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Abstract

Numerical simulations of astrophysical dynamos and applications to giant planets

Magnetic fields are ubiquitous in astrophysical systems, from small objects like planets to large-
scale environments like the intracluster medium, and they play a central role in governing the
dynamics of such systems. The magnetic diffusion timescale is usually much smaller than the
evolutionary timescales. Thus, long-lived fields generated in the past cannot usually explain the
current magnetization of planets, stars, and galaxies. Self-sustaining dynamos provide instead the
most robust framework for explaining this ubiquitous magnetization. In astrophysics, the dynamo
refers to the process that converts the kinetic energy of conducting fluids into magnetic energy.
Mathematically, this theory relies on the combination of Maxwell’s equations and fluid dynamics:
magnetohydrodynamics (MHD). Numerical simulations are fundamental for solving these equations
and for understanding dynamo processes.

This thesis is divided into two parts, both regarding numerical self-excited dynamos simulations
but applied to different astrophysical scenarios: the interstellar medium (ISM) and the interior of
gas giant planets. In the first part, using 3D MHD simulations in a periodic box with the Pencil
Code, I study magnetic field growth from irrotational subsonic expansion flows, a simplified model
for supernova-driven flows in the ISM. These curl-free flows approximate stellar explosions and
winds, the ISM’s main energy sources, and bring the fluid to a turbulent state.

The second part of the thesis focuses on planetary dynamos. I give an overview of planetary
magnetic fields and their numerical modeling via spherical shell convection dynamos. Despite
the growing number of confirmed exoplanets, their magnetic field is still elusive, but it could be
characterized by the detection of coherent radio emission from the current and next generation
of low-frequency radio interferometers. Understanding planetary dynamos is another ingredient
needed for studying planetary interiors, evolution, habitability, and atmospheric dynamics. Using
a series of 3D spherical shell dynamo simulations, I explore the evolution of magnetic fields in cold
gas giants. I use the MaglIC code and couple it with 1D thermodynamic profiles obtained with
planetary evolution models produced with the MFESA code. I simulate dynamos at various stages
of planetary evolution and then obtain a slow decay in field strength (oc t793), consistent with
previously proposed scaling laws. The results show a transition from multipolar to dipolar regimes
and provide evolutionary trends for the dimensionless dynamo numbers.

Finally, I examine dynamos in hot Jupiters (HJs), highly irradiated gas giants that may host
the strongest magnetic fields, making them prime radio emission targets. I use 1D models to study
how internal convective structures and rotation affect dynamo behavior. Most HJs remain in a
fast-rotating regime (Ro < 0.1), but high-mass, distant HJs can shift into different regimes. When
heating is confined to outer layers, convection within the dynamo region is suppressed, weakening
the magnetic field strength predictions and the chances of observational detectability, which might
explain the lack of definitive magnetic field measurements by multiple radio campaigns performed

in the last two decades.
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Chapter 1

Introduction

Magnetic fields are present in nearly all astrophysical environments, across all physical spatial
scales. From the relatively small scales like planets, sunspots, accretion disks, to the largest scales,
such as galactic intercluster media, non-negligible magnetism is present, and it often plays a crucial
role in shaping the dynamics of these systems.

Permanent magnetization, analogous to the ferromagnetism in some metals on Earth, cannot
be considered responsible for such fields. The main reason is that, in most astrophysical scenarios,
magnetic fields are embedded in fluids (e.g., plasma, gas) rather than solids at a broad range
of temperatures and pressures; therefore, the proper framework to study them is to couple fluid
dynamics with Maxwell’s equations. Even in the rare cases where solid matter is present, the Curie
temperatures (above which a material becomes paramagnetic instead of ferromagnetic) are typically
exceeded. Consequently, the magnetization of fluids and plasmas outside laboratory conditions
requires an explanation within fluid dynamics and plasma physics. There are three most plausible

mechanisms for explaining the existence of astrophysical magnetic fields:

1. The magnetic diffusion timescale is significantly longer than the evolutionary timescale of
the system, preventing the decay of an initial primordial field, known as fossil field theory
(Cowling, 1945). This might hold for some cases, such as some magnetized intermediate-mass
(1.5-6 Mg, where Mg is the solar mass) main sequence Ap/Bp stars (Hidalgo et al., 2025),
which are seen to have intense, large-scale, mostly dipolar, axisymmetric, and apparently
static fields (Auriere et al., 2007), white dwarfs (Ferrario et al. (2015), at least during a part
of their life), and neutron stars (Goldreich and Julian, 1969; Pons and Vigano, 2019), where
a pre-existing stellar magnetic field can be strongly amplified during the post-main-sequence
phase core collapse. In these cases, the field is created and then it decays slowly enough to be
relevant for long timescales. However, this scenario cannot apply to most astrophysical objects
(e.g., low-mass stars, planets, stellar formation, galactic fields, etc.), for which magnetic fields

are complex, and in many cases, they are seen to evolve in short (human) timescales.

2. External magnetic fields induce secondary currents in a smaller system, generating a local
magnetic field. This mechanism may contribute to the magnetic properties of particular
objects; however, its applicability is limited and requires specific conditions. A typical example
is the variation of Jupiter’s magnetic field near Europa, which is caused by the induced currents
generated by the interaction of the Jovian magnetic field with Europa’s postulated salty liquid
ocean (Kivelson et al., 1999; Khurana et al., 2020; Keller et al., 2024).

3. A self-sustaining dynamo, which is the main object of this thesis, where I study in partic-

ular the interstellar medium and planetary interior scenarios. In these cases, the magnetic



Chapter 1 — Introduction

field must be continuously generated to compensate for its dissipation, as the evolutionary

timescales of the objects exceed by far the magnetic diffusion timescales.

The word dynamo encompasses the processes during which kinetic energy is converted into
electric or magnetic energy, but it has a slightly different connotation between astrophysics and
engineering. For daily life applications, this word is commonly associated with the wired, coiled
structures that convert the mechanical kinetic energy to electrical current, in the presence of an
external magnetic field, usually given by a magnet. In astrophysics, the dynamo refers specifically
to the third case above, where kinetic energy is provided by the movement of electrically conducting
fluids, which are at the same time the source of the magnetic fields. One such definition can be
found, for example, in Andrew D. Gilbert’s Handbook of Mathematical Fluid Dynamics (2003):
Dynamo theory concerns the generation of magnetic field from the flow of an electrically conducting
fluid, relevant to the magnetic fields of the Farth, Sun, planets, stars, and galazies. Both physical
scenarios rely on Maxwell’s equations for their mathematical description. However, in astrophysics
and plasma physics, electromagnetism is intertwined with the high complexity of fluid dynamics,
which leads to the formulation of magnetohydrodynamics (MHD).

The thesis is divided into two parts, reflecting the different nature of the main topics I have been
involved in. Although galactic and planetary magnetic fields have vastly different length scales, both
rely on numerical modeling to understand their dynamo mechanisms. The reason is that laboratory
experiments at comparable astrophysical scales or regimes are not feasible. Moreover, even though
the MHD equations have been theoretically used to study specific aspects with ideal assumptions,
like dynamo instabilities in the kinetic phase, analytical approaches cannot generally explore the
complexity of the real scenarios. Thus, computational experiments, i.e., numerical simulations, are
currently the main research tool to study and reproduce observed physical phenomena. MHD, and
more specifically dynamo theory, are topics where numerical simulations have enormously expanded
our knowledge, although many open questions remain.

After a general introduction to MHD and dynamo theory in Chapter 2, the first topic of this
thesis is developed in Chapter 3. It tackles the growth of vorticity and magnetic field by using ran-
dom irrotational subsonic expansion flows, a toy model for supernova explosions in the interstellar
medium (ISM). The main driving forces supplying energy to the ISM are believed to be supernova
explosions and stellar winds. Such localized sources are assimilable to curl-free velocity fields as
a first approximation. They need to be combined with other physical processes to replicate real
galactic environments, such as the presence of turbulence and a dynamo-sustained magnetic field
in the ISM. We used the Pencil code to run resistive MHD numerical simulations in a periodic box
with resolutions up to 5123 to model subsonic expansion flows. I explore the necessary ingredients
that are needed for spherical irrotational accelerations to create a turbulent environment required
to model the ISM. Specifically, I determine how the presence of rotation, baroclinicity, and shear,
or a combination of them, affects the subsonic expansion flows and whether it leads to the occur-
rence of dynamo. I aim to identify the minimum ingredients needed to trigger a dynamo instability
as well as the relation between the dynamo and the growth of vorticity. I explore the parameter
space set by several physical and numerical quantities of the model. Specifically, in comparison to
previous works (Mee and Brandenburg, 2006; Del Sordo and Brandenburg, 2011), I test a wider
parameter space in terms of Reynolds numbers (up to a few hundred), the magnetic Prandtl num-
ber, the forcing scale, and the cooling timescale in Newtonian cooling. Additionally I test whether
imposing a curl-free acceleration rather than a curl-free velocity affects the system, and I evaluate

the specific terms responsible for vorticity generation. I report the absence of a small-scale dynamo
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in all cases where only rotation is included, regardless of the given equation of state and rotation
rate. When a shearing velocity field is introduced as a background sinusoidal profile, I find a hy-
drodynamic instability that produces an exponential vorticity growth at all scales, starting from
small ones. The onset of this instability occurs after a rather long temporal evolution of several
thousand turbulent turnover times. The vorticity dynamo, in turn, drives an exponential growth
of the magnetic field, similarly first at small scales, followed by large ones. The instability is then
saturated, and the magnetic field approximately reaches equipartition with the turbulent kinetic
energy. During the saturation phase, I can observe a magnetic field winding in the direction of the
shearing flow. By varying the intensity of the shear, I see that the growth rates of this instability
change. These results have led to two publications (Elias-Lépez et al., 2023; Elias-Lopez et al.,
2024).

The second part of the thesis is devoted to the internal dynamos of gas giant planets, with a view
toward exoplanets. Chapter 4 introduces planetary magnetism from an observational point of view
and spherical shell convective numerical dynamos, which are commonly used to model convection
and dynamo processes in planets and stars. The discovery of thousands of exoplanets has started
a new era of planetary science that expands our ability to characterize diverse planetary features.
However, magnetic fields remain one of the least understood aspects of exoplanetary systems.
A deeper understanding of planetary dynamos and the evolution of surface magnetic properties
throughout the lifetime of a planet is a key scientific purpose, and has implications for planetary
evolution, habitability, and atmospheric dynamics.

In this thesis, I explore specific aspects of magnetism and convection for gas giants. Chapter
5 is dedicated to the modeling of the evolution of magnetic fields generated by dynamo action
in cold Jupiters. I explored the change in the morphology and strength of the magnetic field at
different evolutionary stages, providing a comprehensive view of the planetary life cycle. I solved the
resistive MHD equations under the anelastic approximation with the 3D pseudo-spectral spherical
shell MHD code MagIC. I employed 1D thermodynamical hydrostatic profiles taken from gas giant
evolutionary models (using the evolutionary code MESA) as the background states of our MHD
models. These calculations were performed with radial profiles corresponding to different planetary
ages, so that I were able to interpret them as different snapshots of the planetary dynamo during the
long-term planetary evolution. I obtained saturated dynamo solutions, which I used to characterize
the magnetic field at different stages in the evolution of a cold gaseous planet. I find that a likely
transition from a multipolar to a dipolar-dominated dynamo regime occurs throughout the life of a
Jupiter-like planet. During the planetary evolution and the cooling-down phase, I infer a decrease
in the average magnetic field strength near the dynamo surface as ~ t=%2 — ¢+=93, This trend is
compatible with previously proposed scaling laws (Christensen and Aubert, 2006; Reiners et al.,
2009), obtained with completely independent methods. I also find that some of the dimensionless
parameters characterizing the dynamo evolve differently for the multipolar to the dipolar branch,
reflecting a change in the balance of the forces acting on the fluid. I capture the long-term evolution
of the internal dynamo phases of magnetic fields by considering snapshots at different ages. I find
a slow decay and a transition in the dynamo behavior. This approach is a versatile method for
predicting the magnetic properties of giant planets and for identifying promising candidates for
exoplanetary low-frequency radio emission. The results of this project are published in Elias-Lopez
et al. (2025).

Chapter 6 is dedicated to dynamos in hot Jupiters (HJs), gas giants orbiting very close to
their host stars, therefore highly irradiated by them (Fortney et al., 2021). HJs are seen to be

inflated, calling for an internal deposition of heat which scales with the irradiation (Thorngren,
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2024), among which the Ohmic dissipation of atmospherically-induced currents has been arguably
the most explored and promising scenario so far (Batygin and Stevenson, 2010; Batygin et al.,
2011; Perna et al., 2010b; Wu and Lithwick, 2013; Ginzburg and Sari, 2016; Knierim et al., 2022;
Vigano et al., 2025). HJs are commonly thought to host the strongest dynamo-generated mag-
netic fields among exoplanets, up to one order of magnitude larger than Jupiter, although a firm
observational or theoretical proof of this expectation is currently missing. Thus, they have often
been regarded as the most promising exoplanets to display magnetic star-planet interaction sig-
nals and magnetically-driven coherent radio emission, which unfortunately remains elusive, despite
many diversified observational campaigns. I investigate the evolution of the internal convection
and dynamo properties of HJs via one-dimensional models to rigorously explore the HJ magnetic
field expectations. I explore the dependency on orbital distance, planetary and stellar masses, and
types of heat injection. I employ one-dimensional evolutionary models to obtain internal convective
structures. Specifically, I obtain the Rossby number Ro as a function of planetary depth and orbital
period, after showing that tidal synchronization is likely valid for all HJs. When the heat is applied
uniformly, the convective layers of almost all HJs remain in the fast rotator regime, Ro < 0.1, with
the only exception being possibly the most massive planets with large orbital distances (but still
tidally locked). The concept of fast vs slow rotators root on the observed trend between magnetic
activity and rotation (or Ro) in stars (Reiners et al., 2014), which saturates for Ro < 0.1, meaning
that the intensity of the magnetic field scales with the convective heat flux rather than the rotation.
This scaling law (Christensen et al., 2009) allows us to model the magnetic field strengths for HJs
by applying well-known scaling laws for fast rotators. I also consider additional internal heating
to reproduce the inflated radii, implementing them with practical functional forms as derived by
Thorngren and Fortney (2018), but varying the depth of the layers at which it is deposited. When
strong heat sources are applied mostly in the outer envelope and outside the dynamo region, as
realistic Ohmic models predict (Batygin and Stevenson, 2010; Batygin et al., 2011; Wu and Lith-
wick, 2013; Vigano et al., 2025), convection in the dynamo region often breaks down. Consequently,
the heat flux and the derived surface magnetic fields can be greatly reduced to or below Jovian
values, contrary to what is commonly assumed, thus negatively affecting estimates for coherent
radio emission, and possibly explaining the failure in detecting it so far. The results can be found
in Elias-Lépez et al. (2025).

The short Chapter 7 encompasses two other applications for 3D planetary spherical shell dy-
namos oriented. In the first part, I discuss the expected values of magnetic field curvature inside
the active dynamo regions and compare them with Jovian observations. These calculations are a
part of the submitted work on evolutionary HJ models, including Ohmic dissipation (Vigano et al.,
2025). Finally, I include the preliminary results for saturated dynamo solutions using HJ interior
models as a function of orbital distance as described in Chapter 6, which are part of a work in

preparation. In Chapter 8, I give the overall conclusions and future prospects.
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Chapter 2

Concepts of magnetohydrodynamics

and dynamo theory

This chapter can be considered a brief introduction to the theory of MHD and, more specifically,
dynamo theory, without pretense of being exhaustive or complete. The goal is to introduce the basic
concepts used in the rest of the thesis. MHD is the study of the magnetic properties and behavior
of electrically conducting fluids, offering a mathematical framework for describing the flow of, e.g.,
plasmas, liquid metals, saline water, electrolytes, in the presence of magnetic fields. Initiated by
the pioneering work of Hannes Alfvén (who was awarded the Nobel Prize in Physics in 1970),
MHD has become fundamental in various domains of engineering, such as plasma confinement and
liquid-metal cooling in nuclear reactors, as well as in geophysical and astrophysical applications.

The diverse phenomenology that arises from MHD comes from a complex physical mechanism:
the motion of the conductive fluid through a magnetic field induces currents, which in turn affect
the magnetic field itself, creating a dynamic feedback system that can often be challenging to
model. This is mathematically expressed as a non-linear coupling between the equations of fluid
dynamics and Maxwell’s equations, specifically, the Navier—Stokes, magnetic induction, and energy
equations. For a more comprehensive and deeper view, there are many standard extensive books
dedicated to MHD, such as Davidson (2001) and Freidberg (2014).

The complexity and properties of MHD solutions strongly depend on the specific problem: the
initial and boundary conditions, the relative differences of the length scales involved, the force bal-
ances, and the fundamental assumptions used to neglect some terms in the physical laws. Through-
out this work, I adopt the non-relativistic, fully collisional fluid approximation. The first statement
is appropriate when the characteristic fluid velocities are small compared to the speed of light, or
equivalently, when the time it takes for light to travel a typical fluid length scale is much shorter
than any relevant dynamical timescale, such as the eddy turnover time. In practice, relativistic
corrections to the fluid equations are only necessary if the bulk of the fluid particles are extremely
energetic (special relativity) or to take into account spacetime distortions near compact objects like
black holes or neutron stars (general relativity).

Secondly, a fluid is considered collisional when both the particle mean free path and the gyro-
radius (or Larmor radius, i.e., the radius of the trajectory of a charge particle spiraling around
a magnetic field line) are much smaller than the characteristic length scales of interest. Under
such conditions, individual particle trajectories can be neglected, and the complex kinetic plasma
equations reduce to a more tractable fluid description. This approximation is generally valid when
the plasma density is sufficiently high and the non-collisional terms of the momentum equation can

be neglected. These assumptions naturally lead to the continuum formulation of physical quanti-
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Figure 2.1: Top: Taken from Ramabathiran (2025). Illustration of a representative fluid element,
depicting molecules and the fluid differential volume. Bottom: Taken from Katopodes (2019)
Density fluctuations as a function of the ratio between the size of the volume over which averages

are taken, R, and mean particle size, a.

ties. This approximation treats the fluid as a continuous medium, describable by smooth scalar
and vectorial fields such as density p(x,t), pressure p(x,t), and velocity u(x,t¢). The continuum
description is valid when the representative volume of fluid contains enough particles to ensure that
local averages of p and u are well-defined and smooth. In other words, the fluid differential volume
is much greater than the fluid particle itself. Figure 2.1 illustrates this principle, showing how den-
sity fluctuations depend on the chosen ratio between the length of the fluid parcel considered, R,
and the particle size a. Throughout this text, any use of infinitesimal integration or differentiation

implicitly assumes that we are within the continuum regime.

2.1 MHD equations

The governing equations for electrically conductive fluids are collectively known as MHD equations,
which consist of the fundamental conservation laws of mass, momentum, magnetic fields, and
energy. The set of equations is closed by specifying two relations: one between thermodynamic
quantities, the equation of state (EoS), and one between the electric, magnetic fields and electrical

currents, Ohm’s law. MHD equations are then a set of coupled partial differential equations that
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describe the movement of an electrically conducting fluid in a magnetic field. Any conservation law

of a quantity ¢ can be mathematically written as:

9
a—zﬂuv'Fq:Sq,

where Fq is the flux related to ¢ and S, represents the sources and sinks. Below, I show the full
MHD equations, but the reader can refer to Appendix A for a more detailed, although still brief,
derivation of these differential equations.

Applying mass conservation and the divergence theorem in a small fluid volume, one can obtain

the continuity equation in its differential form:

op B
5 TV (pu) =0, (2.1)

where p is the mass density and u is the velocity field of the fluid. This equation is equivalent to
the continuity equation of electromagnetism, which is a statement of electric charge conservation.
Instead of charge flux, i.e., the electrical currents, Eq. 2.1 uses the mass flux, pu.

Similarly, momentum conservation leads to the equation of motion, which is known as the

Navier-Stokes equation in fluid dynamics:

1
p(i—i—u-V)u:—Vp—uB><(V><B)+pF,,+pf, (2.2)
0

where pg is the vacuum magnetic permeability, P is the pressure, B is the magnetic field, f is the
net sum of any external force per unit mass (i.e., body acceleration), except the ones explicitly
appearing, which are the fluid pressure gradient, the Lorentz force, and the viscous term, F,,
defined as:

F, = :)V - (2pvS) =2vS - Vinp+2vV - S
where v is the kinematic viscosity in units of L?/t, S is the rate-of-strain tensor, the components

of which are given by:

1 1({0u; Ou;
Sij: eij—35ijV~u}, 6ij:2<8.7)j+al‘z>'

where 6;; is Kronecker’s delta.

To derive the induction equation, we can start from the complete Maxwell’s laws, where the
electric field E and magnetic field B are treated symmetrically. The fundamental limit employed
in MHD is that the fluid is conductive enough so that the timescales of the E variation can be

considered instantaneous compared to the other dynamic timescales, and the displacement currents,

E
€0——, become negligible. This is mathematically expressed as follows:

ot

v.E=X V.E=0
€0

V-B=0 V-B=0
0B = 0B
VXE=—— =
X ot VXxE= 5

OE
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where €q is the vacuum permittivity and p, is the charge density, which is assumed to be zero based

on the quasi-neutrality assumption, i.e., there is an equal number of positive and negative charges.
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Note that the electric current can now be defined with the magnetic field itself: J = V x B/pup.
These equations can be closed with Ohm’s law and rewritten considering only the evolution equation
for the magnetic field (Faraday induction equation) and the solenoidal condition (i.e., magnetic flux
conservation). In this thesis, Ohm’s law contains the advective and resistive term, where A is the

magnetic diffusivity! and o = 1/ugA is the electric conductivity:

%—]?:Vx(uxB)—Vx()\VxB), V-B=0. (2.3)

See App. A for the full derivation.

Finally, from energy conservation, one can deduce the internal energy equation:

0 1, o ( B? 1
9 . z N (1ExB) =
p<5t+u V) (e+2u)+3t <2M0>+V (Mo . )

A B B
:(DVJrV-(nVT)JrM(VXB)Z—V-(pquX(;X)>,
0 0

(2.4)

where e is the internal energy density, T is the temperature, k is the thermal conductivity which
appears in the heat flux (approximated as kKVT', Fourier’s law), and ®, is the viscous dissipation
defined as:

P, = 2pv8? = 2pv {eijeﬁ — % (V- u)Q]

where S? = S;39;; in index summation notation, meaning that any repeated index is summed over.
In scenarios with convection, the equation for specific entropy, s, often replaces the energy
equation:

pT<§t+u-V>s:<I>V+V-(HVT)+:(VXB)Q» (2.5)
0

2 as the sign of its gradient determines

Entropy is a more natural magnitude for convection processes
how stable the system is for convection.

In the scenarios dealt with in this thesis, the diffusivities can be considered isotropic, i.e., neglect-
ing any anisotropy in conduction which can happen in other scenarios of low density and/or high
magnetic fields (e.g., Koskinen et al. (2014) for the outermost atmospheric layers of magnetized
planets). The set of equations (i.e., mass continuity, momentum conservation, energy conserva-
tion, the induction equation, and the solenoidal condition for the magnetic field) must be solved

simultaneously to evolve the fluid or plasma flow together with the magnetic field.

2.2 Non-dimensional parameters

Fluid dynamics and MHD use non-dimensional parameters that describe the relative influence of the
terms in the MHD equations by evaluating their ratios. Synthesizing the complexity of the system
in one number requires assuming typical values, such as the length scale L, or a representative
value of the velocity, U, or magnetic field strength B. Some of the most important parameters,
relevant for the thesis, are defined in Table 2.1, with their corresponding physical interpretation.
These ratios are proxies for the relative importance of different physical processes within the

usually complex MHD problem. For example, if Pm >> 1, viscous forces dominate over the resistive

1t is usual in MHD to define the magnetic diffusivity with 7, but in this thesis, following the notation used by
MagIC, X denotes the magnetic diffusivity and 7 the dynamo region geometry factor (see Table 4.2). Chapter 3 is an

exception: I use n for magnetic diffusivity to keep notation consistent with the Pencil Code.
2The Schwarzschild criterion (Schwarzschild, 1906) states that to have a convection instability, i.e., buoyant fluid

parcels rise and denser ones sink, one needs to have a negative entropy gradient ds/9z < 0.
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Table 2.1: Non-dimensional parameters usually in fluid dynamics and MHD. Other parameters
used in stellar and planetary dynamo literature, such as the Rossby, Ekmann, or Lorentz numbers,
are defined in Chapter 4.

Parameter Definition Physical interpretation
v Viscous diffusion
Prandtl b Pr=—
randil umnber 3 K Thermal diffusion
Vi diffusi
Magnetic Prandtl number Pm = v ISCOU_S 1, USI(,)H
A Magnetic diffusion
UL Inertial f
Reynolds number Re= — w
v Viscous forces
UL Magnetic induction
M tic R 1d b Rm = —
ABHEHE REYHOMES tmbet o A Magnetic diffusion
UL Advection
Péclet b Pe = RePr = —
ceiel numiber ¢ et K Thermal diffusion

ones. Thus, fluctuations in velocity (i.e., small eddies) will dissipate faster than small-scale magnetic
fields. Vice versa, if Pm < 1, the fluid is much more resistive than viscous; thus, the small-scale
magnetic fields will dissipate faster than the typical velocity fluctuation.

The Reynolds numbers, Re and Rm, are among the most important dimensionless numbers
that discern between important flow regimes, respectively. When Re < 1, viscosity dictates fluid
motion, leading to essentially laminar flow and making dynamo action much less probable. On the
contrary, when Re > 1, the flow becomes inviscid and possibly turbulent, conditions much more
favorable for magnetic field amplification. The last and most important dimensionless number for
the occurrence of the dynamo process is the magnetic Reynolds number. A detailed discussion of
both limits (i.e., Rm > 1 or Rm <« 1) is included below.

2.2.1 Non-dimensional induction equation

The use of these non-dimensional numbers allows one to express MHD in a scale-invariant way,
i.e., with the relevant dimensionless fields which can be given physical meaning with dimensional
units by assigning values to a minimal set of physical magnitudes (e.g., velocity, lengthscale, and
magnetic fields). Let’s take the induction equation as an example, Eq. (2.3), and consider a constant
magnetic diffusivity A\. Using L, to, U = L/tg, and By as the characteristic values for the length-
scale, time-scale, velocity, and magnetic field, then the transition from dimensional to dimensionless
form is performed by substituting the following terms: r — L#; t — tot; u — Ua; B — ByB. The
induction equation then becomes:

aa]:):Vx(uXB)—i—)\VQB —
BodB BlUs~ ,. = By coxz
002 _ 20Y B) + —AV’B
0 7V < (@ xB)+ 5V -
oB - A =y
8£—Vi<(u><B)+ﬁVB —
8B:@x(ux]§)+i@2]§
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These dimensional transformations reflect the scaling nature of fluid dynamics. In other words,
systems with vastly different scales might lead to very similar flow dynamics if their set of dimen-
sionless numbers, i.e., the relative importance of each term in the MHD equations, is the same. This
procedure is performed, but not explicitly repeated, in Chapter 4 to obtain the non-dimensional
MHD equations for convection in a rotating spherical shell, as used in MagIC. With this form, one
can easily see the two different limits for the induction equations depending on whether Rm > 1
or Rm <« 1.

2.2.2 Induction equation limits

When Rm > 1, the induction equation approaches the so-called ideal case, e.g., with an infinite

conductivity (negligible resistivity):

%]?:Vx(uxB). (2.6)
In 1943, at the infancy of MHD theories, Hannes Alfvén put forward the frozen-in flux theorem,
also known as Alfvén’s theorem. It states that in ideal MHD, the electrically conducting fluid and
embedded magnetic field are constrained to move together (see Sect. A.5 for a short proof of the
theorem). This implies that the magnetic topology of a fluid in the limit of a large magnetic
Reynolds number cannot change. In other words, even though the specific configuration of the field
can change, that is, lines can stretch, bend, and twist, the connectedness or linkage of the lines
remains constant.

The low magnetic Reynolds number limit (Rm < 1) means that the advective term is negligi-
ble compared to the resistive one, which leaves the electric currents and magnetic field evolution
determined by diffusion effects. Mathematically, this can be seen with the induction equation in
the diffusive limit form, which, if X\ is constant, reads:

0B

= = AV?B . (2.7)
This equation is very similar to the heat diffusion equation developed by Joseph Fourier in 1822.
A diffusive equation tends to erase any gradient of the field, which in this case means dissipating
the electrical currents and approaching a potential configuration (V x B = 0, including the B =0
case), with a characteristic diffusive timescale 7qi¢ = L?/\ = poo L2

In Table 2.2, I show the different 74;¢ for the Earth, Jupiter, Sun, and the galactic ISM. The
evolutionary lifetimes of planets and stars are much longer than these magnetic diffusive timescale
estimates. For the ISM, 74;¢ is of the same order of magnitude as stellar formation and collapse. It
could be considered its dynamical timescale, but it is still much shorter than the galactic evolution.
Thus, for all these objects, there is a need for dynamo action; otherwise, there could be no current

magnetization of planets, stars, and galaxies.

2.3 Dynamo theory

As we have seen, the origin and persistence of magnetic fields are observed to happen well beyond
the resistive timescales, therefore calling for a continuous regeneration able to replace the dissipated
electrical currents. Dynamo theory is the main framework that explains how magnetic fields can
be spontaneously generated and sustained by the motion of electrically conducting fluids. While
there is no absolute, universally accepted definition, dynamo theory is broadly regarded as the

branch of physics that describes mechanisms by which a system containing a conductive fluid

11
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Table 2.2: Estimates for astrophysical objects with magnetic field amplification or sustainment.
Note that the usual ISM conductivity is orgm = 1-107% S/m; which leads to 7qig ~ 4-10%? y. When
turbulence effects are taken into account, the conductivity is estimated to be osn,turb = 3 - 10715

S/m.

Object  L(m) o(S/m) Taife (V)
Earth 2.2-10% 1.10° ~ 2108

Jupiter 3.6-10" 1-10° ~5-108
Sun 2108 1-102 ~1.6-106
ISM  3-1017 3.107% ~1-107

can spontaneously and continuously convert part of its kinetic energy into magnetic energy. Two
well-established textbooks for introductory and advanced dynamo topics are those by Moffatt and

Dormy (2019) and Rincon (2019), from which the main ideas of this introduction are taken.

Dynamo processes are invoked to explain the magnetic fields of a wide range of celestial bodies.
For instance, Earth’s geomagnetic field, the solar magnetic cycle, and the large-scale magnetic
fields of galaxies such as the Milky Way are all believed to originate from some form of dynamo
action. These systems differ widely in scale, structure, and plasma conditions, yet they share key
underlying physics rooted in MHD turbulence and the non-linear feedback between fluid motion

and magnetic fields.

The essential physical principle at the heart of dynamo theory is the so-called dynamo instability,
i.e., the onset of the dynamo process. This process is characterized by the fast amplification of
an existing weak magnetic field (a seed), thanks to its interaction with the flow of an electrically
conducting fluid. This self-reinforcing process allows the fluid flow to rapidly amplify the seed
magnetic field until it becomes dynamically relevant, and it is then self-sustained. The growth and

sustainment of magnetic energy from kinetic energy is known as dynamo action.

Physical processes involving magnetic field growth can be well described by the induction equa-
tion (Eq. 2.3) if the corresponding classical MHD approximations are fulfilled. In other words, if
the electrically conductive fluid in question can be modeled by a collisional, non-relativistic single
fluid involving low-frequency and large-scale phenomena. Stellar and planetary convective interiors
(as assumed in Chapters 5, 6 and 7), as well as laboratory plasma and molten metals, are examples
of such scenarios. On the other hand, classical MHD breaks down for relativistic, quantum, or col-
lisionless fluids. In the later cases, ion and electron dynamics decouple, leading to two-fluid effects
with great importance at small scales. Dynamo processes around the solar corona or neutron stars
require collisionless and relativistic/quantum effects, respectively. Even though the ISM is weakly
collisional, quasi-hydrodynamic behavior is exhibited over large scales (tens of parsecs) and long
times (Myr). This means that MHD can be effectively applied for modeling large-scale magnetic

field evolution, as done in Chapter 3.

In summary, astrophysical dynamo theory provides a unifying framework for understanding how
magnetic fields are generated and sustained in conducting fluids under astrophysical conditions.
The interdisciplinary nature of this theory —drawing on fluid dynamics, electrodynamics, plasma
physics, and turbulence theory—makes it both rich and complex, and its continued development

remains central to our understanding of magnetic phenomena throughout the universe.

12
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2.3.1 Anti-dynamo theorems and complex flows

Although there are almost no analytical solutions for the MHD equations, several important anti-
dynamo theorems were proven in the past century. These place constraints on the kinds of fluid
motions that can sustain magnetic fields or restrict the magnetic field morphology that can be
created by dynamo action. These theorems prove that under certain symmetries or dimensional
restrictions, dynamo action is impossible. Cowling’s theorem (Cowling, 1934) is one of the earliest

anti-dynamo results. It states:

An azisymmetric magnetic field cannot be maintained by dynamo action according to the
MHD equations.

This theorem implies that in a perfectly axisymmetric system (where all physical quantities are
independent of the azimuthal angle ¢), any magnetic field will decay over time due to resistive
dissipation. In practical terms, this means that 3D effects or asymmetries are necessary to sustain
a magnetic field via dynamo action. The other proofs for the following theorems are very similar.
Zel’dovich extended the idea further with his planar flow theorem (Zel’dovich, 1957):

A purely planar (two-dimensional) flow cannot sustain a magnetic field.

Mathematically, if the velocity field u(z,y,t) lies entirely in a plane and does not vary in the
third dimension (e.g., z), then dynamo action is not possible. This result demonstrates that three-
dimensional flow structures are essential for maintaining magnetic fields. Additionally, theorems
put further requirements on the properties of the fields, B and u. For instance, Hide and Palmer

(1982); Ivers and James (1984) have expanded the proofs to include statements such as:

A magnetic field of the form B(x,y,t) (i.e., dependent only on two spatial coordinates

and time) cannot be maintained by dynamo action.
or;

A purely toroidal flow—uwhere fluid moves in circular paths around an azis (such as in a
doughnut-shaped torus)—cannot sustain a magnetic field. These flows lack the necessary

helicity or stretching to amplify magnetic fields.

One of the bottom-line conclusions of these theorems was that dynamo cannot be achieved with
a simple flow, and a simple field cannot be generated by dynamo action, where the term simple
means having specific spatial symmetries in the flow or the field. In a more scientific language, anti-
dynamo theorems highlight the necessity of three-dimensional, non-axisymmetric, and often chaotic
flows that twist the magnetic field for the successful operation of a dynamo. These insights are
critical for understanding magnetic field generation in planets, stars, and galaxies, where complex
fluid motions are present.

Several types of flow are known to lead to dynamo action. Turbulence randomly stretches
and folds magnetic field lines, enhancing amplification at small scales in so-called fast dynamos.
Shear flows (i.e., velocity gradients) provide a more systematic, directional amplification due to the
stretching and reorienting of magnetic field lines in a preferential direction. In Chapter 3, I show an
example of a shear-driven dynamo triggered by an irrotational type of turbulent forcing. Differential
rotation, a widespread feature in stars and disks, is a specific form of shear that systematically winds
field lines due to varying angular velocity, triggering a dynamo by converting poloidal fields into

toroidal ones. Convection, driven by thermal or compositional buoyancy, induces organized flows

13
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that play an essential role in large-scale planetary and stellar dynamos. Helical flows are a more
refined type of flow, often resulting from the combination of rotation and convection, and are crucial
for large-scale dynamo action, especially in mean-field theory via the a-effect (see Sect. 2.3.4). The
dynamo simulations seen in Chapters 5 and 7 are examples of dynamo numerical models driven by

convection under the influence of rotation.

2.3.2 Kinematic and dynamic dynamo phases

In many dynamo studies, either theoretical or numerical, the initial magnetic field considered is
a seed magnetic field, i.e. dynamically weak, meaning that the magnetic energy is negligible in
comparison with the kinetic energy and that the Lorentz force on the fluid is initially negligible
compared to the other forces and terms in the momentum equation. When a magnetic field is
amplified, its evolution typically occurs in two stages: the kinematic phase and the dynamic phase.

The kinematic or linear phase is the initial stage of the dynamo process, when the weak initial
magnetic field has no significant influence on the motion of the fluid. Mathematically, it means that
the Lorentz force term (i.e., B x (V x B)/ug) has no effect in the momentum equation, Eq. 2.2.
Therefore, for a given flow, the magnetic field is a passive quantity that is advected and possibly
stretched and twisted. The main aim of several studies is to determine whether a particular fluid
flow can amplify a small, seed magnetic field. The MHD equations can be linearized and solved,
analytically or numerically, to find magnetic field eigenmodes and their growth. This is a linear
regime, where the magnetic field either grows or decays, typically exponentially, based on the
properties of the flow. Chapter 3 studies a linear dynamo phase with an expansive wave forcing.
Even though we reach saturated states, we focus on characterizing how the kinematic phase depends
on various MHD and forcing parameters.

As the magnetic field grows, it eventually affects the motion of the fluid through the Lorentz
force, marking the beginning of the dynamic or saturated phase. The influence of the magnetic
field on the fluid flow changes the structure of the flow, which in turn affects how the magnetic
field evolves. In other words, the magnetic field and the fluid flow become fully coupled and evolve
nonlinearly. This feedback loop continues until the system reaches a state of balance, where the
magnetic energy stops growing and reaches a saturated state. See Vainshtein and Cattaneo (1992);
Brandenburg and Subramanian (2005) for general reviews about nonlinear dynamo theory. In
Chapters 5 and 7, I analyze the saturated phases of numerical dynamo solutions in the context
of planetary magnetic fields. There, I am not interested in the kinematic phase, which happens
due to the artificially imposed initial small field, but rather in the dependence of the saturated,

self-sustained dynamo state on its characteristic dimensionless numbers.

2.3.3 Winding mechanism

In the presence of a differential velocity profile and once a sufficiently large magnetic field exists,
there is a relevant effect known as winding (e.g., Fujisawa, 2015). For instance, given such a shearing
profile of a velocity field directed along the y-direction and its gradient in the z-direction, uf (2),
the advective term of the induction equation provides an increase of the B, component:

0B _
ot

aS
Vx(uxB) — ‘9(5@/:—32;5. (2.8)

At contrast with the exponential growth in the kinetic phase of the dynamo, the winding mechanism

provides a linear-in-time increase of the magnetic field along the shearing direction, which will
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stop when magnetic resistivity and/or dragging become important and smooths out the shear
profile; namely, when the Lorentz force becomes relevant and the system becomes non-linear. This
expression works for a general shearing profile uf (7) when ¢ # j. This mechanism is seen in action
in Chapter 3. The most common scenarios for winding are disks or spherical bodies with strong
differential rotation, i.e., with azimuthal flows ug(r, 6), for which the magnetic field lines are greatly

stretched around the rotational axis (see Q-effect below).

2.3.4 Large-scale dynamos and the alpha-effect

A cornerstone of modern dynamo theory is mean-field electrodynamics, particularly as it applies
to turbulent flows. Within this framework, the magnetic and velocity fields are decomposed into
mean and fluctuating components (see App. A.7), allowing the derivation of an averaged induction
equation. Large-scale dynamos (LSD) are dynamo processes that amplify coherent and ordered
magnetic fields with correlation lengths larger than the underlying turbulence. LSDs are crucial
for explaining coherent, global-scale magnetic structures observed in planets, stars, and galaxies.
The theoretical backbone of LSD theory is mean-field electrodynamics (Moffatt, 1978; Brandenburg
and Subramanian, 2005; Krause and Rédler, 1980), in which the magnetic and velocity fields are

decomposed into mean and fluctuating parts:
B=B+b, u=U+1u, (2.9)

following the Reynolds rules (App. A.7).

A critical term arising in this approach is the so-called a—effect, which encapsulates the contribu-
tion of small-scale turbulent motions to the evolution of the large-scale magnetic field. Physically,
the a—effect describes a mean electromotive force aligned (or anti-aligned) with the mean magnetic
field, typically arising in rotating, stratified turbulence. This effect is especially important in astro-
physical bodies where rotation and convective turbulence are both present, such as in stellar and
planetary convective layers.

The development of mean-field dynamo theory, including the mathematical formalization of the
a—effect, represented a major conceptual advance in understanding the maintenance of large-scale
astrophysical magnetic fields. In particular, it offered a plausible explanation for the observed
cyclic variability of solar and stellar magnetic activity, the dipolar symmetry of planetary magnetic
fields, and the coherent spiral structure of galactic magnetism. While mean-field models have
been successful in capturing many key features of astrophysical dynamos, they also raise subtle
questions regarding nonlinear saturation, quenching of the a—effect, and the role of magnetic helicity
conservation—all of which are the subject of ongoing theoretical and numerical research.

The mathematical description of the a—effect is obtained by substituting the decomposed ve-
locity and magnetic fields into the induction equation and averaging over small scales gives the
mean-field induction equation:

%]?:VX(UxB+£—AvXB), (2.10)

where the mean electromotive force (EMF) is defined as

E-Wxb. (2.11)

Let’s assume that we have an initial, small-scale seed field, with no large-scale component. Dynamo

action will mean the growth of B from small-scale electromotive force, £, as it is the only remaining
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term in 2.10. The a-effect is the most relevant concept of mean-field dynamo theory because it
gives a theoretical mechanism by which small-scale helical turbulence induces a mean electromotive
force aligned with the mean magnetic field. Physically, it results from the combined motion that
twists and amplifies the magnetic field. If the turbulent velocity field has non-zero kinetic helicity

(i.e,, u’ - (V x u’) #0), then one can express the EMF in terms of the large-scale:
E=aB-BVxB+---, (2.12)

where a and 8 are proportionality and they are related to the a-effect and turbulent magnetic
diffusivity, respectively. These terms can model systems with general flows like convection, helical
turbulence, or shearing velocity profiles, such as differential rotation. Here, the « coefficient can

be rewritten as:

aN—%w«va% (2.13)

where 7. is a characteristic correlation time of the turbulence.

In spherical and/or rotating astrophysical bodies such as disks, stars and planets, it is convenient
to decompose the magnetic field in two components, poloidal and toroidal, hence having B =
Byo + Bior. The toroidal field wraps around the object and is defined by being orthogonal to the
radial unit vector e,, i.e., Bor - €. = 0. Similarly, the curl of the poloidal field is orthogonal to e,
i.e., (VxBpol)- e, = 0. In axial symmetry, this means that the toroidal field is purely azimuthal (¢
direction), while the poloidal field is contained in the meridional plane (r—6 direction). The a-effect
plays a fundamental role in the operation of large-scale dynamos by enabling the regeneration of
poloidal magnetic fields from toroidal ones (Brandenburg and Subramanian, 2005; Hughes, 2018).
This mechanism is the consequence of the turbulence taking a preferred direction due to the Coriolis
force. As a result, small-scale swirling motions twist and loop toroidal field lines, generating a
poloidal component.

Contrary to the a-effect, the Q-effect in mean field dynamo theory describes the generation of a
toroidal magnetic field from a poloidal magnetic field due to differential rotation. Mathematically,
the Q-effect can be represented by the induction equation, Eq. 2.3 in the presence of differential
rotation (e.g., uy = 7sinf Q(r,0)). The shear in the angular velocity §(r, ) stretches the poloidal
field lines into the azimuthal (toroidal) direction, amplifying the toroidal field component 0By /0t ~
(B, - V) Q. This process efficiently converts the poloidal magnetic field B, into the toroidal field
By, and is essential for sustaining the solar and stellar magnetic cycles. Often, LSDs involve the
combination of the a-effect and the Q-effect, forming the basis of the so-called af) dynamo models.
These models are particularly accurate for stellar dynamos: they reproduce some features such as
the solar magnetic cycle, magnetic polarity reversals, and the migration of sunspots. Planetary
dynamos are instead thought to be of the type a? (e.g. Moffatt, 1978), for which the a-effect alone
closes the loop between the toroidal and poloidal magnetic field components. However, for fast
rotating gas giants like Jupiter and Saturn, which have stronger differential rotation in certain
regions, leading to possible non-negligible Q2-effects, leading to the hybrid dynamo model known as
the o2Q) mechanism.

However, as the magnetic field grows for LSDs, the Lorentz force modifies the flow, reducing
the kinetic helicity and suppressing the a-effect, a phenomenon known as quenching or magnetic
drag. Several models attempt to quantify these nonlinear feedback mechanisms, either via analytic
expressions (e.g., a(B) = ag/(1 + (B/Beq)?), where Boq = /piopu? acts as a normalization scale
and represents the magnetic field strength at which the magnetic energy density equals the kinetic

energy density of the turbulent motions) or through more sophisticated dynamical models that
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incorporate the conservation of magnetic helicity. They are known as catastrophic quenching models
(Vainshtein and Cattaneo, 1992) as the magnetic field generation suppression is stronger when Re
increases. Astrophysical systems tend to have both Re, Rm > 1, thus creating the conditions for
it to happen. Understanding the saturation mechanisms, helicity transport, and scale separation

remains an active area of research.

2.3.5 Small-Scale dynamo

Small-scale dynamos (SSDs) refer to magnetic field amplification at or below the length scale of
the turbulent MHD motions. Contrary to large-scale dynamos, SSDs do not rely on large-scale
flow structures, global rotation, or helicity. Instead, they exploit the random stretching, twisting,
and folding of magnetic field lines by turbulent eddies. When Rm is sufficiently large (i.e., when
the magnetic diffusivity, A, is small enough), the magnetic field lines are stretched faster than they
can diffuse, leading to an exponential growth of magnetic energy.

SSDs are particularly relevant in strong, turbulent environments lacking large-scale organization.
A clear example is the ISM, or the primordial intercluster medium, during the formation of the first
stars and galaxies. Another example is stellar and planetary convective envelopes at length scales
much smaller than the object’s radius. In these regimes, SSDs are capable of amplifying weak seed
magnetic fields to dynamically significant strengths.

A theoretical framework for small-scale dynamos in the kinematic regime is provided by the
Kazantsev model (Kazantsev, 1968), which predicts that the magnetic energy, initially concen-
trated at the small scales, grows exponentially. The nonlinear back-reaction of the magnetic field
eventually saturates this growth. Usually, this leads to a complex non-linear steady state regime
where magnetic and kinetic energies equilibrate, at least in some range of spatial scales. This is

known as equipartition.

2.4 Some considerations about MHD codes

Usually, the equations that model astrophysical scenarios do not admit analytical solutions. Non-
linear dynamics, multi-scale interactions, and high-dimensional parameter spaces often produce
analytically intractable scenarios. The MHD equations are applied to model vastly different prob-
lems, usually requiring 3D domains where both the magnetic and velocity fields are evolved. Due
to computational reasons, chemical or nuclear processes are only included in basic forms.

In numerical simulations, the set of partial differential equations in MHD (2.1)-(2.3) is dis-
cretized. The vast range of relevant physical length and time scales usually implies high computa-
tional costs, and proper numerical recipes and schemes are needed to deal with such nonlinear and
highly complex problems. Not surprisingly, projects that started from a single researcher have led
to whole astrophysics departments spending decades-long efforts to develop efficient and accurate
numerical codes. The two public MHD codes used in this thesis are the Pencil Code® (Pencil Code
Collaboration et al., 2021), and MagIC* (Gastine and Wicht, 2012). All of them are international
collaborations with benchmark examples and publications, ensuring their extensive verification and
robustness with other code. All of them are regularly maintained with the help of software engineers
to allow their compatibility with different operating systems and computer clusters.

The discretization of the MHD equations can be performed by different numerical methods and

3https://github.com/pencil-code
“https://github.com/magic-sph/magic

17


https://github.com/pencil-code
https://github.com/magic-sph/magic

Chapter 2 — Concepts of magnetohydrodynamics and dynamo theory

schemes. Some common methods are: finite differences, finite volumes, spectral methods, and
particle-in-cell. Each numerical approach has its strengths and limitations, and the choice often
depends on the physical characteristics of the problem at hand. Other alternative methods arise
with hybrid strategies, such as the finite elements method, i.e., a mixture of volume and difference
methods, or pseudospectral approaches, i.e., a combination of a spectral and a finite difference
method in orthogonal directions.

Finite difference methods approximate the simulation domain at discrete grid points. At each
point, the discretized equations are solved at every timestep. Derivatives are approximated by
evaluating differences at contiguous points. For instance, a first-order derivative 0f/0z can be
obtained using a central difference scheme as:

o . fir1 = fima

ox |; 20z
Where f can be, for example, the velocity or the magnetic field, depending on which are the fun-
damental quantities of the code. This method is simple to implement and well-suited to structured
grids, but can struggle with conservation properties. The accuracy can be improved by increasing
the number of cells used to approximate the derivative (accuracy order). The Pencil Code is a
publicly available, high-order finite-difference code designed for simulating weakly compressible,
turbulent flows. It employs sixth-order accuracy in space and uses a third-order Runge-Kutta ex-
plicit time integration scheme. Being a finite-difference code, it is non-conservative by design. The
magnetic field is implemented with the magnetic vector potential to fulfill the solenoidal condition
at every timestep. The code follows a modular architecture, enabling users to activate or deacti-
vate specific physics modules (HD, MHD, particle dynamics, radiative transfer, chemistry, etc.),
which makes it versatile for astrophysical and cosmological fluid dynamics simulations. Written
primarily in FORTRAN and C, the Pencil Code supports MPI-based parallelization, allowing it to
scale efficiently across high-performance computing environments. It is employed in Chapter 3 to
solve the non-ideal compressible MHD equations.

Finite volume methods are conservative by construction and are thus particularly well-suited
for solving the MHD equations in their conservative form (i.e., the integral form as shown in
App. A). Instead of a grid, the domain is divided into volumes where fluxes across cell boundaries

are computed:
% = —ﬁ (Fi+1/2 - Fi—1/2) + Si,

where f; is the cell-averaged conserved quantity, F is the numerical flux, and .S; is the source or
sink term in that cell volume. As they are conservative by construction, finite volume methods can
implement high-resolution shock capturing methods; thus, they are the best option for handling
shocks and discontinuities satisfactorily, making them very attractive to the astrophysics commu-
nity. The results of Chapter 3 are compared with Achikanath Chirakkara et al. (2021), who use
the finite-volume Flash code. As said above, we use a high-order finite difference code, which in
principle leads to accurate solutions in the subsonic or weakly compressible regimes.

