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Introduction

The foundation of parabolic potential theory was established in the late 1950s. At the
core of this theory lies a paradigmatic partial differential equation (PDE) that serves
as a model: the heat equation, defined by the heat operator

O :=(-A,)+0, (x,t) eR" xR

Authors such as Gehring [Ge| and Friedman [Fr| introduced the family of subparabolic
functions (analogous to continuous subharmonic functions) and investigated their
properties. Through their work, they derived uniqueness and representation theo-
rems for solutions of the heat equation, as well as the existence of solutions of general
parabolic equations using an analog of superharmonic functions, as presented in [Fr]|.
Later, in the 1970s, Constantinescu and Cornea [ConCor|, Watson [Wal, Wa2, Wa3]
or Lanconelli [Lan], expanded on these ideas, developing a heat potential theory in-
spired by the harmonic potential theory of Helms [He]. During this period, methods
and properties for subharmonic functions were adapted to the caloric context, includ-
ing weak and strong maximum principles, continuity and semicontinuity principles,
the existence of caloric majorants, and various uniqueness theorems. These contribu-
tions generalized the works of Gehring and Friedman, relaxing continuity assumptions
to upper semicontinuity.

In [Wa3], Watson introduced the concept of caloric capacity, along with a theory
of balayage and polar sets. Kaiser and Miiller [KMii| later formalized the notion of a
set being removable for bounded solutions of the heat equation in terms of its capacity.
For a compact set £ C R™"*! its caloric capacity is defined as

Yo+ (E) = sup u(E),

with 4 being a nonnegative Borel measure supported on E satisfying that its heat
potential is bounded by 1, that is [[W * p|pocmn+1) < 1. Here, W is the heat kernel,

|z]2

W(z,t) = Cnt ™2 e Ym0,

Watson proved that this capacity is subadditive and outer regular. In the late 1980s,
following the work of Gariepy and Zimmer [GaZ] and Maeda [Mae], Watson also
proved the comparability of ye + and its adjoint version g, which is the one asso-

ciated with the adjoint operator © := (—A,) — 9; [Wa4, Theorem 7.46].
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More recently, significant advancements in parabolic theory on time-varying do-
mains have been made, with major contributions from Hofmann, Lewis, Nystrém and
Stromqvist [Hol, HoL, NySt], for example. With it, as expected, there has also been
an increasing interest in understanding the properties of the above caloric capacity.
For instance, Mourgoglou and Puliatti [MoPu] studied properties of v 4 related to
a capacity density condition on a particular scale which allow proving several PDE
estimates around the boundary, essential for their blow-up-type arguments.

Building on this extensive body of work, this dissertation addresses a closely
related problem motivated by recent results from Mateu, Prat, and Tolsa [MatP,
MatPT]|. Specifically, the main goal of this dissertation is to focus on capacities asso-
ciated not only with the heat equation but also with its fractional variants, i.e., the
PDE’s associated with the pseudo-differential operator

O° == (—A,)° + 0O, s € (0,1],

where for s = 1 we recover the classical heat equation and (—A,) is the usual Lapla-
cian, computed with respect to the spatial variables. If s < 1, (—A,)® is known as the
s-fractional Laplacian or s-Laplacian, and has to be defined alternatively. Typically,
one defines it via its Fourier transform,

(A2 f (&) = [P F& 1),
or by the following integral representation

(—Ag)°f(x,t) = cps -V M dy

re o —y[rtE
t)—2 t —vy,t
_o flz+y,t) f(aiQ)Jrf(fE Y, )dy_
" Jrn |y[+2s

These representations are equivalent and highlight that (—A,)® is no longer a local
operator and that as s — 1, the constants ¢, and ¢, ; should behave in a way so
that one recovers the expression of (—A,). For further properties of (—A,)*, the
reader may consult [DPaV, §3] or [Ste], as well as the works of Ros-Oton and Serra
in [RoSel], and even in a more general setting in [RoSe2], for discussions on the
regularity theory for these fractional operators.

In recent years, fractional diffusion processes have gained significant attention due
to their applications in modeling physical phenomena such as anomalous diffusion,
quasi-geostrophic flows, turbulence, molecular dynamics, population dynamics, and
relativistic quantum mechanics (see the book of Chen, Li and Ma [ChLMa] and the
references therein for more details). Another important application has to do with
the modelling of stock prices, since the non-local nature of the fractional Laplacian
accounts for potential market volatility. In such cases, the valuation of financial
options is often framed as an optimal stopping problem, leading naturally to the so-
called parabolic obstacle problem, a topic studied by Ros-Oton and Torres-Latorre
[RoTo].

In the sequel, we focus on a specific function associated with the operator ©°%,
known as its fundamental solution and denoted by P;. The key feature of P; is that
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it satisfies the distributional identity ©°P; = dy, where dy stands for the Dirac mass
at 0 € R""!. The function P, is defined as the inverse spatial Fourier transform of
e 4T for ¢ > 0, and equals 0 when ¢t < 0. For s = 1, we recover the heat kernel
and write P, := W. When 0 < s < 1, although the explicit expression of P; is not
available, Blumenthal and Getoor [BlG, Theorem 2.1] proved that

t

PS((E;t) %TL,S (‘I‘Q +t1/5)(n+25)/2xt>0’

where the symbol ~,, ; indicates that P, is bounded above and below by the previous
quotient up to constant factors only depending on n and s. To make notation more
efficient, we shall write points of R"* as 7 := (z,t) € R"". We also define the
s-parabolic distance for 0 < s <1 as,

; — 2 1/s\ ~, 2 1/s\1/2
dlStps ((:L‘,t),(y,T)) T maX{|x7y’ 7’7&*7—‘ } ~n,s (|x7y’ + ‘t*T‘ ) :
From the latter, one defines s-parabolic cubes and balls in the natural way. We denote

the s-parabolic norm as |7|,, := dist,, (7, 0). Therefore, P, satisfies

t
nt2s Xt>0-
p9

1[5
For s = 1/2, the s-parabolic distance is comparable to the usual Euclidean distance in
R"*!, and we simply put || := ][, ,. In fact, if s = 1/2 the above relation becomes
an equality [Va]. For this case, we write

Ps (T) Sn,s

_ _ t
P(Jj) = Pl/Q(x) = Cn’f’T—'rlXt>O.

In [MatP, §3, §4, §5], Mateu and Prat study the analogous caloric capacity to that
of Watson but in the above 1/2-caloric context. That is,

Vo2, (E) = sup u(E),

with 1 a nonnegative Borel measure supported on £ and such that || P pu[| foe mnt+1y <
1. In fact, they work with a more general capacity

Yoi/2(F) :=sup |(T, 1)|,

the supremum taken among distributions supported on E with || P * T'|| foc(gn+1y < 1.
With this framework, they study removable sets for bounded solutions of the ©/2-
equation and determine that the critical dimension of ygi/2 is n in R**!. This raises
the question of the comparability between the 1/2-caloric capacity and analytic or
Newtonian capacities in the planar setting, since they all share the same critical
dimension.

Let us briefly recall some important properties of Newtonian and analytic capaci-
ties. Given E' C C compact set, its Newtonian capacity Cap(FE) is defined similarly to
the previous discussion, but now with the normalization condition |||z~ || foo(c) < 1.
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Analytic capacity v is defined requiring ||z7! * p||z(c) < 1. We have deliberately
written u instead of T, as it suffices to consider positive Borel measures rather than
general distributions. This fact can be proved rather straightforwardly for Newto-
nian capacity, see for example [Ve2, §3]', while for analytic capacity it is a deeper
result established by Tolsa in [T3], where he proved the semi-additivity of . There
are many equivalent definitions of = that turn out to be very surprising. A notable
breakthrough which played a key role in a better understanding of v is the Menger
curvature, discovered by Mel'nikov. In [Me2] he found

1 1 1
Z = 21, 22,23 € C,

27
cEGs ZO’1 - ZO'Q 20'1 - ZO’3 R(Zlv 227 2:3)

where G3 is the group of permutations of three elements and R is the radius of the
circle determined by z1, 29 and z3. The inverse of R is known as the Menger curvature
of z1, 29 and z3. This identity allowed Mel’'nikov and Verdera [MeVe| to prove that,
for any finite measure p with linear growth and all € > 0,

/ ’ /z_wbs w 1_ ~ du(w) 2

dp(z)

/// R(z1, 22, 23)2 dpu(21) dpp(z2) dp(zs) + O(u(C)),

where T is the collection of triplets (z1, 22, 23) satisfying |z; — z;| > € if ¢ # j. The
previous identity plays a fundamental role in proving the L? boundedness of the
Cauchy transform (of the arc length) on Lipschitz graphs and regular curves. While
the above curvature method works well for the Cauchy kernel, it does not generalize
to most convolution kernels K, since the sum

Z K(ZU1 - ZUQ)K(ZUl - ZUS)’

oeG3

may attain negative values [Fa]. However, for certain kernels, it remains nonnega-
tive. A particular case of interest, studied by Chousionis, Mateu, Prat and Tolsa
[ChouMatPT], involves the kernel in C,

(Imz)Qn—l
K,(z) = R for each n > 1.
From this fact, and choosing n = 1, the authors are able to compare v with the

capacity defined via K;. We are interested in this particular definition of v because,

!The arguments of [Ve2] can be adapted to more general settings. For instance, let X be a locally
compact Hausdorff space and K(-,-) : X x X — [0, +o0] be symmetric, positive, finite outside the
diagonal and continuous in the extended sense. Then, if K satisfies the so-called first mazimum
principle and the capacity associated to it is outer regular, the comparability result also follows. The
reader may consult [La, Ch.VI, §2] for a detailed analysis and review of the work done by Ugaheri
[U], Ninomiya [Ni], Cartan and Deny [CaD], Choquet [Cho], Ohtsuka [O] or Kishi [Kil], the latter
covering the non-symmetric case.
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in the planar setting, when the kernel P is expressed in complex notation and ¥ is
identified with z, one gets
P(f) = ‘l_t‘ZXt>O = ]LH;XImZ>0 = KI(Z)XImz>O-

Therefore, from the previous identity, one easily deduces that ygi/2 , is greater
than Newtonian capacity. In fact, in Chapter 4 we provide the tools to prove that
Yoz 4 S v?. Consequently, we conclude that the (1/2,+)-caloric capacity lies be-
tween Newtonian capacity and analytic capacity. This is consistent with [MatP,
Proposition 6.1], which states that the 1/2-caloric capacity of a horizontal line seg-
ment behaves as its length, while that of a vertical line segment is null. This is
generalized in [Her, Proposition 3.3|, where it is established that any non-horizontal
line segment has null capacity and even further in §5.5 for the multi-dimensional set-
ting. In fact, in Chapter 5 we are able to give a precise description of the capacity of
closed rectangles with sides parallel to the coordinate axes. Namely, if its respective
side lengths are ¢, > 0, ¢; > 0, we show that

THEOREM.

1 72 / LN\
Yor/2,4(RR) = by [2 In <1 + é) + é arctan <€t)]
An interesting open question is whether the relationship

Vo124 (E) S v(E)

and the rectangle capacity formula also hold for yg1/2. Another intriguing problem is
determining a multidimensional analog of the expression for ygi/2 4 (R), where R C
R"*! is a general parallelepiped. Nonetheless, some positive comparability results
have been achieved, not for vgi/2, but for ygi,2. The latter, called 1/2-symmetric
caloric capacity, is the main object of study in Chapter 5 and it is defined as yg1/2
but requiring both conditions

IPsTlpmniny €1 and [ P* % Tl < 1,
where P*(T) := P(—7) is the adjoint kernel associated with P. We prove the following:
THEOREM. The following hold:
1. For any compact set E C R?,
Yor2(E) = vor/2 (E).

2. In R if E:= RiURyU---U Ry is a finite union of disjoint closed paral-
lelepipeds with sides parallel to the coordinate axes,

You2(E) ~n vo1/2 4 (E).
2More precisely, we prove that assuming || P * |l Loe () We get the inclusion P* %y € BMO, (i)

for some p > 2. Then, since K1 = P — P*, applying a T'1 theorem, for example [T5, Theorem 9.41],
we obtain the result.
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These are the main results regarding the 1/2-caloric capacity which are covered
in this text. However, many additional results are presented in Chapters 1 and 4,
where we examine capacities defined by imposing that the potentials belong to other
function spaces, not only to L®. In fact, this study is carried out in a general s-
fractional setting for any 0 < s < 1.

For instance, we study the capacity obtained by imposing that P;*T (T supported
on a previously fixed compact set) belongs to the s-parabolic BMO space, shortly
BMO,,. As expected, we say that a function f € Ll . belongs to BMO,, if

loc

/]

1
=S /Q (@) — fol dF < oo,

where the supremum is taken among all s-parabolic cubes and fq is the average of
f over (Q with respect to the Lebesgue measure. This approach will lead us to the
capacity Yeos «.

We will also be interested in the capacity obtained by imposing an s-parabolic
Lip,, 0 < a < 1, normalization over P, T". This will lead us to the capacity yes -
Observe that a function f : R"*! — R will be s-parabolic Lip, for some 0 < o < 1,
shortly Lip,, ., if

/(@) — f@)

HfHLipa,ps = sup ——— <.

z,geERn+1 |T ) %S

This way, writing ’Hgoyps the d-dimensional s-parabolic Hausdorff content (defined

using the s-parabolic diameter), we get:
PROPOSITION. Given s € (0,1], a € (0,1) and E C R"*! a compact set,
1. Yos «(E) =y s H , (E).
2. If a < 2s, then Yo: o(F) ~psa ng;j‘s (E).

Inspired by the capacities studied in [MatP, §7], we generalize even further these
results by introducing additional parameters. Given s € (0,1], o € [0,s) and E C
R™*! compact set, we define the capacities

'7(%5,*(E) = sup (T, 1)|, Vgs,a(Ej :=sup [(S, 1),
where distributions 7" and S are supported on E and satisfy
H(=22) Pk Tllap, <1, |07 Pos Ty, <1,
in the BMO case, or

1(=A2)7 Py # Slltip e <1, 07 Py % S|luip, p. < 1

in the Lip, case. Here, 8{3 is the fractional time derivative of order 5 € (0,1),

f(il,’,’T) — f(JZ',t)
6ff(a:,t) = R dr.

One of the main results in Chapter 1 reads as follows:
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THEOREM. Let s € (0,1], « € (0,1) and o € [0,s). For any compact set E C
Rn+1’

1. ’ygs,*(E) Nnso HE2(E).

w7p-§

2. If < 25 — 20, then g, o(E) R 00 HE20T(E).

00,ps
In addition to the comparability results previously discussed, we have established
an equivalence between the nullity of both above capacities and the removability of
compact sets for the ©°-equation for solutions satisfying certain s-parabolic BMO
or Lip, conditions. Let us clarify what we mean by this equivalence. A compact
set £ C R™! is said to be removable for s-caloric functions with BMO,, -(a,0/s)-
Laplacian if for any open subset  C R"*!, any function f: R"*! — R with

H(=A) fllap, <005 117" fllup, < o0,

satisfying the ©°-equation in Q \ E, also satisfies the previous equation in the whole
(2. If the same property holds but with respect to Lip,, , seminorms, i.e.,

1(=A) fllvip, oo <000 187 Fllip, po < 00,

we say that the compact set is removable for s-caloric functions with Lip, , -(c,0/s)-
Laplacian. If o = 0, we will also say that E is removable for BMO,, (resp. Lip,,,_)
s-caloric functions. Bearing in mind the previous definitions, we prove the following;:

THEOREM. Let s € (0,1], a € (0,1) and o € [0,s). Let E C R" be a compact
set. Then,

1. E is removable for s-caloric functions with BMO,, -(o,0/s)-Laplacian if and
only if v§s (E) = 0.

2. If a < 25 — 20, E is removable for s-caloric functions with Lip,, -(c,0/s)-
Laplacian if and only if 3. ,(E) = 0.

To end the study of the previous s-caloric capacities, in Chapter 4 we provide
a geometric characterization of the value of ygs . for the usual corner-like Cantor
sets in R™™! made up of s-parabolic cubes. Here, vg: ; is the capacity obtained by
considering positive Borel measures satisfying || Py * pf[ oo (mn+1) < 1 and supported
on the desired compact set. Such Cantor sets are defined as follows: start from the
unit cube QY of R™™! and apply to it a contraction ratio A; € (0,1/2). Then, we
keep 2"*! copies of this contracted cube, placed at the vertices of QV. We repeat the
same splitting for each of the cubes of the first generation with another contraction
ratio Ao € (0,1/2), and so on. Iterating this process indefinitely, for a given sequence
A = (A1, Ag,...) with the property 0 < \; < 79 < 1/2, one constructs a Cantor set
E = E(s, \) that satisfies:

THEOREM. For s € (0,1], if £; :== A\i---\j is the length of the cubes in the j-th
generation of the Cantor set,

-1
’Y(")‘sr‘r(E) %TL,S,TO <209]> 5 U)h@’r’e 9‘] = m
Jj=
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The study of s-caloric capacities inspired by Watson and later on by Mateu and
Prat leads to consider the problem of removable singularities for bounded solutions of
the ©%-equation, s € (0,1]. However, one could ask the same question for functions
that satisfy some other normalization conditions, as seen above by requiring BMO or
Lip, estimates. This problem was already studied for the BMO variant of analytic
capacity by Kaufman [Ka] or Verdera [Vel], and also for the Lip,, variant of the same
capacity by Mel'nikov [Mel] or O’Farrell [0’]. It is precisely the work done by the
previous authors that motivated the author to investigate these problems posed in
the s-caloric case.

However, what if the solution of the ©°-equation satisfies a usual Lipschitz prop-
erty? Is there any characterization of removable singularities for s-caloric solutions?
In [MatPT], Mateu, Prat and Tolsa address this question for the ©-equation. There,
when imposing a Lipschitz-type restriction to the solution, the authors note that the
appropriate bounds that a solution of the heat equation should satisfy are

Vo fllpoe@niny < oo, [0,/ f]

That is, a usual Lipschitz condition for the spatial variables and a parabolic BMO
estimate for the half time-derivative. Using the results of Hofmann and Lewis [HoL,
Hol], one can prove that above bounds imply that f is such that || f|lLip, ,, , < oo

wpr < O0.

That is, the functions of interest are Lipschitz in space and 1/2-Lipschitz in
time. We call them (1,1/2)-Lipschitz, and they were already studied by Nystrém
and Stromqvist in [NySt]. The main motivations that led the authors in [MatPT] to
impose such a regularity property come from the results of Hofmann, Lewis, Murray
and Silver [LeSi, LeMu, HoL, Ho2|, where the connection between parabolic singu-
lar integral operators and caloric layer potentials on graphs is studied. Following
their analysis, it becomes clear that the right graphs to consider are indeed those of
(1,1/2)-Lipschitz functions.

Having conveyed the latter, Mateu, Prat and Tolsa define the (1,1/2)-Lipschitz
caloric capacity I'g of a compact set E C R""! by considering the supremum of
expressions of the form [(T, 1)], where T is distribution supported on E such that

VoW 5 Tl oo qaniny <1, (|0 W 5 T|op, < 1.

They establish the equivalence between the nullity of I'g and the removability of
compact sets for (1,1/2)-Lipschitz solutions of the heat equation. Moreover, the
authors are also able to determine the critical (parabolic) Hausdorff dimension of T'g,
that in R™*! turns out to be n+ 1, and construct a fractal set with positive and finite
H7 ! measure that is removable.

In Chapter 2 we focus on obtaining the above results in the fractional case for
1/2 < s < 1. We extend a certain result of Hofmann and Lewis [HoL, Theorem 7.4]
and prove the following:

THEOREM. For 1/2 < s <1, a function satisfying
1
IVafllpoe@niry <00, (|07 fllsp, < 00,

is (1, 5 )-Lipschitz.
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With this, we define a (1, %)—LipSChitZ caloric capacity I'gs as in [MatPT], requir-
ing
1
Hvxps * THLOQ(R”JA) < 17 Hatzs PS * T”*J)s <1l

Using localization technics for these potentials, we are able to prove:
THEOREM. Let 1/2 < s <1 and E C R"*! be a compact set. Then,
1. E is removable for (1, %S)-Lipschz'tz s-caloric functions if and only if Tes(E) = 0.
2. Te:(E) < CHIE) (E), for some constant C(n,s) > 0.
3. If dimy, (E) >n+1, then I'gs(E) > 0.
Therefore, the critical (s-parabolic) Hausdorff dimension of I'gs is n + 1.

Regarding the critical dimension, it is worth noting that the fractional parameter
s only appears in the definition of the s-parabolic distance, which determines the
corresponding s-parabolic Hausdorff dimension. This suggests that, as s approaches
1/2 and the metric approaches the usual Euclidean one, the critical dimension should
equal that of the ambient space. Inspired by the work of Uy [Uy] on analytic ca-
pacity, if one considered the capacity I'gi/2® of a compact set E C R™*L it should
be comparable to its Lebesgue measure L"T1(E). However, this remains an open
question.

In Chapter 2 we have also constructed a fractal set, for each 1/2 < s < 1, that
presents positive and finite ’Hg:rl measure and that has null I'g: capacity. Such set
E,, is a enlarged version of the typical corner-like Cantor set of R"*!, inspired by that
introduced in [MatPT]. The set E, grows denser in the unit cube as s approaches
1/2, pointing towards the comparability between £ and I'g1/2 in R™FL.

In Chapter 4 we generalize the Cantor set E, of Chapter 2 via a sequence of
contraction ratios ();); satisfying some restrictions depending on s. By the spatial
antisymmetry of the kernel V,P;, and drawing on the work of Mateu and Tolsa on
Riesz kernels in [MatT, T4|, we have been able to obtain the next partial result:

THEOREM. Let1/2 < s <1 and ();); be such that 0 < \; < 19 < 1/4, for every j,
where § is a parameter that depends on s. Let E,_ be its associated s-parabolic Cantor
set. Then, if £; := Xy --- \; is the length of the cubes conforming the j-th generation,

o —1/2 e—(n-l—l)
F@ (E 5) ~1,S,70 <§937p5> ’ wh€7’€ (6 + 1)]5"3 ’

The reverse inequality remains an open problem.

In Chapter 1, we also explore the s-parabolic BMO and Lip, variants of the
(1,1/2)-Lipschitz caloric capacity, denoted by I'es . and I'es o respectively. For the
first we require the normalization conditions

1
vaps * TH*,pS S 17 ”8162S PS * TH*vpé‘ S L.

3The Lipschitz capacity for the ©1'/2 equation, i.e. that obtained by imposing ||V P * T e (rn+1y,
where now V = (Vy, 9¢) is a full gradient.



10 Introduction

while for the second

1
IVaPs# TllLipyp. <1, 107 Po* Tlluip,, p. < 1.

We have obtained the following comparability results:

THEOREM. Let s € (1/2,1], a € (0,1) and E C R™"! a compact set. Then,

1. Tos «(E) ~2y s HUH (E).

Oo’pé’

2. If a <2s—1, then Tos o(E) ~p 5.0 HLIT(E).

0,Ps

Moreover, the nullity of these capacities is equivalent to the removability of the cor-
responding compact set for solutions satisfying (1, i)-gmdient estimates in either s-
parabolic BMO or Lip,, assuming o < 2s — 1 in the latter case.

Finally, in Chapter 3, motivated by a question posed by X. Tolsa, we compare
a certain Lipschitz caloric capacity with another one similar to those introduced in
Chapter 1. We have been able to do it only in R?. Namely, we consider the capacity
le, the (1,1/2)-Lipschitz caloric capacity studied in [MatPT]|; and that obtained by
imposing the normalization conditions

|- An) W Tl pmunssy S 1. [O7W * Tl < 1.

and we name it 'y(la/ ®. We establish that these two capacities share the same critical
parabolic Hausdorff dimension in R"*!. However, the main result of Chapter 3 is:

THEOREM. The capacities fyé/Q and I'g are not comparable in R?.

To prove this, we show that, although I'g assigns a positive capacity to a vertical
line segment, its 'yg 2 capacity is zero.

To conclude this introduction, we briefly sum up the different contents covered in
this text. In Chapter 1 we study different BMO and Lip, s-caloric capacities. We
present them in a rather general form so that they include the corresponding analogous
capacities introduced by Watson [Wa3|] and Mateu, Prat and Tolsa [MatPT, MatP].
The main results obtained in this chapter involve the comparability of the previous
capacities to a certain s-parabolic Hausdorff content.

In Chapter 2 we generalize the parabolic Lipschitz caloric capacity studied in
[MatPT|, for the cases 1/2 < s < 1. We give a criteria for the removability of
compact sets in terms of such capacity and we establish that the critical s-parabolic
Hausdorff dimension in R"*! is n + 1. Also, we are able construct a set with positive
and finite H;jl measure that is removable. In addition, it is the first time where the
concept of symmetric caloric capacity appears in this text. We establish that such
capacity is comparable to another one for which we require an L?(u)-operator bound
in its definition. This indicates that, working with such symmetric capacities, one
should be able to obtain similar results to those obtained when working with odd
kernels.
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In Chapter 3 we compare the Lipschitz caloric capacity to that where instead of
asking for solutions with ||V, f| e gn+1) < 00, they satisfy ||(—Az)Y2f| oo @n+1) <
0o. We obtain that these two capacities are not comparable in R2.

In Chapter 4 we estimate some s-caloric capacities of Cantor sets in R"*!. For
the s-Lipschitz capacities we are only able to obtain a lower bound, similar to the
estimate obtained by Mateu and Tolsa for vectorial Riesz kernels in [MatT, T4].
For the s-fractional version of Watson’s caloric capacity, we obtain a full geometric
characterization, that turns out to be analogous to that studied by Eiderman in [E]
for radial nonnegative kernels.

Finally, in Chapter 5 we fix s = 1/2 and study the comparability in R? between
the 1/2-symmetric caloric capacity and the 1/2-caloric capacity studied by Mateu and
Prat in [MatP] when computed only with respect to positive Borel measures. More-
over, we are able to estimate these capacities for rectangles. The results obtained
illustrate the non-isotropic behavior of caloric capacities regarding spatial and tem-
poral directions.

About the notation:

We use an upper bar to denote generic points in R"*!, as for example Z,7,Z... We
will also write || - [[o0 := || - || Lo (rn+1)-

The symbol 4, where A C R**! is Borel measurable, means the indicator function
that equals 1 on A, and is 0 otherwise.

For any function f : R"™ — R, the symbol f* will denote f*(Z) := f(—7Z). Hence
f being an even function is equivalent to f = f*. Fourier transforms of smooth
functions f : R"*! — R will be always taken with respect to spatial variables. For a
fixed t € R, we put ¢:(x) := f(x,t) and write f(-,t) := .

Since Laplacian operators (fractional or not) will frequently appear in our dis-
cussion and will always be taken with respect to spatial variables, we will adopt the
notation:

(—A)® = (—A,)%, s € (0,1], and we convey (—A) := Id.

Constants appearing in the sequel may depend on the dimension of the ambient
space and the parameter s, and their value may change at different occurrences. They
will frequently be denoted by the letters ¢ or C. The notation A < B means that
there exists C, so that A < CB. Moreover, A =~ B is equivalent to A < B < A, while
A ~ B will mean A = CB. If the reader finds expressions of the form <$g or =g, for
example, it will mean that the implicit constants depend on n,s and 5. We are not
concerned with the behavior of constants as s approaches limit values. We warn the
reader that some of the constants and parameters depending on s in Chapter 2 or the
first section of Chapter 4 may blow up as s — 1/2.

An important parameter which will play a fundamental role in Chapter 1 is

2¢ := min{1, 2s}.

A cube in R™"! centered at T with side length £(Q) will be denoted Q(T, £(Q))
and usually named @, R, S ... Cubes will always have sides parallel to the coordinate
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axes. If we write A\() we mean a dilation of @) of factor A. That is, AQ will be the
cube concentric with @ of side length AM(Q) (we follow analogous conventions with
balls, as well as with s-parabolic dilations instead of usual ones).

Given E C R™! a compact set, Y5(E) will denote the collection of positive Borel
measures supported on E with upper s-parabolic growth of degree d with constant 1
(the concept of upper s-parabolic growth will be defined later in this text).

Finally, denote by D := {(Z,7) € R"*! x R*"*! : 7 = 7} the diagonal of R"*! x
R™*!. Consider the kernel function K : (R**! x R**1)\ D — C, say continuous in
its domain. In our discussion, such kernel functions will be usually of convolution
type and smooth outside the diagonal. We will denote by K* its conjugate, defined
as K*(7,7) = K (y,T). Moreover, for a given y finite Radon measure in R"*! we will
be typically interested in the operator acting on elements of L{ () as

Kuf () := K(z,9)f@)du@), T ¢ supp(p).

RnJrl
In the particular case in which f is the constant function 1 we write
Ku(z) = K,1(Z).

It is clear that the previous expression is defined pointwise on R"*! \ supp(z). We
also introduce the truncated version of K,

Koo f (7) = / K@ 5 /@@, TeR™, >0,

[z—y|>e

For a given 1 < p < oo, we will say that IC, f belongs to LP(yu) if the LP(u)-norm of
the truncations ||K, f| z»(,) is uniformly bounded on ¢, and we write

I S e = sup 1K e | Lo (1)

We will say that the operator K, is bounded on LP(u) if the operators K, . are
bounded on LP(x) uniformly on e, and we equally set

IKoullzen—re = 990 [Kpell s Lo -
=
We also introduce the notation used for maximal operators

Kiuf(T) := sup |Kuef(@)]-

We also have the same definitions for the conjugate operator *. Notice the difference
in position of the asterisk with K., Then, if the reader encounters expressions of the
form KC¥, they refer to the maximal operator associated with the conjugate kernel K*.



Chapter 1

The s-parabolic BMO and Lip, caloric capacities

The aim of this chapter is to characterize different s-caloric capacities under s-
parabolic BMO and Lip, normalization conditions for 0 < s < 1. We begin by
recalling the notion of s-parabolic distance between two points T := (x,t), 5 := (y, T)
in R+,

i}, for 0 < s <1,

1T — 7lp, = dist,, (Z,7) := max {|z —y|, [t — T
which is equivalent to
dist,, (7,7) ~ (jo —y|> + |t —7['/*) "%,

Using this metric, s-parabolic cubes and s-parabolic balls arise naturally. We convey
that B(Z,r) will be the s-parabolic ball centered at T with radius r, and @ will be an s-
parabolic cube of side length ¢. For an s-parabolic ball B(Z, ), the spatial coordinates
are contained in a Euclidean ball By of radius 7, while the temporal coordinate lies in
a real interval I of length (2r)?°. On the other hand, an s-parabolic cube @ is a set
of the form

Iy x - x Iy x Iy,

where Iy,..., I, are intervals of length ¢, while I,,;; is another interval of length £33
We write £(Q) to refer to the particular side length of Q.
The s-parabolic dilation of factor A > 0, written Jy, is given by

Sx(z,t) = Az, \*¢).

To ease notation, since we will always work with s-parabolic distances, we will write
AQ to denote §)(Q), the s-parabolic cube concentric with @ of side length AM(Q).

As expected, the notion of s-parabolic BMO space, BMO,,_, refers to the space of
usual BMO functions (strictly, equivalence classes of functions where constants are
identified as 0) obtained by replacing Euclidean cubes by s-parabolic ones. Namely,
a function f € L} . will belong to BMO,, if

1
£l = sup /Q (@) — foldT < oo,
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where the supremum is taken among all s-parabolic cubes and fg is the average of f
over () with respect to the Lebesgue measure.

Similarly, a function f : R"*! — R is said to be s-parabolic Lip,, for some 0 < o <
1, shortly Lip, ,,_, if

@) - (@
lpop = sup LD I@
T,yeRn+1 ‘.',U -y Ps

Returning to the original problem we wished to address, let us first precise its state-
ment with the following question: can we characterize removable sets for solutions
of the ©%-equation, provided these solutions satisfy certain s-parabolic BMO or Lip,
conditions? For the moment, the reader who is not familiar with the notion of remov-
ability may conceive removable sets as those which “do not matter” when solving the
©%-equation. This has to be understood in the sense that, if a function is a solution
on their complement, actually satisfies the ©*-equation throughout the entire domain,
including the set itself.

One of the main results of this chapter characterizes removability in terms of
two different capacities: one requiring the (1, %)—gradient of solutions of the ©%-
equation satisfy s-parabolic BMO estimates, and another one requiring s-parabolic
Lip,, bounds. These capacities, denoted by I'gs . and I'gs , respectively, are related to
certain s-parabolic Hausdorff contents, defined as in the Euclidean case (see [Matti],
for instance), just replacing the Euclidean distance by the s-parabolic distance intro-
duced above. Our first main result reads as follows:

THEOREM. Let s € (1/2,1], a € (0,1) and E C R™™! compact set. Then,
1. Tos «(E) =~ HH (E).

OO!pS

2. If @ < 25 — 1, then Tos o(E) ~o HIIT(E).

O0,Ps

Moreover, the nullity of these capacities is equivalent to the removability of the cor-
responding compact set for solutions satisfying (1, i)—gmdient estimates in either s-
parabolic BMO or Lip,,, assuming o < 2s — 1 in the latter case.

We further study the same type of question for a generalization of the capaci-
ties presented by Mateu and Prat in [MatP, §4 & §7]. That is, we will ask for a

characterization of removable sets for solutions of the ©*-equation now such that
[(=A)7 f]| < oo, 1877% f|| < oo, s € (0,1 and o € [0, 5).

Symbols || - || can refer both to s-parabolic BMO norms or both to s-parabolic Lip,
seminorms, giving rise to the capacities 73. , and 7g. , respectively. Our second main
result is the following:

THEOREM. For any s € (0,1], o € [0,s), a € (0,1) and E C R™"! compact set,
1. 9@ (E) mo IS (E).

m7p5

2. If a < 25 — 20, then 43, (E) X0 HL27T(E).

Oo7pS
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The nullity of these capacities is equivalent to the removability of the corresponding
compact set for solutions satisfying (o,0/s)-Laplacian estimates in either s-parabolic
BMO or Lip,, assuming oo < 2s — 20 in the latter case.

This study extends similar analyses carried out for the BMO variant of analytic
capacity in earlier works by Kaufman [Ka] and Verdera [Vel] (for a brief overview the
reader may consult [AsIM, §13.5.1]); and also those for the Lip, variant of the same
capacity in the direction presented by Mel'nikov [Mel] or O’Farrell [0’]. Our results
also generalize those in [Her, §5 & §6].

In sections §1.1 and §1.2 we focus on obtaining some technical results regarding
kernel estimates as well as growth estimates for admissible functions. Moreover, in §1.3
we deduce some important properties regarding potentials defined against positive
Borel measures with some growth restrictions. It is in §1.4 that we define all the
different capacities and characterize them in terms of s-parabolic Hausdorff contents.

1.1 Some kernel estimates

Let us fix s € (0,1]. The fundamental solution Ps(z,t) of the ©%-equation, defined

via the operator
0% := (=A)° + 0y,

is the inverse spatial Fourier transform of e 4 e for ¢ > 0, and it equals 0 if ¢ < 0.
For the special case s = 1, we retrieve the classical heat kernel, given by:

W (Z) := P(T) = ot 2 dpa(|aft™2),  if t >0,
with ¢,1(p) = e P*/4, Although the expression of P, is not explicit in general,
Blumenthal and Getoor [BIG, Theorem 2.1] established that for s < 1,
Py(T) = cpst 2 s (|2t 2 ) xis0, (1.1.1)
Here, ¢, s is a smooth function, radially decreasing and satisfying, for 0 < s < 1,

—(n+2s)/2
bns(p) & (14 p?) 22, (1.1.2)

being an exact equality if s = 1/2 [Va]. Therefore,
_ t
Py(7) ~ WXt>O-
Ds

The function ¢, s is tightly related to the Fourier transform of e 4m*IE1** | Indeed,
taking the spatial Fourier transform in both sides of identity (1.1.1),

e = o 1 E [l (] - [£729)]"(0),

Recall that for A > 0, the dilation fy := f(\z) satisfies f,(¢) = A" F(A~1¢). Then,

—

674ﬂ2t‘€‘25 = Cn,s ¢n78(‘ : ’)(ﬁt%), that implies 674W2|£‘2S = (bn,s(‘ ) ’)(é)
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The above relations will allow us to obtain explicit bounds for the derivatives of ¢y, .
Let us briefly recall that (—A)? is the operator with the following Fourier multiplier,

(7A)Sf(§)t) = ‘£‘2sf(£7t)7
that also admits the following integral representation

(—A)°f(z,t) ~ p.v. Md

R
f($+yvt> B Qf(.’IJ,t) +f($ _yvt)
n+2s dy
R ]

Let us present our first lemma. Although it can be deduced straightforwardly from
[GrTe, Theorem 1.1], we shall give a detailed proof for the sake of clarity and com-
pleteness.

LEMMA 1.1.1. Let s € (0,1] and B € (0,1). We define the following function in
R™:
(@) = (=8) s (|2]).
Then,
1. ¢ s(p) = —p Pnsas(p)-
2. W2 (@) Sp (L [of2)” ",

3. Voil(x) = —z ), (x).

Proof. We begin by proving I for s < 1 (the case s = 1 is trivial). To do so, we will
use the explicit integral representation for the inverse Fourier transform of a radial
function in [Gr, §B.5] or [SteW, §IV.I]. Applying it to the Fourier transform e~47"I¢1**
we get

2,.2s

Pns(l2]) = 27r|Z|1_"/2/ e 2 s 4 (2mr|2)) dr,  for any z € R™\ {0},
0

where Jj, is the classical Bessel function of order k& [AS, §9]. Since we are interested
in the derivatives of ¢, s as a radial real variable function, let us rewrite the previous
expression in terms of p € (0,00) so that it reads as

o)
Ons(p) = 27rp1”/2/ 674”2’“%1"”/2Jn/2_1(27rrp) dr. (1.1.3)
0
Therefore, to estimate the derivatives of ¢, we need to determine first if we can
differentiate under the integral sign. To that end, we use the following recurrence
relation for classical Bessel functions [AS, §9.1.27],

Ta) = @) — T o).
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This recurrence formula together with (1.1.3) are also valid for the case k = —1/2,

conveying that J_j5(z) = /=2 cosz. In our case these imply

n —
Opua-1(250) = (3 = 1)~ upa-a(2m0) = 287 Jy o(2rp).
Differentiating under the integral sign in (1.1.3), we would get integrands of the form
e_rzsr"/QJn/g,l (27rp), e_rzsr"/QHJn/g (27rp).

Notice that both are bounded by integrable functions in the domain of integration,
locally for each p > 0 (by the boundedness of the functions Jj for n > 1, and by
that of cosx if n = 1). Hence, we can indeed differentiate under the integral sign to

compute ¢;, ., obtaining the desired result:

Pns(p) =21 (1 - Z)P_n/Q/O 6_4ﬂ2T25r"/2Jn/271(27r7“p) dr
+p1—n/28p</ 3_47T2T25Tn/2Jn/2_1(27T7’,0) dT‘):|
0

— o <1 o ;L)pn/Q/ 6747T2T237“n/2jn/2_1(7‘p) dr
L 0

pl—n/Q <721 _ 1) p—1</ 8—4”2T25r”/2Jn/2,1(27r7“p) dr)
0

—21p pl—(n+2)/2/ e—4ﬁzrzsr(n+2)/2J(n+2)/271(,np) dr} = —27p Pnt2,5(p)-
0

Next we prove statement 2. Observe that for s € (0,1] and g € (0,1), we have
7(155) (&) = |€|*Pe "€ which is an integrable function, and thus 1/)7(162 is bounded (in

fact, since the product of zlzr(f s) by any polynomial is also integrable, we infer that 1/)7(? 3
is smooth). By the integral representation formula for inverse Fourier transforms of
radial functions,

7(153 (x) = 27Tx|1_"/2/ 6_4”27"257""/%%]”/2,1(27r7“|x|) dr, ze€R"\{0}. (1.14)
0

Now, we apply [PrTa, Lemma 1] to deduce the desired decaying property |w7(f ) (z)| =

O(|z|~"=2P), for |z| large. Hence, since zm(fs) is bounded, we deduce the desired bound

—(n+2p)/2
2 (@) Sp (1 -+ [af2) ",
We are left to control the norm of Vwr(f S), provided the latter is well-defined. We

claim that this is the case, since we can differentiate under the integral sign in (1.1.4).
Indeed, by the recurrence relation satisfied by the derivatives of J; we get

1
]

n

Vdojaea vl = | (5 = 1) Jojaca 2rrlal) = 2y o (2rlal) |
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So the resulting integrands to study are terms of the form
6747r2r25rn/2+2,8’Jn/2_1(2ﬂ_r|x’)" 674#27“2S Tn/2+26+1 |Jn/2(27TT‘£ED|,

both bounded by the integrable functions Cye """ r™/2t28 and Che " y"/2+26+1 for
some constants C7,Cy depending on n,s and g, and locally for each z € R" with
|z| > 0. Hence, we can differentiate under the integral sign in (1.1.4) and obtain

n x > —4rere® n
V%’i(ﬁf) = 27r|:(1 - 2)$|”/2+1/0 (& dmr? r /2+2’8Jn/2,1(27r7“|x|)d7"

n xr *© —4An2p28
+ (2 - 1)x‘n/2+1/0 e 4Ty /2+2'3Jn/2_1(27rr|m|)dr

i > _4n2p25 (n
—ZWW/O et 7 +2)/2+25¢7(n+2)/2_1(2777“]x])d?"

= 2wy, (@).
O

Using the above lemma together with (1.1.2) we can estimate the derivatives of
®n,s and w,(f S) . In particular, the following relations hold:

14+ @2r-1)p?

/ ~ —P 1
If s < 17 d)n,s(p) ~ (1 n p2)(n+28+2)/2’ ¢n,s(p) ~ (1 + pg)(n+25+4)/2) (115)
V()] Ss il (1.1.6)

(1 + [z])(n+25+2)/2°

1.1.1 Estimates for V,P, and (—A)°P,

We shall now present some growth estimates for kernels associated with P,, namely
V.P, and (—A)?P,, 3 € (0,1). The bounds obtained for the latter will imply that
they satisfy being Calderén-Zygmund kernels of a certain dimension. Recall that if
D :={(z,y) € R""! x R**L . 7 47},

DEFINITION 1.1.1. A function K : (R"*! x R"*1)\ D — C is an m-dimensional
Calderon-Zygmund (C-Z) kernel if there are C7; > 0 and m > 0 such that,

Gy

| ’\%ﬁw

Moreover, for any T’ with [z — 7’| < |T — 7|/2, there exist Cy > 0,17 > 0 so that

o L L . Colz —T'|"
K (@.9) - K@ 9l + |K@7) - K7 < T

If there exists k : R"*1\ {0} — C with K(Z,7) = k(T — 7), we say that K is a C-Z
convolution kernel.



1.1. Some kernel estimates 19

Our first result provides bounds for V,Ps, s € (0,1). These estimates are analo-
gous to those of [MatPT, Lemma 5.4] which cover the case s = 1. In the forthcoming
results, the parameter 2¢ := min{1, 2s} will play an important role.

THEOREM 1.1.2. The following hold for any T = (x,t) # 0 and s € (0,1):

t x
NV YC P OV P@)] S

V.R@I S |‘”‘

The rightmost bound is only valid for points with t # 0. Also, if T is such that
. < |Z|p. /2
Ps — Ps ’

z
|x g+1+2€‘

Therefore, V Py is an (n + 1)-dimensional C-Z convolution kernel.

|VIPS(f) - VzPS(E/” ~

Proof. To simplify the arguments below, we specify the dependence of P, with respect
to n. Let us write P, to refer to the fundamental solution of the ©°-equation in
R™"! and use the following abuse of notation: given T = (z1,...,%,,t) € R" write

Ps,n+3<f> = s,n+3(x17 sy Ty 07 07 t)?
Ps,n+5<f> = s,n+5(x17 <o T,y 07 07 07 0) t)

This way, we directly apply relations (1.1.1) and (1.1.5) to obtain for each ¢ > 0,

n+1

t
|V, Ps(T)| =t~ "2 L

|z

The bounds for AP;,, 1 and 0;V,FP; 1 can be obtained from the previous result and
(1.1.1). Indeed,

¢, o (|z[t725)

~ 2P nt3(T)| ~

|t]
n+2$+2 )

’APsn+1(l‘)‘ = sn+3(x)+’x’ PSTL+5( )5 T
T T

Ve Pana @) £ 5 (Posa(®) + P Poss(®) £ s
ps

For the final estimate, we recover the notation Ps := Py, 11. Let 7’ = (2/,t') € R}
with |7 —7'|,, < |Z|p./2 and use the definition of dist,, to obtain

|z
—_— 1.1.7
| (L.17)

Z]p, < and |2/ > |z] -
Put z = (2/,t) and write

IV, Py(T) — Vo Py(@)| < Vo Py(T) — Vo Py(@)| + [VoPy(F) — Vo Py(a)].
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We observe that the first term in the above inequality satisfies the desired bound,

|z —2'| sup |AP(&t)| <

| S ==
celz,z’] |z

|z — | ]x—x’]f,f(]m—x’]myQC T 7%
|37|p5

= \T n+1+2¢ n+1+2<

pS
Regarding the second term, assume without loss of generality ¢ > t/. If ¢/ > 0, use
|7 |, > |Z|p./2 so that we also have
25—2¢
P < T
~z nti1+2¢°

Ps

[t —t'| sup |0V, Ps(2,7)] <

TEL]

It—t’l z-7L (-7
n+1+2<

|z

Ps

If t <0 then |V,Ps(Z) — V,Ps(T')| = 0, and the estimate becomes trivial. Then, we
are left to study the case ¢ > 0 and ¢’ < 0. These two conditions imply that the p,-ball

Zlp } —
< 3D
ps = T €

intersects the hyperplane {¢ = 0}. Since the radius of B(Z) also depends on Z, the
previous property imposes the following condition over T,

B(Z) := {y cR"™ . |z-7

2 DY 2
/s < u) that is  #25 < ﬂj
V3
which is attained if the point (z,0) belongs to dB(Z). Therefore |Z
||, so by (1.1.7) we get |2/| > |z|/2, and this in turn implies

pe 1= max{|x|,ti} =

< 3l
2

|xps S’
2

Using this last inequality we can finally conclude:

T, <|z-—7

|pe < 3|2/ (1.1.8)

|VoPs(Z) — Vo Ps(T')| = [V Ps(2', ) — V. Ps(2',0)] < It Sl(lp] |0;V . Ps(2', )]
T€(0,t
/ _
I T TR 3
,n+1+2c
L|ps

THEOREM 1.1.3. Let s € (0,1] and 8, € [0,1). Then, for any T # 0 we have,

(=AY Pi(@)] S5

Er
1 ||
Bp (7 Bp (7
2. |(=A)(=A)"Ps(Z)| Spy ERcach 3. |Va(=A)"Ps(Z)] Sp R
Moreover, for any T # (x,0),
1

4. 10:(=A)°P.(T)| <p e
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Finally, if 7' € R"™ is such that |T —7'|,, < |T|,./2,
iz — 7%

T

5. (=A)P(@) — (=) P(@)| <s

Therefore, (—A)PP; is an (n + 28)-dimensional C-Z convolution kernel.

Proof. We shall also assume 3 > 0, since the case § = 0 is already covered in [MatP,
Lemma 2.2]. For the sake of notation, in this proof we will write ¢ = ¢, s and

Y = 77[15{‘/2, and we also set Kg := (—A)’P;. Let us begin by applying the integral
representation of Kz together with relation (1.1.1) to obtain for ¢ > 0,

Ps(iﬂ,t) - PS(yat)

Kg(x,t) := (—A)ﬁPS(x,t) g p.V./ o — |28 dy
1 1
n o(lzft™2) — p(lylt™27)
=1 2s p-v. dy
R ‘l‘ _ y‘n-‘rQﬁ
_1
e olel )~ (el
Rr  |xtT 2 — z|nt28

n+28 n+28

= 75 (=) ([aft2) = 5 (a7 3),

Using the estimate proved in Lemma 1.1.1 for ) we deduce the desired bound:

n+28
T T 2s 1 1
KB($,t) 55 = ~ - )
| | (1 + |2t 1/s) 202 q1/s g g2y (2P n 28

|z

We shall continue by studying estimate 2 in a similar way. Indeed,

Kp(x,t) — Ks(y, 1)

(—A)"Ks(z,t) ~, p.v.

R |z —y["+2
1 1
_nt2p Y(at2s) —ap(yt~2s)
_ﬂ t 2s p.V. an ’x — y’n+27 dy
J
_ 7n+22‘1+2'y v ¢<$t 25) — w(z) Lo — n+22[1+2’7 (—A)’Y'(/J(Itfi).

o Rn |xt7i — Z‘n+2’y
Set W := (—A)79(-) and notice that
(€)= [¢[[gPem I = eI,

Thus, since T is integrable, W is the radial bounded function in R" given by

)
‘I’(Z) _ 27T‘Zln/2/ 674ﬂ2r2srn/2+25+2fyjn/2_1(27TT’Z’) dr,
0

By [PrTa, Lemma 1] ¥ decays as
|W(2)| = O(|2|"72727),  for |z| large.
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Therefore
W (2)] Spry (14 [27) 202072,

So analogously to the proof of 1, we deduce the desired result:

_ n+28+2y

2s 1
_A) < ~

Regarding estimate 3, notice that

n+2ﬁ+1

S (o) )| = T V(a7 .
Therefore, applying the bound obtained for Vi in (1.1.6) we deduce

|VoKp(x,t)| ~p ‘Vx (ti

nt20+1 \:E|t_% N ||

’V Kg(x t)’ Set” (1 i |m|2t_1/5)(n+2,8+1)/2 ~ T;L‘jzﬂ‘f’Q'

We move on to estimate 4, that is, the one concerning 9;K3(Z) at points of the form
T # (x,0). Observe that the previous derivative is well defined if ¢ > 0, since the
expression of K can be written as

_nt28 _1
Kg(m,t) ~t T2 (—A)ﬁ¢(|aj|t 25)

1 o0 s
5 ‘m‘lfn/Q <tn+45+2 /0 674”27“2 n/2+25Jn/2_1<2ﬂ.r‘x‘t7ﬁ) dT’),
4s

so differentiating under the integral sign, it is clear that temporal derivatives of any
order exist in R"*1\ {¢ = 0}. We claim now that the operators d; and (—A)? commute
when applied to Ps. To prove this, let us first observe that for each ¢ > 0 fixed we
have

[(—A)2(8,P)]" (€, t0) = IE[°0, Py (€, 1) = €] / e 28§, Py(z, o) da

R~

If we can bound 9, Ps by an integrable function on R™ in a neighborhood of ¢y, we will
be able to locally differentiate outside the integral sign for each ty. If 0 < s < 1, this
is a consequence of [Va, Equation 2.6] and (1.1.2). Indeed,

1

| ~ n+2s

1
ty> (1+| |2t 1/8)("+25)/2]'

On the other hand, if s = 1 by definition we have

|| T e
|atW(£E,to)| 5 (1 + —0 t”THe | /(4750)_
0

|0uPs (2, t0)| S |Ps(m,t0)

In both cases we obtain a bounded function of x that decreases like |z|7"~2 at in-

finity (for the case s = 1, see [MatPT, Lemma 2.1]) and thus it is integrable on R".
Therefore, differentiating outside the integral sign we have

[(—A)2(8:P)]" (€, t0) = Bi[(—A) P (&, t0), Vit > 0.
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So we are left to check whether we can enter d; inside the previous Fourier transform,
that is, whether the following holds

(=) P €, to) = [0u(=A)P P €, o).

Again, the latter is just a matter of being able to bound |0,(—A)#Py| = |0;Kp| locally
for each t; > 0 by an integrable function, so that we can differentiate under the
integral defining the Fourier transform. We know that

n+28

00K (x, 0)] = |00 17755 (a7

t:t()’
<p Clto) [ (aty )| + Calto) 2] [V (g 7).

For the first summand, using that || is bounded and decays as |z|™" 2%, we deduce
the desired integrability condition. For the second summand we can argue exactly in
the same manner, using that |V#| is bounded and decays as |z|™" 2%~1. Hence, we
conclude that 9; and (—A)? commute.

The previous commutativity relation and [MatP, Eq. 2.5] yield the following for
t >0,

0 Ks(z,t) = 0y [(_A)BP9] (z,1) = (_A)B(atps) (@, 1)
= (=2)%| = (~A)' P (@,1) = =(=A)*Kp(a, 1),

where we have commuted the operators (—A)® and (—A)?, that can be easily checked
via their Fourier transform. Then, applying 2 with v = s we are done.

Finally, regarding estimate 5, we can follow the same proof to that presented for
the last estimate in Theorem 1.1.2, using estimates 3 and 4 from above. OJ

1.1.2 Estimates for 8? P

In this subsection we obtain similar estimates now for the kernel Bf P, with 8 €
(0,1). Recall that the B-temporal derivative of f : R"™ — R is defined, provided it

exists, as
8ff($,t) — /R f(va) _ f(:l?,t) dr.

|7 — t[i+s
The study below considers the cases s < 1 and s = 1 separately. In the following
lemma, which generalizes [MatP, Lemma 2.2], we get dimensional restrictions that in
the end will not matter for our purposes.

LEMMA 1.1.4. Let B,s € (0,1). The following hold for any T = (x,t) # (0,t):

1
1. Ifn>1, |0/P(T)| <s :
t =]l
2. Ifn=1 and,@>1—%,
_ 1
0P| S0 —— ey Yo € (25— 1,4s).
[ 1Zl5.
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Moreover, for every n,

1
3. |V, 0°P,(7)| < :
| t (fL')| ~B |x|”*28+1|f ]23;9(14_5)
» 1
4 1007 Py(@)| < FrEEC
1’| \ac Ds

Finally, if ¥ € R"™ is such that |z —@|,, < |z|/2,

5. 100 P(@) — 0P 55—
. tis tis ~B ‘m‘”+2g—25|j’§‘:(1+5)'

Proof. To prove 1, we use [MatP, Equation 2.9] and deduce the existence of a function
F, such that for ¢ > 0,

Ps(x,t)_1F< ¢ ) (1.1.9)

I

and such that w

Fy(u) ~ T (1.1.10)

We extend continuously Fi(u) := 0 for u < 0, so that (1.1.9) is verified for any value
of t. The existence of F, is clear, since for ¢ > 0 the function P, can be written as

1/t \ = L\
= () o[ (2) 7]

and defining for u > 0, Fy(u) := u™ % ¢, (u_Tls), we are done. Notice that Fj is
a bounded continuous function, null for negative values of u, smooth in the domain
u > 0 and vanishing at co. Moreover, using the bounds obtained for ¢’ and ¢” we
obtain the following estimates for u > 0,

1 1

[F(u)] 5 [F ()] <

. 1.1.11
~ (1 N ul/s)(n+25)/2’ u(l N ul/s)(nJrzs)/g ( )

Let us argue that, in fact, |F” (u)| is also a bounded function. Notice that, by defini-
tion,

1 T
O2Py(2,7) = |$|n+4SFS”( ) &

|$|23

F( T )‘ = |22 Py, 7)),

|$|25

and using that P; is the fundamental solution of the ©°-equation and that 7 > 0, we
have

02P,(x,7) = 0. — (—A)*Py(z,7)].

By the commutativity of 9, and (—A)?*, we deduce

|07 Pu(x,7)| = [(=2)[0- Pu(w, 7)] | = |(=A)*[ = (-A)"Pu(z, 7)]| S
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Therefore,
FS”( P )’ : M”*‘*S B : RS : mYeR
|2 s {17 (7’/|x]25)1/(28)} {1 n (T/|$|23)1/5} (n+4s)/
that implies the following (improved) bound for FY,
1

[F(u)] < <1, u>0. (1.1.12)
(1 + ul/s) 92

We continue by observing that by a change of variables the following holds,

O’ Py(x,t) = oF [85 (W)}(t) = MaﬁFs(‘;Qs). (1.1.13)

We shall prove the following inequality,

. 1
10° Fy(u)| <p min {1, W} (1.1.14)
where for u = 0 is just asking for |0°F;(0)| to be bounded. To verify (1.1.14) we
distinguish whether if u = 0, v < 0 or w > 0. For u = 0 observe that by definition
and relation (1.1.10),

8°F,(0)| SAMdW=/OOO Rl

|0 — w|+h wlts

<1 w
< d
Nﬂ/ n+2s w
0 wltB (1 wl/s)( +2s)/2

_/1 dw +/°° dw
0 wﬁ(1+w1/s)(n+2$)/2 1 w6(1+w1/s)(n+28)/2

N

so case u = 0 is done. Let us assume u < 0, so that
o
Bl o 1 wo
e Tl + w17 S L Tl w) 78 (1 1/e) 2072

0P Fy(u)| <

On the one hand notice that the since |u|+w > w, the previous expression is bounded
by a constant depending on n,s and § (by the same arguments given for the case
u = 0). On the other hand, observe that

1 w

o°F, < d
OF] S s | /[l + 7 (1 5 gy 4

1 /1 1 w q
— _ w
[ul1 18| Jo (w/|u] +1)1+5 (1+ wl/s)("”SV2

dw| = ——=(I+1I).
+/1 (w/lu] + 1)1+58 (1+ wl/s)(n+28)/2 w |u|1+5( +1I)
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Regarding I, since the denominators are bigger than 1, we directly have

1
I< / w dw < 1. (1.1.15)
0
Turning to II, we similarly obtain
11</OO - d </Oodw -2+ g (1.1.16)
< w < — =w 2 =1, 1.
1 (1 +w1/s)(n+28)/2 1 W2s 1

where notice that —3- + 1 < 0 because n > 1 and s < 1. Therefore, we also have
|0°Fy(u)| < |u|~'7# and we conclude that for u < 0,

. 1
10° Fy(u)| <p min {1, W}
Let us finally assume u > 0. Begin by writing

Fy(w) — Fy(u)| |Fao(w) — Fy(u)|
OPF,(u S/ de+/
| ( )| |w|<u/2 w — uf 5 w/2< w|<2u lw — u[t+F

|Fy(w) — Fy(u)| .
+/lw>2u o —ape G = I+ AL

dw

We study each of the previous integrals separately. Concerning the first, notice that
in its domain of integration u/2 < |w — u| < 3u/2, ie. |w —u| =~ u. We split it as

follows o P
’FS(U)‘ /u |F8(w)_FS(U)‘
1= ——d dw =:1 I5.
/u/z w—ap B WS T W=D

Observe that I; can be estimated by

U 0 dw ul=p
I < ~ '
~ (1+u1/s)(n+2$)/2 )2 |u|1+8 (1+u1/s)(n+28)/2

The expression of the right, viewed as a continuous function of u, tends to zero as u —
0 and decays as |u|#725 as u — co. Hence, it is bounded by a constant (depending
on n,s and () and so I; <z 1. On the other hand, to prove that I; <g |u|~177 it
suffices to check that the following expression is bounded by a constant,

U2

(14 ul/s)

e~ ks (u).

