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Preface

This dissertation studies how the design of institutions and algorithms shapes
incentives, information, and welfare. The three chapters span organizational
economics, platform regulation, and media economics, but share a common
concern: when intermediaries—whether supervisors, algorithms, or news outlets—
stand between principals and the information they need, the design of the

intermediation layer is a first-order problem.

Chapter 1 develops a framework for the optimal design of internal monitoring
structures when supervisors themselves can be bribed. In a principal-supervisor—
worker hierarchy, the firm jointly chooses the architecture of oversight—how
many supervisors per worker and how their spans of control overlap—and the
incentive pay needed to keep supervisors honest. Dual monitoring, assigning
two independent supervisors to the same worker, can lower the wage required
to maintain honesty by raising the cost of collusion. The resulting wage savings
can outweigh the extra hiring cost, making redundancy optimal precisely when
monitoring technology is effective and collusion pressures are high. The analysis
reframes dual monitoring not as bureaucratic waste but as a rational enforcement
tool, and provides design rules linking observable features of technology and

governance to the optimal degree of overlap.

Chapter 2, joint with Miguel Risco, builds a theoretical model of communication
and learning on a social media platform. We characterize the algorithm that an
engagement-maximizing platform implements in equilibrium and show that it
overexploits similarities between users, locking them in echo chambers. Moreover,
learning vanishes as platform size grows large. We then explore alternatives. The
reverse-chronological algorithm that platforms reincorporated after the Digital
Services Act turns out to be insufficient, so we construct a “breaking-echo-
chambers” algorithm that improves learning by promoting opposite viewpoints.

Finally, we advocate for horizontal interoperability as a regulatory measure to

v



align platform incentives with social welfare. By eliminating platform-specific
network effects, interoperability incentivizes platforms to adopt algorithms that

maximize user well-being.

Chapter 3, joint with Luis Menendez, studies how competition in the news
market reshapes the ideological positioning of media outlets. We distinguish
three mechanisms through which outlets can bias the news: story selection
(omission), narrative tone (framing), and airtime allocation (intensity). We
develop a theoretical model that yields predictions about how each margin
responds to increased competition, and test them using transcripts from Spanish
prime-time television news, exploiting the launch of a new newscast as a source
of competitive pressure. Using a Shapley decomposition, we show that framing is
the dominant mechanism for every outlet, accounting for at least two-thirds of

observed slant.



Contents

Acknowledgments i
Preface iv
1 Firm Design when Monitors Can Be Bribed 1
1.1 Model . . . . . 6
1.2 Firm design under no collusion . . . . . .. ... ... ... ... 11
1.2.1  No Monitoring . . . . .. .. .. oo 11
1.2.2  Single Monitoring . . . . . .. . ... oL 13
1.2.3 Double Monitoring . . . . . . ... ... 16
1.3 Firm Design under Collusion . . . . . . . .. ... ... ... ... 22
1.3.1 Single Monitoring under Collusion . . . . . . ... ... .. 23
1.3.2  Double Monitoring . . . . .. .. ... ... 29
1.4 Profit losses under naive firm design . . . . . . . ... .. ... .. 36
1.4.1 Profits under naive contracts . . . . . . ... .. ... ... 36
1.4.2  Profits under naive firm design . . . . .. ... ... 38
1.5 Conclusion . . . . . . . .. 41

2 Feed for Good? On the Effects of Personalization Algorithms in

Social Media Platforms 44
2.1 Introduction . . . . . . ... ... 46

2.1.1 Related literature . . . . . . .. ... ... .. ... .. .. 49
2.2 A model of communication and learning through personalized feeds 50

2.3

2.2.1 Interpretation of the model . . . . . . ... .. .. .... 53

Truth-telling and the existence of echo chambers . . . . . . . . .. 54

vi



2.3.1 The platform-optimal algorithm for naive users . . . . . . 56

2.3.2  The platform-optimal algorithm for rational users . . . . . o7
2.4 The effects of personalization on learning . . . . . . . . . ... .. 61
2.4.1 The effects on learning in large platforms . . . . . . . . .. 62
2.5 The reverse-chronological algorithm and other alternatives . . .. 64
2.5.1 Reverse-chronological algorithm . . . . ... ... ... .. 66

2.5.2 A minimal corrective: the breaking-echo-chambers algorithm 68
2.5.3 Policy discussion . . . . . . ... ... L. 69
2.6 Networkeffects . . . . . . . . . .. 70

2.6.1 Network effects, competition, and personalization algorithms 72

2.7 Conclusion . . . . . . ... 73

3 The Mechanisms of Media Slant 75
3.1 Imtroduction . . . . . . . ... 76
3.2 Model . . . . . 78
3.2.1 Comparative Statics . . . . ... ... ... .. .. .... 85

3.3 Context, Data and Descriptive Statistics . . . . .. .. ... ... 90
3.3.1 Context . . . .. .. ... 90

332 Data . . ..o 91

3.3.3 Descriptive Statistics . . . . . . . ... ... ... 92

3.4 Statistical Decomposition of Slant . . . . . . . . ... ... . ... 93
341 Setup . ... 94

342 Results. . . . . ... 95

3.5 Conclusion . . . . . . ... 96
References 98
A Appendix to Chapter 1 110
A.1 One monitor, CCxy and PCy; binding . . . .. ... ... .... 110
A.2 Two monitors, all constraints binding. . . . . . . . ... ... ... 111

vii



A3 Proofs . . . .

B Appendix to Chapter 2
B.1 Proofs . . . . . . . .

C Appendix to Chapter 3
C.1 Proofs . . . . . . .

viil



Chapter 1

Firm Design when Monitors Can

Be Bribed

Manuel Lleonart-Anguix!

Abstract

This paper develops a framework to design internal monitoring struc-
tures that minimize the cost of enforcing honesty. I study internal monitor-
ing when supervisors themselves can be bribed. The firm jointly chooses
the architecture of oversight (how many supervisors per worker and how
their spans of control overlap) and the incentives needed to keep supervi-
sors honest. Dual monitoring—assigning two independent supervisors to
the same workers—makes wrongdoing harder to conceal and lowers the
wage required to maintain honesty. The analysis shows that redundancy is
optimal when monitoring technology is effective and collusion pressures
are high—precisely the environments where overlap in monitoring is most
valuable, that is, when verifiability is strong and monitors’ outside options
are weak. By linking organizational structure to the credibility of enforce-
ment, the paper reframes dual monitoring not as waste but as a rational

enforcement tool.

!Universitat Autonoma de Barcelona and Barcelona School of Economics. Contact: manuel.
lleonart@bse.eu. I am grateful to Pau Milan for his invaluable guidance throughout the
development of this paper. Part of this research was conducted during my visit to the Paris
School of Economics, under the kind invitation of Francis Bloch, to whom I am also deeply
indebted. I thank Catherine Bobtcheff, Mikhail Drugov, Inés Macho-Stadler, Antonine Macé,
Paul-Henri Moisson, Fernando Payro, David Pérez-Castrillo, Patrick Sewell, Marta Troya, and
seminar participants at the BSE Jamboree, the Microlab at UAB, and the ENTER Jamboree
at the SSE for their helpful comments and suggestions.
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In low- and middle-income countries, weak governance and internal oversight
failures cost firms an estimated 2-5% of annual revenue—losses comparable to
major tax burdens or trade barriers (ACFE, 2024; World Bank, 2006). Across
industries and countries, the presence of multiple supervisors on the same task has
typically been explained as a way to reduce mistakes, segregate duties, or combine
different skills. In such accounts, duplication arises when tasks are complex or
multidimensional—requiring error reduction (Sah and Stiglitz, 1986), segregation
of duties (Kobelsky, 2014), and knowledge complementarities (Garicano, 2000;
MacDuffie, 1995). These accounts do not predict dual monitoring for simple,
standardized tasks, where redundancy is usually treated as waste. My argument
is different: when monitors can collude with workers, that very possibility can
make dual monitoring optimal even in simple tasks. Firms, regulators, and
public agencies face this problem daily when they rely on auditors, inspectors, or
recruiters who might collude with those they oversee. Modeling incentive pay and
oversight structure jointly reveals a different logic. Assigning two independent
supervisors to the same worker can be optimal not because the task is complex,
but because redundancy lowers the pay needed to keep each supervisor honest.
This shifts how we think about assigning supervisors across workers and when

overlap should be part of efficient design.

This paper develops a framework to study the optimal design of internal
oversight when supervisors themselves can be bribed. I jointly endogenize the
monitoring architecture—how many supervisors oversee each worker and how their
spans of control (the number of workers assigned to each supervisor) overlap—and
the pay needed to keep supervisors honest. Here, overlap means assigning two
independent supervisors to the same worker. By incorporating collusion into the
joint choice of organizational structure and incentive pay, the model shows that
dual monitoring can be optimal even for simple, standardized tasks: by making
concealment harder, it reduces the compensation required to keep supervisors
honest, and in some environments these wage savings exceed the cost of hiring
an additional supervisor. What appears wasteful in theories where redundancy
is justified only by task complexity can therefore be a rational response to the
possibility that monitors can be bribed. The framework links oversight design to
monitoring technology and incentive pay, and develops a practical mechanism

to deter collusion: dual monitoring with aligned incentives that make bribery
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unattractive. It reframes effective oversight as disciplining monitors as well as

supervising workers.?

The environment is a principal-supervisor—-worker hierarchy in the spirit of
Tirole (1986), with a continuum of workers performing identical tasks. The key
differences are that detection is endogenous to organizational design, and that
monitors are strategic agents who may collude both with one another and with
workers. Each worker is high- or low-productivity, with type privately known to
them. The principal hires one or more supervisors to oversee subsets of workers
and report deviations. Detection is imperfect and declines with a supervisor’s
span of control (attention is scarce). Workers can bribe their monitors to suppress
adverse reports. The firm chooses (i) how many monitors per worker and how
spans overlap, and (ii) a wage policy that renders accepting bribes unattractive
and, at the same time, avoids shirking for workers. Crucially, the frequency
and profitability of bribe opportunities depend on the same choices that govern

detection: structure and pay are inseparable design margins.

Two levers interact. First, architecture: assigning two independent supervisors
to the same worker raises the cost of silence, since a deviator must bribe both.
Second, pay: compensation makes acceptance of any bribe unattractive, account-
ing for how span affects detection and the flow of potential bribes. Compensation
can also be tied to the other supervisor’s report, creating incentives to report
misconduct, although this force is limited because the two monitors may also
collude with each other and with the worker. Because structure and pay co-
determine both detection and bribe incentives, the monitoring unit operates as an
endogenous enforcement technology rather than a fixed input. In the absence of

monitoring, the principal must raise the wage for high outputs to avoid shirking.

First, the possibility of collusion overturns the one-monitor-per-worker rule:
when baseline verifiability is high or detection decays gradually with span, the
firm optimally assigns two independent monitors to the same worker. Second,

the monitor’s wage is non-monotonic in the span of control: with very small or

2Versions of overlapping oversight exist in practice—for example, teacher evaluations by
school administrators and external reviewers (District of Columbia Public Schools, 2023),
dual authorizations in banking (Basel Committee on Banking Supervision, 2011; Reserve
Bank of India, 2011), two-person custody rules (Office of the Comptroller of the Currency,
2012), multiple signatories on reports (Federal Deposit Insurance Corporation, 2014), and
overlapping financial regulators (Keightley and Jickling, 2017); international guidelines also
endorse “four-eyes” safeguards (OECD, 2018).
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very large spans, the expected number of detections—and hence the monitor’s
expected wage—is low, while at intermediate spans it peaks. Increasing overlap
then reduces the honesty premium and can lower per-monitor pay even as the
number of monitors rises, so the total wage bill need not increase—and may even
fall. This creates a trade-off between paying more for loyalty and hiring more
monitors to share oversight: better monitoring technology shifts the optimum
toward broader spans, while a greater scope for collusion shifts it toward narrower
spans and more redundancy. Third, labor-market conditions shape the case for
overlap: when supervisors have weak outside options, most of their pay is devoted
to deterring bribery and overlap trims that premium, making dual supervision
relatively cheap; when outside options are strong, much of pay is needed simply to
retain supervisors, the savings from overlap are small, and the firm favors wider
spans without duplication. These patterns link observable features of technology
and governance with clear policies about hierarchy width, double monitoring and

wage structure and allow me to measure the loses from naive designs.

By embedding the presence of collusion into the design problem, the model
reframes dual monitoring from bureaucratic slack into a practical mechanism
to deter collusion. This makes firm design a tool against collusion: use dual
monitoring where verifiability is strong and align incentives to eliminate the gains
from bribery. The analysis also provides a basis for evaluating anti-corruption
policies that strengthen internal governance—through redundancy, span limits,
and incentive design—rather than relying solely on external enforcement, and
it suggests redundant layers of oversight may persist even when downstream
production considerations favor flatter structures, because those layers help
discipline monitors and not only workers. Finally, it provides simple design rules
for when redundancy in oversight is efficient and when it can be safely reduced,
and suggests empirical predictions linking monitoring structures to enforcement

strength across countries and sectors.

Literature Review. A central theme in the economics of organizations is that
hierarchy shapes how firms maintain control as they grow. The tradition closest
to this paper views firms as monitoring hierarchies, where the main challenge
is the loss of control associated with expansion, and compensation must adjust
to preserve discipline (Calvo and Wellisz, 1978, 1979; Keren and Levhari, 1983;
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Qian, 1994; Williamson, 1967). Later work connects these internal trade-offs
to finance and market structure (Acemoglu and Newman, 2002; Chen, 2017;
Chen and Suen, 2019). What these models typically abstract from is that layers
can talk. If a monitor can collude with a worker, the principal must choose not
only spans of control but also whether to use dual monitoring to deter collusion.
In my framework, that choice matters because dual monitoring changes the

compensation required to keep monitors honest.?

The main message is that, once communication enables collusion, overlapping
supervision can be a cost-effective way to sustain discipline. Yet they largely
abstract from the possibility that monitors themselves may be corruptible. Once
this is recognized, monitoring no longer operates solely as a substitute for wages
to discipline workers: it becomes a source of wage premia for monitors themselves,
fundamentally altering the design problem at the heart of the firm. Firms must
then choose spans, overlap, and incentive schemes not only to manage information

frictions but to sustain honest enforcement, which is the gap my analysis addresses.

Building on this foundation, a second set of contributions studies collusion
and contracting more directly. Alchian and Demsetz (1972) propose making
the supervisor the residual claimant as a solution to the metering problem, but
leave open the case where the monitor himself may be corruptible. In the classic
principal-supervisor-agent framework, collusion (Compte, 1995; Kofman and
Lawarrée, 1996; Laffont and Martimort, 2000; Tirole, 1986) and shirking (Rahman,
2012) undermines incentives and forces the principal to adapt contracts. This
perspective naturally links to the theory of common agency: while Bernheim and
Whinston (1986) modeled multiple principals bidding for influence, overlapping
monitors create a mirror problem in which agents bid for silence. My framework
formalizes this logic, making organizational architecture part of the tools that the
principal can use to fight collusion. I build on a large efficiency-wage literature
in which imperfect monitoring leads firms to pay above-market wages to deter
shirking (Shapiro and Stiglitz, 1984). T add that rents are shaped not only
by imperfect monitoring but also by potential collusion between monitors and

workers, and I endogenize firm architecture—span and dual monitoring—to show

3Related work studies hierarchies as screening devices (Ioannides, 2012; Sah and Stiglitz,
1986) or as knowledge-based organizations (Garicano, 2000; Garicano and Rossi-Hansberg, 2004,
2006).
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when structure lowers the required honesty premia.

Finally, a large literature studies corruption and enforcement institutions.
Classic work emphasized corruption as a distortionary tax or capture of regulators
(Laffont and Tirole, 1991; Rose-Ackerman, 1978; Shleifer and Vishny, 1993), while
recent contributions examine collusive networks inside organizations (Drugov,
2010; Fan, 2022). Empirical evidence confirms that oversight design matters:
stronger auditor incentives reduce misreporting in India (Duflo et al., 2013), adding
a second countersignature lowered procurement prices in Pakistan (Bandiera
et al., 2021), and overlapping jurisdictions mitigate capture in administrative
law (Gersen, 2007). My analysis draws on these insights by treating “four-eyes”
policies as a firm-level analogue to overlapping jurisdictions: costly, but optimal

when the risk of bribery is high.

In sum, the existing literatures explain how hierarchies shape incentives,
information, and expertise; how contracts adapt to collusion; and how enforcement
institutions can be corrupted or strengthened. My contribution is to bring these
strands together, modeling the internal governance of firms as a corruption-
control technology and showing how redundancy and overlap can sustain honest

enforcement even when monitors themselves are at risk of capture.

Road map. The rest of the paper is organized as follows. Section 1.1 introduces
the theoretical framework. Section 1.2 analyzes the benchmark without collusion.
Section 1.3 studies optimal monitoring under collusion. Section 1.4 analyzes the

loses from nalve results. Section 1.5 concludes.

1.1 Model

This paper develops a continuous version of the classic Principal-Supervisor—Agent
framework introduced by Tirole (1986), extending it to allow the principal to
endogenously choose the monitoring hierarchy within the firm. While detailed
descriptions of each agent type follow, it suffices for now to view the principal
as the residual claimant of firm profits, the agents as the sole productive units,
and the monitors as intermediaries whose role is to report agents’ productivity in

order to mitigate the informational rents arising from asymmetric information.
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The principal lacks both the time and the ability to directly observe agent

behavior. Therefore, she can hire monitors to perform this task on her behalf.

Agents There is a continuum of agents, uniformly distributed over the interval
A =10,1]. All agents are ex-ante identical. Let i € A denote a generic agent.

Each agent generates output x; given by:

€T; :9i—|—ei,

where 6; represents the agent’s productivity and e; > 0 denotes effort. Productivity
is binary: 0; € {0y,0.}, with 0y > 6, > 0. The productivity type is drawn from
a uniform distribution: ¢ ~ U(0, 1), implying that the expected share of high-
and low-productivity agents is equal. Productivity realizations are independent

across agents.

I define the skill diversity as A0 =0y — 0, < %, such that high-productivity
agents can mimic low-productivity ones by exerting strictly positive effort. This
assumption is crucial for generating a non-trivial contracting problem under

asymmetric information.*

Agents observe their productivity before choosing effort. Effort entails a cost
given by c(e;) = % Each agent signs a contract with the principal specifying a
wage W (x;,7;), contingent on the realized output (observable to all parties) and
a report r; issued by the monitors (defined below). Agents are risk neutral, with
utility U;(z) = x, so expected utility is E[W (z;,7;) — c(e;)]. The participation

constraint for each agent is:

E[W (x;, ;) — c(e;)] > 0. (PCw)

Monitors The principal cannot directly observe either agents’ effort or their
productivity. To address this, she may hire monitors who are tasked with observing
the productivity of a subset of agents. Each monitor j observes a subset I; C A,
with p; = ij di denoting monitor j’s span of control. As agents are ex-ante

homogeneous, the principal is indifferent over which specific subset of agents a

4If instead Af > %, mimicking would require high-productivity agents to exert negative
effort, violating the constraint e; > 0. One could alternatively model agents as being able to

destroy output at a cost, i.e., allow e; < 0, but this approach is not pursued here.
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monitor observes, conditional on p;. Thus, all results will be expressed in terms

of the measure p;.

For each agent 7 € I;, monitor j receives a productivity signal o;;. With prob-
ability p(u;) = poe M, the signal is informative, 0i; = 0;, and with probability
1 —p(p; ), the signal is uninformative: o;; = @. I refer to p(p;) as monitoring efhi-
ciency. It captures both the probability of obtaining verifiable information and the
legal enforceability of that information. Two primitives summarize the monitoring
technology. The first is pg, the baseline verifiability of a task. It captures how
easy it is to detect misbehavior if a monitor focuses exclusively on a single agent.
High pg corresponds to environments where evidence of misconduct is naturally
transparent—e.g. physical theft, clear performance metrics, or verifiable outputs.
Low pg corresponds to tasks where wrongdoing is inherently hard to spot—e.g.
effort in service provision, subtle quality shading, or collusion in procurement.
Intuitively, po measures how “detectable” shirking or corruption is, even before
span-of-control considerations enter. The second is A, the span—efficiency parame-
ter. It governs how quickly monitoring effectiveness decays as the span of control
widens. A high A means monitors are quickly overloaded—each additional agent
sharply reduces the probability of detection—so oversight is fragile to increases
in span. A low A means monitors scale more smoothly: adding agents dilutes
attention only gradually. Intuitively, A captures the elasticity of monitoring
with respect to workload, or how well monitors can multitask without missing
misconduct. Together, pg and A define the “quality” of the monitoring technology.
po tells us how sharp the monitor’s eyes are when focused; A tells us how blurry

those eyes become as the monitor’s span grows.

After observing the signal, monitor j sends a report r;; € {6;,d} to the
principal. Since multiple monitors may report on the same agent, I denote the

full report vector as r; = (1) jem-

Information is assumed to be hard, i.e., verifiable by the principal at no
cost. Thus, a monitor cannot misreport the signal, but can choose to withhold

information by reporting @ regardless of the true signal.
Monitors are compensated via contracts specifying payments of the form
/ LS (x;,r;)di. They are risk neutral with utility V' (z) = z, so expected utility is

E[S(z;,7;)]. Their participation constraint is:
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E[S(zi,7:)] > V. (PCu)

To avoid degenerate results stemming from the law of large numbers in the
continuum framework, I restrict S(x;,7;) to be a function of individual-level

outcomes rather than aggregate statistics.

Finally, both agents and monitors are subject to limited liability: their wages

must be weakly non-negative in all states:

Principal The principal is the residual claimant of profits. She designs the
wage schemes for both agents W (z;, r;) and monitors S(z;,7;), and chooses the
organizational structure € = (u;,7), where v denotes the measure of overlap
between monitors’ spans of control i.e., the extent of common agency. She is risk

neutral and seeks to maximize expected profits:

E[I(W, )] = E [/01 (0 + es — W (s, mi) — (s, 1)) di]

where expectations are taken over the distributions of productivity 6; and moni-
toring signals o;;.

The organizational design is defined as F' = (M, Q), where M is the number
of hired monitors, and 2 = (p;, y) specifies their individual spans of control and
overlap. Agents may fall under three monitoring regimes: unmonitored, singly

monitored, or jointly monitored.

Given the stochastic nature of both productivity and monitoring, each agent-
monitor pair can be in one of four possible states: (6;,0;) € {(H, H), (H,2),(L,2),(L,L)}
that correspond to four observable outputs, X = {xg, r, %o, 2, Toy.0, Toy.r} For
any x; ¢ X, the agent chooses the effort that maximizes her expected utility.

Under limited liability, the principal can set W (z;,r;) = 0 for x; ¢ X, inducing

e; = 0. To ensure incentive compatibility, it suffices to guarantee that:

e

2
W(ZE,,T’Z)—EZ 20, for all €T; GX,

and W (z;,r;) = 0 otherwise. These constraints imply that the participation
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constraint is automatically satisfied in all realizations, and can therefore be

omitted in subsequent analysis.

Timing The timing of the model is as follows:

1. The principal chooses the organizational design €2 = (u;,7) and offers

contracts W (x;,r;), S(z;,7;) to agents and monitors.

2. Upon acceptance, agents learn their productivity type 6#;, and monitors

receive their signals o;.
3. Monitors submit reports 7;;.

4. Reports arrive before effort so that verifiable audits shape incentives; agents

observe the report realization when choosing e;.

5. Output z; is realized; payments W (x;,r;) and fIJ_ Sj(x;,r;)di are made; the

principal collects the residual profits.

First-Best Benchmark Before analyzing the role of monitors and the con-
straints introduced by asymmetric information, it is useful to characterize the
first-best allocation. Suppose that the principal can directly observe each agent’s
effort level. In this case, the agent’s compensation can be conditioned directly
on both effort and productivity, i.e., W(e;, 6;). Since there is no informational
asymmetry, monitoring becomes redundant and the optimal organizational design

involves no hired monitors: M = &.

Given the ability to observe effort, the principal fully internalizes the cost of

effort and solves the following optimization problem:

1
max /E[9i+e,~—W(ei,0i)]di
{W,e} 0

e

2
i
27

s.t. W(Gl,el) 2 Vi € [0, 1]
Because effort is observable, the principal can extract all of the agents’ rents

by setting compensation equal to their disutility of effort, i.e.,

IR

W(Gi, 91) =

Y
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while choosing the effort level that maximizes net surplus. The optimal choice
is e, = 1 for all agents and all productivity types. Thus, in the absence of
informational frictions, the principal induces the efficient level of effort and pays
each agent a wage equal to their effort cost, independently of their productivity
level 6;. This result hinges on the fact that marginal returns to effort are constant

across productivity types.

1.2 Firm design under no collusion

Before studying the problem of the organizational design under collusion it is
interesting to understand how the principal designs the monitoring regime and
what contracts does he offers when collusion is not possible. This section is
structured as follows. First, I will characterize the contracts of the agents when
no monitor is hired. Then, I will characterize the contracts of one monitor whose
span of control is p and the contract of the monitored agents. I will show that
the contract under states 2 and 3 (no signal is received) correspond with the
contract under no monitoring. With this, I will solve the optimal span of control
when there is only one monitor in the firm. I do this process for the case where
two monitors are hired and crucially show the optimal span of joint monitoring

discussing its effects on profits and monitor and agent behavior.

1.2.1 No Monitoring

In the absence of monitoring, the principal cannot distinguish between productiv-
ity types beyond the realization of output. Since productivity can be either high
or low, the contract must be designed around two observable output levels: xy,
and xg,, &, corresponding to low and high productivity types, respectively, when

no informative signal is available.
To, o = €o,+ 0L, Toy .o = €0 + Om.

To induce effort from both types, the principal must design a contract that
satisfies the agents’ incentive compatibility constraints. First, the utility of each

agent type must be non-negative, ensuring participation:
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2
e
W($9L7@, @) - % Z 07 (ICLQ)

2
(&
W (29,0, @) — % > 0. (PCy)

Second, the principal must prevent high productivity agents from mimicking
the behavior of low productivity agents to reduce the cost of effort. This leads to

a third incentive compatibility constraint:

e — Af)?
0,2 > W(IEQL,@, @) _ (eGL,Q 5 ) ’

W2y ,0,9) — (IChg)
If (ICy ) does not hold, a high productivity agent could choose é = ey, 5 — A6
to produce zy, & and receive W (zy, o, @). Notice that constraint (PCp) becomes

redundant when both (IC.4) and (ICyy) are met.
Given these constraints, the principal solves the following program:

1
max [E [/ (0; +e; — W(x;,r;))di
{W,e} 0

s.t. (ICL@)7 (ICHZ)

The solution to this standard principal-agent problem is summarized below.

Proposition 1.1 (No Monitoring Contract). In the absence of a monitor, the

contract that solves the principal’s problem is given by:

(1— AG)?

_ 1+2A0 - 3A°
2 '

W(:L'GH7®7 Q) - 2

€6L7® — ]__AH, €9H7@ — ]_, W($9L7g7 @) —

Under asymmetric information, the principal must raise the wage for high
productivity agents to incentivize effort while reducing the required effort for low
productivity agents. This tradeoff discourages high-type agents from mimicking
low-type behavior, since doing so would require more effort relative to the output
gained. As a result, low productivity agents receive zero surplus (constraint
(ICL») binds), while high productivity agents earn an informational rent due to
the need to deter imitation (constraint (ICy4) also binds). These rents can be

expressed as:

2

Wzey,0,9) — 66%’@ = Ad (1 — 2A0> :
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It is easy to see that the rents that high productive agents obtain are increasing
in the productivity differences with their low productive counterparts, as Af < %
To facilitate comparisons with other monitoring regimes, I define the expected

profits under the no-monitoring scenario as Ilg,,. Using the equilibrium contract:

1 1 1
Tons = / Oidi + / exdi — / W (x;, @)di
0 0 0
1 AG?
=—+440 —_. 1.1
5 + 0L + 9 (1.1)
This represents the minimum profit the principal can obtain in equilibrium

when offering an optimal contract without any monitoring.

1.2.2 Single Monitoring

Assume now that the principal hires a single monitor to observe a subset of agents
of size u. Since there is only one monitor, I omit any subscript on the span of
control. In this setting, the principal must offer two types of contracts: one to
the monitor that ensures her participation, and another to the agents that deters
high-productivity agents from mimicking low-productivity ones, as in previous
sections. Moreover, the reported agents need to have positive utility to avoid

shirking as in the perfect information scenario.

2
(&
W(zo,.0,,01) — % >0, (ICL1)

2
€
W<m9H79H7 HH) - % > 0. (ICHH)

The firm’s expected profits depend on the menu of contracts for the agents, W,
the monitor’s contract S, and the monitoring structure = {u}. For the subset
of agents not monitored, expected profits are the same as under the no-monitoring
regime. For monitored agents, the principal can condition wages on both output

and the monitor’s report:

1
E [H(Q7 W’ S)] :<1 - M)HQM + 5# (QH +0r +p(lu)(60L70L + €ouon — W(xeLﬁL? QL)

_W(xaHﬂH? 9H) - S('r@L,@L? 91/) - S(:CQH,BH7 GH) + (1 —P(M))(GGL,Z + €0y,
W (9,2, D) = W(Zoy.0,9) — S(T0,,0,9) — S(Toy,0,9)))
(1.2)
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Given this setup, the optimal contract for any span of control u solves the
following problem:
E [TI(x, W
hax E{I(p, W, S)]

s.t.
(LLyr), (PCu), (IChHg), (ICLy), (ICLL), (ICHH)

In the absence of collusion, the contracts for agents and the monitor are
independent, and can therefore be optimized separately. Moreover, the monitor’s
contract is not necessarily unique: any contract binding her participation con-
straint and ensures weakly higher payoffs for truthful reporting in both states

will be profit-maximizing.

The following proposition characterizes one such optimal contract under

imperfect monitoring and no collusion:

Proposition 1.2. (Contracts under One Monitor) If there is one monitor covering
a span p, firm profits are maximized with the following contracts:

1

S(xi,ri) =—, Wiz, e,,0L) = Wi(xe,0,,00) = 3 COLoL = Conon = 1,

==

and all other variables are as specified in Proposition 1.1.

Without collusion, all reports are truthful, and the principal only needs to
guarantee that the monitor’s participation constraint is satisfied. Whenever the
principal receives an informative signal about an agent’s productivity, she can
perfectly infer effort from output. In this case, informational asymmetries are
resolved, and the principal implements the first-best contract. In states where
o; = 0; (hence r; = 6;), the agent’s utility can be fully extracted. However,
in uninformative states, the principal must offer the contract used in the no-
monitoring regime, allowing high-productivity agents to extract rents due to

asymmetric information.

Using Proposition 1.2, together with equations (1.1) and (1.2), I can compute
expected profits for any p € [0, 1]:

Op+0, 1 AO* — A -

+op+pl—pp) ——— = V.

E [H(Q, W, S)] :(1 - ,U)HQM T u 9 9 9
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Substituting the expression for Ilg,, yields:

E (111, W. )] = loy, — ¥+ pup() 22027 (1.3)

Equation (1.3) describes the expected profits the principal can attain for
any given span of control u. Importantly, profits depend on u only through
the product up(u), where p(u) is decreasing in pu. The following proposition

establishes the optimal span of control in this case.

Proposition 1.3. The optimal span of control when |M| =1 and there is no

1
=minq—, 1.
W mln{)\, }

This result shows that the optimal span of control depends solely on the

collusion 1is:

elasticity of the monitoring technology. Intuitively, this reflects decreasing returns
to scale in monitoring. When the probability of obtaining a valid signal does not
deteriorate too quickly with span of control (i.e., A < 1), the optimal structure is
for a single monitor to oversee the entire firm. If instead, A > 1, a part of the

workforce would optimally remain unmonitored.

Corollary 1.1. In the absence of collusion, the principal hires a monitor if and
only if:

el AO(1-A0)  Tr .
el A0SR0 > 7 gf A > 1,

poe_A%_M) >V ifa<1.

Both left-hand sides are:
e Increasing in po (baseline monitoring effectiveness),

o Decreasing in A (monitoring elasticity),

o Increasing in A0 for Af < %

The decision to hire a monitor therefore depends not only on the productiv-
ity gap and the monitor’s reservation utility, but also on the efficiency of the
monitoring technology. Specifically, a monitor is more likely to be hired when

(i) baseline detection ability is high (pg is large), and (ii) monitoring efficiency
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declines slowly with span of control (i.e., A is low). Consequently, tasks with low
verifiability—such as creative or knowledge-intensive activities—are less likely to
be monitored under this structure. In contrast, when monitoring is scalable and
robust to increased span, it is optimal for a single monitor to supervise a large

share of the workforce.

