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The struggle itself towards the heights is enough
to fill a man’s heart. One must imagine Sisyphus
happy.

— Albert Camus, The Myth of Sisyphus
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Resum

Aquesta tesi està dividida asimètricament en dues parts: la primera desenvolupa
una teoria per transport òptim quàntic, la segona estableix una regla de la cadena
per l’entropia relativa quàntica. Aquests dos temes, aparentment independents,
es connecten en aquesta tesi mitjançant la noció d’estats en el temps (“states over
time”). Aquest concepte té l’objectiu de caracteritzar les propietats de l’evolució de
sistemes quàntics, en contrast amb el concepte de “estats en l’espai”, més familiar,
que descriu les correlacions entre estats espacialment separats. Descriure correla-
cions quàntiques en el temps resulta ser considerablement més subtil i intricat,
cosa que requereix noves estructures matemàtiques per capturar la composició i
transformació d’aquests sistemes.

En la primera part, dedicada a transport òptim quàntic (“quantum optimal trans-
port”), busquem un anàleg quàntic a la teoria clàssica mitjançant la identificació
la codificació adequada dels elements del problema—en particular, l’estat inicial
(una matriu densitat) i els plans de transport admissibles (canals quàntics)—en un
sol objecte matemàtic anomenat acoblament (“coupling”). Comencem amb una
formulació ingènua, inspirada per la formulació clàssica, basada en l’ús d’estats
quàntics conjunts com a acoblament. Desenvolupem aquest acoblament i identi-
fiquem les seves peculiars (indesitjables) propietats per motivar la nostra cerca amb
un enfocament diferent.

En el nou enfocament, que constitueix el tema principal d’aquest treball, busquem
un acoblament bilineal que permeti la composició natural de canals, per tal d’obtenir
una noció consistent d’estat en el temps. Amb aquesta restricció, el producte de
Jordan emergeix com a noció fı́sicament motivada d’acoblament. Partint d’això,
definim el cost òptim de transport quàntic com la minimització d’un funcional de
cost sobre tots els canals admissibles que connecten els dos estats i estudiem les
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seves propietats fı́siques i matemàtiques. Parem especial atenció a costos invari-
ants sota accions unitàries, cosa que permet simplificar i resoldre analı́ticament
el problema per estats que commuten o amb altres estructures. Aquests exemples
revelen profundes diferències estructurals entre les nocions clàssiques i quàntiques
de transport òptim.

En la segona part, dedicada a regles de la cadena per l’entropia relativa quàntica,
revisitem una de les mesures de distingibilitat més fonamentals en teoria de la
informació quàntica, que destaca per la seva significança operacional en tests
d’hipòtesi. En teoria de probabilitat clàssica, l’entropia relativa compleix una regla
de la cadena que descompon el canvi total en entropia relativa sota l’acció de dos
processos estocàstics en una mitjana divergències de les distribucions puntuals sota
l’acció dels processos. Tanmateix, en el cas quàntic només es coneixien versions
asimptòtiques, regularitzades d’aquesta regla de la cadena.

En aquesta obra, derivem dues regles de la cadena quàntiques basades en un
sol sistema. La primera generalitza la noció clàssica de distribucions puntuals a un
conjunt d’estats quàntics construı̈ts per l’acció d’operadors de mesura sobre estats
en el temps. La segona manté projectors ortonormals de rang u, però imposa una
condició suficient que restringeix la generalitat de l’equació. Junts, aquests resultats
mostren que és possible obtenir regles de la cadena significatives en el règim d’un
sol sistema, però també ressalten els obstacles fonamentals a una generalització
total i la necessitat per desigualtats més ajustades.



Abstract

This thesis is divided asymmetrically into two main parts: the first develops a
framework for quantum optimal transport, and the second establishes chain rules for
the quantum relative entropy. These two apparently unrelated topics are connected
in this thesis by the unifying notion of states over time. This concept aims at
characterising the properties of quantum systems as they evolve, in contrast to
the more familiar“states over space” that describe correlations between spatially
separated subsystems. Describing quantum correlations across time proves to be
considerably more subtle and intricate, requiring new mathematical structures to
capture their composition and transformation.

In the first part, devoted to quantum optimal transport, we seek a quantum
analogue of the classical theory by identifying an appropriate encoding of the
problem’s elements—namely, the initial state (a density matrix) and the admissible
transport plans (quantum channels)—into a single mathematical object called a
coupling. We begin with a naive, classically inspired formulation based on joint
quantum states as a coupling. We develop this coupling and note its peculiar
(undesirable) issues to motivate our search for a different approach.

In the new approach, which constitutes the main topic of this work, we seek a
bilinear coupling that allows for the natural composition of channels, leading to a
consistent notion of a state over time. From this requirement, the Jordan product
emerges as a physically motivated notion of coupling. On this basis, we define a
quantum optimal transport cost as the minimisation of a cost functional over all
admissible channels connecting two quantum states and study its mathematical and
physical properties. Special attention is given to unitarily invariant costs, which
allow for simplifications and fully analytical solutions for commuting or otherwise
structured states. These examples reveal deep structural differences between the

iii



classical and quantum notions of optimal transport.
In the second part, devoted to chain rules for the quantum relative entropy,

we revisit one of the most fundamental measures of distinguishability in quantum
information theory, notable for its operational significance in hypothesis testing.
In classical probability theory, the relative entropy satisfies a chain rule that decom-
poses the total decrease in relative entropy under a pair of stochastic maps into an
average of pointwise divergences between mapped distributions. In the quantum
setting, however, only asymptotic, regularised versions of this rule were previously
known.

In this work, we derive two single-letter quantum chain rule inequalities. The
first generalises the classical notion of pointwise distributions to an ensemble of
quantum states constructed from the action of measurement operators on states
over time. The second retains orthonormal rank-one projectors but imposes a
sufficient condition that restricts its full generality. Together, these results show
that meaningful single-letter quantum chain rule inequalities are possible, while also
highlighting both the fundamental obstructions that prevent a full generalisation
of the classical case and the need for tighter inequalities.



Resumen

Esta tesis está dividida asimétricamente en dos partes: la primera desarrolla una
teorı́a para el transporte óptimo cuántico, la segunda establece una regla de la cadena
para la entropı́a relativa cuántica. Estos dos temas, aparentemente independientes,
se conectan en esta tesis por la noción de estados en el tiempo (“states over time”).
Este concepto tiene el objetivo de caracterizar las propiedades de la evolución
de sistemas cuánticos, en contraste con el concepto de ”estados en el espacio”,
más familiar, que describe las correlaciones entre estados espacialmente separados.
Describir correlaciones cuánticas en el tiempo resulta ser considerablemente más
sutil e intrincado, lo que requiere nuevas estructuras matemáticas para capturar la
composición y transformación de estos sistemas.

En la primera parte, dedicada al transporte óptimo cuántico (“quantum optimal
transport”), buscamos un análogo cuántico a la teorı́a clásica mediante la identifi-
cación de la codificación adecuada de los elementos del problema — en particular, el
estado inicial (una matriz densidad) y los planes de transporte admisibles (canales
cuánticos) — en un solo objeto matemático llamado acoplamiento (“coupling”).
Comenzamos con una formulación ingenua, inspirada en la formulación clásica,
basada en el uso de estados cuánticos conjuntos como acoplamiento. Desarrollamos
este acoplamiento e identificamos sus peculiares (indeseables) propiedades para
motivar nuestra búsqueda con un enfoque diferente.

En el nuevo enfoque, que constituye el tema principal de este trabajo, bus-
camos un acoplamiento bilineal que permita la composición natural de canales,
para obtener una noción consistente de estado en el tiempo. Con esta restricción, el
producto de Jordan emerge como una noción fı́sicamente motivada de acoplamiento.
Partiendo de esto, definimos el costo óptimo de transporte cuántico como la mini-
mización de un funcional de costo sobre todos los canales admisibles que conectan
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los dos estados y estudiamos sus propiedades fı́sicas y matemáticas. Prestamos
especial atención a costos invariantes bajo acciones unitarias, lo que permite sim-
plificar y resolver analı́ticamente el problema para estados que conmuten o con
otras estructuras. Estos ejemplos revelan profundas diferencias estructurales entre
las nociones clásicas y cuánticas de transporte óptimo.

En la segunda parte, dedicada a reglas de la cadena para la entropı́a relativa
cuántica, revisamos una de las medidas de distinguibilidad más fundamentales en
teorı́a de la información cuántica, que destaca por su significancia operacional en
tests de hipótesis. En teorı́a de probabilidad clásica, la entropı́a relativa cumple una
regla de la cadena que descompone el cambio total en entropı́a relativa bajo la acción
de dos procesos estocásticos en un promedio de divergencias de las distribuciones
puntuales bajo la acción de los procesos. Sin embargo, en el caso cuántico solo se
conocı́an versiones asintóticas, regularizadas de esta regla de la cadena.

En esta obra, derivamos dos reglas de la cadena cuánticas basadas en un solo
sistema. La primera generaliza la noción clásica de distribuciones puntuales a un
conjunto de estados cuánticos construidos por la acción de operadores de medida
sobre estados en el tiempo. La segunda mantiene proyectores ortonormales de
rango uno, pero impone una condición suficiente que restringe la generalidad de
la ecuación. Juntos, estos resultados muestran que es posible obtener reglas de la
cadena significativas en el régimen de un solo sistema, pero también resaltan los
obstáculos fundamentales a una generalización total y la necesidad de desigualdades
más ajustadas.
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1
Introduction

Consider the relation
p(x, y) = p(y|x)p(x), (1.1)

connecting the joint distribution of two variables with the marginal and conditional
distributions. This classical equation, usually seen as a step to the proof of Bayes’
theorem, a more common form of the same result, provides a significant insight
into classical probabilities. Namely, consider an initial probability distribution p(x)
and a stochastic map p(y|x). Can we possibly obtain a single object that encodes
this? Of course, we could just use the Cartesian product (p(x), p(y|x)), which is
somewhat a single object. Eq. (1.1) not only answers this question, it gives meaning
to this object: the product yields a joint probability distribution on the joint space.

But this is not the only interpretation of p(y|x) and Eq. (1.1). Given a joint
probability distribution p(x, y) we can then recover p(y|x) and p(x) from Eq. (1.1).
In this case p(y|x) is not a stochastic map, but rather a way to update our knowledge
of the probability distribution of y when obtaining information about the state of x.

For a simple example, consider someone we meet regularly wears socks with
two properties: colour and length. We know that someone has three pairs of socks
that they randomly wear with equal probability: red and long, red and short and
blue and long. We now know the joint distribution. Moreover if we can observe
that they are wearing blue socks one day we can then guarantee that the socks will
be long, p(long|blue) = 1. There is no map here, not physically that is, just a way
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for an observer to process information and make better predictions upon obtaining
new knowledge.

Conversely, consider a sock factory. We have a machine that is provided with
yarn of two possible colours, red and blue, and then selects whether to make a long
or short sock with it with an input dependent stochastic maps. With the correct
choices of inputs and maps, we can recover through Eq. (1.1) the distribution from
the previous example.

This two examples use the same objects in fundamentally different ways, but
Eq. (1.1) stays true regardless. It is known that this is not true in quantum mechanics.
To be more precise, a joint state ω will have a marginal TrB [ω] = ρ, but it is now
unclear how we can recover a map from this pair of objects. Similarly, if we start
with a state ρ and a map E , it is unclear how or if we can obtain a joint state.

These questions have been the subject of study over the last 20 years in works
such as [Lei06; LS13; HHP+17; FP22]. We will refer to the quantum generalisations
of p(y|x)p(x), as it is done in [HHP+17], as states over time. The main contribution
of this thesis has been to take these results on states over time and apply them to
two different topics: optimal transport and entropy inequalities.

Generalising the theory of classical optimal transport to quantum states was
the initial motivation of this work. Classical optimal transport provides a powerful
toolbox for defining distinguishability measures between probability distributions
that reflect the underlying metric structure of the space in which they are defined.
Extending this idea to quantum systems is particularly appealing, as it enables
the construction of distance measures between states that go beyond the Hilbert
space structure. In this way, one can incorporate physically meaningful notions of
separation, such as energy, or informational measures like the Hamming distance
between bit strings [Ham50]. For instance, in Hilbert space, two spatial wave
packets with disjoint supports are considered maximally distant, regardless of how
close or far their supports are in real space. By contrast, an optimal-transport-based
notion of distance would naturally reflect their physical spatial separation.

The question of how to represent quantum states over time arises naturally
from the generalization of couplings in classical optimal transport. In the classical
setting, the notion of a coupling between two distributions p(x) and p(y)—a joint
distribution p(x, y) whose marginals are p(x) and p(y)—plays a central role, as it
underlies the definition of transport costs and distances. In the quantum setting,
however, we need an object that generalises this idea. This challenge quickly
emerged as a central concept in this thesis.

In the context of entropy inequalities, we generalised a known classical formula,
the chain rule for the relative entropy, to quantum states. We used two different
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CHAPTER 1. INTRODUCTION

methods to find three quantum chain rules.

i) First, we used a semiclassical approach and states over time to find a new chain
rule bound. This result is interesting for two reasons: first, it improves on the
known bounds, given by Fang et al. [FFR+20] in some regions and is easier to
calculate; second, the methods used in the proof are interesting in their own
right. For the proof, we used classical objects derived from quantum processes
on certain states over time and then removed the classicality to obtain purely
quantum set of relative entropies.

ii) The second set of results relies on a generic entropy inequality derived from a
generalisation of well-known recovery maps [Wil15; JRS+18; SBT16]. We then
study concrete cases of this inequality to obtain our results. The main result of
this part is a conditioned quantum chain rule. We also show the necessity of
having a condition.

This thesis is structured in the following way: we will first introduce general
mathematical and physical theory in Chapter 2, with an emphasis on presenting
quantum theory as an extension of classical probability theory. In Chapter 3 we
introduce classical optimal transport, as well as our own and others’ initial attempts
at a quantum generalisation. In Chapter 4 we will introduce the theory of state
over time. In Chapter 5 we lay out our theory of quantum optimal transport. In
Chapter 6 we solve the particular case of a unitary invariant costs within within the
framework of Chapter 5, and present some preliminary results toward constructing
a quantum optimal transport that encodes the energy profile given by a Hamiltonian.
Chapter 5 and Chapter 6 are based on [HCW25]. Finally, in Chapter 7 we present
our results on chain rules for the quantum relative entropy. Chapter 7 is based on
currently unpublished work [GH25].
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2
Preliminaries

In this chapter we introduce well-known mathematical and physical concepts
that are nonetheless important for this thesis. The aim is to make the thesis as
self-contained as possible.

In Section 2.1 we introduce purely mathematical definitions and results; in
Section 2.2 we introduce the postulates of quantum mechanics, as well as the
basic objects we use throughout this thesis; in Section 2.3 we introduce quantum
channels, as well as their multiple formulations, and in Section 2.4 we introduce
basic notions of quantum information theory.

2.1 Mathematical concepts and notation
The overall framework of this thesis is finite dimensional quantum mechanics, which
is mathematically expressed as finite dimensional Hilbert spaces and algebras of
operators over these Hilbert spaces. In this section, we introduce these spaces
and present some of the key definitions and results. We also clarify how certain
definitions are used throughout the thesis, including the notational conventions
and assumptions adopted.

The material in this section is based on [Arv76; Jon15; Hia20].
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2.1. MATHEMATICAL CONCEPTS AND NOTATION

2.1.1 Hilbert spaces and operator algebras
The fundamental structure for quantum mechanics is the Hilbert space, defined as
follows [Jon15]:

Definition 2.1
A Hilbert spaceH is a C-vector space with an inner product ⟨·, ·⟩ : H×H → C such
that:

i) ⟨·, ·⟩ is linear in the first variable.

ii) ∀ ϕ, ψ ∈ H, ⟨ψ, ϕ⟩ = ⟨ϕ, ψ⟩.

iii) If 0 ̸= x ∈ H then ⟨x, x⟩ > 0.

iv) H is closed under the norm ∥·∥ =
√
⟨·, ·⟩.

We will use mostly standard physics notation, where elements of a Hilbert space
are denoted by kets |φ⟩ and the inner product is represented as ⟨φ|φ⟩. Additionally,
we are only concerned with finite dimensional Hilbert spaces, thus we present
results simplified for this case. We also generally ignore the closure condition on a
lot of these definitions and results, since it is trivial in the finite dimensional case.

We denote by B(H) the ∗-algebra1 of all bounded linear operators on a Hilbert
spaceH.

Any subalgebra A ⊆ B(H) that is closed under the adjoint operation, which
we denote by ∗, is a concrete operator algebra. Given a subset A ⊆ B(H), we
denote by C∗(A) the smallest operator algebra that contains A, in the sense that
any other ∗-algebra containing A must also contain C∗(A).

Given an operator algebra on a Hilbert space B(H), we consider the following
definitions:

Definition 2.2 i) The identity operator, denoted by 11 ∈ B(H) is the map such that
11 |φ⟩ = |φ⟩ for all |φ⟩ ∈ H.

ii) A subalgebra of B(H) is unital if it contains 11.

iii) And element x ∈ B(H) is Hermitian or self-adjoint if x = x∗. We denote the set
of self-adjoint elements as HermH.

iv) An element Π ∈ B(H) is an orthogonal projection if Π2 = Π = Π∗.

1A vector space equipped with multiplication and the adjoint operation, denoted by ∗, which is
closed under these operations.
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v) An element ω ∈ B(H) is called positive semi-definite (psd) if ⟨φ|ω|φ⟩ ≥ 0
∀ |φ⟩ ∈ H. We denote the set of psd elements as B+(H).

vi) An element U ∈ B(H) is a unitary if UU∗ = U∗U = 11.

vii) The dual spaceH∗ of a Hilbert spaceH is the set of all continuous linear maps
f : H → C. The Riesz representation theorem guarantees that for every f ∈ H∗
there exists a unique vector |φ⟩ ∈ H such that f(|ψ⟩) = ⟨φ|ψ⟩ for all |ψ⟩ ∈
H. Hence, in the bra–ket notation, the functional f is denoted by ⟨φ|.

viii) The commutator of two elements x, y ∈ B(H) is [x, y] = xy − yx.

Finally, we write the finite dimensional, hermitian version of the well-known
spectral theorem.

Theorem 2.3 (Spectral theorem)
Let H be finite-dimensional Hilbert space and A ∈ HermH. Then there exists an
orthonormal basis ofH consisting of eigenvectors of A, and the corresponding eigen-
values are real.

Given two Hilbert spacesH0,H1 their tensor product is the linear completion
of the map (|ψ⟩ , |φ⟩) ∈ H0 ×H1 → |ψ⟩ ⊗ |φ⟩ ∈ H0 ⊗H1 with the inner product
defined as

⟨ψ ⊗ φ|ψ′ ⊗ φ′⟩ = ⟨ψ|ψ′⟩ ⟨φ|φ′⟩ . (2.1)

Given two linear operatorsA ∈ B(H0),B ∈ B(H1) there exists a bounded operator
A⊗B ∈ B(H0 ⊗H1) defined as (A⊗B)(x⊗ y) = Ax⊗By.

2.1.2 von Neumann algebras
In this section we introduce von Neumann algebras and some properties that we
use later.

Definition 2.4
A von Neumann algebra is a subalgebra of an operator algebra on a Hilbert space
B(H) that is unital and closed.

We need von Neumann’s bicommutant theorem, which we write for the case of
finite dimensional operator algebras [Jon15; Hia20], also throrem 1.2.1 in [Arv76].
The commutant of a set A ⊆ B(H) is denoted by A′ and defined as

A′ = {x ∈ B(H) | [x, a] = 0∀ a ∈ A} . (2.2)

7
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Similarly we write the commutant of the commutant, known as bicommutant, as
A′′ = (A′)′. Von Neumann’s bicommutant theorem makes it so that we never need
to go further that the bicommutant. This specific formulation of the theorem is
taken from [Jon15].

Theorem 2.5 (von Neumann’s bicommutant theorem)
Let M be a unital, self-adjoint subalgebra of B(H) with dimH = n ≤ ∞. Then
M = M ′′.

To close the section, we include two technical lemmas and a known theorem
for the tensor product of commutators.

Lemma 2.6
Let V and A be a vector space and algebra, respectively, both subsets in the same
operator algebra. Let B be the basis of a V and let A be generated by genA . Then,
V = A if and only if

i) B ⊆ A .

ii) B · B ⊆ V .

iii) genA ⊆ V .

Proof. The ’only if’ direction is trivial, so we focus on the if direction. Because V
is embedded in a larger operator algebra, it makes sense to consider the product
between its elements. Assume the conditions are true. Then, from the first one we
see that V ⊆ A , since A is an algebra and therefore closed under addition and
product by scalar. From ii), we see that V has to be an algebra, since if v, w ∈ V ,
then

v =
∑
b∈B

vbb, w =
∑
b∈B

wbb (2.3)

and

vw =
∑
b,b′∈B

vbwb′bb
′ ∈ V, (2.4)

if bb′ ∈ V for all b, b′ ∈ B.
Finally, the combination of V being an algebra and the generators of A being

in V imply that A ⊆ V , finishing the proof.
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Lemma 2.7
Let A1,A2 be finite dimensional von Neumann algebras. Then

(A1 ∩A2)
′ = (A ′

1 ∪A ′
2)
′′. (2.5)

Proof. We start from the following equality [Arg20]:

(M1 ∪M2)
′ = M ′

1 ∩M ′
2, (2.6)

where M1, M2 are von Neumann algebras. We first prove this equality by double
inclusion. For L ⊆ R, consider T in the commutator of the union. That means that
T commutes with the elements of M1 and M2, respectively. Thus, T ∈M ′

1,M
′
2.

Therefore T ∈ M ′
1 ∩M ′

2. Conversely for L ⊇ R, let T be in the intersection of
commutants. Then T commutes with the elements of M1 and the elements of M .
Thus, T commutes with the elements of M1 ∪M2. Therefore, T ∈ (M1 ∪M2)

′.
With this equality, we can write M ′

i = Ai. Because Mi are von Neumann
algebras, they fulfil Mi = M ′′

i , due to von Neumann’s bicommutant theorem. To
find the result, we take the previous equation and add a commutant to each side.
Then we write Mi as A ′

i and M ′
i as Ai:

(M1 ∪M2)
′ = M ′

1 ∩M ′
2 ⇒ (M1 ∪M2)

′′ = (M ′
1 ∩M ′

2)
′

⇒ (A ′
1 ∪A ′

2)
′′ = (A1 ∩A2)

′.
(2.7)

Note that (A ′
1 ∪ A ′

2)
′′ = A ′

1 ∪ A ′
2 is false in general because the union of

algebras is not an algebra.

Finally, we write the commutation theorem for tensor products of von Neumann
algebras, taken from [Arv76].

Theorem 2.8 (Commutation theorem)
Let A1,A2 be von Neumann operator algebras. Then

(A1 ⊗A2)
′ = A ′

1 ⊗A ′
2 . (2.8)

2.1.3 Convex cones
Definition 2.9
A subset S of a complex vector space V is convex if ∀x, y ∈ S and t ∈ [0, 1]

tx+ (1− t)y ∈ S. (2.9)
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Definition 2.10
A subset C of a complex vector space V is a cone if tC ⊆ C for t > 02.

Definition 2.11 i) A cone C is pointed if C ∩ (−C) = {0}.

ii) Given a set S the cone generated by S is the minimal convex cone that contains
S and it is denoted by cone (S).

iii) If V is equipped with an inner product and S ⊆ V , the dual cone to S is
{v ∈ V | ⟨v, s⟩ ≥ 0 ∀s ∈ S}. We denote the dual as S∗. The dual cone is always
a convex cone, even if S is not.

iv) Generally we consider V = B(H), equipped with the Hilbert-Schmidt inner
product: ⟨x, y⟩HS = Tr [x∗y].

The rest of the section contains three technical lemmas on cones.

Lemma 2.12
Let I be an index set and {Ci}i∈I a set of pointed cones. Then

⋂
i∈I

C∗i =

(∑
i∈I

Ci

)∗
. (2.10)

Proof. We can show the equality directly. Let x ∈
⋂
i∈I C∗i . Then,

x ∈ C∗i ∀i ∈ I ⇔ ⟨x|ci⟩ ≥ 0 ∀ci ∈ Ci ∀i ∈ I ⇔
∑
i∈I

⟨x|ci⟩ ≥ 0 ∀ci ∈ Ci

⇔

〈
x

∣∣∣∣∣∑
i∈I

ci

〉
≥ 0 ∀ci ∈ Ci ⇔ x ∈

(∑
i∈I

Ci

)∗
.

(2.11)

Lemma 2.13
A cone C is pointed if and only if there exists an element f in the dual space such that
f(x) > 0 for all nonzero x ∈ C .

2Sometimes the definition includes t = 0, or asks that the cone is pointed. In this thesis we
always work with cones that include 0 but some of them are not pointed.
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Proof. Let x,−x ∈ C and f ∈ C∗ such that f(x) > 0 for all nonzero x ∈ C .
Because f is linear f(−x) = −f(x) < 0, which is a contradiction.

Conversely, let C be pointed, then (C \ {0})∩ ((−C) \ {0}) = ∅. By the Hahn-
Banach theorem, there exists a linear map such that f(x) > 0 for all x ∈ C\{0}.

Lemma 2.14
Let K be a convex cone and A an invertible linear map. Then,

A(K)∗ = (A∗)−1(K∗). (2.12)

Proof. Let x ∈ A(K)∗. Then,

x ∈ A(K)∗ ⇔ ⟨x,A(y)⟩ ≥ 0 ∀y ∈ K ⇔ ⟨A∗(x), y⟩ ≥ 0 ∀y ∈ K
⇔ A∗(x) ∈ K∗ ⇔ x ∈ (A∗)−1(K∗).

(2.13)
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2.2. QUANTUM MECHANICS

2.2 Quantum mechanics
The setting of this thesis is quantum mechanics. In this section we introduce
quantum mechanics as a mathematical theory from the ground up: we start with
the postulates; then we introduce the quantum state; we show how quantum states
can be manipulated, and finally we introduce a key result that connects quantum
maps to quantum states: the Choi and Jamiołkowski isomorphisms.

Most of the general information in this chapter has been taken from [NC10],
although any other general quantum mechanics book with any basics of quantum
information would serve.

2.2.1 Postulates
As far as this work is concerned, quantum mechanics is a mathematical theory
that can be used to describe and, probabilistically, predict reality. We are not
particularly concerned with the second part of that statement, and will look at
quantum theory as mostly a mathematical theory. In this section we introduce the
postulates of quantum mechanics. These postulates serve both as the connection
between physical reality and the mathematical theory, and as the foundation of the
mathematical theory itself.

Postulate 1. An isolated physical system can be described with a complex Hilbert
space H, known as the state space of the system. The state of the
system will then be represented by an element of this Hilbert space
with norm one:

|φ⟩ ∈ H such that ⟨φ|φ⟩ = 1. (2.14)

This first postulate is the main link between physical reality and mathematical
theory, it describes how reality can be mathematically described for the purpose of
quantum theory.

Postulate 2. A closed quantum system evolves under a unitary operator, with
its Hamiltonian H acting as the generator of this evolution. The
corresponding time-evolution operator is Ut = e−

itH
ℏ . Hence, the

state at time t is

|φ(t)⟩ = Ut |φ(0)⟩ = e−
itH
ℏ |φ(0)⟩ . (2.15)

12
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This postulate describes the evolution of isolated quantum systems, with isolated
being a key qualifier. Although most systems are open, a system can be viewed as
a subsystem (see Postulate 4) of a larger isolated system. This perspective leads to
the Stinespring dilation theorem [Sti55], introduced later in Theorem 2.26, which
shows that any non-unitary evolution of a system can be realized as a unitary
evolution of the system plus a suitable environment.

Postulate 3. A quantum measurement is given by a set of positive operators
{Ai}i∈I , where I is some index set, such that∑

i

A∗iAi = 11. (2.16)

The probability of obtaining each measurement result i ∈ I when
measuring on a state |φ⟩ is

PM
|φ⟩(i) = ⟨φ|A∗iAi|φ⟩ , (2.17)

and the post-measurement state for measurement result i is

Ai |φ⟩√
⟨φ|A∗iAi|φ⟩

. (2.18)

This postulate expresses how we can interact with our quantum system to
extract information from it. It famously includes two of the key features of quantum
mechanics: the results are probabilistic in general and measuring the state of the
system changes the state of the system.

Postulate 4. The state space of a composite physical system is described as the
tensor product of the component systems. If we have a composite
system with n subsystems and each subsystem is denoted byHi, the
state space of the composite systemH is

H =
⊗
i

Hi. (2.19)

This postulate describes how to describe systems made made of smaller sub-
systems. Note that, by Postulate 1, any properly normalized linear combination of
states is a valid state, reflecting the superposition principle. The interplay between
tensor-product composition and linearity gives rise to the richness of quantum
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correlations and entanglement. Such correlations can, for instance, arise from
initially uncorrelated states through interactions between the subsystems.

Postulates 3 and 4 are both very relevant to this thesis: composite systems,
particularly bipartite (n = 2) systems, play a central role in the Choi and Jamioł-
kowski isomorphisms, while measurements are essential for connecting quantum
and classical relative entropies.

2.2.2 Classical uncertainty and the quantum state
We have seen on Postulate 3 that quantum states have an inherent uncertainty.
Even if we perfectly know the state of the system its outcome under measurement
is not deterministic. On top of that we can add some classical uncertainty, that
is some lack of knowledge of the system on the observer’s part. We can consider
a setting where the observer knows that a state |φi⟩ is prepared with probability
pi, but does not know which particular instance has been realized. This lack of
knowledge is described mathematically by a convex combination, as shown in the
following definition:

Definition 2.15
Let H be a Hilbert space, and let {pi, |φi⟩}i∈I , be a collection of states H, each
associated to a probability. We call this an ensemble, and the associated ensemble state
is

ρ =
∑
i

pi |φi⟩⟨φi| ∈ B(H). (2.20)

We can note two properties of this ensemble state. Firstly, the normalisation of
the states {|φi⟩}i∈I and the probability distribution imply that Tr [ρ] = 1. Secondly,
the structure of |φi⟩⟨φi| and the positivity of each pi imply that ρ is a positive
operator. We can turn this properties around into a definition.

Definition 2.16
LetH be a Hilbert space. We call S(H) ⊆ B(H) the set of quantum states. A state
ρ ∈ S(H) if and only if

ρ ≥ 0, Tr [ρ] = 1. (2.21)

These states are also sometimes called density matrices. We will use the terms state,
quantum state, density matrix and density operator interchangeably.

Definition 2.16 is the definition of state we work with for the entirety of he
thesis, leaving the more interpretable Definition 2.15 behind. The ensemble state
gives us a view on how the quantum state relates to classical probability theory. In

14
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classical probability theory we have deterministic states of the system and a lack
of complete knowledge of which state the system is in, which adds uncertainty.
In quantum theory we have non-deterministic states and, on top of that, a lack of
complete knowledge of the state of the system, leading to even more uncertainty.

The states |φ⟩ ∈ H are represented as density matrices as |φ⟩⟨φ|. If a state
can be written as |φ⟩⟨φ|, that it if it has a unique ensemble with a single non-zero
probability, it is a pure state. If a state is not pure it is a mixed state. If a state
is pure, we sometimes write the Hilbert space element |φ⟩ instead of the density
matrix |φ⟩⟨φ|.

We have shown two definitions and claimed they are equivalent. We have also
shown that Definition 2.15 implies Definition 2.16. We want to show the converse.
Let ρ ∈ S(H). ρ is in particular Hermitian, so by the spectral theorem Theorem 2.3
there exist orthonormal pure states |φi⟩⟨φi| and positive eigenvalues ai such that

ρ =
∑
i

ai |φi⟩⟨φi| . (2.22)

Because ρ is positive, its eigenvalues ai are also positive. Moreover, because ρ and
each |φi⟩⟨φi| have trace 1, the sum of eigenvalues has to be 1 as well. With this we
obtain an ensemble associated to ρ: {ai, |φi⟩}, obtaining that both definitions are
equivalent.

Note that we mentioned we obtained an ensemble, not the ensemble. That is
because different ensembles can lead to the same state. Moreover the pure states in
the ensemble need not be orthogonal, and there can be more than the dimension of
H. We show this in the following example:

Example 2.17
Let H = C2. Consider ρ = 1

4
|0⟩⟨0| + 3

4
|1⟩⟨1|. From the definition of ρ we see that{(

1
4
, |0⟩

)
,
(
3
4
, |1⟩

)}
is an ensemble for ρ. We can now write ρ in matrix form in the

basis {|0⟩ , |1⟩} and split it into three pure states:

ρ =
1

4

(
1 0
0 3

)
=

3

8

[
1

3

(
1

√
2eiϕ√

2e−iϕ 2

)]
+

3

8

[
1

3

(
1 −

√
2eiϕ

−
√
2e−iϕ 2

)]
+

1

4

(
0 0
0 1

)
=

3

8

∣∣+̃〉〈+̃∣∣+ 3

8

∣∣−̃〉〈−̃∣∣+ 1

4
|1⟩⟨1| ,

(2.23)

with
∣∣±̃〉 = 1√

3

(
|0⟩ ±

√
2eiϕ |1⟩

)
. This yields a different ensemble

{(
3
8
,
∣∣±̃〉) , (1

4
, |1⟩

)}
for ρ. Moreover, we see that there are more states in the ensemble than the dimension
and the states in the ensemble are not mutually orthogonal.
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It is important to emphasize that the density operator is the unique and most
complete characterization of the state of knowledge about a quantum system. It
captures all statistical information available when the system is in a probabilistic
mixture of pure states as well as when it is a subsystem of a larger entangled system.
In the latter case, the density operator of the subsystem is obtained by taking the
partial trace over the degrees of freedom of the environment/remaining subsystems,
as defined in Eq. (2.39) below.

The postulates in the state formalism

In Section 2.2.1 we stated the postulates of quantum mechanics for observers with
complete knowledge of the state. In the following we show the same postulates
reformulated for the density matrix formalism. The comments on the postulates
from Section 2.2.1 still apply, the only difference is how the concepts are expressed
mathematically.

Postulate 1. An isolated physical system can be described with a complex Hilbert
spaceH, known as the state space of the system. The state of the system will
then be represented by its associated density matrix, an operator ρ ∈ B(H)
such that

ρ ≥ 0, Tr [ρ] = 1. (2.24)

Postulate 2. A closed quantum system will evolve under a unitary operator. If
the system is under a Hamiltonian H , this unitary operator is Ut = e−

itH
ℏ .

Mathematically:

ρ(t) = Utρ(0)U
∗
t = e−

itH
ℏ ρ(0)e

itH
ℏ . (2.25)

Postulate 3. A quantum measurement is given by a set of operators {Ai}i∈I ,
where I is some index set, such that∑

i

A∗iAi = 11. (2.26)

The probability of obtaining each measurement result i ∈ I of the measure-
ment when measuring on a state ρ is given by the Born rule

PA
ρ (i) = Tr [A∗iAiρ] , (2.27)

and the post-measurement state for measurement result i is
AiρA

∗
i

Tr [A∗iAiρ]
. (2.28)
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Typically we are not concerned with the post measurement state. In this case
we can define a POVM:

Definition 2.18
A POVM is given by a set of operators positive M = {Mi}i∈I ⊂ B+(H), where I is
some index set, such that ∑

i

Mi = 11. (2.29)

The probability of obtaining each measurement result i ∈ I of the measurement when
measuring on a state ρ is given by the Born rule

PM
ρ (i) = Tr [Miρ] . (2.30)

Postulate 4. The state space of a composite physical system is described as the
tensor product of the component systems. If we have a composite
system with n subsystems and each subsystem Hilbert space is de-
noted byHi, then the operator space to the composite Hilbert space
H is

B (H) = B

(⊗
i

Hi

)
. (2.31)

Note that for a composite system with n independently prepared subsystems in
states ρi, the state of the composite system is

ρ =
n⊗
i=1

ρi. (2.32)

As in the pure state case, the state of a composite system need not be a simple
product. In the most general case, correlations between subsystems can be present,
including quantum entanglement. A composite state ρ acting on the tensor product
Hilbert space of all subsystems is called separable if it can be written as a convex
combination of product states,

ρ =
∑
k

pk ρ
(k)
1 ⊗ ρ

(k)
2 ⊗ · · · ⊗ ρ(k)n , pk ≥ 0,

∑
k

pk = 1, (2.33)

and entangled if it cannot be written in this form. Separable states describe cor-
relations that can be understood as classical mixtures of product states, whereas
entangled states exhibit intrinsically quantum correlations that have no classical
analogue [Wer89].
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2.2.3 The Bloch sphere
The Bloch sphere is a three dimensional real representation of the 2 dimensional
Hilbert space C2. In this representation, pure states are elements of the unit sphere,
mixed states are the interior of the unit ball and unitary operators turn into rotations.
Generally, we work with the canonical basis {|0⟩ , |1⟩}, which we associate to the
z axis, such that

n⃗|0⟩ =

0
0
1

 , n⃗|1⟩ =

 0
0
−1

 . (2.34)

Note that the orthogonal quantum states |0⟩ and |1⟩map to non-orthogonal R3 vec-
tors. Instead, orthogonality in C2 corresponds to antipodal states on the Bloch rep-
resentation. Similarly, the states |±⟩ = 1√

2
(|0⟩ ± |1⟩) and |i±⟩ = 1√

2
(|0⟩ ± i |1⟩)

are mapped to the x and y axis, respectively:

n⃗|±⟩ =

±10
0

 , n⃗|i±⟩ =

 0
±1
0

 . (2.35)

A general mixed state maps to a R3 vector n⃗ρ, such that ∥n⃗ρ∥ ≤ 1, as

ρ =
1

2
11 + n⃗ρ · σ⃗, σ⃗ =

((
0 1
1 0

)
,

(
0 −i
i 0

)
,

(
1 0
0 1

))
. (2.36)

From this equation, it is clear that 0⃗ ∈ R3 does not map to some zero density matrix
in the quantum space, but instead to the maximally mixed state: 11/2. The pure
states are sometimes also identified with standard spherical coordinates, that is
(θ, ϕ); where θ is the angle between the projection of the state on the x− y plane
and the positive x axis, and ϕ is the angle between the state and the positive z axis.

Finally, if a rotation with angle ϕ around and axis n⃗ will map to the following
unitary:

Un⃗(ϕ) = e−i
ϕ
2
n⃗·σ⃗. (2.37)

For the purpose of this thesis, the Bloch sphere representation is mostly used
as a visual aid in some examples and the representation of unitary maps is not
relevant, but has been added for completeness.