Spectral methods represent the fundamental MHD quantities as a sum of global basis functions,
typically Fourier polynomials, Chebyshev polynomials, or spherical harmonics. The MHD equations
time-evolve the set of constants, which can be used to reconstruct the real physical quantity at any
point. This usually leads to exponential convergence with the size of the basis functions. As an

example, for a Fourier decomposition:
i .
) = ezkx, — ik ezkaz’
f(z) §k I p Ek fr
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the time-evolved quantity is fk instead of f. Derivatives can usually be computed analytically
in the spectral space, but other nonlinear terms are typically handled via hybrid/pseudo-spectral
approaches, which require some computations in a physical grid. These methods usually offer
the highest accuracies for smooth flows. They are less effective with strong discontinuities than
the finite volume methods. Their intrinsic dissipation is much less than finite difference methods
for a given number of points/multipoles. MagIC, used in this thesis, is a pseudo-spectral code
that uses the spherical harmonic decomposition in the angular directions, that is, # and ¢, and
Chebyshev polynomials in the radial direction r. An illustration of the most relevant MagIC
features and schemes can be found in App. D. It is mainly written in FORTRAN and provides
many postprocessing Python functions, allowing rapid and useful data analysis. It is designed for
super-computing clusters and relies on a hybrid parallelization scheme using both OpenMP in the
horizontal and MPI in the radial direction. For scientific transparency, it is public, constantly
maintained, and regularly updated with extensive user-friendly documentation. MagIC has been
extensively used for both stellar and planetary models, including for Jupiter and Saturn dynamos,
for instance, (Duarte et al., 2018; Wicht et al., 2019b; Gastine and Wicht, 2021; Yadav et al., 2022),
and it was tested in convection and dynamo benchmarks (Christensen et al., 2001; Jones et al.,
2011). In Chapter 5 and 7, we employ MagIC under the anelastic approximation.

A key property that an MHD code should have is to maintain the divergence-free condition
for the magnetic field (V - B = 0). If the magnetic field components are directly evolved via
the induction equation, numerical artifacts could appear due to the violation of the solenoidal
condition, leading to nonphysical fields, if there is no special care in enforcing this constraint.
There are several strategies to avoid this. One is to use staggered grids, such as the Yee lattice.
Another method is the use of divergence cleaning algorithms, where a new term in the induction
equation is added to continuously remove deviations from V - B = 0. In this thesis, we use codes
that employ another strategy. Instead of evolving B itself, they evolve magnetic potentials so that
the constraint is fulfilled by construction. The Pencil Code treats the magnetic field evolution by
evolving the magnetic vector potential A. MaglIC' decomposes the magnetic field with poloidal
and toroidal components, which, in turn, are expressed as two scalar potentials (see App. D).
The magnetic field components are then derived from the potentials whenever a snapshot or some

specific output is requested by the user.
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Chapter 3

Vorticity and dynamo from expansion

(Gaussian waves

The occurrence of vortical flows is of high importance in astrophysics due to their close connection
with turbulence. Vorticity is a method for characterizing turbulent flows, which are ubiquitous in
astrophysical contexts. However, the connection between turbulence and the processes responsible
for amplifying astrophysical magnetic fields has not been fully elucidated. As explained in Chapter
2, magnetic fields can be amplified at different scales in various astrophysical environments, from
planets to the extragalactic medium. When a substantial fraction of the energy is spread over small
scales, we can have turbulence, which, despite not having a rigorous definition, can be generally
described as a state where chaotic movements of the fluid prevail over bulk, large-scale, coherent
movements, implying also small-scale changes in pressure and, if present, in magnetic field direction
and intensity. Since the solutions to MHD equations are highly model-dependent, turbulence can
be associated with different underlying mechanisms. One of them is the natural energy cascade,
for which the kinetic and magnetic energies of a system are spread over a large range of spatial
scales. The prototype study in hydrodynamics comes from Kolmogorov model, which, based on
basic considerations about the spatial correlations arising from isotropic, homogeneous hydrody-
namic turbulence (no magnetic fields involved), predicts a slope of the magnetic energy spectral
distribution £ ~ k~5/3, where k is the wavenumber of the spatial scale.

Numerical models are commonly used to simulate many of these astrophysical contexts, from
planets to galaxies (see, e.g., Brandenburg and Ntormousi, 2023, for a recent review). In simu-
lations, how the turbulent state is reached depends a lot on the setup of the numerical problem,
such as: initial and boundary conditions; physical ingredients that set the force balance and the
relevant spatial and temporal scales at play; the existence of a preferred direction due to e.g.
rotation, stratification, gravity or background magnetic field. In many numerical simulations, tur-
bulence is triggered through either a perturbation of an initial setup prone to instability or a
forcing mechanism, i.e., a source in the momentum equation that injects energy at some given
scales (Schekochihin et al., 2004a,b). Related to this, turbulence can trigger a dynamo action at
small scales: the exponential growth of an initially dynamically weak magnetic field up to saturated
values.

In this chapter, we focus on a simplified model which can be a simple representation of the
perturbation and associated dynamo in the ISM. We focus on two open questions, namely (a)
whether the occurrence of dynamo action depends on the forcing mechanism, and (b) the minimum
ingredients needed to trigger a dynamo in an MHD turbulent medium.

The main sources of energy in the ISM are of stellar origin, and, therefore, they are likely

20



Chapter 3 — Vorticity and dynamo from expansion Gaussian waves

the drivers for the observed turbulence in the ISM. Supernova explosions (SN), stellar winds,
protostellar outflows, and even ionizing radiation (in decreasing order of importance) are arguably
the main contributors to ISM energy injections (Mac Low, 2002; Klessen and Glover, 2016). In
particular, SN are believed to be the main contributor of energy and can solely provide the energy
needed to produce the turbulence observed in the ISM (e.g., Gressel et al., 2008). They are also
considered as one of the main ingredients in determining galactic dynamos (see Brandenburg and
Ntormousi, 2023, for a recent review). Still, their effect on the amplification of galactic magnetic
fields remains poorly understood. It is unclear how they contribute to the seeding and amplification
of such fields to the observed values both for Milky Way-like galaxies (e.g., Ntormousi, 2018;
Ntormousi et al., 2020) and high-redshift ones (Ntormousi et al., 2022). If they are seen as purely
spherical or point sources, SN should not mathematically produce any vorticity in the surrounding
medium.

However, many other aspects of the ISM should be taken into account. Stratification, differential
rotation, shear, or shocks are physical mechanisms that might help generate vortical flows from the
available energy. Three-dimensional (3D) simulations of such environments can be quite demanding,
especially considering the supersonic feature of the flow. This field was pioneered by Korpi et al.
(1999), who studied how SN produce turbulence in a multiphase ISM, and then by Mac Low
et al. (2005), who analyzed the distribution of pressure in a magnetized ISM. However, in these
simulations, the responsible mechanism for vorticity generation remains somewhat unclear. The
question of whether vorticity can be amplified by a purely curl-free (compressible, or irrotational)
forcing (e.g., Federrath et al., 2010; Federrath et al., 2011) or not (Mee and Brandenburg, 2006;
Del Sordo and Brandenburg, 2011) is still a matter of debate.

Mee and Brandenburg (2006) and Del Sordo and Brandenburg (2011) used localized random
expansion waves as forcing terms only in the momentum equation. This potential forcing induces
spherically symmetric successive accelerations in random places during a given time interval, reach-
ing locally trans-sonic regimes and leading to a somewhat similar SN driving. Such an irrotationally
forced flow was found not to generate any vorticity up to 5123 mesh points (Mee and Brandenburg,
2006). However, when rotation, explicit shear, or baroclinicity were added, Del Sordo and Bran-
denburg (2011) found that vorticity is produced. Magnetic fields were added to the simplest setup
(no rotation or shear, nor baroclinicity) by Mee and Brandenburg (2006), who found no evidence
of magnetic field amplification. On the contrary, they found that this type of flow has a highly
destructive effect on the magnetic field at the smallest scales. In general, the role of SN feedback
on regulating star formation rate and the structure of the galactic disk is still not completely un-
derstood (e.g., Hennebelle and Iffrig, 2014; Iffrig and Hennebelle, 2017), and it may depend on
how SN are implemented in simulations. The nature of the forcing may have an effect on several
features of the ISM, besides the growth of the magnetic field. For instance, Mathew et al. (2023)
showed how a purely compressible forcing in MHD simulations of star cluster formation influences
the initial mass function.

In this chapter, we expand on the work by Mee and Brandenburg (2006) and Del Sordo and
Brandenburg (2011). We aim to study how shear, rotation, and baroclinicity, in combination with
the same irrotational forcing in the form of localized random expansion waves, contribute to the
decay or growth of an initial magnetic field seed. We want to explore the possible dynamo action
in a parameter space defined by the forcing parameters, the rotation and shear rates, the Reynolds
and Prandtl numbers, and the initial magnetic seed. Our work concentrates on the subsonic and
transonic regimes to establish the conditions under which a purely compressible forcing may amplify

vorticity and magnetic fields.
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Other works have also studied the appearance of small-scale dynamo (SSD), which is dynamo
action at length scales equal to or smaller than the forcing scale, as a consequence of irrotational
forcing. For a curl-free forcing based on early universe inflationary models (Kahniashvili et al.,
2012), the Lorentz force was found to produce some vorticity in isothermal models, but the magnetic
field eventually dissipates without undergoing any kind of amplification. Additionally, Dosopoulou
et al. (2012) found analogous results in the context of magnetized and rotating cosmological models.
Porter et al. (2015) performed simulations of subsonic turbulence in an intra-galactic cluster medium
with a purely curl-free (compressible) forcing, finding that dynamo can be excited when divergence-
free (solenoidal) modes arise.

Nevertheless, other approaches found vorticity and magnetic fields to be exponentially amplified
when a purely irrotational forcing is added in the form of a stochastic function in Fourier space
(e.g., Federrath et al., 2010; Achikanath Chirakkara et al., 2021; Seta and Federrath, 2022). They
use a turbulent driving forcing in Fourier space, which can be purely solenoidal, compressive, or a
combination of both. Their isothermal dynamos can operate efficiently in both subsonic and super-
sonic regimes, both solenoidal and compressive cases, and even without large-scale contributions
to the forcing, such as rotation or shear. Consequently, it remains unclear which are the minimum
ingredients needed to excite a dynamo.

Apart from Hennebelle and Iffrig (2014) and Iffrig and Hennebelle (2017), other studies have
achieved magnetic field growth with more complex forcings inspired by the ISM. Gent et al.
(2013a,b) simulated a multi-phase ISM randomly heated and stirred by SN, in the energy equation,
with a stratified, rotating, and shearing local domain with a galactic gravitational potential and
shock diffusivities. The obtained flow dynamics are robust when three major phases are used (de-
fined with temperature ranges) and when the parameters are adjusted to reproduce individual SN
remnants. Képyld et al. (2018) simulated such events with a combination of mass transfer during
SN and stellar formation, energy deposition in the energy equation, and a stably stratified, rotating
medium mimicking the galactic plane. They also obtained an SSD in such simulations and analyzed
the specific vorticity source terms. This was also confirmed in subsequent studies by Gent et al.
(2021, 2023) of a multi-phase ISM. Recently, Seta and Federrath (2022) studied turbulent dynamo
in a multi-phase ISM as well, providing a detailed analysis of vorticity sources in their simulations.

These models are fairly complex as they want to reproduce what happens in a galactic envi-
ronment. Our approach has instead been to work with a much simpler model to shed light on the
minimum ingredients needed to amplify a magnetic field up to equipartition values in the presence of
a purely irrotational forcing. This is in the spirit of studying general aspects of dynamo-generated
magnetic fields and discussing their applications in planetary, stellar, or galactic environments.
The analytical mean-field approach by Krause and Rédler (1980) and Réadler and Stepanov (2006)
predicts the presence of an electromotive force and, hence, an amplified mean magnetic field, in
the presence of a mean flow. While this is surely happening in the case of helical flows (see e.g.,
Brandenburg and Subramanian, 2005; Rincon, 2019), a mean electromotive force can (in principle)
be observed also with non-helical turbulence in the presence of rotation Rédler (1968, 1969) or with
a large-scale flow with associated vorticity (Rogachevskii and Kleeorin, 2003). LSDs were found in
numerical experiments employing a non-helical forcing to drive small-scale turbulence embedded
in a large-scale shear flow (e.g., Yousef et al., 2008; Brandenburg et al., 2008; Singh and Jingade,
2015). However, the forcing functions in these calculations did allow the injection of vorticity on
small scales.

In this chapter, we test the possibility of driving a dynamo process with turbulence driven in a

purely compressible way, either in the absence or in the presence of large-scale flows. We further
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investigate the effect of varying the explosion width and strength, the magnetic Prandtl number,
and the usage of a Newtonian cooling function on the possible amplification of the vorticity and
magnetic field. This chapter is based on two articles (Elias-Lopez et al., 2023; Elias-Loépez et al.,
2024) and is organized as follows: in Sects. 3.1 we describe the MHD model and the organization
of our numerical experiments. In Sect. 3.2 we show the result of our study. We observe that we do
not obtain an HD or MHD instability unless a background shearing flow is imposed, despite our
fairly wide exploration of the parameter space in terms of forcing scales (see Sects. 3.2.6 and 3.2.7),
magnetic Prandtl number (Sect. 3.2.8), cooling times (Sect. 3.2.9), and Reynolds numbers. The
models, including a shearing profile instead, develop an exponential increase in vorticity, followed
by an exponential increase in the magnetic field, unless the scale of the forcing is too small, as
explained in Sect. 3.2.7. In Sect. 3.1.5 we examine the contribution of every source term in the
vorticity equation. Finally, in Sect. 3.3 we discuss the implications of these results in the framework

of galactic dynamos. In App. B we show all tabulated runs and diagnostics described in this chapter.

3.1 Model and numerical methods

3.1.1 MHD equations with rotation and shear

We ran numerical simulations using the Pencil Code' (Pencil Code Collaboration et al., 2021),
which is a non-conservative, high-order, finite-difference (sixth-order accurate in space and third-
order Runge-Kutta in time) 3D MHD public code. We solved the non-ideal fully compressible
MHD equations in a Cartesian box (coordinates z,y, z) following an approach similar to what was
done by Del Sordo and Brandenburg (2011), that is, either in a rigidly rotating frame, with angular
velocity Q = Qe,, or with a differential velocity (shear) given, in their case, by u® = u?f (2)ey.
We considered a homogeneous medium with no stratification. We solved the equations in the co-

rotating reference frame, for which the mass and momentum conservation equations are expressed

as:
Dl
Dr;p =-V-u, (3.1)
DY  Vp JIxB Oy
Dl;:_Tp+ . —2qu—uza—zy$f+Fy+f+fs> (3.2)

where: u(t) = (u® +u’(t)) is the total velocity field combining the fixed shearing velocity with the
residual (possibly turbulent) velocity u’; p is the mass density; p is the pressure; B the magnetic
field; and J the electrical current density. We define the turbulent components for the velocity,
u/, and vorticity, w’, with the usual Reynolds decomposition rules (see App A.7) where the large
component of the flow is set by the shearing velocity profile.

Importantly, the advective derivative operator, D/Dt := 9/0t + u - V, applies to the total
velocity, that is, to both the evolving residual velocity u’ (kept in the left-hand side) and the
fixed shearing velocity, u®. We keep the latter on the right-hand side, in the form of the only term
—u-Vu® = —uz%. The other source terms are associated to the viscous force, F, = p~1V-(2pvS),
where the traceless rate of strain tensor S is S;; = (1/2)(u;; + ;i) — (1/3);;V - u, the external
expansion wave forcing, f, and a shearing forcing, f; (see below for their definitions).

To close the system of equations, we consider two types of EoS: 1) a simple barotropic EoS (i.e.,
the pressure is T-independent and function of density only) p(p) = ¢2p, where we fix the value of the

sound speed ¢; = 1 or 2) an ideal EoS (denoted as the baroclinic case), p(p,T) = pR,T', with R, the

https://github.com/pencil-code
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specific gas constant and T’ the temperature; in this case, the sound speed squared is ¢ = (y— e, T,
where we fix the adiabatic index v = ¢,/¢, = 5/3 (corresponding to a monatomic perfect gas), and
¢p and ¢, are the specific heats at constant pressure and constant volume, respectively.

In the latter case, the energy equation is expressed in terms of p, the specific entropy, s, and 7"

Ds

T2 = w82+ p IV - (eupxVT) + p L (V x B)2 = —— (2 — ) (33)
Dt Ho Tecool

where y is the thermal diffusivity?, n is the magnetic diffusivity, cso is the initial, uniform sound

speed (proportional to the initial temperature) and 7., regulates the timescale of the simple
effective (also called Newtonian) cooling term, introduced to avoid indefinite heating by viscous
and resistive dissipation.
The time evolution of the magnetic field is done by uncurling the usual induction equation shown
in Eq. 2.3, using V x A = B, where A is the vector potential:
0A
ot

Since the evolved field is the vector potential, and the divergence of the curl of any vector is zero,

—ux(VxA)—nV3A . (3.4)

the solenoidal condition, V - B = 0, is therefore fulfilled by construction.

3.1.2 Forcing

We impose an irrotational forcing, as a gradient of a Gaussian potential function, considering two

slight variants:
face(X, 1) = V(x,1) = KVe 7O/} (3.5)
foom (X, ) = ’ipov(;s(x, t) = K%ve*’“xf(t))Q/R? : (3.6)

where x = (z,y, 2) is the position vector, x(t) is the random position corresponding to the center
of the expansion wave, Ry is the radius of the Gaussian, and IV is the normalization factor. We
will make use of k; as the wavenumber corresponding to the scale of the adopted forcing:
2

k= R—f .
The time dependence of the forcing enters in the correlation time At of the expansion waves (i.e.,
the time interval after which we consider a new random position, xr). We consider two different
cases: in the first one xy changes at every time-step (which is adaptive), At = ¢, while in the

second case we define an interval forcing time At > dt. We chose the normalization factor to be:

K = ¢o\/eso Ry /At

where ¢g controls the forcing amplitude and both it and K have dimensions of velocity squared.
Note that facc, creates, by definition, an irrotational acceleration field (i.e., V x f,cc = 0), since
the curl of any field gradient is zero. Mee and Brandenburg (2006) proved that the inclusion of
face alone indeed produced no measurable vorticity: the amount of vorticity produced showed a
decreasing dependence on numerical resolution, hence they concluded its nature was numerical,
essentially due to the discretization errors. The second forcing, fmom, corresponds instead to
an irrotational force field which, due to the p factor, will not necessarily lead to an irrotational
acceleration. In other words, the interaction between the fiom and fluctuations in p might gradually
create vorticity. The names have been chosen because f,.. directly changes the acceleration of the

fluid, instead fiom acts as a force and changes the momentum.

2The Pencil Code uses another definition from the one used in Chapter 2, i.e., x = k/cpp
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3.1.3 Non-dimensional parameters

After an initial transitory phase, the simulations reach a stationary state, throughout which the
main average quantities maintain a saturated value. In particular, we will look at the root mean
square of the velocity, u;ms. In turn, this is used to define the fundamental timescale of our problem,

which we will call turnover time, as
tturn = (kfurms)il . (37)

The turnover time can be understood as the average time for the fluid to cross the typical scale of
the enforced expansion wave.
The root mean square values of velocity uyms and vorticity wyms (see Sect. 3.1.5 for its definition)

are used to define the following dimensionless numbers:

Urms Urms
Re = s Rm = y
“T Uky T
Rey = % Ma = tpms/cs , (3.8)
Z/kf
Pm=v/n, RO = Urmsk /282,

which are the Reynolds number, magnetic Reynolds number, vorticity Reynolds number, Mach
number, magnetic Prandtl number, and Rossby number, respectively. Some of the dimensionless
numbers were already shown in Table 2.1, where here we have used U = uyms and L = 1/ky.
Analogously, we shall consider the maximum values of the velocity, tmax, to define the maximum

values of the parameters, denoted with M, for instance:

U
Rey = — Maps = Umax/Cs - (3.9)
vky
Regarding the magnetic fields, we shall consider the root-mean-square of the intensity, Byms, which
is closely related to the magnetic energy density (i.e., Emag X B2..).

3.1.4 Shear

S
Y

—uy)¥/Ts , where 7, is the timescale of the forcing (which

To maintain a given shear velocity background along the y-direction

S
Y

we use a forcing term in
the y-component of the velocity: fs = (
we keep unity in all cases).

We choose to apply a sinusoidal background flow for the shearing term:

ug(z) = Acos(kz) , (3.10)

with k£ the shear wavenumber and wu; indicate the unit vector in the direction i. As z ranges from
—m to m (see Sect. 3.1.6), we have set k = 1, which allows simple periodic boundary conditions
in the three directions. The same k is used as the variable for the definition of spectrum, see
Sect. A.9. This profile is similar to what is used by Skoutnev et al. (2022) for studying dynamo in
stellar interiors with a non-helical forcing, and was employed by Képyla et al. (2009); Képyla et al.

(2010) in the context of a stratified convective medium.

S:
y

shearing boundary conditions were giving a spurious growth of vorticity at the boundaries (see

We discarded the use of a more standard linear shear term u Sz since the implemented

Sect. 3.2.4 for a more detailed explanation).
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3.1.5 Vorticity

The vorticity is defined as the curl of the velocity field (w = V x u), and it is a way of quantifying
the turbulent motions generated in fluid flows. Vortical motions are directly connected to the
turbulent dynamo action, which is the mechanism by which our model may grow or maintain the
magnetic field. The evolution of vorticity can be obtained by taking the curl of the total velocity

evolution equation (Ou/0t):

aw:Vx(uxw)—i—VxFV—i—W+Vx<JXB)
ot P (3.11)

2V x (2 xu)+V xf+Vxfg

Here the first term on the right-hand side is analogous to the advective term V x (u x B) in the
induction equation, the second term represents the viscous forces acting on the system, the third is
the baroclinic term, related to the EoS and calculated as VT x Vs (see App. A.6), the fourth is the
effect of the Lorentz force, the fifth appears if the system is rotating, the sixth is due to the effect
of the implemented forcing and the seventh appears if some large-scale shear acts on the system.

Each right-hand side term in Eq. 3.11 can be considered a source or a dissipative term. The
first two terms on the right-hand side are regarded as the amplification and the viscous forces
terms, respectively. The vorticity equation notoriously resembles the induction equation. This
equation is not evolved directly, but by analyzing its components, it is fundamental to understand
the production mechanisms of vorticity, as each of the different terms can be either a source or a
dissipative term to the total vorticity.

As we want to address what are the sources of vorticity in our numerical setup, we can take the
dot product with w, averaged over the volume (indicated by (-)), and using the vector identities
(Vxa)-B=V-(axB)+a-(VxB)and V2a=V(V-a) -V x (V x a), we obtain:

10
20t
—((VT x Vs) w)+ <

(W) =((uxw) q)—v{q*) +2v(SVInp q)-
JxB ‘
p

q> —2Q((e, x u) - q)+ (3.12)
+f-q) + (fs-q)

where @ = V X w. We did not evolve w itself; thus, all the quantities are obtained from the
evolution of u. We use these diagnostic magnitudes to discriminate which are the most relevant
vorticity amplification or destruction terms. Additionally, we can address the accuracy in numer-
ically conserving the vorticity, i.e., assessing how small the relative difference between the sum of
all right-hand side terms and the numerical time derivative of (w?).

As mentioned above, the forcing f,. is irrotational by construction, while f;,o, is not. Therefore,
the forcing f in Eq. 3.11 and 3.12 is zero if f = f,c.

3.1.6 Boundary and initial conditions

The simulation domain consists of a uniform, cubic grid mesh [—7, 7], with triply periodic bound-
ary conditions. We consider resolutions varying from 128% up to 5123. Since MHD equations are
dimensionally scalable, as commonly done in numerical codes, we adopt non-dimensional variables
by measuring speed in units of the initial sound speed, ¢y, length in units of 1/k; where k; is
the smallest wave number in the periodic domain, implying that the non-dimensional size of the

domain is (27)3. Regarding the initial conditions, pressure (and entropy and temperature in the

26



Chapter 3 — Vorticity and dynamo from expansion Gaussian waves

baroclinic case), and density are set constant and with value 1 throughout the box. The flow is
initially still, u = 0.

Finally, we set a dynamically weak initial magnetic field. The flow is static at ¢ = 0, but it is
soon shaken by the expansion waves. However, the initial weak magnetic field does not influence
the flow. For the initial magnetic topology, we consider either a uniform field in one given direction
or a spatially random field. The latter is assigned by picking, at each point, uncorrelated random
values to the three components of the initial magnetic vector potential, and it corresponds to an

initial magnetic energy spectrum Eyag(k) o< k%, as reported by Mee and Brandenburg (2006).

Figure 3.1: Slice in the zy-plane showing the value of u? at t/tym = 0,0.01 (top), 0.1, and 1
(bottom) for the non-rotating model H.0cW1 of Table B.1.

3.2 Results

3.2.1 Explored parameters

We ran a series of different numerical models to explore the role of each term in the right-hand side
of Eq. (3.2). The forcing and viscous terms are always included in all models, while we separately
consider the activation of rotation and/or shear. The forcing amplitudes are high enough to create
transonic flows, but we do not investigate supersonic flow. We have restrained ourselves from the
usage of shock viscosities to avoid the introduction of numerical artifacts and to concentrate on
the effect of uniform viscosity. Most simulations have Pm = 1 (and therefore Rm = Re) up to
values of a few hundred. In some runs, we went to Pm up to 100. We started from some basic
hydrodynamic (HD) simulations, similar to Del Sordo and Brandenburg (2011). We then expanded
them to magnetized cases, exploring broadly the parameter space. Unless otherwise specified, the

expansion width has been chosen to be Ry = 0.2 (thus, k; is 10).
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In the tables of App. B we list the input parameters of the performed simulations. The tagging
names starting with "H” indicate HD runs, and those starting with "M” indicate MHD runs. By
default, we employed the barotropic EoS, while ”"B” identifies the baroclinic cases. The first number
stands for the value of Q. By default, we employ At = 0.02, s at the end of the name identifies
At = 1, while ¢ means At = §t. Unless stated otherwise (by the suffix 128, 512), the resolution is
2563. The width (Rf) and constant (¢g) of the Gaussian are marked with the number following
W and F in the run names, and, if not stated, they are assumed to be 0.2 and 1, respectively.
The cooling term of the baroclinic cases is used only in the runs listed in Table B.4. The initial
magnetic field by default takes the form of random values of the potential vector component unless
a background uniform field in a given ¢ direction is assigned (Bi).

We monitor the volume-integrated energies and the above-mentioned root mean square values of
quantities. Additionally, we look at the spectral energy distribution of velocity (total or turbulent),
vorticity, and magnetic field, as a function of the wavenumber, k. Spectra are also averaged over
different times to filter out fluctuations, which are quite noticeable on the smallest scales. We
also use the Helmholtz decomposition for the velocity field to evaluate the flow’s rotationality, as
defined in App. A.8. To do so, we have chosen only one single snapshot (once saturation is reached)
to perform the decomposition, for computational practical reasons. For several specific runs, we
verified that averaging among many snapshots does indeed lead to the percentage of rotational flow

oscillating between values that vary by no more than ~ 5%.
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40+ -0.08
& 30 10.06 =
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0+ +0.00
10° 10! 102
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Figure 3.2: Comparison of Re and Ma evolution in the HD cases, considering or not the rigid

rotation (2 =0 or 2) and for isothermal and baroclinic scenarios, i.e., different EoS.

3.2.2 Effects of forcing and rigid rotation

Table B.1 lists some examples of HD runs, without magnetic fields. To visualize the general behavior
at early times, Fig. 3.1 shows the values of u? in the zy-plane for one of them, the representative
model H.0cW1. After a turbulent state is reached, the imprints of the most recent expansion
waves are visible on top. Such an evolution leads to a homogeneous turbulent flow, which becomes
stationary when the dissipating forces counterbalance the forced energy injection.

Such features are also seen in the MHD cases without shear, for which Tables B.2 and B.3 list

the barotropic and baroclinic configurations, respectively, considering or not rigid rotation. In these
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Figure 3.3: Time-averaged kinetic spectra at saturation of some representative simulations of Tables
B.1, B.2, and B.3. We notice how the results on large scales (small k) are very similar for all the
models, excluding H.0cW1 (dash-dotted green line), which has a forcing with k; = 2. The spectrum
with the lowest power is H_Os (dashed green line), which has At = 1. Models marked with other
colors explore variations of 2 and EoS. The magnetic field decays rapidly in all these models, and

kinetic spectra coincide with the corresponding HD runs of Fig. 3.2.

same tables, we provide the diagnostic magnitudes. As a first comparison, in Fig. 3.2 we can see
how different representative simulations (with or without rotation, and for the two EoS) saturate
their Re and Ma values within ~ 1000 tium. A faster rotation increases the final saturation value
for the velocities, but the growth takes place at a similar rate, so simulations with faster rotation
take longer to saturate. The ideal EoS (i.e., baroclinic) cases show a lower saturation value than the
barotropic ones. We interpret this result as a consequence of the presence of the extra dissipating
terms in the energy equation. The maximum values for Re and Ma for these simulations, Reys and
Majy, oscillate much more (but with values that are similar for each), namely, ranging from 150 to
300, and 0.3 to 0.6, respectively. These values slightly increase with the rotation rate, and again

are smaller in the baroclinic case.

Figure 3.3 shows the comparison between kinetic spectra at saturation for different EoS and
2. In general, for all cases, kinetic spectra peak around the value k; (simulations M_0Os and M_0
having R; = 0.2, show the bump for k ~ 5 — 10, while H.0cW1 accumulates energy at the largest
scales, since Ry = 1). This is in agreement with the characteristic forcing wavenumber k¢ of the
adopted forcing, which in the Fourier space is oc exp(—k?/ k:JQC) The inertial part of the spectra
shows a ~ k2 slope. This irrotational forcing does not lead to any vorticity production, which
might help explain the difference concerning the isotropic turbulent slope of k~5/3. These general
spectral features (peak and slope) are compatible with those found by Mee and Brandenburg (2006)
and Del Sordo and Brandenburg (2011).

Rotation tends to inhibit smaller scales and promotes the accumulation of kinetic energy at the
largest scales, also slightly displacing the spectra peak to the left. This results in a steeper slope

in the inertial range. A similar (but less noticeable) effect is seen in the baroclinicity, as compared
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Figure 3.4: Magnetic spectra decay for the M_0 and M_2 models. The spectra evolution is only
shown for M_0, and the first corresponds to less than a turnover time when it still shows the
initial slope of k*. The arrow indicates the direction of temporal evolution. The last spectrum is

approximately at turnover time 20, and it is shown for both models.

to the barotropic cases. This is in agreement with the lower total kinetic energy, due to the extra
diffusive terms.

To quantitatively measure the dependence of vorticity on rotation, we compared the saturation
values of Re, (see Table B.2). The saturation value increases with {2, but reaches a maximum
around 2 = 5, from which rising rotation does not lead to more vorticity. This translates into a
saturation of Ro of the order of u;ys. The low amount of vorticity appearing with 2 = 0 seems
to be spurious since it decreases when resolution is increased, as already reported by Mee and
Brandenburg (2006). Such a spurious contribution is much smaller than the physical one when the
rotation is considered.

If rotation is the main contribution to vorticity, then the average vorticity should be proportional
to Q:

8—w:...—2V><Q><u
ot
k
— Wims & 2 Q turn Urms kf — k—“’ ~ 2 Q tun , (3.13)

where k, = wyms/Urms. In Table B.2, some physical quantities of these runs are listed. We find a
linear trend valid up to Q ~ 3, which we quantify by a trend between some simulations (marked in
blue in Table B.2) as: k. /k¢ = (0.180£0.004) 2 4+ (0.01040.009). The slope seems much smaller
for © 2 4 (but further simulations would be needed to quantify it).

Finally, the saturated values increase as we decrease At from 1 (H_0s) to 0.02 (H.0). There
is not much of a difference between At being 0.02 or dt since the latter is indeed on the order
O(1072). Overall, these results are compatible with the idea that this irrotational forcing alone

does not produce any significant amount of vorticity.

3.2.3 Absence of dynamo with rigid rotation only

In all the models of Tables B.2 (barotropic) and B.3 (baroclinic), the initial magnetic field quickly

decays, with or without rotation. In other words, despite the vorticity growth induced by rotation,
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the system does not experience SSD. Indeed, there is no significant difference in the flow between
these MHD models and the purely HD ones that correspond to them.

An example of a decay of the magnetic spectrum is shown in Fig. 3.4, where it can be observed
how the smallest scales decay faster and the k* slope rapidly changes. Washing away first the
smaller scales is natural, as both numerical and physical diffusivities have more influence on the
very small scales. After some turnover times, the inertial range of the magnetic spectra resembles
(in some way) the kinetic ones. Rotation also tends to favor larger scales and increase the slope,
although both slopes are steeper than in the kinetic spectra. There is a minimal interaction between
the flow and the magnetic field through the first term of the induction, as expressed by Eq. (3.4).

The decaying evolution of By, for the initial random magnetic field case, was found to roughly
follow power laws. The parameters fitting these power laws do not depend on 2 for our runs. With-
out forcing, we obtain very similar decays with the same exponent, hence, finding no substantial
difference between M_0 and the corresponding simulation without forcing. This leads us to ascribe
the magnetic decay to the small-scale dissipation controlled by the resistivity (physical and numer-
ical) alone, with no relevant impact from the forcing, a specific aspect which seems to contradict
what Mee and Brandenburg (2006) noted (an enhancement of the decay caused by the forcing).
However, the difference might be due to differences in the setup and the numerical dissipation. In
any case, the setup does not lead to any growth of the magnetic field either.

We have explored this for a large range of parameters, especially for the baroclinic cases, with
rotation only. There was no SSD seen for any of the cases, despite thousands of runs at various
turnover times. In particular, this conclusion is reached in each of these cases: (i) changing Ry,
At (Tables B.2 and B.3); (ii) using a simple uniform initial magnetic field, which experiences an
early fast (exponential) decay, followed by a power law, with or without rotation; (iii) changing
resolution; and (iv) changing 7., in the baroclinic cases (Table B.4).

These results are in contrast with Achikanath Chirakkara et al. (2021), who found SSD in
similar turbulent setups. In particular, even with a completely irrotational driving (implemented
in the Fourier space) and without any rotation, they see that after ~ 103 ¢y, there is an increase
of magnetic energy, which saturates at about 1/1000 of the kinetic energy. To compare them,
simulations MB_0_128 and MB_2_128 were run to approximately 10* tiym. We also ran simulations
with high values for the forcing amplitude (up to ¢9=500, see Table B.5 for non-rotating cases),
which required higher values of viscosity and thermal diffusivities, leading to overall lower values
of Re. However, we still could not observe any growth in the magnetic field.

We found that by not including the cooling term in the entropy equation, the sine of the
baroclinic angle (defined as sinf = (VT x Vs)/(VT)(Vs)) takes peak values that are higher than
one. The mean angle takes similar values to those found in Korpi et al. (1999).

As we wanted to investigate as much as possible the parameter space, looking for possible
dynamo action, we tried to push the code capability to its limits by increasing the values of €2 or
decreasing diffusivities. In both cases, we observed that the growth of the field was only evident
in cases that quickly became numerically unstable. In these cases, we were using either 2 = 10 or
diffusivities of the order of v = 1076, In cases like these, it was not possible to establish growth
and saturation phases, so we did not consider them reliable and, therefore, excluded them from our
analysis.

To summarize, the irrotational forcing in combination with solid body rotation can produce
vorticity. The chosen ideal EoS favors it more than the barotropic one. However, SSD is never
activated, regardless of the rotation, EoS, and correlation length of the seed magnetic field, at least

in the explored range of Rm up to a few hundred units.
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Figure 3.5: Time evolution of models including shear. We plot the average turbulent kinetic energy

density (solid blue and red lines), the average magnetic energy density (yellow line), and the root

/
rms

mean square of the turbulent vorticity w, . (dashed blue and red lines) for both hydro and magnetic

scenarios with similar parameters, i.e. A = 0.2, Nyesh = 1283,

3.2.4 Linear shear

We could opt for the use of a linear shear of the form u® = (0,Sz,0). With this choice, the
yz-faces of the box cannot satisfy periodic boundary conditions; thus, shearing-periodic boundary

conditions are needed: the z direction is periodic concerning positions in y that shift in time:
1 1
f(_§an Y, z, t) = f(ian y+ LxSt) 2, t)a

where f is each of the evolving fields. This condition is routinely used in numerical studies of shear
flows in Cartesian geometry since it was introduced by Wisdom and Tremaine (1988) and Hawley
et al. (1995). These boundary conditions are known to potentially produce spurious vorticity at
the boundary, which, also due to the irrotational nature of our forcing, we notice, as we discuss
below.

We show the tested cases in Table B.7. For reasons of numerical stability, we set higher values of
viscosity for the 1283 tests with the linear shear term. This leads us to a lower Re compared to most
of the other shear-less simulations. Regarding the magnetic field evolution (last column of Table
B.7), in most cases we find a decay of magnetic energy, which depends on the shear parameter
S. Only in cases with a low magnetic diffusivity (2 - 1075), we do observe some magnetic field
exponential growth. However, we cannot draw any reliable conclusion about dynamo action for the
following reasons.

Looking at the trend between the vorticity indicator (at saturation) and the shear amplitude, S,
k. /ks = (0.108£0.001) + (0.15140.005) S, we notice a nonphysical non-zero (and non-negligible)
vorticity for vanishing shear, S, and we checked that it is not cured by increasing the resolution.

This was already observed by Del Sordo and Brandenburg (2011) and attributed to numerical
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artifacts due to the interaction between the expansion waves laying on both sides of the shearing
boundary.

A visual inspection of the results reveals indeed that almost the entire vorticity and magnetic
field production were near the shearing boundaries. As an attempt to mitigate this artifact, we
spatially constrained the expansion waves in the middle half of the box (i.e., as far away as possible
from the shearing boundaries). This indeed resulted in more spatially uniform and slower growth
of vorticity and magnetic field, but we still could not keep the system from being affected by the
aforementioned spurious contributions at the shearing boundaries after a certain time. Higher
values of S or the addition of rotation seem to amplify some magnetic field in the middle of the
box, but the boundary contribution was still dominant. This numerical issue led us to use the
more complex sinusoidal shearing profile, which allows simple periodic boundary conditions, with

no spurious effects.

3.2.5 Dynamo in the presence of a shear

A further effect to be investigated is the shearing flow in combination with this irrotational forcing.
In Table B.6 we report the numerical experiment performed with the sinusoidal shearing flow u®
introduced above in Sec. 3.1.4. Dynamo growth is always found, unless the shearing profile is not
steep enough, or the forcing acts on a rather small length-scale (case M_0A020_-W0.10_128), or if
the forcing is not acting, meaning there is only the background flow (case M_0A020_F0.128). In
terms of Reynolds numbers, we tentatively indicate a threshold value of Rmg,i, ~ 50 for the chosen
setups.

The system evolves as illustrated in Fig. 3.5. There is an initial growth of the vorticity that, after
a few turnover times, seems to saturate, along with the value of u;ns. The small-scale magnetic field
initially decays. For about 1000 turnover times, the system slowly evolves by slightly increasing
the vorticity and keeping both u.ys and Byyg almost constant. We then observe a sudden growth
of vorticity, followed by that of the kinetic energy, and then also of the magnetic energy. This
process occurs with a strong enough shear amplitude for a given set of diffusivities and forcing
parameters. We understand it as a vorticity dynamo produced by a Kelvin-Helmholtz instability,
which develops in the system after it is perturbed beyond a certain threshold.

In Fig. 3.5, we show the evolution of the average magnetic energy density, Fmag = (B?)/2u0,
the average turbulent kinetic energy density, El. = (pu'?)/2, (i.e., neglecting the shearing contri-
butions) and the root mean square of the turbulent vorticity w’ = V x u’, for one MHD and one

HD representative runs. All averages are taken over the entire domain. We notice that Ej; and

/
rms

MHD run shows SSD shortly after the vorticity dynamo. When the magnetic field increases to a

wr. . grow almost the same way in the HD and MHD cases during the initial instability. Then the

!/

ms> until we almost reach equipar-

dynamical regime, the MHD run sees a decrease in Ej,, and w
tition between the magnetic and the turbulent kinetic energies. If, instead, the shear velocity is
included, it dominates the total kinetic energy by a factor of a few, the value depending on the
shear amplitude.

Such an exponential amplification of vorticity, or vorticity dynamo, was initially predicted by
Blackman and Chou (1997) who, however, showed how a helical forcing was needed. The effect we
see in our simulations was predicted by Elperin et al. (2003) for non-helical homogeneous turbulence
with a mean velocity shear. It was then observed in the HD case by Képyla et al. (2009) in a setup
with linear shear and plane wave forcing. Since the Kelvin-Helmholtz is a kinetic instability, the

MHD case leads to SSD just after the vortical structures are formed: the magnetic fields are
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Figure 3.6: Vector component evolution for the magnetic field, turbulent velocity, and turbulent
vorticity of the M_0A020 run. The y direction of the magnetic field shows an evolution different
from the other components before and after, but not during, the dynamo phase. This is only
slightly observed in the turbulent velocity field, while vorticity shows no preferential direction at
all.

twisted and stretched by advection, until the magnetic energy is strong enough to provide feedback
on the fluid, slightly reducing the mean kinetic energy density. At a later stage, also a large-
scale component of the magnetic field is amplified: this can be interpreted as the shear-current
effect described by Rogachevskii and Kleeorin (2003), where an electromotive force proportional to
vorticity is produced.

As mentioned in Sect. 2.3.3, a shearing velocity profile in the presence of a sufficiently large
magnetic field triggers the winding mechanism. This effect is relevant for our simulations, and can

be seen for the model M_0A020 in the upper plot of Fig. 3.6, where during the time of dynamo
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Figure 3.7: Evolution of the volume-integrated magnetic energy and the root mean square of the
vorticity, wyms, for some dynamo runs (as in the legend). The dynamo and vorticity growth rates
increase with the shearing amplitude. The baroclinicity slightly enhances the dynamo growth
rate, even though it takes longer for the instability to start. The vorticity keeps growing after
its exponential growth, during the magnetic dynamo phase. It then decays to lower values. The
straight lines indicate the fits we obtained for the growth rates of the dynamo, r, of the vorticity
dynamo, r,,, and of the growth of the vorticity during the first part of its saturation phase, 1y, sqt-

Their values are reported in Table B.6.

growth, each component of the magnetic field is equally important until the non-linear problem sets
in. Although our setup is more complex, as the potential forcing produces flow in all directions, this
results in different growth of the field in the y direction during the latest stage of the field growth.
In the middle and bottom panels of Fig. 3.6, we also show the root mean square of turbulent
vorticity and turbulent velocity. They show a mild preferred contribution only in the y-component
of the turbulent velocity (probably for the feedback of the strong magnetic field).

In Table B.6, we show the different growth rates (in units ¢, ) obtained for all dynamo runs.
In Fig. 3.7 we also show the volume-integrated magnetic energy E,.s and the root mean square
of the vorticity wyms evolution for some of the 256 runs. We have found that the growth rate
of the magnetic field is roughly proportional to the shear rate, similar to what was found by
Kipyld et al. (2010). The dynamo growth seems to have saturated already in the 256% run, but
the vorticity growth seems to vary more. The 5123 run was stopped after the dynamo growth for
computational reasons; thus, we do not show the last slope. Baroclinicity does not change much
the vorticity instability growth, but allows for a more rapid dynamo growth. For the runs with

constant amplitude (A=0.2) and increasing resolution, there is little difference between the 2563
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run and the 5123 run, which indicates numerical convergence. Comparing the 1282 dynamo runs
with different forcing, we may notice that the dynamo and vorticity growth rates increase with both
¢o and Ry, but when they exceed a certain value, both rates decrease. This is probably caused
by the flow reaching a transonic regime and decreasing the growth efficiency Haugen et al. (2004);
Federrath et al. (2011); Schleicher et al. (2013).

We did not reach dynamo for the cases with a shear amplitude A < 0.1, which can be translated
as a critical Reynolds value of Recit ~ 50, and a minimal rotational component of the flow of about
50% which in our models corresponds to k/k f.erit Of 0.073. Although these specific values might
depend on the resolution, this transition from non-dynamo to dynamo-generating flows was not
observed in the rigidly rotating cases.

Finally, in Fig. 3.8 we represent the spectra and snapshots of M_0A020 to give a more visual and
detailed description of the instability. This figure summarizes the evolution of the main quantities
during the three main evolutionary stages of our simulations. We display three different phases of
the evolution of the system, evolving from left to right. Slope lines in the kinetic energy spectra are
proportional to k=2 before the dynamo and get a bit steeper afterward. Magnetic energy spectra
take a typical Kazantsev k%/2 slope during the kinematic phase of the dynamo (Kazantsev, 1968).
We note that the scale of the kinetic energy and vorticity spectra (or enstrophy spectra) is kept

constant, but the magnetic ones are not, to follow the magnetic field growth.

3.2.6 Dependence on the forcing scale without shear

We explored the role played by the forcing scale Ry, which can be interpreted as the physical scale
of the interaction between our toy-model SN explosion and the ISM. As a reference in this sense,
the typical sizes of a SN remnant are typically 20-50 pc (Franchetti et al., 2012; Asvarov, 2014).
The size of the box can be converted into physical scales if the shear is included: for the values
that we employed here, the box corresponds to about 500 pc. Anyways, we stress that our box
simulations aim to investigate basic aspects of the vorticity dynamo, rather than a detailed model
of the effect of SN on the ISM.

We note that when we changed Ry, we changed ¢g accordingly to reach a similar w,ms. This
allowed us to compare simulations with different Reynolds numbers (which scale with Ry), different
energy injection scales, and different filling factors within the box. This is especially relevant when
the shear is included, since it represents another physical scale and the vorticity production and
dynamo depend on both (see Sect. 3.2.7).

In the left panel of Fig. 3.9, we plot the temporal evolution of wyyg in terms of turnover time
for different, representative runs without rotation, with isothermal conditions. Independent of the
forcing scale Ry, vorticity reaches a steady state after less than 15 turnover times, except for the
smallest value of Ry = 0.1, which takes less than 5 turnover times. In the model with a forcing scale
of Ry = 0.1, we see the development of local transonic flows as a consequence of the attempt to reach
values of the kinetic energy similar to the cases with larger forcing widths. This is accomplished
by increasing the parameter ¢g in Eq. 3.5, and it leads to a different behavior of these models. The
mean value of vorticity is observed to decrease with Ry, while its fluctuations do increase.

In the right panel of Fig. 3.9, we show the different kinetic spectra obtained from such runs.
The corresponding forcing widths change the forcing wavelength £y, thus changing the inertial
range interval, as v is kept constant. The slope of Fiin ~ k™2 seems to be independent of Ry,
as already seen by Mee and Brandenburg (2006). No dynamo was observed in these runs despite

having reached Rm larger than 200. When rotation is added, we obtain steeper slopes but a similar
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Figure 3.8: Spectra and snapshots over three faces of the domain, for the squares of velocity, u?,
magnetic field, b2, and vorticity, w?, of the run M_0A020. The z, y, and z components of the
spectra correspond to the red, green, and blue lines, respectively. Color bars have different ranges
to allow a better visualization: for u? the range is (0,0.2); for B? the range is (0,1e-13) for the first
snapshot and (0,0.015) for the others; for w? the range is (0,0.2) for the first snapshot and (0, 2.0)

for the others, all in code units.

inertial range behavior as the nonrotating cases plotted here.
This can be seen more clearly in Fig. 3.10, where we plot the average of various diagnostics
calculated during the saturated stage for the isothermal and baroclinic models, with or without

rotation, using the forcing fi... We note that for Ry = 0.1 the non-isothermal runs are not shown
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Figure 3.9: Time evolution for wyms (left) and time-averaged kinetic spectra at saturation (right)
for nonrotating isothermal runs with different explosion widths and similar total energy (see Table

B.2). Notice that the peaks in k are close to the corresponding forcing wavenumber ky = 2/Ry.

because they reach locally supersonic flows and remain numerically stable for too few time steps.
Despite attempting to select a ¢o that makes u;ms approximately independent of Ry, we succeeded
in doing so only for the isothermal nonrotating case, while for the other non-isothermal or rotating
cases Urms mildly depends on Ry. Therefore, the more important dimensionless quantity is k., /ky,
as it is a measure of vorticity normalized with velocity and forcing wavelength. Figure 3.10 also
illustrates many other features. First, we see how the Reynolds number increases with width for all
cases, but no instability is found nevertheless. We notice that the nonrotating cases seem to have
a lower overall w, but it tends to grow with smaller R;. In contrast, for the rotating runs, there is
a maximum at Ry = 0.4 (i.e., when expansion waves are about a fifth of the simulation domain,
ky = 5). We also see how isothermal rotating case show the highest values for wyms, Urms, and Re,
but in k,/ks they are closely matched by the non-isothermal rotating with the addition of a the
thermal cooling time. As expected, the cooling term creates an additional source of dissipation,

which we had to compensate for by doubling the values of ¢y (for 7¢p0; = 0.1).
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Figure 3.10: Different diagnostic quantities, wrmg, trms, kw/kf, and Re (from top to bottom), as a
function of explosion width, Ry, for the forcing facc. These runs have Pm set to 1, i.e., Rm = Re,

with a grid size of 256° and no dynamo present. The data are presented in Tables B.2 and B.3.

In Fig. 3.11 we plot the same quantities as in the left panel of Fig. 3.10, comparing runs with
different resolutions and keeping R; constant with a value of 0.5. Most quantities seem to be
resolution independent, even when we move to a resolution low enough to erase a good part of

the inertial ranges. We observe that wu,ng is more or less resolution independent for all except two
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cases: (i) the isothermal nonrotating case, and (ii) the isothermal rotating case. The first case is

compatible with the idea of vorticity being created solely by numerical sources.
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Figure 3.11: Same magnitudes as in Fig. 3.10 but now for runs with Ry = 0.5, i.e., ky = 4, different

resolutions, and varying the type of forcing.

