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Abstract

This thesis is presented as a compendium of six papers completed during my doctorate, devel-
oping the bootstrap of scattering amplitudes along two complementary fronts, applied to two
physically distinct ultraviolet completions.

In the first part we use dispersion relations and positivity bounds to constrain large-N,
QCD. We map the allowed region of the chiral Lagrangian Wilson coefficients and show that
certain critical kinks correspond to specific UV compleitions. We provide a derivation of Vector
Meson Dominance and an explanation of the success of holographic models of QCD. Dressing
the pions with external gauge bosons, we extend the dispersive logic into the anomalous sector
and derive an analytic upper bound on the chiral anomaly coefficient in terms of the pion
polarizabilities, a bound useful as a consistency check on holographic constructions and on
the lattice. At higher multiplicity, we develop a notion of multipositivity based on a Cauchy—
Schwarz statement on factorised planar residues, and find that certain Wilson coefficients of the
chiral Lagrangian are bounded from below by the chiral anomaly itself, exposing a tie between
the anomalous and nonanomalous sectors that is invisible to four-point scattering.

In the second part we turn the same machinery to the problem of quantum gravity. From
a handful of consistency requirements we prove a version of the uniqueness of strings: the
Veneziano and Virasoro—Shapiro amplitudes emerge as the only solutions, with their spectrum,
Regge behaviour, and analytic form delivered as outputs rather than inputs. We then use
perturbative gravitational scattering to derive the swampland completeness conjecture from
the bottom up. Coupling a certain charged sector to gravity, with the graviton being a uni-
versal exchange, forces a finite seed of charged states to populate the entire weight lattice
of the symmetry group with single-particle states. Imposing the equivalence principle on the
high-energy amplitude sharpens this conclusion to a statement of representation completeness:
single-particle states are forced in every irreducible representation that can be built from a sin-
gle seed charge, and these deduced states contribute democratically to scattering, with squared
couplings independent of their representation.
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1 Introduction

A recurring theme presents itself in the structure of modern theoretical physics: the most
fundamental laws of nature reach us through the imprint they leave on physics at far longer
distances. Our deepest descriptions of the world are organised as effective expansions where
a handful of measurable parameters carry the weight of the physics we have not yet probed.
Within such a framework the central theoretical question is not which Lagrangian one can
write down, but which Lagrangians are admissible at all: which low-energy theories can be the
consistent shadow of a complete and well-defined microscopic description, and what universal
features that microscopic physics must possess independently of its details. It is a question
that ties the infrared dynamics of pions to the universal structure of any consistent theory of
quantum gravity, and it is the question that animates the work of this thesis.

The bootstrap paradigm precisely embodies the picture above. It does not start from
a notion of complete theory or of a Lagrangian, but from a short list of structural principles;
causality, unitarity, locality, and asks the question: which theories are even consistent with these
principles in the first place? Whatever cannot be reconciled with them is; by definition, ruled
out, regardless of how plausible the underlying Lagrangian appears. The space of admissible
theories turns out to be far narrower than the space of theories one can write down. Before
delving into the technicalities of quantum field theory, it is instructive to see how the same
logic already manifests itself in a much simpler setting: classical physics.

100 years of Kramers-Kronig. This thesis marks the centenary anniversary of a set of
papers by Kramers and Kronig [11, 12] which laid the conceptual groundwork for the mod-
ern bootstrap program. At their core, the Kramers—Kronig relations express a powerful idea:
causality in the time domain translates into analyticity in the frequency domain®.

To see this, consider a slab of glass struck at t = 0 by a sharp pulse of light. The polarisation
responds linearly to the electric field through the susceptibility x(¢). By definition the slab
cannot react before the pulse has reached it, so that causality forces x(t) = 0 for t < 0. Fourier
transforming,

@) = [T, 1)

the integral runs only over ¢ > 0, and the factor e ™®? ensures convergence for Im(w) > 0, so

that x(w) defines an analytic function in the upper half-plane. Equivalently, one may regard
Eq. (1) as a Laplace transform in ¢, analytic in its region of convergence under mild assumptions
on the growth of x(¢). The full equivalence between time-domain causality and upper-half-
plane analyticity, including the non-trivial converse, which we have not shown, is the content
of Titchmarsh’s theorem [14] and follows from a precise statement on the convergence of the
square-integral of the function x(t).

Given x(w) analytic in the upper half-plane, consider the integral of x(w’)/(w’—w —ie€) along
a contour C' running along the real axis and closing with a large arc in the upper half-plane.

!The derivation of the Kramers—Kronig relations based on causal arguments was later formalised in [13].



The simple pole sits at w’ = w + i€, inside the contour, and the residue theorem gives

X(w') : . .
—dw' = 2 + i), 2
?{cw’—w—ze w i X (w + i€) (2)
discarding the contribution on the arc at infinity, assuming that x(w) — 0 when w — oo, and
reading x(w) as the boundary value lim, o+ x(w + i€), we find

1o x(w) :

X(w) = 2mi /—oo W —w — i€ du )
the ie prescription keeping the pole displaced infinitesimally above the contour. The susceptibil-
ity at any single frequency is determined by an integral over every frequency in the spectrum,
including for example the ultraviolet and X-ray bands one may never have measured. The
low and high-energy contributions to the response do not influence the answer independently;
causality glues them together.

Causality alone fixes the analytic structure but says nothing about signs. Here a second
elementary principle enters: a passive medium absorbs energy, never creates it. Applying a
monochromatic electric field F(t) = Re[Ey e™'] to the slab, the time-averaged power dissipated
per unit volume is W = s eowIm x(w) |Eo|?, so passivity ensures that

when w >0 — Imyx(w) > 0. (4)

Let us now assume the following asymptotic behavior for large frequencies w — oo:

X(w) ~ =5 (5)

where w? = ne?/(meo). Alternatively, let us take the real part of Eq. (3), which we can express
as an integral over its absorptive part

I
Re x(w — R / mx(w) dw' . (6)
o W —w — i€
Expanding Eq. (6) at large w, where the ie is harmless (the pole sits far from the integration
region), we find
1 > I / 1 ! ! -3
Rex(w) ~ — [ Imy(w')dw' — — W Imy (W) dw' + Ow™). (7)
TWJ —o0 W
X (t) is real-valued in time, so from the Fourier transform we have x(—w’) = x*(«’). This allows
us to fold half of the integral on itself. The leading 1/w contribution vanishes by parity while
the next to leading term survives. Matching to the asymptotic expression Eq. (5) yields
T2

1/0 wlmy(w) dw = 5 W (8)

the so-called f-sum rule. We found in Eq. (4) that the integrand is nonnegative, therefore
this relation states that the total integrated absorption strength is fixed determined by w,.
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Given a certain w,, all frequency bins contribute positively. No material can be transparent at
every frequency, and the deficit one observes at any window must be made up elsewhere in the
spectrum. A similar argument can be made to show that the principle of causality is at the
core of the separation of colours in prisms and the wavelength-dependent spreading of optical
signals in diffraction phenomena”. The non-negativity of Imy(w) here is the classical avatar of
unitarity, a condition at the heart of the bootstrap programme and central to everything that
follows in this thesis.

The lessons enclosed in this first formulation of dispersive relations in optics, developed a
century ago, continue to play a central role in the modern bootstrap program. The thought
experiment one should carry forward into the rest of this thesis is therefore the simplest one
imaginable. A shutter opens, a light pulse enters a slab, a detector clicks no earlier than
it should. From that single inequality follow analyticity, dispersion relations, and an infinite
family of positive sum rules linking observables across all energies. It is remarkable that so much
structure flows from so little, and it is even more remarkable that the same logic, transplanted
into relativistic scattering, continues to do the heavy lifting one hundred years on.

Modern bootstrap: from EFTs to strings. Scattering amplitudes are the central observ-
ables of relativistic quantum field theories. They are what scattering experiments measure,
and into them fundamental principles such as locality, causality and unitarity are folded in a
remarkably compact form. Another key concept is that at sufficiently low energies the frame-
work of effective field theory (EFT) provides a universal description of physics without detailed
knowledge of the underlying ultraviolet completion. Rather than attempting to describe all
microscopic physics exactly, EFTs parametrize the most general interactions compatible with
the symmetries of the system, organized as an expansion in energy. The coefficients of this
expansion, called Wilson coefficients, capture the imprint of high-energy physics on low-energy
observables. If the underlying high-energy theory is itself consistent with fundamental prin-
ciples such as unitarity, causality and locality, then these consistency conditions will leave
characteristic signatures in the low-energy observables and constrain the space of Wilson coeffi-
cients of the effective theory. At the core of the bootstrap program is the idea that fundamental
principles are far more constraining than what one may think, just as hinted in the context of
the Kramers-Kronig relations above, and the goal is therefore to determine, or at least sharply
constrain, the space of physically admissible scattering amplitudes and consistent effective field
theories without necessarily appealing to a specific microscopic Lagrangian description.

This idea has a long pedigree. Already in the 1940s Heisenberg envisioned an S-matrix-
based reformulation of quantum theory [16]%, and through the 1960s it developed into a serious
attempt to determine the strong interactions on the basis of analyticity, crossing and unitarity
alone’. Around the same time, the Veneziano amplitude [22], born in the search for crossing-
symmetric, Regge-behaved hadronic amplitudes, opened the road to string theory. The analytic

2A brief and insightful review of these ideas was presented in this talk [15].

3For an early review and discussion of Heisenberg’s S-matrix program, see Ref. [17].

4Some of the key historical references are Refs. [18,19], see also the books [20,21] for a comprehensive account
of the analytic S-matrix program and its early development.



dispersion relation methods developed in those years, the central technical tool of this thesis,
have remained an indispensable element of many subsequent advances in theoretical physics.
The bootstrap of that era was eventually overtaken by the discovery of QCD as a field theory
of quarks and gluons (and the subsequent discovery of the Standard Model), and by the re-
formulation of string theory as a worldsheet quantum field theory; the dispersive technology it
had produced, however, never went away.

In the 2000s a new wave of bootstrap activity began to reshape the field. The analytic-
dispersive viewpoint on effective field theories was revived [23]-a revival made possible by the
shift in mindset that Weinberg and Wilson had introduced decades earlier [24,25]. The program
of the 1960s had the goal (and hope) of solving the strong interactions outright, singling out
the one true S-matrix (which perhaps explains why the program lost momentum once QCD
was discovered). The modern bootstrap sets itself a humbler but, paradoxically, more powerful
goal. Rather than solving for a single theory, it charts the entire landscape of admissible ones:
every effective field theory that can descend from a healthy ultraviolet completion consistent
with quantum mechanics and relativity. Dispersion relations and positivity now enter as sharp
inequalities that carve out this space. The landscape so delineated is strictly smaller than the
set of theories that look acceptable at first sight, yet it remains vast. Originally in [23], the
bootstrap technology was applied mainly to cosmology and modified gravity where (quoting)
the pendulum had swung too far in the “anything goes” direction, and one-sided constraints were
derived forcing the leading coefficient of a scalar effective theory to be positive in the forward
limit. From this a broad research programme started developing.

On one side it was put to work on different areas of phenomenology, for example constrain-
ing the electroweak and Higgs sectors of the Standard Model [26-29] where composite Higgs
models were unbalancing the stability of the "anything goes” pendulum, or the effective theory
of inflation [30], and theories of modified and quantum gravity [31,32]. On the other hand it
moved beyond the forward limit [27,33,34], and extended to external states of any spin, from
vectors to gravitons [35,36]. In another influential work [37], via a complementary approach
based on the requirement of no Shapiro time advance (rooted in causality) it was shown that
a theory’s inelastic content is bounded by its elastic one, placing strong constraints on gravity,
such as the emergence of an infinite higher-spin tower. A further decisive turn came around
2020, with the realisation that imposing the full crossing symmetry of the amplitude promotes
one-sided positivity to genuinely two-sided bounds endowed with a rich geometric structure
on EFTs. These novel constraints were casted as a moment problem [38], a language which
also allowed to determine the masses and couplings of the heavy states directly off the low-
energy coefficients”. In parallel Wilson coefficients were shown to fill out a convex region [39],
dubbed the EFT-hedron, within which any consistent ultraviolet completion must lie. Cross-
ing symmetry was distilled into an infinite set of constraints on the UV spectrum, called null
constraints [40], and dispersive sum rules were turned into sharp two-sided bounds also in the
presence of gravity [41].

With the advent of full crossing symmetry, and in particular of the null constraints [40],

5in a recent work which I will not be presenting in this thesis [8] we constructed new logarithmic dispersion

relations which allow to extract also the spins of the particles from EFT data.



the mindset of the EFT bootstrap program took another turn. While before the main goal
had been to exclude theories, the new bounds (now sharp enough to be implemented numer-
ically [42]) shifted the emphasis towards optimisation: searching for the special theories that
sit at the boundaries and kinks of the allowed region, in analogy with the success of the 3D
Ising model story in the conformal bootstrap [43,44]. A surprising pattern emerged: known
higher-spin ultraviolet models, such as stringy amplitudes, were close to saturating the bounds,
a feature already visible in the EF T-hedron [39] and brought into especially sharp focus in the
gravitational setting [45-47|. Furthermore throughout the whole space of EFT parameters, it
was proven that UV completions are dominated by the lowest spin particle content, meaning
that the largest contribution to the Wilson coefficient arises from low spin particles, a feature
dubbed low spin dominance (this can be seen very simply with null constraints).

Running alongside this dispersive, dual bootstrap is a complementary line, the primal S-
matrix bootstrap, which constructs the amplitudes themselves rather than the region of their
Wilson coefficients [48]. The idea is to scan numerically the space of analytic, crossing-
symmetric and unitary amplitudes, finding solutions that saturate the consistency conditions
"from the inside”. Applied to pion scattering, both with the physical mass spectrum [49] and
in the massless limit appropriate to the chiral EFT [50], the method produced extremal ampli-
tudes that come close to the QCD data using little more than chiral symmetry as an input. The
primal and dual approaches eventually met: the regions carved out from outside by positivity
bounds and those filled in from inside by the primal numerics can be reconciled, and where they
meet they share extremal points [51]. Whenever this happens the bounds can be considered
converged, and the amplitudes that sit at the boarder can be called extremal.

The emergence of string amplitudes in the bootstrap program revived a much older question:
which theories are these, and in what precise sense are string amplitudes singled out at all?
The question is almost as old as string theory itself. It was born with the very first dual
amplitude, written down by Veneziano [22] in the search for a crossing-symmetric, Regge-
behaved description of the strong interactions, and almost at immediately people began to ask
how unique this amplitude really was. Already in the late 1960s the formula was found to admit
deformations, such amplitudes with nonlinear Regge trajectories and an accumulation point in
the spectrum [52], or the generalised Veneziano model with the satellite terms of Gross [53].
Even then the amplitude appeared as one point in a larger family of consistent dual models
rather than an isolated solution. This circle of ideas was revived, with the tools of the modern
amplitudes program, after the mid-2010s, along two complementary fronts. On the first, people
started to try and understand the set of assumptions necessary for the Veneziano amplitude to
emerge as a solution of the bootstrap problem. Certain conditions were found to give asymptotic
uniqueness [54], and in the true spirit of the bootstrap philosophy later on it was shown that
when some of the assumptions were relaxed asymptotic uniqueness disappeared [55]. On the
second front, the space of admissible deformations was instead mapped out constructively,
producing explicit, unitary, consistently ultraviolet-behaved generalisations of the Veneziano
amplitude that retain dual resonance for essentially arbitrary spectra [56,57]. Taken together,
these developments turned the uniqueness of strings from a slogan into a sharply posed—and
still only partially answered—question.



Whether string amplitudes are truly singled out is, in turn, one facet of a broader question
that animates the swampland program [58]: which low-energy effective theories can descend
from a consistent theory of quantum gravity, and which cannot. That program has crystallised
into a web of conjectures, among them the absence of exact global symmetries [59], the weak
gravity conjecture [60], and the completeness of the charge spectrum [61]. Once argued largely
on formal or stringy grounds, such statements can now be confronted from the bottom up:
dispersion relations have become a quantitative tool with which to test and, in favourable
cases, to derive the conjectures of the swampland.

Roadmap for the thesis. Everything recounted so far predates the beginning of my doctor-
ate; it is the backdrop against which the present work was carried out. During my PhD both
programs advanced along particular fronts, and the six papers gathered in this thesis belong to
those advances. Four further works completed in the same period extend the programme along
closely related lines and are discussed in the Conclusions, but did not fit into the compendium.
On the effective-field-theory side, the positivity bootstrap was used for large- N, QCD; on the
gravitational side, the bootstrap of amplitudes was turned both to the uniqueness of strings
and to the proof of swampland conjectures. The thesis is organised accordingly, in two parts.

The first part carries the bootstrap program into large-N. QCD and the chiral Lagrangian.
The opening work [1] charts the parameter space accessible from pion scattering and related
properties. The next [2] dresses the pions with external currents to reach the chiral anomaly,
converting amplitude consistency into a sharp inequality on the anomaly coefficient. The
third [10] ascends to higher-point pion amplitudes, where a new incarnation of positivity binds
the anomalous and non-anomalous sectors together, bounding ordinary chiral couplings by the
anomaly itself.

The second part crosses over to gravity and strings, taking up the two questions left hanging
above. The first work [5] settles the uniqueness of strings: from a handful of requirements, the
Veneziano and Virasoro—Shapiro amplitudes emerge as the only solutions, their spectrum and
high-energy behaviour delivered as outputs rather than assumed at the outset. The remaining
two turn amplitude consistency onto the swampland conjectures themselves; in theories where
particles charged under external symmetry groups are coupled to gravity, perturbative gravita-
tional scattering is shown to force the charge spectrum to be complete [6] and to fill out every
representation reachable from a single seed charge [9].

These two parts are laid out in Secs. 2 and 3, each opening with a fuller overview of the
program and the tools it relies on. Within them every paper is prefaced by a short introduction
recalling what was known and explaining what we did, before being reproduced in its published
form.



2 Bootstrapping large-N. QCD

We now take up the first of the two directions announced above: the positivity bootstrap
applied to large-N. QCD. One may wonder: why would we want to study QCD if the full
theory is not only known, but also one of the few theories in nature which does not need a UV
completion? The reason is that QCD is strongly coupled at the confinement scale, therefore
although the Lagrangian is known, calculating anything in the theory is not possible within
the framework of perturbative QFT. This is where the bootstrap comes in, offering a handle
on precisely the regime that perturbation theory cannot reach. The overview below assembles
the ingredients needed to make this programme well defined, and gives context for the three
papers introduced later on in the section.

2.1 Overview

The problem of strong coupling. Quantum chromodynamics is, on paper, a complete
theory: a gauge field, a handful of quarks, a single coupling. And yet almost none of the physics
we actually care about (why quarks are confined, why the proton weighs what it does, why the
pions come out so much lighter than everything else) can be pried out of that Lagrangian by
the usual means. The trouble is that the coupling grows towards the infrared, so that around
the energies where hadrons live the theory is strongly coupled and perturbation theory in the
gauge coupling, the workhorse of high-energy physics, simply stops working. We are left with
a Lagrangian we cannot solve.

A possible way around this rests on two ideas that act in parallel. The first is to stop
expanding in the coupling and expand instead in the number of colours; sending it to infinity
reshuffles the theory so that the natural variables are no longer quarks and gluons but the
hadrons they bind into, and we end up with what is effectively a theory of mesons. The second
is to lean on chiral symmetry: the pions, the lightest hadrons, are governed by the spontaneously
broken chiral symmetry of QCD (approximately SU(3), for the three light quarks), and chiral
perturbation theory organises their interactions. The work of this first part sits where the two
ideas overlap: it is the chiral Lagrangian, but read in the large-N,. limit, where the strong
dynamics become clean enough that one can impose consistency conditions on them with real
precision.

The large-N, limit. 't Hooft’s resolution [62] is to treat the number of colours, rather than
the coupling, as the large quantity: we promote the gauge group to SU(N,) and send N, — oo
while holding the 't Hooft coupling A = ¢2N., fixed. The diagrams of the theory then reorganise
themselves not by the number of loops but by their topology, in powers of 1/N.. Drawn in
the double-line notation that keeps track of colour flow, each diagram tiles a two-dimensional
surface, and its weight is set by the genus of that surface: planar diagrams (those that can
be drawn on a sphere without any line crossing another) dominate, while every non-planar
complication, every handle in the surface and every internal quark loop, costs additional powers
of 1/N, and is suppressed. Real QCD has N, = 3, so 1/N, is not especially small, and yet
much of the low-energy phenomenology already comes out qualitatively right at leading order,
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with the near-linear Regge trajectories of the meson spectrum a textbook illustration. For our
purposes the decisive feature is that this limit makes the theory analytically clean enough that
we can impose consistency conditions on it sharply.

What the planar expansion describes, as Witten emphasised [63], is a theory of mesons.
In the planar limit the correlators of colour-singlet quark bilinears are saturated by an infinite
tower of stable, non-interacting mesons, with masses of order N? and couplings that switch
off as N, grows: a trilinear meson vertex scales as 1/v/N,, a quartic as 1/N., and so on. The
resonances become narrow, their widths vanishing in the strict limit, and to leading order they
merely propagate and exchange one another at tree level. Baryons, by contrast, behave as
heavy solitons with masses of order N, and decouple from the meson sector. In this precise
sense large-N, QCD is a weakly-coupled theory of an infinite family of mesons, rather than of
quarks and gluons. This is the form in which the strongly-coupled theory becomes a target
for the bootstrap: a tree-level theory of mesons whose Lagrangian is unknown and contains,
in principle, infinitely many terms, but whose amplitudes are nonetheless tightly constrained.
None of this requires solving QCD; the problem is no longer to compute the spectrum from
first principles, but to ask which spectra are consistent at all.

Chiral Lagrangian. Massless QCD with N; quark flavours possesses a chiral symmetry
U(Ny)r x U(Ny)g" that the strong dynamics break spontaneously to the diagonal U(Ny)y.
The associated Goldstone bosons are the pions, sitting in the adjoint of SU(Ny), together with
the flavour-singlet n’. At finite N, the 1 is conspicuously heavier than the pions, but in the
planar limit it rejoins the Goldstone multiplet as a genuine massless state. Being Goldstones,
the pions are the lightest excitations and decouple from the heavier resonances at low energies:
they are the infrared, while the tower of massive mesons (the p, the fo, and their ever-higher-
spin excitations) is the ultraviolet whose structure we wish to reconstruct. The pion dynamics
are governed by the chiral Lagrangian, the most general derivative expansion compatible with
the broken symmetry, written in terms of U = exp(v/2im*T?%/F;) in the bifundamental of
U(Ng)r x U(Ny)r,

L= —]f Tr(0,UT0"U) + Ls Tx(0,U10"U 0,U10"U ) + Ly Tx(0,U10,U 0"UT0"U ) + ... . (9)

The leading term, fixed by the single scale F, (the pion decay constant), governs the two-
derivative interactions and is universal; all the model-dependent information sits in the higher-
derivative operators, with their dimensionless Wilson coefficients Lz, Ly, . ... At large N, only
the single-trace operators survive at leading order, the multi-trace structures being suppressed
by further powers of 1/N.,, so the derivative expansion is itself organised by the same topological
counting. These coefficients are the numbers that distinguish QCD’s pions from those of any
other theory with the same symmetry-breaking pattern, and they are physical: they control
the pion scattering lengths, the curvature of the scattering amplitude away from threshold,

6At finite N, the U(1)4 factor is anomalous and the symmetry reduces to SU(Ny¢) x SU(Ng)g x U(1)y;
we work throughout in the planar limit, where the anomaly is 1/N.-suppressed and the full U(Ny) x U(Ny)
enhancement is restored.



the electromagnetic polarizabilities of the pion, and the rates of the anomalous processes.
Determining them, or even bounding them, is the concrete content of the programme, and
decades after the chiral Lagrangian was written down it is still not fully known, even in principle,
which values of these constants are consistent.

Planarity and flavour stripping. Two features of the planar limit make the dispersive
analysis possible. The first is the analytic structure already noted: at leading order in 1/N,
the amplitude is meromorphic, its only singularities the simple poles of single-meson exchange,
with the multi-particle cuts pushed to order 1/N2. This lets the contour be collapsed onto
a discrete sum over states, and it is special to the planar limit; at finite N, the cuts return.
The second feature is flavour. A connected planar diagram is bounded by a single quark line,
and the external pions are read off in cyclic order along it, so the only flavour structures that
appear are single traces of the symmetry generators. An n-pion amplitude decomposes into
flavour-ordered partial amplitudes, one for each cyclic ordering,

Agyoa, = Z Tr(T% ... T%w) A™ (]%(1), e ,pa(n)) ) (10)

0ESn/Zn

and the same single-trace structure governs the chiral Lagrangian, whose multi-trace operators
carry extra powers of 1/N..

The ordering does real work: it fixes which states sit in which channel. In particular, the
four-point amplitude M (s, ) has no poles in the t-channel, where the two pions would form the
exotic isospin-two combination that no gq meson can carry; such an exchange is non-planar,
suppressed by 1/N2. The amplitude is singular only in the s and u channels, and this is the
structure the dispersion relations exploit.

The bootstrap problem. The Wilson coefficients are the imprint of the ultraviolet on the
infrared: each is generated by integrating out the heavy mesons, so the low-energy constants
store the masses, spins and couplings of the whole tower above. To compute them we would
need that spectrum, the very thing the strong coupling hides. The bootstrap turns the question
around, asking instead which spectra are consistent with the low-energy data, and the bridge
between the two is Cauchy’s theorem.

View the flavour-ordered amplitude as an analytic function of s at fixed momentum transfer.
Near the origin it is given by its low-energy expansion,

M(s,u) = g10(s +u) + gao(s* +u?) + gogsu+ ..., (11)

with no constant term, the Adler zero [64] that the Goldstone nature of the pion enforces, and
coefficients g,,; built from the L;. A small contour around s = 0 isolates one such coefficient;
Cauchy’s theorem then lets us blow the contour up until it wraps the poles in the s and u
channels, equating that coefficient to a sum over the mesons exchanged there. The step is
true only if the arc at infinity drops out, which means dividing by enough powers of s. Each
power is a subtraction, and how many are allowed is set by how fast the amplitude grows,
which Regge theory ties to the spectrum: the mesons of rising spin lie on roughly linear Regge
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trajectories a(t) ~ g + 't functions on the complex t-plane along which the spectrum sits at
the points J,, = a(m?) where the trajectory passes through non-negative integers; the leading
intercept oy = «(0) then fixes the forward growth M ~ s*. The Froissart bound [65, 66]
gives M/s* — 0 and two subtractions; since large- N, QCD has no Pomeron, no trajectory with
intercept reaching one, its leading intercept lies below one, M/s — 0, and a single subtraction
is enough.

When the contour is opened up, what it picks up along the real s axis is the discontinuity of
the amplitude, which is proportional to its imaginary part, and this is where unitarity enters.
Decomposed into partial waves of definite spin, that imaginary part is a sum of spectral densities
ps(s), non-negative because they measure probabilities. Positivity of the p; turns each sum
rule into an inequality: the leading coefficients are sums of manifestly positive terms,

2
giﬂ'ﬂ'
Gno = o > 0. (12)

7 7

These are the positivity bounds. Crossing symmetry over-determines the system and forces
particular combinations of the spectral densities to vanish, the null constraints. Together,
positivity and the null constraints carve out a bounded region for the L;, and mapping that
region is the bootstrap problem for large- N, pions.

Higher-point amplitudes. The same flavour ordering carries over to higher multiplicity,
and it is again what makes the problem tractable. At first sight going beyond four points
looks forbidding: the kinematics proliferate, a six-point amplitude already depending on many
invariants that are not independent but tied together by Gram constraints special to four di-
mensions. What saves the analysis is that planarity simplifies the analytic structure in the
same way it did at four points. The flavour-ordered amplitude is meromorphic, and its simple
poles appear only in the planar channels, the invariants built from cyclically adjacent momenta;
exchanges in the remaining channels are non-planar and suppressed by 1/N2. With the sin-
gularities confined to this restricted set of channels, and their residues fixed by factorisation
onto lower-point amplitudes, the dispersive logic of the four-point case goes through, now tying
amplitudes of different multiplicity to one another. Large N, buys one more thing, though it
is less essential: Regge boundedness. With no Pomeron the leading intercepts lie below one, so
the planar amplitudes grow slowly at high energy and a once-subtracted dispersion relation in
a single channel already suffices.

The anomalous sector. There is one further piece of low-energy data, of an entirely different
character from the L;. Beside the parity-even derivative expansion, the chiral Lagrangian carries
a topological Wess—Zumino-Witten term [67,68] encoding the chiral anomaly,

SWZW = /d51’ o Tr(jujujpjgj‘r) ) ju = iUTﬁu[L (13)

_h
24072

written as an integral over a five-dimensional manifold whose boundary is spacetime, and
governing the parity-odd processes (7° — v, the five-pion vertex) that the derivative expansion
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alone cannot produce. Its coefficient is special in a way no other Wilson coefficient is. The L;
depend on the details of the heavy spectrum and run; the anomaly does not. It is fixed once
and for all by matching to the ultraviolet, and Witten’s quantisation argument pins it to the
integer kK = N.. The anomaly is thus an exact piece of ultraviolet information mapped directly
onto the infrared theory. Reaching it, however, requires going beyond pure pion scattering:
either by dressing the pions with external currents, so that anomalous amplitudes appear, or
by climbing to higher multiplicity, where the five-point amplitude carries the anomaly directly.

2.2 Paper 1: Cornering Large-N. QCD with Positivity Bounds

This paper is based on the idea of using positivity bounds to target the chiral Lagrangian. At
large N, the strong interactions become a weakly-coupled theory of mesons, and the lightest
of them, the pions, are the Goldstone bosons of the spontaneously broken chiral symmetry;
their low-energy interactions are governed by the chiral Lagrangian, and the Wilson coefficients
carry the imprint of the heavier mesons above. That low-energy theory is not unique to QCD.
A whole space of consistent ultraviolet completions flows to the same pion effective description,
and large- N, QCD is only one point in it; positivity bounds turn the consistency of any such
completion into inequalities on the Wilson coefficients, carving out the region in which every
admissible theory of pions must lie, whatever sits above it.