1.2.3 Double Monitoring

Assume now that the principal hires two distinct monitors, m; and my. To define
the organizational structure €2, the principal must choose three variables: the
span of control for each monitor, p,,, and p,,,, and the extent of joint supervision,
to. Note that the form of the monitors’ contracts remains unchanged. This is
because the only constraint the principal faces when designing these contracts

is the monitors’ participation constraint. Consequently, for any given span of

control p,,,, offering a constant wage equal to HV

for any output and report

satisfies that constraint. In expectation, each monitor then receives exactly their
reservation utility, independent of their span of control, making monitoring as
inexpensive as possible. It follows that both monitors are optimally assigned the

same span of control, i.e.; L, = fmy-

The next proposition shows that the optimal contracts for both the agents
and the monitors do not change with the addition of a second monitor, provided

collusion is not possible.

Proposition 1.4. The optimal contract under two monitors is the same as in

Proposition 1.2.

The proof, which is omitted, follows the same logic as that of Proposition 1.2.
For notational convenience, I denote the span of control of each monitor by p and
the extent of joint supervision by 7. Since the firm’s size is normalized to one, I
must have p € [0, 1]. The intersection 7 must be non-negative and bounded such
that it exceeds 21 — 1 and does not exceed p. Thus, the feasible organizational

structure must satisfy the following constraints:
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v =0,
p—7=0.

This allows me to express the expected profits under any monitoring structure

Q= {u,7} as:

E(H(Qv W7 S)) - (1 - 2:“ + V)HQM + 2(# - V)HlM(PJa W? S) + ’YHZM(Q7 W, S)v

where 115, and Iy, represent the expected profits of the firm under single and
joint monitoring, respectively. Substituting the contracts from Propositions 1.2
and 1.4 yields:

AO(1 — AB)

5 —2V.  (1.4)

E(II(Q, W, 8)) = Tlou + [2up(1) — vp(1)?]

The profit function when two monitors are employed without collusion consists

of three key components: (i) the baseline profits Il when no monitors are
used; (i) the cost of hiring the two monitors, 2V; and (iii) the informational gain,
captured by the expression [2up(u) —vp(p)?] M. The latter reflects the
reduction in informational rents earned by high-productivity agents. Importantly,

since profits are linearly decreasing in the extent of joint supervision, the following

result holds:

Proposition 1.5. The optimal length of joint supervision is given by:
v = max{0,2u — 1}.

This result implies that, regardless of monitoring efficiency or span of control,
the principal will always minimize the extent of joint supervision when there is
no collusion. The key intuition is that assigning new agents to a monitor expands
coverage, whereas increasing joint supervision only duplicates information on
workers who are already being monitored. Hence, when collusion is absent, the
principal prefers to use monitoring capacity to supervise more agents rather than

to generate redundant signals on the same agent.

The next proposition characterizes the optimal span of control as a function
of A:
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Proposition 1.6.

o If X > 2, the span of control is y = %
o If A\ <1, the optimal span of control is y = 1.
o IfXe (1,2):

- <y
— s decreasing in both A and py.

—IfA>2 (1 + W (—%)), then p = % s a local maximum of the profit
function, though not necessarily a global one.®> For py large enough,

other local maxima exist.

The result highlights a subtle trade-off introduced by overlapping supervision.
When the span of control is widened, each monitor covers more agents, and their
individual detection probability declines. At the same time, however, the number
of monitors observing any given agent may increase, so that detection depends
not only on the effectiveness of each monitor but also on the degree of redundancy

across them.

This creates what can be called an N—versus—P effect: the probability of
detection is shaped both by the number of monitors (V) overseeing a task and by
the effectiveness (P) of each individual monitor. As p expands, P falls because
each monitor supervises more agents, but N may rise whenever spans overlap so
that two monitors jointly oversee the same agent. For some values of p, these
forces offset each other, and the overall probability of detection may rise or fall
depending on which margin dominates. This non-monotonicity is the central

insight of the proposition.

I now compare profits under one and two monitors. The conditions under

which the principal prefers two monitors are given in the following corollaries.

Corollary 1.2. If A > 2, the principal prefers to hire two monitors if and only if:

poe~ b AG(1 — Af)
A 2

Wy denotes the principal branch of the Lambert W function, defined implicitly by
W(z)e"®) =z, with Wo(—1/e) = —1 and Wy(0) = 0.

> V.
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Observe that Corollary 1.2 reproduces the same condition as Corollary 1.1.
This is because, when the optimal span of control is less than one half, and the
principal is willing to hire one monitor to supervise % agents for a wage V, then it
is also optimal to hire a second monitor to cover the remainder of the firm. More
generally, this suggests that if the condition in the corollary holds and A > n,

it is optimal to hire n monitors. However, this does not necessarily extend to

cases where p > %, since the marginal benefit of hiring an additional monitor
declines due to the joint supervision effect. The next corollary characterizes the
hiring decision as a function of the monitors’ reservation utility and monitoring

efficiency when \ < 1.

Corollary 1.3. If A < 1, the principal hires two monitors if and only if:

AY(1 - AD)

>V,
5 >V

poe (1 - poe_A)

This corollary shows that, under both very low and very high monitoring
efficiencies, the incentive to hire two monitors is weak. When detection is poor,
no monitor is valuable enough relative to their cost. Conversely, when detection is
highly effective, a single monitor suffices to obtain truthful and precise information,
rendering the second monitor redundant. The incentive to hire two monitors
peaks at intermediate signal accuracy—particularly when the monitoring precision
is around one half. This reflects a trade-off: one monitor is not sufficiently precise
alone, yet signals are still informative enough to justify their cost. These regions
are illustrated in Figure 1.1, which maps optimal hiring choices as a function
of monitor efficiency and reservation utility. In this case, hiring behavior is
monotonic in the cost of monitors: for fixed pg and A, the number of monitors

hired decreases as V' increases.

Finally, I consider the hiring decision under the intermediate case, A € (1,2).

Corollary 1.4. Assume X\ € (1,2). Define

A po, N) = 2uip(i) — wPp(i)?.

Vinm(po, A) = ]%eflA, Vo (po, A) = (A(/f;'[;po, A) — [i\oel)A-
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Optimal Monitoring by A and V (No Collusion, A < 1)

Two Monitors
>
2
5
S - One Monitor
o
=
©
2
[0}
7]
0]
o

1 No Monitor

Monitoring Elasticity (\)

Figure 1.1: Optimal hiring decision for A <1 as a function of reservation wages of
the monitors V' and the monitoring elasticity A. pg = 0.7. No collusion.

Thus this gives a monotonic ordering for the three hiring conditions.

V < Va(po, ) = two monitors,

Va(po, A) <V < Vi(po, \) = one monitor,

V> Vi(po, M) = no monitor.

Moreover, the cutoffs satisfy ik, L > 0 and “gpt, “3M < 0, so higher

verifiability expands the hiring regions while faster span decay contracts them.

The hiring behavior when A € (1,2) mirrors the logic of the previous case, but
with an additional trade-off. For high monitor reservation wages V, monitoring
is too costly and the principal hires no one. For low values of V, it is optimal to

employ two monitors, while for intermediate values, a single monitor is preferred.

The key difference in this range of A is that when the span p; exceeds 1/2,
some agents fall under the oversight of two monitors (N increases), even as
each monitor’s detection probability declines with span (P decreases). The net

detection term,

A(p) = 2pap(pa) — p2p(pr)?,

captures precisely this tension: redundancy improves coverage but is offset by

weaker individual monitors.
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Optimal Monitoring by A and V (A € (1,2))

Two Monitors
>
2
5
_5 - One Monitor
=
©
2
[0}
7]
0]
o
| 1 No Monitor

Monitoring Elasticity: A

Figure 1.2: Optimal hiring decision for A € (1,2) as a function of reservation wages
of the monitors V' and the monitoring elasticity A. pg = 0.7.

As Figure 1.2 shows, comparative statics follow directly. Better verifiability
(po 1) magnifies the returns to redundancy and raises the range of V' for which
two monitors are worthwhile. By contrast, faster decay (A increases) erodes
effectiveness more steeply as spans widen, compressing the profitability of two-
monitor structures and pushing the principal toward simpler designs. Figure 1.2
illustrates this dynamic: unlike the A < 1 case, the condition for hiring two
monitors is now monotone in A, with higher decay always making multiple

monitors less attractive.

Finally, the last three corollaries help us understand how different combinations
of A and V shape the incentives to implement monitoring. When \ is relatively
small, monitoring remains efficient even as the reservation wage V increases,
making it optimal to hire monitors over a wide range of values for V. However, as A
increases, the effectiveness of monitoring deteriorates, and the range of reservation
wages for which hiring monitors is profitable narrows. In the intermediate case
where A € (1,2), increases in A not only reduce monitoring efficiency but also
shrink the optimal span of control. This further limits the number of informative
signals obtained, making monitoring relatively less attractive and justifiable only
for low values of V. The case A > 2 is even more restrictive. Here, the reduction
in span of control is such that part of the firm may remain entirely unmonitored.

This further diminishes the returns to hiring monitors. Importantly, in this range,
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the conditions for hiring one or two monitors coincide and become monotonically
decreasing in A. As a result, the principal is willing to pay for monitoring only

when V is sufficiently low.

In conclusion, as monitoring elasticity A increases, the set of reservation wages
V that justify the use of monitoring becomes strictly smaller. Higher values of
therefore impose tighter constraints on the firm’s ability to rely on organizational

monitoring as an incentive device.

1.3 Firm Design under Collusion

Assume now that, after each agent learns her productivity and monitors observe
her signal, but before any effort is exerted or report is submitted to the principal,
the agent and the monitor may enter into a side contract. This side contract
specifies a transfer ¢(z;, ;) € R from the agent to the monitor, contingent on the
realized output and the report sent by the monitor. Crucially, this transfer is not
restricted to be positive: a negative transfer corresponds to a payment from the

monitor to the agent—for instance, to incentivize a particular effort choice.

Throughout this section, I adopt a simple assumption: regardless of the
underlying bargaining process, any subset of players that can achieve a strictly

higher joint utility by coordinating their actions will choose to collude.

In this context, the contracts derived in the previous section do not deter
collusion. Consider the case in which a high-productivity agent is observed by a
monitor who receives a perfectly informative signal. Since the monitor’s wage is
invariant to whether she reports or not, she is indifferent between the two actions.
The agent, however, knows that if she is not reported, she will earn information
rents due to asymmetric information. This creates a profitable deviation in which
the agent offers a side payment to induce silence from the monitor. To eliminate
this incentive, it is necessary that the combined payoff of the agent and the
monitor is strictly higher when the report is truthful than when it is withheld.

This requirement is central to designing contracts that are robust to collusion.®

SImportantly, for any contract offered by the principal, there always exists an equilibrium
in which monitors truthfully report their signals—i.e., 7;;(0;;, t(x;,7;)) = 0;;—and agents do
not initiate any side transfers. This non-collusive equilibrium is sustained by the absence of
credible bribing opportunities and the monitor’s indifference to deviating. However, such an
equilibrium may not be unique: other equilibria involving collusion can emerge, depending



Chapter 1. Firm Design when Monitors Can Be Bribed 23

When more than one monitor oversees the same agent—as in joint monitoring
regimes —collusion is not restricted to agent-monitor pairs. Under certain real-
izations of the signal and contract structure, one monitor may have incentives
to transfer resources to another monitor in exchange for suppressing a report.
In this section, I examine such possibilities and study how the threat of collu-
sion—whether vertical (agent-monitor) or horizontal (monitor-monitor)—shapes
both the optimal contract design and the internal organization of monitoring

within the firm.

As in the previous section, I begin by characterizing the optimal contracts and
organizational structure when only one monitor is hired. I then turn to the case of
two monitors. Finally, I analyze the principal’s incentives to hire monitors under
varying parameter configurations, taking into account the constraints imposed by

the possibility of collusion.

1.3.1 Single Monitoring under Collusion

Assume now that the principal hires only one monitor. As discussed earlier,
the contract from Proposition 1.2 fails to be collusion-free due to incentives for

high-productivity agents to collude with the monitor. In particular, if

691.17@

S(xGH,GHa QH) S S(JCGH,z, Q) + W(Q:QH,@a Q) - 9 )

then the monitor and the agent prefer to misreport, violating collusion-freedom.
This situation arises, for example, if the monitor receives the same wage regardless
of whether she reports the high type or not. Thus, the contract must satisfy the

following collusion constraint:

S(Zoy 04 00)+W (o, .00, 0m) —cleo,.0n) > S(Toy .0, D) +W (2,0, 9)—clen, o)
(CCxm)

There is also a second potential collusion channel. Since the monitor’s wage
depends on both the report and the productivity of the agent, she might have

incentives to bribe the agent to reduce effort and mimic a lower type if that

on the strategic incentives embedded in the contract. I define a collusion-free contract as a
contract menu that induces a unique equilibrium in which no collusion arises, either between
agents and monitors or across monitors.
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increases her compensation. To prevent this, the contract must also satisfy:

S(xoy.0,2)+W(z9,.0,9)—cle, o) > ST, 5,0)+W (e, 0,9)—cleg, o —AD).
(CChy)

Note that if the agent’s incentive compatibility constraint (ICp) binds, then
(CCpy) reduces to

S(xHH,Qa @) Z S(xGL,@v @)

I will later verify that this is the case in equilibrium. Hence, the contract that
maximizes the principal’s profits under collusion must satisfy: limited liability
for both agents and monitor, the monitor’s participation constraint, the agents’
incentive compatibility constraints (IC1 for low types and IC3 for separating
types), and the collusion constraint (CCxpy and CCpy). The principal’s problem

becomes:
Lax B [TI(p, W, S)]

S.t.
(LLyr), (PCu), (ICHg), (ICLs), (ICLL), (ICxH), (CCxu), (CChy).

The following proposition characterizes the optimal solution to this program.

Proposition 1.7 (Optimal Contract under One Monitor with Collusion). Suppose
that agents and the monitor may collude through side contracts. Then, the profit-
mazximizing collusion-free contract when one monitor observes a share p of the

agents features:

o Effort: Agents exert first-best effort except for unreported low-productivity

agents. In that case, effort is distorted downward:

1 2V Af
€0.,.,0r, — €Oy — €Oy, = 1, €0, = IMax {1 — Ab

T=p(u) " Dplp) 2

o Agent Wages: The incentive constraints (1Crg) bind for low types and
(ICug) for separating high types. High types reported truthfully may receive

2
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rents:

1 o2
W(ZEQL,@L?QL) = 5, W(ZL’@LQ, @) — M)

2
_ 2
4+ max {W(l’ghg, @) — (€9L,®2A9)7 S(x9H,9H7(9H)} )

DO | —

W(I'QH@, @) -

W(zo,.0u,0m) >

N | —

o Monitor Payments: The monitor is compensated only when she reports

a high-productivity agent:

2V
S(2g,,0,,00) = max {W’ W(xg, z,9) — Wz, .00, 6’H)} -

All other transfers are zero:

S(SB@L,QL,QL) = S([L’gL,g, @) = S(x0H7®, @) =0.

The key insight is that improving monitor accuracy—a higher detection
probability p(u)—makes collusion more tempting, since supervisors now observe
more high-productivity agents in expectation. To deter this, the principal lowers
effort incentives for unreported low types, thereby shrinking the rents available for
collusion. This mechanism limits bribes but comes at the cost of efficiency, since
reducing effort depresses output and may lower total profits. The trade-off is thus

between stronger discipline against collusion and weaker productive incentives.”

To classify equilibria, let V; () and Vi (i) denote the values of the monitor’s
reservation wage at which its participation constraint binds when (i) the collusion

constraint is slack and (ii) the collusion constraint alone is binding, respectively:

- A - Af

Vi) = up(p) - (1= 306) Valu) == () -

(1— A0 2.

2(1—p(p))

These thresholds partition the equilibrium space as follows:

o« If V > Vi(p), the monitor’s participation constraint is binding while collu-

sion is not a threat, so the non-collusion contract remains optimal.

"I restrict attention to cases where p(u) is small enough to ensure ep, & > 0. If instead
€9, ,o < 0, unreported low types are excluded from the firm.
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e If V < Vy(u), only the collusion constraint binds. The monitor is paid

exactly enough to eliminate profitable side-payments:
S($9H,9H7 QH) = W(xQH,QH ®> - W(eryeH’ QH)

o If V € (Va(p), Vi(u)), both constraints bind. The optimal contract then

allocates fixed rents to the monitor and adjusts agent transfers accordingly:

W(@oy.00:01) = 5, S(@oy00:01) = 205, W(oy.29) = 5+S (0,0, 0n)-

This characterization also clarifies how rents are distributed. When V' < V(p),
agents and monitors earn equal rents, coinciding with the agent’s non-collusion
rents. When V € (Va(u), Vi(12)), the monitor’s participation constraint absorbs

all its surplus, leaving collusion rents entirely to the agent.

Importantly, monitor rents depend positively on pg: better verifiability raises
detection probability, which in turn increases the frequency of valuable reports
and hence the scope for bribes. By contrast, when pq is low, detection is rare,
collusion is less attractive, and the principal does not need to transfer as much
surplus to the monitor to prevent corruption. Thus, while stronger monitoring
improves accuracy, it also magnifies the rents at stake in collusion, tightening

incentive constraints and altering who captures surplus in equilibrium.

Optimal Structure under One Monitor and Collusion

Proposition 1.7 allows us to compute the expected profits when only the collusion

constraint (CCpy) binds, for any given span of control:

AG*  p(p)

BN W,8)] =Tloas + =-ng— o

7 (1.5)

and when both the collusion constraint and the monitor’s participation con-

straint bind:
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] 1 A% V2
(W, S) = Iaws + 30 | A6(1 = A9) = (1= ()3 (1 - 2) T APup(?
N V2 N 1% B 3V v (1 _ 1)
AO?up(p) — Abp(p)  2p(p) 2 A

Notice that if V = V5(u) both expressions coincide, which implies that, fixing
1 the profit function is continuous with respect to the reservation utility of the
monitor. The same reasoning applies when V' = V;. This makes the profit function
continuous for V. The next proposition characterizes the optimal monitoring

span under collusion when V < Vj:

Proposition 1.8. Assume that in the optimal program, PC,; is slack. Then, the
optimal span of control p that maximizes profits when one monitor is hired under

collusion is implicitly given by:

_ ~{1—p0€’\“ }
/= min f’l ,

which has the explicit solution using the main branch of the Lambert W function,

W(].'
1 _ —1
M:min{ + Wol=poe ),1}.

A

This proposition highlights that optimal span of control shrinks in the presence
of collusion. The reason is that higher monitoring efficiency—through either larger
A or pp—increases the exposure of the monitor to high-type agents. This, in turn,
raises the incentive and the cost to prevent collusion. The principal internalizes
this cost by reducing the number of agents monitored, even if monitoring is
costless and reporting is frictionless. In short, under collusion, the cost of a

monitor becomes increasing in their span of control.

Corollary 1.5 (Optimal Span of Control under Collusion). The optimal span of
control under collusion is strictly smaller than under non-collusion, except in the
special case where both coincide. In particular, the two are equal—and equal to
one—if and only if:

)\ S 1 + Wo(—poe_l),

where Wy(+) denotes the main branch of the Lambert W function.
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Moreover, the optimal span of control p* is strictly decreasing in both the
elasticity of monitoring A and the baseline detection probability py. In the limit

as po converges to 1, the optimal u* converges to zero.

As in the non-collusion case, a higher monitoring elasticity A reduces the
optimal span of control. However, under collusion, even py—the baseline precision
of monitoring—has a negative effect on p*. A higher py increases the chance
of collusion occurring and hence raises the compensation needed to deter it.
This prompts the principal to reduce p until the firm re-enters the region where

collusion is no longer profitable.

Hiring vs Not Hiring a Monitor under Collusion. Proposition 1.7 also
allows me to compare the profitability of hiring a monitor with the outside option
of not hiring at all. When only (CCgp) is binding and p < 1, the expected
profits can be written as:

AG?

w (—poe_l) .

As in the non-collusion case, profits fall with A and rise with py and A#.
Higher baseline probabilities py raise detection rates and thus improve monitoring
effectiveness, which boosts profits via (i) an adjustment in the optimal span of
control, and (ii) a direct efficiency gain. The role of X is subtler but follows a
similar logic. As Wy (—poe™!) < 0, profits are decreasing in \; when the elasticity

of monitoring decreases, profits increase.

Notice that since W (—pge™!) < 0, the firm always achieves strictly higher
profits by hiring a monitor than not, provided that the monitor’s cost satisfies
V < V,. Assume now that A < 1+ W, (—poe™!). From the Corollary, we know

that © = 1. Hence, the profit function can be written as,

AO?* poe™
E[II(1,W,S)] =11 _
[ ( ) ) )] oM + 4 1—p067)‘
As the second term is positive, also in this case the principal prefers to hire

one monitor than none. As a consequence, the following Corollary.

Corollary 1.6. When V < Vs, the principal always prefers to hire one monitor

than none.
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1.3.2 Double Monitoring

When two monitors are employed and agents face different monitoring regimes,
the principal must design distinct contracts tailored to each situation. Specifically,
agents may fall into one of three regimes: unmonitored, monitored by a single
monitor, or jointly monitored. Accordingly, the principal must offer a separate
contract for each case. The same applies to monitors: each is given a contract for
the region they supervise independently, and a different contract for the region of

joint supervision.

If the monitor’s participation constraint binds, the principal pays the monitor
the minimum required wage. It is more interesting, however, to analyze the
case where the participation constraint is slack. In this case, the principal may
condition the monitor’s wage not only on her own report but also on the report
of the other monitor. In the joint monitoring region, the principal can implement
cross-payment schemes with penalties (5 > 0) and bonuses (6 > 0) to incentivize
honest reporting. I will index contracts by the number of monitors involved in

the supervision.

Hiring two monitors generates two main benefits. First, as in the single-
monitoring case, it increases the likelihood of detecting agents’ productivity.
Second, through cross-monitoring and the associated wage structure, it mitigates
collusive incentives and can therefore lower the honesty premium that must be
paid to supervisors. The gain from dual monitoring thus operates through both
information and incentives. Formally, the firm’s expected profit when hiring two

monitors is:
E[MI(Q,W,S)] = (1 = 2p +7)en + 2(p — Il + Y120,

where II;;; denotes the profits in the region monitored by ¢ monitors. Note that
if v = 0, the monitors do not overlap, and the profit function becomes a linear
transformation of the one-monitor case. Hence, when there is no overlap, each

monitor’s span of control is identical to the single-monitor case.

Conversely, when v = p, both monitors observe the same agents. Then the

profit function simplifies to:

E [T((1, 1), W, S)] = (1 — p)llgar + pllan,
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which mirrors the one-monitor structure but replaces single-monitor profits with

joint-monitor profits.

Before solving the principal’s problem, it is crucial to understand the new
sources of collusion. In regions with single monitoring, collusion constraints
remain unchanged. However, in the jointly monitored region, collusion can occur
in multiple ways: between one monitor and the agent, between the two monitors,

or among all three parties.

To prevent this, I introduce new collusion constraints. The constraint ensuring

that both monitors prefer to report truthfully when they observe the same agent:

25(xo,.00,0u) + W(xoy 05, 00) — clear) > 25(x9,.0,9) + W (2o, .0,9) — c(esq).
(CCha2n)
Next, (CCyyp) ensures that a single monitor who observes a high-type agent

in the joint region prefers to report alone:

S(I@HﬂH, GH) + 6+ S(ZL’QH@, @) — B + W(l’gH’gH, GH) — 0(64,1) > ZS(ZEQHQ, @)
+W(xo, 0, 9) — c(esn).
(CCh1m)

Lastly, (CCys) ensures that the first monitor cannot be bribed into silence

when the other monitor stays silent:

28(1’9}1,91_], QH) > S<I9H79H, (QH) +6+ S(IQH@, @) — ﬁ (CCM)

Additionally, high-type agents not reported in the joint monitoring region face
an incentive constraint ensuring they do not mimic low types. This constraint is
denoted as (ICgz),.

Let the expected utility of each monitor be the weighted sum of their expected
payoffs across the regions: p — v under independent monitoring and v under joint
monitoring. The participation constraint ensures this expected utility exceeds V.

The principal’s program is then:

max_E [II(©2, W, S)]
{S,W,e}

S.t. (LL]V[), (PC]\{), (ICLQ), (ICH@), (ICH@>2,
(CCun), (CCr2m), (CCr1n), (CCar), 820
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The next proposition characterizes the optimal contract under this setting.

Proposition 1.9. Suppose that agents and the monitors may collude through side

contracts. Then, the profit-mazimizing collusion-free contract when Q = (u, pz)
and (PCyy) is slack, features:

o Effort: Agents exert first-best effort except for unreported low-productivity

agents. In that case, effort is distorted downward:

. . A6

e =e =e = e =1—-— .

0r,,01,2 0rr,05,2 0 ,2,2 ) 0r,,2,2 (1 _ p(u>>2

« Agent Wages: The incentive constraints (1Cpg) bind for low types and
(IChg) for separating high types. High types reported truthfully may receive

rents:

1 €
Wz(xeL’9L79L) = 57 W2(CC9L,®,@) fr ag’g,

WZ(£9H7®7 Q) =

1
2 2(1 = p(p))? ’
Wozo, 04, 00) >

o Monitor Payments: The monitor is compensated only when she truthfully

reports a high-productivity agent:

(Walzey, o, D) — Walzo,.0u,0H))

d = 52(I0H,9H7 GH)-

N | —

Sz(er,eH, QH) =

All other transfers are zero:

Sa(xo,.0,,0L) = S2(x0, o,D) = S2(v9,.2,9) = 0.

Because all contracts satisfying the above equality yield the same profit, we
can fix Wa(xg, 0, 0m) = % and let 255 = Wy(zg, .0, D) — % As in the previous
section, this type of contract allows us to compute the most extreme case of the

monitor’s wage and check when the participation constraint binds.
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Given the results in the previous proposition, I can write the expected profits
for general monitoring regime (u,v) when the participation constraint is not

binding as:

Ap(p) 1
2(1 = p(p)) 1—p(p)

This function reveals that expected profits increase with both p and v, provided
the participation constraint is not binding. When it is, profits revert to a different
regime where both participation constraint of the monitor and the set of collusion
constraints are simultaneously binding. The next proposition formalizes the

optimal overlapping monitoring structure in this context.

Notice that, if we set v = 0, the previous expression becomes the profits under
collusion when only one monitor is hired (1.5). As each monitor takes its own

part of the firm, the cross payments are not present in the optimal contract.

Proposition 1.10. The optimal monitoring structure under collusion with two
monitors features a non-trivial overlap in their monitoring responsibilities. Specif-

ically, the optimal level of joint monitoring is given by:

v = min {y, fip },

where [io denotes the critical level of joint monitoring that makes the monitor’s

participation constraint bind, conditional on a given .

This result stands in stark contrast to Proposition 1.5, which establishes that,
in the absence of collusion, the optimal degree of monitoring overlap should be
minimized. In the benchmark non-collusive case, monitors are simply redundant
in the intersection, and overlapping responsibilities only duplicate costs without
generating any additional incentive or informational benefits. Therefore, the

principal finds it optimal to minimize v as much as possible.

Under collusion, however, the logic reverses. Allowing a non-zero overlap
in monitoring coverage provides the principal with a powerful new tool: cross-
monitoring. When two monitors observe the same agent, the principal can design
contracts that depend on both monitors’ reports. This allows her to structure

cross-rewards that are effective at deterring collusion. These cross-incentives lower



Chapter 1. Firm Design when Monitors Can Be Bribed 33

the temptation for either monitor to accept side deals from agents, because the

payoff from deviating depends on the independent action of the other monitor.

Furthermore, introducing overlap can reduce the cost of achieving collusion-
proofness. When monitors work in isolation, they must be individually compen-
sated to resist collusion, which can become prohibitively expensive, especially
when detection probabilities are high. But with overlapping monitoring, deter-
rence is shared: the cost of maintaining truthful behavior is spread across two
agents, reducing the required transfer per monitor. As a result, the joint region
can generate a net savings in enforcement costs while maintaining or increasing
the principal’s expected output due to higher detection likelihood. Therefore, in-
creasing -y can be strictly profit-enhancing up to the point where the participation

constraint becomes binding.

This demonstrates a central insight of the model: collusion risk reshapes the
optimal organizational structure. When collusion is a concern, the optimal design

no longer minimizes redundancy—it leverages it as an anti-collusion device.

Let’s assume now that V is small enough such that only the collusion con-
straints are binding but not the participation constraint of the monitor. In this

case, using Proposition 1.10, the profit function can be rewritten as:

AP (1= (1= p(p)®)

E (I1(p, W, S)) = g + g M (1 —p(p))?

(1.6)

The structure of this profit function is exactly as in the profit function when
one monitor is hired, in equation (1.5) but with the incremental probability of
two monitors. The first term, is the profits from no monitoring. The second
term is a constant times the span of control and the odds of the probability of
detection. Notice that, in this case, (1 — (1 — p(u)?)) is the probability of getting
at least one informative signal with two monitors. The next proposition finds an

implicit expression for the optimal span of control of one monitor.

Proposition 1.11. Assume that, for any v € (0,u), (PCyr) is not binding.
Hence, from Proposition 1.10, pn = ~. In that case, the span of control that

mazximizes profits is unique and given by

) (1 — poe™™) + (1 — poe=*)?
o mln{ , N
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When the monitor participation constraint (PC,,) is slack for any v € (0, p),
Proposition 1.10 implies full overlap v = p. The principal’s objective in this case
collapses to an “enforcement return” in the single span p, and the first-order

condition reduces to the fixed point given by the previous proposition.

The proposition isolates a regime in which the overlap is pinned down by
slack PC,;, so the only remaining choice is how large the span should be. The
fixed-point form makes comparative statics and calibration transparent, and it
provides a numerically stable recipe to compute p* in structural or quantitative

exercises. The next proposition gives those comparative statics.

Proposition 1.12 (Comparative statics of the optimal span). Suppose u* € (0,1)

18 an interior solution to

(1= p(p) + (1 = p()*

o= )

Then p* is continuously differentiable in (po, \) and

g’;; < 0, %’f < 0.

A higher pg (better baseline detection technology) or a higher A (faster decay
of detection with the span) raise the marginal informativeness of existing coverage
relative to the marginal cost of expanding it; the principal optimally shrinks the
span. The closed-form elasticities above are directly usable for (i) local policy
counterfactuals (e.g., how much to adjust u after a tech upgrade that lifts po), (ii)
identification (sign and magnitude restrictions on estimated A, py imply testable
shifts in p*), and (iii) robustness (as A — oo or py — 1, the derivative tends to 0,
so u* tapers smoothly to smaller spans without knife-edge jumps). Together with
Proposition 1.11, this delivers a complete and operational characterization of the

optimal span in the two—monitor setting when overlap is endogenously maximal.

These results together with the results in Appendices A.1 and A.2 allow me
to illustrate numerically the incentives to hire for the principal that are shown in
figure 1.3. The figure maps the optimal monitoring regime over the parameter
space (A, f/). The parameter A summarizes how quickly detection decays with
span of control (higher A means a given supervisor is less effective as her span

widens), while V collects the stakes of a deviation (and thus the attractiveness
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Figure 1.3: Regions for hiring none, one or two monitors in equilibrium. On the
left, when collusion is possible. The lines V; represent the boundaries derived. On the
left, where collusion is not possible by assumption. Parameters: Af = 0.75, pg = 0.75,
A€ 0,2].

of bribery and the required honesty premia). The dashed boundaries show the
no—collusion benchmark; the solid boundaries incorporate collusion. Allowing for
collusion shrinks the region in which a single supervisor is optimal and expands
the region in which assigning two independent supervisors to the same worker
is optimal. In other words, once bribery is feasible, thresholds shift so that the

one—monitor regime is chosen less often, and redundancy becomes optimal across
a wider set of (\, V).

Moving rightward in the figure (larger \), supervision becomes intrinsically
weak. In this range the return to redundancy vanishes and the relevant trade—off
collapses to “no monitor” versus “one monitor”; the two-monitor region disap-
pears. For moderate \ and sufficiently high V', however, the two-monitor regime
dominates: overlap is selected precisely where the wage savings from keeping
each supervisor honest with a partner exceed the extra headcount cost. The
regime boundaries thus encode a simple rule of thumb: collusion risk shifts mass
from one— to two—monitor structures, while poor monitoring technology (high \)

pushes the firm toward wider spans with at most a single supervisor per worker.

Two Monitors

- One Monitor

-| No Monitor
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1.4 Profit losses under naive firm design
Throughout this section, assume V is low enough that only the family of collusion

constraints binds. Expected profit under collusion, for a given u, is

1
1 —p(p)

Ap(p)

E[II(p, W, S)] = 17 + 201 — p(p)]

[u +7- ] . p(p) =poe

As stated previously, at the optimal (full overlap, v = ) this simplifies to

o AP 1 (1 p(w)?
B R o PR

E[I(p, W, 5)]

Moreover, u is chosen by the fixed point

(1= poe™) + (L= ey
2\ '

W= min{l,

We analyze two forms of naiveté. In the first, the principal introduces a
two-monitor structure but fails to adjust contracts—she reuses the single-monitor,
collusion-free contract. In the second, the principal sets the correct (collusion-
free) contract but misuses organizational design, treating overlap as wasteful
and minimizing it. We compare profits under both behaviors to highlight how

contract design and overlap interact.

