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Abstract

Episodic memory depends crucially on the capacity of neuronal circuits

to store information in a one-shot fashion about events that unfold over

a time-scale of seconds. Standard Hebbian plasticity rules, such as STDP

that require repeated pairing of pre- and post-synaptic activation, are in-

adequate as physiological mechanisms underlying this type of rapid learn-

ing.

Contrary to this, Behavioral Timescale Synaptic Plasticity (BTSP), a

newly discovered form of plasticity in the hippocampus, operates on a

timescale of seconds. This mechanism induces long-lasting synaptic changes

after a single experience, driven by dendritic plateau potentials, making it

ideally suited for encoding episodic memories. After just one trial, BTSP’s

ability to rapidly form place fields in CA1 neurons underscores its critical

role in memory formation.

This thesis investigates the role of BTSP in memory storage within the

hippocampal network. We derive a simplified BTSP model that lends

itself to rigorous mathematical analysis, extending this framework to re-

current networks such as the CA3 region of the hippocampus to explore

its memory storage properties. Through a detailed examination of recall

dynamics, our results demonstrate that BTSP facilitates the encoding

and retrieval of a large number of memories, with variability enhancing

both storage and recall. Additionally, we explore the non-Hebbian aspect

of BTSP, showing that it supports homogeneous representations in CA3.

Consequently, we conclude that BTSP is a viable candidate mechanism

underlying episodic memory.
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Chapter 1

Introduction

Among the most remarkable capacities of the human brain is its ability to remember

past experiences. These recollections, called episodic memories, are not just echoes of

the past but constitute some of the building blocks that shape and define who we are

today [1]. Episodic memory is a memory system that encodes, stores, and retrieves

the consciously experienced events of an individual’s life. It allows one to “relive”

one’s past and envision possible futures. This ability to mental time travel that is

associated with episodic memory highlighted as an essential feature of the system by

Tulving, who defined it as “the capacity to have conscious recollection of previous

episodes in one’s life” [2, 3].

It is further characterized by the type of information it encodes, encapsulated by

the three W’s: “what” happened, “where” it occurred, and “when” it took place [4].

This definition of episodic memory is not only confined to humans but also applied

to animals. For instance, in the experiment by Fugazza et al. [5], dogs successfully

reproduced a sequence of actions that had previously been shown to them once by

a human experimenter. The results indicated that dogs could remember and imitate

these actions after a one-minute or one-hour delay. Less cognitively complex animals,

such as scrub jays, have also been shown to recall the type of food they cached,

the location, and the time of storage. After a short delay, they prefer worms over

peanuts, but after a longer delay, they select peanuts because the worms are no longer

edible [6]. Evidence of episodic-like memory in other species further supports the view

that such memory is not unique to humans [7].
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1.1 The hippocampus: anatomical and functional

foundations for episodic memory

A considerable body of evidence has established the hippocampus as one core struc-

ture for episodic memory. Patients with hippocampal lesions are observed to suffer

from hippocampal amnesia, a disorder characterized by a loss in the acquisition of

new episodic memories and retrieval of the most recent ones, whereas their distant

memories and other intellectual functions are relatively preserved. This condition was

first fully documented in the case of Henry Molaison (H.M.), who became one of the

most highly studied patients with amnesia in the history of neuroscience [8]. It was

later shown that a similar deficit in the episodic memory function as H.M. had could

be replicated in monkeys with hippocampi removed bilaterally, thus underscoring the

importance of the hippocampus in the encoding and retrieving memories of particular

events [9,10]. fMRI studies in human subjects have extended these findings, showing

a reliable activation of the hippocampus during the retrieval of episodic memories and

increased activity explicitly related to tasks that require the recall of personal events,

a finding that further supports the more central role of the hippocampus within the

network supporting episodic memory [11,12].

Anatomically, the hippocampus is a complex structure located deep within the

medial temporal lobe and consists of three distinct subregions: the dentate gyrus

(DG), the hippocampus proper, and the subiculum. The hippocampus proper can be

further divided into CA3, CA2, and CA1; these subfields are organized in proximal-

to-distal order with respect to the DG, with CA3 being more proximal and CA1 being

more distal, illustrated in Fig 1.1. The critical distinction between different regions

of CA is based on the size of their pyramidal neurons and their synaptic connectivity

with the DG. Pyramidal neurons in CA3 are larger in size compared to CA1 and

receive direct inputs from DG via mossy fibers, which is lacking in CA1. Between

the CA1 and CA3 regions lies a more minor subfield known as CA2. This area is

characterized by pyramidal neurons similar in size to those found in CA3. However,

unlike CA3, CA2 does not receive input from the mossy fibers originating in the DG;

instead, its connectivity resembles that of CA1. Despite the increasing interest in the

CA2 (related to social memory, see reviews [13]), this thesis will limit its interest in

the CA1 and CA3 hippocampal subregions.
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Figure 1.1: The anatomy and circuitry of the hippocampal formation. See
in-text description. Figure adapted from Amaral and Lavenex 2007 [14].

Unlike the neocortex, where interconnections between areas are reciprocal, the

hippocampal formation1 is predominantly characterized by an unidirectional flow of

information. The entorhinal cortex (EC) plays a pivotal role as the main entrance of

neocortical inputs into the hippocampus, which receives two types of information in

parallel. The medial entorhinal cortex (MEC) is primarily responsible for receiving

spatial input, while the lateral entorhinal cortex (LEC) is more focused on nonspatial

information, such as objects and items [15]. After inputs arrive at the EC, they are

sent to the hippocampus. Layer II neurons from both MEC and LEC project via

the perforant pathway to the DG and CA3, making integrating different information

types possible. However, there are apparent differences in layer III: LEC layer III

neurons project to the distal part of CA1, whereas MEC layer III neurons project

to the proximal part of CA1, thereby making functional differences within CA1 [16].

The projection from the EC to the DG initiates the hippocampal processing sequence,

where DG granule cells receive input and project solely to the CA3 region via mossy

fibers. In CA3, neurons extend axons to CA1 through the Schaffer collaterals but

also send collateral branches to other CA3 neurons, supporting intra-regional pro-

cessing; this unique recurrent connection in CA3 is essential for maintaining memory,

1The hippocampal formation includes the dentate gyrus, hippocampus proper, subiculum, pre-
subiculum, parasubiculum, and entorhinal cortex. The entorhinal cortex can be distinguished into
six layers: four cellular layers (II, III, V, VI) and two acellular or plexiform layers (I, IV). [14]
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especially spatial memory [17, 18]. CA1 neurons then project back to the entorhinal

cortex, particularly in its deeper layers V and VI, either directly or indirectly via

the subiculum. Finally, the EC relays the processed information back to the neocor-

tex, thus closing the extensive loop of the information process in the hippocampal

formation. (See [14,16,19] for a detailed description.)

Within the hippocampus, separate neuronal populations encode different aspects

of episodic memory. Of these, place cells, discovered by John O’Keefe in 1971, provide

a significant contribution to spatial processing [20]. These neurons become active

when rats occupy a specific location and, surprisingly, do not turn off, even in complete

darkness — indicating that they rely on some internal cognitive map rather than on

external visual inputs [21, 22]. The region where a place cell is active is called its

“place field”, and different place cells may have different firing fields. Collectively,

these cells build up a dynamic, flexible internal representation of the environment,

which is necessary for effective navigation and spatial memory [23].

Beyond spatial encoding, it has been shown that nonspatial factors can modulate

place cell activity. A specific subset of place cells, called splitter cells, has revealed

this in a way through different patterns of firing based on the particular context or

goal of the animal within the same environment, pointing out that it is not only

spatial information encoded by the hippocampus but also contextual [24, 25]. The

identification of time cells furthers the role of the hippocampus in expanding beyond

spatial representation. It comprises neurons that fire at specific moments during an

experience, thus representing a timeline of events for temporal sequences of activities

and providing a timeframe for memories [26]. These neurons together enable the

hippocampus to integrate the “what,” “where,” and “when” of experiences, forming

a unique episode for episodic memory.

1.2 Theory of synaptic plasticity

Neurons are the basic computational units of the brain; in the hippocampus, vari-

ous populations of cells selectively respond to one or another dimension of episodic

memory. Following years of theoretical and experimental research, a model of how

memories form may be conceptualized as the following: synchronized firing evoked

by an event or experience leads to long-lasting changes in neural circuits and forms
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a stable assembly of neurons. These assemblies, sometimes referred to as “memory

traces,” have been considered the neuronal substrates for information storage in the

brain.

Richard Semon first established this theoretical idea of memory traces in 1921.

He proposed that an engram was a permanent change within the brain resulting

from a specific event or experience. Once formed, the engram remains inactive until

a retrieval cue, usually part of the original experience, elicits a response similar to

the experience of the original event. Notably, such engrams are not static entities;

re-exciting an engram creates a new one associated with the original to enhance the

memory [27–29]. However, one central question that remained to be answered in this

framework was how these engrams form. Donald Hebb filled this gap by proposing

that repeated and simultaneous activation of neurons strengthens the synapses among

them [30]. Hebb’s theory posits that external stimuli stimulate a specific set of neurons

during memory encoding. By synchronously activating these neurons, their synaptic

links are strengthened, forming a stable and interconnected network, which Hebb

called a “cell assembly”, akin to Semon’s engram, essential for sustaining the memory

in the brain.

Since then, Hebb’s concept of synaptic plasticity, activity-dependent modifications

in synaptic strengths, has been believed to be the basis of learning and memory.

The first compelling evidence showing that changes in the efficacy of communication

between neurons modify the behavioral output came from pioneering work done on

Aplysia californica [31,32]. This work showed that behavioral habituation, a reduction

in response after repeated stimulation of the gill and siphon withdrawal reflex, is

associated with reduced neurotransmitter release at specific synapses.

Furthermore, the discovery of long-term potentiation in mammals gave substantial

evidence for the theory of synaptic plasticity. Bliss and Lømo [33] first observed it

at the DG-CA3 synapses in the rabbit hippocampus, where repeated activation of

excitatory synapses resulted in sustained enhancements of postsynaptic responses. It

is usually induced through high-frequency stimulation, whereby massive glutamate

releases activate AMPA receptors (AMPARs) by depolarizing postsynaptic neurons.

A sufficiently strong depolarization [34], in turn, removes the magnesium block of

NMDA receptors (NDMARs), allowing calcium influx and the intracellular signaling
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cascades necessary for LTP induction [35–37]. The voltage dependence of NMDARs

further enables the LTP induction through the pairing of low-frequency stimulation

with direct depolarization of postsynaptic neurons [38]. Studies show that blocking

LTP induction by NMDA antagonists [39] and that saturating LTP during learning

[40] disrupt hippocampus-dependent tasks such as spatial learning, pointing to an

essential correlation between LTP and memory [41,42].

As the counterpart of LTP, LTD weakens synaptic strength, thereby reversing

the potentiating effect of LTP [43–45]. LTD can be induced through low-frequency

stimulation protocols and, similar to LTP, often involves the activation of NMDA

receptors but engages distinct calcium signaling pathways [36, 37]. Research extend-

ing into the temporal domain revealed that the relative timing between pre- and

postsynaptic activity is fundamental to determining the direction and polarity mag-

nitude of the synaptic change [46–48]. Synaptic potentiation is favored when the

presynaptic spikes precede the postsynaptic spikes in a time window of tens of mil-

liseconds. Conversely, synaptic depression is induced when the postsynaptic spike

precedes presynaptic activity. This precise timing relationship is captured in mod-

els, such as spike-time-dependent plasticity (STDP), a Hebbian variant of synaptic

plasticity that explicitly relates synaptic changes to the timing of neural events and

provides a temporal context of how experience sculpts neural circuits [49,50].

On the other hand, the engram hypothesis has been extensively tested in various

types of memory, especially associative memory. In auditory Pavlovian fear condition-

ing, researchers have identified the lateral amygdala as a critical site for storing fear

engrams [51]. Research using molecular markers like CREB has shown that neurons

with high levels of CREB are more likely to be included in an engram and, therefore,

play a more significant role in forming fear memory [52]. Manipulating these identified

engrams has demonstrated that these neurons are neuronal substrates for memory.

For example, selective ablation of neurons believed to be part of the engram disrupts

the associated memory, confirming that these neurons are constituent parts of the

memory trace [53]. Optogenetic re-activation of the engram cells shows a successfully

recall of that memory, providing direct evidence that stimulating an engram-specific

population is enough to trigger memory recall [54].

These results have emphasized the mutual roles of synaptic plasticity and engram
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theory in explaining mechanisms that control memory storage and retrieval in the

brain. Memory is retained not only by activating a particular set of neurons but by

the distribution of plastic synaptic weights across a neural network [30, 55]. Experi-

ences initiate changes in the synaptic links between neurons, which, in turn, influence

the patterns of neuronal firing across the network that are intimately linked with

remembered experiences. Such interplay between synaptic plasticity and network dy-

namics provides the basis whereby learned experiences are stored and retrieved by

the brain.

1.2.1 Computational models of Hebbian learning

Hebbian learning is especially central in the study of synaptic plasticity for determin-

ing mechanisms of memory and learning. Several mathematical formulations have

been proposed [56–58] to describe the change of synaptic efficacy w within the frame-

work of Hebbian plasticity. These models can generally be divided into two main

paradigms: the first involves the correlation of neuronal firing rates, which results

in synaptic strengths being changed by the coactivation of neurons, and the sec-

ond paradigm is based on spike-timing-dependent plasticity (STDP), where synaptic

changes depend on the precise timing of presynaptic and postsynaptic spikes. Here,

we provide a brief description of these models.

The simplest version of Hebb’s rule can be expressed as simultaneous firing driving

changes in synaptic strength, represented as :

τ
d

dt
w = vu,

where u and v denote the firing rate of the presynaptic and postsynaptic neurons,

respectively. Both take positive value, and their relationship is given by v = wu.

However, this formulation accounts for only long-term potentiation (LTP). To imple-

ment long-term depression (LTD) into the model, it would be necessary to introduce

a postsynaptic threshold, θv, such that:

τ
d

dt
w = (v − θv)u.

This modification aligns with experimental induction protocol, where LTD occurs

when presynaptic activity is paired with postsynaptic activity below a given threshold
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(i.e., v − θv < 0), and LTP is induced when the postsynaptic activity exceeds the

threshold (i.e., v− θv > 0). Such modulation allows for the effective inclusion of both

LTP and LTD within this model, depending on the postsynaptic response relative to

the threshold.

Furthermore, an alternative model can be formulated by applying the threshold

to the presynaptic activity instead of the postsynaptic activity:

τ
d

dt
w = v(u− θu).

When considering the averaged inputs and assuming that the threshold represents

the average activity in each case, both approaches converge to the following general

model:

τ
d

dt
w = Cw,

with C = ⟨(u− ⟨u⟩)u⟩ = ⟨(u− ⟨u⟩)(u− ⟨u⟩)⟩ is the input covariance matrix. Due to

the involvement of C, this model is called the covariance rule.

On the other hand, spike-timing-dependent plasticity (STDP) incorporates a tem-

poral element into Hebbian learning by taking advantage of the precise timing of

spikes to determine synaptic changes. In STDP, synapse change depends on the time

difference between presynaptic and postsynaptic spikes, given as ∆t = tpre − tpost.

LTP occurs when a presynaptic spike happens before a postsynaptic spike (∆t > 0).

Conversely, if the postsynaptic spike precedes the presynaptic spike (∆t < 0), LTD

is induced. Therefore, weight update in STDP can be mathematically described by:

∆w =

{
A+e

−∆t/τ+ provided that ∆t > 0

A−e
∆t/τ− for ∆t < 0

where A+ and A− represent amplitudes for LTP and LTD, respectively, and τ+ and

τ− are time constants that define the time window over which LTP and LTD occur.

At the end, our goal is to understand how plasticity shapes the connectivity within

neuronal networks. This leads us to explore the dynamic behavior of these networks,

particularly attractor networks, which store memories as stable fixed-point attractors.

In the following section, we delve deeper into how attractor networks function and

their role in memory storage.
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1.3 Attractor networks

One of the central questions in the field of computational neuroscience is how the

brain encodes, stores, and retrieves memories. To address this, Donald Hebb pro-

posed that activity-dependent synaptic plasticity underlies memory formation, with

changes in synaptic efficacy serving as the cellular substrate for memory. Hebb’s

model presumes that neural transmission becomes progressively more effective with

repeated stimulation, allowing neural networks to maintain representations after re-

moving a stimulus. Building on this, Hopfield developed a mathematical formalism

with attractor networks that store memories as stable states and allow recall even

from partially or noisily degraded inputs, a hallmark of associative memory processes

in the brain. These mathematical models allow for an invaluable investigation of the

capacity of memories and, therefore, are especially relevant in studies related to the

dynamics of neural memory systems using attractor networks. In this section, we will

consider a few different types of attractor networks, focusing on the Hopfield model

and its more biologically plausible variants.

1.3.1 Hopfield Network

The Hopfield network was one of the earliest neural models proposed with the Hebbian

learning rule [59]. The network consists of N binary neurons, each of which can

be in either an active state si = +1 or an inactive state si = −1. The synaptic

matrix W = {wij} governs the neurons’ communication. Under Hebbian learning,

the synaptic weight from neuron j to neuron i is designed in the following form to

store p memories, each encoded by a pattern ξµ = {ξµ1 , ξ
µ
2 , . . . , ξ

µ
N} for µ ∈ {1, · · · , p}:

wij =
1

N

p∑
µ=1

ξµi ξ
µ
j . (1.1)

When a new memory is introduced, the synaptic weight is updated by the rule:

wnew
ij = wold

ij + 1
N
ξnewi ξnewj . These memories are stored as stable states within an

energy landscape: the network updates the neuron states asynchronously, lowering

the energy function with every iteration until it converges into a stable state. If

the dynamics start near one of the memories, the system evolves to that memory.

The initial states that lead to this convergence define the basin of attraction for that

memory.
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In such a configuration, the network exhibits a vast memory capacity. The number

of memory that the network can remember and correctly recall depends on the number

of independent synapses, which scales with the size of the network even for random

and uncorrelated memories [60]. Using the replica method from statistical physics

[61, 62], Amit, Gutfreund, and Sompolinsky determined that the memory capacity

scaled linearly with the system size, and specifically pmax ≈ 0.138N [63, 64]. Below

this threshold, the system can accurately recall all stored patterns, but exceeding this

critical value leads to memory retrieval failure due to increased interference between

the stored patterns.

Sparse coding can significantly increase memory capacity [64,65]. In the Hopfield

network, memory capacity is limited mainly by interference between stored patterns

because the signal, which is the contribution of the target memory, remains constant

regardless of the number of patterns. Suppose memories are encoded by a smaller

subset of neurons such that only a fraction f of neurons is active for each memory. In

that case, overlap between patterns is significantly reduced, lowering noise by a factor

of f < 1 relative to the signal and substantially increasing capacity. The capacity

can reach N2 when f ∼ 1/N .

As the number of stored memories grows too large, the network eventually loses the

ability to recall any specific memory, a phenomenon termed “memory blackout” [66];

this arises because all memories contribute equally to the weight matrix (see Eq 1.1).