As expected, the contribution of rotation to w is much greater than the baroclinic one in non-

isothermal models, but this difference diminishes at small values of the forcing scale Rj.

40

No



Chapter 3 — Vorticity and dynamo from expansion Gaussian waves

dynamo is found either for the cases with rotation and/or non-isothermality with an ideal gas law
and different cooling times. The results still hold when k; grows nearly up to 1, and for Rm values

of several hundred.

3.2.7 Dependence on the forcing scale in the presence of shear

The general behavior with the presence of shear is as the one described above: an HD instability
develops first with an exponential growth of w,s, which is then closely followed by a magnetic
instability leading to an exponential amplification of B,s. After the linear phase of the dynamo,
a winding phenomenon is seen for all cases, independently of Ry, Prandtl number, and resolution.

During this process, B, is further linearly amplified in the shearing direction by winding.
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Figure 3.12: Time evolution (in units of ty,m) of vorticity and magnetic energy of runs with the
shearing profile and different Ry (see Table B.6). If we use the shearing timescales, the magnetic
instability is between 70 and 200 tgpea, With more similar growth rates (see Fig. 3.13). In both
cases, Ry = 1.00 and Ry = 1.50 take the least amount of time to reach the instability. Dashed lines
represent the exponential fits for Ey,,, during dynamo growth (top panel), wyms during vorticity

growth, and wyp,s during dynamo growth (bottom panel).
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Figure 3.13: Vorticity and magnetic energy growth rates as a function of explosion width, Ry. The
blue lines represent the isothermal models and the green ones the baroclinic cases. The dash-dotted
lines correspond to growth rates in time units of tgpear and solid lines in forcing turnover times, tyurn.
Both time units are tabulated in App. B. The points marked with crosses are the corresponding

dynamo runs with fiom.

In Fig. 3.12 we plot the evolution of Ey,g and wyys for the isothermal runs with different Ry
and using the facc forcing. The only model that does not develop a dynamo is that of the smallest
forcing scale (i.e., Ry = 0.1), and this is also true for the baroclinic case. Our interpretation is that,
in this case, Re is subcritical, and this allowed us to estimate a critical value of Re ~ 40 for the
vorticity instability to take place. We find instead a critical magnetic Reynolds number of slightly
less than 20 (see the tabulated values) for the dynamo instability.

In Fig. 3.13 we show the growth rates Ry as a function of Ry for both isothermal and baroclinic
cases. We show the values of Ry calculated using different time units: either tghear Or tyun. When
choosing tgpear as the time unit, Ry approximately displays a constant behavior, while when choosing
tturn, the growth rates vary considerably with Ry, as smaller expansion waves lead to much slower

growth.

We observe that both magnetic and kinetic helicities grow in the dynamo cases, and start
oscillating when B, and wyns saturate. These oscillations resemble those seen in other instabilities
such as the Tayler instability (e.g., Guerrero et al., 2019; Stefani et al., 2021; Monteiro et al., 2023).
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3.2.8 Magnetic Prandtl number dependence

The magnetic Prandtl number (Pm) controls the scales at which the kinetic and magnetic energy
cascades are truncated, respectively, by viscosity and resistivity. We varied Pm in our simulations
to observe whether a difference in these truncation scales leads to different behavior for the ampli-
fication of vorticity and magnetic field. In the ISM, Pm is usually much larger than 1 (Ferriere,
2020), which is different from the range explored in our models. We also explored a range of Pm
slightly smaller than unity, which is more typical of planetary environments.

We observe only a weak dependence on Pm for the models that do not develop a dynamo
instability. In the isothermal case, we varied Pm from 0.25 up to 4 and see that Re,, either increases
with Pm in the absence of rotation or slightly decreases with Pr when rotation is added (for more
details see Table 3.1). In the baroclinic case, Re,, slightly decreases when Pm = 4 compared to
the case of Pm = 0.25, independently of the presence of rotation. However, in the range of the
explored values of Pm, we always report a decrease in the initial magnetic field.

Models with shear, conversely, develop a dynamo instability unless Pm = 4 or above (see the
tabulated values). We interpret this as a consequence of the lack of vorticity instability that does
not develop when the physical viscosity increases above a certain value. The growth rates for the
magnetic field increase with Pm, even in the cases where 7 is kept constant and v is increased,
of course, up until the point where viscosity does not allow the hydro instability. Conversely, the

growth of vorticity is approximately constant in the explored range.

Table 3.1: Vorticity and magnetic energy growth rates for different values of Pm. We show the
values for v and 7, to better illustrate the different growths. We have not let the physical diffusivities

reach numerical ones. The other diagnostics can be seen in Table B.6.

Pm v U r (trn) T (Fum)
0.1 21074 20-10~* - 10.52-1073
0.25 2-107* 810~*  0.326:1072 8.57-1073
0.5 21074 4.1074 1.22:1072  9.33.1073
0.75 2.107* 2.667-107* 2251072 10.96-1073
1 2.1074 2.1074 2.78-1072 10.22-1073
1.25 25107%  2.107% 2.86-1072  9.18-1073
1.5 31074 2:1074 3.07-1072  10.01-1073
2 4.1074 2.1074 3.44-1072  9.38.1073
4 8104 2.1074 - -
10 201074 2.1074 - -

We find that for Pm = 0.1 the vorticity is amplified, but, differently from the other cases, this
instability is not followed by an exponential amplification of the magnetic field. This can be seen as
a consequence of having a Rm below the critical value, since, in general, it is also possible to excite
a dynamo at a Pm value of less than 0.1 (e.g., Warnecke et al., 2023). Our results are therefore

consistent with what is found in the literature.

3.2.9 Dependence on the cooling time

When the isothermal condition is relaxed, we let the temperature evolve according to Eq. 3.3, where

we use a Newtonian cooling term, regulated by the timescale 7.,,. The use of the cooling function
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leads to spectra cut at short wavelengths in models that does not develop instabilities. This is
shown in Fig. 3.14 (compare the two purple lines). Differently, in the presence of shear and hence
after a dynamo is excited, all the spectra recover their small-scale contribution and show again a
wide dynamical range decreasing in a k2 fashion down to a dissipation scale, regardless of the
cooling term (compare the orange curves). The use of the cooling term slightly diminishes the total
amount of energy, but does not notably change the shape of the spectral distribution. However,
we observe that in the presence of this cooling term, the instability kicks in at much earlier times,
independently of the value of 7., at least within the explored range. This can be seen as a quicker
injection of vorticity in the system due to the cooling function. We also observe that the average
angle between VT and Vs slightly increases when a cooling function is used, hence leading to a

larger contribution of the baroclinic term in seeding the vorticity.
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Figure 3.14: Kinetic spectra for models with Ry = 0.5 and an optional shear and cooling term.

The models with shear are shown after dynamo growth.

Another possible interpretation is to invoke an effect similar to what was observed by Rédler
et al. (2011). Irrotationally forced flows present peculiarities such as the possibility of having a
negative magnetic diffusivity contribution from turbulent flows, especially at low Reynolds numbers,
as shown analytically by Krause and Radler (1980), Réadler and Rheinhardt (2007), and Rédler et al.
(2011). The contributions to the diffusivity coming from the turbulence may affect the occurrence of
dynamo instability even when one moves toward higher values of the magnetic Reynolds number,
a regime that is closer to that of astrophysical bodies. Rédler et al. (2011) found, with mean-
field approaches based on the second-order correlation approximation (SOCA), that a negative
contribution to the magnetic diffusivity can come from the presence of turbulence in irrotational
flows in the case of small Péclet numbers Pe = uL/k, where u, L, and k are the typical velocity,
length scale, and diffusivity of a system. In our case, the presence of a cooling time introduces an
additional diffusion term for thermodynamic quantities, which results in Rm being smaller than
it would be in the absence of cooling. However, the SOCA approximation is valid only for small
magnetic Reynolds numbers, which is a condition that is not satisfied in our models.

Although our cooling function is not meant to model any specific astrophysical environment,
we can attempt a comparison with typical values of the cooling in the ISM. Using the hydrogen

cooling function A (e.g., Sutherland and Dopita, 1993) and assuming a temperature of 10* K,
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A
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If we consider a time unit of 8 Myr, then the cooling time 7., should be on the order of 0.001.

log

—  Teool =

In our models, we can reach down to 7 ~ 0.01 for numerical stability reasons. This is one or-
der of magnitude lower than typical ISM values (i.e., lower cooling rates and higher temperature

differences than a one-phase ISM).

3.2.10 Vorticity source terms

From Eq. 3.12 we can evaluate which are the most relevant terms in the vorticity equation for
the different runs. We find that in the isothermal nonrotating runs there are no positive terms
comparable to the viscous ones. This fact along side the decrease in vorticity growth with resolution
(see Fig. 3.11), makes us think that in such cases only numerical diffusive sources are in action, in
agreement with what we already observed in Mee and Brandenburg (2006).

In Fig. 3.15 we can see the time series of the different source terms as a function of time, for
a representative non-isothermal case. All terms are very small. The baroclinic term dominates
as the most positive contribution. As vorticity grows, the turbulent contribution ((u X w) - q)
gains importance, and the sum of both is counteracted by viscous forces, so that w,,s saturates.
From the viscous contributions, only v(q?) is relevant, while 2v(SVInp - q) is more than one
order of magnitude lower. This last statement holds true for all the isothermal, non-isothermal,
and rotating, nonrotating cases. Obviously, the Lorentz term is irrelevant in the cases without a
dynamo, orders of magnitude below by comparison.

When the forcing is exactly irrotational, its corresponding term does not contribute to vorticity
generation. But when it is applied in its second form (not exactly irrotational due to density
fluctuations), there is indeed a small vorticity growth that leads to a similar behavior in strength
and shape compared to the baroclinic source term. When applying this type of forcing in the
non-isothermal runs, the forcing vorticity growth overtakes the baroclinic term to such an extent
that this latter becomes negative.

When rotation is included, the generation of vorticity is more relevant. In this case, the Coriolis
source creates an amount of vorticity that is later counteracted by viscous terms, so that the steady
state is reached. In Fig. 3.16 we show the same plot as in Fig. 3.15 but having added rotation. We
can see that in the beginning the rotation term, 2Q((e, x u) - q), has a big positive spike that leads
to the initial growth of vorticity. We note that it is larger than the baroclinic term in Fig. 3.15 by
more than one order of magnitude and oscillates substantially, even becoming negative at times,
leading to an overall noisier wyys. At the beginning of the run, the rotation contribution is mostly
positive, and, when w,,s saturates, the term is slightly positive on average, and of the same order
as the viscous main contribution. Thus, in the presence of rotation, all other source terms become
much less important.

For the cases with the shearing profile, both the HD and MHD instabilities make the contribu-
tions change substantially. In Fig. 3.17 we show all the relevant terms for an isothermal shearing
run. As before, within the viscous forces, v(q?) still dominates over 2v(SV In p - q), but the latter
becomes more relevant in comparison to the cases described above.

The background shearing profiles increase wyys up to a certain value in a very few time steps.

This value is kept approximately until the vorticity instability kicks in (for example, until ¢ ~
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Figure 3.15: Time evolution for w? /2 (left axis and gray line) and vorticity growth terms (right
axis and various colored lines for each term) for a non-isothermal run with R¢=0.5 and forcing in
acceleration form (and by construction its contribution to (9;w?/2) is zero). This plot zooms in on
the beginning of the temporal evolution of all the terms until ¢ ~ 130 tyyn. However, the saturation
regime does not present any relevant changes in time for more than 2000 ¢y, and no instability
is reached. Both the 2v(SVInp-q) and ((J x B/p) - q) terms are negligible and very close to 0,

so this makes the total contribution of viscous forces, i.e., (Fys - q), overlap with v(q?).

400 tyyrn in Fig. 3.17). Afterward, when vorticity is amplified, the advective term (which includes
both shear and turbulence), ((u X w) - q), brings the main positive contribution, as expected. The

viscous forces are not enough to counteract this completely, thus leading to growth in wyps.

The Lorentz term is negligible up to the point where the dynamo starts. Then there is a brief
time when it becomes slightly negative, exactly when vorticity starts growing exponentially, but
still the dynamo has not kicked in. This behavior was also observed by Seta and Federrath (2022).
When the kinetic phase of the dynamo starts, the Lorentz term increases, but as the Lorentz forces
act against the flow, ((u x w) - q) decreases more than ((J x B/p) - q) increases. This leads to a
negative overall contribution and a decrease in vorticity, which later stabilizes at the end of the
kinetic phase, and to the amplification of B, by winding. In all dynamo runs, the Lorentz term

always ends up surpassing the advective term ((u X w) - q).
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Figure 3.16: Time evolution for w? /2 and vorticity growth terms for a non-isothermal rotating
run with Ry=0.5 and forcing in acceleration form. The notation is the same as in Fig. 3.15, and

similarly 2v(SV Inp - q) and ((J x B/p) - q) overlap near 0, also making (F;s. - q) overlap with
v(q?).

3.3 Discussion and possible astrophysical applications

The presented model is rather general and can therefore be applied to several astrophysical en-
vironments. In particular, the implemented forcing can be interpreted as the expansion waves
coming from SN, the main forcing in the ISM. Although SN tend to be highly supersonic and
spherically asymmetric, the expansion waves under consideration here can be thought of as a rough
approximation of a long-time expanding wave of the SN remnant.

We can interpret our box as a small cube with a side of 500 pc inside a galaxy (i.e., a resolution
of about 2 pc). The forcing width of 1/10 of the box corresponds to 50 pc, slightly larger but of
the same order of magnitude as some SN remnants. We can take the reference value for density
of 10723 g/cm?, and the speed of sound of 10 km/s. Galactic rotation curves lead to a shearing
amplitude of about 5 km/s for a 500 pc radial distance. This is of the same order of magnitude,
A = 0.2, of the sinusoidal shear in our model.

The estimated SN rate of 2-3 SN per century per galaxy (Murphey et al., 2021) can then be
translated to a 3-4 SN/Myr per (500 pc)3-box, assuming a galactic volume of the order of 10! pc?.
The value At of 0.02 leads to a rate of ~ 6 SN/My per (500 pc)3-box. As an example, for the
M_0A020 run, these units lead to a uyys of the order of 2 km/s and a mean magnetic field of 10 uG,
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Figure 3.17: Time evolution for w2 /2 and vorticity growth terms for a isothermal run with the
presence of shear, hence leading to instability, and with Ry = 0.5 and the exactly irrotational

forcing. The notation is the same as in Fig. 3.15.

which is of the order of the estimated galactic one (e.g. Jansson and Farrar, 2012; Brandenburg
and Ntormousi, 2023).

Therefore, the results can indeed have direct application for ISM. More realistic simulations
could consider density variations and non-spherically symmetric expansion waves (which might
lead to SSD). Finally, the shear here considered could be refined to replicate, for instance, the

rotational curve of the galaxy or the shear corresponding to the spiral arms.

3.4 Summary

o We investigated the possibility of vorticity production and dynamo action under purely irro-

tational (curl-free) forcing, a toy model for SN explosions feeding the ISM.

e Irrotational forcing alone does not generate vorticity or dynamo action in either HD or MHD

scenarios.

« Vorticity is produced when irrotational forcing interacts with solid body rotation and baro-
clinicity, but no dynamo action is observed across explored parameters, regardless of initial

magnetic field topology.
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A background sinusoidal shear profile produces much greater initial vorticity in combination
with the forcing. It later develops a hydrodynamical instability that induces an exponential

vorticity growth.

In the MHD scenario, the shear HD instability is followed by a dynamo phase, both in

barotropic and baroclinic cases.

Vorticity and magnetic field amplification start at small scales and cascade to larger scales

during saturation.

Final magnetic field structure dominated by large scales due to inverse cascade and winding
effect.

The forcing scale influences both the onset time of vorticity /magnetic amplification and the

growth rate (when scaled by turnover time, but not by shear timescale).

In the presence of baroclinic effects magnetic field grows slightly faster. When no cooling
function is considered, vorticity growth is delayed in comparison with the isothermal case,

but a Newtonian cooling function enables faster onset of instability.

A cooling function and density-dependent forcing enhance vorticity, but no magnetic field
growth. Shear is essential for dynamo instability with this subsonic expansion wave forced

turbulence, regardless of the forcing scale.
Magnetic Prandtl number increase leads to an order-of-magnitude increase in growth rate.

In our simulations, we estimated critical magnetic Reynolds number, Rm¢ =~ 20, and a

critical Reynolds number for shear-induced dynamo: Rec ~ 40.
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Planetary magnetism and spherical

shell numerical dynamos

Naturally magnetized minerals were first documented in the ancient world by Thales of Miletus in
Greece at around 600 BC and independently in 300 BC in China. Even though the existence of
permanent rock magnetization, i.e., ferromagnetism, was known, the idea of geomagnetism came
much later. This required the realization of a much larger, ordered magnetic field around the
world that cannot be produced by the scattered distribution of rocks. The first accounts for the
geomagnetic field coincide with the first records of the magnetic compass needle, dating back to
the 11*" century in China, and which, by the 12" century, had spread through Europe. These
first records already document the directional properties, i.e., the tendency to point northward
systematically. Specifically, they noted that compasses usually pointed towards a direction close,
but not coincident, to the geographic north pole. This difference is known as magnetic declination
D. It was commonly believed that this force came from the celestial sphere.

The first scientific approach to geomagnetism did not come until the 17" century, when William
Gilbert published his treatise De Magnete (Gilbert, 1600). He proposed that the Earth behaves like
a giant solid magnet, based on experimental evidence with a spherical lodestone model he called
the terrella, on which small compass needles aligned along its surface mimicking the behavior
of compasses on Earth. This led Gilbert to conclude that the Earth’s magnetic field originates
internally, rather than from celestial influences as previously believed. Gilbert also made two other
now accepted predictions: he made the distinction between the magnetic force of lodestones and
the electric attraction produced by materials such as rubbed amber, coining the term electric force;
and he attributed the movement of the celestial bodies to Earth’s rotation around its axis, instead
of the Ptolemaic model for concentric moving shells. On the other hand, other predictions from him
were incorrect, such as his explanation for magnetic declination, which he attributed to variations
in altitude, or the argument that magnetism maintained both Earth’s rotation and the position of
all heavenly bodies. Nonetheless, Gilbert is widely praised for his modern empirical methodology,
emphasizing repeatable experimentation, careful observation, and conclusions based on evidence
rather than adherence to ancient authorities or speculative philosophy.

Due to the existence of volcanoes, it was believed that the Earth’s interior was completely
molten, and then surrounded by a thin crust. The first arguments against this theory suggested
that there should be a solid, rigid mantle onto which oceanic tides can rise and fall. By the
19t century, Earth’s density estimates predicted a denser core with a radius very close to the
currently measured core radius, assuming a silicate mantle and ferrous interior. This structure was

not confirmed until robust evidence came from seismic wave studies: P waves, which can travel
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through any medium, and S waves, which cannot transmit in a fluid. In 1906, Oldman proved
the existence of a discontinuity in Earth’s interior by showing different S and P waves shadows
(Oldham, 1906), which were interpreted as a solid-liquid boundary between the rocky mantle and
liquid metal core at a radius of 3470 km. This layer is now known as the core-mantle boundary
(CMB). The solid inner core was discovered by Inge Lehmann in 1936, who showed that some P
waves arrived in the P shadow zone after reflecting from another discontinuity layer at 1221 km
(Lehmann, 1936). That article has a very creative and simple name: "P’”, as it refers to a reflected
P wave.

Until the end of the 19" century, it was accepted that geomagnetism arises from an internal
permanent ferromagnetism of the Earth’s interior. This view lost its appeal, however, when it
became evident that the iron Curie temperature is exceeded in the Earth below a depth of about
30 km only. Thus, ferromagnetic materials in the Earth’s interior cannot be the source of such a
field. Moreover, magnetic diffusive processes in the liquid core have lifetimes much shorter than
Gyr (see Sect. 2.2.2). An active dynamo in the Earth’s liquid outer core became then the most
logical explanation for the geomagnetic field.

Permanent magnetic stations alongside geophysical evidence currently provide a much more
complete description of the geomagnetic field, including its absolute strength, morphology, time
variation, and, most importantly, origin. But due to a lack of observations, magnetism in other
planets has remained an open question until the last decades. The first evidence came from the
Jovian decametric coherent radio waves in 1955 (Franklin and Burke, 1958; Gardner and Shain,
1958), which are produced at the cyclotron frequency of the local magnetic field. They show that
Jupiter has a O(10) G magnetic field intensity at the surface, ~one order of magnitude larger than
the Earth and comparable to the average value at the solar surface. Later on, since the Seventies,
different space missions have measured in situ the magnetic field around the main planetary bodies
of the solar system, including a few moons, for which the magnetic field is weaker and the associated
radio emission has too low frequencies to be detected from ground, due to the shielding at < 10
MHz by the Earth’s ionosphere. The interpretation of these results, which we briefly show in the
next sections, leads to the fundamental evidence that all solar planets currently have internally
generated magnetic fields, except Venus and Mars, and that there is a huge variety in intensity and
configuration, which brings information about the internal structure and dynamics. Ganymede is
the only moon for which we could detect an internally generated non-negligible magnetic field. The
Moon only shows signs of a weak (tens of 4G) residual magnetization in its crust (similar to Mars),

and for some other main moons and dwarf planets, we currently have only upper limits.

4.1 Structure and internal conducting fluids

As mentioned in Sect. 2.2.2, planetary magnetic fields must come from active dynamos in their
interiors, i.e., the convective flow of an electrically conducting fluid under the effects of rotation
must trigger the magnetic field growth and sustainment. The fluid’s nature depends on the type of
planet, as rocky planets, ice giants, or gas giants have vastly different interiors. The top panel of
Fig. 4.1 illustrates the internal structure of the eight planets in the solar system, highlighting the
layers that may serve as dynamo regions.

The primary conducting fluid for the terrestrial planets (i.e., Mercury, Venus, Earth, and Mars)
is thought to be the molten iron-nickel-dominated mixture in their cores. As mentioned above
for the Earth, terrestrial planets have an outer thin rocky crust, an intermediate silicate mantel,

and a central iron-alloy core. Earth possesses a well-developed dynamo driven by convection in its
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Figure 4.1: Internal structures of the eight planets at scale with each other. Image taken from
Strobel (2020).

outer liquid iron core, surrounding a solid inner core. Mercury maintains a weak magnetic field,
indicating a partially molten iron core. However, not all objects with fluid, electrically conducting
layers generate such fields. The Moon, Mars, Venus, and lo are likely to have partially or completely
molten cores, yet they do not possess dynamos or have ceased to function. Their lack of an active
dynamo is thought to be indicative of insufficient core convection. In Venus, slow rotation and/or
the lack of tectonic plates, which delays the cooling and avoids strong temperature gradients, could
make the convection inefficient. On the other hand, direct measurements show that both Mars
and the Moon have magnetized rocks on their surface. This reveals past active dynamos that may
have cooled enough to stall convective motions and might have completely cooled. See Breuer and
Moore (2007) for a review of the dynamics and thermal history of terrestrial bodies in the solar

system.

In contrast, the outer giant planets’ dynamos operate under very different conditions, related to
the transport properties of their so-called warm dense matter. The gas giants have outer molecular
envelopes of hydrogen and helium, fluid mantles composed of metallic hydrogen and helium, and
central rocky cores, or diluted cores with compositional gradients. The thickness of these layers is
not well known, except for the Earth. Therefore, an accurate description of their internal structures
would help in understanding possible planetary dynamo morphologies. In Fig. 4.2, I show the
phase diagram for hydrogen taken from Guillot and Gautier (2015). For atmospheric conditions,
hydrogen takes its usual Hy molecular form. For low pressures (< 10% bar) and temperatures
below < 10* K, hydrogen can be solid, liquid, gas, or atomic, but these states have a very poor
electrical conductivity due to the negligible ionization. For high temperatures, hydrogen dissociates
and forms the plasma, characteristic of stellar interiors as seen by the Sun profile in Fig. 4.2. For
higher pressures, > 10 bar and not too high temperatures (warm dense matter), a new phase of
hydrogen is reached. Atoms become close enough that they start sharing electrons in the same
way a metallic valence band does. The existence hydrogen metallic phase was already theoretically

predicted by Eugene Wigner and Hillard Bell Huntington in 1935, and recent high-pressure shock
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Figure 4.2: Pressure-temperature hydrogen phase diagram. Colored lines show the internal profiles
for the Sun and a selection of noteworthy substellar objects: brown dwarfs, gas giants, and ice

giants. Taken from Guillot and Gautier (2015), where all the phase transition lines are referenced.

wave laboratory experiments have claimed to have found it (Dias and Silvera, 2017; Loubeyre
et al., 2020). Additionally, numerous numerical approaches, relying on density functional theory
coupled with molecular dynamics, have assessed in more detail the hydrogen phase diagram and
the transport properties. See Bonitz et al. (2024) for a review which includes simulations and
diamond anvil and shock wave experimental results. Such ab-initio simulations predict that the
interior adiabats (pressure-temperature profiles in the convective regions) of Jupiter and Saturn
across the region where liquid metallic hydrogen is predicted (French et al., 2012; Preising et al.,
2023). These works obtain hydrostatic thermodynamic radial profiles and transport coefficients for
both gas giants. HD or MHD global planetary simulations commonly use these background states

or at least compare them with similar functions, as I do in Chapter 5 and Chapter 7.

The ice giants Uranus and Neptune are believed to have outer molecular envelopes of hydrogen,
helium, and ices, an intermediate ionic oceans of water, methane, and ammonia, and perhaps
central rocky cores (Helled et al., 2020). The convective and conductive fluid layers are believed
to be ionic oceans or high-pressure water-ammonia mixtures located between their rocky cores and
outer envelopes. In the central part of ice giants, hydrogen metallization pressures are also likely
reached. Such heterogeneous composition likely results in complex and highly tilted magnetic fields,
but the lack of data from a dedicated mission (compared to Jupiter and Saturn) leaves many more

questions open.
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Figure 4.3: Radial components at the planetary surfaces of the magnetic field (in G) for the
planetary bodies in the solar system with internal active dynamos. All are reconstructed from the
publications shown in Table 4.1.

4.2 Planetary magnetic field properties

As seen in Fig. 4.3, the magnitude for the magnetic field at the Earth’s surface ranges from 0.25
to 0.65 G. It can be approximated by a dipole positioned at the Earth’s center with a tilt angle
(with the rotation axis) of 11°. Interestingly, the geomagnetic south pole points approximately
toward the geographic north pole, and vice versa. This is not by chance: the definition of north
of a magnet derives from the needle side that points to the north star in a compass. Therefore, as
one magnetic pole attracts the opposite polarity of another magnet, a magnetic south pole points
to the geographic north, and vice versa.

The secular variation of Earth’s magnetic field is the change of this internally generated dipole-
dominated field. By the 18" century, it was already known that magnetic structures exhibit a west-
ward drift. The axial dipole component changes more slowly, but measurably on human timescales:

since 1840, the dipole moment has decreased by about 9%. Another clear time-dependent charac-
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teristic is that the north magnetic pole, i.e., the position where the field points perpendicular to
the Earth’s surface, shows a movement of tens of kilometers per year, currently going from Canada
towards Siberia. Current measurements are precise enough to infer the main feature of the flow
of liquid iron just below the CMB. It is dominated by a westward flow, more pronounced in the
Atlantic hemisphere of the globe, with a typical velocity of ~ 0.5 mm/s. This leads to a core
equipartition level of Epqq/Egin ~ 103 and a core turnover time is ~ 100-500 years. Therefore, the
400 years humans have taken magnetic measurements is only equivalent to ~ 1 turnover time in
core dynamics. See Nimmo (2007) for a review of Earth’s core dynamics.

The evidence for long-period variability of the geomagnetic field comes from remnant magnetized
ferromagnetic rocks. A hot magmatic rock aligns its magnetic domains in the same direction as
the ambient magnetic field. When the rock cools down below its Curie temperature, it becomes a
magnetic mineral insensitive to later changes in field direction. In other words, when liquid magma
freezes, the resulting rock will carry information about the ambient field of that specific instant.
This process, known as thermoremanence, has allowed us to see the orientation and sometimes the
magnetic field strength of dated rock samples. The ocean floor has provided the most information
about the geodynamo. Around the ocean ridges, where plate tectonics separate, magma is expelled,
cools down, and records the magnetic field strength and geometry. This method allows one to track
the large-scale magnetic field over the last ~ 100 Myr, the typical lifetime of ocean floors before
being pushed below a neighboring plate. The evidence shows that geomagnetism is prone to frequent
polarity reversals. This is a stochastic process with a mean frequency ~ 0.5 Myr, and between each
reversal the polarity is stable. The reversal timescale estimates are fairly rapid, ranging from a few
thousand up to 28,000 years, with a mean of 7,000 years (Clement, 2004). During reversals, the
dipole becomes much weaker while the multipole components stay approximately constant, leading
to a multipolar field during reversal. There is also evidence for two other geomagnetic processes:
excursions, short events when the dipole axis becomes strongly tilted but goes back to the original
state; and superchrons, which are long periods of tens of millions of years during which no reversals
occurred. Further details on paleomagnetism and dipole reversals can be found, e.g., in Merrill and
McFadden (1999) or Glatzmaier and Coe (2007).

Other paleogeomagnetic studies have allowed us to assess rock magnetization processes within
the last 3 billion years. The derived magnetic field strength fluctuates stochastically within a factor
of two or three of the current strength, and the amplitude between the dipole component and higher
multipoles has been similar to current values. Detailed features about the geometry of the field are
more difficult, but the evidence supports a dipole dominance for at least the last 3 billion years.

In contrast with geomagnetic field knowledge, for other planetary bodies we only have crude
measurements for the current configuration, and no information about their secular variation (be-
sides the mentioned residual magnetization of Martian and Moon rocks). The current data show
an impressive variety of magnetic field geometries and strengths, with the Jovian field being the
most similar to the Earth’s; but with a factor of ~ 20 stronger. Surface rock magnetization has
been detected on Mars and the Moon, proving past dynamos which have since switched off. There-
fore, the only solar planet with no evidence for current or past dynamo is Venus. This diversity
in strength and morphology is still not fully understood, but several numerical simulations show
possible systematic dependence on parameters such as convective energy flux, rotation rate, and
internal structural geometries.

Mercury’s magnetic field was unexpectedly detected by the Mariner 10 flyby in 1975 and con-
firmed by MESSENGER in 2008. It was thought that such a small planet would not have any

internal activity left. It consists primarily of a dipole with a very small tilt angle and a significant
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offset of the magnetic equator northward. With an average surface field strength of only 0.003 G
with, it is much smaller in comparison to the other planetary fields, which still lacks a satisfactory
explanation.

As mentioned above, the Jovian magnetic field was first detected by decameter, coherent radio
emission in 1955. These are generated by energetic electrons that gyrate around magnetic field lines
close to Jupiter’s surface (Barrow and Carr, 1992). The physical mechanism is known as electron
cyclotron maser instability (ECMI), and it is observed in the Sun, M dwarfs, and has been proposed
to be present in exoplanetary systems (see Sect. 6.4 for hot Jupiter estimates). Jupiter’s magnetic
field is about ten times stronger than the geomagnetic field, but shares a similar morphology with
a ~ 10° dipole tilt and similar low multipole (¢ = 2,¢ = 3) weight ratios. An interesting feature
is the equatorial magnetic south pole, which, inspired by the Great Red Spot atmospheric vortex,
is known as the Great Blue Spot. Note that the blue color only comes from the arbitrary choice
for magnetic field maps (i.e., red for north and blue for south) and has nothing to do with the
cyclonic 400-year-old storm visible as a large red spot. The two features lie at different latitudes,
and while the Great Red Spot shows a westward drift (~ 0.3° to 0.6° per day) primarily staying
at the same longitude, the Great Blue Spot does not show any changes in atmospheric timescales.
In fact, among different Juno magnetic field models from different orbits, the Great Blue Spot has
been found to drift eastward (~ 2° in 1.75 years), which accounts for the only secular variation
estimate in planetary magnetic fields, other than the geomagnetic field (Connerney et al., 2022).

Saturn’s magnetic field is characterized by an almost zero dipole tilt, within the uncertainty er-
ror. Its strength is slightly weaker than Earth’s at the surface. Measurements by passing spacecraft
and the Cassini orbiter are fitted with models composed of only the dipole and zonal quadrupole
and octupole multipoles. This fact seems in contradiction with Cowling’s theorem, which states
that an axisymmetric magnetic field cannot be generated by dynamo action, but more precise and
better-mapped future measurements could better reveal the weak deviation from axial symmetry.

The most poorly measured planetary magnetic fields in the solar magnetized planets are, by
far, Uranus and Neptune. Both magnetic field strengths are similar to each other yet distinct
from all other planets: the surface field strength is comparable to that of Earth’s, yet the geometric
properties can be defined as the only multipolar dynamos in the Solar System. They are dominated
by a strongly inclined dipole axis and quadrupole and octupole contributions comparable to the
dipole to the dipole at the surface (which means that at the dynamo radius the quadrupole and
octupole fields are stronger than the dipole, see Sect. 4.3.2). Their magnetic and gravity fields were
characterized by a single Voyager 2 flyby in the 1980s which have concerning uncertainties. The
main reason for such little data is that spacecraft missions to the solar system’s outer edge are
expensive and lengthy, i.e., taking more than a decade to reach the targets. The Uranus Orbiter
and Probe is a NASA orbiter mission concept that aims to study Uranus and its major moons
with several flybys. It has the highest priority Flagship-class mission with an estimated launch in
the mid to late 2030s. Similarly, Neptune Odyssey is a proposed mission but remains currently
unscheduled due to logistical and cost reasons.

Ganymede is the only known satellite in the solar system with an internally generated magnetic
field. Flyby measurements from the Galileo and Juno spacecraft have detected a dipole-dominated
field with a surface strength of approximately 0.01 Gauss. Note that all Jovian moons experience
weak induced magnetic fields as a result of their motion through Jupiter’s powerful magnetosphere.
These induced fields arise from electric currents generated within the moons’ electrically conductive
interiors. The strength of an induced field is typically comparable to that of Jupiter’s magnetic

field at the satellite’s orbital distance. In Ganymede’s case, this is about 0.0012 Gauss, significantly
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weaker than its intrinsic field. Therefore, although Ganymede’s magnetic field includes an induced
component, it represents only a small fraction of its overall magnetic strength.

The Moon and Mars (Acuna et al., 1992; Connerney et al., 1999; Mittelholz and Johnson, 2022)
currently do not possess intrinsic magnetic fields. However, localized magnetic fields of crustal
origin are found throughout the surface of both objects. For the Moon, the strengths reach 10~% G
at the lunar surface, while the martian values reach the order of 1072 G, significantly stronger than
Earth’s crustal field. The most plausible explanations for this magnetization are ancient early lunar
and martian dynamos. Estimates for the cessation of internal dynamos are based on the presence
or absence of magnetization around impact basins. For the Moon it is estimated to be about 3.3
Gyr ago, while for Mars’s it is about 4.1 Gyr, coinciding with the late heavy bombardment period.

Similarly, Venus lacks a global magnetic field (Nimmo, 2002). However, unlike the Moon and
Mars, it shows no evidence of small-scale remanent magnetization in its crustal rocks. This absence
may be due to Venus’s extremely high surface temperature at around 735 K. This value approaches
or exceeds the Curie point of most ferromagnetic minerals, preventing them from retaining magnetic
information. This agrees with some geological studies that suggest a planet-wide resurfacing event
about 500 million years ago, erasing any possible magnetic crustal signatures. Consequently, the

hypothesis of an ancient internal dynamo for Venus remains an open and unresolved question.

4.3 Planetary magnetic field formalism

Experimental magnetic field measurements for direction and strength are taken in situ from space
missions, along a certain number of orbits, which unavoidably represent a tiny fraction of the
magnetospheric volume. Therefore, the collected data is used to reconstruct planetary magnetic
field models, and the accuracy depends on the spatial coverage of the measurements. These models
assume that the field is observed in a region with no relevant currents (i.e., V. x B =J = 0), thus
the field can be expressed as the gradient of a scalar potential function, V;,:, which by definition
assumes an internal generation of magnetic field. Therefore, the magnetic field is the gradient of
the full scalar potential:

B =-VV, (4.1)

For almost-spherical objects, it is natural to give these potentials as expansions of spherical har-
monic functions that solve Laplace’s equation V2V = 0. In planetary sciences, these potentials are

expanded in the Schmidt quasi-normalization (see App. C for a full review):

T'max

Vii = a n; (i)nﬂ éo P™(cos 6) [g" cos(mg) + h™ sin(ma)] | (4.2)

where a is the planetary equatorial radius, r is the radial distance to the planet’s center, and
the angles 6 and ¢ are colatitude and longitude, respectively. The P/ (cos¢) are Schmidt quasi-
normalized associated Legendre functions of degree n and order m, and g¢;*, k" are the Schmidt
coefficients that parameterize the internal and external magnetic field components, respectively!.
Some models, such as the ones for Mercury and Jupiter, take into account the magnetospheric
currents’ contributions, which are related to the tenuous plasma disks around the planets and are

usually second-order compared to the dynamo contribution. This is done including an additional

'This expansion is similar but not equal to the spherical harmonic expansion used by MagIC (see Appendix D).
Moreover, the notation used in this chapter is consistent with the planetary literature; thus, I use n and m as the
degree and order, instead of the ¢ and m commonly used in spherical harmonics, and employed in the Chapters
related to MagIC.
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scalar potential V¢ with their own set of coefficients G;* and H]". Therefore the total magnetic
field is reconstructed with B = —V (Vipt + Vext). With the analytical expressions shown in App. C
one can obtain all components of B in spherical coordinates at any given radius.

The latest publications of magnetic field models for each planet are shown in Table 4.1. The
public data is always given in terms of the Schmidt coefficients, i.e., the set of constants g,*, h;",
G7', and H]"* used in the spherical harmonic expansions. The specific multipole degree that is
reached depends on the data available for each planet: the better the coverage, the higher the
number of multipole contributions that can be constrained. Together with Eq. 4.1, this data has
been used to produce Figs. 4.3 and 4.4. The repository used to produce these figures has been

made public?.

Table 4.1: Missions and publications dedicated to each planetary magnetic field, with the number
of reconstructed multipole contributions. For Mercury and Jupiter, the external multipole contri-

bution of nmax = 1 is marked in parentheses.

Planet Multipoles Mission Publication

Toepfer et al. (2021Db)

Toepfer et al. (2021a)

Earth 13 IGRF New model every 5 years (Alken et al. (2021))
Connerney et al. (2018)

Mercury 3 (1) MESSENGER

Jupiter 18 (1) Juno
Connerney et al. (2022)
Ganymede 2 Juno, Galileo Weber et al. (2022)
Saturn 6 Cassini Cao et al. (2023)
C t al. (1987
Uranus 3 Voyager 2 onnerney et al. ( )
Ness et al. (1989)
C t al. (1991
Neptune 3 Voyager 2 onnerney et al. ( )

Selesnick (1992)

The geomagnetic field is the most measured and well-monitored planetary magnetic field. Di-
rect data from the past few hundred years is available, and there are currently 150 geomagnetic
observatories worldwide and low Earth orbit satellite systems that complete the coverage. This
leads to highly improved time and spatial resolution. The accepted empirical model for Earth’s
magnetic field is the International Geomagnetic Reference Field (IGRF), released by the Interna-
tional Association of Geomagnetism and Aeronomy (IAGA). The IGRF is essentially this set of

coefficients, g;* and A}

. up to coefficient 13, as well as their secular variations, which track the

change of these coefficients per year. This model is updated every 5 years, the latest of which is
currently the 14" generation, published in December 2024 and is still waiting for scientific approval.
The latest peer-reviewed model is the 13" generation, published in Alken et al. (2021) and shown
in Fig. 4.3. Magnetic field data is precise enough to derive a magnetic field model to more than 700
multipoles Maus (2008), but at multipoles higher than 13, white spectral noise due to crustal rock
magnetization dominates. In other words, at small scales the magnetic field intensity variations
are dominated by the scattered distribution of ferromagnetic sources.

The Jovian magnetic field has now been accurately measured by the Juno spacecraft and pub-
lished in 2018 (Connerney et al., 2018) from the first 9 orbits and refined in 2021 after completion
of the mission at 33 orbits (Connerney et al., 2022). The 2018 model, JRM09, has a maximum

Zhttps://github.com/csic-ice-imagine/magnetic_field_planets
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degree nyax of 10 for the internal component. On the other hand, the 2021 model, JRM33, includes
data for the first 33 orbits and has reasonably well resolved coefficients up to npax = 13 (with some
useful information up to nymax = 18) for the internal component, and ny.x = 2 for the external
component. Thus, the JRM33 model reached a remarkable milestone: Jupiter’s dynamo is better
resolved than Earth’s dynamo, due to the absence of the magnetized rocks on Jupiter’s surface,
arguably making it the only property better known for a gas giant planet than Earth.

A point to stress further is that the 3D data measured by orbiters is limited. The obtained
models can only reliably reconstruct the large-scale structures and have to omit the smaller ones.
In other words, the number of multipoles for the magnetic potential expansions is chosen depending
on the quantity and quality of data. For example, after 9 Juno orbits, the model JRMO09 could only
include multipoles up to degree 10 before overfitting. And after 33 orbits, the degree of multipoles
for the JRM33 model could not be increased further than 18, as the coefficients for higher multipoles
have high deviations and no further fitting is obtained. Therefore, the reconstructed configuration

can look much simpler than in reality if the data are limited.

4.3.1 Magnetic spectrum

Similar to a fluid simulation spectrum (see Sec. A.9), one can calculate the power spectrum from
the spherical harmonic model of the internal magnetic field of a given planet. This power spectrum
was first defined by Mauersberger (1956) and Lowes (1974) in the context of the geomagnetic field,
but is now applied to all planetary bodies. When a planet’s magnetic field potential has been

expressed as above, the power spectrum at its surface is defined as:

n

Rp=(n+1) Y [(g)?+ (h)?]
m=0

For any other radii, each degree n has a different contribution as they decay differently with distance
r:

a 2n—+4 a 2n+4 n 2 2

R = (2) Ba= e (5) 30 [0+ ()

r r =

This is known as the Lowes-Mauersberger magnetic power spectrum, or simply the Lowes spectrum.

One can prove that the total magnetic energy can be recovered:
o0
2u0Bp(r) = ) Ra(r)
n=0

4.3.2 Downward extrapolation

The scalar potential magnetic expansion shown in Eq. 4.2 is valid only in the current-free regions.
Taking advantage of this fact, one can use this expansion as well as the Lowes spectra not only
at the planetary surface a, but at other radii . In other words, one can extrapolate below the
planetary surface as long as there are no relevant currents, which means as low as the layers are
insulating. For Earth and Jupiter, the usual distribution of R, as a function of n is a falling
exponential with a slope that depends on the radius, as seen in the top two panels of Fig. 4.4.

By construction of the potential, the higher the multipole, the higher its coefficient becomes
when you downward extrapolate. At some radius, the downward extrapolation leads to an almost
flat spectrum except for the multipole (for Earth) or other low-degree multipoles (for Jupiter). A
common assumption is that the magnetic spectra will be flat at the dynamo surface except for the

dipole contribution (Lowes, 1974). Based on the stochastic nature of MHD processes, the magnetic
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spectra inside the dynamo are expected to be flat within a specific range. This is backed up by
numerical simulations, where equipartition between multipoles usually holds between low multipoles
(n 2 5) and the resistive scale, where magnetic energy is dissipated. The lowest multipoles (the
dipole n = 1 especially) do not usually follow the slope of the spectrum is due to large-scale flows
caused by rotation. The dipole component of the magnetic field is enhanced in the rotational axis
direction, breaking the equipartition.

In Fig. 4.4, I show the downward extrapolation procedure for Earth and Jupiter, starting at
radii well above the planetary radius and finishing at the planetary depth where the spectra is
approximately constant. From the Lowes spectra, we can infer that the geodynamo starts at
about ~ 55% of Earth’s radius, roughly where the liquid outer core of the Earth begins. For
Jupiter, it corresponds to ~ 80% of the Jovian radius, which is also roughly where interior models
predicted the appearance of metallic hydrogen (French et al., 2012; Bonitz et al., 2024). Note
that the bottom panels in Fig. 4.4 describe the field at » = 0.75 R, which is possibly a region
where the dynamo is already active, so that currents circulate, and the potential field assumption
doesn’t hold. Therefore, it is shown only as an exercise in extrapolation, to show how small-scale
structures dominate more and more, rather than a realistic description of the field at those depths.
Additionally, note that, even in the current-free region, since high multipoles acquire more and
more importance inwards, the uncertainties in the reconstruction, which affect the small scales
more, increase. The mean magnetic field strength and the flow components at the top of the
dynamo region are usually determined using this procedure for downward continuation. As there
might be unresolved toroidal field components, the derived magnetic field strength is only a lower
limit.

This procedure was also used in gas-giant dynamo simulations by Tsang and Jones (2020).
They used a hyperbolic conductivity profile o(r) that qualitatively reproduces the huge conductivity
radial gradient in correspondence to the quite sharp transition to metallic hydrogen, at some specific
planetary depth. Another common analytical function is a polynomial followed by an exponential
drop (e.g. Gémez-Pérez et al., 2010) which is employed in Chapters 5 and 7. In their work,
they used the most external spectra distribution of their simulations and performed a downward
extrapolation. They recover the surface at which the actual magnetic field spectra differ from the
extrapolated one, corresponding to the depth at which the fluid is conductive. They justify that
this is a better dynamo surface definition, as they note that the usual definition of a flat spectrum
usually underestimates the dynamo radius by a few percent. In Sec 5.2.5, I repeat this procedure

for my steady state dynamo solutions to argue our definition of dynamo surface.

4.4 Exoplanetary magnetism

There are more than 5,700 confirmed exoplanets. Fig. 4.5 is the current exoplanet population, a
readily made plot by the NASA exoplanet archive with the latest data. This extensive population
has shed light on various aspects of exoplanetary science, such as their formation, structure, at-
mosphere, and population. The planetary classification between rocky, ice-giants, and gas giants
has become more complex as the full spectrum of planetary mass, radii, and orbital distances has
been populated. Despite having thousands of confirmed exoplanets, their magnetism is still largely
unknown. Knowledge about the presence or lack of internal dynamos has many consequences in
planetary formation, internal structure, evolution, and habitability. Due to the lack of observa-
tional constraints, dynamo models for exoplanets are instead much less developed in comparison to

solar system magnetic fields. The most direct method to infer exoplanetary magnetic fields would
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Figure 4.4: Top: Lowes-Mauesberg magnetic spectra for Earth (left) and Jupiter (right) at different
distances from the center. Bottom: Radial magnetic field obtained from downward continuation
for Earth (right) and Jupiter (right panels).
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Figure 4.5: Taken from pre-generated plots from NASA exoplanet archive https://
exoplanetarchive.ipac.caltech.edu/exoplanetplots/. Confirmed exoplanet population (as

of June 2025) distribution in planet mass versus orbital period, color-coded by discovery method.

be the detection of Jovian-like, coherent, circularly polarized radio emission at sub-GHz. There
are no confirmed cases yet of radio detections, see for instance the tentative claim by Turner et al.
(2021) not confirmed by follow-up observations by Turner et al. (2024). Other approaches use the
detection of modulations of activity indicators, Call line in particular, with the orbital period of
hot Jupiters, to infer planetary magnetic field values, via magnetic star-planet interaction models
(Cauley et al., 2019). However, the inferred values are model-dependent (for instance, due to the
unknown efficiency in converting the star-planet interaction energy burst into the power of the
observed line). Therefore, the magnetic fields in exoplanets are substantially unconstrained, and
one is forced to use the solar planets on one side, and the brown dwarfs and low-mass stars on the
other, to derive phenomenological scaling laws Christensen and Aubert (2006); Christensen et al.
(2009).

In analogy with the solar system and with basic energetic arguments, gas giants are the exoplan-
etary category with the highest magnetic field strength prediction, and therefore with the strongest
observational cases. In Chapter 5, I use 3D MHD spherical shell simulations to model the Gyr
evolution of the internal dynamos hosted by the cool down of a gas giant, which can be applied to
cold to mildly irradiated Jupiter-like analogs. I will also focus on hot Jupiters, short-orbit giants
highly irradiated by their host stars to which they are tidally locked, with masses ranging from 0.3
to 13 M. An introduction about hot Jupiters and their properties can be found in Chapter 6,

where I model their interiors and infer their internal convective regime and magnetic properties.

4.5 MHD for convection in rotating spherical shell

Dynamo action is the most accepted mechanism for the current existence of planetary magnetism.

To model such processes, the MHD equations shown in Chapter 2 need to be adapted to the
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convective and rotating interior of planets. The most important changes are the force terms in the

momentum equations:

1
p(%ltlw-Vu) =—Vp+ (VxB)xB+pg =200 xutpV-@2p8),  (43)
0

where €2 is the angular velocity (already introduced in Chapter 3, and g is the gravity. The only
differences with Eq. 2.2 are the rotation and the buoyant terms; all other quantities, including S, are
the same. Additionally, for geodynamo simulations, it is very common for chemical composition,
&, to be considered. Bouyancy due to chemical gradients occurs in the Earth’s molten outer core
when the metallic mixture freezes only the heavy elements (Fe, Ni) onto the solid inner core and
the release of the light constituent into the fluid outer core, possibly oxygen, silicon, or magnesium.

The evolution of ¢ is then:

p(5 e VE) =V (VO + e (4.4)
When considering chemical composition, there is an equivalent Pr, known as the Schmidt number,
Sc = v /Ky, where instead of the thermal diffusivity x, the chemical or mass diffusivity r,; is used.
The spherical shell dynamos in this thesis model gas giant convection, where chemical buoyancy
is believed to play a minimal role. Thus, Eq. 4.4 is not included in this thesis. The continuity,
entropy, and induction equations are not shown to avoid repetition, as they are the same as Eq. 2.1
and 2.3. Given the initial conditions, this set of equations also makes a complete set of partial

differential equations that, together with an equation of state, describe the evolution of the system.