This strategy was first carried through in [69], where positivity and the simple planar
analytic structure inherited from the large-N, limit were imposed on the 77 — 77 amplitude
to map the allowed region of the leading Wilson coefficients. That region is bounded by smooth
borders and sharp kinks. The most surprising and exciting result of the paper was that it found
a novel kink which appeared stable under numerics and that did not map to any known UV
completion (unlike other kinks which are populated by known UV completions such as theories
with scalars in the UV). This novel kink was hypothesised to be given by large-N, QCD, possibly
in analogy with the numerical kink that the conformal bootstrap had identified with the 3D
Ising model.

One of the central goals of our work [1] was to settle the status of that novel kink, and using
analytic techniques we found it to be a numerical artefact. Recasting its location as a one-
dimensional moment problem, we proved that it collapses onto a known ultraviolet completion,
the theory with a single vector resonance; the kink is therefore neither large- /N, QCD nor a new
theory. We are therefore left with a space where every kink turns out to correspond to a known
amplitude: either a single vector or scalar pole, or an infinitely degenerate higher-spin tower (the
amplitude known as the su-model). One region, however, remains to be understood: the curve
connecting the single-vector theory to the su-model. Along it the ultraviolet completions are
towers of higher-spin particles where the location and distribution of the masses is unknown. An
well behaved (unitary, crossing etc..) amplitude which lives around this region is the Lovelace-
Shapiro amplitude [70,71], a version of the Veneziano with an Adler zero. It sits nearest the
numerical boundary which however has not converged, therefore it is still unclear whether this
amplitude actually saturates it or not. Lovelace-Shapiro is therefore the most extremal solution
we currently know, and whether the true boundary is actually saturated by it or by some other
theory remains an open question.
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The same positivity that bounds the coefficients also explains Vector Meson Dominance [72],
the hypothesis that the spin-1 p dominates the chiral couplings. Each Wilson coefficient is a
sum of positive contributions weighted by the masses and couplings of the exchanged mesons,
and by using null constraints [40] it is possible to simply prove that the lighter the spin, the
more a state contributes to the Wilsons. This property was already observed in gravitational
scattering [45] and for pions [69], and systematically studied by us and used to explain the
success of holographic models in QCD [73,74]. Using null constraints it is also simple to show
that as soon as one higher spin particle enters, every other spin must enter as well.

All of these results presuppose a well-behaved amplitude, M/s — 0 at high energy; we
also work out what survives under only the weaker Froissart-Martin bound M/s* — 0, where
the spin-0 and spin-1 contributions decouple and the higher-spin sector is governed instead
by the spin-2 state, a generalisation of the same dominance. We also compare the bounds to
the results found in lattice studies of large-IV, [75]; in a parallel direction, experimental pion-
scattering data have been fed directly into the amplitude ansatz of the primal bootstrap [76],
providing another external benchmark against which our region can in principle be tested.

The most critical open question which remains to be understood following this paper, and
that still today is left unanswered, is the precise nature of the boundary. As I mentioned earlier
for a specific part of the space: the region where higher spin UV completions work, we only
know the two boundary solutions, which are a theory with a spin 1 particle alone’, and a theory
with all higher spin particles at the same mass. What we do not understand is everything in
between. Whether any point on the curve corresponds to a known theory like the Lovelace—
Shapiro amplitude (which comes close), or if there is a way to make the numerics can converge
and reveal something new. Charting the exact edge of the allowed region, and the amplitudes
that populate it, is one of the most pressing goals of the program.

2.3 Paper 2: Bootstrapping the Chiral Anomaly at Large N,

In this paper we pushed the positivity program into the anomalous sector of the chiral La-
grangian. The chiral anomaly is a piece of low-energy data unlike any other: a parity-odd,
quantised coefficient k, carried by the Wess—Zumino—Witten term and fixed once and for all by
the ultraviolet, that governs processes such as 7 — v~. It is exactly the kind of sharp, rigid
number a bootstrap ought to be able to pin down.

The obstacle was that the bootstrap had so far only seen the parity-even sector. Positivity
had bounded the Wilson coefficients of the chiral Lagrangian and the couplings of the heavier
mesons, and had shown that high-spin states contribute little, the origin of Vector Meson
Dominance and of the success of holographic QCD; but all of it was read off from the 77w — 77
amplitude. That amplitude is parity-even, and so blind to the anomaly: no dispersive bound
had reached it, for the simple reason that pure pion scattering does not produce it.

In this work [2] we bring it within reach by dressing the Goldstones with external gauge

TA further detail, already observed in [69], is that the spin one is not truly alone in the spectrum, otherwise
it would not satisfy the condition M/s — 0, we must add a tower of higher spin particles. In the vector model
these particles are decoupled at infinity, as explicitly shown by the amplitude written down.
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bosons and studying the amplitudes Wn — Wx and Wrn — nm, the second of which is
proportional at low energy to k. These amplitudes obey their own meson-exchange selection
rules, dictating which states appear in which channel, and working them out is what fixes
the signs of the on-shell residues, and therefore the notion of positivity. With positivity under
control, the dispersion relations and their null constraints deliver the main result: an analytic
upper bound on the anomaly coefficient x in terms of the pion polarizabilities (the lowest
Wilson coefficient of the amplitude Wn — W, physically the constants that govern how
the pion responds to an external electromagnetic field [77]). A quantised piece of ultraviolet
data is thereby tied directly to ordinary, measurable low-energy quantities, and for models
whose ultraviolet completion is unknown, such as in holographic constructions, the bound is a
nontrivial consistency check, as it is for the lattice.

The bound is one-sided, and it rests on the assumption that the amplitude is well behaved at
high energy; sharpening it into a two-sided constraint, and understanding whether the bootstrap
can see the integer quantisation x = N, directly rather than only bound it, are left for the
future. The same amplitudes should also give access to a broader set of electromagnetic low-
energy constants of the pion and the other mesons, and the connection they open between the
anomalous and parity-even sectors is taken much further in the work that follows.

2.4 Paper 3: Multipositivity Constrains the Chiral Lagrangian

In this paper we attempt an ambitious task: bootstrapping the chiral Lagrangian beyond four-
point scattering. The symmetry of the theory ties pion interactions of different multiplicities
together, so the higher-point amplitudes are not independent of the four-point one; there is
information in them that the standard 2 — 2 bounds cannot reach.

Almost the entire positivity programme had been built on two-to-two scattering, and even
for the chiral Lagrangian, among the most studied effective theories in physics, the space of
consistent couplings was not fully charted. A first step beyond four points had been taken
with multipositivity [78], bounds relating amplitudes with different numbers of external legs,
but its machinery had not yet been brought to bear on the higher-point structure of the chiral
Lagrangian itself.

In this work [10] we close that gap. We work with a dispersion relation in a single kinematic
channel-—which further simplifies the multipositivity logic presented in [78]—and use that the
residue at each pole factorises into lower-point amplitudes; choosing complex forward kinemat-
ics turns those residues into modulus squares, to which a Cauchy—Schwarz inequality applies
directly. The result is a new family of bounds relating planar amplitudes of different multi-
plicity, which say in effect that the strength with which a state couples into one multiplicity
limits how strongly it can couple into another. The argument rests only on factorisation and
unitarity, so it holds for any planar tree-level theory.

Imposed on the chiral Lagrangian, these bounds carve out a sizeable region of the parameter
space that four-point scattering leaves untouched. The sharpest consequence concerns the
anomaly: in the planar limit certain Wilson coefficients are forced to be bounded from below
by the chiral anomaly, so that the parity-odd, quantised datum of the Wess—Zumino—Witten
term sets the scale of ordinary parity-even couplings. This exposes a connection between
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the anomalous and non-anomalous sectors that neither symmetry nor four-point positivity had
revealed, and it turns the one-sided bound on the anomaly of the previous work into a statement
about the chiral couplings themselves.

Because the construction asks only for planarity and tree-level factorisation, the most nat-
ural thing left to do is to turn it on other theories, from gauge theory to gravity, where higher-
point multipositivity is largely unexplored. Within the chiral Lagrangian, which amplitudes
saturate the new bounds, and how much further the parameter space can be closed by climbing
to still higher multiplicity, remain open. An important direction to address is also extrapolating
these bounds beyond planarity, and implementing systematically the same program which had
success at four-point: null constraints, numerics, etc.
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3 Bootstrapping strings: amplitudes and properties

We turn now to the second direction, where the situation is, in a sense, reversed. In the first part
the ultraviolet completion was known: large- N, QCD is strongly coupled, but it is a definite
theory, and the lattice can in principle compute anything the dispersion relations constrain.
Here it is whatever theory of quantum gravity completes general relativity at the Planck scale,
with no Lagrangian to point to and no experiment able to reach the scales at which it would
reveal itself. The one datum we do have is universal: gravity couples to everything, with a
strength fixed by the equivalence principle, so any two particles that exist, whatever else they
do, must scatter through graviton exchange. Many properties of the unknown ultraviolet, it
turns out, can be reconstructed from this single fact, fed into the dispersive machinery that
ran through Part 1. The overview that follows assembles the ingredients the bootstrap leans on
here, and gives context for the three papers in the section.

3.1 Overview

The bootstrap of amplitudes. The object of study is the scattering amplitude itself, re-
garded as an analytic function, and the question is which functions are consistent at all. This
is in fact the older incarnation of the bootstrap idea: in the 1960s, before QCD, the ana-
lytic S-matrix programme sought to determine strong-interaction amplitudes from analyticity,
crossing, and unitarity alone, without a Lagrangian. The programme stalled for the strong in-
teractions but its logic never lost its force, and the modern amplitudes programme has revived
it with sharper tools. A tree-level four-point amplitude A(s,t) of a healthy theory is heavily
constrained before any dynamics are specified: it must be crossing symmetric, exchanging the
roles of the Mandelstam invariants s, ¢, u that satisfy s +¢ +u = Y m?; it must be mero-
morphic, with simple poles at the masses of exchanged single-particle states; and it must not
grow too fast at large energy, so that the contour deformations behind dispersion relations are
legitimate. These requirements (analyticity, crossing, unitarity, and Regge boundedness) carve
out a space of admissible amplitudes, and we may ask what lives at its boundary and whether
familiar theories are singled out as special points.

Dual amplitudes and the string. The historical seed of the entire subject is the Veneziano
amplitude [22], the first dual amplitude, built from gamma functions of a linearly rising Regge
trajectory a(s) = agp + o's,
I'(— I'(—
Als.t) = (—a(s)) I'(=af(t))
[(—a(s) — a(t))

Its defining property, duality, is that the single function reproduces the physics of both channels
at once: expanded in s it is a sum over an infinite tower of poles (resonances of ever higher
spin and mass lying on the trajectory «/), and expanded in ¢ it is the same, with no need to add
the two contributions separately. The poles sit at a(s) =0, 1,2, ..., and the residue at level n
is a polynomial in the scattering angle of degree n, so that each level carries states up to spin
equal to its level: a leading Regge trajectory accompanied by its daughters, the hallmark of a

(14)
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string spectrum. Historically this was the discovery that launched string theory, the amplitude
having been written down to embody s—t duality before the worldsheet was understood to be
the object producing it. The closed-string analogue, the Virasoro—Shapiro amplitude [79, 80],
has the same structure made fully symmetric in the three channels,

_ D(=a(s) D(—a(t) I'(—a(u))
Al bu) = T ) TA + at) T 1 a(@) (15)

These amplitudes are rigid objects: an infinite, evenly spaced spectrum, residues positive at
every level, and a fixed relationship between mass and maximal spin. In their original string-
theoretic guise these amplitudes come with baggage (a tachyon at the bottom of the spectrum
and a preferred number of spacetime dimensions in which the worldsheet is consistent), but
viewed purely as functions they are characterised by their poles, residues and high-energy
growth alone, and it is this function-space characterisation, divorced from the worldsheet, that
a bootstrap can hope to reproduce. It is this rigidity that invites the question of whether they
can be derived rather than postulated.

Regge behaviour and softness. What distinguishes dual amplitudes dynamically is their
behaviour at high energy, and the language for it is Regge theory. At fixed momentum transfer
and large s, the sum over the tower resums into a power law set by the leading trajectory,

A(s,t) ~ f(t)(=s)*®, 5§ — 00, (16)

so that the exponent governing high-energy growth in one channel is controlled by the spectrum
of exchanged states in the crossed channel, the deep content of duality. For a linearly rising
trajectory the exponent «(t) marches towards —oo as the momentum transfer ¢ — —oo, and the
amplitude falls off faster than any power: it is ultrasoft in the ultraviolet, softer than any local
field theory. This softness is the analytic fingerprint of the string. It is also the property most
sensitive to deformation, and therefore the natural handle for a uniqueness argument: a small
change in the trajectory that preserves the poles and the positivity of residues can nonetheless
spoil the soft falloff, and the consistency conditions of this part are largely conditions on this
high-energy behaviour.

A landscape of deformations and uniqueness. The string amplitudes are not the only
functions with dual resonance structure and Regge behaviour. There is a whole family of
deformations that preserve these features while bending the trajectory or shifting the spectrum:
the generalised Veneziano amplitudes with “satellite” terms [53], and most famously the Coon
amplitude [52], a g-deformation interpolating between the field-theoretic and stringy regimes
whose spectrum, instead of rising linearly forever, accumulates towards a finite point. Recently
the program of systematically exploring the space of deformations was revived, such as with
hypergeometric and bespoke deformation [56,57] and also with a numerical primal bootstrap
program based on a stringy ansatz [55,81,82]. These deformations are consistent as far as
the crudest requirements go (they have positive residues and can generally be rewritten in
dual form), yet they generically differ from the string in their analytic structure at infinity,
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the Coon amplitude, for instance, failing to remain soft as the momentum transfer grows
and developing pathologies there. The existence of this family sharpens the central question:
among all amplitudes with dual resonance and Regge behaviour, which additional consistency
requirement, if any, isolates the string? This is the question of string uniqueness: whether
“string theory” can be made an output of a bootstrap rather than an input. It is also the topic
we explored in [5].

Gravity in the infrared. The second strand of this part trades the abstract space of ampli-
tudes for the concrete demands of gravity. That gravity must couple to everything, universally,
is not optional in any theory containing a massless spin-two mediator: Lorentz invariance and
S-matrix consistency force such a particle to couple to the total energy-momentum of what-
ever is present, with a single coupling G, which is the field-theoretic content of the equivalence
principle [83]. It fixes one term in any four-point amplitude of charged or uncharged matter,
the exchange of a graviton in the channel of small momentum transfer, which near the forward

direction reads
871G 52

t

The s? in the numerator is the imprint of the graviton’s spin two, and it is what makes gravita-
tional dispersion relations delicate: an amplitude growing like s2 sits exactly at the edge of what
a twice-subtracted dispersion relation can control, the would-be boundary term threatening to
survive. In a complete theory the graviton itself Reggeises (the spin-two pole is the leading
state on a gravitational Regge trajectory, the analogue of the Pomeron), and the true high-
energy growth is tamed below s? by the exchange of the whole tower [84,85]. Four dimensions
are especially subtle: the t-channel graviton pole produces genuine infrared divergences in the
forward limit, so the analysis must be carried out at small but finite ¢ < 0, with the forward
limit approached carefully®. Unfortunately at finite ¢ the partial waves stop being manifestly
positive, although as we will see positivity is not crucial if one asks the right questions.

A(s,t) D — (17)

Dispersion relations with a graviton. The tool that converts this mandatory contribution
into information about the spectrum is the same dispersion relation that ran through Part I.
Writing a low-energy expansion coefficient ¢, (t) as a contour integral of the amplitude around
the origin and deforming the contour onto the physical singularities,

1 d
cn(t) = o 7{20 STil A(s,t) = {s-channel} + {u-channel} + b,(¢), (18)
we equate a quantity read off from the low-energy theory, on the left, to a sum over the
discontinuities of the high-energy spectrum plus a boundary term b, (t) collected from the arc
at infinity. The logic that drives this part is then disarmingly simple. If a given coefficient

8Note that in this paper [7] we offered a concrete method to go tame the divergence in the forward limit,
by constructing stripped amplitudes (i.e. amplitudes where the universal soft behaviour is factored out) and
showing that they are unitary, analytic and their high energy behaviour is bounded. This allowed us to construct
infrared finite bounds in four-dimensions. The paper will not be part of this thesis.

17



is forced to be non-zero by the low-energy physics, and if the boundary term vanishes, then
the right-hand side cannot be empty: some state must exist in the s- or u-channel to account
for it. Physically, ¢,(t) # 0 with b,(¢) = 0 is the statement that an operator blows up faster
in the low-energy theory than in the true amplitude, and must therefore be unitarised by
states above the cutoff, the familiar situation in which an effective theory is completed in
the ultraviolet. Everything hinges on the boundary term, and it vanishes precisely when the
ultraviolet completion is weakly coupled and unitarises the amplitude at tree level. This is
the one substantive assumption of the gravitational analysis, and it is well motivated: every
weakly-coupled string completion is of this kind, and from the bottom up the diffeomorphism
invariance of the graviton is a classical notion, so the states that unitarise gravity should enter at
tree level. Gravity then supplies the mandatory coefficient for free, from the universal graviton
exchange,

o) = -7 4, (19)
so that, with a vanishing boundary term, the mere existence of a pair of scattering states forces
further states into being to unitarise their gravitational interaction. A welcome by-product
of the tree-level assumption is that the states deduced are genuine single particles, not multi-
particle continua, a sharper conclusion than the dispersive logic alone would give.

The swampland and completeness. The states deduced this way acquire their real interest
once charge is brought into the picture, and this is where the analysis makes contact with
the swampland programme. Its premise is that not every effective field theory that looks
consistent at low energies can be completed into a theory of quantum gravity: the ones that
can populate the landscape, the rest the swampland [58,86]. A web of conjectures attempts
to characterise the boundary between them, several concerning the fate of symmetries: that
exact global symmetries are forbidden in quantum gravity [59], that gravity is the weakest
force (the weak gravity conjecture [60]), and, the conjecture this part engages most directly,
completeness: the claim that every charge permitted by Dirac quantisation is actually realised
by some physical state [61]. Polchinski’s argument for it [61] runs as follows: if any Dirac-
allowed charge were missing from the spectrum, the transformation acting only on that missing
charge would commute with every physical state and would therefore generate an exact global
symmetry, which the previous conjecture forbids; every allowed charge must be realised. In
modern language, this missing-charge transformation is a higher-form global symmetry [87],
and a closely related sharpening of the no-global-symmetries argument in quantum gravity is
given in [88]. The conclusion is stated as a property of the full theory and is subtle in another
way: in its conventional form the required charged states may be multi-particle, which trivialises
part of the claim. The standard heuristics for believing it are gravitational: a black hole carrying
gauge charge must be able to discharge as it evaporates, which requires charged states of every
magnitude to exist, and the weak gravity conjecture sharpens this into a statement about their
masses and couplings. The question taken up here is whether completeness can instead be
derived bottom-up, as a theorem about scattering, and in the stronger single-particle form:
given that gravity forces states to exist, can we show that the states forced into being fill out
everything a symmetry allows, as genuine particles?
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The three directions. Three ingredients form the shared background of the works repro-
duced in this part: the bootstrap of consistent tree-level amplitudes and the soft, dual structure
that marks the string within it; the universal graviton exchange and the dispersion relation that
turns it into a demand for states; and the swampland notions of charge and representation com-
pleteness, organised by a symmetry group and its charge lattice. The subsections that follow
take them up in turn: the question of whether consistency alone singles out the string ampli-
tudes from their deformations; the derivation of charge completeness from the consistency of
perturbative gravitational scattering; and the sharper statement of representation completeness,
and the democratic way in which the deduced states contribute, that follows from imposing the
equivalence principle on the high-energy amplitude. Each is set against what was known before
and what the work here adds. Together they pursue a single ambition that runs parallel to
Part I: where the first part used dispersion relations to reconstruct a known ultraviolet from its
infrared shadow, the second uses the same relations, and the one universal fact about gravity,
to constrain an ultraviolet that no experiment can see.

3.2 Paper 4: Strings from Almost Nothing

This paper is based on the idea that string theory might be an output of the bootstrap rather
than an input. If consistency alone forces the scattering amplitude into the stringy form,
then the spectrum of masses and spins, the soft high-energy behaviour, and even the explicit
Veneziano formula are consequences rather than assumptions.

By this point the amplitude bootstrap had grown into a large enterprise, and within it sat a
sharp and old question: is the string singled out, or is it merely one consistent amplitude among
many? The most serious attempt to answer it [54] established a form of asymptotic uniqueness
for tree-level four-point planar scattering, but at a cost: it assumed a specific property of the
distribution of the amplitude’s zeros, conjectured to be universal. That property was later
found to be violated quite generally [55], which left the uniqueness of strings genuinely open.

In this work [5] we settle it from the fewest assumptions we could find. At the heart of
the argument is a fact about every tree-level, crossing-symmetric, Lorentz-invariant, unitary
amplitude: writing its mass spectrum as u(n), its spins as J(n), and its leading Regge tra-
jectory as «a(t), the residues at large level are forced to vanish whenever a(t) passes through
certain negative integers. These Regge zeros are mandated by self-consistency alone, with no
assumption about the spectrum, and they hold for planar and nonplanar amplitudes at four
points and beyond.

To isolate the string we add only two modest conditions. The first is wultrasoftness: the
trajectory is bijective and runs off to —oo at large momentum transfer, so the amplitude falls
faster than any power; this is the property that sets the string apart from its neighbours, the
Coon g-deformations diverging at finite momentum transfer and ordinary field theory being
only boundedly soft. The second is minimality: the residues carry no zeros beyond the Regge
zeros that consistency already requires. This is the strongest ingredient necessary for strings to
emerge as an output, and we find it to be violated in the various unitary deformations of string
amplitudes. Bootstrapping the space of amplitudes with these mandated zeros and nothing
more, we land precisely on the Veneziano and Virasoro—Shapiro amplitudes, and on nothing
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else; the same logic carries over to five points.

Several things are left open. The argument is tree-level, and whether a similar uniqueness
survives once loops are included is unknown; the two assumptions, modest as they are, remain
assumptions, and it would be more satisfying to derive ultrasoftness and minimality than to
impose them. It would be also interesting to understand if there is a systematic way of imposing
higher point constraints, in analogy with the techniques we developed in [10].

3.3 Paper 5: Completeness from Gravitational Scattering

This paper is based on the idea of deriving the completeness hypothesis from the bottom up,
as a theorem about scattering rather than a conjecture about the full theory. Completeness
is the statement that every charge allowed by Dirac quantisation is realised by some physical
state; the question is whether the consistency of low-energy scattering alone is enough to force
it.

Completeness has long been believed to hold in any consistent theory of quantum gravity,
the theories that obey it populating the landscape and those that fail it the swampland. The
usual arguments are top-down and heuristic: a black hole carrying gauge charge must be able
to shed it as it evaporates, and the absence of exact global symmetries forbids any allowed
charge from going unrealised. Persuasive as they are, these arguments treat completeness as a
property of the full theory rather than something derivable from low-energy data, and in their
conventional form they allow the required charged states to be multi-particle, which drains
much of the content from the claim.

In this work [6] we derive it instead from perturbative gravitational scattering, and in the
stronger single-particle form. The dispersion relation of Part I already shows that a mandatory,
unitarised coupling forces states into being, and gravity supplies exactly such a coupling, since
by the equivalence principle any pair of particles scatters through graviton exchange. Adding
an exact symmetry group G whose Cartan subgroup generates the charge lattice, the argument
becomes an iteration: start from a finite seed of charged states, usually a single particle in
the fundamental, scatter them, use the graviton exchange to deduce further charged states,
then rescatter those and repeat. If the spectrum so generated fills the entire weight lattice, the
theory is charge complete.

Whether the iteration closes on the full lattice turns on how much nonabelian structure G
carries. A nonabelian group acts on the lattice through its Weyl group, so each newly deduced
state drags an entire orbit of charges into the spectrum, and these orbits are what tile the
lattice; we turn this into a constructive proof of charge completeness for G = SO(N) with
N > 5 and SU(N) with N > 3, from which completeness for Spin(N), Sp(N) and Ey follows.
A by-product is worth recording: the SU(5) and SO(10) grand unified theories carry exactly
the minimal charged content the argument needs.

Two limitations point the way forward. The argument has no purchase on a purely abelian
symmetry, where the deduced charges add along a single direction and never close into anything
new, so the abelian case is left untouched. Secondly, we only establish completeness of the
charges, not of the representations they sit in; whether gravity forces every representation built
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from a seed to appear, and by a cleaner argument than the group-by-group construction used
here, is the question taken up next.

3.4 Paper 6: The Equivalence Principle at High Energies Completes
the Spectrum

This paper builds on the biggest unanswered question in Paper 5 [6]. We showed that the
charge lattice must be complete for some symmetry groups coupled to gravity. This result is
already a version of completeness, but it stops short in two ways: it speaks only of charges,
not of the representations those charges sit in, and it leans on a constructive, group-by-group
analysis.

In this work [9] we prove the stronger statement, representation completeness, by a cleaner
route: tree-level gravitational scattering mandates single-particle states in every irreducible
representation that can be built from a single seed charge, not merely along the Cartan di-
rections. The new ingredient is to track how charge flows through the graviton pole. Because
the graviton is neutral, its exchange is proportional to the identity in charge space, and the
identity is not inert: it decomposes into a sum of projectors onto the representations that can
be exchanged, 1 = 3, P, one for each representation p in the tensor product of the scattering
states. The neutral exchange therefore distributes itself across all of these channels at once,
and the question sharpens accordingly: not just whether the charge lattice fills, but whether
every representation built from the seed is forced to appear, and with what relative strength.

The one assumption that makes the representation-theoretic statement go through is that
the leading high-energy behaviour is the universal, charge-blind graviton term. This is the
equivalence principle promoted from the infrared graviton pole to the ultraviolet Regge regime,
the demand that high-energy scattering not care about the charges of what is scattered. Under
it, the dispersion relations force single-particle states in every representation reachable from
the seed by tensoring, which is the representation completeness we set out to prove. The
argument also yields a corollary we call representation democracy: the states whose existence
we deduce contribute to scattering with squared couplings independent of their representation,
once one averages over the quantum numbers other than G. Since these are the asymptotically
high-energy excitations, the correspondence principle suggests this even-handedness may be a
low-energy shadow of the equipartition of black-hole microstates across charge sectors.

The mechanism behind this conclusion is to consider two dispersion relations in z = (s—u)/2
at fixed ¢: the symmetric one, even in z and carrying the ¢-channel graviton pole —87G2%/t, and
the antisymmetric one, odd in z, found with one fewer subtraction and containing the gauge-
boson exchange which grows only linearly. Manipulating the antisymmetric relation lets us
trade away the u-channel contribution of the symmetric one, rewriting the latter as a sum over
a single channel. Once the residues sit in a single-channel sum, the projector decomposition 1 =
>, P, forces every representation in the tensor product to enter with a positive contribution,
and all the representations the projectors allow must appear in the spectrum.

Interestingly, neither these arguments, nor the ones in Paper 5, rely on positivity of the
partial waves. This is the sole reason we are able to deduce such strong conclusions from
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gravitational scattering; we can safely perform dispersion relations at finite ¢, avoiding any
problems of infrared divergences and boundary terms. That being said, a few limitations are
that these arguments solely apply to tree level amplitudes, as soon as loops are included any
notion of completeness is plagued by multi-particle states. Another limit is that we cannot con-
clude precisely where the higher charge/representation states must enter. A model-independent
Tauberian estimate [89] (see [90] for the underlying Tauberian theory) for any twice-subtracted
gravitational dispersion relation gives the scale s, at which the spectrum must saturate the
graviton pole. Working at fixed momentum transfer ¢, the dispersive integral is dominated by
—%o/ t = O(1), therefore the scale until which states contribute is approximately s, ~ e!/l®)l
(where in the last step we used |a(t)| ~ o'|t| at large momentum transfer). The exponential
growth in 1/|a(t)| means the states we deduce can in principle hide at parametrically large
energies, and is the strongest statement available at tree level from any dispersive argument
that leans on the universal graviton exchange.
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4 Conclusions

The two halves of this thesis began at opposite ends of the energy spectrum and met on common
ground. In each, a single instrument was at work: the analytic dispersion relation, which turns
the consistency of a theory into sharp constraints on its low-energy data. And a single question
was asked: which theories are admissible at all. What changed from one half to the other was
only how much of the ultraviolet was known in advance.

In the first half that ultraviolet was QCD, strongly coupled yet in principle understood,
and the bootstrap served as a precision instrument. We targeted the chiral Lagrangian in the
large- N, limit, and identified the simple theories sitting at the boundary of the allowed region.
We turned amplitude consistency into a bound on the chiral anomaly. Finally, by formulating
novel multipositivity techniques, we tied the anomalous and non-anomalous sectors of the
theory together. In the second half the ultraviolet was unknown, and the bootstrap became a
reconstruction principle. From little more than the universal coupling of the graviton we forced
the charge spectrum of a broad class of consistent gravitational theories to fill out completely,
and from a handful of consistency demands we singled out the Veneziano and Virasoro—Shapiro
amplitudes as the unique solutions. That those same string amplitudes also crowd against
the boundary of the gravitational bounds is perhaps the clearest hint that the two halves are
studying one structure from two sides.

The broader message is the one promised at the outset. A tool anchored entirely in the
infrared, demanding only that a theory be consistent, reaches surprisingly far into the ultravio-
let, from the mesons of QCD to the universal features of quantum gravity. Much remains open
on both sides, and the subsections below take up the most pressing directions in turn. But the
thread that runs from a slab of glass to the swampland shows no sign of fraying.

4.1 Part I: Bootstrapping large-N. QCD

Applying bootstrap techniques for the chiral Lagrangian and large-N. QCD teached two im-
portant lessons. The first is that, in a strongly-coupled theory whose ultraviolet completion is
in principle known but in practice hidden from perturbation theory, dispersive consistency is
precise enough to act as a valide alternative: it carves out the parameter space exactly, identifies
the simple amplitudes that populate the boundary, and explains, from first principles, why the
lightest resonances saturate so much of the low-energy data. Vector Meson Dominance, long
an empirical fact in search of a derivation, is recovered as a corollary of crossing and unitarity
in the planar limit. The second is that the anomalous and non-anomalous sectors of the chi-
ral Lagrangian, which conventional chiral perturbation theory treats as separate parts of the
same derivative expansion, are in fact tied together: multipositivity forces certain parity-even
Wilson coefficients to be at least as large as the quantised parity-odd datum carried by the
Wess—Zumino-Witten term. The strong interactions are more rigidly organised than the text-
book treatment suggests, and the rigidity comes from a place the bootstrap is uniquely able to
see, namely higher-point consistency.

