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Foreword

In an era where electronic devices are not only shrinking in size but also
evolving in complexity, the efficient management of heat has emerged as a
pivotal challenge. This thesis was born from an enduring fascination with
the nanoscale—a domain where quantum mechanics and classical physics
converge to reveal behaviors that defy conventional wisdom. It is within the
intricate scenario of semiconductor interfaces that the true nature of thermal
transport is unveiled, and where the phonon—the quantum of lattice vibra-
tion—plays a decisive role in dictating device performance and longevity.

The motivation behind this work is both scientific and practical. As
technology marches forward, the relentless drive for faster, more efficient,
and more compact devices necessitates a deep understanding of heat flow at
the atomic level. Traditional models of thermal conduction, such as Fourier’s
law, begin to falter when applied to nanoscale structures where atomic imper-
fections, interfacial phenomena, and quantum effects become dominant. This
research endeavors to bridge that gap by probing the underlying mechanisms
of phonon transport and thermal boundary resistance in semiconductor het-
erojunctions. Throughout my academic journey, I have been inspired by the
work of pioneers in both experimental and theoretical physics, whose ground-
breaking contributions have laid the foundation for modern thermal man-
agement strategies. My investigations are an attempt to extend this legacy
by applying state-of-the-art simulation techniques—ranging from nonequi-
librium molecular dynamics to first-principles calculations—to unravel the
complex interplay between structure, temperature, and heat conduction. The
challenges encountered in modeling such systems are often considerable, yet
they offer a rewarding glimpse into the future of materials science, where
every atomic interaction can have profound technological implications.
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ii FOREWORD

This thesis is also a personal journey of growth and discovery. I have been
fortunate to work alongside mentors and colleagues who have not only shared
their knowledge but have also inspired a passion for inquiry and innovation.
Their unwavering support and critical insights have been invaluable in navi-
gating the multifaceted challenges that arise when one ventures into new sci-
entific domains. Beyond the technical achievements, this work is a testament
to the collaborative spirit of modern research. It reflects the collective effort
of a vibrant scientific community striving to push the boundaries of what is
known about nanoscale phenomena. By exploring the delicate balance be-
tween coherent and diffusive phonon transport, and by examining the roles of
interface morphology and temperature-dependent effects, this thesis aims to
provide a comprehensive framework for designing semiconductor interfaces
that can revolutionize thermal management in electronic devices. Looking
ahead, the insights gained from this research offer exciting prospects for fu-
ture innovations. As we further refine simulation techniques and integrate
emerging methodologies such as machine learning, the potential to predict
and tailor thermal properties at the atomic scale will only grow. It is my
hope that the perspectives and methodologies presented herein will inspire
not only academic inquiry but also practical applications that contribute to
the evolution of next-generation technologies. In the grand tapestry of scien-
tific progress, this thesis represents a modest yet hopefully meaningful step
toward mastering the art of heat management in the age of nanotechnology.



Contents

Foreword i

1 Introduction 1

2 Single-Interface Thermal Transport 5
2.1 Thermal Conductivity . . . . . . . . . . . . . . . . . . . . . . 6

2.1.1 The linear regime . . . . . . . . . . . . . . . . . . . . . 7
2.2 Phonons and Phononics . . . . . . . . . . . . . . . . . . . . . 7

2.2.1 Quasiparticles . . . . . . . . . . . . . . . . . . . . . . . 7
2.2.2 The Phononic Spectrum . . . . . . . . . . . . . . . . . 8

2.3 Coherent Phonon Transport . . . . . . . . . . . . . . . . . . . 9
2.3.1 Mean Free Path and Thermal Wavelength . . . . . . . 10
2.3.2 Bose-Einstein Statistics . . . . . . . . . . . . . . . . . . 10
2.3.3 Technological interest . . . . . . . . . . . . . . . . . . . 12

2.4 Thermal Boundary Resistance . . . . . . . . . . . . . . . . . . 12
2.4.1 Global overlook . . . . . . . . . . . . . . . . . . . . . . 12
2.4.2 Definition and Theoretical Models . . . . . . . . . . . . 13
2.4.3 Experimental and Computational Methods . . . . . . . 19

2.5 GaAs and Ge . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
2.6 Molecular Dynamics . . . . . . . . . . . . . . . . . . . . . . . 21

2.6.1 The Tersoff Potential . . . . . . . . . . . . . . . . . . . 22
2.6.2 Nonequilibrium Molecular Dynamics . . . . . . . . . . 25

2.7 The GaAs/Ge junction . . . . . . . . . . . . . . . . . . . . . . 27
2.7.1 Tersoff potential for GaAs/Ge . . . . . . . . . . . . . . 27
2.7.2 Securing the steady-state . . . . . . . . . . . . . . . . . 29
2.7.3 Post-processing . . . . . . . . . . . . . . . . . . . . . . 30
2.7.4 Finite-size effects . . . . . . . . . . . . . . . . . . . . . 32
2.7.5 Simulation of the atomically flat junction . . . . . . . . 36

iii



iv CONTENTS

2.7.6 Temperature dependence . . . . . . . . . . . . . . . . . 38
2.7.7 Chemical mixing . . . . . . . . . . . . . . . . . . . . . 40
2.7.8 Surface roughness . . . . . . . . . . . . . . . . . . . . . 43
2.7.9 Thermal rectification . . . . . . . . . . . . . . . . . . . 46
2.7.10 A note on uncertainty estimation . . . . . . . . . . . . 49

2.8 Conclusion of Chapter 2 . . . . . . . . . . . . . . . . . . . . . 50

3 Multiple-Interface Thermal Transport 51
3.1 Normal Modes, Phonons, and Sound . . . . . . . . . . . . . . 52

3.1.1 Monoatomic linear chain . . . . . . . . . . . . . . . . . 53
3.1.2 Multi-atomic linear chain . . . . . . . . . . . . . . . . . 59
3.1.3 Superlattices . . . . . . . . . . . . . . . . . . . . . . . 62
3.1.4 Effects of Temperature . . . . . . . . . . . . . . . . . . 63

3.2 The Si/Ge superlattice . . . . . . . . . . . . . . . . . . . . . . 64
3.2.1 Set-up of the simulations . . . . . . . . . . . . . . . . . 67
3.2.2 Si/Ge superlattice nanowire . . . . . . . . . . . . . . . 68
3.2.3 Si/Ge bulk superlattice . . . . . . . . . . . . . . . . . . 75

3.3 Conclusions of Chapter 3 . . . . . . . . . . . . . . . . . . . . . 87

4 Raman Spectroscopy of Superlattices 89
4.1 Introduction to Raman Spectroscopy . . . . . . . . . . . . . . 90
4.2 Density Functional Theory . . . . . . . . . . . . . . . . . . . . 93
4.3 Perturbation Theory and Raman Spectra . . . . . . . . . . . . 95
4.4 k-points grid and energy cutoff . . . . . . . . . . . . . . . . . 96
4.5 GaP and GaAs Wurtzites . . . . . . . . . . . . . . . . . . . . 98
4.6 The GaAs/GaP superlattices . . . . . . . . . . . . . . . . . . 103

4.6.1 Computational Methodology . . . . . . . . . . . . . . . 104
4.6.2 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.7 Twinning Superlattices: The InAs Case Study . . . . . . . . . 108
4.7.1 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

5 Conclusion 115

Numerical Tables I

Notation & Acronyms XIII

Acknowledgements XVII



Chapter 1

Introduction

Semiconductor technology constitutes the cornerstone of past and present-
day electronics, and is likely to remain crucial for many decades to come, as
leading semiconductor manufacturing companies are investing heavily in tri-
als aimed at achieving optimal control of the elementary degrees of freedom
in condensed matter systems. In the ever-evolving landscape of modern elec-
tronics, the significance of thermal transport across semiconductor interfaces
is paramount. As electronic devices continue to shrink in size and increase
in complexity, efficient heat management becomes critical for ensuring opti-
mal performance and longevity. Semiconductor interfaces play a pivotal role
in this thermal dynamics, influencing the efficiency of heat dissipation and
overall device reliability. Understanding and controlling thermal transport
at these interfaces is essential for addressing challenges related to overheat-
ing, a prevalent issue in high-performance electronic systems. This aspect
gains particular relevance in the context of emerging technologies and mate-
rials, where innovative semiconductor interfaces can unlock enhanced ther-
mal conductivity, contributing to advancements in power electronics, ther-
mal management strategies, and the development of novel materials with
unprecedented properties.

Electric charge and heat flow represent the two physical quantities to
manipulate, and since the advent of classical electrodynamics and contin-
uum mechanics, they have been successfully described by partial differential
equations involving few degrees of freedom and effective mean field theories.
However, thanks to the continuous improvements in the fabrication of smaller
and smaller devices, we are now approaching the scale at which continuous
models fail completely. Therefore, it is essential to take discreteness into ac-
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2 CHAPTER 1. INTRODUCTION

count, and at some deeper level of understanding, also the quantum nature of
the particles involved, to achieve a working description of microscopic mat-
ter. This situation paves the way for using new means of investigating the
materials already involved, and those more likely to be involved, in modern
technological advancements. Notably, the opportunity offered by computer
simulations, combined with the unprecedented computational power we are
now provided with, makes atomistic modeling a mandatory tool for scien-
tific research in this field, which has already proved to be a valuable ally,
far exceeding the most optimistic expectations. In particular, the chief en-
ergy carriers inside semiconductor materials are the atomic lattice vibrations.
Quantum Mechanics quantizes this vibration, and the quantum of vibration
is the Phonon. Phonons can display both wave-like and particle-like behav-
ior, making it possible to observe coherent and diffusive transport regimes, as
well as the transition between the two. When defects, like impurities, or in-
terfaces between different materials are present in the atomic lattice, phonons
can experience reflection, refraction, and scattering, and these transport pro-
cesses can be tuned by controlling the distribution of defects. Within this
context, III-V (A) semiconductor materials have drawn the attention of the
scientific community in recent times, as they emerged as viable candidates
for novel, high-performance devices, improved thermal management and heat
dissipation in power electronics, and new opportunities to access previously
unattainable material classes, namely supermaterials.

Indeed, we have witnessed a remarkable enhancement in the quality of
the nanostructures that can be assembled today. Atomically flat hetero-
junctions are now achievable, and their most intriguing extension, namely
superlattice nanowires - that is, nearly one-dimensional ordered stacks of
atomic-scale slabs of different materials - has acquired special importance
due to the unique possibilities that they open, like engineering the Raman
spectrum, observing phonon coherence, and tuning the thermal conductivity
to a considerable extent. For this reason, the computational study of trans-
port processes within these materials, their constituent elements, and their
electro-optical properties, has become a well-established trend within the sci-
entific community, as it provides insights for further research, reliable sets
of data for the industry, and support for laboratory experiments. Lattice-
matched materials, such as Gallium Arsenide (GaAs) and Germanium (Ge),
provide an ideal platform for constructing single-interface semiconductor het-
erojunctions. Their close lattice match ensures minimal defects and favorable
electronic and phonon properties at the interface. GaAs and Ge, specifically,
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exhibit compatibility in both crystal structure and thermal characteristics.
This alignment makes GaAs/Ge heterojunctions a compelling focus for com-
putational characterization, offering valuable insights into their fundamental
behavior and potential applications in advanced electronic devices.

Chapter 2 commences with a broad exploration of thermal transport
across semiconductor interfaces, emphasizing the core concept of Thermal
Boundary Resistance, referencing the relevant scientific literature, and then
focuses on the GaAs/Ge heterojunction, providing an in-depth study of this
system, which also introduces Nonequilibrium Molecular Dynamics and the
LAMMPS code used in conducting calculations. Chapter 3 starts by out-
lining the logical connection between single interface heterojunctions and
multiple interface systems, namely superlattice nanowires, as single inter-
faces can be thought of as superlattices’ building blocks, and stresses the sig-
nificance of superlattice nanowires and their role in crafting materials with
tailored thermal and electro-optical properties. Then, the chapter exten-
sively explores the thermal transport properties of the Silicon/Germanium
superlattice nanowire, which serves as a pivotal example, employing both
Nonequilibrium Molecular Dynamics simulations and insights from Density
Functional Theory simulations, specifically utilizing the almaBTE code. The
last chapter briefly touches on thermal transport properties of the GaAs -
Gallium Phosphide (GaP) superlattice via Nonequilibrium Molecular Dy-
namics first, and then shifts gears, providing an overview of Density Func-
tional Theory and introducing the ABINIT code. The machinery of Density
Functional Theory is then harnessed to scrutinize the electro-optical proper-
ties and Raman spectrum of the GaAs/GaP superlattice, extending to the
Indium Arsenide twinning superlattice, where a stacking defect is induced
through mirrored slabs. These chapters collectively contribute to an in-depth
understanding of thermal transport across semiconductor interfaces and the
nuanced physics governing their behavior, broadening the scope of our un-
derstanding by inferring trends in thermal transport behaviors across various
semiconductor interfaces.





Chapter 2

Single-Interface Thermal
Transport

Thermal transport refers to the movement of heat through materials, which
is crucial for understanding various physical processes and engineering ap-
plications. It classically encompasses mechanisms such as heat conduction,
convection, and radiation, but when we move down to the nanoscale, the
intricacies of nature provide us with a rather richer scenario, where multi-
ple transport regimes proliferate, offering great theoretical and experimental
research opportunities, and paving the way for unprecedented technological
advancements. Understanding thermal transport at such a scale is indeed
essential for designing efficient heat management systems, optimizing energy
conversion processes, and developing advanced materials with tailored ther-
mal properties. In modern electronics, thermal management is of paramount
importance due to the increasing power densities and miniaturization of de-
vices. Efficient thermal transport is crucial for preventing overheating, which
can degrade device performance, reduce lifespan, and even lead to catas-
trophic failures. Effective heat dissipation techniques, such as thermal inter-
face materials, heat sinks, and cooling systems, are critical for ensuring the
reliability and longevity of electronic devices. Over the years, extensive re-
search has been conducted to understand and manipulate thermal transport
phenomena [1].

5



6 CHAPTER 2. SINGLE-INTERFACE THERMAL TRANSPORT

This research has led to significant advancements in areas such as mate-
rials science, nanotechnology, and thermal engineering. Current efforts focus
on developing novel materials with enhanced thermal conductivity, explor-
ing advanced thermal management techniques, and elucidating fundamental
mechanisms of heat transport at the nanoscale. The field continues to evolve
rapidly, driven by the demand for efficient thermal management solutions in
various industries, including electronics, energy, and aerospace.

2.1 Thermal Conductivity

The theoretical foundations of such an evolving field trace back to the late
XVIII century, and the major achievement of that time has been the discovery
of Fourier’s Law [2]. Fourier’s law is the fundamental principle governing heat
conduction at large scales, stating that the rate of heat transfer through
a material is directly proportional to the temperature drop and the cross-
sectional area, and inversely proportional to the distance over which the
temperature gradient occurs. Mathematically, it is expressed as:

Q = −κ∇T (2.1)

where Q is the heat flux, κ is the thermal conductivity, and ∇T is the tem-
perature gradient inside the material. The equation itself essentially defines
the thermal conductivity of a given physical system at large scales. Thermal
conductivity is thus a material property that quantifies its ability to transport
heat. It depends on various intrinsic factors such as the material’s atomic
structure, crystal lattice vibrations, and the presence of defects or impuri-
ties. Generally, materials with stronger interatomic bonds and higher atomic
masses exhibit higher thermal conductivities. Altogether, it is influenced by
external factors like temperature, pressure, strain, and so on. Delving in this
broad range of intricate dependencies, inevitably yields to facing the discrete
nature of microscopic matter and discovering multiple heat transport regimes
as well.
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2.1.1 The linear regime

Fourier’s equation implies a linear temperature profile over regions of length
l, when a constant heat flux is present inside a given material, provided that
the thermal conductivity does not change much as temperature decreases
along the direction of the heat flux; that is when:

l × |∇T |d lnκ
dT

≪ 1 (2.2)

In many practical applications, this condition makes the measurement of
the thermal conductivity feasible, as the temperature gradient at any point
coincides with the overall temperature drop divided by the total length, which
can be directly observed.

2.2 Phonons and Phononics

Lattice vibrations and electrons are the primary energy carriers in solids.
While electron transport represents the major contribution to thermal con-
ductivity for metals, due to the movement of free electrons, lattice vibrations
dominate heat transport in dielectric and semiconductor materials. Quan-
tum Mechanics (QM) makes the energy spectrum of such vibrations discrete,
and the quantum of excitation is called Phonon.

2.2.1 Quasiparticles

It is noteworthy to mention that, while addressing to electrons as particles
is fully legitimate, strictly speaking phonons are quantized excitations that
exhibit many particle-like properties, but can’t be endowed with any wave-
function in its own right, can’t be associated to any conserved probability
current, and the total number of phonons is not conserved during time. For
these reasons, phonons, as well as many other particle-like excitations, are
more properly referred to as “quasiparticles”, which is a key concept in con-
densed matter physics.
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Figure 2.1: Schematic representation of a phonon travelling in a one-
dimensional atomic chain. The different curves (top-down) correspond to
the configuration of the whole chain over increasing times. For this localized
perturbation of the lattice, particle-like properties as position, extension, and
velocity are well-defined.

2.2.2 The Phononic Spectrum

Recent advancements in phononics have led to significant breakthroughs in
the control of sound and heat through the development of innovative ma-
terials and devices [3]. Tailor-made multi-material crystals, with their pe-
riodic structures, create phononic bandgaps that block certain frequencies
of mechanical waves, enabling applications in soundproofing, medical imag-
ing, and thermal management. Acoustic diodes, which allow unidirectional
sound transmission, are constructed using such crystals and nonlinear mate-
rials, providing solutions for ultrasound and noise control. Acoustic cloak-
ing devices, again made from metamaterials, guide sound waves around ob-
jects, making them undetectable and offering potential in stealth and archi-
tectural acoustics. Optomechanical crystals, which simultaneously localize
phonons and photons, enhance acousto-optical interactions, paving the way
for advancements in quantum computing and telecommunications. Thermal
diodes control heat flow directionally, leveraging materials with asymmet-
ric thermal conductance to manage heat in electronic devices and buildings.
Thermal metamaterials and cloaking techniques adapt principles from opti-
cal and acoustic metamaterials to manipulate heat conduction, creating ther-
mal shields and concentrators. Nanostructured materials, such as quantum-
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Figure 2.2: Technological interest and some applications across the phononic
spectrum, spanning 12 orders of magnitude. The broad range of frequen-
cies involved requires several different modeling techniques and experimental
probes, specific to each research sector. This thesis covers just a tiny fraction
of what is contained inside the blue and purple windows.

dot superlattices and semiconductor nanowires, have improved thermoelec-
tric efficiency by reducing thermal conductivity through phonon scattering.
Thermocrystals, periodic structures designed to control heat flow, concen-
trate thermal energy in specific frequency ranges, enabling coherent heat
management similar to sound wave control. These innovations in phonon-
ics promise to revolutionize various fields, offering new solutions for thermal
management, noise reduction, energy conversion, and even protection against
seismic waves.

2.3 Coherent Phonon Transport

Parallel to this scenario, semiconductor materials constitute the bedrock of
modern electronics, where interfaces—which can be considered foundational
since the advent of electronics coincides with the development of the first
working electric diode—are ubiquitous. These interfaces scatter phonons,
thereby providing a twofold motivation for the investigation of phonon trans-
port mechanisms across them. Firstly, understanding their working princi-
ples and the physics underlying them is essential for better characterizing
the devices and physical systems in use. Secondly, it enables new means to
engineer phonon transport and manipulate heat transfer, opening up novel
possibilities and addressing the technological quest for an ever-efficient ther-
mal management capability.
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2.3.1 Mean Free Path and Thermal Wavelength

Two key quantities for phonons are the mean free path (MFP) and “thermal
wavelength”. The mean free path defines the average distance the phonons
travel between two scattering events. When the size of the physical sys-
tem, or that of its geometrical features, approach such a scale, the diffusive
regime no longer holds, and deviations from Fourier’s law become inevitable.
In addition, QM provides such elementary energy carrier with a temperature-
dependent, average wavelength too, in turn defining, for any given tempera-
ture, the scale at which its wave-like nature becomes non-negligible.

