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CHAPTER 1

Introduction

Optics is the study of light across all its stages, from its generation in light sources
to its propagation through different media, its interaction with matter and ultimately
its detection. The origins of optics can be traced back many centuries. Still, arguably
the most important theoretical step was the development of the electromagnetic theory
of light by Maxwell [1], as the equations that bear his name have been employed at the
forefront of physics to this very day. Perhaps the most important technological advance-
ment of the field was achieved with the invention of the laser by Maiman in 1960 [2],
which propelled the field by making available very bright sources of coherent light that
led to innumerable applications in science and technology [3]. The existence of the laser
kindled an interest on optical communications [4], which started to take shape with the
discovery of low-loss optical waveguides and fibers [5, 6]. These advances, together with
the importance that integrated electronic circuits were taking at the time, gave rise to
the concept of integrated optics [7]. This encompasses planar optical circuits with both
active and passive elements that are integrated in a single common substrate, and are
connected with optical waveguides [8]. Furthermore, the development of semiconductor
optical devices for the generation and detection of light [9–11] allowed for an efficient
miniaturization of integrated optics. The main advantage over integrated electronics was
that light with very high frequencies could be guided by the structures, thus allowing
for transmission of larger amounts of information, and in a faster way [12]. On top of
that, multiplexing techniques [13, 14] were introduced to further enhance the transmis-
sion capacity of optical devices by encoding information in several physical dimensions,
such as in different space channels [15, 16] or by using different guided modes of the
structure [17, 18], different optical wavelengths [19, 20] or polarizations [21, 22]. The
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2 Introduction

advent of integrated optics, much like what happened with integrated electronics, has
brought with it a technological revolution [23] encompassed in the term photonics. Over
time the field has expanded, as advanced photonic devices have been fabricated with
applications in optical communications [24, 25], sensing [26, 27], lasing [28, 29], filtering
[30, 31], among many others. Additionally, photonic devices have been paramount for
fundamental and applied studies of many disciplines, such as of quantum [32–34] and
nonlinear physics [35, 36].

From the umbrella of integrated optics, we focus on systems of coupled optical waveg-
uides. What started with one-dimensional (1D) arrangements of waveguides fabricated
with beam lithography techniques [37] quickly developed, with two-dimensional (2D)
waveguide structures being experimentally realized first by using optical induction in
photorefractive crystals [38, 39], and after that by direct laser-writing with ultrashort
pulsed lasers [40, 41]. Currently, optical waveguides are an exceptionally flexible plat-
form that has gathered widespread attention [42], and that can be fabricated in a long
list of materials such as silicon, silica glasses, lithium niobate, semiconductors, poly-
mers, and more [43–45]. Part of this interest, aside from the applications mentioned
above, is due to their immense potential as simulators of quantum systems [46–48]. The
dynamics and quantum effects encountered in various fields such as atomic, molecular
or condensed-matter physics can be emulated in systems of optical waveguides due to
the formal analogy that exists between the Schrödinger equation in quantum physics,
and the paraxial Helmholtz equations in optics [49]. Furthermore, optical waveguides
generally entail a simpler fabrication and experimental control than quantum or atomic
systems. Additionally, they provide a way to probe the evolution of the wavefunction
by directly observing the propagation of light in the system through imaging techniques
such as fluorescence microscopy [50–52]. Thanks to this quantum-optical analogy, several
control techniques stemming from different fields can be employed in systems of optical
waveguides. For this thesis, we highlight two of them: Stark-Chirped Rapid-Adiabatic-
Passage (SCRAP) and Supersymmetry (SUSY). SCRAP [53], among the large family
of adiabatic passage schemes [54], is a technique that was introduced for the purpose
of transferring population to a metastable atomic state [55–57]. SCRAP features a
combination of two pulses: a Stark pulse that modifies the energy of the two levels
and causes energy crossings, and a pump pulse that drives the population adiabatically.
This technique was later generalized to three-level systems [58–61], and exploited for
other purposes such as wave-mixing and frequency conversion [62, 63]. SCRAP can be
implemented in optical waveguides to achieve faithful transfer of light between optical
modes, where the energy variation is now a modulation of the refractive index of the
waveguide core, and the pumping laser is simulated through the control of the coupling.
On the other hand, SUSY was initially developed in the context of particle physics
[64–67] as an attempt to go beyond the Standard Model [68]. Despite the fact that
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supersymmetric particles have not been found experimentally, the ideas and mathemat-
ical framework of SUSY has been applied to other fields such as condensed-matter [69],
optics [70–72], quantum mechanics [73], statistical mechanics [74] and cosmology [75].
In optics, SUSY has been primarily employed to control the modal content of optical
waveguides and fibers [76–78], as well as the scattering properties of a system [79–81],
among others. To exploit the control of the modal content in waveguides, one may
couple the supersymmetric partners between them [72], or rather deform one into the
other [82].

In parallel to the inception of integrated optics, the mathematical concepts of topol-
ogy also started seeing applications in physics. In essence, topology may be thought
of as the theory of the geometrical properties of objects that remain unchanged under
continuous deformations. Although the first notions of topology date from much ear-
lier [83], its applications to physics truly gained force with the emergence of quantum
physics, starting with the study of magnetic monopoles by Dirac in 1931 [84] and the
discovery of the Aharonov-Bohm effect in 1959 [85], with the latter obtaining imme-
diate experimental confirmation in 1960 [86]. But perhaps the biggest leap was taken
with the discovery of the quantum Hall effect (QHE) in 1980 [87], which led to a rapid
expansion of the role of topology in condensed-matter physics. When exposed to a mag-
netic field, the resistivity of a 2D electronic material displays constant plateaus instead
of the continuous increase that appears in the classical Hall effect [88]. This is due to
the quantization of the Hall conductivity [89], which was later shown to be topological
in nature [90]. Shortly after, it was shown that these topological effects could occur
even in the absence of external magnetic fields [91]. It was the birth of what we now
know as topological insulators (TIs) [92], which are materials that are insulating in
their bulk but that possess conducting edge or surface states that are protected by a
certain symmetry of the system. Many different TIs have been studied throughout the
years [93], each fitting into a different category depending on their dimensionality and
their protecting symmetry [94]. Perhaps the most paradigmatic example of a TI is the
Su-Schrieffer-Heeger (SSH) model, which was initially proposed to study the proper-
ties of polyacetylene polymers [95] and has since then been the go-to model to exploit
topological effects.

TIs are characterized by topological invariants, which are globally defined quantities
that do not change under perturbations of the system, as long as those perturbations
do not close any energy band gap and thus do not cause a topological phase transition.
An example of a topological invariant can be seen in Berry’s phase [96], a nondynamical
phase that appears in quantum systems when taking a closed path in parameter space.
The Berry phase is one example of a geometrical phase [97], a concept that had already
appeared years prior to Berry’s work in the study of polarization optics by Pancharatnam
[98]. The application of the Berry phase to the band structure of solid-state systems,
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also known as the Zak phase [99], has been of particular importance for the study of
topology in condensed-matter systems [100]. One of the most attractive properties of the
Zak phase is that its value in a system with periodic boundary conditions can be related
to the appearance of topological edge states in a particular gap when the boundaries
are opened. These boundary modes are topologically protected, and as such possess a
general immunity to defects and imperfections on the system. This connection between
global invariants and edge states is known as the bulk-boundary correspondence [101].
On a related note, of particular importance are flat-band (FB) systems [102–109], which
have one or more dispersionless energy bands. FBs can appear due to certain symmetries
of the system or the fine-tuning of its parameters [110]. In FBs, transport can be halted
due to the appearance of compact localized states (CLSs) [111]. Excitations cannot
thus freely expand throughout the lattice due to destructive interference over different
hopping paths. This effect is known as Aharonov-Bohm caging [85, 112–117]. CLSs
are eigenstates possessing strictly zero amplitude beyond a finite number of unit cells,
but that in general can be degenerate and not orthogonal to each other [118]. In a
similar context, within the field of TIs a new branch known as root topology has recently
emerged. Square-root TIs (

√
TIs) [119] were first proposed to characterize lattice models

that are related to a parent TI via a squaring operation of the Hamiltonian. Most
notably, the

√
TI inherits the topological features from the parent TI while presenting

twice as many energy bandgaps [115, 120, 121]. As a consequence, the edge states of
the
√
TI are protected against any disorder that preserves the symmetry of the parent

model.
√
TI were soon experimentally realized in different platforms [122–126], and

subsequently the idea was generalized to 2n-root TIs ( 2n
√
TIs) [127–132], meaning models

that connect to their parent TI through a sequence of n squaring operations. To explore
all the effects that are highlighted here, TIs have been experimentally implemented
in multiple platforms, such as ultracold atoms [133–135], electric circuits [136–138],
acoustic [139–141] and photonic systems [142–145], in which we now place the focus.

The hitherto separate fields of photonics and topology were joined in 2008 by the
works of Haldane and Raghu [146, 147], who proposed a photonic analogue of the QHE
in photonic crystals [148], and proved that energy bands in periodic photonic systems
could also possess non-trivial topology. Shortly after, a viable platform for observing the
photonic QHE was proposed [149] and experimentally realized [150]. Unlike electrons,
photons lack charge, which makes exploration of magnetic-induced effects challenging.
To be able to probe the same kind of physics, artificial gauge fields (AGF) [151–154]
can be used to simulate the effect of a magnetic field in the system, while periodically-
driven systems [155–157] allow to explore Floquet topological insulators. Particularly,
AGF permit the generation of negative and in general complex-valued couplings in pho-
tonic systems, which make possible the exploration of interesting phenomena such as
the photonic Aharonov-Bohm caging effect [113, 114, 122, 158–160]. The combination of
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all these concepts has blossomed into an entirely new field which is now known as topo-
logical photonics [142, 143]. Currently, an almost overwhelming amount of applications
have appeared of photonic TIs in one [161–166], two [103, 167–172] or higher dimensions
[173, 174]. To go beyond the geometrical limits of conventional applications, the usage of
synthetic dimensions has been proposed [175–179]. This consists on exploiting a partic-
ular degree of freedom of the system, such as the different resonant frequencies in rings
[176] or the guided modes of a structure [180, 181], within which one encodes an addi-
tional non-spatial dimension. One can even use time-division-multiplexing with multiple
pulses, and use the different time slots as a synthetic dimension [182, 183]. Furthermore,
this strategy allows to implement long-range couplings that may be impossible to repli-
cate with geometrical means [184]. In addition, there has also been recent interest in
extending the field of TIs to the non-Hermitian realm [185–187], where exotic phenom-
ena such as the skin effect [188] can be explored. Although they seemed out of reach just
a few years ago, nowadays different theoretical proposals and experimental implemen-
tations of non-Hermitian couplings have appeared in several platforms such as ultracold
atoms [189–192], electrical circuits [138, 193–196] or mechanical lattices [197, 198]. In
the world of photonics, ring resonators [199–204], fibers and waveguides [205–208] and
photonic crystals [209–211] are promising platforms to explore non-Hermitian effects.

In this vein, the main aims of this thesis are (i) to explore and exploit the topological
properties of various systems, (ii) to combine these topological properties with other
techniques, stemming from different fields, to create novel or enhanced applications
in photonic setups, and ultimately (iii) to provide realistic proposals for experimental
implementation in systems of optical waveguides for every study. In a sense, optical
waveguides are the basis of this thesis, and topology is the topic that threads the different
techniques in every chapter together. The thesis is organized in the following way:

In Chapter 2, we set the general theoretical framework upon which we build the
research performed in the thesis. The tools and techniques that are employed across
different chapters are introduced, divided in three blocks. We start with a detailed
description of light propagation in optical waveguides in various geometries, including
planar waveguides, cylindrical waveguides that guide light carrying orbital angular mo-
mentum (OAM) and ring resonators. We also delve into how to describe the coupling
between waveguides, and comment on different fabrication techniques and the potential
of waveguides as simulators. Then, we discuss the application to optics of the formalism
of SUSY [72], which is used in Chapter 3 in its continuous form and in Chapter 4 in its
discrete version. To end the chapter, we present the basic concepts of topology. We also
review the celebrated Su-Schrieffer-Heeger model, which serves as a good introduction
for important concepts such as edge states and their topological protection, and finally
we show the main ideas behind the concept of square-root topology, which we generalize
and employ in Chapter 6.



6 Introduction

We start our results in Chapter 3, where we discuss multiple applications based on a
photonic implementation of the SCRAP technique [212, 213], and how some of them are
enabled or enhanced by the usage of SUSY transformations. After introducing the ideas
behind the scheme, and of its combination with SUSY, we dedicate the first half of the
chapter to multimode optical waveguides [212]. There, we employ SCRAP to achieve
(de)multiplexing of superpositions of different modes. Then, we show how combining
the technique with SUSY allows the device to reach higher fidelities, and also enables the
possibility to produce an efficient excitation of the higher-order modes of the waveguide
with a fundamental-mode injection. In the second half, we explore lattices of coupled
single-mode waveguides. There, we focus on the excitation of the topological modes of
the SSH model [213]. A faithful excitation can be achieved with a fundamental-mode
injection on a modulated auxiliary waveguide, thus greatly simplifying the complexity of
the input. We also prove how the method can be used to excite extended bulk modes of
the lattice, as well as to perform mode transfer and mode conversion between different
lattices.

In Chapter 4 we make use of the isospectrality of SUSY transformations, this time
of its discrete formalism, to perform an excitation of gapped topological modes of the
SSH model [214]. Using discrete SUSY (DSUSY), we generate a superpartner lattice to
the topological chain, with both containing the same modal content. The superpartner
has a single isolated waveguide containing the eigenmode targeted by the transforma-
tion, and a chain containing the rest of the spectrum. Any eigenmode can be isolated
in such a way, which implies that any eigenmode can be excited by the scheme. The
excitation technique is based on adiabatically connecting the topological lattice with its
superpartner along the propagation direction of light, with the superpartner being the
input facet. Then, a single-waveguide injection into the isolated waveguide is adiabati-
cally deformed into the desired mode of the lattice at the output facet, reproducing the
amplitudes and the phase structure. Although we focus on topological modes, we show
how bulk modes can also be faithfully excited for low number of waveguides. In contrast
to the previous chapter, for zero-energy modes we do not require any modulation of the
propagation constants of the waveguides, and thus the excitation can be completed just
by controlling the coupling along the propagation direction.

In Chapter 5, we explore how an effective topological model can be imprinted on a
FB system, such as the diamond chain with constant flux per plaquette, by decorating
it with controlled onsite impurities [215, 216]. By introducing small impurities in a
plaquette of the chain, the CLSs with finite amplitude in the perturbed sites are shifted
in energy. This system can be studied by projecting the impurity operator onto the FB,
and working on a dual basis where the analysis can be restricted to only two states.
For finite fluxes, adjacent CLSs become coupled and generate a set of exponentially
decaying impurity states, whose amplitudes and phases depend on the distribution of
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impurities and whose localization length depends on the flux [215]. By decorating the
diamond lattice with impurities, and controlling both the distance between them as well
as the value of the flux, a wide range of effective systems can be realized. To benchmark
the method, we imprint the SSH model onto a diamond chain lattice with constant flux
per plaquette [216]. We describe the theoretical method behind the formation of the
effective system, based on the usage of dual bases of non-orthogonal states, and then
focus on the characteristics of the effective system itself, including the appearance of
edge states localized around the end of the chain of impurities. Furthermore, we study
the robustness of the effective system against different types of disorder, and show how
it displays enhanced protection even against disorder that breaks its chiral symmetry.
This enhanced robustness is shown to be due to an averaging effect of the disorder
over the extension of the impurity states [217], and numerically quantified in terms
of the effective number of sites that the state occupies. Finally, we propose a route
for experimental implementation by using optical waveguides guiding orbital angular
momentum (OAM) l = 0 and l = 1 modes [159, 218, 219]. The different circulations of
the l = 1 modes are split in a synthetic dimension that simulates the top and bottom
sites of the lattice [181], and the flux can be finely controlled geometrically.

After that, in Chapter 6 we design a strategy to obtain root TIs of arbitrary order
n based on unidirectional hopping loops, and propose a realistic implementation on a
lattice of non-Hermitian ring resonators [220]. Square-root topology [119] and its exten-
sions to roots of order 2n [128] have recently appeared in the field of TIs. Essentially,
they consist on taking advantage of the relations between the root and parent Hamil-
tonians via a power operation. Several interesting effects appear in the root systems,
such as an increased amount of energy bandgaps and an inheritance of the topological
protection of the parent. Here, we go one step further and develop the framework for
designing general n-root TIs, with n any positive integer, and demonstrate the method
by using the SSH model as the parent TI. To obtain the n-root system, one requires a
way to generate a n-partite lattice, which we accomplish by employing loops of unidirec-
tional couplings that make the system non-Hermitian. This coupling structure bestows
the system with a generalized chiral symmetry [221], due to which n separate and iden-
tical branches appear in the complex energy band spectrum. Across all branches, n
edge states are shown to appear in a ring gap on the complex plane, which is a novel
kind of gap that cannot be reduced to point or line gaps. For the implementation, we
propose to employ a lattice of ring resonators coupled through antiresonant link rings.
To achieve the required unidirectionality, the link rings are made to have a split gain
and loss distribution, thereby enhancing the coupling in one direction and suppressing
it in the opposite one. We start the chapter by analyzing the cubic root of the SSH
model, including a thorough description of its symmetries, its topological characteriza-
tion and how its robustness against disorder compares with the parent model. Then, we
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comment on how to generalize the root method to any arbitrary order n by extending
the length of the coupling loops through the inclusion of additional sites in the unit cell.
After that, we describe in detail the implementation in ring resonators, and present
our simulations for the roots of order 3, 4 and 5. Lastly, we reflect on how deviations
from perfect unidirectionality, and perfect balance between gains and losses, affect the
spectrum of the root system.

We end the thesis in Chapter 7 by summarizing our main results, laying out our
conclusions and discussing possible extensions stemming from the works in each chapter.



CHAPTER 2

Theoretical foundations

In this chapter, we set the theoretical framework upon which the research performed
in this thesis is built. We present the main tools and techniques that will be used across
different chapters, as well as the main ideas that join the different presented topics.
We start in Sec. 2.1 with a detailed description of the physical platform serving as the
cornerstone of the thesis, optical waveguides, which serve as a basis for all our proposed
photonic devices and implementations. We obtain the equations that describe guided
modes in multiple geometries, including planar waveguides, cylindrical waveguides that
guide light carrying orbital angular momentum (OAM) and closed waveguides that form
ring resonators. We also describe how these modes overlap and enable coupling in sys-
tems of nearby waveguides through the coupled-mode model. Finally, we characterize
the experimental techniques to fabricate optical waveguides and the mathematical analo-
gies that allow to used them as simulators of other systems. After that, in Sec. 2.2 we
outline the application of the Supersymmetry (SUSY) formalism to optical waveguides,
both in its continuous and discrete forms. The continuous formalism is used in Chap-
ter 3 to obtain efficient demultiplexing and pumping of excited modes in multimode
waveguides, while the discrete formalism is exploited in Chapter 4 to perform precise
excitation of topological modes in waveguide lattices. We finish with Sec. 2.3, where
we present the main ideas behind topology in optics and photonics, which we exploit in
nearly all presented applications, and that serves as a line that connects the different
topics in the thesis. After a general description, we discuss the ubiquitous Su-Schrieffer-
Heeger model, which allows to introduce important concepts such as edge states and
their topological protection. We end the section with a description of the idea of root
topology.

9
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2.1 Light propagation in optical waveguides

We now introduce the physical platform upon which this thesis is built, namely
optical waveguides. We start with a description of the electromagnetic theory of light
leading up to the concept of guided optical modes, with specific highlights for each of
the considered geometries in the rest of the chapters. We also tackle the description
of the coupling between these guided modes, how to quantify it and its effects on light
propagation. Finally, we comment on the most prominent fabrication techniques for
optical waveguides, as well as their importance as simulators of other physical systems.

2.1.1 Electromagnetism and light propagation

The electromagnetic theory of light [12, 222, 223] describes the dynamics of elec-
tromagnetic radiation as it flows through space or through a medium. This radiation
consists of two vector fields, the electric field E (r, t) and the magnetic field H (r, t),
which are in general coupled between them and depend on both position and time.
The behavior of these fields is contained in four elegant differential equations known as
Maxwell’s equations [12]. Even if these equations are more general, for the purposes of
this thesis we restrict ourselves to linear, isotropic and dielectric media. If the medium
is also homogeneous, then Maxwell’s equations take the form:

∇ · E (r, t) = 0, (2.1)

∇ ·H (r, t) = 0, (2.2)

∇× E (r, t) = −µ∂H (r, t)

∂t
, (2.3)

∇×H (r, t) = ε
∂E (r, t)

∂t
, (2.4)

where ε and µ are the medium’s permittivity and permeability, respectively. They are
related to the speed of light in the medium, v2 = 1/εµ, which in turn is related to the
speed of light in the vacuum through the refractive index, n = c/v. Maxwell’s equations
can be combined making use of the vector identity ∇× (∇×A) = ∇ (∇ ·A) −∇2A,
which yields:

∇2E − µε∂
2E

∂t2
= 0, (2.5)

∇2H− µε∂
2H

∂t2
= 0. (2.6)

These equations admit solutions in the form of harmonic functions. For the case of
monochromatic waves, characterized by a single angular frequency ω, one can express
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them with the following complex notation:

E(r, t) = Re [E(r) exp (iωt)] , (2.7)

H(r, t) = Re [H(r) exp (iωt)] , (2.8)

which allows to rewrite (2.5)–(2.6) as wave equations for the envelopes as:[
∇2 + n2k2

0

]
E(r) = 0, (2.9)[

∇2 + n2k2
0

]
H(r) = 0, (2.10)

and these are known as the Helmholtz equations. In these, we have substituted n2k2
0 =

µεω2 where k0 = 2π/λ0 is the vacuum wavenumber and λ0 the vacuum wavelength.
The solutions for these equations are plane waves propagating in the direction of the
wavevector k:

E(r) = E0 exp (−ik · r) , (2.11)

H(r) = H0 exp (−ik · r) , (2.12)

with E0 and H0 being constant complex envelopes. These are known as Transverse
Electromagnetic (TEM) waves, since they oscillate in a plane that is orthogonal to the
direction of propagation. In linear media, they are also orthogonal to each other. This
can be proved by introducing (2.11) and (2.12) into the last two Maxwell’s equations,
(2.3) and (2.4).

2.1.2 Optical waveguides

Optical waveguides, in their simplest form, consist of a region of a material (core),
which is surrounded by a region of lower refractive index (cladding). Optical waveguides
guide light due to total internal reflection at the interfaces between the core and the
cladding. Total internal reflection can occur when a wave propagating in a dielectric
medium with refractive index n1 reaches the interface with a second medium with re-
fractive index n2 < n1. If the angle of incidence is larger than the critical angle [12]:

θc = sin−1 (n2/n1) , (2.13)

then light is reflected at the interface. This, however, does not imply that no light
crosses the interface. The electromagnetic wave extends to the cladding beyond the
interface but decays exponentially, forming an evanescent wave, and therefore power is
not transmitted in the transverse direction. In general, the refractive index depends on
the frequency of the light that propagates through the medium [222], with the measure
of the strength of that dependency being called dispersion. Hence, (2.13) is in fact



12 Theoretical foundations

x

y
z

(a) (b) (c)Channel FiberPlanar

x

n

n

Step

Graded

(d)

(e)

Figure 2.1: Profiles of different types of waveguides: (a) Planar waveguide, (b) Channel
waveguide, (c) Optical fiber. (d)–(e) Index profile n(x) for step-index and graded-index
planar waveguides. The boundary between core and cladding is sharp (d) for step-index
waveguides and smooth (e) for graded-index waveguides.

frequency-dependent, making some materials more efficient at guiding light at certain
frequencies than others.

Optical waveguides can take different geometries, and can be categorized depending
on the dimensionality of their light confinement. Planar waveguides have refractive in-
dices that only depend on one coordinate, n = n(x), so light is confined only along that
axis. In contrast, channel waveguides confine light in two dimensions, n = n(x, y). Op-
tical fibers, which have a cylindrical profile, are a type of channel waveguide. Examples
of these waveguides are sketched in Figs. 2.1(a)–(c). We note that waveguides can also
have refractive indices that change along the propagation direction z, but these varia-
tions are commonly weak compared to the index contrast between core and cladding.
Furthermore, one can also classify waveguides depending on the abruptness of the bor-
der between their core and cladding. Step-index waveguides display a steep variation
in refractive index, akin to what one finds in an interface between different materials,
see Fig. 2.1(d). Conversely, in graded-index waveguides the boundary is characterized
by a smooth function in position, which is what is commonly found in laser-writing
setups (see Sec. 2.1.5) where one locally modifies the refractive index of a material. An
schematic example of this profile for a planar waveguide is shown in Fig. 2.1(e).

Light propagation in optical waveguides is again described by Maxwell’s equations,
where we now consider inhomogeneous media. The medium is characterized by a
position-dependent refractive index distribution, n(r), that relates the material permit-
tivity to that of the vacuum ε(r) = ε0n

2(r). Assuming that the medium is non-magnetic,
meaning that the permeability takes its value in the vacuum µ = µ0, Eqs. (2.3) and (2.4)
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now lead to [12]:

∇2E +∇
(

1

n2(r)
∇n2(r) · E

)
− µ0ε0n

2(r)
∂2E

∂t2
= 0, (2.14)

∇2H +
1

n2(r)
∇n2(r)× (∇×H)− µ0ε0n

2(r)
∂2H

∂t2
= 0. (2.15)

Considering the monochromatic waves in (2.7) and (2.8), these equations take the form:[
∇2 + n2(r)k2

0

]
E(r) = −∇

(
1

n2(r)
∇n2(r) ·E(r)

)
, (2.16)[

∇2 + n2(r)k2
0

]
H(r) = − 1

n2(r)
∇n2(r)× (∇×H(r)) , (2.17)

implying that the components of each field are coupled to one another and, unlike in (2.9)
and (2.10), one cannot find an independent equation for each of them. Nevertheless,
when n(r) varies sufficiently slowly in space when compared to the wavelength, the
right-hand sides in Eqs. (2.16) and (2.17) can be neglected [222]. When the refractive
index depends only on the transverse coordinates, n(x, y), or when variations along z
are much weaker than along the transverse plane, one can separate the evolution into
transverse and longitudinal components:

E(r) = [ET (x, y) + ẑEz(x, y)] exp (−iβz) , (2.18)

H(r) = [HT (x, y) + ẑHz(x, y)] exp (−iβz) , (2.19)

which are both independent of z, as the propagation is entirely contained within the
global exponential in each equation that features the propagation constant β = kz.
Introducing these expressions into (2.16) and (2.17) leads to the following expressions
for the transverse components [223]:

ET (x, y) = i
β∇TEz(x, y)− ωµ0ẑ ×∇THz(x, y)

β2 − n2(x, y)k2
0

, (2.20)

HT (x, y) = i
β∇THz(x, y)− ωε0n2(x, y)ẑ ×∇TEz(x, y)

β2 − n2(x, y)k2
0

, (2.21)

where ∇T = (∂x, ∂y) contains the transverse derivatives. Since in general transverse
and longitudinal components are not independent, one can determine the transverse
components by solving for Ez and Hz. These are also coupled, so in general this re-
quires the usage of finite-difference numerical methods [224]. In the particular case of
planar waveguides where the refractive index only depends on one direction, n(x), the
longitudinal components of the fields decouple, with all fields being independent of y:

E(x, z) = [x̂Ex(x) + ŷEy(x) + ẑEz(x)] exp (−iβz) , (2.22)

H(x, z) = [x̂Hx(x) + ŷHy(x) + ẑHz(x)] exp (−iβz) , (2.23)
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and there are two independent possible polarizations: Transverse Electric (TE) fields,
for which Ez = 0, and Transverse Magnetic (TM) fields, for which Hz = 0. Introducing
(2.22) and (2.23) into Maxwell’s equations (2.3) and (2.4) allows to rewrite them into a
set of equations for the different field components. For the TE modes, the only nontrivial
equations are [223]:

βEy(x) = −ωµ0Hx(x), (2.24)
dEy(x)

dx
= −iωµ0Hz(x), (2.25)

−iβHx(x)− dHz(x)

dx
= iωε0n

2(x)Ey(x), (2.26)

with the only nonzero components in this polarization being Ey, Hx and Hz. For the
TM modes we instead have:

βHy(x) = ωε0n
2(x)Ex(x), (2.27)

dHy(x)

dx
= iωε0n

2(x)Ez(x), (2.28)

iβEx(x) +
dEz(x)

dx
= iωµ0Hy(x), (2.29)

meaning that the only nonzero components are Hy, Ex and Ez. Comparing the nonzero
elements in both polarizations, it is easy to see that they are orthogonal. We can combine
these sets of equations into a single differential equation for each transverse component.
For TE modes, combining (2.24)–(2.26) yields:

d2Ey(x)

dx2
+
[
n2(x)k2

0 − β2
]
Ey(x) = 0, (2.30)

and combining (2.27)–(2.29) produces the corresponding equation for the TM modes:

d2Hy(x)

dx2
− 1

n2(x)

dn2

dx

dHy(x)

dx
+
[
n2(x)k2

0 − β2
]
Hy(x) = 0. (2.31)

The second term in (2.31) cancels out in regions of constant refractive index, making
the TE and TM equations look identical.

Guided modes

Equations (2.30) and (2.31) can be solved after specifying the refractive index profile
n(x). In waveguides, the solutions of these equations are called guided modes, which are
fields that maintain a constant spatial distribution during propagation. For each index
profile, there is a finite number m of guided modes with different propagation constants
βm, which are orthogonal between them.
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For a step-index waveguide of core width w, with core refractive index nco and
cladding index ncl, guided modes will have propagation constants ranging between:

nclk0 < βm < ncok0, (2.32)

and will be mainly contained within the core, with an evanescent tail extending into
the cladding. We showcase in Fig. 2.2(a) the propagation constants and field profiles
of a step-index waveguide with two guided modes, which are indeed unchanged during
propagation as can be seen in Figs. 2.2(b) and (c). Modes with propagation constants
below nclk0 are instead called radiation modes [12], which are extended throughout the
material instead of being confined, and thus can leak and escape the system. Unlike
guided modes, there is an infinite amount of radiation modes which form a continuum
of effective refractive indices neff = β/k0 below ncl.

(μm)
0 4 8 12 16 20

z
z

(a) (b)
(c)

Figure 2.2: (a) Step-index waveguide hosting two guided modes. The fundamental mode
has a larger propagation constant, β, than the excited mode. (b)–(c) Electric field norm,
|E|, for the propagation of the fundamental (b) and first excited (c) modes. Both modes
maintain their transverse profile along z.

Although the derivation for TM modes is similar, we focus on TE modes. Solutions
of Eq. (2.30) will display different behaviors in the core and the cladding, seeing how the
term in brackets changes sign between both regions. In the core region, for |x| ≤ w/2,
solutions will be oscillatory [222]:

Ey,m(x) =

{
E0,m cos (kmx), m = 0, 2, . . .

E0,m sin (kmx), m = 1, 3, . . .
(2.33)

where km =
√
n2
cok

2
0 − β2

m. Higher-order modes have larger km, so they have more
nodes along x. In the cladding region, solutions instead decay exponentially for any
index m:

Ey,m(x) =

{
Ec,m exp (−γmx), x > w/2

Ec,m exp (γmx), x < −w/2
(2.34)
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where γm =
√
β2
m − n2

clk
2
0. Higher-order modes have lower γm, and as such extend deeper

into the cladding region. Moreover, the electric field must be constant at the boundary
between core and cladding, so one can find a relation between the amplitudes E0,m and
Ec,m for each mode. The fields in (2.34) are called evanescent. As mentioned in the
beginning of the section, evanescent fields are not oscillatory and display exponential
decay along x, meaning that the electric power does not transmit in that direction and
is confined close to the boundary as long as the waveguide is isolated. Evanescent fields
of different nearby waveguides can nonetheless overlap and produce coupling and power
transfer between them, which will be a pivotal property going forward in the thesis.

The precise values of the propagation constants of the guided modes can be computed
numerically from a self-consistency equation. This equation can be derived either from
geometrical considerations, associating a plane wave to propagating rays and studying
their bouncing angles in the waveguide [222], or from solving the differential equation
(2.30) and applying the adequate boundary conditions at the interface between core and
cladding [223], for both the electric field and its derivative. Both approaches yield the
same relation:

tan

[
1

2

(
w

√
n2
cok

2
0 − β2

m −mπ
)]

=

√
β2
m − n2

clk
2
0

n2
cok

2
0 − β2

m

, (2.35)

for m = 0, 1, 2, . . .. For dielectric waveguides, there is always at least one solution for
this equation, meaning that there is always at least one guided mode. One can also
compute the number of guided modes for any given profile [222]:

M
.
=

2w

λ0

√
n2
co − n2

cl, (2.36)

where .
= means closest integer from above. That is, M is equal to the nearest integer

greater than the right hand side of (2.36). As a consequence, the waveguide will support
only one guided mode if:

2w

λ0

√
n2
co − n2

cl < 1, (2.37)

but this condition depends on the wavelength of the propagating light. Single-mode
waveguides at certain wavelengths may become multi-modal for shorter ones. The single-
mode behavior of waveguides, due to which one can ignore any mode crosstalk or modal
dispersion, is of great importance in many applications, as well as a major simplifying
factor in the mathematical treatment [225, 226].

Guided modes in cylindrical waveguides and fibers

Channel waveguides display a more complex spectrum of guided modes. As the
refractive index profile depends on more than one coordinate, the longitudinal compo-
nents of electric and magnetic fields are not decoupled and guided modes are no longer
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purely TE or TM, instead being denoted as hybrid modes [223], which in general dis-
play all field components. Nevertheless, when waveguides are weakly-guiding, modes
are strongly polarized toward one direction and described in terms of linearly polarized
(LP) modes. This occurs when nco − ncl � nco, as long as the size of the core is large
compared with the wavelength λ of the guided light [223]. In general, hybrid modes
are computationally challenging to simulate, as an exact treatment is not possible. An
exception to this rule is found for cylindrically symmetric refractive index profiles, n(r),
present in optical fibers. In those cases, the fields can be divided into radial, azimu-
tal and longitudinal components, each of which has the following shape in cylindrical
coordinates:

Eσ(r, ϕ, z) = eσ(r)e−ilϕe−iβz, (2.38)

for σ = r, ϕ, z and any integer l. Hence, one only needs to solve for the radial profile of
the field components. For step-index radial profiles, the Helmholtz equation now reads
[222]: [

∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂ϕ2
+

∂2

∂z2
+ n2

i k
2
0

]
Eσ(r, ϕ, z) = 0, (2.39)

with ni = nco, ncl. Introducing the electric field in (2.38) into this equation yields:[
d2

dr2
+

1

r

d

dr
− l2

r2
− β2 + n2

i k
2
0

]
ej(r) = 0. (2.40)

This is a Bessel-type equation that admits analytical solutions in terms of Bessel func-
tions. If we define k2

ml = n2
cok

2
0−β2

ml and γ2
ml = β2

ml−n2
clk

2
0, solving for the longitudinal

component leads to [222]:

ez,m l(r) ∝

{
Jl(kmlr), r < R

Kl(γmlr), r > R
(2.41)

with Jl being the Bessel function of the first kind and Kl the modified Bessel function
of the second kind, both of order l. The solutions depend now on two indices, m in-
dicating the radial order and l the azimutal order. The other components of the field
can be obtained through relations analogous to the one in (2.20). These modes can be
considered to carry orbital angular momentum (OAM) of charge l, as first introduced
in Ref. [227], whereby each photon carries a quantized OAM given by l~. This degree
of freedom of OAM modes has been exploited in many instances to increase data trans-
mission capacities in optical devices through multiplexing [17, 228–233]. In coupled
systems, one can generally restrict the light dynamics in particular OAM manifolds, as
we will show further below. For index profiles with cylindrical symmetry, modes with
opposite circulations K = ± are degenerate in propagation constant and orthogonal to
each other. The set of OAM modes in this case forms a complete basis, and can be
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Figure 2.3: Mathematical description of OAM modes in terms of linearly polarized px
and py modes, with the distribution of electric fields |E| depicted in each case. The box
to the right indicates the spatial distribution of the phase ϕ̃ = Klϕ for the K = + (top)
and K = − (bottom) circulations of the l = 1 mode.

expressed as a function of LP modes [234], as we show in Fig. 2.3. We call LP modes
with lobes along the x or y axis px and py modes, respectively. When the profile is not
perfectly circular, however, the degeneracy is lifted and the OAM vortices are no longer
exact eigenmodes of the system. Instead, for an elliptical profile the eigenmodes are now
px and py modes along the symmetry axes of the ellipse [235], and they are different
in energy. Propagating OAM vortices in waveguides that are not sufficiently circular
results in intensity beating between the constituent p-modes of the vortex.

Whispering gallery modes in ring resonators

A ring resonator [236] consists of a waveguide that guides light in a closed loop, thus
forming a resonant cavity. Only modes that fulfil the resonance condition, i.e. those
whose phase changes by multiples of 2π per loop, are supported by the resonator. As
such, ring resonators have been extensively used as filters [237–239], due to their ability
to select specific frequencies according to their size and refractive index. Other uses
include sensing [240–242], lasing [243–246], generation of frequency combs [247], and an
extensive list of other applications. Additionally, ring resonators have proven to be a
very versatile platform to implement and study topological insulators [144, 151, 152,
168, 169, 200, 220, 248].

Optical modes guided by resonators are known as whispering gallery modes (WGM),
whose name originates from the study of acoustic waves travelling in cathedral galleries
[249]. The main difference with regular optical modes is that WGM do not require two
dielectric interfaces to be guided. Instead, they are guided by the interplay of total
internal reflection at the outer interface of the ring and the optical inertia that pushes
them radially. The inner interface, which is not always necessary, serves to control the
modal content of the resonator [236]. In contrast to straight waveguides, ring resonators
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are inherently lossy due to the bending of the guiding interface. Therefore, guided modes
are not entirely confined and can couple to radiation modes and consequently cause loss
of power. To counteract this, ring resonators usually display a very strong index contrast
between core and cladding, minimizing mode extension and bending losses. The price
to pay for this high index contrast is a limit on waveguide width if single-mode behavior
is desired, with higher-order ring modes being prone to higher losses and undesirable
in most applications. The high mode confinement also forces very low relative distance
between resonators in order to achieve efficient coupling.

To describe WGM, we write the Helmholtz equation for the z component of an
azimutally travelling TM mode [236]:[

∂2

∂r2
+

1

r

∂

∂r
+

1

r2

∂2

∂ϕ2
+ n2k2

0

]
Ez(r, ϕ) = 0. (2.42)

Similarly to what we did in (2.38), we can apply separation of variables to split the field
into radial and azimutal components [250]:

Ez(r, ϕ) = ez(r)e
±iβϕϕ, (2.43)

where βϕ is the propagation constant of the mode, which now propagates azimuthally.
As mentioned above, the resonance condition states that the phase of the mode has to
change in multiples of 2π after each round-trip. Therefore, this constraints the propa-
gation constant to have only integer values l [250], which corresponds to the number of
cycles that the field experiences in a round trip. Hence, we introduce (2.43) in (2.42),
for an integer l, after which the equation reads:[

d2

dr2
+

1

r

d

dr
+ n2k2

0 −
l2

r2

]
ez(r) = 0. (2.44)

As for the mode profile, equation (2.44) is a Bessel-type equation whose solutions for a
dielectric disk of radius R are [250, 251]:

ez,m l(r) ∝

{
Jl(k1r), r < R

H̄
(2)
l (k2r), r > R

(2.45)

where k1 = ncoωml/c and k2 = nclωml/c, with ωml the resonance frequency. H̄(2)
l is a

Hankel function that corresponds to a propagating cylindrical wave. Then, one has to
apply the adequate boundary conditions at r = R to solve for the modes and obtain
their relevant parameters. Compared with a disk, a ring resonator limits the higher-order
radial modes for the same order l that would display radial nodes inside of the core [236].
In Fig. 2.4(a), we showcase the electric field for the lowest-order radial mode and l = 20.
Due to the curvature of the ring, one can observe how the field profile is more extended
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(a)

(b)
(c)

Guided
Evanescent

Radiative

Figure 2.4: (a) Electric field distribution for a mode of azimutal order l = 20 and
first radial order. (b) A conformal transformation allows to turn the curved geometry
in the ring resonator into an equivalent straight waveguide with nonuniform refractive
index. (c) Refractive index in the transformed coordinate system n(U), which grows
exponentially with U . In the core region, the effective index of the mode neff is lower
than n and it is thus guided. Close to the ring, but in the cladding, the mode is
evanescent. However, for larger U , neff is again larger than n and the mode becomes
radiative.

away from the center. As mentioned before, this curvature is also the cause that makes
WGM inherently lossy. Since the mode field maintains its shape during its propagation,
and the resonance condition should apply, the azimuthal phase velocity must increase
away from the center of the ring. At some point, the phase velocity reaches the limit
of c/n and the mode becomes radiative [252]. A more intuitive reasoning can be found
in the formalism of conformal transformations [253–255]. As we sketch in Fig. 2.4(b),
conformal transformations consist on finding, for a curved waveguide, the corresponding
refractive index profile that reproduces the same light dynamics for a straight waveguide.
A curved step-index waveguide in polar coordinates (r, ϕ) is transformed into a straight
waveguide with nonuniform n in the new coordinates (U, V ). The transformation entails
[253]:

n(r) −→ n(U) = n(r)e
U
R . (2.46)

We sketch this new refractive index profile in Fig. 2.4(c), where it is clear that it increases
away from the ring. For large distances where the effective index of the mode is lower
than the cladding index at that point, neff < n(U), the mode becomes radiative.