Another peculiarity of planetary or stellar convective numerical dynamos is the geometry. The
slightly modified MHD equations are usually solved in a spherical shell or, sometimes, if required,
in a full sphere domain. In Fig. 4.6, I show the spherical shell and notation used by MagIC, which

is consistently used in Chapters 5 and 7.

Z A
<> Q)

Figure 4.6: Taken from https://magic-sph.github.io/. Sketch of the spherical shell and its
system of coordinates used by MagIC.
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4.5.1 Non-dimensional numbers in convective rotating spherical shells

As mentioned in section 2.2, there are several nondimensional parameters in fluid dynamics. Here
we focus on some of them that are relevant for stellar and planetary dynamos. Table 4.2 is an
extension of Table 2.1, with definitions for the specific case of fluid convection in rotating spherical
shells. They represent the ratio of different terms in the MHD equations, including buoyant and
Coriolis terms. Therefore, each non-dimensional number defines different fluid regimes depending
on how far they are from unity.

The Ekman number, E, is the quotient between the viscous and Coriolis terms. For planetary
interior convection is usually E < 1 (see Table 4.3), which implies that Coriolis forces dominate
over viscous forces. This leads to strong rotational constraints, i.e., convective patterns tend to
align with the rotation axis and form columnar structures (see Sect. 4.6.1).

The Rayleigh number, Ra, is the ratio between buoyant and diffusive forces. For a given
planetary shell, there is always a critical value for the onset of convection, Rac; (see also below).
For planets and stars, one can estimate Ra ~ 1020 — 1030, which is some orders of magnitude above
their critical values. This means that thermal convection is extremely vigorous, leading to highly
nonlinear and turbulent flows. There is a secondary critical value, above which dynamo action is
triggered, given that a compatible set of E, Pr, and Pm (see Sect. 4.6).

Another crucial parameter is the Rossby number, Ro. It is the quotient of inertial and Coriolis
forces. It thus can be understood as the ratio of the rotation period and the convective timescale,
that is, the turnover time in the dynamo region. Similarly as E < 1, when Ro < 1, fluid movements
are constrained by rotation and lead to columnar structures in the same direction as the rotation
axis, and contrarily, when Ro > 1, convection is barely influenced by rotation.

The Elsasser number is the ratio between magnetic and Coriolis forces: when it is very small
(A < 1), B is dynamically weak compared to the rotation, which makes its configuration follow
the columnar flows. Instead, when A > 1, the magnetic field dominates fluid motion over rotation,

breaking the axial symmetry of the flow.

Table 4.2: Additional non-dimensional parameters usually used in stellar and planetary dynamo

literature, besides the ones already shown in Table 2.1.

Parameter Definition Physical interpretation
v Viscous force
Ekma be = — _
tHan Hunber Qd? Coriolis force
ATd3 B
Rayleigh number Ra = Sl el M
VK Diffusion
U Advection
Rossby number Ro= — —_—
Y Qd Coriolis forces
B? Lorent
Elsasser number = ﬂ
PUASY Coriolis forces
Dynamo region depth To
Tp
. T
Dynamo region geometry n=—
To
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Table 4.3: Non-dimensional parameters estimates for the most characterized dynamos in the Solar

System, as well as the typical values obtained with simulations.

Parameter Earth Jupiter Sun Models
Ra ~10% Racy 1031 10%2-10%%  1-50 Racpit
E 3.1071 107 10712-1071% 107410710
Pr 0.1-10 10721 <1076 1072-103
Pm 2.10°6 1076 1076 101103
Re 10° 10'2 10° <10%
Rm 2000 106 106 50-10*
Ro 3-10°6 1076 0.1-1 10711074
A <10 10 - 100 <1 0.1-100

In Table 4.3, some of the dimensionless parameters for Earth, Jupiter, and the Sun (or at least
their order of magnitude) are shown. Earth’s values have been taken from Schaeffer et al. (2017),
Jupiter’s from Gastine and Wicht (2021), and the Sun from Miesch (2005); Hanasoge et al. (2016);
Pandey et al. (2021). Some assumptions are made to estimate most of these non-dimensional
parameters. The reason is that many fluid properties, such as the flow speeds, the exact location
of the convective shell, or the magnetic field strength, are poorly constrained. In spherical dynamo
literature, it is common to use r, and r; for the outer and inner radius of the convective shell,
respectively. Then, the usual parameter d = r, - 7; is the thickness of the dynamo region, which
becomes the reference length-scale (L in Chapter 2), employed to evaluate the quantities in Table
4.2. Moreover, Re and Rm for planetary and stellar interiors are also usually defined with d.

Therefore, the following dimensional transformations are performed:

r—rd, t—>t(d2/1/), s—sAs, &—&AE,

s (4.5)
B — B (pofAipo2) 7, p—=ppo, D= p(pool?)

where the sub-indexes , and ; refer to the outer or inner boundaries of the shell. Repeating the

same procedure done in Sect. 2.2.1 for the induction equation, the set of MHD planetary equations

becomes:
V- (pu) =0, (4.6)
ou 1 Ra Rag 2
a, . = - e B B _ r ~ r & z T, 4.
p(at—i-u Vu) Vp+PmE(Vx ) X +Prpgse + S pgée pPe xu+V-S, (4.7)
O0s 1 PrDi PrDi  Aorm 9
T — . = —V  (knorm VT P, B 4.
p (afr“ VS) py v nom V) 4 R o Y <P (4.8)
0¢ 1
P (E)t +u- Vf) = §V - (K¢ normpVE) (4.9)
8—B—Vx( xB)—iVx()\ V x B) V-B=0 (4.10)
8t - u Pm norm b - ) *

where Ayorm, Knorms K¢ norm are the magnetic, thermal, and chemical diffusivity normalized at their
value at one of the radial boundaries (r; for A and 7, for x and x¢). All the tildes denoting the new

dimensionless variables were already dropped®. The dimensionless parameters used in MagIC and

3Tildes in this Chapter and the ones below refer to the background state for the anelastic approximation, do not

confuse with the dimensionless procedure shown in Chapter 2.
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the next chapters are:

= —VOQ, Pr = &, Pm = @, Ra = 7aogoTod3A57
Qd Ko i CpKolo (4.11)

SC:&, 77:&, prln—

K{ To pO

4.5.2 The anelastic and Boussinesq approximations

If one were to evolve the dimensionless MHD equations numerically, most of the computing power
would go into resolving different perturbations of the magnetic and velocity fields. In MHD, these
wave modes are known as Alfvén waves and fast and slow magnetoacoustic waves, which are a whole
field of research on their own. These phenomena have timescales much shorter than convection
timescales, and due to their perturbative nature, they have little or no effect on the convection-
driven planetary dynamos. In the context of buoyancy-driven flows, two different approximations
restrict or filter the waves: the Boussinesq and the anelastic approximation.

The less restrictive one is the anelastic approximation. It assumes a radially dependent static
thermodynamic background where small pertrubations for Following the first derivation for the
anelastic approximation for convective shells (Gilman and Glatzmaier, 1981), we assume that all
thermodynamic variables can b separated by a reference static state and perturbations: p = p+p/,
p=p+p, T=T+T, s=35+s and g = G+¢'. Their relative departures are very small compared
to the background state:

|l _ 1T _ 181 _ g

—_ —_ <1.
P p T 5 g

The overall contributions for u and B are neglected at 0" order (ie., @ = B = 0), thus they
only influence the 15 order terms, where the order refers to how many factors of € each term has.
When one performs these substitutions into Eqs. (4.6)-(4.10) one recovers both the hydrostatic
equilibrium from the 0" order terms contributions (Vp x pg), and the full set of the anelastic

1th

equations from the order terms:

V- (pu) =0, (4.12)

(—l—u Vu)z—V( >—;ez><u+

(VxB)xB+ V S,

(4.13)

R s'ep +
T IS er

Pm Eﬁ
- (s 1 rD1 PrDi
57 (25 V) = =V (knorm T + = ——norm B)? 4.14
p <8t+u Vs) Prv (K, p Vs) PZERa (VxB)", (414)
B 1
%:VX(UXB)—%VX()\HOHHVXB), V-B=0. (415)

The anelastic approximation is typically used for modeling the density-stratified low-Mach-number
convection flows in gas giants and stars (Braginsky and Roberts, 1995; Lantz and Fan, 1999), where
there are strong p, T, P radial dependencies. I use the anelastic approximation in Chapters 5 and
7 to model dynamo processes in gas giants. Note that, for simplicity, I have already suppressed the
chemical buoyancy term and the chemical composition equation in Eqgs. (4.12)-(4.15), as they are
not expected to play a relevant role in gas giants’ interior dynamics.

For the sake of completeness, I show the Boussinesq approximation below, although it’s not
used in this thesis. This approximation is more well-suited for rocky planets, where radial density

variations in their molten metallic cores are irrelevant (in the first order). A further restriction is
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added: spatial variations in fluid properties are ignored except for the density, the fluctuation of

which produces the buoyant term p = pg — apoT’. Then Eqs. (4.6)-(4.10) become:

V-u=0.
ou ;2 Ra, _,r 1 9
- . =_ — —e, — T — 4+ — B) xB ;
<8t+u Vu) Vp ge ><u+Pr rO+EPm(VX ) x B+ V*u
oT’
ﬁ(—l—u-VT’):nVQT’—i-e,
ot
B 1
%t:Vx(uxB)—PmVx()\(r)VxB), V.B-0,
D k
g:gjoi,as%p?p@T,&ZN
To T pcp

As briefly introduced in Sect. 2.4, MagIC' is one of the most currently used HD/MHD codes in a
spherical shell. It solves the equations above either using the anelastic or the Boussinesq approx-
imations. Chebyshev polynomials or finite differences are used in the radial direction, and spher-
ical harmonic decomposition in the azimuthal and latitudinal directions. MagIC supports several
Implicit-Explicit time schemes where the nonlinear terms and the Coriolis force are treated explic-
itly, while the remaining linear terms are treated implicitly. In Chapter 5 and 7 I employ MagIC
under the anelastic approximation, which is typically used for modeling the density-stratified low-
Mach number convection flows in gas giants and stars (Braginsky and Roberts, 1995; Lantz and
Fan, 1999). See App. D for a more detailed description of the numerical technique that MagIC
employs, and how to treat the dimensionless units.

To run a numerical simulation in convection in rotating shell codes, such as MagIC, the com-
mon control input dimensionless parameters are Ra, E, Pr, and Pm. Together with the specific
boundary conditions, one simulation is completely defined with this set of numbers. If the anelastic
approximation is used, the background radial profiles also need to be specified. As Re, Rm, Ro,
and A depend on the output variables u.ms and Byng, they are considered diagnostic parameters.

As mentioned above, Ra is one of the most fundamental dimensionless parameters, which has
a specific value for the onset of convection, Ra.. For rotating convection, the onset of convective

instability is delayed compared to the non-rotating case; thus, there is a dependence on E:
Ra. o E74/3,

This scaling arises because stronger rotation (smaller E) suppresses convective motions, requiring
a greater buoyant force (i.e., higher Ra) to initiate flow. To keep supercriticality constant when
playing around with numerical dynamos, this relation needs to be fulfilled when increasing (or
decreasing) E at the same time that Ra is decreased (or increased).
In terms of spatial resolution, the smallest viscous length scales in rapidly rotating convection
scale as:
{, x EY/3,

This means that reducing E by a factor of 10 requires approximately a factor of 101/3 & 2 increase in
grid resolution along each spatial direction to adequately resolve the flow. Moreover, the timestep
At must also decrease, typically by an order of magnitude, to satisfy the Courant stability condition,
given the smaller resolved scales and faster flow variations. This increase in computational resources
explains why in numerical simulation we often cannot explore the physical range of dimensionless

numbers.
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4.6 Planetary dynamo simulations

At the end of the last century, Glatzmaier and Roberts (1995, 1996) presented the first time-
dependent 3D MHD under the anelastic solution of a self-sustained magnetic field triggered by
thermal convection in a rapidly rotating spherical fluid shell surrounded by a solid conducting
inner core. With a low degree of stratification to model Earth’s outer core, the simulation ran
for about 40000 years (about three times the magnetic diffusive timescale), and saturated at a
state with some geodynamo similarities. They recovered several important geodynamo features: a
strongly dipole-dominated magnetic field, with a structure at the CMB and its secular variation
closely mimicked Earth’s patterns and amplitude, and a single successful magnetic field reversal.
When assigning compositional buoyancy in addition to thermal buoyancy, they could also reproduce
a westward drift in velocity with the solid inner core seismic studies.

After decades of countless other numerical solutions to the MHD equations in convective spher-
ical shells, many studies have been obtained under various assumptions and parameters (see Chris-
tensen and Wicht (2007); Wicht and Tilgner (2010); Jones (2011) for planetary numerical dynamo
reviews). Specifically, in the context of gas giants, amplification and self-sustaining of magnetic
fields have been recovered, such as the magnetic field morphology or the latitudinal variations in
the atmospheric jets (e.g., Jones, 2011; Schubert and Soderlund, 2011). High-resolution models
are getting close to reproducing the internal dynamos of Earth and Jupiter (Schaeffer et al., 2017;
Gastine and Wicht, 2021, respectively), including stochastic dipole reversals that resemble the
geomagnetic field (Glatzmaier and Coe, 2007; Meduri et al., 2021).

Numerically, the above-mentioned dimensionless dynamo numbers represent a vast parameter
space which is ideally worth exploring, to consider different relative weights of the various fluid
forces. However, there is an unavoidable computational caveat: the parameter space accessible
through numerical simulations diverges significantly from the physical reality, as mentioned above.
Typically, the feasible range of some parameters, Rayleigh and Ekman in particular, differs by many
orders of magnitude from the expected realistic ones (see Table 4.3). The reason is that the range
of the relevant spatial scales that are to be followed is too wide, that is, from the microscopical
diffusion to the planetary scale for the global rotation or convection patterns.

To partially overcome this intrinsic drawback, some studies have used many numerical models
to find scaling laws between the different dimensionless numbers characterizing the dynamo, to
interpret the results in real scenarios, via extrapolation to the numerically inaccessible ranges of
dimensionless numbers, assuming that the same scaling laws apply there. For example, for rapidly
rotating dipole-dominated dynamo solutions under the Boussinesq approximation, Christensen and
Aubert (2006) derived scaling laws that connect the dynamo parameters spanning at least two
orders of magnitude. First, they studied how the dipole solutions depended on Ra, Pm and E.
The trends can be seen in Fig. 4.7. As usual, Rag; is defined as the minimum Ra to reach
the onset of convection. For a given E and Pm, there is a secondary critical value for Ra that
makes a dipole-dominated dynamo solution. If Ra is further increased, solutions have multipole-
dominated magnetic fields. As the E is decreased and approaches a more realistic physical regime,
the parameter space with active dynamo increases for the same parameter space. Also, regions with
dipolar-dominated solutions grow with decreasing E. It can also be appreciated how, for a given
E and Ra, there is a minimum value Pm for which dynamos are excited. This behavior is better
depicted in the left panel of Fig. 4.8, where the lowest Pm allowing dynamo is shown for different
values of E. The right side of Fig. 4.8 is the minimum Rm for which a self-sustained dynamo is

produced. Christensen and Aubert (2006) confirmed that Rm > 50 is a necessary condition for
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Figure 4.7: Taken from Christensen and Aubert (2006). Regime diagram for spherical shell dynamos
under the Boussinesq approximation with Pr = 1, with different values for E. Circles, diamonds,
and crosses denote dipolar, non-dipolar dynamos, and failed dynamos, respectively. The marker
size shows the approximate value for A for comparison, i.e., the relative magnetic field strength.

Regime boundaries are tentative.

a dipolar planet-like dynamo solution, a rule-of-thumb which is recurrently used in the planetary
dynamo community. These trends are general for dynamo solutions and were used for the initial

tests and parameter sweeps for Chapter 5.

More specifically, Christensen and Aubert (2006) obtained kinetic scaling laws by taking the
dipole-dominated solutions and performing fits between Ro and the input variables Ra, E, Pm,
Pr. They found the following relation: Ro = 1.07RaQ0'43Pm_0'13, where E, and Pr differ only very
marginally from zero. The same is done for the magnetic counterpart with Lo, which leads to the
following scaling law: Lo/f , 1/ = O.76Ra220'32Pm0'11. In Fig. 4.8, both scaling laws are shown
together with the scatter plot from their simulations. These relations are commonly assumed to
work in the real planetary regime, meaning that the relative importance of each term in the Navier-
Stokes equation (the force balance) is expected to be similar to numerical models (Davidson, 2013;
Yadav et al., 2016).

For the modeling of gas giants, the anelastic approximation (e.g., Braginsky and Roberts, 1995;
Gilman and Glatzmaier, 1981; Glatzmaier, 1984, 1985a,b; Lantz and Fan, 1999) is more appropriate
than the Boussinesq approximation, as explained above, since it allows for density variations but still
effectively filters out the sound and magnetosonic waves. It relies on using a static, adiabatic, and
spherically symmetric background reference state that is specified by density, gravity, temperature,
and other thermodynamic variables. In addition, the velocity and magnetic fields are evolved
together with the deviations from the background. These equations have been extensively used to
model the magnetic field of gas giants and stars. Usually, the no-slip boundary conditions employed
by geodynamo models are replaced by stress-free conditions because they reflect the nature of the

outer atmosphere of the gas giants better. The simulations are more computationally demanding,
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Figure 4.8: Taken from Christensen and Aubert (2006). (Left) The tip of the arrows indicates the
lowest Pm with a non-decaying dipolar dynamo. (Right) The tip of the right arrow indicates the
lowest Rm for self-sustained dipolar dynamos, and the left arrows indicate the highest Rm with a

decaying field.

and the numerical solutions have several features that are not seen in the Boussinesq approximation.
For example, solutions usually develop highly geostrophic zonal winds (see Sect. 4.6.1 for the notion
of geostrophic balance), which are always highly geostrophic and thus extend through the whole
gaseous envelope. These Jupiter-like zonal flows promote weaker multipolar fields, while strong
dipole fields suppress the zonal flows via Lorentz forces (e.g., Grote et al., 2000; Simitev and Busse,
2003, 2009; Sasaki et al., 2011; Schrinner et al., 2012; Duarte et al., 2018). Another example is the
bistability found for not too large Rayleigh numbers: dipolar-dominated and multipolar solutions
coexist with identical parameters (Gastine et al., 2012), where different solutions can be reached
by setting different initial conditions (Schrinner et al., 2012). In this context, Yadav et al. (2013)
provided scaling laws for dynamo models under the anelastic approximation similar to those of
Christensen and Aubert (2006). In this case, dipolar and multipolar solutions, as well as a different
range of density stratification and radial-dependent diffusivities, were used. They produce very
similar scaling laws and show equivalent plots to Fig. 4.9. In Chapter 5, I will analyze my dynamo

simulations, showing that they also lie along the same scaling laws of Yadav et al. (2013).

For a more realistic modeling of gas giants, one of the main challenges is to incorporate the outer
steep gradients of various thermodynamic profiles, since they imply very different timescales farther
outward. In particular, there is a steep outward decrease in the electrical conductivity because
of the transition of hydrogen from metallic to non-metallic state. This behavior was quantified
along the Jovian adiabat by French et al. (2012) and was used during the past decade in different
dynamo simulations (Gastine and Wicht, 2012; Jones, 2014; Gastine et al., 2014; Wicht et al.,
2019b). These studies provided important results in terms of a comparison with the data provided
by the ongoing Juno mission and earlier Jovian missions, and they highlighted the importance
of incorporating a realistic background, although with the caveat on the nondimensional dynamo
numbers mentioned above. In recent years, some works (Gastine and Wicht, 2021; Yadav et al.,
2022; Moore et al., 2022) have added a stably stratified layer just below the region in which metallic
hydrogen starts to mimic a helium-rain region due to hydrogen-helium demixing (Klepeis et al.,
1991; Nettelmann, 2015; Nettelmann et al., 2015). This layer helps to naturally obtain alternating
east-west zonal winds centered around the equator for the Jovian dynamo, as well as a highly

axisymmetric magnetic field for the Saturn model.
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Figure 4.9: Taken from Christensen and Aubert (2006). (Left) Ro versus a combination of modified
of Rax and Pm. (Right) Lo corrected by fonm versus a combination of modified of Rax and Pm.
The marker shape indicates E and the shade Pm (Pm < 0.3: black, 0.3 < Pm < 1: dark grey, Pm
= 1: light grey, Pm < 1: white). Pr = 3 is indicated by a small cross, Pr = 10 by a larger cross,
Pr = 0.3 by a small circle, and Pr = 0.1 by a larger circle (Pr = 0.1).

By using the aforementioned scaling laws as well as magnetic field measurements, Christensen
et al. (2009) determined that for the Earth, Jupiter, and fast-rotating, fully convective, low-mass
stars, the convective heat flux determines the magnetic field strength. The full scaling law is given as
the radial integral of the convective flux in the electrically conductive shell. To match observational
constraints and give a simpler approach, Reiners et al. (2009) gave a simpler expression for this
law in terms of the mass M, luminosity L, and radius R in a more simplified form. Using this
scaling law and the analytical evolutionary tracks for substellar objects in (Burrows and Liebert,
1993; Burrows et al., 2001), Reiners and Christensen (2010) provided a scenario for the evolution
of the magnetic field, with which they obtained a steadily weakening (a factor of ~10 over around
10 Gyr) of the magnetic field at the dynamo surface. These scaling laws are used in Chapter 5 to
compare the results we obtain with a novel methodology, and in Chapter 6 to provide magnetic

field estimates for hot Jupiter dynamos.

An additional note to be made is whether small-scale dynamo (SSD) action is excited in nu-
merical planetary dynamos with Ro < 1. Much of the explored space in the literature lies has
Rm > 30 and Pm > 1, where SSD is known to be triggered. Planetary dynamo studies commonly
involve detailed analysis of the saturated solutions with integrated averaged quantities. These allow
addressing topics such as the level of equipartition, the magnetic field dipolarity, radial and spectral
energy distributions, force balances, and so on. It is thus common to start simulations with already
saturated dynamo solutions, where SSD is assumed to play little role, saving the computational
time required for the kinematic dynamo phase. Similar to Warnecke et al. (2025) in the context of
the solar dynamo, it would be interesting to address for planetary dynamos the interplay between
SSD and LSD in the kinematic phase, as well as whether the fluctuations generated by SSD (pos-
sibly to the non-axisymmetric part) influence the overall large scale flow and magnetic field, this

latter being maintained by LSD.
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4.6.1 Planetary flow regimes and force balances

To study the force balance inside planetary simulations, one can follow the procedure done by e.g.
Aubert et al. (2017); Schwaiger et al. (2019). Each term in the momentum equation (i.e., Eq. 4.13)

is decomposed using the radial vector r in the following way:
f(r,0,0,t) = Qe +rVS+r x VT (4.16)

which are the radial, spheroidal, and toroidal components, respectively. By using spherical har-
monics Y;", as defined in Appendix D, each potential is separated from its radial components (i.e.
R = Ry (r)Y;"(6,9)):

Lmax

f=> Q'Y/"er + S/ VY + T"r x VY;" (4.17)
/=0

Then the total energy associated with a specific force is obtained with the following identity:

ro fmax ¢
F? = /V frav = 2/. STSNTIRQPP + e +1) (\S?L|2 + |72m|2) r2dr (4.18)

(=0 m=0
This expression can be rearranged without summing the ¢ index:

Cmax 1
F?=3"F} where F}= 2/” S1Q + e+ 1) (1S9 + 1T ) r2dr (4.19)
£=0 b m=0
For a steady state dynamo solution, F; gives the relative importance between forces at a specific
harmonic degree and thus is regarded as the spectral force balance.

All known planetary interiors fall under the rapid rotator regime, meaning the timescales for
convection and diffusion are much longer than the planetary rotation period. In dynamical terms,
this implies that both the convective and viscous terms in the Navier—Stokes equation are much
smaller than the Coriolis term. This situation is characterized by very small values of E and Ro,
ie, E<1, Ro< 1.

At large scales, the dominant force balance is between the Coriolis and pressure gradient forces,
a regime known as geostrophic balance. Under this condition, the Coriolis acceleration nearly
cancels the pressure gradient force:

202 xu= —Vp. (4.20)

This balance leads to invariant flow structures along any line parallel to the rotation, known as the
Taylor-Proudman theorem (taking the curl of Eq. 4.20 leads to du/0dz = 0). As a result, convection
in this regime organizes into columnar vortices aligned with the rotation axis, commonly referred
to as Busse columns. These structures are a hallmark of rotating convection and are essential for
understanding planetary and stellar interior dynamics.

Geostrophic balance usually occurs on the largest scales (i.e., low-degree multiples). The
ageostrophic contribution (the residual part of the balance, i.e., Coriolis minus pressure) can be
balanced at 15% order by the sum of the buoyant and Lorentz forces. This is called the MAC bal-
ance, which stands for magnetic, Archimedean, and Coriolis balance. This can be seen in Fig. 4.10,
where I show the force spectra for a Boussinesq saturated dynamo solution from Schwaiger et al.
(2019). There is a geostrophic balance throughout all multiples, followed by a MAC balance. Note
that at some specific scale fya, the buoyancy and the Lorentz force are equally important and
balance with the ageostrophic contribution. This situation is known as quasi-geostrophic Magneto-
Archimedean-Coriolis (QG-MAC) balance (Aubert et al., 2017; Schwaiger et al., 2019). For some
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other simulations with strong equipartitions (i.e., high magnetic energies), the Lorentz force over-
runs the Coriolis force above some specific multipole fy1g, with typically fyg > faia. For multiples
above f\rg, geostrophy is broken and transitions to magnetostrophy, where pressure balances with
magnetic forces towards smaller scales. Inside the dynamo regions, inertial and viscous forces

remain negligible in comparison to geostrophy/magnetostrophy or the 15 order balance.
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Figure 4.10: Taken from Schwaiger et al. (2019). Time-averaged force balance spectra for a satu-
rated dynamo (E = 1075, Ra = 5.5-10°, Pm = 0.4, Pr = 1), normalized relative to the peak of the

Coriolis force. Shaded regions represent the standard deviation in time.

When this analysis is done for gas giant models, i.e., anelastic simulations with external regions
of low conductivity, the force balance outside dynamo regions or at the boundaries changes and
transforms from MAC balance to IAC balance, inertial, Archimedean, and Coriolis balance (Gastine
and Wicht, 2021). Similarly, there is a multipole, ¢15, above which inertial forces overrun buoyant
forces. In the dynamo region, inertia remains negligible, while in the outer regions, where the
conductivity is much lower with zonal winds and no electric currents, magnetic forces are overrun
by inertia forces. Viscous effects remain minimal both inside and outside the dynamo.

When considering the relative influence of buoyancy and Coriolis forces, one can define a di-

mensionless parameter known as the modified Rayleigh number, given by:

RaE
Ra* =
& Pr’

This parameter determines the dominant force regime: if Ra* <« 1, rotation dominates and con-
strains convection to form quasi-geostrophic structures like Busse columns; vice versa, if Ra* > 1,

buoyancy dominates and the flow becomes more isotropic and turbulent.

73



Chapter 5

Planetary dynamos in evolving cold

gas giants

In this chapter, we address the long-term evolution of the dynamo action in Jupiter-like planets
through an alternative approach. We perform 3D anelastic dynamo simulations with a background
corresponding to different ages of the long-term planetary evolution. By comparing how the solu-
tions change from one age to the next and recalling the intrinsic caveats related to the accessible
ranges of nondimensional numbers, we evaluate the topology and intensity changes that an internal
dynamo in cold gas giants can undergo during its evolution over billions of years.

This work is organized as follows: The overall method and the internal thermodynamic profiles
from the evolutionary code MESA are described in Sect. 5.1, where we also summarize our 3D
dynamo models that were performed with the MagIC code. In Sect. 5.2 we show the main results
of our parameter exploration, interpret simulations representative of different evolutionary stages,

and compare them to results from other works.

5.1 Methodology

It is currently not possible to simulate the realistic time evolution of the radial dependence of
the thermodynamic quantities of a 3D planetary dynamo. The main reason is that the timescale
associated with the convection inside gas giants tends to be on the order of years or decades. In
contrast, the secular planetary cooling and contraction are appreciable at timescales on the order
of gigayears. Due to this timescale separation of at least six orders of magnitude, a set of fixed
backgrounds can be considered, and the dynamo models can be evolved for each of them. In other
words, we aim at having different snapshots, that is, 3D dynamo solutions, each with fixed radial
thermodynamic profiles that correspond to a given age of the 1D long-term evolutionary models.

To schematically summarize, we employed a method that followed these steps:

1. Evolve a standard evolutionary 1D model of a contracting, non-irradiated gas giant over 10
Gyr.

2. For a given age of the evolutionary model, implement the radially dependent thermodynamical
profiles as the background state of an anelastic spherical shell MHD model, with a given choice

of the nondimensional numbers.

3. Evolve the 3D MHD equations in a spherical shell domain under the anelastic approximation

and reach a self-sustained dynamo solution. Then let it evolve long enough (typically up to
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some ten thousand years of physical timescales) to average out the typical fluctuations and

ensure statistical significance.

4. Repeat the process from step 2, where some of the nondimensional dynamo numbers rescale
(compared to the first simulation) according to the relative variation of the involved thermo-
dynamic quantities. Note that all the nondimensional numbers can be rescaled in this way,
so that further assumptions about the rotation rate and viscosity, for instance, are required,

as discussed below.

The process can then be repeated for another planetary model or a different choice of the reference
values of the nondimensional numbers. In this approach, the cooling information is included in the

trend of the dynamo numbers in the simulation sequence.

5.1.1 Internal structure
Long-term evolution

To model the evolutionary change of radially dependent thermodynamic quantities of gas giants,
we used the public code MESA! (Paxton et al., 2011, 2013, 2015, 2018, 2019; Jermyn et al., 2023).
Modules for Experiments in Stellar Astrophysics (MESA) is an advanced, open-source 1D stellar
evolution modular code written primarily in Fortran. It consists of several open-source libraries
related to computational stellar astrophysics. The most widely used model is the one-dimensional
stellar evolution physics module, which solves the fully coupled structure and composition equations
and obtains the corresponding stellar evolutionary tracks. It uses adaptive mesh refinement and
sophisticated timestep controls, and supports shared memory parallelism based on OpenMP. State-
of-the-art modules provide equation of state, opacity, nuclear reaction rates, element diffusion data,
and atmosphere boundary conditions. It can also be used for gas giant evolutionary models (Paxton
et al., 2013), which are used here as well as Chapters 6 and 7. The equations we solved are
the conservation of mass, hydrostatic equilibrium, energy conservation, and the energy transport

equation, respectively:

d

d—:':b = 47r?p | (5.1)

dP Gm

am =~ dm (5:2)

dL ds

am = T (5:3)
dT GmT
i 4
dm drrdpP (5:4)

where m is the mass enclosed within a radius r, p is the density, P is the pressure, G is the
gravitational constant, s is the specific entropy, 1" is the temperature, L is the internal luminosity,
and V = dInT/dIn P is the logarithmic temperature gradient, which was set to the smallest
between the adiabatic gradient and the radiative gradient. In the energy Eq. 5.3, the only source
term we considered is the gravitational contraction. We neglected additional sources such as stellar
irradiation (Guillot et al., 1996) or internal heat deposition (Komacek and Youdin, 2017; Thorngren
and Fortney, 2018) from tidal (Bodenheimer et al., 2001) or Ohmic dissipation (e.g., Batygin and
Stevenson, 2010; Perna et al., 2010a), or chemical processes such as hydrogen dissociation and

recombination (Tan and Komacek, 2019). These additional terms are fundamental for hot Jupiters

https://github.com/MESAHub/mesa
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(see Fortney et al. 2021 for a review), but negligible for cold, weakly irradiated planets. The set of
equations is closed using the MESA equation of state (Paxton et al., 2019), which, for the gas giant
ranges of interest, is substantially the interpolation of the Saumon-Chabrier-van Horn equation of
state for H-He mixtures (Saumon et al., 1995).

These 1D evolutionary models do not incorporate either diluted cores or hydrogen-helium demix-
ing layers, that is, possible stratified layers in the convection interior. For all our models, we assumed
an interior inert rocky core of 10 Mg with a homogeneous density p. = 10 g cm™3, and a fixed
solar composition for the envelope. To illustrate the evolutionary changes, we show in Fig. 5.1 the
different profiles for two different planets with masses 1 and 4 My at ages 0.5, 1, and 10 Gyr. For
comparison, we also show the profiles from the widely employed results of French et al. (2012) for
the interior of Jupiter. As reported by (Paxton et al., 2013), during the evolution of the planet,
the radius shrinks slowly, and after a few million years of evolution, this is independent of the
chosen initial planetary radius. The planet slowly shrinks, and at early ages, the total radius of the
1 M; model is therefore larger than that of the current Jupiter. The internal structure is always
characterized by a very thin radiative layer with a thick, fully convective isentropic shell that en-
closes the inert core. The higher planetary mass (4 M) shows a larger radius, higher gravity and
temperature, and lower thermal expansion coeflicients a. However, the trends of the profile with
age are similar to the 1 M; case. Moreover, all models exhibit a nontrivial oscillating behavior of

the Griineisen parameter I' (bottom panel; see below for the definition).

Background state implementation

To run an anelastic MHD model, a series of thermodynamic quantities needs to be expressed as
a function of radius. We implemented the MESA p(r), T(r), g(r), thermal expansion coefficient
a(r), and the Griineisen parameter I'(r), all shown in Fig. 5.1, into a 3D model. We obtained «

and T in terms of the readily available MESA thermodynamic profiles

_ (9T _ _ Lo\ _ xr
F_<8lnp>s t=lamd, a= p<8T>p_ Tx, ' (5:5)

_ <8lnP) _ <8lnP>
X = olnp )’ XT =\ dinT .

Transport coefficients, which we discuss and prescribe below, are the other possible thermodynamic

where

quantities that can show a radial dependence.

To define the radial domain for the 3D models, we cut the MESA profiles both at the inner
and outer radial domain. The hydrostatic background is mostly isentropic due to the efficient
convection. Close to the solid inert core, the profiles show a decrease in entropy, leading to a
shallow stratified layer that is due to the boundary conditions. Since a more realistic modeling of
the core is beyond the purpose of this study, we considered as the inner boundary of the convective
shell for each model the region in which the profile is isentropic and cut out the innermost ~ 2-3%
(in radius) of the shell, case by case. We do not expect these inner cuts to lead to significant
differences because the results of Moore et al. (2022) showed that replacing a diluted core with
a solid compact core of the same radius has little effect on the strength and morphology of the
dynamo.

The density profiles usually spanned more than six orders of magnitude (the typical outermost
layer in MESA is at a fraction of a bar), with the largest drop in the 1% outermost part of

the planet, where no dynamo is expected. Spherical shell dynamo models cannot handle too
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Figure 5.1: MESA hydrostatic profiles of 1 and 4 My at different evolutionary times, cut at an
outer density ~ 100 times (thin extended lines) or ~ 20 times (thick lines only) that is lower
than the innermost radius of the isentropic shell, just outside the core-envelope boundary. The
gray lines show the Jovian values according to the popular French et al. (2012) model, and the
vertical gray band reflects the current Jovian radius as a reference. From top to bottom: density
p(r), temperature T'(r), gravity g(r), thermal expansion coefficient «(r), and the inverse of the

Griineisen parameter I'(r).

large density contrasts. Therefore, as commonly done in anelastic dynamo models, we cut the
external layers to reduce the density ratio. We ensured that we always kept the pressure at which
hydrogen metallization starts (=1 Mbar) inside the domain. The maximum ratio we considered is
pi/ po =~ 100, and most of our models took values of p;/p, =~ 20, which corresponds to approximate
values for the number of density scale heights, N, := In(p;/p,), of 4.6 and 3.0, respectively. The
thick profiles shown in Fig. 5.1 have N, ~ 3, and the thin endings represent an extension up to
N, ~ 4.6. Throughout this work, we use the subindex notation o (i) for the value at the outer
(inner) shell. These cuts define r,, po, Tp, and P, as well as their inner values, which are listed in
Table E.1. The thin radiative outer layer usually ends at about a 1 bar, well above the external
cut. Finally, all profiles except for I'(r) were normalized to make the outer values equal to unity.
This is a common practice for many 3D hydrodynamic codes, as the fundamental units are not the
physical units. MaglIC, for example, works with units of the shell thickness as the length scale and
with viscous timescales for units of time (see Sect. 5.1.2 for the exact details).

After the profiles were cut and normalized to the inner or outer boundary (as required by the
code implementation; see below), we used high-degree polynomials to generally fit any shape the

profiles can take. For p(r), T'(r), and g(r), we employed a 20-degree Taylor series, which was enough
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to smoothly fit all cases tested here. a(r) and I'(r) have some peaks and valleys that complicate
the fitting procedure, however. With polynomials with degrees below ~ 100-120, we found that
the wiggles were poorly fit. We adopted a 150-degree polynomial for both,

20

(P T0) 90)) = 37 (s Tos g )"
" (5.6)
(a(r),F(r)) = Z (an,Fn)r”,
n=0

where r ranges from r; to r,. A change in the reference point of the expansion did not quantitatively
improve the fits (we also tried with powers of (r — r,), (r — r;) and (r — 7,/2)). Therefore, for
simplicity, we opted for powers of r, that is, a MacLaurin series. We also verified that the radial
resolution we employed in the MHD code, that is, the number of Chebyshev polynomials (see
Sect. 5.1.2), was more than enough to satisfactorily reproduce even the most complex radial profiles
given by the implemented MacLaurin expansion.

Unlike the fit model used by Jones (2014), the background profiles taken from MESA are almost
but not exactly isentropic. To quantify this deviation, we considered the quantity |ds/dr|-r/s, which
usually takes values of 107% — 10™® with maxima near the outer cut regions of 1072, This might
lead to a slight energy imbalance resulting from the radial background profile itself. To ensure that
this did not influence the overall dynamics, we analyzed the energy balances, that is, we compared

the buoyancy power with viscous and Ohmic dissipation (see Sec 5.1.2 for more details).

Chebyshev polynomials fits

There is a potential concern over the high-degree MacLaurin radial expansion for thermodynamic
variables. The initial background profiles are always well resolved by the expansion, but MagIC
internally expresses them as a combination of Chebyshev polynomials. To ensure that this pro-
cess does not change the radial dependency, we checked that the degree used in the Chebyshev
polynomials (i.e., the radial resolution) used in our runs is enough to fit the most oscillating or
complicated radial profiles. In Fig. 5.2, we show different order Chebyshev polynomial fits of the
radial profiles for two representative models shown in Fig. 5.1, both with p;/p, ~ 100 and ¢ = 1
Gyr: 1 Mj and 4 My, the latter having very sharp peaks. As suspected, Chebyshev polynomials
are very effective in reproducing the profiles and require fewer polynomials than the MacLaurin
expansion. A Chebyshev expansion of degree nchep, = 50 already works very well for the most
difficult cases (with minor deviations of < 5% in the sharpest peaks of i.e. 1/T" for the 4 M case),
while lower values of nepep, = 12,25 are not. Higher values (i.e., nepep, = 150, the same number of
MacLaurin polynomials used, or ng¢,ep = 288, the resolution we used in the simulations, reminding
Ny = ncheb + 1) give reconstructed profiles which are indistinguishable from each other and the

implemented one.

Transport coefficients

The profiles of transport coefficients did not come directly from MESA. Although some important
ingredients have evolved, such as the particle density, realistic profiles for diffusivities require proper
ab initio calculations. In particular, the electrical and thermal conductivities have to take into
account the degenerate state of the electron population. The pressure ionization (rather than
thermal) is non-negligible in the dense but relatively cold (compared to stars) convective interior.

Moreover, the dynamo region arguably corresponds to the transition to the metallic phase for
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Figure 5.2: Chebyshev polynomial fits (performed with the numpy.polynomial.chebyshev library)
for two of the most complex radial profiles coming from MESA (left: 1 My in blue, right: 4 My in
pink, both at ¢ = 1 Gyr). Different lines mark different numbers of Chebyshev polynomials (see
legends): nenep = 12,25,50,150,288. In all cases, the ncper, = 150 and nepe, = 288 (used in the

runs) are indistinguishable.
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Figure 5.3: Electrical conductivities normalized to their inner values (¢/c;) obtained from Eq. (5.7)
for the same models as shown in Fig. 5.1. The values of 7, in the legend correspond to the start

of the exponential decay. The French et al. (2012) profile was also normalized.

hydrogen. In this sense, French et al. (2012) calculated the electric conductivity o for a set of
(T, p) pairs along the modeled Jupiter adiabat. Further models about transport coefficients in pure
H-He mixtures have been developed (usually neglecting the contribution of thermally ionized alkali

metals, which becomes relevant where hydrogen is molecular; Kumar et al. 2021), with relative
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differences in the values of o by factors of a few (see Bonitz et al. 2024 for a recent review). In any
case, the trend is that there is a continuous and steep increase in the conductivity for increasing
pressure up to around 1 Mbar, after which the dependence on both temperature and pressure (or
density) is much milder.

To capture these fundamental properties, we adopted the electrical conductivity profile first
defined in Gomez-Pérez et al. (2010), which consists of an approximately constant conductivity in

the innermost hydrogen metallic region, with a polynomial plus exponential decay toward the outer

molecular region,?
a
1 1+(O‘m—1)<r rl) < Tm ,
_ = &5(r) = T'm — T4 5.7
ORI oz ) et o0
Ome ‘ r2>Tm

where ¢ and X are the normalized conductivity and magnetic diffusivity, respectively. The actual
physical relation, A\ = (ugo)~!, with uo being the vacuum magnetic permeability, is simplified
when the quantities are normalized to their innermost values: & = o/o(r;) and X = A/A(ry).
This expression ensures that both A and d\ /dr are continuous at ry,, and that they qualitatively
reproduce the main features. Moreover, it allowed us to compare results with several previous works
that have employed this profile for gas giant convection and dynamo modeling (Duarte et al., 2013,
2018; Wicht et al., 2019b,a; Gastine and Wicht, 2021). They used values of o, and a that ranged
from approximately 0.9 to 0.01 and from 1 to 25. In our models, we fixed o, = 0.1 and a = 7,
while ry,, was chosen as the radius at which each MESA planetary profile reached 1 Mbar, that is,
the approximate pressure above which hydrogen is thought to undergo metallization. The profiles
of & are shown in Fig. 5.3 for the same representative models as in Fig. 5.1.

On the other hand, for simplicity, we kept the kinematic viscosity v and thermal diffusivity &
constant within the same model. In Sect. 5.2.9, we return to the impact and caveats of this choice

and the related assumption about the Prandtl numbers (Sect. 5.1.2).

5.1.2 3D numerical dynamo model

The next step is fundamental: We performed 3D MHD spherical shell simulations using the public
code MagIC? with the anelastic approximation (Gastine and Wicht, 2012). In MagIC all the
quantities marked with a tilde (Sect. 5.1.1) are static in time, radially dependent, and normalized
to their outer values, except for 1/\, which because of its fast decay in the outer radial regions, is
normalized to its innermost value for practical reasons.

The shell is filled with a finitely conducting fluid rotating along the vertical axis 2 with a constant
angular velocity €2, and the background profiles, which we set up as explained in Sect. 5.1.1. The
geometry is set by the aspect ratio n := r;/r,. We work in dimensionless units using the shell
thickness d := (7, —r;) as the length unit and the viscous diffusion timescale d?/v as the time unit.
The magnetic fields are in units of (popo\i€2)/2, where \; = 1/(poo(r;)) is the magnetic diffusivity
at the inner boundary. The convection is set by a fixed entropy gradient As, and this difference

serves as the nondimensional units for s.

2A spurious contribution to Ohmic dissipation is produced very close to the outer boundary. We checked how
relevant it is in terms of affecting the saturated solution by comparing representative runs with what is obtained
by setting a thin perfectly insulating fluid layer in the outermost ~1-2% (in radius) of the domain, by using the
parameter r_LC'R in MESA. In all cases, we found negligible differences in all relevant time-averaged diagnostics
(Sect. 5.1.2) within the stochastic oscillations of the solutions.

Shttps://github.com/magic-sph/magic. We used the version 6.3: https://zenodo.org/records/3564626
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The equations we solved were the mass continuity equation, the momentum equation, the en-
tropy equation, the induction equation, and the solenoidal constraint for the magnetic field. These
equations are already shown in Eqgs. 4.12 - 4.15, alongside the dimensionless parameters in Eq. 4.11.
Boundary conditions
We assumed stress-free and impenetrable boundary conditions for the velocity at the inner and

0 (u 0 (u
- ()3 (2) o
or \'r or \r

When stress-free boundary conditions are used at both boundaries, MagIC gives the option to

outer radii, r = r;, 1o,

ensure angular momentum conservation, which we have used. We employed constant entropy at
both boundary conditions,

s(r=r)=0, sr=r)=1.
The material outside the outer radius was electrically insulating, that is, the magnetic field matched

a potential field. At the inner boundaries, we imposed a perfectly conducting core.

Numerical technique

MagIC solves the set of equations (4.12 - 4.15) with the above boundary conditions by expanding

the mass flux and the magnetic fields into poloidal and toroidal potentials,

m=Vx(VxWe)+VxZe,
B=Vx(Vxge)+Vxhe,.

The quantities W, Z, g, h, s’ and p’ are expanded up to lax in spherical harmonic degree and N¢
in Chebyshev polynomials, where we always set No = N, — 1. The equations are time-stepped by
advancing nonlinear and Coriolis terms using an explicit second-order Adams-Bashforth scheme,
and the remaining terms are time-advanced using the implicit Crank-Nicolson algorithm (for more
details, see Glatzmaier (1984); Christensen and Wicht (2007)).

Diagnostic parameters

To characterize the numerical dynamo solutions, we made use of several diagnostic quantities.
We typically took averages in time or in space, either over the whole volume V' or over spherical

surfaces, to show the radial dependence,

lall (r.t) = [ alr.0.0.) sinp 9 do

t'+At
<a>(t):‘1//a(r,9,¢,t)dv, a:Alt/ o dt

t/
We performed the time averages after a stationary state had been reached, and we typically moni-

tored the dimensionless hydrodynamic and magnetic Reynolds numbers, the Rossby number, and

1 To ./ 2
Re = y/(u?) , Rm:V/ ||;||7“2d7“,

2
Ro — tm B A—<]:D’~>.
PA

the Elsasser number:

Pm ’
The total kinetic and magnetic energy, which are in units of pod®E2Q?, were
1—stc 1 1

Ekin = §<ﬁu2> ) Emag = *7<B2> .
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We defined the dipole fraction, faip = Emagi=1/Fmag, as the ratio of the magnetic energy stored in
dipolar components (axisymmetric and nonaxisymmetric), divided by the total magnetic energy.?

To study the energy dissipation, we used the buoyancy power,

_ RaE

Py(t) = - (aTgs'u,) . (5.8)

We used the subindex v to emphasize that the quantity was calculated in viscous timescales. For
comparison with other works, we also used the rotation timescale (see Sect. 5.2.10). For a well-
resolved numerical run, the buoyancy power must be equal to the sum of viscous and Ohmic

dissipation rates after a steady-state solution is reached. These are defined as

1

TP (A(V x B)?). (5.9)

Dvisc(t) = <S2> , Dohm(t) =

Another quantity to monitor is the fraction of energy dissipated by Joule heating alone, that is,
the Ohmic fraction fohm = Dohm/P,. After a statistically steady state has been reached, the input
buoyant power must balance the viscous and Ohmic diffusion. To evaluate whether the numerical
solution has good time and spatial invariance and also if the background state affects the energy
balance strongly, we assessed the power imbalance by its proxy fp = |P, — Dyisc — Dotm|/P,-
Finally, we studied the time-averaged kinetic and magnetic spectra, that is, the distribution of
the energy over different multipoles of order ¢, which MagIC' already implemented as a user-friendly
output. We inspected the spectra for each model, in particular, to ensure that the resolution was
high enough to resolve the maximum dissipation, that is, £(¢ + 1)E(l), for the volume-integrated

spectra and 2D spectra taken at relevant radii, for instance, r;, 7o, Tm.

Parameter evolution and model descriptions

As explained in 5.1.1, when the MESA profiles were cut close to the desired N,, we extracted AT, r,,
ri, and 7y, from which we deduced n and x,, := ry,, /7. The corresponding physical values can be
recovered by knowing the units in which each quantity is expressed and the values from the MESA
profile, for example, using the thickness of the physical shell thickness dpnys = 7o phys(1—7). The real
quantities of the planet, which reflect the evolutionary changes, were used to evolve the dynamo
parameters. Since, as mentioned above, the real physical values E and Ra are computationally
inaccessible, we can still use their dependence on the physical values that change during the long-
term evolution. In particular, the shell thickness d = r, — r; and the temperature difference AT
enter the definition of the Ekman, E(t) ~ d(t)~2, and Rayleigh numbers, Ra(t) ~ d(t)>AT(t).
Therefore, we considered a series of ages, for which, after having found a suitable pair of Ey and
Rag that produces convection and dynamo for the setup with dy and ATy corresponding to a given
age, the values E' and Ra’ of the remaining models in that series were set up by scaling with d(t)
and AT'(t),

d2 d/3AT/
E' =E¢-2, Ra'=Rag—7—v.
Ogz > T T OBEAT,

We made two assumptions: (i) The diffusivities at a given radius remain constant in time, which
implies that we considered the same values of Pr and Pm along a sequence and that the change in
E only comes from the contraction of the planet; and (ii) planetary rotation is constant in time.

The latter assumption is well justified when we consider the possible relevant torque acting on

40ur definition differs from another widely used definition, that is, the ratio of the axisymmetric dipole component
to the magnetic energy in the spherical harmonic degrees [ < 12 at r,, and the total, for instance, Christensen and
Aubert (2006).
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a gas giant. Batygin (2018) studied the evolution of rotation, considering the magnetic coupling
between the planetary interior and the quasi-Keplerian motion of the disk in the planetary formation
stages. This resulted in efficient braking of the planetary spin that ceased to evolve after ~1 Myr,
when it reached a terminal rotation rate (probably similar to that of Jupiter), which can hardly
change later. Our earliest model is at 100 Myr, for which the rotation can be safely considered
constant. In this sense, cold giants are expected to be fast rotators (Ro < 0.12), and they might
host planetary dynamos similar to those found in dipole-dominated numerical solutions with very
low E (Davidson, 2013; Yadav et al., 2016; Schwaiger et al., 2019). In this scenario, there is a quasi-
geostrophic balance (Coriolis and pressure forces) at the largest scales, followed by an ageostrophic
magneto-Archimedean-Coriolis balance (Coriolis, buoyancy, and Lorentz forces).

