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Resum

giQ—

Aquesta tesi estudia la verificacio de sistemes quantics en escenaris on I'acces
a informacio6 crucial és limitat. Mentre que en el control de qualitat classic els
defectes poden, en principi, detectar-se de manera determinista, la naturalesa
probabilistica de la mecanica quantica imposa limitacions inherents. Aquest fet
planteja la pregunta: fins a quin punt és possible identificar de manera fiable
defectes en estats i processos quantics? Per respondre aquesta pregunta s’estudia
la discriminacio d’estats i canals quantics en contextos universals, és a dir, quan no
es coneix la forma especifica de les hipotesis. L’objectiu és establir rendiments de
referencia i dissenyar protocols optims que continuin sent valids sota condicions
d’ignorancia parcial.

La manera d’abordar I'objectiu és mitjancant la combinacio6 d’eines d’optimitzacio
convexa amb metodes de teoria de representacions. La programacio semidefinida
ofereix el marc per formular els problemes de discriminacié com a problemes
d’optimitzacio sobre operadors. Per la seva banda, la dualitat de Schur-Weyl i els es-
quemes d’associacio permeten captar la simetria dels problemes estudiats, aixi com
reduir de manera significativa la seva complexitat. Més enlla de la discriminacio
d’estats, 'isomorfisme de Choi-Jamiotkowski i el formalisme de xarxes quantiques
estenen aquestes tecniques a I’analisi de canals quantics.

La primera contribucio se centra en el problema anomenat edge detection. Una
seqiiencia de sistemes es divideix en dos dominis, cadascun preparat en un estat
desconegut pero diferent, i I'objectiu consisteix a identificar la frontera que els
separa. Es presenta un protocol optim per a aquest problema, juntament amb un
calcul eficient de la seva probabilitat d’exit basat en la dualitat de Schur-Weyl i
el formalisme de matrius de Gram. A més, s’explora un escenari mixt, en que els
estats passen de ser coneguts a desconeguts, cosa que pot resultar util per detectar
defectes en processos de produccio d’estats quantics.

La segona contribucio introdueix la deteccio quantica d’anomalies multiples, en
que un conjunt de fonts ha de produir un estat de referencia, encara que algunes
poden fallar i generar estats anomals. Es consideren dos casos. En el primer, tant
I'estat de referencia com els estats anomals son coneguts; aquest problema es resol
analiticament aprofitant estructura algebraica dels esquemes d’associacio de John-



son, la qual cosa permet obtenir estrategies optimes tant en el regim d’error minim
com en el d’identificacio sense error (inequivoca). En el segon cas, ambdues classes
d’estats son desconegudes, i es desenvolupa un protocol universal la optimalitat
del qual s’estableix a través de la dualitat de Schur-Weyl.

Finalment, la tercera contribucio estén la deteccié d’anomalies a I’ambit dels
canals quantics. S’assumeix que els dispositius implementen una operaci6 unitaria
donada, encara que un subconjunt d’aquests aplica en el seu lloc unitaries de-
sconegudes. Es deriven protocols optims sense error per identificar aquests disposi-
tius defectuosos, emprant I'isomorfisme de Choi-Jamiotkowski i el formalisme de
xarxes quantiques. L’analisi mitjancant teoria de representacio i la dualitat mixta de
Schur-Weyl demostra que el rendiment optim pot assolir-se amb estats d’entrada
entrellacats, sistemes auxiliars i estrategies paral-leles.



Resumen

giQ—

Esta tesis aborda la verificacion de sistemas cuanticos en escenarios donde el acceso
a informacion crucial es limitado. Mientras que en el control de calidad clasico los
defectos pueden, en principio, detectarse de manera determinista, la naturaleza
probabilistica de la mecanica cuantica impone limitaciones inherentes. Este hecho
plantea la pregunta: ;hasta qué punto es posible identificar de forma fiable defectos
en estados y procesos cuanticos? Para responder a esta pregunta se estudia la
discriminacion de estados y canales cuanticos en contextos universales, es decir,
cuando no se conoce la forma especifica de las hipotesis. El objetivo es establecer
rendimientos de referencia y disenar protocolos 0ptimos que sigan siendo validos
bajo condiciones de ignorancia parcial.

La manera de abordar el objetivo es mediante la combinacion de herramientas
de optimizacion convexa con métodos de teoria de representaciones. La progra-
macion semidefinida ofrece el marco para formular los problemas de discriminacion
como problemas de optimizacion sobre operadores. Por su parte, la dualidad de
Schur-Weyl y los esquemas de asociacion permiten capturar la simetria de los
problemas estudiados, asi como reducir de manera significativa su complejidad.
Mas alla de la discriminacion de estados, el isomorfismo de Choi—Jamiolkowski
y el formalismo de redes cuanticas extienden estas técnicas al analisis de canales
cuanticos.

La primera contribucion se centra en el problema denominado edge detection.
Una secuencia de sistemas se divide en dos dominios, cada uno preparado en un
estado desconocido pero distinto, y el objetivo consiste en identificar la frontera
que los separa. Se presenta un protocolo optimo para este problema, junto con un
calculo eficiente de su probabilidad de éxito basado en la dualidad de Schur-Weyl y
el formalismo de matrices de Gram. Ademas, se explora un escenario mixto, en el
que los estados pasan de ser conocidos a desconocidos, lo que puede resultar util
para detectar fallos en procesos de produccion de estados cuanticos.

La segunda contribucion introduce la deteccion cuantica de anomalias multiples,
en la que un conjunto de fuentes debe producir un estado de referencia, aunque
algunas pueden fallar y generar estados anomalos. Se consideran dos casos: en el
primero, tanto el estado de referencia como los estados anémalos son conocidos;
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este problema se resuelve analiticamente aprovechando la estructura algebraica
de los esquemas de asociacion de Johnson, lo que permite obtener estrategias
optimas tanto en el régimen de error minimo como en el de identificacion sin error
(inequivoca). En el segundo caso, ambas clases de estados son desconocidas, y se
desarrolla un protocolo universal cuya caracterizacion como Optimo se establece a
traves de la dualidad de Schur-Weyl.

Finalmente, la tercera contribucion extiende la deteccion de anomalias al ambito
de los canales cuanticos. Se asume que los dispositivos implementan una operacion
unitaria dada, aunque un subconjunto de ellos aplica en su lugar unitarias descono-
cidas. Se derivan protocolos 0ptimos sin error para identificar estos dispositivos
defectuosos, empleando el isomorfismo de Choi-Jamiotkowski y el formalismo de
redes cuanticas. El analisis mediante teoria de representaciones y la dualidad mixta
de Schur-Weyl demuestra que el rendimiento 6ptimo puede alcanzarse con estados
de entrada entrelazados, sistemas auxiliares y estrategias paralelas.



Abstract

gQ—

This thesis investigates the verification of quantum systems in scenarios where
access to crucial information is limited. While in classical quality control faults
can, in principle, be detected deterministically, the probabilistic nature of quantum
mechanics imposes inherent limitations. This raises the question of how reliably
faults in quantum states and processes can be identified. The challenge is addressed
through the study of quantum state and channel discrimination in universal settings,
where the specific form of the hypotheses is not known. The objective is to establish
benchmarks of performance and to construct optimal protocols that are valid under
partial ignorance.

The approach combines convex optimization with representation theory meth-
ods. Semidefinite programming provides the framework for formulating discrimina-
tion tasks as operator optimization problems. Schur-Weyl duality and association
schemes capture the symmetric structure of the tasks studied and reduce their
complexity. Beyond state discrimination, the Choi-Jamiotkowski isomorphism and
quantum network formalism extend these techniques to the analysis of quantum
channels.

The first contribution concerns the problem termed as edge detection. A sequence
of systems is divided into two domains, each prepared in an unknown but distinct
state, and the goal is to identify the boundary separating them. The optimal protocol
for this task is derived, and its success probability is efficiently computed through
Schur-Weyl duality and the Gram matrix formalism. A mixed scenario, where
the states transition from known to unknown, is also explored, which may find
applications in detecting malfunctions in quantum-state production processes.

The second contribution introduces quantum multi-anomaly detection, where a
set of sources are intended to produce a reference state but some may malfunction
and produce anomalous states instead. Two cases are studied. In the first, both the
reference and anomalous states are known. This problem is studied analytically
by using the algebraic structure of Johnson association schemes, yielding optimal
minimum-error and unambiguous strategies. In the second, both classes of states
are unknown, and a universal protocol is developed whose optimality is established
through Schur-Weyl duality methods.



The final contribution extends anomaly detection to quantum channels. Devices
are expected to implement a given unitary operation, but a subset of them instead
applies unknown unitaries. I derive optimal zero-error protocols for identifying such
faulty devices using the Choi-Jamiotkowski isomorphism and quantum network
formalism. A representation-theoretic analysis of mixed Schur-Weyl duality shows
that entangled input states with ancillary probes and parallel strategies suffice to
achieve optimal performance.
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Introduction

giQ—

In a fabrication process, quality control guarantees that the product of the produc-
tion line meets certain standards. Deviations from expected data might signal a
fault, a contamination, or a need for recalibration. In the age of quantum technolo-
gies, yet to come, we face a parallel challenge when ensuring that quantum states
are being prepared as intended and that quantum processes behave as desired.

Quality control is now understood as a mathematically rigorous field grounded
in statistical inference and decision theory. Techniques such as hypothesis testing,
Bayesian inference, maximum likelihood estimation, and sequential analysis form
the pillars of modern inspection protocols [Car72]. These tools allow manufacturers
to detect outliers, to distinguish between random fluctuations and systematic errors,
and to make informed decisions under uncertainty through a rigorous statistical
analysis. A central goal in modern quality control is to minimize the resources
required in inspections—whether time or material costs—while maintaining high
confidence in the conclusions drawn. This trade-off between cost and reliability
is a centerpiece in modern inspection methods: rather than inspecting every unit,
statistical techniques guide how to sample, estimate, and decide.

On the other hand, quantum systems introduce an additional layer of complexity
to the already intricate techniques in classical quality control. Unlike their classical
counterparts, quantum systems are inherently probabilistic; even when a quantum
device is working as intended, the outcomes of measurements are not deterministic
in general. An inspection of the whole production in the classical scenario may, in
principle, be able to detect faulty products without errors, whereas in the quantum
setup, there are cases where this is just not possible. This intrinsic randomness
induces challenges for verification, as it is mandatory to account for additional
errors nonexistent in the classical scenario.



INTRODUCTION

These challenges motivate the study of verification of quantum systems from a
statistical analysis standpoint, embracing and expanding classical methods to quan-
tum scenarios. A central question naturally arises: Given full access to measurement
capabilities, how confidently can faults in a quantum system be detected? In quantum
mechanics, the probabilistic nature of measurement outcomes implies that even
when a fault is present, it may not be detected with certainty. This naturally leads
to the framework of quantum discrimination, a fundamental aspect of quantum
information theory, which formalizes the problem of deciding between a finite set
of hypotheses about the quantum state of a system or the process controlling it
from the output provided by quantum measurements. In this thesis, a key aim is to
characterize optimal protocols for quantum state and channel discrimination under
various assumptions, thereby establishing performance benchmarks. Once these
fundamental limits are understood, the question of resources can be addressed.
In classical quality control, this means reducing the number of inspections while
keeping reliability high. In the quantum scenario, it translates into minimizing the
number of systems measured, or the amount of entanglement needed to achieve a
given level of performance. Establishing these limits of quantum discrimination is
therefore a necessary first step before any discussion regarding resource efficiency.

It is also important to note that optimal quantum verification protocols depend
on the considered hypotheses, and this generally implies some prior knowledge of
the faults. When such knowledge is absent, the situation changes significantly. In
these cases, one must resort to universal strategies: protocols that do not rely on the
specific description of the faults, but are instead designed to work for any possible
scenario. Universality in this sense refers to the construction of multi-purpose
verification tools, applicable regardless of the particular form of the systems or
evolutions under inspection. The question is then: If one has no information about
the flaws, to what extent can one design universal strategies for verifying quantum
systems? Developing and analyzing such universal protocols is therefore essential,
as it reveals what can be achieved in the most agnostic setting and establishes
performance benchmarks regardless of the specific description of the quantum
systems.

This dissertation aims to shed some light on these two questions. In a nutshell,
how good can we infer faults in quantum systems? Can we devise universal
protocols for these tasks?

What follows in this chapter is a summary of the main results of my research.
Chapter 2 gives the reader a basic introduction to probability and statistics, quantum
information, and quantum state discrimination, followed by a discussion of the
general state of the art of the field. In Chapter 3, I describe the mathematical




1.1. SUMMARY OF RESULTS

framework used in my research, from symmetries to optimization theory, going
through graph theory. Then, Chapters 4 to 6 comprise the body of results obtained
during my PhD. The thesis ends with an outlook on future work related to the
topics covered and the bibliography.

1.1 Summary of results

Quantum edge detection

The main body of this thesis is quantum state discrimination, a fundamental primi-
tive task in quantum information. This task consists of correctly identifying the
state of a quantum system that is one of a set of possible states. Conventional
quantum state discrimination relies on complete knowledge of the set of candidate
states. However, in many scenarios, this assumption may not hold. Quantum state
discrimination protocols that do not assume this prior knowledge of the state can
be thought of as universal protocols, as they do not depend on the description of
the states of the quantum system, and therefore are valid for any possible quantum
state. Universality addresses scenarios of partial or total ignorance about the system.
Studying such protocols highlights what can be rigorously achieved in quantum
inference even when not all the information is available. A particularly interesting
instance of this task is what I refer to as quantum edge detection, which can be
described as follows: given a string of states consisting of two domains, each of
which is formed by quantum systems in the same state within the domain but
different from the other, one aims to correctly identify the frontier between the two
domains. With no further information, one should consider every possible pair of
states describing each of the regions, and therefore devise a universal protocol. In
Chapter 4, I formalize mathematically this task and derive the optimal performance
of a universal protocol for large quantum systems. Having addressed the general
scenario, I switch the perspective, considering a more structured problem where one
of the regions is known, as it comes from a source production of states. Allegedly,
at some point in time (or space), the source failed to produce the desired state, and
the aim is to identify correctly when (or where) it did. The results regarding the
problem of quantum edge detection are reported in

[LGS+25] S. Llorens, W. Gonzalez, G. Sentis, J. Calsamiglia, R. Munoz-Tapia, and
E. Bagan, “Quantum Edge Detection”, Quantum 9, 1687 (2025).
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INTRODUCTION

Quantum multi-anomaly detection

In Chapter 5, I introduce a new verification task: the multi-anomaly problem.
While the quantum edge detection task aims to identify a single, abrupt change in
a sequence of states, the multi-anomaly problem considers a parallel production of
quantum states in which each source is intended to prepare a certain state. Some
of these sources, however, may malfunction, producing sporadically anomalous
outputs instead.

I study two variants of this problem. In the first case, both the expected states
and the anomalies are known. The second is a universal scenario where no prior
knowledge about any of the states is assumed. For each case, I derive optimal
protocols and performances, and compare the results between the different vari-
ations. Moreover, for the instances where the target state is known, I introduce
an unambiguous state discrimination protocol, which guarantees an error-free
decision, yet adds the cost of possible inconclusive answers. Notably, the optimal
protocol presents specific features that allow for resource optimization, thereby
reducing inspection costs in verification controls.

The transition from Chapter 4 to this chapter reflects a natural progression:
from identifying a single fault in a line to detecting multiple, possibly simultaneous,
anomalies across a parallel production network. These results are presented in

[LSM24] S. Llorens, G. Sentis, and R. Munoz-Tapia, “Quantum multi-anomaly
detection”, Quantum 8, 1452 (2024).

[SLH+24] M. Skotiniotis, S. Llorens, R. Hotz, J. Calsamiglia, and R. Munoz-Tapia,
“Identification of malfunctioning quantum devices”, Physical Review
Research 6, 033329 (2024).

Identification of anomalous quantum unitary evolutions

Chapter 6 moves beyond detecting anomalous states and addresses the problem of
verifying quantum processes. The setting is richer operationally and more aligned
with quantum architectures, where each device is expected to implement a specific
transformation—typically unitary—and failures manifest as unintended operations.

This problem expands the multi-anomaly detection framework from Chapter 5.
In here, the anomalies are no longer produced states, but the anomalous evolution
applied to a quantum system. This introduces new challenges, and entanglement
plays a central role when extracting all the available information.

I study a universal variant of the problem in which the intended unitary trans-
formation is known, but the faulty devices apply unknown unitary operations.
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1.1. SUMMARY OF RESULTS

This setting describes an agnostic scenario, where the identification of faults must
be achieved without any prior knowledge of the specific form of the anomalous
evolutions. In this context, I construct universal protocols that optimize the success
probability of anomaly identification, relying only on the symmetry properties
inherent to the problem.

This task extends the concept of universal discrimination for quantum processes,
showing that even under information constraints, anomaly identification is possible.
The results complete the conceptual arc from known-state to unknown-process ver-
ification, and also highlight the power of quantum inference in uncertain regimes.
The results from this part will appear in a manuscript currently in preparation

S.Llorens, A. Diebra, M. Sedlak and R. Munoz-Tapia, “Exact identification
of unknown unitary processes”. In preparation.
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Fundamentals

giQ—

The theory of probability is the only
mathematical tool available to help
map the unknown. It is fortunate that
this tool, while tricky, is extraordinar-
ily powerful and convenient.

Benoit Mandelbrot

2.1 The quantum state

Any attempt to verify or discriminate between quantum systems must begin with
a precise formulation of how these systems are described. In quantum mechanics,
this description takes the form of a mathematical object: the quantum state.

From a Bayesian perspective [FS13]—frequently adopted in quantum state
identification—the quantum state reflects the information an agent has about a phys-
ical system. It encodes not intrinsic properties, but degrees of belief—expectations
about the outcomes of future measurements. These beliefs are captured by the
so-called density matrix p, an operator that acts in a complex Hilbert space H
associated with the system. The state p summarizes all knowledge relevant to
answering operational questions about the system.

Formally, a quantum state is a positive semidefinite operator of unit trace:

p=>0, (2.1)
trp=1. (2.2)

A quantum state is said to be pure if it has rank one, meaning it can be written
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as p = |¢) (| for some unit vector |¢)) € H. Otherwise, the state is called mixed.
From an informational point of view, pure states represent maximal knowledge
about the system: they are extremal elements in the convex set of quantum states.
Any mixed state can be expressed as a convex combination of pure states

p= sz‘ |thi) (il (2.3)

with >, p; = 1.

In this sense, pure states yield the sharpest predictions, while mixed states
reflect residual uncertainty about the system’s preparation. This scenario, in its
simplest version, is usually described as a source that produces a quantum state
|1)1) (11| with prior probability p, or with probability 1 — p the state [i)5) (1)s]. The
agent’s belief about the quantum system is then encoded in the density matrix

p = pl1) (W] + (1= p)[th2) (Yol (2.4)

An alternative perspective on mixed states considers the entanglement of a
quantum system with an external environment, whose information lies beyond
the agent’s knowledge. A quantum pure state belongs to a higher Hilbert space
|Y) € Hi @ Ho, with

) = Zci,j|ui>|vj> ; (2.5)
i7j
where {|u;) }; and {|v;)}; are orthonormal basis for 7, and 5, respectively. If an
agent has only access to the first subsystem, her partial knowledge is encoded in
the quantum state

p = trao|h) (Y] = sz|uz><ul| ; (2.6)

which is a mixed state [NC10], with p; = 3, |c; ;

2,and Y. pi = 1.

2.2 The quantum measurement

If the quantum state captures what one knows about a quantum system, a quantum
measurement is the act of posing a question to it. More formally, it corresponds to
an interaction with the system whose outcome yields classical information.

In standard formulations of quantum mechanics, measurements are introduced
through a composite postulate.
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Postulate I1.a

Every physical quantity corresponds to an operator A acting on a Hilbert space
‘H. This operator is an observable: a Hermitian operator, i.e., with real eigenvalues;
whose associated eigenvectors form an orthogonal basis of the Hilbert space,

A= ailag)ail. (2.7)

The result of a measurement is one of A’s eigenvalues «;, occurring with probability
p(i|p) = tr(|a;){ai|p), according to the Born rule [NC10]. The expected value of A

is then
() = 3 astr(a)(ailp) (238)

The measurement associated with the observable A can be characterized by the
set of projectors {II; = |a;)(a;|};, corresponding to a projective measurement with
outcomes labeled by i.

Postulate I1.b

If the measurement gives the result labeled by ¢, then the state of the system
immediately after the measurement is given by

Wplle ot
P — = |a;)\a;| -
T ()

(2.9)

This rule is historically known as the wave function collapse postulate or Liiders-
von Neumann rule [Neu18; Liid06]. The pre-measurement state p instantly collapses
to the post-measurement state p; = |a;)(a;|. This instantaneous action gave rise
to conceptual and philosophical debate, which continues to this day. In modern
interpretations such as quantum Bayesianism, this collapse is understood not as a
physical process, but as an update in the agent’s degrees of belief given the new
information [FS13; FMS14].

A projective measurement is also known as a projection-valued measure (PVM)
[Neu18]. However, the mathematical formalism of quantum mechanics allows for
more general types of measurement. These receive the name of positive operator-
valued measure (POVM) [Hol73], which consist of sets of positive semidefinite
operators

E; >0, (2.10)
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that fulfill the completeness relation
Y Ei=1. (2.11)

Unlike projective measurements, POVMs do not require that measurement out-
comes be associated with eigenvalues of an observable. The outcomes are simply
labels corresponding to the elements { £; };. The probability of obtaining outcome i
is again given by the Born rule

p(ilp) = tr(E; p) . (2.12)

Conditions (2.10) and (2.11) guarantee that p(i|p) is a proper probability distri-
bution, i.e., p(i|p) > 0 forall 7 and ), p(i|p) = 1, respectively.

2.3 The quantum channel

Another ingredient in the foundational description of quantum theory is the quan-
tum operation, which captures the most general physical transformation a quantum
state may undergo. While early quantum mechanics focused on evolving closed
systems, modern formulations recognize that realistic processes require a broader
class of transformations. The appropriate framework to describe such processes is
that of quantum channels.
The initial description of quantum mechanics [Sch26; NC10] considered the
evolution of a quantum system to be governed by the Schrodinger equation:
iﬁ% = [H, p], (2.13)
where H is the Hamiltonian, the observable associated with the system’s energy.
The solution to Eq. (2.13) gives rise to a unitary evolution of the state of the system:

p(t) =Ut)pU'(t), (2.14)

with U(t) := e "HU/M,

However, just as PVMs and pure states represent only restricted classes of mea-
surements and states, unitary evolutions account for only a subset of all physically
allowed transformations. In general, a quantum operation is represented as a linear
map, ® : L(H) — L(H'), where L£(H) denotes the space of linear operators acting

10
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on the Hilbert space H. To ensure that ® corresponds to a physical transformation,
it must satisfy two conditions. It must be a trace-non-increasing map:

tr(®(p)) <1, (2.15)
for any density matrix p, and completely positive:
(id, ® ) (Y) > 0, (2.16)

forall Y > 0 and n € N, with id,, the identity map on a system of dimension
n, that is, the action of a quantum map on a subsystem of a quantum state of a
larger Hilbert space must yield a valid physical state on the total space. A quantum
channel is a subtype of quantum operation that is trace-preserving, i.e., condition
(2.15) is saturated.