1.4.1 Profits under naive contracts

When two monitors are hired, expected profit decomposes by coverage:
E[II(Q, W, S)] = (1 — 2+ v)gnr + 2( — ¥)iar + Yo,

where Iy, Iy, and 115y, denote profits in unmonitored, singly monitored, and
doubly monitored regions, respectively. The principal offers the same contract
everywhere—the one that solves the one-monitor problem when only the collusion

constraint binds—so we compute 111, and Ily,, for that contract.
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Singly covered region.

AH?
M — Ty, 4 20 p(p)

1 m, p(p) = poe . (1.7)

Doubly covered region. Detection succeeds with probability 1 — (1 — p(u))?.

Reusing the one-monitor contract yields

AG* p@(u)

4 1—p@(p)’ PP (p) =1 — (1 — poe )% (1.8)

opns = Hgar +

Substituting (1.7)—(1.8) into the decomposition gives

E[I(O. W, 8)] = Ty + 20 oy 20 A% 1= (1 —p()*

2 T—p) " 4 (I =p(u)

Regrouping terms,

A p(p) p(H)
E[II(Q, W, 8)] = oy + — -7 p(p) (M "o - pWﬂ) '

Relative to the benchmark, the coefficient on p is unchanged, while the overlap

term is scaled by @. Thus, using the wrong contract attenuates (but does not
reverse) the value of overlap. Since the objective is strictly increasing in v, the
optimal structure under naive contracts still features full overlap (y = ), and

the profit simplifies to

AG% 11— (1= p(p)*

B W, 8)] = on + —=n—7 — p(p))?

(1.9)

This coincides with the benchmark profit up to a factor of 1/2 on the monitored

part, i.e., naive contracts effectively halve the gains from monitoring.

Proposition 1.13 (Naive-contracts optimum under single monitoring). Under

naive contracts with full overlap, any interior optimizer u* > 0 satisfies

o (=) (2 - poe)

— . 11
0 7 (1.10)
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Proof. With full overlap, write

I W) = e+ o). Rlp) = D2LL i) = ™
(1.11)
Then
d , , 2
Gal R ()] = R(pn) — Al R (p() R = s
Setting the derivative to zero and simplifying yields (1.10). O

For sufficiently small A, the interior solution ceases to exist; for ease of
comparison, we focus on parameter values with an interior solution. Since (1.9)
coincides with the benchmark objective up to a constant factor, the maximizing

 is the same as in the benchmark. Substituting p* into (1.9) gives

. A2
AG2 poe M (2 — poe™ M )
8\ 1 — poe= " ’

E[H(Q7 W, S)] = gy +

where p* is defined implicitly above.

1.4.2 Profits under naive firm design

Now consider a different form of naiveté. The principal correctly implements the
collusion-free contract but misperceives the role of overlap, viewing it as wasteful;
hence she adopts a non-collusive monitoring structure. The resulting expected

profit is

Eﬁ@ﬂ“@%ﬂﬁM+ﬁﬁi%&bkpwl—kmy

Proposition 1.14 (Naive single-monitor design: interior optimum and value).

v = max{0,2u — 1}.

If v =0, expected profits are

B[l(p, W, 8)] = 1oV 4 28 1wl

2 1—p(p)
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An interior optimizer p* > 0 (if it exists) satisfies

M*:1_§Wﬂ. (1.12)

Proof. Let f(u) := M% with p'(n) = —Ap(p). Then

oy p) Ap(p)
R T
Settin 10, %\ __ : * 1 _p(ﬂ*>
g f'(p*) = 0yields p* = — . O
Evaluating at p* gives

B[, W, 5)] = ot 4 202U (1.13)

22X 1—p(pr)’

For sufficiently small A, the interior solution fails and the optimum occurs at the

boundary p* = % Below we focus on parameter values for which the interior

maximum exists.

Assume now y = 2p — 1 (i.e., > %). Then

E[T(p, W, S)] = TI°M + 23u—1—umm}

Proposition 1.15 (Optimal span p*). Any interior mazimizer p* € (%, 1)

satisfies

o (A =p())3—=p(p)) + A1+ p(p")) . e
pr= G+ () o p(t) = poe ™

If the right-hand side lies outside B, 1}, the optimum occurs at the boundary
p e {3,1}.

Proof. Differentiating the objective and simplifying (using p'(u) = —Ap(p)) yields
the stated fixed point; details are as in the text. O
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Substituting p* into the profit function,

AG®  poe M (1 —poe")(3 — poe™™") + A(1 + poe= ")
E[II(p, W, S)] = I17M —1
[, W, 5)] * 2 (1 —poe= )2 A(3 + poe)
(1 — poe™™)(3 — poe™") 4+ A(1 + poe=") W
— Do€ )

A(3 + poe™")
which simplifies to

AG2 poe™ M [)\poe_’\“* + (poe™™ — 3)2}

E[TI(1, W, S)] = I1°M
[ (/’L7 ) )] + 2)\ (1—]906_)‘”*)(34—])06_)‘“*)

Quantifying losses

Benchmark versus naive design. Under the benchmark, the principal jointly
optimizes incentives and organization. She sets full overlap (v = p), maximizing
enforcement depth: the probability at least one monitor detects wrongdoing is

1 — (1 —p(u))?, and profits increase in this term. The objective is

AH?ﬂp(u) 2 — p(p)]
2 0 (T—=pu)* "’

gar +

and at an interior optimum p*,

AG? p(p*)[2 — p(p")]?
A T-plp)

g +

Naive design without overlap (y = 0). If the principal forbids overlap, she
allocates breadth instead of depth:

A0 p(p) 1—p(p)
I o P <l
yielding
AG* p(u")
II _—
M N T p(yr)

This discards the quadratic detection gains from redundancy; enforcement is

broad but shallow, leaving each relationship vulnerable to collusion.

Allowing overlap only through v = 2y — 1 improves outcomes but remains
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inferior to full overlap:

U + A292 i f)(p,u(L))? B — 1 — pp(p)],
with
= (L=l = p(a) + AL+ p())
A3+ p(pr))
E[M] = g + A6 p(r*) (A7) + (") = 3)) |

28 (1 =p(p)B3 +p(pr))

This regime partially recovers the depth effect but cannot generally attain full

overlap at the optimum.

Profits are strictly increasing in overlap: redundancy raises enforcement
credibility, the scarce resource under collusion. The benchmark dominates because
it tailors both incentives and architecture to maximize redundancy. Forbidding
overlap (v = 0) reallocates capacity to breadth, which does not cure bribability and
sacrifices large detection gains. Constraining overlap (v = 2u—1) is better than no
overlap but still falls short of full overlap. The loss is organizational: misallocating
monitors away from depth forfeits the non-linear increase in detection—and the

associated reduction in collusion rents—that full overlap delivers.

Under both forms of naiveté, the principal suffers profit losses that stem from
the same underlying mechanism: a failure to fully exploit the disciplinary power
of monitoring. When contracts are naive, monitors are not properly incentivized,
so even with full overlap the firm captures only half of the potential enforcement
rents. When the organization is naive, monitoring is misallocated across workers,
weakening the depth of supervision and leaving collusion more effective. In both
cases, profits fall because the credibility of enforcement—the key determinant of
firm discipline—is diluted, either through insufficient incentives or through an

inefficient monitoring architecture.

1.5 Conclusion

This paper has analyzed how firms should design monitoring hierarchies when

monitors themselves may collude with subordinates. Standard models treat
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oversight as a neutral enforcement technology; here, the possibility of collusion
makes organizational architecture part of the incentive system. The central result
is that redundancy—often viewed as costly duplication—can be an efficient way
to strengthen enforcement: by overlapping monitors, principals make conceal-
ment harder, reduce the compensation needed to sustain honesty, and in some

environments improve discipline at lower overall cost.

The framework delivers three implications. First, scope for collusion reshapes
spans of control: narrower spans and selective overlap become optimal even
when supervision technologies are otherwise efficient. Second, overlapping su-
pervision creates new contracting instruments, since cross-monitoring contracts
deter bribery at lower cost than isolated oversight. Third, redundancy helps
explain why firms in high-risk environments sustain costly “four-eyes” rules or

dual approvals that appear inefficient in standard models.

These insights connect to broader debates on firm organization. Work on
flattening hierarchies shows that leaner structures can improve efficiency in
production, but without parallel improvements in oversight they may increase
vulnerability to collusion (Guadalupe and Wulf, 2010). Likewise, the model
provides a new perspective on the “missing middle” in developing economies
(Hsieh and Olken, 2014; Macchiavello, 2012; Tybout, 2000): if expanding scale
requires costly, redundant monitoring to sustain honest enforcement, small-sized

firms might find it difficult to expand.

Several avenues for research remain open. One direction is to extend the
model beyond two monitors, allowing the principal to choose both the number of
supervisors and the depth of monitoring layers. This would clarify the classic trade-
off between flat and tall organizations: wide structures economize on oversight
costs but heighten collusion risk, while deeper hierarchies provide redundancy
at the expense of added layers. A second direction is to study sequential rather
than simultaneous monitoring. Sequential oversight may raise detection by
concentrating scrutiny on unresolved cases, but it can also introduce delays
and opportunities for evidence to be concealed, creating a new speed—credibility
trade-off. A third direction is empirical: linking the model to data on auditor
assignment, procurement oversight, or internal controls would help quantify the
costs of collusion and the returns to organizational remedies. More broadly, the

analysis highlights that hierarchies are not only about efficiency or knowledge
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allocation: they are also instruments of enforcement, designed to remain credible

even when the enforcers themselves may be tempted to collude.
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Abstract

We study how engagement-maximizing personalization algorithms shape
exposure and learning on a social media platform. Users observe private
signals, post, and consume ranked feeds; utility reflects sincerity, con-
formity, and accuracy. Users are heterogeneous: rational users choose
engagement; naive users continue scrolling with a payoff-dependent proba-

bility. Truth-telling is an equilibrium—unique for rationals—so platforms
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influence behavior only through feed ranking. In general, more similar users
are prioritized—especially in naive users’ feeds—producing echo-chamber
exposure. At scale, naives’ learning stalls. Alternative algorithms like
reverse-chronological and balanced-insertion restore diversity, though they
may underperform overall. Finally, personalization can cause network

effects to fail for naive users.

Keywords: personalization algorithms, engagement, social learning, net-

work effects.

JEL Codes: D43, D85, L15, L86.
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2.1 Introduction

While entertainment may be the primary reason users open TikTok or Instagram,
social media has become a pivotal source of news and opinion formation. More
than half of U.S. adults now report getting news from social platforms, and the
shares have risen steeply in recent years: between 2020 and 2024, the fraction
of adults regularly accessing news on TikTok grew from 3% to 17%, and on
Instagram from 11% to 20%.% This scale and centrality have sharpened concerns
that engagement-maximizing algorithms amplify polarization, misinformation,
and echo chambers. The public debate, energized since the 2016 U.S. election,
initially focused on the spread of false content and platform incentives (Allcott
and Gentzkow, 2017; Silverman, 2016) and has since broadened with empirical
evidence on the welfare costs of social media use (Allcott et al., 2022; Braghieri
et al., 2022; Bursztyn et al., 2023) and on algorithmic forces that trap users in
ideologically narrow information environments (Levy, 2021). Internal platform
documents further indicate awareness of such harms, especially for vulnerable
groups (Horwitz et al., 2021). At the same time, social media affords sizable
benefits—from access to timely information and social connection to professional
networking—underscoring that policy must navigate genuine trade-offs (Allcott
et al., 2020; Armona, 2023).

The feed (the ordered list of posts a user reads when scrolling) is the critical
design lever. Before roughly 2009, most platforms presented posts in reverse-
chronological order.* Today, the feed is a personalized, ordered list optimized to
maximize engagement because platform revenue is advertising-based.” Empirical
evidence links algorithmic personalization to higher time-on-platform and more
addictive usage (Guess et al., 2023). These observations motivate a positive,
micro-founded analysis of how an engagement-maximizing platform designs the
feed, how users communicate and learn within it, and which regulatory tools

improve outcomes.

We build a tractable model of communication and learning through personal-

3Pew Research Center, Social Media and News Fact Sheet, data available here.

4Facebook began introducing personalized feeds in 2009; Twitter (now X) and Instagram
transitioned in 2015-2016; TikTok launched with a curated feed.

5As an example, see here and Kamath et al. (2014) on RealGraph predictor, the base of
Twitter’s recommendation algorithm.


https://www.pewresearch.org/journalism/fact-sheet/social-media-and-news-fact-sheet/
https://blog.x.com/engineering/en_us/topics/open-source/2023/twitter-recommendation-algorithm
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ized feeds on a social media platform. So the key aspect is not only what the user
reads but also when. Users receive private signals about an unknown state, post
a message, and consume a feed whose order is strategically designed by the plat-
form. Users’ payoffs have two components. The first, within-the-platform utility,
includes (i) direct gratification from reading, (ii) a taste for sincerity (reporting
a message close to one’s private signal), and (iii) disutility from disagreement
(conformity costs).® The second, action utility, rewards taking a decision close
to the true state after reading the feed (e.g., whether to vaccinate when facing
contested information about vaccine efficacy).” Engagement is the number of
posts read. We allow behavioral heterogeneity: rational users choose how far
to scroll, whereas naive users continue according to a smooth, non-decreasing
function of their instantaneous within-the-platform utility, consistent with habit
formation and present bias in digital consumption (Allcott et al., 2022; Hoong,
2021).

Methodologically, we impose improper priors so that each user treats her own
signal as the local anchor. Our first result pins down the channel through which
platforms exercise influence: truth-telling is an equilibrium of the messaging game
under any feed design. Among rational users the equilibrium is unique, and for
naive users it is the only equilibrium robust to any continuous, non-decreasing
continuation rule. Hence, the platform cannot manipulate beliefs by inducing
misreporting; it operates solely through who appears and when in the user’s feed.
This separability delivers closed-form posteriors and sharp comparative statics

for ranking and engagement.

We leverage this benchmark to deliver three main findings. The first one
is that engagement-optimal feeds generate echo chambers and, for naive users,
unravel the classic wisdom-of-the-crowds result (Golub and Jackson, 2010). For
this kind of users, the structure of the algorithm that the platform chooses in
equilibrium (the platform-optimal algorithm) is similars first: it orders others

by expected similarity to the focal (naive) user. The resulting feed is a perfect

6Conformity is a core force in social influence, defined as matching attitudes and behaviors
to group norms (Cialdini and Goldstein, 2004). We model it as a reduced-form preference,
consistent with rational accounts of social conformity and herding (Bernheim, 1994; Chamley,
2004). See also Mosleh et al. (2021) for evidence on shared identity and conformity in online
diffusion.

"For example, Loomba et al. (2021) document that exposure to misinformation reduced
COVID-19 vaccine acceptance in the U.S. and U.K. by about six percentage points.
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echo chamber (Pariser, 2011). Because the implemented length is finite under
any admissible continuation rule, feed positions concentrate on close copies of the
focal user as the platform’s selection set grows; thus, the posterior variance fails
to fall, and learning vanishes as platform size grows large. Echo chambers thus
arise from engagement incentives even when messages are truthful. For rational
users, we show in a simplified two-type environment that the platform optimally
front-loads same-type content to reduce early disagreement and implements a
longer path that introduces cross-cutting signals later; among feeds that maximize
implemented engagement, there is a front-loaded representative. Echo chambers
are therefore not just a byproduct of naiveté—though they are more severe for

naive users.

The second main contribution consists of studying policy-relevant alternatives
to personalization: the reverse-chronological algorithm and a minimal corrective,
the breaking-echo-chambers algorithm. The reverse-chronological algorithm—the
non-profiling benchmark, reintroduced by the Digital Services Act, (DSA)—
restores exposure diversity by randomizing order. For a fixed length, it converges
to a wisdom-of-the-crowds variance benchmark, but it reduces within-the-platform
utility when early disagreement is most costly and therefore shortens naive engage-
ment. We derive the naive welfare comparison relative to the platform-optimal al-
gorithm and the rational user’s stopping condition under the reverse-chronological
algorithm. We then analyze a minimal tweak that inserts a maximally oppo-
site account at the top of the platform-optimal algorithm for naives’ feed and
leaves the rest intact, the breaking-echo-chambers algorithm. The insertion raises
early disagreement (and can shorten engagement) but lowers posterior variance
sharply; in large platforms, this modification beats the platform-optimal algorithm

whenever users place sufficiently high weight on learning.

The third main contribution is to show that personalization reshapes net-
work effects and hence the scope for competition. Personalization allows finer
matching as a platform grows. For rational users, implemented feeds increas-
ingly front-load similarity of low conformity cost while still delivering enough
later diversity, so expected utility rises with platform size. For naive users,
the same force can reduce welfare: larger selection sets let the platform fill
the top of the feed with close copies, eroding the informational value of ad-

ditional posts; network effects need not arise. These forces bear directly on
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policy. Non-profiling defaults (reverse-chronological) temper echo chambers but
rarely dominate engagement-optimal designs in overall welfare. A complementary
market-design lever is horizontal interoperability: by sharing network effects across
platforms, rivalry would shift toward the non-interoperable dimension—the rank-
ing algorithm itself—disciplining engagement-only designs and moving equilibrium

feeds toward the utilitarian benchmark.

2.1.1 Related literature

Our paper connects the economics of recommendation and curation (e.g., Aridor
et al., 2024) with social learning under correlated signals (Golub and Jackson,
2010) and conformity motives (Bernheim, 1994; Cialdini and Goldstein, 2004),
but shifts the focus to the timing of exposure in personalized feeds. We also relate
to theory on information sharing and learning in networks and misspecification
(Bohren and Hauser, 2021; Galeotti et al., 2013; Levy and Razin, 2012; Mossel
et al., 2015). Unlike models in which platforms amplify misinformation to
stimulate sharing, our users truthfully communicate and value accuracy; echo
chambers arise nonetheless because engagement incentives lead the platform to
sequence like-minded content early, raising continuation among naive users and,
in a two-type rational benchmark, lowering early disagreement at the cost of early
diversity. This temporal mechanism complements media-economics accounts of
distortion through content selection or slant (Abreu and Jeon, 2019; Ellman and
Germano, 2009; Gentzkow and Shapiro, 2010a; Kranton and McAdams, 2022;
Reuter and Zitzewitz, 2006): here the distortion is primarily in when rather than
what users see. Closest to us, Acemoglu et al. (2024) study sequential sharing with
reputational concerns and show that platforms benefit from homophily because it
lowers scrutiny of misinformation; by contrast, we analyze simultaneous truthful
posting, model learning explicitly via posterior precision, and derive echo chambers
without misinformation or reputational motives. We are also related to models
where profit-motivated platforms harm user welfare by complementing time spent
or manipulating information flow (e.g., Beknazar-Yuzbashev et al., 2024; Mueller-
Frank et al., 2022), to coordination and misinformation dynamics (Chang and
Vong, 2025), and to rumor propagation and debunking in networks (Merlino

et al., 2023); we model continuation through a bounded-hazard, addiction-driven
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process and separate within-the-platform utility from action utility to quantify

learning losses.

Our predictions match empirical work showing reverse-chronological algorithms
reduces usage while broadening exposure and weakening ideological clustering
(Guess et al., 2023), consistent with evidence on personalized feeds and engagement
(Gauthier et al., 2025; Kitchens et al., 2020) and with debates on “filter bubbles”
(Holtz et al.; 2020; Levy, 2021; Pariser, 2011; Sunstein, 2017). Finally, our policy
counterfactuals relate to proposals that curb echo chambers through algorithmic
changes instead of content moderation (as studied in Jackson et al. (2022) or
Guriev et al. (2023)) and to market-level discussions of interoperability and
contestability under the EU’s Digital Markets Act (DMA) and DSA (Bourreau
and Kraemer, 2023; Bourreau et al., 2023; Kades and Scott Morton, 2020).

The remainder of the paper proceeds as follows. Section 2.2 introduces the
environment. Section 2.3 establishes truth-telling and characterizes platform-
optimal personalization, showing when it generates echo-chamber exposure for
naive and rational users. Section 2.4 quantifies the effects of personalization
on learning and Section 2.5 evaluates two policy-relevant counterfactuals. Sec-
tion 2.6 analyzes network effects and discusses the policy implications. Section 2.7

concludes.

2.2 A model of communication and learning

through personalized feeds

We study a platform that curates personalized feeds and users who communicate

and learn from them. Here we lay out the model assumptions.

Players. There is a social media platform p and a set, U, of n users indexed ¢
that visit it. We assume a complete network. Expectations with respect to the

platform’s information are denoted E,[.]; user i’s expectations are E;[.].
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Information structure. There is a state of the world, €, for which we assume

improper priors.® Each user i observes a private signal
0; =0+ ¢, e=(e1,...,&,) ~N(0,%),

where ¥ = (0;;) is symmetric positive definite and common knowledge. Under
improper priors, 8|0; ~ N (6;,0:), and 6;]0; ~ N(0;, 04 + 0j; — 204;) for all j # i

according to Lemma B.1.

User choices. Each user i (i) posts a scalar message m; € R, (ii) observes an
endogenously determined number of feed posts e; € {1,...,n}, and (iii) after

reading such posts chooses an action a; € R.

Platform choices. The platform designs an algorithm consisting of an as-
signment that, given a pair of users ¢, j, tells which position user j’s message
occupies in user i’'s feed. Hence, an algorithm F = (F;)icy is a collection of
bijections .%; € Bij ({1, . ,n},L{). We interpret .%;(r) as the r-th position in i’s

feed. Given engagement e;, the realized feed is
%ei == {ﬁz(l), e ,L%(el)}

As user ¢ knows her own signal, we will denote .%;(1) = ¢ for all user i.

Users preferences. Users derive utility from two streams: within-the-platform
utility and action utility. Within-the-platform (instant) utility has three compo-
nents: (i) a positive linear payoff coming from reading messages; (ii) sincerity:
users dislike deviating from their own signals,” and (iii) conformity: disagreeing

with others’ opinions is taxing. Formally,

Sincerity Conformity
2 2
Ui(ei,mum—i,c%a@i) = ae; — 3 (92‘ - mi) —(1 - 5) Z (mi - mj) ) (2-1)
jeF

where o > 0 and § € (0, 1). Total realized utility is the weighted sum of within-
the-platform utility and action utility, which we define as the squared difference

of the action a; to the state of the world:

8Equivalently, one can take a normal (proper) prior with variance 72 and let 72 — oo.
9Due to improper priors, E [(mZ - 9)2|0i] = (m; — 0;)* + 044, so penalizing deviations from
or from 6; is equivalent up to an additive constant.



Chapter 2. Feed for Good? On the Effects of Personalization Algorithms in Social
Media Platforms 52

Action utility
—_——

Ui(eiamhmfiaai?yiaei:e) = )\ui(eiamhmfi)g[iaei) - (1 - )\> (ai - 9)2 . (22)

User heterogeneity. Users differ in how they choose e;.

« A fraction of users are rational, and choose (m;, e;,a;) to maximize E;[U;].

o The remaining fraction of users are naive, and follow a myopic, addiction-
driven sequential stopping rule: after reading k messages, a naive user
i reads the next message with probability g(u;(k, m;, m_;, %#;,0;)), where
g : R — [0,1] is some C' and non-decreasing function such that 0 < g <

g(z) < g < 1for some g,g and all z € R, and exits otherwise.

Platform’s revenues and information. The platform monetizes engage-
ment.'® Given an increasing and positive function 7(.), the platform chooses .7

to maximize expected revenue

B, [Sox(en)]

i=1

For simplicity, we assume 7 to be linear with slope 1, so effectively the platform
maximizes E, [>°I; e;]. The platform observes user types (perfect personalization),

knows ¢(.) and 3, but not 6 nor {6,};.

Timing. The game of communication and learning through personalized feeds

described above consists of the following sequence of events:

1. The platform publicly commits to an algorithm .%#.
2. Signals are realized; each user observes 6;.

3. Each user ¢ posts a message m; € R.

0We assume a monopolist platform with all users aboard: arguably, most social media
platforms in today’s landscape are monopolists of their fields. For example, the Bundeskartellamt
(the German competition protection authority) states in its case against Facebook (B6-22/16,
“Facebook”, p. 6): “The facts that competitors are exiting the market and there is a downward
trend in the user-based market shares of remaining competitors indicate a market tipping
process that will result in Facebook becoming a monopolist." (Franck and Peitz, 2023). See
Garcia and Li (2024) for a discussion of monopoly platform strategy after market expansion.
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4. Rational users choose e;; naive users draw e; from the sequential process

above. Given .Z/", all users choose a;.

5. The state of the world is revealed and payofts are realized.

Equilibrium. The equilibrium concept is a version of Bayesian-Nash Equilib-
rium (BNE) that accounts for the behavior of naive users. A profile of strategies

for users and the platform is an equilibrium if:

« For each naive user ¢, (m;, a;) maximizes E;[U;] given the mechanical process

for e; and correct beliefs about others.

o For each rational user j, (m;, e;, a;) maximizes E;[U;] given correct beliefs

about others.

« The platform’s algorithm .# maximizes E,[3_; 7(e;)] given users’ induced

strategies and the naive users’ engagement process.

2.2.1 Interpretation of the model

We conclude this section by discussing the model’s assumptions.

Improper priors. Users’ prior distribution is uniform along R. This is a
tractable way to capture that users treat their own signal as locally “central”.!
Formally, E[0|0;] = 0;, so a user cannot diagnose whether her realization is extreme
(Greene, 2004; Ross et al., 1977). We adopt this assumption for tractability.
Under normal priors, we can only determine the users’ optimal linear messaging
strategies for naive users, but we cannot derive an explicit expression for the

platform-optimal algorithm.

User heterogeneity and engagement. The empirical evidence (Allcott et al.,
2022; Hoong, 2021) shows that a non-trivial share of users display self-control
failures (present-biased, time inconsistent “keep-scrolling”) on social media, devi-
ating from the standard forward-looking benchmark. The engagement process we
specify for naive users is consistent with these findings: continuation is addiction-

driven and myopic; it increases with the instantaneous utility the user derives

HFor a general discussion of improper priors, see Hartigan (1983).
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from the last post read, resembling the effect of a dopamine kick. The fact that
naives’ engagement depends only on instantaneous utility formalizes an extreme
present bias: while scrolling, the user heavily discounts the longer-run benefits of
improved beliefs and action quality, placing near-zero weight on learning relative
to immediate reward (Guriev et al., 2023). The boundedness 0 < g < g(-) < g <1
matches the empirical fact that even very engaging (or very poor) content does

not lead to infinite (or zero) scrolling time.

Platform conditioning on similarities and not on messages. This aligns
with practice: X’s RealGraph predicts future interactions from historical affinities,
TikTok reports that user interactions are the strongest For You signals, and
Meta’s Feed predicts per-story engagement using prior interaction features under
tight latency. Fresh posts, by contrast, face a cold-start problem, making real-time

utility estimation noisy.

Perfect personalization. Platforms observe extremely rich traces of user
behavior and can rapidly learn engagement propensities; we assume for this paper

that personalization is perfect and the platform knows which type the user is.

Platform’s profits as a function of total engagement. Ads monetize
exposure; more engagement yields more impressions. Modeling revenue as Y, 7(e;)
captures this directly. Allowing 7 to vary by type (e.g., naive users monetizing

differently) leaves the analysis intact and only rescales the platform’s objective.

2.3 Truth-telling and the existence of echo cham-

bers

This section establishes our first main result. For any algorithm .%# chosen by
the platform, reporting the private signal-—truth-telling—is an equilibrium. For
rational users, this equilibrium is unique. For naives, in turn, it is the only
equilibrium that arises for any specification of the engagement function g. We
select truth-telling as the equilibrium of interest and stick to it from now on.
As a consequence, once the platform commits to .%#, every user i—naive or
rational—behaves identically in equilibrium with respect to messaging: m; = ;.

The platform can therefore influence behavior only through the composition and
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order of each user’s feed, not through others’ messages.

Proposition 2.1 (Truth-telling). For any algorithm Z, the profile m} = 0; for
all v € U is a BNFE of the messaging game. Moreover, if the population only

contains rational users, truth-telling is the unique equilibrium.

Proof. See Appendix B.1. O

Since users have improper priors, they lack an external anchor for their beliefs.
Conditional on their own signal, they expect every other user’s signal to coincide
with theirs, E[¢;|6;, #] = 6;. This implies that, from user i’s perspective, the
platform’s algorithm cannot shift first-order beliefs: when others report their
signals truthfully, the expected content aligns with ;. In equilibrium, therefore,

the best reply to everyone else reporting truthfully is to report truthfully as well.

Lemma B.2 shows that, while some specifications of the continuation rule ¢
can sustain non-truthful equilibria, these hinge on particular functional forms.
By contrast, truthful reporting is the only equilibrium that obtains for any ¢
satisfying our assumptions (continuous and non-decreasing). In this sense, it is
robust to how engagement responds to within-the-platform utility. We therefore

restrict attention to truthful reporting throughout the analysis.

For rational users, the equilibrium is unique. The first-order condition defining
optimal messages generates a contraction mapping: each user’s best response
is a convex combination of her own signal and the expected reports of others.
Iterating these best-response equations converges to a single fixed point, which
coincides with m; = 6, for all 7. Any deviation would require shifting expectations

that are, by construction, pinned down by the (rational) user’s own signal.

As messages are truthful in equilibrium, the platform affects user i’s payoffs
only through the ordering of posts shown to i, i.e., through her feed .%;. Under

perfect personalization, this implies a separability property.

Corollary 2.1 (Separability property of the revenue function). For the platform,
mazximizing aggregate expected engagement Y.i Ep[e;] is equivalent to maximizing

E,le;] for each user i separately.

The platform can thus design, for each user type, an algorithm that maximizes
that user’s expected engagement. We denote by &2 the platform-optimal algorithm

for naive users and by P the platform-optimal algorithm for rational users.
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Although the feed does not affect messages, it affects actions. Let 3 ;e denote
the restriction of 3 to the accounts shown to 7 and 8 ;< the corresponding vector

of signals.

Proposition 2.2 (Optimal action). For any algorithm F , naive user i’s optimal

action after reading e; messages is

137,60,
al = 15;3; = E[e\e@} ,

where 1 denotes the conformable column vector of ones.

Proof. The action a} minimizes E[(a; —0)?|0 z<i]. The first-order condition yields

the stated conditional expectation; see Lemma B.3. O]

2.3.1 The platform-optimal algorithm for naive users

Fix a naive user ¢. By Proposition 2.1, all messages equal their senders’ signals.

After r—1 messages, user i’s within-the-platform utility is

Eplui(r—1,0;,0_;, %,6;)] = E, |a(r—1) — (1= 8) > (6; —0;)

- gr—1
JEF]

The expected probability that user i continues to the (r+1)-th message is given by
E,[g(u;(r, 6;,0_;,.F,6;))]. Since g is increasing and the conformity term depends
only on the identity of the next user in the feed, the platform chooses, for the
r-th position and among the not-yet-shown accounts,'? the user j that minimizes

the expected conformity loss. Iterating this choice yields the platform-optimal

12We use “user” and “account” interchangeably to denote the entities that post messages
appearing in a feed.
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algorithm &2 for naive user i:

P ¢ arg max {—]Ep[(ei - ejﬂ } )

P} =P} Uarg jergé\l;{zg {_EP{(@ B ej)ﬂ } ’

Py =27 Uarg max_ {-E,[(6; - 0,)]}. (2.3)
jeuNi!
Proposition 2.3 (Naive users get echo chambers). In equilibrium, the platform

chooses & as in Equation (2.3).
Proof. See Appendix B.1. m

Thus, for each naive user 7, the feed ranks others in reverse order of expected
conformity loss with ¢. This is a perfect echo chamber in the sense of Pariser
(2011). This is a direct consequence of the platform’s goal being to minimize the

loss on conformity.*?

2.3.2 The platform-optimal algorithm for rational users

To show that echo chambers are not merely an artifact of the engagement process,
we also consider a simplified population of rational users with two types (e.g.,
democrats and republicans) whose engagement is strategically chosen; even in this

case, the platform may prefer to place same-type users first in a user’s feed.

In equilibrium, a rational user chooses an engagement level e that maximizes

her expected utility given the algorithm .7,

6;!( € arg mg)f E {Ui<ei7 eia 972‘7 ﬁ)

€i

ei,gz} .

Formally, the platform’s problem is to select a feed that implements the highest
possible engagement. Let e}(.7;) € arg max,en E[U;(m; ;)] be rational user j’s

best-response engagement under feed .#;, and define the set of implementable

I3Note that a naive user could, in principle, alter her message to influence engagement
and thereby affect how much she learns. However, truthful reporting remains robust to such
behavior: any deviation would distort the user’s perceived similarity with others without
improving expected utility.
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engagement levels
K; = {k € N: 3., such that €}(F;) = k‘}

Proposition 2.4 (Platform-optimal algorithm for rationals). For each rational

user j, the platform chooses a feed TP;?* that implements
k* € argmax k,
kEK]'
i.e., the largest engagement level that can be induced by some algorithm.

