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Abstract

This thesis focuses primarily on the study of the (harmonic and elliptic) Dirichlet boundary
value problem. The final chapter treats an independent problem in geometric measure theory:
the structure of the support of locally uniform and locally uniformly distributed measures.

Briefly speaking, given a (sufficiently regular) domain, the (harmonic) Dirichlet boundary
value problem consists of finding a harmonic extension of a given function defined on the
boundary. For continuous functions on the boundary, the solution is determined by the
harmonic measure: the unique Radon probability measure that reconstructs the harmonic
extension through integration of the boundary function. The elliptic Dirichlet boundary
value problem and elliptic measure are defined similarly, with the Laplacian replaced by a
second-order operator in divergence form with uniformly elliptic matrix.

The first three chapters investigate the Hausdorff dimension of elliptic measures in
planar domains. Chapter I presents preliminary material and establishes fundamental results
concerning elliptic measure. Chapter II focuses on two particular cases: symmetric matrices
with determinant 1, and CDC domains. Through the application of quasiconformal mappings,
we derive new bounds for the Hausdorff dimension that depend solely on the ellipticity
constant. For matrices with additional regularity assumptions, we establish more refined
dimensional estimates. These results extend the classical work of Makarov, Jones, and Wolff
to the elliptic setting, while recovering their celebrated theorems in the harmonic case. In
Chapter III, we extend Wolff’s theorem to elliptic measures associated with Lipschitz matrices
in Reifenberg flat domains, proving that these measures have o-finite length provided small
enough flatness depending on the ellipticity of the matrix.

Chapter IV addresses the L? solvability of the (harmonic) Dirichlet boundary value
problem for domains with unbounded locally flat boundary. That is, we not only establish
the existence of a harmonic extension for boundary data in L%, but also prove that the L?
norm of the nontangential maximal function of this extension is controlled by the L? norm
of the boundary data. Following classical approaches, our analysis relies on layer potential
techniques. We further extend these results to the L? setting for p in a dimension-dependent
range, and establish the v solvability for the corresponding Neumann problem.

The thesis concludes with Chapter V, on locally uniform and locally uniformly distributed
measures. While the structure of (globally) uniform and (globally) uniformly distributed
measures is well understood through work of Kirchheim, Kowalski, and Preiss (though
some open problems remain), the local analogues are not yet fully characterized. We prove
that for locally uniform measures, vanishing mean curvature (defined almost everywhere in
the support in codimension 1) at a point forces flatness of the connected component that
contains the point. Furthermore, we prove that for locally uniformly distributed measures,
local flatness of a connected component implies its global flatness. These two results are
presented in any codimension. These appear to be among the first results in a possible
extension (if true) the Kirchheim and Preiss theorem on the real-analytic nature of globally
uniformly distributed measures to this local setting. Moreover, we show that if a locally
uniform measure satisfies an additional standard growth condition on balls centered in a
neighborhood of a connected component of its support, then that connected component must
be a linear variety.
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Introduction

This introduction presents a general overview of the topics discussed in this thesis. It
includes a survey of the results obtained, along with brief historical context for each area. The
results are stated concisely to minimize technical preliminaries, with complete formulations
referenced in the main text. More detailed introductions and specific historical background
for each topic can be found in the corresponding chapter introductions.

This thesis focuses principally on the Dirichlet problem from two distinct perspectives:
the Hausdorff dimension of harmonic/elliptic measures, and the L? solvability of the Dirichlet
problem in flat domains. The thesis concludes with an independent chapter examining
the structure of locally uniform and locally uniformly distributed measures, a problem in
geometric measure theory.

Dirichlet problem and elliptic measure

The Dirichlet boundary value problem is a central topic in harmonic analysis and the
primary focus of this thesis. Given a domain @ C R"™, the (harmonic) Dirichlet boundary
value problem consists of finding, for any given function f defined on 0f2, its harmonic
extension u = uy : () — R satisfying

{Au =0in Q,

u = f on 0f), in an appropriate sense.

Perron’s method yields a harmonic solution u for every given f € C(0€2). While this
method applies to general domains, we emphasize that for sufficiently regular domains, the
solution wuy satisfies

lim wug(x) = f(§) for all £ € 9.

Qoz—¢
For a fixed p € €, Perron’s method defines a linear operator
T: CO — R
[ up),

which is bounded and positive by the maximum principle. The Riesz representation theorem
then guarantees the existence and uniqueness of a Radon probability measure wf, the so-called
harmonic measure, satisfying

us(p) = . (&) dwiy(§) for every f e C(09).

This construction gives rise to the family of harmonic measures {w§ }.cq, yvielding an explicit
representation of uy as

up(r) = [ f(§)dwi(§), =€
B

1



2 INTRODUCTION

Thus, the harmonic measure fully characterizes the solution to the Dirichlet problem as
(roughly) formulated above.

The definition of the Dirichlet problem extends naturally to second-order operators in
divergence form L4 = — div(AV:) with uniformly elliptic matrix A. Since Perron’s method
remains valid in this setting, the elliptic measure wa 4 can be defined analogously to the
harmonic case. We refer to Chapter 1.

Hausdorff dimension of elliptic measures

Given its connection to the Dirichlet problem, the geometric structure of harmonic and
elliptic measures has been extensively studied. A particular focus of this work is the Hausdorff
dimension of the elliptic measure wg, 4 (for a fixed pole p € ), defined by

dimy wg, 4 = inf{dimy F': wg) 4(F°) = 0}.

This topic has developed into an independent research direction.

In the harmonic case, w = wg, /4, Makarov proved in [Mak85| that for planar simply
connected domains, the harmonic measure satisfies dimy w = 1. For arbitrary planar
domains, Jones and Wolff showed in [JW8§| that dimyw < 1. Wolff later refined this
result in [Wol93|, proving the existence of a set F' with o-finite H! satisfying w(F) = 1. The
higher-dimensional case remains almost completely open, as the value supggn+1 dimy w is still
unknown. Bourgain showed in [Bou87] that dimy w < n+1—b,, for some dimensional constant
b, > 0, and Wolff constructed in [Wol95] a domain €2, C R"*! such that dimy wq, > n.

Elliptic measures exhibit different behavior from harmonic measures. For every ¢ > 0,
Sweezy constructed in [Swe92| (planar case) and [Swe94| (higher dimensional case) a domain
Q C R™! and a uniformly elliptic matrix A such that dimywqg 4 >n+1—e.

In order to understand geometric properties of elliptic measures wq = wg 4 in planar
domains, we establish elliptic analogues of the results by Makarov, Jones, and Wolff. This is
achieved through two different approaches. First, in Chapter II, we employ quasiconformal
mappings to derive dimensional properties for elliptic measures from classical harmonic
measure results. Second, in Chapter III, we adapt Wolff’s proof in [Wol93| to elliptic
measures, when the domain is Reifenberg flat and the matrix has Lipschitz coefficients.

In Chapter II we consider two cases: either the matrix A is symmetric with determinant
1, or © is a CDC domain (see Definition 1.5.1). Roughly speaking, a domain satisfies the
capacity density condition, or it is CDC, if its complement is uniformly “fat” with respect to
the scale.

Theorem I (See Theorems I1.0.1 and I1.0.5). Let Q C R? be a domain, A be a uniformly
elliptic matriz with constant A > 1, and Ky > 1 as defined in (11.0.2). If either

o A is symmetric with determinant 1, or
e () is CDC,

2K
then there is F' C 02 with o-finite HIT such that wo,a(F) = 1. If the domain is simply
connected, then dimy wq 4 > 2/(K) + 1).

For the cases described above, these results establish the analogue of Makarov’s and
Wolft’s theorems for elliptic measures. We note that, as K7 = 1 for the Laplacian, we recover
the classical results for harmonic measure. Moreover, they reveal that in Sweezy’s example
[Swe92|, the ellipticity of the matrix must necessarily degenerate as ¢ — 0.

In the next two theorems we consider matrices with additional coefficient regularity.
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Theorem II (See Theorem 11.0.2). Let Q C R? be a domain and A be a uniformly elliptic
matriz that is symmetric, has determinant 1, and has Holder continuous coefficientsV). Then
there is F C 0Q with o-finite H' such that wq A(F) = 1. If the domain is simply connected,
then dimy wo 4 = 1.

Theorem IIT (See Theorem I1.0.6). Let Q C R? be a CDC domain and A be a uniformly
elliptic matriz with continuous coefficients. Then dimy wo 4 < 1. If the domain is simply
connected, then dimy wo 4 = 1.

In Chapter IIT we study elliptic measures arising from planar Reifenberg flat domains
(see Definition I11.1.4) and uniformly elliptic matrices with Lipschitz coefficients. Roughly
speaking, a domain 2 C R? is (4, rp)-Reifenberg flat if for every ball B centered at 9 with
radius r < rg, the dr-neighborhood of a line through the center of B contains B N 02. Under
these assumptions, we obtain the o-finite length of elliptic measures, even for nonsymmetric
matrices.

Theorem IV (See Theorem II1.0.1). Let Q C R? be a (6, ro)-Reifenberg flat domain and A
be a uniformly elliptic matrix with Lipschitz coefficients. If § s sufficiently small depending
on the ellipticity of the matriz, then there is F C 0Q with o-finite H' such that wo a(F) = 1.

L? Dirichlet and L” Neumann problems

We return to the (harmonic) Dirichlet problem, in Ahlfors-David regular (ADR) domains
(with surface measure 0 = H"|yq) with the interior corkscrew condition. Informally, ADR
regularity quantifies the n-dimensional nature in R"™! of the boundary (see Section IV.1.2
for the definition), and the interior corkscrew condition provides a scale-invariant condition
of openness (see Definition 1V.1.2).

We now extend the setting from continuous functions on 952 to boundary data in L”(o)
for some 1 < p < co. In this case, the boundary condition uy = f on €2 must be interpreted
in the nontagential limit sense

lim us(z) = f(x) for o-a.e. x € 09,
Q>z—x
|z—x|<2dist(z,00)

see (IV.1.4). Furthermore, we study the L” Dirichlet problem with the additional requirement
(for the harmonic extension u; with nontangential limit f € LP(o) o-a.e.) that its nontangential
maximal function (see (IV.1.2)), defined as

Nud@ = sw |ug)l, zeom,

2€Q:|z—z|<2dist(z,00)
satisfies
IV (upllzrio) S If1l2v(o)-
When this holds, we say that the Dirichlet problem is L? solvable, or simply that (D,) is
solvable.

The L? solvability of the Dirichlet problem is fundamentally connected to the properties
of harmonic measure, and vice versa. Beyond the direct construction of harmonic extensions
via harmonic measures, there exists the following precise relationship: (D,) is solvable if
and only if the harmonic measure satisfies a weak reverse Holder inequality with exponent
P = p/(p — 1), the Holder conjugate exponent. The solvability of the Dirichlet problem

(UThinner regularity cases are considered in Theorem II.0.3.
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goes back to Dahlberg’s 1977 work [Dah77|, where he established the solvability of (Ds) for
bounded Lipschitz domains using harmonic measure techniques. For further historical context
on (D,) solvability, see Chapter IV.

In Chapter IV we consider domains with unbounded boundary that fails to be sufficiently
flat at only at finitely many dyadic boundary balls. The flatness conditions require control
of both Jones’ B, numbers and the oscillation of the outward unit normal vector v (see
Remark 1V.1.3). We refer to such domains as J-(s, S; R) domains, see Definition IV.0.1.
Within this framework, we establish the solvability of (D,).

Theorem V (See Theorem 1V.0.2). Let Q C R"™ with n > 2, be a §-(s,S; R) domain.
There exists €, > 0 such that for every p € (-5 — e, %], if & is small enough depending on
p and n, then (D,) is solvable for all ¢ > p.

Our work extends (D,) solvability results to the broader class of d-(s,S; R) domains,
generalizing: bounded locally flat domains (known as regular SKT domains) by Hofmann, M.
Mitrea, and Taylor [HMT10, Section 5|, and unbounded domains with unbounded boundary
that is flat at every scale, by Marin, Martell, D. Mitrea, I. Mitrea, and M. Mitrea [MMM*22a,
Chapter 6]. Remark that both articles [HMT10, MMM™*22a] deal with more general PDEs.

We employ the classical layer potential approach to boundary value problems. The interior
double layer potential D is defined (see (IV.2.1)), for g € L*(0), as

Dyle) = [ VWY =T by doly), we

Wn Jon |x_y|n+1

and the (boundary) double layer potential K is defined analogously via the principal value
for x € 092 (see (IV.2.2)). For any g € L”(0), Dg is harmonic in 2, has nontangential limit
(31d+ K)g o-a.e., and [|[N(Dg)||re(o) S 19]lze(o)- The method of layer potentials yields an
explicit representation for uy, provided the operator %[ d + K is invertible in LP(o). In this
setting, the solution is then obtained through the choice

1 -1

thus proving that (D,) is solvable.

To establish the invertibility of 2Id + K in LP(o) for é-(s, S; R) domains, we proceed in
two steps. First, we prove that K is close to the set of compact operators (Definition IV.1.13),
and second, applying the Fredholm alternative, we show its injectivity in LP(o), for p in
the range from our theorem. A key technical contribution of Chapter IV lies precisely in
quantifying the closeness of K to the set of compact operators.

Theorem VI (See Theorem IV.0.4). Let Q C R™ with n > 2, be a §-(s, S; R) domain and
1 < p<oo. For any given € > 0, if § is small enough depending on €, p and n, then there is
a compact operator T such that || K — T ||r0) < €.

The injectivity of 1/d + K in LP(o) is established in Section IV.6. Notably, the proof
requires only the 2-sided chord-arc condition (see Definition IV.1.7), rather than flatness
assumptions. Unlike the divergence theorem approach for bounded domains, we instead use
Moser type inequalities for harmonic functions with Dirichlet/Neumann vanishing data at
the boundary.

We note that much of the framework developed for proving (D,) solvability extends to
establishing L?" solvability of the Neumann problem. Given f € L¥ (¢), it consists of finding
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a harmonic extension uy such that its normal derivative converges nontangentially to f o-a.e.
(see (IV.1.5)) and IN(Vus)ll o o) S £l 1w (0)> With uniform constant. In this case, we say
that (IV,y) is solvable.

The strategy for establishing that (XV,) is solvable is similar to the one for the Dirichlet
problem. Arguing as above, we have that —%I d+ K* is invertible in L¥ (¢), and hence we
can take

1 —1
g= <—§]d + K*) f.

The choice Spoag gives the solvability of (N,), where Spoq is the modified single layer potential
(see (IV.6.1)).

Theorem VII (See Theorem 1V.0.3). Let Q C R™™! with n > 2, be a 6-(s,S; R) domain.
There exists €, > 0 such that for every p € (-5 — &y, %], if 0 is small enough depending on

p and n, then (Ny) is solvable.

As in the solvability of the Dirichlet problem, the solution is explicitly constructed via
the modified single layer potential. In contrast to (D)), we cannot show extrapolation for the
Neumann problem (though it likely holds, as in the bounded domain case).

Locally uniformly distributed measures

The thesis concludes with a purely geometric measure theory problem, focusing on
geometric properties of the support

supp = {x € R"" . u(B(z,7)) > 0 for every r > 0},

for a given locally k-uniform or locally uniformly distributed measure p: A Radon measure g
is locally k-uniform (k integer) if

p(B(z,7)) = wir® whenever 2 € supp p and 0 < r < 1,

where wy, = H*({z € R : |2| < 1}), and a Radon measure p is locally uniformly distributed
if
0 < w(B(z,r)) = u(B(y,r)) < oo whenever x,y € suppp and 0 < r < 1.

The structure of global versions of these measures (i.e., 0 < r < 1 is replaced by > 0) has
been extensively studied. The most general results are due to Kirchheim, Kowalski and Preiss.
Kowalski and Preiss showed in [KP87] that the support of globally k-uniform measures in
R™*! is contained in a quadratic variety, and in the codimensional 1 case k = n, they achieved
a complete characterization: after a translation and rotation, either supp p = {2,411 = 0} or
(if n > 3) supp u = {23 = 2% + 23 + 22}. Other examples in higher codimension were recently
constructed by Nimer [Nim22|. However, the characterization for arbitrary codimensions
remains open. For globally uniformly distributed measures, it was proved by Kichheim and
Preiss in [KP02] that their supports are analytic varieties.

It is natural to think that similar results may hold under the local condition. However,
much less is known in this case. Kowalski and Preiss conjectured in [KP87, Conjecture 5.14]
that each connected component of the support of a locally n-uniform measure in R"*! is
contained in the zero set of a quadratic polynomial. In the direction of proving this conjecture,
and analogues of the results presented above, we show a unique continuation type property
for locally k-uniform measures, in any codimension.
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Theorem VIII (See Theorem V.0.2). If the mean curvature (whenever it is defined) of the
support of a locally k-uniform measure vanishes at a point, then the connected component of
supp p containing that point must be a k-plane.

By the work of Preiss, Tolsa and Toro in [PTT09, Theorem 1.9], the best known result
states that supp y is a k-dimensional C''"#-manifold away from a closed set with zero Hausdorff
measure H*. Combining this with [DKT01, Theorem 1.10] by David, Kenig and Toro, the
mean curvature is well-defined p-a.e. in the codimensional 1 case k = n.

As a consequence of the previous theorem, we derive a weak unique continuation type
property for locally uniformly distributed measures.

Theorem IX (See Theorem V.0.3). Let v be a locally uniformly distributed measure. If there
is a ball B(zo,70) (with zy € supp  and ro > 0) and a k-plane P such that B(zy, o) Supp p =
B(zp,70) N P, then the connected component of supp j containing zq is precisely the k-plane
P.

Our results provide evidence for local analogues of Kirchheim, Kowalski, and Preiss’s
theorems. Specifically, if such an analogue holds (i.e., if the support lies within the zero set of
a quadratic polynomial or analytic function), then this function cannot have zero curvature
anywhere unless it is the zero function, as in our theorems.

Furthermore, by adapting the arguments used in the strong unique continuation theorem
above, we obtain the following flatness condition for locally k-uniform measures.

Theorem X (See Theorem V.0.4). Let pu be a locally k-uniform measure. If there is
29 € supp p with pu(B(x, 1)) < wer® for all v € B(zp,1) and 0 < r < 1, then the connected
component of supp i containing zo must be a k-plane.

We remark that this was already known for globally k-uniform measures under the
assumption that p(B(z,r)) < wgr” for all x € R™ and 0 < 7 < oo, see [Mat95, Theorem
17.3|. The proof in [Mat95, p. 235| relies on the known property that supp u C {@Q = 0} for
a quadratic polynomial (). For locally k-uniform measures, however, we prove the theorem
even though it remains open whether each connected component of supp i is contained in
such a zero set, even in codimension 1 (see Conjecture V.0.1).

Structure of the thesis and chapter abstracts

The chapters of this thesis correspond to the articles contributed by the author, appearing
in the following order: |[GM24|, [GMPT24| (joint work with Marti Prats and Xavier Tolsa),
[GM25], and [EGM25]| (joint work with Max Engelstein).

The article [EGM25] has been published in The Journal of Geometric Analysis, [GMPT24]
has been accepted for publication in Analysis and Mathematical Physics, and [GM24, GM25]
have been submitted for publication.

The results on the Hausdorff dimension of elliptic measures from |[GMPT24, GM24]
are organized as follows: Chapter I covers preliminary results, while Chapters II and III
present the principal arguments from [GM24] for Theorems I to III, and from |[GMPT24]
for Theorem IV, respectively. The LP solvability results in Theorems V to VII, established
in [GM25], are treated in Chapter IV. Finally, Chapter V develops the theory on locally
uniformly distributed measures from [EGM25]|, proving Theorems VIII to X.

In Chapter II, we obtain new bounds for the Hausdorff dimension of planar elliptic
measure via the application of quasiconformal mappings, with these bounds depending solely
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on the ellipticity constant of the matrix. In fact, in our case studies, we find a quasiconformal
mapping that relates the elliptic measure in a domain to the harmonic measure in its image
domain, allowing us to deduce bounds for the dimension of the elliptic measure from the
known results on the harmonic side. This extends previous works of Makarov, Jones and
Wolff.

In Chapter III we show that, given a planar Reifenberg flat domain with small constant
and a divergence form operator associated to a real (not necessarily symmetric) uniformly
elliptic matrix with Lipschitz coefficients, the Hausdorff dimension of its elliptic measure is at
most 1. More precisely, we prove that there exists a subset of the boundary with full elliptic
measure and with o-finite one-dimensional Hausdorff measure. For Reifenberg flat domains,
this result extends a previous work of Wolff [Wol93| for the harmonic measure.

In Chapter IV we establish the solvability of the LP-Dirichlet and L”-Neumann problems
for the Laplacian for p € (-7 — ¢, %] for some ¢ > 0 in 2-sided chord-arc domains with
unbounded boundary that is sufficiently flat at large scales and outward unit normal vector
whose oscillation fails to be small only at finitely many dyadic boundary balls.

In Chapter V we show that the support of a locally k-uniform measure in R**! satisfies
a kind of unique continuation property. As a consequence, we show that locally uniformly
distributed measures satisfy a weaker unique continuation property. This continues work of
Kirchheim and Preiss in [KP02| and David, Kenig and Toro in [DKT01| and lends additional
evidence to the conjecture proposed by Kowalski and Preiss in [KP87| that each connected
component of the support of a locally n-uniform measure in R®! is contained in the zero set
of a quadratic polynomial.

Also in Chapter V, adapting the methods from [EGM25|, we prove a flatness condition
(Theorem X) which is not presented in the article®: if a locally k-uniform measure is bounded
by wy,r* when evaluated on balls of radius 0 < 7 < 1 centered in a neighborhood of a connected
component of its support, then that connected component must be a k-plane.

(2)After the journal publication of [EGM25], Max Engelstein and I realized that the methods developed
therein could be adapted to prove this new result. I thank Max Engelstein for permitting the inclusion of
this new result in this thesis.






General notation

Here, we present the general notation used throughout the thesis that is not otherwise
introduced in the text.

c,C>1 We use ¢,C’ > 1 to denote constants that may depend only on the
dimension and the constants appearing in the hypotheses of the results,
and whose values may change at each occurrence.

a<b arb We write a < b if there exists a constant C' > 1 such that a < Cb, and
a~bif C7'b<a < Ch.

aSpyb am,b If we want to stress the dependence of the constant on a parameter 7,
we write a S, b or a ~, b meaning that C' = C(n) = C,,.

R+ The ambient space is R"** with n > 1.

diam E The diameter of a set £ C R is denoted by diam E := sup, ,cp |2 —
y|l. We allow diam £ = oo if F is unbounded.

B.(x), B(x,r) We denote by B,(x) or B(x,r) the open ball with center z and radius
r, ie., B.(x) = B(z,r) = {y € R"™! : |y — x| < r}. We denote
B, = B,(0).

rg, 7(B), ¢g, ¢(B) Given a ball B, we denote by rp or r(B) its radius, and by cp or ¢(B)
its center.

tB Given a ball B and t > 1, tB = B(cp, trp).

Q-(z), Q(z,r) We denote by Q. (z) or Q(x,r) the open cube with center z and side
length 2r; ie., Q,(z) = Q(z,r) ={y e R"™ : |y; —z;| < r forall 1 <
i <n+1}.

U(Q), cg, c¢(Q) Given a cube @, we denote by ¢(Q) its side length, and by ¢ or ¢(Q)
its center. That is, @ = Q(cg, (Q)/2).

tQ Given a cube @ and t > 1, tQ = Q(cq, tl(Q)/2), that is, ¢ = cg
and £(tQ) = t4(Q).

Co%e C1 We say that a function f is Holder continuous with exponent o € (0, 1]
in a set U, or briefly C%*(U), if

oy U@

z,yeU,z#y |ZL‘ - y|a
The constant C,, is called the Hélder seminorm of f in U. For shortness
we write C® instead of C%* if o € (0,1), and when o = 1 we say
“Lipschitz continuous”. In this case we write C';, instead of (1, i.e., the
Lipschitz seminorm is

[f(z) = fy)]

Cp= sup —————F"= <00.
xz,yelU,x#y |.T - y|
k-Lipschitz We say that a function f is x-Lipschitz in U if | f(x) — f(y)| < |z —y|

for all z,y € U.
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GENERAL NOTATION

Given a space of function X, we say that a matrix A = (a;;);7}

belongs to X, A € X for short, if a;; € X forall 1 <4,57 <n+ 1.
The Hélder seminorm of a matrix A € C%*(U) is

C, = sup |aij(z) — ai;(y)] < 00
z,yel,z#y |ZL‘ - y|a
1<i,5<n+1

Similarly, the Lipschitz seminorm of a matrix A € C%(U) is

C, = sup |aij(x) — ai;(y)] < 00
z,yeU,zy |5E - y|
1<4,5<n+1

We denote the characteristic function of a set £ by 1g.
Denote D(R™!) the standard dyadic grid. That is, D(R"™) =
Urez De(R™) where Dy (R") is the collection of all cubes of the

form

{x cR"™ m2F<a < (my+1)2 fori=1,...,n+ 1}
where m; € Z.
Given t > 0 and a set £ C R™™! we write U,(F) = {z € R"*! :
dist(x, E') < t} for the t-neighborhood E.
Given a continuous nondecreasing function A : [0,00) — [0, 00) with
h(0) = 0, the h-Hausdorff measure (resp. content) is denoted by
H (resp. HI), see [Mat95, Section 4.9] for instance. It is clear
that H" (E) < H"(E) for any set E. Despite the converse inequality
does not hold, H" (E) = 0 implies H"(E) = 0. Although H" is not
measure, we write H" < H" < H". If h(r) = r*, 0 < a < oo, we
simply write H* and H,.
tt|s denotes the restriction of the measure p to a set S C R™*! defined
as p|ls(E) = u(SNE) for E C R
Given a measure p and a set E, if u(E) # 0 then we denote mgf =

JEEfd,U = ﬁfEfdﬂ for f € LllOC(’u)'




CHAPTER 1

Preliminaries on elliptic measure

Let Q € R™*! n > 1, be an open set, and let A € ROFDX+1(Q) be a uniformly elliptic
matrix. That is, a real and measurable matrix A(-) = (a;;())1<i j<n+1 such that there exists
A > 1, the so-called ellipticity constant, with

(L.0.1a) ATHEP < (A(z)E,€) for all € € R™™ and a.e. z € Q,

(1.0.1b) (A(2)€,m) < ME||n| for all £,n € R and a.e. x € Q.

The uniform ellipticity condition implies that the matrix has bounded coefficients. We
consider the second-order operator in divergence form Lau == — div(AVu) in , understood

in the weak sense, see Definition 1.1.1. We say that a function u € W-?(Q) is L-harmonic
in Qif Lyu=01in Q.
Let © C R™! be an open set (bounded if n > 2) and fix a point p € Q. Consider the
operator
T: C09) — R
foo= ui(p),

where uJLcA is the L -harmonic extension of f in ) via Perron’s method. The operator T’
is linear, and by the maximum principle for L 4-harmonic functions with uniformly elliptic
matrices (see [GTO01, p. 46] for example), it is also bounded and positive.

The elliptic (L 4-harmonic) measure in € with pole p € 2 is the unique Radon probability
measure wy, 4 (by the Riesz representation theorem) such that

uJLcA(p) = . f(€) dwgy 4(§) for every f € C(09).

Via the Perron method construction, although the characteristic function 1z of a set £ C 0f)
is not continuous in 9, the function z +— w§ 4(F) is La-harmonic in Q. For a detailed
construction of elliptic/harmonic measures, see [HKMO06, Section 11|. If the set €2, the matrix
A, or the pole p € Q) is clear from the context, we will omit it in wﬁy 4

Note that by the Harnack inequality of positive L 4-harmonic functions, given any two
poles x,y € Q, if  is connected, we have

Wh.a K Wh 4 K W a-

Therefore, we can omit the pole from now on. Given two measures p and v on X, we recall
that u is absolutely continuous with respect to v, we write p < v in this case, if u(S) =0
for all S C X with v(S5) = 0.

Harmonic and elliptic measure theory has seen significant development recently, par-
ticularly concerning the rectifiability of the boundary and dimensional bounds. For in-
stance, when the boundary of the domain has codimension one, the relation between har-
monic measure and rectifiability of the boundary has been studied by several authors.
Roughly speaking, under some topological assumptions on the domain Q c R**! if 9Q

11
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is n-rectifiable, then wq q < H"|oq, see [ABHM19, AHM*20], and if 02 is purely un-
rectifiable, then wgq ;4 is singular with respect to H"|gq, see [AHM*16, AMT17|. Similar
results hold for elliptic measure if the uniformly elliptic matrix is close to the identity,
see [KP01, HMT17, HMM*21, AGMT23, HMM24|. The closeness of the matrix to the
identity is usually measured in terms of a suitable Carleson measure condition on the gra-
dient or the oscillation of the matrix. However, for general uniformly elliptic matrices, the
elliptic measure can behave completely differently from the harmonic case, see examples
[CFK81, MM81, Swe92, DM21] in the planar case.

In Chapters IT and III, we study the Hausdorff dimension of elliptic measures arising from
uniformly elliptic matrices. This is defined as

dimy wq 4 = inf {dimy F' : wq 4(F°) = 0}.

Naturally dimy wg 4 < dimy 0€2. The Hausdorff dimension of the harmonic measure (i.e.,
with w = wyy) has been studied by several authors, both in the plane and in higher dimensions,
showing a different behavior in each case.

Let us introduce some notation to present the forthcoming results in Chapters I to III.
Given a measure ;¢ we will say that wg 4 has o-finite with respect to p if there is a set
F C 09 satistying wo 4(F') = 1 and with o-finite p, that is, F is of the form F = J,~, F;
with pu(F;) < oo. For short we will write that wg 4 has o-finite . The measure H' will also
be referred to as length.

In the plane, Carleson proved dimy w < 1 for “snowflake type” sets and dimy w < 1 for
some self similar “Cantor type” sets, both results in [Car85]. Makarov showed in [Mak85,
Theorem 1] that there is a constant Cy; > 0 such that for any simply connected domain €2,

its harmonic measure wq satisfies wq < H"<P(Cm Vlogr=tlogloglogr=1) This gives the lower
bound dimy w > 1. Actually, Makarov also proved in [Mak85, Theorem 3| that dimy w =1
for simply connected domains. The upper bound dimy w < 1 with no assumptions on the
domain was shown by Jones and Wolff in [JWS8§], and later it was improved by Wolff in
[Wol93| by proving that there is a subset £ C 02 with full harmonic measure w(F') = 1 and
o-finite length.

For future reference, we write here the precise statements of Makarov(™) and Wolff
mentioned above.

Theorem 1.0.1 (Makarov). There exists a universal constant Cyy > 0 such that

C 1 —llogloglogr—1
wQ<<Hrexp( M\/ogr ogloglogr )

for every simply connected domain € C R2.
Theorem 1.0.2 (Wolff). For any domain Q C R?, wq has o-finite length.

In the same direction for higher dimensions, in R"*! with n > 2, Bourgain proved in
[Bou87| that there exists a dimensional constant b, > 0 such that dimyw < n+ 1 — b,.
Contrary to the planar case, where we can take by = 1 with optimal value by the work of Jones
and Wolff [JW88|, Wolff constructed a domain ,, C R""! in [Wol95] satisfying dimwg,, > n,
that is, b, < 1. In a recent work [BG24|, Badger and Genshaw refined the proof in [Bou87|
to find estimates on the Bourgain constant b, € (0,1). It remains a difficult open problem in
the area to determine the optimal value b, op == n + 1 — sup{dimwq : @ C R**'} € (0,1).

(LDIn Chapter 1T we will write wq < H#'Cn | where ... is the function defined in (I1.0.1).
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From the results in the previous paragraphs we have that dimy w < n + 1 (with some
precise gap), but possibly dimy w = dimy 0. In fact, the situation dimy w < dimy 09
holds for many non-trivial domains. This phenomenon is frequently called the “dimension
drop” for harmonic measure. The dimension drop is closely related to the results mentioned
above. Indeed, similar techniques to the ones in [Bou87, JW88| are used in some of the
following articles. The first work in this direction is due to Kaufman and Wu [KW85] for
the planar log 4/ log 3-dimensional Koch snowflake. Subsequently, Carleson |Car85| extended
this result to self-similar Cantor sets in the plane. For this type of domains, see Makarov and
Volberg [MV86], Batakis [Bat96], and also [Vol92, Vol93|. Jones and Wolff showed that the
dimension drop happens for some uniform and disconnected planar domains, see Theorem
2.1 in [GMO5, Section IX.2]. For IFS domains (iterated functions systems), see Urbanski and
Zdunik [UZ02], and Batakis and Zdunik [BZ15].

For general AD-regular domains of fractional dimension, one may ask if the dimension
drop happens. It holds on uniformly “non-flat” AD-regular domains with codimension smaller
than 1, as shown by Azzam in [Azz20|. Recently, for n > 1 and s € [n— 3, n), the third author
showed in [Tol24]| that the dimension drop occurs for higher codimensional s-AD-regular
subsets of C'!' n-dimensional manifolds in R*"!. In contrast, David, Jeznach and Julia proved
in [DJJ23] that this last result may fail for s close enough to n — 1.

The situation is different for uniformly elliptic matrices. In [Swe92] in the planar case and
in [Swe94] in higher dimensions, for every € > 0, Sweezy constructed a domain 2 C R"! and
an elliptic operator in divergence form L4 whose associated elliptic measure wq 4 satisfies
dimy wo 4 > n+1—ec. However, as € becomes smaller, the ellipticity constant of the resulting
matrix increases. Such planar domains and elliptic measures are constructed by the push
forward under quasiconformal mappings, and the higher dimensional analog is deduced from
the planar case.

Using a new approach in the planar case, David and Mayboroda in [DM21] constructed
an elliptic operator L = —divaV, where a ~ 1 is a continous scalar function on the
complementary of the 1-dimensional four corner Cantor set C C R?, whose elliptic measure
WR2\C,ald 18 comparable to H'|c, the one-dimensional Hausdorff measure on the Cantor set.
Operators of this form are the so-called “good elliptic operators” in the terminology used in
[DM21]. Following the same strategy, for 1 < d < log4/log 3, Perstneva in [Per25] constructed
a “good elliptic operator” L,,q on the (unbounded component of the) complementary of
a d-dimensional Koch-type snowflake S; C R? satisfying that WR2\§,,a41d 18 comparable to
Hs,.

After Sweezy’s results, it is natural to ask which conditions on the matrix imply the
analogous result of [JW88, Wol93| for the elliptic case. In Chapters IT and III we study the
metric properties of the elliptic measure when assuming regularity conditions on the matrix
A. For other results in this line, see for example [PPT21|, about the rectifiability of the
elliptic measure for Holder matrices.

I.1. Partial differential equations
We want to study the elliptic equation
(I.1.1) Lau(x) = —div(A(-)Vu(-))(z) =0,

which should be understood in the distributional sense. We simply write L instead of L4
when the matrix is clear from the context.
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Definition I.1.1. We say that a function u € W,2?(Q) is a solution of (I.1.1), or L 4-harmonic,
in an open set Q C R"*! n > 1, if

/ (A(y)Vuly), Vo)) dy = 0, for all ¢ € C2(9).

By the De Giorgi-Nash-Moser theorem a solution u € W2?(Q) of (I.1.1) is locally Hélder
continuous. If the matrix has Holder regularity then the solution is locally C''? for some
g€ (0,1), see [HL11, Theorem 3.13|. Assuming Lipschitz regularity of the coefficients, L 4-
harmonic functions enjoy more regularity. More precisely, weak solutions of —div AVu =0
with A Lipschitz are twice weakly differentiable, and there is a “Caccioppoli type” inequality

for second derivatives.

Theorem 1.1.2 (See |[GTO01, Theorem 8.8|). Let u € Wh2(Q) be a weak solution of the
equation Lau = 0, see (I.1.1), in Q C R"™ n > 1, where A is uniformly elliptic and
Lipschitz continuous in . Then for any subdomain ' CC Q, we have u € W*2(Q') and

(L1.2) lullw22@y < Cllullwrz )

where C' depends on the dimension, the ellipticity constant and Lipschitz constant of A, and
the value dist(€Y, 092).

If, in addition, the domain has boundary of class C?, then L 4-harmonic functions are
globally in W22,

Theorem 1.1.3 (See [GT01, Theorem 8.12|). Assume, in addition to the hypotheses of
Theorem 1.1.2, that Q is bounded with OQ of class C? and that there exists a function
© € W22(Q) for which u — ¢ € Wy *(Q). Then we have also u € W**(Q) and

lullw220) < C (llullz2@) + lllwz2@) .

where C' depends on the dimension, the ellipticity constant and Lipschitz constant of A, and
09.

Remark I.1.4. Let U C 2 an open subset. Assuming A € C%}(U), then any weak L 4-
harmonic function u € WL*(Q) (in fact u € W2*(U) by Theorem 1.1.2) satisfies div AVu = 0
a.e. in U. Indeed, since the matrix A is differentiable a.e. (by Rademacher’s theorem)
and u € W22(U) (by Theorem 1.1.2), we have div AVu € LL_(U). Moreover, since u is

L s-harmonic then [divAVu -9y = [ AVuVy = 0 for any ¢ € C(U) C C(€). By the
fundamental lemma of calculus of variations? we conclude div AVu = 0 a.e. in U.

The following theorem about the Holder continuity of L 4-harmonic functions up to the
boundary of regular enough domains will allow us (later in Lemma I11.3.2) to bound the
elliptic measure on a specific domain (an annulus) by means of studying the Green function
near the boundary.

Theorem 1.1.5 (See |[GT01, Corollary 8.36]). Let T be a (possibly empty) C* boundary

portion of a bounded domain Q C R™™ n > 1, and suppose u € WH2(Q) is a weak solution

I-2)The fundamental lemma of calculus of variations: If U open set, f € L (U) and [ f¢ =0 for any
¢ € C*P(U), then f=0a.e. inU.
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of (I.1.1) in Q, where A€ C* (0 < a < 1), such that u =0 on T (in the sense of W'*(Q)).
Then u € CY*(QUT), and for any ' CC QUT we have

ullcrey = (|l + [u]eo < ngpluh
where
AV -V
il = sup [ul + sup |V, [y i= sup LoD = Velwl
Q Q :c,yiQ/ |x - y|a
z#y

for C' depending on n, the value of dist(Q', 0Q\T), the C** character of T, and the ellipticity
constants and the Hélder norm of the matriz A.

Since bounded Lipschitz functions are also Hoélder continuous for any exponent o € (0, 1),
the previous theorem remains true for matrices with bounded Lipschitz coefficients.

I1.2. Wiener regular domains

We recall the definition of Wiener regular domains.

Definition I1.2.1 (Wiener regular). Let Q € R™" n > 1, be a domain and A be a real
and uniformly elliptic matrix. We say that £ € 0f) is a Wiener regular point for L4 if for
every [ € C(09), the L,-harmonic extension u]LcA of f in Q via Perron’s method satisfies

limosye ujl;“‘(m) = f(§). We say that  is Wiener regular for L4 if every point £ € 99 is a
Wiener regular point for L 4.

Remark 1.2.2. In fact, the characterization of Wiener regular points does not depend on
the operator Ly, see [LSW63|. Therefore, we say that a point £ €  is Wiener regular if and
only if it is Wiener regular for some (and hence for all) L 4.

In the following lemma, we prove a Markov type property for elliptic measure in Wiener
regular domains.

Lemma 1.2.3. Let Q C R*"™ n > 1, be a Wiener reqular domain and A be a real uniformly
elliptic (not necessamly symmetric ) matriz. Let QL C Q be a Wiener reqular domain. For any
Borel set E C 021 99 and p € Q there holds

halE) = (B) = [ uaB 0

Proof. During the proof we write w = wq 4 and w = wg 4.
Fixed p € Q, for m > 1, by the inner (just for Borel sets) and outer regularity of Radon
measures, let K,, C E be a compact set and U,, D E be an open set such that
WP (Up) — 1/m < WP(F) < WwP(K,,) + 1/m, and

(I2.1) B (Uy) — 1/m < B(B) <& (Ky) + 1/m.

Moreover, we take K, C K,,+1 and U,, D U,,41 by redefining the sequences suitably. Finally,
take K =, Km and U ==,,5, Un,

Let ¢ = o € C.(Uy,) be such that 1Km < ¢ <1y, and let u = u,, and u = u,, denote
the L 4-harmonic extension of ¢ in {2 and Q respectively. By the monotonicity of the integral,
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(I.2.2a) W (Kyp) < u(é) <wb(U,), for all € € Q, and
(1.2.2b) G (Kp) < U(€) <& (Uy), for all € € Q.
Using (1.2.1), we get

(1.2.3) W (E) = 0P (E) = (u(p) — u(p))| < 2/m.

On the other hand, note that u(€) — w(¢) = (u(§) — ¢(€)) - Lyg p0(8) if € € 00, and in

particular, writing v — u as the L4-harmonic extension in Q of its boundary values in Q)
and evaluating at the point p € €2 we get

ulp) — @(p) = / (w(E) - p(€)) doP ().

o0\
From this, (I.2.2a) and 0 < faﬁ\aﬂ 0(&) dwP(€) < WP(Up, \ K1) < 2/m, we therefore obtain

/  WE(K) dBP(E) — 2 < ulp) — () < / W (Uy) dP(€),
O\ m

O0\09
which together with (1.2.3) gives

/ WK AP (€) — - < wP(E) — G#(E) < / WE(Uy) dTP(€) + =
092\09 m a0\00 m

Note that the set K =, K, C E satisfies w?(E) = wP(K), and since K is measurable,
then w?(E \ K) = 0. Since elliptic measures are mutually absolutely continuous for any
two different poles, this implies that w*(E \ K) = 0 for any £ € Q. Again, since K is
measurable we obtain that w®(F) = w®(K) for any ¢ € Q. By the same argument, using now
that E is Borel and so measurable for every w® with £ € €, the set U =, -, Uy, satisfies
w*(E) = w*(U) for any £ € Q.

Taking m — oo, by the monotone convergence theorem, the equation above becomes

/ lim wf(K,) d?(€) < wP(E) — P (E) < / lim wf(U,,) di(€),

oQ\oQ M0 o\ M0

and the lemma follows since lim,, o W (K,,) = wWS(K) = w*(E) = w*(U) = lim,, 00 w*(Uyy).
0

1.3. The fundamental solution and the Green function

We denote by £2(y) the fundamental solution with pole at z for L in R n > 1,
so that La&(-) = 6, in the distributional sense, where §, is the Dirac mass at the point
r € R". We write &,(y) when the matrix A is clear from the context. For a construction
of the fundamental solution for real and uniformly elliptic matrices we refer to [HK07| for
higher dimensions, R"™ with n > 2, and [KN85, Appendix]| for the planar case.

In higher dimensions the fundamental solution behaves “in many senses” as in the harmonic
case, see [HKO07| for more details, but in the plane the situation is more delicate due to the
change of sign of £14(x) = log |x| in |z| = 1, the fundamental solution of the Laplacian in the
plane.

Here we collect the formal definition and some properties of the fundamental solution in
the plane.
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Definition 1.3.1 ([KR09, Definition 2.5]). A function &, : R> — R is called a fundamental
solution for L, = div AV- with pole at z if

(1) & € W2A(R2\ {z}) N W,2P(R?) for all p < 2, and

ocC

/RQ<A(Z)V5$(2), Vo(2))dz = —p(x), for all ¢ € C°(R?),

(2) [€:(y)] = O(log |z — y|) as [y| — occ.
The following result controls the fundamental solution far from the pole similarly as the
fundamental solution for the harmonic case.

Theorem 1.3.2 ([KR09, Theorem 2.6|). For each x € R? there erists a unique (modulo an
additive constant) fundamental solution &, for La with pole at x, and positive constants C4,
Cs, Ry <1 < Ry, which depend only on \, such that

Cilog(1/[z —y|) < =& (y) < Colog(1/|x —yl) for [z —y| < Ry, and
Cilog(lz —yl) < &(y) < Colog(lz —yl)  for |z —y| > Rs.
From the previous result and the maximum principle we obtain the following pointwise

bound.

Corollary 1.3.3. |E.(y)| < 1+ [log |z — y|| for all x,y € R?, where the constant depends on
A

Proof. For |z —y| < Ry and |z — y| > Ry, Theorem 1.3.2 gives |E,(y)| < |log|z —y|| <
1+ loglz —y||- In A={y €R*: R <|z—y| < Ry} we have LE,(y) = 0, and hence
by the maximum principle we obtain Cylog Ry < &,(-) < Cylog Ry in the annulus A. So
€:(y)] S 1< 1+ [loglz —yll. O

We have the following relation between the fundamental solutions of the operators with
matrices A and A”. The same holds in higher dimensions, see [HK07, (3.43)].

Lemma 1.3.4 ([KR09, Lemma 2.7]). Fiz z,y € R2. Let &, be the fundamental solution for
an elliptic operator L4 with pole at x, and Eg be the fundamental solution to the adjoint
operator L gr with pole at y. Then E,(y) = 8yT($)

Now we focus on Green’s function. Given a bounded Wiener regular domain 2 C R**,
n > 1, and a uniformly elliptic matrix A, let g2** denote the Green function, in © with pole
at x € Q with respect to the matrix A, constructed in [DK09, Theorem 2.12] in the planar
case, and [GW82, Theorem 1.1] in higher dimensions.

Notation. If the set €2, the matrix A, or the pole x € € is clear from the context, we will
omit it in ¢4, We will mainly skip the domain € in ¢4, that is, g2*. We denote g% = gfg’AT
the Green function for the matrix A7,

For all z € Q, g9 satisfies™®
(1.3.1) ¢+ € Wh2(Q\ B, (z))nW,*(Q), for all s € [1,(n+41)/n) and 0 < r < dist(z, 9Q),

and

(1.3.2) /QA(Z)VQQ?’A(Z)VQO(Z) dz = p(x), for all p € C°(Q).

(L3)If O ¢ R? is bounded, then Yy ?(92) in [DKO09, Theorem 2.12] is precisely W, *(2), see between
Lemma 3.1 and Section 3.1 of [DKO09].
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In particular, ¢*4 is L,-harmonic in Q\ {z}. By (1.3.1) and a density argument, (I.3.2)
remains true for ¢ € WH'(Q), with n + 1 < 8/ < co. The Green function g, also satisfies the
following;:
(1) 9.(y) = g, () for all 2,y € Q and x # y. See [DK09, Theorem 2.12 (2.18)] in the
plane, and [GW82, Theorem 1.3] in higher dimensions.
(2) For each z € Q and any 0 < r < dist(z, 9Q), g, € WH(Q\ B,(z)). See [DK09, The-
orem 2.12 (2.15)] in the plane, and [GW82, Theorem 1.1 (1.3)] in higher dimensions.

If the domain € has boundary of class C? and the matrix is Lipschitz continuous in a
neighborhood Us,(09Q) = {x € R : dist(z,09) < 2s}, then the Green function also
satisfies:
(3) For each z € Q and any 0 < r < min{s, dist(z,9Q)}, g, € W*2(Q N U,.(0N)). This
is a consequence of (2) by Theorems 1.1.2 and 1.1.3.

Next we show that L rgl = wh 4 — Oz in the distributional sense. With this identity we
can move from integrating on the boundary to the interior of the set.

Lemma 1.3.5. Let ©Q C R™ . n > 1, be a bounded Wiener regular domain and ¢ €
C(Q)NW2(Q). Then

(1.3.3) /8(2 ©(&) dwg 4(€) — (x) = —/ AT (VL (2)V(2)dz, for a.e. x€ Q.

Q

Sketch of proof. In higher dimensions this is proved in [AGMT23, (2.6)|. Here we detail the
differences in the planar case.

As Q is bounded Wiener regular and ¢ € C(Q) N W12(Q), the L4-harmonic function u
solving the Dirichlet problem with boundary data ¢|sq can be taken to be in C(Q) N W12(Q)
and u — ¢ € W,*(Q). Indeed, by the Lax-Milgram theorem in W, *(Q2) there is a unique
function v € W, () with Jo AVOVY = — [, AVpV1 for any ¥ € Wy (). Taking u = v+
it is clear that L u = 0, u € W"(Q) and u — ¢ € W,*(Q). On the other hand, since Q
is bounded Wiener regular, the L4-harmonic extension u of ¢|gq is continuous up to the
boundary, see [HKMO06, Theorem 6.27|. Moreover, by the definition of elliptic measure and
the uniqueness of solutions we have

ule) = [ o(€)dut 1(6)
o9
Write
/ ATV IV = / ATV IV u + / ATVgIV(p —u) = T+ 1L
Q Q Q

The same proof of [AGMT23, (2.10) and (2.12)] applies also in the plane to have that the left-
hand side integral is absolutely convergent and II = p(z) — u(x) for a.e. z € 2, replacing the
use of (2.8) and (2.9) in [AGMT23| by the fact that the Green function satisfies Vg, € LP()
for all p € [1,2) and g. € W2*(Q\ {z}), see [DK09, Remark 2.19 and (3.66)| and item 2 in
p. 18 respectively. Using that |gZ(z)| < |log|z — z|| when |z — 2| < 2¢ is small enough, see
[DKO09, (2.17)], in the planar case the term I? defined in [AGMT23, p. 10855] is controlled by

1
2 < B [ 90l < e flogel M(Tuta) o),
B25(7;)
and as ¢l|loge] — 0 as ¢ — 0, the same proof there implies that I = 0 for a.e. z € Q.

Therefore, (1.3.3) holds also in the planar case. O
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We will show below that from the equality (I1.3.3) it follows that

(13.4) 0() = =E0)+ [ & a0, forall oy €9,

(Probably this is already known but we will show the full details in the plane for completeness).
Recall that = — [5, £,(§) dwh 4(€) is the L-harmonic extension of &, inside 2. Assuming
that g,(x) = 0 if y & Q, we have that (I.3.4) also holds in this case, since (2 is Wiener regular
and therefore the Green function is continuous through the boundary. Moreover, by (1.3.4)
and since €2 is bounded, the Green function also satisfies:

(4) For each x € Q, ¢,(y) > 0 for any y € Q\ {z}.

This was already proved in higher dimension in [GW82, Theorem 1.1]. However, since the
situation is more delicate for unbounded planar domains due to the logarithmic behaviour of
the fundamental solution, we only consider bounded planar Wiener regular domains.

Proof of (1.3.4) in the planar case. Let 0 < ¢ < min{|z — y|, dist(z, 092), dist(y, 0N)}, ¥ =
Y € CX(Ba(y)) such that ¥¥ = 1 in B.(y) and |V¢Y| < 1/e, and ¢ = ¢? defined
analogously.

Applying (1.3.3) to (1 — ¢¥)&, € C(Q) N WH2(Q) and using that 1 — ¢¥ =1 in 9Q U {z},

we have

| E©) it a(©) - E0) = = [ ATV~ 0)8)() d
o0

Q
Write the right-hand side term as

— / ATVGIV((1 —¥)E,) dz = / EATV G dz + / YAVE, Vgl dz
Q B

2¢ (Y)\ Be (y) Bae(y)

- / grAVE,N Y dz — / AVENV((1 — ") gl) dz
Bae(2)\Be () Q
=I. + I, + III. + IV..
Using that |g7 (2)] < |log |z — z|| and |€,(2)| < log |y — z|| when |z — 2] < 2 and |y —z| < 2¢

for small enough ¢ > 0, see [DK09, (2.17)] and Theorem 1.3.2, the terms I. and III. are
bounded by

1/2 1/2
(1.3.5) || 4+ [II1,| < elloge] (][ Vgl|? dz> + <][ IVE,|? dz) :
Bae(y) Bae ()

For the bound of 1., since g1 is L 4r-harmonic in Q\ {z} D B (y), there exists p = p()\) > 2

such that
1/p 1/2
(f watra) s (f warpa)
Bae(y) Bu(y)

see [Ken94, Lemma 1.1.12], and let 1 < ¢ < 2 be its Holder exponent conjugate, i.e.,
1/p+1/q = 1. By Holder’s inequality and the choice of p > 2, the term II. is controlled by

1/q 1/2
<é? (][ IVE,|? dz) (][ Vgl|? dz> :
B2E(y) B4E(y)

1L | =

/ YWAVE, Vgl dz
BQE (y)
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1/q
By [CL92, Theorem 0.1] we have ( fBQE(y) IVE, |4 dz) < 1/e, and so

1/2
(1.3.6) | < e (][ Vgl dz) :
Bye(z)
Since g7 € W22(Q\ {z}) and &, € W.2(Q\ {y}), in particular [VgZ|> € L. (Q\ {z}) and

loc loc loc

IVE,? € Liy.(2\{y}), by the Lebesgue differentiation theorem we have that f, W) Vgl]? —

Vgz (y)]? for ae. y € Qand f5 o IVE? — [VE,(z)]? for a.e. 2 € Q respectively. That is,

by (1.3.5) and (1.3.6) we have |I.| + [II.| + |IIL.| = 0 a.e. z,y € Q.

On the other hand, from the Dirac delta property of the fundamental solution, (1 —
) gl € Wy*(Q) and the density of C°(Q) c C=(R™1) in Wy*(Q), we obtain IV, =
(1—¢"(y))9(y) = gy(x), and (1.3.4) is proved for a.e. z,y € Q. By continuity, it also holds
for all x,y € Q. O

To end this section, we see how the Green function is related to the density of the elliptic
measure in smooth domains. Assume now A is Lipschitz continuous in an open neighborhood
of 99, say Uy(99Q) = {z € R""! : dist(z,09Q) < s}. Under this assumption A is differentiable
a.e. by Rademacher’s theorem, and L 4-harmonic functions are in W22 by Theorem 1.1.3.

Lemma 1.3.6. Let Q C R"™ n > 1, be a bounded domain with smooth boundary (and hence
Wiener regular) and A € C*'(U(99)). The elliptic measure wp, 4 can be written as

(1.3.7) dwgy 4 = —(ATV gl v)do, for a.e. p € Q\ Uz (09),
where v is the unit outer normal to OQ) and o is the surface measure on 0S2.

Proof. Let ¢ € C(Uy(02)) and set ¢,(2) = g} (2) + &L (2) for z € R™™, see (1.3.4) when
z € Q. Notice that ¢,(z) = =) (2) in Q°, and hence ¢, is L 4r-harmonic in € and Q.
The claim follows since the right-hand side of (1.3.3) is

_ /8 AOAT OV (©): (&) do (&) — o)

Indeed, since A is differentiable a.e. in supp ¢ (Rademacher’s theorem), gg € W22(supp @)
(Theorem 1.1.3) and ¢ € C*(Uy(09)), in particular A"Vgl" - € Wh?(suppyp). As the
integration by parts formula holds for W12 functions, then

_/ATVQZV@:/QOdiV (ATVgg) —/div (ATVg,?-SO)
Q Q &

:/cpdiv (ATVgZ) —/ gp(ATVgg,w do
Q

o0
:/ pdiv (A"V¢,) — / pdiv (ATVSPT) —/ gp(ATVgg, v)do
Rn+1 Rn+1 o9
:/ pdiv (ATqup) —¢(p) — / @(ATVQZ, v)do,
Rn+1 09

where in the last equality we used that ¢ has compact support and [ ¢ div (ATVSI? ) = ¢(p)
by the definition of the fundamental solution. Since ¢, is L r-harmonic in R™*! \ 99,
H™T(0Q) = 0 and A € C™(suppyp), we have that div (A"V¢,) = 0 a.e. in suppyp by
Remark 1.1.4, and the claim follows. O
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1.4. The capacity

In this section, we introduce capacity and present general properties of elliptic measure in
Wiener regular domains.

Definition 1.4.1. Let K be a compact subset of €. Its capacity is
Cap(K,Q) = inf{/ |Vul?dz : u € C°(Q) and u > 1 on K} :
Q

Just from the definition of capacity we obtain the following facts. For more properties see
[HKMO06, 2.2. Theorem].

Lemma 1.4.2. The set function E — Cap(F,Q), E C Q, enjoys the following properties:
(1) If Ey C E,, then Cap(E;,Q) < Cap(FEs, ).
(2) If Q1 C Qo are open and E C §y, then Cap(E, Q) < Cap(F, Q).

Let Q C R™™!', with n > 1, be a (bounded if n > 2) Wiener regular domain and let B be
a ball centered at 092. By the maximum principle [GTO01, p. 46] we have

(1.4.1) wonp A(E) Swg 4(E) for any £ C QN B and 2z € 2N B.
The converse inequality may fail. However, the following weaker relation holds.

Lemma 1.4.3. Let Q C R? be a (possibly unbounded) Wiener reqular domain, A be a real
uniformly elliptic matriz and B be a ball centered at 02 with Cap(B N 0Q,4B) # 0. Let
E C 002N B be a Borel set and zp € 01.5B such that wi®, (E) = max.cp 58w 4(E). Then

Cap(2B,4B)
ZE E < ? ZE E
“aalf) Cap(B N 89,43)%’”43”4( )

where the constant involved depends on the ellipticity constant of the matriz A and the
dimension. The same also holds for bounded Wiener reqular domains Q C R when n > 2.

Proof. During this proof we write w. instead of w. 4.
By Lemma 1.2.3 we have

(142) Wi (B) — wif,yp(E) = / W& () duifn ().

04BN

By the maximum principle™® in Q\ 1.5B, w&(E) < wi (E) for £ € 49BN Q. From this and
(1.4.2), we get

(1.4.3) we (B) < wiiyp(40B N Q) - wi® (F) + widyp(E).
It remains to bound wg?,;(40B N Q). By the maximum principle we have
wonap(40B NQ) < sza\(BmaQ) (49B).
By [HKMO06, Lemma 6.21], since zg € 1.50B, we have

(L.4.4) 1 — Wi\ (pran) (40B) = ¢ Cap(B N 9Q, 4B)/ Cap(2B,4B) = c € (0, 1).
In particular
(14.5) W (OB N Q) < Wik oo (40B) < 1-c.

(14)

In the planar case the maximum principle on Q \ 1.5B holds even if € is not bounded, since
wq(E) € [0,1].
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From (I.4.3) and (1.4.5) we get
we (B) < woiyp(40B N Q) - wy (B) + wotyp(E) < (1 —¢) - wif (B) + wotyp(E),
obtaining
¢-wi' (B) < wihyp(E),
as claimed, with ¢ as in step (1.4.4). O

We remark that Cap(B N 0Q,4B) = 0 would imply wp(B N9IN) = 0 for any domain D
with BN IQ C 9D, see [HKMO06, Theorems 10.1 and 11.14].

In the following lemma, we construct a set with full elliptic measure by taking the union
of local full-measure sets.

Lemma 1.4.4. Let Q C R? be a (possibly unbounded) Wiener reqular domain and A be a
real uniformly elliptic matriz. Let {B;}; be a countable family of balls centered at O with
woa (0Q\ U, B;) = 0, and F; C 0(QN4B;) with womup, a(Fi) = 1. Then F = 0Q N, F;
satisfies wo a(F) = 1. The same also holds for bounded Wiener reqular domains Q C R"*
when n > 2.

Proof. In this proof we denote w := wq 4 and worsp, = WonuB, A-
Let p € Q\ {oo}. Abusing notation, we write F* = 0Q \ F. Since w?(F°\ |, B;) <
wP (O |, Bi) = 0, we have

(1.4.6) WP(F¢) = wP (U Fen BZ-> <> WP(FONB).

We claim that each term in the right-hand side is zero. Indeed, for each i fix a pole p; € Q2N4B;,
by the Borel regularity of wi,p let E; O F°N B; be a Borel set with wyp (F;) =
wg"mBi(Fc N B;), and finally let z; € 1.50B; such that w*(E;) = max,c1 595, w*(E;). With
this choice of z;, by Lemma 1.4.3 we have

(1.4.7) w(Ei) S winap, (Ei)-
We have that F°N B; C (Ff N B;) NOQ C FF, so
worap, (Ei) = Woryp, (F°N B;) = 0.
Hence by the Harnack inequality (denoting its use with H), (1.4.7) and wf,p (F;) = 0, for
every index ¢ there holds
(1) L o
(1.4.8) W(FNB;) SW(E) S wi(Ei) S wirup,(Bi) S wonup, (Bi) = 0.

Notice that for each 7 the constants involved in the use of Harnack inequality and Lemma [.4.3
in (I.4.7) and (1.4.8) depend on 4, but the right-hand side in (1.4.7) is zero.

By (I.4.8) we have that the sum in the right-hand side of (I1.4.6) is zero as claimed.
Therefore the set F' := 0Q N, F; satisfies w?(F) = 1. O

We also want to note that from (I.4.1) and Lemma [.4.3, the dimension of elliptic measures
only depends on how the matrix is around the boundary of the domain. We prove this in the
following result.
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Corollary 1.4.5. Let Q C R"™ n > 1, be a (possibly unbounded if n = 1) Wiener
reqular domain, € > 0 and let A, B be two real uniformly elliptic matrices with A = B
in {x € Q : dist(z,00Q) < €}. Then woa(F) = 1 if and only if wop(F) = 1. That is,
wo,4 K wo,B K W A-

Proof. Let w. == w. 4 and 0. = w. g. We prove wq(F) =1 = wq(F) = 1, and the converse
direction follows by symmetry. Let F' C 09 with wq(F') = 1, we write F* = 9Q \ F, and let
{B;}: be a countable subfamily of {B./100(§) }¢can such that 92 C | J, B;. We have

wa(F°) < wo(F°N B).

We claim that each term on the right-hand side is zero, and in particular wq(F) = 1. Indeed,
for each 7 fix a pole p; € Q2N 4B;. Since both matrices A and B coincide in 2 N4B; we have
Wonap, () = Wonyp, (+), and using (1.4.1) and wg (F) = 1 we get

wopup, (F° N Bi) = Wonyp, (F° N By) <@g (F°N Bi) <@g (F°) = 0.

Arguing as in the proof of Lemma 1.4.4, where Lemma 1.4.3 is used, wgiMBi(FC NB;)=0
implies wq (F°N B;) = 0, as we claimed. O

I.5. The capacity density condition

In this section, we present general properties of elliptic measure in CDC domains, which
are defined as follows.

Definition 1.5.1 (CDC domain. [HKMO06, (11.20), (2.13)]). A domain Q C R"*' n > 1,
satisfies the capacity density condition, CDC for short, if there exist a constant ¢y > 0 and a
radius ro > 0 such that

Cap <B(x0, r) N Q° B(xo, 27’)) > cor™ !

for all g € 09, z¢ # 0o and r < ry. We write (¢, 79)-CDC in case we want to stress the
parameters, and co-CDC if there is ry > 0 such that Q is (¢, ro)-CDC.

All CDC domains belong to the class of Wiener regular domains, see [HKMO06, Theorem
6.27, Section 9.5, and Theorem 9.20].

Annuli are trivial examples of CDC domains. For completeness, we compute here the
CDC constants for a specific annulus; these will be used later in Chapter III to control the
density in modified domains.

Lemma 1.5.2. Let k > 3. The annulus Ay = B(0,k*r)\ B(0,7) C R™™  n > 1, satisfies the
CDC with constant ¢y = co(k) and radius so = (%)2 r, and moreover

(1) B(0, kr) C B(zo, so) and
(2) B(xg,2s0) C B(0, kr),
for any xo € OB(0,1), i.e., the inner circle.

Proof. We first determine sy for which the conditions (1) and (2) hold. From the first condition
we get s > (k+ 1)r, and from the second 2sy + r < k*r, i.e., 2s9 < (k* — 1)r. In order to



24 I. PRELIMINARIES ON ELLIPTIC MEASURE

have existence in sy we need 2(k + 1)r < (k? — 1)r, whence we need k > 3. Let sq be the
middle point in ((k + 1)r, %r),

k2-1 2
o — (k+1)r + =r _k +2k+1T:: Ck) - r
2 4
Now we want to see that for £ > 3, the annulus 4, satisfies the capacity density condition
with sp = %r = C(k) - r. By definition of C(k), given a point xg € dA, the ball
B(zo, C(k) - r) does not intersect the other component of A, by condition (2).
We want to see that there exists ¢y = ¢o(k) such that

Cap (B(xo, s) N Az, B(xo, 25)) > co(k) - s"71,

for all ¢ € 0A; and 0 < s < sg.
Case 1. Suppose xy € 0B(0,7) C 0A;. Let 0 < s < 59 = C'(k) - r. By the choice of C'(k)
we have B(zo, s) N Af = B(xg,s) N B(0,7).