Quantum measurements can also be understood as a special class of quantum
channels, where classical information is extracted and the post-measurement state—
the agent’s knowledge—is updated. More generally, quantum channels represent
all physical transformations compatible with the probabilistic structure of quantum
theory.

A foundational result due to Kraus [KBD+83] shows that any quantum chan-
nel admits a representation in terms of a set of operators { K;}; not necessarily
Hermitian:

®(p) = Kipk], (2.17)

with 3, KT K; = 1.

Just as mixed states may arise from partial access to a larger entangled system,
this decomposition can be seen either as classical uncertainty over operations or as
the effective result of a unitary process on a larger—partially inaccessible—system.
The latter interpretation is formalized by the Stinespring dilation theorem [Sti55],
which shows that any quantum channel can be modeled as a unitary operation
on a larger system, which is not entirely accessible to the agent. Analogously
to quantum states, where pure states reflect maximal agent knowledge, unitary
channels represent quantum operations under maximal information.

A particularly useful representation of quantum channels is given by the
Choi-Jamiotkowski isomorphism. It establishes a one-to-one correspondence be-
tween completely positive trace-preserving (CPTP) maps, ® : Ha — Hp, and
positive semidefinite operators Jg acting on H 4 ® Hp, given by

Jo = (ida @ @) 1)) {((1], (2.18)

11
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where id 4 is the identity operator in subsystem A, which encodes that the A subsys-
tem is unaffected by the channel; and |1)) is the unnormalized maximally entangled
state ) . |i) 4|7) p. This isomorphism allows the tools developed for quantum states
to be extended to the analysis of processes in more general frameworks—such as
quantum networks [CDP09]—that describe how transformations can be verified.

2.4 'The quantum tester

The last element in our foundational framework is the quantum tester, which ex-
tends the role of POVMs from quantum states to quantum operations. Just as
POVMs provide a mathematical description of measurements by assigning prob-
abilities to quantum states, testers play the analogous role for processes. Testers
are a particular case of quantum networks, and to describe them it is useful to
introduce the general structure of a network first. Intuitively, a quantum network
is a sequence of devices, arranged in time, through which quantum systems go.
Each interaction may have an input and an output space—state preparations have
only output spaces, measurements have only input spaces and channels have both
input and output spaces, see Figs. 2.1a—c, and the whole network can be seen as
a higher-order process that transforms incoming systems into outgoing ones, see
Fig. 2.1d.

(a) (b) (©)

Figure 2.1: Diagrammatic representation of: (a) a state preparation, (b) a quantum
channel, (c) a measurement, and (d) a quantum N-tester acting on a N-quantum
network SV,

12
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What makes this framework powerful is that it provides a single mathematical
object encoding the action of the entire sequence, and testers represent the most
general strategies available to probe unknown quantum processes. Formally, a
quantum network with V vertices, i.e., N sequential quantum interactions, can

be described by a positive semidefinite operator RN € £ <®§£& ! Hj>, with the

following properties:

RWM) >0 (2.19)
tro, 1 R = 1y, o ® R®™Y 2<n<N (2.20)
try R =1, (2.21)

where the even (odd) indices correspond to input (output) spaces. These recur-
sive constraints ensure that the network is causally ordered, i.e., the operations it
encodes cannot signal from the future to the past. The operator R¥Y) is the Choi
representation of the entire network and encodes the input-output behavior.

In particular, a quantum tester is a family of operators {7} }; acting on a quantum
network with NV vertices, satisfying

T, >0, (2.22)
Y T =1y @RM. (2.23)

This mirrors the structure of a POVM, where the measurement operators sum
to the identity, Eq. (2.11). Here, however, the tester operators sum to the Choi
representation of a N + 1-causal quantum strategy.

The probability of obtaining the ¢-th outcome with the tester formalism is given
by the generalized Born rule

p(ilS) = tr (SN TF) (2.24)

where SV) is the Choi matrix of a N-vertices quantum network, and TZ-T is the
transpose of 7;. This probability is a particular instance of the rule for composing
quantum networks, that is, the composition of general quantum processes: the link
product [CDP08].

The link product provides a general formalism for combining quantum networks
based on their shared subsystems. For two quantum channels R € £ (®reR Hr)
and S € L (®568 7-[5), the composed Choi matrixis S« R € £ (HR\S ® HS\R)
is given by

Sx R =trgns [(Lsyr ® R™8) (S @ 1r\s)] (2.25)

13
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where R N S is the intersection of the two sets of systems R and S, and S \ R is
the set whose elements belong to S but not to R,ie, S\ R ={i € S, i ¢ R}.
Two extreme scenarios arise from this product. If S N R = (), that is, the two
quantum networks act on different sets of systems, the link product becomes the

tensor product:
S*xR=R®S. (2.26)

On the contrary, if the sets where they act are, indeed, the same: the outputs
of R are the inputs of S; it becomes the generalized Born rule in Eq. (2.24), for
example in Fig. 2.1d. This formalism will play a central role in Chapter 6.

2.5 Quantum state and channel identification

Quantum state and channel discrimination are fundamental tasks in quantum infor-
mation theory. In state discrimination tasks, a system is prepared in one of several
known states, each occurring with a given prior probability. The goal is to design a
measurement strategy that identifies the state, optimizing performance according
to a chosen objective function. A closely related task is that of quantum chan-
nel identification, which follows the same general principles applied to quantum
operations.

The choice of figure of merit—that is, the operational quantity one seeks to
optimize—depends crucially on the specific discrimination task. This thesis focuses
on two natural criteria. The first criterion aims to minimize the probability of error,
namely the likelihood that the measurement strategy yields an incorrect guess.
This defines the framework of minimum-error discrimination. The second imposes
a stricter requirement: no incorrect decisions are allowed. Instead, the protocol
accepts inconclusive outcomes, and the goal becomes minimizing their occurrence.
The protocols that fulfill no-error conditions are termed zero-error (or unambigu-
ous). Although this thesis explores discrimination tasks under these instances, the
reader can find other approaches as maximum confidence in [CAB+06] or error
margins in [HHHO08; SBC+13].

The remainder of this section provides a guided introduction to quantum state
discrimination. It begins with the binary case—discrimination between two quan-
tum states—under both minimum-error and zero-error criteria. The discussion then
extends to the more general setting of multiple hypotheses and arbitrary figures of
merit. In the case of pure states, I show how the problem can be recast in terms of
the Gram matrix associated with the ensemble. Finally, I turn to the less explored
domain of quantum channel identification, comparing the role of sequential versus

14
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parallel discrimination paradigms.

2.5.1 Two states

The pioneering Helstrom’s work [Hel69], established the mathematical framework
for minimum-error discrimination and derived the optimal measurement in the
binary case: for two known density operators pg, p1 with priors 19, 71, the minimum-
error probability is

1
P = 5(1 — ||n0po — mpr| ’1> ; (2.27)
where || - ||; denotes the trace norm. The proof for this result is elegant and

constructive, meaning that the optimal protocol arises from the proof itself.
The error probability for a fixed measurement { Ey, F } is given by

P =notr(po E1) + m tr(p1 Eo) - (2.28)

Because this problem is a binary discrimination task, we can use the completeness
relation (2.11) to write all in terms of Ey—analogously, it can be done for F,
simplifying the error probability as

P. = m +tr[(nopo — mpr) Eol . (2.29)

The matrix () := 19pg — n1p1 diagonalizes as

Q=Y agla)al = Q4 +Q-, (2.30)

where (), and ()_ are the matrices obtained by restricting () to the subspaces
spanned by its non-negative and negative eigenvectors, respectively. Then, it is
easy to see from Eq. (2.29) that the optimal protocol is given by the measurement

Er=T1_, Er=I,, (2.31)

where I are the projectors onto the subspaces of ().
By substituting these optimal projectors into Eq. (2.29) (the optimal measure-
ment elements), the optimal (minimal) error probability reads

P, = m + tr(Q*) =T — tr(QJr) ) (232)
which combined read
P, = 770;—772 _%tr(Q—F_Q—) :%<1_ HQH1> (2.33)

15
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which is the well-known Helstrom formula in Eq. (2.27). For the particular case of
pure states |1)g) and |11 ), the expression simplifies to

Po= 5 (1= VI= Tuml(GlnlF) (239

Throughout this thesis, I will usually denote the overlap between two states
simply as |{¢g]1)1)| = c. Notice that for ¢ = 0, the states are orthogonal and the
error probability is P, = 0. In this case, one can always choose a measurement in
which each state has support only on a single—different from the other—outcome,
ensuring they are identified with certainty.

Another special scenario arises when the matrix () > 0. In here, the optimal
measurement elements are £/ = 1 and £} = 0. In such cases—for example when
¢ = l—the optimal strategy reduces to a blind guess: selecting the most likely
hypothesis based on its prior probability (e.g. for ny > 1; one chooses py), without
performing any measurement.

However, there might be some scenarios in which the possibility of committing
an error is strictly unacceptable. For those specific discrimination tasks, the observer
should work under the umbrella of zero-error discrimination. A zero-error POVM
has to satisfy the no-error criteria, that is, whenever a decision is taken, the certainty
that it is correct must be absolute,

To fulfill the completeness relation of a POVM, Eq. (2.11), an additional element
is added, E». This is necessary because, when the states are not orthogonal, the
zero-error constraints highly restrict the conclusive POVM elements, and they
alone to not sum up to the identity, see Fig. 2.2. This element yields an inconclusive
outcome, that is, the observer is not certain about which state is measuring. Zero-
error tasks are impossible when at least one of the states in the prior ensemble is
full-rank. To illustrate this scenario, I focus on two qubit pure states |1)y) and |¢);)
[[va87; Die88; Per88]. The POVM is constituted by E; = |@;) (@4, with i = 0,1,
and |@;) a non-normalized state such that (@;|1);) = v;6;;, and E» = 1 — Ey — Ej,
illustrated in 2.2. This POVM construction ensures that whenever E clicks, the
observer is certain that the prepared state was [i)y), analogously for F1, and E-
yields an inconclusive answer. This inconclusive probability is given by

Py = notr(Es|wo) (Yol) + mtr(Er|v) (1)) = 1 — novs — ms - (2.36)

For qubits, since there is only one orthogonal projector to each state 1> =
|4h:) (1):-], the optimization consists of finding the maximal +; such that £, > 0.

16
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Solving the optimization task provides the optimal inconclusive probability

o e if e< . /B <1,
p7:{ 2 o S Vm e (2.37)

c otherwise ,

where c is again the overlap between both states. If both states are equally probable,
Eq. (2.37) reduces to P = c. In Section 3.1, I will relate this simple result to a more
general result on zero-error discrimination for symmetric ensembles.

A|0)

|800> WO)

-11)

|¢1> |¢1>

Figure 2.2: Optimal POVM for zero-error discrimination of two qubit states.

2.5.2 Multiple states

When the ensemble contains more than two states, the structure of optimal discrim-
ination strategies becomes more complex. No closed formula exists for the optimal
measurement for general ensembles, only for highly symmetric scenarios [Bar01;
CDP+04]. Nevertheless, there exist optimality conditions for the POVMs. These
optimality conditions, known as the Holevo-Yuen-Kennedy-Lax conditions, charac-
terize the POVM that minimizes the average cost function, and were independently
proposed by Holevo [Hol73] and by Yuen, Kennedy, and Lax [YKL75]. In the latter,
they obtained the optimality conditions as a result of casting the discrimination
task as a convex optimization problem. This approach will be extensively discussed
in Section 3.1.
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These conditions state that if a POVM with elements { F; }; is optimal it must
satisfy

T —W;>0, (2.38a)
(W; =T)E; = E;(W; =T) =0, (2.38b)

where' =" W, E; =) E; W, and W, = Zj fij m; pj, with f;; the cost function
associated to infer hypotheses ¢ when the actual state was p;. For minimum-error,
the objective function is f;; = d;;—it penalizes equally all erroneous answers.

However, solving the optimization task exactly is usually a hard problem. This
is why it is interesting to seek protocols that are simple and close to optimality.
One particularly studied protocol is the so-called square root measurement (SRM),
or pretty good measurement [H'W94; HJS+96]. This measurement has been proved
to be optimal in various instances [EMV04; DP15], and is nearly optimal in many
others, especially in multicopy settings when the number of copies of states available
for measuring is large [SBC+16].

The POVM elements are given in terms of the elements of the ensemble as

B =N p ATY2, (2.39)

where A = ). n;p;.

In Chapter 5, I prove the SRM to be optimal for the discrimination task at
hand, being one particular instance of the known optimal setting for the SRM. On
the other hand, in Chapter 4, I show how the SRM performs near-optimally in a
discrimination problem where it is not the exact optimal protocol. For both cases,
the analysis was carried out using the Gram matrix tool that I next describe.

2.5.3 The Gram matrix

Many discrimination tasks involve ensembles of pure states. For such problems,
a powerful mathematical tool is the Gram matrix. It encodes all the relevant
information for a distinguishability task, as it captures how distinguishable the
pure states in the ensemble are from each other. Given an ensemble consisting of
pure states £ = {n;, |¢;) };, the Gram matrix entries are

Gij = /i (Yily) - (2.40)
Note how, by construction, this matrix is positive semidefinite.

It can be thought of as an operator acting on a Hilbert space, and being positive
semidefinite, it can be decomposed as G = XX, with

X = Z V5 il iy (Gl (2.41)
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where X is a matrix whose column entries are just the states written in some basis
{|7)}- This orthonormal basis defines a POVM whose span is the same as that of the
ensemble £. With this Gram matrix decomposition, in the minimum-error scenario,
the success probability reads

Py = Zﬁj (i 1)) = Z | Xk (2.42)

Notice, however, that this decomposition is not unique—there are infinitely
many, as

G=X'X=XxUtux, (2.43)

for any unitary U. The maximization of the success probability passes through
finding the optimal unitary.

There is a particular decomposition of G in which X = X' = S, this is the
so-called square root decomposition. The success probability for this decomposition
corresponds to that of the SRM protocol, already discussed in Section 2.5.2. The
performance of this protocol is close to optimality in several scenarios, and in 2015,
Dalla Pozza and Pierobon [DP15] proved that this measurement is optimal if and
only if the diagonal entries of the square root of the Gram matrix are all equal
Sii = Sj; for all ¢ and j. To relate the SRM in the Gram-matrix formalism with the
form of the POVM elements given by Eq. (2.39), consider the operators

M= m)(kl, W= | (k] (2.44)

The SRM elements satisfy [m;) = A~'/2|3.), which implies ¥ = A'/2M. Choosing
the specific Gram decomposition X := MW, one obtains

X=Mv=MA2My=X=9, (2.45)

where the second equality is obtained by substituting W, and the third equality
follows from the Hermiticity of A'/2. In this way, the SRM elements in Eq. (2.39)
uniquely specify the square root of the Gram matrix, S.

2.5.4 Quantum channel identification

The notion of discrimination extends beyond quantum states to arbitrary quantum
channels. In quantum channel discrimination, one is given an unknown quantum
operation drawn from a known set and aims to identify it. A unifying formalism
for process discrimination is provided by quantum testers, which act on Choi
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representations of channels. The ultimate success probability of distinguishing two
channels @, ®; with prior probabilities 7, 1; is given by an analog of the Helstrom
formula: )

P, = §<1 — ||n0®o — 771<I>1H<>> ; (2.46)
where | - |, is the diamond norm, also known as the completely bounded trace
norm, introduced in [AKN98]. This norm captures the maximum distinguishability
between quantum channels, accounting for the fact that an observer may apply
the channel to a subsystem of a larger entangled input state. Including an ancillary
system—entangled with the input but untouched by the channel—can significantly
enhance discrimination performance, although in some specific tasks, the inclusion
of ancillary systems is not necessary to achieve optimal performance [Aci01].

For a more general scenario in which multiple hypotheses exist—as with state
discrimination—no general solution is known [PLL+19]. In analogy with the state
scenario, one needs a quantum protocol that optimizes an objective cost function.
In this setting, instead of using POVMs, one should account for more general quan-
tum strategies. As discussed in Section 2.4, the objects to discriminate between
quantum operations are quantum testers: for an ensemble of possible quantum pro-
cesses {n;, ;}; and a valid set of testers {7;};, the success probability of correctly
identifying the state reads

Po=)"n tr(J@Y’iT) , (2.47)

where Cg, is the Choi matrices of the channel ®;, and the testers {7}, are con-
strained to Eqs. (2.19-2.23).

While Eq. (2.46) only accounts for a single use of the channel to identify, the
optimization through testers is used for more convoluted scenarios, for example
in multi-use settings. An example might be when several uses of the unknown
channel are allowed, or when sequences of channels form the quantum operation
to identify. In these scenarios, the identification protocols split into two different
kinds: parallel and sequential.

Parallel identification can be thought of as the preparation of a composite state
that evolves through the channels, and it has the same number of input systems
as independent channels (see Fig. 2.3b). After the evolution, the whole quantum
state is measured. On the other hand, sequential strategies (depicted in Fig. 2.32)
admit more involved operations, and contain the subclass of parallel strategies
[HHL+10; BMO21]. There exist other strategies that have no well-defined causal
order. However, such protocols fall outside the scope of deterministic quantum
circuits [CDP+13] and are not considered in this thesis.
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0 1 2 N - N N
R R T T

(a) (b)

Figure 2.3: Diagrammatic representation of (a) sequential and (b) parallel quantum
testers.

2.6 Universal discrimination

I finish this chapter by presenting the concept of universal discrimination, which
plays a central role in a sizeable part of this thesis.

Whether for state or channel discrimination, the vast majority of current litera-
ture focuses on optimizing identification protocols when the set of hypotheses is
fully characterized. Although this approach is suitable for certain cases and offers
a benchmark for more agnostic scenarios, general tasks may not have this prior
knowledge about the hypotheses.

In contrast, universal discrimination protocols aim to work for unknown states
or processes. Of course, in the complete absence of prior knowledge, performance
cannot exceed random guessing. To remain operationally meaningful, univer-
sal discrimination tasks assume some underlying structure or symmetry in the
hypotheses.

What distinguishes universal protocols is that they are not tailored to any
specific description of the states or channels under inspection. Instead, they rely
solely on the structural features, such as repetitions among multiple subsystems.
This makes them fundamentally different from the usual protocols: rather than
optimizing over a known set of hypotheses, universal discrimination addresses the
situation where the actual form of the states or channels is unknown, focusing
only on their collective properties. In this sense, universal protocols provide a
natural framework for verification under ignorance. By focusing on the aspects
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that remain invariant for any specific form of the hypotheses, it is possible to obtain
protocols that are robust under ignorance. This concept highlights the central role
of symmetries and structural assumptions in nontrivial discrimination tasks and
forms a cornerstone of the methods developed in this thesis.

In the following chapters, I will present three settings that all fall within the
framework of multi-hypothesis discrimination, together with optimal protocols—
designed to operate in a fully agnostic manner. In Chapter 4, two distinct domains
composed of unknown states are considered. The goal is to identify the boundary
between these domains using a protocol that is not tailored to the specific states
defining them, but rather uses the differences across the two regions. In Chap-
ters 5 and 6, a collection of quantum devices is assumed to operate according to
a certain expected behavior, but some faults may occur. The protocol is designed
to detect these deviations by leveraging the structural information of the entire
system and the changes induced by such faults.
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giQ—

Symmetry, as wide or as narrow as
you may define its meaning, is one
idea by which man through the ages
has tried to comprehend and create
order, beauty and perfection.

Hermann Weyl

In this chapter, I gather most of the relevant mathematical tools used in the
rest of the thesis. I begin with semidefinite programming (SDP), the natural way to
write discrimination tasks as optimizations over positive operators, and I outline
the primal and dual formulations in relevant quantum discrimination problems.

Next, I review representation theory, with a focus on the symmetry methods
that support universal protocols, specifically Schur-Weyl and mixed Schur-Weyl
dualities. These tools, together with Haar averages, reveal the block structure
arising in Hilbert spaces when treating universal discrimination tasks.

Finally, I introduce association schemes—focusing on the Johnson scheme—as
the mathematical objects controlling the structure of the Gram matrices in certain
symmetric scenarios. In such problems, association schemes offer a complete
characterization of optimal protocols and performances of POVMs.

3.1 Semidefinite programming

Quantum information theory heavily relies on linear algebra, with positive semidef-
inite matrices playing a central role. Quantum states, measurements, channels, and
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testers are represented by positive semidefinite operators. Discrimination tasks
consist of optimizing a cost function over these operators. It is natural—and very
convenient—to use SDP [VB96] to approach the problems presented in this thesis.

In this section, I introduce the formalism of SDP, establish its connection to quan-
tum discrimination tasks, and provide insights on its application in identification
techniques.

3.1.1 Primal program

A SDP is an optimization problem over Hermitian operators acting on a complex
vector space. The goal is to maximize—or minimize—a linear function of an oper-
ator variable X, subject to linear constraints. The form of the primal SDP used
throughout this work is:

max tr (AX) (3.1)
subjectto ®(X) =B, (3.2)
T(X)<C. (3.3)

where A, B and C' are Hermitian operators, and ®(-) and I'(-) are Hermiticity-
preserving linear maps. These maps encapsulate the linear constraints that the
entries of X must satisfy. This form is widely used in quantum information applica-
tions [SC23]. However, alternative but equivalent formulations also exist. One re-
places inequalities with equality constraints by introducing slack variables [Wat18].
Another, proposed in [VB96], differs substantially from the one adopted in this
work and will not be discussed further.

One can easily recast the program and eliminate the inequalities by introducing
a new variable X' = X @ Z, where Z is a slack variable, and convert the SDP to

max  tr (A'X") (3.4)
subjectto  9'(X') = B, (3.5)
r'(X') =C, (3.6)

with A" = A & 0, where 0 is the zero-matrix in the space spanned by Z. The new
maps ¢'(X’) = &(X) and I"(X') = I'(X) + Z act only on the subspace spanned
by A.

An operator variable X that satisfies the constraints is called feasible, and the set
of such X is the feasible set, denoted by .A. If the constraints are strictly satisfied—
that is, ®(X) = B and I'(X) < C—for some operator, the program is said to be
strictly feasible.
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The solution of the optimization problem is denoted by « and receives the name

of optimal primal value

a = sup tr (AX) . (3.7)

XeA

Notice the distinction between the optimization problem and the optimal value. In
the program, "max” indicates the search for a feasible X that attains the optimum.
If the supremum is attained by some feasible X*, then the maximum exists and
a = tr(AX™); otherwise, no feasible point attains «. Such non-attainment can
occur, for example, when the feasible set is not compact. An explicit instance
appears in Chapter 6, where the discrimination task has no maximizer, yet its value
can still be characterized, and standard SDP duality tools remain applicable.

