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Resumen

En esta tesis desarrollamos un método general para calcular la respuesta flexoeléc-
trica de un material bidimensional (2D) en respuesta a una deformacién flexural.
Tal respuesta eléctrica ha sido generalmente definida y calculada como un momento
dipolar inducido a lo largo de la direccién fuera del plano. Sin embargo, el cdlculo
del momento dipolar de un cristal 2D doblado sufre de diversas ambigiiedades que
han conllevado un alto grado de desacuerdo entre los resultados previamente pub-
licados. Ademads, esta definicién como dipolo tiene un uso préactico limitado, ya que
es dificil establecer su relaciéon con los parametros medidos experimentalmente, a
saber, campos y potenciales eléctricos.

Aqui resolvemos estos problemas definiendo y calculando la respuesta, a lo largo
de la direccion fuera del plano, de un material 2D como el voltaje de circuito abierto
(flexovoltaje) en respuesta a una curvatura. Haciendo uso de implementaciones de
flexoelectricidad 3D recientemente desarrolladas en nuestro grupo de investigacion,
demostramos que el flexovoltaje de una capa de material 2D es una propiedad de
respuesta lineal intrinseca del cristal, y que puede ser calculada en el contexto de la
Teoria del Funcional de Densidad partiendo de la celda primitiva sin deformar. De
este modo, nuestro formalismo elimina la necesidad de usar estructuras dobladas
de gran tamafio, como por ejemplo nanotubos, las cuales requieren una alta carga
computacional. Mediante la aplicacion de nuestro formalismo al estudio de sistemas
tales como grafeno, siliceno, fosforeno, nitruro de boro, y dicalcogenuros de metales
de transicion, demostramos que la respuesta flexoeléctrica se compone de dos con-
tribuciones distintas: una de naturaleza puramente electrénica y otra debida al rela-
jamiento de los grados de libertad iénicos. En la contribucién electrénica, aparece un
término métrico, correspondiente al momento cuadrupolar de la densidad de carga
no perturbada, que resulta esencial para alcanzar una descripcion fisica sélida. Entre
nuestras simulaciones numeéricas, también incluimos el estudio de un modelo fisico
intuitivo y de resolucién analitica que nos permite demostrar la validadez de nues-
tra definicion fisica de flexovoltaje como respuesta flexoeléctrica fisicamente con-
sistente. Ademads, demostramos que los coeficientes de flexovoltaje describen sea
el efecto flexoeléctrico directo que el inverso, y aprovechamos esta dualidad para
construir un modelo continuo que conecta nuestros resultados numéricos con las
medidas experimentales disponibles obtenidas a través de la técnica de microscopia
de fuerza piezoeléctrica.

Adicionalmente, identificamos las condiciones de simetria bajo las cuales un
cristal 2D desarrolla una polarizacién en el plano en respuesta a una deformacién
flexural, y presentamos un método general para calcular los coeficientes que de-
scriben este efecto fisico. Aplicando nuestro método a una serie de cristales 2D con
simetria D34, descubrimos que el médulo de la polarizacién en el plano es hasta un
orden de magnitud mds grande que la componente a lo largo de la direccion fuera
del plano, en el mismo material. Ademads, la amplitud de la respuesta en el plano
es independiente de la direccién a lo largo de la cual se dobla el material, mientras
que su orientaciéon rota de manera continua en el plano con una periodicidad que
es compatible con la simetria del cristal no perturbado. Como consecuencia de esta



simetria, encontramos que i) los cristales D3, presentan una textura de polarizacién
topoldgica en el plano cuando son deformados con una ondulacion genérica y ii) los
nanotubos construidos doblando este tipo de materiales presentan una polarizacién
espontanea.



Summary

In this thesis we provide a general and powerful method to calculate the flexoelec-
tric response of a two-dimensional (2D) material to a flexural deformation. Such
electrical response has been mostly defined and calculated as the out-of-plane dipo-
lar moment induced in the deformed layer. However, calculating the dipole moment
of a curved crystalline slab is not free from ambiguities, and this fact has led to a re-
markable scattering of the reported results. In addition, such a definition has limited
practical value since it is difficult to establish its relationship with the experimentally
relevant parameters, namely, electric fields and potentials.

Here, we overcome the aforementioned issues by defining and calculating the
out-of-plane flexoelectric response of a quasi-2D material in terms of the open-circuit
voltage (“flexovoltage”) in response to curvature. Building on implementations of
bulk flexoelectricity recently developed in our group, we show that the flexovoltage
coefficient is a fundamental linear-response property of the crystal, that can be cal-
culated in the framework of Density Functional Perturbation Theory by using the
primitive 2D cell of the unperturbed flat layer. In this way, our formalism elimi-
nates the need to use large bent structures (e.g., nanotube geometries) that can be
computationally very demanding. By applying our approach to graphene, silicene,
phosphorene, boron nitride, and transition-metal dichalcogenides, we reveal that the
flexoelectric response is composed of two distinct contributions: one of purely elec-
tronic nature and another originated in the relaxation of the lattice degrees of free-
dom. Within the former, we identify a key metric term, consisting in the quadrupolar
moment of the unperturbed charge density, that becomes essential to reach a mean-
ingful physical description. Among our numerical simulations, we also consider an
intuitive toy model analytically solvable that allows us to corroborate the validity of
our definition of flexovoltage as a physically consistent flexoelectric response. We
also prove that the flexovoltage coefficients describe both the direct and converse
flexoelectric effect; a fact that we exploit to build a continuum model that connects
our numerical results with the available experimental measurements obtained via
piezoelectric-force microscopy.

In addition, we identify the symmetry conditions for a 2D crystal to develop
an in-plane polarization response to a flexural deformation, and provide a general
method to calculate the characteristic flexoelectric coefficients describing such an ef-
fect. By applying our method to a set of 2D crystals of the D3, point group, we find
that the ensuing response is up to one order of magnitude larger than the out-of-
plane component in the same material. Besides, the polarization magnitude turns
out to be insensitive to the bending direction, while its orientation continuously ro-
tates in plane with an angular periodicity that matches the threefold axis of the flat
configuration. As a consequence of this symmetric behavior, we find that i) D3, crys-
tals are endowed with topologically nontrivial in-plane polarization textures when
rippled and ii) nanotubes constructed by folding these kind of materials are sponta-
neously polarized.






Chapter 1

Introduction

Electromechanical phenomena are ubiquitous in biology, materials science and en-
gineering. Generating electrical signals in response to a deformation and viceversa
is necessary for the living organisms to perform basic functions, such as hearing and
muscle contraction, and is also the basic working principle of popular commercial
devices, including sensors, actuators and energy harvesters. (6) Until very recently,
when referring to electromechanical properties, one generally meant piezoelectricity
and/or electrostriction-coupling of homogeneous deformation to the polarization or
the square of polarization, respectively. These two effects have already a long his-
tory and, in spite of the many open questions that still exist (7), their fundamentals
can now be considered well established.

The coupling between polarization and strain gradient, known as flexoelectricity
(FxE), has also been known for quite some time (the effect was predicted by Kogan in
1964 (8), and the inverse effect of bending of a parallel-plate capacitor induced by an
applied voltage experimentally demonstrated in 1968 by Bursian et al. (9)), but it has
traditionally been regarded as a very weak effect, hardly detectable in macroscopic
samples. Only in the past few years research has taken off on this front, triggered
by the measurement in Penn State of unexpectedly large flexoelectric coefficients in
some electroceramics such as (Ba, Sr)TiO3 (10), and finally impulsed by the breath-
taking progress in the design and control of nanoscale structures. Since the uniform
strain gradient that can be sustained by a sample before material failure is inversely
proportional to its thickness, scaling down the active elements implies enhancing the
FxE effect by orders of magnitude. Another particularly enticing characterisitic of
flexoelectricity is its universality: unlike piezoelectricity, it occurs in any insulating
material regardless of its crystal symmetry. Meanwhile, the appeal of flexoelectric-
ity is not only limited to its potential application in pseudo-piezoelectric (6; 11; 12),
units; in fact the peculiar symmetry of the FxE tensor points to new functional prop-
erties that are qualitatively different from other forms of electromechanical coupling,
with applications, e.g. in high-density information storage. (13)

The above considerations imply that two-dimensional (2D) materials such as
boron nitride, graphene or a MoS2 sheet should be among the strongest flexoelectric
systems available on the market: One simply cannot go any thinner (or more flexi-
ble) than this. There is a strong fundamental motivation as well: Indeed, curvature
is ubiquitous in 2D layers, either in form of spontaneous rippling or thermal popula-
tion of flexural modes, which implies a potentially strong impact of flexoelectricity
on their physical properties - even beyond electromechanics. To verify these hy-
potheses, a quantitative understanding of the flexoelectric effect in 2D crystals, and
in particular of the out-of-plane dipolar response to curvature, appears essential.
Several authors have taken on this challenge in the past few years, both experimen-
tally and theoretically.



6 Chapter 1. Introduction

Recently, several experimental works (14; 15; 16) reported a significant out-of-
plane electromechanical response in graphene, BN, transition-metal dichalcogenides
(TMDs) and related materials. These materials are all nonpiezoelectric, so flexoelec-
tricity was identified as the most natural explanation for the effect. Most measure-
ments were performed via piezoelectric force microscopy (PFM) of supported films
on various substrates. The converse effect (deformations in response to an applied
voltage) was generally probed, and quantified in terms of an effective piezoelectric
coefficient, dS. These studies have been hardly conclusive regarding the magnitude
of the intrinsic flexoelectric coefficient of the 2D layer, though. First, the presence
of a substrate implies that the mechanical response of the layer is (at least) partially
clamped due to interaction, whose impact on d$f remains poorly understood. Sec-
ond, flexoelectricity is a non-local effect, where electromechanical stresses depend on
the gradients of the applied external field. It is natural then to expect that the magni-
tude of such gradients will depend critically on the details (shape, size, material) of
the PFM tip, and this substantially complicates the analysis. Unless these questions
are settled by establishing reliable models of the converse flexoelectric effect in 2D
crystals, the interpretation of the experimental data remains to a large extent specu-
lative, which severely limits further progress towards a quantitative understanding.

Theoretical simulations are a natural choice to shed some light on the aforemen-
tioned issues. Several groups have studied flexoelectricity in a variety of monolayer
crystals including graphene, hexagonal BN, and transition metal dichalcogenides;
calculations were performed either from first principles (17; 18; 4; 19; 5; 3) or by
means of classical force fields. (2; 20) Unfortunately, the reported results for any
given material wildly disagree both in magnitude and sign. There are several rea-
sons that may explain the disagreement between different computational strate-
gies. First and foremost, the very definition of the dipole moment of a curved
layer is problematic, since the textbook Cartesian expression is clearly inapplicable.
Some authors have advocated a reformulation of the latter in cylindrical coordinates,
which solves some of the existing issues; however, how the resulting "radial dipole"
of the layer relates to the experimentally measured properties (which typically de-
pend on the interaction with an external electrostatic potential) remains to be seen.
Second, many studies have adopted large-scale calculations on isolated samples that
were heuristically bent by imposing a variety of constraints on the atomic positions.
Such strategies raise the obvious questions of how the applied constraints may affect
the calculated values, and of possible contributions from boundary effects; neither
issue was convincingly dealt with thus far.

Meanwhile, there are several indications from the theory that a flexural deforma-
tion may induce an in-plane polarization response as well under some specific con-
ditions. Several years ago, for example, Naumov et al. (18) predicted a large in-plane
flexoelectric response in monolayer BN, occurring at nonlinear order in the applied
curvature. Soon afterwards, Duerloo et al. (21) demonstrated that a linear in-plane
polarization response to curvature is present in bilayer BN, and explained it in terms
of the piezoelectric response of the constituent layers. These findings are intriguing,
in that such a response is forbidden by symmetry in most three-dimensional (3D)
bulk material that were considered thus far in the context of flexoelectricity. Illustra-
tions of the effect were reported only for one material (BN), though, and no criteria
to identify other candidate systems (let alone to quantify the magnitude of the re-
sponse therein) were known at the time this thesis started.

Thanks to the considerable recent progress in the computational methods, (22;
23; 24; 25; 26; 27; 28) addressing these questions in the framework of first-principles
linear-response theory appears now well within reach. Within a handful of years
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prior to this thesis, the theory and methods to calculate flexoelectric properties of
solids had evolved from a pioneering explorative stage to a full-fledged implemen-
tation in ABINIT, a publicly distributed community code. Thanks to a number of
fundamental advances in the treatment of inhomogeneous strains (22; 25) and po-
larizations (24), and on the development of a powerful long-wavelength approach
(27; 28) to capture their coupling at leading order in the gradient expansion, the flex-
oelectric coefficients are now part of the standard toolkit of density-functional per-
turbation theory (DFPT). Both purely electronic and lattice-mediated contributions
to the effect can be calculated with the same ease and accuracy as the traditional
workhorses of linear-response methods, e.g., phonons or dielectric constants. All in
all, this was a particularly timely moment, where new methods became available
and opened a wealth of exciting opportunities in the framework of first-principles
theory; this thesis is indeed aimed at building on such a potential.

Yet, at the time this thesis started, most of the fundamental developments had
targeted bulk 3D crystals, and adapting them to the specifics of 2D systems was
a clear prerequisite to performing the actual calculations we had in mind. Note
that the relevant theory and computational framework to deal with a finite mem-
brane (which can be regarded as a special case of a 2D geometry) did already exist;
(29; 23; 26) these, however, were only applicable to the limit of a macroscopically
thick sample, where the surfaces can be clearly identified and treated separately
from the inner bulk. Such a separation is clearly not possible in the case of a truly
2D layer, which is atomically thin along the out-of-plane coordinate. Overcoming
this limitation was the first task we had to face, and a significant part of this thesis
is dedicated to reporting on our formal and methodological work in this direction.
It is important to stress that this activity was not only technical, but involved a great
deal of conceptual challenges. First and foremost, we had to establish a proper def-
inition of the flexoelectric effect in 2D that do not suffer from the aforementioned
drawbacks. Second, we had to make sure that our results were physically sound,
by devising appropriate benchmarks (also in the form of analytically solvable toy
models) to test our qualitative conclusions in some well-defined limits. As we said,
experimental values on 2D systems are still scarce and unreliable: this is a clear case
where "we were on our own" in making sure that our predictions provide a solid
reference for future studies, and are state-of-the art within the approximations to
density-functional theory that we adopted in each case.

(Outline.) In Chapter 2, we describe the underlying methodological framework of
the fundamental developments presented in this thesis. In particular, after review-
ing the basics of Density Functional Theory (DFT) and Density Functional Pertur-
bation Theory (DFPT), we summarize three preexisting methodological milestone
studies in the field of first-principles simulations of spatial dispersion: the treat-
ments of inhomogeneous strains and inhomogenous polarization responses to monochro-
matic perturbations, and a long-wavelength analytical approach to spatial-dispersion
properties. In Chapter 3, we review the first-principles theory of bulk flexoelectricity
and then incorporate the surface contributions, along with a curvilinear coordinates
formalism to deal with them, that participate in the total flexoelectric response of
real (finite) samples. In Chapter 4, we first discuss the formal treatment of flexural
deformations from a geometrical point of view. Then, we develope the theoretical
formalism to calculate the out-of-plane response of a quasi-2D material to a flexu-
ral deformation, analyze our numerical results and provide tests that validate our
method. Finally, we illustrate the relevance of the physical quantities we define and
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calculate by formally connecting them with the electrical signals experimentally de-
tected with a piezoresponse force microscopy. In Chapter 5, we study the in-plane
polarization response to a flexural deformation, identifying the symmetry require-
ments for the effect to be observed, and provide and analyze our numerical results.
Then, we discuss two physical implications of the effect: the topological charac-
ter of the polarization field induced in arbitrary rippled quasi-2D D3, crystals, and
the appearance of a spontaneous polarization in nanotube structures constructed by
folding this kind of materials. Finally, in Chapter 6, we discuss the relevance of our
achievements and outline the possible future outlooks.



Chapter 2

Methodological framework

In this chapter we will provide the basics concerning the methodological background
that constitute the building blocks needed to develope the methods presented in this
work. After revising the fundamentals of Density Functional Theory and its pertur-
bative version (Density Functional Perturbation Theory) in their general form, we
consider their application to crystal systems and inspect the special cases regarding
the pertubations that are relevant for our purposes. Finally, we illustrate the method-
ological achievements that allowed the calculation of spatial dispersion properties
within a first-principles framework.

2.1 Density Functional Theory

The appeal of Density Functional Theory (DFT), whose modern formulation was
provided by Hohenberg and Kohn in 1964 (30), lies in the fact that any property
of a quantum system of interacting electrons can be expressed as a functional of the
ground state electronic particle-density. However, while DFT is in principle built as
an exact theory of many-body systems, no prescriptions on how one can construct
the required functionals is provided, and the exact form of the latter are generally
unknown. The aforementioned issue was overcome by Kohn and Sham (31). They
considered the existence of an effective equivalent auxiliary independent-particle
system and provided a scheme to obtain approximated forms for the sought-after
functionals. In the following we will summarize the principal results of DFT that en-
able one to perform practical calculations on electron-structure in solid-state physics.

2.1.1 Energy of an interacting many-body system

Let us consider a generic system composed of M ions and N electrons, both consid-
ered as quantum point-like particles. The (stationary) non-relativistic energy of such
a system can be written, in full generality, as

E =E[¥] = (Y|H|Y), (2.1)

where |¥) is the many-body quantum state referring to both the ionic and electronic
degrees of freedom and solution of the time-independent Shrodinger equation asso-
ciated to the Hamiltonian operator H describing the quantum system,

HY) = E|Y), (2.2)

H = Ti + Te + Vii + Vee + Vie- (2~3)
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T; and T, are the kinetic energy operators of the ionic and electronic subsystems
respectively, while V;;, V,, and V,, are the potential energy operators correspond-
ing to the ion-ion, electron-electron, and ion-electron Coulomb interactions respec-
tively. The notation E[¥] indicates that the quantum energy E is a functional of the
(M + N)-particle wave-function ¥ ([«]), with [«] indicating the many-body variables
within the space of degrees of freedom (ionic and electronic) the wave-function can
be represented on.

In order to solve Eq.(2.2) the Born-Oppenheimer approximation is generally as-
sumed. (32) Within the latter an electron is supposed to remain always in a given
quantum state, despite the change in the ionic degrees of freedom: even if the elec-
tronic wavefunction and energy can change, no excitations occur. Such a approximation
allows one to decouple the eigenvalues problem (Eq.(2.2)) and solve it separately for
the ionic and electronic degrees of freedom respectively. In such a way the two kinds
of different degrees of freedom depend each other in a parametric way. In the fol-
lowing, we shall also consider the ions as classical point-like particles. The quantum
energy of the N electrons is the given by

Ely] = (pIHly), (24)
He = Te‘i‘Vee"f’Vie- (25)

where V, plays the role of an external potential for the electronic subsystem (we
shall refer to it as V., henceforth), while |¢) and E,[i] are the electronic eigenvec-
tors and eigenvalues, respectively, associated to the electronic Shrodinger equation,
H,|p) = E.|¢). The external potential V,,; depends parametrically on the spatial
configuration describing the ionic subsystem (classic) state, that in turn introduces
a parametric dependence of the electronic solutions |¢) and E.[¢] (the latter known
as Born-Oppenheimer surface) on the ionic (spatial) degrees of freedom [R] through
the eigenvalue problem,

He([R])[([R])) = Ee([R])|w([R])). (2.6)

In the following we will assume the electronic system as nonmagnetic, and reduce
our focus on the orbital degrees of freedom ([a,;] = [r] = (r1,...,xn)). We also con-
sider the system as embedded in the 3D space.

From the invariance of the electronic Hamiltonian under exchange of particles
(the electrons are identical by definition) and the locality of V..t , one finds that the
electronic energy related to the external potential Ex¢[1h] = (¢|Vexs|$p) can be written
as a functional of the particle density field n(r),

2.7)

Here [r]V ! = (r;,, ..., 1;,,_,) indicates an element of the vectorial space corresponding
to the Cartesian product RA(N _1), d being the dimensionality of the space where the
system is embedded in (in this case d = 3). Notice that, from the normalization
condition () = 1, we have [d®rn(r) = N, consistent with the definition of the

particle density.
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21.2 The Hohenberg-Kohn theorems

Density Functional Theory builds on two theorems proved by Hohenberg and Kohn.(30)
The first theorem states that two external potentials that differ by more than a con-
stant induce different Ground State particle densities. This means that there exist a
one-to-one correspondence between [V, and [np]. From this fact follows that there
exists a universal (in the sense that is the same for any electronic system) functional

of [no], F[nop], such that (T + V¢.)[¢] = F[no] and then the electronic energy can be
written through the Hohenberg-Kohn (HK) functional as

E[y] = EMK[n] = F[n] + / Pr Vs (1)1 (1). 2.8)

The second theorem states that the exact ground state energy of the system is the
minimum value of E.[n] with respect to 1, and that the density that minimizes such a
functional exactly corresponds to the ground state one, np(r). Then the exact ground-
state energy Ey can be obtained from a variational (more precisely, a minimum) prin-
ciple as

SENNG]|
on(r) (]=[r1] ’ (2.9)
Eo = E¢"%([no)),

along with the constraint that the integral of the particle density over the whole
space corresponds to the total number of particles N ([ d®rn(r) = N).

The main advantage of the particle-density-representation for the electronic en-
ergy functional is that one has to deal with functionals of a field that is, in turn,
function of a d-dimensional variable, instead of the Nd-dimensional original one.
However, while the formalism presented so far is in principle an exact approach,
its application is limited by the fact that the form of the functional F is unknown.
A first step towards the applicability of the density functional theory was done by
Kohn and Sham, as illustrated in the following section.

2.1.3 The Kohn-Sham auxiliary system

In their seminal work (31), Kohn and Sham proposed to manipulate the Hohenberg-
Kohn functional by considering the existence of an auxaliary independent-particles
system whose (ground state) particle density is supposed to be equal to the one de-
scribing the interacting electrons system. From the indipendent-particles assump-
tion, the particle density of the auxiliary system can be written as

n(r) = ) filpi(0)?, (2.10)

where {¢;(r) }; are unknown single-particle states satisfying the orthonormalization
conditions (¢;|¢;) = d;;, and {f;}; a set of occupation numbers normalized to the
total number of particle consituting the electronic system, ) ;,_; fi = N. In order to
reach a solvable scheme, Kohn and Sham rewrote the Hohenberg-Kohn functional,
Eq.(2.8), into the following form

E¥K[] = To[n] + Enln] + Exc[n] + / PV (D) (r), @.11)
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where Ty[n] is the independent particles-like kinetic functional, Eg[n] is the Hartree
energy corresponding to the non-local classical-kind Coulombic self-interaction of
the electronic cloud,

/ Bradr " |) 2.12)

with v(r,v') = _1r,‘ the (non-local) Coulomb kernel, and E[n] is defined as

r
Ex.[n] = F[n] — To[n] — Eg[n], (2.13)

and retains the exchange and correlation effects characterizing the interacting elec-
tronic system. Within the Kohn-Sham ansatz of independent-particles-like density,
the constrained minimization with respect to n(r) can be equivalently recast into a
minimization with respect to the set of the single-particle states { ;(r) }; (see Eq.2.10),
with the constraint [ d®rn(r) = N substituted by the orthonormalization require-
ment(s) (@;|¢;) = ¢;j. The functional in the rh.s. of Eq.(2.11) is suitable to such
a purpose. Indeed, despite the n-representation of Ty, Tp[n], is unknown even in
the simple case of non-interacting particles, its { ¢; };-representation Ty[{ ¢; };] is well
known. Then, constrained minimization with respect to the set of states | ¢;) leads to
a system of N single-particle Shrodinger-like equations of the form

Hkslgi) = &i|g;), (2.14)

where Hkg is the Kohn-Sham Hamiltonian, defined through the Kohn-Sham local po-
tential Vks; we shall refer to ¢; and |¢;) as Kohn-Sham eigenvalues and eigenstates,
respectively. In Atomic Units,

Hes = —5 V%4 Vis(e), (2.15)
VKS(r) = Vext(r)+VH(r)+ch(r)l (216)
with
Valr) = 5EH / P ud 2.17)
5 xc
Vie(r) = fn(r) , (2.18)

Recall that in general the Kohn-Sham potential Vks(r) retains a parametric depen-
dence on the spatial configuration of the ions.