Again, it is clear it that tends to zero as u — 0, but observe that it behaves as |u|™2: 1
as u — 0o, which vanishes only if n > 2s, that is, only if n > 1, since s < 1. But this
is satisfied by hypothesis. Therefore we deduce I; < min{1, |u|*=#}. Regarding I,
proceed in a similar manner to obtain

1 u/2 w ul—ﬁ
I, 55 / dw + .
ul-‘rﬂ 0 (1 + wl/s)(n+28)/2 (1 + ul/s)(n+28)/2
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The second summand has already been studied in I;. Regarding the first, notice that
dw < / dw+/ dw
/0 (1+ wl/s)(n+23)/2 o (1+ wl/s)(n+25)/2 L1+ wl/s)(n+25)/2

1 o)
d
</wdw+/ Y o<y,
0 1w

where we have applied the same arguments as in (1.1.15) and (1.1.16). On the other
hand, by applying the following inequality for w > 0,

(1 + wl/s)(n+23)/2 > w17ﬂ7

that can be checked by a direct computation, we deduce

u/2 w u/2
/ TRy dw</ w’ dw <pultP.
0 (14wl res 0

Therefore we conclude

1 AL 1 , 1
1255 ﬁmln{l,u }+m1n 1’u17+,8 = 2min 1,u1—+/3 ,

that implies the desired estimate for I.
Moving on to II, we split it as follows

2B ()| % | By (w) — Fy(u)
II = LA S N, | 5 5 dw =: 11 115.
/ I “/U/Q fw s G0 = Il

The study of II; is exactly the same as the one presented for Iy, so we focus on Ils.
Apply the mean value theorem to obtain

< swp |[FW) / S5 s [FL)| ™
ve[u/2,2u] /2 ’w _U‘B ﬁ ve[u/2,2u)

Therefore, if we are able to bound |F!| by v”~! and u~2 we will be done. But recalling
relation (1.1.11), this is equivalent to proving that the following functions are bounded
by a constant:

uP1 u2

(1 +u1/s)(n+2$)/2’ (1 +u1/5)(n+28)/2’

that has already been done in I;. Therefore, we are only left to study III,

2 |F, (u) | Fy(w) — Fy(u)|
11l = A S B | s s dw =: 111 I11,.
/oo [ — u[ 1+ “)*/Qu o —ape O TR

To deal with III; we first notice that in the domain of integration |w — u| =~ |w|,
implying

2u 1-p
U dw 1
~ < < i -
ST TR e /_oo w8~ gy @I P mm{l’ulw}'
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We study III; by splitting it as

ngg/ _Es(w)] dw+/ B
2 2

w Jw—ul*P w w—utH

The second summand is tackled in exactly the same way as III;, so we focus on the
first one. Using that |w — u| = |w| 2 u, we have

| Fs(w)] 1 /oo w
—dw dw
/gu |w — ul!*7 W S (14 /) 2

1 ! > dw 1
<
§u1+ﬁ[/0wdw+/1 w;]NuHﬁa

by the same arguments used in (1.1.15) and (1.1.16). On the other hand, we also have

| Fs(w)] /°° 1 w /1 dw /OO dw
_— dw < dw < - o + .
/2u lw — u|t+F P (1+ wl/s)(nws)/2 “Jo wf 1 wes

We already know that the second integral is bounded by a constant for n > 1, while the
first one is also bounded, since 0 < 8 < 1. So we conclude that Il <g min{1, |u|~1=#}
and we obtain the desired bound for III and thus for [0° F,(u)| if v > 0.

All in all, returning to (1.1.13), we finally have

¢ 1 ‘$|25(1+ﬁ)
B .
F(\)‘ S5 [ m{1 j¢[1+5 }

1 ) { 1 1 } 1
= min y 53 = )
|z|—2s | [25(1+6) t 2:(148) |x|”—25|f\,2,§(1+ﬁ)

1

B —
|0, Ps(x,1)] = 2o

that is estimate I in the statement of the lemma.
In order to prove 2, we follow the same scheme. Indeed, the desired estimate
follows once we prove

1

10°Fy(u)| $pomind 1, ——— ¢, for 2s — 1 < a < 4s.
: | u|1+ﬂ—g

If one followed the same arguments used to prove 1, in the regime v < 0 one already

encounters a first bound for which dimension n = 1 is troublesome, namely when

trying to obtain |9°F,(u)| < |u|~'7#*2:. However, in our current setting we observe

that

/OO 1 w d
0 (w+ |u|)1+ﬁ (1+w1/5)(n+28)/2 w

< 1 /°° 1 1 w d
~ _a o =X n+2s w
w02 Jo (w/lu| + 1) (w4 |u])z (1 +w1/s)( +2s)/2

1 ! o * dw 1
< T i3 U)l_Z dw +/ M) < T i/
~ R (/ LW ) O
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since 25 — 1 < a < 4s, so the desired bound for |9° F(u)| follows. For the case u > 0
we also proceed analogously. Let us comment those steps where the hypotheses on «
and B come into play. In I, using the same notation as for the case n > 1, we obtain
the estimates

w

I < ul=h8 and L < 1 /‘u/2 1
1 N/B n S 1 2 N/B n s w?
(1 ul/s)( +2s)/2 ults 0 (1 wl/s)( +2s)/2

expression that we already know to be bounded by a constant. To prove that I} $g o
lu|~1=#*2: observe that the function

9o
u" s o
1—=
~u 2 Fy(u
(1+ u1/s)(n+28)/2 s(u)
. . _nta
tends to zero as u — 0, since o < 4s. Moreover, it behaves as |u|~ 2= ! as u — oo,

which also tends to 0 because a < 25 — 1. Thus, I; g, min{1,|u|~*7#*2:}. On the
other hand, since the following holds

(1 + wl/s)(n+2‘s)/2 > w27%

)

we obtain

1 u/2 w 1 u/2 dw 1
1+5 (n+2s)/2 dw < 1+8 -= Sha 5—=
u 0 (1 + wl/s) U 0o w2 U 25

Therefore, Iy <g o min{1, |u|~*7#*2:}, hence I satisfies the same estimate. The study
of II is completely analogous to that of n > 1. Therefore we are only left to study III.
The arguments can be carried out analogously up to the point of estimating

[,
o 0 — w7

Using that |w — u| = |w| 2 u, we have

© |Fy(w) 1 /m w'=F
B LA I dw

1 ! o © dw 1
< - w2 dw < &
oyttt [/0 +/1 wn;a] b A

since 25 — 1 < a < 4s. Therefore, ITly <g,, min{l, |u|717#+2:}, and with this we get
the desired bound for III and the completion of the proof for the case n = 1.
Moving on to estimate 3, we begin by defining for v > 0 the real variable function

nt1 1

Gs(u) :=u""2s ¢ (u"2),
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so that in light of relation (1.1.1) we have

t
V. Ps(x,t) ~ :1; G( ), for ¢t> 0,2 #0.

7‘$‘n+2 s ‘x‘Zs

By (1.1.5) it is clear that

u

|Gs(u)] ~ 1+ ul/s)(n+25+2)/2‘

(1.1.17)

Hence, as done for F;, we can extend continuously the definition of G by zero for
negative values of u. Notice also that the previous estimate implies that G is bounded
on R.

Our next claim is that the operators V, and 8{3 commute when applied to P;.
To prove this, it suffices to check that the following integral is locally well-defined for
every x and t,

dw.

/ |ViPs(x,t) — V. Ps(x,w)|
R R

Split the domain of integration as

mPs 7t - :cPs ) zPs 7t - rPs 9
/ VaPi(r,t) ~ V. Pl w>|dw+/ VaPi(et) ~ VoPw )l g,
lt—w|<1 |t — wl lt—w|>1 It —wl

The second integral is clearly well-defined, since V, P,(z,t) ~ x/|z|"*2G,(t/|x|**) and
we know that Gy is bounded. Thus, directly applying the triangle inequality in the
numerator and using that 5 > 0, we deduce that, indeed, the second integral is finite.
For the first one, we need some more work. We shall distinguish four possibilities:
Case 1: t < —1. For such values of ¢ the integral becomes null, since V,Ps(x, )
and V,P(z,w) are zero.
Case 2: t € (—1,0]. Observe that in this setting the integral can be rewritten as

/1t| wdw B /1t |V Ps(z,w) — V. Py(,0)] dw
A o7

1—|t| v 2s
1 / G5 (r/[2[*)]
0

~ fafrE w
for some 7 € (0,w). By definition, there are constants C7,C5 so that for u > 0
G’S(u) o uf(n+2s+1)/(23)¢;l S(u*'z%) + Oy uf(n+2$+2)/(25)¢;; S(u’i),

so using the estimates for ¢}, and ¢, ; in (1.1.5) we deduce

1
/ ~
‘Gs(u)‘ ~ (1 +u1/8)(n+28+2)/2, (1118)
which is a bounded function. Therefore
e A 1
|a:|"+25+1/0 de 55W<oo, for every x # 0.
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Case 3: t € (0,1]. The integral we were initially studying can be written as

O |VaPs(x,1)] P Ve Py(x, 1) — Vo Pz, w)
Jo e e | T

The second integral can be tackled in exactly the same way as the integral in Case 2.
Regarding the first one, estimate it as follows

0 0 / 2.
ViePs(x,t) — V. Ps(x,0 1 GL(T/|z|?)||lt
[ TR VREl,, L [ G,
t—1 |t — w] | -1 [t—w
1 /0 |G (1 /|2*)]
hS dw < oo,
|zt [,y |wl?

where we have used [t| < |t — w| + |w| and also that |t — w| = (¢t + |w|) > |w|. The
last inequality follows by the same arguments used in Case 2.
Case 4: t > 1. For this final case, the integral can be estimated as

/ VoPua,t) = VoP(ww) 1 / G /P gy <
t b= w[1+F S T

-1
Thus, we have obtained the desired commutativity between 8tﬁ and V,, which yields
V.0 Py(x,1)
_ 58 __ T [48 : __ =z 5 t
= 0; [VaPu] (w,t) = ||t {at Gs(mzs)] (t) = ‘I‘n+253+26 GS<|m|25>'
Now it is a matter of showing that the following inequality holds

1

10°Gs(u)| $p min {1, W} (1.1.19)

The proof of (1.1.19) is essentially identical to the one given for (1.1.14), using the
bounds for G5 and G’ ((1.1.17) and (1.1.18) respectively) instead of those for Fj
and F!. The faster decay of Gy and its derivative implies that one does not find
any obstacles in (1.1.16). In fact, the integral that appears in the current analysis

. oo _ntl . . . .
is fl w™ 25 dw, which also converges for n = 1. So using the previous estimate we

deduce, for any n > 0,
2s5(1+p)
8 o < 1 L
016 ()| 50 e min {1 B

1 , 1 1 B 1
R B B et 7 0

1

B _
’vxat Ps(l',t)’ - |J}‘n+256+1

which proves the statement 3 in our lemma.
We continue by estimating 8t81;8Ps(z,t) for x # 0 and ¢t # 0. Using (1.1.13) we
rewrite it as

1 t
B B
QO ET) = [ prasan O F “‘f(x\“)’
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and we claim that the following inequality holds for u # 0,

. 1
|0°Fl(u)| <p min {1, W}

Let us also recall that we had the following estimates for u > 0,
1 1 1
[F (u)] < < .
(1 +u1/s)(7’b+48)/2 u(l +u1/s)(7’b+28)/2

[Fo(w)l 5 :
(14 ut/s) 2/

Observe that, on the one hand,
[Fi(u) — Fi(w)]

OPF(u)] < d
R A T
dw dw
<sup|F'(v ——— + 2sup | Fl(v — <51,
veR ‘ ’ ( ) lu—w|<1 |u - w|ﬁ veR ’ S( ) lu—w|>1 |u - w|1+ﬁ ?

by the boundedness of F! and F!, and the fact that 5 € (0,1). Therefore we are
left to verify |9°F.(u)| Sp |u|~'7P. If u < 0, since F! is supported on (0,00) and
|lu —w| > |u] for w > 0, we have

o] 1 1 oo /
PRI [ RS [ et e

< 1 (1+/O° dw >< 1 <1+/°O dw )< 1
~ |u|l+5 1 (1+w1/s)(n+28)/2 - |u|1+ﬁ 1 w%-ﬁ-l ~ |u|1+,37

and we are done. If on the other hand u > 0, we estimate |0°F'| in a similar way as
|08 F,| in the proof of point 1 of this lemma. Namely, we write

109 F!(u)| </ |Fy(w) — Fy(u)| dw—|—/ [Fi(w) — F(u)|
° T Jjwl<uz Jw — P wa<wl<on W —u[tTP

[Fi(w) = Fl(uw)| ,
+/lw>2u |w — u|+B dw =:T+II +IIL

dw

Regarding I, notice that in the domain of integration we have |w — u| = u, so

0 / u/2 / u/2 /
g 1 B [PROL, EL,
0 0

w2 [w— P |w — u[t*+F w —uft+7

The first two integrals can be directly bounded by

L "/2d o1 u o1
W‘ s(u)] 0 W= |u|1+5 (1+u1/s)(n+28)/2 = |u|1+ﬁ'

For the third,

w/2 |F’(w)| 1 1 oo
S < / /
| ntms e s ([ 1nwldes [ R w) )

1 *  dw 1
< 1 - < ,
~ |u|1+ﬁ( +/1 w> ~ TulT¥8
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and we are done with I. Moving on to II, we split it as follows
2 |F(w) 2| Fy(w) — Fy(u)
II= —5 L d 5 5 dw =: II; + 1.
[ Rz dot /U/Q w —wits ST

The study of II; can be carried analogously to that of I, since in that domain of
integration one has |w — u| > 3|ul|/2, so we focus on II;. Applying the mean value
theorem and the bound for |F/| of (1.1.11) as well as relation (1.1.10) we get

< sup |F/(v) / S swp )t
veE(u/2,2u] /2 |’UJ | veu/2,2u]

ul_ﬁ
u(l + ul/s)(nJrQs)/Q

~ Fy(u)u™'7F <u™17F,

So we are left to study III. Since in its domain of integration we have |w — u| 2 w,
we get

—2u / o] / /
< / )] g / [Fy(w) + |Fw)]
—00 2u

‘w|1+6 ‘w|1+6

3 > dw < uh < 1B
~ (1+u1/s)(n+25)/2 2 |w|1+5 ~B (1+u1/s)(n+23)/2 U ?

that allows us to finally conclude

. 1
0P Fl(u)| <p mln{l,w}, u # 0.

So using the previous estimate get, for x # 0 and ¢ # 0,
25(145)
(1 < 1 i [
o, Fs(ﬂ%)‘ ~p || 2s(145) i {1’ |t[1+5

1 ) { 1 1 } 1
= —— min y—5 = .
|| | |25(1+5) P 220+5) |x|n|f|]2)':(1+ﬂ)

1

¥é] —
0,0, Py(x,t)] = 2|2 (B

Finally, the proof of estimate § is analogous to that of 5 in Theorem 1.1.3. Indeed, let
7' = (2/,¢') € R"™ such that |# — 7'|,, < |z|/2, which is a stronger assumption than
that of Theorem 1.1.3. In fact, it can be checked by a direct computation that this
already implies |Z|,, < 2|7'|,, and |z| < 2|2’|. Write again Z = (2, t) and consider

107 Po(Z) — 0] Pu()| < |0/ Ps(x) — 0] Pu(3)| + |0] Po(&) — 0] Pu(T')].

By estimate 2, the first term in the above inequality now satisfies

|z — 2| T -7,
|z —a'| sup |V,0]Ps(€,t)| S .
g€fz,a'] ]a:]n 25417 ‘25 1+8) — ’x’n—23+1‘§‘25(1+5)
T — 7|3
<
~ ’x’n+2ﬁ—25|j|§3(1+5)’
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where we have used that 1 —2¢ > 0 and that condition | —@'|,, < |z|/2 implies that
the line segment joining T with 7’ is at a distance of the time axis comparable to |z|.
Regarding the second term, assume ¢ > t’. If ¢ and ¢’ share sign we apply estimate &
to directly deduce

it —t| |z -T2 iz — 7|2
it —t'| sup 0,07 Py(z',7)| g < s < : .
S B I P S P LA S e

If on the other hand ¢ > 0 and #' < 0, we use relation (1.1.8), valid also in this case,
together with |2’| > |x|/2 to finally obtain

07 P.(2) — 0, (@)
<P Py(a' t) — B Py(a,0)| + |07 Py(2',0) — 8 P,(2', 1)

<t sup \at(?fps(x’m)] + [t'| sup \8@5138(93’,7)]
7€(0,t) TE(t,0)
R LA P et iz — 7|2
~h |z’ ||| 25(1+8) ~ |||z %:(HB) ~ |x|n+2<725|§‘§j(1+ﬁ)'

O

We will now carry out the same study for the case s = 1. First, we prove the
following auxiliary lemma:

LEMMA 1.1.5. Let f1, fa, f3: R — R be defined as

e~ 1/t e~ 1/t e 1/t
fi(t) = nja Xt>0; fa(t) == /a1 Xt>05 f3(t) :== a2 Xi>0:

Then, if p € (0,1), the following estimates hold:
if n>2, 10, fi(t)| <p min {1, [¢|7 77},
if n=2and 8> %, 10 f1(t)] Spo min {1, [¢]71FT2Y 0 Va € (0,2 + 28],
if n=1, |9/ [ Ss1.
In addition, for every n,
07 ()] S min {1, (17773, 107 f5(1)] S min {1, 717,

Fort = 0 the previous estimates have to be understood simply as a bound by a constant
depending on n and f3.

The above result will imply the following estimates for 5‘5 W
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LEMMA 1.1.6. For any T = (z,t) # (0,t) and 5 € (0,1), the following hold:

1
1. For n>2, |o/W@)|<p —— 5,
|2 5>
1
2. FO?" n:2, lafW( )‘Nﬁa Wm, Va€(0,2+2ﬁ],
3. For n=1, °W (T)| < <g

| |1+26
MOT'€O’U€7’, fO'f’ every n,

/. V.0 (z L 5. 10:00W (@)| <s

(@) S —— =738
=Lzl |||z !Mﬁ

Finally, if ¥ € R" is such that |t — 7|, < |z|/2, then

|T TI|ZJ1

6. [0;W () — o)W ()| Ss W

Proof of Lemma 1.1.5. We deal first with the estimate concerning 6tﬂf1 for n > 2.
We distinguish whether if t =0, ¢t < 0 or t > 0. If t = 0 we are done because,

5 [fi(w) = AO)] [ el _(nt28
|0, f1(0|_/01+5d“— . iz =T — S

where I' denotes the usual gamma function.
Let us continue by assuming ¢ < 0. By definition,

[5S) —1/u
0/ 11 (u —/ < du.
Al ’_/\ +|75H1+5 o w2t )

Observe that on the one hand, since |u + |t|| > u,

oo —1/u
8 e
0501 < | i du e

On the other hand, since n > 2,

00 (1)) < — /Oo o du < — / e < L
u u 9
PRV T8 Jy o wn2luft]+ )8 T T IR fy w2 T |14

Therefore, |8 f1(t)| <5 min {1, |t|~'~#} and we are done.
If ¢t > 0, we split the integral as follows

— fi(t — 1t
|8tﬁfl 0] < / W dut /t/2S|u§2t W du

lul<t/2

| f1(u) — f1(2)]
+ 22 2 du =: T+ II + III.
/u|>2t u — ¢t
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In I we have t/2 < |u — t| < 3t/2. Therefore,
0 t/2 —
I:—/ |f1(8)] du+/ |f1(u) fl(t)|du
0

i/ [u— 2P u—t*+7

e/t +/t/2 |f1(u) = f1(?)] du.

< _—-
~ t(n+2p)/2 t1+8

By the definition of f;, the last term can be bound by
1 t/2 ,—1/u 1 t/2 1/t
t1+8 /0 un/2 du + t1+8 /0 tn/2 du

1 t/2 ,—1/u o1/t
~ prEw /o 7 du + NENSTYE (1.1.20)

We split the remaining integral as follows
t/2 e—l/u 1 e—l/u t/2 e—l/u
/0 A du—/O T du—k/1 iz du

1 -5 t/2 L
1 e 2u 1 1 e 2t
Se_%/ du+6_2/t/ du <e 2 +
0 1

un/Q un/Q tn/Qfl’

where in the first inequality we have used e~ /% < e 2 e‘i, which is true for 0 <
u < t/2; and in the second the general inequality e=2/¢ < e~2. In addition, observe
that in the last step we have used that n # 2 in order to compute the corresponding
integral. Thus, returning to (1.1.20), we obtain

1 1
e 2t e 2t
<
I ~ 148 + t(n+28)/2°
Notice that for ¢ > 0
e72 < 3min {1,'7F}, e % < Cmin {tT20)/2 (=22 (1.1.21)

where C' depends only on n and 3, and the second estimate only holds for n > 1 (if
n=1, e~z < Ctn28)/2 gl holds). Therefore, we finally get

min {1, £} min {¢("T20)/2 4(n=2)/2} 1
~hB + ~min< 1, — 5.
ti+6 t(n+28)/2 $1+8

Let us turn to II. Write

o [ AL gy (MO 001, o A,

T = Ty u—ge R mn ), e
(1.1.22)

where in the first integral we have used that 3t/2 < |u — ¢| < 3t. For the second
integral observe that

-1/¢
A0 = A1 < s 7@~ 1], where £1©) = (1 5¢) s o
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Since t/2 < £ < 2t, we have
i L _a
1Ol (1 +75);/7224:2Xt>0 =(1 +t)ten/7;;2>(t>1 +(1+ t):n/% Xo<t<1
e 2 e~

S /2t Xi>1 + jara XO<t<1:

Combining the last two estimates we can bound the remaining integral of (1.1.22) by

e 20 2e~ 3 2 du < e~ 3 e~ 3%
(tn/gﬂ Xt>1 + PryEED) X0<t<1> /t/Q T S8 Ytz 2 Xt>1 + {(ntor28)/2 XO<t<1:

Thus
’ 1 1
2e 2t e 2t

<
ILSs +(n+28)/2 + t(n+2+28)/2"

If we now apply estimates
e 2 < Cymin {202 {=2/2) 75 < Oy min {¢T22O/2 /2

for some constants C7, Cy depending on n and 3, we conclude

min {t(n+26)/2’ t(n—2)/2} min {t(n+2+25)/2’ tn/2}

II < +(n+26)/2 t(n+2+28)/2 ~ min {1’ tith }

Finally, for III, since |u|/2 < |u — t| < 3|u|/2, we have

III:—/_Qthu—i—/deUN e 1t +/°ofl(“)_fl(t>|du

o |u_t|1+5 " |U—t‘1+6 - t(n+2,3)/2 " ‘U—t|1+5
e—l/t [ e—l/u 0 e—l/t
< H(n+28)/2 + /2t w(n+2+28)/2 du + /2t /29,18 du
e—l/t (3] e—l/u ) 1 00 e—l/u
=0 fran2 T /Qt aerzrzy 4 Sp min {1’ t1+/3} + /2t amrrzaz dU-

For the remaining integral observe that on the one hand

©  g=1/u n+ 203
/QU(mmwd“ST( 5 )5B1=

t

while on the other hand, since u > 2t,

9 e—l/u 1 [ e—l/u 1 0 e—l/u 1
du S du< — | —du< —,
o un+2+26)/2 ~ 4148 o un/2 t1+8 0 un/2 ~ 4148

where the last inequality holds since n > 2. Therefore, combining the previous esti-
mates we conclude that for n > 2, |87 f(t)| <p min {1,170},

Before approaching the case n = 2, let us comment that the case n = 1 also
follows from the above arguments. We also notice that the bounds for ]8? fa| and
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|8tﬁ f3| are obtained by exactly the same computations. The fact that the exponent of
the denominator of the previous functions is increased at least by one unit, makes the
result independent of the dimension n. Indeed, observe that the critical steps where
we had to use that n > 2 appeared for the case t > 0 in the study of I, when dealing

with the integral
t/2 du
/1 un/2’

Now, with fo and f3, the previous integral is respectively written as

t/2 du t/2 du
/1 ot and /du /22’

which are proportional to ¢t~/2 and ¢"/2~1 respectively, and thus we are able to
apply similar estimates as in (1.1.21) (that in this setting hold for any dimension n),
deducing from the latter the desired estimate for I. The second crucial step has comes
up analyzing the possible divergence of the integral,

o] efl/u
| S du
o un/?
that appears for any value of . When working with f; and fs the previous expression
becomes, respectively,

o o—1/u oo o—1/u
/Qt Wdu and /2; Wdu,
which converge for every dimension n. Apart from the previous facts, when carrying
out the study for ¢ > 0 one also encounters new terms of the form

_ 1 _ 1
e 2t e 2t

t(n+442p)/27 t(n+6+253)/27

for which the following estimates can be equally applied
e 3 < Cymin {t(n+4+25)/27t(n+2)/2}’ e 3 < Cymin {|t|(n+6+2ﬂ)/27 |t|(n+4)/2}7

for some constants C3, Cy depending only on n and . All in all, we conclude that the
vesults |8 fo(t)| <p min {1, [¢[~17) and |8] f3(t)| <p min {1, [¢[~'#} hold for every
n.

So we are left to verify the following estimate

107 f1(1)| Spo min {1, [¢] 712V Yo e (0,2 + 28], n=2.

We fix any « € (0,2 + 23] and follow the same scheme of proof. If ¢ < 0, we now
obtain the following inequality

1 00 e~ 1/u
af(t)] < d
ORI < 155 |, s
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that we bound as follows,

1 00 e—l/u d 1 [e%s) e—l/u d
<
mw/o u(u/t] + 1)1+7 “ww/o u(u/]t] + 1)z !

_ 1 /oo e—1/u q 1 /oo e—1/u . 1
= U = U JSe T 8-al2’
8 fo w(u/[t])2 ti+5—a/2 || i+l || Ao/

which implies the desired inequality in this case. Observe that the convergence of the
last integral is ensured by the fact that @ > 0. For ¢t > 0, we begin by estimating I
exactly as we have done for the case n > 2, yielding

I:= /0 AG] du + /t/2 A1) = Ao du < eVt + /t/2 A du
0 0

i)2 |u — t|1+5 |u — t|1+5 ~ 148 t1+8
_ 1 L 2 . _
< S " + L e 2 i du + e ! / d—u <t + e*n (t)
t1+8 t1+8 0 U 1 w | B 148

Apply the following bounds:

e 2 < Dy(, B) min {7 ¢/2},
e~ 2" Int < Dy(a, B) min {17,122}
Observe also that for the second bound to hold we need o > 0 so that the term t*/2

does not become constant. The previous estimates imply I < min {1, t’l’ﬁJrO‘/Q}, the
desired estimate. Concerning II, we have

287% e*%
+ )
t1+6 +(3+28)/2

IT <p
and using one of the previous bounds together with
e*i < Dj(ev, 8) min {t(3+2,8)/2’t1+o¢/2}’

we also deduce II < min {1,¢~3-2)/2} Finally, for III we now have

e—l/t oo e—l/u
G -
11 +/2t g du.

This last integral is clearly bounded by a constant and since u > 2t it also satisfies

9] e—l/u [ e—l/u 1 0 e—l/u 1
¢ du= du < du<, —+
o u2ts o ulul+,87a/2ua/2 ~ t1+ﬁfoz/2 o ul+a/2 ~ t1+,87a/2

and thus 11T <z, min {1,¢717%7%/2} holds, and we obtain the desired result. O

Proof of Lemma 1.1.6. We write K3(T) := OPW(z). Regarding estimate I, by the
same reasoning presented at the beginning of the proof of [MatPT, Lemma 2.1] we
get

_ 1 g, (4t
#0) = ()
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Hence, if n > 2, by Lemma 1.1.5 we get

1 ) | |2+2/3 1
@)1 e i {1 ey | =
For estimates 2 and & we follow the same procedure.
We move on to estimate 4. First, observe that the expression VK is well-defined.
Indeed, let us check if can let the operator V, inside the integral of 8? and study if
the resulting term is bounded by an integrable function locally for each x # 0. More

explicitly, we aim to prove that for each ¢ = 1,...,n, and each x # 0
|0, W (2, 1) — Oy, W (2, )|
/ g1+ du < oo.

Split the latter in two domains of integration

[ Bl p W),
lu—t|<1

lu — t|1+8
+/ |02, W (2, 1) —%;W(x,t)l du =: T+ 1L
lu—t|>1 |’LL o t‘

For the first, apply the mean value theorem with respect to the time variable and
[MatPT, Lemma 5.4] to obtain that

RS (] u—tj <1 |(2, @) 3 — ¢

! / _du (1.1.23)
|

T2 Sy fu =t

where @ is a point in the line segment joining u and ¢. Regarding II, observe that the
explicit expression for 0,, W (x,t), where here (x,t) is a generic point, satisfies

o—lal?/ (1)

|0, W (2, )| = Clay] — Xi>0s for some C(n) > 0. (1.1.24)
For every fixed x # 0, the previous expression as a function of one variable attains a

global maximum for ¢ = |z|?/(2n + 4), implying that

2(n +2)]"2H a1
e2(n+2) |z[r 2~ |t

|02, W (z,1)] < C

Therefore

1 du
< / o
2" Sy |u — 15

and with this we conclude that the expression for V, K (T) is well-defined and, in fact,

our previous argument shows that the operators V, and 8{3 commute when applied
to W.
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Notice that (1.1.24) implies that there is a constant C' such that

2 X LL‘2 n/2+1 2
e U0y = C’x’nJrZ <H> e U0 50,

X

SO we can write

VW (a0) = O ()

with f5 defined in Lemma 1.1.5. Since V, and 8? commute,

ekt = Oz o 2 ) |0

The previous fractional derivative can be written as follows

7|5 (p) 0 - [* 4u/$l—t|f+2fg4t/’x’) v o ()

yielding the final equality

N\ X 8 4t

Applying Lemma 1.1.5 we finally deduce 3:

|x|2+26} _ 1

1
|V K(x)|§5min{l = .
z ‘I‘n+1+26 ’ |t‘1+ﬁ |x|n,1|§|gi-25

Concerning inequality 4, since the operators 85 and 0; commute, we directly have

_ oW (z,u) — O W (z,t)
0K () —/R o — i du,

provided this last integral makes sense. Let us see that this is the case. Indeed,
proceeding in the same way as we have done when studying V,K, we reach the
following expression

/ W (, w) _lajgv@,m " +/ W (2, u) —itZV(x,t)\ du—T+1L
t]<1 lu— t| fu—t]>1 u— ]

For I we apply the mean value theorem and bound the resulting second derivative
O?W with analogous techniques to those used in the proof of [MatPT, Lemma 2.1].
Indeed, observe that there exist dimensional constants ¢y, ca, c3 > 0 such that

) ol /(40 , |-/ a0 ol /(40
|8tW(.T,t)| <c W +C2‘J}| W +C3|,I‘| W
Cy Cs G 1

e e e
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where here C7, Cy, ('3 are dimensional constants chosen so that

e Wl < ¢ min {1, |y["*72),

vl < ¢, mi =1 y,,|~n/2-3

e < gmln{|y| a|Z/| }v

e~ lul < C5 min {’y‘f?’, ‘y|fn/274}'
Hence, we can proceed as in equation (1.1.23) to estimate I. To deal with IT we use
that
e l=?/(4t) ) e =2/ (4t) 1

W+C'2|a?| Tl Xt>0 S Bk

p1

0, (z,8)| = |C (1.1.25)
by the same arguments used to bound (1.1.24). So, indeed, the expression for 0; K is
well-defined.

As we have done for V,W, the identity obtained in (1.1.25) can be rewritten for
t > 0 in the form

o—lal?/(4) el /)
&gW(m,t) :ClWJng\x\ W
[ G (P LG (P it JRREy”
- |x’n+2 4t ‘x‘n-&-Z At

c 4t C 4t
= () * s ()
where f3 is defined in Lemma 1.1.5. By exactly the same change of variables as the
one performed when studying V, K, we reach the identity

_ ] 3 4t CY 3 4t
ute) = a2 ) + i ()
By Lemma 1.1.5, we get inequality 4:

0K (@) < 1 . {1 |;p|2+25} 1

i K(T)| S 557 min g 1, = .
|x|n+2+26 |t|1+,3 |x|”\f|123—1’_2”8

Finally, regarding 5, we follow exactly the same proof as that of estimate 4 in Lemma

1.1.4. O

Therefore, we can sum up both of the previous lemmas in the following result:

THEOREM 1.1.7. Let § € (0,1) and s € (0,1]. Then, the following hold for any
T # (0,1):

1. If n =1, whenever s < 1 we get

1 1
Va € (2s —1,4s) and f>1— —.

Sp () <
|at Py ($)| ~B,a ?)i(1+5)7a’ 2s

|x|172s+a|§

Moreover, if s =1,
1

E

0/ W ()| S
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2. If n =2, whenever s < 1 we have

’ 1
~B |m|2 23‘ |25 1+8)°

10, P,(7)

and if s =1,

1
|atBW( )| Sb.a HHW, Va € (0,2 +20].

3. Ifn > 2,

1
10/ P,(T)| <p :
t |x|n—2s‘f‘§§(1+ﬁ)

4. For every n,

1 1

3 Sp.(z
wmgwnwﬂunmﬂﬁ$wy 10:0; Ps(T)| <p 220

If s < 1, the bound of atﬁfPs is only valid for points with t # 0.

5. Finally, if ¥ € R™™ is such that |T — 7|, < |z|/2,

07 P,(T) — 0P P,(z)| < .
K t | |nt2¢— 2s|x|§§(1+ﬂ)

1.2 Growth estimates for admissible functions

We will say that a positive Borel measure p in R™™! has upper s-parabolic growth
of degree p (with constant C') or simply s-parabolic p-growth if there is some constant
C(n, s) > 0 such that for any s-parabolic ball B(Z,r) in R"*!

w(B(Z,r)) < Cr’.

It is clear that this property is invariant if formulated using cubes instead of balls. We
will be interested in a generalized version of such growth that can be defined not only
for measures, but also for general distributions. To introduce such notion we present
the concept of admissible function:

DEFINITION 1.2.1. Let s € (0,1). Given ¢ € C*®°(R™"!), we will say that it is an
admissible function for an s-parabolic cube @Q in R"*! if supp(¢) C Q and

8lle <1, [ Vadlloo < Q)T IOl <UQ)™*, A0 < £(Q)77

REMARK 1.2.1. If ¢ is a C? function supported on @ s-parabolic cube with [|¢||oc <
1, [|[Vedlloo < 4(Q)7! and ||Ad|lo < £(Q)72, then it also satisfies

I(=A)*¢llo < £(Q)7*
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S

Indeed, begin by observing that translations in R" commute with V, and (—A)*.
From it, it is clear that we may assume () to be centered at the origin. Assuming
this, let us fix t € R and compute

¢z +y,t) = 20(x, 1) + d(x — y, 1)

—A)Yo(x,t) :=cps d
(—A)p(x,t) - [y[n+2s Y
_ Cn,s/ ¢(x + Y, t) - 2(;5('%—;_7;) + ¢($ - Y, t) dy
20 |y|mt2s

Cn,s/ qb(!E + yrt) B 2¢((Eat) + ¢(x — y’t) dy =14+ 1I.
R™\2Q

‘y|n+25

Regarding II, integration in polar coordinates yields

d
11| < deys / Y <p@)>.
R

n\2Q ’y‘n”s ~

For I, we apply twice the mean value theorem so that it can be also bounded as follows

. / !(Vz¢(x+my,t)7y>+<vz¢(wnzy,t),y>!</ 1A¢]
" )ag s

-2
[+ o Tyl dy S Q).

DEFINITION 1.2.2. We will say that a distribution T in R"*! has s-parabolic n-
growth if there exists some constant C' = C'(n, s) > 0 such that, given any s-parabolic
cube Q@ C R™! and any function ¢ admissible for @), we have

(T, ¢)| < CLQ)".

In the end, the results below will help us estimate the growth of distributions
of the form T, for some particular choices of T" and a fixed admissible function ¢,
associated with a fixed s-parabolic cube.

In any case, let us clarify that in the following Theorems 1.2.1, 1.2.2, 1.2.3 and
1.2.4, we will fix s € (0,1] and @ and R will be s-parabolic cubes in R"*! with
QNR#a. We will write @ := Q1 x Ig C R" x R and analogously for R. Moreover,
¢ and ¢ will denote C! functions with supp(p) C @, supp(¢) C R and such that
lolloe < 1 and ¢l < 1.

THEOREM 1.2.1. Let 3 € (0,1), a € (0,1) and f : R"™ — R. Assume ||0;¢]|c0 <
U(Q)™* and [0l < L(R)7. Then, if {(R) < £(Q),

1. If f € BMO,,,
45, 008) w0 7201 S5 1l R0
2. If f € Lip,,,,, and o < 2sf3,

(£,00(00) #0 1172)] S I, LR 20007
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Proof. Set g := 0:(p¢) *; |t|™ and begin by proving that g is integrable. Firstly,
observe that if cgnpr is the center of I N Ig, then for each t ¢ 2(Ig N Ig) we get

gz, 1) = ’/ O(pd)(z, u) du‘
Ionig -
1 1
[t —ul® |t —conrl?

|0:(0¢) (, )| du

IgNIg

< / 0w

‘du
< K(IQ N IR)
~ |t — cqnr|?

((IgNIR) ( 1 1 > {(IgN1Ig)
< (1, I —_—
S = el G T ame )N IR S o

(1.2.1)

That is, |g| decays as |t|~'7 for large values of t. Hence, since supp(g) C (Q1 N
Ry) x R, this implies g € L'(R"*!). Then, for any constant ¢ € R we have

o= [ e [ 1r—eiol+ [ el =t

where we have used that g has null integral (it can be easily checked taking the Fourier
transform, for example). To study I, observe that for ¢ € 41 we get

SIR) g 1 1
|g(x,t)| < ||at((p¢)”00/5 Un ‘u,‘Lfg Sﬁ (E(R)QS + g(Q)QS)g(IR)l_ﬁ S, K(R)_%ﬁv

since ¢(R) < ¢(Q). Therefore,

1
1< —— —
~B g(R)ng /2R|f ‘|

If f € BMO,,, pick c:= far, the average of f over 2R, so that
LSp (R0 £,
If f € Lip,, ., pick ¢ := f(Tr), where T is the center of 2R, so that
L Spa (RO g

and we are done with 1. To study II, define the s-parabolic annuli 4; := 2/R\ 277"'R
for j > 2. Then, since supp(g) C (Q1 N R;) x R applying 1.2.1 we have

11—2/ f(@) - cllg(@)| dz

AjNsupp(g
1 s 1 /
S : |f (@) = c|dz.
~B S S
€<R)2 A ]Z_; 22 (1+8)5 AjNsupp(g)

(1.2.2)
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If f € BMO,,, pick again ¢ := for and observe that the previous expression can be
bounded by

1 > 1 (/
g(R)%ﬁ Jz_; 22s(1+8)j A

Regarding the first integral, apply Holder’s inequality (with ¢, to be fixed later on)
and John-Nirenberg’s, so that

mm—mmw+/

AjNsupp(g)

fsz—f2R|d~’L"),

iNsupp(g)

1
/ Iﬂ@—ﬁmeé(/ rﬂm—ﬁmwm)mwmmmwmw
A;Nsupp(g) Ajnsupp(g)

1
v

[2290(R)" )7 = || f e, 2P U(R).

n+2s

< 1l (27U(R)) s

For the second integral we apply [Gar2, Ch.VI, Lemma 1.1] to deduce |foig — far| S
Gl fllsp. < J, s0 that

/ \foir — for| AT S jlsupp(g) N 27 R| = j[| £l p, 227 €(R)" 2.
AjNsupp(g)

n

Therefore, choosing g > 3557

£ llepe o~ 1

I <p o e
((R)>8 o= 2250495

(2]-(§+23) + j225j)£(R)n+25 5 HfH*’pSE(R)nﬁ’QS(lfﬂ).

If on the other hand f € Lip, ,_, pick ¢ := f(Zr) so that Holder’s inequality in (1.2.2)
yields

< 1fllLip, . o~ 1

S0 T 2 ey (2 U swpp(9) N2 R
J:

> 1

g HfHLipa’pSK(R)n-i-Qs(l—ﬁ)—}—a Z e

Jj=2

being this last sum convergent because o < 2s/3, so we are done. O

THEOREM 1.2.2. Let o € (0,1) and f : R™ — R. Assume ||[Vo¢|leo < £(Q)71
and |Vid|leo < L(R)™L. Then, if {(R) < €(Q), for each i =1,...,n we have

1. If f € BMO,,,
‘<f7 azl (Spﬁb))‘ 55 ”f”*’psg(R)n+2571'

2. If f € Lip,,,_.

’<f7 8.731 (Lp¢)>’ §5,a HfHLipaypsK(R)n+2871+0‘_
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Proof. First, observe that for any real constant ¢, we have the identity
<f7 8331 (<P¢)> = <f -G alﬂz (@d)»?

Therefore,

(f:0n: (p0)) = f(@)0r; (pd) () dT

’ QNR —/QQR’f(x)_C||8m(<ﬂ¢)(ar)|da:

(/ f(@) — |’ dz 1/2(/ <b)(a:)\2dx)1/2
< ([ —otar)” [ vt ||¢||Zo+||so||zo||vm¢|io}dx)
([ i@ -of o) “lan m(jar = + )

(/ |f(@) — ¢ dx)l/Q(QmRP(nH)WJrg(R)%%1>

Q)
(/ 7@ - dx) Ry

Now, if f € BMO,_, choose ¢ := fr and apply an s-parabolic version of John-
Nirenberg’s inequality (that admits an analogous proof) to deduce estimate 1. On
the other hand, if f € Lip, ,_, choose ¢ := f(Tr) to obtain estimate 2. O

IN

1/2

IN

THEOREM 1.2.3. Let B € (0,1), a € (0,1) and f : R*™ — R. Assume that ¢

and ¢ are C2 with |[V.olloe < €Q)7Y, [Aplln < (Q)2 and [Vodlow < ((R)™
|8l < E(R)~2. Then, if (R) < €(Q),

1. If f € BMO,,,
[(f (=8)P (00))] S [1f [l p, (R 2.
2. If f € Lip,,, and a < 20,
(£, (=AY (90| S I luip,,,, ERYH2e0,
Proof. Observe that for any real constant c,

(f, (=2) ()| = [{f — ¢, (=A)%(09))]

</ £@) = cl(-8)%(00)(@)| dx
2R1x(IgNIR)

+/ 1£(@) — c|[(=A)’(¢9)(F)| dT =: T+ I1.
(Rn\QRl)X IQQ[R)
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Regarding I, observe that for any € R""! by Remark 1.2.1 we have |[(—A)°(p¢)(Z)| <p
¢(R)~%’. Therefore,

1
1< / £(Z) — ¢| dz.
’ E(R)2ﬁ 2R1X(IQHIR) | ( ) |

Let T be the center of 2Ry x (IoNIg). Choosing ¢ := far or ¢ := f(Ty) for f € BMO,,
or f € Lip, , respectively, we obtain the desired estimates.

Let us turn to II. We first notice that, taking the Fourier transform, the operator
(—A)? can be rewritten as

V() = Za% <||+2f”> O

where the notation x,, is used to stress that the convolution is taken with respect the
first n spatial variables. With this, if xy € R™ denotes the center of Q1 N Ry, for any
Z € (R"\ 2R;) x (IgNIg) we get

-4)" o)(z,t 7dz
[(=A)7( . 9i(pd)(z, )‘ P
— S :E] xO,j — $]
N Jz_; /Qle i)z t)<] x|n+2ﬁ 2o — m‘n-‘rQﬁ) dz
“ U(R) (R
> lzg — gl 28 1 Ve l(R)" S —— s, 1.2.

by the mean value theorem. So, defining the cylinders C; := 2Ry x (I N Ig) for
J > 1, relation (1.2.3) implies

1 & 1
IT <s , / f(@) — c|dz,
{(R)?P ; 27 (n+28) Cri\C; | |

If f € BMO,,_, we choose c:= far and proceed as in Theorem 1.2.1,

1 e 1
15 1w )25422j<n+2ﬁ>(/‘+1\0 \f(:v)—fmydx+/

i Ci+1\Cj

o — forn dx)

M 51 e ]

||f||* s 1 n+2s (TH- )22 . n+2s ojn+2s
e S I R

2

S g 020 (14 Z ).
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Fixing ¢ > s/ so that this last sum is convergent, proves the result.
On the other hand, if f € Lip,, let ¢ := f(Zo) and also proceed as in Theorem
1.2.1 to deduce

I fIlLip (274(R))> o <1

o,ps n s—B)+a

UaSER (R)%8 97 (n+28) G\ Gl S [ flluip, ,, £(R) o 2 9(28—a);’
]:

that is a convergent sum since o < 2 by hypothesis. O

Recall that given f : R™*! — R and 3 € (0,n), we define its n-dimensional 3-Riesz
transform (whenever it makes sense) as

1

gf('at)' ’n 1 ln—8 f( )

|z

for each ¢, where the convolution is thought in a principal value sense. Let us observe
that for a test function f, for example, the operators 7 and 9,, commute.

THEOREM 1.2.4. Let 8 € (0,1), a € (0,1 — 3) and f : R — R. Assume
Vetlloo < Q)" and |Ved|ooe < U(R)™L. Then, if {(R) < £(Q), for each i =

1,...,n we have

1. If f € BMO,,,

[(F, 00, [T ()] o [1F ep L(R)™ 20

2. If f € Lip,,,. .

(.00, T3 (00| S I lluip, , C(R)™F 25571,
Proof. Notice that for any ¢ € R,

[{f5 00 [T (D)D) = [(f = ¢, 0u, [T5 (90)))]

s/ (@) — cl|0s, (T3 (00))(@)] dz
Rlx(lQﬂIR)
+ / F(@) — |00, [Z2(00))(@) | dF = T+ 1L
(R"\QRl)X(IQﬁ[R)

Regarding I, we have for some conjugate exponents ¢, ¢’ to be fixed later on,

ts ([ 15@ = dx)"l'( / . / . |Ig[axi<go¢>]<x,t>|qudt)‘11
([ i@ = dx)"l'( / . Hzg[ami<soq>><‘,t>n|zchf)é
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Choosing ¢ > =, we shall apply [Gr, Theorem 6.1.3] and obtain

1o ([ 1@ -aran)”( R CACRICTI )’
S (/2R @) — el dx>;'e(3)”"§”51_

If we assume f € BMO,_, we choose ¢ := fop and apply a s-parabolic version of
John-Nirenberg’s inequality to deduce

LS5 1 fllep b(R)

If we assume f € Lip, ,_, we choose ¢ := f(Tr), being Tr the center of R, and obtain

n+qB+2s
q

+2s - n S —
7 ((R) b= | Fllp, C(R)™ 2L

n+q5+

I Ssa I lluip, p COR) T T 0(R) = || Fllep, (R 2T,

To study II, we proceed as in Theorem 1.2.3. For any 7 € (R \ 2R;) x (I N Ig), if
o € R™ denotes the center of 1 N Ry, by the mean value theorem we get

Z300..(00))@)| = | onlo0) ey 0

1NR1 | x‘n
1 1
= O, z,t ( - )dz
‘/QR WO N a7~ Tog — ol
n ((R)"
Z x|” T P+l [Va(0d) oo L(R)™ < W

This way, putting C;j := 2/ Ry x (Ig N Ig) for j > 1, as in Theorem 1.2.3,

1 = 1 _ _
1S ((R)~F+1 ; 9j(n—pB+1) /Cjﬂ\cj |f(@) — | dz.

The case f € BMO,, is dealt with analogously as in Theorem 1.2.3, obtaining

> 1 5 2s .
n+28+5—1 § ](n—&-?) ;9Jn
II <5 Hf”*,ps ( ) — 2j(n7,3+1) |:2 +.7 2] ]7
]:

we are done. Observe that we also need 8 < 1 in order for the

1 [3
above sum to converge. The case f € Lip, , can be dealt with as follows
”f”Lipa N (2 E( )) oo 5(R)”+25+B+a_1
560 ((R)—P+L < - 9j(n—B+1) G\ Gl S U lip, Ps 2:1 91—B—a)j '
Jj= J

and this sum is convergent by the hypothesis a« < 1 — 3. O
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1.3 Potentials of positive measures with growth restric-
tions

The main goal of this section is to deduce some important BMO,, and Lip,, ,_

estimates of potentials of the form (9,55 P, x u, where p is a finite positive Borel measure
with some upper s-parabolic growth. We begin by proving a generalization of [MatPT,
Lemma 4.2] and [MatP, Lemma 7.2].

LEMMA 1.3.1. Let s € (0,1], n € (0,1) and p be a positive measure in R™ ™! which
has upper s-parabolic growth of degree n + 2sn. Then

| Ps * N”Lipn,t Sn L

Proof. Let T := (x,t),Z := (x,7) be fixed points in R"™! with ¢ # 7, and set T :=
(T +)/2. Writing 7 := (y,u) and By := B(To, [T — Z|p,) = B(To, [t — T

| P+ p(T) — Py (7))

s/ P —y,t — ) — ol — 9,7 — w)ldu(p)
Rn+1\230

3 ), we split

—|—/ |Ps(z —y,t —u) — Ps(z —y, 7 —u)|du(y) =: T+ 1L
2By

Defining the s-parabolic annuli A; := 2771 B, \ 27 B, for j > 1 and arguing as in the
last estimate of Theorem 1.1.2 we get

1<Z/

7j>1

w(271 By)

R N e

]>1 2]

1
§|t—7|n2m3n [t — |7,
j=1

that is the desired estimate. Regarding II, observe that

II < Py # (X2Bo 1) (T) + Ps * (X2Bo 1) (Z)-

Notice now that

Ps*(mou)(rﬂ)s/ % s/ ) %5,7 It — 7",
|Z—Y|ps <5|t—T|2s

23()|'27_ypS —7|2s m_yps

where we have split the latter domain of integration into (decreasing) s-parabolic
annuli. Since this also holds replacing T by Z, we also have II < |t — 7|7 and we are
done. O

The above result allows us to prove that, given a positive measure as in the above
statement, we can ensure that the potential 85 P x 1 already belongs to BMO,,, .
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LEMMA 1.3.2. Let s € (0,1], B € (0,1). Let pu be a finite positive Borel measure
in R with upper s-parabolic growth of degree n + 2s3. Then,

107 Py ., <61

Proof. Fix Tp € R™™! and r > 0. Consider the s-parabolic ball B := B(Zg,r) =
By x Iy C R" xR and a certain constant cp to be determined later. We want to show
that there exists ¢g such that

1
& /B 08P,  u(7) — el d.

To that end, begin by considering the following sets, which define a partition of R"*!:
Ry :=5B, Ry:=R"™\ (5By xR),  Rs:=(5ByxR)\5B,

as well as their corresponding characteristic functions y1, x2 and xs. Bearing in mind
the estimates proved in Theorems 1.1.4 and 1.1.6 for 8,55 P, and the fact that p is finite,
it is clear that the quantity |87 P,  (x2u)(To)| is also finite. Moreover, notice that
\85 P is bounded by s-parabolically homogeneous functions of degree —n — 2sf for
any dimension. In fact, we deduce the following estimates: given any ¢, > 0, we
obtain if n > 2,

1 1
BP =\ < < if 2s(1 —
|8t s($)| ~B ‘.’L“”_ZS’f Ig)f(1+5) = |x|"*51|t|512556 s iU g1 < S( ,@)
For n = 2,
ifs<1, |0°P@)| < ! ! if &< 2s(1—B)
T a0 ey |
1
ifs=1, |0°W(@)| < < . if 2 2.

And forn=1,if s < 1,

1 1
o’ P, (z) < < =, if 288 < a < 2s,
’ t S( )| ~Ba ‘x|1*23+0‘|f|12,§(1+ﬁ)_a — |l”1_2s+a’t|1+ﬁ_ﬂ B
while if s =1,
W (@) < < —, if28-1<e<l.
T T (el T

In light of the above inequalities, and using that 5 < 1, it is clear that 8,55 P; defines a
L7 Jocally integrable function in R"*! once endowed with the s-parabolic distance.
Hence, there exists some &, € B (that we may think as close as we need to Zy) such
that |87 P, % (xsp)(€,)| is finite. Bearing all these observations in mind, we choose ¢
to be

B = 8tﬁPs * (Xa)(To) + 8tﬁps * (X3)(€o)-
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Therefore, we are interested in bounding by a constant the following quantity:
1 3 _ _
[ 107 Pex () — cp|dy
1Bl Jp

1
< — [ 10/ P (aw)(@)| dg
1Bl /5

1
+ IH/B 107 Py + (xo11) (@) — 0/ Py + (x211)(To)| A

1 —
T W/g 107 Py # (x310) (@) — 0] Py # (x3p1)(€o)| dg =: T+ I+ IIL.

For I, simply notice that

1< ‘;,/B ([ 100~ 2)1d7 )aucz)

Using any of the bounds above for 8? P,, depending on n and s, integration in polar
coordinates yields
1
LSe ™ P u(5B) <p 1.
B
Regarding II, write

1
< — (/ 0P P,(5j — %) — 8 Py(zo — z)\du(z)) dy.
1Bl J \ /&,

If we name T := ZTg — z and T’ := ¥ — Z, we have in particular

2o — 2| _ |z
ps§T<T:?>

iz —Zp, =170 -7

where the second inequality holds because Z € Ry. Therefore, by the last estimate of
Theorems 1.1.4 and 1.1.6, writing 2¢ := min{1, 2s} we get

1 [y — Zo|%
II < / (/ pe du(z)> -
|B| B Ro ‘xo _ Z‘n+2€_25|fo _ 2’123:(“_,8)

< TQC/ d,u(f)

Let us split Ry into proper disjoint pieces. Take the cylinders given by C; := 5/ By x
R, 7€ Z, j > 1, as well as the annular cylinders éj = Cj411\Cj, j > 1. The partition
of Ry we are interested in is given by the disjoint union of all the sets 6']-, j > 1, which
clearly cover Ry. Therefore

= du(z)
2
UESTED) :/a ST (1.3.1)
J=1 J Ps

. ’mo _ Z’n+2<_28|fo _ E|
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At the same time, for each j > 1, we shall consider a proper partition of @j. Denote
Ay = 51 B\ 5% B for every positive integer k and define CA’M = éj N A, k>1. Let
us make some observations about the sets CA']k First, notice that by definition, for
each j > 1,

Cin = (571 By \ 5 Bo) x R] N (51 B\ 5°B).
Hence, using that

(5T By\ 5 By) x R] N (5" B\ 5"B) =2, for k<j

we have that, in fact, @ can be covered by CA'M for k > j, that is

(@

Cir =
1 k

s

Cj - Cj,k-

k

I
<

Secondly, in order to estimate M(éj,k), observe that for any k > j, by definition, the
set C} can be written explicitly as follows:

Gy = (571 B\ 5'Bo) x B (815 \ 5-B)
= [(5""'By\ 5’ By) x R]
N {[(5k+1BO \ 5kB0) « 525(1€+1)1’0] U [5kBO % (525(k+1)]-0 \ SQkIO)] }

Continue by observing that if £ = j, the intersection with the second element of the
union is empty, so

C;; = (577'By \ 57 By) x 52UV [,

while if £ > j one has the contrary, that is, the intersection with the first element is
empty, and therefore, since 571 By \ 5/ By C 5* By,

éj,k = (5j+lBO \ 5jBo) % [525(k+1)10 \ 52sk10]

Observe that C;; € 57! B, which implies 11(C; ;) < u(57t'B) < (57+17)"t256 On the
other hand, for k > j, notice that the set Cj; can be covered by disjoint temporal

translates of 6']-,]», and the number needed to do it is proportional to the ratio between
their respective time lengths, that is

2(525(k+1) _ 523k) 52sk
52s(j+1) = 52sj "

Therefore, since this last ratio is also valid for the case k = j, for every k > j we have

N 525k 2sk

= 5 ; +2sp
(Cik) = 255 1(Ch) S 257 (5771r)
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All in all, we finally obtain

du(z)
2¢
s r ZZ/ “2a[zy — 220D

=1 k>j lzo — 2| 26725 [T — Z]p,
YR D) peL(CTE RN ) DY B
5ir) n+2( 25 (5 2s(148) ~P £ 57(20—25B) 5256k
( (5%r) — =
Jj=1k>j J=1k>j

00 1 1 s 1 1
— ]; 520k Zl 53(2(—25P) S kzl 5250k (1 + 5(2(23,3)k> ,SB 1.
= J= =

Finally, let us study III. Notice that the estimate we want to check is deduced if we
prove

107 Py + (x3p1) (@) — 07 Py + (x3p) (&o)] Sp 1

that at the same time, can be obtained if we show that for any T,7 € B we have

10/ Py % (x3p1)(T) — 07 Py * (x310)(@)| Sp 1. (1.3.2)

It is clear that it suffices to check the latter estimate in two particular cases: when T
and y share their time coordinate, and when they share their spatial coordinate.
Case 1: T = (x,t) and g = (y,t) points of B. Let us begin by observing that

107 Py (x3p) (T) — 3fP * (xa1) ()]
‘/P * (xap)(@,7) = P x (xsp)(21) / Py x (xam)(y, 7) = P Oesi) (9, 1)
]7’

— [+ |7 — t[1+8
/ | P (x3p)(w, 7) — Py x (x3p) (2, t)l

T Jir—t1<(2r)2s |7 —t|'+h
+/ | Py s (x3) (y, T )—1Ps (x3i)(y, t)| dr

[T—t|<(2r)2s ’T - t‘ +h

| P (xap)(w, 7) — Ps x (xap)(w, ) — Ps* (xap)(y, 7) + Ps * (xap)(y, 1)

+ 1+B dr

|r—t]>(2r)2e T —1

=T+ 1T+ III.

First, we estimate 1. Arguing as in the proof of the last estimate of Theorem 1.1.2,
we obtain

du(z)  _ Jt—1]
2’3—1-25 ~p r2s(1-8)°

|Ps * (x3p)(w, 7) — P (xap)(z,t)] < 1 — ¢ —
Rs ’37 -

where the last inequality can be obtained by splitting the domain of integration into
s-parabolic annuli and by the s-parabolic growth of degree n + 2s3 of . Thus,

1 d 2s\(1
Igﬁ 25(1-B8) / a B 55 ( 2 ()175) =1.
i lr—t|<(2r)2s |T — t| i
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The arguments to obtain II <g 1 are analogous. Concerning III, we split it as follows

1 < / 1Ps * (xsp) (2, 7) — Eﬂ* (x3p)(y, )| dr
r—t[>(2r)2 |7 — 1]

Ps 1) — P5 b
|7—t[>(2r)2s ’T B t‘

First, let us deal with integral IIly. Since (z,t), (y,t) € B,
[P (xap) (@, 8) = P (xap)(y, 1) < |z =yl [[VaPs % (X3)]|oo,B-

Notice that for any Z € B, by Theorem 1.1.2 and the fact that sg < 1, we have

VoPox )31 5 [ vl ) <o / _dul®@) e

Ry |2 =0 rrt1\5B |2 — Wt~

Therefore, since |z —y| <,

dr 1
I, < 2sﬂ/ e =1. 1.3.3

Regarding I11;, observe that for each 7 the points (z, 7) and (y, 7) belong to a temporal
translate of B that does not intersect B, since |7 —t| > (2r)?* and t € I. We call it
B;. Hence, bearing in mind the first estimate of [MatPT, Lemma 2.1] we deduce

[P+ (xap) (2, 7) = Py (xap) (y, 7)| < / |Ps((2,7) —w) = Ps((y, 7) — w)|du(w)

2B,
T / IP((z,7) — ) — Pul(y, 7) — B)|du(w)
[(5Bo xR)\5B]N(2B-)°
g/ _dp@) +/ __du(@) (1.3.4)
on, |(z,7) — W[ on, |y, ) — w2,

el [ V. P((3,7) — @) |dpu(w)
[(5BoxR)\5B]N(2B,)°

T —w
Sﬁ 7_23,3 +T/ N‘—Jn—q—QdM(E)
[(5Bo xR)\5B]N(2B-)° |(Z,7) — w|ps

N 20 4 7’2/ %
[(5BoxR)\5B]N(2B- )¢ [(Z,7) —w Ds

, du(w
<P 42 / I e M(wl — S,
R7+1\2B, (%, 7) — wlps

where for both integrals in (1.3.4) we have split the domain of integration into (de-
creasing) s-parabolic annuli; while in the remaining term, z belongs to the segment
joining = and y and we have split the domain of integration into s-parabolic annuli
centered at (zo,t + s). Hence, similarly to (1.3.3) we get III; <g 1 and we are done
with Case 1.
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Case 2: T = (z,t) and y = (x,u) points of B. Write

107 Py * (x31)(T) — 8 Py % (xap) (@)

oy Cesi) @, 7) = Pox (o) (,8)
|7 — t[1+5

- / P+ (xap)(x,7) = Pox (xap) (@)
|7 — u|i+8

< / | Ps * (xap) (2, 7) — 1&; Oesp)(@, )]
|r—t|<(2r)2s |7 —t['*

+/ |PS*(X3/.L)(ZL',7')_Ps*(X?uu)(mvu” dr
|T—t|<(2r)2s

|m — u|1+6
+ / Rs * (X3M>(CC7 7-) - Rs * (X3/J’) (.’17, t)
|[T—t|>(2r)2s

|7 — ¢[1+7

_ Pox Oap)(,7) = B (xap)(z, 0)|
|7. _ u|1+B

r=1T+1+1II.