Set £ = xg — Toge-- So [§ — wo| = ‘xgﬁ

= 95 = 3cq) and note that [

) C B(zo,s) N AL Also, B(xg,2s) C B(&,25+ |9 —¢&|) =

5. In particular B (5, ﬁ(k)
B <§ 25 + 3 C > From these two inclusions, the monotonicity of the capacity and [HKMOG,
(2.13)

, we have

Cap (mm A2, By, 25)> > Cap (B (g, %W),B <§,25 + %Uf))) oy 5L

Case 2. Suppose g € IB(0,k*r) C dA. Let 0 < s < s = C(k)-r. Define & = To+ o5
Hence B (f, %) C B(xzg,s) N Af, and B(zo,2s) C B ( , gs) Arguing as before we get

Cap <B(:1:0, s) N Ag, B(xo, 25)) > 5"
as claimed. 0

A key property in CDC domains is the following uniform control of the elliptic measure,
the so-called Bourgain’s lemma, see [Bou87, Lemma 1| for the harmonic case.

Lemma 1.5.3 (See [HKMO06, Lemma 11.21]). Let Q@ C R™™ n > 1, be a bounded (cqy,T0)-
CDC domain, and let A be a uniformly elliptic matriz. Then there exists a constant T € (0,1),
depending only on n, cq and the ellipticity constant of A, such that for every E C 02, x¢ € OS2
and 0 < r < rg, the following holds:

(1) if B(wo,2r) NE =0, then wg 4(E) <1—7 <1, and

(2) if B(xo,2r) N0Q C E, then wg 4(E) > 7 >0,

for any point p € B(xg,r) N .

1.6. Elliptic measure and Green’s function in CDC domains

Let Q ¢ R*™! n > 1, be a bounded Wiener regular domain and A € R®TDx(+1) he 5
uniformly elliptic matrix. We denote by ¢g**(-) the Green function in  with pole at z €
of the operator Ly = — div AV constructed in [DK09, Theorem 2.12] in the planar case and
[GW82, Theorem 1.1] in higher dimensions, see Section 1.3. We recall that ¢$#4(y) > 0 for



I.6. ELLIPTIC MEASURE AND GREEN’S FUNCTION IN CDC DOMAINS 25

each y € Q\ {z}, see |[GW82, Theorem 1.1] in higher dimensions and item 4 in p. 19 for the
planar case.

Given a bounded Wiener regular domain 2 C R"*! n > 1, a uniformly elliptic matrix A,
and a ball B centered at 0f), we claim
(I.6.1) wh 4(B) <t max g;lT (x) for all p € Q\ 4B,

’ x€QN2B

with constant depending on the ellipticity of A. This follows from the identity (I.3.3). Indeed,
taking ¢ € C>°(R?) such that ¢ = 1in B, ¢ =0 in (1.5B)¢ and |V¢| < 1/rp in 1.5B\ B, by
(1.3.3), the ellipticity condition, and Holder’s and Cacciopolli’s inequalities, for a.e. p € Q\ 4B
we get

v 1 o (1 v\’
) < [ pai == [arvgrves [ wglisn (5 [ ar)

B J1.5B B

The last element is trivially bounded by the maximum value of 77 * g;‘T in QN 2B, and (1.6.1)
holds for all p € Q \ 4B by continuity.
For CDC domains, the following weaker reverse inequality holds.

Lemma 1.6.1. Let Q C R"™ n > 1, be a bounded (cy,r9)-CDC domain, A be a uniformly
elliptic matriz and B be a ball centered at 0N). If rg < ro then

r%’lgﬁT(x) SwhA(AB) forx e QN B andp € Q\ 2B,
with constant depending only on cq and the ellipticity of A.

In higher dimensions, n > 2, for bounded Wiener regular domains there holds the refined
inequality !>

(1.6.2) r%’lgﬁT (x) 216%58 wh A(4B) Swo 4(4B) for z € QN B and p € Q\ 28,

see [AHM™ 16, Lemma 3.3| for a proof in the harmonic case, which also works in the elliptic
case, see [AM19, Lemma 3.6]. In particular, when the domain is CDC, by Lemma 1.5.3
we have inf.copw§ 4(4B) 2 1, and therefore the finer formulation (I.6.2) is equivalent to
Lemma 1.6.1.

We remark that the proof of (1.6.2) relies on the good behavior of the Green function
(in fact, the fundamental solution) in higher dimensions, in contrast to what happens in the
planar case. However, for planar CDC domains the Green function behaves well in a region
around the pole.

Lemma 1.6.2. Let Q C R? be a bounded (cy,r9)-CDC domain, and A be a uniformly elliptic
matriz. Let y € Q2 be such that dist(y, 02) < ro. Then

g;(aj) ~ 1 for x € 0B(y, dist(y,00Q)/2),
with constant depending only on cq and the ellipticity of A.
We leave its proof for the end of this section. Granted this, we obtain Lemma 1.6.1.

Proof of Lemma 1.6.1 whenn =1. Fix x € N B. Since r5 < rg, by Lemma [.6.2 we have
92(-) £ 1in dB(z, dist(z,092)/2). On the other hand, by Lemma L.5.3 there holds wy, 4(4B) 2
1in 2B D 9B(x,dist(z,09)/2). In particular, g}(-) < wq 4(4B) in 9B (x, dist(z, 09)/2),

(51, fact, one can replace 4B by aB with a > 0 and the involved constant does not depend on a.
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and trivially also in 9€2. By the maximum principle, the same inequality holds in €\
B(z,dist(z,09)/2), and the lemma follows by taking p € Q \ 2B and g]‘;‘T(x) =gi(p). O

Although the good behavior in Lemma 1.6.2 is not known for general planar domains,

in the harmonic case, in [PT23, Lemma 7.21], there is a planar version of (I1.6.2) with
{5 192%(y) — mpygl?| dy instead of g/*(x). Moreover, in [PT23, Lemma 7.22|, a pointwise

estimate involving the logarithmic capacity is proved, which in particular gives Lemma [.6.1
in the harmonic case, with different dilatations of the ball.

We now turn to the proof of Lemma 1.6.2. In the harmonic case, it is stated and proved in
[AHOS, Lemma 3.4 (1)]“9. Even though the same proof can be applied with minor technical
changes to the elliptic case, for the sake of completeness all the details are provided here, as
the author has found neither the statement nor any proof in the literature for the elliptic
case. The rest of this section is dedicated to proving Lemma 1.6.2.

Although in [AM18, Lemma 2.3] only the harmonic version of the following lemma is
stated, exactly the same proof applies in this case.

Lemma 1.6.3. Let Q € R"" n > 1, be a domain and A be a uniformly elliptic matriz, and
¢ € 002 Suppose that there exists § € (0,1) such that wg g .y 4(OB(, 1) NQ) < B <1 for

x € 0B(&,0r)NQ and r € (0, R). Then there is a = «(B,9) so that, for all r € (0, R),

B s (E284) porscansien,

with constant depending only on [ and J.

We note that if Q is (¢, r9)-CDC, then for any ball B centered at 02, the domain
QN B C Qis also (¢, r)-CDC, just because the complementary increases. Therefore, for
any § € 9Q and r < 2ro, by Lemma 1.5.3 we have wi g .y 4(0B(z,7) M) <1 —7 = for
all z € B(&,r/2) N, and in particular, we can apply the previous lemma, with § = 1/4 say.
Consequently, for (¢, r)-CDC domains €2, Lemma 1.6.3 holds with R = 2r( for all £ € 09,
where the constant now depends on ¢y and the ellipticity of A.

In particular, given a (cg, 79)-CDC domain §2 and & € 092, since QN B(, 7o) is (¢, ro)-CDC
as well, for all r € (0, 2r¢) there holds

(163) e BETT) < (

where the constant depends only on ¢y and the ellipticity of A.
We adapt the proof in [AHO8, Lemma 3.4 (1)| with the technical changes for the elliptic
case.

Proof of Lemma 1.6.2. The ellipticity constant of A is denoted by A > 1. To simplify the
notation, we also write w. 4 = w., g, = g;‘ and R = dist(y, 002) < ro.

For the lower bound, let gf = gf =4 and note that gf < g, in Bg(y) by the maximum

|z — ¢

r

) for x € QN B(E, ),

principle, as g, — g7 is Ls-harmonic in Bg(y) and positive in dBg(y). Finally, g/ ~, 1 on
dB(y, R/2) and the lower bound is proved. This follows by writing g,’ in terms of the Green
function gf 104 where ﬁ( -) = A(y + R-) has the same ellipticity constant, and the pointwise

estimates of the fundamental solution, see Section 1.3 and the references therein. Note that
the lower bound holds for general Wiener regular domains.

(L6)The CDC is with respect the logarithmic capacity, see [AH08, Definition 3.1].
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We now turn to the upper bound. Let My = supyp, p/2) 9y(+), and in particular, g,(-) <
My in Q\ B(y,R/2) by the maximum principle. Let y* € 9 be such that |y — y*| =
dist(y, 02) = R. Thus, by the maximum principle we have

gy(z) < MOwéﬂB(y*,R/2)<Q N aB(y*7 R/Q)) for z € 1N B(y*7 R/Q)

By (1.6.3) there exists 0 < &1 = £1(co, A) < 1/4 such that if z € QN B(y*, 251 R), then
z * z O/ % DI/AC « 1
WQnB(y*,R/Q)(Q NOB(y", R/2)) < WQnB(y*,R/z)(B(y ,R/4)) < Cet < 9
Therefore, combining the latter estimates we get
gy(2) < My/2, for z € QN B(y*,2e1R).

We will compare the Green function g, with the Green function g?]? = gf’A in the ball
B = B(y, (1 —1)R). Let us cover 0B with a finite number N = N(g1) = N(co, A) of balls.
Let y; be the point in the segment yy* with |y; — y*| = e1R. Fix N = [%-‘ and assume
that we have already defined v, ...y;. Let y;+1 be the point in 0B with Z(y;41 —vy,y; —y) =
21 /N > 0.0 This procedure gives N points as yy41 = 1. Let r == |y, — 1/, and for each
1 <j <N, wedefine B; .= B(y;,r). As all the points are equidistributed in 0B, in particular
Yi—1,Yj+1 € 0B; for all 1 < j < N, with the correspondence yy = ynx and yy+1 = y1, and
clearly 0B C Ujvzl B;. Moreover, r = |ys — y1| < H'(arc(y112)) = w < TR L el hy
the choice of N. In particular, g,(-) < My/2 in By.

We claim that if g, < (1 — a)M, in B; for some a > 0, then g, < (1 — 7a)M, in
Bji1, with 7 € (0,1) as in Lemma 1.5.3. Indeed, since the annulus A = 25B; \ B; satisfies
A C B(y,R) \ B(y, R/2), in particular g, < My in A. Since w?(925B;) = 1 for 2 € 925B;
and vanishes on 0B, we can write

gy(2) < aMow?(025B;) + (1 — o) M, for z € OA.

By the maximum principle, the same holds for = € A. The annulus A is a (¢, 9r)-CDC
domain with universal constant ¢y and radius rg = 9r, see Lemma 1.5.2. In particular,
for 2 € Bjy1 C 2Bj11 = B(yj41,2r), since 4B;,; N 925B; = (), by Lemma 1.5.3 we have
w4(025B;) <1 — 7. That is, g, < (1 —T7a)Mp in Bjy4, as claimed.

Since g, < My/2 in By, from the previous paragraph we conclude that g, < (1 — ¢)M; on
OB, with ¢ = 0.57", that is, ¢ = ¢(cp, ) € (0,1). Then,

gB(2) = gy(2) — / 0,(€) dwiy 4(€) > gy() — (1 — )My for = € B,

OB
and hence
sup gf’(z) > My — (1 —c¢)My > cM,.
2€0B(y,R/2)
As in the proof of the lower bound, we have g’ (z) ~x 1 on dB(y, R/2). Therefore, My <
C(co, A) and the upper bound is also proved. |
(1.7)

This condition is just to ensure that we always choose the point going in the anticlockwise direction.
We could do the same procedure in the clockwise direction as well.






CHAPTER II

The dimension of planar elliptic measures via quasiconformal
mappings

In this chapter, we provide new bounds for the dimension of planar elliptic measures when
the uniformly elliptic matrix is symmetric with constant determinant, or when the planar
domain satisfies the capacity density condition (see Definition 1.5.1). The bounds depend
solely on the ellipticity constant of the matrix.

Let us quickly recall Makarov’s Theorem [.0.1 and Wolff’s Theorem [.0.2 regarding the
dimension of the harmonic measure w = wyy in planar domains. Makarov [Mak85, Theorem
1] showed that there is a constant C'y; > 0 such that for any simply connected domain €2, its
harmonic measure wq satisfies wg << H¥+“m, where .. is the function defined for p > 1 and
C >0 as

2
(I1.0.1) Ppc(r) = P exp (O—fl V/log 7= log log log r‘p) :
p

We note that H¥»¢ < H* for any a < F% because ¢, (t)/t* — 0 as t — 0. This in
particular implies dimy, wqg > 1. For the upper bound, Wolff [Wol93| proved that wq has
o-finite length for any domain 0 C R2. For more geometric properties of the harmonic
measure, see the introduction of Chapter I and the references therein.

Let us also recall the different behavior of the Hausdorff dimension of elliptic measures.
For every ¢ > 0, using quasiconformal mappings, Sweezy constructed a domain Q C R?
and a uniformly elliptic matrix A such that dimy wg a4 > 2 — ¢, see [Swe92|. Sweezy also
provided the higher-dimensional analog in [Swe94]|. Through a different technique, David
and Mayboroda in [DM21] defined a continuous scalar function a ~ 1 on the complementary
of the 1-dimensional four corner Cantor set C' C R? such that WR2\C,ard 18 comparable to
H!|c. Operators of the form L,rq = — divaV that satisfy the above comparability are the
so-called “good elliptic operators” in the terminology used in [DM21]. By the same strategy,
for 1 < d <log4/log3, Perstneva in [Per25| constructed a “good elliptic operator” L, 4 on
the (unbounded component of the) complementary of a d-dimensional Koch-type snowflake
Sy C R? satisfying that WR2\§,,a41d 18 comparable to Hd|5d.

When adding regularity to the matrix, one could expect that elliptic measures behave
as the harmonic measure. In Chapter III below, in collaboration with Prats and Tolsa, for
Lipschitz matrices we prove Theorem II1.0.1, the analog of Wolff’s Theorem 1.0.2 for planar
Reifenberg flat domains with small constant. More precisely, given a uniformly elliptic matrix
A with Lipschitz coefficients, and a Reifenberg flat domain Q C R? with small constant
depending on the ellipticity of A, wq 4 has o-finite length.

To the best of the author’s knowledge, the above results are among the few concerning
the dimension of the elliptic measure in the plane without any restriction on the dimension of
the boundary. In the same spirit as Makarov’s Theorem 1.0.1 and Wolft’s Theorem 1.0.2, in
this chapter we provide bounds for the dimension of the planar elliptic measure. Namely, we

29
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obtain o-finiteness of the elliptic measure with respect to certain Hausdorff measures and we
show absolute continuity of the elliptic measure on finitely connected domains with respect to
a gauge Hausdorff measure H¥»¢, where ¢, ¢ is the gauge function defined in (I1.0.1). Recall
that, as discussed above, we have that

2
wo,a K H¥rC — dlmH wa,A > —.
p+1

The first bunch of results concerns the case when A is symmetric and has determinant 1.

Theorem I1.0.1. Let Q C R? be a domain, and A € R***(R?) be a uniformly elliptic (with
ellipticity constant X\ > 1) and symmetric matriz with det A = 1. Then wq 4 has o-finite

HAeT If in addition Q) is finitely connected, then wqa < H M, where Chyy > 0 is the
constant in Makarov’s Theorem 1.0.1.

Theorem I1.0.2. Assume, in addition to the hypotheses of Theorem I.0.1, that A € C2_(R?),
0 < a <1 Then wga has o-finite length. If in addition Q is finitely connected, then

wo,a K H?4Cum , where Cpy > 0 is the constant in Makarov’s Theorem 1.0.1.

For the proof of Theorems I1.0.1 and I1.0.2, see pp. 46 and 49 respectively in Section 11.3.

Note that the previous results are coherent with the results in the harmonic case of
Makarov’s Theorem 1.0.1 and Wolft’s Theorem 1.0.2. If A = Id, we can apply Theorem I1.0.2
using that the coefficients are Holder, or we can just also use that the ellipticity constant
is A = 1 in Theorem I1.0.1 and hence 2/(A 4+ 1) = 2A/(A+ 1) = 1. The consistency of
using Theorem II.0.1 with A = 1 is due to the sharpness of the distortion of the Hausdorff
dimension and measures under quasiconformal mappings, see (I1.2.5), Theorem I1.2.7 and
Corollary 11.2.10.

In the case of symmetric matrices with determinant 1, the scheme of the proof only needs
the uniform ellipticity condition on the matrix, and the key point is that the quasiconformal
mapping which relates the elliptic measure of a domain with the harmonic measure in the
image domain, is uniquely determined by the matrix. In particular, the more regular the
coefficients of the matrix are, the more regular the quasiconformal mapping is. Arguing as in
the proof of Theorem I1.0.1 and using the additional regularity of the quasiconformal mapping
when the coeflicients enjoy extra regularity, we obtain Theorem I1.0.2 and the following cases:

Theorem 11.0.3. Let Q C R? be a domain, and A € R***(R?) be a uniformly elliptic (with
ellipticity constant X > 1) and symmetric matriz with det A = 1. Then the following holds:

o If A(z) = A(Re(2)) (or A(z) = A(Im(2))), A € WP(R?) with p > 2 or A €
DMO,, (see Definition 11.3.14) with p > 1, then wq 4 has o-finite length.
o If A€ VMO, (see Definition 11.5.18), then wq 4 has o-finite H/ s
o If A€ VMO (see Definition 11.3.7), then dimy wg 4 < 1.
If in addition Q is finitely connected, the following hold:
o If A(z) = A(Re(z)) (or A(z) = A(Im(2))), or A € DMOy, then wg a < HCum .
o If A € VMOyy,, then wo s < HroaoWlos ),
o If A € VMO, then dimy wg 4 = 1.

Here C'yy > 0 is the constant in Makarov’s Theorem 1.0.1.

We remark that Theorems I1.0.2 and I1.0.3 hold as long as the determinant is constant.
The proofs of all cases can be found on p. 46 (Hélder case), p. 50 (A(z) = A(Re(z)) case),
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p. 50 (VMO case), p. 53 (Sobolev case), p. 55 (DMO case) and p. 60 (VMO case). Also,
as noted in Remarks I1.3.15 and 11.3.19, for 1 < p < oo there holds

Hoélder C Dini € DMO, ¢ DMO; C VMO,,, C VMO,

where Dini consists of functions satisfying the pointwise Dini condition (II.3.13).

In the same way, as a corollary of [Tol24, Theorems 5.1 and 5.3| and by the same approach
of Theorem I1.0.1, using the fact that the quasiconformal mapping and its inverse are C*
when the matrix is DMO,, with p > A, we derive the following result. The details are left to
the reader.

Corollary I1.0.4. Let A € R**2(R?) be a uniformly elliptic (with ellipticity constant X\ > 1)
and symmetric matriz with constant det A. Let E C R? be a compact subset contained in a
C' curve which is (s, Cy)-AD reqular for some s > 0, that is,

Cilr® <H(EN B(z,r)) < Cor® for allx € E and 0 < r < diam(FE).
Let Q =R?\ E, and assume also that A € DMO,, with p > X\. We have that:

o [fse [%, 1), then dimy wo 4 < s.
o There exists € = ¢, > 0 small enough such that if s € [% —£, 1), then dimy wo 4 < s.

In the preceding result we concluded that dimy, wq 4 is strictly smaller than the dimension
of the boundary. This phenomenon is known as dimension drop. For additional background
in dimension drop, see for instance [Azz20, DJJ23, Tol24|, the introduction of Chapter I, and
the references therein.

The second group of results concerns general uniformly elliptic matrices but is restricted
to CDC domains (Definition 1.5.1), and they are proved in Section I1.4.

Theorem I1.0.5. Let Q C R? be a CDC domain, A € R?*? (ﬁ) be a uniformly elliptic matriz
with ellipticity constant X\ > 1, and

{)\ if A is symmetric,
)\ =

11.0.2
( ) A+VA2—1 otherwise.

Then wa 4 has o-finite HNUSHY - [f in addition ) is finitely connected™V | then w4 K
HEENCM | where Cyy > 0 is the constant in Makarov’s Theorem 1.0.1.

Contrary to what we had in the symmetric and determinant 1 case, for general uniformly
elliptic matrices we cannot find a quasiconformal mapping such that the elliptic measure
is the push-forward of the harmonic measure in some other domain. This will not allow
us to relate, for any domain, its elliptic measure with the harmonic measure in some other
domain. However, if the domain is CDC, we find a quasiconformal mapping that sends the
elliptic Green function to the harmonic Green function in the image domain, which allows
us to obtain the comparability between the elliptic measure and the harmonic measure in
the image domain. Using this, the proof follows the same scheme as in the previous case in
Theorem II1.0.1.

We remark that, in the above situation, the quasiconformal mapping depends not only
on the matrix but also on the Green function. Therefore, we cannot easily deduce better
regularity of the quasiconformal mapping even if the matrix has additional regularity. However,
if the matrix is continuous up to the boundary then we will deduce the following result.

(D1 particular it is CDC.
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Theorem 11.0.6. Let Q C R? be a CDC domain and A € ]R_QXQ(Q) be a uniformly elliptic
matriz with continuous coefficients up to 0K, that is, A € C°(Q). Then dimy wg 4 < 1. If in
addition €2 is finitely connected, then dimy wg 4 = 1.

To prove this result, we will use a localization argument that relies on the fact that K, — 1
as A — 1. We note that in Theorem III.0.1 below we obtain the o-finite length of wq 4 under
the assumptions that A is Lipschitz and Q C R? is Reifenberg flat. In contrast, the result
above shows that the upper bound dimwg 4 < 1 holds under much weaker assumptions: 2 is
CDC and A is continuous up to the boundary.

We note that Theorem I1.0.6 does not contradict the result of Perstneva in [Per25|. In
fact, the scalar function ay ~ 1 that she defined is continuous in the CDC domain 2, the
(unbounded component of the) complementary of a d-dimensional Koch-type snowflake, while
in Theorem I1.0.6 we require the matrix to be continuous up to the boundary.

An interesting question is the validity of Theorem II.0.6 in higher dimensions, in the
sense that whether dimy wg 4 < n+ 1 — by, o for any domain @ C R"™! and any uniformly
elliptic matrix A € C(Q), where b, o € (0,1) is the optimal (unknown) constant such that
dimy wo rg < n+1— by, op for any domain Q C R™.

I1.1. Preliminaries

I1.1.1. Notation. We retain the notation from p. 9 throughout this chapter. Specifically,
the ambient space is R?, though auxiliary results will be stated in the general setting of R**1
for n > 1.

11.1.2. Reduction to bounded Wiener regular domains. We present the lemmas to
see that for the study of the dimension of planar elliptic measures, we can reduce to bounded
Wiener regular domains. For the proof of the results in this chapter (Theorems I11.0.1 to 11.0.3,
I1.0.5 and I1.0.6) for bounded Wiener regular domains, refer to Sections I1.3 and II.4.

Using the Wiener regularity characterization for the Laplace operator, see Remark 1.2.2,
we directly note that finitely connected domains Q C R? are Wiener regular, and in order to
study the size of Wiener regular points (for any L4) we can use the classical potential theory
for the Laplacian operator. From this and the same proof of [PT23, Lemma 9.8], we obtain
the following.

Lemma I1.1.1. Let A be a real and uniformly elliptic matriz. To prove that for any domain
Q C R?, either dimy wo 4 < B (with 0 < 8 < 2) or w4 has o-finite (gauge) H", it suffices
to prove it for Wiener regular domains.

Proof. Indeed, in the proof of [PT23, Lemma 9.8] one can replace with no modification
harmonic measure by elliptic measure, the set G (given by assuming the result for Wiener
regular domains) is constructed so that wg 4(G) = 1 and either dimy G < 8 or H"(G) is o-
finite respectively, and the set F' satisfies H(F') = 0 for all 0 < vy < 2, see also [PT23, Lemma
6.19]. In particular, the set G U F has full elliptic measure wq_4 and either dimy(GUF) < 3
or H"(F U Q) is o-finite respectively, as claimed. U

Lemma [.4.4 and the following lemma allow us to reduce to the case of bounded domains.

Lemma I1.1.2. Let Q C R? be a finitely connected domain and A be a real and uniformly
elliptic matriz. For any small enough ball B centered at OS2, each connected component of
QN B is simply connected, and (wanp,a)|oa <K wa.a. In particular dimwg 4 > dim wonp,A-
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Proof. Since () is finitely connected, each connected component of 2N B is simply connected.
By (I.4.1) we have (wonp.a)|on < wo,a. O

Remark I1.1.3. By Lemmas [.4.4, I1.1.1 and II.1.2 it suffices to prove our results for bounded
Wiener regular domains. By translation, we can also assume €2 C By/4(0) if necessary.

Remark II.1.4. Assuming 2 C Bj4(0), it may seem natural to assume that A = Id in
B;1(0)¢ by replacing A by the uniformly elliptic (with the same ellipticity constant) matrix

A=A+ (1-p)ld,

for some function ¢ such that 0 < ¢ <1, ¢ = 1 in By»(0) and ¢ = 0 in B1(0)°. If ¢ is
smooth, then A often has the same regularity as A. Note that Ais symmetric wherever A is
symmetric. However, A may no longer have determinant 1 even when A has determinant 1.
If necessary, if we wanted to preserve also the determinant 1 property, we could replace the
matrix A by the uniformly elliptic (also with the same ellipticity constant) matrix A defined
in Remark II.2.16.

Instead of modifying the matrix, in most of the cases we will modify the Beltrami
coefficient, see the proof of the non-regularity case of Theorem I1.0.1 in p. 46, the proof of the
VMO case of Theorem I1.0.3 in p. 50, and the proof of Theorem I1.0.5 in p. 63, for example.

I1.1.3. Small perturbation of the constant case. In this subsection, we study the
dimension of elliptic measures arising from a uniformly elliptic matrix whose coefficients
are close in the L* norm to a uniformly elliptic constant matrix. The main result of this
subsection and its proof will be used in the proof of the Dini mean oscillation case in
Theorem I1.0.3 and Theorem II1.0.6.

For A > 1 we denote

dimy (N) = sup{dimy wg 4 : 2 C R™™ and A has ellipticity constant A},

dim$()\) = inf{dimy wg 4 : 2 C R? is simply connected and A has ellipticity constant A}.
Using this notation, in the harmonic case, i.e., A = 1, in the plane we have dimy (1) < 1 and
dim3;(1) > 1 by Wolff’s Theorem 1.0.2 and Makarov’s Theorem 1.0.1 respectively.

In the result below, we estimate the dimension of the elliptic measure in terms of how
close the matrix A is to a uniformly elliptic constant matrix.

Lemma I1.1.5. Let Q C R™™ be a domain and C be a constant uniformly elliptic matriz
with ellipticity constant A > 1. Let A be a (not necessarily constant) matriz and

€= i,je{r{,l??fwrl} ai;(-) — CiJ'HL‘”@)'

If € is small enough (depending on X and n) then A is uniformly elliptic in Q and dimy waoa <
dimy ((1—(n+1)eX)7Y). If Q C R? is simply connected, then dimy wg 4 > dim35((1—2eX)71).

Note that when the matrix A is constant, the result agrees with the dimension of the
harmonic measure. Before the proof, we need the following lemma.

Lemma I1.1.6. Let Q C R"! be a domain and C be a uniformly elliptic and constant
matriz. Then, in the weak form, for any u € W,22(2) we have

divCVu = div CsVu,
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where C, denotes the symmetric part of the matriz C, that is Cy = (C + CT) /2.

Proof. For u € C*(Q2), and as C' is constant, we have

divCVu = Z ijOiu = Z G ; Gi 0;ju = div C,Vu.

i.j ij
Let us check the weak form of this identity for u € W,2(Q). Given p € C2(Q), let U be an

open set such that supp C U C U C Q, and we have u € WL2(U). Take {uy}x>1 C C=(U)
so that limy_,o [|ur, — ullwr2@y = 0. As divCVuy, = div CsVuy, in the weak form for each
k> 1, we get

/C’Vquoz/CVungo—f—/C’V(u—uk)V@
0 0 0
:/CSVungo+/CV(u—uk)V80
0 0

:/CSVUV¢+/CSV(uk—u)Vg0+/CV(u—uk)ch.
Q Q Q

The lemma follows since [, |V(u —u)||Ve| S |V(u — ug)|| 2y = 0 as k — oo. O
Using the previous lemma, we prove Lemma II.1.5.

Proof of Lemma I1.1.5. If € is small enough depending on A and n then A is uniformly elliptic
in ().

By Lemma II.1.6, in the weak form we have

div AV = divCV +div(4A — C)V =divC,V + div(A — C)V = div(Cs + A — O)V.

Note that the matrix Cy + A — C is uniformly elliptic as it has bounded coefficients and
(BE, &) = (B, &) for any (not necessarily constant) matrix B. Then, taking the linear
change of variables given by ST, where S is the square root of Cy (that is, S = /Cj, the
matrix satisfying ST.S = ) and
M(z) = (ST (Cs+ A(ST2) —C) 5~

=Id+ (S")7" (A(ST2) = C) S for z € (ST)7H(Q),
by Lemma I1.2.6 below we have

(IL.1.2) why A(E) = wigr) b4, (ST)'E) for any p € Q and E € 9%

(IL1.1)

We claim that the ellipticity constant of M in (ST)7'Q is at most (1 — (n + 1)eX) L.
Indeed, for &,n € R™! and = € Q, by the Cauchy-Schwartz inequality and the well-known
fact |Bv| < (n+1)d|v| if |b;;| < d for all 1 <4, 5 <n+ 1, we have

{87 (A@) =€) 571 m) < |(A(2) — ) SISl < (n + 1)el STl 1S
Note that for any vector v there holds |Sv|? = (Sv, Sv) = (STSv,v) = (Cov,v) > X 7|v]?.
All in all,

({(S") 7 (A(z) = C) 871}, m) < (n+ 1)eAlg] [,
which implies
(Mg m) < (1+ (n+ De)[g]ln| and (ME, ) > (1 — (n+ 1)eA)l]*.
The claim follows as 1/(1 — (n+ 1)eA) > 1+ (n+ 1)eA.
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Since the linear mapping given by ST is bi-Lipschitz and the ellipticity constant of M is
at most (1 — (n+ 1)eA)™!, the lemma follows from (I1.1.2) and the definition of dimy and
dim3;. O

Note that if the constant matrix C' is symmetric, i.e., C' = Cj, then (II.1.1) reads as
(I.1.3) M(z) = (ST)tA(ST2)S™ for z € (ST)~'Q.

As we mentioned in the introduction of this subsection, we will apply Lemma II.1.5 and

adapt its proof in some proofs below. More precisely, we will compare the matrix A with the
frozen coefficient matrix C' = A(¢), for some point £ € 0.

Remark I1.1.7. Taking C' = A(&) (for some point £ € 0X2) when the matrix A is symmetric
with constant determinant, we have that the matrix M in (II.1.3) is symmetric and has
determinant 1.

I1.2. Quasiconformal mappings

In this section, we provide the definition and main properties of quasiconformal mappings.
This is based on the monograph [AIMO09].

Definition I1.2.1 (Quasiconformal mapping). An orientation-preserving homeomorphism
¢ : Q — € between planar domains is called K-quasiconformal, 1 < K < oo, if f € VVéCZ(Q)
and the directional derivatives satisfy
(I1.2.1) max |Oof| < K rr[lin ] |0 f| a.e. in €.

a€cl0,27

a€[0,27]
Remark I1.2.2. In particular, a mapping is 1-quasiconformal if and only if it is conformal.

The condition in (II.2.1) is equivalent to

K-1

K+1

where 9 == 0, = 1(0, — i0,) and 0 = 9: = (9, + i0,) are the Wirtinger derivatives.

A fundamental property of onto K-quasiconformal mappings f : © — € is that its
inverse function f~!: ' — Q is also K-quasiconformal, see [AIM09, Theorem 3.1.2|. Also,
global K-quasiconformal mappings f : C — C are quasisymmetric, that is, there exists an
increasing homeomorphism 7 : [0, 00) — [0, 00), only depending on K, such that for each
triple zg, z1, 22 € C we have

F(z0) — (=) 20 — 1]
(112.2) o) = fl)] =% (rzo - ZQ\) ’

see [AIM09, Theorem 3.5.3]. In this case, we say that f is nx-quasisymmetric. For a local
equivalence between quasiconformal and quasisymmetric mappings, see [AIM09, Theorem
3.6.2].

Another important property is that quasiconformal mappings are locally Holder continuous,
see [AIMO09, Corollary 3.10.3].

|0f| < k|0f| a.e. in Q, for k =

Theorem 11.2.3 (Local Holder regularity). Every K -quasiconformal mapping f:Q — Q' is
locally %-Hﬁlder continuous. More precisely, if B C 2B C 2, then

|z — w|/K

2) = F()] < Crdiamn(F(B) g

for all z,w € B,
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where the constant C'x depends only on K.

Quasiconformal mappings are related to solutions of the Beltrami equation, see [AIMO09,
Theorem 2.5.4]. Given a homeomorphic M/Ii’cz(ﬂ)—mapping f Q= Q) write pu(z) =
J0f(z)/0f(z) when 0f(z) # 0 and p(z) = 0 otherwise. With this, we have the equivalence

f is K-quasiconformal <= Of = udf a.e. in €,

where p, called the Beltrami coefficient of f, is a bounded measurable function satisfying
ptlloe < (K =1)/(K+1) =k <1

Notation. With this relation, given p as above, we say that a function f € Wif(ﬂ) is
p-quasiconformal if f solves the Beltrami equation 0f = pudf a.e. in Q.

The measurable Riemann mapping theorem ensures the existence (and uniqueness up to
normalization) of solutions to a Beltrami equation, see [AIM09, Theorem 5.3.4].

Theorem I1.2.4 (Measurable Riemann mapping theorem). Let |u] < k < 1 for almost every
z € C. Then there is a solution f : C — C to the Beltram: equation

Of = uof a.e. in C,

which is a K-quasiconformal homeomorphism normalized by the three conditions f(0) =0,
f(1) =1 and f(co) = co. Furthermore, the normalized solution f is unique.

For a compactly supported Beltrami coefficient y, we call principal solution to the function
f e W2(Q) with 0f = udf normalized by the condition f(z) = z + O(1/2) near infinity.

I1.2.1. Quasiconformal mappings and L -harmonic functions. Given a uniformly
elliptic matrix A € R2*2 and a global quasiconformal mapping f of C, we define the uniformly
elliptic matrix A as

(I1.2.3) Aj() = (det Df (2)) D f (x) " A(f())(Df(x) )"

We remark that the matrix A 7 is uniformly elliptic by the quasiconformal condition of f, see
[HKMO06, Lemma 14.38], and in particular, planar uniformly elliptic operators are invariant
under quasiconformal homeomorphisms. Moreover, these matrices satisfy

(/At;)f,1 =A= (;I_:)f

With the notation in (I1.2.3), we observe the behavior of L 4-harmonic functions and
elliptic measures under quasiconformal changes of variables in the following two lemmas.

Lemma I1.2.5 (See [HKMO06, 14.39]). Let Q C R? be an open set, A € R**? be a uniformly
elliptic matriz, and f be a quasiconformal homeomorphism of C. Then u is L 4-harmonic in
Q if and only if uo f is Lﬁf -harmonic in f~1(Q).

Lemma I1.2.6 (See [HKMO0G6, 14.51]). Let Q C R? be a domain, A € R**? be a uniformly
elliptic matriz and f be a quasiconformal homeomorphism of C. For any x € Q and E C 052,
we have

Wha(E) = wi ) 1 (fHE)).

For a detailed proof for bi-Lipschitz mappings see [AM19, Lemmas 3.8 and 3.9]. For a
more general version of these results see [HKMO06, 14.39 and 14.51] respectively.
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11.2.2. Distortion under quasiconformal mappings. Now we turn our attention to
the distortion of the Hausdorff dimension and measure under K-quasiconformal mappings.
Astala in [Ast94, Theorem 1.1] (see also [AIM09, Theorem 13.1.5]) proved the area distortion
theorem, that is, there is a constant Ck depending only on K > 1, such that for any
K-quasiconformal mapping f : C — C, for any disk B C C and for any subset £ C B, we
have

1 (BN _ 1£(B)] |\
(112.4) @(W)SWMS@QM)'

As a corollary, see |Ast94, Corollary 1.3] and also [AIM09, Theorem 13.2.10|, the area
distortion theorem governs the distortion of Hausdorff dimension

1 1 1 1 1 1 1
I1.2.5 - )< < K|——=].
(1123 i (G —2) = a2 = (G 2)
In the preprint [Tol09] (see also [ACT*13, Theorem 1.2] for the published version), Tolsa
generalized the previous two results by obtaining the control of the Hausdorff measure.

Theorem II.2.7 (Distortion of Hausdorff measure). Let 0 <t < 2 and denote t' = 2+(211§f1)t.

Let f: C — C be K-quasiconformal. For any ball B and any compact set EE C B, we have
H(f(E) H(E) \*

11.2.6 — —_—

(1.2.6) diam(f(B))* = '\ diam(B)* )

In particular, if H'(E) is finite (resp. o-finite), then also HY (f(E)) is finite (resp. o-finite).

The case t = ' = 2 is precisely the area distortion theorem in (II.2.4). The o-finiteness in
the particular case ¢ = 1 had been solved in [ACM™T08]. The same control in (I1.2.6) with
Hausdorff content H., instead of Hausdorff measures was proved in [LSUT10].

I1.2.2.1. Distortion of gauge Hausdorff measures. Following Carathéodory’s construction
(see [Mat95, p. 54]), we define (gauge) spherical measures as in [ACT*13, Section 2.3|. Let B
denote the family of all closed balls contained in C, and let h : B — [0, 00) be any function

defined in B with h(B(z,7)) - 0asr — 0, for all z € C. Given 0 < 6 < oo and £ C C, we
set

Sy (E) = inf {Z h(B;): E C | JB:, with B; € B and r(B;) < 5} .

The h-spherical measure S” is defined as

S(E) = lim S(F) = sup SH(E),

§>0
as SI(E) increases as ¢ decreases. The § = co case S is called h-spherical content. It is
clear that S" (E) < S8"(E). Despite the converse inequality does not hold, S" (E) = 0 implies

S"(E) = 0 if the function r — h(B(z,r)) is nondecreasing for all x € C. Although S” is not
measure, in this case we write S" < 8" < Sh.

With abuse of notation, we write S"* = S" if hB) = h(rg), B € B, for some con-
tinuous nondecreasing function h : [0,00) — [0,00) with A(0) = 0. If in addition C), =
lim sup,_,, h(4r)/h(r) < oo, a routinary computation gives

H(BY < SME) < CyHM /D (E) for any set E C C.
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Let us introduce the notation used in Lemma I1.2.8 below, see [ACT*13, Section 2.3].
Let € : B — [0,00) be any function defined on B, the family of all closed balls in C. We set
e(z,r) = e(B(z,r)). Given an arbitrary bounded set S C C, let B(S) denote the family of
balls with minimal diameter containing S, and set £(5) = infgep(s) €(B).

As in [ACT™13, Section 2.4, the families G; and G, are defined as:

(G1) We say that a function € : B — [0,00) belongs to G; if there is a constant C such
that
Cile(z,r) < ely,s) < Cre(x,r)
whenever |z —y| < 2r and r/2 < s < 2r.
(G2) For each fixed 0 < ¢ < 2, a function € = ¢(z,r) belongs to the family Gy = Go(t) if
there is a constant Cy such that

ZZ_k(Q_t)s(x, 2kr) < Coe(z, 7).
k>0

We present a technical lemma used in the proof in [ACT*13| of Theorem I1.2.7.

Lemma I1.2.8 (See [ACT*13, Lemma 4.4]). Let 0 < t < 2 and t' = #Kfl)t Let e € Gy and
set h(z,r) = Ttle(x, ). Suppose that for any principal K -quasiconformal mapping ¢ : C — C
the function (g o ¥)? belongs to Gy for any It<—/t <d< 1. Let¢:C — C be a principal

K -quasiconformal mapping, conformal on C\ D, and set

Sx,r) = e(@(B(z,r)) ¥, h(z,r) =r'E(z,r).
Then for every compact set E C B(0,1/2) we have

S (6(E)) < CxSh(E) .

To study the distortion under quasiconformal mappings of the gauge Hausdorff measure
in Makarov’s Theorem 1.0.1, we aim to apply the previous lemma to h = ¢ ¢, where ¢, ¢ is
defined in (I1.0.1). We now recall some properties of ¢; o(r)/r for sufficiently small r > 0.
For s > e, we set(?)

Log(s) := log slogloglog s,

and for so > e and s > 0, we set

Log. (s) Log(sg), if0 < s < sy,
) =
S50 Log(s), if s> sq.

Note that this function is nondecreasing for s > 0.
Given C' > 0 and K > 1, we define the nonincreasing function

e(r) == exp <C’1 /]Logro-l(r—l)> :

and we fix 0 < ro = ro(C, K) < e ¢ (the existence of such ry is verified below) sufficiently
small so that

(I1.2.7a) r2% £(r) is nondecreasing for 7 > 0, and
(I1.2.7b) e(r/2) < 2e(r) for all 0 < r < r.

(IL2)Note that Log(s) is not defined when 0 < s < e, and Log(s) > 0 whenever s > ¢®.
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The condition (I1.2.7a) implies that ¢ and ¢ in Corollary 11.2.9 below are nondecreasing for
r > 0, and (II.2.7b) guarantees that
(I1.2.8) e(r/2) < 2e(r) for all > 0.

Indeed, e(r) is constant for r > rg, and for o < r < 2rg, since £(r) is nonincreasing, we
obtain €(r/2) < e(ry/2) < 2e(ry) < 2e(r), as claimed.
The parameter ry > 0 in (I1.2.7a) and (I1.2.7b) exists because

521)2) = exp (C' (\/QZ—(T)— 1) \/Iogélogloglog %) —lasr—0,

where (s is the particular case T' = 2 of the function @), defined for a fixed constant 7" > 0
and sufficiently small r > 0 as

g (1)
1 1 08 log log £
 log(T'7)logloglog(T}) (logT ) v 1

11.2.9 = 1
( ) @r(r) log % log log log log % * log log log

T

which satisfies

1 1
(11.2.10) lim (v Qr(r) — 1> \/log —logloglog — = 0.
r r

r—0

Here we state the distortion of the gauge function in Theorem 1.0.1 under quasiconformal
mappings. The proof will be a routine computation to check the conditions of the previous
lemma, for this particular case. For this reason, its proof is located at the end of the subsection.

Corollary I1.2.9. Let C >0, K > 1,0 <1y =1ro(C,K) <e¢ as in (I1.2.7a) and (11.2.7b),
and ¢ : C — C be a principal K -quasiconformal mapping and conformal on C\ D. Then
there ewists a constant C 4 such that if for r > 0 we define

~ 2 2K —
p(r) = rexp <C\/L0grgl(7‘_l)> , p(r) =r7<Texp (O—K 1 \/Logrgl (CK,IJ_K)) ’

then for every compact set E C B(0,1/2) we have

S2,(6(E)) < CxSZ(E) 5
Since for sets with zero Hausdorff or spherical measure and content we only need to
consider the gauge function for small values, and the relations S* < S <« S" and H"/?) «
Sh < H"/) hold when h(E) = E(diam(E) /2) for some function nondecreasing function
I [0,00) — [0, 00) satisfying h(r) = 0 as r — 0 and lim suprﬁoﬁ(élr)/ﬁ(r) < 00, we obtain
the following immediate consequence of Corollary I1.2.9.

Corollary I1.2.10. Let ¢ : C — C be a principal K -quasiconformal mapping and conformal
on C\'D, and ¢.. as in (11.0.1). Then H?5c(E) = 0 implies H?¢(p(E)) = 0 for all
E c B(0,1/2).

Proof. By the discussion before this lemma, it remains to see limsup,_,o ¢,,c(4r)/¢,.c(r) < co.
For any constant 7" > 0, recall the function @7 in (I1.2.9). For any constant S > 0, by
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(I1.2.10) we have that if » > 0 is small enough, then

©pc(ST) = Sﬁgpp,(;(r) exp (C— (\/QS*p(lr’p) — 1) \/log r—rloglog log rp)

+1

< 1.15%%)70(7“),
and the result follows from this and Corollary I1.2.9. U

Proof of Corollary I11.2.9. Take t’ =1, t = K+1, e(z,r) == @(r)/r and h(z,r) == r'e(z,r) in
Lemma I1.2.8. Note that in this case the functions € and h do not depend on z. So, we write
e(r) and h(r) instead of (x,r) and h(xz,r) respectively. Recall that

e(r) = @ = exp (C, /Logra1(r—1)>

is nonincreasing with lim, g+ (1) = 400.
For now, assume we may invoke Lemma I1.2.8 (we will verify its hypotheses later). Let us
first show how this result implies the corollary. By the choice of ¢, ¢, e(r) and h(r) at the
beginning of this proof, setting
Sa,r) = e(@(Bla, ) *r,  hla,r) =iz, r),
by Lemma I1.2.8 we obtain
(I1.2.11) SE(H(E)) < CxS"(E) 5k

Now we want to remove the dependence of the quasiconformal mapping ¢ on the gauge
function h. Recall e(¢(B(z,r))) = infpepe(B@r) €(r8) Where B(¢(B(x,r))) denotes the
family of balls with minimal diameter containing ¢(B(z,r)). Since € does not depend on the
point xz, we get

K+1

2

From the local Holder continuity of K-quasiconformal mappings in Theorem I1.2.3, there
exists C o with Cil,r® < diam(¢(B(z,7)))/2 < Ck gr'/ for all B(x,r) C B(0,100), and
since € is nonincreasing we have

e(d(B(w,r))) < e(Crir™).

OBl = it () == (DD,

This implies
h(z,r) = reme(¢p(Blz,r)) ke <7 g(cK1¢TK)K+1 = 3(r),

which together with (II.2.11) concludes the lemma.

It remain to check the assumptions in Lemma I1.2.8, i.e., ¢ € G;, and (e 0 )¢ € G, for
any principal K-quasiconformal mapping ¢ : C — C and any It{—/t <d< 1.

Since the function ¢ does not depend on the point, to verify ¢ € G; it suffices to check
that 27'e(r) < e(s) < 2e(r) whenever r/2 < s < 2r. It follows directly from (I1.2.8) and the
fact that ¢ is nonincreasing, because 3e(r) < e(2r) < e(s) < e(r/2) < 2¢(r), as claimed.

Let us see now that (e 0)? € G, for any principal K-quasiconformal mapping ¢ : C — C
and any It(—/t < d < 1, that is, there exists a constant C5 > 0 such that

S 27K (o), 24) " < Oy (e 0 w) 1)

k>0
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Recall that B(S) denotes the family of balls with minimal diameter containing the set S,
(e0v)(x,s) = e(Y(B(x,5))) = inf pep(y(B(a,s)) €(TB), and that the function € does not depend
on the point. Since ¢ is an homeomorphism, we have ¥ (B(z, 28r)) C (B(x, 2¥ 1)) for any
k > 0. In particular, a minimizer ball for 1 (B(z, 28*1r)) contains the set 1(B(z, 2*r)), and
therefore the minimizer ball of ¢)(B(x,2¥r)) has smaller diameter than the minimizer ball of
Y(B(x,2¥1r)). This and the fact that the function ¢ is nonincreasing imply (o) (z, 25 1r) <
(e o) (x, 2Fr) for any k > 0. Consequently, we have

22 @0 ((e o) (w, 257 )) ((eot)(x,r) ZQ k20,

k>0 k>0
That is, the G, condition is satisfied with Cy =7, - 27kt < o, O

11.2.3. The L -harmonic conjugate in simply connected domains. This subsection
is a brief summary of [AIM09, Section 16.1.3]. Let  C R? be a bounded simply connected
domain. We remark that the simply connected condition on €2 used in this subsection is just
an auxiliary assumption to be able to define the auxiliary L 4-harmonic conjugate function
below.

Consider u a solution to

div A(2)Vu(z) =0, ue W 2(Q),

loc

and consider the vector fields Vu and A(z)Vu. The vector field Vu has zero curl since
curl Vu = 9,0,u — 0,0,u = 0, and A(z)Vu is divergence-free as a solution to the previous
equation.

The Hodge star operator * is defined as

_ (0 =1} o2 2
>|<._<1 O).R — R*,

which is simply the counterclockwise rotation by 90 degrees, and so ¥ = —Id. The Hodge
star operator x transforms curl-free fields into divergence-free fields and vice versa. Therefore
div(*Vu) =0 and curl(xA(z)Vu) =

By the Poincaré lemma™?) see [AIM09, Lemma 16.1.3] for instance, we have that
xA(2)Vu is a gradient field. That is, there exists a real-valued function v € W,2(9), called
the L s-harmonic conjugate of u, such that

(I1.2.12) Vv = *xA(2)Vu.
Define now
A=A = — w Ay
which is also uniformly elliptic and
A*(2)Vu = A*(2)(xA(2)Vu) = (— * A7) (xA(2)Vu) = xVu.
Recall that curl Vu = 0, and therefore div(xVu) = 0, i.e., the function v satisfies
div A*(2)Vo =0, veW) 2(9)

loc

In the converse direction, the existence of v € WL?(Q) such that Vv = *AVu implies
div AVu = 0, because curl(*AVu) = curl Vo = 0, the Hodge star operator * sends zero-curl
to zero-divergence and xx = —Id. As before, div AVu = 0 implies div A*Vv = 0.

(IL3)1t is at this step that we need to work with simply connected domains © C R2.
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Remark I1.2.11 (Symmetric matrices with determinant 1). Wherever the matrix is sym-
metric with determinant 1 then A* = A, and hence both u and its L 4-harmonic conjugate
function v are L 4-harmonic.

The following theorem describes the strong connection between the Beltrami equation
and PDEs.

Theorem 11.2.12 (Weak [AIM09, Theorem 16.1.6]). Let Q C R? be a simply connected
domain, and let u € W,2H(Q) be a solution

div A(2)Vu = 0.
If v € WHH(Q) is a solution to Vv = xAVu, then the function f = u + iv satisfies the
generalized Beltrami equation
(I1.2.13) Of = pa(2)0f +va(2)0f,

where the coefficients jua,va are given by

_ 1 o o
(I1.2.14) {”A = Jot{d+A) (agy — a1y — (a2 + as1)),

va = det(Ild—i-A) (1 —det A+i(a12 — az))-

Conversely, if f € VVlicl(Q) is a mapping satisfying the generalized Beltrami equation (11.2.13),
then u = Ref and v = Imf satisfy Vv = «*AVu with A given by solving the complex equations
in (11.2.14).

Notice also from (I1.2.14) that when the matrix is symmetric and with det A = 1, then
va =0 and (I1.2.13) reads as the classical Beltrami equation
g — Q11 — 21012
24 a + age

Of = pa(2)0f with py =
In this case, we have the following relations:

Corollary I1.2.13. Let A = (aij)?jzl be a uniformly elliptic matriz. Wherever A is symmetric

with determinant 1, then the Beltrami coefficients in (11.2.14) are
Q22 — A11 — 21012

11.2.15 =
( ) Ha 2 + a1y + 929

, va=0,

and given a domain Q C R? and f € VVI}X}(Q), the following are equivalent:
(1) Of = pa(2)0f,
(2) V(Imf) = *AV(Ref),
(3) 0(f 1) = —pa(f~1(2)O(f ),
(4) V (Im(f~1)) = «BV (Re(f™)),
where
1/@11 a12/a11 —1 * 1/@22 _a12/@22 -1
I1.2.1 B = B* = )
( 6) (—(112/a11 1/ay ) °f " and (a12/a22 1/as; °f
are uniformly elliptic. In this case, we also have,
div AV(Ref) =0, div AV(Imf) =0,
div BV (Re(f™")) =0, div B*V (Im(f~")) = 0.
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Proof. During the proof we write p = 4. From Theorem I1.2.12 we have 0f = udf if
and only if V(Imf) = *AV(Ref), with Beltrami coefficient p as in (I1.2.15), which gives
(1) < (2). )

By [AIMO09, Theorem 5.5.6 or Lemma 10.3.1], 0f = pu(z)0f if and only if

(IL.2.17) O(f1) = —u(f(2))o(f ),

and so (1) < (3). Hence, from Theorem I1.2.12 there exists"*) a matrix B such that (I1.2.17)
is equivalent to having V (Im(f~1)) = *BV (Re(f™!)). The matrix B defined in (I1.2.16)
satisfies (I1.2.14) with v = —p o f71 ie.,

_a22 — 11 — 22’@12 o 1-— det(B o f) + 2“)12
2 tan +am 1 detld+Bof)
and hence we have (3) < (4). Moreover, a routine computation B* = — x B™'x gives the

second matrix in (I1.2.16).
It remains to see the last part. Since V (Im(f~')) = *BV (Re(f™!)) by (4), we have that
div BV (Re(f™")) =0, divB*V (Im(f™")) =0,

as we did in the paragraph before Remark 11.2.11. The same holds for the real and imaginary
parts of f with the matrix A and A* respectively, but A* = A by Remark I11.2.11. O

Notice that even though the matrix A is symmetric with determinant 1, the new matrix
B in (I1.2.16) is no longer symmetric with determinant 1. However, we still have that Re(f™!)
(resp. Im(f~')) is Lg-harmonic (resp. Lg~-harmonic).

The following result gives the precise distortion of a quasiconformal mapping solving the
generalized Beltrami equation (I1.2.13).

Lemma I1.2.14. Let A € R?*? be a uniformly elliptic matriz with ellipticity constant X > 1,
pa and vy as in (11.2.14), and Ky as in (11.0.2). Then
Ky,—1
Ky+1

Proof. See [AN09, Proposition 1.8| for general matrices and [DKW17, Lemma 4.1| for the
symmetric case. 0

<1

Ieeal + [vallloe <

Remark I1.2.15. Note that in both cases Ky — 17 as A — 17. In particular % — 0" as
A— 1T,

Remark I1.2.16. Let A be a uniformly elliptic and symmetric matrix with determinant 1.
Recall from Remark II.1.4 we noted that the modification A = p A+ (1 — ¢)Id is symmetric
but it has no longer determinant 1 in general. The right way to interpolate the matrices A
and Id to preserve also that the modified matrix has determinant 1 is by replacing A by the
uniformly elliptic (with the same ellipticity constant as A), symmetric and with determinant
1 matrix
a11<1 + (,0)2 + CLQQ(QO — 1)2 + 2(1 — (,02) 4g0a12
dpary ar(p —1)* + (1 + ¢)(an(l +¢) +2(1 — ¢))
a11(1 — 2) + ase(1 — ) + 2(1 + ¢?) ’

~

A:

(11‘4)Actually, Theorem I1.2.12 gives us how to find the matrix B from A. Directly from (I1.2.17) and
(I1.2.14) we deduce that the matrix B is antisymmetric with a common diagonal term.
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which agrees with A when ¢ =1 and with Id when ¢ = 0. This is precisely the matrix such
that 13 = ppa and vz = vy = 0, by the relation between uniformly elliptic matrices and
Beltrami coefficients in Theorem 11.2.12. As ||zt 4]|oo < ||124 |0, in particular we have that A
has the same ellipticity constant as A.

11.2.4. Harmonic factorization in general domains. In this subsection, we show
that there exists a quasiconformal homeomorphism factorizing L 4-harmonic functions into
harmonic functions in its image domains.

Let  C R? be an open set, A be a uniformly elliptic matrix, and g4 and v4 as in
(I1.2.14). Given an L 4-harmonic function u € W,>%(9) and any simply connected domain
DcQletve VVJ)CZ(D) be the L 4-harmonic conjugate function of the L 4-harmonic function
u € W2(D). By Theorem I1.2.12, the function f = u + iv € WL?(D) satisfies the Beltrami
equation

Of = padf +va0f ae. in D.

In particular, the function f satisfies the classical Beltrami equation

A+ VAS:§ where 0f /Of is defined,

(I1.2.18) Of = i0f a.e. in D, with ji := .
0 otherwise.

Note that the Beltrami coefficient ji seems to depend on df/df, but in fact it only depends
on (the derivative of) u. Indeed, by the relation Vv = *A(2)Vu, see (I11.2.12), we can write
in 0f the terms 0,v and d,v using J,u and d,u. More precisely,

(11219) af = (1 —+ an)@mu -+ algﬁyu — i(aglaxu + (1 + a22)3yu),

and in particular, g in (I1.2.18) depends on g4, va and the derivatives of the function u, but

not on the auxiliar L 4-harmonic conjugate function v in D. By (I1.2.18) and (I1.2.19) we can

redefine 1 in whole €2 as

1 O 0 (210, 1 0,

(11220)  iaw = jua + vt @O+ aszdyu + dandou + (1 + az)0y)
’ (1 + all)axu + algﬁyu — z(aglé?xu + (1 + azg)é?yu)

The main result of this subsection is the following.

a.e. in €.

Lemma I1.2.17. Let Q C R? be an open set, A be a uniformly elliptic matriz with ellipticity
constant A > 1, and pa and va as in (11.2.14). For any La-harmonic function u € VV&?(Q),
if o € WI’Z(Q) be a homeomorphic solution of the Beltrami equation

loc

(I1.2.21) b = 14,00 a.e. in Q, where pa, as in (11.2.20),
then uo ¢~ : ¢(2) — R is harmonic.

The existence of ¢ is given by the Riemann mapping theorem, see Theorem I1.2.4.
Moreover, ¢ is K-quasiconformal with K, as in (I1.0.2), since ||paullco < [lpeal + [vallloo <

ﬁi;} < 1 by Lemma I1.2.14.

Proof of Lemma I1.2.17. We claim that it suffices to prove the lemma for simply connected
domains. Indeed, for a general open set €2, for each point x € €) take an open ball B with
x € B C 9, and in particular u € W,2*(B) and u is L 4-harmonic in B. Assuming the lemma
for simply connected domains, we have that u o qﬁ;’lA : ¢u.a(B) — R is harmonic. Since it is

true for any « € €2, we obtain that u o gb;lA is harmonic in ¢, ().
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Let us see the proof assuming also that €2 is simply connected. Let v € VVéf(Q) be the L 4-
harmonic conjugate function of the L 4-harmonic function u € I/Vl(l)f(Q) By Theorem I1.2.12,

the function f = u +1iv € VV;E(Q) satisfies the Beltrami equation 0f = ps0f + va0f a.e.
in , and in particular, also safisfies the classical Beltrami equation in (I1.2.18). By the

discussion before the statement of this lemma, we have @ = pa, in 2 and therefore both
f=u+ive Wh(Q) and ¢ € W,23(Q) solve (11.2.21) in Q. By Stoilow factorization (see

[AIMO09, Theorem 5.5.1]), the function f o ¢~!: ¢(€2) — C is holomorphic. Taking the real
part on both sides we obtain

u(¢~'(2)) = Re(f)(¢7'(2)) =Re (fod7') (),
and so uo ¢! : ¢(Q) — R is harmonic. O

[1.2.4.1. Symmetric matrices with determinant 1. Let us move to the case where the
matrix A is symmetric with det A = 1 in §). Recall that we simply have K, = X in € since the
matrix is symmetric there, see (I1.0.2). Note that in this case, by (I1.2.15) in Corollary 11.2.13
we have that, for any L s-harmonic function u € VV&?(Q), the Beltrami coefficient fi4,, in
(I1.2.20) equals p14 in . In particular, we directly obtain the following result.

Corollary I1.2.18. Let 2 C R? be an open set and A be a uniformly elliptic matriz with
ellipticity constant A > 1. Assume also that A is symmetric with det A = 1 in Q. Let
o€ Wl’z(Q) be a homeomorphic solution of the Beltrami equation

loc
age — ayy — 2iae
2+ ay +axp
For any L 4-harmonic function u € Wl’Q(Q), then uo ¢! : ¢(2) — R is harmonic.

loc

0p = a0 a.e. in Q, where juy =

As the function ¢ above factorizes every L -harmonic function in 2 into a harmonic
function in ¢(2), the corollary suggests, and a straightforward computation confirms, that

(11.2.22) Ay1 = Id ae. in ¢(Q),

equivalently Id, = A in a.e. §; recall the definition of g¢—1 and Id, in (I1.2.3). That is, the
factorization from L 4-harmonic functions to harmonic functions is not only given by the
Stoilow factorization (in the proof of Lemma I1.2.17) but by the previous pointwise relation
given by just applying the change of variables ¢ in the weak form of L 4.

I11.3. Symmetric matrices with determinant 1

Let Q C R? be a domain and A € R?*?(Q) be a symmetric and uniformly elliptic (with
ellipticity constant A > 1) matrix with det A = 1. Note that during all Section I1.3 we will
use K, = A since the matrix is symmetric, see (I11.0.2).

11.3.1. Push-forward of the harmonic measure and proof of Theorem I1.0.1.
Given a pole p € €2, the harmonic factorization of L 4-harmonic functions given by (11.2.22)
leads us to obtain in the following lemma that the elliptic measure wg 4 is precisely the

push-forward of the harmonic measure wzgg)% ;4 under the map ¢~' given by Corollary II.2.18.

The following result is a consequence of (I1.2.22) and Lemma I1.2.6.

Corollary 11.3.1. Under the assumptions in Corollary 11.2.18, then
(11.3.1) wh (671 (E)) = wit) 4(E) for any p € Q and E C 9(¢(1)).
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By means of the distortion results of Hausdorff dimension and measure under quasicon-
formal mappings in Section I1.2.2 we obtain the non-regularity case in Theorem I1.0.1.

Proof of Theorem II.0.1. Recall we can assume that 2 C By 4(0) is bounded Wiener regular
by Remark II.1.3, and we can replace finitely connected by simply connected by Lemma I1.1.2.
Let ¢4 € VV&?(C) be a principal solution of the Beltrami equation

3¢A—MA1 8¢A a.e. in C, where p4 as in (I11.2.15),

given by the measurable Rlemann mapping theorem, see Theorem II.2.4. In particular, ¢4 is
a A-quasiconformal homeomorphism, conformal in C \ D, and qb;ll is also a A-quasiconformal
homeomorphism.

By Wolft’s Theorem 1.0.2 there is a set F' C 9(¢4(€2)) such that w ((Q)) (F') =1 and
with o-finite length. Therefore, the set F' = ¢'(F') C 952 satisfies wQ’A(F) = 1 by the

relation (I1.3.1) between elliptic and harmonic measures, and by the distortion of Hausdorff
measures under quasiconformal mappings in Theorem I1.2.7, the set F' has o-finite Hor,

Now consider the case where €2 is simply connected. Recall that the A\-quasiconformal
homeomorphism ¢, is conformal in C\ D. By the relation (II.3.1) between harmonic and
elliptic measures, Makarov’s Theorem 1.0.1 and Corollary I1.2.10 respectively, there exists
Chu > 0 such that

Wy a() = Wl a(0)) < HPO (B()) <€ HAw (1),
as claimed. O

In the following sections, we will assume that the matrix A, and therefore also the
Beltrami coefficient 114, enjoys more regularity. By regularity theory, we will have that the
quasiconformal mapping ¢4 given in Corollary I1.2.18 has better estimates than the Holder
continuity in Theorem I1.2.3 or the distortion of Hausdorff dimension (resp. measure) in
(I1.2.5) (resp. Theorem I1.2.7 or Corollary 11.2.10). The proof of the results in the following
sections will have the same structure as the proof above, though we will use that the change
of variables ¢4 is not only A-quasiconformal, but it is more regular.