Proof. Fix any k € K; and one implementing feed ﬁf . Since the platform’s
expected payoff E, [ (k)] is strictly increasing in k, it selects an algorithm attaining
the largest element of K. By best response, E[U;(k*; P¥")] > E[U;(k; Z))] for
all k € N. O

Characterizing the platform-optimal algorithm for rational users, P, in full
generality is analytically infeasible, as it would require closed-form posterior
variances under arbitrary correlation matrices. To isolate the core mechanism,
we consider a two-block environment with two user types—Democrats (D) and

Republicans (R)—that captures the same trade-off.

Assume an equicorrelation structure across all users. Consider o; = 0. For
two users k and k' that are the same type, their correlation is given by: pgp =
x € (0,1), and pgp = —x if k and k' are of opposite types. Finally, assume that
« is small enough that expected marginal conformity costs dominate the direct

payoff from consuming additional, even ideologically aligned, content. *

A (finite) feed is an ordered list of accounts .# = (jy,...,jn). Its prefix of
length k is denoted .#* = (ji,...,jx), where k < n. Let d(Z,k) and r(Z, k)
be, respectively, the counts of same-type (D) and opposite-type (R) accounts
among the first k¥ messages in the feed, so that d(.%, k) + r(%, k) = k. The first
position always corresponds to the focal user herself, hence d(.%#,1) = 1. The
user’s expected utility after reading k messages depends only on the composition

of the feed—through the counts d and r—and not on the specific ordering of the

14This assumption simplifies exposition and does not affect the comparative statics discussed
below.
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accounts.

U(F, k) = U(d,r) = A a(dtr)—(1-5)20° (d(1—x)+r(1+x))} — (1)) Var[8|d, r].
(2.4)
The posterior variance under the two-block structure is order-irrelevant and

has the closed form

,A—2)(1+a(d+r-1))
(1 —2z)(d+r)+4xdr

Var[f|d,r] = o (2.5)

The platform evaluates an algorithm .# by the engagement it implements, de-
noted by e*(.#) = argmaxy U(.Z, k) (largest maximizer). Among all algorithms,
the platform chooses P € arg max# e*(.%), and for reference, the user-optimal
algorithm is denoted by #Y € argmax s U(.Z,e*(.F)). Focus on a representative
democrat user j. Given a pair (d,r), we can compare the utility induced by
adding a democrat to the pool (abusing notation, U(d + 1,r)) to the utility
induced by adding a republican (U(d,r + 1)):

U(d+1,7) = U(d,r+1) = 2X(1 = B)z — (1= A) (Var[0]d, 7 + 1] - Var[0]d + 1,7]).
Moreover,

Var[f|d, r+1] — Var[f|d+1,r| =
40%2(1 - 2)(d —r)(1+ 2(d+ 7))
(4xdr—dx+d—|—3rm+r—m+1)(4xdr—|—3dm—|—d—rm—|—r—x+1)'
(2.6)

In particular, the learning gain from the marginal opposite-type signal is
(weakly) larger when the user currently observes more same-type signals: if d > r
then Var[0|(d,r +1)] — Var[@|(d+ 1,r)] > 0, while it is zero at d = r and negative
ifd<r.

The user-optimal algorithm, denoted by .#Y, satisfies two key properties.
First, it is order independent: given .ZY | the engagement level e} (. Y) maximizes
the user’s expected utility not only relative to other possible algorithms, but also

relative to any reordering of the same feed. In other words, under any ordering
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of the feed (e@f;)U, the user optimally chooses the same level of engagement.
This is the main difference with the platform optimal algorithm, which front-
loads same-type users to make the initial messages less costly and the final ones
more informative. Second, .#Y contains a higher proportion of same-type than
opposite-type accounts. Because the optimal learning profile combines exposure
to both types, with the proportion of democrat and republican messages satisfying
r € {d—1,d,d+ 1}, the algorithm that maximizes learning balances confirmation
and diversity. In the limiting case where the user cares only about learning
(A =0), this balanced composition is precisely the user—optimal algorithm. As
there is an extra cost associated with an opposing view signal, this tilts the
balance towards more democrats than republicans in the feed. All the following

results are stated for a democrat user; the republican version is similar.

Proposition 2.5 (Echo chambers arise even for rational users). Given an al-
gorithm F and a level of engagement e*(.F), let us assume that the number of
republicans in a democrat user feed is larger than the number of democrats, i.e.,
r(F,e*(F)) > d(F,e*(F)). Then, the platform can weakly increase engagement
by choosing an algorithm F' showing more democrats than republicans in the

democrat feed.

Proof. See Appendix B.1. O

For large A (low value of learning), the user stops early, consuming only
same-type messages. When A is small, the informational gain from reaching
later, opposite-type content outweighs the discomfort cost, leading to a strictly
positive interior optimum e > 1. In equilibrium, the platform exploits this
forward-looking behavior by clustering similar messages at the top of the feed
to keep the user engaged until she reaches the more informative, cross-cutting

content that maximizes her overall expected utility.

Even with rational users, personalization delivers less exposure diversity than a
random draw from their neighborhood. The platform-optimal design for rationals
front-loads same-type exposure. Echo chambers are therefore not confined to

naive users.

Proposition 2.6 (Front-loading for rationals). Fiz user j and let F* be the set of
feeds that maximize 5. Then there exists F; € F; and some k € {1,...,¢e}} such

that the first k positions of &#* are democrats and the next e} — k are republicans.
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Proof. See Appendix B.1. m

The platform exploits the user’s willingness to learn by front-loading low-
conformity-cost content to keep the user engaged until the more informative
opposite-type signals arrive. Because the learning benefit of an opposite-type sig-
nal is increasing in the stock of same-type signals (Equation (2.6)), a front-loaded
feed can implement strictly higher engagement than a balanced or alternating one.
When learning matters more (small \), the platform can tilt the implemented
prefix further toward same-type content. Conversely, if the willingness to learn is
low (large A), providing larger marginal learning in farther positions of the feed

is not atractive to the user, so engagement level is low.

2.4 The effects of personalization on learning

In this section, we evaluate how the platform-optimal algorithm affects learning
for both naive and rational users, i.e., how information acquired on the platform

improves decision quality, and how this effect varies with platform size.

First of all, let us assume homogeneous signal variances for tractability:
0, = 05, =: o2 for all i,j € U. Now, we define learning as the reduction in
the expected squared error of the optimal action after reading messages. When
user ¢ chooses her optimal action after e; messages, the expected loss equals the

posterior variance:
E[(a; - 6)210,5+:] = E[(E[ewgfi] - 0)2|0g;i] — Var[0]6 -]

By Lemma B.3, this posterior variance admits the closed form

1

[DENT

Var[0]6 5| =
which allows us to compute learning for any algorithm and any (U, X%). In
particular, Var[0|0 ;<] < o2, so reading a feed weakly improves decision quality.

Under the platform-optimal algorithm for naives, the feed is ordered by
similarity to minimize conformity losses. This ordering (weakly) raises engagement

relative to the user—optimal ordering by front-loading like-minded content. Two
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forces determine learning. First, a higher engagement level k delivers more
signals, which—holding composition and correlations fixed—reduces the posterior
variance. Second, the way the platform raises k is by increasing similarity within
the prefix, which lowers signal diversity and might dampen information. The
net effect on learning for naives is therefore a priori ambiguous. These forces
depend critically on the platform’s selection set. With a small pool of available
accounts (and a given X)), the platform’s ability to shape both engagement and
the composition of any prefix is limited. As the platform becomes large, the feed
can be engineered more flexibly at each depth, and the dependence of learning
on the specific covariance structure weakens. In the next subsection we formalize
this “large platform” regime, but, before, let us analyze learning for rational users

when platform size is fixed.

For rational users, platform and user objectives need not be aligned in terms of
learning. By designing a sequence that induces a larger best-response engagement
k—for instance, front-loading lower-cost same-type content so that the user keeps
scrolling until opposite-type signals arrive—the platform can push the user beyond

ZY. When learning is sufficiently valuable (small \)

her stopping rule under
and conformity weights are moderate, the additional exposure to opposite signals
strictly reduces the posterior variance, potentially yielding higher learning than
under .#Y. Intuitively, the marginal informational value of an opposite signal
is largest when such signals are scarce in the user’s history; by increasing k, the

platform ensures enough disagreement to improve learning overall.

2.4.1 The effects on learning in large platforms

Motivated by the recent growth of social media usage,'® we study learning as
platform size grows. We show that, for naive users, learning vanishes in the
limit. The mechanism is the echo chamber: as the selection set expands, the
platform fills the user’s finite implemented prefix with close copies of the focal user,
so additional messages convey little extra information about 6. This contrasts
sharply with classical wisdom-of-the-crowd results, highlighting the platform’s

strategic role in information design.

15See, for example, the number of social media users from 2011 to 2028 (forecasted): https://
www.statista.com/statistics/278414/number-of-worldwide-social-network-users/.
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We define the expansion protocol as follows. Starting from a given user
base U, we add entrants whose covariances with incumbents are drawn 4.7.d.from
a continuous, symmetric, mean—zero distribution with support on [—¢?, 0] and
asymptotically weak in aggregate. We assume a generating process such that
the resulting covariance matrix ¥, is symmetric and positive definite, ensuring a

well-defined correlation structure across users.'%

Learning for naive users in large platforms

As platform size increases, the platform-optimal algorithm & selects the most
similar neighbors to maximize naive engagement. The expected engagement is
nevertheless finite: because g(-) € (0, 1), continuation is never guaranteed and the
probability of an infinite reading path is zero. The following lemma formalizes

bounded expected engagement.

Lemma 2.1 (Bounded expected engagement). There exist well-defined ky;, k, €
N such that E,le;] < kyi and Eile;] < ky. In particular, there exists k, with
Eple:)] <k, forallielU.

Proof. See Appendix B.1. n

Bounded implemented length implies that, as the platform grows, the naive
user’s observed prefix under .# contains ever more highly correlated accounts.
Consequently, diversity collapses within the prefix and learning disappears asymp-

totically.

Proposition 2.7 (No learning under &2). Under the platform-optimal algorithm

P, user i’s learning becomes negligible as n — oo:

plim Var [9|9@:¢} = o°.

n—oo

Proof. See Appendix B.1. O

This result is in stark contrast with classic environments where the wisdom

of the crowd enhances learning as the population grows. Here, the platform’s

16Tn particular, a factor-structure data-generating process would suffice to guarantee positive
semi-definiteness. The specific construction is standard and omitted for brevity.
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strategic feed design undermines diversity, creating the echo chambers and filter
bubbles emphasized by Pariser (2011). The policy relevance is immediate. For
instance, the DSA’s requirement that platforms offer a non-profiling ranking has
led to the reinstatement of reverse-chronological feeds. Section 2.5 analyzes such

alternatives relative to personalization.

Learning for rational users in large platforms

In contrast to naives, rational users need not experience vanishing learning as
the platform expands. Consider the expansion protocol above. For each entrant
¢, if the correlation pj, is sufficiently high so that the within-the-platform benefit
(scaled by «) outweighs conformity costs, including ¢ at the front of the feed
weakly increases user j’s expected utility while strictly reducing her posterior
variance. Because the platform maximizes engagement, it will front-load all
such nonnegative-marginal entrants; the rational user then reads them along the
equilibrium path. Hence, as the set of utility-improving entrants grows with
platform size, the rational user’s posterior variance weakly decreases. In this
sense, as platform size increases, rational users benefit from an internal wisdom-of-
the-crowd effect: they aggregate more information from correlated peers without

incurring conformity costs.

2.5 The reverse-chronological algorithm and other

alternatives

This section evaluates algorithms that can replace or modify the engagement-
maximizing ones studied above. We consider two families that are especially
salient in current debates. The first is the reverse-chronological algorithm, the
canonical “non-profiling” option contemplated by the DSA. The second is a
class of minimal corrective modifications to the platform-optimal algorithms
that reintroduce diversity in exposure while preserving most of their engagement

properties.

To build intuition for the subsequent results, we analyze in more detail how

Var |:0|03;_ei:| depends on the covariance structure 3. Recall that with homogeneous
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signal variances (o;; = o0;; for all 4, j), the posterior variance after reading a prefix

0"61

Z;" admits the closed form

1

[DENT

Var {9|97} =
(see Equation (2.7)). Let X = 7! be the precision matrix. The partial correlation
between ¢; and 6; conditional on all other signals equals _\/TT” Hence, the
informational value of adding user j to ¢’s feed depends not only on the pairwise
covariance o0;;, but also on the pattern of conditional relationships among all
accounts already in the prefix. Differentiating Var [9]0 Jf} = (1T254, 1)~ with

respect to an off-diagonal covariance o;; yields

0
S Var[f6 5] = 2 (12~ ]lt) <Z m) (g l’jg) ,

so the effect of bringing in a more correlated user j is generally non-monotone:
it increases variance when the precision row-sums s; = >,z and s; = >, xjy
have the same sign, and decreases it when they have opposite signs. This non-
monotonicity explains why, even though random exposure, and thus an increase

in diversity, the effect on learning need not always be positive.

The phenomenon is illustrated in the next example. Consider a small network
of four individuals (n = 4), and assume that e; = 3 and that the distribution of

signals, conditional on 6, is

0, 1 08 07 05|
0 08 1 03 06
| ~N|0,Z =

0 07 03 1 04
0, 05 06 04 1

Define two possible feeds for user 1: 7" = {1,2,3}, which includes the most
correlated users, and %5 = {1, 3,4}, which features less correlated ones. The
corresponding posterior variances are Var[0|.%,"] = 0.58 and Var[0|.%;'] = 0.68.

F—the more correlated feed—yields better learn-

Somewhat counterintuitively, .#
ing. This illustrates that the covariance between user 1 and each of her peers

is not the sole determinant of learning: the conditional dependencies among all
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users within the feed also shape the amount of information the user can extract.

2.5.1 Reverse-chronological algorithm

Before the adoption of personalized algorithms, most social media platforms
displayed posts strictly in the order they were written, with the most recent
appearing first. In this model, this corresponds to an algorithm that draws the
next message uniformly at random from the remaining accounts, the reverse-
chronological algorithm, denoted #. Under %, the next post is drawn uniformly
from the remaining accounts. Each neighbor j € U\ {i} is equally likely to appear
at any depth; the order is independent of the covariance structure. Unlike &2 or
P, # neither amplifies homophily nor minimizes disagreement in early positions.

Its salient property is that it restores exposure diversity.

Diversity improves learning in large platforms. Because the off-diagonals are

centered, bounded, and asymptotically weak in aggregate, and hence

E[plim\/ar [9|9?le = az]E[ll

n—00 i

L@} , (2.9)

Var|0|Z%;'] = ”e—j Thus, conditional on

reading e; posts, Z eventually delivers the classical wisdom-of-crowds benchmark.

and, in the large-population limit, plim,,_,
The cost is within-platform utility: random early exposure includes dissimilar
posts precisely when continuation is most fragile, lowering engagement and

platform revenue.

For naive users, # trades off learning gains from diversity against reduced
gratification and higher disagreement costs in the early prefix. The next result
compares & and Z in large platforms (under the expansion protocol introduced

above).

Proposition 2.8 (Naive users: & versus #). Given the covariance structure %
and for a large platform size, the platform-optimal algorithm &2 outperforms the

reverse—chronological algorithm Z in expected utility if and only if

{ 1-E[1|%] }
A > max : .
€U | % (Ele;| 2] - Elei| %)) + 2(1 — B)Ele; — 1122) +(1 - E[ 1] 2]

o2

Proof. See Appendix B.1. m



Chapter 2. Feed for Good? On the Effects of Personalization Algorithms in Social
Media Platforms 67

Because e; > 1 and & maximizes expected engagement, there is always some
A € (0,1) for which & dominates #; in many configurations, & wins for most A.
Intuitively, the learning edge of % materializes only when users scroll sufficiently
long; but random early disagreement lowers continuation, so naives consume

fewer posts precisely when diversity would pay off.

Let us now characterize rational users’ behavior under the reverse-chronological
algorithm. Since the ranking imposed by & draws the next message uniformly at
random from the remaining accounts, the rational user’s decision at any depth k
reduces to a standard optimal stopping problem: whether to continue reading one
more randomly selected post or to stop and act based on the information already
acquired. The user weighs the expected instantaneous benefit of continuing
against the expected conformity cost generated by disagreement with the next,

randomly drawn message. The following proposition formalizes this condition.

Proposition 2.9 (Rational users optimal behavior under &Z). Consider a rational
user at depth k who has already read the set of messages ZF. Then it is optimal

to continue to k+1 if and only if

A1 - B)

A+ (1= N)o?  Var(g|e)] - B[ Varfojl)] ) > 20

E[(0; — 0:)?| %],
where the expectations are taken over the next random user 7 among the n—k—1

accounts that have not yet appeared in the user’s feed.
Proof. See Appendix B.1. m

The stopping condition in Proposition 2.9 formalizes how a rational user
balances engagement against information gain when scrolling through a reverse-
chronological feed. The left-hand side captures the marginal benefit of reading one
more message: a direct engagement payoff A plus a learning gain proportional to
the expected reduction in posterior variance. The right-hand side represents the
expected conformity cost from encountering a new message that may differ from
the user’s current belief. After encountering a sufficiently dissonant post, the
expected variance reduction becomes small, so the inequality no longer holds and
the rational user optimally disconnects. Conversely, when the next post comes
from a highly aligned account, the gain in precision remains positive, sustaining

continued scrolling. As correlation differences are stronger in polarized societies,
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the informational returns from close users’ exposure are steeper, implying that
rational users in such environments learn more and disconnect before than those

in more ideologically mixed populations.

Overall, the reverse-chronological benchmark restores exposure diversity and
attains the wisdom-of-the-crowd asymptotically for a fixed engagement level e;,
but it sacrifices within-the-platform utility and (for naive users) engagement,
leading to less learning in equilibrium. This trade-off motivates hybrid designs
that preserve diversity while maintaining some of the continuation benefits of

targeted similarity:.

2.5.2 A minimal corrective: the breaking-echo-chambers

algorithm

Several platforms have experimented with tools that surface corrective or con-
textual content (e.g., community notes, sponsored public-interest messages). We
capture this idea with a minimal modification of the platform-optimal algorithm:
the breaking-echo-chambers algorithm 2 inserts at the very top the account most
negatively correlated with the focal user and then follows the platform-optimal

order. Formally, for every naive user ¢ € U,
H;(2) € arg min_p;;, Bi(k) = Pi(k—1) for k> 2
jeu\{i}
and for every rational user 7 € U,

B;(2 i ” B;i(k) =P,(k—1) for &k > 2.
i( )Eargjer?{{%}pwa i(k) i ) for k>

In large platforms, the top insertion can be made nearly maximally opposite at
the expense of a small conformity cost, while it sharply reduces posterior variance.

The engagement effect is a small reduction in the probability of continuing from

the first position. The net welfare comparison for naives is summarized next.

Proposition 2.10 (Naives’ welfare comparison &2 vs %). When platform size

grows large, the above defined breaking-echo-chambers algorithm outperforms, in
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terms of user’s welfare, the platform-optimal algorithm &2 for user i if and only if

1

= ;;(E[ew] - E[em]) |

Proof. See Appendix B.1. n

Thus, when users place sufficient weight on learning (small \), the informa-
tional gain from a single early opposite post more than compensates for the small
engagement loss relative to &2. In finite platforms the comparison is ambiguous:
if a strongly opposite account exists, Z delivers sizable learning improvements at

modest conformity and engagement costs; otherwise & remains preferable.

For rational users, B typically brings limited benefits. Under P the platform
already implements a balanced path by front-loading low-cost sameness to secure
continuation and delivering cross-cutting content later; adding an opposite post
at the top mainly lowers early gratification and may shorten engagement without

providing commensurate learning gains.

2.5.3 Policy discussion

The DSA requires very large online platforms to offer a non-profiling algorithm.
In practice, platforms satisfied this by (re)introducing reverse-chronological al-
gorithms. In our framework, this corresponds to Z. Its effects are clear. As
we have shown, on the one hand, # restores exposure diversity and, for any
fixed implemented length, converges to the classical learning benchmark. On the
other, early random disagreement lowers within-the-platform utility, shortens
engagement, and typically yields lower welfare than engagement-optimal algo-
rithms. This mirrors the evidence that personalization was built to maximize
engagement—and has succeeded (Guess et al., 2023): the platform-optimal & is

tuned to deliver immediate gratification.

Hence Z is unlikely to outperform & in practice. Rational users face a
sharp trade-off: random exposure does not guarantee higher learning along the
realized path and imposes conformity costs when continuation is most fragile.
The reverse-chronological algorithm & thus fulfills the letter of the DSA while

falling short as a welfare substitute for personalization.
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Platforms have also tried corrective designs. Twitter (now X) introduced
Birdwatch (Community Notes) in January 2021 to crowd-source context. In
our model, the breaking-echo-chambers tweak % captures this logic: inserting a
maximally opposite post on top of the similar-first feed restores near first-best
learning in large platforms at a small conformity cost (coming only from one
user), while preserving the rest of &2. Implementation is the hurdle: it needs
enforcement or platform cooperation, and users may ignore inserted opposite

content.

Taken together, Z and % do not fully resolve the engagement-learning tension.
This motivates the market—design approach pursued next: under horizontal
interoperability, network effects are shared and platforms compete on ranking
quality; under some conditions, the utilitarian-optimal algorithm % becomes the

implemented option by competing platforms.

2.6 Network effects

This section examines how personalization shapes network effects, i.e., whether
a larger user base raises user utility for naives and rationals, and the resulting
policy implications.

We say that user i experiences network effects under algorithm .%# if her
expected utility weakly increases with platform size: E;[U;(n+1)—U;(n)|-# (n)] >
0. For clarity, we write U;(n) to the utility of the user when the platform size
is n, .#(n) for the algorithm applied on a platform of size n, and e;(n) for the

engagement induced for user ¢ under .# (n).

Proposition 2.11 (Network effects need not hold for naives). Fiz a naive user i.

Under the platform-optimal algorithm &2 define

Ae; - =E -ei(n+1) —e;i(n)

AC; = E Z (6; — 9j)2 - Z (0; — ‘91‘)2

jeﬂ:i(n+1) (n+1) ]eyzeﬂn)(n)

AV, :=E -Var {9‘9@@“)} — Var[@‘ey(n)} 0;, L@(n)} )

0. 2 (n)]

Whenever alAe; — (1 — B)AC; + AV, # 0, the platform-optimal algorithm &
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features network effects for naive user i if and only if

AV;
A > .

If either aAe; — (1—B)AC; +AV; = 0 or learning improves with platform size (i.e.,
AV; <0), then P features network effects for naive user i for every X € (0,1).

Proof. See Appendix B.1. n

Proposition 2.12 (Rational users always enjoy network effects). Under the

platform-optimal algorithm P, rational users always enjoy network effects.
Proof. See Appendix B.1. O

The propositions formalize a sharp contrast. Personalization enlarges the
platform’s selection set and permits finer matching in the feed. For rational
users, who internalize both conformity and learning when deciding how far to
scroll, this translates into higher expected utility as n grows: the platform can
front-load low-cost similar content while still implementing enough exposure
to disagreement to sustain learning. By contrast, for naive users the platform
over-exploits homophily: as n rises, the implemented feed becomes increasingly
populated with close copies of the focal user, which raises conformity and lowers
the informational value of each additional message. When the naive user places
any weight on learning (A > 0), the sign and magnitude of AV; become pivotal;
beyond a size threshold the learning loss can dominate, so expected utility can

fall with n even if engagement rises.

This aligns with the evidence from Guess et al. (2023), which shows that switch-
ing users from Facebook’s personalized feed to a chronological (non-personalized)
feed significantly reduces engagement but also exposes users to more diverse
content, mitigating echo chambers. Analogous patterns are evident on X and
other social media platforms, where personalization algorithms appear to sub-
stantially boost engagement while narrowing exposure diversity (Gauthier et al.,
2025; Kitchens et al., 2020). Moreover, these patterns suggest that naive users on
highly personalized platforms may not realize the extent of the algorithm’s filter
bubble, continuing to engage more while actually seeing less variety in viewpoints.

Such evidence underscores our model’s implication that personalization, when
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taken to extremes, can erode the very network benefits that attracted users in

the first place.

2.6.1 Network effects, competition, and personalization

algorithms

Although our model does not endogenize platform competition, the network—effect
results speak directly to current policy debates. Two observations are central.
First, the presence of naive users challenges the conventional view that larger
platforms unambiguously benefit participants in digital markets. For such users,
stronger personalization may raise engagement while eroding learning, so scale
can reduce welfare. This suggests that improving contestability in social media
markets may require tools beyond the standard repertoire (Banchio et al., 2025).
Second, when user behavior does generate platform-specific network effects, the
familiar winner-takes-most logic applies: large incumbents enjoy advantages that

are difficult for entrants to overturn.

A leading proposal to address these frictions is horizontal interoperability:
the capacity of distinct platforms to interconnect so that users from one can
interact with users from the other and wice versa (Kades and Scott Morton,
2020). Interoperability makes network effects no longer platform-specific, but
shared across the whole market. Competition then shifts from for the market
to within the market (Belleflamme and Peitz, 2020). This is standard in other
communications layers (e.g., telephony and email), where users can communicate

across providers without switching accounts.'”

The EU’s DMA is a first step in this direction. Article 7 mandates interoper-
ability for number-independent interpersonal communication (messaging) services
provided by gatekeepers. While some authors are skeptical about the magnitude
of the resulting competitive gains in messaging (Bourreau and Kraemer, 2023;
Bourreau et al., 2023; Dhakar and Yan, 2024), social media differs in a critical
respect: personalization algorithms are the key competitive dimension once net-
work effects are shared. In that environment, interoperability weakens lock-in and
redirects rivalry toward the quality of feed design. If we had to consider platforms

competing and users deciding where to participate, our results would point to hor-

"For example, a Yahoo user can seamlessly send an email to a Gmail user, and wvice versa.
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izontal interoperability particularly benefiting naive users: under such a regime,
platforms would no longer be able to rely on captive scale and would instead have
to compete on algorithms that balance engagement and learning. Naiveté would
pertain to within-platform continuation and would not affect platform choice—ex
ante, naive users would select the platform offering higher expected utility. Thus,
rather than prescribing a specific ranking rule, interoperability would harness
competitive pressure to discipline engagement-maximizing designs that would

otherwise entrench echo chambers.

2.7 Conclusion

This paper develops a model of communication and learning through personalized
feeds to study how an engagement-maximizing platform arranges exposure and
how that arrangement feeds back into behavior. Truth-telling is the robust
equilibrium of the messaging game, so platforms exercise power solely through the
composition and order of exposure. Second, the engagement-optimal algorithm
fosters homophily: naives receive similar-first feeds (a perfect echo chamber),
and rationals receive front-loaded sameness that sustains continuation until
cross-cutting content arrives. In large platforms, the naive learning benefit of
additional scrolling vanishes, breaking the classical wisdom-of-the-crowds logic;

rational users, by contrast, continue to enjoy network effects.

With respect to policy analysis, the non-profiling reverse-chronological algo-
rithm is a natural baseline but not a panacea: absent additional design features,
it underperforms engagement-optimal personalization when users heavily value
within-platform utility and rarely delivers first-best learning along realized paths.
The corrective insertion breaking-echo-chambers algorithm can move outcomes
toward the utilitarian benchmark at modest engagement cost, especially on large
platforms with rich selection sets. More broadly, competition policy that shares
network effects—horizontal interoperability—would redirect rivalry toward algo-
rithmic quality, disciplining pure engagement maximization and aligning platform

incentives with user welfare.

Taken together, our results show that when platforms optimize for engagement,

echo chambers are not an accident—they are the optimal instrument. Restoring
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learning therefore requires either changing the instrument (altering algorithms to
time in disagreement, which matters especially for naives) or changing the game

(making platforms compete on algorithms rather than on captive network scale).

Two modeling choices invite further work. First, improper priors yield the
clean truth-telling benchmark and closed-form posteriors. However, with normal
(proper) priors, messaging and ordering would interact, potentially strengthening
echo-chamber forces through both content and speech. Second, our within-
the-platform utility formulation captures simple conformity motives. However,
incorporating richer interaction dynamics (e.g., u-shaped engagement in similarity)

would allow algorithms to exploit both outrage and affinity.
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Abstract

We study the mechanisms through which news outlets generate ideological
slant. We develop a model of supply and demand for news in which outlets
choose whether to cover a story (omission), how to frame it (framing),
and how much airtime to assign to it (intensity). The model characterizes
equilibrium tone and coverage in closed form and delivers a threshold rule
for omission. We then bring the framework to data from Spanish prime-
time television news, using a Shapley value decomposition to estimate
each mechanism’s contribution to observed slant. Framing is the dominant
mechanism across all outlets, accounting for at least half and up to nearly
90% of observed slant. Omission plays a secondary but non-negligible role
for some channels, while intensity contributes little. These results suggest
that ideological distortion in news markets operates primarily through how

stories are told, not which stories are selected.
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3.1 Introduction

Traditional news media are increasingly valued as reliable sources of information,
particularly as concerns about online misinformation intensify (Nieman Lab, 2025).
In an environment where digital platforms are often criticized for amplifying noise
and falsehoods, established outlets continue to play a central role in shaping public
understanding of events. Yet these same outlets exhibit substantial dispersion
in the ideological content they provide.? Coverage of identical events can differ
markedly across outlets, not only in tone but also in emphasis and selection, giving
rise to distinct ideological profiles. This coexistence of credibility and ideological
variation poses a fundamental question. If audiences value accuracy and reliability,

how can editorial teams sustain such differences without undermining trust?

In this paper, we study how outlets generate ideological slant. We define
slant as a descriptive measure of where an outlet’s content falls on the left-right
spectrum. We distinguish three mechanisms through which outlets shift their
position on that spectrum: omission (which events are covered), framing (the
tone conditional on coverage), and intensity (how much airtime an event receives).
Each margin distorts audiences’ information differently. Omission determines
which facts viewers observe; framing shapes how those facts are interpreted and
intensity governs how salient each fact becomes relative to others. As a result, two
outlets with identical measured slant may correspond to very different patterns of
informational distortion. Understanding which mechanism drives slant is therefore
important both for diagnosing how media markets work and for designing effective

responses.

In the first part of the paper, we develop a theoretical model of news supply and
demand. There is a set of potential stories, each characterized by an ideological
valence and a newsworthiness level. Outlets observe both and choose, for each
story, the tone with which to present it and the airtime share to devote to it. On
the demand side, viewers trade off ideological alignment against the intrinsic value
of newsworthy coverage. On the cost side, outlets face increasing penalties for
deviating from a story’s true valence (credibility costs), from their own editorial

line (editorial costs), and for concentrating airtime on few stories. The model

3See, for instance, adfontesmedia.com, allsides.com, or mediabiasdetector.com.
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delivers three results. First, equilibrium tone is a weighted average of the story’s
true valence, the outlet’s editorial position, and a competitive distortion that
depends on the location of marginal viewers — and is pinned down in closed
form. Second, coverage follows a threshold rule: a story is aired only if its net
benefit exceeds the shadow value of airtime. Third, comparative statics show
that competitive pressure distorts tone uniformly across stories, making framing
the primary margin of adjustment, while credibility pressure moves each story’s

tone toward its true valence and reshuffles coverage in a story-specific way.

In the second part of the paper we test those predictions using a unique dataset
from Spanish prime-time television news. Following the methodology in Menéndez
(2025), we combine machine learning and large language models to measure how
the same story is framed and covered across outlets. We then use a Shapley
value approach to decompose observed slant into the contributions of omission,
framing, and intensity. We find that framing is the dominant mechanism for
every news outlet, accounting for at least two-thirds of observed slant. Omission
and intensity play secondary roles, consistent with the observation that all major
Spanish channels cover the same headline political stories but narrate them

differently.

This work might inform the design of current efforts to fight misinformation
in media markets. On the one hand, when distortion operates primarily through
omission or coverage intensity, the problem is one of selective exposure to facts,
which points to policies focused to foster transparency and pluralism. On the other
hand, when framing dominates, the relevant concern is how facts are interpreted
rather than whether they are covered, which shifts attention toward tools such as

fact-checking and media literacy.

Related literature. This paper relates first to the theoretical literature on
media bias and and information provision. We build on Gentzkow et al. (2014),
who provide a unified framework for media bias organized around two mechanisms:
distortion (slanting the presentation of a covered story) and filtering (choosing
which stories to report). In our model we separate filtering into omission (whether
a story is covered at all) and intensity (how much airtime a covered story receives),
reflecting the fact that television outlets face a binding time constraint and must

allocate a continuous coverage share across stories. Another difference with their



Chapter 3. The Mechanisms of Media Slant 78

work is that our demand side does not require Bayesian updating: viewers choose
outlets based on ideological proximity and newsworthiness, which lets us build a

framework that links to the empirical data typically observed for TV markets.

Second, our model-free decomposition is related to a broader literature that
uses statistical decompositions to attribute observed outcomes to distinct under-
lying mechanisms. In labor economics, decomposition methods have been used,
for example, to separate between-firm inequality into components associated with
worker sorting, segregation, and within-firm dispersion (Song et al., 2019). More
generally, counterfactual reweighting approaches decompose observed gaps into
components attributable to differences in characteristics versus differences in

returns or structures (DiNardo et al., 1996; Fortin et al., 2011).