The expressions corresponding to I', II' can be tackled in the same way as I, 1I. Hence,
I' <g land II' <4 1. Finally, for III', adding and subtracting Pyx(xap)(z,t)/|7—u|'*?,

Ir < /
|7—t|>(2r)2s

1
T / L Pk () (s 8) = Py (xapt) ()| d
fr—t|>(2r)2s [T — u1+F

1 1

T t|1+5 - |7_ — 'U,|1+’8 ‘PS * (X?),u)(x?T) - PS * <X3/J’)(J:7t)’d7—

Since |7 — t| > (2r)?* we can apply the mean value theorem to deduce

1 1 2s

|7 — t|1+5 - |7 — |15

|t — ul r
~B |7 — 248 ~ |7 — 248

In addition, since p has upper s-parabolic growth of degree n + 2s3, by Lemma 1.3.1,
with 7 := 3, the time function Ps * (x3u)(x,-) is Lip-8. Therefore,
r

Ir 55/ \T—t|ﬁdr+/
r—t|>(2ry2e |7 — [>T |7 —t|>(2r)2s

Therefore estimate (1.3.2) is satisfied and we are done with III and also with the
proof. 0

2s 1

4 —ylB
T—U|1+ﬁ‘t ul”dr S 1.

In the same spirit, if we ask the positive measure for an extra a growth, the
potential 8tﬁ Py * p will satisfy a Lip, , property. Recall that 2¢ := min{1, 2s}.

LEMMA 1.3.3. Let s € (0,1], 8 € (0,1) and o € (0,2¢) such that 2sp + a < 2.
Let 1 be a positive measure in R™ 1 which has upper s-parabolic growth of degree
n+ 2s8 + a. Then,

107 P * pillLip, o Spa 1
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Proof. Fix any 7,7 € R""!, T # 7. We have to check if the following holds

107 Py x u(T) — 0] Py # ()| Spoa T — TS

Begin by choosing the following partition of R"*!

p. < ly—2/5},
Ds > |y—Z|/5}7

Ulp <lz—2[/5}U{z : [y
Ry:=R"™\ R ={z: |77, >|lz—2|/5}n{z : |y

Ri:={z: |z -

and their corresponding characteristic functions x1, x2. From the latter we have

10/ Py + w(T) — 0, Py % (7))

|T_ggs

a/l Ylps <lz—2[/5 lé’fPs(f—z) —@ﬁPS@—E)]d,u(z)
T—Y|pg r—z

1
T . / PPy (@ — %) — 00 Py(5 — 2)|du(z)
ps JY—2|p, <|y—=|/5

+ _7?‘3{56135 * (X2p) () — 0 Pox (xap)(@)] = Iz + Iy + 1L (1.3.5)
pS

=/

Regarding Iz, name £ :=7—%, § =7 —

z and observe that, in particular, one has

ko=l _ I
2 2’

:|f_yp‘- <

Applying the last estimate either of Theorem 1.1.4 or Theorem 1.1.6, we deduce

I 1 / du(z)
z Nﬂ v s
z—glo > )| 0B

Ylp. T—Ylp. <le—z|/5 |x — z|TH28|T —

Let us split the domain of integration into proper disjoint pieces. For T = (x,t), we
denote

Bz :=B(Z,|T—7

ps) = Bl(fL‘, |f_y

ps) X JE’

where B;(z, |T —7|p,) is an Euclidean ball in R™ and J5 is a real interval centered at ¢
with length 2|7 —g[2*. As in Lemma 1.3.2, take cylinders Cjz := 5 B\ (T, |Z—7,.) xR

for j > 1, as well as the annular cylinders C z:=Cinz\ C'J 7, for j > 1. We express
(z : [T —7l,, < |z —2|/5} as the disjoint union of the sets C;z, so that
du(z)
L <5 / .
e "1 7wl Z = [ = gl — 2

The above integral can be studied as that appearing in (1.3.1), in the study of the
term IT of Lemma 1.3.2 (centering now the cylinders in T and interchanging the roles
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of r and |Z — 7l,,). Doing so, and taking into account the n + 253 + a growth of y,
one obtains

Iz Sga — e P——Te ZZ 5j+n\9€2—295\ 2”+255ja 25(1 52?
1T — Ylp, j=1k>j (59| — Glp, )22 (54T — 7, )2s(1+H) 525
o 5](n+28ﬁ+a) 523k o 5j(256+a72()
j; = 5j(n+2(—2s)525(1+ﬁ)k 52sj Py 52s6k

Dﬂg

5255k Z 53 (20— 25,6 5 Z 5258k ( 2(—23ﬂ—a)k> Spa l, if o< 2.
k=1 k=1

The study of I is analogous, interchanging the roles of  and 3. Finally we deal with
I1. We claim that the following estimate holds

|07 Py (x211)(®) — 0] Ps + (xop) (@)| S |7 — .-
The general case will follows from the following two cases: whether T and ¥ share
their time coordinate, or if they share their spatial coordinate. Indeed, write T =
(x,t),y = (y,7) and set T := (x,7) so that
8/ o (xa)(@) = 0 P+ (x21) (9]
< [0 Py # (xai) (®) — 0] Py + (xapt) ()] + |07 P 5 (xap) (B) — 0 Py  (x211) (7))
Spa T =2y, +17 =7, = [t — 7‘|a/2 + |z —y|* < 2|7 —7g[,,, and we are done.

Case 1: T = (z,t) and § = (z,u). Write pg := you and estimate |87 P,  pup(Z) —
8f P, * p2(g)| as follows

/P*u2$7' P*M2($,t)d7__/Ps*lu2($T) P*ug(;z:u)
| — 7 |7 — ul*+P

/ | Ps  po(x, 7) — Ps % oz, )] dr
T r—t|<22e g2 [T —t|'+F

+/ |PS*M2(va)_-1Pj; MQ(x7u)’dT
|r—t|<22¢ 77128 T~

+/ ’PS*MQ(m,T)_PS*Mz(x,t)
|7 —t|>225 |z—7| ’T—t‘l"'ﬂ

~ Poxpa(x,7) — Py * oz, u)
|7 — u|i+8

dr =T+ 1T+ II1.

By a direct application of Lemma 1.3.1 we are able to obtain, straightforwardly,

dr .
1<ﬁa/ < lT-7
[r—tl <22 [5-313;

T—t\l_ﬂ
dr
—|Q
II Sﬁ’a/ -z Sa [T — Ylp,-
r—t]<22e 7712 |T — u

[e%

e and
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For III, adding and subtracting the term Py * s (z,t)/|7 — u|'*? we get

III < /
|7—t|>22¢|T—y|2¢

1
+/ 71+5]Ps*,u2(m,t)—Ps*ug(:c,u)|d7'.
|T—t|>22=z—g|2s 1T — ul

1 1
|7 —t|'F |7 — |8

| Ps * po(x, 7) — Py % po(z,t)| dr

Since |7 — t| > 2% — 7|2° we can apply the mean value theorem to deduce

1 1

B t—ul _ -7l
|7-_t|1+,8 |7-_u|1+ﬁ

~P T B [ g

Therefore, by Lemma 1.3.1 with 7 := 3 + -, we finally have

= _ 77|28
m - @
11 <0 / 7=l y;’sﬁ T—t|"te dr
r—t|>22sz—gizs [T — t[**

(6%
Dps”

1 o
= t—ulPTEsdr < T_T
+ /|Tt>22s|zy§-; = u\”ﬁ‘ ul T S |T—7

Therefore |07 P, g () — 0P Py % pia ()| < I+ 114111 Ssa [T =75, and this ends the
study of Case 1.

Case 2: T = (x,t) and § = (y,t). To tackle this case, let us first rewrite the set
Ry as

Ry = [5B1(x, 17 — gly.) x R 0 [5B1(y, [~ 7|,.) x B| = (5B1. x R) N (5B, x R),
Continue rewriting Ro as follows
Ry = {5BzU [(5B1. x R) \ 5B5] } N {5870 [(5B1, x R) \ 557 |
= (5BzN5By5) U{5BzN [(5B1, x R) \ 5By] }
U {585 [(5B1 x R) \ 58] }
U{[(5B10 x R)\ 5B5] 1 [(5B1, x R) \ 5By |
=: Ro1 U Rys U Ro3 U Roy.
Observe that in Case 2 intervals Jz and Jy coincide. We name them J. Therefore,
Ry = 5Bz N [(5B1y x R) \ 5By] = (5B1, x J) N [6B1, x (R\ J)] = &,
Ra3 :=5By N [(5B1y x R) \ 5By] = (5B1,y x J) N [6B1, x (R\ J)] = &,
meaning that, in fact, Ry = R U Rgy. Observe also that Ry4 can be rewritten as

R24 L= [(5B1’x X R) \ 5B§] N [(5B17y X R) \ 5B§]
= (5B, N5By,) x (R\ J).
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Therefore, if x21 and y94 are the characteristic functions of Ry; and Ro4, we have,
naming fo1 := Y214 and fiog := Y24/,

1

II< WW{?PS * MQl(T) - atﬁps * MQI(y)’
Ps
1 8 _ 8 _
+ WV% .PS * ‘LL24($) - 6t PS * ,u24(y)| = IIl + II4
Ps

Hence, fixing j € {1,4}, begin by establishing the following estimate

107 Py  p12;(T) — 0 Py % 1o (3|

Py # pigj(x,7) — Py * poj(, 0) dr — Py x i (y, 7) — Py * 12 (y, t) ar
= e

- / | P, * pagj(, 7) — isﬁ* paj(, )]
|r—t|<22% [7—]22 Im—

+/ | Ps + proj (y, 7) — isﬁ* P2 O] o
|7—t|<22¢ 77|13 I~

+/ |PS *ng(iC,T) — P M2j($,t) — D *:qu(va) + P */1'2j(y7t)| dr
r—t[>225 [7—7|2°

|T _ t|1+6
=:C1+Cy+Cs.
Lemma 1.3.1 with n = 8 yields C1 Spa [T — 7, and Ca Spo [T — 75, , so we focus
on Cs. Split it as follows
Oy < / [P paj(w, 7) — Py % piaj(y, 7|
T Jir—t>22sz-pi2s |7 — |17
Ps x poi(x,t) — Ps * o, (y, t
+/ | Ps  proj (2, 1) P ri WA g o o
|r—t|>225 [7—[2: |7 —1|

First, let us deal with integral Cs;. On the one hand, if j = 1, observe that for any
Z € 2Bz, since 2Bz C Ry C 5Bz, we can contain Ry into s-parabolic annuli centered
at Z and (exponentially decreasing) radii proportional to |Z —g|,,. Hence, by [MatP,
Lemma 2.2] and the upper s-parabolic growth of degree n + 2s5 + « of u, we deduce

_ dp _
1Py s i (2)] < / Y o E-7
5By5B, |2 — W}

2sB+a
Ps '

If j = 4, observe that |Ps * pgs(x,t) — Py * pigj(y,t)| < |x — y| [|VaPs * p124|0c,2B-. SO
for any z € 2Bz, by Theorem 1.1.2 we obtain

z—w

VoPor (2] 5 [ )

(5BzN5B5) % (R\J) 1z —wlj;

_ dp(w) _

S ’x—y’ps/ T i SAa [T

Rn+HI\(5B, M58, 3) 1z — ol

2sf+a—1
Ps )
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since 2s0 + a < 2. For the last inequality we can split, for example, the domain of
integration into s-parabolic annuli centered at Z with (exponentially increasing) radii
proportional to 2|Z — g|,,. Then,

C32 Spa lT—7

dr
2sﬁ+a/ < |- 7| 1.3.6
; S 1T =7y, - (1.3.6)
b r—t|>22smglzs [T — 1P i

Regarding Cj;, the points (z,7) and (y, 7) belong to a temporal translate of 2BzN2By

that does not intersect 2Bz N 2By, since |1 — t| > 2**[T — [2*. We call it 2B7 N 2B7.

For each j € {1,4} and 7 (and bearing in mind Theorem 1.1.2) we deduce
’PS*MQj(x7 T) - -Ps * M?j(ya T)|

</ IPy((z,7) — @) — Py((y,7) — @) |du(w)
ZB%HZB%

+/ P((z.7) — W) — Pu((y.7) — m)|dpu(w)
Ro;\(2BZN2B)

du(w du(w

< / _dw@) / __du(@) (1.3.7)
opz |(z,7) — W[, 2B7 (y, 7) — 0]},
+ |z -yl Vo Ps((2, 7) — W) |dp(w)
RQj\(QB%ﬂQB%)
_ o dp(w)

Spa [T =727 + x—yz./ e 1.3.8
B | Ds ’ Ps Rnt1\(2B728) (Z,7) —w ng ( )

where for both integrals of (1.3.7) we have split the domain of integration into (expo-
nentially decreasing) s-parabolic annuli; while in the remaining term Z belongs to the
segment joining x and y. Observe also that in the last inequality we have used that the
spatial distance between any two points of Ry \ (2B N2B7) and Ry, \ (2B% N 2B7)
is bounded by a multiple of |z — y| and thus of |Z — y|,,. Observe now that, if
¢ :=(x+y)/2, we have

2B7N2B7 = B((z,t+7),2[7 -7
DB((&t+7),[T-7

Ps) ﬂB((yat+7)’2|f_g
ps) =: B",

r.)

meaning that R
R™™\ (2BZ N2B]) C R\ B".

Return to (1.3.8) and estimate the remaining integral by another one with the same
integrand, but over the enlarged domain R™*!\ BT, Afterwards, split the latter into
s-parabolic annuli centered at (Z,7) and (exponentially increasing) radii proportional
to | — 7|y, /2 and use that 255 + a < 2 so that

2

2sf+a + ’f -y Ps ‘
Ds |E =

25+«
pS :

| Py # poj(z,7) — Ps * poj(y, 7)| Spa [T—7

T-7

2—2sB—« =
pS
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Hence, similarly to (1.3.6) we deduce C31 Spo [T—7]5, which means IT < I, +11; $p o
1 and we are done with Case 2. This last estimate finally implies

107 P+ (xap) (&) = 0 P+ Car) @) S [T = T,
which means II <g, 1. So applying it to (1.3.5) we conclude that

0] Py % w(T) — 8 Py * ju(y)
T -y

t <L+ T+ <g0 1,
pS

and the desired s-parabolic Lip, condition follows. O

1.4 The s-parabolic BMO and Lip, caloric capacities

We are finally ready to introduce the s-parabolic BMO and Lip, variants of the
caloric capacities presented in [MatPT, MatP]. This section generalizes the concept
to include a broader set of variants. The principal result will be that, in any case,
such capacities will turn out to be comparable to a certain s-parabolic Hausdorff
content. Moreover, we will be able to characterize removable sets for BMO,_ and
Lip, ,, solutions of the ©°-equation in terms of the nullity of the respective capacities.
In order to do so, we will need a fundamental lemma that we present before introducing
the different capacities. The result below will characterize distributions supported on
a compact set with finite d-dimensional Hausdorff measure that satisfy some growth
property only for small enough s-parabolic cubes.

LEMMA 1.4.1. Let d > 0 and E C R"*! be a compact set with Hi (E) < co. Let
T be a distribution supported on E with the property that there exists 0 < fy < oo
such that for any R C R™ s-parabolic cube with {(R) < {y,

(T, )| S €(R)“, V¢ admissible for R.
Then, T is a signed measure satisfying
(T, )| S HE (E)[¢llooy  Vap € CO(R™H).

Proof. We follow the proof of [MatPT, Lemma 6.2]. Let ¢ € C*(R"!) and 0 <
€ < lo/4. Let Qs,i € I. be a collection of s-parabolic cubes with F' C U;c;. Q; with
0(Q;) < e and

D> UQi)' < CHL(E) +e.

iel.
Now cover each @); by a bounded number (depending on the dimension) of dyadic

s-parabolic cubes R}, ..., R with ¢(R?) < £(Q;)/8 and apply an s-parabolic version
of Harvey-Polking’s lemma (that admits an analogous proof, see [HPo, Lemma 3.1])
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to obtain a collection of non-negative functions {y;}icr. with supp(¢;) C 2Q;, cp;
admissible for 2Q); and satisfying >, ¢; =1 on U,¢;. Qi D E. Now we write

(T )] < Y UT, pi)l.
i€l
Proceeding as in [MatPT, Lemma 6.2] it can be shown that

o oY
" 9]0 + UQ)IVat oo + £(Q:)** (|04t |l cc + £(Q:)* | A% ||

is an admissible function for 2Q); (up to a dimensional constant), with £(2Q);) < £y/2.
Therefore, by the growth assumptions on 7T,

(T ) S 3 Q) (1 ]lso + LQNIVat ]| + £(Q0)2(10:|oo + £(Q:)* | A% |)

i€l

< (Hy, (B) + ) (I¢lloo + el Vatdll + 210l + 2[ A% ),

and making ¢ tend to 0, we deduce the result. O

1.4.1 The capacity I'es .

The first capacity we introduce is the BMO,,, variant of the caloric capacity first
defined in [MatPT]| for the usual heat equation.

DEFINITION 1.4.1. Given s € (1/2,1] and E C R""! compact set, define its
BMO,, -caloric capacity as

Per u(E) = sup (T, 1)),

where the supremum is taken among all distributions 7" with supp(7’) C E and satis-
fying
1
|VePs % Tl p, <1, 107° Py # T'|xp, < 1. (1.4.1)

Such distributions will be called admissible for I'es «(E).
Let us also introduce what we will understand as removable sets in this context:

DEFINITION 1.4.2. A compact set E C R"™! is said to be removable for s-caloric
functions with BMO,,_-(1, %S)-dem'fuatives if for any open subset Q C R"*!, any func-
tion f : R — R with

1
IVafllep, <00, 1107 fllsp. < o0,

satisfying the ©°-equation in Q \ E, also satisfies the previous equation in the whole
Q.

First, we shall prove that if T satisfies (1.4.1), then 7" has upper s-parabolic growth
of degree n + 1. In fact, we shall prove a stronger result:
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THEOREM 1.4.2. Let s € (1/2,1] and T be a distribution in R™ ! with

1
[VaPsxTllip, <1, 107° Ps + T

*,Ps S 1'

Let Q be a fized s-parabolic cube and ¢ an admissible function for Q. Then, if R is
any s-parabolic cube with {(R) < ¢(Q) and ¢ is admissible for R, we have |(¢T, ¢)| <
K(R)n"_l.

Proof. Let T, @ and ¢ be as above. Let R be an s-parabolic cube with /(R) < /(Q)
and RN Q # @ (if not, the result is trivial) and ¢ admissible function for R. Since
P, is the fundamental solution of the ©®-equation,

(eT, d)| = (O°Ps x T, )| < [((—A)*Ps x T, 0¢)| + [(Ps x T, 0,(p9))| =: T+ 1L
Regarding II, observe that defining 8 :=1 — % € (0,1/2] we get

h(9) = ¢ " (D(g) . 1t]7).

for some constant c. The latter can be checked via the Fourier transform with respect
to the t variable. Therefore, applying Theorem 1.2.1 we get

I = c|(0; 7Py  T,0:(p) #¢ |t] %) S L(R)"™H—) = ¢(R)™,
To study I we distinguish whether if s =1 or s < 1. If s = 1, Theorem 1.2.2 yields
L= (AW % T, )| = (V. W * T, Vi (p0))| S L(R)".
Recall that the operator (—A)® can be rewritten as

(A () =~ Za (s #0000

where %,, indicates that the convolution is taken with respect the first n spatial vari-
ables. Therefore, by Theorem 1.2.4, since s € (1/2,1), we have

1

= Z |<8$7P5 * T7 817 [13725(§0¢)]>| S E(R)n—‘rl?

i=1

n

5D

=1

and we are done. O

REMARK 1.4.1. Let us observe that in the particular case in which T' is compactly
supported, we may simply convey that @ := R"*! and ¢ = 1 so that we deduce

(T, o) < R,

for any R s-parabolic cube and ¢ admissible function for R. Therefore, bearing in
mind Lemma 1.4.1, if E C R*"! is a compact set with Hp™'(E) = 0 and T is a
distribution supported on F and satisfying the BMO,,  estimates of Theorem 1.4.2,
choosing {y := oo we get T' = 0.
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THEOREM 1.4.3. For any s € (1/2,1] and E C R™"! compact set,
~ n+1
F@S,* (E) ~ Hoo,ps (E)
Proof. Let us first prove
To-.(E) S HIE (E). (1.4.2)
Proceed by fixing e > 0 and {Ay} a collection of sets in R"™! that cover E such that

Z diam,, (Ay)"* < HZT (E) + €.
k=1

Now, for each k let QJx an open s-parabolic cube centered at some point a € Ag
with side length ¢(Qy) = diam,_(Ax), so that E C |J, Qx. Apply the compactness
of E and [HPo, Lemma 3.1] to consider {¢}i, a collection of smooth functions
satisfying, for each k: 0 < ¢ < 1, supp(pr) C 2Qk, Sn_ ¢r = 1 in Un_; Qi and
also ||Vawklloo < 0(2Qk) 71, [|0ipr]l < £(2Qk) 2. Hence, by Theorem 1.4.2, if T is any
distribution admissible for I'gs ,(E),

T1|_

N
<) 02Qk)"! ~ Zdlam ()"t <HIE (E) + <.
k=1

Since this holds for any 7" and € > 0 can be arbitrarily small, (1.4.2) follows.

For the lower bound we will apply (an s-parabolic version of) Frostman’s lemma
[Matti, Theorem 8.8], which can be proved using an s-parabolic dyadic lattice, as
it is presented in the proof of [MatPT, Lemma 5.1]. Assume then HZ'! (E) > 0
and consider a non trivial positive Borel regular measure p supported on E with
w(E) > cHit)l (E) and p(B(z,r)) < "t for all T € R™!, r > 0. If we prove that

IV Py pil]« and (|07 P x iy, <

7ps N
we will be done, since this will imply Tes.(E) 2 (u,1) = u(E) 2 HZ) . But by

1
Lemma 1.3.2 we already have [|0° Py * |, p, < 1, so we are only left with the BMO,,
norm of V P x u. Thus, let us fix an s- parabohc ball B(Zy,r) and consider the
characteristic function xsp associated to 2B. Denote also 25 = 1 — x25. In this
setting, we pick

e = ViP5 x (x2pept)(To).

Using Theorem 1.1.2 it easily follows that this last expression is well-defined. Let us
now estimate ||V, Ps * pt|« .,

1
18| / Vo Ps x u(7) — cp|dy

B (——"

|B| B (/R +1\2B ’vrPS(y - 2) - vas(TO — Z)|d/j,(z)) dy = I+ 1L
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To deal with I we first notice that by Theorem 1.1.2 and Tonelli’s theorem we have

TRV =

Writing B = By x Iy C R" x R, 7 = (y,t), Z = (z,u) and choosing 0 < ¢ < 2s — 1,
integration in polar coordinates yields

1 (/ dy / dt ) 1 )
<L )
Bl Jos \ oo 0 o )V S 50

Regarding II, we name T := Tp—Z% and T’ := §—%, and observe that |7—7'[,, < |7, /2.
Hence, we apply the fourth estimate in Theorem 1.1.2 with 2¢ = 1 since s > 1/2, and

dy> du(z).

)u2B) 3

obtain
.Z'O Ds — — du(z)
d/L(Z)) dy < T/ P — Y
|B\ / (/ rrt1\2 |Z — To[p?
du(z >, (27 F )t <01
_ o / ) < <N <1
r ~ r n ~ Y] )
jz_:l 2i+1B\2iB |2 — -’]00|"Jr2 ]z_:l (27r)n+2 jz_:l 2
and we are done. O

THEOREM 1.4.4. Let s € (1/2, 1] A compact set E C R"" is removable for

s-caloric functions with BMO,, (1, &= )-derivatives if and only if Tes .(E) = 0.

Proof. Fix E C R™™! compact set and begin by assuming that is removable. Now pick
T admissible for I'gs ,(E) and observe that defining f := Py T, we have ||V, f||.p. <
1

00, |07 fllsp. < o0 and ©°f = 0 on R""1 \ E. So by hypothesis ©°f = 0 in R"*!
and therefore 7" = 0. Since T' was an arbitrary admissible distribution for I'g: .(F),
we deduce that I'es .(E) = 0.

Let us now assume I'g: ,(E) = 0 and prove the removability of E. Notice that
by Theorem 1.4.3 we get 7—["“ (E) = 0 and thus, by [Matti, Lemma 4.6], we have
HpH(E) = 0. With this in mlnd fix QO O E any open set and f : R**! — R any

function with ||V fllsp, < 00, |]8t25f||*7ps <ooand ©°f =0on Q\ E. We will assume
©°f # 0 in Q and reach a contradiction. Define the distribution

o f
IV fllep, + 107 £llsp.

T .=

1
which is such that |V Ps % T|lxp, < 1, [|02° Ps * T|l«p. < 1 and supp(T) C E U Q°.
Since T" # 0 in €2, there exists () s-parabolic cube with 4Q) C Q so that 7" £ 0 in Q.
Observe that Q N E # &. Then, by definition, there is ¢ test function supported on
Q with (T, ¢) > 0. Consider

- ®
7T el + LQNVaploo + LQZ[10r0] 0 + HQ) A0’
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so that ¢ is admissible for Q. Apply Theorem 1.4.2 to deduce that @T has upper
s-parabolic growth of degree n+1 for cubes R with {(R) < ¢(Q). Apply Lemma 1.4.1
to @T with the compact set Q N E, ¢y := ¢(Q) and d :=n + 1. Then,

(@T, )| =0, Vi e CXR™),

since H;}jl(@ N E) = 0. This would imply ¢7° = 0, which is impossible, since
(p,T) > 0. Therefore ©°f = 0 in 2, and by the arbitrariness of 2 and f we are
done. O

1.4.2 The capacity I'es 4

We shall now present an s-parabolic Lip, variant of the caloric capacity presented
above.

DEFINITION 1.4.3. Given s € (1/2,1], « € (0,1) and E C R""! compact set,
define its Lip,, ,, -caloric capacity as
Fos o(E) := sup (T, 1)],
where the supremum is taken among all distributions 7" with supp(7’) C E and satis-
fying

Such distributions will be called admissible for T'es o(E).

1
100, Pe# Tlltipp. <1, Yi=1,...,n, 07 Py # Tlluip,, < 1.

DEFINITION 1.4.4. A compact set E C R""! is said to be removable for s-caloric

functions with Lip, ,, -(1, Zis)-dem'vatives if for any open subset 2 C R™*!, any function
f R 5 R with

1
IVafllip, ,, <00 107 flluip, ,, < oo,

satisfying the ©%-equation in 2\ E, also satisfies the previous equation in the whole
Q.

As in the s-parabolic BMO case, if T is a compactly supported distribution satis-
fying the required normalization conditions, 1" will present upper s-parabolic growth
of degree n + 1 + . In fact, the following result holds:

THEOREM 1.4.5. Let s € (1/2,1], a € (0,25 — 1) and T be a distribution in R™"H!
with .
100, Ps % TllLip, p. <1, Yi=1,...,n, 102 Py Tluip,, . < 1.

Let Q) be a fized s-parabolic cube and ¢ admissible for Q. Then, if R is any s-parabolic
cube with ((R) < 4(Q) and ¢ is admissible for R, we have |(¢T, )| o O(R)VH1T,

Proof. Let T, @@ and ¢ be as above. Let us also consider R s-parabolic cube with
/(R) </(Q) and RNQ # @ and ¢ admissible function for R. We proceed as in the
proof of Theorem 1.4.2 to obtain

[(eT, @) < [((=A)°Ps # T, 0¢)| + [(Ps # T, ()| =: T+ 1L
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Regarding II, we now define define 5 :=1 — 2—18 and observe that 2s8 = 2s — 1 > «,
so applying Theorem 1.2.1 we get 11 <, ¢(R)""17, The study of I is also analogous
to that done in Theorem 1.4.2. The case s = 1 follows in exactly the same way by
Theorem 1.2.2, and if s € (1/2,1) we also have

n

i=1
So by Theorem 1.2.4 and condition a < 2s — 1 we deduce the desired result. O
THEOREM 1.4.6. For any s € (1/2,1], a € (0,25 — 1) and E C R*"! compact set,

Los o E) ~q HET(E).

OO7pS

Proof. For the upper bound we proceed analogously as we have done in the proof
of Theorem 1.4.3, using now the growth restriction given by Theorem 1.4.5. So we
focus on the lower bound, which will also rely on Frostman’s lemma. Assume then
H&f;ja(E) > 0 and consider a non trivial positive Borel measure y supported on F
with p(E) > ¢cHIP(E) and p(B(T,r)) < r"HHe for all T € R, 7 > 0. Tt is
enough to check

1
102, Ps * pl|Lip, p. Sal, Vi=1,...,n and 107 Py * | Lip,, pe Sa 1.

Notice that the right inequality follows directly from Lemma 1.3.3 with § := i, SO

we just focus on controlling the s-parabolic Lip, seminorm of the spatial derivatives
of P, x pu. Fix i = 1,...,n and choose any Z,7 € R""! with T # 7. Consider the
following partition

Ri:={z : [T =Tl <7 2p./2} U {2 : [5—]p, <[5 7./2},

Ry ::R"+1\R1:{z ] pS/Q}ﬂ{z T pS/Q},

with their corresponding characteristic functions xi, x2 respectively. This way, we
have

|00, Ps * ju(T) — O, Ps * (7))
]

pe > T2 pe > U—Z

gs
1
§ a/ laxips(f_z) _arzps(y_z)‘d:u(z)
T =915, gy, <im0, 2

1
+a/ |02, Ps(T — Z) — 02, P5(y — Z)|dp(Z)
1= =55, Jig-aly. <5y, /2

1
+ a/ |0 Ps(T — Z) — O, Ps(y — Z)|dp(Z) =: I + 11 + II1.
’Q? -y ps 7 Ra

Regarding I, apply the fourth estimate of Theorem 1.1.2 to obtain

1 T =Tlp. ,
IS |_a/ o mdu(z).
T = Ylp, JI7—7lp, <[7—2lp, /2 1T ~ Zlp,
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Split the previous domain of integration into the s-parabolic annuli

Aj =2 BT, [T - ylp,) \ ¥ BT, [T - 7l,), for j>1,

and use that p has upper parabolic growth of degree n + 1 + « to deduce

du@ 1 o (T — gl )
Sl > %5

= o R T Tl S R

> 1
<§ — <
S 2ot~
J:

The study of II is analogous interchanging the roles of T and 7. Finally, for III, we
apply the first estimate of Theorem 1.1.2 so that

< — 1 / du(z) e 17 / 7d/¢£§)
T =9l Jr, [T =23 [T =7l5 Jr, [¥ s

o ! / dpz) 1 / dpu(z)
=Y Jrglpsmtp. 2 B ZE TR Jgat,, sz, 2 10— 215

=: III; 4 III,.

Concerning II1y, split the domain of integration into the s-parabolic annuli

A;:=27B(7,|T —7l,,) \27 Bz, |7 7

p.), for j>-—1.
Thus, in this case we have

/ I D
ol 2= 5 - zrnﬂ STl 2 @ gl

th‘

=1
5 Z ﬁ sa 1
j=—1
On the other hand, for ITI; we apply the same reasoning but using the partition
A;' = ziij@’ [y — f‘ps) \ 27%1317@’ 1 — T‘ps)’ for j>-1,
so that III; < 1. Thus, combining the estimates obtained for I, II and III we deduce

|02, Ps * p(T) — O, Py * 11(7)| <
7 -7l ~

1

Y

and since the (different) points T and 7 were arbitrarily chosen, we deduce the desired
s-parabolic Lip, condition. O

THEOREM 1.4.7. Let s € (1/2,1] and o € (0,2s — 1). A compact set E C
R™1 is removable for s-caloric functions with Lip, ,.-(1, %)—dem”uatives if and only if
F@s7a(E) == 0

Proof. The proof is completely analogous to that of Theorem 1.4.4, now using Theo-
rems 1.4.5 and 1.4.6, as well as Lemma 1.4.1 with d :=n+ 1+ a. O
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1.4.3 The capacity 73. .

Now, we shall present the BMO,,  variant of the capacities presented in [MatP,
§4 & §7]. To be precise, in the aforementioned reference, Mateu and Prat work with
the normalization conditions

_ 1
(=AY 2P xT|w <1,  [|8, *Ps Ty, <1,

allowing s € [1/2,1). In our case we will deal with its s-parabolic BMO variant and
we define it more generally as follows:

DEFINITION 1.4.5. Given s € (0,1], 0 € [0,5) and E C R™"! compact set, define
its A7-BMO,,_ -caloric capacity as

755,*(E) :=sup (T, 1)|,

where the supremum is taken among all distributions 7" with supp(7’) C E and satis-
fying
I(=A)Pox Tllp, <1, 0] Pos Ty, < 1.

Such distributions will be called admissible for vg. .(E).

DEFINITION 1.4.6. Let s € (0,1] and o € [0,s). A compact set E C R"™! is said
to be removable for s-caloric functions with BMO,, -(o, 0 /s)-Laplacian if for any open
subset  C R*™! any function f: R**!' — R with

I(=A) Flleps <00y 1187 Fll, < o0,

satisfying the ©°-equation in Q \ E, also satisfies the previous equation in the whole
Q. If 0 =0, we will also say that E is removable for BMO,,_ s-caloric functions.

Firstly, we shall prove that if T" is a compactly supported distribution satisfying
the expected normalization conditions, then 71" has upper s-parabolic growth of degree
n + 2s — 20. In fact, we prove a stronger result:

THEOREM 1.4.8. Let s € (0,1], o € [0,8) and T be a distribution in R™ ! with
(=) Py Ty, <1, (07 Pox T, < 1.

Let Q be a fized s-parabolic cube and ¢ an admissible function for Q. Then, if R is
any s-parabolic cube with £(R) < £(Q) and ¢ is admissible for R, we have |(¢T, ¢)| So
E(R)TH'QU.

Proof. Let T, @ and ¢ be as above, as well as R s-parabolic cube with ¢(R) < ¢(Q)
and RN Q # &, and ¢ admissible function for R. We already know, in light of the
proof of Theorem 1.4.2,

(e, @) < [((~A) Py + T, 06)] + [{P. # T, (i09)}] =: T+ 1L
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For I, simply apply Theorem 1.2.3 with § := s — ¢ so that
L= [((=A)7P, + T, (=A)* 7 (p9))| So L(R)" .
Regarding 11, if o > 0, observe that defining 8:=1—0/s € (0,1) we get
h(09) =0 0 (Dilipg) = [t]77),

so by Theorem 1.2.1 we are done. If o0 = 0, we simply have

=|{P,*T — (P, +T)g, 0 ()| < /QmR |Ps+ T(T) — (P = T)g||0:(¢e)(z)| dT

< E(R)‘QS/ |P«T (%) — (P*T)g|dT < L(R) *¢(R)""**|| Py % T|sp, < L(R)".
R

THEOREM 1.4.9. For any s € (0,1], o € [0,5) and E C R™"! compact set,
78 (B) =g HILT(B).

Proof. Again, for the upper bound we proceed analogously as in the proof of Theorem
1.4.3, using now Theorem 1.4.8. For the lower bound, we apply Frostman’s lemma.
Assume then Hgofg;’(E) > 0 and consider a non trivial positive Borel measure p
supported on E with p(E) > ¢H127(E) and p(B(T,r)) < r"*27 for all T € R"H!,
r > 0. We have to prove

H(_A)UPS*TH*@S <1, ”a:/SPS*T”*ms <1,

If o > 0, by Lemma 1.3.2 with 5 := /s we already have |\a;’/SP5 * il p, So 1. So
we are left to control the BMO,,, norm of (—A)?Ps * p for o € [0, s). Thus, let us fix
an s-parabolic ball B(Zo,r) and consider the characteristic function x,p associated
to 2B. Set also xope = 1 — x2p. In this setting, we pick

cp = (=A)7Ps * (x2pe 1) (To)-

Using Theorem 1.1.3 it easily follows that this last expression is well-defined. We
estimate ||(—A)7Ps * ||+ p, using the previous constant:

|;| /B (—A) Py # (@) — esldy

< [ (] 1carpa-2lane) ) a
1

" @ B (/Rﬂ+l\23 (=) Ps(y —Z) — (=A)7 Po(To — Z)‘du(z)) dy =: T+ 11
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To deal with I we first notice that by Theorem 1.1.3 and arguing as in Theorem 1.4.3,
choosing 0 < € < 2(s — o) we have

' 51 L Uy =i

by the n+20 growth of . Regarding IT, notice that naming T := Tp—z and T’ := -2,
we have [T —@'|,, < |Z|,,/2 so we can apply the fifth estimate of Theorem 1.1.3, that
implies

AV
15 |B] Ro+1\2B |2 — T

again by the by the n 4 20 growth of u. O

)ma@;&wvﬁwmmsL

du(z)
"HUHC (z)) wer /Rn+1\2B |z — To|p 2T Se 1,

THEOREM 1.4.10. Let s € (0,1] and o € [0,s). A compact set E C R"*! is remov-
able for s-caloric functions with BMO,, (0, 0 /s)-Laplacian if and only if v§. ,(E) = 0.

Proof. The proof is analogous to that of Theorem 1.4.4, applying Theorems 1.4.8,
1.4.9 and Lemma 1.4.1 with d :=n + 20. O

1.4.4 The capacity 7g. ,

We define now a capacity with an s-parabolic Lip, normalization condition.

DEFINITION 1.4.7. Given a € (0,1), s € (0,1], o € [0,s) and E C R™™! compact
set, define its A?-Lip,, ,_-caloric capacity as

V85,0 (E) := sup (T, 1)],

where the supremum is taken among all distributions 7" with supp(7’) C E and satis-
fying

|(=8)Pox Tluip, p, <1, 107" ok Tluip, p, < 1.
Such distributions will be called admissible for vg. ,(E).

DEFINITION 1.4.8. Let o € (0,1), s € (0,1] and o € [0,s). A compact set E C
R is said to be removable for s-caloric functions with Lip, ,.-(0,0/s)-Laplacian if
for any open subset € R"!, any function f : R"*! — R with

1(=A) flltip,pe <005 107" flltip, p. < 00,

satisfying the ©°-equation in Q \ E, also satisfies the previous equation in the whole
Q. If 0 =0, we will also say that E is removable for Lip,, , s-caloric functions.

If T is a compactly supported distribution satisfying the above properties, then T’
presents upper s-parabolic growth of degree n + 20 + . As in §1.4.2, the following
result will only be valid for a certain range of values of «, dependent on s and o.
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THEOREM 1.4.11. Let s € (0,1], o0 € [0,s) and o € (0,1) with o < 2s —20. Let T
be a distribution in R"1 with

|(~A)7Po# Tlwip,p. <1 07" Pux Tluip, p, < 1.
Let @Q be a fized s-parabolic cube and ¢ an admissible function for Q. Then, if R is

any s-parabolic cube with {(R) < £(Q) and ¢ is admissible for R, we have |{(@ T, ¢)| <
E(R)TH-ZU—HX.

Proof. Let T, Q and ¢ be as above, as well as R s-parabolic cube with ¢(R) < ¢(Q)
and RN Q # &, and ¢ admissible function for R. Again,

[(@T, ¢)| < [((=A)*Ps = T, p¢)| + [(Ps + T, 0(p9))| =: T+ 1L
For I, simply apply Theorem 1.2.3 with § := s — ¢ so that

I=[{((=A)7 Py« T,(—A)* "7 (09))| S

~

- é(R) n+2o0+a )

Regarding II, if o > 0, we define § :=1—0/s € (0,1) and apply Theorem 1.2.1. If
o =0, let Tg be the center of R and notice that

II=|(Ps+xT — Py xT(Tr),0(pd))| < E(R)_2S/ |T —Zrly, dT S (R)"H.
R
U

THEOREM 1.4.12. Let s € (0,1], o0 € [0, s) and o € (0,1) with o < 2s —20. Then,
for E C R*! compact set,

¥80,0(E) Roa Hi37 ().

Proof. For the upper bound we argue again as in Theorem 1.4.3, using now Theorem
1.4.11. For the lower bound, assume Hgofgf*a(E) > 0 and apply Frostman’s lemma
to consider a non trivial positive Borel measure p supported on E with p(E) >
CHZ2ot(E) and p(B(z,7)) < v for all T € R™™, r > 0. Tt suffices to verify

|(=8) Pos Tlluip, p. <1 107" Tlusp, . < 1.
If ¢ > 0, by Lemma 1.3.3 with 3 := o /s we already have Haf/sPs*uHLipmps Soa 1. So

we are left to estimate ||(=A)7 P, pi|Lip, p, for o € [0,5), and we do it as in Theorem
1.4.6. Let 7,7 € R*"*! with T # 7 and consider the following partition of R**!,

p./2},
pe/2}:

Ri:={z:|—-7
Ry:=R"™\ R ={z:|7-7

pe ST =2, /2 U{Z : [§—Tlp, <[F—Z
ps > !f—?!p_ﬂ}ﬂ{? T

pe > U—Z
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with their corresponding characteristic functions xi, x2 respectively. This way, we
have

[(=8)7 Py * u(T) = (=8)7 P + (@) |

[e%

T —yla,
1
< / (—A)YPy(E — 2) — (—A) Pu(y — 2)|du(z)
T = Ylp, J|7—Tlp, <[T-Z|ps /2
1
- / (—A)°Py(7 — %) — (—~A) Py(7 — 2)[du(?)
Z—-y ps JT—Tlps <[T—Zlps /2
1
L / (A Py(ZT — %) — (—A)° Ps(y — 2)|du(z) =: T+ 11 + 111
|'r - y Ps R2

Regarding I, the fifth estimate of Theorem 1.1.3 yields

1 = — 9l
IS / —psd,u(f)-
" T =TI, Sy, <ty 2 [T — ZpTT

Split the previous domain of integration into s-parabolic annuli centered at T with
exponentially increasing radii proportional to |Z — 7|,,, and deduce as in Theorem
1.4.6 that I <5 1, using now that p has n + 20 + o growth. For II, we argue as in I
just interchanging the roles of Z and 7. Finally, for III, the first estimate of Theorem
1.1.3 yields

m < — 17 / 7d,u7(z)2 b 17 / 7d,u7(z)2
T —9lp, Jr, [T =237 [T =Yl5, SR, [ -2

(0%
Ds Ds Ps Ds

< 1< / _dpz) / dﬂ(Z))
e AN e X il AR T S A E N B i

= %(HII +111,).

m_im

I11; and III; can be dealt with by splitting the domain of integration into exponentially
decreasing annuli, centered at T and ¥ respectively, and using that p has growth of
degree strictly bigger than n + 20. Thus, we obtain III; + IIIy <, 1 and we are
done O

THEOREM 1.4.13. Let s € (0,1], o € [0,s) and a € (0,1) with o < 2s — 20.
A compact set E C R™™ is removable for s-caloric functions with Lip,, -(0,0/s)-
Laplacian if and only if 3. ,(E) = 0.

Proof. The proof is analogous to that of Theorem 1.4.4, applying Theorems 1.4.11,
1.4.12 and Lemma 1.4.1 with d :=n + 20 + a. 0






Chapter 2

The Lipschitz s-caloric capacity

The concept of (1,1/2)-Lipschitz caloric capacity, introduced by Mateu, Prat, and
Tolsa, has proven to be a valuable tool for characterizing removable sets in the context
of the classical heat equation. This chapter extends their framework to the s-fractional
setting. Our goal is to define and study the (1, %)—Lipschitz s-caloric capacity, denoted
by I'es and explore its role in determining the critical dimension of removable sets for
(1, %)—Lipschitz s-caloric functions. These are functions such that their s-parabolic

1
gradient (V,, 072°) is bounded and that satisfy the ©*-equation, that is, that associated
with the operator

©° = (-A)*+9,, se(0,1].

Our study, however, will only consider the cases s € (1/2,1]. In fact, most of the
arguments that we develop below are inspired by those found in [MatPT], and they
break down if one considers the limit s — 1/2 (in the sense that most implicit con-
stants blow up). Hence, the study of Lipschitz s-caloric functions and their associated
capacity remains still an open problem in the regime s € (0,1/2]. The author conjec-
tures that in the particular case s = 1/2, where the s-parabolic gradient simplifies to
the usual gradient and the s-parabolic distance is nothing but the Euclidean one, the
associated capacity of a compact set should be comparable to the Lebesgue measure
of the ambient space restricted to the latter. The results obtained in §2.3.1 regarding
Cantor sets together with the work carried out by Uy in [Uy] for analytic capacity
point towards this precise comparability.

Let us begin by generalizing the notion of (1,1/2)-Lipschitz function of [MatPT].
These are functions that exhibit Lipschitz continuity in the spatial variables and a
fractional Holder-type regularity in time, specifically of order 1/2. That is, functions
fiR™ = R with [V flle S 1 and ||flluip,,,, S 1. Nevertheless, in [MatPT] the
authors are mainly interested in functions such that

IVefllo S1 and  [0,%f

~

|*,;D1 5 L.

In fact, the previous restrictions motivated those imposed in §1.4.1 and §1.4.2, choos-
ing s = 1. In [MatPT], the authors invoke [Hol, Lemma 1] and [HoL, Theorem 7.4]
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to justify that the above bounds are more general and imply the desired (1,1/2)-
Lipschitz regularity. Functions satisfying these regularity conditions naturally arise
in the study of the heat equation (see the works of Nystrom, Stromqvist, Hofmann,
Lewis, Murray and Silver, for example [NySt, LeSi, LeMu, HoL, Ho2|) and serve as
the basis for defining its s-fractional variant. More precisely, we aim at introduc-
ing an analogous capacity for solutions of the ©%-equation, 1/2 < s < 1, now with
(1, i)—LipSChitz regularity, i.e.

[Vaflloo S1 and HfHLip%ﬁt S L

In §2.1 we begin our analysis by noting that the results of Hofmann and Lewis can
be adapted to the fractional caloric case. In §2.2 we localize (1, i)—LipSChitZ s-caloric
potentials and with this, in §2.3 we prove our main results:

THEOREM. Let s € (1/2,1] and E C R" compact set. Then,
1. The critical s-parabolic Hausdorff dimension of I'gs is n + 1.
2. E is removable for Lipschitz s-caloric functions if and only if Tes(E) = 0.

From this point on and until the end of this chapter, we fix s € (1/2,1). The
forthcoming results for the 1-parabolic case are already covered in [MatPT)].

L3 o L 1 L L
2.1 The I'es capacity. Generalizing the (1, 5;)-Lipschitz
condition
Let us begin by introducing what will be an equivalent definition of the s-parabolic

norm, already presented in [Hol]. For 7 := (x,t) € R""!, the quantity ||Z||,, is defined
to be the only positive solution of

(2.1.1)

If s = 1, one recovers the proper parabolic norm defined in [Hol], which admits the

explicit expression
1
1215, = 5 (lal + /Il + 422).

This quantity is comparable to the parabolic norm we have been working with through-
out this text, |Z|2 := |#|*4[t|, which in turn is also the chosen expression in [MatPT].
In [MatP], Mateu and Prat study the case s < 1 and introduce the following quantity
comparable to [|Z[|2_,

5, =l + [t/
that is precisely the expression we will use for the s-parabolic norm in this text.

However, the choice of || - ||,,, instead of |- |,, presents some advantages regarding some
Fourier representation formulae of certain operators, as we will see in the sequel.




2.1. The I'e- capacity. Generalizing the (1, i)-Lipschitz condition 79

As in [Hol] we define the s-parabolic fractional integral operator of order 1 as

(L. £)" @) = €1 F (O,

and its inverse . o

(Dp, £) (&) := €l £(E)-
Then, multiplying both sides of (2.1.1) by ||z||,, and taking the Fourier transform we
obtain the following identity between operators

Dps = Z Rj,saj + Rn-&-l,sDn-H,Sa (2'1-2)
j=1
where
(Rjs)" = EJ , j=1,...,n,

are the s-parabolic Riesz transforms. As observed in the comments that follow [HoL,
Eq.(2.10)], the operators R; ; satisfy analogous properties to those of the usual Riesz
transforms. Indeed, observe that their symbols are antisymmetric and s-parabolically
homogeneous of degree 0. Thus, R, are defined via convolution (in a principal value
sense) against odd kernels, s-parabolically homogeneous of degree —n — 2s, which are
bounded in LP and BMO,, (see [Pe, Remark 1.3]). We have also set £ := (¢, 7) and
defined B - B -
(Ros1.0) @) = ——,  (Das1s) (€)= =——.
€117 19 P
Observe that if s = 1/2, the operator D,,1; s is nothing but a temporal derivative.
The result [HoL, Theorem 7.4] establishes the comparability between || Dy111fl«p:

and ||é?tl/2f||*,p1 in the 1-parabolic case under the assumption ||V, f|lcc < 1. For our
purposes, we will only be interested in the estimate

1
[ Dns,s fllepe S 107 fllspe + [ Vaflloo- (2.1.3)
To prove such a bound we simply follow the proof of [HoL, Theorem 7.4] and make
dimensional adjustments. First, we observe that

(Dusr,s )@ = [I72m@]F,  where  m(&) :=

T

§

Now, since m is not smooth in R"™!\ {0}, we introduce the auxiliary function ¢ €
C>*(R), which is even, equals 1 on (2/K,00) and is supported on (—oo,—1/K) U
(1/K, 00), for some K > 2. We also choose ¢ so that [|0'¢[|e < K, for 0 <1< n+5.
Let us introduce the following auxiliary functions,

1
2s

I

B 5|§ Hme)l ¢)(|£23),

mt (€)= St (@),
el

@ =m @0 ). = ri#
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Now we proceed as follows:

(Duiraf)E) = |m* @7 + m@) (1 - ) (, g,) 7 } 7@

= [m* @l + > Em @] O
= —m+(g)|7' g ﬁjmﬁ(g)gj} F(O. (2.1.4)

Regarding m™, we observe that is an odd multiplier, smooth in R"™!\ {0} and s-
parabolically homogeneous of degree 0. Therefore, by [Gr, Proposition 2.4.7] (which
admits a direct adaptation to the s-parabolic case), m™ is associated to a convolution
kernel LT, odd, s-parabolically homogeneous of degree —n — 2s and bounded on LP
and BMO,, (see again [Pe, Remark 1.3]).

Let us turn to mj*, which in particular lacks the smoothness properties of m™.
Our first goal will be to prove that there exists L;LJF convolution kernel associated to

m;r+ and that is bounded from L* to BMO,, . We begin by noticing that

2s
supp(m ) < {(€.m) + 0.2 jrf < 21,

meaning that in the support of m;“+ ». ~ |&|. Moreover,

-+

mtT (€ |T| |£J| m(€ m(€
@) = T ¢>(|§|28)| @<

In fact, more generally we have for a € {0,1,2,...} and g € {0,1,2.. .}”,

08 0:m [ *(€)] S 7'~ == (2.1.5)
1020 (&;m ) (€] S ITll‘Ts‘aHﬁH 28““5' (2.1.6)
020 (Tm ) ()] S I71*~ ez (2.1.7)

We will use the above inequalities to justify the existence of L;Hr, To do so, let {g;}
be a smooth partition of unity of (0,00) with g; = 1 on (27%,27*"!) and supp(g;) C
(2771, 2772), for i € Z. Let {L;;"} be the kernels corresponding to

1i () =mfT(€) - gilll€

ps)s
so that

T 2 1 — 1
supp(mf;) € {(67) + 02 7 < o gy < [€l < 5 )

We observe that

++ ’L(TL+28) : ++
00 0o .
153 oo < Mlmiff il S 27 since  [|m] "o $1
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Similarly, for any 8 € {0,1,2,...}" with |8 = n + 3 we have by (2.1.5),
’§5L;fi+(£,7)! < ||8gm;rj|\1 < 9i(3-29),
Moreover, for any 8 € {0,1,2,...}" with |3| = n,

wreP L€, 7)] S 1102 (0:00mi).

I

Using again (2.1.5) and the definition of 045 we get, setting o := 0, 85

my, i
=0, if €] >C27,
2in |£|25
_ < -
0(577) U(§7T) dr ~ ’T’1+i’ if |T| > K
R |t—r|ttas ,
9i(n+2s—1) ) 8|f|25 i
5737 if |7-|S §C2 Slv
eI
where C, C" are constants large enough, depending on n and s. Then,
1
|02 (8- 0¢m7 )| < 272
Therefore, we have obtained
L (€ 7) S min {27009 2829 =8 912715 7,

Proceeding analogously using (2.1.6) and (2.1.7), one can obtain the bounds

[VeLf(6,7)| S min {27002, 9i8=20)g|=(00) 9i/2| |13k g =)},
i —i(n+ds i(5—4s —(n 7 —1-L —(n
0, L7 (€, 7)] S min {27049, 2549|019, 9i/2)7 1 g (421,

Now let L;H =D L;”:r whenever the sum converges absolutely. Let us distinguish

two cases: if [€]25T1/2 > |74 we get

L& < L& )]

< Z 9—i(n+2s) + Z 2i(3—25)|€|—(n+3) < |€|—(n+2s).
{i:1€]<27} {a:1€]>27}

It |£|28+1/2 S ’T’Hﬁ and A > 0 we have
‘L-H-é-’ |<Z|L++ 7

< Y C R oy Elg T YD 22

{i:271<\} {#:277>A}
< Cl)\n+25 + 02‘7_‘7174—5 71/2.
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This last expression is minimized for

)

A= (i) T
and therefore

n+2s
L Y (e ) R

)

that, under condition |¢|271/2 < |7|"t4:, is smaller than [£]~("#29. So we have
obtained that L™ is well-defined in R**" \ {0} and satisfies

ﬂ,n>n+7§+7«2+1/2}

R S (e (s

Again, following an analogous procedure one gets
n+2s
Vel (6, 7)) < min { g~ 04200, (|t T

$|_n_2) S raye }

Let us also notice that for any s € (0,1) and any dimension n,

1 n + 2s 17
T — ) (=8 s 0oy
( +4s>(n+25+1/2)_16>

From this point on, we are able to follow the arguments of [HoL, p. 407] to deduce
that the principal value convolution operator associated to L}LJF exists and maps L*>
to BMO,,, (the arguments are, in fact, those already given in [Pe]). So returning to
(2.1.4) we have

. —(n4+4s 1L
0L+ (€, )] S min {7049, (|77

n

D1 f(@) = CL(LT + 07 [)@) + Co Y (L 0, £)(3),

j=1
and therefore )
[ Dnt,sflspe SN2 fllps + VS lloos

that is what we wanted to prove. Let us also mention that the roll of the parameter
K > 2 introduced in the above arguments becomes clear if one follows its dependence
in the different inequalities previously established. Doing so, and adapting the argu-
ments of [HoL, Theorem 7.4], one is able to prove a reverse inequality of the form

1
102 fllips S I Dntt,sflleps + IVaflloo, although we have not presented the details
since it is not necessary in our context.
In any case, now is just a matter of applying [Hol, Lemma 1] to a function f
1
satisfying ||V.flleo S 1 and [|02° fll+p. S 1. Then, returning to (2.1.2),

n

HDpsfH*,ps 5 Z HRJ}Saij*,ps + ”Rn+1,sDn+1,sfH*,ps

Jj=1

1
5 Hvfooo + HDnJrl,SfH*,ps 5 Hvfooo + Hat%f“*yps 5 17
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where this last inequality is due to (2.1.3). Therefore, by [Hol, Lemma 1|, which also
holds in the fractional parabolic context (since we also have H' — BMO,,, duality (see
[CoW, §2, Theorem B], for example) and because s-parabolic Riesz kernels enjoy the
expected regularity properties a mentioned above), we finally get the desired result:

THEOREM 2.1.1. Let s € (1/2,1] and f : R"* — R be such that |V f]leo <1 and
1
102 fllep. S 1. Then, f is (1, 5)-Lipschitz.

REMARK 2.1.1. In the above arguments it is not clear why the restriction s > 1/2
is necessary. In fact, relation (2.1.3) becomes trivial if s = 1/2, since the operator
D, 11 5 is just the ordinary derivative 0;. The necessity of s > 1/2 is required in order
for estimate [Hol, Equation 14] to hold, that in our current setting reads as follows:

//‘ — — ! — |dydu < C|t
(v, (5wl

It is not difficult to prove that if s < 1/2, such finite constant C' does not exist and
we could not proceed. In fact, the result for s = 1/2 must be false since, in general,
it is not true that a function f satisfying ||V, f|lec S 1 and ||0:f|« < 1 is Lipschitz.
In light of the above theorem, we are able to define the so-called Lipschitz s-caloric
capacity and the notion of removability in a more general manner as follows:

L
2s

DEFINITION 2.1.1. For E C R""! compact set, its Lipschitz s-caloric capacity is
Lo (E) = sup [(T, 1)],
where the supremum is taken among all distributions 7" with supp(7’) C F and satis-
fying
IVoPos Tl <1, 07 Pys Ty, < 1.
Such distributions will be called admissible for I'es(F). If the supremum is taken

only among positive Borel measures supported on E satisfying the same normalization
conditions, we obtain the smaller capacity I'gs 4 (E).

DEFINITION 2.1.2. A compact set £ C R""! is said to be remowvable for Lipschitz
s-caloric functions if for any open subset Q C R"*!, any function f : R"*! — R with

IVaflloo <00, (107 f]

satisfying the ©°-equation in Q \ E, also satisfies such equation in .
Let us finally observe that, as expected, admissible distributions for I'gs satisfy a
certain upper s-parabolic growth property analogous to that of Theorem 1.4.2.

*,Ds < o0,

THEOREM 2.1.2. Let T be a distribution in R* ™ with
[VePs x Tloo < 1, Hah s * Tlep, < 1.

Let Q) be a fized s-parabolic cube and ¢ an admissible function for Q. Then, if R is
any s-parabolic cube with £(R) < £(Q) and ¢ is admissible for R, we have |(¢T, ¢)| <
K(R)H'H .