As more memories are stored, the weight grows unconstrained, ultimately saturating

the system. In the energy landscape, each memory has an identically shaped basin

of attraction whose size is proportional to the number of stored patterns, p. When

the network is under critical capacity, these basins are well-separated and uniformly

distributed, assuming random and uncorrelated memories. However, basins start to

overlap for p > pmax, and spurious states — unwanted local minima — emerge. If too

many memories are stored, all basins collapse into one, causing the network to lose

the ability to recall any previously stored memory.

1.3.2 Attractor networks with bounded synapses

Under the assumption that synaptic weights can grow indefinitely by linearly integrat-

ing new memories, the Hopfield network exhibits significant memory capacity. How-
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ever, in biological systems, synapses are constrained to a finite range. When bounded

synapses are introduced into networks, even though the modification looks minor,

it completely changes the network dynamics. In such systems, synaptic strengths

can reach their limits; once they hit the limits, the older memories are lost due to

encoding new ones. The slow erasure of older patterns gives rise to a palimpsest-like

system where the previous information is progressively replaced [66,67]. This type of

network significantly differs from the Hopfield net, where all memories are stored in

the synaptic structure, eventually leading to memory catastrophe.

Incorporating biological constraints into attractor networks drastically reduces

memory capacity, shifting from linear scaling with network size to a logarithmic de-

pendence. While the original Hopfield model preserves the memory traces indefinitely

in time, the memory traces decay exponentially in models proposed by Amit and

Fusi [68], where the synapses undergo transitions between discrete states. This expo-

nential decay results in a capacity that scales with logN rather than network size. In

subsequent work, Amit and Fusi [69] then showed that sparse coding, if implemented,

would considerably improve the capacity to N2/ log2N given that the coding level

scales as f ∼ logN/N and synaptic transitions are controlled by f .

Empirical data, however, suggests that the loss of memory traces is better de-

scribed by a power law rather than an exponential function [70, 71]. In theoretical

models with simple binary synapses, synaptic states can be either potentiated or de-

potentiated, and the transitions are controlled by the learning rate q, see the left panel

in Fig 1.2. The synapses can be classified into fast or slow depending on the relative

value of q. For q → 1, synapses switch states fast to encode new memories but forget

them very quickly, which makes them fast synapses. On the other hand, for q → 0,

synapses resist the change of state; therefore, memories survive longer. However,

memory decays exponentially for homogeneous models with a single learning rate for

all synapses.

Various models have been proposed to implement power-law memory decay, two of

which are the cascade model by Fusi, Drew, and Abbott [72] and the heterogeneous

synapse model by Roxin and Fusi [73]. In the cascade model (see the right panel

in Fig 1.2), synapses have the potential for further potentiation or depotentiation,

with each synapse having multiple hidden states. These states either switch (ongoing
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Figure 1.2: Scheme of three binary-synapse models. See in-text description.
Figure adapted from Fusi 2021 [60].

plasticity) or transition to a more stable metaplastic state, which is more resistant

to switching. By integrating different timescales, the network achieves a power-law

forgetting phenomenon. Similarly, in the heterogeneous synapse model (see the mid-

dle panel in Fig 1.2), synapses are divided into partitions with distinct learning rates,

represented by a set of qs, giving rise to a network exhibiting power-law decay. The

memory capacity shifts from logarithmic scaling to
√
N in both cases.

In summary, the Hopfield network was the first transparent setting in which the

memory capacity of neural networks could be investigated, but its memory storage

declines when overloaded. Incorporation of biologically relevant constraints, such as

bounded synapses, yields gradual forgetting in Fusi networks [68,69], and this reduces

capacity from scaling linearly with network size to logN . Other models, like those by

Fusi et al. [72] and Roxin and Fusi [73], increase capacity to
√
N by adding complexity,

which shifts the distribution of the forgetting rate from exponential to power-law, in

line with experimental findings [70,71]. Finally, both models find that sparse coding

dramatically enhances memory capacity.

1.4 A candidate mechanism for episodic memory

One peculiarity of episodic memory is that many experiences are unique, requir-

ing a fast-learning mechanism that links distinct events over extended timescales.
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Experimental evidence indicates that the induction of LTP and LTD relies on re-

peated stimulation, and STDP only operates on a timescale of milliseconds, making

the classical Hebbian rule unsuitable for episodic memory formation. Recently, a

novel plasticity rule has been discovered in the hippocampus of mice, dubbed Behav-

ioral Timescale Synaptic Plasticity (BTSP), that could shape the place cell dynamics

within one single trial. This plasticity mechanism has a window of several seconds

and operates independently of postsynaptic activity, making it a non-Hebbian type

of learning. Given its derivation from in vivo data, BTSP aligns well with Fusi-type

models of bounded synapses. However, the memory storage properties of networks

endowed with BTSP have not yet been rigorously analyzed.

This thesis presents a rigorous mathematical analysis of BTSP, focusing on its

impact on memory storage and retrieval in recurrent networks, with the main results

published in [74]. To this end, the thesis is structured as follow:

• Chapter 2 reviews BTSP and introduces a computational model that success-

fully explains the observed behaviors found in the hippocampal CA1 region.

• Chapter 3 reduces this model to a one-dimensional (1D) map that can reproduce

the results of the full model using more intricate simulation protocols.

• Chapter 4 extends the 1D map to a recurrent network framework to study the

storage properties and capacity of BTSP during exploration of a large number

of distinct environments. Using the signal-to-noise ratio technique, we find that

the memory of networks with BTSP scales logarithmically with the network

size and that sparse coding greatly improves the memory capacity.

• Chapter 5 explores network dynamics by applying the synaptic weight matrix,

obtained after freezing the learning process, to firing rate equations. A ring-

model approximation is employed to evaluate the dynamics of networks with a

low proportion of active neurons, offering a more in-depth understanding of the

network’s underlying dynamics. Studying network dynamics shows that real

memory capacity has the same scaling properties as in the previous section.

• Chapter 6 studies the role of BTSP in maintaining homogeneous attractors

in CA3. We show that BTSP can sustain homogeneous spatial maps in CA3
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by dynamically adjusting the frequency of plateau potential for fluctuations in

coding levels due to external sensory input, such as rewards.

• Chapter 7 summarizes the work by concluding that BTSP is a strong candidate

for episodic memory formation and maintaining robust spatial maps in CA3.

14



Chapter 2

Behavioral timescale synaptic
plasticity

2.1 A brief review of behavioral timescale synaptic

plasticity

In 2017, Bittner et al. [75] discovered another new form of synaptic plasticity termed

behavioral timescale synaptic plasticity, or BTSP. Their findings provide new insights

into how place fields in hippocampal CA1 neurons emerge rapidly during active be-

havior. Unlike STDP plasticity, BTSP acts within a behavioral timescale of seconds

and can induce long-lasting changes after a single trial. This property makes BTSP

a primer candidate mechanism underlying one-shot learning - a key feature of the

formation of episodic memories.

In this seminal study by Bittner et al., mice were head-fixed, running on a linear

treadmill in a virtually enriched environment with visual cues. During runs, water

rewards were provided to the mice. At the end of each run, the mice were instantly

teleported back to the beginning of the track, equivalent to a circular track. Moreover,

the experimental setting allowed for the manipulation and measurement of electrical

currents in CA1 neurons through in vivo whole-cell patch-clamp recording. Despite

the technical challenges of in vivo intracellular recordings, they found from recorded

data that previously silent neurons became place cells and place fields persisted to

the end of the session (Fig 2.1A).

Trial-by-trial analysis of membrane potential (Vm) showed that during the for-

mation of place fields there was, at some point along the environment, a significant

ramp-like depolarization of Vm, resulting in a complex spike burst (lap 11 in Fig 2.1B).
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Figure 2.1: Experimental finding in Bittner et al. 2017 (A) Spatial firing rates
of a CA1 neuron across sequential laps. (B) Membrane potential (Vm, black) and its
low-pass filtered counterpart (blue) shown for laps before (lap 10), during (lap 11), and
after plateau potential induction (lap 27). (C) Averaged subthreshold Vm ramp, with
the gray and red lines indicating the initial 20 cm and the preceding 20 cm of the ramp,
respectively. (D) The relationship between the width of the Vm ramp and the average
running velocity during induction trials, with data fitted using a linear equation (blue
line). The red dashed line represents the linear relationship predicted by the standard
synaptic plasticity rule. (E) The inferred synaptic plasticity rule across all CA1 place
cells, with the black trace representing the mean. (F) Normalized post-induction
EPSP amplitude plotted against the induction interval for the full population of
neurons, showing a plasticity kernel similar to that observed in hippocampal slice
preparations. Note: Figure adapted from Bittner et al. 2017 [75].
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This significant depolarization was due to the initiation of dendritic calcium plateau

potentials (PPs) in the distal dendrites of silent CA1 pyramidal neurons [76], causing

a widespread calcium influx and prolonged somatic depolarization. Both in vitro [77]

and in vivo [78] studies demonstrated that inputs from the entorhinal cortex (EC3)

- one of the major inputs to CA1 - contribute to the generation of PPs. Optogenetic

silencing of EC3 inputs [78, 79] strongly suppressed plateau probability highlighting

the distinct contribution of EC3 to the generation of dendritic PPs. Importantly,

these PPs are global and instructive signals, similar to error signals in supervised

learning [80], and allow the potentiation of excitatory inputs arriving around the

plateau [78]. They can further be modulated by novelty, surprise, and reward [75,81].

Post-induction, neurons exhibited increased activity before the induction location

due to plateau-induced potentiation (lap 27 in Fig 2.1B). Examination of the sub-

threshold Vm revealed a slow ramping that extended back to locations where no action

potential firing was observed during the induction trials (Fig 2.1C). This potentiation

did not follow the standard Hebbian rule. If Hebbian learning were responsible, the

ramp width would not vary substantially because, with a short timescale, CA1 neu-

rons always integrate a similar amount of spatially tuned input from CA3 neurons,

resulting in a comparable ramp. However, the data indicated a positive correlation

between the ramp width and animals’ speed with a slope of the order of seconds (Fig

2.1D). This slope ruled out the possibility of Hebbian learning and confirmed the

existence of a plasticity mechanism operating on a timescale of seconds.

To quantify synaptic plasticity, they hypothesized that CA1 neurons received in-

puts from a population of CA3 uniformly distributed along the track, each with

a narrow Gaussian place field. The variation in subthreshold membrane potential

(∆Vm) due to the plateau was modeled as a linear combination of convolved presy-

naptic firings modulated by plasticity-induced synaptic weight changes (∆W ). The

plasticity (∼ ∆W ) inferred from the data exhibited an asymmetric shape with the

peak occurring ahead of the plateau, within a time window of ±4 seconds centered

on the plateau onset (Fig 2.1E).

A biologically inspired model proposed by authors could also reproduce the same

phenomenon. In this model, they suggested that the synaptic strength change was

determined by overlapping local signals and a global signal triggered by plateau po-

17



tentials. These local signals, originating from glutamate release due to presynap-

tic firings, create so-called eligibility traces (see review in [82]), indicating that the

synapses targeting the presynaptic neurons are ready to change. This asymmetric

kernel inferred from data could also be observed using hippocampal slice preparation

(Fig 2.1F) and was later confirmed by directly measuring synaptic transmission [83]

and spine calcium dynamics [84] through an all-optical approach.

Hippocampal place cells can shift their place fields in response to stimuli, known

as place cell remapping. Juxtacellular stimulation, similar to intracellular current

injection, can induce place fields in previously silent neurons and trigger place field

remapping [85]. Studies by Bittner et al. demonstrated that BTSP could induce

place fields, but its role in remapping remained unclear. To address this, Milstein

and colleagues [86] conducted a series of experiments to explore the role of BTSP in

neurons that already exhibit place fields, whether formed naturally or experimentally.

They discovered that inducing a plateau at different locations in behaving mice can

shift place fields toward the new induction site. This shift is achieved by potentiating

the synaptic weights of presynaptic inputs around the new induction site and depo-

tentiating the efficacy of previously induced plateaus, making BTSP bidirectional.

Moreover, the direction and magnitude of synaptic weight change were dependent

on the initial weight rather than the postsynaptic state: potentiation dominated in

synapses with initially weak weights, whereas strong synapses underwent depression.

This finding was tested using computational modeling, which could explain the data.

The following section briefly provides an overview of this biophysical model.

This novel plasticity mechanism, characterized by an asymmetric kernel, can in-

duce place field formation and trigger remapping. The resulting place fields, which

encode future locations ahead of the animal, align with prior researches demonstrat-

ing a backward shift in CA1 place fields [87, 88]; therefore, it provides predictive

power about future positions [75, 80]. It operates on a timescale of seconds induced

by plateau potentials originating from the EC3. It requires synaptic activity from

CA3 [83], but not the level of inhibition, which was found to be homogeneous in

CA1 neurons [89], nor the postsynaptic activity. On a molecular level, Xiao et

al. [90] demonstrated that while α-calcium-calmodulin-dependent protein kinase II

(αCaMKII) is not involved in the generation of plateau potentials or eligibility traces,
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it plays a crucial role in the expression mechanism of BTSP. Mice with a T286A point

mutation in αCaMKII do not express BTSP after plateau induction compared to con-

trol groups.

Studies indicate that BTSP may contribute to the over-representation of CA1

neurons and the formation of context-dependent splitter cells [81,91]. It is crucial for

forming and consolidating place cell activity at the network level [81, 83, 92]. Recent

research also demonstrates that BTSP is present in CA3 with a symmetric kernel [93],

which supports memory storage as stationary attractors [74]. These findings suggest

that BTSP is a potent mechanism for shaping network-wide connectivity patterns

in the hippocampus in one shot, likely playing a significant role in the formation of

episodic memories.

2.2 Weight-dependent model of BTSP (Milstein et

al., 2021)

The computational model proposed in [86] has successfully described the changes in

membrane potential observed in CA1 cells after the induction of a plateau potential

(PP) at a given location along a virtual track. The model keeps track of both a

synaptic eligibility trace related to the activity of CA3 cells presynaptic to the CA1

cell of interest and an instructive signal associated with the occurrence of the PP,

originating from EC3. The instructive dendritic signal is global, allowing for the

possibility of all activated synapses to be updated simultaneously. The resulting

plasticity at a given synapse depends on the convolution of these two signals, which

are passed through a non-linearity and integrated over the lap. There is a different

eligibility trace for potentiation and depression. This section will briefly overview this

computational model. For more details, please refer to that manuscript.

They modeled behavioral time scale synaptic plasticity by considering a CA1 place

cell that receives inputs from N excitatory CA3 place cells uniformly distributed on

a circular track of length L. It was assumed that a virtual animal ran at a constant

velocity v and, as it crossed a given location denoted by xPP , a PP occurred either

naturally or artificially induced through intracellular current injection.

For each CA3 cell i, they modeled the firing rate Ri using a Gaussian function:

Ri = Ri(x(t)) = Rmax · e
− 1

2

(
yi−x(t)

σ

)2

,

19



where yi was the peak firing position, the animal’s trajectory was x(t) and the pa-

rameters Rmax = 1 and σ = 90/(3
√
2). A postsynaptic dendritic PP during each lap

k was defined by a binary function:

P (x(t)) =

{
1 during a plateau

0 otherwise
,

with a duration of 300 ms.

The presynaptic activity, Ri of CA3 cells and the PP activated two distinct bio-

chemical signals: an eligibility trace and an instructive signal with exponential decay

rate τET and τIS, respectively, and the overlap of the signals drove distinct potentiat-

ing and depressing plasticity processes. They modeled these processes using sigmoidal

gain functions:

q+(ETi · IS) = s(ETi · IS, α+, β+)

q−(ETi · IS) = s(ETi · IS, α−, β−)

s(x, α, β) =
ŝ(x, α, β)− ŝ(0, α, β)

ŝ(1, α, β)− ŝ(0, α, β)

ŝ(x, α, β) =
(
1 + e−β(x−α)

)−1
,

where ETi is the eligibility signal activated by presynaptic neuron i and IS is the

instructive signal propagating to all synapses.

The change in weight at each synapse depended on the current value of synap-

tic weight wi and the plasticity processes, q+ and q− with corresponding learning

constants k+ and k−:

dwi

dt
= (1− wi)k

+q+(ETi · IS)− wik
−q−(ETi · IS), 0 ≤ wi ≤ 1.

Although the plasticity rule is continuous in time, the total net change in synaptic

weight ∆wi was computed once per lap, integrating the updating from initial time to

end time of the track, t0 and t1:

∆wi = (1− wi)k
+∆Q+ − wik

−∆Q−, 0 ≤ wi ≤ 1, (2.1)

where ∆Q∗ =
∫ t1
t0
q∗(ETi · IS)dt. Parameters of this model are τET , τIS, α

+, β+, α−,

β−, k+, k−.

Although this computational model successfully captures the essential features of

BTSP and explains the translocation of place fields observed in vivo, its complexity
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limits further analytical exploration. Cone and Shouval [94] proposed an extension of

this model, representing the instructive and eligibility traces using differential equa-

tions. However, the resulting place fields can only be analytically calculated if the

presynaptic place fields are assumed to be rectangular. Recent work has also demon-

strated that a simplified BTSP rule using binary synapses can store and retrieve large

numbers of binary inputs in a feedforward architecture reminiscent of CA1 [95].

This doctoral work aims to develop a mathematical framework for BTSP that

replicates the results of the biophysical model in CA1 and can be extended to recurrent

networks, similar to the CA3 structure, to study memory formation and recall. This

framework seeks to overcome the limitations of existing models by providing a more

flexible and analytically tractable approach, potentially offering new insights into the

mechanisms underlying hippocampal function and memory processes.
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Chapter 3

Mathematical modeling of BTSP:
one-dimensional map

Previously silent CA1 pyramidal cells can suddenly become place cells after the oc-

currence of a plateau potential (PP). Experimental evidence suggests that the PP

effectively “switches on” synapses from spatially tuned CA3 inputs, leading to a

tuned subthreshold membrane potential in the CA1 cell [75, 83]. This phenomenon

is illustrated in Fig 3.1. As the animal runs along a linear track, some CA1 cells

receive little or no CA3 input due to the ineffectiveness of the synaptic connections,

see Fig 3.1A. Therefore, the resulting membrane potential of the CA1 cell is initially

spatially untuned, Fig 3.1B. When a PP occurs in the CA1 cell at a given location

along the track (see PP symbol in Fig 3.1A), synapses from CA3 place cells that are

active within a window of a few seconds around the PP become potentiated, leading

to spatial tuning, Fig 3.1C, 3.1D.