This paper also relates to the empirical literature that measures ideological
positions and media slant from text and behavior. Groseclose and Milyo (2005) and
Gentzkow and Shapiro (2010b) recover outlet ideology from similarity to external
political benchmarks, while text-analysis methods such as Laver et al. (2003)
and Slapin and Proksch (2008) estimate latent ideological positions from word
frequencies in political texts. Other work uses high-dimensional or supervised text
methods to recover political sentiment or group differences in language (Gentzkow
et al., 2019; Taddy, 2013), while network-based approaches infer ideal points from
online following behavior (Barberd, 2015). Our framework is complementary to
this literature. The model provides a foundation for future structural estimations

that aim to recover both outlet ideological positions and story true valences.

The rest of the paper is organized as follows. Section 3.2 presents the theoreti-
cal model. Section 3.3 describes the data, transcript pipeline, and the construction
of tone and coverage measures. Section 3.4 defines the statistical decomposition

and reports its results. Section 3.5 concludes.

3.2 Model

This section develops the theoretical framework to study how channels shape their
content and how these choices translate into ideological slant. We first describe
the primitives of the environment and characterize the equilibrium choices of

tone, omission, and coverage. All proofs are relegated to the appendix.
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Channels and Stories There are & > 1 stories indexed by s =1,...,S. Each
story s has two dimensions: a horizontal property s € R describing its position on
the ideological line and a vertical property n, € R* describing its newsworthiness
4. Both parts are common knowledge for the channels. There are N > 2 channels
indexed by j = 1,...,N. Each channel j has an editorial point v); € R, the

position it finds natural to broadcast absent competitive considerations.

Instruments FEach channel j chooses a level of slant s; describing its position
on the ideological line. To build its slant index, channel j uses two different

instruments. For each story s, channel j chooses:

« Coverage share cjs > 0: the fraction of airtime devoted to story s. Shares
satisfy >°, ¢js = 1. In particular, if a channel chooses ¢;; = 0 we say that

the channel omits story s.

» Tone 7j, € R: the ideological position of the broadcast on story s.

The overall ideological slant of channel j is the coverage-weighted average

tone s
5j = chsTjsa (31)
s=1

as developed in Menéndez (2025). This metric takes higher values if the

content of an oulets is more pro-right and viceversa.

Viewers There is a continuum of viewers indexed by ideology = € [—1,1],
distributed according to a density f(z), with [', f(z)dz = 1. Each viewer
chooses the channel that maximizes their utility or selects the outside option.
Viewers value both ideological alignment and the intrinsic newsworthiness of

covered stories. A viewer ¢ with ideology x derives utility from channel j:
S
() = D nscjs — Az — §;)° + &35,
s=1

where ¢;; are i.i.d. Type-I extreme value shocks. The outside option’s utility is

normalized to ;5. The parameter A\ measures the distaste for slant relative to

4Notice that, unlike ? who use newsworthiness to refer to the informational value of reporting,
we use the term as an exogenous story-level vertical attribute capturing how valuable or salient
coverage of a story is to viewers.
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the value of newsworthiness.

The probability that viewer x watches channel j is

exp (ZS L NsCis — AN — 5j)2>

, A > 0.
1+ 350, exp (Es 1 NsCrs — N — 52 )

j(x) =

Consequently, the aggregate demand is

D; = [ Pya)fa)dr.

Channel Problem Each channel earns advertising revenue p > 0 per viewer.
The cost of broadcasting story s has two components. The first is proportional
to coverage and captures the credibility cost of deviating from the truth and the

editorial cost of deviating from the channel’s editorial position:

K

y
st 5(7']‘5 — 65)2 (T]s Qﬂj) s K,y > 0.

2

The second is a convex cost of coverage intensity:

2
2

¢>0,

reflecting the fact that allocating more airtime to any single story is increasingly

costly, independently of its content.” Total cost is

Cj = Z {CJS (7js — 95)2 (Tjs V) ] g 25} :

Therefore, channel j’s profit is
7Tj = IOD] - Cj.

Remark 3.1 (Notation). Definel' =k +v, a=¢, n= @, the cost-minimizing

5The baseline specification uses a quadratic cost %c?s, which delivers closed-form character-

izations of tone, coverage, and slant. A generalization to a%_lcf‘ﬂ with o > 1 preserves the

qualitative structure of the omission threshold and the direction of competitive distortions,
but precludes closed-form solutions for the Shapley decomposition. We therefore maintain the

quadratic specification throughout.
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tone

9 )
Tjs = W = abs + (1 — o)y,

and the editorial distortion

Also define

1 1
A= [ s B - Ba) s, B= [ P - Pia)f ()
A; is the marginal audience gain from shifting slant; B; is the marginal

audience gain from raising the direct utility of all viewers by one unit.

The next pair of propositions characterizes the optimal usage of tone (Propo-

sition 3.1) and coverage (Proposition 3.2) that a channel does to build its slant.

Proposition 3.1 (Optimal tone). The equilibrium tone on story s by channel j

18

7';5 = abs + (1 — a)y; + nA;. (3.2)

Proposition 3.1 clarifies the role of competitive incentives in shaping tone.
In the absence of audience considerations, the optimal tone coincides with the
cost-minimizing message 7,,. The term nA; captures the distortion induced by
competition for viewers. In particular, since

7_*

js = Ijs + nAj7

the sign of A; determines the direction of the distortion: if A; > 0, the channel
tilts its tone upward relative to the cost-minimizing benchmark, while if A; <0,
it tilts it downward. Intuitively, A; reflects the location of marginal viewers:
when these viewers are, on average, to the right of the channel’s slant, shifting

tone to the right increases demand, and conversely when they are to the left.

The previous proposition allows us to rewrite the coverage problem in terms
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of a story-specific net benefit. Substituting the optimal tone into the first-order

condition for coverage, define

T 2
Njs == pBjng + I'nA;7;, + 2 op_ @

5 A mdf.s. (3.3)

The object N;, captures the marginal benefit of increasing coverage of story
s for channel j, after optimally adjusting tone. It is composed of four terms.
The first, pB;ng, reflects the direct audience value of the story through its
newsworthiness. The second, I'nA;7;,, captures how the story contributes to
shifting the channel’s slant toward the viewers that are most valuable at the
margin. The third, FT’FA% is common across stories and reflects the overall value
of being able to adjust slant in response to competitive incentives. The last term,
52

%5, captures the cost of distorting the message away from the truth and

FQ(ICioz)
the channel’s editorial position. Define N; as the average net benefit over covered

stories. The next proposition characterizes the optimal coverage of stories.

Proposition 3.2 (Optimal coverage). The equilibrium coverage satisfies

1 N, — N,
ch, = + L s €S,
Sl ¢ !

where S; = {s € S : ¢j, > 0}.

As a consequence of Proposition 3.2, omission is governed by a simple threshold
rule: a story is aired only if its net benefit is high enough relative to the shadow

value of airtime. The next corollary states this result formally.

Corollary 3.1 (Omission threshold). A story s is covered by channel j if and

only if its net benefit exceeds an endogenous channel-specific threshold:

cis >0 <= Nj>py,

where 1 is the Lagrange multiplier associated with the airtime constraint.

Corollary 3.1 shows that omission is entirely summarized by the net benefit
Njs. Once optimal tone is substituted into the coverage problem, all relevant
story characteristics enter through this object: stories with sufficiently high net

benefit are aired, whereas stories whose net benefit falls below the shadow value
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of airtime are omitted. This threshold structure allows us to build comparative

statics with respect to newsworthiness and ideology.

Corollary 3.2 (Omission region). A story s is covered by outlet j if and only if
N Z ﬂj + /{j<05 - 0;'11&)()27
for some outlet-specific constants n; and k; > 0.

The corollary implies that the omission region takes the form of an inverted
parabola in story space. Stories that are either insufficiently newsworthy or too
far from the outlet’s preferred position #7*** are not covered. The location and
curvature of the parabola vary across outlets, generating systematic differences
in the set of covered stories. Intuitively, channels face a double selection pressure:
stories must be worth the airtime (newsworthiness) and compatible with the
outlet’s narrative at reasonable distortion cost (ideological proximity). Stories

that fail on either dimension are omitted.

Changes in the newsworthiness of one story also affect others through the
binding airtime constraint. When a story favorable to the outlet gains in news-
worthiness, airtime is reallocated toward it, which may push sufficiently marginal
stories below the omission threshold. Conversely, when a previously omitted
story’s newsworthiness rises enough to clear the threshold, it enters the covered set
and incumbent stories lose airtime. Whether incumbent stories survive depends
on how much slack they have above their own threshold — those comfortably
above it are unaffected, while those near the boundary may be crowded out.
Increases in newsworthiness thus either intensify competition within the covered
set or induce entry of new stories, depending on whether the affected story was

previously above or below the omission threshold.

Finally, the next proposition characterizes the slant in equilibrium of each

channel.

Proposition 3.3 (Optimal slant). The equilibrium ideological slant of channel j
implicitly given by

§; = aé; + (1 — a)p; + nAj,
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where
1

_ S 1 _
- 0, = -
! ; e S

Z 0 + ¢ Z(NJ - Nj)98
SES]' SESj
is the coverage-weighted average true valence of the stories broadcast by channel

J-

Proposition 3.3 shows that equilibrium slant is driven by three forces. The
first term reflects content selection: channels tilt their slant by choosing which
stories to cover, as captured by the average ideological position 9_;. The second
term captures the channel’s intrinsic editorial position. The third term reflects
competitive incentives, which distort slant in the direction of marginal viewers.
Through é;, coverage choices endogenously shape slant, linking the extensive and

intensive margins of content provision.®

Numerical Example

An example of an equilibrium is represented in Figure 1. Each panel, from left
to right, corresponds to the left, centrist, and right outlet, respectively. The
horizontal axis reports the true valence of the story, #,, while the vertical axis
reports its newsworthiness, ns. The shaded gray region represents the omission
region (Corollary 2): a story is covered only if its newsworthiness is sufficiently
high relative to its ideological distance from the outlet’s coverage-maximizing
position. Intuitively, stories that are either not sufficiently newsworthy or too
ideologically far from the outlet are not worth covering (gray crosses). Omission
is concentrated among stories that go against the outlet’s ideological orientation:
the left outlet omits relatively more right-leaning stories, while the right outlet

does the opposite.

Covered stories are represented as circles, with circle size proportional to

equilibrium coverage cj;. As Proposition 2 shows, conditional on being covered,

5The equilibrium characterized in Propositions 3.1-3.3 involves a fixed point: the demand
objects A; and B; depend on equilibrium slant s;, which in turn depends on A; and B;
through optimal tone and coverage. Existence follows from a standard fixed-point argument:
the logit demand structure ensures that A; and B; are continuous functions of the slant profile
($1,...,8n), and the best-response map is continuous on a compact domain, so Brouwer’s
theorem applies. Uniqueness need not hold in general: multiple slant configurations can be
mutually consistent with the implied demand objects. The characterizations in Propositions 3.1—
3.3 describe any interior equilibrium, and the Shapley decomposition applies to each such
equilibrium separately.
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Figure 3.1: Equilibrium coverage and framing in story space

Channel 1 (y;= —1.00)
5= -0.668, A=0.022

Channel 2 (y;=0.00)
5= —0.025, A=0.001

Channel 3 (y;=1.00)
5=0.671, A=-0.021
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Note: Each panel shows one outlet’s coverage and framing decisions in story space
(05 on the horizontal axis, ns on the vertical axis). Covered stories are represented as
bubbles, where bubble size is proportional to the equilibrium coverage share c;“»s. Bubble
color encodes the signed framing distortion 7}; — 6s: blue (red) indicates rightward
(leftward) distortion, with color intensity proportional to magnitude. Omitted stories
appear as gray crosses. The vertical dashed line marks 65 = 0 (ideological center).
Outlets are ordered left to right by editorial position ¢; € {—1,0,1}. Viewers’ ideology
follows a symmetric bimodal mixture, f(z) = 0.5 (z; —1,0.3%) + 0.5 (x; 1,0.3%) over
x € [—1,1], capturing a polarized electorate.

airtime is increasing in the story’s net benefit. Since net benefit is increasing in
newsworthiness and concave in ideology around the outlet-specific maximizing
position, larger bubbles tend to appear for stories that are both more newsworthy
and ideologically closer to the outlet’s preferred region. Finally, colors represent
framing distortion, 77, —,. Darker blue (red) denotes stronger rightward (leftward)
distortion. From Eq. 3.2 we get that 77, — 0, = (1 — a)(¥; — 0,) + nA;, therefore
distortion is smaller for stories whose true valence lies closer to the outlet’s

preferred position and larger for stories that must be pushed further away from

their true valence.

3.2.1 Comparative Statics

We derive comparative statics for the main equilibrium objects with respect to
two parameters: competitive pressure A; and credibility pressure o. The two
parameters operate through fundamentally different channels. An increase in
A; shifts all tones uniformly, so that competition distorts primarily through
framing. By contrast, an increase in o makes tone track story content more

closely, reshuffling coverage in a story-specific way.
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Proposition 3.4 (Comparative statics with respect to A;). Fiz outlet j, and
consider a marginal increase in A;—the marginal audience return to rightward

slant—such that the active coverage set S; = {s : ¢j, > 0} is locally unchanged.

Then:

(i) For every story s € S;,
o}y -
oA, 17T

The shift is identical across all stories: competitive pressure distorts tone

by a story-invariant constant.

(it) For every s € S,

ocs Fn[ 1
22— 7"-"3—7'*], T = = T
o4, ~ C BTl T T

Stories whose equilibrium tone exceeds the active-set average gain airtime;
those below it lose airtime. The reallocation preserves the resource constraint

25 Cis = 1 exactly.

(iii) For every story s,
ONjs _
= T. .

Part (i) is the key result. Because the competitive premium nA; enters
equilibrium tone additively and independently of the story’s true valence 6, an
increase in competitive pressure shifts every covered story’s tone by the same
constant 7. The outlet becomes uniformly more right-leaning in its narration
without selectively emphasizing ideologically congenial stories. Competition
therefore operates primarily through framing rather than through omission or

intensity reallocation.

Part (ii) shows that competitive pressure does nonetheless affect the intensive
margin of coverage. The reallocation is governed by deviations of story tone from
the active-set average: stories that are already framed more to the right receive
more airtime, reinforcing their contribution to slant. Crucially, this reallocation
is a second-order effect relative to the uniform tone shift of part (i): it affects

how airtime is distributed, not the direction of every story’s message.
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Part (iii) connects the intensive and extensive margins. Because ON;s/0A; =

I'nt};, the net benefit of coverage rises faster for stories with higher equilibrium
tone. This determines which stories are most likely to cross the omission threshold,

characterized in the following corollary.

While framing is the primary margin of adjustment to competitive pressure,
omission can reinforce it at the boundary of the coverage set. Consider a discrete
increase in Aj; large enough to alter S;. From part (iii), ON;/0A; = I'n7j,
so net benefit rises fastest for stories with high equilibrium tone. Stories with
75 > 0 are therefore the first to cross the omission threshold p; from below and
enter coverage, while stories with 77, < 0 are the first to be dropped. An outlet
facing a rightward shift in its marginal audience therefore simultaneously covers
more right-leaning stories and drops left-leaning ones, amplifying omission-based
slant in the same direction as the framing distortion. The two mechanisms are
complements: the uniform tone shift of part (i) raises the net benefit of right-

leaning stories and lowers that of left-leaning ones, making coverage adjustments

more likely precisely where they would reinforce framing-based slant.

Proposition 3.5 (Comparative statics with respect to «). Fiz outlet j, and

consider a marginal increase in o such that S; is locally unchanged. Then:

(i) For every story s,
O ° !
Stories with 0, > 1; shift rightward; stories with 05 < 1; shift leftward.
Unlike competitive pressure, credibility pressure has a heterogeneous effect

on tone that depends on the ideological content of each story.

(ii) For every s € S;,

ocs . 1 8st 1 aer

js _
Oa

da (| da |5

TESJ'

Coverage shifts toward stories whose net benefit rises by more than the

active-set average.
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(iii) For every story s,

ON;
o

2

= DA, —1p;) — D9
J ( ]) 2(1 . &)2
audience alignment gain ———
distortion penalty

The first term is positive for stories ideologically close to the outlet’s audience
and negative for distant ones. The second term is always negative and grows
with the squared editorial distortion 67, = (1 — a)*(¢; — 65)?, so that stories
already far from the outlet’s editorial line suffer a disproportionately larger

penalty as o rises.

The contrast with Proposition 3.4 is instructive. Competitive pressure shifts
all tones by the same constant, so its primary effect is on framing; coverage
reallocations are a second-order consequence. Credibility pressure, by contrast,
is story-specific: it pushes each tone toward its true valence by an amount that
depends on the story’s ideological distance from the editorial line. This generates
a different pattern of coverage reallocation — and a different pattern of omission.
The two parameters therefore operate through different combinations of the three
mechanisms, which motivates using the Shapley decomposition empirically to

separate their contributions.

Part (iii) reveals a selection effect: a rise in « favors coverage of stories for
which better alignment with truth is also valuable to the audience (high 65 — v,
when A; > 0), while penalizing stories that require large editorial distortions to fit
the outlet’s line. As o — 1, coverage concentrates on stories whose true valence
is close to the outlet’s preferred position, because the cost of framing ideologically
distant stories becomes prohibitive. This generates a form of credibility-driven
omission: outlets under strong fact-checking pressure do not simply report the
truth about all stories, but selectively cover stories they can report truthfully

without large ideological costs.

Note that whereas changes in A; can generate entry or exit from coverage
based solely on the sign of equilibrium tone, changes in « induce omission that
depends on the full ideological distance |05 — v;|. Credibility pressure therefore
produces a different omission pattern: outlets drop the stories furthest from their

editorial line first, regardless of directional slant.
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Two Extreme Cases

We study two extreme cases where a € {0, 1}, that isolate the role of credibility

costs and clarify the mechanisms through which slant is generated.

No credibility costs: o = 0. When a = 0, outlets face no penalty for deviating

from a story’s true valence. From Proposition 3.1, equilibrium tone simplifies to
T]iks = wj + 77Aj’

which is independent of the story’s true valence 6. Every story is narrated at the
same ideological position, determined entirely by the outlet’s editorial line and
its competitive incentive. This is the most extreme form of framing dominance:
the outlet imposes a uniform ideological lens on all content regardless of what

the stories are actually about.

Coverage in this case is governed by net benefit (Eq. 3.3), which simplifies to

FUQ 2
st = ijnS + F?]Ajwj —+ TA]

The last two terms are common across stories, so coverage shares satisfy

iy = |Slj| + pCBJ(ns — 1),

where n; is the average newsworthiness of covered stories. Coverage is there-
fore determined solely by newsworthiness: ideologically distant stories are not
penalized in coverage decisions because there is no cost to framing them at the
outlet’s preferred position. The omission threshold likewise depends only on
newsworthiness: a story is covered if and only if ng exceeds a channel-specific
cutoff. In this polar case, omission and intensity are newsworthiness-driven, while

all ideological variation in slant is generated by framing alone.

Full credibility: a« = 1. When a = 1, the editorial cost vanishes and outlets
bear only the credibility cost of deviating from the truth. From Proposition 3.1,
equilibrium tone becomes

T = 0 + nAj,
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so tone tracks the story’s true valence one-for-one, up to the outlet-specific
competitive shift nA4;. The editorial position 1; disappears entirely from tone:
outlets cannot impose their ideological line on how stories are narrated. The
only framing variation across outlets is the common competitive premium nA;,
which shifts all tones by the same constant and is therefore story-invariant by

Proposition 3.4.

Net benefit in this case is

Njs = pBjns + 2pAA;0, + QiAQA}

which is linear in ideological position 8,. If A; > 0, net benefit is strictly increasing
in #,: the outlet covers more right-leaning stories and progressively drops left-
leaning ones as their ideological distance grows. Coverage is therefore monotone
in story ideology rather than concave, unlike the interior case 0 < a < 1 where
the omission region is symmetric around an outlet-specific preferred position
(Corollary 3.2). In this polar case, all cross-outlet differences in slant are generated
by omission and intensity, since framing differences are limited to the story-

invariant competitive shift n(A; — A;).

3.3 Context, Data and Descriptive Statistics

3.3.1 Context

The product we study is the evening edition of the main TV newscast. During
the incumbent period, four outlets compete in the same slot starting at 21h: the
public broadcaster TVE and two private channels (Antena 3 and Telecinco). La
Sexta broadcasts its show one hour before, at 20h.” The period considered in this

analysis spans September 2023 until January 2024.

"We abstain from modelling competition through different time slots; that is, as considered
in the theory model, viewers are available from 20h on and decide which outlet they want to
consume news on.
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3.3.2 Data

We build story-level transcript measures following the pipeline in Menéndez
(2025). The key output is a set of stories—contiguous segments of a broadcast

that discuss the same event.

On each day d, channel j produces a set of stories S;q, indexed by s.® Empiri-
cally, stories are obtained by clustering caption transcripts using BERTopic. We
feed the full text of each story to a large language model (ChatGPT) to ensure
that classification is based on sufficient context. This procedure yields 20,674

distinct stories at the channel day level in the sample.

Each broadcast is transcribed using automated speech recognition and seg-
mented into contiguous story-level units by clustering caption text with BERTopic,
a topic model that assigns segments to coherent thematic clusters. Stories span-
ning multiple segments on the same event are merged, and segments not at-
tributable to a political story are dropped. The tone and political valence of each
story are then labeled by querying GPT-4 with the full story text, prompting it
to classify tone as positive, negative, or neutral, and — for non-neutral stories —
to identify whether the tone applies to the left or right political bloc. Inter-rater
reliability checks are reported in Menéndez (2025).

For each s € Sjq4, there is a tone 7(s) € {—1,0,1},, where 7(s) = 1 (7(s) = —1)
denotes positive (negative) tone and 7(s) = 0 denotes neutral tone. Stories with
a non-neutral tone also get assigned a label p(s) € {L, R} indicating whether the
tone applies to the left or right bloc.

We construct its empirical counterpart of Eq. 3.2 as:

Tia(s) =U{7(s) = +1,p(s) = R} + 1{7(s) = —1,p(s) = L} -

(3.4)
—1{7(s) = +1,p(s) = L} — 1{r(s) = —1,p(s) = R},

which equals +1 when the story is favorable to the right bloc or unfavorable
to the left, —1 in the opposite case, and 0 for neutral stories. The empirical
coverage share is simple the proportion of minutes devoted to each story in the

bulletin:

8We restrict attention only to the subset of political stories. We flag a story as political if it
mentions national parties or prominent politicians, or contains general political keywords. This
leaves unmodeled the intensity margin of producing other type of content.
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bal) =22 Lu= 3 40) (3.5)

SEde

which satisfies > .es,, cja(s) = 1 by construction. Then, the estimate of the slant

index for outlet in Eq. 3.1 is:

8= 53 3 uls)iuals) (3.

d=1s€S8;q

where D refers to the total number of days in the sample.

3.3.3 Descriptive Statistics

Table 3.1 presents descriptive statistics for each channel. All four outlets exhibit
negative slant indices, indicating a net left-leaning tone on average. There is,
however, substantial heterogeneity across channels in both the extent of slant
and the way political coverage is organized. TVE and La Sexta display the
most negative slant index, while Telecinco and Antena 3 are closer to the center.
Channels also differ markedly in the number of distinct political stories they
cover and in the intensity with which they cover them. La Sexta and TVE cover
the largest number of stories, whereas Telecinco covers fewer stories but assigns
a higher average coverage share per story-day observation, consistent with a
more concentrated allocation of airtime. By contrast, Antena 3 and La Sexta
devote more total minutes per day to political news, suggesting broader or more

sustained political coverage.

Table 3.1: Descriptive statistics by channel

Channel  Stories §; Avg. c;jq Avg. Ljq

TVE 167  -0.1975 0.1656 8.6
Antena 3 126 -0.0307 0.1467 10.7
Telecinco 113 -0.0588  0.2271 5.5
La Sexta 163 -0.1296 0.1431 10.3

D = 104 days

Notes: Days are restricted to those where all outlets are present. Stories is the total
number of distinct political stories covered by the channel in the period. §; is the slant
index (Eq. 3.6). Avg. ¢jq is the mean coverage share per story-day observation. Avg. L, q
is the mean daily political airtime in minutes.

From Eq. 3.2, tone is divided in two components: a story effect 6, and
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outlet effect. Assuming there is measurement error to incorporate a residual
component, we can do a two-way fixed-effects estimation to see how each of
them contribute to the tone before pooling days. Table 3.2 presents the implied

variance decomposition.

Table 3.2: Variance decomposition of tone in the two-way fixed-effects regression

Component Variance  Share of total variance
Story fixed effects, 0.1302 52.96%
Outlet fixed effects, 0.0029 1.16%
Twice covariance -0.0008 -0.33%
Fitted component 0.1322 53.79%
Residual, ;s 0.1136 46.21%
Total variance of 7;, 0.2458 100.00%

Notes: The table reports the variance decomposition from a TWFE estimation on the
empirical tone in Eq. 3.4.

Story fixed effects account for about 53% of total variation in tone, indicating
that differences across stories are an important source of heterogeneity. Outlet
fixed effects, by contrast, explain only about 1% of the variance, suggesting that
unconditional differences in tone across channels are relatively small. At the
same time, the residual remains sizable, capturing close to 46% of total variance.
This residual component may reflect measurement error, but also outlet-specific
reactions to particular stories that are not captured by the additive specification.
Taken together, these tables suggest that, while story identity is the main source
of tone variation, there is substantial outlet-specific narration of common stories

— precisely what the Shapley decomposition in Section 3.4 aims to quantify.

3.4 Statistical Decomposition of Slant

Before turning to structural estimation, we present a model-free decomposition of
each outlet’s slant into the three mechanisms identified in Section 3.2: omission,

framing, and intensity.

Because these margins interact mechanically, the contribution of any one
mechanism depends on the order in which the others are shut down. We therefore
use Shapley values, following Shorrocks (2013), and treat omission, framing, and

intensity as players in a cooperative game whose total surplus is the observed slant



Chapter 3. The Mechanisms of Media Slant 94

gap. This yields an exact additive decomposition that averages each mechanism’s
marginal contribution over all possible elimination orders, thereby avoiding the

path-dependence problems that arise in sequential decompositions.

3.4.1 Setup

Let j index outlets and s index stories. Define ¢, as the coverage share outlet j
devotes to story s over the sample period, and 7;, as its average tone. Let S; be
the set of political stories covered by outlet j, C = ; P; the common set covered
by all outlets, and § = U; §; the full set covered by at least one. The cross-outlet

consensus tone on story s is
_ 1
To= 7 2T
J J

and the consensus coverage share is
_ 1
Cs — — Z Cjs-
J J

For each outlet j, define the counterfactual slant 5§f ' where each index equals 1
if the corresponding mechanism is outlet-specific and 0 if it is replaced by the
market consensus: o for omission, f for framing, and ¢ for intensity. The eight

counterfactual slant objects are

o 5000 =% - CTs (global benchmark: consensus coverage and consensus
tone)

. 5?10 = Y sec CsTjs (outlet framing, consensus coverage on common stories)

o 590 =3 CjTs (outlet intensity on common stories, consensus tone)

o s =30 0Ty (outlet slant on the common set)

o 5;% =3 cs¢, T, (market story selection, consensus tone and consensus
intensity)

o 510 =3 5 Ts (selection and framing)

01 _ : : :
o 5100 =3 5 CTs (selection and intensity)
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o SH =3 50T = 8 (observed full slant)

The Shapley value of each mechanism is its average marginal contribution

across all six orderings of the three players:

¢§) _ ;(5]111 _5?11) + é(s}m _5?10) + 2(5]101 _5201) + ;(5]100 _5000)7
(bf _ 21))(5}11 _ 5}01) + (15(5}10 _ 5}00) + (15(5;)11 _ 5?01) + ;(5?10 _ 5000)’ (3.7)
¢]I- _ ;(5]111 _ 5]1'10) + 2(5]101 _ 5]1'00) + é(sg)n _ 5?10) + ;(5?01 _ 5000).

By construction,

o F I 11 _ 000
¢ +o; +o; =8 —85".

Since the tone of the stories that are omitted is not observed empirically, the
Shapley value of omission is calculated among the set of common stories C. This

means that we decompose omission with the degree of specialization of an outlet.

3.4.2 Results

Table 3.3 reports the Shapley decomposition of each outlet’s slant into omission,

framing, and intensity.

Table 3.3: Shapley decomposition of slant by channel

@° o ¢! Share®  Sharel”  Share!

Antena 3 —0.007 +0.058 —0.001 10.0% 88.1% 2.0%
La Sexta —0.015 —0.021 —0.006 35.8% 49.8% 14.3%
Telecinco —0.008  +0.040 +0.001 16.6% 81.3% 2.0%
TVE —0.025 —-0.079 —0.008 22.1% 70.8% 7.0%

Notes: The table shows the estimates of the Shapley factor decomposition. The share
of each mechanism m equals |¢™|/(|¢°| + || + |¢!]).

A clear pattern emerges: slant is primarily driven by framing across all outlets.
For Antena 3 and Telecinco, framing accounts for more than 80% of total slant,
indicating that differences arise mainly from how common political stories are
narrated rather than from differences in coverage. TVE displays a similar pattern,

with framing explaining roughly 70% of its slant.
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Omission nonetheless plays a quantitatively important role for some outlets.
In particular, it accounts for more than one third of slant at La Sexta and about
one fifth at TVE, suggesting that selective coverage is a key margin through
which these outlets shape their ideological profile. By contrast, coverage intensity

contributes relatively little across all channels, never exceeding 15%.

Taken together, these results show that while framing is the dominant mech-
anism overall, outlets differ in how slant is generated. In particular, La Sexta
stands out as relatively more omission-driven, highlighting that similar levels of
slant can arise from different editorial strategies. A limitation of the empirical
decomposition is that, with archival data, common cross-outlet responses to the
same news event are not separately identified. When all channels react similarly
to a given story, that common variation is absorbed by the story component rather
than loaded onto framing or intensity. The decomposition therefore captures
outlet-specific deviations in the treatment of common stories, not the full extent
of editorial adjustment. Under this interpretation, the estimated shares of framing
and intensity are best viewed as conservative, and may constitute a lower bound

on the underlying importance of these mechanisms when outlets move together.

3.5 Conclusion

This paper studies how news outlets generate ideological slant and, crucially,
through which editorial margins that slant is produced. We develop a model in
which outlets choose story selection, narrative tone, and airtime allocation, and
use it to organize slant into three distinct mechanisms: omission, framing, and
coverage intensity. We then bring this framework to transcript-level data from

Spanish prime-time television news.

Our findings show that framing is the dominant driver of slant for most outlets.
Differences across channels arise primarily from how common political stories
are narrated, rather than from large differences in story selection or airtime
allocation. Omission is nonetheless quantitatively important for a subset of
outlets, indicating that selective coverage can play a central role even when
overall slant is moderate. By contrast, coverage intensity contributes relatively

little on average. Taken together, these results highlight that similar levels of
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observed slant can be generated through different editorial strategies, and that
distinguishing between margins is key to understanding how ideological distortion

emerges in news markets.

More broadly, the analysis underscores that media bias is inherently multi-
dimensional. Focusing solely on aggregate measures of slant may obscure the
mechanisms through which outlets shape information environments, and therefore

the ways in which audiences are exposed to ideological content.

A natural next step is to embed the theoretical framework in a structural
estimation that recovers the primitives governing audience demand and editorial
costs. This would allow one to move beyond the reduced-form decomposition and
quantify the latent ideological positions of both stories and outlets, as well as to

evaluate counterfactual changes in the media environment.
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Appendix A

Appendix to Chapter 1

A.1 One monitor, CCyy and PC,; binding

Proposition A.1 (Shape of the optimal span in the CC + PCM regime). Fiz
A0 € (0,3), po € (0,1) and V > 0. In the intermediate regime where the collusion
constraint and the monitor participation constraint bind, the principal’s profit
(relative to the no—monitor baseline gy = %—F@L—l—%ez) as a function of u € (0, 1]

AGTI(1) =L [Aeu - a0) 41— p) (1 - A)]

1 3 1 19\ 1 1 2
T (Aep(u) ORI AQ)‘/ T (M?up(u) - A92up(u)2>v ’

with p(p) = poe ™. Let p*(N\) € (0, 1] mazimize AOTI(1) (assumed interior when
stated). Then:

(i) (Eventual collapse of span) As A — oo,
pr(A) — 0.

More precisely, there exists x* € (0,00) (depending on parameters) such
that p*(X\) = x* /X + o(1/N).

(7i) (Non-monotonicity in \) There exist parameter values and an interval of
A contained in the CC + PCM regime for which p*(\) is non-monotonic
in A (it increases for some range of A and decreases for larger \). In
particular, for Af < % and for moderate V one has dp*/d)\ > 0 at some
interior optimum, while for all sufficiently large X one has du*/d\ < 0; by
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continuity, p*(\) must turn at least once.