3.1.2 Dual program

Every SDP has an associated dual program, which can be derived via the Lagrangian
method, where new variables—called dual variables—play the role of Lagrange
multipliers associated with each constraint. Consider the primal program of Eqs.
(3.1-3.3), its associated Lagrangian takes the form:

L(X,Y,Z) = tr (AX) + tr (Y(B _ <I>(X))> + tr<z(c _ F(X))) . (33)

where Y and Z > 0 are Hermitian operators acting as the dual variables. For any
primal feasible X (so that B — ®(X) = 0 and C' — I'(X) > 0), the second term in
Eq. (3.8) vanishes and the third is non-negative because Z > (. Therefore

L(X,Y,Z) > tr(AX), (3.9)

that is, the Lagrangian upper-bounds the primal objective for every feasible X.
Collecting the terms involving X in Eq. (3.8), one has

L(X,Y,Z) = tr (YB) +tr (ZC) + tr (X(A —al(y) - FT(Z))) . (3.10)

where ®f(-) and I'f(-) are the dual maps of ®(-) and I'(-), respectively, defined such
that
tr(®(X)Y) = tr(X®'(Y)), forall X,V (3.11)

Since the optimal primal value is & = supy tr(AX), any useful bound must upper
bound the primal objective function tr(AX) for every feasible X . This motivates
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defining the dual function in terms of the supremum of the Lagrangian

o, 2) = sup (K.Y, B) = {tr(YB) +u(ZC) i @Y)+T1(Z) = A
X +o00 otherwise.
(3.12)
One seeks to minimize the dual function to characterize the optimal value «, which
leads to a minimization over the pair of dual variables (Y, Z). The dual function is
finite if and only if

PUY)+TT(2) = A, (3.13)

it defines the constraint of the dual program. Putting these elements together, the
dual program reads

r{/uZn tr (BY) +tr (CZ) (3.14)
subject to  ®T(Y) +T'7(Z) = A, (3.15)
Z>0. (3.16)

The set of feasible solutions of the dual program is denoted by B, and the optimal
dual value is given by

B= inf tr(BY)+tr(CZ). (3.17)

{Y,Z}eB

3.1.3 Weak and strong duality

A fundamental property of SDP is weak duality: for any primal feasible X € .4 and
dual feasible (Y, Z) € B, it holds that

tr(AX) (3.18)
:tr((CIDT +I'(z ))X) (3.19)
=tr(Y®(X) + ZT(X)) (3.20)

<tr(YB+ ZC), (3.21)

where the first relation is obtained by the equality constraint of the dual program
Eq. (3.15), and the last inequality is given by the constraints of the primal program,
Egs. (3.2-3.3).
Taking the supremum over all X € A and the infimum over all (Y, 2) € B,
establishes that
a<p. (3.22)
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A direct implication of weak duality is that every dual feasible operators
(Y, Z) € B gives an upper bound for «. Likewise, any primal feasible operator
X € A establishes a lower bound for 3.

If it happens that for X € Aand (Y, Z) € B, one finds tr(AX) = tr(BY +CZ2),
then

a=/, (3.23)

and both X and (Y, Z) are optimal for the primal and dual, respectively. This
relation is called strong duality.

Unlike weak duality, strong duality is not always guaranteed to hold. Neverthe-
less, the following theorem establishes a sufficient condition for strong duality to
hold.

Theorem 3.1. (Slater’s condition [Sla14]) For every SDP the following statements
hold

« If A # () and there exists a set of dual operators that are strictly feasible, i.e.
Z > 0and (V) +T7(Z) = A, then o = 3 and there exists a primal optimal
operator X such that tr(AX) = a.

« If B # () and there exists a strictly feasible primal operator, i.e. (X ) = B and
['(X) < C, then o« = [ and there exists a dual optimal set of operators (Y, Z)
such thattr(BY + CZ) = f5.

Notice how the existence of a primal (dual) optimal does not imply the existence
of a dual (primal) optimal operator, but still strong duality holds. As discussed
earlier, this is due to the definition of a and f with the supremum and infimum,
respectively, as strong duality is more than just the existence of optimal operators.
Strong duality states that the optimal values of both primal and dual programs are
equal, independently of whether their solutions are attainable or not.

A direct corollary follows from Theorem 3.1

Corollary 3.1.1. If both the primal and dual programs are strictly feasible, then
strong duality holds o = 3, and both solutions are attainable.

3.1.4 Complementary slackness

When strong duality holds and the optimum is attained, a key condition known as
complementary slackness characterizes the relationship between primal and dual
solutions.
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Suppose X* is an optimal solution to the primal problem, and strong duality
holds. Then the Lagrangian becomes:

L =tr(AX*) + tr(Z(C — F(X*))) : (3.24)

Since both Z and C' — I'(X) are positive semidefinite, the Lagrangian is equal
to the optimal primal value « if and only if

tr(Z(C _ F(X*))) —0. (3.25)

Which implies that Z and C' — I'(X*) have orthogonal supports. This orthogonality
relation gives practical insight: once a candidate X is found, the slackness condition
helps to construct a matching dual variable Z; and from Eq. (3.15)

Y)Y+ TT(2) = A, (3.26)

and Z one can construct a matching Y. If the dual duple (Y, Z) outputs the same
value as the primal objective, the problem is solved, as strong duality holds (o« = 3)
and the solutions for both versions of the problem are optimal.

3.1.5 Discrimination tasks as SDP

Having introduced the general framework of SDP, I now turn to its application in
quantum discrimination tasks. These problems can be naturally written as SDPs, as
they often involve optimizing over positive semidefinite operators subject to linear
constraints.

First, for quantum state discrimination, one has an ensemble of quantum states
{pi, i }: with prior probabilities 7;, and aims to construct a measurement { £},
that maximizes a general cost-function associated with the identification of the
states. This optimization can be written as an SDP in the following form

max tr(W; E; 3.27

na Z (WiE;) (3.27)
subjectto FE; >0, forall 1 (3.28)
Y E=1 (3.29)

where the F; are the POVM elements, and recall that W; = > i fijp; plays the
role of the objective operator (A) in the standard form of an SDP. The associated
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Lagrangian for this SDP is

L= Z tr(W;E;) + Z tr(E;Z;) — tr (Y(Z E; — 1)) (3.30)

=trY + ) w(EB(W;+ Z;—Y)). (3.31)

Therefore, the dual version of the SDP is of the form

m);n try (3.32)
subjectto Y — W, >0 forall 1. (3.33)

Note that the variables Z; drop out, as they only enforce semidefinite positivity.
Notice also how the constraint of the dual SDP corresponds to the first Holevo-
Yuen-Kennedy-Lax condition, Eq. (2.382a). The second condition, Eq. (2.38b), is
obtained via complementary slackness: for the Lagrangian in Eq. (3.31) to be equal
to the optimal value of the primal tr(F;Z;) = 0, substituting Z; = Y — W, one has
tr(E;(Y — W;)) = 0 and therefore

A particularly relevant instance of discrimination tasks arises when the figure
of merit is minimume-error. For this protocol, primal and dual SDPs read

Minimum-error

Primal program Dual program

max y_.mitr(pE;) min trY

{Ei} Y

st. YL, E =1 st. Y —np; >0, Vi
E; >0, Vi Y =Y1

Another important instance of quantum state discrimination is the unambiguous
protocol. This corresponds to designing a POVM { E;} with one element for each
state and an additional element for the inconclusive outcome, such that

tr(Eip;) =0, forall i#j. (3.35)

This condition ensures that no erroneous decisions are drawn from the measurement.
The two versions of the problem read
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Zero-error
Primal program Dual program
s nitr(pi B I
I{l’lEEg{ Yo mitr(p E;) min try
st Y. E <1 st Y —mipi+ 325, vip5 = 0, Vi
E, >0, V: Yy =YT

As described in Section 2.5, for the special case of an ensemble consisting
of pure states, the POVM elements admit the form of unnormalized pure states
E; = |¢i){(@:| such that |(¢;]@;)|* = 7:d;;. By imposing this specific structure of
the measurement in the SDP, the program simplifies as follows.

For the first constraint, by multiplying both terms of the inequality by X7
on the left, and by X on the right, one obtains I'p < G, where recall that X =
> i Vilvi) (j], and G = XTX. The matrix I'p is the diagonal matrix with {v;}
as its elements. The second constraint is just that all -; are positive, or just that
I'p > 0. Lastly, the zero-error constraint is already guaranteed by choosing the
POVM elements of this form. With this transformation, the objective function is a
maximization over coefficients {v;};: maxy,,} >, i, and the two versions of the
SDP read

Zero-error (pure states)

Primal program Dual program

max tr I’ rr}}n tr(XG)

s.t. FD S G s.t. XD 2 1
r>o X >0

This formulation has two main advantages. The first is that it reduces the
dimensionality of the task, only focusing on the subspace of the Hilbert space
spanned by the ensemble. This allows for running efficient SDP solvers. The second
advantage is even more significant: while the dual formulation of the SDP for
unambiguous discrimination is not attainable (see Chapter 6), it becomes attainable
in the simplified case of pure states.

To discriminate between quantum channels, similar principles apply. These
tasks can be cast as SDP, but the constraints on the variables differ from those
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of POVMs, recall Egs. (2.19-2.23). For the case of minimum-error, the analog for
channel discrimination reads

Minimum-error

Primal program Dual program
T .
Ty S (o) B
st >, T =Tloy @ RV st. yYW™ —noT >0, Vi
trop—1 R™ = 15,5 ® R("™Y tro, Y™ =15, 1 @ Y"1
tI'lR(l) =1 tI'QY(l) =1
T, >0, Vi yN) — y@)T

The elegant formulation of the dual version shows that the dual variable Y (")
is a quantum comb that shares the same structure as the hypotheses {C;}; to
be distinguished and stands as the counterpart of the testers {7;};, showing the
interplay between both mathematical structures, shown in Fig. 2.1. Needless to say
that one can recover the simpler state discrimination task from this formulation,
as quantum networks constitute the most general mathematical object to describe
quantum operations.

3.2 Schur-Weyl dualities

The optimality of certain quantum discrimination protocols often depends not on
the specific states involved, but on their symmetry properties. This motivates a
study of representation-theoretic tools and algebraic structures that involve such
symmetries.

In this section, I formalize the concept of universal discrimination, a central
theme throughout the thesis. Universal protocols are those that perform effectively
for any set of quantum states that follow a certain underlying structure, regardless
of their specific form. To study such scenarios, one requires tools that are basis-
independent. In this thesis, I use Schur-Weyl duality to devise such protocols for
universal discrimination tasks.

The section is organized as follows. I begin by reviewing basic concepts from
representation theory following [FH13; Sag01], focusing on group actions on ten-
sor product spaces. I then introduce Schur-Weyl duality and the decomposition
of Hilbert spaces into irreducible components. The relationship between this de-
composition and quantum state discrimination is highlighted next, in which the
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integration with respect to the Haar measure plays a central role. For a mathemati-
cal detailed work on Haar integration, see [CéOé], for a more quantum-information
view, see [Mel24], and for a symbolic implementation, see [PM17]. Finally, I sketch
how Schur-Weyl duality extends to quantum channels, via the so-called Mixed
Schur-Weyl duality, which will have its own introduction and will be later discussed
in Chapter 6.

3.2.1 Representations of finite groups

Let G be a finite group and V' a complex vector space. A representation of G in V'
is a group homomorphism R : G — GL(V'), where GL(V') denotes the group of
invertible linear operators on V.

A subrepresentation W of a representation is a vector subspace of V' which
is invariant under the action of G. A representation is called irreducible if it has
no trivial invariant subspaces, i.e., its only invariant subspaces are {0} and itself.
Hereafter, the term irrep will be used as shorthand for irreducible representation.

Given two representations V' and IV, both their direct sum V' & W and tensor
product V ® W are also representations.

A fundamental principle in representation theory is the Schur’s lemma, which
states

Theorem 3.2. (Schur’s Lemma [Sch05]) Let ¢ : V' — W be a linear map between
irreps of a group G, respecting its action. Then:

o IfV 22 W, then p = 0.
o IfV =W, then p = k1, for some k € C.
Here V= W denotes that the irreps V' and W are isomorphic.

This theorem will later explain the block-diagonal structure induced by Schur-
Weyl duality.
When the representation R acts on V", it induces the natural action

R(g) (11 @12 ® ... ®@v,) = R(9)(v1) ® R(g)(v2) ® ... ® R(g)(vn) .  (3.36)

Independently, a second group—the symmetric group S, —acts naturally on
V®" by permuting the tensor products. For each element o € S, the associated
linear operator P, acts as

PU(Ul RV ... R Un> = Us—1(1) @ Vp=1(2) @ ... @ VUg-1(p) - (3.37)
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Crucially, these two actions commute
P, R(g) = R(g) P,, forallge G,o€S,. (3.38)

The special case in which G = U(d) acts on V = C¢ defines the setting for
Schur-Weyl duality. The fact that the actions of U(d) and S,, commute implies that
each group lies in the commutant of the other. Schur-Weyl duality then states
that the space (C?)®" admits a decomposition into a direct sum of irreps of both
groups simultaneously [FH13]. To make this structure explicit, it is necessary first
to introduce the concepts of partitions and Young diagrams [You00; Ful97].

3.2.2 Partitions, Young diagrams & Schur-Weyl duality

A partition A - n is a sequence of non-increasing integer numbers A = (A, Ao, ..., \g)
such that Zle A; = n. Each partition can be graphically represented by a Young
diagram, which is a collection of 7 boxes organized in left-justified rows with row

¢ containing \; boxes, as in Fig. 3.1.

Figure 3.1: Young diagram corresponding to the partition A = (4,3, 1).

These objects simultaneously label the irreps of both U(d) and S,,, provided that
the number of non-zero elements of \ does not exceed d, i.e., the Hamming weight
|\| satisfies |\| < d. Specifically, the irrep of S,, labeled by ) is denoted by S*, and
the one corresponding to U(d) is denoted by U,. Schur-Weyl duality [Wey46] then
gives the decomposition:

()= PHues. (3.39)
A<

Throughout this thesis, the convention used when working in the Schur basis
is that the first component in the tensor product corresponds to the action of the
U(d) group, labeled with a subscript denoting the irrep. In contrast, the second

corresponds to the action of .5, labeled with a superscript.
The dimensions and multiplicity of the irreps Uy and S* are also dual: the
dimension of the irrep U, denoted by d, is equal to the multiplicity of the irrep
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S*, and viceversa, the multiplicity of Uy, denoted by m,, is equal to the dimension
of S*. The convention in this thesis is that, whenever the terms “dimension” and
“multiplicity” appear in the context of Schur-Weyl duality, they refer by default to
the irrep U,.

To compute these dimensions, two combinatorial objects are particularly rele-
vant. A semi-standard Young tableau (SSYT) of shape A is a filling with numbers
in {0,1,...,d — 1}, in a non-decreasing way across rows and strictly increasing
down columns. The number of such tableaux gives dy = |[SSYT(\, d)|, examples
of such diagrams can be seen in Fig. 3.2.

ololo olof1]
1

Figure 3.2: The two SSYT for partition A = (3,2). The dimension of the irrep
d(3’2) - 2

On the other hand, a standard Young tableau (SYT) of shape A is a filling of
the boxes of the Young diagram with the integers {1,2,...,n}, such that entries
increase strictly across each row and down each column. The number of SYTs
corresponds to my = |STY ()|, depicted in Fig. 3.3.

2[3] 1)2]4] 1]2]5]
45 35 3|4

13 4] 1)3]5]
2|5 2] 4

Figure 3.3: All five SYT for partition A = (3,2). The multiplicity of the irrep
m(372) = 5.

These counts can also be obtained via Bratteli diagrams [Bra72]—also known
as Young lattices—which provide a graphical way to organize all partitions A - n.
In these diagrams, each node represents a partition, and directed edges connect
partitions that differ by a single added box. The number of distinct paths from the
empty partition to a given A in this diagram equals m, = |Paths(\)| (see Fig. 3.4).

Finally, explicit expressions for both m, and d) are given by the hook-length
formulas [FRT54]. For any box (i, j)—that is in row i and column j—the hook
length is denoted by h,(i, j), defined as the number of boxes to the right in the
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~

/ |
Figure 3.4: Bratteli diagram for n = 5 and d = 2. The multiplicities are shown next
to each final Young tableaux. The example A = (3, 2), has multiplicity m 32y = 5, as

already shown in Fig. 3.3, depicted by color lines, representing each of the possible
paths to arrive at partition (3, 2).

16}

same row and below in the same column, including the (i, j) box itself. Then, the
multiplicity of the irrep labeled by A is given by

my = (3.40)

and the dimension of the irrep, with at most d rows, by

d+j—1
(i.)EX A,

3.2.3 Schur-Weyl duality in quantum systems

Universal discrimination protocols are intended to work without access to the clas-
sical description of the states defining the hypotheses. However, some underlying
structure must be present; in its absence, complete ignorance would make discrimi-
nation no better than random guessing. In this thesis, the ensembles considered
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consist of strings formed by multiple copies of two pure states, arranged in a certain
order,

Pro = Uq|tho) (1ho] U™ & [41) (01 |*F U, (3.42)

that is, n — k copies of state [1)y) and & < n copies of |1)1). Here, in contrast
with the previous section, the permutations are represented by unitary matrices
U,, which act on the Hilbert space by reordering the tensor factors into a certain
order. These states arise naturally in production processes of quantum states, as
discussed in Chapter 1. Typically, |1)g) corresponds to the intended state, while |17 )
represents those generated by malfunctions in the production. In this context, the
most general ensemble of hypotheses is given by {px » } .., Wwhere both the number
of faults £ and their position in the string, o, may vary.

In the scenario where the forms of |¢)y) and |¢);) are unknown to the observer,
one could consider different figures of merit to quantify the performance of a
universal protocol designed to identify the number and position of [¢/;) states. In
this thesis, the focus is on the average success probability of correctly identifying
the hypotheses—where the average is taken over all possible choices of |¢y) and
|t1). The objective is then to construct a POVM { Ej , } 1. » that performs optimally
on average, i.e.,, one POVM that maximizes

/ dodintr (Bxoprs) (3.43)

where the outcome (k, o) is associated with the state pj ,. Since the measurement
element F, is independent of the particular choice of 1, and 9, it remains
unchanged under the integral. In addition, in the discrimination tasks considered in
this thesis, the two states can be assumed to be independent, allowing the averages
to be taken separately for each state.

It is at this point that representation theory and Schur-Weyl duality become
relevant. All global states pj, , are composed of pure states, and the average is taken
with respect to the Haar measure. Then the goal is to identify what is the object

/ AU Uk [) (| F U (3.44)

Here, the operator U®*, can be decomposed into irreps as @, Uy, and a corollary
of Schur’s lemma applies:

Corollary 3.2.1. Let A be a linear map between irreps V and W, and consider

=S Rulg) A R(). (3.45)

A= —
9] =
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Then,
o IfV 2W, then A’ = 0.

« If V=W, then A’ = 1y /dim(V).

This corollary extends to the continuous group U(d) by replacing the sum by
the integration over the Haar measure.

The state [¢))(1)|®* has support only in the symmetric subspace of k parties,
that is A = (k, 0), also denoted by the label "sym”. Then, Schur’s Lemma implies

ﬂsym
/ dU USH) (0|0 = Sl (3.46)
k
As a consequence, the average over the states p;, , yields
Pro = Uy, 17 @ 1™ UYL (3.47)

where ¢, is a normalization constant that depends on the dimensions of the sym-
metric subspaces

1
Sym jsym >
dn—k dk:

with the dimensions given by the Hook-length formula

wm  [(k+d—1
dy :( Jo1 ) (3.49)

In this particular case, the computation of the dimension of the symmetric subspace
admits a simpler approach than applying the Hook-length formula in Eq. (3.41).
Since the corresponding Young tableau consists of a single row, the rules for SSYTs
require the entries to be non-decreasing along the row. Consequently, determining
the number of SSYTs reduces to counting the number of ways to distribute k
indistinguishable balls into d labeled boxes, that is, the "balls into boxes” or “stars
and bars” problem, see [Stall].

Notice that multiplicities do not appear in Eq. (3.48), and the normalization
constant ¢, depends only on the dimensions, as the multiplicities m,,_, and my, are
equal to unity. This is easily seen by counting paths in Young lattices: there is only
a single way to reach the fully symmetric Young diagram, as illustrated in Fig. 3.4.

The state py, , in Eq. (3.47) can be further simplified. The subspaces 17", & 1™
are reducible representations in (C%)®". When writing the state in the Schur basis—
the basis in which the space has block-diagonal form—it takes the form

pro=c P Lo, (3.50)
AFn
[Al<2
A<k

cr = (3.48)
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where 1, is the identity on the U(d) irrep labeled by partition A, and )} encodes
the information of the order of the tensor factors, that is, the corresponding repre-
sentation of S,,.

Notice that the sum goes only over bipartitions—partitions A = (A1, A9) with at
most two rows—regardless of the local dimension d. This restriction arises from the
composition rules of Young tableaux: the subspaces in Eq. (3.48), 1", and 1},
correspond to Young diagrams (n — k,0) and (k, 0), respectively. These subspaces
are isomorphic to the spaces of total spin j = "% and j' = g When coupled,
their tensor product cannot generate a component corresponding to three fully
antisymmetric particles, namely ﬁ because the composition effectively involves
only two symmetric systems.

Note also that the representation of the state in the part corresponding to U(d)
is the identity, that is because by construction it commutes with every U®" =
@, U ® 1*—or simply, because all information about this group has been erased
by the integration. Because of this, the protocol is completely independent of the
information of the specific states )y and ;.

It is also worth noting that the operators ) are rank-1 projectors. That is, in the
composition at hand, each irrep labeled by A appears with only once. Equivalently,
in the spin picture, when two spin components are combined, there is a unique way
of obtaining each total spin, J = 21522, from j and j’. This uniqueness ensures
that ) projects onto a one-dimensional subspace, and is therefore rank one.

As a final comment, without loss of generality, if all states in an ensemble have
the form in Eq. (3.50), the optimal POVM can also be chosen to respect the same
block structure

Bo.=PLeE,, (3.51)
A
as for any POVM { E} _} , one can find another POVM { E} , }1. , with
Fro = / du uen g, Ut (3.52)

that yields the same success probability, due to the cyclic property of the trace, and
the fact that all states py., of the form of Eq. (3.50) commute with the action of U®".

3.2.4 Mixed Schur-Weyl duality

The classical Schur-Weyl duality relates the actions of the symmetric group and
the general linear group on tensor powers of a vector space. This duality can be
extended to more general settings. While I will not go into these mathematical
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generalizations in full detail, I briefly introduce one such extension: mixed Schur-
Weyl duality following [CDD+08; GBO23]. Mixed Schur-Weyl duality has gathered
attention in recent years in the field of quantum information, see [BSH24; GBO23;
GO24; Gri25; SMM+25]. In this thesis, this duality appears naturally in universal
discrimination tasks of quantum channels, where both input and output spaces are
involved, leading to a mixed tensor structure of vector spaces that I now describe.
This will be explored in detail in Chapter 6.