11.3.2. Mean oscillation under quasiconformal mappings. In this subsection, we
define the space BMO functions and collect some properties to control the regularity of the
coefficients arising in the following sections.

Definition I1.3.2. Let 1 < p < oo, f € L} () and a set S C Q. Denote the p-mean

oscillation of f in S the quantity
1/p
~ (L1 -magraz)

where mgf = fs y)dy = il fs y) dy.

Bounded functions satisfy [f]s, < 2 f||Le(s). In this lemma, we collect some fundamental
bounds of the p-mean oscillation. We omit 1ts proof.

Lemma I1.3.3. Let 1 < p < oco. The following holds:

(1) [f + g]sp S s, + 1913,
(2) [f9ls, S Nallf (sl fT5, + Hfl!poo(s)[g]%p-

(3) [1/fTsp S Hl/fHLoo ) s
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(4) 1F/ 9% S N/ 9l 5y [ 155 + 1 e s) 11/90 Ee sy L5,

Let us now recall the definition of bounded mean oscillation functions.

Definition I1.3.4. A function f € L] (Q) is of bounded mean oscillation in ), f € BMO((Q),
if

| fllo« = sup ][|f(z)—m3f|dz<oo.
BCcQ ball JB
If Q = R™™! we write || f]|..

With the notation in Definition I1.3.2, || f||o,« = supgcq panlflp1. Recall that f € BMO
implies | f| € BMO. Note also that it is equivalent considering cubes @ instead of balls B in
the BMO(R""!) norm.

Given a function f € BMO(R"™!), the John-Nirenberg inequality, see [Duo01, Theorem
6.11] for example, states that there exist dimensional constants Cy and Cy such that for every
cube Q@ C R™"! and every \ > 0,

{z€Q:[f(z) —mqf| > A} < Cre
Consequently, see [Duo01, Corollary 6.12] for a proof, for all 1 < p < oo,

1/p
1l % [fllp = sup (]i !f(Z)—melpdz) |

BCS2 ball

A close look at the proof of the John-Nirenberg inequality in [Duo01, Theorem 6.11]
reveals that, in fact, for every cube @ C R and every A > 0, if

LA = sup ]é (2) — mpf|d

RCQ cube
then
cubes

{z€Q:|f(z) —mqf| > \}| < Cre” NG| Q).
Following the steps in the proof of [Duo01, Corollary 6.12], given a cube ) C R™*! we have

1/p
(I1.3.2) sup ]é]f(z)—me]dz A, Sup (é\f(z)—me\pdz) .

RCQ cube RCQ cube

Functions of bounded mean oscillation are invariant under quasiconformal mappings. This
is a result of Reimann in [Rei74|, which, in fact, also proved that if a W'l})’cl-homeomorphism
f: € — C preserves the BMO space, then f is K-quasiconformal, with K = K(||f||.). In
the following lemma, we control the mean oscillation under global quasiconformal mappings.
As the statement of the lemma and its proof are slightly different from the one in [Rei74|
and [AIMO09, Theorem 13.4.1|, for the sake of completeness we include the details.

Lemma I1.3.5. Let K > 1, ¢ € Wb 2((C) be a K-quasiconformal homeomorphism of C, and

— loc 2
B C R? be an open ball. Given an open ball B C B (with center cg and radius rg), consider

(113.3) B ::B(¢1<c3>, i r¢1<s>—¢1<c3>\),

|§—cBl=TB

Thenrp. < Cr gy 7"119/ , and for any p € (K, 00),

s f 1) - ma(r oo ds Sy () 160) = mn g o) v
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In particular || f o 7Y+ Sk ||f]l+-

Proof. The notation “—" in B_ is used to specify that the ball B_ “lives” in the image of ¢~
We control the radius of B_. From the definition of B_ and the Holder continuity with
exponent 1/K of quasiconformal mappings in Theorem I1.2.3 applied to ¢!, we conclude

(IL3.5) rp. = max |67(&) — o (cp)| < Cxp, max [E—cpl/N =Cpp, 1"
|é—cBl=rp |{—cBl=rB
It remains to see (I1.3.4). We can change from mg(f o ¢~!) to mp_f because

1@ @) —ma oo ldr < f {1707 @) - 67 @) dyda

(IL.3.6)
<2 ]i (67 (2)) — ms_f] de.

Let ¢ be the Holder conjugate of p, i.e., 1/p+ 1/g = 1. In particular p € (K, 00) if and
only if ¢ € (1, K/(K —1)). By the change of variables z = ¢(y), ¢~ '(B) C B_ and Holder’s
inequality, we bound the last term in (I1.3.6) by

(I1.3.7)

1
F 1507 —msflde = g [ 1)~ mo il det D) dy

< ([ 1) - maspa) " (et Doty da:)l/q.

Since q € (1, K/(K — 1)) C [0, K/(K — 1)), the higher integrability of |det D¢|, see [AIMO09,
(13.24)], implies that the last term in (I1.3.7) is controled by

1/q B
(IL3.8) ( / det Do(z)[? dx) < o peleBl
5 5]
The inequality in (II1.3.8) implies that (I1.3.7) reduces to
(11.3.9)
B _|\/p 1/p
][ (o —mp_flde S,k | B| <][ |f(x)—m3f|pdl‘> 1B_ |1/q|¢( )l
| B B_ |B_|

where we used 1/p+ 1/¢ = 1 in the last inequality.
Now we want to bound |¢(B_)|/|B|. We have the inclusion

o(B_) C By =B <cB,5 Jmax o) —cB|> .

Here the notation B, is used to specify that the ball B, “lives” in the image of ¢. By [AIM09,
Lemma 3.4.5], there exists a constant 6 = §(K) such that 6B, C ¢(B_) C B,. By definition
0B, C B, and hence

D(B)] _ 1Bi|

x 1.
| B 0B~

(11.3.10)




I1.3. SYMMETRIC MATRICES WITH DETERMINANT 1 49

Inequality in (I1.3.4) follows from (II.3.6), and (II.3.10) applied to (II.3.9). Therefore,
Lemma II.3.5 is proved. 0

11.3.3. Proof of Theorems 11.0.2 and I1.0.3 via quasiconformal regularity. In
this subsection, via quasiconformal theory, we will see that assuming regularity of the matrix,
the global A-quasiconformal homeomorphism ¢4 in Corollary I1.2.18 gains more regularity.

Let us present the sketch of this. If ¢4 is a solution of d¢4 = a0, then ¢4 and ¢,

are A\-quasiconformal, in particular ¢4, gb;ll € Cllo/c/\, and moreover gZ)Zl satisfies the Beltrami

equation 5(¢21) =—(uao0 gb;ll)@(qb;ll). From qb;ll € C’llo/c’\, assuming regularity on the matrix
A will not only provide regularity on w4, but also on —p4 o gb;l. As a consequence, we will
obtain extra regularity on the functions ¢4 and ¢,'. For example, if A € C®, then uy € C®
and —p4 0 ¢t € C’gé’\, whence we obtain that ¢, € CL and ¢ € C’li’ca/k, see [AIMO09,
Theorem 15.6.2].

[1.3.3.1. Holder continuous coefficients. In this subsection we prove Theorem I1.0.2. The
sketch is what is already explained above. For completeness, we provide the proof in full
detail.

Although we saw in Corollary 1.4.5 that the dimension of elliptic measures only depends
on the nature of the matrix around the boundary, during the following proof we emphasize
that the regularity of the matrix is only needed around the boundary. Recall U;(02) denotes
the t-neighborhood of the boundary, i.e.,

U (09) = {z € R? : dist(z,00Q) < t}.

Proof of Theorem I1.0.2. Recall we can assume that € C B;,4(0) is bounded Wiener regular
by Remark II.1.3, and we can replace finitely connected by simply connected by Lemma I1.1.2.
Without loss of generality, we can also assume det A = 1.

Assume that A € C*(U.(9Q)) for € > 0. Let ¢4 € W,2*(C) be the normalized solution of
the Beltrami equation

Opa = paOp4 ae. in C, where py as in (I11.2.15),

given by the measurable Riemann mapping theorem, see Theorem I1.2.4. In particular ¢ is a
A-quasiconformal homeomorphism. Since A is uniformly elliptic, in particular a;;, ass = 1
and hence 2 + ajy + ag > 2, and therefore A € C*(U.(012)) implies pa € C*(U(09)).

By the Holder regularity of quasiconformal mappings in Theorem I1.2.3 we have that
S CH* and hence —pu4 o ¢, € C®* in an open neighborhood of 0(64(92)). Therefore,

loc loc

we get that ¢4 € CL% (resp. ¢! € C’ﬁ)’?/’\) in an open neighborhood of 92 (resp. d(¢4(R2))),
see |[AIMO09, Theorem 15.6.2]. In particular both ¢, and qﬁ;ll are Lipschitz in an open
neighborhood of 92 and 9(¢4(2)) respectively.

The rest of the proof follows by the same proof of Theorem I1.0.1 in p. 46 using that ¢

is bi-Lipschitz in an open neighborhood of 0f). O

11.3.3.2. Only one variable dependence coefficients. In this subsection, we consider matrices
with no regularity, but satisfying A(z) = A(Re(z)) (or A(z) = A(Im(2))). Even with no
regularity on the coefficients (only uniformly elliptic), in this case, the quasiconformal change
of variables is bi-Lipschitz.
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Lemma I1.3.6 (See [BGMR13, Proposition 5.23]). Let i : C — C be an arbitrary measurable
function with |||l < k <1 that depends on x = Re(z) only and let

_ [T 14 p()
f(x)—/o 1——,u(t)dt'

Then ¢(z) = f(x) + iy represents a unique quasiconformal mapping on C onto itself with

complex dilatation p and normalizations ¢(0) = 0, ¢(i) =i and ¢p(c0) = co. Moreover, ¢ is
bi-Lipschitz.

Proof of Theorem I1.0.3: A(z) = A(Re(z)) case. Recall we can assume that € is Wiener
regular by Remark II.1.3, and we can replace finitely connected by simply connected by
Lemma II.1.2. Without loss of generality, we can also assume det A = 1.

We assume without loss of generality that A(z) = A(Re(z)). In particular, pas as in
(I1.2.15) satisfies pa(z) = pa(Re(z)) and hence ¢4, given by Lemma I1.3.6, is bi-Lipschitz.
The proof follows as in the non-regularity case of Theorem I1.0.1 in p. 46 using that ¢4 is
bi-Lipschitz. 0

11.3.3.3. VMO coefficients. Let us introduce the space of functions with vanishing mean
oscillation.

Definition I1.3.7. A functions f has vanishing mean oscillation, written f € VMO, if
f € BMO and

lim sup ][ |f(2) = mp, @) f|dz = 0.

r=0 geRre2 Br(x)

For the classical Beltrami equation with VMO, coefficient, its quasiconformal solution
preserves the dimension of sets.

Lemma II.3.8. Let p € VMO, be a Beltrami coefficient and ¢ € WL(C) be a K-
quasiconformal homeomorphism of C satisfying 0¢ = pd¢. Then both ¢ and ¢~ are C. for
every a € (0,1). In particular

dimy (¢(S)) = dimy(S) for any set S.

This is well-known in the literature. For the sake of completeness, a proof of Lemma I1.3.8
can be found below, as the author did not find any proof in the literature.

Using the result above, for VMO matrices we recover the Jones and Wolff theorem in
[JWS88] and the lower bound of the dimension of elliptic measure in simply connected domains.

Proof of Theorem 11.0.3: VMO case. Recall we can assume that Q C By/4(0) is bounded
Wiener regular by Remark I1.1.3, and we can replace finitely connected by simply connected
by Lemma II.1.2. Without loss of generality, we can also assume det A = 1.

Let us fix a function ¢ € C°(R?) satisfying

(I1.3.11) 0<¢<1,0lB 0 =1 ¢l =0and [Vp| <1,

and let ¢4 € W,2?(C) be the normalized solution of the Beltrami equation

loc
0o = puadpa a.e. in C, where ju4 as in (I11.2.15),
given by the measurable Riemann mapping theorem, see Theorem I1.2.4. Since A is uniformly

elliptic, in particular aj;, a9 ~ 1 and hence 2 + ay; + az > 2. Since A € VMO(R?), by
item 4 in Lemma I1.3.3 we have ps € VMO(R?) and so pus € VMO.(R?). Therefore, by
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Lemma II.3.8, the function ¢4 preserves the dimension of sets. The theorem follows from
this by the same proof of Theorem II1.0.1, see p. 46. 0

We now turn to the proof of Lemma I1.3.8. First, in the following result we see the
regularity of a quasiconformal mapping with VMO, coefficient.

Theorem I1.3.9 (See [Iwa92, p. 42-43|). Let u € VMO, be such that |||l = k < 1, and
p € (0,00). Then for each h € LP the equation

Of —pdf =h
admits a solution f with V f € LP which is unique up to an additive constant.

This result also holds for the generalized Beltrami equation, see [Kosl1, Theorem 4.6]
and [CC13, Theorem §|.

Remark I1.3.10. Note that if 9¢ = ud¢ with u € VMO,, then ¢ € L _for all p € (1, 00).
Thus, ¢ € C2, for every a € (0,1), and as a consequence, dimy(¢(5)) < dimy(.S) for any
set S.

Next we want to see the regularity of the Beltrami coefficient of ¢~!. Before that, as a
consequence of the estimate (I1.3.4) in Lemma I1.3.5, we see that VMO, N L> is invariant
under quasiconformal mappings.

Corollary I1.3.11. VMO, N L*> is tnvariant under global homeomorphic quasiconformal
mappings.

Proof. Let f € VMO.NL*> be non-identically zero, otherwise we are done. By Definition I1.3.7,
for all € > 0 there is g = ro(e) such that if » < ry then

sup ][ |f —mp.@f| <e.
By (z)

z€eR?2

Let ¢ € W2(C) be a K-quasiconformal homomorphism of C, with K > 1, B be a ball such
that supp(f o ¢™!) C B/2 and fix C' = Ck 25,4 the constant in Lemma I1.3.5. We want to
see that for all ¢ > 0 there is 7 = (') < #(B)/100 such that if < 7, then
sup [ [fo0 —mp(fod7)| <<

B (x)

zER?2

Given z € B and r < r)) (otherwise the integral above is zero), let B = B,(z) and B_ as in
(I1.3.3). By (I1.3.4) (with p = K + 1) we have

1/(K+1)
][ fod™ —mu(fod™)| < Cx (f - me|K“)
B B_

1/(K+1)
scK<2\|fnm>K/<K“>(]£ !f—mB_f\) |

where 7(B_) < Cr(B)YE. So, given ¢/, take e = (5’/(C'K(2Hf||L<>o)]i/(K“)))K+1 and rj =

min{(ro(¢)/C)X,r(B)/100}. With this choice we have r(B_) < C(rp)YE < ro(e) and
therefore

1/(K+1)
O (2] ) KD ( - me|) <
B_
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as claimed. O

In the following lemma we prove that if ¢ solves the Beltrami equation ¢ = pud¢ with p €
VMO,, then ¢~! not only solves the generalized Beltrami equation 9(¢~1) = —(pod=1)d (1)
with o ¢~! € VMO,, but it also satisfies 9(¢™!) = d¢ with i € VMO,. In particular, we
can also apply Theorem I1.3.9 to ¢!, see Remark I1.3.10.

Lemma I1.3.12. Let p € VMO, be a Beltrami coefficient and ¢ € W2(C) be a K-
quasiconformal homeomorphism of C satisfying 0¢ = pd¢p. Then ¢~ satisfies

_— [ — 0 B B
(113.12) B(6™) = —(uo 6™A(FT) = ((uazz) 06 ) oo™

with o ¢, (d¢/d¢) 0 = € VMO,.

Proof. The equalities in (I1.3.12) are proved in Corollary 11.2.13 and [CFM*09, Proposition
5].

From item 2 in Lemma I1.3.3 and Corollary II.3.11 it suffices to see d¢/0¢p € VMO. The
strategy is the same as in the proof of [CFM*09, Proposition 5|. Due to the work of Hamilton
in [Ham89| we have A = log 9¢ € VMO. Writing d¢ = ¢, in particular we have

A ReA ,iImA
9¢ _e _ &€ _ p2ilm)
oo e

o eRe)\e—z’ImA
The function ImA\ belongs in VMO as A € VMO. Since R 3 t > ¢e% is 1-Lipschitz, for any
ball B we have

][ ‘e2ilm/\(m) . mBGQiIm)\‘ dr S ][ ][ |62ilm)\(m) . €2iIm)\(y)} dy dx
B B JB

< 2][ ][ [TmA(z) — ImA(y)| dydx < 4]1 ITmA(z) — mplm)| dz,
B JB B

implying 0¢/0¢ = ™ ¢ VMO as Im\ € VMO. O

%

We are now ready to prove Lemma II.3.8.

Proof of Lemma I1.5.8. Tt follows from Theorem I1.3.9, Remark 11.3.10, and Lemma I1.3.12.
O

I1.3.3.4. VVlch coefficients with p > /\22>f1. In Sections I1.3.3.1 and I1.3.3.2, we had that the
quasiconformal mapping ¢, was bi-Lipschitz, which allowed us to prove the o-finite length
property of the elliptic measure. In this subsection we assume A € VVl(l)f with p > /\22’\;.
Although this Sobolev regularity on A, and so also for the Beltrami coefficient p4, does not
provide a bi-Lipschitz quasiconformal solution in general, it still preserves sets with o-finite
length, see Theorem I1.3.13 below. In particular, this will give the Wolff’s Theorem 1.0.2 in

this situation.

Theorem I1.3.13 (See [CFM 109, Corollary 11 and Proposition 21(c)|). Let K > 1 and
Igi < p <2 Let u € WH(R?) be a compactly supported Beltrami coefficient with
1tlloo < E22, and ¢ any p-quasiconformal mapping. For every compact set E,

KTl
HY(E) is o-finite <= H'(¢(F)) is o-finite.
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For a non-trivial example of non-bi-Lipschitz p-quasiconformal mapping with u € W2, see
the function in [CFM™09, (8)]. We remark that there are also bi-Lipschitz p-quasiconformal
mappings with u & W12, In fact, for L > 1, L-bi-Lipschitz mappings are p-quasiconformal
with [[pllee < (L2 —1)/(L? 4+ 1), and in general p ¢ W2, Also, u(z) = ixp(z) ¢ Wh?
provides a bi-Lipschitz u-quasiconformal mapping. The latter is a particular case in [MOV09].

The result above is precisely what we need to obtain the o-finite length property when
we invoke Wolff’s Theorem 1.0.2.

Proof of Theorem 11.0.3: Sobolev case. Recall we can assume that €2 C By,4(0) is bounded
Wiener regular by Remark I1.1.3. Without loss of generality, we can also assume det A = 1.
When p > 2 we have the Sobolev embedding into Hélder continuous functions W'» ¢ C1=2/»
by Morrey’s inequality, and hence the result follows from Theorem I1.0.2. So, assume
pE (f%fl, 2].

Let ¢ be as in (I1.3.11) and ¢4 € W?(C) be the normalized solution of the Beltrami
equation

Opa = @uadga a.e. in C, where py as in (11.2.15),

given by the measurable Riemann mapping theorem, see Theorem I1.2.4. Since A is uniformly
elliptic, in particular a1, ass ~ 1 and hence 2 + a1 + aso > 2. Since A € T/Vli’f(]R%, we have

that pa € W,2P(R?) and therefore gy € WHP(R?). The theorem follows by the same proof
of Theorem I1.0.1 in p. 46, using Wolft’s Theorem 1.0.2 and that the function ¢4 preserve sets
of o-finite length, see Theorem I1.3.13. That is, if F' C 9(¢4(£2)) is the set given by Wolff’s

Theorem 1.0.2, then ¢,' (F) C 99 has full elliptic measure and o-finite length. O

11.3.4. Proof of Theorem I11.0.3 via PDE regularity. Similarly as we did in the
previous Section I1.3.3, but using a PDE approach instead of applying quasiconformal
theory, in this subsection we deduce better regularity of the quasiconformal change of
variables assuming regularity on the matrix A, which allows proving the remaining cases of
Theorem I1.0.3.

Let us sketch this when the matrix has Holder coefficients. As in the proof of Theorem 11.0.2
in p. 49, we can assume that A € C*(U.(9Q)) for 0 < a < 1 and € > 0. Let ¢4 € W,22(C)
be the normalized solution of the Beltrami equation

Opa = pa0p, a.e. in C, where py as in (I11.2.15),

given by the measurable Riemann mapping theorem, see Theorem I1.2.4. By Corollary I1.2.13,
u = Reps, v = Img,, R := Reg,' and I := Im¢ " satisfy div AVu = 0, div AVv = 0,
div BVu = 0 and div B*Vov = 0 respectively, where B and B* are the uniformly elliptic
matrices in (I1.2.16). By the Holder regularity of quasiconformal mappings we have that

o, € Cllo/c)‘, and hence A € C*(U.(09?)) implies B, B* € Cfgé)‘ in an open neighborhood of
I(0a(€2)). All in all, u,v, I, R satisfy a PDE with Holder coefficients and therefore ¢4 is
bi-Lipschitz in an open neighborhood of 9€2. Theorem I1.0.2 follows from the same proof of
Theorem I1.0.1 in p. 46 using that ¢4 is bi-Lipschitz in an open neighborhood of 0f2.

11.3.4.1. Dini mean oscillation. We consider matrices with p-Dini mean oscillation.

Definition I1.3.14. For 1 < p < oo and f € LI (R"™!), denote

loc

1/p
fmop(r) = sup (]i( | }f(z) — mB(x’r)f}P dz) ,

zeRn+1
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where MO stands for “mean oscillation”. We say that f is of p-Dini mean oscillation,
f € DMO,, if fuo, satisfies the Dini condition

! dt
| aon 5 <.
0

Remark I1.3.15. From Holder’s inequality, we have the inclusion DMO, C DMO, if
1 < p < g < oo. The Dini condition of the mean oscillation directly implies DMO, C VMO
for every 1 < p < co. Moreover, every DMO,, (1 < p < 0o0) contains the (pointwise) Dini
space, that is, functions f satisfying the Dini condition

(I1.3.13) /0 T(t)% < 00, where 7(t) = sup |f(z)— f(y)|.

lz—y|<t
All in all,
Holder C Dini ¢ DMO, ¢ DMO,, C VMO, for any 1 < p < ¢ < o0.

Under the 1-Dini mean oscillation regularity on the matrix coefficients, L 4-harmonic
functions are C''. More precisely, we have the following result.

Theorem II1.3.16 (See [DK17, Theorem 1.5]). Suppose the coefficients of A(x) = (ay(x))} 2,
satisfy

1
dt
1<533’§+1/0 o (£) 5 < 00, where i, () = veBy(0) ]{Bu,n 4(2) = o] &

and let u € WH2(B4(0)) be a L4-solution in By4(0). Then, we have u € C*(B;(0)).

In the following lemma, we see how the 1-Dini mean oscillation regularity changes under
K-quasiconformal mappings.

Lemma I1.3.17. Let K > 1 and let ¢ € I/Vlf)cz((C) be a K -quasiconformal homeomorphism of
C. For any function f and any K < p < oo, there exists a constant C 4 such that

1 C
dt Ko dt
/ n(f@fb*l)(t)? Spi / fMo,p(t)?
0 0

Proof. Fix B = Byo(0). Recall that ¢! is ng-quasisymmetric as it is global K-quasiconformal,
see (I1.2.2). Take T'= T, > 2 big enough so that nx(1/7") < 1/2, and denote r,, = T~™.
Let 2 € Bs(0). First note that for 7,41 < 7 < ry,, and changing from mp . (f o ¢~') to
M B (f 0@t as we did in (I1.3.6), we have

77(fo¢*1)(x>7’) = ][ |(f © qb_l)(Z) - mB(:p,r)(f o qb_l)’ dz S_, n(foqﬁ*l)(xarm)-

B(z,r)

Thus, [y 7o6—1) (2, 1) F S Yoo Mgop) (T, T'm)-

Denote now 7, () = maxje_y|=,, ¢~ (§) — ¢~ (z)|, recall the ball defined in (II.3.3). We
simply write 77, as € Bs3(0) is fixed in this proof and the constants below do not depend on
x. By (II.3.4) in Lemma I1.3.5 we have

1/p
Mgoo1) (T3 7m) Sp (]{9@51( - |f(2) = mB(zb—l(x)fm(x))f}p) = (¢ (), T, P)-
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By the quasisymmetry condition we have 1/nx(T) < 7 /71 < nx(1/T) < 1/2, and
hence 1 < 2frm "4 As before, for every 7, < r < Tho1 we have (¢ (2), Fm.p) S

Tm

ny(¢ ' (x),r,p). By Lemma IL.3.5 we have 7, < Cx.Borm rol™, and in particular 7_; <

Crp ¢T1/ K As a consequence of these observations respectively, we get

Z”(fw’l)(x”m an )s Tms D) Z/ 'Fm,p)%
m=0 .

CKEan/
<z/ (@))% = / (67 @) )

The last element is bounded by |, CrepoT" fMo’p(t)%. Taking the supremum over all the

points x € B3(0) we obtain the lemma with the constant CK7§7¢T1/K. O

Using the previous lemma we deduce the C! regularity ¢;' in the proof of the following
result when A € DMO,, with p > A.

Proof of Theorem 11.0.3: DMO case. Recall we can assume that Q C By/4(0) is bounded
Wiener regular by Remark I1.1.3, and we can replace finitely connected by simply connected
by Lemma II.1.2. Without loss of generality, we can also assume det A = 1.

Let us see first the simply connected case. Assume A € DMO, and let ¢4 € W,2(C) be
the normalized solution of the Beltrami equation

Opa = pa0p4 ae. in C, where iy as in (11.2.15),

given by the measurable Riemann mapping theorem, see Theorem II.2.4. In particular
u = Regp4 and v = Im¢ 4 satisfy Vv = xAVu, and div AVu = 0, see Corollary 11.2.13. Now,
since A € DMO; we have that |Vu| is bounded in By /5(0), see Theorem 11.3.16, and by the
relation Vv = *AVu we also have that |Vv| is bounded in B 2(0). In particular, v and v
are Lipschitz and hence ¢, is Lipschitz in By /5(0) D 0€2. This implies wo 4 < H¥:¢ by the
same proof of Theorem I1.0.1 in p. 46.

We now turn to the o-finite length for general domains. Suppose first A € DMO,, with
p > A, and later we will see we can always reduce to this case. Let ¢4 be as above. Recall from
Corollary 11.2.13 that the functions R := Re(¢,") and I := Im(¢ ') satisfy VI = * BVR, and
div BVR = 0, where B is the uniformly elliptic matrix in (I1.2.16). By Lemma I1.3.17, item 4
in Lemma II.3.3, and A € DMO,, with p > A we obtain that B € DMO,. By Theorem II.3.16
we have that R € C, i.e., [VR] is bounded around 0¢ (), and by the relation VI = xBVR
we also get that |VI] is bounded there. Hence, R = Re(¢;') and I = Im(¢"') are Lipschitz,
and in particular ¢;11 is Lipschitz. The same proof of Theorem I1.0.1 in p. 46 implies the
o-finite length.

Let us see now the case A € DMO,, with p > 1 follows from the previous reduction. As
A € DMO,, € DMOy, by [HK20, Appendix| we have that it agrees a.e. with a matrix with
(uniformly) continuous coefficients, which by the L4 weak form we can assume that we are in
this latter case. In particular, given € > 0, for each £ € § there is d¢.e > 0 such that

2 €6Bs, (§) = |aij(2) —ay(§)] < e for any i,j € {1,2}.

Let {B;}i C {Bs(&)}econ,0<s<s,. be a countably subfamily of disjoint balls such that w?(9Q \
\U; Bi) = 0, by Vitali’s covering theorem. The goal is to prove that for each index i there
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exists a set F; C 0(Q N 4B;) satisfying wonup, a(F;) = 1 and with o-finite H!(F}), because by
Lemma [.4.4 we would have that the set F' = |, F; satisfies wq 4(F') = 1 and of course it has
o-finite length.

Let us now fix an index i. Let & denote the center of the ball B;, and r; its radius. Let

S = \/A(&) be the matrix satisfying STS = A(§;), and M as in (I1.1.1), i.e.,
M(2) = Id+ (ST) T (A(ST) = A©))s™ "2 (sT) 7 A(ST)S ™,

which is symmetric and with determinant 1, see Remark I1.1.7. Then, by Lemma I1.2.6 we
have gyt

Wgszi,A(E) = WEST)%?QWLBI.),M((ST)_lE)7
for any ¢ € QN 4B; and E € 0(QN4B;). Given ¢ € CX(6B;) such that 0 < ¢ < 1,
¢|sp, = 1 and |Vy| < 1/r;, consider the function ¢ = ¢ o ST. Using this function @, we can
directly replace the matrix M in the right-hand side above by simply the uniformly elliptic,
symmetric and with determinant 1 matrix M such that @ = pz;, see the precise definition
in Remark I1.2.16. That is,

ST —1 _

s, a(E) = 9gn) s fonum (ST E)
for any ¢ € QN4B; and E € 0(Q2N4B;).

From the proof of Lemma II.1.5, M has ellipticity constant \; = (1—2eX)~tin (ST)~1(6B;).
This implies that |pa| < (A —1)/(N + 1) in (ST)"1(6B;). In particular, |pgz| = |Ppm| <
| Lsry-168) 0| < (N —1)/(Ai + 1) everywhere, implying that M has ellipticity constant
A = (1 — 2eX)~! everywhere. If € > 0 is small enough then 1 < \; = (1 — 2eA\)™! < p; recall
that p > 1 is the value so that A € DMO,,.

Let us see M € DMO,. As A € DMO,,, we have that (S7)"'A(-)S~™' € DMO,, and as
z — ST7 is a linear mapping we get (S7)"tA(ST-)S~t € DMO,. Using now that ¢ = ¢ o ST
is smooth, bounded and with compact support, applying Lemma I1.3.3 we conclude that
M € DMO,.

As the ellipticity constant of M is 1 < \; < p and M € DMO,,, we are in the case of
the second paragraph in this proof, and hence there is a set F; C 0(Q2 N 4B;) satisfying
Wisry-1(anapy ar(F) = 1 and with o-finite H(F;). In particular worup, 4(ST(F)) = 1 and
ST(F) has o-finite length, and the theorem follows. O

[1.3.4.2. Mean oscillation with logarithm decay. In this subsection, we consider matrices
with the quantitative log decay of the mean oscillation in [Acq92, (1.3)].

Definition II.3.18. We say that f € L. _(R"™!) is of vanishing mean oscillation with

loc

logarithmic decay, f € VMO, for short, if

(I1.3.14) sup {(1 + |log s|) ][ | f = Mg, f] =%,
o e

recall Qs(z) denotes the cube with center x and side length 2s.

Remark II.3.19. The logarithmic decay in (II.3.14) implies VMO,,, C VMO. On the
other hand, for a function f € DMO,, given ¢ > 0 we can take sy = so(¢) such that
o fvoa(t) % < g, and hence (1 + [logt|) fuo,1(t) < t(1 + [logt|)e/so for all 0 < ¢ < sq.
Thus, we can take 0 = §(¢) small enough so that 0 < t < ¢ implies (1 + |log?|) fmoa(t) < e.
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Interchanging balls B(z,t) by cubes Q¢(x) in the definition of fyo.1(f) we obtain that f
satisfies (I1.3.14). That is, DMO; C VMO,,. All in all,

DMO,; C VMOy,; C VMO.

The fundamental property (I1.3.2) of BMO functions implies that, for 1 < p < o0,
f € BMO and r € (0,1), we have

(I1.3.15)

1/p
sup [0+ logsh) f 17 = maofl| =y swp [ iogs (f 1= mowf?) |
oo X0 et XE

and therefore f € VMO, if and only if for some (and hence for all) 1 < p < oo the right-hand
side term above goes to 0 as 7 — 0. Indeed, for z € R? and s € (0, 7], using (I1.3.2) we have
(I1.3.16)

1/p
(f o =maiatt) "< o (fr=mert) " = o f1s-mon

Since |logt| is decreasing in (0,1) and every @) C Qs(z) satisfies K(Q) < 2s, we obtain

s S2) £ 17 = e

< sup [(1—0— log s]) ]2 ( )|f_sz(:v)f‘} )

z€R2
s€(0,7]

sup (1—|—|logs|)][ |f —mqf] < sup (1—|—
QCQs(x) Q QCQs(2)
(I1.3.17)

and inequality 2, in (I1.3.15) follows from (I1.3.16) and (I1.3.17) by taking the supremum
over z € R? and s € (0,7]. The other inequality in (I1.3.15) is just Holder’s inequality.

Assuming that the matrix has VMO, coefficients, the following result states that L4-
harmonic solutions have the gradient in BMO.

Theorem II.3.20 (See [Acq92, Theorem 4.1|). Let A € L>(Q3(0)) N VMO, and u €
Wh2(Q3(0)) be a La-solution in Q3(0). Then Vu € BMO(Q1(0)).

In the following lemma, we see that functions with derivatives in the space BMO satisfy
the so-called log-Lip regularity.

Lemma I1.3.21. Let f : B1(0) € R"™ — R be a function with Vf € L'(B(0)) N
BMO(B4(0)), and let x,y € B12(0). If |x —y| is small enough, only depending on the
L' and BMO norms, then

[f(2) = FW)l S IV Fll«lz =yl log

1
v =yl
Proof. Consider B := B(*:, |z — y|) C B1(0), and write r = |z — y|. By triangle inequality

|f(z) — fy)| < |f(x) —mpf| +|f(y) — mpf|, and by symmetry, it suffices to control one of
them. By |[GT01, Lemma 7.16],

IV/(2)]

B ’x—2|

[f(z) —mpfl S dz.
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Splitting the domain of integration B of the right-hand side integral in annulus, we obtain

IVf(2)] V)], o 2F
Tl g Z/ dz ~ Z/HB\Q(Hl)Bny(z)\dz

>0 /27K B\2- (1B |35 — 2| "B 15,
Srey 2 ][ IV £(2)] dz.
k>0 B

Let us bound each element on the right-hand side in terms of £ > 0. For each k > 0,
let Nj, € N the largest index such that 2V, 5 = 2N:27Frp < 1/2 ie., N}, = |log, 2|r3—iy\J

With this choice,
( £ v f |Vf<z>|dz> wf i
omo—k B om+19—kpB 2Nk B

Each element in the sum is controlled in absolute value by < ||V f]l.. The latter term
fove 5 [V f(2)| dz is controlled by < ||V f|1i(s,0)) as 2M B C B1(0) and 2™rp ~ 1 by the
choice of N. In particular

o 1V S ML+ 19 o

Np—1

ILCIEEDY

m=0

If |x — y| is small enough depending on L! and BMO norm, more precisely, take small enough
|z —y| to satisy |V f]lzim0) < [10gs gy IVl then [V fllziz, ) < N[V [l and
therefore

][ VF()dz < NV
2-kB

Summing over k > 0,

|f(a:)—me|5/ Vi) rp Y 2" ][kB|Vf(z)|dz§TB||Vf||*22"“Nk.

‘33 - Z’ >0 2- >0
Recall Ni, = |log, 2‘ J ~ log 2 oo | Hence, the sum in the right-hand side is controlled by
22 klog|x_ |222_k10g2k+1og y|z 27",
>0 k>0 k>0
As D 02 ~*log 2F < oo, for small enough |z — y| we have > k02 ~*log 2F < log | 7 and
hence Y, 27" log - il y| < log ‘x o O

Here we see the distortion of Hausdorff measures under log-Lip functions.
Lemma I1.3.22. If f : R"™ — R"™ satisfies |f(z) — f(y)] < ClogLiplr — y[logﬁ for
|z — y| small enough, g(t) =t/log }, h(t) =tlogt, and A C R™™, then
(1) H(f(A)) < 2CioguipH(A), and
(2) Hone (F(A)) < 20007, HoneIh(4).

logLip

Proof. For small enough 6 > 0, the function ¢ — tlog% is increasing in t € (0,). Let
n= C’logLipélog% > 0, and note that n — 0 as 6 — 0.
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For ¢ > 0, let {E;}; such that A C |, E;, diam E; < § and Y, diam E; < Hj(A) + <.
Then f(A) C U, f(E;) and diam(f(E;)) < Ciogripdiam E; log m < ClogLip(Slog% =1. As
g(t) = t/log 1 is increasing in (0,7) if 7 is small enough, we have

: 1
1 ) ClogLipdlam E; log Tiam &,
diam E; o 1
S) ClogLipdiam Ej; log ﬁ

< 2C)eripdiam F;,
+ log diar}n 7, +loglog diar}n B ek

g(diamf(E;)) <g (ClogLipdiam E;log

: 1
O]ogLipdlam Ez log Jiam B,

- log

ClogLip

where we used that diam E; < ¢ is small enough. All in all,
HI(f(A)) < Z g(diamf(E;)) < 2CiogLip Z diam E;

< QClogLip(Ha( )+e) < 2ClogLip(H (4) + ).
Letting € — 0 and 6 — 0, i.e., n — 0, we get Hg( f(A) < QC’longp'H (A) as claimed.
Similarly, for ¢ > 0, let {E;}; such that A C |J, E;, diam E; < § and ) .((p,c) ©
h)(diam E;) < ”H(“””’C)Oh(A) +e. As before,

Here (f(4)) < Z ppc(diamf(E;)) < Z 20,0 (Crogiph(diam E;))

< 2070 S ((9pc) 0 h)(diam Br) < 20017, (HE(4) + <),

logLip logLip
where we used ¢, c(Ciogriph(diam E;)) < QClggilp@po(h(diam E;)), see the proof of Corol-
lary I1.2.10. Letting €,6 — 0, and hence also  — 0, we obtain the bound H%»<(f(A)) <
QClogLipH(SDp,C)Oh(A)' O

Lemma II.3.23. VMO, . is invariant under global homeomorphic quasiconformal mappings.

Proof. Let f € VMO, be non-identically zero (otherwise we are done) with compact support
and ¢ € VVl ’(C) be a K-quasiconformal homeomormism of C, with K > 1. Let B be a
ball such that supp(f o ¢~') C B/2, r < r(B)/100 and fix C' := C 5 ,, the constant in

Lemma I1.3.5 so that rg_ < ér}B/K for every ball B C 2B. For z € B and s € (0, r] (otherwise
the first integral below is zero), by Lemma 11.3.5 and (I1.3.2)!*) we have

][ oo™ —mouwm(fod ™) < sup ][f o7l —mg(f oo™
s(x)

QCQs(x)

(I1.3.18) < sup (][ If — me|2K) "

QCQ(d(x),Cs1/K)

Q

o fr-man

QCQ(¢(x),Cs!/K)

(IL5)The last step using (I1.3.2) is unnecessary since the rest of the proof works with the exponent 2K by
(I1.3.15). However, to simplify the notation, we remove the exponent 2K.
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As we did in (I1.3.17), we obtain
(I1.3.19)
aeflog(@s ) s (i< s [0 lowsl) £ (= moor]]
QCQ(g(x),Cst/K) xER2? Qs(x)
s€(0,Cr1/ K]
The lemma follows from (I1.3.18), (I1.3.19), the fact that (1 + [logs|) < 2K(1 + [log(C's/ %))
for small enough s, and finally taking r — 0. 0

Using the previous results, we conclude this subsection with the following result about
the dimension of the elliptic measure for VMO),, matrices.

Proof of Theorem 11.0.3: VMO\og case. Recall we can assume that Q C By,4(0) is bounded
Wiener regular by Remark I1.1.3, and we can replace finitely connected by simply connected
by Lemma I1.1.2. In particular Q@ C @;/3(0) (cube centered at 0 with side length 2/3).
Without loss of generality, we can also assume det A = 1.

Let 3(-) = ¢(-/100), with ¢ as in (I1.3.11), and let ¢4 € W,-*(C) be the normalized
solution of the Beltrami equation

Opa = Ppadga a.e. in C, where py as in (11.2.15),

given by the measurable Riemann mapping theorem, see Theorem I1.2.4. Let A be the
uniformly elliptic, symmetric and with determinant 1 matrix such that pus = pujz, see
Remark I1.2.16. Therefore, the Beltrami equation above reads as

Opa = uz004 ae. in C, with iz = pa in Bso(0).

In particular u := Reg4 and v = Im¢4 satisfy div AVu = 0 and div AVv = 0 in Bso(0), see
Corollary I1.2.13. Now, since A € VMO, we have that Vu, Vv € BMO, see Theorem I1I.3.20.

Now we want to see the same property for ¢'. By Corollary 11.2.13, the functions
R = Re(¢,") and I := Im(¢}") satisfy div BVR = 0 and div B*VI = 0 in ¢4(Bs(0)), where
B and B* are the uniformly elliptic matrices in (I1.2.16). Since A € VMO)oq, by Lemma I1.3.3
we have that py € VMO, and hence pz € VMO, .. By the invariance of VMO
under quasiconformal mappings in Lemma II.3.23, we have that —p 3 o qﬁ;l € VMOy4q ., the
coefficient of the conjugated Beltrami equation in item 3 of Corollary I1.2.13. Therefore, by
Lemma I1.3.3 the uniformly elliptic matrices B and B* in (I1.2.16) (in terms of 121\) belong
to VMOye. By Theorem 11.3.20 and since B = B and B* = B* in ¢4(Bso(0)), we conclude
VR,VI € BMO.

Since both V¢4, Ve,' € BMO, by the log-Lip regularity in Lemma I1.3.21 and the
distortion under these type of functions in Lemma I1.3.22, continuing as in the end of the
proof of Theorem I1.0.1 in p. 46 we have that there is a set F' C 0% satisfying wq 4(F) =1
and with o-finite HY/ 181 measure; and if the domain is simply connected, by Makarov’s
Theorem 1.0.1 there exists Cyy > 0 such that wo 4 < H(Prcp)o(tlog 7). O

11.4. Uniformly elliptic matrices in CDC domains

This part is dedicated to the proof of Theorems I1.0.5 and I1.0.6. That is, we work
with general uniformly elliptic matrices A € R**? (not necessarily symmetric nor constant
determinant) in CDC domains.
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11.4.1. Proof of Theorem II.0.5. Let us start by the harmonic factorization of the
Green function for the operator L4, which turns out to be the harmonic Green function in
the image domain.

Lemma I1.4.1. Let Q C R? be a bounded Wiener regular domain, p € Q, A be a uni-
formly elliptic matriz with A = Id in an open neighborhood of p. If [A g and ¢ are as in

Lemma 11.2.17, then gl?’A Ro— gig))’ld is the Green function in ¢(§2) with pole ¢(p) for

the Laplacian operator Lig = —A

Remark I1.4.2. Note that the Green function g;‘ has a singularity at p € 2. However, the
Beltrami coefficient p Agh should be understood as u Agh = Ha in the open neighborhood

of p where the matrix A = Id, as v4 = 0 in this case. In particular, g;,“ is L ,-harmonic in
O\ {2+ Alx) £ Id} € Q\ {p}.

Proof of Lemma II.4.1. We check [, o V(gy'09™")Vip = p(¢(p)) for any ¢ € C(4(2)). Let
B C 10B C €2 be a ball centered at p € €2 with small enough radius such that A = Id in 2B,
and let ¢ € C2°(R?) be so that ¢|g/» = 1 and 9| = 0. Then

/ V(g oo )V = / v<g;o¢—1>v<so-<wo¢—l>>+/ V(g od ™)V (o (1—pog™)).
o(2) o(2) o(Q)

Since p(1—tpo ™) € WI(p(Q)) with (1 —¢po¢™') = 0in ¢(B/2) 3 ¢(p), and g/t o p~" is
harmonic in ¢(Q2 \ B/2) by Lemma I1.2.17, we have that the second term on the right-hand
side is zero, and therefore

/ V(g od )V = / V(g o V(o ($0d7)).
6(Q) 6(Q2)

As the matrix A = Id in 2B and ¢ is conformal in 2B, we have that the matrix after the
change of variables is Ay,-1 = Id in ¢(2B), recall its definition in (II.2.3). In particular, since

supp V(¢ - (o ¢ 1)) C ¢(B), we can just write
V(g o™V = / A1V (g 00TV (g (o o™)).
B(2) #(€2)

By [AIM09, Theorem 3.8.2] (applied to every Q' C Q\ {p}) we have

Vg, 0 ¢7")(2) = (Do~ (2))" Vg, (67}(2)) for ae. 2 € ¢(Q),
and applying the change of variables given by ¢, see [AIM09, Theorem 3.8.1|, we have

[ AVl o6 Ve oo ) = [ AV (0 0) 0.
¢(2) Q

By the higher integrability of quasiconformal mappings in [AIM09, (13.24)], see also (I1.3.8),
there exists ¢ > 0 such that (@ o ¢) -1 € Wh*5(Q), see [OP17, Theorem 2.7] for instance™6),
and as noted right below (I.3.2), the integral above equals p(é(p))Y(p) = ¢(é(p)), as claimed.

As we have that both g/! 0 ¢! and gé‘(ip) are the dirac delta in the weak sense, we obtain

/ L Vlally — g 067)Te =0 for any i € CF(6(0).
H(Q

(IL6) Cover supp ¢ by a finite number of balls B; with 2B; C ¢(Q).
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Since ¢! € Wh*(Q) and gé‘(ip) € Whs(¢(Q)) for all 1 < s < 2 by (1.3.1), in particular
g3 o gb*l,gé?p) € Whl(¢(£2)), see [OP17, Theorem 2.7| for instance. The existence of weak
derivatives in L'(¢(€2)) implies that the left-hand side is — [ () PA(ghl) — g5 097", and
therefore

/¢<>“”A< — g o¢) = 0 for any ¢ € CX(H(Q).

By Weyl’s lemma, g (p) — gp o™t € C®(¢p(Q)) and is harmonic in ¢(2). Since both functions

9y and gy 0 ¢~" vanish on 9(¢(€?)), in particular gi? ) — g5 o gb_l vanishes on 9(¢(12)). By

the maximum prmmple for harmonic functions, the function ¢! ¢(p) — g;f o ¢! must be zero in
(), and therefore 9¢>(p) =g oo™t in (), as claimed. O

Given a function ¢ as in Lemma I1.4.1 for the matrix A7, using the notation in (11.2.3)
and Lemma II.2.5, recall that Id; denotes the matrix such that

w is harmonic in ¢(2) <= uo ¢ is Lz;,-harmonic in €.

With this definition, in the previous lemma we saw that gl‘j‘T is the Green function in €2 for
both operators L 4r and LTEz¢,' Consequently, we obtain the following relation between their

elliptic measures. When applying (1.6.1) and Lemma 1.6.1 in the following proof, note that
the matrix /d, is symmetric.

Lemma I1.4.3. Under the same hypothesis in Lemma 11.4.1, assume also that 2 is (co,ro)-
CDC. If pyr AT and ¢ are as in Lemma I1.2.17, then for any ball B centered at OS2 with

rp < 1ro/2 and satisfying that p € Q\ 4B, there holds
ha(B) Sy (8B) and o, (B) S wh4(8B),
where the constants depend only on co and the ellipticity of A.
Proof. Let w = wg 4 and W = wgﬁ%. By (1.6.1) we have w”(B) < max, g=50. (z). By
Lemma II 4.1, g]‘;‘T is also the Green function for the operator with matrix }Ed,, that is

gAT = gp in 2. Applying Lemma 1.6.1, we get g?(x) S w(8B) for any z € QN 2B. All in
all w(B) S w(8B). We can do the same argument to obtain w(B) S w(8B). O

Corollary 11.4.4. Under the same hypothesis in Lemma I1.4.1, assume also that §2 is co-CDC.
If pyr AT and ¢ are as in Lemma I1.2.17, then

whA(E) = wgﬁd)(E) for any E C 09,
where the constant depends only on cy and the ellipcity of A. By Lemma I1.2.6, this is

equivalent to
whA(E) = i((g)) 14(0(E)) for any E C 0.

p

0.7 . For every € > 0 let V. D E be an open set such that

Proof. Let w = wp, 4 and W =
(V) <B(E) +e.
Split £ = Eq U E,g, where “d” stands for doubling and “nd” for non-doubling, as
Eq={x € E: H{rg}tr>1 with ry 2% 0 such that w(8B,, (7)) < 100w(B,,(x))}, and
E.g=FE\ Ejq.
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With this choice we have w(En) = 0, see [Toll4, Lemma 2.8|, and hence w(FE) = w(Ey).
For each z € Fy4 take an small enough radius r, > 0 such that
(1) 8B,,(x) C V.,
(2) w(8B,, (7)) S w(B,,(x)), since z € Ey; and
(3) w(By,(z)) S w(8B,,(x)), by Lemma I1.4.3,
and let {8B;}; be the subfamily of {8B,,(2)}.ep, covering Ey and with finite overlapping,
given by Besicovitch’s covering theorem. Therefore,

W(E) =w(Ey) < w(U 8Bi> < Zw(8Bi)(2%3)Z&(SBi) ~ w(U SBZ»> 25V < B(E)+e.

Letting ¢ — 0 we conclude w(FE) < @W(E). The lemma follows since the exactly same argument
holds if we interchange w and w. O

Let us see the proof of Theorem I1.0.5.

Proof of Theorem I1.0.5. Recall we can assume that 2 C By/4(0) is bounded Wiener regular
by Remark I1.1.3 and we can replace finitely connected by simply connected by Lemma I1.1.2.
Furthermore, if ¢ > 0 is small enough so that By.(p) C €, by Corollary 1.4.5 we can replace

A by 131(0)\35(10)‘4 + (1Bf(O)UBE(p)>Id'

Let ¢,z , ar € W,.2(C) be the normalized solution of the Beltrami equation

5¢AT79;)4T = MATg;,T(‘?gbATyf a.e. in C, where Har gat 85 in (I1.2.20),

given by the measurable Riemann mapping theorem, see Theorem II1.2.4. In particular
G g1 gat 1S @ K)-quasiconformal homeomorphism with K as in (I1.0.2) by Lemma I1.2.14,
"Ip

and conformal in C\ D. We remark that the dependence of the function ¢ AT gAT in terms
Jp

of g;‘T and AT is due to the fact that p AT gaT depends on (the derivatives of) g;‘T and the
Ip

coefficients of AT.

The theorem follows from the exactly same proof of the non-regularity case of The-
orem I1.0.1 in p. 46, using woa < wWe@),d((-)) < waa by Corollary 11.4.4 (although
we do not have the equality in (I1.3.1)) and that ¢ AT gAT is K)-quasiconformal instead of

A-quasiconformal. O

11.4.2. Continuous matrices. Proof of Theorem II1.0.6. In this subsection, we
prove Theorem I1.0.6 via a localization argument. More precisely, we use the continuity of
the matrix to see that locally, it is as close as we want to a constant matrix. Once in this
case, we use the following remark.

Remark I1.4.5. A quick look of the proof of Lemma II.1.5 reveals that the same result
remains true for CDC domains if we replace dimy () by

mS[DC()\) = sup{dimy wq 4 : Q@ C R""! is CDC and A has ellipticity constant A}.

That is, given a CDC domain 2 C R™*! and a constant uniformly elliptic matrix C' with
ellipticity constant A > 1, if A is a (not necessarily constant) matrix with small enough

€ = i,je{rlr}??;:z-&-l} lai;(-) — CiJ'”L“@
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: : : e = : ——CDC
depending on A and n, then A is uniformly elliptic in 2 and dimy wg 4 < dim,,~ ((1 — (n +
Ded)™).

Proof of Theorem I1.0.6. First, we prove the upper bound for CDC domains, and then the
lower bound for finitely connected domains.

“Upper bound”. 1t suffices to see that for every 7 > 0 there exists F, C 02 with
dimy Fr < 147 and woa(F;) = 1. Indeed, F = (), -, Fi/n satisfies dimy F' < 1 and
wq, A(F ) =1.

Since A has continuous coefficients in Q, for each £ € 9 and every ¢ > 0 there is d¢ . > 0
such that

(I1.4.1) 2z €485, (§)NQ = lay(z) — ay(§)| < € for any i, 5 € {1,2}.

Fix ¢ > 0. Let {B;}; C {Bs(§)}ecano<s<s,. be a countable subfamily of disjoint balls
such that w?(0Q\ |, B;) = 0, by Vitali’s covering theorem.

We claim that it suffices to see that for each index ¢ there exists a set F; C 0(2 N4B;)
with worap; a(F;) = 1 and dimy F; < 1+ 7 provided € > 0 is small enough. Indeed, this
implies that the set F, := 0QN{J, F; satisfies dimy F; < 147 by definition, and wg 4(F;) =1
by Lemma [.4.4.

Applying Remark I1.4.5 for each index ¢, by (I1.4.1) and as Q@ N 4B; is CDC we have that

there exists a set F; C 0(Q2N4B;) with wonsp, 4a(F;) = 1 and dimy F; < di_ch{DC((l —2e\)7h).

By Theorem I1.0.5 and taking € > 0 small enough respectively we have
——CDC _ 2K (1_9ex)1
dim -2 < ———2 <147,
W 2N ) <
and the upper bound is proved.

“Lower bound”. We turn now to the proof of the lower bound for finitely connected
domains. Let F' C 0 with wq 4(F) = 1 and fix 7 > 0. Given ¢ > 0, for each £ € 00
let ¢ > 0 be small enough to satisfy (II.4.1) and that QN B(&, d¢ ) is simply connected,
see Lemma I1.1.2. Let {B;}; C {Bs(§)}econo<s<s.. be a countable subfamily with finite
overlapping by Besicovitch covering theorem. For each ball B;, by Lemma II.1.2 we have
wong,; (02 \ F') = 0, which implies

wong, (0B;NQ)U (FNB;)) = 1.
From this, dimy 0B = 1, (I1.4.1) and Lemma I1.1.5 we have
dimy F > dimy(F N B;) > dim35((1 — 2eA)71).
By Theorem I1.0.5 and taking € > 0 small enough respectively we have

2
dmS((1 —=2eN) ) > ——————— >1 -1
(1= 20) ) 2 gy

As this can be done for every 7 > 0 we have that dimy F' > 1 and the lower bound of
dimy; wq 4 for finitely connected domains is proved. O



CHAPTER III

The dimension of planar elliptic measures arising from Lipschitz
matrices in Reifenberg flat domains

In this chapter, we study the dimension of planar elliptic measures in Reifenberg flat
domains with small constant, assuming also Lipschitz continuity of the coefficients of the
matrix. In fact, that regularity is only needed near the boundary.

Suppose from now on that the domain is (, r)-Reifenberg flat and the coefficients of the
matrix are also Lipschitz. Roughly speaking, a domain Q C R? is (4, 79)-Reifenberg flat if for
every ball B centered at 02 and with radius r < r¢, the dr-neighborhood of a line through
the center of B contains B N 0€). See Definition I11.1.4 for the details. In this situation
we show that the dimension of the elliptic measure in Reifenberg flat domains with small
constant is at most 1. More precisely, for this type of domains we obtain the analogous result
of Wolft’s Theorem 1.0.2 in the following theorem.

Theorem II1.0.1. Let Q C R? be a (8, r)-Reifenberg flat domain, p € 2, and A be a real
uniformly elliptic (not necessarily symmetric) matriz with ellipticity constant X. Suppose also
that A is Lipschitz. Then there exists g = 0o(A\) > 0 such that if 0 < § < g then wq 4 has
o-finite length. In particular dimy wo a4 < 1.

Despite we are requiring to work with d-Reifenberg flat domains with small enough
constant 9, such sets can be constructed with Hausdorff dimension strictly larger than 1. For
example, a suitable variant of the Koch snowflake can be constructed to be d-Reifenberg flat.

It is well-known that the Hausdorff dimension of elliptic measures only depends on how
the matrix is near the boundary (see Corollary 1.4.5) and hence it is only necessary to assume
the Lipschitz regularity around the boundary. In fact, in our proof we use the regularity only
around the boundary, and so the theorem is still true assuming Lipschitz continuity in a
small neighbourhood of 0.

Similarly as in [Wol93, Proof of Theorem 1|, Theorem III.0.1 follows from a more
quantitative result involving a good covering of a subset of the boundary with big elliptic
measure, see Main Lemma III1.2.1 for the precise statement.

One might think that this result could be obtained by the application of quasiconformal
mappings. In Chapter II, for symmetric matrices with determinant 1, the principal solution
of the associated Beltrami equation, which depends only on the matrix, can act as a change
of variables which inherits the extra regularity of the coefficients. Then, we obtain that the
elliptic measure is the pushforward of the harmonic measure in the image domain. In the
general case, we can obtain the elliptic measure as a pushforward of a harmonic measure
using a quasiconformal change of variables which depends also on the Green function of
the domain, as long as it satisfies the capacity density condition. In this case, the extra
dependence of the Green function does not allow us to obtain extra regularity estimates for
the change of variables, and the o-finiteness of length can not be attained.

65
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A key point, and the main difficulty in this chapter is to obtain the lower bound

dw? -
/ log — (&) dw”(§) > —const > —o0,
a0 do

with a bound independent of the smoothness, where Q is the modified domain appearing in
the proof of Lemma II1.2.3 and w? the elliptic measure in €2 with respect to the matrix A.
This lower bound is known in the harmonic case for general smooth domains in the plane.
This fact is the key point in the study of the dimension in the planar case, see for example
[Car85, JW88, Wol93|. Actually, the behavior of this integral is also crucial in the study of
the dimension of harmonic measures in higher dimensions in [Wol95].

The first occurrence (as far as we know) of the use of this lower bound in the study of the
dimension of the harmonic measure is in [Car85]. For the proof see [JW88|, and for further
details see [CTV19].

The previous lower bound is used in the proof of Lemma III.2.3 to obtain a subset with
big elliptic measure as it is done in [JW88] and [Wol93]|, and it can be deduced from

(I11.0.1) /~ log|SVg, (€)[* dwP(€) > —const > —oc,
o9
where gg is the Green function in Q with respect to the matrix A”7, and S is the square root
matrix of the symmetric part Ay = (A + AT)/2, i.e., STS = Ay. In Section I11.6 we obtain
also an upper bound for the integral above, see Lemma II1.6.1.
A fundamental tool to obtain the estimate (II1.0.1) is the relation

Vo) z W
P ™ dist(y, 09)

near the boundary. In Reifenberg flat domains this estimate was obtained by Lewis, Lundstrém
and Nystrom in [LLNO8|, see Lemma I11.1.5 below. The converse inequality is well-known
for general domains and Holder matrices and follows by Schauder estimates. Obtaining an
inequality of this type for other domains may allow to apply the techniques exposed in this
chapter.

Very similar results to the one in Theorem III.0.1 about the dimension are true for
p-harmonic measures, i.e., when the associated operator is the p-Laplacian div (|[Vu[P~2Vu)
for Reifenberg flat sets with small constant (see [LNV13]), and simply connected sets in the
plane (see [LNPC11]).

IT1.1. Preliminaries and definitions

II1.1.1. Notation. We retain the notation from p. 9 throughout this chapter. Specifically,
the ambient space is R?, though auxiliary results will be stated in the general setting of R**+!
for n > 1.

I11.1.2. NTA and Reifenberg flat domains. In this subsection we introduce non-
tangentially accessible domains (NTA) and Reifenberg flat domains, the main object of our
study.

In order to define NTA domains we need to introduce some concepts. Given a domain
Q C R n>1, and a fixed constant C, we define:

o C-Whitney ball: A ball B(z,r) C Q is C-Whitney if C~'r < dist(B(x,7),00) < Cr.
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e C-Harnack chain: For py,ps € 2, a C-Harnack chain from p; to py in §2 is a sequence
of C-Whitney balls such that the first ball contains p;, the last contains py, and
such that consecutive balls intersect. The number of balls is called the length of the
C-Harnack chain.

Consecutive balls in a C-Harnack chain must have comparable radius. Given a positive
L s-harmonic function in €2, a C-Harnack chain between two points py, py € Q allows us (via
Harnack’s inequality) to obtain u(p;) & u(p2), where the constant involved depends on C
and the length of the C-Harnack chain.

Definition II1.1.1 (NTA domain. [JK82, Section 3|). A domain Q C R"* n > 1, is called
nontangentially accessible, NTA for short, if there exists constants C' > 1 and ry > 0 such
that:

(1) Interior Corkscrew condition: For any £ € 99, 0 < r < 7, there exists a point
A.(§) € Q such that |A.(§) — & < r and dist(A,(£),0Q) > C~'r. The point
A, (&) = A(&,r) is called the Corkscrew point of the point z at radius r.

(2) Eaterior Corkscrew condition: Q° satisfies the interior Corkscrew condition.

(3) Harnack chain condition: If € > 0 and py, py € Q satisfy that p1,ps € QN B(€,1/4)
for some & € 99, dist(p;, 0Q) > ¢, and |p; — pa| < 2%¢, then there exists a Harnack
chain from p; to ps of length C'k and such that the diameter of each ball is bounded

below by C~' min;—; 5 dist(p;, ).

Remark III.1.2. A domain with the exterior Corkscrew condition satisfies the capacity
density condition, see [HKMO06, Theorem 6.31]. In particular, NTA domains satisfy the
capacity density condition.

Definition IT1.1.3 (Hausdorff distance). Given nonempty sets A and B, we denote their
Hausdorff distance disty (A, B) by

disty (A, B) = max {sup dist(z, B), sup dist(y, A)} :

€A yeB

Definition ITI.1.4 (Reifenberg flat domain). Let  C R™™' n > 1, be an open set, and let
0 <0 <1/2andry>0. We say that €2 is a (J, rp)-Reifenberg flat domain if it satisfies the
following conditions:

(1) For every x € 02 and every 0 < r < r¢, there exists a hyperplane P(z,r) containing
x such that

disty (02N B(x,r), P(z,r) N B(x,r)) < dr.
(2) For every x € 02 and every 0 < r < ry, one of the connected components of
B(z,r)N{y € R"" : dist(y, P(z,r)) > 20r}
is contained in 2 and the other is contained in R™*! \ Q.

For small enough § > 0 we have that a (J, ro)-Reifenberg flat domain is also an NTA domain
(see [KT97, Section 3]) and it satisfies the capacity density condition, see Remark III.1.2.



68 III. PLANAR LIPSCHITZ ELLIPTIC MEASURES IN REIFENBERG FLAT DOMAINS

II1.1.3. Non-degeneracy of |Vu| in Reifenberg flat domains with small constant.
Despite the following result applies to more general matrices (see [LLNO8, Definition 1.1 and
Lemma 3.35|), it is only stated in our setting for our purposes, i.e., for uniformly elliptic
(I.0.1a)-(1.0.1b) and Holder continuous matrices. In fact, the Holder continuity is only used
near the boundary.

Lemma II1.1.5 ([LLNO8, Lemma 3.35]). Let Q C R™™ n > 1, be a (8, r0)-Reifenberg flat
domain, £ € 02, and 0 < r < min{rg,1}. Let 0 < a < 1 and A € C*({z : dist(z,02) <
10ro}) be a real uniformly elliptic (not necessarily symmetric) matriz with ellipticity constant \
and Hélder seminorm C,,. Suppose that u is a positive L s-harmonic function in QN B(E,4r),

that is continuous in QN B(€,4r), and that w = 0 on 0Q N B(£,4r). There exist o =

5(71, A Coya), v =7v(n, A\, Cy, ) and é = é(n, A\, Cy, @) such that if 0 < 6 < 0, then
S uly) PP
dist(y, 0€2) — 'dist(y, 002)

Remark III.1.6. Note that if the matrix has bounded Lipschitz coefficients, i.e., a = 1,
then the same result holds with constants depending on n, the ellipticity constant A and the
value C || Al po(rn+1), where Cp, is the Lipschitz seminorm of A. The value Cp||A||poo@n+1)
comes from the fact that bounded Lipschitz functions are Hélder continuous for any exponent.
Indeed, a quick computation shows that the matrix A is Holder continuous with exponent

1/2 with Hélder seminorm C /5 == (ZC'LHA||L00(Rn+1))1/2.

< |Vu(y) whenever y € QN B(&,r/¢).

The comparability in Lemma III.1.5 will allow to bound the error terms in the study of
the key term in (II1.6.1).