Methodologically, the work also makes a case for the value of analytic control. The spurious
kink that the numerical bootstrap had presented as the most exciting feature of the chiral
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allowed region turned out, once the right one-dimensional moment problem was identified, to
be no feature at all but the single-vector theory in disguise. The numerics had not been wrong,
only insufficient: it took the analytic recasting to see what the boundary actually contained,
and to confirm that no exotic theory lives there. The same lesson applies, in less dramatic
form, to the rest of the boundary, where the bounds we trust most are the ones we can write
in closed form and check against explicit ultraviolet completions. The chiral bootstrap is at
its best when numerical and analytic tools are brought to bear together, the numerics charting
the territory and the analysis settling what lives in it.

Many things remain open. The exact shape of the allowed region still has an important
boundary to be mapped out: the curve of higher-spin completions interpolating between the
single-vector theory and the su-model resists analytic control and whether any physical theory
traces it out is a pressing question to answer. The entire programme has been conducted
in the strict planar limit, and how the bounds deform under 1/N, corrections, and whether
the picture survives at N, = 3 with realistic quark masses, are problems in their own right.
The external-current bootstrap of Paper 2 should also extend beyond the electroweak gauge
bosons to a wider set of low-energy electromagnetic and gravitational constants of the pion,
and the spin-sensitive dispersion relations of [8] should sharpen all of these bounds. As lattice
determinations of the higher-derivative L; improve, the bootstrap and the lattice should begin
to meet quantitatively where they have so far only complemented each other in principle.

4.2 Part II: Bootstrapping strings: amplitudes and properties

The second part inverted the setting and asked what consistency alone can be made to say
about an ultraviolet that no experiment will reach. The answers are stronger than one would
naturally expect. From a handful of structural demands, the Veneziano and Virasoro—Shapiro
amplitudes emerge as the unique solutions, with their spectra, their Regge behaviour, and even
their closed-form expressions delivered as outputs rather than inputs. From the single universal
fact that gravity couples to everything, the same dispersive machinery turns the existence of
one charged particle into the necessity of infinitely many, filling out the entire charge lattice
and, in the sharper representation form, every irreducible representation that the seed can be
tensored into. The completeness conjecture, in its single-particle version, ceases to be a top-
down statement and becomes a theorem about scattering. The fact that string amplitudes also
crowd against the boundary of the gravitational bounds is the clearest sign that the structure
being reconstructed in the two halves of this thesis are not tailored to a particular setup, but
generic features.

What makes the gravitational arguments hold their force is how little they ask of the
ultraviolet. Beyond the existence of a massless spin-two state and a weakly-coupled tree-level
completion, they require essentially nothing: no Lagrangian, no symmetry-breaking pattern, no
input from any specific construction of quantum gravity. The conclusions that follow, single-
particle charge completeness, representation completeness, the uniqueness of the Veneziano and
Virasoro—Shapiro amplitudes, all rest on S-matrix consistency alone. That this is enough to
recover statements normally derived from string theory or motivated from black-hole heuristics
is a sharp argument for the bottom-up programme as a substitute for experimental input in a
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regime where no experiment will ever reach. What is genuinely new in our work is that the
infrared alone is enough to mandate properties of single-particle states in the ultraviolet.

The most consequential open questions concern the boundaries of this picture. The argu-
ments are tree-level, and at loop order the multi-particle continuum reopens the weaker form
of completeness; the cleanly single-particle conclusion will need to be sharpened against that.
The dispersion relations mandate that states exist but do not say at what scale they enter,
and pinning the parametric mass of the lightest deduced state would tighten any of these re-
sults dramatically. A closely related important program is the extension of these arguments to
higher multiplicity, where the same factorisation logic derived in [10], should constrain higher-
point gravitational amplitudes— which remarks the importance of moving past planarity. More
broadly, sharper statements about the boundary of the swampland, free of the weakly-coupled
tree-level assumption, would bring the bottom-up programme into full contact with the top-
down web of conjectures it has so far only begun to touch.

4.3 Additional research lines

Alongside the six papers reproduced above, four further works completed during this doctorate
were not included in the compendium but extend the same programme along closely related
lines, and I record them briefly here.

Bootstrapping the chiral-gravitational anomaly. In [3] we carry the chiral-anomaly
bootstrap of Paper 2 beyond external gauge bosons to external gravitons. The chiral-
gravitational anomaly, a parity-odd quantised coefficient generated when the chiral current
is coupled to a gravitational background, turns out to be reachable by exactly the same dis-
persive logic once the pion is dressed with stress-energy insertions, and the analysis yields an
analytic upper bound on its coefficient set by low-energy data, the gravitational counterpart of
the bound on k obtained from electroweak currents. Two quantised pieces of ultraviolet infor-
mation, one electroweak and one gravitational, are now tied to the same low-energy constants
of the chiral Lagrangian, and the route from one to the other is the same in both cases: external
currents brought in, selection rules fixing the signs of residues, and the dispersive sum rules
turned into an inequality.

Positivity with long-range interactions. Positivity bounds for gravitational effective field
theories have been developed in a substantial line of works [41,45-47,91-95], turning causality
and unitarity into two-sided constraints on the higher-curvature Wilson coefficients of any EFT
coupled to gravity. A long-standing obstacle to these bounds in four dimensions has been the
infrared divergence that universal long-range exchanges, gravitons and photons, produce in the
forward limit. In [7] we bypass it by constructing stripped amplitudes, in which the universal
soft behaviour is factored out, and showing that what remains is unitary, analytic, and grows
slowly enough to dispersion-relate. The result is a set of positivity bounds that are finite in
D = 4, removing the main technical obstruction that had restricted the gravitational bootstrap.
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(Super)gravity from positivity. In [4] we ask whether an isolated, massive, weakly-coupled
spin-3/2 particle admits a consistent S-matrix at all, and find that it does not, unless gravitons
are added to the spectrum with a coupling that is, almost supersymmetrically, fixed by gravity
itself. Once two such particles form a U(1)-charged state, a graviphoton gauging the symmetry
is required as well, with couplings characteristic of supergravity and saturating the weak gravity
conjecture. Gravity, and very nearly supergravity, are forced on us by S-matrix consistency for a
single massive higher-spin excitation, a sharp instance of the broader pattern of this thesis where
a minimal infrared datum suffices to demand a great deal of ultraviolet structure. We also study
positivity bounds for spin-1/2 particles, the Goldstinos, again finding that supersymmetric UV
completions saturate the bounds. The work sits within a broader programme of positivity
bounds on isolated massive higher-spin states in particular with applications to massive gravity
showing its incompatibility with positivity [91].

On the inverse problem in effective field theory. Most bootstrap applications bound the
Wilson coefficients of an effective theory; the inverse problem, recovering the masses, couplings,
and spins of the heavy states from those coefficients, had been only partially solved, with masses
and couplings extractable from a moment problem but the spins not. In [8] we construct a new
family of logarithmic dispersion relations whose sum rules are spin-sensitive in a controlled
way, and show that the spins of the exchanged states can be read off from sufficiently many
low-energy data points. The dispersive bootstrap thus comes closer to a genuine ultraviolet
reconstruction: given enough infrared coefficients, the full quantum numbers of the heavy
spectrum, not only its gross moments, can in principle be recovered.
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Abstract

The simple analytic structure of meson scattering amplitudes in the large-N, limit,
combined with positivity of the spectral density, provides precise predictions on low-
energy observables. Building upon previous studies, we explore the allowed regions of
chiral Lagrangian parameters and meson couplings to pions. We reveal a structure of
kinks at all orders in the chiral expansion and develop analytical tools to show that kinks
always correspond to amplitudes with a single light pole. We build (scalar- and vector-
less) deformations of the Lovelace-Shapiro and Coon UV-complete amplitudes, and show
that they lie close to the boundaries. Moreover, constraints from crossing-symmetry
imply that meson couplings to pions become smaller as their spin increases, providing
an explanation for the success of Vector Meson Dominance and holographic QCD. We
study how these conclusions depend on assumptions about the high-energy behavior of
amplitudes. Finally, we emphasize the complementarity between our results and Lattice
computations in the exploration of large-N, QCD.
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1 Introduction

The understanding of theories at strong coupling is one of the most important challenges
of modern particle physics. Besides the pragmatic interest for QCD hadronic physics, such
understanding would broaden our perspective on theories beyond the Standard Model and
plausibly provide intuition on its shortcomings.

Dispersion relations distill the essential ingredients of quantum field theory, unitarity and
causality, into consistency conditions for scattering amplitudes. They have been used as posi-
tivity bounds to shape the parameter space of effective field theories originating from healthy;,
albeit strongly coupled, microscopic dynamics, see e.g. [1-7], and have had important applica-
tions to QCD and the chiral Lagrangian [8-16].

At the same time, in the context of SU(N,.) gauge theories, the limit of many colors N, — oo
has provided one of the most insightful approaches for understanding the strongly-coupled
regime [17, 18], even though real-world QCD has only N. = 3. The main consequence of this
approximation is that the theory has a dual description in terms of weakly-coupled mesons,
rather than quarks and gluons. In spite of this important step forward, the predictions of large-
N, QCD have been limited by the fact that the theory contains an infinite number of mesons
of any spin, whose Lagrangian is unknown or contains an infinite number of terms.

Recently, Ref. [19] has combined these two approaches and derived important constraints
on the low energy mm — 7w scattering amplitude. Despite the higher-spin meson spectrum
remains unknown, the simple analytic structure of large- N, amplitudes — combined with certain
assumptions on their high-energy behavior — improves the predictiveness of dispersion relations.

In this article we push forward this approach, combining analytic and numerical methods.
One of the most important questions raised in Ref. [19] concerns the understanding of which
theories define the kinks (and the bulk) of the allowed regions of Wilson coefficients. In this
article we identify these theories. We build UV-complete four-pions amplitudes, as variations
of the Lovelace-Shapiro amplitude [20, 21] and the Coon amplitude [22] in which the spin-0
(and spin-1) poles have been removed, and show that they reside close to the boundary. At the
kinks, on the other hand, we find theories with an infinitely degenerate higher-spin spectrum,
or theories with a unique state at finite mass, either of spin J =0, J =1 or J = 2. While
some of these results are known [4, 6, 19], in this work we are able to exclude other possibilities.
In particular, while the numerical approach suggests the existence of a new kink with a more
exotic spectrum, we show that the kink position can be reformulated as a 1D moment-problem
whose solution converges to the J = 1 theory.

An important emerging property of low-energy QCD is Vector Meson Dominance (VMD) [23],
the hypothesis that the spin-1 p meson gives the main contribution to the chiral Lagrangian [24].
This property has an empirical origin (it works!), but it lacks a theoretical explanation. We
will show that VMD finds its origin in the positivity bounds. Indeed, the chiral Lagrangian
coefficients can be written as a sum over positive quantities that depend on the couplings and
masses of the different mesons: when the theory contains a p, this dominates over the other
J > 1 states. This is especially prominent when the higher-spin states are heavier than the p,
as it occurs in real-world QCD. Our analysis also provides insight into why holographic models,
which contain only (charged) spin-0 and spin-1 states, have been so successful in predicting



low-energy properties of QCD, see e.g. [25, 26]. Finally, we will show that this reasoning also
extends to the heavy-meson couplings to pions: the higher the spin, the smaller the coupling.

These arguments, as well as all those from Ref. [19], rely on assuming that the high-energy
amplitudes are particularly well behaved, M/s — 0 at large |s|. In this article we will also
discuss the implications of relaxing this assumption, such that the 77 — 77 amplitude is
limited only by the Froissart-Martin bound M/s* — 0 at large energies [27, 28]. In this case,
the spin-1 and spin-0 contributions decouple from (and can contribute more than) the J > 2
ones, that are now dominated by the spin-2 state instead, in a generalisation of VMD.

The paper is organised as follows. In Sec. 2 we review the analytical structure of the
mm — 7 amplitude and the dispersion relations that lead to positivity constraints. We also
present possible UV completions to the chiral Lagrangian, as they will play an important role
to understand the boundaries of the Wilson-coefficient allowed regions. In Sec. 3 we consider
the case in which the four-pion amplitude at large |s| satisfies M/s — 0. We determine
the allowed regions of the leading Wilson coefficients and show which theories reside at the
kinks of these boundaries. We also study the emergence of VMD and derive bounds on the
couplings of meson resonances to pions. In Sec. 4 we extend the analysis to the case in which
the four-pion amplitude only satisfies the Froissart-Martin bound at high energies. We present
several appendices with extended discussions on the numerical bootstrap (Appendix A), on
the analytical determination of the kinks (Appendix B), the su-models (Appendix C), and the
Lovelace-Shapiro and Coon amplitudes (Appendix D and Appendix E respectively).

2 The mm — 7w Amplitude in large-N. QCD

This section contains mostly a review of previous literature on the 2 — 2 pion amplitude, in
particular the results of Ref. [19]. We will work in the massless quark limit.

Pions are the massless Goldstone bosons associated to the spontaneous breaking of the
global SU(Ny), x SU(N¢)r — SU(Ny), where Ny is the number of quark flavors in QCD.
They transform in the Adj. representation of SU(Ny), which for the case Ny = 2 corresponds
to the Isospin I = 1, the triplet 7 and 7°. This allows us to write the 2 — 2 pion amplitude
as

2 2 2
M(r7b — mend) = A(s|t,u) {—58 + ds] + A(tlu, s) [—5t + dt] + A(uls, t) [—5u + du] :
Ny Ny Ny

where s = (p, +pb)2, t = (pa — pc>27 U = (Pa _pd)27 and

5y = Sapbed » 0r = 05(b <> €) , 64 = 05(b <> d) (2)
dy = dapedoge , i = dy(b ¢ ¢) , dy = dy(b ¢ d), (3)

correspond to the various ways of contracting SU(Ny) adjoint indices into singlets. A(s|t,u) is
a function of ¢,u symmetric under their interchange, i.e. A(s|t,u) = A(s|u,t).

In the large-N, limit, QCD reduces to a theory of weakly coupled mesons, whose trilinear
couplings scale as ~ 1/y/N, [17, 18]. In this limit, the 2 — 2 pion amplitude is then dominated



(a) M(s,u) (b) M(s,t = —u—s)

Figure 1: Analytic structure of M(s,u) and M(s,t = —s —u) for fized u < 0. We denote by
Co, Co (to be taken at |s| — oo) and the discontinuity along the real axis the relevant contours
of integration used for dispersion relations.

by a tree-level meson exchange. Since these mesons are ¢q states with isospin I = 0,1, the
isospin I = 2 amplitude,

MI=2 (b — moml) = A(tlu, s) + A(uls, £) = M(t,u), )

(symmetric under t <> w) has no poles in the large-N, limit. All this leads to the following
important implications for the analytical structure of M in the large- N, limit:

e The only singularities of M in the complex s-plane are simple poles associated with the
tree-level meson exchange (the branch cut along the physical region is at least O(1/N2)).

e The absence of I = 2 meson exchange in the s-channel implies that MI=2 = M(t, u) has
no poles for real s > 0. Since t = —s — u, this implies that for fixed u < 0, there cannot
be poles in M(t,u) on the negative real ¢ axis. Now, by a simple exchange of arguments
(t — s), we come to the conclusion that M(s,u), for fixed u < 0, can only have poles on
the positive real s axis.

e For fixed u < 0, M(s,t) can have poles either on the real positive or negative s axis.

This analytic structure of M is illustrated in Fig. 1.

At energies below the mass M of the lightest massive meson (corresponding to the position
of the first pole in Fig. 1), pions can be well described by an effective theory, corresponding to
an expansion in s/M,u/M — 0,

oo [n/2]

M(s,u) = ZZ gmls{”’lul}

n=1 [=0
= gro(s+u)+ go0(s* +u’) + gaisu+ gso (s° +u?)
+ g3 (8%u+ su?) + gao (s* +ut) + gaq (5°u + su®) + gao s7u? + .. (5)

where for convenience we have defined the weighed symmetric tensor stu/} = siu? + (1—8;;)s7u’
to avoid double counting of terms with n = 2/, such as g1, g2, etc. A constant term is absent



in Eq. (5) as the amplitude must go to zero for s,u — 0 in order to restore the Adler condition
for pions. In the large- N, limit all Wilson coefficients scale as g,; ~ 1/N.. For the connection
of Eq. (5) with the QCD chiral Lagrangian, see Sec. 3.2.1.

2.1 Dispersion Relations and Sum Rules

Dispersion relations can be derived assuming that the amplitude M satisfies the following
high-energy conditions, for fixed u < 0 and for all & > kpy,,

lim —M(S’ u)

|s]—o0 sk

— 0, (6a) lim M(s, —u—s) —0. (6b)

|s]—o0 sk

Different assumptions about the high-energy behavior of amplitudes are associated with dif-
ferent values of kp;,. On general grounds, the Froissart-Martin bound [27-29] ensures that in
theories with a mass gap Eqs. (6) are satisfied for ky,;, = 2, with similar results for the massless
case [7, 30, 31].

On the other hand, Ref. [19] advocated — invoking considerations on the Pomeron Regge
trajectory — that the four-pion amplitude might be bounded by M < s and therefore ky;, = 1.
In this article we will study both, the case with k.,;, = 1 and ky;, = 2.

2.1.1 IR-UV Relations

Taking u < 0 fixed, we have that the integral of M(s,u)/s**! along the contour Cy, of Fig. la
vanishes for k > ki, due to Eq. (6a). Because of amplitude’s analyticity, we can deform Cy,
into the blue contour in Fig. 1a,

]idsf%_gi/ ds/w_ (7)

The amplitude can be expanded in partial waves,
2
ImM(s,u) = Y (2] + 1)pJ(s)PJ<1 + —“) : (8)
. s

where P; are the Legendre polynomials and p;(s), the spectral density, must be positive,
ps(s) > 0, due to unitarity of the S-Matrix. Indeed, for large-N, theories, we have that the
spectral density is given by

(2] + Dps(m?) =7 _ giom? 6(m* —m?)é,y,, (9)

where 7 labels mesons of mass m;, spin J; and coupling to pions g .



Plugging Eq. (8) into Eq. (7), performing the contour integrals, and expanding around small

u < 0 we find
P;(1 P)(1 PI(1
k=1: 91,o+g2,1u+93,1u2+... = < J(2)+2 J(4)u+2 J(6>u2+...>>
m m m
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with the definition of the high-energy average [6],
1 < dm?
L))y == 2J +1 — D). 11
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Considering equations with k& > ky,;, (that we will take later to be ky;, = 1,2), we can relate
the IR Wilson coefficients with the UV-averages of derivatives of P; in the following way:

2t [ PY(1) n—1
Gnid = 77 <m2(n+l) , n>kynand [ =0,1,..., l 5 } . (12)

Since P}l)(l) > 0, the contributions to Eq. (12) from the different J-states are always additive,
and therefore g,.;; > 0 — this is a direct consequence of the lack of s < 0 poles in M(s,u).

Moreover, P}l)(l) = 0 for [ > J implying that states with J < do not contribute to g;.
In particular,
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where J? = J(J + 1). Notice that only for ky;, = 1 all Wilson coefficients have a dispersive

representation in terms of Eq. (12). For kmyin = 2, the couplings g, o and g2 are not captured
by these dispersion relations.

In a similar way, we can obtain dispersion relations for the M(s, t) amplitude, whose analytic
structure is given in Fig. 1b,

1 s M(s,—u—s):/ d,Im/\/l( /k+1u—s)+(_1)k/ d,Im/\/l(s —u—s)'
M2 S M2

2i Je, s/k+1 (8" + u)kt!
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These can be expanded as in the previous section, and provide yet more relations [19]. In the
case knin > 1 these new relations are crucial, as they give access to Wilson coefficients that
do not have a dispersive representation in terms of M(s,u). In particular, for ky;, = 2, the
coupling g, ; is not determined by Eq. (12) but appears in Eq. (14),

G201 = 2go0 — 2 <ﬂ> : (15)

mA
while for knin = 3, g3,1 can only be determined by

(=17 (27% - 3)> '
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2.2 Null Constraints

The dispersion relations in Eq. (10), and the small-u expansion of Eq. (14), over-determine the
Wilson coefficients. This leads to a set of null constraints,

(X (Jm?)) =0, (Vor(J,m?) =0, (17)

on the high-energy spectral density, with m*" X, and m?")), . functions of J only. Their
compact expression at all orders is provided in Ref. [19]. For the analytic arguments in this
article we are only interested in the most relevant null constraints (those involving less powers
of 1/m) and in those with the leading asymptotic J — oo behavior at a fixed order n in 1/m?*".

For Ky = 1, there is one (and only one) null constraint ~ O(J2™~1 /m?") at each order n,!

n=2:  m'Y; = —201-(-1)7)+J?%,
n=3: ml Xy, = —6J%+J*,
n=4: mtX, = —247*-87'+7J°,
DEmn iy, = 2 peigy g2 18
(n—=1"m nt = Tyt () —-J°. (18)

The other null constraints have only subleading terms in powers of J w.r.t. these.

When we study larger kp,, the constraints in Eq. (18) disappear, and subleading null con-
straints now dominate. For kp;, = 2 this involves null constraints that grow as O(J2("=2) /m?").
There are two of them at each order n, and can be separated into those where the sign of the
term O(J2"=2) /m?") is fixed, and those where this sign oscillates between J-odd and J-even.

We use a slightly different normalization w.r.t. Ref. [19], which has no impact on Eq. (17).
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Figure 2: Null constraints from Eq. (18), as a function of J, for fixzed m.

In the first class we have,

n=4: ms(y4,2—y4,1) = 8(1—(-1)))—-107*+J*,

n=>5: mP X, = 3072177+ J°,
n=>6: m2 Xy = 14477 — 4671 — 20T + J°,
N M X, — 2 pi(1) —2pP (1 19
(n—2)"m e = gl (1) —2P;7(1). (19)

In both cases, Eq. (18) and Eq. (19), the ), null constraints (originating from M(s,t) dis-
persion relations) appear only at the lowest order in 1/m?, and at higher order the dominant
J behavior is controlled by the &, ; null constraints (originating from M(s, u) dispersion rela-
tions). On the other hand, the most relevant oscillating null constraint is,

n=3: m® Vs = —6(1 — (—=1)7) +2(1 —2(-1)")J?, (20)

where the sign of the J? term oscillates with J.

Notice that for J = 0 the arguments of all null constraints vanish, as can be easily seen in
Eq. (18) and Eq. (19) (and more generally by the expressions in Ref. [19]). This implies that
the spin-0 component of the UV spectrum decouples and is not restricted by null constraints.
This is related to the fact that models with only J = 0 states can provide a consistent UV
completion of the pion amplitude, satisfying Eq. (6a) and Eq. (6b) for ky;,, = 1, as we will
discuss in section 2.3. For k., = 2, also J = 1 states give zero contributions and decouple
from the null constraints. This again can be understood from the fact that models with only
J = 1 states provide a pion amplitude that consistently satisfies the Froissart-Martin bound.
This pattern persists: for ky;, = 3, one finds that the J = 0, 1, 2 states decouple from the null
constraints, and so on.



It is also instructive to understand how the null constraints can be satisfied, as this tells
us information about the mass spectrum of the theories. In Fig. 2 we show the first few null
constraints in Eq. (18) as a function of J. We see that for the first two null constraints the
contribution from the J = 1 is the only opposite in sign to the other ones. As these expressions
must average to zero, Eq. (11), this implies that the theory must contain J = 1 states. For Xy,
also the J = 2 contribution is negative, implying that also J = 2 states are needed. As the order
n of the null constraint increases, one finds that the number of states with negative coefficients
increases: eventually all J are needed to satisfy the null constraints. So, for ky;, = 1, theories
in the large- N, limit either have no J > 0 state, or have states with all values of J from 1 to oc.
Similarly, for k., = 2, states with spin J > 2 are either absent, or are all present.

2.3 UV completions of the pion amplitude

Before proceeding to examine the implications from positivity, we would like to discuss simple
UV completions for a theory of pions. By this we mean theories that generate consistent
crossing-symmetric amplitudes M (s, u), with simple poles at real s > 0, positive spectral
density, satisfying the high-energy behavior of Egs. (6) for some k. Interestingly, these
amplitudes will turn out to reside at the kinks of the allowed parameter space, as we will
discuss in the next section.

Simple amplitudes describing exchange of a single spin-J particle with mass m; are char-
acterised by a pole-structure with residue on the associated partial wave,

_ m?%P;(1 + 2u/m?)
N m% — s

M (s, u)

+ F(s,u) + (s <> u), (21)

where F'is an analytic function that defines the theory, but does not contribute to the residue.
We will fix F' by imposing the Adler’s zero M”(0,0) = 0 and by requiring that the amplitude
satisfies the large-s behavior of Egs. (6) for the lowest possible value of k.

2.3.1 Theory of scalars

Scalars can provide a consistent UV completion to a theory of pions, via the Higgs mechanism
in the linear sigma-model. The 2 — 2 pion amplitude mediated by a spin-0 state with I = 0 is
given by,
MO (s0) = T25 (s (22)
’ m2—s '
Expanding Eq. (22) at low energies, s,u < m?, we obtain,

2
Gno = Gsnr

n, -
m2n

(n=1),  guu=0 (#0). (23)

An important property of Eq. (22) is that it satisfies the high-energy behavior in Egs. (6a,6b)
with kpin = 1. Therefore the Wilson coefficients Eq. (23) obey the sum rules Eq. (13), as can be
easily checked. The fact that a model of only scalars does not need higher-spin states to satisfy
Egs. (6a,6b) with ki, = 1, explains why the J = 0 states decouple from the null constraints,
as explained above.



2.3.2 Theory of vectors

Let us now consider a (weakly coupled) spin-1 resonance with isospin I = 1 (or, in general, in
the Adj. representation of SU(Ny)), which we will refer to as p, in analogy with QCD. From
Eq. (21) we have,

2 2 9
MO (s,u) = @Pl (1 + —1;) + (s <> u), (24)
m2 — s m?

corresponding to the contribution from the transverse components of a massive vector cou-
pling to pions via g,rx fabcpZWb3“7rC (minimal coupling) where fu. are the SU(Ny) structure
constants.? This amplitude can arise in models in which the p gets its mass from the Higgs
mechanism, or in holographic models where the p arises as a Kaluza-Klein state.

Eq. (24) satisfies the Froissart-Martin bound, Egs. (6a,6b) but only for Ay, = 2. Neverthe-
less, the high-energy behaviour of Eq. (24) can be improved by the following deformation [19]:

— 2 m? 2 2
M(p)(s,u):@f’l (1+_Z>T—°°+(3<—>u), (25)
ms —s my) My — U

that at high energy s > m?2_ satisfies Egs. (6a,6b) with kn;, = 1. By studying the pole structure
of Eq. (25), one can see that the amplitude is mediated by states of any J with masses m.,, but
also at s = m, we have now states with J # 1. Nevertheless, by taking the limit m./m, — oo
in Eq. (25), we recover Eq. (24) as well as its low-energy predictions. So, as long as we are only
interested in the Wilson coefficients, we can safely use Eq. (24).

At low energies, Eq. (24) leads to

g1,0 2 91,0
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while g,; = 0 for | > 2. Alternatively, we could compute the Wilson coefficients Eq. (26) from

dispersion relations, by using the explicit form of the UV spectral density Eq. (9), with support
on J =1 and m; = m, only. This can help us to appreciate the difference between M) and

its improved version M. Indeed, since the vector amplitude Eq. (24) fulfils Eq. (6a) only for
Emin > 2, we can not use the sum rules Eq. (12) for kyi, = 1. In particular, the expressions for
g10 and go; from Eq. (13) do not hold - indeed they differ from those obtained directly from
the amplitude Eq. (26). On the other hand, Eq. (24) fulfills Eq. (6b) for kp;, = 1 and one can
use the prediction for go; from Eq. (15), that agrees with Eq. (26).

If instead we use M) from Eq. (25) — which has kyi, = 1 high-energy behavior — the extra
states beyond the p give a nonzero contribution to g; ¢ and go; that makes it to coincide with
Eq. (26). These contributions tend to zero in Eq. (15).

2 A more general function F in Eq. (21) would be associated with the exchange of longitudinal modes (contact
terms to the Lagrangian) which would yield in the amplitude multiplicative factors (s/ mf))” that worsen the
high-energy behavior.



2.3.3 Theory of spin-2 states

The pole structure of four-pion amplitude mediated by a spin-2 state only (in analogy with
QCD we refer to it as fs), can be written as,

., 9

M(fz):—gfr‘);m 2 p, 1—|——Z + (s <> u). (27)
My, =5 my,

Since Po(z) = (3x? — 1)/2, this amplitude grows like ~ s?/u for large s, violating even the

Froissart-Martin ky, = 2 bound. Nevertheless, Eq. (27) can be deformed as in Eq. (25) to

improve its high-energy behavior:

— 2 2 _
my, — s my, | ms, —u

2 2 2
M) = Jimn M p (1 + 2“) Moo 4 (s v u), (28)
that indeed satisfies the Froissart-Martin bound for s > m? | and leads to Eq. (27) in the limit
Moo /My, — 00. It is not possible to improve this further, as the resulting amplitude would have
negative spectral density, and violates unitarity. For this reason amplitudes with light J > 3
(which grow as s/ from P;(1 + 2s/m?) can not be completed into amplitudes that satisfy the
Froissart-Martin bound, see also [32].

Contact terms (the function F' in Eq. (21)) would modify Eq. (27). Nevertheless, demanding
that they do not grow faster than Eq. (27), leaves only terms up to O(s). These terms can only
affect g1, telling us that this Wilson coefficient cannot be predicted in a theory of spin-2 states.
The rest of the Wilson coefficients, however, can be unambiguously derived from Eq. (27) in
the low-energy limit:

2
¢ 12 9 4 L 920
= 7 > = — = m —= m s n = — 2 n 2 3 s
92,0 m% 92,1 7 92,0 = g3,1My, = Ga2My, 9n,0 7 mfc’;_4 ( )
6 920 6 920
9n1 = ? n—4a (TL > 4) v 2 = 5 T35, (TL > 5) ) (29)
my, 7 mg,

with g,,; = 0 for [ > 2.

Similarly to the spin-1 case, we could calculate some of the Wilson coefficients from disper-
sion relations, with spectral density for J = 2 only. As Eq. (27) satisfies the high-energy limit
Egs. (6) for k > kym = 3, we can use the sum rules Eq. (12) with ki, = 3 to obtain all the
Wilson coefficients except ¢10, 920, 92,1, 931, ga2 and gs3 — indeed their value via Eq. (12)
disagrees with Eq. (29). This can also be understood by realizing that the states of mass mq,
present in the consistent amplitude Eq. (28) give finite contributions to g10, 920, g2.1, 93.1, ga2
and g5 3 when Eq. (12) is used, even in the limit m,, — co. For the coefficient g5 ;, however,
we can alternatively determine it by using Eq. (16) that indeed agrees with Eq. (29).

