum, while modes k < k∗
were amplified by both tachyonic and parametric instabilities from Eq. (4.6). Then, the equation

of motion for modes such that |a∗φ̇(τ∗)| � kfφ does not reduce to a plane wave in the presence of

a non-zero σ, but instead to A′′λ + σA′λ + k2Aλ = 0, and Eq. (3.32) is not a solution anymore. To

derive the generalized BD vacuum, we write the gauge equation of motion (4.6), in cosmic time, as

Äλ + (σ̂ +H) Ȧλ +
k

a

(
k

a
− λ φ̇

fφ

)
Aλ = 0, (4.13)

26The SM Higgs potential is still unstable at a value of the Higgs field h = hI ' 1011 GeV and the condition
for P (hI ,∆N) < e−3∆N (so that it is unlikely to find the Higgs away from its EW vacuum in any of the e3∆N

causally disconnected regions formed during inflation) implies HE <
√

2/3πhI/∆N , a condition that is not fulfilled
by any of the models of inflation we have considered. Therefore this possibility would require stabilization of the
Higgs potential by some new physics.
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where we used the identity (1.40), and perform the transformation Aλ =
√

∆Aλ with [177]

∆(t) = exp

(
−
∫ t

−∞
σ̂(t′) dt′

)
. (4.14)

We recall that we have defined σ̂ = σ/a as the physical conductivity in footnote 25. The above

equation hence becomes

A′′λ +

[
k

a

(
k

a
− λ φ̇

fφ

)
−

˙̂σ

2
− σ̂2

4
− Hσ̂

2

]
a2Aλ = 0, (4.15)

where we used the fact that ∆̇(t) = −σ̂(t)∆(t). A mode crosses the horizon when the expression in

the square brackets vanishes for the first time at least for one polarization, at k = kc. The modes in

the vacuum are then characterized by k � kc. This yields the momentum of the mode that crosses

the horizon at time t, namely the cutoff of the integrals, as

kc =

∣∣∣∣∣ aφ̇2fφ

∣∣∣∣∣+

√√√√( aφ̇

2fφ

)2

+
a2

2

[
˙̂σ + σ̂

(
σ̂

2
+H

)]
. (4.16)

Notice that for σ = 0 we recover Eq. (3.33) with ξ given by (3.24).

Deep inside the horizon, when the first term in square brackets of (4.15) dominates, the solution

for Aλ must satisfy the BD condition (3.32). As we have seen, in the presence of finite conductivity,

this equation does not fully describe the gauge-field mode function inside the horizon, as the damped

BD condition includes an exponential damping factor

Aλ(τ, k) =

√
∆(t)

2k
e−ikτ (τ → −∞). (4.17)

The bottom line of this section is that the modes, still in their BD vacuum, see their ampli-

tudes damped because of the effect of the modes that left their vacuum earlier and participate in

the equations of motion (3.44) and (4.6). The parameter ∆ was first introduced in the context of

the gradient expansion formalism in Ref. [177], where it was dynamically solved, while in Ref. [178]

it was also considered as a free parameter and validated the corresponding procedure by numerical

calculations. In order to compare with results from the gradient expansion formalism in configura-

tion space, we will also both compute ∆ numerically and consider it as a free parameter, although

our final results will be based upon the dynamical calculation of ∆.

4.2 Analytical estimates

With the introduction of the operator (4.1), the production of the gauge fields and fermions cannot

be treated independently. Parallel electric and magnetic fields, created via the tachyonic instability,

necessarily lead to chiral fermion production by deforming the fermion energy levels to discrete

Landau levels. Populating the lowest Landau level yields the chiral asymmetry, as we have seen

in Sec. 2.3.6, while the higher levels are populated through pair-production, the analog to the

Schwinger effect [182, 183], hence the actual terminology for this backreaction effect.

In Ref. [173], the induced current was calculated by solving the equations of motion for the

fermions in the presence of a gauge field background. Taking into account this backreaction, the

authors derived two analytical estimates for the Schwinger effect, the equilibrium estimate and the

maximal estimate, which lie significantly below the results obtained in the absence of fermions,

i.e. Eqs. (3.40). Both regimes follow different strategies: in the maximal estimate all quantities are
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capped by other relations, that still depend on the parameter ξ, whereas in the equilibrium case

the exponential relations from the previous section stay with the counterpart of the substitution

(4.18) on ξ.

Besides, in Refs. [176–178], the same computation was done using the gradient expansion for-

malism, a method that describes the time evolution of a set of vacuum expectation values for bilinear

hypermagnetic functions in position space. Thus, we will compare our numerical calculations with

these three (semi)analytical results that we will first present in more details.

4.2.1 Equilibrium estimate

The Schwinger effect has been proven to roughly be encoded into a redefinition of the ξ parameter,

ξ → ξeff , as [173]

ξeff = ξ −∆ξ, ∆ξ =
Z

2
coth

(
π
|B|
|E|

)
|E|
H2

, (4.18)

where Z is given by (4.9) and where we defined

|E| ≡ lim
V→∞

1

V

∫
V

d3x
√
〈E2〉 '

√
2ρE , |B| ≡ lim

V→∞

1

V

∫
V

d3x
√
〈B2〉 '

√
2ρB . (4.19)

Assuming that the energy densities are given by the exponential case (3.40), the correction becomes

significant, ∆ξ/ξ & 0.1, for ξ & 3.7, which corresponds to fφ . 0.2Mpl in the approximation (3.35).

Hence for ξ & 3.7 the Schwinger effect must be taken into account, and the amplitudes of the gauge

fields in equilibrium must satisfy the equation

ξeffH|E| |B| −H(|E|2 + |B|2) =
ρ̇EM

2
= 0. (4.20)

In the case of the equilibrium estimate, we take into account the backreaction of the chiral

fermions on the gauge fields by just replacing the parameter ξ with the effective one given by (4.18)

in the backreactionless solutions (3.40). Using (3.39c), (3.39d) and (4.19), Eq. (4.18) becomes

63Z2

217π2

e2πξeq

ξ3
eq

= (ξ − ξeq)2 tanh2

(√
5

4

π

ξeq

)
, (4.21)

which is only valid during the last e-folds of inflation since we used the backreactionless solutions

(3.40) (which are self-consistently found in this approximation). To make explicit which case we

are handling, we chose to label the effective parameter as ξeq. The solution of Eq. (4.21) provides

the function ξeq = ξeq(ξ) and, using (3.24), we can obtain ξeq as a function of fφ. We show its

behavior on Fig. 4.1.

Next, the MHD quantities (3.40) are calculated in the same way as in the case without consid-

ering the Schwinger effect, but with the replacement ξ → ξeq, hence

Heq = H(ξeq), Geq = G(ξeq), ρeq
B/E = ρB/E (ξeq), `eq

B = `B (ξeq). (4.22)

These equilibrium estimates are shown with a purple line in the plots of Fig. 4.3.

4.2.2 Maximal estimate

In this case we assume the exponential behaviors of the backreactionless solutions (3.40) to be valid

until they saturate the maximal value that we will display hereafter. We numerically determine

the value of crossing, which happens for ξ ' 4.4-4.7 depending on each quantity, corresponding

to fφ ' 0.15Mpl. However, as we just saw, for such value the Schwinger effect can no longer be
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Figure 4.1. In the Schwinger equilibrium estimate, the instability parameter ξ is replaced with an effective
one that mimic the fermion backreaction on the gauge fields. We display their relation in the above plot
for both hypercharge and electromagnetism groups.

neglected, so there remains in this process a gray area of uncertainty as to the exact transition

between the two regimes.

The maximum electric and magnetic energy density can be estimated as the solution of Eq. (4.20).

This replacement yields an equation relating the |E| and |B| fields that can be solved analytically.

We then choose, as definition of our maximal estimate, the solution (|E|, |B|) of (4.20) that maxi-

mizes the product |E| · |B| 27. We assume |B| & |E| such that the hyperbolic cotangent in (4.18)

is unity, and then we can write, combining the latter with (4.20),

|E|2 + |B|2 '
(
ξ − Z

2

|E|
H2

)
|E| |B|. (4.23)

Under the aforementioned constraint this yields, for ξ � 1

ρEmax '
8

9

ξ2H4
E

Z2
, (4.24a)

ρBmax '
8

81

ξ4H4
E

Z2
, (4.24b)

Hmax =
2Gmax

3HE
' 32

81

ξ3H3
E

Z2
. (4.24c)

In the numerical calculations, we use the exact (analytical) solutions. In the computation of Gmax

we maximized the product by assuming a collinear configuration of E and B. We can see that

ρBmax '
ξ2

9
ρEmax (4.25)

hence for ξ & 3, our approximation |B| & |E| is self-consistent. The maximal estimates for the

quantities ρEmax, ρBmax, Hmax and Gmax are shown with a pink line in the plots of Fig. 4.3.

Finally, combining (3.39a) and (3.39e), and assuming maximally helical magnetic fields, we get

27Notice that our definition of maximal estimate departs from that used in Ref. [173], where separate maximal
conditions to the configurations for the fields E and B (corresponding to absolute maximal values independently
reached by the configurations E and B) are imposed, so that their corresponding partners do not satisfy Eq. (4.20).
Conversely, our criterium of maximizing the helicity guarantees that our solution satisfies Eq. (4.20).
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for the correlation length (still for large ξ)

`max
B = π

Hmax

ρmax
B

' 4π

ξHE
, (4.26)

which does not depend on Z (even for the exact solution).

Note that in the maximal estimate the consistency condition from Sec. 3.2.3 can be reinterpreted

as follows. Combining Eqs. (4.24), we obtain, for large ξ,

6 ρmax
EM ' ξ |〈E ·B〉|max . (4.27)

Hence, in the maximal estimate, imposing the condition |G/V ′| � fφ is equivalent to requiring

6 ρmax
EM � V (χE), (4.28)

which is again stronger than the condition for neglecting the total gauge energy density in the

Friedman equation, ρmax
EM � V (χE).

Finally, let us stress that in this case the upper labels “max” on ρmax
EM and `max

B mean that they

are computed from maximal quantities, but do not necessarily mean upper bounds. In fact the

estimate for `max
B is a conservative one, as it matches the corresponding backreactionless quantity

at a small value, ξ ' 1.4, so in principle we would expect higher values for `max
B , giving rise to bigger

Reynolds numbers (see Sec. 3.3.2). Still, we will use the estimate in Eq. (4.26) for our numerical

calculations.

4.2.3 Gradient expansion formalism

This method was introduced in Refs. [176–178] and transforms the EoM for the vector field A

into EoM for observable quantities, in particular the electric E and magnetic B fields. As the

spatial gradients in the EoM do always appear as rotE and rotB, the EoM can be written as

an infinite series in terms of the bilinears E(n) = 〈E · rotnE〉/an, G(n) = 〈E · rotnB〉/an and

B(n) = 〈B · rotnB〉/an, with n = 0, 1, . . . . In this way the coupled system of EoM for the fields E

and B transforms into a system of coupled differential equations for the quantities E(n), B(n) and

G(n). This system is not block diagonal in the space of the n index so that the system has to be

truncated to find solutions.

Moreover, the parameter ∆(t) in Eq. (4.14), which suppresses the gauge-field amplitude on small

scales, depends on the conductivity at all times t′ < t. So, a precise determination of ∆(t) would

require a complete analytical solution of the infinite-dimensional system of equations. While ∆ was

dynamically computed in Ref. [177], for the sake of simplicity and generality, it was considered as

a free parameter in Ref. [178] and fixed to the values ∆ = 1, 10−2, 10−4, 10−6. In our numerical

approach we will consider ∆ as a function of the conductivity σ, as the initial condition for E and B

are plane waves, such that E ·B = 0 and therefore initially σ = 0 and so ∆ = 1. However, as time

is evolving E and B will become collinear, and a nonvanishing conductivity will be developed, as

well as the function ∆(t) < 1. In order to compare our numerical results with those from Ref. [178],

we also (eventually) will enforce ∆ to be a constant in our code. Upon considering a constant value

of ∆, our results will agree pretty well with those obtained in the gradient expansion formalism,

see Fig. 4.3. In the more realistic cases, where we just compute the value of ∆(t), we will see that

at the beginning t = t0, just very deep inside the inflationary period, ∆(t0) = 1, while the value of

∆ will decrease very fast and at the end of inflation t = tE , ∆(tE)� 1.
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4.3 Numerical approach

We find it more convenient to change the variable from the time t to the scale factor a, as the latter

is dimensionless. Moreover, by adequate change of variables, we transform all given differential

equations to solve into a coupled system of first order differential equations such that

dx

da
= f(a,x), (4.29)

where x is the vector that contains all the variables. Its exact content will be displayed in the

sections below for the different cases at hand. To perform each time step ∆a, we use the fourth

order Runge-Kutta (RK4) algorithm:

λ1 = f(ai,xi)

λ2 = f
(
ai + 1

2 ∆a,xi + 1
2 ∆aλ1

)
λ3 = f

(
ai + 1

2 ∆a,xi + 1
2 ∆aλ2

)
λ4 = f (ai + ∆a,xi + ∆aλ3)

ai+1 = ai + ∆a

xi+1 = xi + 1
6 ∆a (λ1 + 2λ2 + 2λ3 + λ4).

(4.30)

Runge-Kutta algorithms have the peculiarity to make predictions for the next step by means of the

estimated slopes λn. Averaging the four slopes with appropriate weights makes the RK4 algorithm

effective up to an order of convergence of O(∆a4). Note that x is complex, hence we solve the

system (4.29) for both real and imaginary parts, but with their specific initial conditions.

We can see that the above RK4 algorithm is an explicit scheme such that at each time step we

compute the quantities needed to compute the next time step. This can be seen from the last two

lines of (4.30) where the LHS are quantities at step i+ 1 obtained from quantities at step i in the

RHS. Explicit schemes have the advantages to be cheaper in computation resources, but are less

stable than implicit schemes. They also need smaller time steps ∆a than implicit schemes.

In (semi)-implicit schemes, the last two lines of (4.30) contain quantities from step i+1, i.e. the

same time step than the LHS. These schemes have the advantage to be more stable when handling

the so-called stiff differential equations and can afford a good convergence with a bigger time step.

However, because of this difference, a system of algebraic equations has to be solved at every step.

This increases the computational cost considerably. Here, our definition of the conductivity (4.7)

assumes slowly varying electric and magnetic fields, hence the conductivity is itself slowly varying

so there is no need to use an implicit scheme. We simply have to make sure that we are taking

∆a small enough to converge to the solution, which we checked. Therefore for our case the best

solution is to use an explicit scheme, hence our choice of the algorithm (4.30).

4.3.1 Gauge sector only

We first start with the numerical solving of the gauge field Aλ only, whereas the inflaton φ will be

obtained from analytical estimations and injected into the code as external input.

Once we change the time variable to a using (1.41), the gauge field equation of motion (4.6)

becomes
∂2Aλ
∂a2

+
1

a

(
2 +

σ

aHE

)
∂Aλ
∂a

+
k

a3HE

(
k

aHE
− 2λξ

)
Aλ = 0. (4.31)

To match the Schwinger analytical estimate approximation, we assume that the Hubble parameter

is constant hence we take its value at the end of inflation HE . This implies F = 0 in (1.41) because

of (1.42).
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The Bunch-Davis solutions (4.17) become

Aλ(a, k) =

√
∆(a)

2k
eik/aHE

∂Aλ
∂a

(a, k) =

√
∆(a)

a2HE

(
−i
√
k

2
− σ

2

1√
2k

)
eik/aHE

(a→ 0), (4.32)

with the analog to (4.14)

∆(a) = exp

(
−
∫ a

a0

σ(a′)

a′2HE
da′
)
. (4.33)

The value of HE sets the scale of all quantities with dimension, hence we will implement the

numerical code in units where HE = 1.

Numerical implementation

Writing

xλ(a) = Aλ(a), yλ(a) =
∂Aλ
∂a

(a), (4.34)

Eq. (4.31) becomes, in units of HE , the following system:

d

da

(
xλ
yλ

)
=

(
0 1

k
a3

(
2λξ − k

a

)
− 1
a

(
σ
a + 2

) )( xλ
yλ

)
⇔ dx

da
= f(a,x). (4.35)

Note that there is such a system per value of λ, hence there are two of them. Alternatively we can

double the array x by defining x = (x+, y+, x−, y−) and use a 4×4 time stepping matrix. The time

iteration is then done using the algorithm (4.30) with time steps ∆a distributed on a logarithmic

scale

log ai − log ai−1 = log ai+1 − log ai, (4.36)

so that the discretization is the same for each order of magnitude. This means ∆a grows exponen-

tially with a. The advantage of this method is that there is a refinement of the grid for small values

of a, at the beginning of inflation28. The same is done for the discretization in k.

Indeed, we recall that our quantities of interest (and σ which is needed at each step) are

obtained from integrals in the Fourier space, see Eqs. (3.39) and (4.2). These integrals are computed

numerically as well, which means we are also discretizing the Fourier space with Nk number of ki.

Thus there are Nk systems (4.35) that are evaluated simultaneously in the code29. At each time

step, we compute the electric (3.39c) and magnetic (3.39d) energy density as

ρiE =

∫ kic

kmin

dk
k2

4π2

(
|y+
i (k)|2 + |y−i (k)|2

)
, (4.37a)

ρiB =
1

a4
i

∫ kic

kmin

dk
k4

4π2

(
|x+
i (k)|2 + |x−i (k)|2

)
, (4.37b)

where the integral over k is done numerically. We nevertheless write here an analytical symbol for

the integral in order not to make the notation too heavy. For all the details we refer to App. C,

where the numerical code is transcribed.

28Note that this choice implies that we are using N as the effective time variable, see Eq. (4.57) even if all the
code is written in function of a.

29To be more specific, there are Nk systems for x ∈ C per value of λ, which means 4Nk real valued systems
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The cutoff kic is obtained from (4.16) as

kic = aiξ +

√
(aiξ)

2
+
a2
i

2

[
σi − σi−1

ai − ai−1
+
σi
ai

(
σi
2ai

+ 1

)]
, (4.38)

while kmin is obtained from the initial time of the simulation and the BD penetration factor, see

Eq. (4.42). The color matching dashed vertical lines in Fig. 4.2 show the cutoff values kic computed

from (4.38). They agree perfectly with the point where the BD vacuum modes become dominant

for large k.

Likewise, the helicity (3.39a) and its derivative (3.39b) become

Hi =
1

a3
i

∫ kic

kmin

dk
k3

2π2

(
|x+
i (k)|2 − |x−i (k)|2

)
, (4.39a)

Gi =
1

a2
i

∫ kic

kmin

dk
k3

2π2

(
|x+
i (k)y+

i (k)| − |x−i (k)y−i (k)|
)
. (4.39b)

If the Schwinger effect is taken into account, we turn on the possibility of having σ computed at

each time step ai of the numerical computation with

σi+1 =
41 g′3

72π2
ai

√
2ρiB coth

(
π

√
ρiB
ρiE

)
(4.40)

and injected into the calculation of the next step. Otherwise, we keep it zero. Last, the fermion

energy density is computed as

ρiψ =
σi
a2
i

∫ kic

kmin

dk
k2

π2

∑
λ=±

[
Re(xλi )Re(yλi ) + Im(xλi )Im(yλi )

]
. (4.41)

Finally, after Na steps we stop the simulation at aNa = aE . Quantities at that time are compared

to the known analytical results, see Fig. 4.3.

The initial conditions (4.32) are mode-dependent, as it takes longer for modes with bigger wave

number to leave the BD vacuum. Therefore, we choose as initial condition for each mode

ak,0 =
k

xBD
, (4.42)

where we choose the factor xBD in order to make sure that we initialize the gauge field sufficiently

deep inside the Hubble radius. As we can see from Eqs. (3.39), high values of k are dominating the

integral hence large modes are negligible compared to small ones. This makes us to choose a lower

bound on the k range such that the initial time of the simulation is

a0 =
kmin

xBD
. (4.43)

In that way, at a0 we make sure that all the modes are in their respective vacua, which implies

σ = 0 as explained in Sec. 4.1.3. In practice, this means that the modes with k > xBDa are given

by the following relations

Re(xBD
λ,i ) =

√
∆i

2k
cos

k

ai
, (4.44a)
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Im(xBD
λ,i ) =

√
∆i

2k
sin

k

ai
, (4.44b)

Re(yBD
λ,i ) =

1

a2
i

√
∆i

2

(√
k sin

k

ai
− σi

2
√
k

cos
k

ai

)
, (4.44c)

Im(yBD
λ,i ) =

1

a2
i

√
∆i

2

(
−
√
k cos

k

ai
− σi

2
√
k

sin
k

ai

)
(4.44d)

while the others are evolving with the RK4 algorithm. Note that the BD solutions do not depend

on the helical mode labeled by λ.

We explored the numerical convergence of the solution, both in the number of ai’s, labeled

as Na, and in the number of kj ’s, labeled as Nk. Provided that Na > 2000 and Nk > 200, the

simulations are very stable and the output does not depend on the discretization. For big values of

fφ, fφ & 0.1Mpl, we can even lower the number of needed time steps.

Besides, we must choose the BD penetration factor xBD such that it produces trustable results.

We have done a numerical analysis and conclude that depending on the value of Na, a range

20 < xBD < 50 yields trustable results. We hence choose throughout this work the following values

xBD = 20, Na = 500, 1000, 2000, Nk = 300. (4.45)

We display in Fig. 4.2 the spectra of all the observable quantities in order to see how the BD

vacuum is dominating the spectra for large k and how the cutoff kc(a), given by (4.16), efficiently

removes that part of the integration. The difference between the BD vacuum and the damped BD

vacuum is also clear, as the first goes like k3 whereas the second goes like ∆(a)k3 with ∆ decreasing

with time. Hence the asymptotic behaviors are not superimposed since ∆ changes. Finally, we

also see explicitly how the growth of ρE and ρB with the scale factor a is due to the increase in

amplitude of the spectrum hump and its shift to larger values of k. For this illustrative purpose we

used a constant value of ξ. Here we have fixed fφ = 0.1Mpl, while for other values of this parameter

the plots are similar.

Slow roll inflation

Firstly, we use the slow roll approximations (1.73) for φ, because the backreactionless solutions

(3.40) as well as both Schwinger approximate estimates (Secs. 4.2.1 and 4.2.2) have been obtained

in this regime. Also, as we already mentioned in Sec. 4.2.3, the parameter ∆ was fixed to constant

values in Ref. [178] while ξ, as defined in Eq. (3.24), is often considered as a constant in the slow

roll approximation, see Sec. 3.2.1 and Eq. (3.35) in particular. Note that, when assuming that the

parameters ∆ and ξ are constants, we can treat them as inputs in the code and completely ignore

φ from our computations.

In Fig. 4.3, we displayed several results already present in the literature that we successfully

reproduced with our numerical method. First the backreactionless case, where there is no con-

ductivity, by simply enforcing σ = 0 (therefore ∆ = 1) in the code. The data set is displayed as

blue bullets and match the corresponding analytical values given by Eqs. (3.40). Then, in order to

reproduce the results from Ref. [178], we considered a non-zero conductivity given by (4.8) while

assuming ∆ constant during inflation, thus making it a free parameter. In Fig. 4.3, we plot the

quantities ρB , ρE , H and G at the end of inflation for chosen values of ∆. We can see that the

results agree well with those using the gradient expansion formalism in Ref. [178] and with both

Schwinger estimates30.