The hippocampal place cell activities are rapidly shaped by a novel synaptic plas-

ticity known as behavioral timescale synaptic plasticity, which was reviewed in the

previous section. The computational model proposed by Milstein et al. [86] shows

that synaptic weight change inversely depends on the initial weight: weaker initial

weight facilitates potentiation while strong weights favor depression. Here, we show

that the total plasticity occurring over a lap from this model can be described straight-

forwardly as a one-dimensional map. Namely, the synaptic weight from a presynaptic

cell j to a postsynaptic cell i on a lap k can be written

wk
ij = wk−1

ij +∆wk
ij, (3.1)
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Figure 3.1: Place field emergence after plateau potential in CA1 (A) A mouse
runs at constant velocity v on a virtual linear track of length L. Before the trial, N
CA3 place cells are weakly connected to the postsynaptic CA1 cell i, i.e., the synapses
are ineffective. On a subsequent trial, a dendritic plateau potential (PP) occurs inside
the CA1 cell when the animal reaches a position xPP . (B) The firing rate of cell i
before the PP is zero over the length of the track. (The dashed line indicates the
position of the mouse when the PP occurs.) (C-D) After the occurrence of the PP,
synapses from CA3 place cells are potentiated. As a result, the CA1 cell i develops
spatial tuning.

where the change in the weight due to the occurrence of a PP on lap k does not

explicitly depend on continuous time but only on the identity of the presynaptic and

postsynaptic neurons.

3.1 Constructing spatially dependent plasticity func-

tions

Previous studies [75,86] have shown that the kernel of the BTSP has an asymmetric

shape that spans for seconds around plateau potential onset. Modeling of the BTSP,

described in the section 2.2, reveals that such plasticity can be decomposed into

two different plasticity processes, potentiation and depression, resulting from the

convolution of the synaptic eligibility trace and the instructive signal. Integrating

them over the induction lap is essential in explaining the synaptic weight change. In

the biophysical model, both (integrated) potentiation and depression are asymmetric

and skewed with respect to the plateau onset. These processes are well fit by functions

proportional to wrapped skew-t distributions.
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To do so, we assume a sufficiently large number of discretized positions, which

allows us first to define the plasticity rules in terms of continuous functions. We do

this using the probability density function (PDF) of a skew-t distribution [96] with

location µ, scale σ, skewness λ and ν degrees of freedom:

f̄(t) =
2

σ
tν

(
t− µ

σ

)
Tν+1

(
λ
t− µ

σ

√
ν + 1

ν +
(
t−µ
σ

)2
)
, (3.2)

where tν and Tν+1 denote the PDF and cumulative distribution function of the stan-

dardised t-distribution, and t = 0 is the onset time of plateau, see Fig 3.2 left. As

the animal runs along the track and presynaptic place cells are activated in order, we

can assign a time difference to each cell index j.

Figure 3.2: A temporal plasticity kernel from the biophysical model can be
converted to a spatial kernel for a 1D map. Left: The biophysical model can
be fit to a temporal plasticity kernel extracted from the experiment. Bottom: For
an animal running at a constant velocity, the temporal kernel can be expressed as a
spatial kernel with a linear transformation. Right: For running on a virtual track with
teleportation, the spatial kernel must be “wrapped”. Top: A phase can be defined
by normalizing the spatial kernel by the track length.

If animals run at a constant velocity, we can directly convert time to space x =

v · t+ xPP , where xPP is the position of the PP. Solving this equation for t, we have

t = (x − xPP )/v. Replacing t by (x − xPP )/v in the Eq 3.2, the resulting plasticity

will be defined in space, f̄X(x) = f̄((x− xpp/v)), see Fig 3.2 bottom.

One confound when converting from time to space is that while time extends along

the whole real axis, space is restricted to lying between 0 and the total track length
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L (in the virtual reality set-up, the animal is teleported back to the beginning of the

track, which is equivalent to a circular track). In practical terms, this means that the

plasticity of the synapse from a given presynaptic cell may have several contributions

at different points in time. Specifically, portions of the spatial plasticity rule outside

the track region (below 0 and greater than L) must be wrapped around to fit within

the domain. In mathematical terms, we wrap f̄X(x) on a circle with length L:

f(x̂) =
∑
i∈Z

f̄

(
x̂− xpp + i · L

v

)
, x̂ ∈ [0, L), (3.3)

see Fig 3.2 bottom and right.

Finally, we convert x̂ to θ = 2πx̂/L to define a phase. The resulting spatial

plasticity function f(θ) is served to define potentiation fP (θ) and depression fD(θ),

see Fig 3.2 top. Importantly, these functions depend on the onset of PP. In a more

general situation, let θ̄ the plateau onset phase, fP (θ) and fD(θ) can be represented

as fP (θ, θ̄) and fD(θ, θ̄), respectively.

3.2 CA3-CA1 feedforward networks

Once we have defined spatial dependent plasticity functions, we can replace poten-

tiation ∆Q+ and depression ∆Q− in Eq 2.1 by fP and fD respectively. We define

w(θ) as the strength of connection from presynaptic CA3 cell that peaks at phase

θ ∈ [0, π) to CA1 cell. Therefore, we can rewrite the Eq 2.1 as

∆wk(θ, θ̄) =
(
P · (1− wk−1(θ)) · fP (θ, θ̄)−D · wk−1(θ) · fD(θ, θ̄)

)
· I(θ̄), (3.4)

where

1. θ̄ is plateau onset phase,

2. fP
(
θ, θ̄
)
and fD

(
θ, θ̄
)
are spatial dependent plasticity for potentiation and de-

pression with corresponding learning constants P and D respectively,

3. and I(θ̄) takes a value of 1 if there is plateau potential during the lap and 0

otherwise.

Then, the synaptic weights update for each lap k, wk(θ), according to the 1D map:

wk(θ) = wk−1(θ) + ∆wk(θ, θ̄), w(θ) ∈ [0, 1]. (3.5)

And parameters of the 1D map are P , µP , σP , λP , νP , D, µD, σD, λD, νD.
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3.3 Simulations confirm that 1D map reproduces

results of full model

To evaluate the suitability of the proposed 1D map as a mathematical model for the

full model presented in [86], we conducted simulations with a virtual mouse trained

to run at a constant velocity of v = 25 cm/s along a circular track with a length of

L = 187 cm. We simulate the synaptic efficacy of N = 100 excitatory CA3 cells using

two different models and varying induction protocols, subsequently comparing the

results. The source code for this study is implemented in MATLAB and is available

at [74], which includes a re-implementation of the biophysical model [97].

To achieve this, we first fit the spatial-dependent plasticity functions, fP and

fD, to the biophysical model with parameters: τET = 1664.1 ms, τIS = 737 ms,

α+ = 0.415, β+ = 3.609, α− = 0.026, β− = 13.815, k+ = 0.9, and k− = 0.275. By

manually adjusting the skew-t distributions, we determine the parameter set {P =

2.365, µP = 0.685, σP = 1.65, λP = −1.61, νP = 3.5, D = 2.57, µD = 1.75,

σD = 3.65, λD = −5.35, and νD = 5} that quantitatively reproduces the kernels,

see Fig 3.3A. As a result, the synaptic weight change derived from the map, plotted

as a function of the presynaptic cells’ position and the initial synaptic weight value,

closely matches that of the biophysical mode, Fig 3.3B.

Second, we employ these plasticity functions, designed for a single PP, to deter-

mine the synaptic weights after a series of inductions. We tested different induction

protocols.

1. Two single inductions: We induce two single PPs at different positions during

two consecutive trials. The first PP is at 30 cm from the origin of the track in

a trial, and the second is at 90 in another trial cm. x1PP = 30, x2PP = 90.

2. Repeating single inductions: A single PP is triggered in the middle of the track

and lasts five consecutive trials. xiPP = 93.5 cm, for i ∈ {1, 2, 3, 4, 5}.

3. Multiple inductions at once: Two inductions are simultaneously driven at two

distinct locations in the same trial, followed by a third induction in the second

trial. x1PP = 30 , 120 and x2PP = 93.5.
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Figure 3.3: Fitting of spatial kernels captures the degree of plasticity. (A)We
define fP (red line) and fD (blue line) as the normalized spatial plasticity functions.
Here, they are compared to results from simulations of the biophysical model, which
are also expressed as a function of phase along the track. (B) The degree of plasticity
inferred from the experiment depends not only on the plasticity functions but also on
the previous synaptic strength, normalized here to lie between 0 and 1.

We initialized the synaptic weights to zero and conducted simulations using these

protocols. The numerical results demonstrate that after a single traversal with a

plateau, the synaptic weights in the 1D map perfectly aligned with those in the

biophysical model, see Fig 3.4A and 3.4B, top. Furthermore, this alignment remains

accurate after a second (or fifth) trial at a different (or same) position, see Fig 3.4A

and 3.4B, bottom. Interestingly, although the plasticity functions are fitted to a single

PP during a trial, the results suggest that the superposition of two PPs within the

same trial also worked, see Fig 3.4C. These results indicate that a direct connection

between the biophysical model and the 1D map can be fully established once the

underlying plasticity kernels are determined.

So far, numerical simulations have shown no difference between the two models.

However, one question remains: Can the 1D map with wrapped skew-t distributions

still fit the biophysical model when the animal’s speed varies? Experimentally, it

has been observed that running speed modulates the width of the emergent place

field, which is a hallmark of BTSP [75]. More precisely, the BTSP time window
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Figure 3.4: Consistency of models across various induction protocols. (A)
Synaptic weights after a single induction (top) and after two inductions at a differ-
ent position on consecutive trials (bottom). (B) After five inductions at the same
position. (C) The results of two inductions at distinct locations on the same trial
(top), and the subsequent change in weights after a third induction on the second
trial (bottom).

spans several seconds of the plateau phase. If the animal’s speed is relatively slow,

the synaptic inputs from different neurons are relatively few, resulting in a narrower

plasticity kernel. Conversely, when the animal’s speed is faster, the plasticity kernel

becomes wider because more synaptic inputs from neurons are received within the

same time frame. In the biophysical model, varying the animal’s speeds while keeping

the rest of the model unchanged results in changes in the shape of the plasticity

kernels. For each speed, we could fit the 1D map with different sets of parameters

(see the figure caption), as shown in Fig 3.5.

Putting all the previous results together, this analysis shows that the 1D map can

reproduce all the relevant features of the biophysical model. However, one aspect we

did not focus on was identifying the homotopy of plasticity kernels when the animal’s

speed varies - in other words, determining the transformation of skew-t distributions

that fit different velocities. Here, we propose a mathematical model of BTSP by

constructing the plasticity functions at a constant speed. Nonetheless, if the animal’s

running speed is not constant, the mapping of the plasticity rule from time to space

still exists but will be nonlinear.
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Figure 3.5: The animal’s speed modulates the plasticity kernel. Potentiation
(top) and depression (bottom) plasticity functions for different velocities. Parameters:
Velocity = 20: P = 2.625, µP = 0.75, σP = 1.825, λP = −1.55, νP = 5, D = 2.8,
µD = 1.875, σD = 3.45, λD = −4.55, and νD = 5; velocity = 35: P = 2, µP = 0.6,
σP = 1.42, λP = −1.625, νP = 2, D = 2.15, µD = 1.54, σD = 3.85, λD = −5.75, and
νD = 3.
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Chapter 4

BTSP and memory storage in
recurrent networks

Now that we have shown that the 1D map is suitable to describe BTSP in CA1,

we want to extend it to recurrent networks of place cells to study how the BTSP

shapes the recurrent structures for the storage and recall of memories. Specifically,

we are interested in how the plasticity rule forms stable internal representations of

different spatial environments. Doing so requires two distinct steps. First, we must

determine how plasticity shapes the matrix of recurrent connections. We will do this

through direct analysis of the 1D map. In doing so, we will calculate the average

correlation of the synaptic weight matrix with any given environment and the degree

of quenched variability. This will allow us to perform a signal-to-noise ratio calculation

and determine how the memory capacity scales qualitatively with network size, coding

sparseness, and the learning rates P and D [68, 72]. Secondly, and importantly,

we need to study how the connectivity shapes the activity in a network model and

determine the true memory capacity of the network in terms of stable attractor states

[69,98], which will be studied in the next section.

4.1 1D map for BTSP in recurrent networks

We first consider the most straightforward scenario in which all cells in the network

have place fields in a given environment. We assume that when the animal first

explores a novel environment, place cells in CA3 are either already present or quickly

form due to plasticity in afferent inputs. Thus, we can arrange the cells along a linear

track according to their place field locations, even before any plasticity occurs in
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the recurrent connectivity, as shown in Fig 4.1A (before). As the animal runs along

the track, we assume that, over several traversals, plateau potentials (PPs) occur in

all cells, with their occurrence timing coinciding with the maximal firing rate of the

post-synaptic cell. This way, strong potentiation of recurrent excitatory inputs is

expected between cells with adjacent place fields. In contrast, cells with distant place

fields may experience no potentiation or even depression, depending on the specifics

of the plasticity functions and the previous state of the synapse. Consequently, the

recurrent connectivity becomes correlated with the ordering of the cells’ place fields

in the novel environment, as shown in Fig 4.1A (after).

Figure 4.1: Schematic of BTSP-based learning in a recurrent network. (A)
Before the learning: the recurrent connectivity in a population of N CA3 place cells is
initially uncorrelated with the novel environment. During the exploration of the novel
track: a dendritic plateau potential occurs inside each CA3 cell, driving plasticity.
After: the synaptic weights are modulated according to the phase difference. (B) Sim-
ulations show that ordering cells w.r.t. the novel environment before (left) and after
(right) the BTSP-based learning reveals the emergence of correlation. (C)Schematic
of plasticity across n distinct environments. Global remapping for each novel envi-
ronment, representing in a random permutation of place field locations. (D) Global
statistics of the connectivity matrix, showing the average (left) and variance (right)
as a function of the number of explored environments

We extend the previous 1D map to recurrent networks, such as those in area CA3

of the hippocampus. In this scenario, we assume that BTSP exclusively shapes the

strength of the recurrent excitatory connections between place cells. Therefore, we

consider that cells are already place cells due to spatially-tuned feedforward inputs.
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The synaptic weight change due to BTSP of a connection from cell j with a place field

centered at phase θj to cell i with a place field centered at phase θi in environment k

can be expressed as ∆wij(∆θ
k
ij). The resulting 1D map for the recurrent networks is

wk
ij = wk−1

ij +∆wij(∆θ
k
ij) (4.1)

= wk−1
ij + P (1− wk−1

ij )fP (∆θ
k
ij)−Dwk−1

ij fD(∆θ
k
ij), (4.2)

where ∆θkij = θki − θkj is the phase difference in the place field positions of cells i and

j in environment k. Plasticity functions are considered to be symmetric in storing

memories as stationary attractors. An asymmetric rule would lead to the forma-

tion of dynamic attractors rather than stable spatial maps [99, 100]. Therefore, any

symmetric functions on the phase [−π, π] can be used to define fP and fD, ensuring

that the resulting plasticity peaks at ∆θkij = 0 and decreases as |∆θkij| increases. Re-
cent experimental data in CA3 show that the plasticity kernel is indeed symmetrical,

confirming our hypothesis [93].

To understand how this learning rule shapes recurrent connectivity, we specify

the plasticity functions and run simulations. In practice, fP (θ) = 1 + cos θ and

fP (θ) = 1 − cos θ are used. We model the plasticity due to the exploration of n

distinct linear tracks, Fig 4.1C. The ordering of the place cells uniquely determines

each environment. In the simulation, a random permutation of cells’ order represents

a new environment. Running simulations using this rule (with N = 256, n = 50,

and P = D = 0.3), we observe that the hypothesis in Fig 4.1A holds true; after

a single traversal, spatial correlations to the novel environments emerge (Fig 4.1B

right) in the recurrent connections of place cells that were initially uncorrelated with

the novel environments (Fig 4.1B left). In Fig 4.1B, the weight matrix is sorted

w.r.t. the novel environment before and after the learning. As synaptic weights

are updated for each new environment explored, the statistics of the weight matrix

eventually reach a steady state after a certain number of environments, see Fig 4.1D,

depending on the learning constants. The steady-state statistics can be calculated

directly from the plasticity rule (Fig 4.1D red lines), e.g. the mean µ = ⟨wij⟩ and

variance, σ2 = ⟨w2
ij⟩−µ2, where the brackets indicate averages over the phases of the

network; see later section.

As the learning process becomes stationary, we investigate how the memory traces

of previously explored environments are stored in the synaptic weight matrix. After
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exploring a sufficient number of environments, the synaptic weight matrix reaches

a steady state. To analyze this, we sort the matrix according to the previous envi-

ronments. Since the ordering of cells represents each environment, we can rearrange

the matrix ({wij}) in both indices and then align each row of the matrix to the null

phase difference, ∆θ = 0. Fig 4.2 shows the synaptic weight after this sorting for four

previously explored environments, with ∆θn being the most recently explored one.

Figure 4.2: Spatial modulation of synaptic weights decreases with age. Spa-
tially ordered statistics of weight matrix (sorted and centered w.r.t previously explored
environments) in the steady state. Top: Mean (black line) and 95% confidence in-
tervals (grey lines) of simulated weight as a function of phase difference at each
environment, as well as the theoretical prediction (red line). Bottom: Variance of the
ordered weights: simulation (black) and theoretical curve (red)

Simulations show a rapid decay in spatial modulation as memory age increases.

Here, we define the memory trace as the mean spatial connectivity in each environ-

ment, represented by the black lines in the top panel. The amplitude of this trace

indicates the spatial modulation. Although the rule is deterministic, the process is

stochastic due to the random shuffling of cells for each environment. This stochas-

ticity results in variability of the synaptic weight that increases as the memory ages.

The shaded region in the top panel of Fig 4.2 represents the 95% confidence interval

of simulated weights, which is quantified in the bottom panel, shown by the black

lines. Interestingly, these spatial statistics depend on the choice of P and D, see Fig

4.3. For a balanced network, when P = D, the variability around the mean remains

constant. Conversely, a non-homogeneous shape emerges when P ̸= D.

In the remaining section, we analyze this simple 1D map in the recurrent network

to compute the steady-state and spatial statistics using general functions defined on
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Figure 4.3: The value of P and D can change the shape of spatial statistics.
(A-C) a. Global statistics, average (top) and variance (bottom), as a function of a
number of explored environments. b. Spatial statistics of weight matrix at steady
state: mean curve with 95% confidence interval (top) and variance of noise (bottom)
as a function of phase difference. Parameters: (A) P = D = 0.1; (B) P = 0.1 and
D = 0.3; (C) P = 0.3 and D = 0.1.
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a circle. Additionally, we derive the closed-form expressions for the specific choices

of fP and fD.

4.1.1 Steady-state statistics: Mean and variance

After plasticity in a sufficiently large number of environments, the synaptic weight

matrix will reach a statistically steady state. This steady state is reached more quickly

with larger learning rates P and D, while convergence takes longer for small learning

rates. This effect can be observed by comparing Fig 4.1D (P = D = 0.3) and panel

a of Fig 4.3A (P = D = 0.1).

Assuming that steady-state has been reached, the mean weight across the matrix

upon an exploration of environment k can be written ⟨wk
ij⟩ = ⟨wk−1

ij ⟩ = µw, where the

brackets indicate an average over the entire matrix without any particular ordering.