2.3.4 The su-models

The su-models [6, 7] give the simplest four-pion amplitude mediated entirely by higher-spin
states. The particularity of these models is that their spectrum is fully degenerate, M(s,u)
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1/(s — m?*)(u — m?), a condition that naturally places these models at the boundary of the
allowed parameter space, as we shall see. These su-amplitudes and the associated Wilson
coefficients are discussed in detail in Appendix C.

2.3.5 The Lovelace-Shapiro and Coon amplitude

There are other four-pion amplitudes mediated by higher-spin states: the Lovelace-Shapiro [20,
21] amplitude and its generalization, the Coon amplitude [22]. These amplitudes originate in
the context of string theory, and can provide therefore fully consistent UV completions to a
theory of pions. We will see that the Wilson coefficients predicted by these amplitudes lie
at the closest point to one of the boundaries of the allowed regions. Therefore they provide
information about the mass spectrum of the theories residing on these boundaries. The details
of these amplitudes are given in Appendices D and E.

3 Implications of M(s,u)/s — 0 at large s

In this section, we assume that the pion amplitude M (s, u) satisfies the conditions Eqs. (6a,6b)
for knin = 1, as argued in Ref. [19]. Since all Wilson coefficients scale like 1/N., and be-
cause positivity bounds are inherently projective (i.e. only ratios of Wilson coefficients are
constrained), we will work with

Gy = 22l pp2n-n) (30)

g1,0

where ¢, is the leading Wilson coefficient and M the EFT cutoff defined in Fig 1. Unless
stated, we will take M as the lowest resonance mass. The g,; are independent of N, in the
large-N, limit.

We can use the sum rules Eq. (12) to determine the Wilson coefficients as a function of the
mass spectrum, which is itself constrained by the null constraints. Our goal will be to shape the
boundaries of the EF'T parameter space, and identify the UV theories that generate it. When
possible we shall use analytic arguments, complemented when necessary by numerics.

3.1 Bounds on the leading Wilson coefficients

Let us start by studying the implications of positivity bounds for 77 scattering at order O(s?),
i.e. for the coeflicients ga and go1. As explained in Ref. [19], and recalled in Appendix A,
the allowed regions can be obtained by numerical methods, see Fig. 3. These methods work
extremely well as explorative tools and give conclusive answers when they rapidly approach
known theories, e.g. [33]. Nevertheless, they are limited by computer power, and leave the
question open of whether the extrapolation from finite resolution truly reveals a physically
meaningful result. Here we will show that for some questions the numerical convergence is too
slow, and we proceed by using analytic methods to map as much of the parameter space as
possible.
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Figure 3: Allowed regions in the go1-§2,0 plane, divided into regions with J = 0 states only (red
line) and J > 0 states (blue) — using null constraints with ny.x = 3 (dashed light-blue line)
and Nuyax = 11 (dashed blue line). The dark blue area spans Eq. (47) for 0 < m, < M and
m, < m < oo. Moreover, J =1 models lie on the blue line, J > 0 su-models on the black line
(Eq. (92) with Eq. (94) and 0 < m < M), and the magenta line corresponds to Eq. (48). The
brown and yellow dot correspond to the Lovelace-Shapiro amplitude with and without scalars
(Eq. (113))) respectively. The dashed brown and yellow line are the Coon amplitude (Eq. (118)
with C = 1) with and without J = 0 states respectively.

Scalar theories and the §;; > 0 boundary. The smallest value of §,; = 0 is saturated
by an amplitude mediated by J = 0 states, as discussed in section 2.3.1 — see also Ref. [19].
In particular, from Eq. (23), identifying M = my, we have (g21,§20) = (0,1), depicted as a
red dot in Fig. 3. This point must clearly be a corner (kink) of the full allowed region, since
from Eq. (13) one can see that go; > 0 and gop < 1. When more (non-degenerate) scalars are
present, the value of go/g10 always decreases, since go o scales as ~ 1/m? and therefore extra
heavy scalars contribute more to ¢; ¢ than go (the same is true for g, 0/gn-1,0). This is shown
in Fig. 3 by a red line.

As discussed in section 2.1, states with J < kn;, decouple from the null constraints. For
kmin = 1, only the J = 0 states decouple, meaning that it is the only simple theory that can
provide a standalone UV completion of the chiral Lagrangian. All other UV completions must
involve infinitely many states with all spins. It is therefore interesting to study the boundary
of the region with J > 1 independently, as we discuss in what follows.
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Spin-1 theories, the §21/§20 < 4 boundary and its kink. The largest value of §21/72,0
can be determined from Eq. (13) and Eq. (15), which gives

N 1

92,1 4 <W>J—odd

P 1 ’ (31)

92,0 <m>J—odd + <W>J—even
where the subscript denotes average over even or odd J only. This is saturated by §o1/G20 = 4
and corresponds to theories with only J-odd states. The simplest theory of this type is that
described in Sec. 2.3.2 consisting of a light spin-1 state only, whose amplitude with the improved
high-energy behavior is given in Eq. (25) with m.,/m, — co. From Eq. (26) we have

(92,1, G2,0 Jvector = (4/3,1/3) (32)

shown in Fig. 3 as a blue dot. Adding extra spin-1 states allows us to move down from Eq. (32)
to the origin, along the blue line of Fig. 3. This line must be part of the boundary of the
allowed region for (a1, g2,0), since the ratio go1/g20 = 4 takes the largest possible value.

The important question to address now is whether the allowed region can extend along the
blue line beyond Eq. (32) or not. The numerical analysis of [19] was able to show that as one
increases the number of null constraints, the kink moves towards Eq. (32), but appeared to
tend asymptotically to a larger value. Here we will show that the kink resides at Eq. (32), i.e.
the extremal theory along the boundary contains only a spin-1 light state.

To show this, we will first argue that at the boundary,

1 1
~ _ M2<_4> M2<m>]=l 1 )
Gro= MUy = ML oy (33)
m m=/J=1 ] —+ Sl
m2/ g=1

This can be proven as follows. Eq. (31) implies that at the boundary even-J states must
decouple from the average in gy,

<m>J—even — 0. (34)

Using the Cauchy-Schwarz inequality (where <j 1/ m8> must be finite because it enters in the
null constraint in the first expression of Eq. (19)), we have

J? 1 J?
\/<ﬁ>l}—even <ﬁ>J—even Z <%>J—even - (35)

This, together with the null constraint <y371> = 0 Eq. (20), implies,

2 2_9 1
<16> _3<j - > 212<—6> S0, (36)
M=/ J_even m J—odd M=/ j>1-odd

because J2 —2=0on J =1 and J? —2 > 4 for J > 2. Using Cauchy-Schwarz again (with
measure on odd J > 1 only), and the fact that < is finite, we find

L>
m?2/ J>1—odd

1 1 1
) i) 2 )
M=/ j51—oda \T"/ j>1-0dd M=/ js>1-0dd
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thus proving Eq. (33). The theory that lives on the boundary must therefore consist of spin-1
states at finite mass accompanied by higher-spin states at infinite mass.

Unfortunately, this is not yet enough to claim that it is ezactly the theory in Eq. (25), since
there might be different ways in which the J — oo states enter in the spectral density.

To prove that it is, we reformulate the question of finding the maximum value of the kink,
as a 1D moment problem. Indeed, the kink is positioned at the maximum value of g, along
the boundary given by Eq. (33). The first factor < LYi=1/ ($> ;—; < 1is maximally saturated

m?t
when the spectrum contains only one spin-1 particle at the mass M, M 2(#) g1 = <$) J—1 =
Gorn/M?. Then, from the second factor in Eq. (33) we read that the kink is located at the
minimum of,
M? /1
ey "
gpﬂ'ﬂ m J>1

This minimum cannot be zero, because the null constraints relate the high-energy averages to
ggm, in such a way that the ratio is finite. Indeed, along the boundary, the dominant null
constraints Eq. (18) can be written as,

M2 J2("*1)
5 < ™ > , n=234,.., (39)
gp7r7r m J>1

2(n — 1)1* =

i.e. all subleading terms J* with k < 2(n—1) can be neglected. This can be understood from the
comment below Eq. (37) — for states with infinite mass, if in the average lim,,, o, J2"~Y /m?" is
finite, then all subleading powers of J must vanish.®> With a change of variables to (the square
of ) impact parameter x = J2M?/m? and redefining n, we can write Eq. (39) as

2n!? = /0 du(x)z"de = p, , n=1,2,3,..., (41)

with du(x) a positive distribution. In this language Eq. (38) is pg, and the problem of finding
the kink position translates into a 1-dimensional moment problem:

finding the minimum of o such that {po, p1, po, -+ - } is a moment series from a

positive distribution, with u, = 2n!* for n > 1. (42)

A sufficient condition for this, is that the Hankel matrix HY, with (HY)i; = pitjtx, for

31t can also be seen by using the Hélder inequality and <1/m2’“>J>1 — 0 (for k£ > 1) from Eq. (37),

1
1-%

1
1 % JQ(n—k,—l) J2(n—k—1)
< 2k> < 2(n—k) > Z< 2n > — 0. (40)
M=) gs1 N M J>1 m J>1
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i,7=0,...,|N/2|, be asymptotically positive definite [4, 34],

to/2 112 212 n!?
11? 212 312 c (1)
lim HYy =2 lim | 21 312 412 o (n+2)2 ] =0. (43)
N—o0 N—o0
n? (n+1D? n+2)* - (2n)?

Equivalently (using Silvester’s criterion) this can be rewritten as,

det HY|, _
1— /2 < lim %

44
N—oo det H]ZV ( )

Explicit evaluation of Eq. (44) for fixed N enables us to reach smaller and smaller values,
going from py =~ 0.95 for N = 10 (equivalent to gop =~ 0.51) to g ~ 1.54 for N = 700
(equivalent to go o ~ 0.39) — to be compared with oo ~ 0.42 of Ref. [19]. Computing the
asymptotic behavior of determinants of this type is an interesting open problem in mathematics,
see e.g. [35], motivated by their appearance in random matrix theory (interestingly, also in
relation with QCD and chiral perturbation theory [36, 37]). Leaving this for future work, in
Appendix B we take a shortcut and, rather that computing the individual determinants, we
focus on the most efficient way of computing the ratio Eq. (44), and show that as n — oo,

po—2  and (G2, G20) — (4/3,1/3). (45)

At the kink resides the theory of a single spin-1 state, with the improved high-energy behavior
amplitude Eq. (25) with ms > m,,.

The su-model and the boundary for J > 1 with minimal g51/§20. At the largest value
of Gap = 1 must lie theories with a degenerate spectrum, see Eq. (13). Apart from a theory
of a scalar (discussed before), the only amplitude with this property is the su-model discussed
in Appendix C, with amplitude Eq. (92). This amplitude can also be obtained analytically
by solving the null constraints. Indeed, for a degenerate spectrum, the null constraints reduce
to a system of equations for the couplings g2 . The dominant null constraints Eq. (18), for
instance, are linearly independent, and can be solved explicitly for a fixed number of couplings
g2 with i = 1,---  n. The solution is a function that can be resummed and converges into
the su-model prediction.

This su-model contains a fraction of scalar residues, controlled by the value of A in Eq. (93);
for the value in Eq. (94) the theory has no scalars. Its amplitude lies at,

<§2,17 §2,0>J>0 su—model — (% 3267 1) ) (46)

shown by the black dot in Fig. 3. The uniqueness of this amplitude naturally puts it at kink
of the J > 1 region (and its linear combination with the scalar amplitude at the boundary of
the J > 0 region).
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As the spectrum becomes heavier, M/m — 0, the su-model morphs into the free theory
(at the origin of the plot in Fig. 3). Interestingly, this line defines the boundary of the allowed
region for theories characterised by resonances of spin J > 1. In Appendix C we show that
this line is indeed a boundary by considering the most generic deformation of the su-model and
showing that in order to not spoil positivity these deformations must push you in the bulk of
the exclusion region (excluding the contribution from scalars).

Boundary between kinks. Therefore we are left with the boundary line joining the two
kinks, Eq. (32) and Eq. (46). We have not found an analytical expression for this curve. Nev-
ertheless, as proposed in Ref. [19], we can have a reasonable analytical formula by considering
a model that interpolates between a spin-1 model and the J > 0 su-model. The interpolating
amplitude is given by*

3(In8 —2)

2
g pTT

M= M - (M (m, = m) = MP) (47)
which corresponds to a J > 0 su-model in which the spin-1 state of mass m has been subtracted
and replaced by a spin-1 state of mass m,. We have used the corrected amplitude M®) from
Eq. (25), to assure that Eq. (47) satisfies the high-energy conditions with k.,;, = 1 for all values
of its parameters; nevertheless we will be taking the limit m/m, — oo that corresponds to
M® — M®). From Eq. (47) it is clear that by varying the mass m from m, to infinity, we
are effectively pushing up the masses of the J > 1 states in the su-model, leaving only a J =1
state at low energy. The corresponding Wilson coefficients of Eq. (47) can be easily calculated
and one obtains, for M = m,,

a—(3—10a)(r* —1) _ 14 (36a—11)(r* - 1)
a—(9-28a)r—1) " P'T a0 -28a)(r—1)

G20 = (48)
where r = m?/m?* and a = 1 —In2. The magenta line in Fig. 3 is obtained by varying 7 € [0, 1].

We have determined this boundary numerically (following Ref. [19], see our Appendix A for
details), including null constraints with n,,x = 3 and nya, = 11, shown by dashed lines in Fig. 3.
Due to the lack of computational power, however, we have not been able to understand how
much the true boundary approaches the analytic boundary Eq. (48) as n — oco. Nevertheless, we
can claim that Eq. (48) cannot coincide with the true bound, as we know of another consistent
amplitude that lies on the RHS of this line. This is the Lovelace-Shapiro amplitude in which
the scalar contribution has been removed (see Appendix D for details). The prediction for this
amplitude (see Eq. (115)) is shown by a yellow dot in Fig. 3. In spite of this, the prediction of
this amplitude is impressively close to Eq. (47) as can be appreciated by the zoom area in Fig. 3.
We also show a version of the scalar-subtracted Coon amplitude, Eq. (118) in Appendix E, with
C =1 and q varied from 0 to 1. This line starts at the J > 0 su-model and goes down to the
Lovelace-Shapiro model. Tt slightly improves Eq. (48) but only close to the Lovelace-Shapiro

4There are other possible interpolating amplitudes, but Eq. (47) is the one with the smallest number of
states that we have found. Adding more states will give predictions for (§21,§2,0) that will lie on the left of the
magenta line of Fig. 3.
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values (¢ ~ 1). It could be interesting to know if there is another deformation of the Lovelace-
Shapiro amplitude that saturates the true boundary. We also show in Fig. 3 the prediction from
the full Lovelace-Shapiro and Coon amplitudes (with C' = 1) without subtracting the scalar
contributions.

For models with both J = 0 and J > 0 states, the allowed region corresponds to the convex
hull spanned by the individual boundaries, shown in light red (plus blue) in Fig. 3.

3.2 Emergence of Vector Meson Dominance

We have seen that a theory of a spin-1 state does not satisfy M(s,u)/s — 0 at large s, fixed
u < 0, and requires higher-spin states to soften the high-energy behavior. The converse is also
true: any model of higher-spin states must contain spin-1 mesons. This can be made explicit by
looking at null constraints. For example, the first two null constraints, (V5 1) = 0 and (X5,) =0

of Eq. (18), lead to
1 1 1
Gl = 2G|,
m J=1 m J=2 m
Gl = oG], 7 Gs)
mS /|2y mS/ | ;s mS

Since the RHS is always positive, this identity can only be fulfilled if there are spin-1 states
in the theory. These equations also tell us that, at any order in 1/m™ in the average, the
contributions from any individual J > 1 state must always be smaller than the p contribution,
since the coefficients appearing on the RHS are always bigger than one. Moreover, these
coefficients scale with large J as ~ J?"=2/m?" which is faster than how they appear in the
low-energy couplings such as g, ~ (1/m*) or g,1 ~ (J?/m*) (but go; ~ (1/m?*)) from
Eq. (12).5

The property that the p meson dominates the low-energy amplitude of pions (or at least
that amplitudes with p mesons populate the space of consistent pion amplitudes) is referred to
as Vector Meson Dominance (VMD) [23, 24]. Despite its poor theoretical motivation, VMD is
known to lead to good agreement with QCD experimental data. Here we see that VMD emerges
from unitarity and crossing symmetry. For the most relevant couplings, it is illustrated by the
alignment between the J > 0 allowed region and the spin-1 line observed in Fig. 4. The QCD
experimental value, as determined in Ref. [38], is denoted by the red cross in the figure.

As the masses of the J > 1 states increase, VMD becomes more manifest. Indeed, from
Egs. (13,15), the contributions from the high-spin states at large mass m ~; — oo go as,

4+ e
J=3

o (49)

J=4

920 921 1
—_—~ — Y 3
g1,0 g1,0 My

—0,

while the J = 1 contribution remains finite. This is also true for the rest of the Wilson
coeflicients, since for large scale separations between the p and higher spins m,/m -1 — 0, The

SFor couplings g,,; with larger and larger [/ this argument is more involved, since the J = 1 contribution
cancels from Eq. (12) and is restored only via null constraints.
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Figure 4: Allowed regions from positivity with J > 1 (as in Fig. 3). The green regions have
heavier resonances of all spin J > 1 with masses M' > 1.65m,: the dashed green line uses
null constraints up to nmax = 11. In orange the allowed region for a fized g, = 1/2 (left)
and g, = 1/3 (right), with still M'/m, = 1.65. In purple, the allowed region from Lattice
simulations [39—-41]. In red the QCD experimental value from Ref. [38].

null constraints Eq. (18) require a finite contribution from the J — oo states, in such a way
that J?/m?%_, remains fixed in units of g9 ~ 1/m?%.,. Using Eq. (13), this implies that the
J > 1 contribution to the Wilson coefficients scales as,

J2 1
Agnitl ~ — ™~ o (50)
A mi,

and therefore tends to zero for large m .

At finite masses, we can study this effect numerically, requiring a finite mass gap between
the p meson and other resonances M’ > m,, i.e. we work with the spectral density [19],
T
2
where the last term corresponds to extra states with s € [M’, 00) (see Appendix A). In QCD,
the lightest higher-spin resonce is a spin-2 meson fy with a mass my, ~ 1.3 GeV, which implies
M'/m, ~ 1.65. With this mass gap, the allowed region reduces to the small green strip in
Fig. 4, which is more strongly aligned with the the spin-1 prediction, evidencing VMD.

It is instructive to further divide the allowed region of parameters in terms of the contribu-
tion of the p to the leading Wilson coefficient g, , i.e.

(2 + 1)ps(s) = S gonnb110(s —m2) + (2] + 1)p)y(s) (51)

2
gpﬂw

2 Y
91,0,

(52)

~2:
p —

which can be thought to quantify VMD. In Fig. 4 we show in orange the allowed regions in
which g}j matches the experimental QCD value and the value taken in the vector model Eq. (24),

(QCD) , (b) g5 = (spin-1 model) . (53)

(a) g, ~

N | —
Wl
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As we will discuss in Sec. 3.4, g}j = 1/2 is close to its maximal value f]i ~ (.78, which is also
where the associated spectral density has the J > 1 contributions maximised (saturated by the
su-model). On the other hand, even for g2 = 1/3 (for which 2/3 of the leading effects are taken
care by higher spin-mesons), the allowed region for goo and go; still sits close to the spin-1
contribution (blue dot), showing a small effect from the J > 1 states.

Our discussion of VMD so far focused on quantifying the contributions from J > 1 mesons:
these are the difficult ones to model, and for which our arguments are particularly important.
On the other hand, since J = 0 states decouple from the null constraint, they could indeed
dominate gap and go1, as it happens in the Higgs model. Nevertheless, scalars can be easily
accommodated in any phenomenological analyses as they have simple UV completions. It is
worth noticing, however, that when a spin-1 p is assumed to be the lightest meson in the
spectrum, as in QCD, the scalar contribution becomes smaller. This property is tied to the fact
that contributions to the Wilson coefficients are always positive. For example, taking scalars
with masses 2 1.65 m,, while still fixing gg to the values considered above, we find that the
resulting allowed regions depicted in Fig. 4 increase in size by only 10 — 25% along the o0
direction.

3.2.1 Comparison with Lattice QCD

The Wilson coefficients L 53, traditionally defined in the SU(3) chiral Lagrangian [42],% are
related to ours by

~ 2 ~ M2
G20 = 4(2L1 + 3Ly + L3)ﬁ A 16L2ﬁ : (54)
In the large-N, limit, 2L, = Ly [42], which leads to
G20 1 Ap
g0 214 == 55
92,1 4(+L2)’ (55)

where A, = 3Ly + L. This quantity vanishes for theories with only spin-1 resonances, so VMD
predicts Ay ~ 0. Moreover, the positivity of the Wilson coefficients implies that Ly, Ap > 0.

A combination of recent lattice simulation results for large-N, QCD [39-41], gives A =
(—0.12 £ 0.22) - 1073, Unfortunately, we have not found any lattice determination of L.
Nevertheless, for any given value of g,, we have a minimal value for Ly o< g1, which plugged
into Eq. (55) with the lattice value of Ay, can provide a bound on §s9/ga1. For the two values
of Eq. (53), we find

‘QQz

(@) 0.15 < 22 <028, (b) 0.10 < 222 <0.30, (56)

27

Qe
il
Nl
[\v)
=

SFollowing the chiral Lagrangian definition in Ref. [42],

2
L= %Tr (0,UT0"U) + Ly Tv? (0,UT0*U) + LoTx (0,U0,U) Tr (0*UT0U) + LyTx (0,UT0*U9, U U) .
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that correspond to the purple areas in Fig. 4. We notice that in both cases positivity bounds are
complementary to bounds from lattice, ruling out different regions. In the particular case (a),
the upper bound coming from lattice seems to be more restrictive than the one from positivity,
but this is not the case as we decrease gg. In the future a combination of both approaches can
lead to a better determination of the geometry of the allowed regions in parameter space.

3.2.2 Holography

The results in Figs. 4 provide also an explanation for the success of holography for predicting
QCD properties [25, 26]. Holographic models consist in weakly-coupled 5D constructions de-
scribing 4D strongly-coupled dynamics in both the N, — oo limit, and the limit of a large mass
gap between spin-0,1 states and other higher-spin states.”

In real QCD, however, the mass ratio between the ¢ mesons of spin-2 and spin-1 is not
large, my,/m, ~ 1.65. Therefore, one would expect holographic models not to provide a good
description of low-energy QCD, contrary to what is observed [25, 26]. Nevertheless, the above
analysis shows that unitarity, causality and crossing-symmetry suppress the effects of higher-
spin states in the QCD Wilson coefficients. Therefore, even if the mass gap my,/m, is not
large, the low-energy QCD quantities are mostly affected by only spin-0 and spin-1 states,
which are the ones captured by holographic models. For this reason they can provide a good
fit to real-world QCD.

In particular, in the holographic model of Ref. [43], one can show that the predictions for
Goo and g1 are very close to those of the vector model (§2.1,g2,0) = (1.32,0.33).

3.3 Higher order Wilson coefficients

The features that sculpt the allowed region of g, and g1 play a dominant role also in under-
standing higher-order Wilson coefficients, g, o versus g, ;. From Eq. (13) we have,

~ Ve

gn,1 2n>

~ 9 — m , 57
g’mo <m12n> ( )

whose minimal value (zero) corresponds to a model with J = 0. Focusing instead on J > 0
theories, the minimal value arises for models of spin-1 that give g, 1/Gn0 = 2.5

We illustrate this in Fig. 5, where a blue dot corresponds to a model with a single J =1
state:

(§3,17 93,0)Vect0r = (2/37 1/3) X (58)

while theories with many spin-1 states populate the blue line.

"The model also has 5D gravitons, but these correspond to glueballs of spin J < 2, which decouple from the
pion amplitudes.

8Notice that we could not use this argument for the case n = 2, since we cannot use the sum rules in Eq. (57)
with n = 2 for a theory of J = 1 states only, as explained at the end of Sec. 2.3.2. In other words, the infinitely
heavy J > 1 states give zero contribution to Eq. (57) only when n > 2.
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Figure 5: Allowed region in the gs1—Ggso plane from positivity. Same labelling as in Fig. 3, with
Nmax = 11 null constraints.

As for a0, §21, we can show that Eq. (58) corresponds to a kink of the boundary, see
Appendix B. The other kink corresponds again to the J > 0 su-model (the only one with a
degenerate spectrum) that gives

(.63,1’ gB,O)su—model = (% 3267 1) . (59)

We have not been able to find an analytic formula for the boundary connecting the two kinks,
Eq. (58) and Eq. (59); we illustrate the numerical analysis in Fig. 5. We believe that by adding
more null constraints the boundary must approach, but not reach, Eq. (47), consisting of a
theory connecting the two kinks (the magenta line in Fig. 5). Nevertheless, as in Sec. 3.1, this
line cannot be the true boundary since the Lovelace-Sphapiro model with J > 0 states lies
at the left of this line, and so does part of the Coon amplitude, Eq. (118) (with C' = 1 and
q € [0, 1], after subtracting all scalars).

3.4 Bounding the couplings of mesons to pions

So far, we have phrased dispersion relations as UV— IR vehicles to reformulate microscopic
unitarity, causality and crossing-symmetry as predictions for low-energy coefficients. Null con-
straints, however, provide genuine UV-UV relations, inspired by the same principles. As such,
they contain information on the UV meson spectrum and couplings to pions. We define the
latter, normalized as,

~ Yirn
g =", (60)



Figure 6: Upper bound on §> (dashed blue line), g3, (dashed green line) and g, (dashed magenta
line) as a function of M'/m, using null constraints with nmax = 7. The solid lines correspond
to the prediction from the interpolating model Eq. (47). The dots correspond to the values of the
Lovelace-Shapiro amplitude without scalars, and the diamonds to the QCD experimental values.

where i = s, p, fa, p3, ... labels J =0, 1,2, 3, ... mesons, following the QCD notation of Ref. [44].
Since spin-0 mesons decouple from the null constraints, it is easy to understand that g2 is
maximised by the smallest possible value of g; ¢ that, due to its additive property, occurs when

the spectrum contains one scalar only:
g:<1. (61)

On the other hand, bounds on the couplings of J > 1 mesons, involve all null constraints,
which we explore numerically, as explained in Appendix A. The results are illustrated in Fig. 6.
For instance, the bound on the p coupling g}z (dashed blue line), is obtained as a function
of M" > m, by singling out this state from the spectral density as in Eq. (51). The bound
goes from a maximal value g§ ~ (.78, corresponding to the J > 0 su-model where M’ = m,,
to the minimal value corresponding to the vector model, gﬁ = 1/3 where M’ — oo. This
can be compared with the interpolating model Eq. (47) shown by the solid blue line and
with the Lovelace-Shapiro model without scalars Eq. (113) (shown by dots) that lies between
the two lines. Interestingly, while all these models give similar predictions in terms of the
Wilson coefficients — see Fig. 3 — they differ substantially at the quantitative level in Fig. 6.
This provides an interesting experimental handle to differentiate these theories by testing the
couplings of pions to the accessible resonances (amplitude’s residues).

Similarly for the spin-2 meson f5, we rewrite the spectral density as,

s s y ’
(27 + 1)ps(5) = 2 g2nsa0(s = m2) + S92, 0020(s — MP) + (27 + D(s), (62)
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and look for the upper bound on §§2 as a function of M’/m, for any value of gfmr > (0. This is
shown by the green dashed line in Fig. 6. The resulting bound is much stricter than that for
the p — another manifestation of VMD.

As we study mesons of higher and higher spin J, the bound on §? becomes stronger and
stronger — see the magenta dashed line for gﬁs. Interestingly, this pattern is also tracked by the
QCD experimental values, gg = 0.51 £0.01 and g3, = 0.18 & 0.01, extracted from the widths
p, fo — mm [44], as shown by the diamonds in Fig. 6.

4 TImplications of M(s,u)/s’> — 0 at large s

A more conservative assumption is that the four-pion amplitude satisfies the Froissart-Martin
bound, Egs. (6a,6b) for ky;, = 2, rather than ky;, = 1 as in the previous section. Unfortunately
in this case we lose the sum rule for the Wilson coefficient g, o (and go; is no longer expressible
by Eq. (12) — which comes from ki, = 1 — but requires Eq. (15)). So, we will need to choose
another Wilson coefficient to normalize the rest and make the predictions N.independent. We
will use g2 and define,
Goy = 2202 (63)
92,0
There is another important difference w.r.t. Sec. 3. The amplitude mediated by a spin-
1 state, Eq. (24), fulfils M®)/s2 — 0 for large |s|, and therefore now provides a good UV
description of the four-pion amplitude. As a consequence, models of spin-1 states do not
require anymore higher-spin states. From the perspective of null constraints this is realised by
the decoupling of J = 1, when setting kn;,, = 2, as we explained in Sec. 2.1
It is the spin-2 state that now plays an analog role to that of the p-meson in Sec. 3. Indeed,

the (V42 — Vu1) = 0 null constraint reads,
1
150 <—8>
J=3 m

o)., =)

which tells us that spin-2 states need J > 2 states and viceversa (for instance, the amplitude
Eq. (27) requires J > 3 states as in Eq. (28), to comply with the Froissart-Martin bound).

+o (64)
J=4

4.1 Bounds on Wilson coefficients

At the leading order O(s?), we only have go;. As discussed before, we have go1 = 0 (g1 = 4)
for J = 0 (J = 1) models, that are decoupled from higher-spin states. Focusing instead on
theories with J > 2 states, the largest value of g,; comes from the su-model, once we have
subtracted not only the scalar but also the J = 1 state, whose amplitude is given by Eq. (97)
in appendix C, using Eq. (98). Then, from Eq. (100) we find,

18In2 —13 N

Gor < 2T 0 L 76,
921 = qoug =7 =10 (65)
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Figure 7: Allowed region in the gs1-gso plane (left) and ga1—gao plane (right) from positivity.
The black lines correspond to the J > 1 su-model (Eq. (97) with Eq. (98) and 0 < m < M),
the green lines to J = 2 models, and the magenta lines to Eq. (69) and Eq. (70) for the left and
right plot respectively. The green areas limited by the dashed line corresponds to the allowed
region with nmax = 7 null constraints.