2.3.2 Bose-Einstein Statistics

A non-interacting phonon gas strictly obeys Bose-Einstein statistics. This
is a direct consequence of QM. This statistics governs the phonon popula-
tion of single-particle states in non-interacting theories. Unlike fermions,
phonons are bosons, which means multiple phonons can occupy the same
single-particle state, and the total number of phonons in a given single-
particle state with energy ϵ is provided by the Bose-Einstein distribution
function. The Bose-Einstein distribution for phonons is given by:

n(ϵ) =
1

eϵ/kBT − 1
(2.3)

where n(ϵ) is the average number of phonons occupying a specified single-
particle state with energy ϵ, kB is the Boltzmann constant, and T is the
absolute temperature. This distribution plays a crucial role in determining
the thermal properties of solids, such as specific heat and thermal conduc-
tivity. At high temperatures (compared to the Debye temperature), the heat
capacity approaches the Dulong-Petit limit, whereas at low temperatures, it
follows the T 3 Debye law due to the Bose-Einstein statistics.
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Maxwell-Boltzmann limit

In the high-temperature limit the phonon occupation numbers grow consider-
ably, and the Bose-Einstein statistics can be approximated by the Maxwell-
Boltzmann statistics. This is best illustrated by taking into account the
partition function of the quantum theory of the harmonic oscillator, charac-
terized by the frequency ω, and show that under specific conditions it reduces
to that of the classical theory. The partition function in the quantum case is
given by:

ZQ(T ) =
1

2 sinh (h̄ω/2kBT )
=

1

2 sinh (E0/kBT )
(2.4)

where we labeled the ground state energy h̄ω/2 by E0, while the classical
partition function is:

Zcl(T ) =
2πkBT

ω
(2.5)

Since the first quantity is dimensionless, we need to multiply it by 2πh̄ for
comparing it with the classical case. An inspection at Equation 2.4, joint to
the identity sinh (x) ≈ x, for x≪ 1, reveals that:

lim
E0

kBT
→0

2πh̄ ZQ(T ) = lim
T→+∞

2πh̄ ZQ(T ) ≈
2πkBT

ω
(2.6)

which is exactly the expression of the partition function in the classical limit.
Interestingly enough, the classical limit of the partition function is conceptu-
ally independent from the high-temperature one, as the first one is obtained
by multiplying ZQ by 2πh̄ and taking the limit h̄ → 0, whereas the second
one is obtained still multiplying ZQ by the same factor, but then we take the
T → ∞ limit instead. Nonetheless, these two limits coincide, elucidating how
the classical world emerges from the quantum one when temperature induces
a statistical averaging over a huge number of quantum states. In conclusion,
we have proved that whenever the thermal energy kBT is much greater than
the ground-state energy, meaning that temperature is “high”, phonons be-
have similarly to classical particles, where the probability of occupation of
a state is much lower, and the statistics governing their behavior simplifies
significantly. This approximation is particularly useful in calculations related
to thermal properties at high temperatures.
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2.3.3 Technological interest

Since the typical phonon MFP in semiconductor materials at room temper-
ature falls in the 100 nanometer range, and the thermal wavelength is about
two order of magnitude smaller, control over interference effects became avail-
able only in relatively recent times, thanks to the near-to-atomic level quality
of the nanostructures that can now be assembled, and that were completely
unachievable before [4]. This is particularly true for interfaces, as atomi-
cally flat interfaces have been obtained using molecular beam epitaxy and
chemical vapor deposition techniques, and the almost perfect lack of defects
scattering phonons resulted in great enhancement in the number of phonons
successfully travelling across the interface, in contrast with the cases where
surface roughness or chemical mixing were present. Moreover, the present
experimental methods allow stacking multiple interfaces together in a highly
ordered fashion, both in extended and quasi one-dimensional systems, giv-
ing rise to bulk superlattices–previously known as “phononic crystals”, and
radial and axial superlattice nanowires, which led to the first experimental
observation of coherent phonon transport in History [5]. For the reasons out-
lined above, the subject of this thesis is nanoscale phonon transport across
semiconductor interfaces.

2.4 Thermal Boundary Resistance

When two materials with different temperatures come into contact, heat flows
from the hotter material to the cooler one. This seemingly simple process is
far more complex than it first appears. The concept of interfacial thermal
resistance (ITR) or thermal boundary resistance (TBR), which character-
izes the difficulty of heat transfer across the interface of two materials, has
intrigued scientists since the 19th century.

2.4.1 Global overlook

The initial discussions can be traced back to Fourier in 1822, who introduced
the idea of “external conducibility” to describe heat transfer across surfaces.
This term laid the groundwork for what we now understand as interfacial
thermal conductance (ITC). Following Fourier, Poisson in 1835 furthered the
theory by formulating the continuity of heat flux at an interface [6]. However,
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significant advancements in understanding TBR came much later. Smolu-
chowski in 1898 conducted the first experimental and theoretical studies on
heat transfer between solid and gas interfaces, which aligned with Maxwell’s
earlier theories [7]. A significant turning point came in the mid-20th cen-
tury when Kapitza observed a temperature drop at the boundary between
liquid helium and a solid, which he later theorized in 1941 [8]. This discov-
ery, known as Kapitza resistance, spurred extensive research into TBR across
various interfaces. In 1969, Pollack’s review focused mainly on solid-liquid
interfaces at cryogenic temperatures [9], while Swartz and Pohl in 1989 ex-
tended the discussion to solid-solid interfaces, highlighting the limitations of
existing theories like the acoustic mismatch model (AMM) and the diffuse
mismatch model (DMM) at temperatures above 30 K [10]. The study of
TBR incorporates both theoretical models and experimental techniques to
understand and measure the resistance.

2.4.2 Definition and Theoretical Models

Here, we brief the key theoretical models and experimental methods devel-
oped over the years, primarily referencing to the 2022’s review from Chen et
al [11]. Consider an experiment where two materials, A and B, are put into
contact and the outer sides of the junction are kept at constant temperatures
TA and TB by two thermostats, with TA > TB. If we let the system evolve,
heat will start flowing inside the material from the hot thermostat to the
cold one and, after sufficiently long time, the heat flux across it will stabi-
lize at some constant value Q̄, and the whole junction will reach a steady
state. When such a state is reached, the temperature is well defined every-
where inside the system, and the temperature profile can thus be measured.
Assuming Equation 2.2 holds, we can be schematically depict the resulting
situation as in Figure 2.3. One might have assumed that heat would flow
smoothly across the interface, but in reality, the resistance at the bound-
ary can be substantial, and a remarkably sharp temperature drop, causing
a discontinuity in the temperature profile, appears between materials A and
B. The experiment reveals that even though both materials are in intimate
contact, the interface acts as a bottleneck for heat transfer. This possibly
unexpected outcome arises from the differing atomic structures and bonding
strengths at the boundary, which create an effective thermal barrier.
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TA

A
Q̄
−→ B

TB

(a) thermal junction

(b) temperature profile

Figure 2.3: (a) Thermal junction obtained from materials A, red and B,
blue. The yellow atoms represent the thermostatted regions. The black arrow
indicates the direction of the heat flux. (b) Ideal steady-state temperature
profile inside the junction, with highlighted temperature drop and interface
position.
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The simplest way to quantify such an effect, in close analogy with Fourier’s
law, is to take the ratio between the total heat flux Q̄ and the resulting tem-
perature drop only, since no thermal gradient is defined at the interface. This
relationship can be formulated as:

Q̄ = hI∆T and RI =
1

hI
(2.7)

where hI is the ITC and RI is the TBR. This resistance often turns out to be
much higher than anticipated, especially for nanoscale systems, highlighting
how microscopic interactions at the boundary can significantly impact the
overall thermal conductance of a given device. It is typically expressed in
units of W/m²K and is thus derived from the fundamental relationship where
the heat flux across an interface is proportional to the temperature drop at
the interface and inversely proportional to the interfacial resistance.

Acoustic and Diffusive Mismatch Model

The simplest theoretical setup capable of predicting this effect is the AMM,
proposed by Khalatnikov in 1952, which suggests that the heat transfer at
an interface depends on the acoustic impedances of the materials [12]. In
this model, both materials on either side of the interface are treated as con-
tinuous elastic media. The phonons are regarded as elastic waves that obey
continuum acoustic principles. When such an elastic wave encounters an in-
terface, it can either be totally or only partly reflected back into the original
material, and transmitted into the second material accordingly. The angles
of incidence and transmission are determined by Snell’s law, given by:

sin θA/cAε = sin θB/cBε, (2.8)

where θA and θB are the angles of incidence and transmission, respectively,
and cAε and cBε are the sound velocities in the respective materials for a
given polarization ε (usually longitudinal or transverse). The transmission
coefficient for an elastic wave across a plane interface that is derived from
continuum theory, is defined as the ratio between transmitted and incident
energy flux, and is given by:

ζA→B =
4ZAZB cos θA cos θB

(ZA cos θB + ZB cos θA)2
, (2.9)
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Figure 2.4: Schematics of an elastic wave experiencing reflection and refrac-
tion as it encounters the interface separating materials A and B along its
path. The arrows represent the direction of propagation of the correspond-
ing waves. The incident, reflected and transmitted wave are depicted in red,
yellow and blue respectively. The dashed line represents the normal to the
interface at the incidence point. θA and θB are the incidence and transmis-
sion angles.
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where Z = ρcε is the acoustic impedance of the material and ρ being the
material density. Two more fundamental concepts, largely independent from
the specific model we are describing, are the phonon frequency and phonon
wave-vector. The phonon frequency, often denoted as ω, represents the oscil-
lation rate of the lattice vibrations. It is directly related to the energy of the
phonon by the relationship ϵ = h̄ω, where h̄ is the reduced Planck constant.
The frequency spectrum of phonons in a solid is determined by the material’s
atomic mass, bond strength, and crystal structure. The phonon wave-vector,
represented as k, is a vector quantity that describes the wave properties of
phonons, including their wavelength and direction of propagation within the
crystal lattice. The magnitude of the wave-vector is related to the wavelength
λ by the equation ∥k∥ = 2π

λ
. The phonon wave-vector lies within the first

Brillouin zone, which is a uniquely defined primitive cell in reciprocal space.
The relationship between the phonon frequency and wave-vector is described
by the phonon dispersion relation, ω = ω(k), which can be polarization-
dependent, and provides critical insights into the vibrational properties of
the material and influences the thermal conductivity. The dispersion rela-
tion allows predict how phonons of different frequencies and wave-vectors
contribute to thermal transport.

Formulae

The total heat flux Q perpendicular to the interface is indeed expressed as:

Q =
1

V

A∑
kε

h̄ωkεv(k, ε)n(ωkε, Ta)ζA→B(k, ε)

+
1

V

B∑
k′ε′

h̄ωk′ε′v(k
′, ε′)n(ωk′ε′ , Tb)ζB→A(k

′, ε′),

(2.10)

where V is the total volume, h̄ is the reduced Planck constant, ωkε is the
phonon frequency, v is the phonon group velocity along the normal to the
interface n, defined by

v = n · ∂ωkε

∂k
(2.11)

with · denoting the dot product. n is the phonon distribution function,
provided by the Bose-Einstein statistics, and ζ is the phonon transmission
coefficient. The superscripts A and B in the summation correspond to the



18 CHAPTER 2. SINGLE-INTERFACE THERMAL TRANSPORT

contribution of the two material. The temperatures Ta and Tb are on the left
and right sides of the interface, respectively. When Ta = Tb = T , the net
heat flux becomes zero, providing a relation between the two contributions,
which then can be used to obtain:

Q =
1

V

A∑
kε

h̄ωkεv(k, ε)ζA→B(k, ε)[n(ωkε, Ta)− n(ωkε, Tb)] (2.12)

The ITC, hI(T ), can then be derived as:

hI(T ) =
1

V

∑
kε

h̄ωkεv(k, ε)ζA→B(k, ε)
∂n(ωkε, T )

∂T
(2.13)

At this point it is possible to carry on the calculation by replacing the sum-
mation of the wave vector in Equation 2.13 with the integral of frequency in
the Debye model, which assumes ω = ck, and integrating over all incident
angles:

hI =
1

(2π)2

∑
ε

IAε

∫ ωD

0

h̄ω3

c2Aε

∂n(ωε, T )

∂T
dω (2.14)

where IAε represents the integral of ζA→B(θA, ε) over all the incident angles.
In the low-temperature limit, the integral in Eq. (10) can be solved analyti-
cally, and the TBR turns out to satisfy:

RAMM = constant× T−3 (2.15)

This T−3 dependence originates from Debye’s T 3 law of heat capacity at low
temperatures. However, the AMM is not applicable at high temperatures due
to the absence of phonon scattering. The DMM addresses this by assuming
that phonons are scattered diffusely at the interface, losing memory of their
initial direction and energy state. This model provides a more accurate
description at higher temperatures, where the AMM fails. The transmission
coefficient in the DMM does not depend on the wave vector or the mode
index and is given by:

ζA→B(k, ε) = ζA→B(ω), (2.16)

with the reverse transmission probability given by:

ζB→A(ω) = 1− ζA→B(ω). (2.17)
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with

ζA→B(ω) =

∑
ε c

−2
Bε∑

iε c
−2
iε

. (2.18)

At low temperatures, the TBR in the DMM is still satisfying a T−3 de-
pendence like the AMM, but the numerical constant is different. Recent
studies have also improved the DMM by incorporating exact phonon disper-
sion, optical phonon modes, joint vibrational states, thermal flux effects, and
inelastic scattering to better match experimental data and provide a more
comprehensive understanding of interfacial thermal transport.

2.4.3 Experimental and Computational Methods

Experimental methods have also advanced significantly. The pump-probe
thermoreflectance technique is an ultrafast laser-based method that mea-
sures the change in reflectance due to temperature variations, allowing for
precise determination of ITC [13]. The electron-beam self-heating method
uses an electron beam to locally heat a sample, directly measuring the TBR
by observing the temperature profile across an interface [14]. The 3ω method
involves applying an AC current to a heater and measuring the third har-
monic of the voltage to determine the material’s thermal properties, including
the TBR [15]. Understanding TBR in solid-solid interfaces is crucial for ap-
plications in electronics and thermal engineering. The research in this area
has significantly evolved over the past three decades, focusing on both macro-
scopic and nanoscale interfaces. Lattice mismatch, or disparities in lattice
structures between two materials, can impede phonon transport. Studies,
such as those by Hopkins et al. on Si/Ge systems, show that lattice mis-
match leads to multiple reflections and interference effects, which are not
accounted for in simpler models like AMM [16]. The strength of bonding
at the interface, known as interfacial coupling strength, affects the transmis-
sion of phonons, with stronger coupling typically leading to better thermal
conductance. Surface roughness and atomic-scale disorders at the interface
can scatter phonons too, further reducing the thermal conductance [17]. Ad-
vancements in theoretical models and experimental techniques have deepened
our understanding of TBR.
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Computational methods like molecular dynamics simulations, lattice dy-
namics, and the Green’s function approach provide detailed insights into
phonon interactions at the atomic level, making the choice of the particular
approach depend on the specific system of interest, or the physical phe-
nomena under investigation [18]. The study of interfacial thermal resistance
has come a long way since the early theoretical propositions by Fourier and
Poisson. With the advent of sophisticated experimental techniques and com-
putational models, our understanding of TBR across various interfaces has
significantly improved. The continuous development in this field is crucial
for enhancing the thermal management of electronic devices and other ap-
plications where efficient heat dissipation is essential.

2.5 GaAs and Ge

Among the various semiconductor materials available in the industry of semi-
conductor technology, Gallium Arsenide (GaAs) and Germanium (Ge) are
both vital. GaAs is known for its high electron mobility, making it suit-
able for high-frequency applications and optoelectronic devices, such as light-
emitting diodes (LEDs) and solar cells. Ge, on the other hand, is notable for
its application in high-efficiency solar cells and as a substrate for high-speed
integrated circuits. These materials are lattice-matched, allowing for the for-
mation of clean and defect-free GaAs/Ge heterojunctions. Additionally, the
GaAs/Ge interface is essential in the synthesis of hexagonal Ge through the
crystal structure transfer method, where hexagonal GaAs nanowires work
as templates for the radial growth of hexagonal SiGe and Ge shells [19–23].
Given the importance of these interfaces, a comprehensive physical charac-
terization focusing on transport processes is critical. In this chapter, we
conduct an atomistic investigation using nonequilibrium molecular dynamics
(NEMD) to study phonon transport across the GaAs/Ge interface. In partic-
ular, we evaluate how temperature and atomic-scale interface morphologies,
including chemical intermixing and roughness, impact thermal conduction
and explore their implications for thermal rectification [24]. To probe into
these dependencies, we performed approximately 100 simulations, balanc-
ing a thorough exploration of parameter space with computational efficiency
[25–27].
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2.6 Molecular Dynamics

Molecular Dynamics (MD) is a computational technique used to simulate the
movement of atoms and molecules over time. It’s widely employed in various
fields such as chemistry, physics, materials science, and biology to study the
behavior of molecular systems at the atomic level. In MD simulations, the
system is modeled as a collection of interacting particles, typically atoms or
molecules. The behavior of each particle is governed by Newton’s equations
of motion:

mi
d2ri
dt2

= Fi (2.19)

where mi is the mass of particle i, ri is its position vector, and Fi is the net
force acting on it. To perform MD simulations, one needs a force field that
describes the interactions between particles. A common form of the force
field is the pairwise potential energy function:

U(r1, r2, ..., rN) =
1

2

N∑
i ̸=j

V (rij) (2.20)

where V (rij) is the pairwise potential energy between particles i and j sepa-
rated by a distance rij. The force acting on each particle is then derived from
the potential energy function by taking the negative gradient of the potential
energy with respect to the particle’s position:

Fi = −∇U(r1, r2, ..., rN) (2.21)

However, in many cases, interaction potentials need to go beyond the pairwise
level to accurately represent the system’s behavior.
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2.6.1 The Tersoff Potential

Three-body interaction potentials, such as those of Tersoff type, are par-
ticularly important in systems where covalent bonding or other forms of
three-body interactions play a significant role [28]. The Tersoff potential is
designed to model the energetics of covalent systems indeed. It is an empirical
potential formulated to treat complex systems and perform extended simu-
lations. The potential has been particularly effective for silicon and carbon,
it has been extended to multicomponent systems, and includes terms that
account for bond interactions and environmental dependencies. The general
form for this interatomic potential involves terms that represent two-body
and three-body interactions. It includes pairwise terms fR(rij) and fA(rij),
which represent repulsive and attractive interactions, respectively. The en-
ergy V (rij), or simply Vij, as a function of the atomic coordinates, is taken
to be

Vij = fC(rij) [fR(rij) + bijfA(rij)] , (2.22)

where

fR(rij) = Aij exp(−σijrij), fA(rij) = −Bij exp(−µijrij), (2.23)

fC(rij) =


1 for rij ≤ Rij,
1
2
+ 1

2
cos
(
π

rij−Rij

Sij−Rij

)
for Rij < rij ≤ Sij,

0 for rij > Sij.