Applying this average to Eq 4.2,

⟨wk
ij⟩ = ⟨wk−1

ij + P (1− wk−1
ij )fP (∆θ

k
ij)−Dwk−1

ij fD(∆θ
k
ij)⟩

= ⟨wk−1
ij ⟩+ ⟨P (1− wk−1

ij )fP (∆θ
k
ij)⟩ − ⟨Dwk−1

ij fD(∆θ
k
ij)⟩

= ⟨wk−1
ij ⟩+ P ⟨fP (∆θkij)⟩ − P ⟨wk−1

ij ⟩⟨fP (∆θkij)⟩ −D⟨wk−1
ij ⟩⟨fD(∆θkij)⟩.

(4.3)

In the learning procedure, the wk−1
ij is shaped by environments up to k − 1, which

indicates no correlation between it and the environment k, on fP and fD rely. Con-

sequently, we can compute the average of the product as the product of the averages

in the third equality in Eq 4.3. Replacing the ⟨wk
ij⟩ and ⟨wk−1

ij ⟩ by µw and simplifying

the notation for fP and fD by ignoring the variable, the previous equation yield to

µw = µw + P ⟨fP ⟩ − Pµw⟨fP ⟩ −Dµw⟨fD⟩,

which leads to

µw =
P ⟨fP ⟩

P ⟨fP ⟩+D⟨fD⟩
, (4.4)

consistent with previous modeling studies [86,94]. Given that the plasticity functions

fP and fD are defined as periodic in space, in practice, the averages can be taken by

ordering the neurons and integrating

⟨fα⟩ = ⟨fα
(
∆θkij

)
⟩ = 1

2π

∫ π

−π

f∗
(
∆θkij

)
d
(
∆θkij

)
, α ∈ {P,D}.
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Using the definition of the variance of a random variable X: Var(X) = E[X2] −
E[X]2, we can compute the steady-state variance of the weight matrix σ2

w = ⟨w2⟩ −
⟨w⟩2. For simplicity, we have removed the super- and subscripts from the weights

here. Using Eq 4.2 we have

⟨w2⟩ = ⟨
(
w + P (1− w)fP −DwfD

)2⟩
= ⟨

(
PfP + wF

)2⟩
= ⟨P 2f 2

P + 2wPfPF + w2F 2⟩

= P 2⟨f 2
P ⟩+ 2P ⟨w⟩⟨fPF ⟩+ ⟨w2⟩⟨F 2⟩,

where F = 1− PfP −DfD. Solving for ⟨w2⟩ we find that

σ2
w =

P 2⟨f 2
P ⟩+ 2Pµw⟨fPF ⟩
1− ⟨F 2⟩

− µ2
w. (4.5)

The red solid lines in Fig 4.1D and panel a of Fig 4.3 are calculated using Eqs 4.4

and 4.5 respectively, where the plasticity functions were chosen.

The remaining section gives a closed-form formula for the steady-state statistics

for fP (θ) = 1+ cos θ and fP (θ) = 1− cos θ. Before that, we will first compute all the

terms:

⟨fP (θ)⟩ =
1

2π

∫ π

−π

(
1 + cos θ

)
dθ = 1,

⟨fD(θ)⟩ =
1

2π

∫ π

−π

(
1− cos θ

)
dθ = 1,

⟨f 2
P (θ)⟩ =

1

2π

∫ π

−π

(
1 + cos θ

)2
dθ

=
1

2π

∫ π

−π

(
1 + 2 cos θ + cos2 θ

)
dθ =

3

2
,

⟨fP (θ)fD(θ)⟩ =
1

2π

∫ π

−π

(
1 + cos θ

)(
1− cos θ

)
dθ

=
1

2π

∫ π

−π

(
1− cos2 θ

)
dθ =

1

2
.

Using previous results, we have

⟨fPF ⟩ = 1− 3

2
P − 1

2
D.

With these relations, the mean and variance of the weight matrix are

µw =
P

P +D
, (4.6)

σ2
w =

2P 2D2

(P +D)2 ·
(
2(PD + P +D)− 3/2(P +D)2

) , . (4.7)
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4.1.2 Spatial statistics: mean and variance of the memory
trace

Once a statistical steady state has been reached, we can calculate the memory trace

of past environments. When examining the weight matrix after environment n and

looking back at environment n − η, we find that the statistical properties of the

memory trace depend solely on the memory age, η, rather than the absolute order

n− η. This holds as long as the matrix is already in a steady state after environment

n− η − 1.

To quantify the memory trace in environment n−η, we use Eq 4.2 and iteratively

expand it with previous environments. Specifically, we write, for the weights after

plasticity in environment n

wn
ij = PfP (∆θ

n
ij) + wn−1

ij F (∆θnij), (4.8)

where we now indicate the ordering of the phases explicitly in each environment. This

equation is valid for any n, and hence we can expand wn−1
ij to express it in terms of

wn−2
ij , and so on. Here, we show how to expand it to the environment n − 3. First,

we replace the wn−1
ij using the definition of rule in environment n− 1:

wn
ij = PfP (∆θ

n
ij) + wn−1

ij F (∆θnij)

= PfP (∆θ
n
ij) +

(
PfP (∆θ

n−1
ij ) + wn−2

ij F (∆θn−1
ij )

)
F (∆θnij)

= PfP (∆θ
n
ij) + PfP (∆θ

n−1
ij )F (∆θnij) + wn−2

ij F (∆θn−1
ij )F (∆θnij).

Same for wn−2
ij , we get

wn
ij = PfP (∆θ

n
ij) + PfP (∆θ

n−1
ij )F (∆θnij)

+
(
PfP (∆θ

n−2
ij ) + wn−3

ij F (∆θn−2
ij )

)
F (∆θn−1

ij )F (∆θnij)

= PfP (∆θ
n
ij) + PfP (∆θ

n−1
ij )F (∆θnij) + PfP (∆θ

n−2
ij )F (∆θn−1

ij )F (∆θnij)

+wn−3
ij F (∆θn−2

ij )F (∆θn−1
ij )F (∆θnij)

= PfP (∆θ
n
ij) + PfP (∆θ

n−1
ij )F (∆θnij) + PfP (∆θ

n−2
ij )F (∆θn−1

ij )F (∆θnij)

+
(
PfP (∆θ

n−3
ij ) + wn−4

ij F (∆θn−3
ij )

)
F (∆θn−2

ij

)
F (∆θn−1

ij )F (∆θnij).

In a compact way:

wn
ij =

(
PfP (∆θ

n−3
ij )+wn−3−1

ij F (∆θn−3
ij )

) 2∏
k=0

F (∆θn−k
ij )+P

2∑
l=0

fP (∆θ
n−l
ij )

l−1∏
k=0

F (∆θn−k
ij ).
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Finally, we extend the analysis to the environment n− η:

wn
ij =

(
PfP (∆θ

n−η
ij )+wn−η−1

ij F (∆θn−η
ij )

) η−1∏
k=0

F (∆θn−k
ij )+P

η−1∑
l=0

fP (∆θ
n−l
ij )

l−1∏
k=0

F (∆θn−k
ij ),

(4.9)

where the first term completely contains the memory trace from environment n −
η. Within the parentheses, we observe a potentiation term combined with a mixed

potentiation and depression term, which is premultiplied by the synaptic weight before

plasticity. This trace is then degraded in a multiplicative way by all subsequent

learning, from environment n− (η−1) to environment n. The second term represents

an additive noise due to the interference between more recently learned environments,

again spanning from n− (η − 1) to n.

We calculate the strength of the memory trace by extracting the first Fourier mode

of the spatial modulation in the relevant environment. Here, we assume plasticity

functions fP and fD are even, which means that it is sufficient to consider the cosine

Fourier component alone. Specifically, if we order the neurons according to their place

field location in environment n − η, we can approximate the connectivity between

neurons through

Mη = µw + aη · cos (∆θn−η), (4.10)

where aη is the amplitude of the memory trace. In the case of pure cosine plasticity

functions, this formula is exact, while for other shapes, it can be extended to higher-

order Fourier modes. Note that because the matrix reached a steady state, this

connectivity profile depends only on the age of the memory η. We determine the

amplitude aη through integration

aη = R
(
⟨ei⃗∆θn−η

ij , wn
ij⟩
)

= 2⟨cos (∆θn−η
ij ), wn

ij⟩, (4.11)

where R indicates the real part. Plugging in the formula for the weight given by Eq

4.9 and using the fact that the phases in different environments are uncorrelated, i.e.,

∀l ̸= n− η

⟨ei⃗∆θn−η
ij , fP (∆θ

l
ij)⟩ = 0,

we find that the amplitude is

aη = 2
(
P ⟨cos (θ), fP (θ)⟩+ µw⟨cos (θ), F (θ)⟩

)
⟨F ⟩η.
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The amplitude aη is a mean across the network. That is, if we consider the

connectivity profile for a given neuron i after learning and then average over all i,

we obtain aη in the limit of many neurons. However, for any given i, there will be

deviations from this mean in the form of quenched variability. This variability will

impact the ability of the network to retrieve a given memory. We can calculate this

variability by subtracting the mean connectivity from the weight matrix:

Vη = Var(wn
ij −Mη) = ⟨

(
wn

ij − aη cos (∆θ
n−η
ij )

)2⟩ − µ2
w. (4.12)

A general expression for Vη for arbitrary fP and fD could be derived but would

be lengthy. On the other hand, below, we provide the explicit formula for a simple

choice of fP and fD, which we use in this study. A more detailed derivation can be

found in the Appendix A.

For fP (θ) = 1 + cos θ and fP (θ) = 1− cos θ, we find

⟨cos(θ), fP (θ)⟩ =
1

2π

∫ π

−π

cos θ(1 + cos θ)dθ =
1

2
,

⟨cos(θ), F (θ)⟩ =
1

2π

∫ π

−π

cos θ
(
1− P (1 + cos θ)−D(1− cos θ)

)
dθ

=
D − P

2
,

⟨F 2(θ)⟩ =
1

2π

∫ π

−π

(
1− P (1 + cos θ)−D(1− cos θ)

)2
dθ

= 1 +
3P 2 + 3D2 + 2PD − 4P − 4D

2
.

(4.13)

Therefore, the mean and variance of the memory trace, derived from the Appendix

A considering s = 1, are

aη =
2PD

P +D
(1− P −D)η, (4.14)

Vη = Aη +Bη cos (∆θ
n−η) + Cηcos

2 (∆θn−η) (4.15)
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The coefficients of the variance curve are

Aη = A0⟨F 2⟩η + µ2
(
⟨F 2⟩η − 1

)
+

3

2
P 21− ⟨F 2⟩η

1− ⟨F 2⟩

+2P 2
(
1− 3

2
P − 1

2
D
) 1

⟨F ⟩ − ⟨F 2⟩

(
1− ⟨F ⟩η

1− ⟨F ⟩
− 1− ⟨F 2⟩η

1− ⟨F 2⟩

)

+2µP
(
1− 3

2
P − 1

2
D
)⟨F ⟩η − ⟨F 2⟩η

⟨F ⟩ − ⟨F 2⟩
,

Bη = B0⟨F 2⟩η + 2a0µ
(
⟨F 2⟩η − ⟨F ⟩2η

)
+2a0P

((
1− 3

2
P − 1

2
D
)⟨F ⟩η − ⟨F 2⟩η

⟨F ⟩ − ⟨F 2⟩
− ⟨F ⟩η − ⟨F ⟩2η

1− ⟨F ⟩

)
,

Cη = C0⟨F 2⟩η + a20

(
⟨F 2⟩η − ⟨F ⟩2η

)
.

where

A0 = P 2 + 2P (1− P −D)µ+ (1− P −D)2⟨w2⟩ − µ2,

B0 = 2
P −D

P +D

(
P 2 + P (1− 2P − 2D)µ− (P +D)(1− P −D)⟨w2⟩

)
,

C0 =

(
P −D

P +D

)2(
P 2 − 2P (P +D)µ+ (P +D)2⟨w2⟩

)
.

(4.16)

4.2 Sparse coding with BTSP in recurrent net-

works

In the previous section, we examined a network where every neuron has a place field

in every environment, and each cell encoded a distinct phase in any given environ-

ment. This configuration resulted in low storage capacity due to maximal interference

between plasticity events from different environments and a low signal-to-noise ratio

(SNR) for any given location. Interference between memories can be reduced by

considering sparse coding, where only a fraction s of neurons are place cells in any

given environment. The SNR at a given location can be increased by considering a

population of M cells for each location. Specifically, we consider a network of NM

cells, where N is the number of uniformly distributed spatial phases, and M is the

number of cells available to encode each phase. We had M = 1 and s = 1 in the

previous section.
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We model BTSP in the recurrent connections as before, with the difference that,

given a sparseness s, there are now sM neurons encoding each spatial phase, see Fig

4.4A. It is important to note that neurons with overlapping place fields belonging to

the same group of sM neurons in one environment generally do not have overlapping

fields in another one. Specifically, the individual cells undergo global remapping, not

the cell populations. We now consider the sparseness in the 1D map by keeping track

of which neurons are active in any given environment and, hence, which synapses get

updated. The rule is now

wn
ij = wn−1

ij +
(
P · (1− wn−1

ij )fP (∆θ
n
ij)−D · wn−1

ij · fD(∆θnij)
)
Sn
i S

n
j , (4.17)

where 1) i and j go from 1 to MN and 2) Sn
i takes a value of 1 or 0, indicating

whether the neuron is active in environment n. We assume the activation of neurons

is a Bernoulli process with probability s, i.e., P
(
Sn
α = 1

)
= s, α ∈ {i, j}.

4.2.1 Sparse coding enhances the storage capacity

The structure of the connectivity matrix after plasticity varies significantly with dif-

ferent values of M and s used in the simulations. As M increases, a block structure

emerges in the matrix, as illustrated in Fig 4.4B upper row, which enhances the SNR.

Specifically, suppose each post-synaptic neuron receives the average synaptic weight

from a pre-synaptic population (block). In that case, the amplitude of the memory

trace remains constant regardless of the population size (Fig 4.4C red left), while the

variance decreases inversely with the population size (Fig 4.4C red right). Conse-

quently, the SNR, defined as the amplitude of the memory trace at age η divided by

the square root of the constant component of the variance:

SNRη =
aη√
⟨Vη⟩

increases with larger M for a given s. This increase in SNR directly translates to

an enhanced storage capacity. The capacity of a network is the maximum memory

age at which the SNR remains above a specified threshold T ; for late analysis, we set

T = 1:

ηmax = max
η

{SNRη ≥ T}. (4.18)
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Figure 4.4: BTSP-based learning in a sparse recurrent network with network
size M . (A) Schematic representation of the recurrent network with a population
size M and sparseness s. In any given environment, each cell has a probability s of
being a place cell. A population of sM cells with place fields centered at position θi.
For each environment, cell positions undergo global remapping (reshuffling). (B) The
weight matrix is shown for different values of M and s. (C) Amplitude of the mean
memory traces aη (Fig 4.2 top) and of the variance Vη (Fig 4.2 bottom) as a function
of number of past explored environments in log-log scale. To avoid the memory age
0, the x-axis is represented as memory age + 1. Also, a lower bound is applied to
y-aixs to restrict the range.
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This indicates that higher values ofM allow for longer-lasting memory traces, thereby

increasing the effective storage capacity of the network.

When s < 1, a portion of the synaptic weights remain unchanged during plasticity

in a novel environment and, therefore, uncorrelated with the environment, which is

depicted in Fig 4.4B bottom row. The reduction of memory interference leads to

a more gradual decay in the amplitude, specifically for lower values of s, as shown

in Fig 4.4C blue left. While the impact on variance is nontrivial, the theoretical

framework well accounts for it, as illustrated in Fig 4.4C blue right. The slower

decay in amplitude for sparse networks will enhance the SNR over extended periods,

compared to networks with the same population size but higher s. Consequently, the

memory capacity markedly increases in the sparse-network limit.

4.2.2 Detailed calculation of 1D map

This section provides a comprehensive analysis of the 1D map for sparse networks for

the choice of

fP (θ) = 1 + cos θ, fD(θ) = 1− cos θ,

encompassing the analysis from the previous section as a special case. In this context,

the mean and variance of the weight matrix, µw and σ2
w, remain the same, see Eqs

4.6-4.7. However, the mean memory trace and its variance will differ slightly in their

calculations.

To do so, we first rewrite the weight equation, Eq 4.17, as a function of the

environment n− η. Following the same derivation in the Section 4.1.2, we get:

wn
ij =

(
PfP (θ

n−η
ij )Sn−η

i Sn−η
j + wn−η−1

ij F (θn−η
ij )

) η−1∏
k=0

F
(
∆θn−k

ij

)
+P

η−1∑
l=0

fP (θ
n−k
ij )Sn−k

i Sn−k
j

l−1∏
k=0

F
(
∆θn−k

ij

)
(4.19)

where F
(
∆θkij

)
= 1 − Sk

i S
k
j

(
PfP (∆θ

k
ij) +DfD(∆θ

k
ij)
)
. When we calculate the mean

and variance of the memory trace in environment n − η, we now only consider the

subset of active cells, and hence take Sn−η
i = 1, while for all other environments k, Sk

i
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is treated as a Bernoulli random variable. Therefore, the amplitude can be calculated

as

aη = 2⟨cos (∆θn−η
ij ), wn

ij⟩|{Sn−η
i =1,Sn−η

j =1}

=
(
P
1

π

∫ π

−π

fP (θ
n−η
ij ) cos(∆θn−η

ij )d(∆θn−η
ij )

+µw

∫ π

−π

(
1− PfP (∆θ

n−η
ij )−DfD(∆θ

n−η
ij )

)
cos(∆θn−η

ij )d(∆θn−η
ij )

)
⟨F ⟩η.

Similar for the variance

Vη = ⟨
(
wn

ij − aη cos (∆θ
n−η
ij )

)2⟩|{Sn−η
i =1,Sn−η

j =1} − µ2
w.

See Appendix A for a detailed calculation of the variance.

Since the probability of activation of cells is uncorrelated, we have

⟨F ⟩ = ⟨F (∆θkij)⟩

= ⟨1− Sk
i S

k
j

(
PfP (∆θ

k
ij) +DfD(∆θ

k
ij)
)
⟩

= 1− s2(P +D).

⟨F 2⟩ = ⟨
(
1− Sk

i S
k
j

(
PfP (∆θ

k
ij) +DfD(∆θ

k
ij)
))2⟩

= 1 + s2(3P 2 + 3D2 + 2PD − 4P − 4D)/2,

where ⟨(Sk
i )

2, (Sk
j )

2⟩ = ⟨Sk
i , S

k
j ⟩ = ⟨Sk

i ⟩⟨Sk
j ⟩ = s2. Putting all the calculations to-

gether, including previous results (Eq 4.13), the amplitude is

aη =
2PD

P +D
(1− s2(P +D))η. (4.20)

And the variance is

Vη = Aη +Bη cos
(
∆θn−η

)
+ Cηcos

2
(
∆θn−η

)
= (Aη +

Cη

2
) +Bη cos (∆θ

n−η) +
Cη

2
cos (2∆θn−η) (4.21)
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where

Aη = A0⟨F 2⟩η + µ2
(
⟨F 2⟩η − 1

)
+

3

2
P 2s2

1− ⟨F 2⟩η

1− ⟨F 2⟩

+2P 2s4
(
1− 3

2
P − 1

2
D
) 1

⟨F ⟩ − ⟨F 2⟩

(
1− ⟨F ⟩η

1− ⟨F ⟩
− 1− ⟨F 2⟩η

1− ⟨F 2⟩

)

+2µPs2
(
1− 3

2
P − 1

2
D
)⟨F ⟩η − ⟨F 2⟩η

⟨F ⟩ − ⟨F 2⟩
,

Bη = B0⟨F 2⟩η + 2a0µ
(
⟨F 2⟩η − ⟨F ⟩2η

)
+2a0Ps

2

((
1− 3

2
P − 1

2
D
)⟨F ⟩η − ⟨F 2⟩η

⟨F ⟩ − ⟨F 2⟩
− ⟨F ⟩η − ⟨F ⟩2η

1− ⟨F ⟩

)
,

Cη = C0⟨F 2⟩η + a20

(
⟨F 2⟩η − ⟨F ⟩2η

)
.

and A0, B0, and C0 remain the same, see Eq 4.16.