Both the Hartree and XC potentials depend on the electronic particle density, that
in turn depends on the set of the sought-after solutions {¢; }; through Eq.(2.10). This
means that, in order to obtain the ground-state particle density and the related phys-
ical properties of the electronic system, one has to find the self-consistent solutions of
a system of N differential coupled equations.

2.1.4 The exchange and correlation functional

The scheme presented above allows one to solve the many-body problem once the
XC potential is provided. Unfortunately, no exact form of the XC potential is known.
However, many approximated forms have been proposed, with remarkable capabil-
ity of reproducing the experimental data. Two of them have been especially popular
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over the years; we discuss them in some detail in the following, as they are directly
relevant to this thesis.

* The Local Density Approximation (LDA) builds on the assumption that the
spatial variation of the density is slow. In such a regime, the exchange and
correlation properties of the system must be well reproduced by those of the
uniform electron gas, which are exact by construction in the uniform limit. In
particular, the XC functional is written as

EPMn) = [ drn(e)ehe™ (n(r), 219)

with €l9™[n] being the exchange-correlation energy per electron of the homo-
geneous electron gas and 7 the electronic particle density describing the sys-
tem. Even though LDA remains the most popular way of performing electronic-
structure calculations based on DFT, its validity in describing solids with very
inhomogeneous densities is not completely justified and needs to be verified
by actual applications.

¢ The first step beyond LDA is the so called Generalized Gradient Approxima-
tion (GGA). It consists in considering an exchange-correlation functional that
locally depends on both the density, n, and the density-gradient, Vn,

ESCGA[n,|Vn|] = /d3rn(r)ef(‘§m(n(r),|Vn(r)|). (2.20)

This allows, in principle, to improve the accuracy of the Kohn-Sham energy in
situations where the density is far from uniform, which is the case of essentially
all known condensed-matter systems. In practice, however, the improvement
over LDA is far from systematic. There is an additional drawback, in that un-
like the LDA there is no unique choice for the dependence of ESSA on the local
gradients of the density. Thus, many flavors of GGA exist in the literature, and
their construction is usually targeted at a specific physical context (molecules,
solids, etc.) where the performance is expected to be optimal.

2.2 Practical methods for ground-state calculations

In the following we shall specialize the formalism presented in the previous sections
to the case of crystal systems.

2.2.1 Bloch theorem and Brillouin-zone integration

Let us consider an infinitely extended crystal system, composed of a ionic subsystem
whose spatial configuration is described by a Bravais lattice,

Ry = R+ 7, (2.21)

where R; = Y ; l;a; and 7, are 3-dimensional vectors referring to the position of the
unit cell, identified by the set of integer numbers | = (I4,15,13), and the position of
the sublattice k¥ within the former, respectively. a; are the primitive lattice vectors
and correspond to the generators of the points constituting the lattice. As a con-
sequence of the periodic spatial distribution of the ions, the Kohn-Sham potential,
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Vks(r), turns out to be invariant under any translation vector R; and then, from the
Bloch theorem, the Kohn-Sham eigenstates |¢;) can be equivalently written as

gDi(I') = (Pnk(r) = eik'runk(r). (222)

Where, k is a so-called Bloch vector belonging to the first Brillouin zone of the recip-
rocal space that is spanned by the lattice vectors {b;}; such that

bl' : a]' = 271'51']'. (223)

In turn, u, k(r) is the cell-periodic function of the n band at the point k, and is solu-
tion of the following eigenvalue problem

HAilun) = enlunk),  Hi = e T He™ ™. (2.24)

Therefore, any (Kohn-Sham) single-particle state describing an electron in a crystal
is completely specified by the quantum numbers k and n. From Egs. (2.22) and
(2.10), it also follows that the particle density is a cell-periodic function given by

o (r) = /B K Y )l (2.25)

ney

where, an occupation factor, s = 2, for nonmagnetic systems has been assumed, the
sum over n runs over the valence (V) band manifold and we have introduced the
following notation for the Brillouin zone averages

0
/B N = /B Pk (2.26)

2.2.2 Plane-wave basis set

In the previous sections we have illustrated how the many-body problem can be
solved within DFT by following the Kohn-Sham prescriptions, and specialize it to
the specific case of a crystal. In particular the real-space representation of the re-
sulting Kohn-Sham eigenvalue problem was provided. However, in a crystal, the
Kohn-Sham equation is conveniently solved within a reciprocal-space representation.
Indeed a Bloch-like state labelled by quantum numbers (1, k) can be written as a
combination of plane waves of the kind

Unic(r) = Y Cnirce’©™, (2.27)
G

with ¢, i+ g the Fourier coefficients of u, (r) and G a vector belonging to the recip-
rocal lattice, consistent with the cell-periodicity of u,y. In practical implementations,
the sum is truncated to those vectors whose kinetic energy is smaller then a chosen
cutoff energy, E.ytoft,

1
E‘k + G|2 < Ecutofts (228)

that is to those vectors that lie within the reciprocal-space sphere centered in k; E ot
is then treated as a convergence parameter.
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The advantage of a plane-wave representation lies in that the kinetic operator
becomes diagonal, and reads as (in atomic units)

|k + GJ?

T«(G,G') = 5

S (2.29)

Another advantage lies in the efficient solution of the Poisson equation in reciprocal
space, where the Fourier components of the Hartree potential are

n(G)
G

VE(G) = 4n (2.30)

The external atomic potential requires some additional considerations; we shall go
through them in the next Section.

2.2.3 Pseudopotentials

So far we have considered an all-electron picture, where the bare nuclei are repre-
sented by point charges. Dirac delta functions are highly impractical to represent on
a plane-wave basis set, as they would require a prohibitively high value of E o in
order to converge the results. Meanwhile, it is a well known fact that only the outer
(valence) orbitals partecipate to chemical bonding, while the inner (core) electrons
remain essentially inert. In other words, the latter are largely irrelevant to most phys-
ical properties one is interested in, and describing them explicitly in calculations of
real materials is a waste.

The so-called pseudopotentials are aimed at addressing both issues at once. They
consist in effectively replacing the atomic core (composed of the nucleus and the re-
maining core electrons) with a smooth ionic potential, which ideally reproduces the
scattering properties of the former in a range of energy that is relevant to the va-
lence electrons. In order to fulfill the latter requirement, however, the pseudopoten-
tial needs to be non-local, and constructed separately for each angular-momentum
channel. Most implementations of DFT nowadays adopt a separable form due to
Kleinman and Bylander. In particular, the pseudopotential (psp) of a given atom « is
written as a sum of a local (loc) and separable (sep) parts,

VPP (r,f) = V()P (r — ¥) + VP (x,¥). (2.31)
where the latter is

Ve (x Zem{gm{ — R (' —Ry). (2.32)

Here « runs on the angular momentum components, {I,m}, {ax(r — Ri) the KB pro-
jectors, and e, the related coefficients.

Within the context of plane-waves basis sets, the hardness of a pseudopotential
is related with the amount of Fourier components it requires for its accurate repre-
sentation. In the early days of the pseudopotentials developments, it was soon re-
alizaed that the potentials required to accurately describe some ionic cores, such as
the ones for transition metals, turned out to be extremely hard, i.e. they required too
large basis sizes, for their use in practical calculations. Different sophistications have
been proposed since then, such as the ultrasoft Vanderbilt pseudopotentials (33) or
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the related projector-augmented-wave method (34), in order to improve the conver-
gence problems and, hence, the computational efficiency. In this thesis, we shall em-
ploy norm-conserving pseudopotentials generated via the Hamann’s approach (35)
for their optimized trade-off between accuracy and computational efficiency, but
also for their conceptual simplicity. In fact, the last factor becomes cruical to not
overcomplicate the fundamental developments and computational implementations
pursued in our works.

2.3 Density Functional Perturbation Theory (DFPT)

Let us consider a Hamiltonian depending on a (small) perturbative parameter A,
A = HA(A). Then, the physical quantities of the system will depend on the parameter
A through the Kohn-Sham eigenvalue problem, Eq.(2.14), and their expansion in
powers of A can be calculated by applying the well-established rules of first-order
perturbation theory. In particular, we shall write the energy, Hamiltonian and wave
functions via a perturbative expansion around A = 0 as

E(A) =E©@ + AEM 4 A2E@ 4| (2.33)
AA) =A® 4+ 2AW 4+ 22A2) 4 (2.34)
oi(A) = + 2oV + ... (2.35)

The theoretical tools to perform the above expansions within DFT are broadly
known as Density Functional Perturbation Theory (DFPT); we shall outline its basic
principles in the following.

2.3.1 Sternheimer equation

By incorporating Eqs.(2.33),(2.34) and (2.35) into the Kohn-Sham equation, Eq.(2.14),
while taking care of some subtleties that we shall discuss shortly, one finds that
the first-order variation of the i-th state can be carried out by solving the so-called
Sternheimer equation,

(A0 — ab— ) 1pl1)) = ~QAD]p). 236)

Here P = ¥, |g050)> <(p§0)| and Q = 1 — P are the projector on the valence and con-
duction manifolds respectively (notice that the sum in the definition of P runs over
the occupied unperturbed states, i € V), and « is a positive constant that avoids the

singularity of the Lh.s. of the above equation. In turn, H(®) and 850) are, respectively,
the ground-state KS hamiltonian and energies, whereas H (1) is the first-order varia-
tion of the KS Hamiltonian which includes the self-consistent fields contribution, as
we shall show below.

The introduction of the band projectors, P and Q, on either side of Eq. (2.36) is
not a direct consequence of Eq.(2.14), but reflects an additional constraint that we
have implicitly imposed on the first-order wave functions. Indeed, the solutions of
Eq. (2.36) are bound to be orthogonal to the valence manifold (V),

(@ oy =0, Vijev. (2.37)
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(It follows that the first-order response of any occupied state can be written as a lin-
ear combination of the unoccupied states \g0]<0) ).) This condition is known as parallel-
transport gauge, and is essential to guaranteeing that the solutions of Eq. (2.36) are

unique. Indeed, the first-order expansion of the orthonormality constraint, (@;(A)|¢;(A)) =

dij, alone leads to a less restrictive condition,

(@) + (9 |9”) =0, (238)

which leaves the valence components of the perturbed orbitals undefined. [This has
to do with the gauge freedom in the choice of |¢;(A)) along the path.]

Note that in Eq. (2.36), the first-order Hamiltonian, ", depends on the first-
order particle density, n(!) (r), via

7‘2(1) - H(l) + /d?)r/KHxC(r/ r/)n(l) (I"), (239)

where we have indicated with H(!) the first-order variation of the non self-consistent
part of the KS Hamiltonian and with Ky (r, ') the Hartree and exchange correlation
(Hxc) kernel. The latter is defined as the variation of the self-consistent potential
Viixe (1), i.e. sum of Egs. (2.17) and (2.18), due to a charge-density perturbation at r/,
on(r'), and calculated at the unpertubed density ny,

N 5Vch(r) . aEch [Tl]
KHXC(I',I‘ ) — (51’1(1‘,) - - (51’[(1‘)(51’[(1") ) (2.40)
The first-order response of the density, in turn, is written as
1) =s Y (o el ) + ol 10" (1), (2.41)

ey
where the sum runs, again, over the occupied states. Therefore, similarly to the

unperturbed Kohn-Sham states, the solutions \(pf”) of the Sternheimer equation,
Eq.(2.36), must be found in a self-consistent way.

2.3.2 Second-order energy and its variational formulation

The second-order variation of the electronic energy can be written as

EP = Y (o 1AV16M) + Y (oM AV + Y (VAP o). (242)
(1% 1% iey

Notice that the second derivatives of the wave functions are not needed. To see why,
recall Hellmann-Feynman’s theorem, which allows us to write the first derivative of
the energy (e.g., the atomic forces) as

dE, _ OE. _ (D)
B = = Lle HVIeT). (2.43)
Straight differentiation of Eq. (2.43) with respect to A directly yields Eq. (2.42).
This is, in fact, a special case of a more general result, the so called (2n + 1)-
theorem. The latter states that, to determine the response to a pertubation A at order
(2n + 1), the knowledge of the perturbed wavefunctions up to order n is sufficient;
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moreover, the response at order (2n) can be written as a variational functional of

|q)§") ). And indeed, by applying this result to the n = 1 case, Gonze (36; 37) showed
that the second-order DFPT energy can be alternatively written as

EY = Y (ol (A0 =) oY)
ey
+ Y (oA |V + Y (ot 1AW )
+ E/Q/d3rd3r’KHXC(r,r’)n(l)(r)n(l)(r’)

+ Y (o[ H@ 90y,
1%

This formula, when used in combination with the orthogonality constraint Eq.(2.37),

is stationary with respect to \(p}l) ). Indeed, by differentiating it with respect to |q)§l)>
the Sternheimer equation, Eq.(2.36), is recovered. If the latter is satisfied (i.e., at

the variational minimum of Ee(z)), Eq. (2.44) reduces then to Eq. (2.42). The present
variational formulation will be key to the calulation of spatial dispersion via long-
wave expansions, as we shall discuss later on.

We recall that, in general, the total second-order energy may also include a non
self-consistent ionic contribution. We will come back to this point in the next section,
when introducing the different type of perturbations.

2.3.3 Monochromatic perturbations and factorization of the phase

One of the main advantages of DFPT is the fact that it allows one to calculate the re-
sponse to a spatially inhomogeneous perturbation, modulated at an arbitrary wave
vector q, by using the primitive unit cell of the crystal (38). Within the linear regime,
such a “monochromatic” (referring to spatial frequencies) perturbation (A) can be
described as

H" = ¢97HY, (2.45)

where Hfl‘ is a cell-periodic operator. Following Ref.(38), the Sternheimer equation
then takes the following form,

~ (0 A 0 A ~ 0
(Hl(ﬂzq + lxpkﬂl B 85112) |u2k,q> = _Qk+qu)<L,q|M£lk)>- (2.46)

Note that all quantities involved are cell-periodic: the q-dependent complex phase
has been conveniently reabsorbed by operating a shift of the band projectors (PkJrq
and QAkﬂ) and ground-state Hamiltonian in momentum space. As a consequence,
the first-order variation of the wave functions at k now belongs to k + q,

Pmcq) = €MV um o) (2.47)

Note that the first-order charge density can also be represented in the same form as
Eq.(2.45),

nt(r) = eiq'rnf]\(r), (2.48)

where



2.4. Specific perturbations 19

n)(r) =s /B HEUDY (1 (g (1) + g (D (1)) (2.49)

ney

is, again, a cell-periodic function. Similarly, by considering two monochromatic per-
turbations A and A,, the nonstationary formula for the second derivative of the total
energy reads as

A2 (o) — 311 M2
EYi(q) = [ [@HE @), 250)

where the integrand has a similar form as Eq. (2.42)

A M 1A 1 (0 0 (o N
B (q) = ¥ (g 2 luld) + 1 il () i )+

ney 01 o ney (251)
Y [H 2 (@) [14,0)-
ney

Of course, also at finite q, the second-order energy enjoys a stationary expression:
we defer presenting it to the specific context of the analytic long-wave expansion
(Sec.2.5.3), where its importance will become most apparent.

2.4 Specific perturbations

The most common type of perturbations that are considered in DFPT are atomic
displacements (phonons), electric fields, and strains. In the following we shall briefly
describe the standard treatment of such a perturbations, as they are directly relevant
to the calculation of the flexoelectric tensor.

2.4.1 Phonons

Phonon perturbations are defined (Gonze (37), and Gonze and Lee (39)) by a distor-
tion of the lattice in the following form,

Rl — Ri, + Ade ™, (2.52)

with Rf( = R; + 7, where, as usual, R; refers to the position of the I-th unit cell
and T, to the location of the x sublattice within the latter. « refers to the Cartesian
direction. The second derivatives of the total energy with respect to Ay, define the
force-constant matrix,

azE A A
Cq J E Ko Kﬁ(q) +EEW/ <q)’ (253)
K, k' B a)\mqa)\,?/ﬁ e Ka,x' B
My
where E," “’(q) is the electronic contribution and E}",, 5(q) is a nonvariational

Ewald term that originates from the electrostatic ion-ion interactions. The electronic
contributions to the second derivative can be readily calculated via Egs. (2.50)-(2.51);
the derivation of the the Ewald part is straightforward and can be found in the orig-
inal references (39).
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Physically, the force-constant matrix can be understood as the Fourier transform
of the real-space interatomic force constants,

0°E

R0 IR!

. (2.54)
x'B

q — 1 iq‘R] l —
CKoc,K’,B - ZCK%K’ﬁe ’ Cm,K/ﬁ -
1

Its knowledge allows for the calculation of the vibrational modes of the crystal across
the full Brillouin zone by means of the following generalized eigenvalue problem,

W (@)l = C, sUs. (2.55)

The above equation corresponds to the equation of motion for the ions in the crystal.
Uy is the periodic part of the vibrational mode, w(q) its frequency, and m, the mass
of the k-sublattice.

Note that one is free to choose the origin of the complex phase factor in Eq.(2.52)
independently for each sublattice. This choice won’t change the calculated physical
properties (e.g. the calculated phonon frequencies), it is instead a matter of con-
venience. Eq.(2.52) reflects the standard conventions of the DFPT literature, whose
motivation lies in the particularly simple form of the Fourier transform (Eq.(2.54))
it leads to. In the remainder of this work we will adopt a different choice, which is
incomparably more convenient when studying the long-wavelength limit (22) ,

RL, — R, + Ao/ Rt ), (2.56)

Our choice is motivated by the fact that Eq.(2.56) assigns a common origin to the
phase factor ¢4™ “seen” by all sublattices, which is essential for a long-wave analysis
to be physically meaningful. (22) This results in a trivial redefinition of the response
functions, e.g.,

cl , e(Tu—7) (2.57)

K, k' B

q)q

Ko, k' B =

2.4.2 Electric field perturbation

The linear response to a uniform electric field entails an additional complication, in
that the corresponding external potential acting on the electrons, V(r) = E - r, grows
linearly as a function of position, and hence breaks translational invariance. This
problem has been traditionally overcome (37) by considering, instead, the long-wave
limit of a scalar potential perturbation modulated in space at a small wave-vector q,

Al (r) = pe'ar. (2.58)

One recovers a formulation of the electric-field perturbation that fits nicely in the
DFPT formalism that we outlined earlier, with a (nonlocal and k-dependent) first-
order Hamiltonian acting on the Bloch states as

- . . a9l
Hlf"‘]ufl% = |zu';”l‘(), ]zu’fl‘i() = szBI?;J. (2.59)

Note that the formalism requires the calculation of an auxiliary quantity: the deriva-
tive of the ground-state wave functions with respect to their wave vector (often in-
dicated as “d/dk” wave functions). In practice, the latter can be obtained via a non-
selfconsistent DFPT calculation where the role of the first-order Hamiltonian in the
Sternheimer equation is played by the velocity operator,
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R\
ko k
A =3 (2.60)

Note that the velocity operator coincides with the “uniform electromagnetic vec-
tor potential” perturbation and, indeed, the same conclusions can be reached by
working in the velocity gauge and taking an adiabatic expansion in powers of the
frequency. (27)

In combination with the phonon perturbation described earlier, the strategy out-
lined here enables the calculation in periodic boundary conditions of important
physical properties of insulating crystals, such as the dielectric susceptibility or the
Born effective charges (39).

2.4.3 Uniform strain perturbation

The main difficulty in treating a homogeneous deformation within DFPT consists
in that, upon a change in the lattice parameters, the Hilbert space describing the
electronic system changes. In other words, the wave functions of the deformed con-
figuration cannot be represented on the same plane-wave basis describing the un-
perturbed states, contrary to the cases (phonon or uniform electric field) considered
so far.

Hamann et al. (40) overcame the problem by employing a reduced coordinates
formulation. The idea consists in expressing the real- and reciprocal-space vectors
as

r= Zaﬁi, G = Zbiéi/ (2.61)
i i

where a; and b; are the primitive lattice vectors and their duals (see Section 2.2.1).
Crucially, the reduced-coordinate representations of both r and G (tilded quantities)
does not depend on the shape or dimensions of the cell. This means that, the plane-
wave basis set becomes cell-independent in reduced coordinates,

eiG-r — eZT[iG-i" (262)

i.e., neither the Hilbert space nor the boundary conditions on G and ¥ depend on
the cell parameters any longer. Thanks to this observation, the uniform strain per-
turbation can be then recast as a parametric derivative of the reduced-coordinate
Hamiltonian, and treated within the standard framework of DFPT.

It is interesting to observe that all terms in the total energy depend on r and G
only via their scalar products. Thus, the real- and reciprocal-space vectors enter the
energy functional only indirectly via the metric tensor,

[1]

ij = aj-aj, (2.63)

and its inverse. Then, the first-order Hamiltonian of the uniform strain perturbation
can be written as

A 77 « a I:Ik

H, P = @(ﬂlmdiﬁ + ajaaig), (2.64)
with a;, the a Cartesian component of the unperturbed lattice vector a; and 7,4 in-
dicating the uniform strain tensor. Note that, at difference with other perturbations,

the parametric derivative in &;; yields contributions from essentially all terms in the
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Hamiltonian, including the kinetic energy operator. Otherwise, the strain perturba-
tion is treated in the exact same way as (zone-center) phonons and electric fields. In
combination with the latter, it completes the toolkit of standard DFPT with a whole
new set of important properties, including elasticity and piezoelectricity.

This is the first time that we introduce the metric tensor in this thesis, and it
won'’t be the last. The relevance of a reduced-coordinates representation in treating
macroscopic deformations will become even clearer later on, when we move to the
more challenging inhomogeneous case.

2.5 Long-wave DFPT

Spatial dispersion refers to the dependence of a material property on the wave vec-
tor q at which it is probed, or equivalently, on the real-space gradients of the applied
field. Capturing these effects goes beyond the scopes of the “traditional” DFPT tech-
niques that we have presented so far, which ruled out the calculation of flexoelec-
tricity until about ten years ago. In this Section, we shall review the recent develop-
ments that lifted this limitation and made such calculations possible.