30Regarding ρE , the maximal estimate seems violated by our numerical results. But what we call maximal estimate
here is not the same as the definition which appears in [173, 178], where |E| and |B| are separately maximized. Instead,
we have chosen to maximize the product |E| · |B|, which is the relevant quantity for the baryogenesis calculation,
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Figure 4.2. Spectra of the magnetic energy (top left), electric energy (bottom left), helicity (top right)
and its derivative (bottom right), i.e. the integrands of Eqs. (3.39), for different values of a during inflation
simulation. Here we used the variable σ(a) and ∆(a) with constant ξ. The color matching dashed vertical
lines show the cutoff values kc(a) computed from (4.16).

The benefit of the slow roll approximation is that the results look “model independent”. How-

ever, the trade-off comes with the need of having a constant parameter ξ as the slow roll regime

implies an approximately constant φ̇, see Eq. (3.24). Besides, we know that this parameter can

also be expressed in terms of the slow roll parameter ε, see Eq. (3.26), which is indeed small and

constant during inflation but then quickly becomes unity during the last e-folds. We also know

that the modes produced during the last e-folds are the ones that contribute the most to the inte-

grals (3.39), as all the modes previously generated get washed out by the Universe expansion, see

Sec. 3.2.2.

All these observations lead us to conclude that the most important contribution to the quantities

ρE , ρB , H and G is taking place during an epoch when the constant ξ approximation loses its

relevance. This is why in a second step we will relax this assumption while maintaining the slow

roll description of φ. This can only be done by choosing a model for inflation. Hence, in the

next section, we will study the same configuration with the numerical code but for the case of the

Starobinsky model, see Sec. 1.2.5. Of course in that case the instability parameter will depend on

the time variable.

Starobinsky inflation

We have chosen the Starobinsky potential as it provides a realistic model of inflation, and will be

a particular case of a more general class of models we will consider to make predictions using the

full solution of the system, see Sec. 4.3.3. The purpose of this section will thus be to assess the

goodness of the slow roll approximation when computing the full solution to the (φ,Aλ) system in

the next section.

The Starobinsky potential is given by (1.103) with α = 1. Using the slow roll regime (1.73)

see Sec. 4.2.2. This explains the apparent contradiction that our data from the numerical simulation provide bigger
values for ρE than the maximum estimate.
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Figure 4.3. Electric ρE and magnetic ρB energy densities, and the helicity H and its derivative G, at the
end of inflation (i.e. for ε(aE) = 1), in units of HE , as functions of the coupling fφ assuming ∆ constant.
We see the plots confirm the result from Fig. 1 of Ref. [178]. Here, we also assumed ξ constant and given
by (3.35).

and the change of variables (1.41), the inflaton field φ(a) is given by√
2

3

φ(a)

Mpl
= − log

(aE
a

) 4
3 −W−1

[
−βe−β

(aE
a

)− 4
3

]
− β + log β, β = 1 +

2√
3

(4.46)

where Wn is the n-th branch of the Lambert function. We now wish to compute the instability

parameter for the Starobinsky potential in the slow roll regime. Hence we use the approximation

(3.26) which applied to (1.103) with α = 1 provides

ξ(a) =

√
2

3

Mpl

fφ

[
exp

(√
2

3

φ(a)

Mpl

)
− 1

]−1

. (4.47)

This way, we still do not need to simulate the field φ in our numerical code while having an

approximation for ξ much closer to the numerical solution. We show this in Fig. 4.4 where we plot

the different behaviors for the instability parameter ξ, namely the constant slow roll approximation

(3.35), the former approximated solution for the Starobinsky model (4.47), and the definition (3.24)

where the function φ is obtained from the full numerical solution done in the next section. We can

see that the Starobinsky estimation is a very good approximation in the sense that for almost the

entire duration of inflation it merges with the numerical solution. The two solutions differ only for ε

close to unity, but the error stays marginal. This way we can check the validity of the full numerical
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computation done in the next section. Also, this plot clearly exhibits the problem with the constant

ξ approximation, as it is far from both Starobinsky estimation and full solution behaviors. Finally,

we verify from the plot that ξ(a) given by (4.47) evaluated at the value aE such that ε(aE) = 1

(i.e. aE = 1) yields indeed (3.35).

Figure 4.4. Comparison of the instability parameter ξ for the three cases at hand: the constant approx-
imation (3.35) from the slow roll regime (green), the Starobinsky estimation (4.47) also in the slow roll
regime (blue) and finally the numerical solution where ξ is obtained from its definition (3.24) and φ from
the system (4.51) applied to the Starobinsky potential (red, dashed).

In Fig. 4.5, we display in blue results for the Starobinsky model, for various values of ε, when

σ and ∆ vary dynamically. Although the slow roll approximation loses its relevance for values of

ε closer to 1, we already see a difference with the plots in Fig. 4.3. This is because, no matter

the value of the initial time, the function ∆(a) goes to extremely small values when approaching

the end of inflation, thus killing the BD modes that would have been amplified at the very end

of inflation and that would have contributed the most to the integrals (3.39), see Fig. 4.6 for a

qualitative example. With the assumption of a constant ∆, this suppression is less effective and

the tachyonic amplification yields higher energy densities and helicity.

4.3.2 Full solution

In this section, we are not using the slow roll hypothesis for the inflaton equation of motion and

consider the full solution to the system given by (3.44) and (4.6) in specific models of inflation.

We will first choose the Starobinsky inflationary potential to compare our results with the previous

semianalytical results. Then we will use a set of inflationary models that are well known to be in

agreement with all cosmological constraints. Finally, we do not assume any peculiar geometry of

the Universe.

In the last section we have already disclosed the fact that, for the case of the Starobinsky

potential, the full numerical solution and the slow roll approximation are comparable. One could

therefore question the need to simulate φ alongside the gauge field. However, the main motivation

for solving the full system is to obtain results beyond the end of inflation, when the slow roll

approach breaks down. So, once our code provides trustable results for the inflation period, we will

extend the simulation to a few e-folds after inflation to see how the observable plasma behaves,

which will allow us to make a comment on gauge preheating.

Implementation

The first step is to write Eqs. (3.44) and (4.6) in terms of the variable a. Unlike in the previous

section, the change of variables must take into account that the Hubble parameter is not constant.
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Hence using (1.41) and (1.42), together with the Friedmann equations, c.f. Eqs. (1.11) and (1.12)

with k = 0, (1.28) and (1.61),

H2 =
ρ

3M2
pl

,
ä

a
= −3p+ ρ

6M2
p

, (4.48)

we have

F =
1

H2M2
pl

(
1

2
φ̇2 +

2

3
ρEM +

2

3
ρψ

)
, (4.49)

where we used the total energy density and pressure

ρ =
1

2
φ̇2 + V + ρEM + ρψ, (4.50a)

p =
1

2
φ̇2 − V +

ρEM

3
+
ρψ
3
. (4.50b)

Thus, Eqs. (3.44) and (4.6) become

d2φ

da2
+

4−F
a

dφ

da
+
V ′(φ)

a2H2
+

G
a2H2fφ

= 0 (4.51a)

d2Aλ
da2

+
1

a

(
2−F +

σ

aH

) dAλ
da

+
k

a2H

(
k

a2H
− λ

fφ

dφ

da

)
Aλ = 0, (4.51b)

which is the full (φ,Aλ) system that takes into account the backreaction of the gauge field on φ,

the Schwinger effect and the expansion of the Universe.

The Hubble parameter can be computed from the first Friedmann equation, where ρ is given

by (4.50a). This way, we can compute the value of H and F at each time step recursively to feed

the equations of motion, like we already did for σ and G. The BD vacuum modes are identical to

the previous case, see Eqs. (4.32).

The numerical implementation follows from the previous case. Defining the variables

w = φ, x =
∂φ

∂a
, yλ = Aλ, zλ =

∂Aλ
∂a

(4.52)

we transform the above coupled system of differential equations (4.51) into the system

dw

da
= x (4.53a)

dx

da
= − G

a2H2fφ
− 4−F

a
x− V ′(w)

a2H2
(4.53b)

dyλ
da

= zλ (4.53c)

dzλ
da

=
k

a2H

(
λ

fφ
x− k

a2H

)
yλ −

1

a

(
2−F +

σ

aH

)
zλ (4.53d)

which is equivalent to writing (4.29) with x = (w, x, y+, z+, y−, z−). We recall that w, x ∈ R and

yλ, zλ ∈ C. Similarly to the previous calculation in the slow roll regime, we use the RK4 algorithm

(4.30) with the values of H, σ, F and G computed at each time step and feed back in the next one,

see App. C.

Inflaton initial condition could be set to

w0 = φ∗, x0 = 0. (4.54)
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Figure 4.5. Comparison between the slow roll approximation and the full solution for the Starobinsky
model. The analytical estimates are given for ε = 1. As expected, the slow roll computation diverges from
the full solution as inflation is nearing the end, since the slow roll approximation is only valid in the regime
ε� 1. Hence the slow roll computation overshoots the value of all quantities, closer to the value given by
the Schwinger equilibrium estimate for fφ . 0.05Mpl. As expected, we also have compared both analysis,
slow roll and full solution, for values of a such that ε(a)� 1 (in particular ε = 10−1, 10−2, 10−3) and found
good agreement.

However, the number of e-folds sets the initial time as a0 = e−|N∗| ∼ 10−26, which is too small a

number for the numerical implementation. We then proceed as follows. For a . kmin/xBD, and

sufficiently low kmin, the gauge field modes stay in their vacuum and the total contribution to ∆(a)

is negligible. Hence we do not need to perform the numerical simulation before that time, as the

inflaton is the main player, so we can solve its equation of motion analytically. Instead, we fix the

start of the simulation like before, at a0 = kmin/xBD and we compute the corresponding number of

e-folds N which leads us to the corresponding value of φ(N). Therefore, the initial condition must

be set to w0 such that ∫ w0

φE

V (φ)

V ′(φ)
dφ = −M2

pl log a0 (4.55)

and, using φ̇ ' −V
′(φ)
3H which is valid at the early stages of inflation,

x0 = −V
′(w0)

3a0H2
0

. (4.56)

As for the gauge field, initial conditions are set in the same way as in the slow roll approximation,

i.e. with (4.44).

Results at the end of inflation

In this subsection we will compare our results at the end of inflation, where we are making a

full numerical analysis of the EoM, with those obtained using the slow roll approximation for the
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Figure 4.6. Plots of the parameter ∆ as a function of the e-fold number (4.57) for the Starobinsky potential
when simulating the full system (4.51). We display the results for various value of the coupling fφ for the
last third of the inflation period (left) as well as the last e-folds before and after the end of inflation (right).
We see that the stronger the coupling 1/fφ is, the stronger the amplitude suppression from the BD vacuum
is, hence greatly reducing the gauge field share at the end of inflation.

inflationary potential. For the sake of comparison we will concentrate on the Starobinsky model

given by (1.103) with α = 1. In this current framework, we see in Fig. 4.5 that the four studied

quantities, namely ρB , ρE , H and G, are much closer to the Schwinger equilibrium estimate at the

end of inflation.

We present in Fig. 4.5 the values of the physical observables evaluated at various stages of

inflation, i.e. various values of the scale factor a, from ε(a) = 10−3 to ε(a) = 1, as a function of the

coupling fφ for the Starobinsky model. We superimpose the analytical results from Secs. 3.2.2, 4.2.1

and 4.2.2, i.e. the backreactionless solution and the Schwinger equilibrium and maximal estimates.

From the plots we see that for fφ . 0.05Mpl the equilibrium estimate is a good approximation,

especially for ρE where the predictions of maximal and equilibrium estimates merge. We also verify

that cos θ ' 1 hence satisfying the assumption on parallel electric and magnetic fields leading to

the conductivity of Eq. (4.7).

In this setup, our numerical code is computing a value of the conductivity σ and ∆ for each

time step, hence we got the functions σ(a) and ∆(a). The variation and presence of ∆(a) is not

without effects on the final results, see Fig. 4.6. Indeed, the smallest (k � HE) modes are the

ones that most contribute to the integrals (3.39). Without the Schwinger effect, these modes are

produced last, just at the end of inflation, and only briefly leave the horizon. They therefore should

have a significant impact on preheating. When the Schwinger effect prevents their generation, by

reducing them by a � 1 factor, while they are still in the BD vacuum, we can ask ourselves about

the effectiveness of gauge preheating. It was shown in previous studies of gauge preheating [181]

that its efficiency mainly depends on the electromagnetic energy fraction available at the end of

inflation ρEM/ρtot. To shed light on the last point, we will extend, in the next section, our numerical

results beyond the end of inflation when the inflaton is coherently oscillating around its potential

minimum. We will do that in a set of particularly interesting phenomenological models that we

describe in the next section.

4.3.3 Solution beyond inflation

Now that once we have established a method to numerically compute the quantities ρE , ρB , ρψ, H
and G, we aim to study the system evolution past ε = 1, and the onset of reheating. Indeed, the

system (4.51) describes the most general interaction of the zero mode of both hypercharge gauge

and inflaton fields. In particular, no assumption was made on the geometry of the Universe, hence

there is no specific reason to stop its numerical computation at the end of inflation except perhaps

that, with our computational method, we are not considering the contribution to the kinetic inflaton
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energy coming from the field spatial gradients. Notice however that as the contribution from the

gradients is positive we can still conservatively use our results to exclude the appearance of gauge

preheating after inflation. We will also find it convenient to present some numerical results using

as the variable the number of e-folds before the end of inflation N , instead of the scale factor a,

and related to it by

N = − log
aE
a

(4.57)

such that N = 0 corresponds to the time aE when ε(aE) = 1 and N < 0 to the inflationary period.

This last convention introduces a sign difference with the definition (1.63).

We study a benchmark of two classes of inflationary potentials: the α-attractor models (1.103)

and the hilltop models (1.107). For each of them we choose the two values of their parameter that

bound the range in agreement with the constraints (1.92), namely α = 1, 100 and µ = 10, 50Mpl,

see Eqs. (1.106) and (1.109). We recall that α-attractor model for α = 1 is also referred to as

the Starobinsky model, which was studied in the last section. We then show the postinflationary

energy breakdown for α = 1, 100 in Fig. 4.7 and for µ = 10, 50Mpl in Fig. 4.8, for two disctinct

values of fφ namely fφ = 0.02, 0.15Mpl.

From the inflaton behavior, we see that as soon as inflation ends, the Universe enters a matter

domination era as ρφ ∝ a−3. For high enough values of fφ, i.e. fφ & 0.1Mpl, we reproduce the

results shown in Ref. [181], whereas for fφ . 0.1Mpl the electric and magnetic fields exhibit a

different behavior: the former decay faster than the latter while oscillating. This is due to the fact,

already mentioned in Ref. [177], that the energy density for the electric component E = −A′ is

much more sensitive to the Schwinger effect than the magnetic component B, because it directly

Figure 4.7. Inflaton kinetic and potential energy density, as well as electric, magnetic and fermion energy
density ratios to the initial total energy density of the Universe for the α-attractor models with α = 1
(upper panels) and α = 100 (lower panels). The vertical gray lines display the value a for which ε(a) = 1
and the dashed line shows the expected scaling of the dominant sector.
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Figure 4.8. Inflaton kinetic and potential energy density, as well as electric, magnetic and fermion energy
density ratios to the initial total energy density of the Universe for the hilltop models with µ = 10Mpl

(upper panels) and µ = 50Mpl (lower panels). The vertical gray lines display the value a for which ε(a) = 1
and the dashed line shows the expected scaling of the dominant sector.

couples to the conductivity in the gauge field equation of motion (3.30). On the other hand, the

magnetic component reflects spatial effects, as it is defined by B = ∇∧A. In this work, as already

mentioned, we do not consider the inflaton spatial effects, ∇φ, because this would require one to

implement real fermion interactions in a lattice simulation. Hence, for low values of fφ, when the

Schwinger effect is strongly affecting the system, the behavior of ρB is expected to be subject to

changes when the spatial effects are enabled; namely we expect to see a faster decay, like that of

ρE . As also observed in Ref. [177], the electric field, which is dominant during inflation, becomes

subdominant afterwards. Finally, we can see that for low values of fφ the fermion energy density

dominates the radiation energy density at the end of inflation as already highlighted in Ref. [177].

4.4 Applications

To conclude this chapter, we will comment on the implications about two related topics: gauge

preheating and baryogenesis.

First we will demonstrate that our numerical estimates suggest that the Schwinger effect signif-

icantly reduces the share of electromagnetic energy for the considered models and gauge preheating

is unlikely to occur. Our results do apply to the above considered class of inflationary models. They

show a certain degree of model dependence, so we cannot exclude a qualitatively different result for

models of inflation other than the considered ones.

On the other hand, we have seen in Chap. 3 that a successful baryogenesis does depend on a

delicate equilibrium between the amount of helicity, magnetic energy density, and magnetic corre-

lation length. Therefore damped fields do not necessarily mean no baryon asymmetry in the late
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Figure 4.9. Time evolution of the electromagnetic to total energy density fraction, during and after
inflation for various values of the coupling fφ. The upper panels correspond to the α-attractor model with
α = 1 (top left) and α = 100 (top right) and the lower panels to the hilltop model with µ = 10Mpl (bottom
left) and µ = 50Mpl (bottom right).

Universe. Actually, as a result of our numerical calculation, we have found there is still a window

in the parameter space for baryogenesis to happen.

These two comments should be viewed as hints for future studies that address the production

of gauge fields at the end of inflation. Of course, a full lattice simulation of the Schwinger effect

involving fermions remains to be done.

4.4.1 Gauge preheating

The authors of Ref. [181] quote a sufficient criterion for gauge preheating to happen, namely that

at least an 80% fraction of the total energy density of the Universe is electromagnetic energy. In the

absence of the Schwinger effect, they found that this criterion is satisfied for values fφ . 0.1Mpl.

However, as expected, the Schwinger effect significantly reduces the share of electromagnetic energy,

as shown on Fig. 4.9 for the considered models, which displays the ratio ρEM/ρtotal for the four

previous considered cases. We can see that the maximum is attained with a value ∼ 10−3, which

precludes any gauge preheating, at least for fφ & 0.01Mpl. Another conclusion from Ref. [181] is

that the spatial effects of the inflaton become relevant for sufficiently low values of fφ and contribute

to preheating. Since we are neglecting them in our simplified calculation, any negative statement

concerning the possibility of gauge preheating due to the lack of enough electromagnetic energy

should be a conservative one.

The final results from our analysis can be summarized in Fig. 4.10, where we plot the maximum

value of the electromagnetic to total energy fraction as a function of fφ (preheating efficiency) for the

Starobinsky model, the α-attractor model with α = 100 and the hilltop models with µ/Mpl = 10, 50.

For fφ & 0.01Mpl, we obtain
ρEM

ρtot
. 0.01, (4.58)
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Figure 4.10. Maximum value of the electromagnetic to total energy fraction as a function of fφ for the
four considered models: α-attractor models, with α = 1, 100, and hilltop models, µ = 10, 50Mpl. Gauge
preheating seems unlikely to occur.

which seems to prevent gauge preheating as its efficiency is far from the value of ∼ 0.8 established

in the numerical analysis of Ref. [181].

End of reheating

If gauge preheating does not occur, the inflaton will eventually decay by perturbative processes

which depend on the inflaton total decay width Γφ, see Sec. 1.2.4. Therefore at the time trh ∼ 1/Γφ,

the inflaton has completely decayed and the radiation domination era starts.

Results from last sections have shown that shortly after inflation ends, the Universe is matter

dominated, hence using (1.18) and (1.28) we can approximate the Hubble parameter by

H '
(aE
a

) 3
2

HE , H ' 2

3t
, (4.59)

where HE ≡ H(aE), such that

arh ' aE
(

3HE

2Γφ

) 2
3

(4.60)

is the end value after reheating by inflaton perturbative decays. Of course arh is a model-dependent

quantity, which depends on the value of Γφ, which in turn, depends on the couplings of the inflaton

to the matter.

In particular, the coupling 1/fφ of the inflaton to the hypercharge CS density provides a channel

for the perturbative decay of the inflaton into a pair of hyperphotons A, as φ → AA. This decay

has a width given by [184]

Γ(φ→ AA) '
m3
φ

64πf2
φ

, (4.61)

where mφ is the inflaton mass that can be extracted from its potential as

m2
φ =

∂2V

∂φ2

∣∣∣∣
φ=φmin

. (4.62)

For the α-attractor (hilltop quartic) model, we have φmin,α = 0 (φmin, h = µ) and

m2
φ, α =

4Λ4
α

3αM2
pl

, m2
φ, h =

32Λ4
h

µ2
. (4.63)
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In the simplest case where the inflaton is only coupled to the hypercharge gauge bosons through

the CS density, the total width is Γφ = Γ(φ→ AA). Using the masses found above we see that

Γφ ' 12 (3.0) · 10−18 ·
M3

pl

f2
φ

, Γφ ' 4.2 (21) · 10−19 ·
M3

pl

f2
φ

(4.64)

for α = 1 (100) in the α-attractor models (left), and for µ = 10 (50)Mpl in the hilltop models

(right).

The value of the scale factor and the temperature at reheating, arh and Trh, are given by

Eqs (1.99) and (1.97). We recall that

Trh

T ins
rh

'
√

Γφ
HE

. (4.65)

Consequently we can express arh and Trh as functions of all the involved parameters, namely fφ,

and α (µ) for the α-attractor (hilltop quartic) model. In particular, the relevant parameter for

baryogenesis is the ratio Trh/T
ins
rh given by

Trh

T ins
rh

' 1.9 (0.8) · 10−4

(
0.01

fφ/Mpl

)
,

Trh

T ins
rh

' 0.4 (0.7) · 10−4

(
0.01

fφ/Mpl

)
, (4.66)

for α = 1 (100) in the α-attractor models (left), and for µ = 10 (50)Mpl in the hilltop models

(right).

In Chap. 3 we have seen that the ratio Trh/T
ins
rh is a parameter for the baryogenesis model,

see Eqs. (3.18), (3.73), (3.79) and Fig. 3.3. Therefore, when a specific model is chosen for the

baryogenesis mechanism, the above results will constrain the parameter space by adding a relation

that the parameters fφ and the temperature ratio should fulfill, see next section.

In the presence of extra couplings of the inflaton to matter, the predictions for the inflaton decay

width, Eqs. (4.64), and the reheating temperature, Eqs. (4.66), will change in a model-dependent

way, as well as the model predictions concerning the generation of the baryon asymmetry.

Of course in the hypothetical case where the explosive production of gauge fields should have

prevailed over the perturbative inflaton decays, gauge preheating would have taken place over a few

e-folds after the end of inflation. As we see from the previous results, this is never the case and

gauge preheating is never strong enough to reheat the Universe after the period of cosmological

inflation. This result does not preclude that, in the presence of a strong coupling λ of the inflaton

with some other field, e.g. a scalar (or a fermion), there could exist an explosive production of that

scalar (or fermion), triggering preheating of the Universe after inflation [185].

4.4.2 Baryon asymmetry

Before concluding this chapter, we wish to make a small comment on the baryogenesis issue at the

EWPT. In Chap. 3, we presented a baryogenesis mechanism in the slow roll regime that leads to a

successful BAU, see Fig. 3.3. Hence it is straightforward, using our numerical analysis in this paper,

to make an update of the final results for the BAU for inflation, this time taking into account the

Schwinger effect.