As shown in Fig 4.4, the theoretical predictions (solid lines) for the mean and

variance of memory traces align closely with the simulated data (dots) across different

values of M and s, thus providing compelling validation of the theory. For panel C

of Fig 4.4, we apply a lower bound to prevent the amplitude goes to 0 if the memory

age gets larger.

4.2.3 Memory capacity for balanced potentiation and depres-
sion

Once the mean and variance of memory traces are determined, the signal-to-noise

ratio (SNR) provides an approximation of the storage capacity in a purely structural

context. Figure 4.5A illustrates how SNR varies with memory age for different values

of s and M , maintaining consistency between simulation and theory. We assume

that a memory can be retrievable if the SNR associated with that memory exceeds

a threshold value T . Here, we set T = 1, indicated by the dashed line in Fig 4.5A.

The maximum age at which SNR remains above this threshold defines the network’s

storage capacity:

ηmax = max
η

{SNRη ≥ 1} = max
η

{ aη√
⟨Vη⟩

≥ 1
}
.
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Figure 4.5: Memory capacity improves with sparse coding and increased
population size. (A) Signal-to-noise ration using different value of M and s for
P = D = 0.3. Dashed line indicates SNR = 1. (B) The memory capacity of the
system, ηmax as a function of population size (left) and sparsity (right).

Deriving a closed-form expression for the network’s storage capacity is generally

challenging due to the complexity of the variance, as described in Eq 4.21. However,

when potentiation and depression are balanced (P = D), ⟨F 2⟩ can be approximated

by ⟨F ⟩2 in the sparse limit, or they are the same when s = 1. Figure 4.6 shows the

absolute difference between ⟨F ⟩2 and ⟨F 2⟩ across different values of P as s varies. In

this case, Eqs 4.20 and 4.21 can be simplified to

aη = P
(
1− 2s2P

)η
Aη =

P

8(1− P )
− P 2

2

(
1− 4s2P + 4s2P 2

)η
and

Cη = P 2
(
1− 4s2P + 4s2P 2

)η − P 2
(
1− 2s2P

)2η
,

where we only consider components of the variance that are constant in space.

Figure 4.6: Absolute difference between ⟨F ⟩2 and ⟨F 2⟩ when P = D.
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Therefore, the SNR for the environment n− η is

SNRη =
aη√〈
Vη
〉 =

aη√
(Aη +

1
2
Cη)/sM

=

√
sMP (1− 2s2P )η√

P/(8− 8P )− P 2
(
1− 2s2P

)2η
/2
.

(4.22)

Setting the SNR to 1 and squaring both sides yields:

sMP 2(1− 2s2P )2η

P/(8− 8P )− P 2
(
1− 2s2P

)2η
/2

= 1.

Solving this equation by η, we get the memory capacity:

ηmax = − ln
(
8P (1− P )(sM + 1/2)

)
/(2 ln (1− 2s2P )). (4.23)

Analyzing this equation, as illustrated in Fig 4.7A, We find that the range of po-

tentiation values for which real solutions exist depends on the value of network size

and sparseness. Increasing the network size extends the range of potentiation val-

ues for which real solutions exist and enhances the maximum storage capacity. As

the potentiation value varies, the storage capacity exhibits a non-monotonic behav-

ior. Furthermore, when transitioning from a dense network (Left panel: s = 1) to a

sparse network (Right panel: s = 0.1), the storage capacity increases while the range

of potentiation values decreases.

Figure 4.7: Storage capacity and optimal plasticity parameter in neural
networks with different sizes and sparseness levels. (A) Storage capacity,
ηmax, as a function of network size, sparseness, and values of P . Lines represent
different network sizes. The left panel illustrates the case for s = 1, while the right
panel shows the scenario for s = 0.1. The x-axis denotes different values of P .
(B) The optimal value of P that maximizes memory capacity for each M . Circles
represent the optimal values found in (A), while lines are the numerical solutions of
Eq 4.24. Red denotes s = 0.1 and black denotes s = 1.
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Leveraging the equation for ηmax, we can determine the optimal value of P that

maximizes memory capacity, as shown in panel A. To do so, we differentiate the

equation with respect to P and set the derivative to zero:

(1− 2P )(1− 2s2P ) ln(1− 2s2P ) + 2s2P (1−P ) ln
(
8P (1−P )(sM +

1

2
)
)
= 0, (4.24)

where we only take into account the numerator of the derivative. Fig 4.7B illustrates a

good matching of the optimal value of P found using the graph or the above equation

for different s. Let Popt be the numerical solution to the above equation. Substituting

Popt into Eq 4.23, we obtain the optimal value of ηmax, which depends exclusively on

the network size and sparseness.

Finally, if we assume that s2 ≪ 1 and that sM ≫ 1/2, which is the case if we

wish to obtain a large capacity, then the formula further simplifies to

ηmax =
1

4s2P
ln
(
sM · 8P (1− P )

)
.

Furthermore, taking only the contribution of the system size sM in the logarithm

leads to

ηmax ∼ 1

4s2P
ln
(
sM
)
. (4.25)

4.3 Discussion

The logarithmic scaling of system size is a well-established result for networks with

bounded synapses [68,69]. Similarly, the substantial enhancement in capacity through

sparse coding is also known [65,69,98,101]. In essence, if additional synaptic resources

are available to boost the SNR, the optimal strategy would be to maintain sM while

reducing s, effectively making the representation sparser. This implies that s ∼ 1/M

and consequently, the memory capacity ηmax ∼ M2. This scaling is characteristic

of several memory systems with sparse coding [60]. Further strategies for enhancing

capacity, such as incorporating multiple interacting discrete synaptic states, have

been thoroughly investigated in previous studies [72, 73,102,103].

It is important to note that the SNR scales with the population size at each

position along the track, sM , rather than with the number of positions N . Our use

of continuous spatial plasticity functions fP (θ) and fD(θ) implicitly assumes that

N is sufficiently large for this approximation to be valid. This condition essentially
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establishes a lower bound on N , governed by the sampling theorem. Beyond this

constraint, N does not impact the SNR, as the SNR is determined by the degree

of redundancy in the input from cells with similar or identical tuning, which is sM .

However, when considering the recall of attractor states in neuronal networks, the

number of encoded positions N becomes crucial.
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Chapter 5

Neuronal networks endowed with
BTSP can encode a large number
of spatial memories as bump
attractors

In the preceding chapter, we systematically analyzed the statistical properties of re-

current synaptic weights in networks with BTSP. We determined how the capacity for

encoding multiple spatial environments scales with system size and sparseness. This

analysis implicitly assumed the activation of a subset of cells in any given environment

without explicitly modeling the firing rate dynamics.

However, true memory capacity is determined by the recovery of intrinsic dy-

namical states that correlate with neuronal activity within specific environments. To

explore this, we simulate networks of firing rate neurons with connectivity matrices

derived directly from the 1D map for BTSP from the preceding section. We specifi-

cally focus on the firing rate dynamics in a network where plasticity has already been

established, thus no longer allowing for additional plasticity.

5.1 Network dynamics

The one-dimensional map for BTSP enables us to determine the strength of the

memory trace corresponding to all past environments within the connectivity matrix

itself. While a sufficiently strong SNR of the memory trace is necessary for memory

recall, it is not sufficient. To investigate the dynamics of memory recall, we consider a
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network of rate neurons with recurrent excitatory connectivity defined by the weight

matrix resulting from the plasticity rule.

For simplicity, we model the effect of inhibitory interneurons by assuming a global

inhibitory feedback proportional to the mean excitatory activity. This approximation

is valid if the dynamics of inhibitory interneurons are significantly faster than those

of excitatory neurons. Additionally, we account for the normalization of weights by

the plasticity rule and rescale the weights using an overall maximum weight factor.

Specifically, we define the rescaled synaptic weight from neuron j to neuron i as

w̄ij = W0 +Wmax(wij − µw), (5.1)

where wij is derived directly from the 1D map after the learning process, Wmax is

the maximum synaptic weight (with wij normalized to be between 0 and 1), and

µw = ⟨wij⟩. The mean offset µw and the parameter W0 control the inhibitory effect.

The plasticity rule assumes the presence of place cells with place fields located at

N uniformly distributed positions in any given environment. At each position, there

are M cells, but only a fraction s of them are active. Consequently, the total number

of neurons in the network is MN , while the number of active neurons in any given

environment is sMN .

To study the network dynamics, we use the following firing rate equations:

τ
d

dt
r1 = −r1 + ϕ

(
1

κN

MN∑
j=1

w̄1jrjS
k
j + I0

)
Sk
1 ,

τ
d

dt
r2 = −r2 + ϕ

(
1

κN

MN∑
j=1

w̄2jrjS
k
j + I0

)
Sk
2 ,

...

τ
d

dt
ri = −ri + ϕ

(
1

κN

MN∑
j=1

w̄ijrjS
k
j + I0

)
Sk
i ,

...

, (5.2)

where

• ri represents the firing rate of cell i,

• ϕ is a nonlinear F-I curve or transfer function,
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• I0 is external input that is uniform across all neurons (this study only considers

constant I0),

• and Sk
i = 1 if cell i is active in environment k, otherwise Sk

i = 0.

The parameter κ determines the connectivity scaling concerning the neuronal pop-

ulation’s size encoding each position. As we shall see in the later section, setting

κ =
√
sM allows us to compare directly the retrieval capacity (network dynamic)

with the storage capacity (SNR calculation). With this scaling, the mean input

increases with population size, while the variance remains on the order of one. Alter-

natively, setting κ = sM keeps the mean constant, but the variance decreases with

increasing population size.

For simulations, we define ϕ(x) as follows:

ϕ(x) =


0, x < 0
x2, x ∈ [0, 1]

2
√
x− 3/4, x > 1

. (5.3)

This function, illustrated in Fig 5.1, is continuous and smooth, effectively capturing

the expansive nonlinearity at low rates typical for irregularly firing neurons in the

fluctuation-driven regime.

Figure 5.1: Choice of F-I curve.

We perform three separate simulations to illustrate the evolution of firing rate

dynamics of the same network during the recall of memories associated with the last

environments explored n, second to last n− 1, and ten environments ago n− 10. In
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each environment, the firing rate of active neurons, initially set to zero, is updated

every 0.5 milliseconds according to Eq 5.2. We assume inactive neurons receive a

substantial external inhibitory input (I0 ≪ 0), resulting in a null firing rate. For

practical purposes, the firing rate of these inactive neurons is set to zero during the

simulation. Upon completing the simulation, the firing rates are averaged within each

group of sM neurons and then visualized by ordering (averaged) neurons according

to their phases in each environment.

Figure 5.2A illustrates the network dynamics for different initial conditions over

one second. When the visualized environment (rows) matches the initial condition

(columns), bump dynamics rapidly emerge post-simulation, with the overall dynamics

evolving to a steady state, as shown in the diagonal panels. In this simulation, the

sparseness is set to 0.1, meaning there is a 1% chance that any neuron can be active

in two different environments. Consequently, 10% of neurons active in the initial

environment are also active in another environment. As a result, when visualizing

an environment that does not match the initial condition, some firing activity is still

observed, albeit without any structured pattern, as shown in the off-diagonal panels.

Figure 5.2: Network dynamics can be approximated by the ring model in
the sparse limit. (A) Illustration of the bump dynamics for a single network with
three distinct initial conditions over a one-second period. (B) The topology of the
recurrent network shaped by BTSP, and with sparse coding, can be approximated by
a series of rings, one for each environment.
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These simulations suggest that approximating the full network dynamics by a

ring model for each environment is feasible by constraining the dynamics to the

manifold corresponding to each environment, as shown in Fig 5.2B. However, there

is no guarantee that the whole dynamics will remain confined to this manifold. We

hypothesize that this approximation holds if the sparseness is sufficiently low, ensuring

distinct representations of environments, but it may break down as s→ 1. To test this

hypothesis, we conduct additional simulations of firing rates using the weight matrix

derived from the learning process and compare these results with those obtained from

the corresponding ring model in each environment, as described in the subsequent

section.

5.2 Ring-model approximation

Simulations with 10% sparseness suggest the dynamics in a network of firing neurons

with full recurrent connectivity might be approximated by considering a set of distinct

ring models, one for each past environment. To test whether this approximation holds

for s = 0.1, we first generate the connectivity matrix using the statistical properties

of the original weight matrix in each environment. These quantities were precisely

calculated analytically in the previous chapter. Specifically, in the ring model for an

environment k, the connectivity between neurons at a phase difference of ∆θn−η can

be expressed as:

W (∆θn−η) = W0 +W η
1 cos (∆θn−η) + ∆Wz(∆θn−η), (5.4)

where W η
1 = Wmax

sM
κ
aη, ∆W = Wmax

√
sM
κ

√
Vη, and z is a zero-mean Gaussian

random variable with unit variance. Here, the statistics are rescaled to match those

in Eq 5.1. The first two terms determine the mean memory trace in environment

n − η, and the last one quantifies the variability of memory trace around the mean.

Additionally, in the simulation, the ∆W depends on the phase difference to reproduce

the complex shape of the variance curve, as shown in Figure 4.3.

The advantage of the ring-model formulation lies in its low dimensionality, which

significantly simplifies analysis compared to the full network described by Eq 5.2. For

instance, by choosing the scaling κ =
√
sM in the network (with P = D), it can

be demonstrated through the analysis of the ring model that the memory capacity,
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estimated via a linear stability analysis of the spatially uniform steady state, scales

exactly as in Eq 4.25 (see later section). However, we use κ = sM in our numerical

simulations.

Equation 5.4 thus establishes a mapping between the statistics of the full net-

work’s connectivity and the ring model’s coupling parameters. To ensure a robust

comparison of both models, we generate ten weight matrices using the plasticity rule

(with parameters: N = 256, n = 1500, M = 60, s = 0.1, P = D = 0.3) described in

Eq 4.17, varying the random seed for each instance. The seed controls the generation

of environments by randomly selecting active neurons and assigning phases in each

environment, thereby determining the stochastic component of the learning process.

As a result, all generated weight matrices are statistically equivalent.

Subsequently, all weight matrices undergo the firing rate simulation, described

in Eq 5.2, with parameters W0 = −0.25, Wmax = 40, and I0 = 0.2. To maintain

clarity and avoid excessive simulations, we select a specific set of environments for

comparison. Also, our primary focus shifts to emphasizing η rather than n − η, as

we aim to quantify the maximum number of memories related to previously explored

environments that can be retrieved through the firing rate, where η indicates the

memory age. A memory is considered retrievable if the firing rates of neurons active

in that environment present a bump structure at the steady state.

However, a homogenous solution is also possible. To capture both solutions simul-

taneously, we apply two initial perturbations to the firing rate for each memory age

η ≥ 0. For all the active neurons active in environment n− η, we consider following

perturbation: FR0(θ) = C0(1 + cos θ). One simulation employs a small perturbation,

C0 = I20 , and the other uses a large perturbation, C0 = 1.5. This dual approach

allows us to capture both solutions simultaneously.

As in the previous simulation, the firing rates are updated every 0.5 milliseconds

until a steady state is reached, defined by an absolute difference in the mean firing

rate between two consecutive steps of less than 10−12. Here, we refer to the steady

state as the stabilization of the bump amplitude. Occasionally, the center of the

bump solution may shift after the amplitude has stabilized, which is not captured

by this stopping criterion. Once the steady state is achieved, we average the firing

rates within each group and then extract the first Fourier mode. The amplitude of
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the bump for memory age η is the twice the value of the first Fourier mode for that

memory. We also conduct simulations with ring models under the same conditions.

Fig 5.3 shows a comparison of the bifurcation diagram generated using the full

network model (red symbols) and the low-dimensional approximation given by the

ring model (black lines). The red symbols represent the mean and 95% confidence

interval of the final bump amplitude for ten weight matrices using two initial condi-

tions for different memory ages. Notably, there is a direct link between memory age

(η) and spatial modulation (W1). Changing η has two primary effects: first, the spa-

tial modulation in the recurrent connectivity decreases with increasing age; second,

the strength and shape of quenched variability also change, as described in Eq 4.21.

Therefore, these two terms can be used interchangeably.

Figure 5.3: Comparison of bifurcation diagram for full network model and
ring-model approximation. Bifurcation diagram as a function of W1 (bottom x-
axis) or η (top x-axis) for the ring model and network model, respectively. Solid lines
represent stable solutions, while dashed lines represent unstable solutions of the ring
model. Red dots indicate the mean amplitude of bump solutions from the network
model, with error bars representing the 95% confidence interval. The dotted line
denotes the analytically calculated critical value of W1 at the Turing bifurcation for
the ring model.

Simulation results show a good agreement between the network simulation and

the ring approximation for s = 0.1. For large W1, both initial conditions converge

to a bump solution (large amplitude), rendering the flat solution (null amplitude)
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an unstable fixed point. As spatial modulation decreases, the bump amplitude is

also reduced. For a small value of W1, the bump solution does not exist, and the

flat one becomes the unique attractor. For intermediate values of W1, both solutions

coexist: the small perturbation condition converges to the flat solution, while the

large perturbation condition converges to the bump solution.

For the ring model, we can easily identify two distinct bifurcations at the bound-

aries of this bi-stable region, where flat and bump solutions coexist. There are the

saddle-node bifurcation of Turing patterns and Turing bifurcations. To identify the

saddle-node bifurcation, we run simulations using large perturbation conditions, start-

ing from a large value of W1 (indicating the most recent memory) and gradually

decreasing to a small W1 (a large memory age). Each memory age corresponds to

one simulation. Under these conditions, the large perturbation continues to converge

to the bump solution until it reaches the saddle-node bifurcation. Interestingly, this

bifurcation is shifted even further left in the network model compared to the ring

model, shown in Fig 5.3 and 5.4A. When examining the network simulations individ-

ually, almost all outperform the ring approximation. Plotting the resulting firing rate

for one simulation, a clear bump is observed, as shown in Fig 5.4C.