(2.24)

bij =

(
χij

(
1 + βn

i

∑
k ̸=i,j

fC(rik)g(θijk)

))−1/2n

(2.25)

g(θijk) = 1 + c2/d2 − c2/
[
d2 + (cos θijk − h)2

]
(2.26)

σij =
σi + σj

2
, µij =

µi + µj

2
, Aij = (AiAj)

1/2, Bij = (BiBj)
1/2 (2.27)

Rij = (RiRj)
1/2, Sij = (SiSj)

1/2 (2.28)
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The term bij depends on the bond angles and distances involving a third
atom k. This term is crucial for capturing the angular dependence of bond
energies in covalent systems. i, j, and k label the atoms of the system, and
θijk is the bond angle between bonds ij and ik. σi and µi, depend only on the
type of atom. χ regulates the strength of the heteropolar bonds, allowing to
include “chemistry”, in the choice of the interpolation formula. The Tersoff
potential is highly versatile for simulating multicomponent systems, particu-
larly in cases where interactions between atoms of different chemical species
are not well understood. By introducing a systematic approach to interpolate
between potentials of different elements, and thanks to the incorporation of
both two-body and three-body terms, it accurately represents bond energies
and angles, making it a relevant tool for simulating a wide range of materials,
including those with complex, multi-element compositions.
The most severe limitations arise because this potential captures acoustic
phonon branches and elastic constants reasonably well, but it tends to sys-
tematically over-shift optical modes because of the lack of explicit long-range
Coulomb interactions. Near the Brillouin zone boundaries it also often fails
to reproduce the characteristic flattening of transverse acoustic and optical
branches seen in ab-initio dispersions, leading to some inaccuracy in high-
frequency phonon lifetimes and scattering rates. Reparameterizing the po-
tential often improves one set of modes at the expense of others—highlighting
an rather intrinsic trade-off in its short-range bond-order formalism and limit-
ing its predictive accuracy for temperature-dependent and interfacial thermal
transport studies.
Notwithstanding the empirical approach, the resulting flexibility allows ex-
ploring new materials and predicting their properties without requiring ex-
tensive empirical or machine learned data for every possible atomic inter-
action, especially for a qualitative description of the system under study.
Building on such versatility, we applied it for modeling GaAs/Ge systems,
even if direct empirical data for GaAs/Ge interactions is limited, thanks to
the combination of parameter sets from other research papers that provide
detailed potential parameters for GaAs and Ge individually. The use of these
parameters within the Tersoff framework enabled the simulation of the het-
eropolar interactions between Ga, As, and Ge atoms, in turn allowing to
probe into the properties of GaAs/Ge systems.
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Figure 2.5: Original Tersoff potential and cutoff function for two Ge atoms,
with no other atom influencing the bond. The reader should bear in their
mind that, regardless of the absence of any third atom, strictly speaking this
potential describes the interaction of two Ge atoms in bulk Ge. This effective
interaction can be very different from the interaction between two Ge atoms
in vacuum.
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2.6.2 Nonequilibrium Molecular Dynamics

Nonequilibrium Molecular Dynamics (NEMD) is an extension of MD used to
study systems that are not in thermodynamic equilibrium, such as systems
undergoing heat or mass transfer. In NEMD simulations, one often needs to
control the temperature of the system. This is typically achieved by coupling
the system to a heat bath using a thermostat. A popular thermostatting tech-
nique is velocity rescaling, where the velocities of the particles are rescaled
periodically to maintain the desired temperature. It works by comparing
the instantaneous temperature of the system to the desired temperature and
rescaling the velocities accordingly. Let T be the instantaneous temperature
of the system and Tdesired be the desired temperature. The rescaling factor α
is calculated as:

α =

√
Tdesired
T

(2.29)

Then, each velocity vector vi is scaled by α:

vi → αvi (2.30)

This rescaling process is performed at regular intervals during the simulation
to keep the system at the desired temperature. This technique is compu-
tationally efficient and straightforward to implement, making it a popular
choice for NEMD simulations, when the region of interest of the physical
system under study is far away from the regions where rescaling takes place.
Other thermostats, like the Andersen or Berendsen provide slight modifi-
cations of such a technique, while others, like the Nosé-Hoover thermostat,
modify the equations of motion to include a friction term, and are more suit-
able for probing into the physical properties of the regions where control over
temperature takes place. When it’s possible, velocity rescaling thermostat-
ting techniques are preferred in NEMD simulations due to their simplicity
and efficiency. They provide good temperature control and are easy to imple-
ment, making them suitable for a wide range of applications. Additionally,
they introduce minimal perturbation to the system dynamics, allowing for
more accurate simulations of nonequilibrium processes. In NEMD simula-
tions, it’s essential to equilibrate the system before collecting production
data to ensure that the system reaches a stable state. Equilibration involves
running the simulation for a sufficient time until the system properties no
longer change significantly.
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Figure 2.6: The GaAs zincblende conventional unit cell. Different chemical
species are depicted using false colors as following: Gallium in yellow and
Arsenic in grey. Dashed lines represent chemical bonds. Lower opacity helps
visualizing the structure, and usually indicates greater distance from the
observer.
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2.7 The GaAs/Ge junction

To generate the GaAs/Ge junction, we stack M × M × N supercells of the
zincblende (ZB) unit cell with a lattice constant of 0.5655 nm, designating
GaAs in the lower half and Ge in the upper half. N defines the length of
the computational cell along the transport direction, while M × M defines
the cell’s cross section. The zincblende crystal structure, also known as the
sphalerite structure, is a face-centered cubic (FCC) lattice arrangement com-
monly found in semiconductors. This structure features a binary compound
where two different types of atoms, such as Gallium and Arsenic occupy
tetrahedral sites within the FCC lattice of the crystal. In the specific case
of GaAs, the zincblende structure is characterized by Gallium and Arsenic
atoms forming a tetrahedral coordination. Each Gallium atom is surrounded
by four Arsenic atoms, and vice versa, creating a highly symmetric and stable
configuration. This arrangement endows the material with unique electronic
and optical properties, contributing to make GaAs a widely used semicon-
ductor in various electronic and optoelectronic applications. The zincblende
structure is notable for its high symmetry and efficient packing, which are key
factors in the performance of devices constructed from materials with this
lattice.A visual representation of the unit cell and of the thermal junction is
given by Figures 2.6 and 2.7 respectively.

2.7.1 Tersoff potential for GaAs/Ge

We conduct NEMD simulations using the LAMMPS code [29]. We use a
bond-order potential of the Tersoff type to describe atomic interactions, em-
ploying Nordlund’s parameterization for GaAs and Tersoff’s original parame-
terization for Ge, with mixed interactions obtained according to the specified
prescriptions [30]. The numerical values of the parameters are provided in
Table 5.1 Although a machine learning parameterized interatomic potential
has been proposed by Wyant et al., no data on TBR are available for com-
parison [31].
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Figure 2.7: The 180 nm × 8 nm² GaAs/Ge junction with atomically flat
interface–focus on the interface region. Ga and As atoms have been colored
according to the palette of Figure 2.6, while Ge atoms have been depicted in
purple.
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2.7.2 Securing the steady-state

In molecular dynamics simulations, achieving a nonequilibrium steady state
(NESS) is crucial for accurately studying thermal transport properties across
heterojunctions. The NESS is characterized by a balance between energy in-
jection and extraction, ensuring that the system’s thermal and kinetic proper-
ties become time-independent. This state allows for the reliable computation
of parameters such as heat flux and interface temperature drop, which in turn
give the TBR. In our simulations, we employ structural relaxation followed
by temperature biasing and thermostatting by velocity-rescaling to drive the
system towards this steady state, ensuring the robustness and reliability of
our results. First, we perform a structural relaxation of the heterojunc-
tion under constant volume conditions. The [001] axis is aligned with the
z direction, designated as the transport direction, while periodic boundary
conditions are applied in the xy plane. Subsequently, we initialize the atomic
velocities by sampling from a Maxwell-Boltzmann distribution at 300 K. A
temperature gradient ∆T = TA − TB = 100 K, centered around 300 K, is
imposed, where TA and TB are the temperatures at the hot and cold ends,
respectively, enforced by velocity rescaling. The thermostatted regions each
span approximately 1.12 nm [see Figure 2.3 for a depiction of the computa-
tional setup; materials A and B correspond to GaAs and Ge respectively].
The system evolves in time with a time step of 0.7 fs, and the simulations
usually run for up to 7 ns.
The selection of a 0.7 fs timestep ensures numerical stability and energy
conservation by resolving the fastest atomic vibrations well below one-tenth
of their periods. Running the simulation for approximately 7 ns (10 mil-
lion steps) provides ample sampling to establish steady-state transport and
reduce statistical uncertainty in observables like fluxes and thermal conduc-
tivity. A cross-section of about 8 nm2 balances computational efficiency
against finite-size effects, and prevents spurious self-interactions under the
periodic boundaries along the X and Y axes; while extending the junction
to about 180 nm along the Z direction, where no periodic boundary con-
dition is set, allows uninterrupted development of thermal gradients, and
avoidance of non-physical effects near the thermostatted regions. Together,
these choices enable convergence of nonequilibrium steady states, and sup-
press periodic artifacts—thereby yielding robust confidence in the simulated
nanoscale transport phenomena.
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Details on the numerical integration technique

To perform the numerical simulations, we chose the velocity form of the
Störmer – Verlet algorithm (velocity–Verlet), which is the time integrator
commonly used in NEMD to solve Newton’s equations of motion and which
is directly available in LAMMPS. At each timestep, velocities are advanced
by a half-step using current forces, positions are then updated by a full
step using those intermediate velocities, forces are recalculated on the new
positions, and finally velocities are completed with a second half-step up-
date. This symmetric splitting guarantees time-reversibility and symplectic
conservation, minimizing energy drift over long simulations. The two-stage
structure also lends itself to efficient, parallelized force evaluations, enabling
stable integration even under strong nonequilibrium conditions such as the
typical thermal gradients encountered in our simulations.

2.7.3 Post-processing

To analyze the data, we track the energy injected and extracted by the ther-
mostats at the junction ends over time [Figure 2.8a]. When the ratio of energy
injection to extraction stabilizes within numerical tolerance, we consider the
system to have reached a nonequilibrium steady state. This is determined
by examining the time-independence of the difference between injected and
extracted energies [Figure 2.8b]. Typically, after an initial transient phase of
about 1 ns, the system reaches steady state; we discard an additional 1 ns for
stabilization and use the remaining 5 ns for averaging. Once the steady-state
time window is identified, we use this period to compute the average heat
flux and temperature profile, T (z), to estimate the thermal boundary resis-
tance (TBR). From the slopes of the injected and extracted energy curves, we
determine the total power input at the hot end and output at the cold end.
The difference between these values provides an estimate of residual energy,
ensuring no drift from steady-state conditions. The heat flux is calculated as
the injected (or extracted) power divided by the cross-sectional area.
The difference between the input and output heat fluxes, indicating the ro-
bustness of the achieved nonequilibrium steady state, is typically around
0.2%. The average temperature profile is obtained by time-averaging and
spatially averaging the instantaneous atomic temperatures in the xy plane,
expressed as 2Ek/(3kB), where Ek and kB are the kinetic energy and Boltz-
mann constant, respectively. Linear fits of the temperature profile on either
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(a) injected and extracted energy

(b) residual energy

Figure 2.8: (a) Total energy injected and extracted by the two thermostats
over time, represented by the red and blue curves, respectively. The ratio of
the slope to the cross-sectional area indicates the heat flux through the hot
and cold ends. (b) Difference between injected and extracted energies over
time, showing the residual energy. A positive residual energy indicates that
the system absorbed heat during the transient phase. The black solid lines
represent the results of the linear fit.
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Figure 2.9: The steady-state temperature profile of the 60 nm × 8 nm²
GaAs/Ge junction is shown, with a focus on the interface region. The fitting
curves are in black, highlighting the temperature drop, and the interface
position is marked with a dashed line. The black solid lines represent the
results of the linear fit.

side of the interface are projected onto the interface position to extract the
temperature drop, as shown in Figure 2.9. The temperature drop at the in-
terface divided by the heat flux yields the TBR for the specific configuration.
More sophisticated methods exist for determining TBR, such as those based
on irreversible thermodynamics, but the heuristic approach used here is gen-
erally sufficient for understanding phonon transport across interfaces relevant
to our study. For a given interface morphology and chosen potential deter-
mining atomic interactions, the TBR estimate depends on four simulation
parameters: the cell cross section, the cell length, the hot end temperature
(TA), and the cold end temperature (TB). The parameters measured include
the interface temperature, heat flux, and temperature drop.

2.7.4 Finite-size effects

Here we bump into the very first and likely most obvious limitation of com-
putational methods, and especially atomistic simulations. To carry on the
study and actually perform the simulation, it is necessary to make a choice
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for the values of M and N . The natural question which may then arise is:
what values are the most suitable? Of course, the answer depends on the
specific purpose and extent of the analysis. If one was given infinite computa-
tional resources and a specific system of interest, the best choice would likely
be a one-to-one mapping of every atom in the physical system to an atom in
the corresponding simulation. In most practical applications, however, the
number of atoms that can be taken into account is rather limited–about three
order of magnitude lower, in comparison to the number of atoms of the real
systems to be described. Periodic Boundary Conditions (PBC) and other
symmetries can often be exploited to simplify the computation and extend
the results, but this approach is rather unfeasible for systems which are out
of equilibrium, where by definition some symmetry is broken by default. For
this reason, it is customary to simulate smaller versions of the system, and
look for convergence of the physical properties to some fixed values, when the
scale of the simulation is progressively increased. Such values are then as-
sumed to provide the correct description of the bulk, or infinite system. This
point is crucial in atomistic simulations, because finite-size effects turn out
to play a significant role in determining the phonon dynamics, and largely
influence thermal transport properties, becoming sharply pronounced when
material dimensions approach the phonon MFP [32]. In particular, we can
identify several sources of deviation from the bulk-like case.

Boundary Scattering

As material dimensions shrink, boundary scattering increases, reducing the
phonon mean free path. This disrupts phonon propagation and decreases
thermal conductivity. The scattering rate also depends on surface roughness
and boundary nature [33].

1

τeff
=

1

τbulk
+

1

τboundary
(2.31)

where τeff is the effective phonon relaxation time, τbulk is the bulk phonon
relaxation time, and τboundary is the boundary scattering relaxation time.

Phonon Confinement

In thin films, nanowires, and nanoscale systems in general, phonon modes
are discrete due to confinement, altering dispersion relations, group velocities,
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and lifetimes. This directly modifies the phonon density of states, specific
heat, and thermal transport properties [34]. For a monodimensional string of
length L with both ends kept fixed, the set of characteristic frequencies–i.e.
the phonon spectrum–is given by

ωn =
nπc

L
(2.32)

where ωn is the quantized phonon frequency, c is the sound velocity, L is the
characteristic dimension of the material, and n is a non-negative integer not
exceeding N .

Phonon-Phonon Interactions

Finite sizes influence phonon-phonon interactions too, especially higher-order
processes. In nanostructures, enhanced four-phonon scattering can dominate
over three-phonon processes, increasing thermal resistance [35].

1

τph-ph
=

1

τ3ph
+

1

τ4ph
(2.33)

where τ3ph and τ4ph are the three-phonon and four-phonon scattering relax-
ation times, respectively.

Reduction in Thermal Conductivity

Finite-size effects lead to reduced thermal conductivity due to increased
boundary scattering and modified phonon dispersion. For instance, nanowires
and thin films exhibit significantly lower thermal conductivity than bulk ma-
terials [36].

κ =
1

3
cΛC (2.34)

where κ is the thermal conductivity, C is the specific heat, c is the phonon
velocity, and Λ is the phonon MFP.

Anisotropy and Non-equilibrium

In low-dimensional systems, thermal conductivity can become strongly anisotropic,
arising from different phonon scattering rates and mean free paths in differ-
ent directions or confinement dimensions. Different phonon polarizations
and wavevectors have varying relaxation times, impacting energy distribu-
tion [37, 38].
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Temperature Dependence

The thermal conductivity of nanoscale materials shows a stronger temper-
ature dependence compared to bulk materials, due to enhanced phonon-
phonon scattering at higher temperatures and increased boundary scattering
at lower temperatures. A typical proportionality law is found to be

κ ∝ T−n (2.35)

where n varies depending on the dominant scattering mechanism (e.g., n ≈ 1
for three-phonon scattering, n ≈ 1.2 for combined three- and four-phonon
scattering) [39].



36 CHAPTER 2. SINGLE-INTERFACE THERMAL TRANSPORT

2.7.5 Simulation of the atomically flat junction

To tackle into this long list of intricate thermal transport features for the
GaAs/Ge junction, we conducted a several series of simulations, each one
of which deals with the dependence of the TBR on some specific internal
(e.g. chemical composition, roughness) or external (e.g. average T , ∇T )
parameter.

Cell geometry

Ideally speaking, we would like to compute the TBR for the bulk system.
Since we can not simulate an infinite system, we need to consider increas-
ingly larger cells until the computed values don’t change much when the
system size further increases. To track the dependency on the geometry
of the junction, we simulated seven different values for the junction length,
specifically from 60 to 300 nm, using three distinct cross-sectional areas: 8,
11.5, and 15.6 nm2. This was performed under two specific thermal condi-
tions: a fixed thermal bias ∆T = 100 K and a fixed temperature gradient
∇T = 1.67 K/nm, while maintaining an average temperature of 300 K. It
is important to notice that while NEMD offers a straightforward and rather
reliable way to probe into all of the effects mentioned above–because it is
a non-perturbative approach in which the classical equations of motion are
solved exactly–the different contributions are inevitably convoluted in deter-
mining the thermal properties of the junction. We plotted the results of the
simulations in Figure 2.10. From our simulations, we found that the results
for a cross-sectional area of 8 nm2, corresponding to a 5 × 5 repetition of
the standard unit cell, already displayed convergence. Furthermore, we dis-
covered that extending the cell length to 180 nm was necessary to achieve
reasonably convergent TBR values. These findings are in agreement across
different thermal conditions, suggesting that TBR is more influenced by the
interface temperature rather than the specific details of the thermal gradient
or bias, aligning with observations from previous studies [25].
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(a) constant ∆T

(b) constant ∇T

Figure 2.10: The TBR dependence on the cell geometry with (a) constant
∆T and (b) constant ∇T . The different lines correspond to different cross-
sectional areas.
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Figure 2.11: TBR dependence on temperature for the 180 nm × 8 nm2 (blue)
and 260 nm × 8 nm2 (red).

2.7.6 Temperature dependence

Next, we use the 8 nm2 x 180 nm geometry that provided consistent TBR
results and run 12 simulations with average temperatures evenly ranging
from 220 to 440 K, maintaining a thermal bias of ∆T = 100 K between the
ends of the cell. As the system’s temperature increases, two main effects
are observed. First, according to Bose–Einstein statistics—which we assume
under local thermodynamic equilibrium and which dictate the phonon state
populations—there will be more energy carriers on both sides of the hetero-
junction. However, the imbalance of these carriers, rather than their sheer
number, primarily affects the TBR. Therefore, an increase in phonon popu-
lation alone should not influence the TBR. More significantly, higher temper-
atures increase the system’s anharmonicity, which broadens the phonon lines
and reduces the difference between the phonon spectra of the two materials
at the heterojunction. This effect is illustrated in Figure 2.11 where the TBR
decreases with increasing interface temperature. When fitting this decrease
to a power law of the form T−n, we find n ≈ 1. We also calculated the TBR
in larger computational cells with L = 260 nm, obtaining results of similar
magnitude. It is important to note that our results at lower temperatures
should be interpreted qualitatively. This limitation arises from the classical
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molecular dynamics approach employed, which neglects quantum mechanical
effects and assumes phonon populations follow Maxwell–Boltzmann statis-
tics instead of Bose–Einstein statistics. Consequently, this approximation is
more accurate at higher temperatures, where classical behavior dominates
[40].
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Figure 2.12: 180 nm × 8 nm2 GaAs/Ge junction when chemical mixing is
present–focus on the interface region. We display the linear case, with Lmix =
2, 4, 5, 7.5 and 10 nm.

2.7.7 Chemical mixing

Atomically flat interfaces represent an idealized limit, whereas real-world in-
terfaces typically exhibit a range of non-ideal characteristics. Among the
most significant of these are chemical intermixing and interface roughness.
Chemical intermixing pertains to interfaces where the chemical composition
transitions gradually rather than abruptly, unlike in atomically flat inter-
faces. This gradual change creates a region where the chemical species are
intermixed, forming an alloy with a varying composition, as depicted in Fig-
ure 2.12. Interface roughness, on the other hand, refers to interfaces that are
chemically abrupt but not physically flat, as shown in Figure 2.17. Conse-
quently, we also consider these more realistic morphologies in our study. For
the case of chemical intermixing, we begin by assuming a linear variation in
composition within a mixing region defined as [0, Lmix]. Thus, for z < 0, we
have GaAs, and for z > Lmix, we have Ge. Within the mixing region, the
GaAs content is given by 1 − z/Lmix. Additionally, we enhance the linear
decay of the GaAs composition into Ge with an exponential factor. In this
scenario, the GaAs content in the mixing region is (1 − z/Lmix)e

−az/Lmix ,
where a = 2 ln(3/2), 2 ln(5/2) are arbitrary but reasonable non-negative con-
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Figure 2.13: GaAs concentration along the z axis for the three case studies:
linear, soft, and hard exponential respectively.

stant values for regulating the decay. This situation is schematically depicted
in Figure 2.13. We investigate the impact of chemical mixing on the thermal
boundary resistance (TBR) by varying Lmix from 1 to 10 nm. Due to the
stochastic nature of the alloy generation process, which involves randomly
selecting the chemical species of atoms based on a target probability, we ver-
ified that different random seeds did not affect our conclusions. Our findings,
illustrated in Figure 2.14, show a linear dependence of the TBR on Lmix re-
gardless of the composition varying linearly or not. This behavior can be
understood by considering the typical dependence of the thermal conductiv-
ity, κ, of alloys on their composition. For instance, in Si1−xGex, κ exhibits
sharp variations for x close to 0 and 1, but remains fairly constant for in-
termediate compositions. Consequently, we can approximate the thermal
conductivity of the mixing region as constant, resulting in the overall ther-
mal resistance scaling linearly with Lmix. A similar dependence is observed
when the decay is exponentially enhanced, although the specific results are
not particularly influenced by the chosen damping factor a.
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Figure 2.14: TBR dependence on Lmix for the 180 nm × 8 nm2 geometry
and different mixing styles.

Constant mixing

We also consider the specific case where the interface between GaAs and Ge
exhibits a well-defined mixing region of 5 nm in length, and within this region
the concentration of Ge atoms remains constant relative to GaAs, creating
a uniform chemical composition. The results are shown in Figure 2.15, and
indicate a maximum value for the TBR at equal concentrations, in alignment
with previous reports [41].
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Figure 2.15: TBR values VS Ge concentration for the constant mixing case,
with Lmix = 5 nm. The maximum value of the TBR is obtained for equal
GaAs and Ge concentration.

2.7.8 Surface roughness

We also examined the influence of interface roughness on TBR. Interfaces
with higher roughness usually exhibit increased TBR due to enhanced phonon
scattering at the interface. This is corroborated by previous studies that
highlight the significant role of interface quality on thermal transport in
nanostructures [42]. Interface roughness creates additional scattering sites,
disrupting coherent phonon transport and increasing thermal resistance [43].
To simulate this effect, we produce random surfaces with correlation lengths
of 1.2 nm and amplitude ranges of 2, 4, and 6 nm, also employing two different
seeds in this scenario. One of the random surfaces used for separating GaAs
and Ge, and a cartoon of the junction exemplifying surface roughness, are
provided by Figures 2.16 2.17. The relationship of the TBR is depicted in
Figure 2.18. Our results suggest that, at this level, surface roughness has a
minimal impact on the TBR, with variations being so slight that different
seeds yield slightly varied trends. Although a positive correlation between
the root mean square (RMS) of the interface roughness and an increase in
TBR has been observed [44], it tends to emerge for roughness RMS values
larger than those considered here, i.e., RMS ≥ 1 nm (note that the selection
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Figure 2.16: Random surface used to separate GaAs and Ge, with 4 nm
min-to-max amplitude and 0.8 nm RMS.