2.2.4 Composite systems
As stated in Section 2.2.1, composite systems are an important part of this thesis due
to their appearance in the Choi-and Jamiołkowski isomorphisms. In this sections
we outline some properties and operations of composite systems.
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From Postulate 4, the state space of a composite system is the tensor product of
the state spaces of its components. Given n Hilbert spaces Hi, i ∈ [n], the space
state of the composite systemH = H0 ⊗ · · · ⊗ Hn−1 is

S(H) = {x ∈ B+(H0 ⊗ · · · ⊗ Hn−1) | Tr [x] = 1} , (2.38)

For states in a composite system we use the notation ρi, where the subscript i
indicates the state space in which ρi belongs. This notation allows us to easily
denote the state on a subsystem. Let I ⊆ [n]. We usually denote the state of
the space

⊗
i∈I Hi ρ. Often in this work we work with bipartite systems. That is

two subsystems,HA andHB where we denote the states on each system by ρAB ,
ρA = TrB ρAB and ρB = TrA ρAB .

We can obtain the state of a subset of subsystems, sometimes called the reduced
state, with the partial trace:

Definition 2.19
Let HA, HB be Hilbert spaces and |a1,2⟩ ∈ HA, |b1,2⟩ ∈ HB . The partial trace on
subsystem B is the linear map TrB : B(HA ⊗HB)→ B(HA) such that

TrB [|a1⟩⟨a2| ⊗ |b1⟩⟨b2|] = ⟨b2|b1⟩ |a1⟩⟨a2| . (2.39)

The partial trace fulfils the following properties:

Proposition 2.20
LetHA,HB ,HC be Hilbert spaces.

i) Let MA ∈ B(HA) an operator and consider ρAB ∈ S(HA ⊗HB). The following
identity is true:

Tr [ρAB (MA ⊗ 11B)] = Tr [TrB [ρAB]MA] = Tr [ρAMA] . (2.40)

ii) Consider an operator MABC ∈ B(HA ⊗HB ⊗HC). Then

TrAB [MABC ] = TrA [TrB [MABC ]] = TrB [TrA [MABC ]] (2.41)

Physically, the partial trace corresponds to forgetting or ignoring the informa-
tion contained in a system. The partial trace of a joint state corresponds to the
accessible state by the party that has possession of the subsystem that is left.

Similarly to the partial trace, we can define the partial transpose.
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Definition 2.21
LetHA,HB be Hilbert spaces with basis BA, BB . The partial transpose on subsystem
B with respect to basis BB is the linear map TBB : B(HA ⊗HB) → B(HA ⊗HB)
such that

(|a1⟩⟨a2| ⊗ |b1⟩⟨b2|)TB = |a1⟩⟨a2| ⊗ |b2⟩⟨b1| ∀ |b1,2⟩ ∈ BB, |a1,2⟩ ∈ HA. (2.42)

Often the partial transpose is taken with respect to the canonical basis and just denoted
TB .

Two important objects in bipartite systems for this work are the (canonical)
maximally entangled state and the swap operator. Consider two copies of a d-
dimensional Hilbert space H = HA = HB : H2 = HA ⊗HB . The unnormalized
maximally entangled state |Φ+⟩ and swap operator S onH2 are defined as follows:

|Φ+⟩ =
∑
i∈[d]

|i⟩ ⊗ |i⟩ =
∑
i

|ii⟩ , S =
∑
i,j∈[d]

|i⟩⟨j| ⊗ |j⟩⟨i| =
∑
ij

|ij⟩⟨ji| . (2.43)

Notably, they are related by the partial transpose:

|Φ+⟩⟨Φ+|TB =
∑
ij

|ii⟩⟨jj|TB =
∑
ij

|ij⟩⟨ji| = S. (2.44)

Because the partial transpose is clearly self-inverse |Φ+⟩⟨Φ+| = STB is also true.
We have not talked about positivity of maps yet, but we mention the properties

of the partial trace in this regard. For the definition of positivity see the next section.
Note that the partial trace is a completely positive trace preserving map but the
partial transpose is not. In fact, it is the generic example of map that is positive,
but not 2-positive.

To end this section, we have the follow technical lemma on the partial transpose:

Lemma 2.22
The partial transpose map, denoted here by TA(·), fulfils the following:

TrA [TA(K)C] = TrA [K TA(C)]

TA(TrB [K C]) = TrB [TA(C) TA(K)]

TA((ρ⊗ 11)C) = TA(C)(ρ
T ⊗ 11)

∀K,C ∈ B(HA ⊗HB), ρ ∈ B(HA).

(2.45)

Moreover, the partial transpose is self-adjoint with respect to the Hilbert-Schmidt inner
product.
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Proof. Recall that the transpose is a basis dependent operation. These three proper-
ties are trivial to check if we expand the equations in a product basis that includes
the basis over which we are transposing. Alternatively, we can use tensor network
notation [Bia20] as shown in Fig. 2.1.

K C K C=Tr [TA(K)C] = = Tr [KTA(C)]

K C KC=TA(TrB [KC]) = = TrB [TA(C)TA(K)]

ρ C ρC=TA((ρ⊗ I)C) = = TA(C)(ρ
T ⊗ I)

Figure 2.1: Proofs of the expressions in Lemma 2.22 using tensor network notation.

To see that the partial transpose is self adjoint, apply the first equation to K∗
and take the trace on both sides of the equation:

TrB TrA [TA(K
∗)C] = TrB TrA [K

∗ TA(C)]

⇔ Tr [TA(K
∗)C] = Tr [K∗ TA(C)]

⇔ ⟨TA(K∗), C⟩HS = ⟨K∗, TA(C)⟩HS.
(2.46)

2.3 Operations on quantum states
The most general operation that can be performed on a quantum state is described
by a quantum channel. A quantum channel is a map that sends quantum states
to quantum states—that is, it maps positive semidefinite, unit-trace operators to
positive semidefinite, unit-trace operators. To ensure physical consistency, the map
must be linear, so that ensembles of input states are mapped to the corresponding
mixtures of output states, preserving causality. Moreover, it must be completely
positive, meaning that the map preserves positivity even when the input is part of
a larger, possibly entangled system that is unaffected by the channel. Finally, the
map must be trace-preserving to guarantee that probabilities remain normalized.
Quantum channels are therefore linear, Hermiticity-preserving, completely positive,
and trace-preserving maps, commonly abbreviated as CPTP maps. In this sense,
CPTP maps provide the most general framework for describing physically valid
transformations of quantum states, encompassing unitary evolution, measurements,
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decoherence, and interactions with ancillary systems. We precisely define define
positive, then n-positive and finally completely positive before continuing.

Definition 2.23
Let E be a linear operator E : HA → HB . E is positive if

E(B+(HA)) ⊆ B+(HB) (2.47)

Definition 2.24
Let E be a linear operator E : HA → HB . E is n-positive if

id⊗E : Cn×n ⊗HA → Cn×n ⊗HB (2.48)

is positive.

Definition 2.25
Let E be a linear operator E : HA → HB . E is completely positive (CP) if it is
n-positive for all n.

In this section we introduce some useful representations of CPTP maps as well
as some useful properties. For this entire section, unless stated otherwise, we
consider up to three Hilbert spacesHA,HB ,HC , and CPTP maps

EAB : B(HA)→ B(HB), EBC : B(HB)→ B(HC). (2.49)

2.3.1 The Stinespring dilation theorem
In Section 2.2.1 we saw that an isolated quantum system evolves under a unitary
operator. A general evolution under a CPTP map is the evolution of a non-isolated
quantum system. We can consider the system with which our system is interacting,
thus obtaining an isolated system. This system is then evolving unitarily. This is
the idea of the Stinespring dilation theorem, stated below.

Theorem 2.26 (Stinespring dilation [Sti55])
LetHA,HB be Hilbert spaces and consider ρ ∈ S(HA) and a CPTP map E : B(HA)→
B(HB). Then there exist a Hilbert spaceHR and a bounded map V : HA → HB⊗HR

that fulfils V ∗V = idA such that

E(ρ) = TrR [V ρV ∗] . (2.50)

In the case whereHA = HB this can be restated as:
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Corollary 2.27
LetH be a Hilbert space and consider ρ ∈ S(H) and a CPTP map E : B(H)→ B(H).
Then there exist a Hilbert spaceHR and a unitary

E(ρ) = TrR [U (ρ⊗ |0⟩⟨0|R)U
∗] , (2.51)

with U a unitary overH⊗HR.

This corollary shows the connection between CPTP maps and unitaries in the
larger space.

2.3.2 The Choi and Jamiołkowski isomorphisms
The Choi-Jamiołkowski is a well known result in quantum mechanics. Throughout
this thesis we have referred to this result as the Choi and Jamiołkowski isomor-
phisms because these are, in fact, two different but equivalent results. In this section
we introduce these isomorphisms, their uses and their differences.

The Choi and Jamiołkowski isomorphisms [Jam72; Cho75] are a relation between
CPTP maps from B(HA) to B(HB) and bipartite states on the joint state space
S(HA ⊗ HB). These isomorphisms are really important to this thesis because
they allow us to treat maps as states, allowing for operations that would not be
possible otherwise. In more general terms, these isomorphisms allow us to translate
complete positivity of a map to positivity of an operator, with the latter usually being
much easier to check. We also make use of this fact in Chapter 5 and Chapter 6.

Theorem 2.28 (Choi isomorphism [Cho75])
Let E : B(HA) → B(HB) be a linear map and |Φ+⟩ ∈ S(HA) the maximally
entangled state in (2.43). Then associated operator CE ∈ B(HA ⊗HB), defined as

CE = (idA⊗E) (|Φ+⟩⟨Φ+|) , (2.52)

defines the action of E as

E(x) = TrA
[
(xT ⊗ 11B)CE

]
. (2.53)

Moreover E is completely positive if and only if CE is positive semi-definite and E is
trace preserving if and only if TrB [CE ] = 11A.

Jamiołkowski’s statement of the same result is just the Choi isomorphism with
a partial transpose.
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Theorem 2.29 (Jamiołkowski isomorphism [Jam72])
Let E : B(HA)→ B(HB) be a linear map and S ∈ B(HA ⊗HB) the swap operator
on the joint system AB. The associated operator JE ∈ B(HA ⊗HB), defined as

JE = (idA⊗E) (S) , (2.54)

defines the action of E as

E(x) = TrA [(x⊗ 11B)JE ] . (2.55)

Moreover E is completely positive if and only if JTAE is positive3 and E is trace
preserving if and only if TrB [JE ] = 11A.

It is clear from the theorems that ifC and J are Choi and Jamiołkowski operators
associated to the same CPTP map, then

J = CTA . (2.56)

These theorems clarify how states and channels relate and how the two iso-
morphisms relate to each other. Each has its own advantages: the Choi matrix is
manifestly positive, which is convenient when you need to check positivity explic-
itly, while the Jamiołkowski form is basis-independent. In the Choi construction
one uses a maximally entangled state and the transpose onHA. Both of those steps
depend on a choice of basis, so the Choi matrix is basis-dependent. In contrast, using
the Jamiołkowski form avoids that dependence. Moreover, the swap operator plays
a useful computational role in the Jamiołkowski picture, facilitating manipulations
like exchanging tensor factors or expressing compositions more neatly.

We use the notation C and J for Choi and Jamiołkowski operators, respectively,
throughout this thesis. Because our work deals with finite dimensional systems only,
we also use the terms Choi and Jamiołkowski matrix interchangeably with operator.
We usually use the Jamiołkowski operator, but the Choi operator will sometimes
be more convenient to use in some circumstances. We always assume that the
transpose is taken with respect to the canonical basis, or whichever privileged basis
the problem presents. The basis dependence of the Choi matrix is only a problem
when dealing with practical cases and never for general theoretical derivations.

2.3.3 The operator-sum representation
The operator-sum representation is also common way of representing CPTP maps
in physics. It has the advantage of giving rise to clearly CP maps as well as being
easy to manipulate and combine for more practical purposes.

3For simplicity we usually use positive instead of the more rigorous positive semi-definite.
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Theorem 2.30 (Operator-sum or Kraus representation [Kra83])
Let E : B(HA) → B(HB) be a completely positive map. Then there exist bounded
operators {Kk : HA → HB} such that

E(x) =
∑
k

KkxK
∗
k . (2.57)

Additionally, E is trace preserving if and only if∑
k

K∗kKk = 11. (2.58)

The Kraus representation of a CPTP map is in general not unique. We can
relate the Choi representation of a channel with its Kraus representation as follows.
Given a Choi matrix C ∈ S(HA ⊗HB), we want to write this matrix as a sum of
pure elements: C =

∑
k |φ⟩⟨φ|. Because the Choi matrix is positive we can use

its diagonal decomposition to achieve one particular instance of this. There will
then exist a collection of orthonormal pure states {|φ̃k⟩} and associated positive
eigenvalues {ak}. We can absorb the eigenvalues into the states, defining a new
collection of mutually orthogonal but unnormalised elements

{
|φk⟩ =

√
ak |φ̃k⟩

}
.

With these new elements the Choi matrix is

C =
∑
k

ak |φ̃k⟩⟨φ̃k| =
∑
k

|φk⟩⟨φk| . (2.59)

Now, we choose a product basis ofHA ⊗HB and in this basis write each |φk⟩ =∑
kij bkij |αiβj⟩. Finally, we can flip the second vector in the product4 to obtain

Kk =
∑

ij bkij |βj⟩⟨αi|. The Kraus representation obtained in this manner is orthog-
onal, that isTr [KkK

∗
k′ ] = δkk′ , but only because we used the spectral decomposition

which uses orthogonal pure elements. Given an arbitrary Kraus representation, we
can recover the Choi matrix using this method, or by the definition in Eq. (2.52),
but only an orthogonal Kraus representation yields an eigendecomposition of C .

2.4 Quantum information theory
In this section we will explain the basics of quantum information theory and some
specific results relevant to this thesis. A lot of the concepts and results have a

4In practice using the Riesz representation theorem for the isomorphism |φ⟩ ∈ H 7→ ⟨φ| =
⟨φ|·⟩ ∈ H∗.
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classical equivalent, sometimes with interesting different properties, and we make
an effort of mentioning this comparison.

Compared to classical information theory, we now work with quantum states
(instead of probability distributions) and CPTP maps (instead of stochastic maps).

Quantum entropy

Definition 2.31
Let H be a Hilbert space and ρ ∈ S(H) a state. The von Neumann (or quantum)
entropy associated to ρ is

S(ρ) = −Tr [ρ log ρ] . (2.60)

The von Neumann entropy has an immediate characterisation as a classical
entropy. Consider an eigendecomposition of ρ: {(pi, |φi⟩)}, then the von Neumann
entropy of ρ is equal to the Shannon entropy of the eigenvalues of ρ:

S(ρ) = H(p). (2.61)

For completion, we include some of the fundamental properties of the Shannon
entropy:

i) If dimH = d and ρ ∈ S(H), then log n ≥ S(ρ) ≥ 0.

ii) If ρ =
⊗

i ρi, then
S(ρ) =

∑
i

S(ρi). (2.62)

iii) If ρAB ∈ S(HA ⊗HB), then S(ρAB) ≤ S(ρA) + S(ρB).

In similar fashion to the Shannon entropy, we can generalise other kinds of
entropies, where the characterisation as a classical entropy does not hold in general.
Of great relevance to this work is the relative entropy [HP91; OH01].

Definition 2.32
Let H be a Hilbert space and ρ, σ ∈ S(H) be states on H. The quantum relative
entropy between ρ and σ is

D(ρ∥σ) =

{
Tr[ρ(log ρ− log σ)] , if supp(ρ) ⊆ supp(σ),

+∞, otherwise.
(2.63)
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Note that the relative entropy is always positive. Similarly to the von Neumann
entropy, the relative entropy is additive. Let ρn = ρ0 ⊗ · · · ⊗ ρn−1 and σn =
σ0 ⊗ · · · ⊗ σn−1. Then

D(ρn∥σn) =
∑
i

D(ρi∥σi). (2.64)

The relative entropy is also jointly convex. Let p be a probability distribution
and

ρ =
∑
i

piρi, σ =
∑
i

piσi. (2.65)

Then D(ρ∥σ) ≤
∑

i piD(ρi∥σi)

Processing data

The relative entropy has the well known property of being non-increasing under
quantum channels [Lin75; Uhl77].
Theorem 2.33 (Data processing inequality)
LetHA, HB be Hilbert spaces and ρ, σ ∈ S(HA) states. LetM : B(HA)→ B(HB)
be a CPTP map. Then

D(ρ∥σ) ≥ D(M(ρ)∥M(σ)). (2.66)
The equality conditions for the DPI were characterized in [Pet86; Pet88], where

the Petz recovery map was introduced:

Rσ,M(X) = σ1/2M†(M(σ)−1/2XM(σ)−1/2
)
σ1/2. (2.67)

It was shown in these works that equality in Theorem 2.33 holds if and only if
ρ = Rσ,M(M(ρ)). This result initiated the systematic study of recoverability. We
expand on these follow-up results in Chapter 7, where we give a summary of the
advances in this field in the last 15 years as well as our contributions.

Themeasured entropies

In a practical experimental setting it is hard to compute the entropy of a given state
given the difficulty with knowing its eigenvalues. It is only possible to directly
access information about the state through a POVM. This naturally leads to the
definition of the measured entropy:
Definition 2.34
LetH be a Hilbert space, M ⊂ B(H) a POVM and ρ ∈ S(H) a state. Let PM

ρ (i) =
Tr [Miρ] The measured entropy of ρ over M is

SM(ρ) = H(PM
ρ ). (2.68)

27



2.4. QUANTUM INFORMATION THEORY

Similarly we can define the relative version of the measured entropy:

Definition 2.35
LetH be a Hilbert space, M ⊂ B(H) a POVM and ρ, σ ∈ S(H) states. Let PM

ρ (i) =
Tr [Miρ], and equivalently PM

σ (i) = Tr [Miσ]. The measured relative entropy of
ρ, σ over M is

DM(ρ∥σ) = D(PM
ρ ∥PM

σ ). (2.69)

Note that some authors refer to the measured relative entropy as the largest
possible value when optimising over all POVMs. The measured relative entropies
establish a connection between quantum and classical entropies. Moreover, they
establish what can in practice be learned from the relative entropy between two
states. The measured entropy clearly fulfils the following inequality [Uhl77]:

DM(ρ∥σ) ≤ D(ρ∥σ). (2.70)

This equation is a particular case of Theorem 2.33, nonetheless it is much easier to
obtain than data processing.

2.4.1 Distinguishability of quantum states
The relative entropy exists in the broader category of distinguishability functions
for quantum states. The aim of such a function is to give a quantitative idea of
how far apart two elements are, in some sense. to finish this chapter we give a
small introduction into distinguishability functions on quantum spaces. For more
information, check [NC10, Chapter 9] or [BŻ06].

We introduce two types of distinguishability functions: distances and diver-
gences. We also give some examples, classical and quantum as well as their relation.
We start with the definitions.

Definition 2.36
Given a set X a distance is a function d : X ×X → R that fulfils the following nice
properties:

d(x, y) ≥ 0 (2.71)
d(x, y) = 0⇔ x = y (2.72)
d(x, y) = d(y, x) (2.73)
d(x, y) ≤ d(x, z) + d(z, y). (2.74)
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A divergence is a function that only fulfils the first two conditions. Distances
and divergences are widely used in quantum information as a way to numerically
differentiate states. We provide the definition of some of the most widely used
distances in quantum information, together with an operational interpretation and
their classical counterpart.

The fidelity between two quantum states is defined5 as

F (ρ, σ) = Tr

[√√
ρσ
√
ρ

]
= min

Ej

∑
i

√
Tr [Ejρ] Tr [Ejσ], (2.75)

where the optimisation is taken over all POVMs.
The fidelity is not a distance, but it can be used to define the Bures distance:

dB(ρ, σ) =
√

1− F (ρ, σ). (2.76)

Another widely used distance for quantum states is the trace distance:

dT (ρ, σ) =
1

2
∥ρ− σ∥1 = Tr

[√
(ρ− σ)∗(ρ− σ)

]
. (2.77)

The trace distance can also be defined operationally as an optimisation over mea-
surements:

dT (ρ, σ) =
1

2
max
Ej

∑
j

|Tr [Ejρ]− Tr [Ejσ]|. (2.78)

The values Tr [Ejρ] and Tr [Ejσ] are the probabilities given by measuring E on
the states. In this sense,∑

i

√
Tr [Ejρ] Tr [Ejσ],

∑
j

|Tr [Ejρ]− Tr [Ejσ]| (2.79)

are the classical and versions of the fidelity and trace distance. Then the optimisation
is taken over all classical distributions that can be generated by ρ, σ. The measured
entropy performs a similar function for the relative entropy but, unlike the fidelity
and trace distance, the maximal measured entropy is not, in general, equal to the
relative entropy.

Finally, note that the relative entropies from the previous section are divergences,
since they are positive and zero when the input states are equal, but they are not
symmetric and do not fulfil the triangle inequality.

5Sometimes it is defined as the square of the definition we give.
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3
Toward quantum optimal transport

Quantum optimal transport is the main topic of this thesis. This chapter deals with
the specific theory necessary for the topic: the introduction of classical optimal
transport and the existing literature on quantum optimal transport. Additionally,
we develop our first approach to the quantum generalisation, some results and the
issues we faced with it.

In Section 3.1 we introduce the theory of classical optimal transport and some
of its successes, as a motivation to why we are interested in expanding the theory
to quantum spaces. In Section 3.2 we discuss the motivation for quantum optimal
transport and the literature regarding the field. In Section 3.3 we define the quantum
optimal transport with joint state couplings. In Section 3.4 we show our attempts at
giving an operation interpretation to the joint state coupling. Finally, in Section 3.5
we reflect on the results and issues of this approach.

3.1 Classical optimal transport
The theory of classical optimal transport was introduced in 1781 by G. Monge in
[Mon81], while working as a civil engineer and considering the problem of optimally
transporting soil from excavation sites to construction locations. Since then, the
theory has expanded significantly and found numerous important applications. In
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this thesis, we will only need its definition and a few key properties, which we aim
to reproduce in the quantum setting. Our goal is to provide a concise introduction
to classical optimal transport, highlight some applications, and point the interested
reader to further references.

3.1.1 Formulations of classical optimal transport
The original formulation by Monge is as follows:

Definition 3.1
Let X be a convex metric space and µ0, µ1 measures over X with associated densities
f0, f1 and such that µ0(X) = µ1(X). In general we can take µ0(X) = 1. Consider
the measurable map T : X → X that transports µ0 into µ1, in the sense that

T#µ0 = µ1. (3.1)

Here T#µ0 denotes the pushforward measure of µ0 under T , defined by

T#µ0(A) := µ0(T
−1(A)), ∀A ⊆ X measurable. (3.2)

Equivalently, T#µ0 assigns to each measurable set A the measure that µ0 gives to its
preimage under T . With these hypotheses the Monge problem is defined as:

D(µ0, µ1) = inf
T

∫
X

|x− T (x)|f0(x)dx. (3.3)

This definition has some important elements that appear in Eq. (3.3) and condi-
tion the cost D(µ0, µ1). First we start with a metric space X . This metric appears
in the integral as |·| and it heavily affects the cost. Second, our inputs to the distin-
guishability function D are probability measures over X . Finally, we have a set of
maps T : X → X that, in a sense, bring µ0 to µ1.

This elements exemplify what the classical transport cost proposed by Monge
attempted. Given two measures of equal total mass, find the map that takes one to
the other via the shortest path in the underlying metric of X .

This original definition is very similar to the one commonly used with a key
difference: the map T only allows us to move all the mass at a certain point x
to a single point y. We want a definition that allows us to split the mass, that is
instead of a function we want a stochastic map. As mentioned in the introduction,
through the conditional probability formula in Eq. (1.1), the definition proposed
by Kantorovich [Kan48; Kan58; Kan60] employs joint probability distributions. In
addition we change the metric for a generic cost function c : X ×X → R.
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Definition 3.2
With the same hypotheses as in Definition 3.1, an admissible transport plan is a
measure γ on X × X whose marginals are µ0 and µ1, i.e., for all measurable sets
A ⊆ X ,

γ(A×X) = µ0(A), γ(X × A) = µ1(A). (3.4)

The set of all admissible transport plans is denoted Γ(µ0, µ1). The classical Monge
problem can then be equivalently formulated in this relaxed form, known as the
Monge-Kantorovich problem:

D(µ0, µ1) = inf
γ∈Γ(µ0,µ1)

∫
X×X

c(x, y) dγ(x, y), (3.5)

for a given cost function c(x, y).

Note that any admissible plan γ ∈ Γ(µ0, µ1) can be disintegrated as

γ(x, y) = µ0(x) t(y|x), (3.6)

where t(y|x) is a conditional transport map (or Markov kernel), i.e., for each fixed
x, t(·|x) is a probability measure on X , and for each measurable set B ⊆ X , the
map x 7→ t(B|x) is measurable. This object describes the transport mechanism
independently of the input distribution: when combined with µ0, it generates the
full transport plan γ.

We can formulate this problem equivalently with the dual formulation proposed
by Kantorovich and shown to generally have no gap with the primal problem by
Kellerer [Kan48; Kel84]. The dual formulation is as follows:

Definition 3.3
With the same hypotheses as in definition 3.2, the dual formulation of the Monge
problem is:

D(µ0, µ1) = sup
ϕ(y)−ψ(x)≤c(x,y)

∫
X

ϕdµ1 −
∫
X

ψdµ0, (3.7)

where ϕ, ψ : X → R.

A particular case of the Monge-Kantorovich problem are the Wasserstein dis-
tances [Vas69], a set of problems that appear when the cost function is c(x, y) =
|x− y|p. These are defined as
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Definition 3.4
With the same hypotheses as Definition 3.2, the p-Wasserstein distance between µ0

and µ1 is

Wp(µ0, µ1)
p = inf

γ∈Γ(µ0,µ1)

∫
X×X

|x− y|pdγ. (3.8)

As states in the name, these objects are distances. W2 in particular can also be
formulated in a continuous manner, as shown in [BB00]:

Definition 3.5
With the same hypothesis as in definition Definition 3.2, consider a real interval [0, T ]
and let f(t, x) be a density field such that f(0, ·) = f0 and µ(T, ·) = f1

1. Consider
also a velocity field v(t, x) and the condition

∂tf +∇ · (fv) = 0. (3.9)

Then

W2(µ0, µ1) = inf
(ρ,v)

T

∫
X

∫ T

0

ρ(t, x)|v(t, x)|2dxdt. (3.10)

In this work we are mostly concerned with the primal formulation in Defini-
tion 3.2 and a bit less so the dual formulation in Definition 3.3. The other two
definitions have been included for completion, but as seen Definition 3.5 is only
applicable to a specific (but important) case.

3.2 Motivation for quantum optimal transport
Classical optimal transport has found myriad applications, culminating in a Nobel
prize in Economics in 1975 to Kantorovich and Koopmans ”for their contributions
to the theory of optimum allocation of resources” [The75].

Besides resource allocation and economic planning, it has also found application
in image processing, fluid dynamics, population dynamics and more [Vil08; Bre15;
San18]. These applications do not straightforwardly translate to quantum physics,
so why do we want to expand this theory to quantum systems?

The basis to answer to this question can be found in [San18]: ”Wasserstein
distances can be used for many other purposes. Essentially, every time that you
have a distance on a set you obtain a distance on the probability measures that
are defined on it” (p. 12). This strictly applies to Wasserstein distances, which

1Recall that to measure µi we associated the density fi
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have the property of translating distances in the cost function into distances in
the probability space. We take this quotation a bit less literally, focusing on the
fact that properties of the set can give rise to distinguishability functions on the
probability distribution that express these properties.

In the context of quantum mechanics, we would use states instead of probability
measures, and the set on which this act as probabilities can be, for example, an
observable from which we could extract some classical probabilities. For the time
being, we are going to focus on the labels assigned to pure states. While this labels
are a priori arbitrary, in practice useful labels are used, often with numerical values.
We consider two important values that can appear in these labels: energy and
bitstrings.

Consider a Hamiltonian H on a Hilbert space H and three pure states: |0⟩ ,
|1⟩ , |10⟩ such that H |n⟩ = n |n⟩ for n = 0, 1, 10. The energy gap between these
states is clear: ∆0,1 = 1, ∆0,10 = 10 and ∆1,10 = 9. Despite this fact, conventional
distinguishability measures on quantum objects such as the fidelity, trace distance,
relative entropy… all would give the same value between 0, 1 and 1, 10. Taking
the fidelity as an example: F0,1 = 0 = F1,10. This is because these functions all
rely exclusively on the vector-space structure ofH. The aim of optimal transport
is to add another option to what we can use to distinguish quantum states. In the
classical case this was given by the cost function c(x, y), which we extend to a
cost matrix, usually denoted by K in the quantum setting. This extra variable can
be used to encode properties of the system that are not given by the vector-space
structure ofH.

To give another example, this time more related to information theory, consider
bitstrings of lenght n. A natural question in error correction is: given a target string
s, how far an output string r is from s. In classical information theory the Hamming
distance [Ham50] answers this question. It is defined a the number of different
bits between s and r. For example the Hamming distance between 0101 and 0110
is 2, while the Hamming distance between 0110 and 0010 is 1. If we input these
two strings into quantum states and then calculate any standard distinguishability
function on quantum states we again obtain the same result in both mentioned
examples.

This examples gave easy cases where we were given eigenstates of the problem.
We would like to obtain a theory of quantum optimal transport that allows us
to generalise functions of this type to any pair of quantum states, not only the
eigenstates.
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3.2.1 Quantum optimal transport in the literature
Our work on quantum optimal transport is not the first contribution to the field. In
this section we introduce some other results on quantum optimal transport. We can
classify this results into three categories, depending on which of the three classical
formulations they are trying to generalise.

The fist quantum generalisation comes from [ŻS98; ŻS01], where they used the
classical formulation of the Husimi distributions [Hus40] of quantum states.

Several works have generalized the primal formulation of classical optimal trans-
port, each adopting a different perspective on the coupling [GMP16; Hoo18; DT21;
Duv21; FEC+22; BEŻ23; CEF+23; BS25; BPT+25]. Among these, [Hoo18; FEC+22;
BEŻ23; CEF+23] develop approaches based on joint state couplings, which we will
explore further in the remainder of this section. On the other hand, [DMT+21;
DT23] propose a framework grounded in the dual formulation of classical transport
and, as a consequence, establish a continuity bound for the von Neumann entropy
with respect to their definition.

Finally, for the continuous formulation of W2 we have [CM14; Agr13; RD19;
RD17; CM17; CM19; Wir21].

For further reference, the introduction to [DT23] contains an extensive literature
review on the topic for up to 2023 and [Bea25] is a recent full review at the time of
writing. It includes an introduction to classical optimal transport and applications
as well as different generalisations and applications to quantum systems.

3.3 Quantum couplings in the primal problem
The most naive candidate for the coupling in the quantum case is the quantum
analogue to the joint probability distribution: the joint state. In the remainder
of this chapter we develop quantum optimal transport with this coupling. We
comment on some of the problems that arise with this approach that steered us
toward new directions. This work is an extension to our previous work in [Hoo18]
shares some similarities [CEF+23; FEC+22; BEŻ23].

3.3.1 The joint quantum state as a coupling
Th definition of the quantum optimal transport with a joint state coupling is fairly
straightforward. Consider two Hilbert spacesHA,HB , a hermitian cost matrix on
the joint space K ∈ B(HA ⊗HB) and two states ρ ∈ S(HA), σ ∈ S(B). The set
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of couplings associated to these two states is

Ω(ρ, σ) = {ω ∈ S(HA ⊗HB) | TrA [ω] = σ, TrB [ω] = ρ} . (3.11)

Then the quantum optimal transport cost is

C(ρ, σ) = inf
ω∈Ω(ρ,σ)

Tr [Kω] . (3.12)

A positive definite cost matrix would ensure a positive, cost due to the self duality
of the positive cone [BW11]. If HA = HB , a cost symmetric under system swap
ensures a symmetric cost. For the other two properties of a distance (Section 2.4.1)
two facts were observed by both [Hoo18; CEF+23]: the cost matrix K must be in
the antisymmetric subspace and the square root should be added to the resulting
number. The fist change appears so that we can have the property that the cost is
zero if and only if the states are equal Eq. (2.72), as we show in Proposition 3.7. The
second change was shown in [CEF+23] to produce a weak distance2, which was an
actual distance for d = 2. With these changes the cost,

√
TQK (ρ, σ) in the notation

of [CEF+23], is √
TQK (ρ, σ) = inf

ω∈Ω(ρ,σ)

√
Tr [PaKPaω], (3.13)

where Pa denotes the projection on the antisymmetric subspace Pa = 1
2
(11− S),

with S the swap operator.
Before showing the need for the antisymmetric projector we show the following

proposition:

Proposition 3.6
If either ρ or σ are pure states, then

Ω(ρ, σ) = {ρ⊗ σ}. (3.14)

Proof. Let σ = |ψ⟩⟨ψ| and take a state ω ∈ Ω(ρ, σ). We can write ω in its diagonal
basis {|ϕt⟩} as

ω =
∑
t

pt |ϕt⟩⟨ϕt| . (3.15)

Taking the partial trace over the first subsystem:

|ψ⟩⟨ψ| = TrA [ω] =
∑
t

ptTrA [|ϕt⟩⟨ϕt|] =
∑
t

ptρt (3.16)

2A weak distance is a quantity lower bounded by a distance.
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Because the coefficients pt are positive, then ρt = |ψ⟩⟨ψ| for all t. We now
want to study the pure states that form ω, |ϕt⟩. We know that these states fulfil
TrA [|ϕt⟩⟨ϕt|] = |ψ⟩⟨ψ|. From the Schmidt decomposition [Sch07; Eve57; EK95], we
can write |ϕt⟩ as

|ϕt⟩ =
∑
i

λi |ei, fi⟩ (3.17)

for orthonormal basis {|ei⟩} and {|fi⟩}. Its partial trace is

|ψ⟩⟨ψ| = TrA [|ϕt⟩⟨ϕt|] =
∑
i

λ2i |fi⟩⟨fi| . (3.18)

Since {|fi⟩} is an orthonormal basis there must exist, for each t, it0 such that∣∣fit0〉 = |ψ⟩ and λit0 = 1, λi = 0 for i ̸= it0. Thus

|ϕt⟩⟨ϕt| =
∣∣eit0〉〈eit0∣∣⊗ |ψ⟩⟨ψ| . (3.19)

Using the above expression to rewrite ω we obtain

ω =
∑
t

pt
∣∣eit0〉〈eit0∣∣⊗ |ψ⟩⟨ψ| =

(∑
t

pt
∣∣eit0〉〈eit0∣∣

)
⊗ |ψ⟩⟨ψ| (3.20)

and the partial trace over the second subsystem is trivial and has to be ρ, so∑
t

pt
∣∣eit0〉〈eit0∣∣ = ρ (3.21)

and thus
ω = ρ⊗ |ψ⟩⟨ψ| . (3.22)

Proposition 3.7
Let K be a positive operator acting on a finite dimensional Hilbert spaceH. The cost

C(ρ, σ) = inf
ω
Tr [PaKPaω] (3.23)

fulfils C(ρ, ρ) = 0 for all ρ ∈ S(H). Moreover, Pa is the largest projector we can
conjugate in this way that yields the property.
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Proof. Let ρ ∈ S(H) and take an orthonormal basis {|φi⟩} that diagonalises ρ so
that

ρ =
∑
i

pi |φi⟩⟨φi| . (3.24)

Consider the pure state inH2

|ξ⟩ =
∑
i

√
pi |φi, φi⟩ (3.25)

and its associated density matrix

ω = |ξ⟩⟨ξ| =
∑
ij

√
pipj |φi, φi⟩⟨φj, φj| . (3.26)

The partial traces of ω are

TrB [ω] = TrB

[∑
ij

√
pipj |φi, φi⟩⟨φj, φj|

]
=
∑
ij

√
pipj |φi⟩⟨φj| ⟨φj|φi⟩

=
∑
ij

√
pipj |φi⟩⟨φj| δij =

∑
i

pi |φi⟩⟨φi| = ρ

(3.27)

and, similarly, TrA [ω] = ρ. Therefore ω ∈ Ω(ρ, ρ). ω is symmetric by construction
therefore its antisymmetric projection is 0. The cost associated to ω is also 0 and
since

0 ≤ C(ρ, ρ) ≤ Tr [KPaωPa] = 0 (3.28)
we have that C(ρ, ρ) = 0.

To see that the antisymmetric projector is the largest projector that fulfils the
proposition consider any pure state |ϕ⟩ ∈ H. By Proposition 3.6 the only admissible
coupling is |ϕϕ⟩⟨ϕϕ|. Let

0 = C(|ϕ⟩⟨ϕ| , |ϕ⟩⟨ϕ|) = Tr [K |ϕ⟩⟨ϕ| ⊗ |ϕ⟩⟨ϕ|] . (3.29)
If this equation is true for any state it is in particular true for the following integral:

N Tr

[
K

∫
|ϕϕ⟩⟨ϕϕ| dϕ

]
= 0, (3.30)

where N is a normalisation constant. The object∫
|ϕϕ⟩⟨ϕϕ| dϕ (3.31)

is a definition of the symmetric projector, therefore K has to be in the orthogonal
space to the symmetric projector. The largest projector that fulfils this is the
antisymmetric projector.
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3.4 Operational interpretation of the joint state
coupling

As stated in the previous section, we aim to find a way to compose joint states. This
is achieved in Proposition 3.8. Note this section is similar to the ideas in [Lei06].
We expand on this connection later.

Proposition 3.8
Let ρ and σ be 2 full-rank quantum states on the same Hilbert spaceH. Let

Ω(ρ, σ) = {ωAB ∈ S(HA ⊗HB) s.t. TrB[ωAB] = ρ, TrA[ωAB] = σ} (3.32)

and
E(ρ, σ) = {E : L(HA)→ L(HB) CPTP s.t. E(ρ) = σ}. (3.33)

Then ∃ a vector space isomorphism3

Ξρ : E(ρ, σ) −→ Ω(ρ, σ)

E 7−→ (idA⊗E) (||ρ⟩⟩⟨⟨ρ||),
(3.34)

where ||ρ⟩⟩ is the canonical purification of ρ =
∑

i pi |ϕi⟩⟨ϕi|:

||ρ⟩⟩ =
∑
i

√
pi |ϕi, ϕi⟩ . (3.35)

Proof. The proof is a somewhat lengthy checklist of every property that the maps
Ξρ and its proposed inverse should have.