Thus, instead of using the backreactionless results Eqs. (3.40), we compute the plasma ob-

servables H, G, ρE , ρB and `B by numerical means, and we insert them into Eqs. (3.18), (3.73),

(3.79) to get the final parameter space. We chose to compute them using the α-attractor model

with α = 1, namely the Starobinsky potential, as it is the one responsible for Higgs inflation (see

Sec. 1.2.6) and it is close to our model shown in Chap. 6. It also provides an accurate value of HE

given by (1.106).
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All together, this yields the plot displayed in Fig. 4.11, which is the analog of Fig. 3.3, namely

the parameter space that provides a successful BAU. Note that here, ξ has been replaced by fφ,

as the former is no longer constant and the latter is the true coupling of the theory. Also, there

is no excluded region such as the red one in Fig. 3.3 since our numerical solving is taking into

account the backreation of the gauge field on the inflaton EoM, i.e. the RHS of Eq. (3.44). Lastly,

the primordial non-gaussianity and baryon isocurvature perturbations provide no constraints as the

Schwinger effect induces a strong damping of all the plasma quantities. Since these constraints were

satisfied in the backreactionless case presented in Chap. 3, they also do now.

Therefore, we can conclude that for fφ & 0.06Mpl there is no space for the BAU, as the produc-

tion of gauge fields is too weak. In addition to this we have seen that the reheating temperature is

constrained by the model, see Eq. (4.66), as we can see from Fig. 4.11 and the compatibility of the

model reheating temperature with the baryogenesis results translates into the baryogenesis region

on the parameter fφ
fφ . 0.03Mpl, (4.67)

a result valid for the Starobinsky potential. Finally, one other possible take-away of this chapter is

that baryogenesis at the EWPT is favored by low reheating temperatures, in the range 10−6 T ins
rh .

Trh . 10−3 T ins
rh .

Figure 4.11. The baryogenesis window in the parameter space (fφ, Trh/T
ins
rh ) for the Starobinsky potential

(α-attractor model with α = 1). The dashed line corresponds to Eq. (4.66) for α = 1.
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Chapter 5

Higgs Baryogenesis

In this chapter we will study the cosmological implications of the CP-odd dimension-six operator

|Φ|2FF̃ which is natural in the Higgs sector from the EFT point of view.

More specifically, we will consider a direct extension of the ordinary Higgs inflation (HI) model

(see Sec. 1.2.6) with an arbitrary value of the quartic coupling λh. We will be agnostic about the

origin on its value and the mechanism stabilizing the Higgs potential as we aim to focus on the

helical hypermagnetic fields production from the Higgs non-perturbative decay during inflation, or

at least during the last e-folds of inflation. We will therefore mobilize everything we have seen

in the previous chapters to take into account all the constraints and give a parameter space for a

successful BAU.

Here, there is one key difference with the axion inflation presented in the previous chapters,

namely that the Higgs VEV is non zero, hence inflation and the subsequent period until reheating

happen in the broken phase. As ordinary electromagnetism gauge fields do not feed the anomaly

equation for baryon/lepton number, the baryogenesis scenario will be slightly revisited.

This model was first presented in Ref. [186].

5.1 The model

We include the following term to the HI action given by (1.126)

LHI ⊃ −
|Φ|2

2f2
h

Yµν Ỹ
µν (5.1)

where we recall that Φ is the Higgs doublet. A possible UV completion giving rise to this dimension-

six CP-odd operator is provided in App. A.2.

The HI model was presented in Sec. 1.2.6. As stated there, the background physical Higgs field

h is large during the inflationary stage, hence the EW symmetry is broken. As we have seen in

Eq. (1.138), during inflation the Higgs VEV has values ∼ 10−2Mpl, which implies that the W±

and Z0 bosons are super-heavy, see Eq. (2.91b), and hence much harder to produce in comparison

to massless degrees of freedom such a photons. So we can consider the trivial solution W i
µ = 0.

According to Eqs. (2.90) this implies that W±µ = 0, Zµ = 0 and also that Yµ = cos θWAµ and

W 3
µ = sin θWAµ, meaning we are producing ordinary U(1)EM magnetic fields. This is also why we

do not consider the covariant derivative as (2.93) in the broken phase. Since the physical Higgs h

is neutral, its only coupling to electromagnetism is the considered dimension-six operator.

Hence, in the broken phase during inflation, the latter will look like

LHI ⊃ −
cos2 θW

4

h2

f2
h

Fµν F̃
µν (5.2)
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where we used Eq. (2.90c). This term remains untouched by the Weyl transformation that allows

us to express the HI action (1.126) in the Einstein frame, yielding the potential (1.131), where χ

is the inflaton field with canonical kinetic term. We can relate the Higgs field to it as (1.130), see

Secs. 1.2.5 and 1.2.6.

Besides, we want to take into account the Schwinger effect. Hence following Sec. 4.1, we include

the interaction of fermionic currents as (4.1). Taking these changes into account, we can redo the

derivation presented in Sec. 3.2.1 in order to write the system of EoM for the inflaton and the gauge

field as

χ̈+ 3Hχ̇+ V ′(χ) = K(χ)
G
fχ

(5.3a)(
∂2

∂τ2
−∇2 + 2ξ aH ∇×

)
A = J , (5.3b)

analogous to the system (3.22), with

K(χ) ≡ e
√

2
3 χ

63/2ξ2
h

, fχ ≡
2f2
h

cos2 θW
, ξ = −K(χ)

χ̇

2Hfχ
. (5.4)

Notice that if K(χ) = 1, we recover the axion case given by Eqs. (3.22a), (4.4) and (3.24).

We recall that here the main difference is that A, J , E, B and σ are U(1)EM electromagnetism

quantites. As we have seen in Secs. 3.1.1, 3.2.2 and 3.3.2, the helicity, helicity time derivative,

energy densities and Reynolds number are computed the same way as for the hypermagnetic field.

The only differences are the Z factor in the conductivity, see Sec. 4.1.2 and the fact that U(1)EM

gauge field do not contribute to the anomaly equation (2.143), see more in Sec. 5.3.

We aim to solve the system (5.3) analytically, following the example of Sec. 3.2 but with the

Schwinger effect. Thus, we assume the slow roll regime and neglect the RHS of Eq. (5.3a), i.e. we

will assume K(χ)G � fχV
′(χ), a consistency condition that will be checked a posteriori. Then, all

the results of Sec. 1.2.6 apply, in particular the value of the inflaton field at the end of inflation,

χE , given by (1.132) as well as its value N∗ e-folds before, χ∗ given by (1.133) and the slow roll

parameters Eqs. (1.135).

In the next section we will see that we can further simplify this setup, as ξ with the studied

coupling barely changes during HI while its main dependence lies in the couplings fh and λh.

5.1.1 Constant ξ approximation

Because the field Φ is an SU(2) doublet, the lowest term in a power expansion is F (h) ∝ h2, hence

the condition (3.50) is guaranteed. Therefore the coupling (5.2) leads to a constant value of ξ given

by (3.61) with p = 2, fφ = fh and g = ξh given by (1.137). This points to a fundamental difference

between axion and Higgs inflation models. Whereas in the axion inflation model, there were no

reasons why a linear term would be missing in favor of a quadratic one, the Higgs field provides a

natural one. Indeed, a linear term in the function F (h) would explicitly break gauge invariance in

the symmetric phase.

In fact, in the slow roll approximation (1.73), the instability parameter for the potential (1.131)

is given by, in units where Mpl = 1 31,

ξ ' K(χ)

fχ

√
ε

2
=
K(χ)

fχ

8
√

6 ξh

e
√

2
3 χ − 24ξh

. (5.5)

31We will keep this convention for the rest of the chapter.
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Figure 5.1. Left: Plot of the parameters ξ for various values of the coupling fh. Right: Instability
parameter at CMB value ξ∗ for various values of fh from numerical simulations (blue dots) and their
numerical fit (orange). Both perfectly overlap with the analytical relation (5.6) in dashed green.

Now, using the definition of K(χ) and fχ, we find that ξ is approximately constant provided that

χ &
√

3
2 log (24ξh) ' χE , and given by

ξ ' 4

3fχ ξh
' 3.2 · 10−5

√
0.1

λh
f−2
h , (5.6)

which agrees with (3.61). Using the numerical method introduced in Sec. 4.3, we verified the latter

by solving the full system (5.3) without making the slow roll approximation and found the behavior

displayed on the left panel of Fig. 5.1, where we plot the parameter ξ as a function of the number

of e-folds during inflation N for various values of the parameter fh and λh = 0.1. We see in the

figure that ξ stays constant during most of the inflationary period and only increases at the end of

inflation. This behavior is in stark contrast to that shown in Fig. 4.4 for F (φ) ∝ φ. The fact that ξ

stays almost constant during the inflationary era provides confidence to analytically solve the EoM

(3.30), while its small variation provides a window for generating baryogenesis, as we will see later

on in this chapter.

To know how much ξ does vary during the N∗ e-fold in inflation, we compute, using Eqs. (1.132)

and (1.133),

ξ(χE) ≡ ξE =
4

3fχ ξh

β

β − 1
, (5.7a)

ξ(χ∗) ≡ ξ∗ =
4

3fχ ξh

β

β − e 4N∗
3 +β+W∗

. (5.7b)

Hence
ξE
ξ∗

=
β − e

4N∗
3 +β+W∗

β − 1
' 1.84 , (5.8)

this ratio being insensitive to the value of N∗ up the second digit. Notice that it does not contain

the self-coupling λh, nor fh.

In conclusion, we see that the instability parameter ξ is flat, regardless of when the simulation

begins or on the chosen value of fh. Only at the very end of the simulation does ξ deviates from its

constant value. In fact, if we plot how this constant value changes with the parameter ξh, we find

a perfect agreement between the numerical calculation and the analytical one (5.6), as we can see

in the right panel of Fig. 5.1, where we plot ξ∗ as a function of fh for the different estimates. The

case of a constant ξ is suitable for the following scenarios as they both have been studied with this

assumption:
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• Absence of the Schwinger effect, i.e. σ ' 0. One possibility that can guarantee this result

would be a dynamical mechanism such that all fermion Yukawa couplings at the inflation scale

are O(1), so that the criterion (4.11) is not met anymore, and after inflation they relax to the

physical values which correspond to fermion masses and mixing angles. A possible mechanism

described in App. B appears if flavor is explained by a Froggatt-Nielsen mechanism [187],

where the flavon field is coupled to the inflaton and gets a very large VEV of ∼ h during

inflation, while the flavon VEV relaxes to its low-energy value when h ' v.

• Presence of the Schwinger effect in the equilibrium estimate. In that case we redefine ξ → ξeq

with σ 6= 0 according to Sec. 4.2.1 such that Eq. (5.3b) becomes, in momentum space and

helical basis,

A′′λ + k (k − 2λξeq aH)Aλ = 0. (5.9)

At the end of this chapter we shall compute the baryogenesis parameter space in both cases accord-

ingly.

5.2 Constraints

5.2.1 Backreactionless consistency condition

In the absence of a backreaction of the gauge field on the inflaton EoM, the inflationary equation

(5.3b) with slow roll conditions reduces to 3Hχ̇ ' −V ′(χ). Thus, in order to consistently neglect

the backreaction on the inflaton, we must simply enforce that, in the inflaton EoM, the RHS term

is negligible as compared to the kinetic term, i.e.

3Hχ̇� K(χ)
G
fχ
. (5.10)

Using the result (3.39b) for G and the definition of ξ given in Eq. (5.4), this condition becomes

45

213

e2πξ

ξ3
� P−1

ζ (5.11)

where the spectrum of primordial perturbations, for around 60 e-folds before the end of inflation

(i.e. for χ = χ∗) is P1/2
ζ = H2/(2π|χ̇|) ' 4.7× 10−5 [22]. This leads to the upper bound ξ∗ . 4.74,

for which we can neglect the backreaction of the gauge fields on the inflaton EoM for the value of

the inflaton field χ = χ∗. As we will see in the next section this condition is superseded by the

condition of non-Gaussianity effects.

We must however ensure that condition (5.10) is valid throughout the end of inflation. Using

the slow roll conditions, and the fact that, for our model, V ′(χE) > V ′(χ∗), we found a stronger

bound than the former one as Eq. (5.10) can be written as

ξ G � V ′2

6H2
, (5.12)

which leads to ξE . 6.45 (i.e. ξ∗ . 3.48), at the end of inflation.

Once the non-backreaction condition on the inflaton equation is satisfied, the non-backreaction

condition on the Friedmann equation

〈E2 + B2〉
2a4

=
63

216

H4

π2ξ3
e2πξ

(
1 +

5

4ξ

)
� V ' 3H2 (5.13)

holds automatically. In particular the latter condition leads to ξE . 6.55 (i.e. ξ∗ . 3.54).
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5.2.2 Non-gaussianity bounds for HI

As pointed out in Refs. [165, 166], even if the non-backreaction conditions are satisfied, the coupling

h2FF̃ can generate cosmological fluctuations in the HI model. The perturbations on the inflaton

are obtained by replacing χ(t, ~x) = χ̄(t) + δχ(t, ~x), where χ̄(t) is the inflationary background and

δχ(t, ~x) the fluctuation, see Sec. 1.2.3. The equation for the fluctuation is given by[
∂2

∂t2
+ 3H

∂

∂t
− ∇

2

a2
+ V ′′(χ̄)− K̄ ′ G

fχ

]
δχ = K(χ)

δG
fχ

(5.14)

where K̄ ≡ K(χ̄) and δG = (E ·B− 〈E ·B〉)/a4.

The function K̄ satisfies the condition K̄ ′ =
√

2/3K̄, while for our potential, during the infla-

tionary period, it turns out that V ′′(χ̄) ' −
√

2/3V ′(χ̄). Then, the last two terms of the LHS of

Eq. (5.14) are

V ′′ − K̄ ′

fχ
G ' −

√
2

3

(
V ′ +

K̄

fχ
G
)
' −

√
2

3
V ′ ' V ′′ (5.15)

where we have made use of the non-backreaction condition (5.10). In this way the last term in the

LHS of Eq. (5.14) can be safely neglected.

The resulting fluctuation equation has been explicitly solved in Ref. [188], provided the backre-

actionless consistency condition of Sec. 5.2.1 is satisfied, as well as the correlation functions for the

curvature perturbations on uniform density hypersurfaces ζ(t, ~x) = −Hδχ(t, ~x)/ ˙̄χ. A good fit for the

equilateral configuration of the three-point function yields the fit, valid for values 2 . ξ . 3 [188],

f equil
NL ' 1.6× 10−16

ξ8.1
e6πξ (5.16)

The current Planck bound on f equil
NL [167], f equil

NL = −26 ± 47 yields, at CMB scales, the upper

bound ξ∗ . 2.55, at 95% CL. A much stronger condition than that leading to the absence of

backreaction. Given that in our model the near constancy of ξ leads to the relation (5.8), the

non-Gaussianity bound translates in our model into the bound

ξE . 4.71. (5.17)

As already stated, all the calculations done in the absence of the Schwinger effect apply, in the

presence of the Schwinger effect in the equilibrium approximation, to corresponding bounds on the

effective parameter, i.e. ξeff∗ < 2.55.

5.3 Baryogenesis

During inflation the Higgs background value is non zero, and so the electroweak symmetry is

broken, meaning we are producing ordinary U(1)EM magnetic fields. At reheating, h will drop to

its potential minimum at zero because of the sudden dominance of the thermal correction terms, and

we will recover the symmetric phase. This is a necessary requirement for a successful baryogenesis

as the helical fields participating in the chiral anomaly must belong to the unbroken electroweak

sector, see Sec. 2.3.6.

Thus, as the U(1)Y helical magnetic fields participate in the baryogenesis process, while U(1)EM

helical magnetic fields are produced at the end of inflation, the projection of the latter on the former

must be taken into account with a factor

AY = cos θW AEM, HY = cos2 θW HEM . (5.18)
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because of Eq. 2.90c. The Z fields can also project onto U(1)Y fields but, as stated before, we will

ignore this contribution as they were too heavy to be produced.

According to the anomaly equation Eq. (3.14), the sudden hypermagnetic helicity due to the

latter projection implies the creation of a B + L asymmetry that is rapidly washed out by the

weak sphalerons. So in the end, the scenario is the same as for the hypermagnetic field up a factor

cos2 θW in the available helicity at EWPT to feed into Eq. (3.18).

For this model we assume instant reheating [50, 138, 189], Trh ' T ins
rh , hence the ratio Trh/T

ins
rh

drops in Eqs. (3.18), (3.73) and (3.79). However, in addition to their dependence on the gauge

sector observables, the quantities used in this section vary according to the quartic coupling λh as

ξ ∝ λ
−1/2
h , see Eq. (5.6). Besides, the Hubble ratio at the end of inflation HE '

√
V (χE)/3 also

depends on λh as V does.

Hereafter, we will discuss the baryogenesis capabilities the HI model in three cases: the metric

formulation of HI, the critical HI model and the Palatini formulation of HI.

5.3.1 Metric Higgs inflation

As we have previously explained we will be agnostic about the mechanism stabilizing the Higgs

potential (see Sec. 2.3.5) and then just will consider the self-coupling λh as a free parameter. The

corresponding plot, for values 10−3 . λh . 1, is shown in Fig. 5.2, for the backreactionless case

(left panel) and the Schwinger equilibrium solution (right panel), which shows that condition (3.18)

provides a wide window for baryogenesis (in blue). Then we display in orange the region where

Rrh
m > 1, see Eq. (3.73a), and in green the region where TCPI . 105 GeV, see Eq. (3.79). In both

plots the red region is excluded because of the CMB non-Gaussianity bound.

We can compute that in this scenario, the BAU is attained for values

3.6 . ξE . 4.1. (5.19)

This range is the same for both the backreactionless and the Schwinger equilibrium case by con-

struction of the latter. However, because of the replacement ξ → ξeq, the relation between ξ and

the couplings λh and fh is different in both cases (this is why we showed two panels on Fig. 5.2).

These bounds correspond to the values

1.4× 104 .
ρE
H4
E

. 1.7× 105 1.4× 103 .
ρB
H4
E

. 1.3× 104

5.6× 103 .
H
H3
E

. 6.2× 104 8.4× 103 .
G
H4
E

. 9.3× 104
(5.20)

5.3.2 Critical Higgs Inflation

Depending on the values of the Higgs and top quark masses, λh could remain positive until the

Planck scale, and such that λh � 1 and βλh � 1 (exhibiting a critical behavior) without any

need of new physics, see Fig. 5.3. In particular this should happen if the top quark mass is

mt ' 171.3 GeV [102, 190–192], which however exceeds its current value from direct measurements,

mt = 172.76± 0.30 [12] by ∼ 3σ. Those models initially proposed in Refs. [193–199] were dubbed

critical Higgs inflation (CHI) and in principle would not need any UV completion for the Higgs

potential stabilization.

Nevertheless, in view of the actual experimental values of the Higgs and top quark masses,

people have been proposing UV completions to change the size of the quartic β function, and such

that λh, and βλh , can attain a critical behavior for the values of the Higgs for which HI takes place,

and stay positive all the way down to the electroweak scale [200].
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Figure 5.2. The baryogenesis parameter space for the backreactionless (left panel) and Schwinger equi-
librium (right panel) cases. The red region is excluded because of CMB non-Gaussianity. We seek the
overlapping region between the first three ones. The condition on CPI temperature is no constraint since it
overlaps the entire region for ηB . Hence the tradeoff must be made between ηB and the magnetic Reynolds
number.

Figure 5.3. Renormalization group running of the Higgs self-coupling for several values of the top quark
Yukawa coupling (top pole mass) and fixed 125.5 GeV Higgs boson mass. Figure taken from [192].

In all cases, for critical values of λh, CHI has the advantage that the required value of the

coupling to the Ricci scalar ξh, as given by Eq. (1.137), is considerably reduced with respect to

ordinary HI. In particular ξh . O(10) for λh . 4 ·10−8. For these reasons, we found it interesting to

show a wider parameter window of Fig. 5.2 that covers smaller values of the self-coupling parameter

λh. We show, in Fig. 5.4, the overlapping region of Fig. 5.2 for λh � 1 where all conditions are met

to successfully produce the BAU. As in this case, the Higgs self-coupling can be arbitrary small,

so we used the exact solutions (1.123b) and (1.125b) instead of their approximations (1.130) and

(1.131), with only minor differences.

5.3.3 Palatini formulation

In the Palatini formulation of HI, see Sec. 1.2.6, the inflationary predictions are different than those

in the metric one [201]. Hence we are interested here to see if baryogenesis can occur.

From the interaction term (5.2) and the definition (3.48), we can extract

F (χ) =
cos2 θW

4

h2(χ)

f2
h

=
cos2 θW

4

sinh2(
√
ξhχ)

ξhf2
h

, (5.21)
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Figure 5.4. Region where the BAU can successfully be achieved, for a wider range of the parameters.

where we used Eq. (1.141a) in the second step. The parameter ξ is given, using Eq. (3.49), by

ξ =
4 cos2 θW

f2
h

. (5.22)

We remind the reader that this result is valid only in the slow roll regime.

Notice the important difference between HI in the metric and the Palatini formalisms:

• In the metric formulation, the parameter ξ is almost constant, just providing the small growth

ξE ' 1.84 ξ∗ at the end of inflation, when the helical magnetic fields are generated relaxing

their helicity into the baryon asymmetry at the EWPT. Therefore the non-Gaussianity bound

on ξ at the CMB, ξ∗ < 2.55 translates into the bound ξE < 4.71 at the end of inflation.

• In the Palatini formulation, the parameter ξ is exactly a constant throughout all the infla-

tionary period, in particular ξE = ξ∗. Therefore the non-Gaussianity bound at the end of

inflation is ξE < 2.55.

Given the baryogenesis window (5.19) we have found, this result means that while Palatini HI can

be a viable candidate to produce cosmological inflation, the magnetic fields produced at the end of

Palatini HI do not, however, have enough strength to generate the BAU.



Chapter 6

Combined Higgs – scalar field

inflation

In this last chapter, we combine three main ideas we already presented in this thesis to provide a

successful history of the Universe. They are the Higgs inflation model (Sec. 1.2.6) to which we will

add a new coupling, baryogenesis via chiral (hyper)magnetic fields (Chap. 3), and stabilizing the

SM Higgs potential by modifying the RG running of the Higgs quartic coupling (Sec. 2.3.5).

More precisely, motivated by HI we will here propose a model where the SM potential is simply

stabilized by a scalar field φ coupled to the Higgs, opening up the possibility of direct or indirect

detection at present (LHC) and future colliders. Moreover if the stabilizing field has a weak enough

self-coupling and is coupled to the Ricci tensor as ∝ gφ2R, it can trigger cosmological inflation, as

the potential becomes flat in the Einstein frame, while the COBE normalization does not impose

strong constraints on the g coupling. Besides, in this theory the inflaton can couple to the Chern-

Simons component of the SM hypercharge and trigger baryogenesis via the production of helical

magnetic fields.

As the model utilizes many existing ideas, the consequence of each idea will be carefully ex-

amined to see how they interplay. Lastly, we will provide a successful parameter space for both

the inflation model and baryogenesis that also could be probed in the terrestrial experiments like

the LHC and electroweak precision constraints. In a devoted section, we will finally study from

the point of view of particle physics the phenomenological implications of a light inflaton, one the

possible outcomes of our model.

6.1 The model

As stated in the introduction, we will consider, on top of the Higgs field h, a new scalar state φ

that couples to the Ricci tensor. Similarly to Eq. (1.112) with p = 2, we write the action in the

Jordan frame as

S =

∫
d4x
√
−g

(
−
M2

pl

2
R− g

2
φ2R+

1

2
∂µh∂

µh+
1

2
∂µφ∂

µφ− U(φ, h)

)
, (6.1)

where U(φ, h) is the two-field potential, see below.