Mixed Schur-Weyl duality involves a different algebraic structure known as the
walled Brauer algebra [Bra37; Koi89; Tur90], denoted by B, 5, which acts together
with the general linear group GL(V') on a space of the form

Ve @ (V) (3.53)

where V' is a complex vector space and V* its dual.

The general linear group acts naturally on this mixed tensor product: on the
V' components via the usual representation R(g), and on the V* components via
the dual representation R*(g), defined by R(g~")T = R*(g). In the context of
quantum information, this dual action corresponds to U* = (UT)7, i.e., the complex
conjugate of the unitary operator.

The second algebra appearing in the duality, the walled Brauer algebra, plays
a role analogous to that of the symmetric group in the standard case. However, a
distinction arises: while the representation of .5,, is isomorphic to the group itself,
the case for the walled Brauer algebra is different; when d < r + s, the algebra
B, ; is not isomorphic to the algebra generated by the matrix representation of its
elements A, ;, see [CDD+08; GBO23]. The elements of A, ¢ consist of permutations
o € Sy4+s that have been partially transposed on the V* components. In some
quantum information works, this has been referred to as the algebra of partially
transposed permutations. An example of such an element,

d—1
A= > |50 k)45 k€ AL, (3.54)
irj, k=0
i §,k'=0
is illustrated in Fig. 3.5.
Although I will not go into the full details of the walled Brauer algebra, a few
key aspects relevant to its application are worth highlighting.
The composition rules for elements of ‘B, ; closely resemble those of the sym-
metric group 5,,. Diagrammatically, one can compose two elements by stacking
them vertically and identifying the bottom row of the first diagram with the top row
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1 2 3 4 1 2 3 4\ T34

T 2’ 3’ 4 1 2’
Figure 3.5: An example of an element A [c.f. Eq. (3.54)] of the walled Brauer algebra
‘ng, acting on V®? @ (VV*)®2. The dashed line separates the usual vector spaces
from the dual vector spaces.

of the second diagram. Then, by concatenating these diagrams and following the
corresponding lines, one obtains the resulting composition. That is, a first element
of the algebra acts on a vector, and the second element acts on the result of the
previous transformation (analogously to element composition for the symmetric
group). However, an important distinction arises: whenever a closed loop is formed
in the composition, the resulting diagram must be multiplied by a scalar factor
equal to d, the dimension of the underlying vector space V. An example of such a
composition is illustrated in Fig. 3.6.

4
°
1 2 3 4
e
W = d
T S
°
e

Figure 3.6: An example of an element of the walled Brauer algebra, acting on
V@2 @ (V*)®2 The dashed line separates the usual vector spaces from dual vector
spaces.

A contraction between two tensor factors corresponds to an element of *B,
in which both the top and bottom legs of two indices are connected—top-to-top
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and bottom-to-bottom—as shown on the right-hand side of Fig. 3.6. In matrix
representation, such a contraction is the operator ) _, ; |ii)(jj|. From the perspective
of quantum information, this operator coincides with the Choi matrix of the identity
channel:
Ja =Y lii) (il (3.55)
]

The fact that an element of this algebra coincides with the Choi representation
of the identity channel already hints that the use of this tool is appropriate for
working with quantum networks in symmetric scenarios, as discussed in Chapter 6.

Just as in standard Schur-Weyl duality, the tensor space V®" ® (V*)®* decom-
poses into a direct sum of irreps, one for each equivalence class under the joint
action of GL(V') and the walled Brauer algebra.

(CH* @ (C7)* = @ Uy B (3.56)
AeB,
However, the labels for these irreducible components are no longer single
partitions, but rather pairs of partitions

A={\,\r}, (3.57)

where )\, corresponds to the structure in the V' tensor components and Ay to the
dual ones. The set of all such admissible pairs is denoted by A, ;, and each pair
satisfies

> (An)i=r (3.58)
Z()‘R)j =5 (3.59)
Aol + Aal < d (3.60)

I conclude by noting that the mixed Schur-Weyl duality appears naturally in
the universal discrimination of quantum channels, where both input and output
spaces are involved, leading to the mixed tensor structure V" @ (V*)®". This will
be explored in detail in Chapter 6.

3.3 Association schemes

This final section introduces a class of algebraic-combinatorial structures known as
association schemes. These schemes provide an abstract framework for describing
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regular patterns of overlaps and symmetries between quantum states, and are
particularly well suited to capturing the structure of Gram matrices arising in Chap-
ter 5. In this thesis, association schemes are used to characterize the eigenspaces of
such Gram matrices and to identify conditions under which the SRM is optimal.
The focus is placed on commutative and symmetric schemes, which admit a rich
spectral theory through their Bose-Mesner algebra.

Here, following [BBI+21], I introduce the basic definitions and algebraic tools
needed in the later discussion.

3.3.1 Definition and basic properties

An association scheme is a pair (X, { R;}I ), where X is a finite setand R; C X x X
is a binary relation on the direct product. These relations satisfy the following
properties

(1) Ry ={(z,z) |z € X}.
2 XxX=U" R,and R,NR; = 0ifi # j.

(3) Define the transpose R! = {(x,y) | (y,x) € R;}. Then there exists i’ €
{0,1,...,n} such that RT = Ry.

(4) For i, j, k, the number pf; = [{z € X | (z,2) € R;,(2,y) € R;}|is indepen-
dent of the choice of x and y.

The numbers pi-“j are the structural constants of the association scheme, and receive
the name of intersection numbers.
An association scheme is called commutative if

(5) Forany i, j, k, pj; = pf;,
and symmetric if it holds
(6) Foralli, R = R,.

In this thesis, I focus exclusively on symmetric schemes. These automatically satisfy
the commutativity condition.

An alternative—and often more convenient—description of association schemes
uses adjacency matrices of graphs. An adjacency matrix of a graph with | X | vertices
is a (0, 1)-matrix of size | X| x | X| whose entries are defined as

(3.61)

1 if vertices x and y are connected
Agy = .
0 otherwise.
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Each relation R; can be represented by an adjacency matrix whose entries are
equal to one if the pair (z,y) € R;.
The set of adjacency matrices { A; }7_, fulfill

(1) Ay = 1.
(2) >, Ai = J, the all-ones matrix.
(3’) For each i, it exists i’ such that A7 = A;.

(4’) For each 7, j there exist non-negative integers pfj such that

AiA; = pl Ay (3.62)

k=0

Conditions (5) and (6) translate into
(5’) AlA] = AJAl for all i,j,
(6”) AiT = A, for all ¢,

respectively.

3.3.2 Symmetric association schemes

Given a symmetric association scheme (X, { R;}!" ), the set of adjacency matrices
{A;}, generates a matrix algebra known as the Bose-Mesner algebra [BM59],
denoted by A

A = span{Ag, Ay,..., An}. (3.63)

This algebra is of dimension n + 1, and it is closed under both the usual matrix
product and the Hadamard product—or entrywise multiplication: (A o B);; =
A;;B;j. Moreover, since all matrices in .A commute, they can be diagonalized
simultaneously in a certain set of eigenspaces { E; }", called the central orthogonal.
These eigenspaces constitute another basis for the Bose-Mesner algebra, and fulfill
some relations similar to those of the set { 4;}

(1") Ey = .

By
@) S E; =1

(3”) EF = E; for some i and 7.
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(4”) E;oE; = ‘X| Yot E
(5”) Ez (¢] E] == E] O El

The structural constants qu of the algebra with respect to the Hadamard product
receive the name of Krein numbers [Del73; Kre73].
The two bases {A;}" , and { E;}!" , are connected via

=0
and .
Ei =Y a(j)4;. (3.65)
=0

The matrices P with (P);; = p;(j) and Q with (Q);; = ¢:(j) are the so-called
first and second eigenmatrix, respectively. The name is not naive, as p;(j) are the
eigenvalues of A; in the subspace of the projector E;, Eq. (3.64), and conversely for
qi(j), but with respect to the Hadamard product. These matrices satisfy the relation

PQ=QP = |X|L. (3.66)

The dimensions of such subspaces spanned by F; are the multiplicities of the
association scheme, denoted by m;. Another important quantity to be defined is k;,
defined by an eigenvalue equation A;J = k;J = k;| X |Ey, and it corresponds to
structural constants of regular graphs, see [BBI+21] for the connection of regular
graphs and symmetric association schemes. This will be used later when a specific
association scheme is presented.

3.3.3 Intersection matrices

There is still another important object that helps reveal the internal structure of the
association schemes used in this thesis: the intersection matrices. These matrices
encode the structural constants of the scheme in an algebraic form as

(Bi)ji = Dl - (3.67)

The algebra generated by the set { By, By, ..., B, } under usual matrix multipli-
cation is isomorphic to the Bose-Mesner algebra A [BBI+21]—with the standard
matrix product.
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A dual version of this construction arises when considering the Krein parame-
ters. The corresponding matrices are called the dual intersection matrices, and are

defined as
(B} )je = qf; - (3.68)

In this case, the algebra generated by the matrices { By, By, . . ., B, }, with respect
to the usual matrix product, is isomorphic to the Bose-Mesner algebra generated
by the scaled idempotents {|X|E;} , under the Hadamard product [BBI+21].

For the purpose of this thesis, it will be sufficient to know that these isomor-
phisms exist and that they are preserved under the respective products. In particular,
in some important cases where the matrices B; and B take a specific structured
form, the corresponding association schemes are known to be related to a family
of orthogonal polynomials.

3.3.4 P-and Q-polynomial schemes

Some association schemes admit a structure known as P-polynomial (or distance-
regular) or Q-polynomial. These properties give rise to recurrence relations among
the adjacency matrices or the idempotents, and correspond to schemes whose
eigenmatrices are generated by orthogonal polynomials.

A P-polynomial scheme is an association scheme for which the intersection
matrix B := Bj is tridiagonal

bp by -+ by %
B=<ay ai -+ an_1 anp . (3.69)
* C1 crr Cp—1 Cp

This is equivalent to the intersection numbers to satisfy

i {:0 if |k—j|>1,

, 3.70
Y0140 if Jk—jl<1. (370

so that multiplication by A; only connects adjacent adjacency matrices in the
algebra. Then, from Eq. (3.62), the relation

A1Aj =bjaAj+ ajA; + A, (3.71)

holds for each j. This recursive structure allows all the adjacency matrices to be
written as polynomials evaluated at A;. Define a polynomial with the recurrence
relation

2vj(x) = bj1v;-1(x) + ajvj(x) + ¢j11041(2) . (3.72)
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where v_1(z) = 0, and v1(z) = 1. Then, one has
Aj =v;(A1), (3.73)

every matrix of A can be written as a certain polynomial of degree j evaluated at
A

This property has an important spectral consequence. Let §; withi € {0,1,... ,n}
denote the n + 1 distinct eigenvalues of A;. Since A; = > " pi(j) £}, one has

Pij = vi(ﬁj) s (374)

meaning the entries of the first eigenmatrix P are simply evaluations of the poly-
nomials v;(x) at the eigenvalues ¢;. Thus, computing the spectrum of a single
adjacency matrix A; determines the eigenstructure of the entire algebra. This fact
will be crucial in Chapter 5, where eigenvalues of the Gram matrix are obtained by
this recurrence.

Similarly, a scheme is said to be Q-polynomial if the Krein parameters satisfy
an analogous tridiagonal condition

" =0 if |[k—j|>1, (3.75)
VA0 kg <1, '

which implies that the corresponding dual intersection matrix B* := Bj has
tridiagonal form
by by - bi_, x
B*=<dal af -+ a;_, a (3.76)
A
In this way, one can define a polynomial with a recurrence relation
zvj(r) = b v (z) + ajui(x) + ¢ v, (). (3.77)
so that
1X|B; = vi(IX|By). (378)

Here, the polynomial structure is taken with respect to the Hadamard product, not
the usual matrix product.

This dual recurrence provides the spectral data of the idempotents in much
the same way that the P-polynomial structure governs the adjacency matrices. In
schemes where both P- and Q-polynomial structures are present, the eigenmatrices
P and () are generated by classical families of orthogonal polynomials.
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3.3.5 Johnson association scheme

I conclude this chapter by introducing the association scheme that governs the
structure of a particular set of matrices arising in the multi-anomaly problem
of Chapter 5. The hypotheses in that Chapter are associated with subsets of &
elements from a larger set of n. These combinatorial objects give rise to the Johnson
association scheme, whose structure is closely tied to the johnson graphs. The
overlaps between the states considered there mirror this combinatorial framework.
Solving the problem requires the set of tools provided by the theory of association
schemes. In what follows, I introduce the basic definitions and results of the Johnson
scheme that will play a central role in Chapter 5.

Definition 3.1. A Johnson graph J(n, k) is a graph whose vertices are the k-element
subsets of a n-element set. Any pair of vertices r, s are connected by an edge if the
intersection of the subsets |r N s| = 1 (see Figure 3.7).

{2,4}

{1,3}

Figure 3.7: Jonhson graph J(5, 2) for a set of n = 5 objects with subsets of cardi-
nality & = 2, where two vertices r and s are connected by an edge if [r N s| = 1.

As discussed earlier, this graph can be represented by an adjacency matrix, A,
whose k£ + 1 eigenvalues and corresponding multiplicities read

N(A)=(k—j)n+j+1)—k, (3.79a)
m;(A) :(D - (j " 1) : (3.79b)
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for j =0,..., k. Johnson graphs can be generalized to cover different intersection
relations between the k-element subsets. These generalized graphs are called
generalized Johnson graphs.

Definition 3.2. A generalized Johnson graph J(n, k, 1) is a graph whose vertices are
the k-element subsets of a n-element set. Any pair of vertices v, s are connected by an
edge if the intersection of the subsets |r N s| = i.

By fixing n and k, one obtains a family of £ + 1 generalized Johnson graphs.
Their adjacency matrices, { 4;}%_, satisfy conditions (1’)—(6") and together span
the Bose—Mesner algebra of the Johnson association scheme. To describe this
algebra fully, it is useful to move between two complementary bases: the adja-
cency basis { A;}*_, and the idempotent basis { E; }*_,, which satisfies conditions
(17)-(6”). The connection between these bases is given in the eigenmatrices P and
@ (Egs. 3.64-3.65), whose entries specify how adjacency relations translate into
projection operators and vice versa.

A central feature of symmetric association schemes is that these eigenmatrices
have a highly structured form, described by families of classical orthogonal polyno-
mials. In the case of the Johnson scheme, the relevant polynomials are the Hahn,
();, and dual Hahn, R;, polynomials [Hah49; KS96]. They encode the spectral data
of the scheme, as they determine the eigenvalues of the adjacency matrices, and
thereby capture how the combinatorial structure of the graphs is reflected in their
spectra. The entries of the eigenmatrices P and () are given by

pi(j) = ki Qi(i;—n+k—-1,-k+1,k), (3.80a)
qj(i) =m; Q;(i;—n+k—1,-k+1,k), (3.80b)

where k; = (’:) ("Zk) is the valency (the number of neighbors of each vertex) in
the Johnson graph J(n, k, i), and m; is the multiplicity of the j-th eigenvalue in
Eq. (3.79h).

While the Hahn polynomials describe the entries of the eigenmatrices, their
dual counterpart—the dual Hahn polynomials—are the orthogonal polynomials
associated with the scheme, which provides the eigenvalues and recurrence relations
of the adjacency matrices [c.f. Eq.(3.73)]. This duality between two polynomial
families arises from the duality between the two bases of the algebra, and it provides
a complete characterization of the scheme.

To see this more explicitly, recall that any adjacency matrix A; can be written
in terms of some polynomial evaluated at A—in this specific case, the dual Hahn
polynomials—as

4= (—1)"(’;) RAA+ kO — 2k K). (381)
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where the dual Hahn polynomial of degree i (R;) is defined by

(3.82)

_. — 5 1
Ri()\(m);’}/,é,M):3F2< i, —x, Ty +0+ ‘1)7

y+1, — M ’

with A(z) = z(x + v+ J + 1), and 3F5 is the generalized hypergeometric function

qu<Zi : Zj ; z> = Z (a1>m (ap))m M 3.8

m=0

Here, (a),, is the rising Pochhammer symbol (or rising factorial) [AAR99]: (a),, :=
ala+1)...(a+m)and (a)y := 1.

For the Johnson association scheme, the relevant parameters of the dual Hahn
polynomialsare x = j =0,...,k,7v=0,0 =n —2k,and M = k.

Finally, it is worth noting the explicit duality visible in Egs. (3.80a-3.80b). While
the eigenmatrix entries p;(j) are expressed in terms of Hahn polynomials, they
could equivalently be written using dual Hahn polynomials, since the two families
satisfy the relation

Ri(A(j);v,0, M) = Q;(i;,0, M),, (3.84)

which encapsulates the orthogonality relation of the eigenmatrices [c.f. Eq. (3.66)].
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Quantum @ Detection

Quantum edge detection

giQ—

Life is a travelling to the Edge of
knowledge, then a leap taken.

David Herbert Lawrence

The study of sudden changes is fundamental to understand countless natural
phenomena, from phase transitions in material science [Ful20] to tipping points in
climate systems [RCC+21]. However, these changes do not appear exclusively in
nature—they can also emerge in controlled, human-designed processes. Consider,
for instance, the production of quantum systems in a specific state. At some point,
the source may unexpectedly fail, preparing a state different from the intended
one, see Fig. 4.1 below. Could we reliably detect such a change in production?
Sentis and collaborators raised this question in their work on quantum change
point (QCP) [SBC+16]. They proved that identifying such change is indeed possi-
ble, achieving non-zero success probabilities even for infinitely long preparation
series. However, their approach relies on prior knowledge of the states involved—
specifically, the classical information describing these states. This leads to the
question of whether it is possible to devise a universal protocol capable of detecting
sudden changes without depending on the specific pair of states. We termed this
problem as quantum edge detection.

The name quantum edge detection is inspired by its classical counterpart, a
fundamental technique in image processing. In that context, an edge refers to a
sudden change in intensity or color between neighboring pixels—an abrupt variation
that typically signals a boundary between distinct regions in an image [Can86;
PP93]. Detecting these transitions allows us to locate where a uniform structure
gives rise to a different one.
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Figure 4.1: Illustration of a qubit array divided into two domains. Quantum edge
detection aims to identify the boundary (highlighted in green) separating them.

In our case, the data is no longer a two-dimensional array of pixels but a one-
dimensional string of quantum systems. The classical description—intensity or
color—of each pixel is replaced by a quantum state. There are several differences,
yet, the conceptual analogy remains; we aim to identify a sharp transition between
two otherwise uniform regions, based solely on structural features. Quantum edge
detection inherits the motivation of its classical counterpart, but confronts entirely
different challenges.

At a deeper level, this question touches on a broader principle: that of learning
from data. Learning is the process by which a system extracts structure from
available (or input) data. Learning does not always require explicit instructions
or supervision; often, it arises simply from the ability to recognize regularities or
to distinguish the typical pattern. In classical settings, learning is often associated
with prediction or classification, tasks where labeled data are available, and models
are trained to reproduce a desired output. But not all learning takes place in such
clearly defined environments. Sometimes, learning consists of simply detecting
when something has changed. And when no prior knowledge is available, such
detection becomes a form of unsupervised inference, that is, the system must rely
entirely on the internal features of the data to reach a decision.

This perspective proves particularly relevant for certain quantum tasks, where
underlying structures, such as symmetries and correlation patterns, can be revealed.
In the case of quantum edge detection, the goal is to locate a boundary between
two domains composed of unknown states. The task does not rely on identifying
the domains themselves, but rather on recognizing the differences between them.

52



4.1. UNKNOWN DOMAINS

The protocol must find the point where the string changes its structure, and a new
one arises.

The protocol responds to the structure present in the data, using the redundancy
of the string to draw a statistical distinction between its two domains. As the
length of the input increases, the distinction becomes sharper. While seemingly
counterintuitive at first (the problem should become increasingly harder), the
protocol benefits from longer sequences, as more data enhances the underlying
structure, and with it, the success probability of correctly identifying the edge
increases.

In this chapter, we explore this idea in depth. We formalize the edge detection
task, develop optimal discrimination strategies in the universal setting, and analyze
their performance both numerically and asymptotically. In doing so, we uncover
a learning-like behavior embedded in quantum inference, able to recognize the
change without ever knowing what that change consists of.

4.1 Unknown domains

Let o), |¢1) denote the states of the qudits in each domainand k = 1,2,..., N
the position of the edge we aim to detect. The global state of the string can be
expressed as:

k

|Br) = [d0) ® -+ @ o) @[d1) @ -+ @ | ) - (4.1)

J/

N—k
The detection protocol, including post-processing, is defined by a POVM, whose
elements, L), are associated with the outcomes of a measurement, indicating the
possible locations of the edge along the string. Under the assumption that we
have no classical description of the states |¢g) and |¢;), we aim to find the optimal
protocol that maximizes the average success probability

1
P, = ~ /d¢0 do, Zk:tr(@kx@kwk). (4.2)

This approach considers a uniform prior distribution of the edge between the two
domains, reflecting a total lack of information about its location. The universality
of the detection protocol is ensured by assuming the positive operators { £ };, to
be independent from the states of the particles in the string. This independence
allows { E} }\ to be moved outside the integral in Eq. (4.2), thereby enabling the
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definition of effective states pj, for the string. Specifically,

o = / 160} (0lZV ) @ |1 (1| dey d . (43)

where the average over the states |y ) and |¢; ) acknowledges that they are unknown
to the observer. A straightforward application of the Schur lemma (see Section 3.2.3)
yields a block-diagonal structure for the states p; in the Schur basis [FSC+22;
SMM+19]

Pr = Ck @ 1y ®Qp, (4.4)
X\

where, recall from Eq. (3.48) that ¢, = 1/(d”", d;”™), and X labels the irreps arising
from the joint action of the unitary group SU(d) and the symmetric group Sy on
the vector space (C?)®" of the entire string, where the symmetric group operates
by permuting the particles within the string.

As already discussed in Section 3.2.2, the labels )\ are usually identified with
partitions of IV, or equivalently with Young Diagrams of N boxes, and in this
scenario, only two-row Young diagrams arise because, as shown in Eq. (3.47),
the density matrices pj act on the tensor product of two symmetric irreducible
subspaces (each represented by one-row Young diagram).

Consequently, all required labels have the simple form of bipartitions A =
(N — X2, A\y) with Ay = 0,1,2,..., | N/2|, where |- | is the floor function. Hereafter,
we introduce a slight abuse of notation, and we will refer to A\, simply as A, as any
bipartition \ is univocally defined by its second component. Each projector 2} acts
on the Sy irreducible subspace A and is rank-1, (see Section 3.2.3), thus, it can be
written as Q3 = |22)(Q}|. Note that the state p;, has support in irreducibles with
A=0,1,2,...,min{N — k, k}.