With these assumptions, we considered five sets of dynamo models: (i) A long series with a
total of 12 evolutionary stages, ranging from 0.1 to 10 Gyr for a 1 My planet; (ii) different density
ratios, that is, different cutoff radii, for the same 1 My model at 1 Gy; (ii¢) different planetary
masses with N, ~ 3.0; (iv) several models with Pm and Pr different from 1; and (v) a 4 M; mass
series with N, ~ 4.6. When a different mass was chosen, the radial profiles changed (see Fig. 5.3),
so that using Eq. (5.7) with the above-mentioned values of the free parameters a and &,,, we had
to adapt the density contrast N, to include the drop in the conductivity in the outer layers of our
shell, without at the same time, having too low values of o. For this reason, the series of 4 M ; has a
higher N, (the exponential drop of o would have been cut out with N, ~ 3). For the same reason,
the 0.3 M; model has a lower contrast, N, ~ 1.1. The alternative would have been to consider an
equally arbitrary change of the free parameters in Eq. (5.7). In Table E.1 we show the input values
for the 3D simulations together with the parameters of the background profiles from the MESA 1D

long-term evolution.
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5.2 Results

5.2.1 Preliminary exploration of parameters

Our first goal was to determine the dependence of the dynamo solutions on mass and age for
a given evolutionary sequence of background thermodynamic setups (Table E.1). Therefore, the
first requirement was to determine a range of parameters for which both convection and dynamo
operated for all models. This practically meant that we needed to find a feasible range of Ra and
E (which, within a sequence of models, have relative variations set by AT, T, and d, Table E.1),
for which convection and dynamo action are present in the entire sequence, keeping in mind that
the chosen values were orders of magnitude away from the realistic values, as mentioned above.
To determine these feasible ranges, we needed to perform a preliminary parameter exploration. At
the same time, we assessed the sensitivity of results on other parameters. We summarize in this
subsection the four main steps we took for this overall assessment.

First, to locate the region with viable dynamo solutions, we performed low- and medium-
resolution runs for one specific model, the model with 1 My 10 Gyr. This is the oldest and
coldest model of the 1 My sequence, that is, with the lowest value of AT, which also implies the
lowest value Ra of the series, that is, it is least favorable to convection. We spanned the ranges
107° < E < 1073, 10° < Ra < 10'° with Pm=Pr=1 and a relatively low resolution, (Ny,Ng,Ny)
= (193,192,384). For E < 10~*, we obtained convection for Ra > 107, and, additionally, magnetic
field growth for Ra > 5-107.

Second, for the 1 M; 10 Gyr case with E=107°, Ra=>5-10% (the reference model in the rest
of this subsection), we explored the Prandtl numbers in a relatively easily accessible range 0.25
< Pm,Pr < 4. This was done to discuss the impact of our assumptions of constant-in-time
diffusivities, Sect. 5.1.1). The results of this exploration are shown in Sect. 5.2.9 for high-resolution
models and different evolutionary ages.

Third, for the same reference model (E=107°, Ra=>5-10%, Pm=Pr=1), we explored the sensitivity
to the parameters a and o,,, which define the slope of 5\(7“) in the outermost layers. For a wide
range of values (i.e., 0.07 < 0,,, < 0.9, 5 < a < 15), we indeed recovered the results of Duarte et al.
(2013), that is, the strong equatorial jet remains confined to the weaker conducting outer region
and does not interfere with the deeper dynamo action. As previously mentioned, we finally opted
for rather low values for both o, of 0.1 and a of 7. These values are similar to those used by Gastine
and Wicht (2021), whose model approximately reproduces the French et al. (2012) profiles. For
numerical stability reasons, we did not use higher values of a, that is, steeper exponential drops,
because the hydrogen metallic region of some of our models is already quite deep (X, >0.85), which
leads to too high values of 5\(7") near the outer surface. Similarly, we studied the effect of IV, on
several diagnostic quantities (see Sect. 5.2.3 for more details). Given the non-negligible effects of
choosing different values of N,, we compare below models with the same INV,, to avoid additional
biases.

Fourth, we tested different boundary conditions again for the same reference model. Integrated
quantities such as Rm or Fyj, and convection patterns did not change appreciably when rigid
boundary conditions were applied at the inner core. The radial distributions showed a drop in
velocity in a very thin region (< 1%) of the radius. For the magnetic field, we tested for a perfect
conductor and insulator for the inner core and an insulating, perfect conductor and pseudo-vacuum

at the outer radii. We found no relevant differences in the internal dynamo.

Considering the explored values of Ra and E for these low-resolution test, we set Ra = 1.3-107°
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and E ~ 5-108 for the 1 My 10 Gyr model with a NV, » ~ 3. This choice set the rescaled values for the
remaining sequence in a range that allowed dynamo action. Using the definition of E, Ra, we scaled
their values in each run with the corresponding values of T', AT, d, as described in Sect. 5.1.2.
Most models use a resolution of (N,,Ng,Ng) = (289,256,512). As an exception, the 4 My N, ~ 4.6
runs use a grid of (385,320,640).

Finally, we employed a strategy to save computational time that was inspired by other spherical
shell dynamo works (Christensen and Aubert, 2006). The idea is that the final solution does not
depend on whether the initial conditions are taken from another saturated dynamo model or if
they are the usual u = 0 with a weak perturbation of both B and 7”/s’. This suits our case in
particular because the relative changes in the dynamo parameters from one setup to the next are
small, and the solution of the new setup is reached much faster than starting from a u = 0 state. In
Sect. 5.2.4 we show the results of some specific numerical experiments that support this strategy.

We now proceed to the main results. We refer to App. E for a table with detailed values of the

time-averaged output nondimensional numbers and the other quantities we used as diagnostics.

5.2.2 Dynamo solutions: general behavior

In Fig. 5.4 we show snapshots (maps and slices of some velocity and magnetic field components)
of the 1 My 1 Gyr saturated dynamo solution, which is a representative case. The other models
we obtained are qualitatively similar among themselves in terms of the morphology of the velocity
and magnetic fields. The largest differences are the relative average strengths of u and B and the
magnetic field dipolarity, which we discuss below. All the models have a strong equatorial flow that
reaches deep, down to the dynamo region. The velocity and magnetic fields show a westward drift
in the inner parts. The magnetic field is mostly constrained under r < r,,, where convection is
also stronger, as seen in u,. As expected from rotation-dominated convection, we found columnar
structures in the direction of the rotation axis (Zhang and Busse, 1987; Ardes et al., 1997; Simitev
and Busse, 2003), as shown in the meridional slices. Generally speaking, our numerical solutions
are similar to those reported by other works for Jovian-like dynamos with a nonconstant electrical
conductivity (Jones, 2014; Duarte et al., 2018).°

As mentioned above, we can show in Fig. 5.6 both kinetic and magnetic spectra for at r;, r,,
and rqyn for one of the specific backgrounds, which is representative of our simulations. We do
indeed see that the magnetic spectra are always resolved by two orders of magnitude anywhere in
the domain, the rule-of-thumb indication of a good resolution. Kinetic spectra are also resolved in
the convective region and dynamo boundary but are close to the limit of the rule-of-thumb at the
outer boundary 7, i.e. there are ~ 2 orders of magnitude between the lowest (107, [ = 1) and the
highest (10°, [ = 200) multipoles. In that sense, one can think that the boundary layer is (slightly)
underresolved at the outer surface, but this should have a small impact on the paper’s main results,
as the region where the magnetic field is generated is well resolved.

The dynamo solutions we found are generally less dipole-dominated than their incompressible
(Boussinesq) counterparts with similar dynamo parameters (i.e., Ra, E, Pr, and Pm). However, we
note that we did not explore values for Pr lower than 0.1 with Pm > 1, where dipole-dominated
solutions have been found (Jones, 2014; Tsang and Jones, 2020). We restricted ourselves to a less
demanding parameter space with a wider liberty of parameter exploration, but with the caveat that

we might obtain less dipole-dominated models. Similarly to Yadav et al. (2013), for all runs shown

5They use a different code with a strictly isentropic background profile that fits T'(r), p(r) and o(r) from French
et al. (2012).
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Figure 5.5: Magnetic (solid) and kinetic (dashes) energy distribution over the multipole degrees
[ (up), and the radius (down), for three models representing the same 1 Mj planet at different
evolutionary stages (0.4, 2.1 and 6.5 Gyr). Spectra have been averaged in time over the saturated
state. The location of ry, is marked with a dot in the radial plots. The physical units are obtained
by multiplying by the factor pod®E2Q?, where pg, d and E depend on each model and 2 = 1.76-1074,

that is the Jovian value.

here, we also obtained Nu > 2 at the top and bottom surfaces, which ensures a fully developed
convection. The Nusselt number Nu is the ratio of the total transported heat flux to the conducted
heat flux.

Moreover, for gas giants, the definition of the dynamo surface is not absolute. As hydrogen
gradually transitions outward from metallic to molecular, the electrical conductivity and electrical
currents are quickly (but not abruptly) damped over a finite region. For our models, the most
obvious choice for the dynamo surface is the radius at which the exponential decay for o starts,
that is, rn. To obtain a more physically justified definition for the dynamo surface, we followed
Tsang and Jones (2020) by computing the magnetic energy spectra at different radii, Fj(r). They
defined the dynamo surface, rqyy, as the radius within which the slope of the Lowes spectrum (i.e.,
a potential solution extrapolated back from the outermost layer to the interior) diverges from the
slope of the simulated Fj(r). A similar analysis for some of our models is shown in Sect. 5.2.5,

where we find that this definition of the dynamo surface always gives values very close to ry;.
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Figure 5.6: magnetic (solid) and kinetic (dashes) 2D energy distribution over the multipole degrees

[, at relevant radii r,, rqyn, 7; for the representative 1 My 6.5 Gyr model. Energy is given in code

units.

5.2.3 Sensitivity on the density ratio

To evaluate how the external cut applied to the 1D MESA profile influences the overall dynamo be-
havior, we compare the dynamo corresponding to N, ~ 1.1, 3.0, 3.7,4.6 (i.e., po/p; =~ 10,20,40,100)
for the 1My 1 Gyr model keeping the same 3D resolution of (N,,Ny,Nyg) = (289,256,512). By look-
ing at the spectra, the model with N, ~ 4.6 seems slightly under-resolved (there is an overall drop
of only 1 order of magnitude, less than what indicates a large enough grid), but the overall quan-
tities seem to follow the same trend as with the other distinct N, models. We could not explore
properly higher values of N, 2 5.3, due to the excessive resolution required. In Table 5.1 we show

the different diagnostics.

Table 5.1: General outputs for the 1 My 1 Gyr models with different densities.

N, 2.30 2.99 3.68 4.58
Rm 1097 732 461 301
Ro 1.35:1072 8.20-107% 4.98.10~3 3.16.1073

A 1.87 0.67 0.172 0.072
P 8.74-101°  7.16.10'° 5.10-10'°  3.83.10'0

Emag/ Fin 0.207 0.146 0.090 0.087

fohm 0.283 0.190 0.101 0.066

FEiin (code) 148107  1.62-10"  1.54-10"  1.58-107
Fign (erg)  1.39:10%%  9.3-1037  4.80-10%7  1.82.10%7
Emag (code)  3.07-10°  2.37-10°  1.38-10°  1.37-10°
BEmag (erg)  2.90-1037  1.37-1037  4.3210%¢  1.58.10%¢
e (%) 0.18 0.0033 0.31 0.43

Generally, many of the dimensionless quantities are affected by the value of N,. Except for the
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N, ~ 100 model, the overall kinetic energy seems to plateau (in code units). However, since a
dominant fraction of the kinetic energy is located in the nonconductive outer layers (see Fig. 5.5),
all magnitudes containing wu,,s may differ substantially. As we capture a higher density ratio, the
aforementioned zonal flows gain importance and compete against the magnetic field in the interior,
affecting the overall dynamics. For example, even though Ra increases, the total buoyant power,
P, decreases because it depends only on u,. Similarly, Rm and Ro also decrease even though they
depend on ,s. This is due to the decreasing dimensionless conductivity 1/ A, which erases the
zonal flow contribution and only captures the suppression of the internal convection with higher IV,,.
Consequently, the Elsasser number A and FEy,.g, also N, also decrease for the same suppression
reasons. Correcting factors for the dimensionless mass M and volume V do not mitigate the
differences among the N, series.

To overcome this systematic effect, we tend to compare models with a similar N,, independently
of the mass and age of the model. For most models, we choose N, ~ 3, as it is more computationally
feasible but still has a relevant nonconductive outer layer where the zonal jet develops. This

restriction allows us to analyze the different saturated models for an evolutionary sequence.

5.2.4 Initial conditions from previous models

To reduce computational resources and avoid starting each model with random initial conditions,
we have usually employed already saturated solutions as initial conditions for other models. As we
are interpreting the different models as stages in planetary evolution, an obvious choice would be
to use, for example, the saturated state of the 1 My 0.5 Gyr model as initial conditions for the Mj
0.7 Gy, and so on.

As a proof of concept, we made two tests: we used the final saturated state of a 0.5 Gyr model
as initial conditions for a 1 Gyr model, and the same for a 1 Gyr and 10 Gyr models. In Fig. 5.7
we show the kinetic and magnetic energy time series for this transitions. The steady states reached
are indistinguishable, that is, one cannot discern from the spectra, radial distribution, or final
diagnostics in which initial conditions were used. The only quantities that showed a noticeable
difference are the dipolarity indicators (faip), but they are within one standard deviation of each
other. To obtain satisfactorily similar means, much longer computing times would probably be
required. Overall, there is convergence, starting from different initial conditions.

The activation of convection, followed by the dynamo kinematic phase, and finally the saturated
phase, where Lorentz forces become relevant, is a lengthy computation. Starting from an already
saturated solution, not too far from the expected one, highly reduces by more than a factor of 5
the computing time needed to reach the new steady state. Thus, in almost all models, we have
used a high Ra model as initial conditions, specifically the saturated 1 Mj 0.5 Gyr model with
Pm=Pr=1.

5.2.5 Spectral-radial distributions and dynamo surface definition

To compare our results with (Tsang and Jones, 2020), we obtained the spectral-radial energy
distribution. In the left and middle panels of Fig. 5.8, we show these spectra for the saturated
1 My 2.1 Gyr model. The radial integration of both spectra is already shown in Fig. 5.5. It
can be observed that the radially dependent magnetic energy spectra, Fj(r), decay rapidly for
r > r, = 0.88 Ry. At the same region, the kinetic spectra start showing the equatorial jet pattern.

In the region where J = 0, we define the scalar potential V', for which B = —VV, with its

usual spherical expansion shown in Eq. 4.1, which the spherical expansion coefficients g;" and h;"
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-------- 10Gyr, N, = 3.04.c. from 1 Gyr

0000 0025 0050 0075  0.100 0125 0150 0175 0.200
Time

g
= — 0.5Gyr, N, = 3.0
10° 4 — 1Gyr, N, = 3.0
— 10Gyr, N, = 3.0

-------- 1Gyr, N, = 3.0i.c.from 0.5 Gyr
-------- 10Gyr, N, ~ 3.04.c.from 1 Gyr

0000 0025 0050 0075 0100 0125 0150 0175  0.200

Figure 5.7: Kinetic (top) and magnetic (bottom) energy evolution time series for the 1 MJ models
at 3 different ages (different colors). Solid lines are simulations starting from a u = 0 initial
condition, while the dotted lines take as initial condition a snapshot of the saturated solution of

another model. Time is in viscous units.

defined at the planetary surface a. As mentioned in Sect. 4.3, one can obtain the so-called Lowes-

Mauersberger magnetic spectrum (Mauersberger, 1956; Lowes, 1974) at any distance r from the
planetary center:

a 21+4 l

Ry(r) = () Ry(a) , where Ry(a)=(I+1) > [(g")?+ ("7 .

r m=0

This expression gives the Lowes spectrum in the interior of the planet, that is, the downward
extrapolation which would be valid in the absence of electrical current (potential field). Therefore,
we expect a true Lowes spectrum in the domain outside the dynamo surface, since inside it B stops
being potential. In other words, in the molecular insulating region as well as the outside vacuum,
the potential field spectrum coincides with the poloidal field spectrum, which means that there is
no toroidal field. Moreover, from equipartition reasons, it is usually assumed that the magnetic
field in the dynamo region is equally distributing among different scales until the diffusive scale
("white source hypothesis’, Backus et al. 1996). A flat spectrum at the dynamo surface would imply
that at the planetary surface, there will be a linear relation log1gR;(r) ~ —f(r). For our saturated

dynamo solutions, we define the Lowes spectrum as the magnetic spectra at the outermost radius,
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Figure 5.8: Top: Spectral-radial kinetic (left) and magnetic (central) energy distributions of the 1
M 2.1 Gyr model. Bottom left: Lowes spectra R;(r) (circles) superimposed with Fj(r) (solid lines)
at different depths for the saturated dynamo solution of the same model. Bottom right: Spectral
slopes at different dimensionless radial depths for the same runs as Fig. 5.5. The vertical lines are

their respective ry,.

where we impose potential boundary conditions:
Ri(ro) = Fi(ro)

On the bottom left panel of Fig. 5.8, we show both R;(r) and Fj(r) at different radii for one
specific saturated solution. The black line corresponds to r,, and the others are at different depths.
At some specific depth, R;(r) stops being similar to Fj(r) and even has an unphysical negative
slope. The Lowes radius is defined where §(r) = 0 and it is usually taken as the depth where the
dynamo starts. As (Tsang and Jones, 2020) noted, R;(r) is already quite different from Fj(r) at
such radius. To surpass this discrepancy, they similarly defined the spectra slope for F(r), i.e.,
logioFi(r) ~ —a(r). The slope «(r) is almost the same as B(r) outside the dynamo region, but
becomes more or less flat at positive values inside. They argue that the radius where «(r) and 3(r)
show a discrepancy is where the effective dynamo surface is.

We similarly obtained the spectra slopes a(r) and 5(r) by a least square minimization between
multipoles 10 and 50, which is the region where spectra are exponential and have not reached the

dissipation scales set by our resolution. In the bottom right panel of Fig. 5.8, we show the resulting
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spectra slopes for the same models shown in Fig. 5.5. For some of our models, we do not obtain a
flat spectrum inside, but if we take the average value of a(r) in the dynamo region and interpolate
it for the decaying outer part, we obtain values very similar to the ones of ry,, shown as vertical
lines. Therefore, we can safely assume that the radial position where the conductivity starts the

exponential decay, ry, is a good definition as the dynamo surface for our models.

5.2.6 Evolutionary changes

We now focus on the variation in the solutions along the longest sequence of models, the 1 My planet
with N, ~ 3 and Pm = Pr = 1. The shell-averaged spectral distribution and radial distribution
of the magnetic (solid lines) and kinetic (dashed lines) energy are shown in Fig. 5.5. We focus on
three representative ages: 0.4, 2.1, and 6.5 Gyr.

In the left panel, the kinetic spectra show a drop of about 1.5 orders of magnitude or more
from the integral to viscous scales, while the magnetic spectra decrease by at least 3 orders. The
sawtooth shape on the lowest multipole side is associated with the external jet that we see in
all of our runs. This behavior is not seen for the m spectrum, which is dominated by the zonal
flows, m = 0. For higher multipoles, the spectrum plateaus before it reaches the viscous scale
and drops off. A comparison of the three different models shows that the overall shape of the
kinetic spectra does not significantly change, other than a constant decrease in time throughout
all harmonic degrees. The magnetic spectra show a similar diffusive scale, which is approximately
located at the same [ as the viscous diffusive scale (compatible with Pr = Pm = 1), although the
knee is less pronounced. With the usual measure of dipolarity, it ranges from 0.3 > fgf;lsgg =
Ernag(70)i=1,m=0/ Emag(70)1<12 > 0.8. Depending on the work, this could be considered multipolar
or dipolar (Christensen and Aubert, 2006; Yadav et al., 2013; Zaire et al., 2022). The magnetic
spectra show a clear evolution with age: The relative weights of high multipoles tend to decrease,
while the strength of the large scales slightly increases. This inversion leads to an increase in the
total dipolarity (see the discussion below).

The radial energy distributions, shown in the right panel of Fig. 5.5, shows that Ey,(r) increases
almost monotonically outward, but the steepest changes occur in the outermost layers, r 2 r,,, due
to the appearance of the equatorial zonal wind, where the density is lower and the magnetic drag is
weaker than in the interior. Similarly to the spectra, the kinetic radial distribution does not show a
clear variation with age. The radial profile Ep.g(7) and its change with age shown also in Fig. 5.5
is instead more complex. The radial profile peaks at radii slightly smaller than ry,, after which it
significantly drops, following the o(r) profiles (Fig. 5.3). A comparison of different evolutionary
ages shows that the innermost region of the radial distribution does not show a clear trend, with
a slight increase in the deepest regions for late-age models. On the other hand, the layers ~ 10-20
% below r, show a steady decrease with age (see Sect. 5.2.8).

The overall changes between the runs are gradual, and we found that a few models can already
predict the general behavior. Several time and volume-averaged diagnostic quantities are shown
as a function of evolutionary models in Fig. 5.10. As expected during the planetary cool-down of
a gas giant, Rm decays approximately like a power law in time. Ro and P, also behave similarly,
and they are therefore not shown to avoid repetition. All of these quantities are dependent on
Urms O at least on one of its components. This reflects the fact that the mean velocity is dictated
by the buoyancy input parameter Ra, which is proportional to the temperature difference in the
convective shell. Fig. 5.10 also shows that the dipolarity fq4;, does not seem to change significantly

in time, except for a mild increase between 1.5 and 3.8 Gyr. This appears to indicate a transition

92



Chapter 5 — Planetary dynamos in evolving cold gas giants

between a multipolar or weakly dipolar-dominated regime to a strong dipolar-dominated regime.
This increasing trend is obscure, with fgf(ljfgg (for the 1 Mj series, they take values from 0.3 to
0.8). As an alternative, we obtained the average f4i, over the volume 5% near the dynamo surface,
fdip,dyn- Fig. 5.10 shows that fqip ayn grows gradually, with a similar jump seen in fqjp.

This transition from multipolar to dipolar dynamo was also observed by Zaire et al. (2022) for
dynamos in stratified stellar interiors, which they modeled with shallower shells (r;/r, = 0.6) and
different N, and Ra. They obtained a threshold F;/F, (i.e., the relative importance of the inertial
over Lorentz forces) below which multipolar dynamos collapse into dipolar dynamos. They also
reported that Eyi,/FEmag can equally well capture this magnetic morphology transition and found
this transition at about Eyin/Emag=0.7. In Fig. 5.9 we show both fgfgfzﬁg and fgip,dyn as a function
of Ein/Emag for the 1 Mj, Pr = Pm = 1 series. We also report two distinctive populated areas,
low dipolarity with high Fii,/Fmae and high dipolarity with lower Fyi,/Emag. This abrupt change
in the magnetic field morphology seems to be better reflected with fqipayn. A good definition
for a dipole-dominated dynamo could be f4ipdyn > 0.1, which might be compatible with the
definitions of Yadav et al. (2013) or Zaire et al. (2022) of fgf;lszrlg > 0.3 and 0.5, respectively.
These dipole-related quantities are usually the most fluctuating integrated quantities in saturated

dynamo solutions because they are susceptible to the specific magnetic field configuration.

0.81

0.61

Dipolarity

0.21

®° o

10° 2 % 10 3x 100 4% 10"
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Figure 5.9: Dipolarity measurements as a function of the inverse of equipartition for the 1 Mj,

Pr = Pm = 1 models.
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In any case, our strongest evolutionary trend shows a transition from a multipolar to a dipolar
regime in the middle of our series. Within the more multipolar part of the series, A and fonm, show a
minor decay in time, and Erag/Ekin also seem to decrease, but more subtly. In the dipolar regime,
these trends reverse: A and fonm plateau and show a slight increase; the ratio Emag/Fiin grows
noticeably. Following the magnetic fields of Jupiter and Saturn (Connerney et al., 2022; Cao et al.,
2023), gas-giant dynamos are expected to live in a parameter space region with dipole-dominated
solutions, and thus, the expected evolution would be of the latter part of our series. Moreover,
the Jovian value for Pm is expected to be ~ 1075, meaning that Dopm >> Dyise, and thus, fonm
is expected to be close to one. This would mean that our predicted fonm trend is not physically
noticeable. An increase in Erag/FEkin and A, the integrated nondimensional magnetic energy, might
contradict the aforementioned scaling laws, but we show their compatibility in Sect. 5.2.8.

The values of Euyag/FEiin that we show are below equipartition (i.e., 0.1 < Epag/Fiin < 0.6
for the long 1Mj; sequence) because we analyzed a volume including the nonconducting outer
layer. When we restrict the energy integration within the metallic region r < ry,, then 0.25 <
Erag/ Exinlr<r,, < 1.4. This tendency can be sensed from the radial distributions in Fig. 5.5 and
5.11.

5.2.7 Dependence on planetary mass

We have obtained saturated models for five different masses at 5 Gyr. We directly compared only
four of them because the conductivity of the 0.3 My model was not numerically feasible with N, ~ 3
(see above). The model of 4 Mj is slightly under-resolved, possibly because of its higher Ra and a
very little conductivity drop, which does not help to stabilize the stress-free boundary conditions.
We did not use higher-mass 1D models (specifically, the 8 and 12 Mj) because of the resolution
constraints required by the E, Ra combination.

The main dimensionless diagnostics for these runs were already shown in Fig. 5.10. The overall
trends are dictated by the increase of Ra with a decrease in E that comes with the 1D profiles
themselves. Therefore, as the mass increases, both fgi, and fqip.dyn decrease, while fonm, A, and
Rm increase. The energy ratio is approximately maintained.

In Fig. 5.11, we plot the energy spectra and radial distribution for these models. The key
features are very similar to the feature described above (Fig. 5.5). A noticeable difference is that
the magnetic spectra seem to become flatter for higher masses. The sawtooth shape in the kinetic
spectra diminishes with mass because the depth of the outer nonconductive layer decreases as the
hydrogen metallization pressures are reached faster. To overcome this difference and to observe
whether the evolutionary trends shown in Fig. 5.10 changed for other masses, we obtained saturated
dynamos for the 4 My 0.5, 1, and 10 Gyr N, ~ 4.6 models. For these three, we obtained similar
dynamos with larger equatorial jets; in other words, we recovered the sawtooth shape seen in the

kinetic spectrum. The evolutionary trends match the multipolar side of the 1 Mj long series.

5.2.8 Evolution of the magnetic field strength at the dynamo surface

Relying on the original work Christensen et al. (2009) who calibrated dynamo scaling laws with
observed magnetic fields in solar planets and low-mass fast-rotating stars (see Sect. 6.4.1 for more
details), Reiners et al. (2009) gives the mean strength of the magnetic field at the dynamo surface,

Bgyn, in terms of the mass M, luminosity L, and radius R of the substellar object,

M 1/6 )’ 1/3 R 7/6
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Figure 5.11: magnetic (solid) and kinetic (dashed) energy distribution over the multipole degrees [
(left), and over the radius (right) for planets with different masses at 5 Gyr. The location of ry, is
marked with a dot in the radial plots.

Or for a more planetary-centered view, this scaling law can be translated into Jovian units by using
Mj =9.54-103 Mg, L; = 8.67-107'%Ly and Re = 9.731R;:

M 1/6 L 1/3 R 7/6
13.6 J
Bayn = 2047195 (MJ> (LJ> (R) G (5.11)
We evaluated Bgyn, by using the L(t), R(t) output from our MESA simulations (pink lines in
Fig. 5.12).

Another slightly different estimate comes from inserting the analytical expressions for L(t) and
R(t) of Burrows and Liebert (1993); Burrows et al. (2001) in Eq. (5.10) as given for a substellar-mass

solar-metallicity object,

].Gy 1.3 M 2.64
L ~ 4-10°L () () , 5.12
O\t 0.05Mp, (5:12)
10° cm s 2 018 T, 0.11
R ~ 6.7-10%m|—"— eff) : 5.13
m( g ) (1000K (5.13)

Using these estimates, Reiners and Christensen (2010) obtained a slow decay of the dynamo mag-
netic field of about one order of magnitude in about 10 Gyr. Fig. 1 in their paper shows that the

approximate power-law relation is Bqy, &~ t7%3 (marked with a gray line in Fig. 5.12).
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Figure 5.12: Evolution of the magnetic field strength at the dynamo surface averaged in time,
using the scaling laws and calculating the average value of the magnetic field over different relative
thicknesses ¢, around ry, (green, blue, orange, and red). The error bars are associated with the
radial variation and are larger for thinner integration shells over which we evaluated Eq. 5.14. The
dotted lines show the corresponding best-fit power laws. The solid lines indicate Eq. (5.10) applied
to our MESA output (pink), and the prediction by Reiners and Christensen (2010) (gray).

We then compared these methods with ours. To do this, we evaluated the values of Bgy, for our
models. As mentioned above, we made use of the fact that the effective dynamo surface is located
at rm. We decided to obtain the volume average of Ey,,s over a spherical shell from r,, to some
not-too-deep layer, .
Emag.ayn(q) = ;, / " Bag(r)dr (5.14)

Tm — Ty Jrt
where 77, (¢) = (Xm—q)T0, and Emag(r) was obtained from the previously shown radial distributions.
The shell thickness is therefore controlled by the parameter ¢, which in turn allowed us to evaluate
the surface dynamo field as Bayn(q) = \/2,u0Emag’dyn(q)/MV. In Fig. 5.12 we show the estimated
Bayn for ¢ = 0.05, 0.1, 0.15, and 0.2 (colored points in Fig. 5.12, with the related statistical error).

The best-fitting slope (dotted lines) decreases with thicker integrating regions, that is, larger g.

Within the standard deviations, we recover the previously mentioned slope of ~ ¢~%-3 for the most
uncertain slope (thinnest averaging region). The others are slightly shallower than the trends
obtained by Reiners and Christensen (2010) and Reiners et al. (2009).

5.2.9 Dependence on the Prandtl numbers

To assess the impact of the assumption of constant Pr and Pm, we obtained several saturated

dynamo states with Pr, Pm # 1 for some 1 My models. We performed runs with 0.5, 1, and 10 Gyr,
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Figure 5.13: Same diagnostics as in Fig. 5.10, shown as a function of Pm, with different values of
Pr. The decreasing size of the mark indicates the increase in age (0.5, 1, and 10 Gyr). The colors
and shapes help to distinguish the evolutionary changes and are the same as in Fig. 5.14 and 5.15.

The lines of constant Pr were added for the 0.5 Gyr models.

which we deemed enough for assessing general properties of the trends. We investigated within the
following range: 0.5 < Pm < 4 and 0.5 < Pr < 2. The results are shown in Fig. 5.13.

The increase in Pm can be understood as lowering A while keeping v constant, or similarly,
increasing v with constant A\. Both effects lead to an increase in the magnetic energy concerning
the available buoyant power. Therefore, Fig. 5.13 shows that Rm and A tend to increase with
Pm, which is a more efficient dynamo mechanism (Elias-Lépez et al., 2024). The same applies for
Ernag/Fxin and fonm, as the decreasing A increases the magnetic energy percentage and the Ohmic
dissipation contribution. The surface and volumetric dipolarities both decrease with increasing Pm,
which is compatible with what was found by Tsang and Jones (2020): A higher Pm means a less
steep magnetic spectrum, or in other words, a more weakly dipole-dominated magnetic spectrum.

In contrast, Rm, A, and fonm decrease for increasing Pr. This can easily be understood by
considering a higher Pr as increasing values of v in comparison to k. A higher viscosity will lead

to lower kinetic as well as magnetic energy, and therefore, to lower Rm and A. The decrease in
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fonm means that Ohmic dissipation becomes less important than viscous dissipation. The magnetic
energy ratio, Emag/FEkin, and the two dipolarities, fgip, and fqipdyn, increase with Pr because it
leads to a more efficient dynamo mechanism.

With these trends in mind, we describe the effect of the constant Pr and Pm assumptions on
the obtained trends in Figs. 5.10 and 5.12. A slight increase in Pr is expected to occur during
the long-term evolution of the planets because, while it cools down, the ratio of the thermal and
electrical conductivities (inversely proportional to Pr) decreases according to the Widemann-Franz
law, which is valid in the metallic region (French et al., 2012). In contrast, the viscosity and
conductivity themselves are not thought to vary appreciably with temperature (i.e., in time) (French
et al., 2012; Bonitz et al., 2024). Therefore, by using the trend of A with Pr, we expect that for
an evolutionary change in Pr, the trend By, (t) would be slightly steeper, which might agree even
better with the Reiners and Christensen (2010) scaling law trend. However, a firm conclusion about
this based on a modified setup for diffusivities and Pr evolution is left for future work.

In general, the evolutionary trends shown in Fig. 5.10 are maintained regardless of Pr and
Pm. Rm decreases similarly for all set runs. Finally, Enag/Ekin, A, and fonm show a different
behavior depending on their dipolarity. The two most strongly dipolar solutions (Pm = 1,Pr = 2
and Pm = 2, Pr = 2) consistently show the same behavior as noted above, that is, an increase in
Erag/ Exin and fonm in time, and a plateau or mild decrease in A. In contrast, the most multipolar
set of Prandtl numbers (Pm = 4,Pr = 1) decreases in fonm and A and increases slightly less in
FErag/Exin. The other sets of runs are consistent with a transition from multipolar to dipolar,

similar to Fig. 5.10.

5.2.10 Scaling laws between dynamo numbers

Yadav et al. (2013) used a large set of anelastic dynamo numerical solutions to derive scaling laws
by relating several representative dimensionless diagnostic parameters. Their dynamos covered a
large space of parameters: 0 < N, < 5.5, 0.1 <7 < 0.75, 0.3 < Pr < 10, 0.2 < Pm < 20, 106
< E <1073, and 2.5 - 10° < Ra < 2.5 - 10°. The scattering plots shown in Fig. 5.14 and 5.15
superimpose the results of Yadav et al. (2013) with the data representing our models.

To compare our results, we used the inverse rotation frequency Q! as the time unit and the
magnetic field units of QD,/pp,. The buoyancy power P is

_ RaE3 (aTgs'u,)

P
Pr M ’

(5.15)

where M is the dimensionless mass of the shell and is listed in Table E.1 for our models. In
Fig. 5.14 we show Ro as a function of P/Pm'¥%®. For the runs of Yadav et al. (2013), there is
a clear separation between the models with constant o, which lie close to the best-fitting power
law (gray line), and the runs with a decaying o profile near the surface, which lie slightly above
but parallel to the trend. The reason is that for a decaying o, the strong jets that appear in
the external nonconductive layer tend to increase the total kinetic energy, and thus, Ro for the
same amount of available P. Our definition of Ro differs by a factor of 1/ A, which erases the
outer jet contribution. Our runs, therefore, mostly lie above the scaling law itself. Our models
represent different evolutionary stages of planetary dynamos that move through this dimensionless
space. This progression is parallel to the power law Ro = 2.47P%*Pm~%!3 and reaches from
higher to lower values: For a single model, Ro decreases by about half an order of magnitude,

while P/ Pm'%/% decreases by one order of magnitude (which corresponds to the 0.45 exponent).
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Physically, this evolution should be positioned orders of magnitude away, but if the scaling law
holds, so should this trend.
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Figure 5.14: Rossby number as a function of a combination of nondimensional buoyancy power and
magnetic Prandt] number. The solid line corresponds to the power law Ro = 2.47P%4Pm =013,
The semitransparent data are taken from Yadav et al. (2013) and are plotted with a similar symbol
and color scheme (the legend is different from our runs). Filled (empty) symbols correspond to
dipolar (multipolar) dynamos, and the authors define dipolar as fgf;:fzig > 0.3. The Ekman
number is color-coded, and the marker shape indicates the degree of density stratification N,,.
Symbols containing a plus have an exponentially decaying conductivity as Eq. (5.7), and those
with a dot have a moderate outward decay of o, v, and &, all proportional to p(r). The complete
input and output set can be found in the additional data of the original paper. The results of this
work are superposed with the same legend as in Fig. 5.10, and the size of the marker denotes the

approximate age and mass of the planet.

We also defined the Lorentz number, Lo, as the nondimensional magnetic field strength in Q1
time units per unit of mass. In this case, B is in units of Qd,/pofto, and we relate the definition of
Lo with A, E and Pm,

Byms 1 2Fmag B

_ _ 5.16
7 Qd\/porto VM M (5:16)

100



Chapter 5 — Planetary dynamos in evolving cold gas giants

1071 i

10

102 ]

Tmag
—
o

=,

100 ]

103 102 10!
Ro

Figure 5.15: Similar to Fig. 5.14 (same legend) for magnetically related quantities. On the left:
Lorentz number corrected for the fraction of Ohmic dissipation as a function of a combination
of nondimensional buoyancy power and magnetic Prandtl number. The scaling relations are
Lo f(;llrf = AP%Pm%, where A is 0.9 or 0.7 for dipolar and multipolar dynamos, respectively.
Yadav et al. (2013) found that the value fgf(pllsgfg > 0.3 divides the data into dipolar and multi-
polar, and these two types of runs are best fit separately. On the right: Characteristic timescale
of the magnetic energy dissipation as a function of Rossby number. The scaling relations are

—0.63 —0.69

Tmag,dip — 1.51 Ro and Tmag,mulip = 0.67 Ro
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The other magnetically related scaling law involves the characteristic timescale of magnetic
energy dissipation Tyag, which is defined as the nondimensional magnetic energy divided by the
joule heat dissipation (all in units of Q71),

EmagE?
Tmag = = ——— .
e PfohmM

In Fig. 5.15 we show the scaling laws for Lo and 7y, with the same legend as in Fig. 5.14.

(5.17)

Yadav et al. (2013) reported that dipolar- and multipolar-dominated solutions take similar but
parallel trends. We overplot our runs with the joined dipolar and multipolar branches for the two
scaling laws (they show them separately). As suspected from Sect. 5.2.6, our series evolves from
the multipolar to the dipolar branch in both diagrams, but this is more clearly visible in the 7.
plot. This is also an argument in favor for this possible multipolar to dipolar transition.

The power-law relations shown above are purely fits obtained from Yadav et al. (2013). The
velocity scaling of Ro o« P* with o somewhat larger than 0.4 was theoretically justified by force
balances by some authors (Aubert et al., 2001; Davidson, 2013; Starchenko and Jones, 2002),
but none derived a Pm dependence. Similarly, Tmag o< Ro® was also discussed, where a < —1
(Christensen and Tilgner, 2004; Stelzer and Jackson, 2013) or a ~ —0.75 (Davidson, 2013). Finally,
if the magnetic field is only a function of power, dimensional arguments dictate that it must depend
on the cubic root of the power, that is, Lo o< P1/3 (Kunnen et al., 2010; Christensen et al., 2009;
Davidson, 2013).

5.2.11 Force decomposition

We now examine the spectral force decomposition for our dynamo solutions. We follow the same
analysis introduced by Aubert et al. (2017); Schwaiger et al. (2019) (see Sect. 4.6.1). As a general
example, we show in Fig. 5.16 the time-averaged force balance for the 0.2 Gyr run over the whole
simulation domain. This spectrum is similar to Gastine and Wicht (2021), where they show the force
balances. The geostrophic balance dominates throughout all £. Our runs are similar to Gastine and
Wicht (2021) (except for the SSL); thus, a MAC balance dominates inside the conductive region,
and inertia plays little role. Instead, an IAC balance is found in the non-conductive outer region.
Overall, as Fig. 5.16 shows, the sum above and below 74y, the ageostrophic component balances
with buoyancy at the largest scales and Lorentz and inertia at the lowest scales. Viscosity remains
the lowest contribution.

The force balance spectra for the different evolutionary models are shown in Fig. 5.17. For all
the runs in the evolutionary series, we find a dominating geostrophic balance even at the largest
£, and low contributions from viscosity. The overall trend for inertial forces is that they lose
importance in the evolutionary track. Moreover, f15 (the multipole where inertial and buoyant
forces equilibrate), increases with age starting from f1o 2 Gyr ~ 10 to £1a 10Gyr ~ 90. Instead, the
magnetic force increases its relative importance with age, and the peak of magnetic energy as well
as fya both tend to evolve to lower multiples with age, although not with such a clear trend as f14.
This is compatible with a decrease of equipartition level (i.e., increase in magnetic energy relative
to the kinetic energy) shown in Fig. 5.9, as well as the decrease in the relative ratio of internal and

magnetic forces (i.e., F1/F1,) as seen by Zaire et al. (2022).

5.2.12 Observational consequences

The NASA exoplanet archive currently (March 2025) lists more than 650 confirmed gas-giant
candidates with Msin(i) > 0.2 M; and P,., > 200 days, for which irradiation and tidal synchro-
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Figure 5.16: Time average force decomposition obtained with Eq. 4.19, with standard deviations

depicted with shaded regions.

nization are negligible. Only four exoplanets under 10 pc have an estimate for the Solar System
age. The closest and youngest exoplanet (0.6 + 0.2 Gyr) is € Eridani b (Hatzes et al., 2000),
with a mass of 0.66%}%y M, which is a good candidate for an intense multipolar-dominated dy-
namo. The other three candidates, Gliese 832 b (Bailey et al., 2009), HD 219134 h (Motalebi
et al., 2015; Vogt et al., 2015), and GJ 3512 b (Morales et al., 2019), with predicted ages >5 Gyr,
are likely to instead host Jupiter-like dipolar dynamos. If their magnetic field is intense enough
to produce electron-cyclotron maser emission that is detectable from ground (with an associated
gyro-frequency, v ~ 2.8 B[G] MHz, higher than the ionospheric ~10 MHz cutoff; Zarka 1998),
current (LOFAR) and next-generation (SKA-low) low-frequency radio interferometers might even-
tually detect their exoplanetary radio emission. This might provide indications of the intensity of
the magnetic fields and, possibly, their morphology. The overall conclusions for this chapter are

summarized in Chapter 8.

5.3 Summary

e We obtained 3D saturated dynamo solutions with numerical shell dynamo models with MagIC;
incorporating the thermodynamic radial profiles from MFESA at different evolutionary stages
as background. We considered planets in the mass range 0.3 M; < Mp < 4 M and ages from
0.2 to 10 Gyr. We assumed fixed Pr and Pm; changes in Ra and E result from evolving AT,
T,, and shell thickness. We interpret saturated dynamo solutions as snapshots of long-term

dynamo evolution.

o We identified a transition from a multipolar to dipolar dynamo regime as the planet cools.
We observed decreasing trends in Rm, P, and Ro, with increasing surface and volumetric

dipolarities. For multipolar dynamos, A, fohm, and Emae/Fkin decrease with time. For dipo-
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lar dynamos, the same quantities increase with time. Trends are consistent across different

Prandtl numbers and 4 M; models.

o Magnetic field decay at the dynamo surface matches scaling law expectations (Reiners et al.,
2009). The evolutionary tracks trace a path through parameter space consistent with previ-

ously known anelastic scaling laws (Yadav et al., 2013).

o If we calibrate our results with the observed fields on Jupiter and Saturn, evolved gas-giant
dynamos are likely dipolar-dominated. Dynamos may be born in a dipolar state, or alterna-
tively, initial multipolar dynamos may evolve into dipolar regimes. Trends are expected to

apply to mildly irradiated gas giants and brown dwarfs, but not to main-sequence stars.

e Over 650 cold Jupiter analogs have been confirmed, only four of which are within 10 pc
and have age estimates. Among them, ¢ Eridani b is the best candidate to have multipole-
dominated magnetic fields. This could potentially leave imprints on its magnetically powered

ECM radio emission, if detected in the future.
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Figure 5.17: Time average force decomposition at different evolutionary stages. The Coriolis and
pressure forces are not shown, but the geostrophic component is shown. Standard deviations are
also depicted with shaded regions, except for the 0.5, 1, 5, and 10 Gyr models, where the spectra
have been obtained from only one snapshot.

105



Chapter 6

Rossby number, convection
suppression and magnetism in inflated

hot Jupiters

Hot Jupiters (HJs) are gaseous giant planets on close-in orbits, characterized by orbital periods of
just a few days and separations < 0.1 AU (Fortney et al., 2021). Due to the proximity to their host
stars, they are highly irradiated and tidally locked, with equilibrium temperatures up to 3000 K.
This extreme external heating creates strong thermal gradients between their day and night sides,
driving strong atmospheric flows and equatorial zonal jets that shape their atmospheric dynamics
(e.g., Showman and Guillot, 2002; Showman et al., 2009; Heng and Showman, 2015). Currently,
several hundred HJs have been confirmed, enabling extensive population studies. One of the most
intriguing findings is the so-called HJ radius anomaly (see Thorngren (2024) for a review), which
remains one of the longest-standing open questions in exoplanetary science: observations show
that HJs systematically exhibit inflated radii, significantly larger (up to twice the Jovian radius)
than those predicted by standard evolutionary models. There is a clear trend between the degree
of radius inflation and stellar irradiation, once the planetary equilibrium temperature exceeds
Teq 2 1000 K (Weiss et al., 2013; Sestovic et al., 2018), a fundamental hint to the underlying
physical mechanism. However, the irradiation alone can contribute to radius inflation only up
to approximately ~ 1.3 Rj; at Gyr ages, depending also on the mass and the amount of heavy
elements (Guillot et al., 1996; Guillot and Showman, 2002; Arras and Bildsten, 2006; Burrows et al.,
2007; Fortney et al., 2007). Several mechanisms have been proposed to delay the shrinking and
cooling (Spiegel and Burrows, 2013; Thorngren, 2024): enhanced opacities (Burrows et al., 2007),
inhibition of large-scale convection (Chabrier and Baraffe, 2007), hydrodynamic effects leading to
dissipation in deep layers (Showman and Guillot, 2002; Showman et al., 2009; Li and Goodman,
2010; Youdin and Mitchell, 2010), and Ohmic dissipation of atmospherically induced magnetic
field. Among these proposed mechanisms, the latter has received considerable attention, with
several quantitative studies (e.g., Batygin and Stevenson, 2010; Batygin et al., 2011; Perna et al.,
2010b; Wu and Lithwick, 2013; Gingburg and Sari, 2016; Knierim et al., 2022; Soriano-Guerrero
et al., 2023; Soriano-Guerrero et al., 2025; Vigano et al., 2025). This heating mechanism is caused
by the hot ionized atmospheric flows that twist the magnetic field lines of the internal dynamo.
This magnetic induction happens in the very outermost layers of the planet, that is, for pressure

p S 10 bar. But multiple mechanisms may operate simultaneously (Sarkis et al., 2021).

One of the most elusive characteristics of exoplanets is their magnetism. Observational estimates
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of magnetic fields in some HJs, with considerable uncertainties, have been proposed so far in very
few works, via star-planet interaction (SPI) models, used to interpret the observed trends of X-ray
luminosities vs presence of short-orbit planets (Scharf, 2010), or the modulation of Ca IT K lines
with HJ orbital periods (Cauley et al., 2019).

As mentioned in the previous chapter, self-sustained dynamo simulations for the generic plan-
etary scenario have been used to derive scaling laws that relate various dimensionless parameters
(Christensen and Aubert, 2006; Yadav et al., 2013), which have been validated by the comparison
with the observed magnetic fields on Earth, Jupiter, and in fast-rotating low-mass stars (Chris-
tensen et al., 2009; Reiners and Christensen, 2010). These scaling laws state that, in the fast
rotator regime, convective heat flux determines the magnetic field strength. The application to
these scaling laws to the HJ context is not trivial, since the energy budget is different: the presence
of irradiation and the inflated radii are not taken into account in the original laws. Nevertheless,
existing applications of the heat-flux scaling laws generally found an increase by up to ~ 1 order
of magnitude of the inferred magnetic fields compared to non-inflated gas giants, if the extra heat
needed to explain the inflation is assumed to take the role of the heat convective flux in the scaling
laws (Yadav and Thorngren, 2017; Kilmetis et al., 2024). Note that the latter is an implicit, but
strong and not necessarily motivated assumption, since the scaling laws consider the heat flux in
the highly conductive regions only, while the extra heat could be deposited elsewhere.

Additionally, as explained above, slowly rotating cool stars observationally show a correlation of
the magnetic activity indicators with the rotation rate (Reiners et al., 2014). The transition from
a rotation-dominated (slow rotators) to a convective-heat-flux-dominated (fast rotators) dynamo
strength is seen to be fairly sharply defined by the Rossby number Ro ~ 0.12. In this sense,
planetary scaling laws applicable to slow rotators assumed a proportionality with the rotation rate
rather than the heat flux (e.g., Sinchez-Lavega, 2004; Stevens, 2005). A primary aim of this work
is to shed light on which regime applies to HJs, considering the observed range of their relevant
parameters: planetary mass, stellar type, and star-planet separation.

Moreover, since virtually all the existing scaling laws predict a correlation between magnetic
field intensity and planetary mass, giant exoplanets, and HJs in particular, have been historically
considered the main candidates for the still elusive quest of Jovian-like coherent radio emission (e.g.,
Lazio (2024); Narang et al. (2024) and references within), in the form of electron cyclotron maser
(Dulk, 1985). The latter has been detected from all magnetized planets in the solar system (Zarka,
1998), but can be detected from the ground only if the cyclotron frequency (ECM), v, ~ 2.8 B
[G] MHz, is larger than the ~ 10 MHz ionospheric cut-off. This implies that, to be detected by
ground-based radio interferometers, the magnetic field needs to be at least as intense as the Jovian
one. In this sense, the second main aim of this work is to explore the trends of the estimates of
magnetic field intensity at the dynamo region and the planetary surface, considering their Rossby
number regime and applying the appropriate scaling law at a given age, with the internal structure
and (convective) luminosity given by long-term evolutionary models. Understanding the magneto-
thermal dependence on orbital distance and age can help guide future observations toward the most

promising targets.
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Chapter 6 — Rossby number, convection suppression and magnetism in inflated hot Jupiters

This chapter is organized as follows: in Sect. 6.1 we summarize the irradiation values and tidal
locking timescales, based on the HJ population. Sect. 6.2 introduces the evolutionary models
and the amount of additional internal heat as a function of irradiation, based on the statistical
study Thorngren and Fortney (2018). We also discuss how the injection and irradiation affect the
internal convective layers. In Sect. 6.3, we obtain internal profiles of the local Rossby number
and discuss how it depends on age, star-planet separation, planetary mass, and stellar type. In
Sect. 6.4 we estimate the dynamo-generated magnetic fields, and the corresponding values at the
planetary surfaces, via the scaling laws mentioned above. We also discuss in Sect. 6.4 the star

planet interaction and radio emission consequences for the magnetic field estimations.