Conversely, to determine the Turing bifurcation, we perform simulations under

small perturbation conditions, starting with a low W1 value and gradually increasing

it to a higher W1 value. In this scenario, the system consistently converges to the flat

solution until the Turing bifurcation is reached. Upon examining the flat branch in

detail, as shown in Fig 5.4B, we observe that this Turing bifurcation is supercritical,

meaning it is continuous and results in very small amplitude but stable bumps just

to the right of the bifurcation. The critical value of W1, marked by the red dotted

line, at which a Turing instability occurs, will be systematically analyzed in the next

section. Network simulations also confirm the existence of small bump amplitude

solutions, as depicted in Fig 5.4D.

The discrepancies observed at the bifurcations are likely attributable to additional

sources of variability inherent in the network model. Firstly, the connectivity matrix

for the ring model considers only the spatial statistics, assuming no interaction or

interference between environments beyond the Gaussian quenched variability. Sec-

ondly, in the ring model, the firing rate at each position represents the average activity
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Figure 5.4: The zoomed-in bifurcation plot distinctly shows a supercriti-
cal Turing bifurcation. (A) Zoomed plot of Fig 5.3 showing bump amplitude in
an individual fashion. Black represents the small perturbation condition, and red
represents the large one. (B) Detailed bifurcation diagram showing a supercritical
bifurcation from the unpatterned state to the small amplitude bump state. (C-D)
Sample profile of large and small bump amplitude indicated by the arrows. The black
line represents the mean firing rate, while the blue dots represent the individual firing
rates from the simulation.
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across populations of cells with that preferred location, thereby simplifying the dy-

namics. In contrast, the network model captures a richer dynamic landscape due to

the distribution of firing rates within each population.

It is important to emphasize that the x-axis in the bifurcation diagram in Fig

5.3 represents the memory age, η, and thus each point corresponds to a different

low-dimensional manifold. For the ring model, the solution is inherently confined

to this manifold by definition, whereas this restriction does not necessarily apply

to the full network model. In other words, the y-axis measures the amplitude of a

bump corresponding to a specific η, but other orderings are possible, allowing bump

amplitudes to be measured for all explored environments. To confirm that the bump

solutions depicted in Fig 5.4 are indeed bumps in the desired environment η, we

measured the bump amplitude across a range of η values for several example cases.

Fig 5.5A demonstrates that for the four chosen values of η, indicated by arrows in Fig

5.3, the bump exists only on a single manifold, while projections of the activity onto

other manifolds yield disordered activity (bump amplitude zero). Fig 5.5B provides an

example of the steady-state bump solution when a small amplitude bump is seeded

according to the ordering of neurons for η = 30. As shown, the bump remains

constrained to the manifold for η = 30.

Finally, the network’s capacity can be determined from the phase diagram of the

dynamical states shown in Fig 5.6, which is derived from the ring model. For each

value of W0, the firing rate simulation is conducted for the ring model to identify

the saddle-node bifurcation for bump states, indicated by the dashed line: no bump

states exist to the left of this line. The Turing bifurcation, indicated by the solid

line, is computed using the analytical formula (detailed in the next section). Between

these two lines, any existent bump state is bi-stable with the flat state, provided the

ring-model approximation is accurate. Thus, network simulation results (represented

by dots) can be overlaid, and the maximum capacity is defined by the greatest age

that remains to the right of the saddle-node bifurcation. In this scenario, the network

capacity is 210.

These numerical simulations suggest that the ring approximation is valid in the

limit of sparse coding. For the case studied, where s = 0.1, the minimal overlap

between environments causes the network simulation to outperform the ring model,
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Figure 5.5: Calculation of bump amplitude over a range of η show the
bump state is constrained to the desired environment. (A) Bump amplitudes
calculated by ordering cells according to their preferred positions across a range of
environments. These amplitudes are averaged over ten simulations, each using distinct
connectivity matrices. The four panels correspond to specific values of η indicated by
arrows in Fig 5.3. The black vertical dashed line represents the retrieved environment,
while the red dashed line indicates the saddle-node bifurcation of the ring-model
approximation. (B) The steady-state neuronal activity in the full network, ordered
according to four different environments, for the retrieval of environment n−30. This
specific case is marked with an asterisk in panel D.

Figure 5.6: Phase diagram as a function of W0 and W1. The phase diagram
illustrates the transitions between different dynamical states. The dashed line denotes
the saddle-node bifurcation for bump states, indicating that no bump states exist to
the left of this line. The solid line marks the Turing bifurcation. Between these two
lines, bump states are bi-stable with the flat state. Black dots represent the system’s
state at specific memory ages (η), as analyzed in this study. The red dot indicates
the critical point, the maximum memory age where bump states can still exist.
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leading to inconsistencies near bifurcation points. These inconsistencies arise from

increased variability, indicating that such variability plays a role in enhancing network

capacity. However, further analysis of variability in this type of network is necessary

to understand its implications fully.

5.3 Impact of variability and network parameters

on Turing bifurcation in sparse coding net-

works

The numerical simulations for s = 0.1 suggest that the ring-model approximation is

valid in sparse coding. This validation highlights the ring model’s effectiveness in

capturing the network’s critical dynamics. In this section, we seek to understand how

the variability, as described by Eq 4.21, influences the Turing bifurcation, a critical

transition from a homogeneous state to a patterned state characterized by bump

solutions. Understanding this influence is crucial for identifying conditions allowing

the network to maintain stable memory despite inherent fluctuations and noise.

For sparse networks, restricting the dynamics to the manifold corresponding to

spatial modulations in environment n− η allows the ring model to be a good approx-

imation. When the number of spatial positions N is large enough, the summation of

the network’s contribution to the firing rate, in Eq 5.2, can be approximated by an

integral, assuming a circular track. This results in the following equation for the ring

model in environment n− η:

τ
∂

∂t
r(θn−η, t) = −r(θn−η, t) + ϕ

(
1

2π

∫ π

−π

W
(
θn−η − θ′

)
r(θ′, t)dθ′ + I0

)
, (5.5)

where

W (∆θn−η) = W0 +W η
1 cos (∆θn−η) + ∆Wz(∆θn−η),

as detailed in Eq 5.4. Consequently, we have a set of ring models, one for each
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τ
∂

∂t
r(θn, t) =− r(θn, t) + ϕ

(
1

2π

∫ π

−π

W
(
θn − θ′

)
r(θ′, t)dθ′ + I0

)
τ
∂

∂t
r(θn−1, t) =− r(θn−1, t) + ϕ

(
1

2π

∫ π

−π

W
(
θn−1 − θ′

)
r(θ′, t)dθ′ + I0

)
.

τ
∂

∂t
r(θn−2, t) =− r(θn−2, t) + ϕ

(
1

2π

∫ π

−π

W
(
θn−2 − θ′

)
r(θ′, t)dθ′ + I0

)
...

By definition, the high dimensionality of the ring models makes it impractical to

analyze the Turing bifurcation directly. To address this, we simplify them by ignoring

the dependency of the spatial modulation and noise strength on memory age. This

simplification results in the following equation:

τ
∂

∂t
r(θ, t) = −r(θ, t) + ϕ

(
1

2π

∫ π

−π

W
(
θ − θ′

)
r(θ′, t)dθ′ + I0

)
. (5.6)

The connectivity matrix is now given by:

W (∆θ) = W0 +W1 cos (∆θ) + ∆Wz(∆θ),

where W0 ∈ R, W1 ranges between 0 and 12 (considering Wmax = 40), and ∆W

can be either scale value or depending on the phase difference. Leveraging this ring

model, we first analyze the stationary uniform solutions and then determine the

Turing bifurcation through linear stability analysis.

5.3.1 Stationary uniform solutions of the ring model

For the simplified ring model, the stationary uniform (SU) solutions, in the absence

of the noise term, can be derived by setting ∂
∂t
r(θ, t) = 0. This yields:

r0 = ϕ

(
1

2π

∫ π

−π

W (θ − θ′)r0dθ
′ + I0

)
= ϕ

(
1

2π

∫ π

−π

(
W0 +W1(θ − θ′)

)
r0dθ

′ + I0

)
= ϕ(W0r0 + I0), (5.7)

where r0 is a constant and spatially uniform firing rate. Given the non-linear function

used in this study, as outlined in Eq 5.3, we can identify a total of four solutions based

on the value of W0r0 + I0.
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For the range 0 ≤ W0r0 + I0 ≤ 1, the transfer function is ϕ(x) = x2. Then, the

SU solutions are derived from the equation r0 = (W0r0 + I0)
2. Solving this equation

for r0 gives us

r±0,T =
1− 2W0I0 ±

√
1− 4W0I0

2W 2
0

.

To ensure real solutions, the term under the square root,
√
1− 4W0I0 must be non-

negative, implying that W0 must be less than or equal to (4I0)
−1. On the other hand,

if W0r0 + I0 ≥ 1, we must solve the equation r0 = 2
√
W0r0 + I0 − 3/4. The SU

solutions in this case are:

r±0,U = 2W0 ±
√

(4W 2
0 + 4I0 − 3).

Therefore, these solutions only exist when W0 ≥
√

3/4− I0.

Moreover, the transfer function is continuous at x = 1, which indicates that two

of the four solutions must be connected if they exist. Specifically, r+0,T and r−0,U meet

this condition, which occurs when W0r0 + I0 = 1. This condition implies that r0

must be 1. Solving for W0, we find that W0 = 1 − I0. Taking into account the

constraints on W0 when calculating the solutions, we find that r+0,T exists within

the range W0 ∈ [1 − I0, (4I0)
−1], while r−0,U exists when W0 ∈ [1 − I0,

√
3/4− I0].

Furthermore, these two regions remain in existence when I0 is less than 0.5, making

I0 = 0.5 a bifurcation point where four solutions collapse into two.

Numerical simulations conducted with two different initial conditions reveal that

the bounded solutions previously analyzed are unstable when I0 is below the bifur-

cation points, as shown in Fig 5.7A. In this case, this unstable solutions region is

also bi-stable, limited by dashed lines, where different stable states coexist depending

on the initial conditions. When the external input reaches the bifurcation points,

Fig 5.7B, the four solutions collapse into two, and the two stable solutions become

directly connected, eliminating the bi-stable regions.

The close alignment between numerical and analytical results is disrupted as W1

increases. When W1 is shifted from the value 1 (used in Fig 5.7) to 3, discrepancies

begin to appear within the bi-stable region, as illustrated in the left panel of Fig 5.8.

This divergence arises due to the emergence of bump solutions, which is confirmed

by the significant bump amplitude observed in the right panel. This indicates that a

bifurcation occurs with changes in W1, impacting partially the bi-stable region.
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Figure 5.7: Bifurcation diagram for the stationary solutions of the ring
model. The solid lines represent analytical solutions, with black lines indicating
r0,T and red lines indicating r0,U . Circles denote numerical solutions initiated from
a small initial condition, simulated from a small value of W0. Asterisks represent
numerical solutions starting from a large initial mean firing rate, simulated from a
large W0. (A) The bi-stable region, marked by the vertical dashed lines, is evident
when I0 = 0.2, below the bifurcation point. This region also encompasses the unstable
solutions (dashed lines) that converge at W0 = 1− I0 (vertical solid line). (B) When
I0 reaches the bifurcation point, the bi-stable region vanishes.

Figure 5.8: Bifurcation diagram for W1 = 3. The left panel shows a discrepancy
between numerical results and analytical solutions within the bi-stable region. The
right panel reveals that this mismatch arises due to the emergence of bump solutions,
which affect the amplitude of the numerical results.
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By analyzing the impact of parameters on the ring model’s stationary uniform so-

lutions, we can identify potential bifurcations based on numerical simulations. How-

ever, we do not go further since our primary interest lies in understanding the emer-

gence of the Turing bifurcation. The Turing bifurcation is significant as it marks the

transition from a homogeneous state to a patterned state within the network. To

this end, we focus on the branch where the average firing rate is nearly zero, denoted

as r−0,T . This condition is indicative of scenarios where W0 takes small or negative

values.

This choice is deliberate, as small or negative values of W0 are associated with

low baseline firing rates, which are critical for the emergence of Turing patterns. By

restricting our attention to this branch, we aim to isolate and study the conditions

under which spatial patterns, or bumps, form in the network. These bumps are

essential for memory retrieval, as they represent localized regions of heightened neural

activity corresponding to stored memories. Through this focused analysis, we can gain

deeper insights into the mechanisms underlying the formation and stability of these

memory-related patterns in sparsely coded neural networks.

5.3.2 Linear stability analysis and Turing bifurcation of the
ring model in the absence of noise

To determine whether bump attractors can emerge spontaneously, we consider two

distinct types of perturbations to the system: spatially homogeneous and spatially

inhomogeneous. Given that these perturbations are weak, the response will be linear,

allowing us to linearize the equations. Consequently, we can decompose the spatially

inhomogeneous perturbation into a series of Fourier modes, and the total solution

will be a sum of these modes. Thus, the perturbation ansatz is given by:

r(θ, t) = r0 + δr0e
λ0t + δr1 cos(θ)e

λ1t, (5.8)

where δr ≪ 1 and r0 is stationary uniform solution previously analyzed.

By differentiating both sides of the ansatz, we obtain:

∂

∂t
r(θ, t) = δr0λ0e

λ0t + δr1λ1 cos(θ)e
λ1t. (5.9)
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Substituting the ansatz and its derivative into the ring model equation, we have:

δr0λ0e
λ0t + δr1λ1 cos(θ)e

λ1t = −
(
r0 + δr0e

λ0t + δr1 cos(θ)e
λ1t
)

+ ϕ
( 1

2π

∫ π

−π

(
W0 +W1 cos (θ − θ′)

)(
r0 + δr0e

λ0t + δr1 cos(θ
′)eλ1t

)
dθ′ + I0

)
Using integral properties and the trigonometric identity:

cos(θ − θ′) cos(θ′) = cos θ
1− cos(2θ′)

2
− sin θ

sin(2θ′)

2
,

it can be simplified further to

δr0λ0e
λ0t + δr1λ1 cos(θ)e

λ1t = −
(
r0 + δr0e

λ0t + δr1 cos(θ)e
λ1t
)

+ ϕ
(
W0r0 +W0δr0e

λ0t +
1

2
W1δr1 cos(θ)e

λ1t + I0
)
.

Applying the Taylor expansion to the ϕ around the W0r0 + I0 yields to

δr0λ0e
λ0t + δr1λ1 cos(θ)e

λ1t = −
(
δr0e

λ0t + δr1 cos(θ)e
λ1t
)

+ ϕ′(W0r0 + I0
)
W0δr0e

λ0t + ϕ′(W0r0 + I0
)1
2
W1δr1 cos(θ)e

λ1t, (5.10)

where we use the fact that r0 is SU solution, r0 = ϕ(W0r0 + I0), of the ring model.

Here, ϕ′ is the slope of the transfer function evaluated at the steady state.

Solving Eq 5.10 separately for both eigenvalues yields:

δr0λ0e
λ0t = −δr0eλ0t + ϕ′(W0r0 + I0

)
W0δr0e

λ0t,

δr1λ1 cos(θ)e
λ1t = −δr1 cos(θ)eλ1t + ϕ′(W0r0 + I0

)1
2
W1δr1 cos(θ)e

λ1t.

This leads to the following expressions for the eigenvalues:

λ0 = −1 + ϕ′
0W0, (5.11)

λ1 = −1 + ϕ′
0

W1

2
, (5.12)

where ϕ′
0 = ϕ′(W0r0+ I0

)
. These equations for the eigenvalues λ describe the growth

rates of perturbations. If λ is negative, the perturbation decays; if positive, the

perturbation grows. Specifically, a positive growth rate for the cosine perturbation

indicates the onset of a bump, known as a Turing instability. Therefore, to avoid a
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uniform instability of the steady state, W0 must satisfyW0 < 1/ϕ′
0. The critical value

of the spatially modulated connectivity is then given by:

W cr
1 =

2

ϕ′
0

. (5.13)

To connect this result to the network, we substitute the value of W1 for environ-

ment n−η, which allows us to compute the memory capacity restricted to the Turing

branch. Specifically, we set up the equation for W1 and solve for η, the memory age:

Wmax
sM

κ

2PD

P +D
(1− s2(P +D))η =

2

ϕ′
0

.

Solving for η, we find:

ηcr =
1

s2(P +D)
ln

(
sM

κ
Wmaxϕ

′
0

PD

P +D

)
, (5.14)

where we assume that s→ 0. Taking P = D and κ =
√
sM and making appropriate

approximations, particular large sM , we derive:

ηcr =
1

2s2P

(
ln
(√

sM
)
+ ln

(
Wmaxϕ

′
0

P

2

))
.

This approximation reveals that the leading order term for large sM aligns with

the result from the signal-to-noise analysis (Eq 4.25), indicating that the memory

capacity derived from the Turing bifurcation analysis confirms the findings from the

SNR analysis.

5.3.3 The role of system size on quenched variability in the
ring model

Analyzing the Turing bifurcation without noise lays the foundation for understanding

network dynamics. However, in the context of the full network, quenched variability

— calculated based on the plasticity rule — takes the form ∆W (θ) =
√
sM
κ

√
V (θ)z(θ),

where θ represents the phase difference between two neurons within the environment

of interest, and z is a spatially uncorrelated Gaussian random variable with zero

mean and unit variance. Consequently, the strength of this variability is determined

by the population size at each position, sM . For example, if we choose κ = sM ,

the quenched variability will vanish with increasing population size. The number of

encoded positions N does not play a role here.
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However, this situation changes significantly near an instability of a spatially

modulated mode, such as at a Turing bifurcation. To incorporate the effects of

quenched variability, we represent the Gaussian noise process, ignoring the prefactor

of
√
sM
κ

, ∆W (θ) =
√
V (θ)z using its Fourier series:

∆W (θ) =
N∑
j=1

(
cje

ijθ + c̄je
−ijθ
)
,

= 2
N∑
j=1

αj cos (jθ) + 2
N∑
j=1

βj sin (jθ), (5.15)

where N denotes the number of spatial positions, equal to the number of place cell

populations. Given that the variability is a zero-mean Gaussian process, the coeffi-

cients αj and βj are also zero-mean Gaussian random variables whose variances and

covariances must be determined self-consistently through averaging. Specifically, we

calculate V (θ) = ⟨∆W (θ)2⟩, leading to:

V (θ) = 2
N∑
j=1

N∑
l=1

(
⟨αjαl⟩+ ⟨βjβl⟩

)
cos ((j − l)θ))

+2
N∑
j=1

N∑
l=1

(
⟨αjαl⟩ − ⟨βjβl⟩

)
cos ((j + l)θ))

+4
N∑
j=1

N∑
l=1

(
⟨αjβl⟩ sin ((j − l)θ)− ⟨αjβl⟩ sin ((j + l)θ)

)
. (5.16)

We recall that V (θ) = A+ C
2
+B cos (θ) + C

2
cos 2(θ).