Proof. Is a direct consequence of Theorem 1.4.2. O
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2.2 Localization of potentials

Our next goal will be to prove a so-called localization result. This type of result
will ensure that if a distribution 7" satisfies

|VePs* Tl < 1, Hatysps # Tl p, <1,

then .
||VIPS*§0T||OO SJ 17 Hatgps*cpTH*,Ps S 17

where ¢ is an admissible function for some s-parabolic cube. That is, ¢T, the localized
distribution, is admissible for T'g:(Q). We begin by estimating ||V, Ps * ¢T||o in the
following result (stated in a more general way taking into account Theorem 2.1.1).

LEMMA 2.2.1. Let T be a distribution in R"*! satisfying
|ViPs* T|loo <1, || Ps * THLip%J <1.
Let @ be an s-parabolic cube and ¢ admissible function for Q. Then,
IVaPs T ]oo S 1.

Proof. Let us begin by recalling the following product rule that can be deduced di-
rectly from the definition of (—A)® (see [RoSel, Eq.(4.1)], for example)

(—=A)(fg) = f(=A)°g+g(=A)*f = Ls(f.9),
where I, is defined as

Ly~ [ U@ S0 )

a |z — y[t2s

Y.

Then, for some constant ¢ to be fixed later on we have

O°(p(Ps*T —¢)) = pO°*(PsxT —¢) + (P * T — ¢)O°¢ — Iy(p, Ps x T — ¢)
=T+ (Ps*xT —¢)®°p — I(p, PsxT),

and therefore

VoPsx T =V (o(Ps* T —¢)) — VP x (Psx T — ¢)0%0) + V. Py x I(¢, Py x T)
=: 1+ IT 4+ III.

To estimate the L* norm of the previous terms write @) := Q1 x Ig, where @); C R"
is an euclidean n-dimensional cube of side ¢(Q), and Iy C R is an interval of length
£(Q)?. Choose ¢ := Py * T(Zq), with T := (z¢,tg) the center of Q. This way, since
P, x T satisfies a (1, %s)—LipSChitz property, for any T = (x,t) € ) we have

[Py + T(Z) — Py x T(zq)|
<|NPsxT(x,t) — Pox T(xq,t)| + |Ps x T'(xq,t) — Ps x T'(xq,tg)| S Q).
2
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Using this estimate, we are able to bound term I as follows:

IVa(o(Ps x T =)l
S IVallool Ps % T = Py T(Tq) oo, + [|@lloo | VaPs # Tl < 1.
Let us move on by studying II. We name ¢; := (P * T — Ps x T(Zg))0©°p and

observe that by relation (2.2.1) and the admissibility of ¢ (see Remark 2.2.1), we
have [|g1|lee < £(Q)~25*L. Let us now proceed by computing,

[1L(z)] s/ IVxPs(a:—y)llgl(y)ldw/ |VoPs(T —7)||g1(m)| dy

R7+H1\2Q

Let R be the s-parabolic cube centered at T with length ¢(Q). We begin by studying
II;. Assume T € 4Q) so that by the first estimate of Theorem 1.1.2 we get

IL(7) < ll91lloc / M < 4Oy / L

’7 R’l’—

([, ([, ) <
~ s8Ry |7 —y["° s2o1g [t—u3 )~

where we have chosen 0 < & < 2s — 1. On the other hand, if Z ¢ 4Q),

dy Cosr1 12Q)]
— < YQ) T <1
o |T =7l @ (Q)n+t

I (7) < 0(Q) >+ /

We move on by studying II,. Let us first consider the case in which z € R" x 2I.
Since supp(g1) C R x Iy,

L (7)| < Q) 25+! ‘t —ul
| < Y
(R xI1o)\2Q |z —
= (@) / dy
(B xIg)\2QI\sR [T —

9 t—u _
ru@ > | e 0
[(R™ xI)\2Q]N8R |z —

dy dy
<1Q) / iy Q) / 7‘” <L
R7+1\8R |z — RIT—

Now assume that T ¢ R™ x 2. in this case, set ¢, := dist,, (E, R" x 1) 2 £(Q). Then,
if A;:=Q(Z,274,)\ Q(z,2714;) for j > 0,

d?

(R™ x15)\2Q)] |37 -

10 (z)| < ¢ —2s+1 .-
1L (7)] < £(Q) Z/[

—2s+1 i £ 28 [QJK(Q)] < ,
= 2]£ :|7L+1 ~
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and we are done with II. Finally, we study III, and we notice that if we prove that
the function

(o, t) — @y, t)(Ps x T(x,t) — P« T(y,t))
|z — |+

dy

n

92(T) :=Is(p, Psx T)(T) = cms/

is such that [|g2]lee < 4(Q) ™2+ we will be done, since we would be able to repeat the
same arguments done for II. To do so, we distinguish two cases: if T ¢ 2@Q), then

e 5 [ LI Tl P T,

|z —y[t2e
Vo P T+, )] 0o ()" —25+1
S 00 dy < =0(Q)™> .
el o lz— gt oQ)r+es1 (@)

If T € 2Q), then |g2(T)| is bounded by

/ [o(@,t) — ey, || Ps + T(a,t) — PxT(y,t)]
4Q

|$ _ y|n+2s dy

R™\4Q ’.’II _ y’n—i—QS

< / M / 2”90”700(12/ < é(Q)—Qs—i—l
= Jowse@) 1T =y Jravoa@)e) 1T — ylrtEL ;

and we are done. O

1
The next goal is to obtain an analogous result for the potential 0, P, % ¢T". Our
arguments are inspired by those in [MatPT, §3]. To this end, we first prove an
auxiliary result that generalizes [MatPT, Lemma 3.5].

LEMMA 2.2.2. Let Q = Q1 x Ig C R™ be an s-parabolic cube and g a function
supported on R™ x Ig such that ||g|lec S €(Q)™2T. Then,

1Ps * gllip, , S 1.
2s’

Proof. Fix T = (x,t),Z = (x,7) as well as a function g with |g|| < ¢(Q)~25*, sup-
ported on R" x Ig. If ¢* := |t — r| and R is the s-parabolic cube centered at T with
side length max{¢(Q), ¢},

|Ps * g(T) — Ps x g(7)]
=y
<— Pz —2z,t—u)— Py(x—2z,r—u)|dzdu
0(Q)*1 (R"XIQ)O4R| ( ) ( )
1

—i—/ Py(x — z,t —u) — Ps(x — z,7 —u)|dzdu =: T+ 1L
(Q)* 1 (Rnle)\z;R‘ |
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Let us first deal with II:

/ dz du
. E(Q 2 R xIg)\4R [(z =2t —u) Ps

- 0% / dz / du
Q)T revar, [T — 2" S ppazerg [t —ultTE

For the spatial integral we simply integrate using polar coordinates for example, and
for the temporal integral we use that in I\ 4% Ig, |t —u| > max{¢(Q), £}*, and then
it can be bounded by

(R Y (¢) N . (2) I
AQF T max{€(Q), 6} " max{£(Q), (1= = Q)2

Regarding I, let .S be the s-parabolic cube centered at z with side length max{/(Q), ¢},
so that 4R C 8S. If we assume ¢ > ¢(Q),

[ < 1 {/ dzdu +/ dzdu
T U L mrxigynar (@ — 2zt —u)[p ®nxIg)nss [T — 2, —w)|n |

We study the first integral, the second can be estimated analogously. We compute,

/ dzdu < / dz / du
®rxig)ur |(@ — 2t —w) P2 = Jup |z — 2" S eurer, |t —u 3

S max{((Q), (}A(Q)*]' "% = £ 6(Q)* 7,

and with this we conclude I < 2. If ¢ < ¢(Q), denote R’ and S’ be s-parabolic cubes
of side length ¢ centered at T and T respectively, so that

[ < 1 [/ dzdu +/ dzdu
QL e xig)ner (7 — 2t — w7 ®rxIg)nas (& — 2z, m —u)[n
1
* g, ,
(Rn xIo)N(4R\2R’)
The first two summands satisfy being controlled by above by ¢ by an analogous ar-

gument to that given for the case ¢ > ¢(Q). The last term it can be estimated as
follows:

|Ps(z — z,t —u) — Ps(x — z,r — u)| dz du.

02 / dzdu
UQ)*Y Jmnxig)nur\2ry |(T — 2, —u)[p2s

< 028 / dz / du
T UQ)T Jrmory |7 — 2" e 225t |t — w2

¢ du l
< < 2571 25 = —
~ g(Q)Qs—l /4;311% ’t o i ~ g(Q)Qs_l[ ( ) } |t r

and we are done. O

25
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The previous lemma allows us to prove a weaker localization-type result, where we
ask for potentials to satisfy, explicitly, a (1, i)—LipSChitZ property, instead of asking
1

for a BMO,,, estimate over its 92 derivative.
LEMMA 2.2.3. Let Q C R™"! be an s-parabolic cube and ¢ admissible for Q. Let
T be a distribution with ||V, Ps* Tlleo <1 and ||Ps* T|luip, , <1. Then
25
125 * T Juip, , S 1.

Proof. We already know from the proof of Lemma 2.2.1 that the following identity
holds:
O (p(Ps*T —c¢)) =T + (PsxT — ¢)O°¢p — L(p, P+ T),

and then
Pyx T = p(PsxT —¢) — Pyx (Psx T — ¢)O°p) + Py x I (¢, Py % T).
Set T = (x,t),x = (z,r). Then,
P, % ¢T(T) — Py x T (T)
= (@) (P + T(E) - ) — 9@ (P, + T(@) — 0 (2.2
+ Py x I(p, Ps x T)(T) — Ps x Is(p, Ps x T) () (2.2.3)
— Pyx (PsxT — ¢)®°p)(T) + Ps  (Ps x T — ¢)O%) (T). (2.2.4)

We study (2.2.2) as follows: if 7,7 ¢ @ we have that the previous difference is null.
If T € Q, choosing ¢ := P; * T'(Tg) with T the center of @, we define 7’ as follows:

i fieQ, ¥ =7,

ii. if T ¢ Q, consider T’ := (z,7") € 2Q \ Q with the property |2’ —Z|,, < |T—7

DPs-

Either way we get o(Z)(Ps x T(Z) — ¢) = (') (Ps * T(Z') — ¢). So by (2.2.1) and the
%—Lipschitz property with respect to t of Ps T to obtain,

[p(@) (P * T(®) = ¢) = p(@)(P: x T(F) — )
< le(@) = @B x T(@) — | + (@) P » T(@) — P x T(7)|
[t

<=t
QP

(O

S —t

1
2s

€Q)+ 1~ = |

1
2 <|r—t

+1}|r'—t

L
2s ,

In order to estimate the remaining differences (2.2.3) and (2.2.4) we name ¢ =
(PsxT —¢)O%p and g¢s := Is(p, Ps*T). Such functions have already appeared in the
proof of Lemma 2.2.1 and satisfy supp(g;) C R" x I and [|gjle < 4(Q)72*", for
j =1,2. By a direct application of Lemma 2.2.2 we deduce that both differences are
bounded by |r — ¢t 3 up to a constant, and we are done. O




2.2. Localization of potentials 89

We move on by proving two additional auxiliary lemmas which will finally allow
us to deduced the desired localization theorem.

LEMMA 2.2.4. Let T be a distribution in R™ ™ such that ||V.Ps * T|so < 1 and
1
102 Ps + T||sp, <1. Let Q, R C R"™ be s-parabolic cubes such that Q C R. Then, if

© 1is admissible for Q,
1
/ |02 P, % oT(%)| dT < £(R)".
R

Proof. We know that
Py T = p(PyxT —c) — Py * (Psx T — ¢)O°p) + Py x Iy(p, Py x T),
and we choose ¢ := P, * T(Zg), with Zg the center of Q. Name g := (Ps*T — ¢)O%p
and g9 := Is(p, Ps x T) so that
1 i a i
8t25 Py x T = 8t23 [p(Ps* T — c)] — 02° Py x g1 + 07° Py x go. (2.2.5)

Begin by noticing that vz € R"™ and i = 1,2, if Qz = Q17 X Iz is the s-parabolic
cube of side length £(Q) and center T,

1
2

o P @] S 0@ [ oF R0
R xIqg

:a@)—%“[ / 07" Py(® — )| dy + / 07 Pu(z — )| dg|.
(R x1q)M4Qz (R x1g)\4Qz

Regarding the first integral, assuming n > 1 and applying Lemma 1.1.4 with § := -
we have

du
/ ‘825 x_y)’dy"\// n— 2sy
(R xI0)N4Q% (R x15)N4Q% [z —y |z —

< / dy / dr
T Jagus [y S, =R
SUQ* Q)T = @)™,

where we have chosen 1 < € < 2s. If n = 1, we know that for any o € (2s — 1,4s),

1 dy
/ |6t2§PS(f_y)’dy§ / 1— 25+ay
(R x10)N4Q= (R x10)N4Q% |z — y| T —

So choosing 1 — a < € < 2s — a we can carry out a similar argument and deduce
the desired bound. For the second integral we also distinguish whether if n > 1 or
n =1 (we will only give the details for the case n > 1). Defining A; := {7 : 294(Q) <
dist,, (Z,7) < 2771(Q)} for j > 1, we have

1 o0 dz
0 Py( — )| dy S / A
/(R"XIQ)MQJ ! ‘ ]z_; (RnxIg)NA; ‘xfy‘n—Zs’xiy‘Qs-‘rl
Y dy = DHQ o
S A
(@) J; ®RrxIg)nA,; [T —y["*t ]Z:; 2J€(Q G ={(Q)
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Therefore we obtain
1
|02° Py = g:(z)| S 1, vz e R*™! and i =1,2.

Now, returning to (2.2.5) and integrating both sides over R, we get

/]825P x oT(Z |dx—/R‘8t21s[go(PS*T—c)](aj)|dm+£(R)"+25.

So we are left to study the integral
/ |3 Py« T — P« T(zq))|(z)| dz.

To this end, take g test function with xg < ¥g < x2¢, With [|[Vaglle < £(Q)7,
106bglle < €(Q)7% and [|Avgllee < €(Q)™%. We also write for locally integrable
function F,

My, (F') = fflj;ff :

Using the product rule we also know that

(£(r) = F®) (o)~ 90)

O (F9)(t) = 90" F(£) + FOP" g(t) + cs /

R r

So choosing f := ¢(z,-) and g := Py« T'(x,-) — Py x T'(Tq),

07" [p(P < T = P, 5 T(3))] (2 1)]
= (Ps * T(:L', t) - PS * T(fQ))atE(p(xa t) + (,O(SC, 7f)dtgps * T(:L', t)

(o(z,7) — p(,t)) (Ps * T(z,7) — Py T(z,1))
+ /R i t]1+i dr

= (P, + T(x,t) — P+ T(T0)) 97" p(x, 1)
+ @(,t) (87 Py T(x,t) — my, (07 Py x T))

N / (o(z,7) — p(,t)) (Ps * T(z,7) — Py x T(z,1))
R

. dr
|r —t|'T2s

+ <P(CE, t)m¢Q ([))ti P, x T) = I(f) + H(T) 4 IH(T) + IV(E)

1
To study I, observe that supp(92° ¢) C Q1 x R. If (z,t) € Q1 x 22 we have

07 (e, 1)] < / lp(z.r) = o@Dl 4,

_ t‘lJr

1 / dr 1
< — —dr+ / ,E .
UQ)* Jpory |r —t|'t2s R2e 1, |7 — ¢ T2 (@)
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If on the other hand (z,t) & Q1 x 2%,

1 / 2s
o gty < [ SAED g g D
o It E Y g E

So in any case we are able to deduce

1 Vi 2s
07 ol 8)] < (@)  VreQ xR
Q¥+ + |t —tg|'Tas

Then, we infer that for any = € @1, by the (1, i)—LipSChitz property of P x T,

L
25)

UQY¥H! + [t — o[ Hes

1) < L@@ +1i~1q

)

and therefore

Q) (¢ t—to|
/II(x)|d:c§/ / 1 Q(Q) +le -t )
R 1V |t—tq|2s <2(R) E(Q)2S+1+\t_tQ|1+§

1+ |u 25
el s
< (2248)" 1+ [u] Fa
1+ |u 3
,Sg n+25( +/ u)
(Q) 1< ‘S( Ei) 1+ |’LL|1+2S

(- () o)
o1 EE R; ) log EEQD < LRy,

where in the last step we have used that the function x — xlog(1/z) is bounded for
0 <z <1. We move on to II. As discussed in [MatPT], one has

g, (a2s s+ T) — (825P «T)o| S ||a2s e # T |wp, < 1. (2.2.6)
One way to see this is to observe that
1 1
Mg (07 P+ T) — (07" P+ T) |

:@2’/ (0 P, + T(%) — myy, (97" P, « T)) dz

1 L 25
_llifQQ’Hl o / (077 P # T(®) = myy (9 P+ T) |t () dz

1
< cnsl|07° P * TlBmo,, (vo)»
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being the latter a weighted s-parabolic BMO space defined via the regular weight
1¥g. The latter clearly belongs to the Muckenhoupt class A, and therefore, by
a well-known classical result [MucWh] which admits an extension to this in the
current s-parabolic setting (just take into account s-parabolic cubes in the defi-
nition of the bounded mean oscillation space), we have the continuous inclusion
BMO,,, — BMO,, (¢¢) and we deduce (2.2.6). Therefore,

E]

/ 1(z)| dz = / (o (@, 8)][03 Py # T(x, 1) — my,, (07 Py + T)| dz
R Q
U@ + [ 107 P T(w.0) — g (07 P+ T)
Q

< K(Q)n-ﬂs +€(Q)n+2s”atﬁps *T”*,ps < E(R)n-i-Zs_

~

Let us now deal with III:

Mi(z) = /R (o(z,r) — @(z, 1)) (Ps x T(z,7) — Py T(x,1))

dr
[ — ¢+

dr

_ / (o(z,7) — p(z,8)) (Ps * T(z,7) — Py x T(z,1))
r—t|<0(Q)?* | —t[1*2s

N / (o(z,7) — p(z,t)) (Ps * T(z,7) — Py x T(z,1)) d
=t >0(Q)2 fr— ¢+

r
=: III;(z) + IIy(T).
By the Lip 1, property of P T (Theorem 2.1.1) and ||0;¢]|0 < £(Q)2%,

1
2s

HQ>Ir = tr 1

|TIT (7)| 5/ dr <1,
r—tl<e(@)2 [ — t[1+2s
so that [, [III;(z)| dz < ¢(R)"?. For III; we have
P« T(z,r) — Py s T(z,1
Iy (7) = / * T(x,m) 1* (z )go(x,r) dr
=t >0(Q)2 [r— 2
Ps«T(x,r) — PsxT(x,t _ _
- gp(ac,t)/ #Tr) = BT Gy, () — T (7).
r—t]>6(Q)2 [r— "2
Using again the Lipschitz property and the fact that |o(z,-)| < xz, we obtain
— p(z,7)] 1
NCTEN ar < el dr S1,
r—t/>e@)2s T — (Q)*

so that we also have [, [IIIy (Z)|dz < ¢(R)""2°. Then, the only remaining term to
study is | — Iy + IV], IIls5 and IV being both supported on Q. So to conclude the
proof it suffices to show for T € Q:

L P« T(x,r) — Py x T (z,t)
My (07 Psx T) — / 26 : _ 1+si.
Ir=t1>6(Q) [ =t

dr‘ <1 (2.2.7)
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1
Let us turn our attention to my, (92° P * T') and begin by noticing

= PS T ) - PS T )
at2s P, * T(y,u) _ / * (y ’I") 1* (y U) dr
Ir—u|<6(Q)?* | — '35

+/ PS*T(y,T’)—PS*T(y,U)
[r—ul>£(Q)2 [ —uf* 2

dr =: F1(y) + F2(9).

Observe that the kernel
Ps *T(va) - Ps *T(yvu)
u|1+i

Ky(r,u) := Xjr—ul<e(@)2 i

is antisymmetric, and therefore

1
My, F1 = WQHl// Ky(r,u)yg(y,u) drdy du
N _qu};h // Ky (r,u)yq(y, r) dudy dr
1
— 2|WQH1// Ky (r,u)(¥o(y, u) — ¥o(y,r)) drdy du.

Then,

‘mwQF1|

1 P, «T(y,r)— P;xT(y,u
<o I/ () P )= B T y,) — gl ) ) dy s
2lell: Ir—ul<e(@) I — o

1
2s

< 1 / / / |r — |25 |r — ul
N UQNT Jaqy Jorerg Jir—uize@p |1 — ultT2E(Q)%
So returning to (2.2.7) we are left to show
’mwQFQ B / Py« T(x,r) — Pi* T(z,t) dr‘ <1, (2.1) € Q,
Ir—t|>£(Q)?* |r —t|1T32s
that in turn is implied by the inequality

PsxT(x,r)— PsxT(x,t _ _
Fy(7) —/ (&) . ( )dr‘ = |F(7) - (7)) $ 1,
r—t|>6(Q)?* [r— | "2

dudydr < 1.

where (y,u) € 2Q. Write A; := {r : |[r—t| > £(Q)*} and A, := {r : |r—u| > £(Q)**},
so that
|[Fy(7) — Fa()|
</ PS*T(y,T)—Ps*T(y,u)dT+/ PS*T(x,r)—Ps*T(x,t)dr
Au\At At\Au

- I —t|'* e
+/ Py« T(x,r) = PsxT(z,t) PyxT(y,r) — P+ T(y,u) dr
AunA,
=T +1I' +IIT'.

r —ulttes

I —t| s I — 2
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Using the Lipa ; property of Py + T and that |r —u| = £(Q)* in A, \ A;, and
|r —t| = £(Q)%* in A; \ Ay, it is easily checked I’ +1I' < 1. Concerning III" we split

1 1
I’ < / - Py * T(w,7) — Py T(a, )] dr
Auna, L|r =t 2 | — e
N / |Ps x T(x,r) — Py« T'(x,t) — Ps x T(y,7) + Ps x T(y,u)] d
T 'S
AunA, lr — ul|tT2s

=: 111} + 115,
For IIT} notice that, in the domain of integration, by the mean value theorem we have

1 1 < It — ul
[ Y Ll R T

Therefore, by the Lip Ly property of P T,

11, < /
[r—t]>0(Q)2e

Regarding I1I}, apply the (1, 5-)-Lipschitz property of P x T and obtain

|t — ul
—|r—t

Pl yFar <
r—t]* e

< [ [P Tar) = Pos ()| + P, = T(pow) + P Tl )]
Ir—u|>£(Q)2 |7 — u|'T2s

L
< / (@) _ar<1
r—ul>0@Q)2s |1 — ul|'T2s

This finally shows |F5(y) — F»(T)| S 1, for all 7 € Q and 7 € 2Q and we are done. [

LEMMA 2.2.5. Let Q@ C R™! be an s-parabolic cube and let T be a distribution

supported in R" 1\ 4Q with upper s-parabolic growth of degree n + 1 and such that
|VaPs*T|loo <1 and ||Ps*T||Lip, < 1. Then,
ﬂ’t

/ 0F P+ T(3) — (0F Py ) | d7 S Q).
Q

Proof. Observe that the hypotheses of the lemma imply that P « T is a uniformly
continuous function. Let us fix ) s-parabolic cube. To obtain the result it suffices to
verify

1 i
|07 Py« T'(T) — 07 Py« T(y)| S 1, for 7,7 € Q.
We distinguish to cases:
i. T=(z,t) and y = (y,1),

it. or that T = (x,t) and § = (z,u).
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Let first tackle case i. We compute:

1 1
|02 Py x T(z,t) — 02° Py x T(y, t)]
PS*T(Z',T)—PS*T(LE,t) PS*T(y,T)—PS*T(y,t)
- dr — - dr
R | — ¢35 R t|* e

< / | Ps « T'(x,1) — PS1* T(x,t)| dr
r—tl<22:0(Q) [ — "2

-

+/ |PS*T(yar)_Ps*T(y>t)|dr
Ir—t<22:6(Q)2s [ — '+
n / |Ps x T(x,r) — Psx T(x,t) — Py« T(y,r) + Ps x T(y, )]
Ir—tl>226(Q) [ —uf* s
=: I+ 1T+ III

dr

Let us estimate I. In order to avoid possible t-differentiability obstacles regarding the
kernel P, we resort a standard regularization process: take v test function supported
on the unit s-parabolic ball B(0,1) such that [¢ =1 and set 1), := e ""2%(-/e) and
the regularized kernel P := 1), % P;. As it already mentioned in [MatP], the previous
kernel satisfies the same growth estimates as Ps (see Theorem 1.1.2 or [MatP, Lemma
2.2]). For r,t such that |r — t| < 2294(Q)?*, we write

|PS s+ T(x,r) — Ps « T(x,t)| < |r—t|||0:Ps % T|lco30-
We claim that

1
10:P5 * Tl|oo3q S W?

If this holds, applying 0,P¢ * T to test functions and making ¢ — 0, we deduce by
duality the bound also for 9;P; *T. Notice that if (2.2.8) holds we will be done, since

uniformly on ¢ > 0. (2.2.8)

_ / 25\ 1= 35
15/ Ir — ¢t _dr < (4Q) 2)71
r—t|<22o0(Q)2s £(Q)2 Hr —t|' s HQ)*

Analogously, interchanging the roles of T and 7, we deduce II < 1. Regarding III,

=1.

5 _ pe
Ir—tl>220(Q) [r— e

P+ T(x,t) — PS + T(y, t
+/ |P5 + T(x,t) 81* (y,1)| dr.
|7'7t|>22$£(Q)25 ‘T — u‘l“l’ﬁ

Then |5+ T(x,7) = PS+T(y,7)| < [V P x Tlloolw =yl < [[Qe 11V Psx Tlloolz =yl S
£(Q). The same holds replacing (x,r) and (y,r) by (z,t) and (y,t). Hence,

e @ @
r—t|>2200(Q)2s |1 —t[' 25 (f(st)Z
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So once (2.2.8) is proved, case i is done. To prove it, we split R**1\ 4Q into s-parabolic
annuli Ay := 281 Q\ 2*Q and consider C* functions ¥}, such that x4, < X& < X1,

as well as ||v:c%k”oo S (QkK(Q))ilv ||8t%k||oo S (QkE(Q))i% and

Z)Zk =1, on R"™\ 4Q.

k>2
Let us fix Z = (2z,v) € 3Q and observe

0P« T(2)| < > _10.P5 + X T'(Z)!.

k>2
We prove |9, P¢ x i, T'(Z)| < (284(Q)) =25+, and with it we will be done. Write
0:P5 + Xk T'(Z)| = (T, Xx0u P5 (2 — )| =: (T, ¢ )|

We study || V.5 [l and [|0:¢j z|oo in order to apply the upper s-parabolic growth of
T. On the one hand we have, for each T = (z,t) € Ay with ¢ # v, by [MatP, Lemma
2.2] and Theorem 1.1.2,

Vatiz(@)| < [VoXn - 0P (Z — T)| + Xk - Vo PE (2 — )|
1 1
< (2R@) ™ - < (280(Q)) (Y,

|§ —z gj—Zs |f _ 2‘2;&-23—!—1 ~

and then |[Vo¢i || < (286(Q))~ ™). Similarly, for each Z = (z,t) € A; with
t#+ v,
10:072(@)| < [0Xk - 0P (2 —T)| + X - 07 PL(Z — )|

< (24(Q)) < (25(Q)) 1),

—— + —
Foape oA

where the bound for 92P¢ can be argued with same arguments to those of [MatP,

Lemma 2.2], for example. Then, [|0;¢f || < (280(Q))~("*49) and with this we deduce
that (2’%(@))”“5@5?5 is a function to which we can apply Theorem 2.1.2. This way,

10:Ps * XiT'(Z)| =: (T, ¢z S (2k0(Q))" ! = (2k0(Q)) 2+,

1
(2k0(Q))+2s

that is what we wanted to prove, and this ends case 1.
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We move on to case i, where T = (x,t) and § = (x,u). As in i we write

L i
|02 P2+ T(x,t) — 02° PS « T(z,u)|

/ P« T(x,r) — P« T(x,t) J / P:xT(x,r)— P xT(x,u)
r—
R Ir— t['tas R

dr

|r — u]”i
< / |PS % T(x,r) — P+ T(x,t)]
— Jpr—t)<2250(Q)2s I — t’l‘*‘i
+/ | P« T(x,7) — P % T(z,u)|
|r—t|<22:£(Q)2e I — w3
+/ Py« T(x,r) = PsxT(x,t) PsxT(x,r)— P« T(z,u)
|r—t|>2250(Q)2°

| —t|" e I — ul s
=T +1II' + IIT'.

dr

dr

dr

I' and II' can be dealt with as I and II appearing in case . Then I' + II' < 1.
Concerning III" we have, by the Lip L ; property of Py« T (and thus of P x T, since

1. integrates 1),

1 1
Ir' < /
r—t]>226(Q)*

r— t|1+i B |r — u|1+i

| Py« T(x,r) — Py x T(x,t)|dr

1
+/ ———— Py« T(x,t) — Py« T'(z,u)|dr
r—t|>2250(Q)2s | — u|' 2=
1
§/ W)Zsl|r_tzlsdr+/ “*7“21 r<i
r—t]>2200(Q)2s |1 — t[*F2s Ir—t]>2200(Q)2 |1 — | ¥

Applying the above results we are able to deduce the following final lemma;:

LEMMA 2.2.6. Let T be a distribution in R satisfying
V2P Tl <1, (07 P Tl < 1.
Let @ be an s-parabolic cube and p admissible function for Q. Then,
|07 P 5 T |, S1.

Proof. We fix @ any s-parabolic cube and prove that there exists 5 constant so that

/v |6%PS * pT(T) — c§| dz < E(@)"HS.
Q

To do so, pick a C* bump function q§5§ with Xs5 <o and satisfying

50 < X6Q

IVadiglloo SUQ)TY 18650l SUQ)TE (050l S Q).
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We also write ¢5§C =1- ¢5§. Then we split
/ ‘82SP x T (T —c~‘dm

< /V |8FP5 * ¢5C~2¢T(T)| dz + /y |02 Py x ¢5§C@T(f) - c§| dz =: I+ IL
Q Q

Let us estimate II applying Lemma 2.2.5. Notice that supp(¢5§c<pT) C (5@)C NnQ.
We claim that

|V Ps % ¢5Q080TH<><> < and || Ps ¢556@T‘|Lip%1t < 1. (2.2.9)

To check this, we write P * ¢5§C T = Pyx T — P, % ¢5§¢T and since ¢ is admissible
for ( we already have

IV.Pox¢Tlo S 1 and  [|Pyx T, , S 1,

by Lemmas 2.2.1 and 2.2.3. Let us observe that, if £(Q) < (Q), there exists some
constant that makes ¢ 3¢ admissible for 5Q. On the other hand, if £(Q) > £(Q),
then there is another constant making ¢, a% admissible for ). So in any case, also by
Lemmas 2.2.1 and 2.2.3, we have

IV.P 5 6,59 Tl 1 and P % 6,56 T ip, |, S 1.

and (2.2.9) follows. With this in mind and the fact that ¢5§@T has upper s-parabolic

growth of degree n + 1 (use that ¢55¢T is either admissible for @ or CNQ and apply
Theorem 2.1.2), we choose

1
5= (07" P, * ¢5§30T)§

and apply Lemma 2.2.5 to obtain IT < E(@)”*zs.

To study I, we shall assume Q N 60Q # &. Now, if /(Q) < £(Q), we have that for
some constant ¢5§<p is admissible for 5Q). Applying Lemma 2.2.4 with both cubes of
its statement equal to 5@, we get

1< [ _|oF Pv o geT(@)| dr S 4@
5Q

If 5(@) > 4(Q), since QN 6Q # @ we deduce Q C 8Q and hence ¢5§<p

for @) for some constant. Applying again Lemma 2.2.4 now for the cubes @) and 8@,
we have

is admissible

1< [_|oF s ogeT (@) dr £ 4@,
8Q

and we are done. O
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Combining Lemmas 2.2.1 and 2.2.6 we are able to finally state the main theorem
of this subsection:

THEOREM 2.2.7. Let T be a distribution in R""! satisfying

1
[VePs % Tl <1, 107° Ps + T4 p, < 1.

Let Q be an s-parabolic cube and ¢ admissible function for Q. Then, ¢T is an ad-
missible distribution, up to a constant depending on n and s, for T'es(Q).

2.3 Removable singularities. The critical dimension of
[gs

The main reason to prove the localization result of the previous section is to
obtain a characterization of removable sets for solutions of the ©%-equation satisfying
a (1, 2—18)—Lipschitz property.

THEOREM 2.3.1. A compact set E C R™! s removable for Lipschitz s-caloric
functions if and only if Tes(E) = 0.

Proof. Assume s < 1, since the case s = 1 is covered in [MatPT, Theorem 5.3]. Let
E c R™"! be compact and assume that is removable for Lipschitz s-caloric functions.
Let T be admissible for I'gs(F) and define f := P, x T, so that [|V,f|x < oo,
1
102 f|l«p. < o0 and ©°f =0 on R*™\ E. By hypothesis ©°f = 0 in R*" so T =0,
and then I'gs(E) = 0.
Assume now that F is not removable for Lipschitz s-caloric functions. Then, there
exists 1 D F open set and f : R"*! — R with

1
[Vaflloo < 00, 107 fllsp, < 00
such that ©°f =0 on Q\ E, but ©°f # 0 on . Define the distribution
T := o'/

1 )
IVaflloo + 107 £l

1
that is such that ||V, Ps % T|lso < 1, |02° Ps# T4 p, < 1 and supp(T) C EUQC. Since
T # 0 in ©, there exists ) s-parabolic cube with 4Q C €2 so that T' # 0 in ). Observe
that Q N E # @. Then, by definition, there is ¢ test function supported on @ with
(T, @) > 0. Consider

- ¥
Y= )
[elloo + L@Vl + €Q)* (100 lloc + £(Q)? | Aspll o
so that ¢ is admissible for ). Apply Theorem 2.2.7 to deduce that @71 is admissible
for I'g= (E) (up to a constant) and therefore
1

>
el + U@ Vatplloo + £(Q)**[10rlloc + £(Q)?[| Azt lloo

Los(E)

(T, 1) > 0.

O
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Let us prove now that, given £ C R"*!, its removability for Lipschitz s-caloric
functions will be tightly related to its s-parabolic Hausdorff dimension:

THEOREM 2.3.2. For every compact set E C R"! the following hold:
1. Tes(E) < CHL) (E), for some constant C(n,s) > 0.
2. If dimy, (E) > n+1, then I'es (E) > 0.

Therefore, the critical (s-parabolic Hausdorff ) dimension of I'gs is n + 1.

Proof. Again, let us restrict ourselves to s < 1, since the case s = 1 is already covered
in [MatPT, Lemma 5.1].

To prove I we proceed analogously as we have done in the proof of Theorem
1.4.3. In order to prove 2 we apply an s-parabolic version of Frostman’s lemma. Let
us name d := dimy, (E) and assume 0 < H{ (E) < oo without loss of generality.
Indeed, if ’Hgs (F) = o0, apply an s-parabolic version of [F, Theorem 4.10] to construct

a compact set E C R with E € F and 0 < HZS(E) < 00. On the other hand,
if ’Hgs (E) = 0 apply the same reasoning with d' := (d +n + 1)/2. In any case,
by Frostman’s lemma we shall then consider a non trivial positive measure p with
supp(p) C E satisfying u(B(z,r)) < r¢, for all T € R**! and all » > 0. Observe that
if we prove

[VoPos |, S1 and (07 Py, 1.

we will be done, since this would imply T'gs (E) > T'es(E) = (u,1) = pu(E) > 0. The
1

bound for 92° Py x u follows directly from Lemma 1.3.2 with 3 := 2—18
of V. Ps * i1, use [MatP, Lemma 2.2] to deduce that for any 7 € R"™!

To prove that

du(z)  _

VP x ()| S p— ~
BT -yl

diam,, (E)4~(+D <1,

where we have split the previous domain into annuli and used that p presents upper
s-parabolic growth of degree d > n + 1. O

We proceed by providing a result regarding the capacity of subsets of Hg:‘l—positive
measure of regular Lip(1, i) graphs. To proceed, let us introduce the following op-
erator: for a given u, a real compactly supported Borel regular measure with upper

s-parabolic growth of degree n 4 1, we define the operator P}, acting on elements of
Llloc(u) as

Pif@) = [ V.P@- @i, T ¢ suppla).
R 1
Together with Pj, we also have its truncated version Pj . for £ > 0, as well as all

the notation presented in the introductory chapter regarding LP norms, maximal
operators P; , and conjugate operators P;*.
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Recall also that 35 ,(E) is the collection of positive Borel measures supported
on E with upper s-parabolic growth of degree n + 1 with constant 1 and define the
auxiliary capacity:

Fos +(F) :=sup u(E), (2.3.1)

where the supremum is taken over all measures pu € ¥;_;(F) such that
Ppllee <1, NP> pilloo < 1.

We aim at proving the following result, analogous to [MatPT, Theorem 5.5]:

THEOREM 2.3.3. Let E C R™! be a compact set. Then, for each s € (1,2,1],
Tos 1 (E) STes 1 (E) ~sup {u(E) : p € 55, (B), [|Ppullw <1}.
Moreover,
Tos () = sup {u(E) : p€ X5 1(E), IPallz2(y—r2g < 1}

Previous to that, let us verify the following lemma, which follows from the growth
estimates proved for the kernel VP, in Theorem 1.1.2 and analogous arguments to
those in [MattiPar, Lemma 5.4], for example:

LEMMA 2.3.4. Let v be a real Borel measure with compact support and upper s-
parabolic growth of degree n + 1 with |P°ullc < 1. Then, there is k > 0, constant
depending on n and s, so that

Piu(®@) <k, VIecR".

Proof. Let |p| denote the variation of p. which corresponds to |u| = p* + p~, where
ut, u are the positive and negative variations of p respectively, defined as the set
functions

p*(B) = sup{u(4) : A€ BR"),AC B},
p~(B) = —inf{u(A) : Ac B(R"*), A c B}.

It is known that |u| is a positive measure [Ru2, Theorem 6.2] with ¢ < |u|. In
fact, there exists an Li_(R™"!) function g with g(Z) = +1 such that p = g|u| [Ru2,
Theorem 6.12]. It is clear that |u| still satisfies the same upper s-parabolic growth
condition as p.

Let usfix 0 < e < 1 and T = (x,t) € R""! and notice that for some 0 < § < 2s—1,

dlul@) \ . dz N
[ MO e</ (f 5 )dlu@)
B(z,e/4) B(z.e) |Z — Ylp, B(z,e) B(y,2¢) ‘Z — Ylp,
225525 du

dz 3 L B .
= / (/ n5/ 1+6)d|ﬂ(y) < et 6|u\(B(x,g)) < et
B@Ee) \JBi(2e) 12— Y g2a020 5
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By the first estimate of Theorem 1.1.2 this implies, in particular, that we can find
some z € B(T,e/4) such that |P*u(z)| < ||P°ulle < 1 and satisfying

|PixB@Ee (Z)| < Co,
for some positive constant C. Therefore, we obtain
[ P2u(@) — Pu(z)| < [P2u(@) — Piu(E)| + Cq
< / Vo Py(@ — ) — VaPy(z — 7)|dll @) + Co.
[Z—Ylps >3

Applying the last estimate of Theorem 1.1.2 we get

dlul
/ |Vis(f—7) V.Ps(Z -7 |d‘ﬂ‘ / M
|E g‘?e>£ I

T—Y|ps >§ |J§'—

Splitting the domain of integration into s-parabolic annuli:
Aj={g: e <[T -7l <V}, 20,
and using the growth of |u| we obtain, for some positive constant C,

dlpl(y d|pl(®) (et
8/ S n+2 = ZE)/ [F—gpt? Se€d iiorE (2i—Te)n+2 = = (1.
T—Ylps >3 7

ps ]:0

Thus, we have established the bound
[P2u(m) = P°u(z)| < Cy + Gy,

so setting K := C7 + Cy + ||P* || and using that by hypothesis [|P*ullo < 1, we get
the desired inequality. O

Proof of Theorem 2.3.3. Denote

[y = sup{u(E) : p € X5 1 (E), [[P°ulle < 1},
[y i=sup{p(E) : p € 35 11 (E), IPillz2(uy—r2) < 1}-

It is clear that I~‘957+(E) < I'y. It is also clear that Theorem 2.1.2 implies I'; 2
los +(E) and that the converse estimate follows from Lemma 1.3.2 applied with
B =g, -

To prove that I'e: +(E) ~ I'; we argue as in [MatPT, Theorem 5.5]. Take p €
28, 1(E) satistying Tes 4 (E) < 2u(E) and ||[P*ulle < 1, |P**1t]le < 1. By Lemma
2.3.4 we get, uniformly on € > 0,

[P2ulleeeqy S 1, P2 pllzeeqny S

~

1, (2.3.2)

The boundedness in L*(u) of Pf, that by Theorem 1.1.2 is associated with an (n +
1)-dimensional C-Z convolution kernel, will follow from a T theorem of Hytonen
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and Martikainen [HyMar, Theorem 2.3| for non-doubling measures in geometrically
doubling spaces, such as the s-parabolic space. We shall apply the previous theorem
with b = 1. Taking into account (2.3.2), to ensure that Pj is bounded in L*(u), by
[HyMar, Theorem 2.3] it is enough to verify that the weak boundedness property
holds for s-parabolic balls with thin boundary. An s-parabolic ball of radius rg has
A-thin boundary if

p{T € 2B : dist,, (T,0B) < Arg} < AAu(2B) VA > 0. (2.3.3)

Hence, we need to prove that, for some fixed A > 0 and any B C R""! s-parabolic
ball with A-thin boundary,

(PexBsxB)| < Cu(2B),  uniformly on € > 0. (2.34)

To prove (2.3.4), consider a smooth function ¢ compactly supported on 2B with
¢ =1 on B and write

(PeXB> XB !</! ESO\dM‘F/\ (v —xB)|dp.

Since p presents n+ 1 upper s-parabolic growth and ||P*u|l. < 1, by Lemma 1.3.2 and
the localization Theorem 2.2.7 we have ||P}p|o < 1, that is || P}, .¢[lc < 1 uniformly
on € > 0. Therefore, the first integral on the right side of the above inequality is
bounded by Cu(B). To estimate the second term we will use that B has a thin

boundary and the growth estimates of Theorem 1.1.2. We compute:

[ Piato = xaldn s /B\B/,x e

/ Mdu(x).
]>]_ {—<dlstp‘5 B |I -y Ds

Given j > 1 and x ¢ B with 277rp < dist,, (x,0B) < 279 Tlrp, since p € ¥5 | (E) we
get

j
p(B(x,2 " rp)) _
_——~ 3.
R — ‘n+1—k22/ <p \z— NZ 2kTBn+1 SIT
Therefore, by (2.3.3)
/ Py (o= xp)ldun S Y0 +3) ul{z : 277rp < disty, (¢,0B) < 27771r(B)})
j>1
SPPE It 11(2B).
7>0

So (2.3.4) holds and P;; satisfies || P;|[12(u)—r2(n) S 1. Therefore I'y 2 To: 4 (E).
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To prove the upper estimate, take u € 37 (E) with [|P}l|r2(u)»r2( < 1 and
[y < 2u(E). The L*(p) boundedness of P; ensures that P* and P** are bounded
from the space of finite signed measures M (R"*1) to L1*°(u). In other words, there
exists a constant C' > 0 so that, given any v € M (R"*1), for any € > 0 and \ > 0,

p({r € B Pive) > 2) < o 12

and the same replacing P? by P2*. The reader can consult a proof of the latter in
[T5, Theorem 2.16] (to apply the previous arguments, it is used that the Besicovitch
covering theorem with respect to s-parabolic balls is valid. Otherwise, the reader may
also consult [NTrVol, Theorem 5.1].) From this point on, by a well known dualization
of these estimates (essentially due to Davie and Oksendal [Da@], see [Chr, Ch.VII,
Theorem 23] for a precise statement) and an application of Cotlar’s inequality (see
[T5, Theorem 2.18], for example), we deduce the existence of a function h : E — [0, 1]
so that

WE)<C [hdu [Pihl <1, P He <1
Therefore, 1~“957+(E) > [hdp ~ p(E) = T's, and we are done with the proof. O

Applying the previous result and arguing as in [MatPT, Example 5.6], we get
that any subset of H;jl-positive measure of the graph of a Lip(1, i) function is not
removable. It is not clear, however, if for s < 1 such an object exists.

2.3.1 Existence of removable sets with positive H;}jl measure

We would like to carry out a similar study to that done for the capacity introduced
in [MatP, §4], that with our notation would be 72,,, (the normalization being ||P %
T||s < 1), in the current s-Lipschitz context, for s € (1/2,1]. Let us remark that the
critical dimension of the previous capacity presented in [MatP] in R"*! is n and that
the 1/2-parabolic distance is, in fact, the usual Euclidean distance.

The first question to ask is if it suffices to consider the same corner-like Cantor set
of the aforementioned reference, but now consisting on the intersection of successive
families of s-parabolic cubes. If the reader is familiar with [MatPT, §6], he or she
might anticipate that the answer to the previous question is negative. Let us motivate
why this is the case.

Recall that for a given sequence A := (Ag)g, 0 < Ay < 1/2, we define its associated
Cantor set E C R™"! by the following algorithm: set Q" := [0, 1]""! the unit cube of
R™"! and consider 2"*! disjoint (Euclidean) cubes inside Q° of side length £; := )1,
with sides parallel to the coordinate axes and such that each cube contains a vertex
of QY. Continue this same process now for each of the 2"*! cubes from the previous
step, but now using a contraction factor Ay. That is, we end up with 220+ cubes
with side length /5 := A1 Ay. Proceeding inductively we have that at the k-th step of
the iteration we encounter 25("*1) cubes, that we denote Q? for1 <j< 2k(n+1) " with
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side length ¢ := H§:1 Aj. We will refer to them as cubes of the k-th generation. We
define

2k(n+1)

Ey,=E(\,....\) = |J @,
j=1
and from the latter we obtain the Cantor set associated with A,

E=E(Q\):= ﬁ Ey.
k=1

If we chose \; = 2=t/ for every j, we would recover the particular Cantor set
presented in [MatP, §5]. The previous choice is so particular that ensures

0<HYE)=H, (F)<o.

P1/2

If #(E}) is the number of cubes of Ej, the above property followed, in essence, from
#(Ey) - fp = 2M00 =1, WE > 1L (2.3.5)

If we were to obtain such critical value of A; in the s-parabolic setting, taking into
account the critical dimension of I'gs, it should be such that

0<Hp ™ (E) < .

So if we directly consider the analog of the previous corner-like Cantor set, but made
up of s-parabolic cubes, we should rewrite (2.3.5) as

k(D) gntl — 1 Wk > 1,

meaning that the corresponding critical value of A; has to be 1/2, that is not admis-
sible. Another reason that suggests that working with an s-parabolic version of the
corner-like Cantor set could not be the best choice, is that it becomes too small in
an s-parabolic Hausdorff-dimensional sense. Indeed, if we assume that there is 79 so
that \; < 7y < 1/2, Vj, for any fixed 0 < ¢ < 1 we may choose a generation k > 1 so
that

an—H(E) < H?;Sl(Ek) 5 2k(n+1)£7]z+1 < (QTO)k(n—I—l) —0,

€:Ps k—o0
that implies I'g: (E) = 0, by Theorem 2.3.2.
Hence, it is clear that in order to obtain a potentially non-removable Cantor set
E, one has to enlarge it. One way to do it (motivated by [MatPT, §6]) is as follows:
let us fix s € (1/2,1] and choose what we call the non-self-intersection parameter
0 € Z, the minimum integer 6 = §(s) > 2 satisfying

logs(d + 1
s> %, that is S+ 1< 6%,
Let Q° := [0, 1]"*! be the unit cube of R™! and consider (§+1)d" disjoint s-parabolic
cubes QF, 1 < i < (6 + 1)d", contained in QY, with sides parallel to the coordinate
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axes, side length 0 < \; < 1/4, and disposed as follows: first, we consider the first n
intervals of the cartesian product Q° := [0,1]""! (that is, those contained in spatial
directions) and we divide, each one, into § equal subintervals Iy,...,I5. For each
subinterval I;, we contain another one J; of length A;. Now, we distribute Ji, ..., Js
in an equispaced way, fixing Ji to start at 0 and Js to end at 1. More precisely, if for
each interval [0, 1] we name

C1-6N

=1

Jj = [(j—1)()\1+l5),j/\1+(j—1)l5}, ji=1,...,0,

we keep the following union of ¢ closed disjoint intervals of length A;

3
Ts = J;-
j=1

Finally, for the remaining temporal interval [0, 1], we do the same splitting but in
§ + 1 intervals of length A\?*. That is, we name
= 1—(0+ AP

Iy = Ji= [ - DOFE+15), 02 + (G —Dils], j=1,...,6+1.

Now we keep the union of § + 1 closed disjoint intervals of length A%

From the above, we define the first generation of the Cantor set as E ,_ := (T5)" x Ty,
that is conformed by (& + 1)d™ disjoint s-parabolic cubes (see Figure 2.1).

This procedure continues inductively, i.e. the next generation F,, will be the
family of (§ + 1)26%" disjoint s-parabolic cubes of side length fo := A\ A2, Ao < 1/4,
obtained from applying the previous construction to each of the cubes of F ,_ . More
generally, the k-th generation Ej,_ will be formed by (& + 1)*6"* disjoint s-parabolic
cubes with side length £ := A\ - - A, A < 1/6, and with locations determined by the
above iterative process. We name such cubes Q?, with j =1,...,(0 + 1)k5”k. The
resulting s-parabolic Cantor set is

Ep, = Ep,(N) == () Ekyp.- (2.3.6)
k=1

This way, the critical value becomes ((§ 4 1)6™)~1/("+1) < 1/§. For instance, if
Aj = (6 + 1)o7~ VIt for every j, (2.3.7)

then
#(Eryp.) - O = 0+ )R =1, V> 1.

Using the previous fact one can deduce H!'*'(E,, ) > 0. Indeed, consider the prob-
ability measure p defined on E,  such that for each generation k, ,u(Qf) = (0 +
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(a) Depiction of E; p, with § =2 (b) Depiction of Ey p, . with § = 3.

Figure 2.1: First iterates involved in the construction of Ej, and E,, , in R3. For

s =1 we have chosen \; := 127/3  and for s = 2/3 we have chosen )\, := 1/4.

1)7k67F 1 < j < (6 +1)%6"F. Let Q be any s-parabolic cube, that we may assume
to be contained in Q" and pick k with the property ;1 < £(Q) < /1, so that @ can
meet, at most, (6 + 1)d"™ cubes Qf. Thus 1(Q) < ((6 +1)6")~* =1 and we deduce

1
(6 + 1)om)®+D)

1(Q) < = < Q)™ (2.3.8)

meaning that p presents upper s-parabolic n + 1-growth. Therefore, by [Gar2, Chap-
ter IV, Lemma 2.1], which follows from Frostman’s lemma, we get H;}jl(E) >
Hy L (E) > 0. Moreover, observe that for a fixed 0 < ¢ < 1, there is k large
enough so that diam,,, (Qf) < e. Thus, as E},, defines a covering of E, admissible

for Hy 1, we get

((541)5m™)k
HOANE) < > diam,, (@) ~ 4 (04 1)6")F = 1.

j=1
Since this procedure can be done for any &, we also have ! (E) < oo and thus
0 < HJTH(E,,) < .

REMARK 2.3.1. Let us observe that as s — 1/2, the value of J grows arbitrarily.
That is, as s approaches the value 1/2, the Cantor set E,, becomes progressively more
and more dense in the unit cube. This suggests that for s = 1/2, that corresponds to
a space-time usual Lipschitz condition in R"*!, the capacity one would obtain should
be comparable to the Lebesgue measure in R"*1 as in [Uy] for analytic capacity.
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THEOREM 2.3.5. Given s € (1/2,1], the Cantor set E,, defined in (2.3.6) with the
choice (2.3.7) is removable for Lipschitz s-caloric functions.

Proof. We follow an analogous proof to that of [MatPT, Theorem 6.3]. We will assume
that £, is not removable and reach a contradiction. By Theorem 2.3.1, there is v a
distribution with supp(v) C E,, satisfying |(v,1)| > 0 and

1
[VePs x Voo <1, ||8tQSPS*VH*,ps <L

By [MatPT, Theorem 6.1], that admits an almost identical proof in the s-parabolic
context, v admits the following representation:

v=fu, I fllzeequy S 1,

for some f : E — R Borel function, and where p := ?—[Zjl\ E,, coincides, up to a
constant (depending on n and s), with the probability measure supported on E,,
that satisfies 4(Q) = ((6 4+1)6™) % for all j, k. By (2.3.8) p (and also |v|) has upper
s-parabolic growth of degree n+ 1. By analogous arguments to those of Lemma 2.3.4,
there must exist a constant x(n, s) so that

Piv(x) <k, TeR" (2.3.9)

Forz € E,_, let QL be the cube Q¥ containing 7. Define the auxiliary operator
Piw(z) = sup | Pixien 1101 (7))
k>0 @

Since the cubes Q¥ are separated, applying the growth of |v| as well as estimate
(2.3.9),
Piv(z) <K', TEE, (2.3.10)

for some constant x’. We shall contradict the previous bound.

To do so, pick Ty € E,, a Lebesgue point (with respect to p and to s-parabolic
cubes) of the Radon-Nikodym derivative f = j—; such that f(Zo) > 0. This can be
done since v(E) > 0. Given € > 0 small enough to be chosen below, consider a
parabolic cube Q¥ containing Ty such that

u(;’?) /Q @)~ @)l dp(y) <

Let us begin by choosing € so that f(Zy) > €. This last condition implies that for a
given m > 1 and any k < h < k +m, if Q;‘ is contained in Q%

xo?

v(@) 1 I - )
@ = ) o, 1902 160~ [ 010) 520 aut)
k
> f(TO) - 5‘:L<<QQJ;;))) _ f(TO) o ((5 + 1)5n)h—k€.

(2.3.11)
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For each m > 1, we fix the value of £ (and therefore also the value of k) to satisfy

(A0 iy,

which implies v(Q}) > f(io)u(Q?)/Q and hence, in particular, V(Q;L) > 0. Therefore,

(@) - i @ / S ()] <

All in all, the previous estimates ensure that choosing ¢ > 0 small enough (depending
on m), every cube Q? contained in Q% with k£ < h < k + m satisfies

l\D\OJ

(o). (2.3.12)

S E0)(@)) < v(@)) < S E)H(Q)). (2313

Notice also that if we decompose v in terms of its positive and negative variations,
that is v = vt — v, using f(Tp) > 0 we deduce

v@) = [ r@um=; [ (50 10)
k Qk

zo zo
1 1
<5 [ 1@ - Fa@)ldn@) ~ 5 [ (@)~ 5@0) dulw) < (@),
B )
(2.3.14)
Consider Z = (z1, ..., zn, u) one of the upper leftmost corners of ng (that is, with z

minimal and v maximal in Q% ). Since z € E,, and by definition PoXgrgetm (Z)] =
‘PSXRnH\QEﬂ“m (z) - PﬁXRnH\QE(E” < 2755’/(2), we have
PSV(Z) |7) XQ \Qk+rn(z)‘ > |PI/+XQ \Qk+7n (Z)| ‘Pi_XQg\Q;+”L (§)|.

Observe that dist,_(Z, Q% \ QET™) > £(QE™™) (with implicit constants depending on
6 = 6(s)), so we can estimate [P;_Xqgx\gr+m (Z)| from above in the following way

_ g dv™(7)
P Xom ok+m (Z g/ V.Ps(zZ—7)|dv yg/ —
Pixanar @< [ GRG0 @S [ S
- k k n\—k
S v (QE) < N(QE) _ ((6 + 1)5 ) — ((5 + 1)6n)m€

€ =c
E(Q§+m)n+1 - g(Qg‘l‘m)n-&-l ((5 + 1)5n)—mg(Q§)n+1
where we have used Theorem 1.1.2 and (2.3.14).

To estimate |PV+XQ BQhm ()| from below, we refer the reader to the proof of
Theorem 1.1.2 to check that the first component of V,P;, for s < 1, satisfies

—Ilt

(vm_PSh(T) =~ Co -

2 Xt>0,
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for some constant cg > 0. Then, by the choice of Z, it follows that

(VoP)i1(Z—9) >0 forall j € QE\ Q™. (2.3.15)
We write
S = — -~ + (=
PiXapas ()2 [ e TP ) D)
k+m—1

= prslf—_dy+_.
> /Q s g (T PG =9) 4 (D)

By relation (2.3.15) and that for k < h < k +m — 1, the set Q2 \ Qg“ contains a
cube Q;-L‘H such that for all y = (y1,...,Yn, 7),

0<y— 2~ g—z = 0QMM), 0<u—r7rLQM"%,

Indeed, we might just consider the lower rightmost cube of the A + 1 generation that
is contained in Q% and take advantage of the corner choice of z and the fact that
Z ¢ QE\ Q™. Now, using also (2.3.13), we deduce

= _ a7 — L _ V+(Qh+1)
/QZ\QZH(V;EPSM(Z —7)dvt(g) > /Q;H»I(VZPS)l(Z — ) dvt(m) = W

ER7(0)any)

2 f(IO)W = f(Zo).

Therefore, |Pj.x gk gr+m (2)| Z (m — 1) f(Zo), and combining this with the previous
estimate obtained for [P;_ x g gr+m (Z)] we get

Piv(z) 2 (m—1)f(To) — C((3+ 1)8")"e,

for some constant C' > 0. So choosing m big enough and then e small enough,
depending on m, relation (2.3.10) cannot hold and we reach a contradiction. O



Chapter 3

The non-comparability of ['¢g and 7(19/ * in the

plane

In this brief chapter we would like to introduce a capacity tightly related to the
capacities 7. , presented in §1.4.3 and compare it with the Lipschitz caloric capacity
I'e studied in [MatPT]. Recall that, given E C R""! compact set, we defined

Le(E) :=sup [(T,1)],
with the supremum taken among all distributions in R"*! supported on F such that

IVaW 5 Tloo <1 and |0} W % T)s,, < 1.
Bearing in mind the above definition, we introduce the capacity 7(19/ > Tt is defined
analogously, but instead of requiring a (1, 1/2)-Lipschitz property over the potentials,
we ask for

I(=A)2W s T <1 and |0 W 5 T|lp, < 1.

We will prove that I'g and vg_)/ % share the same critical dimension but, at least in R?,
they do not share the same removable sets. This is remarkable since the operators

V. and (—A)l/ 2 present Fourier symbols with shared homogeneity.

3.1 Basic definitions and properties

Let us recall that given s € (0,1], o € [0,5) and E C R™"! compact set, we defined
its A?-BMO,,-caloric capacity as

160« (E) = sup [(T, 1)},

the supremum being taken among distributions 7' supported on E and satisfying
|(=A) Py T||sp, <1and \|a;’/sps * T4 p. < 1. In this chapter, we will fix s = 1 and

choose o :=1/2 and study the following capacity:
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DEFINITION 3.1.1. Given E C R compact set, its AY2-caloric capacity is
1/2
7¢(B) == sup [(T, 1)},
where the supremum is taken among all distributions 7" with supp(7’) C E and satis-

fying
I(=a)PwsT| <1, (|5 PWsT|, <1

Such distributions will be called admissible for Vé/ 2(E') Let us observe that the
particular choice of o := 1/2 allows the operator (—A)'/? to be represented as

z,t o(y,t
(-8 (a0 = po. [ ADZ D ZR on

where R; are the usual n-dimensional Riesz transforms, Wlth Fourier multiplier an

absolute multiple of £;/|¢|. Let us first observe that as a direct consequence of Theorem
1/2

1.4.8 we obtain the following growth result for admissible distributions for vg ~.