Notice that in this model we do not need to primarily introduce any ξh|Φ|2R term, i.e. the

coupling leading to HI, see Eq. (1.126). Although a small value of the parameter ξh will be generated

anyway by radiative corrections [26], its effects on the inflation mechanism will always be negligible,
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even for values of ξh ' O(1). So for simplicity we are assuming ξh = 0. This is a major difference

with respect to a previous attempt [202] of stabilizing the EW vacuum.

As we have seen for the non minimal coupling models of inflation in Sec. 1.2.5, because the

Ricci term is quadratic in φ, gφ2R, the beginning of inflation will be controlled by the quartic term

λφφ
4, which is the condition that guarantees a flat potential for large values of φ. This corresponds

to the value p = 2 in Eq. (1.113). Therefore, in our model the Higgs field is not the only inflaton,

but a component of the inflaton system, as inflation is really driven along a particular path in the

two-field space, while its orthogonal direction has a strong curvature around its minimum, where

the field system is anchored. We will develop this point in the next subsections.

The potential in the Jordan frame is a function of the two fields φ and h, which for Planckian

values of the field φ can be approximated by the most general renormalizable polynomial satisfying

the Z2 symmetry φ→ −φ, softly broken by the mixing term φh2, i.e.

U(φ, h) = USM(h) +
1

2
m2φ2 +

1

2
λφhφ

2h2 +
1

4
λφφ

4 − 1

2
µφh2

USM(h) =− 1

2
µ2
hh

2 +
1

4
λ0h

4.

(6.2)

The first four terms of the potential U(φ, h) are indeed invariant under this symmetry while the last

term is a soft breaking that provides a correction in the one-loop β function of the Higgs quartic

coupling such that the EW vacuum can be stabilized, see Sec. 6.1.2. Such a coupling was already

pursued in Refs. [202, 203] and we will use it to constrain our parameter space.

We close the model presentation with a word on its parameters. Firstly, for large Higgs field

configurations we will be neglecting the mass parameter µ2
h, as compared to the λ0 term, in USM(h).

Then, the parameters λφh and λφ should be constrained by the slow roll conditions during inflation

to very small values λφh, λφ � 1, as we will see in Sec. 6.2. Their smallness is radiatively stable, as

can easily be deduced from their one-loop β functions,

βλφh =
λφh
16π2

[
12λ0 + 8λφh + 6λφ −

(
9

2
g2

2 +
9

10
g2

1 − 6y2
t

)]
θ(t− t0), (6.3a)

βλφ =
1

16π2
(8λ2

φh + 18λ2
φ)θ(t− t0), (6.3b)

where t − t0 = log(Q/m), and Q is the renormalization scale, see Sec. 2.3.5. The choice λφh = 0

is technically natural at one loop, as can be seen from Eq. (6.3a). For simplicity we will adopt

hereafter the value λφh = 0. Moreover, from the amplitude of density perturbations, we will see

that typically λφ ∼ 10−12 (see left panel of Fig. 6.4), a value that is very mildly changed by radiative

corrections.

Before studying the inflationary dynamics, our aim is to study the two-fields potential at both

high energy φ�Mpl/
√
g and low-energy φ�Mpl/

√
g scales to find some analytical approximation

that could simplify the inflation description.

6.1.1 Jordan frame

The action (6.1) is defined in the Jordan frame, and it is a valid framework provided that the field

φ satisfies the condition φ�Mpl/
√
g. In other words, as we have seen in Sec. 1.2.5, no distinction

is needed between Einstein and Jordan frames at low-energy scales, when the coupling to the Ricci

tensor is subdominant. In this chapter, we hence refer to Jordan frame as the region where this is

the case and we will see that it encompasses part of the inflationary period, and in particular the

end of inflation. The trajectory of fields φ and h will proceed along the submanifold given by the

minimum of the two-dimensional potential surface, providing a relationship between both fields, as

anticipated in the last section.
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To find the relationship between both fields φ and h, along the potential minimum direction,

we will follow a general procedure summarized here. Given a potential V (x, y) of two fields x and

y, the contour lines corresponding to constant values of the function V (x, y) = constant, satisfy the

relation dV = 0, which reads

∂V

∂x
dx+

∂V

∂y
dy = 0 ⇒ F (x, y) ≡ dy

dx
= −∂V/∂x

∂V/∂y
, (6.4)

where, by definition, the function F [x, y] is the slope along the contour lines at the point (x, y).

We wish to find the direction y = f(x) that intersects orthogonally every contour line. The slope

of this line is obviously f ′(x) and the slope of the orthogonal line is −1/f ′(x), so the condition for

the orthogonal intersection is

F (x, f(x)) = −1/f ′(x). (6.5)

The idea behind the regions is to divide the potential valley into segments where, approximately,

φ = ahn. The regions are separated according to which term dominates in the potential. Hence,

we will find it useful to work with logarithmic variables

y = log φ, x = log h, (6.6)

where the φ and h fields are considered in some arbitrary mass units, such that the relation between

fields translate into straight lines y = nx+ log a. Given the shape of our potential we find a unique

solution to (6.5) in each region.

The direction φ = f(h) that intersects orthogonally every contour line in the plane (h, φ) is

given by the solution to the equation

∂V/∂h

∂V/∂φ
· h
φ

∣∣∣∣
φ=f(h)

=
1

f ′(h)
(6.7)

where Eqs. (6.4) and (6.5) have been used.

Therefore, the trajectory in the (φ, h) plane is given by relation (6.7), which changes according

to the different regions of the potential that we will now introduce. This is validated by the plot of

the total potential exhibited in Fig. 6.1. In all cases, the valley acts as an attractor for the fields,

as explicitly shown in Ref. [202].

Hereafter, we will first carefully analyze the regions relevant after inflation, where the Einstein

and Jordan frames are approximatively equivalent.

Region A

In this region both fields take their maximum allowed values in the (approximated) Jordan frame,

and the potential can be approximated by the quartic coupling terms

UA '
1

4
λ0h

4 +
1

4
λφφ

4 . (6.8)

The direction along the minimum can be found, after applying Eq. (6.7) to the potential (6.8), with

the function f(h) = (λ0/λφ)−1/4h, i.e.

h =

(
λφ
λ0

) 1
4

φ . (6.9)

We plot in Fig. 6.1 the complete inflationary potential in the Einstein frame (see Sec. 6.1.3) and

show the direction from Eq. (6.9) with a solid (green) line as specified in the figure caption.
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Figure 6.1. Left panel: Contour plot of the potential V (φ, h) in units where Mpl = 1 with Regions Θ,
A and B and the corresponding minimum submanifolds. Right panel: 3D plot of the potential with the
same color code. We use the following numerical values: g = 0.01, m = 1010 GeV, λ0 = 0.23, δλ = 0.15,
λφ = 10−12.

Its region of validity is then given by

Mpl√
g
& φ &

2
√

2m√
λφ

(
δλ
λ0

) 1
2

, h &
2
√

2m

(λφλ0)
1
4

(
δλ
λ0

) 1
2

, (6.10)

where we have defined the constant δλ as

δλ ≡
µ2

2m2
. (6.11)

Along the minimum direction (6.9) the potential can be written, as a function of φ, as

UA(φ) ' 1

2
λφφ

4 , (6.12)

which will be used in the next section to describe the end of inflation.

To make contact with HI results, in this region we can also use the Higgs field as the explicit

variable using the relation between the fields h and φ given by Eq. (6.9). This implies that the

Ricci term in Eq. (6.1) can be equivalently written as −ξA/2 h2R, with ξA = g
√
λ0/λφ. For typical

values of the parameters (e.g. g ' 0.01, λ0 ' 0.2, λφ ' 10−12, see Secs. 6.1.2 and 6.2), we get

ξA ≈ 4 · 104, which is the value required by HI, see Eq. (1.137). Moreover the potential (6.12) can

be written, using again (6.9) as

UA(h) ' 1

2
λ0h

4 . (6.13)

This result shows how, in region A, the results of HI could be interpreted in our model with g � 1,

being perfectly consistent with the unitarity condition φ . Λφ.

Region B

In this region, where

φ .
2
√

2m√
λφ

(
δλ
λ0

) 1
2

, m . h .
2
√

2m

(λφλ0)
1
4

(
δλ
λ0

) 1
2

(6.14)
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the potential can be approximated by

UB ' −
1

2
µφh2 +

1

2
m2φ2 +

1

4
λ0h

4, (6.15)

which, using Eq. (6.7), has its minimum along the direction

φ = f(h) ≡

(
− 3µ

4m2
+

√
9µ2

16m4
+

2λ0

m2

)
h2 . (6.16)

Direction (6.16) is shown in the potential plot, Fig. 6.1, with a solid (magenta) line. If we define

the coupling λ as

λ ≡ λ0 − δλ , (6.17)

in the limit λ� 1 we can write the minimum condition as

φ '
√
δλ
2

h2

m
[1 +O(λ)] (6.18)

and the potential (6.15) becomes

UB '
1

4
λh4 +O(λ2), (6.19)

which shows that the effective quartic coupling in this region is given by λ, instead of λ0 as written

in the original potential (6.2).

Region C

In this region v < Q ≡ h < m, where v is the Higgs vacuum expectation value (VEV) and Q, the

renormalization scale, is here identified with the classical value of the Higgs field h. The field φ

hence decouples and is integrated out as

φ =
µ

2m2
h2 +O(h6) '

√
δλ
2

h2

m
, (6.20)

which yields a potential

UC '
1

4
λh4 +O(h8). (6.21)

Notice that, to leading order, the solution to the equation of motion of φ, Eq. (6.20), agrees with the

minimum condition in Region B, Eq. (6.18), which guarantees the continuity between both regions.

Moreover the stability of the potential in both Regions B and C is provided by the same condition,

λ > 0.

6.1.2 Stability of the potential

In Region C, h < m, the inflaton field φ is integrated out and the potential, as a function of the

Higgs h, is given by Eq. (6.21), so that the parameter λ runs as the quartic coupling in the SM

potential, according to the SM β function, βSM
λ . In Regions B and A, h > m, the inflaton φ

propagates and thus there is an extra contribution to the running of the parameter λ as [202]

βλ = βSM
λ +

1

2π2
δλ(3λ+ δλ) θ(t− t0), (6.22)
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where θ(x) is the Heaviside function, equal to 1 (0) for x ≥ 0 (x < 0), and t− t0 = log(h/m). The

parameter δλ also runs with the renormalization scale as

βδλ =
1

2π2
δλ(3λ+ 2δλ) θ(t− t0). (6.23)

The extra contribution to the running of λ in Eq. (6.22) can solve the Higgs vacuum instability

problem provided that:

• The inflaton mass m is smaller than the SM instability scale, QI ∼ 1011 GeV.

• The value of δλ at the scale Q = m, δλ(m), is large enough in order to significantly change

the value of βSM
λ .

Of course, smaller values of m (i.e. wider regions where φ propagates) allow smaller values of δλ(m)

to satisfy the second criterion. Conversely, for values of m close to QI , the minimum value of δλ(m)

that solves the instability is a largish one.

Note that should we have, instead, considered in the starting action a linear Ricci term, gφR,

and a quadratic, m2φ2 inflationary potential, i.e. p = 1 in Eq. (1.112), one could also have achieved

the amount of flatness required by the slow roll conditions during the inflationary period, but the

size of the amplitude of density perturbations, now controlled by m and no longer by λφ, would

have yielded a value m > QI , which is too large to stabilize the EW vacuum.

As we have seen, the condition for the stability of the potential is that the coupling λ defined

in Eq. (6.17) is positive definite, λ > 0. We have solved at two-loop the RGE’s of the theory for

the following set of values of the input parameters [204] at the pole top mass Mt = 172.76 GeV,

g′(Mt) = 0.358545, g(Mt) = 0.64765, gs(Mt) = 1.1618,

λ(Mt) = 0.12607, ht(Mt) = 0.9312.
(6.24)

In Fig. 6.2 we show the two-loop running of the parameters λ and λ0 for two extreme cases,

with a light (m = 1 TeV, upper panels) and a heavy (m = 1010 GeV, lower panels) inflaton. As we

can see typical values of δλ are smaller for smaller values of m. We have chosen δλ = 0.05 for m = 1

TeV, and δλ = 0.15 for m = 1010 GeV. In both cases the value of δλ(m) can be tuned to smaller

values, such that the corresponding values of λ at high scales are smaller. On the other hand, larger

values of δλ are bound by imposing that the theory remains in the perturbative regime up to the

high scale. In particular we find for large values of m, m ' QI , that δλ(m) . 0.35, while for m in

the TeV region, δλ(m) . 0.2. The dashed lines in the left panels are the SM running, shown for

comparison. On both left panels, we can see that the condition 0 < λ� 1 is satisfied while δλ � λ

at Q ∼Mpl.

6.1.3 Einstein frame

For values of the φ field such that φ > Mpl/
√
g, we must redefine the metric and go to the Einstein

frame to recover the Einstein-Hilbert action for the Ricci scalar. To do so, we perform a Weyl

redefinition of the metric and follow the procedure presented in Sec. 1.2.5 with p = 2. We can

see from the second (dimension-six effective operator) term in Eq. (1.118) adapted to the current

model, i.e. 3Θ2 g
2φ2

M2
pl

(∂φ)2, that the cutoff of the theory Λφ is identified as Λφ ≡Mpl/g.

It has been proven in Refs. [44, 46], that there is no tree-level unitarity problem for the am-

plitude A(φφ → φφ) as, in the Einstein frame, see Eq. (6.25), there appears the effective operator

φ2(∂µφ)2/Λ2
φ that, upon integration by parts, gives, on-shell, the correction m2φ4/Λ2

φ, and leads

to a four-point function that does not grow with the energy, and thus does not violate unitarity.

A similar result is obtained in the Jordan frame, where the amplitude A(φφ → φφ) grows, in the
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Figure 6.2. In blue, two-loop running of λ (left panels) and λ0 (right panels) for two cases. Top panels:
with m = 1 TeV, δλ(m) = 0.05. Bottom panels: with m = 1010 GeV, δλ(m) = 0.15. The green dashed line
is the SM running. In both cases one has λ0 ' δλ for Q ∼Mpl.

s-channel, with the energy, and behaves as s/Λ2
φ. However, considering the cross channels, there

is a cancellation, and the four-point amplitude behaves as (s+ t+ u)/Λ2
φ ∝ m2/Λ2

φ. However, the

quick conclusion that unitarity is not violated at the scale Λφ has been challenged in Refs. [45, 46],

where it was pointed out that, in the Jordan frame, the above cancellation is very unlikely to appear

in loop-induced corrections to the same process φφ→ φφ, leading to a cutoff at the value ∼ 4πΛφ,

where a loop factor has been included. The observation is similar for higher order processes, since

e.g. φφ → φφ + nφ has a cross section that scales as λ2
φs
n/2−1gn/Mn

pl, where λφ is the φ quartic

coupling. This indicates that the perturbative description breaks down for energies
√
s & λ−2/n

φ Λφ,

which goes to Λφ for large values of n. Similarly, in the Einstein frame, on top of the nonprob-

lematic effective operator φ2(∂µφ)2, other higher order operators, e.g. φ2(∂µφ)4, are expected to be

generated by loop effects, and so are expected to trigger violations of unitarity beyond the scale

Λφ. In view of these arguments we will conservatively consider in this chapter Λφ as the scale at

which unitarity is violated.

Unlike the generic non minimal coupling model from Sec. 1.2.5, there are here two fields affected

by the Weyl transformation so that the (noncanonical) kinetic terms are given by

LEkin =
Θ

2

(
1 +

6g2φ2

M2
pl

Θ

)
∂µφ∂

µφ+
Θ

2
∂µh∂

µh (6.25)
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leading to the action in the Einstein frame with potential

SE =

∫
d4x
√
−g

(
−
M2

pl

2
R+ LE

kin − V (Θ, h)

)
, V (φ, h) = Θ2(φ)U(φ, h), (6.26)

where U(φ, h) is given by Eq. (6.2). The potential region where the values of the field φ satisfy the

condition φ > Mpl/
√
g is denoted as Region Θ and is explored hereafter.

Region Θ

As just stated, Region Θ is characterized by the potential V (φ, h) in the Einstein frame, i.e. Eq. (6.26)

for gφ2 > M2
pl, and a straightforward application of Eq. (6.5) shows that, using Eq. (6.7), the di-

rection along the minimum in the two-dimensional potential is given by

h2 = Mpl

(
λφ

3gλ0

) 1
2

φ, (6.27)

from where the function f(h) in Eq. (6.7) can easily be read out. Along this direction the potential

is

VΘ(φ) = Θ2(φ)
λφ
4
φ2

(
M2

pl

3g
+ φ2

)
' Θ2(φ)

λφ
4
φ4, (6.28)

where again the last equality comes from the very definition of the Θ region. Notice that the values

of the field φ at the beginning of inflation, and in particular its value φ∗ at horizon crossing of the

present Universe, belong to Region Θ.

In Fig. 6.1 we plot the potential in the Einstein frame V (φ, h) for a chosen set of the param-

eters values, and we superimpose the lines of minimum submanifolds given by Eqs. (6.27), (6.10)

and (6.16), for Regions Θ, A and B, respectively. As we can see they intersect orthogonally, by

construction, the contour lines of the potential. In the left panel we plot the contour lines of the

potential and in the right panel the three-dimensional plot with the same color codes.

We can try to make contact with HI in Region Θ, as we did in Region A, using the Higgs field

h as the explicit variable, by means of the relation between the fields φ and h given in Eq. (6.27),

which we can write as

gφ2 = ξΘ
h4

M2
pl

, with ξΘ ≡
3g2λ0

λφ
. (6.29)

The Ricci coupling can then be written as −ξΘh4R/M2
pl, where ξΘ ' 3 · 107 by using the typical

values of the parameters, g ' 0.01, λ0 ' 0.2, λφ ' 10−12 (see Secs. 6.1.2 and 6.2). Similarly, using

(6.27) we can also write the potential (6.28) as

VΘ(h) '

(
1 + ξΘ

h4

M4
pl

)−2
λφ
4g2

ξ2
Θ

h8

M4
pl

. (6.30)

These two expressions show that our model, written in terms of the Higgs field, departs from the

conventional HI as it requires an effective dimension-eight operator for the potential which could

only appear when the Standard Model is completed by some UV theory, giving rise, after decoupling,

to higher dimensional operators.

6.2 Inflation

Inflation takes place only in Regions Θ (for
√
gφ > Mpl), and A (for

√
gφ < Mpl), thus we will

choose conditions (6.27) and (6.9), respectively, to relate h and φ. In this case the kinetic term
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(6.25) along the minimum direction can be written in both Regions Θ and A, as

LR
kin =

Θ

2

[
1 + 6

g2φ2

M2
pl

Θ + ∆R

]
∂µφ∂

µφ, (R = Θ,A) (6.31)

where ∆R corresponds to the (tiny) contribution of the Higgs kinetic term

∆A =

(
λφ
λ0

) 1
2

, ∆Θ =
Mpl

4φ

(
λφ

3gλ0

) 1
2

<

(
λφ

48λ0

) 1
2

(6.32)

and the last inequality comes from the condition
√
gφ > Mpl. Putting in numbers we obtain that

∆A ∼ 10−6 and ∆Θ . 10−7, so that ∆R can be safely neglected for numerical calculations in

Eq. (6.31).

As for the potential in both inflationary regions, Θ and A, using the previous results we can

write it as

VR(φ) ' cR V (φ), V (φ) = Θ2(φ)
1

4
λφ φ

4 ,
cΘ = 1

cA = 2
(6.33)

so that, in both regions, they only differ by a global factor. As the slow roll parameters do depend

on ratios of the potential and its derivatives, they will not depend on the global factor cR and can

thus be given a universal expression. So for the computation of the slow roll parameters we will

just remove the global factor cR and use V (φ) as the inflationary potential.

In the same way as we did in Eqs. (1.121) and (1.122), we can now define the inflaton field χ,

c.f. Eq. (1.121) with p = 2,

dχ

dφ
'

√√√√Θ(φ)

(
1 +

6g2φ2

M2
pl

Θ(φ)

)
≡ f(φ), (6.34)

which also defines the change of variable φ→ χ. In the last equality we defined the function f(φ)

which will soon be handy for the slow roll parameters. Solving the above differential equation gives

the approximation φ(χ) given by Eq. (1.123b) for
√
gφ &Mpl, while for

√
gφ .Mpl, we get φ ' χ

as in this limit the Jordan and Einstein frames should coincide.

Although the slow roll parameters must be computed from the inflaton potential V (χ), we will

not need to use this explicit solution to obtain the inflationary parameters. Instead, we can keep φ

as the explicit variable, since performing the change of variables (6.34) in the slow roll parameters

definition allows us to avoid making inevitable approximations stemming from the relationship

between the fields φ and χ. Hence, we can keep the description of the model in terms of the φ

field and the potential V (φ) given in Eq. (6.33). In this framework the slow roll parameters can be

written as [205]

ε(φ) =
M2

pl

2

(
V ′(φ)

V (φ)

)2

f−2(φ), (6.35a)

η(φ) = M2
pl

[
V ′′(φ)

V (φ)
f−2(φ)− V ′(φ)

V (φ)
f ′(φ)f−3(φ)

]
, (6.35b)

ξ2(φ) = M4
pl

V ′(φ)

V (φ)
f−4(φ) (6.35c)

·
[
V ′′′(φ)

V (φ)
− 3

V ′′(φ)

V (φ)
f ′(φ)f−1(φ) +

V ′(φ)

V (φ)

(
3f ′ 2(φ)f−2(φ)− f ′′(φ)f−1(φ)

)]
,
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Figure 6.3. Left panel: φE , φ∗ and χ∗ in unit of Mpl, as functions of g. The dark shading region violates
the unitarity bound φ < Mpl/g. The white area corresponds to Region A and the light shading one to
Region Θ. Right panel: slow roll parameters evaluated at the beginning of inflation and their corresponding
observational bounds (dashed, matching color). The bound for ε(φ∗) is an upper bound.

where we dropped the index V from their definition in Eqs. (1.74), (1.75) and (1.76)32. Their

current observational bounds are given by Eqs. (1.91).

We should evaluate the slow-roll parameters at the field value φ∗ = φ(N∗) with, recasting

Eq. (1.94),

N∗ =
1

M2
pl

∫ φ∗

φE

V (φ)

V ′(φ)
f2(φ) dφ. (6.36)

Here φE , the value of φ at the end of inflation, is defined by the condition ε(φE) = 1 and can be

computed analytically. A plot of its dependence on g is shown on the left panel of Fig. 6.3. One

can evaluate the integral (6.36) to find

N∗ =
1

4

[
(1 + 6g)(φ2

∗ − φ2
E)

2M2
pl

− 3 log
M2

pl + gφ2
∗

M2
pl + gφ2

E

]
(6.37)

and then solve it for φ∗ ≡ φ(N∗)
33. A plot of φ∗, for N∗ = 60, and its dependence on g is shown

in the left panel of Fig. 6.3. The dark shading region is excluded as there φ∗ > Λφ ≡ Mpl/g and

so there is a unitarity violation (see however comments in Sec. 6.1.3). This constraint provides an

upper bound on the value of the parameter g as g . 0.0508 34.