To determine the statistics of the coefficients in the Fourier series, we apply Parse-

val’s theorem, which states that the variance, or power, of a signal must be conserved

in Fourier space. Additionally, since z is a white-noise process in space, the power

is not only conserved but also evenly distributed across all modes. Therefore, the

variance of the noise process is the sum of the variances of its Fourier coefficients
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with each of term contributes evenly:

⟨α2
1⟩ =

1

2N

(
A+

3C

4

)
, (5.17)

⟨β2
1⟩ =

1

2N

(
A+

C

4

)
, (5.18)

⟨α2
j ̸=1⟩ = ⟨β2

j ̸=1⟩ =
1

2N

(
A+

C

2

)
, (5.19)

⟨αjαj+1⟩ = ⟨βjβj+1⟩ =
B

4N
, (5.20)

⟨αjαj+2⟩ = ⟨βjβj+2⟩ =
C

8N
, (5.21)

see Appendix B for a detailed derivation. These results show that for finite N , the

quenched variability generates power in the mode relevant for a bump instability,

which is the first Fourier mode (j = 1).

Each place cell in the network has a pair of Fourier coefficients, α1 and β1, con-

tributing a term R1 cos(θ − ϕ1) to the connectivity, where R1 = 2
√
α2
1 + β2

1 and

ϕ1 = arctan(β1/α1). These amplitudes and phases are also random variables, unique

to each neuron in the network. Consequently, at some network locations, the quenched

variability will facilitate the instability leading to a bump solution (where ϕ1 ∼ 0),

while at others, it will hinder this instability (where ϕ1 ∼ π).

The net contribution is computed by averaging the amplitude over the distribution

of α and β, yielding ⟨R1⟩ =
√

2π
N

(
A+ C

2

)
·
√
sM
κ

. Therefore, the critical value of the

connectivity becomes:

W cr
1 =

2

ϕ′
0

− ⟨R1⟩, (5.22)

indicating that the bifurcation occurs at lower values of W1 compared to the case

without quenched variability. For the simulations, the Turing bifurcation, indicated

by the red vertical dashed lines in Fig 5.3 and 5.4A, is adjusted by considering this

correction on the spatial modulation. The critical age is determined by finding the

value of η that satisfies the following condition:

ηcr = max
η

{
aη +

√
2π

N

(
Aη +

Cη

2

)√sM
κ

≤ 1

W0r0 + I0

}
,

while W cr
1 is computed using the amplitude equation, Eq 4.14, by substituting ηcr

into the equation.

In any case, we can see that the shift in the bifurcation is inversely proportional

to the number of positions N . Specifically, smaller N values result in a greater
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memory capacity. However, if N is too small, the continuum approximation fails,

and no Turing instability would be expected to occur. This indicates that there is an

optimal number of encoded positions N that maximizes memory capacity, given that

all other parameters remain constant. Simulations using the same parameters as in

section 5.2 but varying the number of spatial position N confirm our hypothesis, as

shown in Fig 5.9.

Figure 5.9: The memory capacity of the network is shown to depend non-
monotonically on the resolution of spatial tiling of place cell. Memory ca-
pacity, measured as the number of retrievable bump solutions in the network model,
varies with the number of encoded positions, which corresponds to the spatial reso-
lution. In the large N limit, the capacity approaches that of the ring model without
quenched variability, represented by the dashed line. As N decreases, the amplitude
of the quenched variability increases, which facilitates the generation of bump solu-
tions. However, when N becomes too small, bump solutions no longer exist as the
ring model approximation breaks down. This results in an optimal value of N for
which memory capacity is maximized.

We have seen that in the sparse coding limit, the interference from other stored

memories takes the form of quenched noise in the synaptic weight matrix. Counter-

intuitively, this variability actually enhances the memory capacity by driving bump

solutions below the noiseless bifurcation point, much like how intermittent oscilla-

tions emerge when a damped oscillator is driven by dynamic noise. However, such

“fluctuation-driven” bumps likely represent imperfect spatial memories as the vari-

ability will drive the bump toward one or more hotspots around the ring. Namely, the
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representation will not be spatially homogeneous as one would expect of an unbiased

spatial map.

5.4 Discussion

The agreement between network simulations and the ring model approximation holds

in the limit of sparse coding. In this scenario, the overlap between sub-populations

of place cells encoding distinct environments vanishes, causing the dynamics of each

memory to evolve on distinct, weakly-interacting manifolds. This weak interaction

manifests as quenched variability. For s = 0.1, this approximation holds across all

values of η, as shown in section 5.2. However, increasing the value of s introduces

nontrivial effects that are not captured by the ring model, such as the emergence

of mixed attractors. This phenomenon is illustrated in Fig 5.10. To make a fair

comparison, we keep the sM constant and set it to 6 in each of simulation.

Bifurcation diagrams for s = 0.3 and s = 0.5 are shown in panels A and D,

respectively. Here, the lines represent the ring model simulations, while the red

circles denote the full network simulations. For recent memories, the attractor states

remain confined to a manifold corresponding to a single environment, as seen in

Fig 5.10B for η = 3, 12, and 16, and in Fig 5.10E for η = 1. However, this is

not the case for more remote memories, which tend to form mixed states when s is

sufficiently large, as depicted in Fig 5.10B for η = 26 and Fig 5.10E for η = 4 − 6.

Mixed states exhibit spatial modulation across several, often many, environments

simultaneously. For instance, for s = 0.3 and η = 26, the steady-state solution shows

significant spatial modulation in the environment η, as well as in at least the ten

most recently explored environments, as shown in Fig 5.10B and C. Generally, in the

regime of mixed attractors, there is a high degree of variability between simulations

with different realizations of the connectivity matrix, as indicated by the error bars

in Fig 5.10A,D.

We conclude that a recurrent network with Behavioral Timescale Synaptic Plastic-

ity can encode a large number of attractors through one-shot learning, provided that

the coding is sufficiently sparse. In this sparse coding limit, the interaction between

attractors manifests as quenched variability. Interestingly, this variability enhances

memory capacity by stabilizing bump attractors in parameter regimes where they
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Figure 5.10: Deviations of the network model from the ring-model approx-
imation are due to the emergence of mixed attractors. (A) Bifurcation
diagram for s = 0.3. Lines are from simulation of the ring model, while symbols indi-
cate the mean and 95% confidence intervals from simulations of the network model.
(B) Amplitude of the bump as measured with different orderings. Note that for
η = 26 the steady-state solution is a bump in many different environments at the
same time. (C) Sample profiles of the same steady-state solution but with distinct
neuronal orderings corresponding to different environments. (D-F) Same as A-C but
with s = 0.5.

72



would not exist in the absence of noise. In this regime, memory capacity scales as

M2, where M represents the number of place cells available for encoding each po-

sition (with only a fraction s being active), as shown in Fig 5.11. This aligns with

the theoretical optimum [60]. Furthermore, the full network with BTSP surpasses

the ring-model approximation in this regime, likely due to the additional quenched

variability in the firing rates within each population of place cells, as depicted in the

inset of Fig 5.11.

Figure 5.11: Memory capacity in the network model outperforms ring model
approximation and scales optimally with system size. (A) The memory ca-
pacity ηmax as a function of the coding sparseness s. Black line: Instability to Turing
Bifurcation, Eq 5.14. Red line: SNR calculation, Eq 4.23. Blue line: Numerical
estimation of the saddle-node of bump attractors from the ring model. Squares: Ca-
pacity of full network. Inset: The fractional difference between the memory capacity
of the full network and that of the ring, ∆ηmax = (ηnetwork

max −ηringmax)/η
ring
max. The network

outperforms the ring model in the sparse-coding limit. (B) The memory capacity as
a function of the number of place cells encoding each position, M .

Variability plays a crucial role in enhancing memory capacity. For one, interference

from other memories can amplify Turing instability in the context of the ring model

formulation. Secondly, additional fluctuations in firing rates in the full network lead

to a memory capacity surpassing the ring model approximation.
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Chapter 6

Maintenance of uniform
representation in CA3 through
BTSP

While place cells, and hence spatial maps, are present in both areas CA1 and CA3

regions of the hippocampus, there is a crucial qualitative difference between them.

Maps in CA1 are strongly modulated by sensory cues, including rewarded locations,

which are overrepresented compared to non-rewarded locations [104, 105]. Maps in

CA3, on the other hand, are largely homogeneous [93] and unmodulated by reward

[104]. Given that salient sensory cues and reward lead to modulation in neuronal firing

rates, a purely Hebbian plasticity rule would be expected to lead to modulated spatial

maps, as seen in CA1. It, therefore, remains unclear what physiological mechanism

conspires to maintain homogeneous maps in CA3.

We propose that BTSP is ideally suited for this task by virtue of the fact that

modulation of the frequency of plateau potentials (PPs) can be used to compensate

for fluctuations in neuronal activity levels. In short, when there is a spike in neu-

ronal activity which would lead to an overrepresentation of place cells given a purely

Hebbian rule, a reduction in PP frequency can nonetheless maintain constant rates

of plasticity. More generally, even in the absence of specific cues or rewards, neu-

ronal activity levels naturally fluctuate; maintaining homogeneous representations

is, therefore, a very general computational challenge. In this section, we will study

how BTSP can maintain such homogeneous representations in the face of fluctuating

activity levels.
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6.1 Fluctuating coding levels in learning n memo-

ries

We adopt the learning paradigm outlined in the introductory chapter to investigate

this hypothesis. More precisely, we face the task of learning a sequence of n memories

in a network of N neurons by a set of patterns ξµ = {ξµ1 , ξ
µ
2 , . . . , ξ

µ
N} labeled by an

index µ = 1, . . . , n. Once the network has reached a stationary state, for n0 < n, the

memories learned over this period should have similar lifetimes, as the memory traces

are expected to decay at comparable rates. If this is not the case, it would suggest

that certain memories are retained more robustly than others within the network, a

situation we do not expect.

Ideally, when the coding level remains constant, the only source of stochasticity

arises from the random selection of the patterns representing the memories, assuming

all memories are random and uncorrelated. This randomness introduces variability

in the memory traces. When all of the memories after n0 have been stacked together,

we can measure the variability of the memory trace relative to the mean, and this

variation should decrease over the lifetime t. However, if the coding level fluctuates

over time, it would increase significantly relative to the constant level. Nevertheless,

when introducing the BTSP into the system, adjustment of plateau potential must

compensate for such fluctuations in the coding level, improving the variability.

6.1.1 Model for BTSP

In the previous chapters, the 1D plasticity map for BTSP was developed to accumulate

synaptic plasticity, allowing for passage along a circuit track. The model may readily

be generalized by discretizing time in steps of ∆t and allowing all combinations of pre-

and postsynaptic activity or plateau potentials at all time lags. However, one critical

problem arises from this generalization: the synaptic weight at time t + 1 depends

on all previous time steps {t, t − 1, t − 2, · · · } within the time window of BTSP. As

a consequence, some theoretical statistics would be hard to derive. To treat this, we

use the framework proposed by Briguglio and Romani in Li et al. [93], simplifying

the generalization to a single time step.

In a network of N neurons with binary synapses, neurons receive two distinct

inputs: one from external activity-driven signal - let us denote it as A (for example,
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due to rewards) - and another from the plateau potentials, denoted as PP . These

inputs, however, serve different roles in the context of BTSP. A plateau potential must

occur within the postsynaptic neuron to trigger BTSP. On the other hand, presynaptic

spike or activity may be generated either by external signals or by plateau potentials;

from the perspective of the postsynaptic neuron, there is no functional distinction

between a spike that is driven by an external signal and one that is driven by a

complex plateau event. To lighten the notation, let us define q as the presynaptic

activity, encompassing both A and PP , and p as postsynaptic activity, represented

only by PP . Both q and p are Bernoulli variables, with probability of success fq =

P (A = 1) + P (PP = 1)− P (A = 1 & PP = 1) and fp = P (PP = 1), respectively.

The coding levels for the activities and the frequency of plateau potentials are defined

by PA = P (A = 1) and PPP = P (PP = 1), respectively.

The synaptic weight at time t+ 1 is described by the following equation:

W (t+ 1) = W (t) +
(
1−W (t)

)
q(t)p(t)

− W (t)
(
q(t)p(t− 1) + q(t− 1)p(t)− q(t)q(t− 1)p(t)p(t− 1)

)
. (6.1)

In the depotentiated state, when W (t) = 0, potentiation occurs only when the pre

and postsynaptic activities coincide at time t, i.e., q(t) = p(t) = 1. When the synapse

is at potentiated state W (t) = 1, depotentiation occurs in case of timing mismatch,

with either the presynaptic activity preceding or following the postsynaptic one.

This process is non-Markovian as that depends on both t and t − 1. However,

it can be made Markovian by introducing two auxiliary variables to store the earlier

memories: α(t) = W (t)q(t− 1) and β(t) = W (t)p(t− 1). The system then becomes:
W (t+ 1) = W (t) + (1−W (t− 1))qp−W (t)

(
βq + αp− αβqp

)
,

α(t+ 1) = W (t)q + (1−W (t− 1))qp−W (t)
(
βq + αqp− αβqp

)
,

β(t+ 1) = W (t)p+ (1−W (t− 1))qp−W (t)
(
βqp+ αp− αβqp

)
.

(6.2)

For ease of notation, we suppress the dependence on t for q, p, α, and β on the

right-hand side of equations. This system yields five possible states:

(W,α, β) ∈ {(0, 0, 0), (1, 0, 0), (1, 1, 0), (1, 0, 1), (1, 1, 1)},
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with the following transition probability matrix between these states:

M =


1− fqfp 0 fp fq 1− (1− fq)(1− fp)

0 (1− fq)(1− fp) (1− fq)(1− fp) (1− fq)(1− fp) (1− fq)(1− fp)
0 fq(1− fp) fq(1− fp) 0 0
0 (1− fq)fp 0 (1− fq)fp 0
fqfp fqfp 0 0 0

 ,

where for each column, the sum is 1.

This transition matrix allows us now to calculate the desired memory traces for

any time: we consider, as already mentioned, all the memories we want to track after

the system reaches a stationary state. Here, the stationary probability vector given

by π⃗ = {πi}i=1:5, which is the left eigenvector corresponding to the eigenvalue λ1 = 1.

We are interested in following the assembly of neurons that participate in the plateau

potential, so we take fq = fp = 1. The initial distribution of the memory trace will

therefore be x⃗(0) = M|fq=fp=1π⃗ = {π3 + π4 + π5, 0, 0, 0, π1 + π2}. The mean strength

of the memory trace is taken as the portion of synapses that are potentiated in the

assembly, and it will be given by π1 + π2. Moreover, the long-term behavior of the

memory traces is controlled by the decay rate 1− λ2, where λ2 is the second-leading

eigenvalue, depending on the fA and fPP .

To compensate for fluctuations in A, we adjust the frequency of PP so that the

second-leading eigenvalue is kept constant. The hypothesis proposed is tested by

running simulations under the following conditions:

• When both the coding levels of A and frequency of PP are constant, denoted

as BSTP (A,PP );

• when the coding level of A fluctuates but the frequency of PP remains the

same, referred to as BTSP (Aper, PP );

• When the coding level of A fluctuates and is regulated by the frequency of PP ,

named to as BTSP (Aper, PPper).

6.1.2 Hebbian learning

In Hebbian learning, co-activating two neurons at time t leads to synaptic potentia-

tion. In contrast, a mismatch in the activity at time t leads to synaptic depotentiation
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with a probability dependent on the coding level. Mathematically, this is described

by:

W (t+1) =W (t)+ (1−W (t))q(t)p(t)− cW (t)
(
(1− q(t))p(t)+ q(t)(1− p(t))

)
, (6.3)

where c is the depression rate.

In the simulation, we apply variable plateau potentials as an external source of

activity to maintain the consistent assembly size under both BTSP and Hebbian

learning. We run two simulations: one in which the frequency of plateau potential

was fixed, so-called Heb(PP ) model, and another one where the frequency of this

potential was allowed to vary - Heb(PPper). Since the Hebbian model contains only

one variable, we consider an additional condition of BTSP in the absence of external

activity A with fluctuating PP , we call it BTSP (PPper).

6.2 Results and discussion

In the simulation, we set both fA and fPP to 0.1. To introduce perturbations in the

coding level of activity, we utilize the beta distribution, Beta(α, β), due to its flex-

ibility in shaping the probability distribution. Specifically, we select three beta dis-

tributions by change the parameter β: Beta(1.5, 1.5), Beta(1.5, 4), and Beta(1.5, 15).

To ensure that the coding level remains between 0 and 1, and is centered around the

desired value, we rescale the generated values by dividing by the mean, α/(α + β),

and then multiply by fA. This results in the following three distributions for the

coding level, we name these conditions as low, middle, and high variance, see the top

row in Fig 6.1. Using the second-leading eigenvalue of the transition matrix M , we

obtain numerically the corresponding value of fPP , see the bottom row in Fig 6.1.

We initialized the synaptic weights randomly between 0 and 1 and allowed the

system to run for 1000 iterations to stabilize the weight matrix. Once the system

reached a steady state, we tracked the storage of 1000 additional memories throughout

150 iterations for each model discussed in the previous section under each condition.

The results, shown in Fig 6.2, reveal some interesting patterns. Notably, the initial

strength of the averaged memory traces varies, particularly for the Hebbian model,

as the tracked assembly consists of neurons receiving external stimuli. Consequently,
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Figure 6.1: Coding levels of external signals and frequencies of plateau
potentials.

the synapses between them undergo potentiation, and the plot begins immediately

after the induction phase.

The overall decay rates across models appear similar at first glance, yet the vari-

ance reveals a more profound complexity, as illustrated in Fig 6.2B. In the Hebbian

model, variance spikes sharply following induction before gradually returning to base-

line levels. In contrast, the BTSP model, depicted in Fig 6.2C, demonstrates a steady

decline in variance post-induction, indicating a more controlled and stable synaptic

adaptation process.

Furthermore, as the coding level fA fluctuates over time, the average memory

strength remains relatively similar, but the variance undergoes a notable increase

depending on the conditions. In cases where the frequency of plateau potential fPP

is kept constant (dashed line in Fig 6.2C), the variance rises by nearly 1.5 times,

indicating a significant decrease in memory trace stability compared to the optimal

scenario where both fA and fPP are maintained at constant levels. When the plateau

potential is adjusted to account for fluctuations in fA (denoted by the * symbol in Fig

6.2C), the variance is considerably reduced, approaching levels seen in the optimal

case. This effect becomes even more pronounced as the variance in fA increases, high-
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Figure 6.2: Mean and variance of memory traces. (A) The average memory
trace. (B) The variance of memory traces around the mean trace. (C) The variance
excluded those for the Hebbian learning to compare the BTSP. Note: Columns
correspond to different conditions.
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lighting that modulating the plateau potential effectively counters the destabilizing

impact of fluctuating activity and preserves the stability of memory traces.

Next, we explore the intricate relationship between the coding level of A and

the frequency of PP , as illustrated in Fig 6.3. We initialized fA and fPP at equal

values, then systematically varied fA to observe the effects. Using the definition

λ2 = λ2(fA, fPP ), we computed the corresponding value of fPP , revealing the dynamic

interplay between these two parameters. Each line in Fig 6.3 represents a distinct

scenario, with the initial value indicated by a star symbol. The results clearly demon-

strate that as the coding level of the external signal increases, the frequency of the

plateau potential decreases, compensating for this change and maintaining balance

within the system.

Figure 6.3: The relationship between fA and fPP .