Fix ρ, σ ∈ S(H), with rho diagonal in the canonical basis without loss of
generality. First, note that Ω(ρ, σ) ̸= ∅ ̸= E(ρ, σ) because ρ ⊗ σ and x 7→ σ are
elements of each respective set. The map is clearly linear form the definition, as the
tensor product is linear, therefore we only need to find an inverse map. Consider
the following map from the space of states to the space of channels:

ωAB 7→ EωAB
(X) = TrA

[(
ρ−

1
2UρX

TU∗ρρ
− 1

2 ⊗ 11B
)
ωAB

]
, (3.36)

with ρT =
∑

i pi |αi⟩⟨αi| and Uρ =
∑

i |i⟩⟨αi|. We will write maps generated
through a state EωAB

and states generated from a map ωE .
3A lineal bijective map. Here, linearity is taken as inherited from the parent vector spaces. A

more correct statement would be that we have a linear map between parent spaces that restricted is
a bijection.
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We first need to show that the map and its inverse candidate are well defined:

E(ρ) = σ ⇒ TrB[ωϵ] = ρ, TrA[ωϵ] = σ,

TrB[ωAB] = ρ, TrA[ωAB] = σ ⇒ E(ρ) = σ,
(3.37)

and that they are indeed inverse of each other:

EωE = E ,
ωEωAB

= ωAB.
(3.38)

We show first that Ξρ is well defined. Let E ∈ E(ρ, σ). Then

TrA [ωE ] = TrA [(11A ⊗ E) (||ρ⟩⟩⟨⟨ρ||)] = TrA

[
(11A ⊗ E)

(∑
ij

√
ρiρj |i, i⟩ ⟨j, j|

)]

= TrA

[∑
ij

√
ρiρj (11A ⊗ E) (|i⟩⟨j| ⊗ |i⟩⟨j|)

]

= TrA

[∑
ij

√
ρiρj |i⟩⟨j| ⊗ E (|i⟩⟨j|)

]
=
∑
ij

√
ρiρjδijE (|i⟩⟨j|) =

∑
i

ρiE (|i⟩⟨i|)

= E

(∑
i

ρi |i⟩⟨i|

)
= E (ρ) = σ.

(3.39)
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Similarly:

TrB [ωE ] = TrB [(11A ⊗ E) (||ρ⟩⟩⟨⟨ρ||)] = TrB

[
(11A ⊗ E)

(∑
ij

√
ρiρj |i, i⟩ ⟨j, j|

)]

= TrB

[∑
ij

√
ρiρj (11A ⊗ E) (|i⟩⟨j| ⊗ |i⟩⟨j|)

]

= TrB

[∑
ij

√
ρiρj |i⟩⟨j| ⊗ E (|i⟩⟨j|)

]
=
∑
ij

√
ρiρj |i⟩⟨j|Tr [E (|i⟩⟨j|)] =

∑
ij

√
ρiρj |i⟩⟨j|Tr [|i⟩⟨j|]

=
∑
ij

√
ρiρj |i⟩⟨j| δij =

∑
i

ρi |i⟩⟨i| = ρ

(3.40)

Next we show the proposed inverse is well defined. Let ω ∈ Ω(ρ, σ). Then

Eω(ρ) = TrA

[(
ρ−

1
2Uρρ

TU∗ρρ
− 1

2 ⊗ 11B
)
ω
]

= TrA

[(
ρ−

1
2ρρ−

1
2 ⊗ 11B

)
ω
]

= TrA [(11A ⊗ 11B)ω] = σ.

(3.41)

Next we show EωE = E . For this, write a general element X =
∑

lm xlm |l⟩⟨m|
in the (canonical) basis of ρ. Then

EωE (X) = TrA

[(
ρ−

1
2UρX

TU∗ρρ
− 1

2 ⊗ 11B
)
ωE

]
= TrA

[(
ρ−

1
2UρX

TU∗ρρ
− 1

2 ⊗ 11B
)
(11A ⊗ E) (||ρ⟩⟩⟨⟨ρ||)

]
(3.42)

= TrA

[(
ρ−

1
2UρX

TU∗ρρ
− 1

2 ⊗ 11B
)
(11A ⊗ E)

(∑
kj

√
ρkρj |k⟩⟨j| ⊗ |k⟩⟨j|

)]

= TrA

[(
ρ−

1
2UρX

TU∗ρρ
− 1

2 ⊗ 11B
)(∑

kj

√
ρkρj (11A ⊗ E) |k⟩⟨j| ⊗ |k⟩⟨j|

)]

= TrA

[(
ρ−

1
2UρX

TU∗ρρ
− 1

2 ⊗ 11B
)(∑

kj

√
ρkρj |k⟩⟨j| ⊗ E (|k⟩⟨j|)

)]
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=
∑
kj

√
ρkρj TrA

[(
ρ−

1
2UρX

TU∗ρρ
− 1

2 ⊗ 11B
)
|k⟩⟨j| ⊗ E (|k⟩⟨j|)

]
=
∑
kj

√
ρkρj ⟨j| ρ−

1
2UρX

TU∗ρρ
− 1

2 |k⟩ E (|k⟩⟨j|)

=
∑
kjml

√
ρkρj ⟨j| ρ−

1
2Uρ (xlm |l⟩⟨m|)T U∗ρρ−

1
2 |k⟩ E (|k⟩⟨j|)

=
∑
kjml

xlm
√
ρkρj ⟨j| ρ−

1
2Uρ |αm⟩⟨αl|U∗ρρ−

1
2 |k⟩ E (|k⟩⟨j|)

=
∑
kjml

xlm
√
ρkρj ⟨j| ρ−

1
2 |m⟩⟨l| ρ−

1
2 |k⟩ E (|k⟩⟨j|)

=
∑
kjml

xlm
√
ρkρjρ

− 1
2

m δjmρ
− 1

2
l δlkE (|k⟩⟨j|) =

∑
ml

xlmE (|l⟩⟨m|)

= E

(∑
lm

xlm |l⟩⟨m|

)
= E(X)

Finally, we show ωEωAB
= ωAB . Let ω ∈ Ω(ρ, σ) be written as

ω =
∑
klmn

ωklmn |k, l⟩⟨m,n| . (3.43)

Then

ωEω = (11A ⊗ Eω) (||ρ⟩⟩⟨⟨ρ||) = (11A ⊗ Eω)
(∑

ij

√
ρiρj |i⟩⟨j| ⊗ |i⟩⟨j|

)
=
∑
ij

√
ρiρj |i⟩⟨j| ⊗ E (|i⟩⟨j|)

=
∑
ij

√
ρiρj |i⟩⟨j| ⊗ TrA

[(
ρ−

1
2Uρ (|i⟩⟨j|)T U∗ρρ−

1
2 ⊗ 11B

)
ω
]

=
∑
ij

|i⟩⟨j| ⊗ TrA [(|j⟩⟨i| ⊗ 11B)ω] (3.44)

=
∑
ij

|i⟩⟨j| ⊗ TrA

[
(|j⟩⟨i| ⊗ 11B)

(∑
klmn

ωklmn |k, l⟩⟨m,n|

)]
=
∑
ijklmn

ωklmn |i⟩⟨j|TrA [|j⟩ ⟨i|k⟩ ⟨m| ⊗ |l⟩⟨n|]
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=
∑
ijklmn

ωklmnδikδjm |i⟩⟨j| ⊗ |l⟩⟨n|

=
∑
klmn

ωklmn |k, l⟩⟨m,n| = ω.

Proposition 3.8 gives us complete relations between the objects (ρ, σ), ω and
(ρ, E):

i) Given (ρ, σ) there exists a nonempty set of bipartite states that reduce to (ρ, σ)
and a nonempty set of channels that take ρ to σ. Moreover, we can trivially
find and element of each of these sets.

ii) Given a bipartite state ω we can find ρ, σ such that ω ∈ Ω(ρ, σ) through the
partial traces and given a pair (ρ, E), we can find σ such that by applying the
channel to ρ.

iii) Finally, Proposition 3.8 tells us that these two sets are isomorphic, that is that
given (ρ, E), we can uniquely associate it to a bipartite state ω and vice versa.

iv) If the states are not full-rank the maps still work (with the pseudo-inverse in
the place of ρ 1

2 ), but Ξρ or its inverse looses injectivity.

3.4.1 Recovery map through the state channel relation
In Proposition 3.8 we find a morphism between state-channel pairs and bipartite
states. Here we want to use this isomorphism to define a recovery map E−1. We
define E−1 by composing the following operations:

(ρ, E) 7→ ωE 7→ SωES 7→ (E(ρ), ESωES) , (3.45)

where S is the swap operator.

Definition 3.9
In the notation of Proposition 3.8, and writing S(ω) = SωS :

E−1 =
(
Ξ−1σ ◦ S ◦ Ξρ

)
(E). (3.46)

Explicitly,

E−1(x) = TrB

[(
11A ⊗ σ−

1
2Uσx

TU∗σσ
− 1

2

)
(11A ⊗ E) (||ρ⟩⟩⟨⟨ρ||)

]
. (3.47)
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This recovery channel yields the original input state ρ on input σ, the original
output state. We see that this is indeed the case:

Lemma 3.10
Let E−1 be as in the previous definition for given (ρ, σ, E) such that E(ρ) = σ. Then

E−1(σ) = ρ.

Proof. The proof is straightforward from the definition:

E−1(σ) = TrB

[(
11A ⊗ σ−

1
2Uσσ

TU∗σσ
− 1

2

)
(11A ⊗ E) (||ρ⟩⟩⟨⟨ρ||)

]
= TrB [(11A ⊗ E) (||ρ⟩⟩⟨⟨ρ||)] = TrB ω = ρ.

(3.48)

We want to see that this recovery channel yields reasonable results in some
special cases:

Example 3.11

0) Let ω = ρ⊗ σ. In this case the associated channel E is

E(x) = TrA

[(
ρ−

1
2Uρx

TU∗ρρ
− 1

2 ⊗ 11B
)
(ρ⊗ σ)

]
= TrA

[(
xT ⊗ 11B

)
(11A ⊗ σ)

]
= Tr

[
xT
]
σ.

(3.49)

Thus, E is the constant channel. Now:

E−1(x) = TrB

[(
11A ⊗ σ−

1
2Uσx

TU∗σσ
− 1

2

)
(11A ⊗ E) (||ρ⟩⟩⟨⟨ρ||)

]
= TrB

[(
11A ⊗ σ−

1
2Uσx

TU∗σσ
− 1

2

)∑
ij

√
pipj |i⟩⟨j| ⊗ E(|i⟩⟨j|)

]

= TrB

[(
11A ⊗ σ−

1
2Uσx

TU∗σσ
− 1

2

)∑
ij

√
pipj |i⟩⟨j| ⊗ Tr [|j⟩⟨i|]σ

]

= TrB

[(
11A ⊗ σ−

1
2Uσx

TU∗σσ
− 1

2

)(∑
ij

√
pipjδij |i⟩⟨j| ⊗ σ

)]
= TrB

[(
11A ⊗ xT

)
(ρ⊗ 11B)

]
= Tr

[
xT
]
ρ.

(3.50)
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1) Let σ = ρ and E = id. Then

E−1(x) = TrB

[(
11A ⊗ ρ−

1
2Uρx

TU∗ρρ
− 1

2

)
||ρ⟩⟩⟨⟨ρ||

]
. (3.51)

This is not immediately recognisable, but we can use the expression of E = id in
this form from Proposition 3.8:

id(x) = E(x) = TrA

[(
ρ−

1
2Uρx

TU∗ρρ
− 1

2 ⊗ 11B
)
||ρ⟩⟩⟨⟨ρ||

]
. (3.52)

Since ||ρ⟩⟩⟨⟨ρ|| is invariant under swap we can identify these two channels, thus
E−1 = id.

2) Classical case: ρ =
∑

i pi |i⟩⟨i| , σ =
∑

i si |i⟩⟨i| and

E(x) =
∑
i

⟨i|x|i⟩
∑
j

pj|i |j⟩⟨j| (3.53)

which, evaluated on ρ yields

E(ρ) =
∑
i

⟨i|ρ|i⟩
∑
j

pj|i |j⟩⟨j| =
∑
j

(∑
i

pj|ipi

)
|j⟩⟨j| =

∑
j

sj |j⟩⟨j| .

(3.54)

Note that because ρ and σ commute we can take the partial transpose on the
canonical basis, which yields Uσ = 11. Then the recovery channel is

E−1(x) =TrB

[(
11A ⊗ σ−

1
2xTσ−

1
2

)
(11A ⊗ E) (||ρ⟩⟩⟨⟨ρ||)

]
(3.55)

=TrB

[(
11A ⊗ σ−

1
2xTσ−

1
2

)
(11A ⊗ E)

(∑
ij

√
pipj |ii⟩⟨jj|

)]

=TrB

[(
11A ⊗ σ−

1
2xTσ−

1
2

)(∑
ij

√
pipj |i⟩⟨j| ⊗ E(|i⟩⟨j|)

)]

=TrB

[(
11A ⊗ σ−

1
2xTσ−

1
2

)
(∑

ij

√
pipj |i⟩⟨j| ⊗

∑
k

⟨k||i⟩⟨j||k⟩
∑
l

pl|k |l⟩⟨l|

)]
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=TrB

[(
11A ⊗ σ−

1
2xTσ−

1
2

)(∑
i

pi |i⟩⟨i| ⊗
∑
l

pl|i |l⟩⟨l|

)]
=
∑
il

pl|ipi ⟨l| σ−
1
2xTσ−

1
2 |l⟩ |i⟩⟨i| =

∑
il

pl|ipi
sl
⟨l| xT |l⟩ |i⟩⟨i|

=
∑
il

pi|l ⟨l| x |l⟩ |i⟩⟨i| ,

which is the classical recovery channel on input diagonal in the canonical basis.

3) Consider a classical-quantum channel with classical input, that is ρ =
∑

i pi |i⟩⟨i| ,
E =

∑
i ⟨i|x|i⟩ σi; therefore σ = E(ρ) =

∑
i piσi. Then

ω = (11A ⊗ E) (||ρ⟩⟩⟨⟨ρ||) = (11A ⊗ E)

(∑
ij

√
pipj |i⟩⟨j| ⊗ |i⟩⟨j|

)
=
∑
ij

√
pipj |i⟩⟨j| ⊗ δijσi =

∑
i

pi |i⟩⟨i| ⊗ σi,
(3.56)

and the recovery channel is

E−1 = TrB

[(
11A ⊗ σ−

1
2Uσx

TU∗σσ
− 1

2

)∑
i

pi |i⟩⟨i| ⊗ σi

]
=
∑
i

TrB

[
|i⟩⟨i| ⊗ piσ−

1
2Uσx

TU∗σσ
− 1

2σi

]
=
∑
i

Tr
[
piUσx

TU∗σσ
− 1

2σiσ
− 1

2

]
|i⟩⟨i| .

(3.57)

Since

∑
i

piσ
− 1

2σiσ
− 1

2 = σ−
1
2

(∑
i

piσi

)
σ−

1
2 = 11, (3.58)

this forms a POVM (we could use that the trace is invariant under transpose to find
it in proper form Tr [xMy]) and encodes the output in an orthonormal basis, thus
forming a quantum-classical channel.

Note that we could now reverse the qc-channel to find a cq-channel.
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4) Let E(x) = UxU∗. Then σ = E(ρ) =
∑

i piU |i⟩⟨i|U∗ =
∑

i pi |σi⟩⟨σi|, and

ω = (11A ⊗ E) (||ρ⟩⟩⟨⟨ρ||) =
∑
i

√
pipj |i⟩⟨j| ⊗ U |i⟩⟨j|U∗

=
∑
i

√
pipj |i⟩⟨j| ⊗ |σi⟩⟨σj| .

(3.59)

The recovery map then is

E−1(x) = TrB

[(
11A ⊗ σ−

1
2Uσx

TU∗σσ
− 1

2

)∑
i

√
pipj |i⟩⟨j| ⊗ |σi⟩⟨σj|

]
=
∑
i

√
pipj |i⟩⟨j|Tr

[
σ−

1
2Uσx

TU∗σσ
− 1

2 |σi⟩⟨σj|
]

(3.60)

=
∑
i

√
pipj ⟨σj| σ−

1
2Uσx

TU∗σσ
− 1

2 |σi⟩ |i⟩⟨j|

=
∑
i

√
pipj ⟨σj| p

− 1
2

j Uσx
TU∗σp

− 1
2

i |σi⟩ |i⟩⟨j|

=
∑
i

⟨σj|UσxTU∗σ |σi⟩ |i⟩⟨j|

=
∑
i

(
⟨σj|UσxTU∗σ |σi⟩

)T
U∗ |σi⟩⟨σj|U

= U∗

(∑
i

(U∗σ |σi⟩)
T xT

T
(⟨σj|Uσ)T |σi⟩⟨σj|

)
U

= U∗

(∑
i

∣∣σTi 〉T x 〈σTj ∣∣T |σi⟩⟨σj|
)
U

= U∗

(∑
i

⟨σi| x |σj⟩ |σi⟩⟨σj|

)
U

= U∗xU.

5) Finally, let us now calculate the composition of successive recovery operations. We
should obtain the original map. From Lemma 3.10 we have that

A
E−→ B

E−1

−→ A′
(E−1)−1

−→ B′

ρ 7−→ σ 7−→ ρ 7−→ σ,
(3.61)
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where A, B, A′, B′ are labels that all represent the same Hilbert space. Then(
E−1
)−1

(x) = TrA′

[(
ρ−

1
2Uρx

TU∗ρρ
− 1

2 ⊗ 11B′

) (
E−1 ⊗ 11B′

)
(||σ⟩⟩⟨⟨σ||)

]
= TrA′

[(
ρ−

1
2Uρx

TU∗ρρ
− 1

2 ⊗ 11B′

)∑
ij

√
sisjE−1(|σi⟩⟨σj|)⊗ |σi⟩⟨σj|

]
=
∑
ij

√
sisj TrA′

[(
ρ−

1
2Uρx

TU∗ρρ
− 1

2 ⊗ 11B′

)
(3.62)(

TrB

[(
σ−

1
2Uσ (|σi⟩⟨σj|)T U∗σσ−

1
2 ⊗ 11A′

)
(E ⊗ 11A′) (||ρ⟩⟩⟨⟨ρ||)

]
⊗ |σi⟩⟨σj|

)]
=
∑
ijkl

√
sisjpkpl TrBA′

[(
11B ⊗ ρ−

1
2Uρx

TU∗ρρ
− 1

2 ⊗ 11B′

)
(

1
√
sisj
|σj⟩⟨σi| ⊗ 11A′ ⊗ |σi⟩⟨σj|

)
(E (|k⟩⟨l|)⊗ |k⟩⟨l| ⊗ 11B′)

]
=
∑
ijkl

√
pkpl ⟨σi| E (|k⟩⟨l|) |σj⟩

1
√
pkpl
⟨l|UρxTU∗ρ |k⟩ |σi⟩⟨σj|

=
∑
ijkl

⟨σi| E (|k⟩⟨l|) |σj⟩ ⟨k| x |l⟩ |σi⟩⟨σj|

=
∑
ij

⟨σi| E

(∑
kl

⟨k|x |l⟩ |k⟩⟨l|

)
|σj⟩ |σi⟩⟨σj|

=
∑
ij

⟨σi| E (x) |σj⟩ |σi⟩⟨σj| = E(x).

3.4.2 Composition through the state channel relation
Given ρ, EB|A and EC|B ; there is an extension that allows us to find a tripartite state
ωABC such that its one-system partial traces are ρ, EB|A(ρ) and(EC|B ◦ EB|A)(ρ).
The construction is the following:

ωABC = (idA⊗EB|A ⊗ (EC|B ◦ EB|A))(||ρ⟩⟩⟨⟨ρ||), (3.63)

where ||ρ⟩⟩ is the 3-system canonical purification of ρ:

||ρ⟩⟩ =
∑
i

√
pi |iii⟩ . (3.64)

This construction yields a positive operator that preserves local states and is ex-
tendable to n systems but, due to the lack of convex linearity, does not fulfil
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TrA [ωABC ] = ωBC or TrB [ωABC ] = ωAC . We can for example see that the second
equality is not fulfilled:

TrB [ωABC ] =TrB
[
(idA⊗EB|A ⊗ (EC|B ◦ EB|A))(||ρ⟩⟩⟨⟨ρ||)

]
=TrB

[(
idA⊗EB|A ⊗ (EC|B ◦ EB|A)

)(∑
ij

√
pipj |iii⟩⟨jjj|

)]
=
∑
ij

√
pipj |i⟩⟨j| ⊗ Tr

[
EB|A(|i⟩⟨j|)

]
⊗ (EC|B ◦ EB|A)(|i⟩⟨j|)

=
∑
ij

√
pipjδij |i⟩⟨j| ⊗ (EC|B ◦ EB|A)(|i⟩⟨j|)

=
∑
i

pi |i⟩⟨i| ⊗ (EC|B ◦ EB|A)(|i⟩⟨i|).

(3.65)
This is different from

ωAC =(idA⊗(EC|B ◦ EB|A)) (||ρ⟩⟩⟨⟨ρ||)

=
∑
ij

√
pipj |i⟩⟨j| ⊗ (EC|B ◦ EB|A)(|i⟩⟨j|). (3.66)

In general, Proposition 3.8 does not allow for composition due to the non-linear
nature of the map4 [LS13; HHP+17].

3.5 Issues and new direction
The choice of coupling explored in this section has some issues. Conceptually,
we have the lack of compositionality of the couplings. Given three states ρ, µ, σ
and couplings ωAB , ωBC between ρ, µ and µ, σ, we would like a natural way to
define a coupling between ρ, σ. Moreover, the seemingly arbitrary appearance
of a projection on the antisymmetric space, which deletes information about the
coupling, and the appearance of a square root on the final result are unsatisfactory.

Observe that these problems do not appear in the classical case. Given two joint
probability distributions, p(x, y) and q(y, z) such that p(y) = q(y), we can easily
use Eq. (1.1) to generate processes to ‘transport’ the states to one another and a
third joint probability distribution as

r(x, z) =
∑
y

p(x)
p(x, y)

p(x)

q(y, z)

q(y)
=
∑
y

p(x)p(y|x)q(z|y). (3.67)

4With respect to the initial state, it is linear with respect to the map.
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Clearly r(x, z) is positive. It also has the correct marginal distributions:

r(x) =
∑
z

∑
y

p(x)p(y|x)q(z|y) = p(x)
∑
y

p(y|x)
∑
z

q(z|y)

= p(x)
∑
y

p(y|x) = p(x),

r(z) =
∑
x

∑
y

p(x)p(y|x)q(z|y) =
∑
y

(∑
x

p(x)p(y|x)

)
q(z|y)

=
∑
y

p(y)q(z|y) = q(z).

(3.68)

This issues and the relation between our study of quantum couplings and the
work of [Lei06; LS13] on quantum Bayes theorem pushed us to explore this field
first to land on a suitable coupling. In the following section we do exactly that.
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4
States over time

As shown in Section 3.1 the classical theory of optimal transport, when seen through
the primal problem, strongly relies on the definition of the coupling set, γ(µ, ν).
Later in the same Chapter 3, we show the choice of a quantum coupling is non-
trivial. With the aim of identifying a suitable coupling, in this chapter we focus on
understanding the structure of quantum states over time. Later in Chapter 5 and
Chapter 7 we use these states over time; first as the couplings for quantum optimal
transport and later to generate classical probability distributions and quantum
partitions that allow us to provide a single shot chain rule.

In Section 4.1 we introduce the motivation for studying states over time, inde-
pendently of optimal transport. In Section 4.2 we talk about the literature on states
over time, we introduce the candidates and the ties to Section 3.4. In Section 4.3 we
further discuss the axioms proposed in [HHP+17]. Finally, in Section 4.4 we talk
about the proposed state over time we focus on for quantum optimal transport in
future chapters, exploring some of its mathematical properties.

4.1 States in space and states in time
Going back to the introduction, consider

p(x, y) = p(y|x)p(x). (4.1)
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This well known equation relates joint probability distributions p(x, y) with stochas-
tic processes acting on a given initial state p(x).

We gave an example in the introduction of how this equation links two in
principle different objects. Figure 4.1 illustrates this idea using quantum systems.

ε

εA

εB

ρ

ρ

σ

σ

Figure 4.1: Left: depiction of two quantum states that are spatially separated, whose
correlations arise from a prior interaction or a shared origin. Right: depiction of two
states separated in time, where the correlations instead stem from the dynamical
map that transforms the initial state into the final one.

For states separated in space there is a well known quantum object that repre-
sents them: the joint state. Given Hilbert spaces,HA andHB , and states ρ ∈ S(Ha),
σ ∈ S(HB) the a joint state of ρ and σ is a state ω ∈ S(HA ⊗ HB) such that
TrA [ω] = σ and TrB [ω] = ρ.

Unlike in the classical case, from the bipartite quantum state ω— the analogue
of the classical joint distribution p(x, y)— there is no way to extract a state over
time. That is something that encodes an initial state and a channel, the quantum
equivalent to p(y|x)p(x). That is, one cannot directly obtain an object that simulta-
neously encodes an initial state and a dynamical map, the quantum analogue of
the factorization p(y|x)p(x).

This questions were asked for the first time around 2005 and have been under
study for the last 20 years. The rest of this chapter is dedicated to explaining these
results.
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4.2 States over time in the literature
The earliest work in this area, to the best of our knowledge, is due to Leifer [Lei06]. In
what follows, however, we begin with the contribution of Horsman et al. [HHP+17],
who collected and systematically compared several proposals for “quantum states
over time” that had appeared in the literature. They postulated five desirable
properties that such an object should satisfy and analysed which of the existing
candidates fulfilled them.

Consider two Hilbert spaces HA and HB , a state ρ ∈ S(HA) and the Jamioł-
kowski matrix J associated to a quantum channel E : B(HA)→ B(HB). We use
the shorthand notation ρ to stand for ρ ⊗ 11 when appropriate. This setting will
remain standard for the rest of this chapter, unless stated otherwise. The candidates
considered in [HHP+17] are as follows:

i) The Leifer-Spekkens state over time [Lei06; LP08; LS13]. First proposed
in [LS13], building on the previous two works. The LS state over time is defined
as

ρ ⋆LS J = ρ
1
2Jρ

1
2 . (4.2)

ii) The FJV state over time or Jordan product state over time [FJV15]. Pro-
posed initially by Fitzsimons, Jones and Vedral for qubit spaces. The idea is
to define correlations between measurements performed at different times in
analogy with spatial correlations. Specifically, one first measures an observable
σi on system A. The post-measurement state then evolves under the channel
E . Finally, a second measurement σj is performed on the resulting state. The
sequential measurement correlation is then

⟨{σi, σj}⟩ :=
∑
a=±1

a Tr
[
σj E

(
Πa
i ρΠ

a
i

)]
, (4.3)

where Π±1i = 1
2
(11 ± σi) are projectors onto the eigenstates of σi. Here, σi

denotes the Hermitian Pauli matrices, completed with the identity σ0 = 11 to
form a complete Hermitian operator basis. This quantity provides the temporal
analogue of the spatial correlations ⟨σi ⊗ σj⟩ in a bipartite system.
Equivalently, one can define the FJV state-over-time operator

RFJV =
1

2

∑
i,a=±1

Πa
i ⊗ E(Πa

i ρΠ
a
i ), (4.4)
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such that
⟨{σi, σj}⟩ = Tr

[
(σi ⊗ σj)RFJV

]
. (4.5)

In turn, one can write the FJV state-over-time in the operator basis as

RFJV =
1

4

3∑
i,j=0

⟨{σi, σj}⟩ σi ⊗ σj, (4.6)

Note thatRFJV is Hermitian and reproduces the correct one-time and two-time
correlations, but it is not necessarily a positive semi-definite operator, nor are
its local reductions.
As shown in [HHP+17], for qubits this definition is equivalent to the Jordan
product [Jor32; Jor33; Jor34; JvW35], which can then be applied to arbitrary
Hilbert spaces. Thus, the state over time RFJV can also be written as

ρ ⋆FJV J =
1

2
(ρJ + Jρ) , (4.7)

where J is the Jamiołkowski matrix of the channel E .

iii) The W state over time. Here, the idea is to describe a quantum state in a
discrete phase space in a manner analogous to a classical joint probability
distribution, but where probabilities are replaced by the quasi-probabilities.
Specifically, for a d-dimensional system A, a discrete Wigner (W) representa-
tion [Woo87] is defined by a set of operators ΩA = {KA

i } forming an operator
basis for B(HA) satisfying

Tr
[
KA
i K

A
j

]
= d δij,

∑
i

KA
i = d11, hence Tr

[
KA
i

]
= 1. (4.8)

Any density matrix ρ can then be expanded as

ρ =
∑
i

rA(i)KA
i , (4.9)

where the real coefficients rA(i) sum to 1,
∑

i r
A(i) = 1, and each lies in

[−1, 1]. The function rA(i) is called a quasi-probability distribution, providing a
discrete phase-space description of the system, analogous to a classical random
variable, but allowing for negative values to capture nonclassical features. In
the same vein, a quantum channel can be represented in the discrete Wigner
representation as

E =
1

d

∑
i,j

rB|A(j|i)KA
i ⊗KB

j , (4.10)
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where rB|A(j|i) is a real-valued function on ΩA × ΩB . The factor 1/d ensures
that

∑
j rB|A(j|i) = 1, so the rB|A(j|i) can be interpreted as conditional quasi-

probabilities.
Given the quasi-probabilities rA(i) of the input state ρ, the natural discrete
Wigner representation of the composite system AB is

rAB(i, j) := rB|A(j|i) rA(i), (4.11)

so that the corresponding W state over time state reads

ρ
(W )
AB ≡

∑
i,j

rB|A(j|i) rA(i)KA
i ⊗KB

j . (4.12)

Expressed directly in terms of ρ and the Jamiołkowski operator, this becomes

ρ
(W )
AB = ρ ⋆W J ≡ 1

d2

∑
i,j

Tr
[
J KA

i ⊗KB
j

]
Tr
[
ρKA

i

]
KA
i ⊗KB

j , (4.13)

which shows how the state-over-time operator is built from the channel and
the initial state in the Wigner representation.

Out of these 3 candidates this thesis mostly focuses on the second one, the
Jordan product. In Section 4.4.1 we show the FJV product can not be generalised to
arbitrary finite dimension and thus why we use the Jordan product instead of the
FJV formulation.

4.2.1 Joint state coupling in the context of states over time
As mentioned in the previous section, the quantum coupling we considered there
corresponds to the LS state over time given in i) above. We can develop the
expressions in both definitions to make this equivalence evident.

57



4.3. AXIOMS FOR A STATE OVER TIME

In the product basis that uses the basis of ρ twice, ρ 1
2Jρ

1
2 is

ρ
1
2Jρ

1
2 =

∑
ij

√
pipj |i⟩A⟨i| (idA⊗E)(S) |j⟩A⟨j|

=
∑
ijkℓ

√
pipj |i⟩A⟨i| (idA⊗E) (|kℓ⟩⟨ℓk|) |j⟩A⟨j|

=
∑
ijkℓ

√
pipj |i⟩A⟨i| (|k⟩⟨ℓ| ⊗ E(|ℓ⟩⟨k|)) |j⟩A⟨j|

=
∑
ij

√
pipj |i⟩⟨j| ⊗ E (|j⟩⟨i|)

=
∑
ij

√
pipj(idA⊗E) (|ij⟩⟨ji|)

=(idA⊗E) (||ρ⟩⟩⟨⟨ρ||) ,

(4.14)

which is the definition used in Proposition 3.8 and Section 7.2.

4.3 Axioms for a state over time
Horsman et al. [HHP+17] consider five axioms for a quantum state over time. They
are as follows.

• Hermiticity. Given a state ρ and a Jamiołkowski matrix J , the associated
state over time should be Hermitian.

• Convex Bilinearity. The state over time should properly preserve statistical
mixtures of states and channels. Thus, it is required that

(pρ+ (1− p)µ) ⋆ J = p (ρ ⋆ J) + (1− p) (µ ⋆ J) ,
ρ ⋆ (pJ1 + (1− p)J2) = p (ρ ⋆ J1) + (1− p) (ρ ⋆ J2) .

(4.15)

• Preservation of the classical limit. In the classical limit, that is for state
ρ =

∑
pi |i⟩⟨i| and a classical channel E(·) =

∑
ij p(j|i) ⟨i|·|i⟩ |j⟩⟨j| such

that the associated Jamiołkowski matrix fulfils [ρ, J ] = 0, then

ρ ⋆ J =
∑
ij

p(j|i)p(i) |ij⟩⟨ij| . (4.16)
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• Preservation of marginal states. The partial traces of the state over time
yield the input and output states:

TrB [ρ ⋆ J ] = ρ,

TrA [ρ ⋆ J ] = E(ρ).
(4.17)

• Composition. Finally, given a third Hilbert spaceHC and a Jamiołkowski
matrix JB→C , we require the application of composition of maps to be equal
to the application of the composition, that is

ρ ⋆ (JA→B ⋆ JB→C) = (ρ ⋆ JA→B) ⋆ JB→C . (4.18)

As shown in [HHP+17] the LS state over time violates convex bilinearity and
associativity, and the W state over time violates the preservation of the classical
limit. As for the Jordan product state over time, [HHP+17] shows that the Jordan
product in general violates the compositionality. That said, both [HHP+17] and
later [FP22] show that the Jordan product is associative for the relevant objects:
ρA ⊗ 11BC , JA→B ⊗ 11C and 11A ⊗ JB→C . Moreover [LN24] shows that the Jordan
product is unique in fulfilling a slightly stronger, and more operationally motivated,
set of axioms than the one proposed in [HHP+17] that we have discussed. In
particular, [LN24] swaps Hermiticity for the more general time reversal symmetry,
which asks that states over time associated to the identity channel are invariant
under the swap operator.

4.4 The Jordan product state over time
As we have seen, the Jordan product state over time [FJV15; HHP+17], also called
symmetric quantum bloom in literature [FP22; Ful23; FP25], is the best candidate
for a state over time due to its unique properties [HHP+17; LN24]. In this section
we elaborate on this state over time beyond the axioms. Note that from now on, we
refer to the Jordan product state over time as simply state over time and we denote
the Jordan product by ⋆.

In this section we first define the set of states over time for a pair of quantum
spaces; then we show that the original definition in [FJV15] cannot be used in
arbitrary dimension spaces; then we show how to recover the input state and
the map given an arbitrary state over time and, finally, we show that states over
multiple times are well defined.
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Definition 4.1
LetHA,HB be finite dimensional Hilbert spaces and J (HA → HB) the set of Jamioł-
kowski matrices between these two spaces. Let ρ ∈ S(HA) and J ∈ J (HA → HB).
The associated state over time is defined as Q = (ρ⊗ 11) ⋆ J . Typically we will omit
the identity and write this as Q = ρ ⋆ J . The set of states over time between two
Hilbert spacesHA, HB is the set of all operators of this form:

Q(HA : HB) = {ρ ⋆ J | J ∈ J (HA → HB) and ρ ∈ S(HA)} . (4.19)

4.4.1 General FJV state over time
We want to study whether the FJV state over time, in its original definition, gen-
eralises to arbitrary dimension. In fact, we show that it does not generalise to
arbitrary dimension, thus giving rise to the necessity of using the Jordan product.

By ‘generalising to arbitrary dimension’ we mean that for every d, there exists
a basis of HermCd, Bd, such that

ρ ⋆ J =
∑

Σi
A,Σ

j
B∈Bd

〈
{Σi

A,Σ
j
B}
〉
Σi
A ⊗ Σj

B. (4.20)

Because Bd is a basis, this would yield a nice operational interpretation to the state
over time. We see in this section this is generally impossible. Because the Jordan
product is unique in being fulfilling the axioms [LN24], a state over time defined as
in [FJV15] that is not equal to the Jordan product cannot fulfil the axioms, regardless
of basis.

First, we accurately define ⟨{C,D}⟩ for general observables and obtain the
following lemma based on the proof of [HHP+17].

Lemma 4.2
Let C,D be observables with spectrums XC , XD, ρ a state and J a Jamiołkowski
matrix. Then

⟨{C,D}⟩ = Tr

[
J

(∑
x∈XC

xP xρP x

)
⊗D

]
, (4.21)

where P x is the projector on the subspace of eigenstates of C with eigenvalue x.
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Proof. Let x, y ∈ XC , YD represent eigenvalues of C,D, respectively. Then

⟨{C,D}⟩ = E(xy) =
∑

x∈XC ,y∈YD

xyP (x, y) =
∑

x∈XC ,y∈YD

xyP (y|x)P (x)

=
∑

x∈XC ,y∈YD

xyP (y|x) Tr [P xρP x]

=
∑
x∈XC

x

(∑
y∈YD

yP (y|x)

)
Tr [P xρP x]

=
∑
x∈XC

xE(y|x) Tr [P xρP x]

=
∑
x∈XC

xTr

[
ε

(
P xρP x

Tr [P xρP x]

)
D

]
Tr [P xρP x]

=
∑
x∈XC

xTr [ε (P xρP x)D]

=
∑
x∈XC

xTr [TrA [JP
xρP x]D]

= Tr

[
J

((∑
x∈XC

xP xρP x

)
⊗D

)]
.

(4.22)

Note that for the particular case C = σi, D = σj Xσi = {±1} we recover Eq.
(25) from [HHP+17] and Eq. (4.3)1.

Lemma 4.2 highlights the importance of
∑
xP xρP x and why this proof works

in the case of Pauli matrices: Pauli matrices only have ±1 eigenvalues, which then
allow the projectors to be written as

P± =
1

2
(11± σi) .

We expand on this observation in the following lemma. This lemma, together with
Lemma 4.2 characterises the key property of the Pauli matrices that allows them to
act as observables that characterise the Jordan product.

1If we input the Jamiołkowski matrix definition J = (id⊗E)(S) and operate a bit.
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Lemma 4.3
Let C be an observable not proportional to the identity, XC its spectrum and P x, x ∈
XC , the projectors on every eigenspace. Then∑

x∈XC

xP xρP x = ρ ⋆ C ∀ρ ⇔ XC = {±λ}, λ ∈ R\{0}. (4.23)

Note that the result would hold if XC = {λ}, since then C = λ11 and the left
side of the implication is trivial. We explicitly exclude this case in the statement.

Proof. For the⇐ direction, consider an observable C with spectrum {±λ}. Then
the projectors onto its eigenspaces can be written similarly to the case of the Pauli
matrices:

P± =
1

2λ
(λ11± C) . (4.24)

Then, a calculation yields∑
x∈XC

xP xρP x = λP+ρP+ − λP−ρP−

=
1

4λ2
(λ (λ11 + C) ρ (λ11 + C)− λ (λ11− C) ρ (λ11− C))

=
1

4λ2
(
λ3ρ+ λCρC + λ2Cρ+ λ2ρC − λ3ρ− λCρC + λ2ρC + λ2Cρ

)
=

1

2
(ρC + Cρ) = ρ ⋆ C.