A.2 Two monitors, all constraints binding.

We are in the two—monitor environment with spans p > ps € (0,1]. A mass
1 — 2u + po is unmonitored, a mass p — p9 is covered by exactly one monitor,
and a mass fy is covered by both (overlap). Detection is p := p(u) = poe ™ and
reports are independent across monitors in the overlap block. In this section, I
focus on the intermediate region for the monitoring cost V', namely V' € [V, V,].
In this region the monitor Participation Constraint (PC,,) binds and at least
one Collusion Constraint (CC) binds, while all low-type incentive constraints
bind and the remaining constraints are slack. Intuitively, PCM pinning down the
expected transfer to monitors forces the principal to use the CCs to steer the high
type’s behavior via truthful-report transfers, and this shows up entirely in the
uninformative-state efforts e, ; and e, 5 that the principal sets in the one-monitor
and two—monitor blocks. The proposition below states the optimal contract in
this regime and gives the closed forms of the only two endogenous efforts, ez

and eg 9, as functions of primitives and (i, ps).

Proposition A.2 (Optimal two—monitor contract when CC & PCM bind). Fiz
> po € (0,1] and let p := p(p) = poe™ and A9 € (0, 3). Suppose Ve Vs, Vi,
so that the monitor Participation Constraint (PCys) and at least one Collusion
Constraint is binding, while the low—type ICs bind and the other constraints are

slack. Then, an optimal contract exists and is given by:

Efforts.

€11 = €31 = €41 = 1, €12 = €32 = €42 = 1,
and the only endogenous efforts are e 1, €29 determined below.

Wages to agents.

Wl(ng,gL,eL) = WQ(x9L79L79L) = %’ W1($9L7®’ Q) = %63,17 WQ(:E%,@’ Q) = %63,27

Wl(erﬁH’ 0H) = WQ(xQH,GHy 9H) = %7

2 2
WH(woy,0,9) = 5+ Deay — 55, Wi(w,0,9) = 5+ Megy — 55
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Transfers to monitors and instruments.

S (20, 5, D) = S2(20y.0, D) =0, S (way0p:0n) = OB <e2, _ A;’)

S (w0 Or) = 380(e22 = %), B=0, 5= S (uuy0,.0m)
Binding constraints.

« Low-type ICs: W (g, », D) = 3€3,; for j =1,2.

o CCxp, CCram, CCxiy, CCyr bind; with the above (S, 52,8, 3) this is

equivalent to
Sl(er,eH, 9H) = A9€2,1—AT92, 252($9H,9H, 9H) = A9€2,2—A792, 0= 52($0H,6H, QH).
e PCM binds:

(1 — p2)pS* (o,.00,01r) + /~L2p<52($eH,9H, Op) + (1 — p)5> =2V.

Closed forms for ey, and eys. The first-order conditions together with PCM

yield
VRO (1-2)(A=20, 20
L _ Adp ] G AN
2,1 — )
’ P\2-p
— 1%
(1= po) + a1 = 5) 1=
and,
2—p 2V p)AQ w— o [ A
= 1-2)=2 22— p)—(1—AF
1—p<A0p+'u2< 2) 2 +1—10 2( p) = )
227 P\2—p
— 12
(1 M2)+M2( 2)1—p

We are in the two—monitor environment with spans g > ps € (0,1]. A mass
1 — 2p + po is unmonitored, a mass p — p9 is covered by exactly one monitor,
and a mass fy is covered by both (overlap). Detection is p := p(u) = poe ™

and reports are independent across monitors in the overlap block. We focus
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on the intermediate region for the monitoring cost V, namely V € [V5,V,]. In
this region the monitor Participation Constraint (PC,s) binds and at least one
Collusion Constraint (CC) binds, while all low—type incentive constraints bind
and the remaining constraints are slack. Intuitively, PCM pinning down the
expected transfer to monitors forces the principal to use the CCs to steer the high
type’s behavior via truthful-report transfers, and this shows up entirely in the
uninformative-state efforts e, ; and e, 5 that the principal sets in the one-monitor
and two—monitor blocks. The proposition below states the optimal contract in
this regime and gives the closed forms of the only two endogenous efforts, ez

and eg 9, as functions of primitives and (u, psa).

Let A € (0, 3) and define

D)= (1-Ae+1 124 4%

In the two-monitor intermediate regime (CC and PCM binding), with p =
p(p) = poe ™ and q := 1 — p, the profit can be written as

@ —

5 [P(Q—p)+q2@(€2,2)] -2V,
(A1)

(Vs pi2) = (1=2p-+ pio) Mgng+(p—piz) [p+qq’(€2,1)}+

where ey ; and ey 9 are the optimal uninformative-state efforts in the 1-monitor
and 2-monitor blocks given by Proposition A.2, respectively. Note that p = p(u)
does not depend on ps. Differentiating (A.1) with respect to s gives

oIl 1 2
oy~ e = [+ adlean)] + 5P -p) - o] (42
, dear | 2 o, deao
+ (= p2)q®'(e2,1) oy 20 P'(e2,2) Bty

Here ®'(e) = (1 — A) —e.

Because ey and eg9 are chosen optimally given the binding constraints in
this regime, the envelope theorem (for constrained problems) implies that the
terms multiplying Oes 1 /0ps and des /0o are zero at the optimum. Therefore,
at the optimal (e3,,e3,) we can drop the last line in (A.2) and write the clean

envelope derivative

Moo~ 0] + Lo (A9
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Sign and the role of A\. The sign of 0II/0us in (A.3) depends on p = p(u)
and on the optimal efforts €3 ;, €5 5, which themselves depend on (1, V, A, po, \)
through the binding CC and PCM. Crucially, A shapes p via p(u) = poe ™ and
also affects the optimal p*(\) (interior u* scales roughly like 1/\ when the interior

solution is feasible).

Intuitively:

o For small A (slow decay), the optimal p* is large and p is high. Then
the 2-monitor term %[p(Z —p)+ q2®(e§,2)} dominates the 1-monitor term

p+q®(e3,), making OI1/Ouy > 0 and favoring full overlap (ug = p).

o For large A (fast decay), the optimal p* is small and p is low. The overlap
advantage shrinks and the balance can flip to 0I1/0us < 0, favoring zero
overlap (us = 0).

« By continuity in A and in the primitives, an interior u} € (0, u) solving

Oll/Ouy = 0 can arise for intermediate values of A.

Hence, the sign of OI1/dus is not globally fixed; it is governed by the detection
level p(y*())) induced by A (and by the corresponding optimal €3 ;, €5 ,), delivering

the comparative-statics pattern you conjectured.

Regime thresholds with two monitors: V5 and V,. Now, I characterize

the two thresholds Vi < Vj that separate these regimes.

To solve for Vj, I solve the CC-only problem and denote by (u¢,u§) an
optimal pair and by p© = p(u®) the associated detection. Let ES, be the
minimal expected transfer to monitors that implements the CC-only optimum,;
PCM is slack if and only if ES, > V. Hence the boundary where PCM starts
binding is

Vs = EC,.

Under full overlap u© = u$ = u® one obtains the closed expression

2+ (1—p°)?

_ 1
c,c cy .
V3(A, po, AO) = p“p~ (2 — p*~) 4,A9 1— A0, 20 | (A.4)

where p© is the interior CC-only optimizer (the root of the p-only FOC for
that regime).
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To solve for Vi, I start from the PCM-only (non-collusion) optimum and
denote by (uV, ud’) the optimal spans and p" = p(uY). In the uninformative
branch the second-best choice is e s = 1 — A6, so the coalition CC requires a

truthful transfer per informative event
Syt = Abepg — %A62 = A6 — %AQQ.

The cheapest way to implement this at p) = max {0, 2 — 1}, yielding a

minimal total expected wage

B(S) = 5p() o — o) St + yp()paSiam

1 3
= - A0 (1-2A
2p(u)u 0 ( 5 9)

The PCM-only optimum is collusion-proof, provided E(S) = V', so the bound-

ary is

Vi(\, po, A0) = JuNpoe ™ (A0 — 3A67) . (A.5)
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A.3 Proofs

Proof of Proposition 1.1.

Proof. Multiplying the objective function by two, the Lagrangian is,

‘c(e@L,@’ 69H7®7 xeL,Z7 x@}],@) = 9H + HL + (1 - Q)GHL,Z + qeoH,Q - (1 - q)W<x0L,®7 @)

62
— qW<x6H7®7 @) + )\1 (W(',”EGL,®7 @) o QL,Q>

2
62 _ AQ 2
Y (W(m,@, 5) ~ T8 W (1y,0,2) + (692)> .
The fist order conditions,
oL
3@9 B = (1 — q) — )\1€9L,g + )\2(691”@ — A@) =0 (A6)
oL
Deor o =q— e, =0 (A.7)
oL
_— =1 Al — A = A.
8W(x9b@, @) +q+ A 2 0 ( 8)
oL
—————————————— | — A prm— A-
aW(fEQH’@, ®> q + A2 0 ( 9)

From (A.9), Ay = ¢. Using the first order condition of ey, s we get that
2

epy.o = 1. From (A.8), A\ = 1, which implies that W (xy, », @) = eeg’z. At the

same time, from (A.6),

(1—-¢q)—(1—q)eg, o —qAO=0

which means that

which is precisely eg,, & — %. Finally, as Ay > 0, (ICpy) is binding, which

means that

1 €, o  (eqo — AD)? 1

2 2 2 2 2 2
1 A92—2(1—M)A9

T2 2

W(x9H7®7 @) =
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Proof of Proposition 1.2.

Proof. Tt is useful to note that the problem of the monitor and the problem
of the agents are not related by any inequality. Therefore, both can be solved
separately. If S(zg, 0,,0L) = S(20,.0,9) = S(9,.2,9) = S(Tay 04,0H) = % the
participation constraint of the monitor holds. As in the cases where there is a
report there is full information, setting W (xg, 9,) = W(2o,.04) = 3. €o,0, =

€00, = 1 and the other variables as before gives the best contract.

Proof of Proposition 1.3

Proof. The expected profit function is

AG(1 — AB)

E [M(p, W, S)] = Tons = V o+ up() =

whose first order condition with respect to u is,

OE [II(p, W, S)]
o

= 0= p(p) +pp'(p) =0

Clearly, for © = 0 the profit function is increasing, which means that the
optimal span of control is always strictly positive. If there exist u < 1 such that

the first order condition is satisfied,

else, 4 = 1, as the first derivative of profits is always positive. A sufficient
condition for p to be a global maximum is that the function up(p) is convex

everywhere, or equivalently that
2p' () + pp" () <0, pe (0,1
In the particular case of p(u) = poe~**, the first order condition gives

1
=3
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and the second order condition is satisfied, as pye ™. O]

Proof of Proposition 1.5

Proof. Tt is immediate to see from equation (1.4) that the profit function is linear

and strictly decreasing on . Therefore v needs be larger than zero and 2p—1. [J

Proof of Proposition 1.6

Proof. By Proposition 1.5, if a profit-maximizing span of control satisfies u < %,
it must be a global maximum. Assume first that v = 0. Then the first-order

condition yields pu = %, which is only feasible when \ > 2, so that pu < %

Assume then that A < 2. The optimal span must satisfy p > % and hence

v = 2u — 1. The profit function becomes:
1 _
IT = ppoe ™ — 5(2u — Dpge M + gy — 2V.

The first-order condition is:

oIl
G~ o= ) = phe P (1= A2 = 1)

Dividing by p(u) and defining:
F(u A) =1 =M= poe ™ (1 = A(2u — 1)),

we study when f(u; \) = 0.

Assume that A = 1. The first-order condition becomes:
l—p—pe "1 —=2u+1)=0 = (1—-2pe*)(1—p)=0.

This implies either p =1 or e# = 2py. The first term, (1 — 2pge™*), is increasing,
so if it crosses zero, the root is a local minimum. Therefore, = 1 is the global

maximum.

Assume now that A € (0,1). We now show that the derivative is always
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positive on [%, 1}, so the maximum occurs at u = 1. Rearranging f(u; A) > 0:

1—Ap
e M(1—=A2u—1))

Po <

Since 1 — A(2u — 1) < 1 — Ap, we obtain:

L—Ap A
<————7——=e"2>1
e~

so f(p; A) > 0 holds for all pg < 1, implying the maximum is at pu = 1.

Finally, let’s study the optimal span of control when A € (1,2). First, identify

when p = % is a local maximum. At p = %, we get:
A A A\ »
1.y) — -2 2
f(§;>\)—1—§—p0€2§0 A p02<1—2>€2-

Define x = 1 — % € (0,1) so the inequality becomes:

zel™® < p,.

Using the Lambert W function, the condition binds when:

r=-Wyl—elp) = A=2 <1 + Wy <—p€0>) )

Hence, if A > 2 (1 + Wy (—%)), then f (%, )\) <0,and p = % is a local maximum.
In particular, if pg > %el/z ~ (.8244, then this holds for any A > 1. Notice that
this does not rule out the possibility of having several local maximum.

In particular, I will show that when p, is large enough, there is at least

another local maximum. If f(1;\) < 0 and f(p*;A) > 0 for some p* € (3,1),

then by the Intermediate Value Theorem there is an interior maximum. Indeed,
FLA) =1 =21 —pee?) <0for A >1. At p= 3+ 5 € (3,1):

A 1
f (% + 35 A) =1-2 = Zpge21+3),

which is positive for any A > 1 and large py. Hence, by the Intermediate Value

Theorem, there exists an interior maximum.
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Now, if A < 2(1+ W(—poe™!)), we can use again the Intermediate Value

Theorem to show there exists an interior solution, as
1
f<2;)\> >0> f(L;N).
I will prove now that this solution is below % At p = %, we get:
f (%, A) = —poe (A —1) <0.
For p > %,
F(i A) = (1= M) (1 — poe ™) — Apoe™ ™ (1 — p) <0,

as both terms are negative. So any interior solution satisfies y < % Hence, if
f(p; A) = 0 it must be when u € (%, %)
To finish the proof, I will show the comparative statics using the Implicit

Function Theorem. Let

F(i,po, \) = 1 — Mt — poe (1 — A(2u — 1)).

Then at the optimum F' = 0. Its partial derivatives are, using the first order

condition:
oF 1—A
—_—=— a < 0,
3170 Po
OF s
— = _ 20 — 1
N My +poe” M (2p — 1),
OF .
a—u:—A[l—one (1= )]

I will show that F) < 0. This is a decreasing function of A\. Hence, it reaches its

maximum when A = 1.

F\ <0 if and only if

> —H

1 Po€
The left hand side is a decreasing function of . Hence, it reaches its minimum

when = 1. As the right hand side is a probability, 1 > pge™ and the statement

is always true.
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Finally, let’s show that F}, < 0. The condition can be rewritten as

2(1 — poe™") > A

The left hand side reaches a minimum when pg = 1, and therefore, it is enough

to check that

2 > A+ 2e M,

As p < 5, define z = Ay € (%, 1). The function g(x) = x + 2¢* has a

derivative equal to
gd(x)=1—2e7"

which is zero at © = log(2). As the derivative has a unique solution, there is a
unique critical point, that coincides with a minimum as the derivative is negative
for small values of x. Hence, it is enough to compare the values of g(z) at the

boundaries of z.

1 1 1
9(2):2+26_2<g(1):1+26_1<2

This proves that the partial derivative of \ is negative too. Using the Implicit

Function Theorem, the partial derivatives of p are given by

ol F e M (1—X2u—1))
Po

o Fu ML= 2pee — poe= (1 — A2 — 1))]
Op By ptpoe M [-p(l = M2u 1)) — (2p = 1)]

o F, A1+ poe (=3 + A\(2u — 1))]

To study g—;ﬁ), and % we just need to compare the signs of the two partial
derivatives of I'. As all three are negative, this shows that the partial derivatives

are also negative when g is an interior solution. O]

Proof of Corollary 1.2

Proof. Assume A > 2. Then the optimal structure is given by Q = (%,0).



Appendix A. Appendix to Chapter 1 122

Comparing expected profits under this structure with Ilgp, yields:

poe”t AO(1 — AG)

oD
A 2 2V

which is exactly the same condition as for hiring a single monitor under A > 2,

given in Corollary 1.1. O]

Proof of Corollary 1.3

Proof. Assume now that A < 1. Comparing expected profits under two-monitor

and no-monitor regimes yields:

poe (1 — ;poe_A) : A9(12— A6) >V

Now compare expected profits under two monitors vs. a single monitor:

AG(1 — AD)

>V
5 >

poe ™ (1 —poe™) -

By comparing the two right-hand sides, we observe:
poe_)‘ (1 — 1p e_)‘> >0p e (1 —p e_A)

5Po Z Po 0

Therefore, if the principal prefers two monitors over one, she also prefers two
over none. However, the reverse is not necessarily true: hiring one monitor may

be optimal even if two is not. This occurs when V lies between the two thresholds:

AY(1— Af)

poe <1 — ;pO€A> . 7A8(1 — A0) ;

s 2V e (1-poe?)

Thus, the only case in which two monitors are strictly preferred over both one

and zero is when the first (larger) condition holds. ]

Proof of Corollary 1.4

Proof. Assume A\ € (1,2) and let A = M and write p(u) = poe M. For

A € (1,2) and the optimal span uj(pp,A) in the two-monitor regime (with
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p? =2u; — 1), define
A(pispo, A) = 20ip(py) — 1*p(p).
From Corollary 1.1, the principal hires one monitor rather than none iff

V < Vi(po,\) = %e—lA.

Also, the principal hires two monitors rather than one iff

V < Va(po, A) = <A<M>1k;po, A) — 3\06_1>A,

Because A(ui;po, A) > 0, it follows that Va(pg, A) < Vi(po, A). Thus this gives

a monotonic ordering for the three hiring conditions.

V< Va(po, A) = two monitors,

Va(po, \) <V < Vi(po,A) = one monitor,

V > Vi(po, ) = 1no monitor.

Now, let’s explain the comparative statics of the incentives to hire as a function

fo po and A. The one-monitor cutoff is explicit:

1 1

%:LA>O, OVi _ e A
8p0 A

Hence better verifiability (pp 1) makes hiring one monitor attractive at higher ‘_/,

while faster span decay (A 1) makes it less attractive.

For V4, note that uf satisfies the first-order condition F'(p1,po, A) = 0 from
Proposition 1.5. By the Implicit Function Theorem,

Wi _ _Fw o B,
0p0 F/ﬂ O\ Fﬂl

so the optimal span shrinks as either py or A rises. Differentiating V5 shows

oVy Vs
a—po>0, ﬁ<0'
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Thus higher py expands the two-monitor region, while higher A contracts it.

Proof of Proposition 1.7

Proof. First, I write the Lagrangian of the problem and its first order conditions.

Lagrangian. Let e;, W(x;,r;), and S(z;,7;) denote efforts, wages to agents, and

wages to the monitor respectively. The Lagrangian is:

L=E[0; +e — W(xi,r) — S(xi, )]
+ AlS(ngﬁL, QL) + /\25(5179,;,97 Q) + /\35(‘%91{7@7 @) + /\4S($QH10H’ QH)

e2 e2
+ (W(ﬂﬁaL,eL,@L) - OL’9L> + 1y <W(£U9L,@> @) — 9§’g> + 1y (W(ﬂﬁaH,eH,@H) —

2

e2 — A§)?
+ w3 (W(xaHyza Q) - 2.0 - W<x0L7®’ @) + (601”62))

2

2
€0r,0m

+o (p(u) (S(@0p,00,501) + S (@05.0,: 0n)) + (1 = (1)) (S(20,.2, D) + S(T0y1,0,9)) =

2
e
T II (smmem On) + W (o, .0, 0m) — % — S(29yy.0, D) — W (0.0, D) +

First-order Conditions.

2

eQH,Z

2

).

2

)
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oL p(u) B
aeeLﬁL =0= T wleeLﬂL =0 (AlO)
oL 1
5 =0=-(1—p(p)) —vaeg, &+ s(eg, oz —A) =0 (A.11)
egL’@ 2
oL 1
a = 0 = *(1 - p(/,b)) - 1/}3691_1’@ + H€9H,g == 0 (A].Z)
GQH’@ 2
oL p(p)
_ _ — 1 = Al
869H79H 0= 5 w469H’9H €0 .01 0 ( 3)
oL _ p(p) -~
8W(339L79L, HL) =0= 72 + 77/11 =0 (A.14)
oL 1
W—O$—§(1—p(ﬂ))+¢2—¢3—0 (A.15)
oL 1
W—O$—§(1—p(ﬂ))+¢3—ﬂ—0 (A.16)
oL - p(p) -
aW(erﬁH’ QH) =0= 5 + @ZJ4 +II=0 (A17)
oL B p(p) _
9500 00) 0= 5t A+ ep(p) =0 (A.18)
Lo XA p) £ et (1= p)) =0 (A19)
88(1‘9[”@,@) - 2 pLu 2 2 yavy - .
ko ) de - T el —p) =0 (A.20)
aS(x0H7®)®) - 9 plp 3 2 bip)) = .
oL p(u)
=0= =+ M+ 1+ =0 A2l
95 (6,50, 0r1) 9 4 wp(p) (A.21)

From the first order condition of the efforts and the wages, it is immediate

that:
€0p,0p = €Ou,0g = €Oy, = L.

From equation (A.14), 1 > 0, and from (A.15) 1 > 0 this implies that the

constraints for low-productivity types (IC.4) are binding. Hence,

2
1 eGL,Q

W(xg, 0,,0L) = > W(xg, z,9) =

To show that (ICyg) binds, it is enough to notice that i3 > 0 in equation
(A.16). Then,

(egL,g — A0)2

1
W($9H7®7 Q) = 5 + W('TGL,®7 @) - 2
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And, substituting the value of W(xy, o, D),

1 AG?

W(w9H7®7 @) = 5 + AQGQIMQ — 7
We already know that if the Participation Constraint of the Monitor is binding
but the Collusion Constraint is not, we are under the non-collusion contract. Now

consider the wage contract W as in Proposition 1.3, and let the monitor’s wage

for the truthful report be
S($9H79H,9H) = —-

This contract is incentive compatible for both agents and monitor and satisfies

(CChy). If it also satisfies the first collusion constraint (CCpp),

_ 1 Af 3
> A _1 2 ( ) )
V> )\poe 5 1 2A9 ,

then the contract is collusion-proof. This means that the contract developed

in Section 1.2 is also collusion proof.

Assume now that this inequality does not hold:

V< }\poe_l . A; (1 — gAQ) =V,

I explore the optimal contract in this case. Begin by assuming that the
monitor’s participation constraint is not binding (¢ = 0); we will later examine
when this assumption holds and its implications. From equations (A.19) and
(A.20), S(zg, ,9) = S(xe, 2,9) = 0. Hence, (CCpy) reduces to (ICyy) as
stated before. Then, the Collusion Constraint (CCppy) must bind. This implies:

W<x9H79H7 GH) + S(x9H,9H7 ‘9H> = W<I9H,®7 @),

Solving for ¢y, -

Recall from earlier that:
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The FOC for ey, » becomes:

1

5(1 — () — Vaeoy o + (V3 + m2)(eq,,0 — AF) = 0.
Substitute in and simplify:

30200 = (1= 290 cop o (P90 4 S0 =) (- 20) =

Solving yields:
A6

€o o =1— 1_717(,“)

This completes the derivation of the optimal contract when only the Collusion
Constraint (CCpy) is binding. Substituting the values into the participation
constraint of the monitor, we require to have

V< up(u)AQQ (1 - MW) = Va(n)

Now, suppose instead that the participation constraint of the monitor is also
binding. If either A\; > 0 or Ay > 0 we can show that A3, Ay > 0 and the optimal
contract is the non-collusion one. But, by assumption, we know that, in that
case, (CCpp) is slack. Hence, S(zg, 0,,01) = S(2¢, »,2) = 0. Adding equations
(A.19) and (A.20), we get that

)\3:/\2—|—H>O,

and, hence, S(z¢, z,9) = 0. Then, we can obtain the contract from the

monitor by substituting S(z¢, &, @) = S(zg, o, ) = 0:
S(xQH’QH,eH) = —.
At the same time, as (CCppy) and (ICpy) are binding,
Ab?

1
W(l'gHﬂH, QH) + S(xQH’QH, HH) = 5 + AHE@L,@ - —

I will distinguish two cases:
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Case A. W(2g,9,,0n) > 5 This immediately implies that ¢, = 0. Using a
similar reasoning to before, we get ey, o =1 — %. Finally, from the (IC.),

) ov

Notice that we require that W(zg, 0,,0n) > 5. Or equivalently,

20— p(w) ) "

Which is a contradiction with the fact that V > V5.

So, from the previous two equations,

Case B. W(wg,.0,,00) = 5
AB?
S(IGH,BHa 9H) = A(?egb@ - T’

and
2V AB?
Sz, 6,,01) = —— — Neg, 5 + —.
( 0r,0rL L) Mp(/l) 01,9 9
As S(.T@L,@L, QL) = 0,
2V Af

er =+ —.
LT Nopp(p) 2

Proof of Proposition 1.8
Proof. The first order condition of the Lagrangian of the proof of Proposition 1.7

when p is an interior solution is given by,

1

L
1

7(691-1,@ + eHL,Z - W(wGL,Qv @)

_(69H7® + o5 — W<m9L7®7 ®> - W(:EQH,®7 ®>)) + 9

€or,,01, + €On.0u — W(x9L79L7 QL) - W(eryeH’ QH) - S(x9H76H7 QH)

1
_W(x9H7®7 @)) —Igp + :ugp/(/vb)((eﬁﬂfz + €ouon — W(‘%PL,@L? QL)

W (xo,.0n,00) — S(Toy0,.00) — (€00 + €0, 0 — W (9, 5,9) — W(xoy 2,9))) + 2 =0,



Appendix A. Appendix to Chapter 1 129

where ¢y is the Lagrange multiplier of (PC,;). Assume that only the (CCpp)
binds while the Participation Constraint of the monitor is slack. Then ¢o = 0.
Substituting by the values obtained in Proposition 1.7, we can rewrite the first
order condition as,
AG? 1 AG? 1 AG?

p(,u)2(1 —p(p))? 42(1— p(M>>2p<M)2 + Nip/(ﬂ)m =0. (A.22)

Which can be further simplified to

4(1_Ai(u))2p(ﬂ) (1 — poe M — )\M) =0

Notice that if 4 = 0 that equation is positive, hence p = 0 is never a solution to

the firm design. In particular, the solution is implicitly given by

1= poe™ M

H )

Rearraging and defining u = 1 — Ap,

—ue™" = —poe ",

which is the standard form of the Lambert W, which means that u =
W (—poe™!). Substituting again u, we get

o 1+ W, (—poefl)

H A

Going back to the Participation Constraint of the Monitor, we can substitute

the values of the contract in (PCj;) and define V5 as,

> ] 1+ WO (—poe’l) Ab 3 — p(M)
Vo= =W <—p06 ) : 3 5 (1 - A02(1—p(/~b))>

Proof of Corollary 1.5

Proof. First, it is important to know that the main branch of the Lambert W

function is an increasing function with
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w@(—1>=-4,m6m):o

e
This guarantees that 1+ Wy (—poe™!) is always positive. As Wy (—poe™!) <0,

we have that

1+ Wy <—p?0) 1
-~ 7 < J—
A A
which guarantees that the optimal span of control under collusion is always

smaller than in the non collusion case. At the same time, if p € (0, 1), applying

the implicit function theorem and the chain rule, we can see that

op 1+ Wy (=poe™")

N 22 <0
o o -1

O Wol=me™) _,
dpo Ae

where the second inequality comes from the fact that W} is an increasing

function. Finally, the interior optimal condition is not satisfied if

1+ WO (—poefl)
A

>1

or equivalently,

A< 1+ Wo (—poc )
In this case, the optimal ;= 1. O

Proof of Proposition 1.9 If only the participation constraint is binding, the
problem of the firm can be solved as in the non-collusion case, and therefore,
the expected cost of a monitor is V. Else, if the participation constraint is not
binding, the problem under one monitor and under two monitors are unrelated, as
they do not share any restriction in common. Hence, both problems can be solved
separately. Notice that the solution to the problem of one monitor is given by
Proposition 1.7. T will rewrite the problem taking into account only the problem

of two monitors and assuming that the participation constraint is not binding.
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Jnax (1= (1- p(1))?) (12 + eap — Wixg, 0,,00) — W(Zoy.04,0m))

+ (1= p(p)? (ea2 + €32 — W, 0,9) — W(2g,,0,9))
= 2p(p)(S(woy,0r,,0r) + S(Toy 05, 0m))
—2(1 = p(p)(S(z6,.2,9) + S(T6y.5, D)) — 2p()(1 — p(p)) (6 — B)

s.t.
S(ﬁi,’l"i) Z 0, 1= 1,2,4 (LLM)
S%(xs,1) — B3>0, i=3 (LLM’)
B >0, (PenC)
o2
W2(x5,7) — 5 >0,i=1,23,4 (IC1)
2 _ A 2
W (zg,.0,9) — % > Wz, 5,9) — (6“29) (IC3")
25(xo, 04, 0m) + Wiz, 0,,0m) — clesr) >
25(xgyy .2, 9) + W(zg, 0, 9) — clesq) (CCh2m)
S(20,,01,0) +0 — B+ W(g,,0,,00) — clean) =
S(xoy,D) + W(xe, 0,9) — clesn) (CCu1m)
S($9H79H, QH) > S(l’gH,g, @) 4+ — ﬂ (CCM)
The Lagrangian is
L) =1—(1—=p(u)?) (er2+ eaz — W(xg,0,,0L) — W (o0, 0m))
+ (1 —p(u))? (€22 + €30 — W (26, 0, D) — W(xgy.0,9))
- 2p</’l’)(S<xQL79L7 QL) + S(xGHﬁH? 9H)>
—2(1 = p())(S(z6,,0, D) + S(T0y,0,9)) — p(p)(1 — p(p)) (6 — B)
e2
+ Y XSz ) + Xs(Ss— B) + 6+ Z ©i <Wz — 5)
i=1,2,4 i=1
e2 (e2 — A)? €3
+903 Wg—é—Wg +H3 2S4+W4—*—253 Wg"’;

2
<S4+6 B+ W, ———Sg Wy + 2>+H5(S4—53—6+6)

And the first order conditions of the problem are:
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oL
Jer 0= (1—(1—p(u)?*) —pier =0 (A.23)
oL 9
Doy 0= (1—p(p)" — @262 + p3(e2 — Af) =0 (A.24)
oL
% =0= (1 — p([,b))Q — (3es3 + H3€3 -+ H4€3 =0 (A25)
3
oL
P, 0= (1—(1—p(u)?) — oseq — Tzeq — ey =0 (A.26)
4
oc 9 B
oW, 0=1-1-pu))—¢1=0 (A.27)
oL =0= (1—p(u)? —@2+p3=0 (A.28)
W, plp P2 T Y3 = .
O o (1= p())? — py + TIg + TTy = 0 (A.29)
an - plu ©3 3 4 — .
oL
o =0=(1—-(1—p(p)?) —@s—M3—TI;, =0 (A.30)
oL
a5 =0~ —2p() + M\ =0 (A.31)
oL
o5 = 0= —2(1=p() + 2y =0 (4.32)
0S5,
oL
3
oL
ﬁ =0= —QP(LL) + M 2003411, +11; =0 <A34)
4
oL
35 = 0= WL —p() +1L —1; =0 (A.35)
oL
%:O:>p(u)(1—p(u))+’y—>\3—H4—|—H5:O (A.36)

As in previous proofs, it is immediate to see that e; 3 = €32 = €42 = 1. From
the first order condition of W (zy, g,,05), we can see that ¢; > 0, which means
that W, = % At the same time, form (A.28), @9 > 0, which also means that
Wy = % So the low type agents do not receive any rents under the optimal
contract. From equation (A.29), ¢3 > 0. This means that the (ICp) is binding
and,
€5 (e2— A0  1—Af?

% AY
2 2 5 T

From equations (A.31) and (A.32) it is immediate that A;, Ao > 0, which
implies that S; = S5 = 0. From equation (A.33),
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which implies that S3 = 0. This implies that, when the Participation Con-

straint of the Monitor is not binding, she only receives wages from reporting high
types.

From the first order condition of §, we have that II; > 0, which means that
(CCpp) is binding. Adding (A.35) and (A.36), we get v = A3, which implies
that v > 0 and therefore 5 = 0.

If Sy = 6, equation (CCpapy) becomes (CCpyp), which we already know is

binding. If, instead Sy > §, II5 = 0 and (CCpap) is not binding, as

284+W4>S4—|—5+W4:W3.

This implies that I3 = 0. From (A.34) we have that Iy + Ay = 2p(i), and
from (A.36) I, = p(u)(1 — p(p)). If Sy > 0, this is a contradiction. Now, if
Sy =0, then Sy = § = 0, which makes (CC,,) binding and thus, we arrive to a

contradiction.