6.1 Irradiation and tidal synchronization

The irradiation flux received by a planet in a specific circular orbit of radius a (hereafter, separation)
around its host star is:

L, . R? 20k}
Arq2  OSBleff 2 3 9B T g a3

Fie (6.1)

where R, L, and T,g are the stellar radius, luminosity and effective temperature, respectively.
osp is the Stefan-Boltzmann constant, kj is the Boltzmann constant, A is Plank’s constant and c
is the speed of light. Stellar luminosities are taken from tabulated main-sequence star values® (i.e.,
obtained from mass-luminosity relations, L oc M%, where a depends on stellar mass). The resulting

2571 orders of magnitude larger

irradiation fluxes for HJs typically range from 108 to 10'° erg cm™
than the fluxes reaching Earth and Jupiter (1.4 - 10 and 5 - 10* erg cm™2 s~!, respectively). The

corresponding planetary equilibrium temperature is:

irr(1 B)>1/4 1/4 ( *)1/2
T, — (B0 =4\ y BN .
eq < 4 5 ( B) 2, eff » (6 2)

where Ap is the planetary albedo (which we consider zero for simplicity).

The left panel of Fig. 6.1 shows planetary radii, Rp, as a function of the orbital period Py, for
the currently known HJ population with masses Mp > 0.2 Mj. In the right panel, we also show
the irradiation flux Fj, and equilibrium temperature Ty, as a function of Py, for the same HJ
population. Colors correspond to the spectral type of the host star. The bulk of known HJs orbit
F, G, and K-type stars, with orbital distances lower than 0.1 AU, i.e., periods Py, < 10 days. The
lines in the left panel correspond to the radii of standard planetary evolutionary models with 1 Mj
masses, at 5 Gyr, considering only irradiation and no internal extra heat injection (see Sect. 6.2.1)
around different stars (see Table 6.1 for details). Note that most planets are above these lines,
showing signs of inflation and the need for a heat injection mechanism. The HJ population below
these lines is mostly small planets compatible with high metallicities or large rocky cores (Laughlin
et al., 2011), possibly related to early severe mass losses (Sestovic et al., 2018; Lazovik, 2023),
which are factors that we do not consider for our evolutionary models, since we aim at studying
the average properties of HJs, i.e. with inflated radii. Note that, as mentioned before, the clear
correlation is between Rp and Fi,, (or Teq). However, as we use P, to define the Rossby number
and dynamo regime (see Sect. 6.3), we choose it as a key variable, instead of the stellar irradiation
Fiyr. Due to the degeneracy between stellar mass and P, in defining Fi,, the correlation Rp vs

P,yp, (left panel) is essentially lost, in agreement with e.g. Weiss et al. (2013).

In this work, we use the tables of https://sites.uni.edu/morgans/astro/course/Notes/section2/

spectralmasses.html
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Observed HJs are commonly seen to sit on low-eccentricity orbits (Zink and Howard, 2023), and
assumed to be tidally locked, meaning that their rotational and orbital periods P, are identical.
Secondary transits finding azimuthal displacements of the hottest points compared to the substellar
points to the East (e.g., Knutson et al., 2007) or West (e.g., Dang et al., 2018), are usually inter-
preted in terms of atmospheric circulation effects, rather than a deviation from the tidal locking
regime. Here, we revisit with some detail the quantitative assessment of the timescale 7y, required
to achieve tidal synchronization, by calculating the rate of change of the planetary rotation w under

the assumption of circular orbits and zero obliquity:

2 6
do 9 1 GMp(M\"(Ep
dt  4aQ’ R} \ Mp a

I I 3QP
MpR: W P 2kyp’

(6.3)

where o =

Mp and Rp are the planetary mass and radius, respectively, I is the planetary moment of inertia,
Qp is the dissipation factor, kg p is the Love number of the planet and G is the gravitational
constant (e.g. Goldreich and Soter, 1966; Murray and Dermott, 1999; GrieBmeier et al., 2007). The

synchronization timescale is then given by:

Aw 4d51Q»Aw Ga MpQ'pPtw;
Toyn R = - ~
YT dw/dt 9 GM2ZRy T 36mt R} ’

(6.4)

where P is the orbital period, and Aw = w; —wy ~ w;, since w; > wy, the difference between initial
and final rotation. On the right panel of Fig. 6.1 we show in purple different lines of constant 74y,
for a Mp = 1 Mj planet, assuming o = 2/5 (homogeneous sphere), Rp = 1.5 Ry, Q% = 5 - 10°
as in Griemeier et al. (2007), and an initial spin period of 5 hours typical of known fast-rotating
sub-stellar objects, w; = (27/5 h), and conservatively larger than the breakup values which can be
used as initial condition (Batygin, 2018). Most of the parameters adopted in the above expression
evolve significantly over time, particularly at early stages (¢ < 10 Myr) when planetary contraction
proceeds rapidly, and orbital migration as well as interactions with the protoplanetary disk are
important. For this reason, we adopted reference values that yield systematically conservative
estimates, overestimating 74y, by factors of a few. Specifically, realistic adjustments would include
considering a radially dependent density profile (moment of inertia factor o < 2/5), larger radii of
very young gas giants depending on their formation entropy (e.g., Fortney et al., 2007), and shorter
initial spin periods, which can be as brief as about 2 hours for newborn brown dwarfs and low-mass
stars.

We show in Fig. 6.1 the location where 7y, equals the main sequence lifetime of the host star
as a black line. We calculated the duration of the main sequence as 7s = 10 Gyr (M, /Mg)~2/
(Carroll and Ostlie, 2017, chap. 13). Planets lying to the left of this line are expected to be tidally
locked, or to reach that state within the stellar lifetime. To evaluate how planetary mass affects
Tsyn, We observe that for a 0.2 Mj, 2 R; planet, 74y, becomes a factor of 10 smaller. On the other
hand, a massive Mp = 10 Mj takes about one order of magnitude longer to synchronize. This
range of values is shown by the gray shading around the 74y, = 7ins (and each 7y, line has a similar
uncertainty). From Fig. 6.1, it is clear that the HJs population with Toq > 1000 K should be tidally
locked, and only warm Jupiters (having Py, = 20 — 30 d) could still preserve their initial faster
rotation.

Note that, recently, Wazny and Menou (2025) used global circulation models to show that the

presence of a non-negligible magnetic torque in atmospheres permeated by thermally driven winds
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could lead to substantial spin-orbit asynchronization, particularly in planets with high equilibrium
temperatures and strong magnetic fields. These effects are beyond the scope of this paper, and

thus, we adopt the assumption of tidal synchronization throughout our analysis.

6.2 Planetary evolution

6.2.1 Cooling model

Similarly to Chapter 5, we use the public code MESA, specifically its version 24.08.1, to evolve
irradiated gas giants, allowing for additional internal heat deposition. The equations include mass
conservation, hydrostatic equilibrium, energy conservation, and energy transport. They are the

same as Eqs. 5.1-5.4, except for the energy conservation, which now reads:

dL ds
am = —TE + €irr + €heat » (6.5)

(6.6)

The right-hand side includes the specific heating/cooling rates: gravitational contraction, stellar
irradiation €, (Guillot et al., 1996), and any internal heat source €pes;. The latter has been
included in several previous works using MFESA to consider the effect of continuous heat deposition
and inflation in HJs (Komacek and Youdin, 2017; Thorngren and Fortney, 2018; Komacek et al.,
2020).

The atmospheric irradiation is implemented in a simplified way, as in previous MESA HJ works
(Paxton et al., 2013; Komacek and Youdin, 2017; Komacek et al., 2020): the specific energy absorp-
tion rate is assumed to be €y = Fiyy/(4%,), i.e. a uniform deposition of heat through the outermost
mass column m(r) < 3,, where ¥, parametrises how deep is the column which atmospheric ab-
sorption occurs, without a more detailed modeling of the atmospheric composition and opacities.
We fix it to 200 g cm ™2, which approximately corresponds to a grey opacity x = 5 x 1072 cm? g1,
with a maximum depth of a fraction of a bar. We consider a constant-in-time value of the stellar
irradiation Fj,, thus neglecting the slight increase in stellar luminosity L,(t) throughout the main
sequence phase. We refer to Lopez and Fortney (2016); Komacek et al. (2020) for works including
this effect, important especially at the end of the main sequence and beyond it. As commonly done
in similar previous works, we assume here an inert homogeneous rocky core of mass 10 Mg and
homogeneous density p. = 10 g cm ™3 (which together set the core size Reore), and a fixed solar
composition for the envelope. We don’t discuss here the effects of the total metallicity, and the
comparison between a diluted or solid core, since they have been shown in detailed cooling studies
for HJs (e.g., Burrows et al., 2007; Thorngren et al., 2016) and Solar planets (e.g., Wahl et al.,
2017; Yildiz et al., 2024).

Generally speaking, during the initial stages (¢ < 10 Myr), the evolution of the planetary radius
depends on the assumed initial condition (i.e., the internal entropy at formation). At later times,
instead, models are insensitive to it, and the planet shrinks during its long-term evolution due to
its cooling (e.g., Burrows et al., 2007; Paxton et al., 2013). Therefore, the detailed value of the
initial condition is not relevant. To help MESA numerical convergence at early ages for extremely
irradiated models, we also use a short relaxation phase at the beginning of evolution, after applying
the irradiation.

We denote the depth at which irradiation reaches Rj., and the radiative-convective boundary
as Rrcp. We also define the outer radius of the dynamo region, Rqyn, by the pressure above
which hydrogen becomes metallic, which we take as Pgyn, = 1 Mbar (French et al., 2012). Note
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Table 6.1: Characteristics of the stars considered throughout the text (specifically the planetary
irradiated models in Fig. 6.1 and in App. 6.3.1.

Stellar type Ty [K] L, [Lo] M, [Mg]

AV3 8750 12 1.86
FV5 6700 24 1.25
GV2 5800 1 1.00
KV3 4800 0.31 0.746
MV3 3500 0.046 0.463

that, strictly speaking, the transition to the metallic hydrogen is not sharp and depends on the
temperature, as well (Bonitz et al., 2024). However, for simplicity, and given the high theoretical
uncertainties about the exact location of the phase transition, we consider a single value of Py,
as a first approximation. In the metallic hydrogen region, the electrical conductivity is o ~ 106
S m~! (French et al., 2012; Bonitz et al., 2024), orders of magnitude larger than in the molecule-
dominated envelope, where the conductivity is dominated by the thermal ionization of alkali metals
(e.g., Kumar et al., 2021). Considering a typical convective velocity veony ~ 0.1 m s™! (Fuentes
et al., 2023), a Jupiter-like shell thickness L ~ 5-107 m, the resulting magnetic Reynolds number in
the dynamo region is Rm = veony L/1 = o 0 Veony L ~ 105 —107 (where 1 is the magnetic diffusivity
and po is the magnetic permeability in vacuum), well above the minimum values commonly thought
to be needed for dynamo, Rm 2 50 (Christensen and Aubert, 2006).

Hereafter, we consider planets with 1 d < Py < 30 d orbiting a representative sample of five
main-sequence stars, listed in Table 6.1. We test planetary masses from 0.5 to 12 Mj, sampling
the whole inflated HJ population in period and flux as seen on the right of Fig. 6.1. We restrict
to planets Mp > 0.5M3 due to the above-mentioned contamination of partially evaporated, high-

metallicity planets, as discussed also in e.g. Sestovic et al. (2018).

6.2.2 Extra heat

Since the radius inflation, which calls for continuous internal heat deposition, correlates with the
irradiation flux (Weiss et al., 2013), a commonly used parameter is the heating efficiency ¢, defined
as the ratio between the total deposited heat rate, Qgep = [y €heat dm, and the irradiation flux

integrated over the planetary surface:

Qe
e (6.7
Values of efficiency of a few percent or less are enough to inflate planets to the observed radii, if the
heat is deposited in the convection region (e.g., Batygin and Stevenson, 2010; Batygin et al., 2011;
Wu and Lithwick, 2013; Komacek and Youdin, 2017). A detailed statistical study by Thorngren
and Fortney (2018) derived an analytical expression for the amount of deposited heat fraction
as a function of the incident flux, €(Fj,), that best fits the trend Rp(Fj) seen in the entire HJ

population:

2
(10810 (Fi/ Fo) — 0142555
2 Y
2. (0.3740.035)

€= (2.371%:%6%) exp |— (6.8)
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lem™2. This inferred efficiency shows a strong, non-monotonic dependence

where Fy = 10° erg s~
on the stellar irradiation: the maximum heating efficiency grows with Ty, to reach a maximum
of ~ 2.5% at Teq =~ 1500 K and then decreases, having ~ 0.2% at T,q ~ 2500 K. Such a non-
monotonic trend fits very well with the Ohmic models, for which, as the induced field increases
with Ty, the Lorentz forces exert an effective larger drag on the thermal winds (e.g., Perna et al.,
2010a; Menou, 2012). As a consequence, very hot Jupiters might have slower winds, which limit
the available energy for the magnetic induction and decrease the overall heating efficiency.

Note that the expression above is purely phenomenological and shows high standard deviations,
reflecting the large HJ radius dispersion at a given T¢. In a similar work, Sarkis et al. (2021) obtain
a similar fit with a Gaussian function for the flux, but with the efficiency peaking at Ti.q ~ 1850 K.
Moreover, both Thorngren and Fortney (2018) and Sarkis et al. (2021) note that this heating
efficiency is degenerate with heavy mass fraction. Despite these uncertainties and caveats, the
analytical function above, which we use in this study, offers an easy way to explore the representative

internal heating we can infer for a given planet and star.
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Figure 6.2: Dynamo outer surface radius R4yn (green), RCB radius R.c, (gray), bottom of the
irradiated region Rj,, (dashed), and planetary radius Rp (solid black), for a 1 My planet orbiting a
1 Mg star, at 5 Gyr, as a function of orbital period, for both heated (upper lines) and non-heated
models (lower lines). The gray area shows the outer radius uncertainty for the heated models,
accounting for the range of parameters quoted in Eq. (6.8). In the upper right corner, we show a
sketch of the relative position, not at scale, of the different radii, including the internal core Rcore

(solid black) and a possible stratified layer close to the core (gray).

The efficiency is not the only parameter to consider: it is also important to specify where the
heat is deposited, i.e., the epeat(r) profile (Ginzburg and Sari, 2015; Komacek and Youdin, 2017).

Since we are not assuming any particular mechanism responsible for the extra heat, for simplicity
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we inject a uniform specific heat rate, epcat = Qdep/Mshen (heat per unit time per unit mass), over
a given shell with mass Mgpen, delimited by two radii, r,0¢ and 7¢p, for which we consider two

simple scenarios:
1. Extended deposition in the dynamo region (€neatextended): ot = Reore; Ttop = Rdyn-

2. Deposition in the outer convective region, outside the dynamo region (epeat outer): "bot = Rdyn;

Ttop = Ry

Note that if one considers heating up to the irradiated layer (rhot = Reore; Ttop = Rirr), i.€. including
part of the stratified, radiative layers, the results are almost indistinguishable results from the first
one. As noticed in previous works (Komacek and Youdin, 2017), heating the radiative region is
much less effective in terms of inflated radii, because the mass in the radiative region is very small
and the heat mostly escapes outwards. Moreover, for very high values of irradiation and heating,
including the outermost layers, the code can fail to converge more easily.

The second type of heating injection (i.e., above the dynamo radius) is inspired by the fact that
most heating mechanisms deposit the bulk of energy in low-density regions. Physical models such
as ohmic, tidal, or turbulent heating have different heating distributions (Batygin and Stevenson,
2010; Batygin et al., 2011; Wu and Lithwick, 2013; Ginzburg and Sari, 2015, 2016), but all of them
deposit most of the heat in the outer layers of the planet, well outside the metallic dynamo region.

As we will show in the Sect. 6.2.4 and below, heat deposition above the dynamo region leads
to significant differences. Further exploration of the heating radial profile has been conducted in
detail in several other works, e.g. different power laws (Ginzburg and Sari, 2015), or Gaussian
profiles at different depths (Komacek and Youdin, 2017; Komacek et al., 2020), and is not a matter
of this study, where we only consider the two simplified scenarios above. The inlists used to run

our models can be found on Zenodo?.

6.2.3 Extended heat cases: general properties

In Fig. 6.2 we show the evolution of the planetary radius of a 1 Mj planet orbiting a 1 Mg, star at
5 Gyr, as a function of the orbital period. In the plot, we compare irradiated models and heated
models with the extended type of injection. Planets heated as shown in Eq. (6.8) (Thorngren and
Fortney, 2018) inflate considerably and reach the range of observed HJ radii. The uncertainty
for the outer radius of internally heated models reflects different values for epeat (Firr), considering
the uncertainty ranges of the parameters in Eq. (6.8). We also show a not-to-scale sketch of the
different radii for illustration purposes. The order Rp > Rix > Rrc > Rdyn always holds for
both heated and non-heated models. There is only an exception for the highest irradiated cases, in
which an additional convective outer layer above R;,, appears. More considerations regarding the
behavior of convective regions for highly irradiated and heated models are found below.

In Fig. 6.3 we show the internal profiles for some chosen periods in Fig. 6.2. Specifically, we show
the temperature T', the density p the density scale height H,(r) = P/pg, the convective velocity
Uconv, and the convective flux ¢.. The convective velocity comes from mixing length theory (MLT)
based on the model in Kuhfuss (1986), which reduces to the expression given by (Cox and Giuli,
1968, chap. 14), in the limit of long time steps (see Paxton et al. (2011); Jermyn et al. (2023) for
details). We define g as the convective heat flux in the dynamo-generating region as follows:

2,3
o = 2cp Tpp5 Veony (6.9)

Zhttps://doi.org/10.5281/zenodo . 15800305
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Figure 6.3: Radial profiles of temperature, density, convective velocity, heat convective flux, and
density scale height, for 1 My planets orbiting a 1 Mg, star at 5 Gyr with different Py,. Models
without and with extra heating (below Rg4y,) are shown by solid and dashed lines, respectively.
Rirr is marked with a cross, Rrcp is the transition from thick to thin lines, and Rgy, is marked
with a dot.

where 6 = —(0lnp/0InT)p.

When the planets are far from the heating efficiency peak, there is almost no difference between
heated and non-heated models. Instead, inflation implies very different radial profiles: T', H,, vconv,
and ¢, substantially increase for a given model and age, while the density in the innermost parts
decreases due to the higher internal temperature (i.e., inflation and smaller mass/volume ratio).
Most
evolution models of irradiated, internally heated HJs show that at ~Gyr ages (corresponding to the

Note that we analyze models at 5 Gyr, which are representative of the bulk of HJs.

vast majority of known HJs), the shrinking and cooling stalls, due to the essential balance between
the internal heating and the long-term cooling (e.g., Komacek and Youdin, 2017). Therefore, the
internal structure doesn’t change notably. In reality, this behaviour relies on the assumption that
both the stellar luminosity and the internal heat are constant in time, then neglecting the evolution
of stellar luminosity (see Lopez and Fortney (2016); Komacek et al. (2020) for studies of re-inflation
in this context), and the possible change in the heating efficiency of the underlying mechanism (see

Vigano et al. (2025) for Ohmic models with evolving heating rates).
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Figure 6.4: Radial profiles of extended and outer heating models for a 1 My planet orbiting a 1 Mg
star at 5 Gyr, with Py,= 1.47 d. Top panels: Total logarithmic temperature gradient V (black solid
line), with the adiabatic (green dashed line) and radiative (red dashed line) temperature gradients,
Vada and V,.q, respectively. Gray zones mark stably stratified layers, i.e., Viaa < Vaq. Bottom

panels: Specific entropy and convective velocity for the same models.

6.2.4 Heat deposited in the outer region: suppression of convection

Substantial differences appear with the outer type of heat injection. The heat is deposited in a sig-
nificantly shallower layer, which, for a high enough deposited heat rate, leads to internal convection

suppression. This is physically justified by comparing the logarithmic temperature radiative gradi-
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ent (Viaq = 36 LP/647rcGmT?) and convective/adiabatic gradient (V,q), which MESA determines
using MLT. Following the Schwarzchild criterion, the actual temperature gradient V is set to the
smaller of the adiabatic or radiative, i.e., V.= dInT/dIn P = min(V,aq, Vad). Therefore, convec-
tion develops where V,q is lower than V,,q, and on the other hand, stably layers arise stratified
when V.4 is lower than V,q. Similar to Komacek and Youdin (2017), we plot V, Vi,q and V,q in
the two top panels of Fig. 6.4 for the same 1 Mj planet with a P,;,= 1.47 d. The gradient inversion
is always present in the outermost part of the planets, covering at least the irradiation depth. For
the model with outer heating, the inversion also happens in a substantial part of the interior near

the core, creating an additional internal stratified layer.

This behavior can also be seen with the specific entropy gradient: the extended heated model
(blue lines) remains isentropic over a large volume, whereas the outer heating model produces a
positive entropy gradient in correspondence with the layers just below where the heat is deposited.
With the outer heating case, vcony, and thus g, greatly reduces and even vanishes below Rqyn.
The reduction of convective region size has been briefly mentioned in previous works where intense
heating was deposited at specific interior locations (e.g., Komacek and Youdin 2017; Komacek et al.

2020). Importantly, it has relevant consequences for the internal dynamo (see Sect. 6.4.1).

Note that, on the contrary, planetary radius, external luminosity (set by Rp and Fj.), and the
profiles of T'; p, P, g are almost indistinguishable between the two heating types. This is because
the layers responsive to heating are the external ones, due to the lower density: they are the ones
responsible for the inflation, as seen by comparing how the density profiles extend, in Fig. 6.3.
Therefore, depositing the heat over most of the planet, or only in the outer convective region,

provides a very similar evolution of thermodynamic profiles.

Additionally, in our most irradiated models, a shallow convective layer arises in the outermost
regions of the planet. This outer, shallow layer would be conductive due to alkali thermal ionization
(Kumar et al., 2021) (Teq > 1000 K) and thus could interfere with the dynamo-generated magnetic
field. But this layer is cut off if the internally generated magnetic field is strong enough. We use
the critical value as given by (Jermyn and Cantiello, 2020, Eq. 9):

47TPCQQ(vrad - vad)
Bt r = 5 6.10
, \/1—Q(Vrad—vad)—l-dlnfl/dlnp ( )

where c, is the sound speed, V;.q = 3xL/647GMcT* it the radiative temperature gradient, V,q =
0InT/01In P|s it the adiabatic temperature gradient, I'j = 91ln P/01np|s it the usual adiabatic
index, and

Prad
Pgas

Q=1+4

For the models shown in Fig. 6.3 and 6.2, only the planet with Py, = 1.066 d models shows
this shallow convective outer layer. Its associated Bt » corresponds to about 100 G. As seen in
Sect. 6.4.1 the field near the planetary surface does not reach such high values for Py, = 1.066,
not suppressing this possible convective layer. These results are sensitive to external boundary
conditions and the heat deposition €, (P). Furthermore, the surface deposition for HJs is far from
uniform, which would lead to a stronger convection layer in the dayside and hamper its existence
in the nightside. Global circulation three-dimensional models are needed to address the possible

existence of such a layer and their interaction with the thermal winds.
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6.3 Rossby number estimation

The Rossby number, Ro, is the ratio between inertial forces (dominated by convection) and the
Coriolis force. Most planets in the solar system are fast rotators, i.e. they are in a low Ro regime:
defining Ro = Pyot/Ttum, i-€. the ratio of rotation period to convection turnover timescales, Earth
and Jupiter have Ro ~ 107° and 10~%, respectively. In this regime, the widely used dynamo scaling
laws by Christensen et al. (2009), explained below, apply. In HJs, as seen in Sect. 6.1, tidal locking
implies Pot = Pop. We obtain the convective timescale, Tyym (1), from the evolutionary models,

by using the radial profiles of density scale height, H,(r), and convective velocity, veony(r), so that

Porb Veonv (T)

Ro(r) = H,(r)

(6.11)
In Fig. 6.5 we show Ro(r), for 50 different values of Py, € [1,25] d, considering the representative
case of a 1 Mj orbiting a 1 Mg, star, at 5 Gyr. We compare purely irradiated cases with the
irradiated plus extended heated ones. Even though the extra heat mostly inflates the outer layers,
it leads to Ro increasing by about 1 order of magnitude in the inner layers, due to the higher
internal entropy. Still, the dynamo region maintains Ro < 0.1, regardless of the stellar irradiation,
so that we can infer that HJs remain in the fast-rotation regime. Since the evolutionary models
depend on the irradiation alone, the results for Ro are the same for other stellar types, but shifted
in orbital periods, as shown in App. 6.3.1 for MV3, KV3, and FV5 stars. HJs around the most
massive star lead to larger inflation and higher values for Ro, but the dynamo region still remains

lower than 0.1 in all cases. The sensitivity of results with planetary masses is discussed below.
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Figure 6.6: Similar to Fig. 6.5, but for the outer deposition of heat, i.e., only above the dynamo

region.

In Fig. 6.6 we show the same upper right panel of Fig. 6.5 for the case with heat injection above
the dynamo region. As expected from Fig. 6.4, there are large non-convective areas, where Ro is

formally zero, in the metallic hydrogen region.

In Fig. 6.7 we show Ro for several different mass planets, for two representative orbital periods
P, = 2.45 and 31.6 d, for both heated and non-heated models. We show four planetary masses,
which well represent the monotonic trend with Mp. Heated and non-heated models are indistin-
guishable for long periods, as the €(Fj) is negligible. As seen in the top panel of Fig. 6.7, inflation
has minimal effect for planets above 8 M, with only a slight increase of Ro with a factor less than
2. Instead, a low-mass planet of 0.5 Mj experiences a more than one order of magnitude increase
in Ro, although it remains in the fast rotator regime. This still has consequences for the interior
dynamics, as an increase in Ro may lead to more multipolar but weak dynamo-generated magnetic
fields (Christensen and Aubert, 2006; Jones, 2011; Davidson, 2013).

Planets with longer P, but still tidally locked, as the ones shown on the top panel of Fig. 6.7,
have the highest Ro. The most conductive layers of low-mass planets are generally well within the
fast-rotation regime, but for masses higher than 4 Mj, a large fraction of their metallic hydrogen
regions have Ro 2 0.1, being the only exceptions to the overall finding of this study. Note that
for longer period planets, P, > 15 d, the heating mechanism is low and there is no inflation
independent of the host star stellar type (see section below). Therefore, the argument for convection

suppression would not apply to high-mass long-period planets.

A NASA archive search reveals only three targets with 4 Mj closer than 100 pc and 15 d<
Py, <40 d, all orbiting G-type stars. The most promising candidate is GJ 86 b (Stassun et al.,
2017), which has a 15.8 d orbit, a mass of 4.4 My, and is located only at 10.8 pc. The other
two planets are farther away: HD 72892 b (39.4 d, 5.5 My, 69.7 pc, Feng et al. (2022)) and TIC
393818343 b (16.2 d, 4.3 My, 93.7 pc, Sgro et al. (2024)). Usual definitions for HJs require Py <
10 d or Teq > 1000 K (see Gan et al. (2023) and within), then we can safely say that the vast

majority confirmed HJs are in the low-Ro regime.
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Figure 6.7: Rossby number as a function of pressure for different mass planets orbiting a G2
star with two different periods, comparing models with the extended heating (dashed) with only

irradiated models (solid).

6.3.1 Rossby number dependence on stellar type

To evaluate the dependence of Ro on stellar type, we use the properties of the specific stars shown
in Table 6.1. Note that, by construction, the evolutionary models are the same but shifted in
orbital period, since the relevant parameter is the stellar irradiation, which depends on P, and
stellar mass. The Rossby profiles are instead different, since the Ro definition includes a further
P,p dependency. Similarly to Fig. 6.5, in Fig. 6.8 we show Ro as a function of planetary depth
and orbital period for an M3, K3, and F5 stars. As expected, the more massive the star, the more
inflated the planets are, which leads to larger values of Ro, though they remain smaller than 0.1
for the F5 models.
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6.4 Observational consequences

6.4.1 Magnetic field scaling laws

Combining energy equipartition arguments, the results for a large set of dynamo simulations (Chris-
tensen and Aubert, 2006) and magnetic field measurements, Christensen et al. (2009) argued that
for the Earth, Jupiter, and fully-convective fast-rotating main-sequence stars, the convective heat
flux is the key factor determining the order of magnitude of the dynamo-generated magnetic field

strength:

BQ 13 ch 2/3
= " hm 4= , 12
2p0 o Jotum P (HT> (6.12)

where pg is the magnetic permeability, fonm < 1 is the ratio of ohmic to total dissipation, L
is the length scale of the largest convective structures and Hy = P/(pgVaq) is the temperature
scale height, with ¢, the heat capacity, a the thermal expansion coefficient, g is the gravitational
acceleration, and ¢, is the convective heat flux as previously defined. As in Christensen et al.
(2009), we hereafter assume fon, = 1 for simplicity. Eq. (6.12) can be integrated in the spherically
symmetric shell of volume V' (between Reore and Rgyn) and define the root-mean-square value of

the magnetic field in the dynamo region as:

Biym _ (B)
210 2410

= ¢ form (D)3 (F q0)*? (6.13)

where brackets indicate volume averages, qq is a reference convective flux, which we take as the
value of g. at Rgyn, ¢ is a proportionality constant, calibrated as ¢ = 0.63 by Christensen et al.

(2009), and the factor F' includes the radial profile variations as follows:

o= L[ (40 OV (00N oy

V JReore \ qo Hr(7) () 6.14
_ 1 [Qam (qc(r) L(r) )2/3 (P(7“)>1/3 Lo o
V JQewe \ qo Hr(r) () p(r)

where L = min(D, H,). In the context of MESA variables, it is more natural to use the second
expression and integrate in @, where dQ = dm/M. We have used dm/dr = 4wr?p. All these
quantities are obtained for the evolutionary models at each timestep. This implementation is
similar to other planetary studies (e.g. Hori, 2021; Kilmetis et al., 2024).

Additionally, we can estimate the dipolar component at the planetary surface at the magnetic

equator, Baip surf, defined as:

B —1<Rdy“)33 (6.15)
dip,surf — 2ﬂ RP dyn » .

where for simplicity we use the same factor 1/(21/2) as in Reiners and Christensen (2010), which
comes from the assumption that the rms dipole field strength is half of the rms and that we consider
the value at the magnetic equator, which is 1/ V2 of the average dipole field. Note also that the
scaling law suffers of considerable uncertainties: (i) Reiners et al. (2009); Reiners and Christensen
(2010) reformulate the original scaling law in the way illustrated in Sect. 5.2.8, and evaluate a
~ 60% relative dispersion around that formula from data comparison; (ii) several factors (like
the dipolar fraction and fon,) which may be in reality systematically shifted, or vary from case
to case; (iii) the calibration of the scaling law has been originally limited to the Earth, Jupiter
and low-mass main-sequence stars, excluding other planets, with brown dwarfs found later to be

surprising outliers (Kao et al., 2016, 2018), and with no available comparison with magnetic field
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measurements for exoplanets, except a few indirect estimates by (Cauley et al., 2019). Therefore,
the absolute values should be taken with care. Nevertheless, our main focus is to show the trends
of the predicted field, mainly as a function of age, P,,1,, and the type of heating.

Note also that, for each model, we show the evolution from 10 Myr to 10 Gyr. At early ages,
convection is more vigorous, but more effects related to disk-planet interaction and migration could
occur, which we do not account for. Moreover, as discussed above, the internal structure predicted
by cooling models still depends on the specific initial entropy, while at later ages, = 0.1 Gyr, the
evolution has lost memory of the initial condition, so that results are more reliable in this sense.
Since the bulk of detected HJs are O(Gyr)-old, hereafter we will not focus on the ¢t < 100 Myr part
of the plots.

In Fig. 6.9, we show Bgyn (top) and Baipsurf (bottom) for the same 1 Mj models shown in
Fig. 6.5 and 6.6. Models with only irradiation (left panels) lead to a magnetic field decay in time
(B x t=03 where B can be Baip surf 0r Bayn) proportional to the gradual cooling of the planet and
independent of the orbital period, compatible with Reiners and Christensen (2010) and Elias-Lépez
et al. (2025). Models with internal heat lead instead to much higher Bgip, surf, since the shrinking is
stalled, with an equilibrium between the long-term cooling and the internal heating. These values
are compatible with Yadav and Thorngren (2017), which assumes that all the heat necessary to
inflate the planet is involved with the magnetic field generation (see Vigano et al. (2025) for a
discussion about the assumptions in the use of the scaling laws). As seen in Fig. 6.2 and Fig. 6.3,
inflation mostly affects the outer layers of the planet, and the dynamo region does not expand
nearly as much. The consequence is that, even though Bgy, plateaus at very high values ~ 900 G
for Py, S 2 d, Baipsurf has much lower values, since the layers between the outer dynamo region
Rgyn and the planetary surface Rp are inflated, and the relative decay of the dipolar field, cubic in
radius, is relevant (higher multipoles decay even more). The non-heated models shown in Kilmetis
et al. (2024) have a similar trend where the magnetic field estimation decays for short Pp.

The predictions for models with the outer heating, for which convection can be suppressed, are
very different, as shown in the right panels of Fig. 6.9. Whenever inflation becomes noticeable, the
magnetic field strength dramatically decreases to values even lower than the Jovian values of ~ 10
G. The cases with the lowest predicted values of Bqy, have thin layers of convection below Rgyy.
This implies that the integral, Eq. (6.14), is very sensitive to both the assumed definition of R4yn,
and the radial interval used in the outer heating. Moreover, it might not be accurate to estimate
the magnetic field strength created in these shallower convective layers with the same scaling laws.
Therefore, the values shown on the left panel of Fig. 6.9 could be even lower or potentially vanish
for the convection-suppressed cases.

This fact leads us to draw a parallel with Venus. The most accepted argument for the lack of an
active Venusian dynamo is the presence of a stagnant lid. The absence of an active tectonic plate
system inhibits efficient cooling of its core, leading to steeper entropy gradients (Nimmo, 2002;
Jacobson et al., 2017). The argument works similarly for HJs: if the heating necessary to reach
the observed HJ radii is deposited in the outer layers, convection (and thus dynamo) is suppressed,

essentially due to a blanketing effect.

6.4.2 Planetary coherent radio emission

One of the main observational consequences of exoplanetary magnetic fields is the possible coherent
radio emission, as seen in all magnetized planets in the Solar system (Zarka, 1998). The mechanism

behind this emission is the above-mentioned ECM (Dulk, 1985), which requires the presence of a

124



Chapter 6 — Rossby number, convection suppression and magnetism in inflated hot Jupiters

E—— |
0 100 200 300 400 500 600 700 800 900
den (G)
.
108
10 =
wn
e T
= :
& ° 3
107 &
2
108 10° 1010107 108 109 1010107 1010
t(yr) t(yr) t(yr)
E—— ]
0 15 30 45 60 75 90
Bdip, surf (G)
=
N

—— 10MHz

240 MHz
= 350 MHz

108 109
t(yr) t(yr)

Figure 6.9: Magnetic field estimates for 1 My planets orbiting a 1 Mg main-sequence star (same
models as Fig. 6.5 and 6.6). Top panels: average magnetic field strength at the dynamo surface
obtained with the scaling law discussed in the text. Bottom panels: inferred dipole component at
the planetary surface equator. Several of the most interesting frequency limits are included: 10
MHz, the ionospheric cut-off and lower range of LOFAR; 50 MHz, the lower range of SKA-low; 240
MHz, the upper range of LOFAR; and 350 MHz, the upper range of SKA-low.

source of keV electrons (arguably coming from the stellar wind) and a planetary magnetic field. As
the charged particles from the stellar wind come into the vicinity of the planetary magnetic field,
they start following helical trajectories around the magnetic field lines and get bunched together
in phase. This results in a coherent, circularly polarized radio emission from the planet in a hollow
cone, at the Larmor frequency of the local magnetic field B, v, [MHz] = 2.8 B [G]. Therefore, the
detected emission traces the intensity of the magnetic field, with a frequency cut-off at the Larmor
frequency of the largest value of the field in the emitting region, i.e., close to the surface. As seen
in the bottom panel of Fig. 6.9, irradiated and extended heated models have Bgi, surf estimations
that surpass the ~ 10 MHz ionospheric cut-off, which corresponds to a minimum magnetic field
strength of ~ 3.5 G. On the contrary, when HJ are inflated with the outer heating, their Byip surt
usually are below the ECM cut-off, suppressing any detectable radio emission.

Given that the Jovian case remains the only firm observable constraint for gas giants’ ECM
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Figure 6.10: Estimates for Jovian-like coherent radio flux (top, for a 10 pc away HJ) and SPI

available power (bottom), as a function of age and Py, for the same models shown in Fig. 6.9.

emission, there are huge uncertainties on how bright the expected radio emission should be. Simple
estimates assume that the emitted radio power is proportional to the kinetic flux intercepted by
the planetary magnetosphere and is given by the phenomenological radiometric Bode’s law, which
states the the total irradiated power is P, o M3 Md21/p3a_4/ 3VV?,/ ® with an added factor for
the distance to the source of d~2 to recover the radio flux. This fits the well-characterized radio
luminosity of Jupiter and the one from the other solar planets, which are less studied, coming
mostly from limited in-situ Cassini and Voyager measurements. The corresponding specific flux,

scaled by the measured typical Jovian values, reads (Bastian et al., 2000; Zarka et al., 2001; Stevens,

2005): y y
/ My;
F.=2.35- 1072 mJy - <M*> . (ﬂ) .
Mg Mgip,3

o \—4/3 Vir 5/3 d \—2
' <5AU> ' (400kms_1> . <10pc)

where M, is the stellar mass loss rate, Mgip = Bdip,surt R% is the planetary magnetic dipolar mo-

(6.16)

ment, and d is the distance to the source. Note that in Stevens (2005) they use the same expression
with a source distance of d = 1 AU, which corresponds to a pre-factor of 10! mJy. The stellar

wind properties may vary from case to case and can be inferred from UV and X-ray observations
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(see e.g. (Wood et al., 2021) for M dwarfs), or some models (e.g., Johnstone et al., 2015). Given
the intrinsic uncertainties, here we simply assume a representative solar value, M, = M@ ~ 400
km s~! (Wood et al., 2005), thus neglecting the large spatial and time variability measured for the
Sun (e.g., Fig. 1 of Johnstone et al. 2015), and its dependence on a from measurements or from
e.g. the Parker (1965) model.

In the top panel of Fig. 6.10, we show the resulting estimates for the ECM radio flux, for the
same models in Fig. 6.9. HJs with extended heating have very high flux predictions, overcoming
1 Jy, which is incompatible with much lower upper limits reported in literature for tens of HJs
(e.g. Narang et al. (2024) and references within). Models with external heating have instead flux
estimates which are orders of magnitude smaller, especially for the hottest cases at Gyr ages, where
the convection and dynamo suppression bring the most relevant effects. Moreover, they are mostly
below the 10 MHz ionospheric cut-off shown in Fig. 6.9 and cannot be detected by ground-based
radio interferometers.

Note that the absolute values of the estimated flux for the purely irradiated case are compatible
with the cases proposed in the original works by e.g. Stevens (2005), and fluxes F, 2 0.1 mJy
should be easily detectable by targeted observations and/or current wide-field radio surveys at low
frequencies, LOFAR Stokes V survey V-LoTSS in particular (Callingham et al., 2023). However,
after two decades of radio campaigns targeting tens of theoretically promising HJs have led to no
confirmed planetary radio emission (see e.g. Fig. 6 of Narang et al. (2024), and references within),
with a claim for one case (Turner et al., 2021), not confirmed by an extended follow-up (Turner
et al., 2024). Therefore, the models are probably very optimistic, in part because they are often
calibrated to the peak values of the Jovian short bursts, rather than the average one. In any case,
the purpose of this work is to discuss the trends with irradiation and heating models, rather than

the absolute values, which are arguably plagued by huge intrinsic uncertainties.

6.4.3 Star-planet interaction available power

Another potentially observable signature of planetary magnetism is the effect of magnetic SPI.
One of the possible SPI mechanisms for HJ systems can arise when a close-in giant planet moves
through its host star’s magnetic field, enabling energy transfer due to the stretching of magnetic
flux tubes that connect the planetary and stellar magnetospheres (Lanza, 2013). This interaction
can produce observable signatures, such as spectroscopically detectable modulation with the orbital
period of chromospheric activity (in particular, the emission line Ca II K, Cauley et al. 2019), or
coherent emission at radio frequencies close to the stellar surface (e.g., Saur et al., 2013; Pérez-
Torres et al., 2021). Here we don’t enter into detail of the specific manifestation of the SPI at
different wavelengths, but we simply follow Lanza (2013) to derive the total power available:
27 9 9

Pspy =~ ™ fap Bp (2Bdip surf)” Vrel, (6.17)
where v¢] = 2ma/ Py is the relative velocity between the planet and the stellar magnetic field lines
(therefore, Prel = 27/ (worh — wy), where w; are orbital frequencies), 2Bgip surf is the polar magnetic
field (twice its equatorial value defined in Eq. 6.15), and fap is the fraction of the planetary surface

covered by stellar magnetic flux tubes:

B 351/3
fap=1- <1—2+£>

where £ = B, (a)/(2Baipsurt). Bx(a) is the stellar magnetic field at the given orbital separation,

which we derive assuming a solar-like value at the stellar surface for simplicity, B, = 10 G. Note
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that this underestimates the stellar field for at least M dwarfs, which, being fully convective,
usually show hundreds to thousands gauss fields (Reiners et al., 2022), and for the highly magnetic,
chemically peculiar Ap and Bp stars. However, the bulk of HJs orbit Sun-like stars whose spectral
type is usually associated with (at most) Sun-like large-scale magnetic field values (e.g., Seach et al.,
2020), therefore justifying our simple assumption.

Eq. (6.17) estimates the Poynting flux generated by the continuous stretching of magnetic field
lines due to the planet’s motion and was also used in Cauley et al. (2019) to estimate the magnetic
field of four HJs by observing periodic enhancements in the Ca II K chromospheric emission line. In
the same work, they show that other SPI estimates, like the pioneering reconnection model (Cuntz
et al., 2000) and the Alfvén wing scenario (Saur et al., 2013; Strugarek, 2016), have different
dependencies with the planetary and stellar magnetic fields, and typically provide less available
power, incompatible with the observed activity modulation signal (Cauley et al., 2019), so we don’t
discuss them here. In the bottom panels of Fig. 6.10, we show the resulting available SPI power,

< 1% in Cauley et al. 2019) can become visible as orbit-modulation of

~

a fraction of which (e.g.,
the activity indicators. Similar to Fig. 6.9, only the extended heat scenario, for the hottest cases,
provide optimistic predictions for inflated HJs, Pspr = 10?2 W, potentially able then to power the
observationally inferred values of 102 W in Ca II K line modulation, assuming reasonable < 1%
conversion efficiency, Cauley et al. (2019). When the heat is applied only above the dynamo, the
available power is typically reduced by orders of magnitude.

Note that an essential requirement for SPI is that the local wind velocity should be less than
the Alfvén velocity (i.e., the Alfvén Mach number My = vw /vqr < 1, where vy is the Alfvén
speed). This intrinsically depends on the individual stellar properties, and we cannot assess it here.
However, it can further limit the detectability of SPI signals. Therefore, again, the values here
indicated should be regarded as upper limits and be used to only infer the trends with the HJ

properties (depending ultimately on irradiation and heating).

6.5 Summary

e We study the evolutionary internal properties of inflated HJs using the MESA code under
assumptions of tidal locking and stellar irradiation. We investigate the influence of planetary
and stellar masses, orbital separation, and internal heating location on planetary structure

and magnetic field estimates.

o Heat injection is guided by irradiation-efficiency relations derived by (Thorngren and Fortney,
2018), with a focus on trends rather than precise inflation magnitudes. Two heating scenarios
are tested: heat injected within the dynamo region (P > 10° bar) and external to it (as in
Ohmic heating models). We reproduce the radius inflation of previous studies, and we focus

on the internal properties. Structural differences between the two heating types are minimal.

o Rossby number (Ro) profiles reveal that most models have Ro < 0.1, consistent with fast-
rotating convection. Only very massive, long-period (1540 days), tidally locked planets may
develop higher Ro and potentially different dynamo regimes. The innermost heat injection
type tends to increase Ro with more visible effects in low-mass planets, compared to the outer
heating, but minimal changes are seen for high-mass planets. Moreover, outer heating leads
to convection suppression via entropy inversions and reduces internal heat transport, making

Ro non-defined.
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e The convection suppression has deep implications for the expected magnetic fields. Using
magnetic field scaling laws (Christensen et al., 2009), we predict that if the heat is mostly
deposited in the dynamo regions, the surface magnetic fields are up to ~100 G, consistent with
Yadav and Thorngren (2017). On the other hand, external heating results in weaker convective
power and much smaller magnetic field strengths, similar to Jupiter. Unlike Jupiter-mass HJs,
massive HJs are largely unaffected by inflation; thus, they are the only cases with outer heating

that could still host strong magnetic fields.

¢ Despite having encouraging scaling law flux predictions, SPI signals like coherent radio emis-
sion and orbital modulation of activity indicators have remained so far very scarce (Cauley
et al., 2019). Based on the magnetic fields derived by scaling laws, we give observational
predictions of radio emission and SPI available power, comparing different periods for the
irradiated-only (no extra heating), inner heat, and outer heat models. Only the inner heat
model has a promising prediction, but the outer heated model is much more likely, physically
speaking (Batygin et al., 2011; Ginzburg and Sari, 2015, 2016; Vigano et al., 2025). There-
fore, we conclude that the expectations of highly magnetized HJs is probably too optimistic.
This can explain why HJ magnetism remains elusive despite two decades of radio campaigns
aiming at it, although other important biases like beaming, variability, or distance certainly

contribute negatively to the detection chances.
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Chapter 7

Hot Jupiters dynamo simulations and

on-going applications

This chapter presents some preliminary results from dynamo simulations of HJs. I follow the same
methodology used in Chapter 5, with the difference that I use background thermodynamic profiles
coming from the evolution of highly irradiated planets. Sect. 7.1, related to the curvature and the
assessment of the electrical current intensity, is my contribution to a study of the Ohmic model
for HJ radii inflation, currently under the final stages of revision (Vigano et al., 2025). Sect. 7.2
represents an ongoing work which, at the moment of finalizing this thesis, is being shaped as an
article, first-authored by me. This chapter, far from being self-contained, is meant to provide some
details of the current and future developments and applications of the work presented in the rest
of the thesis.

7.1 Assessing the magnitude of electrical currents in HJs

As mentioned in previous chapters, the HJ inflated radii issue (Laughlin et al., 2011; Sestovic
et al., 2018) is often understood within the Ohmic models, first proposed in the early 2010s (Perna
et al., 2010b; Batygin and Stevenson, 2010; Batygin et al., 2011). The basic principle relies on
the irradiation causing strong thermal winds which, due to the partial thermal ionization of the
alkali metals (Kumar et al., 2021), carry electrical currents and locally modify the background
magnetic field, generated much deeper, in the dynamo region. Such currents, due to fundamental
electrodynamic principles and the non-zero conductivity, penetrate the interior. Therefore, their
Ohmic dissipation is not limited only to the shallow outermost radiative and highly irradiated layers
where winds circulate, but concerns also the deeper, convective layers, where the deposited heat can
effectively slow down (Komacek and Youdin, 2017) or even revert (Komacek et al., 2020) the long-
term cooling and shrinking, thus providing substantially higher values of the measured planetary
radii. Previous works, for simplicity, have considered extremely simple and unrealistic geometries
for the dynamo magnetic fields, like dipoles (Batygin and Stevenson, 2010; Batygin et al., 2011; Wu
and Lithwick, 2013; Knierim et al., 2022). Such studies extended the calculations of the induced
currents to the dynamo region, but they neglected how induced currents can affect the dynamo
currents, and vice versa. In Vigano et al. (2025) we have refined such models, by three main
novelties: (i) considering the coupling with an evolving internal field via scaling laws (Christensen
et al., 2009) presented in the previous chapters; (ii) allowing for any arbitrary combination of
multipoles for the background dynamo-generated field; (iii) including the latest theoretically and

experimentally constrained values for the conductivity, considering both the thermal ionization
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(Kumar et al., 2021) and the high-density and degeneracy effects (Bonitz et al., 2024), to derive
the radial profiles of the electrical currents. It turns out that the conductivity profile is the main
factor shaping the radial profile of electrical currents. The latter vary by less than one order of
magnitude across the planet, in contrast with the broad range of values (6-7 orders of magnitude)
spanned by the conductivity, which steeply increases as one goes closer to the dynamo region,
p ~ 109 bar. Typically, the magnitude of the currents can reach < 1072 A m~2, with the hottest
planets having the strongest currents. In Vigano et al. (2025), we show representative examples of
the radial profiles of the conductivity, induced currents, and specific Ohmic heat.

Here, without entering into the details of the Ohmic models, we compare those values with
what we can expect from dynamo simulations, which has been my practical contribution to Vigano
et al. (2025). As explained through this thesis, in dynamo simulations it is not possible to directly
predict the absolute value of the magnetic field and currents. The reason is that they depend on
Ra and E, which are computationally constrained to be many orders of magnitude away from the
realistic ones, due to the impossibility of including all relevant scales. However, we can use the
information on the typical topology from dynamo simulations, by looking at the ratio between
currents and magnetic fields, and calibrate them by using the values measured in the solar planets,
shown in Chapter 4. In particular, here we make use of the observations of the Jovian field, the
one reconstructed with the highest fidelity among gas giants. While this approach can suffer from
several caveats and the numbers are far from being precise assessments of what can be exactly
expected, we aim to assess the order of magnitude and roughly compare the intensity of the two

systems of electrical currents of HJs.