2.1.3 Coupled-mode model

As showcased in (2.34), the fields propagating in optical waveguides extend beyond
the boundary between core and cladding in the form of evanescent fields. When waveg-
uides are in close proximity to each other, the tails of the evanescent fields of each
waveguide can overlap, resulting in a coupling that leads to power transfer between
them. Although the whole picture can be obtained from the resolution of Maxwell’s
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equations, it is highly convenient to work in the regime of weak couplings, also known
as the tight-binding regime, where we can apply the coupled-mode model [226, 256].
Within that regime, we can consider that the mode profiles in each waveguide are highly
confined within each core and thus remain unaltered in the presence of a neighboring
waveguide. In that case, only the amplitudes of the modes are subject to change due to
the coupling along the propagation direction. Although we introduce the model for the
case of two waveguides, it can be straightforwardly extended to arrays of any number
of waveguides.

A directional coupler is a set of two evanescently-coupled waveguides. For simplicity,
we consider parallel single-mode step-index waveguides, having n1 and n2 as their core
refractive indices, and both sharing the same cladding refractive index, ncl. In general,
n1 need not be equal to n2. Each waveguide then supports a single mode, corresponding
to the following electric fields in isolation:

E1(x, z) = a1e1(x) exp (−iβ1z) , (2.47)

E2(x, z) = a2e2(x) exp (−iβ2z) , (2.48)

with each waveguide having their own mode amplitude, aj, mode transverse profile,
ej(x), and propagation constant, βj, with j = 1, 2. If one brings these waveguides closer
together, the total field can be computed as the sum of the fields on each waveguide:

E(x, z) = a1(z)e1(x) exp (−iβ1z) + a2(z)e2(x) exp (−iβ2z) , (2.49)

where the only variables that acquire a dependence on z are the mode amplitudes a1(z)

and a2(z). As such, instead of solving the whole set of Maxwell’s equations, one can solve
a simpler set of equations for the amplitudes of the modes. Here, the presence of the
second waveguide acts as a perturbation on the field propagating through the first one.
The excess of refractive index n2

2 − n2
cl and the field E2 create an excess of polarization

that acts as a source of radiation from the point of view of the first waveguide [222]. In
this situation, the Helmholtz equations for the coupled fields take the form:[

∇2 + k2
0n

2
1(x)

]
E1(x, z) + k2

0

[
n2

2(x)− n2
cl

]
E2(x, z) = 0, (2.50)[

∇2 + k2
0n

2
2(x)

]
E2(x, z) + k2

0

[
n2

1(x)− n2
cl

]
E1(x, z) = 0. (2.51)

We now introduce (2.47) and (2.48) into these equations. Following our assumption that
we are in the weakly-coupled regime, e1 and e2 fulfill the sourceless Helmholtz equation
(2.9) as if they were isolated, so we are left with:[

d2a1

dz2
− 2iβ1

da1

dz

]
e1 exp (−iβ1z) = k0

[
n2
cl − n2

2(x)
]
a2e2 exp (−iβ2z) , (2.52)[

d2a2

dz2
− 2iβ2

da2

dz

]
e2 exp (−iβ2z) = k0

[
n2
cl − n2

1(x)
]
a1e1 exp (−iβ1z) . (2.53)
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We can further approximate the equations by considering that the mode amplitudes
aj(z) vary slowly in z, which is again consistent with the weak coupling assumption,
so that we can neglect the first term of both equations. To get rid of the transverse
dependence, we multiply (2.52) by e1(x) and (2.53) by e2(x) and integrate over the
transverse coordinate x. Considering that e2

1 and e2
2 are normalized to one, we obtain:

da1

dz
= −it2 1a2(z) exp [i (β1 − β2) z] , (2.54)

da2

dz
= −it1 2a1(z) exp [i (β2 − β1) z] , (2.55)

where the coupling coefficients are:

t2 1 =
1

2β1

k2
0

(
n2

2 − n2
cl

) ∫
w1

e1(x)e2(x) dx, (2.56)

t1 2 =
1

2β2

k2
0

(
n2

1 − n2
cl

) ∫
w2

e2(x)e1(x) dx. (2.57)

The integral in (2.56) spans over the core of the first waveguide, whereas the one in
(2.57) spans over that of the second. These couplings are only equal when we have
identical waveguides, that is, when the propagation constants of left and right modes
are equal, β1 = β2. Eqs. (2.54) and (2.55) can be put in a compact matrix form by
defining ãj(z) = aj(z) exp (−iβjz):

i
d

dz

(
ã1

ã2

)
=

(
β1 t2 1

t1 2 β2

)(
ã1

ã2

)
. (2.58)

Solving the system and reversing the relation between ãj and aj yields [222]:

a1(z) =

[
a1(0)

(
cos γz − i∆β

2γ
sin γz

)
− a2(0)

it2 1

γ
sin γz

]
exp

(
i∆βz

2

)
, (2.59)

a2(z) =

[
−a1(0)

it1 2

γ
sin γz + a2(0)

(
cos γz + i

∆β

2γ
sin γz

)]
exp

(
−i∆βz

2

)
, (2.60)

where γ2 =
(

∆β
2

)2
+ t2 with t2 = t1 2t2 1, and the difference in propagation constants of

both modes, ∆β = β1 − β2, is called the detuning. The efficiency of the power transfer
will directly depend on this parameter. We can see this by computing the power in each
waveguide, Pj(z) ∝ |aj(z)|2. If we consider an initial input of light only on the first
waveguide, a1(0) = 1 and a2(0) = 0, the power on each waveguide along z is:

P1(z) = P1(0)

[
cos2 γz +

(
∆β

2γ
sin γz

)2
]
, (2.61)

P2(z) = P1(0)

(
|t2 1|
γ

sin γz

)2

. (2.62)
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When both waveguides are identical, ∆β = 0 and t1 2 = t2 1 = t, so these reduce to:

P1(z) = P1(0) cos2 tz, (2.63)

P2(z) = P1(0) sin2 tz, (2.64)

and there can be full power transfer between the two. However, when the detuning is
not zero, there can never be total power transfer. That is to say, a non-zero detuning
hinders power transfer between evanescently-coupled waveguides. This can be readily
observed by comparing Fig. 2.5(a) and (b), where light propagation between matched
and detuned waveguides, respectively, is shown.

I (a.u.)

z z
0

1
LγLc

(a) (b)

Figure 2.5: Light propagation in an optical directional coupler. (a) When the waveguides
are identical, full transfer occurs in a distance of Lc. (b) When the waveguides are not
identical, the coupling is suppressed. Maximum transfer occurs at Lγ, but the intensity
contrast never reaches unity.

It is also common to describe directional couplers in terms of a transfer matrix
that relates input and output fields. By taking A1(z) = a1(z)e−i∆βz/2 and A2(z) =

a2(z)ei∆βz/2, and assuming t12 = t21 = t, we can recast Eqs. (2.59) and (2.60) as:(
A1(z)

A2(z)

)
=

(
T iκ

iκ T∗

)(
A1(0)

A2(0)

)
, (2.65)

with T = cos γz − i∆β
2γ

sin γz and κ = − t
γ

sin γz being the transmission and coupling
coefficients of the optical coupler, respectively. For matched waveguides where ∆β = 0,
T = T∗ ∈ R. This formalism is useful when chaining several optical components
consecutively, as one can determine the total optical output by multiplying the individual
transfer matrices of each component [222].

We have established in (2.61) and (2.62) that, in an optical directional coupler, the
power exchange between both waveguides directly depends on the coupling strength,
and that the rate at which it occurs is determined by the parameter γ. For general
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waveguides, maximum power transfer will occur at a length:

Lγ =
π

2γ
=
π
√

∆P

2t
, (2.66)

where ∆P = [max(P1)−min(P1)] /max(P1) accounts for the intensity contrast between
coupled waveguides. For identical waveguides, full transfer occurs at:

Lc =
π

2t
, (2.67)

since for those the contrast ∆P = 1. These distances are known as coupling or beating
lengths. Generally, it is more convenient to compute the coupling strengths by experi-
mentally measuring these lengths, which already contain that information, than to do
it by using the general expressions in Eqs. (2.56) and (2.57). Note that, for equal cou-
plings, the beating length is shorter for larger detunings. From the expression in (2.66)
we can obtain both the coupling strength and detuning as:

t =
π
√

∆P

2Lγ
, ∆β =

π
√

1−∆P

Lγ
. (2.68)

Furthermore, it is known that the coupling strength depends exponentially on the sep-
aration d between waveguides [257]. As such, we can express:

t(d) = t0 exp(−k̄d), (2.69)

One can then measure Lγ for different separations and fit the results to an exponential
function, thus producing a mapping between couplings strengths and relative distances.

The coupled-mode model can be directly extended to one-dimensional (1D) waveg-
uide arrays of any size. Considering that we are in the weak coupling regime, and that
the coupling strength decays exponentially with the distance, it is sensible to work in the
nearest-neighbor (NN) coupling approximation, since the overlap between the modes in
waveguides j and j ± 2 will be negligible. Furthermore, couplings beyond NN are also
inhibited by the presence of the nearest waveguides [258]. Therefore, the equation for
the amplitude of the single mode in each waveguide j is [259]:

i
dãj
dz

= βj ãj + tj−1 j ãj−1 + tj+1 j ãj+1, (2.70)

which can be written in matrix form:

i
dã

dz
= Hã, (2.71)
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where ã = (ã1, . . . , ãN)T contains the amplitudes in each waveguide and H is a tridiag-
onal matrix featuring all propagation constants and coupling strengths:

H =



β1 t2 1 0 . . . 0

t1 2 β2 t3 2
. . . ...

0 t2 3 β3
. . . ...

... . . . . . . . . . tN N−1

0 . . . . . . tN−1N βN


. (2.72)

For the special case of N identical waveguides, tj j±1 = tj±1 j for all j, and all propagation
constants are equal. By making an appropriate energy shift, we can set all βj = 0 without
loss of generality, and H becomes:

H =



0 t1 0 . . . 0

t1 0 t2
. . . ...

0 t2 0
. . . ...

... . . . . . . . . . tN−1

0 . . . . . . tN−1 0


. (2.73)

Light propagation can then be described in terms of the eigenmodes of the waveguide
lattice, sometimes called the supermodes of the structure, by diagonalizing (2.73). So
far, we have considered single-mode waveguides for the coupled-mode formalism, but
it can be easily extended to systems of similar or identical multimode waveguides. In
principle, all modes can interact with one another and lead to a fairly complicated light
propagation scheme. However, recall from (2.63) and (2.64) that power transfer between
waveguides is suppressed for nonzero detunings. Moreover, the coupling between modes
with different parities is also suppressed due to the nature of the coupling coefficients in
(2.56) and (2.57). Both these reasons imply that one can usually consider the propaga-
tion of modes of different order independently of each other. Hence, for each mode m,
the amplitudes are determined by a separate equation of the form of Eq. (2.71) contain-
ing only the coupling information for that mode in each waveguide. Of course, if nearby
waveguides are sufficiently different, modes of different order on each waveguide can
have similar propagation constants and thus can achieve significant coupling strengths.
A paramount example of this will be shown in Section 2.2, when we explore the cou-
pling between a waveguide and its superpartner, which has a different number of guided
modes. We will also exploit the coupling between the excited mode of a waveguide and
the fundamental mode of its superpartner for several purposes in Chapter 3.

Finally, we note that although highly useful, the coupled-mode model can only be
accurately applied when the relative distance between waveguides is large. For shorter
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distances, where couplings are larger, the overlap between modes is important enough
that they cannot really be regarded as unaltered, rendering the initial approximation
invalid [226, 260]. In those cases, the two coupled modes cannot be considered to be
orthogonal to each other, although recasting the modes into a new orthogonal basis
allows to extend the coupled-mode formalism for these scenarios [226, 261–264]. In
general, however, these modes will strongly hybridize and one needs to apply full finite-
difference methods to accurately reproduce experimental results.

2.1.4 Coupling between OAM modes

The simple picture depicted above is sufficient to describe tight-binding systems with
real couplings, which already display a vast plethora of interesting physical properties
[42, 49]. However, a new dimension of opportunities appears when considering complex
couplings. In photonics, one way to obtain them is through the coupling of OAM modes
of the kind described in Sec. 2.1.2. Recall that these modes take the following form:

El(r, ϕ, z) = el(r)e
±il(ϕ−ϕ0)e−iβlz, (2.74)

where we only consider the lowest-order radial mode, and where ϕ0 is an arbitrary phase
origin. When considering the coupling between different waveguides, the detuning be-
tween modes of different order l allows to separate the dynamics into manifolds of the
same OAM order, each governed by a separate set of coupled-mode equations. This can
be justified by the fact that light transfer between sufficiently detuned waveguides is
highly suppressed, as discussed in Sec. 2.1.3. For our purposes, we restrict the analysis
to l = 0 and l = 1 modes. The coupling between OAM modes among two waveguides
depends on the overlap integral between them, their OAM charge, l1 and l2, their cir-
culations, K1,K2 = ±, and the relative angle ϕ with respect to an arbitrary origin ϕ0

[265]. In other words:
τl1,l2 = |τl1,l2|ei(K1l1−K2l2)(ϕ−ϕ0). (2.75)

As described in Ref. [265], symmetry considerations reduce the number of indepen-
dent components in the analysis of the coupling between OAM modes. When coupling
modes with the same l, all different combinations can be described via at most three
independent couplings:

• τ1: between different OAM circulations in the same waveguide.

• τ2: between the same OAM circulations in different waveguides.

• τ3: between different OAM circulations in different waveguides.

The τ2 coupling links the same OAM circulation and as such is always real. In contrast,
both τ1 and τ3 are subject to picking up a phase and becoming complex. The first
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(a)

(b)

(c)

Figure 2.6: Coupling scheme between waveguides with different OAM modal content for
(a) l = 0 ↔ l = 0, (b) l = 1 ↔ l = 1 and (c) l = 0 ↔ l = 1. The left side corresponds
to the physical waveguides, whereas in the right side different OAM circulations are
represented separately.

coupling, τ1, appears due to the breaking of the cylindrical symmetry of the waveguide
mode due to the presence of the second waveguide, which leads to nonzero coupling
between otherwise orthogonal modes in the same waveguide.

To determine the value of the couplings in numerical simulations, one can compute
the propagation constants of the eigenmodes in a set of two waveguides, which behave
as the eigenvalues of the system. Then, by diagonalizing the corresponding Hamiltonian
in each case, one can find a relation between these eigenvalues and the couplings. We
consider each case separately, starting by the case of l = 0 ↔ l = 0 in Fig. 2.6(a). For
modes with a propagation constant β0, the Hamiltonian describing the system reads:

Hl=0 =

(
β0 τ ′2
τ ′2 β0

)
. (2.76)

Diagonalizing directly leads to eigenvalues µ− = β0 − τ ′2 and µ+ = β0 + τ ′2, and thus

τ ′2 =
1

2
(µ+ − µ−) . (2.77)

This case is no different from the regular set of single-mode waveguides that was dis-
cussed in Sec. 2.1.3, with the single coupling remaining real.

For l = 1 ↔ l = 1, the sketch in Fig. 2.6(b) depicts a richer situation as all three
described couplings appear. In a set of two waveguides, however, one can always choose
the phase origin ϕ0 in the direction joining the two waveguides, rendering all couplings
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real. For modes with propagation constant β1, the Hamiltonian is:

Hl=1 =


β1 τ̃1 τ̃2 τ̃3

τ̃1 β1 τ̃3 τ̃2

τ̃2 τ̃3 β1 τ̃1

τ̃3 τ̃2 τ̃1 β1

 (2.78)

and its eigenvalues are:
µ1 = β1 + τ̃1 − τ̃2 − τ̃3

µ2 = β1 − τ̃1 + τ̃2 − τ̃3

µ3 = β1 − τ̃1 − τ̃2 + τ̃3

µ4 = β1 + τ̃1 + τ̃2 + τ̃3.

(2.79)

Rearranging these leads us to the three described couplings:

τ̃1 = µ1 − µ2 − µ3 + µ4

τ̃2 = −µ1 + µ2 − µ3 + µ4

τ̃3 = −µ1 − µ2 + µ3 + µ4.

(2.80)

Phases will play a role for larger sets of waveguides, where one can play with the geometry
to achieve different relative angles, as we will show later on in Chapter 5. Recall that
for l = 1 and different OAM circulations the exponential term is |K1l − K2l| = 2, and
hence τ̃m = |τ̃m|e2i(ϕ−ϕ0) with m = 1, 3.

One last scenario that will be of interest for us is the crossed case of l = 0 ↔
l = 1 in Fig. 2.6(c). Despite these modes having different propagation constants for
identical waveguides, one can tune the refractive index of both waveguides to achieve
matching between them, thus enabling a coupling that would otherwise be strongly
suppressed. For this case, we define τ as the coupling between the OAM modes in
different waveguides, and τ1 as the coupling between different circulations in the l = 1

mode, as before. The Hamiltonian for that case, with propagation constants β2, is:

Hl=0,1 =

β2 τ τ

τ β2 τ1

τ τ1 β2

 , (2.81)

and the eigenvalues:
µ1 = β2 − τ1

µ2 = β2 +
1

2

(
τ1 −

√
τ 2

1 + 8τ 2

)
µ3 = β2 +

1

2

(
τ1 +

√
τ 2

1 + 8τ 2

)
.

(2.82)



2.1 Light propagation in optical waveguides 29

The couplings can again be extracted by inverting the relations above:

τ1 =
1

3
(−2µ1 + µ2 + µ3)

τ =

√
(µ3 − µ2)2 − (−2µ1 + µ2 + µ3)2/9

8
.

(2.83)

2.1.5 Fabrication of optical waveguides

There are multiple methods that allow to fabricate optical waveguides in a variety
of materials, such as in silicon, various glasses, crystals, polymers, semiconductors and
a whole list of others [43, 45]. One of the main fabrication methods is the technique of
direct laser writing using femtosecond laser pulses [42, 257, 266, 267]. These ultrashort
pulses are tightly focused into a region of the material, which through nonlinear absorp-
tion forms a plasma around the focus point that permanently alters the refractive index
of that region. This is usually caused by an increase in density due to the gathering
of nearby molecules. The nearby regions, instead, suffer from a reduction of the refrac-
tive index that also contributes to the guiding. These density changes generate a stress
field around the focus point [268, 269], which limits how closely one can write different
waveguides. The magnitude of the change in refractive index can be controlled by the
laser power and exposure time. Hence, by moving the sample at a certain speed, one
can shape the trajectory and the index contrast of the waveguide. Slower speeds imply a
larger amount of pulses at each point, and thus an increased index contrast. For higher
laser power, if one goes beyond the damage threshold of the material, one may cause
permanent damage in the focus region and cause a crater of sorts, leaving there a dip in
refractive index instead of an increased value. Consequently, however, the stress fields
in those cases produce a refractive index increase around the crater. So by producing
two (or more) of these damage tracks near each other, light can be guided in the region
between them and thus an effective waveguide is fabricated. This writing method that
produces a negative index contrast ∆n < 0 has been labelled in some works as Type II
laser writing [270–273], in contrast to Type I writing where ∆n > 0. Type II writing
can be used to draw a specific contour for the waveguide by drawing multiple tracks
on the sample [271]. Laser writing has also been applied to polymers via two-photon
polymerization, both by direct writing as well as by producing hollowing in the material,
which is then infiltrated with a second polymer [159, 274–276]. Laser-writing techniques
generally produce elongated waveguides that cannot guide OAM modes. However, by
passing the laser through the sample multiple times, the combination of all different
tracks can add up to rounder effective profiles both in type I [235, 277–279] and type II
[280–282] procedures. Alternatively, polymers have also been shown to be a promising
platform to produce round waveguide profiles [159, 276].
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A second major technique is based on patterning materials with lithographic tech-
niques. Essentially, electron-beam lithography [37] is used to draw shapes on a material
over which a sensitive film is placed. When the beam is focused on the film, it changes
its properties and allows the selective removal of either the exposed sections of the sam-
ple, or the rest that was not affected, by performing etching. Then, a cladding of choice
can be used by deposition of another material. This multi-step process is more complex
than direct laser writing, but allows for very precise fabrication of complicated struc-
tures, which is why it is often used for lattices of ring resonators [151, 169, 185, 283, 284]
or even resonators with highly complex shapes [285–287]. The index difference is guar-
anteed by the usage of different materials, and the shape of the device and the frequency
of light are used to control the mode properties. Alternatively to electron-beam lithog-
raphy, ultraviolet photolithography can also serve the same purpose [204].

Although not following the classical definition of “fabrication”, non-permanent waveg-
uides can be induced in photorefractive materials [288–290] wherein a collection of light
beams is made to interfere, creating a common periodic pattern of intensity. This, in
turn, produces a pattern of changes in refractive index in the material over which other
light can be guided. The selling point of this technique is that these patterns can be
reconfigured by changing the configuration of light beams, without needing new mate-
rial samples. A similar process can lead to light guiding through the usage of acoustic
waves that create local pressure differences in a material [291, 292]. The idea of using
nonlinearities to form temporal waveguides has even been used to guide light through
air [293].

2.1.6 Optical waveguides as quantum simulators

As a final note in the section, let us emphasize the general interest of optical waveg-
uides in this thesis by commenting on its applications as simulators of quantum sys-
tems. What allows waveguides to fulfill this purpose is the analogy that exists between
quantum and optical systems. This analogy stems from the similarity between the
Schrödinger and Helmholtz equations, where the role of time in the former is played by
the propagation distance in the latter. This allows to probe the dynamical behavior of
multiple systems – in disciplines such as atomic, condensed matter or quantum physics
– by studying light propagation in analogous photonic systems that usually entail a
simpler experimental implementation. Many examples of this effect can be found in
[49] and references therein. Not only is the fabrication generally simpler, but optical
waveguides also allow for a direct visualization of the evolution of the wavefunction by
directly observing the spatial light propagation in the system. This can be done for
instance through fluorescence microscopy [42], in which the impurities known as color
centers that are generated inside the waveguides are excited by the light that propagates
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through the structure and emit light through fluorescence, marking the path followed
by the propagated light.

Let us describe the quantum-optical analogy in several scenarios. First, starting from
the Helmholtz equation (2.9) and considering a weakly-guiding waveguide that varies
slowly along the propagation axis, the paraxial approximation can be applied. Under
these conditions, the now paraxial Helmholtz equation for the electric field envelope
E(x, y, z) takes the form [42]:

iλ
∂

∂z
E(x, y, z) =

[
− λ2

2ncl
∇2
T −∆n(x, y, z)

]
E(x, y, z), (2.84)

where λ = λ/2π and ∆n(x, y, z) = ncl−n(x, y, z) with ncl the cladding refractive index.
This equation is formally equivalent to the time-dependent Schrödinger equation:

i~
∂

∂t
Ψ(x, y, t) =

[
− ~2

2m
∇2 + V (x, y, t)

]
Ψ(x, y, t), (2.85)

which justifies that the time evolution of a wavefunction Ψ in a potential V following the
Schrödinger equation can be described by the propagation of an electrical field envelope
E in a waveguide with index contrast ∆n, thus completing the analogy. Furthermore,
the Helmholtz equation for TE modes that we computed previously in (2.30) can be
though of as an eigenvalue equation:[

− d2

dx2
− k2

0n
2(x)

]
Ey(x) = −β2Ey(x), (2.86)

which has the same form as the time-independent Schrödinger equation:[
− d2

dx2
+ V (x)

]
Ψ(x) = µΨ(x), (2.87)

where the role of the potential V (x) is again played by the refractive index term k2
0n

2(x)

and the propagation constant β2 plays the role of the energy µ. Finally, one can also
readily observe the same analogy for waveguide lattices where one can use the coupled-
mode formalism. It is easy to see that Eq. (2.71) is also formally equivalent to the time
evolution for a tight-binding Hamiltonian:

i~
d

dt
Ψ = HΨ, (2.88)

and diagonalization of both leads to equivalent descriptions. All these analogies enrich
the scope that can be covered by systems of optical waveguides. These versatile systems
are then not only interesting for their potential uses in photonic devices, but also as
simulators.
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2.2 Supersymmetry in optics

Supersymmetry (SUSY) was initially introduced in the context of quantum field
theory and particle physics [64–67] to unify the mathematical treatment of fermions
of bosons under the same theory, which is invariant under the interchange of one by
the other, and as a way to go beyond the Standard Model of particle physics [68].
Although there has not been any experimental confirmation of the existence of SUSY
particles since its introduction, the mathematical framework and the ideas behind it have
been extended to other fields with a substantially larger success. Notable examples are
condensed-matter [69], optics [70, 72], quantum mechanics [73], statistical mechanics
[74] and cosmology [75]. This framework has also been extended into what is known as
2nd- and higher-order SUSY [294–297], applied to simple many-body systems [298] and
also employed in the time domain [299].

In the context of optics, the framework of Supersymmetry (SUSY) was first applied
in Ref. [70], and later to discrete waveguide lattices in Ref. [71]. After that, a huge list
of applications have appeared by exploiting SUSY for modal control in planar optical
waveguides [72, 76, 77, 82, 300–302], fibers [303, 304] and gratings [297, 305], and has
also been utilized for Mode-Division Multiplexing [212, 306, 307]. Furthermore, SUSY
allows to control the scattering properties of a system [79–81, 299, 308] and generate
reflectionless structures [309–311], and has also been exploited for lasing [245, 246, 312–
315], to reduce losses in bent waveguides [316, 317] and to alter the topology of the
lattices [78]. If the superpartner profile is experimentally achievable, one can couple
the supersymmetric partners between them [72, 77, 306, 313], or rather deform one
into the other [82, 212, 214] as we do in Chapters 3 and 4, to exploit the properties of
SUSY transformations. Although direct fabrication of SUSY refractive index profiles
has been elusive so far, recently an experimental implementation has appeared in a
silicon metamaterial [318]. The authors achieve this by discretizing the index profile
along the transverse direction and relating it to a physical parameter of each element,
i.e. the air gap between them, that is related to the confinement of the mode.

Here, we present the formalism of SUSY first for general superpartner Hamiltonians,
and after that in the context of optical waveguides. We start with the continuous
formalism, where the spatial profile of the refractive index is treated as the confining
potential, and which leads to the computation of a superpartner index profile. Then,
we apply the formalism to discrete waveguide lattices under the coupled-mode model,
which are described by a matrix Hamiltonian. In this case, the superpartner is another
waveguide lattice with modified couplings and propagation constants, but the profile
of each individual waveguide does not change. Finally, we briefly comment on the
application of SUSY to refractive indices beyond 1D.
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2.2.1 SUSY formalism

The SUSY algebra satisfies the following commutation and anticommutation rela-
tions [73]: {

Q,Q†
}

= H, (2.89)

{Q,Q} =
{
Q†, Q†

}
= 0, (2.90)

[H,Q] =
[
H,Q†

]
= 0, (2.91)

where H is the super-Hamiltonian of the system, and Q the supercharge operator. These
can be defined in matrix form in terms of factorization operators, A and A†, as:

H =

(
A†A 0

0 AA†

)
, (2.92)

Q =

(
0 0

A 0

)
, Q† =

(
0 A†

0 0

)
. (2.93)

Alternatively, one may also define what some authors designate as a supercharge Hamil-
tonian [244, 319–321] by taking:

HSC = Q+Q† =

(
0 A†

A 0

)
, (2.94)

which can be thought of as the root Hamiltonian of (2.92), a fact that will prove to be
relevant later on (see Sec. 2.3.3). What one actually designates as a SUSY transforma-
tion is the connection between the diagonal elements of H in Eq. (2.92), the so-called
superpartner Hamiltonians H(1) and H(2), which we assume to be Hermitian:

H(1) + α = A†A, (2.95)

H(2) + α = AA†, (2.96)

where α is a constant energy shift that determines the characteristics of the transfor-
mation and that can be set to a desired value. Usually, one takes α to be the eigenvalue
of the fundamental mode of the system, which can be taken to be α = 0. For now, we
follow this convention.

Each superpartner Hamiltonian H(1) and H(2) will have a set of eigenvalues and
eigenvectors, but they can be shown to be related. Assume that ψ(1)

m is an eigenstate
of H(1) with eigenvalue µ(1)

m : H(1)ψ
(1)
m = µ

(1)
m ψ

(1)
m . Acting on the left with A gets us

AH(1)ψ
(1)
m = AA†Aψ

(1)
m = H(2)Aψ

(1)
m . Hence:

H(2)
(
Aψ(1)

m

)
= µ(1)

m

(
Aψ(1)

m

)
, (2.97)
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which implies that Aψ(1)
m is an eigenstate of H(2) with energy µ(1)

m . In other words, H(1)

and H(2) share the same spectrum, and hence SUSY transformations possess isospec-
trality. Eq. (2.97) can be fulfilled in two scenarios. We can have µ(1)

m = µ
(2)
m for all m, in

which case we say that we have broken SUSY. Instead, we have unbroken SUSY if ψ(1)
0

is annihilated by A, Aψ(1)
0 = 0, whereby we eliminate the ground state eigenvalue from

the spectrum of H(2) and have [73]:{
µ

(1)
0 = 0,

µ
(2)
m = µ

(1)
m+1.

(2.98)

In this case, the eigenstates of both Hamiltonians are related by:
ψ

(1)
m+1 = 1√

µ
(2)
m

A†ψ
(2)
m ,

ψ
(2)
m = 1√

µ
(1)
m+1

Aψ
(1)
m+1.

(2.99)

The different effects of unbroken and broken SUSY on the spectrum of the Hamiltonians
are summarized graphically in Fig. 2.7.

Unbroken
SUSY

Broken
SUSY

(a) (b)

Figure 2.7: Sketch of the effect of (a) unbroken and (b) broken SUSY transformations
on the spectrum of the partner Hamiltonians. In (a), the fundamental mode is removed
from the spectrum of H(2), while in (b) there is complete isospectrality.

Eqs. (2.98) and (2.99) state that we can obtain the whole spectrum of energies and
eigenstates of the superpartner Hamiltonian H(2) from those of the original Hamiltonian
H(1), assuming that we know the factorization operators A and A†. Their concrete
shape, of course, will depend on the Hamiltonian at hand. To elucidate the procedure
through an example, let us find the superpartner of the following 1D single-particle
Hamiltonian:

H(1) = − d2

dx2
+ V (1)(x). (2.100)
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To do that, we express the factorization operators in terms of the so-called superpoten-
tial, W (x):

A =
d

dx
+W (x) (2.101)

A† = − d

dx
+W (x). (2.102)

By equating (2.100) to A†A, we can obtain the expression of V (1)(x) in terms of W (x):

V (1)(x) = W 2(x)− dW (x)

dx
(2.103)

V (2)(x) = W 2(x) +
dW (x)

dx
. (2.104)

From (2.101)–(2.102) we now find the superpartner Hamiltonian, H(2) = AA†:

H(2) = − d2

dx2
+ V (2)(x). (2.105)

Thus, all we need to obtain the superpartner is the shape of W (x). We assume that
we know the ground state wavefunction of the original Hamiltonian, ψ(1)

0 , and that it
has zero energy. Then, we impose its eigenvalue equation, H(1)ψ

(1)
0 = 0, from which we

obtain [73]:

V (1)(x) =
1

ψ
(1)
0

d2ψ
(1)
0

dx2
, (2.106)

and we can introduce it in (2.103) to finally obtain:

W (x) = − 1

ψ
(1)
0

dψ
(1)
0

dx
= − d

dx

[
lnψ

(1)
0

]
, (2.107)

where we assume that the ground state wavefunction has no nodes. Beyond the for-
malism presented here, one can also apply SUSY transformations to non-Hermitian
Hamiltonians by taking H(1) = BA+α, H(2) = AB+α with B 6= A† [76, 310, 322–325].
This has proven to be an useful extension for complex Hamiltonians with real energy
spectra, such as those with PT-symmetry [323]. Finally, one can also extend these ideas
to transformations of higher order [294–297]. For second-order SUSY, instead of the
factorization operators in (2.101)–(2.102), one can employ an intertwining operator B
with derivatives up to second order. The situation here is richer since the superpotential
now depends on two generating functions W (u1, u2) = u1∂xu2− (∂xu1)u2, which implies
that even if any of the two functions have nodes, as long as W (u1, u2) is nodeless the
superpartner will be well-behaved.
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2.2.2 SUSY in optical waveguides

Considering that there is a direct analogy between waveguide optics and quantum
mechanics, as detailed in Section 2.1.6, the SUSY formalism can also be applied to
the description of electric fields propagating in optical waveguides. Recall that the
Helmholtz equation describing the propagation of TE modes, Eq. (2.30), can be put in
the form of an eigenvalue equation:[

− d2

dx2
− k2

0n
2(x)

]
Ey(x) = −β2Ey(x), (2.108)

which allows us to exploit the factorization process that is described in Sec. 2.2.1. The
term between brackets can be thought of as a Hamiltonian, H = − d2

dx2
− k2

0n
2(x), which

upon comparison with Eq. (2.100) reveals that the term of the refractive index n(x) takes
the role of the potential V (1)(x) = −k2

0n
2(x) with k0 = 2π/λ0 is the vacuum wavenumber.

This implies that given any refractive index profile n(1)(x), we can obtain a superpartner
profile n(2)(x) through the SUSY transformation formalism. In the context of optical
waveguides, the superpartner refractive index profile has the same modal content as the
initial waveguide aside from the fundamental mode, which is not supported by the SUSY
waveguide if SUSY is unbroken. This allows for a greater control of light transmission
in multimodal waveguide structures, as only modes that are supported by a waveguide
will be able to be transferred to it.

The superpartner Hamiltonian can be obtained from the factorization in (2.95) and

(2.96), where we take α =
(
β

(1)
0

)2

, with β(1)
0 the propagation constant of the fundamental

mode of the waveguide. From this, knowing the definition of the factorization operators
from (2.101)–(2.102) and the form of the Hamiltonian from Eq. (2.108), we can extract
an expression for the superpartner index profiles in terms of the superpotential, W (x):

n(1)(x) =
1

k0

√(
β

(1)
0

)2

−W 2(x) +
dW (x)

dx
, (2.109)

n(2)(x) =
1

k0

√(
β

(1)
0

)2

−W 2(x)− dW (x)

dx
, (2.110)

with the superpotential now depending on the electric field distribution of the funda-
mental mode of the waveguide:

W (x) = − d

dx

[
ln e

(1)
0

]
. (2.111)

More conveniently, we can combine Eqs. (2.109) and (2.110) to express the superpartner
profile n(2)(x) in terms of n(1)(x):

n(2)(x) =

√
[n(1)]

2 − 2

k2
0

dW

dx
. (2.112)
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Again, to compute the expression of the superpotential in (2.111), we are assuming a
nodeless mode, from which we infer an important property of this formalism: we can
only target the fundamental mode of the structure with unbroken SUSY transformations.
Higher-order modes possess nodes in their spatial field profile, and as such cannot be
used to define a non-singular superpotential. The transformation can still be performed,
but through (2.112) it leads to a index profile displaying singularities. This difficulty
is however not present in non-Hermitian systems [323], where the zeros of both real
and imaginary parts of the modes have to be taken into account, or when applying the
discrete SUSY formalism that will be introduced in the next section.

Analytical expressions for n(2)(x) can only be derived for those cases in which exact
solutions for the fundamental mode e(1)

0 (x) can be found. Otherwise, both the mode
shape and the index profile need to be found numerically. For the case of a step-index
waveguide with core and cladding refractive indices nco and ncl, respectively, exact
solutions exist and the SUSY partner can be shown to be:

nSUSY =

√
n2
co − 2

(
kx
k0

)2

sec2 (kxx), (2.113)

with kx =
√
n2
cok

2
0 − β2

0 . Both the index profile and the mode levels for the SUSY
pair are drawn in Fig. 2.8(a). Although analytical, this profile displays a shape that is
extremely difficult to implement in practice, mainly due to the sharp dips at the core
edges which actually go well below the cladding value. This difficulty can be lowered by
considering a smoother index profile. A prime example is the super-Gaussian defined
by:

[n(x)]2 = n2
cl +

(
n2
co − n2

cl

)
exp

[
−
(

2x

w

)2p
]
, (2.114)

and controlled through the index p. We show this profile in Fig. 2.8(b), and showcase
how its superpartner is much softer than in the step-index case. These profiles are closer
to what waveguides look like in laser-writing setups, but in this case the superpartner
profile needs to be computed numerically as there is no analytical expression for the
guided modes.

Higher-order SUSY transformations can be built by chaining consecutive individual
SUSY transforms, which can be used to build a hierarchy of superpartner profiles, each
one with one less supported mode than the previous one. In general, much like in
Eq. (2.112), you can relate neighboring superpartners via the following expression:

n(i+1)(x) =

√
[n(i)]

2 − 2

k2
0

dW (i)

dx
, (2.115)
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Figure 2.8: (a) Refractive index of a two-mode step-index waveguide (left) and its su-
perpartner (right), which is single-mode. The mode propagation constants and spatial
profiles are sketched on top of each core. (b) Same structure for the super-Gaussian pro-
file defined in (2.114), where the dips in the superpartner refractive index are softened.

with the superpotentialW (i) being defined in terms of the fundamental mode of the i-th
order superpartner:

W (i)(x) = − d

dx

[
ln e

(i)
0

]
. (2.116)

Bear in mind that each SUSY transformation targets and removes the fundamental mode
of the structure of interest. One can also, however, build hierarchies of superpartners
by using broken SUSY transformations [307], where each structure shares guided modes
with the rest but displays different mode profiles. Recall that, even though we chose α
to be the eigenvalue of the ground state in (2.95) and (2.96), in general this need not
be the case. If one instead chooses a different value for α, the symmetry is broken and
Aψ

(1)
0 6= 0 [304]. With broken SUSY, one can generate an infinite number of isospectral

profiles.

2.2.3 Discrete Supersymmetry

Complementary to the continuous SUSY formalism, one can also build discrete SUSY
(DSUSY) transformations [72] between discrete Hamiltonians via matrix transforma-
tions. Applying these transformations to a discrete system, in general, leads to an-
other system that has a modified geometry but shares the same spectrum of energies
as the former. In the case of a tridiagonal Hamiltonian, the superpartner maintains the
tridiagonal structure. In other words, the superpartner structure of a 1D lattice with
nearest-neighbor couplings will maintain the nearest-neighbor configuration.

In a similar way to the continuous formalism, if SUSY is unbroken, one of the eigen-
values µm of the original Hamiltonian H(1) is removed and thus is missing from H(2)

after applying the DSUSY transformation. Physically, this implies that the correspond-
ing state of the superpartner lattice is localized in an isolated site, which is decoupled
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from the others. The rest of the eigenstates remain in the other part of the chain, having
a different spatial distribution but without changes in energy. Successive applications
of DSUSY transformations reduce in one the effective size of the lattice at each step,
as one site is decoupled per transformation. One usually refers to the lattice containing
the rest of the states as the superpartner of the original structure. If the symmetry is
broken, however, the transformation does not remove any state from the spectrum. For
optical waveguides, one can use this formalism to remove supermodes from the lattice
by confining them in the decoupled waveguides, thus controlling the modal content of
the structure [77, 78, 214].

DSUSY transformations can be implemented via the Cholesky factorization or the
QR factorization [326] methods. Below, we will focus on QR factorization of the matrix
Hamiltonians. Note that DSUSY holds a major advantage over the continuous version,
as now we are not limited to removing only the fundamental mode. When building the
factorization, we may choose to target any eigenvalue βm to remove from the superpart-
ner.

QR factorization

The QR factorization relates the superpartner Hamiltonians in the following way:

H(1)
m − β(1)

m I = QR, (2.117)

H(2)
m − β(1)

m I = RQ, (2.118)

where I is the identity matrix, Q is an orthogonal matrix and R an upper triangular
matrix. This method can be used to remove any desired supermode from the system
by adequately choosing βm to be equal to its propagation constant. One should note
that, in general, this factorization is not unique [326], and this can lead to more than
one superpartner structure sharing the same eigenvalues [78]. In general, if the tar-
geted eigenmode has zero energy, the DSUSY transformation results in a superpartner
where the propagation constants of the individual waveguides are not altered. That is,
the superpartner Hamiltonian will not have diagonal elements associated to the trans-
formation. This no longer occurs when removing a mode with nonzero energy. We
exemplify this effect using the lattice with spectrum and coupling distribution as shown
in Figs. 2.9(a) and (b), respectively. From there, computing the superpartner leads to
the coupling and detuning distributions exhibited in Figs. 2.9(c) and (d) when targeting
a zero and a nonzero mode, respectively. Note that in these figures, waveguide 9 is
decoupled from the rest.

QR factorization can be implemented in multiple ways: via Gram-Schmidt decom-
position, the Givens rotation method or by using the Householder transformation [326].
Here, we focus on the Householder method [327], which is based on applying unitary
transformations to a matrix, turning it into a triangular one.
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Figure 2.9: (a) Spectrum of the lattice of which we compute the discrete superpartner
and (b) values of the couplings between its waveguides. (c)–(d) Coupling and detuning
distribution for the superpartners of the considered lattice when targeting (c) a zero-
energy mode [red circle in (a)], which generates a lattice with zero detunings, and (d) a
mode with nonzero energy [green square in (a)], where detunings are nonzero.