(4.25)

For⇒, consider the converse statement; if there exists a real number s.t. λ ∈ XC

and a real number µ ̸= ±λ also in the spectrum, then there exists a state ρ such
that the equality is false. Consider such an observable C with eigenvalues λ and
µ (and possibly others), and corresponding normalized eigenvectors |λ⟩ and |µ⟩.
Define the projector onto the subspace orthogonal to these two eigenvectors as

PR = 11− |µ⟩⟨µ| − |λ⟩⟨λ| . (4.26)

Consider also ρ = 1
2
(|µ⟩+ |λ⟩) (⟨µ|+ ⟨λ|). Denote |w⟩ = ρ |λ⟩ = 1

2
(|µ⟩+ |λ⟩).
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Then∑
x∈XC

xP xρP x |λ⟩ − ρ ⋆ C |λ⟩ =
(
λP λ − 1

2
λ11− 1

2
C

)
|w⟩

=

(
λP λ − 1

2
λ
(
|µ⟩⟨µ|+ |λ⟩⟨λ|+ PR

)
− 1

2

(
µ |µ⟩⟨µ|+ λ |λ⟩⟨λ|+ PR

∑
x∈XC

xP xPR

))
|w⟩

=λ
1

2
|λ⟩ − 1

4
λ (|µ⟩+ |λ⟩)− 1

4
(µ |µ⟩+ λ |λ⟩)

=− λ+ µ

4
|µ⟩ ̸= 0.

(4.27)

Finally, we can use these results to state to state a general relation between FJV
states over time and Jordan product states over time.

Proposition 4.4
Let n ∈ N. Let σi, i ∈ {0, 1, 2, 3} be the Pauli matrices. Then the basis

Bn =

⊗
i∈[n]

σji

 (4.28)

of HermC2n fulfils

J ⋆ ρ =
∑

ΣA,ΣB∈Bn

⟨{ΣA,ΣB}⟩ΣA ⊗ ΣB. (4.29)

Proof. The spectrum of each element of Bn is {±1}. Let ΣA,ΣB ∈ Bn, then by
Lemma 4.3

ρ ⋆ ΣA =
∑

x∈{±1}

xP xρP x. (4.30)

We can now insert this equality into Lemma 4.2 to obtain

⟨{ΣA,ΣB}⟩ = Tr [J (ρ ⋆ ΣA)⊗ ΣB] = Tr
[
(ρ ⋆ J) Σi

A ⊗ Σj
B

]
. (4.31)
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Adding up all possible combinations yields∑
Σi

A,Σ
j
B∈Bn

〈
{Σi

A,Σ
j
B}
〉
Σi
A⊗Σ

j
B =

∑
Σi

A,Σ
j
B∈Bn

Tr
[
(ρ ⋆ J) Σi

A ⊗ Σj
B

]
Σi
A⊗Σ

j
B. (4.32)

Since Bn is a basis of HermC2n , the coefficients Tr [(ρ ⋆ J)] uniquely determine
(ρ ⋆ J), yielding the result.

We have seen that the FJV state over time can be generalised to dimension 2n

with the tensor products of Pauli matrices. More importantly, Lemma 4.3 implies
that for Hilbert spaces of dimension d ̸= 2n the FJV state over time can not be
generalised with the original form from [FJV15].

Remark 4.5
Known generalisations of Pauli matrices for higher dimensions are the spin matrices
and the Gell-Mann matrices [BK08]2. These matrices all form a basis of HermCd but,
unlike Bn, the elements do not have a spectrum of the form {±λ}. Therefore, unless
there is an unknown generalisation with the correct spectrum for all dimensions, the
Jordan product is the only way to extend the FJV state over time to all dimensions.

4.4.2 Recovering the channel from the state over time
While a state over time defined via the Jordan product has a clear physical interpre-
tation in terms of its factors (the input state and the Jamiołkowski operator of the
map) a characterization of which Hermitian matrices ω admit such a decomposition
is not known. Even knowingly given a state over time Q ∈ Q(HA : HB), it is not
immediately clear how to recover the Jamiołkowski matrix. In this section we show
how to identify states over time and recover the associated Jamiołkowski matrix.

We start with the following theorem, which was also shown in [Ful23; LN24].

Theorem 4.6
Let ω be a Hermitian operator on B(HA ⊗HB) such that ρ = TrB [ω] ≥ 0. Then let
B = {|ik⟩} be a product basis of HA ⊗HB such that {|i⟩} is a diagonal basis of ρ
with associated eigenvalues {pi ≥ 0}. Finally, consider an operator J such that, if pi
or pj are nonzero then

⟨ik| J |jℓ⟩ = 2

pi + pj
⟨ik|ω |jℓ⟩ . (4.33)

2There is another generalisation: Sylvester’s generalised Pauli matrices, but these are not even
Hermitian.

64



CHAPTER 4. STATES OVER TIME

Then, ω = ρ ⋆ J . Moreover, if ρ is faithful then J is Hermitian and uniquely
specified by the above matrix elements.

Proof. The result can be obtained by writing ρ ⋆ J in a product basis that contains
an eigenbasis of ρ. Let J be written in a product basis {|ik⟩} whoseHA component
is a diagonal basis of ρ,

ρ =
∑
i

pi |i⟩⟨i| (4.34)

J =
∑
ikjℓ

⟨ik| J |jℓ⟩ |ik⟩⟨jℓ| . (4.35)

In this basis we can calculate the Jordan product

ρ ⋆ J =
1

2

(∑
ikjℓi′

pi′ |i′⟩⟨i′| ⟨ik| J |jℓ⟩ |ik⟩⟨jℓ|+ ⟨ik| J |jℓ⟩ |ik⟩⟨jℓ| pi |i′⟩⟨i′|

)

=
∑
ikjℓ

1

2
(pi + pj) ⟨ik| J |jℓ⟩ |ik⟩⟨jℓ| .

(4.36)

Therefore, if pi or pj are nonzero, the coefficients of J from this matrix are

⟨ik| J |jℓ⟩ = 2

pi + pj
⟨ik| ρ ⋆ J |jℓ⟩ . (4.37)

If ρ is faithful, this fully characterises every coefficient of J in the chosen basis,
and therefore J is unique.

Theorem 4.6 takes an operator ω ∈ B(HA ⊗ HB) with positive partial trace
onHA and allows us to recover information on operators J ∈ B(HA ⊗HB) such
that ω = ρ ⋆ J . Note that the Theorem says nothing about whether there is a
Jamiołkowski matrix compatible with ω or not.

If ρ is faithful, we obtain a single J compatible with the structure. We can
check whether or not this J is a Jamiołkowski matrix to conclude whether or not
the original operator ω is a state over time. If ρ is not faithful the coefficients
⟨ik| J |jℓ⟩ such that pi = pj = 0 are not determined by the Theorem. We can
fill these coefficients while ensuring that the resulting operator is a Jamiołkowski
matrix with the following SDP:
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min
J

f(J)

s.t.


⟨ik| J |jℓ⟩ = 2

pi + pj
⟨ik|ω |jℓ⟩ , ∀i, j ∈ B | pi + pj ̸= 0, ∀k, ℓ ∈ B

TrB J = 11
JTA ≥ 0

(4.38)

In the SDP, f is an arbitrary linear function, since we are only interested in
whether or not the feasible set is empty and, if it is not, obtaining an element of this
set, which would be our Jamiołkowski matrix. Appendix A discusses the practical
numerical implementation of this SDP, since such feasibility problems can present
some computational issues.

This map has also been independently studied in [SAS+25] in a different context,
where they provide the following alternative form for the case where ρ is faithful:

J =

∫ ∞
0

e−
t
2
ρωe−

t
2
ρdt. (4.39)

This form makes it very easy to prove the following property.

Corollary 4.7
Let ρ ∈ S(H) be a state of a Hilbert spaceH. Then the map

x 7→
∫ ∞
0

e−
t
2
ρxe−

t
2
ρdt (4.40)

is completely positive.

Proof. e−
t
2
ρ will be Hermitian because ρ is. Therefore for a fixed t, the map x 7→

e−
t
2
ρxe−

t
2
ρ will be CP because it is a Kraus form of a map due to the Hermiticity of

e−
t
2
ρ. The integral of CP maps will be CP, thus the original map is CP.

Additionally, we want to present the following alternative form for the map:

J = (Uρ ⊗ 11)
(
U∗ρρUρ ⋆

((
U∗ρ ⊗ 11

)
ω (Uρ ⊗ 11)

)Θ)Θ (
U∗ρ ⊗ 11

)
, (4.41)

where Uρ is a unitary that diagonalises ρ from the canonical basis and Θ symbolises
the Hadamard (entry-wise) inverse.
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To show it is equal we need to see that the equation yields the correct coefficients.
First, we can remove the enveloping (Uρ ⊗ 11) ·

(
U∗ρ ⊗ 11

)
and work in the diagonal

basis of ρ, as done in Theorem 4.6. Then, note that
(
U∗ρ ⊗ 11

)
ω (Uρ ⊗ 11) is just ω

written in the diagonal basis of ρ in the first subsystem and the canonical basis in
the second, that is ((

U∗ρ ⊗ 11
)
ω (Uρ ⊗ 11)

)
ikjℓ

= ⟨ik|ω |jℓ⟩ . (4.42)

We then invert it element-wise and multiply by half the sum of the diagonal elements
of |i⟩ and |j⟩, that is(

U∗ρρUρ ⋆
((
U∗ρ ⊗ 11

)
ω (Uρ ⊗ 11)

)Θ)
ikjℓ

=
1

2

(pi + pj)

⟨ik|ω |jℓ⟩
. (4.43)

Now, we only need to invert it element-wise again to obtain the result.

A quantum generalisation of Bayes’ Theorem

The previous result serves as a way to recover a map and state from a joint state
over time. If the maps and states are classical, we would like that this result recovers
the Bayes’ Theorem. Here we show that it does:

Remark 4.8
Let ρ =

∑
i pi |i⟩⟨i| and JA→B =

∑
ij pi→j |ij⟩⟨ij|, where pi→j is a classical stochastic

map. Then Q =
∑

ij pi→jpi |ij⟩⟨ij| =
∑

ij pij |ij⟩⟨ij|, where pij = pi→jpi is a joint
probability distribution. We can now apply Theorem 4.6 considering B the input
space. The partial trace will be TrA [Q] =

∑
j (
∑

i pij) |j⟩⟨j| =
∑

j pj |j⟩⟨j|. Q
is already diagonal in a product basis of the required form so we can directly find
JA←B =

∑
ij pij/pj |ij⟩⟨ij| =

∑
ij pi←j |ij⟩⟨ij|. Combining these expressions, we

recover Bayes’ Theorem: pij = pi←jpj = pi→jpi.

As discussed in Section 5.5 the full inversion of the map’s direction is not
possible in the quantum case. That is, given a state over time Q = ρ ⋆ JA→B , it is
not always possible to find a state σB and Jamiołkowski matrix JA←B such that
Q = σB ⋆ JA←B .

4.4.3 States over multiple times
So far we have considered two points in time and a CPTP map connecting them.
Part of the advantage of using a coupling that trivially has an interpretation as
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a channel is that we naturally get states over multiple times. For n times and
n− 1 channels we write the space of states over time associated to this sequence
recursively:

Definition 4.9
Consider Hilbert spacesHi, i ≥ 0. Then

Q(H0 : · · · : Hn) = (Q(H0 : · · · : Hn−1)⊗ 11n) ⋆

(
n−1⊗
j=0

11j ⊗ J (Hn−1 → Hn)

)
≡ Q(H0 : · · · : Hn−1) ⋆ J (Hn−1 → Hn).

(4.44)

By taking partial traces on specific subsystems we can ‘forget’ about the state of
the system at that slot, and create a state over time over n−n′ times, where n′ is the
number of subsystems that were traced out. Explicitly, Tri [Q(H0 : · · · : Hn)] =
Q(H0 : · · · : Hi−1 : Hi+1 : · · · : Hn). This is true because given two Jamiołkowski
matrices Ji−1,i, Ji,i+1 we can construct a Jamiołkowski matrix

J̃i−1,i+1 = Tri [(Ji−1,i ⊗ 11i+1) ⋆ (11i−1 ⊗ Ji,i+1)] (4.45)

such that the associated channels fulfil Ẽi−1,i+1 = Ei,i+1 ◦ Ei−1,i [CDP09].
Similarly, it is possible to obtain the state at each time i by tracing out all other

times. Indeed, given Qn ∈ Q(H0 : · · · : Hn) the state at time i is σi = Trî [Qn]. In
addition, we can recover the channel at each step by tracing out all subsystems but
two consecutive ones and then applying Theorem 4.6, using the SDP in Eq. (4.38) if
necessary.
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5
Optimal transport with Jordan prod-
uct couplings

This chapter presents the main theoretical framework and general results of our
approach to quantum optimal transport. We provide a definition and analyse the
properties that a cost matrix must satisfy for the resulting cost to define a distance.
Additionally, we examine general properties of interest in this context. In next
chapter we will focus particular choices of cost functions.

In Section 5.1 we define the set of coupling based on the Jordan product state
over time from Section 4.4. In Section 5.2 we define quantum optimal transport
with these couplings. In Section 5.3 we study the conditions for the cost matrix
such that the cost is positive; in Section 5.4 the conditions such that the cost is zero
for the identity channel; in Section 5.5 the symmetry of the problem; in Section 5.6
the triangle inequality, and in Section 5.7 general properties of the quantum optimal
transport.

5.1 The Jordan product state over time as a coupling
We introduced in Section 4.4 the Jordan product as a good candidate for a definition
of state over time. We want to use it as a quantum analogue of the joint probability
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distribution in classical transport theory for the quantum theory. For reference, we
restate the definition of states over time via the Jordan product in Definition 4.1,
and build our discussion from there.

Definition 5.1
LetHA,HB be finite dimensional Hilbert spaces and J (HA → HB) the set of Jamioł-
kowski matrices between these two spaces. Let ρ ∈ S(HA) and J ∈ J (HA → HB).
The associated state over time is defined as Q = (ρ⊗ 11) ⋆ J . Typically we will omit
the identity and write this as Q = ρ ⋆ J . The set of states over time between two
Hilbert spacesHA, HB is the set of all operators of this form:

Q(HA : HB) = {ρ ⋆ J | J ∈ J (HA → HB) and ρ ∈ S(HA)} . (5.1)

From the definition of general states over time between two spaces, we are
interested in restricting this set to the states over time between two states. That is,
given states ρ ∈ S(HA) and σ ∈ S(HB) we are interested in the set of states over
time generated by channels such that E(ρ) = σ. This is written in the following
definition.

Definition 5.2
Let ρ, σ ∈ S(HA),S(HB) and J (HA → HB) = {J ∈ B(HA ⊗ HB), J

TA ≥
0, TrB [J ] = 11} be the set of Jamiołkowski matrices between these two spaces. The
set of states over time between ρ and σ is

Q(ρ, σ) = {ρ ⋆ J | J ∈ J (HA → HB) and TrA [ρJ ] = σ}
= {Q ∈ Q(HA → HB)| TrB [Q] = ρ, TrA [Q] = σ} .

(5.2)

The set Q(ρ, σ) contains the quantum couplings between ρ and σ. In the same
spirit as classical optimal transport Section 3.1, we want to optimise over this set to
find the coupling that optimises a given cost. The main conceptual advantage of this
definition is that the resulting optimal coupling has an immediate interpretation as
a quantum channel, an interpretation that the definition makes obvious.

With the coupling defined we can finally proceed to building a theory of optimal
quantum transport around it. Definition 5.4 below is, in a way, the main result of
this chapter, since our main contribution to the field is the implementation of states
over time as couplings.

The rest of the chapter is devoted to studying this function’s properties. This
goes through some technical results on the cone generated by Q(H0 : · · · : Hn) in
Section 5.3, a simple statement in Section 5.4, some counterexamples in Section 5.5
and more results in Section 5.6 and Section 5.7.
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5.2 Definition
Before introducing the optimal transport cost between two states, it is useful to
define the cost of transporting a single state through a given quantum channel.

Definition 5.3
Let HA, HB be Hilbert spaces, let ρ ∈ S(HA) be a quantum state, and let E :
B(HA)→ B(HB) be a quantum channel. For a given cost matrixK ∈ B(HA⊗HB),
we define the quantum transport cost of ρ under E as

κ(ρ, E) = Tr [KQρ,E ] , (5.3)

where Qρ,E = ρ ⋆ JE denotes the state over time (or coupling) associated with sending
ρ through the channel E , with Jamiołkowski operator JE .

This quantity measures the expected cost of transporting the state ρ from system
A to system B when the process is fixed to be E . In general, there may exist many
channels E that transform ρ into a target state σ. The quantum optimal transport
cost identifies, among all such admissible transformations, the one that achieves
the smallest possible cost.

Definition 5.4
Let HA, HB be Hilbert spaces, let ρ, σ ∈ S(HA,B) be states on these Hilbert spaces
and let K ∈ B(HA ⊗HB) be Hermitian. The quantum optimal transport cost with
cost matrix K between ρ and σ is

K(ρ, σ) = min
E |Qρ,E∈Q(ρ,σ)

κ(ρ, E) = min
Q∈Q(ρ,σ)

Tr [KQ] . (5.4)

Sometimes, when it is clear from the context, we refer to this quantity as just
the cost, with the implication that it is quantum, optimal and transport based.
Importantly, this definition explicitly depends on the choice of cost matrix K ,
which serves as the analogue of the cost function in classical optimal transport. The
relevance of K(ρ, σ) and the properties it inherits are determined by this choice.

In Chapter 6 we study particular cases with specific physical interests in mind.
The remainder of this section will be devoted to studying mathematical properties
of K, with a particular focus on identifying which set of cost matrices provides a
quantum optimal transport cost with certain desired properties.

The optimal cost can be efficiently1 computed because it can be written as an
1See Appendix A for more details.
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SDP:

min
J

Tr [(K ⋆ ρ)J ]

s.t.


TrB J = 11

TrA [ρJ ] = σ

JTA ≥ 0

,
(5.5)

and its dual

max
Y1,Y2

Tr [Y1] + Tr [σY2]

s.t.
{
Y1 ⊗ 11 + ρT ⊗ Y2 ≤ (K ⋆ ρ)TA

Y1, Y2 Hermitian
.

(5.6)

The primal expression of the SDP further shows the connection between the
coupling and the channel. In fact, the coupling is only implicitly in the SDP through
Tr [(K ⋆ ρ)J ] = Tr [K(ρ ⋆ J)] = Tr [KQ]. We use the Jamiołkowski matrix in the
SDP instead of the coupling in the SDP because it is unclear how the couplings can
be characterised through semidefinite expressions.

5.3 Positivity of the cost

5.3.1 The cone of states over time and its dual
A natural requirement for a cost matrix K is that the associated quantum optimal
transport cost be nonnegative, i.e. K(ρ, σ) ≥ 0 for all ρ, σ ∈ S(HA,HB). Note that
in the definition of the cost matrix K is always Hermitian. Because K is Hermitian
the cost is a real number, since Tr [KQ] = ⟨Q,K⟩HS . Due to the fact that the
cost is an inner product, it is clear that the set of K for which K is positive is
the dual cone to Q(HA : HB) with respect to the Hilbert-Schmidt inner product.
Throughout this section, whenever we refer to duality, we mean it with respect to
the Hilbert–Schmidt inner product. Additionally, it is useful to define first the cone
generated by Q(HA : HB).

Definition 5.5
Let HA,HB be finite dimensional Hilbert spaces and Q(HA : HB) the set of states
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over time between these two spaces. The cone of states over time is

Q̂(HA : HB) = cone (Q(HA : HB)) = cone

 ⋃
ρ∈S(HA)
σ∈S(HB)

Q(ρ, σ)

 . (5.7)

Note that this cone is not a completely unphysical construction, as it can be
obtained by considering an ancillary system.

Remark 5.6
The cone Q̂(HA : HB) can be understood as the set of states over time arising from
an extended scenario, where an ancillary system R is added and one considers suit-
able CPTP maps acting on the composite system AR. More precisely, consider finite
dimensional Hilbert spacesHA,HB,HR and the following: let

ρ =
∑
t

ptρt ∈ S(HA),
{
EA→Bt

}
, (5.8)

where EA→Bt are quantum channels fromHA toHB . Now consider the extension to a
conditional quantum channel and the following extended state

ρAR =
∑
t

ptρ
A
t ⊗ |t⟩⟨t|

R , EAR→B =
∑
t

EA→Bt ⟨t|·|t⟩ , (5.9)

with Jamiołkowski operator JAR→B =
∑

t J
A→B
t ⊗ |t⟩⟨t|R. Now

JAR→B ⋆ ρAR =
∑
t

ptJ
A→B
t ⋆ ρAt ⊗ |t⟩⟨t|

R , (5.10)

and the partial trace (removing R) of this state over time is

TrR
[
JAR→B ⋆ ρAR

]
=
∑
t

ptJ
A→B
t ⋆ ρAt , (5.11)

which is an arbitrary convex combination of states over time on Q(HA : HB).

Finally, we show the cone of states over time and its dual are pointed and
spanning, both desirable properties for any cone. In particular, we are interested in
the spanning property of the dual cone, which ensures that Q̂(HA : HB)

∗ is not
a measure zero set. Our search for this cone is justified, since we know that it is
a spanning set. Recall that the dual cone is of particular interest here because it
characterizes the set of cost matrices that yield a nonnegative quantum transport
cost of any transport plan —not jut the optimal one.
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Proposition 5.7
The cone of states over time Q̂(HA : HB) and its dual Q̂(HA : HB)

∗ are pointed,
spanning cones.

Proof. First, we show that Q̂(HA : HB) is pointed and spanning. By definition
of the elements Q ∈ Q̂(HA : HB), Tr [11Q] = Tr [ρ ⋆ J ] = Tr [ρ] = 1 > 0. By
Lemma 2.13, Q(HA : HB) is pointed. The cone Q̂(HA : HB) is spanning because
the set of product states {ρ⊗ σ|ρ, σ ∈ S(H)} is contained in Q̂(HA : HB). That is
because the Jamiołkowski matrix of the replacement channel is 11⊗ σ. This set is
spanning so as its superset Q̂(HA : HB) is also spanning.

The properties of pointed and spanning are such that if the primal cone has one,
the dual has the other [BV04]. As we just showed that Q̂(HA : HB) is pointed and
spanning, its dual is also pointed and spanning.

5.3.2 Partial characterisation of the dual cone
Our objective now is to establish Theorem 5.11, which provides a partial characteri-
zation of the dual cone Q̂(HA : HB), the set of cost matrices that ensure a positive
quantum transport cost. Despite significant research effort, we have not been able
to obtain a complete characterization of this cone, and doing so remains one of the
main open questions left by this thesis.

We present four technical results that progressively explore the structure of
the dual cone: we first find the dual cone to the set of matrices associated to trace
scaling maps; then we show the relation between the dual cones to the Choi and
Jamiołkowski matrices; then we find the dual cone to the set of Choi matrices; and
finally, with these results and some technical lemmas from Section 2.1.3 we obtain
Theorem 5.11.

The following technical lemma characterises the cone dual to the Choi matrices2

associated to trace scaling maps.
Lemma 5.8
Consider the convex cone C2 = {C ∈ B(HA ⊗HB) | TrB [C] ∝C 11}. Its dual is

C∗2 = {A⊗ 11 ∈ B(HA ⊗HB) | A ∈ B(HA), 11 ∈ B(HB), Tr [A] = 0} . (5.12)
Proof. Let us call this setA = {A⊗ 11 ∈ B(HA ⊗HB) | A ∈ B(HA), Tr [A] = 0}.
The following calculation shows that A ⊆ C∗2 : let A⊗ 11 ∈ A and C ∈ C2, then:

Tr [(A⊗ 11)C] = TrA [TrB [(A⊗ 11)C]] = Tr [ATrB [11C]] = zTr [A11] = 0.
(5.13)

2Generally we talk about Choi matrices for CPTP maps, but any linear map has an associated
Choi matrix, as it is clear from Theorem 2.28.
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To see that they are equal, note that C2 (and thus the orthogonal C∗2 [BW11])
and A are real subspaces of B(HA ⊗HB), considered as a 2d2Ad

2
B dimensional real

vector space- We will calculate the dimension of each and see they are the same.
The real dimension of A is just the real dimension of B(H) minus the dimension
subtracted by the two real (one complex) linear conditions Tr [A] = 0. That is

dimA = dimB(H)− 2 = 2d2A − 2. (5.14)

To find the dimension of C∗2 , we first find the dimension of C2. Recall that this set is
defined by the condition TrB [C] ∝C 11. This corresponds to 2dA(dA− 1) equations
(real and imaginary parts of non diagonal terms equal to 0) plus 2(dA − 1). That is
because the condition is proportionality, not equality, so we first fix the real and
imaginary components of the first diagonal element and then every other diagonal
element will have to have the same real and imaginary components, for a total of
2(dA − 1). Thus the dimension is

dim C2 = dimB(HA ⊗HB)− 2dA(dA − 1)− 2dA + 2

= dimB(HA ⊗HB)− 2d2A + 2dA − 2dA + 2

= dimB(HA ⊗HB)− 2d2A + 2.

(5.15)

The dimension of the orthogonal complement is the dimension of the total space
minus this, thus

dim C∗2 = dimB(HA ⊗HB)− dimB(HA ⊗HB) + 2d2A − 2 = 2d2A − 2. (5.16)

Since this two sets A and C∗2 are real subspaces of the same dimension and
A ⊆ C∗2 , they are the same:

C∗2 = A = {A⊗ 11 ∈ B(HA ⊗HB) | A ∈ B(HA), Tr [A] = 0} . (5.17)

The following corollary of Lemma 2.22 and Lemma 2.14 notes that the partial
transpose constitutes an isomorphism between the dual cones to the Choi and
Jamiołkowski operators. This makes it so we can work with either the Choi or Ja-
miołkowski operators interchangeably, depending on which have better properties
for a particular task.

Corollary 5.9
The dual of the cone of Jamiołkowski operators is the partial transpose of the dual
cone of the Choi operators, denoted by C. In other words,

J (HA → HB)
∗ = TA(C(HA → HB))∗ = TA(C(HA → HB)

∗). (5.18)
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Proof. Note that the partial transpose is self adjoint from Lemma 2.22 and self
inverse and apply Lemma 2.14.

As a partial result to the characterisation of Q̂(HA : HB)
∗ we characterise the

dual to the set of Choi matrices in the following proposition.

Proposition 5.10
Let C ∈ B(HA ⊗HB) be the minimal cone that contains the Choi matrices3. Then,

C∗ = B+(HA ⊗HB) + {A⊗ 11 ∈ B(HA ⊗HB) | A ∈ B(HA), Tr [A] = 0}
= {ω + A⊗ 11 ∈ B(HA ⊗HB) | ω ∈ B+(HA ⊗HB), Tr [A] = 0}
= {ω + A⊗ 11 ∈ B(HA ⊗HB) | ω ∈ B+(HA ⊗HB), Tr [A] = 0} .

(5.19)

Proof. Consider the following:

C1 = B+(HA ⊗HB), (5.20)
C2 = {C ∈ B(HA ⊗HB) | TrB [C] ∝C 11}. (5.21)

These two are closed cones and

C = C1 ∩ C2. (5.22)

Moreover (the cone of psd matrices is self dual [BW11] and Lemma 5.8):

C∗1 = C1 = B+(HA ⊗HB), (5.23)
C∗2 = {A⊗ 11 ∈ B(HA ⊗HB) | A ∈ B(HA), Tr [A] = 0} . (5.24)

Now, we can use Lemma 2.12, setting I = {1, 2} and the duals in the theorem, to
find the dual of C:
C∗ = (C1 ∩ C2)∗ = (C1 ∩ C2)∗ = C∗1 + C∗2

= B+(HA ⊗HB) + {A⊗ 11 ∈ B(HA ⊗HB) | A ∈ B(HA), Tr [A] = 0},
(5.25)

where we used C = C1∩C2 first; the closedness of C1 and C2 second, then Lemma 2.12;
and finally the duals of C1 and C2. Note that the set

{ω + A⊗ 11 ∈ B(HA ⊗HB) | ω ∈ B+(HA ⊗HB), Tr [A] = 0} (5.26)

is closed.
3Through the Choi isomorphism this would correspond to CP and trace scaling (by a real positive

constant, instead of trace preserving) maps.
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With the previous results and the lemmas from Section 2.1.3 we can proceed to
the main result of this section, as well as its proof.
Theorem 5.11
The dual to the set of states over time for finite dimensional Hilbert spacesHA,HB ,
Q̂(HA : HB)

∗ can be expressed as

Q̂(HA : HB)
∗ =

⋂
U∈U(HA)

(U ⊗ 11)

 ⋂
s∈RdA

+

φ−1Ds
(J (HA → HB)

∗)

 (U∗ ⊗ 11) ,

(5.27)

where φρ(X) = ρ ⋆ X and J (HA → HB)
∗ is the dual to the set of Jamiołkowski

matrices.

Proof. For simplicity, we ignore the specific Hilbert space dependencies. Start with
the definition of Q̂, then apply Lemma 2.12 and Lemma 2.14:

Q̂∗ =

(∑
ρ

(ρ ⋆ J )

)∗
=

(∑
ρ

φρ(J )

)∗
=
⋂
ρ

φρ(J )∗ =
⋂
ρ

φ−1ρ (J ∗). (5.28)

Note that we can use Lemma 2.14 because for a fixed ρ, φρ is self dual and has linear
inverse, as can be seen from the statement of the inverse in Theorem 4.6. From here,
realise that choosing a state ρ is equivalent to choosing a spectrum and a basis or,
equivalently, a spectrum s ∈ Rn

+ and a unitary of U(n); such that ρ = UρDsρU
∗
ρ .

Moreover, J ∗ is invariant under local unitaries, thus

φ−1ρ (J ∗) = (Uρ ⊗ 11)
(
U∗ρρUρ ⋆

((
U∗ρ ⊗ 11

)
J ∗ (Uρ ⊗ 11)

)Θ)Θ (
U∗ρ ⊗ 11

)
= (Uρ ⊗ 11)

(
Dsρ ⋆ (J ∗)

Θ
)Θ (

U∗ρ ⊗ 11
)

= (Uρ ⊗ 11)φ−1Dsρ
(J ∗)

(
U∗ρ ⊗ 11

)
.

(5.29)

And we can insert this result into the expression of Q̂∗ to obtain that

Q̂∗ =
⋂
ρ

φ−1ρ (J ∗) =
⋂

U∈U(HA)

⋂
s∈RdA

+

(U ⊗ 11)φ−1Ds
(J ∗) (U∗ ⊗ 11)

=
⋂

U∈U(HA)

(U ⊗ 11)

 ⋂
s∈RdA

+

φ−1Ds
(J ∗)

 (U∗ ⊗ 11) ,
(5.30)

which is the local unitarily invariant subset of
⋂
s∈RdA

+
φ−1Ds

(J ∗).
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Theorem 5.11 provides a partial characterisation of the dual to the set of states
over time as the local unitary invariant subset of the intersection of the images of
J ∗ with the inverse of the Jordan product with diagonal states (in a chosen basis).
Even though this inverse was discussed in Section 4.4.2, we have not been able to
use it to obtain a complete and succinct characterization of the dual cone.

Finally, to end this section, we show how the hierarchy defined in Definition 4.9
behaves under duality.

Theorem 5.12
Let Q̂(H0 : · · · : Hn) be defined as in Definition 4.9. The dual of this hierarchy fulfils

Tri

[
Q̂(H0 : · · · : Hn)

∗
]
⊇ Tri

[
Q̂(H0 : · · · : Hn)

]∗
. (5.31)

Proof. We can show this for general cones using the proof of Lemma 2.14. Let
K ⊆ B(HA ⊗HB) be a cone and, then

x ∈ TrB(K)∗ ⇔ ⟨x,TrB(y)⟩ ≥ 0 ∀y ∈ K ⇔ ⟨x⊗ 11, y⟩ ≥ 0 ∀y ∈ K
⇔ x⊗ 11 ∈ K∗ ⇒ x ∈ TrB(K

∗).

(5.32)

We can now set HA = H0 ⊗ · · ·Hi−1 ⊗ Hi+1 ⊗ · · ·Hn, HB = Hi and K =
Q̂(H0 : · · · : Hn) to complete the proof.

5.3.3 Further work
A proper characterisation of the cone of states over time and its dual remains
an open question of great importance to this work. After a huge effort trying to
answer this question, a different direction one can take is to instead study the
complexity of this cone. In quantum mechanics, there is the important example of
the cone of separable states, which is of key importance to entanglement theory,
that is known to be NP hard to characterise. The cone of quasistates shares some
qualitative similarities with the set of separable states, which might indicate a
similar complexity in the characterisation.

LetHA,HB be Hilbert spaces. The set of product states on the tensor product
is defined as

PROD(A,B) = {ρA ⊗ ρB | ρA ∈ S(HA), ρB ∈ S(HB)} . (5.33)

The closure of this set is called the separable set (see the end of Section 2.2.2)

SEP(A,B) = cone (PROD(A,B)) = (5.34)
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=

{∑
k

pkρ
k
A ⊗ ρkB | ρkA ∈ S(HA), ρ

k
B ∈ S(HB), pk ≥ 0 ∀k,

∑
k

pk = 1

}
.

A state in the tensor product space can be trivially checked to be inPROD(A,B)
by taking the partial traces and constructing the tensor product, then checking that
the result is the same operator we started with. That is

ρAB ∈ PROD(A,B) ⇔ TrB [ρAB]⊗ TrA [ρAB] = ρAB. (5.35)

Despite this trivial characterisation of the boundary, membership to SEP(A,B)
is a well known NP-hard problem [Gur03]. Despite this, partial solutions to the
problem exist [Per96; HHH96], with characterisation provided in low dimensions
in [HHH96].

This analogy motivates the study of the cone of states over time: just as the
separable set is computationally hard to characterize despite its simple building
blocks, the cone of states over time may similarly exhibit a rich and complex
structure. Understanding its complexity, even partially, can therefore provide
valuable insights and guide the development of approximate or tractable methods
for working with states over time in quantum information tasks.

5.4 Zero cost for the identity channel
Another property of interest is that the cost should vanish if and only if ρ = σ.
Furthermore, we require that the channel achieving this zero cost is the identity
channel. The motivation is straightforward: an operation that leaves the state
unchanged should incur no cost. This property is neatly characterised in the
following theorem.

Theorem 5.13
Given a finite dimensional Hilbert space H, a cost matrix K assigns cost 0 to the
identity map (with any input) if and only if

TrB [S ⋆ K] = 0, (5.36)

where S is the swap operator.

Proof. The Jamiołkowski operator associated to the identity channel is the swap
operator S , clearly from Theorem 2.29: Jid = (id⊗ id)(S) = S . Now, let K be a
matrix such that the cost κ(ρ, id) = Tr [(ρ ⋆ S)K] = 0 ∀ρ ≥ 0. We can transform
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the left-hand side in the following way, using the definition of the Jordan product,
the cyclic property of the trace and properties of partial traces:

Tr [((ρ⊗ 11) ⋆ S)K] =
1

2
Tr [((ρ⊗ 11)S + S(ρ⊗ 11))K]

=
1

2
Tr [(ρ⊗ 11)(SK +KS)]

= Tr [ρTrB [S ⋆ K]] = 0.

(5.37)

The set of positive matrices generates the whole space [SSŻ09; BW11], therefore
this is equivalent to saying that the Hilbert-Schmidt inner product of TrB [S ⋆ K]
with all other elements is 0. Therefore TrB [S ⋆ K] = 0. The converse is immediate,
completing the proof.

5.4.1 Combination of positive and cost zero cost matrices
We can assume both positivity of the cost and 0 cost for the identity channel to
obtain the following results in the case whereHA = HB :

Theorem 5.14
LetH be a finite dimensional Hilbert space. Then

K ∈ J (H → H)∗ ∩ {C ∈ B(H⊗H) | TrB [S ⋆ C] = 0} (5.38)

if and only if

K = TA (ω)− (TrB [S ⋆ TA (ω)]⊗ 11) , ω ≥ 0, ω ⊥ |Φ+⟩⟨Φ+| . (5.39)

Proof. Similarly to before, we ignore the Hilbert space dependencies for the proof.
Note that, in general, the identity T (C1 ∩ C2) = T (C1) ∩ T (C2) for a linear map
T and convex cones C1, C2 is not true. However, it holds for the partial transpose
since this map is invertible. Thus, we can transform the target set as follows:

J ∗∩{C ∈ B(H⊗H) | TrB [S ⋆ C] = 0}
= TA(TA(J ∗ ∩ {C ∈ B(H⊗H) | TrB [S ⋆ C] = 0}))
= TA(TA(J ∗) ∩ TA({C ∈ B(H⊗H) | TrB [S ⋆ C] = 0}))
= TA(C∗ ∩ {C ∈ B(H⊗H) | TrB [S ⋆ TA(C)] = 0})
= TA(C∗ ∩ {C ∈ B(H⊗H) | TA(TrB [S ⋆ TA(C)]) = TA(0)})
= TA(C∗ ∩ {C ∈ B(H⊗H) | TrB [TA(S) ⋆ C] = 0})
= TA(C∗ ∩ {C ∈ B(H⊗H) | TrB [|Φ+⟩⟨Φ+| ⋆ C] = 0}),

(5.40)
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where we used Lemma 2.22.
Now consider an element of C∗, that is a K = ω + A ⊗ 11, where ω ≥ 0 and

Tr [A] = 0. We can now plug this expression in the equation that defines the other
set of the intersection:

0 = TrB [|Φ+⟩⟨Φ+| ⋆ K] = TrB [|Φ+⟩⟨Φ+| ⋆ (ω + A⊗ 11)]
= TrB [|Φ+⟩⟨Φ+| ⋆ ω] + A,

(5.41)

thus A = −TrB [|Φ+⟩⟨Φ+| ⋆ ω]. Moreover if we take the trace of this expression,
since Tr [A] = 0, we find that ⟨Φ+|ω|Φ+⟩ = 0, i.e. ω ⊥ |Φ+⟩⟨Φ+|. Now, the initial
set is the set defined by the partial transpose of this elements, that is

J ∗ ∩ {C ∈ B(H⊗H) | TrB [S ⋆ C] = 0}
= TA(

{
ω − TrB [|Φ+⟩⟨Φ+| ⋆ ω]⊗ 11 ∈ B(H2) | ω ≥ 0, ω ⊥ |Φ+⟩⟨Φ+|

}
)

=
{
TA(ω)− TA(TrB [|Φ+⟩⟨Φ+| ⋆ ω]⊗ 11) ∈ B(H2) | ω ≥ 0, ω ⊥ |Φ+⟩⟨Φ+|

}
=
{
TA(ω)− TrB [TA(|Φ+⟩⟨Φ+|) ⋆ TA(ω)]⊗ 11 ∈ B(H2) | ω ≥ 0, ω ⊥ |Φ+⟩⟨Φ+|

}
=
{
TA(ω)− TrB [S ⋆ TA(ω)]⊗ 11 ∈ B(H2) | ω ≥ 0, ω ⊥ |Φ+⟩⟨Φ+|

}
.

(5.42)

In the Theorem, K is a matrix that is dual to the Jamiołkowski matrices and
generates cost 0 for the identity (see Theorem 5.13, Proposition 5.10 and Lemma 2.22).
This yields a set that contains the intersection between the dual Q∗ and the cost
matrices that yield zero for the identity channel, thus constituting a good set to
look for operators that fulfil both properties.