THEOREM 3.1.1. Let E C R™! be compact and T be an admissible distribution
for fye . Then, T presents upper 1-parabolic growth of degree n + 1, that is,

(T, )| < Q)" for @ C R™™ any 1-parabolic cube and ¢ admissible for Q.

Let us clarify that we could have stated the above result in a more general manner
as in Theorem 1.4.8, but we have chosen to do it as above for the sake of clarity.

Hence, given such growth, one of the first questions that arises is if I'g and 'yl/ 2
are comparable. Indeed, let us observe that we are able to prove an analogous result
to Theorem 2.3.2 in the current setting, which implies that I'g and 7@/ both share
critical dimension:

THEOREM 3.1.2. For every compact set E C R"! the following hold:

1. 71/2( E) < CHY! (E), for some dimensional constant C > 0.

00,p1
2. If dimy, (E) > n+ 1, then v *(E) > 0.

Proof. To prove 1 we proceed analogously as we have done in the proof of Theorem
1.4.3, using now the growth restriction given by Lemma 3.1.1. To prove 2 we argue
as in Theorem 2.3.2. We name d := dimy, (E) and assume 0 < H? (E) < oo.
Apply Frostman’s lemma and pick a non-zero positive measure p supported on E
with u(B(z,r)) < 7, being B(Z,r) any 1-parabolic ball. If we prove

[(~A)2W s S1 and  [0)°W wul,, S1

we will be done, because then we would have yé/Z(E) 2 (u,1) > 0. To estimate

83/2W*,u we apply Lemma, 1.3.2 with 8 := 1/2. To study the bound of (—A)Y2W x pu,
apply [MatP, Lemma 2.2] to deduce that for any 7 € R" !,

(a2 s p@) < [~ < g, (- < 1,
£ |T— l/’Z

and we are done. O
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3.2 The non-comparability in R?

To study whether if I'g is comparable to 'y(la/ ? we notice that, as a consequence of
Theorem 2.3.3, any subset of positive /ng ! measure of a non-horizontal hyperplane
(that is, not parallel to R™ x {0}) is not Lipschitz caloric removable. Therefore, in the
planar case (n = 1), the vertical line segment

E :={0} x [0,1], that is such that dimy, (F) =n+1=2,

is a first candidate to consider. To proceed, let us define a series of operators analogous
to those presented in §2.3. Given u, a real compactly supported Borel regular measure
with upper 1-parabolic growth of degree n+ 1, let 7,, be acting on elements of L] (x)
as

Ti@i= [ (AW @ - p @), T ¢ swp(),
as well as its truncated version 7, . and the maximal operator 7, ,, defined analogously
as in §2.3.

Notice that comparing [MatPT, Lemma 5.4] and Theorem 1.1.3 with the partic-
ular choice of s = 1 and 8 := 1/2, the growth-like behavior of the kernels V,W
and (—A)Y2W is analogous. From this observation, the following result admits an
analogous proof to that of Lemma 2.3.4.

LEMMA 3.2.1. Let u be a real Borel measure with compact support and n+1 upper
1-parabolic growth with ||T pt||ec < 1. Then, there is k > 0 absolute constant so that

T.u@) <k, VTeR"™.
Using the above lemma we are able to prove the following:

THEOREM 3.2.2. The vertical segment E := {0} x [0, 1] C R? satisfies yé/Z(E) =0.
Therefore, I'g and 7(1)/2 are not comparable in R2.

Proof. We will prove it by contradiction, i.e. by assuming yé)/ 2(E) > 0. Begin by
noticing that, under this last hypothesis, we would be able to find a distribution v
supported on F such that

I(=A)2W s v <1, 0°W v,y <1 and |1, 1)] > 0.

By Theorem 3.1.1 the distribution v has upper 1-parabolic growth of degree n +1 =
2. Therefore, since 0 < H2 (E) < oo, by [MatPT, Lemma 6.2], we deduce that
v = fH2 |g, where f : E — R is Borel function with ||f||Loo(Hgl|E) < 1. In addition,
we will also assume, without loss of generality, that v(E) > 0.

We shall contradict the estimate presented in Lemma 3.2.1 by finding a point
To € E such that T.v(Ty) is arbitrarily big. To this end, firstly, we properly choose
such point by a similar argument to that of the proof of [MatPT, Theorem 6.3]. Pick
Ty = (0,t) € E with 0 < ¢y < 1 a Lebesgue point for the density f = dv/dH? |g
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satisfying f(Zp) > 0, that can be done since v(FE) > 0. Hence, for € > 0 small enough,
which will be fixed later on, there is an integer k£ > 0 big enough so that if By is the
I-parabolic ball centered at Ty with radius r(By ) = 27*,

1

T BTE) o, O~ @50 < = (3.2.)

In addition, we may assume, without loss of generality, that k is big enough so that
we have the inclusion By o N ({0} x R) C E. This way, the above estimate can be
simply reformulated as

to+272k
2%/ |£(0,t) — £(0,t0)|dt <e.
t

072—2}9

In any case, let us still work with (3.2.1). Begin by fixing the value of ¢ so that
f(Zo) > e. Proceeding as in the proof of Theorem 2.3.5, choosing

€< 2_2m_1f(T0)3

by analogous arguments to those presented in (2.3.11) and (2.3.12) (interchanging the
role of p in this case by 7—[12,1 |3, ), we get that for any given m > 1, if e < 27271 f(z),

ST @2, (BN E) < v(Ba) < ST @)He, (B E),

which is an analogous bound to (2.3.13). Notice also that if we decompose v in terms
of its positive and negative variations, that is v = v — v~ using f(7y) > 0 we deduce
as in (2.3.14)

v (Bro) < My (Bro N E). (3.2.2)

Having fixed Ty and the value of &, we shall proceed with the proof. Observe that
since v is supported on E we have

‘ﬁXBk,o\Bk+7n,o (TON = ’,TVXE\BIHm,O (fo) - ,TVXE\Bk,o (TO)‘ S 27;V(§0)‘

Therefore,
_ 1 _
711/(1‘0) Z 5 "E/XBk,O\Bk+TYL,O (xo) ’

1 _ 1 _
2> §|7;’+XBk,O\Bk+m,O (330)| - §|77/— XBy,0\Br+m,0 (1’0)|

Since disty,(Zo, Br,0 \ Bi+m,0) = 7(Biim,0) We estimate | T, X B, o\ By 1m0 (To)| as follows

T X @) < [ ()2 (20 — 7) dv ()
Bi,0\Bk4+m,0
—(y - H2 (BroNE
,S/ iil/ (g)g < v (Bk,O)z <e Pl( k,0 - ) §22m€’
Bk,O\Bk+m,0 ‘$0 - y|p r(BkJer,O) T(Bker,O)
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where we have used Theorem 1.1.3 and relation (3.2.2). So we are left to study the
quantity |7+ X B, o\Bim.o(To)|- Defining f: R" — R as f(z) := e~ 1?*/1 we have that

2

1—e vl ®1—e™"
(=A)Y2£(0) ~ p.V./ ——dy ~/O —g—dr= V. (3.2.3)

n ‘y‘nJrl
Relation (3.2.3) and the fact that for each ¢t > 0 we have
(=A)2W (@, 1) = 2 (= )2 e HPI0] ()
_ t_"T“(_A)l/2e—|x|2/(4t) —. t_nTH(—A)l/Qf(x|t|_1/2),

implies that, in R?,
(—A)2W(0,8) =t X0

Hence,

/ (—A)2W(0, t — £) dv (0, t)‘
By O\Bk+m oNE

B ’ /[to—zalk-’to‘Fz;k} \[ro-

‘7:/+ XBr,0\Bk4m,0 (EO> ’ =

(=A)Y2W (0, to — t) dvt (0, t)‘

1 1
22(k+m) sto+ 22(k+m) ]

1
+
~ e N{to—ts0p AV <o,t>\
’ /[+J \[to~ oy o o) 1f0 — 1
1
_ / LI WOR)
[to— bz to— sty ) PO —

2m+1 1
/ dv(0,t)
,to— L } 0~ t
22(k+m) h—1" 22(k+m)—h

2m+1 1 1
2(k+m)—h _ + - - N
> E 2 v ([to 92(k+m)—h—1° to 22(k+m)h]>
h=0

2m+1
1
> Z 22(k+m)7h : if(f())%?h (Bkerf% n E) = (2m + 1)f(j())7

where for the last inequality we have used the left estimate of (3.2.2). All in all, we
get
Tv(To) 2 (2m + 1) f(To) — 277,

so choosing m big enough and then e small enough, we are able to reach the desired
contradiction. O






Chapter 4

Caloric capacities of Cantor sets

In the present chapter we present a lower estimate for the Lipschitz s-caloric capacity
of the Cantor sets defined in §2.3.1 and a complete characterization of another capacity
vos .+ (that we will simply refer to as (s, +)-caloric capacity) of the usual corner-like
Cantor set of R"*1. The way we present the latter, it generalizes [Her, Corollary 4.3].

In any case, the result obtained for the Lipschitz s-caloric capacity in §4.1 resem-
bles that of [MatT, T4] for s-dimensional Riesz transforms. To be precise, consider
1/2 < s <1 and ();); a sequence that determines the length £; := A;---\; of the
s-parabolic cubes conforming the j-th generation of the Cantor set E,_ as in (2.3.6).
Assume 0 < \; < 79 < 1/4, for every j, where 0 is a parameter that depends on s
defined in §2.3.1. Then,

THEOREM.

. 12 ()
F@s (E S) ZT ( Z 927 S) 5 where ]7n
0 = 7P (5 + 1)]5 J

The reverse inequality remains an open problem.

The particular feature that allows us to follow the arguments of Mateu and Tolsa is
essentially that, although the kernel V, P; is not fully anti-symmetric, it satisfies this
property with respect to spatial variables. In fact, as the arguments below suggest,
it is enough to ask for anti-symmetry with respect to a single variable, provided the
kernel is a locally integrable function in R"*!, endowed with a proper metric.

On the other hand, the results obtained for ygs  are essentially different, since the
kernel involved in the definition of the latter capacity is simply Ps;. The nonnegativity
of this kernel suggests that the value of this capacity for Cantor sets should be similar
to that described by Eiderman in [E], where he studied radial nonnegative kernels.
In our setting, however, the kernel P; will be nonnegative but not radial. To circum-
vent such inconvenience, the author will compare vgs + with an auxiliary capacity,
defined through a nonnegative symmetric kernel and deduce, in a rather straightfor-
ward manner, the expected estimate. For instance, let s € (0,1] and E C R"*! be the
typical corner-like Cantor set, now made up of s-parabolic cubes and with associated
sequence (A;);. If 0 < \; <715 < 1/2 for each j, then
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THEOREM.

-1
Yor +(E) ~n, (Z(:)@) , where 0 = m
]:

In fact, the study conducted for vgs 4 will also yield the comparability of the lat-
ter capacity with the analogous one associated with the conjugate operator (and thus

conjugate equation), 0% .= (—A)/2 — 9.

Finally, let us stress that in both studies of I'gs and vg-  we will always assume
the existence of an absolute constant 7y so that 0 < A\; < 7y < 1/0, for every j. In
our computations we have not carefully followed the dependence of implicit constants
with respect to 79. Thus, the reader must understand symbols such as <, 2> ~ and ~
possibly as <., 2, ~r, and 2, respectively.

4.1 A lower bound for the ['os capacity of Cantor sets

Let us briefly recall the construction presented in §2.3.1 of the particular Cantor
set associated with the capacity I'gs, for a fixed s € (1/2,1]. We began by choosing
a positive integer § > 2 that was such that

§+1< 6%,

By convention we fixed the minimum value of § > 2 that satisfied the above condition
so that & = §(s). Then, we considered Q° := [0,1]"™! the unit cube of R"™! and
(§ + 1)0™ disjoint s-parabolic cubes @}, contained in Q°, with sides parallel to the
coordinate axes, side length 0 < A\; < 1/§, and with the following locations: for each
of the first n intervals [0, 1] of the cartesian product defining Q°, we set

1—46A ) . . .
l5 = 5_11) ']] = [(]_1)()\1+l5))‘7A1+(j_1)l5}7 ]:17"'557
and take Ty := ?:1 J;j. The remaining temporal interval [0, 1] is split in 6+1 intervals

of length A\?* in an analogous way. That is, we set

. :1—(5+1)>\%8

and keep the subset Ts = Uji% jj This way, the first generation of the Cantor set is

ELPS = (Tg)n X Tg.

This procedure continues inductively, so that the k-th generation Ej, ), will be formed
by (§+1)*6"* disjoint s-parabolic cubes with side length £ := Ay - -+ A, 0 < A\p < 1/,
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and with locations determined by the above iterative process. We name such cubes
;?, with j =1,...,(6 + 1)¥6"*. The resulting s-parabolic Cantor set is

E,, = Ep (A) =) Ep.- (4.1.1)
k=1

Now, from the resulting Cantor set we may consider, for a fixed generation k, the
probability measure

k,ps? JsPs * £?+1 (5+ 1)j5nj£;}+1’

1
Mk::W for 0 <j <k.
7p5

In §2.3.1 we argue that if one chooses
Aj = (6 + 1)om) "Vt for every 7,

then 0 < ngl(E .) < 0o. Observe that, as a consequence, this would imply in the
current setting 6;, =1, for all j.

Assume that there exists £ > 0 so that 0, < & for every j. We claim that under
this assumption uy presents upper s-parabolic growth of degree n + 1 with constant
depending only on n, s and . Indeed, fix Q@ C R™*! any s-parabolic cube contained
in Q" and distinguish two cases: whether if £(Q) < ¢ or not. If £(Q) < /, notice
that |Exp.| = (6 + 1)k 025 so we have

1 g 2s—1
,Uk(Q) < (6 n 1)k6nk€n+23 g(Q)nJrzs — Qkyps(tgz_lg(Q)n-H < ﬁf(@)n-&-l.
k k

If £(Q) > {, there exists 0 < m < k — 1 such that £,,11 < ¢(Q) < ¢, and, in this
case, the number of cubes of the m-th generation that ) can intersect is bounded
by (6 + 1)d™ (the latter is not the best bound, but it suffices for our computations).
Therefore

p(Q) < (0 +1)6" e (Qg")
~ ((0+1)8")7" = (6 +1)0") 7" = O, G5 < 6EQ)™,
and we deduce the desired growth of py.

Similarly, and proceeding as in §2.3.1, if one considers the probability measure
pt defined on E,,, such that for each generation k, p(Q¥) := (6 +1)7%6 "% 1 < j <

(6 +1)k6"* | the assumption 6, < r implies that

HZSH(EP ) >0, andthen dimy, (E,)>n+1.

s

4.1.1 Preliminary results

In this subsection, we fix s € (1/2,1] and work with the following assumptions
and notation:



120 Chapter 4. Estimates of caloric capacities of Cantor sets

1. As we have already pointed out, k will be a fixed positive integer associated
with the generation Ej, . We will also write |Ey .| := L (Ey,.).

2. For each generation j > 0, we introduce the set Q7 := {@Q]: 1 <4 < (§+1)76}
and Q := U?:o Q7. We may write Q7 to emphasize that Q is an arbitrary cube
of Q7.

3. For a fixed T € E}, ), , we write the chain of s-parabolic cubes 7 € A, C Ay C
- C Ay C Ay = QO where A; is the only s-parabolic cube of the j-th genera-
tion that contains 7.

4. We assume that there is an absolute constant 7 so that 0 < \; < 7y < 1/0, for
every j.

We mention that the results and observations that will follow in this subsection
are inspired by those presented in [T1, §3] for the s-dimensional Riesz transform.

REMARK 4.1.1. Begin by observing that given any s-parabolic cube Q¥ € Q and
ReQ,

/ /duk(y)duk / / duw(Y) dps(T)
k T — k J RNEy p, ]
:/ / dﬂk( )d/ﬁk(i)
Qv JroE, nes 1T =TI
// du(@) dpn(@) _ 4
ok Jor CE gttt '

Observe that the points of Q¥ and (RN Ej,.) \ Q are separated, at least, by an
s-parabolic distance comparable to

, X 1— (54 1)A2\ %
min {Ek 1(51k>75k1((6)1> } 2 U1,

where the previous implicit constant depends on 7y and s. Therefore, it is clear that
I < 1/4"] < co. On the other hand, to deal with II, for each § € Q* we shall contain

Qk in the s-parabolic cube Q centered at § with side length 2 diam,_ (Q*), and split
the previous set into the s-parabolic annuli

A= Q(y,2  diamy, (QY)) \ Q(7, 277 diam,, (%)), j = ~1.
Hence, by definition of u;, we get, for each 7 € Q*,

/ dp(7) < 1 Z/ dz
QF T-7 | Bk p. | T -7

j=-—1
1 & (Q—M(Q’“))””S _ 1
(25-14(QF))" T ™ (8 + 1)kankept

<

= ek,ps < Q.

|Ek7Ps j=—1
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Since Q* € QF and R € Q were arbitrary, combining the previous estimates and the
fourth estimate of [MatP, Lemma 2.2], we deduce that

PfthR = V. Psx (Xrpr) € Llloc(uk), for any R C R™! s-parabolic cube.
Notice that this implies, in particular,
Ps:uk = PZkXQO € Llloc(uk)'
REMARK 4.1.2. Fix any R C R"™! s-parabolic cube and notice that RN Ej . can
be written as a translated copy of a cartesian product of the form Xz ; x T, C R" xR,
where X1, and Tr ) are contained in some generations involved in the construction of

a Cantor set in R” and R respectively. Let us also observe that by (1.1.1) and Lemma
1.1.1, for any (z,t) # (0,t) we have

_ _1 _nt2 _ 1
vas(mut) ~t 72 7d),/n’s(‘l"t 25)Xt>0 ~ ot 2 ¢n+2,s(’x’t 2S)Xt>07

so for each t € R, the kernel V, Ps(-,t) is anti-symmetric. Then, by Fubini’s theorem
(that can be applied by Remark 4.1.1),

/R P5 Xw(@) dun (@) = /R /R V. Pu(F — §) dus (@) dus (@)

1
_ 2/ / V. Pz —7) dy dz
|Ekaps RmEk,pS RmEk‘vT’s

1
|Ekvps Tr,k Y TR,k Xpk J Xr,k
-1
:2/ / (/ vxps(y—x,t—s)dacdy> dsdt
‘Ek’ps Tr,k Y TR,k Xr.k Y XR.k

= —/ ,P;,CXR(T) d,uk;(f).
R

That is, we have deduced
/I%PZkXR dur =0, VR C R"! s-parabolic cube.

In the sequel we will present a series of auxiliary results and a final main theorem,
which will be essential when proving the final estimate. But first, we define the
following functions: given any Q € Q and f € L .(ux),

T p— 1 f . f — f s
Sof(T) = (,Uk(Q)/Qf duk>xcz( ), S;f(T): Q;QjSQf( ), 0<j<k.
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In addition, for any Q € Q \ QF, if F(Q) is the set of s-parabolic cubes children of
@, we write

Dqof(z ( > SPf(QT))—SQf(w),

PeF(Q)

= Y Dof(@), 0<j<k-L
QeQI

Notice that | [ Dgf dux| =0, as well as
D;f(T) = Sjf(@) — Sif(®), 0<j<k-1

REMARK 4.1.3. Let Q1,Q> € Q\ QF with disjoint support. Then it is clear that
<DQ1fa DQ2f> = /DQlf . DQQf duk =0.

If on the contrary @1 C @Qs, write @2 the only son of Q5 such that @1 C @2, and
observe

Dq, f(Z) - Dg, f(T)

- [( 3 SPf(ﬂU)) _SQlf(x)] : K > Spf(w)> —SQQf(m)]

PeF(Q1) ReF(Q2)

1 _
—<M@2) /~2fduk>- > Sf@

PeF(Q1)

1
- (Mk(%) /2f dw) Y s@

PeF(Q1)

1 1
_ <”k<Q2>/ zfd“’“> | <uk<c22> 5’ d“’“)’“?l( )
1 ) )
" (M(Qz) /Q2 ! d“’“) ' (,%(QQ) o, f de) XQ: (T)

1 B 1 B
) <Hk(Q2)/ g dW) Dauf@) = (,MQZ) /QQf duk> Do, f(@).

Then, in particular, (Dg, f, Dg,f) = 0. So we deduce that, in general, the functions
Dg, f and Dg, f are orthogonal in an L?(uy)-sense if Q1 # Q2 belong to Q \ OF.

REMARK 4.1.4. Notice that

)

L2 (i)

ZD f+ </f dﬂk)XQO

7=0

2
HSkf”L?(uk) -
L2 ()
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meaning that if [ fdu, = 0, by Remark 4.1.3,

LY

From this point on let us fix f := P*uy, that by Remark 4.1.1 belongs to L (1),
by Remark 4.1.2 is such that [ PSuy duy = 0, and thus by Remark 4.1.4 satisfies

s 2 s 2
HS]C(P Mk)HLz(M) - Z HDQ(P 'uk)HLQ(,uk)'
QeQ\Qk

LEMMA 4.1.1. Let Q € Q7, for any 0 < j <k, and T, T € Q. Then,

2

2
- Z HDQfHB(M)‘

L2(up)  QeQ\QF

Hskf |L2

| kXR"H\Q(x) ukXRnH\Q(f/) Sn 2(Q),
where p(R) :=Y7_, Hrvpsﬁ, for Re Q7.

Proof. It is clear that if j = 0 each term of the above difference is null, so let us
assume j > 0. Let @ be the parent of @ and write T = (z,t),7 = (2/,t') and
T := (a/,t). Then, applying the mean value theorem component-wise similarly as in
Theorem 1.1.2,

| kXR”+1\Q ) PZ,CXR"JA\Q(EI)’
< / VP, —§) — V.P(@ - )| dur(@)
Rr1\Q

+ / V. Py(@ —7) — Vo Pu(@ — )| din(@)
RrH1\Q

z—2a t—t
</ Qdm )+ [ Admw
RQ |z — Rr+H1\Q |~”U -
~ = Ja_na, [T— ?’"” = Jana, T =Tl
j—1
M’f(AT 25
,5 E(Q) —~ g:}—i_z Z(:) €n+23+1

DS, b a@)?“‘l(, e V(@ a@%] 5
~ Z T,Ps + Z D < E(Q)+£(Q)2s p(Q)

Finally observe that
P(Q) = 0j-1p. + (052 Xj—1) + -+ (Brp Njo1 - Aa) + (Nj_1 -+ A1)
L@ -6,,) < Ly = 1@

and the result follows. O
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LEMMA 4.1.2. If Q € Q7 with j < k, then

Sa(Prm) — 3 Sp(Pu)| S Q)
PEF(Q)
Proof. Notice that by Remark 4.1.2, for any P € F(Q) we have Sp(P;, xr) = 0 and

Sq(P;.xq) = 0. Hence,

‘SQ k) — Y Sp(PPur)

‘SQ /JkXRn#»l\Q) Z Sp HkXRnJrl\p)

PeF(Q) PeF(Q)
< Y 18K MXQ\P)H‘SQ(PMXRHH\Q > Skl MXRW\Q)‘
PeF(Q) PeF(Q)

It is clear that [P5 xo\p(T)| S me(Q)/(Q)"! = 6;,, < p(Q), for each T € P. So the
first sum satisfies

ST 1Se(Pixor)l S D Oipxr <05, < p(Q).
PeF(Q) PeF(Q)

For the remaining term write

- S
PeF(Q)

> (M(P [ Pice (@ o) - o [ Pieesnal@) o)) xr

PeF(Q)

> 2 G J, P o) @

PeF(Q) P'eF(Q)

P el dﬂk(x)) r

Z Z (/ P Xrren\Q(T) dpg (T / P Xrrin\Q(T) de(fE))XP

PeF(Q) P'eF(Q

Z Z (/’P#kXRﬂJrl\Q() PukXRnH\Q(TP—m \duk )XP>

PEF(Q) P'EF(Q) (@

IN

where 7p_,p/ is the translation of R"*! satisfying 7p_,p/(P) = P’. Thus, by Lemma
4.1.1,

‘SQ kXR"+1\Q) Z Sp kXRnJrl\Q)‘
PeF(Q)

S Y Y p@xe=(6+1)0"p(Q)xq S p(Q)

PeF(Q) PP eF(Q)
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REMARK 4.1.5. Observe that as an immediate consequence of the previous lemma
we have

2

1D(P ) = [ [SatPoin) = S Se(PPun)| din <o p(@Ps(Q)
Q PEF(Q)

LEMMA 4.1.3. Let M > 0 be an integer and Q’ € Q7, for 0 < j < M. Then,

ZP (@) 5 Z e

Proof. Tt follows from Cauchy-Schwarz’s inequality and the following computation:

M 7 1 2
27 ;)(Ze“’w) Zﬁ(;}ﬁ%)
M J 9 J 1 M J / o1
<3425 (2r) =2 (Z42)(X5)
J]\_/I j ' ), MT M;_ ]\; '
5]20;)‘93;9%1:7;)93@5;515;)9?%

The previous three lemmas will be used to prove the below auxiliary estimate,
analogous to [T1, Theorem 3.1]. In essence, once proved, it will imply Lemma 4.1.7,
the main result of this subsection.

LEMMA 4.1.4. The following estimate holds:
k
Hpsﬂkﬂiz(uk) S 29?,p5~
j=0

Proof. Begin by noticing that Remarks 4.1.4 and 4.1.5 imply

ISP )32y = D IDeP )2y S D P(Q)1(Q)

QeQ\QF QeQ\QF
k—1 k—1

=3 > p(@)Pu@) =) p@Q)
§=0 QicQi §=0

Moreover, by Remark 4.1.2 and Lemma 4.1.1 we also have for each Q € Q* and 7 € Q,
1So(P? k) (@) — XQPkaXRnH\Q(TH
1 S - s — .
- /Q 1P, xri0(@) — P xaeno(@)] dus(@) < p(Q).
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In addition, for each Q € QF and T € Q, [MatP, Lemma 2.2] and polar integration

yield,
1 dy 4y,
P S / < = Ok.p. -
oy

Notice the need of s > 1/2 in the previous estimate. Combining the three above
computations and Lemma 4.1.3 we finally conclude:

||7Dsﬂk||%2(uk) = Z HXQPS/%H%Z(M)

QeQk
<2 3 (IxoPixelau + xoPhxen o)
QeQk
<> <||XQ7DMXQHL2(W)+HXQ e XRr1\Q — SQ(P ) 122 )
QeQk

+ 1S (Pt 132
S0, m(@Q) + > p(Q)Puk(Q) + HSk(PSUk)”QH(uk)

QeQk QeQk
k—1 ' k ' k
S 07, 0@+ p(Q) S p@)P D6,
=0 =0 §=0

O

Notice that we have just proved an L?(u)-bound for Puy, = P Xqo. Our next
goal is to obtain a bound for P}, xg= for any cube of the m-th generation, 0 < m <k,
so that it generalizes the estlmate of Lemma 4.1.4 if m = 0. But as it is pointed out
in [T1, §3], the procedure to obtain the estimate for P;; xqo already illustrates the
computations one has to carry out to deduce the correspondlng estimate for P;, xqm.
This is due to the self-similarity of the Cantor set we are dealing with.

Let us tackle first the case 0 < m < k (the arguments that will follow will be
general enough so that we could also assume m = 0 and recover all of the previous
results). Fix a cube Q™ of the m-th generation and consider the following truncation

of i,
1

Hem = Qm) Mk‘Q

i (
It is clear that Remarks 4.1.1 and 4.1.2 are also valid in this setting. More precisely,
performing essentially the same computations we get P,j _XR € L (1em) as well as

/ e XB Qhtem =0, VR C R""! s-parabolic cube. (4.1.2)

We also consider the set (analogous to Q)

k
)= @ naQm,
j=m
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and the functions (analogous to Sg, S;, Do and D;) defined for f € Li (k.m),

Sbnf(f) = (Mk Q) / f duk m)XQ(x)v Q S Q(m)7
SPf@ = ) S§f(@), m<j<k,
QeQin™
DQf ( Z SPf ) *Sglf(f)ﬂ QE Q(m)\<kaQm)v
PeF(Q)
Dyf(x)y= )  DGf(x) =S87.f(@)~S/"f@@), m<j<k-L
QeQin™

It is clear that ng”f dpgm = 0 for any Q € Q(m) \ (Q*N Q™). So analogously
to the case m = 0, D¢, f and Dgj, f are orthogonal in an L? (g m )-sense if Q1 # Q2
belong to Q(m) \ (Q*¥ N Q™). Thus, Remark 4.1.3 also admits a generalization in the

current setting. Moreover, if f := P*py m, by (4.1.2) we have a Q™-truncated version
of Remark 4.1.4,

ISP e e = > PP e, (4.1.3)
QeQ(m)\(Q*NQ™)

The previous relations allow to generalize Lemmas 4.1.1 and 4.1.2. We will only give
the details of the proof of the former since they will suffice to illustrate that the
methods of proof are analogous to those presented for the aforementioned lemmas.

LEMMA 4.1.5. Let Q € Q7 NQ™ form < j <k, andz,@ € Q. Then,
s _ 1
‘Pukme]Rn-%—l\Q(-fC) - uk mXRn-H\Q ‘ ~To r (@m) (Q),
where now py(R) :==>9_ 6 TJ? for R e Q7.

Proof. The proof is analogous to that of Lemma 4.1.1, but taking into account the
support of py . Indeed, assume j > m and notice that

[P Xrr 1\ (@) = P xen\o(T)]
d dpigm due m (Y
s Y [ n® g 3 AJ&QL

r=m+1Y Ar—1\Ar ‘xfy‘n-‘rZ r=m+1Y Ar—1\Ar ’xi

0Q) I dpr(y) dpr(7)
~ (@™ 2 / A lT-7 Mk(Qm) T_%:H/A,._I\A zZ-7

r=m+1
1 @ ~ 1
S PaD f(@)pm(Q) S uk(Qm)pm(Q)’
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LEMMA 4.1.6. If Q € Q' N Q™ with m < j < k, then

1
S5 - Y sy Q).
Q Mk m Z P ,uk m ’ ~TO m Pm
As a direct consequence of Lemma 4.1.6 we also have
m s 2 1 2
HDQ (73 Nk,m)”[;(‘uk’m) 57’0 ,Uk(Qm)me(Q) Mk,m(Q)a (4.1.4)

analogous to the estimate of Remark 4.1.5. Combining all of the above generalized
results and observations, we finally deduce the result we were interested in

LEMMA 4.1.7. The following estimate holds for cmy 0<m<k:

HP Mk m”L2(‘u‘k m) NTO Qm)? Z Jips*

Proof. By relations (4.1.3) and (4.1.4) we now have

ISEP ey = > PP k)2
QeQ(m)\(QFnNQ™)

1 2
< m Z Pm(Q) hre,m(Q)

QEQ(m)\(Q’“ﬂQm)
. ‘ 1 k-1 ‘
Qm 2 Z Z (Q])2Mk,m(Q7> = W Z pm(Q])Q-
j= mQﬂeQQO Hk j=m
Moreover, (4.1.2) and Lemma 4.1.5 imply that for each Q € Q¥ N Q™ and 7 € Q,

1
|SG (P ) (T) — XQ P, Xrnin\@(T)] S mpm(Q)~

It is also clear that for Q € Q*NQ™ and T € Q, we have P XQ(T)| S Orp, /111 (Q™).
All in all, we finally conclude:

||7DZk,m 1||%2(/~U@,7n)

S Z (”XQP,Z,MXQHQH(MM) + HXQPZ,C,,,LXR"H\Q - SS(Psuk,m)H%z(%m)

QeQkNQ™
F1SB P i) o)
92

NQ & Mk(ka;)guk(Q)—’_Q QZQ %Mk( )+|‘S?(P8Mk,m)‘|%2(uk)

€QknE™ coknQm

L 1 i ,
SMwWGm+W@W+ZmM ) gy 2@
j=m

1 k ,
< WZOP(QJ)Q Qm T Om\2 Z J:ps?
]:

where for the last inequality we have used Lemma 4.1.3. O
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Observe that we can rewrite the previous L?(juy ) norm as
Pe - 2
[ ”kvaLQ(M,m) - Nk(Qm)3/2 I e XQ™ ||L2(Hk|Qm)’
and the previous result can be restated as

k

1/2
L2 (il gm) So (Z%S) 1k (Q™)'2. (4.1.5)

J=0

1Py, XQm

In fact, bearing in mind Lemma 4.1.4, (4.1.5) is also valid for 0 < m < k. For the
case m = k simply notice that for any Q¥ € QF and Z € Q, polar integration yields
1 dy < Ly,
Zj_l ‘Ek:ps

P Xr(T) = Okp..

S —
|Erp,| Jor [T =7

so (4.1.5) also holds if m = k. Again, we need s > 1/2 in the above estimate.

Finally, as it is remarked in [MatT, §3] and [T1, §3], since the support of py is
QF relation (4.1.5) suffices to deduce the same result not only for Q™, but also for
any s-parabolic cube @ C R™* 1. Moreover, by the arguments used to prove (4.1.5),
it is clear that such estimate is also valid for the operator P,;*, associated with the
kernel (V,P;)*(Z) := V,P,(—=). With this, we are finally ready to state the main
theorem of this subsection:

THEOREM 4.1.8. Let Q C R™"! be any s-parabolic cube. Then,

i 1/2
1P xall L2 lo) + 1P XQ 22 l0) Sro (Z@?,ps> 1 (Q)Y2.
j=0

4.1.2 Statement and proof of the estimate

Bearing in mind [T5, Theorem 3.21], it may seem that from Theorem 4.1.8 we
could directly obtain the desired estimate for the I'gs capacity of the s-parabolic
Cantor set. However, such result cannot be applied in our case, since we have to take
into account that our ambient space R**! is not endowed with the usual Euclidean
distance. Nevertheless, there are Tb-like theorems which are also valid in a greater
variety of settings. More precisely, we may apply [HyMar, Theorem 2.3], since R™"!
is geometrically doubling once endowed with the s-parabolic distance. In essence, the
latter result adapted to our context implies that, for a fixed generation k, to control
the boundedness of P, as an L?(uy,)-operator, it suffices to verify that

i. P’ and P**u belong to a certain s-parabolic BMO space (that is precised

below),
7. and that P°uy is pug-weakly bounded.
In fact, the following observations will also be important to simplify our proof:

1. By Remark 4.1.2, the weak boundedness property follows trivially, since any
pairing of the form (xr,P;; xr) is null, for any R C R"*1 s-parabolic cube.
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By the second point of [HyMar, Remark 2.4], since the s-parabolic distance is
a proper distance (and not a quasi-distance, as in the statement of [HyMar,
Theorem 2.3]), it suffices to show that P*u; and P**u, belong to some s-
parabolic BMO,, ,, (1) space, for some p > 1. Recall:

DEFINITION 4.1.1. Given p > 1 and f € L (ux), we say that f belongs to
the BMO, . (1x) space if for some constant ¢ > 0,

wa
sup ——— [ |f(T) = fo.u|dpe(T) < ¢,
G 11 (pQ) Q| (T) Quk| (T)
where the supremum is taken among all s-parabolic cubes such that u;(Q) # 0,
and fg ,, is the average of f in @) with respect to p;. The infimum over all
values c satisfying the above inequality is the so-called BMO, (1) norm of f.

As it is verified in Theorem 1.1.2, the operator defined through the kernel V, P;
defines a (n + 1)-dimensional C-Z convolution operator in the s-parabolic space
R™1. With this we mean that it satisfies the required bounds of an (n + 1)-
dimensional C-Z convolution kernel but changing the usual distance |- | by |-

Ds-

In light of the previous observation, we should impose that for each generation
k, the measure py, presents upper s-parabolic growth of degree n + 1. To satisfy
such property, we will assume that there exists an absolute constant x > 0 so
that 6;, < k for every j > 0. Recall that such condition implied the desired
growth restriction for p, with a constant C' depending only on n,s and k.
Renormalizing p with such constant, we shall assume C' = 1. With this, and
borrowing the notation of [HyMar, §2.2], . is upper doubling with dominating
function \(r) = r"1.

Recall that given A > 0 and ; Borel measure on R"™!, we say that an s-parabolic
cube Q C R™"! has A-small boundary (with respect to ) if

p({z € 2Q : dist,, (T,00Q) < A(Q)}) < AN u(2Q), VA > 0.

Previous to the main lemma, we prove two additional preliminary results. The

first is an s-parabolic version of [T5, Lemma 9.43]. Let us remark that in some of
the forthcoming statements, the reader will encounter expressions of the form a@, for
some « > 0 and @ a s-parabolic cube. Recall that this has to be understood as an
s-parabolic dilation: i.e. if @ = Q1 x Ig C R™ x R, then a@ = (aQ1) x (a*Ig).

LEMMA 4.1.9. Let pu be a real finite Borel measure on R™ and A(n,s) > 0 some

constant big enough. Let Q C R™ be any fized s-parabolic cube. Then, there exists a
concentric s-parabolic cube Q" with Q C Q' C 1.1Q which has A-small boundary with
respect to (.

Proof. The proof will be almost identical to that of [T5, Lemma 9.43]. Assume that
@ is centered at the origin and write o := plag. For a € Rand 1 < j <n+1, let
Hj(a) be the hyperplane

Hi(a) :=={T e R"*" : z; = a},
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where we convey x,,,1 :=t. For 6 > 0, write Us the (Euclidean) §-neighborhood of
a set. The existence of @)’ will follow from the existence of some a € [£(Q),1.05¢(Q)]
such that

1 o]l ,
—o| U, Hi(+a))) < A——, vn>0,j=1,...,n, 4.1.6
1 o]l
o (Upeyoyes (Hpia(£a))) < AL vy s 0. 41.7
i) U@ (Hun () < Agas, Vi (4.1.7)
Recall that ||o]| := |o|(R™!), where |o]| is the variation of o. Let m;,7; : R"" — R
be the projections defined by 7;(Z) := x;, 7;(T) := —xj, for j = 1,...n; as well as

1
41 2 R x[0,00) = R given by 7, (%) := 223, and 7, ; : R" x (—00,0] — R given

by 7,1 (Z) = (—2pn+1)2:. Consider the image measures

v = m;#o0, vj =m0, j=1,...,n,
! ~
Unt1 = 7rn+1#0-7 Unt1 = 7rn+1#0-7

where f#u(-) := p(f~'(-)). This way, conditions (4.1.6) and (4.1.7) can be simply
rewritten as

(H(an0(@)) < 4

1 o]l 1 ol
Q) @y g (eniQ) < A5

where now 1 < j < n+ 1 and I(y,¢) denotes the real interval centered at y with
length 2¢. In fact, the above condition can be rephrased as

vn > 0,

ol - o
Mv;(a) < A——r, Mvi(a) < A—-r,
= Ay M=)
where M = M1 is maximal Hardy-Littlewood operator in R. We now define the
measure v := Z?Ll vj + v;. Observe that ||v;]| = ||7;]| = |lo]| for j = 1,...,n, and

|Vnt1|l + |Znsa]l = ||o]|. Therefore ||v|| = (2n 4 1)||o||. Notice that if we prove

=1,....,n+1, (4.1.8)

ol . I
Mu@) < 40) = Y@ naq)y

condition (4.1.8) will hold. But due to [T5, Theorem 2.5] (a standard result concerning
the weak boundedness of M in a general non-doubling setting),

1 , 4l (2n + Q)
L <{aER : Mv(a) >A(2n—|—1)€(@)}> SC’f.

So for A big enough there is a € [((Q), 1.05¢(Q)] with Mv(a) < A%. O

The second preliminary result refers to the existence of large doubling balls. It
can be understood as a direct consequence of [Hy, Lemma 3.2]. Recall that for a given
real Borel measure p in R™*! and «, 8 > 1, a s-parabolic cube Q C R"*! is said to be
(a, B)-doubling (with respect to p) if p(aQ) < Fu(Q). For the sake of completeness,
let us comment that following the same argument presented at the beginning of [T5,
§2.4], one could also prove a generalization of the below result for the s-parabolic
setting.
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LEMMA 4.1.10. Let Q C R™! be an s-parabolic cube and i a real Borel measure
that has upper s-parabolic growth of degree n + 1 with constant 1. Then, there exists
jo € N such that Qo := 3°Q is (3,3""2)-doubling.

Proof. Apply [Hy, Lemma 3.2] with C) := 2""! o =3 and = 3"*2. O
We are now ready to prove the result we were initially interested in:

LEMMA 4.1.11. Let Q C R be any s-parabolic cube and i a compactly supported
positive Borel measure with upper s-parabolic growth of degree n + 1 with constant
1. Assume that |(xr, Pixr)| S 1 for any R C R™ s-parabolic cube with A-small
boundary, A = A(n,s). Then,

IP*1llBMOs . () + IPF* pllBMOs ., () ST+ HPZXQHH(M\Q)M(Q)*I/Q

Proof. We give the details to estimate ||P°u||gymos,,, (4)> Since the arguments can be
directly adapted for [|P**ullgmos,, (). We clarify that the arguments below are
inspired by those given for [T5, Proposition 9.45].

Let A = A(n,s) > 0 be big enough (as in Lemma 4.1.9) and consider a s-parabolic
cube @ with A-small boundary. By Lemma 4.1.10 let Qg := 3°Q be a (3,3"+?)-
doubling s-parabolic cube (with respect to u) with the minimal j, € N such that
this property is satisfied. That is, we require that u(37Q) > 3"*2u(3971Q), for j =

1,...,750 — 1. Tterating the previous inequality we also deduce
jo—1
; wu(3°071Q) . .
n(3’Q) < DG forj=1,...,j50— 1. (4.1.9)

By Lemma 4.1.9 we can take Q with A-small boundary concentric with Qg such that
Qo C Q C 1.1Qo. Since 2Q C 3Qy, it is clear that Q is (2,3""?)-doubling. Assume
that for any s-parabolic cube @ with A-small boundary we prove the estimate

9 1/2 ) 1/2
</Q]7’Su—(7’sﬂ)@#‘ du) - (/leixczl du)

for some constant C'(n, s) say bigger than 1, where recall that (P*u) o is the average

of P¥u in @ with respect to . Then, by Cauchy-Schwarz’s inequality we infer that
for any s-parabolic cube @) with A-small boundary,

IPaxellz ulq) IPaxellz2(uq)
S, (PS5~ < Iz Q < 2 Q

Now observe for an arbitrary s-parabolic cube P, we can take () with A-small bound-
ary concentric with P and such that P C Q C 1.1P. Hence,

/P ‘Psu - (Psu)m‘ dp < /P ’PSM - (PSM)@#‘ dp + ’(Psu)m - (Psu)@,#‘u(P)

< Cu(2Q)?,  (4.1.10)

< /Q Pru— (P, du+ ([Pu—(Pug,|) n(P)

Pu

. ) IP;xellLe
< 2/@ ‘7’ p— (P u)@#‘du S (1 + W)u(i’)ﬂ
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Therefore, it suffices to prove (4.1.10) in order to deduce the desired result. Begin by
noticing that the triangle inequality applied to the left-hand side of (4.1.10) yields

9 1/2 ) 1/2
‘( [[Pon- P, an) = [ Pixolan)
Q Q
) 1/2
< (/Q‘Psu—(?’sﬂ)@#— EXQ’ du)
) 1/2
= (/Q‘P;iXR”“\Q_ (PS/L)@’M’ du) .

For each T € ) write the previous integrand as follows:

Pixen\@(@) = (P°u)g,, = Pix2\@(@) + Pix;5,00 (@) (4.1.11)
- (PZX@)@ (Psxm\@)
{PSX]R”+1\2Q( ) — (PZXRnH\z@)@J'

Let us begin by estimating the second term of the right-hand side. Since 2@ C 3ot1Q
and p satisfies an upper s-parabolic growth condition, we have

_ jo+1 _
‘7? N )‘ </ du( ) :”+ / du()

e gio+iQ\Q [T = o Jvquisig 1T IR

Jo+1 jo+1 Jo—1 j
3JQ) p(3°1Q) p3Q)

< Z n+1 S 2 . n+1 + . n+1
(370(Q (3704(Q)) = (3(Q))
Jo—1
SJQ
+ Z n+1
For the remaining sum, relation (4.1.9) implies

) DAL NG o !
— (3;‘5(@))”“ - (3j071€(Q))”+1 = 3(n+2)(Jo—1-7) 3(—Jjo+1+5)(n+1)

1 jo—2
Jo— Jo 1

<Z 3011223151’

=0

so indeed |73“X2Q\2Q( Z)| < 1 for T € Q. The modulus of the third term of (4.1.11)

is bounded by a constant depending on n and s by hypothesis, since (xg, PMXR> <1
for any R C R"*! s-parabolic cube with A-small boundary. Observe that the fourth

term satisfies
1 du(7) -
Pix < — /(/ ) dp ().
( 2@\@) w@) Ja\ g Iz =gl
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Such expression can be dealt with as in [T5, Lemma 9.44|. Indeed, the above
p. > dist, (Z,0Q). Then, defining

4(Q)
dist,, (Z, 0Q)

domains of integration imply |7 — ¥

)

Q; = Q(7, 2 dist,, (7, 8@)), 0<j< {log2 (

integration over annuli and the upper s-parabolic growth of degree n + 1 of pu yield

du(y d d
/ u(y) < / u(yz+1 Z / u(y)
Q\Q |L17 - d1stp5 (z, 8@ ) <|Z=Ylp, <4 Q) |L17 - Qj+1\Q; |.I‘ o

Ds

<> M) <  oy (Wﬂ
j=0 “\J

For j > 0 let
V= {zed: 27UQ) < dist,. (7,00) <279(@) ).

and observe that the A-small boundary property of @ implies u(V;) < A277 M(QQ).
Therefore,

(@) / (/Q\Q ]x(iﬂ(??zp) du(z) u(lé) Z%)/V {log2 (4- 2j+1ﬂ ()

J
9 . 9i+1
o 41(2Q) oy (1-27)] _
Q) >0 2
where in the last step we have used that @ is (2,3"%2)-doubling. Finally, applying

[T5, Lemma 9.12] (that admits a straightforward generalization to the s-parabolic
setting) with f := we also deduce

)

XR7L+1\2§7

‘PEXR"JH\Q@(:E) - (PZXRnH\z@)@# <

Therefore, the left-hand side of (4.1.10) is bounded above by

o 1/2
([ [Pixaae| t)  +cu@r

for some C(n,s). Notice that the remaining integral is such that

[t [ (L, 240 s

As @ has A-small boundary, we can proceed as we have done for the fourth term of
the right-hand side of (4.1.11) (again, see [T5, Lemma 9.44] for more details), and
deduce

| Pixacra] dn 5 n)
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All in all, we get that the left-hand side of (4.1.10) is bounded by 1(2Q)"?, up to a
multiplicative constant depending only on n and s, that implies the desired result. [

Let (A;); be such that 0 < \; < 79 < 1/4, for every j, and denote by E,_ its
associated s-parabolic Cantor set as in (4.1.1). Assume that there exists an absolute
constant £ > 0 so that 6;, < x for every j > 0. Fix a generation k and let 1, be the
usual uniform probability measure of Ej , . Then, by Theorem 4.1.8, relation (4.1.2),
the fact that p satisfies an upper s-parabolic growth condition and that 6y, =1,

1/2 & 1/2
||P /’[’kHBl\AOiS \Ps Nk + ||7D ,U'kHBMO3 ps(ﬂk) r-\ﬂ'()7 1 + (Z ]Zh) S <29]2,P.q> .
7=0

7=0

Lemma 4.1.11 allows us to deduce the desired estimate for I'e(E} . ):

THEOREM 4.1.12. Let (X\;); be such that 0 < \; < 19 < 1/0, for every j, and
denote by E,_ its associated s-parabolic Cantor set as in (4.1.1). Assume that there
exists an absolute constant K > 0 so that 0;,, < k for each j > 0. Then, for every
generation k,

. ~1/2
F@S (Ek,Ps) ~T0,R (Z 0?7p5> :

J=0

Proof. By a direct application of Lemma 4.1.11 and [HyMar, Theorem 2.3] we deduce

& 1/2
Pl s 22y < C<Zaips> )
=0

for some C' = C(n, s, 79, x). Then, by Theorem 2.3.3, C’_l(z;?zo szvps)_l/Q,uk becomes
an admissible measure for f‘@s#(Ek,ps), defined in (2.3.1). Thus,

—1/2

Fos (Ek,ps) > fGS (Ek,ps > ¢~ <Z€27ps>

O

The next lemma will allow us to extend the result to the final s-parabolic Cantor
set E, . We prove it for I'gs . for simplicity, but it can also be proved to hold for

F®5,+'
LEMMA 4.1.13. If (Ey)y is a nested sequence of compact sets of R"*1 that decreases
to € := Ny B,
k—o00
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Proof. 1t is clear that I'gs 4 (£) < limgoo l'es +(Ek), so we are left to prove the
converse inequality. For each k consider an admissible measure p, for T'gs 4 (E)) with

1
Pos+(Ex) = o < Hr(Er) < Tor+(En),
We shall verify that there exists an admissible measure p for I'gs 4 (€) so that

lim sup i (Ex) < p(E). (4.1.12)

k—oo

If this is the case,

lim Tes 4 (E) < limsup px(Er) < p(€) <Tes +(E),
k—o0 k—00

and we would be done. To construct such u, notice that Theorem 2.1.2 implies that
each pp has upper s-parabolic growth of degree n + 1 with an absolute constant C.
Then px(R™™) < Cdiam,,, (E1)"™, Vk > 0, so by [Matti, Theorem 1.23] there exists
a positive Radon measure z on R"*! such that j, — p. Arguing by contradiction it
is not difficult to verify that supp(p) C &, and it is also clear that (4.1.12) is satisfied
(in fact, taking ¢ € Co(R™"!) with ¢ = 1 on a neighborhood of F, (4.1.12) holds with
a proper limit and an equality). So we are left to estimate the quantities ||V, Py * 0o
and 07 P, + il ..

By assumption V,Ps * p;, belongs to the unit ball of L®(R"*!) & L1(R"+1)*
and it is clear that L!(R™!) is separable. Then, by the sequential version of Banach-
Alaoglu’s theorem there exists some S € L (R™"1) with [|S]|c < 1 and V, Pykpy — S
as k — oo in a weak*-L> sense. Now take 1) € C2°(B(0,1)) positive and radial with
[ =1 and set ¢, := e~ ("*29)9)(. /¢). Since VP * iy converges to S in a weak*-L>
sense and by construction |||/ gn+1) = 1,

Jim (Ve * Vi Py x 1) () = ¥ x S(z), =€ R
In addition, since . * V, P, € C®°(R™"!) and py, converges to u in the weak topology
of (compactly supported) real Radon measures, we have

Jim (e 5 Vo Pk i) (T) = (Ve # VoPox p)(7), 7 ER™
—00

Hence 9. % S = 9. x V, Ps x u for every € > 0, so S = V. Ps x p and in particular
1

|VaPs # pllo < 1. Finally, applying Lemma 1.3.2 with 8 := ;- we deduce |92 P *

plsp. S 1 and the proof is complete. O

THEOREM 4.1.14. Let (X\;); be such that 0 < X\; < 19 < 1/0, for every j, and
denote by E,, its associated s-parabolic Cantor set as in (4.1.1). If 6, := sup; 0;,,,
there exists a constant C = C(n, s, 1o, 0.), with C =0 if 0, = oo, such that

- —1/2
Fou(E,.) > c(zezps) |
=0
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Proof. We assume, without loss of generality, that the sum involved in the estimate
is convergent. If this is the case, it is clear that there exists some x? > 0 such that
Hf’ps < K? for every j. Therefore, we are under the hypothesis of Theorem 4.1.12.
Applying Lemma 4.1.13 we conclude:

Lo:(Ep,) > Por 1 (Ep,) = lim Ter +(Byyp,) > lim Toe i (Eyp,)

~ ~1/2
2
s <Z 9]-%) :
=0

O

4.2 The vgs ; capacity of Cantor sets

As in Chapter 3, we will introduce a capacity related to 7§ , for which we will
choose a particular value o. More precisely, we will be interested in the smaller variant
obtained by taking the supremum only among positive Borel measures instead of
general distributions.

DEFINITION 4.2.1. Given s € (0,1] and E C R""! a compact set, define its s-
caloric capacity as
o (E) := 78:(E) := sup (T’ 1)],
where the supremum is taken among all admissible distributions 7', i.e. those sup-

ported on E and satisfying
P+ T < 1.

We define the (s, +)-caloric capacity just as ygs, writing

You,+(E) := sup u(E),

where the supremum is taken over positive Borel regular measures p with supp(u) C E
and such that ||Ps * pulleo < 1.

As a consequence of Theorem 1.4.8 we obtain the following growth result for
admissible distributions for ygs.

THEOREM 4.2.1. Let E C R"! be compact and T be an admissible distribution
for vos. Then, T presents upper s-parabolic growth of degree n, that is,

T, )| S 0Q)", for any Q@ C R™™ s-parabolic cube and p admissible for Q.

REMARK 4.2.1. Let us observe that the previous growth property, by an argument
analogous to that of the proof of Theorem 3.1.2, implies that in R"*! the capacity
~Yos has critical s-parabolic Hausdorff dimension 7.

We recall that for the particular cases s = 1/2 and s = 1, the kernel P; is explicit
and is given by

_ _ t _ _ 2 =
P(T) = Pijp(T) = CanHXboa W () = Pi(T) = cat "2 Y120,
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where in the expression of P we have written [Z| and not |Z|,, ,, simply because it is
not necessary, since the choice s = 1/2 implies that the s-parabolic metric is, in fact,
the usual Euclidean one. Notice that the above explicit expressions are nonnegative
and continuous in R"\ {0}, although that P is not differentiable at any point of the
hyperplane {t = 0}. Let us argue that, in fact, for any s € (0, 1], the expression P
is nonnegative. We present a short argument that relies on Bochner’s theorem [Rul,
§1.4.3]. We know (see §2.1) that for ¢ > 0, the Fourier transform of f; := Ps(-, %) is

Fi(€) = cppe™dm

which is a radial function. By Schoenberg’s theorem [Sc, Theorem 3], if we check
that the function g;(r) := e~*™" (that is such that g;(|¢|2) = f.(€)) is completely
monotonic, it will imply that the Fourier transform of ﬁ is nonnegative, and thus
Py(-,t) > 0 for any ¢ > 0. Recall that a function h with domain R, is said to be
completely monotonic if it is smooth and

(=™ )y >0, Yk, r>0.
The particular case of g;(r) = e 4™t i an example of completely monotonic function
[MiSa, Equation 1.13], so that we are able to deduce that P; > 0.
Another fundamental function that will frequently appear is P,
* [ _ _n _ 1
P{(T) v= Py(=T) = Ps(w, —t) = cn,s [t]72 dns (|2t 727 ) Xe<o-

More generally, given T any distribution in R"*!, we define T* to be the distribution
acting on test functions as

(T*, ) := (T, ¢"), Vo eCR"™).

We will say that a distribution is even if T = T™*. It is not hard to check (approxi-
mating via test functions and using the associativity of [C, Theorem 8.15]) that for
any T distribution and .S distribution with compact support,

(TS, 0) = (S, T*x¢), VYpeCCTR™).

With this notions we observe that, on the one hand, for any = = (z,t) € R"* we
have

(-ayPi@ = [

N / P(—x —y,—t) — 2Ps(—x,—t) + Ps(—x + y,—t)
- ” |y|n+23

P:(J)-Fy,t) - 2P;($,t> +Ps*(x_yat)
T

dy

dy = (—A)°P(—7).
That is, we have

(ZA) Py =[(-A)P] .
On the other hand, understanding 9; Ps distributionally (that makes sense, since P; is

a locally integrable function in R™™! and thus a distribution) we have, for any ¢ test
function in R™*1,

((OcPs)"s @) 7= (0: P, ") i= = (P, 01p%) = (Ps, (Op)") = (P, Op) =2 (0P, ).
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Therefore, the following distributional identity holds
(OLPs)" = =0 P .
Hence, if we define the operator
0= (=A)* =y,

we have that

O°P; = [0°P]" = & = &,

implying that P} is the fundamental solution of e’ P! and ©° will be the conjugates
of P; and ©° respectively. With this, we introduce the conjugate s-caloric capacities

Yo, Yoo +

which are defined as e+ and vygs 4, respectively, but using the conjugate kernel P;.
We shall also introduce yet another variant of ves, namely Ygs 4, that will be
referred to as (s, +)-symmetric caloric capacity and will be the main object of study
of the forthcoming chapter. As in (2.3.1), admissible measures for Jg: + must also
satisfy || P ullo < 1, and we shall assume p € X2 (E), the collection of positive Borel
measures supported on E with upper s-parabolic n-growth with constant 1.

4.2.1 Properties of vos

In the sequel we will be concerned with estimating the (s, +)-caloric capacity of
a family of Cantor sets of R""!. Previous to that, we shall present some important
features of vygs 4 that we consider of their own interest and that will turn out to be
useful in the next chapter.

THEOREM 4.2.2. Let E C R"! be a Borel subset and A\ > 0,7 € R*"!. Set
T7(F) := E 4+ 7 and denote by \E the s-parabolic dilation of E by \. The following
identities hold:

1. Translation invariance: vos +(E) = vos 4+(7(E)).

2. Y0:+(AE) = A"e0 4 (E).

3. Outer reqularity: If (Ey)x is a nested sequence of compact sets of R"*! that
decreases to £ := M2, E,,

lim ye: 4 (Ek) = 700 +(£).
k—oo

4. Countable subadditivity: if Ev, Es, ... are disjoint Borel subsets of R,

’Y@s,+< U Ej) Z You +(Ej).
j=1
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Proof. During this proof we shall write v, := ygs + to ease notation. To verify 1, we
pick E C R™! compact and prove that for any p admissible for v, (E) there exists
a measure ., admissible for v, (7(E)), such that pu(F) = u,(7(E)). It is clear that
once this property is verified, the result will follow. Let p be admissible for v, (F)
and define . (X) := u(X — 7) for any X C R"*! that is y-measurable. This way s,
is clearly a positive Borel regular measure supported on 7(E) with u,(7(E)) = pu(E).
In addition, for any = € R"*,

Pyx o |—\/(E (@~ D)) = ]/ (@ — 7 — m)dp(@)| = [Py s p@ — 7)
<1

implying that . is admissible for v, (7(FE)) and we are done. To deal with E an
arbitrary Borel subset of R"*! just notice that by Theorem 4.2.1 admissible measures
for v, are locally finite and Borel regular, and thus Radon [Matti, Corollary 1.11]. So
the quantity p(FE) can be computed as the limit limy_, oo pu(F%), where Ej, is a proper
sequence of compact sets that approximates F.

The proof of 2 is analogous. Indeed, take the measure uy(X) = A\'u(A"1X)
supported on AE and just notice that for any 7 € R"*!, by the explicit expression of
P, given in (1.1.1) and the fact that the dilation is s-parabolic,

| Py * pux(T !—‘/ (T—-7 dux(y)‘—k"

[ P@ = dadu(a)| = P17
E

Moving on to 8, we proceed as in Lemma 4.1.13 and observe that it suffices to prove
that there exists an admissible measure p for v (&) so that for each test function ¢,
limg oo (g, ©) = (i, ). To construct such u, let ¢ € C°(R™!) and observe that
(e, ) = (O°Py % g, ) = (Ps % i, ©°¢). By assumption P % p1;; belongs to the
unit ball of L°(R"*!) = L}(R"*1)* and moreover, proceeding as in [MatP, §3], for
example, and using that

(-A Cnszazl (|37|"+232> *n Or, ¢,

it is clear that @scp € L'(R*™!). By Banach-Alaoglu’s theorem we may assume that
there exists some S € L®(R"™!) with ||S|l < 1 and Py %y — S as k — oo in a
weak™-L> sense. Therefore,

Jim (i, ) = (S,0°¢), Vg € CER™).