Householder Transformation

The Householder transformation [326] can be applied for any m× n matrix as long
as m ≥ n, but we restrict ourselves to a general square matrix A. The objective of
the transformation is to obtain the triangular matrix R that allows to obtain the QR
factorization of the matrix A, that is:

A = Q ·R. (2.119)

At each step j in the transformation, we impose a reflection with respect to a plane
on a column vector of A, xj, in order to project it over the unitary vector in the final
direction, ẽj. As a result, we obtain a vector with the same length as xj, but collinear
to ẽj. As an example, let us consider the first iteration of the transformation. We define
an auxiliary vector v such that:

v = x1 − |x1| ẽ1, (2.120)

where ẽ1 = (1, 0, . . . , 0)T , T representing the transpose. We take the unitary vector of
v, u = v/|v|, and define:

Q1 = I − 2uuT , (2.121)
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which projects x1 onto the unitary vector:

Q1x1 =


|x1|

0
...
0

 . (2.122)

After the first iteration, we have zeros below the diagonal in the first column:

Q1A =


|x1| A′1,2 . . . A′1,n−1

0
... . . . ...

...
... . . . ...

0 A′n−1,2 . . . A′n−1,n−1

 . (2.123)

For the next step, we need to find a second matrix Q2 that reflects the next column
vector but leaves the previous column unaltered, repeating the process iteratively. In
general, for the j-th iteration:

Qj =

(
Ij−1 0

0 Q′j

)
, (2.124)

where Ij−1 is the (j − 1)-dimensional unit matrix, and Q′j is defined in the same way
as in (2.121), but with j − 1 less rows and columns. For square matrices, each Qj acts
on a subspace (n− j + 1)× (n− j + 1) of A, so that Qj · · ·Q1 · A has zeros below the
diagonal up to column j. After n−1 iterations, we obtain the matrices with the desired
properties:

R = Qn−1 · · ·Q1 · A, (2.125)

Q = QT
1 · · ·QT

n−1, (2.126)

A = Q ·R. (2.127)

This method requires altering most of the matrix at each step, not just the relevant
column vector, but is numerically stable [326].

Again, we may choose to apply a transformation where SUSY is broken to obtain
isospectral lattices, which is fairly straightforward to do with QR factorization. Consider
the general transformation:

H(1) − βI = QR, (2.128)

H(2) − βI = RQ. (2.129)

If β does not coincide with any eigenvalue of the system, the modified geometry de-
fined by H(2) maintains all eigenvalues of the system and does not display an isolated
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waveguide. This implies that broken SUSY transformations can be performed iteratively
without reducing the effective size of the system, building a hierarchy of partner sys-
tems with different supermode profiles but with the same propagation constants. If we
bring β closer to an eigenvalue, the coupling with the last waveguide starts decreasing.
Once β → βm, the system transitions towards unbroken SUSY with the last waveguide
decoupled and hosting the mode corresponding to βm.

2.2.4 2D Supersymmetry

SUSY transformations are in essence one-dimensional, and cannot be directly applied
to Hamiltonians with higher dimensions. Nevertheless, there are exceptions to this rule
in some limited scenarios where the potential fulfills certain conditions. An example can
be found in axially-symmetric potentials, as those present in optical fibers. Under the
paraxial approximation, the variation of a field envelope E in the system is determined
by [72]: [

− ∂2

∂r̃2
− 1

r̃

∂

∂r̃
− 1

r̃2

∂2

∂ϕ2
− V (r̃)

]
E = i

∂E

∂z̃
, (2.130)

for normalized radial and longitudinal coordinates, r̃ and z̃, respectively. One can then
separate the envelope as E(r̃, ϕ, z̃) = e(r̃)eilϕeiβz̃ to define a Hamiltonian with only an
explicit dependence on r̃ on which one can apply a SUSY transformation. In terms of
the fundamental mode e(1)

0 l1
of azimutal index l1, one can then define the superpartner

potential [72, 304]:

V (2)(r̃) = V (1)(r̃) + 2
∂2

∂r̃2
ln
(
r̃(l21−l22+1)/2e

(1)
0 l1

)
, (2.131)

which is only supersymmetric for the radial modes u(2)
ml2

of azimutal order |l2| = |l1|+ 1.
SUSY can also be applied to separable 2D potentials, i.e. V (x, y) = Vx(x) + Vy(y)

[308, 328]. In those cases, one can apply the 1D SUSY formalism to each coordinate
independently, and obtain the full superpartner potential through the sum of the in-
dividual superpartners. This idea can also be applied to discrete systems where the
coupling rates are separable in each direction [308].

One can also apply the SUSY formalism to 1D waveguides with curved geometry,
such as those used in ring resonator setups, even though the mode profiles are affected
by the curvature. To see this more clearly, one can make use of conformal transfor-
mations [253]. These transformations allow to obtain the straight waveguide displaying
equivalent light dynamics to another curved waveguide. One can then use the SUSY
formalism in the straight waveguide and transform back to the original geometry. Al-
ternatively, one may perform a SUSY transformation on the curvature itself [316], to
obtain bent waveguides with equivalent scattering properties.
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The discrete formalism can also be applied in general for 2D systems. However, recall
that QR factorization only produces tridiagonal superpartners if the original Hamilto-
nian is also tridiagonal. 2D systems cannot in general be described by a tridiagonal
matrix. Applying the QR factorization method to these systems thus may lead to non-
local couplings that are challenging to implement in an experimental setup. DSUSY can
also be applied in indirect ways in 2D or quasi-2D systems. One can find a 1D chain
that is isospectral to a 2D lattice by tridiagonalizing its Hamiltonian via Householder
transformations [224, 325, 329], and apply DSUSY to the 1D chain. Coupling this su-
perpartner to the original lattice can lead to single-mode lasing [301, 314]. One can also
exploit additional dimensionalities such as the boson number to build a quasi-2D system
from a 1D superpartner [298], or build the so-called quasi-2D supercharge Hamiltonians
from the SUSY transformation between two 1D superpartners [244, 320, 321].

2.3 Topology in optics

Throughout the rest of the thesis, topology will prove to be one of the main driving
forces behind many of the interesting properties of the systems under study. Never-
theless, at first sight, it is not completely clear how this mathematical field can play
such a major role in the description of physical systems. In this section, we attempt to
introduce the field of topology from the physical point of view. We start with the more
general concepts such as the Gauss-Bonnet theorem [88] and the concept of topological
invariant, with descriptions of the Berry and Zak phases. After that, we place the focus
on perhaps the most famous 1D topological insulator [101], namely the Su-Schrieffer-
Heeger model [95], which will appear in most chapters of the thesis. Its description here
will allow us to introduce key concepts such as topological protection and edge states.
Finally, we delve into the more recent idea of square-root topology, a necessary step to
understand the importance of the generalization treated in Chapter 6.

2.3.1 Basics of topology

Topology is the branch of mathematics that deals with the properties of geometrical
objects that are invariant under continuous deformations such as bending, stretching or
twisting. In plain language, if you are able to deform one object into another without
breaking it or poking holes on it, the two objects are topologically equivalent. The first
example that one can find of these concepts is the equivalence between a coffee mug and
a doughnut (1 hole), which are in turn topologically different from a sphere or a sheet of
paper (no holes). The question now is how to reconcile these ideas of mugs, doughnuts
and holes to actual physical concepts.

Let us start with a prime example of the relation between a geometric object and
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a topological object. It is given by the Gauss-Bonnet theorem, which states that for a
given surface S the following relation holds [88]:

1

4π

∫
S

κdS = 1− g, (2.132)

where κ is the curvature and g is the genus, the integer number of holes in the surface.
In this case, the genus is a topological invariant, since there is no way to continuously
deform a surface into another if they have a different number of holes. The genus is then
a property of the underlying space, even if we can compute it from a local variable such as
the curvature. The topological invariants are discrete and globally defined for the whole
system, usually involving integration procedures. Furthermore, the fact that topological
invariants are unable to change gradually bestows the properties of the system with a
degree of stability, since to change them you would need to go through a topological
transition.

(a)
(b) (c)

Figure 2.10: (a) Representation of winding numbers w = 0 and w = 1. In a space that
contains a hole (black dot), any path that encircles it (w = 1) is topologically different
to those that do not (w = 0). (b) Sketch of the Aharonov-Bohm effect, where a particle
with charge q encircles a solenoid that encloses a magnetic flux Φ. Even though the
magnetic field along the path is zero, the vector potential is not, and thus the particle
still picks up a phase. (c) A light beam following a given closed path on the Poincaré
sphere of polarizations, marked in red, picks up a phase equal to half of the encircled
solid angle Ω, sometimes called the Pancharatnam phase.

The above idea of holes naturally gives rise to the concept of winding numbers. For
a given closed path C or loop in a surface, the winding number w is the amount of
times that the path circles a hole in the object or space. Any continuous deformation
of the path will maintain a constant winding number, which means that it is also a
topological invariant. Since there is no continuous deformation that can change this
invariant, paths with different winding number are topologically distinct. An example
of this is shown in Fig. 2.10(a). These geometrical holes can be thought of in physical
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terms as singularities where some variable associated to a physical field, such as its
phase, is undefined [88]. This marks a point or region of space where the fields are not
well-behaved, and its existence can have physical significance. An example of this fact
could be seen as early as 1959 in the form of the Aharonov-Bohm effect [85], which was
experimentally verified in 1960 [86]. A particle with charge q moving along a closed
path that encircles a current-carrying solenoid w times, see Fig. 2.10(b), will pick up a
phase shift even if it moves through a region where the magnetic field is null. This can
be explained by noting that in that region, even though the magnetic field is zero, the
vector potential A is not. The phase picked up by the particle amounts to:

∆ϕ = w
qΦ

~
, (2.133)

where Φ is the magnetic flux through the area encircled by the path. This phase is a
direct consequence of the singularity of the vector potential A that is contained within
the solenoid [88], which can be seen as a hole in the space of field configurations. The
amount of times that the particle encircles that hole, w, is the winding number, and the
phase in (2.133) is proportional to it. The Aharonov-Bohm phase is purely topological,
as any small path deformations do not change the value of the winding number, and
any closed paths that circle the solenoid the same amount of times are topologically
equivalent.

Topological concepts also appear naturally in the form of nondynamical phases in
quantum systems. In quantum mechanics, the phase of a particular state does not hold
any physical information on its own, since a global phase can be chosen arbitrarily.
Conversely, the relative phase between two states

ϕ1,2 = arg 〈ψ2|ψ1〉 (2.134)

does hold physical meaning. Nevertheless, under a local gauge transformation:

|ψj〉 → eiαj |ψj〉 (2.135)

that phase is not invariant. If we however consider a closed sequence of transitions
between states |ψ1〉 → |ψ2〉 → · · · → |ψN〉 → |ψ1〉, the phase gained during the loop will
be gauge invariant and in general nonzero. This is known as the Berry phase [96, 101].
To relate this to the previous geometrical concepts, let us consider a Hamiltonian in
parameter space H(R(t)), where R(t) is the vector containing the parameters of the
system. The time evolution in the system is determined by the Schrödinger equation:

i~
d

dt
|Ψ(R(t))〉 = H(R(t)) |Ψ(R(t))〉 . (2.136)

At any given time, the system has instantaneous eigenstates H(R) |ψj(R)〉 =

µj(R) |ψj(R)〉, and we consider the system to be in one of those eigenstates with energy
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µm at the initial time. Now, if we allow the system parameters to change through time,
the system will follow a path in parameter space. If those changes are slow enough, and
we do not close the gap around µm, the adiabatic theorem [330] guarantees that the
state will only pick up a phase factor during evolution:

|Ψ(t)〉 = eiθm(t) |ψm(R(t))〉 . (2.137)

Introducing this state in Eq. (2.136) yields:

−~eiθm dθm
dt
|ψm(R)〉+ i~eiθm

d

dt
|ψm(R)〉 = µm(R)eiθm |ψm(R)〉 , (2.138)

where we remove the explicit t dependence for readability. Projecting over 〈ψm(R(t))|
and rearranging leads to

dθm
dt

= −µm(R)/~ + i 〈ψm(R)| d
dt
|ψm(R)〉 . (2.139)

Finally, integrating the previous expression yields

θm(t) = −1

~

∫ t

0

µm(R)dt′ + i

∫ t

0

〈ψm(R)| d
dt′
|ψm(R)〉 dt′, (2.140)

where the first term corresponds to the dynamical part of the phase due to the time
evolution of the state, while the second is a purely geometrical part due to the path
that the state has taken through the parameter space, also known as the Berry phase
γm [96]. We can talk in purely geometrical terms if we remove the time dependence by
doing d

dt′
|ψm(R)〉 dt′ = ∇R |ψm(R)〉 dR, allowing us to express the Berry phase as:

γm = i

∫ R(t)

R(0)

〈ψm(R)|∇R|ψm(R)〉 · dR, (2.141)

where Am(R) ≡ i 〈ψm(R)|∇R|ψm(R)〉 is known as the Berry connection, and now the
dependence is only on the vector of parameters R. Finally, we can make the Berry phase
gauge invariant by considering a closed path through parameter space:

γm =

∮
C
Am(R) · dR. (2.142)

To circle back to the beginning of the section, we can rewrite (2.142) by using the Stokes
theorem [101]

γm =

∫
S

[∇R ×Am(R)] dS, (2.143)

and compare directly with the Gauss-Bonnet theorem in (2.132). Here, instead of the
geometrical curvature κ, we have the Berry curvature Ωm ≡ ∇R × Am(R). And the
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role of the topological invariant, which in the Gauss-Bonnet theorem is played by the
genus g, is held here by the Berry phase. Geometrical phases are in fact more general
than originally expected, since they do not require a quantum framework to make an
appearance. Indeed, as hinted previously, the example of the Aharonov-Bohm effect
in (2.133) is often interpreted as a Berry phase. Geometrical phases can also appear
in classical wave phenomena, as evidenced by the preceding work of Pancharatnam
[98], which deals with the quantification of the phase differences of unequally polarized
optical beams. There, it was proven that a cyclic evolution in the sphere of possible
polarizations, namely the Poincaré sphere, yields a nonzero phase. As we sketch in
Fig. 2.10(c), if the beam changes polarizations following a continuous path along the
surface of the sphere, the phase difference with the original beam amounts to half of
the encircled solid angle and can be though of as analogous to a Berry phase [331, 332].
Other examples of geometrical phases can be found in Ref. [97].

Zak phase

Now we jump to the context of solid-state physics, where we consider periodic systems
whose potential displays translation symmetry V (x) = V (x+a) with a being the lattice
spacing. In those cases, the energy spectrum displays a structure of bands, with each
band characterized by an index n representing the energy level. The bands are dependent
on a parameter k called the quasimomentum. In periodic systems, Bloch’s theorem
states that there exists a basis of eigenstates that can be written as [100]

Ψn,k(x) = eikxun,k(x), (2.144)

where the functions un,k(x) = un,k(x+ a) display the same periodicity as the potential.
One might think of the Bloch functions as cell-periodic functions that are modulated
by a plane wave envelope eikx. Due to this periodicity, quasimomenta k and k + 2π/a

correspond to the same state. So, when computing the energy bands of the system, it is
sufficient to restrict ourselves to the first Brillouin zone in k ∈

[
−π
a
, π
a

)
or equivalently

k ∈
[
0, 2π

a

)
.

Considering the above ideas, the parameter space over which one might want to draw
a closed path to compute the Berry phase appears in a natural way in the band structure:
it is the Brillouin zone. The Brillouin zone is the space of unique quasimomenta in the
system, which is periodic, since taking k → k+ 2π/a does not alter the set of solutions.
In fact, one might consider all quasimomenta to be living in the circumference of a circle
that allows for a closed path. Then, considering a Bloch function Ψn,k, sweeping the
quasimomentum across the entire Brillouin zone causes the Bloch function to pick up a
Berry phase that represents the entire band in a global way. In 1D systems, this phase
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is usually called the Zak phase [99]

Zn = i

∫ π
a

−π
a

〈un,k|
d

dk
|un,k〉 dk. (2.145)

As demonstrated in Ref. [99], in systems that possess inversion symmetry the Zak phase
is quantized and can only take values Zn = 0, π(mod 2π). These values can only be
changed if the variation of the parameters is enough to close the energy gap around the
gap. Thus, the Zak phase is a topological invariant and its two possible values represent
topologically distinct phases (Zn = 0 trivial and Zn = π nontrivial). Note that in
systems with inversion symmetry, but where the inversion axis is not centered in the
middle of the unit cell, one can also have nonquantized Zak phases [215, 333]. In systems
with multiple bands, at any gap between bands, the total Zak phase corresponds to the
sum of the Zak phases of all bands below the gap [164]

Zm,T =
∑
n≤m

Zn. (2.146)

The Zak phase is also related to other topological invariants, such as the bulk polariza-
tion [101]. In electronic systems, the polarization gives us a measure of how displaced
is the mean position of the electrons in each unit cell from its center. This can be com-
puted in terms of Wannier states, which are the Fourier transform of the Bloch states:

Wn(j) =
1√
N

∑
k

eiϕ(k)e−ikjΨn,k. (2.147)

Wannier states are localized, in contrast to Bloch states, and the free phase factor ϕ(k)

can be chosen to obtain sets of Wannier bases with different localization lengths. More-
over, the Wannier center 〈Wn(j)|x̂|Wn(j)〉, with x̂ = i d

dk
being the position operator, is

directly related to the polarization. By comparing this expression with the one inside
the integral in (2.145), one can show that, in terms of the Zak phase, the polarization
is [100]

P =
e

2π

∑
n∈occ

Zn, (2.148)

where e is the charge of the electron. In other words, the sum of the Zak phases of all
occupied bands. The polarization is hence a quantized topological invariant that one
can use interchangeably with the Zak phase.

One of the most attractive properties of the Zak phase, is that its value in a sys-
tem with periodic boundary conditions allows to predict whether topologically protected
edge states appear in a particular gap when the boundaries are opened. This connection
between bulk properties and edge states is known as the bulk-boundary correspondence,
a widely used concept in the study of topological insulators [92]. Topological insulators
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(TIs) are characterized by the contrast of an insulating bulk due to an energy gap and the
presence of conducting edge or surface states, which are protected by a certain symme-
try of the system. When connecting two insulators with distinct topological phases, we
are forcing the topological invariant to change its value along the separating boundary.
This, in turn, causes the appearance of a conducting state localized at said boundary
that bridges the energy gap between insulators, the so-called edge state. We may think
of a single TI with open boundaries as connected to the vacuum, a topologically trivial
insulator, and hence the same idea applies. We now focus on perhaps the most paradig-
matic 1D TI, the Su-Schrieffer-Heeger model, which appears in every chapter of this
thesis, thus hinting at the inherent potential that topology brings to the table.

2.3.2 Su-Schrieffer-Heeger model

The Su-Schrieffer-Heeger (SSH) model [95] is the simplest discrete model that holds
interesting topological properties. It is characterized by a 1D lattice with alternating
weak and strong couplings, labeled here as t1 and t2, and can be described as two
intertwined sublattices labelled as A and B, see Fig. 2.11(a). For simplicity, we consider
the lattice spacing a = 1. The model is then described by the following Hamiltonian:

H =
Nc∑
q=1

(t1 |q, B〉 〈q, A|+ t2 |a+ 1, A〉 〈a,B|+ h.c.) =


0 t1 0

t1 0 t2
0 t2 0

. . .

 , (2.149)

for Nc number of cells. Here, we are considering identical sites, so all diagonal elements
can be set to 0, and real couplings. In Eq. (2.149), |q, A(B)〉 denote the state at unit cell
q and sublattice A(B). The SSH chain possesses two boundaries, one at each edge, and
a bulk that corresponds to its central part. For a long chain close to the thermodynamic
limit, where the number of sites N → ∞, the bulk properties are insensitive to the
presence of the boundaries. As such, for its description we can set periodic boundary
conditions in the model. This makes the system translationally invariant, allowing us
to introduce a plane wave basis [101]:

|k〉 =
1√
N

N∑
m=1

eimk |m〉 , (2.150)

where k are the quasimomenta in the first Brillouin zone. We can use this basis to obtain
the bulk Hamiltonian in momentum space Hb(k) = 〈k|H|k〉 = (t1 + t2e

−ik) |A〉 〈B| +
(t1 + t2e

ik) |B〉 〈A| or, in matrix form:

Hb(k) =

(
0 t1 + t2e

−ik

t1 + t2e
ik 0

)
(2.151)
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Figure 2.11: (a) Sketch of the SSH model, with the unit cell being shaded in blue. The
cell contains two sites labelled A and B, that can be interpreted to correspond to two
intertwined lattices, with intracell coupling t1 and intercell coupling t2. (b)–(d) Bulk
spectra of a periodic SSH chain with (b) t1 = t2, (c) t1 6= t2 and (d) t1 = 0 (or t2 = 0).
One can observe that when the couplings are staggered, an energy gap 2∆ = 2|t1− t2| is
opened between top and bottom bands. (e)–(f) Trajectories (circles) of the vector h(k)

(arrows) on the hx–hy plane as k is swept across the Brillouin zone for (e) t1 = t2 and
(f) t1 6= t2. It is clear that in (f) the number of times w that the path winds around
the origin is different depending on which coupling is larger, which indicates different
topological phases. The situation in (e) corresponds to the transition point.

This can be diagonalized to obtain the energy bands of the system and the eigenvectors:

µ(k) = ±
√
t21 + t22 + 2t1t2 cos k, (2.152)

|±ψ(k)〉 =

(
±e−iφ(k)

1

)
, (2.153)

with φ(k) = tan−1
(

t2 sin k
t1+t2 cos k

)
. As can be observed from Figs. 2.11(b) and (c), there

is an energy gap 2∆ between bands, with ∆ = |t1 − t2|, which closes in the uniform
case t1 = t2. For the fully dimerized limit where one of the couplings is null, as seen
in Fig. 2.11(d), the model displays flat bands. Despite having the same band structure,
the cases with t1 > t2 and t1 < t2 are topologically distinct. One of the ways to prove
this is to express (2.151) in terms of the Pauli matrices, σi:

Hb(k) =
∑
i=x,y,z

hi(k)σi, (2.154)
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with
hx = t1 + t2 cos k, hy = t2 sin k, hz = 0, (2.155)

which allows us to represent the system in the Bloch sphere [101]. The vector h(k)

encodes both eigenvalues (magnitude) and eigenvectors (direction). Indeed, one can
check that the phase factor in (2.153) fulfills tanφ(k) = hy/hx. If we go over the first
Brillouin zone k = {0→ 2π}, h(k) forms closed loops in the hx–hy plane, as we plot
in Figs. 2.11(e) and (f). In Fig. 2.11(f), where the couplings are unequal, one readily
observes that the amount of times the circle winds around the origin, i.e. the winding
number w, is different depending on which coupling is stronger. To go from one region to
the other, we need to cross the gapless point at h(k) = 0, represented in Fig. 2.11(e), via
a topological phase transition. Hence, w is a topological invariant, with values w = 1 for
t1 < t2 and w = 0 for t1 > t2. Alternatively, one might compute the Zak phase (2.145)
from the eigenstates in (2.153), which takes the quantized values Z = 0 in the trivial
phase and Z = π in the topological phase. Equivalently, one could choose to compute
the polarization (2.148), which is also quantized. The quantization of these invariants
is a consequence of the inversion symmetry of the model [99].

As explained in the previous section, due to the bulk-boundary correspondence, this
distinction should have observable implications for open chains. For that scenario, the
bulk description is no longer sufficient and one needs to diagonalize the full Hamiltonian.
One then finds that for non-zero w there exist near-zero energy states that are expo-
nentially localized around the edges of the chain. In other words, edge states appear
when the chain finishes on the weak coupling. Depending on whether the chain has an
even or odd number of sites N , it may have one or two edge states. A situation for
an odd N is depicted in Fig. 2.12(a), and the squared amplitudes on each site of the
corresponding edge state are shown in Fig. 2.12(b). Note that the edge state only has
weight on one of the sublattices, which is attributed to the chiral symmetry of the SSH
model as explained below. The strength of the confinement is determined by the ratio
between couplings, t2/t1. Furthermore, the energy spectrum of the chain is plotted in
Fig. 2.12(c), where one observes that the edge state lays in the center of the gap. For
chains with even N where both sides terminate with a weak coupling, there exist two
edge states. These are actually symmetric and antisymmetric combination of left and
right edges, namely hybridized states. In these chains, left and right edges only fully
decouple in the thermodynamic limit N →∞.

The topological nature of edge states implies a certain degree of robustness against
disorder, as long as it preserves the protecting symmetry of the system, which in this
case is the chiral symmetry of the SSH model. Chiral symmetry is defined as:

ΓHΓ† = −H, (2.156)

where Γ is a unitary and Hermitian operator, Γ†Γ = Γ2 = I, and I is the identity
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(a)
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State numberSite number
Figure 2.12: (a) Sketch of the configuration of the SSH chain with an edge state on the
left side. (b) Squared amplitudes of the left edge state for the leftmost section of the
chain. (c) Energy levels of a SSH chain with N = 35, with C = t1 + t2. The zero-energy
state corresponds to the edge state in (b).

matrix. Chiral symmetry implies that the spectrum of the Hamiltonian is symmetric
with respect to the zero of energies, meaning that for every eigenstate |ψm〉 with energy
µm, there exists a partner with eigenvalue −µm. One can prove this by applying the
chiral symmetry to the eigenvalue problem, H |ψm〉 = µm |ψm〉:

HΓ |ψm〉 = −ΓH |ψm〉 = −µmΓ |ψm〉 . (2.157)

Another way to express chiral symmetry is in terms of a sublattice symmetry. One can
define orthogonal projectors onto each of the sublattices, A and B:

PA =
1

2
(I + Γ) , PB =

1

2
(I − Γ) . (2.158)

Imposing chiral symmetry in the system is then the same as demanding that the
Hamiltonian induces no transitions between elements of the same sublattice, PAHPA =

PBHPB = 0. In terms of these projectors, one can prove that the edge states – which
have zero energy – only have nonzero projections in one of the sublattices:

HPA,B |ψm〉 =
1

2
H (|ψm〉 ± Γ |ψm〉) = 0, (2.159)

as was shown in Fig. 2.12(b), while the rest of the states have equal amplitude on both
sublattices.

Finally, we describe the concept of topological interface states. These do not appear
naturally in an SSH chain, but can be induced by including a dimer defect in a specific
position of the chain [165, 166, 334–336]. This kind of defect can be implemented by
repeating one of the couplings at a certain position of the staggered configuration, see
Fig. 2.13(a) and 2.13(b). In essence, including these defects is equivalent to connecting
two SSH chains with different topological phases. Then, a new topological state appears
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in the domain wall that separates the two TIs. The interface states are closely confined
around the defects independently of the number of sites of the chain and the values of
the couplings, as long as the rest of the chain is topologically trivial. On the other hand,
if we include a defect in a topologically nontrivial finite chain, the interface state will
in general hybridize with the edge states. This idea of hybridizing edge and interface
states has been shown to have applications for particle transfer in topological chains
[337, 338].

(a)

(c)

(b)

(d)

Site number Site number
Figure 2.13: (a)–(b) Sketch of the configuration of the SSH chain with a dimer defect
formed by repeating the (a) weak coupling and (b) the strong coupling in the central
position. (c)–(d) Squared modal amplitude of the interface state hosted by the (c) weak
and (d) strong dimer defects.

If the defect is caused by repeating the weak coupling, as in 2.13(a), the maximum of
amplitude of the interface state will be located a the center of the defect, see Fig. 2.13(c).
Conversely, for chains where the defect is generated by the strong coupling, as in 2.13(b),
the maximum of intensity of the interface state will be split in two, see Fig 2.13(d). In
both types of defects, nevertheless, the interface states have nonzero projections in only
one of the sublattices. Additionally, non-topological localized states arise around the
defect for the case in 2.13(b) with energies µ = ±

√
2t2 [166, 335], which are located

above and below the two energy bands of the system and are thus no longer midgap
states.

2.3.3 Square-root topology

We now introduce the concept of square-root TIs (
√
TIs) [119]. These are TIs in

their own right, with the particularity that they are related to a parent TI through the
squaring of its Hamiltonian, as we will detail below. Perhaps more interestingly, the

√
TI

has an increased amount of energy gaps when compared to the parent, increasing the
amount of available edge states. The

√
TI also inherits the topological properties and

the consequent protection of their edge states from the parent TI. In a sense, the edge



54 Theoretical foundations

states of the
√
TI are protected against any disorder that preserves the symmetry of the

parent model. In general, this is a smaller subset of disorders than for the parent, which
is an effect known as dilution of the topological protection [128]. One can then exploit
the known topology of a parent TI in order to describe that of an unknown root model.
This is particularly relevant since some

√
TIs do not have clear quantized topological

invariants [333]. Due to these striking features, it is in our interest to introduce a
method to generate the square-root model from a given Hamiltonian. However, even if
it is relatively simple to square a Hamiltonian, the reverse operation of square-rooting
can prove to be trickier.

The primary objective is to obtain, from a given Hamiltonian HTI, a square-root
modelHroot which, when squared, leads back to the original Hamiltonian. One must bear
in mind that the square-root procedure does not simply entail taking the mathematical
root of the Hamiltonian matrix, as that can lead to unrealistic infinite-range hopping
models [121]. We will detail the procedure, which is instead based on subdividing the
graph representation of HTI, shortly. However, before starting one must note that
since this method relies on increasing the matrix degrees of freedom, one does not only
obtain the original Hamiltonian as a result of the squaring [121]. In general, one obtains
(Hroot)

2 = Hpar⊕Hres, where the parent Hamiltonian Hpar only differs from the original
HTI by an additive constant, and where Hres is a residual Hamiltonian. As the direct
sum indicates, Hpar and Hres are entirely decoupled and thus independent of each other,
and hence one can recover the exact Hamiltonian of the parent. We consider a general
Hermitian bipartite system:

Hroot =

(
0 Q†

Q 0

)
, (2.160)

where Q,Q† are off-diagonal block matrices that represent the hopping terms between
sublattices. When squaring this Hamiltonian, one gets:

[Hroot]
2 =

(
Q†Q 0

0 QQ†

)
=

(
Hpar 0

0 Hres

)
, (2.161)

which has a block-diagonal form. This result is expected considering the bipartite nature
of Eq. (2.160), which only possesses couplings between different sublattices. Any two
consecutive hoppings leads to the same sublattice, so only couplings within each sublat-
tice remain after squaring, which makes the choice of subdividing the parent graph to
find a root abundantly clear. By construction, the two diagonal blocks in (2.161) will be
isospectral up to a zero-energy band. One can prove this by considering the eigenvalue
equation for Hpar:

HparΨpar = Q†QΨpar = µΨpar, (2.162)

with eigenvalues µ and eigenvectors Ψpar. Multiplying both sides of the equation with
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Figure 2.14: (a) Graph representation of the SSH model, with alternating couplings.
The blue shaded region indicates the unit cell of two sites. (b) Graph representation of
the square root of the SSH model. To obtain it, one includes additional sites on each
link (marked in red) and renormalizes the couplings to

√
tj. The shaded unit cell in

green now contains four sites. Bulk spectrum for (c) the SSH model, displaying a single
gap marked by the shaded region, and (d) the square-root model, displaying two band
gaps and a clearly chiral-symmetric spectrum.

Q from the left:

QQ†QΨpar = QµΨpar, (2.163)

Hres (QΨpar) = µ (QΨpar) , (2.164)

implying that Ψres ≡ QΨpar and Ψpar share eigenvalues. As argued above, this square-
root procedure implies obtaining a bipartite model from our original Hamiltonian HTI,
a feat that can be achieved by exploiting graph theory [120, 121]. We will exemplify the
method through the already familiar SSH model, whose graph representation we draw
in Fig. 2.14(a). To produce the bipartite root model, one has to subdivide this graph by
including additional sites, and renormalize the resulting hopping parameters tj →

√
tj.

We show the resulting lattice in Fig. 2.14(b), where the added sites are marked with red
circles. It can be easily observed that the unit cell now has four sites instead of two,
and so the square-root system will possess twice as many bands as the original. The
bulk Hamiltonian of this new system takes the form in (2.160), with:

Q√SSH =

(√
t1
√
t2e
−ik

√
t1

√
t2

)
. (2.165)
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Note that Hroot is hence 4×4. One may now check whether Eq. (2.161) is fulfilled, with
Q as defined in (2.165), by squaring Hroot. Doing so, one obtains:

Hpar =

(
t1 + t2 t1 + t2e

−ik

t1 + t2e
ik t1 + t2

)
≡ HSSH − (t1 + t2)I, (2.166)

Hres =

(
2t1

√
t1t2(1 + e−ik)√

t1t2(1 + eik) 2t2

)
, (2.167)

with Hpar being equal to the SSH Hamiltonian up to an energy shift, and Hres being the
Rice-Mele model [101].

We now compare the bulk spectra for the SSH model in Fig. 2.14(c) with the one for
the square-root system in Fig. 2.14(d). We see that the root system possesses twice as
many bandgaps as the original one. For an open chain with nontrivial topology, these
gaps could then host twice as many protected edge states. One can thus argue that
the topological features of the root system are inherited from those of the parent [130]
since, as we will show later in Chapter 6, there will be a relation between topological
invariants in the parent and root systems. Also, note that the spectrum in Fig. 2.14(d)
clearly reveals a chiral symmetry due to its positive and negative parts around the dot-
ted line being mirrored. This is a consequence of the bipartite nature of the model, and
would occur regardless of whether the parent system was also chiral symmetric (as in
this case) or not [128]. The square-root procedure is also not limited to Hermitian sys-
tems, although the roots of non-Hermitian systems are in general also non-Hermitian.
It is easy to show that, in these systems, isospectrality is still found between parent
and residual Hamiltonians. On the contrary, this does not exclude the possibility of
having non-Hermitian roots of Hermitian parents [129, 220]. A somewhat simple gen-
eralization of this square-root procedure to higher-order roots can be readily achieved
by applying successive root operations [127–130]. It is required to choose certain values
for the coupling parameters or otherwise add extra dangling sites at certain positions
to maintain uniform onsite energies, but in any case its application is straightforward.
Nonetheless, this approach is obviously limited to roots of order 2n. The generalization
to any arbitrary order n will be described in Chapter 6.

As a final note, it is interesting to highlight that if one compares the framework
presented here to the one developed in Section 2.2 for SUSY Hamiltonians, in particular
Eqs. (2.160) and (2.161) to Eqs. (2.94) and (2.92), one readily observes a direct paral-
lelism. Each independent diagonal block in the squared Hamiltonian can be thought of
as a superpartner of the other, with the whole Hamiltonian composed by both being a
super-Hamiltonian [339]. Both of the squared systems are isospectral, up to a flat band
that can be attributed to a different number of sites in the unit cell, which can also be
related to the concepts of broken or unbroken SUSY. In broken SUSY, both partners
are fully isospectral, whereas in unbroken SUSY the zero-energy state is removed from
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the spectrum of the SUSY partner. This connection with SUSY could be explored to
find potential bridges between both fields, possibly leading to new applications. The
idea of a square-root procedure through SUSY had also been presented, although with a
different language, in various types of systems, such as mechanical [340, 341], spin [342]
and photonic [244, 320, 321] systems.





CHAPTER 3

Mode demultiplexing and topological mode engineering with
Stark-chirped rapid-adiabatic-passage in coupled waveguides

In this chapter, we present a method that allows to efficiently transfer light between
optical waveguides based on a photonic implementation of the Stark-Chirped Rapid Adi-
abatic Passage (SCRAP) technique [53]. The method is based on modulating the core
refractive index of one or more waveguides, which causes crossings between the propa-
gation constants of chosen modes. Simultaneous control over the coupling completes the
scheme. In sets of two multimode waveguides, we exploit it for demultiplexing purposes.
In addition, we combine the method with Supersymmetry (SUSY) transformations [72]
to enhance the efficiency of this process, and for efficient excitation of excited modes
[212]. On the other hand, when applied to discrete waveguide lattices, we show that
SCRAP allows to excite both topological localized modes as well as extended modes as
long as they present an energy gap, and that it requires only a single-mode injection.
The idea of obtaining complex modes with single-waveguide inputs is also explored us-
ing SUSY in Chapter 4. Finally, we also demonstrate the possibility of transferring
supermodes between two waveguide lattices using the same method, which can also be
applied for mode conversion [213]. We illustrate these results with the Su-Schrieffer-
Heeger model [95] throughout the chapter.

The chapter is organized as follows. In Section 3.1, we motivate the interest in apply-
ing an adiabatic transfer scheme such as SCRAP to the context of optical waveguides.
In Section 3.2, we introduce the mathematical formalism of SCRAP in the context of
multimode optical waveguides and waveguide lattices, and comment on the particular-
ities of its implementation. Moreover, we mention how SCRAP can be combined with
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SUSY to improve the performance of some devices. After that, in Sections 3.3 and 3.4,
we present the different proposed applications for the method for multimode waveguides
and waveguide lattices, respectively. The performance of the devices is analyzed in each
case. We finish the chapter by laying our conclusions in Section 3.5.

3.1 Introduction

In recent years, optical waveguides have gathered immense interest both due to their
light transmission capabilities [24], as well as for being a solid physical platform to
probe the properties of nontrivial topological lattices [143]. In the first group, multi-
mode optical waveguides and fibers [225] provide a solution to the increasing demand
of transmission capacity for optical devices. Compared with single-mode waveguides,
they offer an effective additional dimensionality to the system by allowing to use each
guided mode as an independent information channel. This is known as Mode-Division
Multiplexing (MDM) [15, 343–345], one of the different Multiplexing techniques that
have been developed to increase the transmission possibilities of these optical devices
[13]. The advantages that MDM provides, however, are limited by the challenging need
to precisely excite the desired guided modes by matching the input field to the modes’
spatial profiles. Although several techniques for this purpose exist, they either rely on
carefully shaping the input pulse through e.g. spatial light modulators (SLMs) or phase
plates [346], or on a specific design for the propagating medium with e.g. optical fibers
featuring gratings or multiple cores [346, 347].

On the other hand, photonic lattices of single-mode waveguides have been proven
to be very versatile platforms for the exploration of the properties of models with non-
trivial topology [142, 143]. Topological states, being protected by the symmetries of
the system, hold great promise for a wide variety of applications such as lossless in-
formation transmission [167, 348, 349], nonreciprocal processes such as unidirectional
propagation [155, 350, 351], lasing applications [169, 352], enhancement of frequency-
conversion processes [353, 354], and many others. For modes that are strongly confined,
direct excitation on the waveguide with highest amplitude may prove to be sufficient
[78]. However, with this method other unwanted modes may also be simultaneously
excited, causing intensity beatings during the propagation.

Therefore, it is of high interest to develop a general method to prepare specific
waveguide modes with accuracy, both for the excited modes in multimode waveguides
as well as supermodes in waveguide lattices, specially so for topological modes, regardless
of mode confinement. In both cases, the main difficulty for their preparation lies in the
injected beam, which needs to precisely overlap with the chosen mode if one wishes to
avoid exciting other unwanted modes. Although some methods based on the usage of
SLMs are capable of producing accurate results [102, 106, 355–357], their precision is
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limited. Thus, it is of pivotal importance to be able to accurately excite the desired
modes while employing an input beam with the lowest possible complexity.

With this purpose, we develop the implementation of the Stark-Chirped Rapid-
Adiabatic-Passage (SCRAP) technique to optical waveguides [212, 213]. The method
was first introduced in Ref. [53] for the transfer of population to a metastable atomic
state using a two-pulse scheme, one modifying the energies of the system and the other
adiabatically driving the population. Since then, the method has been extensively stud-
ied in several cases [55–57], generalized to three-level systems [58–61], and then applied
in other contexts such as wave mixing and frequency conversion [56, 57, 62, 201, 358–
360], for the study of the dynamics in trapped condensates [361, 362] and the generation
of entangled photons [363]. This scheme can be implemented in optical waveguides se-
tups to achieve faithful transfer of light between guided modes, in agreement with the
analogy presented in Sec. 2.1.6. In this case, the role of the energy eigenvalues is played
by the propagation constants of the modes, whose variation is achieved through a mod-
ulation of the refractive index of the waveguide core. The transfer is then controlled by
the coupling strength between the waveguide modes, which can be tuned by adjusting
the relative distance between waveguides. These ideas can be applied both to coupled
multimode waveguides as well as to lattices of single-mode waveguides. In each case, the
dynamics are restricted to the sets of modes or supermodes that experience crossings,
with minimal leakage to unwanted modes.

In multimode waveguides, SCRAP can be combined with Supersymmetry (SUSY)
transformations [212]. In the context of optics, SUSY has been successfully employed
for instance to control the modal content of different structures [72, 76, 77, 82, 300–
303, 306, 307], their scattering properties [79–81, 299, 308] and their topology [78]. For
multimode optical waveguides, one can obtain a superpartner refractive index profile
whose guided modes share propagation constants with the original waveguide, but where
the fundamental mode is removed from the spectrum. In conjunction with SCRAP, this
modal control allows to achieve transfer to only specific modes in a multimode waveg-
uide. The joint action of SCRAP and SUSY can thus be exploited to faithfully excite
higher-order modes of multimode waveguides and to spatially separate superpositions
of different modes, both challenges of high importance in the context of MDM. Previ-
ous works combining multimode waveguides and SUSY for the excitation of modes and
mode sorting needed at least three waveguides to have similar results to those presented
here [306], or were based on the adiabatic modification of the whole refractive index
profile along the propagation direction [82, 307].