The main idea revolves around incorporating the long-wavelength method into
modern DFPT (hence the name “long-wave DFPT”), and making it work for the
study of flexoelectricity. To that end, several challenges had to be addressed: on
one hand, both the strain and electric field perturbation had to be generalized to
the inhomogeneous (finite-q) case; on the other hand, techniques to deal with the
parametric expansion in the wave vector had to be developed.

2.5.1 Treatment of inhomogeneous strain

To make strain gradients tractable in the framework of DFPT, the strategy is similar
as what was done many years ago for E-fields: the first goal consists in recasting
the perturbation in a modulated form. This task can be carried out as follows. First,
observe that an arbitrary strain pattern can be written as a 3D-3D mapping from a
reference to a deformed configuration,

Y(r,t) =r+u(rt) (2.65)

where u is the deformation field. Now, the individual Fourier components of u(r)
can be conveniently regarded as monochromatic acoustic phonon perturbations. In
particular, by exploiting linearity, the corresponding first-order Hamiltonian can be
written as sublattice sum of the individual phonon perturbations of Sec.2.4.1,

A

u A Ay
A =Y A (2.66)
K

By studying the response to u4 at various q vectors one could, in principle, access
the physical consequences of an arbitrary deformation field, and hence determine
the flexoelectric properties of the material.

For reasons that will become clearer shortly, however, it is extremely convenient
to operate a simultaneous (i.e., in parallel with the aforementioned acoustic phonon
perturbation) coordinate transformation to the curvilinear co-moving frame, where
the atoms do not move at all, Fig.(2.1).

This procedure allows to write the first-order Hamiltonian as
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FIGURE 2.1: Illustration of the coordinate transformation to the co-

moving frame. (a) Unperturbed crystal lattice; black circles represent

the atomic sites, horizontal and vertical lines represent the coordinate

system. (b) Transverse acoustic phonon in the laboratory frame. (c)

The same phonon in the curvilinear frame; note that the atoms do

not move in this coordinate system: the mechanical deformation is
described via the metric.

Al = AL +inl), (ﬁkﬁ + qj) i (;akﬁ + qzﬁ) Ao, (2.67)
where Py = —ivﬁ + kg is the canonical momentum operator and H(P) is the so-
called metric-wave Hamiltonian of Schiaffino et al. (25). The latter embodies the
main physical effects of the deformation, including the self-consistent fields. The
remainder has to do with the effective vector potential field (41) felt by the elec-
tron when evolving along the distortion path; we won’t deal with it further here.
(The interested reader can find an extensive discussion of its physical significance in
Ref.(41))

The metric-wave formulation of the inhomogeneous strain problem has two key
advantages: (i) H (B) vanishes at q = 0, and (ii) it reduces to Hamann’s uniform
strain Hamiltonian at first order in q,

1)~ ig, A+ O(q?). (2.68)
Thus, the metric-wave approach can be regarded as the sought-after generalization
of the uniform strain perturbation of Hamann et al. (40) to the case of inhomoge-
neous deformations.

2.5.2 Treatment of inhomogeneous polarization from current-density

In addition to a finite-q theory of strain, we also need a finite-q (i.e., inhomogeneous)
definition of the polarization response. The induced microscopic polarization re-
sponse to an adiabatic transformation of the crystal can be defined as the current
density divided by the rate of the transformation. In the limit of slow velocities we
have, for an arbitrary perturbation A modulated in space and time,

OPy(r) _ 9ja(r)
q a4
BAKIS ZMKﬁ

(2.69)

So the problem of defining the microscopic polarization response is that of appro-
priately defining the transient current density field in a DFT context. Naively, one



24 Chapter 2. Methodological framework

would be tempted to use the textbook expression for the probability current, which
in absence of electromagnetic fields reads as (42)

inC(r) — _ﬁa‘l‘> <r| ;‘ |r> <r’ﬁﬂé_ (2‘70)

In reciprocal space, this leads to (24)

g == (Pa+2). (2.71)

However, if a non local potential is present, as it is the case in the vast major-
ity of first-principles calculations performed nowadays (see Sec. 2.2.3), the above
definition is no longer valid, and an extra term must be added, (24)

Jukq = Jaleq + Ialq: (2.72)

The nonlocal correction, fN L must be chosen in such a way that the total current
satisfies the following two basic criteria,

. . - oH
Vij=—=p  Jakqeo= _W;’ (2.73)

stating that: (i) j is related to the variations of the charge density p in time by an
exact conservation law (charge continuity), and (ii) at @ = 0 it reduces to (minus) the
macroscopic velocity operator.

Both (i-ii) are automatically satisfied by defining the current-density operator as
minus the derivative of the Hamiltonian with respect to a modulated vector potential
field,

. oH,
Juca = =7 s (2.74)

provided that A enters the Hamiltonian in a way that respects electromagnetic gauge
invariance. (Recipes to do so are discussed in Ref.(24).) Then, the cell average of the
polarization response to a spatially inhomogeneous perturbation A can be written as

) A
Por = / [A°K] Yt g kcq) (2.75)

where we have introduced the first-order wave function response to a modulated
vector potential field, A(r) = A9(r)e’?", as the non-SCF solution of the Sternheimer
_ 90H,
T AL

equation, Eq.(2.36), with the external potential set to I:Il‘?”(‘1

2.5.3 Spatial dispersion from analytical q-expansion

The methods outlined in Sections 2.5.1 and 2.5.2 enable, in principle, the calculation
of the polarization response (24) to an acoustic phonon at finite q. Based on such
information, one could access all components of the bulk flexoelectric tensor by per-
forming a numerical differentiation in q. While viable (a practical demonstration
can be found in Ref.(25)), this strategy is far from optimal, for two main reasons.
First, the necessity of repeating the calculation at several values of q introduces a
significant computational overhead. Second, the discrete sampling of the small-q
region is a potential source of numerical inaccuracies related to the fit. To correct
these drawbacks, Royo and Stengel (27) developed a general method that allows to
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take the derivatives in q of an arbitrary response property analytically. The method
is general and can then be used to calculate arbitrary spatial dispersion effects at
negligible cost, even beyond the specifics of flexoelectricity; we shall review it in the
following.

Consider two perturbations, A1 and Ay, which are modulated at a given wave
vector q. Based on the standard rules of DFPT (see Sec.2.3.3), the second-derivative
of the electronic energy with respect to A1, can be written as a stationary functional
of the first-order wave functions; the functional ought to be minimized in combi-
nation with the orthonormality constraints, Eq. (2.37). The first important result of
Ref. (27) consists in reformulating the second-order energy in an unconstrained vari-
ational form,

EN(q) = [ (8 Y tical (Al + @Picg = ) i)

+/ d3 mll(,q’Qk-l-qHAz ‘umk>
N LA
+ [ K Z< Gl (H“) Oucrqlttiq) (276)
2/ /K r,1v) )) 2(r/)cl3rd3r’
+ Ent *(q).

Here, as usual, H* refers to the non self-consistent part of the first-order Hamil-
tonian. The first-order densities are defined, similarly to Eq.(2.49) while implicitly
assuming time-reversal symmetry, as

nh(r) = 25 / K Y (10 1) (1 Ot g ) 2.77)

Kq(r, ') = Kpgxe (1, ¥/ )e'? (*=1') is the phase-corrected Coulomb and exchange-correlation

kernel (27), and E?@M (q) stands for all nonvariational contributions that do not de-
pend on the |u’, q)’s. The main difference with respect to the established formulas

(39) consists in the insertion of the band projectors P and Q in a few strategic places;
their purpose is to guarantee that the variational solutions automatically comply with
the parallel-transport gauge prescription, without the need for explicitly enforcing
the constraints.

This key result enables treating q as a standard perturbation parameter, and
thereby applying the standard rules of DFPT to perform the analytic long-wavelength
expansion of E/172(q). In particular, by using the well established (21 + 1)-theorem
(see Sec.2.3.2), one can write

ra, _ dEMM(q) 9EN Y2 (q)

phite 224 _ 2 ) (2.78)
i dq')’ q=0 aq'Y q=0

where (in close analogy with the Hellmann-Feynman theorem, Eq.(2.43)) the partial
derivative indicates that the first-order wave functions need not be differentiated in
q. In other words, spatial dispersion coefficients can be calculated with the uniform
(9 = 0) wave-function response, |u;‘11,f>, as the only input. Apart from the application
to flexoelectricity, which we shall discuss more extensively in the next Chapter, note
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that this strategy was also applied successfully in other contexts, e.g., dynamical
quadrupoles (27), natural optical activity (43) and rotational g-factors of molecules
(44).

Before closing, a few important remarks are in order in relation to the analytical
long-wave expansion of E*172(q) (further details can be found in Ref. (27)):

¢ The differentiation of the band projectors Qk+q yields the “d/dk” wave func-
tions, which we have already encountered earlier (Sec.2.4.2). These auxiliary
quantities always need to be computed in the context of spatial dispersion,
even if neither A nor A, is an electric field.

e If either A or A, (or both) is an electric field, also second derivatives in k (and
possibly the wavefunction response to an orbital magnetic field) need to be
computed, as they appear when differentiating in q the modulated A-field
wave functions of Eq. (2.76).

* A crucial prerequisite for the long-wavelength expansion outlined above is
that E}1%2(q) must be an analytic (i.e., continuous and differentiable) function
of q. This is hardly the case in insulators, where the screened Coulomb ker-
nel diverges at q = 0: this implies a nonanalytic behavior of E}1*2(q) therein.
Prior to differentiating in q one must suppress these macroscopic electric fields
somehow, and the way to do so is nonunique. This implies that spatial disper-
sion coefficients in general are affected by a certain degree of arbitrariness,
which can be regarded as a reference potential ambiguity. (28) We shall come
back to this important point in Sec.3.2.3.
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Chapter 3

First-principles theory of
flexoelectricity

In this chapter, we will present the state of the art regarding the first-principles the-
ory of flexoelectricity at the moment when this doctoral project began.

From a purely theoretical point of view flexoelectricity remained poorly under-
stood until the seminal work of Tagantsev (45), developed by building on the refer-
ence work of Born and Huang (46). Tagantsev described the flexoelectric effect by us-
ing of a point-charge model within a microscopic classical theory. Such a method has
been the basis for more recent developements of the theory of flexoelectricity. A fur-
ther step towards a full understanding of flexoelectricity from a first-principles point
of view and within an exact microscopic framework was done by Resta (47) who, in-
spired by Martin’s milestone work on the theory of piezoelectricity (48), based his
analysis on the response of the charge density to atomic displacements in elemen-
tal crystals at the clamped-ion level. This idea was then generalized by Hong and
Vanderbilt (49) to generic insulating crystals and employed to calculate some com-
ponents of the flexoelectric tensor of several materials within the framework of DFT.

However, it was soon realized that the microscopic charge density response was
not enough, at the bulk level, to obtain the whole flexoelectric response. Indeed
the induced microscopic charge density is defined as the divergence of the induced
microscopic polarization field, and only the longitudinal component of the latter
can be accessed from the former. In addition, only bulk 3D crystals were considered
in the mentioned works and no information about the surface effects in real finite
samples was provided.

A way to solve both issues was proposed by Stengel (22; 23; 26). In his work, the
author proposed a first-principles quantum theory based on the long-wave analy-
sis of the adiabatic quantum current density induced by a long-wavelenght acoustic
phonon. Such a method is capable to provide, by construction, the all-components
flexoelectric tensor. Remarkably, the latter can be fully calculated by performing
a Taylor expansion in q (around I') of cell-periodic response functions that can be
implemented in standard DFPT (22). Moreover, by mixing this method with a co-
variant formulation of the electrostatic quantities in the coordinate system of the
deformed sample, one can also describe the behaviour of a finite sample and obtain
a fundamental picture to characterize the surface contributions participating in the
flexoelectric response of e.g. a finite slab (23). It was numerically proved that, even
in the limit of large thickness, the sign of the flexoelectric response induced by a
bending can be even reversed depending on how the slab is terminated (26), thus
illustrating the pivotal role of the surfaces on the flexoelectric response, as was later
on experimentally corroborated. (50)

In the following, after providing the basic definitions of strain and strain-gradient
and the related definitions of piezoelectric and flexoelectric coefficients, we illustrate
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the first-principle method that constituted the ground to build the formalism we
used to define and calculate the flexoelectric response of a quasi-2D material.

3.1 General definitions: deformations, strain and strain gra-
dients

The deformed configuration t’ of the material points within a generic (continuum)
medium, whose unpertubed configuration is identified by the reference state r, can
be written as

Y(r,t) =r+u(rt), (3.1)

where u(r, t) is the so called deformation field. The latter is a function of the refer-
ence configuration r and it can possibly depend parametrically on time. From 3.1
one can define, in full generality, a deformation gradient (strain) field as

Ju, (r
ua,ﬁ(r) = a‘:; )

(3.2)

Greek letters here label Cartesian components (henceforth we shall omit the time-
dependence, as it does not affect the following definitions) . The deformation gra-
dient can be recast into the sum of a symmetric and an antisymmetric parts. Its
symmetric part is defined as

eap(r) = % (tap(r) +upq(r)). (3.3)

Similarly to the deformation gradient, we can then define a strain-gradient field.
Based on the definitions provided above, two types of strain-gradient fields can be
defined. One is the gradient of the unsymmetrized (type-I) strain (Eq.(3.2))

g p(r)  9%uu(r)

(1) = or, - Orgar, ! (3:4)

and manifestly invariant under 8 <— 7 exchange. The second one is defined as the
gradient of the symmetrized (type-II) strain defined in Eq.(3.3)

deap(r) 1 [ %u,(r) *ug(r)
A « p

and symmetric under exchange of labels & <— B. Both type-I and type-II strain-
gradients have the same number of independent entries; their converse relationship
is

Unpy () = €apq(r) 4 Eqap(r) — €pyal(r). (3.6)

3.2 Macroscopic flexolectric coefficients in 3D crystals

The generation of polarization in response to a uniform strain is referred as piezo-
electricity, and the so called piezolectric coefficients are then defined as

0P,

ea,ﬁ’y = @1

(3.7)
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where the third-rank nature of the piezoelectric tensor requires a broken spatial in-
version symmetry to be different from zero. Flexoelectricity, instead, describes the
generation of macroscopic polarization (or voltage difference) within a material due
to the application of a uniform strain-gradient. Based on the definition of the two
types of strain-gradient provided in the previous section, we can define two different
sets of flexoelectric coefficients,

oP,
‘uzlxﬁ,'y)\ = dug O;A , (3.8)
oP,
I _ «
‘uzx)x,,B'y - aeﬂ’y N . (39)

They obviously retain the symmetries of the strain-gradients they are related with
and they are therefore both symmetric under exchange of the third and fourth la-
bels. From the fact that type-I and type-II strain-gradients have the same number
of independent entries, it follows that ! gy and yEA/m have the same number of
independent entries as well and, through expressions (3.5) and (3.6), one finds that
they are related to each other as

‘ug)\,ﬁ'y ‘u}xﬁxy)x + ‘ui'y,)xﬁ - V}x)\,‘B'yf (310)

1
V}X/S,M ) (ﬂgAm + Vgg,m> . (3.11)

The fact that the flexoelectric tensor is fourth rank ensures the existence of, at least,
one linearly-independent component. This is why flexoelectricity, in contrast to
piezoelectricity, is a universal property of all materials, no matter their internal sym-
metries.

3.2.1 Bulk flexoelectric tensor from long-wave acoustic phonons

The main difficulty that one has to face when treating a strain gradient from a first-
principles perspective, is the fact that the application of the latter generally breaks
the translation symmetry of the unperturbed crystal, preventing the use of the stan-
dard methods developed in DFT. However, this problem can be overcome by consid-
ering a monochromatic long-wavelenght acoustic phonon whose spatial modulation
is described by a wave vector q. Indeed, while such a pertubation can be generally
incommensurate with the lattice of the unpertubed crystal, the first-order variation
of the physical quantites in response to such a perturbation can be calculated by us-
ing cell-periodic functions (22), as illustrated in section 2.3. The interesting fact is
that the atomic displacements induced by such an acoustic mode in the long-wave
limit reproduce, at the first and second orders in the wave vector, the lattice distor-
tion due to, respectively, a uniform strain and a strain-gradient deformation (22).
One can then consider a long-wavelength acoustic phonon and derive (22) the flexo-
electric response of a 3D bulk crystal through a long-wave expansion up to the sec-
ond order in q around I' (q = 0) of the polarization response to such a perturbation
(22). A phonon pertubation can be written as

Uy (1) = ugelRi—ict (3.12)

where Ry, as usual, labels the atomic locations in the unperturbed crystal configura-
tion and u, is a q-dependent cell-periodic function that is solution of the eigenvalue
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problem (46)
CD;(cg?K/ﬁu;l,ﬁ = mew?*(q) Uk (3.13)

Considering only acoustic modes near q = 0, for wich ul™ =y,a long-wave analy-
sis of the above equation up to the second order in q provides the following solution

Uy = ( wp + 197 g, — 472N, 57/\) ug + O(q°). (3.14)

Here T and N are the piezoelectric and type-I flexoelectric internal-strain tensors,
respectively (22). They describe the internal relaxation of the atoms due to a uniform
strain and strain-gradient, respectively.

As shown in the previous chapter, the exact microscopic (adiabatic) polarization
response of a 3D bulk material due to an acoustic phonon propagating at finite q can
be written as a cell-periodic q-dependent function times a pure phase factor ¢'97,

P[x(r,t) :Pq

s (D) udgedT (3.15)

where 11 «p is the phonon eigendisplacement as provided in Eq.(3.14) and sum over
repeated indexes is assumed. The macroscopic polarization is obtained by remov-
ing, from the microscopic response, the oscillations that occur on the scale of inter-
atomic spacings:

Pprénacro( ) Pq el qﬁ 1qr zwt (316)

where 13131( p indicates the (3D) unit-cell average of the q-dependent cell-periodic part
of the microscopic response P;,Kﬁ(r), (recall that we are interested in the long wave

limit; in such a regime the phase factor ¢/9" varies slowly with respect to the space
variables). From Eq.s (3.14) and (3.16) and by performing a long-wave expansion of

PD? xpr We can write (22)

Pu(t,t) = (i upeny — Gynttpik pn ) €977, (3.17)

where e and u are the piezoelectric and type-I flexoelectric tensors respectively, as
defined above. Indeed, notice that the first and second terms at the right hand side
of the above equation can be identified as the response to a uniform strain and a
type-I strain-gradient, respectively, via the moments of the atomic displacements
of Eq.(3.12), after specifying that ul™ = u: ug, = iqyug and —q,qaug = Ug).
More explicitly, the piezoelectric and flexoelectric coefficients are formed from the
following contributions (22)

elX,,B’)’ = - Z Pp( Kp p IB')/l (318)

lw— 20 1 /500 1
Papar = 5 pDS,Kg )_E (PDEKp) X g+ Py pﬁA) + QZ,EP) s (319)

where, again, summation over repeated indexes is assumed and the internal-strain
fields of the eigendisplacements are included. Superscripts (7, y1...7y») indicate the

n-order derivation in q, while Z,ﬁ‘,’;? are the dynamical Born charges. Pi,l,ég) and PDEZKEA)

correspond to the first and second real-space moments of the macroscopic polar-
ization produced by the displacement of an isolated atom, and their sum over the
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sublattice provide the clamped-ion contributions to the piezoelectric and flexoelec-
tric tensors, respectively. The terms containing the Born charges correspond to the
lattice-mediated contributions, while the terms in the brackets of Eq.(3.19) provide the
“mixed” contribution to the bulk flexoelectric tensor (22).

3.2.2 Dynamical nature of the effect

Even though the piezoelectric coefficients of Eq. (3.18) are well known to be static
quantities (48), the likewise obtained flexoelectric coefficients turn out to include a
dynamic, i.e. mass-dependent, contribution. In order to see it, let us rewrite the
flexoelectric coefficients of Eq.(3.19) in its type-II form (22),

I ,CI 5(1LA 1
Va)\,ﬁ'y = ,ua/\l‘gry - DS,K‘D) Zrﬁ’Y + EZ,EI,XP) 2/\//57' (320)
Where we have explictly carried out the sublattice summation in the first term at the

rh.s. that yelds the clamped-ion (CI) flexoelectric tensor. The flexoelectric internal-
strain tensor L is defined as (22)

K _ &) A
pAByY T q)m,x’p A By (3:21)
where @i(i) Ko is the pseudoinverse of the zone-center force-constant matrix, <1>$) B

while C”,f;\, gy 18 the type-II mass-compensated flexoelectric force-response tensor as pro-
vided in Ref.(22). The latter is related to the elastic tensor Cy, 5. of the crystal through
(29; 22)

A m
CZ/\,ﬁ’Y — g/\,‘B’)’ - MkQC(X/\,,B')// (322)

with C;:A,ﬁv defined as in Ref. (22), m, being the mass of the x sublattice and M =
Y. my the total mass of the sublattices within the unit cell, whose volume is indicated
by Q). Then the second term in the r.h.s. of Eq.(3.22) contains an explicit dependence
on the sublattice mass and it is therefore a mainifestation of the dynamic nature of
the eigendisplacements, and therefore of the flexoelectric response.

The dynamic nature of the flexoelectric effect is actually not surprising and it can
be rationalized as follows. A uniform strain can always be induced and sustained by
applying a proper distribution of external loads to the surface of the sample. This is
not valid for a strain-gradient. The latter is generally not a static configuration of the
crystal interior that can be stabilized via boundary forces, and a uniform force field
applied to each material point of the sample is needed to induce a given component
of eg,,2. Such a uniform force can be, e.g., generated by a gravitational field(51) or,
as in the above example, by the acceleration of each material point during its peri-
odic oscillation provided by the sound wave (22). In either case, the result directly
depends on the atomic masses. This implies that the flexoelectric coefficients are
inherently dynamical in nature.

The dynamical nature of the flexoelectric effect might seem alarming if we want
to use this theory to rationalize datas from experimental measurements, the latter
being typically performed within a static regime. However, this is not a problem
in real cases. Indeed in static equilibrium there can be several nonvanishing stress
fields, and the condition that the force field must vanishing everywhere translates
into (29; 22)
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Y Curprepya(r) = 0. (3.23)
ByA

The total flexoelectric response of the material may then be expressed as a combina-
tion of the flexoelectric coefficients referred to the different strain-gradients {€g, 1 } g1
involved. From Eq.(3.23) it is straightforward to show that the dynamic mass-dependent
contributions of the different flexoelectric tensor components cancel each other and
then the resulting response is appropriate to describe real effects and rationalize ex-
perimetal data obtained in a static regime.

3.2.3 Treatment of the macroscopic electric field

A generic phonon propagating along q in an insulator generally induces a micro-
scopic electric field of the form E9(r)ed; with E4(r) being, as usual, a cell-periodic
function. From Maxwell equations one can show that the macroscopic contribution
to the cell-periodic part, corresponding to the E4(G = 0) Fourier component, is a
longitudinal vector (directed along q) whose amplitude is equal to

1q-P¥¢(G =0)
§g-E1(G=0)=—— _ _ , 3.24
q - E9( ) © qea (3.24)

where § = q/q indicates the propagation direction of the phonon, €y the vacuum
permittivity, € the electronic macroscopic dielectric tensor of the material consid-
ered and P95¢(G = 0) the macroscopic short-circuit (SC) polarization induced by
the phonon perturbation. From Eq.(3.24) one realizes that the projection of the elec-
tric field along g has a non-analytic behaviour in q = 0 that depends on the direction
with respect to which I' is approached and that is fully contained in its longitu-
dinal (macroscopic) component. Such a non-analytic behaviour propagates to any
response function that is in relation with the electric field and it prevents to perform
a proper Taylor expansion of the considered response function around I'(q=0). This
issue can be overcome by setting the macroscopic component of E equal to zero, so
that the non-analyticity is removed. From a physical point of view, this corresponds
to enforce the so-called short-circuit electrical boundary conditions.