2.7. THE GAAS/GE JUNCTION 45

Figure 2.17: GaAs/Ge junction with surface roughness and min-to-max am-
plitudes of 2 nm and 6 nm. The RMS equal 0.4 and 1.2 nm respectively. We
applied a vertical displacement to Ge atoms for better visualization purposes.
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Figure 2.18: Caption

of an appropriate RMS is practically restricted by the computational cell
cross-section).

2.7.9 Thermal rectification

Let’s now explore the concept of thermal rectification. Given that the system
is not uniform along the transport direction, reversing the thermal gradient
will alter the thermal conductance [45, 46]. A plot of the steady-state tem-
perature profile for the 60 × 8 nm2 junction in the forward and reverse bias
setup is provided by Figure 2.19 In a bimaterial setup, such as the one we’re
examining, thermal rectification arises from two primary factors. Firstly, the
distinct temperature dependence of thermal conductivity in the materials on
either side of the junction leads to different overall thermal resistances under
forward and reverse bias [47]; secondly, the interface temperature, Ti, will
generally differ between forward and reverse bias [48] and so will the TBR,
due to its temperature-dependent behavior. The former factor is intrinsic to
the materials on either side of the junction, like the thermal conductivity of
GaAs and Ge here, while the latter effect is typically significant only at the
nanoscale and becomes negligible compared to the overall thermal resistance
when the TBR’s relative impact diminishes [25, 26]. Our results for thermal
rectification, γ, as a function of cell length, L, are shown in Figure 2.20. We
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Figure 2.19: Steady-state temperature profile for the 60 × 8 nm2 geometry in
the forward (red) and reverse bias (blue) respectively–focus on the interface
region.

define the forward bias as the condition where heat flows from GaAs to Ge,
with thermal rectification given by

γ =
Gfor −Grev

Grev

(2.36)

where Gfor and Grev are the thermal conductances under forward and reverse
biases, respectively. For each cell length L, we calculate the thermal conduc-
tance for a fixed ∆T , adjusting |∆T | as L increases to maintain a consistent
thermal gradient of 1.7 K/nm across all cell sizes. Initially, rectification is
negative, switches sign around L ≈ 150 nm, and subsequently increases 2.20a.
This behavior is attributed to a balance between the two aforementioned ef-
fects: at smaller L, the temperature dependence of the TBR dominates the
rectification, but as L grows, the TBR’s influence diminishes and becomes a
small part of the total thermal resistance. Once TBR’s effect is negligible, the
rectification solely depends on the temperature dependence of the materials’
thermal conductivities, resulting in phonons flowing preferentially from GaAs
to Ge. However, we do not observe an asymptotic situation, as γ increases
for all cell sizes examined. To estimate TBR-free rectification values, we use
standard methods to extrapolate thermal conductivities for infinitely large
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(a) γ

(b) κ−1

Figure 2.20: (a) Rectification coefficient and (b) κfor/rev dependence on the
junction length L, in red and blue respectively. The results of the linear fit
are shown in grey. In (b) log scale has been used for better visualization
purposes.
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cells [49, 50], plotting 1/L vs 1/κ in the two cases, and performing a linear
fit to each one. The intercept of each line provides us with the reciprocal κ
in the infinite length limit, from which the rectification coefficient can then
be computed. This yields an effective thermal conductivity for the GaAs/Ge
system under forward and reverse biases for the infinitely long system (see
Figure 2.20b), resulting in a rectification value of γ∞ = 0.3.

2.7.10 A note on uncertainty estimation

Uncertainty in computed conductivities and TBRs originates largely from
the finite duration and size of NEMD runs, which constrain phonon sam-
pling and give rise to statistical fluctuations in the heat flux and temperature
discontinuity at the interface. While a 0.7 fs timestep remains safely below
one-tenth of typical phonon vibration periods—thereby limiting systematic
integration error—some residual numerical drift can still bias the TBR. The
analysis of the steady state, together with the convergence study with respect
to the cross-section ensure periodic boundaries and simulation time do not
introduce excessive noise on the heat flux or phonon self-interactions across
images, which would smooth temperature gradients and lead to underesti-
mating TBR and rectification. As well, the convergence study with respect
to the cell length ensures we achieved a reasonable compromise between sim-
ulation cost and confidence with the results. Extending the simulation to
7 ns (10 million steps) also reduces the standard error of mean heat flux
and temperature drop, but even multi-nanosecond runs sample only a finite
subset of mode lifetimes, leaving some latent uncertainty in the TBR. In our
case, the preferred system size exhibits a relative uncertainty of about 5.5%
for both the constant ∆T and ∇T configurations, which provides us with a
qualitative order of magnitude of the uncertainty in the rest of the analysis.

Rectification factors further compound these errors—being ratios of for-
ward and reverse measurements-so that in our case it becomes reasonable
expecting uncorrelated uncertainties to amplify the relative error on recti-
fication up to about 10-15%. Further convergence testing—longer system
dimensions, simulation time, and varying integration parameters—as well as
employing multiple independent runs, would be essential to bound both sta-
tistical and systematic uncertainties, ensuring that reported TBR and recti-
fication values faithfully represent interfacial transport of bulk systems, truly
unaffected by any simulation artifacts. Nonetheless, this approach would not
circumvent the empirical nature of the Tersoff potential and the mixed pa-
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rameters, making data-driven machine-learned potential a necessary element
in order to achieve reasonable predictive power from the simulations.

2.8 Conclusion of Chapter 2

In conclusion, our investigation into the thermal transport properties of the
GaAs/Ge heterojunction using NEMD has provided valuable insights. We
have determined that the TBR for atomically flat interfaces aligns with val-
ues found in similar systems. However, it is crucial to account for the non-
negligible size effect when estimating TBR, necessitating computational cells
of at least 180 nm to achieve reliable results. Our findings also confirm that
the TBR decreases with increasing interface temperature, and the rate of
this decrease is slower than what semiclassical phenomenological models pre-
dict. This deviation highlights the complexity of thermal transport at the
nanoscale, necessitating advanced modeling techniques to capture these nu-
ances accurately. We further examined the impact of various morphological
imperfections, such as graded and rough junctions, on the TBR, revealing
that these imperfections significantly influence thermal transport, and must
be considered in the design of thermally efficient devices. Notably, we have
demonstrated that by controlling the length of the GaAs/Ge system, it is pos-
sible to modulate thermal rectification and even reverse its direction. This
phenomenon is attributed to the interplay between the temperature depen-
dence of the TBR and the thermal conductivity of the constituent materials.
At experimentally relevant sizes, the influence of the temperature dependence
of the TBR diminishes, resulting in a predicted thermal rectification of ap-
proximately 30%. Future research should focus on comparing these results
with those obtained using machine-learned potentials. Such comparisons
could enhance the accuracy of predictions regarding thermal rectification and
potentially pave the way for innovative applications in thermal management
and phonon-based logic. The insights gained from this study underscore the
importance of considering both size effects and interface morphology in the
thermal design of semiconductor heterojunctions. The numerical results are
provided in Tables 5.2 − 5.7.



Chapter 3

Multiple-Interface Thermal
Transport

The study of phonon transport across multiple semiconductor interfaces,
particularly in superlattices, is crucial for advancing our understanding of
thermal conductivity in nanostructured materials. Superlattices, composed
of alternating layers of different semiconductors, have garnered significant
interest due to their potential in thermoelectric applications and thermal
management technologies. This chapter delves into the mechanisms govern-
ing phonon transport across multiple interfaces within superlattices, with
a specific focus on Si/Ge superlattices. Phonon transport in superlattices
is fundamentally influenced by the periodic arrangement of layers and the
properties of the interfaces. In Si/Ge superlattices, the mismatch in acoustic
properties between Silicon and Ge creates a complex landscape for phonon
scattering. Layer thickness and periodicity play pivotal roles in determin-
ing the thermal conductivity of these structures. Studies have shown that
reducing the layer thickness can enhance interface scattering, thereby reduc-
ing thermal conductivity and also potentially increasing the thermoelectric
efficiency of the material [51, 52]. A key challenge in this field is the accu-
rate modeling of phonon transport across these interfaces. Theoretical ap-
proaches, such as the phonon Boltzmann Transport Equation (BTE) and MD
simulations, have been employed to predict thermal conductivity. However,
discrepancies between experimental measurements and theoretical predic-
tions persist, highlighting the need for more refined models that incorporate
phonon-phonon interactions at all orders [53].

51
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Recent advancements have focused on incorporating first-principle cal-
culations to derive material-specific phonon properties, thereby enhancing
the predictive power of these models [54, 55]. In Si/Ge superlattices, phonon
transport exhibits both coherent and incoherent characteristics depending on
both periodicity and temperature. Coherent transport is typically observed
in structures with smooth interfaces and small periods, where phonons can
maintain phase coherence across multiple layers. In contrast, incoherent
transport dominates in structures with larger periods, where phonon scatter-
ing at each interface disrupts coherence [56, 57]. Understanding the transition
between these regimes is essential for designing superlattices with tailored
thermal properties. This chapter aims to provide a comprehensive overview
of the current understanding of phonon transport across multiple interfaces,
where the case study is provided by the Si/Ge superlattices. Through this
discussion, we seek to elucidate the factors that influence phonon transport
and highlight areas where further research is needed.

3.1 Normal Modes, Phonons, and Sound

To tackle superlattices, we need to take into account some further concepts
which are fundamental when dealing with phonons and phonon transport,
the first of them being that of normal mode. In physics, normal modes refer
to the natural vibration patterns of a system around some stable equilibrium
configuration. At the harmonic level–i.e. if the Hamiltonian is quadratic–
these elementary degrees of freedom do not interact with each other. Each
normal mode is characterized by the specific frequency at which that mode
oscillates. These modes are particularly important in understanding the
behavior of complex systems such as crystalline solids. When a system is
perturbed, it can vibrate in a combination of its normal modes, each con-
tributing to the overall motion according to its frequency and amplitude.
Phonons are the quantized versions of these vibrational modes in a crystal
lattice. They are quasiparticles that represent the collective excitation of
atoms vibrating in a periodic array, and provide the quantum mechanical
description of vibrational motion in solids. The various physical properties
of materials, such as thermal conductivity and electrical conductivity, is in-
fluenced by how vibrations propagate through the crystal lattice.
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The relation between normal modes and phonons becomes evident when
considering a crystal as a periodic arrangement of atoms connected by springs
(bonding forces). This simplified picture proved extremely successful in elu-
cidating the dynamical principles behind the complex behaviour that we
witness in crystalline solids.

3.1.1 Monoatomic linear chain

The simplest possible situation is provided by the finite monoatomic linear
chain of spring and masses with PBC and quadratic interactions. In this
case, the primitive cell of the lattice contains only one atom, and every atom
interacts only with its first neighbors. The very high degree of symmetry
of this system, joint to the lack of local degrees of freedom inside of the
primitive cell, forces the solution to the equation of motion to take a relatively
simple form. Once we exploit the symmetry, the equation of motion become
those of a simple harmonic oscillator indeed, with a n-dependent oscillation
frequency ω(n). n provides the modulation of the atomic displacements from
their equilibrium positions as we move along the chain at a fixed instant of
time for the specific normal mode concerned, and it is an integer number
not exceeding the total number of atoms N , as long as we don’t take the
continuum limit. The spectrum of the linear chain is given by:

ω(n) = ω0

√
2 [1− cos(2πn/N)] = 2 ω0 | sin (πn/N)| (3.1)

and the dynamics of the corresponding normal modes is:

An(t) = un cos (ωnt) + vn sin (ωnt) (3.2)

with un and vn regulating the oscillation amplitude. When time elapses, the
shape of each normal mode, or relative displacements of the atoms with re-
spect to each other, is preserved exactly, while the overall amplitude evolves
according to Equation 3.2. Setting νn = 2πn/N , the expression of the corre-
sponding atomic positions for the two normal modes labelled with n becomes:

x+j(t) = A+
n(t) cos (νnj)

x−j(t) = A−
n(t) sin (νnj)

(3.3)

Since the equations of motion are linear, we can take the superposition of
them, and the resulting dynamics will still be a solution of the equations of
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motion. This is particularly important for two reasons. One has to do with
phonon movement, and the other with phonon localization.

The first one becomes clear considering the superposition of two normal
modes corresponding to the same value of n. We now suppress the n label
for a lighter notation. If we set u+ = v− = A and u− = v+ = 0, and consider
the superposition of the two modes, we get the following expression for the
displacement of the jth atom:

xj(t) = A [cos (νj) cos (ωt) + sin (νj) sin (ωt)] (3.4)

which, using standard trigonometric identities, becomes:

xj(t) = A cos (νj − ωt) = A cos [ν(j − ct)] (3.5)

with c = ω/ν. We thus come to the conclusion that the superposition we are
considering yields a travelling wave, consisting of a spatial modulation of the
amplitude A indexed by j–which we can identify as the position along the
chain–and shifting in time according to the value of c, in turn defining the
wave velocity.

Besides movement, a key future for phonons is localization. Since the
normal modes represent collective excitations of the system, they are com-
pletely delocalized along the whole chain. A visual representation of the first
few normal modes for the monoatomic linear chain, when both ends are kept
fixed, is provided in Figure 3.1a.
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(a) normal modes

(b) wavepacket

Figure 3.1: (a) First five normal modes of an elastic string fixed at both ends,
with normalized amplitudes. The mode number is linked to the number of
nodes–i.e. the stable points of the vibrating string. (b) Localized wavepacket
resulting from an even superposition of normal modes within a frequency
window of witdh 2f . The amplitude is significatively different from zero only
within a range 2π/f , marked by the two black arrows.
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Superposition also allows the formation of localized waves, that travel
and evolve according to the very same equations of motion. These localized
waves result from the superposition of a large number of plane waves within a
relatively narrow frequency window, say [−f, f ]–from which the name ‘wave
packet’. If we take a bunch of normal modes, all interferring constructively
at some fixed point p, and superpose them, the waves will exhibit destructive
interference as soon as we move away from p. So, the resulting amplitude will
be qualitatively different from zero only within a length 2π/f . This is better
illustrated by considering the continuum case, where we have set x(p) = 0
for convenience:

1

2f

∫
[−f,f ]

dk A cos (kx) = A
sin (fx)

fx
(3.6)

A visual representation of this wavepacket is provided by Figure 3.1b.
Before proceeding to the multi-atomic case, it is noteworthy to consider

the low-n sector of the normal modes. Using the approximation sin (x) ≈ x
whenever x→ 0, we get the following dispersion relation from Equation 3.1,
for n/N → 0:

ω(n) ≈ ω0
2π|n|
N

(3.7)

so, we come to the conclusion that the ratio between ω(n) and |n| is constant
for low values of n/N , resulting in all low-n normal modes travelling with
the same velocity, as described in Equation 3.5. For this reason, wavepackets
and other waveforms resulting from the superposition of low-n modes shift
rigidly, i.e., maintaining their shape exactly, as the system evolves in time.
This is a crucial feature, as these nondispersive waves usually contribute the
most to thermal transport, even in complex materials, as we will see next.

One last comment has to do with the continuum limit of the theory
discussed above, meaning that we allow the lattice spacing to go to zero and
the number of atoms in the chain to become infinite. Since we are interested
in a string with well-defined global length L, elastic constant kmacro, and mass
M , we need to regularize the values of the lattice spacing a, atomic masses,
and interactions in such a way the macroscopic quantities characterizing the
string remain fixed. This is achieved setting:

m(N) =M/N

a(N) = L/N

kel(N) = kmacro ×N

(3.8)
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which, plugged into Equation 3.7–and recalling that ω0 =
√
kel/m–gives:

ω(n) ≈
√
N2

kmacro

M

2π|n|
N

= 2π|n|
√
kmacro

M
(3.9)

showing that the dependency on N cancels out as expected. Since N goes to
infinity, the approximation of Equation 3.7 becomes an exact identity, and the
linear dispersion relation holds for all modes. Still, it is rather convenient to
express everything in terms of intensive variables, as we may want to allow
the length of the string to reach infinity, maintaining a well-defined mass
density ρ =M/L and bulk modulus b = kmacro × L. We get the following.

ω(n) =
2π|n|
L

√
b

ρ
(3.10)

in which the wavelength of the mode λn = L/|n| and the sound velocity
c =

√
b/ρ appear explicitly. It is customary to label the value 2π/λn by kn,

which is called the “wave-vector” of the corresponding mode. Altogether, the
index j gets multiplied by the lattice parameter a and becomes a continuous
variable, usually denoted by x, representing the position along the string,
whereas the displacement of the j-th atom xj(t) becomes a function of both
the position along the string and time, and is usually denoted by φ(x, t).
The resulting equation of motion for this scalar field is the massless wave
equation, namely:

(∂ct
2 − ∂x

2) φ(x, t) = 0 (3.11)

Of course, when L→ ∞, k becomes a continuous variable, also, allowing us
to suppress the discrete index n and put the dispersion relation in its final
form:

ω(k) = c|k| (3.12)

The massless wave equation, and the corresponding dispersion relation, force
the result into being a function of the variable x±ct alone, and not separately
depending on x and t. This makes the evolution of the resulting wave rather
simple, as the function shape is conserved as time elapses, the only change
in the system being the rigid shift of the wave envelope towards the travel
direction. For this reason, these special solutions are known as nondispersive
waves. Since we are interested in transport properties, and the energy is
stored in the elastic deformation of the material, it is clear that non-dispersive
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waves, and especially non-dispersive wavepackets, are utterly important, as
they allow a thoroughly efficient means of transporting energy along a given
direction. Since the normal modes associated to the massless wave equation
are also responsible for the audible sound of everyday life, they take the name
of acoustic modes.
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3.1.2 Multi-atomic linear chain

When the primitive cell of the crystal lattice does no longer contain one atom
only, the dynamics of the entire system enriches considerably. This is due
to translation symmetry applying to the full primitive cell and its local set
of degrees of freedom–corresponding to the different vibration patterns of
the cell alone. So, every independent primitive-cell vibration pattern gets
endowed with a full set of possible k values as well, in turn describing the
modulation of the amplitude of that specific normal mode, as we move to
other cells. Each one of this modes will still be characterized by its specific
vibration frequency, but the relation between the temporal and spatial fre-
quency will, in general, be very different from the monoatomic lattice case.
This fact has serious consequences on the way these modes propagate, be-
cause the velocity of each normal mode will, in general, be different from that
of the other modes. For this reason, if we start from a given initial shape of
our multi-atomic chain and let time flow, the shape will not be preserved,
and the energy stored into the elastic deformation will usually spread to more
and more extended areas of the chain, inhibiting transport properties to a
great extent. These modes, in turn, have non-zero energy–and frequency–at
zero k. For this reason, they can’t be excited by arbitrary small amounts of
energy in a continuous fashion, and as such, when they decay by emitting
energy in the form of photons, reason why they go under the name of opti-
cal modes. Along with the optical modes, which correspond to non-trivial
vibration patterns of the primitive cell, modulated across the material, there
are always the acoustic modes–three in total, for a 3−D lattice, in which the
whole primitive cell simply undergoes shear or compression, but the relative
positions of the atoms inside of it remain unchanged. The phonon spectrum
for the diatomic linear chain, showing both acoustic and optical modes, is
provided in Figure 3.2. Note that the optical branch is nearly flat when the
two atomic masses differ considerably from each other, making the corre-
sponding modes non-propagating almost at all. This further strengthens the
evidence that acoustic modes account for most of the thermal conductivity of
a given material. The analytic expression for both branches of the diatomic
spectrum, when there is only one elastic constant, is given in Equation 3.13:

ω±
2(n) = ω0

2

(
1±

√
1− 2r

1 + r
sin2 (πn/N)

)
(3.13)
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where ω0
2 = kel(

1
m
+ 1

M
), r = 2mM/(m2 +M2), and m and M are the two

atomic masses. A step-by-step derivation of the result goes beyond the scope
of the present thesis [58].
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Figure 3.2: The diatomic lattice spectrum, exhibiting both acoustic and
optical modes–depicted in blue and red respectively–for r equal to 0.32, 0.84,
and 1 (top-down). In the last case we get back to the monoatomic lattice, and
band-folding takes place. This corresponds to the acoustic branch folding on
itself, as the Brillouin zone of the resulting lattice would be two times bigger,
but we are forcing it not to exceed kmax.
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3.1.3 Superlattices

Having probed into both the monoatomic and multiatomic linear chain prop-
erties, and having elucidated the remarkable differences between acoustic and
optical modes, we can turn to the analysis of the superlattice case. To better
tackle the question, we will start by the simplest possible non-trivial superlat-
tice, namely a linear superlattice containing two atomic species only, an even
number of which lodges inside the two halves of the primitive superlattice
cell respectively. This situation in schematically depicted in Figure 3.3.

Figure 3.3: Diatomic superlattice of materials A and B, with short and long
wavelength snippets plotted for comparison. The superlattice period is 10
nm.