For the application to discrete lattices [213], even though the method is completely
general, we choose the Su-Schrieffer-Heeger (SSH) model [95] introduced in Sec. 2.3.2 as
a platform for the study. The SSH model is the simplest instance of nontrivial topology
in one dimensional (1D) lattices [101], and it can host topological edge modes localized
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around the ends of the chain. These states have been studied and exploited in several
physical platforms [214, 244, 336, 364–374]. We showcase how we can use the proposed
method to excite or transfer them between lattices with high precision. Finally, we
show how the bulk supermodes of the lattice, which are completely delocalized, can be
also excited with precision using the same method, which also enables mode conversion
between different modes in separate waveguide lattices. Even if the light transfer is not
complete, the rest of the supermodes in the main lattice are not significantly excited
in the process, implying a high purity of the target supermode at the output facet of
the device. Modulating the detuning between waveguides has a direct analogy to the
control of the onsite energies that has been employed to achieve quantum state transfer
in other contexts, such as in spin chains [375–378].

3.2 SCRAP in optical waveguides

The original SCRAP implementation [53] uses a combination of two different pulses
to achieve population transfer between atomic states: A strong Stark pulse modifies
the energy levels of the system via the Stark effect, and since the effect is stronger on
the more excited state, one can cause crossings between the diabatic energy levels [55].
Then, during one of the crossings, the pump pulse adiabatically drives the population
from one state to the other. In other words, the pulse is maximal during one of the
energy crossings, and negligible during the other. For only two levels, choosing the
first or second crossing has no effect on transfer efficiency, but for the generalization
to three levels the pulse ordering has a large impact on the population transfer [58].
This scheme can be implemented in systems of both single- and multi-mode optical
waveguides, following the quantum-optical analogy explained in Sec. 2.1.6. For now, we
consider a set of two planar evanescently coupled waveguides, each one supporting two
TE modes. Modes of different order are highly detuned and thus have their coupling
heavily suppressed, so one can describe the propagation of modes of the same order m
independently of the rest. The equation describing light propagation in such a system
of two multimode waveguides is:

i
d

dz
am(z) = Hm(z)am(z), (3.1)

where am(z) = (aLm(z), aRm(z)) are the probability amplitudes of mode m in the left
and right waveguide, respectively. The Hamiltonian is defined as:

Hm(z) =

(
0 τm(z)

τm(z) ∆m(z)

)
, (3.2)

where τm is the coupling between the modes m of each waveguide in isolation, and
the detuning is the difference between the propagation constants in both waveguides,
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∆m(z) = βRm(z)− βLm(z) = ∆m,0 −∆βm(z), with ∆m,0 being the initial detuning and
∆βm its variation along z. Here, the coupling strength and the detuning play the role
of the Rabi frequency and the Stark pulse in the original SCRAP implementation, re-
spectively, and they are modulated along the propagation direction z. The Hamiltonian
in (3.2) can be easily diagonalized [55], yielding:

ψ−m(z) = cos θ(z)ψLm − sin θ(z)ψRm, (3.3)

ψ+
m(z) = sin θ(z)ψLm + cos θ(z)ψRm, (3.4)

β±m =
∆m(z)

2
± 1

2

√
4τ 2
m(z) + ∆2

m(z), (3.5)

where ψLm and ψRm are the modes in each waveguide, and tan 2θm = 2τm(z)/∆m(z)

defines the mixing angle. We consider a Gaussian dependence on z for both τm(z) and
∆βm(z), as displayed in Fig. 3.1(a). The modulation of ∆βm causes two level crossings
for each mode at the points indicated by the vertical dotted lines, see Fig. 3.1(b), and
we choose τm(z) to be strong during the first crossing. Then, if light is injected in the
left waveguide, the mixing angle evolves from −π/2 to 0, with the system adiabatically
following ψ+

i from -ψLm to ψRm. In other words, we achieve complete light intensity
transfer to the right waveguide. As we indicate in Fig. 3.1(b), the adiabatic transfer will
occur for both supported modes in the waveguides. However, the excited modes have
naturally wider evanescent tails than the fundamental modes. As such, they overlap
more strongly with one another, and it is easier to enable efficient transfer between
them. One can choose the geometry that optimizes the SCRAP setup for these excited
modes, and leave the fundamental modes in a suboptimal coupling regime. As we will
see in Section 3.3.1, this can be utilized to (de)multiplex superpositions of both modes
since while most light in the excited mode will transfer between waveguides, only a small
fraction of light in the fundamental mode will do the same.

Successful implementation of SCRAP requires the simultaneous control of the de-
tuning and the coupling strength along the propagation direction. For laser-written
waveguides [257], the most precise approach to control their propagation constants is to
adjust the relative velocity between the sample and the laser, which directly affects the
core refractive index nco. The geometry in our case corresponds to the one displayed
in Fig. 3.1(c), where the modulation in nco is indicated by the colorbar. For a cladding
refractive index of ncl = 1.414, a width of w = 4 µm and a wavelength at the telecom
range λ = 1.55 µm, we show the variations of the propagation constants when changing
the core index in Fig. 3.2(a). We see that the waveguides stop being bi-modal below
nco ' 1.428 and above nco ' 1.468 as indicated by the vertical solid lines in Fig. 3.2(a).
From the same figure, however, we also observe that for values around nco ' 1.455 the
propagation constants for both the TE0 and TE1 modes are nearly linear in nco, meaning
that we can perform a linear fit for both in that region, while also maintaining only two
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Figure 3.1: (a) Strength of the spatial modulation of the detuning ∆m (dark purple) and
of the coupling τm (light red) between modes m in each waveguide. The vertical lines
indicate the positions at which the mode levels cross. (b) Variation of the eigenvalues
(blue solid lines) and the individual modes (red dashed lines) of the two-waveguide
system along z. The TE1 modes, lower in propagation constant, have a stronger coupling
between them as can be seen by the larger separation between blue lines. In both cases,
the arrows represent the adiabatic population transfer from the lower to the higher state,
which is stronger for the modes of lower β. (c) Geometry of the SCRAP implementation
and refractive index of the waveguide cores. The modulation of the core of the left
waveguide is represented as ∆n = nL − nR.

supported modes in the waveguide. We obtain, for each mode m:

βm(n) = bmn+ qm, (3.6)

with b0 = 3.876 µm−1, q0 = 0.230 µm−1, b1 = 3.142 µm−1 and q1 = 1.222 µm−1. Looking
back to Fig. 3.1(c), in our case the right waveguide features a constant core refractive
index nR = 1.455, while the refractive index of the left core is modulated according to:

nL(z) = n0
L − 2(nL,0 − nR) exp

(
−(z − ζ)2

Z2
s

)
, (3.7)

where nL,0 = 1.4553. This Gaussian variation of the core index causes in turn a Gaussian
change in the propagation constants through (3.6), and it is within current experimental
reach [42]. ζ and Zs are parameters that determine the delay with respect to the coupling
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Figure 3.2: (a) Variation of the propagation constants of the TE-modes of a step-index
planar waveguide with respect to the refractive index of the core, for a width of w = 4 µm,
cladding index ncl = 1.414 and wavelength λ = 1.55 µm. The guided modes must
have propagation constant values in the grey shaded region, k0ncl < βm < k0nco. The
waveguide is bi-modal in the region between vertical solid lines. (b) Coupling strength
with respect to the waveguide distance between the TE(1)

1 modes of the two step-index
waveguides (red circles), τ1, and between the TE(1)

1 mode of the step-index waveguide
and the TE(2)

0 mode of the SUSY waveguide (orange crosses), τ̃1. The exponential fit
for each set of values is included in solid lines.

and the width of the Gaussian, respectively. We fix Zs = L/8, L being the total length
along z, and choose ζ = Zs

√
log 2 so that the first level crossing occurs at z = 0 where

the waveguides are closest and the coupling is maximal. Although the same effect can
be achieved by performing the modulation on the right waveguide, which would actually
correspond more naturally with the Hamiltonian in (3.2), we choose to vary the left core
for a direct comparison with the SUSY implementation described later.

Both the coupling strength and the transfer efficiency are reduced as nL deviates from
nR [222]. However, the relative variation of the coupling strength between the central
value nL = 1.455 and the limits of the modulation has been computed to be below 10−7

for the parameters considered in this work, and as such we can consider that the coupling
does not deviate from the case of equal waveguides. In that case, as we explained in
Sec. 2.1.3, the coupling strength between modes can simply be controlled by adjusting
the distance between the waveguides, since the coupling decreases exponentially with
their separation:

τm(d) = τ 0
m exp (−κmd) . (3.8)

Knowing this, we perform a numerical study to determine the parameters τ 0
m and κm for

the TE1 modes of identical waveguides with nco = 1.455. We plot the coupling strength
at different distances in Fig. 3.2(b), from which we extract the following parameters:
τ 0

1 = 8707.8 cm−1 and κ1 = 0.844 µm−1. For the geometry in Fig. 3.1(c), the coupling
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along z approximately follows a Gaussian expression [306]:

τm(z) ≈ τm(0) exp

(
−κm

z2

2r

)
, (3.9)

whose width can be controlled through the radius of curvature r. In there, τm(0) corre-
sponds to the coupling at the point where the waveguides are closest, as computed from
(3.8) for d = xm. For this work, we mainly focus on the SCRAP performance for the
transfer and excitation of TE1 modes. Coupling between TE0 modes will be weaker due
to their lower extension, a fact that we exploit later on. We finally note that for the
scheme to work, the evolution of the modes needs to be adiabatic. This implies that the
variation in the mixing angle defined below (3.5),

∣∣∣ ˙θm(t)
∣∣∣, needs to be small compared

to the gap between eigenlevels, |β+
m − β−m|. In other words [55]:∣∣∣ ˙θm(t)
∣∣∣�√

4τ 2
m(z) + ∆2

m(z). (3.10)

3.2.1 Combining SCRAP with Supersymmetry

So far we have assumed a set of two waveguides, each supporting two modes. As we
will see in the following sections, if we use this setup for demultiplexing purposes, the
efficiency we can obtain is limited. The weak but nonzero evanescent coupling between
fundamental modes implies that a small but non-negligible fraction of light in those
modes will always be transferred, and that inevitably worsens the performance of the
device as a demultiplexer. A way to circumvent this problem is to completely remove
the possibility of transfer for fundamental modes by means of a SUSY transformation.
As explained in Sec. 2.2.2, we can use SUSY transformations to construct a super-
partner refractive index profile supporting only one mode, which we call TE(2)

0 , with a
propagation constant matching the one for the excited mode of the original two-mode
waveguide, now denoted as the TE(1)

1 mode. Then, we combine this with the SCRAP
scheme as depicted in Fig. 3.1(c) by substituting the waveguide on the right with its
superpartner. In this case, the index profile and the mode levels are the ones displayed
in Fig. 3.3(a). Modulating the detuning in one waveguide now leads to crossings be-
tween the TE(1)

1 and TE(2)
0 modes only, and light can now only be transferred between

these two modes. The propagation constants of the modes are drawn in Fig. 3.3(b).
Compared with Fig. 3.1(b), it is clear that the fundamental mode from the step-index
waveguide with refractive index n(1), TE(1)

0 , is missing in its superpartner n(2).
We recall the mathematical formalism introduced in Sec. 2.2, in which we showed

that for a step-index waveguide with core index nco, the superpartner is defined by:

n(2)(x) =

√
n2
co − 2

(
kx
k0

)2

sec2 (kxx), (3.11)
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Figure 3.3: (a) Refractive index profile of a step-index waveguide (left) and its super-
partner profile (right). The mode levels and mode profiles are sketched on top of each
waveguide. (b) Variation of the eigenvalues (blue solid lines) and the individual modes
(red dashed lines) of the modulated two-mode waveguide coupled to its superpartner.

where k0 is the vacuum wavenumber and kx =
√
n2
cok

2
0 − β2

0 , with β0 being the propa-
gation constant of the fundamental mode of the step-index waveguide. This refractive
index profile is the one shown in Fig. 3.3(a) alongside the original step-index profile.

The propagation constants of the fundamental mode of the SUSY waveguide, TE(2)
0 ,

and the TE(1)
1 mode of the step-index waveguide will be equal, but the former will

be much less extended into the cladding region than the latter. As such, compared
to the coupling strength between the TE(1)

1 modes of two step-index waveguides, the
coupling between SUSY and step-index waveguides will be weaker. This can be observed
in Fig. 3.2(b), where the values of the coupling strength are computed for this case.
From the exponential fit we can extract the parameters τ̃ 0

1 = 3855.8 cm−1 and κ̃1 =

0.842 µm−1. We denote the parameters with a tilde to indicate that they correspond to
the coupling between the excited mode of the step-index waveguide and the fundamental
mode of its superpartner profile.

3.2.2 SCRAP in lattices of optical waveguides

The SCRAP scheme is not limited to the transfer of light between individual waveg-
uides, it can also be applied to the crossings of supermodes in waveguide lattices, or
between the mode of a waveguide and the supermode of a lattice. In that sense, we first
consider the case of a lattice of N identical single-mode waveguides that is evanescently
coupled to an auxiliary waveguide, whose propagation constant and coupling to the lat-
tice we tailor along the propagation direction, as sketched in Fig. 3.4(a). As described
in Sec. 2.1.3, assuming the tight-binding approximation to be valid, the system can be
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Figure 3.4: (a) Illustration of the geometry of the proposed device for discrete waveguide
lattices. An auxiliary single-mode waveguide has a controlled detuning (indicated by
the color scheme) and coupling to the main lattice along the propagation direction. The
main lattice is not modulated. (b) Mode spectrum along the propagation direction for
a lattice of 5 uniformly spaced waveguides with a coupling of t = 2 cm−1. The red
dashed lines represent the propagation constants for the main lattice and the auxiliary
waveguide separately, while the solid blue lines represent the ones for the modes of the
joint structure.

described via a coupled-mode model in terms of a tridiagonal Hamiltonian:

H =



0 t1 0

t1 0 t2
0 t2 0

. . .
0 tN−1 0

tN−1 0 t(z)

0 t(z) b(z)


, (3.12)

where tj are the couplings between waveguides in the main lattice, and where b(z) and
t(z) correspond to the detuning of the auxiliary waveguide and its coupling to the main
lattice, respectively. The propagation constant of the auxiliary waveguide is modulated
in order to produce crossings with the propagation constant βp of a chosen supermode
of the main lattice at two points in z. Namely, we impose:

b(z) = βp + ∆0 − 2∆0 exp

(
−(z − ζ)2

Z2
s

)
, (3.13)

where ∆0 = b(0) − βp is the initial detuning of the auxiliary waveguide with respect
to the target mode p, and the other parameters are defined in the same way as the
modulation in (3.7) so that the first mode crossing is located at the center of the device.
To complete the excitation method, the coupling strength of the auxiliary waveguide
t(z) is chosen to be maximal at this first crossing and near zero during the second.



3.3 Applications for multimode optical waveguides 69

Following the same principle as for the multimode case, we symmetrically bend the
auxiliary waveguide away from the main lattice to approximately obtain a Gaussian
dependence for the coupling [306]:

t(z) ≈ t(0) exp

(
−(z − L/2)2

Z2
t

)
, (3.14)

where t(0) = t0 exp (−κxm) is the coupling strength at the point of minimum distance
between the main lattice and the auxiliary waveguide, xm, and Z2

t = 2r/κ, with r the
radius of curvature of the waveguide. The above modulations affect the spectrum of a
waveguide lattice in the manner displayed in Fig. 3.4(b), where we use a set of equidistant
lattices as an example. For an adiabatic device with input in the auxiliary waveguide, the
dynamics will be entirely contained in the set of crossing modes. Therefore, effectively,
the system can be described by a two-level Hamiltonian:

H(z) =

(
0 t̄(z)

t̄(z) b(z)

)
, (3.15)

where the coupling t̄(z) depends on the overlap between the supermode and the auxiliary
mode. t̄(z) will in general have a different value from the coupling t(z), but it will keep
the same Gaussian dependence. The same idea can be extended to a main lattice coupled
to a second auxiliary one. In this case, all waveguides in the auxiliary lattice have their
propagation constants modulated equally, and crossings among all their corresponding
modes are enabled, which allows for mode transfer between the supermodes of both
structures with a two-level Hamiltonian describing each individual case. This application
is nevertheless limited to weak propagation constant modulations. If modulations are
strong enough to enable multiple crossings for each mode, the dynamics is no longer
confined to only two states. To demonstrate the potential of the discrete formalism, we
choose the waveguide lattice to follow the SSH model [95] discussed in Sec 2.3.2, which
is a one dimensional (1D) chain with alternating weak and strong couplings, tw and ts,
respectively.

3.3 Applications for multimode optical waveguides

We apply SCRAP to efficiently transfer light intensity between multimode waveg-
uides. First, we consider the demultiplexing possibilities of the method. We start by
considering the SCRAP technique without applying SUSY in subsection 3.3.1, and then
demonstrate the improvement that SUSY brings in subsection 3.3.2. For this applica-
tion, we define the following figure of merit:

F =
IoutL 0

I inL 0

· I
out
R 1

I inL 1

, (3.16)
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which is just the fraction of intensity of the TE(1)
0 mode that remains on the input waveg-

uide multiplied by the fraction of intensity of the TE(1)
1 mode that gets transferred either

to the other TE(1)
1 mode in subsection 3.3.1 or to the TE(2)

0 mode in subsection 3.3.2.

After that, in subsection 3.3.3 we exploit this efficient transfer to excite the TE(1)
1

mode of the step-index waveguide by injecting the fundamental mode in the SUSY
partner. To quantify the accuracy of the method, we define a fidelity:

F = |〈ψp|ψout〉|2 , (3.17)

which is an integral that compares the spatial profile of the output mode ψout with the
one of a particular target mode ψp.

3.3.1 Mode demultiplexing

The SCRAP scheme allows to efficiently transfer light intensity between modes in
separate step-index waveguides, which can be exploited for mode demultiplexing even
without applying SUSY. We first consider the geometry in Fig. 3.1(c) and perform
numerical simulations for the propagation of the TE(1)

0 mode, the TE(1)
1 mode and an

equally-weighted superposition of both. We display the results in Figs. 3.5(a), 3.5(b)
and 3.5(c), respectively. From those figures, we can readily see that light in the TE(1)

1

mode is efficiently transferred, while the TE(1)
0 mode remains mostly confined in the

left waveguide. The variation of the refractive index causes different mode levels to
vary differently, see Fig. 3.2(a). Also, since the spatial profile of the TE(1)

0 mode is less
extended into the cladding region compared to more excited states, the coupling between
fundamental modes is weaker than that for the TE(1)

1 modes. Both these reasons cause
the transmission for the TE(1)

0 mode to be less efficient when compared to the TE(1)
1

mode. Nonetheless, a small fraction of its power is still transferred, and that hinders
the efficiency of the device as a demultiplexer. This can be seen most easily in Fig. 3.5(c),
where the beating in intensity implies that the right waveguide holds a superposition of
both TE modes, with a relative fraction that depends on the strength of the coupling
for the TE(1)

0 mode.

To check the efficiency of the method, we compute the figure of merit defined in
(3.16), and plot the results in Fig. 3.6(a) as a function of the geometrical parameters
of the system, that is, the radius of curvature r and the minimum distance between
waveguides xm. We see that there is a wide region of parameter values where F > 0.9,
but it caps at around F = 0.97. A way to enhance this efficiency is by combining the
SCRAP scheme with SUSY.
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Figure 3.5: Comparison between the light intensity propagation in the SCRAP imple-
mentation between two step-index waveguides (top row) and for the case where SUSY
is applied to the waveguide on the right (bottom row) when injecting (a), (d) the TE(1)

0

mode (b), (e) the TE(1)
1 mode and (c), (f) an equally-weighted superposition of both in

the modulated waveguide.
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Figure 3.6: Figure of merit defined in (3.16) for the spatial separation of the TE(1)
0 and

TE(1)
1 modes in (a) the step-index SCRAP implementation and (b) the SUSY implemen-

tation as a function of the minimum distance between waveguides, xm, and the radius
of curvature, r.

3.3.2 SUSY-enhanced demultiplexing

Replacing the right waveguide with its SUSY partner entirely removes the coupling
for the TE(1)

0 mode, since its equivalent on the SUSY waveguide is no longer supported,
whilst maintaining the possibility of implementing the SCRAP efficiently for the TE(1)

1

mode. We repeat the numerical simulations, and show the results of inputting the TE(1)
0 ,

TE(1)
1 and a superposition of both modes in Figs. 3.5(d), 3.5(e) and 3.5(f), respectively.

In this case, light in the TE(1)
0 mode remains entirely confined in the left waveguide,

while power is efficiently transferred between the TE(1)
1 mode and the TE(2)

0 mode of the
SUSY partner waveguide. This has favorable implications in the efficiency, as shown
in Fig. 3.6(b). The figure of merit given in Eq. (3.16), when compared to the case
of SCRAP without SUSY, is overall larger for all parameter values, and it reaches a
maximum of F = 0.99 for xm = 7.8 µm and a radius of curvature around r = 2 m.

However, the intensity profile of the TE(1)
1 mode is transformed into that of the fun-

damental mode of the right waveguide upon transfer, and is no longer antisymmetric.
Introducing a superposition of modes into the device indeed leads to efficient mode sepa-
ration but alters the intensity profile of the excited mode, causing the output to resemble
the one from a beam splitter instead of the one from Fig. 3.5(c). In principle, adding a
third bent waveguide on the right side should allow one to perform demultiplexing with-
out modifying the output mode profile [306] by implementing the three-state extension
of the SCRAP method discussed in [58]. In that case, the spatial profile of the TE(1)

1

waveguide would be recovered and the suppression of the transfer for the TE(1)
0 mode

would be maintained.
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Figure 3.7: (a) Light intensity propagation for the excitation of the TE(1)
1 mode of the

step-index waveguide in the SUSY implementation of SCRAP when propagating the
injected fundamental mode of the SUSY waveguide. (b) Fidelity of the process as a
function of the minimum distance between waveguides, xm, and the radius of curvature
of the left waveguide, r.

3.3.3 Excitation of the TE(1)
1 mode

The change in mode profile in the SUSY waveguide, which is now single-mode as
depicted in Fig. 3.3(a), can be exploited for the excitation of other modes. Starting from
this fundamental TE(2)

0 mode, injected in the SUSY waveguide we numerically simulate
light propagation through the device. The propagation of light intensity is shown in
Fig. 3.7(a), where an efficient transfer to the TE(1)

1 mode of the step-index waveguide is
readily observed.

We compute the fidelity of the excitation according to (3.17), and show in Fig. 3.7(b)
that we can obtain the target mode with fidelities above F = 0.9 for a wide range of
parameter values, with a significant region where fidelities exceed F = 0.99. Even if the
geometrical parameters are slightly off and power transfer is not complete, light on the
step-index waveguide will almost entirely be comprised of the TE(1)

1 mode. This can be
explained by noting that the SUSY fundamental mode can only be efficiently coupled
to the TE(1)

1 mode of the step-index waveguide due to the phase-matching condition,
and thus this procedure produces a negligible excitation of the TE(1)

0 mode. One can
prove this fact by numerically computing the overlap integral between the output field
and the known profile of the TE(1)

0 mode of the step-index waveguide. This, in essence,
is a computation of the fidelity in Eq. (3.17) but with a different target mode that
now corresponds to the TE(1)

0 mode. Performing this calculation yields values below
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1.3× 10−3 for all combinations of parameter values considered in this work, vastly lower
than the fidelities of the TE(1)

1 mode for the same parameter values.

3.3.4 Exciting higher-order modes

This scheme can also be applied to higher-order modes in higher-order multimode
waveguides by layering additional consecutive SUSY transformations to the refractive
index profile. We show a diagram of the effect of applying successive SUSY transforma-
tions to a m-mode step-index waveguide in Fig. 3.8(a), in which one mode is removed at
each further step. One can then couple the m-mode waveguide to its superpartner after
m − 1 consecutive SUSY transformations, as indicated in the image by the dark-red
arrow. This (m− 1)-th order superpartner only has a single mode remaining, matched
to the highest-order mode of the original waveguide that we label as the TE(1)

m−1 mode.
Modulating the core of the m-mode waveguide and its distance to the superpartner al-
lows to implement the SCRAP scheme between both these modes. With this, one can
excite the TE(1)

m−1 mode of the original waveguide using a fundamental-mode input on
its SUSY partner.

To prove the idea, we showcase the excitation of the TE(1)
2 mode of a three-mode

waveguide by means of a fundamental-mode excitation on its second-order superpartner,
namely the TE(3)

0 mode. The behavior of light propagation in such a device is presented
in Fig. 3.8(b). Finally, we note that this idea could also be applied to transfer excited
modes between superpartner waveguides, without needing to reach the point of single-
mode behavior. For instance, in the same scenario as what was just exposed, one
could enable transfer between TE(1)

2 and TE(2)
1 modes by using only a single SUSY step.

Nevertheless, this relinquishes the benefit of using a simple input beam.

3.4 Applications for discrete waveguide lattices

We now jump to the applications of SCRAP in discrete waveguide lattices. We start
by analyzing the SSH lattice coupled to a single modulated waveguide in Sec. 3.4.1, where
we exploit the method to excite supermodes of the main lattice by using a fundamental-
mode input on the auxiliary waveguide. This is applied both to a localized topological
mode as well as an extended bulk mode of the SSH model. After that, we consider the
case of an entire auxiliary lattice in Sec. 3.4.2, which is applied first to transfer edge
states between lattices in two different scenarios, as well as for mode conversion between
different lattices.

To check the efficiency of all these devices, we introduce two new figures of merit.
First, we define the purity :

P =
∣∣∣〈ψ̃p|ψ̃out

〉∣∣∣2 , (3.18)
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Figure 3.8: (a) Diagram of propagation constants in a m-mode step-index waveguide
(left column) and its superpartners after successive SUSY transformations. After m− 1

transformations, only a single guided mode remains. Coupling this n(m) superpartner
with the original structure only yields significant coupling between this fundamental
mode and the (m− 1)-th mode of the original structure, with strength τ̃m−1. (b) Light
propagation in the excitation of a TE2 mode of a three-mode step-index waveguide, by
joining SCRAP with a two-step SUSY transformation.
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which compares the normalized amplitudes of the output state ψ̃out to the target mode
ψ̃p only in the waveguides of the main lattice. Note that the purity is the discrete
equivalent of the fidelity defined in (3.17), to which we give a different name to avoid
any possible confusion. This figure of merit shows the ability to obtain a particular
mode without significant excitation of any others, but not how much intensity actually
reaches the main lattice. For that, we define the intensity fraction:

Ĩ =
I

I0

, (3.19)

which compares the light intensity that is transferred from the auxiliary waveguide to
the main lattice, I to the input intensity I0. This separates the characterization of the
devices in two parts: (i) How pure is the output state – or conversely which fraction
of light is leaked to unwanted modes – and (ii) Which fraction of the input intensity
reaches the main lattice.

3.4.1 Single auxiliary waveguide

Exciting edge modes

The above formalism is now used to excite topological modes of an SSH chain by
means of an auxiliary waveguide where light is injected. By tuning b(z) in Eq. (3.13) to
the propagation constant of the topological mode, the SCRAP scheme guarantees the
efficient transfer of light between these modes. We first consider the case of an SSH
lattice with N = 7 waveguides, with couplings tw = 0.8 cm−1 and ts = 2.1 cm−1. In
Fig. 3.9(a) we showcase the light propagation in a SCRAP device, where we achieve an
excitation of this mode. In Fig. 3.9(b), we plot the variation of the propagation constants
along z that clearly displays the crossing between the edge and auxiliary modes, which
are the only two modes that are affected by the modulation. For light injected in the
auxiliary waveguide, the dynamics in the device is also restricted to these two modes. In
Fig. 3.9(b), the red dashed lines represent the propagation constants of the supermodes
of the SSH lattice and of the auxiliary waveguide independently, while the blue solid
lines correspond to those of the eigenmodes of the joint structure. In Figs. 3.9(c) and
(d), we again present the light propagation and eigenvalue variation, but this time for
the excitation of the symmetric combination of the two edge modes of a lattice with
N = 6 and couplings tw = 2.2 cm−1 and ts = 2.5 cm−1. From the output profile in
Fig. 3.9(c), it is clear that we are able to exclusively select either the symmetric or
antisymmetric combinations of edge states, depending on the tuning of b(z). To be able
to achieve this, these two eigenstates need sufficiently different propagation constants to
avoid crossing both of them during the modulation, and thus ensure that light transfers
only to one of them. As a consequence, for the even-N chain we are restricted to small
dimerizations, |ts − tw|.
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Figure 3.9: (a) Light intensity propagation and (b) spectrum of propagation constants
along the propagation direction when exciting the single edge mode of the N = 7 SSH
lattice with a single excitation of the auxiliary waveguide as input. We use t(0) =

0.55 cm−1 and Zt = 1.8 cm. (c), (d) Same figures as in (a) and (b), respectively, for the
symmetric combination of edge modes of the N = 6 SSH lattice with t(0) = 0.75 cm−1

and Zt = 2.3 cm. For all cases, Zs = 2.55 cm and ∆0 = 0.4 cm−1.
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We now analyze the efficiency of the excitation in both cases. We plot in Figs. 3.10(a)
and 3.10(b) the purity of the output modes displayed in Figs. 3.9(a) and 3.9(c), respec-
tively, with respect to the parameters of the SCRAP scheme that can be controlled
geometrically. Those are the maximum strength of the outer coupling t(0) between the
main lattice and the auxiliary waveguide, controlled through the minimum distance xm
between them, and the width of the Gaussian coupling function Zt, controlled through
the radius of curvature r. For those figures, we keep the propagation constant modu-
lation fixed. We see that there is a wide region of parameter values where the purity
comfortably exceeds P = 0.99, specially for low values for the outer coupling t(0). Due
to the nature of the method, which is based on the propagation constant crossing be-
tween input and target modes, it is expected that only the target mode has a significant
amplitude at the output facet if the adiabatic conditions are fulfilled. The total am-
plitude, however, will depend on the fraction of intensity that is transferred into the
main lattice. We plot this quantity in Figs. 3.10(c) and 3.10(d), where we see that there
exist regions in parameter space around which the transfer of light is very efficient.
Moreover, we see that the two devices are efficient for different sets of parameter val-
ues, in particular the case in Fig. 3.10(c) requires lower outer couplings than the one in
Fig. 3.10(d) to be efficient. These differences can be attributed to the different profiles
for the topological mode in each case. What ultimately determines the characteristics
of the propagation is the coupling between the relevant supermodes, which depends on
the overlap between the spatial profile. All in all, choosing a region of parameter values
where both P and Ĩ is large yields almost full transfer of light into the target mode.
Also, even if the parameters are slightly off, only the target mode will be significantly
excited and minimal intensity will be transferred to other modes, as can be gathered
from the wide parameter regions of high purity.

Exciting bulk modes

Even if topological modes are usually the main focus on topologically nontrivial
models such as the SSH, the proposed excitation method goes beyond them and can
be used to excite any gapped mode of the main lattice. Bulk modes generally display
smaller energy gaps and are thus harder to produce, implying that the fractions of
transferred intensity will struggle to reach high values. However, even if the transfer is
not complete and the final light intensity in the main lattice is rather low, this can be
easily compensated by increasing the input beam intensity if the mode purity is high
at the output, as long as the regime where the power is high enough to cause nonlinear
effects is not reached.

We again consider the case of an SSH lattice coupled to a single auxiliary waveg-
uide, and show how one can indeed accurately reach its bulk modes. Due to the chiral
symmetry of the lattice, the spectrum is symmetric around the central mode, as proved



3.4 Applications for discrete waveguide lattices 79

0.33

1

P

(a)

P

0.75

1(b)

0.15

1(c)

0.1

1(d)

Figure 3.10: Purity of the output mode (top row) and intensity fraction of the excitation
(bottom row) with respect to the width of the Gaussian coupling and its maximum
strength for (a), (c) the edge mode of the N = 7 lattice and (b), (d) the symmetric
combination of edge modes of the N = 6 lattice.

in Fig. 3.11(a) for a lattice of N = 7 waveguides. Hence, we only focus on one half of
the spectrum, as results for the other half of the modes will be similar. We tune b(z) in
(3.13) to the propagation constant of each bulk mode in the lower half of the spectrum,
and compute the purities for each of them. As shown in Figs. 3.11(b) through (d),
there are significant regions of parameter values where the output modes have purities
nearing unity. This is further demonstrated by comparing the normalized output profile
with the profile of the target mode in Figs. 3.11(e) through 3.11(g), where one observes
that they closely resemble one another. These results are remarkable, considering that
to achieve all of them we only require a single input beam and index modulations on a
single waveguide. However, the intensity fraction that can be transferred into the modes
is lower than for gapped topological modes, reaching a maximum of 98% for Fig. 3.11(e),
94% for Fig. 3.11(f) and 61% for Fig. 3.11(g). The decrease in intensity for the bulk
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Figure 3.11: (a) Mode spectrum for the SSH lattice with N = 7. (b)–(d) Purity of the
output mode for the excitation of different bulk modes of the SSH lattice with N = 7

with respect to the width of the Gaussian coupling and its maximum strength. The
corresponding propagation constants are marked with a yellow star, an orange triangle
and a brown square, respectively, in (a). (e)–(g) Output mode in the main lattice
(colored bars) and target mode (dashed line) corresponding to the figures directly to
the left. The geometrical parameters are indicated by a blue cross in the figures in the
central column. For all cases, tw = 2.2 cm−1 and ts = 2.5 cm−1.
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modes of the lattice is mainly due to the gap between them becoming smaller the further
away they are from the center of the spectrum. Additionally, since their mode profiles
are extended throughout the lattice, the effective coupling k(z) between them and the
auxiliary waveguide is significantly smaller than for the edge modes, which also hinders
efficient light transfer.

3.4.2 Auxiliary lattice

Mode transfer between lattices

The same kind of analysis can be performed for the case of two coupled SSH lattices,
where all waveguides of the auxiliary lattice are modulated equally. In this case, there is a
larger amount of supermodes present and we produce multiple crossings, see Figs. 3.12(b)
and 3.12(d), since all modes of the auxiliary lattice are equivalently modulated. However,
the dynamics is still restricted to the two modes between which we want to establish
the transfer as long as the gap with other modes is not closed. This is indicated in
both Figures by the region enclosed in dotted lines. We first show in Fig. 3.12(a) the
light transfer between an SSH lattice with odd N coupled and an identical auxiliary
lattice, but reflected with respect to the x axis so that their respective edge states have
a significant overlap. With this setup, the edge mode of the auxiliary lattice gets fully
transferred into the edge mode of the main lattice. In 3.12(c), we instead consider
two lattices of even N . In that case, the symmetric combination of edge modes gets
fully transferred between the two lattices. The modes in the auxiliary lattice could be
prepared by using the method described in the previous section.

To relate these results to the ones for a single auxiliary waveguide, we plot the
purity of the output mode in Figs. 3.13(a) and 3.13(b) and the fraction of transferred
intensity in Figs. 3.13(c) and 3.13(d). A direct comparison shows that these results
closely follow the corresponding ones in Fig. 3.10. This is specially true for the first case
of odd N , where the edge mode is still mostly contained within the closest waveguide
of the auxiliary lattice. As such, the overlap between the modes is similar to the one in
the previous section. As for the symmetric combination of edge modes, the amplitude
profile in the auxiliary lattice is entirely different from that of the single-waveguide case,
resulting in a lower overlap with the mode of the main lattice. Hence, the outer coupling
needs to be much stronger for the light intensity to be transferred completely. This can
be readily observed by comparing Figs. 3.10(d) and 3.13(d). Nevertheless, we are still
able to obtain purities and intensity fractions above P = 0.99 and Ĩ = 0.99, respectively,
despite the mode being delocalized throughout the whole lattice.
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Figure 3.12: (a) Light intensity propagation and (b) spectrum of propagation constants
along the propagation direction when exciting the single edge mode of the N = 7 SSH
lattice with the same mode of the auxiliary lattice as input. We use t(0) = 0.55 cm−1 and
Zt = 2 cm. (c)–(d) Same figures as in (a) and (b), respectively, for the the symmetric
combination of edge modes of the N = 6 SSH lattice with t(0) = 1.3 cm−1 and Zt =

2.55 cm. The rest of the parameter values are the same as in Fig. 3.9.
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Figure 3.13: Purity of the output mode (top row) and intensity fraction of the transfer
from the auxiliary lattice (bottom row) with respect to the width of the Gaussian cou-
pling and its maximum strength for (a), (c) the edge mode of the N = 7 lattice and (b),
(d) the symmetric combination of edge modes of the N = 6 lattice.

Mode conversion

Another possible application of the proposed technique is enabling mode conversion
between two lattices. Up until this point, when producing the modulation in the prop-
agation constants we only considered crossings between the propagation constants of
the same modes in the main and auxiliary lattices. Nevertheless, further shifting the
spectrum of the auxiliary lattice can allow crossings for different modes, allowing for
mode conversion. To prove this, we consider the transfer of light from an edge mode
into the bulk mode displayed in Fig. 3.11(e), a process that we sketch in Fig. 3.14(a).
All waveguides in the auxiliary lattice are further detuned by a quantity ∆β = βp − βi,
corresponding to the difference in propagation constant between the initial mode i and
the target mode p, to cause crossings between their propagation constants during the
modulation. Light propagation in this system is displayed in Fig. 3.14(b), where we see
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Figure 3.14: (a) Spectrum of propagation constants of the SSH model with N = 7,
where the input and target modes of the mode conversion are highlighted in red. (b)
Light intensity propagation in the system where the edge mode of the auxiliary lattice
gets transferred into a bulk mode of the main lattice. (c) Purity of the output mode
in this process. The blue cross indicates the set of parameter values chosen for (a) and
(b), namely t(0) = 1.5 cm−1 and Zt = 2.7 cm.

that a large fraction of light intensity, approximately 96% in this case, gets transferred
into the target mode. Checking the purity of the final mode in Fig. 3.14(c), we can
establish that for large regions of parameter values light gets transferred into the target
mode only, proving a clean mode conversion between the lattices. Note that in this case,
the input edge mode is strongly delocalized due to the choice of coupling parameters
for the SSH lattice. Similar conversions could be established between all other modes
of the lattice. Moreover, following the observed trend in the excitation of bulk modes
in the previous section, we expect the intensity fractions to be reduced for modes with
lower gaps, but the purity to still reach values near unity.
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3.5 Conclusions

In this chapter, we have described how the implementation of SCRAP in systems of
coupled optical waveguides can be exploited for multiple applications, both for individual
multimode waveguides as well as for waveguide lattices. We now summarize the main
obtained results for each of the proposed devices.

First, for the implementation in coupled multimode waveguides, we have shown
how SCRAP can be used for mode division (de)multiplexing. The TE(1)

0 mode has a
weaker coupling to the other waveguide than the exited mode, and light intensity on
this mode remains mostly confined on the input waveguide, while light on the TE(1)

1

mode is efficiently transferred. One can take advantage of this effect to separate a
superposition of these modes or, conversely, to obtain an equally-weighted superposition
from individual excitations on each mode. We have introduced a figure of merit F
to determine the efficiency of the process, and have proved that the method easily
exceeds F = 0.9, but struggles to reach very high values. A way to enhance this
efficiency is by combining the SCRAP scheme with SUSY transformations, which is
done by substituting one of the coupled waveguides by its SUSY partner. Unlike the
previous case, the TE(1)

0 mode in the step-index waveguide is no longer supported by
the SUSY partner, which implies that light transfer to and from this mode cannot
occur. In contrast, light in the TE(1)

1 mode can still be efficiently transferred into
the SUSY fundamental mode by virtue of the SCRAP scheme. This allows for mode
spatial separation with the figure of merit reaching F = 0.99, and with overall higher
values than without SUSY, at the cost of altering the spatial profile of the transferred
mode. Additionally, this method enables the possibility of turning fundamental-mode
excitations on both waveguides into a superposition of fundamental and excited modes
of the step-index waveguide.

This very same device can also be used to produce the excited TE(1)
1 mode of a

step-index waveguide, with very high precision, by using a fundamental-mode input on
its SUSY partner. We have shown that the fidelity of this process can reach very high
values, above F = 0.99, in a wide region of parameter values. Layering additional SUSY
transformations allows to generalize this concept to excite the highest-order mode of any
multimode waveguide, a fact that we prove by exciting the TE(1)

2 mode of a three-mode
waveguide. The main technological difficulty of these applications is the implementation
of the SUSY refractive index profile. This profile entails sharp transitions between nega-
tive and positive ∆n, which has only recently been implemented experimentally [318] in
metamaterials. The implementation is based on discretizing the index profile along the
transverse direction and relating it to the sizes of air gaps in a silicon metamaterial. For
a larger air gap the field is less confined, which corresponds to a smaller effective index.
The metamaterial is then fabricated via electron beam lithography and subsequent ion
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etching. The inherent difficulty of fabrication can be lowered by using softer profiles
for the initial waveguides, such as super-Gaussian profiles [379]. The corresponding su-
perpartners have similar modal content, while displaying less steep transverse refractive
index variations.