7.1.1 Jovian magnetic field curvature

As mentioned in Chapter 4, the Jovian magnetic field produced by the internal dynamo has been
accurately measured and can be reconstructed in terms of multipolar decomposition of the poloidal
and toroidal components, as given by the best-fit model to the data (Connerney et al., 2018, 2022).
With the set of these best-fitting weights, one can describe the potential magnetic field in the entire
volume where there are no currents, down to the radius Rqyn, below which the dynamo starts to
be active and the field is no longer potential.

We are interested in estimating the intensity of electrical currents |J| = |V x B|/ug, which
dimensionally can be thought of as a magnetic field divided by a physical length scale Lg, J ~
B/(Lppo). A natural proxy for this length-scale is the inverse of the magnetic field curvature,
which is defined as k = (b- V)b, where b = B/|B]| is the unit vector field. Using the Jovian
solution, we compute the local values of the curvature and the average of its modulus over a sphere

at a given radius, with the following expression:

_ IR0, 657 = ry)[sin ¢ df dg

(relr = 7)) [sin6 d do

(7.1)

The full expressions used to obtain the components and mean magnetic field curvature are shown
in App. C.2.

In the bottom panel of Fig. 7.1, I show the inverse of the mean curvature at different radii for
both models, including two different cut-offs for JRM33. The gray zone approximately marks the
possible start of the conductive zone, where the gradual appearance of metallic hydrogen would
prevent the validity of the potential solution. The inverse curvature has a mean value of the order
of & ~ (0.07— 0.3 Ry)~! at » ~ (0.8 — 0.9) Ry (around where the dynamo surface should be),

which can be taken as a lower limit of the magnetic field curvature inside the Jovian dynamo and a
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Figure 7.1: Top: Curvature modulus of Jupiter’s magnetic field at » = 0.9 R; in the Mollweide
projection, reconstructed with the model JRM33 (Connerney et al., 2022) with nymax = 13. Bottom:
Inverse of the mean curvature modulus for different Jupiter magnetic field models as a function of
radius, obtained using a discretized version of Eq. 7.1. The curvature for the JRM33 models does

not significantly change if the external multipoles are included.
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proxy for the electric currents. Below, we adopt this as a lower limit for %, since higher values are
expected in deeper regions, as a consequence of the turbulent environment in which the magnetic

field is continuously regenerated (see bottom panel of Fig. 7.2).

7.1.2 Magnetic field curvature estimation in the internal dynamo region

We can estimate the electric currents from planetary numerical simulations as a function of depth,
translating the numerical results into physical quantities by using the values of x obtained above
and the typical values of B. For these purposes, we performed MHD dynamo simulations that
allowed us to estimate the values of the currents, and to validate at the same time the use of the
magnetospheric value k as a proxy for the internal J/B ratio. Similarly to Chapter 5, MagIC
has been used to solve the MHD equations in a spherical shell under the anelastic approximation
with the MESA radial structure as background profiles. As explained in detail in Sect. 5.1.1, we
implement the radial dependence of density, temperature, gravity, thermal expansion coefficient,
and the Griineisen parameter with a very high degree polynomial, fitting them better than < 1%.
We assume constant thermal and viscous diffusivities and we adopt the conductivity profile (and
thus a corresponding magnetic diffusivity) first defined in Gémez-Pérez et al. (2010) which consists
of an approximately constant conductivity in the hydrogen metallic region joined (at r = r,, with
o(r) = op) via a polynomial to an exponentially decaying outer molecular region (see Eq. 5.7).
For these models, we have arbitrarily chosen 0, = 0.6 and a = 11, and we fix r,, = Rqyn, i.e., the
radius of 10% bar. Due to numerical limitations, dynamo models cannot cover the entire density
range of the dynamo region, and we have to consider a more limited density contrast (ratio between
the innermost and outermost densities) N, = In(p;/po) < 4.6. We externally cut the MESA radial
profiles to have a density contrast N, of either ~3.0 or 4.6. We have also used a variety of dynamo
parameters and boundary conditions.

We show the results in Fig. 7.2, where only some representative models producing a dynamo
are shown. The background profiles correspond to an irradiated 1Mj planet with internal Ohmic
heating at 10 Gyr (similar to the models shown in Vigano et al. (2025)). At that time, the simulated
planetary radius is 1.218 Ry, which after the outer cuts at IV, ~ 3.0, 4.6 leads to external pressures
of 64 and 5.4 kbar, respectively. We used resolutions of (N, Ny, Ny) = (193,256, 512) for the cases
with N, = 3.0, and (N,, Ny, Ny) = (241,320,640) for the cases with N, = 4.6. To explore how
sensitive the magnitudes in Fig. 7.2 are, we vary the Pr, Pm, Ra, N,, and the boundary conditions.
Generally speaking, the models shown above reach a steady state dynamo with equatorial jets.
More details and the main results of these simulations will be presented in an upcoming paper
dedicated to the dynamo in gas giants.

Despite some small differences among the various simulations, we obtain radial profiles with the
same trend and order of magnitude: |V x B|/(kB) ~ 1-3 and 1/k ~ (0.01-0.1) Rj. For the former
(top panel), it confirms that the ratio between the magnetic field intensity and the mean radius of
curvature, Bi, is a very good tracer of the current density, J. Regarding & itself (bottom panel),
we obtain values similar to the ones inferred from Juno data (see section above).

Therefore, taking typical values Byy, ~ 10 G and K ~ 1079 m~!, one obtains J ~ Br/ug ~ 1073
A/m?2. This range is the same as (or slightly lower than) the atmospherically-induced currents
at 1 ~ Rgyn. Therefore, they could be a significant factor to be taken into account to set the
boundary conditions in dynamo simulations, which are instead almost always set to be a current-
free solution. Since the geometry of the atmospherically induced currents depends on the wind and

background field configurations themselves (Batygin et al., 2011; Vigano et al., 2025), this opens
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Figure 7.2: Typical radial profiles of |V x B|/(kB) (top) and 1/k (bottom), averaged over the
spherical surface at each radius, from 3D dynamo simulations with the code MagIC. To explore the
sensitivity to the free parameters. All models have the same boundary conditions (i.e. stress-free for
the fluid and insulating for the magnetic fields outside, stress-free and perfectly conducting inside)
except for the cases marked in the legend. The Ekman number is 107%, and both Prandtl numbers
are set to 1 (except for those also marked in the legend, which have N, ~ 3.0 and Ra = 5x 108. Note
that 1/% becomes much smaller close to the external boundary, to match the potential configuration

constraint. See Chapter 5 for more details.

134



Chapter 7 — Hot Jupiters dynamo simulations and on-going applications

up the remarkable possibility of atmospheric processes affecting the deep dynamo solution. The
implementation of atmospherically induced currents as top boundary conditions for the highly-
conductive region would open a new type of dynamo simulations, so far non-existent, which would

be specifically applicable for HJs only.

7.2 Hot Jupiter dynamo simulations: preliminary results

A natural, ongoing work which follows Chapters 5 and 6 is to obtain 3D MHD HJ saturated dynamo
solutions at different orbital distances (i.e., irradiation levels). The main idea is to take the interior
planetary structures of several HJs models shown in Chapter 6, without or with internal heating,
and repeat the same procedure performed in Chapter 5. In this section, I include the preliminary
results for such numerical experiments.

We first take several heated and non-heated planetary structure models, all at the same age,
which we fix at 5 Gyr, and implement the background profiles as seen in Chapter 5, choosing a
density contrast N, ~ 3. We again assume that the diffusivities at a given radius remain constant
for all models. This implies that we considered the same values of Pr and Pm along the orbital
distance sequence, which we assume to be Pm = Pr = 1. It also means that the relative change in
E comes from both the level of HJ inflation and the rotation rate = 27/ Pyp:

d3 Qo d3AT
E' =Ey-2—, Ra’'=Rag—=— .
0 ¢ T O BAT,

We have considered a non-inflated 1 Mj HJs series with P4, from 0.528 to 31.6 d around a solar-
like star, logarithmically spaced. For comparison, we have added two internally heated models,
with Py, being 1.47 d and 4.08 d, with corresponding moderate heating efficiencies (Eq. 6.8) of
e ~ 0.6, 0.3%, respectively. In Table 7.1, we summarize the most important models and their

corresponding input parameters.

P_orb  1,(Ry) M Vv E Ra a Tim Ro
0.528 1.1135 50.5 7.63  3.709-107% 1.488.10° 3.0 0.8359113 0.00115
0.880 1.0762 51.4 772 6.670-107%  1.133-10° 3.5 0.8518471 0.00285
1.47  1.0426 53.8 7.94  1.210-107° 8.165-10% 4.0 0.8644453 0.00651
245 1.0171 55.1 8.01 2.134-1075  6.222-10%8 4.5 0.8734342  0.0149
4.08  1.0103 56.8 820  3.659-107° 5.603-10° 5.0 0.8757581  0.0354
6.81  1.0080 56.7 815  6.108:-107° 5.496-10%° 5.5 0.8764779  0.19
11.4  1.0070 56.6 815  1.025-10* 5.435-10%° 6.0 0.8765579  0.444
19.0 1.0067  56.6 815  1.709-10~* 5.417-10% 6.5 0.8765823  0.447
31.6  1.0066 56.8 8.15 2.843-10~*  5.403-108 7.0 0.8772614  0.671
1.47  1.2910 53.7500 4.0000 8.048-107¢ 2.863-10° 4.0 0.7595887  0.0136
4.08  1.1107 59.4600 5.0000 3.172:107° 1.211-10° 5.0 0.8359263  0.0696

Table 7.1: Similar to Table E.1: input parameters for a series of 1 My HJ models orbiting a solar-
like star at 5 Gyr introduced in Chapter 6, and one output parameter, i.e., Ro. The top models are
non-heated HJ, and the two bottom models are for the inflated counterpart with a moderate heat
injection corresponding to an Ohmic efficiency of 0.6% and 0.3%, respectively, defined similarly as
in Chapter 6.

We employ the same analytical conductivity expression (i.e., Eq. 5.7), taking o,,= 0.1 and

rm defined for each model corresponding to the radius where pressure reaches 1 Mbar. Instead of
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Figure 7.3: Similar to Fig. 5.10: diagnostics as a function of orbital distances. From left to right
and top to bottom, the magnetic Reynolds number, the Elsasser number, the magnetic-to-kinetic

energy ratio, the Ohmic fraction, total dipolarity, and dipolarity at the dynamo surface.

assuming a constant value for a, we now choose different values depending on the orbital separation
(see Table 7.1). There are two reasons for this: a physical one and a numerical one. The outer layers
of HJ are known to be more conductive than in cold Jupiters due to the high outer temperatures,
but the conductivity is still orders of magnitude lower than that of metallic hydrogen (Kumar et al.,
2021; Bonitz et al., 2024). Therefore, the smaller P}, the higher the surface temperature and the
higher the conductivity, leading to an overall less steep conductivity decay. The numerical reason
is similar to the 0.3 My model of Chapter 5: for heated models, the outer non-conductive layer is so
thick that the decaying exponential leads to low numerical values of &. We can avoid this problem

by having not-so-steep conductivity drops for the most inflated hotter HJ models.

An important fact is how the E and Ra change within the HJ series: E decreases by two orders of
magnitude while Ra only increases by a factor of 3. This change is far from the criticality relation,
i.e., Ra. E—4/3. Therefore, this will influence the trends in Py, as the rotational effects are much
more different within the HJ series than the inertial (buoyant) effects. This can already be seen
by Ro, as it varies for more than 3 orders of magnitude. Notice that the last four longest-period

non-inflated models are not in the low-Ro regime, for we expect a very different behavior.

The dependence on P, of the most important dimensionless dynamo parameters is shown in
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Fig. 7.3. Within the series that remains in the low-Ro regime (i.e., Py, > 4.08 d), we observe a
steady growth in Rm and A with P, which is compatible with the sterep increase in E. A less
pronounced growth is observed for Epag/Fkin and fonm. Both the overall dipolarity fai, and at
the dynamo surface fqyndip (obtained from the 5 % integral below 7,, as explained in Chapter 5),
decrease with P, from a dipolar regime and then they fall to the multipolar dominated regime
at 4.08 d (which remains in the low-Ro regime). The four models with Ro > 0.1 show reversed
trends, there is a decrease of Rm, A, Enag/Fiin, and fonm with Py, However, in comparison with
the low-Ro runs, Rm values are much larger; Eag/Fikin and fonm take much lower values; and A
shows similar values with a smooth transition between the Ro > 0.1 and Ro < 0.1 regimes. Both
dipolarity measures show a decrease with Py, corresponding to typical multipolar dynamos. Note
that typical values are not as high as the ones in Chapter 5, this is due to the more demanding
change in parameter space for the HJ series.

Both internally heated models here considered fall in the low-Ro regime. Comparing the non-
heated with the heated models, we can see that the latter have higher values for Rm and A, lower
values for Emag/Fxin, faip and fayn,dip, and similar values for fonm. This is due to the fact that
heated HJs have more energetic convection, leading to higher internal velocities and magnetic field
predictions, but at the same time, more multipolar fields with lower equipartition levels. With
only two data points, we cannot make any strong statements about the trends, but we can see that
there is still a dependence of Rm and A with P, although less pronounced than the non-inflated
series. The loss of dipolarity with larger P, is still maintained.

We show three corresponding spectral and radial energy distributions in Fig. 7.4. The main
characteristics are similar to Chapter 5: the kinetic spectra are dominated by the equatorial jet at
low multipoles; the magnetic spectra are mostly flat; and they show a similar diffusion range at
about ¢ ~ 50 — 60. By looking at surface spectra like the ones shown in Fig. 5.6, we can affirm
that some of these runs are somewhat underresolved, and we are now in the process of running
high-resolution models as well as changing to a less demanding parameter space.

Finally, we plot this preliminary HJ sequence on top of the anelastic scaling laws of Yadav et al.
(2013). Similarly to the evolutionary trends shown in Figs. 5.14 and 5.15, in Fig. 7.5 we show HJ
trends in the dimensionless parameter space. In the Ro vs P/ (Pmlg/ 45) plot, we can see that HJs
orbiting closer to their host star have lower Ro. This could already have been predicted: the smaller
the Py, internal convection is dominated by rotational effects (see Chapter 6). As noted above,
the four longest-period planets are not in the low-Ro regime, and they tend to fall farther apart
from the scaling law. What might seem surprising is the decrease of buoyant power per unit of mass
P for more irradiated planets. But it can be justified again by noting that rotational effects hinder
convection processes (E decreases much more than Ra increases to maintain the same criticality).
Both inflated models move up the scaling law (i.e., both Ra and P increase) in comparison with
their unheated counterparts. Similarly, we plot the HJ sequence on top of the scaling laws related
to magnetic outputs. Again, the Ro > 0.1 do not exactly fall within the scaling law trends. The
low-Ro regime models are spread throughout the scaling law down to very low values for Lo and
high 7iag. The transition from the multipolar to the dipolar dynamo branches as P, gest smaller
is not as clear as in Chapter 5, although it can be slightly appreciated in the 7,,¢ scaling law.

After the exploratory simulations here summarized, we are currently about to perform the
production runs for an article, which will be the first one specifically dedicated to dynamos in HJs,
to the best of our knowledge. We first need to increase the resolution so that fp = |E — Dyise —
Donm|/P, is no greater than 1 %. We will also restrict the P, interval so we are not pushing

simulations to such a demanding low E regime (so that the runs in the Yadav et al. (2013) scaling
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Figure 7.4: Similar to Fig. 5.5. Magnetic (solid) and kinetic (dashes) energy distribution over the
multipole degrees [ (up), and the radius (down), for three models representing the same 1 M planet

at different orbital distances.

laws are not so spread), and at the same time recover a low Ro regime for a full series of HJs. Lastly,
we will use the inflation prescription by Thorngren and Fortney (2018), already used in Chap. 6.
The HJ dynamo trends shown above will be confirmed or refuted after these improvements are

made, but we expect the trends to be only marginally adjusted.
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Chapter 8

Conclusions

Here I summarize the conclusions from all the projects I have been involved with, which have been
extensively presented in Chapters 3, 5, 6 and 7.

In Chapter 3, I explore the possibility of having vorticity production and dynamo action driven
by a purely curl-free forcing of the velocity field. I ran numerical models that employed an irro-
tational forcing, which does not lead to any growth of the vorticity, neither in the HD nor in the
MHD scenarios, if it is acting independently. However, a vortical flow is produced when the forcing
interacts with a solid body rotation, in the presence of baroclinicity, or of a background shear.
In the case of a rotating and baroclinic system, I have not found any dynamo action within the
explored parameter space, neither with an initial random seed magnetic field, nor with an initial
uniform field. This result, therefore, seems not to be dependent on the topology of the initial field.

Instead, in the presence of a background, sinusoidal shearing velocity, I could observe an am-
plification of the initial seed magnetic field as a consequence of a dynamo process, both in the
barotropic and in the baroclinic cases. The main novelty in the presented work is to show how
such a dynamo phase occurs after the onset of a hydrodynamical instability, driving an exponen-
tial growth of the vorticity. After the vorticity has grown, the magnetic energy is amplified too,
approaching equipartition with the turbulent kinetic energy. This exponential amplification of
vorticity occurs both in the purely HD case and in the MHD one, starting from small scales and
then spreading up to the scale of the box. Similarly, the magnetic field is amplified first on small
scales, but the inverse cascade makes the large scales dominate during the saturation phase of the
simulations. Such a large-scale field is subject to a winding process which I can identify after the
system reaches equipartition between kinetic and magnetic energy. This winding enhances the field
in the shearing direction, but the turbulent vorticity and velocity remain isotropic.

We also explored the role played by the scale on which the irrotational forcing is acting. I find
that, independent of the scale of this forcing, no dynamo instability develops for systems that do
not include any shear. Also, while the root mean square values of vorticity weakly depend on the
forcing scale, in no case do I observe an exponential amplification of vorticity. Again, when shear
is added to the picture, the vorticity is always exponentially amplified after a transient time if the
kinematic viscosity is low enough, except in the case of a very small forcing scale, which does not
lead to any growth over thousands of turnover times. Then it is followed by a dynamo instability if
the magnetic diffusivity is not too high. By analyzing kinematic spectra, I see how the typical scale
of the system is provided by the forcing scale of the turbulence before the vorticity is amplified
and, conversely, by the scale of the shear, in the saturation phase. Based on that, I observe that
the growth rate of the dynamo depends on the scale of the expansion waves if the growth rate is

calculated using the turnover time as the time unit, but it exhibits no dependence on the forcing
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lengthscale if the time unit is the shear timescale. The scale of the forcing also sets the time needed
for the instability to develop. Models with a larger forcing scale amplify vorticity and magnetic
fields after shorter times.

If the baroclinic term is at work, I noticed how the vorticity growth takes place at a slightly later
time, with a growth rate similar to the barotropic case. Instead, the magnetic field grows at a bit
faster rate. The only models that immediately develop the instability are those that include both
the baroclinic term and a cooling function. I observe an increase of one order of magnitude for the
growth rate with the magnetic Prandtl number, which I varied between 0.1 and 10. I extrapolated
a critical value for the magnetic Reynolds number of slightly less than 20.

Our results cannot firmly exclude that a dynamo is produced with irrotational forcing, rotation,
and no shear, as, for example, seen by Seta and Federrath (2022) using a different Fourier-based
forcing in a multi-phase MHD setup with the Flash code. However, in our setup, such a dynamo
could only be produced for Re higher than what was tested in the chapter (up to a few hundred).
Another possible source for this discrepancy is the difference in physical and numerical viscosity
schemes between Flash and thePencil Code, which may have a significant effect. In any case, the
critical threshold would therefore be much larger than what is seen in the shear case (Regri¢ ~ 50).

We conclude that the presence of shear remains the basic ingredient for triggering a dynamo
instability when subsonic turbulence is driven by spherical expansion waves, even if the curl-free
acceleration assumption is relaxed and density fluctuations are taken into account. These results
hold when solid rigid rotation, high Reynolds number, or more complex EoS are taken into con-
sideration. Future work could take into account turbulence forced on more than one scale at the
same time, as well as the role played by plane waves, before moving toward more complex models
that include density stratification as well as shocks and supersonic flows.

When non-isothermality, rotation, shear, or density-dependent forcing are included, they con-
tribute to increasing the vorticity. I find that turbulence driven by subsonic expansion waves can
amplify the vorticity and magnetic field only in the presence of a background shearing profile. The
presence of a cooling function makes the instability occur on a shorter timescale. I estimate critical
Reynolds and magnetic Reynolds numbers of 40 and 20, respectively.

The second line of research was related to the study of dynamo solutions across the lifetime of
Jupiter-like planets. For this project, outlined in Chapter 5, I used radial profiles taken from gas
giant evolutionary models to obtain sequences of 3D MHD spherical shell dynamo models. From
the public code MESA, I obtained the radial hydrostatic profiles for planets with different masses at
different stages of evolution: 0.3 M; < Mp <4 M; and 0.2 Gyr <t < 10 Gyr, respectively. From
the evolutionary tracks, I derived the trends for the dynamo parameters. Using the radial profiles
as the background state, I solved the resistive MHD equations under the anelastic approximation
with the pseudospectral spherical shell code MagIC. 1 obtained saturated dynamo solutions and
interpreted them as different snapshots of planetary dynamos during their long-term evolution.
For our longest set of runs that represents different evolutionary times of a 1 Mj planet, I find
a transition from a multipolar- to a dipolar-dominated dynamo regime. Within the dipolar or
multipolar branch, a few snapshots are enough to generally assess the behavior that cannot be
straightforwardly derived from scaling laws. As the planet evolves and cools, I obtain a steady
decrease for Rm, P, and Ro as well as an increase in the volumetric and surface dipolarities. For
multipolar dynamo solutions A, fonm, and Eag/Exin decrease with time, whereas they increase for
dipolar dynamos. These quantities are a proxy for the magnetic field energy, the dynamics of the
power dissipation, and the energy ratio. These trends hold for different Prandtl numbers and for

the 4 M; models. Future studies are needed to confirm that these trends are also observed at lower
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Ekman numbers because the physical nondimensional parameter space is currently computationally
inaccessible.

The decay of the magnetic field strength at the dynamo surface (Fig. 5.12) is roughly compatible
with existing scaling-law estimates. Our models are based on a sequence of realistic backgrounds,
and thus, they can be representative of the real long-term dynamo evolution. The trends in mass
and age are also expected to hold for the realistic but computationally unfeasible range of nondimen-
sional numbers (which is the usual intrinsic caveat of any dynamo study). I compared our results
with the anelastic scaling laws of Yadav et al. (2013) between nonlinear combinations of dimension-
less diagnostics, and I showed that the long-term evolution of a cold Jupiter dynamo evolves in this
parameter space. Consistent with the diagnostics on the morphology described above, some age
sequences transition from the multipolar-dominated to the dipolar-dominated family of solutions,
which are separated in this parameter space, as shown by Yadav et al. (2013).

Additionally, in the sequences, I considered fixed values of Pr and Pm, and the values of Ra
and E changed only due to the evolving values of AT, T,, and the shell thickness. Taking into
account the likely slight decrease in Pr (due to the long-term cooling, which decreases the thermal
conductivity), I would expect a slightly steeper decrease in the magnetic field at the dynamo
surface. In the presence of non-negligible external torques that would spin down the planet (e.g.,
tidal frictions with large satellites), E would (slightly) increase, which, for the trends seen in our
sets, would lead to a (slight) enhancement of the slow magnetic decay. I leave this fine-tuned
exploration for a follow-up work.

Taking Jupiter and Saturn as prototypes, I expect gas-giant dynamos to be dipolar-dominated
at an advanced evolutionary age. However, according to our results, multipolar gas-giant dynamos
could exist in the early stages of planetary dynamos, which would then evolve into a dipolar
regime. Another possibility is that gas-giant dynamos are already born in a dipole-dominated
parameter space region and remain so. These arguments can also be applied to mildly irradiated
gas giants and brown dwarfs because they have similar low-Ro dynamos that follow the scaling
laws of Christensen et al. (2009). After all, the orbital distance is large enough to prevent tidal
interactions or inflation from dominating their energy budget. In contrast, these trends cannot be
applied to rapidly rotating main-sequence stars as their evolution is dictated by hydrogen burning
and not by slow cooling.

We also address the observational consequences regarding the radio emission produced by ECM
emission that is detectable from ground (with an associated gyro-frequency, v ~ 2.8 B[G] MHz,
higher than the ionospheric ~10 MHz cutoff; Zarka (1998)), current (LOFAR), and next-generation
(SKA-low) low-frequency radio interferometers might eventually detect their exoplanetary radio
emission. With more than 650 confirmed cold Jupiter analogs (M sin(i) > 0.2 My and P, > 200
days), there are only four exoplanets under 10 pc with an age estimate. € Eridani b (0.66%{%,4 M,
0.6 = 0.2 Gyr, Hatzes et al. (2000)) is the only good candidate for an early multipolar dynamo
evolution.

In Chapter 6, I explore the interior evolutionary tracks of inflated hot Jupiters using the one-
dimensional evolutionary code MESA. I assume tidal locking and irradiation from main-sequence
host stars, and I explore dependencies on orbital distance, planetary and stellar mass, and the type
of heat injection. Guided by observationally constrained flux-heating efficiency relations (Thorngren
and Fortney, 2018), I inject heat into the internal layers of the planet to reproduce the observed
radii. This relation and others in the literature (e.g., Sarkis et al., 2021) have big dispersions
around average values of inflated radii, for a given irradiation. Therefore, this study only addresses

the trends with the planetary properties (mass, separation, type of internal heating), keeping the
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parameters involving the amount of deposited heat fixed.

For a given stellar type, orbital period and planetary mass, I compare the purely irradiated
case with two simplified scenarios of regions where extra heat is continuously deposited: extended
(injected mostly in the dynamo region, P > 10° bar), or outside the dynamo region, which is
what is expected in most models, the Ohmic one especially (Batygin and Stevenson, 2010; Batygin
et al., 2011; Thorngren, 2024; Vigano et al., 2025). Whether heat is injected uniformly, centrally, or
throughout the convective region, the structural differences are minimal. Planets typically exhibit a
shallow stratified outer layer, which fully contains the irradiation zone, followed by a deep convective
interior where pressure is sufficient for hydrogen metallization and possible dynamo action.

However, important differences are seen in the Rossby number as a function of depth. The vast
majority of models yield Ro < 0.1, indicating a fast-rotating convection regime. Defining HJs as
having P, < 10 d or Toq > 1000 K (see Gan et al. (2023) and within), I can safely say that the
vast majority of confirmed HJs are expected to be in the low-Ro regime. Only the most massive,
distantly orbiting (yet still tidally locked) planets exceed Ro = 0.1 over significant interior regions,
potentially altering the dynamo regime. Thus, massive HJs with orbital periods beyond 15-20
days may host low-Rossby-number dynamos that generate weaker, more multipolar magnetic fields
despite similar convective power. Within the known HJs, only three targets with Mp = 4 M
closer than 100 pc have 15 d< Py, <40 d, all orbiting G-type stars.

The extra heat affects the outer layers and consistently increases Ro. While this effect is negli-
gible for planets above 8 Mj (especially those already exceeding Ro 2 0.1), which can hardly get
inflated due to their higher gravity, lower-mass planets experience a roughly one order of magnitude
increase in Ro, which has important interior dynamic consequences even it they remain within the
low-Ro regime. When the heat injection is localized outside the dynamo region, the temperature
gradients are reduced or even inverted, as already briefly mentioned by e.g. (Komacek and Youdin,
2017; Komacek et al., 2020). The internal heat transport is significantly reduced, leading to positive
entropy gradients that suppress convection.

The relevant consequence of this comes when one applies the widely-used, observationally con-
strained magnetic scaling laws from Christensen et al. (2009), suited for fast rotators. When heat is
deposited in an extended way, I recover surface magnetic field strengths around 100 G for the most
inflated planets, an order of magnitude higher than Jupiter. These estimates are compatible with
the work of Yadav and Thorngren (2017), who assume that the extra heat gives the convective heat
flux. This is conceptually similar to our extended heat case, where heat is essentially deposited in
the dynamo region. In contrast, a more realistic external heating substantially reduces convective
power and yields weaker magnetic fields.

This result is particularly interesting in the context of the Ohmic dissipation models (Batygin
and Stevenson, 2010; Batygin et al., 2011; Perna et al., 2010b; Wu and Lithwick, 2013; Ginzburg
and Sari, 2016; Knierim et al., 2022; Vigano et al., 2025). Essentially, it relies on the presence of
conducting outermost layers due to thermal ionization (e.g., Kumar et al., 2021; Dietrich et al.,
2022), and on the circulation of strong, mainly zonal winds which twist and stretch the background
field coming from the deep-seated dynamo. The inducted currents also propagate and dissipate into
the interior due to the finite conductivity values in the outer convective region (much smaller than
in the dynamo region, but not zero). Combining estimation for the conductivity and the induced
currents, models predict that the Ohmic heating profile steeply decays towards the interior, so that
the bulk of it is deposited well above the dynamo region (Batygin et al., 2011; Ginzburg and Sari,
2016; Knierim et al., 2022; Vigano et al., 2025). Since the atmospheric induction depends also on

the intensity of the background magnetic field (linearly only for magnetic Reynolds numbers Rm <
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1), there could be an interesting, non-trivial coupling between the dynamo and the atmospheric
induction: if the Ohmic heating is large, it can suppress convection and the underlying dynamo
field, which would in turn decrease the Ohmic heating rate, causing the convection to be restored.
This process might only lead to a less effective Ohmic heating mechanism or, potentially, show an
oscillatory behavior, as proposed by Vigano et al. (2025).

The considerations on the magnetic field strengths are of direct interest for the observational
detection of SPI signals, e.g., in terms of activity indicator orbital modulations (Cauley et al., 2019),
and/or planetary Jovian-like coherent radio emission, which remains elusive, despite optimistic
predictions (Stevens, 2005) and tens of observational campaigns (e.g., Narang et al., 2024, and
references within). Several potential causes can account for the lack of detection, including beaming
effects, large distances, intrinsic variability, and limited observational coverage. However, one
cannot neglect the possibility that the typical estimates of HJ magnetic fields of the order 100 G
might be too optimistic (Yadav and Thorngren, 2017; Kilmetis et al., 2024). In this sense, our
results indicate that very massive HJs might offer an exception, since their internal structure is less
sensitive to the combined effects of irradiation and heating, and could still maintain large magnetic
fields. For Jupiter-like masses, if the external heating model is assumed, there is little hope of
having a magnetic field much larger than Jupiter’s.

Finally, in Chapter 7, I introduce the work on HJ dynamos, which naturally follows the previous
chapters. On one side, I show my contribution to (Vigano et al., 2025), currently under review,
where I compare the magnetic field curvature estimates for Jupiter’s magnetic data (Connerney
et al., 2018, 2022) with the numerical calculations obtained from spherical shell saturated dynamo
solutions. Downward interpolation predicts a mean inverse of curvature (i.e., the typical length-
scale of magnetic field structures) between 0.1 and 0.2 Ry just above the dynamo surface. These
estimates are compatible with the inverse of curvature obtained from dynamo simulations of HJs,
< 0.1 Ry. I also show that predictions for the electric currents in the dynamo region can be
estimated with the curvature by a factor between 1.5 and 2.5 between |J| and |B||k|/ug. These
currents are comparable to or less than the ones induced by the atmosphere for Ohmic models
(Batygin and Stevenson, 2010; Vigano et al., 2025). Therefore, one should be aware that more
realistic HJ dynamo boundary conditions can lead to substantial current exchange with the interior.
Additionally, I add the preliminary results of saturated dynamo simulations of different HJ interiors
at several orbital periods. Overall, we obtain models with several similarities to the cold Jupiter
cases, shown in Chapter 5, in terms of time series, spectra, and radial distributions. The main
difference is that there is a strong influence on orbital period due to the tidal locking constraint,

which leads to a 3-order of magnitude difference in Ro between the closest and farthest HJ.

8.1 Future prospects

e Regarding the vorticity project, I am considering several follow-up studies. In particular, 1
would like to study other types of forcing, such as the one employed by Federrath et al. (2011);
Seta and Federrath (2022), which considers a purely rotational flow, similar to our work, but
defined in Fourier space. Another possibility is to reach the supersonic regime by using shock

viscosities, and possibly adding the Hall and ambipolar terms to the induction equation.

e As shown in the preliminary results of Chapter 7, we are implementing the 1D to 3D strategy
described for cold gas-giants in Chapter 5 to the HJ MESA models of Chapter 6. We are

improving the resolution and using the correct prescription for inflated models.
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o [ intend to make the 3D planetary dynamo projects more robust, by considering the expected
temperature dependencies to Pr and Pm as described by Bonitz et al. (2024), and its evolution
over the lifetime of planets. This could affect the dynamo trends observed in time (Chapter
5) and orbital distance (Chapter 7).

e [ also might explore a new aspect of the suite of gas giant simulations presented in this thesis
by analyzing the zonal winds that naturally develop in the upper layers of the 3D models.
Achieving a realistic representation of the outer atmospheric spectrum will require higher-
resolution grids. For cold Jupiters undergoing long-term cooling, incorporating SSL will be
essential to reproducing more Jovian-like wind patterns. In contrast, for HJs, implementing
outer boundary conditions that mimic the contrasting day and night sides will be necessary

to capture their distinctive atmospheric dynamics.

e The preliminary results shown in Chapter 7 will represent the first dedicated HJ dynamo
simulations, and can potentially open an entirely new line of research within the dynamo
community. In particular, I will focus on the expected magnetic intensity configuration at the
surface of HJs, since it can deeply affect the global circulation models and the atmospheric

induction, which is in turn likely a key factor in explaining the HJ observed radii inflation.

e Related to the last points, the planetary dynamo studies finally aim at characterizing better
the properties that make gas giants (cold or hot) more likely to observationally show signatures

of SPI and/or coherent radio emission.
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Appendix A

Magnetohydrodynamics: a basic

introduction

For completeness, I add a short derivation of the four fundamental equations of the non-relativistic
classical MHD. The applicability of the MHD equations is discussed in Chapter 2, together with
arguments for the fluid approximation and the fully collisional limit. Let’s consider a fluid element
delimited by a surface S enclosing a volume V. The integral form of the conservation principle for

a general quantity ¢ can be expressed as:

d
dt/qu— /F dS+/SdV

where Fq is the flux, S, are the sources or sinks and dS = ndS, and fi is the unit vector normal

to the surface. This equation is equivalent to its differential form:

dq

4V -Fq=5,.

When the quantity ¢ is mass, momentum, or energy, we recover the three hydrodynamic equations,
e., the continuity equation, the Navier-Stokes equation, and the energy conservation equation.
The induction equation is derived from Maxwell’s equations, closed with the specific Ohm’s law

that describes the electrically conducting fluid.

A.1 Mass continuity equation

Assuming no particle creation or annihilation, any fluid element can see an increase or decrease in
the mass it contains, m, only as a consequence of fluid flow through its surface S: the mass change

must be exactly equal to the net mass flux (pu). This notion can be used to mathematically express

dp
dt dt/ dV = / av = — ﬁpu-ds,

where dS is the vector representing the surface infinitesimal, pointing perpendicular and outward

mass conservation:

to it. We have imposed that the imaginary surface does not move or change in time, so time

derivatives commute with the integral. The divergence theorem applied to the mass flux reads:

f{gpudS:/VV-(pu) av .

Using this identity, we obtain a relation where both sides are integrated in the same volume. This

equality must hold independently of the chosen fluid element; thus, the integrands must be the
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same:

/8pdV— /‘/V-(pu)dV = gt—i—V (pu) =0.

This is known as the continuity equation, in its differential form, and it is simply the statement of
mass conservation applied at any point in the fluid domain. Another slightly different version of
this equation, used by the Pencil code, can be obtained by rearranging factors of p and defining
the material derivative as D/Dt = /0t +u - V:

Dlnp

Di =-V-u.

This is useful with compressible MHD codes, because using Inp rather than p makes density

fluctuations numerically more stable.

A.2 The momentum equation

We can apply the same conservation principle to the momentum within a fluid element to write
the equivalent of Newton’s second law for fluids. In contrast with mass conservation, the change
of momentum P in a fluid parcel is not only equal to the flux through the imaginary surface, but

any force acting on the fluid has to be taken into account as a source or sink:

P d
— dt/p dV——é(pu)®u~dS+F,

where we have introduced the outer product: (u® u);; = u;uj. The general force F is applied to
the fluid element, e.g., gravity, viscous forces, or magnetic forces, among others. An alternative
way to express the law is using subscript notation, where repeated indices are used to indicate the

sum over them: 5
/V a(pul) dV + ﬁpuiuj dS] =F; .
Similarly, we can apply the divergence theorem for the momentum flux; thus, the surface term

becomes a volume integral, so that:

3} 3}
/V a(puz) dV—i—/V @(puzuj) dV =F; .

We can now join both integrands and develop their derivatives. Using the continuity equation

(A.1), we can further simplify this equation and use the vector notation:
0 0 0 0
/ ( at“’ + uZ@ p+ pu](9 Ui + ulaﬂ(pu])> dV =
0
= /V <p8tui + pujaxjui> dV = F; =

- / (gtu—i—(u V))dV:F.

Pressure is present in all fluids, and the total pressure force that a given volume element will feel
will be the surface integral of the contributions coming from the neighbouring pressure over each
portion of the surface, —p dS, which by definition points inwards. This is mathematically expressed

as:
Fp:—%pdS:—/VpdV.
S \%

If we then express all other possible forces as a force f per unit mass acting throughout the volume:

/ (gtu—i-(u V) ) dV:—/VVpdV—i—/V,ode.
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Finally, as this equality must hold regardless of the chosen volume, the integrands must equate:
the differential form reads

0
p(m+u-V>u:Vp+pf.

If there is no viscous term, the momentum equation is known as the Euler equation, which describes
inviscid fluids, the movement of which can be mathematically expressed as potential flows.

However, in reality, for most fluids, one should take into account viscosity, which has a micro-
physical origin and leads to internal friction forces acting within the fluid elements as they rub
together. Usually, one assumes that the viscous forces are linear with velocity, which is known as
the Newtonian approximation. By logic, one can expect it must be proportional to the gradient of
velocity and not to velocity itself. The basic assumption is that the Laplacian of velocity can be
written as 1 V2u, where p is a proportionality constant known as dynamic viscosity.

A real derivation involves looking at all possible forces a fluid can have on itself, i.e., the
stress tensor o;;. This tensor must be symmetric and can be divided into perpendicular and
parallel components to the surface of any fluid element. The perpendicular components are directly
interpreted as pressure, whereas the parallel forces constitute the shear tensor, 7;;, which contains
the viscous forces per unit area:

10u; 10u; 1
0ij = —pdij + Tij = —pdij + 2pvSij = —pdij + 2 <28a:1- t3 8; -3V ll5ij> -
j i

The expansion defining the rate-of-strain tensor, S;;, is obtained by taking the most general traceless
symmetric tensor containing first derivatives of u. Taking the gradient of o;; will give the terms
in the momentum equation. The pressure term recovers the above-mentioned term, —Vp. The
shear tensor term requires more work. We first introduce the kinematic viscosity v = u/p. It is
usually assumed that v is constant in space, i.e., v depends on p much less than p. They both
still vary with 7', as microscopical processes (the ones dictating the viscous interactions) are highly
temperature dependent. If we multiply 1/p to the total viscous force (i.e., consider the force per

unit mass), the resulting expression is:

1 1 2
F,,:;V-T:;V-(2,0VS):%S-Vp—I—QI/V-S:QVS-Vlnp—l—Ql/V-S.

We can develop the gradient of the strain tensor easily by using the repeated index sum notation:
1 1 1 1 1 1
61513 = 0 56]’111 + ialuj — géwﬁkuk = 58](&%) + 5(8281)% — gaj(akuk) =
1

"6

If we also consider a non-uniform kinematic viscosity v, the general viscous force reads:

0, (Brus) + %(aiai)uj . V.S= éV(V )+ %v% .

F, =2vS - Vinp +28 - Vv +vViu + %VV(V ‘u) .

For an incompressible fluid, i.e., p constant and V - u = 0, with constant v, the total viscous force
is F, = vV?u as the simplified case before.

Another common force, present in electrically conductive fluids with a non-zero magnetic field
(external or internally induced), is the Lorentz force. As both the free-flowing positive and negative

charges carrying an electrical current in the fluid are displaced alongside the flow through a magnetic
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field, they feel the magnetic forces. Mathematically, the magnetic force per unit volume is the cross-
product of the total electrical current and the magnetic field:
1
F,=JxB=—(VxB)xB.
Ho
Therefore, the full MHD momentum equation is:
0 1
pl=+u-V]ju=-Vp— —B xV xB+pF, +pf .
ot Ho

The conservative form of the equation can be written by rearranging the Lorentz and pressure
terms to the left-hand side:

0
E(Pu) +V-

1 B?
puu— —BeB-+ (p—l—)l] = VS + pf |
1o 210

where I is the identity tensor, and the Lorentz force has been decomposed into two terms: the
magnetic tension VB ® B which tries to straighten field lines (it is directed radially inward to
the curvature), and the so-called magnetic pressure term B2/(2ug), which exerts a force towards
regions of lower magnetic field intensity. The term pf includes any other force, e.g., gravity, besides

viscosity and Lorentz force.

A.3 The energy equation

A.3.1 Energy form

The most straightforward way to obtain the MHD energy equation is to apply a conservation law
to the total energy per unit volume: £ = pe + pu?/2 + B?/2uq, where e is the specific internal
energy, which for an ideal gas is e = p/(y — 1). A strategy to write the evolution equation in
its conservative form is to obtain conservation laws for each of the internal, kinetic, and magnetic
energies separately.

The first law of thermodynamics for the internal energy of a fluid element leads to the following

expression:
De 1

ﬁ:;(—pv-u+éu+v'(nVT)) ,
where D/Dt = 0/0t + u - V is the material derivative, ®, is the viscous dissipation rate,  is
the thermal conductivity, and T is the temperature. This equation accounts for the work done
by pressure forces, viscous heating, and heat conduction (from Fourier’s law, ie., V - (kVT)),
respectively. The viscous dissipation term is proportional to the rate of strain tensor S, i.e.,

®, = 2prS?. This expression can be expanded by:
9 1 1
8% =58 = | ey — 305(V - u) ) (e — 505(V - u) ) =
= €4;€i5 — geijéij(v . ll) + §(5l]5w(v . 11) = €i;€ij — (V . ll) .
Multiplying both sides by p, we get the internal energy conservation:

p(aat+u'V)e:—pV-u+<I>V+V-(/<cVT).

For the kinetic energy conservation, we can use the identity u x (V xu) =V(u-u)/2 - (u-V)u

in the momentum equation:
Ou

1
p((;?t—i—u-V)u——Vp—l—pf = p((%—i-zVuz—ux(qu)) = —Vp+pf.
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Now we can take the scalar product of both sides with u and rearrange the terms:

0 (1 1
p(at (2u2)+u-v<2u2>> =—-u-Vp+pu-f.

Note that the viscous force (i.e., pu-F,) is not included, as it is already taken into account by the
internal energy conservation. The Lorentz force term (i.e., —u- (B x (V x B))/uo) is not added
either, as it naturally arises from magnetic energy conservation.

We can develop the magnetic energy starting from the induction equation and apply the identity
b-(Vxa)=a-(V xb)+ V- (axb) for both terms:

o ( B? 1
at<2H0>:,uOB~[V><(u><B)+V><()\V><B)]:
—/jO(VxB)-(uxB)—MlOV-(Bx(uxB))+
+3(VxB)2+iV~(Bx(W><B)).
Ko Ko

This expression can be reshuffled into a magnetic conservation law, the first term is equivalent
to u- (B x (V x B))/up, the second and fourth terms can be rearranged to the electric field:
E =u x B — AV X B (see the following section for details), and the fourth term is the

0 [ B? 1 1 A 9
== +V~(E><B>:—u-B>< VxB)+—(VxB
a1 <2M0) " ou (B (VxB))+ = (VxB)

Finally, adding the three contributions, we obtain the MHD total energy conservation equation:

5, 1, 0 [ B2 1
“ ) - =2 A —_ExB) =
p(3t+u V)<e+2u)+at<2uo>+v (Mo 8 )

7 Bx(uxB)>.

A
:<I>,,+V-(/€VT)+(VXB)Z—V-<pu+ p
0

Ho
A.3.2 Entropy form

We can also recast the energy conservation equation using the entropy as the conserved variable.
We begin with the conservation equation for internal energy with magnetic effects included:

A
p((?t+u-V>e——pV-u+<I)l,+V-(nVT)+M(VXB)Q,
0

From thermodynamics, the change in entropy per unit mass is related to internal energy and volume
by:
TDs _ De n D <1>
Dt~ Dt Poi\y)

where s is the specific entropy. The second term can be developed by using the continuity equation:

D /1 1 Dp 1 Ds De

— |- )]=—==-V:u = T— =p— V-u.

Dt (p) 2Dt p Ppr =Ppe TP
where a factor of p has been added. Finally, the expression for pDe/Dt can be substituted in the
internal energy equation, canceling the pressure-divergence terms to give:

A
pT(8+u.v)3_¢y+V.(/@VT)+(VxB)Q.
ot Ho

This is the resistive MHD entropy equation found throughout this thesis and used by MagIC and

Pencil.
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A.4 The induction equation

Maxwell’s equations completely describe the electric E and magnetic B fields by defining their
divergence and curl through space. The fundamental limits employed in MHD are that the fluid is

to neglect the displacement current in Ampere’s law and charge neutrality

V'E:@ V-E=0
€0

V-B=0 V-B=0
0B = 0B
VxE=—— =
X ot V xE= 5

OE

VXBZMO(J‘FEO&) VXB:,UOJ

The first approximation if |9E/9t| < ¢?|V x B| . This holds if the fluid is conductive enough so that
the timescales of the E variation can be considered instantaneous compared to the other dynamic
timescales, and the displacement currents, e90E/Jt, become negligible. The other assumption is
that the charge density pg is assumed to be zero based on the quasi-neutrality assumption, i.e., the
forces associated with any unbalanced charges imply a potential energy per particle much greater
than the mean thermal energy per particle.

Rearranging the last equations, we have the electromagnetic form of the MHD equations, which

are fulfilled in any reference frame, specifically for both the observer (4) and the fluid () frames.

VBﬂZO V':Bobs:0
aBﬂ 8Bobs
It V x f : ot V x obs
1
Jﬂ = —V x Bﬂ Jobs =—V x BObS
1o Ho

There is a boost in the relationship between the two sets of systems. We are interested in the
observer frame, as it will be the reference for measuring velocities and magnetic fields. But it is in
the fluid frame that we know an expression for E: either the fluid is a perfect conductor, i.e., E = 0,
or takes some value using Ohm’s law in a finitely conducting case. Naively, one would assume that
E and B do not change under a boost transform in the classical approximation (v < ¢), but that is
not the case. The general Lorentz transform for the fields can be divided into the boosted parallel

and perpendicular components:

E/ =E

B’ =B,

E," =v(EL+vxB)

B, = <Bl—12v><E>
C

where «y is the Lorentz factor, i.e. 1/4/1 —v?/c?, and v is the velocity difference between both

reference systems. These expressions can be joined in the following way:
E=yE+vxB)-(y—1)(E-n)n

B = (B-Y55) - (- )® wn
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where n = v/|v|. Taking the classical limit v — 1, we obtain the following relation:

E=E+vxB,
B ' =B.

Thus, B is independent of reference frame, but the E changes from frame to frame depending on
B itself. These relations can more easily and more directly be obtained from equating the total
Lorentz force, i.e., the sum of magnetic and electric, that a charge sees for two observers, given
that one observer is in the charge’s frame, but the derivation above is more general. Thus, in our

case, for a comoving observer with the fluid and one external observer:

Eg = Eobs + Vobs X Bobs
Bﬂ = Bobs
We now assume that the fluid is not perfectly conducting and fulfills the simplest Ohm’s law, i.e.,

Eq = Jg/o, where Jg is the current seen in the fluid frame and o is the finite conductivity. Thus,

the electric field transformation is:
1 1
Eobs = Eﬂ — Vobs X Bobs = ;Jﬂ — Vobs X Bobs = MOTV X Bﬂ — Vobs X Bobs

We can define the magnetic diffusivity as A = 1/(ugo), use the fact that B is frame independent,

and plug this expression into the magnetic field evolution for the observable we get:

aBobs
ot

=V X (uobs X Bobs) —V x (/\V X Bobs)

where the fluid velocity as seen by the observer has been changed to u, as it is much more common
in literature, other than here, the frame sub-indices are dropped, as we are only interested in the
observer’s frame. If the fluid is perfectly conductive, i.e., the magnetic diffusivity A is 0, the second

term vanishes.

A.4.1 Extended Ohm’s law

There is a more complete Ohm’s law for partially ionized plasmas and conducting fluids (e.g.,
Pandey and Wardle, 2008; Koskinen et al., 2014):
J+J><B (JxB)xB

E=-
o ne YdPiPn

(A1)

where n is the electron number density, e is the elementary charge, p; and p,, are ion and neutral
mass densities, and v, is the ion-neutral collision drag coefficient. The first new term (i.e., ox J x B)
is known as the Hall term and arises from the different reactions of electrons and ions in response
to the same electric and magnetic fields due to their different masses. In other words, electrons
drift faster from ions, creating a separation that causes an additional electric field in the rest frame
of the fluid known as the Hall electric field. The ambipolar term is the second new term (i.e.,
x (J x B) x B). It arises in partially ionized plasmas, where only ions feel the Lorentz force. As
the neutral particles do not couple to the magnetic field, they can only be dragged along magnetic
field lines via ion-neutral collisions. The ambipolar diffusion is the fact that magnetic fields can
’slip through” the neutral component of the gas. Note that both terms rely on a low collisional rate
(i.e., low densities): when interactions between particles are infrequent, both terms have greater

effects.
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Substituting these new terms into Faraday’s law, we obtain:

%—?:—VX(E—uxB)

:Vx<u><B)\J

JxB (JxB)xB

ne YdPiPn ) '
The first two terms are the ideal MHD advection and the Ohmic diffusion, as seen previously. Due
to its mathematical behavior, the Hall term is non-dissipative but redistributes the magnetic field
lines, i.e., the topology, and can lead to whistler waves and magnetic reconnection events. Instead,
the ambipolar effect is dissipative by nature (but quadratically in B instead of linearly) and converts
magnetic energy into heat via friction between ions and neutrals. Note that they become negligible
for high plasma or conducting densities (i.e., high n, p;, p,). In the context of the dense planetary
interiors explored in Chapters 5 and 7, these two terms are negligible. However, they can play a
role in the ISM, so that including it could represent a future extension of the studies illustrated of
Chapter 3.