5.5 Symmetry

Finally we address the symmetry of the optimal cost, that is K(ρ, σ) = K(σ, ρ) for
all states ρ and σ.

A naive guess or first thought might suggest that symmetry of the cost ma-
trix under input–output exchange, i.e., SKS = K , guarantees symmetry of the
associated cost. We will see that this not the case.

To understand this, we first address another natural question, namely whether
the set of states over time itself is symmetric. In other words, we ask whether
swapping the input and output space in the coupling always produces a valid state
over time for the reversed pair of states, that is, whether SQ(ρ, σ)S = Q(σ, ρ).
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There is a clear asymmetry in the case when, for example, ρ is full rank and σ
is pure, where a single channel that brings ρ to σ exists. Despite that, as seen in
Theorem 4.6, if the input state is not full rank a single state over time can correspond
to multiple channels. Therefore, in the case where σ is pure, it could be that the
single channel that brings ρ to σ inverts into all the channels that bring σ to ρ.

In the following example we perform specific calculations for the case where
both states are qubits. We observe, in examples iii), iv), that some states over time
cannot be time inverted, thus strongly suggesting that SKS = K is not a sufficient
condition on the cost matrix to give rise to symmetry of the cost.
Example 5.15
Within this example we indicate the direction of time we are observing with the
subindices A→ B and A← B. The order of the subsystems in the matrix notations
will always be HA ⊗ HB . ρ will be the state associated to subsystem A and σ the
state associated to subsystem B.

i) Replacement channel: Let ρ, σ be any states and let JA→B be the Jamiołkowski
matrix associated to the constant channel E(ρ) = Tr(ρ)σ, that is JA→B = 11⊗σ.
The associated state over time is Q = ρ ⋆ JA→B = ρ⊗ σ. From the symmetry of
the state over time we can see immediately that we can obtain the same result
with (σ, JA←B = ρ⊗ 11).

ii) Identity channel: Let ρ be a qubit state with eigenvalues {p, 1−p} and JA→B be
the Jamiołkowski matrix associated to the identity channel, S . Then the associated
state over time Q is, in (the tensor basis generated by) the diagonal basis of ρ,

Q = ρ ⋆ S =


p 0 0 0
0 0 1

2
0

0 1
2

0 0
0 0 0 1− p

 . (5.43)

Similarly to before, the symmetry (under subsystem swap) allows us to easily
show that the pair (σ = ρ, JA←B = S) yields the same state over time.

iii) Depolarising channel: Let the initial state be a pure state, WLOG, we will set
ρ = |0⟩⟨0|. Let JA→B be the Jamiołkowski matrix associated to the depolarising
channel E(ρ) = (1 − p)ρ + pTr(ρ)11

2
, that is JA→B = (1 − p)S + p

2
11. The

resulting state over time is

Q = ρ ⋆ JA→B =
1

2


2− p 0 0 0
0 p 1− p 0
0 1− p 0 0
0 0 0 0

 . (5.44)
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From this channel, σ = E(ρ) = 1
2
(2− p) |0⟩⟨0|+ p

2
|1⟩⟨1|. Applying Theorem 4.6

to Q yields

JTBA←B =


1 0 0 1− p
0 1 0 0
0 0 0 0

1− p 0 0 0

 , (5.45)

which can be shown through Sylvester’s criterion to be not psd by taking the
principal minor with I = {1, 4} if p ̸= 1. If p = 1, the depolarising channel
becomes a replacement channel which we have seen is reversible.

iv) Dephasing channel: Let ρ = |+⟩⟨+| and JA→B be the Jamiołkowski matrix
associated to the dephasing channel E(ρ) = pρ + (1 − p)σzρσz for p ∈ (0, 1),
that is

JA→B =


1 0 0 0
0 0 2p−1

2
0

0 2p−1
2

0 0
0 0 0 1

 . (5.46)

Note that σ = E(ρ) = 1
2
(11 + (2p− 1)σx), which has rank 2 for p ∈ (0, 1). We

can now calculate the associated state over time

Q = ρ ⋆ JA→B =
1

4


2 2p− 1 1 0

2p− 1 0 2p− 1 1
1 2p− 1 0 2p− 1
0 1 2p− 1 2

 . (5.47)

We can now calculate JA←B from Theorem 4.64, which yields

JA←B =
1

2


2 0 1 1− 2p
0 0 2p− 1 1
1 2p− 1 0 0

1− 2p 1 0 2

 . (5.48)

This matrix is clearly not psd under partial transposition of B since the principal
minor [JA←B]{1,3} (which is unaffected by the partial transposition) has negative
determinant, thus the matrix is not psd from Sylvester’s criterion. For example,
when p = 1

2
, the eigenvalues of JTAA←B are {1

2
(1±

√
2)}.

4Note that even though ρ has rank 1, σ has rank 2 and therefore allows us to uniquely apply
Theorem 4.6.
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v) Measure and prepare channel: Let ρ ∈ S(HA) and JA→B be the Jamiołkowski
matrix associated to a measure and prepare channel, that is a channel of the form

ε(x) =
∑
i

Tr [Mix] σi, (5.49)

where {Mi} is a POVM and σi ∈ S(HB) are states. Then,

JA→B =
∑

Mi ⊗ ρi and Q =
∑

(ρ ⋆ Mi)⊗ σi. (5.50)

Because the map in Theorem 4.6 is CP, as seen in Corollary 4.7, JTAA←B will be
positive if Q is positive, and Q will be positive if every ρ ⋆ Mi is (with an if
and only if when the σi are orthogonal). This will happen in classical-quantum
channels, that is when {Mi} is a projective measurement, and ρ is diagonal in a
basis defined by this measurement.

As a particular example of this last case, let ρ = p |0⟩⟨0| + (1 − p) |1⟩⟨1| and
JA→B = |0, 0⟩⟨0, 0|+ |1,+⟩⟨1,+|, the Jamiołkowski matrix corresponding to the
classical-quantum channel that keeps |0⟩⟨0| constant and yields |+⟩⟨+| on input
|1⟩⟨1|. Then σ = 1

2
(11 + pσz + (1− p)σx) and the resulting state over time is

Q = ρ ⋆ JA→B =
1

2


2p 0 0 0
0 0 0 0
0 0 1− p 1− p
0 0 1− p 1− p

 . (5.51)

If we write JA←B we get

JA←B =
1

2


1 + 2p 0 2p− 1 0

0 1− 2p 0 1− 2p
2p− 1 0 1− 2p 0

0 1− 2p 0 1 + 2p

 , (5.52)

which is positive under partial transposition.

This example does not show that the cost is not symmetric under symmetric
cost matrices, since it could be that the two different optimal channels happen to
yield the same cost. We show in Section 6.5 that this is not the case in the particular
of the unitary invariant cost matrix, which provides a concrete counterexample
for the general case. This demonstrates that a symmetric cost matrix does not in
general imply a symmetric quantum transport cost.
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5.6 Triangle inequality
In this section we consider the triangle inequality for the quantum optimal transport
costK(ρ, σ). In Theorem 5.16 we state a sufficient condition for its fulfilment. Since
this condition relies on Q(HA : HB : HC)

∗, the characterisation of the dual space
explored in Section 5.3 is also relevant in this section.

Theorem 5.16
Consider Hilbert spacesHA,HB andHC , and states ρ, σ, µ inS(HA),S(HB),S(HC),
respectively. The inequality

KAB(ρ, σ) +KBC(σ, µ) ≥ KAC(ρ, µ) (5.53)

will be fulfilled for all input states if the cost matrices fulfil the following identity:

KAB ⊗ 11C + 11A ⊗KBC −KAC ⊗ 11B ∈ Q(HA : HB : HC)
∗. (5.54)

Proof. Consider first an admissible Jamiołkowski matrix in systems AB and a cost
matrix KAB . Because 11B = TrC [JBC ] for any admissible Jamiołkowski matrix in
systems BC , and the partial associativity of the Jordan product [HHP+17; FJV15]
we can rewrite the cost as

Tr [KAB(ρ ⋆ JAB)] = Tr [KAB((ρ ⋆ JAB) ⋆ (11A ⊗ TrC [JBC ]))]

= Tr [(KAB ⋆ (ρ ⋆ JAB))(11A ⊗ TrC [JBC ])]

= Tr [((KAB ⋆ (ρ ⋆ JAB))⊗ 11C)(11A ⊗ JBC)]
= Tr [(KAB ⊗ 11C)((ρ ⋆ (JAB ⊗ 11C)) ⋆ (11A ⊗ JBC))]
= Tr [(KAB ⊗ 11C) (ρ ⋆ ((JAB ⊗ 11C) ⋆ (11A ⊗ JBC)))] .

(5.55)

Similarly, because if a channel yields σ as the image of ρ its Jamiołkowski matrix will
fulfil TrA [ρ ⋆ JAB] = σ we can operate the cost for any admissible Jamiołkowski
matrices and cost KBC as:

Tr [KBC(σ ⋆ JBC)] = Tr [KBC((TrA [ρ ⋆ JAB]⊗ 11C) ⋆ JBC)]
= Tr [(JBC ⋆ KBC)(TrA [ρ ⋆ JAB]⊗ 11C)]
= Tr [((11A ⊗ JBC) ⋆ (11A ⊗KBC))(ρ ⋆ JAB ⊗ 11C)]
= Tr [(11A ⊗KBC)((ρ ⋆ (JAB ⊗ 11C)) ⋆ (11A ⊗ JBC))]
= Tr [(11A ⊗KBC)(ρ ⋆ ((JAB ⊗ 11C) ⋆ (11A ⊗ JBC)))] .

(5.56)
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Finally, for systemsAC , consider the link product [CDP09] of any two Jamiołkowski
matrices as the Jamiołkowski matrix of AC :

Tr [KAC(ρ ⋆ JAC)] = Tr [KAC(ρ ⋆ TrB [(JAB ⊗ 11C) ⋆ (11A ⊗ JBC)])]
= Tr [(KAC ⋆ ρ) TrB [(JAB ⊗ 11C) ⋆ (11A ⊗ JBC)]]
= Tr [((KAC ⊗ 11B) ⋆ ρ)((JAB ⊗ 11C) ⋆ (11A ⊗ JBC))]
= Tr [(KAC ⊗ 11B)(ρ ⋆ ((JAB ⊗ 11C) ⋆ (11A ⊗ JBC)))] .

(5.57)

Let K ′ = KAB⊗ 11C + 11A⊗KBC −KAC ⊗ 11B . With these 3 equalities in hand,
we can consider 3 optimal Jamiołkowski matrices, indicated by the superindex o,
for the costs KAB and KBC and KAC . Then by using the previous expressions we
can show that:

KAC =Tr [KAC(ρ ⋆ J
o
AC)] ≤ Tr [KAC(ρ ⋆ JAC)]

=Tr [KAC ⊗ 11B(ρ ⋆ ((JoAB ⊗ 11C) ⋆ (11A ⊗ JoBC)))]
=Tr [(KAB ⊗ 11C + 11A ⊗KBC −K ′)(ρ ⋆ ((JoAB ⊗ 11C) ⋆ (11A ⊗ JoBC)))]
=Tr [(11A ⊗KBC)(ρ ⋆ ((J

o
AB ⊗ 11C) ⋆ (11A ⊗ JoBC)))]

+Tr [(KAB ⊗ 11C) (ρ ⋆ ((JoAB ⊗ 11C) ⋆ (11A ⊗ JoBC)))]
−Tr [K ′ (ρ ⋆ (JoAB ⋆ J

o
BC))]

=Tr [KAB(ρ ⋆ J
o
AB)] + Tr [KBC(σ ⋆ J

o
BC)]− Tr [K ′ (ρ ⋆ (JoAB ⋆ J

o
BC))]

=KAB +KBC − Tr [K ′ (ρ ⋆ (JoAB ⋆ J
o
BC))] .

(5.58)

Finally, becauseK ′ is in the dual ofQ3, Tr [K ′ (ρ ⋆ (JoAB ⋆ JoBC))] ≥ 0 and therefore
KAB +KBC ≥ KAC .

The proof also provides some insight in what a necessary and sufficient condition
would require. If we fix the cost matrices KAB , KBC and KAC , and K ′ as defined
in the proof, we require that the value Tr [K ′ (ρ ⋆ (JoAB ⋆ J

o
BC))] is positive for all

triples (ρ, JoAB, JoBC), with JoAB, JoBC fixed by the σ, µ and the cost matrices. Finding
this space analytically seems reliant on knowing the space of optimal maps, which
is in general very hard due to the need for convex optimisation to approximate
each one for general cost matrices.

Finally, we state Theorem 5.16 for the case where HA = HB = HC = H and
all cost matrices are the same, since this is when the triangle inequality is generally
relevant, namely for distinguishability measures on elements of the same space.

Corollary 5.17
LetH be a Hilbert space, K ∈ B(H⊗H) and K the quantum optimal cost associated
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to K . Then K fulfils the triangle inequality if

K ⊗ 113 + 111 ⊗K −K ⊗ 112 ∈ Q(H : H : H)∗, (5.59)

where the subindices indicate different copies of the same Hilbert spaceH.

5.7 General properties
Finally, we show some general mathematical properties of the optimal quantum
transport. Proposition 5.18 shows subadditivity related properties and Proposi-
tion 5.20 shows how we can relate the transport cost on the tensor product to the
transport cost on each subsystem.

Proposition 5.18
Let px be a probability distribution. The optimal quantum cost fulfils the following:

i) Subadditivity: K (ρ,
∑

x pxσx) ≤
∑

x pxK (ρ, σx) .

Moreover, if the triangle inequality is fulfilled:

ii)
∑

x pxK(ρx, σ) ≤ K (
∑

x pxρx, σ) +
∑

x pxK (ρx,
∑

x′ px′ρx′).

iii) K (
∑

x pxρx, σ) ≤
∑

x pxK (ρx, σ) +
∑

x′ px′K(
∑

x pxρx, ρx′).

Proof. Consider optimal Jamiołkowski matrices Jo for (ρ,
∑

x pxσx) and Jx for
(ρ, σx). Note that JΣ =

∑
x pxJx is a Jamiołkowski matrix with an associated

channel that fulfills EJΣ(ρ) =
∑

x pxσx. Thus,

K

(
ρ,
∑
x

pxσx

)
= Tr [K (ρ ⋆ Jo)] ≤ Tr [K (ρ ⋆ JΣ)]

= Tr

[
K

(
ρ ⋆

(∑
x

pxJx

))]
=
∑
x

pxTr [K (ρ ⋆ Jx)]

=
∑
x

pxK(ρ, σx),

(5.60)

where we used the bilinearity of the Jordan product [HHP+17] and the linearity of
the trace.
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The second property is a direct consequence of the triangle inequality:

∑
x

pxK (ρx, σ) ≤
∑
x

px

(
K

(
ρx,
∑
x′

px′ρx′

)
+K

(∑
x′

px′ρx′ , σ

))

= K

(∑
x

pxρx, σ

)
+
∑
x

pxK

(
ρx,
∑
x′

px′ρx′

)
.

(5.61)

Similarly, we can show the third property. Let ρ =
∑

x pxρx. Then, ∀ x

pxK(ρ, σ) ≤ pxK(ρ, ρx) + pxK(ρx, σ)

⇒
∑
x

pxK(ρ, σ) ≤
∑
x

pxK(ρ, ρx) +
∑
x

pxK(ρx, σ)

⇒ K(ρ, σ) ≤
∑
x

pxK(ρ, ρx) +
∑
x

pxK(ρx, σ),

(5.62)

where we first used the triangle inequality and then we added all the inequalities
together.

Remark 5.19
A similar proof does not work for subadditivity on the first input and joint subadditivity
because of the following. We will use subadditivity on the first input as an example.
Let Jo be the optimal Jamiołkowski matrix for (

∑
x pxρx, σ). Starting on the left hand

side we obtain

K

(∑
x

pxρx, σ

)
= Tr

[
K

(∑
x

pxρx ⋆ Jo

)]
=
∑
x

pxTr [K (ρx ⋆ Jo)] . (5.63)

At this point we can observe that the channel associated to Jo does not necessarily
have output σ for each ρx (unless σ is pure) and we can not upper bound the associated
cost with anything defined with the optimal channels for the pairs (ρx, σ). In contrast,
in the proof of Proposition 5.18 it was possible to define the joint channel JΣ because
we could send ρ to each element of the ensemble {(px, σx)} and that would in total
define a channel that sends ρ to σ.

We can define σx = EJo(ρx) and observe that σ =
∑

x pxσx to lower bound this
quantity obtaining

K

(∑
x

pxρx,
∑
x

pxσx

)
≥
∑
x

pxK(ρx, σx). (5.64)
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This joint superadditivity is not general in the sense that we have the relation only
for σx = EJo(ρx), where the ensemble {(px, ρx)} can be arbitrarily chosen, but the
channel must be the one associated to the optimal Jamiołkowski matrix.

This last expression allows us to prove that subadditivity on the first input is false
in general. LetH = C2 and let K be an associated cost matrix that yields a positive
optimal transport cost that is 0 for the identity channel. Now consider ρ = σ = 112
and the ensambles {

(
1
2
, |0⟩⟨0|

)
,
(
1
2
, |1⟩⟨1|

)
} and {

(
1
2
, |+⟩⟨+|

)
,
(
1
2
, |−⟩⟨−|

)
}.

Proposition 5.20
LetHi be Hilbert spaces and ρi, σi ∈ S(Hi) with i = 1, 2. Let K12 be a cost matrix
associated to H1 ⊗H2, and Ki be cost matrices associated to Hi. Then the optimal
transport cost of K (ρ1 ⊗ ρ2, σ1 ⊗ σ2) fulfils the following:

i) If K12 = K1 ⊗K2, then K(ρ1 ⊗ ρ2, σ1 ⊗ σ2) ≤ K(ρ1, σ1)K(ρ2, σ2).

ii) IfK12 = K1⊗112+111⊗K2, thenK(ρ1⊗ρ2, σ1⊗σ2) ≤ K(ρ1, σ1)+K(ρ2, σ2).

Proof. Objects in different subsystems commute and J1 ⊗ J2 is admissible for
(ρ1 ⊗ ρ2, σ1 ⊗ σ2) if Ji is admissible for ρi, σi, i = 1, 2. To show the first inequality,
consider two optimal Jamiołkowski matrices Jo1 , Jo2 that optimise the costs between
ρi, σi with cost matrix Ki, i = 1, 2. Then,

K(ρ1, σ1) · K(ρ2, σ2) = Tr [K1 (ρ1 ⋆ J
o
1 )] · Tr [K2 (ρ2 ⋆ J

o
2 )]

= Tr [(K1 (ρ1 ⋆ J
o
1 ))⊗ (K2 (ρ2 ⋆ J

o
2 ))]

= Tr [(K1 ⊗K2) ((ρ1 ⊗ ρ2) ⋆ (Jo1 ⊗ Jo2 ))]
≥ K(ρ1 ⊗ ρ2, σ1 ⊗ σ2).

(5.65)

For the second inequality, consider the same Jamiołkowski matrices as before.
Then

K(ρ1 ⊗ ρ2, σ1 ⊗ σ2) =Tr [K12 (ρ1 ⊗ ρ2) ⋆ Jo12]
≤Tr [(K1 ⊗ 112 + 111 ⊗K2) (ρ1 ⊗ ρ2) ⋆ (Jo1 ⊗ Jo2 )]
=Tr [K1ρ1 ⋆ J

o
1 ] Tr [ρ2 ⋆ J

o
2 ]

+ Tr [ρ1 ⋆ J
o
1 ] Tr [K2ρ2 ⋆ J

o
2 ]

=K(ρ1, σ1) +K(ρ2, σ2).

(5.66)
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6
Theunitary invariant quantum trans-
port cost

In this chapter, we consider the case where the cost is unitarily invariant (UI),
meaning it remains unchanged under a common unitary transformation of both
the input and output states:

κ(ρ, E) = κ(UρU∗,U ◦ E ◦ U−1) ∀U ∈ U(d), ρ, σ ∈ S(H). (6.1)

where we have defined the unitary channel U(X) = UXU∗, and we denote by
U(d) the group of unitary operators acting on the Hilbert space, of dimension d.
We show the relation between the maps and states in the following diagram:

ρ σ

UρU∗ UσU∗

E

U U

U◦E◦U−1

In Section 6.1, we show that unitary invariance fully determines the cost matrix
up to a single parameter. In Section 6.2, we compute the cost for several relevant
quantum channels, and derive a simplified optimisation problem to compute the
cost K(ρ, σ) valid for arbitrary states within the UI setting. In Section 6.3, we obtain
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analytic expressions for the optimal cost in the special case of commuting states.
Section 6.4 explores the striking modification of the cost induced by embedding
the problem into a higher-dimensional Hilbert space, and study its asymptotic
behaviour. In Section 6.5, we present an example that illustrates several noteworthy
features. Finally, in Section 6.6, we introduce the notion of a Hamiltonian-based
quantum cost, which also exhibits unitary invariance, though restricted to the
subgroup of unitaries generated by a fixed Hamiltonian.

6.1 Unitary invariant cost matrix
We can immediately see that there is single cost matrix that generates a unitary
invariant cost with good properties:

Theorem 6.1
The only cost matrices that belong to the dual to the cone of states over time, assign
cost 0 to the identity channel according to Theorem 5.13 and are unitarily invariant as
defined in Eq. (6.1), are positive multiples of

K0 = d11− S. (6.2)

Proof. First, let us prove that if J is the Jamiołkowski matrix whose channel takes ρ
to σ = E(ρ), then the Jamiołkowski matrix corresponding to the associated channel
E ′U = U◦E◦U−1 which mapsUρU∗ toUσU∗, is given by J ′U = (U⊗U)J(U∗⊗U∗).

For this purpose we start from the definition in Eq. (2.54)

J ′U = (id⊗E ′U) (S) = (id⊗U) ◦ (id⊗E) ◦ (id⊗U−1)(S)
= (11⊗ U) (id⊗E)((11⊗ U∗)S(11⊗ U)) (11⊗ U)∗

(6.3)

Recall that the swap operator satisfies S(X ⊗ Y )S = Y ⊗ X , i.e. (I ⊗ V )S =
S(V ⊗ I). Using this relation twice we can write (11 ⊗ U∗)S(11 ⊗ U) = S(U∗ ⊗
11)(11⊗U) = S(11⊗U)(U∗⊗11) = (U⊗11)S(U∗⊗11), and thereby pull the unitaries
out of the action of the map E , i.e.

J ′U = (11⊗ U)(U ⊗ 11) (id⊗E)(S) (U∗ ⊗ 11)(11⊗ U∗)
= (U ⊗ U) J (U∗ ⊗ U∗).

(6.4)

Now we can impose the UI of the cost function, κ(ρ, E) = κ(UρU∗, E ′U), to obtain

Tr [K0 (ρ ⋆ J)] = Tr [K0 ((UρU
∗) ⋆ ((U ⊗ U)J(U∗ ⊗ U∗)))]

= Tr [(U ⊗ U)K0(U
∗ ⊗ U∗)(ρ ⋆ J)] .

(6.5)
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We require this equality to hold for all choices of input states and channels, i.e. for
all elements of the set of states over time Q = ρ ⋆ J . Since this set is spanning
(Proposition 5.7), the scalar equality Eq. (6.5) translates into the operator equality
K0 = (U ⊗U)K0(U

∗ ⊗U∗) or equivalently [U ⊗ U,K0] = 0. This must whole for
all unitaries.

From the representation theory of GL(d), and because the set of unitaries
generates the whole ofGL(d) as an algebra, whose operations leave the commutator
invariant, the only elements with this property are the symmetric and antisymmetric
projectors. The vector space generated by these two projectors also has {11,S} as a
basis [Wer89]. Therefore K0 = a(b11−S) with real a and b, to preserve Hermiticity.

We can now impose the second condition, Theorem 5.13:

0 = TrB [S ⋆ K0] = aTrB [S ⋆ (b11− S)] = aTrB [bS − 11] = a(b− d)11. (6.6)

We find that b = d. Finally, we see that the positivity of the cost requires a to be
positive:

Tr [K0(ρ ⋆ J)] = aTr [(d11− S)(ρ ⋆ J)]
= adTr [ρ ⋆ J ]− aTr [S(ρ ⋆ J)]
= a [d− Tr [ρ(S ⋆ J)]] .

(6.7)

We can now bound the remaining term using the operator norm:

Tr [ρ(S ⋆ J)] =
∑
i

pi ⟨i|J ⋆ S|i⟩ ≤
∑
i

pi∥J ⋆ S |i⟩∥ =
∑
i

pi∥J ⋆ S∥∥|i⟩∥

=

(∑
i

pi

)
∥J ⋆ S∥ ≤ ∥J∥∥S∥ ≤ d.

(6.8)

Thus we have that a times a positive constant has to be positive, therefore a is
positive.

Throughout this section we refer to K0 as the UI cost matrix and K̃0 = 11− 1
d
S

the normalised UI cost matrix. Since they mostly share the same properties, we
generally use them interchangeably depending on the situation. With K̃0 the
maximum achievable cost is 1, which allows us to compare costs across dimensions.

With these cost matrices, we can write the cost in different ways depending on
the choice of channel representation (see Section 2.3). These forms will be useful
later.
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Remark 6.2
Let ρ be a state in a finite dimensional Hilbert space H and the cost matrix K̃0 =
11 − 1

d
S . Consider a channel E with associated Jamiołkowski and Choi matrices J ,

C , respectively, and Kraus representation {Ek}. Moreover, let ρ =
∑

i pi |i⟩⟨i| for
some basis {|i⟩}, |ρ⟩ =

∑
i pi |ii⟩ its vectorized form and |Φ+⟩ =

∑
i |ii⟩ is the

unnormalised maximally entangled state. Then

κ(ρ, E) = Tr
[
K̃0(ρ ⋆ J)

]
= 1− 1

d
⟨Φ+|ρT ⋆ C|Φ+⟩ (6.9)

= 1− 1

d
Re(⟨ρ|C |Φ+⟩) (6.10)

= 1− 1

d

∑
ij

pi + pj
2
⟨i| E(|i⟩⟨j|) |j⟩ (6.11)

= 1− 1

d

∑
i

pi
∑
j

Re(⟨i| E(|i⟩⟨j|) |j⟩) (6.12)

= 1− 1

d

∑
k

Re (Tr [E∗k ] Tr [Ekρ]) . (6.13)

Proof. The term 1 in every equation comes from the trace of the states over time
with the identity, which is always one because the partial trace of a state over time
is a state. The other part is associated to Tr [S(ρ⊗ J)], and we will focus on that.

Eq. (6.9) and Eq. (6.10) are a direct consequence of Lemma 2.22, recalling that
STA = |Φ+⟩⟨Φ+|.

Eq. (6.11) comes from the definition of the Jamiołkowski matrix, J =
∑

ij |i⟩⟨j|⊗
E(|j⟩⟨i|) and Theorem 4.6, which shows that in the product basis of the diagonal
basis of ρ, ρ ⋆ J =

∑
ij
pi+pj

2
|i⟩⟨j| ⊗ E(|j⟩⟨i|). Then we define the swap operator in

this product basis, S =
∑

i′j′ |i′⟩⟨j′| ⊗ |j′⟩⟨i′| and calculate Tr [S(ρ ⋆ J)]:

Tr [S(ρ ⋆ J)] = Tr

[∑
ij

pi + pj
2

∑
i′j′

(|i′⟩⟨j′| ⊗ |j′⟩⟨i′|) (|i⟩⟨j| ⊗ E(|j⟩⟨i|))

]

=
∑
ij

pi + pj
2

∑
i′j′

δij′δji′ ⟨i′| E(|j⟩⟨i|) |j′⟩

=
∑
ij

pi + pj
2
⟨i| E(|i⟩⟨j|) |j⟩ .

(6.14)

Finally, for Eq. (6.13) consider J written as a function of the Kraus operators:

J = (id⊗E)(S) =
∑
k

(11⊗ Ek)S(11⊗ E∗k) =
∑
k

(E∗k ⊗ Ek)S. (6.15)
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Then we add ρ and the S from the cost:

Tr [S(ρ ⋆ J)] =
∑
k

Tr [S (ρ ⋆ (E∗k ⊗ Ek)S)]

=
1

2

∑
k

(Tr [S (ρ(E∗k ⊗ Ek)S)] + Tr [S ((E∗k ⊗ Ek)Sρ)])

=
1

2

∑
k

(Tr [ρE∗k ⊗ Ek] + Tr [Ekρ⊗ E∗k ])

=
1

2

∑
k

(Tr [ρE∗k ] Tr [Ek] + h.c.)

=
∑
k

Re (Tr [E∗k ] Tr [ρEk]) .

(6.16)

This concludes the proof.

A channel can have more than one Kraus representation [NC10, Theorem 8.2],
also shown in Section 2.3. The following remark shows that Eq. (6.13) holds for all
of them, as it should.

Remark 6.3
Note that by Eq. (6.13), for every Kraus representation of a channel

1− 1

d

∑
k

Re (Tr [E∗k ] Tr [ρEk]) = Tr [S(ρ ⋆ J)] , (6.17)

and the Jamiołkowski matrix is unique, therefore different Kraus representations of
the same channel have the same associated cost.

We can also show this explicitly. If two Kraus representations {Ei}, {Fj} give
rise to the same quantum channel, then there exists a unitary U = (Uij) such that
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Ei =
∑

j uijFj [NC10]. Then

∑
i

Re (Tr [E∗i ] Tr [ρEi]) =
∑
i

Re

(
Tr

[∑
j

ŪijF
∗
j

]
Tr

[
ρ
∑
j′

Uij′Fj′

])

=
∑
jj′

(∑
i

Uij′Ūij

)
Re
(
Tr
[
F ∗j
]
Tr [ρFj′ ]

)
=
∑
jj′

(
UT
(
UT
)∗)

j′j
Re
(
Tr
[
F ∗j
]
Tr [ρFj′ ]

)
=
∑
jj′

δjj′Re
(
Tr
[
F ∗j
]
Tr [ρFj′ ]

)
=
∑
j

Re
(
Tr
[
F ∗j
]
Tr [ρFj]

)
.

(6.18)

6.2 Analytical analysis of the UI cost
In this section we study the analytical solution of the unitary invariant cost. While
no analytical solution exists in general, we show that the solution depends only on
the joint support of ρ and σ and we analytically solve the particular case when ρ
and σ are related by a unitary channel.

First, we calculate the cost associated to two important quantum channels.
Example 6.4

1) The replacement channel. Consider ER(x) = (Tr x)σ. Then the associated
Jamiołkowski matrix is 11⊗ σ = σB and

κ(ρ, ER) = Tr [(d11− S)ρA ⋆ σB] =d− Tr [ρσ] ≥ d− 1, (6.19)

where the last inequality can be seen, for example, using the trace and operator
norms of ρ and σ: Tr [ρσ] ≤ ∥ρ∥tr∥σ∥op ≤ 1.

2) Unitary channels. Consider now the class of unitary channels: EU(x) = UxU∗,
where U is a unitary operator. The associated Jamiołkowski matrix is JU =
UBSU∗B , where UB = 11⊗ U . We can use Eq. (6.13) in Remark 6.2 to calculate the
cost, since the Kraus operators associated to a Unitary channel are just {U}. This
cost is then

κ(ρ, EU) = Tr [(ρA ⋆ (UBSU∗B))(d11− S)] = d−Re (Tr [U∗] Tr [ρU ]) (6.20)
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We can find an expression for the optimal U when ρ and σ are pure states. Without
loss of generality due to the unitary invariance, consider ρ = |0⟩⟨0| and σ = |φ⟩⟨φ|
where |φ⟩ = α |0⟩+

√
1− α2 |1⟩ with α ∈ R+. The optimal unitary (in terms of

maximising its trace) will leave ⟨{|0⟩ , |1⟩}⟩ invariant and have 1 in the diagonal
elements outside this subspace. Therefore the optimal (i.e. largest) value is

Re (Tr [U∗] Tr [ρU ]) = α(d− 2 + 2α) (6.21)

with associated cost

κ(ρ, EU) = d−α(d−2+2α) = d(1−α)+2α(1−α) = (1−α)(d+2α). (6.22)

Note that this optimum value is influenced by the action of the unitary on an
invariant subspace orthogonal to the subspace where our state evolves; in particular
it depends on its dimension. We will later address this further and show how we
can remove this dependency in the limit when d→∞.

If we now further restrict the problem to d = 2, then this becomes 2(1−α)(1+α) =
2(1− α2) = 2(1− |⟨0|φ⟩|2) = 2T (|0⟩⟨0| , |φ⟩⟨φ|)2, where T is the trace distance.
Since it is the square of a distance, it cannot be a distance.

In the limit of high d→∞ this quantity approximately becomes d(1− α), which,
for small angles is d(1− cos θ) ≈ d

2
θ2, which is again the square of a distance.

The second example computes the optimal cost associated to the restricted
unitary channels. We can then numerical compare it to the general UI cost, which
we do in Fig. 6.1. We observe that for dimension d = 4 the general cost is smaller
for mixed states, but it appears equal for pure states. We show in Proposition 6.7
that the optimal channel when both states are pure is indeed unitary.

For the proof that the optimal map on pure inputs is unitary, we first need to
show the following technical lemma, which will again be important in Section 6.4.
In the following we refer several times to the ‘joint support of ρ and σ’. By that
we mean HS = supp ρ + suppσ, which allows us to write the Hilbert space as
H = HS ⊕H⊥.

Lemma 6.5
Let ρ, σ have joint support HS ⊆ H = HS ⊕ H⊥. Then there exists an optimal
channel of the unitary invariant quantum optimal transport K(ρ, σ) such that its
associated Kraus operators are of the form

E = ES ⊕ cΠ⊥. (6.23)

whereΠ⊥ is the projector on the orthogonal, or embedding Hilbert space,H⊥. Therefore,
the optimal channel acts as the identity channel on the embedding Hilbert space.
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Figure 6.1: Plot comparing the global optimal cost with the result of optimising only
over unitaries for various values of pρ, where the states are ρ = pρ |0⟩⟨0|+(1−pρ)1d11
and σ = pρ |φ⟩⟨φ|+ (1− pρ)1d11.

The proof of this lemma is conceptually fairly simple, but in practise becomes
a very long calculation. Before presenting the proof we have a sketch with the
main ideas of the proof. In Section 6.6 we see a generalisation of this result with a
different approach to the proof, using results from operator theory.

Sketch of the proof. A seen in Section 2.3, we can find the Kraus decomposition of
a channel by diagonalising the Choi matrix. From [Val09], we know that there
exists an optimal Choi matrix that is unitary invariant. We diagonalise a generic
unitary invariant Choi matrix. Then we show which structures its eigenvectors,
and therefore the Kraus operators of the map, can have. Then, we show that one of
the structures corresponds to Kraus operators of the form E = ES ⊕ cΠ⊥. Finally,
we see that every other kind of admissible Kraus operator can be exchanged for
a direct sum Kraus operator that does not change the result of the SDP or the
semidefinite conditions.

Proof. Let ρ, σ have joint support HS of dimension n such that H = HS ⊕ H⊥.
The dimension of H will be d and therefore the dimension of H⊥ is d − n. The
idea of the proof is that the unitaries (ΠS ⊕ U⊥) ⊗ (ΠS ⊕ U⊥), where ΠS is the
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projector onto HS and U⊥ are unitaries on H⊥, form a symmetry of the SDP in
Eq. (5.5) with K = K̃0. Due to [Val09], there will be an optimal Jamiołkowski
matrix of the problem that is invariant under these unitaries. After showing that
(ΠS ⊕U⊥)⊗ (ΠS ⊕U⊥) is indeed a symmetry of the SDP we will find the subspace
of invariant matrices under (ΠS⊕U⊥)⊗ (ΠS⊕U⊥) as a direct sum of blocks, these
blocks are in Eqs. (6.28), (6.29), (6.30), (6.31), (6.32), (6.33). With the whole subspace,
we will calculate the partial transpose to find the subspace of Choi matrices that
the symmetry allows. We can then find the canonical Kraus operators by finding
the general eigenstates of the elements in the subspace of allowed Choi matrices.
With these Kraus operators, we can then show that any any operator that has a
form different to Eq. (6.23) can be simulated1 with an operator with form as in
Eq. (6.23). As we have seen in Remark 6.3 specifically working with the canonical
Kraus representation should not be an issue.

First, let us show that (ΠS ⊕ U⊥) ⊗ (ΠS ⊕ U⊥) is indeed a symmetry of the
SDP. Clearly (ΠS ⊕ U⊥)⊗ (ΠS ⊕ U⊥) commutes with 11 and S , as well as ρ and σ.
Therefore,

Tr
[
(K̃0 ⋆ ρ)((ΠS ⊕ U⊥)⊗ (ΠS ⊕ U⊥))J((ΠS ⊕ U∗⊥)⊗ (ΠS ⊕ U∗⊥))

]
= Tr

[
((ΠS ⊕ U∗⊥)⊗ (ΠS ⊕ U∗⊥))(K̃0 ⋆ ρ)((ΠS ⊕ U⊥)⊗ (ΠS ⊕ U⊥))J

]
= Tr

[
(K̃0 ⋆ ρ)J

]
,

(6.24)

and similarly the constraints of the problem are also invariant:

TrA [ρ((ΠS ⊕ U⊥)⊗ (ΠS ⊕ U⊥))J((ΠS ⊕ U∗⊥)⊗ (ΠS ⊕ U∗⊥))]
= TrA [((ΠS ⊕ U∗⊥)⊗ 11)ρ((ΠS ⊕ U⊥)⊗ (ΠS ⊕ U⊥))J(11⊗ (ΠS ⊕ U∗⊥))]
= (ΠS ⊕ U⊥) TrA [ρJ ] (ΠS ⊕ U∗⊥) = (ΠS ⊕ U⊥)σ(ΠS ⊕ U∗⊥) = σ;

(6.25)

TrB [((ΠS ⊕ U⊥)⊗ (ΠS ⊕ U⊥))J((ΠS ⊕ U∗⊥)⊗ (ΠS ⊕ U∗⊥))]
= TrB [(11⊗ (ΠS ⊕ U∗⊥))((ΠS ⊕ U⊥)⊗ (ΠS ⊕ U⊥))J((ΠS ⊕ U∗⊥)⊗ 11)]
= (ΠS ⊕ U⊥) TrB [J ] (ΠS ⊕ U∗⊥) = (ΠS ⊕ U⊥)11(ΠS ⊕ U∗⊥) = 11.

(6.26)
Finally, ((ΠS ⊕ U⊥)⊗ (ΠS ⊕ U⊥))J((ΠS ⊕ U∗⊥)⊗ (ΠS ⊕ U∗⊥)) is clearly positive
under partial transpose because the unitaries (ΠS ⊕ U⊥)⊗ (ΠS ⊕ U⊥) are local.