A second main branch of applications corresponds to those in discrete waveguide
lattices. Namely, we have proposed an efficient and general technique to excite gapped
modes of a general lattice of coupled optical waveguides, or to transfer modes between
different waveguide lattices. This is achieved by tuning either an auxiliary waveguide
or an entire auxiliary lattice to a particular eigenvalue of the main lattice, and modu-
lating their propagation constants around it. We have first analyzed the performance
of the technique by exciting the topological edge modes of an SSH lattice, and transfer-
ring topological modes between two SSH lattices, one being a detuned copy of the other.
Aside from topological modes, we have shown that the technique can be used to transfer
light into any mode that presents a gap, such as bulk modes for the cases of few waveg-
uides. Finally, we have explored the transfer between different modes in detuned copies
of the same lattice, which effectively corresponds to mode conversion. In this case, the
efficiency mimics the performance that was established for the excitation of bulk modes.
For lattices of waveguides, the maximum modulation in propagation constants is limited
by the presence of other supermodes of the lattice, since crossings with the propagation
constants of non-desired modes can cause leaking onto them and thus spoil the transfer.
Despite this limitation, we have seen that we can perform efficient transfer in waveg-
uides with parameter values within current experimental reach. Additionally, we have
seen how the purity of the output modes in the main lattice compared with the target
modes remains very large even when shifting away from the regions of highest intensity
transfer, making the technique robust. Small variations in the geometrical parameters
of the system, which may be caused by disorder or imperfections, mainly reduce the
total light intensity at the output facet and do not cause transfer into unwanted modes.
Throughout this part, however, we have considered that all waveguides in the system
only sustain a single mode. For an experimental implementation, one should ensure that
the auxiliary waveguide remains single mode for the entire modulation of the propaga-
tion constant. All in all, the proposed scheme is not limited to the cases displayed in this
work, as its only requirement is that the target mode displays a gap in the spectrum.
Consequently, the technique can be extended to other physical platforms or geometries
that exhibit gapped topological modes, or other modes of interest.



CHAPTER 4

Exciting topological modes with single-waveguide injection
via discrete Supersymmetry transformations

Making use of the isospectrality of Supersymmetry (SUSY) transformations, we pro-
pose a general and high-fidelity method to prepare gapped topological states in discrete
systems from a single-site injection [214]. Through the usage of the discrete Supersym-
metry (DSUSY) formalism [72], we generate a superpartner lattice to the topological
chain of interest, which contains exactly the same modal content divided in two blocks:
a decoupled site containing a single eigenstate, and a chain that contains the rest of
the spectrum. The state that gets isolated can be chosen by the transformation, a fact
that we exploit by targeting the topological state. The method to excite it then consists
of adiabatically connecting the two structures along the propagation direction of the
device which, as explained in Sec. 2.1.6, is analogous to time evolution in other physical
platforms. The initial lattice corresponds to the superpartner chain, while the output
coincides with the original one. In doing so, a single-site excitation on the isolated site
is adiabatically deformed into the topological state at the output facet. Hence, from the
simplest possible input, we generate the complete structure of amplitudes and phases
of an eigenstate of the structure. The method is demonstrated by exciting topologi-
cal states of the Su-Schrieffer-Heeger (SSH) model [95] in different configurations on
an optical waveguide array, where the adiabatic deformation is performed along the
propagation direction.

The chapter is organized as follows. In Section 4.1, we motivate the importance
of developing a method to faithfully prepare topological modes in lattices of optical
waveguides. In Section 4.2, we briefly recall the necessary theoretical elements: the SSH
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model and the QR factorization method, introduced in Secs. 2.3.2 and 2.2.3, respectively.
After that, we describe the physical system and the excitation method in Section 4.3.
Then, we present our main results in Section 4.4, focusing on the excitation of various
types of modes, namely edge, interface and bulk modes. We end the chapter by laying
our conclusions in Section 4.5.

4.1 Introduction

Due to their general robustness against defects and disorder, topological states have
gathered widespread attention in several fields [92, 139, 142, 380, 381]. For optical
devices, harnessing the unique properties of these states could lead to a variety of ap-
plications, such as unidirectional propagation, lossless information transfer and general
immunity to imperfections during fabrication [143]. Hence, in order to fully exploit the
advantages that these topological states provide, it is of great experimental interest to
devise a method to excite them efficiently. To this end, in this chapter we introduce the
idea of adiabatically modifying the geometry and parameters of a discrete system, so that
input and output profiles are supersymmetric partners of each other [214]. The frame-
work of Supersymmetry (SUSY) [70–72], has been exploited in optics in recent years,
finding applications in modal control [76, 77, 82, 300–303] and Mode-Division Multi-
plexing [212, 306, 307], control of the scattering properties of a system [79–81, 299, 308]
and its topology [78], among others. One can employ discrete SUSY transformations
to obtain a superpartner lattice in which the chosen state is confined in an isolated
waveguide. Performing an injection on this waveguide, and then a subsequent adiabatic
deformation into the original lattice, leads to a faithful excitation of the desired state
with minimal leaking to any others. This method can in principle be used to prepare
any state of a one-dimensional system, including topological modes, from a single-site
excitation, a feat that would otherwise imply simultaneous excitation of multiple sites
with the right amplitudes and relative phases.

Indeed, selective excitation of modes in waveguide lattices requires very precise input
conditions. Techniques based on the usage of spatial light modulators (SLMs) allow to
shape the input beam so as to achieve a high overlap with specific modes in the lattice
[102, 106, 355–357]. However, the precision of SLMs may not be able to keep up as
one makes the devices smaller. Our proposal attempts to go in a different direction
by keeping the complexity of the input beam to the bare minimum and letting the
photonic device take care of the excitation. Compared to the method described in
Chapter 3 for discrete waveguide lattices, in here the propagation constants do not need
to be modulated to perform the excitation when targeting zero-energy modes. After
our work, an experimental implementation of our theoretical proposal was performed
in Ref. [382]. On a similar note, a different experimental proposal was made in the
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direction of simplifying the input, where an appropriately designed waveguide is made
to radiate into the lattice with the necessary quasimomentum to excite a specific state
[383].

The method described in this chapter is completely general and does not depend on
a particular kind of structure. However, to demonstrate its performance we choose to
focus on the geometry of the SSH model [95]. The SSH chain can host topological edge
states, and modified chains with a central defect can also host a topological interface
state confined around it. The topological states of the SSH chain have already found
applications mainly in contexts like quantum state transfer [336, 364, 365, 368] and
lasing [244, 366, 367].

4.2 Theoretical background

As detailed in Sec. 2.2.3, DSUSY transformations [72] can be built between two
discrete superpartner Hamiltonians H(1) and H(2). Applying these transformations to a
discrete system, in general, leads to another system that has a modified geometry – and
thus a different coupling structure – but shares the same spectrum of energies as the
former. When the symmetry is unbroken, the superpartner H(2) displays an isolated site
within which the mode with eigenvalue µm targeted by the transformation is confined.
To obtain the superpartner structure, we employ the QR factorization method [326],
which allows to express the Hamiltonian H(1) in terms of an orthogonal matrix Q and
an upper triangular matrix R. Then, inverting the relation leads to the superpartner
Hamiltonian:

H(1)
m − µ(1)

m I = QR and H(2)
m − µ(1)

m I = RQ, (4.1)

where I is the identity matrix. To perform this factorization, we use the Householder
transformation method [326], which is based on applying successive reflections on the
column vectors of a matrix to obtain the triangular shape of R.

To test the excitation method, we focus on the SSH model [95], see Sec. 2.3.2, which is
characterized by two one-dimensional (1D) sublattices with staggered weak and strong
couplings, labelled here as tw and ts respectively. We display this geometry and the
coupling distribution in the left panels of Figs. 4.1(a) and (b), where the larger (smaller)
the distance between sites, the weaker (stronger) the coupling strength between them.
The SSH chain can host topological edge states in one or both of its ends, depending
on whether it has an odd or even number of sites, if the outermost coupling is the weak
one. The chiral symmetry of the SSH model ensures that the edge states only have
nonzero projections in one of the sublattices [101], although for finite chains with two
edge states some degree of hybridization occurs between them. Although an SSH chain
cannot host a topological interface state, a way to make it appear naturally is to include
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Figure 4.1: (a), (c), (e) Sketches of the configurations of SSH chains (left) and their
superpartners (right). The strength of the coupling is represented by the closeness of
the sites. The SSH chains can host (a) an edge state localized in the left edge or (c),
(e) an interface state localized around the dimer defect. The supersymmetric partner of
these modes is localized in the isolated site on the rightmost part in each case. (b), (d),
(f) Structure of the coupling strengths for the chains in (a), (c) and (e), respectively.
(g) Spectrum of energies of the SSH chain hosting a single edge state (top) and of
the superpartner structure, barring the isolated site, where the eigenvalue is missing
(bottom).

a dimer defect in a specific position of the chain [165, 334–336]. This kind of defect can
be implemented by repeating one of the couplings at a certain position of the staggered
configuration, see the left panels of Figs. 4.1(c) and (d), as well as Figs. 4.1(e) and (f).
These dimer defects are equivalent to connecting two chains with different topological
order. The interface state is thus closely confined around the boundary between the
different domains.

We now apply the DSUSY formalism to the SSH Hamiltonian for the case with
an edge state, an interface state of a weak dimer defect, and an interface of a strong
dimer defect. The superpartner structures in each case are shown in the right side of
Figs. 4.1(a), 4.1(c) and 4.1(e), respectively. The effect of this transformation on the
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spectrum is displayed in Fig. 4.1(g), where we showcase the removal of the edge state
eigenvalue that is contained in the isolated site of the superpartner.

4.3 Physical system

The proposed device is based on arrays ofN coupled optical waveguides. As discussed
in Sec. 2.1.3, when waveguides are in close proximity to each other, they are coupled
due to the overlap of their evanescent fields. If this coupling is not strong enough to
affect the mode profiles in each of the waveguides, one can describe arrays of single-mode
waveguides using the coupled-mode formalism [256]. In this scenario, light propagation
is determined by Eq. (2.71) and described via a tridiagonal Hamiltonian H featuring the
propagation constants βj in each waveguide (diagonal) and the couplings tj j±1 between
them (off-diagonal). As explained in Sec. 2.2.3, the superpartner lattice has supermodes
that are phase-matched to the originals and have the same eigenvalues, but where the
mode corresponding to the removed eigenvalue is localized in an isolated waveguide. By
exciting this localized mode at the input, and adiabatically deforming the SUSY lattice
into the SSH one, we can obtain the mode that was targeted by the transformation with
high fidelity, starting from a single-waveguide excitation. The adiabatic connection
between the SUSY and SSH structures can be performed in multiple ways, as many
different paths can be followed in the hyperspace of parameters. We choose to follow
paths in which every parameter evolves with the same type of transformation function,
g(z):

t(z) = tSUSY + g(z) (tSSH − tSUSY) , (4.2)

where ti = (ti,1, . . . , ti,N) with i = SSH, SUSY are the couplings in the input and output
structures, respectively. For each case in question, one could engineer the transformation
function that optimizes the adiabatic excitation. However, a single function will not
optimize the method for all parameters. Since the method itself does not depend on the
particular path along coupling space, we choose to use a simple linear function in z for
all cases in this work. Despite that, one should keep in mind that results can be further
improved by performing this optimization process.

Recall that the coupling between waveguides is proportional to the overlap of
their modes, which depends exponentially on the distance d between them, t(d) =

t0 exp(−κd). Thus, a linear transformation in the couplings implies the following de-
pendence for the distance between waveguides j and j + 1:

dj(z̃) =
1

κ
log

(
t0

(1− z̃) tSUSY,j + z̃ tSSH,j

)
, (4.3)

where z̃ = z/L is the coordinate along the propagation direction scaled to the length of
the device, L. To compute the distances we have considered state-of-the-art experimen-
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Figure 4.2: (a) Spectrum of propagation constants along the propagation direction of
the device displayed in Fig. 4.3(b). (b)–(d) Amplitude profile of the target mode at (b)
z = 0, (c) z = L/2, (d) z = L. The positions and propagation constants corresponding
to plots (b), (c) and (d) are marked in (a) using dots with the same colors.

tal parameters for a wavelength of λ = 633 nm for laser-written waveguides [42, 78, 220].
Then, if the distances are tuned according to (4.3) along z, the mode adiabatically fol-
lows the instantaneous eigenstate during propagation, continuously morphing into the
final mode. An example of this is shown in Fig. 4.2(a), where the variation of the
spectrum when exciting one of the interface states is shown. In Figs. 4.2(b)–(d), the
amplitudes in the different waveguides at the input, central point and output are shown.
The method relies on the adiabaticity of the transformation, implying that the following
condition when following the state ψm has to be fulfilled:

|〈ψp|∂zψm〉| � |βm − βp| (4.4)

for all p, that is, the coupling between the instantaneous eigenstates ψp and ψm has
to be small compared to the difference between their eigenvalues, βm − βp. In other
words, to keep nonadiabatic effects to a minimum, the length of the device has to be
large enough for the coupling between eigenstates to be much smaller than the minimum
eigenvalue gap. In experimental setups, the minimum length of the device will depend on
how closely one can fabricate the waveguides without deviating from the tight-binding
approximation or without causing distortions due to e.g. optical stress fields [268, 269].

As mentioned above, we note that DSUSY transformations targeting zero-energy
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modes do not alter the propagation constants of the waveguides in the superpartner
lattice. Hence, when attempting to excite edge or interface modes in the SSH model,
the diagonal elements of the Hamiltonian will be zero at both input and output facets.
This simplifies the devices, since only the coupling strengths need to be adiabatically
modified along z, and it is sufficient to ensure that all waveguides have equal propagation
constants. In contrast, in Sec. 4.4.3 we target a bulk mode of the SSH model, for which
the variation of propagation constants plays a role. In that case, for simplicity, we also
choose to employ a linear transformation function g(z) for the propagation constants of
each individual waveguide.

4.4 Results

We now analyze the proposed photonic devices for the excitation of the different
states. For the topological states, we connect the configurations displayed in the left
and right panels of Fig. 4.1(a), 4.1(c) and 4.1(e), respectively, by adiabatically deforming
one waveguide lattice into the other along the propagation direction. For the bulk
state, we obtain the partner of the left panel in Fig. 4.1(a) by using the corresponding
eigenvalue µ(1)

m in the transformation. In each of the cases, the input configuration is
the SUSY partner and the output configuration is the corresponding SSH chain. In all
of them, we excite the isolated waveguide of the input configuration, and we obtain the
corresponding mode in the output chain. Throughout the rest of the chapter, we refer
to these devices as adiabatic SUSY (aSUSY) devices. To characterize their efficiency,
we define the fidelity:

F = |〈ψp|ψ(zf )〉|2 , (4.5)

where ψp is the SSH state we aim to produce and ψ(zf ) is the output state obtained
from the numerical simulations.

4.4.1 Edge state

We first focus on the excitation of the left edge state of the SSH lattice corresponding
to the left panel of Fig. 4.1(a), with distances between waveguides being determined
by Eq. (4.3). We display in Fig. 4.3(a) the propagation of the excitation along the
device, and the intensity of the mode at the output facet. The obtained mode clearly
resembles the edge state, being localized around the leftmost waveguide and having
non-zero amplitude only in one of the sublattices of the chain. We note that light has to
cross the entire lattice to reach the other edge in this setup, which is a conscious choice
to demonstrate the power of the technique. If the edge mode was placed in the same
side as the isolated waveguide, the excitation would be much easier comparatively, and
could then be achieved with much shorter devices [382].
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Figure 4.3: Numerical simulation of the light intensity propagation (top) and final in-
tensity pattern (bottom) in the excitation of (a) the left edge state, (b) the interface
state of the weak defect and (c) of the strong defect. Light is injected into the rightmost
waveguide, waveguide 9 in (a) and (b), and waveguide 11 in (c) of the SUSY structures.

Let us now characterize how efficiently we obtain the edge state in the aSUSY device.
In Fig. 4.4 we scan the two-dimensional (2D) space of couplings, maintaining ts > tw so
that we do not change the topological order of the chain, and we plot the fidelity for a
device of length L = 10 cm. We observe that as long as tw & 0.8 cm−1, the fidelities we
obtain are remarkably good, with values surpassing F = 0.9 for most parameters values
and with a wide region where F > 0.99. In contrast, if tw is smaller than that value, the
injected mode requires longer devices to be efficiently transformed into the edge state at
the other end of the chain. Energy-wise, this decrease in efficiency is due to a reduction
of the energy gap, which implies that slower deformations are required to maintain the
adiabaticity of the transformation, as the appearance of nonadiabatic couplings implies
the loss of power to other modes. The fidelity of the aSUSY device should be compared
with the standard injection of light at the outermost waveguide – position at which the
edge state has the largest amplitude – of an SSH lattice with parallel waveguides of the
same length as the aSUSY device. We refer to the device with this input as the straight
waveguides (SW) device. For this case, the input will in general have a large projection
over the edge state, but will also excite other nonlocalized modes. This projection will
be larger on edge modes that are strongly confined, which occurs for large dimerizations
in the couplings.
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Figure 4.4: Fidelity of the excitation of the left edge state, for an aSUSY device of
length L = 10 cm and different values of the SSH couplings. We maintain ts > tw for
all considered values, and indicate the regions where the fidelity exceeds F = 0.9 and
F = 0.99 with solid red lines.

In Fig. 4.5(a) we plot ∆F = F − Fs, where F is the fidelity of the aSUSY device
and Fs is that of the SW device. The improvement of the former with respect to the
latter then depends on the ratio between couplings, which determines the confinement
of the edge mode. When the ratio ts/tw is close to one, as long as tw & 0.8 cm−1, our
technique allows us to reach the edge state almost perfectly, whereas the SW output has
only a small projection over it and thus reaches low values for the fidelity. In Fig. 4.5(b)
we show the comparison between the intensity profiles of the real edge state and both
the state generated by the adiabatic deformation of the structure and the state achieved
by letting the input propagate through the SW device. From this comparison, we see
that the adiabatic modification of the lattice allows to correctly capture the decaying
amplitude of the mode. If we extend the device while maintaining the final geometry,
the intensity pattern of the mode that we obtain with the aSUSY device remains mostly
unaltered after a certain propagation distance, while the input in the SW device disperses
due to the excitation of nonlocalized modes. The high values for the fidelity also indicate
that the phase structure of the mode is correctly reproduced by the aSUSY device.

We can now ask questions regarding the size of the devices, both how small in length
and how big in number of waveguides can we make them whilst keeping a high fidelity,
or at least an advantage over the SW device. The answers of course depend on the
choice of parameters of the system and the mode we are trying to excite. We show
in Fig. 4.5(c) the increase in fidelity as we increase the length of the aSUSY device
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Figure 4.5: (a) Difference in fidelity ∆F = F − Fs between the aSUSY device of length
L = 10 cm and the SW device. (b) Comparison between the profile of the state generated
using the aSUSY device in yellow and the SW device in red for L = 10 cm. The profile
of the actual edge state is depicted with a dashed line. (c) Fidelity of the aSUSY (solid)
and of the SW (dashed) devices of N = 9 for increasing device length. (d) Fidelity of the
aSUSY (circles) and of the SW (dashed line) devices of length L = 10 cm for increasing
number of waveguides. The value of the couplings for (b), (c) and (d) corresponds to
the light blue cross in (a), tw = 1 cm−1 and ts = 1.5 cm−1.
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(solid line). Comparing it with the SW device (dashed line), we see that the adiabatic
modification starts being more efficient after the device length reaches a few centimeters
for our choice in parameter values, around L = 6 cm. On the other hand, we see in
Fig. 4.5(d) that the device has higher fidelities for lower number of waveguides, due
to the energy gap getting smaller as N increases. Comparing with the SW device, for
L = 10 cm our method to obtain the edge state stops being efficient at around N = 15

for this set of couplings. Logically, the device would need larger couplings or longer
distances for light intensity to traverse more waveguides. This effect would be greatly
reduced when attempting to excite the opposite edge, as we mentioned at the beginning
of the section.

4.4.2 Interface state

We now focus on the interface states generated by dimer defects in otherwise topo-
logically trivial SSH chains [left panels of Figs. 4.1(c) and 4.1(e)]. The excitation again
starts from a single-waveguide excitation of the isolated waveguide of their SUSY part-
ners. The propagation of these excitations through the devices and the respective output
states are shown in Figs. 4.3(b) and 4.3(c). In the first case, where the defect is spawned
by the weak coupling, we see that the interface state is mostly confined within the cen-
tral waveguide [waveguide 5 in Fig. 4.3(b)]. Conversely, the maximum of light intensity
splits into two waveguides [waveguides 5 and 7 in Fig. 4.3(c)] when the defect is formed
by repeating the strong coupling.

The efficiencies when exciting these two states are notably solid, as can be observed
from Figs. 4.6(a) and 4.6(b), respectively. In both figures, the fidelity surpasses F = 0.99

in most of the parameter space that we consider. Even though both results are fairly
similar, some differences can be spotted in the map of fidelities. The overall values
are slightly smaller in Fig. 4.6(b), and the patterns are displaced. These differences
are mainly due to the different total number of waveguides considered for each case.
Each device needs to have a different number of waveguides if we want to maintain the
topological order of the rest of the SSH chain when adding the two different defects at
the center.

As before, we compare these results with the respective SW devices. For the excita-
tion of the interface state formed by the weak coupling defect displayed in Fig. 4.3(b),
the input of the SW device will consist in the injection of light in waveguide 5 of the
chain of straight waveguides. We display the difference in fidelity between the devices
in Fig. 4.7(a), where we see that the biggest improvement achieved by the aSUSY de-
vice is obtained in regions where the dimerization |ts − tw| is small, especially around
|ts − tw| ≤ 0.5 cm−1. In a similar way as for the case of the edge state, the adiabatic
procedure remains efficient even if the interface state is not strongly confined, while the
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Figure 4.6: Fidelity of the excitation of the interface state in the defect formed by
repeating (a) the weak coupling and (b) the strong coupling for an aSUSY device of
length L = 10 cm. We maintain ts > tw for all considered values, and indicate the
regions where the fidelity exceeds F = 0.9 and F = 0.99 with solid red lines.

SW device fails to precisely reproduce the state. The comparison between the intensity
patterns of the output state of both devices with the actual interface state is shown in
Fig. 4.7(b). As for the case in Fig. 4.3(c), corresponding to the defect formed by the
strong coupling, there is no simple way to obtain a state that is similar to the interface
state in the SW device. Its maximum of intensity is split into two waveguides, and
there is a phase difference between them. The output of the aSUSY device correctly
captures these properties, while a SW device with a single-waveguide excitation simply
cannot. To make a fair comparison, we assume that we can perfectly produce the split
amplitudes with the right phases beforehand, with e.g. a beam splitter and a retarda-
tion plate, and that we use it as the input of the SW device. This corresponds to the
excitation of waveguides 5 and 7 in the device. We make the comparison of fidelities and
of intensity profiles with this device in Figs. 4.8(a) and 4.8(b), respectively. In those, we
readily see that the results are similar to the ones for the previous interface state, which
is remarkable considering the increased complexity of the input in the SW device.

Finally, we compare the fidelity of the aSUSY and SW devices for increasing device
length and number of waveguides for each case. For the first interface state, as shown in
Figs. 4.7(c) and 4.7(d), the device starts being efficient when its length is close to L = 5

cm, and maintains higher efficiencies for L = 10 cm until the number of waveguides
reaches N = 21. The results for the second interface state plotted in Figs. 4.8(c) and
4.8(d) are similar. In this case, the aSUSY device outperforms the SW device shortly
after reaching L = 6 cm, and keeps being superior for any number of waveguides below
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SW device

Figure 4.7: (a) Difference in fidelity ∆F = F − Fs between the aSUSY device of length
L = 10 cm and the SW device when exciting the interface state corresponding to the
weak coupling defect. (b) Comparison between the profile of the state generated by the
aSUSY device in yellow and the SW device in red for L = 10 cm. The profile of the
actual interface state is depicted with a dashed line. (c) Fidelity of the aSUSY (solid)
and of the SW (dashed) devices of N = 9 for increasing device length. (d) Fidelity of the
aSUSY (circles) and of the SW (dashed line) devices of length L = 10 cm for increasing
number of waveguides. The value of the couplings for (b), (c) and (d) corresponds to
the light blue cross in (a), tw = 0.7 cm−1 and ts = 1.2 cm−1.
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Figure 4.8: (a) Difference in fidelity ∆F = F − Fs between the aSUSY device of length
L = 10 cm and the SW device when exciting the interface state generated by the
strong coupling defect. (b) Comparison between the profile of the state generated by
the aSUSY device in yellow and the SW device in red for L = 10 cm. The profile of
the actual interface state is depicted with a dashed line. (c) Fidelity of the aSUSY
(solid) and of the SW (dashed) devices of N = 11 for increasing device length. (d)
Fidelity of the aSUSY (circles) and of the SW (dashed line) devices of length L = 10

cm for increasing number of waveguides. The value of the couplings for (b), (c) and (d)
corresponds to the light blue cross in (a), tw = 0.7 cm−1 and ts = 1.2 cm−1.
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Figure 4.9: (a) Spectrum of propagation constants of the SSH model with one edge mode.
The bulk mode under consideration is highlighted in red. (b) Intensity propagation for
the excitation of the considered bulk state in the SSH model. (c) Output profile (yellow
blocks) and target mode (dashed line) for the device in (b). The values for the couplings
for (a), (b) and (c) are tw = 1 cm−1 and ts = 1.5 cm−1.

N = 29 for the same set of couplings as in the previous case. Comparing both of them
with the results for the edge state displayed in Fig. 4.5 in the previous section, we
see a sizable improvement in this case, as the aSUSY devices excite the desired modes
efficiently in shorter lengths and with larger N .

4.4.3 Quasi-degenerate and bulk states

We emphasize that the presented method can be used to excite any mode of the
original lattice, not only localized topological modes. As an example, we can consider
the bulk modes of the SSH model. We see in Fig. 4.1(g) that the gap between bulk
modes is smaller than the gap between edge and bulk. As one increases the size of
the system, the dispersive bands get populated by new bulk states, rendering this gap
even weaker. In essence, this means that generally longer devices are needed to achieve
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efficient excitations for bulk states. Nonetheless, if we limit the application for low
number of waveguides, bulk modes can be reached within the lengths considered in this
chapter. Let us consider a SSH chain of N = 9, whose spectra is shown in Fig. 4.9(a),
and attempt to excite the bulk mode that is highlighted in red. We show in Fig. 4.9(b)
the light intensity propagation through the device. From there, it is clear that the output
mode is completely delocalized. In Fig. 4.9(c) we compare the squared amplitudes of
the output mode with the target bulk mode, and see that they are remarkably similar.
For the parameters used in the simulation, we compute the fidelity to be F = 0.992.
The downside to exciting bulk modes is that the input structure no longer displays zero
detunings. As such, control over the propagation constants of the individual waveguides
along the propagation direction is required. This can be achieved in laser-writing setups
by controlling the relative speed of the writing laser and the laser [257].

For degenerate or quasi-degenerate states, there is no way to guarantee the absence of
nonadiabatic couplings. Therefore, in general, the output mode will be a superposition of
the degenerate modes and not a single mode of the lattice. This effect can be readily seen
in an SSH chain with two edge modes, corresponding to symmetric and antisymmetric
combinations of left and right edges. These are nearly degenerate, so when trying to
obtain one of them, a certain fraction of power will inevitably be transferred to the
other. This can be somewhat exploited to obtain a certain proportion of both edges as
the output state, which will depend on the length of the device and the couplings that
are chosen.

4.5 Conclusions

In this chapter, we have shown that by adiabatically connecting a structure with
its SUSY partner, we can efficiently transform a single-site excitation into any gapped
mode of the structure under investigation. We have focused on the topological modes of
the SSH model and we have proposed the implementation of the method using optical
waveguide lattices as the physical system. This allows us to perform the adiabatic
deformation in space, along the propagation direction of the waveguides. However, the
method can be extended to discrete systems with gapped energy levels in any physical
platform.

For both the edge state of an SSH lattice and the interface states of SSH lattices
featuring a dimer defect, we have obtained fidelities above F = 0.99 for a wide range
of parameter values of the system, with optical devices of the order of L = 10 cm of
length. These fidelities are much larger than the ones obtained by direct excitation of the
waveguides where the target modes have the largest amplitude, implying a more precise
excitation of the relevant mode and a reduction of intensity beatings. The adiabatic
modification proposed here is specially useful if the desired output state is not strongly
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confined, as direct excitation of such states can be hard to accomplish. In fact, the
method can be applied to excite modes that have no degree of localization whatsoever,
a fact that we have proven by exciting one of the bulk modes of the SSH model with a
high degree of precision. The energy gap between the target mode and the rest directly
determines the fidelity of the method. As such, devices with larger number of waveguides
need to be longer to remain accurate.

The strength of the proposed method lies both in the generality of the modes that can
be engineered and the simplicity of the input that is required to excite them. Although
some of the modes displayed in this work could be prepared with other adiabatic schemes,
the DSUSY formalism allows to obtain both localized and nonlocalized modes in general
lattices without needing any complexity in the input beam. Additionally, DSUSY can be
used to build other kinds of devices. One could for instance build a device converting an
edge mode to an interface mode. This is based on the fact that the QR factorization is
not unique, and thus there can exist more than one supersymmetric partner for the same
mode of the SSH chain: one supporting an edge state, and one supporting an interface
state [78]. The device could be built by connecting these two structures adiabatically.
DSUSY transformations can also be used in 2D systems [298, 301, 320]. This opens
new possibilities to generalize the high-efficiency topological excitation method discussed
here to higher-dimensional settings. Although the superpartner structure of a 2D lattice
may host nonlocal couplings, which are more challenging to implement physically, one
may build the required structure through non-geometrical means by using synthetic
dimensions [184].





CHAPTER 5

Effective topological impurity systems in a diamond chain of
optical waveguides guiding orbital angular momentum modes

In flat-band (FB) systems [109, 160] with non-orthogonal compact localized states
(CLSs) [111], onsite perturbations couple neighboring CLSs and generate exponentially-
decaying impurity states, whose degree of localization depends on lattice parameters.
In this chapter, a diamond chain with constant magnetic flux per plaquette is deco-
rated with several controlled onsite impurities in a patterned arrangement on its top
and bottom sites, generating an effective system that emerges from the FB [215, 216].
The coupling distribution of the effective system is determined by the relative distance
between impurities and the value of the flux, which can be chosen to engineer a wide
variety of models. We first develop the framework to describe the effective impurity
states [215], and determine the coupling between them. We then employ a staggered
distribution of impurities that effectively produces the well-known Su-Schrieffer-Heeger
(SSH) model, and show that the topological edge states display an enhanced robust-
ness to non-chiral disorder due to an averaging effect over their extension. Finally,
we provide a route to implement the system experimentally using optical waveguides
that guide orbital angular momentum (OAM) modes [216]. The work displayed in this
chapter opens the way for the design of topologically protected impurity states in other
flat-band systems or physical platforms with non-orthogonal bases.

The chapter is organized as follows: In Section 5.1, we contextualize and provide the
motivation for generating effective topological models within FB systems. After that, we
briefly depict the system under consideration in Section 5.2, a diamond chain with finite
flux per plaquette. Then, we present the main theoretical elements that are necessary
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to describe the effective impurity systems in Section 5.3, including brief introductions
to dual bases and orthogonalization procedures. Moreover, we discuss three different
cases for different impurity values, as well as how to compute the coupling between
different impurity states. Having introduced the framework, we jump to the description
of an effective SSH model in a tight-binding diamond chain in Section 5.4, including
a complete analysis of how different kinds of disorder affect it. Then, we provide a
route for experimental implementation in optical waveguides in Section 5.5. To end the
chapter, we lay out our conclusions in Section 5.6.

5.1 Introduction

Compact localized states (CLSs) [111] are eigenstates of tight-binding models which
possess strictly zero amplitude beyond a finite number of unit cells. These states can-
not freely expand throughout the lattice due to destructive interference over different
hopping paths, and thus are associated with the absence of transport that occurs in flat-
bands (FBs) [109, 160]. FB systems possess at least one completely dispersionless band
that can arise due to the protection provided by a particular symmetry of the system
or the fine-tuning of the parameters of the lattice [110]. The CLSs forming the FB are
degenerate and generally have nonzero overlap with the adjacent ones [118]. Since FBs
lack any transport of their own, any perturbation affecting them will have strong effects
on the transport properties of the lattice [110]. In some FB models, the effects of weak
perturbations have been studied by projecting the perturbation operator onto one of the
FBs [384–386]. For instance, projecting weak modulated interactions onto gapped FBs
can lead to the emergence of effective topological two-body subspaces [387, 388]. Both
CLSs, and FB systems in general, have garnered significant attention over the last few
years, having been implemented in several physical platforms [102–108, 389, 390].

We aim to build an effective system with nontrivial topology within a larger system
that hosts CLSs [215, 216], which we take to be the diamond chain with a finite magnetic
flux per plaquette [115–117, 122, 158], a system that has a gapped zero-energy FB in
the energy spectrum. By introducing small onsite impurities in a plaquette of the
chain, we shift the energies of the CLSs with finite amplitude in the perturbed sites.
For finite fluxes, adjacent CLSs become coupled and generate a set of exponentially
decaying states whose localization length depends on the flux, and whose shape and
phase structure depend on the distribution of impurities [215]. By decorating the larger
lattice with these onsite perturbations, we can build a wide range of effective systems
with effective coupling parameters that can be controlled by tuning the value of the
flux and the distance between impurities. To benchmark the method, in this work
we imprint a Su-Schrieffer-Heeger (SSH) [95] model onto a diamond chain lattice with
constant flux per plaquette [216]. We first briefly describe the theoretical method behind
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the formation of the effective system, and then focus on the characteristics of the effective
system itself, including the appearance of edge states localized around the end of the
chain of impurities. Additionally, we study the robustness of the effective system against
different types of disorder, and show how it displays enhanced protection, even against
disorder that breaks its chiral symmetry, due to the extension of the impurity states.
This extension provides an averaging effect of the disorder over their characteristic length
[217]. The effect is numerically quantified, and the effective number of sites covered by
the state is related to its robustness against disorder.

Finally, we provide a possible route to implement the described system. We require a
way to imprint a finite flux per plaquette onto a diamond chain, as well as a way to deco-
rate this chain with controlled onsite impurities at certain sites. In photonics alone, sev-
eral platforms have been shown to provide a controllable way to introduce these fluxes,
such as ring resonators with different optical paths [151, 152, 167, 168, 220, 284, 391],
microwave cavity arrays [392, 393], fiber loops [182, 394, 395] and time-multiplexed
resonators [183], twisted or modulated lattices [153–156, 158, 396–399] and optical
waveguides with multipolar components [400–403] or guiding orbital angular momen-
tum (OAM) modes [159, 218]. We focus on the latter, which additionally allows for a
simple method to add the impurities experimentally by slightly modifying parameters
such as the writing speed in laser-writing setups [42], or the waveguide width in beam
lithography setups [37]. The coupling between OAM modes carries a phase that can
be used to imprint an artificial gauge field on the system [159]. To build the diamond,
we propose to couple modes with different OAM order l in a zig-zag pattern. Namely,
modes with l = 0 will correspond to the spinal nodes, while modes with l = 1 will be
split in a synthetic dimension and play the role of top and bottom nodes [181]. In this
setup, the relative angle between waveguide pairs will determine the value of the flux,
which can be tuned to any desired value.

5.2 Diamond chain

For this chapter, we consider the system in Fig. 5.1(a), consisting of a diamond chain
with a φ = 2π Φ

Φ0
reduced magnetic flux per plaquette, with Φ the magnetic flux and Φ0

the magnetic flux quantum. Setting the lattice constant to unity, the bulk Hamiltonian
of the clean system is given by

H(k) = t

 0 e−iφ̃ + e−i(k−φ̃) eiφ̃ + e−i(k+φ̃)

eiφ̃ + ei(k−φ̃) 0 0

e−iφ̃ + ei(k+φ̃) 0 0

 , (5.1)

where t is the magnitude of the hopping term and k is the quasimomentum. We choose
the flux to be spread across all couplings in the plaquette, as indicated in Fig. 5.1(a),
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Figure 5.1: (a) Diamond chain with φ flux per plaquette, distributed uniformly by the
four hopping terms of each plaquette, with positive phase accumulated in the clockwise
direction. The shaded region represents the q-th unit cell with sites Aq (center), Bq

(top) and Cq (bottom). (b) Representation of the CLS of the system for φ = 0 (left)
and φ = π/2 (right). The circle size represents the amplitude, and the color the phase.
Note that, as long as φ 6= 0, the CLS m occupies two plaquettes and overlaps with the
CLSs m ± 1. The normalization factor in each case is not included. (c) Bulk energy
spectrum, in units of t, of the diamond chain for three representative values of the φ
flux per plaquette. The zero-energy flat band is common to all φ values.

such that each coupling has a phase φ̃ = φ/4. Diagonalization of this Hamiltonian yields
three energy bands,

µ0 = 0, (5.2)

µ±(k) = ±2t

√
1 + cos k cos

φ

2
. (5.3)

Note that µ±(k) are dispersive for all φ except for φ = π, where all bands are flat, as
can be seen in Fig. 5.1(b). As the flux grows from φ = 0, an energy gap between the

zero-energy FB µ0 and µ±(k) opens at k = π, with a value of µgap = 2t
√

1 + cos φ
2
.

Moreover, when the diamond chain is threaded by a flux, there exists a basis of non-
orthogonal CLSs in the zero-energy FB, with each CLS spanning two plaquettes, see
Fig. 5.2(a). Considering the A, B and C sites consecutively at plaquettes m and m+ 1,
the m-th normalized CLS has the form

|Loc,m〉 =
1

2

(
· · · , 0, 1,−e−i

φ
2 , 0, e−i

φ
2 ,−1, · · ·

)T
, (5.4)

and is zero elsewhere. Since |Loc,m〉 has zero contribution on sites A, we speak of unit
cells and plaquettes indifferently. As is obvious from expression (5.4), this CLS will only
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overlap with the ones at plaquettes m± 1, with strength

Smm±1 = Sm±1m = 〈Loc,m|Loc,m+ 1〉 =
1

2
cos

φ

2
, (5.5)

and thus the overlap matrix S of all localized states will be tridiagonal, with main
diagonal elements Smm = 1 from normalization, and also real and symmetric.

5.3 Effective impurity systems

We now summarize the theoretical description of the formation of effective impurity
systems in our FB model, whose main steps are indicated in Fig. 5.2. A more thorough
mathematical description can be found in Ref. [215], while for this chapter we choose to
place the focus on its applications and potential implementations.

We consider an open diamond chain with Nc + 1 unit cells, with constant coupling
t and flux φ, where we add onsite impurities to the top and bottom sites B and C of
a single plaquette. This chain contains Nc CLSs in its zero-energy FB. We add the
impurities at unit cell q + 1, with q = Nc/2 and Nc assumed even. In this scenario, the
corresponding impurity operator has the general form

V̂ = ε
B
|Bq+1〉 〈Bq+1|+ ε

C
|Cq+1〉 〈Cq+1| , (5.6)

where ε
B
and ε

C
are local impurity potentials, left as free parameters. From here, one

may think of building an effective dimer model out of the two CLSs directly affected by
the impurity potentials, i.e., |Loc, q〉 and |Loc, q + 1〉. However, even though those are
the only CLSs that have nonzero weight on the impurity sites, one has to note that the
basis of CLSs is not orthogonal. Orthogonalizing it leads to a set of states that remain
localized, but that now span across several plaquettes and not just the two adjacent
ones. As a consequence, after orthogonalization, several other states also have nonzero
weight on the impurity sites, and thus the effective model is not restricted to two states.

As we will justify shortly, to avoid this scenario and simplify the description, one
might work in the dual basis of localized states [215, 216, 404, 405]. Given a non-
orthogonal basis of states {|m〉} with corresponding overlap matrix elements Snm =

〈n|m〉, also called the direct basis, a dual basis {|m∗〉} can be defined based on the
property that 〈n|m∗〉 = δnm, with δnm the Kronecker delta. Note that for orthogonal
basis where Snm = δnm, dual and direct bases are equivalent. One might transform
states between the direct and dual bases in the following way:

|n〉 =
∑
m

Snm |m∗〉 , |n∗〉 =
∑
m

S−1
nm |m〉 , (5.7)

where S−1
nm ≡ [S−1]nm are the elements of the inverse overlap matrix, which fulfill∑

k

S−1
nkSkm = δnm. (5.8)
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Figure 5.2: Summary of the theoretical description of the effective impurity system.
(a) The CLSs of the diamond chain located in the two neighboring plaquettes to the
one with onsite impurities ε

B
and ε

C
(yellow and blue shaded regions) have a direct

overlap on these sites. However, the CLSs do not constitute an orthogonal basis, so
other states of the FB besides the two CLSs shown in (a) will also have such an overlap
when orthogonalizing. To restrict the effective system to two states only, we switch to
a dual basis (b) where the impurity operator affects only two localized states that can
then be orthogonalized independently to all other states. Finally, diagonalization of the
impurity sub-system leads, when reverted back to the site basis of the chain, to the
two exponentially-decaying states in (c), whose amplitude distribution depends on the
impurity values and the flux per plaquette.