To finish the proof, we just need to compute e; and Wy. As (CCpyp) is
binding, we know that

W4 + 254 - Wg.

Notice that any combination of S, and W, that satisfies the restrictions and
the previous equation would give the same profits for the monitor. This implies

that ¢4 = 0. As in previous proofs, I will assume that W, = 1

3, satistying the

incentive compatibility constraint, and 25, = W5 — 1.
Adding equations (A.29) and (A.30) we get that 3 = 1. And from equation
(A.28) 3 — o = (1 — p(u))?. Substituting into the first order condition of e,

Ab

S G ) Ek

finishing the proof.

Proof of Proposition 1.11.
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Proof. As (PCyy) is never binding, Proposition 1.10 guarantees that u = -y. Hence,

the profit function can be written as,

E[II(Q, W, 8)] <ILops + AB (41(1—_(129(—;)9)(2#) ))u

In this case,

(1 — poe=™) + (1 — poe=)?
2\
(1 = poe™™)(2 = poe™ ™)
2\

ILL:

To show the uniqueness, assume that p is interior (as otherwise is trivial) and

define ¢(u) == (1_p(“));§1_p(“))2. One checks

p(1)[3 = 2p(p)]

¢ (1) = 5

€(0,45)  for p(n) € (0,1),

so ¢ is a contraction. Then, Banach theorem ensures that there is a unique
interior fixed point pu = ¢(u). If that fixed point exceeds 1 (small A or small py),
the optimum hits the boundary p = 1.

Proof of Proposition 1.12
Proof. Define

9(p(p))

F(MapOaA) = g 2\ 5

An interior optimum p* satisfies F'(u*, pg, A) = 0. Compute the needed partial

derivatives. First,

OF . dWop _ | (=3+2p)(=Ap) _ | pB-2p) _2-3p+2p’
ou :

2\ Ou 2\ 2 2

For p € (0,1) the quadratic 2 — 3p + 2p* > 0, hence OF/du > 0. By the Implicit

g(p) == (1-p)(2—p) = 2-3p+p>,  p(p) = poe M.
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Function Theorem, there is a C! function p*(po, A) solving F = 0, and

op* _ OF/0x
oz OF /0 o

x € {po, )\}

Derivative with respect to pg. Holding p fixed,

OF __g®) O __(Z3+2) (= 2np

Apo 2\ dpy 2\ 2P0
Therefore
(3—2p)p
Ao 2 —3p+2p° Apo(2—3p+2p?) 7
2

since p > 0, 3 — 2p > 0 and the denominator is positive.

Derivative with respect to . Holding p fixed,

or _ _8<g(p)> _9(p) g _glp) (—3+2p)(_ )
o~ ox\2x/ T 22 2x ax 2x 2 He):
Using the first order condition, p = %ﬁ\’), gives
OF _g(p) gpB—2p) g _9(p) OF
o 2x2 T e 2B =55 o
Hence
9(p) OF
o 2N ou _ _gl) _ (A-pE2-p) _,
oA oF 2)2 2\ ’
o
because (1 —p)(2 —p) > 0 for p € (0,1). O

Proof of proposition A.1
Proof. Throughout write K := (1 — A0/2)? and p := p(u).
Step 1 (FOC and derivatives). For an interior maximizer,

OAOTI
F(u; ) = EM(M) = 0.
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A direct differentiation yields

Fu; \) =

1 —
2 AP2yp2 A2y p?

A1 - A0) — 5(1 - p) K —lAquJr,\(l/M;?’/Q)VJF( 1-p A 2—19)

=:F4 =:Fp =:Fo

(A.37)
The second derivative F,, = 9*A6I1/dy is negative at the interior optimum (SOC),

so by the Implicit Function Theorem

dp*  Fy
A\ Fulu—p

hence sign <”g§> = sign(F)) at p*.

Step 2 (Asymptotics X — o0o0). Let x := A\ € (0, ], so p(u) = poe*. Rewrite
AOII grouping orders in A:

T . _ 62:(: - poeaj _
AGTI(e) = | A0(1 — 20) = (1~ poe )K] + (Mp})e_z SN - ge)v Yl
O(1/X) o(1) =: Ag(z)>0

As A\ — oo, the dominant term is —Ag(z)V?, with g continuous on (0, 00) and
g(r) = oo as x | 0 or + — oo. Hence g attains a finite minimum at some

x* € (0,00), and the maximizer of AAII must choose x near z*, i.e.

P =2 4o(5) = w0,

which proves part (i).

Step 3 (Sign of du*/d\ for moderate X\). Differentiate F' in (A.37) w.r.t. A at an

interior optimum. Using py = —up and collecting terms,

1/A0—-3/2)- V2 /11— A2 —
F,\:—i,u*Kp%—i)\uﬁKp-i—)\(/ />V+ < p_,u* p).

AG2 M*Q p2 pQ

from Fp from F¢

from F4

For Af < 2 one has (1/A — 3/2) > 0. On any compact set of (A, u) where the
CC 4 PCM solution is interior and p stays away from 0 and 1, the (positive)
middle term )\WAZ%‘%/Z)\_/ dominates the negative contribution from the V2 term
for all moderate A and V small enough. Hence there exists \g > 0 (within the

regime) such that F)\(u*(A\o); Ao) > 0, and therefore dp*/dX > 0 at Ao.
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Step 4 (Sign of du*/d\ for large X). From Step 2, u*(\) = 2*/A 4+ o(1/X) and
p(p*) = poe=®" € (0,pg] as A — oo. Substituting this scaling into F) and keeping
the leading order gives

A 2—poe ™ V2

BapsA) = A2 e g + 0(),

which is strictly negative for all sufficiently large A. Since F}, < 0 at the optimum,

we conclude dp*/d\ < 0 eventually.

Step 5 (Non-monotonicity). By Steps 3—4 there exist \g with du*/d\ > 0 and
A > A with dp*/d)\ < 0 (both within the CC + PCM regime). Continuity of
w*(+) and of F) implies at least one turning point A* € (A, A) where du*/d\ = 0,

hence p*(A) is non-monotonic. This proves part (ii). O

Proof of Proposition A.2

Proof. For this proof assume that u > us. In the opposite case, the optimal
contract can be solved as in Proposition 1.7 with a different probability of detection.
For this part, I will assume that both the (PC,,) and at least a collusion constraint
are binding, as if all the Collusion Constraints are non-binding, we are exactly
in the non-collusion scenario discussed in the previous section. So, at least, one
collusion constraint must be binding. Take again the maximization problem of
the principal. Now, as (PCj,) is binding, we can not split the two problems of the
monitor. For completeness I will write the maximization problem of the monitor,

the Lagrangian and its first order conditions.
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(nax, (L= 20+ po)gnr + (o — p2)p(p) (€11 + ean — W'(wo, 0,,00) — W (oy0,.01r))

+ (1= p2) (L= p(p)) (21 + ezn = W (20,0, ) — W (20,2, 9))

F (= (= p())?) (en + exs — W (a, 0, 00) — W (20,0, 011)
;Nz(l = p()? (€22 + €32 = W(To, 0, 8) — W (20,0, D))

— (b — p2) (P(M)(SI(JCGL 60, 00) + S (20,04, 0n)) + (1 — (1)) (S (0,2, D) + S (20,2, D)
— 12 [P()(S* (20,01, 01) + S (o0, 0n1)) + (1 = p()(S* (20, 2, @) + S (29,1 0, D))

+p(p) (1 = p(u)) (3 — B)]

+

S.t.
SY(ws,m) >0, i =1,2,34 (LLM)
S%(xs,m) >0, i =1,2,4 (LLM)
S%(x3,73) — B >0, (LLM)
5 Z 07 (PenC)
2
W (x5, 1) — 6;1 >0, i=1,2,3,4 (ICL)
e?
W2(zi,rs) — ;2 >0,i=1,2,3,4 (ICL")
2 _ Ae 2
W(zg, 0, 9) — % > W(zg, o, @) — (6“2) (ICH)
2 _ 2
W2(zg,, 5, D) — % > W2(z9, o, @) — (emzae) (IC3)
(1 = 12) (P(1) (S™ (o, 0., 0) + S (a0, 01)) + (1 = p()(S (20,0, D) + S (20,12, D))

+ 2 (p(:u)<52(x9b9u HL) + S? (x9H79H7 QH)) + (1 - p(ﬂ))(‘sa(x@b@? @) + SQ(‘TGH7®7 @))

+p() (1= p()(0 = 8)) = 2V (PCM)
SY (w00, 0m) + WHTg, 00, 0m) — cleq) >

SY (g0, D) + WHg,, o, D) — clesq) (CCxm)
2520y, 010,01) + W (T30, Onr) — clean) >

25%(20,y.0, D) + W?(20,.0, D) — c(ess) (CCh2m)
S%(xg,.00,0m) + 0 — B+ W?3(2g,.0,,0m) — clesn) >

S (20,2, D) + W (20,0, D) — cles2) (CCrin)

SQ(xGHﬁH?QH) 282(1;91-1,@7@)'}_6_6 (CCM)
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The Lagrangian.

‘C() (1 - 2” + MQ)HQM + (:u MQ)p(N)(el,l + €41 — Wl(xeLﬂL’ QL) - Wl(I9H79H7 QH))
+ (= p2) (L = p(p)) (e21 + €31 — W(zo, 0, B) — W29, D))

1
pa(1 = (1= p())?) (€12 + €a2 = W2(xo, 0,,01) — W(20,, 0,1, 01) )

+

N — DN

(1= p(1))* (€22 + €50 — W(wg,,0, @) — W (2,0, 9))

i—p12) (P(1)(S (20,0, 01) + S* (o0, 0n1)) + (1 = p(1))(S (0, 2, @) + S (w00, D)) )
— 12 [P()(S* oy 0., 01) + S (o, 01)) + (1 = p(1)(S* (20,2, D) + S (2,0 0, D))
+p() (1 = p(p))(6 — B)]

+ 3 AN (S @nr)) + X A (S (i mi) + NS (20,0, @) — B) + 98

~~

i=1,2,3,4 i=1,2,4
o2 o2
Cr ) s ()
i=1,2,4 2 i=1,2,4 2
e2 €1 — AB)?
+ 9011’) (Wl(xGH,Za ®> - % - W1<x9L,®7 @) + (2J2)>
e2 €99 — AB)?
+ 3 <W2 Toy .z, D %WQ(ML,@,Q) + (€22 = A0)° 5 ) )

e e
Sl er O > 9[—[ Wl(er’gH, OH) - # — Sl(ang,@, @) — Wl(£9}],@7 @) + ;1>

e, e
<252 Toy, aH,eH + W4 % — 252(1’9H I, @) — W2(.1'9H,g, ) + 32)

2
2 _ @ Q2 12 6% 1. (§2
+ 10y | S* (20, 000, 01) +0 — B+ WS 5 SH(20y,2,9) — W (20,0, 9) 5 | T 5( (2

((M /~L2> (p(ﬂ)(s (x9L,9L7 9L> + Sl(x9H79H7 9H)) + (1 - p(“))(s(‘x%,@? @)1 + Sl(xGH,Qv ®>)
+pa (p(u)(SZ(l"aL,eu 0L) + S*(20,1.00,0m)) + (L — p(1)) (S (w0,,0, D)* + S* (20,2, D))
+p(u)(1 = p(p)(8 — B)) — 2V')



Appendix A. Appendix to Chapter 1 140

First order conditions.

oL
86171
oL

86271

oL
des 1
oL
deq 1
oL
deq 2
oL
des o
oL
des o
oL

864,2

oL
OWY(zg, 0,,0L)
oL
Wl (zg, », D)
oL
Wz, », D)
oL
Wz, 0,,0m)
oL
OW?2(zg, 0,,0L)
oL
OW?2(zy, z,9)
oL
WY zy, z,9)
oL
OW2(xo, 04,0m)

= 0= (1 —p2)p(p) — prern =0 (A.38)
= 0= (1= p2)(1 = p(p) — ez + g5(ezn — A0) = 0
(A.39)
= 0= (u—p2)(1 = p(p)) — pze31 + ez =0 (A.40)
= 0= (1 — p2)p(p) — piean — ey =0 (A.41)
= 0= (1 = (1= p())?) — Fers =0 (A.42)

1
=0= 5,&2(1 —p(1))? — phean + @3(ean — AG) =0 (A.43)

1
=0= 5#2(1 —p(p)® — wies o + Mgezp + Tyegp = 0 (A.44)

= 0= (1~ (1= p())?) — @leas — Tyeas — Miesp = 0
(A.45)
= 0= (1 — p2)p(p) — ¢y =0 (A.46)
=0= (1 —p2)(1 = p(p)) — 3+ 3 =0 (A.A7)
= 0= (p—p2)(1 = p(p) — @3+ 1 =0 (A.48)
= 0= (= p2)p(p) — @i — T = (A.49)
= 0= (1= (1= p()?) — &} =0 (4.50)
= 0= ;uz(l —p(p)* — @3+ 5 =0 (A.51)
0= a1 = p()? — g+ Ty + 11, = 0 (4.52)

=0= Jn(l— (1= p(w)) — @3~ T~ =0 (A53)
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351(93(Zfeu o) 07 Tl mpln) £ M+ a(p = pa)p(p) =0 (A.54)
851(2;@) = 0= —(u—p2)(1 = p(p) + A3 +a(p — p2)(1 = p()) =0
(A.55)
oL

951wy oz 0= ) (1= p()) = ) (1= plu)) + Ay~ 1L =0

(A.56)
oL = 0= —(u— p2)p(p) + A} +alp — p2)p(p) + I =0 (A57)
OSY oy 0y, Orr) o= p2)p(p) + Ay + a(p = po)p(pe | = .
oL - ) B
952(zg, 9, 01) =0= —pop(p) + A} + apsp(p) =0 (A.58)
o 2 .
952wy, ) — 0= Hl = pU) + 5+ apen(l = p()) =0 (A.59)
oL

95 (29, 5. 2) =0= —pu2(1 —p(p)) + apa(l — p(p)) + A3 — 213 — I, — 115 = 0

(A.60)
oL
957 (r0 00 010) =0 = —pop(pt) + A\] + apop(p) +2I3 + I, + 1 =0 (A.61)

oL

a5 = 0= —r2p(p)(1 = p(u)) + apzp(p)(1 = p(p) + Ty — 15 = 0
(A.62)

oL )

55zoiwmmnﬂ—pWN+v—ammmﬂ—pw»—Ay4h+ﬂs=0

(A.63)

As in previous proofs, it is immediate to see that e;; = e3; = €41 = 1 and
€12 = €32 = €42 = 1. At the same time, using a similar reasoning to previous
proofs, we can see that W'(zg, g, ,0) = W?(zg,0,,01) = 5, W'(z9, ,5,9) = 637’1,
and W?2(xg, »,9) = 8372 So the low type agents do not receive any rents under
the optimal contract. From the FOCs of W(zy,, 5, @) and W'(zy,, 5, D) we have
that both (ICy4) and (IC3’) are binding.

1— A6?
Wl(er,Ea @) = 2 _'_ eQ}lA@
, 1— A
W (er,Eu @) = + 62,2A9

2
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Before continuing with the proof, notice that if a = 1, all the {\ 5:117’22,374 and

the {1l }x=13.45, multipliers will be zero. This implies that the contract is the
non-collusion contract, which by assumption violates the collusion constraints.

For this reason, assuming that any {\/}/Z,% is zero makes o = 1 and drives

to a contradiction. Hence, A > 0, A} > 0, A? > 0, A2 > 0. This implies that the
associated wages are equal to zero. Adding equations (18) and (19), we can argue
that A} > 0, and then S*(zp,, 5, @) = 0. The same logic applies to equations (22)
and (23) which mean that S*(zg,, &, 9) = 0.

Adding (25) and (26), we can see that v > 0, which implies that 5 = 0. Hence,

substituting into the Participation Constraint of the Monitor we get,

(1= 12)p() S (@053,01 Or1) + 12p (1) (S* (011,05 Orr) + (1 = p()0) = 2V

If IT; = 0, by (20), a = 1, which is a contradiction as already stated. Hence,
IT; > 0, and (CCpp) binds. Using the same reasoning, if II; = II5, equation (25)
shows that ov = 2, which is a contradiction with equation (24) as it requires that

some multiplier is negative. Hence, IT; > II5 > 0, and (CCpyyy) binds.

Now assume that II5 = 0. This means that (CCj,) is not binding and therefore
(CChap) is also slack. Hence, II3 = 0. Adding equations (24) and (25) we can
see that o = 1 reaching again a contradiction. This implies that all the collusion

constrains and the participation constraint is binding.

Assume now that W' (zg,, 9,,,0n) > % (a similar logic applies to W (g, 6,,, 0rr)).

Then, ¢; = 0 and, by (12), II; = (u — po)p(p). Using a similar procedure to

previous proof, we can argue that, under this assumption, es; = 1 — 1—%&)' If
both W(ze,, 0,,0m) and W?(zg, 0, ,0p) are larger than £, the optimal contract
coincides with the collusion contract, which by assumption does not bind in the

participation constraint of the monitor.

As in previous proofs, assume that, W(zg,, 0., 00) = 5, W2(xg, 0,4, 0n) = 1.

From the collusion constraints,
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Sl(fL’eH,eH,QH) = Af (62,1 - Aj)

1 Af
SQ<£C9H’9H,6H> = §A9 (62’2 — 2)

Notice that the whole maximization problem is written in terms of ey ; and

ea2 with (PCy/) being binding.

(1 — p2) (62,1 - A;) + pe <1 - ;p(u)> (62,2 - A;) = A;Xu)-

Hence, I can rewrite the whole program and maximize as a function of only

these two variables with A being the multiplier associated to (PC,;). Call this

new lagrangian £. This means that,

oL

Bens 0= (1 —p2)(1 —p(u)(1 —e21 — A) + (1 — p2)A =0

oL 1 1

5o =0 = ~pia(1 = p(1))*(1 — €22 — AB) + po= (2 — p(p)) A = 0.
€21 2 2

This allows me to express A as a function of ey ; and substitute.

A= (1—-p(u)(e21 — 1+ AB)

(2 —pp), 1—Af
L—p(p)

i =€
Tl 7

Substituting back into the (PCy;) we get,

2V Af p()\ [ 1—A0 A0
Aep<u>+<”‘“2>'2+”2<l_ 2 )(1—p(u)+2>

)\ 2—pw)
(M—M2)+M2<1— 5 )-1_]9(”),

€21 =

and,
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E_{_( ) ﬁ_{_ (1 p> 1_A0+ﬁ
9_p Agp  HTHYITT TR 2)\1-p " 2) 1-44

1—p ( p) - D 1—p'
— 1—-Z). =
(10— p2) + o 5 1

€22
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Appendix to Chapter 2

B.1 Proofs

Lemma B.1 (Variance of 6; given 6;). Let §; = 0 +¢;, and §; = 0 + ¢, where
(i,€5) is bivariate normal with variances o;;,0;; and correlation o;;. Then, if we

assume an improper prior for 0,
(9\(9@ ~ ./\/'(91, Uii)7 and 9j|01 ~ N(Hl, O + Ojj — 20’@').

Proof. The conditional distribution of 8 given 6; follows from Bayes’s rule with
an improper prior on 6, which implies f(6]6;) o< f(6;]0). Since ;|6 ~ N (0, 04),

the posterior distribution is

The conditional distribution of 8; given 6; is derived analogously below. Using

the definition of conditional density,

Under the joint normality of (6;,6;) conditional on 6, the conditional distribu-

tion is given by the standard bivariate—normal formula

(22

-
0;10;,0 NN<9+pij —(0; — 0), oj5(1 —P?j)> : (2)

145



Appendix B. Appendix to Chapter 2 146

Jij

/Tii0jj "

where p;; = For fixed 6;, the joint conditional density of (6, 6;) is given by

£(0,0;10:) = £(6;10,0:) 1 (616;).

Because both 6;|(6;,6) and 0|6; are normal, their product is proportional to
the exponential of a quadratic form in (6,6;). Hence the joint density f(6,6;]6;)

is normal in (6, 6;), and up to a normalizing constant, its exponent is

V[0 0- 0,20 -0)  (9— 02
2 %(1 = p?) T .

The numerator of the first fraction in Equation (B.1) is

9354 2 0355
(05— 0 — piy Y22 (6: = 0))” = (60— 0)* — 20,222 (6; — 0)(6: — 0) + ps Z2(6: — 0)*.

Substituting back, Equation (B.1) becomes

2(1 = p3) l 0jj NG (65 = 0)0: = 6) + Tii 1 '

Define
1 1 1 20 1 0; 0; i
A:(—F—pJ); B= 2<J+— i (9j+9i)>;
1—p; \oj i L=pj; \0jj 0 (/00

1 02 2p;,0,0; 67
and O — 2<]_p”+2>7
L=pi5 \ojj  \/0ji0u O

so that Equation (B.1) becomes —3 [A46% — 2B + C]. Integrating over 6 elimi-

nates the latent parameter and yields the marginal density of 6; conditional on

Qi.
/]Rexp[—%(AH2 —2B6 + C’)} do = \/%exp; {372 — C’} .

Thus the marginal density of §; given 6; is proportional to exp[—3(C — 372)],

1
2
and direct simplification yields

B? (0, —6,)?

c-2 - .
A oyt 0jj — 2pi5\/0i0j;
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Hence,
0;10; ~ N (91, Oii + 055 — 2)0ij\/0'iz'0'jj) )

so the conditional variance is o;; + 0j; — 2p;j,/0:i0;;, or equivalently o;; + 0;; —
20'2']'. [l

Proof of Proposition 2.1

Proof. The proof proceeds in two parts. The first establishes that truthful
reporting is the unique equilibrium for rational users. The second shows that,
for any specification of the function ¢, truthful reporting also constitutes an

equilibrium for naive users.

Naive users. The argument for naive users proceeds in three steps. First,
the message that maximizes engagement also maximizes learning. Second, the
message maximizing within—the-platform utility coincides with the one that
maximizes expected engagement. Third, truthful reporting maximizes within—the-
platform utility. The second step provides the link between the two optimization
problems: it connects the learning-maximization result in the first step with
the utility-maximization argument in the third, ensuring that truthful reporting

jointly maximizes engagement, learning, and utility.

First, note that a naive user who cares only about learning will choose the
message that maximizes engagement. For such users, engagement and learning
are monotonically related: given any algorithm and message profile, if the user
reads weakly more posts (e¢; > e;), her posterior variance weakly decreases,
and learning weakly improves. Hence, under any algorithm, the message that
maximizes engagement also maximizes learning. This follows directly from
Bayesian updating: conditional on the algorithm, observing more signals implies

a weakly lower posterior variance.

Next, the message that maximizes the expected within—the-platform utility
when m; = 0; also maximizes the expected engagement. By definition of a

random variable with finite support, the expected engagement is

E [e;|m;, 0;, F] = Z kPrle; = k|my, 0;, Zi). (B.2)
k=1
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With the continuation function g(-), !

Prle; = klmy, 0;, %] = (1—g wi(mg, k ) Hg ui(mg,r)) for 1 <k <n-—1,

Prle; = n|m;, 6;, #] = H g(ui(ms, 7))

Therefore,
n—1 k—1 n—1
Eles|mi, 0, Zi] = Bo_, | Y k(1=g(ui(mi, k))) TT glus(ma, r))+n ] glui(mi, )]
k=1 r=1 r=1

Here, Ey_,[-] denotes the expectation over the other users’ signals, conditional on
0;, while keeping the realized engagement path e; fixed. Differentiating expected

engagement with respect to m;, and applying the chain and product rules, yields

k-1 k—1

8?7% [eilmy, 0;, Fi] = lz k( (1~ glug(mi, k) T g(uilmi, ) S g'(ui(my, s)) Qui(mi, s)

onter = g(ui(mg,s))  Omy

au (m;, k)
- gl(ui(mu ! H uz mu )

 om;

o e g’(w(mi,s))aui(mi(s))]
+n£[19(uz(mz,r)) ; g(ui(mi,s)) om, . (B,3)

The next step is to show that truthful reporting constitutes a best reply to
truthful reporting for user i. When all other users report truthfully, m_; = 6_;,

the within-the-platform utility of user ¢ at engagement level k is given by

wi(mi, k30, F) = —B(m; — 0;)> — (1= B) Y (m; — 0;)%.
jeFk

The first derivative of u;(m;, k; 0_;, F) with respect to m; is

3ui(mi,k§9—i;y)

8mi

— —28(m, — 0) —2(1— B) Y (mi—9),)
jeFk
Define Zj =My — Qj. By Lemma Bl, E[é’]wz] = 91'7 so that E[Zjligz] =m; — Qi,
which equals zero under truthful reporting. All expressions are evaluated at

m; = 0;, so the sincerity term —f(m; — 6;)* vanishes, and u;, g, and their

'We write u;(m;, k) for the within-the-platform utility when user i sends message m; and
reads up to k posts of the algorithm.
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derivatives depend only on the squared deviations zj2-. Hence the function f(z;) :=
Ou;(mg,k;0;,F)

o is odd in z;, while the remaining terms are even. Defining h(z;) :=

wi(m; = 0;,k;0;, %), implies h(—z;) = h(z;), so h is an even function of z;. The
same property holds for g(h(z;)) and ¢’(h(z;)). Since the product of even functions
is even, all terms in Equation (B.3) that do not involve f(z;) are even functions.
Moreover, the product of an even and an odd function is odd. Therefore, when
Equation (B.3) is expressed in terms of z;, each summand is an odd function of
Z;.

As the expectation of any symmetric odd function is zero, Equation (B.3)
is zero when m_; = 0_; and m; = 6#;. Therefore, m; = 6; is a best reply to
m_; = 0_;; truthful reporting is a best reply to truthful reporting. Hence,
evaluated at m; = 6;, the total derivative of expected engagement with respect to
the message m; is zero. Truthful reporting satisfies the first—order condition for
maximizing expected engagement.

However, this condition alone does not guarantee that expected utility is
maximized, since the latter expectation is taken over both e; and 6;. To complete
the argument, it remains to show that, for any given feed, if all other users report
truthfully, user ¢ maximizes expected within-the-platform utility by reporting

truthfully as well, that is, m; = 6,. Fix 0, and assume m,; = 6, for all j # i. The
within-the-platform expected utility is

E[u;(mg, 0;;m_;)|0;, Fi] = aEle;]0;, Fi] —ﬁE[(Hi—mi)ZWi]—(l—ﬁ)E[ Z (m;i—0;)?

JEF T

k3

The second term simplifies to —3(m; — ;). For the third term, the quadratic
decomposition (m; —6;)* = (m; — 0;)* + (6; — 6;)* + 2(m; — 6;)(0; — ;) is applied
to separate the sincerity deviation, the intrinsic difference between users, and the
cross term. Taking conditional expectations given 6; and using E[0,|6;] = 6;, the

cross term vanishes and, for any engagement length k,

E

> (mi—6;)°

e gk
JEF;

e gk
JEF;
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Hence, irrespective of how e; is distributed,

. €;
JEF?

Y (mi—0;)°

. €,
JEF?

Substituting back gives
E[ui(mi, 0;;m_3)[0:, Fi] = oE[e;|0;, F] — [+ (1 = B)E|eil0y, Fi | (mi — 0:)?

> (6 —6:)°

. €e;
jeF"

—(1-B)E ei,gzi].

Fixing other players’ strategies, let the expected utility be denoted by g(m;). Its

first derivative is

¢ (ms) = a(me{eiIGi, Fi| = 2[B+ (1 = BE|eil0, Fi| (mi — 0:)

(2

—(1-5)

0
7
The first term is zero at m; = 6#; because truthful reporting maximizes the
expected engagement. The remaining two terms are also zero at this point. It
therefore suffices to verify that the function is concave at m; = 6; to establish that
truthful reporting constitutes a maximum, and hence a best reply. Differentiating

g once more yields

¢ (m;) = aaaﬂz?E[ei]Hi, Fi| = 2[B+ (1= B)Eei6;, 7]
—(1- 6)ai2E[ei|9i,%] (mi — 6,)2.

)

Since truthful reporting maximizes expected engagement, the first term is non-
positive. The last two terms vanish when m; = 6;, and the second term is strictly
negative. Consequently, ¢”(m;) < 0 at m; = 6;, which establishes that truthful

reporting attains a local maximum and therefore constitutes a best reply.

Rational users. Rational user ¢ chooses a message m; € R to maximize her

within-the-platform expected utility given her private signal 6; and the algorithm
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T

E[inz',g] = /\<OZE[€z‘|9i,9]—5(9i—mi)2—(1—5)E[ Z (mz‘—mj<9j))2

. 6:6'
JEF"

ei,ﬁb.

Because engagement e; is chosen at a later stage of the game, the user’s message
choice m; does not influence expected engagement. Formally, by the envelope
theorem, when e; is chosen optimally given m;, the derivative of the maxi-
mized value with respect to m; ignores the indirect effect of m; on e;, so that
aim,- max,, E[U;] = 0., E[U;] at interior points.? Conditional on the algorithm and
engagement level, m; affects only the conformity component of utility and has no

impact on learning.

Thus, the optimal m; maximizes

~3(0=m )= (1=5) (emi+E| 3 my(0;)

0 ﬁ} —2mi1E[ S my(6))

JjEF jeFt
The first-order condition with respect to m; is
80+ (1= PE| 3 my(6) | 07| = m. (B.4)

. €
JEF"

Under truthful reporting by all other users, m;(¢;) = 6; for every j # 4, and
the right-hand side of Equation (B.4) is maximized at m; = 6;. Hence, truthful

reporting constitutes a best reply and therefore an equilibrium.

Uniqueness of the equilibrium for rational users follows by successive substitu-
tion. For any user ¢, define D, := § + (1 — 3)e,. Since the first-order condition
holds for every user, each user’s best reply can be expressed in terms of the
best replies of her neighbors. Iterating this substitution for neighbors, and for

neighbors of neighbors up to depth m, yields:

2Boundary cases e; € {1,n} can be treated separately and do not affect the main argument.
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m= Do+ PR S (S04 5 ] 5 min])]

jeyfi J leyj]
o+ 58| T e+ 5rE[ 2 Sm] 5 el
_ Dy, E; 2, E; E, 2
Di D’L 426' . + D’L . e; D ! Ze-Dl :
jegt I JEF J ez’
1-— 1-— 1-—
LN e = oy P
Di Ry Dj e Dl €]
JEF; ¢ leﬂjj qetfé\l
g = 1-p 1-p s
BAALIDVE DI ol W
? r=1 zCi 7 €j J1 Cp— Jr
neZ; €7 ;]! €%,
1-8 1-8 1-8
+ EZ Z Z D ) Z D Im |: Z mp(ep)]]
! €j J1 €im— Jm—1 e
J1EF; €T jmeF. Tm—1 peF,;Im

Because of improper priors and the law of iterated expectations, E [ >je i 6;16;, 7 } =
e;0;. Substituting this identity into the inner expectation in Equation (B.5) allows
each 0; to be replaced by 6;. Applying the same substitution recursively at
every subsequent depth implies that each term of order r is a nonnegative scalar

multiple of 6;.

The remainder of the expression (the third term in Equation (B.5)) converges
to zero. In such term, each additional nesting at depth ¢ contributes a factor
% = W—%M’ and the adjacent sum introduces at most e, addends. Hence the
depth-¢ layer scales the upstream magnitude by % < 1. Define

(1—B)es
B+ (1—B)e

Yimax 7= MAX <1 (finite since e, < n).
Under the quadratic loss, admissible strategies satisfy E;[m;(6;)?] < oo; if reading
a message yielded an expected disutility larger than the utility obtainable in
isolation (e; = 1), the user would not read it. By the Cauchy—Schwarz inequality,
there exists a finite constant K := sup,c, Es[|m;(0;)|] < oo. Since conditional
expectations do not increase £ norms, the absolute value of the remainder after
m nestings is bounded by /.. K — 0 as m — oo. Hence, the third term in
Equation (B.5) vanishes, so it reduces to the fixed-point form

5 1-p

i = —0;
mi=p it

E Z TTiji,y

. 5 e,
JEF?
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Define the iteration

1) B 1-p o)

The corresponding operator Tj(m) := 5-0, + %E[Zjegei m;|b;, F } is a contrac-

7

tion under the supremum norm with modulus

U=Fei B _y

B+(1—PBe D;

Hence, m™) — m* as r — oo, and m* is the unique fixed point of T}. Substituting
any fixed point into Equation (B.4) and subtracting the identity (5+(1—)e;)0; =
B0+ (1= BYE [ 5o 0,10, F | = B0 + (1 — Besd; yields

(B+ (1= Be:) (m; — 6:) = (1 - ﬁ)ELZ (m; —6,)

. )E'
Tl

Taking absolute values, the supremum over ¢ gives

(1—Be
B+ (1= Be;

lm” =0l < max [ |15

Because the coefficient on the right-hand side is strictly less than one, it follows
that ||m* — 0|l = 0, and therefore m} = 6, for all i. Truthful reporting is thus

the unique equilibrium among rational users. O]

Lemma B.2 (Truthful reporting is the only g-robust equilibrium). Suppose users
are naive and the continuation rule g : R — (0,1) is C* and non-decreasing in the
within-the—platform utility. If a message profile m = (m;); is a BNE for every
such g, then m; = 0; for all .