1By simulate we mean that we can exchange it for another Kraus operator that has the same
contributions to the cost and the constraints of the SDP.
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Because we have seen that the SDP is invariant under the unitaries (ΠS⊕U⊥)⊗
(ΠS ⊕ U⊥), we know thanks to [Val09] that there exists an optimal Jamiołkowski
matrix that is invariant under these unitaries. We can twirl an arbitrary matrix to
find the structure of these matrices [Wer89]. For this calculation, we take a basis of
H that we can divide into a basis ofHS and a basis ofH⊥. We will use latin letters
to refer to elements of the basis ofHS and greek letters to refer to elements of the
basis ofH⊥. We will get that a general matrix can be written in terms of 16 blocks2,
ten of which will turn out to vanish. We consider an arbitrary matrix M and the
twirling will bring aout a structure for the twirling of M .∫

dU⊥((ΠS ⊕ U⊥)⊗ (ΠS ⊕ U⊥))M((ΠS ⊕ U∗⊥)⊗ (ΠS ⊕ U∗⊥))

=

∫
dU⊥(ΠS ⊗ U⊥)M(ΠS ⊗ U∗⊥) +

∫
dU⊥(U⊥ ⊗ ΠS)M(U∗⊥ ⊗ ΠS)

+

∫
dU⊥(U⊥ ⊗ ΠS)M(ΠS ⊗ U∗⊥) +

∫
dU⊥(ΠS ⊗ U⊥)M(U∗⊥ ⊗ ΠS)

+

∫
dU⊥(U⊥ ⊗ U⊥)M(U∗⊥ ⊗ U∗⊥) +

∫
dU⊥(ΠS ⊗ ΠS)M(ΠS ⊗ ΠS)

+

∫
dU⊥(ΠS ⊗ ΠS)M(U∗⊥ ⊗ U∗⊥) +

∫
dU⊥(U⊥ ⊗ U⊥)M(ΠS ⊗ ΠS)

+

∫
dU⊥(U⊥ ⊗ U⊥)M(U∗⊥ ⊗ ΠS) +

∫
dU⊥(ΠS ⊗ U⊥)M(U∗⊥ ⊗ U∗⊥)

+

∫
dU⊥(U⊥ ⊗ ΠS)M(U∗⊥ ⊗ U∗⊥) +

∫
dU⊥(U⊥ ⊗ U⊥)M(ΠS ⊗ U∗⊥)

+

∫
dU⊥(U⊥ ⊗ ΠS)M(ΠS ⊗ ΠS) +

∫
dU⊥(ΠS ⊗ U⊥)M(ΠS ⊗ ΠS)

+

∫
dU⊥(ΠS ⊗ ΠS)M(U∗⊥ ⊗ ΠS) +

∫
dU⊥(ΠS ⊗ ΠS)M(ΠS ⊗ U∗⊥).

(6.27)

The terms with an odd number of U⊥, as well as the four terms with double U⊥ on
one side and double ΠS on the other are zero due to the phase symmetry of unitary
matrices. That leaves the first six terms as nonzero. Using [PM17] we calculate the

2Each block corresponds to the choice of one of ΠS or U⊥ in each element of the tensor product
in each side of M , for a total of 4 binary elections. We write this explicitly.
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associated subspace for each nonzero term3. The first term is∫
dU⊥(ΠS ⊗ U⊥)M(ΠS ⊗ U∗⊥)

=

∫
dU⊥

(∑
i

|i⟩⟨i| ⊗
∑
αβ

uαβ |α⟩⟨β|

)
M

(∑
j

|j⟩⟨j| ⊗
∑
µν

ūνµ |µ⟩⟨ν|

)

=
∑
ijαβµν

Miβjµ |iα⟩⟨jν|
∫
dU⊥uαβūνµ

=
∑
ijαβµν

Miβjµ |iα⟩⟨jν|
1

d− n
δανδβµ

=
∑
ijα

(
1

d− n
∑
β

Miβjβ

)
|iα⟩⟨jα|

=
∑
ij

Bij |i⟩⟨j| ⊗
∑
α

|α⟩⟨α|.

(6.28)

As we mentioned, due to the symmetry the second term is∫
dU⊥(U⊥ ⊗ ΠS)M(U∗⊥ ⊗ ΠS) =

∑
ijα

(
1

d− n
∑
β

Mβiβj

)
|αi⟩⟨αj|

=
∑
α

|α⟩⟨α| ⊗
∑
ij

B∗ij |i⟩⟨j| .
(6.29)

3The first and second terms are equivalent under swap, as well as the third and fourth, so we
have to calculate four distinct terms.
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The third term is∫
dU⊥(U⊥ ⊗ ΠS)M(ΠS ⊗ U∗⊥)

=

∫
dU⊥

(∑
αβ

uαβ |α⟩⟨β| ⊗
∑
i

|i⟩⟨i|

)
M

(∑
j

|j⟩⟨j| ⊗
∑
µν

ūνµ |µ⟩⟨ν|

)

=
∑
ijαβµν

Mβijµ |αi⟩⟨jν|
∫
dU⊥uαβūνµ

=
∑
ijαβµν

Mβijµ |αi⟩⟨jν|
1

d− n
δανδβµ

=
∑
ijα

(
1

d− n
∑
β

Mβijβ

)
|αi⟩⟨jα| =

∑
ijα

Aij |αi⟩⟨jα| .

(6.30)

Again due to the symmetry, the fourth term is∫
dU⊥(ΠS ⊗ U⊥)M(U∗⊥ ⊗ ΠS) =

∑
ijα

(
1

d− n
∑
β

Miββj

)
|iα⟩⟨αj|

=
∑
ijα

A∗ij |iα⟩⟨αj| .
(6.31)

The fifth term is∫
dU⊥(U⊥ ⊗ U⊥)M(U∗⊥ ⊗ U∗⊥)

=

∫
dU⊥

(∑
αβ

uαβ |α⟩⟨β| ⊗
∑
γϵ

uγϵ |γ⟩⟨ϵ|

)
M

(∑
ξτ

ūτξ |ξ⟩⟨τ | ⊗
∑
µν

ūνµ |µ⟩⟨ν|

)

=
∑

αβγϵξτµν

Mβϵξµ |αγ⟩⟨τν|
∫
dU⊥uαβuγϵūτξūνµ

=
∑

αβγϵξτµν

Mβϵξµ |αγ⟩⟨τν|
(
δατδγνδβξδϵµ + δανδγτδβµδϵξ

(d− n)2 − 1
− δατδγνδβµδϵξ + δανδγτδβξδϵµ

(d− n)((d− n)2 − 1)

)
= C

∑
αγ

|αγ⟩⟨αγ|+D
∑
αγ

|αγ⟩⟨γα| ,

(6.32)
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where in the last step, we simplified the coefficients because their exact values are
not relevant —only that these terms are nonzero and independent of α, γ.

Finally, we can calculate the sixth, and last nonzero, term:∫
dU⊥(ΠS ⊗ ΠS)M(ΠS ⊗ ΠS)

=

∫
dU⊥

(∑
i

|i⟩⟨i| ⊗
∑
k

|k⟩⟨k|

)
M

(∑
j

|j⟩⟨j| ⊗
∑
ℓ

|ℓ⟩⟨ℓ|

)
=
∑
ikjℓ

Mikjℓ |ik⟩⟨jℓ| .

(6.33)

We have finally found the subspace formed by the nonzero blocks of the invariant
matrices under (ΠS⊕U⊥)⊗ (ΠS⊕U⊥). To get the Kraus operators we first convert
this subspace into the subspace of allowed Choi matrices, which will be the partial
transpose of the subspace we have now. We get the following blocks, eigenstates
and Kraus matrices. Note that the eigenstates we obtain are not normalised, but
such that the Choi matrix has the form: C =

∑
ψ |ψ⟩⟨ψ|. This allows us to calculate

the Kraus matrices from them by un-vectorising.

i) From the first and second terms, in the blocks generated by {|iα⟩⟨jα|} and
{|αi⟩⟨αj|}we obtain the blocksCS⊗

∑
α |α⟩⟨α| and

∑
α |α⟩⟨α|⊗CS , which di-

agonalise as
∑

i ci |i⟩⊗
∑

α cα |α⟩ and
∑

α cα |α⟩⊗
∑

i ci |i⟩, respectively. Note
that the part associated to

∑
α |α⟩⟨α|must be a unit vector, that is

∑
α |cα|

2 = 1.
The associated Kraus forms are∑

iα

cicα |α⟩⟨i| ,
∑
iα

cicα |i⟩⟨α| . (6.34)

ii) The other blocks form a related set of blocks, which in basis {|ij⟩ , |αα⟩ , |αγ⟩ α ̸= γ}
is 

M + C11− C11

A11 · · · A11
... · · · ...
Aij · · · Aij

... · · · ...
Ann · · · Ann

0

A∗11 · · · A∗ij · · · A∗nn
... ... ... ... ...
A∗11 · · · A∗ij · · · A∗nn

D |Φ+⟩⟨Φ+|+ C11 0

0 0 C11


, (6.35)
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where |Φ⊥⟩ is the unnormalised maximally entangled state restricted to the
orthogonal subspace |Φ⊥⟩ =

∑
α |αα⟩. In its block, it translates to the matrix

that has 1 in every matrix element. These blocks diagonalise as follows: C11
in the subspace generated by {|αγ⟩ α ̸= γ} will have (d − n)(d − n − 1)
mutually orthogonal vectors

√
C
∑

α̸=γ cαγ |αγ⟩, with
∑

α̸=γ cαγ |αγ⟩ a unit
vector. The subspace generated by {|αα⟩} will have d − n − 1 orthogonal
vectors

√
C
∑

α cα |αα⟩ with
∑

α cα |αα⟩ unital and such that
∑

α cα = 0. The
associated Kraus matrices are

√
C
∑
α̸=γ

cαγ |γ⟩⟨α| ,
√
C
∑
α

cα |α⟩⟨α| . (6.36)

Finally, consider the matrix
M − C11

A11
...
Aij

...
Ann

A∗11 · · · A∗ij · · · A∗nn D


, (6.37)

A set of n+ 1 eigenvalues and unit eigenvectors of this matrix,{
(λ,
∑
ij

cij |ij⟩+ c |00⟩)

}
, (6.38)

can be used to obtain the following set of n2 + 1 eigenvectors of the block
generated by {|ij⟩ , |αα⟩}:

√
λ+ C

(∑
ij

cij |ij⟩+
c

d− n
∑
α

|αα⟩

)
, (6.39)

which in turn yield the Kraus matrices

√
λ+ C

(∑
ij

cij |j⟩⟨i|+
c

d− n
∑
α

|α⟩⟨α|

)
. (6.40)

Before moving forward, note we can simplify some expressions. Because the
coefficients Mijkl, Aij , and D are unrelated, the coefficients of the Kraus operators
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in Eq. (6.40) are arbitrary, so we can simplify the expression to only show the
structure of the Kraus operators:

∑
ij cij |j⟩⟨i| + c

∑
α |α⟩⟨α|, where we abused

notation by reusing the coefficients cij and c. We already did a similar thing in the
first set of Kraus operators, where the eigenvalue is absorbed into the coefficients
ci. For the remaining Kraus operators,

√
C
∑

α̸=γ cαγ |γ⟩⟨α| and
√
C
∑

α cα |α⟩⟨α|,
we can absorb the eigenvalue into the ci as well, leaving the complete list:∑

iα

cicα |α⟩⟨i| , (6.41)∑
iα

cicα |i⟩⟨α| , (6.42)∑
α̸=γ

cαγ |γ⟩⟨α| , (6.43)∑
α

cα |α⟩⟨α| , (6.44)∑
ij

cij |j⟩⟨i|+ c
∑
α

|α⟩⟨α| . (6.45)

So far we have found 5 possible forms for the Kraus operators of optimal
symmetric channels. It remains to see that 4 of these forms are either not allowed
by the constraints of the problem or can be simulated by the last one, as explained
at the beginning of the proof.

First, note that a channel E that contains the Kraus operators of the form
K =

∑
iα cicα |α⟩⟨i| usually violates the condition E(ρ) = σ. That is because

KρK∗ =

(∑
ij

cic
∗
j ⟨i| ρ |j⟩

)∑
αγ

c∗αcγ |γ⟩⟨α| . (6.46)

If
∑

ij cic
∗
j ⟨i| ρ |j⟩ ̸= 0 we obtain a positive term outside the support of σ that can

not be eliminated with other Kraus operators, because their operation is positive.
Thus we will only consider K =

∑
i cicα |α⟩⟨i| with

∑
ij cic

∗
j ⟨i| ρ |j⟩ = 0 in the

remainder of the proof.
Let K be a Kraus operator of either of the forms in Eq. (6.42) through Eq. (6.44).

Then Tr [Kρ] = 0, KρK∗ = 0 and K∗K ∈ B(H⊥). Therefore we can ignore these
operators and consider instead Kraus matrices {K ′} with form as in Eq. (6.41)
and Eq. (6.45) with the conditions

∑
K′ K ′

∗K ′ = ΠS ⊕ Ω, with 0 ≤ Ω ≤ Π⊥ and∑
K′ K ′ρK ′

∗ = σ. Note that Π⊥
∑

K′ K ′
∗K ′Π⊥ = εΠ⊥, 0 ≤ ε ≤ 1, because the

contribution to the orthogonal subspace is zero for Kraus operators as in Eq. (6.41)
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and proportional to the identity for Kraus operators as in Eq. (6.45). We can complete
this set of Kraus operators with K⊥ =

√
1− ε

∑
α |α⟩⟨α|. This operator also fulfils

Tr [K⊥ρ] = 0 and K⊥ρK∗⊥ = 0, so it does not affect the rest of the optimisation
problem.

Finally, we need to see that if an optimal solution has a Kraus operator K =∑
iα cicα |α⟩⟨i| such that

∑
ij cic

∗
j ⟨i| ρ |j⟩ = 0, we can replace it with Kraus operator

with form as in Eq. (6.45), keeping every equation in the optimisation the same.
Note that KρK∗ = 0, K∗K =

∑
ij cic

∗
j |j⟩⟨i| and Tr [Kρ] = 0. Let

K ′ = |ψ⟩⟨ψ| with |ψ⟩ = 1

4

√∑
i |ci|

2

∑
i

c∗i |i⟩ . (6.47)

Note that K ′ has the form as in Eq. (6.45). It also has the same properties as K with
respect to all three conditions:

K ′ρK ′
∗
=

1∑
i |ci|

2

∑
ki

c∗kci |k⟩⟨i| ρ
∑
jℓ

c∗jcℓ |j⟩⟨ℓ|

=

(∑
ij

cic
∗
j ⟨i| ρ |j⟩

)
1∑
i |ci|

2

∑
kℓ

c∗kcℓ |k⟩⟨ℓ| = 0

(6.48)

Tr [K ′ρ] = ⟨ψ|ρ|ψ⟩ = 1√∑
i |ci|

2

∑
ij

cic
∗
j ⟨i| ρ |j⟩ = 0 (6.49)

K ′
∗
K ′ = |ψ⟩⟨ψ|ψ⟩⟨ψ| = 1∑

i |ci|
2

(∑
ij

cic
∗
j ⟨i|j⟩

)(∑
ij

c∗jci |j⟩⟨i|

)
=
∑
ij

c∗jci |j⟩⟨i| .
(6.50)

We have seen that the optimisation can be taken over Kraus matrices of the
form

∑
ij cij |j⟩⟨i|+ c

∑
α |α⟩⟨α|, which is equivalent to an arbitrary matrix on the

joint support of ρ and σ and a matrix proportional to the identity in the orthogonal
space, that is KS ⊕ cΠ⊥.

As seen in Example 6.4, the cost is a function of the dimension even if the joint
support is not the full space. Theorem 6.6 shows the relation between the cost on
the joint support and the cost in the full space.

Theorem 6.6
Let ρ =

∑
i pi |i⟩⟨i| and σ have joint supportHS ⊆ H = HS⊕H⊥; with orthonormal
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basis BS = {|i⟩}ni=1 ofHS and B⊥ = {|α⟩}d⊥α=1 ofH⊥, and d = n+ d⊥. The optimal
unitarily invariant cost is

K(ρ, σ) = 1− 1

d
max
{Ek}

Re

(∑
k

Tr [Ekρ] Tr [E
∗
k ]

)
+ d⊥

√∑
k

|Tr(Ekρ)|2


(6.51)

= 1− 1

d
max
E

Re

(∑
ij

pi ⟨i| E(|i⟩⟨j|) |j⟩

)
+ d⊥

√∑
ij

pipj ⟨i| E(|i⟩⟨j|) |j⟩

 ,

(6.52)

where the maximisation is over CPTP maps E(•) =
∑

k Ek • E∗k on B(HS) s.t.
E(ρ) = σ. Equivalently, we can write

K(ρ, σ) = 1− 1

d
max
CS

(
Re(⟨ρ|CS |ΦS⟩) + d⊥

√
⟨ρ|CS |ρ⟩

)
(6.53)

s.t. CS ≥ 0, TrB CS = 11S, Tr
[
ρTCS

]
= σ,

where |ΦS⟩ =
∑n

i=1 |ii⟩, |Φ⊥⟩ =
∑d⊥

α=1 |αα⟩, and the input is written in vectorized
form |ρ⟩ =

∑
ii pi |ii⟩.

Note that max{Ek}Re (
∑

k Tr [Ekρ] Tr [Ek]) is the nontrivial part of the cost in
HS . Because of the extra term d⊥

√
⟨ρ|CS |ρ⟩ within the maximisation, the optimal

channel is in general not the same for different dimension of the whole space d.

Proof. From Lemma 6.5, we can take Kraus operators to be of the form Ek =
EkS ⊕ ckΠ⊥, such that {EkS} is a set of Kraus operators restricted to the support
HS and ck form a unit vector. The non-trivial part of the cost, starting from Eq. (6.13),
then is

Re

(∑
k

Tr [ρEk] Tr [E
∗
k ]

)
= Re

(∑
k

Tr [ρEkS] Tr [Ek
∗
S] + d⊥

∑
k

c∗k Tr [ρEkS]

)
.

(6.54)

We can remove the real part on the second term due to the phase freedom
of each ck with respect to EkS . This freedom will allow us to tune the phase of
ck in each Kraus operator such that c∗k Tr [ρEkS] = |ck||Tr [ρEkS]|, which is the
maximum achievable real part.
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Now fix a set of Kraus operators on the support {EkS}. Consider the vectors
u = (ck) and v = (Tr [ρEkS]). With this notation we are maximising the inner
product between v and a unit vector u. The Cauchy-Schwartz inequality states
that |⟨u|v⟩| ≤ ∥u∥∥v∥ = ∥v∥ and that the inequality is tight if and only if v and
u are linearly dependent. Therefore the non-trivial part of the cost is

Re

∑
k

Tr [ρEkS] Tr [Ek
∗
S] + d⊥

√∑
k

|Tr [ρEkS]|2
 , (6.55)

where
√∑

k |Tr [ρEk]|
2 =

√
⟨v|v⟩ is the norm of v and ck = Tr[ρEkS ]√∑

k′ |Tr[ρEk′S]|
2 .

Finally, we can take the maximum over all admissible channels to obtain the optimal
channel. The equivalent equations Eq. (6.52) and Eq. (6.53) follow immediately from
the general expressions Eq. (6.12) and Eq. (6.10), respectively.

To finish this section we show that for pure states the optimal map is unitary.
Proposition 6.7
Consider two pure states in a d-dimensional Hilbert spaceH, WLOG ρ = |0⟩⟨0| and
σ = (α |0⟩+

√
1− α2 |1⟩)(α ⟨0|+

√
1− α2 ⟨1|), with α ∈ R. Then

K(ρ, σ) = (1− α)(d+ 2α) (6.56)

and the optimal channel is given by conjugation with the unitary

U =

[
α −

√
1− α2

√
1− α2 α

]
⊕ 11d−2. (6.57)

Proof. Let {Ek} be an admissible set of Kraus operators for ρ and σ. Because σ
is pure, EkρE∗k = pkσ, with pk a probability distribution. From Lemma 6.5 and
Theorem 6.6, we can write Ek as follows

Ek =
√
pk

 α γk√
1− α2 βk

0

0 Π⊥

 , (6.58)

with ck = Tr[ρEk]√∑
k′ |Tr[ρEk]

2|
=
√
pkα

α
=
√
pk. We can take βk, γk to be positive, since

Tr [ρEk] =
√
pkα is and we are maximising the real part of the product with√

pk(α + β∗k). If we calculate
∑

k E
∗
kEk we obtain

11 =
∑
k

pk

 1 αγk + βk
√
1− α2

αγk + βk
√
1− α2 β2

k + γ2k
0

0 Π⊥

 . (6.59)
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For the cost, we want to maximise
∑

k pk (β)k constrained to

0 =
∑
k

pk(αγk + βk
√
1− α2) (6.60)

1 =
∑
k

pk(β
2
k + γ2k). (6.61)

This problem has as variables: pk, γk, βk, and even the size of the index set of k,
|I|. To simplify, fix |I| and pk. We can then define the Lagrangian

L(β⃗, γ⃗, µ, ν) =
∑
k

pkβk + µ

(∑
k

pk(αγk + βk
√
1− α2)

)

+ ν

(∑
k

pk(β
2
k + γ2k)− 1

) (6.62)

and optimise with its gradient

0 = ∇β⃗,γ⃗,µ,νL(β⃗, γ⃗, µ, ν)

=

(
pk + µpk

√
1− α2 + νpk2βk, µpkα + 2νpkγk,

∑
k

pk(αγk + βk
√
1− α2),

∑
k

pk(β
2
k + γ2k)− 1

)

=

(
1 + µ

√
1− α2 + ν2βk, µα + 2νγk,

∑
k

pk(αγk + βk
√
1− α2),

∑
k

pk(β
2
k + γ2k)− 1

)
.

(6.63)

We see that the values of βk and γk do not depend on k. This simplifies the equations
to maximising β such that

0 = αγ + β
√
1− α2, (6.64)

1 = β2 + γ2. (6.65)

It is clear that the optimal will be β = α, γ = −
√
1− α2. The nontrivial part of the

cost associated to each Kraus operator will be pkα(α+β+(d−2)) = pkα(2α+d−2).
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Thus the total cost is

K(ρ, σ) = d−
∑
k

pk(α(2α + d− 2)) = d− (α(2α+ d− 2))

= (1− α)(d+ 2α),

(6.66)

and we know from Eq. (6.22) in Example 6.4 that this cost is attained by the unitary,
finishing the proof.

6.3 Commuting states
This section takes the unitary invariant cost and in the case of commuting states.
We want to compare this case to the arbitrary case. We also show that this cost is
can be calculated analytically and that the optimal map is purely quantum. Finally,
we compare the restriction to also classical channels, we show it is much larger
numerically than the general quantum transport and we show its relation to the
total variation distance, the equivalent to the unitary invariant case in classical
optimal transport.

First, we show how we can lower bound the cost between any pair of states
with a cost between diagonal states.

Proposition 6.8
LetH be a finite dimensional Hilbert space, ρ, σ ∈ S(H) with ρ diagonal in the basis
{|i⟩} and Eρ the pinching map in this basis, Eρ(x) =

∑
i ⟨i|x|i⟩ |i⟩⟨i|. Then

K(ρ, σ) ≥ K(ρ, Eρ(σ)). (6.67)

Sketch of the proof. This proof relatively short, but its logic is somewhat subtle. The
idea of the proof is that every channel between ρ and σ induces a classical stochastic
map between ρ and the diagonal of σ in the diagonal basis of ρ, that is a classical
stochastic map between ρ and Eρ(σ). We show that the cost associated to this map
is a lower bound to the cost associated to the original map (Eqs. (6.70), (6.77)).
Because we can do it for every map we can do it for the optimal one, thus obtaining
a lower bound.

Proof. Let ρ =
∑

i pi |i⟩⟨i| and consider the Choi matrix C associated to a channel
E such that E(ρ) = σ. This matrix will be C =

(∑
ij |i⟩⟨j| ⊗ E(|i⟩⟨j|)

)
. The

diagonal elements of this matrix in the product basis, which need to be positive,
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are ⟨j|E(|i⟩⟨i|)|j⟩ and fulfil∑
j

⟨j|E(|i⟩⟨i|)|j⟩ = Tr [11E(|i⟩⟨i|)] = 1. (6.68)

Thus these form a classical stochastic map p(j|i) = ⟨j|E(|i⟩⟨i|)|j⟩. Also note that
because E(ρ) = σ the Choi matrix must fulfil σ = TrA [ρC] =

∑
i piE(|i⟩⟨i|). We

can apply the pinching Eρ to this equation to obtain

Eρ(σ) =
∑
i

piEρ (E(|i⟩⟨i|)) =
∑
ij

pi ⟨j|E(|i⟩⟨i|)|j⟩ |j⟩⟨j| =
∑
ij

pip(j|i) |j⟩⟨j|

(6.69)
which will be useful later.

We can now bound the cost associated to each channel with an expression of the
associated classical stochastic map. Note that ⟨i| E(|i⟩⟨j|) |j⟩ are the non diagonal
elements of C that complete a 2× 2 minor with ⟨i|E(|i⟩⟨i|)|i⟩ and ⟨j|E(|j⟩⟨j|)|j⟩.
Therefore,

⟨i| E(|i⟩⟨j|) |j⟩ ≤
√
⟨i|E(|i⟩⟨i|)|i⟩ ⟨j|E(|j⟩⟨j|)|j⟩ =

√
p(i|i)p(j|j). (6.70)

Finally, with Eq. (6.70) we obtain the bound on the non-trivial part of the cost asso-
ciated to an admissible Choi matrix. Let |Φ+⟩ =

∑
i |ii⟩ again be the unnormalised

maximally mixed state, then:

Tr [|Φ+⟩⟨Φ+| (ρ ⋆ C)] =
∑
i′j′ij

⟨i′i′| pi + pj
2

(|i⟩⟨j| ⊗ E(|i⟩⟨j|)) |j′j′⟩

=
∑
ij

pi + pj
2
⟨i| E(|i⟩⟨j|) |j⟩

=
∑
i

pi ⟨i|E(|i⟩⟨i|)|i⟩+
∑
i̸=j

pi + pj
2
⟨i| E(|i⟩⟨j|) |j⟩

≤
∑
i

pip(i|i) +
∑
i̸=j

pi + pj
2

√
p(i|i)p(j|j)

=
∑
i

pip(i|i) +
∑
i̸=j

pi
√
p(i|i)p(j|j).

(6.71)

Fix an admissible channel between ρ and σ and its associated classical stochastic
map p(j|i). Let Cp = |ϕ⟩⟨ϕ|+

∑
i̸=j p(j|i) |ij⟩⟨ij| with |ϕ⟩ =

∑
i

√
p(i|i) |ii⟩. This

is clearly positive and

TrB [Cp] = TrB

[
|ϕ⟩⟨ϕ|+

∑
i̸=j

p(j|i) |ij⟩⟨ij|

]
(6.72)
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=
∑
i

p(i|i) |i⟩⟨i|+
∑
i̸=j

p(j|i) |i⟩⟨i| = 11, (6.73)

TrA
[
ρTCp

]
= TrA

[∑
k

pk(|k⟩⟨k| ⊗ 11)
(
|ϕ⟩⟨ϕ|+

∑
i̸=j

p(i|j) |ij⟩⟨ij|

)]
(6.74)

=
∑
i

pip(i|i) |i⟩⟨i|+
∑
i̸=j

pip(j|i) |j⟩⟨j| =
∑
ij

p(j|i)pi |j⟩⟨j| (6.75)

= Eρ(σ), (6.76)

where the last equality was seen in Eq. (6.69). Therefore Cp is a Choi matrix with
associated channel such that ECp(ρ) = Eρ(σ). The elements ⟨i| ECp(|i⟩⟨j|) |j⟩ are

⟨i| ECp(|i⟩⟨j|) |j⟩ = ⟨i|TrA

[
(|j⟩⟨i| ⊗ 11) |ϕ⟩⟨ϕ|+

∑
i′ ̸=j′

p(j′|i′) |i′j′⟩⟨i′j′|

]
|j⟩

= ⟨i|TrA [(|j⟩⟨i| ⊗ 11) |ϕ⟩⟨ϕ|] |j⟩ =
√
p(i|i)p(j|j),

(6.77)

which is the tight version of Eq. (6.70). This means the bound (6.71) can be made
tight for every admissible classical stochastic map between ρ and σ in the problem
between ρ and Eρ(σ) by choosing the adequate channel Cp. In particular, we can
tighten this bound in the problem between ρ and Eρ(σ) for a classical stochastic
map associated to an optimal channel between ρ and σ, thus yielding

K(ρ, σ) ≥ d−
∑
i

pip(i|i) +
∑
i̸=j

pi
√
p(i|i)p(j|j) (6.78)

= Tr
[
K0(ρ ⋆ C

TA
p )
]
≥ K(ρ, Eρ(σ)), (6.79)

finalising the proof.

The main value of Proposition 6.8 comes from its relation to the following result,
which allows us to analytically calculate the cost between commuting states, thus
allowing us to always have a lower bound for the cost.

Proposition 6.9
Let ρ and σ commute. In a common diagonal basis they can be written as ρ =∑

i pi |i⟩⟨i|, σ =
∑

i qi |i⟩⟨i|. Then

K(ρ, σ) = 1

d

(
d−

∑
ij

pi
√

min{1, qi
pi
}min{1, qj

pj
}

)
(6.80)
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Proof. We have seen in the proof of Proposition 6.8 that for every admissible channel
there is an associated stochastic map and that for each stochastic map with an
associated channel there is a channel that makes Eq. (6.71) tight. Therefore the
problem is equivalent to the following optimisation over classical stochastic maps:

min
p(j|i)

d−
∑
i

pip(i|i)−
∑
i̸=j

pi
√
p(i|i)p(j|j), (6.81)

such that qj =
∑

i p(j|i)pi. Note that only the diagonal terms of the classical
stochastic map contribute to the cost and we want to maximise them. This is
equivalent to the well known problem of writing the total variation distance as a
classical optimal transport problem [Vil08]. The maximum value of 0 ≤ p(i|i) ≤ 1
subject to qi =

∑
j p(i|j)pj ≥ p(i|i)pi, is p(i|i) = qi

pi
≤ 1 if pi ≥ qi and p(i|i) = 1

if pi < qi, or more succintly p(i|i) = min{1, qi
pi
}. This will maximise the amount of

weight the map leaves in place. When p(i|i) < 1 the transport plan p(j|i) can be
completed by distributing the remaining weight among j ̸= i arbitrarily such that
the map is admissible, as these weights do not contribute to the cost. Hence the
proof is finished.

The proof gives us information not only on the optimal cost but also on the
optimal channel that attains this cost. This is explained in the following remark:

Remark 6.10
The optimal channel associated to the unitary invariant quantum optimal transport
problem between commuting states with common basis {|i⟩} will be, as we have seen
in Eq. (6.77) and the proof of Proposition 6.9, in Choi matrix form:

C = |ϕ⟩⟨ϕ|+
∑
i̸=j

p(j|i) |ij⟩⟨ij| , (6.82)

with |ϕ⟩ =
∑

i

√
p(i|i) |ii⟩ and p(i|i) as previously defined in the proofs of Proposi-

tion 6.8 and Proposition 6.9, which has rank at most d2 − d+ 1.
We can further study the structure of these maps by looking at their Kraus

matrices. We have the unnormalised eigenvectors of the Choi matrix: {|Ek⟩} =
{
∑

i

√
p(i|i) |ii⟩ ;

√
p(j|i) |ij⟩ , i ̸= j}, such that C =

∑
k |Ek⟩⟨Ek|. The associated

Kraus matrices are the un-vectorised elements:

{Ek} =

{∑
i

√
p(i|i) |i⟩⟨i| ;

√
p(j|i) |j⟩⟨i| , i ̸= j

}
. (6.83)
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These Kraus matrices have the characteristic of not being able to generate coherence,
but, in the case of

∑
i

√
p(i|i) |i⟩⟨i|, not completely destroy it. In the context of the

theory of quantum coherence as a resource, these matrices are incoherent operations
(IO), but not strictly incoherent (SIO) [SAP17].

Finally, we compare the cost between commuting states to the cost attained by
purely classical channels.

Remark 6.11
If ρ and σ commute, we can consider the case where we restrict our channels to classical
channels to see how it relates to known classical distances and whether classical maps
are optimal in the quantum setting. A quantum map will be classical if its Jamiołkow-
ski matrix is diagonal in a product basis. Without loss of generality, we let ρ and σ be
diagonal in the canonical basis, with eigenvalues denoted by pi and qj respectively,
and the Jamiołkowski matrix be diagonal in the product of canonical basis. As seen
in Remark 4.8 a state over time in this case will be of the form Qcl =

∑
ij pij |ij⟩⟨ij|,

with pij a joint probability distribution, that is a classical coupling, with marginals pi
and qj . It is immediate to see that the associated cost with cost matrix K̃0 = 11− 1

d
S

is related to the total variation distance as follows:

Kclassical(ρ, σ) = min
Qcl

Tr

[
(11− 1

d
S)Qcl

]
= (6.84)

= min
{pij}

∑
ij

pij −
1

d

∑
i

pii = 1− 1

d
max
{pij}

∑
i

pii =

= 1− 1

d
(1− 1

2
|ρ− σ|) ≥ 1− 1

d
. (6.85)

Where in the optimization of the last equality we used again that maximum value
of 0 ≤ p(i|i) ≤ 1 subject to qi =

∑
j p(i|j)pj is p(i|i) = min{1, qi

pi
} or equivalently

pii = p(i|i)pi = min{pi, qi}, and that |ρ − σ| =
∑

i |pi − qi| =
∑

i(pi + qi −
2min{pi, qi})

We obtain the cost in Proposition 6.9 without the term −1
d

∑
i̸=j pi

√
p(i|i)p(j|j)4.

The fact that this cost is larger than 1− 1
d

shows that a large gap can exist between
the cost associated to classical channels and the optimal quantum cost, which can go
to zero by definition.

4We were using K0 = dK̃0, so the term 1
dwas not there.
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6.4 Limit d→∞
We have seen in Theorem 6.6 that the cost between two states on a Hilbert space
HS ⊂ H depends on the dimension ofH even if the support of these states does
not explore the full space. In this section we aim to remove this dependence by
taking the limit of the dimensions of the larger spaces to∞. We see the limit exists
and how to calculate it.

The commuting case can be calculated analytically and contains all the ideas
used for the general result. We compute it as an example.

Example 6.12
Let us rewrite Eq. (6.80). We can split the sum into a sum over i and a sum over j as

1

d

(
d−

∑
i

pip(i|i)−
∑
i̸=j

pi
√
p(i|i)p(j|j)

)

=
1

d

(
d−

(∑
i

pi
√
p(i|i)

)(∑
j

√
p(j|j)

))
.

(6.86)

We should address what happens to p(i|i) = min{1, qi
pi
} when pi = 0. Because pi = 0,

p(i|i) does not affect the outcome of applying the map to the relevant state and all the
p(i|i) have a minus sign in the minimisation, so we want them as large as possible.
Therefore, if pi = 0, we take p(i|i) = 1.

With this we can calculate the limit. Let ρ, σ in a n dimensional Hilbert space
commute. For a dimension d ≥ n we have a finite dimensional Hilbert space and a
natural embedding that allows us to consider ρ and σ in this space. We can take a basis
in which ρ and σ are diagonal and compute the cost.

∑
i pi
√
p(i|i) is fixed regardless

of dimension.
∑

j

√
p(j|j) has a fixed part, the sum of p(j|j) in the support of ρ and

d − n times p(j|j) = 1 for the part not in the support, which add up to d − n. We
call these fixed parts N and M , respectively, and calculate the cost:

Kd(ρ, σ) =
1

d
(d−N (M + d− n)) = 1− NM

d
−N +

Nn

d

−−−→
d→∞

1−N = 1−
∑
i

pi
√
p(i|i).

(6.87)

We can further develop this expression to write it as a function of pi and qi, the diagonal
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elements of ρ and σ, only:

K∞(ρ, σ) = 1−
∑
i

pi
√
p(i|i) =

∑
i

pi(1−
√
p(i|i))

=
∑
i

√
pi(
√
pi −

√
p(i|i)pi) =

∑
qi<pi

√
pi(
√
pi −
√
qi),

(6.88)

where the last equality comes from the definition of the optimal p(i|i) = min{1, qi
pi
}

in Eq. (6.80).

The general case uses the same ideas starting from Theorem 6.6.

Theorem 6.13
Let ρ, σ be states in a finite dimensional Hilbert spaceHS of dimension n, such that
the joint support of ρ, σ isHS . Let d ≥ n andHd = HS ⊕H⊥ be a finite dimensional
Hilbert space of dimension d. In Hd, consider the cost matrix K̃d = 11d − 1

d
Sd. We

denote the cost associated to the embedded ρ, σ in a larger Hilbert space with cost
matrix K̃d as Kd(ρ, σ). Then,

K∞(ρ, σ) = lim
d→∞
Kd(ρ, σ) = 1−max

{Ek}

√∑
k

|Tr [ρEk]|2, (6.89)

where the maximisation is over all sets of admissible Kraus operators inHS .

Before we give the proof, note that the channel in the theorem is not necessarily
the optimal channel for the problem defined inHS . That said, numerical evidence
suggests that these channels are equal or at least very close.

Proof. Using Eq. (6.53) in Theorem 6.6 we can immediately obtain the result. Note
that, like in the example, for every set of Kraus operators {Ek},

Re

(∑
k

Tr [Ekρ] Tr [E
∗
k ]

)
and

√∑
k

|Tr [ρEk]|2 (6.90)

are fixed regardless of total dimension d. We can take the limit of Eq. (6.53) imme-
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diately:

K∞(ρ, σ) = lim
d→∞

1− 1

d
max
{Ek}

Re

(∑
k

Tr [Ekρ] Tr [E
∗
k ]

)

+(d− n)
√∑

k

|Tr [ρEk]|2


=1−max
{Ek}

√∑
k

|Tr [ρEk]|2,

(6.91)

as claimed.

Finally, some remarks on the computability ofK∞ and the proof that the general
theorem yields the example when ρ, σ commute.

Remark 6.14 (K∞ can be calculated with an SDP)
consider the following SDP:

max
J

Tr [ρSρJ ]

s.t.


TrA [ρJ ] = σ

TrB J = 11

JTA ≥ 0

,
(6.92)

where we simplified (ρ⊗ 11) to ρ. We can write the objective function as a function
of the Kraus operators instead of the Jamiołkowski matrix. Recall that J =

∑
k(11⊗

Ek)S(11⊗ E∗k). Then:

Tr [ρSρJ ] = Tr

[
ρSρ

∑
k

(11⊗ Ek)S(11⊗ E∗k)

]
=
∑
k

Tr [S(ρ⊗ ρ)(E∗k ⊗ Ek)S]

=
∑
k

Tr [ρE∗k ] Tr [ρEk] =
∑
k

|Tr [ρEk]|2.