II1.2. Main Lemma and preliminary reductions
As in [Wol93], Theorem II1.0.1 will follow from the following more quantitative result.

Main Lemma II1.2.1. Let Q C R? be a bounded (8, ry)-Reifenberg flat domain, a point
p € Q with dist(p, 0Q) > rg, and A be a real uniformly elliptic (not necessarily symmetric)
matriz with ellipticity constant A\, and suppose also that A is k-Lipschitz in U,,(0Q) = {x €
R? : dist(z,00) < ro}. For a giwen 0 < r < 1 satisfying r&||Al|peo@z)y < 1, there exists
do = do(A) > 0 such that for every 0 < 6 < &y we have the following:

For any 0 < 7 < 1, sufficiently large M, and p € (0,7/M) there is a set F' C 0 such
that wh o(F) > C~' and a countable covering F C |J; B(zi, r:) where

(1) Sors < OM,
(2) Z{i:ri>p} i < OM_17
with universal constant C'.
Remark III.2.2. Given M sufficiently large to satisfy the conclusions of the lemma, the

particular choice p = r/(2M) yields that the number of balls B(z;, ;) with r; > r/(2M) is
universally bounded, that is, Z{i:ri>r/(2M)} 1<2C)r.

By means of a linear deformation of the plane (see Section II1.2.1 below) and a rescaling,
we see that it suffices to prove the following weaker lemma to obtain Main Lemma III.2.1.

Lemma II1.2.3 (Weak form of Main Lemma I11.2.1). Let Q C R% p € Q and A as
in Main Lemma II1.2.1. Suppose also that Ay = # is of the form Ay = RTBR with
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R € C%(U,,(09)) a rotation, and B € C®'(U,,(02)) diagonal. Then there exists &y =
So(A, K[| Al Lo (r2)) > 0 such that for every 0 < < dy we have the following:

For any 0 < 7 < 1, sufficiently large M (how large depends on T and on the constants in
the hypothesis), and p € (0,1/M) there is a set ' C 0Q such that wg 4(F) > C7'7 and a
countable covering F C \J, B(z;,r;) with

(17%) 32 S CMT,

(2%) Lggiropy s S CM
with universal constant C'.

We remark that this weaker form replaces the assumption on the parameter r by the
additional assumption Ay = RT BR, and allows &, to depend also on £|| 4|z, and p to be in
(0,1/M). For the proof of Lemma II1.2.3, see Section I11.4.

II1.2.1. The change of variables in Reduction 1. In this subsection we first collect
some auxiliary results about changes of variables that will be useful to prove some technical
lemmas, secondly we construct the precise linear deformation in the plane that allows the
reduction from Main Lemma II1.2.1 to Lemma III.2.3, and finally we see how it distorts
planar Reifenberg flat domains.

II1.2.1.1. Linear changes of variables. We will see how L 4-harmonic functions behave
under linear changes of variables. See [AM19, Lemmas 3.8 and 3.9] for a detailed proof of
the following two results.

Lemma II1.2.4. Let D € R+ pe g constant matriz with det D # 0, n > 0. A
function f is La-harmonic in Q if and only if f = f o D is Lz-harmonic in D~(QQ), where
A(:) = DYAD YD YT and D71(Q) ={D 'z : 2 € Q}.

By the definition of elliptic measure, the previous lemma implies the following relation of
elliptic measures under a linear change of variables.

Corollary II1.2.5. Let D € RUHDXHD pe g constant matriz such that det D # 0, n > 0,
and let 2 be a Wiener reqular domain. Let w = wq 4 be the elliptic measure in 2 with matriz
A, and @ = wp,1 o 7 where A()) = DYA(D-) (D™)". Then w™(E) = &P~ '*(D~Y(E)) for
every x € Q) and E C 0S2.

These two results are particular cases of Lemmas 11.2.5 and I1.2.6.
I11.2.1.2. Lipschitz diagonalization of symmetric matrices in the plane. In the study of
the integral (II1.6.1) in Section II1.6 we will use that after a suitable linear change of variables

D, the symmetric part of the matrix Ain Corollary I11.2.5 diagonalizes in the form RT BR,
where R is a Lipschitz rotation and B is Lipschitz diagonal. In this subsection we see that
we can always reduce to this case.

We need to follow this strategy because in general it is not true that Lipschitz elliptic
symmetric matrices diagonalize in the aforementioned form, as we can see in the following
example.

Example I11.2.6. Let Ay, As be two constant symmetric matrices diagonalizing with different
eigenvectors, and f : R™! — R be a Lipschitz function with fliz1<1y <0, flggs1y >0 and
| flleo < e for small enough fixed constant € > 0.

Set A(x) == Id + f(x)1{z<1y(x) A1 + f(2) 12513 (2) Az and take € > 0 small enough to
ensure the ellipticity condition on the matrix A. Moreover, with this choice of the function f
we have that the matrix A has Lipschitz coefficients.
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Let v; be an eigenvector of A; with eigenvalue ., i.e., Ajv; = pyuy, and let v be an
eigenvector of Ay with eigenvalue pg, i.e., Aovg = psve. Then, for |z| < 1 the vector u is an
eigenvector of A,

A(z)vr = (Id + f(x)Ar)vr = (1 + f(z)p)vr,

and for |z| > 1 the vector v is an eigenvector of A,
A(z)vs = (Id + f(2)A2)vs = (1 + f(z)p2)va.

From this we get that the matrix A diagonalizes with the same basis as A, if |z| < 1, and
with the same basis as Ay if |z] > 1, whence we obtain that the basis is not continuous.

In the following lemma we see that we can avoid the situation seen in the previous example
by using a linear change of variables.

Lemma II1.2.7. Let U C R? be a set. Let A € CO(U) be a uniformly elliptic and

1/0K (1)) with K2 > M2+ )\.

Then the matriz A(-) = D™ A(D-)D™" is of the form A = RTBR € C*Y(D~Y(U)), with
B e C%Y(DY(U)) diagonal and R € C*Y(D~*(U)) a rotation.

symmetric 2 X 2 matrixz with ellipticity constant X, and let D = (

Proof. Denote the matrix A(z) = <a(x)) Z((g), and let

~ 25 Kb
A=D'(Aop)p ' = (K2 Kb}

Kb d
where we write a(z) = a(Dz) and the analogous expressions for the other elements of the
matrix. We want to see that when K? > A2+ X we can write A = RT BR where B is Lipschitz
and diagonal, and R is a Lipschitz rotation matrix.

The eigenvalues AL = A(-) of A are

K% +d+ \/(K2a— &)2 + AR

(I11.2.1) Ay = 5 :

and we want to see that they are Lipschitz if K2 > \? + X. Note that

(111.2.2) A+ A =K% +d.

2 _
For shortness, let f = (K %0 — (5) + 4K?%b? be an auxiliar function. Note that since

a,b,d € COY(U)NL>*(U), and so a,b,d € COY(D'U)NL>*(D~U), we have f € C*1(D~'U)N
L®(DU).

For z,y € DU, i.e., Dx,Dy € U,
(IIL.2.3)

2[As(2) = Ae(y)| < K*fa(x) = a(y)| + |d(z) — d(y)] + V[ () =V [()]

Clx — xr)— =Clz - .
< Cla—y|+ [V F(@) = V)| = Cle —y| + V@) +VTW)
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Since a > A~ and d < \ by ellipticity (indeed a,d =) 1), and so @ > A\~! and JS A, in
particular K%a —d > K?X\~' — \. Since K? > A2 + )\, we obtain that

(111.2.4) K% —d>KX1—)>1,
and with this we have

B 2 ~ o~
(IIL.2.5) VI=y\(Ka—d) + 4k > K- d > 1.

Combining the estimates (I11.2.3) and (I11.2.5) we get

As(@) = A=W S e —yl+ f(2) = FW)l S |z =yl
i.e., Ay are Lipschitz.

It remains to see that the matrix diagonalizes in the form RT BR and that the eigenvectors

are also Lipschitz. Let u™ = (ui",u3) be the eigenvectors of the eigenvalues A.. Hence,

<Z — )\ifd) ut =0, ie.,

(I11.2.6) {(@25 = Aur + Kbuy =0,

Kbui + (d — A\ )ui = 0.

Consider the vectors vt = <)\+ — 67, Kg> and v~ = <Kg, A —K 26), which are clearly
Lipschitz by the preceding discussion. We claim that v* and v~ satisfy (I11.2.6). Indeed, v™
satisfy the second equality in (II1.2.6) by the definition of v™, and the first equality follows

from the definition of the eigenvalues A+ and the equality A, —d = K2 — A_, see (I11.2.2).
The vector v~ satisfy (II1.2.6) by the same reason.

By (II1.2.2), we can write v+ = <K2~ -, Kg> (and so v~ and v™ are orthogonal), and

hence [|[vT]| = ||v™||. Moreover,

~ 2
~ ~ - K?*a—d
[oF )2 = (K% — A ) + K25 > (K% — A" = ( : i ﬁ) > 1,
by (II1.2.4) and (II1.2.5). To conclude, set the unitary vectors u* := ”q’jTi” They are
orthonormal and hence we conclude that A = R” BR with
. Cfuy uwf\  ug o ouf
B_<0 /\+>’ R_(uz_ uf ) T \—uf oug )’
and u* are Lipschitz since v* are Lipschitz and |[v¥] > 1. O

We also need to control how Reifenberg flat sets change under the linear planar deformation
in the previous lemma.

1/K 0
0 1

§ < V/15/(16K) then D~Y(Q) is a (%?K&, r0> -Reifenberg flat domain.

Lemma II1.2.8. Let K > 1, D = ( ) and Q be a (9, 19)-Reifenberg flat domain. If

Proof. Let 0 <7 <1y, £ € 92 and P = P(£,r) 3 €. Denote Q' = D71(Q), ¢ = D71 and
P’ = D~1(P). We want to check the conditions in Definition I1I.1.4 with the point ¢’, radius
r and the hyperplane P’. See Figure 1.
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\ .\

(A) Q,0< 7 <rgand £ € PNIN. (B) D1 of fig. 1a and {z : dist(x, P’) = 2Kér} in red.

FIGURE 1. Almost the worst situation: P L {y = 0}.

Claim II1.2.9. For any z,y € R?, K~ 'dist(z,y) < dist(Dz, Dy) < dist(z,y).

Proof. Indeed, since the minimum (resp. maximum) eigenvalue of D is K ! (resp. 1), we

have }
dlst‘(Dm,Dy) _ |Dx — Dyl| c [K’l,l].
dist(z, ) |z —yl|

Claim III.2.10. One component of

(II1.2.7) B,.(&) N {x € R? : dist(x, P') > 2Kr}

is contained in Q' and the other is contained in R? \ /.

Proof. By the previous claim we get

(I11.2.8) D7 ({z e R? : dist(z, P) > 20r}) D {z € R* : dist(z, P') > 2Kér},

and from the definition of D~ we have B,(¢') € D' (B,(£)). By (II1.2.8), and since

2K6 < 2v/15/16 < 1, in particular B,(¢') N D' ({z : dist(z, P) > 20r}) # (), and the claim

follows from the Reifenberg flat condition of 2. 0
First we check

(I11.2.9) sup  dist(y,P' N B,.(¢)) < Kor.
eIV B (¢)

From the Reifenberg flatness of €2, see Definition III.1.4(1), we have

sup dist(x, PN B(&,r)) < or.
2€IONB,(€)

Given y € 9Q' N B,.(¢'), take z € P N B,(£) with dist(Dy, z) < dr. Since P’ is a line through
¢, the distance dist(y, P’) is attained at B,.(£'), that is,

dist(y, P’ N B,.(¢)) = dist(y, P") < dist(y, D"'2).

By Claim II1.2.9,
dist(y, P' N B.(£")) < Kdist(Dy, 2) < Kér,
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2V3Ks [ i

1+\/1—4K25? // 2Kor

'Pl

& eP noY
<r

B(¢)

FIGURE 2. Setting of (II1.2.10).

and (II1.2.9) follows.
Now we turn to prove

2V2K
(I11.2.10) sup  dist(y,0Q N B,({)) < V21
yEPNB-(€) V1tv1- W

By Claim II1.2.10 we have that for each line ¢ orthogonal to P’ such that
(N B.(&)YN{z € R*: dist(z,P") > 2Kdor} # 0,

there is a point p € £NOY N{z € B,(¢') : dist(x, P') < 2Kr}, since 99 must separate each
component in (II1.2.7). Using this fact and & € P’ N0 (the center of the ball), for every
y € P'N B.(£) we obtain

dist(y, 0 N B,(¢')) < min {r,dist (y, B.(¢') N {z : dist(z, P’) > 2Kor})} .
Using basic trigonometric computations, see Figure 2, we have that for every y € P'N B,.({'),
22K
Voo

Since K§ < +/15/16 < v/3/4, the previous value is less than 7, and hence (I11.2.10) is proved.
Notice that Kor < 2Kér < —22K5 . From this, (I11.2.9) and (I11.2.10) we get

dist (y, B.(§") N {z : dist(z, P") > 2Kdr}) <

1+V1—4K262
, , ) 2v2K§
disty (09" N B,(¢),P' N B.(£)) < G +\/w

and Definition I11.1.4(1) is verified.
Since the last term is strictly larger than 2Kdr, and 92V ] when § < Y5

1+V1-4K252 1657
we get
2V2K
B.(&)n{z : dist(z,P") > 2Kdr} D B.(£') N q z : dist(z, P") > V2K # 10,
i vioee

and the second condition of Reifenberg flat, Definition I11.1.4(2), is achieved by Claim II1.2.10.



74 III. PLANAR LIPSCHITZ ELLIPTIC MEASURES IN REIFENBERG FLAT DOMAINS

In conclusion, if § < v/15/(16K) then Q' = D71(Q) is (\/%,m)—f{eifenberg flat.
+1/ —
In particular ' = D71(Q) is (%5175[(5, r0>—Reifenberg flat. O

II1.2.2. Reduction 1: Lipschitz diagonalization of the symmetric part. Let us
see how Lemma II1.2.3 implies Main Lemma II[.2.1. We will do this in two steps. First
we show how to get rid of the assumption on the decomposition of Ay, using the linear
transformation in Lemma II1.2.7.

Claim III.2.11. In Lemma II1.2.3, the hypothesis Ay = RT BR is unnecessary.

Proof. For every square matrix X we define its symmetric part X, := X4XT

By Lemma I11.2.7 there exists a constant diagonal matrix D = (Y5 9) with K = K(\) > 1

such that (A4g)(-) = D71 Ag(D-)D~! can be written as (4y) = RTBR € C%'(D'(U,,(09)))
with R € C*(D~'(U,,(99))) a rotation, and B € C%(D~'(U,,(09))) diagonal.
Setting A(+) := D7'A(D-)D™!, we have that the symmetric part of the matrix A is

D'A(D-)D' + (DT'A(D-)D™Y)" _ D'A(D)D~' + DT'AT(D)DT  ——

12[0 = 2 - 2 (A0)7
and hence Ay = RT BR as before.
Note that

Uy, (0D7H(Q)) = {x : dist(x,0D7'Q) < ro} € D Y(U,,(05)),
and so these matrices are Lipschitz in U,,(0D~'(2)). B
Denoting w := w1, 5 the elliptic measure in D~1Q with matrix A, by Corollary I11.2.5

we have w®(-) = @P *(D~') for any € Q. By Lemma II[.2.8 we have that D~'Q
is (8v/15K3/15,rq)-Reifenberg flat. Set p = D~'p € D~'(Q). Since dist(p,dQ) > 7o,
dist(p,0D1Q) > 7y and we are in position to apply Lemma I11.2.3 with this pole p.

First, we need to compute the ellipticity constant, the Lipschitz seminorm, and the L>
norm of the matrix A. Recall A > 1 is the ellipticity constant of A. For £, n € R?,

(A&.m) = (A(D-)D™'¢, D™'y) < ADTX[ID ™M) < AK[¢]In,
(Ag,€) = (A(D)D7'E, D71 > AT DTN = AT e = (AK?) T IeP,
i.e., the ellipticity constant of A is AK2. If one seeks optimal constants, choosing AV/K the

ellipticity constant becomes AK. The Lipschitz seminorm of A in D=Y(U,,(09)) is at most
K?[A]coa,, o0y Indeed, for any two points x,y € D~H(U,,(09)) with = # y,

[DMA(Dx)D~! = DA(Dy) DY o [A(Dz) — A(Dy))|
[z —y| - |z —y
< K*[A]corw,, (00))

< K? [A]Co,l(Um(aﬂ)).

|Dx — Dyl
lz =y

The L™ norm is || Al pegz) < K2|| Al oo 2y
By Lemma II1.2.3 there exists

5o = o( K (\)2A, K (N[ Aleos 0, (o - KOV2[[Allpez2)) > 0
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such that if 0 < 815K (X)d/15 < &y, ie., 0 < 0 < 1500/(8V15K(A)), and taking M
big enough such that Lemma I11.2.3 holds, then there is a set F C dD~(Q) such that
@WP(F) > C~'7 and with a covering F' C |J, B(%;, ;) where

(1*%) >, < CMT,

(2*) Z{i:ri>p} ri < CM?l’
with universal constant C.

Defining F := D(F) we have wP(F) = GP(F) > C~'r, and F C |J, D(B(;,r;)). Finally,
as D(B(z;,1;)) € B(Dz;,ri), then {B(Dz;,r;)}: is a covering of F' satisfying the same
properties. O

II1.2.3. Reduction 2: The dependence on the Lipschitz seminorm. This is the
second step to show that Lemma II1.2.3 implies Main Lemma II[.2.1. Note that the flatness
constant of the Reifenberg flat domain on Lemma II1.2.3 (hence also on Claim I11.2.11)
depends also on the Lipschitz seminorm x of the matrix. Below, we see that in fact these
results imply Main Lemma II1.2.1 by a rescaling argument. Here the flatness constant is
determined solely by the ellipticity of the matrix.

Proof of Main Lemma II1.2.1 assuming Lemma II1.2.3. Fix r € (0,1] with r&||A| L~ < 1,
and let A() = A(r), Q = Q/r and & = wg i be the elliptic measure with respect to the
matrix A in Q. B B B

The matrix A is Lipschitz in {z/r : dist(x,00Q) < ro} = {z : dist(x, 0Q) < ro/r}, and Q
is (9, 70/r)-Reifenberg flat since € is (4, r9)-Reifenberg flat. By the uniqueness of the elliptic
measure we have 0" (-/r) = w?*(-) for any z € Q.

With this “zoom” the ellipticity constant of A becomes the same as the one of A, || Al| g~ =
| A|| o and [A]cos = r[A]cos, which implies [A]cor - || Al = re|| A~ < 1.

This allows us to invoke Claim II1.2.11 for the elliptic measure w?/" since dist(p/r, Q/r) >
ro/r, as dist(p, Q) > ro. Note that now we don’t have the dependence on the Lipschitz

seminorm and L> norm of the matrix since we are in the case [ﬁ]co,l ||Z|| r~ < 1. Hence,
there exists 6y = Jp(A) > 0 such that if 0 < § < &, then for M big enough (to satisfy
Claim II1.2.11) and setting p such that 0 < p/r < 1/M, we can find a set F’ C 9Q2/r such
that wP/"(F') > C~'7 and with a covering F' C |, B(2,7;) such that

(1%) >, < CMT,

-1

(2*> Z{i:ri>p/r} T < CM—.

Set F'=rF’. Then wP(F) =&P/"(F') > C~'r, and F = rF’ C |J, B(z;,7r;), which implies
(1) >,rr <rCMT™ < CMT,

(2) Z{i:rri>p} rry = Z{i:ri>p/r} T < TCM_l < CM_17
as claimed. 0

II1.3. Elliptic measures in CDC domains

In this section we collect the key properties of elliptic measures in CDC domains for the
proof of Main Lemma III.2.1. The proof of Main Lemma III.2.1 is based on a modification of
the domain, without losing the initial information. In the following lemma we obtain the first
step in that modification. This is the analogue of [Wol93, Lemma 1.1].
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Lemma II1.3.1. Let Q C R*!, n > 1, be a bounded CDC domain with constants co and
radius sg, let x € 0 and 0 < r < sg, and let A be a real uniformly elliptic (not necessarily
symmetric) matriz. Then for any k > 2, there exists a constant C' depending only on n, ¢
and the ellipticity constant of the matriz A such that

wg\m’A (B(x,r)) < Cwg 4 (B(w,kr)), for allp € Q\ B(z,r).
Proof. The proof follows the same argument as [Wol93, Lemma 1.1].
Since k£ > 2, by Lemma 1[.5.3(2) there exists C' > 1, depending on n, ¢, and the

ellipticity constant of the matrix, such that wg, ,(B(z, kr)) > wg 4(B(x,2r)) > C~" for any

p € B(z,r) N Q. The lemma follows by the maximum principle in Q \ B(z,r) by standard
techniques. 0

Later on we will need to have some control on the Radon-Nikodym derivative of the
elliptic measure of the modified domain with respect to its surface measure, see Lemma I11.3.3
below. First we study the density of the elliptic measure in an annulus. For a Holder matrix
A, here we use that L 4-harmonic functions are Holder continuous up to the boundary, see
Theorem 1.1.5.

Lemma II1.3.2. Let k > 3, 0 < r < 1 and A, = B(z,k*r) \ B(x,r) C R"™, n > 1.
Let A be a real uniformly elliptic (not necessarily symmetric) matriz. Suppose also that
A € C*(B(z,2k*)) with 0 < o < 1. Then the elliptic measure in the annulus Ay (arising
from the matriz A) satisfies

Y
w3, AY) S o(Y) for any z € 0B(x,kr) and any Y C 0B(x,r),

rn

with constant depending only on k, [A]lce and the ellipticity of A.

Proof. Suppose without loss of generality that the annulus is centered at the origin and denote
By = B(0,t). We can also assume that r = 1. Indeed, denote w := wa,,4 and W == wz 3
the elliptic measure associated to the matrix le() := A(r-), where the rescaled annulus is
A = B2\ B;. After rescaling and by the uniqueness of the elliptic measure,

!

W(Y) =w* (Y') where 2/ = z/r and Y' = Y/r,

see Corollary I11.2.5. The matrix~g has the same ellipticity constant as A, and the Holder

seminorm is improved because [A]ce = [A]ge - * whenever 0 < r < 1. If the lemma were
true with r» = 1 then writing p = z/r we would get

oY)

rn

W(Y) =P (Y') < Cro(Y') =

as claimed.
Let p € OBy, and let gg the Green function of the annulus A, with pole at p. Then, using
(1.3.7),

(M1.3.1) wp(Y)——L<AT(£)VQ§(£),V(E)>da(f) S/yIVQZ(é“)!dU(f)-

We would be done if we can bound |Vgg| < (C%. To obtain this we apply Theorem 1.1.5. In
the next paragraphs we check its hypothesis.
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The function gg is L yr-harmonic in By \ B; since we are in the case k > 3. Moreover
gy =0in dB;. We need to verify that g! € W'? (B, \ By). Recall that the Green function
is constructed in (1.3.4) as gg = —Sg + h where h is a L zr-harmonic function with h = EpT
on A, and é’g is the fundamental solution with pole at p. Hence,

oy e e <oy llze(s, 5 < max gy (v) < max |8 ()] + max [h(y)]

(111.3.2) g o7 o7
_yg;g?p! » ()] +year,§k§§831| b (V)]

In the planar case, we have | (y)| < 1+ [log|y — p|| by Corollary 1.3.3, and in particular,
from (II1.3.2) we obtain

T < _ — <
I9p llezmamy S max 1+ flogly —pll[ + _max {1+ [logly = pll] < Ci

In higher dimensions, n > 2, the fundamental solution is bounded by £ (y)| < [p — y|'™"
(see [HKO7, Theorem 3.1 (3.55)]). From this bound and (I11.3.2) we get

T < _ an—1 _pln1 <
ng\|L2<BQ\BI>Nyégg§</2\y P +y€8g€§§wlly p|" ! < .

In fact, we have obtained [g}|,. (Bayo\B1) < Ck, and hence by Caccioppoli’s inequality in the

annulus By \ By we also obtain the upper bound for the gradient,
IV, |l 2(Ba\By) S HQEHL2(B5/2\31) S Ck,

implying gg € WLQ(B(_O, 2)\ B(0,1)) depending onllon k and the ellipticity constant.

Consider Q2 = By \ By, T' = 0B, and ) = By, \ B; in Theorem I.1.5. Note that Q' C €,
T C 89/ and dist ((Bg/g \El) U 831, GBQ) = 1/2 Then we get gg € Cl’a((Bg/z \El) U@Bl)
with

Thm 1.1.5
max |Vgl <lg¥ o < max ¢l (y) < max ¢l (y) < C,
max Vg, Wl < lgp e 5 max g,(y) < max g, (y) < C

and the lemma follows. O

Lemma III.3.1 relates the elliptic measure on the initial domain with the elliptic measure
on the domain minus a fixed ball. Next in Lemma I11.3.3, which is the analogue of [Wol93,
Lemma 1.2], we study the elliptic measure on this last setting. Combining Lemmas I11.3.1
and I11.3.3 we will obtain density properties of the elliptic measure on a modified domain.

Lemma II1.3.3. Setk >3 and 0 <r < 1. Let Q C R"", n > 1, be a bounded Wiener
reqular domain, x € 02 and let A be a real uniformly elliptic (not necessarily symmetric)
matriz. Suppose also that A € C*({y € R : dist(y, 0Q) < 2k*r}) with 0 < a < 1.

Set Q@ = Q\ B where B = B(xz,r). Then u? |

A 15 absolutely continuous with respect to
o for any p € Q\ kB, and for z € 0B,

0B

D
dwﬁv"‘ (2) gwp _
do = yn CQ\kB,A

(/{:E) , for any p € Q\ kB,

with constant C' depending only on n, k, [Alce and the ellipticity of A.
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Following the scheme of the proof of [Wol93, Lemma 1.2|, to obtain Lemma II1.3.3 we
study the elliptic measure of the annulus A = B(x, k%) \ B(x,r) when k > 3 (in order to
apply Lemma 1.5.2) and 0 < r <1 (to have a control on the Hélder seminorm of the matrix
A € C%). However, some technicalities are needed due to the variability of the coeflicients of
the matrix.

Proof of Lemma II1.3.53. During the proof we write w. instead of w. 4.

To obtain the result it suffices to prove wg(Y) < gg g\kB(k:B) for all p € Q\ kB and

every Y C OB, and in fact, it is enough to assume that Y is open. Indeed, fixed p € Q\ kB,

fore > 0let U DY be an open set (relative to dB) such that o(U) < o(Y) +¢. If the lemma
o(U o(Y)+e

were true for open sets, then wZ (Y) < wg(U) S ﬁn) g\kB(kB) = (T,)f g\kB(k’B) and the
general case would follow taking ¢ — 0. -

Let us assume Y is an open set relative to 9B, and fix p € Q \ kB. Again, for ¢ > 0

let V O kB be an open set such that wQ\kB(V) < wQ\kB(kF) + e, ¥ € C.(V) such that

1,5 <9 <1y, and let Vo\kB denote the L 4-harmonic extension of ¢ in € \ kB.
Let N = maxX,coin w%(Y) and let zg € 0kB such that wé‘) (Y) = N. Define the annulus

A = k?’B\ B. By Lemma 1.2.3 we obtain
(I11.3.3) N—wg (V) =wP(Y) —wg , (V)= /Q o wg(Y) dwl , (€).

By the maximum principle in Q\ kB we have that ws%(Y) Sw(Y)=Nfor e Ok*B, and
hence

£ To To 2
(TIT.3.4) /Q )R (©) < Nuf (2N OKB).
All in all, from (I11.3.3) and (I11.3.4) then
T T 2
(IIL.3.5) N—w (V)< N (200K B).

Also, by the maximum principle and the fact that the annulus A;, = k2B \ B when k > 3

satisfies the CDC with the precise conditions in Lemma 1.5.2, we have that the right-hand
side of (I11.3.5) is controlled by

(I11.3.6) wi ., (N Ok’B) <wR (0k*B) <1—7 < 1,
for 7 € (0,1), depending also on k. Indeed, this last step follows by applying Lemma 1.5.3(1)
to any y € 0B with the choice of sy in Lemma 1.5.2, because in that case xy € 0kB C B(y, so)

and B(y,2s¢) N 0k*B = 0.

: @ P 2
From (II1.3.5) and (III.3.6) we obtain N — wﬁ%Ak(Y) < Nwﬁ%Ak(ﬁk B) < (1 —17)N,

(Y) 2 7N = 7wz’ (Y). From this and the maximum principle,
(V) < g (V).

equivalently wg% 4
k

X X
TwﬁO(Y) < wﬁ?mk.

We have reduced to the elliptic measure in the annulus A;. By Lemma II1.3.2 we have
wi (Y) < o(Y)/r", and so wg’ (V) S wi, (Y) S o(Y)/r". Since zo € 0kB was chosen to
achieve the maximum of w5(Y') in 0kB, we obtain that for any x € QN okB,

. . oY) oY)
wg(Y) < WQO(Y) S = ‘UQ\kE(ﬂf)a

rm T
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where the last equality is just because vq,5(§) = ¢ = 1 for £ € Q N OkB. Moreover,

wg(Y) =0if x € 9Q \ kB. The same inequality follows for z € Q \ kB by the maximum

principle in \ kB. Evaluating at the fixed pole p € Q\ kB, by the choice of V we have

oY) oY oY)
) 2 2 ) < 0 ) < PO (B ),
and the lemma follows by taking ¢ — 0. 0J

I11.4. Proof of the weak version of the Main Lemma

According to the previous reductions in Section III.2, to obtain the Main Lemma III.2.1
it suffices to prove Lemma II1.2.3, which we intend to do in this section modulo the proof of
(II1.0.1) which is deferred to Section IIL.6.

In this section we work with bounded (6, r)-Reifenberg flat domains 2 C R?. Recall that
for 6 > 0 small enough we have that Q is an NTA domain (see [KT97, Section 3|), and hence
it satisfies the capacity density condition. See Remark I1I.1.2.

Proof of Lemma II1.2.3. Let M > 0 be big enough and 0 < p < 1/M. Denote w = w&A.
For x € 02 define the ‘high density value’ as

(II1.4.1) h(x) == sup{r > p: w(B(z,r)) > Mr},
and h(x) = p if the supremum runs over an empty set. Note that p < h(x) < 1/M for every

x € 012, because w is a probability measure.

Definition IT1.4.1 (Good balls). For x € 9%, we say that the ball B(x,r) is good, B(z,7) €
Good, if r > h(z), i.e., for any s > r we have w(B(z,s)) < Ms.

For z € R? define
d(z) = inf [lz—c(B)|+r(B)],

BeGood

where ¢(B) is the center of the ball and r(B) its radius. For any B € Good we have that
r(B) > h(c(B)) > p, which implies d(x) > p.
Note that for every ball B({,r) € Good we have r > h(§). Therefore

d(z) = inf [lo —&[+h(¢)].
This function is 1-Lipschitz as it is the infimum of 1-Lipschitz functions.

Remark II1.4.2. For z € 09 it follows p < d(z) < h(z), and hence h(xz) = p implies
d(x) = h(x). Moreover, if d(z) = p then x € 09.

Let 0 < € < 1 be small enough (to be fixed in (II1.4.8) below) depending on the ellipticity
constant A and the product || A feo(r2). Let T = Z.-2 be the family of maximal dyadic cubes
Q € D(R?) such that Q@ N 9N # ) and £(Q) < £2d(x) for all z € Q.

Lemma I11.4.3. Let Z be the family defined above. Then:
(1) Every Q € T satisfy Ezd(x < E(Q) < 2e%d(x) for all v € %Q.
(2) [f@l,QQ erl anda lea QQ#@ then <€(Q2) <6€(Q1)

(3) {5 Q}QeI has ﬁmte superposition, with superposztzon number N = N, depending
on € only.
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Proof. Let x € %Q. We start by proving ¢(Q) < 2¢%d(z) in (1). Take any y € Q. By the
election of y and since d is 1-Lipschitz,
—2 -2 g2 Q)
A(a) = d(y) + d(x) — d(y) > =2H(Q) — |z — 3| > (@) — diam @ > T2
For the other inequality in (1), let @ be the dyadic father of @, i.e., the unique @ € D(R?)

such that ) C @ and E(@) = 2/(Q). Since () is maximal, there exists y € @ such that
20(Q) = £(Q) > €%*d(y), and hence

36(Q)

d(z) = d(z) —d(y) +d(y) < |z — g2

<

)

20(Q . g2 20(Q
5(2 ) < d1am%@+ »;E? )

and with this we conclude the proof of (1 )

Let Q1,Q> € I such that &~ Q1 N &= Q2 # (). Take z € —Q1 QQQ, and then (2)
follows from (1) by

Q1) < 2e%d(r) < 6(Qs).
Given ) € Z, there is only a ﬁmte number N = N, of cubes P € D(R?) such that
U(Q)/6 < £(P) < 6£(Q) and =-Q N =P # 0, which gives (3). O

Lemma I11.4.4. There exists v > 1 such that for every Q) € L there exists a ball G € Good
with 1(Gq) =~ e 20(Q), satisfying the inclusions e 2Q C vGg and Gg C ve2Q.

Proof. Given Q € Z, fix any x € ) N 912, and take £ € 912 such that
(I11.4.2) d(z) < |z — €|+ h(€) < 1.1d(z).

Define the ball Gg = B (&,2(|x — &| + h())), and hence G € Good, since r(Gg) > 2h(£) >

h(&) +p > h().
We claim that 7(Gg) ~ ¢2((Q). Indeed, from (II1.4.2) and (1) in Lemma I11.4.3,

(IIL4. 2) (1)

d(z) = e20(Q).

Also, using the previous comparability, the distance between x and £ is controlled above by

5r(Ga) =1z — € + h(e)

o~ €] < I — € + h(6) = 57(Go) = Q).

which implies that there exists a universal constant v > 1 such that e72Q C vGg and
GQ C e _2Q . 0

For each cube ) € Z, fix a point zo € @ NI and define By = B(zg,rg) with
rg = ed(zg). Next, we modify the domain as in [Wol93|, but using the family {Bg}gez. To
do so, define

Q = Q\ U BQ,
QeT

and denote W := wg  its elliptic measure with pole p. From (1) in Lemma II11.4.3 and d(-) > p

on 02 we have that Z is finite. In particular, the family {Bg}gez is finite, and 99 is smooth
except at finitely many points.
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Recall P is the approximating hyperplane in Definition III.1.4. Since the function d(-) is
1-Lipschitz, and so ed(-) is e-Lipschitz, the same proof as in [AMT17, Lemma 2.2| applies to
obtain the following lemma.

Lemma I11.4.5. Let g € (0,00] and let € > 0 be small enough. Then:

(1) (Analogue of [AMT17, Lemma 2.2]) There exists 6o = do(€) > 0 such that if @ C R?

is (0,7¢)-Reifenberg flat with 0 < 6 < &y, then the modified domain Q as above is
(cel/?, 10/2)-Reifenberg flat.
(2) (See |[AMT17, Lemma 2.3(c)|) For every Q € Z, there exists a Lipschitz function
fo : P(20,30r(Bg)) N 10Bgy — P(zg,30r(Bg))* with Lipschitz constant at most
1/2

For any @) € Z, by the maximum principle and Lemma I11.3.1 (with k£ = 10) respectively,
(I11.4.3) & (Bg) < wopg (Bg) S w(10By).

Moreover, for all z € 9Q N 0Bg, by Lemma II1.3.3 (with k£ = 1/10), the maximum principle
and Lemma I11.3.1 (with k£ = 1/10) respectively,

a@ ) < “oir (VI05,) _ Yo\Vios, (V105,) _ w(10Bg)
do ™" "™ r(Bq) - r(Bq) ~ or(Bg)
By the existence of a good ball Gg € Good with r(Gg) ~ ¢ 2((Q) and £72Q C 7Gq

(see Lemma I11.4.4), the ball 10Bg has bounded density with respect to the initial elliptic
measure:

(111.4.4)

L.IT1.4.3(1)

ex1
w(10Bg) = w (B(zg,10ed(zg))) < w(3-3-10e7'Q) < w(e?Q) <w(vGg)
7G@€EGood 5 L.I11.4.3(1) .
< (GeM mye Q)M = yd(zg)M = e r(Bo)M.
In particular, combined with (III1.4.4) this implies

(I11.4.5) D) < M for all = € 000,

do
where the involved constant depends on 7 and e.

Let us smooth out the domain €. Recall that € is smooth except at finitely many points
{&}jes, with #J < oo depending on M and p. Let 0 < s < minger 7(Bg)/1000 be a small
enough parameter to be fixed later. For each point ;, j € J, let By, By € {Bg : QQ € Z} be
the two intersecting balls such that ; € 0B, N 0By, and let ¢, ¢z be their centers and 7y, o

be their radii respectively. Take the unique point ¢; € QNoB (1,714 s)NIOB(cg, 72+ ), and
denote B; = B(qj, s). The ball B, is tangent to B; and Bs, and define T} to be the bounded
open region enclosed between By, By and B;. We define the new smooth domain

Q= 65 =Q \ U Ty,
jeJ
taking small enough s such that

(1) for each Q € Z, 6(0Bg N 89) > 0.90(0Bg N 99Q), and
(2) Qs a Lipschitz domain with the same Lipschitz character as Q.
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Note that 0(86 \ 8Q) < #.J - 275, and so we can take this value to be as small as needed.
Denote W = w%A. By the maximum principle, @(E) < &(E) for any E C 9Q N o5.

Consequently,
o _(114.3)
(111.4.6) w(Bg) <w(Bg) < w(10Bg) for any Q) € 7,
and
df; do (111.4.5)
4. — < Q.
(I11.4.7) da() da( 2) M for all z € 90N

Let K(-) == %(-) be the Radon-Nikodym derivative. By (1.3.7) we have

K(€) = —(AT(€)Vg" (€), v(€)) for € € 90,

where g7 is the Green function in Q with respect to the matrix A7. By (II1.0.1) (proved
in Section II1.6), if € > 0 is small enough depending on the ellipticity constant A and the
product || Al| L (r2), then there is a constant constg 4 > 0 such that

(I11.4.8)

—o0 < —constos < [ og|S© VS (1436 = [ K(6)1og|S(©TT ()] do(©)
oN oN

where Ag = 447 and § = A}?, ie., STS = A,.

For every 5 € 99 we can write
(AT (V" (€),v(€)) = (V9" (&), AE)r(&)) = (Vg" (&), cr(E)v(€)) + (Vg" (€), c2(OH(E)),

where v (resp. t) is the outward normal (resp. tangential) vector of 85 and ¢ (§) (resp. ¢2(§))

is the prOJectlon of A(§)v(€) into v(&) (resp. t(£)). In particular ¢;(§) = <A(f)y(§) v(€)) ~ 1,
and since 92 is smooth, we have that (VgT(€),co(E)t(€)) = c2(€)0rgT (€) = 0in 9Q as 9T|8Q

0. Hence —(AT(&)VgT(€),v(€)) ~ |VgT(€)], and since |VgT (&)]> ~ (AsVgT (£), Vgl (z)) =
’S(f)VQT(f)\Q, we obtain

(IL.4.9) 1S()Vg" (&) < —C{AT(€)Vg" (§), v(€)) = CK(9).
From (I11.4.8) and (II11.4.9),

—o0 < —constaa < f K(€)1og[S(€)Vg" (&) do(§) < . K(&)log CK(£) do(§)

— [ K@logCo(e) + [ K(©loK(E) do(e
a0 o0

ClogC+ / _K(€)log K(€) do(€).
o0
whence we obtain

(III.4.10) —00 < —=Cqa < | _K(§)log K(§)do(§).
B

In view of (I11.4.10) and the fact that K(-) < M on 09 N 00 by (IIL4.7), if M is blg
enough (provided s is small enough depending on M and p), then the set of points £ € 50NA0
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with density K(£) < M~ indeed has elliptic measure at most 1 — 7/4, uniformly in p and
M. More precisely, we will obtain

(L4.11) & ({g cINNI0: K(€) > M‘T}> - / K(€) do(€) >

.
{ecofinot:k (=M} 4

whenever M is big enough depending on 7 and the constant constq 4, taking small enough s

depending on M and p. Note that if we had K(-) < M in the whole boundary 86, using
Tchebyshoft’s inequality as in [Wol93, p. 170] we would directly get (I11.4.11) from (II1.4.10).

However, we only have the bound of K on QN 0S) and we will need to estimate the elliptic
measure (and the K log" K do measure) of the “bad” set 92\ 9.

Proof of (II1.4.11). Let log™ () := max{0,log()} and log™(-) := —min{0,log(-)}, and recall
that Q = Q,. We first establish that

(I11.4.12) / Klogt Kdo — 0 as s — 0,
90\ 00

which in particular implies

(IIL4.13) (09 \ Q) :/

Kdagea(aa\aﬁ)—i—/ Klog" Kdo — 0 as s — 0.
90\0Q

90\0Q

As previously noted, for sufficiently small s > 0, the Lipschitz character of € is controlled
by the one of €2, and therefore we have that it is NTA with uniform constants. Thus, the
involved constants in the subsequent computations will be independent of s.

We claim that there exists a > 0 such that

(II1.4.14) 0(B(x,7)) < (L> for all z € 92 and 0 < r < 1(,/1000,

To

where 7y is the scale where Reifenberg flatness of (2 is granted. To prove this, note that there
exists 3 € (0,1) such that w(B\ B/2) > fw(B/2) for any ball B centered at 9 with radius
rp < 19/100, as a consequence of the doubling property of elliptic measure in NTA domains
(see [Ken94, (1.3.7)]) and the fact that B\ B/2 # 0 by Reifenberg flatness. It follows that
w(B/2) < &(B)/(1 + B). Tterating this inequality for a fixed x € 9Q and By = B(z,7,/200),
we have W(27%By) < &(By) /(14 8)* < 1/(1 4 B)* for all k > 0 integer. This readily implies
the existence of a = a(f) > 0 such that (II1.4.14) holds.

Let us fix j € J momentarily. For B;, let ¢; = ¢(B;) denote its center. By the change of
pole formula in NTA domains (see [Ken94, Corollary 1.3.8|), we have
dw o —

(II1.4.15) K(z) o (2)w(B;) for all z € o9 N 0B;.

Let EZ; be the Green function of Q with pole at ¢;, and u(-) = Ez;(s - +¢;), which is the
Green function of {(z —¢;)/s: z € Q} with pole at 0 for the matrix A(s - +q;)". Arguing

as in Lemma II1.3.2 (using Theorem [.1.5 with 7' = {(2 — ¢;)/s : z € 0N 0B;}) we obtain
S|V§;(z)| = |Vu((z — ¢;)/s))| < maxgp, ,u~ 1 forall z € a0 N 0B;, where we used
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Lemma 1.6.2 in the last step™Y. Consequently,

dw”

do
Using both this and (II1.4.14) in (II1.4.15), since j € J was arbitrary, we get

1 ~
(2) S = for all z€ 0QNOB,.
s

a—1

K(z) < ® forall z € 92N A0

«
7o

This bound suffices to establish (II1.4.12), as we can now estimate

I

1 Js*1 +(a—1
/~ Klog" Kdo < — s ogt(s* M do < #Js Oi ()
a0\00 To Joaoon To

which goes to zero as s — 0.

Taking s > 0 small enough in (I11.4.13), to prove (II1.4.11) it suffices to see

(I11.4.16) Kdo >

o |

/{geaﬁzK(g)zMT}

We now prove (I11.4.16). First we bound
(I11.4.17)

(I11.4.12)

Klog+Kda:/ Klog+Kd0+/ Klogt Kdo < / Klog" K do+1,
a0 aQNa0 90\00 9QNaQ

where in the last step we took s > 0 small enough in (I11.4.12). Writing K(-) < e“M on

892 N 9, see (I1L.4.7),
(ITL.4.18)

/ Klog*KdaS(logM—i—C)/ Kdo <logM Kdo +C.
90NaQ {ecouk(¢)>1} {ecouK(6)>1}

By (I11.4.17) and (II1.4.18) we can control the term with K log" K as

Klog" K do < log M Kdo+C+1.
9 {ecouk (6)>1}

From this and (I111.4.10),

Klog™ Kdo = Klog+Kda—/%Klong0§10gM Kdo+ Cq 4
%

a0 a0 {eeotuk ()1}

SlogM N KdO-‘FCQ,A.
{ecot:k (=M}

(LD fact, it would suffice to show that |VZ'qu (2)] £ “O—fsl < s7%/2~1 for small enough s = s(q, diam ),
which follows from the pointwise estimate in Corollary 1.3.3.
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Using this in the last inequality of the following computations, we obtain

Tlog M — 1log M _ Kdo =logM™ %Kda—logMT/ _ Kdo
{ecot:Kk(&)=M-"} aQ {eco:k (=M~}
:logMT/ _ Kdag/ _ Klog- Kdo < | _Klog™ Kdo
{ecotuKk (<M} {ecotuKk (<M} a0
< log M _ K do + Cq 4,
{ecot:k(©)>m-"}
which gives
/ KdO_ZTIOgM—C(LA: T Ca.a 217
{éeaﬁzK(é)ZM—T} (]. +7—) 10gM 147 (1 ‘I—T) 10gM 2
as claimed in (II1.4.16), by letting M > 0 be big enough depending on 7 and Cq 4. O

We are now in position to find the final set F' with the claimed properties. Let {Bg, },, C
{Bg}ger be the subfamily satisfying either (HD) or (TS):

(HD) h(zq,) > p, where zg, = ¢(Bg,) is the center of the ball B, .
(TS) h(zo,) = p and dBg, N {g cI0NIN: K(€) > M*T} £ 0.
Here HD stands for ‘high density’ and TS for ‘touching set’.
Notation. We write By € HD if By satisfies (HD), and Bg € TS if By satisfies (TS).

With this choice,

(II1.4.11) _ ~

< 5({ecotnon K@ >MT)) <B (UBQn> <> @(Baq.),

111.4.6),

—~ %|\]

and by

= <Y 5(Ba,) £ Y_w(10Bg,).

If € is small enough, then 108y = B (zg, 10ed(zg)) C %Q for each (Q € Z. Moreover, since

{%Q}Qez has finite overlapping by Lemma I11.4.3(3), {10B¢ }gez has also finite overlapping
with constant depending on € only. From this we obtain,

(111.4.19) 75 w(l0Bg,) Sw <U 1OBQn> :

At this point we have found a subset of 9 (covered by balls) with elliptic measure
bounded uniformly from below. Moreover, the radii ed(zq, ) of these balls By, are smaller
than the ‘high density value’ h(zg, ), which will allow us to have a control on the sum of the
radii.

First we need to define the set F' C 0f2 and its covering. For each By, € HD, we have
10Bg, = B(zg,,10ed(zq,)), and since d(-) < h(-) on 092, 10Bg, C B(zg,,10ch(zg,)) C
B (zq,,10h(zq,)). Since the family {B (zq,, 10h(an))}BQ cyp 18 finite, by means of the
3R-covering theorem consider a disjoint subfamily !

{Bn},, C{B(2q,, 10h<ZQn>>}BQnEHD
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such that

U B(zq..10h(2,) U3B

Bg, €HD

Let us define

U3B U |J 10Bg, | noq.

Bq,€TS

Note that |, 10Bq, € U,, 3B UUp, c1s10Bq, implies w(F) 2 7 by (II1.4.19). Next we
show that the covering

satisfies the properties (1*) and (2*) in Lemma II1.2.3.
We can control the radius of the balls with high density

3 ) =303 ) g o () = o (g Bm) <

by the definition of A(:) in (II1.4.1), and the fact that the balls {B,,},, are pairwise disjoint.
Also, r (3B,,) = 30h (¢(By,)) > 30p. We have shown the second property of the covering.

Recall that the balls in TS intersect the set {E € 90NN K(¢) > M*T}. For each

Bo, € TS consider a point zo, € dBg, N {g cINNIN: K(€) > M‘T}. Then, by (IIL4.7)
and (I11.4.4) we have

& (L47) 5 (144 4 (108, )

M < 2 < <
da(fﬂQn) < da(wn) S B

which implies

> r(10Bg,) SM™ ) w(10Bg,) < ( | 10Bg, ) < M7,

Bg, €TS Bg, €TS QneTS

obtaining the first property of the covering. Note that for By, € TS we have h(zg,) = p
and in particular d(zq, ) = p, which implies 7(10Bg, ) = 10ed(zg) = 10¢ep. O

IT1.5. Proof of Theorem III1.0.1

In this section we will prove Theorem III1.0.1. First we make the reduction to the case of
bounded domains (Claim II1.5.2) and then we prove the theorem using Main Lemma I11.2.1.

II1.5.1. Reduction to bounded domains. First, we state the following lemma.

Lemma III.5.1. Let ro € (0,00] and let € > 0 be small enough. There exists dg = do() > 0
such that if Q € R? is (0,70)-Reifenberg flat with § € (0,8y) and B is a ball centered
at 002 with radius rg < 19/100, then there exists a bounded (e, r)-Reifenberg flat domain
D C {z: dist(z,00) < ro/2} (for somer € (0,19/2)) with QN4B = DN4B.
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Note that we are not interested in the precise dependence of r with respect to rg, because
we seek for a qualitative result in Theorem II1.0.1. It is quite likely that with some care the
previous result could be made quantitative.

Proof of Lemma I11.5.1. The proof uses the construction in [AMT17, Definition 2.1 and
Lemma 2.2]. Set 0 < & < 1/100 and E := 92 N5B. Let W.-2(E°) be the set of maximal
dyadic cubes Q C E° such that diam(e72Q) < ry and e 2Q N E = .

Denote Z the family of cubes Q € W.-2(E*) such that Q N 92 # (). For each cube Q €
fix a point zg € Q NI, and set r¢ = e min{ro, dist(zg, £)} and By = B(zq,rg). Consider
the enlarged domain

of =qu|JByoQ

Qel

By [AMT17, Lemma 2.2], this new domain is (c'/2,ry/2)-Reifenberg flat, where the constant
¢ depends only on the dimension, provided the initial domain is (0, 7)-Reifenberg flat with
d € (0,9p) and 4 is small enough depending on ¢.

Consider the domain Dy = QF N 10B. Clearly Dy C {z : dist(z,09) < ro/2} as
10rp < 7r9/10. Let us smooth the corners of Dy out, where the (ce'/?,s)-Reifenberg flat
condition fails for all s > 0. Note that this may only happen in a finite number of points
{&}jes € 0Dy N O10B because QF is contructed as a countable union of balls. Fix a small
parameter 7. For each §; of these points in 0D, N 010B, let B; € {Bg : ) € I} such that
¢ € 010BNIB;, and let ¢; and r; denote its centers and radii respectively. Consider now the
unique point p; € Dy N (0B(cp, 10rg —7) N IB(c;,r; —7)). In particular, the ball B(p;, 7) is
tangent to 0108 and 0B;. Let T; = 10B N B; N B(p;, 7)° the bounded open region enclosed
between the previous balls. Taking 7 to be small enough, the final domain

D =D\ |J7T; c Do

jeJ

satisfies DN4B = QF N4B = QN4B and is (ce'/2, r)-Reifenberg flat for some 7 > 0 depending
on 7. U

We now show that the proof of Theorem II1.0.1 reduces to the case of bounded domains.

Claim I11.5.2. If Theorem II1.0.1 holds for bounded (dy,1¢)-Reifenberg flat domains, then
there exists 61 = 61(dg) > 0 such that Theorem II1.0.1 holds for unbounded (1, 1¢)-Reifenberg
flat domains.

Proof. First we want to remark that if Theorem II1.0.1 holds for (6, ry)-Reifenberg flat domains
for a fixed ro > 0, then by means of a dilation it holds for (4, r)-Reifenberg flat domains for
any r > 0.

Let ¢ > 0 given by Lemma III1.5.1 and let &’ = min{e, §y/2} be small enough. Let
61 = 01(¢') given by Lemma I11.5.1. Let Q C R? be an unbounded (dy, r¢)-Reifenberg flat
domain. Let {B;}; C {B(&,7)}econ,0<r<ro/100 be a disjoint family with wo 4(0Q2\ U, B;) = 0,
by Vitali’s covering theorem. For each ball B; let D; be the bounded (g, r;)-Reifenberg flat
domain from Lemma II1.5.1, for some r; € (0,79/2). As €’ < dy, in particular each D; is a
bounded (dy, r;)-Reifenberg flat domain.

As we are assuming that Theorem II1.0.1 holds for bounded (do, )-Reifenberg flat domains
for any r > 0, for each i take F; C 0D; with wp, 4(F;) = 1 and o-finite one-dimensional
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Hausdorff measure. From Q2 N4B; = D; N 4B;, the maximum principle and wp, (F;) = 1 we
get

me4Bi7A((3§2 \ E) N 4Bz) = wDiMBi,A((@Di \ E) N 4Bz) S wDi’A((aDZ‘ \ Fl) N 4Bz) = 0

In particular wonap, A((F; N 4B;) U 04B;) = 1. As F; has o-finite length, so does E =
(F; N4B;) U 04B;. By Lemma 1.4.4, the set F' = 0Q N, F; satisfies wq(F') = 1, and clearly
has o-finite length. 0

II1.5.2. Proof for bounded domains. Theorem III.0.1 follows from Main Lemma I11.2.1
as it is done in [Wol93, Proof of Theorem 1], with some small modifications. For the sake of
completeness we give the detailed proof.

Proof of Theorem II1.0.1. By Claim II1.5.2 we can assume without loss of generality that €2
is bounded. We denote w = wq 4.

Let ¢ : [0,00) — [0,00) be any increasing function with lim;_,o ¢(¢)/t = 0, and consider
the ¢-Hausdorff content

he(E) = inf {Z o(r;) : E C U B(z;, ri)} .

Now we claim that there exists Fiy C 0Q with w(F},) = 1 and hy(Fs) = 0. Indeed, suppose
that the pole z € Q is such that dist(z,0€) > 1. Set 7 =1/2 and fix 0 < 7 < 1 to be small
enough as in Main Lemma II1.2.1. Let € > 0 and fix M > ¢! satisfying the hypothesis in
Main Lemma II1.2.1. Take p small enough such that 0 < p/r < 1/M and ¢(y) < eM /2y
for all ¥ < p. Then, by Main Lemma II1.2.1 with these parameters, we obtain a set F. C 052
such that w*(F.) > C~! and with a covering F. C |J, B(z;,7:;) with >, r; < CMY? and
Z{i:n>p} r; < CM~!. This covering satisfies

he(F.) < Z o(r;) + Z o(r;) < eM~1/? Z r; + Z r <eM V2OMY? + CM™' < Ce.
i <p ri>p i <p ri>p
Define now F,, C 0f) as
Fy = limsup Fy 2 = ﬂ U Fijpe.
gm0 i>1k>j
With this choice we have
W (Fy) = lim w? (U Fl/k2> > limsupw®(Fj2) > C71,
Jj—o0

Jj—o0
k>j

and as Fioo C Uy, Fise for any j > 1, then

he(Foo) < hy (U F1/1<;2> < he(Fe) <CY é,

k>j k>j k>j

which gives hy(Fu) = 0 letting j — oo.

Let {z;}32, be a countable dense subset of Q. Fix z; and set dj, = dist(z, 02). As Q
is (0,79)-Reifenberg flat and the matrix A is Lipschitz in {z : dist(z,0Q) < ro}, then 2 is
(0, 7)-Reifenberg flat and A is Lipschitz in {x : dist(z, 02) < 7} with 7, = min {ro, dx/2}.
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By the choice of r, we are in the situation dist(zy, d€2) > ry. By the same argument done in
the previous paragraphs we get a set Fy, C 02 (relative to z;) such that

w™(F) > C~ " and hy(Fy,) = 0.

Define Fy = (J,-; Fi. The condition h¢(Fk) = 0 for every k > 1 means that for every
¢ > 0 there exists a Coverlng Fk C U, B(zF,77) such that 3, ¢(ri) < ¢/2*. Hence,

’L ? l

Fy=U2, Fe € U2, U; B(25, 7%) which gives h¢(F¢) = 0 because

Zz¢ke§ %:.
i k=1

Moreover w*(F,) > w*(Fy) > C™! for any z;. As {2,152, C Q is dense and w?(Fy) is
L 4-harmonic with respect to z (in particular continuous), then w?(Fy) > C~! for any p € Q.
By [HKMO06, Lemma 11.16] we conclude w?(F,) = 1 for any p € €.

Finally let
p
= {f € GQ:IimsupM > O}.

r—0

We claim that this set has o-finite length and w(F') = 1. We start by proving w(F') = 1, and
later we will show that it has o-finite length.
Suppose to get a contradiction that wP(F') # 1, that is,

() = ({e con: i SEED o) oo

r—0 r

Egorov’s theorem ensures that for every s > 0 there exists a measurable set V' =V, C F° such
that w?(V) < s and wP(B(&,r))/r — 0 as 7 — 0 uniformly on £\ V. Since 0 < wP(F*) =
WP(V) +wP(Fe\V) < s+ wP(F\V), if we take s > 0 small enough, say s = w?(F*°)/2, then
WP(F\V) > 0. The set Y := F°\ V has non zero elliptic measure and the limit

wr'(B(:,r))

= 0.
Lo (Y)

Note that the function ¢(r) = supgcy wP(B(, 7)) satisfies the conditions of the rate
function in the beginning of this proof, and by definition it satisfies w?(B(&, 7)) < ¢(r) for all
€Y and all r > 0. All in all,

(1) wP(B(&, 1)) < ¢(r) for all £ € Y and all r > 0,
(2) ¢ is increasing, and
(3) o(r)/r = 0asr— 0.

For this particular function ¢, let I be the set constructed in the beginning of this proof. That
is, a set F, with hy(Fy) = 0 and wP(Fy) = 1 for every p € Q. Hence w?(Y N F,) = wP(Y) > 0,
and moreover hy(Y N Fy) < hy(F,) = 0. Consequently, we can cover Y N Fy with balls
B(&;,1;) centered at Y N Fy, such that >, ¢(r;) < w?(Y N Fy)/2. With this we get

()

WY NF,) < Zw” (&,ri) < Zqﬁ(n) < m.

lim
r—0

i

This is a contradiction, and hence w?(F') = 1.
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It remains to prove that F' has o-finite one-dimensional Hausdorff measure. The set F
can be written as

WP
F = U FYi with FY9 = {f €00 : hmsupM > 1/]}-
r

j>1 r—0

Therefore, it suffices to see that every F'/J has finite one-dimensional Hausdorff measure.
Each point & € F'/7 has arbitrarily small neighborhoods B(&,r) such that w?(B(&,7)) > r/j.
Given ¢ > 0 small, consider the family of these balls centered at F'/7 with radius at most e,
ie.,

B.={B(&,r): £ € FY r <, and wP(B(€,7)) > r/j5}.

By the Besicovitch covering theorem there is a countable subfamily {B(&;,r;)}; C B. such
that no point belongs to more than a fixed finite number C' (it depends on the dimension

only) of these balls. Hence,
Zm < szp (&, m:)) < Cj,

and letting ¢ — 0 we obtain H!(F'/7) < Cj, as claimed. O

Hence Theorem II1.0.1 is proved under the assumption that (II1.0.1) holds.

II1.6. Llog L(do) type estimate for small densities: Proof of (II1.0.1)

The purpose of this section is to prove (II1.0.1), under the hypothesis of Lemma I11.2.3.
More specifically, we prove the following result.

Lemma III.6.1. Let @ C R? be a bounded (8,70)-Reifenberg flat domain, p € Q with

dist(p,092) > 19, and A be a real uniformly elliptic (not necessarily symmetric) matriz
with ellipticity constant \. Suppose also that A is k-Lipschitz in U, (0Q) = {z € R? :
dist(z, 0Q) < ro} and that its symmetric part Ay = M is of the form Ay = RTBR, with
R € C%Y(U,,(09)) a rotation and B € C%(U,,(0N)) dzagonal.

Then there exists 0p = do(, K[| Al|Le(r2)) > 0 and C = C(\, K, 1, diam 0Q) € (0, 00) such
that if § < &g, then for any (0, ry)-Reifenberg flat domain Q C Q with smooth boundary o0
and small enough disty (0L, 8?2), we have

(111.6.1)

| 1osISVt©)F B (e)| < € < 4o
o0

where WP = w%A 1s the elliptic measure in Q with respect to the matriz A, gg 1s the Green

function in Q with respect to the matriz AT, and S is the square root matriz of the symmetric
part Ag = (A+ AT)/2, i.e., STS = A,.

Remark III 6 2. As argued from (II1.4.8) to (II1.4.10), this implies that the Radon-Nykodym

derivative ¢ o " satisfies the following Llog L(do) type estimate

—00 < C'(\, k, diam Q) < /8 & Y log C;“’p (€) do(£).

Q g
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By symmetry, estimate (II1.6.1) is equivalent to the existence of a constant C' =
C(\, K, ro,diam 092) depending only on the ellipticity constant, the Lipschitz seminorm

of the matrix A, o, and the diameter diam 92 (but not on ) such that

(I11.6.2) / log [SVg(€)P dh(€)| < C < oo,
o

Q

where S = A(l)/g, ie., STS =Ay, g= gp is the Green function in Q with respect to the matrix
A with pole p, and W = w% AT denotes the elliptic measure in €2 with respect to the matrix

AT and a pole p € Q such that dist(p, Q) > 1. The existence of the matrix S is granted by
the fact that the symmetric matrix Ay is uniformly elliptic with the same ellipticity constant
as A, and hence positive definite. In fact, S = RTv/BR, where v B = (0izjr/bij)1<ij<2-

Throughout all this section, when dealing with terms within solid integrals we will use
the following notation:

e We write h(z) = O(f(z)) to denote “|h(x)| < C'f(z) almost everywhere with respect
to the Lebesgue measure”.

e Given a Lipschitz function h, we write |Vh(z)| < C instead of “|Vh(z)| < C almost
everywhere with respect to the Lebesgue measure”. Recall that Lipschitz functions
are differentiable almost everywhere by Rademacher’s theorem, see [Mat95, Theorem

7.3).

IT1.6.1. Directional derivatives and the dual space. We introduce some extra
notation regarding the directional derivatives.

Notation. Definition of directional derivatives.

e The (vertical) vector e; := (0, ...,0, 1,0,... ,0)T has 1 in position 4 and 0’s otherwise.
In R? there are only two such vectors, namely e; = (1,0)” and ey = (0,1)7.

e R, :=el - R corresponds to the i-th row of R.

e The d'-directional derivative 0’ := Opr (superscript) is defined as

Of = aRin: (VI R)=R;-V/.

Here (-,-) denotes the standard scalar product in R™™. The derivative 9; = 9,
(subscript) is the usual one in the direction e;.
e The R-directional gradient Vg is defined as

Vaf =R-Vf= ()"
Remark II1.6.3. The directional derivative d° preserves the usual properties in sums,
products, and logarithms, i.e., 9'(f +g) = 0'f +0'g, 0'(fg) = g0'f + fd'g, and &' log [ = iff.
Note that
(111.6.3) 07 f| = |0"(R; -V [)| = |0'R; - V[ + ROV | S IV + |V,
where we denote |V2f[? = S0 (9, )2

ij=1
Since the directions R; change depending on the point, the usual integration by parts
formula does not apply. Instead we have the following formula.
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Claim II1.6.4 (Integration by parts formula). Let U C R™™ be an open set. For f h €
WY2(U), if fh € Wy*(U) then

(111.6.4) /U O' f(x)h(x) / f(z)h(x)div R] (z) dox — / f(x)0'h(x) dx.

Proof. The product rule gives 9" f(x)h(z) = 9'(f(x)h(x)) — f(2)0"h(z). By definition of the

directional derivative 9* we can write

0" (f(2)h(z)) = Ri(x) - V(f(x)h(z)) = Z 0;(f ()h(x)) Ry ()
=Y 0 (f(@)h(x)Ry(x)) = f(2)h(w) Z ;R j(x)

V(fhR])(x) — f(z)h(z)div 7] (2),
which imply

/az dx—/dlv(thT dx—/f z)div BT (2 dx—/f )O'h(z) dz.