However, the notion of a macroscopic electric field is ambiguous in presence of
strain gradients (22). This is because such type of deformations, contrary to what
occurs for a uniform strain, does not affect (tilt) the quantum energy levels of the
system in the same way (52). By this reason, the resulting macroscopic electric field
will depend on which one of these energy levels we choose as our reference energy
to define, and remove, the macroscopic field. This is usually referred to as “reference
potential ambiguity" of the bulk flexoelectric tensor. The latter is indeed only defined
modulo a constant term given by (22)

2%
AV(X/\,ﬁ’)/ = XaA as;’ (3.25)
Y

where x,, is the dielectric susceptibility, ¢g, the uniform strain, and V' an arbitrary
(but compatible with the symmetries of the crystal) scalar function with the dimen-
sion of a potential. V corresponds to the reference potential used to define the single-
particle (Bloch) energy levels, and the presence of its derivative with respect to a
uniform strain is directly related with the theory of absolute deformation potentials
(52). However, we shall see soon that such an ambiguity is cancelled by the surface
contributions occurring in a finite sample.



3.3. Treatment of finite samples in curvilinear coordinates 33

3.3 Treatment of finite samples in curvilinear coordinates

So far we have considered 3D bulk materials, defined as infinitely extended systems
described by a 3D Bravais lattice. However, real materials are finite, and understand-
ing how the details of the surfaces might influence the full flexoelectric response is
of pivotal interest for a meaningful physical description of real samples and their
possible employement in real devices.

Tagantsev and Yurkov (53), within a phenomenological theory, showed that the
piezoelectric response of the surfaces contributes to the full flexoelectric response of
a bent finite sample. Indeed, at surfaces space inversion symmetry is always broken,
enabling a local piezoelectric response whose amplitude depends on the details of
the termination. If we bend a slab, the strain at the outer and inner surfaces is oppo-
site in sign, and it grows linearly with the slab thickness (for a given radius of curva-
ture). This implies that the respective surface piezoelectric responses point towards
the same direction, thus generating a total nonzero surface response that likewise
grows linearly with the thickness of the slab. The latter is therefore comparable, at
any size, to the bulk flexoelectricity, and the two effects need to be necessarily taken
toghether for a fair representation of a typical bending experiment.

The inherent anisotropy of a finite slab introduces several difficulties that prevent
the immediate use of the already defined 3D electromechanical response functions
as derived in the previous sections. Indeed, in order to properly describe a slab,
different Electrical Boundary Conditions (EBCs) must be imposed along different
directions. The application of the required EBCs is further complicated by the fact
that defining the in-plane and out-of-plane directions within a deformed configu-
ration of the extended slab is not trivial. Following Ref.(23), the aferomentioned
issues can be overcome by employing a covariant reformulation of the microscopic
fundamental electrostatic quantities within the curvilinear coordinate system of the
comoving frame of the deformed slab. In the following we shall briefly summarize
the basics of such a formulation.

3.3.1 General principles

Let us consider a generic deformation of the lattice decribed by a deformation field u,
R}, = Ry + u(Ry,). The curvilinear coordinate system r associated to the comoving
frame of the deformed sample, where the ions do not move from their reference lo-
cations, is then related to its Cartesian counterpart r’ through the mapping described
by Eq.(3.1). Henceforth we will distinguish the Cartesian response functions from
their curvilinear counterparts by indicating the latter with a hat symbol. Charge
density, polarization and electric field are related to their Cartesian counterparts via
the usual transformation rules for scalar density, contravariant vector density and
covariant vector fields, respectively (23),

p(r) = h(r)p(r(r)), (3.26)
Pu(r) = h(r)(h™")ap(r) P(r'(x)), (3.27)
Ea(r) = hap(r)Eg(¥'(r)), (3.28)

where 1,4(r) is the deformation gradient

orl,
ha[%(r) = @ = Oup + Unp (x), (3.29)
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and h(r) = det(h(r)) its determinant. The metric tensor in curvilinear coordinates,
describing the distances within the curvilinear frame, reads as

R B or; or;
Sap(r) = ;37“@ = (h'h)g. (3.30)

3.3.2 Curvilinear electrostatics

Within the prescriptions provided above, the local Maxwell equations in curvilinear
coordinates read in the same way as their Cartesian counterparts

A

V-(e-B)=p —-V-P=yp, (3.31)

with the modification that the vacuum permittivity €y is actually a tensor density
tield that tranforms under change of coordinates as (23)

ap(r) = 07/8(0) (§7'), (332)

where ¢(r) = h?(r) is the determinant of the curvilinear metric tensor g as defined
in Eq.(3.30). Equations (3.31) allow one to express the (curvilinear) electric field in
terms of either the polarization or the charge density field and, since the electric field
is defined through the gradient of the electric potential via E(r) = —VV (r) (the latter
is a scalar field, and it is therefore invariant under coordinates transformation), the
first-order response of the electric potential field V(! (r) can be expressed in terms

of Y (r) (or pM(r)). At first order in the deformation, one finds
oV EV(r) = -V (é<1>(r) B0 + f’(l)(r)) , (3.33)

where the first term in the bracktes of the r.h.s. of Eq.(3.33) comes from the linear
(purely geometric) variation of the curvilinear vacuum permittivity tensor (Eq.(3.32)),
and it can be expressed as follows,

(M) BV() = ek ks o), 634

with . . )
met
ES) () = (5;3715& (1) — upEY) (1) — Gy E} )(r)> . (3.35)

E(r) is the Cartesian representation of the microscopic electric field within the

unperturbed configuration. Eq.(3.33) specifies g (r) modulo a r-independent con-
stant, the latter fixed by the EBCs assumed. While the response functions are typi-
cally calculated within Short-Circuit (SC) conditions, any EBCs can be employed if
the linear response of the relevant response functions to a macroscopic electric field
is known (and this is the case for the polarization, for example). This means that
Eq.(3.33) is always valid, as long as PU) is properly defined and calculated within
the required EBCs.

3.3.3 Perturbative expansion

From Eq:s (3.26)-(3.28), one finds that the response of the curvilinear coordinate rep-
resentation of a microscopic field f (either the charge density, the polarization or the
electric field) to a slowly varying (on the scale of the lattice spacings) inhomogeneous
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strain field u, g(r) enjoys the following gradient expansion (29; 23),

. 0 r
FO®) = g0+ 20 g6 14 330

For a crystal, fl%(r) and fﬁGW ) (r) are cell-periodic functions describing the micro-

scopic response to a uniform strain (U), and the additional contributions arising from
the first gradient (G) of the strain . In particular, fé}yj) (r)ug,(r) takes the meaning of
a local piezoelectric response. Eq. (3.36) highlights the advantage of the coordinate
transformations formalism, allowing to define the microscopic response of a finite
sample to an arbitrary deformation.

In the following we shall base our description on the long-wave analysis of the
response functions to an acoustic phonon within the lattice dynamic theory as pro-
vided in Sec. 3.2. To this end, we assume that the atoms of the crystal undergo a
frozen-ion (the relaxed-ion case is uncomplicated and it will be considered shortly)
displacement field of the form ul, = u,e’dRix. Following the prescriptions given
above, the curvilinear coordinates system r associated to the comoving frame of the
deformed sample is related to its Cartesian counterpart t’ through the mapping

rg=rp+ uge'd”, (3.37)

By performing a long-wave expansion of the Cartesian response functions involved
in Eq.s(3.26)-(3.27) (22) and by applying the coordinate transformation rules as pro-
vided above to the case of the acoustic phonon deformation, one finds

A 7 1 '’
PN = s (6) (930 (1) =0 () +uga(r) o (), (338)
———

opy () fon (1)
A(1),Cl 1, 1_ 0292
PV () = _um(r)p;ﬁ”(r)+uw(r)Epoﬁﬁ“r>(r). (3.39)
N e’ ——
Py (® P

Their Relaxed-Ion (RI) version is obtained by substituting the CI response functions
félﬁ) (r) and fﬁ(z’w‘) (r) with their relaxed-ion counterparts (22)

) = = ) A 0T

1 1 1 i / )

/) ézm)(r) —3 fﬁ(zm)(r) -5 [fx(;”)(r) < £9 (1) p,ﬁA} (3.40)
1 (N

In this way, one obtains a direct relation between the first-order response of the
curvilinear representation of the relevant fields and their standard Cartesian re-
sponse to a uniform strain and a uniform strain-gradient, respectively. One can also
readily verify that the continuity equation —V - f’(l)(r) = 0D (r) is satisfied, as it
should be. Similarly, by combining the expressions for p(!) and PV with Eq.(3.33), it
follows that the first-order response of the (curvilinear) electric field to an inhomo-
geneous strain field reads as

EL (1) = upy (0)Ey 5, (1) + g n (DE,) (1), (3.41)
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with
1 me
Eﬁ%(ﬂ = —;Opifé)y(r)—Ei,ﬁi)(r), (3.42)
G 1 (g
Egina(r) = —gopiﬁ,%(r)- (3.43)

and Eg‘? (r) defined as provided in Eq.(3.35). The type-II representation of the ob-
jects derived above is readily obtained by applying a permutation of indices analo-

gous to that of Eq.(3.10).

3.3.4 3D flexovoltage

In order to further illustrate how the surfaces affect the flexoelectric response of a fi-
nite sample and why their contribution is important even in the case of a macroscop-
ically thick sample, let us follow Ref. (26) and consider a symmetrically terminated
slab of thickness t made of a centrosymmetric material. Then, let us study its out-of-
plane response due to a bending deformation such as the one illustrated in Fig. 3.1.
The latter is formally described by a strain field nonuniform along the out-of-plane
direction (z) as egg(r) = zepp., where egg . is the effective strain gradient induced
by the bending deformation. The out-of-plane electrical response of such a slab sus-
pended in vacuum is conveniently described by the open-circuit voltage drop across
the slab, AVOC, induced by the deformation (26). Indeed the latter choice has two
main advantages with respect to working with a short-circuit polarization: i) it is
invariant under change of coordinates, since it is a scalar field, and therefore free of
ambiguities (contrary to e.g. the dipolar moment); ii) it can be more easily measured
in a typical experimental setup.

We therefore define the response of the macroscopic slab as the thermodynamic
limit of the derivative of the voltage drop with respect to the applied uniform strain
gradient egp -,

7OC
¢’° = lim Loav (3.44)
t—oo t O€ BB,z

and refer to it as 3D flexovoltage. The corresponding out-of-plane component of the
(curvilinear) electric field induced by the deformation can be written, following the
prescriptions provided in the previous section, as follows
oF .
z (Z ) — E(U)

Tenp. @z + B (), (3.45)

zz,8B

where we have considered the “planar and macroscopic averages" of the response
functions involved (26), in order to appropriately filter out the oscillations occurring
at the interatomic spacings.

In first place, notice that the unperturbed macroscopic potential associated to the
reference configuration is a symmetric well with depth ¢. Asillustrated in Fig. 3.2(a),
the electrical field induced by a uniform strain, E%L (z), vanishes in the interior of
the slab (recall that we are assuming a centrosymmetric crystal) but it is finite within
a thin region surrounding the surfaces, where a piezoelectric response is allowed
by the local inversion- symmetry breaking. However, the application of a uniform
strain g5 does not break the overall inversion symmetry of the system, thus the
induced dipoles at opposite surfaces cancel out and the only resulting macroscopic
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FIGURE 3.1: Bending of a finite slab. The electric field induced within
the surface- and bulk-regions of the sample is schematically shown.
The surface and bulk electric fields are discussed in more detail in
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FIGURE 3.2: Macroscopic electric, (a)-(c), and potential, (b)-(d), fields

induced in the slab by a uniform strain, (a)-(b), and a uniform strain-

gradient, (c)-(d), respectively. In panel (c) the surface and bulk con-
tributions to the induced electric field are separately shown.
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effect is that of changing the depth of the symmetric well (Fig.3.2(b)) but no voltage
drop develops across the slab, as expected for a nonpiezoelectric one.

Conversely, a uniform strain-gradient of the form egg. (with § = x or y) pro-
vides opposite local strains on the two surfaces, with values g = +egg.t/2, re-
spectively. Then the electric fields induced by means of the local piezoelectric effect
at the boundaries of the slab have the same sign (top side of panel (c) in Fig.3.2) and
add to a surface flexovoltage given by

qosurf — lim 1 a(P t = 8747 (3.46)
t—oo t Jegg  Oepp

Such a term depends on the details of the surfaces and survives in the large thicknes
limit, regardless the symmetries of the system. In turn, the contribution EES/)S;S(Z)
turns out to be zero outside the sample (consistent with the open-circuit EBC used)
and constant in the interior region (bottom side of panel (c) in Fig.3.2), with a value
that is independent of the surface terminations. The bulk electric field therefore
displays a capacitor-like behavior, and the bulk contribution to the flexovoltage can
be written as (29; 23)

L 1

ghulk = = PP (3.47)

€0 €z
with €, the out-of-plane dielectric constant, ng,ﬁ 8 the short-circuit flexoelectric co-
efficient referring to the the supercell where the slab is accommodated in and L the
out-of-plane dimension of the latter. The total flexovoltage, @'t = ¢suf + gPulk g
shown in Fig. 3.2(d).

To conclude this chapter, it is important to notice that the quantity d¢/degg suf-
fers from the same reference potential ambiguity discussed in Sec. 3.2.3 for the case
of the bulk flexoelectric tensor. In fact, to define a surface potential offset one like-
wise needs to choose a reference energy inside the material. The interesting result is
that both ambiguities cancel out when the two terms (¢*"* and ¢*'"f) are summed
up, yielding a well-defined total flexovoltage response of the slab as a whole.
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Chapter 4

Out-of-plane response

Here, we define and calculate the out-of-plane flexoelectric response as the open-
circuit voltage response to a flexural deformation (“flexovoltage”) of the 2D crystal
in the linear regime. Building on the recently-developed implementation of bulk
flexoelectricity in 3D, (27; 54) we show that the flexovoltage coefficient, ¢, is a fun-
damental linear-response property of the crystal, and can be calculated by using
the primitive 2D cell of the unperturbed flat layer. We find that the overall response
consists in two well-defined contributions, a clamped-ion (CI) and a lattice-mediated
(LM) term, in close analogy with the theory of the piezoelectric response. (48) At the
CI level, our calculations show a remarkable cancellation between a dipolar linear-
response term and a previously overlooked “metric” contribution, which we ratio-
nalize in terms of an intuitive toy model of noninteracting neutral spheres. (23; 29)

4.1 Flexural deformations in quasi-2D materials

Our goal is to describe the flexoelectric response of a quasi-2D material due to a flex-
ural deformation. In this section we will properly define the latter from a geometrical
point of view.

4.1.1 Nanotube geometry

For simplicity, we start defining some basic concepts in the special case of a cylin-
drical geometry, and move on to the study of general flexural deformations later

FIGURE 4.1: Illustration of the macroscopic deformation field in a
vicinity of a bent layer; the two-dimensional crystal is indicated by a
thicker red curve.
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on. Let us consider the mechanical deformation illustrated in Fig. 4.1, which corre-
sponds to folding a flat monolayer into a cylindrical nanotube geometry with radius
R. The transformation of the crystal is conveniently described by a mapping be-
tween a curvilinear and Cartesian frame of the type

x = ({3 + R) sin (%) , (4.1a)
z = (€3 + R) cos <%> —R, (4.1b)

where (3 spans the radial direction, while ¢; runs over the tangential direction. In
the limit of large R, in a neighborhood of the origin we have immediately

x>~ + %, (4.2a)
2
2oy — 25112 (4.2b)

corresponding to a macroscopic transverse strain gradient that is proportional to
1/R.
For a more rigorous derivation, one can define the deformation gradient as

Oy B 753;{1{ cos (%) sin %1
hap = 5 h = R (4.3)
9Cp ——53;{ sin (%) cos %
The metric tensor of the deformation is then defined by
(Gs+R) 0
=h'h, = R : 44
g g= ® @4
The Lagrange strain tensor is defined in terms of the metric tensor as
1 11& 0
S—E(g—l), e~ 210 ol (4.5)

where in the second equality we have assumed that ¢3/R is a small number, consis-
tent with the large-R limit that is implicit in our theory. We obtain a linear variation
of ey along the out-of-plane coordinate, leading to inverse radius of curvature 1/R
that is equivalently given by

1 10 g11

-~ = . 4.6

R~ 205 Exx,z (4.6)
In other words, in the limit of large radius, the nanotube geometry locally recovers

a bending deformation described by a single strain-gradient component of the type
EXX,Z — 1/R.

4.1.2 Curvature tensor

In the following we will base our discussion on a more general ground. In the lan-
guage of differential geometry, the geometric configuration of a deformed surface
embedded in the 3D space is conveniently specified via a vector function of two
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variables, r = r(u,v), where r is a point in three-dimensional (3D) space in the de-
formed configuration, and uv refers to a local parametrization of the (flat) reference
state (55). The distances between the material points of the deformed configuration
can be described by use of the so called first fundamental form. By indicating with
¢n = u, v the reference coordinates (from now on, we shall use Greek indices for the
in-plane uv directions), the latter reads as

$2p (&) = 1a(£) - 15(8), (4.7)

where 1, () = 0r(§)/d¢, is a deformation gradient and gﬁg(g) is the (2D) metric
tensor defined on the tangent space generated by r,(¢) and r,(¢) at (&), hence the
choice of the notation for the first fundamental form. The local curvature, in turn, is
well described by the matrix elements of the second fundamental form, byg = 145 - 1,
where the subscripts af stand for (second) differentiation with respect to u, v and
n(u,v) is the normal to the oriented surface. (We choose it in such a way that r,,
r, and n form a right-handed set.) Notice that, whenever gig(é‘) = Jup (i-e., the
local basis of the tangent space is orthonormal), the tensor b corresponds to the
shape-operator (55). The eigenvalues and eigenvectors of the latter are the so-called
principal curvatures, K;, and principal directions, A;, respectively. One can write

bop = — ZKZ-A;?‘A?, (4.8)
1

with A% the projection of A; on 1, (¢ = u,v). In particular, when gig(g‘) = Oup, We
locally recover the case of the cylindrical nanotube geometry described in Sec.4.1.1
in the case of a purely 2D surface where the eigenvalues of the second fundamental
form assume the intuitive geometrical meaning of an inverse radius of curvature

(see Eq.4.2b for {3 = 0),
1
K = — 4.
1 Ra, ( 9)
hence the choice of the sign in Eq.(4.8).
Real materials, however, are “quasi-2D”, i.e., they are extended in plane but have
a nonvanishing thickness along the surface normal (z). Consequently, in practical
calculations one needs to assume a 3D-3D mapping t'(u, v, w), involving a region
of space that is thin but finite along w. For a reasonably small value of w, we can
consider a 3D-3D mapping of the form

v =r(u,v) + wn(u,v). (4.10)

By assuming ¢1 = u, {» = v and {3 = w, the distances between the points of the
quasi-2D deformed configuration are described by the 3D metric tensor

_ Or oy
S 9z gy
with latin indexes indicating the 3D coordinates and dr;/d¢; indicating, again, a

deformation gradient. It is readily shown that, within the choice assumed for the
3D-3D mapping (Eq.4.10), for any u, v, w the 3D metric tensor reads as

_ (800
g = ( ) 1), 4.12)

4.11)
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with
gilﬁ)(u, v,w) = gig(u,v) — 2w (rup(u,v) -n) — 2w? (nap(u,v) -m). (4.13)

and n,g indicating the second differentiation of the normal vector to the oriented
surface, n(u,v), with respect to 1, v. From Eq.(4.13), one can realize that the deriva-
tive of the 3D metric with respect to w, evaluated at w = 0, provides the second
fundamental form as defined above for the strict 2D case,

_ 198w
2 Jdw

= Tpp N (4.14)

w=0
At the linear order in the deformation (that is the regime we are interested in), one

finds n -1y = 2 - r,p and the matrix elements of b are then given by

T T2 9z

(4.15)

Recalling that in the linear regime the gradient of the metric relates to the “type-II1”
representation of the strain-gradient tensor through

1 agl] asij
198, %% _ 4.1

where ¢;; is the symmetrized infinitesimal strain, we conclude that in the context of
quasi-2D materials we have

bap(u,v) = —eap-(1,0). (4.17)

This means that the type-II strain-gradient ¢,4 . equivalently describes the local cur-
vature of the generic deformed configuration of a quasi-2D system.

4.2 Flexovoltage in 2D crystals

The fundamental quantity that we shall address here is the voltage drop across a
thin layer due to a flexural deformation, where the latter is measured by the radius
of curvature, R. At the leading order, the voltage drop is inversely proportional to R

Aav =2 + O(R*Z), ¢ = L, (4.18)
R €0

where ¢ can also be expressed as a 2D flexoelectric coefficient (in units of charge,
describing the effective dipole per unit area that is linearly induced by a flexural
deformation) divided by the vacuum permittivity, €g. Our goal is to calculate the
constant of proportionality, ¢, which we shall refer to as 2D flexovoltage coefficient.
Notice the difference with the 3D flexovoltage defined in section 3.3.4, where the
thermodynamic limit was considered.

The underlying physical model is that of a nanotube of radius R (see section
4.1.1) constructed by bending a flat layer, as illustrated in Fig.4.2(a); the voltage drop
between the interior and the exterior is then given by Eq. (4.18).

Another obvious example is that of a long-wavelength flexural phonon [see Fig. 4.2(b)].
Due to rotational invariance, the modulated strain field locally recovers the same
pattern as in Fig.4.2(a). [See Ref. (23) and Sec. 2.8.2 of Ref. (29).] At the leading order



4.3. Electric Boundary Conditions 43

FIGURE 4.2: Schematic illustration of the flexoelectric response in
BN. (a): Cross-section of a BN nanotube; the voltage drop between
its inner and outer sides is highlighted. (b): Flexural phonon, corre-
sponding to an in-plane modulation of the same strain field as in (a).
(c): Lattice-mediated and purely electronic effects contributing to the
dipole. Gray/green circles represent the B/N atoms. The deformed
electronic orbitals are shown as yellow shaded ellipses.

in the wave vector, q, this results in a local jump in the electrostatic potential across
the layer of
AV (x,y) = ¢K(x,y), (4.19)

where K(x,y) = —Tr(b)(xy) ~ —V?u.(xyy), is given by the Laplacian of the verti-
cal displacement field, u, (see Supplemental Material of Ref. (56)). As we shall see
shortly, the effect originates from the distortion of both the electronic cloud and the
crystal structure [Fig.4.2(c)].

In the most general case, the ¢ coefficients of Eq.(4.18) and (4.19) depend on
the direction along which the layer is bent. Then, the open-circuit voltage must be
related to the local curvature tensor via

AV(X,Y) = Pzzpy€py (X)), (4.20)

where ¢ is a 2x2 tensor. Most materials we consider, with the sole exception of black
phosphorene, have a three-fold axis; in that case, ¢.. g, = ¢, and Eq.(4.20) reduces
to (4.19).