For convenience, we consider a superlattice containing a large number of
atoms inside the primitive cell, in such a way the superlattice period becomes
much greater than the interaction length. When this happens, inside each
half of the primitive cell the material and its properties become indistinguish-
able from those of the corresponding constituent materials. That is, when
the superlattice period is long enough, in comparison to the period of the
lattices of the two underlying materials, we can consider excitations localized
inside a region much smaller than the primitive cell of the superlattice itself,
and the behavior of these excitations will be exactly the same we would have
in the corresponding constituent material alone, as long as we are far away
from the half-cell boundaries. Plus, it will experience both transmission and
reflection each time it hits the interface with the other material. For this
reason, when we consider short-wavelength phonons inside the superlattice,
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their dynamics can be rationalized thinking of them as facing a linear array
of interfaces, delimiting the transitions between the consecutive layers of the
two materials. These short-wavelength phonons thus get highly scattered, in
turn contributing very little to coherent transport processes. However, when
the characteristic wavelength of the excitation we are considering approaches
the same order of magnitude of the superlattice period, the situations changes
considerably. Long wavelength excitations comprise many superlattice pe-
riods at once, in turn making them experience a single metamaterial with
its own properties, rather than a linear array alternating between materials
A and B. This averaging effect of the properties of the constituent materi-
als into those of a single metamaterial becomes more and more efficient as
the wavelength increases. For this reason, it is reasonable expecting long-
wavelength excitations to better propagate and transport heat through the
superlattice in comparison to short-wavelength ones–keeping in mind that
long VS short depends on the ratio with the superlattice period.

3.1.4 Effects of Temperature

As we have discussed in Chapter 2.3.2, temperature regulates the phonon
population of each normal mode according to the Bose-Einstein statistics.
Since different normal modes correspond to different values of the corre-
sponding zero-point energies, the phonon population of the various modes,
each one with its characteristic frequency and wavelength, will, in general,
be very different from each other. This effect, combined with the previous
considerations on the propagation properties of short and long wavelength
phonons through the superlattice, makes clear that the thermal conductivity
of the material will be, in general, a nontrivial function of temperature. Dif-
ferent wavelengths propagate differently inside the superlattice indeed, and
the number of phonons in each mode determines how many phonons from
that normal mode and wavelength are contributing to thermal transport.
This is further clarified considering the following example. If the temper-
ature approaches the absolute zero, the population of almost every normal
mode is zero as well, and the thermal conductivity results from the contri-
bution of a few numbers of modes at most–typically, the modes with the
longest wavelengths, which are the better propagating ones inside the super-
lattice. As temperature gradually increases, more and more modes get be
populated, and start contributing to thermal transport, so the thermal con-
ductivity will gradually increase as well. Nevertheless, when the temperature
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increases further, optical modes will start to be populated as well, but, be-
cause they are poorly propagating and increasing temperature also enhances
the interactions and phonon scattering, the thermal conductivity will start
to decrease. MD simulations use the classical equation of motions for the
atoms, and for this reason they do not provide a working description at low
temperatures, where quantum effects become dominant. For this reason,
typical MD simulations are not capable of capturing the initial increase in
the thermal conductivity as the temperature moves away from the absolute
zero. Nevertheless, they work pretty well at high temperature, where the
Bose-Einstein statistics functions like the Maxwell-Boltzmann one. For this
reason, it is possible to appreciate the decay in thermal conductivity when-
ever temperature increases. Along with the variation of temperature, we can
ask ourselves what happens when we keep the temperature fixed and let the
superlattice period vary instead. According to the analysis we carried out so
far, it should be clear that tuning this degree of freedom can provide great
modification in the behavior of the physical system and its thermal transport
properties. In this istance, the situation is particularly interesting, since we
can fully probe into it with the MD simulations. This matter is discussed in
detail in the next section, as we move to the computational characterization
of the Si/Ge superlattice.

3.2 The Si/Ge superlattice

Silicon (Si) is the second most abundant element in the Earth’s crust, pri-
marily found in forms such as sand, quartz, and various minerals. It plays
a crucial role in the field of electronics as the most widely used material for
semiconductors. The key reason for its dominance is its optimal balance of
electrical conductivity and the ability to be doped with impurities to modify
its properties for specific applications. Silicon’s band gap is approximately
1.1 eV, making it suitable for devices operating at room temperature, as this
band gap allows controlled conduction when energy is applied. Furthermore,
Silicon widespread availability and low cost contribute to its use in mass
production, while its mechanical stability and high-temperature resistance
enhance its durability in electronic devices. Common applications of Silicon
include integrated circuits (ICs) for processors, memory chips, transistors,
and photovoltaic cells used in solar panels, making it the foundational ele-
ment of modern electronics and energy conversion technologies.
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Germanium, although less abundant than Silicon, was historically the
first material used in semiconductor technology. Extracted from zinc ores
and coal deposits, Germanium is more costly but offers certain advantages
in electronic applications. Its electron mobility is higher than that of Silicon,
which enables faster switching in electronic circuits, an important property
for high-performance devices. Germanium has a smaller band gap of 0.66
eV, making it more sensitive to temperature fluctuations but valuable in
low-voltage and high-frequency environments. It also plays a significant role
in optoelectronics, particularly in infrared detectors and fiber optic systems,
due to its transparency to infrared light. In modern semiconductor technol-
ogy, Si/Ge alloys are frequently used for enhancing performance in high-speed
transistors and RF circuits, indicating Germanium’s continued relevance in
specialized areas of electronics and communication technologies. So, while
effective as standalone semiconductor materials, they can be combined into
alloys, and the fusion of these elements takes advantage of both Silicon’s
stability and cost-effectiveness, and Germanium’s superior electron mobil-
ity and optoelectronic properties. This synergy has led to the development
of advanced semiconductor blends like Si/Ge superlattices as well, which ex-
ploit the matching geometric characteristics of each element to achieve highly
ordered structures which remain stable way above RT. Such highly-ordered
nanostructures gained particular audit in the last decade. A cartoon repre-
senting the SiGe superlattice is provided in Figure 3.4.
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Figure 3.4: SiGe [111] superlattice nanowire, showcasing a period of 9.6 nm
and 20 nm2 hexagonal cross section. Silicon atoms are depicted in blue, while
Germanium atoms have been colored according to the palette of Chapter 2.

These superlattices are critical in pushing the boundaries of high-speed
electronics and optoelectronics, where traditional materials face severe lim-
itations [59]. Plus, they represent a groundbreaking advancement in semi-
conductor technology, involving the periodic stacking of ultra-thin layers of
Silicon and Germanium. This layer-by-layer arrangement creates a unique
structure with enhanced electronic and optical properties that neither ele-
ment alone can achieve [60]. In a superlattice, the alternating layers of Sil-
icon and Germanium form heterojunctions, which alter the electronic band
structure and enable better control over carrier mobility, thermal conduc-
tivity, and electron confinement [61]. One of the key advantages of Si/Ge
superlattices is their ability to tailor the band gap. By adjusting the compo-
sition and thickness of the Silicon and Ge layers, researchers can engineer the
band gap to optimize the material for specific applications. This tunability
makes SiGe superlattices highly desirable for high-performance transistors,
high-frequency devices, and infrared photodetectors. These properties also
make them ideal for use in heterojunction bipolar transistors (HBTs), where
enhanced electron mobility and high current densities are crucial for fast
switching and improved power efficiency [61]. Moreover, the strain engineer-
ing introduced by SiGe superlattices offers further benefits. As Ge has a
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larger atomic radius than Silicon, growing layers of Ge on Silicon creates a
strain within the lattice structure [59]. This strain alters the electronic prop-
erties of the material, leading to enhanced carrier mobility and improved
device performance, particularly in high-speed and low-power applications.
Strained SiGe superlattices are particularly relevant in complementary metal-
oxide-semiconductor (CMOS) technology, where they enable faster operation
while minimizing power consumption [60]. In addition to their electronic ap-
plications, SiGe superlattices are also important in thermoelectric materials.
The layered structure can significantly reduce thermal conductivity while
maintaining high electrical conductivity, enhancing the thermoelectric effi-
ciency of devices, which in turn reflects in the matter of this study. This has
implications for power generation and energy harvesting applications, where
SiGe superlattices can be used to convert waste heat into electrical energy
with improved efficiency [61]. In the following sections, we investigate the
thermal transport properties of SiGe superlattices with atomically flat and
also chemically imperfect interfaces, focusing on both bulk superlattices and
superlattice nanowires. Using NEMD simulations and almaBTE software,
we study phonon transport along different crystal directions, exploring the
dependence of thermal conductivity on the superlattice period and the aver-
age temperature of the system. Moreover, we will take the chance to touch
on the theoretical aspects of the BTE, which best accounts for the present
understanding and description of transport phenomena at the particle level,
also stressing the relation to Fourier’s Law, and outlining some useful ap-
proximations, like the Relaxation Time Approximation (RTA), that we use
in our study.

3.2.1 Set-up of the simulations

We employ two techniques to evaluate thermal transport in SiGe superlat-
tices: NEMD and the BTE, implemented by the almaBTE code. For NEMD
simulations, the LAMMPS code is again used to model superlattices with
alternating layers of Silicon and Ge, maintaining atomically flat interfaces.
The whole NEMD methodology–simulation time and timestep, thermostat-
ting technique, achieving the NESS, averagings, estimates of the thermal
conductivity, and so on–is identical to the GaAs/Ge heterojunction one, the
only difference being the hexagonal cross section build for the nanowire.
This is simply obtained by eliminating all the atoms lying outside a cylinder
having the desired diameter after the unit-cell stacking routine. The trans-
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formation of the blank lattice nanowire into a superlattice nanowire hides
some subtleties instead, that we discuss in detail later on in this chapter.

The systems studied include bulk superlattices and nanowire superlat-
tices, with transport directions along the [001] and [111] crystallographic
axes. The periodic boundary conditions are applied in directions perpen-
dicular to the transport axis for the bulk cases, whereas open boundary
conditions are used along the transport direction.

In both bulk and nanowire configurations, the interaction between Silicon
and Ge is modeled using the Tersoff potential included in the LAMMPS
distribution. The initial structures are relaxed at constant volume, and atom
velocities are initialized according to the Maxwell-Boltzmann distribution at
300 K. A temperature bias of 100 K imposed at the ends of the system creates
a steady-state heat flux within about one nanosecond, and we continue to
simulate up to about 7 ns, thus allowing us to extract phonon transport
properties by averaging data belonging to the steady-state window.

To complement the NEMD results, we use almaBTE software, which com-
putes thermal conductivity using inputs derived solely from first-principles
calculations based on DFT [62]. AlmaBTE allows us to compute the thermal
conductivity along the preferred axis ensuring that no empirical fitting pa-
rameters are used, but in practice it is limited to bulk superlattices only, as
it relies on force constants that must be computed through DFT if we want
to circumvent the usage of effective interatomic potentials from MD, which
are often available for bulk systems only. This approach provides a robust
prediction of thermal conductivity as a function of the superlattice period
and temperature for bulk geometries.

3.2.2 Si/Ge superlattice nanowire

To generate the superlattice structure for the NEMD simulations, we start
from a blank lattice of a ZB nanowire extending along the z-axis, with as-
signed 0.554 nm period, 5 nm diameter and 120 nm length. The z-axis corre-
sponds to the [001] or [111] crystallographic directions. The chemical species
are then assigned according to the z-coordinate modulo the target superlat-
tice period, here denoted as Λ. Specifically, Silicon atoms are placed in the
first half of each superlattice cell, and Germanium atoms occupy the second
half. We named this approach “Tailoring” the SL, as it effectively mimics
the alternating layers of Si and Ge, establishing a periodic structure along
the nanowire. A close inspection at the procedure just described, reveals
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that it can be used to give rise to three nonequivalent superlattice classes
without changing the crystallographic orientation, showcasing remarkably
different transport properties. While there is only one possible interfacial
configuration for the [001] case, two distinct [111] atomically flat interfacial
configurations can be created between these materials indeed. In the first
configuration, the Si and Ge atoms at the interface are perfectly aligned.
In this configuration, each Si atom chiefly bounds to one Ge atom only. In
the second configuration, the atoms are staggered, leading to the actual in-
teraction of every Si atom with three Ge atoms at once. This difference in
atomic arrangement gives rise to much stronger coupling, compared to the
aligned case, resulting in two distinct types of interfacial TBRs for the two
interfacial configurations. The schematics of the two interfaces is depicted in
Figure 3.5a
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(a) interface structure

(b) zoom on the interface region

Figure 3.5: Comparison between tight and loose interfaces, left and right
respectively. In (b) the reader can appreciate the difference between the
chemical bonds connecting Si and Ge at the interface in the two cases.
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To take these differences into account, we studied two batches of Si/Ge
superlattice nanowires totalling 12 simulations, each batch corresponding to
one of the interfacial configurations where the SL period ranges evenly from
1.9 to 11.5 nm. 2 more simulations were also performed to compute the
standalone TBR for both interface types, and provided us with a crucial
cross-check for interpreting the dependence of κ on the SL period in the two
cases. Our results in Figure 3.5b show that the staggered interfaces exhibit
a significantly lower TBR, enhancing thermal conductivity compared to the
aligned interfaces. The numerical values of the TBR for both configurations
are provided in Table 5.8. Our findings also corroborate previous studies
that emphasize the critical role of the interface structure in determining the
transport properties of superlattices [63–65].

One more “imperfect superlattice” class is obtained when the period Λ,
chosen for tailoring the SL structure, is not an exact multiple of the under-
lying blank lattice parameter, and a subtle but significant periodicity break
occurs. Although the structure visually resembles a true superlattice, the
atomic arrangement no longer exhibits perfect translational symmetry in-
deed. This minor distortion profoundly affects the transport properties of
the system, particularly phonon transport [66]. To tackle into this nonide-
ality, we performed 12 different simulations, for values of the period used to
tailor the chemical structure on the geometrical one ranging evenly from 1
to 12 nm.

In true superlattices, as we have seen, phonon coherence—arising from
the constructive interference of phonon wavepackets—plays a critical role in
thermal transport. However, in systems where periodicity is broken, even
subtly, phonon coherence is suppressed. As a result, the transport behavior
resembles that of random or amorphous systems characterized by diffusive
phonon transport rather than coherent transport. These findings, matching
our simulations, suggest that precise control over the periodicity of the su-
perlattice is crucial for harnessing its full potential in thermal applications,
seemingly in contrast with experimental results, although we cannot perform
simulations of real-size systems yet.

Nevertheless, thermal transport in semiconductor superlattice nanowires
exhibits unique characteristics driven by phonon coherence effects, which can
be appreciated within our current computational capabilities. In accordance
with the previous analysis, at small superlattice periods phonons maintain
coherence, traveling in well-defined wave modes across the material, which
contributes to enhanced thermal conductivity. As the superlattice period



72 CHAPTER 3. MULTIPLE-INTERFACE THERMAL TRANSPORT

increases, phonon coherence gradually diminishes, leading to a shift from co-
herent to diffusive thermal transport. This transition is particularly evident
in the temperature profile, where a “ladder” structure appears, indicative of
the transition from coherent-to-incoherent transport regimes. Such a tran-
sition is attributed to the increased phonon scattering at interfaces and the
relaxation of phonon wave phases, which effectively localizes phonon prop-
agation, facilitating the diffusive regime [67]. This behavior matches our
simulations, as we display in Figure 3.6 where a batch of temperature pro-
files along the nanowire for increasing superlattice periods for the [111]-tight
configuration is provided, where the reader can appreciate the coherent-to-
incoherent transition.

Figure 3.6: temperature profile of the [111] superlattice nanowire for different
values of the superlattice period
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In nanostructured materials, this transition from coherent to incoherent
phonon transport provides an essential mechanism for tailoring thermal con-
ductivity for thermoelectric applications. Control over the superlattice pe-
riod is thus a significant design factor, allowing optimization of phonon mean
free paths and thermal transport properties for improved efficiency [68, 69].
The emergence of a ladder structure from our simulations represents a valid
indicator that our setup proved capable of capturing the relevant underlying
Physics, at least in a descriptive fashion, while question around the predictive
power and the range of applicability of the methods involved remains broadly
open. To complement the analysis, we also studied the dependence of κ on the
SL period for the [100] transport direction totaling 8 more simulations, with
a slightly denser sampling at short periods, where the coherent-to-incoherent
transition is expected to take place.

The results of our analysis show good agreement with both theory and
experiments. We find κ to be a non-trivial function of the SL period and tem-
perature, which exhibits a minimum at around 4 nm for both orientations,
and then increases, showing the linear dependence on the interface density,
a recurrent countermark that the diffusive regime has been reached. Plus, κ
in the tight interface configuration develops values about 20 % higher than
the loose interface ones, reflecting the different values of the TBR resulting
from our previous simulations. Contrary to them, the free period configu-
ration does not show any minimum, as the lack of translational symmetry
completely alters the phonon picture, impeding any coherence to arise.

These findings are schematically depicted in Figure 3.7b. The [100] trans-
port direction results are provided in Figure 3.8. The numerical data are
available in Tables 5.9, 5.10, and 5.11.
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(a) temperature profiles

(b) κ

Figure 3.7: (a) temperature profiles of the [111] loose and tight interfaces
- focus on the interface region, where the reader can appreciate the greater
temperature drop for the loose interface and (b) thermal conductivity as a
function of the superlattice period for the tight, loose, and free interfaces
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Figure 3.8: thermal conductivity of the [100] superlattice nanowire as a func-
tion of the superlattice period

3.2.3 Si/Ge bulk superlattice

We now continue our study by presenting the analysis of the bulk superlat-
tice case. Bulk superlattices exhibit distinct characteristics compared to su-
perlattice nanowires, that affect phonon behavior and thermal conductivity.
This chiefly happens because superlattice nanowires are reduced-dimensional
structures, and boundary scattering is more pronounced due to their near to
1-D geometry, leading to altered phonon dispersion relations.

The key difference between these two structures lies in the influence of
boundary scattering. In superlattice nanowires, the near to 1-D geometry
leads to significant contributions from boundary scattering, which play a
critical role in the phonon thermal transport. The presence of boundary
scattering in SLNWs results in reduced thermal conductivity compared to
bulk SLs, as confirmed by our simulations. So, while both bulk superlat-
tices and superlattice nanowires exhibit unique phonon modes and scattering
mechanisms, boundary scattering in nanowires is particularly important for
determining the actual thermal transport properties at the nanoscale.

To tackle bulk SL, we employed both LAMMPS and almaBTE. The sec-
ond software relies on the Boltzmann Transport Equation and allows using
DFT-only input quantities. DFT is going to be discussed at length in the
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next chapter, where it is used extensively to deal with electro-optical proper-
ties of the nanostructured semiconductor materials we are dealing with. For
this reason, here we limit ourselves to a minor introduction. In short, Density
Functional Theory (DFT) is a modeling method derived with first-principles
QM, used to investigate the electronic structure of many-body systems. It is
based on the assumption that the properties of a system can be determined
by the electron density–which is often the case, and has become a standard
tool in computational materials science for its ability to accurately predict
a wide range of material properties, including electronic, optical, and ther-
modynamic properties, with a relatively low computational cost compared to
other quantum mechanical methods. In the context of phonon thermal trans-
port, DFT provides the necessary information about the material’s electronic
structure and the resulting ionic pseudopotentials, which are then crucial for
calculating the interatomic interactions and phonon dispersion relations.

AlmaBTE (Ab Initio Phonon Boltzmann Transport Equation) is a com-
putational framework designed to calculate thermal conductivity using in-
put quantities derived from DFT. AlmaBTE solves the phonon Boltzmann
transport equation by integrating the phonon scattering processes, such as
phonon-phonon and phonon-boundary scattering, which are essential for pre-
dicting thermal transport properties at the nanoscale.

Boltzmann Transport Equation

The Boltzmann Transport Equation (BTE) is a central tool in understanding
thermal transport at the nanoscale. Its grasp is way stronger than Fourier’s
Law, which can be regarded as an effective, mesoscopic model, and it de-
scribes the evolution of the distribution function of phonons (in our case)
under the influence of by various scattering processes, such as phonon-phonon
interactions, impurity scattering, and boundary scattering. In the context
of thermal conductivity, the BTE provides a framework for modeling trans-
port under non-equilibrium conditions, allowing for the prediction of thermal
conductivity in a broad class of materials [70, 71].