At order O(s?) and O(s*) we can also consider (g1, gs0) and (ga1, gao). The contributions
from models of scalars and vectors are given by the lines going respectively from the points
(0,1) and (2,1) to the origin, illustrated in Fig. 7 in red and blue.

The allowed regions for J > 2 are less trivial, and correspond to the green areas in Fig. 7.
Again the upper kink is associated with the su-model, with its degenerate spectrum that makes
gn,0 maximal. The coefficients are

(gn,b gn,0>J>1 su—model — (% 767 1) ) (66)

as illustrated by the black dots in Fig. 7. For m € [0, M], the su-model spans the minimum
and maximum of the J > 2 region of (g31,gs30) and (ga,1, ga0) respectively (black lines in the
figures).

From Eq. (57) the minimal values for g, 1/gx0 correspond to models with the lowest possible
spin. This would mean a theory with J = 2 mesons only, but we have seen that this is
incompatible with the Froissart-Martin bound: J > 2 states are also needed to satisfy the
null constraints. Although these states can be made infinitely heavy (see section 2.3.3), they
only decouple in g, ; for n > 4. Therefore the J = 2 theory would give the minimal value for
Ga1/ga0 = J(J +1)| ;=2 = 6, but not for gs1/gs 0. The amplitude of a single spin-2 meson gives
from Eq. (27),

(94,1, 91,0)spin—2 = (6/7,1/7) . (67)
Following a similar analysis as in Appendix B, we expect this to be also a kink in the limit
where all null constraints are taken into account. The boundary between this kink Eq. (67)
and the J > 1 su-model has be obtained numerically and is illustrated by the green dashed
line in Fig. 7.

For (g3.1,g30), we cannot assure the existence of a kink at the J = 2 value (12/7,1/7), but
the numerical bound (green dashed line) seems to approach this point.
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A consistent amplitude that interpolates between the J > 1 su-model and the spin-2 model
is given by
5(13In2 —9)
Giyrn
and corresponds to the J > 1 su-model with the spin-2 state of mass m removed and added
back at mass myg,. In the limit m., — oo, Eq. (68) leads to

_ 20— 23r" +a(—65+ 75r7) _ 240 — 245r° + a(—780 4 798?)
P30T 140 — 14312 + 5a(—91 + 93r2) P17 140 — 14312 + 5a(—91 + 93r2)
20 — 23r* + a(—65 + 75r%) 120 — 125¢" + Ga(—65 + 68r4)

40T 740 14372 1+ 5a(—91 + 93r2) © I T 140 — 14372 1 5a(—91 + 9312)

M= Mg - (M (i, = m) = M) (68)

, (69)

(70)

where 7 = m%, /m* and a = 1 — In2, shown in Fig. 7 as magenta lines, and compared to the
predictions from the Lovelace-Shapiro amplitude (yellow dot), that lies — again — outside of the
area limited by the magenta lines.

4.2 VMDD and Spin-2 dominance

As we have seen, for amplitudes satisfying M /s* — 0 at large energies, spin-1 states decouple
and our previous arguments for VMD no longer hold. In this case, spin-1, spin-0 and higher
spin contributions are independent phenomenological quantities and VMD would be a mere
accident of Nature. In spite of this, we still expect the f5 coupling to pions to be larger than
that for J > 3 states, in analogy to VMD. To quantify this statement, we define

2 9'2
g;i = ", 71
92,0 mf ( )

and look for their largest allowed values compatible with positivity. For scalars and vectors,
that decouple from the null constraints, we have

g2 g, < 1. (72)
For the spin-2 state, instead, we obtain
97, S 0.80. (73)

Similarly to the spin-1 meson in the case M /s* — 0, this latter bound is saturated by the J > 1
su-model. The QCD experimental value (extracted from data in [44]) is g7, = 0.41 £ 0.25 and
is much smaller than Eq. (73). This is due to the presence of the p-meson that also contributes
to the normalization factor gy and therefore makes gj%z smaller. For higher-spin states, we find,
taking m;/mg, ~ 1.3,

9., 5014, g7 <0.04. (74)

Interestingly, if we assume g, # 0 (which is not implied by the null constraints), we can still
find a bound on the maximal contribution to the Wilson coefficients arising from J > 1 states:
1-7

9

go,1
§2,1|p

(75)

<1407
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Here we have used that theories containing J > 2 mesons have (1/m*);_oqq/(1/m*) < 0.17,
with the bound saturated by the J > 1 su-model. Taking for instance g§ ~ 0.5, we obtain from
Eq. (75) that the p contributes 2 80%: it still dominates, in line with VMD.

5 Conclusions

We have studied pion scattering amplitudes in the large-/N, limit, using dispersion relations
based on crossing-symmetry, unitarity and causality of the QCD dynamics. Under different
assumptions about the high-energy behavior of amplitudes, but agnostic of the specific meson
spectral density, we have identified the allowed regions of parameter space for the low-energy
Wilson coefficients.

For amplitudes with M(s) < s at high-energy, building upon Ref. [19], we have made
progress in several directions. By separating theories with J = 0 mesons only, from theories
with J > 1, we have revealed a pattern of kinks that characterizes both the leading and the
more irrelevant Wilson coefficients. Some kinks are populated by known theories, such as the
linear sigma model (involving only a spin-0 meson in the UV completion) and the (scalarless)
su-model, that involves a degenerate spectrum of infinitely many higher-spin resonances. The
other kinks appear to be associated with a more complex high-energy spectrum, but a numerical
exploration of the constraints converges slowly. In these points, we have been able to solve the
null constraints analytically, by translating them into a 1D moment problem, and shown that
at the kink sits a theory with a single light spin-1 resonance, the p meson.

There is one part of the boundary of the allowed region of Wilson coefficients that still
eludes analytic methods: here we have found that the scalar-subtracted Lovelace-Shapiro (and
part of the Coon) amplitude, provides the best analytical approximation of the constraints —
within the numerical bounds but outside the region spanned by simpler theories. This sug-
gests that possibly another deformation of the Lovelace-Shapiro amplitude exists which better
approximates the entire boundary.

We have also shown how the soft high-energy behavior of amplitudes implies, via positivity
bounds, Vector Meson Dominance and explains the success of holographic QCD. The reason is
that although these models do not incorporate higher-spin states, positivity constraints tell us
that their contributions in low-energy quantities have to be small.

For amplitudes that are not as soft at high-energy, but that still respect the Froissart-Martin
bound M(s) < slog®s, we have found that analogous results hold. Now, theories with states
with J = 0 or J = 1 decouple from the rest and can be studied in isolation. The remaining
theories with J > 2 also have kinks, populated by the (scalarless and vectorless) su-model or
by a theory with a single light spin-2 meson. In this context, we have highlighted a version of
“spin-2 meson dominance”.

The comparison between our results and large- IV, lattice simulations (see Fig. 4) emphasizes
the complementarity between the two methods and lies down an exciting symbiotic program
that combines analytic and lattice methods to corner QCD.

The physics captured by the chiral Lagrangian is rich and describes many processes beyond
w7 scattering: the program of cornering large- N. QCD with positivity bounds can move forward
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in many directions. An important direction for further study would be processes involving
pions interacting with external sources, scalars or photons. Here we expect that including full
unitarity of the QCD amplitude, as done by Ref. [45] in the context of the a-anomaly, would
reveal an interesting interplay between the chiral anomaly, the QED minimal coupling, and the
parameters studied in this article. This direction of research is interesting also in the framework
of physics beyond the Standard Model, in particular for the question of whether the Higgs is
composite or not. There, Ref. [46] proposed a set of power-counting rules (on of which was
dubbed minimal coupling) which are realized at weak coupling and in string theory — it would
be interesting to prove this in the wider context of dispersion relations.

On a different front, it would be interesting to incorporate more systematically real-world
QCD data to shape the meson spectrum, or vice-versa, see e.g. [47]. To this goal, it is essential
to first understand finite N, effects, as discussed in the single-flavor case in Refs. [4, 48] — a
task that we will leave for future work [49, 50].

From a more technical point of view, it is important to bring the analytic methods we have
used in this work into a more systematic tool to identify all theories at the boundary, e.g. via
a clever use of Lagrange multipliers and resummations at all orders. This would allow us to
understand if the Lovelace-Shapiro amplitude (with subtracted scalars, or scalars and vectors)
is indeed extremal or not. Here it would be useful to further understand which deformations
of known amplitudes are consistent with unitarity, along the lines of [51-53].
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A Numerical Bootstrap

In this appendix, we briefly explain the numerical optimization procedure used in this article,
following [6, 7, 19]. From Eq. (17) we know that,

(X (m?,J) =0, (You(m? J))=0, (76)
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while Eq. (12) implies,

_ 2 J h 2 J - QZ Py)<1) 77
In+il = <gn+l,l(m ) )> ) where Gnyra(m=, J) = 2t (77)
If we define the vectors
0 —gl7o(m2,J)M2
0 1 —gna(m?, J)M*"
— — g 2 ’
v = y Un = ; vue(m”,J) = ’ 78
0 0 :
then the following equation holds
91,0M>T1 + Gy M?"0, + (Tup(m?®, J)) =0 . (79)

This equation can be adjusted to include more Wilson coefficients.Now, multiplying everything
by a vector @ we can solve the following optimization problem:

—

maximize a- v
such that a - Upg(m?,J) >0 (80)
a-v, ==+1,

where positivity of the high-energy average and the normalization & - v, = +1 will yield the
upper bound g,; < —d(4) - v1, while @ - ¥, = —1 the lower bound g,; > a - ;.

A problem of this kind is solved using a semidefinite problem solver such as SDPB [54].
Notice that in this procedure, we divided everything by the positive term g; oM? and for the
last term in Eq. (79) we reabsorbed it in the definition of the high-energy average. Furthermore
SDPB can only impose the positivity condition in Eq. (81) at the level of polynomials, therefore
we must perform the change of variables m? — M?(1 + x) with z > 0 and absorb the common
denominator once again in the definition of the high-energy average. We can also implement a
mass gap simply by modifying the above change of variables to the one m? — M'?(1+x), where
M'/M is the mass gap. Numerically, Eq. (79) is evaluated on a grid in  and J. The choice
of the maximum value J,., depends on the number of null constraints we want to consider;
as more null constraints are included, a bigger J,. must be chosen in order to ensure the
convergence of the bounds.

In the specific case of constraining gs, g2,1, we input fixed values of g, o, and use

171 + 9270172 + <77HE(7TL2, J)> =0. (81)
Then we probe the allowed values of g, to find bounds on gy,

(L4 Go0)T1 + Go¥s + (Tue(m®, J)) = 0. (82)
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To extract a p state from the high-energy average and impose a mass gap between the p and the
spectrum in the UV (as explained in the paragraph above), we define v, = UHE(mi, 1). Then
we start by bounding g, o via,

171 + gzﬁp + 9270?72 + <77HE(m2; J)/> = 0 . (83)

We can both reabsorb the term gzﬁp in v; if we want to assume a value for the coupling,
otherwise we can add it to the high-energy average in the positivity condition Eq. (81). Then
we use the allowed values of gs¢ to bound g, ; with the equation

(14 §2,0)01 + G20, + G2 T2 + (Tur(m®, J)') = 0. (84)

The procedure described above gives the plots shown in Figs. 3,4. As we vary np.x (the number
of null constraints included), features of the exclusion plots vary.

B Minimum of puy

A measure that reproduces Eq. (41) is dji(x) = 4Ky (2+/x)dz, where Ky is the Bessel function of
the second kind. The (Stieltjes) moment problem associated with Eq. (42) is indeterminate, in
the sense that there exist multiple measures du(x) that give rise to this sequence of moments.
For instance, asymptotically Ko(y/r) — e V® has the same moments as e~ VZ(1 + w cos /)
for any w. For this reason, as far as pg is concerned, we will treat the measure as unknown,
and employ dji(z) only for u,, n > 1.

We separate the integration domain I = [0,00[ into the origin 0 and I, =]0, L], where
eventually we will take L — oo. Physically this corresponds to separate out the contribution
of states with infinite mass but fixed spin J > 1. As noted already on page 12, heavy states
contribute more to lower, rather than higher, moments; in what follows we will see that in this
case infinitely heavy states (x = 0) contribute only to the first moment. Indeed, moments p,
with n > 1 have no support on 0 and therefore i, = plr, where plt = [ I z™dp(x) > 0 are also
moments. Instead s has support in 0 (we call it 4 > 0), and we can write o = pd+pdt > .

To prove that uéL can be as small as 1, we define a sequence of functions built using positive
powers of , fn(z) = > ,_, axz”, so that

0<1—fulx)<1 ze€l, (85)

and such that f,, converges pointwise to unity lim,, ., f.(x) — 1 on I, (for instance, a candidate
for f,(x) is 1/x times the Taylor expansion of 1/x in L). Then, integrating over the measure,

I ~

0< [ (= fula)dute) = - [ fu@)dito). 80
I, Ir,

where the last integral can be written in terms of higher moments Y ,_, ak,uiL and provides

an expression for the minimum of ,uéL in terms of higher-moments only. Now we can use the

dominated convergence theorem to write

ozt =l [ fule)dnteo) = [ dito), (87)

n—o0 ]L
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Since = corresponds to (the square of) impact parameter, in theories with a mass gap, the
measure (x) falls off exponentially at large x.

Since the measure decreases exponentially at large x, the limit . — oo is regular, and
the arguments still hold. For L — oo, the integral in Eq. (87) is known, and we find, po >
[ dii(x) = 2 which is equivalent to

1
G2,0 < 3 (88)
This implies that the kink must lie at (g2,1, g20) = (4/3,1/3), corresponding to a theory of a
spin-1 particle at mass M, and higher-spin states at oo, as in Eq. (25).

Higher kinks. These arguments can be exploited also to obtain the kink positions in the
planes of other Wilson coefficients. In particular, considering only spins J > 1 (i.e. singling
out the spin-0 contribution), one finds that the allowed regions of (G 1, Jno) have also kinks,
see Fig. 5. Again, numerically the position of such kinks converges very slowly, but analytically
we can prove that their position is at,

(Gn1, Gno) = (2/3,1/3) , forn>2. (89)

Indeed, from Eq. (57), we have for J > 1 that g”; > 2. Moving along the extremal line
Gn1 = 2gn0, corresponding to a spin-1 state, the kink resides at the largest value of ¢,.0/910.
To find this value one has to ask whether it is possible add to the spin-1 state a spectrum
of states that enhance g, 0/g1,0 without affecting the ratio ¢,,1/¢n0 (n = 3,4,...). This latter
condition implies, from Eq. (57), <m‘7—;> — 0 and therefore also <1 / m2”> — 0. This leads to

- 1 (90)
Gn0 = T ME A
1+ i <m2>

91\242 $> > 2, and therefore
gno < 1/3, leading to Eq. (89). Also this kink lies at the extremum of the spin-1 line.

C The su-models

Let us consider the most general theory of a degenerate spectrum that contributes to the four-
pion amplitude M(s,u) [6, 7]. This means that all states have equal mass m, and therefore
the denominator of this amplitude is fixed to be M(s,u) oc 1/((s —m?)(u—m?)). If we further
demand that Eq. (6a) and Eq. (6b) are satisfied for kpy, = 1, we are led to

aym® + a;m?(s + u) + azsu
(s —m?)(u — m?) ’

where a; are constants. The Adler’s zero condition fixes a; = 0. Then, aside from a global
multiplicative factor, the amplitude has only one free parameter. We can write it as

M(s,u) = (91)

m?(s +u) + Asu
(s —m?)(u —m?)

M (s, u) = : (92)
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where the possible values of \ are determined by unitarity. Indeed, imposing the positivity of
the residues of Eq. (92), we obtain

2ln2 -1

—2< A< —.
SAS 1—In2 (93)
In the limiting case A = —2, the residues of all J > 0 states are zero, and we are left with the
scalar amplitude Eq. (22). In the other limit,
2In2 —1
= ~1.2 4
A 1—1In2 6, (94)

the residue of the spin-0 state is zero, leading to an amplitude mediated by an infinite tower of
states of spin J > 0 and mass m. We will refer to this latter case as the J > 0 su-model.
Expanding Eq. (92) for s,u < m?, we can obtain the Wilson coefficients:

1 24+ A
gno = W y gn,l = m2n (nal > 0) . (95)

For Eq. (94), the Wilson coefficients, normalized as in Eq. (30) for M = m, are given by

1
1—1n2

Gno=1,  Gu= ~326 (n>1,0>0). (96)
These are shown in Figs. 3-5 as a black dot.

We can proceed in a similar way to construct the most general amplitude of degenerate
high-spin states, but now satisfying Eq. (6a) and Eq. (6b) for ki = 2. Imposing the Adler’s
zero condition, such amplitude is given by (up to a multiplicative constant factor)

m2(s +u) + A\isu + Ao (s? + u?)
(s —m?)(u —m?)

ME (s, u) = (97)

The values of the constants A; and A\, determine different theories according to:

o For 2+ \; +2)\y = 0, the residues for J > 1 vanish and we have a theory with only a
spin-0 and spin-1 state.

e For \y = (2 + \)2m8212 “the residue for the spin-1 state is zero and we have a theory

25—361n2’
with J =0 and J > 1.
e For \y = -1+ %, the residue for the spin-0 vanishes and we have a theory with
spins J > 0.
Furthermore, for A\; = —2, Ay = 0, we recover the scalar amplitude Eq. (22), while for \; =

Ay = —2/3 we obtain the spin-1 amplitude Eq. (24). We are interested in the case where the
amplitude Eq. (97) contains only J > 1 states which corresponds to taking

20ln2 —13 6ln8 — 12

N =270 _ e le
' 99-98m2’ " 19-28In2

(98)

We will refer to this case as the J > 1 su-model.
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The Wilson coefficients of Eq. (97) are given by

1 24+ A\ 1+ A
910 = —5 92,1 = Y In0 = — 5 (n>1),
24X+ A 24+ M +2)
i =——%—— 1 G =—5—— (ni>1).
m m
For the case Eq. (98), normalizing the coefficients as given in Eq. (63), we have
18In2 — 13 1

Go=1, Go1=——2""20 764, Gy =——~1459 (n>21>1). (100
In0 It = 0m2 -7 It = 7710 2 (n ). (100)

These are shown in Fig. 7 as a black dot.

C.1 Two-mass su-model

The su-models define part of the boundaries of the allowed regions of the Wilson coefficients. To
see this, we can deform the above su-models by introducing an additional pole in the amplitude,
ie., M(s,u) < 1/((s—m?)(u—m?)(s— M?)(u— M?)). In this case the most general amplitude
can be written as

B su?

s,u) = MY (m) + ami
Miss) = M m) + @ M0 + e P

(101)

that corresponds to two su-models (Eq. (92)) with mass m and M respectively, and an extra
term. Apart from the masses, the amplitude has 4 parameters: the two A\ of the su-models,
a and S. We are interested in this model without the scalars. Removing the scalars in the
two su-models fixes the A’s to the value Eq. (94). Removing the scalar from the last term of
Eq. (101) corresponds to adding to the amplitude the term

! 5+ ! )+(Me>m)}, (102)

s—m U — m?

g |man)

where ] , 2
2 6 2
(m? — M?2)? '

Requiring the positivity of the spectral function for the J > 0 states in Eq. (101) leads to 5 > 0.
Eq. (101) with Eq. (102) leads to

f(m’M):

(104)

Since S(L (7:1’5\4) +1 (%gm)) is a positive-definite function, we see that the ratio go1/g20 is bounded

from below by the su-model.
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D The Lovelace-Shapiro amplitude

The Lovelace-Shapiro (LS) amplitude for the scattering of four pions is defined as [20, 21]

['(1—a(s)I'(1 — a(u))
P(1 = a(s) - au))

M (5 ) = (105)
where a(s) = ag + o's is referred as the Regge trajectory. We will fix the values of ag and o’
by requiring that Eq. (106) satisfies the Adler zero condition, M™% (s, u) — 0 for s,u — 0,
and that the first pole of Eq. (106) occurs for s = mz. These two conditions lead to oy = 1/2
and o/ = 1/(2m?) [55] and then we can write

MIS) (s, ) = F (% B 2?3() 1: ()é B ﬁ) . (106)
2

By looking at the poles of Eq. (106), one can see that the LS amplitude corresponds to a theory
of higher-spin states with masses

mi =m2(2n+1), n=0,1,2, ... (107)

For a given n, there are at most n+ 1 states with spin J = 0, 1, ...,n+1. Furthermore, Eq. (106)
satisfies the condition Eq. (6a) and Eq. (6b) with Ky, = 1.
The first Wilson coefficients arising from Eq. (106) in a low-energy expansion are given by

7 1 7ln?2 7 4+ 127 1n% 2
gi0 = Q_m% ) g2.0 = 592,1 = Q—mﬁ ) g3o0 = ng ) (108)
2 2 3
g31 = 37;71;12 2 ; 910 = r{rin? +4?3712§ 24 56) v (109)
7 (7?In2+ 161n 2 + 3¢(3)) 7 (410’2 — ((3))
g41 = 48m§, ) ga2 = 8m§ ) (110)

with ¢ the Riemann zeta function. For the normalized Wilson coefficients defined in Eq. (30)
we have, taking M = m,,

§2,0 ~ 069, 92’1 ~ 139, gg’o ~ 065, §371 ~ 072, §470 >~ 064, §471 >~ 066, §472 >~ 003, (111)
while for the normalized coefficients in Eq. (63), we have
g271 ~ 2, g3’0 >~ 094, g3’1 >~ 104, g470 >~ 092, g471 =~ 095, 9472 ~ 0.05. (112)

Since a theory of scalars provides a consistent UV completion of the pion amplitude M, satisfy-
ing Eq. (6a) and Eq. (6b) with &y, = 1, we can find a new consistent amplitude by subtracting
the scalars from Eq. (106). This leads to

> 2
MY (s,u) = MO (s,0) = 3 H—m (s o), (113)
n=0 n
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with

N

1
5?, = 2J2+1/ dx P;(x )Res [M(LS)(s,u(:v))] , (114)
_1 S= m

where u(z) = —s(1 — z)/2. From Eq. (113), we obtain by expanding at small s, u:
92’0 ~ 055, §271 ~ 205, gg’g ~ 049, §371 ~ 107, §470 ~ 048, §471 ~ 0977 §472 ~ (0.05. (115)

In a similar way, we can also remove the (infinite) spin-1 states of Eq. (113) to obtain an
amplitude that still satisfies the Froissart-Martin condition, Eq. (6a) and Eq. (6b) with kp, = 2:

= [m? + 2u
M (s.0) = MO - 3 T2 s (s )] (116)
n=0

From Eq. (116) we obtain

g21 =~ 0.97, 930 = 0.71, g31 =~ 5.99 , Jap = 0.60, Jaq = 4.18, Jao =~ 8.15. (117)

E The Coon amplitude

The Lovelace-Shapiro amplitude presented in Appendix D can be generalized to a larger class
of amplitudes depending on an additional parameter ¢q. This is the so-called Coon amplitude,
which was first proposed in [22]°:

Mgy(s,u) = C(o,7,q) H (1- qn+1) (o1 — qn-i-l)

il (O =gt (T —grtt)

(118)

where 0 =1+ (¢ — 1)(ag+ a's) and 7 = 1 + (¢ — 1)(a + &’u). As explained in Appendix D,
we take ap = 1/2 and o/ = 1/(2m?2). The parameter ¢ takes values between 0 and 1, and in
the limit ¢ — 1 we recover the LS amplitude Eq. (106). There is some freedom in the choice of
the prefactor C, as long as it satisfies lim, ,; C(o,7,q) = 1.

The Coon amplitude has an infinite number of simple poles at

1 -9 n+1
Sn :mf,—i_q—q , n=0,1,2,.... (119)
l—gq
The corresponding residues are
2q7“rl T — i 1 (1 —q"
;R:%: MQ(S? U’) = C<O_n7 T, q) 1 — Tn+1 m H 1 — ql n ) (120)

9The idea of the Coon amplitude goes back to an earlier work by Coon [56], where he defined a generalization
of the Veneziano amplitude which was slightly different from Eq. (118). Shortly after that he proposed the Coon
version of Lovelace-Shapiro amplitude together with Sukhatme and Tran Thanh Van in [22].

34
69



where 0,, = 0(s = s,,). It is important to remark that the spectrum has an accumulation point
at s, = lim,_,o0 5, = m?,%g. In the limit ¢ — 1, the accumulation point is located at infinity
and we recover the evenly-spaced spectrum of the LS amplitude.

It is customary to fix the prefactor C'(o, 7, q) with the further assumption that the residues
of the Coon amplitude are polynomials in u, since it is believed that non-polynomial residues
lead to problems with the locality of the theory. The prefactor is in this case set to

Inolnt

C(O‘) 7" q) — qlnqlnq , (121)

which reduces to C(o,,7,q) = 7" at the s, pole. This term cancels the factor 7"*1 in the
denominator of Eq. (120) and ensures that the residues are polynomials. In this case, we have
that for any n, there are n + 1 states with spin J =0,1,...,n + 1, as in the LS amplitude.

Using the prefactor Eq. (121) makes however the Coon amplitude Eq. (118) non-meromorphic.
In addition to the simple poles, there is a branch cut starting at the accumulation point s,.
Although the physical meaning of this kind of singularities is unclear, amplitudes with branch
cuts can still obey the requirements of unitarity, crossing symmetry and Regge boundedness,
so it is interesting to include them in our study.

Regarding the high-energy behavior, the amplitude with prefactor Eq. (121) grows at fixed
u like My(s,u) ~ f(u) s™7/M9 For negative u, In7/Ilng < 0.5, so the amplitude obeys
Eq. (6a) for kmi, = 1. At fixed ¢, the amplitude grows like M, (s, u) ~ s™((=2e"9)/Ina_ Gince
In((1 —q)a’s)/Ing < 0.5, it also obeys Eq. (6b) for kp;, = 1.

The last point to address is the unitarity of the Coon amplitude. We have found that the
J = 0 states have negative residues for all n > 0, making the amplitude non-unitary. This
result is in agreement with the early study [57]!°, which pointed out the presence of ghosts. On
the other hand, we have found that the rest of the J states have positive residues inside the
scope of our numerical searches. As for the branch cut discontinuity, it can also be expanded in
partial waves according to Eq. (8). We have obtained that the spectral density p;(s) is positive
for all J except from J = 0. Due to this problems, we will not discuss this case further.

On the other hand, relaxing the assumption of polynomial residues, we can simply take
C(o,7,q) = 1, and the amplitude becomes meromorphic (there is no branch cut). We now
have an infinite number of spins present for each n. At large s, taking both fixed v and ¢, we
have M, (s, u) ~ constant. Therefore it satisfies both Eq. (6a) and Eq. (6b) for ky, = 1. For
C(o,7,q) = 1 we have also found that the only negative residue corresponds to the J = 0,
n = 1 state only in the small region 0.94 < ¢ < 1.

The contribution of the Coon amplitude with C' = 1 is shown in Fig. 3 for ¢ € [0, 1]. We also
show the case in which all scalars are removed from the spectrum. In the limit ¢ — 1 the Coon
amplitude approaches the J > 0 Lovelace-Shapiro model, while for ¢ — 1, the Coon amplitude
is dominated by the n = 0 level (the n > 0 levels decouple), giving the J > 0 su-model.

10Some recent works [58-60] on the Veneziano version of the Coon amplitude have shown that it is unitary in
D = 4 dimensions. Our result agrees with the results of Coon and Yu [57], who considered the Lovelace-Shapiro
version of the Coon amplitude.
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Abstract

The bootstrap approach (demanding consistency conditions to scattering amplitudes)
has shown to be quite powerful to tightly constrain gauge theories at large N.. We extend
previous analysis to scattering amplitudes involving pions and external gauge bosons.
These amplitudes allow us to access the chiral anomaly and connect low-energy physical
quantities to UV properties of the theory. In particular, we are able to obtain an analytic
bound on the chiral anomaly coefficient as a function of the pion dipole polarizabilities.
This bound can be useful for holographic models whose dual UV completions are not
known, and provide a consistency condition to lattice simulations.
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1 Introduction

In the large- N, limit strongly-coupled gauge theories find a dual description as weakly-coupled
theories of mesons and glueballs [1, 2]. This has allowed to obtain valuable information on
QCD in the strongly-coupled regime. In spite of this, the fact that the theory contains infinite
number of states with all spins has made difficult to get quantitative predictions on physical
quantities.

Recently [3, 4], it has been shown that a better quantitative understanding of large-N,
theories can be achieved by requiring consistency conditions, such as unitarity and causality,
to the scattering amplitudes [5-13]. Thanks to the simple analytical structure of the scatter-
ing amplitudes at large-N., positivity constraints have provided precise and strong bounds on
low-energy quantities, such as Wilson coefficients of the chiral Lagrangian as well as meson cou-
plings. High-spin states contributions to these low-energy physical quantities have shown to be
small, giving an understanding of the phenomenological successes of Vector Meson Dominance
and holographic QCD [4].

We extend these previous analysis to scattering amplitudes of Goldstones (7 and 7) inter-
acting with external gauge bosons (W). The main purpose is to access information related to
the chiral anomaly and other physical quantities such as pion polarizabilities. In particular,
we will analyze the amplitudes Wrn — Wx and Wr — nm, this later being proportional, at
low-energies, to the chiral anomaly. We will understand the meson exchange selection rules that
apply to these amplitudes and that will help us to derive the sign of their on-shell residues. By
demanding a good high-energy behaviour of the scattering amplitudes, we will derive dispersion
relations that will allow us to obtain interesting bounds on low-energy quantities.®

Our main result will be the derivation of an upper bound on the coefficient of the chiral
anomaly k:

<L )
VR E
where F}; is the pion decay constant, and P, to be specified later, is related to pion polarizabil-
ities. This bound provides a non-trivial connection between low-energy physical quantities and
UV properties of the theories.? On the other hand, for phenomenological models for QCD, such
as a holographic or NJL models, the above upper bound can provide a valuable consistency
check, as well as for lattice simulations.

The analysis described here can also be useful to derive constraints on a large number of
low-energy physical constants, specially to those related to the electromagnetic properties of
pions and other mesons.