(6.93)

Because the square root is monotonic, maximising this quantity is equivalent to
maximising the square root, allowing us to efficiently compute K∞(ρ, σ) as

K∞(ρ, σ) = 1−
√

max
J

Tr [ρSρJ ]. (6.94)
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Remark 6.15 (Theorem 6.13 reduces to Example 6.12)
We can see that the general formula for the limit reduces to the commuting case
correctly. If [ρ, σ] = 0, the Kraus operators for the optimal channel are of the form
{Ek} =

{∑
i

√
p(i|i) |i⟩⟨i| ;

√
p(j|i) |j⟩⟨i| , i ̸= j

}
, as seen in Eq. (6.83). Further-

more, Tr
[
ρ
√
p(j|i) |j⟩⟨i|

]
= 0 for all i, j because ρ is diagonal and

Tr

[
ρ
∑
i

√
p(i|i) |i⟩⟨i|

]
=
∑
i

pi
√
p(i|i). (6.95)

If we input this single nonzero value into the equation we obtain

K∞(ρ, σ) = 1−

√√√√(∑
i

pi
√
p(i|i)

)2

= 1−
∑
i

pi
√
p(i|i), (6.96)

equal to Eq. (6.87).

6.5 Asymmetry and discontinuity of the cost func-
tion

We provide an example now with some interesting properties. Consider the UI cost
on a finite dimensional Hilbert spaceH. Let ρ = |0⟩⟨0| and σ = (1− pσ)ρ+ pσ11/d.
Fig. 6.2 shows the symmetry gap between ρ and σ:

K(ρ, σ)−K(σ, ρ). (6.97)

The cost is symmetric if the symmetry gap is zero.
Clearly, Fig. 6.2 shows that the cost is not symmetric for the unitary invariant

cost matrix K0. Also clearly, SK0S = K0. Therefore this example answers the
question posed in Section 5.5: we see that a symmetric cost matrix does not yield a
symmetric transport cost.

Fig. 6.2 also shows a discontinuity when pσ ↘ 0. This is due to the following:
if a quantum channel takes any non pure state to a pure state, this channel must
be the replacement channel due to the continuity of quantum channels. Therefore,
in our example, Q(σ, ρ) = {σ ⊗ ρ}. This is not true anymore for σ = ρ, since the
states over time associated to all the unitary channels that send ρ to itself (including
the identity channel) are now feasible. This discontinuity in the feasible set causes
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Figure 6.2: Symmetry gap between for K̃0 = 11 − 1
d
S , ρ = |0⟩⟨0| and σ = (1 −

pσ)ρ+ pσ11/d.

a discontinuity in K(σ, ρ), which translates to the symmetry gap. We see how the
discontinuity in the set of admissible maps translates to the discontinuity of the
cost that analytically in the following example.

Example 6.16
Let ρ = (1− ε) |0⟩⟨0|+ ε11/d and σ = |+⟩⟨+|. If ε > 0, there is a single admissible
state over time: Q = ρ⊗ σ. The associated cost is

K(ρ(ε), σ) = 1− 1

d
Tr [S(ρ⊗ σ)] = 1− Tr [ρσ]

= 1− 1

d

(
1

2
(1− ε) + ε

1

d

)
−−→
ε→0

1− 1

2d
.

(6.98)

If we consider ε = 0, ρ and σ are pure and we can use Proposition 6.7 to obtain

K(ρ(0), σ) = 1

d

(
1− 1√

2

)(
d+ 2

1√
2

)
= 1− d+ 2− 2

√
2

2d
. (6.99)

As d+ 2− 2
√
2 > 1 for all d ≥ 2, we get the strict inequality

K(ρ(0), σ) < lim
ε↘0
K(ρ(ε), σ). (6.100)
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6.6 Toward a Hamiltonian based quantum optimal
transport

The aim of this section is to construct a cost matrix associated with a Hamiltonian
H on a d-dimensional Hilbert spaceH, which quantifies, in some sense, the energy
variations on states ρ to σ.

The guiding principle is that any meaningful notion of ”energy variation” should
depend only on the intrinsic structure defined by the Hamiltonian, and not on the
particular representation of the energy eigenbasis. In other words, if we perform
a unitary transformation that commutes with H , that is, one that does not alter
the energy eigenspaces, the corresponding cost should remain invariant. This
motivates us to require that, as in Eq. (6.1), the cost function be invariant under all
such unitaries. Formally, we impose the Hamiltonian-invariance condition

κ(ρ, E) = κ(UρU∗,U ◦ E ◦ U−1) ∀U ∈ {U ∈ U(d)| [U,H] = 0} , (6.101)

where U(X) = UXU∗ is the corresponding unitary channel. This condition
ensures that the cost, and consequently the optimal transport cost, are independent
of the choice of energy basis.

To analyse the consequences of this invariance, let us introduce the relevant
algebraic structures. We write the spectral decomposition of the Hamiltonian as

H =
∑
i

λiPi, λi ∈ R, λi ̸= λj for i ̸= j, (6.102)

where each Pi is an orthogonal projection.
We define the set CH as the collection of tensor products of identicalH-commuting

operators acting on both subsystems:

CH = {A⊗ A ∈ B(H⊗H) | [H,A] = 0} . (6.103)

The unitaries that commute with H act as symmetries of the Hamiltonian, and
the corresponding transformations A 7→ UAU∗ leave the structure of CH invariant.

In full analogy with the unitary-invariant cost, in particular following the proof
in Theorem 6.1, we see that the cost matrix must commute with all unitaries U ⊗U
such that [U,H] = 0, or in other words it has to commute with the all the unitary
elements of CH . Using Lemma 2.7, this is equivalent to the commutation with CH :

(CH ∩ U(d2))′ ⊆ (CH ∩ U(d2)′′)′ = (C ′H ∪ U(d2)′)′′ = (C ′H ∪ {11})′′ = C ′′′H = C ′H .
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For the first inclusion we used that if A ⊆ B, then A′ ⊇ B′ with A = U(d2) and
B = U(d2)′′. The converse inclusion is clear because of this equation as well, thus

(CH ∩ U(d2))′ = C ′H . (6.104)

Therefore, the appropriate cost matrices K are precisely those that commute with
CH , ensuring that κ(ρ, E) remains invariant under all transformations that preserve
the eigenspace structure of the Hamiltonian H .

In Section 6.6.1 we calculate the commutant of CH , then in Section 6.6.2 we
explore this set for good cost matrix candidates.

6.6.1 Finding the commutant
In this section we want to characterise the commutant of CH , which we do in
Theorem 6.19. Before that we show two results that aid in this proof, together with
some of the results from Section 2.1.2.

We start by showing that the eigenprojections ofH , {Pi} are in the bicommutant
of H .
Proposition 6.17
Let H =

∑
i λiPi be a self adjoint operator on a Hilbert space H. Let C[H] be the

complex polynomials evaluated on H . Then

C[H] = {H}′′ = C∗({Pi}). (6.105)

Proof. First, let us show that C∗({Pi}) ⊆ {H}′′. Let A ∈ {H}′ and |ϕ⟩ be an
eigenstate of H with eigenvalue λi. Then Pj |ϕ⟩ = δij |ϕ⟩ and:

[H,A] |ϕ⟩ = HA |ϕ⟩ − AH |ϕ⟩ ⇒ H(A |ϕ⟩) = hi(A |ϕ⟩)
⇒ PjA |ϕ⟩ = δijA |ϕ⟩ .

(6.106)

Now let |ψ⟩ be any state. It can be decomposed in terms of non normalised eigen-
values of H as:

|ψ⟩ = |ψi⟩+
∑
i̸=j

|ψj⟩ . (6.107)

Finally, we can see that

PiA |ψ⟩ = PiA

(
|ψi⟩+

∑
i̸=j

|ψj⟩

)
= PiA |ψi⟩+

∑
i̸=j

PiA |ψj⟩

= A |ψi⟩ = APi |ψi⟩ = APi

(
|ψi⟩+

∑
j ̸=i

|ψj⟩

)
= APi |ψ⟩ .

(6.108)
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Therefore

[A,Pi] = 0 ⇒ {Pi} ⊆ {H}′′ . (6.109)

To see that {H}′′ = C[H] consider that, clearly, {H}′ = C[H]′, which also
implies {H}′′ = C[H]′′. But because C[H] is a unital algebra, C[H]′′ = C[H] by
Theorem 2.5.

C[H] = C∗({Pi}) follows form a similar reasoning. We have seen earlier in
the proof that {Pi} ⊆ {H}′′ = C[H]. Because C[H] can be generated by {Pi} and
is a unital algebra, C∗({Pi}) = C[H].

Since our condition for cost zero of the identity is linear, we are interested in
expressing C ′H as a vector space. In the following proposition we show the basis of
the algebra that we will later see is equal to CH .

Proposition 6.18
The algebra generated by {Pi ⊗ 11 ∀i ∈ I,S} is a vector space generated by the or-
thogonal basis

B = {Pi ⊗ Pj i ̸= j, (Pi ⊗ Pj)S, (Pi ⊗ Pi)−
1

Tr[Pi]
(Pi ⊗ Pi)S}. (6.110)

Note that if Pi is of rank 1 for a given i, then (Pi ⊗ Pi)− 1
Tr[Pi]

(Pi ⊗ Pi)S = 0.
Therefore the dimension of this vector space is dimC = 2|I|2 − k, where k is the
number of non-degenerate subspaces.

Proof. We can use Lemma 2.6 to show this sets are equal. Also, instead of B we use

B′ = {Pi ⊗ Pj, (Pi ⊗ Pj)S} , (6.111)

which generates the same vector space. It is not orthogonal, but it does not matter
for the proof.

For i), note that Pi⊗Pj = (Pi⊗11)S(Pj⊗11)S and (Pi⊗Pj)S = (Pi⊗11)S(Pj⊗
11). On the left hand side of the equation we have the elements of B′, and in the
right hand side we have products of elements in genA . Thus B′ ⊆ A .

For ii), we calculate all the possibilities:

• (Pi ⊗ Pj)(Pk ⊗ Pl) = δikδjl(Pi ⊗ Pj) ∈ B′ ∪ {0} ⊆ V .

• (Pi ⊗ Pj)(Pk ⊗ Pl)S = δikδjl(Pi ⊗ Pj)S ∈ B′ ∪ {0} ⊆ V .

• (Pi ⊗ Pj)S(Pk ⊗ Pl) = δilδjk(Pi ⊗ Pj)S ∈ B′ ∪ {0} ⊆ V .
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• (Pi ⊗ Pj)S(Pk ⊗ Pl)S = δilδjk(Pi ⊗ Pj) ∈ B′ ∪ {0} ⊆ V

Therefore B′ · B′ ⊆ V .
For iii), note that

Pi ⊗ 11 =
∑
j

Pi ⊗ Pj

S =

((∑
i

Pi

)
⊗

(∑
j

Pj

))
S =

∑
ij

(Pi ⊗ Pj)S,
(6.112)

thus genA ⊆ V .
With this we have shown that V = A , the proof that B is orthogonal is an

immediate calculation.

Finally, we are ready to show the main theorem of this section. The theorem
characterises CH as an algebra and as a vector space.
Theorem 6.19
Let H be a self adjoint operator in a finite operator algebra. Let CH be defined as in
Eq. (6.103). Then

C ′H = C∗({Pi ⊗ 11,S}) = ⟨{Pi ⊗ Pj, (Pi ⊗ Pj)S}⟩ , (6.113)

where ⟨S⟩ denotes the linear span of the set S.

Proof. CH is not an algebra, since it is not closed under addition, but it is closed
under multiplication and product with scalars. By Proposition 6.17 and Theorem 2.8,
the algebra generated by CH is the symmetric subset of the tensor product of the
commutator of C[H] with itself. We can write this algebra, C∗ (CH), as

C∗ (CH) = C[H]′ ⊗ C[H]′ ∩ {x ∈ B(H⊗2) | [x,S] = 0}. (6.114)

Using Lemma 2.7, Theorem 2.8, Theorem 2.5 and Proposition 6.17 we can find this
commutant:

C ′H = (C[H]′ ⊗ C[H]′ ∩ {x ∈ B(H⊗2) | [x,S] = 0})′

= ((C[H]′ ⊗ C[H]′)′ ∪ {x ∈ B(H⊗2) | [x,S] = 0}′)′′

= (C[H]′′ ⊗ C[H]′′ ∪ C∗({S, 11}))′′

= C∗ (C[H]⊗ C[H] ∪ {S, 11})
= C∗({Pi ⊗ Pj,S}) = C∗({Pi ⊗ 11,S}).

(6.115)

The second equality in the statement of the theorem is immediate from Propo-
sition 6.18.
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We have found the set of operators which commute with CH , which gives us
a good basis to search for cost matrices. As mentioned in the discussion at the
beginning of Section 6.6, this is a generalisation of Theorem 6.1. Before checking
for properties, we show that it is indeed a generalisation of Theorem 6.1.

Example 6.20
Let H = 11. Then {Pi} = {11} and

C ′I = ⟨{11⊗ 11, (11⊗ 11)S}⟩ = {S, 11} , (6.116)

which is what we obtain at the beginning of the proof of Theorem 6.1.

6.6.2 Exploring the commutant
This section reports ongoing work toward a full characterization of the cost matrices
that yield zero cost for the identity channel, and toward identifying those that
produce a positive cost.

This section contains Proposition 6.21, which applies Theorem 5.13 to Theo-
rem 6.19. Then we have three technical results that lead in to Corollary 6.26, the
main result of this section.

Proposition 6.21
Let C ′H be as in Theorem 6.19. The subspace of C ′H that fulfils the condition for zero
cost of the identity is

⟨{Pij, Pi ⊗ Pj s.t. i ̸= j}⟩ , (6.117)

with

Pij = (Pi ⊗ Pj)S −
1

2
(Tr [Pj] (Pi ⊗ Pi) + Tr [Pi] (Pj ⊗ Pj)) . (6.118)

Proof. We want to apply Theorem 5.13. We take the basis of C ′H in Theorem 6.19,
{Pi ⊗ Pj, (Pi ⊗ Pj)S}, and calculate TrB [S ⋆ ·] for each element:

TrB [S ⋆ (Pi ⊗ Pj)] = δijPi,

TrB [S ⋆ (Pi ⊗ PjS)] =
1

2

(
TrB

[
S2Pj ⊗ Pi

]
+ TrB

[
S2Pi ⊗ Pj

])
=

1

2
(Tr [Pi]Pj + Tr [Pj]Pi) .

(6.119)

From Theorem 5.13, the valid subspace for the cost function is the one generated
by all linear combinations of elements whose corresponding sums of the terms on
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the right-hand side of Eq. (6.119) are equal to zero. Clearly, the contributions of
Pi ⊗ Pj for i ̸= j can always be included, as each yields zero cost individually. In
addition, we can suitably combine the contributions of (Pi ⊗ PjS) with those of
Pi ⊗ Pi and Pj ⊗ Pj to obtain

Pij = (Pi ⊗ Pj)S −
1

2
(Tr [Pj] (Pi ⊗ Pi) + Tr [Pi] (Pj ⊗ Pj)) . (6.120)

Finally, we can subtract (Pi ⊗ PjS) and (Pj ⊗ PiS), but the result is the same as
Pij − Pji. Therefore we can express the vector space of matrices that yield cost one
for the identity as

⟨{Pij, Pi ⊗ Pj s.t. i ̸= j}⟩ . (6.121)

Before presenting the lower bounds to the cost, we need the following two
lemmas:

Lemma 6.22
Let H be a Hilbert space of finite dimension d. Let P be an orthogonal projection
in B(H) different to the identity. Let J ⊂ B(H ⊗ H) be the set of Jamiołkowski
matrices. Then

TrB [J (11⊗ P )] = {µ ∈ B(H) | 0 ≤ µ ≤ 11}. (6.122)

Proof. We have an equality between two sets so we will show that they contain
each other.

i) Starting with ⊆. Let J ∈ J . First note that because P is a projection and
TrB fulfils the cyclic property of the trace for objects of the form 11 ⊗ a,
TrB [J(11⊗ P )] = TrB [(11⊗ P )J(11⊗ P )]. We need to see that given a Ja-
miołkowski matrix, the element TrB [J(11⊗ P )] is positive and is dominated
by the identity.
To see the positivity, first consider the partial transpose:

((11⊗ P )J(11⊗ P ))TA = (11⊗ P )JTA(11⊗ P ), (6.123)

which is positive because JTA is. Thus its partial trace is positive and since
(TrBM)T = TrBM

TA , we have that

(TrB [(11⊗ P )J(11⊗ P )])T = TrB
[
(11⊗ P )JTA(11⊗ P )

]
≥ 0, (6.124)
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which implies that TrB [(11⊗ P )J(11⊗ P )] ≥ 0 because the trace is a positive5

map.
For the domination by the identity, consider the object JTA − (11⊗P )JTA(11⊗
P ) ≥ 0, which is positive because JTA is positive and (11⊗P ) is an orthogonal
projection. Then

TrB
[
JTB − (11⊗ P T )JTB(11⊗ P T )

]
≥ 0

⇒ 11 ≥ TrB [(11⊗ P )J(11⊗ P )] .
(6.125)

ii) Now, to show ⊇, let 0 ≤ µ ≤ 11 and 0 ≤ τ = 11− µ ≤ 11. Let P⊥ = 11− P and
k = Tr [P ]. Finally, define the following Jamiołkowski matrix:

Jτ =
1

k
(11⊗ P ) + 1

d− k
(τ ⊗ P⊥)− 1

k
(τ ⊗ P ). (6.126)

Note that this is a Jamiołkowski matrix because it is partial transpose positive,
since 11 ⊗ P T − τ ⊗ P T = (11 − τ) ⊗ P T = µ ⊗ P T ≥ 0 and τ ⊗ P⊥T ≥ 0;
and TrB [Jτ ] = 11. Now we compute the partial trace of the projection:

TrB [Jτ (11⊗ P )] = TrB

[(
1

k
(11⊗ P ) + 1

d− k
(τ ⊗ P⊥)− 1

k
(τ ⊗ P )

)
(11⊗ P )

]
= TrB

[
1

k
(11⊗ P )− 1

k
(τ ⊗ P )

]
= 11− τ = µ.

(6.127)

Before writing the final lemma, we point out the following remark.

Remark 6.23
Let P be an orthogonal projection on a a finite dimension Hilbert space and H a
hermitian operator. Then there exists a basis such that

P =

(
11 0
0 0

)
, H =

(
A C
C∗ B

)
, (6.128)

with A and B Hermitian. Moreover, C = 0 ⇔ [H,P ] = 0. The Jordan product of P
and H written in this basis is

H ⋆ P =

(
A C

2
C∗

2
0

)
. (6.129)

5But famously not completely positive [Per96].
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Lemma 6.24
Let ρ be a state on a finite dimensional Hilbert spaceH and P an orthogonal projection.
Then

Tr
[
(ρ ⋆ P )−

]
≤ 1

8
, (6.130)

where for an Hermitian A, A± denotes its projections onto its positive/negative
eigenspaces.

Proof. Let |φ⟩ be a pure state on a finite dimensional Hilbert space and P a rank k
orthogonal projection. If |φ⟩⟨φ| is not orthogonal to P (else it is trivial), then we
can define a pure state |p⟩ = P |φ⟩

∥P |φ⟩∥ and an orthonormal basis {|αi⟩} that includes
|p⟩ such that

|φ⟩ = a |p⟩+ b |α0⟩ and P = |p⟩⟨p|+
k−1∑
i=1

|αi⟩⟨αi| , (6.131)

where, without loss of generality, a is real. Moreover, in this basis

|φ⟩⟨φ| ⋆ P = a2 |p⟩⟨p|+ 1

2
ab |α0⟩⟨p|+

1

2
ab |p⟩⟨α0| , (6.132)

which reduces any case to the 2 dimensional one. Moreover, in the 2 dimensional
case the smallest (and only negative) eigenvalue of |φ⟩⟨φ| ⋆ P is ≥ −1/8, when
the angle between the state and the projector is θ = 2π/3 in the Bloch sphere.
Finally, we can show that a convex combination of hermitian matrices has non
increasing negative eigenspace. Let H1, H2 be hermitian and decomposed in 2
positive operators as Hi = H+

i −H−i . Then (pH1 + (1− p)H2)
− ≤ pH−1 + (1−

p)H−2 . To see this last inequality, note that there exists an orthogonal projection Π
such that (pH1 + (1− p)H2)

− = −Π(pH1 + (1− p)H2)Π. then

(pH1 + (1− p)H2)
− = −Π(pH1 + (1− p)H2)Π

= −Π
(
pH+

1 + (1− p)H+
2

)
Π

+Π
(
pH−1 + (1− p)H−2

)
Π

≤ Π
(
pH−1 + (1− p)H−2

)
Π

≤ pH−1 + (1− p)H−2 .

(6.133)

With this we can show that
Tr
[
(pH1 + (1− p)H2)

−] ≤ pTr
[
H−1
]
+ (1− p) Tr

[
H−2
]

≤ max
i∈{1,2}

Tr
[
H−i
]
,

(6.134)

which completes the proof.
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Corollary 6.25
LetH be a Hilbert space of dimension d. Let PA, PB be orthogonal projections in B(H)
different to the identity. Let J ⊂ B(H ⊗ H) be the set of Jamiołkowski matrices.
Then,

TrB [J ⋆ (PA ⊗ PB)] = {µ ∈ B(H) | 0 ≤ µ ≤ 11} ⋆ PA. (6.135)

Proof. The proof is clear from the properties of the Jordan product, the cyclic
property of the trace and Lemma 6.22.

The following corollary is the main result of this section. This corollary gives
us a lower bound for the cost associated to the elements Pi ⊗ Pj .

Corollary 6.26
LetH be a Hilbert space of dimension d. Let PA, PB be orthogonal projections in B(H)
different to the identity. Let J ∈ J ⊂ B(H ⊗ H) be a Jamiołkowski matrix and
ρ ∈ S(H). Then

1 ≥ Tr [(ρ ⋆ J)(PA ⊗ PB)] ≥ −
1

8
. (6.136)

Moreover, these bounds are tight.

Proof. The upper bound is trivial. Let us show the lower bound. We use the
properties of the Jordan product, Lemma 6.22 Lemma 6.24 and Corollary 6.25.
Recall that Tr [(A ⋆ B)C] = Tr [A(B ⋆ C)], then

Tr [(ρ ⋆ J)(PA ⊗ PB)] = Tr [ρ (J ⋆ PA ⊗ PB)]
= Tr [ρTrB [J ⋆ PA ⊗ PB]]
= Tr [ρ (PA ⋆ µ)] = Tr [(ρ ⋆ PA)µ]

= Tr
[
(ρ ⋆ PA)

+ µ
]
− Tr

[
(ρ ⋆ PA)

− µ
]

≥ −Tr
[
(ρ ⋆ PA)

− µ
]
≥ −Tr

[
(ρ ⋆ PA)

− 11
]

≥ −1

8
.

(6.137)

To show it is tight, choose J and PB such that µ = Πsupp (ρ⋆PA)− . Then, the
first two inequalities in the previous derivation are tight. The proof of Lemma 6.24
contains an example of ρ and PA such that the last inequality is tight, thus ensuring
the tightness of the overall inequality.

To show the upper bound is tight, choose ρ(ε) = (1 − ε) ⋆ PA/Tr [PA] +
ε(11 − PA)/Tr [11− PA], for ε ≥ 0 and J and PB such that µ = PA. Then
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Tr [(ρ(ε) ⋆ J)(PA ⊗ PB)] → 1 when ε → 0. We showed the limit version to
demonstrate that this limit can be arbitrarily approximated with full rank states
ρ.

We have bounded the cost associated to Pi⊗Pj . There is another set of elements,
Pij that need to be bounded. Moreover, it is possible that both elements have
negative lower bounds, which would require us to further study potential convex
combinations that yield positive costs. It would also be interesting to incorporate
the eigenvalues of H , or rather the differences of the eigenvalues, into the cost
matrix but it is unclear how to do it at the current moment.
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7
Single-letter chain rules for the quan-
tum relative entropy

We have already introduced the relative entropy in Section 2.4. This chapter works
on quantum generalisations of the classical chain rule for the KL divergence1:

D(p∥q)−D(Mp∥Nq) ≥ −Ep [D(Mδj∥Nδj)] , (7.1)

where M , N are stochastic maps. This inequality decomposes the global decrease
of relative entropy into an average of local divergences of the point distributions. It
provides a finer description of how distinguishability flows through channels and
underpins structural properties such as joint convexity of relative entropy.

The classical chain rule motivates analogous results in the quantum setting,
which naturally lead to the study of recoverability. Petz introduced the concept of
a recovery map—see Section 2.4 or [Pet86; Pet88]—that, given a quantum channel,
attempts to reverse its effect for a given pair of states. Fawzi and Renner [FR15]
gave the first quantitative refinement of Petz’s result, proving that the conditional
mutual information of a tripartite state lower bounds the fidelity of recovery:

I(A : C|B)ρ ≥ −2 logF (ρABC ,RB→BC(ρAB)) . (7.2)
1We provide a proof of this chain rule in Proposition 7.1.
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withRB→BC a recovery map depending only on ρBC . This result demonstrates that
small conditional mutual information guarantees the existence of a recovery channel
that restores the global state with high fidelity. Later, [BHO+15] strengthened this
result by bounding the measured relative entropy instead of the fidelity.

These ideas were then extended to the quantum relative entropy. Wilde [Wil15]
and Sutter et al. [STH16] developed inequalities bounding the difference between a
relative entropy and its channel-processed version using rotated Petz maps:

R(t)
σ,M(X) = σ

1+it
2 M†

(
M(σ)−

1+it
2 XM(σ)−

1−it
2

)
σ

1−it
2 . (7.3)

Following the steps of [Wil15], [STH16] uses this map to obtain:

D(ρ∥σ)−D(M(ρ)|M(σ)) ≥ sup
M

DM(ρ∥Rσ,M ◦M(ρ))

≥ − 2 logF (ρ, Rσ,M ◦M(ρ)) .
(7.4)

In this result the recovery map Rσ,M is a ρ-dependent convex combination of
rotated Petz maps. This naturally raises the question of whether a universal recovery
map, independent of ρ and depending only on σ, exists.

Junge et al. [JRS+18] and Sutter et al. [SBT16] answered this positively, by
constructing the universal recovery channel,

Rσ,M =

∫ ∞
−∞

dβ0 (t)R(t)
σ,M, (7.5)

where
β0(t) =

π

2
(cosh πt+ 1)−1 . (7.6)

In addition, [JRS+18; SBT16] show that this map satisfies Eq. (7.4). These results
quantitatively relate entropy loss to recoverability for arbitrary channels.

Notably, it is known that the measured entropy in Eq. (7.4) cannot be in general
replaced by the quantum relative entropy: explicit counterexamples confirm the
necessity of the measured relative entropy in such bounds [FF18; Hir18]. This fact
marks a sharp departure from the classical case, where exact decompositions are
available.

Despite these advances, there is no state-level quantum analogue of the classical
chain inequality in Eq. (7.1). In the quantum setting, noncommutativity obstructs
a decomposition of relative entropy into local divergences of point distributions.
Fang et al. [FFR+20] proved that for channelsM, N and states ρ, σ, the naive
inequality with the single-letter channel divergence

D(M∥N ) = sup
ρRA

D
(
(idR⊗M)(ρRA)

∥∥∥ (idR⊗N )(ρRA)
)

(7.7)
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does not hold. They furthermore showed that a chain rule can be recovered in the
many-copy setting by introducing the regularized channel relative entropy

Dreg(M∥N ) = lim
n→∞

1

n
D(M⊗n∥N⊗n). (7.8)

With this regularization, they established the chain rule

D(M(ρ)∥N (σ)) ≤ D(ρ∥σ) +Dreg(M∥N ). (7.9)

Thus, in contrast to the classical case, a quantum chain rule exists only in an
asymptotic, many-copy sense, and it is precisely the regularization that guarantees
its validity.

This chapter is organized as follows. In Section 7.1, we present the classical
chain rule for the KL divergence; in Section 7.2 we establish a complementary form
of chain rule that holds already at the single-copy level, with a proof centred around
the LS state over time, and in Section 7.3 we provide a generic entropy inequality
and, as a corollary, a conditional chain rule.

7.1 Classical result
For the sake of completeness, in this section we show a simple proof of the classical
chain rule using Jensen’s Theorem [Jen06; Dur19].

Proposition 7.1 (Chain rule of the relative entropy)
Let p, q be probability distributions and M,N stochastic maps. Then

D(p∥q)−D(Mp∥Nq) ≥ −Ep [D(Mδj∥Nδj)] , (7.10)

Where δj is the delta probability distribution at point j.

Proof. Start by considering two classical probabilities on finite dimension sets and
two stochastic maps acting on them. Let p, q be probability distributions and M,N
stochastic maps. We consider the output probability distributions

p̃i = (Mq)i =
∑
j

Mijpj, q̃i = (Nq)i =
∑
j

Nijqj. (7.11)

With this definition we can find the following identity. Consider the quantity

exp

{
− log

Mijpj
Nijqj

+ log
p̃i
q̃i

}
. (7.12)
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We calculate the average of this quantity over Mijpj :

EMpexp

{
− log

Mijpj
Nijqj

+ log
p̃i
q̃i

}
=
∑
ij

Mijpj exp

{
− log

Mijpj
Nijqj

+ log
p̃i
q̃i

}
=
∑
ij

Mijpj
p̃i
q̃i

Nijqj
Mijpj

=
∑
ij

q̃i
q̃i
p̃i = 1.

(7.13)
With this we acquire the following identity for these processes

EMpexp

{
− log

Mijpj
Nijqj

+ log
p̃i
q̃i

}
= 1. (7.14)

From this identity and using Jensen’s inequality we can obtain a classical entropy
inequality.

From Eq. (7.14) we apply Jensen’s inequality:

1 = EMpexp

{
− log

Mijpj
Nijqj

+ log
p̃i
q̃i

}
≥ exp

{
EMp− log

Mijpj
Nijqj

+ log
p̃i
q̃i

}
.

(7.15)
Note that since M is a stochastic map, for a fixed j Mij is a probability distribution
on i and therefore

∑
iMij = 1. With this we can calculate the result

0 ≥ EMp

(
− log

Mijpj
Nijqj

+ log
p̃i
q̃i

)
=
∑
ij

Mijpj

(
− log

Mijpj
Nijqj

+ log
p̃i
q̃i

)
= −

∑
ij

Mijpj

[
log

Mij

Nij

+ log
pj
qj

]
+
∑
i

p̃i log
p̃i
q̃i

= −
∑
j

pj

(∑
i

Mij log
Mij

Nij

)
−
∑
j

(∑
i

Mij

)
pj log

pj
qj

+D(Mp∥Nq)

= −EpD(Mδj∥Nδj)−D(p∥q) +D(Mp∥Nq).
(7.16)

7.2 Chain rule from states over time
In this section we obtain our first chain rule. We first recall the LS state over time
and new derived objects we use in the proof. Then we show the main result and
some remarks. Finally we show some applications.
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7.2.1 Ensemble partitions from the LS state over time
The proof of our main result in this section relies on the use of the LS state over
time defined in Section 4.2. Moreover, the result will be given as a function of the
ensemble partitions of a state given a POVM, which we now introduce.

We begin by defining ensemble partitions. For any state τ and POVMG = {Gj},
let

τj =

√
τ GTτ

j

√
τ

Tr[Gjτ ]
, PG

τ (j) = Tr[Gjτ ], (7.17)

where Tτ denotes the transpose in a eigenbasis of τ and PG
τ (j) = Tr [Gjτ ] is the

probability distribution associated with measuring G on τ .
Given a state τ and a quantum channel ε, we also consider the LS state over

time

ωετ = (id⊗ε)(||τ⟩⟩⟨⟨τ ||), (7.18)

where ||τ⟩⟩ =
∑

k

√
τk |τk, τk⟩ is the canonical purification of τ .

The ensemble partition was first introduced by Fuchs [Fuc01] in the study of
quantum conditional probabilities and later developed by Leifer and collabora-
tors [Lei06; LS13] as part of a program to generalize Bayes’ theorem to the quantum
setting. Later these efforts would develop into the field of states over time, as we
have seen in Chapter 4. In this framework, the unnormalised τj are understood as
ensemble partitions of τ , providing the analogue of the Bayesian update rule for
classical distributions under measurement. Building on these constructions, we
obtain Theorem 7.2.

The proof of our main result, Theorem 7.2, starts from the LS states over time
ωMρ and ωNσ and performs a bipartite measurement to obtain classical probability
distributions. These distributions can naturally be interpreted as measurements on
M(ρi) and N (σi). The result then follows from using the classical chain rule and
removing the measurements with Uhlmann’s inequality and an extension to many
copies. In the end we obtain a fully quantum, single-letter equation.

7.2.2 Main result
The main result of this section, Theorem 7.2, establishes a chain rule based on
partitions of states, rather than basis elements as in Corollary 7.13. The remainder
of the section explores consequences of this theorem, including an alternative proof
of the data processing inequality and a semi-classical chain rule (see Corollary 7.8).
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Theorem 7.2
Let ρ, σ be quantum states on a finite dimensional Hilbert spaceHA. Let G = {Gj}
be a POVM. LetM,N : B(HA)→ B(HB) be completely positive trace preserving
maps. Then

D(ρ∥σ)−D(M(ρ)∥N (σ)) ≥ −EPG
ρ
D(M(ρj)∥N (σj)). (7.19)

Proof. We first construct classical states and maps from our quantum objects. Con-
sider first a POVM F = {Fi}. We consider the following probability distributions:

pj = PG
ρ (j) = Tr [Gjρ] , qj = PG

σ (j) = Tr [Gjσ] ; (7.20)

and classical stochastic maps

Mij =
Tr
[
(Gj ⊗ Fi)ωMρ

]
Tr [Gjρ]

= Tr [FiM(ρj)] = P F
M(ρj)

(i), (7.21)

Nij =
Tr
[
(Gj ⊗ Fi)ωNσ

]
Tr [Gjσ]

= Tr [FiN (σj)] = P F
N (σj)

(i). (7.22)

The output distributions then will be

p̃i =
∑
j

Mijpj = Tr [FiM(ρ)] = P F
M(ρ)(i),

q̃i =
∑
j

Nijqj = Tr [FiN (σ)] = P F
N (σ)(i).

(7.23)

We plug these objects into Proposition 7.1:

D(P F
M(ρ)∥P F

N (σ))−D(PG
ρ ∥PG

σ ) ≤ EPG
ρ
D(P F

M(ρj)
∥P F
N (σj)

), (7.24)

which in Hayashi’s [Hay01] notation for the measured relative entropy is

DF (M(ρ)∥N (σ))−DG(ρ∥σ) ≤ EPG
ρ
DF (M(ρj)∥N (σj)). (7.25)

We can use Uhlmann inequality [Uhl77] to remove two of the measurements:

DF (M(ρ)∥N (σ))−D(ρ∥σ) ≤ EPG
ρ
D(M(ρj)∥N (σj)). (7.26)

We will now use [HP91, Theorem 2.3] to remove the last measurement. Consider
n copies of the same system. We will apply (with a small abuse of notation) Eq. (7.26)
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to ρ⊗n, σ⊗n, G⊗n,M⊗n and N⊗n:

1

n
DF (M(ρ)⊗n∥N (σ)⊗n)− 1

n
D(ρ⊗n∥σ⊗n)

≤ E
PG⊗n

ρ⊗n

1

n
D

(
n⊗
k=1

M(ρjk)

∥∥∥∥∥
n⊗
k=1

N (σjk)

)

≤ 1

n
E
PG⊗n

ρ⊗n

n∑
k=1

D(M(ρjk)∥N (σjk))

= EPG
ρ
D(M(ρj)∥N (σj)).

(7.27)

Note that D(ρ⊗n∥σ⊗n) = nD(ρ∥σ). We take the limit n → ∞, then by [HP91,
Theorem 2.3] 1

n
DF (M(ρ)⊗n∥N (σ)⊗n) → D(M(ρ)∥N (σ)) and we obtain the

result.

Remark 7.3
An alternative definition of the state over time is the one given by Leifer and Spekkens
[Lei06; LS13], as seen in Section 4.2.1:

ωετ = (τ
1
2 ⊗ 11)(11⊗ ε)(

∣∣Φ+
〉〈
Φ+
∣∣)(τ 1

2 ⊗ 11). (7.28)

where |Φ+⟩ denotes the maximally entangled state in the canonical basis. With this
definition, the conditional states take the form

τj =
(
√
τGj

√
τ)
T

Tr [Gjτ ]
, (7.29)

where the transpose is taken in the basis associated with |Φ+⟩ (usually the canonical
basis). Substituting these expressions into Theorem 7.2 leads to a simplified right-hand
side of the inequality.

The inequality in Eq. (7.19) does not in general reduce to the standard data
processing inequality whenM = N . However, if the input states commute, i.e.,
[ρ, σ] = 0, one can choose a suitable measurement such that Eq. (7.19) reduces to
the data processing inequality whenM = N :

Example 7.4
Let ρ, σ be commuting states on some Hilbert spaceHA with common basis {Πj} and
M,N : B(HA)→ B(HB) be CPTP maps. In the common basis, we write

ρ =
∑
j

pjΠj, σ =
∑
j

sjΠj. (7.30)
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Let G be the projective measurement on the common basis of ρ, σ, we can write ρj, σj
in Theorem 7.2 as

ρj =
(
√
ρΠj
√
ρ)T

Tr [Πjρ]
=
pjΠ

T
j

pj
= ΠT

j , (7.31)

and similarly σj = ΠT
j . Moreover, PG

ρ (j) = pj . Therefore Eq. (7.19) becomes

D(ρ∥σ)−D(M(ρ)∥N (σ)) ≥ −EpD(M(ΠT
j )∥N (ΠT

j )). (7.32)

Finally, because the transpose is taken in the eigenbasis of ρ, in this case the canonical
basis, each projector is self-transpose, leaving the final equation as:

D(ρ∥σ)−D(M(ρ)∥N (σ)) ≥ −EpD(M(Πj)∥N (Πj)). (7.33)

Eq. (7.33) has the nice property that the right hand side relative entropies are
independent of ρ, σ. This means, for example, that the equation reduces to Uhlmann’s
inequality whenM = N .

7.2.3 Applications
We can derive two consequences from Theorem 7.2. First, we can use to show
properties of the relative entropy: joint convexity, strong subadditivity and mono-
tonicity2. We can also derive an extension to joint convexity. Finally, we obtain a
chain rule with basis elements in the right hand side, instead of partition states like
in Eq. (7.19) and fully general, unlike Eq. (7.33).

Properties of the relative entropy

Corollary 7.5
Example 7.4 with ρ = σ is equivalent to the joint convexity of the relative entropy.