We display, in the right panel of Fig. 6.3, the functions ε(φ∗) and η(φ∗) as functions of g. The

observational constraints (1.91) provide a lower bound on the Ricci coupling as g & 0.0096. When

combined with the upper bound from unitarity, the allowed region in the g parameter is given in

32We stress that the variable φ in these definitions must be the inflaton field with a canonical kinetic term, which
is not the variable φ here but χ.

33We can solve Eq. (6.37) for φ(N∗) recursively, first ignoring the logarithm for the first iteration and then inserting
each solution into the next iteration (which this time contains all terms). The sequence converges quickly to the
exact solution. After 3–4 iterations the relative error is already ∼ 10−3 at most.

34For g < 1 the cutoff Λφ is trans-Planckian, and from Fig. 6.3 we can see that during inflation ∆φ ' 20Mpl,
which satisfies the so-called Lyth bound [206]. Such behavior induces non-negligible quantum gravity corrections to
the potential. However, the terms induced by quantum gravity effects are suppressed, not by factors φn/Mn

pl, but by

factors V/M4
pl and m2/M2

pl, see Sec. 2.4 of Ref. [207]. Hence, as long as the inflationary potential takes sub-Planckian

values and m � Mpl (like in our model), quantum gravity effects are insignificant, regardless of the values of g or
Λφ.
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the range35

0.0096 . g . 0.0508. (6.38)

Finally we have found that, in the relevant region of the g parameter, the parameter ξ2 is |ξ2| ∼ 10−4,

well in agreement with the experimental range in Eq. (1.91).

For the allowed region of the slow roll parameters in Fig. 6.3, the cosmological observables, the

scalar spectral index, the spectral index running, and the tensor to scalar ratio given by Eqs. (1.93)

fall inside the experimental range given by Eqs. (1.92). In particular, for the allowed range (6.38)

in the coupling g the theory predicts that

0.96448 . ns . 0.96695 (0.96783) (6.39a)

−0.00063 . n′s . −0.00019 (−0.00005) (6.39b)

0.0467 & r & 0.0124 (0.00296) (6.39c)

where the unbracketed RHS bounds come from the unitarity bound, while the bracketed ones come

from disregarding the latter in view of the comments in Sec. 6.1.336. As we can see, both predicted

ranges (with/without considering the unitarity bound) in (6.39) nicely fit inside the allowed range

in Eq. (1.92). These results also agree with those of model (n, p) = (2, 4) in the recent work of

Ref. [209], where general inflationary models with nonminimal inflaton couplings to gravity have

been analyzed.

We now use the constraint on the amplitude of scalar fluctuations to find an analytical relation

for the inflaton self-coupling λφ, since this quantity is obtained from the potential as

As =
1

24π2M4
pl

VΘ(φ∗)

ε(φ∗)
, (6.40)

where we are using as inflaton potential VΘ, as the φ∗ line in the left panel of Fig. 6.3 is inside the

light shading region, where the inflaton potential corresponds to that in Region Θ, Eq. (6.33). We

can then compute λφ as

λφ = 96π2 g2As ε(φ∗)

(
1 +

M2
pl

gφ2
∗

)2

. (6.41)

Using the observed value of As from Ref. [22], Aobs
s = 2.2 · 10−9, as well as the values of ε(φ∗) and

φ∗ from Fig. 6.3, we plot in the left panel of Fig. 6.4 the parameter λφ as a function of the Ricci

coupling g. Notice that inside the allowed region in Eq. (6.38) we obtain λφ ∼ 10−12 as postulated

when presenting the model.

Finally, we can compute the Hubble parameter (1.28) during inflation H(φ). From the Fried-

mann equation (1.11) we have that the energy density of the inflaton reads as ρ(φ) = 3M2
plH

2(φ).

Since we are assuming a slow roll evolution (1.73) of the inflaton, we can neglect the kinetic part

in the energy density and consider ρ(φ) ' VR(φ). Therefore in Region A, i.e. around the end of

35One should worry about the stability, under radiative corrections, of such small values of the g parameter.
Contributions to the one-loop βξh function, in the Ricci coupling (ξh/2)h2R, from the contribution of the SM fields
(top quark, gauge and Higgs bosons), have been computed in Refs. [26, 208] where it is shown that the renormalization
from the weak to the high scale of ξH is . 20%. In the case of our coupling (g/2)φ2R, as φ is not directly coupled to
the SM fields, the g running between m and the high scales is suppressed by the mixing angle α between the fields φ
and h (see Sec. 6.5), so that βg ' 2δλ(v2/m2)βξh � βξh . In this way the running of the g parameter can be safely
neglected.

36If we disregard the unitarity bound, see the comments in Sec. 6.1.3, there is no upper bound on g from obser-
vational constraints and the cosmological observables for larger values of g asymptotically go to the RHS values in
parenthesis.
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Figure 6.4. Left panel: The inflaton self-coupling λφ as a function of g. Right panel: The Hubble
parameter H at the end of inflation H(φE) and for the number of e-folds N∗, H(φ∗) as functions of g.
In both plots the vertical red lines show the range for g where the slow roll cosmological observables and
unitarity constraints are met.

inflation and, in particular, at φE , HE ≡ H(φE),

H(φ) =
Mpl

g

√
λφ
6

(
1 +

M2
pl

gφ2

)−1

. (6.42)

For the value φ = φ∗, in Region Θ, this further simplifies to

H∗ ≡ H(φ∗) = 23/2πMpl

√
ε(φ∗)Aobs

s . (6.43)

We plot in the right panel of Fig. 6.4 the Hubble parameters at the end of inflation, i.e. for

φ = φE , HE , and at the beginning of inflation, for a number of e-folds N∗ = 60, H∗. As we can see

from the right panel of Fig. 6.4, for the lower bound of g, g ' 0.01, the Hubble parameter changes,

between φE and φ∗, by one order of magnitude, from H∗ ' 5.5 · 1013 GeV, to HE ' 6.4 · 1012 GeV.

On the other hand, for the upper bound of g, g ' 0.05, the Hubble parameter changes by a

little, from H∗ ' 2.8 · 1013 GeV to HE ' 1013 GeV. As we can see, the absolute upper bound

on the Hubble parameter in our model is H∗ . 5.5 · 1013 GeV, or equivalently an inflation scale

V
1/4
Θ (φ∗) . 1.5 · 1016 GeV, in agreement with the observational upper bounds given by Eqs. (1.96).

Consequently our model, independently of the value of m, is a high scale inflation model, where the

Hubble parameter does depend on the value of g and is maximized for its lower bound.

6.3 Reheating

When studying non minimally coupled models of inflation in Sec. 1.2.5, we have found that the

potential (1.125b), i.e. V [φ(χ)] from Eq. (6.33), is equivalent to an α-attractor potential with

α = 1 + 1
6g . Thus, the range (6.38) of the present model translates into 4 . α . 18. In Chap. 4

we have studied the baryogenesis and preheating capabilities of an α-attractor potential37 with

α = 1, 50, see in particular Figs. 4.10 and 4.11. Our calculations have shown that the results in the

cases α ' 4, 18 are very similar to the case α = 1, therefore we can already make some conclusions

by retrieving the informations in the previous chapters. The first one is that in our model gauge

preheating does not occur and reheating should take place by perturbative decays of the inflaton

37The computations were done in the symmetric phase while here the Higgs VEV is non zero, but the results are
transferable since ZY ' ZEM, see Sec. 4.1.2.
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into the SM matter only. The second conclusion concerns the helical hypermagnetic field production

and will be addressed in the next section.

In Sec. 4.4.1 we have given some relations, see Eqs (4.66), between the reheating to instant

reheating temperature ratio, a quantity entering the baryogenesis parameter space, and the coupling

between the inflaton and the CS term fφ. These were based on an inflaton decay to hyperphotons

whose rate is given by (4.61). In the present model however, the action (6.2) contains the interaction

term
√
δλ/2mχh2 which gives rise to the leading inflaton decay channel χ → hh, with a decay

width given by [210]

Γ(χ→ hh) =
δλm

16π

√
1−

4m2
h

m2
, (6.44)

where mh = 125.25 GeV is the Higgs mass. As the inflaton is stabilizing the EW vacuum (see

Sec. 6.1.2), which has an instability around QI ' 1011 GeV, we can reliably put the upper bound

on m as m . QI , and fix e.g. m ' 5 · 1010 GeV while δλ . 0.35 on perturbative grounds (see

Sec. 6.1.2). This gives for the decay width Γ(χ → hh) ' 3.5 · 108 GeV leading, using Eq. (1.97),

to a reheating temperature given by Trh ' 1.6 · 1013 GeV, which corresponds to Trh/T
ins
rh ∼ 10−2.

On the other hand, the lowest bound on m, fixed by phenomenological considerations (see Sec. 6.5)

to m ' 103 GeV, together with δλ . 0.2 (see Sec. 6.1.2) provides Γ(χ → hh) of a few GeV and

correspondingly Trh ' 109 GeV, which implies Trh/T
ins
rh ∼ 10−6. Hence from now on, we will

consider the temperature ratio Trh/T
ins
rh as a parameter of the model, which as we know is handy

for the baryogenesis and constraints calculations. We also stress that this ratio mainly reflects the

dependence of coming results on m, as just sketched above.

There are of course other channels that can contribute to Γχ such as (4.61) but we have

already seen in Sec. 4.4.1 that this one is subleading with respect to the channel χ → hh for the

relevant values of m and fφ. In particular Γ(χ → AA) ' 10−5 GeV for m = 5 · 1010 GeV, while

Γ(χ→ AA) ' 10−28 GeV for m = 103 GeV.

Moreover, there is a mixing angle α between φ and h (see Sec. 6.5), which is sizable for m ∼
O(few) TeV, while of course is negligible for m� 1 TeV, given by sinα '

√
2δλv/m. This mixing

opens up the χ decays into the SM channels, with a total decay width into all SM channels given

by Γ(χ → SM) = sin2 α · Γ(h → SM) ' 4 sin2 α MeV, in all cases subleading with respect to the

decay width Γ(χ→ hh).

Finally, the possibility that the Lagrangian in Eq. (6.2) could induce preheating by the explosive

production of scalar fields after inflation was considered in Ref. [185]. In this case, we can identify

the scalar fields of Ref. [185] with the Higgs field38 and this mechanism, if implemented, would be

more efficient than the perturbative production that has been considered so far in this section. First

of all, as we wanted the inflaton to stabilize the Higgs potential we have imposed the condition on

its mass m < 10−7Mpl. This means that during preheating the inflaton potential term 1
4λφφ

4 will

dominate the mass term 1
2m

2φ2, as λφ ' 10−12 and φE ' Mpl. In Ref. [185] it was proven that

there are no runaway solutions provided that δλ < λ0/4, and preheating imposes the mild condition

2δλ > (100m/φE)
2

which is always satisfied as 100m/φE < 10−5. Still in the rest of the chapter

we will be agnostic about the (p)reheating mechanism and will consider the reheating temperature

Trh as a free parameter.

38The relation between the parameters q3 and qχ in Ref. [185] and our parameters can be written as

q3 =
√

2δλ
φE

m
, qχ =

λ0φ2
E

m2
.
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Figure 6.5. The baryogenesis region. In the shading region the value of ηB satisfies Eq. (3.18). We can
see that the dependence on g is tiny. Left panel: Schwinger maximal estimate. Right panel: Schwinger
equilibrium estimate.

.

6.4 Baryogenesis

In this section we will consider the generation of fully helical hypermagnetic fields that will be

transformed into baryon asymmetry at the EWPT. We need a source of CP violation and we will

assume, similarly to Eq. (3.20), the CP-odd dimension-five operator given by

S ⊃ −
∫
d4x

φ

4fφ
Fµν F̃

µν (6.45)

where by virtue of the minimum condition in Region A, Eq. (6.9), the Higgs background value is non

zero (it is anchored to the value of the field φ), and so the electroweak symmetry is broken, meaning

ordinary U(1)EM magnetic fields are produced during inflation. At reheating, the Higgs VEV will

drop at its potential minimum because of the sudden dominance of the thermal correction terms,

and we will recover the symmetric phase. The ordinary magnetic fields are therefore projected

according to (5.18) to the hypercharge components where they survive until EWPT if the criteria

from the constraints discussed in Sec. 3.3 are met. A UV completion for the above interaction

within our model is provided in App. A.1.

We will be concerned by the last e-folds of inflation, corresponding to the inflaton value φ ' φE ,

well inside Region A, with a potential given by Eq. (6.33). This is because we have seen in the

previous chapters that the modes that contribute the most to the plasma quantities, Eqs. (3.39),

are generated near the end of inflation. This effect is even more pronounced since the instability

parameter ξ increases sharply at the end of inflation (see Fig. 4.4), which allows the magnification of

modes k after a time τ such that |kτ | ∼ |2ξ| ∼
√

2ε/fφ. Therefore, the differential equation (6.34)

admits the simple solution φ ' χ + O(g) and we can write the EoM for χ as (3.44) with the

replacement φ→ χ.

As an outcome, the results presented in Fig. 4.11 are valid for the present scenario. However,

in the following we will develop on this result for the actual model, by having a closer look at

the constraints. To do so, we choose for convenience to keep an analytical framework, i.e. we will

use the Schwinger equilibrium and maximal estimate (see Secs. 4.2.1 and 4.2.2) for the fermion

backreaction, since we have proven in Chap. 4 that the full numerical solution lies in between39, see

39Actually, the numerical results are in favor of the Schwinger equilibrium estimate (at least for fφ . 0.05Mpl)
but for completeness we will provide the maximal estimate as well.
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Figure 6.6. Ratio between the potential term and the backreaction term in the inflaton equation of motion,
see Sec. 3.2.3, for the range of values of g allowed by inflation. Solid lines are the maximal estimate while
dashed lines are the equilibrium estimate, after taking into account the Schwinger effect.

plots on Fig. 4.5. Moreover, we aim to show that the dependence on g of the baryogenesis result is

tiny.

Indeed, in Fig. 6.5 we show in the plane (fφ, Trh/T
ins
rh ), for both bounds on the allowed g range

given by Eq. (6.38), and for both Schwinger estimates for the magnetic fields, i.e. maximal (left

panel) and equilibrium (right panel) estimates, the region where the value of ηB satisfies Eq. (3.18),

taking into account the range in Eq. (3.19) for the quantity fθW . As we can see from both panels,

together with the range (6.38) on the g parameter where inflationary conditions in Ref. [22] are

satisfied, there is an absolute upper bound on the parameter fφ as fφ . 0.25Mpl for both Schwinger

estimates, corresponding to the reference (instant) reheating temperature where the baryogenesis

conditions are met. This result changes a little bit in the case of the numerical result for α = 1,

where we have fφ . 0.1Mpl, see Fig. 4.11. Moreover, for the highest reheating temperature we

can get from our model of inflation, Trh ' 10−2 T ins
rh , the bound lowers to fφ . 0.19 (0.17)Mpl for

the maximal (equilibrium) Schwinger estimate. For the numerical solution of Fig. 4.11, the bound

becomes fφ . 0.06Mpl. We remind the reader that the value g = 0.05 corresponds roughly to

α ' 4.

As we know from Sec. 3.3, there are constraints that can further narrow the region of the

parameter space where the BAU can really be reproduced by our theory. Since the dependence on

g is tiny, we will from now provide the results for g = 0.05 only. We chose this bound as it is the

closest to the numerical solving of Sec. 4.4.2. Therefore, the parameter space reduces to (fφ, Trh).

For the Schwinger estimate to be valid, we must ensure that the self-consistency condition

|G/V ′| � fφ is met, see Sec. 3.2.3, where it was studied for the backreactionless case. Now taking

into account the Schwinger effect, the equilibrium estimate is obtained by the replacement ξ → ξeq in

the expression (3.40b), as described in Sec. 4.2.1. Hence, the consistency condition in the Schwinger

equilibrium estimate is given by Eq. (3.47) where ξ → ξeq, i.e.

2 ρeq
EM � V (χE), (6.46)

a stronger condition than the one coming from the Friedman equation ρeq
EM � V (χE), but much

weaker than Eq. (3.47) where we were ignoring the Schwinger effect, since ρeq
EM � ρEM.

On the other hand, for the maximal estimate, a similar reasoning for the consistency condition

does apply to this case. Instead, we use the results from the end of Sec. 4.2.2, in particular

Eqs. (4.27) and (4.28), where the total energy density is dominated by the energy stored in the

magnetic field, ρEM ' ρB ,
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We display in Fig. 6.6 the quantity |G/(fφV ′)| as a function of fφ for the range allowed on

the parameter g by the inflationary observables, using for G both the maximal and the equilibrium

estimates given by Eqs. (4.22) and (4.24c). In conclusion, condition |G/V ′| � fφ is satisfied for:

fφ & 1.9 · 10−2Mpl (Maximal estimate),

fφ & 7.2 · 10−4Mpl (Equilibrium estimate).
(6.47)

Moving to the MHD constraints, see Sec. 3.3.2, we conclude from the left panels of Fig. 6.7

that in our scenario Rrh
e < 1, for the range of parameters that provides a successful baryogenesis.

We plot the value of Re at reheating in solid lines for the two extreme values of the parameter

Trh/T
ins
rh = 10−2 (blue color) and 10−6 (orange color). Thus, the plasma starts in the viscous

regime and the magnetic Reynolds number should be computed using Eq. (3.73a). Plots of Rrh
m ,

as a function of fφ, are also shown in the left panels of Fig. 6.7 (dashed lines) for the same values

of the parameter Trh/T
ins
rh and the same color codes. We consider the Schwinger maximal (top left

panel) and equilibrium (middle left panel) estimates for the gauge fields. As for the bottom panels,

they display the numerical results from Sec. 4.4.2. In all cases we exhibit the regions allowed by

the baryogenesis constraint, which depend on the corresponding values of the parameter Trh/T
ins
rh ,

using the same color code than for the different lines (both for Rrh
e and Rrh

m) in the plot. Then even

if Rrh
e < 1, at some later time τ the plasma will eventually fall into the turbulent regime where

Re > 1, with an evolution given by Eq. (3.73b).

As we can see from the dashed lines in the left panel plots of Fig. 6.7 the condition Rrh
m > 1

is not satisfied everywhere in the region allowed by baryogenesis. Therefore, as summarized in

Fig. 6.8, the condition for magnetic induction dominance, Rm > 1, constrains the available region

from the baryogenesis window. Of course, once the condition Rrh
m > 1 is satisfied (at the reheating

temperature), its value increases with time, see Eq. (3.74b), which guarantees that the condition

will be fulfilled until the EWPT.

The chiral plasma instability (CPI) constraint, see Sec. 3.3.3, is studied on the right panels of

Fig. 6.7. Here we show the plot of TCPI as a function of fφ for both the Schwinger maximal (top

panel) and equilibrium (middle panel) estimates, as well as the numerical result from Sec. 4.4.2

(bottom panel) and values of Trh/T
ins
rh = 10−2 (blue color) and 10−6 (orange color). In each

plot, the region between the vertical bands is that selected by the baryogenesis mechanism for the

corresponding value of Trh/T
ins
rh with the same color code. As we can see from Fig. 6.7, the range

of values for TCPI in the corresponding baryogenesis region is

102 GeV & TCPI & 10−3 GeV (6.48)

which then prevents the cancellation of any previously generated helicity. So, as we will explicitly

exhibit in Fig. 6.8, this constraint is satisfied in all the region provided by the baryogenesis condition.

Before summarizing these result, we finally have to ensure that the primordial non-Gaussianity

and the baryon isocurvature perturbation provide no constraint. Recasting Eq. (3.83), which we

adapt to the Schwinger estimates, as

ξeq/max

ξCMB
=

√
1

ε(χ∗)
(6.49)

where ξeq/max ≡ ξeq/max(χE) is the value of the effective ξ parameter at the end of inflation in the

equilibrium/maximal Schwinger estimate, one can compute corresponding upper bounds on ξeq/max,

at the end of inflation using the value of ε(χ∗) from our model, see Sec. 6.2 and Fig. 6.3. For the

lower value of g allowed by the cosmological observables in our inflation model, g ' 0.01, one gets



6.4. BARYOGENESIS 163

Figure 6.7. Left panels: Plot of the electric (solid lines) and magnetic (dashed lines) Reynolds number
at reheating as a function of fφ for different values of Trh/T

ins
rh = 10−2 (blue color) and 10−6 (orange

color). The ranges of successful baryogenesis for the different values of Trh/T
ins
rh are displayed here by

the vertical bands, whose colors match the corresponding lines color. We see that the production of the
helical magnetic fields at reheating always occurs for Re < 1 but not necessarily for Rm > 1, in the
correct baryogenesis region. The latter condition must nevertheless be met for successful baryogenesis,
which reduces the parameter window mainly (but not only) for high reheating temperatures. Right panels:
Plot of the TCPI temperature. In the baryogenesis regions we always have TCPI < 105 GeV. Top panels
correspond to the Schwinger maximal estimate, middle panels to the equilibrium estimate. In the bottom
panels we display, for completeness, the numerical result for the α-attractor potential from Sec. 4.4.2 with
α = 1. We recall that a value of g = 0.05 corresponds to α ' 4, hence both scenarios are very close.

ξeq/max . 47 while for the upper bound, g ' 0.05, one gets ξeq/max . 91. However those values of

ξeq/max are never reached in our model, as they would correspond to negligibly small values of fφ
which are never met. For the case of the equilibrium estimate, this can be seen from the relation

between ξ and ξeq displayed on Fig. 4.1.
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Figure 6.8. Summary of constraints on baryogenesis for g = 0.05 (the dependence on g is tiny) in the plane
(fφ/Mpl, Trh/T

ins
rh ). The considered constraints are on ηB (blue area), on the magnetic Reynolds number

(orange area) and on chiral plasma instability (green area). We are looking for the overlapping region.
On the left side of each plot, the black band displays the region where the backreaction of gauge fields on
the inflaton can no longer be neglected. Left panel: Schwinger maximal estimate. Right panel: Schwinger
equilibrium estimate. The equivalent plot for the numerical result with the α-attractor potential can be
found in Fig. 4.11.

In conclusion, in the presence of the Schwinger effect the produced gauge fields are never strong

enough to trigger non-Gaussianity in the distribution of the primordial inflaton fluctuations, in

good agreement with present observations. In other words, the model prediction in the presence of

the fermionic Schwinger currents is f equil
NL ' 0 and so we will not consider this constraint further.

Finally, in Sec. 3.3.5 we have computed the baryon isocurvature perturbation for the plasma

quantity in the backreactionless scenario, where they depend exponentially on 2πξ. We have found

that the bound given by (3.84) was largely satisfied. It is thus even more so if the fields are damped

by the Schwinger effect, so this constraint does not need to be taken into account any further.

To conclude on baryogenesis, we show on Fig. 6.8 the parameter space of all the aforementioned

constraints, where we removed the dependence on g as the results are not sensitive to it, preferring

to choose the value g = 0.05 in the allowed range from the inflation model.