The starting point for deriving the BTE for phonons is the classical Boltz-
mann equation, which describes the time evolution of the distribution func-
tion f(r,v, t) of phonons in phase space, where r is the position, v is the
phonon velocity, and t is time. We will not provide any derivation of this
equation, but it is worth mentioning that the classical BTE follows from the
quantum BTE, which in turn can be derived exactly from relativistic Quan-
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tum Field Theory, so it should never be regarded as an “effective” theory,
but rather as a fundamental one [72]. The BTE for phonons can be written
as:

∂f(r,v, t)

∂t
+ v · ∇f(r,v, t) =

(
∂f

∂t

)
scat

(3.14)

where the left-hand side describes the free-streaming of phonons, and the
right-hand side represents the scattering term, which accounts for the changes
in the phonon distribution due to scattering events. The scattering term is
given by: (

∂f

∂t

)
scat

=

∫ ∫ ∫ (
∂f

∂t

)
scat

(v,v′,k,k′)dk′dv′dΩ (3.15)

where the integration is over the final and initial wavevectors k and k′, and
the final and initial velocities v and v′. The scattering term can be de-
rived using various scattering mechanisms, such as three-phonon scattering
(phonon-phonon interactions) or boundary scattering in nanostructured ma-
terials. To proceed with solving the BTE, one typically makes the assump-
tion of a steady-state condition, where the time derivative of the distribution
function is zero. This simplification leads to the steady-state BTE:

v · ∇f(r,v) =
(
∂f

∂t

)
scat

. (3.16)

This equation is central to determining the phonon distribution in a sys-
tem. Once the distribution function is known, it can be used to calculate
the heat flux Q, which is related to the thermal conductivity κ through
Fourier’s Law. The thermal conductivity κ is obtained by solving the BTE
and calculating the phonon relaxation times τ , which depend on the scatter-
ing rates for different types of scattering events. The solution to the BTE
requires knowledge of the scattering mechanisms present in the material.
These include three-phonon processes (Umklapp and normal scattering), be-
ing the dominant mechanisms that contribute to the scattering of phonons
at high temperatures, the increased surface-to-volume ratio leading to sig-
nificant contributions from boundary scattering in nanostructured materials,
which can reduce the effective thermal conductivity [73], and the presence of
impurities and defects in a material, further complicating phonon transport
and serving as scattering centers that limit the MFP [74].
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In modern computational tools such as AlmaBTE, the BTE is solved us-
ing first-principles calculations, where input quantities like interatomic force
constants and phonon dispersion relations are obtained from Density Func-
tional Theory (DFT). AlmaBTE computes the scattering rates and solves
the BTE to predict the thermal conductivity by integrating over all possible
phonon scattering processes. This approach enables the prediction of thermal
conductivity in both bulk and nanostructured materials, providing insights
into how different scattering mechanisms influence the heat transport at the
nanoscale [75]. So, by leveraging DFT-calculated interatomic force constants
and phonon dispersion, AlmaBTE provides detailed insights into the phonon
scattering mechanisms that govern thermal conductivity in materials. This
approach has proven effective in studying a wide variety of materials, from
bulk semiconductors to nanostructured systems.

RTA vs full BTE

In contrast, the Relaxation Time Approximation (RTA) simplifies the full
BTE by assuming that the phonon distribution function relaxes to an equi-
librium distribution function over a characteristic relaxation time τ . This
approximation reduces the scattering term to a simple linear function of the
deviation from equilibrium, making the equation much easier to solve. The
RTA for phonon transport can be expressed as:

∂f(r,v)

∂t
+ v · ∇f(r,v) = −f(r,v)− feq(v)

τ(v)
, (3.17)

where feq(v) is the equilibrium distribution function, and τ(v) is the phonon
relaxation time, which characterizes the rate at which the distribution func-
tion returns to equilibrium due to scattering processes. The RTA assumes
that phonons relax to the equilibrium distribution on a timescale that is in-
dependent of the phonon distribution itself, simplifying the solution of the
equation and making it computationally efficient. The primary motivation
for choosing the RTA over the full BTE is computational efficiency. In many
practical cases, such as calculating thermal conductivity or studying heat
transport in nanostructures, the RTA provides an adequate approximation
to the full BTE while significantly reducing the complexity of the problem.
The RTA has been successfully applied in numerous studies to model phonon
transport in both bulk materials and nanostructures, yielding results that are
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in good agreement with experimental measurements in many cases. Addi-
tionally, the RTA allows for straightforward incorporation of various scatter-
ing mechanisms, such as phonon-phonon interactions, impurity scattering,
and boundary scattering, through the phonon relaxation time. In practice,
the relaxation time τ can be calculated using first-principles methods or ob-
tained from experimental data, making the RTA a highly flexible and efficient
tool for modeling phonon transport. Despite its simplicity, the RTA has lim-
itations, especially in situations where phonon scattering is highly non-local
or where deviations from equilibrium are significant. In such cases, the full
BTE may be necessary to capture the full range of scattering effects. How-
ever, for many practical applications, especially those involving steady-state
heat conduction, the RTA provides a sufficiently accurate and computation-
ally feasible approach. For this reasons, we used the RTA approximation in
every subsequent calculation, the only exception being the repetition of the
computation of the thermal conductivity of the [100] bulk superlattice at 100
K, where we wanted to further strengthen the confidence with RTA results,
due to the lack of a clear minimum in the thermal conductivity as a function
of the SL period.

One more comment before presenting the results concerns the k-points
grid convergence. In Density Functional Theory (DFT) calculations, the
k-point grid is a critical parameter that affects the accuracy and compu-
tational cost of the calculations, and will be discussed in detail with DFT
in the next chapter. Anyway, since our Si/Ge study involves DFT quanti-
ties, we performed a k-points grid convergence study before computing any
other dependency, so we anticipate here that the k-point grid represents a
discretization of the Brillouin zone, where the electronic wavefunctions are
sampled.

DFT-BTE results

To probe into this aspect, we performed a batch of 40 simulations using the
almaBTE software within the RTA approximation, computing κ for the 1.9
nm bulk SL along the [111] direction. Each sub-batch comprises 4 simula-
tions perfomed at the same temperature, which correspond to the 10, 14, 20,
and 24 k-points grid respectively, for a total of 10 data series, where tem-
perature ranges evenly from 100 K to 1000 K. The results exhibit uniform
convergence at 24 points for all temperatures, fixing the resolution for the
subsequent simulations at this specific value. The results of this convergence



80 CHAPTER 3. MULTIPLE-INTERFACE THERMAL TRANSPORT

study are provided in Figure 3.9 and Table 5.12. After this, we moved to
the dependency of κ on the SL period, performing 60 simulations divided
into groups of 6 simulations, each corresponding to a specific temperature,
analogous to what we did in the convergence study. The results of our anal-
ysis are provided in Figure 3.10 and Table 5.13. Interestingly enough, the
minimum they exhibit is located at about 9.5 nm, which is more than twice
the value we found for the nanowires. Then we studied the dependence of
κ on the SL period for the [100] direction at 100, 300 and 500 K, obtaining
similar results. The batch at 100 K showed some differences though, so we
repeated it with greater accuracy solving the full BTE, but the results still
did not align with the other batches either, suggesting there may be some
more physical processes going on at low temperture in this case. The results
of this last analysis are provided in Figure 3.11 and Table 5.14.
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Figure 3.9: thermal conductivity of the [111] bulk superlattice as a function of
the k-points grid number at different temperatures, computed with almaBTE
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Figure 3.10: thermal conductivity of the [111] bulk superlattice as a function
of the superlattice period at different temperatures, computed with almaBTE

As we have largely examined in Chapter 2, real interfaces exhibit a
plethora of nonidealities, which heavily affect the thermal transport proper-
ties of nanostructured materials. For this reason, almaBTE includes a built-
in feature that allows to tackle chemically mixed interfaces, when it comes
to simulating superlattices, offering the possibility to regulate the amount of
mixing in each layer. So, we introduced a gradual transition from Si to Ge
between consecutive layers, using concentration variations of about 25 % and
computed κ for the two crystal directions at 100, 300, and 500 K as a function
of the SL period, plus one batch at 900 K for the [111] direction. In both
cases, we observe a significant reduction of κ compared to their flat interface
twin–as largely expected, together with a remarkably sharper minimum at
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Figure 3.11: thermal conductivity of the [100] bulk superlattice as a function
of the superlattice period at different temperatures, computed with almaBTE
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Figure 3.12: thermal conductivity of the [111] bulk superlattice with rough
interfaces, as a function of the superlattice period at different temperatures,
computed with almaBTE

around 6 nm, about 40 % smaller than the flat interface case. Last, κ in-
creases rather seamlessly with the reciprocal interface density, signaling the
presence of a more marked diffusive regime, in contrast to the flat interface
scenario. The visual representation of our results are provided in Figure 3.12
and 3.13, corresponding to Tables 5.15 and 5.16 respectively.
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Figure 3.13: thermal conductivity of the [100] bulk superlattice with rough
interfaces, as a function of the superlattice period at different temperatures,
computed with almaBTE

NEMD results

To conclude the analysis of the Si/Ge bulk superlattice, we also used MD to
perform 3 more simulation batches comprising 17 simulations each. In this
case, contrary to almaBTE simulations, we can only simulate finite systems
along the transport direction, and we chose to simulate the 120 nm x 8 nm2,
120 nm x 15 nm2, 180 nm x 8 nm2 geometries. The results align well with
previous findings, and the qualitative trend is but the expected for every
batch. We notice a rigid shift in the conductivity as a function of the SL
period when the superlattice is extended from 120 to 180 nm–an indicator
that we’re not describing the properties of the infinitely system yet at 120
nm. Plus, we observe a rather fuzzy behavior around the minima for every
geometry. We attributed it to the competition between two effects: on one
side, longer periods imply lower interface densities, which in turn should
make κ rise; on the other hand, since the total number of normal modes is
3N–with N being the total number of atoms in the simulation, making the
period longer would also increase the total number of optical modes against
the number of acoustic modes, as the number of possible k-vector values
diminishes dramatically, and this in turn implies lesser and lesser phonons
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are contributing to thermal transport. Moreover, the lack of such fluctuations
in nanowires suggests that surface modes are likely accounting for most of the
SLNW thermal conductivity. The results of this last analysis are provided
in Figure 3.14 and Table 5.17.

Figure 3.14: thermal conductivity of the [100] bulk superlattice as a function
of the superlattice period at 300K, computed for different cell geometries
using LAMMPS
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3.3 Conclusions of Chapter 3

This study presented a comprehensive analysis of phonon transport in Si-Ge
superlattices with atomically flat and chemically mixed interfaces, using both
molecular dynamics and DFT-based approaches. Our results show that the
superlattice period, transport direction, and system temperature play critical
roles in determining the thermal conductivity. The combination of NEMD
and almaBTE allows us to accurately probe into thermal transport proper-
ties, providing insights into the optimization of Si-Ge superlattices for ther-
moelectric applications. The thermal conductivity of SiGe superlattices is, in
general, a strong function of the superlattice period and temperature. As the
superlattice period increases from its minimum possible value, a significant
reduction in thermal conductivity arises, particularly in the nanowire config-
urations, and then a subsequent increase, when the diffusive regime globally
applies, and the total thermal resistance scales linearly with the interface
density. This behavior is consistent with the increased phonon scattering at
the interfaces in superlattices with longer periods, where boundary scatter-
ing leads to a reduction in the phonon MFP, and then the transition to the
diffusive regime, where an increasingly lower number of interfaces is faced by
the phonons that travel from end to end.

Transport along the [001] and [111] crystal directions reveals distinct
anisotropic behavior. The thermal conductivity yields similar values along
the [001] direction compared to the [111] direction, signaling little differences
in phonon group velocities and scattering rates in these directions. The sim-
ulations conducted using almaBTE confirm these trends, providing quanti-
tative predictions of thermal conductivity for both crystallographic orienta-
tions. The temperature dependence of the thermal conductivity in SiGe bulk
superlattices also decreases as the system temperature increases, in line with
the expected behavior of semiconductor materials, where increased phonon-
phonon scattering at higher temperatures dominates the transport process.
These results are of help for understanding the thermal management of SiGe-
based thermoelectric devices, where minimizing thermal conductivity while
maintaining reasonable electrical properties is key to enhancing performance.





Chapter 4

Raman Spectroscopy of
Superlattices

The study of thermal transport across semiconductor interfaces has far-
reaching implications in electronics and optoelectronics. Superlattices, with
their precisely engineered periodic structures, provide an ideal platform for
tuning phonon and electronic properties, enabling novel thermal and opto-
electronic applications. This chapter focuses on the Raman spectroscopy of
two distinct semiconductor superlattices: the GaAs/GaP superlattice and
the InAs twinning superlattice. GaAs/GaP superlattices exhibit intrigu-
ing optical and thermal properties due to their ability to confine phonons
and modulate their thermal conductivity, making them prime candidates for
thermoelectric and photonic devices. InAs-based twinning superlattices, on
the other hand, leverage structural modulations to control electronic and
phononic interactions, enabling the fine-tuning of thermal transport prop-
erties. Raman spectral analysis provides insight into the vibrational modes
of these systems, offering a pathway to understand and optimize their per-
formance. In this chapter, we analyze experimental and theoretical Raman
spectra to investigate the phononic and electronic characteristics of these
superlattices. The findings are contextualized with recent advances in super-
lattice design and their implications for controlling phonon transport at the
nanoscale. Key references include works on Raman analysis of GaAs/GaP
structures and phonon transport in twinning superlattices, emphasizing their
utility in next-generation thermal and optoelectronic systems [76–79].

89
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4.1 Introduction to Raman Spectroscopy

The story of Raman spectroscopy begins in 1928, when Sir Chandrasekhara
Venkata Raman first observed the phenomenon that would later bear his
name [80]. Working with simple equipment - merely a telescope and some po-
larizers - he discovered that when light interacts with matter, a tiny fraction
of the scattered photons emerges with altered energy. This groundbreaking
discovery, which earned him the 1930 Nobel Prize in Physics, opened new
windows into the world of molecular vibrations and material properties.

At its heart, Raman spectroscopy tells us the tale of light’s intimate dance
with matter. When a photon encounters a molecule, their interaction usu-
ally results in elastic scattering, known as Rayleigh scattering, where the
photon maintains its original energy. However, roughly one in ten million
photons undergoes a more interesting fate. These rare events, which we now
call Raman scattering, involve an energy exchange between the photon and
the molecule’s vibrational states. This exchange manifests in two ways, as
explained by Long in his comprehensive treatise [81]. In Stokes scattering,
the incident photon shares some of its energy with the molecule, exciting it
to a higher vibrational state. The scattered photon emerges with slightly less
energy, carrying a unique spectral signature of the molecular vibration. Con-
versely, in Anti-Stokes scattering, an already excited molecule transfers its
excess energy to the scattered photon, which departs with increased energy.
The journey from observation to application has been remarkable. Modern
Raman spectroscopy, as described by Weber and Merlin [82], employs sophis-
ticated instrumentation to capture these subtle spectral changes. A typical
experimental setup reads like a symphony of optical components working in
concert: a monochromatic laser source provides the initial photons, which
interact with the sample before being collected, analyzed, and detected with
considerable precision. In the realm of nanoscale thermal transport, Raman
spectroscopy has proven particularly illuminating. The technique’s ability to
probe phonon dynamics, as detailed by Balandin [83], provides direct insight
into thermal energy carriers at the molecular level. The temperature depen-
dence of Raman spectra, expressed through the relation ω(T ) = ω0 + χT ,
enables precise thermal mapping with sub-micron resolution. Recent years
have witnessed remarkable advances in the field.
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Figure 4.1: Energy level diagram illustrating the delicate dance between pho-
tons and molecules during Raman scattering. The diagram shows the three
possible outcomes: Rayleigh scattering, where energy remains unchanged,
and the two types of Raman scattering - Stokes and Anti-Stokes.
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Figure 4.2: Schematic diagram of a typical Raman spectroscopy setup
(Stokes). The sample absorbs some energy, thus heating itself up during
the process.
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Time-resolved measurements, as pioneered by Zewail [84], have extended
Raman spectroscopy into the ultrafast regime, allowing us to observe thermal
processes on previously inaccessible timescales. Surface-enhanced techniques,
building on the work of Fleischmann [85], have pushed detection limits to new
extremes, while tip-enhanced methods have broken through the diffraction
barrier to achieve nanoscale spatial resolution. As we continue to explore
the frontiers of nanoscale thermal transport, Raman spectroscopy stands as
a testament to how a single discovery can revolutionize our understanding
of the material world. From its humble beginnings in Raman’s laboratory
to today’s sophisticated implementations, it remains an indispensable tool
in our scientific arsenal, helping us unravel the complex interplay between
light, matter, and thermal energy at the nanoscale.

4.2 Density Functional Theory

In this section, we delve further into laying the groundwork for our com-
putational journey. Density Functional Theory (DFT) stands as a powerful
and widely adopted theoretical framework in condensed matter physics and
quantum chemistry. Developed to address complex many-body quantum
systems, DFT provides a practical approach for studying electronic struc-
ture and properties of materials. The central concept revolves around the
electron density, a key variable that encapsulates the behavior of interact-
ing electrons. Unlike traditional quantum mechanical methods that involve
solving the Schrödinger equation for each electron, DFT simplifies the prob-
lem by focusing on the electron density as the primary variable of interest.
This reduction significantly enhances computational efficiency while retain-
ing accuracy. At its core, DFT employs the Hohenberg-Kohn theorems to
establish a one-to-one correspondence between the ground-state electron den-
sity and the external potential. The Kohn-Sham equations further refine
the approach, introducing fictitious non-interacting electrons in an effective
potential to represent the complex many-electron system. This transforma-
tion enables the application of well-established techniques from single-particle
quantum mechanics, making computations more tractable. DFT has proven
invaluable in elucidating the electronic structure of diverse materials, ranging
from simple atoms to intricate molecules and solid-state systems, fostering
breakthroughs in materials science, chemistry, and physics research.
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The three most fundamental equations in DFT are associated with the
Kohn-Sham equations and the total energy functional.

ĤKS[ρ]ψi(r) = εiψi(r) (4.1)

The Kohn-Sham equation describes a set of single-electron equations, where
ĤKS[ρ] is the Kohn-Sham Hamiltonian, ψi(r) are the Kohn-Sham orbitals, εi
are the corresponding orbital energies, and ρ is the electron density.

ρ(r) =
N∑
i

|ψi(r)|2 (4.2)

The Kohn-Sham density equation defines the electron density (ρ) as the
sum of the squared magnitudes of the Kohn-Sham orbitals (|ψi(r)|2) for all
occupied orbitals (i).

Etotal[ρ] = T [ρ] + U [ρ] + Vext[ρ] + Exc[ρ] (4.3)

The total energy functional comprises the kinetic energy (T [ρ]), electron-
electron interaction energy (U [ρ]), external potential energy (Vext[ρ]), and
the exchange-correlation energy (Exc[ρ]). The minimization of this func-
tional with respect to the electron density yields the ground-state properties
of the system. ABINIT, a powerful open-source software package for quan-
tum mechanical calculations, implements the core equations of DFT to pre-
dict electronic structures of materials. The Kohn-Sham equation is solved
iteratively using a combination of numerical methods. The Kohn-Sham den-
sity equation calculates the electron density from the occupied Kohn-Sham
orbitals. ABINIT employs a plane-wave basis set to represent wavefunctions
and discretizes the Brillouin zone for numerical efficiency. The total energy
functional Etotal[ρ] is then minimized through self-consistent iterations, yield-
ing accurate predictions of material properties and behaviors. The ABINIT
code is extensively documented in the literature [86, 87]. The reader can
refer to these canonical references for a comprehensive understanding of the
ABINIT software.
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4.3 Perturbation Theory and Raman Spectra

While Density Functional Theory (DFT) provides an efficient means to ob-
tain the ground-state properties of materials, many experimental observables
rely on the system’s response to external perturbations. Density Functional
Perturbation Theory (DFPT) extends the DFT framework to systematically
treat small perturbations, allowing for the direct calculation of response func-
tions and related properties [88]. In DFPT the focus shifts to the linear re-
sponse of the electronic density to a given perturbation, such as an external
electric field or atomic displacements. By computing the second derivatives
of the total energy with respect to these perturbations, one can obtain crucial
quantities like phonon frequencies, dielectric constants, and electron-phonon
coupling coefficients. This variational approach not only avoids the compu-
tational expense of finite-difference methods but also ensures a higher degree
of numerical accuracy.

A particularly important application of DFPT is in the computation of
Raman spectra. Raman scattering involves the inelastic scattering of light
by vibrational modes of a material, and its intensity is determined by the
derivative of the polarizability tensor with respect to the vibrational coordi-
nates. DFPT facilitates the computation of these derivatives by perturbing
the electronic density and evaluating the corresponding response of the po-
larizability. The calculated phonon eigenmodes, together with the Raman
tensors, enable the simulation of Raman spectra that can be directly com-
pared with experimental measurements [89]. In practice, implementations of
DFPT within DFT codes (such as ABINIT) allow us to compute not only
the vibrational properties but also other lattice dynamical phenomena such
as infrared absorption and thermal conductivity. This integration makes
DFPT a powerful tool for exploring both fundamental material properties
and technologically relevant phenomena, thereby bridging the gap between
theoretical predictions and experimental observations.
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4.4 k-points grid and energy cutoff

In DFT, the total energy and other derived properties are computed by in-
tegrating over the Brillouin zone. This integration is performed numerically,
with a chosen set of k-points determining the resolution of the sampling.
The grid is typically represented by a set of discrete points, k, that span the
entire Brillouin zone. As the number of k-points increases, the resolution
of the grid improves, leading to more accurate results. However, a higher
k-point density also increases the computational cost, making it essential to
balance accuracy and efficiency. The plane-wave energy cutoff, denoted as
Ecut, defines the maximum kinetic energy of the plane waves included in
the basis set expansion. A higher energy cutoff includes more plane waves,
potentially improving the accuracy of the calculation, but at the cost of in-
creased computational resources. The convergence of properties with respect
to Ecut is particularly important for systems containing elements with lo-
calized electronic states or when studying properties that depend sensitively
on the details of the electronic structure, such as phonon frequencies and
Raman intensities. The choice of k-points directly influences the precision of
computed properties, such as electronic energy, charge density, and phonon
properties. Similarly, the plane-wave energy cutoff is a crucial parameter that
determines the completeness of the basis set used to represent the electronic
wavefunctions. In this section, we discuss the importance of both k-point
grid and energy cutoff convergence and their impact on DFT calculations,
particularly for thermal transport studies. To achieve convergence in DFT
calculations, both the k-point grid must be sufficiently fine and the energy
cutoff sufficiently high to ensure that the results do not change significantly
with further refinement of either parameter. The convergence behavior can
be assessed by systematically increasing the number of k-points and energy
cutoff independently, observing the change in calculated properties, such as
the total energy, electronic structure, and phonon dispersions. Typically,
a convergence threshold of 1 × 10−3 eV in energy is used for assessing the
accuracy of the calculations.