Proof. (Example ⇒ joint convexity) Consider the probability distribution pj and
collections of states {τj}, {µj} on a finite-dimensional Hilbert space. Let {Πj}j
be any family of orthogonal rank-one projectors with

∑
j Πj = 11, and set ρ =∑

j pjΠj .
LetM,N be the classical-quantum channels

M(X) =
∑
i

τi Tr(ΠiX), N (X) =
∑
i

µi Tr(ΠiX). (7.34)

2Admittedly the most convoluted proof of these properties.
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By Example 7.4 with ρ = σ and given the decomposition of ρ in the basis {Πj},
we have

−D(M(ρ) ∥N (ρ)) ≥ −
∑
j

pj D
(
M(Πj) ∥N (Πj)

)
. (7.35)

Using (7.34), this becomes

−D

(∑
j

pjτj

∥∥∥∥∥∑
j

pjµj

)
≥ −

∑
j

pj D(τj∥µj), (7.36)

which is exactly joint convexity of the relative entropy.
(Joint convexity⇒ example with ρ = σ) Conversely, assume joint convexity. Let

ρ be a state with spectral decomposition ρ =
∑

j pjΠj in an orthonormal eigenbasis
{Πj}. For arbitrary channelsM, N , define

τj =M(Πj), µj = N (Πj). (7.37)

Applying joint convexity to the ensembles {pj, τj} and {pj, µj} gives

D

(∑
j

pjτj

∥∥∥∥∥∑
j

pjµj

)
≤
∑
j

pjD(τj∥µj). (7.38)

Since
∑

j pjτj =M(ρ) and
∑

j pjµj = N (ρ), this is precisely

−D(M(ρ) ∥N (ρ)) ≥ −
∑
j

pj D
(
M(Πj) ∥N (Πj)

)
, (7.39)

which is the ρ = σ instance of Example 7.4. Hence the two statements are equivalent.

Remark 7.6
It was shown in [Rus07] that joint convexity is sufficient to prove the data processing
inequality [Lin75] as well as strong subadditivity for quantum relative entropy [LR73].
Our proof of Theorem 7.2 relies only on Uhlmann’s inequality [Uhl77], a weaker version
of data processing, and Jensen’s inequality3. The result from Hiai and Petz [HP91] that
we use also does not depend on any of the properties we obtain. Therefore Corollary 7.5
can be used to prove this properties from Theorem 7.2.

3See Eq. (7.26) and Eq. (7.15).
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Extension to joint convexity

The following corollary provides an extension to the joint convexity of the relative
entropy for ensembles with different probability distributions.

Corollary 7.7
Let {τi}, {µi} ⊆ S(HB) be collections of states and pi, qi probability distributions.
Then

D(p∥q)−D

(∑
j

pjτj

∣∣∣∣∣
∣∣∣∣∣∑
j

qjµj

)
≥ −

∑
j

pjD(τj∥µj). (7.40)

Proof. Choose and arbitrary basis {Πi} (note that Tr [Πi] = 1 for all i) and let
ρ =

∑
i piΠi, σ =

∑
i qiΠi. Similarly to before, let

M(x) =
∑
i

τiTr [Πix] and N (x) =
∑
i

µiTr [Πix] . (7.41)

Because [ρ, σ] = 0 we can use Eq. (7.33) with these objects to obtain

D(ρ∥σ)−D

(
M

(∑
j

pjΠj

)∣∣∣∣∣
∣∣∣∣∣N

(∑
j

qjΠj

))
≥ −

∑
j

pjD(M(Πj)∥N (Πj)),

(7.42)
which together with the definition and linearity ofM, N and D(ρ∥σ) = D(p∥q)4

yields the result.

Projector chain rule

Finally, we see our chain rule with projectors. Note that in this corollary the
projectors are different forM andN . Ideally they would be the same, which would
yield a much cleaner result. Unfortunately, this is not true, as we see in Section 7.3.1.

Corollary 7.8
Let ρ, σ be quantum states on a finite dimensional Hilbert spaceHA; with spectra p, q
and rank 1 eigenprojectors {Πj} ,

{
Π̃j

}
, respectively. LetM,N : B(HA)→ B(HB)

be completely positive trace preserving maps. Then

D(p∥q)−D(M(ρ)∥N (σ)) ≥ −EpD(M(Πi)∥N (Π̃i)). (7.43)
4Because [ρ, σ] = 0.
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Proof. Note we can write N (σ) as a function of the eigendecomposition of σ as
follows:

N (σ) =
∑
j

qjN (Π̃j). (7.44)

Since there exists5 a unitary U that maps the basis of σ to the basis of ρ, i.e.
U(Π̃i) = Πj , we can write∑

j

qjN (Π̃j) =
∑
j

qjN ◦ U(Πj) =
∑
j

qjN ◦ U(Πj) = F(σ′), (7.45)

where F = N ◦ U and σ′ =
∑

j qjΠj .
Note that [ρ, σ′] = 0 commute. The inequality of Theorem 7.2 applied toM, F ,

ρ, σ′ and {Πi} becomes

D(p∥q)−D(M(ρ)∥N (σ)) ≥ −Ep[D(M(Πi)∥N (Π̃i))]. (7.46)

Before ending this section we comment on the ensembles, since equivalent
ensembles can yield different equations.

Remark 7.9
The results in Corollary 7.7 and Corollary 7.8 depend on an arbitrary choice of order-
ing for the ensembles in Corollary 7.7 and the basis in Corollary 7.8. In both cases
the second term of the left hand side does not change, D

(∑
j pjτj

∣∣∣∣∣∣∑j qjµj

)
and

D(M(ρ)∥N (σ)), respectively. This is also the term we are most interested in bound-
ing. These results could use an optimisation over the n! possible orderings; with n being
the number of elements of the ensemble or the dimension of the system, respectively.

Note as well that Corollary 7.8 can be proven from Corollary 7.7. Choose
{pi, τi} = {pi,M(Πi)} and {qi, τi} = {qi,N (Π̃i)} in Corollary 7.7 to immediately
obtain Corollary 7.8.

5There are multiple non-equivalent unitaries that do that that will result in different values for
D(p∥q) and EpD(M(Πi)∥N (Π̃i)). This is further discussed in Remark 7.9.
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7.3 Conditional chain rules
This section contains entropy inequalities based around the maps

Rα
γ,σ,M(X) = Jασ ◦M† ◦ J−αγ (X) = σαM†(γ−αX γ−α

∗)
σα

∗
, (7.47)

where α = (1 − it)/2 and Jασ (X) = σαX σα
∗
. In particular, we consider the

following weighted sum:

Rγ,σ,M

∫ ∞
−∞

dβ0 (t)Rα
γ,σ,M, (7.48)

where
β0 (t) =

π

2
(cosh πt+ 1)−1 . (7.49)

Note the similarity to the rotated Petz recovery channels from [Wil15; STH16;
JRS+18; SBT16].

In our work, we start by considering some arbitrary states and a channel, and
we obtain a general entropy inequality: Theorem 7.10. From Theorem 7.10 we can
choose inputs in a clever way so that we obtain meaningful results.

Theorem 7.10
LetM,N be quantum channels and ρ, σ, γ and ω states. Then

D(ρ∥σ)−D(M(ρ)∥γ) +D(M(ρ)∥ω) ≥ DΠ(ρ∥Rγ,σ,M(ω)), (7.50)

with

Rγ,σ,M =

∫ +∞

−∞
dβ0(t)J

α
σ ◦M† ◦ J−αγ , (7.51)

β0(t) =
π
2
(cosh(πt) + 1)−1 and α = 1−it

2
.

In the case where ω =M(ρ) this becomes

D(ρ∥σ)−D(M(ρ)∥γ) ≥ DΠ(ρ∥Rγ,σ,M ◦M(ρ)). (7.52)

The proof of the theorem uses similar ideas to [KK19], which in turn takes from
[SBT16].

Proof. Consider the quantity Tr
[
p−1i Πi(J

α
σ ◦M† ◦ J−αγ )(ω)

]
, where ρ =

∑
i piΠi.

Let U be the unitary that dilates the map M(·) = U · ⊗11EU † and note that we
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will not write the tensor product with the identity on the ancillary system. Let
α = 1−iθ

2
, then

Tr
[
p−1i Πi(J

α
σ ◦M† ◦ J−αγ )(ω)

]
=Tr

[
Πi(piΠi)

−1σαU †γ−αUU †ωUU †γ−α
∗
Uσα

∗]
=Tr

[
elog Πie− log piΠieα log σe−αU

† log γUeU
† logωUe−α

∗U† log γUeα
∗ log σ

]
=
∥∥∥eα log Πie−α log piΠieα log σe−αU

† log γUeαU
† logωU

∥∥∥2
2

=

∥∥∥∥∥
5∏

k=1

e2αHk

∥∥∥∥∥
2

2

.

(7.53)

With H1 = 1
2
log Πi, H2 = −1

2
log piΠi, H3 = 1

2
log σ, H4 = −1

2
U † log γU and

H5 =
1
2
U † logωU . We can now integrate over t with the weight dβ0(t/2), take the

logarithm on both sides of the equality and then average over the spectrum of ρ.
The left hand side is∑

i

pi log

∫ ∞
−∞

dβ0(t) Tr
[
p−1i Πi(J

α
σ ◦M† ◦ J−αγ )(ω)

]
=
∑
i

pi log Tr
[
p−1i ΠiRγ,σ,M(ω)

]
=
∑
i

pi (log Tr [ΠiRγ,σ,M(ω)]− log pi)

= −DΠ(ρ∥Rγ,σ,M(ω)),

(7.54)

where DΠ is the measured entropy on the basis of ρ.
We can now use concavity of the logarithm, the inequality from [SBT16, Corol-

lary 3.3] and the Perels-Bogoliubov inequality [Ara75; KK19] to operate on the
right hand side. The Perels-Bogoliubov inequality claims that Tr

[
eF+R

]
≥ eTr[Fe

R]

For F, G self-adjoint and Tr
[
eR
]
= 1. We let F = − log ρ+ log σ − U † log γU +

U † logωU , which is clearly self-adjoint, and R = logΠi, so that eR = Πi has trace
1.
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∑
i

pi log

∫ ∞
−∞

dβ0(t)

∥∥∥∥∥
5∏

k=1

e2αHk

∥∥∥∥∥
2

2

≥2
∑
i

pi

∫ ∞
−∞

dβ0(t) log

∥∥∥∥∥
5∏

k=1

e2αHk

∥∥∥∥∥
2

≥2
∑
i

pi log

∥∥∥∥∥exp
(

5∑
k=1

Hk

)∥∥∥∥∥
2

≥
∑
i

piTr
[
elog Πi

(
− log Πipi + log σ − U † log γU + U † logωU

)]
≥
∑
i

piTr
[
Πi

(
− log Πipi + log σ − U † log γU

+U † logM(ρ)U − U † logM(ρ)U + U † logωU
)]

=
∑
i

piTr [Πi (− log Πipi)] + Tr

[∑
i

piΠi

(
log σ − U † log γU

+U † logM(ρ)U − U † logM(ρ)U + U † logωU
) ]

=− Tr [ρ log ρ] + Tr
[
ρ
(
log σ − U † log γU + U † logM(ρ)U

−U † logM(ρ)U + U † logωU
)]

=−D(ρ∥σ) +D(M(ρ)∥γ)−D(M(ρ)∥ω).

(7.55)

Joining both sides together we obtain the result.

We can immediately recover an improvement to the data processing inequality,
as we see in the following:

Corollary 7.11
LetM,N be quantum channels and ρ, σ states. Then

D(ρ∥σ)−D(M(ρ)∥N (σ)) ≥ DΠ(ρ∥RN (σ),σ,M(M(ρ))). (7.56)

Proof. The result is immediate from Theorem 7.10 by letting γ = N (σ).

Theorem 7.10 provides a general framework of entropy inequalities with a lot
of degrees of freedom. By choosing particular cases we can find some interesting
consequences. As stated at the beginning of the section, we are interested in
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effectively conditioning our results to whenRγ,σ,M is trace non-increasing for a
particular input. The following theorem provides the mathematical expression for
this conditioning.

Lemma 7.12
LetM be a quantum channel and ρ, σ, γ states, and ω a positive semidefinite operator,
and DΠ the measured relative entropy on the basis of ρ. Then

D(ρ∥σ)−D(M(ρ)∥γ) ≥ −D(M(ρ)∥ω), (7.57)

if Tr [ΠρRγ,σ,M(ω)] ≤ 1.

Proof. Consider the setting of Theorem 7.10. We need to show that

T = Tr [ΠρRγ,σ,M(ω)] ≤ 1 ⇒ DΠ(ρ∥Rγ,σ,M(ω)) ≥ 0. (7.58)

We can calculate it directly:

DΠ(ρ∥Rγ,σ,M(ω)) = DΠ

(
ρ

∥∥∥∥TRγ,σ,M(ω)

T

)
= DΠ

(
ρ

∥∥∥∥Rγ,σ,M(ω)

T

)
− log T ≥ 0.

(7.59)

The first term is non-negative because it is the measured relative entropy between
two states6 and the second term is by the hypothesis.

Observe that Tr [ΠρRγ,σ,M(ω)] ≤ 1 in Lemma 7.12 is akin to asking for the map
toRγ,σ,M to yield a less than trace 1 output in the support of ρ on input ω. With
this conditioning written precisely, we can state the main result of this section:

Corollary 7.13
LetM,N be quantum channels and let ρ =

∑
i piΠi, σ be states. Then

D(ρ∥σ)−D(M(ρ)∥N (σ)) ≥ −EpD(M(Πi)∥N (Πi)) (7.60)

if Tr
[
ΠρRN (σ),σ,M(N (ρ))

]
≤ 1.

6Rγ,σ,M(ω)/T might not actually be normalised since the trace is over the support of ρ, but it
is normalised when restricted to the support of ρ, which is what matters for the measured relative
entropy in this basis.
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Proof. Consider Lemma 7.12 and let ω = N (ρ) and γ = N (σ). We obtain

D(ρ∥σ)−D(M(ρ)∥N (σ)) ≥ −D(M(ρ)∥N (ρ))−

= −D

(
M

(∑
i

piΠi

)∥∥∥∥∥N
(∑

i

piΠi

))
.

(7.61)

We can now use the joint convexity of the quantum relative entropy to find the
result:

D(ρ∥σ)−D(M(ρ)∥N (σ)) ≥ −D

(
M

(∑
i

piΠi

)∥∥∥∥∥N
(∑

i

piΠi

))
≥ −

∑
i

piD(M(Πi)∥N (Πi)).

(7.62)

The condition Tr
[
ΠρRN (σ),σ,M(N (ρ))

]
≤ 1 is a bit weaker than one might

expect a priori. The aforementioned works [JRS+18; SBT16] work with the re-
covery mapRM(σ),σ,M, which is CPTP. Our two-map generalisation as it appears
in Corollary 7.13,RN (σ),σ,M, is also CP, but in general not TP. One might expect
the condition to require this map to be TP, but this in not the case. Instead, the
condition requires that the map is TP for the relevant objects. Moreover, the map
is still universal, since its dependencies areM, N and σ, but not ρ. There is a ρ
dependence in the condition, but we can relax Πρ to 11 to remove it.

7.3.1 Necessity of the condition in Corollary 7.13
In Corollary 7.13 we saw a sufficient condition for a chain rule. In this appendix
we show an example that demonstrates that there are cases in which the chain rule
is false, showing that there exists a necessary condition for the fulfilment of the
chain rule. Consider the regularised version of the chain rule:

D(ρ∥σ)−D(M(ρ)∥N (σ)) ≥ − lim
n→∞

1

n
Eρn

[
D(M⊗n(Πk)∥N⊗n(Πk))

]
, (7.63)

where Πk are the eigenprojectors of ρn = ρ⊗n. This version can be obtained by
applying Corollary 7.13 to ρ⊗n, σ⊗n, M⊗n and N⊗n, and then taking the limit
n→∞. Therefore a violation of Eq. (7.63) implies a violation of Eq. (7.60).

We provide a simple class of counterexamples in Example 7.14 and a generalisa-
tion of this class in Example 7.15, which shows that the states that violate Eq. (7.63)
are not some measure 0 set.
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Example 7.14
We show a simple counterexample to Eq. (7.63). Let d = 2, ρ = |0⟩⟨0|, σ = (1 −
ε) |+⟩⟨+| + ε |−⟩⟨−|,M(x) = Tr(x) |−⟩⟨−| and N = Eσ, where = Eσ denotes the
pinching map on the basis of σ [Hay01]. Then

D(ρ∥σ) = −⟨0|(log(1− ε) |+⟩⟨+|+ log ε |−⟩⟨−|)|0⟩

= −1

2
(log(1− ε) + log ε)

D(M(ρ)∥N (σ)) = D(|−⟩⟨−| ∥σ)
= −⟨−|(log(1− ε) |+⟩⟨+|+ log ε |−⟩⟨−|)|−⟩
= − log ε

(7.64)

Therefore D(ρ∥σ)−D(M(ρ)∥N (σ)) = 1
2
(log ε− log(1− ε)) , which approaches

−∞ when ε goes to 0. We now need to check that the right hand side of Eq. (7.63) is
finite to finish the counterexample.

Consider the projectors of ρn = ρ⊗n. Because ρ is pure, ρn will have only 2
eigenvalues7, 0 and 1, with associated projectors:

Π1 = |0⟩⟨0|⊗n , Π0 = 11− |0⟩⟨0|⊗n . (7.65)

We need to apply the pinching

E⊗nσ (x) =
∑

i1,...,in∈{+,−}

|i1 . . . in⟩⟨i1 . . . in| x |i1 . . . in⟩⟨i1 . . . in| (7.66)

to these projectors. BecauseM⊗n(Πk) = |−⟩⟨−|⊗n is pure and ρn has a single nonzero
eigenvalue, we only care about the value of ⟨−, . . . ,−|Π1|−, . . . ,−⟩ in

N⊗n(Πk) = E⊗nσ (Πk) =
∑

i1,...,in∈{+,−}

⟨i1 . . . in|Πk|i1 . . . in⟩ |i1 . . . in⟩⟨i1 . . . in| ,

(7.67)
since the term associated to Π1 is the only one that matters and the diagonal element
of N⊗n(Π1) associated to |−, . . . ,−⟩⟨−, . . . ,−| will be the only one that survives in
the calculation.

We can calculate this value:

⟨− · · · −|Π1|− · · · −⟩ = ⟨− · · · −||0⟩⟨0|⊗n|− · · · −⟩ =
1

2n
. (7.68)

7This example also works with ρ = p |0⟩⟨0|+ (1− p) |1⟩⟨1|, p ̸= 1
2 , but the resulting projectors

and the subsequent calculation are a bit more complicated, see Example 7.15.
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Therefore D(M⊗n(Π1)∥N⊗n(Π1)) = − log 1
2n

= n log 2 = n. Finally, the right
hand side is

− lim
n→∞

1

n
EρnD(M⊗n(Πk)∥N⊗n(Πk)) = − lim

n→∞

1

n
n = −1 > −∞. (7.69)

A quick calculation shows that 0 < ε < 1
5

violates Eq. (7.63).

In the following example we generalise by adding an angle to σ and a mixture
to ρ. The resulting set can be seen in Fig. 7.1.

Example 7.15
Let ρ = (1 − p) |0⟩⟨0| + p |1⟩⟨1|, p ∈ (0, 1

2
); σ = (1 − ε)

∣∣+̃〉〈+̃∣∣ + ε
∣∣−̃〉〈−̃∣∣ with∣∣+̃〉 = cos θ

2
|0⟩+ sin θ

2
|1⟩ and

∣∣−̃〉 = sin θ
2
|0⟩ − cos θ

2
|1⟩;M(x) = Tr(x)

∣∣−̃〉〈−̃∣∣
and N = Eσ.

We will follow the same steps as in Example 7.14. First we calculate the relative
entropies:

D(ρ∥σ) =− S(p)− (1− p) ⟨0|
(
log(1− ε)

∣∣+̃〉〈+̃∣∣+ log ε
∣∣−̃〉〈−̃∣∣)|0⟩

− p ⟨1|
(
log(1− ε)

∣∣+̃〉〈+̃∣∣+ log ε
∣∣−̃〉〈−̃∣∣)|1⟩

=− S(p)− (1− p)
[
cos2

θ

2
log (1− ε) + sin2 θ

2
log ε

]
− p

[
sin2 θ

2
log (1− ε) + cos2

θ

2
log ε

]
=− S(p)− log (1− ε)

[
(1− p) cos2 θ

2
+ p sin2 θ

2

]
− log ε

[
(1− p) sin2 θ

2
+ p cos2

θ

2

]
D(M(ρ)∥N (σ)) =D(

∣∣−̃〉〈−̃∣∣ ∥σ) = − 〈−̃∣∣(log(1− ε) ∣∣+̃〉〈+̃∣∣+ log ε
∣∣−̃〉〈−̃∣∣)∣∣−̃〉

=− log ε

(7.70)

Note that the coefficients of log(1− ε), log ε in D(ρ∥σ) add up to 1. Therefore

D(ρ∥σ)−D(M(ρ)∥N (σ))

= −S(p) + [log ε− log (1− ε)]
[
(1− p) cos2 θ

2
+ p sin2 θ

2

]
.

(7.71)

Similarly to in Example 7.14 [log ε− log (1− ε)] can be infinitely negative for small ε
and

[
(1− p) cos2 θ

2
+ p sin2 θ

2

]
is a strictly positive coefficient, therefore the left hand

side of Eq. (7.63) goes to −∞.
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ρn will now have n + 1 eigenspaces, each of dimension
(
n
k

)
, for k ∈ {0, . . . , n}

with eigenvalues (1 − p)kpn−k. Let Xk = {x ∈ {0, 1}n s.t. |x| = k} , where |x| is
the number of ones a sequence has. The kth projector will be Πk =

∑
x∈Xk
|x⟩⟨x|.

Similarly to Example 7.14,

N⊗n(x) = E⊗nσ (x) =
∑

i1,...,in∈{+̃,−̃}
|i1 . . . in⟩⟨i1 . . . in| x |i1 . . . in⟩⟨i1 . . . in| (7.72)

and we are only concerned with the coefficients associated to
∣∣−̃〉〈−̃∣∣⊗n. This coeffi-

cients are〈
−̃
∣∣⊗nΠk

∣∣−̃〉⊗n =
〈
−̃
∣∣⊗n ∑

x∈Xk

|x⟩⟨x|
∣∣−̃〉⊗n = sin2k θ

2
cos2(n−k)

θ

2
|Xk|

=

(
n

k

)
sin2k θ

2
cos2(n−k)

θ

2
.

(7.73)

The eigenvalue associated to the kth eigenspace is (1− p)kpn−k. Due to Tr [Πk] =(
n
k

)
, a coefficient

(
n
k

)
appears outside the relative entropy, sinceD(kρ∥kσ) = kD(ρ∥σ).

Therefore the expectation value in the right hand side is

−EρnD(M⊗n(Πk)∥N⊗n(Πk))

=
n∑
k=0

(
n

k

)
(1− p)kpn−k log

(
sin2k θ

2
cos2(n−k)

θ

2

)
.

(7.74)

The limit can be solved exactly. We can consider first the case p = 0. While the
discussion on the projectors is false for p = 0 because all there is a single eigenspace
and eigenvalue for k < n, because this eigenvalue is 0 we can still use Eq. (7.74).
Only the term k = n survives and it simplifies to log

(
sin2n θ

2

)
. The limit is then

log
(
sin2 θ

2

)
We can find the values of ε and θ that violate Eq. (7.63) by setting the left

hand side to be smaller than the right hand side.

[log ε− log (1− ε)] cos2 θ
2
< log

(
sin2 θ

2

)
⇔ ε <

(sin2 θ
2
)

1

cos2 θ
2

1 + (sin2 θ
2
)

1

cos2 θ
2

(7.75)

These states are plotted in Fig. 7.1.
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Figure 7.1: Cross section of the x − z plane of the Bloch sphere. Left shows the
states σ for which Eq. (7.63) is violated when ρ = |0⟩⟨0| (p = 0). All the boundaries
of the coloured region are excluded from the set. Right shows the bound for mixed
values of p. The dots represent the ρ for each value of p. Note that in the right
picture the cases p = 0 and p = 1

2
are calculated for values very close to 0 and 1

2

but not exactly 0 and 1
2
, since the bound is not continuous at 1

2
and at 0 it has a

very rapid change.

If we let p ∈ (0, 1
2
) we can lower bound the right hand side. Note that

n∑
k=0

(
n

k

)
(1− p)kpn−k log

(
sin2k θ

2
cos2(n−k)

θ

2

)
=

n∑
k=0

(
n

k

)
(1− p)kpn−k

(
k log

(
sin2n θ

2

)
+ (n− k) log

(
cos2n

θ

2

))
= n(1− p) log

(
sin2 θ

2

)
+ np log

(
cos2

θ

2

)
= log

(
sin2n(1−p) θ

2
cos2np

θ

2

)
(7.76)

In the limit this will be log
(
sin2(1−p) θ

2
cos2p θ

2

)
. Eq. (7.63) will be violated if the left
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hand side is smaller:

−S(p) + [log ε− log (1− ε)]
[
(1− p) cos2 θ

2
+ p sin2 θ

2

]
< log

(
sin2(1−p) θ

2
cos2p

θ

2

)
⇕

ε <

exp

{
(1−p) log(sin2 θ

2)+p log(cos2
θ
2)+S(p)

[(1−p) cos2 θ
2
+p sin2 θ

2 ]

}
1 + exp

{
(1−p) log(sin2 θ

2)+p log(cos2
θ
2)+S(p)

[(1−p) cos2 θ
2
+p sin2 θ

2 ]

} .
(7.77)

Fig. 7.1 shows the bound for different values of p. In the limit where p→ 1
2

the bound
simplifies to

ε <
sin2 θ

1 + sin2 θ
. (7.78)

151



7.3. CONDITIONAL CHAIN RULES

152



Conclusion

In this thesis, we address two distinct topics in quantum information theory, both
unified by the use of states over time as a central conceptual tool. This notion, which
aims to characterise quantum properties when systems evolve or are traversed
across time—rather than across space as in standard quantum states—provides
a natural framework to describe couplings between states and channels and to
explore their informational and structural properties. Within this framework, we
develop a theory of quantum optimal transport and introduce a quantum chain
rule for the relative entropy in the single-letter regime.

Our results on quantum optimal transport provide the basic building blocks for
a physically motivated, channel-based theory of transport. We initially explored
a formulation based on joint quantum states as couplings, in analogy with the
classical case, but this approach proved unsatisfactory: joint states do not compose
naturally and fail to capture the dynamical structure of quantum processes. This
motivated our adoption of the “states over time” formalism, in which couplings are
defined bilinearly in both the input states and the channels. Within this framework,
many mathematical questions arise—particularly those concerning the definition
of a suitable distinguishability metric—which much of our analysis attempts, and
partially succeeds, to address. The main gap in our theory lies in the characterisation
of the dual of the set of states over time. A complete characterisation of this set
would provide necessary and sufficient conditions for the positivity of the cost
and for the fulfilment of the triangle inequality. Because of its importance, this
problem has been a central part of our work over the last few years. The fact that it
remains unsolved, as well as its similarity to known hard problems, suggests that
its resolution may involve significant computational or structural complexity, as
discussed in Section 5.3.
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Given that a full characterisation of all valid cost functions appears intractable,
we focus instead on a particular, physically meaningful family, namely those that are
invariant under unitary transformations. This symmetry singles out a unique cost
function within this class, allowing us to gain deeper insight into the structure and
limitations of our quantum optimal transport functional. In this unitary-invariant
setting, we are able to highlight genuinely quantum features and to further probe
the mathematical and conceptual boundaries of our theory. These results also raise
several open questions. As discussed in Section 3.5, the square root that appears
in the joint-state formulation of the cost is both arbitrary and undesirable. One
of our motivations for adopting the “states over time” framework was precisely
that the coupling becomes linear in both the state and channel inputs, avoiding
this asymmetry. Nonetheless, the closed formula we obtain for isospectral states in
the unitary-invariant regime surprisingly behaves again as the square of a distance.
This observation leads us to conjecture a deeper connection between quantum
transport and the emergence of such square-root structures.

A particularly remarkable feature of the unitarily invariant optimal transport
cost is its sensitivity to the behaviour of the channel outside the joint support of the
input states. This sharply contrasts with the classical case, where the cost depends
only on regions with nonzero input probability and is entirely unaffected by the
transport plan elsewhere. This nonlocal sensitivity is reminiscent of the quantum
Aharonov–Bohm effect [AB59], in which a magnetic field confined to a distant
region can still influence the interference pattern of a charged particle’s wave
function. In Section 6.4, we explore the limit of increasingly large ambient Hilbert
spaces and show that it is possible to define a renormalised cost that depends only
on the action of the channel over the joint support of the states. The mathematical
and physical properties of this renormalised quantity remain to be fully understood
and deserve further investigation.

We next extended the notion of unitarily invariant cost to a framework based
on an energy metric, corresponding to invariance under unitaries that commute
with a fixed Hamiltonian. Despite progress in formalising this class of costs, we
have not yet achieved a complete characterisation of the valid cost matrices within
it. Beyond the Hamiltonian-based cost, other quantum cost functions remain open
for exploration—for instance, a quantum generalisation of the Hamming distance,
which could find applications in quantum information theory.

Finally, we turn to a different line of results concerning quantum entropy
inequalities. We establish, to the best of our knowledge, the first single-letter chain
rule inequality for the quantum relative entropy, derived using the formalism of
states over time and quantum Bayes’ theorem. In our chain rule inequality, a residual
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degree of freedom appears in the choice of measurement defining the ensemble
partitions. In principle, one could optimise over all measurements to obtain a tighter
bound, and it would be highly desirable to find an analytical procedure to determine
the optimal measurement as a function of the underlying states and channels.

We also investigate the limitations of the most natural quantum extension of the
classical chain rule, namely the use of rank-one orthogonal projectors. We identify
a sufficient condition under which this extension holds, related to the recoverability
of the corresponding ensemble, and provide a counterexample showing that the
condition is not generally necessary. This points to the existence of a sharper–
—ideally necessary and sufficient–—criterion yet to be found.

Beyond their foundational interest, these entropy inequalities could have practi-
cal implications in quantum cryptography, error correction, and channel estimation.
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A
SDPs in practice

In Section 5.2 we saw that our quantum optimal transport approach an be computed
with an SDP. SDPs appear as well in Section 3.3 and Section 4.4.2. In this appendix
we briefly comment on the practicality of these SDPs and how we computed them.

This appendix is divided in four parts, we first discuss the SDP related to our
main quantum optimal transport in Section 5.2 and we comment on our calculations
of this SDP, then we comment on the SDP in Section 4.4.2 and finally we briefly
discuss the relation between an SDP and its square root, due to the square root that
we see appear in Section 3.3.1.

A.1 SDP for the Jordan product QOT
We first recall the SDP associated to our definition of the quantum optimal transport
cost, Definition 5.4:

min
J

Tr [(K ⋆ ρ)J ]

s.t.


TrB J = 11

TrA [ρJ ] = σ

JTA ≥ 0

.
(A.1)
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In our experience, the condition JTA ≥ 0 is hard to implement due to the partial
transpose and J being on our variable. Due to the properties of TA , we can shift it
to the fixed objects and instead optimise over the Choi matrices, obtaining

min
C

Tr
[
(K ⋆ ρ)TAC

]
s.t.


TrB C = 11

TrA
[
ρTC

]
= σ

C ≥ 0

.
(A.2)

In terms of the scaling of this problem, SDPs scale efficiently. Note that the compu-
tation is performed in the tensor space, which scales as n2, where n is the dimension
of the Hilbert space. Using a personal computer, we could produce graphics1 for up
to n = 7 for reasonable (a couple hours) time. n = 8 was attempted once and took
several days.

We present the code for this SDP. It relies on functions we defined for the Jordan
product (jordanP); a standard cost matrix, in case none is given (genCP); as well as
function for the partial transpose defined in by Murray in [Mur18]. The calculations
were performed using CVXPY [DB16] and the solver MOSEK [MOS24]. We also
used the QuTiP package [JNN12; JNN13] for manipulation of quantum objects. The
rest of the code, as well as figures produced can be found in [Hoo25].
import cvxpy as cp
import numpy as np
import qutip as qt
from cvxpy Ptrace import (partial trace ,

np partial trace)

def solvePrimalTransport(rho, sigma, C=None):

# Buld rho and sigma as numpy a r r a y s , and s e t t h e
↪→ d i m e n s i o n

if type(rho)==type(qt.Qobj()):
rho = rho.full()

d = len(rho)
if type(sigma)==type(qt.Qobj()):

sigma = sigma.full()
if len(sigma)!=d:

1That is, solve the problem around one hundred times to get enough resolution.
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raise Exception(’rho and sigma must have the
↪→ same size’)

# Check / b u i l d t h e c o s t m a t r i x :
if type(C)==type(None):

C=genCP(d,2)
if type(C)==type(np.identity(d)):

C=qt.Qobj(C)
C.dims=[[d,d],[d,d]]

if type(C)==type(np.matrix(0)):
C=qt.Qobj(C)
C.dims=[[d,d],[d,d]]

# O p e r a t e on t h e i n p u t s
rho = qt.Qobj(np.kron(rho,np.identity(d)))
rho.dims = [[d,d],[d,d]]
C = jordanP(rho,C)
C = qt.partial transpose(C,[1,0]).full()
rho = qt.partial transpose(rho,[1,0])
rho = rho.full()

# B u i l d t h e p rob l em :
E 1 = cp.Variable((d ∗d,d ∗ d), hermitian=True)
constraints = [partial trace(E 1 , [d,d], 1) == np.

↪→ identity(d), partial trace(rho @ E 1 , [d,d],
↪→ 0) == sigma, E 1>>0]

objective = cp.Minimize(cp.real(cp.trace(C @ E 1)))
prob = cp.Problem(objective , constraints)
cost = prob.solve(solver=’MOSEK’)

# p r i n t ( ’ C o s t i s ’ , c o s t )
# p r i n t ( ’ E 1 i s ’ , E 1 . v a l u e )

return cost, E 1.value
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A.2 SDPs as feasibility solvers
Eq. (4.38) presents an SDP to invert the Jordan product as presented in Theorem 4.6.
We recall this SDP:

min
J

f(J)

s.t.


⟨ik| J |jℓ⟩ = 2

pi + pj
⟨ik|ω |jℓ⟩ , ∀i, j ∈ B | pi + pj ̸= 0, ∀k, ℓ ∈ B

TrB J = 11
JTA ≥ 0

.

(A.3)

In the SDP, f is any linear function, since we are not interested in minimising a
specific function but just in finding a matrix that fulfils the given conditions (a
feasible solution). For numerical calculation purposes, we can rewrite this feasibility
problem by adding an extra real variable x. This is useful because numerical solvers
require the feasible set to have a non-empty interior. In some cases (like when ρ is
faithful) the set of feasible Jamiołkowski matrices can have an empty interior and
adding the dummy variable x allows us to expand the feasible set. x is added as
follows:

min
(x,J)

− x

s.t.


⟨ik| J |jℓ⟩ = 2

pi + pj
⟨ik|ω |jℓ⟩ , ∀i, j ∈ B | pi + pj ̸= 0, ∀k, ℓ ∈ B

TrB J = 11
JTA ≥ x11

.

(A.4)

From this it is clear that if the output of the SDP is a non-negative x then the asso-
ciated matrix J will be a Jamiołkowski matrix. This changes to a larger feasibility
space guarantees that the SDP will be computable.

A.3 Square root SDP
We want to write the quantity we are interested in Section 3.3.1:√

C(ρ, σ) =
√

inf
ω∈Ω(ρ,σ)

Tr [Kω] (A.5)
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as an SDP. Note that we were originally interested in this because the variables of
the problem might change in some interesting way2. Our original SDP is:

min
ω

Tr [Kω]

s.t.


TrB [ω] = ρ

TrA [ω] = σ

ω ≥ 0

,
(A.6)

and its dual:

max Tr [Aρ]− Tr [Bσ]

s.t.
{
A⊗ 11− 11⊗B ≤ K

A,B ≥ 0
.

(A.7)

Based on the method to write an SDP for the square of an SDP shown in [VB96]
we modify the dual3,4 to find the square root of the original problem. The new dual
formulation we obtain is

max t

s.t.


A⊗ 11− 11⊗B ≤ K[

Tr [Aρ]− Tr [Bσ] t
t 1

]
≥ 0

A,B ≥ 0

.
(A.8)

We next find the dual to this problem to recover the primal formulation for the
2They do not, but the exercise itself seems like useful knowledge.
3We are using a dual formulation that forces A,B to be psd. This is not necessary and we first

undo this step since it adds unnecessary variables to the final result. We will use both formulations
interchangeably depending on which one is more convenient.

4We can not, to my knowledge, modify the primal problem straight away.
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square root of our original problem. The resulting problem is:

min Tr [Kω] + Tr

[(
0 0
0 1

)
X

]

s.t.



TrB [ω] = ρTr

[(
1 0
0 0

)
X

]
TrA [ω] = σTr

[(
1 0
0 0

)
X

]
−1 = Tr

[(
0 1
1 0

)
X

]
ω,X ≥ 0

,

(A.9)

where X is a 2×2 positive semidefinite matrix.
These formulations have been tested numerically to yield the correct result.

A.3.1 Analytical solution

Pure state case

Similarly to the original problem, we can solve the case where either ρ or σ is a
pure state. Then we know that ω = x11ρ⊗ σ. The problem becomes

min Cx11 + x22

s.t.


x11x22 ≥

1

4
+ b2

x11, x22 ≥ 0

b ∈ R

,
(A.10)

where C = Tr [Kρ⊗ σ]. A little basic optimisation shows that the optimal solution
is

b = 0

x11 =
1

2
√
C

x22 =

√
C

2

(A.11)
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General mixed states

We can do something similar in the general case, which will show that solving the
new problem is equivalent to solving the original problem.

We see from the partial trace conditions that there is a bijective map between
Ω and Ωold:

ω = x11ωold.

thus we can write our problem as (now ignoring b, since it always trivially goes to
0)

min Tr [Kωold] x11 + x22

s.t.

 x11x22 ≥
1

4
x11, x22 ≥ 0

.
(A.12)

We can see that Tr [Kωold] acts on the function to be minimised in a way such that

Tr [Kωold] < Tr [Kω′old]⇒ Tr [Kωold] x11 + x22 < Tr [Kω′old] x11 + x22. (A.13)

Therefore we want to take the minimum C = Tr [Kωold] possible, which is just
the solution to the original problem. Now that this quantity is fixed this becomes
equivalent to the pure state case we just discussed, thus:

x11 =
1

2
√
C

x22 =

√
C

2
ω = x11ωold.

(A.14)

We have seen that, in both cases, X is

X =
1

2

[√
C
C
−1

−1
√
C

]
. (A.15)
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thesis (Universitat Autònoma de Barcelona, 2018).

[Hoo18] Hoogsteder-Riera, M., “A transport approach to distances in quantum
systems”, Bachelor’s Thesis (Universitat Autònoma de Barcelona, 2018).
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[RD17] Rouzé, C. and Datta, N., “Relating Relative Entropy, Optimal Transport
and Fisher Information: A Quantum HWI Inequality”, Annales Henri
Poincaré 21 (2017).
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