Given the structure of pj as shown in Eq. (4.4), one can choose, without loss of
generality, universal POVM elements of the form

E.=Puree;, (4.5)
A

which implies that it suffices to consider two-step protocols, starting with a pro-
jective measurement onto the irreducible subspaces followed by a restricted—to
the irrep—POVM on the posterior outcome. The first measurement, referred to as
weak Schur sampling, is represented by the projectors {1, ® ]l)‘}k]lé2J and outputs
a value, \*, for the label A\. Subsequently, a measurement with POVM elements
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{1 ® &} }rek,. is executed on the posterior state belonging to the A* subspace.
For a generic value of A\, K, is the range of values of £ for which p; has support in
the A\ subspace, A\ <k < N — A\

The second step of the detection protocol involves a discrimination strategy
among the set of pure states {|Q} ) }rer,. Wlth a prior probability mass function
given by 3 / >_, m . In this equation, 7} represents the joint probability of
the edge being located at k£ and obtaining the outcome \* from the weak Schur
sampling. This probability is expressed as:

dy
~evm osym s U k€ Ky
771:;\* = Nd]\/{k dky (4.6)
0, otherwise,

where d, is explicitly given by the Hook-length formula in Eq. (3.41), which for
bipartitions simplifies to:

N—2>\+1(d+>\—2><d+N—A—1>

d\ =
ATNAEL\ d-2 d—1

(4.7)

Combining the above results, the average success probability, which we aim to

maximize, reads
[N/2]

=) ntr (ER) (4.8)

A=0 kEKy

The dimension of the irreducible sub-spaces to which the states |[Q})) belong grows
exponentially with N [Gon24], making optimization over {E}};. \ via direct com-
putation infeasible even for small values of V.

To address this challenge, we rely on the Gram matrix G* of the set of pure
states {|Q2) }rex, for each value of \. As discussed in detail in Section 2.5.3, this
matrix provides a complete description of the quantum state ensemble relevant for
the discrimination task. Its entries are given by

Since G* is an | K, | x | K| matrix, the computational complexity of the optimization
problem becomes polynomial in V. It takes the simple form:

Grw = veup, k<K (4.10)
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(for £’ < k, exchange k and k'), where:

N—k k
A () A= U?% (4.11)
A

Note that the Gram matrix G* can be represented as G* = triu(uv’) + tril(vu”),
where tril (triu) denotes lower (upper, including the diagonal) triangular part. Here,
u and v are column vectors with components given by (4.11). This property ensures
that G* is semiseparable [VVMO08], offering significant computational advantages
that complement the complexity reduction achieved by using the Gram matrix
formulation. In particular, we will exploit the fact that the inverse of a semiseparable
matrix is tridiagonal, resulting in sparsity.

Another way of checking that G* is semiseparable from a representation theory
approach arises from the following theorem

Theorem 4.1. (Theorem 2.15 in [VVMO08]) A real symmetric matrix M of sizen is
semiseparable if there exist numbersdy, ... ,dy, S1,...,Sn,C1,...,Cy Such that

M — {djsjsj-l—l o816 if 7> ] (412)

i e .
disisi+1 Ce ijlcj lf (3 S ]
assuming s;Siy1...5;-1 = 1if i = j.

For our matrices G*, the coefficients read d; = ¢; = /n* and s; = (Q}|Q2},),
for i € K. The only missing step is to prove that the product sequence

(RN R X)L 195) = (Q7195), (4.13)
which reduces to proving the simpler relation
(U Q) = (19200 (4.14)

for k < k' < k”. This relation is easily seen from the operator structure of the
hypotheses, in Eq. (3.47), and the relation

(L5 @ 1) (15, @ 1) (17, @157 = (L5 @17 (17, 9 157) , (4.15)

again with £ < k&’ < k”. Focusing on the middle term in the left-hand side of
the relation, the first tensor term acts trivially to the left, as (n — k') < (n — k).
Similarly, the second tensor term acts trivially to the right. Writing Eq. (4.15) in
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4.1. UNKNOWN DOMAINS

the Schur basis, one obtains Eq. (4.14) for each )\, and thus G* is proven to be
semiseparable.

The inherent symmetries of 1D quantum edge detection enable us to simplify our
optimization task into a series of more manageable pure-state discrimination sub-
problems, each framed within an irrep subspace A. Even though we significantly
reduce the complexity via Schur-Weyl duality, this is insufficient to completely solve
the problem analytically. In general, quantum state discrimination problems lack
known analytical solutions, except for two states [Hel69] or for highly symmetric
sets of states [Bar01; CDP+04; SMM22]. Since our sub-problems do not fit into any of
these simple cases, we must resort to numerical optimization. In practice, however,
without relying on Schur-Weyl duality, a direct numerical method would encounter
exponential complexity due to the high dimensionality (dVV) of the effective mixed
states pi. Yet Schur-Weyl duality alone cannot sufficiently tame the problem without
invoking the Gram matrix formulation. As discussed earlier, using G, with a size
at most N2, provides an exponential advantage, enabling us to efficiently employ
SDP optimization, whose complexity scales only polynomially with the size of G*.

The key step is to view the IV columns of the symmetric and positive definite

matrix vV G?, each denoted as [\/ G* } &> as representations of the /N unnormalized
states \/7;|22). The consistency of this representation can be verified by noting
that

VA EIVG ) = (VG ) = G (4.16)

The success probability of the optimal discrimination strategy on a given irrep A
can then be computed as

P=max 3" u (8 VG, [\/E}Z) (4.17)

{6} kEK,

st. & >0, (4.18)
Y & =1 (4.19)
keK )y

where EF is a | K| x | K| matrix representation of the POVM operator £3. We
observe that the optimization problem in Eq. (4.17) takes the form of an SDP. The
average success probability of the optimal detection protocol is then given by

IN/2]
P, = Z Py. (4.20)
A=0

Here P, denotes the (joint) probability of obtaining the outcome A from the weak
Schur sampling and successfully detecting the edge.
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The green points in Fig. 4.2 illustrate the results of our calculation, obtained
using Eqs. (4.17) and (4.20) for d = 2 (qubits). Similar trends are observed for other
values of d. These points represent the ultimate limit to the achievable success
probability in detecting the edge of a domain along a string of quantum particles.

0.65- S —
0.60} ]
Al
I / -- Both known (asymp.) ]
0.551 © Both unknown (SDP) ]
© Both unknown (SRM)
0.50F ]
0 50 100 150 200

N

Figure 4.2: Success probability as a function of the string length /V for the scenarios
considered in this Chapter: when all states are unknown (green and pink circles).
The maximum success probability data points, obtained through SDP optimization,
are shown in green, while the SRM success probability points are in pink. The black
dashed line represents the average asymptotic success probability derived from the
QCP, assuming knowledge of all states. All data points correspond to N ranging
from 2 to 18 in steps of 2, and from 22 to 198 in steps of 4.

While not always optimal [DP15], the SRM (see Section 2.5) often yields accurate
lower bounds on success probability across numerous discrimination problems. It
has been shown to offer an asymptotically optimal quantum change point detection
protocol in [SBC+16], a similar discrimination task that will be relevant in the
asymptotic regime of edge detection. That work also presents general conditions
for the SRM’s optimality and provides bounds on the success probability it achieves.
However, in the present case, the SRM does not meet the required conditions for
these results to hold for finite-sized problems. In spite of this, we will verify its
asymptotic optimality for edge detection.
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4.1. UNKNOWN DOMAINS

The POVM elements of the SRM are defined as
er = A (m o) ALY (4.21)

where Ay = ), n,ﬁ‘ Qﬁ resembling Eq. (2.39), but restricted to the irreducible \.
In our lower-dimensional representation, this fixes the definition of the matrix
elements of F} in Eq. (4.17) to [Ey)i» = 0;i0x# independently of A. With this choice,
the expression for PYRM simplifies to

R ([\/5 ]kk)g. (4.22)

keKy

In simple terms, the joint probability of obtaining A and succeeding amounts to
the sum of the squares of the diagonal entries of v/G*. The success probability
PSRM — $™ PIRM gives a lower bound to P since it results from a particular
choice for Ej, in Eq. (4.17).

Since no optimization is required to compute , it becomes feasible to eval-
uate the success probability PS®M for significantly larger values of N. Additionally,
the SRM equips us with the tools to derive analytical results for the asymptotic
behavior of P, as N grows large, a topic we discuss in the next subsection.

In Fig. 4.2, the pink points, connected by lines, depict the results of our numerical
evaluation of PSRM for d = 2 (similar patterns hold for other values of d). It is
noteworthy that the pink points differ almost imperceptibly from the green ones,
which represent the optimal protocol, indicating that the SRM is nearly optimal.
Both sets of points fall underneath the dashed line but gradually approach it. This
line represents a scenario where the quantum states of the domains are known, and
this information is used for edge detection. More precisely, it depicts the average
success probability over |¢g) and |¢;) in Eq. (4.2) when the measurement is allowed
to depend on these states and N — oo. This average, that we denote as P,
can be easily computed using the results from the QCP derived in [SBC+16]. The
asymptotic limit of the success probability of the QCP depends solely on the overlap
between the two states ¢y and ¢,

SRM
P/\

4(1 — )

PR (g, 1) = K2(?), (4.23)

where ¢ = |(¢o|¢1)| denotes the overlap of the states in each domain, and K (z) is
the complete elliptic function of the first kind [AS48]. Moreover, the average over
®o and ¢, can be replaced by the average over their overlap,

deo dgy = pa(c®) dc?, (4.24)
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where j14(c?) dc? represents the uniform (probability) measure for qudits [SMM+19],
given by p14(c?) = (d — 1)(1 — ¢®)?~2. The average, P*""", can thus be expressed
as

1401 .2
Psknown<d) :/ deo deby PSQCP(¢07¢1) :/0 %KZ(CQ) Md(CQ) de? . (4.25)

This success probability serves as an upper bound to F; in the scenario considered
in this work. The convergence of the pink points to this line also showcases the
asymptotic optimality of the SRM.

Intuition might suggest that the success probability should monotonically de-
crease with NV, as one could argue that with a longer string of particles, there
would be more possible locations for the edge, making the detection task more
challenging. This is indeed the behavior of the success probability for the QCP,
akin to the scenario where the states of the domains are known. However, Fig. 4.2
disproves this intuition, except for very short strings of fewer than eight particles.
For longer strings (N > 8), the trend is reversed: edge detection becomes more
successful as the number of particles grows larger. This suggests that the detection
protocol learns from the unknown states of the domains and having more copies
helps learning more about them, similarly to what happens in a state estimation
problem [MP95], overcoming the increasing difficulty of discriminating possible
edge locations.

To test this idea, we simulated an estimate-and-discriminate strategy where
a small fraction (of order v/N) of particles from each end of the string is used
to estimate the states of the domains. This information is then fed into the QCP
protocol to precisely locate the edge. While we can only perform this simulation
for modest string lengths, the results align with those shown in Fig. 4.2, with the
success probability approaching the value achieved by the optimal edge detection
protocol.

4.1.1 Asymptotic regime

We assess the performance of the optimal detection protocol in the asymptotic
regime of large /N by computing the limiting value of the success probability.
The calculation is performed indirectly, by verifying that the lower bound PS*M
provided by the SRM strategy matches the upper bound P"°" resulting from
averaging the success probability under the assumption of known domain states.
This alignment, that we present later in Table 4.1, not only reveals the value of the
maximum success probability but also confirms the asymptotic optimality of the
SRM strategy.
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To this end, we will show that the success probability has an asymptotic expan-
sion of the form

d
PSEM  po(d) + pljif ) +O(N7?) (4.26)
and present a method for computing the coefficients p,(d), n = 0,1,2,..., to

arbitrary accuracy. The method shares similarities with the application of perturba-
tion theory in fields like high-energy physics, particularly relying on techniques
to expedite the convergence of asymptotic series through the utilization of Padé
approximants [Bak64].

Here, we only provide an overview of the method, focusing on computing py(2),
the leading coefficient for qubits (d = 2), with 0.03% uncertainty. We will see that
the computed value coincides with the upper bound PX"°"", within the specified
accuracy. Results for larger dimensions (d = 3, 4, 8) are also given, but technical
details are deferred to Appendix A.

The essence of our calculations lies in a ‘perturbative expansion’ of the inverses
of the Gram matrices G*, rescaled appropriately. We recall that these inverses are
tridiagonal matrices [c.f. Egs. (4.10-4.11)]. The sparsity of these matrices, with their
off-diagonal entries treated as perturbations, is crucial for efficiently keeping track
of the orders of the expansion.

The rescaling of the Gram matrices is performed as follows:

(N/2)?
N —-2)\+1
ensuring that G* = 1 + O(1/N) for large N. Thus, (G*)~! = 1 + A,, where
A, contains non-zero terms only in the super- and sub-diagonals, each of order

O(1/N), remember that the inverse of a semiseparable matrix is tridiagonal, and
all G are semiseparable. Using the binomial series, we obtain

VEr=(1+0) =1+ i <_1/2) (A, (4.28)

r

G = G*, (4.27)

In practical calculations, the series is truncated to the desired order of approxi-
mation, rescaled back, and then substituted into Eq. (4.28). This procedure yields
an asymptotic expression for the joint probability PYEM, recall Eq. (4.22), whose
marginal probability (over \) provides the desired asymptotic series (4.26) for the
success probability. The initial terms can be expressed as:
srv 425 +1)? 4 12 8(P+j+12) 450 +87°+...

P N3 = NN 3N3 15N4

(4.29)
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Here, j = N/2 — X denotes the total spin quantum number of the string of particles
(qubits), which serves as an alternative and commonly used label for the irreps of
SU(2).

The calculation of the marginal, PSR§\4 is involved due to the scaling of the
range of values of j with IV, resulting in 1nﬁn1tely many terms in the expansion (4.29)
that contribute to the coefficient py(2). This can be addressed by introducing a
scaled version of j as x := j/(N/2). In the limit N — oo, the variable x can be
thought of as a real variable whose range is [0, 1]. In terms of x, Eq. (4.29) takes the
form

PSRM Zar , (4.30)

and the leading-order term py(2) can be computed as
N
/ Py de (4.31)

However, a difficulty arises as we have not identified a closed expression for the
general term of the sequence {a, },cn, and the truncated series, which we managed
to compute up to O(x3Y), is unable to capture the singular behavior of the integrand
near v = 1 with sufficient accuracy (dashed line in Fig. 4.3). Padé approximants can
be used to speed up the convergence of the series as they are known to accurately
describe the behavior of asymptotic expansions near singular points [BO13].

In brief, for a given function f(z), its Padé approximant of order [n/m] is the
rational function .

D r—o Ar”

Infmls () = TR

whose Maclaurin series expansion matches that of f(x) up to order n 4+ m. This
condition determines the coefficients A, and B, [Bako64].

The solid line in Fig. 4.3 represents the best Padé approximant, of order [14/14],
to the expansion in Eq. (4.30), truncated at O(2%°) and represented by the dashed
line. Additionally, the red crosses and open blue circles depict numerical values
of P/\S(%VI for a few choices of j (equivalently x) and for N = 500 and N = 4600
respectively. The figure readily shows the significant improvement provided by the
Padé approximant near x = 1 (see Appendix A for more details).

By replacing the integrand in Eq. (4.31) with its Padé approximant and perform-
ing the integral, we obtain the value p(2) = 0.6499. This leads us to conclude that
the success probability for qubits approaches a finite value as N — oo, given by

(4.32)

PSRM % 0.6499 + O(1/N). (4.33)
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"""" Asymp. expansion
1.5}

Padé approximant
o Numerics, N = 4600
Numerics, N = 500

(N/2) PG

05F

0.0 0.2 0.4 0.6 038 1.0
z (2j/N)

Figure 4.3: Joint probability P/\S(P;I)V[ plotted against the scaled angular momentum

x = 2j/N. The dashed curve represents the asymptotic power series truncated at
O(x3%), while the solid curve depicts its [14/14] Padé approximant. These curves
closely match each other, deviating only near x = 1. The range of x extends beyond
its physical domain (the unit interval) to show this deviation more clearly. The
red crosses and blue circles denote numerical evaluations of the joint probability
at selected points, corresponding to N = 500 and N = 4600 respectively. The
solid line is seen to fit the numerical points corresponding to the larger value of NV
almost perfectly.

Using the same procedure, one can compute py(d) for any value of the local
dimension d. Results, along with their estimated error margins, for some selected
values can be found in the second column of Table 4.1.

For the same values of d, the third column of Table 4.1 presents the averaged
success probability assuming measurements can depend on the domain states. Since
our focus is solely on the limiting values as N — oo, we can rely on the asymptotic
result provided in [SBC+16]. The numerical integration has been carried out to
high precision, ensuring that all digits shown in the third column of the table are
significant. As anticipated earlier, the agreement observed with the values in the
second column tells us that they are optimal and serves as a numerical verification
of the asymptotic optimality of the SRM strategy.
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d po(d) P (d)
2 0.6499 + 2 x 1074 0.64991

3 | 0.792308 £3 x 107% | 0.792311
4 || 0.852860 £ 1 x 1075 | 0.8528600
8 || 0.9323011 +2 x 1077 | 0.9323011

Table 4.1: Limiting success probability as N — oo for the SRM protocol (second
column) and average success probability assuming known domain states, computed
from the QCP results in [SBC+16] (third column). The error intervals in the second
column reflect two different procedures used to compute the Padé approximant,
see Appendix A.

4.2 Known state in one domain

In this section, we consider a situation where the state of the particles in one domain
is known, specifically set to |0) without loss of generality, while the state of the
particles in the other domain remains unknown. Consequently, measurements may
depend solely on the known state |0). This setup is particularly relevant in the
context of time series data or manufacturing processes. Consider a scenario where
a particle source is designed to produce particles in the state |0). However, due to a
malfunction, the source begins producing particles in an unspecified state after a
certain period. Given a string of N particles produced by this source, our objective
is to develop a detection protocol that optimally identifies where along the string
the state of the particles changed, and determine its success probability.

In this scenario, the effective states of the string read [cf. Eq. (3.46)]

03 (0 ®(N—k) ® 1™
k

where, as in the previous section 4.1 , we assume that the location of the edge, or
state change, is uniformly distributed along the string. The specific form (4.34) of
the effective states implies several adjustments in the detection strategy developed
for both domains unknown.

We observe that the density matrices p; are diagonal in the basis { |w}') },
where n = (ng, n1,...,n4_1), with n; the number of particles in the i-th level of
the system |i), that fulfill Z?:_ol n; = k,and k = 0,1, ..., N; which is defined as
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follows:
|w11€1> _ |0>®N—kz ® ZJ PJ |0>®n0 ® |1>®n1 R R |d _ 1>®nd,1 |

()

(4.35)

Here, (fl) is the multinomial factor defined as

k k!
n 1=o !

and the set { P, }, stands for the unitary representation of S}, on (C?)®* that per-
mutes the k particles. The sum over o extends only to those effective permutations
o that do not leave the state |0)®™ ® [1)®*™ ® - - - ® |d — 1)®"4-1 invariant. Clearly,
only states with the same numbers 71, no, . .., n4—1 may exhibit a non-vanishing
overlap. This class of bases, known as Jordan bases [BBF+06], play a key role in
programmable discriminators [SBC+10; HBO7].

The optimal protocol, due to the block-diagonal structure of the hypotheses, also
involves two sequential measurements, as in the case of both domains unknown.
First we measure the total number of different excitations (number of states |1), |2),
etc) to obtain a multi-valued label (ny, no, ..., n4_1), thereby projecting each state
pr. into the posterior state |w}). Subsequently, a second measurement, akin to the
corresponding step in the protocol for unknown states, is performed to discriminate
among the states |w}), each occurring with respective prior probabilities given by:

1

= 4.37
Mk Nd;ym ( )

It is useful (and meaningful) to assign a new label n to each label n, according to
n—n=(N—-k+ng,ny,...,Na-1), (4.38)

as this label captures both the result of the first projective measurement and the
total number of states in the known state |0). Notice that two states will have
non-vanishing overlap only if all entries of the label except 7 are equal.

Following a similar approach as in Section 4.1, we compute the probability of suc-
cessful discrimination using the Gram matrices G of the sets {|w}) }, defined as the
(N —k-+ng) x (N —k-+no) Hermitian matrices with entries G, = /nPn% (w|wk).
From Eq. (4.35), we readily find

()

B = vpul = nz‘nz‘/m, k<K, (4.39)
n
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with G, = G if K < k. The form of G™ indicates that they are semiseparable
matrices, as observed with the Gram matrices in Section 4.1. All the properties
discussed there for G* also apply to G™. This parallelism between Eqgs. (4.39)
and (4.11) is noteworthy, where n takes the role of A, and only one multinomial
is present in Eq. (4.39), reflecting that in this case only one domain of unknown
states exists.

Yet another difference can be depicted, as in Section 4.1, the number of states in
the first domain uniquely defines a label A, while for this problem, the number of
excitations N — n gives rise to several distinct n. However, the matrices G™ are
independent of all entries n; with [ > 0. The multinomials in Eq. (4.39) simplify to
only depend on N — 7. This allows us to construct effective Gram matrices of the
form

i i N—ng+d—2 fio 7 fﬁ
o= Ghy = ( ZO_ ) ) nkon,j%, (4.40)
N—ng

to further reduce the complexity of the problem for the following success probability
computations.

The calculations of the maximum and SRM success probabilities, the former
obtained via SDP optimization, follow the methodology described earlier in the
Chapter. Numerical results are depicted in Fig. 4.2, facilitating comparison with
results obtained for unknown domain states. The blue circles represent the SDP
results, calculated for N up to 50, while the orange circles represent the numerical
evaluation of the SRM success probability, extended to much larger values of V.

Consistently, these points lie between those corresponding to the scenario where
both domain states are unknown (green and pink) and the asymptotic dashed line
representing the opposite scenario, in which both states are known. Remarkably,
the blue and orange circles closely align, indicating that the SRM protocol remains
nearly optimal in this setting as well.

Although we do not perform a detailed asymptotic analysis for this scenario,
the success probability is bounded from below by that of the fully unknown case.
This guarantees that the optimal asymptotic performance reaches the same value
as in the known QCP scenario. Notably, the increase in success probability with
growing system size is also observed here, highlighting once again the protocol’s
learning behavior—its ability to compensate for the increased complexity of the
task caused by the larger number of hypotheses.

n1,me,...
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0.65

5
foN
=
—

Both known (asymp.) )
© One known (SDP)

One known (SRM) ]
© Both unknown (SDP) ]

© Both unknown (SRM) ]
0.50 - J

0.55

0 50 100 150 200

Figure 4.4: Success probability as a function of the string length NV for the sce-
narios considered in this Chapter: when all states are unknown (green and pink
circles) and when the states of one domain are known (blue and orange circles). The
maximum success probability data points, obtained in both scenarios through SDP
optimization, are shown in green and blue, respectively, while the SRM success
probability points are in pink and orange, respectively. The black dashed line repre-
sents the average asymptotic success probability derived from the QCP, assuming
knowledge of all states. All data points correspond to /V ranging from 2 to 18 in
steps of 2, and from 22 to 198 in steps of 4.