Therefore, knowing all the elements of the overlap matrix for the localized states of
the diamond chain (5.5), the dual basis can be found via |Loc, n∗〉 =

∑
m

S−1
nm |Loc,m〉

[215]. Now one can define projection operators onto the FB subspace spanned by these
localized states [404]:

P̂FB =
Nc∑
m=1

|Loc,m〉 〈Loc,m∗| =
Nc∑

n,m=1

|Loc,m〉S−1
nm 〈Loc, n| , (5.9)

P̂ †FB =
Nc∑
m=1

|Loc,m∗〉 〈Loc,m| =
Nc∑

n,m=1

|Loc, n〉S−1
nm 〈Loc,m| , (5.10)

where orthogonality between the FB subspace and the rest has been used. The summa-
tions thus run over the Nc CLSs, which are orthogonal to the rest of the eigenstates in
the diamond chain. Also, note that P̂FB = P̂ †FB. These projectors allow one to express
any operator in terms of the dual basis of localized states:

ÂFB = P̂ †FBÂP̂FB =
Nc∑

n,m=1

|Loc, n∗〉Anm 〈Loc,m∗| , (5.11)
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with Anm = 〈Loc, n| Â |Loc,m〉. We replicate (5.11) for the impurity operator in (5.6):

V̂FB =

q+1∑
n,m=q

|Loc, n∗〉Vnm 〈Loc,m∗|

= v

q+1∑
n=q

|n∗〉 〈n∗|+
[
w |q + 1∗〉 〈q∗|+ H.c.

]
, (5.12)

where Vnm = 〈Loc, n| V̂ |Loc,m〉 and we skip the “Loc” indicator in the second line for
brevity. This time, the summation only runs over q and q + 1. So, when expressed in
the dual basis, the impurity operator only involves the two corresponding CLSs. This is
true as long as the impurities are small compared to the gap between flat and dispersive
bands, ε

B
, ε

C
� µgap, so that higher-order couplings mediated through the dispersive

bands can be neglected. Therefore, for large impurities or for fluxes close to zero where
the gap closes [see Fig. 5.1(c)], this description ceases to be valid. Taking another look
at (5.12), we see that in the dual basis v =

ε
B

+ε
C

4
behaves as a local potential on the dual

CLSs at q and q+1, and w =
(
ε
B
e−i

φ
2 + ε

C
ei
φ
2

)
/4 is a hopping term that acts exclusively

between these two states, see Fig. 5.2(b). Therefore, we have succeeded in reducing the
problem to that of only two CLSs, which one can now orthogonalize independently of
the rest and work on a reduced subspace of impurity states.

There exist multiple methods to perform this orthogonalization. A well-known op-
tion is the Gram-Schmidt method [326], which relies on a recursive state-by-state or-
thogonalization procedure where the final set of vectors depends on the order chosen
for orthogonalization. However, this method can be computationally demanding and is
prone to numerical instabilities. A more efficient alternative consists of using the Löwdin
transformation [262, 263, 406, 407] to perform a symmetrical orthogonalization based
on a linear transformation of the original basis set. With this transformation, from our
original non-orthogonal basis {|m〉}, the orthogonal basis states may be found with the
help of the overlap matrix as

|ñ〉 =
∑
m

S
− 1

2
nm |m〉 , (5.13)

where S−
1
2

nm ≡ (S−
1
2 )nm. To prove this statement, let us consider a general linear trans-

formation for our basis [406]:

|ñ〉 =
∑
m

Amn |m〉 , (5.14)

where we require that the new basis is orthonormal:

δmn = 〈m̃|ñ〉 =
∑
kj

Amk 〈k|j〉Aj n =
∑
kj

AmkSkjAj n. (5.15)
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In matrix form, Eq. (5.15) reads:

A†SA = I. (5.16)

A general solution to this equation can be found for A = S−1/2B for any matrix B, as
long as B†B = I. Choosing the simplest case of B = I leads to A = S−1/2, which when
substituted in (5.14), recalling that S is real and symmetric, leads to the transformation
in (5.13). Based on this transformation, we can now project the impurity operator (5.12)
from the dual basis onto the new orthonormal basis:

VFB = S
− 1

2
∗ V̂FBS

− 1
2

∗ , (5.17)

with S∗ being the overlap matrix in the dual basis of localized states with elements
S∗,nm = 〈Loc, n∗|Loc,m∗〉. Using the expression of the dual basis states (5.7) and the
property in (5.8), it is easy to show that S∗,nm = S−1

nm [215]. The method for inverting
tridiagonal matrices is known [408], and as such an analytical computation of (5.17) is
achievable. The somewhat lengthy procedure is explained in detail in Ref. [215], but we
mention the key points here. An approximate expression for S−1

nm can be computed in
the thermodynamic limit Nc →∞, for an impurity in q = Nc/2:{

S−1
q+∆ q+∆ = coth θ

S−1
q q+∆ = (−1)∆ coth θe−∆θ

, ∆ = 0, 1, 2, . . . , (5.18)

with S−1
q q+∆ = S−1

q+∆ q. With the expressions in (5.18), the S−
1
2

∗ matrix can be constructed.
From there, using (5.17) and (5.12), the following expression is reached [215]:

VFB =

(
ε
B

+ε
C

4

ε
B

+ε
C

4
e−χ + i

ε
B
−ε

C

4

√
1− e−2χ

ε
B

+ε
C

4
e−χ − i εB−εC

4

√
1− e−2χ ε

B
+ε

C

4

)
, (5.19)

where χ = cosh−1
(
sec φ

2

)
contains the flux dependence. All that remains is diagonalizing

this matrix, which allows to obtain the exponentially decaying impurity states showcased
in Fig. 5.2(c), and in more detail in Fig. 5.3. These states are pulled from the FB,
obtaining nonzero energy, and will behave as the main sites of an effective system when
decorating the lattice with more impurities. We now explore three cases of interest,
depending on the value of the impurities.

5.3.1 Opposite impurities

For opposite impurities, ε
B

= −ε
C

= ε, where the impurity strength ε is given in
units of the hopping parameter t, the effective impurity matrix in (5.19) reduces to

VFB = − ε
2

√
1− e−2χσy, (5.20)
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with σy the y Pauli matrix. The respective eigenvalues and eigenvectors read as

µ± = ± ε
2

√
1− e−2χ, (5.21)(

|ϕ̃+〉
|ϕ̃−〉

)
=

1√
2

(
i 1

−i 1

)(
|ϕ̃q〉
|ϕ̃q+1〉

)
, (5.22)

which are written in terms of the orthogonal two-state basis {|ϕ̃q〉 , |ϕ̃q+1〉} with:

|ϕ̃q〉 =

q+1∑
m=q

S
− 1

2
∗,q m |Loc,m∗〉 , |ϕ̃q+1〉 =

q+1∑
m=q

S
− 1

2
∗,q+1m |Loc,m∗〉 . (5.23)

In Figs. 5.3(a) and (b), we plot the spatial profile of the eigenstate with positive and
negative energy, respectively, for a diamond chain with 53 plaquettes and constant flux
φ = π

2
, where we add opposite local impurities ε = 0.1 t at the top and bottom sites

of the midchain plaquette [depicted in the right inset of Fig. 5.3(a)]. We see that,
aside from the central plaquette, the spatial distribution of both states are identical.
In both cases, amplitudes decay exponentially with the plaquette separation from the
two neighboring plaquettes. This can be further checked by looking at the plots in the
left insets of both figures, plotted in a semi-logarithmic scale. Analytical expressions for
the eigenstates in (5.22), as well as for the following two cases below (Secs. 5.3.2 and
5.3.3), are also shown in Fig. 5.3. Both numerical and analytical results present a near-
perfect agreement. A small difference can be observed in A sites, where analytically the
amplitudes are exactly zero. Even though the numerical amplitude is nonzero, it is at
least an order of magnitude smaller than the one at adjacent B and C sites. Furthermore,
we can compare the eigenvalues in (5.21) with the numerical values obtained in the full
tight-binding matrix. We plot both quantities in Fig. 5.4(a), and do the same in (b)–(c)
for the following two cases, again for ε = 0.1 t. In all cases, despite the fact that ε is far
away from the condition of ε � µgap, the numerical values closely follow the analitical
expressions. However, for Figs. 5.4(b) and (c), a deviation appears when φ → 0, 2π.
This is expected, as in those regions the gap between flat and dispersive bands goes to
zero, so higher-order couplings to the dispersive bands can no longer be neglected and
the analytical treatment breaks down. Nevertheless, the region of discrepancy is very
limited, and becomes even smaller with decreasing ε.

5.3.2 Equal impurities

For equal impurities, ε
B

= ε
C

= ε, the effective impurity matrix in (5.19) takes the
form:

VFB =
ε

2

(
I + e−χσx

)
, (5.24)
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Figure 5.3: Probability amplitudes of the eigenstates of the impurity subsystem in a
diamond chain with 53 plaquettes pierced by a π/2 flux, for (a)–(b) opposite ε

B
=

−ε
C

= ε impurities, (c)–(d) equal ε
B

= ε
C

= ε impurities, and (e)–(f) a single impurity
ε
B

= ε with ε
C

= 0. ε = 0.1 t in all cases. Orange and yellow bars (dark red dots)
correspond to numerical (analytical) results. We sketch each case in the right insets of
the left column, with red (blue) representing positive (negative) impurities. In all cases,
figures in the left (right) column correspond to the state with higher (lower) energy.
The insets to the left show the same results in a semi-logarithmic scale and for a smaller
portion of the chain, where the exponential decay of the amplitudes can be observed to
start from the two neighboring plaquettes of the impurity sites. Sites without red dots
are A sites where the CLSs forming the analytical subspace have zero weight.
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(a) (b) (c)

Figure 5.4: Analytical energy curves (light green and yellow solid lines) obtained from
the diagonalization of the effective impurity matrix, as a function of the magnetic flux φ
for (a) opposite impurities, (b) equal impurities, and (c) a single impurity, with ε = 0.1t.
Blue and red dots correspond to the numerically obtained energies in the equivalent
diamond chain with impurities in the B and C sites of the midchain plaquette.

where σx is the x Pauli matrix. The eigenvalues and eigenvectors now become:

µ± =
ε

2

(
1± e−χ

)
, (5.25)(
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2
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)
. (5.26)

As before, we plot in Figs. 5.3(c) and (d) the amplitudes for the higher- and lower-energy
eigenstate, respectively. In this case, two clear differences can be spotted. First, the
state in Fig. 5.3(c) has a a higher central peak, compared to the one in Fig. 5.3(d).
In contrast, the latter state has a larger spatial extension compared to the former, a
fact that will prove to be important when we discuss the disordered lattices in the next
sections. Despite these differences, both states decay exponentially with the distance to
the central plaquette. We will focus on this specific case for the rest of the results of
this chapter. However, we first present a last case of interest.

5.3.3 Single impurity

Finally, let us address the case where a single impurity, ε
B

= ε, is placed at the top
site of the q + 1 plaquette. The effective impurity matrix in (5.19) now reads

VFB =
ε

4

(
σ0 + e−χσx −

√
1− e−2χσy

)
, (5.27)

and the eigenvalues and eigenvectors take the form

µ± =
ε

4
(1± 1), (5.28)(
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2
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|ϕ̃q〉
|ϕ̃q+1〉

)
, (5.29)
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where ξ is defined as cos ξ ≡ e−χ. There is now no flux dependence on the energies in
(5.28), and most notably one eigenvector has zero energy. This has important impli-
cations with regards to the impurity system. When a single impurity is present, the
system can always rotate the subspace of dual localized states in order to generate a
state, namely |ϕ̃−〉 in (5.29), with zero weight at the impurity site and thus zero en-
ergy, such that it remains degenerate with the other FB states. Hence, even though the
methodology points to the appearance of two exponentially decaying impurity states,
only one of them actually emerges from the FB. This is illustrated in Fig. 5.5, where a
partial profile of the |ϕ̃+〉 and |ϕ̃−〉 eigenstates is depicted. It can be readily seen that
the weight of the state at the impurity site, marked in both cases with an arrow, is
maximum for |ϕ̃+〉 and zero for |ϕ̃−〉.

The single impurity case has an interesting topological characterization that is
treated in detail in Ref. [215]. Although we do not fully delve into its details in this
thesis, we do present the most remarkable result. In essence, the Zak phase, as defined
in Sec. 2.3.1, can be computed as

γ = i

∮
dR 〈ϕ̃(R)−|

d

dR
|ϕ̃(R)−〉 , (5.30)

where the integral path is usually taken along the Brillouin zone such that the parameter
R corresponds to the quasimomentum k. However, the relevant parameter of integration
in our case is not the quasimomentum, but rather the reduced magnetic flux φ as
it changes by one flux quantum, that is, from φ = 0 to φ = 2π. Recall that the flux

P
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se

Figure 5.5: Partial profile of the |ϕ̃+〉 and |ϕ̃−〉 eigenstates in (5.29), respectively, and
where the radius of each circle represents the amplitude of the wavefunction at the
respective site and the color represents its phase, coded by the color bar at the right.
The arrow indicates the Bq+1 site where the εB = ε = 0.1 t impurity is placed, and where
|ϕ̃+〉 (|ϕ̃−〉) has maximum (zero) amplitude.
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appears in the expression of the eigenstates (5.29) through the definition of ξ. Therefore,
we can introduce (5.29) in (5.30) and integrate taking R = φ, which leads to a Zak phase
having a half-integer value γ = π

2
. Equivalently, the winding number can also be shown

to take a half-integer value [215]. We can compare this with the value of the Zak phase
for the SSH model, whose value is γ = 0 in the trivial phase an γ = π in the nontrivial
phase. In this latter case, two edge states appear in the gap [101]. Analogously, for the
half-integer value in our case, one would expect a single edge state to show up under
OBC. However, in contrast to the usual scenario where boundaries are opened in real
space, complementary to momentum space where the Zak phase is computed, here it
is not evident how to open the boundaries on the complementary space of the flux. In
Ref. [215], it is detailed how this pivotal issue can be circumvented by employing an
exact mapping onto a 2D lattice where the y-momentum plays the role of the flux in
the diamond chain. In the mapped lattice the boundaries can be opened, and therefore
the anticipated single edge state can be observed.

5.3.4 Coupling between impurity states

Before jumping to the fully decorated diamond chain, let us first consider the simpler
case where only two plaquettes contain onsite impurities. In particular, we consider the
case of equal impurities just described in Sec. 5.3.2, with values ε

B
= ε

C
= 0.1 t. In this

scenario, four states emerge from the FB with energies following the expression in (5.25).

(a) (b)

Figure 5.6: (a) Coupling strength between two sets of impurities with ε
B

= ε
C

= 0.1 t

with respect to the distance between impurities for different flux values. The inset shows
the same curves in a logarithmic scale. The coupling values chosen for Fig. 5.8(b) in
the next section, namely those for d1 = 6 and d2 = 8 for φ = π

2
, are highlighted with

blue circles. (b) Coupling strength for the same impurity values, this time for varying
fluxes and fixed impurity distances. The higher extension of the states for lower fluxes
is reflected by the increased coupling strengths.
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Figure 5.7: Snapshots of the absolute value of the amplitudes of the higher (lower)
impurity state at the top (bottom) panel at different flux values, indicated on the top
of the figure. We show a partial section of an open diamond chain with 53 complete
plaquettes, centered around the central plaquette where equal impurities ε = 0.1 t are
added.

Although these states will overlap with one another, they will couple independently in
two groups due to the significant energy difference between them. Thus, two effective
systems are formed, with energies around µ+ and µ−, respectively. To extract the value
of the coupling between impurity states, we check the energy gap that is induced between
the two of them as we change the relative distance between impurities. We focus on the
lower-energy block, thus defining the coupling as:

ti =
1

2
(µ̃a − µ̃b) , (5.31)

with µ̃a (µ̃b) the energy of the higher (lower) state in the coupled set. We plot the
obtained coupling dependence with the distance between impurities in Fig. 5.6(a), where
we observe that it displays an exponential dependence on their separation, confirmed
also by the inset. We also see that the decaying of the curves is slower for smaller fluxes.
This is further proved in Fig. 5.6(b), where we now plot the coupling with respect to the
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flux for different separations. Since the coupling is larger for lower fluxes, the extension
of the states is necessarily larger as well.

Further proof can be found in Fig. 5.7, where snapshots of the spatial extension of
both impurity states are shown for different flux values. Although the lower-energy state
is considerably more extended at all flux values, we can observe that the exponential
tails grow longer as the flux decreases in both instances. Note that this does not imply
that the effective number of sites covered by the state, as defined later on in Sec. 5.4.1
based on the effects of disorder, grows for both states. This aspect will be treated below.
Going back to Fig. 5.6, the curves there allow us to build a map between couplings and
distances, which can also be tuned by controlling the flux on the lattice. Based on it,
any coupling distribution can be engineered. The couplings for the set of higher-energy
impurity states presents very similar values as those depicted here. This may seem
counter-intuitive, specially considering the fact that the lower energy states possess
a comparatively larger extension as we just showed in Fig. 5.7. Nevertheless, when
numerically computing the coupling, the different behavior of the central peak at the
plaquette hosting the impurities as well as the exponential amplitude tails in both cases
seems to compensate each other and lead to approximately equal results.

5.4 Effective SSH impurity chains

We now consider a lager diamond chain of Nc = 101 unit cells with nearest-neighbor
coupling t and nonzero flux per plaquette φ, decorated with a series of thirteen impurity
pairs in the top and bottom sites, following a staggered pattern as sketched in Fig. 5.8(a).
In particular, we use d1 = 8 and d2 = 6 plaquettes of separation between impurities,
ending with d1 at the left and d2 at the right end of the chain. The induced impurity
states couple among themselves forming an effective system described by a Hamiltonian
Heff. As we just described in the previous section, the coupling between the impurity
states depends exponentially on their separation. Therefore, the effective system displays
the staggered coupling distribution that is characteristic to the SSH model [95]. We
consider the case of equal impurities with values ε = 0.1 t and a flux of φ = π/2. To
avoid cutting the exponentially decaying tails of the edgemost impurity states, which
would perturb the ends of the effective system, 13 plaquettes before the first impurity
pair and after the last one are left impurity-free at both ends of the chain.

As we showcase in Fig. 5.8(b), two SSH-like sub-spectra emerge above the FB (orange
and green dots). For the other possible choices for the impurity distribution, which
were discussed previously, one or two impurity spectra are similarly produced. In this
manuscript, we focus on the spectrum of lower energy (orange dots) in Fig. 5.8(c). The
highlighted state in the middle of the gap corresponds to the edge state of the effective
system, whose amplitudes are shown in Fig. 5.8(d). Interestingly, this edge state is
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Figure 5.8: (a) A diamond chain decorated with a staggered impurity distribution in
the top and bottom sites hosts two effective low-energy SSH sub-systems. (b) Energy
spectrum for a diamond chain of Nc = 101 unit cells and thirteen impurities ε

B
= ε

C
=

ε = 0.1 t, with φ = π/2 and relative distances d1 = 8 and d2 = 6 that yield a coupling
ratio of t−i1/t

−
i2 = 0.17. From the FB, two effective SSH systems centered around different

energies (orange and green dots) emerge as a consequence of the coupling of impurity
states. (c) Spectrum of the lower-energy SSH system (orange dots) highlighted in (b).
The state marked with a red circle is its topological edge state. We show in (d) the
absolute value of its amplitudes on each site for a segment of the chain.
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not localized around the edge of the diamond chain, but rather around the edge of
the impurity sub-system. The features of the effective system may be controlled by
tuning the parameter values of the diamond chain. Therefore, choosing an appropriate
distribution for the impurities allows to design a wide range of one-dimensional (1D)
models. Nonetheless, the flux through each plaquette remains a key property, as it
affects both the energies and the couplings of the effective system, as can be seen from
(5.24) and (5.25). In particular, the extension of the impurity states grows for weaker
flux, see Fig. 5.7, as does the coupling between states localized around adjacent impurity
pairs and the gap of the effective system.

Most remarkably, the coupling between impurity states is not limited only to real
values, and can be pushed into the complex plane by including complex onsite potentials.
Namely, one can impose ε = |ε|eiρ, which has two main consequences in the spectrum, as
we showcase in Fig. 5.9 for ρ = π/4. Firstly, all eigenstates in the conductive bands with
finite weight on the impurity sites pick up a small imaginary component in their energies.
This effect, however, is nullified when the impurities are balanced, i.e. ε

B
= −ε

C
.

Secondly, and more interestingly, the spectra of the effective SSH systems rotate along
the complex plane according to the angle ρ, as can be seen in the inset in Fig. 5.9.

State number

Figure 5.9: Complex energy spectrum for the diamond chain with complex onsite impu-
rities ε

B
= ε

C
= ε eiρ, with ρ = π/4, and the same lattice parameter values as in Fig. 5.8.

The spectra of the effective SSH systems rotate along the complex plane by an angle ρ,
as can be observed in the inset.



122 Effective topological impurity systems in a photonic diamond chain

By virtue of this rotation, one can readily deduce that the effective Hamiltonian of
each SSH becomes H̃eff = eiρHeff compared to the cases in Fig. 5.8, implying that they
are now non-Hermitian. This effect could open up the possibility of experimentally
exploring non-Hermitian couplings in FB systems by employing lossy impurities, where
the coupling strength is determined by the flux per plaquette and the angle of rotation
ρ by the included losses.

5.4.1 Disorder

Due to the dependence of the extension of the impurity states on the flux, a disorder
on the flux translates into disorder in both the onsite energies and the couplings of
the effective system, and thus breaks the chiral symmetry of the effective SSH model.
We introduce a random flux disorder of strength η in each plaquette, φq = φ + ηq,
sampled from a uniform distribution ηq ∈ [−η/2, η/2] as sketched in Fig. 5.10(a). We
explore the consequences of this disorder by checking the variation of the edge state
gap ∆ = min(|µm − µm±1|) for the edge state m of the SSH system in Fig. 5.8(c)
as the perturbation is increased. We plot in Fig. 5.10(b) the size of this gap and its
standard deviation for different values of the central flux φ, averaged over 1000 random
realizations for each η, in steps of ∆η = 0.01 rad. We see that disorder distorts the
effective system, reducing the gap on average for increasing flux disorder. In general,
however, for a weak φ the system displays a larger gap that is also more resilient to
disorder compared to fluxes closer to π. This is made evident in Fig. 5.10(c), where
the average gap in each case is compared to the one for the pristine system, ∆0. The
plot shows how weaker fluxes display a slower decay, even for values of disorder of the
same order as φ itself. This behavior is closely related to the extension of the impurity
states. Although flux disorder breaks chiral symmetry, the impurity states feel the
effects of an averaged disorder over their whole characteristic length [217], which tends
to the effective restoration of chiral symmetry. This average effect becomes stronger for
longer extensions, implying an overall weaker effect of the disorder. The flux-dependent
extension of the impurity states thus becomes a pivotal property of the system, as it is
directly related to their robustness against disorder [215, 216].

We justify this averaging effect further below, but we first describe the effects of
coupling disorder on the system. The chiral symmetry of the SSH model protects it
against off-diagonal disorder. However, coupling disorder in the parent diamond chain
does not necessarily translate into such a disorder for the effective system. Uncorrelated
coupling disorder, as sketched in Fig. 5.10(d), affects the amplitude distribution of the
CLSs themselves as well as their overlap, thus affecting the effective impurity system in
a similar manner to flux disorder. We prove this fact by including a random coupling
disorder in each link such that tj = t + t̃j, for t̃j ∈

[
−t̃/2, t̃/2

]
. In Figs. 5.10(e) and
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Figure 5.10: Effects of disorder on the spectrum of the effective system of Fig. 5.8(a).
(a) Sketch of flux disorder, where each plaquette is threaded by a random flux centered
around φ. (b) Average gap size ∆ of the edge state of the effective SSH model (solid
lines) and standard deviation (shaded region) for increasing flux disorder strengths and
different values of φ. (c) Disordered average gap size ∆ relative to the clean system’s
gap ∆0 for the same flux values as in (b). (d) Sketch of uncorrelated coupling disorder,
where each link displays a random coupling sampled uniformly around t. (e) Average
gap size (solid lines) and standard deviation (shaded regions) for uncorrelated coupling
disorder, for the same central flux values φ as in (b). (f) Average gap size relative to
the clean system’s gap for uncorrelated coupling disorder. In all cases, we employ 1000
different realizations of disorder.
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(a) t2 t3 t4t1

(b)

Figure 5.11: Effects of correlated coupling disorder on the spectrum of the effective
system. (a) Sketch of the considered disorder, introduced in quartets as indicated by
the different link colors. (b) Average gap size ∆ of the edge state of the effective SSH
model (solid lines) and standard deviation (shaded region) for different flux values. In
this scale, the shaded regions are too thin to be observed.

(f), we plot the average gap size and its standard deviation for different values of φ and
its comparison with the one on the pristine system, respectively. Following the trend
depicted in Figs. 5.10(b) and (c) for flux disorder, we observe how uncorrelated coupling
disorder heavily affects the spectrum and the gap of the effective system, but is partially
resisted on average for low fluxes even for disorder strengths up to 50% of the value of
t.

On the other hand, for coupling disorder to translate into off-diagonal disorder in
the effective system, it must be introduced in a correlated manner. As CLSs occupy two
plaquettes for fluxes between 0 and π, any coupling disorder within the span of each
CLS will affect their amplitudes and energies, hence breaking the chiral symmetry of
the effective system. For the disorder to be chiral, it has to be introduced in hopping
quartets [220] as highlighted in Fig. 5.11(a), so that it may affect the coupling between
impurity states without distorting the CLSs themselves. We plot in Fig. 5.11(b) the
effects of this disorder on the gap size of the effective system. Comparing with Fig. 5.10,
we observe that the edge state gap is immune to correlated disorder even for φ = π/2.
Both for flux as well as coupling disorder, results for the other non-highlighted subsystem
are similar to those depicted here. Nonetheless, when comparing the two systems, the
lower-energy one displays a higher robustness to disorder owing to the higher extension
of its states that enhances the disorder averaging effect, which we now delve into.

Averaging effect of disorder

To prove the existence of this averaging effect of disorder in our system, we introduce
diagonal disorder by setting the onsite potential at each site to a random value taken
from a uniform distribution in the interval [−δ/2, δ/2], with δ = 0.02 as the disorder
strength. Note that the standard deviation of such a distribution is given by σud =
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(a) (b)

Figure 5.12: (a) Standard deviation, as a function of the flux, of the energy of both
impurity states for an open diamond chain with 101 plaquettes with equal impurities
ε = 0.1 t in the middle one. For each point, we have performed 20000 realizations of
diagonal disorder with disorder strength δ = 0.02. (b) Effective number of sites involved
in the disorder averaging effect, computed from the corresponding standard deviation
values in (a) in accordance with the CLT. The inset shows the energy histogram for the
encircled higher-energy state at φ = 0.45π, with the red dotted curve corresponding to
the Gaussian fit from which the standard deviation is extracted.

δ√
12
≈ 5.8× 10−3 [409]. We remark that for the sites at the midchain plaquette hosting

the impurities, the disorder is added on top of ε = 0.1 t. We perform 20000 disorder
realizations for each flux value and track the energies of the impurity states. The
distributions of energies are used to construct histograms, as exemplified in the inset
of Fig. 5.12(b) for the higher-energy state at φ = 9π

20
. Remarkably, the underlying

uniform distribution of the disorder generates a normal distribution for the energies of
the impurity states, whose mean approaches their disorder-free values given in Eq. (5.25)
as we increase the number of realizations. This result is consistent with the central limit
theorem (CLT) [409, 410], which states that, given a sample of random variables, the
average value of the sample tends to follow a normal distribution if the sample size is
large enough. In other words, the average effect of many random variables tends to a
Gaussian distribution as we increase the number of realizations. Therefore, considering
again the Gaussian distribution for the energy of the impurity states in the inset of
Fig. 5.12(b), we can conclude that these states effectively feel the effect of an averaged
disorder in each realization. The averaged effect is in turn related to their localization
length or, equivalently, to their spatial extension.

In Fig. 5.12(a), we plot the standard deviation of the Gaussian fits, which are applied
to the energy distributions of both impurity states, as a function of the flux. The flux
was taken in increments of π

20
and restricted to the [3π

20
, 15π

20
] interval, since near φ = 0, π

the energy separation of the states is of the order of δ. This leads to a reordering of the
states and to an overlap of their corresponding energy distributions, preventing their
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independent analysis. According to the CLT [410], the standard deviation of the normal
distribution is related to the sample size, which in our case corresponds to the effective
number of sites Ne over which the disorder is averaged for each impurity state, through
σ = σud√

Ne
, with σud given above. With this formula, and from the σ values given in

Fig. 5.12(a), we plot in Fig. 5.12(b) the flux dependence of Ne for both impurity states.
Interestingly, it can be seen that they follow opposite tendencies with decreasing flux:
while Ne increases exponentially for the lower state, it decreases monotonously for the
higher state.

The dependence of the spatial profile of the impurity states with flux, shown in
Fig. 5.7, can be used to explain their different response to disorder. The lower state
becomes globally less localized as flux decreases, starting from the profile of a regular
CLS at φ = π. This agrees with its increasing Ne in Fig. 5.12(b), since the disorder is
being averaged over more sites, thus generating a lower effective disorder. The higher
state, on the other hand, has dominant contributions from the central peaks located at
the impurity sites, which become more prominent as the flux decreases. Despite the
fact that its exponential tails at sites other than the central ones become increasingly
delocalized for lower flux, the main contributors to the number of effective sites Ne of
the averaged disorder remain the central peaks. This effect, which tends to decrease Ne

as the flux decreases, overpowers the delocalization of the exponential tails, leading to
the behavior observed in Fig. 5.12(b). While, strictly speaking, the normal distribution
of the sample means expected from CLT is only exact in the limit of infinite sample size,
Ne → ∞, we have checked numerically that a Gaussian fit is in very good agreement
with the energy histogram of all points in Fig. 5.12(b). This includes the higher-energy
state, as exemplified in the inset, where the effective number of sites responsible for the
averaged disorder is small, ranging from Ne ≈ 2.5 to Ne ≈ 5. As for the cases of opposite
impurities in Sec. 5.3.1 and of a single impurity in Sec. 5.3.3, we have checked numerically
that this averaging effect is less pronounced. Under the same kind of diagonal disorder
and for different flux values, the energy histogram of these other impurity states yields
in general a mix between Gaussian and uniform distributions, signaling a number of
effective sites involved in the averaging effect close to one, such that the CLT cannot be
used to determine this number. This can be explained from the dominant weight that
these states always have at one of the impurity sites [see the central peak in Figs. 5.3(a)
and (e)], which is where the perturbative effects of disorder are felt the most.

The averaging of diagonal disorder on the impurity states, conjectured to be the
mechanism behind the enhanced robustness to disorder displayed by certain domain
wall states with similar localization properties [217], is quantitatively confirmed here by
the numerical results of Fig. 5.12. For the case studied in this section, this enhanced
robustness to disorder is greater for the lower impurity state at low flux values where,
according to Fig. 5.12(b), Ne is maximized.
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5.5 Implementation in optical waveguides

In this section, we discuss a proposal for experimentally implementing the effective
impurity systems studied in this chapter in lattices of cylindrical optical waveguides. In
particular, we consider a zig-zag chain of optical waveguides with a relative distance of
d and a staggered relative angle of θ, as depicted in Fig. 5.13(a). As shown in Sec. 2.1.2,
these will guide orbital angular momentum (OAM) modes of the form

E±l(r, ϕ, z) = e±l(r)e±il(ϕ−ϕ0)e−iβlz, (5.32)

where l is the OAM charge, (r, ϕ, z) are the cylindrical coordinates centered at each
waveguide, e±l(r) the radial mode profile, ϕ0 an arbitrary phase origin and βl the prop-
agation constant of the mode. According to the modes that are guided in each case, we
will consider two types of waveguides. The first set [lower row in Fig. 5.13(a)] will guide
only the fundamental l = 0 mode, while the second set [upper row in Fig. 5.13(a)] will
also guide the l = 1 modes. By tuning the refractive index contrast of both sets, one can
achieve phase matching between the aforementioned l = 0 and l = 1 modes. In such a
scenario, this subset of modes forms an effective diamond chain model by considering the
mode circulations as a synthetic dimension. The l = 0 modes become the central sites,
while the K = ± circulations of the l = 1 modes become the top and bottom sites of
the diamond, respectively, as shown in the right-hand side of Fig. 5.13(a). Furthermore,
it is known that the coupling between OAM modes picks up a phase according to their
momentum charge and their circulation, as well as the coupling angle θ with respect to
an arbitrary direction ϕ0 [115, 116, 265] [see Fig. 5.13(a)]. In other words:

τl1,l2 = |τl1,l2| ei(K1l1−K2l2)θ. (5.33)

The different possible couplings between the OAMmodes that we consider in this chapter
were detailed in Sec. 2.1.4, and in particular in Fig. 2.6. As we will show later, for the
considered range of parameter values, the system is well-described by a nearest-neighbor
(NN) coupling τ as given in (2.83) between l = 0 and l = 1 modes. Considering our
geometry, the synthetic dimension formed by l = 1 modes and the expression in (5.33),
this implies a flux per plaquette of twice the geometric angle 2θ throughout the diamond
chain. Therefore, any arbitrary value for the flux can be generated by tuning this angle.
The implementation of the system in Fig. 5.8(a) is completed by perturbing the refractive
index of the l = 1 waveguides. Since the two OAM components that form the top and
bottom sites in the diamond come from the same physical waveguide, we are limited to
the case of equal impurities ε

B
= ε

C
= ε in the effective system.

For our numerical simulations, we consider cylindrical waveguides of radius R =

12 µm separated by a relative distance d = 55 µm and with a cladding refractive index
of n = 1.48. The l = 0 waveguides display a contrast of ∆n0 = 1× 10−4 and the
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(b)

(a)

(d)

(e)

(c)

Figure 5.13: Implementation of the effective SSH model in a lattice of waveguides hosting
OAM modes. (a) Coupled optical waveguides forming a zig-zag chain with alternating
l = 0 and l = 1 OAM charges and a staggered relative angle θ with respect to the
reference axis ϕ0, which behaves as diamond chain lattice with a flux per plaquette of
2θ. The circulations of the l = 1 modes can be split in a synthetic dimension that forms
the top and bottom sites of the diamond. (b) Spectrum of effective mode indices with
respect to the cladding index, ñ = neff − n0, for a waveguide lattice of Nc = 59 unit
cells, a relative angle of θ = π/4 (φ = π/2) and 13 impurity pairs in a staggered pattern
d1 = 8 and d2 = 6. (c)–(d) Highlights of the lower-energy SSH sub-system (orange dots).
Since each waveguide can host two orthogonal mode polarizations, the eigensolver picks
up two orthogonal spectra for each SSH system and the spectrum appears doubled. (e)
Electric field norms on each waveguide for the edge state circled in red in (c).
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Figure 5.14: Full coupling scheme in the diamond chain featured in Fig. 5.13(a), includ-
ing the phases induced by the geometrical angle. The NN couplings are also sketched
for clarity. Cross-circulation couplings in the l = 1 waveguides due to the nearest l = 1

waveguides, τ̃1, are much smaller than τ1 and are thus not included in the picture.

matching contrast for l = 1 waveguides is computed to be ∆n1 = 2.579× 10−4 for a
wavelength of λ = 730 nm. We impose small impurities on top of some l = 1 waveguides
by adding an additional contrast of ∆nimp = 6× 10−7 at alternating distances of 8 and 6
unit cells to achieve the staggering, and choose a relative angle of θ = π/4 equivalent to a
flux value of φ = π/2. Using these parameter values, we simulate a chain of N = 59 unit
cells using the commercial finite-element solver COMSOL Multiphysics. As depicted in
Fig. 5.13(b), we obtain the eigenmodes of the structure, closely matching those obtained
in the tight-binding model described in Sec. 5.4. The insets of the figure show that we
obtain a doubled spectrum, which is due to the orthogonal mode polarizations that can
be guided by the waveguide structure. These have similar mode profiles but different
projections (Ex, Ey, Ez), and are both picked up by the eigensolver. We showcase in
Fig. 5.13(c) the electric field norms |E| in the waveguide system of the highlighted edge
state in the bottom right inset of Fig. 5.13(b).

The simulations display a remarkable agreement with the theoretical results. How-
ever, there exist possible sources of discrepancy with the original model in the form of
additional couplings. In Fig. 5.14, we show the complete coupling scheme in our system
up to next-nearest neighbor (NNN) couplings. To estimate the importance of each one,
we simulate three sets of two coupled waveguides containing the following OAM modes:
(a) l = 0 ↔ l = 0, (b) l = 1 ↔ l = 1 and (c) l = 0 ↔ l = 1. Then, we compute each
coupling through the expressions (2.77), (2.80) and (2.83) in Sec. 2.1.4, respectively,
and display them in Fig. 5.15. For our considered relative distance of d = 55 µm, the
NN coupling has a value of τ = 5.08 m−1. First, the cross-circulation coupling, which
emerges due to the breaking of the cylindrical symmetry of the modes caused by the
presence of other waveguides [265], is valued at τ1 = −0.12 m−1 = −0.024 τ at the same
distance. Being around two orders of magnitude lower than τ , we can safely neglect it.
On the other hand, the distance d′ corresponding to NNN couplings will vary depend-
ing on the angle θ. For the limiting case of θ = π/2, and thus a flux of π, the NNN
distance between waveguides becomes as short as d′ =

√
2d. We summarize the NNN
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μm μm μm

(a) (b) (c)

Figure 5.15: Coupling strengths between waveguides with different OAM modal content
at increasing relative distances, for the waveguide parameter values included in the text.
The τ1 coupling is at least an order of magnitude lower than the rest at all distances,
both in (b) and (c).

φ = π φ = π/2

τ ′2 (l = 0, 0↔ 0) 12.82% 2.58%
τ̃2 (l = 1, ± ↔ ±) 9.04% 1.82%
τ̃3 (l = 1, ± ↔ ∓) 12% 2.58%

Table 5.1: NNN coupling strength values for different fluxes, relative to the value for
the NN coupling at d = 55 µm.

couplings at this limit of θ = π/2 (d′ = 77.8 µm), as well as for a lower angle of θ = π/4

(d′ = 101.64 µm) in Table 5.1. We do not include the NNN cross-circulation coupling τ̃1

as it is at least an order of magnitude lower than the others at all distances.
We can observe how the exponential nature of the couplings quickly makes these

couplings negligible as the angle decreases. Even though these are at least an order of
magnitude lower than the main coupling τ , they can nonetheless perturb the bands of
the system and cause some states to deviate from the FB. With the coupling strengths
in Table 5.1, we simulate the tight-binding model of a diamond chain model with NNN
and cross-circulation couplings, see Fig. 5.14, and compare the obtained spectrum with a
system with only NN couplings in Fig. 5.16. For fluxes close to π, where the geometrical
angle is large and thus the NNN distances relatively small, the deformation of the bands
is evident. In Fig. 5.16(a), one can observe that the top and bottom bands are not
flat as they should be, but rather dispersive. The same effect happens to a sizeable
portion of the central band, which significantly tilts to lower energies. Conversely, for
φ = π/2 and lower fluxes, the deviations caused by these couplings become much smaller
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(a) (b)

Figure 5.16: Energy spectrum of the diamond chain for (a) φ = π (θ = π/2) and
(b) φ = π/2 (θ = π/4), using the coupling strengths obtained from the waveguide
simulations in Fig. 5.15 at d = 55 µm and for Nc = 101 plaquettes. The spectrum
in blue corresponds to a system with both a cross-circulation coupling and the NNN
couplings included in Table 5.1, whereas the gray spectrum corresponds to a system
with only NN couplings.

and increasingly negligible as can be observed in Fig. 5.16(b). Therefore, limiting the
study to 0 < θ ≤ π

4
(corresponding to 0 < φ ≤ π

2
), as was done for the results in

Fig. 5.13, guarantees that only the considered NN coupling plays a significant role in
the system. One way to safely surpass this limit could be to employ higher-order OAM
modes [219]. From the expression in (5.33) we gather that the induced phase in the
coupling increases for higher OAM charges, which could allow to imprint higher fluxes
with smaller geometrical angles, corresponding to larger d′. Note, however, that these
higher-order modes are more spatially extended [234], so the NNN couplings in that case
would be larger as a consequence.

5.6 Conclusions

We have demonstrated a method to engineer an arbitrary system from the CLSs of a
FB lattice, and whose parameters are controlled via the flux that threads the plaquettes
of the original system. By decorating the FB lattice with onsite impurities, CLSs can
be made to couple, giving rise to an effective system in the subspace of exponentially
decaying impurity states. An appropriate choice for the impurity positions leads to a
manifestation of non-trivial topology and the appearance of edge states. To exemplify
the method, we have imprinted an SSH model on top of a diamond chain lattice with
nonzero flux per plaquette. By alternating the relative distance between impurities, the



132 Effective topological impurity systems in a photonic diamond chain

characteristic staggered coupling distribution of the SSH model is achieved. We have
then studied the behavior of the effective system when disorder of two kinds is introduced
in the system. When correlated coupling disorder is applied, and thus chiral symmetry
is preserved, the effective system is immune to it. On the other hand, when flux disorder
or uncorrelated coupling disorder is introduced, chiral symmetry is no longer satisfied.
Nonetheless, the system presents an increased robustness to non-chiral disorder owing to
the large spatial extension of the impurity states. Effectively, the disorder is averaged out
over their characteristic lengths, which in turn implies a lower distortion of the energy
spectrum of the effective system [217]. This effect is also amplified at lower fluxes, where
the extension of the states is larger. Moreover, we have provided quantitative evidence
of this enhanced robustness for the case of random onsite disorder. By applying diagonal
disorder following a uniform distribution to the diamond chain, the energy histogram
of both impurity states is seen to follow a normal distribution for a wide range of flux
values. By relating the standard deviations of the normal and uniform distributions,
the effective number of sites involved in the disorder averaging effect can be computed.
For larger effective sizes, the robustness to disorder is enhanced.