4.3 Electric Boundary Conditions

Before presenting our formal results, we comment briefly on an important technical
issue in the definition and calculation of the flexovoltage as a linear-response prop-
erty. In the remainder of this Chapter, we shall be dealing with the long-wavelength
limit of some specific phonon modes of a 2D layer. The appropriate electrical bound-
ary conditions (EBCs) are those of a free-standing layer. This implies setting open-
circuit EBC along the out-of-plane direction, z, and short-circuit EBC in plane; we
shall indicate them as "mixed EBCs" or "2D-EBCs" henceforth.
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These boundary conditions can be, in principle, reproduced by choosing an ap-
propriate 2D Coulomb kernel (57) in the linear-response calculations of the inter-
mediate quantities. This kernel, however, was not yet available in ABINIT at the
time this work was carried out; so, in practice, we performed our calculations in a
supercell with the standard 3D Coulomb kernel, and converted all the results into
a 2D-EBCs form (see Appendix A.1 for details) before inserting them in the formu-
las of this Chapter. For simplicity, we will assume henceforth that all quantities in
such formulas are already in 2D-EBCs; for this reason, they may differ in places from
those presented in our Ref.(56), where a different convention was used.

4.4 First-principles theory and methods

Following the arguments of section 3.3.3, the relevant components of the flexovolt-
age are given by

_ 9V 1 3 U (0) G
Pzz,an = asmz Seo/ d’r [ <Pz vax( )+ EZ (r)) +pzz,oax(r)} . (4-21)

Here Eéo) (r) is the electric field in the unperturbed configuration and it corresponds
to the metric contribution EI¢f (r) (Eq.(3.35)) associated to a symmetrized strain field
of the kind ¢4, (r). S and Q) indicate the unit-cell surface of the unperturbed 2D crys-
tal and the volume of the supercell where the layer is accommodated in, respectively.
The integral of the second term in the square brackets can be worked out by noticing
that the cell average of P ZZ « (1) over a supercell containing the layer corresponds to
the (type-II) macroscopic 3D flexoelectric tensor, y, of the slab/vacuum superlattice.
We can then define

II
= e (4.22)

Pz €0

where L is the out-of-plane parameter describing the supercell. Regarding the re-
mainder contribution, it can be easily calculated by parts by exploiting the fact that
the system is finite along direction z and by observing that pg{f)( ) = —dprY) (1) /dz
and p(0(r) = eodEL” (r)/dz. One arrives to

gogz,zm = 2560/ d°r 22 sz (4-23)
(pIZVZIM = ZSeO/ d3r 22 p (4.24)

where the superscripts indicate the uniform strain (U) and metric (M) contributions,
respectively. p(?)(r) is the total ground-state charge density of the slab, including
electrons and ions, while pY, (r) is the relaxed-ion charge-density response to a uni-
form strain £,,. We finally conclude that the relaxed-ion flexovoltage can be calculated
as

1I
. .uzz,oax B
Pzzo0 = L . 256 Q[Ptxa ] 2S€7Q[ ] (4.25)

where we have indicated with Q[f] the quadrupolar moment of a generic function
f along z. Eq. (4.25) is directly suitable for a numerical implementation, as it only re-
quires response functions that are routinely calculated with the linear-response and
long-wave (27; 54; 28) modules of ABINIT. We stress that the CI flexoelectric tensor,
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and the intermediate quantitites (Born charges, quadrupoles, pseudoinverse, force-
response tensors) defining its relaxed counterpart, are typically calculated within SC
conditions. However, their mixed EBCs version can be readily obtained from the SC
ones as postprocessed quantities, as illustrated in Sec. A.1.

4.4.1 Clamped-Ion and Lattice-Mediated contributions

Eq. (4.25) can be recast in a more meaningful form, by seeking a separation between
CI and LM effects. The total flexovoltage can be written as

Pz = P52 g + DPaza (4.26)

The clamped-ion flexovoltage is obtained by employing in Eq.(4.25) the CI counter-
part of the involved response functions. One readily obtains

c gl 1 Q) - L g[p0) (4.27)
Pz = =77 T 25e, 25 <) '

Notice that the sum of the first two terms in the r.h.s. of Eq.(4.27) is related to the
dipolar moment of the CI first-order response of the charge-density, D[p(1V], the
latter as seen in the comoving frame of the bent layer. By definition, in such a frame
the ions are at rest and p(°D corresponds to the deformation of the electronic cloud
as seen in the curvilinear frame. Therefore we conclude that the CI response is a purely
electronic effect.
Regarding the remaining contribution due to the internal relaxation, we have
(12)

Z,Kp0

P 1
AQrzpa = —L 0 Toaa + SeOZ L gp+ 5e 0/ d*rz%0yp (1)T8 007 (4.28)

where the overbar indicates avarage over the supercell volume. The last integral in
the r.h.s. of the above equation can be manipulated by exploiting the relation

22 = (2 — T)? 4+ 2(2 — Tx) Tz + T2, (4.29)

with T, the out-of-plane component of the sublattice position, 7,. By inserting
Eq.(4.29) into the integral, one arrives to

1 3,2 K 1 3 K
2560 / d rz .D;cp( )Fpuax 5760 I:/ d I’(Z - TKZ)PKP(r):| rpoux

(4.30)

The last term in the r.h.s. of Eq.(4.30) is zero because of the charge neutrality of
the system. The second integral in the r.h.s. corresponds to the centered-atom

quadrupole, Q,(Zj) (22), and it can be related with the first-order spatial dispersion
(along z) of the macroscopic polarization response to a displacement of the atom «
along the direction p. (22) The second term then reads as

Q) Pl
250 T% 0 = L2 - T% oo (4.31)
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Remarkably, such a term excactly cancels out with the first term in the rh.s. of
Eq.(4.28). Finally, the first integral in the r.h.s. of Eq.(4.30) corresponds to the longi-
(2)

tudinal Born-charges Z,'. The contribution due to the internal relaxation of the ions
can be therefore recast into a purely lattice-mediated (LM) contribution of the form

1
LM z
Pz e = Sieozf(fp) ‘CZZ,MU (4.32)
where Lf, ,, is the flexoelectric internal-strain tensor describing the relaxation of
the atoms within the isolated suspended slab that is given by (n0 summation over
repeated indexes is assumed)

ﬁZz,uax = rz,owcTKZ + LzZ,DlDL' (4.33)

We therefore conclude that, similarly to the theory of piezoelctricity, the out-of-plane
flexoelectric response of a finite system can be split into a purely clamped-ion and
lattice-mediated contributions. In chapter 5 we shall see that the same is valid for
the in-plane response.

4.5 Computational parameters

Our calculations are performed in the framework of density-functional perturbation
theory (38; 39) (DFPT) within the local-density approximation, as implemented in
ABINIT (58; 54). Norm-conserving pseudopotentials are generated within Hamann'’s
approach, (35) by using the “stringent” parameters of PseudoDojo, (59) but neglect-
ing non-linear core corrections. We set a supercell size of L = 30 bohr (15.875 A)
and a plane-wave cutoff of 80 Ha; the Brillouin zone is sampled by a I'-centered
12 x 12 x 2 mesh except for graphene and silicene (a grid of 13 x 13 x 2 points is
used in the latter two cases); with respect to these parameters, the calculated flexo-
voltages are converged within a tolerance of 0.1% or better (see e.g. Fig. 4.4). Before
performing the linear-response calculations, we optimize the atomic positions and
cell parameters of the unperturbed systems to a stringent tolerance (10~ and 10>
atomic units for residual stress and forces, respectively); the resulting structures (de-
tailed in Tab. 4.1 and Fig. 4.3) are in excellent agreement with existing literature data
(see e.g. Ref. (60) and references therein).

a(Ad) bA) k)
C 2443 2.443  0.0000
Si 3814 3814 0215
P 3267 4363 1.055

BN | 2473 2473 0.0000

MoS, | 3.121 3.121  1.553

WSe, | 3.246 3246 1.664

SnS, | 3.618 3.618  1.468

TABLE 4.1: Equilibrium structural parameters for the unperturbed
flat configuration of the materials considered in this work. h corre-
sponds to the thickness of the buckled materials.
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(a) (b)
S
.’g"
Armchair
GO=00=00=00 ©O¢ O¢ 0o O
(d)

VWY OO0 oo

FIGURE 4.3: Top and side view of the crystal structures used in the
calculations. (a) graphene, (b) silicene, (c) BN, (d) phosphorene, (e)
MoS; and (f) SnS,
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FIGURE 4.4: Convergence of clamped-ion (a) and lattice-mediated (b)

MoS; flexovoltages as a function of the in-plane k-points mesh reso-

lution. A plane-wave cutoff of 80 Hartree was employed in the calcu-
lations.

4.6 Results

In Table 4.2 we report the calculated bending flexovoltages for several monolayer
crystals. The only independent component of the kind ¢ = ¢ = ¢y is reported,
except for phosphorene where two indipendent components ¢y, and ¢, are al-
lowed. Both the CI and LM contributions show a considerable variety in magni-
tude and sign: while the former dominates in the TMDs, the reverse is true for BN,
and SnS; seems to lie right in the middle. The case of phosphorene is interesting:
its lower symmetry allows for a nonzero ¢*M in spite of it being an elemental crys-
tal like C and Si; it also allows for a substantial anisotropy of the response. Within
the clamped-ion contribution, our calculations show a nearly complete cancellation
between the dipolar and metric contributions to ¢, across the whole materials set.
In Sec. A.2 we provide the decomposition of the clamped-ion flexovoltage coeffi-

CI LM

¢ ¢ ¢
C —0.1134 0.0000 —0.1134
Si 0.0585 0.0000 0.0585
P (zigzag) 0.2320 —0.0151 0.2170
P (armchair) —0.0130 —0.0461 —0.0591
BN —0.0381 —0.1628 —0.2009
MoS, —0.2704 —0.0565 —0.3269
WSe; —0.3158 —0.0742 —0.3899
5nS; 0.1864 0.1728 0.3592

TABLE 4.2: Clamped-ion (CI), lattice-mediated (LM) and total flexo-

voltages (nV-m) of the 2D crystals studied in this work. Due to its

lower symmetry, for phosphorene two independent bending direc-
tions (armchair and zigzag) exist.

cient, ¢%1, into the three contributions of Eq.(4.27). This result shows the necessity
of considering the metric contribution in order to obtain a proper description of the
effect. In Sec. A.2 we also provide further details regarding the analysis of the lattice-
mediated contribution.
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t(A)  ¢@®Vm) # (pC/m)
Si 3.18 0.0585 1.6273 (7.28°%)
C 3.34 —0.1134  —3.0062 (2.867, 0.4%)
BN 3.85 —0.2009  —4.6202 (0.26%)
P (zigzag) 5.61 0.2170 3.4245 (46%)
P (armchair) | 5.61 —0.0591  —0.9327 (84%)
SnS, 6.98 0.3592 45577
MoS, 7.44 —0.3269  —3.8906 (31.94%, —1.82°)
WSe, 7.53 —0.3899  —4.5819 (—0.78°)

TABLE 4.3: Interlayer spacing in the bulk (extracted from Ref. (1)),

total flexovoltage and volume-averaged flexoelectric coefficient of the

2D crystals studied in this work. Data between round brackets in

the third column has been extracted from the literature: ¢ Ref. (2),°
Ref. (3), € Ref. (4), 4 Ref. (5)

If we assume a physical thickness ¢ corresponding to the bulk interlayer spacing,
we obtain an estimate (see Table 4.3) for the volume-averaged flexoelectric coeffi-
cients, of |u| = |u?P|/t ~ 1 —5pC/m. (i, unlike P, is inappropriate (61) for 2D
layers given the ill-defined nature of the parameter ¢; we use it here for comparison
purposes only.) This value is in the same ballpark as earlier predictions, (4; 2; 5; 3) al-
though there is a considerable scatter in the latter. For example, the value quoted by
Ref. (2) for graphene is very close to ours (in amplitude), but their results for other
materials are either much larger (TMD’s, silicene) or much smaller (BN); other works
tend to disagree both with our results and among themselves. These large discrepan-
cies are likely due to the specific computational methods that were adopted in each
case (often the total dipole moment of a bent nanoribbon including the boundaries
was calculated, rather than the intrinsic response of the extended layer), or to the
aforementioned difficulties (61) with the definition of the dipole of a curved surface.

Very recently Ref. (61) reported first-principles calculations of some of the ma-
terials presented here by using methods that bear some similarities to ours, which
allows for a more meaningful comparison. By converting our results for Si and C to
the units of Ref. (61) via Eq. (4.18), we obtain yc = —0.0063¢ and pg; = +0.0032¢;
these, however, are almost two orders of magnitude smaller, and with inconsistent
signs, with respect to the corresponding results of Ref. (61). We ascribe the source
of disagreement to the neglect in Ref. (61) of the metric term in Eq. (4.27). Indeed,
for the dipolar linear-response contribution [first two terms in Eq. (4.27)] we obtain

yochp = —0.22¢ and ygilp = —0.19%, now in excellent agreement (except for the sign)
with the results of Codony et al.. This observation points to a nearly complete cancel-
lation between the dipolar and metric contribution to ¢, which is systematic across
the whole materials set (see Table 3 in Supplemental Material of Ref. (56)).

To clarify this point, we consider (Sec. 4.8) a toy model of noninteracting spheres,
which illustrates the necessity of including the metric contribution in order to obtain
a qualitatively correct physical picture.

4.6.1 Generalized-gradient approximation

In order to check whether the treatment of the exchange and correlation energy has
a strong impact on our results, we have recalculated the flexovoltages of Table 4.2 by
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o<l g™ Pt
C —0.1245 0.0000  —0.1245
Si 0.0297 0.0000 0.0297

P (zigzag) 0.2495 —0.0105 0.2390
P (armchair) 0.0372  —0.0311 0.0062

BN —0.0502 —-0.1760 —0.2262
MoS, —0.3301 —0.0395 —0.3696
WSe; —0.3739 —0.0531 —0.4269
5nS; 0.1763 0.1467 0.3229

TABLE 4.4: GGA values of the clamped-ion (CI), lattice-mediated
(LM) and total flexovoltage (nV-m) coefficients of the 2D crystals
studied in this work.

using the PBE (62) formulation of the generalized-gradient approximation (GGA).
To perform these calculations, we had to extend our computational methodologies
to allow for the treatment of generalized-gradient (GGA) functionals first. In this re-
gard, a flavor of the technical challenges that GGA presents in linear-response prob-
lems involving strain can be found in Ref. (63). Our results, reported in Table 4.4,
indicate that the deviations from the LDA values are relatively minor, and amount
to about 10 % in most cases. Larger relative changes only occur in coefficients that
were already small in the first place; examples are silicene, P (armchair), and the CI
coefficient of BN.

4.7 Consistency checks

4.7.1 The longitudinal case

As a first consistency check of the formalism presented, it is very useful to consider
the longitudinal case, where the results are already known analytically. We have, for
the purely electronic response,

1
c1_ 2 (z)
Q- = 305 EK TKZZKﬁ' (4.34)

That is, the clamped-ion coefficient corresponds to the second moment of the lon-
gitudinal (OC) Born charges. Regarding lattice relaxation, the (OC) piezo internal-
strain tensor is trivially written as

FE,ZZ - _TKZ 5ﬁz. (4.35)

Next, the open-circuit flexoelectric internal-strain tensor is given by

1
7/gz,zz = <2T1%z + K) 5ﬁ2/ (4.36)

where K is an arbitrary constant independent of « that depends on the specific pro-
cedure that was used to construct the pseudoinverse — recall that the latter is not
uniquely defined. K in any case has no impact on the induced polarization because
of the acoustic sum rule, so we can set it to zero. Finally, we have the corrected
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internal-strain tensor of the suspended slab

1
L, = — 5T Oz (4.37)

ETKZ
By putting all these results together, we find out that the purely electronic and the
lattice-mediated part exactly cancel out, and the result vanishes as it should. Within
our formalism, the relaxed-ion longitudinal response is given by (see Ref. (29))

_ L & Q[sz] Q[P(O)]
90 - €0€22 .uzz,zz + 260 + 260 . (4-38)
—4 N’
¢C oV oM

Notice the different indexes labelling the involved response functions and opposite
sign of the geometric term, with respect to Eq.(4.25). We then calculate the longitudi-
nal flexovoltage coefficients by use of this formula. Our numerical results (Table 4.5)
are in excellent agreement with the expected results, confirming the consistency of
our implementation.

G M U

¢ ¢ ¢ ¢
C —3.8456 —3.8456 7.6911 0.0000
Si —3.5106 —3.5106 7.0213 0.0000
P —6.4059 —6.4059  12.8118 0.0000
BN —3.5764 —3.5744 7.1484  —0.0024

MoS; | —10.2987 —10.2987  20.5975 0.0000
WSe, | —12.0632 —12.0630 24.1261 —0.0001
SnS; —8.3634 —8.3647  16.7271 —0.0011

TABLE 4.5: Decomposition of the longitudinal (zz, zz) flexovoltage
coefficients, Eq.(4.38).

4.7.2 Nanotube calculations

As a second consistency check, we have performed explicit calculations of BN nan-
otubes of increasing radius R, and extracted the voltage drop between their interior
and exterior, AV, at the clamped-ion level. In Figure 4.5 we plot the estimated flex-
ovoltage, given by RAV, as a function of R. The asymptotic convergence to the
linear-response value of ¢! is clear, consistent with Eq. (4.18). The convergence
rate, however, appears rather slow: at the largest value of R, corresponding to a
nanotube primitive cell of 128 atoms, the deviation from ¢! is still of about 10%.
This result highlights the difficulties at calculating flexovoltages in 2D systems by
using the direct approach; conversely, our method provides an optimally converged
solution within few minutes on a modern workstation, and is ideally suited, e.g. for
high-throughput screening applications.

BN nanotubes are constructed by folding a flat BN sheet via the transformation
described in Sec. 4.1.1, with the tube axis oriented along the armchair direction.
(These are known in the literature as “zigzag” BN nanotubes.) The resulting struc-
tures are then centered in an orthorhombic simulation cell of dimensions L, = V/3ag
and Ly, = 4R, with R being the nanotube radius and 4y the equilibrium lattice con-
stant of the flat monolayer (see Table 4.1). We use the same pseudopotentials as in
the linear-response calculations, a plane-wave cutoff of 60 Haand a1 x 4 x 1 k-point
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FIGURE 4.5: Clamped-ion flexovoltage coefficient calculated as ¢ =

AV R, plotted as a function of the nanotube radius R. Our linear-

response result [Eq. (4.27)] is shown as a red line. The inset shows ¢

as a function of 1/R, the dashed line being a linear extrapolation from
the last two calculated points to R — co.

mesh to sample the Brillouin zone. The flexovoltage is estimated as the voltage drop
between the interior and exterior of the tube. In practice, after relaxing the electronic
ground state at fixed atomic positions, we average the microscopic electrostatic po-
tential along the tube axis, and extract the values at the center of the nanotube and
at the fourfold-coordinated interstitial (equidistant point between four adjacent im-

ages).

4.8 An illustrative toy model: Xe monolayer

As a further consistency check, we have considered a toy model, consisting of a
hexagonal layer of rare-gas atoms.

© 000 00O
© 0000 O0O
© 0 $p o000
© 0 & 0 0 o0
© 000000
© 00 00O0O O
© 00 0 00O

FIGURE 4.6: Crystal structure of the hexagonal Xe monolayer dis-
cussed in the text.
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FIGURE 4.7: Computed values for o™, ¢(P), ¢(tY) (nVm) and the
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analytical curves given by (qu[p( / 2£0>, as a function of the of

Xe)]

the increasing in-plane lattice constant. Q[pX®)] is the quadrupolar
2

moment of the isolated atom divided by the unit cell surface S « a°.

The inset shows the computed values of the “total" flexovoltage, oth-

erwise indistinguishable from zero, being three orders of magnitude
smaller then the dipolar and metric terms reported in the figure.

This system is only weakly bonded, and becomes a trivial 2D lattice of nonin-
teracting spherical atoms in the limit of a large lattice parameter. In such a limit,
the flexoelectric response must vanish, following the arguments of Ref. (23) and
Ref. (29), as the “mechanical deformation” consists in the trivial displacement of
noninteracting (and spherically symmetric) neutral atoms. Thus, it provides a test-
case where we can benchmark our computational method against an analytically
known exact result.

In particular, we shall demonstrate the essential role of the metric term to extract
sensible physical conclusions. Fig. 4.7 summarizes the results for p9iP, pM and 't =
%P + @M, as a function of the in-plane lattice parameter; note that ¢p@iP consists in
the dipole moment of the first-order charge density, and thus coincides with “radial
polarization” as defined in Ref. (61).

Clearly, P and g™ are large in absolute value and opposite in sign. As a result,
the “total" flexovoltage ¢! is always negligibly small, and vanishes exponentially
(inset of fig.4.7) in the limit of large ao, consistent with the expectations. (23)

Upon closer inspection, we find that the large absolute values of p4PM essen-
tially coincide with the quadrupolar moment of ¢*¢(r), i.e., the spherical charge
density of an isolated Xe atom, divided by the cell surface (S),

dipM o, 4 Q :/ 3.2 Xe
7 _izseo, Q . a°rx“¢™¢(r). (4.39)

To show this, we calculate Q once and for all as the large-ag limit of —2S¢ qoM, and we
plot £Q/2Se( as continuous curves in Fig. 4.7; the matching with the first-principles
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data is excellent.

To rationalize this result, it is useful to work out the analytical solution to this
problem in the noninteracting (large ag) limit. The fact that the atoms “do not see
each other” implies that the total (electronic and ionic) charge density of the sys-
tem in both the unperturbed and perturbed configurations is simply a superposi-
tion of the spherical atomic densities. This observation explains why the flexovolt-
age vanishes: each atom remains perfectly spherical, and hence cannot generate a
long-range potential no matter how much the “layer” is deformed (i.e., how far the
constituent atoms are moved around).

To understand the result of Fig. 4.7 for the individual (dipolar and metric) con-
tributions to the total flexovoltage, we need to solve the same problem in the curvi-
linear coordinate system that corresponds to the nanotube geometry described in
Sec. 4.1.1. The charge density, p(r), transforms as a scalar density, which yields the
following relation between its curvilinear and Cartesian representation, (29)

() = h1p(x), (4.40)

where 1 is the Jacobian determinant of the coordinate transformation. This is very
convenient, as in the curvilinear frame the atoms do not move from their original
location, and the charge density p(r) retains the full translational periodicity of the
undeformed 2D crystal. This, however, also implies that an atom that is spherically
symmetric in the Cartesian frame is generally no longer spherical in the curvilinear
system. In other words, for the noninteracting atoms to retain their spherical ground
state in the deformed configuration, the curvilinear charge density must respond to the
deformation in order to compensate for the consequences of the coordinate transformation.
(See Fig.4.8) This results in an apparent transfer of charge, Ap, that does not origi-
nate from the local chemistry (and indeed no chemistry is going on in this system),
but is simply a mathematical by-product of the coordinate transformation: it can be
calculated analytically by inverting Eq. (4.40).

(@) - 2
: 3 O
= T (. |-
N

0.