4.3 Discussion

In this Chapter, we have analyzed the problem of quantum edge detection. In the
first part of the Chapter, we have focused on a one-dimensional string composed of
two different regions, each of which is formed by unknown—yet different—quantum
states. We have restructured the highly complex discrimination task into smaller
discrimination sub-problems of pure states. This reduction in complexity has
allowed us to perform an exhaustive numerical analysis. On one hand, we utilized
SDP to obtain the optimal average success probability of correctly identifying the
edge between both domains for values of /V up to 50. On the other hand, we studied
the performance of an extensively used protocol, the SRM. The numerical analysis
of this protocol does not depend on an optimization task; thus, its complexity is

67



QUANTUM EDGE DETECTION

less than that of SDP, reaching values of N up to 200.

This numerical advantage is due to the use of representation-theoretic tools
introduced in Chapter 3, particularly Schur-Weyl duality. By taking into account the
symmetries of the problem, we were able to decompose the large Hilbert space into
smaller subspaces, each associated with a pure-state discrimination task. Direct
brute-force optimization becomes infeasible even for moderate values of NV, as
the Hilbert space grows exponentially with the system size, scaling as d”. While
one might hope to use a Gram matrix approach to reduce complexity, this is not
directly applicable here, as the states to be distinguished are mixed, and no known
Gram matrix formulation exists for this class of states. The block structure obtained
through Schur-Weyl duality not only reduces computational cost but also provides
a clearer analytical understanding of the problem. This decomposition allowed us
to evaluate the SRM protocol’s performance for significantly larger values of N,
and to establish its asymptotic optimality in this universal setting.

The numerical study suggests a convergence—in the asymptotic limit of large
strings—between the success probability of quantum edge detection and that of the
known-state scenario. To investigate this behavior, we performed an asymptotic
expansion of the SRM protocol’s success probability. However, no closed-form
expression could be derived for the coefficients of this expansion, and its truncated
form failed to capture the singular behavior observed for small values of A\. To
overcome this limitation, we employed Padeé approximants to accelerate the con-
vergence of the series. This method produced strong agreement with the numerical
results, accurately reproducing the singular behavior at small A, and allowed us
to estimate the asymptotic success probability for quantum edge detection across
several values of the local dimension d. These results highlight the practical utility
of Padé approximants in capturing nontrivial features of the asymptotic behavior,
especially in instances where standard expansions fail capturing the observed data.

In the second part of this Chapter, we investigated an intermediate scenario in
which one of the domains is composed of known states, while the other remains
unknown. This setting also falls within the universal framework, but it captures a
more practical situation where the observer has access to information about one
domain—possibly through prior state preparation—while a sudden change leaves the
second domain unspecified. Despite this asymmetry, the protocol remains universal
in the sense that the POVM is not tailored to a particular quantum statem except to
the reference one. As in the unknown scenario, we found that the problem could
be decomposed into smaller—more tractable—sub-problems. A two-step protocol
naturally arises: the first involves a sampling operation—with different structure
from that of the unknown case—followed by pure-state discrimination tasks. The
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Gram matrices characterizing this second step were also found to be semiseparable,
maintaining the same structural properties observed in the fully unknown scenario.
Numerical computations for both the optimal and SRM protocols showed strong
agreement, indicating that the SRM remains nearly optimal even for small values
of N.

From a technical perspective, our analysis establishes the asymptotic optimality
of the SRM for two distinct instances of quantum edge detection. In both the fully
universal setting and the intermediate case with one known domain, the SRM
closely approaches the optimal success probability, even for relatively small system
sizes. This is particularly significant because there are no known results regarding
the optimality of the SRM for the type of discrimination problem encountered
in this Chapter. Beyond these specific conclusions, our results showcase the ef-
fectiveness of our technique, which uses weak Schur sampling, the Gram matrix
formulation of discrimination, reducing the complexity of the optimization, and ac-
celeration of perturbative expansions through Padé analysis. The latter, though not
commonly used in quantum information, proved particularly valuable in deriving
asymptotic limits for the problem at hand. Altogether, our study shows that precise
edge detection in one-dimensional strings of quantum systems is achievable, and
it can reach remarkable levels of performance. In particular, we have shown that
for large systems of qubits, the edge can be identified with success probability of
approximately 65%, while for higher-dimensional systems, this value can approach
unity as the local dimension increases. The intuition behind this fact is that, as
the local dimension grows, two arbitrary quantum states—as the ones conforming
the regions—tend to be more orthogonal as they live in a larger Hilbert space,
which makes them easier to distinguish and thus enhances the performance of edge
detection.

Throughout this Chapter, we have considered a scenario in which two different
quantum states form separated domains within a one-dimensional string. Another
relevant instance of universal discrimination arises in the context of anomaly
detection. In that problem, the outliers are not confined to a defined region but
instead appear at arbitrary positions within a domain composed by a different
state. In Chapter 5, we investigate this primitive problem in detail, and compare its
behavior with the edge detection scenario analyzed here.
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Quantum multi-anomaly detection
giQ—

It’s in the Anomalies that nature
reveals its secrets.

Johann Wolfgang von Goethe

The identification of rare events that deviate from expected behavior is known as
anomaly detection. It is a fundamental primitive in classical data analysis and signal
processing [TNB14], with a wide range of applications—from detecting intrusions in
network security [SP04; T]J03], to identifying fraudulent financial activity [AMI16],
or diagnosing faults in industrial systems and manufacturing processes [ZVF+23].

As a field, anomaly detection has been influenced by diverse approaches, in-
cluding statistics, machine learning, spectral theory, and classical information
theory [CBK09]. In this Chapter, we tackle the problem from a quantum informa-
tion perspective. In this context, the data consists of a string of quantum systems
described by specific quantum states: the expected behavior is modeled by a refer-
ence state, while the anomalies (or outliers) are individual quantum systems in a
different quantum state.

Our goal is to detect the position of these anomalous quantum systems within a
larger system. To this end, we formulate the task as a quantum state discrimination
problem, where each possible configuration of the anomalies corresponds to a
hypothesis to be tested. We investigate two distinct scenarios. In the first, we
assume that both the reference and anomalous states are known to the observer. In
this case, we characterize optimal measurements for both the minimum-error and
zero-error settings. In the second, we consider a fully universal scenario, in which
no prior information about the quantum states is available. Here, we show that it
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is still possible to construct an effective, state-independent protocol that identifies
the anomalies based solely on structural features of the data.

In the known-state scenario, the task exhibits a rich underlying symmetry. The
assumption that anomalies are equally likely to occur at any position along the
string leads to an algebraic structure governed by association schemes [BBI+21].
Using standard results from this framework, we present the optimal protocols for
the minimum-error and zero-error scenarios and characterize their performances
analytically. Moreover, for the minimum-error protocol, we further analyze the
asymptotic behavior of the success probability in the large-string limit. We found
that it converges to the success probability of the zero-error protocol, which remains
constant for any string length and depends only on the number of outliers and the
overlap between the reference and anomalous states.

In the universal scenario, where both states are unknown, the protocol exhibits
a learning behavior similar to that discussed in Chapter 4 for the quantum edge
detection problem [LGS+25a]. Here, the pattern is determined by the reference
states, which provide the structure necessary for the protocol to learn. As the
number of reference states increases, the protocol gathers more information about
the expected behavior, thereby improving its ability to detect deviations from this
pattern without any prior knowledge.

This Chapter approaches quantum anomaly detection from both known and
universal perspectives. First, we analyze the known-state scenario, providing
optimal measurements and performance bounds for both the minimum- and zero-
error protocols. We then turn to the fully universal case, where no prior information
about the states is assumed, and derive the optimal protocol and its performance.
Altogether, this work offers a clear benchmark for the performance of quantum
anomaly detection protocols and serves as a reference point for future studies, as
the one covered in Chapter 6, where the anomalies are no longer prepared states
but quantum processes.

5.1 Setting of the problem

Let us start by describing the key elements of the multi-anomaly detection problem.
We denote the reference state of the string by |¢), and the anomalous state by |¢1).
For a fixed string length n and a given number £ of anomalies, the total number
of hypotheses to consider is N = (Z) Without loss of generality, we can consider
the overlap between the reference and an anomalous state to be real and denote
it as ¢ = |{¢o|¢1)|- We further assume that all hypotheses occur with equal prior
probability. Each hypothesis corresponds to a global quantum state |V,.), where

72



5.1. SETTING OF THE PROBLEM

r C {1,...,n} is a subset of positions with cardinality |r| = k that labels the
position of the anomalies (see Fig. 5.1 for illustrative examples).

We now construct the Gram matrix of the set of hypotheses, which contains
all the relevant information for a discrimination task. It is defined as the matrix of
overlaps of the states, which in our case reads

Grs = (U, W) = (2)°T) | (5.1)

where §(r, s) := k — |r N s| quantifies the distance between two subsets 7 and s,
and |r N s| is the number of elements belonging to the intersection of the subsets
r and s, and corresponds to half the Hamming distance [Ham50]. In Fig. 5.1, we
illustrate the cases of one and two anomalies for n = 4 systems. In the first case,
the distance between different hypotheses is always § = 1, whereas in the second
case, both 0 = 1 and 0 = 2 distances appear.

o000 {34}
o000 {1} ee00 {24}
o000 {3} ee00 {14}
o000 {2} ee00 {23}
o000 {1} eeee {13}
eo00 {12}

(a) (b)

Figure 5.1: Set of hypotheses for the cases of n = 4. Subfigure (a) corresponds to
k = 1, notice that the distance between any two hypotheses is § = 1. Subfigure
(b) corresponds to £ = 2, where distances can take values of 6 = 1, for example
hypotheses {3,4} and {2,4} or § = 2, for instance hypotheses {3,4} and {1, 2}.

Decomposing the Gram matrix G in powers of ¢, we obtain a collection of
symmetric matrices {A4;}%_,, whose entries are 0’s and 1’s. This decomposition
reads

k
G=> ()4 (5.2)

1=0
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Each matrix A; corresponds to the adjacency matrix of a generalized Johnson graph,
and together they form the Bose-Mesner algebra A of the Johnson association
scheme [BBI+21]. Consequently, the Gram matrix GG belongs to this algebra as well.
The elements of A commute and have zeros in their diagonal entries, except for the
identity matrix 1 = Ay. As we see below, the standard results of this association
scheme—reviewed in Section 3.3—allow us to provide proofs of optimality as well
as an elegant method to obtain analytical expressions for the success probability.

5.2 Minimum-error

As discussed in Chapter 2, the minimum-error protocol aims to minimize the error
probability of guessing incorrectly. To each POVM element II,, we associate the
hypothesis |V,.). The conditional probability of obtaining outcome I, given the
state |¥,.) is given by the Born rule tr (|W,.) (¥, |I1;) (here, we slightly abuse notation
by labeling the measurement outcome with the same index as the corresponding
POVM element). Success occurs when, upon measuring ]‘I&), one obtains outcome
I1,, and then the success probability reads

Po=) . Tr(|0,)(¥,[I,), (5.3)

where 7, denotes the prior probability of the hypothesis |¥,). From this point
onward, we assume that all hypotheses are equally likely, ie., n, =1, = 1/N =
(Z’) “y r, s, reflecting the complete lack of knowledge of the observer regarding
the position of the anomalies.

A particularly relevant protocol in this context is the SRM. The matrix G = S
defines the POVM through its elements 5, ;, as they are projections into a measure-
ment basis {|my)}, i.e., S.s = (m,|V;) (see Chapter 2 for a detailed discussion).
Therefore, under equal priors, the average success probability of the SRM protocol
reads

1 2
Po= D ISHl*. (5.4)

T

Now, since the Gram matrix Eq. (5.2) belongs to the Bose-Mesner algebra A, any
function of G also belongs to it, and in particular its square root S = v/G. Therefore,
the matrix S can be written in terms of the basis {4;}%_; as

S=> siA;. (5.5)
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Thus, the diagonal entries of S are all equal, i.e., S;; = Sy, = VI, h, since only
the identity element Ay = 1 contributes to the diagonal. Optimality then follows
directly: as reviewed in Chapter 2, the SRM is optimal if and only if all diagonal
entries of S are equal [DP15].

The algebraic structure of the Johnson association scheme allows us to further
characterize the success probability in terms of the eigenvalues of the Gram matrix.
To this end, we first express the success probability in a more convenient form.
Since all diagonal entries of S are equal, they can be written as S;; = (tr S)/N,
with tr S = >, v/A;, where ), are the eigenvalues of the Gram matrix. This leads
to the compact expression [SBC+16]:

N 2
P, = (—Zl}m) : (5.6)

Hence, the task reduces to determining the eigenvalues );. Since all adjacency
matrices A; commute, they are all simultaneously diagonalizable in a common
eigenbasis, { £; }, which corresponds to the second basis of the Bose-Mesner algebra
introduced in Section 3.3. Any matrix belonging to .4 diagonalizes in this basis.
Therefore, the eigenvalues of GG are given by the weighted sum of the eigenvalues
of the adjacency matrices A;

\(G) = Z(CQ)iAj(Ai) . (5.7)

In the remainder of this Chapter, we will omit the dependence on GG and simply
write \; := \;(G). For the eigenvalues of the adjacency matrices, we will, however,
write the explicit dependence, A;(A4;).

Recall that every P- and Q-polynomial admits a description of its adjacency
matrices—and their corresponding eigenvalues—in terms of a family of orthog-
onal polynomials evaluated at the first adjacency matrix A := A;. In the case
of the Johnson association scheme, the eigenvalues \;(A4;) can be expressed as
the evaluation of the associated orthogonal polynomial at the eigenvalue A;(A)

[BBI+21]

(kK
Ai(4;) = (-1) (2> R;(N\j(A) + k;0,n — 2k, k), (5.8)
where R; is the dual Hahn polynomial of degree i [KS96], which are the orthog-
onal polynomials arising from the Johnson scheme [c.f. Eq. (3.82) for its explicit

combinatorial structure].

75



QUANTUM MULTI-ANOMALY DETECTION

Introducing Eq. (5.8) in Eq. (5.7), we observe that the eigenvalues of GG, expressed
as sums of orthogonal polynomials weighted by powers of c?, correspond to the
generating functions of the dual Hahn polynomials. These take the form

(5.9)

Aj:<]._62)j2F1<j_k’ _n+k+j'02)7

1 I

with corresponding multiplicities

mj = (@)—(.n ) (5.10)
J g—1

where j = 0,1, ..., k, with the convention that (fl) = 0, and 5 F} is the hypergeo-
metric function [given in Eq. (3.83)]. Note that the number of distinct eigenvalues
is k + 1, i.e., just the number of anomalies plus one, and these are monotonically
decreasing with j. For instance, in the simplest case of one anomaly, covered in
[SLH+24], there are only two different eigenvalues, A\ = 1 + (n — 1)c2 >\ =
(1 — ¢?) with multiplicities 1 and n — 1, respectively.

Taking into account the degeneracy of the eigenvalues, the success probability
of the minimum-error protocol reads

k 2
P, = (Z %@) , (5.11)

Jj=0

where {);}, are given in Eq. (5.9), and {m,}; in Eq. (5.10).

5.2.1 Asymptotic regime

For a fixed number of anomalies and an increasing number of total systems n, it
could be expected that the success probability vanishes as the number of possible
locations for the anomalies—and hypotheses—goes to infinity. However, as we next
show, the asymptotic limit of P for n — oo remains finite.

We begin by noting that the eigenvalues of the Gram matrix are polynomials
inn of degree k — j for j = 0,1,..., k, thatis, \; ~ O(n*7). On the other hand,
the ratio between the multiplicities of each eigenvalue and the total number of
hypotheses scales as m; /N ~ O (nj *k). Then, it follows that, in the large 7 limit,
the leading contributions to Eq. (5.11) arise from A\ and \/ Az \;_1, i.e., the two
smallest eigenvalues.
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By substituting the values of the multiplicities from Eq. (5.10), and the explicit
expression of the eigenvalues A\ and \;_; from Eq. (5.8), we obtain the asymptotic
expansion

3 o, 2ke(l— )RR 1
P,=(1-c)+ N +O<5) . (5.12)

Thus, for large n, the success probability approaches (1 — c?)* from above, converg-
ing slowly [O (1/4/n) as noted]. Note that this expansion is valid in the regime
k/n < 1.

e A
© Two anomalies

-- Asymp. two anomalies
© Three anomalies

-- Asymp. three anomalies

. J

Figure 5.2: Comparison of the success probability of two anomalies, the upper
curve (blue), and the case of three anomalies, the lower curve (red), both for a fixed
overlap ¢ = % The dashed, upper and lower lines correspond to the asymptotic
limits of the success probabilities of two and three anomalies, respectively.

In Fig. 5.2, we plot the success probability for the cases of two and three anoma-
lies as a function of the string length n. As shown, the convergence to the asymptotic
value is rather slow, as the leading correction scales with O(1/y/n). The gap be-
tween the finite-n success probability and its asymptotic limit remains sizable even
for relatively large values of n. This gap is more pronounced for higher values of £,
due to the factor k appearing in the second term of Eq. (5.12).
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5.3 Zero-error identification

The scenario of zero-error identification can also be addressed naturally within
this framework. Here, the goal is to identify the position of the anomalies with
certainty, i.e., without allowing any probability of error. Naturally, this can only be
achieved at the expense of allowing for inconclusive outcomes.

The objective is to design a protocol that maximizes the rate of conclusive
outcomes, or equivalently, that minimizes the rate of inconclusive ones. The corre-
sponding POVM consists of N +1 elements: {I1,.}, withr C {1,...,n}and |r| = &,
and an extra II, element associated with the inconclusive outcome. Each II, element
identifies with zero-error the state |¥,.). Accordingly, the structure of the POVM
operators is tightly constrained by the zero-error conditions tr (IL,.|W,)(V4|) = 0
for r # s.

The optimization problem can be formulated as a SDP, as discussed in Sec-
tion 3.1.5:

1
P, =~ max tr I (5.13a)
st. G=Tp>0 (5.13b)
>0 (5.13¢c)

Here, I'p is the diagonal part of matrix I' ie., [I'p|,s = 0,s['. The entries T',.,
represent the conditional probabilities of correctly identifying |¥,) without error.

This formulation arises from the structure of the POVM elements that satisfy the
zero-error conditions. Such elements must be of the form Ej, = 7;|@k) (|, where
the (unnormalized) states satisfy (P |¥;) = Oy, i.e., these states are the rows of the
(pseudo) inverse of the matrix X = )", |¥})(k|, with {|k)} an orthonormal basis of
dimension N. The constraint G —I'p > 0 then follows from the positivity condition
of the inconclusive POVM element, 1 — >, vi|@k) (Px| > 0, by multiplying it from
the left and right by X' and X, respectively (see Section 3.1.5 or [SCM17] for further
details).

As already discussed in Section 3.1, SDPs are more than a numerical tool; all
the theory behind this mathematical field allows us to find analytical solutions to
discrimination tasks. In this scenario, we consider an ansatz for the primal program
in Egs. (5.13a-5.13c), and then, via the Lagrangian method and complementary
slackness, find a dual instance that attains the same value as the primal program.
The ansatz we consider is I' = (1 — ¢?)*1, which yields a success probability

P, = (1-c)". (5.14)
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The operator I belongs to the feasible set of the primal program in Egs. (5.13a—
5.13c), as it is a positive definite matrix and the smallest eigenvalue of the Gram
matrix, Apin, = (1 — ¢2)*. If the primal variable I' is optimal, the Lagrangian

L=trT* +tr (Y*(G — F};)) +tr (Z°T7), (5.15)

should output the same value as the primal program, F,. A standard practice is to
set the slack variable Z = 0, with this, we note that £ = F; if the quantity

tr(Y*(G - FE)) =0, (5.16)

that is, if the dual variable Y*, and G — A,in 1 have orthogonal supports. Therefore,
the dual variable must be proportional to the projector associated with the smallest
eigenvalue of the Gram matrix, Y* oc E}). To find the explicit dual variable, we
look at the dual instance of the SDP

P, :m;n trGY, (5.17a)
1

s Yp = 1> 0 (5.17b)

Y >0. (5.17¢)

The dual instance outputs the same value as the primal program for the dual

variable N
Y = —E. (5.18)
My
From this choice, it follows that P; = tr G Y coincides with the value of the primal
SDP. So, if Y is a feasible solution to Egs. (5.17a—-5.17¢), it is an optimal solution as
the values of both primal and dual objective functions coincide. We just have to
prove that Y, the matrix of the diagonal terms of Y, satisfies Y, > 1 (note that Y is
non-negative by construction as FJ, is an orthogonal projection). Let us decompose
E}) as a linear combination of adjacency matrices, E;, = (1/N) Z?:o qe(7)A;,
where ¢ (j) are given by the Hahn polynomials (see Section 3.3.5) and note again
that the only matrix with diagonal elements different from 0 is Ay = 1, i.e.,

Yy = Q;ES) 1. (5.19)

But ¢x(0) = my, due to the duality of the association scheme and their associated
polynomials [BBI+21]. Hence Yp = 1, which completes the proof. This result could
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have been readily anticipated, as the symmetry of the problem already requires that
the optimal ', satisfies I'p o< 1 and then Eqgs. (5.13a-5.13¢) are just the program
defining the lowest eigenvalue of G.

We also see that Eq. (5.14) coincides with the leading term of the minimum-
error success probability in Eq. (5.12), thus we conclude that the unambiguous
measurement is also optimal for the minimum-error protocol for large n. This
measurement can be realized by a local protocol that checks if each particle has a
projection or not in the complementary subspace of the reference state. This result
can be extended to the case where the anomalies are mixed states since the optimal
protocol is fixed by the reference state.

5.4 Universal protocol

We finally tackle the anomaly identification task when the reference and anomalous
states are unknown to the observer. That is, we aim at finding a universal protocol
that does not use any information about the state—only that they are different—and
hence works for any arbitrary pair of reference and anomalous states.

In this scenario, all hypotheses are generated by applying a permutation to the
fiducial state, in which all £ anomalies are located at the end of the string

Py — / Uy 60) (6020 © [é1) (1|2 UL dey dgy (5.20)

where ¢ (¢1) corresponds to the reference (anomalous) state, U, stands for the
unitary transformation that acts on the tensor-product space as a permutation
o € S, C S, in the subset of relevant permutations for k£ anomalies of S,,—the
symmetric group—that is, permutations yielding the same state p, are accounted
only once. Here, d¢; is the measure of the uniform distribution of |¢;).

It is convenient to index each hypothesis by the permutation o that takes a
fiducial state where all anomalies occur in the last positions of the hypothesis in
question. Using Schur lemma (see Section 3.2), the hypotheses, in the Schur basis,
read

po=c DL, (5.21)
A

where the normalization constant is ¢, = 1/(d;”™d”"}), and d;”™ is the dimension
of the symmetric subspace of k parties, given by the hook length formula (see
Section 3.2.3 for further details).

As already discussed in Section 3.2, the parameter ) labels the irrep of the joint
action of the groups SU(d) and the symmetric group S,, over the whole state space
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(€C4)®", and it is usually identified with bipartitions (n — A, \) of n elements. The
first tensor element, 1), is defined over the subspace associated with the irreducible
label A of SU(d), and the second factor, Qg, stands for an operator that acts in the
irrep of S, labeled by A, and it is a rank-1 projector (see Section 3.2.3, for a detailed
discussion). Notice that, at variance with Chapter 4, we have an extra index o that
stands for the ordering of the two different states within the array, while in the
quantum edge detection problem, all sequences were ordered.