From both plots we can conclude that the CPI constraint is satisfied in all the regions where

the constraint of having enough baryon asymmetry ηB holds. On the other hand the constraint

from the magnetic Reynolds number is effective for the case of the Schwinger maximal estimate,

by cutting off the larger available values of the parameter fφ for every value of Trh. However, for

the Schwinger equilibrium estimate the magnetic Reynolds number constraint is effective for the

larger values of Trh/T
ins
rh , by cutting off the larger values of the parameter fφ, while for the smaller

values of Trh, in particular for Trh . 5 · 10−4 T ins
rh , it entirely covers the region satisfied by the

constraint on ηB . Finally, given the range m ∈ [103 , 5 · 1010] GeV, for the corresponding range on

Trh/T
ins
rh ∈ [10−2 , 10−6], we get the available (approximated) regions, for g ∈ [0.01 , 0.05],

The condition on the nonbackreaction of the gauge fields on the inflaton (see Sec. 3.2.3), dis-

played by the black bands, becomes a constraint only at low temperature, Trh/T
ins
rh . 2 · 10−5 (3 ·

10−6) for the Schwinger maximal (equilibrium) estimate.

fφ/Mpl ∈ [0.14 , 0.17] for Trh/T
ins
rh = 10−2

fφ/Mpl ∈ [1.9 · 10−2 , 2.8 · 10−2] for Trh/T
ins
rh = 10−6

(Maximal estimate),

fφ/Mpl ∈ [4.1 · 10−2 , 0.13] for Trh/T
ins
rh = 10−2

fφ/Mpl ∈ [7.2 · 10−4 , 1.1 · 10−2] for Trh/T
ins
rh = 10−6

(Equilibrium estimate).
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These results are to be compared with the numerical case, see Fig. 4.11, which were in favor

of the range 0.030Mpl . fφ . 0.044Mpl for Trh ' 10−2 T ins
rh while there were no allowed ranges

for Trh ' 10−6 T ins
rh for the studied values of fφ. However if we accept an extrapolation from the

numerical plot, and by comparing with the equilibrium estimates, we can guess that there could

be a range for fφ ∼ 10−3Mpl, especially since the window for ηB becomes unconstrained for values

fφ . 0.01Mpl. We leave the confirmation of this intuition for future work.

6.5 Some phenomenological considerations

In some chaotic inflation models, the mass of the inflaton is constrainted to a high value because of

the observational constraint on the scalar perturbations amplitude. In our model, though, we have

two terms in the inflaton potential: while inflation is controlled by the quartic term, dominant at

Planckian scales, the quadratic one controls reheating and low-energy physics. Thus the value of

the inflaton mass is decoupled from the inflationary dynamics.

In previous sections, we have considered on the one hand the upper value of the inflaton mass

as m . QI , small enough to solve the instability problem of the Higgs potential, and on the other

hand we have roughly imposed m & 1 TeV on phenomenological grounds for the theory to not

be excluded by present experimental data. In fact, an inflaton mass at the TeV scale could have

implications for low-energy physics. Therefore, in this section we will make some considerations

from the point of view of collider physics and the Standard Model in the presence of the inflaton

field with the interactions appearing in the Lagrangian (6.2).

6.5.1 The naturalness problem

First of all, our theory has two hierarchically separated scales, the inflaton mass m and the Higgs

mass mh = 125.25 GeV, with m � mh. As such, the theory should exhibit a hierarchy problem,

which in general implies an unnatural fine-tuning of the parameters. In the absence of any symmetry

protecting the EW scale from the high-scale UV physics, one has either to accept the fine-tuning (as

it is customary done in non supersymmetric extensions of the SM) or to lower the value of the mass

m as much as possible. More quantitatively, the coupling in the Lagrangian µφ|Φ|2 =
√

2δλm|Φ|2
generates a contribution to the Higgs mass term µ2

h through the one-loop radiative corrections. In

the limit µ→ 0 (i.e. δλ → 0), there is an enhanced Z2 symmetry φ→ −φ indicating that any value

of µ, as small as it can be, is natural in the sense of ’t Hooft, since in this limit the symmetry

is recovered. Moreover, this coupling induces a correction to the parameter µ2
h in the Lagrangian

as [211]

∆µ2
h ' −

δλ
8π2

m2 log
m2

m2
h

. (6.50)

Naturalness would then require |∆µ2
h| . µ2

h = m2
h/2, which translates into the bound

m . 1.2 TeV , (6.51)

where we have considered the typical value of the coupling δλ ' 0.1. This leads to the exciting

possibility of having an inflaton with an O(TeV) mass, which does not spoil naturalness, solve the

problem of the instability of the EW minimum, and has phenomenological implications for present

and future colliders.

6.5.2 The Higgs-inflaton mixing

Near the vacuum, the potential for the Higgs and φ fields is given by

V (φ,Φ) = −
√

2δλmφ|Φ|2 +
1

2
m2φ2 − µ2

h|Φ|2 + λ0|Φ|4 . (6.52)
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The vacuum is defined as the solution to the minimum equations ∂V/∂φ = ∂V/∂h = 0, which

provides 〈h〉 = v = 246 GeV and 〈φ〉 = vφ, with

µ2
h = λv2, vφ =

√
δλ
2

v2

m
, (6.53)

where the parameters δλ and λ were defined in Eqs. (6.11) and (6.17), respectively.

In the presence of the parameter δλ, there is a mixing between the Higgs h and φ fields given

by the squared mass matrix at the minimum

M2 =

(
2(λ+ δλ)v2 −

√
2δλmv

−
√

2δλmv m2

)
. (6.54)

This matrix is diagonalized by an orthogonal rotation with angle α 40 as(
cα sα
−sα cα

)
M2

(
cα −sα
sα cα

)
=

(
m2
h̃

0

0 m2
φ̃

)
, (6.55)

such that the mass eigenstates are

h̃ = cα h+ sα φ, φ̃ = cα φ− sα h , (6.56)

and the mass eigenvalues are

m2
h̃, φ̃

m2
=

1

2
+ (λ+ δλ)

v2

m2
∓
√

1

4
− (λ− δλ)

v2

m2
+ (λ+ δλ)

2 v4

m4
. (6.57)

In this way the physical mass eigenstate h̃ is associated with the Standard Model Higgs, with

a mass mh̃ = 125.25 GeV, while φ̃ is the physical singlet, and both of them are coupled to the SM

fields through the mixing angle α.

Hence this theory predicts then the existence of a scalar φ̃ that decays mainly into the channel

φ̃→ h̃h̃ with a decay rate

Γ(φ̃→ h̃h̃) =
κ2m

32π

√√√√1−
4m2

h̃

m2
φ̃

, κ =
√

2δλcα(1− 3s2
α) + 6sαc

2
α(λ+ δλ)

v

m
, (6.58)

which was (possibly) responsible for the reheating in Sec. 1.2.4. Contour lines of Γ(φ̃ → h̃h̃) are

exhibited in the upper left panel of Fig. 6.9 in the parameter space (m, δλ). As we can see, typically

the width of the resonance φ̃ is around a few GeV. As was already stated in Sec. 1.2.4, there are

also subleading decay channels into SM particles (X ∈ SM), as φ̃ → XX̄, induced by the mixing

with the Higgs, with very suppressed branching fractions

B(φ̃→ XX̄) = B(h̃→ XX̄) · s2
α

Γh̃
Γφ̃

(6.59)

as Γh̃ ' 4c2α MeV in the SM, Γφ̃ ' Γ(φ̃→ h̃h̃) ' few GeV, so that s2
αΓh̃/Γφ̃ � 1.

40We are using the notation cα ≡ cosα, sα ≡ sinα, tα ≡ tanα.
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6.5.3 Electroweak precision constraints

The doublet-singlet mixing can affect the electroweak precision observables (EWPO) through

changes in the gauge boson propagators. Explicit expressions for the modified scalar contribu-

tions to the W and Z propagators are given in Refs. [212, 213]. In particular the contribution to

the S and T oblique parameters from the new physics, ∆S ≡ SNP − SSM and ∆T ≡ TNP − T SM,

are found to be given by

∆T ' 3

16π

s2
α

s2
W

[(
1

c2W

m2
h̃

m2
h̃
−m2

Z

log
m2
h̃

m2
Z

−
m2
h̃

m2
h̃
−m2

W

log
m2
h̃

m2
W

)
−
(
mh̃ → mφ̃

)]
(6.60)

and

∆S =
s2
α

12π

[
m̂6
h̃
− 9m̂4

h̃
+ 3m̂2

h̃
+ 5 + 12m̂2

h̃
log(m̂2

h̃
)

(m̂2
h̃
− 1)3

−
(
m̂h̃ → m̂φ̃

)]
(6.61)

where we are defining masses in units of mZ , i.e. m̂X ≡ mX/mZ .

The model predictions, Eqs. (6.60) and (6.61), must be compared with the experimental values,

given by [214]

∆T = 0.05± 0.06, ∆S = 0.0± 0.07 (6.62)

and 92% correlation between the S and T parameters. This gives rise to a ∆χ2(m, δλ) distribution,

which defines the allowed region in the parameter space (m, δλ), exhibited in all panels of Fig. 6.9.

In particular we display, in orange shading, the region in the parameter space (m, δλ) for which

∆χ2(m, δλ) < 5.99, that corresponds to the bound at 95% C.L. As we can see, for large values of

the parameter δλ the lower bound on m can be near the TeV scale.

6.5.4 LHC constraints

In this section we will consider several constraints arising from LHC physics where we are led to the

exciting possibility to explore the inflaton sector at present and future high energy colliders and, in

particular, at the LHC.

The Higgs signal strength

From Eq. (6.56) we see that the coupling of the mass eigenstate h̃ to the SM particles, is suppressed,

with respect to the coupling of the SM Higgs h, by the factor cα. Given that, the signal strength

modifier rfi for a specific process i→ h̃→ f , is given by

rfi =
σi Bf

(σi)SM BfSM

' c2α (6.63)

where σi is the production cross section for the initial state into h̃, and Bf its branching fraction

on the final state. For the last equality we have considered that the production cross section is

suppressed by c2α while the branching fraction is approximately equal to the SM one. Experimental

data from ATLAS [215] and CMS [216] provide the global values

r = 1.11+0.09
−0.08 (ATLAS), r = 1.17± 0.1 (CMS) (6.64)

which are consistent with a value of r = 1 (the SM prediction) with ∼ 10% error, thus providing a

lower bound on cα as

c2α & 0.9. (6.65)

For m � v the mixing angle is sα '
√

2δλ(v/m) � 1 so that the bound (6.65) is easily satisfied.

However for TeV values of m the bound (6.65) translates into a lower bound on the value of m.



168 CHAPTER 6. COMBINED HIGGS – SCALAR FIELD INFLATION

Figure 6.9. Contour lines in the plane (m/TeV, δλ) of the decay rate Γ(φ̃ → h̃h̃)/GeV (top left panel),
the quartic parameter at the weak scale λ(mW ) (top right panel) as well as the Higgs trilinear (bottom left
panel) and quartic (bottom right panel) couplings normalized to the SM values with the regions of validity
defined by the signal strength modifier (6.65) (blue) and the constraints from the electroweak parameters
(6.62) (orange) superimposed. One should read the contour lines in black that pass through the overlapping
region, and hence satisfy both constraints. As discussed in Sec. 6.1.2, for m ∼ O(TeV), to solve the stability
problem and after imposing that the theory remains in the perturbative regime up to the high scale, the
parameter δλ is constrained to be in the region 0.05 . δλ . 0.2.

We shade in blue, in all panels of Fig. 6.9, the region in the parameter space (m, δλ), where this

constraint is satisfied. In particular we see that, for δλ = 0.1, the bound (6.65) is satisfied for

m & 0.4 TeV. For m ' 1 TeV and δλ = 0.1, the mixing is given by c2α ' 0.988, which is not

excluded by the actual LHC data.

Trilinear and quartic Higgs couplings

As the light state h̃ is to be identified with the SM Higgs, with mass mh̃ = 125.25 GeV, for any

fixed value of the parameter δλ the experimental value of the Higgs mass fixes the value of the

quartic parameter at the weak scale, λ(mW ), at a different value than in the SM case. In the upper

right panel of Fig. 6.9 we plot contour lines of λ(mW ) in the parameter space (m, δλ). As we can

see λ(mW ) > λSM(mW ), and only for values of m→∞ one recovers the SM value.

Moreover, the mixing of the Higgs with the singlet φ modifies, in the broken phase, the trilinear

λ3 and quartic λ4 SM couplings. Recent experiments on di-Higgs searches are putting bounds on

these two parameters by looking for possible departures with respect to the SM values λSM
3 ≡ vλSM

and λSM
4 ≡ λSM. In our theory the h-φ mixing angle α generates such a departure. After going

to the broken phase by means of the shifts φ̃ → φ̃ + ṽφ, h̃ → h̃ + ṽ (where ṽ ≡ cα v + sα vφ and
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ṽφ ≡ cα vφ − sα v), and integrating out the field φ̃, which yields the value

φ̃ = cα

[√
δλ
2

(1− 3s2
α) + 3(λ+ δλ)sαcα

v

m

]
h̃2

m
+ · · · , (6.66)

one gets the Higgs potential, in the broken phase,

V (h̃) =
1

2
m2
h̃
h̃2 + λ3h̃

3 +
1

4
λ4h̃

4 + · · · (6.67)

where the ellipses are higher order terms, giving rise to powers h̃n (n > 4) in the potential, and

λ3 = c3α v

[
λ+ δλ − tα

√
δλ
2

m

v

]
,

λ4 = c4αλ+ c2α(−c4α − 4s4
α + 4c2αs

2
α + c2α)δλ

−6
√

2δλ c
3
αsα(c2α − 2s2

α)(λ+ δλ)
v

m
− 18s2

αc
4
α(λ+ δλ)2 v

2

m2
.

(6.68)

The model can then, in the future, be excluded or confirmed by experimental data on trilinear

(and quartic) Higgs couplings data. Notice that in the limit m� mh the mixing angle behaves as

sα '
√

2δλ v/m so that λ3 ' λSM
3 and λ4 ' λSM

4
41, and the decoupling is automatic. We plot in

the bottom panels of Fig. 6.9 contour lines of the trilinear and quartic couplings, normalized to the

corresponding SM values, as functions of the parameters m and δλ. At present, with 89 fb−1 of LHC

data, the triple Higgs coupling has been constrained by the ATLAS collaboration to be λ3/λ
SM
3 =

4.0+4.3
−4.1, excluding it outside the interval [−3.2 , 11.9] at 95% C.L. [217], while the CMS collaboration

finds λ3/λ
SM
3 = 0.6+6.3

−1.8, excluding it outside the interval [−3.3 , 8.5] at 95% C.L. [218]. Theoretical

studies based on the HE-LHC at
√
s = 27 TeV and 15 ab−1 luminosity foresee exploring the interval

range λ3/λ
SM
3 ∈ [0.6 , 1.46] at 68% C.L. [219], while a future 100 TeV hadron collider could achieve

the trilinear coupling measurement within better than 5% accuracy [220], thus potentially imposing

strong constraints on m from the plots in Fig. 6.9.

Heavy Higgs production

Finally the state φ̃ can be produced at the LHC by the same mechanisms of Higgs production with

a cross section given by

σ(pp→ φ̃+X) = s2
α σ(pp→ H +X) (6.69)

where H is a heavy SM-like Higgs with a mass equal to m. Using the results of inclusive cross

sections for σ(pp → H) for the leading mechanism of gluon-gluon fusion (ggf) [221] we plot, in

Fig. 6.10, the cross section σggf (pp→ φ̃) as a function of m for two relevant values of the parameter

δλ for m . 1 TeV and a center of mass energy
√
s = 13 TeV. Given that, as we have explained

earlier in this section B(φ̃ → h̃h̃) ' 1, we can compare these cross sections with the SM cross

sections for di-Higgs production σ(pp→ hh) given by σSM
ggf (hh) ' 33.5 fb [222].

The predicted cross sections in Fig. 6.10 are compared with the present experimental upper

bounds at 95% C.L. on the production of a scalar field (φ̃) which decays into two Higgs bosons,

from ATLAS with luminosities 27.5-36.1 fb−1 [223] and CMS with luminosity 35.9 fb−1 [224], at

present LHC center of mass energies
√
s = 13 TeV (see Fig. 6.10). We conclude from here that the

present lower bounds on the value of m are

m & 0.55 (0.7) TeV @ 95% C.L., for δλ = 0.05 (0.15), (6.70)

41Of course, in the limit m� v, λ ' λSM as exhibited in the top right panel of Fig. 6.9.
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Figure 6.10. Plots of cross section σ(pp→ φ̃) in fb for relevant values of δλ = 0.05, 0.15. The dots (stars)
are the 95% C.L. upper bound from ATLAS [223] (CMS [224]), that bring the approximate constraint
m & 0.55-0.7 TeV, depending on the value of δλ.

while in the future much stronger bounds could be achieved.



Conclusion

In this thesis, we have explored how the SM Higgs sector, the inflationary paradigm and a specific

baryogenesis mechanism can interplay to provide a successful history of the Universe. In particu-

lar, we have studied the implications of an extra coupling, at leading order in the Lagrangian of

the Higgs/axion inflation to the Chern-Simons (CS) density, a quantity related to the gauge field

topological configuration. Such an interaction generates a (hyper)magnetic field that is maximally

helical at the end of inflation. If the helicity survives until the electroweak phase crossover, it can

be converted into baryon asymmetry thanks to the chiral anomaly of the SM. Soon after inflation,

the Universe reheats and a thermal plasma is generated by the decay of the inflaton into SM parti-

cles. Consequently, if the electroweak symmetry was broken because of the model-dependent Higgs

dynamics, it is restored until the EWPT by the appearance of thermal masses. Hence in that case

the helicity in photons gets transformed into helicity in hypercharge gauge fields. Otherwise, if

the physical Higgs has zero VEV during inflation, the produced hypermagnetic fields stay in the

symmetric phase until the EWPT at T ' 160 GeV.

In any case, we must make sure that the helicity survives the various plasma effects between

these two epochs. As the Universe is cooling down from the reheating to the EW scale, the helical

hypermagnetic fields interact with the thermal plasma which, in turn, backreacts on the gauge fields.

This system can be described by the so-called magnetohydrodynamics (MHD) equations, in which

the physical quantities of interest (amplitudes, energy densities, correlation length, helicity and its

derivative) do not scale adiabatically in such an environment or, in other words, their comoving

quantities are not constant. Therefore, there can be a magnetic diffusion effect leading to the decay

of the helicity. If, on the other hand, the magnetic induction is the leading effect, then the helicity

can be conserved until the EWPT and the baryogenesis mechanism can take place. This effect

is measured by the magnetic Reynolds number, and it is a sufficient condition to require it to be

bigger than unity, at reheating, for the helicity to be conserved until the EW crossover.

In addition, we also have to prevent the baryon asymmetry generated alongside the helical

(hyper)magnetic fields at the end of inflation to get converted back into the gauge sector, as the

energy configuration is more favorable there, an effect called the chiral plasma instability (CPI).

Thus one must require that all the fermion asymmetry has already been washed out by the EW

sphaleron effect when the CPI can happen. The asymmetry in the left-handed fermion sector is

rapidly erased, but the right-handed ones are protected from the washout as long as their Yukawa

interactions are not in thermal equilibrium. Thus, by requiring that the CPI temperature is lower

than ∼ 105 GeV, the temperature at which the Yukawa interaction of the last SM species enters into

thermal equilibrium (i.e. the right-handed electron), the CPI is avoided and thus the hypermagnetic

helicity survives.

Finally, we have verified that the non-Gausiannity issues, and the bounds on the baryon isocur-

vature perturbations, are no constraints on our models, as the amount of produced hypermagnetic

fields is too low.

The three Sakharov conditions for baryogenesis are met since: (i) the chiral anomaly in the SM

provides B+L violation through helicity decay (source) and weak sphaleron interaction (washout),
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(ii) the interaction term of the type F (φ)Fµν F̃
µν is odd under CP transformation as φ is a scalar42,

and, (iii) although the EWPT is a crossover, both the B+L source and washout processes become

inactive (i.e. they go out of thermal equilibrium) with different rates when the Universe undergoes

the phase transition. Therefore, after solving the transport equations system by also taking into

account the kinetic equations for all the SM fermion species with their Yukawa interactions, the

chiral magnetic effect and a time-dependent weak angle, it is found that a net baryon asymmetry

survives at temperature T . 130 GeV [120, 121].

The amount of baryon asymmetry is proportional to the available hypercharge helicity during

the crossover. It is therefore essential to quantify it well, as the BAU can easily be under/over

estimated when the relevant plasma effects are ignored. It is in this perspective that we considered

the Schwinger effect, which is the damping of the gauge fields because of the fermion backreaction.

When exiting the vacuum, the gauge modes are strong enough to create particle/antiparticle pairs

of light fermions, which contribute to the electrical conductivity of the plasma. The backreaction of

fermion currents on the produced gauge fields acts as a damping force on the explosive production of

helical gauge fields. The latter significantly reduces the amount of electromagnetic energy and he-

licity generated at the end of inflation, as the exponential behavior of the backreactionless solutions

can be replaced by two polynomial approximations: the maximal and equilibrium estimates.

This effect was already considered in numerous studies of inflation and/or baryogenesis, where

some analytical and numerical estimates were computed, mainly in configuration space. In addition

to these estimates that we used in our models, we have studied by means of numerical computations,

the effect of the Schwinger particle production on the helical hypermagnetic fields produced at

the end of inflation. Unlike the methods just mentioned, our calculation is done in momentum

space. The equations of motion are a nontrivial integro-differential system, numerically solved by

using a fourth order Runge-Kutta method, with details being displayed in App. C. The computed

observables of interest are the electric and magnetic energy density, the helicity, as well as the

helicity time derivative. We assumed a homogeneous inflaton with only zero mode, hence we did

not treat any spatial effects. We also ensured the convergence of the algorithm and its invariance

to the initial conditions.

First of all we have checked that we recover previous results in the slow roll inflation regime,

by making the same approximations required by an analytical resolution. In this way, we validate

our code, i.e. we verify that our code produces the right results in known cases such as the back-

reactionless case, where the Schwinger effect is turned off, and the gradient expansion formalism,

where the Bunch-Davies parameter ∆ was first introduced.

In a second step, still in the slow roll regime, we considered a specific model of inflation, namely

the Starobinsky potential, in order to account for the instability parameter as varying function,

ξ(a), instead of the constant value imposed by the analytical approximations. That way, we could

also implement the effects of the function ∆(a) obtained from the plasma evolution on the gauge

production itself.

We then simulated, in a third step, the full system, where neither the slow roll conditions nor

the Universe geometry (e.g. de Sitter) are imposed. In order words, the inflaton equation of motion

was computed alongside the gauge one, taking the backreaction of the latter to the former into

account, along with the Schwinger effect. We compared our results to the previous setup, and

found perfect agreement as long as the slow roll conditions are met. When inflation is near its end,

the full solution diverges from the slow roll results and produces, as expected, less energy density

and helicity.

As our code is free from any geometrical issues, and only requires a model of inflation, we let

the simulations run until the onset of reheating, in order to compute the electromagnetic to total

42In the case of the axion inflation of Chaps. 3 and 4 , φ was a pseudoscalar, the interaction term φFµν F̃µν is
even and CP is spontaneously broken by the background value φ(t) which solves the inflaton EoM.
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energy density ratio. We choose two well-known classes of models that satisfy the cosmological

constraints as illustrative examples: the α-attractor and the hilltop models. Previous studies have

quoted a sufficient criterion for gauge preheating to happen, namely that this fraction should be at

least & 80% [181]. However, our numerical estimates suggest that the Schwinger effect significantly

reduces the share of electromagnetic energy for the considered models, and gauge preheating is

unlikely to occur. Moreover, since we are neglecting all spatial effects, any negative statement

concerning the possibility of gauge preheating, due to the lack of electromagnetic energy, should be

considered as a conservative one. On the other hand, our results do apply to the considered class

of inflationary models. They show a certain degree of model dependence, so we cannot exclude a

qualitatively different result for models of inflation other than the considered ones. Of course, a

full lattice simulation of the Schwinger effect involving fermions remains to be done.