04

0

FIGURE 4.8: Impact of curvature on the charge density of a rigid
spherical object. For illustration purposes, we use a Gaussian func-

tion centered in the origin of the type ¢(r) = #e‘rz/ . ()
Cartesian representation; the dashed curve indicates the curved layer
plane. (b): curvilinear §(r) as defined in Eq. (4.40); the deformation

of the original Gaussian is clear. (c): first-order variation of p(r).

In A.2.3 we provide analytical derivations for p and its dipolar moment, D[Ap].
We find that D[Ap] relates to the quadrupolar moment of ¢*¢(r),

Q

DIAG] = 5.5,

(4.41)
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thus proving our point.

This result clearly illustrates that p4P does not correspond to a meaningful phys-
ical property of the system: it contains spurious contributions that are mathematical
artefacts of the coordinate transformation, and the “metric” term is essential to re-
move such unphysical terms from ¢'°.

4.9 Coupling between out-of-plane electric fields and flexu-
ral phonons

The implications of our findings for the interpretation of the experiments are best
discussed in terms of the interaction between the flexural modes of a flat layer and
an external, generally inhomogeneous, out-of-plane electric field, & (x,y). In full
generality, Eq. (4.19) leads to the following coupling (energy per unit area),

Eﬂexo(uZ/ 82) = ,uZDgz vzuZI (442)

which reduces to Egeyo = —q*#?PE, 1, for monochromatic fields of the type A(x,y) =
Acos(q-r) [A = (uz,E;)]. By deriving Ege,, with respect to the displacement u, we
obtain the converse flexoelectric effect, in the form of a vertical force per unit area,
F. = q*u?PE,, in response to the field. As shown in the following (section 4.9.3),
explicit first-principles calculations of a BN layer under an applied &, nicely confirm
this prediction: Eq. (4.42) is the main source of out-of-plane electromechanical re-
sponse in this class of materials. Note that the longitudinal out-of-plane flexoelectric
coefficient of a free-standing layer, which we extract as a by-product of our main
calculations, always vanishes (see section 4.7.1) due to translational invariance and
thus cannot contribute to the coupling, contrary to the common belief. (15; 16).

This allows us to generalize the existing models (64) of supported 2D layers by
incorporating flexoelectricity, and thereby extract two important messages (that we
demonstrate in the following sections). First, the amplitude of the response is highly
sensitive to the substrate interaction strength, g, consistent with the results of recent
measurements performed on suspended layers. (65) Second, the response displays
a strong dispersion in g, indicating a marked sensitivity on the length scale of the
inhomogeneities in the applied field. Both outcomes call for a reinterpretation of the
existing PFM measurements of flexoelectricity: (15) information about g and the tip
geometry appears essential for a quantitative estimation of ?P.

4.9.1 Macroscopic electric fields in 2D

So far we have based our formalism on a cylindrical nanotube geometry, with the
electrostatics described by the curvilinear-coordinate Poisson equation. While, based
on the considerations of Sec.4.1.2, it is natural to expect that these results are also im-
mediately relevant to flexural deformations of a flat layer, it is not obvious that the
long-range electrostatics behaves in the exact same way as in a cylinder. In partic-
ular, for a nanotube we only have to worry about the offset between the inner and
outer electrostatic potentials, which are both uniform. In a rippled layer, the situa-
tion appears much more complex: the "stray" fields generated by the flexoelectric po-
larization of the layer are strongly nonuniform as they are modulated in plane, and
decay exponentially out of plane, generally with a mixed transverse/longitudinal
character. Fortunately, Ref.(57) (published at the exact same time as our Ref.(56))
addresses precisely this kind of problems. As we shall see in the following, the same
flexovoltage that we derived for the nanotube case has a clear physical significance



56 Chapter 4. Out-of-plane response

also in the flat-flexural case. In particular, it allows to predict/model the stray fields
emanating from the layer exactly for an arbitrary ripple pattern, at leading order in
the deformation amplitude.

A flexural phonon produces an external charge perturbation of the form

o (r) = €'97p9(z), (4.43)
where p9(z) is the planar average of the cell-periodic part. We shall calculate the

electrostatic potential at some far-away point from the layer. We shall use the Coulomb
kernel as defined in Ref. (57),

27T ’
v(qz—2) = "=e 177 (4.44)
q
The potential can then be written as a convolution in real space,

Vi(z) = /dz’v(q,z —2"pd(Z). (4.45)

If we consider a point in the z > 0 plane that is located far enough from the layer
that the perturbed density vanishes, the potential is simply given by

Vi(z) = 2; /dz’ e 1) pa(5) = 2L;Te‘iz/vlz' e pa(2)). (4.46)
For the z < 0 plane we have, similarly,
q 27 1 ,q(z—2") / 27T 42 r,—qz ’
Vi(z) = q/dz el pd(z") = 76‘7 /dz e 7 pd(z"). (4.47)
Now observe that

e?* = cosh(gz) + sinh(gz), e 1% = cosh(qz) — sinh(gz). (4.48)

It is then convenient to introduce the following two integrals,

olq) = / dz p9(z) cosh(gz), (4.49)
p'(a) = [ dzpi(z)sinh(g2). (4.50)
Then, we obtain
ViE>0) = T [pl(q) +p (@), @51)
Vi <0) = T pllq) ~p'(q)]. (4.52)

This provides the formal link between the stray fields in the vacuum region and an
arbitrary external charge that is modulated within the layer plane at some wave vec-
tor q. Consistent with the arguments of Ref. (57), the information about the macro-
scopic electrostatic potentials (i.e. the fields in the vacuum region where the charge
density perturbation vanishes) is exactly contained in the two hyperbolic integrals

ol (q) and p*(q).
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4.9.2 Flexovoltage

To connect with the theory developed above, we need to extract the potential dis-
continuity near z = 0 for the mirror-odd (sinh) component of the field,
L am |
V(@) = Vi+e) = Va(=e) = o7 (a), (4.53)
Based on the arguments of our Ref.(56) (see Supplemental Material, Sec.2.2), at the
leading order in g (zero-th and first order terms are zero because of translation and
rotational invariance, respectively) we must have V+(q) = 47g*u*® = 4?¢; this
implies
o (@)/q=aw"+- . (4.54)

This formula is important, because it expresses the out-of-plane flexoelectric co-
efficient of the layer as a second derivative of the total energy with respect to two
well-defined perturbations: (i) a flexural phonon distortion at some wavevector q,
and (ii) a modulated electric field, described by an externally applied scalar potential
of the type

Vext(r) — _(c/'Z Slnh(qz)

cos(q - r). (4.55)
This observation guarantees the thermodynamic equivalence between the direct and
converse flexoelectric effect, as we shall see in the following subsection. Right on the
z = 0 plane (i.e., in the strict 2D limit), Eq. (4.55) corresponds to a pure transverse
field, modulated by a complex phase. In a neighborhood of the layer, the hyperbolic
sine function constitutes the correct (57) generalization of the latter to the quasi-2D
case. As a matter of fact, one can show that any statically applied potential with
mirror-odd symmetry can be expanded on a basis of sinh(gz) functions times an
in-plane phase. This implies that our considerations hold, in full generality, for an
arbitrary inhomogeneous field applied out-of-plane.

4.9.3 Converse flexoelectric effect in 2D

As a numerical demonstration of the above results, we have performed an explicit
numerical test by applying the external potential of Eq. (4.55) to a suspended mono-
layer of BN within free electrical boundary conditions. [We have used a 24+/3 x 1
supercell, with similar computational parameters to those that we reported in Sec.
4.5; we have tested two values of g = 271/ (N V3ag), with N = 12,24.] After relaxing
the electronic ground state in the external field at fixed atomic positions, we have
extracted the out-of-plane atomic forces; their values divided by the field amplitude
(weuse &, = 10~% atomic units) are shown in Fig. 4.9.

The forces display an essentially perfect match with a cosine function, whose
amplitude is close to the out-of-plane Born charge of the sublattice,

fi = Z(q) cos(q - Ryy). (4.56)

The values of the fit, reported in Table 4.6, show that the forces on the two sublattices
do not cancels exactly; their sum, according to the above arguments, are related to
the clamped-ion flexoelectric coefficient, ﬁZD by

1
75 Y fe= @b (4.57)
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FIGURE 4.9: Atomic forces induced by a spatially modulated trans-
verse electric field on a BN monolayer in its unperturbed equilib-
rium structure. Modulation periods of 24 (left) and 12 (right) cells
are shown. Black circles and red squares refer to B and N atoms, re-
spectively. Solid curves are fits to the data (see text).

The resulting values are in excellent agreement with the direct coupling coeffi-
cient calculated via linear-response (see Table 4.2), i?® = —0.002105¢, demonstrating
the internal consistency of our arguments. Note the relative smallness of the flexo-
electric coupling [an O(g?) effect] compared to the force on the optical “ZO” phonon
of the monolayer (given by the difference Zg — Zx). The restoring force of the flexural
phonon, however, goes like O(g*), which means that the resulting distortions can be
very large in the long-wavelength limit, as we shall see in the next subsection.

Period (cells) Zp ZN Yo Zx P
12 0.276832 —0.277014 —0.000182  —0.00230
24 0.260273  —0.260315 —0.000042 —0.00212

TABLE 4.6: Explicit calculation of the converse flexoelectric effect. Zy

are the fitted atomic forces in response to the modulated field; ;IZD is

the estimated clamped-ion flexoelectric coefficient calculated accord-
ing to Eq. (4.57). All values are in units of electron charge.

4.9.4 Continuum modeling of PFM experiments

The implications of our findings for the interpretation of the experiments are best
discussed in terms of the model of Ref. (64), describing the dynamics of the flexural
mode of a 2D layer on a substrate. In particular, we propose the following con-
tinuum energy functional of the vertical displacement of the layer, u(x,y), and the
out-of-plane field, £(x,y),

E(u,&) = Su? + g (Vzu)2 + 1?PEViu. (4.58)

N [0Q

Here V2 is the in-plane Laplacian operator, ¢ describes the coupling to the substrate
(the latter is assumed to be clamped for simplicity), and B is the bending modulus.
Of the three parameters appearing in Eq. (4.58), B and u?P are well-defined intrinsic
properties of the crystal; ¢ obviously depends on the specifics of the experimental
setup.

As an example, in Fig. 4.10 we show a reciprocal-space analysis of the vertical
displacement amplitude, which we performed by assuming a cosine-like form for
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Flexural phonon amplitude (pm)
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FIGURE 4.10: Amplitude of the flexural phonon response to an ex-

ternally applied transverse electric field of 1 GV/m, modulated at a

given in-plane wavevector g. Results for g = 10~! eV/A* (black),

g=10"2eV/ A% (red), g=10"3eV/ A* (green) and the free-standing
layer (dashed) are shown.

both functions £ and u. After substituting f(x) = fcos(q-r) [f = &£, u]in Eq. (4.58)
we obtain

§+Bq* o pg o wPET

E(u, ) = 5 us—u*Equ, — u_g+Bq4'
where the second equality stems from the stationary condition on E. By using the
physical parameters of MoS,, u?® = —0.018¢ and B = 9 eV (66), and four differ-
ent choices for the substrate interaction parameter, g. (The largest value of g=0.1
eV/A* roughly corresponds to the interlayer coupling in bulk MoS,; depending on
the substrate and deposition technique, the interaction may be one or two orders
of magnitude weaker.) The free-standing solution diverges as =2 (a uniform field
induces a curvature of K = p*P£/B in such a limit), while in presence of interac-
tion the response peaks at some wavevector 4 and vanishes in the limit of a uniform
field (the vertical force on a layer cell is proportional to #?P£g?). For g=1 meV /A%
the peak response of 1 pm/V at a length scale of about 5 nm appears consistent
with the measurements of Ref. (15); an experimental estimate of g, together with the

Fourier components of the tip potential would be necessary for a more quantitative
comparison.

(4.59)

Note that we have neglected dielectric screening effects in our model. This is
an excellent approximation for unsupported 2D layers, since the dielectric function
tends to unity (57) in the long-wavelength limit that is relevant to our theory. In the
supported case, screening by the substrate may be important, but this effect can be
easily incorporated in the definition of the external electric field, £(x, ).
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Chapter 5

In-plane response

While the aforementioned out-of-plane response is universal, it turns out to be small
in many materials. In the present chapter, we investigate the in-plane polarization
response to a flexural deformation instead, which we indicate as “unconventional”
as it is typically ruled out in 3D crystals of sufficiently high symmetry. The effect,
illustrated in Figs. 5.1(a) and 5.1(b), is linear in the layer curvature, and therefore dif-
fers from the nonlinear one predicted in monolayer h-BN (18) some time ago. It is
active in a surprisingly broad class of 2D systems, including many of the best stud-
ied materials. Interestingly, for materials with D3; point symmetry (space groups
P3m1 and P31m), the amplitude of the polarization response is insensitive to the
bending direction, while its orientation continuously rotates in plane, with an angu-
lar periodicity that matches the three-fold axis of the flat configuration. [Figs. 5.1(b)
and 5.1(c)] Apart from the obvious practical interest for energy-harvesting applica-
tions (21), such an effect is important for fundamental reasons as well. Most notably,
it leads to a broad range of topologically nontrivial polarization textures in rippled
and bent geometries, including vortices/antivortices and spontaneously polarized
tubes.

5.1 2D in-plane polarization field

Our goal is to express the flexoelectric coefficients in terms of a “strict-2D” model
of the layer, as a surface polarization (67) response to curvature. In the truly strict-
2D case, the Cartesian components of the surface polarization can be expressed
as P = (puru + pvrv) / \/gziD, with r,, 1, and gZD defined as provided in 4.1.2, and
P, indicating the & component of the curvilinear surface polarization. (Similarly to
Sec.4.1.2, here we shall use Greek indices for the in-plane uv directions.) The local
curvature, in turn, is well described by the matrix elements of the second funda-
mental form, b,g = 1,5 - n. This, in principle, allows us to write the flexoelectric
coefficient in the reference configuration as derivatives of P, with respect to bg,,.

In the quasi-2D case, as shown in Sec.4.1.2, the matrix elements of b can be writ-
ten as follows,

bﬁ’y = —8‘3%2, (51)

with g, . the symmetrized (type-II) strain-gradient tensor. The latter quantity is
uniform along z and is therefore the appropriate macroscopic variable to describe
curvature in a quasi-2D context. The strict-2D limit is eventually recovered by inte-
grating along z the microscopic polarization response. Thus, we define the relevant
flexoelectric coefficients as first derivatives of the curvilinear surface polarization, P,
with respect to g, .,

N

Poc = Vi?[ﬁrygﬁ'y,z/ (52)
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The derivative is intended to be taken within the mixed EBCs, as defined in Sec.4.3. Our
choice of notation is motivated by the obvious analogy with the definition of the
type-1I flexoelectric coefficients in 3D; (22) one should keep in mind, however, that
here P is defined as a charge per unit length; consequently, the flexoelectric coeffi-
cients yig g, have the dimension of a charge.

5.2 Symmetry requirements and D3, crystals

A necessary condition for any of these coefficients to be nonzero is the lack of a z-
oriented mirror plane; similarly, xy inversion cannot be a symmetry, as the tensorial
dependence on the in-plane indices is odd. While our theory is valid in the most
general case, in the following we focus on a subset of these materials that have the
highest symmetry compatible with the above criteria. More specifically, we con-
sider crystals with a z-oriented three-fold axis, space inversion symmetry and a ver-
tical mirror plane (space groups P3m1 and P31m, D3, point group). Within this set,
there are only three non-zero in-plane components of the type yig g Assuming a zy
mirror-plane (x is the armchair direction in P31m crystals, and zigzag in P3m1), they
are related to each other as

VﬁzD,yy =K .u?zj,xx = .Mgc]zj,xy =W (5.3)

where p is the only independent component. This choice leaves the freedom for
two nonequivalent configurations, related by a z — —z mirror operation or, equiv-
alently, by a rotation of (2n + 1)71/3 about the threefold axis. The two structural
variants have opposite y coefficient, which results in a sign ambiguity unless the

(a)

FIGURE 5.1: (a)Schematic illustration of a slab bent along the (princi-
pal) direction A with a (principal) curvature K;. Red arrows indicate
the principal bending directions. (b) 2D geometry for SnS;. 6 indi-
cates the angle between the axis x and the principal direction A;. The
induced in-plane polarization P is indicated for an angle 6 = 15°.(c)
Orientation evolution of the induced in-plane polarization with re-
spect to the bending direction (). Threefold symmetry is highlighted
by use of blue lines.
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FIGURE 5.2: Top view of the crystal structures employed in the linear-

response calculations for the materials considered. The primitive cell

is highlighted. Upper and lower atoms of the same type are indicated

with the same color but different shade. Upper atoms are explicitly
indicated with an asterisk.

atomic positions are fully specified; our data refer to the structures shown in Fig. 5.2
and reported in Table 5.1.

To see the practical implications of Eq. (5.3), it is convenient to represent the
strain-gradient components in terms of principal curvatures (K;) and directions (A;)
asepy,; = X Ki)&l.ﬁ)\?. Then, by writing A1 = [cos (0),sin (6)] and A, = [—sin (0), cos ()]
in terms of the angle 6 [Fig. 5.1(b)], we find

A

P (0) = pu (sin(30)A1 — cos(30)A2) (K1 — Ka). (54)

Remarkably, the modulus of the linearly induced polarization is #-independent,
PH(B) = |u(Ky — Kz)| and only depends on the difference between the principal
curvatures. (The case K; = K; corresponds to a deformation with spherical symme-
try, which locally preserves the threefold axis of the structure and therefore cannot
produce an in-plane P.) On the other hand, the polarization direction continuously
rotates in plane with an angular periodicity that is three times that of the principal
axes. This means that the induced polarization is manifestly invariant with respect
to 0 — 6 £ m27/3 [Fig. 5.1(c)] with integer m, again consistent with the D3; symme-
try of the crystal.

Such a peculiar angular dependence of the polarization response is common to
many electromechanical properties of hexagonal layers. For example, an analogous
behavior was found in Naumov et al. (18) for the polarization induced at the second-
order in the curvature in a monolayer of h-BN. Most importantly, Eq. (5.3) matches
the internal symmetries of the piezoelectric tensor, e, g, in BN and other isostructural
materials (e.g., MoS;) with a z-mirror plane but no space inversion. Indeed for these
materials we have

eyyy = —E, eyxx = exxy = E, (5.5)

and the induced (piezoelectric) polarization can be written exactly as in Eq. (5.4),
provided that we replace the principal curvatures K; with the principal stretches ¢;
and the flexoelectric constant y with E. This analogy suggests that a flexoelectric
effect with the characteristics of Eq. (5.4) should be present in a bilayer of h-BN and
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T 17 3
Siy 1/3 2/3 +hs;/L
Sip 2/3 1/3 —hg; /L
P; 1/3 2/3 +hp/L
P, 2/3 1/3 —hp/L
B, 1/3 2/3 +hg/L
B, 2/3 1/3 —hg/L
N; 2/3 1/3 +hN/L
N> 1/3 2/3 —hNn/L
Sn 0 0 0
S 1/3 2/3 +hSn52/L
Sy 2/3 1/3 —hgns, /L
Rhy 1/6 5/6 0
Rh, 5/6 1/6 0
I; 0.148 0.5 —hRrni, /L
I, 0.5 0.852  +hgni, /L
I3 0.852 0.852  —hgpy,/L
I4 0.148 0.148  +hgrp;,/L
I5 0.5 0.148  —hgni,/L
Ig 0.852 0.5 +hghy, /L

TABLE 5.1: Primitive-cell atomic structures, expressed in reduced
coordinates, for the materials considered in this work. & refers to
the parameter reported in Table.5.2, except for BN-bilayer where B
and N occupy sublattices positions described by slightly different z-
components (hp = 3.0661 Bohr and hy = 3.0703 Bohr for B and N

respectively).
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related compounds, provided that they are appropriately stacked (AA” or AB’) in
order to recover D3; symmetry. In this case, within the assumption that the layers
do not interact significantly, one expects

u =~ Eh, (5.6)

where h is the interlayer distance. Eq. (5.6) generalizes the results of Ref. (21) to a
generic flexural deformation; here, we shall use it as a validation of our computa-
tional method by including the h-BN bilayer in our materials test set.

5.3 First-principles theory

We shall focus now on the first-principles calculation of u2P 'y~ The microscopic
curvilinear polarization linear-response along an in-plane (curvilinear) direction (« =
x or y) due to a symmetrized uniform strain-gradient of the type €g, ) is obtained
from equations (3.39)-(3.40) and Eq.(3.10). The total (relaxed-ion) 2D longitudinal
flexoelectric coefficient is finally obtained as

B, (
3 3
Hazpy = s/ asmz / Py, ()2 + Lt g, (5.7)

where S is the unit-cell surface, L the out- of—plane dimension of the supercell where

the layer is accomodated in, and the relation pll py = O fQ d*rP,, ﬂ7< ) (22; 29) has
been used.

In the following sections we shall recast Eq. (5.7) in a form that is suitable for
direct implementation and that, similarly to the out-of-plane response, provides an
exact separation between clamped-ion (CI) and lattice-mediated (LM) contributions
in the form

2D,CI 2D, LM
:uocz By T Vaz By + ‘uaz By (58)

5.3.1 Clamped-ion 2D flexocoefficient

The clamped-ion contribution to y2- ﬁ“r is formally written as
§20C d3 + ptL ﬁ)( )z) + Lytc! 5.9
Haz By T Z (x K‘B Z &Ky :uaz,ﬁ'y‘ ( : )

Using the fact that the system is finite along the out-of-plane z-direction, we can
write

2 [ drzplp @ = 2 [ drz =) B ZTKZ RSO
= Z/ drP oczxgz ZTKZ/ darpalkg

ICI
= _ZL:uoéﬁ,'yz —L ZTKZ oucﬁ
(5.10)



66 Chapter 5. In-plane response

Here, the overbar indicates avarage over the supercell volume and we have used the

relationship (22) between the type-I CI flexocoefficients and the sublattice summa-
tion of Ppgiégz). Finally, using the relationship u! Bz = (1/2) (leXIZ, By T Har, ﬁz) (29; 22)

and gathering all the terms together, Eq.(5.9) can be rewritten as
L
2D,CI _ I,CI 1,CI (LB)
‘utxz,ﬁ'y - |:<y1x')/ zB + nua/S zfy) + ( ‘B + P( ‘B)) TKZ] . (511)

5.3.2 Lattice-mediated 2D flexocoefficient

The remaining non-clamped-ion contributions to the 2D flexocoefficient of Eq. (5.7)
are

1 1
E/()d3rzp”g?")9(r) by~ LP T, + SZ’EP) pz (5.12)

The first term in the above equation can be manipulated, likewise its CI counterpart,
as follows

/d3rzPM)p() = /ds Z_TKZ)p,,E,Qp() pm+ TKZ/ PP, (0T 5.

( Z) (a)
= LPujp Pﬁ“ﬂLSZKP Tl oy

(5.13)

Now, after observing that the first term at the r.h.s. exactly cancels the mixed one
[second term in Eq. (5.12)], we are left with a purely lattice-mediated contribution
written, in perfect analogy with the out-of-plane response, as

DIM 1Z( «)

Pazpy = v (5-14)

where L{_ 5 is the internal relaxation of the x-atom in the isolated slab due to the
flexural deforrnatlon and defined as in Eq.(4.33). Similarly to the out-of-plane re-
sponse, all ingredients in Eqgs. (5.11) and (5.14) can be readily calculated with the
linear-response and long-wave (27; 54; 28) modules of ABINIT.