Let us define a distribution (a priori) u acting on test functions as (u, ) := (S, ©°p),
so that we have limy o0 (ix, @) = (i, p) for any ¢ € C°(R"*1). Observe that by the

latter identity, for any ¢ > 0 we have (u,p) > 0. It is not difficult to prove that
such property implies that p is a distribution of order 0 (we refer the reader to the
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proof of [C, Theorem 2.7|, for example), so applying [C, Theorem 2.5 and Riesz’s
representation theorem, we deduce that in fact u is a positive Radon measure. In
addition, since the supports of ux are contained in Ej and Ej | &£, it follows that
supp(p) € €. Therefore, if we prove that ||Ps * ulloc < 1 we will be done, since
p would become an admissible measure for v, (£). Such estimate follows from the
equality P * =S, that can be verified exactly as in Lemma 4.1.13.

Finally we prove 4. Abusing notation, let us set E := (J;2; Ej;, which is also a
Borel subset of R"™! and fix K C E C R"*! compact. Let u be admissible for v, (K).
Observe that for any X C R y-measurable, one has

w(X) = M( UK NE) ﬂX) = plrns; (X),
j=1 J=1

so in particular, since K is also a Borel set and thus pu-measurable,
oo
() =3 plie, (K).
j=1

If we take the supremum over all admissible measures for v, (K) on both sides of the
previous inequality, we have

o

Y+(K) <Y sup  plp (K).
j=1 supp(u)CK
(| Ps*pel| oo <1

We claim that for each j > 1 the following is true:

sup  plp; (K) < v4(E; N K). (4.2.1)
supp(p)CK
(| Ps*pafl oo <1

To verify such estimate we assume that it does not hold and reach a contradiction.
So suppose that there exists 1 admissible for v, (K) with

e, (K) > v4(E; N K).

Then, for any compact subset F' C E; N K we have p|g, (K) > v, (F). Clearly u|p is
admissible for v, (F). Indeed, for any T € R"*!, since P, > 0,

Pocule@| = [ P@-5)u) < [ Pa-pan) < 12 sl <1,
F K
and the Borel regularity follows from that of x and [Matti, Theorem 1.9], that can be
applied by the n-growth of p. Thus v (F) > u(F'). Hence, by hypothesis,
p(E; NK) > p(F), VF C E; N K with F' compact,

which contradicts that p enjoys an inner regularity property, since it is a Radon
measure on R™"*1. Therefore, (4.2.1) must hold, which implies

() €S (BN E) <3 i ().

Jj=1 J=1

Then, since K was any compact set contained in F, the desired estimate follows. [
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REMARK 4.2.2. The argument we have presented for properties 1, 2 and & can
be easily adapted for general distributions. So, in particular, it can be checked that
Yos also enjoys the outer regularity property.

The next result (that can be also generalized for distributions) describes the be-
havior of yg: 4 under canonical reflections of R,

THEOREM 4.2.3. Let E C R™"! be a Borel set and for each i € {1,...,n} denote
by R; the reflection with respect to the hyperplane {x; = 0}, and by Ry the reflection
with respect to {t = 0}. Then,

Yos 4+ (E) = vos + (Ri(E)), 1<i<mn,

and moreover,
Yer+(E) = vg°  (Re(E)).

Proof. Fix i € {1,...,n} and check, as in the proofs of properties I and 2 of The-
orem 4.2.2, that for any p admissible for and ves 4+ (F), there is y;, admissible for
vo: +(Ri(E)), such that p(E) = u;(R;(E)). So we fix u admissible for yg: 4 (E) and
define

pi(X) == p(R;HX)), VX CR™ p-measurable.
Again, p; is a positive Borel regular measure supported on R;(E) such that u(E) =
wi(Ri(E)). Finally, to verify the admissibility of p;, notice that for any 7 € R**!,

Porw@|= [ P@-g)du@ = [ P Riw)da(a).
Observe that R; (@) = (u1,..., —Uj,...,Upt1), SO by the definition of Py in (1.1.1),

[ P~ Ri@)u(m) = [ P.(Ri(a) - w)du(@ = P n(Ri(@) < 1.
E E

that is what we wanted to prove. On the other hand, if i = n + 1, that is, if z; = ¢,
the computations are similar, but the role of the indicator function is responsible for
a change of ©° into ©:

P (@) = [ Pi@ = Re@)an(@ = [ P(Ru(@) ~ w)du(@) = P« n(R@)
<1,
that implies the desired result. O

REMARK 4.2.3. Observe that combining the translation invariance and Theorem
4.2.3, the latter result also holds for any affine canonical reflection. That is, any
reflection with respect to hyperplanes of the form {z; = ¢} or {t = ¢}, for any ¢ € R.
This implies, in particular, that if E presents any temporal axis of symmetry, then
its ves + and Yg° 4 capacities coincide.

REMARK 4.2.4. Notice that we have also obtained that if the measure p satisfies
the condition ||Ps * pt]loo < 1, then

|1Ps % pir]lo <1 and || Ps * piljoo < 1, for i=1,2,...,n.
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4.2.2 Comparability between vo: . and Yes

One of the main characteristics of the kernels P; and P is the presence of an
indicator function with respect to the ¢t-variable. Such fact seems to endow the tem-
poral axis with a distinct feature when it comes to constructing removable sets for
the ©%-equation, as it is exemplified in [MatP, Proposition 6.1] with the vertical line
segment {0} x [0,1] for the case s = 1/2. And what about the time-reflected line
segment {0} x [0, —1]7 It is clear, by the translation invariance of ygi/2 |, that its
capacity is equally 0.

When trying to find a subset £ C R™! with non-comparable yg: ; and Yoo &
capacities, the above trivial observation suggests that it may be not possible. In
fact, the following result was a first motivation to carry out the study of the present
subsection:

THEOREM 4.2.4. The yg1/2 4 capacity of any non-horizontal line segment is null.

Proof. Tt is clear that we may assume n = 1, that is, the ambient space is R?. Denote
by E the unit segment with one of its end-points at the origin and with angle a € (0, )
between the positive direction of the x-axis and E. We shall follow the same method
of proof given for [MatP, Proposition 6.1], that is: we will assume yg1/2 | (E) > 0 and
reach a contradiction.

Under the previous assumption, there exists an admissible measure y for yg1/2, +(E)
with u(E) > 0. Let us parameterize E as u — (ucosa,usina), u € [0,1], and note
that since p has linear growth, given 1 > 0 we can take ¢ € (0,1) such that

p({(ucosa,usine) : e <u<1}) <n.
Writing explicitly the normalization condition || P * ullo < 1, we have

1 .
_ t—usino
P % u(m) = / 3 - 3 X{t—usina>0}d/’c(u) <1,
0 (z—wucosa)” + (t — usina)

for £L2-a.e. T € R2. Therefore, if we set F := {(ucosa,usina) : 0 <u < c} and
choose T = (ugcosa, upsina) € F, we get

So for any T € F there exists £ = £(T) > 0 such that

Sina/ du(u) <n.

o—" Ug —u

Hence, since F' is an interval, there exists a finite number of almost disjoint intervals
I; with |I;| = ¢; = £(z;) such that F C U}, I; and

uo, j uo, j fj 7
um) = [ < [ e <4

0,i—4; 0,i—4; Up,; — U Sin &«
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All in all,

N N

1 c
E) < u(F < I < 0 +1) < 1),
1(E) < p( )+nwjz_;u( ])+n_n(sinaj 1 + >Nn(sina+ >

and this leads to a contradiction, since 1 can be chosen arbitrarily small. Therefore,
Yoi/2,+(E£) = 0 and this, together with the first and fourth properties of Theorem
4.2.2 suffices to generalize the result for any other line segment. O

REMARK 4.2.5. We have proved this result only for vg1/2 | just for the sake of sim-
plicity and to focus our study on its properties. However, by exactly the same method
of proof of [MatP, Proposition 6.1] (involving the approximation of distributions by
signed measures) one can obtain the same result for ygi/2.

The second aspect that motivated the study of the comparability between yeos 1
and Yes 4+ is related to the different equivalent definitions admitted by the latter
capacity. We stress that in the proofs given for the forthcoming results, we will
exploit the fact that Ps is a nonnegative kernel. To ease notation, let us simply set

As it is pointed out in [MatP, §4] for the case s = 1/2, one of the main advantages
of working with yegs 4 instead of just vgs 4 is that it can be characterized in a similar
manner as those capacities defined through anti-symmetric kernels, by means of the
L?-bound of a particular operator. To make such property explicit, we shall first
introduce some notation.

For a given real compactly supported Borel regular measure p with n-growth, we

define the operator &; acting on elements of Li.(n) as

7it@ = [

R+

R (-9 f(@du®), T ¢ supp(u),

together with its truncated version 325,5 and all the corresponding definitions relative
to LP(u)-bounds, maximal and conjugate operators presented in the introductory
chapter. Let us state a crucial property of the capacity Jeo- . Recall that p € 5 (E)
denoted the set of positive Borel measures supported on E with upper s-parabolic
n-growth with constant 1.

THEOREM 4.2.5. For any E C R" compact set and s € (0,1],

For 4 (B) 2.4 (B) = sup {u(B) : p € S4(B), |25 |22 < 1}

Proof. The argument is analogous to that of Theorem 2.3.3. Applying Theorem 1.1.3
with § = 0 we get that P; is an n-dimensional C-Z convolution kernel in the s-
parabolic space R"*!. The latter combined with the n-growth of admissible measures
for Yo +(F) allows to carry out the same proof. O

Observe that in the argument of Lemma 2.3.4, checked for the operator P; and
also valid with an analogous proof for &7, it is proved that if u € 3} (E),

if || Ps* plloo <1, then [Py p|poe(n S 1, (4.2.2)
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and similarly for P;.
We move on with our study introducing, for any = # 0, the following kernel

1 n 1
Posy(@) := 5 [Ps(@) + Po(=T)] = cnslt] > dns (|t]2).

Notice that for the particular case s = 1/2 we get, for T # 0,

) ) t
Po(®) i= Py (@) = oty

LEMMA 4.2.6. Let E C R"™! be compact and define

Yoyt (B) i= sup { () : € 5(B), [[Pogy s plloc <1},
N

Then,
1

ifysy,+(E) < ’7@3,+(E) < '7sy,+(E)~

Proof. Take p any admissible measure for Jg: 4 (E) and observe that

1 *
1Pasy = allso < 5 [P pilloe + 175 # alloo] < 1,

that yields Jes +(E) < 7sy+(E). Conversely, if we consider any p € X(E) with
|| Ps,sy * ft]]oc < 1, since P is nonnegative, Py < 2P; ¢, and P < 2P, g, and therefore

So /2 becomes admissible for 7gs +(F) and we deduce the remaining inequality. [J

Therefore, we can encapsulate the different ways to understand ye- 4 in the fol-
lowing corollary:

COROLLARY 4.2.7. For E C R" compact set and s € (0,1],

Yor +(E) = 72,4 (E) = Yoy + (E).
To be able to compare vgs + and Ygs +, we recall Definition 4.1.1 and observe that
if f € L>(u), then f € BMO,(u),Vp > 1. Also, given a € R and Q C R"™! cube,
| V@ = fouldntz)

<

Z) — aldu(z a— du(z T) — a|du(T).
/Q!f() |u<>+/Q\ fQ,u\u()SZ/Q!f() du(@)

Therefore, if for each cube @ with 1(Q) # 0 we are able to find cg so that

1
u(pQ)

/ 1F(@) - coldu(@) < c.
Q
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where c is constant independent of ), we deduce that f belongs to BMO,(u).

We clarify that in the forthcoming Definition 4.2.2 and Lemma 4.2.8, p will be a
positive compactly supported Borel regular measure on R**! with upper s-parabolic
n-growth. The previous conditions ensure that the degree of growth of u is the same
as the degree of homogeneity of P;. Moreover, as we have pointed out in the proof of
Theorem 4.2.2; 1 is locally finite and therefore becomes a Radon measure.

DEFINITION 4.2.2. We will say that the operator & is p-weakly bounded if for
any s-parabolic cube @Q C R+,

< cp(2Q),

ngmwmﬂ:y4<4w%wﬁP@—ww@0®@)

uniformly on € > 0.

LEMMA 4.2.8. Let s € (0,1] and assume that || Psxp|| ooy < 1. Then, the operator
P, is p-weakly bounded and Py * p € BMO,(u) for p > 2.

Proof. Condition || Py * pu|[ () < 1 can be simply rewritten as sup,. || 2 || Lo (u) <
1; so for any € > 0, by the nonnegativity of Ps; and pu,

‘ /Q </Qm{x_y>€}Ps (- y)du(y)> du(T)

Hence &7 is p-weakly bounded. Finally, notice that by Tonelli’s theorem,

<P pll Lo (ym(Q) < p(2Q).

[ Pen@du@ = [ Poenin) < p®) < o,

so Prxp € L'(p) C L (1), and P} * p is indeed a candidate to belong to BMO, ().
To estimate its BMO,(u) norm, fix an s-parabolic cube Q@ = Q(Zo,4(Q)), u(Q) # 0
and consider the characteristic function x2¢g associated with 2Q). Denote also x2q- :=
1 — x2¢. Consider the constant

cq = P x (xaq<1t)(To),

that is an expression pointwise well-defined, since Zy ¢ supp(xa2q-p). Indeed,

ey dp(z) p(R™H)
= —2)d .
@ Awm&“°”“@gémmurwﬁ%w®w<“




4.2. The vgs ; capacity of Cantor sets 147

Observe that the following estimate holds

oy L 1P i) = coldut
< m;@) / P2 (an) ()n(r)
o 1 P e @ = P2 + (g )
M(;Q) [ ([ Peo=2am))auto)

u(;Q) /Q (/R\Q [P (7 —2) — Pl (@ —Z)|d#(2)>d,u(y) N

For I, by Tonelli’s theorem and the nonnegativity of Ps together with the assumptions
| Ps * pal| ooy < 1 and p > 2,

1 1(2Q)
= 1(pQ) 1(pQ) =1

For II, apply the fifth estimate of Theorem 1.1.3 with 8 := 0, Theorem 4.2.1 and split
the domain of integration into annuli to obtain

1 g —To* | _
s 1(pQ) / (/Rn+1\2Q |Z — Tp|m2¢ du(z))du(y)
e ol ir e CIab o)

pw(pQ) Z — To|" % = Jarguig 7 - To|™ 26

| Poenant) <
2Q

SUQ ZW S Z y ~ b

and the desired result follows. O
The previous lemma allows us to prove the main result of this subsection:

THEOREM 4.2.9. Let s € (0,1] and E C R"*! be a compact set. Then,

Yor 1 (B) ~ o 1 (B).

Proof. It suffices to prove yo: +(E) < Jo= +(E). To this end, consider 1 an admissible
measure for ves 1 (E), i.e. p is a positive Borel regular measure supported on E such
that || Ps# |l < 1. We know by Theorem 4.2.1 that p has upper s-parabolic n-growth
with an absolute constant C' > 0. Hence, up to such constant, u € 32 (E). Moreover,
by relation (4.2.2) and Lemma 4.2.8 we have, for any p > 2,

1. P°p e L*®(p) and thus Z°u € BMO,(u),

2. Z%* € BMO,(n),

3. P*u is p-weakly bounded.
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Applying a suitable T'l-theorem [HyMar, Theorem 2.3|, we deduce || ;|| 12()—r2() <
1. This implies (again, up to constant factor) that p is admissible for v, (E); and
by the arbitrariness of p we have vgs +(E) < 72,4+ (E). So we conclude, by Theorem
4.2.5,

You 4+ (E) S 2.+ (E) = Jos 4 (E).

A particular consequence of the last result is

Yos 1+ (E) = vsy 1 (E).

Since the same proof of Theorem 4.2.3 yields that v, + is invariant under temporal
reflections, we also obtain

Vos +(E) = sy +(E) = Yoy + (Ri(E)) = 70+ (Ri(E)) = 75 1. (E).

)

COROLLARY 4.2.10. For s € (0,1], the capacities vyos 4, Vg
parable.

T and sy 4+ are com-

4.2.3 The 7o 1 capacity of Cantor sets

Let us fix s € (0,1] and finally estimate the (s, +)-caloric capacity of a certain fam-
ily of Cantor sets, which generalize the example given in [MatP, §5]. In such example
we are presented with a Cantor set F inspired by the one constructed in [Garl, Chap-
ter IV, §2] with positive H"-measure and removable for the ©/?-equation, meaning
that vg1/2(E) = 0. Our goal will be to generalize the above example and study its
Yos + capacity.

Let A = ();); be a sequence of real numbers satisfying 0 < A; < 1/2. We shall
define its usual corner-like Cantor set E C R™! by the following algorithm (it will
be simpler version of the Cantor set defined in §2.3.1). Set Q° := [0, 1]"*! the unit
cube of R*™! and consider 2"*! disjoint s-parabolic cubes inside Q° of side length
{1 := Ay, with sides parallel to the coordinate axes and such that each cube contains a
vertex of QY. Repeat this splitting for each of the 2"*! cubes from the previous step,
now with a contraction ratio Ao. This way we obtain 22"+ s-parabolic cubes with
side length f5 := A1)9. Proceeding inductively, at the k-th step of the iteration we
encounter 25"+ g_parabolic cubes, denoted Q;? for 1 < j < 2k+1) with side length

b, = ;?:1 Aj. We will refer to them as cubes of the k-th generation. We define

2k(n+1)

Er=EM,.... )= |J @,
j=1
and from the latter we obtain the Cantor set associated with A,

E=E(\:= ﬁ Ey. (4.2.3)
k=1
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If we chose s =1/2 and \; = 2-(+D/7 for every j, we would recover the particular
Cantor set presented in [MatP, §5]. We are first concerned with studying the Haus-
dorff dimension of E in terms of A, which we want it to be n, the critical dimension
for vos (see Remark 4.2.1). An example of restriction one imposes to (\;); to ensure
the latter, as it is done in [MatT, T4], is the following

lim ¢, 28 +D/n = 1
k—o0

Observe that a particular consequence of the previous equality is that there exists
a constant C' > 0 depending on A so that

0,200/ > 0 g > 1.

Using such property one deduces H (E) > 0. Indeed, consider the probability mea-
sure p defined on F such that for each generation k, ,u(Qf) = 27k ] <5 <

2k 1) Let @ be any s-parabolic cube, that we may assume to be contained in Q°,
and pick k with £ 11 < £(Q) < ly, so that Q can meet, at most, 2" cubes Q;C Thus
w(Q) < 2=*k=D+D) and we deduce

92(n+1)

22(n+1) 2(n+1 E+1)(nt1)/n\ " pn
= 92040 (20 /n) g < 2

wQ) < SEDmTD — (R = 4(Q)",

(4.2.4)
meaning that p presents upper s-parabolic n-growth. Therefore, by [Garl, Chapter
IV, Lemma 2.1] we get H (E) > HZ, , (E) > 0. Moreover, observe that for a fixed

0 < e < 1, there is k large enough so that diam,, (Q%) < e and 4 2k(n+1)/n < 2. Thus,

as Ey deﬁnes a covering of £/ admissible for H? , , we get
2k(n+l)
HE,(B) < Y diam,, (QF)" ~ £ 2K = (g, 2k +D/my™ < on,
7=1

Since this procedure can be done for any e, we also have H} (E) < oo and thus
dimy, (E) = n as wished.

In order to state in a more compact way the results we are interested in, we
introduce the following density for each k > 1:

(%))
gz 2k(n+1) gvl;o ’

Gk =

where 1 is the probability measure defined above and QF is any s-parabolic cube of
the k-th generation. We also set 6y := 1.

THEOREM 4.2.11. Let (X\}); be a sequence of real numbers satisfying 0 < Aj <
To < 1/2 for every j, and E its associated Cantor set as in (4.2.3). Then, for each
generation k,

-1
Yos,+ Ek ~TO <Ze> .
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Proof. Fix a positive integer k£ and u the probability measure supported on Ej, defined

as

1 1

= — LY = ——— L
Observe that for every Q! of the j-th generation, with 0 < j < k and 1 <i < 2/(*+1),
1

(@) = 2k(n+1)gnf+25Q(k_j)(nH)fZ”S =277+,
k

Fix any T = (x,t) € Ej and consider the corresponding chain of s-parabolic cubes
associated with T,

TEN, CAp1 C---CALCAy=:Q°,

where A; is the unique s-parabolic cube of the family E; that contains Z. Observe
that

/ Psysy (y - f)du'k (g) = / Ps,sy(y - E)d/ﬁk (y)
Ex Ao

k—1
- Z/ Ps,sy(y_x)d,uk(y)"_/ Pssy( dﬂk(y) ZI +Ik
AN\A 41 Ak

If for each 0 < j <k — 1 we write Aj.}rl the cube of Ej;; contained in A; diagonally
opposite to Aj 1, we have for 0 < s < 1,

s—t

I~ t = B bua(le — gl — 7 B) du@) ~ [ L
|

Aj\A 11 Aja 1Y

> 628 26]4.1 x 1 % D (D) > 9
R e He(Ban) = g (1= 2275)2 >0;(1 - 272%) ~ 0.
J

J

dur ()

where we have applied relations (1.1.1) and (1.1.2). If s = 1 we similarly get

o oy B efc(nn'g) _
L[ et T dn@) 2 @) 2 65
AVAVAVER! J
Regarding Iy, consider the s-parabolic cube Qz := Q(Z, 2 diam,_(Ay)), that clearly
contains Ay, and for each positive integer j write

Fyi=QzN{(y,7) : |t —7|> > 2 9diam,, (Ax)},

as well as Fy := @. Set f'j := Fj41 \ Fj, and notice that {ﬁj}jzo is a disjoint open
covering of Qz. Therefore, since {F; N Ay} >0 is also a disjoint covering of Ay, for
s < 1 we have

1 |t Sl
T IE s T7 -

1
I > L l=sla
|Ekye;;+2$j§ FinAs

1 SENA] 8 & 1
> P AL B S
~ |Ek|éz jary 92sj |Ek| Z 248j 2k(n+1 gk; k
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If s =1 we similarly have

1 _lz 1 e 1
Iy ~ = It — 7| Fe - ﬂdyN / e 2 dy
|Ek| Ap |E Ifk JZO FinAg
2 e 5257 1
= ’Ek| Z 92s]  Qk(nFljgn = O

Thus, there exists some positive constant C' = C(n, s, 79) such that

k
/ Ps sy( )dﬂk( ) C_l Z ej, VT € E.
Ey

§=0
The last inequality can be rewritten as

-1

k
=0 B

Take v any admissible measure for 4, 1 (Ey). Integrating on both sides of equation
(4.2.5) and applying Tonelli’s theorem together with || Py * v|loo < 1,

-1 -1

k
V(Ek)gc<20j> /P&Sy*y( )d k(7 <C<Z€>

Ey

Hence, since v was arbitrary, by Corollary 4.2.10, we finally conclude

k -1
Vo0 +(Ek) S Yo+ (Ek) < C(Z 9j> :

§=0
O
THEOREM 4.2.12. Let ()\j); be a sequence of real numbers satisfying 0 < A; <
7o < 1/2, for every j. Then, for any fixed generation k,

-1

Yos + Ek ~T0 <Ze>

Proof. Fix a generation k as well as the measure introduced in the proof of Theorem
4.2.11, py, == ﬁ.f;nﬂm.

Recall that 1,(Q7) = 2771 for any s-parabolic cube of the j-th generation,
with 0 < j<kand1l <1 < 2i(n+1) - Let us fix any T € R™! and proceed in an
inductive way as follows:
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1. If dist,, (z,Q°) > 1, it is clear that Py * ug(z) < 1 = 6. If dist,, (7,Q°) < 1,
denote by A; one of the s-parabolic cubes of the first generation F; that is
closest to Z. Observe that dist, (Z, £y \ A1) 2 1 —2A; > 1 —27y. Then,

dur(y dur(y
o) = [ PE-pamm s [ SO [ aul)
Ey Ei\A ‘LL‘ Ps Aq ’l‘ Ylp,
< to +/ iiuk(?) _
(1=270)"  Ja, [T—7l2.

2. If dist,, (T, A1) > {1, it is clear that the above remaining integral satisfies

/ dur(@)  _ (A1) s
A up. A ’

1 ‘ffy

Ps

and therefore Py * i (7) S 0o + 61. On the other hand, if dist,, (7, A1) < £, we
repeat the process of step I and pick Ay one of the cubes of Fs that is closest
to Z. In the current setting notice that dist,, (%, E2 \ A2) 2 (1 — 27)¢;, which

implies
0o du(y dug(y
Porn(e) S e [ AL [ Gl
(1=2m0)"  Jana, [T=7l3  Ja, [T =72

1 du(@)
< _— (6 0
S ILAAAR A

Ps
In general, for 1 < m < k — 1, the (m + 1)-th step of the above process we would
begin by dealing with an estimate of the form

1
(1 — 27’0)”

dpr(y)

|x_ ;)LS’

Py s i (7) < (00+91+~~+9m1)+/

and we would distinguish whether if dist,_ (Z,A;) > ¢; or not. If the inequality is
satisfied, it follows that Ps* ux () < 2°7L, 0;. If on the other hand dist,, (7, A;) < ¢,
write A, 41 one of the s-parabolic cubes of F,,,1 that is closest to T and notice that
disty, (T, Emi1 \ Amt1) 2 (1 — 279)4,,, and move on to step m + 2. The previous
process can carry on a maximum of k steps (this is the case, for example, if T € Fy),
and in this situation T satisfies dist,, (T, Ai) < £ as well as the estimate

s * Y ~ 71 9 \n j )
N T = ACI N a T)

that cannot be dealt with the same iterative method. We name the remaining integral
I; and write Qj := Q(T, 5¢;) so that Ay C Qk. We split the latter into the s-parabolic
annuli 4; := Q(7,50:277) \ Q(%,5¢,27771), for j > 0 integer. Therefore,

b= |Ek|z/ =

5€k2 ] n+2s

|Ek| Z (50,2——1)n ~ \Ek| ZQJ =0
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With this we conclude that, in general, there exists a constant C' = C(n, s, ) > 0 so

that
k

—1
P, % j1,(T) (CZ@-) <1, VzeR",

=0
so the measure (C Y-%_ 0,) ! ik is admissible for ye: 4 (E}), and the result follows. [J
Combining both Theorems 4.2.11 and 4.2.12, we obtain the following result:

COROLLARY 4.2.13. Let s € (0,1] and ()\;); be a sequence of real numbers satis-
fying 0 < \; < 19 < 1/2, for every j. Then, if E denotes the associated Cantor set as
in (4.2.3),

00 —1
Yo 1 (B) ~r, (Z@-) -
§=0

Proof. The estimate follows from Theorem 4.2.11 and the monotonicity of yes 4;
and from Theorem 4.2.12 combined with the third point of Theorem 4.2.2 (outer
regularity). O






Chapter 5

The semi-additivity of 7.2 in the plane

In this final chapter we aim at obtaining a more precise description of a smaller
variant of yg1/2, already defined in [MatP, §4|. Named 1/2-symmetric caloric capacity
and denoted by Jg1/2, it has been already introduced in §5.2 and it is obtained by
computing the supremum of expressions [(T, 1)|, where distributions 7" are supported
on a compact set and satisfy

|IP*T|oo <1 and [[P"*T| e <1.

We write yg1/2 ;. to refer to its smaller version, which considers only positive Borel
measures. The main result of this chapter is found in §5.5 and it states that, in fact,
the latter capacity is not that small:

THEOREM. For E C R? compact,

Yo1/2(E) & ve1/2 4 (E).

Such result implies, bearing in mind the fourth property in Theorem 4.2.2, the
semi-additivity of Jgi,2 in R? (Theorem 5.5.8). We also give a result in a general
R"*! setting, also proved in §5.5, where the same type of estimate is established
for the typical multidimensional corner-like Cantor set. In §5.1, §5.2, §5.3 and §5.4
we present notation and preliminary results which are necessary to prove the above
estimates. More precisely, in §5.1 we introduce basic terminology and properties,
in §5.2 we prove Theorem 5.2.5, which encapsulates all the different ways to define,
equivalently, vg1/2 . In §5.3 we use a particular characterization of the latter via a
variational approach. With it, we construct a Whitney decomposition of a certain
family of compact sets, so that we gain control of their 7g:/2 capacity. Finally, in
§5.4, we prove Theorem 5.4.19, a general comparability result between g1/ and
Yo1/2 if an additional assumption Ag is satisfied. In general, the arguments carried
out are influenced by those of Tolsa [T5, Ch.5] and Volberg [Vo|, where the same
type of comparability results are studied for analytic and Lipschitz harmonic capacity
respectively.

In our setting, taking into account that P is not an anti-symmetric kernel, such
arguments can be applied with some modifications inspired by the arguments pre-
sented to prove general Th-theorems such as those found in [NTrVo2| and [HyMar|.
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The fact that P is harmonic outside the hyperplane {t = 0}, an £**!1-null set, and
that satisfies being an n-dimensional Calder6n-Zygmund kernel [MatP, Lemma 2.1]
are the essential features used to carry out similar arguments. Finally, §5.6 is devoted
to the computation of the Jg1/2 capacity of a rectangle R C R?, obtaining:

~1
~ 1 AN l,
Yoz (R) ~ 4 lz In (1 + é) + é arctan (@)] ,

where ¢, and ¢; are the horizontal and vertical side lengths of R. The above behavior
differs substantially, for example, with that obtained for v(R), the analytic capacity of
a rectangle. For the latter one has v(R) ~ diam(R) (see, for example, [T5, Proposition
1.5]), which is a significantly simpler expression.

We highlight one last feature of the above capacities associated to the 1/2-fractional
heat equations: the kernels P and P* are both nonnegative. This suggests that, pos-
sibly, using classical arguments of potential theory (see [La, Ch.I & II], [R, Ch.3]|
or [Ki]), the comparability between capacities defined through positive measures and
distributions should follow by a simpler argument similar to that of [Ve2, p.10], pro-
vided that one is able to prove the existence of an equilibrium measure. The author
has not yet been able to deduce its existence for vg1/2 ;. The primary obstacle lies
in the inability to derive an equivalent formulation of this capacity as an (inverted)
infimum over energies. The following simple example already illustrates some prob-
lems that arise by proceeding this way: pick E C R? the horizontal line segment
[0,1] x {0} and p := H'|p. In [MatP, §6] the authors obtain Py < 7, which implies
You/z 4 (E) > m~ . However, by the definition of P and the choice of 1, it is also clear
that P u(x,0) = 0, for any = € [0,1]. Therefore, if we were to compute the energy
of u we would obtain

Iyl ::/P*,ud,u:/o P x pu(z,0)dH (z) =0,

which would imply ygi/2  (E) = +oo. This simple example already shows some of
the difficulties encountered in pursuing such a formulation and, in fact, also reveals
that the potentials P * u do not obey the so called maximum principle, i.e. they
do not attain their maximum values at supp(u). To avoid this problem, the author
has tried to work with the auxiliary potentials U, (z,t) := limsup, g, P * (Y, 5).
For these the maximum principle holds (this follows, essentially, from the fact that
P is subharmonic in R"™' \ {0}). However, the potentials U, still lack the continuity
principle, i.e. if U, restricted to supp(p) is continuous, then U, should be continuous
everywhere else (it already fails in the same example of above); which is an essen-
tial tool in order to carry out the construction of possible equilibrium measures. In
any case, the above classical methods were finally discarded and we chose to follow
arguments similar to those of [T5, Ch.5] and [Vo|.
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5.1 Notation and basic definitions

Begin by observing that the choice s = 1/2 implies that the ambient space R"*!
will be endowed with the usual Euclidean metric. To compactify notation, we set

B,.(), the ball in R™™ of center Z and radius r > 0.

By Theorem 4.2.1 we know that admissible distributions for yg1/2 present n-growth
with a constant C that depends only on n. This motivates the following redefinition
of yg1/2, that will be the one used throughout the whole chapter. We will also omit
the subscript ©/2 in order to ease notation.

DEFINITION 5.1.1. For a compact set E C R"!, define its 1/2-caloric capacity as

Y(E) = vo1/2(E) :=sup (T, 1)|,

the supremum taken over distributions satisfying ||P * T||oc < 1 and belonging to
T (E), the set of distributions in R"*! with supp(7T') C E and n-growth with constant
1.

We also redefine the (1/2,+)-caloric capacity, in the same way as ~y, but with the
supremum only taken with respect to positive Borel measures. More precisely,

V+(E) = vg1/2 4 (E) i=sup {u(E) : p € B(E), [P+ pllo < 1},

where X(F) := /2 (E) is the collection of positive Borel measures supported on F
with n-growth with constant 1. Analogous definitions are associated with the operator

@1/2, giving rise to the objects
v i= T1/? and V4 1= T1/? e

In some of the results presented in [MatP, §3|, one encounters expressions of the
form (T, ¢), where ¢ is C! and compactly supported, and T is a compactly supported
distribution satisfying ||P % T|lcc < 1. This is due to the definition of admissible
function given by Mateu and Prat, in which they only require C' regularity. It is
because ||P*T|lo <1 and (—A)Y2p € L'(R"*!) (proved in [MatP, §3]) that we can
define (T, ¢), that a priori may not have sense since ¢ is not C*°. Indeed, observe that

—1/2

(T, @) = (P+T,0 ") = (P+T, (1) 0 + 0yp).

We need to give meaning to (7', ) for a slightly wider class of functions. We do not
claim that such class will be the largest where (T, ) can be defined if T" is a compactly
supported distribution with ||P * T'||», < 1, but it will suffice for our purposes.

DEFINITION 5.1.2. Let @ C R™! be a cube, N' c R*"" a £l null set, and
¢ R"™ — R a function. For m € NU {cc} we will write

p € C(Q) N (C(Q),CM(Q\N)),
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or simply
p € Con(Q),

if ¢ is continuous and compactly supported on @, m times continuously differentiable
with respect to the spatial variables, and m times continuously differentiable with
respect to the temporal variable ¢ except for a null set A (where it may not even be
differentiable). We also write

p € CQ)N(CQ)CMQ\N)) =CRH(Q),

if ¢ satisfies the above regularity properties on (), but we do not require it to be
compactly supported there (in fact, it may even have a larger domain of definition).
In the sequel we will only be interested in the case m = oo.

For ¢ € C"\(Q) one can define (T, p) as above, assuming [P * T'[| < 1 and T
compactly supported. Indeed, observe that we only have to give meaning to (P x
T,(=A)2p) and (P * T,8;p). The former term can be defined as in [MatP, §3],
where the integrability of (—A)Y/2y is proved using only regularity assumptions over
the spatial variables. Regarding the term (P T, d;), since P*T € L°°(R"*!), it can
be simply defined as

(P T, ) = / P+ T(2)0u0(F) d7,
supp(p)\N

since the set N has null £*!-measure.

REMARK 5.1.1. We notice that if for ¢ € C} \(Q) it also happens that [[Ve|le <
¢(Q)71, then [MatP, Corollary 3.3] and [MatP, Lemma 3.5] also hold with exactly
the same proofs for such ¢; and therefore also do [MatP, Theorem 3.1] (localization
of potentials) and [MatP, Lemma 3.4] (n-growth of admissible distributions). Here,
condition ||V¢|loo < £(Q)~! must be understood as: for every test function 1,

(Ve ¥)| = ‘/ng(vw) drn+

- ‘/ (Vi) dL™| < 0(Q) .
QW

To end this breif introduction, we redefine more capacities that are already pre-
sented in [MatP] and some other auxiliary ones. Recall from §5.2 the so called
1/2-symmetric caloric capacity, where the normalization conditions for the potentials
against P and P* are both required:

Y(E) =Fe12(E) :=sup {{(T,1)| : T € T(E), |[P*T|joo <1,[|P**T||oo <1},
4 (E) = For/2 4 (E) :=sup {u(E) : p € X(E), |P* plloc <1, [|P** plloo < 1}.

We also have the following auxiliary capacities, that we only consider in the context
of positive measures:

Yoyt (E) :=sup {u(E) : p € B(E), |Py * pilloo < 1},
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where recall that P,y is the symmetric part of P, that is,

P@) +P(-z) _ [t
9 B 2|z |n 1’

Py (z) =

Finally, we also consider the following capacities defined via a normalization condition
that involves an L?(u) operator bound:

Yop(E) = Yo1/2,0p(E) :=sup {u(E) = p € X(E), | Zullr2(y—r2() < 1},
Yoy,op(E) :=sup {u(E) : p € X(E), |Psyullrzqw—r2 < 1},

where &2, and %, , are the convolution operators associated to P and P, with
respect to the measure p.

From the results of §5.2 one can deduce an important property of the above
different capacities: they are all comparable.

THEOREM 5.1.1. The previous capacities defined through positive measures are all
comparable. That is, for any compact set E C R*1,

V4 (E) = Y (E) = Y4(E) & Yoy,+(E)
X Yop(E) & Ysy.op(E).-

REMARK 5.1.2. To be precise, the capacity 7sy,op is not introduced in §5.2. To
justify its comparability to all the rest, it suffices to check vsyop S Yop, since the
reverse inequality holds trivially. Fix p any admissible measure for 7y op(E) with
Yey.op(E) < 2p(E). Notice that since &2, and &, are n-dimensional C-Z convolution
operators, then &, also satisfies such property. Therefore, following an analogous
proof to [T5, Theorem 2.16] one deduces, from the L?(u)-boundedness of &, ,,, that
there exists a constant C' > 0 such that for any v Borel finite signed measure,

p({|Psyev(@)] > A}) < C’H)\LH, Ve > 0, VA > 0.

With this, and using that s, = 25, applying for example [Chr, Ch.VII, Theo-
rem 23], we can find a function h : E — [0,1] such that [, hdy > p(E)/2 and

| P (hit) |0 < 4C. Then,

1 w(E) 1
> >0 s -
Yo+ (E) Z 15 /Ehd’“‘ > 36 2 16¢ Yever(E)

that implies Ysy.op(E) < Ysy.4+(E) = Yop(E), and we are done.

5.2 Even more capacities

The main goal of this section is to add three additional ways of understanding 1/2-
caloric capacities: one via an L?(p) normalization condition, another using a uniform
bound at all points of the compact set, and a last one formulated in a variational way.
All the results proved in this section are summarized in Theorem 5.2.5.
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5.2.1 L?(u) normalization. Suppressed kernels.

Given a convolution kernel one may define its suppressed version in terms of a
general nonnegative 1-Lipschitz function (with constant 1). However, for our purposes,
we do not need to work with such generality, and we will focus on a particular type
of function. Given a closed set F' C R™"!, we will typically have

A7) := dist(7, F), VT eR"™.

The above A is indeed a 1-Lipschitz function: take any Z,7 € R™*! and observe that
for any Z € F we have A(Z) < | —Z| < [T —y| + [y — Z|. Since Z is arbitrary,
A@) < |2 -7+ A7) < A@T) — A(y) < |T —7y|.- Repeating the same argument
changing the roles of T and § we deduce the desired Lipschitz property. We define the
suppressed kernel associated to P, that depends on A and a previously fixed closed
set I, as:

Pz —7)

P\(7,9) == TP g PAAG) (5.2.1)

for all the pair of points where such expression makes sense. Notice that it is also
a nonnegative kernel and differentiable, with respect to T or 7, out of a set of null
Lebesgue measure. We may also define Py and Py, s in an analogous way. In fact, for
the sake of notation, we shall prove three basic properties only for Py, but they can be
checked to hold also for Py and Py, with almost exactly the same proofs. Essentially,
the convolution kernels Py, P; and Py, in R will satisfy being n-dimensional C-Z
operators with an additional property.

LEMMA 5.2.1. Let A : R"" — [0,00) be a 1-Lipschitz function. Then, kernels
Pp, Py and Psy p define n-dimensional C-Z operators which satisfy being “well sup-
pressed” at the points where A > 0. Namely, if we fix any T # 7 points in R"*1, the
precise estimates that Py satisfies (as well as Py and Psy ) are

1L |PA(z,y)| <[z -7
2. For any 7' € R"™! satisfying |7 —7'| < |7 —¥|/2,

— — = f_fll — — ’f_f
|PA(177?J)—PA($7Q)|§W and |Pr(9,7) — Px(7,7) SW.

i

In particular, where the differentiation is well-defined,

- - 1
[VePA@ D) + [VePA@9)| S o

3. |Py(z,y)| < min {A(Z)™", A7) "}

Proof. The proof of 1 is trivial, since |Py(Z,7)| < P(Z —y). We move on by proving
the first inequality in 2, and we will do it in a way that the arguments will also be
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valid for P*, implying the validity of the second estimate of 2. Let us first assume
A(T') < A(Z) and define

9(7,9) == 14 P(@ - 7)*A@)"A@)".
Using [MatP, Lemma 2.1] (that is also valid for P* and hence also for Py;) we get
|PA(2,9) — PA(T, 7)|
o [P -y - P -7
- 9(7,7)

[z~ 7| -
gt TP

|P(z —5)*A(@)" — P(T —7)*A(@)"|A@)"
9(@,9)9(7',7)
|P(z —5)* — P(T —3)*|A(@)"A(y)"
9(7,9)9(T',7)
P(z —g)’|A(@)" — A@)"|A[G)"
9(@,9)9(T',7)

+ P(7' - 7)

S

+ P(7' —7) =: T4 II+1III.

We only have to deal with II and III. For the first, we rewrite it as
I =[Pz -7y) - P -y)[1V,

where ) o e ~

P —y)|P(x—y) + PE —y)|AE@)"A®@)"
9(z,9)9(T',7)

It is clear that by the definition of ¢

IV .=

PE —g) P —gAE)"A@G)"

IV<1+ -
9@, 9)g(@,y

For the remaining fraction, if P(Z —y) < P(¥' —y) we obtain the same bound by 1.
If on the other hand P(Z —y) > P(Z' — ¥), using that A(Z') < A(Z) we also obtain
the same estimate and we are done with II. Regarding III, observe that there exists a
point £ in the line segment joining Z and 7’ such that

- T’ T’ = nA(E)n_lA(g)nP(T - g)Q
M =2\ P =)= @

We distinguish two cases: if A(§) < |Z —y|. By the Lipschitz property of A, A(y) <
2|z —g|. Thus,

O A@"PE -9, N
GG PE- D+ |PE-7) - PE 7]

pogt[ 1 @ | mew| [, -
1+

A
1 < [z — 7| A

<lF_7 _
S e [ T i el e
= =
< |.’13*.’,C|
S g
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that is the desired estimate. If on the other hand we had A(£) > | — |, then notice
that by the Lipschitz property of A,

MA@ <A@ + -8 <A@ +z -7 <A@ + T <A@+ MY,

that is A(T) > A(€)/2, and in particular g(Z,7) = g(&,7). Therefore,

BT PE-DPAOAD _ p T

< —

R T
1 ; _ -

that is what we wanted to prove. With this, we have proved 2 for the case A(T') <
A(T). The case A(T) < A(Z') can be treated analogously, using symmetric considera-
tions with respect to T and T'.

To prove the gradient estimates, let us fix j € {1,...,n+1} and consider 0., PA(%,y
at the points where this expression is well defined. Observe that since A is a Lips-
chitz function and P can be differentiated except for null Lebesgue sets, 0., Py makes
sense out of sets of null Lebesgue measure. In any case, choose 0 < \h\ << 1 so that
|h| < |Z —7|/2, where [T — 7| is strictly positive since T # 7 are two fixed different
points. Hence, applying the already proved estimates of 2 we get

|PA(T +he;,y) —Pa(z,y)| . 1 [h 1

I ~hlE -yttt gttt

so taking the limit as h — 0 the result follows.
Finally we prove 3. Assume that A(Z) = max {A(Z), A(y)}. In this setting,

| 1 1 1
D@D pe 5 | PE—m T+ Amramr ) < PR A O

Assume that .
1 _A@ (5.2.3)

Pz—-3y) — 2n
In this case, [T —y|" < P —y)~! < A@)"/2", that is [z — y| < A(T)/2. By
the Lipschitz property we also have A(y) > A(Z) — |T — 7|, so A(y) > A(T)/2, and

applying this estimate to (5.2.2) the result would follow. If (5.2.3) did not hold, we

would simply have

NG

and we would be also done. Moreover, it is clear that if A(y) = max {A(Z), A(y)}, the
above proof can be carried out in an analogous way, obtaining the desired result. [

[PA(T —9)| < [P(T - 7)]

For a fixed E C R™! compact set, we will use the above suppressed kernels to
study the capacity

Yoy2(E) = sup {u(E) : p € B(E), | Py * pill 2 < n(E)'?}.
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By (5.2.2), it is clear that sy +(E) < 7sy2(E). The fundamental lemma that will
imply the reverse inequality is the following:

LEMMA 5.2.2. For E C R" compact, the following inequality holds:

'7sy,2(E> 5 'Ysyvop(E)*

Proof. Let p be an admissible measure for s, 2(E). Then, by definition,

|12 ent@ant@ < u(e). v > o
Consider the maximal operator
Py wllT) := 80D | Py cpt(7)],
that by the nonnegativity of Py, and u is such that
Doy wit(T) = lim Py cp(T),

which is well-defined for every point € R"*!. In fact, by the monotone convergence
theorem, it is clear that the above L?(u) uniform estimate with respect to € > 0, can
be rewritten as

/E | Py i) Pdpa(T) < ().

Now we define

Fi={zcE: Po.u(@ <V2},
and apply Chebyshev’s inequality to obtain

WENF) < ;[Ela@sy,*u(w)IQdu(w) < @ and then p(F) > %

If we are able to prove

12y ip 22ty 201y S 1
we will be done, since the latter would mean sy op(E) 2 p(F) > pu(E)/2, and by the
arbitrariness of u the result would follow.

To proceed, let us observe that P .u can be understood as a non-decreasing
limit of continuous functions. Indeed, we may rewrite, for each ¢ > 0 and 7 € R* !,

e@sy,sli(f) = /]R . Psy(j - y)X{ﬁf@ba} dlf'(y) = gy x. * ,u(j)’
where Py (-) := Py (-)X{}|>c}- Now, let us fix ) any test function such that 0 < ¢ <
1, % =0in B1(0) and ¢ = 1 in R"™! \ By(0). Assume also that ||[Vi|. < 1. Write
Y. (+) :=1(-/¢) and define, for each T € R"*1,

P (@) i= [ Py@ = 5@ - 7)dulg).

R
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Observe that since Py, > 0,
Pay oo * 1(T) < Pay. # p(T) < Pag . % u(T), VT € R,
which implies, by definition,

lim Py, * 1(T) = Poyen(@), VE R
E—r

Now, since u is in particular a finite measure, it is not difficult to prove using Fatou’s
lemma and its reverse version, that for each € > 0 fixed, Py, 4. * p is a continuous
function. Moreover, since u and Py, are nonnegative, it is clear that for €; < e, then
Pey ., ¥ 1 < Payy., * pr. Hence, indeed, Py . can be defined as a non-decreasing
limit of continuous functions. Therefore, Py . is lower semicontinuous [B, Ch.4]
and thus F' is a closed set. Now consider B a large open ball containing F inside and
define G:= B\ F. Forany z € GNE = E \ F we define

e(z) :==dist(z, F) = A(2),
recalling the notation used when defining the suppressed kernels. First we estimate

for any € > ¢(2):

Pz 1) du) + | Py(z ) du(g) = 1+ 1L

e<|y—%|<2¢

Py ell(Z) = /

|[y—z|>2¢
Notice that by the n-growth of u we have

B —

e

To deal with I, let T be a closest point to Z on F, so that €(Z) = |Top — Z|. Then

1 < /| L PalTo D) autp) + / Py (To — ) — Py (z — 7)) dpu() =TT+ V.
y—2z|>2e

[y—2|>2e

It is clear that I1I < /2, since Ty € F. On the other hand, since |(Z —7) — (To —7)| <
e < |z — 7|/2, integration over annuli yields

|IV|§5/ dﬂi@)<1_
|

osize 0P
So we have | Py 1u(Z)| S 1, for any € > ¢(Z). Now we shall prove
A= | Py u(Z) — Poyepn(z)| S 1, Ve >e(2),

where Py p p1(Z) := || Py A(2,7) dpu(y). Since (z) = A(z) by definition,

|z—yl>e

A < / |PSY7A(§7Q) - Psy(f—g)‘d,u@)
[y—2[=A(Z)
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Using the definition of Py, o we know

Py(Z —3)°AZ)"A@)"
1+ Py(z = 9)?AZ)"Am)"

‘Psy,A(Za y) - ]Dsy(z - g)| § ]Dsy(2 - y)

1 . (5.2.4)

In the region of integration A(Z) < [y — Z|, then A(y) < 2|y — Z|, by the Lipschitz
property. Therefore, returning to (5.2.4) we get

|Pya(Z7) = Poy(Z=7)| < Py(Z = 7) [Py (Z—7)*AZ)"A®)"]

so by the n-growth of p we obtain (again, integrating over annuli)
A =\n
as[  Hap s,
— . _ n
[y—2|>A(Z) |Z y|

that is what we wanted to prove. Hence, combining this last estimate with | Py .p1(Z)] <
1, for any ¢ > &(Z) we deduce

| Paync(Z)| S 1, Ve>e(z).

Now, fixing n € (0,£(%)), using property & in Lemma 5.2.1 together with n < A(Z),
we get

1
Py a(Z,7) du(@)| < = (B (7)) < 1.
‘ /y—z|<n Y A
All in all, we have proved
| Pynsit(Z)| S 1, Vze E\F

In fact, this last estimate also holds for Z € F, since in this case A(Z) = 0 and
Py, A = Psy, implying

] Py Ailt(Z) ] = sup
n>0

/ Pyaz7) du(y)\
[7—=z|>n

= sup
n>0

/_|> Py(z-7) du(y)’ — Py nl®) < V2,

by definition of F'. Hence, we get || Psy api|lroe(n) < 1, where this estimate has to
be understood as || Py il poe(n S 1, uniformly on € > 0. The same estimate also
holds for &7} \p, since Poy A(Z,Y) = Py a(Y,T), by the symmetry of Fy,. Moreover,
it is also clear that for any cube Q C R"*! and any ¢ > 0,

Py apmeXas XQ)| = /Q < /Q m{@_ng}Psy’A(z’y) du(y)) dp(z)

< / Py nett(2) dp(2) < Q).
Q
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by the nonnegativity of Py, o. So bearing in mind Remark Lemma 5.2.1, we may apply
a suitable T'1-theorem, namely [T2, Theorem 1.3], to deduce || Psy a ull 12()—r2(0) S 1-
But for f,g € L?(u) supported on F one has (P, A f,g) = (P f, g), meaning that

| L sy it |22l )22l S 1
and we are done. O

REMARK 5.2.1. Due to the above Lemma 5.2.2, we may add sy2 to the statement
of Theorem 5.1.1. In fact, defining

F2(E) = sup {(E) : p € S(E), |P* ptllp2 < p(E)2 P 5 pull 2y < n(E)'?},

it is clear that 42 (E) < vy 2(F) and that 74 (E) < 42(E), by (5.2.2). That is, 72 can
also be added to Theorem 5.1.1.

5.2.2 Normalization by a uniform bound at all points of the support

For a fixed E C R"*! compact set, let us consider now the capacity
V1 (E) = sup {u(E) : p € (E), |Pxu(@)| < 1,7 € B},

as well as all the variants 774,77 and 7, ;. It is clear that 7} (E) < 74 (F) = vop(E).
We claim that the following holds:

Yop (B) S 73 (E).

Indeed, given p € ¥(F) admissible for vo,(E) with vop(E) < 2u(FE), proceeding as
in Remark 5.1.2 we can find a function h : £ — [0,1] such that [ hdp > p(E)/2
and || Z(hu)]|eo < C, for some C' > 0 dimensional constant. We know that the latter
estimate implies || &2 (hp)| oo,y < C' for some other dimensional constant C’ > 0 (by
a Cotlar type inequality analogous to that of [MattiPar, Lemma 5.4]). Applying now

Cotlar’s inequality of [T5, Theorem 2.18], for example, we have

sup | 2. (hy) (@)| < C" (M| 2 (b)) ° @) + C" (M) (@), vz € R™,

e>0

where
1

Mh(a) = sup L s / @I,

0 € (0,1) is arbitrarily fixed and C”,C" are positive constants that depend on the
dimension, ¢ and the L?(p)-norm of &, that equals 1 by hypothesis. Since 0 < h < 1,

it is clear that M,h < 1; and since ||Z(hu)|| g () < C’, we deduce for § = 1/2

M| 2 ()| (%) = sup |2 (h)(@)|"? du(@) < (C')2.

|
r>0 ((Bsr (7)) /Br(m
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Therefore, setting C' := max{1,C'C" + C"'} we get

| 2(C~ hy)(T)| = sup | 2. (Chu)(F)| < 1, VT € R™L
e>0

So in particular é‘lhﬂ is an admissible measure (up to a dimensional factor that
makes it an n-growth measure with constant 1) for v% (£). Thus,

1 1
*E>~/hd > —_u(E),
Vi ( )NC : M_QC/J()

and by the arbitrariness of ;1 we conclude that v, (E) S 71 (E).

REMARK 5.2.2. Therefore, we conclude that the capacity 7} can be added to the
statement of Theorem 5.1.1. In fact, since the operator L?(u)-norm of &) is the
same as that of &2, following an analogous argument we may also add 7% as well as
7. Further, the same arguments can also be followed to compare 75, | With sy op,
allowing us to also consider 7, ;. in Theorem 5.1.1.

5.2.3 An equivalent variational capacity

We shall consider a construction already presented in the proof of Lemma 5.2.2:
let 1 be a radial test function with 0 < ¢ <1, ¢ = 0in By 5(0), ¥ = 1 in R\ By (0)
and such that | V| < 1. Fix E C R*"! compact set and p € %(E). For each 7 > 0,
write ¢, (-) := 1(-/7) and define, for each 7 € R"™! and f € L] .(u).

loc

Py (0@ 1= Pt (F0)(3) = [ Pyfa = p)n(a = D) @)dua).
RTL
Let us prove, using [MatP, Lemma 2.1] (also valid for P* and P.y) , that the reg-
ularized (continuous) kernel Py, 1), defines a C-Z convolution operator with constants
not depending on 7. It is clear that |Pyt,(Z)| < |Z|7™. Then, by the symmetry of
Py1p., it suffices to check that for any Z,7’ € R"! with T # 0 and |7 — 7| < |7]/2,

77|
B

‘Psyd"r(f) - Pswa(f')! <C (5.2.5)
where C' > 0 is a dimensional constant independent of 7. To prove this, we distinguish
two cases: if 7 > |Z|/4,

’Pswa(T) - Psyd}'r(fl)‘ S ‘Psy(f) - Psy(T,)W}T(fI) + ‘L/)‘r(f) - wT(T/”Psy(T)

<|E—E’| T -7 1 |z — 7|
~ Tz

where we have applied [MatP, Lemma 2.1] and ||V#|« < 1. If on the other hand
T < |[Z|/4, by definition of ¢, we have 1.(Z) = 1. In addition, by the triangle
inequality,

7| = |[z - 7' - [zl].
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If ||z — 7| — |z|| = |z — Z'| — |Z|, then |z — T'| > |Z|, so |z — Z'| = |Z|. So in this case,
| Poytpe(T) — Poytp- (T')| < [Poy(T) — Poy (@) |90 (@) + [1 — 2 (@) Py (T)
|9(;—J;|+ 2 3\?—5’\
SR R S R

and we are done. If on the other hand ||z — 7’| — |Z|| = |Z| — |* — 7|, then || >

|Z| — |z — 7| > |Z|/2 which implies 1. (Z') = 1. Then, in this case,

’Psywr(f) — sy’(/}T(CC/)| = }Psy l’) sy 7/)| ~ |'|17|_nf1|7

and the proof of (5.2.5) is complete.
Let us also observe that for any f € L} (u) any 7 > 0 and any T € E,

P 1)@ ~ Doy G0)@) < [ e BT veE - D@ )

1
S sup — |f(@)] du(y).
>0 T" |T—g|<T

In particular, choosing f = 1, by the n-growth of u we get
| Poy 7 M(T) — Py, 0(T)| S 1, VT EE, 7>0. (5.2.6)
Let us define the auxiliary capacity, for each 7 > 0,
Vi (B) = sup {u(B) : € B(E), |Poyr # u(T)| < 1, V7 € E}.
LEMMA 5.2.3. The following estimates hold:

1. limsup ’y:yﬂpﬂ_k(E) Sy (B).
T7—0

2 timinf 1 . 4 (B) 2 7 (E):

Proof. We begin by proving 1. Let (7)x be a monotonically decreasing sequence to 0,
and let py € X(FE) be admissible for ’ys*y’wfk7+(E) and such that 7, L (B) < 2uk(E).
Passing to a subsequence if necessary, assume p — o weakly [Matti, Theorem 1.23],
ie.

tim [ odm = [odu voe @),

—00
It is not hard to prove that pp € 3(E). Now fix m > 0 integer and 7 € [Ty41, T,
and also assume k > m. By (5.2.6) we get that for T € E,

| Py e t1(T)| < | Py o 11T + | Py o i (T) = Py, ii(T)| <1+ C,

for some finite dimensional constant C' > 0. Since ux — po we obtain lﬂsy#,r N0’ <
1+ C on E and for each 7 > 0. In addition, using (5.2.6) again we get

| Py rh0(T)| <142C, VZeE, >0,
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that is | Py i0(Z)| < 1+ 2C for all T € E. Thus, by the semicontinuity properties of
weak convergence of [Matti, Theorem 1.24] we get

* ILLO(E) . . *
Yo+ (B) 2 7055 2 Too0 1lglgpuk(E) R M sup iy, 4 (E),

and 1 follows. To prove 2, take y admissible for v | (F). Using (5.2.6) we deduce

| Py (@) <1+C, VZEE, >0,

implying that 7, L(E)> %, and by the arbitrariness of p we have

71_1’>l% ’Y:y,w,-,—&- (E) Z ’ysy,-l‘ (E)a

which implies the desired result. O

REMARK 5.2.3. Let us observe that, for each 7 > 0, using the regularized (contin-
uous) kernel Pyy1), we may also define the rest of corresponding capacities, requiring
different normalization conditions over the potentials. In fact, the following chain of
estimates holds for any compact set £ C R"t1:

'Ys*y,wT,Jr(E) < Yoywr 2(E) S Voyron(E) < Yoyr 4+ (E) < ’Y:y,¢7,+(E)-
1) (2) (3) (4)

Inequality (1) is trivial. To verify (2), proceed, for example, as in the proof of
Ysy,2(E) S Yey,op(E) in Lemma 5.2.2 (although the arguments could be possibly sim-
plified using the continuity of Psyt);). The proof of (3) goes as in Remark 5.1.2, and
it relies on [T5, Theorem 2.16] and [Chr, Ch.VII, Theorem 23]. it is important to
notice that a fundamental property that ensures the validity of (2) and (3) is that the
C-Z constants of Psy1), are independent of 7. Finally, (4) holds by the continuity of
Py b for each 7 > 0, that has already been argued in the proof of Lemma 5.2.2.
Observe that the previous chain of estimates also holds changing every ~y, for 7, where
we ask the respective normalization conditions in each case for both kernels P, and
P*,.
Therefore, in particular, we shall restate Lemma 5.2.3 as

1. liIiljélp Yoy e 2(E) S Yy 2(E),
2. lirTn_)i(r)lf Yoy or 2(E) 2 Ysy,2(E).