However, because of the considered scales, lattice simulations are defined when the particle

number is big, so they can only deal with classical fields. For fermions, the occupation number

never exceeds one, hence it is for now not known how to implement the fermion dynamics without

strong approximations. Still, an effective treatment of the conductivity, like that in this thesis, is

still possible. For instance, a lattice code has been publicly released recently: CosmoLattice can

simulate the dynamics of interacting scalar field theories with U(1) and SU(2) gauge theories in an

expanding FRW background [225, 226]. With an added modulus for axionic dynamics, a future line

of research would be to consider the local non-linear production of electromagnetic energy densities

and helicity for the CS coupling, along with an implementation of a local effective treatment of the

Schwinger effect.

Taking all these constraints into consideration, we have then studied two scenarios where baryo-

genesis occurs. The first one uses the well known Higgs inflation (HI) model, where the Higgs is

non-minimally coupled to gravity, while the second is a modification of it where a new state is

added with also a non-minimal coupling to gravity. In both cases, we found a sizable window in

the parameter space to achieve the BAU.

In the HI model, by adding a dimension-six CP-violating operator coupling the Higgs Φ to

the hypercharge CS density, as |Φ|2FF̃ , we have proven there is an explosive production of helical

hypermagnetic fields which can produce baryogenesis when the helicity relaxes into the BAU at the

electroweak crossover. The parameter ξ responsible for the energy transfer from the inflaton to the

gauge fields is almost a constant, due to the particular shape of the inflationary potential and the

coupling of the Higgs to the CS density, and we can thus fully rely on analytic approximations to

consider the gauge field solutions. We have also proven that the helicity produced at the end of

inflation satisfies the required MHD conditions to survive to the EWPT, and produce the observed

BAU, for a window of ξ at the CMB scale given by

1.96 < ξ∗ < 2.23 ⇔ 3.6 < ξE < 4.1

thus satisfying the bound ξ∗ < 2.55 on non-Gaussianity.

In the above analysis we have worked out the metric formulation of gravity, and considered two

particularly simple cases: a) in the absence of Schwinger effect, and; b) in the presence of Schwinger

effect. We have treated case a) by assuming that the SM flavor problem is implemented by means

of a Froggatt-Nielsen (FN) mechanism, in the special case where the flavon field is coupled to the

inflaton. As a consequence of this coupling, during inflation one can easily impose the condition

that all fermions are heavy (say as heavy as the top quark) in such a way that the Schwinger

conductivity, which is exponentially suppressed by the fermion mass squared, is negligible and the

Schwinger effect turns out to also be negligible. After inflation the flavon field relaxes to its usual

minimum, which can describe all fermion masses and mixing angles at the electroweak scale. The
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details of the mechanism are described in App. B. As for case b), in the presence of the Schwinger

effect, we have taken advantage of the (almost) constancy of the parameter ξ to use the simple

Schwinger equilibrium approximation, which simply amounts to a redefinition of the ξ parameter.

In all cases we have extended our calculation to the case of critical Higgs inflation and found that

for values of the quartic Higgs self-coupling . 10−10, the coupling 1/fh of the Higgs to the CS

density (h2/f2
h)Fµν F̃

µν can be .M−1
pl in the weakly coupled region.

We also have considered the Palatini formulation of gravity. In this case the equations for the

change from the Jordan to the Einstein frame are analytic, as well as the inflationary potential,

and the relation between the inflaton χ and the Higgs field h. As a consequence of the shape of

the inflationary potential, it turns out that in this model the parameter ξ is exactly a constant,

i.e. ξ∗ = ξE . In this formalism helical gauge fields can still be produced, however the bounds on

non-Gaussianity impose that its production is not as explosive as required to trigger electroweak

baryogenesis, which is then forbidden in this model. It was already known that the two formalisms

of gravity, the metric and the Palatini formulations, were leading to different inflationary predic-

tions. In this work, we have also proven that they behave differently concerning the baryogenesis

capabilities of the helical gauge fields produced at the end of inflation.

There are a number of physics problems that are left open and deserve future analysis, some

of them being related to the classical problems of HI. One of them is related to the stabilization of

the Higgs potential, its relation to the measured value of the top quark mass, and the possibility

of getting critical values of the Higgs mass at the inflationary scales. This problem is particularly

relevant in the case where the SM flavor problem is solved by a FN mechanism where the flavon

field is coupled to the inflaton, in the way we have described in the devoted chapter. This analysis

clearly requires a more detailed analysis of the renormalization group running in the presence of the

FN mechanism, working at the inflationary scales. Some comments on the effective, CP-violating,

operator given by Eq. (5.2) are also in order here. Recall that we get from Eq. (1.138) that

hE ∼ 10−2Mpl for λh ' 0.1, while the value of the scale fh which provides the BAU, from Fig. 5.4,

is such that the expansion parameter hE/fh & O(1). For smaller values of λh, characteristic of

CHI, we obtain similar results. For instance for λh = 10−8, hE ' 0.6Mpl and the value of fh which

provides the correct value of the BAU, is such that hE/fh & O(1). As these values are at the

limit of validity of the effective theory, the UV completion should be such that higher dimensional

operators do not spoil the validity of the results. An example of such UV completion was provided

in Ref. [140].

Finally, we have explored the possibility of modifying the HI theory by means of the introduction

of an extra scalar field φ, with the Ricci coupling (g/2)φ2R, and an interaction term µφh2 to solve

the stability problem of the electroweak vacuum. Here, the Higgs field is not explicitly coupled

to the Ricci scalar and, although such a term is generated by radiative corrections, its effects stay

negligible. Both fields, φ and h, participate in the dynamics of inflation through the two-field

potential V (φ, h), which has the shape of a valley, along which they are related by simple analytical

expressions so that we can express one field in terms of the other. This allows us to define the true

inflaton field χ as the one following the valley with a canonical kinetic term, although we kept the

description in terms of φ for mathematical convenience. A key point is that we have considered a

quartic coupling λφφ
4 for the φ field, and a squared mass m2φ2, such that inflation is driven by the

quartic coupling term, while reheating is driven by the mass term. The Lagrangian coupling µφh2,

δλ = µ2/2m2, triggers a positive contribution to the β function of the Higgs quartic coupling such

that, if the mass scale m is in the range 1 TeV . m . QI , where QI ' 1011 GeV is the instability

scale of the electroweak potential, the instability problem of the electroweak vacuum can be solved

by roughly imposing the mild constraint δλ . O(1).

We find that the beginning of inflation φ(N∗) ≡ φ∗ (N∗ = 60) is mainly driven by the scalar

field φ, and since the amplitude of density perturbations is fixed by the λφ quartic coupling (and
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not by the Higgs quartic coupling), the main problem of Higgs inflation is easily solved with g . 1.

On the other hand, the end of inflation (N ' 0), where the hypermagnetic helicity will be produced,

is equally driven by both the scalar φ and the Higgs h quartic terms, so that the role played by

the Higgs field is relevant. Both regimes are separated, for g ' 0.01 (0.05), by a critical value of

the field φc/Mpl ' 10 (4), which corresponds to the critical number of e-folds Nc ' 12 (2). After

imposing the Planck and BICEP/Keck conditions on the slow roll parameters, and the unitarity

condition φ∗ . Mpl/g (see however Sec. 6.1.3 for a nuance), we obtain the allowed interval on the

parameter g, 0.01 . g . 0.05, which translates into the prediction for the cosmological observables

in agreement with observations, and with a Hubble parameter almost saturating the Planck upper

bound Hobs
∗ < 6 · 1013 GeV:

0.965 . ns . 0.967, 0.047 & r & 0.012, 5.5 · 1013 GeV & H∗ & 2.8 · 1013 GeV

By adding a dimension-five coupling between the scalar φ and the CS density, we can generate

maximally helical magnetic fields during the last e-folds of inflation, and baryogenesis at EWPT as

described earlier. This effective CP breaking operator can be easily obtained from a UV completion

with a CP-violating Yukawa coupling of φ to a hypercharged vector-like heavy fermion, as it is shown

in App. A.1. We chose again to keep an analytical description of the model, so for self-consistency

we have to make sure that the gauge field backreaction on the inflaton is negligible. We have found

a critical value of the coupling strength of φ to gauge bosons in the CP-violating operator, f cφ, such

that this is the case for fφ & f cφ. The field φ is thus weakly coupled to the gauge fields and the

Universe reheating proceeds by the perturbative decay of the inflaton into SM particles (mainly in

a couple of Higgs bosons). In particular we find f cφ/Mpl ' 0.02 (7 ·10−4) for the Schwinger maximal

(equilibrium) estimate.

We have undertaken all constraints from previous chapters and considered both Schwinger ana-

lytical estimates, while making comparisons with the numerical results obtained from the Starobin-

sky potential, a very good approximation to our effective potential in the region where the magnetic

fields are generated. The value of the BAU generated at the EW crossover, ηB , depends on the value

of the reheating temperature Trh, and in particular on its ratio with respect to the reference instant

reheat temperature Trh/T
ins
rh (here T ins

rh ' 2 · 1015 GeV for the range of g allowed by inflation). We

have shown that all constraints are satisfied for a large range of the parameters fφ and Trh and are

insensitive to the value of the parameter g inside its allowed range from cosmological observables.

In summary, one has the ranges

fφ/Mpl ∈ [0.14 , 0.17] for Trh/T
ins
rh = 10−2

fφ/Mpl ∈ [1.9 · 10−2 , 2.8 · 10−2] for Trh/T
ins
rh = 10−6

(Maximal estimate)

fφ/Mpl ∈ [4.1 · 10−2 , 0.13] for Trh/T
ins
rh = 10−2

fφ/Mpl ∈ [7.2 · 10−4 , 1.1 · 10−2] for Trh/T
ins
rh = 10−6

(Equilibrium estimate)

The complete available parameter region is summarized in Fig. 6.8. The bounds on the temperature

ratio come from the fact that reheating should proceed by perturbative inflaton decays. Then the

value of Trh/T
ins
rh depends on the inflaton decay width Γχ. In this model the inflaton mainly decays

through the channel χ → hh, with a width which increases with the value of the inflaton mass m

and ranges in the interval 1 GeV . Γχ . 109 GeV, which corresponds to 10−6 . Trh/T
ins
rh . 10−2,

for 1 TeV . m . 5 · 1010 GeV.
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Notice that the fact that the inflaton potential has both quadratic and quartic terms allows us

to decouple the mass m from the actual value of the amplitude of density perturbations, which in

the absence of a quartic term would fix its value to m ' 1012 GeV (or smaller only at the price of the

introduction of a curvaton scalar), allowing any value m < QI in order to stabilize the electroweak

vacuum. This is achieved by the contribution to the Higgs quartic coupling β function, provided

by the coupling δλ in the Lagrangian term,
√

2δλmφ |Φ|2. We have found, for the parameter δλ,

the absolute bounds δλ & 0.05 in order to solve the stability problem and δλ . 0.35 to not spoil

the perturbativity of the theory, although its particular range depends on the actual value of m.

Nevertheless, values m� mh create a naturalness/fine-tuning problem, essentially given by the fact

that a loop correction to the Higgs squared mass term µ2
h appears. It translates into a fine-tuning

of the order of 4π2/(δλρ
2 log ρ2) where ρ ≡ m/mh. While for δλ ' 0.1 and m = 1010 GeV the

fine tuning is ∼ 10−14 (similar to the SM fine-tuning), and for m = 10 TeV it is ∼ 0.01, there is

essentially no fine-tuning for values m . 1 TeV. This leads to the exciting possibility of a light

inflaton, which could possibly be detected by direct measurements at LHC and/or future colliders.

The key point here was that the Lagrangian term
√

2δλmφ |Φ|2 creates a φ-h mixing, sizeable

for low values of the mass m, leading to interesting phenomenology for high energy colliders. In fact

all collider phenomenology is triggered by the mixing angle α. The mass eigenstates (φ̃, h̃), where

in particular h̃ should be identified with the experimentally detected Higgs with a mass equal to

125.25 GeV, are related to the weak eigenstates (φ, h) by a rotation with angle α. This implies that

λ(mW ) is different from λSM(mW ) ' 0.13, which leads to predictions on the ratios λ3/λ
SM
3 and

λ4/λ
SM
4 which could be probed by future experiments, as HE-LHC and/or a 100 TeV collider. The

mixing is already bounded by present ATLAS and CMS results on the SM Higgs signal strengths,

which provide the bound m & 0.3 (0.45) TeV for δλ = 0.05 (0.15). It also generates a contribution

to the oblique electroweak observables, and yields, for e.g. δλ = 0.15, the lower bound m & 0.5 TeV.

Finally, the mixing is responsible for the inflaton production and decay. In particular φ̃ → h̃h̃,

triggered by the coupling δλ, is the main decay channel, while other decay channels into the SM

particles, via the mixing sα, are subleading. The inflaton φ̃ can also be produced mainly by the

gluon-gluon fusion mechanism through its Higgs mixing. Present data from ATLAS and CMS

translate into lower bounds m & 0.55 (0.7) TeV at 95% C.L. for δλ = 0.05 (0.15).

There are a number of research lines which could be safely explored in the future. First of all, we

have considered models of inflation based on the Ricci coupling φ2R, and a φ dependent potential

dominated, for large values of φ, by the quartic coupling. These kind of theories, when considered

in the Einstein frame, naturally give rise, for large values of φ, to flat potentials, appropriate for

inflation, without invoking any particular symmetry. It is clear that similar results could also be

obtained for theories with a Ricci coupling as F (φ)R, and a Jordan frame potential behaving, for

large values of φ, as U(φ) ' F 2(φ). In particular it would be interesting to see what kind of

theories would produce enough baryon asymmetry in the presence of a period of preheating, by

the nonperturbative production of gauge fields. A recent work [209] has already explored a general

class of inflationary potentials, and shown consistency with cosmological observables. In particular,

our model, labeled therein by (n, p) = (2, 4), gives results for the cosmological observables, which

are in good agreement with this model. These general theories are therefore good candidates to

also generate the observed value of the BAU, provided they contain the inflaton coupling to the CS

term.

Moreover, at the level of particle physics, the possibility of producing and detecting the inflaton

at present or future colliders remains an exciting playground. In particular, future experimental

results on the production of heavy scalars coupled to the SM fields, or measurements of the trilinear

and quartic Higgs couplings by di-Higgs production, could start cornering the present theory and

put stronger bounds on the mass of the inflaton and its mixing with the SM Higgs.

Furthermore, the results from this thesis can be adapted to some other inflationary scenarios
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such as R2 couplings. The reheating mechanism can (and should) also be studied in more detail,

as the inflaton decay rate is not a constant, contrary to what is often assumed. Besides, if we

manage somehow to have a spatial description of the equations of motion (e.g. by the use of lattice

simulations), we could make some predictions in the gravitational waves and primordial black holes

sectors. From the inflation model perspective, if the backreaction from the gauge fields on the

inflaton is strong enough, it can slow down its rolling regardless of the potential shape [134]. This

would enable an inflation model in agreement with the swampland criteria provided that ρφ > ρEM

during inflation.

Another possibility is to consider an inflaton coupling to a non-Abelian gauge group, such

as the CS density of SU(2)L as F (φ)W a
µνW̃

aµν , instead of a U(1) coupling, to prevent a wild

electromagnetic contribution to the scalar perturbation. This idea is linked to the previous one

as it would provide another mechanism to slow down the inflaton despite its potential, this time

without the bound ρφ > ρEM as here the inflation is driven by electromagnetism. Hence we could

have ρEM � ρφ without spoiling the scalar perturbations.

We close this thesis by mentioning that a study on the effect of a CS coupling with the Ricci

scalar, in R2-Higgs inflation, is in preparation [227]. More specifically the non-minimal couplings

in the action written, in the Jordan frame and in units where Mpl = 1,

S =

∫
d4x
√
−g
[
−R

2

(
1 + ξRR+ ξh|Φ|2

)
+ (DµΦ)†DµΦ− U(Φ)

]
− R

4fR
Yµν Ỹ

µν

induces in the Einstein frame, and in the unitary gauge, a two-field (h, φ) inflationary potential

similar to the model presented in Chap. 6, as here we include both HI and R2 non-minimal couplings.

Both fields are mixed through their kinetic terms, which induces a system of coupled EoM for both

of them and for the gauge field. The latter especially depends on both (h, φ) fields time derivatives.

Some analytical approximation and/or numerical computation will hence be needed to obtain the

BAU produced via this mechanism.
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advised me during my first steps in the world of academia. Thanks also to Jan Ollé and
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Appendix A

UV completions

A.1 Linear CS coupling

CP violation in our model is driven by the effective dimension-five operator

S��CP = −
∫
d4x

φ

4f̃φ
Yµν Ỹ

µν (A.1)

where Y µν is the hypercharge field strength.

A simple UV completion generating such effective operator can be a massive (with mass M)

hypercharged vectorlike fermion ψ with a CP-violating Yukawa coupling to φ as

L = −ψ̄L(M + |λψ|eiθλφ)ψR + h.c. = −|λψ|φ
[
cos θλψ̄ψ + sin θλψ̄iγ5ψ

]
, (A.2)

where CP violation is induced by the angle θλ. The CP-even φYµνY
µν , and CP-odd φYµν Ỹ

µν ,

couplings are generated by loop diagrams where the fermion ψ propagates in the loop and emits two

gauge bosons Yµ, via the cos θλ and sin θλ couplings in Eq. (A.2), respectively. The corresponding

Feynman diagrams are finite and thus one gets f̃φ ∝M . For maximal CP violation, i.e. θλ = ±π/2,

only the coupling φYµν Ỹ
µν is generated such that

M ' |λψ|g
′2

4π2
f̃φ ' 8 · 1015 GeV |λψ| (f̃φ/Mpl) . (A.3)

Stability of the inflationary potential

The UV completion here proposed could affect the stability of the inflationary potential through

radiative corrections in the high energy theory. In fact, the coupling in Eq. (A.2) provides a

correction to the β function of the coupling λφ, similar to the correction to the β function of the

Higgs quartic coupling βλ from the top quark Yukawa coupling. This contribution comes from

the box diagram with four φ external legs, where the fermion ψ is exchanged, and the resulting

contribution to βλφ is given by

∆βλφ = −2|λψ|4

16π2
θ(t− tM ), t− tM = log (Q/M). (A.4)

Notice that the correction given by Eq. (A.4) is negative, as it arises from a fermion loop, which

can lead the coupling λφ to negative values and thus destabilize the whole inflationary scenario, a

process similar to the destabilization of the EW vacuum by the loop corrections induced by the top

quark. It is then required to prevent such destabilization. A sufficient condition to not destabilize

the quartic inflaton coupling, without any tuning of parameters, is to impose |λψ| . λ
1/4
φ which
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translates, using the typical value, from Fig. 6.4, λφ ' 10−12, into |λψ| . 10−3, and so into an

upper value of the ψ-mass as

M . 1013 GeV(f̃φ/Mpl). (A.5)

Notice that in the limit λψ → 0 the UV Lagrangian has the enhanced Z2 symmetry, φ→ −φ, and

thus any small value of λψ is natural in the sense of ’t Hooft. For instance, values of λψ ∼ 10−12

would lead to values of M ' O(TeV).

Naturalness problem

The UV completion brings a new naturalness problem as there is the hierarchy of masses M � mh.

In fact, the presence of the vectorlike fermion ψ coupled to the field φ through the coupling (A.2),

along with the φ-h mixing generates the Lagrangian

L = |λψ|sα h̃ ψ̄iγ5ψ + |λψ|cα φ̃ ψ̄iγ5ψ (A.6)

whose first term provides at one-loop (for scales Q &M) a contribution to the mass parameter µ2
h

as

∆µ2
h '

1

4π2
s2
α |λψ|2M2 log

M2

m2
h

(A.7)

which would require, for large values of M , a fine-tuning. In particular, the naturalness condition

∆µ2
h . m

2
h/2 implies, for m ' 1 TeV, the upper bounds on M and |λψ| given by

M . (7.6, 2.5, 0.8) · 108 GeV, |λψ| . (1, 3, 10) · 10−6 , (A.8)

where the values in parenthesis correspond to f̃φ/Mpl = (0.1, 0.01, 0.001), respectively, and where

we have used δλ = 0.15.

Of course the second term of (A.6) can create a second naturalness problem, as M � m by

radiative corrections providing a one-loop contribution to m2
φ̃

as

∆m2
φ̃
' 1

4π2
c2α |λψ|2M2 log

M2

m2
. (A.9)

However, once we have solved the naturalness problem between M and mh, as m2 � m2
h, the second

naturalness problem between M and m is automatically solved as, for all values in Eq. (A.8), it

turns out that ∆m2
φ̃
/m2 ' 0.4.

Cosmological problems

The Lagrangian (A.2) has the (ψ number) discrete Z2 symmetry ψ → −ψ making the fermion ψ

cosmologically stable, inconsistent with direct Dark Matter detection, and possibly overclosing the

Universe. A simple way out is explicitly breaking the Z2 symmetry. For instance we can identify

ψ ≡ E with a heavy vectorlike, SU(2) singlet, lepton E = (EL, ER)T , with hypercharge −1, as

the SM right-handed leptons eRi . We can then generate a tiny mixing of e.g. the third generation

leptons with E by means of the Yukawa coupling Y ′3

LE = −MĒLER − Y3
¯̀
L3HτR − Y ′3 ¯̀

L3HER + h.c. (A.10)

The mixing in (A.10) generates a mass matrix as

(
τ̄L ĒL

)
M
(
τR
ER

)
, M =

(
m3 m

′
3

0 M

)
(A.11)
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where m3 = Y3v/
√

2 is the τ -lepton mass in the absence of the mixing with the heavy fermion, and

m′3 ≡ Y ′3v/
√

2. One can diagonalize the mass matrixM with left and right unitary transformations,

with angles θL and θR, respectively, as

Md = U†LMUR, UL/R =

(
sin θL/R cos θL/R
− cos θL/R sin θL

)
. (A.12)

In the limit M � m3,m
′
3 we get

sin θL '
m′3
M

[
1 +

m2
3

M2
+ · · ·

]
, sin θR '

m3m
′
3

M2

[
1 +

m2
3 −m′23
M2

+ · · ·
]
. (A.13)

As a consequence of the mixing the mass eigenfunctions are shifted as

τR → τR +
m3m

′
3

M2
ER, ER → ER −

m3m
′
3

M2
τR, (A.14a)

τL → τL +
m′3
M

EL, EL → EL −
m′3
M

τL, (A.14b)

and the mass eigenvalues as

m3 → mτ = m3

[
1− m′23

2M2
+ · · ·

]
, M →M

[
1 +

m′23
2M2

+ · · ·
]

(A.15)

by which the fermion E decays as E → Hτ , as well as to leptons and gauge bosons through the

mixing with τL and τR, as E →Wντ or E → τZ, τγ. These decays prevent the heavy fermion from

overclosing the Universe.

A.2 Quadratic CS coupling

In this appendix, we present a possible UV completion which gives rise to the dimension-six operator

L =
1

2

|Φ|2

M2
Yµν Ỹ

µν (A.16)

that we are using to generate the magnetic field after the end of the inflationary period.

A very simple model consists of a complex scalar field S, a singlet under the SM gauge group,

which interacts with Yµν Ỹ
µν via the dimension-five operator

L =
1

2fS

(
eiαS + h.c.

)
Yµν Ỹ

µν , (A.17)

where α is an arbitrary phase and fS is a mass scale. After decomposition of the complex field into

its real and imaginary parts, S = r + ia, this gives rise to the usual axial coupling (a/fS)Yµν Ỹ
µν

for α = π/2, but of course the coupling can be much more general.