In Sec. B.1 we also prove that the type-II 2D coefficients described here di-
rectly relate to the macroscopic 3D coefficients of the supercell in type-I form via
yig By = —Ly}le g, consistent with the known fact (56; 23) that a 2D flexural phonon
propagating in a free-standing slab is characterized by the same atomic displacement
pattern as a transverse strain gradient.

54 Computational results

Our calculations are performed within the local-density approximation as imple-
mented in the ABINIT package (58; 54). Norm-conserving pseudopotentials are
generated with Hamann’s approach (35), by using the “stringent” parameters of
PseudoDojo (59), but neglecting non-linear core corrections. We set a supercell size
of L = 30 bohr (15.875 A) and a plane-wave cutoff of 80 Ha; the Brillouin zone is
sampled by a I'-centered 12 x 12 x 2 mesh except for silicene (a grid of 13 x 13 x 2
points is used); with respect to these parameters, the calculated flexocoefficients are
converged within a tolerance of 0.1 % or better (see e.g. Fig. 5.3). Before performing
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FIGURE 5.3: Convergence of the CI (a) and LM (b) independent com-
ponent || as a function of the in-plane k-points mesh resolution, for
Sn52.

the linear-response calculations, we optimize the atomic positions and cell parame-
ters of the unperturbed systems to a stringent tolerance (10~ and 10~ atomic units
for residual stress and forces, respectively); the resulting structures (detailed in Tab.
5.2) are in excellent agreement with existing literature data (see e.g. Ref. (60) and ref-
erences therein). In particular, for all the materials considered we used an hexagonal
unit-cell described by primitve vectors of the form

aj=a (1.0 ,0.0 ,0.0)
a=>b(-05 ,v/3/2 ,00) (5.15)
a3 =c (0.0 ,00 ,1.0)

with a = b (see Table 5.2) and ¢ = L. The atomic structures of the materials studied
in this work are provided in Table 5.1. (In the case of Rhls, after having performed
the computation with the structure described in Table 5.1, we applied a counter-
clockwise rotation of 7t/2 to the calculated flexoelectric tensor, in order to recover
the geometry shown in Fig. 5.2(e).)

a(d) bA)  hA)
Si 3814 3814 0215
(blue) P | 3212 3212 0.619
BN 2474 2474 1.625
SnS, | 3.618 3.618 1468
Rhl; | 6671 6.671 1.488

TABLE 5.2: Equilibrium structural parameters for the unperturbed
flat configuration of the materials considered in this work. / corre-
sponds to half the thickness of the buckled materials.

The calculated 2D in-plane flexocoefficients (yigm) of silicene, blue phospho-
rene, SnS; and Rhlz monolayers, as well as of the h-BN bilayer with AA” stacking,
are shown in Table 5.3 along with the corresponding out-of-plane ones. [The latter
calculated as yglz?ﬁ g = €09zpp, from the flexovoltage ¢ as defined in chapter 4.] Inter-
estingly, our results indicate that the in-plane flexoelectric response is much larger
than the out-of-plane one, in several cases about one order of magnitude larger. This
trend is common to all the studied materials in spite of the systematic sign reversal
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observed for the Cl and LM contributions; both are generally comparable in module,
except for Rhlz where the LM term is one order of magnitude smaller.

T T

CI LM RI RI

Si 0.0299 | 0.0000 | 0.0299 | 0.0032
BN(bilayer) 0.7569 | —0.4947 0.2622 | —0.0304
(blue)P 0.0721 | 0.0000 | 00721 | 0.0212
SnS, 0.1257 | —0.2263 | —0.1006 | 0.0198
Rhis 01766 | 0.0102 | —0.1664 | —0.0062

TABLE 5.3: Characteristic 2D flexocoefficients due to a flexural defor-
mation. Three left-most columns show the Clamped-Ion(CI), Lattice-
Mediated(LM), and Relaxed-Ion(RI) contributions to the in-plane re-
sponse ‘uﬁgxx. Fourth column shows the out-of-plane RI response,

y%‘z?xx. Results are provided in units of electronic charge.

5.4.1 Generalized-gradient and Van der Waals XC functionals

To verify the impact of the exchange-correlation functional, we recalculated the flex-
oelectric coefficient u?P defined by using the PBE functional in place of LDA; the
results are presented in Table 5.4. The LDA and PBE results show reasonable agree-
ment in most cases, with typical deviations that are in line with the expectations
(e.g., similar deviations were pointed out for the out-of-plane response). The largest
disagreement occurs in the case of the BN bilayer, with a PBE flexoelectric coefficient
that is 35% larger than the LDA value. Interestingly, a closer look at the relaxed PBE
structure reveals that the equilibrium interlayer distance, hpgg = 8.29 bohr, displays
a comparable (35%) overestimation respect to the LDA result (h pa = 6.14 bohr).
Given that the noninteracting-layer formula, 4 = Eh, accurately holds in both cases
(compare the “direct” and “model” row in Table 5.4), the large disagreement in the
interlayer distance h is almost entirely responsible for the discrepancy in the calcu-
lated . (The piezoelectric coefficient of monolayer BN, E, has similar values in LDA
and PBE.)

Such a discrepancy in the value of & is not surprising, and arises from the fact
that a bilayer system is a van der Waals bonded compound, i.e., a classic situation
where local and semilocal approximations to DFT fail. PBE, in particular, does not
seem to bind the two BN layers at all, which explains the unusually large value of .
This structural parameter has been calculated by taking van der Waals corrections
into account, at various levels of theory, in (68). The most reliable values quoted
therein, of h = 3.34 — 3.51 A, are similar (3-9% larger) to our LDA value, and 20%
smaller than the PBE one. All in all, this analysis indicates that whenever the vdW
corrections are needed, the flexoelectric response of the system is trivially given as
a weighted sum of the piezoelectric response of the constituents, in agreement with
the conclusions of (21).
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Py Wix

CI LM RI RI

Si 0.0239 | 0.0000 | 0.0239 | 0.0016

P 0.0669 | 0.0000 | 0.0669 | 0.0206

SnS, 0.1369 | —0.2016 | —0.0646 | 0.0178

Rhi; ~0.1733 | 0.0202 | —0.1530 | —0.0080

2-BN (direct) | 1.0013 | —0.6215 | 0.3797 | —0.0254
2-BN (model) | 09986 | —0.6213 | 0.3773

TABLE 5.4: Calculated 2D flexoelectric coefficients within PBE.
Left columns show the Clamped-Ion(CI), Lattice-Mediated(LM), and
Relaxed-Ion(RI) contributions to the in-plane response ‘uﬁgxx. The

right column shows the out-of-plane RI response, yfgxx. Results are
provided in units of electronic charge. 2-BN corresponds to the BN
bilayer, which we calculated either directly or by means of the piezo-
electric model (yZD = Eh) within PBE. The values of the CI and
LM longitudinal piezoelectric constant are E! = 0.1208 e/bohr and
E™ = —0.0749 e/bohr, respectively, in good agreement with the
LDA values reported in the main text. The calculated PBE interlayer
distance is 1 = 8.29 bohr.

5.5 Consistency check and comparison with second-order ef-
fect

As a first consistency check of our method, we shall prove that we recover Eq. (5.6)
and, therefore, the results of Ref. (21) in the case of the h-BN bilayer. To perform this
test, we first calculate the value of the piezoelectric constant for an isolated h-BN
monolayer, obtaining E<! = 0.1230 ¢/bohr and E'M = —0.0810 ¢/bohr for the CI
and LM part, respectively, yielding a total E = 0.0420 e/bohr. Then, we relax the
geometry of an AA’-stacked bilayer, consistent with the geometry used in Ref. (21),
obtaining an interlayer distance of 1 = 6.14 bohr [the experimental bulk spacing is
6.2928 bohr (69)]. By plugging these values into Eq. (5.6) we obtain u“! = 0.7548 ¢,
™ = —0.4970 e and u = 0.2577 ¢, in excellent agreement with the results reported
in Table 5.3.

To get a flavor of how large the predicted effect is, we can compare it to the non-
linear one described by Naumov et al. (18), which involves the in-plane polarization
response to the square of the local curvature. Of course, the coefficients are not di-
rectly comparable as they occur at different orders in the deformation amplitude;
however, we can estimate a critical radius of curvature (R*) at which the respective
magnitudes of the induced polarization become similar. Extracting a second-order
coefficient from the numbers provided in Ref. (18) and employing the linear-order
coefficient for the h-BN bilayer, we obtain an unrealistically small value of R* ~ 0.75
bohr, with the linear effect prevailing at any R > R*. For instance, Naumov et al.
obtain induced polarizations P ~ 0.013 e/bohr for an h-BN monolayer corrugated
along a zigzag direction with an average radius R ~ 6.7 bohr and at a CI level. In-
stead, taking our CI coefficient for the h-BN bilayer [Table 5.3], the present linear
effect reaches the same magnitude at curvature radii R ~ 60 bohr. At deformation
regimes that are currently attainable in a laboratory (70) (R ~ 10 um), the linear
response of the bilayer is stronger than the nonlinear one of the monolayer by five
orders of magnitude.
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5.6 Topological in-plane polarization in rippled D, crystals

A direct outcome of the predicted flexoelectric coupling is the emergence of topolog-
ically nontrivial in-plane polarization textures in arbitrary rippled states. Let us con-

sider an arbitrary ripple of the form u,(x,y), that leads to an arbitrary local curva-

2
ture operator bg, (x,y) = a;;; E;;Wy ), Following the results of the previous sections , the

macroscopic in-plane polarization field induced by a generic arbitrary ripple u.(x,y)
of a quasi-2D material can be written as

Pa(%,y) = panpybpy (x, ), (5.16)

with a, B, v = x or y. Remarkably, we find that two-dimensional Ds; crystals, when
rippled, are endowed with a characteristic nontrivial topological in-plane polariza-
tion field (e.g. Fig.5.4). Indeed, exploiting the symmetries of the 2D flexoelectric

~0° 0

A 4

FIGURE 5.4: Rippled surface and the related in-plane polarization in-
duced within the material. The riported ripple corresponds to a su-
perposition of three sinusoidal deformations, as described in the up-
per side of figure 5.6 (refer to the same figure for color scale details).
The induced in-plane polarization field corresponds to an hexago-
nal lattice of clockwise vortices, each described by a winding number
Q = 1 and centered in corrispondence of the 1D nodes of the ripple

(see Fig) 5.6.
coefficients (Eq.5.3), one finds
PP(x,y) = 2uPbyy(x,y), (5.17)
PP(x,y) = p* (bex(x,y) = byy(x,y),) (5.18)

with 1% the only independent entry for the components of the kind yig g, (in type-II
representation and &, B,y = x or y) defined in Eq.(5.3).

The topological state of a two-dimensional order parameter field (in this case the
in-plane polarization field) can be described by use of the so-called winding number
(71), defined as the integer corresponding to the number of turns that the vector field
does when moving along a close path defined within the domain the considered
field is defined on (the real (x,y)-plane, in this case) and as seen by an observer in
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FIGURE 5.5: Top and bottom left panels: Polarization texture asso-

ciated with a single Gaussian bump of the type z = Ae=(FHy1)/0
and an hexagonal lattice of Gaussian bumps of the same type. The
arrows indicate the polarization direction, its amplitude (in units of

| Py e o~ 1.48% and |P)|M ~ 6.94% rispectively) is defined by
the color scale. Top and bottom right panels: Contour plot for the
considered deformation. Their amplitudes (in units of u7*™> = A and

uy'® ~ 1.11A respectively) are defined by the color scale.

the reference frame. The winding number can be mathematically defined as (71)

1 d PP
Q= E?idl o arctan @ . (5.19)

where dl is an infinitesimal line element and C is the close path defining the line
integral.

We consider four different kinds of ripples and show the associated induced in-
plane polarization fields, the latter calculated by employing Eq.s (5.17) and (5.18)
(see B.2 for mathematical details). In Fig.5.5 we report the in-plane polarization
fields that result from an isolated Gaussian-shaped bump and an hexagonal array of
Gaussian-shaped bumps respectively. In both cases the resulting polarization field
corresponds to a topological figure consisting in a textbook antivortex structure with
a topological charge (winding number) Q = —2. In Fig.5.6 we consider two periodic
deformation patterns with threefold symmetry, both consisting of three superim-
posed sinusoidal ripples. The two ripples differ by the set of wave-vectors used to
describe the three sinusoids. The resulting polarization field is a hexagonal lattice
of clockwise and center-divergent vortices (Q = 1) respectively. By playing with
these two examples we could obtain a whole range of patterns, including an array
of monopoles, and in-plane textures that closely resemble those of Ref. (72).
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FIGURE 5.6: Top and bottom left panels: Polarization texture associ-
ated with two periodic patterns of the typez = A Z?’:l sin(q; - r), with
q1 =4(1,0,0), q2 = q(—1/2,/3/2,0), q3 = q9(—1/2,—/3/2,0), and
q = q(v3/2,1/2,0), @2 = q(—=V3/2,1/2,0), q3 = (0, —1,0) re-
sepctively. ¢ = 27t/ L. The arrows indicate the polarization direction,
its amplitude (in units of |P|™®™ = 1.75A 1q?) is defined by the color
scale. Top and bottom right panels: Contour plot of the periodic de-
formations considered. Their amplitudes (in units of u}*®* ~ 2.6A)
are defined by the color scale.

5.7 Spontaneous polarization in Dj; crystal nanotubes

As a corollary of the above, our theory predicts an axial spontaneous polarization
in nanotubes made of 2D trigonal crystals (Fig.5.7). In particular, a nanotube con-
structed by folding a layer along A acquires a linear axial polarization in the form

PP = 271 cos(36), (5.20)

independent of its radius, R. Note that, for angles 0 that are not an integer mul-
tiple of 71/6, a circulating (azimuthal) component of the polarization of amplitude
1/ R sin(30) coexists with the axial one; the polarization field then becomes chiral.

To test the validity of Eq.(5.20), we performed direct ground-state DFT calcu-
lations of zigzag SnS, nanotubes and extract the atomic forces, together with the
macroscopic electronic polarization along the axial direction via the Berry phase im-
plementation of VASP.5.4 (73; 74; 75; 76). We also performed a full structural relax-
ation of the nanotube structures to assess the LM contribution to y#, and hence to
Eq.(5.20).

Each SnS; nanotube is placed in a simulation supercell that is hexagonal over
the radial plane, with sufficient outer vacuum regions for the periodic replicas to be
mechanically decoupled, and the tube axis is oriented along the z Cartesian direction
(with a lattice parameter ¢ = 11.84 bohr). We used the projector-augmented wave
(PAW) approach with an energy cutoff of 520 eV, the local-density approximation
(LDA) to the exchange and correlation potential, and we sampled the first Brillouin
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FIGURE 5.7: Nanotube constructed by folding a SnS; layer along its
zigzag direction. The fully axial spontaneous polarization is schemat-
ically sketched.

zone with a grid of 1 x 1 x 10 k points centered at I'. The atomic positions are relaxed
until all the forces are smaller in magnitude than 2 x 10~% eV /A.

In table 5.5 we show the results obtained for two nanotubes generated by fold-
ing stripes of 24 and 36 SnS; 6-atom unit cells. The CI electronic polarization and the
atomic forces are in essentially perfect agreement with the linear-response values
shown in the bottom row of the table. Such a match is remarkable given the sub-
stantial differences in methods and codes between the two calculations. The atomic
relaxations show a slightly slower degree of convergence, which we ascribe to the
frequency hardening of the contributing polar phonon with curvature (and therefore
a physical effect, not a limitation of our method). Note the two orders of magnitude
difference between the axial polarization of our SnS; nanotubes and the values re-
ported for a bundle of very thin (< 7.5 bohr radius) h-BN nanotubes. (77)

R R- an R- FS PlD,CI PlD,LM

z z
26.122 | —0.135 0.066 | —0.800 1.106
39.183 | —0.130 0.066 | —0.789 1.304
Lr. —0.132  0.065 —0.790 1.422

TABLE 5.5: Results from direct calculations for nanotubes of two dif-
ferent radii R [in bohr] (two top rows) and from the linear-response
calculation (bottom row). The two left-most columns show the av-
erage axial forces [times R and in hartree units] on the Sn and S
atoms. The two right-most columns show the clamped-ion and
lattice-mediated 1D axial nanotube polarizations [in ¢]. Direct 1D po-
larizations are calculated as QQP,/c, with (), ¢ and P, being, respec-
tively, the volume, dimension and 3D polarization component along
the axial direction of the simulation supercell. In turn, linear response
ones are calculated with Eq.(5.20) of the main text.
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Chapter 6

Conclusions

An important conceptual breakthrough of this thesis consists in defining flexoelex-
ctricity (more specifically, the out-of-plane response) in 2D-materials in terms of the
open-circuit voltage in response to curvature. This is a crucial advance in this re-
search area, as it allowed us to overcome once and for all the former difficulties, e.g.
with the definition of the dipole moment of a curved slab. The issue, in fact, does
not reside that much in the definition of the dipole moment itself (a sound prescrip-
tion that works in the cylindrical coordinate system of a bent layer was proposed in
Ref.(61)), but rather in its physical significance for representing a meaningful phys-
ical property of the system. Indeed, curvature modifies the Poisson equation in a
non trivial way, which implies that the “radial dipole moment” alone no longer de-
scribes the coupling with external potentials: The quadrupolar moment of the charge
distribution must be accounted for as well. This observation leads to one of our key
findings of this thesis: in the linear regime, the radial dipole moment of the induced
charge density must be corrected with a metric term, consisting in the quadrupo-
lar moment of the unperturbed charge. This way, we obtain a physically sound
description of the out-of-plane flexoelectric response, which correctly describes the
(both direct and converse) interaction between an arbitrary flexural deformation and
the electrostatic potentials outside the layer. Our definition is benchmarked in terms
of an intuitive toy model, where we demonstrate the necessity of using our pre-
scriptions to avoid running into an absurdum: if we neglect the metric term, dipole
moments would be generated by rigidly displacing neutral spheres in space.

From the point of view of the computational approach, the first-principles meth-
ods developed in this thesis constitute a drastic advance compared to the preexisting
state of the art. The out-of-plane flexoelectric coefficients have been implemented
and calculated as linear-response properties of the material: this has obvious ad-
vantages, both in terms of efficiency and accuracy. First, within our strategy the
flexoelectric response is calculated on the primitive 2D cell of the flat layer: This
completely removes the need for large bent structures (e.g., nanotube geometries)
that can be computationally very demanding, and avoids potential contributions
from poorly controlled boundary effects, which were an issue in the past. Second,
the use of a linear-response approach enables a straightforward control on the nu-
merical quality of the results and their convergence with respect to the standard
computational parameters (e.g., Brillouin-zone sampling, and plane-wave cutoff):
the same criteria apply as in other linear-response properties (e.g., dielectric con-
stant or elastic tensor), which have been available for decades in the framework of
density-functional perturbation theory. (38; 39) Last but not least, the computational
tools developed in this thesis have been implemented in the open-source simulation
package ABINIT, (54; 78) which is distributed free of charge to the scientific commu-
nity within the GNU public license; this means that the contributions of this thesis
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are immediately (and freely) available to any interested scientist. Note that our com-
putational strategy can be easily adapted to other microscopic models (force fields,
etc.): we are confident that our definitions will allow in the future a much easier (and
fair) comparison between different levels of description of the material.

The aforementioned conceptual and technical advances are not only academic,
but have direct practical implications as well. Indeed, our findings provide an exact
representation of the curvature-induced dipole in a form that is ready to be incor-
porated in a strict-2D model of the real “quasi-2D” material. This is invaluable in
the perspective of incorporating our calculated coefficients in macroscopic models
of real-life systems, e.g., the typical experimental setups that are used to probe the
flexoelectric effect in 2D. Most reported attempts so far are based on the piezore-
sponse force microscopy (PFM) analysis of supported layers; in this thesis we have
outlined a strategy to model precisely this kind of situations. Of special note, we
find that knowing both the strength of the coupling to the substrate and the details
of the tip geometry are essential for a meningful estimation of u*° via PFM tech-
niques. These findings, in combination with the database of reference values for the
flexoelectric coefficient of 2D-materials that we provide, establish (for the first time)
clear guidelines for the quantitative interpretation of the measurements.

In the second part of this thesis, we have studied the in-plane electrical response
to a flexural deformation, which (with some notable exceptions, e.g., Ref.(21) and
Ref. (18)) has seldom been considered in the literature. Many of the conceptual and
technical issues we had to face in dealing with the out-of-plane response were also
present here; and, similarly to that case, we have managed to express the in-plane
flexoelectric coefficients as fundamental linear-response properties of the flat layer,
represented by its primitive 2D cell. Moreover, the tensorial representation of the
effect that naturally emerges from our linear-response formulation allowed us to
identify the symmetry requirements for the effect to be present; thereby, we could
target a much broader class of materials in our study. (The only known realization
was bilayer BN (21) prior to this thesis.) We find that 2D crystals with D3; sym-
metry are an especially interesting case, in that the in-plane flexoelectric response is
described by a single independent coefficient and acquires a topological character.

To illustrate the implications of such finding, we used the calculated coefficients
to model the polarization texture of D3, cyrstals in a variety of rippled configura-
tions. Even the most basic structures, e.g., isolated Gaussian bumps or periodically
repeated arrangements thereof, lead to a remarkable variety of topologically non-
trivial textures, including vortices and antivortices. These findings establish rip-
pled D3, layers as a promising (and largely unexplored) platform to study topolog-
ical physics in real materials, paralleling (and possibly complementing) the case of
twisted bilayers that was considered earlier in the literature (72). Since ripples and
flexural modes are ubiquitous in 2D crystals, we conjecture that these textures may
be a rather common occurrence in nature; we hope that our findings will stimulate
the experimental efforts at detecting them.

In summary, this thesis provides a complete solution to a well-defined physi-
cal problem: defining and calculating the electromechanical response of realistic 2D
crystals to an arbitrary flexural deformation. While this is certainly a success, it’s far
from being the last word on this topic, as there are many avenues left open to explo-
ration. The most obvious limitation of this thesis is the lack of reliable experimental
data to compare our predictions with: as we said, we are confident that the theo-
retical advances achieved here will result in renewed experimental efforts aimed at
filling this gap.



Chapter 6. Conclusions 77

From the point of view of the theory, we were unable to establish a general def-
inition of a “2D in-plane polarization”, e.g., in a way that parallels the definition of
“2D charge density” that was proposed in Ref.(57). This limitation has prevented us
from writing down the full 2D flexoelectric tensor in a tensorial form, and we had to
deal with different components of the response on a case-by-case basis. Preliminary
work towards removing this limitation (and thereby addressing the flexoelectric re-
sponse to in-plane strain gradients) was initiated in the course of this thesis, but not
completed, and hence not included in this document.