A.5 Frozen-in flux theorem

The frozen-in fluz theorem, also known as Alfvén’s theorem, states the following:

In the limit of a perfectly conducting fluid (ideal MHD), the magnetic flux through any

material surface moving with the fluid remains constant in time.

The first assumption is that the induction equation takes its ideal form and no magnetic diffusion
is taken into account: 0B/0t = V x (u x B) (see Sec 2.2.2). We also need to define the magnetic

flux across a surface S(t) that moves along the fluid flow:

Dp(t) = S(t)B-dS.

Then the frozen-in flux theorem is mathematically expressed as:

%:%—F(U-V)@B:O,
where D /Dt is the advective (material) derivative already introduced above. It has a rather short
proof, as follows.

Consider an arbitrary, orientable, and open advected surface (i.e., it moves with the fluid) in a
magnetized moving fluid. We can define two different infinitesimally close times, t and ¢ 4 dt, and
their corresponding advected surfaces S; and S;. The rate of change of magnetic flux through the
surface can be obtained by taking the limit 6t — 0 of the difference between these fluxes:

D® 1
5 — < B(t + 6t) - dSy —
Sa

D = dm B(#)- dsl) :

S1

Let us consider a closed surface defined by S, S2, and Ss3, where S3 is the surface connecting the
boundaries of S and S;. By Gauss’ law, V - B = 0, the total magnetic flux through any closed

surface vanishes, so that:

0—— [ B(t+ot)-dSi+ [ Bt+5t)-dSa+ | B(t+dt)-dSs.
S1 Sa S3

Thus, for the previous integral to vanish, dS; needs to have a change of sign. The mathematical

trick for integrating over surface S3 is to construct its differential area element by taking the vector
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product between an element of length of the boundary 9571, dl, and the distance traveled by this

same element in the time interval 6¢:
dS3 =dl x udt .

Note that the surface integral is then converted to a line integral around S;. We can solve for the

flux through surface Ss:

B(t +6t)-dSs — | B(t+6t)-dS, —/ (ux B(t +61)) - d16t ,
So S1 051

and substitute it into D®p/Dt:

Dep . 1 _ S, — . _
8~ i < (/S B(t + 5t) — B(t)] - dS, /851(u><B(t+6t)) dldt)—
OB

= — - dS —/ uxB)-dl.
s, Ot ! asl( )

For the final step, we can use Stokes’ theorem to convert the line integral back to a surface integral:
/ (uxB)-dl= | Vx(uxB)-dS;.
351 Sl

Now the total flux derivative is expressed only in terms of the integral over Si:

Dby [ (0B
m—/51<at—v><(u><B)>'d81,

in which the integrand, in ideal MHD, exactly vanishes:

Dop

D

Thus, if the magnetic flux through any material surface moving with the fluid is conserved, then
the magnetic field lines must be frozen into the fluid moving along with it.

This theorem has profound effects, since the fluid movements can advect, stretch, and twist the
magnetic field lines, implying the possibility of changing the direction and intensity of the local
magnetic field (despite maintaining the same mathematical topology). Simple examples are stellar
collapses, where the magnetic field lines are advected inward, causing a higher average intensity
by flux conservation, or different types of shear (e.g., differential rotation), which can amplify the
magnetic field lines in the direction of the flow )(see Sect. 2.3.3). In this sense, any kind of dynamo
mechanism relies on the advective effects to transfer kinetic energy to magnetic energy. On the
contrary, when one goes beyond ideal MHD and considers resistivity, magnetic field dissipation,
and reconnections can happen, which generally decrease the field intensity and imply topological
simplifications.

Another consequence of the ideal MHD limit is the conservation of magnetic helicity, Hy :

O Hyg

Hy= [ A-BdV oM
M /V ~ Ta

—0, (A.2)

where A is the vector potential (i.e., B = V x A). This statement is proven by using 0B/t =
V X (u x B), and the gauge condition is chosen so that V& = (.
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A.6 The vorticity equation

In Chapter 3, I study the vorticity evolution equation, and specifically its sources or dissipative
terms. In this section, I derive the diagnostic quantities related to each source or sink term for the
vorticity. I start with the vorticity evolution equation:

%::Vx(uxw)+V><F,,+Vp;2Vp+

IxB (A.3)

+V x -2V X (2 xu)+ V X fopear + V x|

Here the first term on the right-hand side is similar to the amplification term in the induction
equation, the second term is about the viscous forces acting on the system, the third is the baroclinic
term, related to the equation of state, the forth is the effect of the Lorentz force, the fifth appears
if the system is rotating, the sixth if some large-scale shear acts on the system, and the seventh is
due to the effect of a generic forcing. The fundamental thermodynamics quantities used in Pencil
Code are not (p, p, €) but (p, T, s), thus the baroclinic term must be changed into —V7T x Vs
(derived in A.6.1).

If we use the definition of viscous force for a constant kinematic viscosity, then the curl of it is:

1 1
F, = -V - (2pv8) =2vS - Vinp +vV*u + gI/V(V -u)
p

VxFl,:QVVx(S-Vlnp)+VV2qu+%yW

These terms are rather complex to analyze in time and space, and the easiest way to determine

0

their relative importance is to use some scalar quantity averaged over all simulated space. An option
is to take the dot product with w and integrate over the periodic rigid volume domain. Using the
divergence theorem and the following vector identities: (V xa)-b =V -(axb)+a-(V x b);
VZa=V(V-a) -V x (V x a) we reach:

%‘:.wdvz/<Vx (u x W) + V2w + 20V x (SVinp) + VT x Vs+
B 1
+V><J>; —2V><(Q><u)+V><T(ug—uy)y+fo>~de

0

1
2;/w2dV:/(uxw)-wadV—|—/V- < w)dV+
0
—I—VW—V/VXQJ-VXLJCZV—V/V- X w)dV
0

—I—ZV/(SVln,o)-V deV+21//V-( SVinp) X w)dV —
JxB JxB !
+/(VT><V3)-de+/( 2 )-wadv+/v. >; < w ) dV—

0

0
—QQ/(ezxu)-wadeQQ/V%e X w)dV+
0

1 1
+—/(u5—uy)y-vxde+—/V-((uS )Y X w)dV+

T T
+/f.wadV+M

0
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Where we have assumed that the quantities are well behaved inside the volume, thus their surface
integrals vanish because of the periodic rigid volume. With the usual definition of enstrophy of

w - w/2, we can then finally reach an expression for the mean enstrophy evolution:

SO () = {(wx w) )~ via?) + 2(SVinp-a) + (VT x Vs - w)t

TXB ) —20((ex x u) @) + 1 (w5 —w)g o)+ (F-a)

(A4)
+(

where we have defined q = V x w. The Pencil Code tools did not have all these diagnostic terms
implemented, so we had to add the baroclinic (4*" term in the right hand side), the Lorentz force
(5, rotation (6*), and shear terms (7*) to the analysis.

A.6.1 Baroclinic term in the vorticity equation

If we apply the first law of thermodynamics to a general fluid element and use the intensive ther-

modynamic variables e = E/m = E/Vp, s = S/m:

1
dE =dQ —pdV =TdS —pdV = de:Tds—pd(;) .
Using the definition of enthalpy, we get the relation:

H=FE+pV = h:e—i-% = %:h—e.

The differential of any scalar quantity (A) can be expressed as:

dA:%dx—i-%dy—i-%dz:VA-dw .
oz oy 0z

Applying this to the energy equation:

1 1
Ve-dw:TVs~dm—pdV()-dm = Ve=TVs—pV(-)

P P
Taking the gradient of h — e and using the expression just derived for Ve:

1
V(h=e) = Vh=Ve=Vh-TVs+pV()

p 1 1
V(=) =pV(-)+-Vp
B =1v()+-

1
> Vp=Vh-TVs

This term appears on the RHS of the momentum MHD equation, which, when taken the curl, leads

to the baroclinic term of the vorticity equation.

0
1 1 1
ot p P

8(.0
—_— = — - e =
n V x (Vh | VS)—F

0 0
—V VA4 VT x Vs +TV-xVs + ...

Therefore, the baroclinic term can be calculated either from the Vp x Vp term or VI x Vs. In
Chapter 3 is more natural to use the second option, as the Pencil Code uses entropy as one of its

fundamental thermodynamic quantities.
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A.7 Reynolds rules for scale decomposition

Both theoretical and numerical research rely on Reynolds decomposition, a mathematical technique
that separates the expectation value of a quantity from its fluctuations. This assumption is widely
accepted in both HD and MHD. For example, given a steady state fluid flow on top of which

turbulence occurs, the velocity field u(z,y, z,t) is naturally decomposed by:
u(x,y,2,t) = u(z,y, 2, t) +u'(z,y, 2)

where @ is the expectation value and u’ are the fluctuation. The fluctuations can be defined as
the quantity subtracted from w so that O(u — w')/dt = 0. The procedure to bar a variable can
be understood as an averaging procedure that eliminates the fluctuations. Given two decomposed
time and space dependent fields, F = F + f and G = G + g, the set of identities that must be

accomplished:

|
ﬁj\‘
Ql

=F ; f=0; F+G=F+G ; =FG ;: Gf=0G (A.5)

The small- and large-scale dynamo theories use this decomposition of the induction equation to
derive possible growth for the magnetic field. The basic assumption is that both the magnetic and
velocity fields can be separated into their large and small scale components. This procedure is used
in Chapter 3 to separate the turbulent velocity and vorticity set by the forcing from the large-scale

pattern set by the imposed sinusoidal shearing profile.

A.8 Helmholtz decomposition for vectorial fields

Helmholtz showed that any vector field F which vanishes suitably quickly at infinity can be de-
composed into irrotational (longitudinal, purely divergent) and solenoidal (transverse) components.
Therefore, it can be expressed as the sum of the gradient of a scalar potential ® and the curl of a
vector potential A:

F=Fyt+Fro=—-Vo+VxA. (A.6)

Aided by the Pencil code available tools, we have used this decomposition in Chapter 3 to evaluate
how much of the flow is irrotational, with no associated vorticity, and how much is rotational. To
numerically obtain such decomposition we made use of the 3D Fourier transform to obtain the flow
components in Fourier space: Qpo(k) = (k) - k, @0t (k) = (k) x k. If we inverse transform these
functions, we can obtain the decomposition. We can check both the percentage of the rotational
flow and the error of the numerical procedure by comparing the squared volume quantities with

the relation:
u(r) = wor(r) + wor(r) = (Juf?) = ([upor?) + (Juror]?)- (A7)

A.9 Energy spectra

7t century within the field of optics, the term

Originally introduced by Isaac Newton in the 1
spectrum is now widely used across physics to refer to the decomposition or analysis of a signal as
a function of a variable, which may be continuous or discrete. It often also refers to the graphical
representation of that signal concerning the variable in question. A common example is the light
spectrum, typically represented as a plot of energy versus wavelength or frequency, more precisely

known as the spectral density. Other wave phenomena, such as sound or surface water waves,
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are similarly characterized by their respective spectra (e.g., noise spectra, sea wave spectra). The
concept has since been generalized to more abstract quantities, such as particle counts or intensities
in spectroscopy (as a function of particle energy), or kinetic energy density in hydrodynamics (as
a function of wavelength). We are interested in the latter, which describes how kinetic energy is
spatially distributed across flow structures of different scales.

Spectra of a continuous variable u over a three-dimensional domain can be obtained by com-
puting its Fourier transform, provided an analytical expression is available. In practice, however,
numerical simulations based on finite-difference or finite-volume methods yield only discrete values
on a computational grid. Consequently, a numerical approach must be employed to compute the
spectrum from the discretized data. The Pencil Code, for example, automatically obtains the 3D

spectra by computing:

1 .
uk) = w/u(r)e—zk.rdrg
U
Z W(Tp, Yq, 2r )€ TTIPeT VYA IE

NNN

p,q,r

where N;, Ny, and N, are the resolutions of the box, and we have used that L, = L, = L, = 2.
Notice that the wave numbers can only reasonably reach up to the 7N/L, that is |ky| < mNy/Lg,
\ky| < ™Ny/L,, and |k;| < mN./L.. Then the three-dimensional spectrum is defined as:

1
P(k) = sa(l)a*(k)  where k=[R2 + k] k2, (A.9)

where the three-dimensional dependence of the spectrum on k is reduced to a function of the
modulus £ alone, by rebinning in the Fourier space. Python libraries with multidimensional Fourier
transforms make these calculations readily available.

In Chapter 3, this has been used for the velocity (kinetic energy spectra, neglecting the small
density deviations from unity), magnetic field (magnetic energy spectra), and vorticity (enstrophy
spectra). All the spectra shown in Chapter 3 have units of the largest k fitting the whole box. If

we use cubic periodic boxes, the expression simplifies to:

1 .
u(k / / / e KTy dy dz ~
271'

N-1N-1N— (A.10)
Z Z Z W(@p, Ygs 20)e o—ikap ,—ikyyq ,—ikzzr

Spectra for finite-difference or finite-volume methods need to compute the discretized integrals
every time step that a spectrum is required.

One of the advantages of spectral methods is that spectra are readily available. The orthonormal
set of functions always has an associated length scale related to the indices describing such a set. All
relevant dynamical variables are expressed as the sum of weights associated with each function; thus,
one can directly recover many quantities as a function of the indices. For a cubic or rectangular
domain, the usual strategy is to use sinusoidal functions in all directions as orthonormal bases.
Then the direct sum of weights for each mode k will automatically lead to the same Fourier spectra
as in Eq. A.8. For spherical shell MHD codes, such as MagIC, it is more natural to use spherical

harmonics in the 6, ¢ direction.

158



Appendix B

Vorticity and dynamo from expansion
Gaussian waves: inputs and

diagnostics

The following tables contain all the simulations included Elias-Lépez et al. (2023) and Elias-Lépez
et al. (2024). Note that some runs from the first article do not have all diagnostics. For all models,
we used By = 107% as the seed field, At = 0.02 as the interval between two different explosions,
c2,=1 in the case of non-isothermal runs, and an amplitude of the shearing profile A = 0.2 in the
shearing cases. We indicate the initial amplitude of the magnetic field By along with ('G’) for
random values for the potential vector components or (’U;’) for uniform distribution in a given
direction i = {x,y,z}. The included diagnostic magnitudes are: turnover time, vorticity proxy
k,/k¢, Re (and Rm if Pm # 1), and Re,. The last column corresponds to the rotational flow
contribution obtained using the Helmholtz decomposition, only for some specific runs. The blue
highlighted values are used to perform the linear fit k., /k(€2) discussed in the text. The four simu-
lations marked with { became numerically unstable before reaching a fully steady saturated state:
we still indicate their diagnostics, even if it is not completely comparable to the others. Simulation
marked with  became unstable before reaching a fully steady saturated state. Nevertheless, we

still calculate their diagnostics, although they cannot be robustly compared to the other runs.

Table B.1: HD simulations with different rigid rotation rates, and no shear.

2563 v % Q ¢o At Ry
H_0s 2104 0 1 1 0.2
H_2s 2.10—4 2 1 1 0.2
H.0 2.10~4 0 1 0.02 02
H2 2104 2 1 002 0.2
H_Oc 210~ 0 1 ot 0.2
H_2¢c 2.10—4 2 1 5t 0.2
H.OcW1 21073 0 1 5t 1
H_2cW1 21073 2 1 ot 1
HB_0 21074  2:107%* 0 1 002 0.2
HB_2 21074  2.107% 2 0.02 0.2
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Appendix B — Vorticity and dynamo from expansion Gaussian waves: inputs and diagnostics

Table B.4: MHD simulations with different values for 7.,.;.

2563 v X n_ Bo(G)  Teoor 90 At Ry Re(Rm)

MB_t.1.57 0.1 0.1 0.1 10~ 1.5708 10 0.02 0.2 0.0980
MBt3.14 0.1 0.1 0.1 10~ 3.1415 10 0.02 0.2 0.0953
MBt6.28 0.1 0.1 0.1 10~ 6.2831 10 0.02 0.2 0.0870
MBt314 01 01 0.1 10~ 31415 10 0.02 0.2 0.0759
MBt314 0.1 0.1 0.1 10~ 314.15 10 0.02 0.2 0.0726

MB_nt 0.1 01 0.1 10~ - 10 0.02 0.2 0.0638

Table B.5: Simulations involving higher forcing and diffusivities, using neither shear nor rotation.

v X b0 At Rf Re

M_Ohighc_F5 1073 - 5 st 02 18.13
M_Ohighc_F20 + 0.1 - 10 st 0.2 0.1421
MB_Ohighc_F50 0.1 01 50 st 0.2 0.3467
MB_0Ohigh_F50 0.1 01 50 0.02 02 04319
MB_0Ohigh2_F50 1 1 50 0.02 0.2 0.0089
MB_0Ohigh_F100 1 1 100 0.02 0.2 0.0329
MB_Ohigh_F100_-W1f 1 1 100 002 1  0.3931
MB_0Ohigh_F200 1 1 200 002 0.2 0.0657
MB_Ohigh_F200_W1f 1 1 200 002 1 0.8864
MB_0Ohigh_F500 1 1 500 0.02 0.2 0.0647
MB_Ohigh_F500_W1f 1 1 500 002 1  3.4525
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Appendix B — Vorticity and dynamo from expansion Gaussian waves: inputs and diagnostics

Table B.7: MHD simulations with linear shear and the barotropic EoS. For all runs, By = 1079,
¢o = 1, At= 0.02, R = 0.2. The magnetic field growth (last column) seen in some of them is
dominated by a spurious boundary effect. The lower part of the table contains the diagnostics for

some of the cases with magnetic field growth.

1283 v n Q S Bgrowth
M_0S00.128 21073  2.1073 0 0 No
M_0S01_128 2.1073 21073 0 0.01 No
M_0S05.128 21073  2.1073 0 0.05 No
M_0S10.128 21073 2.1073 0 0.1 No
M_0S15_128 2.103% 21078 0 0.15 No
M_0S20_128 2.1073 21073 0 0.2 No
M_0S30.128 21073 2.1073 0 0.3 No
M_0S40_128 2.103% 21078 0 0.4 No
M_0S50.128 21073  2.1073 0 0.5 No

M_0S00_Pm_128 2.10~3 2.10~° 0 0 No
M_0S01.Pm_128 2.10=3 2.10°° 0 0.01 Yes
M_0S05.Pm_128 2.10=3 2.10~° 0 0.05 Yes
M_0S10_.Pm_128 2.10~3 2.10~° 0 0.1 Yes
M_0S15.Pm_128 2.10=3 2.10~° 0 0.15 Yes
M_0S20.Pm_128 2.10=3 2.10~° 0 0.2 Yes
M_0S30_.Pm_128 2:10~3 2.10~° 0 0.3 Yes
M_0S40_Pm_128 2.10~3 2.10~° 0 0.4 Yes
M_0S50.Pm_128 2.10~3 2.10~° 0 0.5 Yes
M_.2S10_.Pm_128 2.103 2.10°° 0.2 0.1 Yes
M_2S10.Pm_128 2.10~3 2.10~° 2 0.1 Yes
M_.2S20_Pm_128 2:10=2 2.10°° 0.2 0.2 Yes
M_2S20_Pm_128 2:10~3 2.10~° 2 0.2 Yes
M_.2S30_Pm_128 21073 2.10~° 0.2 0.3 Yes
M_2S30_Pm_128 2.10~3 2.10~° 2 0.3 Yes

S tturn kw /kf Re Reyw
M_0S00_Pm_128 0.00 1.99 0.00615  2.52 0.02
M_0S01_Pm_128 0.01 1.99 0.11165 2.52 0.28
M_0S05_Pm_128 0.05 2.00 0.11509  2.49 0.29
M_0S10_-Pm_128 0.10 2.03 0.12138  2.46 0.3
M_0S15_Pm_128 0.15 2.06 0.12949 2.43 0.32
M_0S20_Pm_128 0.20 2.11 0.13702  2.37 0.32
M_0S30_Pm_128 0.30 2.17 0.15462  2.32 0.34
M_0S40_Pm_128 0.40 2.29 0.16855 2.19 0.37
M_0S50_Pm_128 0.50 2.34 0.18544 2.14 0.39
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Appendix C

Potential magnetic fields: spherical

harmonics formalism

Non-residual planetary magnetic fields arise from an active dynamo process in electrically conduct-
ing fluids. Observers located outside the dynamo region, where there are no free currents and thus
there can be no magnetic field sources, a scalar potential can be used to describe the magnetic
field. Starting from Maxwell’s equations and assuming a non-relativistic, non-charged conducting

fluid observed from a region with no free currents (J = 0), the equations simply become:

V-B=0
VxB=0

These relations ensure that the magnetic field can be expressed as the gradient of a scalar potential.
For planets, it is usually assumed that the only source of magnetic field is from an internal origin
(magnetic intensity decays as r grows), but one can include external sources such as magnetospheres

or magneto-disks.

B =-VV = —V(Vint + Vext) (C.1)

The equations for the potential expansions shown in this section are taken from Davis (2004);
a more extensive review is Winch et al. (2005), where they also include the external potential
contribution. As planets are close to a sphere, the most logical strategy is to express the magnetic

field as an expansion of spherical harmonics, as done by Gauss:

Nmazx

a n+l n
Vint = a Z (7’) Z P (cos0) [g) cos(m¢) + h)' sin(me)] . (C.2)
n=1 m=0

The decomposition is analogous to the one used by spectral methods (see Appendix D), but with
another normalization and using real numbers only rather than complex. Note that here we indicate
the degree of spherical harmonic is n instead of ¢, for a simple notation consistent with most of
the planetary magnetism literature. To obtain the magnetic field strength, one needs to use the

gradient of V' in spherical coordinates:

. 8‘/int _
Br,lnt - 67" -
Nmaz a n+2 n
— Z (7’) (n+1) Z P (cos @) [g)" cos(me) + hy' sin(me)]
n=1 m=0
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Appendix C — Potential magnetic fields: spherical harmonics formalism

1 OVin
B int — — 4 =
¢int rsinf J¢

Nmaz n+2 n
= ( ) " Z mP"(cos ) [—gy' sin(me) + h' cos(ma)]

 sin 9

m=0

The same can be repeated for the external sources:

Vext = @ Z < ) Z P (cos ) [G) cos(m¢) + H' sin(mg)] (C.3)
m=0
_ 8‘/6‘)(t -
Br,ext - or -
Nmax n—1 n
=— Z ( ) n Z P (cos ) [G) cos(m¢) + H)' sin(mg)]
m=0
1 a‘/ext
BG,ext - 90
Nmaz n—1 n m
=-> (r) > OFy" (cos6) (G} cos(m@) + H,"' sin(mag)]
n=1 a m=0 90
1 8‘/zaxt o

Bpext = ————
Prext rsinf 0¢

1 Nmax n—1 n
=~ Z <2) Z mP"(cos 0) [—G)' sin(me) + H," cos(me)]
n=1 m=0

With the magnetic field components, the declination and inclination can be obtained. The
former is the deviation angle from the true north, and the latter is the angle between the magnetic

field and the planetary surface. Their respective mathematical expressions are:

B
D = arctan (_Bj> (C.4)

I = arctan 5 (C.5)
VBi+ Bj

C.1 Schmidt quasi-normalized associated Legendre polynomials

To use the expressions above, the Schmidt quasi-normalized associated Legendre polynomials must
be obtained. The original Legendre polynomials can be defined as a complete and orthogonal set

of polynomials, or via a generating function, or the solution of a differential equation:

/P x)de =0 if n#m

ZP
VI—2zt+12 2mt+t2 =
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Appendix C — Potential magnetic fields: spherical harmonics formalism

(1 —2®)P"(x) — 2zP.(z) + n(n+ 1)Py,(z) =0

These implicit definitions are not useful for obtaining a given polynomial, but there is a compact

expression known as Rodrigues’ formula, which can be derived:

1 ar
~2np) dan

Py (x) (22 —1)" (C.6)

The associated Legendre polynomials are the canonical solutions of the general Legendre equation,
which is a bit more complicated than the previous differential equations. These polynomials can
be defined as: e

Ppn(z) = (22 — 1)1/2md7mpn(m) (C.7)
Therefore, he associated Legendre polynomials are zero for all m greater than n. These expressions
have not been normalized, and the most common normalization is the Gaussian normalization

obtained by multiplying by a factor:

2™"(n —m)!
PP (x) = —————Pym .

() = == Gy P () ()

Then the Schmidt quasi-normalized associated Legendre polynomials can be obtained with another
factor Sy, m:

(2-6%)(n— m)!)1/2 (2n — 1)
P (x) = SpmP"™ () = o pm 0 C.9
7(e) = S P e) = (S P m (C9)

Another way to go directly to the Schmidt polynomials is from the associated Legendre functions

themselves as follows:

P (z) = Py(z) m =0
)\ 12 (C.10)
P"(z) = (M) Ppom(x) m #0
n—m)\ 72
P = (=) P (1)

There are recurrent formulas for the original associated polynomials and for both normalizations.
But for coding purposes the easiest ones to implement are the Gaussian normalized associated

Legendre polynomials. These recursive expressions are:

PO =1
P = sin g bl (C.12)

P — cos gpn—l,m . Kn,mpn—?,m

K™™ =0, n=1
(n—1)2 —m? . (C.13)
(2n —1)(2n — 3)’

The Schmidt quasi-normalization factors can be found recursively using the following formulas:

Km —

S070 =1
2n—1
Sn,O = < n )Snl,ﬂ (014)
_ 1 1/2
Snm_((n m+1)(5m+1)) S
’ n+m ’
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Appendix C — Potential magnetic fields: spherical harmonics formalism

Now, to obtain By, we need the derivatives of the polynomials; thus, Eqs. C.15 are not enough.

But they can be derived, and another set of recursive formulas can be used:

opPY0
=0
00
0,1 n—1,n—1
a];(g = sin Qapae + cos gpnfl,n—l, n>1 (C.15)
prm pr—1lm pn—2m
0 = = cos QGT — sin QPn_l’m o Kn,maT

All of the above recursive formulae have been used in Chapter 4 for a set of (r,0,¢) points to

recreate the magnetic field for all the dynamos for the planetary bodies in the solar system.

C.2 Magnetic field curvature

The curvature of the magnetic field (or any vector field) is defined with its corresponding unitary

vector field.
B

~BJ

The magnetic unitary vector field and gradient in spherical coordinates are b = (bre, +bgeg+bgyey),

k= (b-V)b where b (C.16)

V = 0,e, + Opeg/r + Ogey/rsin b, respectively. Then the curvature is:

U or  r 90 rsin® ¢

} (bre, + bopeg + bsey) =

_ 00 boOb by Ob. b+
" or r 90  rsinf d¢ r
2
_p, 0 boObo by Oy bobr b (C.17)
or r 00  rsinf 0¢ r rtant
dby | by Oby by Oby  byb.  bybg

o = "or ' r 90 ' rsinf ¢ r rtanf

Note that the non-vanishing unit vector derivatives have been taken into account:

2e =0 2e —e —e, = sinfe
or " 90"~ 99 " ¢
2e =0 2e = —e —ey = cos e
or 9070 T 9g 0 T ¢
0 0 .
5% =0 %‘% 0 a—d)ed) = —sin fe, — cosfey

If we want to obtain the mean curvature in a spherical surface of radius » = r,, we must integrate

over the surface with the corresponding weight for the latitude:

_ JIk(0,¢;r = r,)| sin(0)dbde

— C.18
(Is(r = r)) L (©18)
For a given latitudinal-longitudinal resolution (Ng x Ny) this becomes:
Ng Ng ) Ng Ng )
2 2 R0 b =ri)lsin(0) 2, 2 [K(0; 55 = 1) sin(0:)
. _i=lg= _i=lg=
(st = o)l = — - - (©.19)
> > sin(6;) Ny > sin(6;)
i=1j=1 i=1
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Appendix D

MagIC numerical technique

This Appendix is largely based on two sections of the Magl/C code manual, and we report the main
points here for completeness. The numerical technique it employs was originally developed by P.
Gilman and G. Glatzmaier, published first in the articles Glatzmaier (1984, 1985a,b). the method
relies on spectral methods, which take advantage of the domain geometry (spherical shell) and a
preferred direction (the radial one, along which thermodynamical gradients mostly lie).
Therefore, in this approach, the fields are expanded into complete sets of functions in radial
and angular directions: Chebyshev polynomials or finite differences in the radial direction, and
spherical harmonic functions over the tangential spheres (azimuthal and latitudinal directions).
This allows one to express all partial derivatives analytically. Employing orthogonality relations of
spherical harmonic functions and using collocation in radius then leads to algebraic equations that
are integrated in time with a mixed implicit/explicit time stepping scheme. The nonlinear terms
and the Coriolis force are evaluated in the physical (or grid) space rather than in spectral space.
Although this approach requires costly numerical transformations between the two representations
(from spatial to spectral using Legendre and Fourier transforms), the resulting decoupling of all
spherical harmonic modes leads to a net gain in computational speed. Before explaining these

methods in more detail, we introduce the poloidal/toroidal decomposition.

D.1 Poloidal and toroidal decomposition

The poloidal-toroidal decomposition is a mathematical statement that can be applied to any

divergence-free three-dimensional vector field F:
F=P+T=Vx(VXd¢poer)+V X dorer, (D.1)

where ¢p01 and ¢yo, are the toroidal and poloidal potentials, respectively. This decomposition fulfills
the solenoidal condition, i.e., V - F = 0, by construction. It is similar to the Helmholtz decom-
position (see Sect. A.8) but more restricted in the sense that it further decomposes a solenoidal
field, not any general vector field. In the spherical shell MHD anelastic approximation scenario one
can avoid solving for the solenoidal condition of B and the continuity equation, V(pu) = 0, if the
corresponding potentials are evolved in time and not the vector fields themselves. In MagIC, these

potentials are defined as:
pu=V x(VxWer)+V xZe,,

(D.2)
B=Vx(Vxge)+Vxhe,.
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Appendix D — MagIC numerical technique

Then one can recover B and pu in spherical coordinates:

(1 8(in08w>— 1 W N
PE= T 2sing a0 \*™ " 90 ) ~ r2sin26 926 ) F

10°W 1 0z
+ (r orob + rsin@&b) eot (D-3)

Lt P*w 10z
rsin&@r@gf) r o0

B 1 9 (/. ,0g 1 9%
B = (7"2 Sing% (Sln 080) — 4’['2 Sin2082¢> er+

1 9% 1 0Oh
+ (r orof * rsin98¢> eot (D4)

(L g _1on)
rsinf 0rdgp  r 90

MagIC makes uses the horizontal part of the Laplacian, Ay, and the horizontal part of the diver-

LD (g2, L
~ r2sinf 06 sin 00 r2sin? 6 0%2¢

_;g 0 + — 1 E
~ rsinf 06 sind eg rsind 0¢ ¢

With this operators, the expression for pu and B are shortened to:

gence, Vg

0
*AHerWﬂLVH W+VHX67'Z

or

0 -
B:—AHe,ag—i—VHag—FVerrh

The calculation of their curls then becomes fairly simple:

0
Vxﬁu:—AHerZ%—VHEZ—VHXAHerW.

V X B——AHerh—i-VHa

ar h — VHXAHerg

D.2 Spectral schemes in the horizontal and radial directions

A finite difference code would define a spherical grid in which the four potentials are defined and
evolved in time within some numerical scheme (e.g., for the Pencil Code, fourth-order difference in
space and third-order Runge-Kutta in time). A more accurate but more computationally expensive
option is decomposing the potentials into a set of orthonormal functions. In this case, the time
evolution is performed in the weights themselves. A natural option for the horizontal expansion in

0-¢ are the spherical harmonics functions Y;™:

maz

{=0 m=—¢

where £ and m denote spherical harmonic degree and order, respectively. A finite difference or
volume method needs to define a grid with some specific resolution, but a spectral method needs

to truncate the infinite set of functions, which in this case is done at some degree and order l,;,q;-
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Appendix D — MagIC numerical technique

In MagIC, the radial dependence of the potential can be chosen to use a finite difference method
or a spectral method which uses Chebyshev polynomials 7. In this thesis, we have only used the

latter, which also needs to be truncated to some degree N:

g@m Z gﬁmn (DG)

So, finally, the complete decomposition of the magnetic poloidal potential is:

Zmaac

t T, 0 gb Z Z Zgémn n m(0’¢) (D7)

(=0 m=—¢n=0

The set of weights gg,, and hy,,, completely describes B up to the chosen resolution. In Eq. D.7 the
time dependence has been included, showing that the weights themselves are the quantities being
evolved in time by solving the MHD equations under your chosen approximation, i.e. in MaglC you
can solve under either the Boussinesq or anelastic approximations depending if a density difference
has been introduced. For simplicity, below this point, we omit the ranges of [, m,n and shorten the

triple sums under one summation symbol, as follows:

t r, (9 ¢ Z gémn Yé (07(15)
l,m,n
h(t,r,0,¢) = Z Pemn () Y0, ¢)
Wt?“e (ls Z men ) m(9’¢)
l,m,n
t T, 0 ¢ Z men n m(ev(b)
l,m,n
The fields B and u can be recovered at any time-step by plugging the weights in Eq. D.2:
ﬁu:( Zl l+1)W€mnT Zm> er+
l,m,n
oT, oY," oy,"
Womn £ A D.9
( l;n e 00 Tsm@ Z ¢ 0o ) e+ (D-9)
1 oT, oy," 1 oy,"
Womm —— Ze = Zomn T ot
+(rsin91;n ¢ or 0¢ T~ tmn T 00 ) s
B = ( > l+1)gemn7;ym) er +
l,m,n
oT, oy," 1 OY"‘
h D.1
( l;ngemn or 00 rsinG l%:n tmn T " 0¢ ) o+ (D-10)

oT, oy, 1 oy,"

—_— - = h
(rsmﬁ Z Jemn 5. 0 (et tmn T 00 ¢
To simplify the radial component, the following spherical harmonic identity has been used:
L0+ 1)

—ApY,/" = 2

Y7

With these expressions, MaglC' reconstructs the velocity and magnetic fields from the potentials at
any given point in the simulation and creates the computer format outputs. Such files have been

used to recreate Fig. 5.4 and other visuals.
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Similar expansions are needed for pressure p, entropy or temperature s, and chemical composi-
tion &:
t r, 0, (z) Z pémn Tn )}/Zm(&gﬁ)

l,m,n
l,m,n

ft?‘@(ﬁ Zf@mn )£(97¢)
l,m,n

These expansions are substituted in the MHD equations applied to convection in rotating spherical
shells, shown in Chapter 4 either under the Boussinesq or anelastic approximation. Therefore the
time evolution of the MHD system is given by the new equations for gsmn, Pemn, Wemn, Zemn, Pemn
Stmn and Epmpn. All terms are easily calculable except the non-linear terms (i.e., the advection,
buoyancy, and Coriolis terms in the momentum equation, and the induction term). To avoid
the complexity of computing convolutions in spectral space directly, the fields are transformed
from spectral space to real space, where the non-linear products are calculated pointwise, and
then transformed back to spectral space. This introduces numerical errors due to spurious high-
wavenumber interactions known as aliasing errors, which MaglIC prevents with dealias algorithms.

See further details in https://magic-sph.github.io/.

D.3 Spherical harmonics

A natural choice for the § — ¢ expansion is the spherical harmonics Y;(6, ¢) o< PJ™(cos ) e™?,

where Pj" are the associated Legendre polynomials'. MagIC uses the following normalization:

(204 1) (£ — |m])!
A (L4 |m|)!

1/2 '
v(6.0) = ( ) Preoss) e,

so that the orthogonality relation is:

21 s , ,
/ qu/ sin0d0 Y;"(0, ) YV (0,¢) = Srd™™.
0 0

Then any potential mentioned above is expanded and truncated at a specific degree £,,q, as
expressed in Eq. D.5. The coefficients g, (r) for the magnetic poloidal potential g(r,6,¢) are

computed with the following integrals:

1 e
Jom (1) = — / dfsin 0 gmag(r,8) P;"(cosb),
™ Jo
2T

m(r,0) = —— do g(r,0,p) e”™2.

2
Note that for the potentials to be real functions, each coefficient needs to equal its complex conjugate
for an inverse value of m: g} (1) = g¢—m(r). The same expressions are similar for all other
potentials hgp, (1), Wi (r) and Zy,(r)), the pressure pyy, (1), entropy or temperature sg,(r), and
chemical composition &g, (r). These expressions provide the transforms from the longitude/latitude

representation to the spherical harmonic representation and its inverse.

! Attention! They are not the same as the Schmidt semi-normalized associated Legendre polynomials shown in
Chapter 4 and Appendix C. They are also defined in the same Appendix C, Eq. C.7.
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D.4 Chebyshev polynomials

Chebyshev polynomials are widely used as an orthogonal basis in a finite one-dimensional domain.

The following relation is the most straightforward way to define the polynomials:
Tn(cos ) = cos(nb) Z a;cos' ( = Tp(x) = cos(n arccos x)

Note that, by construction, 7,(x) is only defined from (-1 < x < 1). Some other interesting
properties are that a Chebyshev polynomial 7, (z) has exactly n distinct zeros; Teyen () is an even
function; Togqq(z) is an odd function; |7, (x)| has n + 1 number of maxima separated by zeros and
they take the value of 1; a simple function composition relation, i.e., 7, (Tn(x)) = Tnam(x); and the
leading coefficient of Ty, (z) is 2" 1.

With some trigonometric properties, one can derive their recursive formula:
Tn(z) = 22 To1(x) — Tn2(x)
Proof:
Tn+1(z) = cos((n + 1)8) = cos(nf + 0) = cos nb cos § — sin nb sin 0

Tn—1(z) = cos((n — 1)8) = cos(nf — 0) = cos né cos 6 + sin nh sin 0
Tni1(x) + Tn_1(x) = 2cos nb cos 6 = 22T, (x)

Which can be used to construct the series of polynomials: To(z) = 1, T1(z) = z, Ta(x) = 222 — 1,
T3(z) = 423 — 3z, etc. These polynomials are called Chebyshev polynomials of the first kind, which
MagIC employs. Interestingly, they can also be similarly defined with hyperbolic trigonometric
functions, i.e., T, (cosh §) = cosh(nf).

Any two T,(x) and Tp(z) obey an ”almost” orthogonal relation with the weight function

1/V1— 2

1 0
/ Tn(x )mdw = —/7T T (cos 6) Tiag (cos 0)df =
= /0 cos(n#) cos(mb)df = ;/Oﬂ [cos((n —m)@) + cos((n + m)0)]
. " 0, ifn#m,
[ @) Tasw) 5 = = m =0,

5, ifn=m#0.

The other kind of Chebyshev polynomials is defined by the relation:

Un—1(cos@)sinf =sin(nf) — Uy(z)= sin((n + 1) arccosz)

sin(arccos )

Which leads to Up(x) = 1, Ui(z) = 2z, Us(z) = 422 — 1. Both families of polynomials are the
solution of the Chebyshev differential equation:

where n is a positive integer. By using the substitution = = cost:

d2

dt2+ny_0
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which has a general direct solution: y(t) = A cos(nt)+B sin(nt) or equivalently y(x) = A cos(n arccos x)+
B sin(n arccos ). This is another valid definition for Chebyshev polynomials.

Similarly, the can be defined in a third way with a generating function:

1—tz i ()t
e z
1—2tp —¢2 &~ "
n=0
As they are an infinite set of orthogonal functions, they are commonly used as a basis for a

general single-valued continuous function defined in (-1 < x < 1):

e ) 2—"0n0 [ f(2)Th(z)dx
)= Y aTile) it o, =200 [ O

This decomposition is shown in D.6 for MaglC, which then to reconstruct each coefficient gy,

a similar expression is used:

24, / 0 gum (1(2)) Cal2)
9tmn = T . /71 — 2

where the range (-1 < x < 1) needs to be linearly mapped to (r; <r <r,) by

Again, the same is repeated for the other potentials hypn, Wemn and Zg,,, the pressure pemn,

entropy or temperature Sgp,,, and chemical composition &pp,p, .

D.5 Boundary conditions

As mentioned in Chapters 5 and 7, we use the MagIC code under a variety of boundary conditions.
For the magnetic field, we try insulating, a perfect conductor, or pseudovacuum conditions. These
mathematical statements can be translated into requirements for the constant gy, and hy,, for the

magnetic field, and Zy,, and Wy, for the velocity field:

Magnetic boundary conditions

0 14 oh
Insulating: 99tm 4+ —gom =0 m
or r or
0? Oh
Perfect conductor: Jom = & 9tm _ 0 m
or? or
0
Pseudo vacuum: Jem _ 0 hem, = 0
or
Mechanical boundary conditions
No radial velocity (always): Wem =0
ow,
No-slip: fm _ i L =0
or
% 290 o 2
Stress-free: <87‘2 - 7’8’]“) ng =0 ; <a7" - 1") me =

The thermal boundary conditions are only applied as constant fixed values at the boundaries:
s = const. at r; and r,. There is the possibility of setting a fixed flux boundary condition by

setting ds/0r = const., but it is not used in Chapters 5 or 7.
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D.6 Background thermodynamical profiles in MagIC

MagIC' gives different available options for the radial dependency of the gravity profile: either a
constant, ~ r, ~ 1/r2, or any linear combination. With a specific gravity expression together with
a value for m, one can derive the specific analytical profiles readily available in MaglIC. Apart from
this radial implementation, there are other internal background profiles resembling specific planets
or stars, some being isentropic and some not. By default, MagIC uses an ideal equation of state
to give the radial dependence:

;8,0 = —adT + Bop — 60§

Where we have introduced the thermal expansivity, «, compressibility coefficient, 5 and composition
a2t (aﬂ> _1<3V>
N P oT Pe N vV \oT Pe
sty __L(avy
N 1% oP T N V \oP T¢

PR <3P>
p \O&/) pr

Chemical buoyancy has not been considered at any point in this thesis; thus, all terms containing

parameter, §:

& should be dropped. To derive the associated radial background:

vT 1 /0T 1 /0T p (0T 1 /0T
— == |—=—] Vp+=|——) Vs=—=|— —|—=—] VvV
T T<8p>s p+T<8s>p 5 T<8p)sg+T<8s)p 5
We have used the hydrostatic equation Vp = —pg. We can make use of different thermodynamic

identities to simplify the equation. The first is the usual definition of entropy, assuming heat

transfer at constant pressure:

6q OH OHOT oT <68> Cp 1 (8T) 1
Os=—=—"=——=C— — (=] =% = =|(—) =—
T T or T T or), T T\0s/, ¢

The other term is trickier:
1 p 1 p 1 o

0s Op T cp [ OT a gT a g
ar) \ s T\ ov aV
P T P

We have used a cyclic relation between partial differential thermodynamic variables and a Maxwell

Nl

ar

p<9T)_p 1 _
T \ Op S_T(ap) N

relation. The final equation for the temperature gradient is:

T 1
VI_ 2y Ly (D.12)
T Cp Cp

Repeating the same process for the gradient of density:

Vo 1(00) G (%) gu g v (V) v,
p p\dp/, p\0s/, ds  Jyp

Massaging the second term, again with both a cyclic and a Maxwell relation:

V(@(l/V)) :_1<av>_ 1T 11

v Vios\ Vi)
ov aT
P s
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1 1 1 aoT

= —_— = p —_—
V[ os op cp 1 Cp
ar| \os TaV
p T

Then the final equation for the density gradient reads:

v T
AL —Bpg — s (D.13)
P Cp
As spherical symmetry is assumed in MaglC, the background static quantities only depend on
radius. Both equations become, respectively:
dr aT T ds dp 9 aTlpds
il -z . B - = D.14
dr Cp g cpdr 7 dr b7 cp dr ( )
These equations are non-dimensionalized in the following way:

dr ds dp _ Dipag _ds

— = -DiTaj+esT— — CoespaT—,
dr vhag+es dr dr r,r 0Pt gy
where four dimensionless parameters are involved:
d d|d
Di = %, Co=a,1, T, e¢=— & .
Cp cp ldrl,,

Another usual assumption is that convection is vigorous enough so that the entropy is constant.
dT .

— =-DiTag ;

dr

dp  Dipag
dr r,r

Finally, assuming that the gas behaves ideally, i.e. p = pT and a = 1/T, we only need the
temperature equation: ~
dr Di g(r) p=Tm
_ = — 1 T : =
dr Y Y

where m = 1/(y — 1) and v = ¢,/¢,. From the classical equipartition theorem, the heat capacity
ratio v is predicted to be v = 1 4+ 2/f, where f is the thermally accessible degrees of freedom.
For an ideal gas, f can only be as small as 3, with no upper limit. Therefore, the range for the
adiabatic index is 1 < 7 < 5/3. Thus, the physically available range for the variable m used in
MagIC is 3/2 < m < 0.

At the beginning of the project shown in Chapter 5, we tried fitting the MESA thermodynamic
properties to these expressions for T, 5, and §. But due to the more complex MESA EoS, the
hydrostatic profiles could not be fitted correctly. At the end, we opted for the procedure explained
in Sect. 5.1.1: we locally expanded the radial.f90 file to directly introduce as a high-dimensional

Taylor series, any general background state from MESA, a one-dimensional evolutionary code.

D.7 MagIC energy spectra

MagIC sums the potential weights over £ and m and integrates over radius to calculate the total

energy. For example, the kinetic energy:

[
Eyin = 5 /V PU2 dV = Ek,pol + Ek,tar

1 ro 1 [4(0+1) AW () |2
Ekin,pol = 5 Zf(f + 1)/ 5 r2 ’WKm(T)P + ’d?“ dr
4m i
1 ro 1 )
Ekin,tor = 5 Zf(ﬂ =+ 1)/ ;‘me(r)’ dr
{m i
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This operation is done for each timestep that the user needs total averaged quantities.

As explained in Sect. A.9, the energy distribution describes how kinetic or magnetic energy is
spatially distributed across flow structures of different scales. For a spectral code that uses spherical
harmonics, the energy as a function of degree or order, i.e., the spectral distribution, comes for free
from Eq. D.7 if one does not integrate radially. Computationally, the shortest way to reach an
expression of the sort is to start with the energy defined at some radius r; in the radial grid and
for some £ and m:

0 +1)

AW,
2 (Wem (rj)* + ’ :

dr

1
Ekin(rj,&m) = §€(£ + 1)

1 2 1 1
- + U+ 1)< | Zpm?
P ] 2( )pl \

One can sum in m (¢) and obtain a spectra depending both on r and ¢ (m):
Exin(r,0) = Exin(r;,£,m) Exin(rj,m) = Exin(rj,£,m)
m 14

These 2D quantities are already spectrum-dependent on radius, and can be quite informative if
there is strong radial dependence. These are used in Chapter 5 to help define the dynamo radius.

The last step to obtain the usual £ or m spectra is to numerically integrate in the radial direction:
To To
Banld) = [ BanlrOdr 5 En(m) = [ Ban(rm)dr
T T

The integration can be done with more developed methods, and MagIC’s default option is Simpson’s
method. The same process can be repeated for the magnetic field, taking into account that there

is no density factor:

2

1 {41 db 1 .
Emag(T'j,f, m) = if(g + 1) (Tg)’bfm(rj)’Z + # + §€(£ + 1)|jgm|2
Erag(rj, l) = ZEmag(rj,é, m) Enag(rj,m) = ZEmag(rj,E,m)
m ¢

Emag(ﬁ) :/_ Emag(T, Odr Emag(m) :/_ Emag(T,m)dr

D.8 Physical interpretation of the dimensionless units

As mentioned in Chapter 4, one needs to transition to dimensionless units to obtain the MHD
equations under the anelastic approximation, which are controlled by the usual dimensionless dy-
namo parameters (e.g., Ra, E, Pr, and Pm). This transition sets the physical meaning for the new
magnitudes for the code units. For example, MagIC' uses:

r—rd, t—t(d®/v), s—sAs, &—EAE, (D.15)

B = B(uofXipo)"*, p=ppor P (porol)
which means in code units, a distance of 1 is equivalent to the shell thickness d; a unit of time time
is equivalent to a viscous diffusion timescale d?/v; entropy and chemical composition are measured
in units of the total difference between the inner and outer boundaries (As, A{); magnetic field
with the factor (ug f)\l-p}Q)l/ 2; density in units of the outer density p,; and pressure in units of
Polofl.
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Therefore, once the simulation is done, the most straightforward way to give physical meaning

to MagIC units is to associate physical values for the shell thickness, d, and rotation frequency, 2:

_¢_ 1
v, QE

_ o
[u] = 0 dQE

As we are interested in the magnetic field, it is more appropriate to adopt units of magnetic

[L]=d [t

diffusion timescale, thus for the same corresponding physical number, there is a factor of v/u=Pm:

d? d?
tphyS = 7tvisc,diﬂ“(code) = ; (D.lﬁ)

lmag,dif ~—  lmagdiff = Pmtviscdiff(code)
Then, to convert code units to physical units:

tMagIC
dphys =d dMagIC 7fphys = S;E Uphys = dQE UMagIC

With these basic units, one can derive all other quantities. For example, the units of kinetic

energy are:

1
2 3 51202
Ek,phys = ipouphysdphysEk,norm = pod E“Q Ek,MagIC

Similarly, for magnetic energy:

BQh dgh
phys™~phys 3
Em,phys = [ Em,norm = poAiQd Em,Mag[C’
0
As both energies must have the same units, we can recover a relation between the dimensional
g )

energy factors, Ep, factor and Ej factor:

EQ*® 1 5
Pm - PmE k,factor

1
B facior = pohid* = poQd*— = p,

181



Appendix E

Planetary dynamos in evolving cold

gas giants: inputs and diagnostics

Here we include the tables related to the simulations presented in Chapter 5. Table E.1 shows the
input parameters for all cold Jupiter models. Table E.2 shows the output parameters used for Fig.
5.10 and 5.13.
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