We can now derive the explicit expression of the success probability for the
minimum-error protocol. The optimal measurement, fortunately, turns out to be
again the SRM. For mixed states, its elements are II, = A~"/2p,A~'/2, where

A=) p.=Pcne1r. (5.22)
A

UGSn

where we have used Schur lemma, since A commutes with any element o € .S, as
well as with any element U € SU(d), and C), is a proportionality constant for each
partition \.

As in the previous section, we write the dual SDP for the success probability:

m}}n try (5.23a)

st. Y —p, >0 forall p, (5.23b)

If we consider Y = ) _1II,p,, primal and dual programs give the same value.
To prove optimality, one only has to check that Y satisfies the feasibility conditions.
Naturally, the constraints Y — p, > 0, with o € S,,, are just the well-known Holevo
conditions [Hol73], as described in Section 2.5.2.

It is easy to compute that

Y=aPLol, (5.24)
A

and to check that Y — p, > 0 holds, since 1* > Q(A,
Hence, the optimal success probability of the universal protocol is just (tr Y') /N,

which reads
Po=) <(n -2 D) 6) (Aﬁj)) : (5.25)

oo \ (= A0 () () (U5

where we have used the explicit hook length formulae for the dimensions of the
irreps of SU(d) and S,, for bipartitions (n — A, \) [see Egs. (3.40-3.41)].
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Figure 5.3: Comparison between the average (over c) success probability for the
case of known reference and anomalous states of dimension d = 2, the upper curve
(blue online), and the success probability for the universal protocol, the lower curve
(red online). The dashed black line corresponds to the asymptotic limit of both
success probabilities P, = 1/(k + 1)

The asymptotic behavior of the success probability in the regime of large n is
dominated by the partition A = k, as the most important factor in Eq. (5.25) is the
ratio (7;\) / (Z) and the contributions of the rest of partitions A\ = [ < k vanish as
O(1/n*="). The asymptotic expansion of the success probability then reads

d—1 1
p=-t— - 2
s d—1+k+0(n)’ (5.26)

Interestingly, we observe for this problem the same learning behavior as for
quantum edge detection [LGS+25a]. The success probability for the universal
protocol increases with the string length, reaching the asymptotic value of the
average success probability for known states and anomalies (see Fig. 5.3),

1 d—1
Psknown — / (1 _ CQ)k(l _ 62)(d_2)(d — ]_) dC2 = m (527)
0

where (d — 1)(1 — ¢)(=2dc? =: du(c?) is the uniform measure of the square of
the overlap [SMM+19], and we have dropped the vanishing terms in Eq. (5.12).

82



5.5. DISCUSSION

The reasons behind these similar behaviors stem from the fact that, for known
states and large n, the optimal measurement approaches an unambiguous protocol
that detects anomalies by projecting on the orthogonal space of the reference state.
Therefore, the knowledge of the anomalous state is not required, for it would be
impossible to determine this state with a fixed (and small) number of instances
distributed at random places. In this asymptotic limit, only the reference state
needs to be known to devise the protocol, and this can be done by using a vanishing
number of systems (e.g.  /n). The success probability Eq. (5.25) is depicted in
Fig. 5.3. We observe that, as n grows, counterintuitively at first sight, P, increases.
The logic that explains this behavior is that increasing n allows the protocol to learn
about the reference state, which gives an advantage that exceeds the detrimental
effect of having a larger set of possible hypotheses. It is also evident that, although
the universal protocol reaches the value Eq. (5.27) rather fast, the average of the
success probability for known reference states and anomalies is notably above this
value even for significantly large string lengths. Note also that, as expected, Pkmo"®
in Eq. (5.27) tends to one as d — oo, which reflects the fact that random states tend
to be more orthogonal as d grows.

5.5 Discussion

We have presented two distinct instances of multiple-anomaly identification. In the
case where both the reference and anomalous states are known, we proved that
the SRM protocol is optimal by exploiting the algebraic structure underlying the
problem. Specifically, by noting that the Gram matrix arising from the ensemble of
quantum states belongs to the Bose-Mesner algebra associated with the Johnson
association scheme.

This result extends naturally to other quantum discrimination tasks in which
the Gram matrix is structured by association schemes. For instance, in [SMM+19],
the classification of known states is linked to the Hamming scheme, while in
certain extensions of the QCP problem [SBC+16], the relevant algebraic structures
correspond to cyclic graphs and their associated schemes. Furthermore, our proof
applies to broader algebraic settings: the only requirement is that the diagonal
elements of the square root of the Gram matrix depend solely on the identity matrix.
Similar structures appear in other problems, such as quantum state exclusion
[DLB+25], although this property was not explicitly used there.

We characterized the asymptotic performance of the SRM protocol, showing that
the success probability is non-vanishing in the limit of large strings. Its asymptotic
value depends only on the overlap between the reference and anomalous states,
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and the number of anomalies. The decay towards this value is of order O(n~1/2),
indicating a relatively slow convergence.

We also addressed the problem in the zero-error discrimination setting, where
no incorrect guesses are allowed, at the expense of inconclusive answers. In this
context, we identified the optimal protocol and fully characterized its performance.
Our approach combined SDP complementary slackness and theoretical tools from
association schemes to derive the analytical solution to the problem. Interestingly,
the optimal protocol turns out to be local: it tests each party individually to check
if it has support on the reference state or not.

This protocol exhibits two particularly relevant features. First, it allows for
online implementation, that is, parties can be measured sequentially, and if the k&
anomalies are found, the process can be halted early, thereby reducing the number
of measurements required. Second, it is non-destructive on the reference states,
which are typically the intended output of the state source—another significant
advantage in terms of resource preservation. While the minimum-error protocol
achieves a higher overall success probability, the zero-error strategy offers stronger
guarantees and resource-saving advantages. In the asymptotic regime, their per-
formances converge, indicating that unambiguous detection can be achieved with
minimal sacrifice in the success probability. Moreover, this protocol remains opti-
mal even when the anomalous state is unknown, i.e., in a universal setting. In this
intermediate scenario, the measurement is not tailored to any specific anomalous
state, yet it remains local and non-destructive.

The final part of the Chapter explored a fully universal scenario, in which
neither the reference state nor the anomalous states are known to the observer. To
address this task, we once again employed SDP techniques to derive the analytical
solution. We found that the SRM remains optimal in this setting as well. By using
representation-theoretic tools, we were able to characterize the performance of the
protocol and derive a closed expression valid for arbitrary string length, number of
anomalies, and local system dimension.

In this setting, the success probability increases with the size of the string,
asymptotically approaching the average success probability obtained in the known-
state case, analogous to that observed in Chapter 4. In here, the protocol effectively
learns from the reference state, as when the string length increases, there is more
available information to be extracted. In contrast, learning from the anomalies is
unfeasible, since they form only a vanishing fraction of the string. This asymmetry
is captured in the success probability, which coincides with that of the local strategy
based on projection onto the reference state.
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quantum unitary evolutions
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Life is a process of becoming, a combi-
nation of states we have to go through.
Where people fail is that they wish
to elect a state and remain in it.
Evolution is the movement through
states.

Anais Nin

6.1 Introduction

In Chapter 5 we introduced the task of anomaly detection for quantum states. The
same principles can be naturally extended to quantum processes, and in the present
Chapter, we analyze this more general setting. We consider a set of devices that
are assumed to apply a fixed and known unitary transformation, which we take as
the reference behavior. Among them, a subset is anomalous in the sense that they
implement a different unitary transformation, unknown to the observer. Our goal is
to identify, with zero-error, which of the devices are anomalous. Although one could
also address the problem under the minimum-error criterion, zero-error protocols
are particularly natural in this setting: the devices that behave as intended should
remain untouched, while only the faulty ones need to be singled out with certainty.
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Furthermore, in the universal scenario of the previous chapter, the first correction
to perfect identification was shown to scale as the inverse of the number of devices,
and a similar behavior is expected here. In fact, for the case of a single anomaly, the
optimal minimum-error protocol coincides with the zero-error strategy followed
by classical post-processing, supporting the choice of the zero-error formulation
throughout this Chapter.

As in previous chapters of this thesis, we frame the task as a discrimination
problem. The difference is that the objects we aim to discriminate are now quantum
channels rather than quantum states. To treat them, we use Choi-Jamiotkowski
isomorphism, which maps quantum channels to positive operators. This allows
us to apply the quantum networks formalism, where the role of POVMs is played
by quantum testers. In the same line of Chapters 4 and 5, as the anomalies are
unknown to the observer, we devise universal protocols that work for any possible
unitary transformation. The figure of merit is then the average—over all possible
unitaries—success probability of correctly identifying the position of the anomalies.

The complexity of the task depends on the number of anomalies. We begin by
studying the case in which only one of the devices is anomalous. In this regime,
the Choi matrices present local symmetries that enable us to restrict the search for
optimal testers to a reduced family of operators. These operators can be described
in terms of the algebra of partially transposed permutations. Working within this
mathematical framework, we derive an analytic expression for the optimal success
probability, valid for arbitrary local dimension and any number of devices. The
corresponding protocol is shown to be implementable in a local and parallel manner,
using maximally entangled states as probes.

The situation changes dramatically when turning to the case of two anomalies.
The local symmetries are no longer present; instead, a global symmetry of the
whole set of parties appears. This difference enlarges the space of feasible testers—
even after reducing the search to the subspaces that respect the symmetry—and the
optimization problem becomes substantially more demanding. Despite this increase
in complexity, we establish that for qubits and parallel implementations, the same
local protocol introduced for the single-anomaly scenario remains optimal. This is
a nontrivial finding, as the lack of local symmetries makes the proof considerably
more involved. Numerical evidence for small system sizes further indicates that
sequential strategies offer no advantage over parallel ones, lending additional
support to the result.

The proof of optimality combines SDP techniques with representation-theoretic
tools. In particular, the algebra of partially transposed permutations and its block-
diagonal decomposition via mixed Schur-Weyl duality play a central role, as they
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reduce the analysis of otherwise high-dimensional operators into tractable compo-
nents. These methods allow us to demonstrate that the optimal success probability
in the two-anomaly qubit case is non-vanishing independently of the number of
devices.

6.2 Setting of the problem

We begin by introducing the mathematical framework and notation for the task
considered in this Chapter. Each device D;, with ¢« = 1,2, ..., n, implements a
unitary channel acting on a single system. A subset of £ devices is faulty, and apply
an unknown anomalous unitary transformation W, while the remaining devices
apply the expected known unitary V.

Since the action of the known unitary can be inverted, without loss of generality,
we reduce the problem to distinguishing the identity channel Z(p) := p, from the
action of the unitary

Up) :=UpU', with U=V, (6.1)

For a given subset » C {1,...,n} of size |r| = k, we define the corresponding
hypothesis as the channel

Fo() = To() @ UPH (), (6.2)

where 7 denotes the complementary set of . That is, every non-faulty device acts
trivially, while faulty devices apply the same unknown unitary U.

The anomaly-identification problem thus consists of distinguishing among the
set of channels

{F,:rc{1,....,n}, |r| =k}, (6.3)

corresponding to the N = (Z) possible locations of the faulty devices. We model
our complete lack of knowledge about the location of the anomalies by setting all
prior probabilities 7, = 1/N.

Throughout this Chapter, we use the Choi-Jamiotkowski isomorphism and the
tester formalism. For a channel ® : H;, — Hu:, its Choi matrix is

d—1
Jo =Y 1001 @ @(18){(j) € Hin ® Hous (6.4)

,5=0

where |7) is the computational basis. For notational clarity, we use the subindices
”in” and “out” (note the difference with Section 2.4, in which odd and even numbers
denote in/out subspaces).
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The unambiguous discrimination task is carried out by quantum testers, which
play for channels an analogous role to that of POVMs for states: they are collections
of positive operators {7, .}, associated with possible outcomes of the discrimination
protocol, which satisfy constraints ensuring complete positivity and causality of
the overall network (see Secs. 2.4 and 3.1.5). In this setting, the average success

probability reads
1 N
P, = / dU Z (@), (6.5)

where T, denotes the tester associated with identifying the anomaly at positions
labeled by r, and the operator F, denotes the Choi matrix of channel F,.. The average
is taken with respect to the Haar measure [CSO6, Mel24], since the anomalous
unitaries U are unknown and thus can be assumed to be uniformly distributed.

As in Chapters 4 and 5, the universality of the detection protocol is ensured by
the independence of the testers {7}, from the Choi matrices. This independence
allows us to define the effective Choi matrices F, as

s e o® (6.6)

TinTout TinTout ’

F - / AUE, = [19){(1

where |1))((1| denotes the Choi matrix of the identity channel and the subscript
indicates the corresponding bipartite systems. The matrix C'*) captures the action
of the anomalous unitaries and is given by

TinTout Tin

ck = /(W ® UZE ) 1) ((1|®*F (18* @ UZE )T AU . (6.7)
This integral admits a closed form when k£ < d

c® =Y Wgler ', d)U, (o) @U; (7)), (6.8)

o,mES)

where S}, is the symmetric group on k elements, U(0) is the unitary representation
of the permutation o € Sy, in a Hilbert space of local dimension d, and Wg(o, d)
is the Weingarten function [Wei78; CMN22]. The full derivation of this closed
form can be found in [CS06] and lies outside the scope of this Chapter. Still, some
intuition can be given: integrating over the unitary group effectively projects
the problem onto the algebra generated by permutations. The outcome is thus a
convex combination of permutation operators from the symmetric group, with the
Weingarten function providing the corresponding coefficients.
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6.3 Optimal zero-error protocol

As discussed previously, our goal is to unambiguously identify the anomalous
devices. The optimal success probability in channel discrimination is achieved using
testers. The most general implementation of a quantum tester is a sequential (or
adaptive) strategy, in which a prepared state is transformed by a quantum channel
and the output of this action can be subsequently transformed by another channel,
instead of being measured. The SDP formulation for the zero-error discrimination
of quantum channels via sequential implementation of testers reads

P, = tr(T1F, 6.9
i 2 ) o
st. tr(TIF) =0 VYr#s (6.9b)
T.>0 (6.9¢)
T+ Y T, =1,®R™ (6.9d)
trim (R(Z)) = ]liout (029 R(iil) 1= 2, oo, n (696)
try, (RY) = 1. (6.9f)

Here, each operator 7, is the tester corresponding to the hypothesis in which the
anomaly is located at positions labeled by 7, while 7% represents the inconclusive
outcome. The constraint in Eq. (6.9b) is the zero-error condition for channel identi-
fication and the rest arise from the causal relations of quantum networks discussed
in Section 2.4 [c.f. Egs. (2.19-2.23)].

6.3.1 Single anomaly

We begin by considering the case of a single anomaly, £ = 1. In this setting, the
Choi matrices { F}. } exhibit a very convenient symmetry: each F, is invariant under
the action of local unitaries U ® U* acting on the in—out pair of every bipartite
system j € {1,...,n}. Explicitly, they satisfy

N N N
Fr = (®(Ua‘m ® U}lm)) F, (@(Um ® Ufout)*) [T4dv;. (6.10)
j=1

J=1 J=1
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This symmetry follows from the fact that | 1)) ((1] lies in the algebra of partially
transposed permutations, and the Haar averaging in Eq. (6.8) for £ = 1 produces a
Choi matrix proportional to the identity operator, which itself belongs to the same
algebra (see Fig. 6.1 for a diagrammatic representation).

1, 2 1, 2
s ’ iy

| 1 |

= cv = 3|
r o2 o2

Figure 6.1: Diagrammatic representation of the two invariant—under the group
action of SU(d)—elements appearing in the Choi matrices F,. in Eq. (6.10). The two
elements define the two invariant orthogonal subspaces in Afl, ie., Ily and II;.

Without loss of generality, we can restrict our search for optimal testers to
those that respect the same symmetry. We define the projectors 1Ty = (1)) ((1]
and II; = 1 ® 1 — Ily, and consider operators of the form

(6.11)

jinjout ’

E, = ® (1s(5) o + L,(5)Ty)
j=1
where 1,(j) is the indicator function

1 if jes,
1,(§) = 6.12
() { 0 otherwise. ( )

That is, the operator Ej is a tensor product with II; in the parties that belong
to the set s and Il in the remainder of the systems. These operators form an
orthogonal basis for (.Ail)@”, the tensor product of algebras of partially transposed
permutations. The testers can thus be written as

T.= > alE,, (6.13)

Sg{17"'7n}

with a, a set of positive coefficients. The same basis also allows us to expand the
Choi matrices {F}. }, as
F.=d"*(Ey+E,), (6.14)
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where () denotes the empty set.
In this basis, the success probability in Eq. (6.92a) reduces to the simple expression

poan ] "
L=dt > ar, (6.15)
[r|=1

which we aim to maximize subject to the constraints in Egs. (6.9b-6.9f). Defining
the coefficients o, = a’ + Zm:k a’, the completeness condition becomes

T,+> T,=1,8R"W = > a,E, (6.16)
|r|=1 sC{1,...,n}

while the constraint tr,, 7 = 1, ® 7™V implies

Nout

Z Asuf{n} = Z As (617)

sC{1,...,n—1} sC{1,...,n—1}

Iterating this relation for all constraints in Eqs. (6.9¢—6.9f) we obtain that all o
must be equal, so Eq. (6.16) becomes

a) E,=al®"=1,®R", (6.18)

which fixes a = d™".

Since a; < a = d™ ", the optimal success probability is bounded by

P, <1- % (6.19)
This bound is achievable by taking 7, = d "E, for each |r| = 1, and T =
d—"1%%n — Zm:l T,.

A realization achieving this bound proceeds as follows. One prepares the
product state |¥) = |¢T)®", where |¢pT) = \/Lg >; lit) denotes the maximally
entangled state of two d-dimensional systems. The first subsystem of each copy
of |¢T) is sent through one of the devices D;, while the second subsystem is left
untouched. A local—in each bipartite system—measurement is then performed to
check whether the resulting state has projection onto |¢™) or not, corresponding to
the application of the two-outcome measurement M = {IIy, IT; }. If the outcome
”1” is obtained, the corresponding device is identified with certainty as anomalous;
if the outcome is instead ”0”, the remaining devices are tested in the same way until
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¢+~ Dl MM
B - - o] #1122 M
ﬂ L | L
¢+~ DN MM
(@) (b)

Figure 6.2: Diagrammatic comparison of (a) a generic sequential strategy and (b)
our local protocol.

the anomaly is located. If none of the local measurements clicks 17, the protocol
output is inconclusive. This realization is depicted in Fig 6.2b.

This protocol parallels the unambiguous multi-anomaly state discrimination
protocol presented in Chapter 5, but with two important distinctions: the procedure
addresses quantum processes rather than quantum states, and ancillary systems are
required here to implement the protocol. In both scenarios, the method is local, in
the sense that measurements act independently on each system—in here, bipartite
systems—and it can be applied in an online fashion, allowing the anomaly to be
detected without the need to test all devices. Furthermore, it is non-destructive:
when a device operates as intended, the output state remains undisturbed by the
measurement. Also, in the limit of large local dimension d, the success probability
approaches one. This is because the outputs of random unitaries tend to become
more orthogonal as the Hilbert space dimension increases, making the anomalies
easier to detect. The scaling behavior presents an important distinction with respect
to the universal state-discrimination protocol discussed in Chapter 5: while in the
state case the leading correction scales as 1/d, here it decreases as 1/d?. This differ-
ence is natural, since the discrimination now effectively takes place in a bipartite
subsystem of dimension d?. Finally, it is noteworthy that we have considered the
most general causal strategy for the protocol [c.f. Egs. (6.232-6.9f)]; however, in the
end, it turns out that the optimal implementation corresponds to a parallel strategy.
To the best of our knowledge, it is not known in which general tasks involving
unknown unitaries parallel implementations are sufficient and can be assumed
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beforehand. For instance, in [ODS+19], a parallel strategy suffices for the proba-
bilistic inversion of a single use of an unknown unitary, while for multiple uses,
adaptive strategies perform better. Similarly, in [SBZ19], parallel implementations
are shown to be optimal for the storage of m unitaries. In contrast, in the context of
unitary discrimination, ancillary systems are unnecessary when the unitaries are
known [Aci01; SLH+24]. In contrast, in the setting of unknown unitaries studied
here, we prove that the optimal protocol is parallel and requires ancillary systems
(see Fig. 6.2b for a diagrammatic comparison with the most general causal strategy).

6.3.2 Two anomalies

We now turn to the more challenging scenario of two anomalies. In the single-
anomaly scenario of the previous Section, the symmetry of the Choi matrices
allowed us to restrict the search for optimal testers to a small subspace. That
symmetry was local and factorized across all parties, which greatly simplified both
the analysis and the construction of optimal protocols for arbitrary local dimension
d and for the most general causal strategies.

This situation changes when considering two anomalies, k = 2. Here, the Choi
matrix of the two anomalous channels takes the form

1

(2) — _
¢ d?—1

1 1
<:H-in X ]]-out - E :H-in X Pout - E Pin X I]-out + Pin X Pout) ) (620)

where P = (|1))((1])]3 denotes the unitary representation of the permutation
operator: P|i)|j) = |j)|¢) (see Fig. 6.3 for a schematic representation of the Choi

matrix).
1 2,3 4 1 2.3 4 12134 1213 4
! 1 ! 1 ! l
! d l S d l !
[ ) e o [ ] ) [ [ ] e | |
r 23 4 r 23 4 r 23 e 1234

Figure 6.3: Schematic representation representation of the Choi matrix C'?)
elements of A7,

Unlike in the single-anomaly case, this matrix does not possess the same local
symmetry on each bipartite subsystem. Instead, the symmetry of the hypotheses is
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given by the action of a global tensor product unitary, namely

®n *n
F = (Uin ® U;;ut) F, (an ® Uglt) v, (6.21)

which does not factorize across sites. As a consequence, the space of symmetric
operators compatible with this invariance is larger—in fact, it corresponds to the
whole algebra of partially transposed permutations Afm—and the simplifications
available in the single-anomaly analysis no longer apply here.

Because of this broader symmetry class, finding the optimal protocol for general
d and general testers becomes substantially more challenging. In what follows, we
focus on the qubit case (d = 2) and restrict the optimization to parallel quantum
testers. In this setting, the symmetry constraints and feasibility conditions in the
SDP take a simpler form, allowing for a fully analytical solution. More importantly,
for k < n/2—a natural regime given that k represents the number of anomalies—
numerical checks for small values of n (n = 4 and n = 5) show that parallel and
sequential strategies yield the same optimal success probability. While a formal
proof is still missing, the evidence for small cases suggests that, in this scenario,
sequential strategies offer no advantage over parallel ones. This makes the parallel
setting a justified choice for our analysis. With these restrictions in place, we
now show that the local protocol introduced for the single-anomaly case remains
optimal when d = 2 and k = 2.

The proof proceeds in two steps. First, we verify that the proposed testers form
a feasible solution to the primal SDP. Then, we construct a suitable dual ansatz
to demonstrate strong duality, which allows us to establish the optimality of the
protocol. The explicit proof will be carried out for the case n = 4, and we will use
this result for proving optimality for arbitrary values of n.