Additionally, we have provided a route for an experimental implementation of the
proposed system using optical waveguides guiding light with OAM [159, 216, 218, 219].
The coupling of different OAM modes introduces a phase component in the couplings by
controlling the geometric angle between waveguides. This phase serves as an artificial
gauge field that provides the necessary flux to the system. Moreover, the different
circulations of l = 1 OAM modes are used as a synthetic dimension and translated as
the top and bottom sites of the diamond chain, while l = 0 modes form the central
sites. The onsite impurities can be included by manipulating the propagation constant
of the corresponding waveguides by changing their size or refractive index. The proposed
platform gives complete freedom over the choice of the flux per plaquette. The energy
bands have been shown to closely replicate those of the diamond chain for fluxes lower
than π/2, with only minor band distortions appearing for fluxes nearing π.

Our work lays the groundwork for future studies involving impurity-decorated sys-
tems and FB models with non-orthogonal CLSs. The method for generating effec-
tive models by impurity decorating flat band systems with non-orthogonal bases can
be readily generalized to higher-dimensional systems, such as the Lieb lattice [102–
105, 356], where higher-order TIs may be explored. Furthermore, and as exemplified
here, non-Hermitian couplings are also easily achievable by including onsite gains and
losses, opening a new FB-based venue for the study of non-Hermitian physics. Aside
from optical waveguides guiding OAM, other platforms capable of controlling the phase
of the couplings could be well suited for an alternative experimental implementation.
Still within the frame of photonic waveguides, arrays of coupled multiorbital waveguides
[401, 402, 411] have been used to produce negative couplings and thus allow to introduce
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π fluxes in the system, but they lack the freedom of arbitrary flux that OAM provides.
Alternatively, in waveguide arrays an arbitrary synthetic flux may also be generated
by an appropriate bending of the lattice along its longitudinal direction combined with
modulations of the propagation constants of different waveguides [158]. On the other
hand, in photonic resonator arrays the synthetic flux can be controlled by modifying the
optical paths of the auxiliary rings, which generate the coupling between main rings,
in an asymmetric manner [152, 167, 220, 284, 391, 412], e.g. by displacing them from
the line that joins the center of the main rings. In this case, the impurities can be
introduced by slightly perturbing the resonance condition of the main lattice rings lo-
cally [199]. Outside of photonics, electrical circuits [136, 195, 196] can also provide an
appropriate venue for implementation, as they have a remarkable flexibility and allow
to recreate most tight-binding models by connecting nodes with capacitors or inductors.
It has also been shown that arbitrary phase factors can be added to the couplings in
this platform [413].





CHAPTER 6

Root topological insulators of arbitrary order
in Non-Hermitian photonic ring resonators

Square-root topology [119] is one of the newest additions to the ever expanding field
of topological insulators (TIs). It characterizes systems that relate to their parent TI
through the squaring of their Hamiltonians. Extensions to 2n-root topology, where n
is the number of squaring operations involved in retrieving the parent TI, were quick
to follow [128]. Here, we go one step further and develop the framework for designing
general n-root TIs, with n any positive integer, using the Su-Schrieffer-Heeger (SSH)
model as the parent TI from which the higher-root versions are constructed [220]. The
method relies on using loops of unidirectional couplings as building blocks, such that
the resulting model is non-Hermitian and embedded with a generalized chiral symmetry.
Edge states are observed at the n branches of the complex energy spectrum, appearing
within a ring gap in the complex plane, which is a novel type of gap that is shown to be
irreducible to the usual point or line gaps. We further detail on how such an n-root model
can be realistically implemented in photonic ring systems. Near perfect unidirectional
effective couplings between the main rings can be generated via mediating link rings
with modulated gains and losses [199]. These induce high imaginary gauge fields that
strongly suppress couplings in one direction, while enhancing them in the other. We
use these photonic lattices to validate and benchmark the analytical predictions. Our
results introduce a new class of high-root topological models, as well as a route for their
experimental realization.

The chapter is organized as follows. In Section 6.1, we motivate the interest in
developing a method to produce root TIs of arbitrary order, as well as briefly describe
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its implementation. Then, we begin the description of the 3
√
SSH model and its main

features in Section 6.2, including a discussion of its symmetries, a characterization of
its topology in comparison with the SSH model, and a study of the robustness against
disorder of its edge states. This is followed by the generalization to roots of any order
in Section 6.3. After establishing the framework, we describe in detail the method to
obtain quasi-unidirectional couplings using ring resonators in Section 6.4, where we also
present the results of our simulations for the roots of order 3, 4 and 5. Finally, we lay
our conclusions and outlook in Section 6.5.

6.1 Introduction

High-root topology has emerged as a rich new branch within the field of TIs. Square-
root TIs (

√
TIs) [119] were first proposed to characterize lattice models whose parent

TI, from which its topological features are inherited, manifests itself as one of the diag-
onal blocks of the squared Hamiltonian [115, 120–122, 200, 248, 414–419]. Experimen-
tal realization of these models in different platforms followed soon [123–126, 420–424].
Subsequently, these systems were further generalized to 2n-root TIs ( 2n

√
TIs) [127–130],

meaning models that connect to their parent TI through a sequence of n squaring opera-
tions. The first experimental demonstrations of quartic-root topology (n = 2) appeared
in the context of acoustic [131] and photonic [132] lattices. Studies on related topics,
such as those of fractionally twisted models [425] or multiplicative topological phases
[426], have also started to appear recently. The mathematical description of

√
TIs was

carried out in Sec. 2.3.3 and exemplified through the calculation of the square root of
the SSH model. In there, it is established that a key ingredient is the subdivision of the
model into a bipartite graph. Although not explicitly computed, the generalization to 2n

roots by further root partitions of the chain also appears in a relatively straightforward
way.

As a direct follow-up, the question of whether general n-root TIs ( n
√
TIs) can be

devised, with n ∈ N, naturally arises. This has already been affirmatively answered for
Floquet systems [427, 428], through a method based on subdividing the driving period
into n subperiods, each with its own associated Hamiltonian. However, for non-driven
systems, a natural generalization of 2n

√
TIs to n

√
TIs has been lacking so far. Here, we

bridge this gap in the literature, and consider the SSH model [95] as the parent TI
from which its higher-root versions ( n

√
SSH) are derived, following a novel procedure

[220]. Specifically, instead of constructing bipartite chains to obtain the square root,
the procedure involves constructing n-partite chains from loop modules of unidirectional
couplings as the building blocks. Under open boundary conditions (OBC), n edge states,
all decaying from the same edge [128], are seen to appear in the complex energy spectrum
when in the topological phase.
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The main challenge regarding the experimental design of the n
√
SSH model relates

to the implementation of the unidirectional couplings in the loops. Although seemingly
exotic, non-Hermitian couplings have been a matter of intense discussion in recent years,
with theoretical proposals and experimental implementations appearing in many differ-
ent platforms, including optical and acoustic ring resonators [199–204, 429–433], opti-
cal fibers and waveguides [205–208], ultracold atoms [189–192, 434], electrical circuits
[138, 193–196], photonic crystals [209–211], synthetic dimensions [435–437], micropillar
arrays [438, 439], mechanical lattices [197, 198], active particles [440], quantum walks of
single photons [441, 442] and even robotic metamaterials [443]. In particular, we focus
on optical ring resonators, which allow to obtain non-Hermitian couplings through the
usage of adequately engineered link rings. The link rings feature a split gain/loss distri-
bution, in which the upper half of the ring has optical gain while the lower half suffers
losses. Through the presence of the link rings, and due to their balanced gain and loss
distribution, an effective asymmetric coupling is enabled between the main rings [199],
which is akin to an imaginary gauge field acting on the system. Additionally, a real flux
of any desired value can also be generated by modifying the optical path of the upper
and lower arms of the link rings, either by orthogonally displacing them from the line
connecting the centers of the corresponding main rings [152], changing the lengths of
each arm [151], or locally modifying them with external elements [167]. In each case, a
phase is generated in the coupling between them that allows for the implementation of
the synthetic flux.

6.2 Cubic-root SSH

Here we extend the methodology presented in Sec. 2.3.3 for square-root Hamiltonians
to cubic-root [220], and beyond to any root order n ≥ 3 later on. Recall that for square
roots, the technique to obtain the root Hamiltonian is based on subdividing the graph
representation of the original system so as to obtain a bipartite model as the root. This,
in turn, guaranteed that squaring the root Hamiltonian resulted in decoupled diagonal
blocks, one of which was equal to the original Hamiltonian up to an identity term. This
time, we wish to obtain a tripartite system that yields three decoupled blocks when
taking the cube of the Hamiltonian. To achieve this, we employ unidirectional coupling
loops of length 3 as linking elements, instead of single sites, leaving a simple path for the
generalization by extending the length of the hopping loop. For cubic roots, and any root
of higher order, the unidirectionality of the couplings renders the system non-Hermitian.

We thus start from the SSH model in Fig. 6.1(a) and substitute each link with
three-hopping loops with rescaled couplings tj → 3

√
tj, arriving at the graph displayed

in Fig. 6.1(b). To achieve the desired tripartite nature, we require three consecutive
hoppings to lead back to the same sublattice [128, 129, 131, 221]. Note how this justifies
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(a)

(b)

1 2

3 4

5 6

Figure 6.1: (a) Graph representation of the SSH model, with the blue shaded region
indicating the unit cell of two sites. (b) Graph representation of the cubic root of the
SSH model, with its unit cell shaded in green. To obtain it, each link is substituted by
an unidirectional coupling loop consisting of three hoppings and two additional sites.
The couplings are renormalized to

√
tj.

the need for unidirectionality: with Hermitian couplings, different paths could lead to
different sublattices e.g. by going back and forth between two adjacent sites, and the
model would not be tripartite. To recover the original SSH, one needs to compute the
cubed graph. To do this, two types of paths need to be considered: those joining different
sites as sketched in Fig. 6.2(a) and those leading to the same site as seen in Fig. 6.2(b),
which represent the coupling and self-energy terms, respectively. Since forward and
backward couplings are equal in the cubed graph, one can readily observe in Fig. 6.2(c)
that we indeed recover the SSH model.

Let us now describe the root Hamiltonian. We consider the ordered {|u(k)〉} basis,
with u = 1, 2, . . . , 6, as indicated in Fig. 6.1(b). The bulk Hamiltonian of the 3

√
SSH

model can then be written as

H 3√SSH(k) =

 0 h1 0

0 0 h2

h3 0 0

 , (6.1)

h1 = h†3 = −
(

3
√
t1

3
√
t2e
−ik

3
√
t1

3
√
t2

)
, (6.2)

h2 = −
(

3
√
t1 0

0 3
√
t2

)
, (6.3)
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Coupling Self-energy
(a)

(c)

(b)

Figure 6.2: Sketch explaining how to recover the parent system by cubing the root
graph. (a) The forward (red) and backward (blue) parent couplings are the result of
taking three consecutive hoppings between the relevant sites. (b) The self energy is the
result of the set of three-hopping paths that lead to the same site. (c) The result is a
1D lattice where forward and backward couplings are equal, i.e. Hermitian, and with a
global onsite energy term that can be extracted as an identity term.

where the lattice spacing was set to unity. Note that the conjugate of (6.1) corresponding
to a global inversion of all couplings, H(k) → H†(k), can also play the role of the root
model. Due to its tripartite nature, defined by the sublattices (1, 2), (3, 4) and (5, 6)

[221], this Hamiltonian obeys a generalized chiral symmetry,

C3 : Γ3H 3√SSH(k)Γ−1
3 = η−1

3 H 3√SSH(k), (6.4)

Γ3 = diag(I, η3I, η
−1
3 I), (6.5)

with η3 = ei
2π
3 and I the 2 × 2 identity matrix. After cubing the Hamiltonian in (6.1)

we obtain

[
H 3√SSH

]3
(k) =

HSSH′(k) 0 0

0 H2(k) 0

0 0 H3(k)

 , (6.6)

with the first block being

HSSH′(k) = h1h2h3 = HSSH(k)− (t1 + t2)I. (6.7)
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The other diagonal blocks, H2 and H3, are cyclic permutations of HSSH′ :

H2(k) = h2h3h1 = −

(
2t1 t

2
3
1 t

1
3
2 (1 + e−ik)

t
1
3
1 t

2
3
2 (1 + eik) 2t2

)
, (6.8)

H3(k) = h3h1h2 = H†2. (6.9)

The eigenvalues and eigenvectors of HSSH′ can be readily determined to be

µ±(k) = −(t1 + t2)±
√
t21 + t22 + 2t1t2 cos k, (6.10)

|u±SSH(k)〉 =
1√
2

(
1

∓eiφ(k)

)
, (6.11)

cotφ(k) =
t1

t2 sin k
+ cot k, (6.12)

and one can easily show that the other diagonal blocks are isospectral to HSSH′ by
realizing that h3HSSH′ = H3h3 and h2H3 = H2h2, according to (6.7)–(6.9). Hence, if
one has HSSH′ |u±SSH〉 = µ± |u±SSH〉 and applies h3 from the left, one obtains:

h3HSSH′ |u±SSH〉 = µ±h3 |u±SSH〉 −→ H3

(
h3 |u±SSH〉

)
= µ±

(
h3 |u±SSH〉

)
, (6.13)

and a similar procedure can be applied for H2. The fact that H2 and H3 have real
energies despite being non-Hermitian implies that they are pseudo-Hermitian [444], as
defined by

η̃H2(k)η̃−1 = H†2(k) = H3(k), (6.14)

η̃ = diag(t
− 1

3
1 , t

− 1
3

2 ), (6.15)

where t1, t2 > 0 is assumed. The eigenvectors of the H2(k) and H3(k) blocks can be
expressed in terms of the |u±SSH(k)〉 in (6.11),

|u±2,R(k)〉 =
1

N±2,R(k)
h2h3 |u±SSH(k)〉 , (6.16)

|u±3,R(k)〉 =
1

N±3,R(k)
h3 |u±SSH(k)〉 , (6.17)

where N±(k)
o,R , with o = 2, 3, are normalization constants, and R stands for right eigen-

vector. Recall that the non-Hermiticity of Ho(k) implies that its left (L) and right (R)
eigenstates are not the same in general. To determine the normalization constants one
must impose a biorthogonal normalization for the eigenstates:

〈uσo,L(k)|uσ′o,R(k)〉 = δσ,σ′ , σ, σ′ = ±, (6.18)
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which, joined with relation (6.9) and the pseudo-Hermiticity condition (6.14) leads to

N±2,R(k)N±3,R(k) = µ±(k). (6.19)

Finally, we can fix the values of the normalization constants by relating the problem
back to the starting 3

√
SSH model, whose eigenstates can be grouped in three pairs of

bands. One of these pairs has the form

|ψ±1 (k)〉 =
1√
3


|u±SSH(k)〉

|u±2,R(k)〉

|u±3,R(k)〉

 , (6.20)

whose corresponding eigenvalue equation reads as

H 3√SSH(k) |ψ±1 (k)〉 = µ
1
3
±(k) |ψ±1 (k)〉 , (6.21)

with the eigenvalues being the cubic root of the eigenvalues of the cubed system in (6.10).
Then, by introducing (6.20) in (6.21), one finally obtains the values of the normalization
constants,

N±2,R(k) = µ
2
3
±(k), N±3,R(k) = µ

1
3
±(k). (6.22)

The other two pairs of eigenvalues and eigenstates can be obtained by making use of the
generalized chiral symmetry of the system [221], as expressed in (6.4). The eigenstates
have the following form

|ψ±2 (k)〉 = Γ3 |ψ±1 (k)〉 =
1√
3

 |u±SSH(k)〉
η3 |u±2,R(k)〉
η−1

3 |u±3,R(k)〉

 , (6.23)

|ψ±3 (k)〉 = Γ2
3 |ψ±1 (k)〉 =

1√
3

 |u±SSH(k)〉
η−1

3 |u±2,R(k)〉
η3 |u±3,R(k)〉

 , (6.24)

with energies η3µ
1
3
±(k) and η−1

3 µ
1
3
±(k), respectively, forming three energy branches in

total. We show the bulk spectrum of the H 3√SSH model in Fig. 6.3(a), where it is clear
that the bands are indeed split in three separate branches along the complex plane.
From one of the branches, one may obtain the others by applying ±2π

3
rotations on

the complex plane. Furthermore, all three branches converge and become degenerate
at µ = 0 for k = 0, which constitutes an exceptional point of the spectrum [445]. This
point is associated only to two eigenstates: one with weight only on the first sublattice,
|ψ−1 (0)〉 = 1√

2
(1,−1, 0, 0, 0, 0)T ; and a doubly degenerate state with weight only on the
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Figure 6.3: Complex energy spectrum, in units of 3
√
t2 = 1, as a function of the mo-

mentum for the 3
√
SSH model with (a) 3

√
t1 = 3

√
0.5, (b) 3

√
t1 = 1, and (c) 3

√
t1 = 3

√
1.5.

Different energy branches are indicated with different colors. (d) Cubed energy spec-
trum of the model in (a), which is purely real and with each band three-fold degenerate.
(e)-(h) Same as the corresponding cases above, but for 3

√
t1 → ei

π
3 3
√
t1, leading to the

3
√
SSHπ

3
model. Different colors in (e)-(g) now distinguish the groups of three bands

that become degenerate upon cubing the spectrum. The ring gaps are depicted in light
purple and appear at k = π in (a) and (c), and at k = 2π in (e) and (g), where the inner
circumference of the ring reduces to a point at µ = 0.
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second sublattice, |ψ−2 (0)〉 = (t
2
3
1 + t

2
3
2 )−

1
2 (0, 0, 3

√
t2,− 3
√
t1, 0, 0)T . In the spectrum of the

root model, the complex energy branches are balanced. That is, for every complex µ,
there exists a conjugate pair µ∗ on the opposite complex branch. This implies that
H 3√SSH is also pseudo-Hermitian [444], as the spectrum of pseudo-Hermitian matrices
is either real or comes in complex-conjugate pairs. Similarly to the definitions for H2

and H3 in Eqs. (6.14)–(6.15), we detail the form of the η̃ matrix for H 3√SSH below,
in Sec. 6.2.1. Most notably, on a different note, the bulk spectrum presents a novel
spectral gap that cannot be described as the point or line gaps that are present in
the literature on non-Hermitian systems [445, 446], and that we label as a ring gap.
Through Figs. 6.3(a)-(c), where 3

√
t1 is swept across the topological transition point, one

can observe how the ring gap closes at 3
√
t1 = 3

√
t2 and opens when the couplings are

unequal. Its magnitude is given by:

∆ =
∣∣ 3
√

2t1 − 3
√

2t2
∣∣ (6.25)

In Fig. 6.3(d), where the cubed spectrum is computed for 3
√
t1 <

3
√
t2, we show how a

gap is also present in the parent system, which can be thought of as the origin of the
ring gap. For open systems in the nontrivial phase, the ring gap will host three sets of
edge states, one set for each branch.

It is interesting to study the effect of introducing a real flux in the system. We
consider the case where a π flux is evenly distributed along the loops of one coupling
term only, i.e., the equivalent of performing a Peierls substitution 3

√
t1 → ei

π
3 3
√
t1. We

label such a root system as the 3
√
SSHπ

3
model. This change induces a π

3
rotation of

the three inner bands, as well as a flipping of the three outer bands. Furthermore,
due to the relative rotation, now we lack a one-to-one correspondence between inner
and outer bands each branch. This is shown in Figs. 6.3(e)-(g), where one can also
notice how inner and outer bands change their designation at the topological transition
point. When considering the cubed system, the Peierls substitution leads to a change
of t1 → −t1 in the parent SSH, which changes the energy of its bands to:

µ±(k) = t1 − t2 ±
√
t21 + t22 − 2t1t2 cos k, (6.26)

as illustrated in Fig. 6.3(h). In other words, we obtain a k → k + π sliding of both
energy bands and push the overall energy up by a factor of 2t1. Notice how the energy
gap is now open at k = 0 in the cubed spectrum. As a consequence, the spectral gap
of the corresponding 3

√
SSHπ

3
model in Fig. 6.3(e) is also defined as a ring gap at the

k = 0 point. This is the gap closing point in Fig. 6.3(f), with the inner circumference of
the ring reduced to a single degenerate point at zero energy. Nevertheless, if we employ
the usual projection of the whole spectrum onto the complex energy plane, the ring
gap gets obscured and appears to have zero width. Hence, the three-dimensional (3D)
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representation of the spectrum, as in Figs. 6.3(e)-(g), is required for the manifestation
of the ring gap in the 3

√
SSHπ

3
model.

Finally, we remark that we do not consider general distributions of Peierls phases
at the hopping terms as, even though a similar description can be found for general
distributions, one does not recover the purely real energy spectrum of an SSH-like model
upon cubing the system, which instead leads to a different non-Hermitian model.

6.2.1 Symmetries of the system

As discussed in the previous section, the spectrum of the 3
√
SSH model has a deep

connection with the generalized chiral symmetry that is defined in (6.4), which explains
its splitting in energy branches and the relative angle that separates them. Nevertheless,
the model possesses additional symmetries that we believe to be worth describing. As
later on in Sec. 6.4 we propose to use a photonic ring system as an implementation,
with the main ring resonators supporting two opposite circulations K = ±, we ought
to consider an enlarged Hilbert space when compared to the tight-binding Hamiltonian.
Namely, the Hilbert space is enlarged as {|K, u(k)〉} = {|K〉} ⊗ {|u(k)〉}, with |u(k)〉
defined above Eq. (6.1). As such, instead of only considering the tight-binding model,
in this section we extend the discussion of the symmetries to the full 3

√
SSH model,

constructed with the photonic ring system depicted in Fig. 6.12, when working with
both circulations on the new Hilbert space.

As can be understood from Fig. 6.9, a switch in the circulations in the main rings,
K = − → K = +, amounts to a switch in the direction over which they connect with the
losses and gains of the auxiliary rings (a connection through gains between main rings
in one circulation becomes a connection through losses for the other circulation, and
vice-versa). Consequently, all hopping directions are swapped when K = − → K = +,
and the corresponding Hamiltonian becomes

HK=−
3√SSH

(k) = H 3√SSH(k)→ HK=+
3√SSH

(k) = H†3√SSH(k). (6.27)

The total Hamiltonian, written in the enlarged Hilbert space, has the following block
diagonal form

Ht =

(
H 3√SSH(k) O6

O6 H†3√SSH(k)

)
, (6.28)

where O6 is the zero square-matrix of size 6. For the parameter values used in our
numerical simulations, inter-circulation couplings between K = + and K = − can be
safely neglected, as we discuss in Sec. 6.4. For much smaller rings, or when using sharper
transitions between regions with strong gain and loss, small off-diagonal blocks should
be considered in place of the O6 matrix. In Table 6.1, we summarize the symmetries of
Ht(k), indicating the matrix representation of their respective operators. Non-Hermitian
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Operator Representation Action on Ht(k)

y-mirror My = σ̄x ⊗Ry MyHt(k)M−1
y = Ht(k)

Parity† Pt(k) = σ̄x ⊗ P (k) Pt(k)Ht(k)Pt(k)−1 = H†t (−k)

Flip† F = σ̄x ⊗ I6 FHt(k)F−1 = H†t (k)

Time-reversal† T = FK THt(k)T−1 = H†t (−k)

Flip-time FT = (Ī2 ⊗ I6)K FTHt(k)T−1F−1 = Ht(−k)

Flip-inversion FPt(k) = Ī2 ⊗ P (k) FPt(k)Ht(k)Pt(k)−1F−1 = Ht(−k)

Parity-time Pt(k)T =
(
Ī2 ⊗ P (k)

)
K Pt(k)THt(k)T−1Pt(k)−1 = Ht(k)

G. Chiral Γt
3 = Γ3 ⊕ Γ†3 Γt

3Ht(k) (Γt
3)
−1

= ω−1
3 Ht(k)

G. Particle-hole St
3 = Γt

3FT St
3Ht(k) (St

3)
−1

= ω−1
3 Ht(−k)

Table 6.1: Operators and symmetries of Ht(k) in (6.28), defined as {|u(k)〉}, with u =

1, 2, . . . , 6 labeling the corresponding site within the unit cell. Ī2 is the 2 × 2 identity
matrix and σ̄x the x Pauli matrix, both acting on the space of circulations. Γ3 was
defined previously in (6.5).

symmetries [446] are labeled with the “†” symbol, with the parity† symmetry being the
same as the pseudo-inversion symmetry defined in [447]. This notation is adopted since
the result of applying a non-Hermitian symmetry (†) to the Hamiltonian is its Hermitian
conjugate.

The y-mirror operation My, performed about the central horizontal axis of the ring
system in Fig. 6.12, acts as a y-reflection† operation Ry, on the position space,

RyH 3√SSH(k)R−1
y = H†3√SSH(k), (6.29)

Ry =

I2 0 0

0 0 I2

0 I2 0

 (6.30)

while simultaneously flipping the circulations in their respective space. In (6.30), I2 is
the 2×2 identity matrix in the position space. Note that Eq. (6.29) serves as proof that
H 3√SSH is pseudo-Hermitian, as mentioned earlier, since taking η̃ = Ry leads to the same
definition as (6.14) for H2. Both the reflection as well as the flipping of the circulations
generate a global swap of all hopping directions, such that the two together act as a
double negative that keeps the system invariant under My, as shown in Table 6.1.

The parity† symmetry involves an inversion operation in the position space, defined
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about the vertical axis crossing sites 3 and 5 in the unit cell at the bottom of Fig. 6.1,

P (k)H 3√SSH(k)P−1(k) = H 3√SSH(−k), (6.31)

P (k) =



0 1 0 0 0 0

1 0 0 0 0 0

0 0 1 0 0 0

0 0 0 e−ik 0 0

0 0 0 0 1 0

0 0 0 0 0 e−ik


. (6.32)

Note that the inversion operator P (k) is k-dependent, reflecting the fact that the in-
version axis is shifted from the center of the unit cell. This has been shown to lead,
in Hermitian systems, to nonquantized Zak’s phases for the energy bands [333, 448].
When the complete ring system in Fig. 6.12 is considered, it is clear that the inversion
operation switches the gain and loss regions of the link rings, leading to a global flip of
the hopping directions. Or, equivalently, to a global flip of the circulations (an x Pauli
matrix, σ̄x, in the circulation space). The operator Pt(k) of the k-dependent parity†

symmetry is obtained by combining both effects, and its action on Ht(k) is given in
Table 6.1.

We additionally define in Table 6.1 a flip† symmetry which acts non-trivially only in
the circulation space, that is, the K = ± circulations are flipped under the action of its
operator, F = σ̄x⊗ I6. This can be understood both as a global reversal of the hopping
directions, or as a global swap of the gain and loss regions within each link ring, and
appears due to considering the enlarged Hilbert space in our proposed implementation.

Some care is needed for deriving the time-reversal operator. It is defined in general
as an anti-unitary operator of the form T = UK, where K is the complex conjugation
operator obeying KO = O∗K and KK−1 = I, while U is a unitary operator that, for a
general angular momentum, and up to a global phase factor, can be written as

U = −e−iπJy/~, (6.33)

where ~ is the reduced Planck’s constant and Jy is the y-component of the angu-
lar momentum operator. Assuming a pseudospin-1 system, the basis spans {|1, 1〉 =

(1, 0, 0)T , |1, 0〉 = (0, 1, 0)T , |1,−1〉 = (0, 0, 1)T}, where the states are written in the
form |l,K〉, and one has

Jy =
i~√

2

0 −1 0

1 0 −1

0 1 0

 , (6.34)

U =

0 0 1

0 −1 0

1 0 0

 . (6.35)
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U reverses the circulations, that is, U |l,K〉 = (−1)Kl+1 |l,−K〉. In our ring system,
the accessible states are the ones with opposite circulations, K = ±. The l = 0 mode
(K = 0 circulation) does not correspond to a whispering gallery resonant mode in
the ring system and, as such, can be dropped to get, in the {|1, 1〉 , |1,−1〉} subspace,
U = σ̄x. When the entire Hilbert space is considered, the time-reversal operator can be
defined in terms of the flip operator as T = FK (see Table 6.1), so that apart from the
usual conjugation, the circulations are also flipped under the time-reversal operation.
We employ this pseudospin-1 formalism and drop the K = 0 state, instead of directly
working with a two-state pseudospin-1

2
system, to properly reach the expected T 2 = 1

condition in our model. For pseudospin-1
2
, where Jy ∼ σy, we would instead obtain

T 2 = −1. Table 6.1 shows that the total system has the non-Hermitian time-reversal†

symmetry. When it is combined with the flip operation (which duplicates the one already
contained in T = FK), we obtain a new kind of symmetry for the full model that we
label flip-time symmetry, and whose operator is given by the product FT . Considering
that F 2 = I, we see that the flip-time symmetry in our system plays the role that is
generally assigned to time-reversal in other scenarios [221].

The generalized chiral symmetry C3 is also present in the full model of (6.28), and its
operator, Γt

3, is given by the direct sum of the C3 symmetry operators of each circulation
(see Table 6.1), with each being the Hermitian conjugated version of the other. Finally,
we also define in Table 6.1 a generalized particle-hole symmetry [221], whose operator
can be written as a product of three operators, St

3 = Γt
3FT .

6.2.2 Topological characterization

The choice of a topological invariant that allows to distinguish the topological phases
of the root system and relate them to the SSH parent is not evident. By looking at
Fig. 6.1(b), one can deduce that the axis of inversion of the system is located along the
coupling line of sites 3 and 5 (or, equivalently, sites 4 and 6). In other words, performing
an inversion along the x-axis only yields the same systemH 3√SSH(k)→ H 3√SSH(−k) when
the center of inversion is located in this axis. One can easily observe that this axis is
always shifted from the center of the unit cell, no matter the specific choice that one
makes for the cell itself. As a consequence, the inversion operator is k-dependent, which
has been shown to lead to nonquantized Zak’s phases in other systems [333, 448].

Instead, we will exploit the existence of the ring gap in our system to define a new
type of polarization for complex spectra, which will serve as our topological invariant.
Typically, the polarization of a system, which is related to the Berry phase [101] as
we showed in Sec. 2.3.1, is computed by filling all states below a certain Fermi level.
However, this is ill-defined in our case. Alternatively, we define a ring Fermi level at
a radius |µF | within the ring gap which determines the states we deem to be occupied.
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Do note, however, that in order to obtain a direct comparison with the polarization
in the parent SSH model, we will occupy the states outside the Fermi level. This is
justified by comparing Figs. 6.3(a) and (d), where one readily notices that the inner
bands correspond to the higher-energy band in the cubed system. The biorthogonal
polarization [449, 450] in our case is thus defined as [220]

P :=
6Nc∑

m=mF+1

〈ψLm| P̂ |ψRm〉 , (6.36)

where |ψL,Rm 〉 are the left/right eigenstates of the 3
√
SSH model, Nc the number of unit

cells, m the eigenstate index and mF is the index of the state with highest |µ| ≤ |µF |,
corresponding to mF = 3Nc at half-filling. The polarization operator P̂ in turn is

P̂ =
e

Nc

Nc∑
q=1

qΠ̂q, Π̂q =
6∑

u=1

|q, u〉 〈q, u| , (6.37)

with e being the electron charge and |q, u〉 is the basis state at site u of unit cell q. Note
that we simplify the expression by assuming that all sites in a cell occupy the same
spatial position q. The polarization is then defined by the following expression:

P =
e

Nc

Nc−1
2∑

q=−Nc−1
2

6∑
u=1

6Nc∑
m=3Nc+1

q
(
ΨL
q,u,m

)∗
ΨR
q,u,m, (6.38)

where Ψ
L(R)
q,u,m denotes the amplitude of the left (right) eigenstate m of the root model at

the corresponding position. We plot the spectrum of an open 3
√
SSH chain of Nc = 121

unit cells at half-filling and the equivalent SSH chain with the same Nc in Figs. 6.4(a)
and (b), respectively. In those, the corresponding gaps are indicated by the pink shaded
region and the Fermi levels by the red solid lines, separating unoccupied (blue) from
occupied (red) states. Then, in Fig. 6.4(c), the polarization for the root system (blue
solid line) is plotted as a function of t2 for t1 = 1. We see that the polarization displays
a sharp transition at the critical gap closing point t2 = 1, but that it is only quantized
at the atomic limits, P(t2 = 0) = 0 and P(t2 → ∞) = 1/2 in units of e, while being
nonquantized away from them. This is in agreement with the behavior that was observed
for the

√
SSH model [333]. The difference between these quantized values serves as a

topological invariant of our root systems. To give physical meaning to these limits, in
Fig. 6.5(a) and (b) we plot an open 3

√
SSH chain with the lowest-energy states occupied

for t2 = 0 and t1 = 0, respectively. Note that this reverses the results for the polarization
P → −P when compared to Fig. 6.4(c), but we do so for ease of visualization since the
states of the outer bands are harder to depict. In Fig. 6.5(a), when t2 = 0, the particle
density is balanced for all unit cells, such that P = 0. On the other hand, when t1 = 0
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(a) (b) (c)

State number

Figure 6.4: (a) Complex energy spectrum of the open 3
√
SSH chain with Nc = 121 unit

cells, for 3
√
t1 = 1 and 3

√
t2 = 2, with the ring gap highlighted in pink. The ring Fermi

level of radius |µF | is marked with a solid red line. (b) Energy spectrum of an open SSH
chain of the same size Nc, with lattice parameters extracted from the corresponding
diagonal block of the cubed Hamiltonian of the model in (a), with the Fermi level µ′F
placed at half-filling, where small edge perturbations were included to place the right
(left) in-gap edge state below (above) the Fermi level. (c) Polarization in the 3

√
SSH

(blue solid line) and the SSH (red dashed line) models, as a function of 3
√
t2 for 3

√
t1 = 1,

computed by filling the states marked in red in (a) and (b), respectively.

in Fig. 6.5(b), there is an excess of one particle at the first unit cell in relation to the
last one, which leads to P = − e

2
. Considering the complementary filling from before,

this perfectly agrees with the results in Fig. 6.4(c). For comparison, we plot in the same
Fig. 6.4(c) the polarization for the parent SSH chain of the same size Nc at half-filling
(red dased line), by using the expression (6.36). Note that, unlike what occurs in the
root system, right and left eigenstates are equivalent in the SSH chain. This time, the
usual quantized plateaus at P = 0 (P = 1/2) appear for the (non-)trivial region, also
with a sharp transition from one to the other at the gap closing point. This once more
demonstrates that the parent SSH model is indeed the source of the topological features
of the root models.

6.2.3 Disorder and dilution of the topological protection

We now focus on the topological edge states that can be found within the ring gap.
As described in other works [128, 129], the root model inherits the topological protection
from the parent system, which in our case is the Hermitian SSH model. In that sense,
the edge states of the 3

√
SSH model are protected against any disorder that preserves

the chiral symmetry of the parent SSH model, which is the protecting symmetry. As
is well known, the SSH model is protected against chiral disorder such as off-diagonal
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(a)

(b)

Figure 6.5: Illustration of an open 3
√
SSH chain at half-filling (filling the states within

the ring Fermi level) in the atomic limit (a) t1 > 0 and t2 = 0, and (b) t1 = 0 and
t2 > 0. The occupied states are colored in red and all have zero energy at these limits,
with the ones spanning two sites corresponding to antisymmetric linear combinations
with the same weight at each site. The average number of particles n̄ at each unit cell
is indicated at the bottom of each plot.

disorder. As a consequence, we expect our edge states to be protected against the types
of disorder in the n

√
SSH systems that, when raised to the nth-power, translate as chiral

disorder for the parent SSH block. This constitutes a smaller subset of allowed disorders
when compared to those of the parent SSH model, which can be thought of as a dilution
of the topological protection [128]. An example of such disorder in a open chain is
provided in Fig. 6.6(a), where we have added two extra sites to the left of the chain
to impose inversion symmetry. In there, we consider disorder around 3

√
t1 = cos θc and

3
√
t2 = sin θc, where θc is defined so that 3

√
t2/

3
√
t1 = 2 and two edge states per branch

appear, located at opposite edges. As indicated in Fig. 6.6(a), the disorder is sampled
from a uniform distribution in quartets of hopping terms, and is thus correlated. When
cubing this system, the SSH block takes the form sketched in Fig. 6.6(b), where the
onsite energies are sin2 θq + cos2 θq = 1 and the disorder is entirely off-diagonal. The
spectrum of the clean 3

√
SSH model is presented in Fig. 6.6(c). The response of the

edge and closest bulk states to the described disorder in the real branch is presented
in Fig. 6.6(d), where it is clear that the edge states remain unaltered until the disorder
is strong enough to close the gap. As a direct comparison, we provide the same plot
for uncorrelated disorder where each θq is sampled independently in Fig. 6.6(e), which
corresponds to both diagonal and off-diagonal disorder for the SSH block when cubed.
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1 1 1 1 1

(b)

1

(a)
(c)

(d) (e)

Figure 6.6: Correlated and uncorrelated disorder. (a) Sketch of a 3
√
SSH model with

correlated disorder θq = θc + Wq sampled in quartets of hopping terms, as indicated
by the lower segments and the different shaded colors in the hoppings, from a uniform
distribution Wq ∈ [−W/2,W/2], and with the vertical couplings being disorder free. (b)
Sketch of the Hermitian SSH system obtained for the decoupled spinal sublattice when
cubing the Hamiltonian corresponding to (a). Due to the correlated disorder in (a), this
system displays only off-diagonal disorder. (c) Spectrum of the clean 3

√
SSH model. (d),

(e) Mean value (solid lines) and standard deviation (shaded region) for the edge states
(red) and the closest bulk states (blue) in the real branch of the disordered root system
for increasing strengths of (d) correlated and (e) uncorrelated disorder, taken over 200
different realizations. The corresponding edge states are marked in red in (c).
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For this case, it can be seen that the robustness of the edge states is lost. This proves
that the topological protection in our model is related to the preservation of the chiral
symmetry of the parent SSH model.

Finally, one might also consider the protection granted by the generalized chiral
symmetry of the root system, that stems from the tripartite nature of the system and
is not directly inherited from the parent. In Fig. 6.6(c), attention might be drawn to
the states at the center of the spectrum, marked in green, which originate from the
sublattice imbalance caused by the extra sites at the left of the chain [221]. These
zero-energy states are unaffected by either kind of disorder, since neither of them breaks
the chiral symmetry. It could be interesting to explore in further works the degree of
protection that this symmetry provides, and whether the spectrum can be engineered so
that states of interest are placed under that protection. For instance, one might attempt
to displace the bands in each of the branches towards the zero of energies by adding
extra sites to the lattice, so that the topological edge states, now placed at the center
of the spectrum, could be doubly protected by the symmetries of both parent and root
systems.

6.3 Generalization to n-root systems

The above method to generate cubic roots of any TI can easily be generalized to
roots of any order n > 3 by increasing the amount of unidirectional hoppings in a loop,
so that the root system will be n-partite. For the SSH model, this can be easily achieved
by including additional sites in the vertical link, as sketched in Fig. 6.7(a). ForM sites
within the vertical link, a root of order n = M + 3 is produced. The Hamiltonian of
the n
√
SSH model then becomes:

H n√SSH(k) =


h1

h2

. . .
hn−1

hn

 , (6.39)

h1 = h†n = −
(

n
√
t′1

n
√
t′2e
−ik

n
√
t′1

n
√
t′2

)
, (6.40)

hs = −
(

n
√
t1 0

0 n
√
t2

)
, s = 2, 3, . . . , n− 1, (6.41)
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which again obeys a generalized chiral symmetry,

Cn : ΓnH n√SSH(k)Γ−1
n = η−1

n H n√SSH(k), (6.42)

Γn = diag(I, ηnI, η
2
nI, . . . , η

n−1
n I), (6.43)

with ηn = ei
2π
n . Note that n

√
t1,

n
√
t2 need not be equal to n

√
t′1,

n
√
t′2 to produce the root

system. Even if one chooses them to be different, one may renormalize the couplings
when taking the n-th power so that t̄j ≡ t′

2
n

j t
n−2
n

j . Following what was stated in the
previous section, this Hamiltonian presents n branches, each with two bands, related by
a rotation of 2π

n
in the complex plane. We present in Figs. 6.7(b) and (c) the spectra

of the roots of order 4 and 5 of the SSH model, as determined by the graph in (a) for
M = 1 andM = 2, respectively. In there, we observe the increased amount of bands,
and perhaps more interestingly of band gaps that can host edge states in open systems,
when compared to Fig. 6.3. One can readily observe that the concept of ring gap persists
even when increasing the root order. Indeed, we present the more ‘extreme’ case of the
20-th order root in Fig. 6.8. One can infer that in the limit of n → ∞ the ring gap
becomes continuous since the separation between branches tends to zero, as we sketch
on the right side of the figure. Once again, raising the root Hamiltonian in (6.39) to the
n-th power yields: [

H n√SSH
]n

(k) = diag(HSSH′(k), H2(k), . . . , Hn(k)), (6.44)

where the first block is an energy shifted SSH Hamiltonian,

HSSH′(k) = h1h2 . . . hn = −(t̄1 + t̄2)I +HSSH(k), (6.45)

(a) (b) (c)

Figure 6.7: (a) Graph of the root of order n = M + 3 the SSH model, which contains
M sites within the vertical link. The most general form of the root does not require the
vertical hopping terms in black to be equal to the ones in blue. (b)–(c) Bulk spectra for
the (b) 4

√
SSH and (c) 5

√
SSH models. It is clear that the root order corresponds with

the amount of band branches, which is also related to the angle that separates them
along the complex plane. The ring gap, shaded in blue, appears in both cases.
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Figure 6.8: Left: Bulk spectrum of the 20
√
SSH model, where one can observe that the

relative angle between band branches tends to zero for high n. Right: In the limit where
n → ∞, one can expect two continuous blocks of inner and outer bands as 2π/n → 0,
with the now continuous ring gap being the clear separation between both of them.

and all other diagonal blocks are cyclic permutations of (6.45) and therefore isospec-
tral to it. Following the development showcased in Sec. 6.2, the generalization of the
expressions for the eigenstates and their energies to the n-th root is [220]:

H n√SSH(k) |ψ±1 (k)〉 = µ
1
n
±(k) |ψ±1 (k)〉 , (6.46)

|ψ±1 (k)〉 =
1√
n



|u±SSH(k)〉
µ
−n−1

n
± (k)h2h3 . . . hn |u±SSH(k)〉
µ
−n−2

n
± (k)h3 . . . hn |u±SSH(k)〉

...