Now, bearing in mind that we have found
* hI}-l_S).(l]lp Yoyaor2(E) < C1 sy 2(E),

* ’YSY,Q(E) < 02 VSy,op(E)’

for some positive dimensional constants C7, Cy, we define the variational capacity:
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DEFINITION 5.2.1. Let E C R"*! be a compact set and choose 7; small enough
so that

’Ysy7wT0,2(E) < 20102 sy 0p(E).

Let S be the convolution operator associated to the kernel Py, (that depends on
7o and thus on E). We define the variational capacity of E as

n(E)?
E)+ [ |Sul*dp

vaar(E) ‘= Sup {M( IS E(E)}

We convey that expressions of the form % equal 0.

LEMMA 5.2.4. The supremum in Yyar(E) is attained. Moreover, Yyar(E) = Ysy.op(E),
where we remark that the implicit constants do not depend on E.

Proof. For each p € X(FE) define

H(E)?
E)+ [p|Sul?dp

Recalling Lemma 5.2.3, it is not difficult to prove that X(E) is closed and sequentially
compact with respect to weak convergence of measures. In fact, 3(F) is compact
(since it is contained in the space of finite signed Radon measures on E, which is
metrizable, thought as the dual of the separable space C.(R™"*!)). Moreover, it is
clear that if py — po on X(E), then px(E) — uo(E). In this setting, we also claim
that

F(p) == p

lim/|3,uk|2duk—/ |S p1o|? dpso. (5.2.7)

To prove the claim (5.2.7) we argue as follows: given continuous functions ;, v; for
i=1,...N in C.(R"™), by definition of weak convergence of measures we get

im [ (f i¢i<x>¢i<y> (@) ) (523

k—oo J B

= lim {Z ([ et >duk<w>)2dﬂk<y>
= | ([ e@uman®)( [ ei@emanm)dno

~ lim {fj( [e@anm) ([ #oamm)
+21<K§;<N( [ e@an@)( [ ex@an@)( [ v anm)]

/ (/ Z% %(y)duo(w)) dpro (7).
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Observe that the collection of continuous functions on the compact set £ x E of
the form >N ©;(Z)1;(7) is an algebra that contains the constant functions (on E)
and separates points. Therefore, by the Stone-Weierstrass theorem, every continuous
function f : E x E — R can be uniformly approximated by such sums. Namely,
consider

(9;(z.9)), (thu )i (7 )

J

so that || f — gjlloc := [I.f — gjllzc(ExE) — 0 as j — co. Observe:

[ ([rew dukm) @) = [ ([ @5 >> o)

: ’/ (/ f(x’y)d“k(x)> du1x(9) _/E (/Egj(r,y) d/u'k(l')>2d,uk(y)’
+| [ (/g 2,7) dus(® ))dem [ ([ o@naua )>2duo(y)’
(o) s () s

=: 14+ II+ IIL

Choose j large enough so that ||g;|l < 2]/ f|lc. We estimate I as follows

= [ (Lo amnanm) ([0 En omm) wo)

< 3 lloo - diam(E)™ || £ = gjlloe 2= 0.
Term III can be treated the same way. For II use that pup — po as k — oo and apply
(5.2.8) to deduce that II also tends to 0 as j — oo. The latter can be done since
the supports of the measures uy are all contained in E, so we may understand each
factor ¢; ; and 1); ; of the summands that define g; once extended continuously onto
C.(R™*1). Hence, by the arbitrariness of ¢ we deduce

Jlim (/f 7) dpr( ))Zduk( /(/fx y)duo(w)) dpo(9),

for any f continuous on E x E. Therefore, applying this result to f := Pyt |p > 0
we get (5.2.7). All in all, we have proved that F' defines a continuous functional on
a compact space, meaning that it attains its maximum and thus the supremum that
defines 7y, is indeed attained.

In order to prove Yyar(E) & Ysy.op(E£), we claim that it suffices to prove

Yvar(E) =2 ’Vsy,wTOQ(E)‘

Indeed, since 0 < Pyythr, < Pyy, we trivially have ysyop(E) < Ysyy,,,2(E); and by the
choice of 19, we also have vsy ., 2(E) < 2C1Cs Y5y 0p(E), so the claim follows.
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Further, observe that we can restrict ourselves to the case that there exists p €
S(E) such that F(u) > 0. If this was not the case, since [ |[Su|dp S diam(E)** /75 <
oo, we would have, necessarily, u(E) = 0, implying, by definition, vy (F) = 0 =

75y,¢7072(E)‘
So let us assume that there exists u € X(FE) such that F'(u) > 0, meaning yy,, (E) >
0 . Let us begin by proving that any extremal pg for F' in this setting satisfies

/ Spol dpto < po(E). (5.2.9)
E

If this was not the case, then [, |Spol*dpo = Mpo(E) for some M > 1. Define
w1 = M~?p4 € (E) and notice that
M= po(E)?
F(Ml) = -1/2 0( ) 2

M=12po(E) + [5Spl? dp
_ M~ po(E)? _ o(B) _ po(E) Fluo)

M=1Ppg(E) + M—"Ppg(E) ~ 2M72 " 1+ M o
that is a contradiction. Then, (5.2.9) holds, and it implies, by definition, ug(E) <
Yoy apry 2(E). So we have

'7var(E) = F(MO) < ﬂO(E) < 75}’71/’7-072(E)'

On the other hand, for any p admissible for sy, 2(F),

n(E) u(E)? WE)?
= < < “Vvar E )
2 u(E)+u(E) T wE)+ [5|Sul?du ()
and the proof is complete. O

REMARK 5.2.4. Let us notice that (5.2.9) holds in general for any extremal mea-
sure po for F. Indeed, in the case that for any p € 3(E) one had F(u) = 0, then
pu(E) = 0. So any measure would be extremal and (5.2.9) would hold trivially.

Finally we give a new version of Theorem 5.1.1 that relates the capacities presented
in this section:

THEOREM 5.2.5. All of the above capacities defined via positive Borel measures
are comparable. More precisely, for E C R"! compact,

where the respective bounds of the potentials can be taken indifferently and indepen-
dently for P, P*, Py, or both P and P* simultaneously. Moreover, they are also com-
parable to

¥2(E), Yoy2(E); Yop(E), Ysyop(E) and  yar(E).
In addition, for each T > 0 the following holds

Yoy et (B) = ’Ys*y,wf,-l-(E) ~ Vsyr 2(E) = Yoy prop(E)
as well as
lim sup Yoy, +(E) < Yoy (E) S lim inf ygy 4 (E).
70 70

The relations for the capacities depending on 1 also hold changing each sy, for 7.
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5.3 The construction of the cubes

The goal of this section is to use Theorem 5.2.5 to carry out the construction done
in [Vo, §5.2] for Riesz kernels. We aim to prove the following result:

THEOREM 5.3.1. Let E C B1(0) C R™™! be a compact set consisting of a finite
union of closed cubes, with sides parallel to the axes. Then, there exists a finite
collection of dyadic cubes {Q1,...,Qn} that cover E and such that %Ql, e %QN
have disjoint interiors. Moreover, if F = U;"; Q;,

P;. %QiﬂE#Q, foreachi=1,...,N.

Pa. 74 (F) < Co+(E).

Ps. ¥, 9:(2QiN E) < G4 (B).

Py. If3.(E) < Cydiam(E)", then diam(Q;) < {sdiam(E), for eachi=1,...,N.
Ps. The family {5Q1,...,59Qn} has bounded overlap with constant Cs.

Constants Cy, C1,Cs, Cy are dimensional.

Before proceeding, let us clarify the from this point on E C R™*! will be a fixed
compact set and g will always denote a maximizer of vy, (F). Let us also write
explicitly the following expression, that will appear repeatedly, for the sake of clar-
ity: for p,v say positive finite Borel measures supported on F, we have, in light of
Definition 5.2.1,

S,(Sv) (@) = /E /E Py (& — ) Pay (§ — 2 (T — T (7 — 7) dv(2) du(3).

LEMMA 5.3.2. Let H be a positive Borel measure supported on E such that for
any Ao > 0 and any X € [0, Xo], ur := po + AH € X(E). Then,

H(E)uo(E) (MO(E) Lo / |5M012dm> < wo(B)? / (1m0l + 28, (Sp) ) dA.
E E
Proof. Let us begin by noticing that

[1o(E) + AH(E))?
po(E) + MH(E) + [ [Spal? dpn’

F(pn) =
where the integral in the denominator can be expanded as
[ 1S i = [ (So)? dpo+ 1 [ (Syal? att +2x [ (Spo)(SH)duo
E E E E

+ 2)? /E (Spo)(SH)dH + \? /E (SH)?* dpo + A3 /E (SH)*dH.
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Observe that for v € {4, H}, since Py and b, are symmetric functions,

/E Spol(F)S H () dv(T)
~ [ ([ 2sa=min@-nan® )( [ Pa-2a -2 a0 ) av@
~ [ ([ ([ e =@ =5 dio@) ) Palz = 2100 2~ ) () ) a2
- [ SusuE) an ).

Therefore, we may rewrite [, |Su|? duy as

[ 1S i = [ (Spal?auo+A| [ (St +2 [ 8,0 (Spw)a]

+A2UE(SH)2du0 +2/ESH(Suo)dH} +>\3/E(SH)2dH.

So condition F(p) > F(uy) can be written as

pio(E)?
110(E) + [(Sho)? dpo

. po(E)? + 220 (E)H (E) + N H(E)?
~ po(E) + AH(E) + [,(Spo)? dpo + A[ -]+ X[ ] + M- ]

or equivalently

A{uo(Eﬁ( _ H(E) + /E(Suo)2dH+ 2/}35#0(5,,40)@)

~ 20l EVH(E) |

E

(Suo)Qduo} + A2 +)\3/E(SH)2dH > 0.

Assume that A > 0 and divide both sides of the previous inequality by this factor and
make A — 0 to obtain the desired estimate. Let us notice that the kernel associated
to S is continuous, meaning that the terms in [---] and [,(SH)?dH are finite, since
H(FE) < oo due to the fact that py € £(E) for any A € [0, o] with Ag > 0. O

We remark that in the particular case we will apply this lemma, E will be a finite
union of cubes, so ug(E) > 0. Moreover, we will choose a specific measure H so that
H(FE) > 0. Therefore, in this setting, the inequality in Lemma 5.3.3 can be rewritten
as

MQ(E)+2fE|8/L0|2d,UO < 1
fo(E) ~ H(E)

which is a similar estimate that resembles that of [Vo, Lemma 5.6].

|Spol® +28,,(Spo) ) dH, (5.3.1)
E
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We shall apply (5.3.1) to prove an auxiliary lemma, but first let us introduce the
following notation for a certain maximal function applied to a measure:

Muy(T) := sup 71/(32(?)) .
r>0 r
LEMMA 5.3.3. Let E be a finite union of cubes. Then, for the potential
U = Mpo + Spio + Sy Stio,
there is a dimensional constant ag > 0 such that
Ut (z) > oy, VT € E.

Proof. Choose a; € (0,807 ™). If Ty € E is such that M py(Ty) > «; then we are done
at To. So assume M puo(Tg) < ay. Pick 1 < 719, Rg := €1/10 and By := Bpg,(To). Set
Hoo = folap, and define

G .= {y e BNE : M/,Lo(y) < 4—n}
We shall prove that the complement of G in BoN E is small. If 7 € (BgN E) \ G, then
there exists = r(y) > 0 so that

fo(Br ()

;r-TL

> 47"
If we had r > ¢1/20 = Ry/2, then

L _ pwo(Br(®) _ po(Baor(To)) . _
— < < M
807 S ogngn S 20" <y, since Mpuy(To) < ay,
and this cannot be. Then r < £,/20, implying B, (y) N (2By) = B,(y), which in turn
implies f100(Br (7)) = po(Br(¥)). So we have found

Vg € (BoNE)\ G, 3Ir(y) >0 such that

Hoo (B (7)) > 47", (5.3.2)

We continue by choosing ¢ (that was already smaller than 7y) small enough so that
LY ByN E) > a(n)Ry™ =: aRGT,

for some dimensional constant ¢ > 0. This can be done since E' is a finite union of
cubes. Notice also that the dependence on E of the previous estimate is in Ry, since
¢1 depends on 7, that depends on E. Using (5.3.2) and [Matti, Theorem 2.1] we
obtain a countable covering {Bs,,(7;)} of (By N E)\ G with {B,,(7;)} disjoint and
also satisfying (5.3.2). Now,

£n+1((BO N E) \ G) < 5n+1 ZT;L-H <2. 5n+1R0 ZT?
J J

<10-4" 5" R, Zﬂoo(Brj (;)) = 10- 20" Ry Moo(U B;, (yj))
J J

<10-20"Rg 110(2By) < 10 - 40" Ry oy =: A(n) Ry ey

A
< Eogﬁ”“ (Bo N E),
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where we have applied the hypothesis M po(Zy) < ay. Therefore, by definition of G,
LY(G) > <“ - 1) L ((BoNE)\ G).
Aa1
We pick a7 € (0,807") depending only on n so that
LMYG) =L ({ge BonE - Mug(y) <47"}) > 0.

We will now prove that for all sufficiently small A > 0, uo+ AL" |5 belongs to X(E),
ie.

M(po + ML) <1, on E if A€ (0, ).

Let us fix 7 € E,r > 0 and write uy := po + AL""Y¢. Distinguish three cases: first,
if B,(Z) N G = @ then it is clear that

M)\(BT(E)) _ :U'O(Br<§)) S 1

)

that is the desired estimate. If B,(2) NG # @ and Z € G, then

(B (2) _ mo(Br(7) | )\E”*l(Br(z) nG) _ 1 +Amin{rn+17 Rgﬂ}.

,r.n /]n’I’L ,r.n - 4n rn

If r < Ry, then

B.(2) _ 1 1
M < o 4+ Ar < YT + ARg < 1, for A small enough.
rn n "

If on the other hand r > Ry, we also have

1
L < — 4+ ARy <1, for X\ small enough.
rn 4n rn 4n

Finally, for the third case, that is, if B, (Z) NG # @ and Z € G, take § € B,.(Z) NG so
that

(B2 _ po(Bo(2) | min {7 RS e(Ba(@)

T 7 rn (2r)n

1 n
< o T 27+ AR,

where for the last inequality we have applied the reasoning of the second case. Hence,
in general, we deduce that for A > 0 small enough, u) € X(F).

Now we argue as follows: choose agk) < g1 a sequence converging to 0. For each &
set ng) = 55’“)/10 and build a set G, in BR(()k)(fo) as above. Let Hj, := L"|5, and

apply Lemma 5.3.2, or in this particular case (5.3.1), to get

1§#o(E)+2fE|Suo|2duo§ 1
po(E) Hy(E)

/E (1810l + 28, (Sno)) dHs.



5.3. The construction of the cubes 177

Since the measures Hy/Hy(E) converge weakly to a point mass probability measure
at T, by the continuity of the kernel associated to S we have

1

1 < |Spol*(To) + 28,0 (Spo)(To)  — 5 < |S 10> (T0) + Spuo (Stio) (To)-

Therefore, either |Spuo|*(To) > 1/4 or S, (Spo)(To) > 1/4, so in any case we get

1
Spo(To) + Spuo (Sho) (To) > vk

by the nonnegativity of each term. Since this last estimate follows if M puo(Ty) is
smaller than «j, chosen to depend only on n, setting ag := min{ay, 1/4} the result
follows. =

5.3.1 The construction

Both of the above lemmas are enough to carry out the construction of the desired
cubes in a similar way to [Vo, pp. 38-42|. Fix £ C B1(0) C 2Q)y compact consisting
of a finite union of cubes, and define the auxiliary potential

U™ (@) == UM (T) + M (Spo dpuo) (@).

Apply Lemma 5.3.3 to E and obtain its corresponding constant ag, and pick 0 < 8 < 1
depending only on n, to be fixed later on, and set

G:={ye R . a”o@) > fag} D E.

Consider {Q;}; a Whitney decomposition of G (see [Ste, pp. 167-169], for example),
that is: a countable family of closed dyadic cubes with disjoint interiors that cover G
and such that for some dimensional constant A > 0,

e 20Q); C G for each j,

o (AQ;)NG° # @ for each j,

o The family {10Q,}; has bounded overlap. Moreover, if 10Q; N 10Q); # &, then

0Qy) ~ 1(Q.):

From those @; satisfying %Qj N E # &, choose a finite subcovering and enumerate
them as Qj,,...,Qj,. We shall check that

Q;:=2Q;, i=1,...,N

is the desired family of cubes that satisfies the properties in Theorem 5.3.1. It is clear
that properties Py and Ps are satisfied by construction, so we are only left to verify
P2, P3 and P4. The first two will be checked for vy + instead of ¥4, which is enough
due to the comparability of both capacities.

Proof of Py in Theorem 5.3.1. We shall prove that property UHro (Z) > Pag on F,
implies

Ysyop(F) < (E),

%Mo
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where p is an extremal measure for yy,;(E) and C' > 0 is dimensional. If this is the
case, we are done, since we have

C C
’Ysy,+(]'—) ~ %y,Op(]'—) < M’Vv&r(E) < m'Ysy,wTo:Z(E)

C
< - 20102'Ysy,0p(E) ~ 75y7+(E)’
Bag

where for the third estimate recall Remark 5.2.4 and the fact that relation (5.2.9)
holds in general, and in the fourth inequality we have used the definition of 7.

So let us choose p admissible for sy op(F) With Yy op(F) < 2u(F) and observe
that

1Sullze -2y < 1Pyl 22y <1,

since Py and the measure ;o are nonnegative. Therefore, S, becomes a C-Z convolu-
tion operator (with continuous kernel), so that it satisfies the weak estimate

p({Sho > A < 288,

where C’ > 0 is dimensional. By definition, for each T € F,

U (T) == Mpo(%) + Spio(T) + Sy (Spo) (F) + M(Spo dpao) (7)
=:1(z) + II(z) + I1I(Z) + IV(Z),

so at least one of the four terms is larger than % =: a. In fact, if we name

Fi={zeF :1(z)>a}, Fo:={z€cF :IT)>al,
Fi:={z € F : 1I(T) > a}, Fo:={T€F : IV(T) > a},

we have F = U, F;. So in particular u(F) < Y3+, u(F;) and then, necessarily,
there exists i € {1,2,3,4} such that u(F;) > u(F)/4. Let us study separately each
possibility:

1. If i = 1, then Mpy > a on Fy with u(Fy) > p(F)/4. For each T € F; choose
a ball By := B, (Z) so that uo(Bz) > ar(z)". Apply Besicovitch’s covering
theorem [Matti, Theorem 2.7] to extract a countable collection of balls { Bz, };
with bounded multiplicity of overlapping (with constant depending only on n)
covering F;. Then,

nF) _

(F1) < po(E)

4 _M(fl)SZM(B@)SZTH(@)S%Z”O(B@)SMoa - a

since pg is supported on F.

2. If i = 2, Spo > a on Fy with pu(Fz) > p(F)/4. Using the weak estimate
presented above we get the desired estimate

M) < () = (im0 = a)) < S pu(B).

)
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3. If i = 3 we get S, (Spo) > a on Fs with pu(Fz) > p(F)/4. By (5.2.9) we obtain

MF)

2 < ) = (S > o) < & [ Spoding
E

!

< CC;MO(E)l/Q(/E(SMo)Q dﬂo)2 < %MO(E>'

4. i=4, M(Suodpo) > a on Fy with u(Fy) > u(F)/4. Proceeding analogously
as in the first case, we deduce

]:)Sl/sﬂod,uo,
aJE

and arguing as in the third case we obtain the desired result.

To prove P3 we will need the following lemma;:

LEMMA 5.3.4. Fori =1,...,N define u; = N0’5jS and consider the auziliary
potential
WH = Mp; + S, 1+ S, (Spo) + M (Spo dpsi).

Then, there exists a dimensional constant of, > 0 such that for each i =1,..., N,

4% (f) > Oé{)ao, VT € 4(2]I NnE.

Proof. For the sake of notation, in this proof we rename @Q; := @Q;,. Fixi=1,...,N,
T €4Q;NFE and z € (AQ;)NG®, which is non-empty by construction. So in particular
Muo(z) < Bag,  Spo(z) < Bag. (5.3.3)

Now choosing, for example, R := 2(4 + A)diam(Q);) it is clear that we have
_ . R
|7 —Z| < (4 + A)diam(Q;) < PX

Therefore, using the C-Z estimates for P15, the nonnegativity of the latter kernel
and relations (5.3.3) we have

Swa@) = [ Pyl D@9 ()

< Bag + /
[z-g|>R

Psy(f - ?Wm (T - g) - Psy(z )¢TO y)‘ d,u'O

duo(y dug(y
< Bag + T — Z %NﬂaoJﬂx—z\ %
m—g1>R [T =Vl z—gi>Rr/4 |Z =7
(B z Bag(27R
< Bag + = ZW Bog + = Z (;]R nﬂ) < Bag. (5.3.4)

23 23
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We also notice that there exists A = A(n) > 0 such that
Mpuo(Z) < max { A Bag, M (Z) ). (5.3.5)
Indeed, if r > £(Q;)/20 then

po(By(T)) < MO(B40\/EAT(§)) < ﬁ(n)ﬁao.

If r < £(Q;)/20 use that T € 4Q; and p; := pol50, to simply have

/JJO(B’I‘<T)) _ Mj(Br(f))

Tn Tn

)

so indeed M po(Z) < max {ﬁ Bag, Mpu;(Z)}. Having made this observations, we recall
that by Lemma 5.3.3 we always have

Mo + Spo + S (Sho) > ap, on E.

Now we distinguish three cases:

1. If Muo(T) > ap/3. Then (5.3.5) implies
ap T _
? < max {ABO(O, M/J’Z(:E)}a

so choosing 8 < (64)~" we deduce Mp;(T) > ag/6 and we would be done.

2. If Suo(T) > ap/3, by (5.3.4) there exists C' > 0 dimensional such that

S(ul @) @) > % — CPag > %,

for 8 small enough. In addition, by definition of R,

n

, Bor(Z n v R
S(M|BR(E)\5Qi)(T) <C W =2 Cﬂaog(Q)n

(3

= C//ﬂ()éo.

Hence
(&%)

e
Spi(T) = S(molsq.) (@) > ZO —C"Bag > =
for 8 small enough, and we are done.

3. If S, (Sp0)(T) > /3. Let us observe that for zZ € (AQ;) NG, by definition of
G we also have

M(Spoduo)(z) < Bag,  Sue(Sho) () < Ba.

So choosing again R := 2(4+ A)diam(Q);) we would be able to prove analogously
as in (5.3.4) that
S1o.r(Sto)(T) < CPay,
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for some C' > 0 dimensional. Moreover,

f z 8/1’0 d,UfO
S#O\B @\5Q; (Sho)(T) < C/% < C"Bay,
R % E(Ql)
where we have used, again, the definition of R and that M (Suoduo)(Z) < Bap.

Therefore,

Sui(S110)(T) = 8o (S10)(T) = Spo 51150, (SHONT) = S r(S o) (T)
> 20 C"Bag — CPag = 22,
3 5
for 8 small enough, and the proof is completed.

O

Proof of Pg in Theorem 5.3.1. Repeating the same arguments presented for the proof
of Py, one deduces that property W":(Z) > ajc, for every T € 4Q;, N E and every
t=1,..., N, implies

c
7sy,0p(4jS N E) < o (U0(5jS) + /5Q SUO dMo)-

00

But notice that the bounded multiplicity of overlapping of the family {10Q;}; and
the fact that pg is supported on E yield

N
Z (MO(jS) + /5% Shio dﬂo) S po(E) + /ES,LLO duo < 2p(E),

i=1

where for the last inequality we have used (5.2.9). Therefore, by the latter relation
and using the definition of 7y we get

N N
Z%y&(‘lQﬁ NE)S Z%y,op(‘lei NE) < po(E)
i=1 i=1
= Yvar(E) < 7sy,wfo,2(E) < 2C1Cosy,0p(E) S Yoy, (B),
that is the desired estimate. O

Finally, we prove P4. Let us first observe that the assumption
¥+(F) < Cidiam(E)",  for Cy > 0 dimensional to be fixed below,

is not at all restrictive. Indeed, if it failed, [MatP, Lemma 4.1] would imply
~ n . n 1.
H(E) < () £ HA(E) < diam(E)" < 55, (E),
+

and we would be done.
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Proof of Py in Theorem 5.3.1. Fix T ¢ F and observe that the following estimates
hold

Sto(T) < dls/:(():iE;)"’
Sy (Stio) (@) < m [ [ Poti =25 - 2 o) o

po(E)
dlst (Z, E)" / Stio(@) dno(7) < dlst(()x Ey’

where for the last inequality we have applied (5.2.9). Since supp(uo) C E, we have

B, (% B, (% FE
sup po(Br(T)) —  sup po(B(T)) < 'Moﬁ ) :
>0 rn r>dist(7,E) ™ dist(z, E)"

and moreover, due to (5.2.9) again,

1 1
sup — Spo(@) dpo(y) = sup  — Spo(y) dpo(y)
>0 T" B, (%) T>dlst(x E) " B, (T)
po(E)
dlst (z, E)" / Sto(H) dno(7) < dist(z, E)*’

All in all, we get
Apo(E)

U (@) < dist(z, E)’

Let us pick T € G N E¢ (which is non empty, since E' C G with G open, by the lower
semicontinuity of the potential 2#0) so that U"() > Bay and observe that using the
definition of ug and 7y as in the previous proofs, we get

o 8CC 8CCLC
dist(z, £)" < ﬁVSY,OP(E) < ailﬁz%yﬂ— (E)
16CCCy 16C'C1Cy .
< — =5 (F — = (Cdiam(E)".
< (B < O dim(B)

Choosing C, appropriately to neglect the effect of all the above constants that have
already been fixed, the result follows. Indeed, this is because the previous estimate is
valid for all 7 € G N E¢, implying that one can make G say dial‘gg(oE ) close to E. Since
we also know that 20Q; C G we have

diam(2Q;) < %Odist(ag,Qj)a

where dist(0G, ();) is comparable to dist(9G, E) since the cubes @; have been also
chosen so that ng NE # o. O
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5.4 A comparability result under an additional assump-
tion

Let E C R™! be a compact set. As it is stated in P4 in Theorem 5.3.1, we shall
work under the following additional assumption:

A;: 74 (FE) < Cydiam(E)™, with C; > 0 dimensional.

By the translation invariance and Y(AE) = \"Y(E), 74+ (AE) = \"3,(E) (see Theorem
4.2.2), it is clear that we may assume F C Bj(0) without loss of generality. In fact,
in order to apply Theorem 5.3.1 let us check that we can assume:

As: E is contained in the unit ball and consists of a finite union of dyadic cubes
belonging to a dyadic grid in R™™! (with sides parallel to the coordinate axes),
all with the same size and with disjoint interiors.

Let us verify that if we deduce the comparability between 7 and v, for E satisfying
A, we obtain the same result for a general E. So fix E C R"™! any compact set
and let Us(F) be the closed J-neighbourhood of E. Consider a grid of dyadic cubes
in R""! with sides parallel to the axes and diameter smaller than §/2. Name FEj the
collection of dyadic cubes that intersect E and notice that F C Ey C Us(E). Now we
would have

Y(E) < 3(Eo) S V+(Eo) < ¥+ Us(E)) < 74 (Us(E)).
Letting 6 — 0 and using the outer regularity of v, we deduce, by Theorem 5.2.5,

V(E) S 7+(E) S 7+(E),

and the result follows.
Finally, we present the final additional assumption that motivates the title of this
section:

Az, Let {Qy,...,9n} be the family of cubes provided by Theorem 5.3.1 and Cy the
constant appearing in point Pg of the same theorem. We will assume that

N
J(E)>Cr' Y A(2Q:iNE).

i=1

The aim of this section is to prove the comparability between ¥ and 4, under as-
sumption Az. Later on, we will get rid of these hypotheses in some particular cases,
for which we will obtain the desired comparability in full generality.

5.4.1 Basic definitions and properties

Let E C R™! be a compact set verifying A1, Ay and Ag. We begin our argument
by fixing a distribution 7}, admissible for ¥(E) so that [(Tp,1)| = J(E)/2. We know
that Tj has n-growth with constant 1 and

|1P * Thl|oo < 1, | P* % Tplloo < 1.
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Let F := UY,Q; be the covering by cubes provided by Theorem 5.3.1. Recall that
Q; = 2Q;, where {Q;}¥, is the finite subset of dyadic cubes with disjoint interiors of
a Whitney decomposition of G D E, with the property %Qi N E # @. We write

N
F = UQ1CF

i=1

Since E C F', by monotonicity and the properties in Theorem 5.3.1 we also have
Py F+(F) < Cova(E),
Pi. SN 71(2QiNE) < C174(E) and by Ag we also have 1, 7(2QiNE) < C17(E).
P}. diam(Q;) < y5diam(E), for each i =1,..., N,

P;. The family {10Q1,...,10Qx} has bounded overlap. Moreover, if 10Q;N10Q; #
@, then £(Q;) =~ ¢(Q;).

In order to simplify the arguments, in this section we will work with the cubes
Q1,...,Qn instead of Q1,..., 9y, and with F instead of F. Let us choose for each
Q; a ball B; C %Qi concentric with @; with radius r; comparable to ¥(2Q; N E)l/ ",
Notice that

F(2Qi N E)™ < 5(2Q:)'" ~ £(Qs).

Therefore, we may choose 7; ~ 7(2Q; N E)Y/™ with constants depending at most on the
dimension and still have B; C $Q;. Notice that dist(B;, B;) > 1 min{¢(Q;),4(Q;)},

for i # j. We define the positive measure

H ::;M" Z£n+1(B)

Apply [HPo, Lemma 3.1] to pick test functions ¢; € C°(2Q);),0 < ¢; < 1, satisfying
[V@illoo < €(2Q;)~" and with 3=V, ; = 1 in F. We also define the signed measure

(5.4.1)

n+1

N N
TO QOz . <T0 ‘Pi>
’ £”+1 that = ’ . 5.4.2
Z£ | at1s v ; o M ( )

Since supp(v) C supp(p) C F and v < p, have v = by, where b is the Radon-Nikodym
derivative.

LEMMA 5.4.1. The following hold for some dimensional constants c1,c3 and c4:
1 []blloc < 1.

2. v(F)| =7(E)/2.

5. Y(E) < csu(F).

4. [v(Q)] < csl(Q)™ for any cube Q C R™.
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Proof. Let us prove 1. By the localization result [MatP, Theorem 3.1] we get || P *
(piTh)||oo < Ay, for every 4, where Ay = A;(n) > 0. Analogously, the same localization
result holds for P*, so there also exists Ay = Ay(n) > 0 with ||P* * (¢;T0)]|cc < As,
Vi. Therefore, since supp(y;Tp) C 2Q; N E we have

which yields the desired result.
To prove 2 we simply use the definition of v, BN F = B; and supp(7Tp) C F C F:

Ta 7 n 1.
T, i) /d,c i =‘<T0,Z‘701>’—|T07 DI = 3(E).

Finally, 3 follows by the choice of radii ; and the admissibility of ;Tj for 7(2Q; N E),

|v(F)|

N N N
(E) = 2Ty, )| < 22 [(To, pi)| S Zﬁ@@i NE)~ ZT? =

i=1 i=1 i=1
The proof of inequality 4 can be followed analogously to that given for property
(g9) of [T5, Lemma 6.8]. We refer the reader to this last reference for the detailed
arguments. O

REMARK 5.4.1. In the proof of inequality 4 it is used that for a Borel signed
measure v satisfying ||P * v||oc < 1 one has |v(Q)| < C4(Q)", for some dimensional
constant C' > 0 and any cube Q C R"!. In order to justify that this holds in our
context we will prove the following: given ¢ € C°(R"*1) such that ||P * ¢« < 1,
then | [, pdLn < CU(Q)™, for some C > 0 dimensional. If this is the case, we will
be done by mollifying v to be v, := v % 1), with (1.). a proper approximation of the

identity and applying, for example, [Matti, Theorems 1.24 & 1.26]. Let us estimate

| [ 9 d L™ as follows:
< ‘/&(Pw)(w)dw
Q

’ /Q<p(a:) dz

For the first term of the right-hand side we set Q = Q1 x I C R" x R where I is
the temporal interval, that we write as I = [a, b] for some a,b € R with a < b. This
way, by Fubini’s theorem,

‘/Q@t(P*go)(a:)dx _ ‘/ (/abat(P*ap)(:c,t)dt> dz

:’/1(pw(a;,b)—Pw(g;,a))dx

—‘v-’/Q(—A)l/2(P>(<g0)($)dw

S P * ol £™(@1) < UQ)"

For the second term we recall that we have the following representation

1/2 i
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where R;, 1 < j < n are the usual Riesz transforms with Fourier multiplier &;/|¢;|.
Notice that if we prove that P x (Rjp) € L>®°(R™"!) for each j = 1,...,n, we are
done, since we may argue as above decomposing the cube @) as a cartesian product
of an interval and an n-dimensional cube. To study P * (R;p) we consider its Fourier

transform mPgo Notice that P € (L' + L?)(R"*!) (just decompose it as Pxz<1 +
PX\;E\>1) and therefore P € (L™ + LQ)(]R"“), and we write its decomposition as

P, + P,. Now it is immediate to check that & \E\ P € L (R™*1) and we also have

| 5|P2<,0 € LY(R"*!) using Cauchy-Schwarz inequality. Therefore the Fourier transform

of P« (Rjyp) is integrable, implying P * (R;p) € L>(R""!) that is what we wanted to
see.

5.4.2 The exceptional sets Hp and Tp

In light of the third property in Lemma 5.4.1, assume we find a compact set G C F'
such that

1. ju(F) S u(G),

2. p|g has n-growth,
8. P, is a bounded operator in L*(u|c).
Then, p|q is admissible for 7., (G), and we are done, since we have

VE) S uF) S mG) < 70p(G) < 70p(F) = 71 (F) S 74(E), (5.4.4)

where the first inequality is due to Lemma 5.4.1 and the last is by property P, above.

The construction of G is inspired by the Tb-theorems found in [T5, Theorem 5.1]
and [Vo, Theorem 7.1], which are presented for the particular case of Cauchy and
Riesz potentials respectively. To apply this kind of results we need to introduce the
notions of Ahlfors ball, Ahlfors radius and Ahlfors point in our context. Due to [MatP,
Lemma 4.1] there are positive dimensional constants aj, as such that

¥(F) < ay diam(E)",
and also
ay 'l <F(2Qi N E) < agr?

for each i = 1,..., N, where r; is the radius of the ball B; C @); constructed at the
beginning of §5.4.1. Let
L= 100”a1a201,

where C; and (5 are the constants appearing in Theorem 5.3.1. The factor 100 is ar-
bitrarily chosen; we may pick, for convenience, any other large constant. Assumption
A3 implies

N N
= ZT‘? S as Zﬁ(QQl N E) S CLQC];);(E) S alaQC’l dlam(E)"

=1 i=1
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Therefore:

1
Vz € F, VR > ﬁdiam(F) . w(Br(T)) < LR"

A ball Bg(z), T € F, is an Ahlfors ball if precisely the estimate u(Bgr(T)) < LR"™
holds. Notice that if R > tisdiam(F), then the ball is an Ahlfors ball. We also define
the Ahlfors radius,

R(Z) :=sup {r > 0: B,(T) is non-Ahlfors }. (5.4.5)

Abhlfors points are those for which R(Z) = 0. For every T € F, we have R(T) <

Tigdiam(F). Set

H' := | Br@ (@),

zTeF

where we convey By(Z) := &, and apply a 5r-covering theorem [Matti, Theorem 2.1]
to choose a countable family of disjoint balls {Br, }+ := {Br(z,)(Zr)}x such that

H' C H :=|Bsg,, (5.4.6)
k

so that all non-Ahlfors balls are contained in H. Observe that since p(Bg,) > LR}
and the balls B, are disjoint, we have

SRE <13 u(Br,) < ().
k k

Let D° be the usual dyadic lattice in R"*! and for 7 € R"*! we write
D(z) :=7 + D",

the translation of DY by the vector Z. Let D = D(Z) be any fixed dyadic lattice
from the family of lattices {D(¥)}5ern+1. Consider the subcollection of dyadic cubes
Dy C D defined as follows: @ € Dy if there is a ball Bsg, (Tx) satisfying

B5Rk (Tk) naQ 7& %) and 10R, < K(Q) < 20R4. (5.4.7)

Then, it is clear that

UB5R,€(E]€)C U Q
k

QeDy

Pick a subfamily of disjoint maximal cubes {Qy }; from Dy so that we may define the
exceptional set Hp as follows

U @=J@k=: Hp = Hpg).

QEDH k

By construction one has
H C Hp), VT eR",
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and since for each ball Bsg, (Tx) conditions (5.4.7) can only occur for a number of
cubes in Dy which is bounded by a dimensional constant, there is ¢y = ¢y (n) > 0 so
that

S UQY" < en Y R < FHu(F). (5.4.8)
k k

We define the exceptional set Tp in a similar manner but imposing a proper accretivity
condition on the Radon-Nikodym derivative b. Consider the family Dy C D of cubes
satisfying

1(Q) > erlv(Q)l, (5.4.9)

with ep(n) > 0 big constant to be fixed below. Let {Qy}r be the subcollection of
maximal (and thus disjoint) dyadic cubes from Dp. We define the exceptional set
Tp =Tp(z) as

TD = U Qk
k
The next result shows that p(F\ (Hp UTp)) is comparable to p(F). The reader can
find its proof in [T5, Lemma 6.12].

LEMMA 5.4.2. If L and cp are chosen big enough, then
1
v(Hp UTp)| = 5v(F)]  and  p(Hp UTp) < dop(F),

with g < 1 dimensional.

5.4.3 Verifying the hypotheses of a T'b-theorem

The goal of this subsection is to prove the lemma below, analogous to [T5, Lemma
6.8 (Main Lemma)]. We remark that in order to apply the Tb-theorem of [NTrVo2]
we will need to check an additional weak boundedness property for a particular sup-
pressed kernel, due to the lack of anti-symmetry of P. Following the proof of the
aforementioned reference or that of [T5, Theorem 5.1], one notices that such condi-
tion is already satisfied, since the Cauchy kernel is anti-symmetric.

LEMMA 5.4.3. Let E C R"! be a compact set verifying A1, Ay and Az. Let
F :=UN, Q; be the covering provided by Theorem 5.5.1, and F := UN.,Q; = UX,1Q;,
that still satisfies E C F. Let 1 and v be the measures defined in (5.4.1) and (5.4.2).
Then, there exists a subset H C F', such that

1. v = bu for some b with [|b]|s < c1.

2. [v(F)| =3(E)/2.

3. ¢5'3(B) < p(F) < c39(E).

4. For any cube Q@ C R™™ | [1(Q)] < cal(Q)™.
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5. The following hold

P W@ < n(P) [ 2@ @) < el

6. If (B, (x)) > Lr™ ( for some big constant L), then B.(Z) C H. In particular,
for anyT € F'\ H and r > 0, one has u(B,(z)) < Lr".

7. H is of the form Uycr,, Br,.(Tk), for some countable set of indices Iry. Moreover
ZkEIH r/TcL S %N(F)

Constants c1, c3, cq and cs are fived and dimensional, while L can be chosen arbitrarily
large.

Let us check that many of the hypothesis in Lemma 5.4.3 are verified for our
particular choice of u and v. Properties 1, 2 and 4 are proved in Lemma 5.4.1, and &
follows from the third property of the same lemma, and by assumption As combined
with r]* &~ 5(2Q; N E). Moreover, taking H C F to be as in (5.4.6), properties 6 and
7 are also guaranteed by definition. So it remains to check hypothesis 5. To do so,
let us begin by presenting a series of auxiliary results.

LEMMA 5.4.4. Let T be a distribution supported on a compact set E C R with
|P*T|o <1 o0r|P*T|s <1. Let Q C R" ! be a cube and ¢ € CC{N(ZQ) such
that ||¢|lec < DU(Q) and ||Vellee < AD. Then

(T, o) S DUQ)™ .

Proof. Recall Remark 5.1.1 to notice that the proof is simply an application of [MatP,
Corollary 3.3] to ¢ := [2AD£(Q)]_1¢ € C! \(2Q) that is such that [ Ve [e < £(2Q)7".
Observe that [MatP, Corollary 3.3] is also valid for P*, which can be proved analo-

gously using that P* is fundamental solution of the conjugate operator e’ O

LEMMA 5.4.5. Let E C R be compact set and Q@ C R a cube. If T is a
distribution supported on E C Q, then the following holds:

1. If|PxT||oe <1 or [|P**T||os < 1 and ¢ € Ci(2Q) satisfies ||¢|| 1 2q) < D Q)
and ||Vl|pe@q) < D, then

2. If |P*xTl|loo <1, [|[P*+T|looc <1 and ¢ is as above, then
(T,)| S DUQ) -F(E).

Proof. We prove 1 under the assumption |[P % T||oc < 1 (the proof is analogous
for P*). Consider a test function 1 € C(2Q) with [[¢]|e < 1,||[VY |l < £(2Q)7!
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and 9|g = 1. Notice that n := ¢y belongs to Ccl,N(2Q) and ||7]lec < D¥(Q) and
IVnlleo <2D. Then, by Lemma 5.4.4 and the fact that supp(T) C E C Q,

(T, @)l = (T,n)| < D Q)™

To prove 2, assume that ||P* T < 1 and ||P**T|« < 1. Consider ¢ as before and
define the auxiliary function

1= [4DL(Q)] ey € CLr(2Q),

that is such that | V7|« < £(2Q)~'. By Remark 5.1.1, we shall apply [MatP, Theorem
3.1] to deduce ||P * nT||0o < 1 and ||P* * nT||oo < 1. Hence |(nT,1)| < 7(FE), that by
definition means

(T,)| S DUQ) -F(E).
O

Let us now consider a distribution 7" supported on £ C Q = Q(cg,4(Q)) with
|P*T|s <1and ||[P**T|s < 1. Fix any z € R""!\ 3Q and set

pz() =PE—)-PE-cq) @) =P E-)-P(F-c)

Write Z = (z,7) and let 7 = (y, s) be a generic point in R"*!. We define the null set
N = N (Z) to be the horizontal hyperplane

N={geR"! :s=71}

This way ¢z, o5 € C3?(2Q). Moreover, for any 7 € 2Q), by [MatP, Lemma 2.1},

3 o _ |g—CQ| K(Q)
_ — |P(% — — P(z - < < )
lp=@) = [Pz =5) = PE =)l S 5= 0 S iz, pyre

and for any 7 € 2Q \ \V,

Vo)l = [VP(E-7)| S Lo o !
'z = z — — S " — .
wz\Y Y= ‘Z _ y‘n-‘rl |Z _ CQ|n+1 ~ dlSt(Z,E>n+1

and the same bounds clearly also hold for ¢%. Therefore we have

(@ HQ)

N
~—

HQOZ HL (2Q) N dist(?, E)n+1 ) H(szL (2Q) ~ diSt(Z, E)nJrl )
UQ) 1
ST < v X oo <.
IVerllizoo S gz ppn IVeEl=co S Gm mm

Hence, using the identities

| P+ T(2) = (T, 1)P(Z — cq)| = (T, ¢z)l,
[P+ T(2) = (T, 1)P"(z — cq)| = KT, ¢3);

a direct application of the second statement in Lemma 5.4.5 yields
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COROLLARY 5.4.6. Let E C R"! be a compact set contained in the cube Q =
Q(co,4(Q)), and T a distribution admissible for ¥(E). Then, for any z € R"™\ 3Q,

_ _ UQ)
PxTZ)—{T,1)P(Z— < — F(F
[PT(2) ~ (L VPE - o)l £ g V()
_ _ UQ)
P*xT(z)— (T, 1)P*(z — < E).
’ * (Z) < y ) (Z CQ)| ~ diSt(E,E)nJ'_l’Y( )
LEMMA 5.4.7. Let
T Ta % n .
<piT0::%£ g i=1,...,N.
For eachi=1,...,N, we have
1. |P % 9Tplloe S 1 and ||P x 0Tl < 1.
2. For any z € R\ 3Q;,
— £(2Q; _
P e eiTh(z) — P olT(3)] § i) 520, 1 ).

~ diSt(E, QQi)n—i-l
The same results hold changing P by P*.

Proof. The first estimate in 1 is just a consequence of the localization result [MatP,
Theorem 3.1]. Regarding the second, fix T € R"™! and compute:

—_— [(To, i) / dy 1 / dy
P xp;Tp|(7) < < = _ ,
1P x oclol(2) < LrH(B;) Jp, [T =y|" ~ i Jp, [T Y

where we have used that [(Tp, ¢;)| S 77, that has already been argued in (5.4.3). We
deal with remaining integral as follows:

/ dg / dy +/ dy
B T =" Jpingzgzea T JpingE-gi<ry =00

n+1 i =
< L7 (Bi) N / dy
B

> n — —n ~ T
5 4r; (T) T — 7l
Let us prove 2: fix z € R*"!\ 3Q; and notice
— ilo, 1 _
|P * 9 To(2) — P * piTo(2)| = ‘p* 0iTo(Z) — Wp* 1i(%)|,

i

where
e = [ (PG - PE- ) D P )

i B;
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Therefore
|P + 0 To(2) — P * piTo(2)]
< |P* i To(2) — (piTo, 1)P(Z — cB,)

ilo, 1 — _
ﬁiﬂo |/ |P(z—7y) — P(z—cg,)|dy. (5.4.10)

Apply Corollary 5.4.6 to T := ¢; Ty, admissible for ¥(2Q; N E) to deduce

0(2Q;)
(z,2Q; N E)

0(2Q; -
< (M&%W(QQiﬁE). (5.4.11)

|P % 0 Ty(z) — (¢iTo, 1) P(Z — cB,)| S

—7(2Q:NE)

By [MatP, Lemma 2.1] and estimates in the proof of Lemma 5.4.1 we also have

ﬁfflb’ ) / |P(z —9)—P(z - c, )!dy
s i ]z—cB |+l / v -
n+1
~ dlStE(Z, 2(621)”+1 ~ dist(z, 3@1)”“7(291- nE)
< m%@@i NE). (5.4.12)
Hence, using (5.4.11) and (5.4.12) in (5.4.10) we finish the proof of 2. O

Our next goal will be to obtain a regularized version of statement 2 in Lemma
5.4.7. Consider ¥ a smooth radial function i supported on B;(0) with 0 < ¢ < 1,
[ =1and ||V <1, and set

U.(7) = €n1+1¢<m>, e>0.

€
Notice that [ ¥, =1 for every € > 0. Define the regularized kernels
R.:=V_x P, R =V, x P*,

as well as R, . and R,
Borel measure pu.

1..e+ its associated convolution operators with respect to the finite

REMARK 5.4.2. Observe that, in particular, for a point Ty = (¢, tp) with |Zo| > ¢
and to # 0 we have

Rg(f()) = P(TQ) and R:(fo) = P*(fo)
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This follows as in [Vo, Equation 3.32], using the harmonicity of P and P* in R"*1\
{t = 0} and the mean value property in that domain. Notice that we need the spherical
symmetry of ¥, and [ W, =1 to ensure this.

On the other hand, for any 7, such that |Zy| < € we have

1 . 1
|R=(Zo)| < p and  |RZ(Zo)| < pre
Indeed, using the definition of ¥ and the fact that 0 < ¢ <1, we get

|R5($o)§11/ 7dx7 < 11/ Jiixfﬁiv
et Jp o) [To —Z[" T " Jop o) [To —T|" T e

and analogously for R (7).

LEMMA 5.4.8. For any z € R"™\ 4Q;, any e > 0 and eachi=1,...,N,

|R€ * p;T0(Z) — Re * ﬁo(f) < 0(2Q;)

~ ny(?@i NE).

The same result holds changing R. by R}.

Proof. We will proof the result only for R., since the arguments for R} are analogous.
Fix z € R"™ \ 4Q; and ¢ < 1dist(Z,2Q;). This way, since for any § € B:(%) we have
dist(7, 2Q;) =~ dist(z, 2Q;), by Lemma 5.4.7 and the fact that fBE(E) U .(z-y)dy=1
we deduce

|R. * ¢iTy(2) — R * 9Ty (2)| < / V. (z —9)|P * i To(7) — P * p:iTo(7)| dy

B.(z
£(2Q:)

S Wﬁ@@i NnE),

the desired inequality. Hence, we are only left to study the case ¢ > %dist(?, 2Q;).
Observe that in this setting, since z & 4Q); we have ¢ 2 £(Q;). Write

o; = il — Sé;foa

so that

R, + as(%)| g/ P —9)| . * ai()| d7.

supp(¥e*a;)

Observe that supp(cp?fo) C By, supp(p;Tp) C 2Q; N E and supp(¥.) C B-(0). Then,
the support of U, * a; is contained in U.(2Q);), an open e-neighborhood of 2Q);. This
implies

-
Y < (0(Q) +2) [1We * ulloo S € [|We * | oo,

R*Z‘i <\Ij*loo — —
Rera@l < Worale [ =Trg

Ue (ZQZ)
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by integrating over decreasing annuli centered at Z, and using that dist(zZ,20Q);) < 2e
and € 2 £(Q;). On the other hand, if n; € C°(3Q;) with 0 <n; <1, n, =1 on 20Q);
(where the support of o; is contained) and | Vn; e < £(Q;)~!, we have

W, * az(w) = <\Ijs(w_ ')7ai> = <\II€(@— ) - \Ijs(w_ CQi)vai>
= ((Ve(@ — ) = V(W — cq,))mi, i),

where we have used (p;Ty, 1) = (@;Tp, 1).
We claim that for each @w € R"*!, the function

p(§) = (Ve(W — &) — Ve (W — cq,))mi(8),

satisfies [|0]|oo < e~ ™F20(Q;) and | Voo

Lemma 5.4.7 implies that ¢Tj is admissible for 5(2Q; N E) and that 57\}) is admissible
for 4(B;), we have, by Lemma 5.4.5,

o] = [, £ B 520, 0 B) +4(8)

HQi) (~ Qi) ~
S e(gg){'V(QQiﬂE)"FT?} ~ 8(32)7(2QiﬂE).

< ¢=("+2)_ Then, using that statement 7 in

~

Therefore,

e oo p—

|Re % 0i(Z)] S e+ Ve x tifloe S N dist(z, 20,

7(2Q: N E),

where we have used dist(z, 2Q;) < 2e, and we deduce the desired estimate. Hence, we
are left to prove the claim. Let us fix w € R"*! and compute: on the one hand

1 = Q)
lelloo = el 30 < Z sup € = cqil - [Vl S =55
€7 Eesq, €

while on the other hand

IVelloo = IVl (302

sup |V (W — &) — V(W — cq,)

< 1 1
B E(Ql) £€3Q;

1
+ WHVW«: < prECy

Hence, we are done. O

Let us finally prove property 4 in Lemma 5.4.3:

LEMMA 5.4.9. The following estimates hold:

Py du(y) < w(F), Zv(@) du(y) < p(F).
F\H F\H
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Proof. We only prove the first estimate, since the proof of the second is analogous.
Begin by noticing that

P00 @) = [ sup| 20(@) du(o)
F\H F

\H >0

g/ sup\%y(y)—ng(y)|du(y)+/ sup [Rov(g)| dp(g) = 1+ 11
F\H £>0 F\H ¢

For I, observe that for each ¢ > 0 and §J = (y,s) € F'\ H, since v < p < L]
v({(z,7) e R™™ : 7 =s}) =0,

so applying Remark 5.4.2 we deduce

|Z.v(y) — Rev(3)]

= R.(y—72z)dv(z R.(y—2)dv(z) — Py—2)dv(z
|/yz|§s (y ) ()+~/yz>s (y ) () /|yz>5 (y ) ()

= ‘/—l< R.(y —z) dv(z)

Then, using that 7 € F'\ H we get |I| < u(F). So we are left to estimate II. We
introduce the notation

< ZWIB.0) S Sa(B.@) < Mu(p)

R. % v(y) := sup |R: * v(7)|,
e>0
so that

- [ B 0)du) < / e D) )+ / e = D)) dnto).

Since ||P * Tpllo < 1 by construction, we also have ||R. * Tyl < 1, uniformly on
€ > 0. For the second integral in II,

/F\HR (l/ - T() du(y) < Z/ R * QDZTO - %TO) (y) d/"(y)

=

=> ( / o, Ry (piTo — ¢iT0) (7) du(@) + /F o R, + (piTy — 0:To) () du(g))

=1

z -

= Izl+1127
1

1=

where in the first inequality we have used that >, p; =1on Fandv =), cp?f . For

each i = 1,..., N we set «a; := @;Ty — ¢;Tp and apply the first statement in Lemma
5.4.7 to deduce ||P * a;lc S 1. Hence, I;7 S u(4Q;). To estimate I; 2 we will use

~

Lemma 5.4.8. Let N be the smallest integer such that

Ay = (A"TQ\4VQ) \ H # 2.
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Then,

du(y)

Iis S0(2Q:)7(2Q; N E) / _—
2 (Q ’Y(Q k;v ANdISty2Ql)n+1

,U 4k+1Q )

<S02Q:)7(2QNE) G
v k;v (4F0(Q;))m

Observe that for any T € Ay, we have for each k > N

M(4k+1Qz) < M(BQ-diam(4k+1Qi)<E)) 5 (4k€(Qz))na
where we have used that T ¢ H. Therefore,

> 1
Lip S02Q:)7(2QiNE) ) e
2 Y k;v 4]%(@@')

Since the cubes 10Q,...,10Qy have bounded overlap we conclude that

SYRQiNE) =i = p(Bi).

[ B = TG A0) S D u4Q) S 1(F)

O

The proof of 5 concludes that of Lemma 5.4.3. In order to apply the Tb-theorem of
[NTrVo2] or [T5, Theorem 5.1] we still need to check an additional weak boundedness
property for our n-dimensional C-Z kernel, which fails being anti-symmetric.

5.4.4 The exceptional sets S and W . The additional eighth prop-
erty

Assume that F' C Byn-3(0) for some integer N large enough. Observe that as-
sumption Ay together with properties I and 4 in Theorem 5.3.1 imply that we can
take N = 4, for example. We write

Qo= [ - 2Nl N

and consider the random cube Q°(w) := w+ [—2V,2V)"*+! with w € Q. Observe that
F C Q°w) for any w € Q. Let P be the uniform probability measure on €, that is,
the normalized Lebesgue measure on the cube €.

When carefully reviewing the proofs of the the non-homogeneous Tb-theorems of
[T5, §5] and [Vo], one encounters expressions that, in our context, would be of the
form

(Pau(xad), (xab)) //PA 7,7) dv(g) dv(T),

where A is a certain 1-Lipschitz function associated to the suppressed kernel Pj,
A = PN S is a parallelepiped obtained as the intersection of two cubes P € D(w) =
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Dy, S € D(ws) =: Dy, with wy,ws € 2, and where D; and D, are two dyadic
lattices which are reciprocally good to one another. Moreover, such cubes P, S satisfy
P cCF\(Hp,UTp,) and S C F\ (Hp, UTp,). The latter inclusions imply that P
is a transit cube with respect to D; and we write P € DY, and analogously for S
with respect to Dy (we will specify the precise meaning of the terms good and transit
in Remark 5.4.3). P, S and all their dyadic children have M-thin boundaries (with
respect to p1), for some M > 0 dimensional constant. In this setting, a set X C R"*!
has M-thin boundary if

p({z € R" 1 dist(7,0X) < 7}) < M7",  forall 7> 0.

As one may expect, expressions of the form (%, ,(xab), (xab)) are null if the kernel
associated to the operator & is anti-symmetric, as it occurs in [T5] with the Cauchy
kernel, or in [Vo] with the vector Riesz kernel. If this is not the case, following the
proofs of general non-homogeneous T'b-theorems and, more precisely, the arguments
of [NTrVe3, §10.2] or [HyMar, §9], the latter expressions can be dealt with if we have
[ ZPrevllLeoy S 1, 125 Vlne S 1 uniformly on e > 0, as well as the following
weak boundedness property

(Zan(x@b), (xeb))| S n(AQ), A >1,

that suffices to hold for cubes @ with M-thin boundary and contained in paral-
lelepipeds A of the form P NS, where P and S are as above. Such kind of restricted
weak boundedness property for cubes with thin boundary is already checked in the
proofs of [MatPT, Theorem 5.5] and [MatP, Theorem 4.3].

Our goal in this subsection will be to verify the above conditions by choosing a
proper 1-Lipschitz function A which will depend on an additional exceptional set S.
If such additional properties hold, the proofs of the Th-theorems found in [T5, Ch.5]
and [Vo| can be adapted to our non anti-symmetric setting. To define the exceptional
set S, we will follow an analogous construction to that of [T5, §5.2]. We begin by
writing

Si={TeF: Z2wv(T) >al, Sy ={zeF 2 1) >a}

for a large constant o« > 0 to be chosen below. For the moment, let us say that
a > c1 L. We also write,

for 7€ Si:  e(T) :=sup{e >0 : |P.v(T) > a},
for 7€ Sy:  ey(T) :=sup{e >0 : |Z; _1(T)| > a}.
Ifz e F\ (S]US)) we convey e1(T) = ez(T) := 0. We define also

Si:= Bo@@ and  Syi= | Be@ (@),

zeS] TeS)

as well as the exceptional set

S = 81 U 82. (5413)

Let us first show that for any € R"*! (S \ Hp(z)) is small if v is taken big enough.
The proof of the following lemma is analogous to that of [T5, Lemma 5.2].
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LEMMA 5.4.10. Let Ty € R**! and D := D(To). Then, for a > 0 big enough,

p(S\ Hp) < " u(F).

Proof. Let y € S\ Hp and assume, for example, 7 € S;. Then 7 € B, 7)(Z) for some
T € §]. Let 0(T) be such that |2,z v| > a and §J € B, 3 (Z). Observe that

| Ze@V(@) = Peoy@V ()| < | Peo@ Kooy V)T + | Poo@) (XBoey ey V) ()]

| Pz — %) - P(7 - 2)] du(2).
R+ \By (7 (@)

Since 5 € Hp, the first two terms are bounded above by

o M(BQEO(E) @)

< 2"Lcy.
a@r

Regarding the third term, if A is the C-Z constant of P from property (c¢) of [MatP,
Lemma 2.1], integration over annuli and using again that 7 ¢ Hp yield

o / IP(—%) — P(7 — 7)|du(z) < 2"ALer.
R +I\By (7 @)

Therefore, naming « := 2"Ley (2 + A), we have | 2. 7 v(T) — P-y@v ()] < K, and
thus
|f@€g(f)l/(y>| > — K,

which implies, in particular, Z,v(y) > a — k. If we have had 7 € Sy we would have
obtained the same bound for Z2v(7), since P and P* share the same C-Z constants.
In any case, pick a > 2k and observe that

M(S\HD)</ du+/ dp
Sl\HD 82\HD

2 2 4
< - Povdp+ — Prvdp < 2 u(F).
a Jp\mp Q JFP\Hp a

O

One of the implications of the above lemma is the following: by setting §; :=
(1+00)/2 (where &y is the parameter appearing in Lemma 5.4.2), we have dy < 01 < 1,
and choosing « := max{2k,8¢c;5/(1 — dp)}, we get

1(Hp) U Tp@m) + u(S\ Hpm) < ou(F),  Vz e R"
With this in mind, and defining the total exceptional set

WD(E) = HD@) @] TD@) us,
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one obtains
1(F\ Wp(z) = (1= 01)pu(F), (5.4.14)

which is a necessary inequality in order to carry out the final probabilistic argument
in the proof of the T'b-theorem (see [T5, §5.11.2]).