For systems with high symmetry, such as cubic crystals, the k-point grid
can often be chosen to reflect the symmetry of the system, thereby reduc-
ing the number of points required for convergence. For more complex or
low-symmetry systems, a denser k-point grid may be necessary to achieve
convergence. Additionally, the choice of grid shape (e.g., Monkhorst-Pack
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grid [90]) and the use of special k-points, such as those along high-symmetry
directions, can significantly impact the accuracy and efficiency of the calcula-
tions. The energy cutoff requirements can vary significantly between different
elements and pseudopotentials. For instance, first-row elements and systems
with d or f electrons typically require higher energy cutoffs compared to other
elements. In the case of GaP and GaAs wurtzites, the presence of semicore
states in Ga and the different electronic characteristics of P and As necessi-
tate careful convergence testing of both k-points and energy cutoff to ensure
reliable results. In the context of phonon calculations and thermal transport
studies, convergence of both parameters is particularly important because
the phonon dispersion relations, which are essential for modeling thermal
conductivity, depend on the accurate sampling of the electronic states and
the completeness of the basis set. Inaccurate k-point grids or insufficient
energy cutoffs can lead to incorrect phonon frequencies and scattering rates,
ultimately affecting the predicted thermal conductivity and optical spectra.
In practical applications, a dense k-point grid and appropriate energy cut-
off are often required for accurate calculations, especially when dealing with
complex nanostructures or materials with low symmetry.
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4.5 GaP and GaAs Wurtzites

Determining the optimal computational parameters for accurate phonon cal-
culations in wurtzite-structured III-V semiconductors is crucial for reliable
Raman spectra predictions. The convergence analysis of GaP and GaAs
wurtzites with respect to plane-wave energy cutoff and k-point sampling
density forms the foundation for studying their vibrational properties and
those of their derived superlattices. This systematic investigation ensures
that subsequent calculations of phonon frequencies and Raman intensities
are performed with parameters that balance computational efficiency with
numerical accuracy. By establishing these convergence criteria, we can con-
fidently proceed with the analysis of the lattice dynamics and spectroscopic
properties of these technologically relevant semiconductor systems.

Both Wurtzite and Zincblende structures display tetrahedral coordina-
tion; however, they differ in several key aspects: Zincblende adopts a cu-
bic structure (space group F-43m) and exhibits isotropic physical proper-
ties, while Wurtzite crystallizes in a hexagonal lattice (space group P63mc)
that gives rise to anisotropic properties and a non-centrosymmetric charac-
ter. Parallel to this, in Zincblende the stacking along the [111] axis follows
an ABCABC pattern, whereas in Wurtzite it follows an ABAB sequence.
For example, in ZnO the Wurtzite phase has lattice constants a ≈ 3.25 Å
and c ≈ 5.20 Å (with c/a ≈ 1.60, nearly the ideal value), while Zincblende
ZnS typically has a lattice constant of about 5.42 Å [91]. These differences
strongly affect the phonon dispersion relations and the Raman activity. For
instance, the lower symmetry and intrinsic polarization in Wurtzite lead to
additional Raman-active modes and anisotropic phonon group velocities [91].
Recent experimental advances have demonstrated that GaP and GaAs can
be stabilized in the Wurtzite phase under non-equilibrium conditions. The
inherent anisotropy and the possibility to control the interface quality make
the axial GaP/GaAs superlattices (grown along the cubic [111] direction) an
ideal platform for detailed Raman spectroscopic studies. Such superlattices
allow one to probe the impact of periodic modulations on phonon modes and
enable the engineering of phononic bandgaps—an essential step in designing
metamaterials with tailored thermal and optoelectronic properties [92].

To understand the microscopic origins of the vibrational properties in
these wurtzite phases and their interfaces, first-principles density functional
theory (DFT) calculations were performed using the ABINIT code [93]. In
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our study, we carefully investigated the convergence of the total energy, elec-
tronic eigenvalues, and phonon frequencies with respect to both the plane-
wave energy cutoff (Ecut) and the k-point sampling of the Brillouin zone.
In particular, we set the energy cutoff to 40 Ha, securing high precision in
the following steps, and computed the whole set of phonon frequencies–i.e.
the normal modes–for both GaAs and GaP wurtzites, for 6 different val-
ues of the k-points number, ranging evenly from 6 × 6 × A to 16 × 16 × B.
Then we picked the grid yielding reasonably convergent values of the phonon
frequencies at fair computational cost–uncertainties about 1%, compared to
their values at the densest grid, and carried on another convergence study
with respect to the energy cutoff, repeating the computation of the phonon
frequencies varying the cutoff from 30 to 42 Ha.

Our convergence test indicate that an energy cutoff of 37 Ha and a
Monkhorst-Pack grid of 8×8×5 yield robust results, showcasing relative un-
certainties below 1% in the general case, which can be then employed in the
subsequent superlattice analysis. Such systematic convergence is essential
for accurately predicting the Raman spectra and phonon transport proper-
ties across the superlattice interfaces. The results of the convergence study
are plotted Figures 4.4a, 4.4b, 4.5a, and 4.5b. To aid in understanding the
crystallographic arrangement, a snippet is also provided in Figure 4.3, for
the primitive cell of a typical Wurtzite structure for a GaAs- or GaP-like
compound. We provide the phonon frequencies of GaP and GaAs resulting
from this study in Table 5.18.
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Figure 4.3: Schematic of the Wurtzite primitive cell for GaAs.
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(a) GaAs

(b) GaP

Figure 4.4: Relative phonon frequencies dependance on the number of k-
points, with respect to their values computed using the 16× 16× 10 grid



102 CHAPTER 4. RAMAN SPECTROSCOPY OF SUPERLATTICES

(a) GaAs

(b) GaP

Figure 4.5: Relative phonon frequencies dependance on the energy cutoff,
with respect to their values computed at 42 Ha
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(a) 1.28 nm

(b) 3.83 nm

(c) 6.39 nm

Figure 4.6: GaP/GaAs SL primitive cell snippets for the shortest, mid, and
largest simulated periods

4.6 The GaAs/GaP superlattices

The systems under investigation comprised superlattices (SLs) constructed
by stacking unit cells of wurtzite GaAs and GaP along the [0001] crystal
direction. SLs with periods of 1.28, 2.56, 3.83, 5.12, and 6.39 nm were con-
sidered. We provide a snippet of the SL primitive cell for three representative
cases in Figures 4.6a, 4.6b, and 4.6c.
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4.6.1 Computational Methodology

The Raman tensors were evaluated by computing the third derivative of the
total energy, where two derivatives correspond to the perturbations induced
by the electric field (associated with the incident and scattered light polariza-
tion vectors) and one derivative corresponds to the phonon displacement co-
ordinate [86, 88]. All calculations were performed with the ABINIT software
package. In our simulations, the local density approximation (LDA) was em-
ployed for the exchange-correlation energy functional and norm-conserving
pseudopotentials were used to accurately represent the electron-ion interac-
tions. The plane-wave basis set was truncated at a kinetic energy cutoff of 37
Ha, while a finer fast Fourier transform grid was maintained with an energy
cutoff of 76 Ha. A stringent convergence criterion was imposed on the wave
function residual norm, set to 10−22, to ensure high numerical accuracy. For
Brillouin zone integration, an 8× 8×N k-point grid was adopted, with the
number of k-points along the [0001] axis decreasing from 3 to 1 as the period
increased. Prior to the Raman spectra computation, all structures under-
went full structural relaxation, optimizing both the atomic positions and the
lattice parameters without imposing additional constraints. The simulations
were performed on bulk systems, ensuring a consistent environment for the
evaluation of the Raman response.

4.6.2 Results

The simulated Raman spectra exhibit detailed structure that reflects the in-
fluence of superlattice periodicity on phonon behavior. In all cases, the char-
acteristic TO and LO phonon modes of the GaP-like and GaAs-like wurtzite
segments remain the most prominent features, with their frequencies shift-
ing by only 2–3 cm−1 and peak intensities varying by approximately 10–20%
as the period increases. This behavior indicates that the alternating layer
thickness produces a modest modification of the local bonding environment.

Concurrently, a series of weaker, lower-frequency modes emerges below
the bulk TO frequencies (approximately 240–300 cm−1 for GaAs-like modes
and 340–370 cm−1 for GaP-like modes). These additional peaks arise from
Brillouin-zone folding associated with the enlargement of the unit cell. Their
number increases from a few in the shortest-period superlattices to more than
a dozen in the longest-period structures, while their individual intensities
decrease, consistent with long-wavelength, collective vibrations.
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The relative intensities of these folded modes also depend on the polar-
ization configuration: certain branches exhibit greater Raman activity when
both incident and scattered polarizations are aligned with the wire axis,
whereas others are more active in the perpendicular configuration. This po-
larization dependence corresponds to differences in the atomic displacement
patterns of the modes.

Overall, these results demonstrate that varying the superlattice period
provides a systematic method for tuning both the frequencies and optical
activities of an extended set of phonon modes in GaAs/GaP nanowires. The
full set of Raman spectra for every polarization setup and SL period is pro-
vided in Figures 4.7a, 4.7b, 4.8a, 4.8b, and 4.9. The notation: “compound
– inward polarization – outward polarization” is used. The frequency is ex-
pressed in cm−1; the intensity is expressed in arbitrary units. The X and
Y directions are equivalent due to crystal symmetry, while A-B and B–A
configurations are equivalent due to time-reversal symmetry.
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(a) 1.28 nm

(b) 2.56 nm

Figure 4.7: Raman spectra of the GaP/GaAs SL for every nonequivalent
polarization setup - log scale
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(a) 3.83 nm

(b) 5.12 nm

Figure 4.8: Raman spectra of the GaP/GaAs SL for every nonequivalent
polarization setup - log scale
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Figure 4.9: 6.39 nm

Figure 4.10: Raman spectrum of the GaP/GaAs SL for every nonequivalent
polarization setup - log scale

4.7 Twinning Superlattices: The InAs Case

Study

The preceding discussion has elucidated the Raman spectral characteristics
and vibrational dynamics inherent to conventional GaAs/GaP superlattices,
where alternating layers impart distinct electronic and structural properties.
Building on these insights, we now turn our attention to an alternative struc-
tural paradigm—twinning superlattices (TSLs). In contrast to the layered
architecture of traditional superlattices, TSLs exhibit periodic twin bound-
aries within a single crystalline phase, a modification that fundamentally
alters the symmetry and response of the system. In particular, TSL can ex-
ist only in the form of NWs, because the twinning is obtained by a periodic
rotation of the substratum during the crystal growth, which would induce
a definite lattice mismatch yet for mesoscale systems, thus preventing the
formation of the SL. In the subsequent sections, we focus on InAs twinning
superlattices as a case study, investigating how the deliberate introduction of
twin domains influences both the electronic band structure and the Raman
response. This transition not only expands the scope of our investigation but
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also underscores the versatility of our computational approach in capturing
the interplay between structure and spectroscopic properties. Twinning su-
perlattices (TSLs) represent a fascinating class of nanostructured materials,
characterized by the periodic arrangement of twin boundaries within a single
crystalline phase. These twin boundaries, which separate domains of differing
crystallographic orientation, lead to a modulation of the electronic potential
and, consequently, to alterations in both the electronic and vibrational prop-
erties of the host material [94]. Such structural modulations are known to
influence key material characteristics, including carrier mobility, band align-
ment, and phonon dispersion, thereby opening way for device optimization in
optoelectronics and high-speed electronics. In the context of III-V semicon-
ductors, InAs has emerged as a prototypical material for exploring the effects
of twinning on physical properties. InAs-based TSLs are typically engineered
via controlled epitaxial growth techniques—such as molecular beam epitaxy
(MBE) or metal-organic chemical vapor deposition (MOCVD)—which allow
for the deliberate incorporation of twin boundaries along preferred crystal-
lographic directions [95]. The resulting periodic modulation in the crystal
structure gives rise to unique band structures and vibrational spectra, dis-
tinguishing these systems from their conventional counterparts. Our case
study focuses on the InAs TSL, wherein alternating twin domains are in-
troduced in a periodic fashion along the [111] (or an equivalent) crystallo-
graphic direction. The computational framework is the same outlined in the
previous sections—based on Density Functional Theory (DFT) and Density
Functional Perturbation Theory (DFPT). After performing full structural
relaxation to optimize both atomic positions and lattice parameters, our cal-
culations reveal the impact of the periodic twin boundaries on the TSL spec-
tra, which exhibits distinctive features attributable to the twin boundaries,
thereby providing a comprehensive understanding of the interplay between
structural modulation and physical observables. Specifically, we computed
the Raman spectra of the InAs TSL with periods 2.09, 4.17, and 6.26 nm
for all the non-equivalent values of incoming and outgoing polarizations. We
provide a snippet of the corresponding primitive cells in Figures 4.11a, 4.11b,
and 4.11c, and the results of our simulations in Figures 4.12a, 4.12b, and 4.13.
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(a) 2.09 nm

(b) 4.17 nm

(c) 6.26 nm

Figure 4.11: InAs TSL primitive cells of the three superlattice periods con-
sidered
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4.7.1 Results

The observation of numerous optical phonon branches superimposed on the
intrinsic InAs transverse- and longitudinal-optical frequencies demonstrates
that twinning defects profoundly reshape the vibrational landscape of the
wire. In particular, the introduction of periodic 60° rotations breaks the
original cubic symmetry and effectively creates a one-dimensional phononic
superstructure. As a result, phonon dispersion curves—which in bulk or uni-
formly strained InAs would be continuous—become folded into a reduced
Brillouin zone, giving rise to a dense set of quantized optical branches–
Figures 4.12a, 4.12b, and 4.13.

When the twinning period is systematically increased, a clear attenuation
of these low-frequency “folded” modes is seen: their Raman or infrared ac-
tivity diminishes with spacing, while their spectral separation narrows. This
trend contrasts sharply with conventional GaP/GaAs chemical superlattices,
where sharp compositional interfaces yield strong phonon confinement and
correspondingly intense folded modes at low energies. In the purely crystallo-
graphic case of a twinning superlattice (TSL), the atomic species remain ho-
mogeneous (all In and all As), and only the local stacking orientation varies.
Consequently, the local force-constant environment is only weakly perturbed
by each twin boundary, and the resulting optical modes carry only a fraction
of the oscillator strength found in mixed-chemistry superlattices.

This moderate distortion manifests in two key ways. First, the inten-
sities of the low-frequency TSL modes in twinned InAs are significantly
smaller—often by an order of magnitude—than those in GaP/GaAs het-
erostructures with similar periodicities. Second, the frequency shifts of the
“bulk-like” TO and LO modes are subtle (on the order of 1–2 cm−1) even as
period varies, confirming that the TSL planes act primarily as phase bound-
aries rather than as strong scattering centers. In chemical superlattices, by
contrast, the abrupt change in bond type (and mass contrast) at each inter-
face leads to much larger shifts and mode splittings.

Taken together, these findings highlight the dual nature of twinning super-
lattices: on one hand, they offer a new route to engineer phonon dispersions
in a single-material system, allowing the creation of hexagonally symmetric
phonon modes (e.g. E2-type optical phonons) and a host of folded branches.
On the other hand, the “soft” nature of the twin boundary perturbation
means that the modification of primitive-cell normal modes remains modest
compared to compositional heterostructures.
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Overall, these insights underscore both the versatility of first-principles
computational approaches for predicting complex phonon behavior and the
promise of TSLs as a uniquely tunable, single-material avenue toward phononic
engineering in electronics and optoelectronics.
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(a) 2.09 nm

(b) 4.17 nm

Figure 4.12: Raman spectra of the InAs TSL for every nonequivalent polar-
ization setup
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Figure 4.13: Raman spectrum of the 6.26 nm InAs TSL for every nonequiv-
alent polarization setup



Chapter 5

Conclusion

This thesis has undertaken a systematic investigation into the complex realm
of nanoscale phonon transport across semiconductor interfaces. By inte-
grating advanced simulation techniques with first-principles calculations, the
work addresses both the fundamental mechanisms governing thermal bound-
ary resistance (TBR) and the practical implications for next-generation elec-
tronic and optoelectronic devices.

At the heart of this research lies the exploration of single-interface sys-
tems, exemplified by the GaAs/Ge heterojunction. Using nonequilibrium
molecular dynamics (NEMD) simulations with a bond-order potential of
the Tersoff type, Chapter 2 revealed that the thermal transport proper-
ties are exquisitely sensitive to the interface’s atomic-scale features. De-
tailed analyses showed that even minor deviations from an ideal, atomically
flat interface—such as chemical intermixing, graded compositions, or surface
roughness—can lead to pronounced changes in phonon scattering and, conse-
quently, the TBR. The work further demonstrated that the interplay between
coherent and diffusive phonon transport is governed by both the physical di-
mensions of the system and the temperature-dependent anharmonicity of the
lattice vibrations. In this regime, classical Fourier’s law ceases to hold, and
coherence effects become critical for an accurate description of heat flow.

Building on these insights, Chapter 3 extended the investigation to multiple-
interface systems, including superlattice nanowires and bulk superlattice
structures. By simulating Silicon/Germanium superlattices, the research un-
covered that the cumulative effect of numerous interfaces can either enhance
or impede overall thermal transport depending on their arrangement and
periodicity. Notably, the phenomenon of thermal rectification emerged as a
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key finding; the directional dependence of heat flow was shown to be highly
sensitive to both the interfacial composition and the geometrical parameters
of the device. Under carefully engineered conditions, thermal rectification ra-
tios approaching 30% were observed—an encouraging result for the design of
thermal diodes and devices that require directional heat management. These
results not only validate existing theoretical models of phonon scattering and
interference but also provide practical design guidelines for tailoring thermal
properties in complex semiconductor systems.

Chapter 4 brought an additional dimension to the thesis by delving into
the electro-optical properties of GaAs/GaP superlattices and InAs twinning
superlattices. Through the use of density functional theory (DFT) and den-
sity functional perturbation theory (DFPT), this section explored the vi-
brational spectra and Raman responses of these materials. The ab initio
calculations yielded detailed phonon dispersion relations and allowed for a
precise determination of the vibrational modes that contribute to heat trans-
port. Importantly, the integrated study of thermal and optical properties
underscored the possibility of designing multifunctional materials that not
only manage heat efficiently but also exhibit desirable optical characteristics
for applications in optoelectronics and photonics. This holistic approach rein-
forces the idea that thermal and electronic properties are deeply intertwined
at the nanoscale, and that advancements in one area can drive innovations in
the other. A recurring theme throughout the thesis is the critical importance
of scale. As electronic devices shrink, classical descriptions of heat conduc-
tion give way to phenomena where quantum effects, interfacial disorder, and
finite-size limitations become dominant. The results of this work emphasize
that achieving reliable thermal management in nanoscale systems requires a
nuanced understanding of these effects. In particular, the demonstrated sen-
sitivity of TBR to interface morphology and temperature suggests that pre-
cise atomic-scale engineering is essential for optimizing device performance.
Moreover, the integration of NEMD simulations with first-principles methods
sets a new standard for modeling such systems, offering a robust framework
that can be extended to more complex, multi-material architectures.

The methodologies developed here represent significant progress in com-
putational materials science. By combining classical molecular dynamics
with quantum mechanical calculations, this research bridges the gap be-
tween macroscopic thermal theories and the microscopic behavior of phonons.
Future advancements, particularly those leveraging machine-learned inter-
atomic potentials, promise to further enhance the predictive power of these
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simulations—especially in regimes where quantum effects play a pivotal role.
Such improvements will be critical for the next generation of electronic and
thermoelectric devices, where efficient heat dissipation is paramount.

Looking forward, several promising directions for future research emerge
from the findings of this thesis. First, the exploration of alternative semi-
conductor material combinations could uncover systems with even more ad-
vantageous thermal management properties. Second, further refinement of
interatomic potentials—possibly through the integration of machine learning
techniques—could yield more accurate predictions, particularly at low tem-
peratures where classical approximations begin to falter. Finally, experimen-
tal validation of these theoretical predictions will be essential. Collaborative
efforts between computational researchers and experimentalists will help to
translate these insights into practical device improvements.