We will now consider a general renormalizable potential for the field S, with a coupling to the

Higgs doublet Φ as

V (S,Φ) = −µ(eiαS + h.c.)|Φ|2 +m2
S |S|2 + λSh|S|2|Φ|2 +

1

2
λ2
S |S|4 + VSM(Φ) , (A.18)

where µ > 0 is a mass parameter, m2
S > 0 is the (common) mass-squared of the real and imaginary

parts of S, and λSh > 0, λS are real couplings. The global invariance S → eiθSS, where θS is an
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arbitrary phase, is explicitly broken by the first term in the potential (A.18) which then prevents

the appearance of a massless Goldstone boson if S acquires a VEV once EW symmetry is broken.

For momenta much smaller than mS , the field S is decoupled from the theory and can be

integrated out neglecting its kinetic term and simply using its potential. Minimization of the

potential (A.18) yields for

S = eiθ|S| (A.19)

the equations determining the minimum

θ = −α
µ|Φ|2 = (m2

S + λSh|Φ|2 + λ2
S |S|2) |S| . (A.20)

A quick glance at eq. (A.20) shows that for µ = 0 the only solution is |S| = 0. For µ 6= 0 and

λS ,mS 6= 0 the solution, as can be seen from eq. (A.20), depends on two parameters,

λS |S|
mS

= f(x2, y2), y2 ≡ λS
µ

mS

|Φ|2

m2
S

, x2 ≡ λSh
|Φ|2

m2
S

, (A.21)

which can be solved analytically. For the validity of the EFT expansion, the parameters x and y

should be small. A power series expansion in x and y then gives

|S| = µ
|Φ|2

m2
S

[
1

1 + x2
− y4

(1 + x2)4
+

3y8

(1 + x2)7
+ · · ·

]
= µ
|Φ|2

m2
S

[
1− λSh

|Φ|2

m2
S

+O(|Φ|4/m4
S)

]
, (A.22)

and the term in eq. (A.17) at the minimum yields

L =
µ

fS

|Φ|2

m2
S

[
1

1 + x2
− y4

(1 + x2)4
+

3y8

(1 + x2)7
+ · · ·

]
Yµν Ỹ

µν

=
µ

fS

|Φ|2

m2
S

[
1− λSh

|Φ|2

m2
S

+O(|Φ|4/m4
S)

]
Yµν Ỹ

µν . (A.23)

Matching the leading term with eq. (A.16) we find

M =

√
fS
2µ

mS . (A.24)

Similarly, the potential (A.18) at the minimum is given by

V (Φ) =
µ2

m2
S

|Φ|4
[
− 1

1 + x2
+

y4

2(1 + x2)4
− y8

(1 + x2)7
+ · · ·

]
+ VSM(Φ)

=
µ2

m2
S

|Φ|4
[
−1 + λSh

|Φ|2

m2
S

+O(|Φ|4/m4
S)

]
+ VSM(Φ) . (A.25)

Consistent with the condition x2, y2 � 1, we will consider field configurations such that

λShfS
2µ

|Φ|2 �M2,
λ2
Sf

3
S

8µ
|Φ|4 �M6 , (A.26)

where we have used eq. (A.24). We are interested in field values up to |Φ| ∼ M . The conditions

can then be fulfilled for example for λSh � 1 and µ ≈ fS � M . This ensures that higher-
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dimensional operators in eq. (A.23) of the form |Φ|2nYµν Ỹ µν for n > 2 and corrections to VSM(Φ)

in eq. (A.25) are greatly suppressed. Moreover, as mS ' M � QI ' 10−11 GeV (see values of

M ≡ fh & 10−3MPl in Chap. 5) the coupling of the singlet S with the SM Higgs does not change

the instability properties of the SM Higgs vacuum.

Finally, note that a simple way of generating a term like that in eq. (A.17) is through the

introduction of a massive hypercharged vector-like (Dirac) fermion χ with Yukawa coupling to

S [228] λ = |λ|eiθλ , where θλ is an arbitrary phase, as was done in App. A.1. The corresponding

term reads

L = λ χ̄LSχR + h.c. = |λ||S| [cos(θλ − α)χ̄χ+ sin(θλ − α)χ̄iγ5χ] , (A.27)

where the EOMs (A.20) for the field S have been used in the second step. For the phase values

θλ = α± π/2, eq. (A.27) yields

L = ±|λ||S|χ̄iγ5χ . (A.28)

Through one-loop diagrams where a loop of χ-fermions is exchanged and emits two photons, this

gives rise to the interaction in eq. (A.17) evaluated in the minimum in Eq. (A.20)43.

43For arbitrary values of the phase θλ, the coefficient of the term χ̄χ in eq. (A.27) does not vanish, and the
corresponding interaction would also give rise to the Lagrangian term |S|YµνY µν .
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Appendix B

Froggatt-Nielsen mechanism in de

Sitter space

The Froggatt-Nielsen (FN) mechanism [187] is one of the simplest and most elegant solutions to

the problem of flavor for the SM fermions. The hierarchy of masses and mixing angles for quarks

and leptons can be explained by a global, generation dependent, U(1) symmetry under which

the fermions are charged. This symmetry is spontaneously broken by the radial part of scalar field

S ≡ σeiθ, the “flavon field”, which is charged under the U(1) (with charge conventionally normalized

to -1) and which has a VEV, 〈σ〉 = vσ. The breaking is communicated to the fermion sector at

different orders in the parameter λ(〈σ〉) = 〈σ〉/M?, where M∗ is the scale of flavor dynamics, which

depend on the charges of the SM fermions qi, u
c
i , d

c
i , `i, e

c
i involved in Yukawa couplings.

If we denote the U(1) charge of the fermion f by [f ], the Yukawa coupling matrices are given

by

Y iju ∼ λ[qi]+[ucj ], Y ijd ∼ λ
[qi]+[dcj ], Y ij` ∼ λ

[`i]+[ecj ] (B.1)

When the field σ is at its minimum, and provided that λ(vσ) ' 0.2, of the order of the Cabibbo

angle, one can choose the U(1) charges such that the SM fermion mass spectrum and mixing angles

are correctly described. A simple example is provided by (see e.g. Ref. [229] for a pedagogical

introduction): [q3,2,1] = [uc3,2,1] = (0, 2, 4), dc3,2,1 = (2, 2, 3), [`3,2,1] = (2, 2, 3), [ec3,2,1] = (0, 2, 4).

However the details of the model are not important for our argument here.

We will introduce a coupling between the flavon and the inflaton (Higgs fields) as |S|2|H|2, and

assume that the flavon field has a potential given, in the Jordan frame, by

U(σ) = λ1

(
|S|2 − v2

σ − λ2|H|2
)2

(B.2)

which corresponds, in the Einstein frame, to the potential

V (σ) =
λ1

(
σ2 − v2

σ − 1
2λ2h

2
)2(

1 + ξhh2

M2
p

)2 (B.3)

where vσ � v, so that at electroweak scales (h ∼ v) the vacuum expectation value 〈σ〉 ' vσ, which

spontaneously breaks the flavor symmetry44.

At the electroweak phase transition, when the field σ is at its minimum vσ, and provided that

the flavor scale be M∗ ' 5vσ, it is possible to solve the flavor problem for fermion masses. Moreover,

44After the global U(1) symmetry breaking a (massless) Goldstone boson will remain in the spectrum. To avoid
phenomenological problems it is usually assumed that there is a small explicit soft breaking of the U(1) symmetry
giving a mass to the (pseudo) Goldstone boson. These model details are also orthogonal to our argument here.
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there is an extra quartic coupling for the Higgs field from the potential (B.2) which is negligible,

compared to the SM one, provided that λ1λ
2
2 � λh, where λh is the SM Higgs quartic coupling

evaluated at the electroweak scale. This condition can be widely satisfied e.g. for typical values of

the couplings

λ1 = λ2 = 0.1 (B.4)

However during the de Sitter phase, things can be pretty much different. We will study the

possibility that at the end of inflation λ(〈σ〉) ' 1. In fact, at the end of inflation hE ' 10−2Mp

and one can safely neglect v2
σ as compared to 1

2λ2h
2
E , so that 〈σ〉 '

√
λ2/2hE , which dictates the

flavor scale M∗ by imposing the condition λ(〈σ〉) ' 1 as

M∗ '
√
λ2

2
hE , (B.5)

which yields, e.g. for the values of the couplings in (B.4), vσ ' 1015 GeV.

Moreover, the condition for the de Sitter fluctuations to be suppressed, so that the field σ stays

anchored to its minimum V (〈σ〉) = 0, during inflation V ′′(〈σ〉) > 9
4H

2
E [26], translates into the

condition
8λ1〈σ〉2(

1 +
ξhh2

E

M2
p

)2 >
9

4
H2
E (B.6)

which, using the value of hE above and HE ' 2 · 1013 GeV, yields the condition
√
λ1λ2 & 10−3,

which is satisfied for the choice in Eq. (B.4).

What are the implications of the above scenario for the conductivity in the Schwinger effect? As

we have seen the conductivity from a Dirac fermion f , of electric charge Qf and Yukawa coupling

Yf , is exponentially suppressed as ∼ e−Af where

Af =
πY 2

f h
2

2|eQf ||E|
(B.7)

and for Af � 1 it does not contribute to the Schwinger effect. Now, considering, at the end of HI,

Yf ∼ 1 and hE ' 10−2Mpl, the condition for the fermion f to not create any conductivity, Af � 1,

self-consistently translates into an upper bound on the generated electric field |E| in the absence of

Schwinger effect, as
|E|
H2
E

� 107

|Qf |
(B.8)

The strongest bound is then provided by the leptons, for which |Q`| = 1 so that a (conservative)

safe bound for all charged SM fermions to not contribute to the Schwinger effect is E . 106H2
E .

If we use the analytic expression for zero conductivity, ρE = 63/(216π2ξ3)e2πξH4
E , we get the

corresponding upper bound ξ . 6.7, which translates into the lower bound on the parameter fh, as

fh & 0.0022Mpl.
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Numerical code

On the following pages we display the numerical code we have written on Wolfram Mathematica

in order to simulate the fermion backreaction on the gauge plasma during and just after inflation,

see Chap. 4. In particular, we present the code for the α-attractor model that simulate the joint

evolution of the inflaton and the gauge beyond inflation to see the preheating possibilities of the

model. It is run in units of H(a0) where a0 set the initialization time. The code for the hilltop

model is identical to the exception of the potential, φE some other functions declarations.

The displayed code is divided into three parts. First we specify which model is simulate by

means of the potential and we also define the slow roll parameter functions. We then compute φE ,

φ∗ and Λα. In a second part we declare the linear system (4.51) and the initialization function

for the inflaton and the gauge field (the BD vacuum) given by (4.44). Next, until the function

Monitor, we declare every variables used, in particular the ones we want to export for plots. These

are array that will be filled at each measurement function happening in the While time iteration

loop that follows. The latter consists of first the time stepping for the inflaton and every mode of

both helicity for the gauge field, then the computation of the plasma integrals and their storage.

Once the loop breaks, the data is saved on the computed memory for plots and later use.

All of this is embedded in a For loop over the parameter fφ and it can also be for the parameter

α, here set to 1, or another one depending on the wanted analysis. Last, note that we have

voluntarily omit the code sections corresponding to importing and plotting the datas, are these are

already shown in Chap. 4 figures.



Inflation potential

I n [ ] : = V := Λ
4 Mpleff4 1 - Exp-

2

3 α

ϕ
2

Mpleff


2

;

ϵ :=
Mpleff2

2

D[V, ϕ]

V

2

;

η := Mpleff2
D[V, {ϕ, 2}]

V
;

ϕE :=
3 α

2
Log1 +

2

3 α

 Mpleff;

int :=
1

Mpleff2
Integrate

V

D[V, ϕ]
, ϕ;

NϕE[a_] := (ϕ  ϕE /. α  a)〚2〛;

Nint[a_] := int /. α  a;

NintϕE[a_] := int /. ϕ  ϕE /. α  a;

Nϕast[a_] := FindRoot[Nint[a] - NintϕE[a]  60, {ϕ, 5}]〚1, 2〛;

Asobs = 1.88 × 10-9 Exp[2 × 0.078];

selfcoup[a_] := Quiet@FindRoot

1

24 π
2

V

ϵfun[Nϕast[a], a]
/. ϕ  Nϕast[a] /. α  a  Asobs, {Λ, 1}〚1, 2〛;

Vfun[x_, a_] := V /. {α  a, ϕ  x};

dVfun[x_, a_] := D[V, ϕ] /. {α  a, ϕ  x};

ϵfun[phi_, a_] := ϵ /. ϕ  phi /. α  a;

ηfun[phi_, a_] := η /. ϕ  phi /. α  a;

aendfun[λ_] := aE
3 3 alpha HE

λ selfcoup[alpha]2

2/3

;

Printed by Wolfram Mathematica Student Edition
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Function to solve

I n [ ] : = inflaton[a_, {w_, x_}, EB_, fϕ_, H_, F_] := x,
EB

a2 H2 fϕ
-
4 - F

a
x -

dVfun[w, alpha]

a2 H2
;

initialphi[a0_, af_, a_] :=

Quiet@ FindRootNint[a] - NintϕE[a]  Log
af

a0
, {ϕ, 5}〚1, 2〛;

modes[a_, {x1_, y1_, x2_, y2_}, k_, ξ_, σ_, H_, F_] := y1,

k

a3 H
2 ξ -

k

a H
x1 -

1

a

σ

a H
+ 2 - F y1, y2, -

k

a3 H
2 ξ +

k

a H
x2 -

1

a

σ

a H
+ 2 - F y2;

initializationRe[a_, ax_, k_, Δ_, σ_, H_] :=


Δ

2 k
Cos

k

a
-

k

ax
, -

1

ax2 H

Δ

2
k Sin

k

a
-

k

ax
 -

σ

2 k
Cos

k

a
-

k

ax
 ,

Δ

2 k
Cos

k

a
-

k

ax
, -

1

ax2 H

Δ

2
k Sin

k

a
-

k

ax
 -

σ

2 k
Cos

k

a
-

k

ax
 ;

initializationIm[a_, ax_, k_, Δ_, σ_, H_] :=


Δ

2 k
Sin

k

a
-

k

ax
, -

1

ax2 H

Δ

2
- k Cos

k

a
-

k

ax
 -

σ

2 k
Sin

k

a
-

k

ax
 ,

Δ

2 k
Sin

k

a
-

k

ax
, -

1

ax2 H

Δ

2
- k Cos

k

a
-

k

ax
 -

σ

2 k
Sin

k

a
-

k

ax
 ;

Code

fϕarray = {0.02, 0.05, 0.1, 0.15, 0.2};

alpha = 1;

na = 2000.;

naMD = 2000.;

saveevery = 5;

af = 50.;

SetSystemOptions["CheckMachineUnderflow"  False];

Forj = 1, j ≤ Length@fϕarray, j++,

fϕ = fϕarray〚j〛;

a0 = 10-30;

nk = 300;

BDfac = 20;
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kc = 0;

kmin = BDfac a0;

ξ =
1

2 fϕ
;

kmax = ξ af;

σ = 0;

Mpleff = 1;

Λ = selfcoup[alpha];

phi0 := initialphi[a0, 1, alpha];

dphi0 := -
dVfun[phi0, alpha]

3 a0
;

phi = {phi0, dphi0};

H :=
1

Mpleff

Vfun[phi0, alpha]

3
;

(*WE SET THE SIMULATION IN UNITS OF H*)

Mpleff = H-1;

phi = Mpleff phi〚1〛, phi〚2〛 Mpleff2;

H = 1;

F = 0;

phidot = a0 H phi〚2〛;

kdis = Exp@RangeLog@kmin, Log@kmax,
Log@kmax - Log@kmin

nk - 1
;

xire = TableinitializationRea0,
k

BDfac
, k, 1, 0, H, {k, kdis};

xiim = TableinitializationIma0,
k

BDfac
, k, 1, 0, H, {k, kdis};

time = JoinExp@RangeLog@a0, Log@1,
Log@1 - Log@a0

na - 1
,

DeleteRange1, af,
af - 1

naMD
, 1, {af + 1};

sigma = {σ};

ρE = {0};

ρB = {0};

ρψ = {0};

hel = {0};

EBi = 0;

EB = {EBi};

cosθ = {0};

inDelta = 0;

Δ = 1;

Delta = {Δ};
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Hubble = {H};

Ffactor = {F};

ξ = -
a0 phi〚2〛

2 Mpleff fϕ
;

xi = {ξ};

inflatonϕ =  
phi〚1〛

Mpleff
,

phidot

Mpleff2
;

cutoff = {0};

Stime = {a0};

Ekin = {};

Epot = {};

Boolkmax = True;

BoolE = True;

ai = a0;

i = 1;

Monitor

Whileai ≤ af,

h = time〚i + 1〛 - ai;

(* INFALTON *)

l1 = inflaton[ai, phi, EBi, Mpleff fϕ, H, F];

l2 = inflatonai +
h

2
, phi +

h

2
l1, EBi, Mpleff fϕ, H, F;

l3 = inflatonai +
h

2
, phi +

h

2
l2, EBi, Mpleff fϕ, H, F;

l4 = inflaton[ai + h, phi + h l3, EBi, Mpleff fϕ, H, F];

phi = phi +
h

6
(l1 + 2 l2 + 2 l3 + l4);

phidot = ai H phi〚2〛;

ξ = -
ai phi〚2〛

2 Mpleff fϕ
;

(* GAUGE FIELD *)

spectrum = Transpose@ParallelTable

ax =
kdis〚n〛

BDfac
;

Ifai < ax,

xire〚n〛 = initializationRe[ai, ax, kdis〚n〛, Δ, σ, H];

xiim〚n〛 = initializationIm[ai, ax, kdis〚n〛, Δ, σ, H];

,

(* REAL PART *)

l1 = modes[ai, xire〚n〛, kdis〚n〛, ξ, σ, H, F];
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l2 = modesai +
h

2
, xire〚n〛 +

h

2
l1, kdis〚n〛, ξ, σ, H, F;

l3 = modesai +
h

2
, xire〚n〛 +

h

2
l2, kdis〚n〛, ξ, σ, H, F;

l4 = modes[ai + h, xire〚n〛 + h l3, kdis〚n〛, ξ, σ, H, F];

xire〚n〛 = xire〚n〛 +
h

6
(l1 + 2 l2 + 2 l3 + l4);

(* IMAGINARY PART *)

l1 = modes[ai, xiim〚n〛, kdis〚n〛, ξ, σ, H, F];

l2 = modesai +
h

2
, xiim〚n〛 +

h

2
l1, kdis〚n〛, ξ, σ, H, F;

l3 = modesai +
h

2
, xiim〚n〛 +

h

2
l2, kdis〚n〛, ξ, σ, H, F;

l4 = modes[ai + h, xiim〚n〛 + h l3, kdis〚n〛, ξ, σ, H, F];

xiim〚n〛 = xiim〚n〛 +
h

6
(l1 + 2 l2 + 2 l3 + l4);

;

H2
kdis〚n〛2

4 π
2

xire〚n, 2〛2 + xiim〚n, 2〛2 + xire〚n, 4〛2 + xiim〚n, 4〛2,

1

ai4
kdis〚n〛4

4 π
2

xire〚n, 1〛2 + xiim〚n, 1〛2 + xire〚n, 3〛2 + xiim〚n, 3〛2,

1

ai3
kdis〚n〛3

2 π
2

xire〚n, 1〛2 + xiim〚n, 1〛2 - xire〚n, 3〛2 - xiim〚n, 3〛2,

-
H

ai2
kdis〚n〛3

2 π
2

 xire〚n, 1〛2 + xiim〚n, 1〛2 xire〚n, 2〛2 + xiim〚n, 2〛2 -

xire〚n, 3〛2 + xiim〚n, 3〛2 xire〚n, 4〛2 + xiim〚n, 4〛2 ,

H

ai2
kdis〚n〛2

π
2

(Abs@(xire〚n, 1〛 × xire〚n, 2〛 + xiim〚n, 1〛 × xiim〚n, 2〛) +

Abs@(xire〚n, 3〛 × xire〚n, 4〛 + xiim〚n, 3〛 × xiim〚n, 4〛)),

kdis〚n〛 xire〚n, 1〛2 + xiim〚n, 1〛2 + xire〚n, 3〛2 + xiim〚n, 3〛2,

xire〚n〛, xiim〚n〛,

{n, nk};

Ifi > 2,

IfBoolkmax,

kc = Abs@
ai phidot

2 Mpleff fϕ
+

Max0,
ai phidot

2 Mpleff fϕ

2

+
ai2

2

H σ - oldH oldσ

ai - time〚i - 1〛
+

σ

ai

σ

2 ai
+ H ;

;,
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kc = 0;

;

oldσ = σ;

Ifkmin ≥ kc,

intQuantity = {0, 0, 0, 0, 0};

σ = 0;,

intQuantity = ParallelTable[NIntegrate[

Interpolation[

Transpose[{kdis, spectrum〚i〛}]

][k], {k, kmin, kc}

], {i, 5}];

σ = ai
41 × 0.423

72 π
2

2 intQuantity〚2〛 Cothπ
intQuantity〚2〛

intQuantity〚1〛
;

;

EBi = intQuantity〚4〛;

oldH = H;

H = Mpleff-1 
1

3

phidot2

2
+ Vfun[phi〚1〛, alpha] +

intQuantity〚1〛 + intQuantity〚2〛 + oldσ intQuantity〚5〛 ;

σ =
σ

H
;

F = Mpleff-2 H-2

phidot2

2
+
2

3
(intQuantity〚1〛 + intQuantity〚2〛 + oldσ intQuantity〚5〛) ;

inDelta = inDelta +
h

2

σ

H time〚i + 1〛2
+

oldσ

oldH ai2
;

Δ = Exp[-inDelta];

IfMod[i, saveevery]  0,

Ifkmin ≥ kc,

cang = 0;,

cang = Abs@
EBi

2 intQuantity〚1〛 × intQuantity〚2〛
;

;

AppendTo[Stime, ai];

AppendTo[xi, ξ];
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AppendToinflatonϕ, 
phi〚1〛

Mpleff
,

phidot

Mpleff2
;

AppendTo[cutoff, kc];

AppendTo[Hubble, H];

AppendTo[Ffactor, F];

AppendTo[sigma, σ];

AppendTo[Delta, Δ];

AppendTo[ρE, intQuantity〚1〛];

AppendTo[ρB, intQuantity〚2〛];

AppendTo[hel, intQuantity〚3〛];

AppendTo[ρψ, σ intQuantity〚5〛];

AppendTo[EB, EBi];

AppendTo[cosθ, cang];

AppendToEkin,
1

2

phidot2

Mpleff4
;

AppendToEpot,
Vfun[phi〚1〛, alpha]

Mpleff4
;

;

If[ϵfun[phi〚1〛, alpha] > 1 && BoolE,

iE = i;

aE = ai;

HE = H;

BoolE = False;

];

i++;

ai = time〚i〛;

xire = spectrum〚-2〛;

xiim = spectrum〚-1〛;

;

, {fϕ, i};

time = Stime;

{time, inflatonϕ, Hubble, Ffactor,

xi, ρB, ρE, ρψ, hel, EB, sigma, cosθ, Delta, cutoff} >>>

"Documents/Preheating/Datas/preheating-alpha1-8f4-thesis-data1.dat";

;
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