The inverse relationship between fA and fPP presents a compelling mechanism

within hippocampal dynamics. In the CA3 region, neurons primarily receive input

from entorhinal cortex layer III (EC3), where plateau potentials are generated. No-

tably, optogenetic studies [78,79] have shown that inhibition of EC3 can significantly

reduce the probability of plateau potentials. This suggests the existence of a reg-

ulatory circuit involving CA3-somatostatin (SOM) interneurons-EC3-CA3. In this
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model, external inputs increase the firing rate of CA3 pyramidal neurons, which in

turn activate SOM interneurons. Once active, SOM interneurons inhibit EC3, the

primary source of plateau potentials. As this inhibition strengthens, the likelihood

of plateau potential generation in EC3 diminishes, reducing fPP . This fPP decline

stabilizes CA3 excitatory activity, preventing overexcitation and ensuring a balanced

network. Thus, this feedback loop dynamically modulates excitatory-inhibitory in-

teractions, maintaining the functional equilibrium of the hippocampal circuit.

In conclusion, our simulations demonstrate a robust feedback mechanism in the

hippocampus, where fluctuations in coding level fA inversely impact the frequency of

plateau potentials fPP . This dynamic balance ensures stable excitatory activity in

CA3, as increased external input is compensated by reduced fPP . Modulating plateau

potentials in response to coding fluctuations effectively stabilizes memory traces, with

the BTSP model showing more controlled synaptic adaptation than Hebbian learning,

especially in high-variance conditions. This mechanism highlights the hippocampus’s

ability to maintain functional equilibrium under variable neural activity.
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Chapter 7

Conclusion

Episodic memory, a system for recalling past experiences based on their temporal

and spatial contexts, necessitates rapid or one-shot learning, frequently occurring

in everyday life. Hebbian plasticity theory, which relies on repetitive stimuli, falls

short of explaining the formation of episodic memories. However, a novel plasticity

mechanism discovered in hippocampal regions demonstrates the ability to shape place

field activity with just a few or even a single induction, offering a plausible candidate

for episodic memory formation. Computational models have successfully replicated

these phenomena observed in vivo, providing an initial step toward understanding

behavioral timescale synaptic plasticity (BTSP).

In this study, we demonstrate that the biophysical model of BTSP [86], which

replicates in-vivo plasticity protocols in the CA1 region of awake, behaving mice [75],

can be effectively reduced to a one-dimensional (1D) map. The map, which describes

synaptic weight updates following a plateau-potential-driven plasticity event, quan-

titatively fits the biophysical model. This reduction to a 1D map offers a powerful

mathematical tool for analytically calculating the statistics of the learning process.

Leveraging the 1D map with a symmetric BTSP rule, we investigated plasticity

in a recurrent network, akin to the CA3 region of the hippocampus, as an animal

explores various environments. For simplicity, we assumed statistically equivalent

environments, each with a ring topology. Although this assumption is somewhat

unrealistic, it facilitates a straightforward characterization of the network’s memory

capacity. It is reasonable to presume that storing memories of environments with

different topologies would result in a similar scaling of memory capacity with system

parameters. The key determinant of memory capacity was the sparseness of neuronal
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coding, i.e., the fraction of place cells active in a given environment. For sparse coding,

the dynamics of memory recall in the network can be approximated by its projection

onto the low-dimensional manifold corresponding to the desired environment. In our

network model, this approximation holds when s ≤ 0.2. Recent large-scale in-vivo

calcium imaging studies of the hippocampus indicate that the fraction of active place

cells in any given environment is about 5% [106], fitting well within our model’s sparse

coding regime.

In the sparse coding regime, interference between memories manifests as quenched

variability in the connectivity matrix, uncorrelated with the analyzed environment.

Surprisingly, this variability enhances memory capacity by promoting the formation

of bump attractors in parameter regions that would not otherwise support them.

This phenomenon, where quenched variability increases the robustness of intrinsically

generated patterns and expands the hysteresis regime near a bifurcation, has been

noted in spatially extended systems [107].

In this regime, we can approximate the memory capacity of the recurrent network

by analyzing the dynamics projected onto the low-dimensional manifolds correspond-

ing to past environments. This approach equates to a series of ring models, each with

a connectivity profile analytically derived from the 1D map. We calculated memory

capacity by determining the age of the environment where the recurrent connec-

tivity’s spatial modulation could generate a bump attractor, standing at a Turing

pattern bifurcation. This calculation considered the effect of quenched variability,

which shifted the bifurcation to lower spatial modulation values and older memories.

This calculation provided a lower bound on capacity, as a region of multi-stability

typically existed below the bifurcation, where large amplitude bump attractors co-

existed with the unpatterned state. Thus, the corresponding ring-model projections

predicted the recurrent network dynamics well as long as the coding was sufficiently

sparse. This approximation failed when s → 1, and mixed attractor states formed,

partially correlated with multiple environments.

Our analysis suggests that BTSP, with a temporally symmetric plasticity window,

is well-suited for one-shot encoding of memories as steady-state attractors in recurrent

networks. Such a symmetric form of BTSP has recently been found in CA3 recordings

[93], making it a plausible mechanism for episodic memory formation, a function
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attributed to the hippocampus. For simplicity, we considered the encoding of spatial

memory for distinct environments. The global remapping of place cells ensures largely

uncorrelated representations between environments. We also assumed that the time

between encoding memories is much longer than the plasticity timescale, suitable

for exploring distinct environments. Recent theoretical work suggests BTSP may be

particularly efficient in storing correlated patterns [93]. It remains to be determined

to what extent BTSP generally underlies episodic memory formation.

Furthermore, our exploration into the role of BTSP in maintaining homogeneous

spatial representations in the CA3 region of the hippocampus has unveiled some

intriguing findings. Unlike the modulation of firing rates and spatial maps in CA1 by

sensory cues and reward signals, the CA3 network preserves its homogeneity despite

these influences. Our analysis and simulations have revealed that BTSP is a key

player in this process, compensating for fluctuations by dynamically regulating the

frequency of plateau potentials. Unlike Hebbian plasticity, BTSP consistently sustains

uniform spatial maps despite variable activity levels. This dynamic balance between

external input fluctuations and plateau potential adjustment provides a compelling

mechanism for CA3 network stability, supporting consistent memory representation.

These findings, which shed new light on the role of BTSP, emphasize its critical role

in promoting resilient and adaptable hippocampal function, extending its importance

beyond episodic memory.
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Appendix A

Detailed calculation of memory
traces and quenched variability in
the BTSP rule

We start with the 1D map for BTSP in a recurrent network with sparse coding, Eq

4.17. We rewrite the equation as

wn
ij = PfP (∆θ

n
ij)S

n
i S

n
j + wn−1

ij

(
1− (Pfp(∆θ

n
ij) +DfD(∆θ

n
ij))S

n
i S

n
j

)
,

= PfP (∆θ
n
ij)S

n
i S

n
j + wn−1

ij F (∆θnij), (A.1)

where Sn
i = 1 if cell i is a place cell in environment n and otherwise is zero. We use

Eq A.1 iteratively, to solve for wn
ij in terms of the weights for environment n − 2,

n − 3 and so on, until we arrive at a formulation in terms of the plasticity occurred

in environment n− η. This is precisely Eq 4.19. In a slight abuse of notation, which

however will make the calculation easier to follow, we will write fP,η = fP (∆θ
n−η
ij ),

which indicates that the plasticity function for potentiation should be ordered in the

environment with age η, i.e. environment n − η. Using similar notation (indicating

the age and not the exact identity of the memory) for F , S and w we arrive at

wn
ij =

(
PfP,ηS

η
i S

η
j + wη+1

ij Fη

)
·
η−1∏
l=0

Fl + P

η−1∑
k=0

fP,kS
k
i S

k
j

k−1∏
l=0

Fl. (A.2)

We recall that the mean and variance of the weights are written µw and σ2
w,

and are given by Eqs 4.6 and 4.5. Using these two statistics and Eq A.2 we can

calculate the correlation of the weight matrix with environment n − η. Specifically,

we calculate the amplitude aη = 2⟨cos(∆θn−η
ij ), wn

ij⟩, where the brackets indicate an
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average over all neurons. We note that in Eq A.2, the functions fP,η and Fη both

have phases ordered in environment n−η, while all other terms have orderings which

are random and uncorrelated with this space. We also note that we have defined

fp(θ) = 1+cos θ and fD(θ) = 1−cos θ, which means that F (θ) = 1− [(P +D)− (D−
P ) cos θ]SiSj. The averages of these functions over neurons are ⟨fp⟩ = ⟨fD⟩ = 1, and

⟨F ⟩ = 1 − s2(P + D), where s is the coding sparseness. We will also need the fact

that ⟨F 2⟩ = 1 + s2
(
3
2
(P 2 +D2) + PD − 2(P +D)

)
. These last two relations come

about due to the fact that ⟨SiSj⟩ = ⟨Si⟩⟨Sj⟩ = s2, i.e. the expected value of Si is one

times the probability of a neuron being active s, and also ⟨(Si)
2⟩ = ⟨Si⟩ = s.

Therefore

aη = 2⟨cos(∆θn−η
ij ) ·

(
PfP,ηS

η
i S

η
j + wη+1

ij Fη

)
·
η−1∏
l=0

Fl⟩,

=
1

π

∫ π

−π

(
P (1 + cos θ) + µw(1−D − P + (D − P ) cos θ)

)
cos θdθ · ⟨F ⟩η,

=
2PD

P +D
(1− s2(P +D))η, (A.3)

where we have used the fact that µw = P/(P +D) and Sη
i = 1 as we are considering

only active place cells in that environment. The amplitude aη is the amplitude of

the first Fourier mode of the spatial connectivity in space η. For the simple plastic-

ity functions considered here it provides a complete characterization of the spatial

modulation. Now, the mean synaptic connectivity ordered in space η is

Mη = µw + aη cos
(
∆θn−η

)
.

However, if we consider the connectivity profile for a specific post-synaptic cell i, it will

deviate from this mean due to the quenched variability caused by global remapping.

The variance of the connectivity about this ordered mean is

Vη = ⟨
(
wn

ij −Mη

)2⟩
= ⟨
(
wn

ij − aη cos (∆θ
n−η)

)2⟩ − µ2
w

= Aη +Bη cos
(
∆θn−η

)
+ Cηcos

2
(
∆θn−η

)
,

(A.4)

where the brackets now indicate an average over neurons, but carried out for each

∆θn−η between neuronal pairs, i.e. there is no averaging over ∆θn−η. Using equation
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Eq A.2, we find that

Aη = ⟨
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P + w(1− (P +D))

)2 η−1∏
l=0

F 2
l ⟩ − µ2

w

+2P ⟨
(
P + w(1− (P +D)))

η−1∏
l=0

Fl ·
η−1∑
k=0

fp,kS
k
i S

k
j

k−1∏
l=0

Fl⟩

+P 2⟨
η−1∑
k=0

fp,kS
k
i S

k
j

k−1∏
l=0

Fl

η−1∑
m=0

fp,mS
m
i S

m
j

m−1∏
r=0

Fr⟩

= ⟨(P 2 + 2Pw(1− P −D) + w2(1− P −D)2)⟩
η−1∏
l=0

⟨F 2⟩ − µ2
w

+2P ⟨(P + w(1− P −D))⟩
η−1∑
k=0

⟨fp,kFkS
k
i S

k
j ⟩

k−1∏
l=0

⟨F 2⟩
η−1∏

r=k+1

⟨F ⟩

+P 2

η−1∑
k=0

⟨(fp,k)2⟩⟨(Sk
i )

2⟩⟨(Sk
j )

2⟩
k−1∏
l=0

⟨F 2
l ⟩

+2P 2

η−1∑
l=1

l−1∑
k=0

⟨fp,l⟩⟨fp,kFk⟩⟨Sl
i⟩⟨Sl

j⟩⟨Sk
i ⟩⟨Sk

j ⟩
k−1∏
m=0

⟨F 2
m⟩

l−1∏
r=k+1

⟨Fr⟩

=
(
P 2 + 2Pµw(1− P −D) + ⟨w2⟩(1− P −D)2

)
⟨F 2⟩η

+2P
(
P + µw(1− P −D)

)
⟨fpF ⟩s2 ·

⟨F ⟩η − ⟨F 2⟩
⟨F ⟩ − ⟨F 2⟩

+P 2s2⟨f 2
p ⟩
1− ⟨F 2⟩η

1− ⟨F 2⟩

+2P 2s4
⟨fpF ⟩

⟨F ⟩ − ⟨F 2⟩

(
1− ⟨F ⟩η

1− ⟨F ⟩
− 1− ⟨F 2⟩η

1− ⟨F 2⟩

)
, (A.5)
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where we have used the fact that Sk =
∑k−1

i=0 z
i = 1−zk

1−z
.

Bη = 2⟨
[(
P + w(1− P −D)

) η−1∏
l=0
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where we have used the fact that P − µw(P −D) = 2PD/(P +D) = a0. Finally we
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have

Cη = ⟨
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(P − w(P −D))
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Appendix B

Calculation of the Spatial Fourier
Spectrum for Quenched White
Noise

The quenched variability which arises through the global remapping of place cells

when BTSP shapes recurrent weights, takes the form ∆W (θ) =
√
V (θ)z(θ), where

V (θ) = A+B cos θ + C cos2 θ is the variance calculated in the Appendix A, and z is

a zero-mean Gaussian random variable with unit variance. We understand θ here to

be the phase difference between the centroid of the place fields of a pair of neurons.

We write ∆W (θ) in terms of the finite Fourier series

∆W (θ) = 2
N∑
j=1

αj cos (jθ)− 2
N∑
j=1

βj sin (jθ). (B.1)

The coefficients αj and βj are zero-mean Gaussian random variables with variances

and covariances which must be determined self-consistently. Specifically, we aver-

age both sides over the variability at each position θ: averaging over neurons, or

equivalently, averaging over the distribution of the αjs and βjs. Specifically we have

V (θ) =
〈
∆W (θ)2

〉
, where

V (θ) = 2
N∑
j=1

N∑
l=1

(〈
αjαl

〉
+
〈
βjβl

〉)
cos ((j − l)θ)

+2
N∑
j=1

N∑
l=1

(〈
αjαl

〉
−
〈
βjβl

〉)
cos ((j + l)θ)

+4
N∑
j=1

N∑
l=1

(〈
αjβl

〉
sin ((j − l)θ)−

〈
αlβj

〉
sin ((j + l)θ)

)
. (B.2)
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We then calculate the Fourier coefficients explicitly for the only non-zero modes. For

this, we rewrite the variance as V (θ) = A + C
2
+ B cos (θ) + C

2
cos (2θ). We now

use Parseval’s theorem, which roughly states that the signal’s power is conserved in

Fourier space, leading to the following relations

1

2

∫ π

−π

V (θ)dθ = A+
C

2
=

N∑
j=1

(〈
α2
j

〉
+
〈
β2
j

〉)
, (B.3)

1

2

∫ π

−π

V (θ) cos θdθ = B =
N−1∑
j=1

(
〈
αjαj+1

〉
+
〈
βjβj+1

〉)
, (B.4)

1

2

∫ π

−π

V (θ) cos 2θdθ =
C

2
=

N−2∑
j=1

(〈
αjαj+2

〉
+
〈
βjβj+2

〉)
+
〈
α2
1

〉
−
〈
β2
1

〉
. (B.5)

Eqs B.3-B.5 provide only three constraints for many unknowns of order N . However,

we can use the fact that the power spectrum of a white noise process is flat, meaning

that the power is spread evenly amongst all modes, which leads to Eqs 5.17-5.21.

Note that the variance of the coefficients of the first mode is a special case because

we have two constraints 〈
α2
1

〉
+
〈
β2
1

〉
=

1

N

(
A+

C

2

)
,〈

α2
1

〉
−
〈
β2
1

〉
=

C

4N
,

where the second relation arises due to the spatial inhomogeneity of the quenched

variability. A comparison of this theory with numerical simulation of a quenched,

Gaussian white-noise process is shown in Figs B.1 and B.2.

Here we can see the role of N , the number of encoded positions around the ring.

Although the power (variance) of the quenched variability is entirely independent of

N , the power in each Fourier mode decreases as 1/N . Therefore, in the vicinity of

instability in a spatial modulation mode, the value of N will be important. In fact,

the noiseless case is recovered in the limit as N → ∞, even though the total power in

the quenched variability is unaffected. On the other hand, for finite N , any spatial

bifurcation will be shifted.

In the case of the Turing bifurcation, we can calculate this effect analytically.

Specifically, the connectivity profile for a cell i isW (θi−θj) = W0+W1 cos (θi − θj)+√
V (θi − θj)z(θi− θj). It is important to note that the value of z is different for each
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Figure B.1: Comparison of the theory (lines) with numerical simulations for different
values of B. Parameters are: A = 1, C = 1, N = 64. Symbols are averages of 10,000
realizations of a quenched, Gaussian white noise process on a ring with variance Vθ.
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Figure B.2: Comparison of the theory (lines) with numerical simulations for different
values of C. Parameters are: A = 1, C = 0, N = 64. Symbols are averages of 10,000
realizations of a quenched, Gaussian white noise process on a ring with variance Vθ.
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neuronal pair (i, j). To know how the bifurcation is shifted, We should extract the

component of the variability commensurate with the cosine mode. This has the form

R cos(θ−ψ), where R = 2
√
α2 + β2 and ψ = tan−1 (β/α). Therefore, amplitude and

phase R and ψ are also random variables. We can calculate the mean amplitude by

integrating over the distributions of α and β〈
R
〉

=
1

πσ2

∫ ∞

−∞

∫ ∞

−∞
dx̄dȳ

√
x̄2 + ȳ2e−

x̄2

2σ2 e−
ȳ2

2σ2

=
2
√
2σ

π

∫ ∞

−∞

∫ ∞

−∞
dxdy

√
x2 + y2e−x2−y2

= 4
√
2σ

∫ ∞

0

dr · r2e−r2

= 4
√
2σ
[√π
4

erf(r)− 1

2
e−r2

]∞
0

=
√
2πσ, (B.6)

where σ2 = 1
N

(
A+C

2

)
, and the last integral is obtained by assuming polar coordinates,

for which dxdy → rdrdθ. To solve the integral analytically, we have assumed that

the variances of αj and βj are the same, which is not the case for j = 1 unless C = 0.

In that case, the integral can be solved numerically.

On average, the quenched variability will contribute an amplitude
〈
R
〉
to the

connectivity. However, the phase is also important. If ψ = 0, the quenched variability

will add to W1 and make instability more likely. However, if ψ = π, the quenched

variability will have the opposite effect and make instability less likely. Given that

each neuron in the network has a distinct phase ψ if N is large enough, we can expect

that for some of them ψ ∼ 0. The quenched variability, therefore, always makes the

instability more likely, shifting the bifurcation to lower values of W1, although the

emergent bump will be biased to certain locations. Note that the fact that α1 > β1

due to the spatial inhomogeneity of the noise through the coefficient C means that

ψ will be biased to values near 0, reducing the effect of so-called “hot spots”. This

effect requires further study.
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Appendix C

Figure: Bifurcation diagram for
s = 0.2

Figure C.1: Bifurcation diagram for s = 0.2. Similar to the Fig 5.10.
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