Using that C°°(U) is dense in W,*(U) and the divergence theorem, the first element in the
right-hand side is [ div(fhR!)(z)dz = 0. O

Again, since the directions R depend on the point, the directional derivatives do not
commute. Instead, the following formula relating 9*# and 9% is available, where 9% := 9°9”.
We refer to this as the ‘almost’-commutative property.

Claim II1.6.5. Let U C R™"! be an open set and f € W*2(U). For o, € {1,...,n+ 1},
O f—0Pf =(0"Rs — 9°Ry,) - V f.
Proof. By definition we have °f = Rz -V f = Z"H 0;fRg;. Applying 0% gives
n+1 n+1 n+1
OPf =R,V (Z 0; fRﬁ,i> => 9 (Z 0; fRﬁ,i> R.;.
i=1 j=1 i=1

Expanding the derivative of this last expression and arranging we obtain

n+1 n+1 n+1
8aﬁj?::2{:é%de%JBLJ‘%ji:é%fji:é%E%JﬁhJ.
i,5=1 =1 j=1

The sum inside the second term in the right-hand side is precisely z;l;l 0;iRpRa; =
R, -VRs;=0"Rg,;. Hence

n+1 n+1 n+1
0%Pf =" 0;if Ras a]+28f8 Rs; =Y 0jifRsiRa;+0"Rs- V.
2,7=1 7,7=1

By symmetry we obtain 0%¢f = Zznjllﬁ ifRaiRs; + O°R, - V[, and subtracting

0B f — 05 f we get Claim I11.6.5. O
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In particular, setting o« = 1 and § = 2 in the planar case we have
oM f —0*'f = (0'Ry — O*R,) - Vf,
and applying it to the Green function g, we get
(II1.6.5) oM — 0*g = (0'Ry — O*R,) - Vg = O(|Vg]).
111.6.1.1. Definition of the dual space. Let U € Q and u € LL_(U). Define the linear

functional
T.(4) = / u,
U

whenever it makes sense. In particular, T,, € L°(U)’. To simplify the notation, we will also
write u(1)) to denote T, (¢)).
The 0;-derivative functional is defined as

Tou() = —/UU@'@D,

whenever it makes sense. Note that Tj,, € W1>(U) for u € L{ (U). Moreover, we also have
To.u € WH2(U) whenever u € L2 _(U). As before, we will also write Du(t)) to denote Tp, (1))
for any differential operator D. In general, the functional

Trpw) (V) = Tpw) (1),

is in Whe(U) as long as either f € W?(U) and u € L3 (U), or f € W,u(U) and
u e LIOC(U)
We claim that whenever u € L2 (U) and f € W,2*(U), in the dual space W}>*(U)’, the

loc
O;-derivative functional satisfies the product rule

(I1L.6.6) To,a) = Doy + Trora:
Indeed, for any 1 € W1°(U), the previous equality reads as

_/Ufuaiqp:/U@fu@D—/Uuaz‘(f@/)),

which holds by the Leibniz’s rule a.e. for W12-functions.

Using the definitions of T, and the directional derivative 9°(-) = R;V(-), see the beginning
of Section I11.6.1, the directional §-derivative functional Ty, : W1>°(U) — R, foru € LL (U),
is defined as

(I11.6.7) Toin = Thryvu = ZTRi,j@ju'

Equivalently, for ¢ € W1 (U),
(I11.6. 8)

T ( ZTM Ri ) = Z/u@ R i) = Z/uwa Rij — Z/uRuam

——/uwdiva—/uaizp.
U U

This agrees with the integration by parts formula in (IT1.6.4) when u € W12(U).
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Next we claim that, in the dual space W1 (UY, for u € L2 (U) and f € WL*(U), the
directional &*-derivative functional satisfies the product rule

(IHGQ) Tai(fu) = Taifu + Tfaiu.

Indeed, R; ;40 € W1 (U) when ¢ € W1>(U), and hence, for f € W,2*(U),

loc

111.6.7

( ) (111.6.6)
Toi(ruy(¥) = ZTBj(fu)(Ri,j¢) = ZTa,-fu(Ri,ﬂﬁ) + Tro,u(Ri 1)
J J

(11L.6.7)
= Tazqu) + Tfaiu(w)v

as claimed.

Another important property is the following ‘almost’-commutative property of the direc-
tional derivatives (compare to Claim I11.6.5). For v € W2!(U), in the dual space Wh>(U),
we claim that

(111610) T81(82u) - Ta2(81u) — T(81R2—82R1)~VU'
Indeed, for ¢ € W}h*°(U) and «, 8 € {1,2},

Ty (1) =) — / 9uy div RT — / BPud™p.
U U

Given {ug}te>1 C C2(U) with limy_,e ||ur — ul|wrisuppy) = 0, this equals

Tya (980 (V) = — /

U

- / 0° (u — uy,)ep div RE — / 0° (u — uy,) 0.
U U

P ugap div RT — / P up 0
(I11.6.11) v

By the integration by parts in (II1.6.4) applied to 9°uy, we have that the first row in the
right-hand side is precisely |, U 0%(0%uy)1. Applying now the ‘almost’-commutative property
(Claim II1.6.5) here we obtain

Ty oy () = / 07 (0w + / (0°Rs — 9°R) - V)
— / 0° (u — uy)ep div RE — / 0° (u — ug )0,
U U

Again, by the integration by parts in (I11.6.4), we can replace the first term in the right-hand
side to obtain

Ty () == [ e Y - [ 0w0%
+/((a“Rﬁ—aBRa)-vuk)¢

U
— | 0°(u — ug)y div RY — / 0° (u — uy,) 0.
U U
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Now, adding and subtracting u in the second row we get

Taa(aﬁu)(w =— /Ué?o‘ukw div Rg — /Uaaukaﬂ¢
+ Tloory-00 Rayvu(¥) + / ((0"Rg — 0°Ry) - V(wp — w)),
U

- / 9° (u — ug )y div RY — / 0° (u — ug)0™P.
U U

By symmetry in (I11.6.11) and subtracting we obtain

Ty 08y (V) — Tos(90uy (V) = T(oary—08Rayvu(¥) + / ((0°Rs — 0"Ra) - V(ugp — )¢,

U

- / 9° (u — ug )y div RE — / 0P (u — uy,) 01
U U

I /Uaa(u — ug ) div RE + /U&“(u - Uk)aﬂz/k

By the convergence limy_ [[ur — u||lw11(suppyy = 0 we get (II1.6.10).

I11.6.1.2. Properties of directional derivatives and the dual space. The following claim
allows us to move from the initial matrix A to its symmetric part Ag, which we will relate to
the directional derivatives in Claim III1.6.7.

Claim II1.6.6. Let U C Q be an open set and u € W2(U). BEvery oy € Wb (U) satisfies

(div AVa) (¢) = (div AgVau) (¢) + (Z ) (%) aju> ().

Proof. Let uw € C*°(U). By definition of the divergence and differentiating we have

n+1 n+1 n+1 n+1
divAVu = 3 G0 gu=S" 0ai 0 Gig * Qi
1v u = iam- ju + Cll"j Z’JU = iam- ju + T mu.
ij=1 i,j=1 i,j=1 ,j=1
Note that a) ;= % are precisely the coefficients of the symmetric matrix Ay. The

product derivative rule gives
0 _ 0 a® ..

and applying this relation to each pair of indexes i,j € {1,...,n + 1} we get

n+1 n+1

0 o 0 9
E aiyjai,ju = div AgVu — E &ai,jaju.
i,j=1 i,j=1

Summing up,

n+1 n+1
div AVu = div onu + Z @-am@ju — Z 87, (M) 8ju

- - 2
4,j=1 t,j=1
i,j=1

as claimed, for functions in C*(U).
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Let us check this in the dual sense for a function u € W,2*(U). Let 1 € W>(U), and

hence u € W2(supp¢). Take {ug}i>1 C C°(U) such that limy_o [Jur — wflwrzuppy) = 0.
As we have the claim for each function wyg, in particular

/U AVUVY = / AV (4 — u) Vb + / AV, Vi)

) S (%%
AV(u u)Vip + AOVukvw Za 5 Diug -

z]l

/Aoww /nzﬂa( )au 1/J—|—/UAV(u—uk)V¢

2,7=1

/AO (g — u)Vp — /%a( >aj(uk—u)¢.

1,7=1

Now, since the matrix is Lipschitz and limy .o [|ur — |lw12(suppy) = 0, we conclude

/ AVuVip = / AgVuVip — / ni‘ia ( ) 1,

3,7=1

as claimed. O

We treat one of the main terms in (II1.6.1) by means of a perturbation argument. To do
that, we note that we can write div(AyVu) as in the diagonal case using the R-directional
derivatives, plus an error term. More precisely, we have the following claim.

Claim II1.6.7. Let Ay = RT BR satisfy the conditions in Lemma I11.6.1, let U C Q be an
open set and u € W,22(U). Every ¢ € Wb (U) satisfies

loc

n+1 n+1
(div(AgVu)) () = (Z 8i(bi8iu)> (¥) + (Z b;0'u - div R;‘F) (V).
i=1 i=1
Proof. Assume first u € C*(U). Let us write RVu = (R; - Vu)it] = (87u)"2], and so
BRVu = (bj0’u)}*}. Hence,

n+1 n+1
R'BRVu = R"(b;0'u)!*] = (Z RY b0 ) .
1=1
Therefore,

n+1 n+1 n+1 n+1 n+1 n+1
div(AVu) = Za (ZRTbaﬂ ) Zb aﬂuZa i)+ Y Ridi(b;d ).

7j=1 =1

Note that the sum inside the first term in the right-hand side is precisely 74! 9;(R;,) =
div RT, and the sum inside the second term in the right-hand side is Z?:H Rmcf)z(b D) =
R; - V(b :0u) = 9 (b;0u). Thus, the claim follows for u € C>=(U).

From the definition of the directional d'-derivative in (II11.6.7) and (II1.6.8), the claim
follows by a density argument as in Claim I11.6.6. U
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I11.6.2. Sketch of the proof. Throughout this section the pole p € €2 so that
dist(p, 02) > 1o is fixed unless it is otherwise stated (see Lemma II1.6.10 below). In

any case, it will be far from 02 and so from 99. Recall also that S = A(l)/ 2, ie., STS = A,.

Fix R = min{1,ry/2}/2, and so we have 0 < R < min{1,7,/2}. By [LLNOS, Lemma
3.35], see Lemma I11.1.5 and Remark I11.1.6 above, if Q is Reifenberg flat enough, depending
on the ellipticity constant A and the value /£||A|| Leo(rnt1), then there exists a constant
¢ = ¢(\, K[| Al| L rn+1)) > 1 such that

¢ HVg(y)| < L)ﬁv < ¢|Vg(y)| for every y € B(€, R/c) with & € 9Q.
dist (y, 8(2)
Here we need to work with (4, rg)-Reifenberg flat domains with flatness parameter § smaller
than some constant depending on the ellipticity constant A and the value || Al| o (r2).
Let us now fix the support function ¢ with ¢(p) = 0:
Remark II1.6.8. Let ¢ € C>°(R?) with
1 R
ep=1inU » (00) ={ze€ R? : dist(z, 0Q) < 550-1
e 0=0inU_r_ R‘<8Q) and
° VoS 1.
So supp ¢ C U% (0€2). Note that 99 C QNsupp ¢ if we assume that distH(aﬁ, 0Q) is small
enough. With this choice of ¢ we have the comparability

9(y)
I11.6.12 \Y ~—2Y foryeQNU 0) O QN su
( ) Vy(y)l Tist(y, 000 Y = (09) pD -
We claim
(I11.6.13) log |SVg|> € WAQNU_»_(09)).

1500c¢
Indeed, this follows as |Vg| ~ ¢/dist(-, Q) > 0in QOU 2 (09) and g € W”(QﬁUwzoao (09)),
see (I11.6.20). )

Notation. From now on the variables and the region of integration will not be written unless
they are not clear from the context.

Estimate (I11.6.2) will follow from the following partial results.
For a > 10, let log(,) = = max{logz, —a}. Note that in the weak sense (log(,(z))" =

1se—y(z)log o
Lemma I11.6.9 (Step 1). For a > 10 big enough,

/~ log ]SVg‘Qd&?g = /~ log(a) |SV9]2 do’?? + U(@ﬁ)@(ae*a/z).
o0 a9

Since a(@fl) < 00, the second term in the right-hand side tends to zero as a — oo.
We prove the preceding lemma in Section II1.6.5.1.

Lemma III1.6.10 (Step 2). For any a > 10 so that e™* < min,esupp vy |[SVg(2)|?, and for
a.e. p € Q with dist(p, Q) > o,

2
o supp ¢ Vgl
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We prove the preceding lemma in Section I11.6.5.2. Note that the left-hand side integral
is supported on the boundary, while the one on the right-hand side is a solid integral.
Next, fix €0, C 2 a smooth domain satisfying

ﬁﬂsuppgaCﬁWCUL(OQ)ﬂﬁ.

1000c¢

With this choice we have the comparability |Vg| ~ g/dist(-, Q) in @0, see (I11.6.12). We
prove the following two lemmas in Section I11.6.5.1.

Lemma II1.6.11 (Step 3). For a > 10 big enough,

- [ (A" log |5V, Vieg)) = - [ (ATV10g|STgP, V(eg))

Q Q

+0 (”HQ(Q)e“/2 + /~ \VQQ\) -
Qnsupp ¢N{|SVg|2<e—*}

Note that the last term in the right-hand side also tends to zero as a — oo because g € W2(Q,,)
and mazm{’SV!}P <e*}NQ, =0.

For ¢ > 0 as small as desired, we consider a given function 1. € C*°(R?) satisfying
(1) 0 <% <1 everywhere,
(2) ¢ = 0 in U.(09),

(3) ¢ = 1 in Us.(0Q)°, and
(4) Vel S 2.

Lemma II1.6.12 (Step 4). For 1. as above we have

1 V2
/ <ATV10g!SVg|2,V(sog)>=lim{ / <ATv10g|sv9|2,v<wgsog>>+0(— / | g‘g)}.
a =0 | Jg Us. (00 1V

3

In the weak sense, we can write the first term in the right-hand side in Lemma II1.6.12 as
div(ATV log |SVg|?) acting on 1.9 € W}1>°(,), which can be understood as test functions.
When studying the harmonic measure in the plane, i.e., A = Id, this term is 0 by the
harmonicity of log |Vg| far from the critical points, a property that does not hold in general
in higher dimensions. This was a key point to establish (II1.0.1) for the Laplacian in [JW88,
Lemma 3.1].

In the following remark we discuss this argument in the constant coefficient case.

Remark II1.6.13 (Constant matrix and L 4-harmonic functions). Suppose now that the
matrix A is constant. Given any function u, by Claim II1.6.6,

div(ATVu) = div(4,Vu),
i.e., we can reduce the study to the symmetric part. Moreover, by means of a linear change
of variables, see Lemma II1.2.4, we have that div(ATVu) = 0 if and only if & = uo D satisfies

div (;lvoVﬁ) = 0 where Ay = D1 Ay(D™HT | for any constant matrix D with det D # 0.

§i/nce A is constant now, if we choose D = ST where S = A(l)/Z, ie, STS = A, then
Ay = (ST)1A St = (ST)"1STSS™! = Id, and so Au = 0. It is known that if Au = 0, then
Alog |Vul? = 0 (only) in the plane, whenever Vu # 0. If we undo the previous change of

variables then we obtain
div (4oV (log [SVu[*)) = 0,
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off the critical points.

Back to the general case, when the matrix A is non-constant, instead of moving from
our matrix to the Laplacian by means of a change of variables as it is done in the constant
case (meaning that we would need a non-constant change of variables), we will work with its
symmetric part. Using the particular form Ay = RT BR, the rotation matrices will play the
role of the directional derivatives, so we will be left with the diagonal matrix B, and this
allows us to apply the previous strategy.

Now we study the first term appearing in the right-hand side in Lemma I11.6.12,

_/(2<ATVlog|SVg|2,V(@/)aSOQ)>,

which is the most delicate, and the key point in the different behavior between the planar
case and higher dimensions. Recall that, in the dual space, this term is

(div(ATV 10g|SVg|?)) (¢-ipg) where g € WE(Q,).

Notation. From now on, a boxed term (representing the functional Ty ) can be understood
as a pointwise function, while a functional written as T'x needs to be understood strictly in
the dual sense.

In the following lemma we decompose this last term.
Lemma II1.6.14 (Step 5). In the dual space Wcl’oo(ﬁw)’, we have

div(ATV log |SVg|?) = + [ M2]+ Togs + T,

where

- Z |SV |4 azng7Bng>27

2b; i i
= Z |SVg]2 <8 vRQ? Bo VRQ)?
=1

2 I
TM3 — W <;8 (blg VRQ) ,BVR9> ’

and Tg is an error term (involving derivatives of the matriz A) of the form

(111.6.14) Z |Sv |2 O(|Vg?) + ( %}').

We prove the preceding lemma in Section II1.6.5.3.
Note that, using (I11.6.3), we have that the two main terms satisfy

(I1L.6.15) “Ml\’ + U M2\‘ <14 (||vv2j|)2,

which is bad for our purposes. A similar behavior occurs with the term T),3. Instead, we
need to exploit their cancellation, as illustrated in the constant matrix case:
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Remark II1.6.15 (Constant matrix and main terms). If the matrix A were constant, and
hence R and B were constant as well, then we would have Ty = 0. That is,

div (ATV log |SVg|?) = [M1]+[M2]+ Tup.
This suggests that these 3 terms are the main terms, and the others must be bounded error
terms. Moreover, we have the following points:
e The key point in the plane is that 25:1 ' (b;0'g) = 0 would imply ;011 g = —b0*2¢g
(off the critical points). One can show that, as a consequence, the main terms

and would cancel each other in the sense + = 0 off the critical points

of g.
e Since the derivatives would commute, i.e., 9'? = 0*!, we would have

(II1.6.16) i 9" (b;0'Vrg) = Vg <i o (bii?ig)) = Vg(0) =0,

where we used that the Green function g satisfies 23:1 0%(b;0'g) = 0. This is why
we call T3 the “zero” term. In contrast to the previous point, here it is not needed
that we are in the plane. However, we use that the Green function is L 4-harmonic,
that is, this term is zero even in higher dimensions.

All in all; in the constant matrix case we would have

div (A"V 1og [SVg[?) = [M1]+[M2]|+ Tars = 0

off the critical points of g.

The strategy explained in the previous remark is, morally, what we will do to prove the
following two lemmas.

Lemma II1.6.16 (Step 6). Pointwise

(M1 +[M2] S 1+ V%|/IVg] in .

We prove the preceding lemma in Section II11.6.5.4.
Lemma II1.6.17 (Step 7). In the dual space Wcl"’o(ﬁw)’, the functional Ty is of the form

Tyr; = Zf;@ & (01V) + OV + 2" (O(Vel)) + 5 (O(1Vg])).

Recall that this equality must be understood at a functional level, see (II1.6.36) below.

We prove the preceding lemma in Section II1.6.5.5.
In the following lemma, we bound the error terms that have appeared in the previous
computations.

Lemma II1.6.18 (Step 8). For small enough € > 0,

v2
supp ¢ Vgl

We prove the preceding lemma in Section II11.6.5.6.

Lemma II1.6.19 (Step 9). We have fupp(p ||vvgg|‘g < C < o0, and for small enough € > 0,
V29|

fUE(aQ ) TVl N9 S
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We prove the preceding lemma at the end of Section I11.6.4.
Using the previous lemmas we obtain (I11.6.2).

Proof of (I11.6.2). Let p € Q with dist(p,0€) > r¢ so that Lemma II1.6.10 holds for all
a > 10 integer. By Lemmas I11.6.9 to II1.6.11 we have

~ v2

/ log |SVg|* dep| < ’_/<ATV108§|SV9|2>V(909))‘ +0 (1 +/ | 9’g> _
o swpe |V

By Lemmas II1.6.12, I11.6.14, I11.6.16 and II1.6.18, we get

2 1 2
—/(ATV10g|SVg|2,V(gog)>‘ <1 —|—/ v g|g—|— @ (Iim—/ v g|g) )

upp |Vg| e0¢ U35(8§) |v.g|
~ \% 1 V2
/ log | SV g|? dik. 51—1—/ | g’g—l—@(lim—/ | g‘g).
o0 supp ¢ ‘Vg, 0 € U3 (99) \Vg!

Finally, (I11.6.2) follows from this and Lemma I11.6.19. Note that by Harnack inequality this
is true for every p € Q with dist(p, 9Q) > rq. d

In particular,

111.6.3. Second derivatives of the Green function. In this subsection, we collect a
fundamental property of the Green function in our situation, and some useful equalities and
bounds that we will use later on involving the second order derivatives of the Green function.

The following claim points out the main difference between the planar and the higher
dimensional case. This is a key point in the proof of Lemmas I11.6.16 and I11.6.17.

Claim I11.6.20. The Green function g satisfies

2 2 2
> 0bo'g) == bid'gdivRl - > 0, (%) d;9 = O(|Vygl).
=1 =1

ij=1
a.e. in U, (0Q) N Q. In particular,
(I11.6.17) b0V g = —b,0%%g + O(|Vygl).
Proof. By Claims I11.6.6 and I11.6.7,

2 2 2
divAVg =Y 0'(bid'g) + Y _bid'gdivR] + ) 0, (%) ;g
=1 =1

4,j=1

2
=D 0 (b:d'g) + O(|Vg)),
i=1
where we used that the matrices A, B and R are Lipschitz. The claim follows from the fact
that the Green function satisfies div AVg = 0 a.e. in U,,(02) N €2, see Remark 1.1.4.
As a consequence of 9'(b;0°g) = 9'b;0'g + b;0"'g and 9'0;0'g € O(|Vg|), we have (II1.6.17).
U

A close look to the proof reveals that if the matrix A were constant, then we would have
b10% g = —by0*?¢ in the planar case, as it was explained in Remark II1.6.15. Instead, we get
the analog with some error terms in (II1.6.17).

In the following claim we collect some basic equalities and estimates. These equalities
will be useful in the decomposition procedure in Lemma II1.6.14.
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Claim I11.6.21. Using the notation Vrf = R -V [, see Section II1.6.1, we have

(I11.6.18) 0'|SVg|* = 2(0'Vrg, BVrg) + (Vrg,0'BVrg).
Consequently,
_ i 2 i i
(11619) & 1 _ 0 |SVy]| (111.6.18) _ 2(0'Vrg, BVrg) + (Vry, 0 BVRg>’
[SVgl? [SVgl* [SVgl*
and
2 2 _
(I11.6.20) |V1og|SVgl?| = VISVl 1+ V) in Q.

SVl ™ |Vy|

Proof. Since STS = Ay and Ay = RT BR, we can write
|SVg|* = (SVg,S5Vyg) = (Vg, AgVg) = (RVg, BRVg) = (Vrg, BV Rg).

Recall that R and B are Lipschitz regular, thus we can apply the usual derivative rules a.e.
to obtain

9'|SVg|* = (0'V rg, BVRg) + (Vrg, 8’ BV rg) + (Vrg, BO'VRg),

and (I11.6.18) follows from the symmetry of B.
The inequality in (I11.6.20) follows from
2
(IIL6.18) ; ;
VISVg*| = Z 12(0'V rg, BV rg) + (V g, 0'BVrg)|

i=1

2 2
< 2/('Vrg, BVrg)| + Y [(Vrg, &' BV rg)|
i1 i—1
) 2 , (111.6.3) ) )
SIVP+) 10VrgllVal S Vgl + [Vl V3,
=1

and this concludes the proof of the claim. O

Remark I11.6.22. 1/|SVyg|? € Wl’z(ﬁw) because of (I11.6.19), |Vg| &~ g/dist(-, Q) > 0 in

loc

?290 and g € WQ’Q(QP). By the same reason, log|SVg|? € W,22(Q,).

loc
II1.6.4. Whitney cubes and proof of Step 9. A classical way to compute an integral
over a given set is to discretize it. We will do so using Whitney cubes, that is, we divide
the domain into regions (cubes) which have diameter comparable to their distance to the
boundary, so that Harnack’s and Caccioppoli’s inequalities can be used locally.
Let us start by defining the Whitney covering of €2, and then we will move to study the
properties of those cubes touching supp ¢.

Definition II1.6.23. There exists a collection W of dyadic cubes satisfying the following
properties:

(W1) v20(Q) < dist(Q, 89Q) < 4v/20(Q), equivalently, diamQ < dist(Q, Q) < 4diamQ.

(W2) 1.5QNaQ = 0, since dist(1.5Q, 0Q) > dist(Q, 9Q) — v/2-0.250(Q) > 0.75v/2(Q) > 0,
which we call Whitney cubes, see |Gra08, Appendix J|. We define W, = {Q € Wy :
Q Nsuppp # 0}.

Lemma II1.6.24. Every () € W, satisfies also:
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(W3) dlst(m 89) < Toone
(W4) (@) 5

(W5) If Q@ Nsupp Vo # 0, then £(Q) 2 1
(W6) For x € 1.5Q we have

g9(x) = g(A(§,10£(Q))) S wr(B(§,10((Q))) < wr(50Q) <1,
where & € 0K is such that dist(€, Q) = dist(9, Q), and A(&,100(Q)) is the Corkscrew
point at & with radius 10£(Q).

Proof. Note that for = € 1.5Q), Harnack’s inequality gives g(x) ~ g(A(¢, 10£(Q))). Using the
relation between the elliptic measure and Green’s function in NTA domains (see [Ken94,
Lemma 1.3.3]), we get

< R/c for x € 1.5Q.

2000

9(A(§,106(Q))) < wr(B(&,10£(Q))).

Here we need p ¢ B(§,3 - 104(Q)), which is granted as long as 00 and 99 are close enough.
The remaining estimates in the lemma follow from the definition by standard arguments.
The details are left to the reader. O

In order to bound the error terms arising in the proofs of Section I11.6.2, we will use
(without mention) the following remark.

Remark I11.6.25. If f € O(|Vg|*) then ’f ﬁgpg‘ <O < oo

Proof. Since g <1 in supp ¢ (see Lemma I11.6.24(W6)), we obtain

/ .
/ |Vg|k ‘ |$g||k|¢g| < [ legl S H?(Q) < (diamdN)? < oo
where we used that €2 is bounded. ]

Next we continue by controlling the Green function over Whitney cubes:
Lemma II1.6.26. We have:
(1) Xgew, UQ) - 0r(50Q) < 1.
(2) Fore >0, Z{QewﬁszUs(aﬁ)#w} UQ) - wr(50Q) S e
(3) Fore >0, [, 589 S €
1/2

(4) For each Q € W, (fl 5Q 92) <U(Q) - wr(50Q).
(5) For each @Q € W, fQ IVyg| S Q) - wr(50Q).
(6) For each Q € W, fQ|V gl < @0 (50Q).
Proof. Ttem 1: As ¢(Q) S 1 for every @ € W, (see Lemma I11.6.24(W4)), there is ky such

that every Q € W, satisfies £(Q) = 27% with k > ko. Note also that, for each scale k > ky,
the family {50Q}gew, :¢(@)=2-+} has finite overlapping. Therefore,

S UQ)-Br(30Q) =Y DY UQ) -mr(50Q) = > 27F 3" Tr(50Q)

QeW, k>ko QeW, k>ko QeW,
(Q)=27"% 0Q)=2"*
< ZQ"“@T< U 50@) <) 2F<oo
k>ko QeW, k>ko

uQ)=27*
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Item 2: Recall that the cubes Q € Wg with Q N U.(8Q) # 0 satisfy £(Q) < e, and
Q) ~ e if QN (OU(9N) \ 99Q) # (), see (W1). Hence, as in the proof of item 1, taking
ko(e) = —log, e we have

> HQ)@r(50Q) < Z 27k 3 G(0Q) S Y 2 Fmom =

QEWﬁ k>ko(e Q€W~ k>ko(g)
QNU. (8Q)#0 (Q)=2"*

Item 3: Using that g < wr(50Q) in @, see (W6), that the cubes Q) € Wg with QNU.(8Q) #
() satisfy £(Q) < e, see (W1), and item 2, we have

< (W6) (Wl O (e (<2) 2
/Us(aﬁ)g_ Z / Z (Q)wr(50Q) S e

QeEWS, QGVV@
QMU (99)#0 QNU. (69)#0
Item 4 follows since g(z) < wr(50Q) for x € 1.5Q (see Lemma I11.6.24(W6)). Item 5
follows from Cauchy-Schwarz and Caccioppoli’s inequalities and item 4.
Item 6: Since the Green function g of Q is solution of div(AV-) = 0 in 1.1Q), the function
g9(+) = g(f(Q) ) is solution of div(AV+) in 1.1Q, where Q = {z/{(Q ) x € @} has side-length
one, and A(-) = A(¢(Q)-). Moreover, since ; ,0;9(-) = £(Q)?0; 3Jg Q)-), we get

/|V2 )|? dz = 0(Q /\VQ |2da:— /\v% )| da.

The matrix A has the same ellipticity constant as A, but as £(Q) S 1 for every Q € W,
see Lemma I11.6.24(W4), the Lipschitz norm cannot grow too much:

||A||001(1 19) = ||A||L°°(1 1@)+[g]co,l(1.1@) = [[Allz= a0 H(Q)[Alcor1g) < CllAllcor10):

Moreover, dist (@, (1.1@)C> ~ 1. Therefore we can apply (I.1.2) in Theorem 1.1.2 to obtain

/|V2 \2d |2 112) 1 </ |VA’2)1/2 (/ A2>1/2 2
:c— — +
Q g g E(QP 1.1Q g 1.1@9

Applying Caccioppolh S 1nequahty and item 4, this implies

1 . 1 W GOr(50Q)?
Vngdx,S—/ 92_—/ 95 :
/Q | | 0(Q)? 1.5Q (Q)* 1.5Q g(QP
Using the Cauchy-Schwarz inequality and this, we get

/Q V%] < £(Q) ( /Q rv2912)1/25wT<50@>-

Using this lemma we obtain Lemma II1.6.19.

Proof of Lemma I11.6.19. Recall that, by (I11.6.12) we have

\Vg(z)| 2 L& for x € supp o,
dist (x, 89)
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provided the domain € is (0,79/2)-Reifenberg flat with § small enough depending only on A
and k|| Al| L (r2). With this it suffices to show

/ |V2g(x)|dist <:1:, 8(2) dr < C.
supp ¢

Summing in W,,, by (6) and (1) in Lemma II1.6.26 we obtain

[ ataasona s Y 0@ 965 Y 1) 51600) %
supp ¢

QeEW,, QeEW,,

)

as claimed.
Let us see the localized version. As above, using (III.6.12), and items 2 and 6 in
Lemma II11.6.26,

V2 (111.6.12) -
[ S TS [ 9l o) <
Ue (892) Vgl Ue (892)

(6) (2
S UQ@r(50Q) S e
QEW@
QMU (09) 0

> @ [ 1%l
QGW@ Q
QNUL (99) 0

O

I11.6.5. Proof of Steps 1 to 8. In this subsection we prove remaining Steps 1 to 8 in
Section II1.6.2.
I11.6.5.1. Proof of Lemmas I11.6.9, 111.6.11 and I11.6.12.

Proof of Lemma I11.6.9. We have

/Nlogls(f)Vg(é)\zd@?(ﬁ)—/ log(,) [S(E)V (5)\2(1@?(6)’
o0 oQ

/. g SOV +) d46)
{€€0x|S(§)Vg(§)P<ema}

Since the domain is smooth, we can use (1.3.7) to write and bound the right-hand side term
as

/{seaﬁ:|3(s)Vg<£>|2<e—a}

— (A(©)Vg(8),v)(log|S () V(&) + a) da(&)‘

S

| IS©V9()I(1og S Vgl do(e)
{€€o2:]S()Vg(§)[P<e}

< o (89) (e_“/2|log 6_“/2|) :
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Proof of Lemma I11.6.11. We have
- / (AT log |V gl V(i09)) + / (AV log |SV [, V(¢9))

= /(ATV min{0, a + log [SVg|*}, V(pg)).

On the other hand, by (IIL.6.12) we have that if a > 10 is big enough then ¢ = 1 in
Q, N{|SVyg|* < e}, and hence

/<ATV min{0, a + log |SVg|*}, V(¢g)) = /(ATV log |[SVg|*, Vg)1{jsvgz<e—a}-

By (I11.6.20), this is controlled in absolute value by

Vg
/ (S was [ e
{15Vg[2<e—a) Vgl {15Vgl2<e—a} {15Vgl2<e—a}

The lemma follows because the first term in the right-hand side is bounded by a constant
times H2(Q)e~ /2. O

Proof of Lemma I11.6.12. For £ > 0 small we have (1 —¢.)p = (1 — ¢.). Hence
~ [(ATV 105 SV, (1~ w)eg) =~ [(ATT 1og SV, V(1 - v.)g)

- / (ATV log |SV [, Vib.)g — / (ATV log [SVgP?, Vg (1 — 1),

Using (I11.6.20), the second term in the right-hand side is controlled in absolute value by

|V29| 2 | g0
(1 Vgl = Vgl + Vi —0,
Us. (99) V| Us. () Us. (690)

and the first term is controlled in absolute value by

Vig 1 1 Vig
/ ~<1+|V |>9!sz\——/ ~g+—/ ~| |g-
Use (65 V| € Jus.(69) e Jus.om) 1Vl

The lemma follows by applying (3) in Lemma I11.6.26 in the last line. O

I11.6.5.2. Proof of Lemma II1.6.10. Recall that the Green function g in Q for the operator

Lau = div AVu satisfies, for every ¢ € C°(Q) N WH2(Q),

(621 [ o€ dw(E) ~ ole) = - [ (ATW)Vo), Vulw) dy, for ae. € D,

o0 Q

see (1.3.3).
We claim that

plog 1SVg|? € CO(Q) N W2(Q).

Indeed, plogq |SVyg|* € 00(6) because the function ¢ avoids the pole and Vg is continuous

up to the boundary, sce Theorem 1.1.5. Let us see that @log, [SVg[]* € W*(Q). Using
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Jensen’s inequality as the function z — |log x]Q is concave for x > e, the L%-norm is controlled
(depending on a) by
(I11.6.22)

log,) [SVg[?|” S/ llog(,) [SVg[?|” +/ llog |SVg[?|*

QN{|SVg|2<e} Qnsupp ¢N{|SVg|2>e}

2
log (][~ ]SVg|2> < 00,
QNsupp ¢N{|SVg|2>e}

which is bounded since g € W2(Q Nsupp ¢). The L? norm of V(plog, [SVgl?) is

ﬁﬂsupp (%)

SW@%E+

/ﬁ V(i logg [SVaP) < / Vol [log [Vl + / 2|V log,,) [SVa[ 2

The first term is finite by (II1.6.22) because ¢ € C2°(R?). From the definition of log, x :=
max{log z, —a} and by (II.6.20), we get

1 S 2 < S 2 1 |V29|
‘V Og(a)| v9| |N 1{902@_“}(’ vg| ) + |Vg\ 5

and hence the second term is controlled by

212 _
[ ‘VIOg(a) ’SVg|2’2 s / 1+ |v g| 5 H2<Q) + 60,/: |v2.g|27
QNsupp ¢

~ 2
Qnsupp ¢N{|SVg|2>e—a} |v9| QNsupp ¢

which is bounded as g € WQ’Z(Q N supp ¢).
By the choice of ¢ with ¢(p) = 0 and @[, = 1, and plugging ¢ = ¢log, [SVg|* €

CY'(Q)NWH3(Q) in (111.6.21), for a.e. p € Q with dist(p, 9N) > ry we have
(I11.6.23)

/ log |SVgl? i = — / (ATY (plog [SVaP) . V)
o0 QNsupp ¢
. / (ATV,Vg) - log ) |SVgl / (ATV log,,) [SVgP. £Vg)
=[1]+[2]+[3]
with
= —/(ATV%WD -log) [SVgl?,
[2]:= /(AT Vlog, |SVy[*, V) - g, and

ﬂ:_/mﬁw@ﬁﬁm%wW»

We claim that " < 1 and " S+, Y91, and hence Lemma I11.6.10 follows.

upp [Vl I
We start by controlling the term . Recall that we have fixed ¢ so that |Ve| < 1, and
assumed that a is big enough so that e™* < min.cqpp vy [SVg(2)[?, that is, log,) [SVg(z)|* =
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log |SVg(z)|? for z € supp V. Thus,
[Ws /[ VolloglsVall~ [ 159 logls Vgl
supp V¢ supp Vo

Since supp Vi is far from 99, in particular dist(z, 862) ~ 1 for x € supp Vy. Consequently,
from this and (I11.6.12) we have |Vg| ~ g/dist(-,0Q) & ¢ in the support of V¢, and hence

(We)
|SVg(z)| = |Vyg(z)| = g(z) < 1forx € supp V.

Note that for 0 < ¢t < t, we have t|logt| < max{1,¢,|logto|}. Therefore,
S [ 15Vl loglsVgll S Hsupp Vi) < C < o
supp Vo
Now we study the term . Since ¢ is fixed, we have |Vp| < 1 and so

2] 5] g1V ISVl [ geViog ISV
suppVLp SUPPSO

Plugging (I11.6.20) in here we get

VQ (W6) VQ
’.‘ / / !Vg|g§ 1+/ \vg\g.
supp<p supp ’ g‘ supp ¢ | g‘
O

[11.6.5.3. Proof of Lemma III.6.14. In this subsection we study, via a perturbation
argument, the functional term

div (ATV log [SVg|?) € Wh=(Q,)"

Note that the action of this functional on g gives rise to a modified version of the term
n (II1.6.23).

First, we move from the matrix A to its symmetric part Ag by Claim I11.6.6, and we write
its divergence in terms of the directional derivatives using Claim III.6.7 (see Remark I11.6.22):

div (A"V1og|SVg[*) =div (49V log|SVg|?) Z O ( > d;log |SVgl|?

i,7=1

2 2
Z (b:0'(log [SVg|*) + > bi0'(log |SVg|?) div R}
i=1 =1

£ 8 (5 00815Vl = T4+ [35)+ (50

i,7=1

Note that the terms |3.B] and |3.C| contain derivatives of the matrix A. In particular, if
the matrix were constant then these two terms would be zero, which suggests that the terms

and must be bounded error terms.
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Next we deal with Ts 4. As 1/|SVg[?> € Wh2(Q,) (see Remark I11.6.22), by (I11.6.9) we

loc
have
Zaz aZ|SVQ|2
SEZER
1 1
=Y 0 —— | p;0|SVyg|* + Y ———0'(b;0'|SVg|?).
Z (‘SVQ,Q) S99+ 3 [y 1SV

We infer that each element in the sum in the first term in the right-hand side in (I11.6.24)
1s

, 1 (I1L6.19) —b; ((ﬂSVg\Q)Q
111.6.25 0 (oo | 0I5V '
(11.6.25) (f5war) s S9!

(I11.6.24)

Therefore, using identities (II1.6.18) and (III.6.25) and expanding, the first term in the
right-hand side of (I11.6.24) can be written as

2
‘ ; A 2
;a (|5vg|z>bzal5Vgl =[M1]+]E1]+]E2],

where

(M1 = Z | Svg|4 (0'V rg. BV r9)’,

Z | Svg|4 (0'V rg, BV rg)(Vrg,0'BVRg), and

E

Z |SVg|4 <VR97 aleRg>

Note that and can be considered “error terms” from a perturbation point of view,
since in case B were constant we would get = = 0, while can be considered a
“main term”.

Next we perform a similar decomposition for 9°(;0°|SVg|?), in the second term in the
right-hand side in (II1.6.24). In this case, we need to pay attention to the first term in the
right-hand side of (II1.6.18):

(I11.6.26)

Then using (I11.6.18) and (I11.6.26) we get that the second term in the right-hand side of
(IT1.6.24) can be written as

2
T
> ‘SW@Z(@@’ISWI?) = M2+ Tws + [ B3]+ T,
=1
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where

Balng>

=1

2 & 7 %
Ttz = [gorga <Zl 0" (Li0'Vrg) , Bng> :

2
2bi i i
= Z |SVg|2 <a vRQ? 0 Bng>7 and
=1

2
1 i i
4= ; |Svg|23 (0:(V rg, 0" BV rg)) .

All together we have

div (ATV log|SVg|?) = T4 + +

= + + Trs (Main terms)

+[3.B]+[3.C]+|E1|+[E2|+|E3|+ T4, (Error terms)

and the first part of the lemma follows taking

Ty =[3.B]+[3.C]+[E1]|+[E2]+|E3]+ Tg.

Let us see now the second part of the lemma. Indeed, is O(1) since [(Vgg, "BV rg)| <
|vg\2. By (II1.6.20) we get that |3.B] and [3.C| are in O (1 v 9‘) and (IT1.6.3) implies

Vgl
that | E'1|and are of the form O ( |va‘|) All in all,

v2
TEzTE4+(’)(1+| g‘),
Vg

as claimed. 0
I11.6.5.4. Proof of Lemma II1.6.16. In this subsection we prove that the two main terms
cancel out in the sense

)+ o2z < 1+ 22

This cancellation is related to what happens in the constant case, see Remark II1.6.15.

We will see that they both have a common term in opposite sign, and exploiting this
cancellation we will obtain a sum of error terms. The key identity is (I11.6.17), which only
applies in the plane.

The key idea to prove the lemma is that using (II1.6.5), which relates 9'?g and 9%'g, and
(IT11.6.17), which relates b;0"!g and b,0*?g, we will be able to write 01!, 9*2, 91? and 9*! in
terms of 94! and 9*! only.
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We start by studying the term =—> %<8ing, BVxg)? in 52@. Expanding
the numerator,

2

> 00"V rg. BV rg)* = b1(0"V rg, BV rg)* + b2(0°V rg, BV pg)?
=1

— bl(b181961’19+b282g al,Qg)Q +b2(b181982’1g+b282g 82’2g)2.

By (II1.6.5) and (II1.6.17), which read as 8'?g = 0*'g + O(|Vyg|) and b,0*%g = —b,0"'g +
O(|Vg|) respectively, we have

2

> " bi(0'Virg, BV rg)® = bi (010" gd" g + 020790 g + O(|Vg[*))
i=1
+ba(010' g™ g — 019790 g + O(|Vg*))*.
Expanding, and using b;(9'g)* + b2(9°9)* = (Vrg, BVrg) = |SVg|* and the cancellation of
cross terms, we get

2

> bi(@'Vrg, BVrg)*=|SVg|* (17(0"'g)*+b1b2(0>" 9)*) +(0"' g+0>' 9)O(IV g|*)+O(|Vg[*).

i=1

In conclusion, is of the form

_JBOME (o 00y 1 5
15Vl |SVgl|

With the same strategy we study the term = %<6ing, Bd'Vgg) in ﬁ‘p.

Using (II1.6.5) and (II1.6.17) as before and expanding, the numerator can be written as

(111.6.27)

+O(1).

2
> bi(0'Vrg, BO'Vrg) = B1(9"9)* + biba(0"9)” + biby(9™' 9) + b3(0™29)?

=1
=07 (0"g)* + biby (0*'g + (Q(IVg\))2 + b1ba (0% 9)* + (—b10™'g + O(]Vg\))2
=2 (b7(0"9)* + biba(0*'9)?) + (9" g + 0*'g) O(IVy]) + O(|Vg[*).

Hence, is of the form

b1(0Mg)* + hiba(9%19)*  O(9Mg + 0*'g)
I11.6.28 M2|= 4+ + +0(1).
(111.6.28) G vyl (1)

Note that both in (I11.6.27) and in (I11.6.28) have the term

b1 (01 g)? + biba(0*'g)?
SVgl?

in common with opposite sign, which allows us to remove the square in (I11.6.15). That is,
adding up both terms,

4

1,1 2,1
i)+ [arz) = Q995979 |y,

1SVg|
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whence we obtain
111.6.3

( ) 2
i)+ 5 1+ 2
e

as claimed. O

I11.6.5.5. Proof of Lemma II1.6.17. We study, for ¢ € W1>(Q,), the term

Th3() = (ﬁ <221 9" (b;0'V rg) 7BVR9>> (1)

In this subsection we don’t use the fact that we are in the plane. Instead, the key ingredient
is the L s-harmonicity of the Green function far from the pole, and so the computations in
this subsection could be done also in higher dimensions.

The term T3 must be read as

2 . .
. 2 82(171‘81’19) blﬁlg
TMS - |SVg|2 <Z (az(blazgg) ) b282g

=1
9 2 o
(I11.6.29) = W Z {az(bz‘az’lg)blﬁlg n 81(513”29)[)2329}
i=1
2 o . 2 2
= [owg 2 20 gy = 33 T
i=1 j=1 ~ =

Here, for each i,j € {1,2},

2, o
(111.6.30) TP (¥) = Toioiig) (ijaﬂ g¢) .

We want to study the functionals Tﬁg) for 7,5 € {1,2}. First note that

2 e
W—glgbjajw € W=(Qy,),

while ;07 g € L*(2,). Hence, (I11.6.30) makes sense and it suffices to study the functionals

Tyimoiig) € WP (Q). In fact, fixed j € {1,2}, we will exploit the cancellation of the
functional 327, Thi(paiig). For simplicity we will write 9%(b;0"/g) instead of Thi(p,ai.ig)-

Compared to the strategy seen in Remark I11.6.15, now the matrix is not constant and
hence the directional derivatives do not commute. For this reason, some error terms will
appear in the procedure of extracting the gradient Vg outside from

2
i (1.5 _ (0H(10% g) + 07(be0*' g)
(I11.6.31) ;6 (b:0'Vrg) = (81(19181’29) + 0%(b,0%2g) )

as it is done in the constant matrix case in (II1.6.16). The idea is the same as in the proof
of Lemma II1.6.16, see Section I11.6.5.4. That is, using the ‘almost’-commutative property
(IT11.6.5) (relating 0'*¢ and 9*'g) of the directional derivatives, and its functional version in
(II1.6.10), we manage to extract the gradient Vg outside.

Let us fix j € {1,2}. If i = j (clearly 0"/ = 37" in this case), then

(111.6.32) J (b g) = & (0 (b,0'g)) — D' (Db’ g),
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and when i # j, using (II1.6.5) and (II1.6.10) we get

III65

0 (b0 g) "LV 9 (b0g) + 0 (b(O'R; — O R)V)
= 9" (¥ (bid'g)) — & (9b,0'g) + O (b(I'R; — ¥ R;)Vg)
(III.:6.10) Py (ai(biaig)) . (ajRi . az’Rj)v(biaz’g)

(111.6.33)

Plugging (I11.6.32) and (II1.6.33) in (II1.6.31), we get, for j = 1,
(111.6.34)

Zawa“ <Zaz (b:0'g) ) Zal (8'0;0°g) — (8' Ry — °Ry) - V(b20%g)
+ 0 (by(9*Ry — O'Ry) - Vg) :

and for j = 2,
(I11.6. 35)

Zaz (b;0"29) <Zaz (b:0'g) ) Zal (8%0;0°g) — (8°Ry — 0'Ry) - V(b10'g)
+ 0" (01(0"Ry — O°Ry) - vg) :

Note that in both cases there is the term 3.7 9% (b;0'g), which is studied in Claim TI1.6.20.
By (I11.6.29) and using Claim II1.6.20 in both (I11.6.34) and (I11.6.35), in the dual space we
get
(I11.6.36)

2 2
2 ) . .
T - E b.0? § “(b. 0"
M |Svg|2 j=1 ]a g (i_l a ( 16 g)>

2 2b38]g j = i . T = Qi — Qg
:;SVgP 0 —;biagdlvRi—Z&-< 5

ik=1

) 8kg> — Z 8i(8jbi8ig)}

20,0"
|51vg|g2 {—(0'Ry — 0*Ry) - V(b20%g) + 0% (bo(*Ry — 0" Ry) - Vg)}
2626 g 2 1 1 1 1 )

T gugp (OB = 0'Ry) - V(0a0'g) + 0" ((9'R — 0 Ry)-Vg)}.

As a consequence of this, the right-hand equality in Claim I11.6.20 and |V9'g| = O(|Vg]|) +
O(|V3g|), see (I11.6.3), we conclude that the functional Ty3 is of the form

Zf;va & (0(1Vg)) + O(Vg)) + 0" (O(1Vg])) + 0 (O(1V9)).

as claimed. 0
I11.6.5.6. Proof of Lemma II1.6.18. First, we need the following claim, which we will
prove later.
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Claim II1.6.27. Let ¢ € W (Q,). Then, fori,j € {1,2}, both

i dT, s
|Sv1g\28 (O(|Vg\2))<¢) an |?V6j;f2 81'((9(|Vg\))(¢)

/ ﬁ’Vva”)¢+/(9(1)w+/0(1)aw.

Granted this, by Lemma II1.6.17 and (II1.6.14) we have
Vg i
| /¢s¢g+/|3(wewg)l-

Vgl
The second term in the right-hand side is bounded by a constant times H?(Q) < oo as € is
bounded and g < 1 in supp ¢, see (W6). Hence, it suffices to prove

are of the form

Tara(epg)| + | Te(eg)| < /

/|8i(¢5¢g)| <1, forie {1,2}.

By the product derivative rule and the notation &'f = R; - Vf, we can use

. 1
/132 (epg)| 5/9|V<p|+/ |V9|+—/ g.
supp @ € Jsupp V.

Since |Vp| < 1 and g(x) < 1 in supp e (see (W6)), we get [ g|Vp| < 1. For the second
integral on the right-hand side we sum over Whitney cubes in W, and apply items 1 and 5
in Lemma II1.6.26

1)
[ILZED S A W
supp ¢ QeW,

QeWw

On the other hand, using supp Vi, C Uge(aﬁ) and Lemma II1.6.26(3) respectively, we have

1 1
- g<- gSe<l,
€ Jsupp V. € JUs.(69)

and Lemma I11.6.18 follows. O
We now turn to the proof of Claim II1.6.27.

Proof of Claim II1.6.27. First we study T L39OV g2) (v0). We have

1
T‘SvlgIQQi(OUVgP))(w) = Tﬁi(O(IVg\Q)) <|SVg|2w)

1 (1
- [ oumat pragpva i - f 0w (o).

The first term in the right-hand side is of the form [ O(1)t. Let us study the second term in
the right-hand side. By (I11.6.19),

|SVgl2") BYE

(VRrg, "BV Rg)
[SVg|*

o
|SVg|?’

w_

Y+
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and hence we get

- [ ot (gwgpv) = [ Fgwg e+ [ ot [ oo
““-:6'3)/ ||VVQ|~"|¢+/O ¢+/0 )9

Next we study 1", s, (1), similarly as we did with the previous term. Now we
\SJV9|2 8"(0(|Vg|))

(V) = Ty (baj w)
5'(0(Vg))) IOV \ gy g|2

ey [ O(VgDbdg o, / i (i
= / SV Y div R; O(|Vygl)o \SVng'

As before, the first term in the right-hand side is of the form [ O(1)y and the second term is

% bjaj % %
- [ ouwane (gegev) = [ T o+ [ o1vst s (o) v+ [ omate

The claim follows by using (I11.6.3) and (II1.6.19) in the previous line. U

have

bjajg
[svgl|?







CHAPTER 1V

LP-solvability of boundary value problems for the Laplacian in
locally flat unbounded domains

Let Q C R"" n > 2 be an ADR domain (see Section IV.1.2), and denote its surface
measure by
o=o0q:=H"s.
For 1 < p < oo, we say that the Dirichlet problem is solvable in L? (denoted as (D)) is
solvable) in €2 if there is Cp, > 1 such that for any given f € LP(0), there exists v : @ — R
satisfying

Au =0 in €,
(IV.0.1) Nu e LP(0),

ul%, = f, o-ae.,
and
(IV.0.2) Wulliso) < Co, | Flliogo

Here N is the nontangential operator (see (IV.1.2)) and u|}}, is the nontangential limit (see
(IV.1.4)). We say that the Neumann problem is solvable in L” (denoted as (V) is solvable)
in €2 if there is Cly, > 1 such that for any given f € LP(0), there exists u : 2 — R satisfying

Au =0 in €,
(I1V.0.3) N(Vu) € L*(0),
O,u = f, o-a.e.,
and
(IV.0.4) IV(V)llz760) < O, 1l zo(o

Here 0,,, is the interior nontangential derivative (see (IV.1.5)).

We note that the definition of solvability for the Dirichlet and Neumann problems may
vary slightly across the literature. We will not distinguish between these variations in the
subsequent articles mentioned in the introduction. Furthermore, while several of the results
below were originally established for more general divergence-form operators in their respective
papers, we restrict our historical overview to the harmonic case.

In ADR domains, it is well-known that (D,) is solvable for some 1 < p < oo if and
only if the harmonic measure w is locally in weak-A., (o). Specifically, there exist constants
C,s > 0 such that for every ball B = B(z,r) with z € 002 and r < diam(99)/4, there
holds w?(E) < C(c(FE)/o(B))*wP(2B) for any p € \ 4B and any Borel set E C B. We
refer the reader to [HL18, Hofl9]. For ADR domains satisfying the corkscrew condition
(see Definition 1V.1.2), (D,) is solvable if and only if the harmonic measure satisfies a weak
reverse Holder inequality with exponent p’ := p/(p — 1) (the Holder conjugate of p), see
[MPT23, Proposition 2.20] for instance. Consequently, if (D,) is solvable for some 1 < p < oo,

117
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then Gehring’s lemma guarantees the existence of ¢ > 0 such that (D,) is solvable for all
p—e<qg<o0.

The solvability of the Dirichlet and Neumann problems is a long-standing and active area
of research. In 1963, Lavrent’ev [Lav63] showed that in bounded planar simply connected
chord-arc domains (see Definition IV.1.7), the harmonic measure is locally in weak-A. (o),
implying the solvability of (D,) for some 1 < p < co. However, Jerison |Jer83] later proved
in 1983 that for every 1 < p < oo, there exists a planar chord-arc domain where (D,) fails to
be solvable. A significant breakthrough came in 1977 with Dahlberg [Dah77|, who proved
that in any bounded Lipschitz domain €2, its harmonic measure satisfies a reverse Holder
inequality with exponent 2. Consequently, there exists eq > such that (D,) is solvable for all
2 —eq < p < oo. This result is sharp: for every € > 0 there is a Lipschitz domain 2. where
(Dy—.) is not solvable, see [Ken86, pp. 153-54|. In 1978, Fabes, Jodeit and Riviére [FJR7S|
employed double and single layer potentials (see Sections IV.2 and IV.6.1) to establish the
solvability of both (D,) and (N,) for all 1 < p < co in bounded C! domains. Notably,
Dahlberg [Dah79| had already proven the solvability of (D,) for all 1 < p < oo in bounded
C"' domains without using layer potentials, though this was published later in 1979.0V-D
Subsequent work by Jerison and Kenig [JK80, JK81a| simplified the proofs of Dahlberg’s
results through the application of the so-called Rellich identity [Rel40]. Furthermore, in
[JK81b], they resolved (N3) in bounded Lipschitz domains.

Briefly speaking, the layer potential approach relies on the invertibility of the operators
11d+ K and —3Id+ K* in LP(0) (here K is the double layer potential and K* is its adjoint)
and gives an “explicit” solution to the Dirichlet and Neumann problems, respectively. In O
domains, o > 0, it is not difficult to see that the double layer potential is compact in LP(o)
and (by Fredholm theory) that those operators are invertible, for all 1 < p < oco. For a proof
of this, see the lecture notes [DK85, Ken86|. While this argument does not directly extend
to C'! domains, Fabes, Jodeit and Riviere [FJR78] succeeded to show that in bounded C*
domains, the double layer potential K is compact in LP(o), and both %I d+ K and —%I d+ K*
are invertible in LP(o) for all 1 < p < co. For Lipschitz domains, however, the compactness
of the double layer potential generally fails, as shown by Fabes, Jodeit and Lewis in [FJL77].
Nevertheless, using the Rellich identity mentioned above, Verchota [Ver84| established in
1984 the invertibility of $1d + K and —3Id + K* in L?(0), thereby recovering the solvability
of (Ds) and (N3) for bounded Lipschitz domains, as originally shown in [Dah77, JK81b]
respectively.

In 1987, Dahlberg and Kenig [DK87] established that for every bounded Lipschitz domain
€2, there exists g > 0 such that (NN,) is solvable for all 1 < p < 2+ ¢g, and in fact, they
showed that its solution, as well as the solution of (D,/) in Dahlberg’s result [Dah77|, can
be obtained using the method of layer potentials. As in the Dirichlet problem, this range of
solvability is sharp: for every ¢ > 0, there exists a Lipschitz domain €. for which (Noy.) fails
to be solvable, see [Ken86, pp. 153-54].

Dahlberg’s result [Dah77| was extended to chord-arc domains (see Definition IV.1.7)
independently by David and Jerison [DJ90], and Semmes [Sem90] in 1990. They proved that
for any bounded chord-arc domain, there exists 1 < p < oo such that the harmonic measure
satisfies a reverse Holder inequality with exponent p. A complete geometric characterization
came in 2020 when Azzam, Hofmann, Martell, Mourgoglou, and Tolsa [AHM™20] identified
the class of ADR domains with interior corkscrews where (D,) is solvable for some 1 < p < oo.

(IV-DFabes, Jodeit and Riviére cite a technical report of [Dah79] in [FJRT7S].
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These are precisely domains having interior big pieces of chord-arc domains (IBPCAD), as
defined in [AHM*20, Definition 2.12].

Let us roughly introduce the regularity boundary value problem for an ADR domain €.
When well-defined, we say that the regularity problem is solvable in L? (denoted as (R,) is
solvable) in (2 if for any given f € C%(9Q), there is a harmonic function u :  — R such that
ulft, = f holds o-a.e. on 9Q and [|N(Vu)| @) S |V fllzr(s), where the implicit constant
does not depend on f. The exact definition may vary slightly across literature; see [HS25,
Definition 5.35] and [MPT23, Definition 1.4] for technical formulations.

We observe that the regularity problem is closely connected to the Dirichlet prob-
lem: for bounded domains with the corkscrew condition and having UR boundary (see
Definition 1V.1.1), Mourgoglou, Poggi and Tolsa proved in [MPT23, Theorem 1.33] that
(R,) < (D) for all p € (1,00), see also [MT24a, Theorems 1.2 and 1.6]. One might
expect similar results for 2-sided chord-arc domains with unbounded boundaries. However,
to the best of our knowledge, such results have not been established in the literature. It
is quite likely that the arguments in [MPT23, MT24a] could be extended to domains with
unbounded boundaries, but this extension has not yet been documented.

The question of whether (IV,) or (R,) is solvable for some 1 < p < oo in chord-arc domains
was first posed by Kenig [Ken94, Problem 3.2.2| in 1994 and later reintroduced by Toro
[Tor10, Question 2.5] at the ICM 2010. While the regularity part of this question was recently
resolved in 2023 by Mourgoglou, Poggi, and Tolsa in [MPT23, Corollary 1.36], the Neumann
part remains an open problem.

Although the solvability of the Neumann problem remains open for chord-arc domains,
significant progress has been made in understanding its extrapolation properties under the
assumption that (D,/) or/and (R,) is solvable for some 1 < p < co. As noted earlier, in
bounded chord-arc domains (which have UR boundary by Theorem IV.1.8), the equivalence
(R,) <= (D) holds for any 1 < p < oco. In 1993, Kenig and Pipher [KP93, Theorem
6.3] showed the extrapolation (D) + (NV,) = (N,) for all 1 < ¢ < p+ ¢, for some
e > 0, for bounded Lipschitz domains. In 2024, Feneuil and Li [FL24, Corollary 1.22]
extended this result to bounded chord-arc domains. In the same year, Mourgoglou and Tolsa
showed in [MT24b, Theorem 1.1] that (NV,) is solvable for a fixed p € (1,2), whenever Q is a
bounded chord-arc domain such that (R,) is solvable for some ¢ > p, 02 supports a weak
p-Poincaré inequality, and €2 has very big pieces of chord-arc superdomains for which (V,) is
solvable, Most recently in 2025, Hofmann and Sparrius proved in [HS25, Theorem 5.54] that
(Np) + (Rp) + (Dy) = (N,) forall 1 < ¢ < p in 2-sided chord-arc domains with unbounded
boundary.

Given the strong connection to the Neumann problem, we briefly address the extrapo-
lation properties of the regularity problem. The equivalence (R,) <= (D,) mentioned
above, combined with the well-known extrapolation of solvability for the Dirichlet problem,
immediately yields extrapolation of solvability of the regularity problem. A more subtle
endpoint case was resolved in 2025 by Gallegos, Mourgoglou, and Tolsa, who proved solvability
extrapolation for (R;) (even for (R;_.)) in ADR domains satisfying the interior corkscrew
condition, see [GMT25, Theorems 1.3 and 1.6].

Let us now return to our main discussion of the solvability of Dirichlet and Neumann
problems. In 2010, Hofmann, M. Mitrea and Taylor studied the solvability of the Dirichlet
and Neumann problems (among other) in bounded d-regular SKT (Semmes-Kenig-Toro)
domains. Roughly speaking, a domain is d-regular SKT if it is Reifenberg flat (with small
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enough constant) and its geometric measure theoretic outward unit normal vector v (see
Remark IV.1.3) satisfies distgmo(o) (v, VMO(0)) < §. The precise definition of é-regular SKT
domains can be found in [HMT10, Definition 4.9]. In [HMT10, Section 5|, the authors proved
that for any 1 < p < oo, both (D,) and (INV,y) are solvable in d-regular SKT domains when §
is small enough. Consequently, (D,) and (N,/) are solvable for all 1 < p < oo in regular SKT
domains, that is, domains that are §-regular SKT for all § > 0, see [HMT10, Definition 4.8|.

The approach in [HMT10| employs layer potentials. For any 1 < p < oo and a bounded
regular SKT domain, the authors show in [HMT10, Theorem 4.36] that the double layer
potential K is compact. More precisely, for bounded d-regular SKT domains with sufficiently
small 0 = 0(p) > 0, [HMT10, Theorem 4.36] establishes that K is close enough in L? norm to
the set of compact operators (see Definition 1V.1.13). This property nevertheless allows the
application of Fredholm theory to prove the invertibility of both %] d+ K and —%I d+ K*
from the injectivity of %[d + K* in L*(0), see [HMT10, Proposition 5.11].

Recently in 2022, Marin, Martell, D. Mitrea, I. Mitrea and M. Mitrea [MMM™22a, Chapter
6] showed the L solvability of the Dirichlet and Neumann problems (among others) for
2-sided chord-arc domains with unbounded boundary, under the BMO smallness condition
|||« < & where § > 0 is sufficiently small depending on 1 < p < co. They proved that the
L? norm of K tends to zero as 6 — 0. This enabled them to see that both %I d+ K and
—%I d + K* are invertible via Neumann series, thereby solving the Dirichlet and Neumann
problems for any 1 < p < co. More specifically, the smallness of § > 0 depends on the
dimension, the chord-arc parameters of the domain and p. We emphasize that the results
in [MMM™22a] hold for weighted L? spaces and systems of divergence form operators with
constant coefficient matrices.

Throughout this work, we will work in R"*! with n > 2, although similar results may
hold in the planar case n = 1. We focus on domains defined as follows:

Definition IV.0.1 (6-(s, S; R) domain). A domain  C R™*! is called d-(s, S; R) domain if
it is a 2-sided chord-arc domain (see Definition IV.1.7) with unbounded boundary and there
exist § > 0, scales S > s > 0 and a radius R > 0 such that the outward unit normal vector v
(see Remark IV.1.3) satisfies

x € 90\ Bg(0) and r € (0,00), or

- x,r d < 67 d d
i 1) = ot do(a) < 6 providea {7 2y B 0

(here mp( v = m fB(x " vdo) and for all x € 9 and r > S, there holds

dist(y, L
freon(Ble,r) = mt sy WD) g
nplane L3% 4 eo0nB(ar) T

where the infimum is taken over all n-planes L C R"*! through =.

That is, these are domains whose failure of sufficient flatness is limited to finitely many
dyadic boundary balls. We note that the domains studied in [MMM™22a| satisfy the first
condition in Definition IV.0.1 for every z € 02 and every scale r € (0,00), implying
Boooa(B(z, 7)) < d2n for all z € Q and all r € (0, 00), see [MMM™'22a, Theorem 2.2].