The paper is organized as follows. In Sec. 2 we discuss the properties of amplitudes for
pions and gauge bosons and derive the dispersion relations and null constraints. In Sec. 3, we
analytically derive an upper bound on the chiral anomaly coefficient. We conclude in Sec. 4.
The appendices contain details about the classification of mesons and the signs of residues (A),
pion polarizabilities (B), numerical bounds on Wilson coefficients (C), and su-models (D).

'Previous studies in the context of QCD can be found in [14-22].
2Bounds on the a-anomaly from scattering amplitudes requirements have been derived in [23, 24].



2 Amplitudes for pions and external gauge bosons in the
large- N, limit

We are interested in studying SU(N.) gauge theories in the large-N, limit. We will consider
that the theory also contains N; massless quarks (¢, qr) in the fundamental representation
of SU(N.), with the following pattern of chiral symmetry breaking: U(Ny), x U(Ny)rp —
SU(Ny) x U(1). The massless Goldstone bosons associated with the breaking of this global
symmetry are the pions (7* with a = 1,..., N7 — 1 in the adjoint representation of SU(Ny))
and the n (singlet). The chiral axial symmetry U(1), is anomalous but in the large- N, limit
the corresponding Goldstone, the 7, remains massless.

As usual, we will introduce the coupling to external gauge bosons by gauging the global
SU(Ny) x U(1) symmetry. These gauge bosons will be considered (non-propagating) external
fields, sitting in the adjoint and singlet representations.

For simplicity, we will concentrate in this paper in the Ny = 2 case, but the arguments we
make can be extended straightforwardly to a general Ny. For Ny = 2 the pions and gauge
bosons are isospin triplets, 7 and W, and isospin singlets, the n and B.> We are interested
in the following amplitudes:

a a C a C

we oo, we s W ™ T
b U @ @
) 4> "9 4" ) 4"

b e b e b o

The amplitude (a) is important as, at low-energies, becomes proportional to the chiral anomaly
coefficient that we want to bootstrap. For this purpose, as we will see, we will also need
the amplitudes (b) and (c). The amplitude (c) was already discussed in detail in [3, 4]. In
this section we will then only discuss the amplitudes (b) and (a) in the large-N. limit for the
different polarizations of the gauge bosons Ay = £1. In the following, we will derive the
relevant dispersion relations necessary to obtain sum rules for the chiral anomaly coefficient
and other Wilson coefficients, as well as null constraints necessary for obtaining bounds.

2.1 Exchanged meson states

In the large-N, limit, a SU(N.) gauge theory reduces to a theory of weakly-coupled mesons,
whose trilinear couplings scale as ~ 1/v/N, [1, 2]. Amplitudes are then mediated by tree-level
meson exchange. In the amplitudes (2), the exchanged mesons are colorless ¢q states that, as in
the quark model, can be classified according to their quantum numbers: Isospin (I), G—parity
(G), parity (P) and spin (J). The relation between these quantum numbers is discussed in
Appendix A.* We have six types of mesons as shown in Table 1. It is important to say that in

3We normalize the gauge bosons as WeT* 4+ B1/2, where Tr [T*T"] = 1/2, and the gauge coupling g = 1.
4Fixing I, G and P, the spin J is fixed to either be even or odd, as explicitly shown in Table 1.



Isospin I =0 || Isospin I =1 n
Joaa (f7) Joaa (@) 1
G=+1 | Ji. (fs) Johen (ag) | G==112
Jeven (1) Joven (77) 3

Joaa (hy) Joaa (bs) 4
G=-1 Joaa (@) Joda (P7) G=+115
Joven (@J) Joven () 6

Table 1: List of qq states classified in terms of their Isospin, G—parity and J*. We also provide
the names as they are generally referred to in QCD [25]. In green we highlight the states that
enter in the amplitude W — nm which s related to the chiral anomaly.

the large-N, limit, each I = 1 state (left column) has an I = 0 associated state (the one next
in the right column) of equal mass and related couplings due to the underlying U(2) symmetry
1, 2].

2.2 The 7W — #WW Amplitudes

Let us start with the amplitude (b). For Ny = 2, the most general structure we can write for
this amplitude takes the form

MW, 7% We nh) = A(s,u)d; + A(s, u)ds + A(u, 5)d, (3)

where s = (Pa +Pb)2, = (pa - pc)Q, U = (Pa - Pd)2, and 05 = 0ap0cd 5 Ot = OacObd 5 Ou = adlch-
We have demanded the amplitude to be invariant under the exchange of the two pions that
also requires A;(s,u) to be s <> u symmetric.

In the large- N, limit this amplitude is mediated by tree-level exchanges of mesons, either
in the s—channel, t—channel and/or u—channel. Since ¢ states cannot have I = 2, it will be
important to focus in I = 2 eigen-amplitudes. These are given by

M= = A(s,u)+ Au, ), M= A(s,u)+Au,s), M= = Ay(s,u)+ A(s,u), (4)

respectively for the s, ¢t and u—channel. These amplitudes cannot have mesons exchanging in
the s, t and u—channel respectively.
In the amplitude Eq. (3) the s—channel and u—channel exchanged meson i couples to W,



while the t—channel exchanged meson couples to WW and W

w w w w w w

— OCgI%Vm' KW O<912/Vm' LTJ X gwwiGnmi (5)

- ~
/ \ - \ - ~
- - ~

T T T T ™ T

Since the couplings gww; do not appear in the amplitude Wrnm (the one related to the chiral
anomaly), we will restrict to situations in which the {—channel meson exchange is not present
such that we will not have to deal with these couplings gww; any longer. This can be achieved
by either taking t—fixed or working with M/=2. This leaves only 3 possibilities to consider:

1. M/=? at u—fixed,
2. M]=% at t—fixed,
3. MI=2 at t—fixed.
Notice that we have not included MI=2 since it contains the same information as M!=? as far
as our positivity arguments are concerned.
It is also of central importance to understand the sign of the on-shell couplings of the meson

being exchanged, or, equivalently, the sign of the residues at the mass poles. Defining these as
Ry for the I = 1,0 mesons respectively, we have

web wb
)4 S s
M((St 7é O,(SS = 5u == O) = t(S,U) T) 1 s ) — ZZ s—m2 ?
onshell ,/ \\ ’
m° m°
web we
e N _ (Ri=0)i
M(6, £ 0,6, =0, =0) = A(s,u) —»  ‘s—t = =i
onshell // \\
7° T

where the sum over ¢ runs over all the possible intermediate states. Knowing that the amplitudes
Eq. (4) cannot have poles at the s, t and u—channel respectively, we can derive the relative sign
of the residues in the s and u—channel, which we show in Table 2.

For I = 1(0) mesons, we have 3 types of states, n = 1,2,3(4,5,6), given in Table 1.
The signs of their residues depend on the helicity of the external vector states. We have two
independent possibilities, either an elastic process (W*n — W) which we will refer to as
the +— amplitude, or inelastic (W*r — W™n) which we will refer to as the ++ amplitude.
Following the discussion of Appendix A, one finds that the signs of the residues are given by

RiZ, = +4;+ ¢ +g; R, =+gi +95+93,
Ry = —gi+9—ge Rt =—gi+95—g;, (6)



Meson channel —Ay(s,u) | —A(s,u) | —A(u, s)

s—channel Rr—; Ri—o —R;—;

u—channel R[:1 — R[:1 R[:()

Table 2: Residues in the s and u—channel of the amplitudes A, and A.

where we have defined
Gr=gown>0, n=1,..6, (7)

and n labels the different type of mesons as defined in Table 1.
The helicity configuration forces a particular kinematic pre-factor in the amplitude which,
in the spinor helicity formalism, can be written as

M7 (12)2[23) oc s, M o [13]2 o s+ u, (8)

where the numbers label the states as in Fig. 2 (b).
At energies below the mass M of the lightest massive meson, we can expand the amplitudes
in powers of s/M,u/M — 0. For the elastic scattering amplitude we have

[m/2]

Ml = 2k 3 gasteta?) )

m=0 [=0
= 24‘5“(90704‘91,0(54—“)+920(82+U2)+2921SU+ ),

oo [m/2] oo [m/2]
M= (s,u)|,- = —1—su(z Z by gim=t 1}+Z Z hmlsm ! l) (10)

m=0 [=0 m=0 [=0
= —1—su(hao—l—hio(s—i-u)—|—h‘1170(s )+h20(s +u?) + ..,

where Eq. (9) is fully s <> u symmetric, and in Eq. (10) we have separated the symmetric and
the antisymmetric part. The first terms of the expansion correspond to the pion exchange whose
gauge coupling we normalize to 1. On the other hand, for the inelastic scattering amplitude we
have

[m/2]

Ml = Gt ( 23 st (1)

m=0 [=0
= (5+U)(f0,0+f1,0(8+u)+f270(32+U2)+f2,18U+---) :

We do not need to give the expression for the low-energy expansion of MI=%(s, u)|,, since,
as we will see, this amplitude does not provide any extra information for bounding the chiral
anomaly. The low-energy constants gy, 1, by, ;, by, ; and fp, 1, referred here as Wilson coefficients,
are the low-energy parameters that we want to constrain.



2.3 Dispersion Relations and Null Constraints

In order to derive sum rules and null constraints from our dispersion relations, we will assume
that for all & > ki, the amplitudes behave as follows at high energies (kpi, will be indicated
for the various processes):

MI:2 I=2 —f —
fm MW ) im M =t=s) (12b)
|s]—o0 sk |s]—o0 sk '
MI=2(s,—s —t
T G k) BN
|s|—o0 S

The amplitudes can be expanded in partial waves in the physical regions. For the elastic process
we have
M7 (s, )| = Y (2] + 1)pj " (s)d] 1 (cosb,) ,

7

2J+1)pi () = = Z (R?:o + Rz+=1) m:6(s —m2)dy, (13)

i

where the w, t subscript refers to the 4 spectral density and cos 65 = (t —u)/s. For the inelastic
amplitude similarly we have

ImM5f2(S7U>‘++ = Z(2J + l)p}r+’i(s)d1‘]7,1(cos 0,) ,

(2

2]+ 1)ptTF(s) = 7 Z (R}jo + R}jl) m2é(s —m?)6ys, . (14)

(2

2.3.1 Elastic Process

For the elastic process the dispersion relations that we will consider involve M/=? at fixed u < 0
and fixed ¢ < 0, and M]=2 at fixed t < 0 (all in the s—plane). The analytic structure of these
amplitudes and the contours we choose for the dispersion relations can be found in Fig. 1. For
the elastic process we define the high-energy average along the lines of [11] as

()5 = %ZW +1) /Moo d?m;pj’i(mQ)(...) . (15)

o M/=% u—fixed:

The integral of M/=2(s,u)/s*"! along the contour C,, of Fig. la vanishes for k > ki, due to
Eq. (12a). Because of the amplitude’s analyticity, we can deform Cy, into the blue contour in

Fig. la giving
MI:2 / oo I MI:2 /
fgds’ﬂ—%/ gs M= u) (16)
0

S/k—i-l M2 S/k+1



(c) My=2(s,—s — )

Figure 1: Analytic structure of M!=2 at fivred u < 0 (a), fivred t < 0 (b) and of MI=% at fized
t <0 (c). We denote by Cy, Cx (to be taken at |s| — oo) and the discontinuity along the real
axis the relevant contours of integration used for the dispersion relations.

Assuming k,;, = 1, we are able to derive, inserting Eq. (13) into Eq. (16) and expanding for
u — 0, the following system of relations:

-1 ‘]j2 -1 ‘]j4 -
(k=1) 90,0U+91,0u2+... = <( 27))14 u+( 6216 u2+...>+ )

-1 Jj2 -1 Jj4 -
(k=2) 91,0U+g2,1u2+... = <( 27))16 u+( 67)718 u2+...>+ )

(17)

where J2 = J(J + 1), J* = (J = 1)J(J + 1)(J + 2), etc... . The system above allows us to
relate the low-energy Wilson coefficients to the high-energy UV-averages:

TGS S 1

Furthermore one can notice that the system is over-constrained and therefore it is possible to
find a set of non trivial null constraints, the first of which starts at O(1/m5):

<%>+ B <%>+ (19)



Nevertheless, as we will show later, the null constraints needed to bound the chiral anomaly
are only those at O(1/m?).

o M!=2 t—fixed:

We can repeat the arguments explained above for M/=2(s, —s —t) at fixed t < 0. The integral
identity one gets using Cauchy’s theorem, following Fig. 1b, is

1 , MIZ2(s =t =) [ ImM]Z2 (s, —t — &) I ,ImMI=2 (s, —t — &)
- ¢ ds - = ds - +(—1) ds :
2i Jo, Elas 2 Clan e (s 4 t)k+t
(20)
This dispersion relation leads to a system of equations °
2\ 272 -5\~
(h=2) —goo+guot+.. = <E> +<T> e (21)

that is not over-constrained. Therefore, by themselves, these equations do not lead to any null
constraint. Neverthless, we can combine it with the u—fixed system in Eq. (17) to get a new
set of null constraints. We will be interested in the one at O(1/m?*) which we will need to
constrain the anomaly. This is given by

(T -

2m

Notice that the averages are taken with Rj_,— R;_,, and therefore positivity is not guaranteed.
o MI=2 t—fixed:

The amplitude M/=2 = A,(s,u) + A(s,u) at t—fixed is the only one whose residues are all
positive, as can be seen from Table 2. Its has poles only in the s—channel, as can be seen
in Fig. lc. According to Eq. (13) the high-energy average will now have a positive spectral
density p; " (s) > 0. The dispersion relations look identical to Eq. (16), but with the low-
energy amplitude given by Eq. (10). Following the steps explained in the previous sections, we
can find sum rules for the Wilson coefficients of Eq. (10), as for example (for k = 2),

peo— (LN (23)
0,0 — m4 . .

The conditions one gets from these dispersion relations (analogous to Eq. (17)) is however not
over-constrained, and therefore no additional null constraints are obtained.

5We can assume here kmin = 2 as k = 1 does not provide additional information.



2.3.2 Inelastic Process

Let us now focus on the inelastic process. In particular, out of the three possible dispersion
relations listed in Fig. 1, we will only consider M[=2? at fixed u < 0 and fixed t < 0 in
the s—plane.® We can proceed similarly as in the previous sections, but with the low-energy
amplitude given in Eq. (11), the partial-wave decomposition given in Eq. (14), and the high-
energy average defined by

() =23+ [t () 24

m M2 m2
)

o M!=2 y—fixed:

Once again the integral of M/=2(s,u)/s*™! along the contour C,, of Fig. la vanishes for k >
Emin, due to Eq. (12a). We have again Eq. (16) that expanded for small u gives

k+1

_1\J+1 V(72 _ -
(k=1) Joo+2fiou+... = << 22 _ = (Jm:—J 1)u—|—...>++,

_1)J+1 V(72 . -
(=2 ot (at foohut o = (S - ETS ”u+m>ﬂﬁ

(25)

leading to a new set of null constraints. At O(1/m?), we have

<(_1)J(j42 ) >_ —=0. (26)

2m

o M/=2 t—fixed:

For fixed ¢ < 0, we can obtain new dispersion relations that combined with the system Eq. (25)
leads to a second set of null constraints. By doing this, one can notice that the first new null
constraint enters at order O(1/mb).

2.3.3 Bounds on Wilson coefficients

From the above dispersion relations it is already possible to obtain interesting bounds on the
low-energy Wilson coefficients of the W W amplitude, that are related to physical quantities
such as the dipole and quadrupole polarizabilities of the pions (see Appendix B). A more
detailed discussion is given in Appendix C. For example, at O(s?), we find the bounds

2 < 900 <9, —13@31. (27)

hio hio

For higher-oder Wilson coefficients a numerical analysis is sometimes needed in order to find
the allowed values. In Figure 2 we provide an example (see Appendix C for details).

SWe will not consider M=% in the inelastic case. The corresponding dispersion relations were only useful
for the elastic case to relate Wilson coefficients, such as h{ , to sums over positive residues.
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Figure 2: Exclusion plot for the Wilsons g and gb given in Eq. (62).

2.4 The Wrm — nm Amplitude and the Chiral Anomaly
Let us now consider the W — nm amplitude. For Ay = 41 helicity, we have

MW 78, 7¢) o [12](24)[41] oc Vstu . (28)
At low-energy, this amplitude can be written as

K
MW 7 0, 7| = | fabel Mwrge = —=| fave| Vstu + ... (29)
2v2
The Wilson coefficient  is related to the chiral anomaly. Indeed, from the WZW term [26, 27]
we have

N,
—M&:MVQBTI' [AMLUVLUQLUgL +L— R] C EWZW , (30)

where U,;, = (0,U)U', U,gr = UT(9,U), and U = Exp(in/F,)Exp(2ir*r?®/F,) with 7¢ = 0/2
and A9 = A% = W By matching Eq. (29) with Eq. (30), we obtain

N
=—° 31
"7 1om2ps (31)
The Wrnm amplitude is mediated by the following meson states:
W " W o
=1/ 2
s/u — channel: k 1 t — channel: G=1| 1=1 (32)
// G=-1 \\ - N .
T s 7’ s
For the s/u—channel the exchanged mesons must have G = —1, [ = 1, J = even and parity

P = (=1)7 = +1. These states are classified as n = 2 in Table. 1 (highlighted in green).
On the other hand, in the t—channel the states must have G = +1, I = 1, J = odd and
P = (—1)7 = —1. These states are classified as n = 5 in Table. 1 (also highlighted in green). We
notice therefore that in this amplitude, only 2 out of the 6 possible types of mesons contribute.

10
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2.5 Dispersion Relations

Let us consider the Wrnm amplitude without the non-analytical pre-factor coming from the
polarization structure, My /v stu, and assume at fixed u < 0

=0, (33)

and similarly at fixed t < 0. In the s-plane with u fixed, we get the following dispersion relation:

$> Jodd IWniGnmi dl 0( 1- mf)
\/_m?(mi + u)u

j{ﬁ Mwryr(s,1u) L gwrilmyi A o(—1 — (34)

211 \/—s(s +u)u - V—mi(m? + u)u -

where we specified that only J” mesons with .J odd or even are summed over. Expanding the
above dispersion relation for u — 0, we obtain

Jéven

Z anzgm J Z gwfmgwm (35)

where J = v J?2.
Similarly, we can also get another dispersion relation by fixing ¢ < 0 in the s-plane. We
obtain in this case

even

gW7mg7rm \7
E —_— 36
2f m; 50

From Eq. (35) and Eq. (36) we get the null constraint

ff ngme j —3 ic:n gWﬂzgrrm \7 (37)

Z Z

At large N, the coupings of singlet 1 can be related with the 7 couplings:

Gwni = (95)1 (‘]o_dd) » Yrni = G (Je—tzen) : (38)

Using these relations, we can express £ and the null constraint Eq. (37) as

Je-':/en
K _ Z (g2g7r7r)ij (39)
4v/2 ~om

Joc

- 3m3
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3 Bounding the Chiral Anomaly

In this section we analytically derive an upper bound on the anomaly coefficient x using the
Wr — W null constraints Eq. (22) and Eq. (26). These two null constraints are enough to
get a bound on k. We will however improve the bound by incorporating the null constraint
Eq. (37) from Wrn — nm.

Using the identity (for a;, b; € R)

;aibi < \/Zi:agbf < \/(Xi:af)(;bg) , (41)

we can obtain a bound on k using Eq. (39) and Eq. (40) respectively

J+
K f T \72 UB
42 ~ m} m? 2

7

IN

-

K 1 oddg?rﬂ-i jz
v = (20 (), = <42>

i (2

where we have defined

(o= 2 30T+ 1) [ T, (43)
with
(27 + D)%) = w3 (g2 — ), (44)

and g2 > 0 defined in Eq. (7). The bounds Eq. (42) depend on J?/m? high-energy averages
which can be written as a function of 1/m?* averages by using the null constraints Eq. (22) and
Eq. (26), rewritten as

()~ (5e), = (5), (5 <j2‘4> <‘72”>

+ 4 o 4 - 4 o 4 o 4

m 1 m 9 m 3 m 4 m

It AN it AN et A Sk A Sk —3
mt / m* /, mt/, m* /, m?

By summing these two relations we get

)"
<%jf>;<i%f>;—<$>;<$>;<%>3+<$>4+< i), o), @

Eq. (46) gives an interesting relation between the two J?2/m? averages involved in Eq. (42) that
allows to find the following relation

2 2
(Z:) +( L) =3ha-2ma=P 20, (17)
2 5

ma
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where we have used
R R R e R COR e R
e A e R A TR e R

obtained from the sum rules Eq. (21) and Eq. (25) respectively.
We can also obtain a relation between the sum over g2 _./m? in Eq. (42) by using sum rules
derived from dispersion relations for the 7w — 77 process in [3, 4]. In particular, we need

Jodd

J;:/en gQ gQ
—2 T T
F: :2<§ —2+§ —2) (50)

i

Armed with Eq. (47) and Eq. (50), we can now obtain a bound on & as a function of F?

and P. Defining

Joad 9

, 1 2
XER?Z% and Y55<1> , (51)
5

4
; m
i %

we can rewrite kY2 and k9P as

s _ L xy R (1 X) (1 Y) (52)
VP/E2 3 C /P2 T\ \2 2 '
Written in this way we notice that as we decrease X and Y to make k3P larger, k% becomes

smaller, and viceversa. Since x must be smaller than both bounds, the largest value of x is
reached when k9B = xJB. This is achieved when

%XY:(%—X) (%—Y) - Y:é&%, (53)

that inserted in Eq. (52) gives us k% as a function of only X that is maximized for X = 3/8.

This corresponds to Y = 3/8, and gives k5 "|max = 1/8. Taking this value in Eq. (42), we finally
get the following upper bound on the chiral anomaly:

K 1
- <
VP/F2 ™ V2
This is the main result of the paper. This tells us that the anomaly coefficient is bounded by P,
a quantity related with the polarizabilities of the pions (see Appendix B). Using the constraints

Eq. (27), we can write Eq. (54) as a function of other Wilson coefficients. For example, we get
that P < 7hj, that leads to

(54)

7
L <y/=. (55)
Jhso/F2 V2

13
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In the case of SU(N,.) gauge theories with Ny quarks, the anomaly coefficient ~ is known,
and Eq. (54) provides a bound on the Wilson coefficients. For example, using Eq. (31) and
Fr ~/N./3m,/7 [28], we obtain from Eq. (55)

0.44
002 —. 56
0,0 ~ mé ( )

As in [3, 4], it is also interesting to obtain the predictions of different models to the ratio
Eq. (54), in order to understand how close these are to the upper bound. For example, in
models of only scalars, we have that hg, is zero and then x = 0. For su-models (introduced in
[11] for the first time, and studied in [3, 4, 12] for four-pion amplitudes), we show in Appendix D
that

n < 097

su—model

(57)

which falls within the bound established in Eq. (54), only ~ 3% away from saturation.

Eq. (54) gives a non-trivial constraint on phenomenological models for QCD, such as NJL
or holographic models. For example, in holographic models the chiral anomaly arises from
a Chern-Simons (CS) term. When the corresponding dual 4D theory is not known, the CS
coefficient cannot be matched to the UV theory and therefore cannot be determined. Eq. (54)
provides in this case a bound on the the size of the CS term. This could also be useful for
models of axions.

4 Conclusions

The analyticity, unitarity and the good high-energy behaviour of scattering amplitudes provide
severe constraints on the low-energy physical quantities of gauge theories like QCD. In this
work we have studied scattering amplitudes involving external gauge fields and goldstones (7
and 7n) in the large- N, limit to obtain several new constraints.

Our main result has been to provide an analytical bound on the chiral anomaly, Eq. (54). To
derive this bound we have first analyzed the Wr — W amplitude, providing the selection rules
for the mesons exchanges, as well as the sign of their on-shell residues. We have considered the
elastic (W*m — W) and inelastic (W+nr — W™n) processes, as both are needed to derive
O(1/m*) null constraints on the meson couplings.” We have also derived sum rules for the
Wilson coefficients of these amplitudes. Of especial use has been the sum rule for i, that has
shown to have all its terms positive.

We have later considered the Wrm — nm amplitude, which at low energy yields the chiral
anomaly coefficient k. We have shown, once again via dispersion relations, that there are two
different ways to determine x, implying a non-trivial constraint among the corresponding meson
couplings.

Putting all this together, we have been able to derive analytically Eq. (54). This bound
has interesting implications for UV completions of these amplitudes, as we have shown for

"We have found that adding more null constraints does not improve the bound.
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the case of large-N. QCD. We have also considered su-models (see Appendix D) that seem to
almost saturate the bound. We hope that in the future this bound could be tested in lattice
simulations. Finally, we have also briefly study the bounds on other Wilson coefficients, showing
the EFT-hedron geometry [6] of their allowed parameter space -see for example Fig. 2.

In the future, it could also be interesting to study in more detail which theories saturate
these bounds. Similarly, our analysis can be extended to understand implications on composite
Higgs models and bounds on dimension six operators such as HI HF w

Note added: While preparing this article, it was submitted to the archives Ref. [29] that
also uses dispersion relations to numerically obtain bounds on the chiral anomaly coefficient.
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A ¢¢ mesons and the sign of on-shell residues

The gq mesons can be classified according to their quantum numbers: mass m, spin J, parity
P, Tsospin I, and G-parity. Defining by ¢ the orbital angular momentum of the gq system,
s = 0,1 the total spin, and I = 0,1 the isospin, we have

J = l+s,...,0—s,
VS (_1)£+17
G = (—1)tt, (58)

By taking ¢ = 0,1, 2, ..., we can build the meson list of Table 1. Notice that we have only six
types of mesons that we label with n =1, ...,6.

To understand the sign of the residues in Eq. (6) arising from meson exchanges in the process
W — W, we proceed in the following way (recalling that the couplings gy .; are real):

e For the elastic case WTn — Wt (amplitude M™7), we obviously have that these are
proportional to g3, > 0 so the sign is always positive.

e For Wtr — W~ (amplitude M*) we can consider the process Wrr — R, — W™ in
the forward limit ¢ — 0. By performing a P transformation and a spacial rotation of 180°
degrees, the coupling in W*r — R; can be related to that of R; — W~ n. Using that
df o(—cos ) = (=1)7d{ ;(cos #), we have then that W*m — R; — W~ is proportional to

2 Ji
Givrs X (1) X P;.

This leads to the signs in Eq. (6) for the different type of mesons.
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B Polarizabilities of the pions

Given the yy — 77 scattering amplitude with the pion exchange subtracted, M(y*, %, m, 7),
the pion polarizabilities are defined as the coefficients coming from an expansion in s at fixed
t =m?2 [18, 30, 31]:

i./\/l(7+,7i, 7,7)(s,t =m2) = (a1 F B1)x + i(042 FB)r+ e (59)

My 12
In particular, (ayF/1)r and (aoFfs), are respectively the dipole and quadrupole polarizabilities
of the pions m = 7%, 7%, These quantities have been measured experimentally [18, 30, 31] and
also analyzed in lattice simulations [32]. In our convention the photon corresponds to the
gauging of () = T3 + B/2, a subgroup of the global U(2), and we must change s <> t in
Eq. (59). The dipole polarizabilities receive then contributions from our goo and hg, for the
+— helicities of the photon (although they are suppressed by m2), and foo for the ++. On
the other hand, f; contributes to the quadrupole polarizability.

C Bounds on the Elastic WnWr Wilson coefficients

Let us show here how to bound the parameter space of the Wilson coefficients appearing in
Eq. (9) and Eq. (10). We are considering the elastic process since better bounds can be obtained
in this case due to positivity. Nevertheless, the same approach can also be used for the inelastic
case.

Let us begin with the simplest analytical bound arising from the sum rules of goo and hg g,
Eq. (21) and Eq. (23) respectively, that gives

9 \—
goo _ _<m +-
Moo ()i

The absolute value of this ratio must always be smaller or equal to 2, since the states that
enter in goo and in hg, are the same, the only difference being that in hj, everything enters
additively, while some of these states enter with a minus sign in gg . The bound will be therefore
maximized when the only states exchanged are those who contribute negatively to go o (namely
states with n = 1,2, 3), while it is minimized when the states that contribute positively are the
only ones being exchanged (n = 4,5,6). This leads to the bound Eq. (27), and similarly for
fio from its sum rule in Eq. (25).

The same result can be found numerically using SDPB [33]. To find this bound we must
initially redefine the Wilson coefficients and null constraints (of both the elastic and inelastic
processes) in terms of the high-energy average defined Eq. (43), similarly to what was done in
Eq. (45). We can then construct the bootstrap equation

(60)

ho 0Vt + go,0V2 + Z <17n(m27 J)n=0, (61)

n=1..6
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which holds true if v; = (1,0,0,..),7, = (0,1,0, ...) and for an appropriate choice of the vectors
U,(m?, J) (which contain the null constraints). Following canonical the optimization proce-
dure explained in detail in [3, 11, 12], one can bound numerically the Wilson coefficients. In
particular, this method can be replicated for higher-order Wilson coefficients. For example,
defining

_ 92,0 and ¢, = 92,1 (62)
hg o+ 2h3 o+ h3 /2 2 hgo+2h3y+ h3/2]

where the normalization has been chosen opportunely for positivity arguments as

(J?—8)J%+ 14>+

4m8

g2

@p+2@g+h;mzz< | (63)

Jrf

we can repeat the numerical procedure and find the exclusion plot shown in Figure 2.

D The su-model

The su-models are defined as those leading to healthy amplitudes with a single mass scale m.
They often predict Wilson coefficients at the boundaries of the allowed regions [3, 4, 11, 12].
For the mm — 77 process the su-amplitude was already presented in [4] where it was shown to
take the general form
m2(s +u) + \su
M(s,u)| = ( ) (64)

w (s=m?)(u—m?)’

with -2 <\ < % In the limiting case A = 21121211_217 the amplitude Eq. (64) contains no poles

associated to J = 0 states [4]. In this case, the residues in the s-channel of Eq. (64) are given
by

= {0.78,0.18,0.04, ...} , (65)

2
rri }471'

and correspond to states of JI = 17,27, ... respectively (n = 5 and n = 2 of states G = 1
alternating). The amplitude Eq. (64) predicts the Wilson coefficient

2
-2
Fﬂ. —W.

(66)

Notice that we have absorbed an overall factor in Eq. (64) into F—2.
An su-amplitude for M]=2(s, u)‘ ., can also be constructed following the conditions:
e [t must have a single mass scale m.

e No t—channel poles.

e It must be proportional to ¢t and su for ++ and +— amplitudes respectively.

e It must drop as M/=%(s,u)/s — 0 for |s| — oo at t—fixed, and similarly for u—fixed.