µ
− 1
n
± (k)hn |u±SSH(k)〉


, (6.47)

and with the rest of the eigenstates being

|ψ±m(k)〉 = Γm−1
n |ψ±1 (k)〉 , (6.48)

with energies ηm−1
n µ

1
n
±(k). As we have seen before for the 3

√
SSH model, there will

now be an n-fold degenerate zero-energy point at k = 0 that corresponds to an ex-
ceptional point of the spectrum, with the same two associated eigenstates. One of
them, |ψ−1 (0)〉 = 1√

2
(1,−1, 0, 0, ~O2n−4)T , with ~O2n−4 a zero vector of size 2n − 4,

only has weight on the first sublattice, while the other, (n − 1)-fold degenerate,
|ψ−2 (0)〉 = (t

2
n
1 + t

2
n
2 )−

1
2 (0, 0, n

√
t2,− n

√
t1, ~O2n−4)T , only has weight on the second. Finally,

we also explore below the consequences of adding a Peierls phase n

√
t
(′)
j →

n

√
t
(′)
j e

iπ
n for

higher-order roots in Sec. 6.4.2.
It should also be stressed that our scheme of generating n

√
TIs is fundamentally

different from the one recently proposed in [451]. There, the n-root of a lattice is obtained
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by a direct extension of the split graph [452] structure of several
√
TIs [120, 121, 339, 453–

455]. Namely, each link/hopping of the TI is subdivided into n equal parts by adding
n − 1 sites between the two original ones. The resulting model is always bipartite,
regardless of n. Upon raising its Hamiltonian to the n-th power, the parent TI and
topologically equivalent models are obtained as diagonal blocks. However, a global off-
diagonal term, labeled enhanced Hamiltonian, couples the diagonal blocks among each
other in non-trivial ways, and it is not yet clear how this mixing ultimately affects the
clean topological characterization of the diagonal blocks. Our scheme for constructing
n
√
TIs, on the other hand, relies on substituting the links of the parent TI with loop

modules composed of unidirectional links. The resulting system is automatically n-
partite, according to the definition of [221], and therefore has a built-in generalized
chiral symmetry Cn. Furthermore, when the Hamiltonian is raised to the nth-power, all
off-diagonal blocks vanish, and a direct hierarchical relation, free of ambiguity, can be
established between the n

√
TI and the parent TI.

6.4 Implementation in ring resonator lattices

We focus here on photonic ring systems, and show that they are a well suited can-
didate for the realization of the models described in the previous sections. We consider
an array made up of a set of resonant optical ring resonators, which constitute the
main rings of the lattice, coupled through smaller antiresonant link rings, as illustrated
in Fig. 6.9. The link rings feature a split gain/loss distribution, in which the upper
half of the ring has gain characterized by a parameter h while the lower half has an
equal amount of loss. To avoid reflection effects, we use a sine-like distribution for the
imaginary part of the refractive index, as shown below in Fig. 6.12. The antiresonant
condition for a ring mode with propagation constant β reads: β (LL − LM) = (2m+1)π,
for an integer m, where LM and LL are the lengths of main and link rings, respectively.
Through the presence of the link rings, and due to their balanced gain and loss distribu-
tion, an effective asymmetric coupling is enabled between the same circulation K in the
main rings t± = t e±h [199], which depends exponentially on the gain and loss param-
eters and is analogous to an imaginary gauge field acting on the system. We represent
the forward coupling direction by + and the backward direction by −. Unidirectionality
in the couplings is obtained in the limit h→∞, while Hermiticity is restored for h = 0.
For a finite h value, one is in the intermediate situation where the hoppings occur in
both directions, but with the predominance of one over the other. For a strong enough
gauge field, nearly perfect unidirectionality can be achieved, as we propose below. The
coupling t, which from now on we label as 3

√
t to follow the previous notation in the

chapter, is determined by the relative distance between the main rings, which for the
roots of the SSH model alternates between two values in different plaquettes to achieve
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Figure 6.9: Sketch of a set of two main rings in grey, coupled through a link ring with
a split gain and loss distribution, which yields a e±h term in the coupling depending on
the direction. The blue arrows signal the circulations and the field amplitudes that are
coupled in each ring are also indicated. A vertical displacement of the link ring from
the coupling line leads to a real phase φ in the coupling.

3
√
t1 6= 3

√
t2. A key characteristic in this system is that for each pair of rings, only

opposite circulations may be coupled between them. That is, we consider that the cou-
pling of the (counter-)clockwise circulation of a main ring with the (counter-)clockwise
of a link ring is negligible. In that sense, we can separate the system in clockwise and
counter-clockwise components for all main rings. This assumption is valid as long as
the coupling region between main and link rings is long compared to the wavelength
of light [151], which is fulfilled for the sizes considered in this work and is reflected
in the numerical results. Additionally, as we detail below, a real flux of desired value
can be established in ring systems by orthogonally displacing a link ring from the line
connecting the centers of the corresponding main rings, and thus generating a phase in
the coupling between them [152].

For our simulations, we consider rings of planar waveguides with a radius of 4.5 µm

and a width of 250 nm. For simplicity, the cores (with refractive index ñco = 3) are
surrounded by air, leading to an overall high contrast, and the considered resonant
frequency is 195.225 THz. The asymmetric effective coupling is established through
smaller antiresonant link rings of radius 3.24 µm and core refractive index ñlink = 3 +

0.1i sinϕ, where ϕ is the angle of the polar coordinates with origin at the center of the
link ring. For these parameter values, the loss factor in t± = t e±h is computed to be
h = 2.07, implying a coupling asymmetry ratio of ν ≡ t−/t+ = 0.016, very close to
perfect unidirectionality. Below, we detail how to compute these coupling parameters.
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6.4.1 Mathematical description of the ring system

As sketched in Fig. 6.9, we consider a set of main rings of radius RM coupled through
an antiresonant link ring of radius RL with nonreciprocity parameter h, which is dis-
placed a small distance y from the line between the center of the two neighboring main
rings so that each arm picks up a phase factor of φ. All rings have a width of w and
we consider a separation of d between their outer radii. In such a system, we can re-
late the field amplitudes in neighboring rings by using the transfer matrix formulation
introduced in Section 2.1.3. This yields:(

Ec
Ed

)
=

1

iκ

(
T −1

1 −T

)(
Eb
Ea

)
= M1

(
Eb
Ea

)
, (6.49)(

Ef
Ee

)
=

(
ei(βLL/2+φ)eh 0

0 ei(−βLL/2+φ)eh

)(
Ec
Ed

)
= M2

(
Ec
Ed

)
, (6.50)(

Eg
Eh

)
=
−1

iκ

(
T −1

1 −T

)(
Ef
Ee

)
= M3

(
Ef
Ee

)
, (6.51)(

Ej
Ei

)
=

(
e−iβLM/2 0

0 eiβLM/2

)(
Eg
Eh

)
= M4

(
Eg
Eh

)
, (6.52)

where T and κ are the transmission and coupling coefficients, β is the propagation
constant in the rings, LM = 2π[RM + w/2] (LL = 2π[RL + w/2]) is the circumference
length of the main (link) rings and Es are the field amplitudes as labelled in Fig. 6.9.
Note that Eqs. (6.49) and (6.51) relate amplitudes in different rings due to their coupling,
while (6.50) and (6.52) relate amplitudes before/after propagating through each ring,
which can also be expressed in matrix form. In a periodic system we can apply Bloch’s
theorem, (

Ej
Ei

)
= eik

(
Eb
Ea

)
, (6.53)

where the lattice spacing is set to a ≡ 1. Notice how the relation between amplitudes
in (6.53) should also be reached by sequentially following relations (6.49)-(6.52). We
can then impose |M4M3M2M1 − eikI| = 0, with I the identity matrix, and solve for
the dispersion relation. Close to resonance of the main rings, we can apply the follow-
ing substitution: sin (βLM) ≈ (ω − ω0)LM/vg [152, 200, 220], where ω0 is the resonant
frequency and vg the group velocity. Using this approximation, in addition to the an-
tiresonant condition for the link rings, results in the following solution for the dispersion
relation:

ω(k) = ω0 + t
[
ehei(φ−k) + e−he−i(φ−k)

]
, (6.54)

where t = vgκ
2/LM is the coupling strength between main rings. This dispersion relation

is exactly the same as the one for a system with asymmetric coupling t± = te±he±iφ,
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thus proving that the considered ring setup can generate such a coupling. Alternatively,
one might also prove this fact by obtaining the set of coupled-mode equations for the
main rings as done in Ref. [199], and compare it with the asymmetric system.

To determine the value of the coupling t in a real system, we consider the Hamil-
tonian describing a set of two main rings coupled through a link ring with an effective
asymmetric coupling but no phase:

H =

(
ω0 teh

te−h ω0

)
(6.55)

The eigenvalues of this Hamiltonian are ω± = ω0 ± t. Therefore, by numerically com-
puting the eigenfrequencies of the ring block, we can obtain the coupling between main
rings by doing

t =
1

2
(ω+ − ω−) . (6.56)

In Fig. 6.10(a) and (b), we show the eigenvalues of the basic ring block and the cou-
pling computed from them as a function of the distance between main and link rings,
respectively, for our chosen ring parameter values.

μm μm

(a) (b)

Figure 6.10: (a) Eigenfrequencies of the set depicted in Fig. 6.9, composed of two
main rings coupled through a link ring, and (b) coupling between main rings computed
through (6.56) using the eigenfrequencies in (a), with respect to the relative distance
between main and link rings.

The description of the real and imaginary fluxes can be done by rearranging the
dispersion relation (6.54) in the following way:

ω(k) = ω0 + 2t cos (k − φ) coshh− 2it sin (k − φ) sinhh, (6.57)

where each effect can be treated separately. Real flux parameterized by φ is introduced
by displacing the link ring a certain distance y orthogonally with respect to the line
between the center of the main rings, see Fig. 6.9. In essence, this modifies the optical
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(a) (b)

Figure 6.11: Effect of the real flux on the real part (a) and imaginary part (b) of the
eigenfrequencies of the basic ring block (see Fig. 6.9) for the counterclockwise circulation.
The reverse circulation will experience the effect of an equal but opposite flux.

path length of the upper and lower arms of the link ring, and thus induces a phase
mismatch between both geometrical paths that approximately amounts to 2βy, with β
being the propagation constant of the link ring mode, which translates into a real phase
φ in the coupling. From (6.57), one can see that the real flux shifts both the real and
imaginary parts of the spectrum along the k axis, as we showcase in Fig. 6.11(a) and
(b), respectively. Therefore, this shift allows to properly establish a relation between
the flux intensity and the displacement y of the link rings. Namely, for the fluxes shown
in the figure, we employ a displacement of y = 0.169 µm (π phase) and y = 0.169/3 µm

(π/3 phase).

As for the imaginary flux, to quantify the asymmetry with respect to the gain
and loss, we set φ = 0 and check that the imaginary part of (6.57) has a maximum
(minimum) at k = −π/2 (k = π/2). Comparing Im(ω) at these two points yields
∆ω ≡ Im(ω(−π/2)) − Im(ω(π/2)) = 4t sinhh. Therefore, if we already computed the
coupling t according to (6.56), we can extract the parameter h from

h = asinh
(

∆ω

4t

)
. (6.58)

Alternatively, by knowing that the reverse circulation experiences opposite fluxes, we
can apply h → −h and φ → −φ to (6.57). After doing this, we see that the position
of the maximum and minimum for the imaginary part are reversed, so we can obtain
the same result by comparing Im(ω) of both circulations at k = π/2. From (6.58), it is
straightforward to compute the asymmetry ratio of couplings ν ≡ t−/t+ = e−2h.
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Figure 6.12: (a) Unit cell geometry of the photonic ring implementation of the 3
√
SSH

model. The grey rings constitute the main rings of the effective lattice, without gain
or loss. The smaller link rings are antiresonant to the former, and display a sine-like
distribution of the imaginary component of the refractive index ñ, as represented by
the color bar on the right. The distance between rings is different in each plaquette
so that 3

√
t1 6= 3

√
t2. (b) Graph of a lattice of the 3

√
SSH model with OBC, with the

shaded region indicading the unit cell in (a). The arrows indicate the direction of the
couplings, corresponding to an effective description of the counter-clockwise (K = −1)
circulation of the photonic system above. For the opposite clockwise (K = 1) circulation,
an equivalent model is obtained, but with all coupling directions flipped.

6.4.2 Implementation of n = 3, 4 and 5 roots

The unit cell of the 3
√
SSH model in the ring system takes the form displayed in

Fig. 6.12(a), where the gain and loss sine-like distribution in the link rings is indicated
by the color palette. This structure is then replicated several times to form the full lattice
sketched in Fig. 6.12(b). To achieve the staggering of coupling, the structure displays
alternating relative ring distances d1 = 0.33 µm and d2 = 0.3 µm in each plaquette
spanning half of the unit cell, which corresponds to a coupling ratio of 3

√
t1/

3
√
t2 ' 0.6

according to Fig. 6.10(b). These distances are drawn between the outer radii of the
rings. Using this structure, we perform our finite-element simulations and compute the
bulk spectrum of eigenfrequencies for a periodic ring system in Fig. 6.13(a), which play
the role of the energy in our system. The spectrum agrees exceptionally well with the
theoretical results shown in Fig. 6.3(a). This time, the band gap for this system can
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Figure 6.13: Eigenfrequencies of the photonic (a) 3
√
SSH model and (b) 3

√
SSHπ

3
model

with PBC at steps of ∆k = 0.05π. The three-fold splitting along the complex plane
can be readily observed. (c) Eigenspectrum of the photonic 3

√
SSH chain with OBC and

Nc = 5 unit cells, with d2 = 0.3 µm and d1 spanning both the topologically trivial and
nontrivial phases, i.e., d1 ∈ [0.26 µm, 0.34 µm]. (d)–(f) Electric field norms for the three
edge modes appearing along the ring gap for (d) d1 = 0.315 µm, (e) d1 = 0.325 µm and
(f) d1 = 0.34 µm, which are marked in red in (c).

be defined by an interval in |ω|. On a separate note, the spectra for both clockwise
and counter-clockwise circulations in the main rings are obtained in the simulations.
Nonetheless, we only observe a doubly-degenerate joint spectrum instead of two separate
ones. Reversing the circulation in the rings corresponds to a change of all coupling
directions, but as we mentioned in Section 6.2, the system in that case is still the root
of the SSH model. We now add a real flux to the system by displacing the link rings
orthogonally to the coupling line [152]. We are particularly interested in realizing the
3
√
SSHπ

3
model by considering a π flux around the loops involving one type of hopping

terms. As detailed in previous sections, this implies a sign change for one of the bands
of the parent SSH model. Relative to the 3

√
SSH model of Fig. 6.13(a), we can see in

Fig. 6.13(b) that the flux causes a π-sliding of the outer bands and a π/3 rotation of
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the inner ones, again in perfect agreement with the theoretical results of Fig. 6.3(e).

As one would expect from a root TI, the existence of edge states in the 3
√
SSH model

under OBC is inherited from the parent system. One of the remarkable features of the
cubic-root system is that, since it possesses three times as many bands as the parent
one, it will host three times as many in-gap states at one of the edges, in this case
the right one. The absence of topological states at the left edge can be understood as
follows: upon cubing the lattice, the resulting SSH chain at the first sublattice will have
an onsite energy offset at the leftmost site, due to its lower coordination number at the
cubic-root level (two missing connections at its left). This onsite energy shift converts
the left edge state into a bulk state. The converse reasoning can be applied to the right
edge, as well as to the other two pseudo-Hermitian residual chains of the cubed model.
This mechanism of single-edge locking of the topological modes is typical of high-root
TIs, as demonstrated, e.g., for the diamond chain (a square-root model) in [128]. For
a lattice of Nc = 5 unit cells, keeping the relative distances in one sublattice fixed at
d2 = 0.3 µm and sweeping d1 across the topological transition point yields the spectrum
showcased in Fig. 6.13(c). The edge states are exponentially localized around one of the
ends of the lattice, with the localization length growing as d1 gets closer to d2 and the
states evolving into bulk states after crossing the critical point d1 = d2, that is, after
crossing to the topologically trivial regime. Three examples for different d1 are shown
in Figs. 6.13(d)-(f), corresponding to the eigenfrequencies marked in red in Fig. 6.13(c).
Note that the maximum of amplitudes are not to scale, but still the different localization
lengths can be observed. The edge states from the other two branches are also localized
around the same end of the chain, albeit with different phase distributions in the main
rings.

In the case of the 4
√
SSH model, the unit cell has the shape displayed in Fig. 6.14(a),

where the long link rings are of elliptical shape with semiaxis lengths Ra1 = 6.85 µm and
Rb1 = 2.5 µm and maximum loss value of Im(ñlink) = 0.072. The short ring has semiaxis
lengths Ra2 = 3.2 µm and Ra2 = 1.81 µm and maximum loss value of Im(ñlink) = 0.12.
We use d1 = 0.33 µm and d2 = 0.3 µm as alternating distances for both kinds of link
rings in each plaquette. This leads to the following coupling values, using the notation
indicated in Fig. 6.7 and in units of 4

√
t2: 4
√
t1 = 0.615, 4

√
t′1 = 0.566 and 4

√
t′2 =

0.918. All these couplings have a nonreciprocity ratio of around ν = 0.032. With these
parameters, we simulate the system both under PBC and OBC. In Fig. 6.14(b), we show
that the bulk spectrum of the photonic implementation of the 4

√
SSH model correctly

captures the four-fold splitting of the bands along the complex plane, as well as the
ring gap between the inner and outer bands. A similar agreement with the theoretical
result is seen in Fig. 6.14(c), where the bulk spectrum of the photonic 4

√
SSHπ

4
is plotted.

Finally, the spectrum for OBC of the photonic 4
√
SSH model with Nc = 4 unit cells is

shown in Fig. 6.14(d), where four edge modes are present, as expected. The highlighted
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Figure 6.14: (a) Unit cell for the 4
√
SSH model. Shorter (longer) link resonators display

stronger (weaker) gain and loss modulations. Eigenfrequencies of the photonic (b) 4
√
SSH

model and (c) 4
√
SSHπ

4
model with PBC at steps of ∆k = 0.05π. (d) Eigenfrequencies

of the photonic 4
√
SSH chain with OBC and Nc = 4 unit cells, for d1 = 0.33 µm and

d2 = 0.3 µm, where the four-fold splitting of the bands can be readily observed. (e)–(f)
Electric field norms for the (e) edge and (f) bulk modes of the system indicated by the
red point and green star, respectively, in (d).
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Figure 6.15: (a) Unit cell for the 5
√
SSH model. Shorter (longer) link resonators display

stronger (weaker) gain and loss values. Eigenfrequencies of the photonic (b) 5
√
SSH

model and (c) 5
√
SSHπ

5
model with PBC at steps of ∆k = 0.05π. (d) Eigenfrequencies

of the photonic 5
√
SSH chain with OBC and Nc = 4 unit cells, for d1 = 0.33 µm and

d2 = 0.3 µm, where the five-fold splitting of the bands can be readily observed. (e)
Electric field norms for the edge mode of the system indicated by the red point in (d).
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edge mode in red is showcased in Fig. 6.14(e), together with a bulk mode in Fig. 6.14(f)
for comparison.

Finally, we build the 5
√
SSH model with the unit cell displayed in Fig. 6.15(a). For

this case, the long link ring has semiaxis lengths of Ra1 = 10.74 µm and Rb1 = 2.5 µm

and a maximum loss value of Im(ñlink) = 0.058, whereas the short rings are the same
as the ones used in the previous case. In Fig. 6.15(b)-(e), the same pattern of results is
repeated, now showcasing the five-fold splitting characteristic of a five-partite system. In
principle, any n-root model can be constructed in this manner, at the cost of increasing
the system size. Comparing these figures with Fig. 6.13 and Fig. 6.14, corresponding
to the cubic- and quartic-root models, one might note some deviations, particularly
in the k = 0 points of Figs. 6.15(b) and (c) and in the edge modes of Fig. 6.15(d)
which are slightly displaced from their expected position. This is mainly caused by the
elongated nature of the link rings with sharp bends, which are inherently lossier than
the circular rings. By virtue of the geometrical constraints, the ellipticity in this case
is made large enough for distortions to appear in the spectrum. Although these are
expected to increase for higher-order roots, one may move away from the elliptic design
and use different shapes for the linking elements to mitigate these effects.

6.4.3 Deviation from unidirectionality

Throughout the chapter, we have assumed that the ring system with modulated
gains and losses produced a strong enough imaginary gauge field for the couplings to
be approximately unidirectional. Now, we study how the results change as we deviate
from this limit. From the Hamiltonian of the 3

√
SSH model in (6.1), we parameterize

the deviation from perfect unidirectionality as follows,

H ′3√SSH(k) = H 3√SSH(k) + νH†3√SSH(k). (6.59)

Assuming the same ν parameterization under OBC, we show in Fig. 6.16 the energy
spectrum of an 3

√
SSH chain with Nc = 40 unit cells as a function of the coupling ratio

3
√
t1/

3
√
t2, for different ν values. As ν is increased, little effect is observed on the real

branch of the spectrum, except for some low-energy states. The two imaginary branches,
in contrast, start bending more and more towards the real energy axis, eventually col-
lapsing on it when Hermiticity is restored for ν = 1 in Fig. 6.16(e). From the system
parameters indicated at the beginning of Section 6.4, we obtain the same imaginary
gauge field of h = 2.07 for both hopping terms 3

√
t1 and 3

√
t2, translating to ν = 0.016,

which is very close to unidirectionality as can be seen, e.g., by comparing the numerical
results of Fig. 6.13(a) with the analytical ones of Fig. 6.3(a). We emphazise that even for
deviations as large as ν = 0.25 [see Fig. 6.16(c)], the main qualitative features survive:
(i) the presence of three distinct energy branches, except at the low-energy region of
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Figure 6.16: Complex energy spectrum, in units of 3
√
t2 ≡ 1, as a function of the hopping

ratio obtained from diagonalization of the Hamiltonian in (6.59) for an open chain with
Nc = 40 unit cells and (a) ν = 0, (b) ν = 0.13, (c) ν = 0.25, (d) ν = 0.5, and (e) ν = 1,
where ν ≡ t−/t+ = e−2h is a global measure of the non-reciprocity of the hopping terms.

the spectrum, since the states near zero energy are the first ones to hybridize; (ii) the
persistence of a ring gap away from the gap closing point 3

√
t1 = 3

√
t2, harboring three

in-gap edge states for the topological phase 3
√
t1 <

3
√
t2, but with small deformations

with respect to the circular form that one finds for ν = 0.

6.4.4 Lossy ring resonators

Alternatively to the split gain and loss distribution in the link rings, one may also
obtain an asymmetric coupling by employing only lossy rings. The main idea is similar:
the upper half of the link ring allows light to propagate and couple to the other rings,
this time without enhancing it with optical gain, while the lower half suppresses this
propagation with losses. In this situation one must note that, instead of (6.50), now
that relation becomes(

Ef
Ee

)
=

(
ei(βπR2+φ) 0

0 ei(−βπR2+φ)eh

)(
Ec
Ed

)
= M2

(
Ec
Ed

)
, (6.60)

to properly describe the lack of gain in the upper path. Repeating the calculation of
the dispersion relation described in Section 6.4.1 now yields

ω(k) = (ω0 − iA) +
t

cosh (h/2)

[
eh/2ei(φ−k) + e−h/2e−i(φ−k)

]
, (6.61)
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Figure 6.17: Bulk eigenfrequencies for a periodic chain of the 3
√
SSH model using only

losses in the link rings. Compared to the results in Fig. 6.13(a), the bands are distorted
and shifted along the complex plane, but the main qualitative features of the three-
branch spectrum are still present.

where A = 2t tanh (h/2). It is implicit in (6.61) that, aside from the appearance of a
lower coupling t/ cosh (h/2), compared to the case with balanced gains and losses, the
effective system also displays onsite losses in the rings with a strength that is proportional
to the coupling. As we see in Fig. 6.17, this distorts the bands along the complex plane
and the inner bands no longer connect at k = 0. This can be explained by the fact
that not all main rings are connected with the same number of link rings, so there
are different sets of losses in the effective system. However, in the same figure we also
observe that this is not enough to break the three-fold splitting of the bands, which is
still maintained. For small gain/loss imbalance in the original implementation, only a
small distortion of the bands is expected to occur.

6.5 Conclusions

We have demonstrated a method to obtain general n-root systems of the SSH model.
We have analyzed the symmetries of the root model, and characterized the parent SSH
model as the origin of the nontrivial topology of the different roots by comparing the
behavior of a topological invariant in both models. Moreover, we have studied the
behavior of the edge states in the root model when subject to correlated and uncorrelated
disorder. We have proved that the root system is robust against any disorder that
preserves the chiral symmetry of the parent SSH model, which serves as further proof
that it is indeed the protecting symmetry. In addition, the root model also has the
protection of its generalized chiral symmetry, which applies to the non-topological states
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at the center of the spectrum.

The root procedure requires the usage of unidirectional couplings to be imple-
mented. This poses a challenge, as non-Hermitian systems have proven to be elu-
sive to experimental efforts until recently, where major advances have been achieved
[138, 189, 190, 193, 195, 196, 199–203, 205–207, 431, 432, 435, 437, 456]. Among different
possible platforms, we focused on a system of photonic ring resonators, showing it to be
a very viable candidate for the implementation of n-root TIs, since quasi-unidirectional
couplings can be realized by means of auxiliary link rings with a non-uniform imaginary
component of the refractive index. Additionally, the high versatility of this platform
makes it ideal for designing n-root systems, as it also allows, e.g., for a very precise
control over the effective magnetic flux piercing the loops of these systems by simply
adjusting the position of the link rings. Furthermore, we have shown how even rela-
tively large deviations from perfect unidirectionality, up to 25%, only slightly modify
the energy bands with the system maintaining its most representative properties: the
n-branch splitting and the existence of a ring gap.

Implementation of systems similar to the one in this work has been accomplished
with waveguide technology [152], where the positioning of the link rings is precise enough
to allow introducing real phases in the couplings between main rings. The key challenge
in our case is the correct engineering of the link rings. Non-Hermitian couplings in ring
systems have already been achieved in lossy acoustic setups [201, 202, 432]. If no gain
is considered in our system, or if gain and loss are not perfectly balanced, the effective
Hamiltonian picks up imaginary diagonal elements that again only distort the bands
but not the main features of the model. More recently, the split gain and loss has been
implemented using optically pumped waveguides, where the lasing of different modes
has been exploited [203]. The effective coupling generated in that case is analogous to
the one employed here, and could allow to build the root systems in an experiment.
Note that the gain/loss function need not be sine-like to achieve the results in this work,
although sharp transitions from gain to loss within the same ring may cause reflection
effects leading to small cross-circulation couplings. This effect can cause small band
splitting, but it does not distort the properties of the whole system. Instead, one might
separate the gain and loss regions into different link rings instead of within a single
ring [432], or consider elongated waveguides as couplers over which the available gain
can be maximized [203, 456]. Some experimental efforts to shape the pumping region
have focused on the usage of spatial light modulators (SLMs), which allows to control
the sections of the lattice that receive optical gain [185, 456], or alternatively limit the
extent of the pump by using absorbing metal plates on top of the lattice [203, 287].
Another option is the usage of nonlinearities in the lattice to produce gain via four-wave
mixing [204], where the gain region is determined by the propagation of the pumping
beam through the lattice itself.
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On the theoretical side, the method for the construction of n-root TIs, based on
coupling loop modules of unidirectional couplings, is completely general and therefore
not limited to the SSH model. As such, our work paves the way for further studies
generalizing the applicability of the method to other emblematic topological and flat-
band systems, and is expected to significantly broaden the scope of high-root topology
from the 2n-root models [127–130] studied thus far.





CHAPTER 7

Conclusions and outlook

In this final chapter, we provide a summary of the main results presented in this the-
sis, as well as comment on possible extensions or future lines of research that can stem
from our work. In this thesis, we have explored the role of topology in photonic systems.
First, in Chapters 3 and 4, we have shown how topology can be combined with tech-
niques originating from different fields, such as Stark-Chirped Rapid-Adiabatic-Passage
(SCRAP) [212, 213] and Supersymmetry (SUSY) [212, 214], to design efficient photonic
devices. Then, in Chapters 5 and 6, we have reversed the point of view and proved how
photonics provides a highly versatile platform to study the fundamental properties of
topological models. Namely, we have proposed experimental implementations of topo-
logical impurity systems within flat-band (FB) lattices [215, 216] in waveguide chains
guiding orbital angular momentum (OAM) modes, as well as high-root topological in-
sulators (TIs) in systems of non-Hermitian ring resonators [220]. We now delve into the
results in each separate chapter.

In Chapter 2, we have set the theoretical framework for the rest of the thesis. The
chapter starts by introducing Maxwell’s equations and the electromagnetic theory of
light, which serves to explain light propagation in optical waveguides, the physical plat-
form on which all applications in this dissertation are based, and the concept of optical
modes. We have also given a detailed analysis of the considered geometries – namely
planar, cylindrical and ring resonator waveguides – and a description of how the dif-
ferent modes in these waveguides couple to one another. Then, we have commented
on how these structures can be fabricated, and their potential as simulators for other
physical systems. After this, we have dedicated a section to the description of SUSY
in the context of optical waveguides. This technique can be employed to find super-
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partner structures from a given waveguide or waveguide lattice, which share the same
modal content as the original structure except for a single mode that is removed by the
transformation. We have described the continuous formalism, which establishes a rela-
tion between spatial refractive index profiles and only allows to remove the fundamental
mode; and the discrete formalism, which does the same for matrix Hamiltonians describ-
ing coupled waveguides under the tight-binding approximation, while also allowing to
target any guided supermode. Finally, we have given an introduction to the ideas from
the field of topology that can be applied in photonics, leading up to the concept of a TI.
These striking systems serve as one of the main focus points of our works. We have intro-
duced their key concepts, including topological invariants and protected states, through
the Su-Schrieffer-Heeger (SSH) model, the quintessential one-dimensional (1D) TI. We
have ended the chapter by briefly addressing the more recent field of root topology.

Our contributions begin in Chapter 3, where we have employed the SCRAP technique
[53] to design a variety of photonic devices both for sets of two multimode waveguides
[212] as well as lattices of single-mode waveguides [213]. To begin the chapter, we
have provided a mathematical description of the technique and the particularities of the
implementation in waveguide systems. Then, we have started the proposed applications
by showing how SCRAP can be used for mode division (de)multiplexing in coupled two-
mode waveguides, by exploiting the different transverse extension of fundamental and
excited modes. Light on the excited mode is efficiently transferred between waveguides
by virtue of SCRAP, while the fundamental mode remains mostly confined for the same
parameter values. We have then proved how SUSY [72] can be naturally added to
the scheme. Substituting one of the waveguides with its SUSY partner removes the
possibility of transfer for the fundamental mode and thus enhances the efficiency of the
device. After that, we have demonstrated how this geometry can be used to transform
fundamental-mode injections on the SUSY waveguide into excited mode outputs on the
multimode waveguide. Adding mode layers of SUSY allows to extend this for higher
order optical modes as well. The second main set of applications have been based on
discrete lattices of single-mode waveguides, in which transfer occurs to a supermode
of the structure rather than an individual waveguide mode. We have proposed an
efficient way to excite gapped topological modes of a structure, or in general any gapped
mode, by appropriately engineering the propagation constant of an auxiliary waveguide
and its coupling to the lattice. As a result, a single-mode injection into the auxiliary
waveguide transforms into the desired supermode at the output of the device. We have
proved this by exciting the topological edge modes and the bulk modes of the SSH
model [95] in various configurations. By employing an entire auxiliary lattice, we have
also shown how the technique can also be utilized to transfer light between the same
supermode or even different supermodes in different waveguide lattices. In all cases, the
transfer has been proved to be robust to geometrical inaccuracies with minimal leaking
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to unwanted modes, with disorder or imperfections only reducing the total intensity that
is transferred. All in all, the technique allows to efficiently excite or transfer light into
any target mode as long as this mode displays a gap, and as such can be extended to
systems with higher dimensionality. The interest in the topological protection of edge
and interface states makes a technique that can faithfully excite them highly desirable.
Both standalone SCRAP and its combination with SUSY could be employed in other
physical platforms, such as in ultracold atoms [457] by controlling the position and shape
of the optical traps along time.

In Chapter 4, we have focused solely on SUSY and shown how it allows to excite
any gapped mode of a waveguide lattice [214]. The proposed scheme is based on using
discrete SUSY (DSUSY) to design the superpartner of a given lattice by targeting a
mode of interest with the transformation. In the superpartner, this mode is confined in
a waveguide that is isolated from the rest of the lattice. Then, adiabatically connecting
the two lattices along the propagation direction allows to efficiently transform a single-
waveguide excitation into any gapped mode of the structure under investigation. To
validate the proposal, we have focused on topological modes of the SSH model, both the
edge state and two interface states generated by dimer defects, as well as its bulk modes.
In all cases, the modes are obtained with high accuracy, yielding a significant increase
in fidelity when compared to a direct excitation on the highest-amplitude waveguide.
Indeed, the adiabatic modification that we have proposed in this chapter is specially
useful if the desired output state is not strongly confined, as direct excitation of such
states can be hard to accomplish. Compared with other more complex injection meth-
ods, such as those employing spatial light modulators (SLM) [102, 106], our proposal
reduces the complexity of the input beam to the minimum. Furthermore, the strength
of the method relies on the generality of the modes that can be engineered, which only
require the existence of a gap. Additionally, DSUSY can be used to build other de-
vices, such as a mode converter between edge and interface modes. This would utilize
the fact that DSUSY transformations are not unique, so one could connect a lattice
supporting an edge state, and one supporting an interface state adiabatically. DSUSY
transformations can also be employed in two-dimensional (2D) systems [301, 320], thus
opening new possibilities to generalize the high-efficiency topological excitation method
discussed here to higher-dimensional settings. In general, applying DSUSY to 2D causes
the appearance of nonlocal couplings that are challenging to implement physically. Some
proposals relying on synthetic dimensions to engineer long range couplings [184] could
be useful to overcome that obstacle. Moreover, SUSY has also been applied to non-
Hermitian Hamiltonians [300, 323] and extended into what has been labeled as second-
or higher-order SUSY [294, 297], where multiple modes can be targeted by the trans-
formation. In both cases, possible scenarios in which to apply the idea of adiabatically
connecting different structures could arise. Although some limited efforts to apply SUSY
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to many-body systems have been proposed [298], how to implement it in general inter-
acting systems remains an open question to be explored. Also, applications of SUSY to
nonlinear optics may also appear, as it has already been shown that the superpartner
of a nonlinear equation can be computed [458]. Finally, we note that although here we
have used optical waveguide lattices as the physical platform and thus the adiabatic
deformation is performed in space, the quantum-optical analogy [49] that we mention
throughout the thesis can be reversed, and the technique could be applied to atomic,
condensed-matter or quantum systems where the deformation would be performed along
time.

In Chapter 5, we have demonstrated a method to engineer arbitrary systems in FB
lattices by decorating them with onsite impurities [215, 216]. The method is based on
the non-orthogonal compact localized states (CLSs) that inhabit the FB [111], which
become coupled under the presence of impurities and generate exponentially decaying
impurity states. These states form the main sites of the effective system, and their
localization length depends on the flux that threads the original system, which in turn
directly controls the coupling between separate impurity states. To prove the potential
of the method, we have imprinted a nontrivial topological model, the SSH model, on
top of a diamond chain lattice with nonzero flux per plaquette by staggering the relative
distance between impurities. In the nontrivial phase, edge states have been shown to
appear at the end of the impurity chain. We have conducted thorough studies on the
resistance of these states to various kinds of disorders, and established that the effective
system presents an increased robustness to diagonal disorder, even though it does not
preserve the chiral symmetry of the SSH model. The origin of this effect has been at-
tributed to an averaging effect that occurs over the characteristic spatial extension of the
impurity states [217], and thus the resistance to disorder has been quantitatively related
to the flux in the system. Moreover, we have demonstrated how non-Hermitian cou-
plings can also be generated in the effective system by using complex-valued impurities.
For a viable experimental implementation of the system, we have proposed waveguide
lattices guiding light with OAM [159, 218]. The OAM modes serve both as a synthetic
dimension to realize the diamond chain, as well as provide a mechanism to introduce
a phase into the couplings. This works as an artificial gauge field (AGF) [154, 160] in
the lattice, which reproduces the flux. Then, the value of the flux can be controlled
through geometrical means simply by choosing a relative angle between the lines that
unite successive waveguides. In addition, onsite impurities can be readily included by
manipulating the size or refractive index of individual waveguides. The proposed plat-
form closely replicates the theoretical results for fluxes lower than π/2, and shows only
minor band distortions for fluxes nearing π. The work in this chapter lays the bases for
future studies involving FB models with non-orthogonal CLSs and impurity-decorated
systems. First, the method for generating effective impurity systems can be readily
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extended to higher dimensional models, such as the 2D Lieb lattice [102–104], which
enables the exploration of higher-order TIs. Second, non-Hermitian physics [187, 189]
are also within reach in the system, as non-Hermitian couplings can be generated by the
usage of onsite gains and losses in the impurity sites. This gives experimentally-available
access to non-Hermitian effects in FBs. Lastly, aside from our proposed platform, mod-
ulated waveguides [158], ring resonators [152, 167], electrical circuits [136, 196], and
electronic or cold atom setups [109] are promising platforms wherein FBs and impurity
systems could be explored.

Finally, in Chapter 6 we have designed a method to obtain root systems of arbitrary
order of the SSH model [220]. Square-root topology [119] relates a parent TI to a root
TI via a square-root operation on its Hamiltonian, with the root model inheriting the
topological properties from the parent whilst displaying new phenomena. In contrast
to the limited extensions to 2n-th order roots that appeared shortly after [128], in this
chapter we have provided a complete generalization to any order n. The method relies
on the usage of unidirectional coupling loops between sublattices, making the model
n-partite but also non-Hermitian. This endows the root model with a generalized chiral
symmetry [221], which causes the spectrum to be split among n branches along the
complex energy space, each separated by a relative angle of 2π/n. To benchmark the
procedure, we have calculated the roots of the SSH model. We have shown how, across
all energy branches, a common energy gap appears with a ring shape in the complex
plane. This is a novel type of gap, not reducible to line or point gaps. Within the gap, n
topologically protected edge states appear. By studying the behavior of these edge states
under different disorders, as well as the topological invariant in root and parent models,
we have unambiguously identified the parent SSH as the source for the topology of the
roots. Furthermore, we have detailed how such models can be implemented in systems
of non-Hermitian photonic ring resonators [199–201]. We have shown how the required
unidirectionality in the couplings can be achieved by engineering a distribution of gain
and loss in the linking resonators, which effectively enhances coupling in one direction
and suppresses it in the other for any given mode circulation. Also, ring resonators
allow for precise implementation of a real phase in the couplings [152], which further
hints at their great versatility. Using this ring system, we have presented results for the
roots of orders 3, 4 and 5 of the SSH model, and analyzed how their main properties
survive deviations from perfect unidirectionality and from perfect balance of gain and
loss in the link rings. The split gain and loss regions have been previously implemented
in optically pumped elongated waveguides [203, 456], which are used as couplers to
maximize the pumped region and thus the gain. Alternatively, separating the gain and
loss regions into different link rings [432], or employing nonlinearities to produce the gain
via four-wave mixing [204] are also viable alternatives. Other platforms such as optical
fibers [205, 206], ultracold atoms [189–192] or electrical circuits [138, 193–196] have also
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shown great promise for the study of non-Hermitian effects and could allow for a similar
implementation. On the theoretical side, the method for the construction of n-root
TIs is completely general and therefore not limited to the SSH model. Future studies
generalizing the applicability of the method to other FB systems and higher-order TIs
could stem from the work presented here.
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