Beyond flexoelectricity, note that curvature plays an important role in other con-
texts as well. An example is flexomagnetism, i.e., the interaction between flexural
deformtions and the spin degrees of freedom in magnetically ordered crystals. While
a pioneering first-principles theory of these effects has appeared recently, (79) it had
to rely on large-scale nanotube structures to extract the relevant physical parameters.
We speculate that the expertise gained in this thesis may help one recast the latter as
linear-response properties of the flat layer, and thereby bring flexomagnetism to the
same level of methodological maturity as flexoelectricity; this is yet another promis-
ing avenue for future work.






79

Appendix A

Out-of-plane response

A1 Clamped-ion and lattice-mediated coefficients

In this Section we shall see how to convert the SC response functions provided by
ABINIT into the mixed EBCs ones, the latter defined as provided in Sec. 4.3. Prior
to that, we shall briefly recap the definition of the bulk flexoelectric tensor in the
framework of linear-response theory. (22)

A.1.1 Bulk flexoelectric tensor in 3D

The bulk flexoelectric tensor can be written as a sum of electronic and lattice-mediated
(LM) effects

1 PE N\
_ el L (a) K Al
]’la)\,ﬁ"y ‘ya)\"B/y, + QZKP <auKPauK/(7> oABY ( . )
electronic

lattice—mediated

(x, ' run over atomic sublattices, other indices refer to Cartesian directions; summa-
tion over repeated indices is implied.) The second term is given by the product of the

(4)

Born effective charge tensor, Zy,’, the pseudoinverse of the zone-center force-constant
matrix (the latter is the second derivative of the total energy E with respect to atomic
displacements u,,), and the flexoelectric force-response tensor, C('f/\ By (atomic forces
induced by a strain gradient); () is the cell volume. Eq. (A.1) is in all respects analo-

gous to the well-known formula for the static dielectric tensor, (39)

1 PE N\
= e 4=z (=) z A2
€ar \ea/)\ + QZK‘O <aquauK/(T> Ko ( . )

electronic
lattice—mediated

The electronic and force-response tensors of Eq. (A.1) can be further decomposed
into a clamped-ion (indicated by a bar, it must not be confused with a cell average)
and a remainder contribution,

1 _ 1L,A) !
y‘?‘/\/ﬁ’Y = Harpy — PDE,K/‘O) Z,B'yl (A.3a)
= 1LA) !
CZ}‘JSW - Cﬁ)hﬁ? + q)i(CIX,K/)p Zﬁv' (A3b)
Here I'*,_is the piezoelectric internal-strain tensor, describing the atomic displace-
pBY p g p

ments induced by a uniform strain; PoElK”Ap) and (IDS‘);(? , Tefer, respectively, to the elec-
tronic polarization and atomic forces induced by a gradient of the mode u,/, along
the Cartesian direction 7). The clamped-ion terms in Eq. (A.3) describe the direct ef-

fect of a strain gradient on the electronic polarization (A.3a) and atomic forces (A.3b).
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The second terms in Eq. (A.3), mediated by the piezoelectric internal strain I', reflect
the indirect contribution of nonpolar lattice modes that couple linearly to a uniform
strain.

The code implementation of the four “new” tensors in Eq. (A.3) relies on an an-
alytic long-wave expansion (27) of the equations governing the linear response of
the crystal to a phonon, electric field or “metric-wave” (25) perturbation. As of early
2020, a complete calculation of the bulk flexoelectric tensor including electronic and
lattice-mediated effects can be carried out with the latest release of the ABINIT (58)
package. The calculation is inexpensive on a modern workstation: It requires signifi-
cantly less computational resources than a calculation of the phonon band structure.

A.1.2 From SC to mixed-EBCs

In the following we will distinguish the mixed EBCs response functions from their
SC counterparts by indicating the former with a tilde. The mixed EBCs version of
the relaxed-ion flexoelectric tensor entering in Eq.(4.22) can be obtained as

~ HBzaa .
= fB=
HBzan s 1 Z, (A4)

fpzaa = Hpzan if B=x,y.
In particular, the relaxed-ion out-of-plane component fi,; . reads as

el LM
- .uzz,zxa + sz,mx

Hzzoa = ezeé n 6%\4 (A.5)
where the macroscopic flexoelectric coefficient and the static dielectric constant of
the supercell are defined as in Eq. (A.1) and Eq. (A.2). It is not immediately clear
how to recast the fraction as a sum of well-defined electronic and lattice-mediated
terms. We shall proceed by constructing fi., . by imposing the mixed EBCs since
the very beginning. More explicitly, one has the same formula Eq. (A.1)

1

~ _ mel 5(2) -1 A
Hzzon = ng,zm + ﬁz;qg (I)KﬁK/,Y CZ;Z,MXI (A6)
elec. latt.

in terms of the the electronic and lattice-mediated contributions (®~! stands for the
pseudoinverse), with the only difference that the symbols with a tilde are defined
here in mixed EBCs.

To simplify the notation, from now on we shall adopt a bra/ket notation for the
components of a given vector v or operator O over the atomic index and displace-
ment direction,

(ka|v) = Ugq, (ka|OlK'B) = O rp- (A.7)
With this convention, Eq. (A.6) reads as
- - 1 50514
flzzan = fiobae + 6(2(2)@ NCoa) - (A.8)

——

elec. latt.
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The electronic contribution and the force-response tensor, in turn, are defined anal-
ogously to Eq. (A.3) as

~el _ =
Hzzaa = Hzzan

|Cz,oax> = ’éz,zm> +

(0T ), (A.9a)

S N —

12 |T e (A.9b)
Note that the symmetric part of the PSK’Q) tensor has the physical meaning of a
quadrupolar response to an atomic displacement,

QY =P + P, (A.10)
where Q is the dynamical quadrupole tensor (27). Note also the absence of the hat on
I'g,, — T is unsensitive to the electrical boundary conditions since we have assumed
inversion symmetry with respect to the z = 0 plane.

The conversion to mixed EBCs of the purely electronic response functions is triv-
ial, as it only entails a division by the out-of-plane component of the clamped-ion

dielectric tensor,

flozan = LEZ’M/ (A.11)
zZ

2@ = éi\Z(Z)L (A12)

. 1

QF) = Q™). (A13)

The lattice-mediated response relies on several intermediate quantities. First, the
pseudoinverse of the zone-center force-constant matrix is given by the Sherman-
Morrison formula,

47t 0 1[20)) (2] 1

-1 _ g&-1_
dl=09 5 . , (A.14)
where
- Y@ p-17G)
eZZ:eZZ+Q<Z || Z3)) (A.15)

is the static dielectric constant along the out-of-plane direction. Next, the clamped-
ion force response transforms as

= 47
o) = |Cona) — M|Z(2)>’ (A.16)

éZZ

ﬁu

while the corresponding lattice-mediated part is governed by the nonanalytic be-
havior of the force-constant matrix at first order in q [see Supplemental Material of
Ref. (80), Eq. (5.9)],

0s) | 4T 1Z0NQE)| - Q=) (Z0)]

&2 = @
0 26,

(A.17)
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By combining Eq. (A.9) and Egs. (A.16-A.17), we obtain the following result for the
total force-response tensor in open circuit,

- Arps
|Cz,uax> = ’CZ,D(DL> - M‘Z(Z)% (A.18)
€2z
It is a tedious but otherwise straightforward exercise to verify that, with the above
definitions, the following relation holds,

,ﬁzz,mx - Hazau . (A.19)
€2z
It is also worth noting that the internal-strain tensor £ of the slab within mixed
EBCs, defined in Eq.(4.33), similarly to the 3D tensor L can be written as
~Ez,¢m = qBKﬁ,K’pég,/z,m (A.20)
with ~
ng,uux = CEZ,(XD( + AE(X(XTKZ‘ (Azl)

Here A, is the piezoelectric force-response tensor, related to by I'y ,, = o), A¥

= KB,k p” To.M0s
while CEZ 18 the clamped-ion contribution to the mixed EBCs flexoelectric force-

response tensor. It is not difficult to show that the expression
~zz,uax = i‘Kz,oax + FEMTKZr (A.22)
is recast. The derivation of the latter result rests on the definition of ®1?): Since we

are in mixed EBCs and the sample is finite along z, we can write ®(1?) as the first
real-space moment of ®(©) along z,

CTD%ZK)W = CTD,((%),K,W(TKZ — Tyrz). (A.23)

In practical calculations, we use the following procedure.

¢ First, we use the publicly available implementation of the bulk flexoelectric
tensor in ABINIT to calculate the SC clamped-ion polarization (fi,z«) and
force-response (|Cz,4a)) tensors.

¢ Second, we convert these quantities to mixed EBCs boundary conditions ac-
cording to the recipes of the earlier paragraphs,

flzzan = @ , (A.24)
zz
= - 47l
1Cona) = [Coua) — #|Z(Z)>, (A.25)
zz

¢ Finally, we incorporate the relevant uniform-strain contributions.

A.2 Supplemental results

A.2.1 Analysis of the clamped-ion contribution

We report in Table A.1 our results for the CI flexovoltage according to Eq.(4.27). As
we mentioned, the total flexovoltage results from the nearly complete cancellation
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of relatively large numbers. The sum of the first two columns of Table A.1 yield the
dipole moment of the first-order charge density response to the deformation, ¢iP,
which corresponds to the “radial polarization” as defined in Ref. (61). ¢4 roughly
coincides, within few percents, with the quadrupolar moment of the ground-state
charge density divided by 2¢p, hence the near cancellation with the metric term, oM.
This implies that an exceptional numerical accuracy is needed to compute the CI
flexovoltage, <1 = ¢ + @M, highlighting the advantages of our linear-response
formulation.

A.2.2 Analysis of the lattice-mediated contribution

For the compound materials that we have studied in this work, there is a single
out-of-plane optical (ZO) mode that produces a net dipole. Such mode consists in
the antiphase motion of the cation and anion sublattices, whereas either of them
behaves as a rigid unit. This means that, in terms of these two degrees of freedom,
the (open-circuit) force-constant matrix reduces to

< 1 -1
¢KZK/Z =4a ( _1 1 > 7 (A26)

with a a positive number, quantifying the strength of the restoring force. The rea-
son is that ®,,,, must be a 2 x 2 matrix, and one of its eigenvalues must be zero
(translational invariance), the other positive; this leaves only one free parameter.

To calculate "M we need the pseudoinverse of this. To this end, we first calculate
eigenvalues and eigenvectors,

1
A =0, U1 \/E(l, 1), (A.27)
1
/\2 2a, (%] \/E(l, 1) (AZS)
We can write then
61:1( ! _1) (A.29)
KK! 4a -1 1 4 :
Lfizz,nu oIl . Qlp (O)] CI
€0€22 2€q 2€q ¢
C —2.4658 —1.4932 3.8456 —0.1134
Si —2.3766 —1.0755 3.5106 +0.0585
P (zigzag) —5.2371 —0.9364 6.4059 +0.2323
P (armchair) —5.5274  —0.8915 6.4059 —0.0130
BN —2.2805 —1.3320 3.5744 —0.0381
MoS, —9.4562 —1.1129 10.2987 —0.2704
WSe; —11.4534 —0.9254 12.0630 —0.3158
SnS; —7.1838 —0.9945 8.3647 +0.1864

TABLE A.1: Decomposition of the clamped-ion flexovoltage coeffi-
cient, %1, into the three contributions of Eq.(4.27).
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LDA GGA
V4 f a Z f a
BN 0.2445 —0.1131 0.1620 0.2444 -0.1173  0.1515

MoS, —0.0854 0.3655 0.3323 —0.0701 0.2980 0.3056
WSe, —0.0992 0.4222 0.3134 —0.0805 0.2871 0.2876
SnS; 0.3429 0.2291 0.2030 0.3557 0.1794 0.1854

TABLE A.2: Dynamical charge (Z), flexocoupling coefficient (f) and

Z0O mode stiffness (a) for selected materials (atomic units) calculated

with LDA and GGA. The sign of the polar mode eigenvector is set in
such a way that the cation moves outwards.

The longitudinal dynamical charges,
7\ = (z,-2), (A.30)
and the (OC) flexoelectric force response,

égz,aac = (f/ _f) (A31)

are also governed by a single parameter each. (The sublattice sum of the dynamical
charges vanishes due to the acoustic sum rule; moreover, since the crystal is a 2D
layer suspended in vacuum, the sum of the flexoforces must vanish.) Thus, the LM
flexovoltage is given by

1 Zf 1 -1 1y _ 12f
(PLM_eTSE(l _1)(_1 1><_1>_€05a, (A.32)

Thus, the lattice-mediated effect acquires the intuitive physical meaning of a geo-
metric field distorting the lattice along the ZO mode coordinate by an amount u that
is proportional to the coupling f and inversely proportional to the mode stiffness,
a. Such displacement, in turn, produces a dipole per unit area that goes like u x Z.
Note that the mode stiffness a relates to the ZO phonon frequency w via a = mw?,
where m is the reduced mass of the two-body system.

To help understand the lattice-mediated part, we have calculated the physical
constants entering Eq.(A.32). From the results reported in Table A.2, one can see that
the flexocoupling strength is roughly proportional (in absolute value) to the mode
stiffness; this means that in these materials the magnitude of the LM response is
largely determined by the dipolar strength of the ZO mode, Z. The sign of the effect,
as in the CI response, varies across the tested set. Bending tends to produce an
outward force on the cation, except in BN; however, in some TMDs the anomalous
sign (81) of the dynamical charges results in a negative LM response in spite of f
being positive.

A.2.3 Toy model

The transverse deformation of Sec. 4.1.1 can be described as a displacement of each
atom [ to a distorted location,

R, = £(R\"), (A.33)
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where RI(O) span the unperturbed 2D Bravais lattice and f is the mapping of Eq. (4.1b).

The fact that the atoms “do not see each other” implies that the total (electronic and
ionic) charge density of the system in both the unperturbed and perturbed configu-
rations is simply a superposition of the spherical atomic densities,

o (x) = Wt R”),  p(r) = LRy, (A.34)

This observation explains why the flexovoltage vanishes: each atom remains per-
fectly spherical, and hence cannot generate a long-range potential no matter how
much the “layer” is deformed (i.e., how far the constituent atoms are moved around).

To understand the result of Fig. 4.7 for the individual (dipolar and metric) con-
tributions to the total flexovoltage, we need to solve the same problem in the curvi-
linear coordinate system that corresponds to the nanotube geometry described in
Sec. 4.1. p(r) transforms as a scalar density, which yields the following relation be-
tween its curvilinear and Cartesian representation, (29)

Pt () = hp(r), (A.35)

where h is the Jacobian determinant of the coordinate transformation. This is very
convenient, as in the curvilinear frame the atoms do not move from their original
location, and the charge density §(r) retains the full translational periodicity of the
undeformed 2D crystal. This, however, also implies that an atom that is spherically
symmetric in the Cartesian frame is generally no longer spherical in the curvilinear
system. In other words, for the noninteracting atoms to retain their spherical ground
state in the deformed configuration, the curvilinear charge density must respond to the
deformation in order to compensate for the consequences of the coordinate transformation.
This results in an apparent transfer of charge, Ap, that does not originate from the
local chemistry (and indeed no chemistry is going on in this system), but is simply
a mathematical by-product of the coordinate transformation: it can be calculated
analytically by inverting Eq. (A.35).
Within the regime of small deformations, Ap(r) can be written as (29)

A‘ﬁ (1‘) = Z,ng(l') + PSx,z(r)r (A-36)

where the two functions on the rhs are the microscopic density response to a uniform
(U) strain and a strain gradient (G). (22; 23) The latter functions are easy to derive
by using Eqs.(90-91) of Ref. (29), in conjunction with Eq. (75) of Ref. (22), and by
observing that the charge-density response to the displacement of an isolated atom
is given by translational invariance as

ap(r) _ +Xe o _i Xe
aR,, ~ P8 TR 9p(0) = =59, (A.37)
We find
PV =00 (r) = L(x — X)) (r = Ry), (A.38a)

1

05 = N X0) (2~ Z)elr—R) — 5(x— X)%=(r—R). (A38b)
1
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After few steps of straightforward algebra, we obtain (an illustration is provided in
Fig. ??)

80(6) = Dele-R), &) = 20+ 5250, (A39)

Since AP(r) retains in-plane periodicity, D[AJ] reduces to the dipolar moment of

(),
Dlag) = [ drac(y)
2
Habesm
2 0 0

_€OS 2605 - 2605’

thus proving por point. (We used the spherical symmetry of ¢(r) and an integration
by parts along x.)
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Appendix B

In-plane response

B.1 Relation to type-I bulk flexocoefficients

Here we shall demonstrate that the “2D” type-II flexoelectric coefficients derived in
Sec.5.3 directly relate to the macroscopic “3D” type-I flexoelectric coefficients of the
supercell through the following relationship

‘uaz By — Lyaz By (Bl)

Regarding the clamped-ion part, notice that, exploiting the relation I Z,Z g = I B =
—(5,,4/31',(2 valid for an isolated slab (the internal-strain tensors are supposed to be cal-
culated within mixed EBCs), Eq.(5.11) can be recast in the form

2D,CI _ ILel Iel
Pazpy = = *L (VfweZﬁ T Vﬂéﬁem) (B.2)
with g m . 15 being the type-II bulk electronic flexoelectric tensor defined as in Ref. (28):

Iel ncr  5(17)

:uoc'y zp l’loc'y zZB T akKp Z,Zﬁ (B.3)

Regarding the lattice-mediated contribution, notice that in a free-standing layer

the shear components of the type-I internal-strain tensor N (22) and the transverse
components of the type-II tensor are related by

TKZ - LK

oepyr = Loz py (B4)

K _ _TK
pzpy — rp,ﬁv

Now, recalling the relationship between the type-I and type-II representations of
the flexoelectric tensor (29; 22),

1
2 (VB’Y,Zﬁ + HB,B,Z’y) = ‘utlxz,ﬁfy (B.5)
we can conclude that
2D,CI Lel 2D,LM LLM
Pazpy = _L‘utx;ﬁ’y’ Hazpy = _Lﬂazlﬁy (B.6)

which proves Eq. (B.1).

B.2 Nontrivial topological examples

Here we provide the mathematical derivations for the topological polarization fields
induced by the ripples considered in section 5.6.
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B.2.1 Single Gaussian bump

Let us consider a gaussian deformation of the kind

u(r) = Aexp (— © ty2> , (B.7)

a

with A and ¢ constants (the center of the Gaussian deformation is assumed to be
located in the origin). For the second fundamental form, we find

)
g (1) = (4”32” - 2(53) 0s(x), (B.8)
and then
Py(r) = %ffxyexp( ad +y> (B.9)
A 2
Py(r) = 4U4H(x -y )exp( 2 ) (B.10)

The maximum of the in-plane polarization amplitude field is equal to (see Fig.B.1)
Ap
| Py ~ 1.476?. (B.11)

This field corresponds to a specific topological figure, described by a winding num-
ber equal to Q = —2 (seetop panel of Fig.5.5). In the case of the single Gaussian
bump considered here the value of the winding number, that is visually infered from
Fig5.5, can be calculated analytically. Indeed, by representing Eq.s B.9 and B.10 in
polar coordinates, one finds

2

Py(r,0) = Sj{%rzcos(e)sin(f))exp (—;2>, (B.12)
2
Py(r,0) = 4%# (cos?(0) —sin?(8)) exp <—;2) (B.13)
By noticing that

cos(0)sin(0) = %sin(ZG), (B.14)
cos?(8) —sin?(f) = cos(26), (B.15)

one arrives to P(r o
u(r,8) _ cos(20) _ gy, (B.16)

Py(r,0)  sin(20)
Notice that the direction of the polarization is r-independent, as it is clear from
Fig.5.5. It is possible to show that the relation cot(20) = tan(—26 — %) holds. In-
serting this result in Eq.(5.19), employing polar coordinates (dl = (dr,df)) and by
integrating on a closed path (no matter wich one the chosen path is) one finally ar-
rives to

Q=5 [ 2d6=-2. (B.17)
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1.2 :

09 1 i

P(r)

0.6 | |

FIGURE B.1: Amplitude of the in-plane polarization field induced by
a Gaussian bump, as a function of the radial coordinate and in units

B.2.2 Hexagonal lattice of Gaussian bumps

Here we consider a ripple consisting of a superposition of gaussian-like bumps cen-
tered in corrispondence with the vectors of an hexagonal lattice of the form

R; = hay + hay, (B.18)

with [4, [; integers and aj, a; the primitive vectors describing the structures consid-
ered in this work and defined in section 5.4. We also consider each gaussian bump
as described by the same amplitude A and the same decay ¢. The ripple field is then

0—2

uz(r) =AY exp <—|r_Rl’2> . (B.19)
l

We define r;, = r, — R;, and, analogously to the single Gaussian bump, we find

8Au r?

Px(r) = o4 Zl:rl,xrl,y exp <_0_12> ’ (BZO)
4Au r?

Py(r) = - Zl: <r,%x - r,2,y> exp (—012> , (B.21)

with r; the modulo of the vector r;. The induced field is described by a winding
number equal to Q = —2 (see bottom panel Fig.5.5).
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B.2.3 Three-phonon perturbation

Let us consider a three-fold symmetric periodic deformation obtained by the su-
perposition of three sinusoidal deformations respectively described by three wave

vectors q;, q,, q; having the same mudulo g and rotated each other by an angle

0— 2n
37
uz(r) = A(sin(qy - r) +sin(q, - r) +sin(qs - r)). (B.22)

The second fundamental form is
by (x,y) = =AY 4ipqiy sin(q; - 1), (B.23)
i

(here i labels the three wave vectors and Greek indexes indicate their Cartesian com-
ponents) and then

Py(r) = —Aﬂigmqiﬁ%‘y sin(q, - 1), (B.24)
where the sum on repeated indeces is understood. We shall consider three particular
cases, where the set of the three wave vectors describing the considered deformation
is progressively rotated by an angle 77/3. We find that the three resulting polar-
ization fields, while different between them, are described by the same topological
number.

Case 1

Here we consider three wave vectors of the form
1 V3 1 V3
q; =4q(1,0), qz—q<—2,2>, q3—q<—2,—2>. (B.25)

The resulting polarization field is

Py(r) = —\égA‘uqz (sin(qs - r) —sin(q, - 1)), (B.26)

P) = —Apg? (sin(a 1) (sin(gy 1) +sin(a 1)) ). (827

We find that the induced polarization field corresponds to a hexagonal lattice of
clockwise circulating vortices described a winding number Q = 1. (top panel of
Fig.5.6)

Case 2

Let us consider three wave vector of the form
1 V3 1 V3
9% =4 (2,2> » 2=q(-10), a3=9 (21—2> : (B.28)

The related polarization field is given by

P) = Y2 Apg (sinq, 1) — sinqy 1)) (B.29)

P) = —Apg? (sin(a, 1) - (sin(q, 1) +sin(a 1)) ). (B3O
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The resulting polarization field corresponds to an hexagonal lattice of counterclock-
wise vortices with winding number Q = 1.

Case 3

Here we consider the following reciprocal space vectors

31 31
q1=q<\2f,2>, q2=q<—\2f,2>, 93 =4(0,-1), (B.31)

leading to a polarization field of the form

P() = Y2 Auf (sinq, 1) — sin(a, 1), (632
P = Apg? (sin(ay 0 - 5 (sin(q, ) +sin(a 1)) ). (B3

The resulting polarization field is shown in the bottom panel of Fig.5.6 and corre-
sponds to an hexagonal lattice of center-divergent vortices with topological charge

Q=1.
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