The most general amplitude following these criteria takes the form

MtI:Q(s,u)} MtI:Q(s,u)| = —«

= T —m?)

B s (e —m?)”
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where « is a constant. The residues of Eq. (67) in the s-channel are
Ri% — Rjf ={0.82,-0.15,0.03,...} , R}-, — R}Z, = «{0.58,-0.09,0.02,...} . (68)

corresponding to J = 1,2, 3, ... states, where for each Jyqq (Joven) they can be of typen =1,4,5
(n=2,3,6) of Table 1.
From Eq. (67) we obtain

1 Q 3+ 2«
Jio = — J10=——3 — P = .
m m

(69)

ma

Notice that we have absorbed an overall factor in the ++ amplitude in Eq. (67) into fi 0.
According to Eq. (6), we can obtain the couplings g5 and g2 (which are the ones that enter
in the anomaly), by adding the two sets of residues of Eq. (68). We obtain

Givmilyane = {041 +0.29,,0.07 + 0.05cx, ...}, (70)

corresponding to n = 5 and n = 2 states alternating. To have positive g§72, we must demand
—1.41 < a < 1.41. The value a = 1.41 (—1.41) maximizes (minimizes) gz ,.
Finally, the Wanm amplitude can be constructed with the following conditions:

e Single mass scale m.
® 5 <> u crossing symmetric.
Proportional to v/stu.

s/u—channel poles associated only to even-spin states (see Eq. (32)).

It must drop as My /v stu — 0 for |s| — oo at t—fixed, and similarly for u—fixed.

The most general amplitude one can construct following these conditions is

2
Moy = b ey o
where § > 0 is a constant. We obtain the following residues in the s-channel:
|gwriGaril = £{0.48,0.10,0.02, ...} , (72)
corresponding to states n = 5 and n = 2 of Table 1 alternating.
From Eq. (29) and Eq. (71) we get the anomaly coefficient
= V25 . (73)

m3

To maximize this value, we must take the largest possible value of 5. Nevertheless, this is
constrained by the fact that the couplings in Eq. (72) cannot overcome

\/g?,[,m|wz7r2 02|, = {V032+0.23a,v/0.01 + 0.01a, .}, (74)
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coming from Eq. (65) and Eq. (70), as there can always be more states n = 5,2 (for a given J)
in Eq. (64) and Eq. (67) than in Eq. (71) (as this latter requires that the interchanged mesons
must have both gy.; and gr; nonzero). This gives

Bumax = V1.37 + 0.97a . (75)

With Eq. (66), Eq. (69), Eq. (73) and Eq. (75), one finds that x/1/P/F2 is maximized for
a = 1.41, leading to Eq. (57).
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The chiral Lagrangian is a cornerstone of modern particle physics, offering a systematic and quanti-
tative description of low-energy pions. Using tools from the modern scattering amplitudes program,
we show that consistent multiparticle dynamics impose novel constraints on the coupling constants of
this theory. In the planar limit, these constraints imply that certain Wilson coefficients of the chiral
Lagrangian are bounded from below by the chiral anomaly. Our results reveal a subtle connection
between the anomalous and nonanomalous sectors of the underlying strong interactions, while
introducing a novel formulation of multipositivity bounds that holds for any planar tree-level theory.

Introduction.—The advent of chiral perturbation the-
ory revolutionized our understanding of the strong in-
teractions. In a single stroke, it reforged the insights
of current algebra [1] into the first incarnation of effec-
tive field theory (EFT) [2-8], in modern parlance known
as the nonlinear sigma model (NLSM). This framework
trades the intricate short-distance physics of quantum
chromodynamics (QCD) for parameters in a long-distance
description dictated by symmetry and dimensional anal-
ysis. More than half a century later, chiral perturbation
theory remains one of the most celebrated, well-studied,
and quantitatively successful EFTs in all of physics.

Beyond its phenomenological roots, the NLSM has
more recently been a central object of study in the
more formal context of the modern scattering ampli-
tudes program. Indeed, NLSM amplitudes are among the
handful of models—along with gauge theory and general
relativity—that exhibit numerous extraordinary mathe-
matical structures, including soft theorems [9-16], double
copy structures [17-24], and remarkable representations
for scattering in terms of abstract volumes [25-28].

Given the foundational status of the chiral Lagrangian,
one might expect its parameter space to be well-charted
territory. Curiously, even decades after its inception,
it is not fully understood what is the allowed space of
consistent coupling constants, even in principle. In recent
years a program has been initiated to systematically
answer this question using consistency constraints—or
so-called positivity bounds—which can be derived solely
from general principles like unitarity and causality [29].
Positivity bounds have shown themselves to be a powerful
tool to constrain EFTs [30-32], with applications ranging
from the Standard Model to quantum gravity [33-122].

Most existing results rely on exploiting positivity prop-
erties of two-to-two scattering amplitudes. Recent work
has begun to extend these ideas to higher multiplic-
ity [100-106], with Ref. [100] introducing forms of multi-
positivity that relate amplitudes with different numbers
of external particles. The methods introduced in this
paper build on this direction. We focus on dispersion
relations in a single kinematic channel and exploit their

factorization structure, allowing us to apply a Cauchy-
Schwarz type of inequality directly to residues. This
construction leads to a new class of bounds that relate
planar amplitudes of different multiplicities in a simple
and controlled manner.

This approach is particularly well suited to the chiral
Lagrangian, where symmetry relates interactions across
different pion multiplicities. As we will show, we find
new constraints on chiral EFT data that are invisible
to four-point scattering and that carve out a significant
portion of the previously allowed parameter space.

Planar Amplitudes in Large-N. QCD.—In this
paper, we derive new constraints on higher-point pla-
nar amplitudes. The planar limit is particularly con-
venient because the singularity structure of the am-
plitude simplifies, as will become clear below. As a
concrete and physically relevant arena for these ideas,
we will focus on large-N. QCD, an SU(N,.) gauge the-
ory in the N, — oo limit [123, 124], with Ny massless
quarks in the fundamental representation. The theory
exhibits the familiar pattern of chiral symmetry breaking,
U(N¢)p x U(Ng)r = U(Nyf)y. The massless spectrum
consists of Goldstone bosons in the adjoint of SU(Ny),
the pions, together with the singlet n’. In the large-N,
limit, the strong dynamics of quarks and gluons enjoy a
dual description in terms of the tree-level scattering of
weakly interacting mesons.

At leading order in the large- N, expansion, connected
pion amplitudes are generated by planar diagrams with a
single quark boundary [123, 124]. Since the quarks are in
the fundamental representation, this boundary line car-
ries flavor indices. The only structures that can appear
in flavor space are therefore single traces [125]. In other
words, though Ny is finite, the large-N. expansion orga-
nizes pion amplitudes into single-trace flavor structures
that define flavor-ordered partial amplitudes,

Amen 5 Ty A (1) o)y (1)
€Sy /L

where the momenta p; are associated to the pions of
flavor a;. Here Tr**"“» = Tr(T* --- T%") in the nor-
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malization convention Tr(T%T?) = 6°, which is required
for planar amplitudes to factorize correctly. Cyclicity of
the traces implies that the partial amplitudes are also
cyclic, A™ (py,pa,...,pn) = A™ (pa,..., pn,p1), which at
four-point is nothing more than the s <> ¢ crossing sym-
metry we are accustomed to. A key property of tree-level
pion amplitudes at large N, is that their singularities
correspond to simple poles, associated to the exchanged
mesons, that show up only in planar channels. The pla-
nar partial amplitudes A will be the central objects of
study in our higher-point analysis.

Chiral Perturbation Theory.—In chiral perturba-
tion theory, the parity-even, nonanomalous dynamics
are encoded by the NLSM Lagrangian in terms of
U = exp(V/2in®T*/Fy), which transforms in the bifun-
damental of U(Nf)L X U(Nf)R

LNiLsm = — —- Tr(@ Utoru)
+ L3Tr(6MUT6”U8VUTE)”U) (2)
+ LyTr(8,UT0,U*UTO U) + - - - |

where we work in mostly-plus signature. We will ignore
higher-trace operators, which are subleading at large N,
as well as any additional gauge interactions.

Due to the chiral anomaly, there is an additional Wess-
Zumino-Witten (WZW) term [126, 127], which breaks
U — U invariance while preserving parity, which sends
U — U and # — —#. This topological term is con-
structed as an integral over a five-dimensional manifold,
with physical four-dimensional spacetime as its boundary.
Defining the chiral current j, = iU9,U, the leading
intrinsic parity-odd, anomalous dynamics come from

K UV pPoT s
Swzwz—m/d%fi' o Tl"(]uju]pjajr)» (3)

from which Stokes’ theorem yields (if Ny > 3) the anoma-
lous five-point vertex in four dimensions,

/iTradeee““pdﬂaaﬂwbayﬂc , w0, e
215
3027 F?

Lwzw = . (4)
Matching to the QCD chiral anomaly [127] precisely fixes
k = N,. Since Swzw is odd under U — UT, it contributes
only to odd-point amplitudes.

Positivity from Cauchy-Schwarz.—The logic of our
multipositivity constraints is simple. To begin, consider
the residue of an (n + m)-point amplitude A™+™) on a
factorization channel. Mechanically, A"*t™) exhibits a
simple pole at s = M?, where s is the kinematic invariant
corresponding to the channel and Mj, is the mass of the
exchanged state labeled by k. The residue on this pole
factorizes into a product of lower-point amplitudes,

+
R (py e Dul @1 yeees @)

" m (5)
= Agg +1)(p17"'»pn)14§€ +1)(Q1»---, Qm)7

where s = —(p; + -+ pp)? = —(q1 + -+ + @)%, with
all momenta incoming. Since all these amplitudes are
planar, their momenta p; and ¢; are cyclically ordered.
If there is a degeneracy of states at mass My, then the
right-hand side is augmented to a sum that will not affect
our conclusions. Next, consider the residues of a 2n-point
amplitude A®™ and a 2m-point amplitude AZ™)

2 5 = +1
R,I(g n)(plv“'vpn|7pnv"'77p1) = ‘A](cn )(plv"'vpn)|2 (6)
Rl(c2m)(_(jma---a _(jl|q17---aqm) = ‘A’(gn+1)(q1’m’qm)|27
where bar denotes complex conjugation. We have

chosen complex forward kinematics [100], making the

residues modulus squares since A( +l)( —Plyeees —Dn) =
Al(cn+1)(p17---7pn)'

Recasting the lower-point amplitudes as the compo-
nents of a vector, /_ll(cnﬂ) = (k|f)M;" and Agnﬂ) =
(k|g)M, ZH, where for future convenience we normalize
with different powers of the masses, we find that

RE™ = (f|k) (k| f) M+
RE™ = (gk) (k|g) M (7)
R = (f1k) (k|g) M2,

Here |f) and |g) are n- and m-particle states with mo-
menta p1, -+, pn and qi, -+, ¢m, respectively, while |k) is
the one-particle exchanged state of mass My, weighted
by any degeneracies.

At low energies, we expand the amplitudes A" in
terms of Wilson coefficients associated with powers of s:

A
= E{ES <S€+1> - (8)

Note that the Wilson coefficients )\ér) depend implicitly
on all kinematic invariants that are independent of s.
Applying Cauchy’s theorem to the integral ¢ ds A" /s+1
taken over a contour at infinity in the complex s-plane,
with all other kinematic invariants fixed, for (r,f) =
(2n,%), (2m,j), (n +m, (i+ J5)/2), we obtain

A Z)\y)sf, where )\ET)
¢

(2n) R(Qn)
A _ A _
R:eb (Sz+1> - Z M2z+2 - <f‘f>
(2m) R(Zm)
(2m) _ A ko
A =Res ( RES] > = ; M (9lg), (9)
(n+m) (n+m)

(n+m) A o Rk .

)\(H‘])/Q R:es (8(,4”)/2“) = zk: W = (flg)-

Here, the planarity of the amplitudes was crucial to
relate the residue in s = 0 to the sum of residues across
a single factorization channel. We have assumed that
every subtracted amplitude has sufficiently convergent
high-energy behavior such that we can drop boundary
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Figure 1. Inequality satisfied by the residues of the four-, five- and six-point scattering amplitudes, which leads to Eq. (10).
The state sum on the cut runs over exchanged particles labeled by k.

terms. We will comment later on particular choices of
1,7 such that this assumption is well motivated.

Applying the Cauchy-Schwarz inequality |(f|g)|? <
(f1/){glg) to Eq. (9), we find that

‘)\(n—&-m) ‘2 < )\(2n))\(2771)
= g j .

(i49)/2 (10)

The constraint above implicitly depends on a set of s-
independent kinematic invariants.

To project Eq. (10) into a particular s-independent
kinematic invariant, it is convenient to introduce the
following ansatz for the parameterization of momenta

pi = pi({a},s) and ¢; = q;({b}, s), (11)

where {a} and {b} are sets of parameters that we will
define explicitly in the next section. Rerunning the above
logic, identifying &lA;g"H) and 8bA,(€m+1) as the vector
components in the Cauchy-Schwarz inequality, we find

Ba O AT 2 < 0,000,020 (12)

(i+7)/2
Factorization of the derivatives requires that the left
cluster only depend on the momenta p; and therefore on
the parameters {a}, while the right cluster only on the
momenta ¢; and therefore on the parameters {b}. This
holds to all derivative orders. The simplest version of
Eq. (10) has n = 2 and m = 3, as shown in Fig. 1, giving

(5)
Aiti)/2

(5) (4) (6)
102061y jal? < Ba0aN A}

12 < ADNO)
- (13)

which constrains the Wilson coefficients of the four-, five-,
and six-point amplitudes. We will focus on this system
in the rest of the paper and study the implications of
Eq. (13) for the chiral Lagrangian.

Parameterization of Momenta.—The bounds we have
derived are true only provided that we can construct the
states promised in Eq. (7), which allow us to write the
dispersion relations in terms of inner products in Eq. (9).
We now fulfill this promise. For these vectors to be well
defined, we must specify on-shell external momenta p;
and ¢; in terms of s and a handful of other parameters as
in Eq. (11) such that the four-, five-, and six-point ampli-
tudes are analytic in s and obey momentum conservation.
For Eq. (10) to hold, we want s = —(py + -+ + pn)? to
activate singularities in a single factorization channel.

The three amplitudes relevant for our multipositiv-
ity bounds are A®™ (py,...,pan), AP (q1,..., gorm) and
AP (py Dy G1sees Gm)- To obtain Eq. (9), we need
the residues of A®™ and A™ on the factorization
channel to be positive. This requires the complex for-
ward limit of Eq. (6), (Pn+1,--s P2n) = (=Dn,..., —P1) and
(@ma1y-sq2m) = (—=Gm,---, —q1), for which momentum
conservation imposes a constraint,

(Pr+ -+ D) = (1 + -+ Pn),
((jl + -+ gm) = ((11 + -+ Qm)~
We are now ready to construct explicit momenta for the

system comprising four-, five-, and six-point scattering.
It will be convenient to introduce a tetrad basis,

(14)

= S(L0,0,41),  nf= (01,400,  (15)
where the only nonzero contractions are ¢4 - {_ = —1/2
and ny -n_ = 1/2. Following Eq. (11) we define
p1= Vsl +any
po = /sl_ —any
g =—Vsl_+bn_ (16)

gz = —b1b3/\/§€+ — (b1 — bg)n_
q3 = (blbs/\/E* \/g) £y —ban_,

where a and by 23 are complex numbers. Notice that
by construction (p1 + p2) o (1 + ¢2 + ¢3) x /5. Mo-
mentum conservation in Eq. (14) requires real s on the
factorization channel in Eq. (9), where s = M? [128].
Plugging these momenta into the kinematic invariants
of each amplitude, we find that for A (py, pa, —pa, —p1),

—(pr+p2)’ =5 —(p2—p2)?=aa, (17
while for A®)(p1,pa, 1,92, 43),
—(p1+p2)* =s, —(p2+ q1)* = aby,
—(q1+q2)? =bibs, —(g2+q3)* =0, (18)
—(qs + p1)* = ab,
and for A®) (=gs, =Gz, —q1, 41, 42, 43),
—(@+a@2)* =0, ~(@2 +@1)* = babs,
—(q1 — q1)* = biby, —(q1 + q2)* = b1bs,
—(g2+ g3 —(gs — 33)% = baba, (19)

2=biby, —(q1 — @1 — q2)* = baby,

2

—(+a—a
—(n + g2+ a3

)
)? =0,
)

) .

=S
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One might have expected the five-point amplitude to
depend on five independent Mandelstam invariants. How-
ever, as visible in Eq. (18), the counting is reduced by
one. This happens because the low-energy five-point am-
plitude coming from the WZW term o €,,,0 P4 P54745,
when expressed in terms of Mandelstam invariants, is pro-
portional to the square root of Ass? + Bss 4+ Cs, where
As, Bs, and Cy are functions of the other kinematic
invariants. Requiring the amplitude to be analytic in
s imposes an additional tuning among the other Man-
delstams, Bs = +£2+/A5C5 , which brings the counting
of independent Mandelstams down to four, as given in
Eq. (18). A similar situation arises at six points, where
we would expect nine independent Mandelstams. In four
dimensions, however, we have a Gram constraint, which
in principle reduces the counting by one. The Gram con-

4

straint can be written as Ags? + Bgs 4+ Cg = 0, where Ag,
Bg, and Cg are functions of the other kinematic invari-
ants. Satisfying the Gram constraint while keeping the
other invariants s-independent—so that a single channel
is activated—requires Ag = Bg = Cg = 0, reducing the
counting of free parameters to six, as visible in Eq. (19).

A Higher-Point Bound in Large-N. QCD.—We
are equipped with a kinematic chart that describes the
amplitudes A®, A®) A©) in terms of the same set of
variables, in particular allowing us to write their residue
sums as inner products as in Eq. (9) and thereby giving
us the multipositivity bound in Eq. (13) . By explicit
calculation, the planar partial amplitudes—as prescribed
in Eq. (1)—associated with the EFT Lagrangian for the
NLSM in Egs. (2) and (3) are

+la®>  2(Ls+2L4)(s? + |a|*) + 8L4slal? ik
A@ 8 AG) — M b)) — b2
2F2 Fi - 24\2F3n2" [3(b1 = b2) = bibo] + -+
2 7 7 2 2
(6) _ ‘bl — b2| + (b1b5 — b1b2b3/b1 + C.C.) B |b1| |b3| (L3 + 2L4) 2 2 212 4 9 20
(L3 + 2L4) - - = |b1|4|b3|2b1b3 4 bl—b2|2L4S
“EhE b1 1% (|b1|?+[b2|?)b1bg — b%bg(bl—bg)ﬂbg\2+blb3)+78 +c.c. Alb1=ba["Las 7o

where ellipses indicate terms of higher order in the deriva-
tive expansion. We now want to determine the number
of subtractions we should take, i.e., the choices of 7 and
j that make Eq. (10) and later inequalities true. To do
so, we must consider the high-energy limit of the four-,
five-, and six-point amplitudes with the other kinematic
parameters fixed. The Regge behavior of higher-point
amplitudes is highly nontrivial and has not been studied
with the same rigor as for 2 — 2 processes [129]. The
single contour integration in s means that to drop the
boundary term we have to study the behavior of A(™)
as s — oo with all other kinematic invariants kept fixed.
In this limit, planar Reggeized amplitudes at tree level
obey the structure A" — gmaxionoo,on—s}  where
Q1,..., 0ty —3 correspond to the intercepts of the Regge
trajectories along cuts of a half-ladder diagram [130, 131].
Large-N. QCD does not have a pomeron in the leading
trajectories, so all a; < 1 and A®, A®G) and A©) all
grow more slowly than s. A once-subtracted dispersion
relation is therefore sufficient to drop the boundary term,
i.e., we can take 7,7 > 1 in Egs. (10) and (12).

We are interested in the Wilson coefficients linear in s:

\@w_ 1 8L
T om
(5) _ ilia(bl — bQ)

|a|2+...

! 24/2F5 72 (21)
)\(6) _ 4L4]b1 — b2|2
e

To eliminate contributions from yet higher-derivative
terms and ensure that only terms quartic in momenta
appear in our bounds, we differentiate with respect to
s-independent parameters in Eq. (16) and then pin the
parameters to zero,

10200, A 12 5,20 < 0a0aA V0, 0, A [0 pi=0,  (22)
which leads to
. 2
1K 8L4 4L4>
- | < == — . 23
‘24@%2 ‘(F;%><FS (23)

Recall that in large-N. QCD, the parameters scale as
F2?2 o Lyx N, and k = N, , so N, cancels on both sides.
To confront this new constraint with bounds pre-
viously obtained from four-point positivity, let us de-
fine the dimensionless and N_.-independent quantities
g2,1 = 16L4M2/F3 and gQ’O = 4(L3+2L4)M2/F3, where
M is the mass of the lightest meson exchanged in 77
scattering [33, 34] and Ly > 0. The bound in Eq. (23)
becomes
N N.M?
92,1 Z W ~ 1667

™

(24)

where in the last relation we have used large-N,. lat-
tice computations [133] to fix the p meson mass M ~
8.14/3/N_.F [134]. This leads to a new exclusion region
highlighted in blue in Fig. 2. One sees that the bound
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Figure 2. Multipositivity bound in Eq. (24) for large-N.
QCD (in blue) overlaid on the exclusion plot derived from
four-point positivity [33, 34] (in red). The band delimiting
the exclusion area represents the numerical uncertainty in the
lattice computations [132].

severely constrains the scalar contribution to gs 1, and is
marginally inconsistent with a model where a single vec-
tor is exchanged, as well as the stringy Lovelace-Shapiro
amplitude (LS), subject to lattice uncertainties.

Discussion.—In this paper, we have derived new con-
straints on the chiral Lagrangian. At the heart of our
analysis is the insight that certain multiparticle scattering
processes are mathematically inconsistent. Our results
are the first phenomenologically relevant application of
this fact. Using the four-, five-, and six-point pion ampli-
tudes of the chiral Lagrangian, we deduced a novel bound
on the size of the leading higher-derivative interactions
with respect to the WZW term, yielding a remarkable mu-
tual constraint on anomalous and nonanomalous physics.
Previous attempts [35, 36] to bound the chiral anomaly
relied on, and were therefore limited by, four-point am-
plitudes, requiring photons as external particles and thus
introducing an additional sector. Our methods apply
to tree-level planar amplitudes, which are the natural
setting for large- N, QCD.

The present analysis leaves numerous avenues for future
exploration. Even in the case of planar tree-level ampli-

tudes, we have only scratched the surface by constraining
operators that are leading order in the momentum expan-
sion. Our methods should generalize mechanically to the
full tower of higher-derivative interactions in the chiral
Lagrangian. While ever more operators will of course
appear, with corresponding unknown Wilson coefficients,
it may be possible to choose kinematic limits to tame
this growth of free parameters. This work opens the door
for a systematic numerical study [135] of higher-point
constraints.

Since we are analytically continuing in a single Man-
delstam variable, it is tempting to generalize beyond tree
level. Indeed, if a Lehmann-Kéllén representation holds
on a single cut, then our results immediately hold non-
perturbatively, provided that the higher-point amplitude
obeys analyticity in s and our Regge boundedness con-
ditions. However, the analytic structure of higher-point
amplitudes has not been as axiomatically investigated as
the four-point case and is famously subtle, so caution is
warranted in extending our results nonperturbatively.

A more technically fraught direction is nonplanar scat-
tering, relevant to finite-N. QCD. Our construction
hinges on detailed control over which factorization chan-
nels are activated as the center-of-mass energy is scanned.
In nonplanar amplitudes, additional channels and multi-
trace structures can appear, so it remains to be seen
whether these methods extend in a useful form. We leave
this question to future investigation.
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Appendix.—For the sake of completeness, we will briefly
summarize our calculation of amplitudes in chiral per-
turbation theory. We employ the alternative formulation
derived in Ref. [138], which is highly efficient for our
purposes. This formulation was later shown to encode
color-kinematics duality directly in terms of fields and
currents [139]. In this approach, all dynamics are encoded
in the chiral current,

g, =iUT0,U, (25)

which is independent of the choice of embedding of the
pion field within U.
The action governing chiral perturbation theory is
S = Snpsm + Swzw, (26)
where the first and second terms encode the parity-even
nonanomalous and parity-odd anomalous dynamics, re-
spectively. In terms of the chiral current, Eq. (2) becomes

Lnusm=——F Tr(j2)+LsTr(5%5%)+ LaTr (jujvi* ") (27)

Since j,, takes the form of a pure gauge configuration, its
field strength vanishes identically,

F/w = uju - auju - i[juaju] = 0. (28)
At linearized order, the chiral current is
. V2
Ju=—7 O+ o(r?), (29)
which will be important later. Note also that
F? 1
=T (Gug") = =5 0um 0" 7" + Oo(®),  (30)

so the pion kinetic term is canonically normalized.

To incorporate the WZW action, we specify the five-
dimensional manifold My = My x [0,1] and take U(z;y)
to depend on an auxiliary coordinate y such that the
ordinary chiral field corresponds to y = 1.

To derive the equations of motion, we apply an infinites-
imal variation U + U = Ue~%%¢, so that 6U = —iUd¢
and 0U~! =48¢ UL, The chiral current varies by

8, = i(6U 10, U +iU~19,(sU)
= 0,0¢ — i[j, 6¢] = D,.60,

which defines the covariant derivative. Integrating by
parts, we obtain the variation of the NLSM action,

(31)

SSNLSM = / d*z %’3 Tr(6¢ D, J"), (32)
where we have defined
T == T PP = e (9
The identity F,, = 0 implies
D,Jg" =0,J", (34)

which reduces to the conservation law 9, " = 0 in the
absence of the WZW action.
Meanwhile, the variation of the WZW action is

1
K v
6SWZWZ_487r2/d4x/dy €rpvpe Lr((D70¢)34575%5°). (35)
0
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To strip off the covariant derivative acting on d¢, we use
Tr[o¢ D7 (5%5%5°57)] = 0,

which follows from the antisymmetry of the Levi-Civita
tensor together with F),, = 0. Then we have

(36)

€ruvpo

K

4872 » (37)

SSwaw =~ o3 [ @ cannaTe(005°5°557)|

which reduces the WZW variation to a four-dimensional
chiral current interaction.

Combining both contributions from the NLSM and
WZW actions at y = 1 yields

F? .
ST~ I L L L e ) (38)
which we rewrite as
. 1 o Y L
At = ﬁa*{%g (Gud® + 5%9u) + 8Lajv i
. o (39)
+W€aﬁpaj i’3*3°,
s

which is a modified conservation law for the chiral current.

We now reinterpret this equation as a Berends-Giele
recursion relation for amplitudes in chiral perturbation
theory. To do so, we introduce a source J for the pion,

Or = J 4 O(7?). (40)
In the presence of this source, Eq. (29) gives
2
0,4 = L2+ 0(r) (a1)

s

Following Ref. [139], we compute the divergence of the
flat field strength 0" F),, = 0 to obtain
3*) = 10" [, ju] = 0.

—0,(0, (42)

10

Then, substituting Eq. (39) yields

—F—a,,J = D]l/ _Zau[]/ujll]
a,0*

_ Fg
_h

2472 F2

[4Ls (jug? + %u) + 8Lajpjug?] (43)

a (aﬁpa] ]ﬁ]p] )

Since 0*F,,, = 0 is purely geometric and independent
of the action, all higher-order interactions enter only
through the deformation of the current divergence. Note
that the pion source acts as an external polarization
vector for the chiral current, €, = —\/ﬁz‘p” /Fx.

By iteratively solving this equation, we derive the
one-point function of the chiral current at arbitrary per-
turbative order. The resulting recursive structure is
considerably simpler than the standard pion Lagrangian
expansion. To compute the n-point scattering ampli-
tude, we compute the one-point function of the chiral
current with n — 1 pion sources, each entering with its
own polarization €.

The above construction computes the one-point func-
tion of the chiral current rather than the pion field itself.
However, the two are related at linearized order by

Fr 1.
™= *ﬁ(q“fh) Yquit 4+ O(n?),

where ¢ is an arbitrary reference vector and (¢"9,)~" is
defined mechanically in momentum space. To extract the
pion one-point function, we take the momentum on shell
and choose the polarization vector, €, = iF; qu/\/iqp.
By dotting the one-point function of the chiral current
with n — 1 pion sources into the final polarization €, we
obtain the n-point pion amplitude.

The explicit amplitudes from our calculation can be
found in the supplemental files.

(44)
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We argue that string theory emerges inevitably from a few simple assumptions about physical
scattering. Consistency alone requires that all tree-level four-point scattering amplitudes exhibit
vanishing residues at prescribed values of the momentum transfer. Assuming ultrasoft high-energy
behavior, we then prove that the space of minimally consistent amplitudes, whose residues exhibit
these mandated zeros and nothing more, are precisely the amplitudes of Veneziano and Virasoro-
Shapiro, thus establishing the uniqueness of strings. Similar logic also applies to five-point scattering.

Introduction.—Are the laws of physics described by
string theory? This question has elicited much con-
troversy, despite being a well-posed scientific hypothe-
sis that is either true or false. The good news is that
string theory has a sharp prediction: the emergence of
very specific higher-spin excitations in gravitational scat-
tering at or below the Planck scale. The bad news is
that experiment—the ultimate arbiter of all theories—
will not offer any insight into this question in the fore-
seeable future, or perhaps ever.

In the absence of experimental input, it is tempting
to commit faithfully either to string theory or its nega-
tion. A less devoted approach is to ask to what extent
string theory might follow from more modest or widely
accepted assumptions. One instead explores the space of
consistent theories by “bootstrapping” all possible scat-
tering amplitudes consistent with fundamental principles
like unitarity, locality, and Lorentz invariance. Recent
years have witnessed substantial progress in this area,
for example on effective field theory constraints [1-35],
the primal bootstrap [36-50], semidefinite programming
and null constraints [51-70], and bootstrapping string
amplitudes and their deformations [71-94].

In this paper, we argue for the uniqueness of string
theory from the fewest assumptions possible. All am-
plitude properties—the spectrum of masses and spins,
high-energy behavior, and even its explicit mathemati-
cal form—are outputs of this bootstrap construction.