The exceptional set S exhibits additional important properties regarding sup-
pressed kernels (see §5.2.1), provided their associated 1-Lipschitz function A satisfies
certain conditions. In order to prove them, we present two preliminary results that
admit almost identical proofs to [Vo, Lemma 8.3] and [T5, Lemma 5.5] respectively,
and we will precise the arguments. Fix o any finite Borel measure in R"*! and
A : R" — [0,00) a 1-Lipschitz function. The following result will be useful in the
sequel:

LEMMA 5.4.11. For any T € R"™! and any ¢ > A(Z),
B.(Zz
2.0(0) ~ Prco@)] < sup T
r>A(T) T
The same result holds changing & by P2*.
In light of the previous result, the following lemma also follows:

LEMMA 5.4.12. Let T € R™"! and ro > 0 such that u(B.(T)) < L™ for r > ro, as
well as | Z.v(T)| < a and | Z2Xv(T)| < a for e > ro. If A(T) > ro, then

| Prev(T)| Sa+al and |25 v(T)] S a+al,

uniformly on € > 0.

Bearing in mind the above result, we choose our 1-Lipschitz function A : R+ —
[0,00) to satisfy, for some Ty € R+,

A(T) > dist(z, R"™ \ (Hpz,) US)).

This choice is consistent with the Lipschitz functions A that appear in the proofs of the
Tb-theorems presented in [T5, Ch.5] and [Vo], in the sense that they are constructed
to ensure that the previous inequality is satisfied. This way, since Hpz,)US contains
all non-Ahlfors balls and all the balls B, (z)(T), Be,) (T) for T € F, we have

A(T) > max{R(Z), e1(T), e2(T) },

where R(Z) is the Ahlfors radius defined in (5.4.5). So by the definition of S and
choosing r¢ := max{R(Z), e1(T), e2(Z) }, Lemma 5.4.2 directly yields

LEMMA 5.4.13. Let To € R™™! and A : R"™ — [0,00) a 1-Lipschitz function such
that A(z) > dist(z,R"™ \ (Hp(z,) US)) for allT € R"*'. Then,

Prv(T) <cy and PR wv(T) <ep, VT EF,

with ¢y depending only on c1,c5, L and &.
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Hence, if we choose such a A, we have || Zp vy S 1 and [P} Ve S1
uniformly on € > 0. So we are left to verify the weak boundedness property for cubes
with M-thin boundary contained in the parallelepipeds presented at the beginning of
this subsection. To do so, we will need two auxiliary results, similar to those found
in [MatP, §3].

LEMMA 5.4.14. Let o be a function supported on a cube Q@ C R™ ! with ||l < 1.
Then, Px(pv) is a locally integrable function. Moreover, if u(Q) < €(Q)™, there exists
To € %Q and a dimensional constant cy such that

| 2 (¢v)(To)| < co.

Proof. In [MatP, Lemma 3.5], the authors deal with general distributions with n-
growth. In our statement, however, v is a specified signed measure and the cubes Q)
satisfy the additional growth condition u(Q) < ¢(Q)™. To prove the local integrability
of Px(pv), let us fix 7 € R"™ and name I :={j =1,...,N : QN B; # &}. We
compute, bearing in mind Lemma 5.2.1:

T07 SOJ / — —\ 71—
=1 L(B;) Jons, Py (Z,9)¢(y) dy

j€lg

S Z L 76@7 =: Z %Ij(f).

. . n
jEIQ 7'] QﬂBj |.T y| jeIQ J

| P (v)(

To study I;(Z) we split the integral into the domain
Dl,j =QnN Bj N {g : 2|T - g| > dlam(B] N Q)},
and its complementary D ; := (Q N B;) \ D;. For the first domain we directly have
dw £n+1 D+ -
/ — yf 5 - ( IJ) S dlam(B] M Q) S T‘j.
D1, |$ - y|n dla’m(Bj n Q)n

For the second, notice that Dy; = Q N B; N{y : 2|7 — y| < diam(B; N Q)} C

B?)diam(BjﬁQ)(f)‘ Then WI‘ltlIlg Ak = B2 k3diam(B; ﬁQ)( )\BZ k—13diam(B; ﬁQ)( ) for
k > 0 we obtain

== LR RO

k>0

Hence
|2 (o) (T)| S gl < N < oo,

and thus the local integrability of &2, (pv) follows. To prove the second assertion, we
use 1(Q) < Q)™ together with Tonelli’s theorem and Lemma 5.2.1 to obtain

/\%w ‘dx—/’/FmQPAxy () dv(y )‘

dﬁ — —
S/m</ \x_w)\w(wldu() i) / ECRT0
< HQN(Q) S UQ™ = L7 (Q),
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Therefore,
1

‘CnH(%Q)

and the desired result follows. O

| 1#sen@lar s,
i

With the above lemma, we are able to prove a weaker localization-type result for
P, analogous to [MatP, Theorem 3.1]. It will be valid for our particular signed
measure v and cubes contained in F'\ H. Recall that the latter inclusion implies, by
property 6 in Lemma 5.4.3, that for any T € @Q, if R(Z) is the cube centered at T with
side length ¢(R), then u(AR(Z)) < v/n+ 1LL(AR)" ~ ¢{(AR)", for any A > 0.

LEMMA 5.4.15. Let @ C F'\ H be a cube and ¢ a test function with 0 < ¢ <1,
Voo < Q) and such that o =1 on Q and ¢ =0 on (2Q)°. Then,

[Za(er)(@)] S 1, VEeQ.

Proof. Let us fix any T € ) and consider Ty € %Q the point obtained in Lemma
5.4.14. Observe that ¢(T) = ¢(Tp) = 1. We rewrite & (pv)(-) as follows

Pr(v)() = / Po(-9)(0(@) — 0(z)) dv(@)

Rn+1\4Q

+ [ PCDem — @) ) + 0@ [ PrC) D)
and we apply this decomposition to P (¢v)(Z) and Py (¢v)(Zo). Therefore

|Za(ev) (@) = Palev)(To)]

<|/ (PA<x,y>—PA<:co,y>><so<y>—so(x))du(zn\
Rr+1\4Q

+

/ Pr(Z,9)(¢(y) —so(x))dv(y)‘ +‘ / Pr(Zo,7) (e () — (7)) dv(y)
4Q 1Q

+ow [ @ p | +o@ [ Pawopas)
= I4+II4+II+IV+V.

Regarding IV, observe that Lemma 5.4.13 implies

P (@)

[ @) vt = [Pavie) < 1.

The same estimate holds for V. To study II observe that

= TV o(@) — o)) du(@)] < ¢ du(y)
[ @ mem - o) )| < alVele [ P 51,
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where we have used that T € @ C F'\ H and integrated over decreasing annuli using
the n-growth of p for cubes centered at T. The same holds for III because Z, € %Q
and ¢(T) = ¢(Tp), so III < 1. For I we apply property 2 of Lemma 5.2.1 and obtain

1< %(@)usouoo/ @

rrtivag [T =gt Y

where we have integrated over increasing annuli. Therefore, we finally have
|Za(ev)(T)] < | Za(pr)(T) — Pa(ev)(To)| + [Za(er)(To)| S 1.

O

The previous lemma implies the main result of this subsection, which concerns a
particular weak boundedness property for 5. We call it property 8, since it is the
additional property needed in Lemma 5.4.3 in order to apply a Tb-theorem.

COROLLARY 5.4.16 (Property 8). Let Q C R™™ be a cube contained in F\ H with
M -thin boundary. Then, for some cgs > 0 dimensional constant,

{Zaux@b); (xeb))| < esp(2Q).

Proof. Fix a cube @ C F\ H. We shall assume that @ is open, since the involved
measures 4 and v are null on sets of zero Lebesgue measure. Observe that since the
center of @) does not belong to H, in particular we have p(2Q) < L£(2Q)™. Take a
test function ¢ with 0 < ¢ < 1, ||[Vplleo < 4(Q)~! and such that ¢ = 1 on Q and
@ =0on (2Q)°. Then,

{Zxu(x@b); (@) < {Pau(#b), (X)) + (Paul( = x@)b), (x@b))| = A+ B.

To estimate A, observe that & ,,(¢b) = P (pv) and apply Lemma 5.4.15 to directly
deduce

A<a /Q | Pa(o0) (@] du(®) < w(Q).

To estimate B, set ¢1 = (¢ — x)b and ¢y = xgb. Observe that supp(y1) C
2Q\ Q C R*"™1\ Q and supp(y2) C Q. We apply [T5, Lemma 5.23] with Q; := Q and
Qg := R"1\ Q). The proof of the previous result is almost identical in our context,
just change the function d(Z)~'/? of the previous reference by d(Z) /2. Thus, we

finally get

1/2

B S llerllzzg leallizgn < e @@\ Q) (@) < 1 n(2Q).

O

The above corollary suffices to prove an analogous T'b-theorem to that of [T5,
Ch.5], since the weak boundedness property needs only to be applied to cubes con-
tained in parallelepipeds A := PNS with P, S cubes having M-thin boundary (and all
their dyadic children too) that belong to Dy := D(w;) and D, := D(ws) respectively
for some wy,wy € Q. Moreover, P C F\ (Hp, UTp,) and S C F \ (Hp, UTp,).
Therefore, since in particular H C Hp, N Hp,, the cubes contained in A do not
intersect H. Hence, Corollary 5.4.16 can be applied, yielding the following result:
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THEOREM 5.4.17. Let p1 be a positive finite Borel measure on R" ! supported on
a compact set F C R, Assume there is a finite measure v and, for each W € €,
two subsets Hp(w), T'pa) C R consisting of dyadic cubes in D(w) so that:

~

v =bu for some b with ||b||oc < cp.

2. Every ball satisfying u(B,) > Lr™ is contained in Ngeq Hp(w)-
3. If Q € D(w) is such that Q ¢ Tpew), then u(Q) < crlv(Q)].

4. u(Hp) U Tpm)) < dou(F), for some & € (0,1) .
5

. For each w € ),

/ Do) du(@) < con(F), / P20() dp(@) < cou(F).
F\Hp () F\Hp )

6. Let Q C R be a cube contained in F \ Mwea Hp@) with M-thin boundary,
and A : R" — [0,00) a 1-Lipschitz function satisfying

A(T) > dist(z, R"™ \ (Hp@) U S)), vz € R,
where S is the exceptional set defined in (5.4.13). Then,

(P u(x@b), (xqb))| < ewn(2Q),

where Py is the operator associated to the suppressed kernel Pn defined in
(5.2.1).

Then, there is G C F'\ Ngern+1 (HD(@) U TD(@)) compact, and dimensional constants
Ay, Ay and As so that

2. pla(Br(T)) < Agr™, for every ball B,(T),

3. M Puie L) L2 (ule) < As-
Constants cy, L, cr, 09, ¢, ey and M are dimensional.

REMARK 5.4.3. Let us give some details on how to prove Theorem 5.4.17, although
the arguments to follow are just those given in the proofs of [T5, Theorem 5.1] or [Vo,
Theorem 7.1], using, essentially, the weak boundedness property instead of the anti-
symmetry of the Cauchy and Riesz kernels. Let us recall that we wrote, for N > 4
integer,

Q= [ — 2N~ Ny

Fix w € Q. Recall F C Q°(w) = w + [-2V,2V)""1. A dyadic cube Q € Q°(w)
with p(Q) # 0 is called terminal if Q C Hpm) U Tpw) and we write Q € D*"™(w).
Otherwise is called transit and we write Q € D"(w). With this, one considers a
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martingale decomposition of a function f € Li () in terms of Q°(w). For any cube
Q C R™™! with u(Q) # 0 one sets

1
<f>Q':u(Q)/Qfdﬂ

== Wew,

{b)qo )
It is clear that =f € L?*(u) if f € L?(u) and =2 = =. Moreover, the definition of =
does not depend on the choice of w € ().
If Q € D(w), the set of at most 2"*! dyadic children of @ whose p-measure is
not null is denoted by CH(Q). For any Q € D" (w) and f € L (1) we define the
function Ag f as

and defines the operator

0 in R\ Ureen(g) B
Nof =14 (%= —2)b i R it ReCHQ) N D" (w),
= %b in R if ReCH(Q)N D™ ().

The fundamental properties of the operators Z and A are proved in [T5, Lemmas
5.10, 5.11] and, essentially, allow to decompose f € L?(u) as

f=5f+ ) Aqf,

QeDtr

where the sum is unconditionally convergent in L?(yx) and, in addition,

1Al Z2y = IEfZ20 + D 18020
QeDtr

At this point, one of the fundamental steps of the proof of the Tb-theorem consists in
using the above decomposition to estimate the LQ(M) norm of the suppressed operator
Pa when applied to the so called good functions. To define them, we need to introduce
first good and bad cubes. Let wy,wy €  and consider D, := D(wy), Dy := D(ws)
two dyadic lattices. We consider as in [NTrVo3, Definition 6.2] the parameter

1
ai= g CES
and we will say that Q € DY is bad with respect to Dy if either

1. there is R € DY such that dist(Q,0R) < £(Q)*¢(R)'~% and ¢(R) > 2™((Q), for

some positive integer m to be fixed later, or

2. there is R € DY such that 27™¢(Q) < ¢(R) < 2™(Q), dist(Q, R) < 2™(Q)
and, at least, one of the children of R does not have M-thin boundary.
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If @ is not bad, then we say that it is good with respect to Do. An important property
regarding bad cubes is that they do not appear very often in dyadic lattices. More
precisely, given g, > 0 arbitrarily small, if m and M are chosen big enough, then for
each fixed ) € Dy, the probability that it is bad with respect to D5 is not larger than
€p. That is,

P({w, € Q : Q € Dy is bad with respect to D(ws)}) < .

In light of the above notions, we say that a function f € L?(u) is Dy-good with respect
to Dy if Agf = 0 for all bad cubes Q € DY (with respect to Ds). Now one proceeds
as follows: define the 1-Lipschitz function

Ap@a)(T) := dist(z, R"" \ Wpa)), w € (.
It satisfies Ap(g) (%) > dist(z,R"™ \ (Hpm) U S)), so that Lemma 5.4.13 can be
applied to Ap(), and then we have:
LEMMA 5.4.18. ([T5, Lemma 5.13]) Let Dy = D(w1) and Dy = D(Ws) with Wy, W, €
Q. Givene >0, let A: R" — [g,00) be a 1-Lipschitz function such that
A(Z) > max {Ap, (T), Ap,(T)}, vz € R

Then, if f € L?(u) is Di-good with respect to Dy and g € L*(u) is Do-good with
respect to D1,

|<7DA(f/J’)7g>| 5 Hf”Lz(u)Hg”Lz(u)v
where the implicit constant depends on ¢, L, cr, o, ¢, cw and gy, but not on €.

The proof of this result uses the above martingale decomposition of the functions
f, g, so that one is left to estimate:

(Pa(fr),9) = (PA(Efp), Zg) + (Pa(Efu), g) + (Pa(fu),Eg)
+ > (Pal(Agf)m), Arg).

QeDt* ,ReDYF

If our kernel were anti-symmetric, the first term of the right-hand side would be null.
Although this is not our case, it can still be estimated as follows (notice that the weak
boundedness property will not be used in the arguments below):

(Pa(Ef1),Eg) < IPACEFfm)l L2129l 2 ()
Observe that supp(u) C F € Q°(w;) N Q°(ws) and by definition
=g = Weom)
<b>QO(Ez)
This implies, since Q°(ws) is always a transit cube (this is easy to see just arguing by
contradiction and using assumption 4 in Theorem 5.4.17),

_ (QO W ) 1/2
Zoln < BETDL () gl

1/2
1/2 )
= ———— [ [b]*d < _
‘%(M@mmﬁﬂ 1) ol < crerlglzag,
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Moreover, by Lemma 5.4.13 and using that Q°(w,) is a transit cube, we deduce

EXS DI m Wu@%wmm

< eacr|(£) o Q% (@) ? < encr| fll2(u)-

| Za(bp) || L2 < ca

Hence
(PAEf1), Za)| S 1Lz 191l 22 -

The terms (Pa(Efu),g) and (Pa(fp),Zg) can be estimated similarly (see [T5, p.
155]), and it is important to notice that to do so one uses Lemma 5.4.13 for the
adjoint suppressed operator &x. Hence, the only term left is

> (Pal(Aqf)n), Arg).

QeDtr ReDY

The above sum is studied in [T5, §5.6, §5.7, §5.8 & §5.9], and the arguments can be
followed analogously up to [T5, §5.9]. Obviously, there are changes that need to be
done regarding the dimensionality. Such modifications were already done in a general
multidimensional setting in the study carried out in [Vo] for Riesz kernels. In any
case, it is in [T5, §5.9] where the weak boundedness property needs to be invoked in
order to deal with expressions of the form

<<@A,u(XAb)v (XAb)>7

where A is a certain parallelepiped introduced at the beginning of §5.4.4. Such ex-
pressions were already tackled in [NTrVo3| or [HyMar|, and they can be deduced from
the estimate

(Pau(xqb), (xeb))| < 1(2Q),

where in our setting we may assume @ to be contained in F'\ H and with M-thin
boundary. This precise bound is covered by assumption 6 in the statement of Theorem
5.4.17. From this point on, the rest of the proof can be followed as in the remaining
sections of [T5, Ch.5] to obtain the desired result. Let us also remark that the proof
can be followed almost identically (apart from some dimensional changes) taking into
account that we have constructed unique measures p and v so that assumption 5
holds for the operators & and &7* simultaneously. This enables to obtain relation
(5.4.14), which is essential to carry out the final probabilistic arguments in the proof
of the Tb-theorem found in [T5, Ch.5] or [Vo].

In any case, in light of Theorem 5.4.17 and also bearing in mind the argument of
(5.4.4) and that assumptions A and Ay are superfluous, we have proved the following;:

THEOREM 5.4.19. Let E C R™"! be a compact set satisfying As. Then,

(E) ~7,(E).
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5.5 General comparability results and the semi-additivity
of ¥ in R?

The main goal of this section is to obtain similar results to Theorem 5.4.19 but
removing assumption Az. We will be able to do this for any compact set in R? and
for a certain family of sets in R"*!, which in particular contains the usual corner-like
Cantor sets presented in §5.2

5.5.1 The capacity of some parallelepipeds in R"*!
First, let us present some preliminary results that extend that of [MatP, Propo-

sition 6.1]. Let us remark that throughout the forthcoming discussion, any paral-
lelepiped will be closed and will have sides parallel to the coordinate axes.

LEMMA 5.5.1. Let a € R and R C R"™ x {a} be a parallelepiped contained in the
affine hyperplane {t = a}. Then

T+(R) 2 H'(R).

Proof. Let p:= H"|r and pick any T = (z,t) with |t — a] > 0. Observe that

t—
Py # pi(z, t) _/ £~ al

) = [ el ),
R{(t—a) + o —yP] R [(t—a

)2+ [ul?] 2

where v := y — x and R — = denotes a translation of R with respect to the vector
(—z,0) € R™"1. Let us pick D,, an n-dimensional ball embedded in R™ x {a}, centered
at (0,a) € R™ x {a} and with radius 9 = ro(Z) big enough so that R — = C D,,.
Then, there exists a dimensional constant C' > 0 so that

o To —
Py # p(z,t) < / [t = al —dH" (u) = C/ [t —al —r"ldr
Dro [(t—a)?+ |ul?] 2 0 [(t—a)?2+7r?] 2

! t—alry? _
_C/ | ‘0 n+1pn 1dp
o [

t—a)27“0_2 -I-pz] 2

where in the last step we have introduced the change of variables rqp = r. Naming
7 := |t —a|ry ' the previous integral can be finally written as

1
T
/Mp"‘ldp,
0 [72_’_p2] 2

which admits an explicit representation in terms of Gauss’s (or Kummer’s) hyperge-
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ometric function (use [Bu, §1.4, eq.(13)], for example), obtaining the estimate

p=1
C/p\" nn+l n+?2 o\?
: <2 i : S
Pby*ﬂ(xat) = TL(T) 2F1<27 2 ) 9 ) <T) .
p:

1 (n n+1l n+2 1)

¢ L p(nntl L
T TN2 2 7 2
C 1 1 n+2 1
= Fi(1,5—"5-5 ).
n (14 )2 1(’2’ 5 T2>

In the last step we have applied [AS, Eq.15.3.3]. This last expression, thought as a
function of 7 > 0, is bounded uniformly on (0,+o00) with respect to a dimensional
constant (and in fact attains its maximum when 7 — 0). In other words, we deduce
that Psy*p(z,t) < 1 whenever [t —a| > 0. On the other hand, it is clear that if t = a,
then Py, * p(z,t) = 0, meaning that in general

Py pu(x,t) $1,  V(x,t) € RMHL

Therefore we conclude
Yoy, + (R) Z W(R) = H"(R),

and using Theorem 5.2.5 we obtain the desired result. O

The above lemma characterizes the 7, capacity of parallelepipeds contained in
affine hyperplanes of the form {t = a}. We will refer to such hyperplanes as horizon-
tal hyperplanes. Observe that the above bound combined with [MatP, Lemma 4.1]
implies

H"(R) S7+(E) < 7+(R) < v(R) S HE(R) < H"(R),

for any parallelepiped contained in a horizontal hyperplane. Hence, for such objects,
H"(R) ~ 74 (R) = v(R).

Our next goal will be to study the capacity associated to parallelepipeds contained
in vertical hyperplanes, that is, sets of the form {z; = a} for some a € R and some
1 = 1,...,n. Previous to that, we need to make an auxiliary construction: let us
assume that we have a compact set F C R™"! contained, for example, in {z; = 0}.
Consider T' a distribution in R"*! with supp(T) C E as well as the maps

7 R R t:R" — R
(r1,2) — x — (0,x)

the canonical projection onto the last n coordinates and the canonical inclusion into
the hyperplane {z; = 0}. Let us take ¢ € C*(R") a smooth function and define
B, for some M > 0 (a positive parameter that we may take as large as we need), a
smooth bump function in R"*! that equals 1 in an open M-neighborhood of E, i.e.
By =1 in Uy (E). Also, we require that 8y = 0 in R"™ \ Uspy (E) and 0 < By < 1.
We set

= (pom) - Bu,
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that is a smooth extension of ¢|z to R"*!, with compact support contained in Usps (E).
With this, we define the following distribution in R™ associated to 1"

(T, @) :=(T,p), »eCR"),

which is a definition independent of the choice of Sy, since supp(7T’) C E. Observe

that supp(T') C 7(E) (a compact set of R") and also that for any 1 € C*°(R"*1),

(T, ) = (T,¢pou).

Notice that the previous identity is accurate because, even though v and 1 ocom may
not coincide in R"™ \ {z; = 0}, we have supp(T’) C E C {z; = 0}, that ensures the
validity of the above equality. Let us take (®.). an approximation of the identity in
R™ and set

T.:=Tx®.,
for 0 < e < M, so that the following inclusions hold

supp(Tz) € Ve (n(E)) C m(Un (E)),

where the notation V' is used to emphasize that we are considering an open neighbor-

hood in R™ and not R™™. So (7). defines a collection of signed measures in R” that
approximates T' in a distributional sense:

lim (TL,0) = (T, ) = (T,3), ¢ €CO(R").
Let us stress (although the reader may have already noticed), that the spaces of
functions we have been considering are of the form C*> and not Cg°. This can be

done since our distributions are compactly supported. Let us proceed by naming
Y. := Vo (n(F)), and observe that for any ¢ € C°(R"*1)

(T, ¢) = (T, o) =limC Te(z) ¢ o u(x) dH™(2)

e—0 b
= lim C/ T. o w(0, ) ¥ (0, z) dH"(z)
e—0 Se

_ limC/  Teon(@) 9@ dH ) (7)
Rn
= ll_r)% <C(T€ © W)HH‘L(ZEM w>’
where T, o is smooth and supported on R x 3. C Rx R"™, and C' > 0 is some dimen-
sional constant. Therefore, the previous construction implies the following remark:

REMARK 5.5.1. Given a distribution 7" in R"™! supported on E C {z; = 0}, there
is a family of signed measures (v:). with supp(v:) C ¢(X.) =: ¢(Vae(m(E))) of the form

Ve = Y H |z



210 Chapter 5. The semi-additivity of 71,2 in the plane

where 1), is a smooth function that satisfies 1.0 = T, (a function of C>°(R™) supported
on Y.), that is such that

(T,4) = lim(v.,4), € C(R").

The reader may think of the above result as a construction that exploits the fact
that the support of T is contained in a hyperplane where z; is constant, so that we
may approximate 1" via an approximation of the identity with respect to the remaining
variables xa, ..., xy4+1 (here x,41 = t). Moreover, notice that if one starts assuming a
condition of the form ||P % T'||o < 1, by choosing ¢ small enough we can assume, for
example, || P * 1|/ < 2. Indeed, just fix any ¢ € C>°(R™*!) and observe that

(PxT,¢) = (T,P" x1) :1%<V57P**¢> :1%<P*V57¢>7

meaning that lim. .o [(P * v, ¥)| < [|[¢| 1 (gn+1y, which implies the desired estimate.
In the previous argument we have used that P* % is a smooth function, which can
be argued thinking of P* as an L{ (R™*1) function and thus as a regular distribution.
This allows us to prove the following lemma:

LEMMA 5.5.2. Let E C R™! be a compact set contained in an affine hyperplane
of the form {x; = a}, for somea € R andi=1,...,n. Then

~v(E) = 0.

Proof. We shall assume that F is contained in {z; = 0} for the sake of simplicity.
Consider D,, an n-dimensional ball in {x; = 0} centered at the origin and with radius
ro. Let us assume that v(D,,) > 0 and reach a contradiction. If v(D,,) > 0, there
exists a distribution 7" admissible for vg1,2(D,,) with |(T,1)] > 0. By Remark 5.5.1
we obtain a family of signed measures that approximate T' of the form

Ve = e - ,Hn|Dm+2e’

for some 1. smooth, such that ¢. o € C(R"™) with supp(¢)c 0 t) C 7(Dyyt2:). We
may also choose e small enough so that || P v.||o < 2. Since [(T,1)| > 0, we are able
to pick some Ty = (z9,ty) € Dyyroc such that |1 (Zo)| > 0, as well as an n-dimensional
ball centered at T with radius 7 satisfying D, (Zy) C Dy,42. and [¢)| > A > 0 there,
for some constant A > 0 (this can be done by the continuity of ¢, o).

Proceed by fixing Q = Q(Zo) a cube in R"*! centered at To with 4¢(Q) < n and
@ € CP(R™1) such that 0 < ¢ < 1, ¢lg = 1, ¢[rn+110g = 0 and [[Vo|lo < 4(Q)71.
Also take Be(To) a ball in R"! centered at Tp with radius £ so that 4 < ¢(Q), and
name D¢(Tp) := Be¢(To) N {x1 = 0}, that is such that

Dg(f@) C Q(fg) N {11,'1 = O} C Dn(fo).
We finally define the positive measure

Ml =A- Hn’DE(EO)v
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and observe that by the choice of ¢ and the non-negativity of P, we have

1P+ 1 l|oe = [|P % AH | (o)l = 1P * @AH" bz
S HP* @w&Hn|DT0+25

o — [P+ prelloo S 1,

where the last inequality is due to the localization estimate [MatP, Theorem 3.1].
Therefore, we have constructed D¢(Zg) an n-dimensional ball that admits a positive
measure p supported on it, proportional to H"|p, (z,) and with ||P* ufl < 1. Let us
prove that this last condition is not possible. Indeed, for each T = (0, zs,...,x,,t) €
D¢(To) pick an n-dimensional ball D, (Z) centered at T and with radius p small enough
so that D,(Z) C D¢(Tp). We write A ,(Z) its lower temporal half, which is obtained
from the intersection D,(Z) N {t — s > 0}; as well as Ay ,(Z) the upper temporal half,
obtained from D,(z) N {t —s < 0}. Now, integration in (n-dimensional) spherical
coordinates yields

t—s
P*,U,(JL‘)ZA/ LJrldHn(y%'”ayTMS)
Are@ [(t =)+ (22 —32)2 + -+ (@0 — yn)?] 7
?d
zA/ u —rduy - dupdr = AL [ S = 4o,
ArpO) [72 4 ud 4 -+ u2] 2 o T

where L is a positive dimensional constant obtained from integration in the angular
domain (notice that 7 > 0 in A4 ,(0)). So by the arbitrariness of T we get that
| P * paf| oo () = 400, since u(Dy(To)) ~ AH"(D;(To)) > 0. But this is contradictory
with || P * pf|s < 1, because such condition implies, in particular, || P * pf/pee(,y S 1
(use a Cotlar type inequality analogous to that of [MattiPar, Lemma 5.4]). Therefore
we conclude that v(D,,) = 0 for any radius ry, implying the desired result, by the
monotonicity of . O

COROLLARY 5.5.3. Let R C R"™ be a parallelepiped and (1, ... 0, 0 its side
lengths. Let Ry denote the upper face of R (contained in a horizontal affine hyperplane ),

1) if y(Rt) = 0, then v(R) =0,
2) if & <min{ly,..., 4.}, then v(R) =~ v+ (Ry).

Proof. To prove 1, begin by noticing that y(Ry) = 0 implies H"(Ry) = 0, by the
comments made after Lemma 5.5.1. Embedding R; into R" via 7, : R"™ — R,

7(T) = x, the canonical projection onto the spatial coordinates; we deduce that
Q@ = 7(R) is such that £"(Q) = 0. But @ is itself a parallelepiped of R", i.e.

Q = [a1,b1] X -+ X [an,b,], for some a;,b; € R, a; < b;.
So there must exist some [a;, b;] such that a; = b;. Hence,
R = a1, b1] x -+ x [aj—1,051] x {a;} X [aj41,b541] X -+ X [ang1, bpsa],

and thus R C {z; = a;}, a vertical hyperplane. Applying Lemma 5.5.2 the result
follows.
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Moving on to 2, let us assume ¢; > 0 (if not the result is trivial) and notice that
by [MatP, Lemma 4.1] and Lemma 5.5.1 we have

Zl.. gn

V(R) < H(R) < [& z 1] S HRy) S (Ry),

and we are done. O

5.5.2 General comparability for parallelepipeds in R"*!

In light of the above results, we shall obtain a first estimate analogous to Theorem
5.4.19 for parallelepipeds, where assumption Ag will not be needed.

LEMMA 5.5.4. Let R C R""! be a closed parallelepiped with sides parallel to the
coordinate axes. Then,

V(R) =74 (R).

Proof. Let us denote by /¢1,...,£,,¢; the side lengths of R. Notice that by Lemmas
5.5.1 and 5.5.2 we already know the above result if any ¢; is null. So let us assume
that

l; >0, for each i =1,...,n,t. (5.5.1)

Moreover, we will also assume without loss of generality that R is contained in By (0),
the unit ball of R"™!. The argument that follows is inspired by that presented in [Vo,
Ch.6]. Let us begin by applying Theorem 5.3.1 to the compact set E := R to obtain a
first family of cubes {Q;, ..., Qn, } satisfying properties P; to P5. We observe that:

o Regarding property Py, if £iax := max{ly,..., ¢y, ¢}, we get for each iy = 1,..., Ny,

1 Vi 1 1
diam(Q;,) < Todiam(R) < %Emax and then /((Q;,) < ﬁﬁmax.

e Regarding Py, we get %Qil N R # & for each i1 = 1,...,N;. We wish to study
the intersections 2Q;, N R using the previous property. Notice that %Qil NR#*o
implies that the sets 2Q;, N R are parallelepipeds such that their maximal side
length lies between 1£(Q;,) and 2£(Q;,). On the other hand, we distinguish two
cases for the sides with minimal length, depending on i, := min{fy, ..., ¢,, ¢ }:

A) If it happens

11
lin > —  max_ £(Q,),

= 16 7;1:1,‘..,]\71

then the parallelepipeds 2Q;, N R have minimal side length between 11£(Q;,)
and 20(Q;,).

B) If on the other hand
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the parallelepipeds 2Q;, N R have minimal side length bigger or equal than the
quantity min {lyn, %E(Qil )} and smaller or equal than min {/yin, 20(Q;,)}, for
each i3 =1,..., N;y.

For each iy = 1,..., Ny we call R;, :=20Q,;, N R and consider two cases
1) Assumption Agj is satisfied for E := R.
2) Assumption Az is not satisfied for £ := R.

If 1) occurs we are done, by Theorem 5.4.19. If 2) occurs, notice that if A) also
occurs we get that Ry,... Ry, are parallelepipeds such that all of their respective
sides have comparable lengths. In other words, there exists a cube S;; C R;, so that
Y(Ri,) = 7(S;, ), for each iy = 1,..., N;. Then, using that Ag is not satisfied together
with point 2 in Corollary 5.5.3, we get

Nl N1
F(R) <Oyt _A(Ry) SO YA+ (Riy) (5.5.2)
i=1 i=1

< Cr'CAL(R) = 34 (R),

where we have also used property P3 in Theorem 5.3.1. So the only case left to study
is when 2) and B) happen simultaneously.

In this case we apply again, for each i; = 1,..., Ny, the splitting given by The-
orem 5.3.1 to all the parallelepipeds R;,. This way, we obtain a second family
{Qir1,s- -, QilNil} associated to each R;,, satisfying properties P; to Ps. Let us
fix 7 = 1,..., N7 and observe that:

e Regarding property P4, now we have for each io = 1,..., N;,,
) .. vVn+1 1
diam(Q;,4,) < ﬁdlam(Ril) < BT 20(Q;,) and then £(Q;;,) < EE(Qil).
This implies, in particular,
2 11

e Property Py now reads %Q’hiz N R;, # @. Therefore, 2Q;,;, N R;, are now paral-
lelepipeds such that their maximal side length is between 130(Q;,,) and 26(Q;,;,)
(where we have applied (5.5.3)). For their side with minimal length, we distinguish:

A) If it happens

11
max K(Qil'@)?

Coin > —
e TR A T

then the parallelepipeds 2Q;,;,NR;, have minimal side length between 14(Q;,i,)
and 20(Q;,i,)-
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B) If on the other hand
11
gmin < E izzl}}%},(]vil E(Qiué)u
now the parallelepipeds 2Q;,;, N R;, have minimal side length bigger or equal
than min {{min, 154(Qi,i,)} and smaller or equal than min {yin, 20(Q;,4,) }-

For each i3 = 1,..., Ny and iy = 1,...,N;; we call R;;, := 2Q;,;,, N R;,. Two cases
may occur for each i;:

1) Assumption Ag is satisfied for E := R;,, that is

Nil
F(Riy) = Oyt Y A(Rigiy)-

12=1

2) Assumption Ag is not satisfied for E := R;,, that is

Ny,
’V(Ril) < Cl_l Z 7(Ri1i2)'

ig=1

We are interested in proving 7(R;,) =~ 74+ (R;,) for every iy, since if this is the case,
arguing as in (5.5.2) we are done. The only indices i; where we would not be able
to deduce Y(R;,) =~ 74+ (R;,) are, again, those for which 2) and B) occur simultane-
ously. For such indices i; we would again apply the splitting provided by Theorem
5.3.1 to every R 1,..., Rin, and construct for each R;,;, a third family of cubes
{Qivis1y -+ DitisN;. .. }- Now, for each i = 1,... N;; one similarly obtains

142

1
g(gilizis) < gg(gi1i2)7 Vi3 = 17 s 7Ni1i27

and that 29;,.,:, N Ri,, are now parallelepipeds such that their maximal side length
is between 1£0(Qiyigis) and 20(Q;,imi,) for each i3 = 1,...,N;;,. Regarding their
minimal side lengths we again distinguish cases A) and B) in the current setting.
Finally, for each iy one calls R ,is := 2Q;,i0is N Ri,i, and studies two cases:

1) If assumption Ag is satisfied for E := R; ;,,
2) or if assumption Ag is not satisfied for £ := R; ;,.

Combinations 1)A), 1)B) and 2)A) lead to the estimate Y(R;,;,) ~ ¥+ (Ri,i,). 1f one
obtained such result for every iy, proceeding as in (5.5.2) it would yield Y(R;,) =~
¥+(Ri, ), and we would be done. However, 2) and B) may occur simultaneously for
some indices i5. In this setting, we would repeat the above splitting argument for the
families R;, i1, ..., Riiyn,,,;, associated to those R; i, where 2) and B) occur.

We repeat this processes iteratively and we notice that after a number of steps
large enough, say S > 1 steps, B) will no longer be satisfied. This is due to the fact
that relation (5.5.1) ensures £, > K > 0, for some positive constant k depending only
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on R; and also because the size of the cubes at each step strictly decreases. Indeed,
at step S of the iteration, property 4 in Theorem 5.3.1 and the fact that R ,..ic_,
has maximal side length bounded by 2¢(Q;,,...is_,) imply

1 1 1 .
K(Qiligmis) S gé(giligmis_l) S Tt S Fﬁemaxv VZS = 17 . '7Ni1i2--'is_1'

So choosing S large enough, depending on k, it is clear that A) will be satisfied
instead of B). Therefore, whether if 1) occurs, or if 2) and A) occur, one equally
deduces (arguing as in (5.5.1) in the latter setting),

V(Riyigeis—1) = V4 (Rijigeis_y)-
So tracing back all the steps of the iteration one gets, in general, y(R) ~ 74+(R). In
Remark 5.5.2 we argue why the implicit constants in ¥(R) ~ 74 (R) do not depend

on fy (essentially because the constant of assumption Ag is carefully fixed to be C1,
the same constant of P3 in Theorem 5.3.1.) O

COROLLARY 5.5.5. Let F := R{URyU---URy be a finite union of disjoint closed
parallelepipeds with sides parallel to the coordinate axes. Then,

V(E) = 71 (E).

Proof. The iterative scheme of the proof we have given for Lemma 5.5.4 can be also
applied in this case, but now taking into account the parameter

§:= rr;éln {dist(R;, R;)} > 0.
i#j

More precisely, for example, at the first step of the iteration it may happen:

A) E;, :=20Q;, N E has one connected component (and thus it is a parallelepiped)
for every i1 = 1,..., N;.

B) Or there exists an index 4; such that E;, presents more than one connected
component.

We would also distinguish whether if:
1) Assumption Aj is satisfied for E.

2) Assumption Ag is not satisfied for E.

If 1) happens, we are done. If 2) happens, observe that if in turn A) occurred for
every iy, applying Lemma 5.5.4 and the same estimates of (5.5.2) we would also
be done. So we are left to study the case where 2) occurs and there exist indices
i1 so that E;, presents more than one connected component. In this setting, we
would repeat the above argument for the every compact set Ey,..., Ey,, based on
the splitting given by Theorem 5.3.1. We repeat this process iteratively, that is: at
step S > 1 of the iteration we would obtain (for a set of the form E; ;,...q , (where we
convey FE;, := E), with multiple connected components consisting of parallelepipeds)
a family of cubes {Q; iyis 115 - - QiliQ'“iS—lNiliQ---i371} with diameters comparable

to 5~“diam(F). Now we would distinguish the cases
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A) If Eiiyoig = 2Q414pig N Eijiy.is_, has one connected component for every ig.

B) Or if there exists an index ig so that E; ;,..;, presents more than one connected
component.

As well as
1) Assumption Ag is satisfied for Ej ;,...i5_, -
2) Assumption Ag is not satisfied for E; ;y...iq_, -

The possibilities 1)A), 1)B) and 2)A) are good in the sense that lead to the estimate
Y(Eiyigis_1) S+ (Fiyigis_, ). If on the other hand 2) and B) occur simultaneously,
we would move on to the next step of the iteration, by applying again Theorem 5.3.1 to
each Ej iyeig y1,- - Eiyigeig 1Niyiy.is_, - The key point, however, is that for a finite
number of steps S large enough (depending on &) we would have 5~%diam(E) < §, so
that B) can no longer happen, and thus we obtain the desired estimate tracing back

all the steps of the iteration as in Lemma 5.5.4. O

REMARK 5.5.2. Observe that in the proofs of Lemma 5.5.4 and Corollary 5.5.5
the constants appearing in J(R) ~ 74 (R) and J(E) ~ 74 (E) do not depend on the
minimal side length #.;, of the parallelepiped R in the first case, nor on § > 0 in
the second; both being strictly positive parameters. Such quantities, however, do
determine the number of steps needed to carry out the iterative argument of the
proofs. But this is not an issue, since the constant appearing in assumption Ag is
precisely taken to be C7, the same constant of property Pg in Theorem 5.3.1. This
enables to carry out the estimates of (5.5.2) and avoid any possible dependence on
Lmin Or 6 when tracing back each step of the iteration, since C; cancels itself out with
its own inverse. Again, let us remark that this type of argument has been inspired by
that of [Vo, §6].

Let us apply Corollary 5.5.5 to the usual family of corner-like Cantor sets of R"*1,
Recall that for a sequence of real numbers A = ()\;); satisfying 0 < A\; < 1/2 we
defined its associated Cantor set £ C R™! as in (5.2.3). If we chose \; = 2-("+1)/n
for every j we would recover the particular Cantor set presented in [MatP, §5]. Let
us introduce the following density for each k > 1,

2—k(n+1)
gk = - )
Ek

where QF is any cube of the k-th generation. We also set f, := 1. Combining Theorem

5.2.5, Corollary 4.2.13 and Corollary 5.5.5 we deduce:

COROLLARY 5.5.6. Let ()\j); be a sequence of real numbers satisfying 0 < A; <
70 < 1/2, for every j. Then,
~1
ej) ,
0

-

HEw) ~ 7y (Er) ~ (

J
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where the implicit constants only depend on n and 19. Moreover,

(E) ~ 7. (B) ~ (Ze )

Proof. The result for E}, is a direct application of Corollary 4.2.13, Theorem 5.2.5 and
Corollary 5.5.5. To obtain the result for F notice that for each generation k& we have,

HE) < A(E) ~ T (Br) < 14 (Be) = (ze) .

Therefore, using the outer regularity of 7y, (Theorem 4.2.2) we get

5(E) < 74 (B) ~ (ie)

and by Theorem 5.2.5 we are done. O

5.5.3 General comparability for compact sets in R?

This subsection deals with the proof of the following result:

THEOREM 5.5.7. Let E C R? be a compact set. Then,

V(E) = 7+ (E).

Proof. Let E C R? be a compact set, that we assume without loss of generality that
satisfies assumptions A; and As. So in particular F is contained in the unit ball and
consists of a finite union of dyadic cubes belonging to a dyadic grid in R? (with sides
parallel to the coordinate axes ), all of the same size and with disjoint interiors. We
denote by

0 := diameter of the cubes of the dyadic grid.

Again, we repeat the iterative scheme of Lemma 5.5.4: in general, at step S > 1 of
the iteration we would obtain for a set of the form

Eiligmis_l = E7 lf S = 1,
Eili?"is—l = 2Qi1’i2-“is_1 N Eili2~-is_27 lf S > 1,

a family of cubes {Q; isis 115+ - s Qirigis 1N } with diameters comparable

i1ig-rig 1
to 5~%diam(F). Now we would distinguish the cases

A) If Eijiyois = 2Qiiyis N Fijiyis_, has diameter smaller than 6/4 for every

18 = 1, . ,NiliQ.A.isil.

B) Or if there exists an index ig so that diam(E;,;,....;) > 0/4.
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As well as

1) Assumption Agj is satisfied for E;

192051

2) Assumption Ag is not satisfied for E;

10205 —1"

If 1) occurs we are done, in the sense that we can deduce the estimate

%(Eilig-“iS—l) 5 §+(Eili2“'7;5—l )

If 2) occurs, we move on to the next step of the iteration up to the point where S is
large enough (depending on §) so that option B) is no longer possible. That is, the
iteration stops once the only two possible scenarios are: 1) or 2)A). In this setting,
we are left to study the case where 2) and A) occur simultaneously. To deal with this

case, we write the precise definition of E;,,...;, which is

Ei1i2~'~is = (2Qi1i2~~~is N 2Qi1i2~-~z’s,1 NN QQZ'”‘Q N QQ“) N F =: 2Ri1i2~~-i5 N E,

where R, ;,..is is a rectangle with diameter comparable to 5~ diam(E) < 4. In fact,
applying properties P; and P4 in Theorem 5.3.1 at each step, one easily deduces the
inclusions

11
TGQilizmiS C 2Ri1i2-~~is C 2Qi1i2~~is- (5.5.4)

The latter is trivial for S = 1. If S > 1, the argument is similar to one that is
presented in the proof of Lemma 5.5.4. For example, if S = 2, P; yields, for each
19 = 17"'7Ni17

5 )
ng‘m N2Q; NE)# o, so in particular ng? N2Q;, # .
On the other hand, P4 yields diam(Q;,;,) < f—odiam(2 Q;, N E), which implies

1 .
Qi) < 5€(Qi1), for each ip =1,...,N;.
All in all, one easily gets %ng C 2Q;,i, N29Q;, =: R;i,, which are the desired
inclusions. Such scheme can be repeated at each step to obtain, in general, relation
(5.5.4). The latter inclusions imply that the rectangle R;,;,...s behaves as a square,

in the sense that its side lengths are comparable and thus, by the second statement
in Corollary 5.5.3,

V(Ririgeis) < 27(Qirigeis) B V4 (Qirigeis) < % Ve (Ririgeis) B Vo (Riigeis)-
That is, J(Ri ip-is) = Y4+ (Riyiyis)- In addition, since A) occurs, by the definition of
0 we get that 2R;,;,..;; can only intersect one connected component of E. Moreover,
if 2R;,;,...i5 intersects one of the dyadic squares that conform E, it can only intersect,
in addition, those squares which are adjacent to it (a maximum of four). Therefore,
there is only a finite number of possible compact sets that E; ;,..iq = 2R ip.is N E
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a) b) c) d)
¢) ) 9) h)

Figure 5.1: In black, the eight possible intersections that can be obtained from
Eijigis = 2Rijiy.is N E, for S large enough so that 5 9diam(F) < §. In red
the rectangle 2R;,;,...; (assumed to be a square by relation (5.5.4)), and in gray some
of the dyadic squares conforming E. Let us remark that in d) we also contemplate
the case where 2R; ;... N E = 2R, i5.is.

can be. We represent them in Figure 5.1. There, 2R;,;,...i5 is assumed, without loss of
generality by (5.5.4), to be a (red) square; and some of the dyadic squares conforming
FE are depicted in gray.

It is clear that in cases a), b), ¢) and d), a direct application of Lemma 5.5.4 yields

’V(Eiﬂ'z"'is) 5 ﬁ-l— (Eiliz'"is)'

Regarding f), g) and h), we write 2€gi2..,i . the horizontal side length of 2R;,;,..;g, and

Ifllh,,,i s the horizontal side of E;,;,..; with such length. Then,

ﬁ(Eiﬂé-"is) < ’?(QRhiz"-is) ~ '~7+ (Iz'lrl{izmis) < §+(Ei1i2"-is)7

where for the second inequality we have used the second statement in Corollary 5.5.3
and relation (5.5.4), and the third follows simply by the monotonicity of the capacity.
Hence we also obtain the desired estimate. Finally, case e) can be dealt with in
a similar way, just noticing that at least one of the diagonally opposed rectangles

R1T1i2~~~i5 and Rlliz...is, obtained in Fj ;,..is, presents horizontal side length half of
2£{1[i2"-is‘ Assume it is Rleizu-is- Then,

W(Eiligmis) S ?(2R1112ls) ~ &‘i‘ (IzI;IZQZs) S 2%"‘ (RIUle) S 2§(Ell7'215)
Therefore, in all possible scenarios we get

’V(EiliZ"'iS) /S iJr (Eilizr-"is)a
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so applying the same type of estimates of (5.5.2) (since we are assuming that Ag is
not satisfied) we deduce

%(Eillé"'isfl) S §+(E7;17;2"'i571 )?

that is the necessary estimate to trace back the iterations and obtain the desired
result. O

The previous result combined with Theorem 4.2.2 yields:

THEOREM 5.5.8. The capacity 7 is semi-additive in R%. That is, there is an
absolute constant C' > 0 so that for any Ey, Es, ... disjoint compact sets of R?,

?( Q@) <C i’?(Ej)-

5.6 Further results in R%. The 7 capacity of rectangles

In this section we compute the 75 capacity of a closed rectangle R C R? with sides
parallel to the coordinate axes and respective side lengths £, > 0, £, > 0. We obtain
the following result:

THEOREM 5.6.1.

N 1 ZAN2 N\
Y(R) ~ 4, [2 In <1 + &26) + o arctan (ft)]

Proof. Let R C R? be such a rectangle and assume, without loss of generality, that
its lower left corner coincides with the origin. To simplify the computations, we also
normalize its temporal side length ¢; to be 1 by dilating R by the factor A := £;!. We
name the resulting rectangle Ry, that is such that

Y(R) = A3 (Ro) = £, 7(Ry).

We introduce the parameter

that is nothing but the spatial side length of Ry, as well as the measure
M= ['2|R0‘

By a direct computation, one obtains that the potential P * u at a point T = (x,t) is
given by the following explicit expression:
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if t <0, 0,
T t2 rT—T t?
if ¢ 1 —In(l1+ — In{l4+-——
if t € (0,1], 2n( +x2>+ 5 n<+(r_$)2>
+t[7rs (x) — arcta <t>+acta (r—x)}
—SgNn\xr) — ar n{— I n
258 x t ’
T z? + 12 r—x (x—r)2+1t?
_ ift >1 —1 1
Prp@ =%t =5 QH{x2+(t—1)2}+ 2 n{(m—T)Q—i—(t—l)z]

+ 1| arcta r-r + arcta T
rctan P rctan P
t—1 t
+t|arctan [ —— | — arctan | —
x x
r—x r—x
+arctan [ —— | — arctan .
( t ) (t—l)]

In the previous formula we have written the factor 1 in the fifth line just to
emphasize that such factor would be ¢; if R was not normalized to be Ry. It is not
difficult to prove that the above expression defines a continuous function in the whole
R? (once extended to z = r and z = 0 when ¢ > 0 by taking limits). Also, using the
following identity

2 1
sgn(xz) = — | arctan(x) + arctan <)],
T x
it follows that for any fixed ¢,
P p(x,t) = Pxp(r —x,t),

or in other words, the one variable function x — P % pu(z,t) is symmetric with respect
to the point z = r/2, for any ¢t € R. Moreover, it is clear that it is nonnegative, tends
to 0 as  — +o0o and in fact, for ¢ > 0, it attains its maximum precisely at = r/2.
This last property can be argued as follows: begin by fixing ¢ € (0, 1] and noticing
that

. . r t2 r
glcll)%P « u(x,t) = lim P p(z,t) = 3 In <1 + 7“2) + ¢ arctan (t) =: C}.

Compute the derivative with respect to x of P u at points x # 0,z # r, that is given

by
(14 5) - (14 5]

and that satisfies 0, P * p(-,t) < 0 in (r/2,7) U (r,00), 0z P * pu(-,t) > 0 in (—00,0) U
(0,7/2) and O, P * u(r/2,t) = 0. Therefore, P * pu(-,t) may attain its global maximum
at t =0, z =71/2 or x = r. The value of Px* pu(-,t) at z =r/2 is

42
P M(;t) — gln (1 + 7“2) + 2t arctan (;) > (.

1
0P * pu(x,t) = 3
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Figure 5.2: Graph of P pu for r = 1/2.

Hence, for t € (0,1), P * u(-,t) attains its global maximum at = r/2. Fort > 1 a
similar study can be carried out, yielding the same conclusion.

Now, by restricting P * p to the vertical line = /2 we obtain a nonnegative
piece-wise continuous function of ¢ given by the expression

if ¢t <0, 0,
if t € (0,1], gln <1 + g) + 2t arctan (%)
P*N<g’t> —\ift>1, gln [742:;244(_—;%21)2] + Sarctan (ﬁ)
— 215[z — arctan (2(t - 1)) ~aretan (L)]
? " 2t

which also tends to 0 as t — 400 and it can be proved that it attains its maximum for
t = 1, for any value of » > 0. Combining the above computations, we have obtained

Pxp(T) < Pxp(r/2,1), VzeR”

For the sake of clarity, Figure 5.2 depicts the graph of the potential P * y for a
particular value of r (that already represents its qualitative behavior).

Using the particular value of M(r) := P % u(r/2,1) we are able to obtain a lower
bound for 4 :

Y4(Ro) = M(r) ™ u(Ro) = M(r)'r = B i (1:45) +  arten () ] _

To obtain an upper bound we shall work with the capacity 7y + (comparable to v,
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Figure 5.3: Graph of Py * p for r = 1/2.

by Theorem 5.2.5). By definition of Py, we get

Py s pu(z,t) := %(P w p(z,t) + P*x p(x,t)) = %(P s« pu(z,t) + Pxp(x, 1 —1)),

where the last equality can be easily deduced from the definition of P* and the sym-
metry of R with respect to the horizontal line t = 1/2. By a similar study to the
one done for P« p, it can be proved that (Ps, % p)|g, attains its minimum at the
vertices of Ry. Just proceed by fixing ¢ € [0, 1] and studying the one variable function
x > Py * pu(x, t) restricted to the domain [0, r|; and by fixing x € [0, 1] and studying
t +— Psy * p(z,t) once restricted to [0,1]. The former is again symmetric with respect
to the point x = /2 and attains its minimum for x = 0 and = = r, while the latter
is symmetric with respect ¢ = 1/2 and attains its minimum for t = 0 and ¢ = 1. In
Figure 5.3 the reader may visualize the graph of Py, * u for a particular value of r.
Therefore, for any (z,t) € Ry we have

. r 1 1 1
Py * p(x,t) > (z,t%l—rf(lo,o) Py * p(z,t) = 1 In (1 + ﬁ) t3 arctan(r) =: §m(r).

Now take any admissible measure v for vqy 4 (Ro) and observe that
(1, 1) <2m(r) v, Py * ) = 2m(r) Py * v, 1) < 2m(r) ' u(Ro) = 2m(r) " 'r,

where we have applied Tonelli’s theorem, the symmetry of P, and the fact that
p < L2 So by the arbitrariness of v and the comparability of v; with g+ we
deduce that there exists an absolute constant C' > 0 so that

-1
_ 1 1 arctan(r)
< 1. — — — - 7 .
Y+(Ro) < Cm(r)"'r Cl21n<1+r2>+ " ]
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Finally, using that M (r) — 4m(r) < 0 for any r > 0, we get the following estimate

V4 (Ro) = m(r)~'r = l; In (1 + :2> + arctin(r)] !

Therefore, regarding the original rectangle R and applying Theorems 5.2.5 and 5.5.7,
Theorem 5.6.1 follows. O

REMARK 5.6.1. Let us check how the above relation extends to cases £, = 0 (i.e.
r=0)and ¢, =0 (i.e. r = 400). For the first case, notice that if r < 1/2 we have

—1
1 1 arctan(r) 1
(14 <
2“( *ﬂ)* " ] = ()]’

1 .
3|In(r)] =

where the hypothesis of » < 1/2 is used in the first bound. Therefore, we deduce

14
In (m)

b
which is a result consistent with the outer regularity of v, and the fact that a vertical

line segment has null 7 capacity (see [MatP, Proposition 6.1]). On the other hand,
for the regime r — 400, the following holds if r > 1

-1
lln (1 n 1) N arctan(r) <
2 72

-1

V(R) ~ b oA 4y <42,

<

T
2 r

(in fact, the lower bound holds for any > 0) so in this case we deduce
F(R) = by, if Ly >4y,

that is what we expected by point 2 in Corollary 5.5.3.



Open problems

Let us present some of the questions and problems that have remained open in this
dissertation.

P1:

P2:

Study the Lipschitz caloric capacity introduced in Chapter 2 for s = 1/2. In this
setting, the ambient space is endowed with the usual Euclidean metric and the
corresponding Lipschitz restriction for admissible distributions is simply written
as

IVP+T|sx <1, where V= (V,,d).

Inspired by the work carried out by Uy in [Uy] for analytic capacity, we conjec-
ture that the capacity one would obtain for a compact set E C R™*!, should be
comparable to the Lebesgue measure in R"*! restricted to E.

In Chapter 2 we have established for s > 1/2 that the critical s-parabolic Haus-
dorff dimension of the (1, %S)—Lipschitz caloric capacity is n 4+ 1. Moreover, we
have constructed a set that has such dimension and that is removable. How-
ever, the question of finding a set with critical dimension that is not removable
remains open if 1/2 < s < 1. Notice that the case s = 1 is solved by Theorem
2.3.3 in [MatPT, Example 5.6], since in this case one can choose any subset of
positive H;‘H—measure of a (1,1/2)-Lipschitz graph and it will present positive
capacity. However, for 1/2 < s < 1, it is not clear if a set of positive H;}jl—
measure in a (1, ﬁ)—Lipschitz graph exists.

Another fact that might help convince the reader that the case 1/2 < s < 1
is different from s = 1 is the following example. Let us fix n = 1, so that
our ambient space is R?, and consider E a vertical line segment of unit length.
We endow the plane with the s-parabolic distance so that E has s-parabolic
Hausdorff dimension 2s. Observe that 2s is strictly smaller than the critical
dimension except for the case s = 1. Therefore, if s < 1, the set E is removable.
However, if s = 1, E is an example of set with positive 7—[;+1—measure contained
in a (1,1/2)-Lipschitz graph and hence it is not removable.

Then, possibly, one should look for more exotic candidates for non-removable
sets, such as the Cantor sets presented in the first section of Chapter 4. There,
we have been only able to prove that those which are not removable present
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Open problems

P3:

P4 .

P5:

P6 :

P7 .

s-parabolic Hausdorff dimension bigger or equal than n + 1, but were not capa-
ble of finding an upper bound. Another possibility, maybe more sensible, might
be to first analyze the removability of sets with critical dimension and finite
HyHl-measure. In this case, since an analogous version of [MatPT, Lemma 6.2]
should hold, the study would become more accessible.

Extend the non-comparability result of Chapter 3 to a general multi-dimensional
setting. Moreover, extend such result to an s-fractional context for 1/2 < s < 1,

comparing 7(;/52 and [gs.

Study with more detail the capacities defined via the normalization condition
| Ps * T|loo <1, for 0 < s <1 (see Definition 4.2.1). The case s = 1 was already
studied by Watson [Wa3] and Kaiser and Miiller [KMii|, while the case s = 1/2
was covered by Mateu and Prat in [MatP]. More specifically, it remains open
to localize these potentials and prove the equivalence between the nullity of
the capacity and the corresponding removability of compact sets for bounded
solutions of the ©*-equation.

Prove the corresponding upper bound for the I'gs capacity of the Cantor sets
defined in the first section of Chapter 4.

Extend the comparability result (Theorem 5.5.7) to a multi-dimensional setting
and find a closed expression for the capacity of a parallelepiped in R"*!. Study
also the comparability for the genuine 1/2-caloric capacity yg1/2, where one only
demands the normalization condition over P, instead of imposing it also over
its conjugate P*. Moreover, if possible, try to extend any of the above results
to a more general s-fractional caloric context or even for any of the Lipschitz
capacities introduced in this text.

Develop a fractional heat potential theory in a similar way as Watson does in
[Wa3] for the heat equation. Obtain results regarding the balayage of measures,
the existence of equilibrium measures, maximum and continuity principles of
potentials, etc.
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