In this chapter, we study the LP-solvability of the Dirichlet and Neumann problems in -
(s,5; R)-domains, and we also provide uniqueness results for (IV.0.1) and (IV.0.3) respectively.
In the subsequent results, D denotes the interior double layer potential (see (IV.2.1)), K the
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(boundary) double layer potential (see (IV.2.2)), K* the adjoint of K, and Sy,0q the modified
interior single layer potential (see (IV.6.1)).

Theorem IV.0.2 (LP-Dirichlet problem). Let Q@ C R™"! be a 6-(s,S; R) domain. There

is ep = ep(n, CAD) € (0,-15) such that for every py € (%5 — ep, 2%] there exists 0y =
do(n,po, CAD) > 0 such that if 6 < &, then 31d + K is invertible in L (o) and given

f € L (o), the function

(IV.0.5) u:="D ((%IcHK)_l f>,

is the solution of (D,,). Furthermore, there exists € > 0 such that (D,) is solvable for all
p € (po — €,00), and the solution of (D,) is the unique solution of the Dirichlet problem
(1V.0.1).

Theorem IV.0.3 (LP-Neumann problem). Let Q C R™" be a 6-(s,S; R) domain. There is
en = en(n, CAD) > 0 such that for every p € [2%, n+en) there exists d = do(n, p, CAD) > 0
such that if § < &g, then —31d+K* is invertible in LP(c), (N,) is solvable and given f € LP(0),

the function

-1
(IV.0.6) U = Smod ((—%Id + K*) f) ;

is the unique (modulo constants) solution of (N,). Furthermore, it is the unique (modulo
constants) solution of the Neumann problem (1V.0.3).

Theorems IV.0.2 and IV.0.3 mainly follow from the invertibility of %I d+ K and —%] d+ K~,
respectively. We emphasize that the existence of ep > 0 in Theorem IV.0.2 and ey > 0 in
Theorem IV.0.3 guarantees the solvability of both (Ds) and (N3).

Let us briefly address the lack of extrapolation in Theorem IV.0.3. While for 2-sided
chord-arc domains with unbounded boundary there holds (N,) + (R,) + (D) = (N,) for
all 1 < g < p, our results for J-(s, S; R) domains in Theorems IV.0.2 and IV.0.3 establish
(D) and (N,) solvability for a fixed p € [2n/(n+1),n+¢) (¢ is sufficiently enough), but not
the solvability of (R,). Since we have not yet established the solvability of (R,), we cannot
consequently derive that (IN,) is solvable for all 1 < ¢ < p.

Let us outline the proof strategy for Theorems IV.0.2 and IV.0.3. Unlike the approach in
[MMM*22a] discussed above, our setting with d-(s, S; R)-domains presents a key difference:
the double layer potential K does not a priori have small norm, and thus we cannot directly
derive the invertibility of $Id + K and —3Id + K* via Neumann series. As in [HMT10,
Theorem 4.36], in the following result (one of the main points in this chapter), we show that
K and its adjoint K* are close to the set of compact operators (see Definition IV.1.13). This
enables us to employ Fredholm theory to characterize their invertibility.

Theorem IV.0.4. Let Q C R™ be a -(s,S; R) domain, 1 < p < oo, and let p' =p/(p — 1)
be its Holder conjugate exponent. For all € > 0 there exists 09 = do(e,p, CAD,n) > 0 such
that if § < 6o, then there is a compact operator T : LP(c) — LP(0) such that || K — T||r(o) =
K™ = T[] o < e

Here, T* : L (o) — L¥'(0) is the adjoint of T', which is compact by Schauder’s theorem.
To prove this theorem we truncate the double layer potential K at small, intermediate (“close”
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and “far” from Bg(0)) and large scales, see (IV.2.10). The operator on the “close” intermediate
scales turns out to be compact (Lemma IV.2.2). The operators at small and “far” intermediate
scales have small norm (Lemmas IV.2.3 and IV.2.4), by using the already known behavior
of the double layer potential at these scales (Theorem 1V.3.4) via Semmes’ decomposition
Theorem IV.3.3. One of the main difficulties in this chapter is establishing the small norm of
the operator at large scales (Theorem IV.2.5), which we address in Section IV.4.

Combining Theorem 1V.0.4 with the Fredholm alternative Theorem IV.1.14, in Corol-
lary IV.2.6, for A € R\ {0} we establish several equivalent conditions in order to see that
Md + K (respectively AId + K*) is invertible in L?(c) (respectively L (c)). Furthermore,
the invertibility of A/d + K in LP(c) and Ad + K* in L” (o) is shown to be equivalent to
the injectivity of A\Id + K* in L¥ (o).

As previously noted, the solvability of the Dirichlet and Neumann problems mainly relies
on the invertibility of %[ d+ K and —%I d + K*. The equivalences discussed in the previous
paragraph allow us to reduce this invertibility problem to showing the injectivity of i%] d+K*
in LP(o) for some range of p. Using the modified single layer potential (see Section I1V.6.1)
and Moser estimates for harmonic functions with vanishing Dirichlet or Neumann boundary
conditions, in Section IV.6 we prove that +3/d + K* are indeed injective in LP(0) when
p€2n/(n+1),n+ ¢€), for some £ > 0.

In Section IV.8, we establish the LP solvability of the Dirichlet and Neumann problems in
d-(s,S; R) domains in Theorems IV.0.2 and IV.0.3. This mainly follows from the invertibility
explained above, and also from some already-known properties of the single and double layer
potentials. The uniqueness results for (IV.0.1) and (IV.0.3) are proved in Sections IV.5
and IV.7.

A natural question is whether Theorems IV.0.2 to IV.0.4 generalize to second-order diver-
gence form operators div(AV-) for uniformly elliptic matrices A with Dini mean oscillation
coefficients, in the spirit of recent work [MMPT23| by Molero, Mourgoglou, Puliatti, and
Tolsa.

IV.1. Preliminaries and definitions

IV.1.1. Notation. We retain the notation from p. 9 throughout this chapter. In this
chapter, the ambient space is R"*! for n > 2, and we introduce the following additional
notation:

e Given a domain €2, we denote the boundary ball centered at x € 92 with r > 0 by
Az, r) = Ay (x) = B(z,r) N K.

e Given a boundary ball A, we denote by ra or r(A) its radius, and by ca or ¢(A) its center.

e Given a boundary ball A and ¢ > 1, tA = A(ca, tra).

e Given a domain Q C R*™!, for each z € 9Q we define the nontangentially approach cone
with aperture a > 0 as

(IV.1.1) N(z) =T%) ={y € Q: |y — 2| < (1+a)dist(y,00)}.
For a function u : {2 — R we define the nontangentially maximal function

(IV.1.2) Nu(z) = Nyu(z) = sup |u(y)|, =z € 09,

yelY(x)
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and the -nontangential maximal function N°u of u by

(IV.1.3) Nu(z) = Nou(zx) = sup lu(y)|, =z € 0.

y€LE (2)NBas ()
For a fixed a > 0, we introduce the following definitions whenever well-defined. The
nontangential limit is

(IV.1.4) uloa(r) = ulfy(z) = lim  wu(z), z€ 0.

I'(z)3z—z

If in addition the outward unit normal vq exists (see Remark IV.1.3) and v € C*(Q), the
interior normal nontangential derivative is

(IV.1.5) OMy(x) = lim (vg(z), Vu(2)), € 0.

e ' (z)32—z

For shortness, we will also write d,,, or J, instead di. If u € C(€°), the exterior normal
nontangential derivative is

(IV.1.6) Oxtu(x) = _lim  (vo(x), Vu(z)), €.

I%(z)3z202

e Given an H"-measurable set £ C R"! and 1 < ¢ < oo, we define the uncentered
Hardy-Littlewood maximal operator M, g, for f € L{ (H"|g), as

loc

(IV.1.7) M, ef(x) = sup <][ \f(z)\qu”]E(z)) , x€FE,
r>0 B(y,r)
yeE
B(y,r)>x

It is well known that it is bounded from LP(H"|g) to LP(H"|g) if ¢ < p < 0o, with norm
Cpgn > 0. If the set E is clear from the context we write M, = M, g. We will use the
uncentered Hardy-Littlewood maximal operator with E = 02, where {2 is an ADR domain
(see Section IV.1.2).

e Let £ C R™! be an ADR closed set (see Section IV.1.2) and let yu = H"|g. Given
feli.(un),r€E, R>0, we set

loc

IF1(B@,R)) == sup )( / |f(z)—me\2du(2)>l/2,

BCB(z,R

where the supremum is taken over all balls B centered at E included in B(z, R), and
mpf = 5 fdu.

e Given an ADR domain §2 satisfying the 2-sided corkscrew condition (see Section IV.1.2)
with outward unit normal vq (see Remark IV.1.3), the tangential gradient of a Lipschitz
function f in 012 is

Vif(y) =V f(y) = (Vf(y),va(y))va(y) for o-ae. y € 0,

where f : R™! — R is any Lipschitz extension of f to R"*+1.



124 IV. LP-SOLVABILITY IN LOCALLY FLAT UNBOUNDED DOMAINS

IV.1.2. ADR, UR, Uniform, NTA and CAD. We say that a Radon measure y in
R™! is (n-dimensional) Ahlfors-David regular if there exists C' > 1 (called the ADR constant)
such that

(IV.1.8) C™h" < u(B(x,7)) < Or™ for all x € supp p and 0 < r < diam(supp p),

where diam(supp i) may be infinite. A closed set £ C R™"! is said to be Ahlfors-David
regular if H"|g is Ahlfors-David regular. A domain Q C R™"! is said to be an Ahlfors-David
regular domain if 92 is Ahlfors-David regular.

Notation. From now on, the term Ahlfors-David regular may be shortened to AD regular or
ADR. Moreover, given an ADR domain {2 we will denote its surface measure by

g =0q = Hn|8Q

Definition IV.1.1 (UR set). A set E C R"™! is called (n-dimensional) uniformly rectifiable,
UR for short, if it is ADR and there exist €, M € (0,00) (called the UR constants of F) such
that for every x € E and r € (0, diam E), there is a Lipschitz map ¢ = ¢, : {y € R" : |y| <
r} — R with Lipschitz constant < M, such that

HY (ENB(x,r)Ne({y e R": [y| <r})) > er™.

This is a quantitative version of rectifiability introduced by David and Semmes in
[DS91, DS93|. It is well known that any UR set is rectifiable, for a detailed proof see
[HMT10, p. 2629|.

Definition IV.1.2 (Corkscrew ball conditions). We say that a domain 2 C R"™! satisfies

e the (interior) corkscrew condition if there is a constant M > 1 such that for
every x € 092 and r € (0,diam(0f)) there exists a point A,(z) € € such that
B(A,(z), M~'r) C B(z,r)NQ. A.(z) is called the corkscrew point of the point = at
radius 7.

e the exterior corkscrew condition if R"*!\ Q satisfies the corkscrew condition.

e the 2-sided corkscrew condition if it satisfies the interior and exterior corkscrew
condition.

Remark IV.1.3 (The geometric measure theoretic outward unit normal vector v). If
Q c R*™! is an ADR domain satisfying the 2-sided corkscrew condition, then for o-a.e.
x € 0F) there exists a unique unit vector v(z) (called the geometric measure theoretic outward

unit vector) satisfying for QF := Q and Q= R"* \ Q, both
m(@ N {y € Bla,r) : £p(e).y—a) > 0)

r—0 prntl

=0.

We remark that the vector v exists under more general conditions, see for instance [HMT10,
Section 2.2] and the references therein.

Definition IV.1.4 (Harnack chain condition). We say that a domain 2 C R™"! satisfies
the Harnack chain condition if there is a constant M > 1 such that for every ¢ > 0 and
Ty, Ty € Q with dist(x;, 0Q) > ¢ (i = 1,2) and |21 — 2| < 2/¢ for some integer j > 1, there
exists a chain of open balls {By}i<k<n inside Q with N < Mj satisfying that z; € By,
Ty € By, BiNBpy1 #0 (for 1 <k < N —1) and M~ 'r(By) < dist(By, Q) < Mr(By,) (for
1<k<N).
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Definition IV.1.5 (Uniform domain). A domain 2 C R™! is called uniform domain if it
satisfies the Harnack chain and interior corkscrew conditions.

Definition IV.1.6 (NTA domain). A domain 2 C R™"! is called nontangentially accessible
(NTA for short) domain if it is a uniform domain and it satisfies the exterior corkscrew
condition.

Definition IV.1.7 (CAD). A domain Q C R""! is called chord-arc domain (1-sided CAD or
CAD for shortness) if it is an NTA domain and 02 is ADR. We say that € is a 2-sided chord
arc domain (2-sided CAD) if Q and R™™' \ Q are CAD.

Notation. Given a (2-sided) CAD £, we will write C' = C(CAD) if the constant C' depends
on the CAD constants of €.

The following is from [DJ90, Sem90|, see also [HMT10, Corollary 3.9].

Theorem IV.1.8. If Q C R*™! is a domain satisfying the 2-sided corkscrew condition and
whose boundary is ADR, then 02 is UR.

Remark IV.1.9. Most of the results in [HMT10] are presented for 2-sided local John domains
with ADR boundary. However, it was shown in [TT24| that this apparently weaker condition
is, in fact, equivalent to being 2-sided CAD. This allows us to apply the known results
in the literature for 2-sided local John domains with ADR boundary when working with
2-sided CAD. For instance, the Semmes decomposition in [HMT10, Theorem 4.16|, restated
in Theorem IV.3.3 below.

IV.1.3. The nontangential maximal operator and boundary dyadic cubes in
ADR domains. For ADR domains Q C R"™! the L norm (with 1 < p < o0) of the
nontangential maximal function A in (IV.1.2) does “not” depend on the aperture in the sense
that, for every «, f > 0 and any u : 2 — R there holds

(IV.1.9) INaull ooy Ras [INsullLo(o),

see [HMT10, Proposition 2.2]. For this fact, we will omit the aperture @ > 0 in N, and T,
from now on. We may fix o = 1 for instance.

The following two lemmas provide the control of interior integrals by the nontangential
maximal function. The first is for solid interior integrals (see [HMT10, (2.3.25) in Proposition
2.12]) and the second™V-?) is for interior sets with n-growth (see [MT24c, Lemma 5.1]).

Lemma IV.1.10. Let Q C R*! be an ADR domain, and fix « > 0. Then there exists

C = C(n,a, ADR) > 0 such that for any measurable function u : Q@ — R there holds
1

—/ lu(z)| dm(2) < C||IN2ul|pi(p), 0 <6 < diam(Q).
0 Us(09)

Lemma IV.1.11. Let Q C R be an ADR domain, By a ball centered at 052, and E C ByN$)
such that

H"(B(z,7) N E) < Cor™ for all x € E and r > 0.
Then, for any Borel function u: Q — R such that u € Li _(H"|g),

[E ju()] dH™ () < / N dot),

(IV-2)This statement and its proof is written in [MT24c, Lemma 5.1], the first version of its more general

version (under more general assumptions) in [MT24b, Lemma 5.1].
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assuming the aperture 5 > 0 to be large enough (depending only on n). The implicit constant
above depends only on n, Cy, and the ADR constants of 0S.

For the construction of the Lipschitz graph in Section IV.4.5 we will follow [DS91, Section
8]. So, given an ADR domain  with surface measure o of 92, we consider dyadic lattice D,
of “cubes” built by David and Semmes, see [DS93, Chapter 3 of Part I] with codimension 1.

Lemma IV.1.12 (Boundary dyadic cubes). Given an ADR domain Q with surface measure
o, for each j € Z there exists a family D, ; of Borel subsets of supp o = OS2, called the dyadic
cubes of the j-th generation, with the following properties:
(1) each D, ; is a partition of 02, i.e., 02 = UQGDM Q with QN Q' = ) whenever
Q,Q' € Dy with Q # Q' |
(2) if Q € Dy; and Q' € D, ; for some i < j, then either QN Q' =0 or Q C @',
(3) for all j € Z and all Q € D, , we have that 27 < diam Q < Cp2’ and C~'21" <
a(Q) < C2", and
(4) for all j € Z, Q € D,j and 0 < 7 < 1, we have the so-called “thin boundary
condition”:

o({z € Q :dist(z,00\ Q) < 72} + o({x € 00\ Q : dist(z, Q) < 72/}) < Cpr!/CP2I",
We set Dy =J, .7 Ds.j. The constants Cp,C > 1 in (3) and (4) above do not depend on j,
Q orrT.

IV.1.4. Compact operators. Let us briefly recall the definition of compact operators
and the Fredholm alternative.

Definition IV.1.13. Given Banach spaces (X,| - ||x) and (Y, - |ly), a bounded linear
operator T : X — Y is called compact if for every bounded sequence {xj}r>1 C X, the
sequence {Tx}r>1 C Y has a convergent subsequence.

Theorem IV.1.14 (Fredholm alternative). Let (X, | - ||x) be a Banach space, T : X — X
be a compact operator, and X € C\ {0}. Then exactly one of the following holds:

jez

e the equation Tv — v = 0 has a non-zero solution v € X, or
o for every u € X, the equation Tv — Av = u has a unique solution v € X. In this
case, the solution v depends continuously on wu.

Remark IV.1.15. Since the composition 7' o B of a compact operator T' with a bounded
operator B is again compact, the same holds when replacing Av by Zv for an invertible
bounded operator Z : X — X.

IV.1.5. Calder6n-Zygmund operators and the Riesz transform. We say that
k:{(x,y) € R*T xR : z £y} — C is a Calderén-Zygmund kernel if there exist constants
C >1and 0 < 7 <1 such that for all z,2’,y € R""! with = # y, 2/ # v, there holds

|k(z,y)| < C , and

|z —y["
[z — 2]
‘.’L‘ _ y‘n+7”

Given a Radon measure p and a Calderéon-Zygmund kernel k, we define

T*p(x) iZ/k(ﬂs,y) dp(y), =€ R\ suppp,

|k(z,y) — k(2 y)| + |k(y, 2) — k(y,2) < C if [z — 2| < [z —yl/2.
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and as this may not converge for x € supp u, for € > 0 we define the truncated operator

THu(w) = /| M@ i),z R
y—x|>e

1
loc

k . mk n+1
T5 f(x) = T*(fu)(x), for z € R™\ supp u,
k .k n+1
Ty f(x) = T:(fp)(x), fore >0 and z € R"™,

£

Given a Radon measure p and f € L; .(u), we define

and the maximal operator
k _ k
(IV.1.10) T, . f(x) = Salig T, .f(x)|, x €suppp.

We say that TZf is bounded in LP(u), 1 < p < oo, if the trucanted operators T}’ZE are bounded
in LP(p) uniformly on & > 0. In this case, we write T} : LP(u) — LP(y) is bounded. We
remark that, if u has growth of degree n (i.e., u satisfies the upper bound in (IV.1.8)), then
the boundedness of T’ [j in LP(u) is equivalent to the boundedness of the maximal operator

Tk, in LP(u), by [Tol14, Theorem 2.16]"V-®) and Cotlar’s inequality (take s = 1 in [Toll4,

2

(2.26)] for instance).

Definition IV.1.16 (Riesz transform). The (n-dimensional) Riesz kernel is the Calderdon-
Zygmund vector-valued kernel (with 7 = 1)

~ Xz

for x € R™\ {0}.
The (n-dimensional) Riesz transform R is defined as
R = T", with k(z,y) = kr(z — y) for z # y.

By [Dav88, Proposition 4 bis|, if Q@ € R"! is an ADR domain with the 2-sided corkscrew
condition (in particular 92 is UR by Theorem IV.1.8), then

IR vty Spm | F ooy for all £ € L7(o),
see also [HMT10, Proposition 3.18| for instance.

IV.2. The double layer potential
Let Q € R™! be an ADR domain with the 2-sided corkscrew condition (in particular
08 is UR by Theorem IV.1.8), let v := v be the geometric measure theoretic outward unit

vector of Q) (see Remark IV.1.3), and let f € L! <1df|(f‘l>. The interior double layer potential

operator associated with € is

(IV.2.1) Df(z) = Dof(x) = — /{m wf(y) do(y), = eR"™\0Q.

Wp, |l‘ - y|n+1

Here w,, is the surface area of the unit sphere in R"*!. The double layer potential satisfies
A(Df) =0 in R*™1\ 9.

Remark IV.2.1. Note that L?(c) C L! (ﬁ‘:&i) for all p > 1, as 00 is ADR.

(IV-3)A quick inspection of its proof reveals that the same holds if L2(u) is replaced by LP(u) for any
1<p<oo.
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The boundary double layer potential, that is, the principal value version of the interior
double layer potential, is defined as

(IV.2.2) Kf(x)=Kqof(z) = al_i)rgl+ K.f(z), z€0Q,
where
1 (v(y),y — )
2. R = — s L o(y), o).
(1v-2:3) Ref(@) Wp, /{yeaﬁrly—mba} |z — y[ ! fw)doty), we

Also, the maximal operator of the boundary double layer potential is defined as

K.f(x) =sup|K.f(z)], =z € IN.
e>0

We also define
K:fw) = [ Y@L =0 1) doty). € 00
: Wn Jpyeonily—a>ep | —y["F! 7 ’
and the maximal operator

K} f(z) =sup|Kf(x)], €.

e>0

A quick computation shows that the operator K* defined as
(IV.2.4) K*f(x) = lim+ K f(z), z€0Q,
e—0

is the adjoint operator of K. That is, K* satisfies [ K f(y)g(y)do(y) = [ f(y)K*g(y) do(y)
for every f € LP(o) and every g € L (o), where 1 < p < oo and p’ is the conjugate exponent

p.
The interior double layer potential satisfies the jump relation

(IV.2.5) (Df) |5 (z) = (%Id + K) f(x), for og-a.e. x € 01,

see [MMM™22a, (3.31)]. If in addition f € LP(o) with 1 < p < oo, then the boundary and
interior double layer potentials satisfy

(IV.2.6a) K f llr0) Spur 1 lze o),
(IV.2.6b) IN(DH)lzvo) Spor 1 llLeeo),

see [HMT10, (3.3.5) and (3.3.6)] respectively. Here UR denotes that the constant depends on
the UR constants of 9€2. The second estimate also depends on the aperture of N.

IV.2.1. Proof of Theorem IV.0.4 and consequences. In order to study the boundary
double layer potential K in Theorem 1V.0.4, for 0 < t < T < oo we define its truncations by

(IV.2.7) K.f(z) == lim i/{ ety it Mf(y) do(y), x € 01,

e—0T Wy, | — y|ntt
(IV.2.8) Kif(z) = — / M fy)do(y), x € 09,
Wn J {yeoQut<|y—z|<T} |ZE - y|n+

(IV.2.9) K f(z) = L/ Mf(y) do(y), x € 01,
{yeduly—z|>T}

W, |ZL‘ - y|n+1
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where s, m and [ stand for small, intermediate and large scales respectively. If we want to
stress the scales we will write K, K, and Ky respectively. We define K;"(t), K Z.*(t,T)
and K ') analogously from the definition of K*.

For R > 0 we also break the intermediate scales operator as K; = 1B§(O)Ki + 1B§(0)cKi.
So, for f € LP(0) and = € I we will decompose the double layer potential as

(IV.2.10) Kf(z)=Kf(z) + Kif(z) + 1p0)(x)Kif (z) + 15 0) (2) Ki f ().

Next, we present a series of results to summarize the relevant properties of the operators
in the decomposition (IV.2.10).

Lemma IV.2.2. Let Q) C R”il be an ADR domain with the 2-sided corkscrew condition.
For any 0 <t <T < oo and R > 0, the operator 1p_«0)Kiwr) : LF(0) — LP(0) is compact
for allp € (1,00).

We write the proof in Section IV.2.2. The compact operator in Theorem IV.0.4 will be in
fact T =1 BE(O)Ki(t,T% for some choice of parameters.

The following two results control the LP norm of the boundary double layer potential on
small scales and scales far from the “bad” balls in Definition IV.0.1 respectively.

Lemma IV.2.3. Let Q C R*! be a 2-sided CAD. Assume also that there is § > 0 and s > 0
such that

sup ][ |V —mpryv|do < 0.
€S2 B(I,T)
0<r<s
Given p € (1,00), there exists tog = to(s, 0, p, CAD,n) > 0 such that for every 0 <t < to there
holds
1Ko llrioy S 874,

where the involved constant depends on n, the CAD constants of ) and p.

Lemma IV.2.4. Let Q@ C R™™ be a §-(s,S; R) domain (see Definition 1V.0.1). Given

p € (1,00) and t > 0, there exists R = R(R,0,t,p, CAD,n) such that there holds
1150 Ksll o) S 0%,
where the involved constant depends on n, the CAD constants of () and p.

We prove the preceding two lemmas in Section IV.3. Note that, to obtain the claimed
bound, the first lemma gives a sufficiently small parameter ¢ > 0, while the second one
provides the truncation parameter R given a scale parameter ¢ > 0, which is not assumed to
be small in this case.

The next result is the main work in this chapter, and provides the small norm of the large
scales double layer potential maximal operator, defined for f € LP(0) as

Kl,*f(x) ‘= sup |Kaf($)|v T e 6Q,
e>T

assuming flatness conditions on large scales. The proof is deferred to Section IV .4.

Theorem IV.2.5. Let Q C R"*! be a 2-sided CAD with unbounded boundary. Assume also
that there are dg, 0, > 0 and S > 0 such that the following two conditions hold:

o Small Jones’ B oa coefficient on large scales: for x € 02 and r > S,
(IV.2.11) Bocp0(B(z,1)) < 0.
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e Small BMO norm of v on large scales: for x € 02 and r > S,
(IV.2.12) ][ |v(2) — mpv|do(z) < 6..
B(z,r)

Denote 6 = max{dg,d.}. Given 1 < p < oo, there exists 0 = 0(n,p) > 0 (see (IV.4.4)) and
T =T(p,d,S, CAD,n) > 100S such that

(IV.2.13) 1K ll ooy < 07,
where the involved constant depends on n, the CAD constants of 2 and p.

Despite the truncated operators appearing in (IV.2.10) and their properties in Lem-
mas [V.2.2 to IV.2.4 and Theorem IV.2.5 have not yet been studied and proved, we now turn
to the proof of Theorem IV.0.4.

Proof of Theorem IV.0.4. Given € > 0, by Lemmas IV.2.3 and IV.2.4 and Theorem IV.2.5
there exists dp = dyp(e,p, CAD,n) and 0 <t < 1 < T' < R such that if 6 < §p, then for all
f € L?(o) there holds

(IV.2.10)
|Kf =15 Kien) [l = Ko f + Koy f + 10 Kier) flle) <e,
where we used that |K;en) f| < |Kywf| + |Ksr) f| o-a.e. on 9Q. By Lemma IV.2.2, the
operator T' = 1p_(0)Kj,r) 1s compact (with abuse of notation using 7' for both the compact
operator and the scale). Finally, since T' is compact, its adjoint 7% is also compact by
Schauder’s theorem and moreover

K" =T o (o) = 1K = Tlzeo) <,
as claimed. 0

As a consequence of Theorem IV.0.4, in the following result we obtain that injectivity
implies invertibility for %[ d+ K and —%I d + K*, under the assumption of enough flatness.

Corollary IV.2.6. Let Q2 C R™™ be a 6-(s, S; R) domain (see Definition IV.0.1), Ao >0, 1 <
p<ooandp =p/(p—1) its Hélder conjugate exponent. There exists oo = do(No, p, CAD,n)
such that if § < &g and A € C with |\| > Ao, then the following are equivalent:

(1) Md + K is invertible in LP(c),

(2) Md + K is injective in LP(0),

(3) Md+ K is surjective in LP(o),

(4) Md + K* is invertible in L (),

(5) Md + K* is injective in L (),

(6) Md+ K* is surjective in L¥ (o).

Proof. By Theorem IV.0.4 there is 09 = do(Ag, p, CAD, n) such that if 6 < §p then there is a
compact operator 1" such that [|[K — T'l|reo) = [ K" = T 17,y < Ao < |A[-

By Neumann series, the operator Z := Al d + K — T is invertible. By the Fredholm
alternative Theorem IV.1.14 and Remark IV.1.15, if either AId + K is injective or surjective
in LP(o) we get that it is bijective, and by the bounded inverse theorem we conclude that
(Md+ K)™': L?(0) — LP(0) is a linear bounded operator. This concludes the equivalence
between items (1), (2) and (3).

The same argument holds mutatis mutandis with AMId + K* in L? (0), whence we get the
equivalences between (4), (5) and (6).
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Now, since (any arbitrary) an operator U is injective if its adjoint U* is surjective, in
particular (6) implies (2), and (3) implies (5). O

Remark IV.2.7. Recall that “U is injective implies that U* is surjective” is not true in
general, therefore the six conditions above are not equivalent in general.

IV.2.2. The compact operator. Proof of Lemma IV.2.2. We conclude this section
by seeing that 1p_ o)/ is compact.

Proof of Lemma IV.2.2. First note that the kernels of 1Bﬁ(0)Ki(t7T) and (1Bﬁ(0)Ki(t7T))* are

vy),y—«x
1Bﬁ(0) (x)l{y€8Q:t<|y—$|§T} (y)u and

|z —y|m
(v(z),r —y)
1{yeB§(D)OBQ:t<|y—x|§T}<y>Wa

respectively. In particular, both satisfy the so-called Hilbert-Schmidt condition, see the line
before [Fol95, Theorem 0.45] for instance. Hence, by [Fol95, Theorem 0.45| we have that
both 1p_0) Ki¢,r) and (1B,§(0)Ki(t,T))* are bounded and compact from L?(o) to L?*(o). This
concludes the proof for the case p = 2.

For p € (1,2), fix any py € (1,p). Since the boundary is UR, we have that both
150 Kiqr) and (1BR(0)Ki(t,T))* are bounded from LP° (o) to LP° (o). By the interpolation
theorem in [Kra60| (see also |[KZPS76, Theorem 3.10|) between compact operators and
bounded operators, we conclude that both 1 BE(O)Ki(t,T) and (1 B (0) Kz‘(t,T))* are compact from
LP(o) to LP(0). This gives the case p € (1,2). '

The case p € (2,00) follows from the result obtained in the previous paragraph and
Schauder’s theorem, which states that a bounded linear operator between Banach spaces is
compact if and only if its adjoint is compact. This concludes the proof of the lemma. O

IV.3. The double layer potential in small scales. Proof of Lemmas IV.2.3 and
IvV.24

In this section we study the domain and the double layer potential for a fixed scale. We
conclude the section by proving Lemmas IV.2.3 and IV.2.4.

Theorem IV.3.1 (|[TT24, Theorem 1.3]). Let Q C R™*! be a 2-sided CAD. Then the following
weak 1-Poincaré inequality for Lipschitz functions on 02 holds: there exist constants™4
Cp > 1 and A > 1 such that for every Lipschitz function f on 0X), every x € 0S) and every
r >0, for A= A(z,r) we have

][ 1£(2) — mafldo(z) < Cpr ][ V) doo)

where Vi 1s the tangential gradient of f.

This is a no-tail version of [HMT10, Proposition 4.13| for Lipschitz functions, which is
enough for our applications.

By the same proof in [HMT10, Theorem 4.14], but using the refined Poincaré inequality
above, we obtain the following estimate for the theoretical unit normal vector v. For the sake
of completeness, we provide the proof below.

(IV-9)The notation Cp is to specify the constant appearing in the Poincaré inequality.
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Theorem IV.3.2. Let Q@ C R™™! be a 2-sided CAD. Then there exist Cjp = C(Cp) > 0 such
that for every a € (0,1), every x € 9Q and every r > 0, for A := A(z,r) there holds

e

sup 7‘_1|<x —y,mav)| < Cp (][ lv(z) — mAy|ﬁ da(z)) ' ,
AA

yE2A

with A > 1 as in the weak 1-Poincaré inequality in Theorem IV.3.1.

Note that the term on the right-hand side can be controlled by

(][AA el da(z)) s <]£A [v(2) — maar| 5 da<z>>
+ ][AA v(2) — maav|do(z).

From this we conclude two things. First, by the John-Nirenberg inequality, we have

(IV.3.1) sup 7z — Y, ma@nV)| Seace |V]«(B(z,2Ar)), for any r > 0,
yEA(z,2r)

and second, under the assumption (IV.2.12), if Ar > S then

1-a
(IV.3.2) sup 7 (@ — Y, ma@n )| Sacp 04
yeA(x,2r)

Proof of Theorem IV.3.2. Define the Lipschitz function g,(z) = (x — 2z, mav) for z € R".
As in [HMT10, (4.2.25)], the claim follows from the particular case ¥ = z of

11—«

n

V33 o)~ 0.0 < Corly =1 (o) - mari )
A
for all y,y € 2A and each « € (0,1).
Let us see this. Fixed a € (0,1), let p =n/(1 — a) > 1, equivalently o = 1 — n/p. For
o-a.e. z € 0f) we have

A

Viga(2)| = [mav—(mav, v(2))v(2)| = [mav —v(z) = (mav—rv(2), v(2))v(2)| < 2v(2) =mav|.

Now, for any arbitrary boundary ball A; C A (centered at 92) of radius s, by the 1-Poincaré
inequality in Theorem IV.3.1 we have

1
5 ][AS 92(2) — ma,gz| do(z) < Cp ][AAS Vige(2)| do(2) < 20]3]{ v(2) — mav|do(z)

AS
1/p r% 1/p
< 2Cp (][ lv(2) — mav|P da(z)) < Cp— (][ lv(2) — mav|P da(z)) )
AA, S AA

By the choice of p in terms of «, for all A, C A we get

11—«

n

1 n
= 1) = masauldoe) < G (f vGe) = mar] s doe) )
5% Ja, AA

This implies the Holder regularity in (IV.3.3) by Meyer’s criterion in [Mey64]. U

For completeness, we state the Semmes decomposition, as in [HMT10, Theorem 4.16].
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Theorem IV.3.3. Let Q C R*™! be a 2-sided CAD. Then there exist C, > 1 and C;, O,
C3, Cy > 0 (depending on the CAD constants of Q) and n) with the property that if for every
compact set K C R"™L, there exists R > 0 for which

sup |[v[l. (A (2, B)) <0 <1/C,

TEKXNON

then for every compact set K C R™ ! and T > 1, setting

Kr = {y e R"" : dist(y,K) < T},
and
(IV.3.4) R.rx =min{dRg /C.,diam(0Q)/C., T},
forx e KNOQ and 0 < r < R, x the following holds:

(1) There ezists a unit vector fi,, and a Lipschitz function
h:H(z,r) = (fly,)" = R with |Vh| g~ < C5V/0,
and whose graph
G={y=a+(+th,, : (€ H(x,r),t =h(()}

(in the coordinate system y = ((,t) <= y=x+ ( +ti,,, ( € H(x,r),t €R) is a
good approzimation of O in the cylinder

Cle,r) ={x+(+ti,, : (€ H(x,r),|(| <r|t| <r}
in the sense
7 (C(,1) N ((92\G) U (G 99)) < Cruvr™ exp (~Ca/V3)
(2) There exist two disjoint sets G(x, ) (‘good”) and E(x,r) (“evil”) such that
Clx,7) MO = Gz, r) U E(x,r) with G(z,r) C G,
o(E(r,7)) < Crun™exp (~Ca/V3) |

and moreover, if I : R"™ — H(x,r) is defined by U(y) = C if y = x + ( + til,, €
R with ¢ € H(x,r) and t € R, then
ly — (x + (y) + h(I1(y))7i,)| < CsVadist(T1(y), TL(G(x, 7)) for all y € E(x,r),

and
Clz,r) NN C {x 4ty [t < C3Veor, ¢ € Hix, r)}
I(C(z,r)NON) ={¢ € H(x,r) : || <r}.
(3) (1 - C4x/g> wpr" < o(A(z,r)) < (1 + CZ;\/E) Wpr™.

A few comments are in order. The case T" > 1 follows from the case T" = 1 by scaling. For
the case T' = 1, a careful inspection of [HMT10, Proof of Theorem 4.16] reveals the following:

(1) The constants C, > 1 and Cy,Cy, C5,Cy > 0 in [HMT10, Theorem 4.16] do not
depend on the compact set .
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(2) In [HMT10, p. 2703, L. 6] the authors define
R, =min{0Rg /(8C), Rg, /8, Ry/100,1},

where Ry is the constant used in the statement of [HMT10, Theorem 4.14] and C' > 0
is the geometrical constant appearing in [HMT10, (4.2.20)], i.e., C = C(CAD). It
turns out that Ry ~cap diam(0€) since Q) is a 2-sided CAD, by Definition IV.1.7
and the fact that being a 2-sided local John domain (see [HMT10, Definition 3.12]
with R = diam(0f2)) with ADR boundary is equivalent to being 2-sided CAD, see
[TT24, Theorem 1.2 and Corollary 1.5].

All in all, reusing the same notation for the constants, there exists constant C, > 1 such that

the conclusions of the theorem hold with the choice of R, rx in (IV.3.4).

Given a 2-sided CAD © C R, for a boundary ball Ay := A(&,79), ie., £ € 9 and
ro > 0, let ko € Z the minimal index satisfying ry < 2% and we define

(IV.3.5) In(A) = U Q, where Qg(Ag) = {Q € D, : Q N2A # 0},
Q€Qo(Ao)
recall D, y, is the family of dyadic cubes of €2 in Lemma IV.1.12.

Here we state the localized LP norm of the double layer potential. This is proved in
[HMT10, Theorem 4.36], though it is not explicitly stated as a separate theorem. For
completeness, at the end of this section in p. 136 we provide the detailed proof following
the argument in [HMT10, Theorem 4.36|, omitting computations that follow analogously to
those in the original argument.

Theorem IV.3.4. Let Q C R"" be a 2-sided CAD, p € (1,00), & € O and ro > 0. There
exists Co = Co(ADR,p,n) > 1 such that if the conclusions in the Semmes decomposition
Theorem 1V.3.3 are valid with 6 > 0 for all x € Io(A(&o,70)) and all 0 < r < Cyrg, and

(IV.3.6) sup |[v[|«(A(z, Coro)) <,
x€lo(A(€o,m0))

then

(IV.3.7) / |K, fIPdo < 5p/4/ \f|P do for any f € LP(A(&,10)),
Io(A(&0,m0)) A(&o,r0)

where the involved constant depends on the CAD constants of 2, p and n.

Remark IV.3.5. When invoking Theorem 1V.3.4, we may suppose that Cy = Co(ADR, p,n)
is sufficiently large so that Io(A(z,7)) C Az, Cor) for all z € 92 and all r > 0.

Using Theorem [V.3.4, we are now ready to prove Lemmas IV.2.3 and IV.2.4.

Proof of Lemma IV.2.3. By the John-Nirenberg inequality, let C; > 1 be the constant
satisfying
sup [|lvl.(A(z, s/2)) < C10.

€N
Let C, and Cj be the constants in Theorems 1V.3.3 and IV.3.4 respectively. We can assume
§ < 1/(C1C.), since otherwise, for any ¢ > 0, we have

(IV.2.6a) "
1 Ksllroe) < 2 Kullrey S 156V
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We fix

1 .
to = 2Ce —— min{s/2,ds/(2C.,), diam(09Q)/C,, 1},

(recall R, ;. from (IV.3.4)) so that for all 0 <t < t; we have
sup |[v]|«(B(z,2Ct)) < C14,

€N

and the conclusions in the Semmes decomposition Theorem IV.3.3 hold (with C46) for all
x € dandall 0 < r < 2Cyt. For afixed 0 < t <ty and any x € 0f2, applying Theorem 1V.3.4
we obtain

(IV.3.8)
ILro(a@20) Ksy (FLawen) o) < 2 Lnaewen K (Flawan) e $ 071 Laeen |l
with Ip(-) as in (IV.3.5).

By the 5R-covering theorem, let {A;};en be a subfamily of {A(x,t)}.co0 such that
00 C ey Ai and {A;/5}ien is pairwise disjoint. Since {A;/5}ien is pairwise disjoint and
all balls have the same radius, we have that the family {2A,;};cn has finite overlapping, with
constant depending only on the dimension. For any f € LP(0) we have

s f1 ) < D IMa Ky fI 0y = D 118 Kaw (F12)115,

1€N €N

For each i € N, let I; := I5(24;) D 4A;. Applying (IV.3.8), we obtain

1A, Koy (FL2a) o) < 11 Ko (FLaa) |50y S 07 ()"
By the finite overlapping of the family {2A,;}ien, we conclude
1K sty llevo) S 64N fllooio)
as claimed. 0

The proof of Lemma IV.2.4 follows a similar approach to the proof of Lemma IV.2.3.
However, in the previous proof, we chose the small truncation parameter to ensure that
Theorem 1V.3.4 is satisfied. In contrast, here, given a truncation parameter for the “small”
scales, we must choose a sufficiently large radius R so that Theorem IV.3.4 holds in the
complementary of the ball Bz(0).

Proof of Lemma IV.2.4. By the John-Nirenberg inequality, let C; > 1 be the constant such
that for any z € 99 and any s > 0 there holds

1B 5/2) < € _sup ()~ mppldotz),
BCB(z,s)
cg€of)
where the supremum is taken over all balls B centered on 02 and contained in B(z, s).
Let C, and Cj be the constants in Theorems IV.3.3 and IV.3.4 respectively. As in the
proof of Lemma IV.2.3, we may assume ¢ < 1/(C1C) and the lemma will follow by finding

R = R(t, R) such that for all & € 9Q \ B 7(0) there holds

1L 10(a (0,200 B (F Lo 20) | 200y S 8| FLaceo20) || 2o (o),
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with Io(+) as in (IV.3.5). By Theorem IV.3.4, to see this it suffices to find R such that for all
§o € 00\ By(0), we have

sup  ||v][«(A(z,2Ct)) < C16,
zelo(A(60,2t))
and the conclusions of the Semmes decomposition Theorem IV.3.3 hold (with C46) for all
z € Io(A(&,2t)) and all 0 < r < 2Cqt.
We now determine R to ensure these two conditions hold. By the John-Nirenberg

inequality, the d-(s, S; R) domain (2 satisfies the assumption of the Semmes decomposition
Theorem IV.3.3. Recall that for every x € 02\ Br(0) we have

][ \v(2) = mpv|do(z) <6, for all r € (0,00).
B(z,r)

In particular, by the John-Nirenberg inequality, we have
(Iv.3.9) sup V]|« (A(x, T)) < C16,

r€0Q\BRr+1(0)

This implies that for any compact set K C 92\ Bryr(0), we can take Rg = T with
C16 < 1/C, in Theorem 1V.3.3. Consequently, the value in (IV.3.4) is R, 1 = 0T/C, since
diam(02) = oo.

We fix T' = max{2C,Cyt/J,2Cyt} and we take any

R> R+T +2Ct.
With this choice, for any & € 92\ Bz(0), we have
]O(A(fo, 2t)) C A(&), QOot) C 0N \ BR+T(0>7

and therefore,

(IV.3.9)
sup ||Vl (A(z,2C0t) < sup  [[V[[«(A(x,T)) < i,
elo(A(60.2t) 2€0Q\Br7(0)

and the conclusions in the Semmes decomposition Theorem IV.3.3 hold (with C40) for all
x € 00\ Brir(0) D In(A(&,2t)) and all 0 < r < 2Cyt. This concludes the proof. O
We now proceed with the proof of Theorem 1V.3.4.

Proof of Theorem IV.3.4. Let A > 1 be the constant in Theorem IV.3.1. By (IV.3.1) (having
fixed o = 1/2, for instance) and (IV.3.6), for 0 < r < Cyry/(2A), we obtain

(IV.3.10) sup sup r’le — Y, MA@V S sup ]|« (B(x, 2Ar)) < 6,
z€Ip(A(&o,m0)) YEA(z,2r) zelo(A(&osr0))

Setting Cy = Cy/(2A), by (IV.3.6) and (IV.3.10), we may now assume
(IV.3.11a) sup  ||v]|l+(A(z, Coro)) < 6, and
v€lo(A(£o.0))

(IV.3.11b) sup sup 7 {x — y, ma@nv)| S0 for all r € (0, Coro).
z€Ip(A(&o,m0)) YEA(,21)

A careful inspection of the proof [HMT10, Theorem 4.36] shows that (IV.3.11a) and (IV.3.11b)
imply (IV.3.7). For completeness, we provide its proof following that of [HMT10, Theorem
4.36|, omitting computations that follow mutatis mutandis.
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We will use constants C; = C;(ADR, p,n) > 1 for j > 0. The constant Cj is the one in the
statement, C; with j = 1,2,3,4 are the ones in the Semmes decomposition Theorem IV.3.3,
and C; with j > 5 will be fixed during the proof.

By density arguments, we may assume that f € C%'(A(&,ry)). Throughout the proof,
we denote Ag = A(&p, 70), Qo = Qo(Ao) and Iy = Ip(Ay) (see (IV.3.5)). We fix v :== (p—1)/2,
and recall the definition of M., in (IV.1.7). We allow the implicit constants in the following
arguments to depend on p and the UR character of the domain, recall Theorem IV.1.8.

We may assume that ¢ is sufficiently small, depending on p and the ADR constants;
otherwise, (IV.3.7) follows from (IV.2.6a). During all the proof we fix

A=511
A standard and routine computation shows that it suffices to prove the good lambda inequality
(IV.3.12) o({x €Iy : K.f(x) > 3X and My, f(x) < AN}) < cso({z € Iy : K. f(z) > A}),
where cs — 0 as 6 — 0. We define
Fr={zrely: K.f(x) >3\ and My, f(zx) < AN}
Clearly, we may assume that Fy # (). We decompose Iy = P, U S, where
Pr={ze€ly: K.f(x) <A} and S) = {x € [ : K.f(x) > A}

We consider two cases: either there exists Qg € Qg such that PxN Qg =0, or PyNQ # 0 for
all Q € Qp, as in [MMM™*22a, (4.176)].

First, assume that there exists @y € Qp such that Py N Qy = (). Equivalently, Qy C S,.
By the Semmes decomposition assumption, we decompose I as the disjoint union Iy = GU E,
where o(F) < Cy exp (—C3/v/3)o(Iy) and G coincides with the graph of a Lipschitz function

h with | Vh| = < C5v/6. By [HMT10, (4.5.23) to (4.5.25)] and the fact that o(Iy) ~ 0(Qo) <
o(S») by AD regularity, we obtain that (IV.3.12) holds with

Cov1+y—-1
IV.3.1 < - AG T AV —2V L -
(IV.3.13) cs < exp (—Ch/V6) + Ve T+ exp 7 )

that is, cs — 0 as 0 — 0.
Now, we consider the case Py N Q # 0 for all Q € Q. We write

Sv=J @
kek
where @, € D, is the maximal cube with Qx C Iy, Q1 € U<, Doj and Qp, C Sy. That is, if
Q1 C Iy denotes the dyadic parent of @ with k € K, then
there exists 2 € Qr N (Io \ Sy) = Qx N Py

For each k € K, we fix (any) zy € Q and define Ay = A(zy,diam Q) and Ay =
A(xy, 2diam Q). We split £ as

ICy = {k € K : there exists " € A such that My, f(2;") < AA}, and

Ko =K\ K.
Clearly, Fy N Ay = (0 for all k € K5, and since F, C Sy, we have

o(Fa) =Y o(FanAyg).

ke,
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We now denote
Fp, ={x e Ay : K.f(z) >3\}, keK.
Note that F\, N A, C F).. We claim
(IV.3.14) o(Fy) < cso(Ag) for all k € K.

By the computations in [HMT10, (4.5.33)], this implies (IV.3.12).
Let us see (IV.3.14) for a fixed k € ICy. To shorten the notation, from now on we write

A= Ag, A=Ay, F = Fg, 2" =z} and 2™ = x}*. Moreover, we define A* := A(z*, Csdiam A)
with C5 chosen so that 2A C A*. We note that A* C CgA\( for a suitable large constant Cg.
We decompose

f = g1+ g2, where g; = flaa- and g5 == flpo\oa-,

so that
(IV.3.15) o(F) < o({z € A: Kugi(z) > gA}) bo(fr €A Kog(x) > gx}).

Arguing as in the previous case (there exists Qg € Qg such that Py N Qy = 0), using now
that My, f(z**) < A\, the first term in the right-hand side is controlled by

(IV.3.16) o({z €A Kogi(z) > ;)\}) < ¢so(A),

with ¢5 as in (IV.3.13).
The rest of the proof is dedicated to the other term. As z* € A NPy, we note that

(IV.3.17) |Ko92(2")| = [Kmax{e,20sdiam a}f (27)] < K, f(2*) < X for all € > 0.

Let us a fix € > 0 and an arbitrary point z € A. As in [HMT10, (4.5.38) and (4.5.39)|, we
bound

|K.ga(z) — K.go (2%)] < T+ 11+ 111,

where
1 vy),zr—yy (v(y),z*—y)
b= - f)lda(y),

Wy Jooroax | |7 — y[" T 2% — y[r L | f(y)ldo(

= w_n yEIQ\2A* W‘f(y)’ do(y), and

lz—y[>e,|z* —yl<e
_ 1 (v (y), 2" — )]
HE:= w, yEON\2A 7 — gy |f(y)] do(y).

lz* —y|>e,lz—y|<e

As in [HMT10, (4.5.40) and (4.5.41)], we bound

ISTo+Li+L+15,
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IO = /
Ap\2A%*

|{(x — ", masv)|
D Y B 2 F () dor(y),
N 251 A%\ 27 A* lz* —y|

r—y Tr—y
T

| f(y)ldo(y),

lv(y) — ma~v

j z*
2ITIA*CCgAg
. {(x — y,masv — Mgjtia-V)|
Leray > [ st 18 () do(y), and
jEN DA A |z* = y|
21HLA*CCgAg
[(x — y, maoi+1a+1)]|
I3 .= r(A* / do(y).
3= (A7) JGZN e e L)
21HLA*CCsAg

As in [HMT10, (4.5.40) and (4.5.43)] we have

(IV.3.11a)
IO + IQ S A)\HVH*(C(;A(]) S Ad)\,
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provided Cj is big enough. If Cy > Cg, by (IV.3.11b) we have [(x —a*, ma-v)| < ddiam A* ~
ddiam A and [{(z —y, mai+1a-v)| S 27ddiam A* ~ 275diam A for all y € 277 A* and therefore,

as in [HMT10, (4.5.52)] we have
L +13 S Ao

Let us bound IT and I11. Since z,2** € A and z* € A, we have |z —y| ~ |z* —y| ~ |z —y|
for all y € 00\ 2A*. In particular, |x — y| & |x* — y| &~ € in the domain of integration in II

and III. Since supp f C Ay, we may assume

0<e<Crg,

for a suitable large C; = C7(ADR), otherwise II = III = 0. As in [HMT10, (4.5.47)|, we

bound II < II; + II; where

‘<$ - Y V(y) - mA(CE,CgE)V>|

IIl ::g |$**—y|<085 |x _ y| |f(y)| do—(y)7 a‘nd
lz—y|<Coe
_ (@ — ¥, MA(e,coe) V)]
Il :=c™" ’ d
T g O ) d(y
|z—y|<Coe

As in [HMT10, (4.5.48)], since € < Cyry, for Cy > C7 we have

(IV.3.11a)

and since [(x — y, My,coev)| S €6 for all y € A(x,2Che) by (IV.3.11b), as in [HMT10,

(4.5.49)| we have
I, < AdA.

Hence, IT < Ad A, and in a similar manner, 111 < Ad\.
All in all, we have shown

|Kego(z) — Kogo(x¥)| < C1oAdN for all x € A and all £ > 0.
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By (IV.3.17), taking 0 < § < 1 here (recall A =§"'/* is fixed) we have

4C%,
3
K.go(z) < 5)\ for all z € A.

This implies that {z € A : K,go(x) > 2A} =0, and therefore

(IV.3.15) 3 (IV.3.16)
o(F) < ofreA:K.qpx)> 5)\}) < cso(A),

as claimed in (IV.3.14). This concludes the proof. U

IV.4. The double layer potential in large scales. Proof of Theorem IV.2.5:
| Ki 4| v (o) is small

This section is dedicated to the proof of Theorem IV.2.5. During this section we assume
Q1 € R™™! as in the statement of Theorem IV.2.5. Briefly, Q is a 2-sided CAD with unbounded
boundary satisfying the small Jones’ 5 sq coefficient and small BMO norm of v conditions
(IV.2.11) and (IV.2.12) on large scales.

We allow the constants to depend on n, 1 < p < oo and the CAD constants of €2, and
this will not be specified in the computations from now in this section.

IV.4.1. Relation between unit normal vectors from (3, sno and BMO oscillation.
Given by (IV.2.11), for each € 02 and r > S, we fix an n-plane Lp(,,) > x such that

dist(y, Lp(z.r
(IV.4.1) sup ist(y, L) < 20,

yeoQNB(z,r) r

and we denote its orthogonal unit vectors as &=Np, ). The orientation of Np, ) is fixed
below in (IV.4.3).

Lemma IV.4.1. Let x € 002 and r > S. For ally € B(xz,r) N oL,
(1) |<£L‘ - Y, NB(x,T)>| S 25BT, and
(2) |<l‘ - Y, mB(z,r)V>| ,S, 5*277‘

Proof. The second item is proved in (IV.3.2). For the first item, write B = B(z,r) and
let Ng and L 3 z as in (IV.4.1). Hence dist(y, Lg) < 257 for all y € B(x,r) N 0. For
each y € B(z,r) let oy = Z(N,y — ) denote the angle between N and y — . Therefore,
lcos | = |sin(w/2 — oy)| = dist(y, Lg)/|z — y| < 20pr/|z — y|, and so [(x — y, Np)| =
|z — y||cos ayy| < 264 O

Under the conditions of the lemma above, as in [DS91, Lemma 5.8], if A is big enough
only depending only on the dimension and the ADR constant, then there exists {y;}}_, C
B(z,r) N oQ with yo = - and dist(y;, L;—1) > A~ 'r, where Ly, is the k-plane passing through
the points vy, ..., yk. In particular |x — y;| =4 r and by Lemma IV.4.1 we have

‘< T ,NB(W)>‘ < 2465, and

|z — ]

— . 1
(=) s

|$—yj
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Therefore, (recall § = max{dg,d.})

L 1
(IV.4.2) ](mB(m)u, NB(%T)H >1—-0Cy max{55, 5*2”} >1—Cyuoom,

meaning that Np(, .y and vp(,,) are almost parallel provided both ¢’s are small enough. By
(IV.4.2), choosing appropriately the orientation of Np( ), we assume that

(IV43) |mB($7T)V — NB(z,r)‘z 5 5%

IV.4.2. Notation and parameters for the proof. Here we write the notation we use
in the following sections.

e S > 0: the first (large) scale where we have the smallness condition on the Jones’
Boc.00 coefficient (bound given by d3) in (IV.2.11) and the BMO norm of the unitari
normal vector v (bound given by d,) in (IV.2.12).

e T'> 100S": scale where we truncate the kernel on the large scales.

e L, Lp, L;, etc: planes, depending on the situation.

e Np or similar: unitari normal vector in the Jones’ S oo coefficient in (IV.4.1).

e N: big parameter in the proof of (IV.4.8a).

e «: the stopping condition in the construction of the Lipschitz graph, to obtain the
Lipschitz graph with norm < «.

e We fix
1 1
=—min<1l,p—1 .
5y 2m1n{,p ’2n—1}>0

In particular, v/(1 4+ 7) < 1/2n. We will use 727 < 777 when 7 € (0, 1) repeatedly.

o Let My, = My, o denote the uncentered Hardy-Littlewood maximal function
defined in (IV.1.7). Recall it is bounded from LP(¢) to LP(o) with norm C,, since
1479 < p<ooand~y >0 is already fixed depending on p.

Given S > 0 and 0 = max{dz, d,} we take

IV.4.4 A=6"° with 6 = "
( ) Wi 2(n +3)(1 + 1)’

N = AH%H, a =650 and T = SA? > 100S. With this choice, we claim that, as § — 0,
there holds:
(Cl) A — oo,
C2) A/N — 0,
C3) 677 A < 57"V A2 < 5T N"HA 5 0,
C4) 677 < ol < a — 0,
C5) aA? — 0, and
(C6) AS/T — 0.
Indeed, (C1), (C2), (C4) and (C6) are clear, for (C3) we have

(
(
(
(

ST NP — 5705 A (D4 _ s —00m43) _ sho

and for (C5),
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IV.4.3. Reduction to a good lambda inequality. In order to estimate the LP norm
of Ki. = Kyr), in (IV.2.13), it suffices to prove the following good lambda inquality

(IV.4.5) o({z € 90 : Ky f(z) > 101\, Myy f(2) < AN}) < cso({z € 90 : Kiuf(z) > A}),

for the parameters fixed above in (IV.4.4) with § small enough, and ¢5 — 0 as § — 0. A
standard and routinary computation using Fubini’s theorem (see [Mat95, Theorem 1.15] for
instance), the L? bound of the maximal operator M., (see (IV.1.7)) and the good lambda
inequality (IV.4.5) provides that there exists d, > 0 such that if § < §, then

1
(IV.4.6) 1K fllero) Spm 11l o)-

By the choice of A =§7% in (IV.4.4), we obtain (IV.2.13) with constants depending only on
the dimension and p. In the other case, i.e., if § > J,, then (IV.2.13) follows directly from
(IV.2.6a), with constants depending also on the CAD constants of €.

IV.4.4. Localization of the good lambda inequality (IV.4.5). First, let us see the
classical Whitney decomposition.

Lemma IV.4.2 (Whitney decomposition). If U C R™ is open, U # R, then U can be

covered as
U=J@e,
icl

where Q;, i € I, are (classical) dyadic cubes in D(R™Y) with disjoint interiors such that the
following holds:

(1) 5Q; C U for eachi € I.

(2) 11Q; N U # () for each i € I.

(3) If 3Q;N3Q; # 0, 4,5 € I, then 1/(Tv/n+ 1) < €(Q;)/0(Q;) < Tvn + 1.

(4) The family {3Q;}ic; has finite overlapping with constant depending only on the

dimension.

Proof. The family F = {Q;}ic; of maximal dyadic cubes Q € D(R""!) such that 5Q C U
satisfies the above properties by standard arguments.

Let us check them for completeness. By definition 5() C U, and clearly every x € U
belongs to one ) € F. This gives the disjoint decomposition of U.

As Q € F is maximal, its parent Q € D(R"*!) satisfies that 5Q N U # 0, and (2) follows
as 5@ C 11Q.

From 5@ C U we directly have that dist(3Q,U¢) > ¢(Q) for each Q € F. From
11Q NU® £ ), see (2), we get dist(3Q,U°) < 4v/n + 14(Q). From these two estimates, if
xr € 3Q then ((Q) < dist(x,U°) < diam(3Q) + 4v/n+ L(Q) = Tv/n+ 1(Q), and (3) is
proved.

Finally, given Q € F, (4) follows as there is only a finite number (depending on the
dimension) of cubes Q' € D(R™"!) such that 1/(7Tvn+1) < €(Q;)/0(Q;) < 7Tv/n+1 and
30N 30Q" £ 0. [

For A > 0, let W), be the family of dyadic cubes given by Lemma 1V.4.2 of the open set
O =R\ {z € 00 : K. f(x) < \}. We will refer to Wy as the Whitney decomposition of
Q. So, we can write

Via=00Nn ={z € d: K.f(z) > A} = U QN oK.
QeEWy
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Note that 11Q N (92 \ Vi) # 0 for all Q € W, and {3Q}gew, has finite overlapping.
Notation. We will sometimes use ) instead of () N €2 when it is clear from the context.

Lemma IV.4.3. For () € W), there holds
(IV.4.7)
{r e @QnNoQ: K, f(x) > 101\, My, f(x) < AN} C{zx e QNON : K .(flsg)(x) > 50A}.

We note that if A were small, the proof of (IV.4.7) would be standard. However, its

dependence on ¢ makes the proof more involved, relying on the flatness assumptions (IV.2.11)
and (IV.2.12).

Proof of Lemma IV.4.3. Let x € QN0 satisfy K, f(z) > 101\ and M4, f(z) < AN, and let
2 € 11QN(0N\V3) # B so that K. f(z) < A. We have z,z € 11Q C B(z, 11(n+1)2((Q)) =
B, and so r(B) = {(Q).

The lemma will follow from

(IV.4.8a) K. (flpe)(z) <41\, and
(IV.4.8b) Kl,*<f13\3Q>(.T) < 10X,
because

Kl,*(fl?@)(x) > Kl,*f(x) - Kl,*(leC)(x) - Kl,*(le\?,Q)(ZE) > 50\,

We first prove (IV.4.8a). For N > 0 big enough (auxiliary parameter only used in this
proof, already defined depending on A, see (C2) and (C3)) write

K. (f1pe)(w) = Kiu(f15e)(2) + Kiu(f1pe)(2) — Kio(f1pe)(2)
< K (f18e)(2) + | Kiu(flngvs) (@) — Kiu(f1ngs)(2))
+ | K1 (fLinvgy) () — Kiu(fling)) (2)]

= L]+ ]+ [aai ]
Since B is centered at z and by the choice of z we have

< K f(z) <\

Let us bound the term . We simply have

[ii] <

= ([ =l [ ey -lem)

For £ = x or £ = z, we have

[y =olmlaw < | (w).y = 11w doty) = 7]

B(§,Vn+1NU(Q))
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Set Be == B({,v/n+ 1N{(Q)). By the triangle inequality (after adding +mp,v), Holder’s
inequality, (IV.3.2) and My, f(x) < AX we have

] < [ 1) = miy - QW oty /\mgguy 1S ()] doy)

1

SNW@)W( v(y) — ms| S do(y >> ( s rf<y>\”wa<y>) W

B
 Nmsy = 9l ) doy)
(Iv.3.2) &

< NTQOTT M f(2) + NMQYE My f ()
S NI AN

Note that even though we are studying the term , in any case we controlled fBé |f| do

and ( st |f11F7 do)Y ) by M, f(z) and M, f(z) respectively, and so we finally used
that My, f(x) < AX. Hence,

f\J

0 i A
N”W(Q)nﬂaw AN = N6 AN

Let us bound . For e > T', we have

K (flvgr)(z) — Ke(flivge)(2)] <[A]+[B]+[C]

where

| (0 ) s - L o)

ly—z|>e

8] = /y w>a%ﬂy)l(m)c@) do(y)|, and

ly—z|<e

5] / :%%ﬂymm () do(y)|.

We first study the term . Using the cancellation property of the Calderon-Zygmund kernel
first (this is just the mean value theorem), and B(z, N¢(Q)/2) C NQ and |z — z| < (Q)
second, we have

Al < 7 < _ AT '
~ / |f ()] e do(y) S Q) /ygB(x o 7 =y do(y)

YENQ |z
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Note that the latter integral does not depend on z. Breaking the latter integral in annulus
and by the AD regularity of o, using standard estimates we get

|f(v)]
§€(Q>Z/2k+13< A U@Q)\2* B, X )Wda(y)

k>0

S i) L5

N
k:>0 M1 B(z, 5 4(Q

We now turn to the terms and . First we note that we can assume that ¢ > uﬁ( Q) >
20(Q), otherwise B(z,e) C NQ and so = 0. For ¢ > Z4(Q) we have B(z,¢) C B(z,2e),
and we get

(v(y),y — )| do(u) < L , . i
Bl [ Pl S 1 f 0.y =2l i)

< fo o 1) = ey = 1) o)
1
t 2 F Hmsteaoy =l doty)

S [v(y) — mp@2ev| > do(y) £y do(y)
B(xz,2¢) B(xz,2¢)

1
|<x_y7mB(:(;2£)V>| (][ 1 T+
+ sup ’ |fy)I7 do(y)
(yeamB(;n,ze) € B(z,2¢)

(IV.3.2) ~

S (057 + + 07 )M f(2) S 5’3?M1+7f<55> < 8TAN,

By symmetry, but using that B(z,e) C B(z,2¢) (recall we can assume € > %E(Q)) before
applying the bound of the maximal operator M., we have the same bound for , that is,

< 677 My, f(z) < 677 AX. Therefore, the term [d] is controlled by
i) <[A]+[B]+ [0 < ( 5;17,4) A
From the bound of [i], [ii] and [44i], and conditions (C2) and (C3) we conclude
Ki(f1p)(@) <A+ C (N"“a;lm + % + 5,:1”14) A< 41),

as claimed in (IV.4.8a).