Proof. The argument establishes the existence of at least one continuation rule

g under which truthful reporting is the unique equilibrium among naive users.

Consider a constant continuation rule g(u) = % for all u € R. Because engagement

no longer depends on the utility level, it follows that W = 0. Under this

rule, user ¢’s optimization problem simplifies to maximizing

—5(6i—mi)2—(1—ﬁ)<eim?+E[ S my(6))?

. e,
JjEF

9,;,%’} —2m,~E[ S my(6)) ‘ ei,ﬁD.

. [
JEF,*
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This objective is strictly concave in m;. By the same reasoning used in Propo-
sition 2.1, the unique best response to truthful reports by all other users is

Proof of Proposition 2.3

Proof. The result follows in two steps. First, maximizing the probability that
user ¢ remains active for one additional period requires showing, in her feed,
the message of a user (who has not yet appeared) that minimizes the expected
conformity loss relative to 7. Second, an algorithm that ranks messages in reverse
order of the expected conformity loss to user ¢ is precisely the one that maximizes

expected engagement.

Under algorithm %, the probability that user ¢ remains active for one ad-
ditional period after reading k posts is given by g(u;(k, m;,m_;, #,0;)). For
notational convenience, denote this probability by g(u;(k,.#)). To maximize

retention, the platform selects the k-th user to appear in i’s feed as

F;(k) = argmax {Ep[g(ui(k, L@))]}
jeu\FE1
Since g is increasing in u; and expectations preserve order, maximizing E, [g(u;(k, F))]
is equivalent to maximizing E,[u;(k, .#)]. Under truthful reporting, the only com-
ponent of the within—the—platform utility u; that the platform can influence is
the conformity term. Therefore, the platform effectively selects the k-th user in

1’s feed according to

Fi(k) = argmax { —E, | > (6; — 6,)* + (6; — 0,)

JEUNFFT! leFkt
= argma {F, (= 6,7] (B9

Maximizing the probability of user ¢ staying for one more period is equivalent

to minimizing the conformity cost of such subsequent period.

The next step is to show that an algorithm constructed by selecting the next
user according to Equation (B.6) maximizes expected engagement. Given .7, the

probability that user i remains active for at least k periods is [I:Z{ g(u;(j, %)),
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and the probability that the user exits precisely after period k is

(1 = gluilk, 7)) ﬂlg(ui(j, F)).

Consider two algorithms, .# and .%’, that generate identical feeds for user ¢ except
for the position of two users ¢ and ¢/, such that %;(t) = F/(t'), Z(t') = Z/(1).
Without loss of generality, assume that —E,[(6; — 6;)%] > —E,[(6; — 6/)?], so that
. places earlier in the feed the user who entails the lower expected conformity
loss. Also without loss of generality, let ¢ = 1 and ¢ = 2; then g(u;(1,.%)) >
g(u;(1,.#")). The objective is to demonstrate that .# yields higher expected

engagement, where the formal expression for expected engagement is given by
n r—1
=3 |8, |0 - gt ) Tt 7))
r=1 k=1

By construction, E,[g(u;(r,-#))] = E,[g(u;(r,.#"))] for all » > 2. Finally, as

Bl #] =3 | B, (1 - wwfmﬁ<ww%ﬂ
>3 1, (1= . #) T ot )] | = Byfel 21

where the inequality can be shown to be true by induction. Finally, consider any
algorithm .%. It has been shown that, for any pair of users in the feed it induces,
reversing their order according to their expected conformity loss strictly increases
expected engagement. Iterating this operation until no further improvement is

possible yields the platform-optimal algorithm 2. O]

Lemma B.3. The posterior distribution of 60 conditional on 6 ze: is

12710 e 1
610 e NN( F T ) ’

—1 ) -1
I3 L1 IS

where 1 is a vector of ones of dimension n, X s« s the restriction of 3 to the
3

users in F°

1)

and 0 z<: is the vector of their private signals.

Proof. Assume for simplicity that the signals observed by user i in her person-
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alized feed .Z" are 0 s = {01,...,0.,}. By the properties of the multivariate

normal distribution, (61,...,60.,) ~ N(0,% ). The posterior distribution of 6

conditional on @ ;e is proportional to the likelihood function,

—1/2
9(010 55:) oc (27 det(E =) ” exp [—; (9212;}i1f — 20154050 + 055 aﬁiei)] .

Multiplying by the constant \/ 1 yei]lt\/det(E z<) and completing the square

in 6 gives
1 2
; 112:3%99?
1
S R
0|6 13X ge 11 L 1% e 1*
gei) =\|—F—€Xp|—5 | — 77—
g( F; ) I p 2 1
125, 1t
L¢i

This is the density of a normal random variable with the stated mean and

variance. ]
Proof of Proposition 2.5

Proof. Suppose that the platform implements .7 with r(.%, e*(F)) > d(F, e*(F)).
Since the focal user is a democrat, there exists k < ¢*(.F#) with d(.Z, k) = r(F, k);

let kjs be the largest such k. Build .%#’ by keeping the first kj; positions identical

to .# and flipping each label thereafter.

For any t < kjy, the prefixes are identical, so U(.#",t) = U(.%,t). For t > ky,
denote by (d;,r;) the cumulative counts under .# in the first ¢ positions. By
construction, the corresponding counts under .#" are (r,d;), since the increments

beyond kj; are exchanged. Because Var[f|d,r] = Var[0|r,d], it follows that
U(F' t) —U(F,t) =2\1 - B)a(r, — dy) >0,

where the inequality holds because r; > d; for all t € {ky + 1,...,e"(F)}
by the definition of kj; and the assumption that r(.%,e* (%)) > d(F,e"(F)).
Hence, U(Z',t) > U(%,t) for every t, with equality for all ¢ < kj;. Therefore,
max; U(F',t) > max, U(Z,t) and consequently e*(.%') > e*(F). O

Proof of Proposition 2.6
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Proof. Before establishing this proposition, two auxiliary lemmas are stated and

proved.

Lemma B.4 (Local swap and the best prefix length). Fiz a feed # and a position
k such that F*=' has composition (d,r) and the next two items are (R, D). Let
F' be obtained from F by swapping them to (D, R). IfU(d+1,r) < U(d,r+1),
then e*(F') > e*(F).

Proof. For all m < k—1, the two algorithms yield identical prefixes, so U(.#™) =
U((Z')™). At m = k, the prefixes differ for the first time, and by the construction
of Z' U((F')*) < U(ZF*). At m = k+1, both orders reach the same composition
(d+1,7+1), implying U((Z')**!) = U(F**1); for all m > k+2, the compositions
again coincide. Hence, only the positions k& and k+1 affect engagement.

Let M := U(Z,e*(.%)) denote the user’s maximal within—the-platform utility

under .#. By assumption,
U(d+1,r) <U(d,r+1),

and therefore U(d+1,r) < M. It follows that the engagement level under %’ is
weakly higher, that is, e*(.#') > e*(.7). O

Lemma B.5 (Explicit form of the swap condition). Under Equation (2.5), the
local comparison U(d+1,r) < U(d,r+1) is equivalent to

A1 —5) < —02(1—x)(d—r)(1+x(d+r))
1-X = (dzdr—dez+d+3rz+r—az+1)(dadr +3de+d—re+r—xz+1)
(B.7)

For x € (0,1), the denominator on the right-hand side is strictly positive.

Consequently, the right-hand side has sign —sgn(d — r) and equals zero when

d=r.

The previous lemma shows that the condition defined by Lemma B.4 will
occur for small values of A (when the user wants to learn) or for large values
of B (when conformity matters little). Starting from any feed .%, consider its
prefix .7¢ (7). Whenever an adjacent pair (R, D) appears at composition (d, )
satisfying Equation (B.7), the pair is replaced by (D, R). After finitely many such

replacements, the procedure yields a feed .# satisfying e*(#) > e*(#). Each

admissible local swap weakly increases e* by Lemma B.4. By Lemma B.5, if
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the condition in Equation (B.7) holds for an (R, D) pair at composition (d,r), it
continues to hold when that pair is shifted one position to the right. The process
must terminate, since every swap strictly reduces the number of (R, D) inversions
preceding the first index where Equation (B.7) ceases to hold. For any subset of
the feed not affected by a swap, the value of d remains unchanged; at a swapped
position, replacing R with D weakly increases d. Maximizing e* over all feeds

then delivers the desired property. Proof of Proposition 2.1

Proof. For any algorithm .7, the platform’s expectation over user ¢’s engagement
is a finite real number even if platform size grows asymptotically large. If platform

size is n, expected engagement is given by

Byled = B |3 [0 = gt 20 T ot ).

r=1

Note that there exist constants 0 < g < g < 1 such that g(z) € (g,g) for all
reR3

e =By |3 | TLatuh. #)| = 3 |t #) T st )|

r=1 k=1
<E, [Z g =) rg’“] =219 =g
r=1 r=1 r=1 r=1

Since this inequality holds for all n € N, taking limits implies that, as platform

size grows asymptotically large, user i’s expected engagement remains finite:

lim E,le;] < lim rg ! — rg’”] = — - . B.8
n—00 p[ ] n—00 |Jz21 7; = (1 — g>2 (1 — Q)Q ( )
Define k,; := min{/% eN: k> (1_1@2 - (1_gg)2}. The inequality k,; > 1 follows
from

1 g

———% - >1 < (29—9-9°)+(299°—299)+ (99" —7°9°) > 0,
(1_9)2 (1—9)2 ( J ) ( J 7) (7 7)

which holds because 0 < g < g < 1. An analogous argument, replacing the

platform’s expectation with the user’s expectation, establishes the existence of

3For notational convenience, the continuation probability after the final post is set to zero,
g(ui(n, F)) := 0, so that the general expression Pr(e; = r) = (1—g(ui(r, #))) [ [, 9(ui(k, F))
also captures the terminal mass at r = n.
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ko,

Finally, define k, := max; k). This quantity is finite because it is bounded
from above: taking the largest values of g and g across users and applying

Equation (B.8) yields an upper bound for all k,;. Hence k, is a natural number. [
O
Proof of Proposition 2.7

Proof. To establish the result, note first that as the platform expands, it becomes
arbitrarily likely to find k& users whose opinions are almost perfectly correlated
with that of user 7. Let p;; denote the correlation between users ¢ and j. Since
each new user’s correlation with ¢ is drawn from a distribution with full support
on [—1,1], the probability of observing p;; > 1 — ¢ is strictly positive for any
€ > 0. By the law of large numbers, the number of users satisfying p;; > 1 —¢
therefore increases linearly in n. Consequently, for every pair €,7 > 0, there
exists n € N such that, for all n > n, the probability that user ¢ has at least k
neighbors ji, ..., ji with p;;, > 1 —eforallr € {1,...,k} exceeds 1 — .

Applying the Cauchy-Schwarz inequality to the correlations between user ¢ and

any two of her neighbors, say j, and jj, yields p;, j, > pjhipjm—\/(l —p5. )1 =03 ,).
Conditional on the event that both users satisfy p;., > 1 —¢ and p;; > 1 —¢,
the right-hand side is bounded below by 1 — 4¢ + 2¢2. Since each of these events
occurs with probability at least 1 — 7,

Pr[p;, 5 > 1 —4e +2¢%] > (1—9)? for all j,,ji.

Let X, := >7_,1{p;; > 1 —e}. Under independence across j and with
Prlp;; > 1 —¢| =p > 0, the law of large numbers implies Pr[X,, > e;(n)] — 1 as
n — 00. On the event {X,, > ¢;(n)}, the feed can be composed entirely of users
satisfying p;; > 1 — ¢; by the Cauchy—Schwarz bound, every pair in the feed then
satisfies p,; > 1 — 0 with 6§ = 4e — 2. Hence, for all sufficiently large n,

PI‘ A(n) S Eyfz(n) Z 1 - 77

and this probability converges to one as n — oc.
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Now, for each platform size n, engagement levels may vary, but it is always
bounded by some k as already shown. The corresponding platform optimal feed
is denoted by ﬁf"(n). Let § = 4e — 2¢2. For every 6 > 0 and v > 0, there
exists some 1 € N such that, for all n > n, the set of k users defined above
satisfies Pr{pj j, >1—46] >1—~ forall j.,j5 € {j1,...,Jk}, which follows by
choosing ¢ sufficiently small. For any given engagement level e;(n) < k, the
ei(n) users displayed in user i’s feed are selected from this set. Define the
associated e;(n) X e;(n) matrix A = o? {(1 — 11T + 5[6] , which represents the
covariance matrix of size e;(n) signals with equal pairwise correlation 1 — 4. Since,
with probability at least 1 — 7, every pair of users in the feed has correlation
above 1 — ¢, it follows that Pr [A(n) < E,@?i(”)} > 1 —~, where A(n) < e
denotes elementwise inequality. Although clorrelations across different pairslare
not independent, this bound suffices to establish that, with probability arbitrarily
close to one for large n, the actual covariance matrix X i dominates A(n)

elementwise. Now, we need an auxiliary result:

Lemma B.6 (Matrix comparison). Let e € N and 0 > 0. For any ¢ € (0,1),
define the e x e equicorrelated covariance matric A = 02{(1 — o)1 + 514 ,
whose off—diagonal correlations equal 1 — §. Let 3 be any symmetric positive
definite matriz with the same diagonal o® and off-diagonal elements satisfying
3.5 > 0%(1=90) forallr # s. Write ¥ = A + E, where E is symmetric with
zero diagonal and nonnegative off-diagonal entries. If the norm of the matrix E

satisfies ||E|op < 020,* then both matrices are invertible and

e [Ellop
0*6%1 — [[E]lop/(06)°

1" -1TA 1 < (B.9)

In particular, if |E|lop = o(1) (for instance, when all pairwise correlations in 3

converge to 1 —9), then

1" <1TA' +0o(1),  where o(1) — 0 as n — oo.

“The notation || - [|op denotes the operator (or spectral) norm of a matrix. For a symmetric
matrix A, it equals the largest absolute value of its eigenvalues:

HAHOP = max |[Az[2 = Anax(|A]).

=1

Intuitively, it measures the maximum factor by which the matrix A can stretch a unit vector.
In the proof, this norm is used to compare covariance matrices and to express convergence or
dominance in terms of their maximal directional deviation.
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Proof. Since ||A™|opl|Ellop < 1, we can apply the Neumann series expansion
and obtain: £' = (A+E)' = A" — A'EA~' + A'EA"'EA"! —

Subtracting and bounding term by term gives

A= 1E B op
L= [[A" lop 1 Elop

LTET AT <Y AT G Bl L3 =

op 11]]5-
k>1

For A = 0?[(1 —6)11" + §1.], the eigenvalues are \; = 0%(d + (1 — §)e) along
1 and Ay = --- = A\, = 0% on its orthogonal complement, so |A™!||,, = (6%5) 7 .
Substituting this and ||1]|3 = e yields Equation (B.9). Finally, because E has
zero diagonal and 0 < E,; < 024, its norm operator satisfies ||E||,, < ec?d. Thus,
the smallness condition can always be enforced by taking ¢ sufficiently small or

restricting to the high—correlation event. O]

Therefore, on the high—correlation event (which occurs with probability at

least 1 — v for all sufficiently large n), A(n) < ¥ _.,m and

P
137wl < 1TA(R) ™'+ o(1),
where o(1) — 0 as n — oo (for any fixed § > 0). Taking reciprocals (hence

reversing the inequality since all terms are positive) implies

1
<
1TA(n) 1 +o0(1) — ]lTE;ei(n)]l

~ Var [9

2

Moreover, since 1T A(n)~1 = 02{1+(e-e(;(;1—)1)(1—5)}7 it follows that, with proba-

bility at least 1 — 7,

a?[1 + (e;(n) — 1)(1 — 9)]

ei(n)

—o(1) < Var {9’9(@%(7@] < o2

Letting n — oo (for any fixed § > 0), the lower bound converges to o?(1 — §);
subsequently letting & — 0 yields

plim Var [9‘09%@)] = g2,

n—oo
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Proof of Proposition 2.8

Proof. The comparison focuses on the large—n expected utilities of & and Z for a
naive user i. Consider first the platform—optimal algorithm &2. By Propo-
sition 2.7, as the number of users n grows, the feed constructed under &
selects accounts satisfying p;; — 1 while the engagement level e; remains fi-
nite. Consequently, the conformity component of utility becomes negligible:
T, o0 B[ 3 i (6 — 07)%| 2] = 0.

Moreover, the posterior variance under & converges to the prior, so the

learning term equals (1 — \)o? in the limit. Hence

nli_)rgloE[Ui(ei,mi,m_i,ai, 9,&,6)‘9} = AaE[e;| 2] — (1 — \)o>.

Next, consider the reverse—chronological algorithm &%. Under %, users are
not ordered by similarity, so the conformity term need not vanish in the limit.
Using the identity E[(Gl — 9]-)2} = 202(1 — p;;), and noting that the self-term

7 =1 contributes zero,

E| Y (6;,—0,)*%| =20"E| > (1-py)|Z]|.

JERS je#; \{i}

If, under Z, E[p;;] = 0, then

E Z (91 - 9]')2 | = 20’2E[€i — 1|¢@]

. —~€4
JER"

Regarding learning, the posterior—variance component equals (1 — )\)O’QE{é‘%}

(see Equation (2.9)). Therefore,

n—oo

55] — AaE[e)| %) — 2(1 - B)0°Ele; — 11]) — (1 — \)o*E[2]%] .

To complete the argument, the two expected utilities can now be compared
directly. User i weakly prefers the platform—optimal algorithm & to the re-

verse—chronological algorithm & in the large—n limit if and only if

NoE[e)| 2)—(1-N)o? > M aEle;| %) — 2(1 — B)o’Ele; — 1|2))—(1-\)o’E[ 1| 2] .
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Rearranging terms gives

o*(1-E[21#])
o(Ele)| 2] — Elei|Z)) + 2(1 - B)oEle; — 117) + 0*(1 - E|2|2])

A2

Since the platform—optimal algorithm & maximizes engagement, it follows that
Ele;| 2] > Ele;|%]. Moreover, because e; > 1, we have E[%L@} < 1. Taking the

maximum over all users ¢ € U yields the stated threshold condition. O
Proof of Proposition 2.9

Proof. Let U;(k) denote user i’s expected utility after reading the first k& items of
her feed Z*

70

where the order of the remaining items is uniformly random. At
depth k, the continuation decision compares the expected marginal gain from
reading one more item with the expected marginal cost. Reading one additional

item increases the within—the-platform engagement component by Aa.

Disagreement term. Let %ZF denote the set of n—k—1 accounts user i has not

yet read. Because the next post comes from a random user j € %%, each such
user appears with probability 1/(n—k—1). Hence, the expected disagreement
cost of the next post is the uniform average of the conditional variances of the

remaining signals:

B [0, 00%9] = —— ¥ Ei[(6, — 071,

- - ok
JEZ;

Learning term. The learning component improves by the expected reduction

in posterior variance when moving from k to k+1 signals, i.e.,
(1= X) (B [Var(6185)] — E:[Var(8)2+)).

Marginal comparison. Combining these components, the expected change in

utility from reading one more post is

AN1-p8 91k
—Tf_k_f PR [CEAREA

= gk
JEX;

F(1=N) <]EZ- Var(6]2")] — ]Ei[Var(9|%f+1)]).

Us(k+1) — Us(k) =)o
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It is therefore optimal to continue scrolling if and only if U;(k+1) — U;(k) > 0,
which yields exactly the inequality in the statement. If the inequality fails, the

user stops. ]
Proof of Proposition 2.10

Proof. The argument proceeds in two steps: conformity is analyzed first, followed
by learning. Under joint normality of signals with common variance o2, it holds
that B[ (6; — 6,)%] = 20%(1 — p;).

Consider first the conformity component under #. Let k := min{ff e N:
k>01—g)2— g(1— g)*Q}, as defined in the proof of Proposition 2.7. For any
e, v > 0, there exists n such that for all n > n, one can identify a subset of k
users, indexed {1,..., k}, satisfying Pr[pij >1 —5} >1—vforeach j=1,... k.
Likewise, for every 6, ¢ > 0 there exists 1 such that for all n > 7 there is a user [
with Prpy < =146 >1-¢.

Fix any engagement level e; and take n > max{n,n}. Define the B—prefix as
HBt={l,1,...,e; — 1}, where the indices in {1,...,e; — 1} are drawn from the
k—pool of highly correlated users (so that e; — 1 < k) and the index [ corresponds
to a user outside that pool, with opposite orientation to 2. Then, as n — oo,

plim, ,  p;; =1forall j € {1,...,e; — 1}, and plim,_,  py = —1.

Using the law of iterated expectations and decomposing 4 into the “similar

block” plus the out-group user [,

El > (0:—0,)|B| =E| > (60,

JERB jepti~!

3

P| +E[(0; - 6))°]

P| +20°E[1 — py).

= 20°E Z (1 — pij>

. e;—1
JEL?

By bounded convergence, the first expectation tends to 0 (since p;; — 1 for all j
in the similar block), while the second tends to 402 (since p; — —1). Hence, as
n — o9,

E| > (6:—06;)?

. €5
JER

Bl = o(l) + 40°
—~

similar block ~ out-group !

Because Proposition 2.7 implies that the conformity loss under & vanishes,
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the asymptotic difference in conformity losses between % and & equals a con-
stant 402. Attention now turns to the learning component under %4. Under £,
Proposition 2.7 further establishes that learning vanishes asymptotically, that
is, Var[0| 2] — o?. Intuitively, as the feed becomes perfectly homogeneous,
additional signals are almost identical to the user’s own belief and therefore

convey no new information.

Under A, by contrast, user ¢ also observes one maximally dissimilar signal 6,
with p; — —1. In a two-signal Gaussian system (6;,6;) with correlation p; and
variance o2, the posterior variance of 6 given both signals equals

o 2(1 + pu)

Var(f]0;,01) = =L

As py; — —1, the denominator 14p; — 0; precision diverges and Var[6]6;, 6,] —
0. Since adding further (highly correlated) signals cannot increase posterior vari-

ance,

Var[0[{6; : j € 2;*}] < Var[6]|0;,6,] —— 0.

Thus, learning under 4 becomes asymptotically perfect.

To conclude, utilities under the two algorithms are compared to identify the
threshold value of A that renders the user indifferent between & and Z%. The only
asymptotically nonvanishing differences between & and % are: (i) a constant
conformity penalty of 402 under %, (ii) the learning gain under %, and (iii) the
difference in expected engagement. Hence, & yields higher expected utility if
and only if A(a(E[eiw] —Ele|#)) + 402> < (1= \)o?, that is,

0.2

A< .
o(Ele;| 2] — Ele;| ) + bo”

Proof of Proposition 2.11

Proof. Using the definition of the user’s expected total utility,
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Whenever aAe; — (1 — B)AC; + AV; # 0, the condition AU; > 0 is equivalent to

AV;
A > .

If the denominator equals zero, no threshold value is required. The next step
is to characterize the signs of the relevant terms under the platform—optimal

algorithm.

Engagement. Expected engagement weakly increases as the platform grows,
implying Ae; > 0.

Conformity. When moving from n to n+1 under &, the feed either remains
unchanged or replaces the least—correlated user k (with correlation p;;) by a
new entrant (n+41) satisfying pin41) > pik. Using E[(0; — 0,)?] = 202(1 — py;)
and noting that all other users are common to both feeds, the conformity term
Ez[ e o (0; — Hj)ﬂ weakly decreases. Hence AC; < 0, with strict inequality if
the replacement is strict. It follows that —A(1 — 8)AC; > 0.

Learning. The change in the learning term can be decomposed into: (i) the
effect of replacing a user with a weakly more correlated one while keeping e; fixed,
and (ii) the effect of any increase in e;. For case (i), replacing a signal by a weakly
more informative one (i.e., with larger |p|) weakly reduces the posterior variance
under Gaussian updating. For case (ii), an increase in e; adds new signals that
may improve or deteriorate inference depending on their informativeness and
correlation structure. Hence AV; may be of either sign in general.

Putting these pieces together: aAe; — (1 —F)AC; > 0, and AV} is potentially
sign—ambiguous. Hence, inside the platform utility is always increasing while the

effect on learning is ambiguous. The inequality above gives the exact A-threshold

that guarantees AU; > 0. O
Proof of Proposition 2.12

Proof. Fix user i and an engagement choice e; < n (so the interior FOC applies).
Under truthful reporting, m; = 6;, the sincerity term —3(m; — 6;)? is identically

zero and does not depend on the pool size. Thus, the within-the-platform
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component of expected utility under algorithm % is

E[Uzwl,ﬁ] :)\<aei—(1—5)E Z (ei_gj)Q Qz,ﬁ )a

. €;
JEF®

where the expectation is over the (algorithm-induced) distribution of the e;

accounts shown to i. The expected conformity cost is IE((@Z —0,)%.7 ) = 20 (1 —
pl])v S0

Elu;|-Z] —)\{aei—2(1—ﬁ)02 > (1—pij)] —)\[(a—2(1—5)02)6i+2(1—ﬁ)02 > pij].

. [ . €,
JEF,* JEF?

Consider adding one more user j to the feed. The marginal change in expected

within-the-platform utility is Au; = /\[a—2(1—5)02(1—pij) = ANa—2(1-B)o*+

2(1 - B)szij} Hence Au; > 0 if and only if p;; > p*, where p* :=1 — I
If > 4(1 — B)o?, then Au; > 0 for all j € [—1,1]; otherwise, only sufficiently

correlated users (p;; > p*) are marginally valuable.

Formally, under the full-support assumption on pairwise covariances, for any
fixed p* < 1theset {j : p;; > p*} has positive measure and its expected cardinality
increases with n. Let P(n) denote the platform-optimal algorithm at size n. As
n grows, new entrants drawn from the same distribution allow the platform to
construct an augmented feed P(n+1) that weakly dominates P(n): there exists
an augmenting subset of positions such that (i) expected within-platform utility
weakly increases and (ii) the posterior variance along the implemented path
weakly decreases. Hence, E[U;(n+1)] > E[U;(n)], establishing that rational users

always enjoy weak network effects under the platform-optimal design. O
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Appendix to Chapter 3

C.1 Proofs

Proof of Proposition 3.1.

Proof. Fix a covered story s. Since

85j — .
8Tj5 5
we have oP ()
P (x
—=— = Pi(a)(1 = P(2))2Acjs(x — 55).
07js
Therefore,
0D ;
87‘]-2 = 2)\Cj3Aj.

The first-order condition for 7, is

oD,
Pa
Tjs

— ¢js [K(Tjs — 05) + (756 — 3)] = 0.
Dividing by ¢;s > 0 gives
200A; = K(Tjs — 05) + (155 — ;).

Rearranging,

F’Tjs = K@S + ’}/ﬂ)] + Zp)\AJ,

168
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which implies

0 F2pA
=" J1:7¢J+ 1[: Aj=als + (1 — )y +n4;.

<
»

Proof of Proposition 3.2.

Proof. For any story s,

85]‘ —
8ch S
Hence
OP;(x
DU by (0)(1 = Py (@) e + 203 — )]
jS

Integrating over viewers gives

oD,
Jcjs

=ngBj + 27 A;.

The first-order condition for a covered story is

K
p[nsBj + 275 4;] — §(Tjs —6,)* + (Tgs ;)| = Cejs = py,

where p; is the multiplier on >, ¢js = 1.

Substituting the optimal tone

Tjs = T;s + nA;

into the first-order condition yields

o = st Hj
Js C ’
where )
2 A
Njo = pBjng + 20MA;7;, + p Ry 752

Summing over covered stories and imposing the time constraint,

3 stc—ﬁbj _1

SESj
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we obtain
_ ¢ _ 1
ny =Ny — 27 Nj = o7 > Njs
|Sj| | ]| s€S;
Substituting back gives
1 Ny—N;
Chy = + = 2 s €S;.
S ¢ ’

Proof of Corollary 3.1.

Proof. From the first-order and complementary slackness conditions of the cover-

A
¢ty = max {O, J'uj} :

age problem,

’ S
Since ¢ > 0, it follows immediately that ¢, > 0 if and only if Njs > p;, while
c’;s = 0 whenever N;; < ;. O

Proof of Corollary 3.2.

Proof. From Corollary 3.1, story s is covered ift N;; > p;. Substituting 75 =
abs+ (1 —a)y; and 65 = (1 — ) (yp; — 0,) into N;, and completing the square in
0, we obtain

I'n? lNa

_ - " 42 2
st = ijns —+ FT]AjTjs + TAJ - mdjs.

The condition N5 > p; is therefore equivalent to

Ta

2(1 —a) ¢~ 1 s g T

ijns -
which rearranges to the condition in the statement. Since pB; > 0 and ﬁ >0,
the coverage condition defines an interval in 6, centered at ¢7***. Solving for the
boundary gives the half-width d;,, which is increasing in n and decreasing in «
because a higher « raises the credibility cost of framing stories far from their true

valence. ]
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Proof of Proposition 3.3.

Proof. By definition,
S
5j = Z CjsTjs-
s=1

Substituting the optimal tone from Proposition 3.1,
7';5 = 05(93 + (1 - Oé)wj + nAja

we obtain

XS:CS(aO + 1—a)¢]—|—77A>

s=1

Since (1 — a)y; +nA; does not depend on s and Y-, ¢, = 1, this simplifies to

s ]s
s —aZc 0s + (1 — a)y; + nA;.

Defining

0; = > Cis0s,

s=1
the first expression follows. The second follows by substituting the coverage
formula from Proposition 3.2 into 9_;" O]

Proof of Proposition 3.4.

Proof. Part (i) follows directly from the equilibrium tone equation
7, = abs + (1 — a)p; + nAj,

which implies

67‘*
aA

=n>0.

For part (ii), recall that equilibrium coverage satisfies

Niy — p;
C;s:max{]gﬂjao}, ZC; =

Fix a marginal change in A; such that the active set §; is locally unchanged.
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Then, for every s € §j,

Differentiating with respect to A; gives

dc, 1 <8st %) .

dA;  C\0A;  9A,
Using
A FUQ AQ Q 2
Njs = pBjns + I'nA;7;, + o N T Fm%s,
I obtain
ON .
8Ajj =I'n7;s + FnQAj = F?]Tjs.
Hence,
0A; (¢ 704
Differentiating the resource constraint
2 ¢ =1
SESj
yields
ocs,
> 54 =0
SESj aAJ
SO
04, 18] &
Substituting back gives
oct I'n 1
J5 = — 7’2 —_ T"k,,, .
04, = ¢ [ 51 % ]
This proves part (ii). For part (iii), recall that
In? @ 2
Njs = pBjns + I'nAjr;s + —A; =T )

2 2(1 —a) ¥
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Differentiating with respect to A; yields

%Xs = Dzjo + In*A;j =Tz, +14;).
Using
Ty = Tjs +NAj,
I obtain
88]1\;2 > =Tyt

This proves part (iii). Since omission is governed by the threshold condition
N;s < pj;, a change in A; can alter the omission set only at points where

Proof of Proposition 3.5.

Proof. Throughout, fix outlet j and consider a marginal change in « holding A;

fixed and keeping the active set S; = {s : ¢j, > 0} locally unchanged.

Part (i). Tone. From Proposition 3.1,
7';5 = abs + (1 - Oé)wj + 7714]

Differentiating with respect to a gives

ot
_Js _ — oy,
O Os = 05

Hence, if 0, > 1)}, tone shifts rightward as « rises, while if 8, < 1);, tone shifts
leftward. This establishes part (i).

Part (iii). Net benefit. Recall that

o 52

I? 2

where

Tjs = als + (1 - 04)77/)]‘, 5]’5 = (1 - a)(@bj - 03)~
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Since A; is held fixed, the first and third terms are constant with respect to o, so

(9Nj aI' 0 (0%
f=TnA;, =L —T— | ——6%|.
O 90 O [2(1—04)5]5]
Now, 5

Tjs _ g _ .

da =0 =¥y

Also, using d,, = (1 — a)(¢); — 6;), we can write
0 = (1= )" (b — 0.)".

Hence

Differentiating yields

Since

this can be rewritten as

Therefore,
ON; 52
Oa

which proves part (iii).
Part (ii). Coverage. For each covered story s € S;, Proposition 3.2 implies

o Nis =y
C,. = ——F,

js ¢

where p; is the multiplier on the airtime constraint

Zc}fs:l.

SESJ'
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Differentiating with respect to « gives, for each s € Sj,

oa -~ da

8ch :1 8st 3/@
Oa Oa

To determine dp;/0c, differentiate the resource constraint:

30;5 o

Oa

2.

SESj

Substituting the expression above,

L1ON;s Oy | _
il

Multiplying by ¢ and rearranging,

(3,uj . 1 8er
oa |8, g‘;j da
Substituting back,
oc; _1 ONjs 1 3 ONj,
N O N M e '

This proves part (ii).

Parts (i)—(iii) together imply that a rise in credibility pressure moves tone
toward truth story by story, and reallocates coverage toward stories whose net

benefit improves relative to the active-set average, S;. O]
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