In summary, the contributions of this thesis are multifaceted. It deepens
our fundamental understanding of nanoscale phonon transport by elucidat-
ing the roles of interface morphology, temperature, and finite-size effects. It
demonstrates that the control of TBR through careful design of semiconduc-
tor interfaces can lead to significant improvements in device performance,
including the potential for directional heat management. And it lays a ro-
bust computational foundation for future studies, highlighting the promise of
advanced simulation techniques in unraveling the complex physics of thermal
transport. Through these achievements, this work paves the way for inno-
vative approaches to thermal management in modern electronics, ultimately
contributing to the development of more efficient, reliable, and multifunc-
tional semiconductor technologies.
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Table 5.1: Parameters for GaAs, Ge, and GaAs-Ge, obtained applying Tersoff
recipe for mixing Tersoff parameters for Ge with Norlund parameters for
GaAs.

GaAs Ge Mixed
A (eV) 2.543× 103 1.769× 103 2.156× 103

B (eV) 3.1446× 102 4.1923× 102 3.6308× 102

λ (Å−1) 2.8280 2.4451 2.6366
µ (Å−1) 1.7230 1.7047 1.7139

β 3.57192× 10−1 9.0166× 10−7 −
n 6.31741 7.5627× 10−1 −
c 1.226302 1.0643× 105 −
d 7.90396× 10−1 1.5652× 101 −
h −5.18489× 10−1 −4.3884× 10−1 −

R (Å) 3.4 2.8 3.08
S (Å) 3.6 3.1 3.34

Table 5.2: TBR values for the atomically flat GaAs/Ge junction with con-
stant ∆T for different values of the cross section. Values are expressed in K
m2/W.

L (nm) 8 nm2 11.5 nm2 15.6 nm2

60 4.01E-10 3.88E-10 3.98E-10
100 2.21E-10 2.60E-10 2.77E-10
140 2.12E-10 2.26E-10 2.47E-10
180 1.69E-10 1.87E-10 1.82E-10
220 1.92E-10 1.72E-10 1.49E-10
260 1.36E-10 1.79E-10 1.49E-10
300 1.87E-10 1.48E-10 1.18E-10



III

Table 5.3: TBR values for the atomically flat GaAs/Ge junction with con-
stant ∇T for different values of the cross section. Values are expressed in K
m2/W.

L (nm) 8 nm2 11.5 nm2 15.6 nm2

60 4.01E-10 3.88E-10 3.98E-10
100 2.66E-10 2.78E-10 2.76E-10
140 2.27E-10 2.16E-10 2.24E-10
180 1.96E-10 2.08E-10 1.87E-10
220 1.77E-10 1.96E-10 1.78E-10
260 1.74E-10 1.77E-10 1.73E-10
300 1.65E-10 1.70E-10 1.60E-10

Table 5.4: TBR values for the 180 nm × 8 nm2 and 260 × 8 nm2 atomically
flat GaAs/Ge junction, for different values of the average temperature. Val-
ues are expressed in K m2/W.

T (K) 180 nm 260 nm
220 2.38E-10 1.89E-10
240 2.21E-10 -
260 2.11E-10 1.92E-10
280 1.83E-10 -
300 1.89E-10 1.47E-10
320 1.89E-10 -
340 1.44E-10 1.36E-10
360 1.64E-10 -
380 1.48E-10 1.45E-10
400 1.31E-10 -
420 1.06E-10 1.54E-10
440 1.36E-10 -
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Table 5.5: TBR values for the 180 nm × 8 nm2 GaAs/Ge junction with
chemical mixing, for different mixing styles. Values are expressed in K m2/W.

Lmix (nm) linear soft exp. hard exp.
1 1.79E-10 1.81E-10 1.54E-10
2 2.03E-10 1.65E-10 2.06E-10
3 1.74E-10 1.96E-10 1.84E-10
4 1.86E-10 2.00E-10 2.05E-10
5 2.20E-10 1.97E-10 1.85E-10
7.5 2.62E-10 2.15E-10 2.41E-10
10 2.71E-10 2.65E-10 3.01E-10

Table 5.6: TBR values for the 180 nm × 8 nm2 GaAs/Ge junction with
surface roughness, for different seeds and RMS. Values are expressed in K
m2/W.

RMS (nm) TBR RMS (nm) TBR
0.40 2.03E-10 0.39 1.67E-10
0.81 1.91E-10 0.82 1.65E-10
1.26 1.69E-10 1.10 1.96E-10

Table 5.7: Values of κ for the atomically flat, 8 nm2 GaAs/Ge junction in
the forward and reverse bias configurations. Values are expressed in W/m
K.

L (nm) forward reverse
60 18.9 19.7
100 29.7 30.4
140 37.7 37.9
180 44.7 43.6
220 51.5 50.0
260 58.5 55.3
300 67.8 62.6



V

Table 5.8: Values of the TBR for the Si/Ge nanowire heterojunction, with
120 nm length and 5 nm diameter, for both the tight and loose interfacial
configurations. Values are expressed in K m2/W.

coupling TBR
tight 1.68E-09
loose 2.02E-09

Table 5.9: Values of κ for the Si/Ge superlattice nanowire, with 120 nm
length and 5 nm diameter, for both the tight and loose interfacial configura-
tions. Values are expressed in W/m K.

SL period (nm) tight loose
1.9 3.3 2.5
3.8 3.0 2.4
5.8 3.2 2.6
7.7 3.5 2.9
9.6 3.7 3.0
11.5 3.9 3.4

Table 5.10: Values of κ for the Si/Ge superlattice nanowire, with 120 nm
length and 5 nm diameter, for the free interfacial configuration. Values are
expressed in W/m K.

SL period (nm) free
1 1.0
2 1.4
3 1.6
4 1.9
5 2.1
6 2.3
7 2.6
8 2.8
9 3.0
10 3.1
11 3.2
12 3.4
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Table 5.11: Values of κ for the [100] Si/Ge superlattice nanowire, with 120
nm length and 5 nm diameter. Values are expressed in W/m K.

SL period (nm) free
1.1 2.4
2.2 1.8
3.3 1.8
4.4 2.0
6.6 2.3
8.9 2.7
11.1 3.0
13.3 3.2

Table 5.12: Values of κ for the [111] Si/Ge bulk superlattice as a func-
tion of the k-points grid number, computed at different temperatures with
almaBTE. Values are expressed in K and W/m K.

kpts (#) 100 200 300 400 500 600 700 800 900 1000
10 41.4 21.8 16.8 14.2 12.5 11.3 10.3 9.6 8.9 8.4
14 56.8 28.2 21.0 17.4 15.0 13.4 12.1 11.1 10.3 9.6
20 43.8 25.0 20.0 17.1 15.2 13.8 12.7 11.7 11.0 10.3
24 43.7 24.1 19.2 16.5 14.6 13.3 12.2 11.3 10.6 10.0

Table 5.13: Values of κ for the [111] Si/Ge bulk superlattice as a function of
the superlattice period p, computed at different temperatures with almaBTE.
Values are expressed in K and W/m K.

p (nm) 100 200 300 400 500 600 700 800 900 1000
1.9 43.7 24.1 19.2 16.5 14.6 13.3 12.2 11.3 10.6 10.0
3.8 35.6 17.3 13.5 11.4 10.1 9.1 8.4 7.8 7.3 6.9
5.8 34.4 16.5 12.7 10.7 9.4 8.5 7.8 7.2 6.8 6.4
9.6 33.6 16.4 12.5 10.5 9.2 8.3 7.6 7.0 6.6 6.2
11.5 37.3 17.7 13.5 11.4 10.0 9.0 8.2 7.6 7.1 6.6
19.2 36.7 18.1 13.9 11.7 10.3 9.3 8.5 7.8 7.3 6.8
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Table 5.14: Values of κ for the [100] Si/Ge bulk superlattice with sharp in-
terfaces, as a function of the superlattice period, computed at different tem-
peratures with almaBTE within the RTA, plus one batch computed solving
the full BTE at 100 K. Values are expressed in K and W/m K.

period (nm) 100 (BTE) 100 300 500
1.1 43.4 40.5 17.6 13.1
2.2 40.4 43.9 17.4 12.8
3.3 42.2 42.1 16.6 12.2
5.5 43.4 43.3 16.6 12.1
6.6 41.1 40.3 17.6 12.8
11.1 42.0 41.8 18.2 13.2

Table 5.15: Values of κ for the [111] Si/Ge bulk superlattice with rough
interfaces, as a function of the superlattice period, computed at different
temperatures with almaBTE. Values are expressed in K and W/m K.

period (nm) 100 300 500 900
1.9 43.7 19.2 14.6 10.6
3.8 35.6 13.5 10.1 7.3
5.8 2.9 2.8 2.6 2.3
9.6 3.5 3.3 3.0 2.5
11.5 3.9 3.7 3.3 2.9
19.2 5.8 4.9 4.3 3.6

Table 5.16: Values of κ for the [100] Si/Ge bulk superlattice with rough
interfaces, as a function of the superlattice period p, computed at different
temperatures with almaBTE. Values are expressed in K and W/m K.

period (nm) 100 300 500
1.1 40.5 17.6 13.1
2.2 43.9 17.4 12.8
3.3 2.9 2.8 2.6
5.5 3.7 3.4 3.1
6.6 4.3 3.9 3.5
11.1 6.2 5.3 4.7
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Table 5.17: Values of κ for the [100] Si/Ge bulk superlattice as a function
of the superlattice period p, computed for different cell geometries using
LAMMPS. Values are expressed in nm and W/m K.

period (nm) 180 x 8 nm3 120 x 15 nm3 120 x 8 nm3
1.1 13.7 17.1 14.1
2.2 10.1 14.1 11.2
3.3 9.6 12.5 10.3
4.4 9.3 12.2 10.2
5.5 8.4 12.9 10.6
6.6 8.9 12.2 9.4
8.9 9.9 12.3 9.4
10 9.3 11.8 9.1
11.1 9 13 10.2
13.3 8.4 12.9 8.5
15.5 9.6 12.3 9.2
17.7 9.5 13.2 10.4
19.9 10.6 11.5 10.6
22.2 9.2 14.1 9.7
28.8 9.5 13.2 9.8
38.8 11.3 15.2 11.1
54.3 13.4 17.3 14.2

Table 5.18: Phonon frequencies of GaAs and GaP wurtzites, computed at 37
Ha using a 8× 8× 5 k-points grid. Values are expressed in cm−1.

GaAs GaP
55.2 75.7
55.2 75.7
206.5 232.4
238.4 356.8
258.8 356.8
258.8 362.7
267.5 366.0
269.9 374.1
284.5 393.7
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Table 5.19: Phonon frequencies of GaAs/GaP SL with 1.28 nm period, for
the YY, YZ, and ZZ setup respectively. Phonon modes with a Raman inten-
sity more than 100 times smaller than that of the most intense mode were
considered nondetectable. Values are expressed in cm−1 and a.u.

ν I ν I ν I
145.1 1.44E-05 283.4 1.37E-05 145.1 1.12E-05
148.4 1.66E-06 341.6 1.00E-06 258.8 1.21E-05
258.8 7.97E-06 361.6 2.40E-05 277.5 9.40E-05
272.3 1.34E-04 - - 363.8 8.84E-05
277.5 4.41E-05 - - - -
341.6 3.53E-05 - - - -

Table 5.20: Phonon frequencies of GaAs/GaP SL with 2.56 nm period, for
the YY, YZ, and ZZ setup respectively. Values are expressed in cm−1 and
a.u.

ν I ν I ν I
77.4 9.34E-06 273.2 8.68E-07 77.4 2.74E-06
251.3 2.89E-06 280.1 1.51E-05 195.4 2.03E-06
268.3 5.56E-06 339.6 2.68E-07 251.3 3.37E-06
271.5 1.77E-04 341.8 3.66E-07 268.3 1.62E-05
276.5 5.74E-06 345.2 9.25E-07 282.3 9.81E-05
282.3 4.94E-05 347.8 7.95E-06 283.4 1.19E-05
283.4 5.25E-05 - - 366.2 7.97E-05
339.6 3.72E-05 - - 369.3 8.54E-06
345.2 2.83E-06 - - 375.5 1.09E-05
379.9 7.04E-06 - - - -
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Table 5.21: Phonon frequencies of GaAs/GaP SL with 3.83 nm period, for
the YY, YZ, and ZZ setup respectively. Values are expressed in cm−1 and
a.u.

ν I ν I ν I
52.2 9.50E-06 272.0 3.01E-07 52.2 1.45E-06
271.3 2.59E-04 276.0 1.40E-06 145.4 9.87E-07
272.0 2.62E-06 280.9 2.61E-05 247.5 1.31E-06
273.6 6.98E-06 342.0 4.77E-07 259.9 3.66E-06
279.6 7.03E-05 344.4 9.03E-07 272.0 2.47E-06
285.1 9.39E-05 346.6 4.13E-07 279.6 8.13E-05
289.0 2.37E-05 348.2 8.86E-06 285.1 7.30E-05
339.2 3.56E-05 - - 366.9 6.33E-05
342.0 4.49E-06 - - 368.4 1.80E-05
374.8 2.73E-06 - - 371.8 1.99E-05
382.8 9.81E-06 - - 380.0 2.67E-06

Table 5.22: Phonon frequencies of GaAs/GaP SL with 5.12 nm period, for
the YY, YZ, and ZZ setup respectively. Values are expressed in cm−1 and
a.u.

ν I ν I ν I
39.3 8.06E-06 273.9 3.55E-07 254.9 1.19E-06
54.6 2.89E-06 277.8 1.25E-06 264.7 1.17E-06
271.2 2.89E-04 281.2 2.63E-05 273.2 1.02E-05
272.5 7.38E-06 343.9 2.96E-07 281.1 8.30E-06
273.2 7.40E-06 345.8 7.97E-07 282.5 1.12E-04
282.5 1.59E-04 348.4 6.40E-06 288.1 1.58E-05
288.1 3.57E-05 - - 367.3 3.13E-05
291.1 1.78E-05 - - 368.1 2.16E-05
339.0 3.22E-05 - - 370.2 2.35E-05
340.6 4.58E-06 - - 372.1 2.74E-06
378.7 3.08E-06 - - 375.9 4.37E-06
384.1 3.78E-06 - - - -
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Table 5.23: Phonon frequencies of GaAs/GaP SL with 6.39 nm period, for
the YY, YZ, and ZZ setup respectively. Values are expressed in cm−1 and
a.u.

ν I ν I ν I
31.5 8.35E-06 275.6 4.66E-07 267.4 3.08E-06
54.6 4.11E-06 278.9 1.68E-06 279.8 4.77E-05
271.1 3.82E-04 281.3 3.97E-05 283.6 1.16E-04
272.0 1.02E-05 346.6 1.10E-06 290.0 6.76E-06
279.8 5.96E-05 348.5 6.53E-06 367.3 1.08E-05
283.6 1.85E-04 - - 367.9 2.48E-05
285.7 1.18E-05 - - 369.5 2.93E-05
290.0 2.00E-05 - - 370.6 8.87E-06
292.1 2.64E-05 - - 373.4 7.54E-06
339.0 3.24E-05 - - 378.8 1.21E-06
340.0 4.40E-06 - - - -
381.1 4.60E-06 - - - -
384.9 4.02E-06 - - - -

Table 5.24: Phonon frequencies of InAs TSL with 2.09 nm period, for the
YY, YZ, and ZZ setup respectively. Values are expressed in cm−1 and a.u.

ν I ν I ν I
213.4 4.35E-02 213.3 1.56E-04 214.8 8.17E-04
214.8 7.64E-02 215.9 3.43E-04 217.8 2.32E-04
215.8 2.31E-03 216.5 6.80E-03 - -
216.2 7.43E-03 - - - -
217.8 1.00E-02 - - - -
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Table 5.25: Phonon frequencies of InAs TSL with 4.17 nm period, for the
YY, YZ, and ZZ setup respectively. Values are expressed in cm−1 and a.u.

ν I ν I ν I
213.1 1.93E-02 213.1 7.38E-05 215.4 6.46E-04
215.4 7.52E-02 215.4 1.32E-04 217.6 7.58E-05
215.5 6.46E-03 215.6 5.01E-04 - -
215.7 2.09E-02 215.8 1.04E-03 - -
215.8 2.66E-03 216.1 4.95E-03 - -
216.0 4.41E-03 - - - -
217.6 4.72E-03 - - - -

Table 5.26: Phonon frequencies of InAs TSL with 6.26 nm period, for the
YY, YZ, and ZZ setup respectively. Values are expressed in cm−1 and a.u.

ν I ν I ν I
213.0 2.83E-01 213.0 7.02E-04 215.5 1.22E-03
215.4 7.48E-02 215.4 8.31E-04 217.4 7.02E-05
215.5 2.10E+00 215.4 8.84E-04 - -
215.6 5.79E-01 215.5 2.33E-02 - -
215.7 4.66E-02 215.6 2.77E-02 - -
215.9 5.32E-02 215.8 8.87E-03 - -
217.4 7.27E-02 215.9 3.55E-02 - -



Notation & Acronyms

Scalar quantities are represented using plain text - e.g. a. Vector quantities
are represented using bold text - e.g. a, except for gradients, for which the
nabla notation has been preferred, and polarization, which is represented
by the (possibly complex) vector ε. Scalar quantities derived from vector
quantities are usually represented with the same symbol without the bold
font. For example, if Q represents the heat flux, Q = n · Q represents the
corresponding flux perpendicular to a given surface with normal n, while ·
represents the scalar product between the two vectors. The corresponding
equilibrium, steady state, and average quantities are adorned with a bar over
them - e.g. Q̄. Every quantity is followed by the corresponding units in the
SI.

Notations
T Temperature (K)
∆T Temperature drop, temperature bias (K)
∇T Temperature gradient (K/m)
Q Heat flux (W)
κ Thermal conductivity (W/m K)
l Length over which temperature gradient is measured (m)
d
dT

Total derivative with respect to T (K−1)
RI Thermal Boundary Resistance (K m2/W)
hI Interfacial Thermal Conductance (W/m2 K)
c Sound velocity (m/s); Parameter in angle-dependent function
C Specific heat (J/kg K)
G Thermal conductance (W/K)
ρ Mass density (kg/m3)
Z Acoustic impedance (kg/m2 s)
ζ Transmission coefficient
ε Polarization vector

XIII



XIV NOTATION & ACRONYMS

τ Phonon lifetime (s)
λ Phonon wavelength (m)
k Phonon wavevector (m−1)
ω Phonon angular frequency (rad/s)
ϵ Phonon energy (J)
ν Phonon frequency (s−1)
ω(k) Phonon dispersion relation (rad/s)
∂ωkε

∂k
Phonon group velocity (m/s)

kB Boltzmann constant (J/K)
E Energy (J)
Ek Kinetic energy (J)
V Total volume (m3)
h̄ Reduced Planck constant (J s)
n(ϵ, T ) Phonon distribution function
n Unit vector normal to the interface
ωD Debye frequency (rad/s)
Iε Integral of ζ(θ, ε) over all incident angles
mi Mass of particle i (kg)
ri Position vector of particle i (m)
vi Velocity vector of particle i (m/s)
Fi Net force acting on particle i (N)
U(r1, r2, ..., rN)Potential energy function (J)
rij Distance between particles i and j (m)
V (rij) Pairwise potential energy between particles i and j (J)
fR(rij) Repulsive interaction term (J)
fA(rij) Attractive interaction term (J)
fC(rij) Cutoff function
Aij Parameter for repulsive term (J)
Bij Parameter for attractive term (J)
σij Parameter related to repulsive term (m−1)
µij Parameter related to attractive term (m−1)
Rij Cutoff radius (m)
Sij Smooth cutoff radius (m)
bij Bond order term
θijk Bond angle between bonds ij and ik (rad)
g(θijk) Angle-dependent function
d Parameter in angle-dependent function



XV

h Parameter in angle-dependent function
χij Heteropolar bond strength parameter
α Scaling factor for velocity
Λ Phonon MFP (m)
γ Thermal rectification coefficient

Acronyms
QM Quantum Mechanics
TBR Thermal Boundary Resistance (K m2/W)
ITR Interfacial Thermal Resistance (K m2/W)
ITC Interfacial Thermal Conductance (W/m2 K)
MFP Mean Free Path (m)
PBC Periodic Boundary Conditions
FCC Face Centered Cubic
AMM Acoustic Mismatch Model
DMM Diffuse Mismatch Model
MD Molecular Dynamics
NEMD Nonequilibrium Molecular Dynamics
NESS Nonequilibrium Steady-State
RMS Root Mean Square
BTE Boltzmann Transport Equation
RTA Relaxation Time Approximation
DFT Density Functional Theory
LED Light Emitting Diode
IC Integrated Circuit
RF Radio Frequency
RT Room Temperature
HBT Heterojunction Bipolar Transistor
CMOS Complementary Metal-Oxide Semiconductor
ZB Zincblende
WZ Wurtzite
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