It remains to prove (IV.4.8b). For ¢ > T, we may assume {y : |y — x| > e} N B # 0,
otherwise K.(f1psg)(z) = 0. Thus, 7(B) 2 ¢ > T, allowing us to apply (IV.3.2). Using
that (Q) =~ r(B) and that |y — x| 2 ¢(Q) if y € 3Q, and arguing in the last inequality as in
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the bound for , we get
K. (flpsq)(x ‘/ly o |x — |n+1> (¥)1p\30(y) da(@)‘
< g (100 = mavis = 1) asto)
+ £ lomarey - w>||f(y)|d0(y))

< 677 AN,
uniformly on € > 7. Then (IV.4.8b) follows by condition (C3). O
By (IV.4.7), in order to prove (IV.4.5) we claim that it suffices to see
(IV.4.9) o{r € Q: Ki.(f1lsg) > 50\, My f < AN}) < ¢50(3Q),
for all @) € W,. Indeed,
o({Kinf > 101\ My f < AN < ) o({z € Q : Kinf > 1010, My, f < AN})

QeWy
(IV.4.7)
<) o(fr € Q: Kiu(flsg) > 50N, My, f < AN})
QeEWy
1\/4 9)
Cs Z (3Q) < cso(2)) = csa(Vy),
QEWX

where in the last step we used the finite overlapping of the family {3Q}gew, .

T

Remark I'V.4.4. From now on we can assume without loss of generality that £(Q)) > el

otherwise, if € Q then {y € 3Q : |y — x| > T'} = () and hence

Kudtg)e) = sp| [ SO 150000 doy)| <0

e>T

IV.4.5. Construction of a Lipschitz graph. During this subsection, let  c R**!
be an ADR domain with unbounded boundary, and let D, denote its dyadic lattice in
Lemma IV.1.12. For t > 1 and Q € D, we set

(IV.4.10) tQ = {x € 0N : dist(z, Q) < (t — 1)diam Q}.

Notation (Dependence of parameters). Fixed m > 1, we choose ko = ko(m) > m and
k = k(ko) > ko. We consider £, < 1 such that ¢ < « and ¢ < 1/ky. Throughout
this subsection, we allow the constant C' to depend on the ADR constant, but not on the
parameters mentioned above.

Following [DS91, Section 8|, in this subsection we construct a Lipschitz approximating
graph on large scales (see Proposition IV.4.9), which only uses the following flatness assumption
of large scales: We assume that for each cube @) € D, with diam () > S, there exists an
n-plane Lg such that

(IV.4.11) dist(z, L) < ediam @ for all x € kQ).
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We will see in Remark IV.4.16 in Section IV.4.6 below that this is guaranteed under the
assumption (IV.2.11).
We recall that the n-plane in (IV.4.11) is almost unique in the following sense.

Lemma IV.4.5 (See [DS91, Lemma 5.13|). Let Q € D, and assume that Ly and Ly are two
n-planes such that dist(x, L;) < e'diam Q for all x € Q, i = 1,2. Then £(Ly, Ly) < C€'.

Let us fix R € D, ;, with jo € Z so that 2%¢ > S; in particular diam @ > S for all
Q € D, j,. Fixed m > 1, we define the “m-neighborhood cubes” of R as the collection of
cubes in D, j, touching mR. That is,

Un(R) ={Q € Dy, : QNmR # 0}.
So, for every @ € Up,(R) there holds dist(Q, R) < (m — 1)diam R. For any two cubes
Q1,Q2 € Uy, (R), if v € @y then dist(z, Q2) < diam Q1 +dist(Q1, R)+diam R+dist(R, Q2) <
Cp2mdiam () and therefore
Q1 C (Cp2m +1)Qs.
Fix a constant k > m (at least k£ > Cp2m + 1), so that the inclusion above implies

Q1 C kQs for any Q1, Qs € Uy (R).
As a consequence of this, (IV.4.11) and Lemma IV.4.5, we have

(IV412) Z(LQl, LQQ) 5 ¢ for any Ql, QQ S Um(R)

Definition IV.4.6. We say that @) € Uj§j0 D, ; is a stopping cube with respect to R, and
we write @ € Stop(R), if Q@ C Ugcy,, () @ and @ is maximal such that either

(1) diam@ < S, or

(2) diam @ > S and Z(Lg, Lg) > «a, recall Ly and Lg as in (IV.4.11).

Definition IV.4.7. We define the set Tree(R) as the collection of cubes P € | i<jo Do,j such
that B

(1) P CUgen,(r @' and
(2) P ¢ Q for any @ € Stop(R).
In particular, every ) € Tree(R) satisfies diam ) > S and Z(Lg, Lg) < a.

Remark IV.4.8. In contrast to the construction in [DS91, Section 8|, where only dyadic
subcubes of R are considered, here we take dyadic subcubes of U,,(R) in the construction
of Tree(R). In our situation, since ¢ < « and diam @ > S for all Q € U, (R), we note
that (IV.4.12) ensures that @) ¢ Stop(R) for all @ € U,,(R). Consequently, given a cube in
Stop(R), its parent is in Tree(R).

Consider
(IV.4.13) d(x) = dg(x) = inf(R){dist(x, Q) + diam Q}, =z € R

QETree
Since #Tree(R) < oo, the infimum is in fact a minimum. Note that d(-) > S and is 1-
Lipschitz, as it is the infimum of 1-Lipschitz functions. Clearly, if z € @ € Tree(R) then
d(x) < diam Q.

In this subsection, we prove the following result, which is the analog of [DS91, Proposition
8.2]. In this lemma and throughout this section, L denotes the orthogonal line to the n-plane
Lg (see (IV.4.11)), IT = TI denotes the orthogonal projection onto Lg, and II*+ = I3 denotes
the orthogonal projection onto L.
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Proposition IV.4.9. For R € D, ;, with jo € Z so that 27° > S (in particular diam R > S),
there exists A: Lr — Ly Lipschitz graph with norm < Ca such that

(IV.4.14) dist (z, (Ilg(z), A(Ilg(z)))) < Cedg(z) for all x € kyR.

We begin the proof of Proposition IV.4.9. As in the rest of this subsection, the argument
follows [DS91, Section 8], adapted to our stopping conditions in Definition IV.4.6. Most of the
results below are proved mutatis mutandis as in [DS91, Section 8|. These are Lemmas IV.4.10,
IV.4.11, IV.4.13 and 1V.4.14, as well as the existence of Q(7) satisfying (IV.4.19a) and
(IV.4.19b). For completeness and to keep track of some constants, we provide detailed proofs.

We define in Ly the 1-Lipschitz function

(IV.4.15) D(p) = Dgr(p) = inf dg(x), pé€ Lg,
zell=1(p)
which can be rewritten as

D(p) = inf inf {dist(z, Q) + diam Q} = inf(R){dist(p, r(Q)) + diam Q}.

z€ll~1(p) QeTree(R) Q€eTree
As d > S in R"™ in particular D > S in Lg. As before, since #Tree(R) < oo, the latter
infimum is in fact a minimum.

Arguing as in the proof of [DS91, Lemma 8.4], we obtain the following, as the proof relies
only on the fact that every @) € Tree(R) satisfies Z(Lg, Lg) < a.

Lemma IV.4.10 (|DS91, Lemma 8.4]). Ifz,y € 10kyR satisfy |x—y| > 1073 min{d(x), d(y)},
then

I (x) — I (y)| < 2a|TI(z) — TI(y)].

Proof. Without loss of generality assume that |z — y| > 1073d(z). Let Qo € Tree(R) such
that
dist(z, Qo) + diam Qo < 2d(z) < 2 - 10%|x — y|.
Let Q € Tree(R) be the maximal cube with Qy C @ and diam Q < 2-10%|z —y/|. In particular
we claim that |z —y|/ko < diam Q < 2-103|z —y|. Indeed, as |z —y| < kodiam R, if Q € D,
then |z — y| < kodiam R ~ kodiam ), and on the other hand, if Q € D, ; with j < jy then
its parent @’ is in Tree(R) but diam Q" > 2 - 10%|z — y|, and hence diam Q = |z — y|.
Using that @) D @)y, we have
dist(z, Q) + diam @ < dist(z, Qp) + diam @
< dist(x, Qo) + diam Qy + diam @
<2-10%|z — y| + diam Q < 4 - 10*|z — y|.

From this we have dist(z,Q) < | — y| < kodiam @), and also dist(y, Q) < |z — y| +
dist(z, Q) < kodiam (). In particular, x,y € kQ provided k > kq. Therefore, by (IV.4.11)
and ¢ < a we have

(IV.4.11)
dist(z, Lg) + dist(y, Lg) < 2ediam@ < Cel|z — y| < alz —y|.
The lemma now follows from the stopping rule Z(Lg, Lg) < a. O

Now we decompose Lg in classical dyadic cubes using the function Dg. First, we shall
identify Lr with R", and in particular we equip Lr with classical dyadic cubes Dy, := Dgn.
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For each x € Lg (recall D > S > 0 in Lg), let R, € Dy, be the largest dyadic cube
containing x and satisfying
(IV.4.16) diam R, < 207" inf D(u).

UER:I)

We relabel them without repetition as {R;};cr. Thus, the family {R;};cs is pairwise disjoint
and covers Lg. (As in [DS91, Section 8], we use the convention that dyadic cubes are closed
but are called disjoint if their interiors are disjoint.)

Recall that the definition of t() is slightly different depending on whether @) € D, or
Q € D1, = Dgn, see (IV.4.10) and p. 9 respectively.

From the definition of the family {R;};c; using (IV.4.16) and that D is 1-Lipschitz in Lg,
by the same proof of [DS91, Lemma 8.7] we have:

Lemma IV.4.11 (|DS91, Lemma 8.7|). For ally € 10R;, i € I,

(IV.4.17) 10diam R; < D(y) < 60diam R,
and in particular, if 10R; N 10R; # 0, 4,5 € I, then
(IV.4.18) 6~ 'diam R; < diam R; < 6diam R;.

Proof. Since D is 1-Lipschitz, we have D(y) > min,ecg, D(u) — 10diam R; > 10diam R;.
For the other inequality, the parent R’ of R; satisfies diam R’ > 20~ !inf,cr D(u). Let
z € R’ such that D(z) < 20diam R’ = 40diam R;. Therefore, since D is 1-Lipschitz, we get
D(y) < D(z) + 20diam R; < 60diam R;, as claimed. O

Let Uy == Lr N B(ll(zR), 2kodiam R), where zy is any fixed point in R, and Iy := {i €
I : Rl N Uo 7£ (Z)} We fix ]i'o > m so that UQ’GUm(R) H(Q/) C UO- For cach i € [0’ ot
Q(i) € Tree(R) such thattV>)

1
(IV.4.19a) C’lk—diam R; < diam Q(i) < Cdiam R;, and
0
(IV.4.19b) dist(II(Q(7)), R;) < Cdiam R;.
Such cubes Q(i) exist, because if p € R;, then there exist @) € Tree(R) such that
(IV.4.17)
(IV.4.20) dist(p, TI(Q)) + diam Q < 2D(p) <  120diam R;,

and we can take (i) to be the maximal cube in Tree(R) with @Q C Q(i) and diam Q(i) <
120diam R;. Indeed, just from @ C Q(i) we have

1V.4.20
dist(I1(Q(7)), R;) < dist(II(Q), R;) < dist(p, [1(Q)) ( < ) 120diam R;,
and it remains to see that kodiam Q(i) 2 diam R;. If Q(i) € D, ; with j < jo, then its
parent @' is in Tree(R) but diam @' > 120diam R;, whence we get diam Q(i) 2 diam R;.
When Q(i) € D, j, (in particular diam Q(i) ~ diam R), we want to see that diam R; <
kodiam Q(i). Let us assume that diam R; > Chkodiam Q(i) ~ Ckodiam R for a sufficiently
large fixed constant C = 5(ADR), since otherwise we are done. In this case, we have
10R; D Uy D II(Q(7)) (since R; NUy as i € Iy), and therefore, taking any x; € Q(7), since
I(x;) € I(Q(i)) C 10R;, we have
(IV.4.17)
10diam R, < D(II(z;)) < dist(II(z;), [I(Q(4))) + diam Q(i) = diam Q(z).

(IV-5)The correspondence Iy 3 i — Q(4) may not be injective.
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This contradicts diam R; > 5k0diam Q(q) if 105/{30 > 1, whence we get that diam R; <
Ckodiam@(i), as claimed.

Definition IV.4.12. For i € Iy, let A; : L — Lﬁ denote the afine function whose graph is
the n-plane Lg(;). By the stopping condition, the Lispchitz norm is < 2a.

We consider a partition of the unity for V' = (J,c;, 2R;. That is, a family {¢;}ier,
satisfying for all i € Iy that ¢; > 0, ¢; € C}(3R;) (hence {supp ¢; }ics, has finite overlapping,
by (IV.4.18)) and

1
IV.4.21 | < .
Finally we define A on V' by
(1V.4.22) Alp) = ¢i(p)Ai(p) for p € V.

i€lp
By the same proof in [DS91, Lemma 8.17| we have:

Lemma IV.4.13 (|DS91, Lemma 8.17]). If 10R; N 10R; # 0, then dist(Q(i),Q(j)) <
Cdiam R; and

(IV.4.23) |A;(q) — Aj(q)| < Cediam R; for all ¢ € 100R;.

Proof. Let x € Q(i) and y € Q(j). If |# — y| < 3diam Q(j), then
1 (IV.4.192) 1
AsH(Q(),QU)) < Ir —yl < SdimQ) < Cdiam R,

and the first claim is proved in this case.
Assume |z —y| > zdiam Q(j). Since y € Q(j) € Tree(R) we have
d(y) < diam Q(j) < 3Jz — y| < 107z — y|.
So, we can invoke Lemma IV.4.10 (and simply a < 1/2) to obtain
I () — I (y)| < [M(2) — I(y)].

By the triangle inequality, for every z,& € Lr we have [II(x) — I(y)| < |H(z) — 2|+ |z — &| +
¢ —I1(y)|, and so, taking z € R; and £ € R; minimizing the first and third term respectively,
we have

II(x) — (y)| < dist(I(z), R;) + max |z — €| + dist(I1(y), R;).

2€R;,£ER;
The third term in the right-hand side is bounded by
dist(I1(y), ;) < diam II(Q(j)) + dist(IL(Q (7)), R;)

< diam Q(j) + dist(II(Q(7)), ;)

< Cdiam R,
where the last inequality is by the choice of Q(j) in (IV.4.19a) and (IV.4.19b). By symmetry,
the first term in the right-hand side is bounded by dist(Il(z), R;) < Cdiam R;, which is
controlled by < 6C'diam R; by (IV.4.18). For the second term in the right-hand side, for any
z € Ry, since 10R; N 10R; # 0 implies that diam R; ~ diam R; by (IV.4.18), in particular
z € OR;, we also have max.cp, ¢er, |2 — §| < diam R;. All in all,

[T (2) — T ()] < |TI(x) - [1(y)| < Cdiam R;.
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Therefore, using simply that x € Q(i) and y € Q(j) in the first inequality, we conclude
dist(Q(1), Q7)) < |z —y| < [T (z) — T+ (y)| + [T(z) — T(y)| < 2[MI(2) —(y)| < Cdiam Ry,

which gives the first claim in the lemma.
Directly from the (already proved) inequality dist(Q(i),Q(j)) < Cdiam R;, since by
(IV.4.18) and (IV.4.19a) we have diam R; ~ diam R;, diam Q(z) < diam R; and diam Q(j) S

diam R;, for large enough k there holds Q(j) C kQ(i). By (IV.4.11), taking Q = Q(j),
L, = LQ(,-) and Ly, = Lg(;) in Lemma IV.4.5, we have A(LQ(z),LQ(j)) < (e, and thus
|A;(¢) — Aj(q)] < Cediam R;, which concludes the second claim in the lemma. O

Using the previous lemma, the same proof in [DS91, Section 8, p. 46] applies to see that
the restriction of A in 2R;, j € Iy, is 3a-Lipschitz.

Lemma IV.4.14 (|DS91, (8.19)]). If p,q € 2R;, j € Iy, then
(Iv.4.24) |A(p) — A(g)| < 3alp—ql.

Proof. From the definition of A in (IV.4.22), >, ¢i(-) = 1in V, and since A; is 2a-Lipschitz,

[A(p) — < Zdoi(p)(fli(p) — Ai(g)| + Z(¢i(p) — $i(q))Ai(q)
< Z ¢i(p)|Ai(p) — Ai(q)| + Z(cbi(p) — ¢1(q))Ai(q)
< 2alp—q|+ Z(cbi(p) — ¢i(q))(Ai(q) — Aj(q))] -

If ¢;(p) # 0 or ¢;(q) # 0, without loss of generality ¢;(p) # 0 say, then p € 3R; (since
supp ¢; C 3R;). On the other hand, since p,q € 2R; by assumption, in particular we have
p € 3R; N 2R; # 0, which imply diam R; ~ diam R; by (IV.4.18). Also from the fact
3R;N2R; # 0 and ¢ € 2R; (by assumption), we can invoke (IV.4.23) in Lemma IV.4.13 and
the last term is bounded by

(IV.4.21) |p |
i — Q@ A; — A, <
> e -e@lA@ - Al S Y A — A
i€l i€l
¢i(p)+i(q)>0 ¢i(p)+¢i(q)>0
(IV.4.23) diam R.
<  Celp— J
- o —d Z diam R;
i€lp
¢i(p)+¢i(q)>0
(IV.4.18)
< Celp—ql D>, 1
i€l
supp ¢;Nsupp ¢;7#0
< Celp —ql,

where the last inequality is by the finite overlapping of {supp ¢;}icr,. For Ce < a, this
concludes the proof of the lemma. U
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We now aim to show that A is C'a-Lipschitz in Uy. We remark that this is the analog of
[DS91, (8.20)], with the difference that in our case, we have D(-) > S > 0 in Lg. For the
sake of completeness, we provide the full details of the proof.

Lemma IV.4.15. If p,q € Uy, then |A(p) — A(q)| < Calp —q|.

Proof. Since D > S > 0, all points in Uj belong to some (unique) Ry, where k € I. Let
i,j € Iy be such that p € R; and ¢ € R;. If p,q € 2R, or p,q € 2R;, then |A(p) — A(q)| <
3alp — ¢q| by Lemma IV.4.14, and we are done. Hence, from now on, we may assume that
q & 2R; and p € 2R;. In particular, this implies

(IV.4.25) |p — ¢| > max{diam R;, diam R;}.
Let y € Q(i) and 2 € Q(j) be such that [y —z| = sup,eq ) peq(s) |@ —bl, which in particular
impliesV-6)
1
(IV.4.26) ly — 2| > 3 min{diam Q(7), diam Q(j)}.
We have

|A(p) — A(q)] <1A(p) — Ai(p)| + |Ai(p) — A4:(I1(y))| + [A:(T1(y)) — IT*(y)]
+ [IT (y) — I (2)|
+A(q) — Aj(q)] + |A;(q) — A;(T1(2))| + [A;(TI(2)) — TT*(2)].

Let us see that all the terms are bounded by < a. We bound the first four terms, and the
last three follow by symmetry.

Term |A(p) — A;(p)|: Using the partition of unity in the second equality, and by (IV.4.23)
in Lemma IV.4.13 (since p € R;, the fact that ¢;(p) # 0 implies that supp ¢; N R; # (), and
in particular 3R; N R; # () and since the last sum runs over the index j € Iy around R; (in
particular a finite number of candidates), we have

|A(p) — (Z ¢j(p)f4j(p)> —Ap)| = D 6)(Ai(p) — Aip))
(IV.4.27) j€lo j€lo
(1V.4.23) (1V.4.25)
< CediamR; < Celp—q| <alp—q|
Term |A;(p) — A;(I1(y))|: First, |A;(p) — A;(Il(y))| < 2alp —11(y)| since A; is 2a-Lipschitz,

(y
and second |p — TI(y)| § diam R; + dist(R;, II(Q())) + diam Q(4), which by the choice of Q(7)

n (IV.4.19a) and (IV.4.19b) the last two term are controlled by < diam R;. We conclude
this term by using (IV 4.25).

Term |A;(I(y)) — II*(y)|: Since Z(Lgu), Lr) < « is small and by (IV.4.11), we have
|A;(T(y)) — T (y)| < 2dist(y, Lou)) < 2ediam Q(i). By the choice of Q(i) in (IV.4.19a) this
is controlled by < Cediam R;, and by (IV.4.25) the last term is controlled by < Ce|p — ¢q| <
alp — ql.

Term |II+(y) — I1H(2)|: First, y € Q(i) implies that d(y) < diamQ(i), and z €
Q(j) implies d(z) < diamQ(j). Thus, from (IV.4.26) and this we have that |y — z| >

(IV-6)This holds for any two sets A and B, because if we assume that la —b| < 3diam B for all a € A
and b € B, then for any b1,by € B and a1 € A we have |by — ba| < |by — a| + |a — ba| < diam B and hence
diam B < diam B, contradiction.
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: min{diam Q(7), diam Q(j)} > 3 min{d(y), d(z)}. Using Lemma IV.4.10 in the first inequal-
ity we get

[T (y) — T (2)| < 2a(TI(y) — TI(2)] < 20 (|T(y) — pl + Ip — gl + g — TI(2)]) -
As in the bound of the second term (that is, |A;(p) — A;(Il(y))|), the first term inside

the brackets is bounded by < C'diam R;. By symmetry, the third term is controlled by
< Cdiam R;. This term follows by (IV.4.25) as well. O

Now we can use the Whitney extension theorem to extend A from Uy to a C'a-Lipschitz
function on all Lg. This gives the existence of the C'a-Lipschitz graph in Proposition IV.4.9.
[t remains to see now that this C'a-Lipschitz graph approximates koR in the (IV.4.14) sense.

Proof of (IV.4.14). Let x € koR and set p = II(z). Recall D(p) > S > 0, and let R;, i € Iy,
so that p € R;. We first break

dist(z, (I1(x), A(I(2)))) < [IT-(z) — Ay(TI(2))] + [A(I(z)) — A;(II(x))].
)

Applying [DS91, Lemma 8.21| with » = D(p) and @ = Q(i), we get that z € Ck,Q(7) for
some C}, depending on ky, so taking k > Cj, we have x € kQ(i). Using that Z(Lg, Lou)) <
is small, the flatness condition in (IV.4.11) and the choice of Q(7) in (IV.4.19a) respectlvely,
we have
T () — A;(I1(2))| < 2dist(z, Loe)) < 2ediam Q(i) < ediam R;.
The term |A(II(x)) — A;(II(z))| is simply the first term in the proof of Lemma IV.4.15,
whence we obtain directly from (IV.4.27) that

|A(II(x)) — A;(TI(z))| < Cediam R;.

All in all, dist(z, (II(x), AII(x)))) < Cediam R;. From the definition of the family
{R;}ier in (IV.4.16), we have diam R; < 20~'D(p). Just from the definition D in (IV.4.15),
D(p) < d(x). This concludes the proof of (IV.4.14). O

IV.4.6. Proof of the localized good lambda inequality (IV.4.9). Let 2 be as in
the statement of Theorem IV.2.5. To apply the notation of the section of the Lipschitz graph
construction, for A > 0 we write Ry, € W), for the cube from the Whitney covering of €2 (the
letters @, R are reserved for boundary dyadic cubes D, ), and we rewrite the good lambda
inequality (IV.4.9) as

(IV428> 0'({1‘ € Ry : Kl,*(flgRW)(x) > 50)\,./\/11+,Yf(x) < A/\}) < C50'(3Rw).

We will use with no mention that we assume that there exists xy € Ry with My, f(z) <
A\, otherwise the left-hand side in (IV.4.28) is zero and we are done. Recall also from
Remark IV.4.4 that we have ¢{(Ry ) 2T > S.

The thin boundary condition (4) in Lemma IV.1.12 implies, for each @) € D,, the existence
of a point cg € @, called the center of (), such that dist(cg, 92\ Q) Zapr,, diam @, see
[DS93, Lemma 3.5 of Part I]. We denote

(IV.4.29) B(Q) == B(cg,cidiam Q), Bg = B(cg,diam Q) D Q,

where ¢; € (0,1] is chosen so that B(Q') N9 C Q' for all Q' € D,, satisfying also that
B(Q1) N B(Q2) = 0 for all disjoint Q1, Qs € D,. Indeed, assuming without loss of generality
that diam @y < diam @, if B(Q1) N B(Q2) # (0, then

diam Q1 Sapr,, dist(cg,, 02\ Q1) < |cg, — cg,| < ci(diam @ + diam Q) < 2¢ydiam @)y,
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which is not possible if ¢; is chosen to be sufficiently small, depending only on the ADR
character of 0€2.

We begin the proof of (IV.4.28). Given Ry € W), let j € Z be so that {(Ry) = 27
(recall Ry, € D(R™™)), fix any x € Ry N 9N (if such point does not exist then the
left-hand side of (IV.4.28) is zero), and let R € D, ; be the cube with x € R. We fix
m = 3 so that 9Q N 3Ry C mR. Indeed, since diam R > 2/, for all y € Ry we have
ly — 2| < 2diam Ry = 2 - 27 < 2diam R, thus dist(y, R) < |y — z| < 2diam R, see (IV.4.10).

For every @ € U,,(R) and every x € @,

|z — cg| < diam @ + (m — 1)diam R + diam R < Cp(m + 1)diam R,

where Cp is the constant in (3) in the boundary dyadic lattice Lemma IV.1.12. Also, if
x € Bg D B(Q) (not necessarily in @), then

|z —cr| < |z —cq|+ |cg — cr| < diam @ + Cp(m + 1)diam R < Cp(m + 2)diam R.
This implies that Uger,. (r) Be 2 Uger,.(r) B(Q) and Ugey,,(r) @ are subsets of
(IV430) %R = Cp(m + 2)BR,

with Bg as in (IV.4.29).
Since o is ADR, we will use that

o(3Rw) ~ 0(R) ~m 0(Br) ~emo | | @
QEUm(R)

Remark IV.4.16. Under the choice in (IV.4.1), the estimate (IV.4.11) holds with £ = 2kdg
and Lg = Ly, Indeed, as kQ C kBg we have
(IV.4.1)
sup dist(z, Lg) < sup dist(y,Lg) < 20gkdiam Q.
z€kQ 2€d0NkBg

Recall in Section IV.4.5 we needed € = 2kds < «a, which is granted by (C4).

We define the following subfamilies of Stop(R) (see Definition IV.4.6) of big and small
angle respectively as

BA(R) = {Q € Stop(R) : Z(Lg,Lg) > a}, and
SA(R) = {Q € Stop(R) : (L, L) < a,

so that Stop(R) = BA(R) USA(R) and the union is disjoint. By the stopping conditions in
Definition IV.4.6 in the construction of the Lipschitz graph, we have

BA(R) D {Q € Stop(R) : diam () > S}, and
SA(R) C {Q € Stop(R) : diam Q < S}.

Remark 1V.4.17. If Q € SA(R), then diam () < S but its parent @ € Tree(R) satisfies
dlamQ > S as Q ¢ Stop(R), and therefore diam @ ~ S.

Let us define
= U Q

QESA(R
The notation G g stands for “good” in the followmg sense:
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Lemma IV.4.18. We have o (UQeUm(R) Q\ GR> = 0(Ugepam @) S 5§30 (3Rw).

Proof. For each @ € BA(R), let Lq as in (IV.4.11) (with € = 2kdg) and Lp, as in (IV.4.1).
By the same computations in Remark IV.4.16, both Lg and Lp, satisty the assumptions of
Lemma IV.4.5 with € = 2kd3, and hence we conclude that Z(Lg, Lp,) < kds. By the same
argument, Z(Lg, Ly,) < kdg, where B is the ball in (IV.4.30) so that Uy, (r) @ € Br-

From Z(Lq, Lp,) < kds, Z(Lg, Ls,) < kg, and the stopping condition Z(Lg, Lg) > «,
we get Z(Lwy,,Lp,) > a/2 provided d5 < a/k, see (C4). From this and (IV.4.2) we
have Z(ms,v, mp,v) > /3 provided 20 < a, which is granted by (C4). In particular
|mes,v — mp,v| 2 1 — cosa by the law of cosines.

Therefore, by Chebysheft’s inequality we have

| U e)- 3 rsi—g ¥ | 1msqy = man, o

QEBA(R QEBA(R) QEBA(R)

1
Sm / |I/—mBQV’dO'+ Z /\I/—mngV]dU

QEBA(R) QEBA(R
< (¥ /| d +/\ d
v —mp,v|do v —mg, V| do
~— 1—cosa Bo Be = B ’
QEeBA(R) E

where we simply used in the last step that () C By and UQGBA(R) Q C UQeUm(R) Q C ‘Bp.
The first term is controlled by

(IV.2.12)

Z lv —mp,v|do < 4, Z o(Bg) ~ 0. Z o(Q)

QeBA(R) ¥ Ba QEBA(R) QEBA(R)

=do| |J @] <so| U Q) <da(Ba).

QEBA(R) QeUm(R)
The other term is controlled by

(1V.2.12)
/ lv —meg.v|do < 0,0(Bg).
BR

All in all, from the last three inline equations, and using 6, < 4, § < a? (see (C4)) and

—17603( sy = 36'/3 for small enough J, we have

J
< 0k < 1/3
ol U @ o —0(Br) S 60 (B).
QEBA(R)
The lemma follows as o(3Rw ) =, 0(Br). O

Using the set Gi defined above, we decompose

o({z € Ry : Ki.(flany, )(x) > 40, My, f(z) < AN}) <[1]+[2]+ 3]
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where

:

o(Bw \ Gr),
o{z € Gr: Ki.(flsryngy)(z) > 20X, M4, f(z) < AX}), and
o({x € 00 : Ki.(flapycp) () > 200}).
Using the control of the measure of UQeUm(R) Q \ Gg in Lemma IV.4.18, we estimate

and :

Lemma IV.4.19. We have 1] < C§Y3c(3Ry ).

Proof. This is just by the inclusion 02N 3Ry C mR C UQeUm(R) @ and Lemma 1V.4.18. [
Lemma 1V.4.20. We have |3]| < AV1+”’5%(17ﬁ)0(3RW). In particular |3 | < cs0(3Rw)
with ¢ — 0 as § — 0, by (C3).

Proof. By Chebysheft’s inequality and the fact that K .9 < K.g for any g € LP(o), we have

1 1
S v [ K (Fara) o < s [ K aa)l Y do

Since LP(0) C LY (0) (as we are assuming that 0 < v < p — 1), by (IV.2.6a) (since 09

loc
is uniformly rectifiable) and Hoélder’s inequality respectively, the right-hand side term is

bounded by

1 = 1 =
)\m /BQ ‘K*(f]'?)RW\GR)‘ e dO’ 5 )\m /89 ’f13RW\GR‘ HJY dO’

1 _1
_ 0(3Rw \Gg)' V17 L go )
3Rw

0(3Rw \ Gr)' V17 0(3Ryw) 17 - 7
= |fI77 do :
A\VI+y
3Rw

Using that ( Fom LF1H7 da>ﬁ < My f(20)VIFT, Moo f(20) < AX and 3Ry, C Up(R)

in the latter term, we conclude

o (UQeUm(R) @\ GR> i

3|< AV 3R
~ o(3Rw) 7 (3Rw),
and the lemma follows by applying Lemma IV.4.18 in the last term. U

It remains to study the term . As in the terms |1|and , we want to see:

Lemma IV.4.21. We have |2| < ¢s0(3Rw ), with cs — 0 as § — 0.

The rest of the section is devoted to the proof of Lemma IV.4.21. By Proposition 1V.4.9
there exists a Lipschitz graph I'g given by A : Lp — L with norm < Ca such that

dist(z, (Ilg(z), A(Ilg(x)))) < Ckigdr(x) for all z € kgR D mR D 3Ry
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In particular, for x € @ € SA(R), if CAQ D (@ is the parent of () then @ € Tree(R) and hence
dr(r) = infgerree(r){dist(z, Q) + diam Q} < diam Q ~ diam @ ~ S and

dist(z, (Ig(z), A(Ilg(x)))) < Ckogdr(x) S kdgS.
So, if 3 < 1/k is small enough we have

Tnn 5B(@Q) £

see (IV.4.29) for the definition of B(Q). This in particular implies
H'[r,(B(Q)) =~ o(Q).

Given flsr,nc, € LF(0), let us define an auxiliar function fr, in I'g. First, for each
Q € SA(R), let
(IV.4.31)

1@ = g 5@y, TP ) o) = | £ 1an,c0(0) do(r)

and we define the function fp L in g as

(IV.4.32) fra@) = > fra@1lpq(x), z€eTk

QESA(R)

Note that fr, is a piecewise constant function, since { B(Q)}gesa(r) is pairwise disjoint family.
This follows from the fact that {Q}gesa(r) is a pairwise disjoint family and the choice of ¢
n (IV.4.29). By definition of fr, and (IV.4.30), we have

(IV.4.33) supp fr, € | J B(Q) C B
QESA(R)

From the definition of fr, from flsg, n¢, in (IV.4.32) we have that both flsg, g do
and fr,1pQ) dH"|r, have the same mass for each @) € SA(R). That is,

(IV.4.34) frLig) 4" = H'(Cx O BIQ)r4(Q) = [ Manyoq do
I'r Q
Before seeing some properties of fr,, let us define the subfamily I of SA(R) as
I ={Q € SA(R) : 3z € Q with K .(f1l3r,ncy)(x) > 6 and My, f(z) < AN}
For each ) € Iy, we fix zg € @ (do not confuse with cg, the “center” of ()) such that
(IV435> M1+7f(ZQ) < AN

The following lemma shows that fr, inherits a localized maximal bound from f, restricted
to the cubes Q) € Ig.

Lemma IV.4.22. For each () € Ir we have

1 1
T+v T+v
(][ ]pr]”'y d’H") S AN and (][ ]pr]H’V dH") S AN
I'rNB(Q) TCrNBR

Proof. Let zg denote the point in @) such that My, f(zg) < A, see (IV.4.35). The first
inequality follows from the definition of fr,, (IV.4.31) and @ € Ir. That is,

( ]meB@) o) dH"(zx))

1
1+y

— Q)] S ]{2 F)ldo(y) S Muss f(z0) < AN,
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Similarly, the second inequality is obtained as

1+~
1
ea ) S s | @@ | 1)
]éRmBR 8 H (TrNBR) Jrunss Qe%k:(R) f
P X [ @I
QGSA 'rNB(Q
(IV.4.31) +v
S o ( L iswiasty )
QESA
(Jensen . (IV.4.30) )
2 X [uwrdt) S f e
QeSA (R) By
S /\/11+vf(2c2)1+7 < (AN,
where we took any zg with () € I in the last inequality. 0

For shortness on the notation, for ¢ > 0 we denote

(I)e(z> = 1{|Z‘>5} for z € R"*! \ {0}

|Z|n+1
We present two lemmas that we will need in the proof of Lemma IV.4.21.
Lemma IV.4.23. For allz € Q € I, all 2’ € B(Q)NT'g and everye > T,

/ D.( — 9) f () Lanyrcn(y) do(y) - / <I>a(x’—y)er(y)dH”(y)'S%A.
o0 I'r

Proof. We write

= | [ (®c(z = Y) fLsryncr do(y) — (2" —y) frn dH"|r,(y))
/ |

<

/m(@s(x —y) — ®(2' — ) flsrynGe do(y)‘

+

/ B.(2 — ) fLamyncn do(y) — / B.(2' — y)fr dH"|rR<y>\
= M1]+[M2]

Let us bound the term . Since x € @ and 2’ € B(Q) satisfy |z — /| < 2diam @ < 2S5,
and ®. is the truncated kernel of big scales € > T" > 1005, in particular |x —y| > T > 1005,
we have |z — 2'|/|x —y| < S/T < 1/2. Thus, we can use the cancellation property of the
Calderén-Zygmund kernel (or just the mean value theorem) to obtain

|z — 2| S
P (2 —y) — P(2" —y)| S Wls(gﬁ e/2)-(Y) S Wls(:ﬂ/z)c(y%

x ~x
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where we used in the last step that € > T and that x € Q and 2’ € B(Q) satisfy |z —2'| < 25.
From this we get

|f(y)]

)< [ e =) =0 =l e <5 [ A dn)
B(x,T/2)¢ |z -yl
- |/ (y)] S 1 ][ (V43) 5
=5 / I o) S 2N o fldo(y) < ZAN
kZ—O B(z,2FT)\B(z,2+—1T) |z — y|* Tkz 2" B(M’“T)| 4 (v) T

where we used in the last step that Q) € Ij.
It remains to bound the term . We have

= /q)e(l‘/ - y)f]-SRWﬁGR dO'(y) - /CI)E:‘(J‘J - y)fFR dHn|FR(y)‘

- Y o -0l @ o)~ Y [ 0 o) )

QESA(R) Q QESA(R) B(Q)

< > / O (2" —y) f(Y)3p,n5Y) do(y)— / . (2" = y) frrn(¥)1pG W) dH”!rR(y)‘-

QESA(R)

To shorten the notation, we write < D Gesacmy| M2(Q) | where

MAQ) = | [ 00 = ) (501, ) d00) ~ o)1y ) 8" o).

Let us study | M2(Q) | for each Q € SA(R). Since we have that fW) g, ~a(y) do(y) —
fra(W)1pG (y) dH"|r,(y) has zero mass for each Q € SA(R), see (IV.4.34), we can add

O (2 — C@) inside the integral sign in the last term, where ¢ is the “center” of @,(I\”) and
therefore

2M2(Q)) \ [ @ =) = 0 =) 0 Ly g 0) o) o) Ly (), <y>>\ |
With this we have

12Q)] < [ 184~ ) = €. — Q)| F )y o) ol
s [ 106 = 1) = 0 = Q) el gy () IH )

For y € Q or y € B(Q), note first that |y — cgl < diam Q < S, and second, |2/ —y| > ¢ >
T > 100S by the truncation of the kernel .. Hence, [y — ca|/[y — 2’| < 1/2. Therefore, by
the cancellation of the Calderén-Zygmund kernel ¢, we have

ly—c Q| < S ‘
g S

|Pe(2 —y) = P2 — cg)| S |

(W'7)Any point in @ would do the job.
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Q s
MQQU.:/ S
( ) QN{ly—='|>T/2} |ZE’ —y‘n+1| ( )| ( )
g s
M2A(Q) 3 :/ S e
)7‘[ B(Q)OFRm{ly—$,|ZT/2} |x/ _ y|n+1 ‘ I'r )’ )
we have
M2(Q)| S| M2(Q)o |+ | M2(Q)3n |
Summing | M2(Q), | over Q € SA(R), as we did in the bound of we have
2 1)l (IV.A.35) g
S [m2Q). )< S/ Ul Z ][ s
/ ‘ B " N T 2k ’ ~ T )
QESAR) B 12 17— Yl o

where we used in the last step that ) € Ix.

We obtain the same bound for > 5.5a g M2(Q)pn |
above we have
(IV.4.36)
S [r@ue|ssy [ WL gy
GeSAR) o ’ B(='.T/2)¢ |z =y

For each k > 0, we define

SAL(R) == {Q € SA(R) : Q N B(a

Since | fr,(Q)|/H"|rx(B(Q))

Indeed, by the same computations

S oo
— dH"|r,..
DET Y5 oy Vol Pl

28T £ 0}
< [5lfldo for all Q € SA(R) (see (IV.4.31)), and Q C

B(z, 21T if Q € SAL(R) (because diam Q < S < T for all Q € SA(R)), we have

(IV.4.37)
/ RALCU DY / el dM' e = Y (@I r,(B(Q)
B(a',28T) QeSAL(R QeSAL(R)
< /|f|do—</ fldo.
Gesan(R B(z! 2k+1T)

By (IV.4.36) and (IV.4.37), using now that @) € I (i.e

., (IV.4.35)), we conclude

~ S 1 S
(IV.4.38) > M2AQ)wn | S T o ][ |fldo < ZAN,
QESA(R) k=0 Bla! 24H°T)
as claimed.
All in all, we conclude
1
0] <[]+ [M2) < 02 AN < 2,

where we use (C6) in the last step.
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From now on, we write the double layer potential in I' as K'%, replacing 02 and its
surface measure o by I'p and H"|r,, in (IV.2.3).

The second lemma for the proof of Lemma IV.4.21 is about a continuity-type result for
the large scale double layer potential in I'g.

Lemma IV.4.24. [f there is x € Q € Ir with K{f(pr)(a:) > 2\ then Klr’f(pr)(z) > \ for
all z € B(Q) N k.

Proof. 1t suffices to see that |Klr’f(pr)(x) - K{f(pr)(z)\ < Aforall z € B(Q)NT'g. For
e > T, since z,z € B(Q) NIy, diam@ < S and ¢ > T > S, we have |z —y| =~ |z — y| if
ly — x| > €. So, using the cancellation of the Calderén-Zygmund kernel, we have

(K27 (fre) (@) = K27 (fra) (2)] =

/ (@u(r — ) — Dz — ), v (9)) fron AH o (9)

|£B—Z| n
S R O
Y=z
1 n
<S[ I )
y—zriz

Note that the last element is in fact E@eSA(R) M2(Q)#~ | in the proof of Lemma 1V.4.23,
replacing ' by x € Q). Thus, by the same computations in (IV.4.36), (IV.4.37) and (IV.4.38),
we have |KI®(fr,)(z) — K'7(fr,)(2)| £ £AX. By the condition (C6), we conclude that this
is bounded by < . 0

For the proof of Lemma IV.4.21, we will compare the double layer potential in 92 with
the double layer potential in the Lipschitz graph I'g, so that we can use Lemmas IV.4.23
and 1V.4.24, and known properties of K'#. The following is a simplified version of [HMT10,
Theorem 4.34], see also [HMT10, (4.4.9)].

Theorem 1V.4.25. Let ¢ : R™ — R be a Lipschitz function, T' = {(z, p(z)) : = € R"} its
graph, and 1 < p < co. Then

(IV.4.39) 1 2oy < Copll Vol oo gny (1 + |V ol oo ny) ™
for some N = N(n).

Let us see the proof of Lemma IV.4.21. During the proof, R = R and R'#® denote the
Riesz transform in 9Q and ' respectively, see Definition IV.1.16, and R, and RL% their
respective maximal operators as in (IV.1.10).

Proof of Lemma 1V.4.21. For each ) € Ig, let us study first
o({r € @ Kiu(f1l3rywnas) (2) > 200, My f(z) < AX}).
For any = € () € I and any 2’ € B(Q) NT'g, we have

K1 (fLsrynen) (@) KL F(fr) (@) + Ru(flsgyncs (Voo(-) — Nu,)) (@)
+ R}:R(fFR(VFR(') - N%R))(x,)

| @ = tangrondo — [ @a’ =) dn]
o2

I'r

+ sup

e>T
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where Ny, is the orthogonal unit vector to Lg, in (IV.4.1) for the ball By defined in
(IV.4.30). Therefore, if we take 2’ € B(Q) N I'g satisfying

RIA(frpvrg(s) = Nwp))(@') < inf  RIR(fr, (0, () — Nisp))(2) + %’

T 2€B(Q)NT'g
then we have that

o({r € Q: Kiu(flspyney)(®) > 6A}) < o({z € Q : K F(fr,)(a) > 2A})
+o({z € Q: Ru(flsrynay (Voal(-) — Nsy,))(z) > A})
+o({ze@Q: inf  RIA(fro(vra(-) — Nap))(z) > A})

z€B(Q)NT'r

Fo({zeqQ:sup / o= 9 () Lanncn () do ()

e>T

- / B.(2' — y) frn(y) AH ()] > A}).

By Lemma IV.4.23, the last term drops out since the corresponding set is empty, and
Lemma IV.4.24 implies that the first is controlled by o({z € @ : inf.cpQ)r, KlF,f(pr)(z) >

A}). That is,
7({x € Q: Kiulflanura)(@) > D) S o({r € Qs _ il KX/ )(z) > A)
+o({r € Q : Ru(fl3rynag(Voal-) — Nuy))(x) > A})
+ O-({x € Q : inf RER(fFR<VFR(') - N‘BR»(Z) > A})

z€B(Q)T'gr

+ ‘ 2Q,iii

= ‘ QQJ- + ’ 2@7“'

Using the infimum property, is treated as

1+'Y n 1+'Y
o(Q : H"|r, (B(Q :
< T2 (e Krne)) ~ PO e )

SR ),
B(Q)NT'r

= ALY

in the last step we removed the restriction on large scales. By the same computations above,

1
S /B@) IRER iy (e () = Na ) ) dH ()
NI'r

Using Chebysheff’s inequality, the term is controlled directly by

1
< o L IR tany ()~ N )15 o),
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All in all,

o({r € Q@ Kiulflanyro) (@) > M) £ 1115 /B oo [T 6 030 )

- % /Q Re(f e (voa(:) = Noy)) )V do(y)

1

I'r v (+) — 14 n ‘
#3 f REr,0) — Na )l a7

Summing over all @ € I C SA(R) and using the above inequality in the last step, we
have

=o({z € Gr: Kix(flapyncr) () > 20\, My, f(z) < AN}
=Y o({z € Q: Kin(flsrync,) (@) > 200, My, f(z) < AN})

QEIR

<Y ol{zr € Q: Kiu(flarynca) (x) > 6A})

Q€elr

1
Sy [ IR Gl )

1
5 [, IR (Flanwnca(oa(y) = Nan)) )7 do(y)

1
+ 117 IR (fra(vrg () — Nayp)) ()7 dH" (y)
A s,
(2] + (2] + (2}

The smallness of the term will come from the L? norm of K!'® in the Lipschitz graph

with small constant < «a, while we will bound the terms E and using the smallness
assumption on the unit normal vectors, after using that the Riesz transform is bounded in
LP (with constant depending in p). We do this in the rest of the proof.

Using that the Lipschitz norm of I'g is < « small, by Theorem IV.4.25 we have that the
L% norm (in every 1 < ¢ < o0) of K} % is <, «, and hence we get

(IV.4.39) 1+ al+

1 n ~ 1 n
S S [ M ) & Smo) f e ),

R

where we used in the last step that supp fr, C Bg, see (IV.4.33), and we allow the implicit

constant to depend on . By Lemma IV.4.22) the last averaged integral is controlled by
< (AN and hence

< o't AM0(BR) < aA’0(Br) ~ aA’o(3Rw),

where the last second inequality is simply because 0 < v < 1.
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Using that the Riesz transform is bounded in UR sets, Holder’s inequality, and that there
exists some point z € 3Ry C By such that My, f(z) < AN, we have

1
S AT /SRW(\f(y)HVaQ(y) — Na,, )V do(y)

) 1V 11/ T
S oo (f N ww) (f, vons) = Ny, () )
)1—1/\/m

< 5o CRAANT (L uon(y) - Nl ot

R

Using the smallness assumption of the oscillation of the unit normal vector in (IV.2.12) and
that |me.o,ve0 — Nogy| S 5 by (IV.4.3), we have

][ Vo(y) — Na, | do(y) < ][ vo6(y) — Momavonl do(y) + Imomavon — Nag| < 6%,
Br Br

We conclude then that
1-1/VIFy
<C8T T A%o(3Rw).

The term is treated similarly, using the L> bound of the oscillation of the unit vector
as ' is a Lipschitz graph of norm < . That is, since ['g is the Lipschitz of A: Lr — L% in
Proposition IV.4.9 with norm < «, then Z(vr,(y), Ng) S a for all y € I'g, where Ng L Lg,
and on the other hand, since dist(x, Lg) < 2kdgdiam R for all x € kR D R by (IV.4.11)
and Remark IV.4.16, and dist(x, Ly,) < 20srs,, for all z € 00N Br DO R by (IV.4.1), by
Lemma IV.4.5 we have Z(Ng,, Ng) = Z(Ly,,Lr) < kis < a, provided d3 < a/k. So,
L(vrp(y), Nsp) S afor all y € I'g, and by the law of cosines we conclude

lvry (y) — N%R\Q =2 —2|cos(L(vry(y), Nsp))| <2 —2cos(Ca) =~ a?.

Using that the Riesz transform is bounded in Lipschitz sets, supp fr, C B and |vr,(y) —
Ng .| < a, and Lemma IV.4.22, we have

1
% 55 [ (rallvea(0) = Moy )

1
SaTH (B £ e )
rRNBR

S oA e (3Ry) < aA’0(3Rw).

All in all,
1-1/TFy
2] < C ([2]+ [2a] + [2:]) < Clan?+ 5T AYo(3Ry),
and we conclude the proof by applying the conditions (C3) and (C5). |

With this we have that Lemmas IV.4.19 to IV.4.21 are proved. Recall that this implies
the good lambda (IV.4.28), a rewrite of the good lambda (IV.4.9). As we already saw below
(IV.4.9), it implies the good lambda (IV.4.5), and in particular (IV.4.6) and (IV.2.13). This
concludes the proof of Theorem IV.2.5. U
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IV.5. Uniqueness of the solution of the Neumann problem

In this section we prove the uniqueness (modulo constant) for the Neumann problem
in terms of weak derivatives in unbounded 1-sided CAD with unbounded boundary for the
range of 2n/(n+1) <p <n+e¢;.

Proposition IV.5.1. Let Q C R be an unbounded 1-sided CAD with unbounded boundary.
Then there exists e1 = e1(n, CAD) > 0 such that if u : Q@ — R satisfies N (Vu) € LP(o) with
pE€2n/(n+1),n+¢e1) and

/ Vu(2)Ve(z) dm(z) =0, for all ¢ € C(R™1),
Q

then u is constant.

Before its proof, let us state some fundamental properties that will be useful in this
section. By [HMT10, Proposition 3.24], if 2 is an ADR domain which is either bounded or
has an unbounded boundary and p € (0,00), then

(IV.5.1) [ull ooy S IINU Lo (0),

where the involved constant depends on the ADR parameter, independent of the function
u:Q— R IfQis a l-sided CAD, by [MMM™*22a, (2.609)|, there exists a sufficiently large
C > 1 such that if N5(Vu) € LP (o) for some p € (0,00] and some & > 0, then

loc

(IV.5.2) NECy e 1P (o).

loc

In particular, for p € (0,00) and a 1-sided CAD (2 that is either bounded or has unbounded
boundary, we claim

(IV.53)  N(Vu) € LP(0) = u € W/ B) for any ball B centered at 9.

Indeed, directly from (IV.5.1) we obtain Vu € LP+1/7(Q). For a ball B centered at 02, again
by (IV.5.1) we have |[ul| omsv/monp) S N2 (ulp)| o). We note that supp(N"2(ulp)) C
(2+ a)B, whence we get [|[N72(ulp)||ro) < [|IN"Bul 1o which is bounded using that
we can take any € > 0 in (IV.5.2).

For the type of domains in Proposition IV.5.1, the following lemma relates the nontan-
gential and the weak derivatives.

U|(2+a)B)7

Lemma IV.5.2. Let Q C R"" be an ADR domain with the 2-sided corkscrew condition,
and let u : Q — R be harmonic. If N(Vu) € LP(0) for some p € (1,00) and the pointwise
nontangential limit (Vu)|aq exists o-a.e. on 0N, then

/QVu(z)Vgo(z) dm(z) = / ©0(2)0,u(2)do(z), for all p € C(R™1).

o0

Proof. 1f Q) is bounded or has unbounded boundary, we define D = €, and if €2 is unbounded
and has bounded boundary, then we take a ball B so that 92 C B/2 and we define D = QN B.
Note that 9D is ADR, and we denote op = H"|sp. During the proof Ng and Np denote the
nontangentially maximal operators in 2 and D respectively. We claim

(IV.5.4) Np(Vu) € LP(op).

This is by assumption when D = Q. If € is unbounded with bounded boundary, we have
Np(Vu) < No(Vu) on 99, and since u is harmonic in © (in particular u € C*(Q)) and for
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x € 0B we have that I'p ,(z) is uniformly far from 0 (depending on rp and a > 0), we
therefore get Np(Vu) < 400 on dB. This gives (IV.5.4).

Fixing p € C°(R""!) and assuming also B D supp ¢, this is an almost direct consequence
of the divergence theorem in [HMT10, Theorem 2.8] for the domain D and the vector
field Vu.V® Let us check its hypothesis. First, 9D is ADR, and [HMT10, (2.3.1)]
for D is satisfied by the 2-sided corkscrew condition of €. Next, pVu € C°(D) holds
because u is harmonic (and hence smooth) in Q. For the nontangential maximal function,
Np(pVu) € LP(o) follows from the bound Np(eVu) < C,Np(Vu) and the fact that
Np(Vu) € LP(op) by (IV.5.4). The pointwise nontangential limit (¢Vu)|gp exists op-a.e.,
since (Vu)|sq exists o-a.e. by assumption. Finally, div(oVu) € L*(D) because

/ |div(eVu)| dm = / IVuVe + oAuldm < C’¢,/ |Vu|dm < oo,
D D DNB
where we used Au = 0 in D and that Vu € LPH1)/"(D) by (IV.5.4) and (IV.5.1).

Having checked these conditions, as Au = 0 in €2 and by the divergence theorem in
[HMT10, Theorem 2.8| for the domain D and the vector field pVu (with bounded support
in D), we have

/ VuVedm = / div(eVu)dm = woyudo,
D D

B)
as claimed. O

As a consequence of Proposition IV.5.1 and Lemma IV.5.2, we get the uniqueness of the
Neumann problem with zero nontangential derivative.

Corollary IV.5.3. Let Q C R™™ and ¢, > 0 be as in Proposition IV.5.1. If p € [2n/(n +
1),n+ 1), then constant functions in ) are the unique solutions of the Neumann boundary
value problem

Au =0 n €,
(IV.5.5) N(Vu) € L*(o),
o,u=0, og-a.e. on 0S2.

The rest of the section is devoted to the proof of Proposition IV.5.1. The proof will use
the extra regularity in (IV.5.3) for functions satisfying N (Vu) € LP(0), the Holder regularity
(up to the boundary) of W'2-solutions of the Neumann problem in terms of weak derivatives
(see Theorem IV.5.4 below), and the well-known Poincaré inequality for uniform domains
(see Lemma IV.5.5 below).

Theorem IV.5.4 (|[HS25, Corollary 4.49]). Let Q C R"™ be as in Proposition IV.5.1 and let
B = B(§, R) be a ball of radius R > 0 centered at £ € O). There exist K = K(CAD,n) > 1,
C =C(CAD,n) < 0o and a = a(CAD,n) > 0 such that if u € W'*(Q N Brr(€)) satisfies

(IV.5.6) /QVU(Z)Vgo(z) dm(z) =0, for all p € WH*(Bgr(£)),

(IV-8) A5 noted in [HMT10, lines 1-6 in proof of Theorem 3.25], the divergence theorem in [HMT10,
Theorem 2.8] continues to hold for unbounded domains with unbounded boundary and vector fields with
bounded support in the domain.
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then for all 0 < r < R/2 there holds

lz —yl

u(z) — u(y)| < C ( . )a ( ]{2 R, dm(z))1/2 for all 2,y € QN B,(€).

Lemma IV.5.5 (Poincaré inequality). Let Q C R™™! be a uniform domain and let B be a
ball centered at 0). There exists K > 2, depending only on the uniformity constants of €2,
such that if u € W*P(KBNQ), for 1 <p<n+1, then withp+e,=p(n+1)/(n+1—p)
there holds

(V5.7 (ﬁmww—mme%wwﬁuwmSR(ﬁwﬁwmmwm@ym-

Proof. See [MT24b, Theorem 4.1| for instance. A quick inspection of [MT24b, p. 25, 1. 5]
reveals that p+¢, =p(n+1)/(n+ 1 —p). O

We now turn to the proof of Proposition IV.5.1.

Proof of Proposition IV.5.1. Let us fix a constant K > 2 for which both Theorem IV.5.4
and the Poincaré inequality in Lemma IV.5.5 hold, and we allow all subsequent involved
constants to depend on K. Fixed & € 952, we write Bg := Br(§) for R > 0. By (IV.5.3) we
have u € W'P+D/n(Q N K Bygr) € WP(Q2 N K Bygg), in particular u € W2(Q N K Bior)
since we are assuming p > 2n/(n + 1). By assumption (and a density argument since
u € W2(Q N K Bygg)), it follows that we can apply Theorem IV.5.4 and therefore, for any
x,y € B(&, R/2) we have

s -l s () (e masaan)

with o = a(n, CAD) > 0.
If p > 2, then by the Poincaré inequality (IV.5.7) and Hélder’s inequality we have

1/2 1/2 1/p
(][ lu — manp,ul? dm) SR (][ |Vul? dm) <R (][ |Vul? dm) :

If 2n/ (n - 1) p < 2, then by Hoélder’s inequality and the Poincaré inequality (IV.5.7) (with
p+ep = (n+1)p/(n+1—p) which is > 2 since p > 2n/(n+1) > 2(n+1)/(n + 3)),

1/2 1/(p+ep)
(][ lu — Mang, e ul” dm) < <][ lu — manp,ulPTer dm)
QNBg QNBRr
1/p
SR <][ |Vul? dm) :
QNBiork

That is, in any case we obtain the same bound. From this, Hélder’s inequality and (IV.5.1)
we have

(IV.5.9)

1/2 1/p
<][ lu — manp,ul? dm) SR <][ |Vul? dm)
QNBgr QNBiorK

R
S T 1Vl < RPN (V) | o).
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From (IV.5.8) and (IV.5.9) we get
lu(@) —u(y)| < |z = y|* RPN (V) [ o(o)-

Having fixed x,y € Q and £ € 012, this bound holds as long as R > 0 is big enough so that
x,y € B(&, R/2). Taking R — oo, we obtain that u is constant in 2 provided p < n/(1 — «a),
le,p<n+e withe; =¢1(a,n) =& (CAD,n) > 0. O

IV.6. Injectivity of £1/d+ K* in LP(c) for p € 2n/(n+1),n +¢)

Recall that for Theorems IV.0.2 and IV.0.3, we are interested in the invertibility of the
operators 31d + K in L” (0) and —3Id + K* in LP(0). By Corollary IV.2.6, it suffices to
show that $1d + K* and —3/d + K* are injective in LF(0).

More precisely, in this section we see the injectivity of 2 /d+K* in LP(0) with 2n/(n+1) <
p < n + g3, for 2-sided CAD’s with unbounded boundary. This is stated in Corollary 1V.6.2,
and follows from the injectivity of —%I d + K* for unbounded 1-sided CAD with unbounded
boundary.

Proposition IV.6.1. Let Q C R™™! and e, > 0 be as in Proposition IV.5.1. Then there
exists 0 < g9 = e2(n, CAD) < &1 such that —3Id + K* is injective in LP(c) for all p €
2n/(n+1),n + &2).

Proposition IV.6.1 is proved in Section IV.6.2. Applying this result to Q° we deduce the
following corollary.

Corollary IV.6.2. Assume that R"™'\ Q is an unbounded 1-sided CAD with unbounded
boundary, and let €5 > 0 be as in Proposition IV.6.1 for the domain R"*\ Q. Then %Id—i— K~
is injective in LP (o) for all p € 2n/(n+1),n + £3).

— 2
injective in LP(o) for all p € [2n/(n+ 1),n + €2) by Proposition IV.6.1. O
Corollary IV.6.3. If Q C R"™ is an unbounded 2-sided CAD with unbounded boundary,
then there exists €5 = e3(n, CAD) > 0 such that both £3Id + K* are injective in LP(c) for
allp € 2n/(n+1),n + ¢3).

Proof. A quick computation reveals K¢ = —KZ.. Hence, %Id + K5 =1Id— K%, which is

Proof. Take €3 := min{ey, &2}, with &3 and g9 as in Proposition IV.6.1 and Corollary IV.6.2
for the domains 2 and R" ™ \ Q respectively. O

By Corollary 1V.2.6, this immediately implies that for p € [2n/(n + 1),n + £3), the
operators £27d + K and +11d + K* are invertible in L” () and LP(0) respectively, under
small enough flatness assumption of the 0-(s,S; R) domain €2, see Definition IV.0.1.

Remark IV.6.4. For bounded 2-sided corkscrew ADR domains, the injectivity of %] d+ K*
in LP(o) for p € [2n/(n+1), 00) is proved in [MMM23b, Theorem 1.7.2 (4)]. Since the domain
is bounded, the injectivity for the full range [2n/(n + 1), 00) follows from the particular case
p = 2n/(n + 1) and Holder’s inequality. The case p = 2 was already proved in [HMT10,
Proposition 5.11]. Both proofs are based on the divergence theorem. In fact, for the so-called
regular SKT domains (see [HMT10, Definition 4.8]), the injectivity in L*(o) of 11d + K* is
enough to show that all four operator (i)%[d+K(*) are invertible in LP(0), for all 1 < p < oo,
see [HMT10, Proposition 5.12].
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IV.6.1. The single layer potential. Let QO C R""! be an ADR domain with the

2-sided corkscrew condition (in particular 99 is UR by Theorem IV.1.8) and f € L* (fij‘(f'zl)

The modified single layer potential operator associated with €2 is
(IV.6.1)

1 1 ~ 1pi0)(y) - e R
Suwaf (0)=Smaasf @)= s [ (o = 2200 1) doty), wemre\om,

and its boundary version is defined as

Smod f(7) = Smoa,nf () = ;/asz( ! — — 1Bl(0)i(y>) fy)do(y), =€ fN.

n(l—n) e =y~ y["!
Remark IV.6.5. The classical single layer potential S as Well as its boundary version S are
defined as Sy0q and Snoq but replacing their kernel by = |n ———+. However, this only makes

sense for domains with bounded boundary, and in this case, the difference between the
classical and the modified single layer potential is constant.

The single layer potential satisfies
1 T—y 1
VSmodfx:—/ ———=—f(y)do(y), xeR"\0Q,
@)= | ) doty) \

see [MMM™22a, (3.39)]. Note that this is (modulo a multiplicative constant) the Riesz
transform R, f. Moreover, it satisfies A(Spoaf) = 0 in R™™\ 9Q, see [MMMT22a, (3.40)],
and Syoqf is continuous through the boundary 02 in the nontangential sense

(IV.6.2) (Smod f)50(2) = Smoaf (), for o-a.e. x € 99,

see [MMM™22a, (3.47)].
Recall the interior and exterior normal nontangential derivatives in (IV.1.5) and (IV.1.6).
There is a jump formula for the interior derivative, see [MMM™22a, (3.67)], which is

(IV.6.3) O Smoa f (7)) = (—%]d + K*) f(z), for o-a.e. x € 0N.

A quick computation reveals that K. = —K¢, and using this in the last equality, for o-a.e.
x € 0F2 we have the jump formula for the exterior derivative:

O Soaf (@) = T (v(2), VSuoaf (2)) = = 1 (v (2). VS, f(2)
(IV64) zely (x) zely (z)
(IV.6.3)

=" - (—%[djLK;c) f(z) = (%Id%—K*) f(z).
Given any € > 0, by [MMM™22a, (3.41)] we have
(IV.6.5) N¥(Smoaf) € ﬂ L}, (o).

Arguing as in the proof of (IV.5.3) (using (IV.6.5) with p = 1 instead of (IV.5.2)) we obtain
Smoaf € LD/*(Q N B) for any ball B centered at 9. Note that the same holds for Q° (as
it satisfies the same assumptions as €2), and therefore we have

(IV.6.6) Smoaf € Lt VMR,

loc
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For f € LP(0) with 1 < p < 0o, the single layer potential satisfies

(IV'6'7) ”N(Vsmodf)HLP(U) Sp,UR,a ||f||LP(U)7

see [MMM™22a, (3.127)]. By (IV.6.7) (and arguing as in (IV.5.4) if Q is unbounded with
bounded boundary) and (IV.5.1), the single layer potential satisfies

(IV.6.8) V(Smoaf) € LP"V/"(Q N B) for any ball B centered at 95).