The protocol is defined by testers of the form 7}. = dinE,., which yields a success
probability \ ,

P = %tr(C’@)H?z) = % = g . (6.22)

As discussed in Section 6.3.1, these testers satisfy all constraints in Egs. (6.9a—
6.9¢), as the parallel-comb setting is a special case for the adaptive implementation.
To prove optimality, we construct an ansatz for the dual problem whose value
matches that of the primal.

The dual formulation for parallel testers follows from the Lagrangian method
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and resembles the one presented in Section 3.1.5

{r;nyn} Y (6.23a)

st. Y —nF +) v, Fl>0Vr (6.23b)
s#r

Yyl — trowY >0 (6.23¢)

y =Yt (6.23d)

yeR (6.23€)

Ve € R Vo s (6.23f)

The constraint in Eq. (6.23¢) suggests that Y should be chosen to saturate the
inequality, with tr Y = y d", and y = 5/8. A natural starting point is

dn
V== VEEVT. (6.24)

|r|=2

This choice satisfies Eqs. (6.23¢—6.23¢), but violates the constraint in Eq. (6.23b)
for any real coefficients {v,}. This violation is known in the literature for the
case of zero-error inference (see, e.g., [DLB+25]). As anticipated in Section 3.1, the
infimum of the dual problem is finite but not attainable—yet strong duality still
holds, since feasible dual points can be constructed arbitrarily close to it. Note that
Y is invariant under bipartite system permutations; therefore, it is sufficient to
consider a fixed r in Eq. (6.23b) to check feasibility for all r.

To prove strong duality, we consider the matrix ¥ — %Fr + ZS# vy F, for
a fixed set of anomalies r, which by construction lies in the algebra of partially
transposed permutations. This property, conveniently, allows us to use Schur-Weyl
duality and rewrite the operator in a block diagonal form

1 =A
Y — S+ > v = @ 1; ®E), (6.25)
hr e,

where ) labels the irreps of the joint action of Aj, and SU(2). These labels are
usually identified with pairs of partitions (A, Ag) that fulfill |Az| + [Ag| < 2,
depicted in Fig. 6.4 (see Section 3.2.4 for a detailed discussion). However, as every
element of the left-hand side of Eq. (6.25) contains a double contraction, i.e., terms of
the form | 1))((1|®2, only arestricted set of irreps contributes. In fact, non-vanishing
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components appear exclusively in partitions ((2), (2)), ((1), (1)), and (&, @). This
follows from the way contractions affect the partitions: each contraction effectively
reduces the left Young diagram by one box, thereby restricting which irreps can
survive (see e.g. [GBO23]). As a consequence, all other irreps vanish and can be
discarded. This observation is the key to the dimensionality reduction, although the

operator formally lives in a Hilbert space of dimension 2%, its relevant information
A

ro

is confined to the direct sum of just three components in the multiplicity space, =
which makes the subsequent analysis tractable.

([T, T T) (L0, T)

(L0, E10) (L, (2,9)

Figure 6.4: Pairs of Young diagrams associated with the irreps of the joint action
of SU(2) and A7 ,. The first row contains the spaces in which the elements of
Eq. (6.25) have vanishing representation, while the second row contains the spaces
in which the representation is non-trivial.

Another important observation is that, due to the symmetry of the constraint

in Eq. (6.25), we can set v, = v for every s # r. It is easy to see that for sufficiently

large values of v, the operators =(2:2) gpg =M-M)

7’®)

are positive semidefinite. The
— (< . . .
case of =\ is more complex, and turns out that all its eigenvalues are non-

negative, except for one, which behaves as — # +0 (1/_2), where k() is a constant

of O(1).
This allows us to introduce the new dual variables
1 €
Y, = ~ %:k VT.F.A/T, + ﬁlom ® Lin, (6.26)

with € ~ ﬁ:), and y. = 5/8 + €. This choice of dual variables constitute a feasible
instance of the SDP for sufficiently large values of v. Taking the limit ¢ — 0%
(v — o0) yields a dual value arbitrarily close to 5/8. Since the primal optimum
cannot exceed the dual infimum, this establishes strong duality and proves that, for
qubits with n = 4 and k = 2, the optimal success probability is P, = 5/8.

For an arbitrary number of devices n, the local protocol attains a constant
success probability P, = 5/8. To prove its optimality, we now show that this value
is, in fact, an upper bound—which our protocol saturates.

Let P’(n) denote the optimal success probability for n devices, and suppose
that an external agent provides the additional information that the two anomalous
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devices are guaranteed to be among a fixed subset Dy of four devices. We denote
the optimal success probability for this scenario by P (n|D,). Clearly, knowing
D, can only help, so 3

P (n) < P (n|Dy). (6.27)

Note that the hypotheses for this scenario are exactly those of n = 4 tensored
by |1))((1|®=%), which represents the Choi matrices of the remaining devices.
This extra factor carries no distinguishing information—as it is identical for all
hypotheses—so both optimal success probabilities are equal: P*(n|D,) = P*(4).

Combining these observations with the fact that the local protocol achieves
P,(n) = 5/8 for any n gives

< Pi(n) < =, (6.28)

o | Ut
oo | Ut

which proves the optimality of the protocol for all n. [

6.4 Discussion

In this Chapter, we have studied the task of zero-error discrimination of anomalous
unitary channels. To derive the optimal protocols, we have worked in the quantum
networks formalism, using quantum testers to discriminate between the hypotheses,
which, in contrast with previous chapters, are now defined by the Choi matrices of
the quantum channels applied by the devices. By exploiting the symmetry of these
matrices, we reduced the search for optimal testers to a smaller set, generated by
the algebra of partially transposed permutations.

We first examined the case of a single anomalous device, k = 1. In this scenario,
the symmetry of the hypotheses is particularly convenient, as the corresponding
Choi matrices are invariant under local transformations of the form U @ U* on each
input-output pair. This property reduces the problem to a highly symmetric setting,
from which we derived an analytic expression for the optimal success probability,
P,=1- dl—g, valid for any local dimension d and any number of devices n. This
bound is attained by a local protocol in which the observer prepares n copies of a
maximally entangled state, sends a copy through each device, and then performs
local projective measurements to determine whether a device has performed an
anomalous transformation.

In the second part of the Chapter, we investigated the case of two anomalies,
k = 2. Here, the problem becomes more challenging. The Choi matrices no longer
share the same local invariance as in the single-anomaly case, but are instead
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invariant only under global transformations of the form U ® U* acting simul-
taneously across all parties. This broader symmetry class within the algebra of
partially transposed permutations enlarges the space of feasible testers, making the
optimization considerably harder. We then restrict to the qubit case and to parallel
quantum testers, as numerical checks for small system sizes indicate that sequential
strategies do not outperform parallel ones. Within this framework, we proved
that the local protocol introduced in the single-anomaly case remains optimal also
for two anomalies. This proof depend on the reduction of the highly-dimensional
operators into more manageable components with the mixed Schur-Weyl duality,
making the problem both numerically and analytically tractable. Working in this
representation, we established optimality through SDP, the protocol for two anoma-
lies in the qubit case yields a success probability P, = 5/8, independently of the
number of devices n.

The detection strategy presented here closely resembles the unambiguous identi-
fication of anomalous states discussed in Chapter 5. In both cases, the protocols are
local, non-destructive, and can be applied in an online fashion. The main difference
lies in the objects being discriminated and in the implementation: in Chapter 5, the
anomalies correspond to prepared quantum states, while here they are quantum
processes. This distinction required the use of the Choi-Jamiotkowski isomorphism
and the quantum network formalism, which provide the appropriate framework
for channel discrimination tasks.

In line with the other discrimination tasks studied in this thesis, the protocols
derived here are universal in the sense that they make no assumptions about the
anomalous unitary transformations. They are valid for any anomalous unitar y
channel, without tailoring the protocol to a specific case. However, it is notewor-
thy that we do not observe the learning behavior found in Chapters 4 and 5. In
those tasks, the protocol could effectively learn from the reference—yet unknown—
systems. By contrast, in the problem addressed here, the reference systems are
already known, and the unknown objects are precisely the anomalies. As a result,
no learning behavior is observed, since the anomalies do not provide any structure
from which the protocol can gain information. This is consistent with the universal
setting analyzed in Chapter 5, where the protocol asymptotically extracts informa-
tion from the reference states—representing the majority of the systems—but not
from the anomalies.

Beyond the theoretical interest, these results may find application in the ver-
ification of quantum devices. In particular, anomaly-detection protocols of the
kind studied here could be adapted to certify the correct functioning of quantum
gates or subroutines in a quantum circuit, where faulty components correspond to

98



6.4. DISCUSSION

anomalous unitaries. The universal character of the protocol is especially appealing
in practice, as it avoids the need for a specific tailoring with respect to the faults,
whose specific description is rarely available to the experimentalist.
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Outlook

giQ—

In this thesis I have presented three distinct problems that together form a coher-
ent narrative on universal discrimination of quantum states and processes. The
main results have already been summarized in the Introduction 1, and each of the
Chapters 4, 5, and 6 has concluded with a discussion of its specific contributions.
In this final Chapter, the focus shifts to a broader perspective and I outline possible
directions for future research and highlight open problems that emerge from the
questions addressed throughout this thesis.

The problem of edge detection in Chapter 4 can be extended in several ways. A
very natural extension is to consider higher-dimensional arrangements of quantum
systems. While this generalization may appear conceptually straightforward, its
implementation poses significant challenges. In particular, the symmetry tech-
niques that are effective in one dimension do not translate directly to two- or
three-dimensional settings, and even the notions of "region” or "boundary” are not
well defined for quantum systems, unlike in classical spatial domains. Another
natural extension is to consider sequences with more than two states that generate
multiple edges, which introduces additional complexity in the design of discrim-
ination protocols and the definition of optimal strategies. Further progress may
also be achieved by exploring alternative figures of merit, for instance, criteria
that penalize outcomes according to their distance from the true edge rather than
through a simple yes/no assessment, or some other criteria [VM19]. In addition,
it is worth studying restrictions to local strategies—similar to those studied in
Chapters 5 and 6—as means to reduce the resources required by the protocols;
possibly measuring the states in an online fashion, similar to the work presented
in [SMM18]. Apart from these extensions, edge detection also connects with the
broader family of change point problems [SBC+16; SCM17], from which edge
detection formulation originally arose. Natural generalizations of these concepts
have already been explored in the literature, such as change point detection for
Hamiltonian dynamics [Nak23] and unambiguous change point identification for
quantum channels [Nak25], which effectively extend edge detection protocols to
channel discrimination. In this context, two directions remain largely unexplored:
the development of unambiguous protocols for universal edge detection in quantum
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states, and the construction of universal strategies for edge detection of unknown
quantum channels.

In Chapter 5 I presented the problem of identification of anomalous states.
This research project also leaves open directions for further research. A first open
question is the determination of an optimal unambiguous protocol in the universal
scenario where both the reference and the anomalous states are unknown. Another
natural extension is to move beyond state discrimination and consider quantum
channels. In particular, in [SLH+24] results for the case of known unitaries, and
Pauli and amplitude damping channels are presented, but restricted to the single-
anomaly scenario. Extending these results to an arbitrary number of anomalies, as
well as to universal settings—in which not only the anomalies but also the reference
channels or unitaries are unknown—would be of significant interest.

These possible extensions are not only of theoretical interest but also connect
directly to possible applications. Quantum computing relies on the precise prepara-
tion of initial states and their controlled evolution. At the start of any computation,
qubits must be initialized in the same fixed state, and any imperfection at this
stage can propagate through the circuit, ultimately compromising the final output.
The techniques developed in Chapter 5 provide a way to certify the computational
resources at this input level by identifying potential malfunctions in the preparation
step. In addition to state preparation, the results of Chapter ¢ extend this verification
to the dynamical phase of quantum computing. Since quantum circuits are built
from unitary gates, the task of detecting anomalous unitaries directly aligns with
the need to ensure that circuits behave as intended and produce faithful outputs.
The universality of the protocols developed here offers a distinct advantage: because
they are not tailored to any specific malfunction, they can be applied in practice to
inspect quantum circuits without requiring prior knowledge of the faults.

Beyond such possible applications, there are also fundamental research direc-
tions. A further line of research concerns the study of local strategies for universal
protocols. Restricting discrimination protocols to local operations may allow the
observer to reduce the resources required by the protocol and enable more practical
implementations. It remains to be understood whether the performance of such
strategies would be comparable to the global case, or even non-vanishing. Lastly,
the association scheme techniques introduced in Chapter 5 could potentially be
applied to other problems in quantum state discrimination. The advantage offered
by the underlying symmetries of such schemes provides a powerful analytic tool,
but the main challenge lies in identifying the relevant association scheme for each
problem. For instance, in [SMM+19] the problem structure corresponded to the
Hamming association scheme, although a different set of techniques was employed
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there. This leaves the door open for association scheme techniques in other relevant
scenarios in quantum state discrimination.

The universal results presented in Chapter 6 also give rise to a number of open
questions. Among them, a complete analytical proof that parallel strategies achieve
the same success probability as sequential ones is (still) missing, the extension of
the analysis to an arbitrary number of anomalies, and the generalization of the
multiple-anomaly setting to arbitrary local dimensions. Beyond these challenges,
several directions appear as natural continuations of this work. One is the gener-
alization of the universal setting to include not only the anomalous but also the
reference unitaries, in line with the scenario considered in Chapter 5. Another is
to move beyond unitaries and explore the case of general quantum channels in
the universal setting, but this seems more involved a priori. Also, the extension of
this problem to classification tasks, in which both the number and the positions
of the anomalies are arbitrary could be of interest, previous results on this line
are presented in [SMM+19] for unknown states. Lastly, it is worth mentioning
related works that address universal protocols for unknown unitaries in contexts
different from discrimination tasks, such as the inversion of an unknown uni-
tary transformation [ODS+19] or the storage and retrieval of unknown unitary
channels [SBZ19].
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The method we employed to calculate the asymptotic success probability was pre-
viously discussed in Section 4.1.1. Here, we present some missing steps, including
intermediate expressions (many of which are organized in tables), to assist inter-
ested readers in replicating our findings. We use the variables j = N/2 — \ and
m = N/2 — w throughout the appendix. While denoting angular momentum
and magnetic quantum number, respectively, only for d = 2, the use of 7 and m
in deriving the asymptotic success probability has proven notably advantageous,
resulting in simpler and more transparent expressions also for d > 2.

The entries of the Gram matrix, G := G*, where we drop the label ) to simplify
the notation, are given in Eqgs. (4.10) and (4.11). They can be expressed as follows:

N_ N

Gy o 2t i) ~
——|—]~|—1 d+k: 1 d+k 1 d+k'—1\ (d+k' —1
VEEDEED T

where the last (d- 1ndependent) factor can be clearly identified with the overlap
(QA\Q)‘J while the remaining (d-dependent) factors correspond to the priors 7;
and 7). Here k = N — k, k' = N — k', and the range of k and k' is (N/2) — j <
kE < (N/2) + j. We assume k < k' (k' < k); for k' < k, we simply exchange k
with k' and k with &/, i.e., G is symmetric. The Gram matrix is also persymmetric,
meaning it is symmetric with respect to the anti-diagonal. This implies that G is
invariant under the exchange k, k' < k, k'

The scaled Gram matrix, used to derive the asymptotic success probability, is

[cf. Eq. (4.27)]:
(IV/2)?

G = d—1)(2j + 1)

(A.2)
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The inverse of G is tridiagonal (because G is semiseparable). Its diagonal and
super-diagonal entries are respectively given by the sequences:

ST 5 3G+ +5 (F+1) —2m?
e g B

(A3)

(=) <m <) and

— /& —m)( +m+1(] m)(j+m+1)
super 3] ‘Bin—l—l \/ ) (A4)

E—)E+i+)
(=7 <m < j—1),where
; 5t G9! G ) E—m+d—1)! E+m+d—1)!
" (NG - +d—2) T +j+d— 1) E—m)! §+m)!

(A.5)

As explained in Section 4.1.1, we introduce a scaled version of j, defined as

x = j/(N/2), and compute the Maclaurin series expansion of the joint probability

P(z) = PSRM (indices are dropped to avoid clutter) up to a high order, 2R, in z.
At the leadmg order in 1/N, the joint probability is given by the series:

gP(x) = 2 a,x?". (A.6)

The (exact) coefficients a, have been computed up to r = 15 or r = 18, depending
on d, using Wolfram Mathematica 13.3, with the corresponding code available
in [LGS+25b]. For d = 2, 3,4, and 8, they are collected in Tables A.1-A.4.

The Padé approximants [Bak64] (referred to as Padés hereafter) to (N/2) P(z)
can be computed from those tables, as outlined in Section 4.1.1. Once again, we
relied on Mathematica to perform this tedious calculation. Diagonal Padés, of the
form shown in Eq. (4.32) with n = m, have proven to deliver lower uncertainly and
better stability for the problem at hand. We express them as:

Zizo Az

i]323(*%) = 1+ 28—1 B,z

(A7)
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l A21—1 agy
1 2 0
1 1
2 ~30 ~ 35
3 229 _ 101
10080 5544
4 5725 5111
384384 411840
5 554293 2137221
52715520 236487680
6 249919231 76576105
31783944192 11076222976
7 10870862389 8413125001
1772195676160 1533630873600
8 1506595197973 .
304973453721600

Table A.1: Coeflicients a, of the MacLaurin series of (N/2) P(x) defined in Eq. (A.6)

for d = 2.

l a21—1 agy
8
1 4 —3
1
2 —1E 0
3 3
3 560 516
4 739 307
192192 102960
5 1044347 874097
448081920 472975360
6 23645057 5047729
15891972096 4153583616
7 891227339 168502693
886097838080 200038309600
5 3749131111 9600936701
5258162995200 15756961775616
9 1398178715421307 .
2662296261608079360

Table A.2: Coefficients a, of the MacLaurin series of (N/2) P(x) defined in Eq. (A.6)

for d = 3.

107



ASYMPTOTIC RESULTS OF QUANTUM EDGE DETECTION

l a21—1 ag;
1 6 —8
31 3
2 i 35
9
3 o5 0
4 125 25
128128 27456
5 3875 51075
5431296 94595072
6 393277 3454141
963149824 11076222976
7 125777259 145143689
521234022400 766815436800
8 15293179829 249322259
101657817907200 2059733565440
9 __174838753670533 .
1774864174405386240

Table A.3: Coefficients a, of the MacLaurin series of (N/2) P(x) defined in Eq. (A.6)
for d = 4.

l a21—1 agy
1 14 —56
3353
2 30 127
3 120347 11675
1440 396
4 226243 35777
54912 411840
5 7310429 119175
896163840 94595072
6 1121953 83349
4540563456 1582317568
7 12326391 O
1265854054400
8 20469449 61408347
11295313100800 35015470612480
9 24207914731 .
17927920953589760

Table A.4: Coefficients a, of the Maclaurin series of (N/2)P(z) defined in Eq. (A.6)
for d = 8.

For each d, we have analyzed the behavior of the sequence Py(z), Py(x),. ..
that can be derived from Tables A.1-A.4 and concluded that it exhibits convergence

108



and stability across the entire range 0 < x < 1. From our analysis, we estimated
the corresponding asymptotic success probability by integrating the highest-order
Padé of the sequence, Py;gn(), as in Eq. (4.31):

1
P, ~ po(d) ~ / Phign(z)dx. (A.8)
0

These estimated values correspond to the lower margins provided in the second
column of Table 4.1. For completeness, Tables A.5-A.7 gather the coefficients of the
highest-order diagonal Padés for d = 2, 3, 4. However, for higher dimensionality,
the Padés do not seem to offer any improvement over the Maclaurin series expansion,
and they are omitted here.

Alternatively, one could find the primitive of Eq. (A.6), represented by the series

Qx) =) 2a——71‘—1x27"+1’ (A9)
r=1

and then, to estimate the asymptotic success probability Ps ~ po(d) = Q(1), ap-
ply Padé acceleration to the truncated series approximation obtainable from Ta-
bles A.1-A.4. Note that Q(z) is an odd function, preventing the construction of
diagonal Padés. For this reason, we examine the behavior of the Padé sequence
{Q31(2), Q3" () },,, where Q7 (x) = [n/m]o(x). This sequence also exhibits
rapid convergence and stability in the unit interval and, consequently, we estimate
the asymptotic success probability from its highest-order Padé, Qy;gn, as

PS ~ po(d) = thgh(l)- (AIO)

The results are the upper margins shown in the second column of Table 4.1.

We estimate the accuracy of this method by computing the difference between
the upper and lower margins obtained with the two described alternatives. In all
cases, this yields an estimated uncertainty of less than 0.03%, which we see as a
clear indication of the consistency of our Padé analysis.

For a local dimension of around 20 or higher, certain Maclaurin coefficients
exhibit significant growth, alternating signs, and the series becomes unstable. While
Padé approximants offer some assistance in the analysis, the estimated accuracy
diminishes, requiring a different approach to obtain precise results for the success
probability.
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r A, B,

1 2. —3.47961

2 —6.95921 4.68403

3 9.33473 —3.03572

4 —5.98403 0.951594

5} 1.82375 —0.125282

6 —0.22237 0.00507854
7 || 0.00725633 | —0.0000178728

Table A.5: Coeflicients of the Padé approximant P14(x) for d = 2.

r A, B,

1 4. —1.56531

2 —8.9279 —0.406743

3 2.48052 1.89668

4 8.77573 —1.14072

5 —9.58824 0.240021

6 3.87205 —0.0158881
7 || —0.633517 | 0.000108498
8 0.0319437 | 0.00000116197

Table A.6: Coefficients of the Padé approximant P¢(x) for d = 3.

r A, B,

1 6. —2.7713

2 —24.6278 2.85673

3 42.4108 —1.33735

4 —39.3833 0.276189

) 20.9823 —0.0205167

6 —6.2558 0.000174461

7 0.928717 0.00000312601
8 || —0.0502589 | 0.0000000704169

Table A.7: Coefficients of the Padé approximant P4(x) for d = 4.
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For asymptotically large local dimensions, assuming additionally that d > N,
the Gram matrix becomes

(2j + 1)VRFEE!
Grr = &

TN Frie) A

where k < k. One can follow a similar procedure as outlined to obtain an expansion
analogous to Eq. (4.29). Its first terms are given by:

2(2j+1)?
p, = 22+ {1_

2(27%+25+3)  4(52+7+3)(452+45+5)
e + +

3N 15N?

(A.12)
A glimpse at the few terms presented in this equation already reveals that in
this regime, the appropriate scaling of j to determine the asymptotic behavior is
y = j/+/N/2. In this case, the Maclaurin series corresponding to the leading term
in1/N is:

gp(y) = ; % = 2yF(y), (A-13)

where F'(y) is identified as Dawson’s integral, defined as [AS438]:
2 ¥ 2
F(y) :=e™" / e’ dt. (A.14)
0

The asymptotic probability of success is computed as Ps ~ 21/N/2 fol xF ( VvV N/2 a:) dx
(since y = y/ N/2 x), which approaches unity as N tends to infinity.
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