In fact, if Q is bounded or has unbounded boundary, a direct application of (IV.6.7) and
(IV.5.1) gives V(Smoaf) € LP™D/™(Q). As before, the same holds for Q°. Arguing as in the
proof of Lemma IV.5.20V9) weak derivatives of the single layer potential in R"*! exist and
its gradient is 1gn+1\p0VSmod.f, Whence we get from (IV.6.8) (with both domains Q and Q)
that in the weak sense there holds

(1V.6.9) V(Smoaf) € LPD/m R+,

loc

and in fact V(Smoa f) € LPMHD/7(R™1) if 9Q is unbounded, i.e., both Q and Q° are unbounded.
For the sake of completeness, we justify the existence of weak derivatives of u = Syoaf €
L (R™1). Indeed, for any 1 <i < n+ 1 and ¢ € C®(R""), we want to see

loc

(IV.6.10) —/u@xigpdm: /SO]_]RnJrl\aaniudm.

Asu e LL (R™), writing QT = Q, Q= = Q° we have

loc

/u@xigo dm = U0, o dm + / U0y, dm.
Q+ -

We have
/ U0y, p dm = / O, (up) dm — @0z, udm
0+ Q* 0+

For 0, we define D* and op+ as in the proof of (IV.5.4), after fixing a ball B D supp ¢
satisfying also 9QF C B/2 if 9QF is bounded. Let us check the assumptions on the divergence
theorem in [HMT10, Theorem 2.8] for the ADR domain D* and the vector field V' defined
as V; = up if j = i and V; = 0 otherwise. Clearly up € C°(D*), by (IV.6.6) and (IV.6.8)
we have divV = 9, (up) € L'(D*), by (IV.6.2) we have that (up)|sp+ exists op«-a.e. on
0D, and by (IV.6.5) with p = 1+ 1/n (arguing as in the proof of (IV.5.4)) we get that
Np+(up) < C,Np+u € L**/"(op+). Hence, by the divergence theorem [HMT10, Theorem
2.8] we get

/ Oy, (up) dm = / ulaprax ; do,

D* o9

where vqz+ ; is the i-th coordinate of the outward unit vector vg+. Since v = —vg- o-a.e. (see
[MMM22b, Lemma 5.10.9(6)|) and by the o-a.e. continuity of Syeaf through the boundary
(IV.6.2), all in all we obtain (IV.6.10).

(IV9By the divergence theorem in [HMT10, Theorem 2.8] using now (IV.6.2), (IV.6.5), (IV.6.6) and
(IV.6.8).
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IV.6.2. Proof of Proposition IV.6.1. The proof of Proposition IV.6.1 is presented in
several steps. In Step 0 we define the notation during the entire proof, in Step 1 we show
that the single layer potential is constant in €2 and c-a.e. on 02, in Step 2 we find a submean
value property for modulo of the single layer potential minus the constant found in Step 1,
and from this we deduce in Step 3 that the single layer potential is also constant in the
complementary of (2, with the same value. From this, in Step 4 we conclude the proof of the
injectivity.

Step 0: Let g5 € (0,¢4], with €; > 0 as in Corollary IV.5.3. During the proof we write
QF == Qand Q" =R\ Q. Let f € LP(0) satisfy (—3Id+ K*)f = 0 in LP(0), equivalently,

1
(IV.6.11) (_ild + K*) f =0 o-a.e. on S

We want to show that f = 0 o-a.e. on 9. To this end, we consider the modified single layer
potential

U = Smod [,
which is harmonic in R™ \ 9.
Step 1: In this step we prove
(IV.6.12) u = ¢o constant in 2 and o-a.e. on 0S.

By (IV.6.3) and (IV.6.11) we have 8, u = (—3Id + K*)f = 0 o-a.e. on Q. Recall that
w : © — R is harmonic and N (Vu) € LP(o) by (IV.6.7). All in all, the assumptions of
Corollary 1V.5.3 are satisfied, and therefore we conclude that w is constant in Q. By (IV.6.2),
we conclude the proof of (IV.6.12).

Step 2: In this step we prove the following submean value property

(IV613)  |u(z) — col < ][ lu(z) — co| dm(z) for all = € R™1\ 90 and r > 0,
B, (z)

where ¢ is the constant in (IV.6.12). Note that if u were a continuous function in R"*! this
would immediately follow from the fact that k is harmonic in Q° and A = 0 in Q. However,
due to the lack of continuity, a more careful argument is required.

We define h(-) := u(-) — ¢y to shorten the notation. To prove (IV.6.13), we first see that it
satisfies

(IV.6.14) / VIh|Vepdm <0 for all p € C°(R™ 1) with ¢ > 0,
Rn+l

called weak subharmonic condition.
Note that, by (IV.6.9) and since |V|h|| = |Vu| m-a.e. in R"™! we have

(IV.6.15) V|h| € LRI/ Rett).

loc

Let us fix B D supp ¢ (not necessarily centered at 0€2), and write Q25 := Q™ N B from now
on. By suppy C B and h =u — ¢y =0 in  and o-a.e. in 0f2, we have

(IV.6.16) / V|h|Vedm = VIh|Vedm.
Rt

Qp
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As in [HMT10, (2.3.37)] for the domain Q, for § > 0 we define

1 if z € Qz\ Us(09Q3),
xs(x) = < 20 dist(z, 0Us2(0Q5)) if x € Q5 N (Us(0Q5) \ Us/2(023)),
0 if £ € Uspa(9Q5) U (R™\ Qp).
Moreover, we fix ¢ € C°(B;(0)) satisfying ¢» > 0 and fBl(O) Y dm =1, and define
1 :
(IV.6.17) vol) = ¥ (g) , for £ > 0.

Since by Holder’s inequality and (IV.6.15) we have

6—0

_1 _1
10~ 56 VIV i S 91 (U025 S 9 B8 S 0,

~Y

B

we get
(IV.6.18) V|h|Vedm = lim/ XsV|h| Ve dm.
(9 0—0 o)
Also, since V|h| € L'(m|g) by (IV.6.15), for every § > 0 we have
(IV.6.19) / XsV|h|Vpdm = hi%/ XsV (|| *x )V dm
Q5 € Q5

For every 6 > 0 and every 0 < € < §/2, by V(xs¢) = ©Vxs+xsVp and div(xseV (|h|x1.)) =
Vxse)V(|h] * 1e) + xspA(|h] % 1).), we have

/ V(1A % 6.) Vi dm = / divuseV ([l *4.)) dm
Q Qp

-,

The first term on the right-hand side is zero by the classical divergence theorem. Also, we
have that —A(|h] * ¢.) < 0 in Q~ \ Us(99) for e < §/2, because |h| * 1. is smooth and
(|h] * ) (2) < mpen(h] *9.) for all z € Q7 \ Us(052) and 0 < r < §/2, which follows from
the fact that |h|(z) < mp(.n|h| for all z € Q7 and 0 < r < dist(z,09) (since Ah =01in Q7).
Hence, we get

(IV.6.20) /Q 7

From (IV.6.18), (IV.6.19), (IV.6.20), and that the latter integral in (IV.6.20) converges to
— Jo- ©V|h|Vxsdm as € — 0 because V|h| € L'(m|p), we get
B

B

VoA (] ) dm — / oV (|h] % 1)V xs dm
Qp

B

XsV(|h] %)V dm < —/ OV (|h] * V)V xs dm.

Qp

(IV.6.21) /V\h|Vgpdm§(lsir%—/ Vxs(pV|h]) dm.
5 20 Jap

Rewriting the latter integral using the notation vs(x) = —V(dist(z,0Us/2(05))) and
Us(0Q5) = Q5 N (Us(025) \ Us/2(095)), we now claim (and prove below) that

.2 n
(IV.6.22) lim = [ (1/5,<,0V|h\>dm=/ (v, (VIh])] g ) dH".
600 U5(095) ooy ° B
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Before its proof, let us conclude the proof of (IV.6.14). Using that ¢ = 0 on 9B and
the fact that 0, _|h| < 0 because |h| > 0 converges to zero nontangentially o-a.e. at 9 (by
(IV.6.12) in Step 1), we have

/ _<VQ§7 (@V|h|)’aﬂg> dH" = / 903%, |h| do < 0.

095 BnoQ

This, together with (IV.6.16), (IV.6.21) and (IV.6.22), concludes the proof of (IV.6.14), in
the absence of the justification of (IV.6.22).
Let us see the claim in (IV.6.22). We first need to check that

(IV.6.23) N(V|h]) € LP(0) and (V]h|)|sq exists o-a.e. on 0.

The first condition is satisfied by |V|h|| = |Vu| m-a.e. in Q= and (IV.6.7). Regarding the
second condition, we want to see that for o-a.e. x € 9€) there exists a vector v, such that, for
all € > 0 there is 0 > 0 satisfying that

2 €T9 (2) N Bs(x) = |V|h| — .| <e.

By the jump formula (IV.6.4) and the assumption (—%Id + K*)f =0, see (IV.6.11), we
have 9,,_h = f for o-a.e., in particular the pointwise nontangential limit (Vh)|aq exists
o-a.e., which we denote by w, for such z € 99Q. If w, = 0, then v, = w, does the job as
|V|h|| = |Vh]|. Since h = 0 o-a.e., if w, # 0, then for § > 0 small enough we have that either
h>0orh<0in % ()N Bs(x). If £h > 0, then we take v, = +w,, and hence we have

\V|h| — £w,| = | £ VuF w,| = |Vu —w,| <e,

where we used that V|h| = |—Z|Vu = +Vu in 'Y (z) N Bs(x) (since we are in the case £h > 0

there) and the fact that the pointwise nontangential limit exists o-a.e. and is (Vu)|sq = w,.
As argued in [HMT10, p. 2596, lines 6-8|, the equality (IV.6.22) directly holds if one

replaces V/|h| by v € C%(Q3). We adapt the end of Step I in the proof of [MMM22b,
Theorem 1.3.1] to our situation. By the density of C2°(R™*!) functions in L'(c|pnaq), for
any 1 > 0 there exists w € C°(R™™!) such that

I(VIRD]oa = wll L1 (o]pnsa) <1
First,

[ e = (@9 Dlan)] a2 S 1V = 0112ty < 1
B

second, as we already noted, since pw is in particular Lipschitz in Q_Eg, the equality in (IV.6.22)
holds in this case and so we have

2

lim — (v, pw) dm—/ (Vo= pw) dH",
500 U5 (095) ooy °

and third, by Lemma IV.1.10, for small enough ¢ > 0 so that ¢ =0 in B\ (1 — §)B we have
2
2L 1oV = bl dm S NI = 0l
Us(0Q5)

recall the definition of A in (IV.1.3). Note that the second condition in (IV.6.23) implies
that N°(V|h| — w)(x) — (V]h])]|sa(z) — w(x) as § — 0 for o-a.e. x € 9. From this and
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N (V|h|) € LY(o|nsq), see (IV.6.23), by the dominated convergence theorem we have
iy IV (V1A] =) 23 = (71D Ion = 23 < 1

All in all, we have

S,

2 .
fim [ Vil — [ oV IDlon) K
=00 S5 00;) ooy °

with uniform constant, and as n > 0 is arbitrary, we conclude the claim in (IV.6.22), and
therefore the proof of (IV.6.14) is now complete.

Let us see now how (IV.6.14) implies the submean value property (IV.6.13). With . as
in (IV.6.17), the function |h| x 1. is smooth and for z € R"™! there holds

AR 0 (2) = 3 (OB % 0050)(2) = — / VIl () Ve (= — ) dm(y)
(IV.6.24)

(IV.6.14)

- / VIR()V (= — ) dmly) <0,

whence we get that |h| * 1. is subharmonic in R"™! and in particular we get the submean
value property

(Bl % .)(2) < ][ (k] % v.)(x) dm(z) for all = € R™ and r > 0.

By (2)

For z € R*"™\ 99, the left-hand side converges to |h(z)| because h € C°(R"*1\ 9Q). On
the other hand, since |||k * ¢c — [hl|[1(n)p, ;) — 0 as € = 0 by (IV.6.6), the right-hand side

term converges to fBT(z) |h(z)| dm(x) as € — 0. This concludes the proof of the submean
value property (IV.6.13). d

Step 3: In this step we prove
(IV.6.25) u = ¢o constant in Q.

For a fixed z € Q~, taking r > 2dist(z,0Q) and £ € 0N so that |z — £| = dist(z, 09), we
have B(z,7) C B(&,2r) and therefore

(IV.6.13)

u(z) — o] < ]{g(m\u<x>—co\dm<x>s ]{?M\u@)_%\dm(@.

Note that ¢g is the mean of u over any ball inside (2. So, taking B the interior corkscrew ball
of B(&,2r), we have that B C B(,2r) N Q with r5 ~ 7, and therefore we get that the last
term above is

]{?(s,zr) lu(x) — co| dm(z) = ][ u(z) — mosul dm(z).

B(&,2r)

Adding +mpe2ryu, by the classical Poincaré inequality since u € WEHR™ 1) (see (IV.6.6)

ocC

and (IV.6.15)), Holder’s inequality and the estimates (IV.5.1) and (IV.6.7), the latter term is
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controlled by

][ () = mosul dm(z) < ][ () — mipeanyul dm(z) < r ][ Vu(z)| dm(z).
B({,Q?") B(&,Q?") B(&,Q?")

(1V.5.1),(IV.6.7)
S P R

~Y

All in all, for any z € Q= and any r > 2dist(z, 092) we get
(IV.6.26) [u(2) = col S|l o).

In the case 2n/(n+1) < p < n, letting r — oo we deduce that u(z) = co, as claimed. For
n < p < n+ ey, we will use the following lemma to see that (IV.6.26) implies a slightly better
bound, as in (IV.5.8).

Lemma IV.6.6. Let D C R be a domain satisfying the exterior corkscrew condition with
constant M > 1. There are « = a(M,n) > 0 and C = C(M,n) > 1 such that for every
nonnegative smooth subharmonic function u in R"", all € € OQ and allr >0, if u=0 in
R\ U, annyro (D) for some integer ko > 1, then

(IV.6.27) u(z) < C (|x . éh’) sup u, for allxz € B(§,r)\ B(&,r/(4M)kot1).
Br(§)

This is well-known for harmonic functions vanishing continuously on 052, even for more
general domains. However, to keep track of the parameters, the proof is written in full detail
at the end of this subsection. Assume the lemma to be true for the moment.

Let us fix z € 7, and take r > 2dist(z,0Q) and £ € 00 so that dist(z,00) = |z —£].
With ¢, as in (IV.6.17) for € > 0, as we already saw in (IV.6.24), |h| * ¢ is nonnegative,
smooth and subharmonic in R"*! and identically zero in R™™\ U.(Q7). So, by Lemma IV.6.6
there is ap > 0 such that if 0 < ¢ < r, then

(IV.6.27) 1z — €[\
(w5 (E55) s v
r B(&r)
Also, for z € B(&,r) we have
(IV.6.26)

(1] * ) (x) = /B @ =) S

as long as ¢ < r. All in all, and as (|h| * ¥.)(2) — |h(2)| = |u(2) — ¢o| as € — 0 because
h € C°(Q7), we conclude

[u(2) = col < Iz = &% fll (o).
This goes to zero as r — o0 if 1 < p < n/(1 — az). The parameter €5 > 0 is taken so that
n+ ey = min{n +e,n/(1 — as)}. We conclude that u = ¢y in Q. O

Step 4: Let us finish the proof by seeing that f =0 in LP(0). By (IV.6.4) and since u = ¢
in Q0 (see (IV.6.25) in Step 3), we have (5/d + K*)f = 8,_.u = 0. On the other hand, recall
that (—3Id + K*)f = 0 by assumption, see (IV.6.11). We conclude that

f= (%]d+K*> f— (—%quLK*) f=0 o-a.e. on 09,

as claimed. O
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We conclude this subsection with the proof of Lemma IV.6.6. We adapt the standard
argument to show the Holder continuity of harmonic functions that vanish continuously on
the boundary of a domain satisfying the exterior corkscrew condition.

Proof of Lemma IV.6.6. We first claim that there is ¢; = ¢;(M,n) € (0,1) such that for a
fixed £ € 02 and s > 0, there holds

(IV.6.28) sup  u < (1—¢1) sup u, aslong as u = 0 in R™™\ Uy oan) (D).
B(&,s/(4M)) B(¢s)

Indeed, by the exterior corkscrew condition there is B(A,(¢),s/M) C B(&,s) \ D, and
therefore there exists p € (s/(2M), s) such that
(IV.6.29) H"(0B(&, p) \ D) =2 H"(0B(S, p) N B(As(S), 5/ (2M))) Zasn P

We are using 2M > 2 to ensure that u = 0 in B(A4(&),s/(2M)) C R™™\ U/ (D). Let
H,, be harmonic extension in B(§, p) of u|ap(e ). For x € B(E, p), using the Poisson kernel
and that u = 0 in B(A4(€), s/(2M)) C R™™\ Uy (D), we write H, as

PPl =€P u(z) n(,
Hulw) = téB@m| )

Wy p x_z|n+1
2 T — 2 u
Wnp <>w<<NMM>W—4

where w,, = H"(0B(0,1)). We bound H,(z) for x € B(§, p/2). Bounding u by its supremum
in B(§,s) D B(§,p), we have

2 |z 2 SUPp(g,s) U
H(r) <18 / P (z)
Wy, P OB(&,p)\B(As(£),s/(2M)) |$ — 2|
:p2—’$—§‘2/ SupBES)udHn( )
Wn P oB(e,p) [T — 2"t
p*— v —¢ SUPB(es) U 1
—— —anH (2)
Wy P OB(£,0)NB(As(€),s/(2M)) |z — 2|
2 |0 ]2 1
= (1 — u/ —anH”(z)> sup u,
Wy P AB(€,p)NB(As(€),5/(2M)) |z — 2| B(&,s)

where we used in the last equality that the harmonic extension (using the Poisson kernel) of
a constant function is the constant itself. Now, using that |z —¢| < p/2 and |z — z| < 3p/2
if v € B(£,p/2) and z € 0B(£, p), we get

2 2
—/ T dH"(z)
Wy P OB(£,p)NB(As(£),s/(2M)) |5L' 2|
n—1 (IV.6.29)
Z 3w ~H"(0B(&, p) N B(As(§),s/(2M))) = 1 €(0,1),

for some ¢; = ¢;(M,n) € (0,1). All in all, by the inclusion, the maximum principle, and the
estimates above, we get

sup u< sup u< sup H, < (1-¢) sup u,
B(&,s/(4M)) B(&:p/2) B(&.p/2) B(¢,s)

provided that u = 0 in R"*\ Uy 201y (D), as claimed in (IV.6.28).



IV.7. UNIQUENESS OF THE SOLUTION OF THE DIRICHLET PROBLEM 177

As we are assuming u = 0 in R"*'\ U, ;a0 (D), iterating (IV.6.28) we get

(IV.6.30) sup  u < (1 —¢))" sup wfor all 0 < k < k.
B(&r/(4M)F) B(&r)
This readily proves the lemma. 0

IV.7. Uniqueness of the solution of the Dirichlet problem

Given a Wiener regular®'® domain 2 (not necessarily bounded) and = € Q, we denote by
gr = g5 (w® = w§ respectively) the harmonic Green function (harmonic measure respectively)
of Q2 with pole at x. If the domain 2 is ADR and w” is absolutely continuous with respect to
0 (w” < o for shortness) for some (and hence for all) = € €2, then there exists a function,
which we denote by dw”/do and it is referred to as the Radon-Nikodym derivative (also
known as the Poisson kernel), such that

Wi (E) = / de do, for any Borel set E C R"*!,
g do
see [Mat95, Theorem 2.17| for instance.
This section is dedicated to the uniqueness of the solution of the LP Dirichlet problem
in (IV.0.1) under the assumption that the harmonic measure satisfies the p’-reverse Holder
inequality.

Proposition IV.7.1. Let Q@ C R"™ be a CAD, z € Q, p € (1,00), and let p' so that
1/p+1/p =1. Assume w§ < o and that there exists v > 0 such that

P/ 1/p’ x
(IV.7.1) (]{9(5 | da> < wIBE)

dw§,
do

o(B(&r))

for every & € 002 and O < r < 7. Then the zero function is the unique solution of the
homogeneous Dirichlet problem

Au=0 1in S
(IV.7.2) Nu e LP(0)

ul%, =0 o-a.e. on ON.

This is well-known when the domain is assumed to be bounded, see for instance [MMM23a,
Theorem 5.7.7]. For completeness, we provide a detailed proof in the general case, where €2 is
not necessarily bounded. Its proof is a direct combination of Lemmas IV.7.3 and IV.7.4 below.
A quick inspection of the proof of Lemma IV.7.3 below reveals that the NTA condition is
only used for balls with sufficiently small radii.

We state the extrapolation of the solvability of (D,) with uniqueness of (IV.0.1).

Corollary IV.7.2. Let Q C R™™ be a CAD. If (D,,) is solvable for some 1 < py < 00, then
there exists € > 0 such that (D,) is solvable for all p € (py — €,00) and the solution of (D,)
is the unique solution of (IV.0.1).

(IV-10)This ensures that the Green function is well-defined. For instance, domains with the exterior
corkscrew condition or whose boundary is ADR are Wiener regular. In fact, satisfying one of these conditions
at small scales is sufficient.
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Proof. Using that the harmonic measure is doubling in NTA domains (see [JK82, Lemma
4.9](IV'11)), this follows by the well-known equivalence between the solvability of the Dirich-
let problem and the reverse Holder for the harmonic measure (see [MPT23, Proposition
2.20]V12) for instance), Gehring’s lemma (see [GM12, Theorem 6.38] for instance), and
Proposition IV.7.1. 0]

We now turn to the first step in the proof of Proposition IV.7.1.

Lemma IV.7.3. Let Q C R"™! be a CAD domain, v € Q, p € (1,00), and let p' so that
1/p+1/p = 1. Assume that there exists v > 0 such that (IV.7.1) holds for every & € 092
and 0 < r <. Then for any § < min{diam(99), dist(x, 92)}/100 there holds

”N59§¢2||LP'(U) SRS,
IV (VI 1t oy S 777,

where the involved constant depends on p, the CAD character of Q, the constant in (IV.7.1)
(and the aperture on the definition of N° in (IV.1.3)).

Proof. We define the Hardy-Littlewood maximal function

ey o W(BHE)) duw”
Q) = TR~ €<

Let us fix £ € 9. For any y € I'(§) N Bays(€), in particular, |y — &] < (1 4 «a)dist(y, 992),
we have that y is essentially a corkscrew point at scale 2|y — | in the sense that both
Y, Aojy—¢|(§) € Bapy—¢(§) and are uniformly far from the boundary with distance 2 2|y — &|.

Thus, by Harnack inequality and the relation in [JK82, Lemma 4.8] (Iv.11
function and the harmonic measure in NTA domains, we have

w'(B(, 2]y — ¢&]))
ly =&t

Therefore, from this and the definition of M,w”, we have

) between the Green

92 (y) = gu(Agy—¢(§)) S

Nog©@ = s g s |y—e BE D <y e,

yel(§)NBas(£) y€T(£)NBas () ly — &

So, from this and the L”-bound of the Hardy-Littlewood maximal function M,w® we have

/ |N69m|p/ do o / |Mawx|pl do Sp & /
oN o0 o0

Given by the 5R-covering theorem, let {Bj};>1 be a subfamily of {B(&, 7) }¢caq such that
Q2 C Upsy Br and {By/5}>1 is pairwise disjoint. So, (IV.7.1) applies for each By since

pl

du do.

g

(IVADThis is originally for bounded domains, but the same continues to hold for unbounded domains.

(IV-12)The golvability of the Dirichlet problem in [MPT23, Definition 1.4] is stated for C.(9€) functions,
instead of LP(o). However, it is well-known that this is equivalent to the LP solvability definition of (D)) in
(IV.0.1) and (IV.0.2), by a density argument.
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r(Bg) = . Also, since {By/5}r>1 is a pairwise disjoint family and each ball has the same
radius, we also have that the family {By}r>1 has finite overlapping. Thus, we have

dw® P’ dwm ' dw® ' wx(Bk) P’
do ~ ][ < A" ( >
Jularl =X P > (5iay
~ ,y 1_p/) wa(Bk)pl S ’Y n(1—p') wa(Bk) S ,yn(l_p/)‘
E>1 k>1

All in all, ||N69$||LP’(U) 5 /Vin/pé-

The L -norm of the nontangential maximal operator of Vg, follows from the same
computations above, using that |Vg,(-)| < g.(-)/dist(-,092) far from the pole. Indeed, we
now have

NV E) = s Vo)< sp W o oo %W

Yer(©ONBa(® ver©nBa® UUW, 0 ™ cronmne [V — ¢

and the other computations that are needed have already been done. 0
We now proceed to the second step in the proof of Proposition IV.7.1.

Lemma IV.7.4. Let Q C R"™™ an ADR domain and let u be a solution of (IV.7.2) with
1 <p<oo. Take p' so that 1/p+1/p' =1, and fix z € Q and g, = g%*. If HJ\/"ngHLp/(U) <4
for small enough 6 > 0, then u =0 in €.

Proof. First note that [|[N°g,] () S 0 holds for every z € © with constant depending on
x €  and provided 0 is small enough also depending on x € €2, because by the symmetry of
the harmonic Green function we have

gx(y) = gy(x) N,z gy(z) - gz(y)

Let us fix x € Q and R > 2dist(x,01), and define Qg = QN Br(x). We remark that the
auxiliary domain €2r and its Green function are only necessary if the domain is unbounded,
either with bounded or unbounded boundary. If the domain §2 is bounded, one can directly
remove the dependence on R by taking R = 2diam(2) on the computations below.

We will make use of three Green’s functions: g%, ¢’# and gf () are the Green functions
with pole at = of Q, Qp and Bg(z) respectively. Moreover, it holds that ¢** < ¢% and
g% < g™ in Qp \ {a}.

Let us fix a dimensional constant C; > 1. For ¢ < dist(z,0Qg)/(4C}), as in [HMT10,
(7.1.10) and (7.1.11)], let 0§ € C>(€) such that 0 < ¢ < 1, ¥ = 11in Q\ Ug,5(09), ¥ =0
in Ug,s/2(02) NG, and |0°9§)| So (C16)719 for all multi-indices a.. Similarly for Br(z) (with
§ instead of C16), define ¢F*") € C(Bg(x)) such that 0 < ¢ < 1, 2™ — 1 in
Br(z) \ Us(0Bgr(x)), 2™ = 0 in Us(8Bg(x)) N Br(x), and |0°¢r @] <, 671! for all
multi-indices «. Finally, we define

s = PR € 02(Qp),

which in particular satisfies 0 < ¢5 < 1, |0%Us| Sacy 51l for all multi-indices «, and
moreover

dist(y, 0Q2g) > /2 for all y € supp Vibs.
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As in [HMT10, (7.1.12)], we have

u(z) = u(z)s(z) :/Q (VgQR V(utbs)) dm = 2/ (Vg?R,Vw(;)udm—l—/ gSRqu(; dm.

Qr Qg

Using that [Vg@n(-)] < g% (:)/dist(-, 0Qr) < g% (-)/8 in supp Vs, and
supp Vs C (Ucy5(90Q) N Br(z)) U ((Br(z) \ Br-s(2)) \ Uc,5(09)),

we have
1
w S 5 [ gluldmly
supp Vs
IvV.7. 1
(IV.73) 1L G| dmlo + 52/ 92| dml
Uc,s(00)NBR(z ) (Br(z)\Br—s(2))\Uc,5(09)
=: L; + IL;

Let us study the term Is. Using that g%# < ¢ in Qy \ {7}, Lemma IV.1.10 and Hélder’s
inequality respectively, we have

(IV.7.4)

1
I < —

1 1
g*luldmle < —/ N (g ul) do < <IN g7 1 (o) IN *ul| (o)
52 Ucl(;(aQ)ﬂBR(CIZ) 6 o0 5

We now turn to the term Ils, which is directly zero if the domain is bounded and
R > 2diam(€2). Before, recall that

1 1 1
BR(:D) _ _
9. () Kn(n —1) (|y — |1 R”_1> ’

where £, is the surface area of the unit sphere S* C R"*!. So, for y € Br(z) \ Br_s(z) we
get

1 1 1)
Br(z) < _ <
Hence, using that ¢ < ¢P% in Qp \ {z} and this, we have
11

IIs S ——/
R0 J(Bp(a)\Brzs@)\Uc,5(00)

|u| dm|gq.
For shortness we write Fy := (Bgr(z) \ Br_s(x)) \ Uc,s(092). Let Wq denote the family of
Whitney cubes of €2, as in Lemma IV .4.2, and

Wg = {QGWQQQF(;%@}

11555—/ lu| dml|g = — PM Z / u| dm.

Qewy, " 9N

Since m(Q N Fs) < -5m(Q) = §4(Q)" for each Q € W, we have

Then we have
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Note that having fixed C; > 1 big enough depending on the dimension, then every Q € W3
satisfies £(Q)) > 1004, and therefore 3Q N IBg(x) # O with H"(3Q N 0Bgr(z)) = £(Q)". So,
we get
1
(IV.7.5) I < o0 >, UQ)" upu] S Rn > H'(3Q N 0Bg(x)) sup [ul,
QeEWY QEWq
uniformly on § > 0, where we also used in the last step that W3 C Wa.
Let us bound the sum on the right-hand side. Defining

)= Z 130r0Ba () (V) Sng, y €€,

QeEWq
we have
Z H"(3Q N OBg(x sup\u] Z / sup |u| dH"
<S> [ gawes | gar

where we used the finite overlapping of {3Q}gew,, in the last step. Applying Lemma IV.1.11
to f (with & € 98 such that dist(z, 0Q) = |x — &,|, Cy > 1 is a fixed big enough dimensional
constant so that supp f C B(&, C2R), and with aperture f;), the latter term is bounded by

(IV.7.7) / FaHr < / N, f do.
9Br(x) 2B(Es,Ca R)NOQ

Given & € 010, let

Wa(§) =1{Q € Wa :3Q N T4, (§) # 0}.
Using this definition, for any y € I', (§), the sum in the definition of f(y) runs over the cubes
in Wo(€) (instead of Wg), which in particular implies

(IV.7.8) Nof(€) = sup fy)= sup > lsgrosa) )sgp|u|.

y€lg, (§) y€lg, (§) QeWal(€)

By the relation ¢(Q) = dist(Q, 0Q) for any @) € Wy, it is clear that there exists an aperture
Bs > 31 (depending on f; and the dimension) such that

U 3Q C Fﬂ2(£)'

QeWq(8)

From (IV.7.8), this and the finite overlapping of {3Q}gew,,, We get

Nﬁlf(é-) S N52u7
Therefore, from (IV.7.6), (IV.7.7) and this, we conclude

(Iv.7.9) >~ H'(3Q 0 0Ba(a)) suplul £ [ Ny do
QeWq Q 2B(£,,CoR)NON
All in all, we have
(IV 7.5) (Iv.7.9)

I1; Z H"(3Q N OBg(z))sup |u] < ~ Ng,udo,
QEWQ Q R B(£x,C2R)NON
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and by Holder’s inequality (and (IV.1.9)) we get
(IV.7.10) I S RP|Nu oo,
and we conclude the control of the term II;.

Collecting estimates (IV.7.4) and (IV.7.10) in (IV.7.3), we obtain, for all R > 2dist(z, 092)
and all § < dist(z, 0Qg)/(4Ch),

1 —n
u(@)] S 5||N01699||Lp'(a> IV ull ooy + RPN ]| 1o (o)
First, for § > 0 small enough (depending on x), by Lemma IV.7.3 we have
1
5||N01599||Lp'(g) INu| ooy S N u| o).

Since u[3, = 0 o-a.e. on 9 implies N%u(z) — 0 as § — 0 for g-a.e. x € 99, and
Nu € LP(o), by the dominated convergence theorem we have |Nu| 1n;) — 0 as § — 0.
Second, as we are assuming ||Nu||zr(,) < 0o we have R™"P[|[Nu||1s(y) — 0 as R — oo. That

is, u(x) = 0. Since the point x € 2 is arbitrary, we conclude that u is identically zero in
Q. O

IV.8. The Dirichlet and Neumann problems

In this section we solve the Dirichlet and Neumann problems, stated in Theorems IV.0.2
and IV.0.3 respectively.

Proof of Theorem IV.0.2. Let ep > 0 be so that n/(n — 1) — ep is the Holder conjugate
exponent of n + 9, with e > 0 as in Corollary IV.6.2. Fix n/(n—1) —ep < py < 2n/(n+1),
and let 09 = dp(po, n, CAD) > 0 be given by Corollary IV.2.6.

By Corollaries IV.2.6 and IV.6.2 we have that (3Id + K)™' : LF°(6) — LP(0) is a
bounded linear operator, as claimed in the theorem. Hence, (31d + K)™'f € L (o) with
1(G1d+K) 7 fllzro() S |||l zro (o), where the involved constant does not depend on f € L™ (o).
It is clear then that the function uw = D ((31d + K)~' f) in (IV.0.5) is harmonic in . Moreover,
by the jump formula (IV.2.5), we have

ulpy,(z) = f(x), for o-a.e. x € 99,

whence we conclude that it solves the Dirichlet problem in (IV.0.1) with p, instead of p.
Finally, by (IV.2.6b) and as (1/d + K)_l is bounded in L (o), we conclude
S 1 llzeo o),

1 —1
(aen) s
LPo (o)

as claimed in (IV.0.2). That is, (D,,) is solvable with solution w.
By Corollary IV.7.2, there is € > 0 such that (D,) is solvable for all p € (py — €, 00), and
the solution of (D,) is the unique solution of (IV.0.1). O

Proof of Theorem IV.0.5. Let ey = &5 with e > 0 as in Proposition IV.6.1. We fix 2n/(n +
1) <p<n-+ey, and let 6y = do(p,n, CAD) be given by Corollary IV.2.6.

By Corollary IV.2.6 and Proposition IV.6.1 we have that (—3Id+ K*)~': LP(¢c) — LP(0)
is a bounded linear operator. Hence, (—3Id+K*)"'f € LP(o) with ||(—31d+K*) "' f|| o) S

INul|ro(oy S

~Y

| f]|zr (o), Where the involved constant does not depend on f € LP(c). It is clear then that the
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function u = Spoa ((—31d + K*)~'f) in (IV.0.6) is harmonic in Q. Moreover, by the jump
formula (IV.6.3) we have

Oyou(x) = f(x), for o-a.e. x € 09,

whence we conclude that it solves the Neumann problem in (IV.0.3). Finally, by (IV.6.7) and
as (—31d+ K*)_l is bounded in LP(0), we conclude
S 1A llze o),

1 -1
(—§Id + K*> f
17(0)

as claimed in (IV.0.4). That is, (IV,) is solvable with solution w, and by Corollary IV.5.3, it
is the unique (modulo constant) solution of (IV.0.3). O

IVN(Vu)llro) S

~Y

It is straightforward to verify that any solution w of the Dirichlet problem (IV.0.1)
(respectively, Neumann problem (IV.0.3)) satisfies |[Nullr(e) > ||fllzr(s) (respectively,
IN(Vu)llzroy = [Ifller)). Indeed, for x € 92 we have Nu(x) = sup,cra(, |u(2)| >
SUD,ero(y) |u(2)| for all € > 0, and therefore

|z—z|<e
Nu(z) > lim |u(z)| > | lim u(z)| = [f(2)], for o-a.e. x € O
2€T% () 2€T% ()

implying |[Nu| vy > || fllzr(e)- By the same argument, using that |v| =1 o-a.e., we have
N(Vu)(z) > lim [Vu(2)] > lim [(v(z), Vu(2))]

2€T% () 2€T% ()
> | lim (v(z),Vu(z))| = |f(z)], for o-a.e. x € O,
2T (2)

which gives [N (Vu)|zro) > || fllLr(o)-






CHAPTER V

Unique continuation for locally uniformly distributed measures

In this chapter we consider locally uniform measures, first introduced by Kowalski and
Preiss in [KP87] and later studied by David, Kenig and Toro in [DKTO01]. For 0 <k <n+1
integer, a Radon measure p with supp u C R"! is locally k-uniform if

(V.0.1) w(B(z,7)) = wr® whenever x € supp p and 0 < r < 1,

where wy, = H¥(B*(0,1)) is the measure of the unit ball B*(0,1) in R*. When supp u is a
smooth manifold and pu = H¥|supp, it is a natural question in differential geometry to ask
what the condition (V.0.1) tells us about the manifold supp p, see e.g., [KP89, Oss75].

For general pu, the condition (V.0.1) and its global cousin (i.e., (V.0.1) without the
restriction that r < 1) are extremely well studied, as they represent “end point cases” in the
study of measure densities, see e.g., [Pre87, Mar64|. These measure density theorems have
also been applied to understand rectifiability in measure spaces (see [DLO08, Mer22]) and
higher notions of smoothness, see [DKT01, PTT09, Toll5|.

The condition (V.0.1), is extremely rigid and constrains not just the measure, but also its
support. For example any two locally uniform measures (in fact locally uniformly distributed,
see (V.0.2)) with the same support must be scalar multiples of one another, see for instance
[Mat95, Theorem 3.4]V*V. Furthermore, by Marstrand’s theorem, [Mar64|, there are no
locally k-uniform measures for non-integer k.

For globally uniform measures ((V.0.1) without the restriction r < 1), even more is known.
It was proven by Kowalski and Preiss in [KP87| that globally k-uniform measures in R™*!
must be of the form H*|s; where ¥ is a quadratic variety. To be more precise, in [KP87,
Theorem 4.1|, it is only proven that in codimension 1 the support is a subset of a quadratic
variety. The proof for arbitrary codimension works mutatis mutandis, see [Mat95, Remark
17.4], and can be found in [Mat95, Theorem 17.3]. That the measure is equal to H*|s, then
follows from [KP02, Theorem 1.4]. When k& = n (the codimension 1 case) the admissible
quadratic varieties were fully characterized by Kowalski and Preiss in [KP87|, with X given
by (after a translation and rotation)

Y={(x1,...,7p1) ER" 2, =0}, or
Y={(x1,...,0p11) € R" 23 =27 + 23 + 23} if n > 3.

In higher codimension classifying globally O-uniform and globally 1-uniform measures is
straightforward and it follows from work in [KP87| that any connected component of the

(V-DThe theorem is written for uniformly distributed measures but the proof only uses the local structure
of the measures.

185
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support of a globally 2-uniform measure must be contained in a sphere or a plane!V-?. However,

the characterization of which quadratic varieties support a globally k-uniform measures when
2 < k < n remains an open problem and even constructing interesting examples is extremely
difficult (see [Nim22]).

However, given their success in classifying globally n-uniform measures in R"*! it was
natural for Kowalski and Preiss, [KP87, Conjecture 5.14|, to conjecture that each connected
smooth hypersurface M C R™"*! satisfying H"(M N B(z,r)) = w,r™ for each z € M and
each sufficiently small r» > 0 is a subset of an n-dimensional quadric. We reformulate this
conjecture in terms of locally n-uniform measures in R**:

Conjecture V.0.1 (See [KP87, Conjecture 5.14|). Let u be a locally n-uniform measure in
R™L. Then each connected component of the support of u is contained in the zero set of a
quadratic polynomial.

This conjecture remains completely open for n > 3 with little progress (apart from
work of [DKTO01] which we will discuss below). In this note, provide some evidence towards
Conjecture V.0.1, in any codimension. In particular, we prove that the support of a locally
k-uniform measure in R"*! must satisfy the following “strong unique continuation property”
in terms of the mean curvature vector:

Theorem V.0.2 (Strong Unique Continuation). Let u be a locally k-uniform measure in
R Assume there is a point zy € supp j such that the mean curvature vector of supp p
vanishes at zyg. Then the connected component of supp p containing zy must be a k-plane.

We prove this theorem in Section V.2, where we also recall the definition of the mean
curvature vector and establish a seemingly novel and key identity, Lemma V.2.1. The
assumption that the mean curvature vector vanishes (and is, in particular, well-defined)
requires supp i be of class C? in a neighborhood of 2y, € suppu. For k < n, all that is
known (to the best of the authors’ knowledge) is that supp u is a k-dimensional C'#-manifold
(0 < B < 1) away from a closed set S such that H*(S) = 0, see [PTT09, Theorem 1.10]. For
k = n, work of [DKTO01, Theorem 1.9] by David, Kenig and Toro, combined with [PTT09,
Corollary 1.11] by Preiss, Tolsa and Toro, shows suppp = R U S, where dimS < n — 3
(discrete if n = 3) and around every z; € R there exists a ro > 0 such that B(zg, 1) Nsupp u
is the graph of a C* function. Thus in codimension 1 asking that the mean curvature
vector exists is not particularly restrictive, while in higher codimensions it may in fact place
additional constraints on p (though it seems more likely that a similar regularity theory is
true in the higher codimension case).

Observe that a standard density argument shows that, if p is locally k-uniform, then in
any ball, B, such that supp N B is of class C', we have u|g = H¥|supp unp. Therefore, (V.0.1)
(and the work of [PTT09|) immediately implies that any (locally) k-uniform measure p can
be written p = Hk\suppu. As a consequence, it is not more restrictive to study manifolds, M,
such that H¥(M N B(xz,r)) = wyr* for all z € M and r > 0 sufficiently small. Additionally,

(V.3)

(V'Q)According to [DKTO01], in unpublished work Kowalski showed that the smooth support of any locally
2-uniform measure must be a union of spheres and planes in R?, see also [KP87, Theorem 3.2(b)| and [KP89,
Proposition 3.1]. Also note, that while a single sphere is not the support of a globally 2-uniform measure, it
is hard to rule out the possibility that countably many disjoint spheres, carefully placed, support a globally
2-uniform measure, see [Nim22] for interesting computations in this direction.

(V-3)See for instance the proof of [KP87, Theorem 4.5], or the proof of Theorem V.0.3, more precisely
(V.1.2), in Section V.1.
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in the setting of Theorem V.0.2 above, we can conclude that u|p = H*|p, where P is the
k-plane coinciding with the connected component of supp 4 containing zg.

By the curvature restrictions on the support of (locally smooth) locally n-uniform measures
in R"™ see [KP87, Corollary 3.1|, Theorem V.0.2 still holds if the mean curvature is replaced
by scalar curvature in codimension 1.

Theorem V.0.2 provides some evidence towards Conjecture V.0.1 (in any codimension),
since if ¥ = {@Q = 0} for some quadratic polynomial @), and the second fundamental form of
> vanishes at a point, then ¥ must be a plane. We should mention that we know of only
one other result regarding the mean curvature of the support of a locally n-uniform measure
in R**1: [KP87, Theorem 3.3] shows, under the much stronger assumption that supp u is
minimal (i.e., the mean curvature vanishes everywhere) that supp p must be a union of planes.

As a simple corollary, Theorem V.0.2 implies a “weak” unique continuation type property
for the support of a broader class of measures, which we call locally uniformly distributed. A
Radon measure p with supp ¢ C R™™! is locally uniformly distributed if

(V.0.2) 0 < u(B(z,r)) = p(B(y,r)) < oo whenever z,y € suppp and 0 < r < 1.

Every locally uniform measure is locally uniformly distributed but the opposite is not
always the case. Indeed, H?|gs is locally uniformly distributed but a straightforward compu-
tation shows that it is not locally 3-uniform in R* (one can notice that S* does not satisfy the
curvature conditions of [KP87, Corollary 3.1]). In contrast H?|sz is locally 2-uniform in R?
(and locally uniformly distributed). Locally uniformly distributed measures naturally arise as
the conical part of globally uniform measures ((V.0.1) without the restriction r < 1), and
so understanding their structure is an important step towards producing more examples of
globally uniform measures, see e.g., [Nim22|.

Very little is known even about globally uniformly distributed measures ((V.0.2) without
the restriction that » < 1). Kirchheim and Preiss showed in [KP02| that globally uniformly
distributed measures are supported on analytic varieties. Given the few known examples, it
is natural to conjecture that the support of a locally uniformly distributed measure must also
be an analytic variety. Our next theorem supports this conjecture.

Theorem V.0.3 (Weak Unique Continuation). Let p be a locally uniformly distributed
measure in R"1. Assume there is an open ball B(zg,70) (with zo € supp u and ro > 0) and
a k-plane P such that B(zo,10) Nsupp p = B(z0,70) N P. Then there is a unique connected
component of supp p which intersects non-trivially with B(zy, 7o) and this connected component
1s the k-plane P.

This follows from the strong unique continuation Theorem V.0.2 for locally k-uniform
measures in R"*! and its proof is given in Section V.1.

Using arguments similar to those used in the proof of Theorem V.0.2, in Section V.3 we
prove the following flatness condition for locally k-uniform measures.

Theorem V.0.4. Let i be a locally k-uniform measure in R"T!. Assume there is a point
Zo € supp p such that

w(B(z, 7)) < wpr® for all v € B(z,1) and 0 < r < 1.
Then the connected component of supp u containing zo must be a k-plane.

This is the local counterpart of [Mat95, Theorem 17.3]: If a (globally) k-uniform measure
w satisfies pu(B(x,r)) < wyr for all x € R™™! and 0 < r < 0o, then p = H*|p for a k-plane
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P. We remark that the proof in [Mat95, p. 235] relies on the fact that supp u C {Q = 0} for
a quadratic polynomial ), a property known for (globally) k-uniform measures but still open
for locally k-uniform measures, where it remains conjectured (even in codimension 1, see
Conjecture V.0.1) that each connected component of supp p is contained in the zero set of a
quadratic polynomial. Instead, we prove Theorem V.0.4 using the particular case by, = 0 in
the key equality Lemma V.2.1.

V.1. Proof of Theorem V.0.3: Weak unique continuation property

Before proving Theorem V.0.2, we show how the weak unique continuation property in
Theorem V.0.3 follows from our Theorem V.0.2.

Proof of Theorem V.0.3. We mainly follow the first part of [KP02, Proof of Theorem 1.4(ii)].
The Lebesgue differentiation theorem implies that the limit

. By, r))
K<y) o 71~—>0 (/JJ + Hk|suppu)(B<y7 T>>

exists at (u + Hk\suppu)—a.e. Yy € supp i, and that

(V.11) u(E) = / K (5) d(j1 + H¥luupp) (1) for any E C B(z0, 10),

since y is (clearly) absolutely continuous with respect to g+ H¥ |supp i, 1€, 18 < (4 H* |supp 0)-
Note also that the lower bound in (V.0.2) implies K (y) > 0 for (u+ H*|supp u)-a-€. y € supp p.
Fixed a (any) point p € supp p, we define

gu(r) = p(B(p,r)) for 0 <r <1,

see (V.0.2). By the flatness assumption B(zy,70) N supp p = B(zg, 7o) N P with k-plane P,
for y € B(zg,79) Nsupp pu we have

: gﬂ(r)
K(y) = lim —2/ <1
() = Jing Gu(r) + wpr® —

which is independent of y € B(zg,79) Nsupp p. Since K (y) exists (1 + H*|supp )-a-€., we

conclude that the limit K (y) exists for all y € B(zo, 79) Nsupp p. Furthermore, since K (y) > 0

for (p + H¥|supp u)-a-€. y € supp p, it follows that 0 < K(y) <1 for all y € B(z9, o) N supp p.
We define (before checking it makes sense)

We have that this limit exists by the existence of the limit K (y) for all y € B(zq, 7o) Nsupp p

and since

1 ¢ k 1
L T 71 (O NP S
¢ m0gu(r) 0 gu(r) K(y)

Moreover, the fact that K(y) > 0 implies that ¢ > 0. Furthermore if ¢ = co then K(y) =1
for y € B(z0,70) Nsupp p and therefore (V.1.1) would give H*|supp,(E) = 0 for any E C
B(zy,79) Nsupp i, but this cannot happen since B(zg, 7o) N supp p = B(2o,70) N P.

Since ¢ € (0,00), we can write K(y) = ;55 € (0,1) for all y € B(z0,70) N supp p, and
therefore by (V.1.1) we conclude that

(V.1.2) 1(E) = cH|gupp u(E) for any E C B(zg,70).
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The equality (V.1.2) in particular implies g,(r) = p(B(z,1r)) = cwpr® for all z €
B(zo,70/2) Nsuppp and 0 < r < r9/4. However, by the locally uniformly distributed
condition (V.0.2), the same holds for any x € supp p. That is,

9u(r) = u(B(z,7)) = cwpr® for all z € suppp and 0 < r < 7y /4.

() = 1 1 <r0 >
e
satisfies the local uniform condition (V.0.1), is flat in the open ball B (%1, 4) = ]3(5~ZO/Z§)

supp g is a dilation of supp p. The result follows by Theorem V.0.2 applied to the locally
k-uniform measure . O

Thus, the measure

, and

V.2. Proof of Theorem V.0.2: Strong unique continuation property

In this section we prove the strong continuation-type property in Theorem V.0.2 for locally
k-uniform measures in R"*! that is, if the mean curvature vector of the support vanishes at
a point, then the whole connected component containing the point must be a k-plane.

Let us recall that the mean curvature vector of a k-dimensional C?-manifold in R"*! is
the trace of the (vector-valued) second fundamental form, divided by k. Let M N B(zg, r9),
with zg € M and rq > 0, be a C*-manifold of dimension k. If {f;(z) ;‘i,i 41 1s an orthonormal
basis of the normal space Na(z) at z € M N B(zp, 1) then, intuitively, the j-component of
the mean curvature vector is a measure of “flatness” in that it infinitesimally captures how
much the measure of M changes under perturbations in the direction of 7;(z).

For our purposes it is enough to work in coordinates, where the definition becomes more
concrete. Assume that MM B(zg, ry) can be described by a C? function ¢ = (P11, .-+, Pni1) :
R* — R™ 1% such that z = (2/,(2')) for z € M N B(z,10), with 2’ € R¥. Note that, in
this case, the tangent space Ti(2) is

_ e? + c%jgo(z’)
VI+10,,0()

and {ef}*_, is the standard orthonormal basis of R¥. As above, {7;(2) ?:,i .1 is an orthonormal

basis of the normal space Np(z). Then the vector-valued second fundamental form (-, -)(2) :
Tam(z) X Tag(2) = Naq(2) is given by

Tr(z) = span ({tj}§:1> , with ;(2)

n+1

(e, 0)(2) = Ty (- Vo) = 37 (u- Vo iy(2)) iy (2).

j=k+1

(Where the inner product is the Euclidean inner product).
The mean curvature vector is then the trace so we have that

Hul®) = 1 2076 Y (6(2) Vh(a). () (o)

where ¢%(z) is the inverse of the first fundamental form, given by g;;(2) = (t;(2),t;(2)).

In generality, this expression is extremely complicated, but it simplifies greatly if we
assume that Th(0) = R* x {0}"*1=F (that is, d,,(0) = 0, for every i = 1,...,k). In this
setting we can take t;(0) = e;, j = 1,...,k, and 2;(0) = ¢;, j = k+1,...,n+1 (here {e;}/}
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is the standard orthonormal basis of R"*1). It follows that ¢"/(0) = &;; (i.e., is 1 when i = j
and 0 otherwise). Thus our formula simplifies to

n+1

Hau(0) = %Z S (e VH(0), )

1=1 {=k+1

We recall that Vt;(0) is a matrix and we need only compute its (¢,7)-entry. This is a
straightforward computation that gives

ax.gpg 2
(VEi(0))ei = 0z, | ——=—=== | (0) = 0;,4(0),
VT 10 0P |
where we have used in the second equality that 9,,¢(0) =0 for all i = 1..., k. Thus we have
the final form
1 n+1 1
(V.2.1) Ha(0) = - D Api(0)e, = (0, 8(0)), if Taa(0) = RF x {0}"1=F,
(=k+1
Before we begin our proofs, let us introduce some preliminary notation. We define the
vector b, , and its nonnormalized version b, , as

k+2 / 9 9
V.2.2a b,, = —— re—|y—z —2)d ,
( ) ; Qw2 ) ( ly | ) (y — 2) du(y)

~ 2 rkt?

2.2b by =——b,, = P—ly—zP)(y—2)d
(V.2.0) = e = [ ) =) duty)

and the quadratic form @, , and its nonnormalized version @, on R™™! as

_ kt2 2
(V.230) Qurle) = sy [ ry =2 duty)

wkrk+2

2
zr — Yy — d b
RS /B W)(fc y—z) du(y)

all first introduced in [KP87, (4.3) and (4.4)], see also [DKTO01, (7.2) and (7.3)]. Throughout
this section, b/ . and b, denote the j-component (1 < j <n + 1) of the vectors b, , and b,

respectively. ’

Here we present the key equality in the proof of our main result Theorem V.0.2. This
relates the orthogonal (see (V.2.6)) vector by, and the mean curvature (given in local
coordinates by Ap(0), see (V.2.1)), to the integral of “height” of the support squared. This

identity is the main novel part of our work.

(V.2.3b) Q..(z) =

Lemma V.2.1 (Key equality). Let p be a locally k-uniform measure in R™ and 0 < r < 1/2.
Assume 0 € supp v and that supp p N B(0,1q) (for some ro > 0) is given by the graph of
a CY, B >0, function ¢ = (Pri1,-- -, Pns1) @ RE — RYTIF with |V, (0)| = 0 for all
j=k+1,...,n+1. Then there holds

n+1

2 Laj=k+1

/ W2 du(y) = 0 o if bo,, =0, and
BOs) e B, Ap;(0) if @ s of class C*.

j=k+1
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We prove this in Section V.2.1. We are now ready to turn to the proof of Theorem V.0.2.

Proof of Theorem V.0.2. Since we are C%-smooth in a neighborhood of z, we can work in
coordinates: after a harmless rotation and translation, let supp u in a neighborhood of
0 € supp p be given by (2/, p(z')), 2’ € R", with p(z) = (pr1(2), ..., pni1(2’)) satisfying
©(0) =0 and |Vg;(0)] =0forall j =k+1,...,n+ 1. As we computed in (V.2.1) above,
this implies that

1
HSUPpu(O) = E(O’ A‘P(O))-
Fixed 0 < r < 1/2, by Lemma V.2.1 we have
n+1 n+1

Z / ?JJ du(y Z b ASOJ
j=kt17 BO7) ; k1

Since (0, Ap(0)) = 0 (in particular Ap;(0) = 0 for all j = k+1,...,n+1), then the integral in
the left-hand side is zero, implying that y; = 0 for p-a.e. y € B(0,r) forall j = k+1,...,n+1.
But this is only possible if B(0,r) Nsupp u = B(0,7) N P for the k-plane P = R* x {0}"F17F,
Since this holds for every 0 < r < 1/2; we conclude that supp N B(0,1/2) = PN B(0,1/2).

To show that B(zy,1/2) Nsupppu = B(zo,1/2) N P for any 2, in the same connected
component of supp p, consider a chain of balls of radius 1/2 centered at points in supp p such
that the center of each new ball is in the previous ball with 0 as the center of the first ball
and zq as the center of the last ball. The result follows by applying this argument to each
ball in the chain in sequence. [l

V.2.1. Proof of Key equality: Lemma V.2.1. Recall the definition of b,, and @),
from (V.2.2a) and (V.2.3a). Let us state two fundamental properties satisfied by a locally
k-uniform measure g in R"*1. The first is the elementary identity

(V.2.4) / ly — 22 du(y) = k— "2 for all z € suppp and 0 < r < 1,
B(z,r) k+ 2

for the detailed straightforward computation (for k& = n) see |[KP87, (4.5)] for instance.
Secondly, proved in [DKTO1, (10.3)]V, for » € supp pr and 0 < r < 1/2 there holds

L
(V.2.5) [(2bsy, 0 —2) + Q. p(z — 2) — |z — 2| < C|x ? for all z € supp u N B(z,7/2).
r

Since @, (x — 2) < kw—f\x — 2|?, this in particular implies that for |z — z| small enough there
holds

(20, 2 — 2)| < | — 2]2
From this latter inequality we conclude that, if supp N B(z,79) (for some ry > 0) is at least
of class C, then either b,, = 0 or

(V.2.6) b., is orthogonal to the tangent k-plane of supp p at z € supp p.

Having recalled these facts we can now establish the following algebraic relation, which
gets us most of the way to Lemma V.2.1. We thank the reviewer for pointing out that
similar estimates (in spirit) actually date back at least to the work of [Mar64|, see Lemma 4
there. We should also state explicitly that the general idea of working in local coordinates

(V49 The codimension 1 version is proved in [DKTO01, (10.3)], but its proof does not depend on the
codimension. For a statement in any codimension, see [PTT09, Proposition 2.3 (2.12)].
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and estimating errors using the smoothness of the support is ubiquitous in the literature,
appearing in [KP87, KP89, Mat95, DKT01, PTT09| and surely elsewhere.

Lemma V.2.2. Under the assumptions of Lemma V.2.1, for all e € S¥=1 x {0}"+17F there
holds

0 Zf bO r = O, and
V.2.7 1— Qo(e) = - |
( ) QO, (€> {Z?+;+1 bf)’T(VQSDj(O)@a €> if p is of class C?.

Proof. During the proof, by the C# local representation of supp p we write x = (2/, o(2"))
with 2/ € R* and ¢(2') = (pp1(2), ..., pns1(z)) € R 7F As we are assuming that
0 € supp p and [V;(0)] =0 for all j =k + 1,...,n + 1, by the C1# regularity in the first

case and Taylor’s theorem in the second case, for all j =k +1,...,n+ 1 we then have
() o(|z') if by, = 0, and
i\r )= ) ’ o
& M +o(|z'|*) if ¢ is of class C?.

(We use little o notation, so that o(s) is a quantity that when divided by s goes to zero as
s10).
With z =0, (V.2.5) reads as

(V.2.8) |(2bo,r, ) + Qo,(z) — |2f*| < C| il for all « € supp p N B(0,7/2).
In both cases, we have
()= T2 )2 d
Qorl®) = 555 /B (Om)@: y)* du(y)
2

k+2(/ TN < I

=— r,y)+ pij(@)y; | duly
el << o+ 3wt )
k +2 o, I\2 /12

= —— d
D [, ) ol

and simply |z|? = |2|? + o(|2|?). Also from this, we have that |z| ~ |2/| for x € suppu N
B(0,7/2) with small enough modulus.

For the case by, = 0, from (V.2.8) and these estimates, there exists a 6 € (0, 1) such that
for all = € supp u N B(0,r/2) with |z| < 6r we get

k+ 2 1
\ 2wt~ 1P| < Rolla')
B(0,r) r

(V.2.9) W

Note that we can simply write the first term as (o ,.((z',0)).

We now consider the case where ¢ is of class C%2. From (V.2.6) we have that by,
is orthogonal to the tangent k-plane of suppp at 0, or it may be zero. That is, in local
coordinates, this means by, € (R* x {0}""17%)L since [Vp;(0)| =0 forall j = k+1,...,n+1.
This implies b%’r =0forall j =1,...,k, and therefore,

n+1 n+1

(2b0,,7) =2 Y Bhupi(a’) = Y b5, (Vig;(0)a’,2') + of|2'[).

j=k+1 j=k+1
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As before, from (V.2.8) and the previous estimates, there exists a 6 € (0,1) (depending on
l¢llcz) such that for all x € supp N B(0,7/2) with |z| < 0r we get

n+1

(V.2.10) Z bar(VQgpj(O)x’, ') +

j=k+1

1
k2 / @y duly) — |212| < Lo(l?).
B(0,r) r

Note that we can simply write the middle term as Qg ,.((z',0)).
Given e € SF1 x {0}"F17% let 0r/2 > ¢ > 0 and 2’ = ee in (V.2.10). Dividing both sides
of (V.2.9) and (V.2.10) by |2/|? = &2 and letting ¢ | 0, we get (V.2.7). O

We now turn to the proof of Lemma V.2.1.

Proof of Lemma V.2.1. Multiplying the equality (V.2.7) in Lemma V.2.2 by wpr*2/(k + 2),
for all e € S¥=1 x {0}""17* we have

_ if by, = 0, and
(V.2.11) il ’“*2—Qo,r(e):{0 i o, =0, an

k+2 %Z?Liﬂg‘ém(VQ@j(O)e, e) if o is of class C2.

For 1 < i < k, taking e = ¢; € S¥~! x {0}"*'7% in (V.2.11), recall {e;}?*! is the standard
orthonormal basis of R"*!, we have

Wk pio / 9 )0 if by, =0, and
V.2.12 — “d = ~
( ) k+2 B(O.r) i d(y) {% Z?i]i-}-l 0}, 0,0:05(0) if 0 is of class C2.

Adding up (V.2.12) for 1 < i < k we get

: :
kwg .o / 9 0 if by, = 0, and
Sk _ 2 4 _ _ )
kt+2 ; B(0.r) i dpy) i Z;L:,iﬂ by, Ap;(0) if @ is of class C*.

The lemma follows from the above after applying the identity (V.2.4). O

V.3. Proof of Theorem V.0.4

Let p be a locally k-uniform measure, and recall the definition of b,, and @), , from
(V.2.2a) and (V.2.3a). A quick inspection of the proof of [Mat95, (10) on p. 235, proof of
Theorem 17.3| reveals that, if zq € supp p satisfies

pw(B(z, 7)) < wpr® for all x € B(z,1) and 0 < r < 1,

then for 0 < r < 1/2 there holds
3

|z — zo|

(V.3.1)  (2bayr,® — 20) + Qupr( — 20) — |72 — 20> < C for all x € B(z9,7/2).

Note that the left-hand side lacks an absolute value, and this inequality holds for all x €
B(zp,7/2), not just for x € supp p N B(zg,7r/2), in contrast to (V.2.5).

By (V.3.1) and the case by, = 0 in the key equality Lemma V.2.1, we are now ready to
prove Theorem V.0.4.

Proof of Theorem V.0.4. We first observe that it suffices to prove the theorem under the
assumption that supp p is C'?-smooth in a neighborhood of 2. Let us suppose instead that
supp j¢ is not C'#-smooth in any neighborhood of zy, and we will show that this leads to a
contradiction. By [PTT09, Theorem 1.10], supp x is a k-dimensional C1#-manifold (0 < 8 <
1) away from a closed set S such that #*(S) = 0. As explained above in the introduction in
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this Chapter V, we have p = H*|gupp - Since p(B(z0,3) \ S) = u(B(z0, 5)) = wy(1/2)*

there exists a point 2 € B(z0,1) \ S, and we now note that
w(B(z,7)) < wpr® for all ¥ € B(z),1/2) and 0 < r < 1/2.

Rescaling p and applying the result for z{ (where supp u is C1#-smooth nearby), we conclude
that the connected component containing z{ is a k-plane P. The condition (V.0.1) implies
that any other connected component C of supp p satisfies inf,ecpyec |v — y| > 1. However,
since |29 — 2| < 1/2, it follows that z, € P, contradicting the non-smoothness assumption at
20-

Let us assume from now on that supp p is C*#-smooth in a neighborhood of z,. In this case,
we can work in coordinates: after a harmless rotation and translation, let supp i in a neigh-
borhood of 0 € supp u be given by (2/, p(2')), 2’ € R", with ¢(x) = (@r+1(2), ..., ©ni1(2))
satisfying ¢(0) = 0 and |Vg;(0)|=0forall j=k+1,...,n+ 1

Fixed 0 < r < 1/2, we aim to see that

bo,r = 0.
Granted this, by Lemma V.2.1 we get
n+1
Z / v} duly) = 0.

That is, y; = 0 for p-a.e. y € B(0,r) forall j = k+1,...,n+1, and therefore B(0, 7)Nsupp p =
B(0,7) N P for the k-plane P := R* x {0}""1~% The result follows by arguing as in the end
of the proof of Theorem V.0.2, or simply applying it directly.

The rest of the proof is dedicated to showing that by, = 0. With 2y = 0, (V.3.1) reads as
@ |3

(2bo, ) + Qo r(z) — |2]* < C—
Combining this with the bound Q. (z) < wi}fmz) we obtain

| 3

(2by ., x) < C’— + Qo (2)] < C'|z|? for all x € B(0,7/2).

for all z € B(0,7/2).

For any sufficiently small & > 0, taking = = by, above yields 2¢|by,|*> < C'e?|by.|?, which
can only hold if by, = 0, as claimed. O
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