At the heart of our analysis is a remarkable fact
about all tree-level, crossing-symmetric, Lorentz invari-
ant, unitary amplitudes. Without loss of generality, the
spectrum of masses squared and spins is defined by un-
known functions p(n) and J(n) indexed by integer level
n, while the leading Regge behavior is defined by an
unknown trajectory «(t) [95]. We will prove that the
residue at large m vanishes when «(t) crosses certain
negative integers. These “Regge zeros” are mandated
by consistency and apply to planar and nonplanar am-
plitudes at four-point and beyond for any u(n), J(n),
and «a(t). To single out string theory we further assume:

i) Ultrasoftness. The Regge trajectory «(t) is bijec-
tive for ¢ < 0 [96] such that the amplitude falls off arbi-
trarily at infinite momentum transfer, so «(t) = —oo
for t— —oo [97]. As depicted in Fig. 1, ultrasoft-

a(t)

QFT

string
theory

g-deformed

Figure 1. Schematic behavior of Regge trajectories for quan-
tum field theory, string theory, and its g-deformations.

ness is exhibited by string theory [98] but not its g-
deformations [99], which diverge at finite ¢, nor quan-
tum field theory, whose softness is bounded [100, 101].
Ultrasoftness is equivalent to superpolynomial bound-
edness [87] together with bijectivity.

i) Minimal Zeros. All zeros of the residues are Regge
zeros mandated by self-consistency. Extra zeros are
not physically inconsistent, but they are manifestly
nonminimal because they go beyond what is required.

Given these modest conditions, our logic is simple: ultra-
soft Regge behavior dictates an infinite set of points at
which the residues of the amplitude are zero. Bootstrap-
ping the space of objects that exhibit these required zeros
and nothing more, we land precisely on the Veneziano
and Virasoro-Shapiro amplitudes of string theory.

Note that our approach is quite distinct from that of
Ref. [88], which argued for string uniqueness in tree-level
four-point planar scattering while relying on a critical
assumption about the distribution of amplitude zeros.
Though conjectured to be universal, this property is now
understood to be violated quite generally [87], leaving
the question of string uniqueness an open one until now.

Regge Zeros.—Consider the four-point amplitude
A(s,t) for identical color-ordered scalars interacting via
tree-level exchanges. This amplitude exhibits planar
crossing symmetry, A(s,t) = A(t, s), with simple poles
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at s,t = p(n), where u(n) parameterizes an arbitrary
mass-squared spectrum indexed by the integer level
n>0. Without loss of generality we take p(n) to be
monotonically increasing and parameterize the Regge
limit at fixed ¢ by some function a(t), which specifies
the leading Regge trajectory via

Als, 1) "2 f(1) (=) (1)

The prefactor f(t) is analytic except for simple poles at
t = p(n), whose residues are polynomials in s of degree
J(n), the maximal spin at level n [102]. Hence, the spec-
trum and the leading Regge trajectory satisfy

a(p(n)) = J(n) for integer n > 0, (2)

which is applicable without any loss of generality.
These meager assumptions imply surprisingly strin-
gent conditions on any tree-level, color-ordered, four-
point amplitude. To see why, let us compute the “big
arc integral” of A(s,t) along a circle of large radius s,

9§S* ds A(s, t) ~ f(t)si“@“m. (3)

This follows from Eq. (1) via explicit computation [103],
but is intuitive to understand. If «(t) is an integer,
then s is a monomial whose contour integral is one if
a(t)=—1 and zero if a(t) # —1. Either way, the contour
integral is independent of the arc radius s,. Deforming
the contour inward gives a sum over enclosed residues,

5158* ds A(s,t) ~ S R(n,1), (4)

where R(n,t) = limg_,,mn)(u(n)—s)A(s,t). This re-
sult looks very much dependent on the radius of the arc
S« ~ p(ny). To reconcile these facts, it must be that
the residues vanish for integer a(t). To show this, we
differentiate Eqgs. (3) and (4) with respect to n., ap-
proximating the discrete sum over n with a continuous
integral over dn, yielding

R(n,t) ~ f(O)u' (n)p(n)* " sinmalt). (5)

This holds in the Regge limit, which corresponds math-
ematically to |t| < u(n), while also assuming p'(n) <
u(n) so the sum is well approximated by an integral.
The sin7a(t) in Eq. (5) implies that R(n,t) = 0 when
a(t) is an integer, subject to two caveats. First, since
R(n,t) is nonsingular and f(¢) has poles at t=pu(n’)
for any integer n’>0, those poles must cancel ex-
actly against corresponding zeros in sinwa(t). Thus,
a genuine zero of Eq. (5) requires the off-resonance
condition t# pu(n’) for all n’>0. Second, unitarity
implies that R(n,t)= Y ,2, an_,gGéD)(l +2t/p(n)) with
ane>0. For ¢ > 0, the D-dimensional Gegenbauer
polynomials satisfy GED)(JU) > GED)(I) > 0 when z > 1.
Since p(n), J(n) > 0 at large n, we see that R(n,t) >

R(n,0) > 0 for ¢ >0, so this region has no residue zeros.
In summary, in the Regge limit of |t| < p(n), the residue
R(n,t) vanishes on the support of Regge zeros,

a(t)+r=0, (6)

for any integer r such that the real roots of Eq. (6) satisfy
t <0 and t # p(n') for any integer n’ > 0. These Regge
zeros are required by consistency in any unitary, tree-
level, color-ordered, four-point amplitude. Since Eq. (6)
holds in the |t| < u(n) Regge limit, any Regge zero of
R(n,t) will also be a Regge zero of R(n’,t) for n’ > n
since the approximation of the Regge limit only improves
as the level grows.

Softer Regge behavior implies more Regge zeros. For
example, the Veneziano amplitude of string theory scales
as T(—s)I'(—t)/T(=s—t) "X st with unboundedly
fast falloff for sufficiently negative t. The expected Regge
zeros at t +r = 0 appear in the string residues,

n

Rusln,t) = - T (64 7) ~ (7)
Tr=1

Regge zeros are ubiquitous [104], but they are often
difficult to ascertain from analytic expressions. Con-
sider three examples: the residues of the simplest de-
formed worldsheet amplitude in the family of Ref. [105],

fol w1 — )"t Tes (=W dy [106],

—n, —t
_L-&-tn’l—n—t ’Z:| ) (8)
2 2

Ry (n,t) o F [
the three-parameter amplitudes explored in Ref. [87],

Rstr(na t) 3F2 [ _n’__gcolic’rigl-i_t) 5 )\:| ) (9)
2 2

and one of the bespoke amplitudes of Ref. [79],

2(n + 0)(Rstr(n, =0 + V1) + Rye(n, —6 — V1)), (10)
Here Rg,(n,t) appears in all of these residues, but its ze-
ros are either cancelled by poles or scrambled by changes
of arguments. Nevertheless, Egs. (8), (9), and (10) are
all polynomials in ¢ that exhibit their expected Regge
zeros at large m, as emerges quite vividly via direct nu-
merical evaluation in Fig. 2. Since Egs. (8) and (9) have
the same spectrum and Regge behavior as the Veneziano
amplitude, they also have Regge zeros that asymptote
tot+r = 0. In contrast, Eq. (10) describes a mod-
ified spectrum, p(n) = (6 + n)?, and Regge behavior,
A(s, 1) *2° (/5) 0V 4 (/5) 70~ VE 50 its Regge zeros
are at t = (6 — r)? for t off-resonance, as expected.
Equation (5) implies a quite constraining residue
scaling, R(n,t) ~ u(n)*®. In fact, this property
rules out any amplitude with a single Regge trajec-
tory. By definition, the residues of any such ampli-
tude describe a single state of spin n state at level n,
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Figure 2. The residues of tree-level four-point amplitudes exhibit Regge zeros at asymptotically large level n. Shown here are
the real components of the zeros in ¢ for the residues defined in Egs. (8), (9), and (10), for levels n = 1 to 80.

so R(n,t)=c(n) G%D)(l +2t/u(n)). This implies that
¥ log R(n,t)|i—0 ~ (n?/u(n))* at large n, modulo mul-
tiplicative factors. However, from the residue scaling we
know that OF log R(n,t)|;=o ~ log p(n), indicating the
same scaling with n for all k£, which is a contradiction.
Similar conclusions were obtained via different methods
in Refs. [107, 108]. All of these no-go results assume that
the single Regge trajectory extends to infinity without
any additional high-energy states.

Uniqueness Argument.—We are now equipped to de-
rive a uniqueness principle for string theory, assuming
i) ultrasoft Regge behavior, and i) residue zeros com-
prised only of Regge zeros required by consistency. The
former imposes an infinite number of Regge zeros at
asymptotically large level n. The latter forbids any extra
zeros that are not Regge zeros, even at finite n. As noted
earlier, Regge zeros necessarily accumulate for increasing
n, so ) implies a nested structure whereby every zero
of R(n,t) is also a zero of R(n/,t) for n' > n.

To begin, we take d/dn of the log of Eq. (5) to obtain

'(n) '(n) _dlog R(n,t) _
w(n) dn

where in the final step we have approximated the deriva-
tive as a finite difference. Equation (11) implies that, up
to a trivial normalization and shift, the Regge trajectory
is a(t) ~ log P(n,t), where P(n,t) = R(n,t)/R(n—1,t)
is a rational function of ¢. Assumption 4) says that the
residues R(n,t) and R(n—1,t) only exhibit Regge zeros,
and we argued earlier that any Regge zeros of R(n—1,t)
are also Regge zeros of R(n,t), thus canceling in the ratio
and leaving P(n, t) to be a polynomial in ¢. Without loss
of generality, P(n,t) ~ P(t)+-- -, where P(t) is leading
in the large-n expansion and the ellipses are subleading.
For nonconstant P(t), at sufficiently large ¢ this poly-
nomial scales as P(t) ~ t* for some k > 0. This implies
a logarithmic Regge trajectory a(t) ~ klogt. Plugging
into Eq. (2), we learn that pu(n) ~ e/(™/k which is
precisely the g-deformed spectrum of the Coon ampli-
tude [99], which has P(t) ~ 14 (¢—1)t [109]. Since
k > 0, we see that a(t) — oo as t — —oo, in violation
of assumption 7). These logarithmic trajectories violate
our assumptions, so we do not consider them further.

R(n,t)

w
alt) R(n—1,t)’

pi(n)

log (11)

For constant P(t), we retain the ellipses of P(n,t) ~
P(t) + -+ to get the leading ¢-dependence of the Regge
trajectory. This happens in the Veneziano amplitude,
where P(n,t)~14t/n. As the subleading terms are
polynomial, «(t) is as well. We focus on this case next.

All residues exhibit the Regge zeros in Eq. (6) for
[t] < p(n), but assumption ) enforces the stronger con-
dition that these Regge zeros comprise all the zeros of
the residue for all ¢, so R(n,t) is a product of factors
of a(t) + r. Since unitarity restricts all Regge zeros to
the region ¢ <0, assumption ¢) implies that a(t) < a(0),
which on the Regge zero requires r=—a(t) > —a«(0).
Here we assume a minimal value of r = 1, since any
finite offset will just shift «(¢) in a way that leaves our
conclusions unchanged. Concretely, we define [110]

N(n)

R(n,t) = c(n) [] (a(t) + )",

r=1

(12)

where h is a constant multiplicity of each Regge zero,
¢(n) is an arbitrary normalization, and we extend the
range of r up to N(n) = J(n)/hdeg(c). From Eq. (12)
we see that R(n,t) ~ R (N(n),a(t)) ~ N(n)he®),
while Eq. (5) implies that R(n,t) ~ u(n)*®. Compar-
ing these representations, we learn that u(n) ~ N(n)"* ~
J(n)". Plugging into Eq. (2), we determine the Regge
trajectory, a(t) ~ t'/". We argued earlier that this func-
tion is a polynomial, so h = 1. Hence, we arrive at a
linear spectrum and Regge trajectory,

p(n) ~ J(n)

which is one of the main results of this paper. In con-
clusion, our assumptions ¢) and ) imply the Chew-
Frautschi scaling and linear Regge behavior that are the
defining properties and historical raison d’étre [98, 111
113] of string theory. Note that it is straightforward to
also derive that J(n) ~ n, which we detail in App. A.
With J(n) ~ n and a(t) ~ t, the residue ansatz
in Eq. (12) precisely reduces to the “level truncation”
ansatz proposed in Refs. [91, 92], which is solved analyt-
ically to obtain a three-parameter space of amplitudes.
Within this family, the only object that exhibits arbitrar-
ily soft Regge behavior is I'(—s)I'(—t)/T'(—s — t), which
is precisely the Veneziano amplitude [114]. Thus, our

and «t) ~t, (13)
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assumptions ) and ) actually uniquely bootstrap the
Veneziano amplitude in its full mathematical form!

Assumption 44) is our least conservative condition, but
it can be relaxed by including extraneous zeros in the
residue in Eq. (12). For example, if Eq. (12) is aug-
mented by a level-independent factor g(t), as might oc-
cur for external states with spin, all of our arguments still
apply. For a level-dependent factor, g(n, t), our logic per-
sists if the number of extraneous zeros is parametrically
smaller than the number of Regge zeros.

Beyond Planar.—Up until now we have focused on pla-
nar amplitudes. However, our logic generalizes straight-
forwardly to the case of nonplanar scattering. Consider
the four-point amplitude A(s,t) for identical massless
scalars interacting via tree-level exchanges. The ampli-
tude is crossing symmetric under permutations of s, ¢, u
and has poles at s,t,u = pu(n). The Regge behavior at
fixed t is parameterized by

Als, ) "0 f(t) (=) (-

which is crossing symmetric under the exchange of s and
u = —s —t. As before, we compute the big arc integral
along a circle of radius s, in the s plane,

Sx a(t)+25N 3 Lra(t)
o) Alsut) ~ 52D,

w) 2, (14)

(15)

and deform the contour to equate with a weighted sum
of residues, " (u(n) +¢/2)R(n,t). Differentiating with
respect to n,, we find that the residues take the form

R(n,t) ~ () (n)u(n)* W sin gra(t)  (16)
in the |t| < u(n) Regge limit, implying the Regge zeros,

a(t)+2r =0, (17)
for integer r, again with the caveat that any real roots
must satisfy ¢ <0 and ¢ # u(n') for any integer n’ > 0.

Equation (16) is nearly identical to Eq. (5), so apply-
ing the same logic as in the planar case, we deduce that
a(t) is a polynomial. As before, assumption i) says that
the residue is composed entirely of Regge zeros, so

N(n)

R(n,t) = c¢(n) H(a

Since R(n,t) ~ Rer(N(n),a(t)/2)" ~ N(n)"*®/2 and
the asymptotic behavior is R(n,t) ~ u(n)*®, we find
that u(n) ~ N(n)"? ~ J(n)"/2. Together with Eq. (2),
this implies that a(t) ~ t*/", and since a(t) is a poly-
nomial, we deduce that h=2. Thus the nonplanar am-
plitude also has the linear spectrum and Regge trajec-
tory defined in Eq. (13). As in the planar case, App. A
implies J(n) ~ m, so our nonplanar uniqueness argu-
ments lead to the level truncation ansatz of Ref. [92],
whose only solution with ultrasoft Regge behavior is
I(—s)I'(=t)T'(—u)/T(1+s)T(1+¢)'(1 4+ u), which is the
Virasoro-Shapiro amplitude [115, 116].

+ 2r (18)

Beyond Four-Point.—The Regge behavior of five-
point string amplitudes also mandates Regge zeros in
their corresponding residues. In fact, these zeros are suf-
ficient to uniquely bootstrap the five-point amplitude.
Here we study a worldsheet integral representation of
the five-point string amplitude constructed in Ref. [93],

A / duq3 duy4

str,5 =

st o uiz(l—uiz) uia(1—u1q)

Uyt ugt (1—ur) X2t (1—ugq) X5
(1—uq3upq)X2atXss—Xos ’

(U13, U14),
(19)

F(uis,u1a) =

where X;; = (pi + -+ + pj_1)? [117] In the Regge
limit X3, X714 — 00, the factors of ujs X1 and u{(“ 10—
calize the 1ntegral to the saddle at w3 = 1— X7
and w14 = 1 — X!, with scaling F(1— )(1_317 1-X1) ~
XX35 X25XX24 Xos (X13+X14)X25 Xoa— Xso. Since we
have F(1 —¢,1—¢) ~ ¢X25 the integral converges pro-
vided Xa5 > 0, just like the 3F5 closed-form expression
for the five-point string amplitude [118], which can be
analytically extended to the entire kinematic space using
the formulas of Ref. [93]. In terms of the large s-like in-
variants, s; = —X13 and so = — X714, and the fixed t-like
invariants, t23 = *X24, t34 = 7X35, and t51 = *X25,
we obtain our final result for the double Regge limit of
the five-point string amplitude when sq, so — o0,

f(ar,a9,a12)(—51)"(—s2)* (—s1—s2)*'2 (20)

where we have defined a; = t51 —t34, as = t51 —toz, and
a12 = tog + t34 — t51. In analogy with our analysis at
four-point, we now compute the double big arc integral,
9551* ¢S2* ds1dsg Agtr,5, which, by deforming both arc in-
tegral contours into a double sum over residues, equals
an* an* Ry, 5(711, na,t23,t34, t51) Inserting Eq. (20),
we compute the double big arc integral to be f times

51,200
Astr,5 ~

aiz
z : a1 +1+b az+1+a12—b (aiz
S1x S2x ( )

b=0

sin 7ay sin (as+aq2)
(ar+1+b) (az+1+a12-b)

,(21)

where have taken aj2 > 0 to be a nonnegative integer
so that the binomial expansion is finite. Differentiating
with respect to nq, and no,, we obtain

Rgtr,5(n1, 2, taz, taa, ts1)
' (na) i (n2) p(na ) pu(ng)aztare
ars (22)

Nfz (M("l)) (“4?) sin ray sin w(az+ai2),

w(nz)

which stringently constrains the asymptotics and zeros
of the five-point residues. By inspection, from Eq. (22)
we see that the residue vanishes when aq, as, and a2
are integers. Recalling that Xs5 > 0 for convergence,
we deduce the locus of the Regge zeros for five-point
residues at large level,

—(a1 + az + CL12) >1 and a3 >0, (23)

for integers aq, as, a1s.
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It is straightforward to verify the presence of these
Regge zeros in the known expression for the five-point
StI‘iI’lg residue Rstr’g)(nl, nao, t237 t34, t51) [93],

(14-t23)n, (14-t34)
n1!ns!

na 3 Fy —ni1, —n2, —taz—t34+ts51 1. (24)
—ni—taz, —n2—1t34

We see that there are indeed zeros for a1 +71 = as+1r9 =
a1z + r12 —r1 —re = 0, where |r1| < nq, |ra| < ng, and
1 <713 <711+ ry. This agrees exactly with Eq. (23) at
large n; and no. These Regge zeros can be used to con-
strain a five-point residue ansatz R(ni, no, tas, t34,t51) =
S 2 S T N (na, ma Yyt thy  that
encodes all possible exchanges of particles with maxi-
mum spins nj o on the poles at s;9 = nj 2. Enforcing
the Regge zeros fixes all A; jp(n1,n2) to values corre-
sponding precisely to the known residues of the string
in Eq. (24), modulo a normalization c¢(ni, ng).

Since Regge zeros fix the five-point string residue, it
is natural to ask about the structure of its zeros more
generally, which we describe in detail in App. B. Setting
all three t-like Mandelstams to certain negative integers,
one finds that all but a finite number of the residues van-
ish, reducing an infinite dual resonant sum over all levels
(n1,n2) down to a finite subset, making the amplitude
rational in (s, s2). As shown in Ref. [91], four-point
crossing symmetry sculpts out an analytically solvable
space of amplitudes that exhibit level truncation. Anal-
ogously, in five-point scattering the full cyclic invariance
of the external legs produces a similarly solvable alge-
braic problem. As detailed in App. C, demanding cyclic
invariance in fact fixes all ¢(ni,n2) = 1. This implies
that our bootstrapped amplitude is uniquely fixed by its
residue zeros to match the five-point string amplitude.
The g-deformed version of our planar analyses is pre-
sented in App. D.

Discussion.—We have demonstrated a universal link
between the Regge behavior of an amplitude and the
zeros of its residues. This result applies to any four-
point, tree-level, crossing-symmetric, Lorentz invariant,
unitary amplitude. Amplitudes with softer Regge be-
havior are constrained by more Regge zeros. Assuming
a minimality condition that every zero of a residue is
a Regge zero mandated by consistency, we proved that
any ultrasoft amplitude has a stringy spectrum of masses
squared that is linear in spin, p(n) ~ J(n) ~ n, together
with a linear Regge trajectory, «(t) ~ ¢. This reproduces
the level truncation ansatz of Ref. [91], from which the
exact mathematical formula for the Veneziano amplitude
is derived uniquely. While extra zeros are certainly al-
lowed, the notion of minimal zeros gives an operational
definition of the “simplest consistent amplitude,” which
is the Veneziano amplitude itself. Last but not least, we
established analogous Regge zero and uniqueness prop-
erties beyond the planar four-point limit, successfully
bootstrapping the four-point closed-string and five-point
open-string amplitudes.
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Appendix A: Linear Spin Spectrum.—Under our
stated assumptions, we have shown that u(n) ~ J(n).
Here we will furthermore deduce that J(n) ~ n. To
begin, we define ¢, to be the locus of the Regge zero at
a(ty)+r. =0, where r, = J(n,) is the maximum spin of
the residue at level n,.. We compute the big arc integral,

315( dss" L A(s, t,) ~ s2UTT = 0, (A1)

which is zero for any r in the range 1 < r < r,. Hence
the number of constraints scales as r, ~ J(n,) at large
level. We can also rewrite the big arc integral as a sum
of residues in the usual way,

ne—1

> un) R, ).

n=0

§£ Cds STV A(s ) ~ (A2)

The residue at level n vanishes unless J(n) < J(n.),
since the residues for which J(n) > J(n,) carry vanish-
ing factors of a(t.)+r. = 0. Since u(n) is without loss of
generality strictly monotonic, and we have proven that
u(n) ~ J(n), it follows that J(n) is strictly monotonic
as well, and the sum truncates to the region n < n..

The above sum rules can be interpreted as a set of
equations constraining the residues R(n,t,), which are
taken to be variables. The total counting is then

# of equations = # of sum rules ~ J(n,) (A3)
# of variables = # of nonzero residues ~ n,.

Demanding that the number of constraints not exceed

the number of variables, we have

J(ny) S ne (A4)

at large n,. Since J(n) is monotonic and integer-valued,

J(n+1)—J(n) > 1, which with Eq. (A4) leaves uniquely

J(n) ~n (A5)

at large n. This establishes that the spectrum of spins
grows linearly with the level.
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Figure 3. The domain D(10, 6,25), where each dot represents
a nonzero residue at level (n1,n2) in the kinematic configu-
ration (to3,t34,t51) = —(10,6,25). The number of nonzero
residues, and hence the dual resonant sum, is finite.

Appendix B: Five-Point Level Truncation.—Let
us write the string amplitude as a dual resonant sum [93]
of the five-point string residues in Eq. (24), so

Agtr5(51, 82,23, t3a, t51)

_ i i Rgtr 5(n1, N2, ta3, taa, ts1)
n1=0 na—0 (n1—s1)(n2 — s2)
_ F(*Sl)F(*Sg)r(*tgg)r(*t;m) %
(=51 — to3)T'(—s2 — t34)

% < F —81, —S2, —taz—t3atts1 | 1
302 —s1—t23, —S2—1l34 ’

(A6)

The second equality converges when t5; < 0, but can
be extended to arbitrary kinematics via a gF5 func-
tion [93]. The five-point residues of the string exhibit
a generalization of the level truncation property of four-
point amplitudes observed in Ref. [91]. In particular, on
the kinematic configuration defined by (t23,t34,%51) =
—(k1, ko, k3) for integers k1o > 1 and ks > ki + ko,
all but a finite number of five-point string residues in
Eq. (24) vanish. In particular, the only nonzero residues
occur at level (n1,n2) in a compact domain D(kq, ks, k3)
defined by

ny <k3—k2,n2 <l{73—]€1,
—k2<n1—n2<k1, s
kio2>1,ks > ki + ko

(A7)

(n17n2)

depicted in Fig. 3. On these kinematics, the amplitude
in Eq. (A6) reduces to a rational polynomial in (s1, $2).

Appendix C: Five-Point Normalization.—We saw
earlier how the five-point Regge zeros are sufficient to
uniquely fix the five-point residue of the string amplitude
up to a level-dependent normalization factor ¢(ny,ns), so
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that the five-point bootstrapped amplitude is given by

A(sy,82,t23,t34,151) =
(A8)

Z Z c(n1,n2) R, 5(”17”27t23;t347t51)'
n1=0mn2=0 <TL1 o Sl>(n2 o 52)
Here we will fix these constants as well.

To fix ¢(ny,n2), we exploit the invariance of the am-
plitude under cyclic permutations of the external legs.
Level truncation renders the amplitude a rational func-
tion of the kinematics. On this configuration, the con-
straint of crossing is a solvable algebraic problem. In par-
ticular, setting (s1, s2,%23,t34,t51) = —(k1, ks, k2, k3, k5)
for D(ko, ks, ks) and D(ks, kg, k1) defined in Eq. (A7),
we enforce cyclic invariance of the dual resonant form of
the five-point amplitude, A(—ki,—ks,—ka,—ks,—k5) =
A(_k27_k57_k37_k4a_k1)7 that is,

Z c(n1, n2)Retr5(n1, ng, —ka, —ks, —ks)
(n1,n2)€ (nl + kl)(RQ + k4)
D(k2,k3,ks)
A9
-y c(n1, n2) Ryt 5(n1, i, —ks, —ka, —k1) (49)
(TL1 + ]{72)(712 + k5)
(n1,m2)€
D(ks,ka,k1)

Enforcing this condition for all possible choices of inte-
gers yields a unique solution, ¢(n1,n2) = 1, modulo uni-
form global normalization. Hence the five-point string
amplitude is uniquely specified by its zeros, together
with cyclic symmetry.

Appendix D: g-Deformations.—The procedure of
bootstrapping the four- and five-point amplitudes from
their Regge zeros can be generalized from a linear spec-
trum to a g-spectrum. Relaxing bijectivity of «(t) in as-
sumption 7) and running through our argument in text
for the logarithmic Regge trajectory, we have Regge ze-
ros at a(t) +r = 0 for integer r, whose root scales as
t x1—¢q~". We choose the normalization of ¢ such that
these Regge zeros appear at t = (1—¢~")/(1—q) = [-7],,
so the spectrum is given by the g-deformed integers,
wu(n) = [n]g, and we have a(t) = log(1 + (¢ — 1)t)/logq.
Let us first consider four-point scattering. Assuming
that the residue exhibits only the Regge zeros, R(n,t) =
c(n) [T7_,(t = [-7]y), we construct a dual resonant rep-
resentation of the four-point amplitude, obtaining

[e°]

A(s,t) :Z R<n’j>5 =q

= pu(n)

a(s)a(t Fq(*a(S»Fq(*O{(t))
aclal : ,(A10)

where the level truncation results of Ref. [91] have been
used with crossing symmetry to uniquely fix ¢(n) =
q""+3)/2 )T, (14+n). The above expression is precisely
the Coon amplitude, which for ¢ > 1 is dual resonant on
kinematics where the sum in Eq. (A10) converges [91].
The five-point g-deformed amplitude can be written in
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terms of the g-hypergeometric function 3¢9 as [86, 128]
Agste,5(51,52,t23,t34,t51) = golsnaltzs)talsaaltas)
L Laals)Tgals2) Ly altss))l(altsd))

Ly(—a(s1)—a(ts))Tq(—a(s2)—a(tss))

q—&(51) —als2) &(t 51)—a(t2g) —a(tszq)

(A11)

1454 -

X302 [ —a(sy)—altss)

q*u(n) a(fzs)’

For ¢ > 1, this amplitude is dual resonant for kinematics
where the sum converges, equaling

>y

nl—O no= 0

q str,5(N1, N2, t23, 134, t51)

([na]g=s1)([n2lg—s2) (A12)

for the corresponding five-point residue polynomial,
Ry str,5(n1,n2, tas, t34, t51) =

(_1)n1+n2q—n1(n1+3);n2(n2+3) +nia(tas)+nza(tss)
Lg(n1 +1)Ig(n2 +1)
Iy(—aftzs))Ty(~ats)
Lg(=n1 — a(tes))Tq(—n2 — altss))

g "1,q "2 ,q(t51) —a(t23) —altss)

X

(A13)

X 3¢2 q "1 o(t2s) gmmna—altal) G a -

Simply replacing t;; with «(t;;) in the definitions of
ar,az,aiz, 8o ay = atsy) — a(tss), az = afts1) — a(tas),
and ajp = Oé(tgg) + Oé(t34) — Oé(tg,l), we find that this
residue exhibits precisely the same Regge zeros as the
five-point string amplitude, namely, a; + 71 = as + 13 =
ai12 + Tig — 71T — Ty = 0, that iS, t23 = [7‘2 — Tlg]q,
t34 = [7’1 — 7'12]q, and t51 = [—7"12},1, all for integers
|r1] < ni, [ro] < np, and 1 <1 <rp 4 1.

Remarkably, we find that the ¢-deformed five-
point amplitude can be constructed uniquely
from these zeros, just like the string. Again

taking the ansatz residue R(ni,no,tos, tss,ts1) =
Yo iz me(m pna=d) N g (1, ma)thsthth  for
states of spin up to ny2 on the factorization channel at
s1,2 = [n1,2]q, we find that the unique solution satisfying
the zeros described above is the residue in Eq. (A13),
up to some unfixed normalization c¢(nq,ns).
Furthermore, on the special kinematic configuration
(tos,taa, ts1) = ([—k1lq, [—k2lq, [—kslq), the only nonzero
residues are precisely those defined in D(kq, ko, k3) in
Eq. (A7). That is, these g-deformed five-point residues
exhibit level truncation, so as before we can algebraically
fix the c¢(ny,n2) normalizations by demanding cyclic
invariance. Here we again employ Eq. (A9), albeit
with the residues in Eq. (A13) and with the denomi-
nators replaced by factors of [n], — [—k],. This yields
a unique solution consistent with cyclic invariance for
which ¢(n1,n2) = 1, modulo global normalization. Thus,
the g¢-deformed five-point amplitude is uniquely con-
structible from its Regge zeros and cyclic symmetry.
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We prove that symmetry in the presence of gravity implies a version of the completeness hypothesis.
For a broad class of theories, we demonstrate that the existence of finitely many charged parti-
cles logically necessitates the existence of infinitely many charged particles populating the entire
charge lattice. Our conclusions follow from the consistency of perturbative gravitational scattering
and require the following ingredients: 1) a weakly coupled ultraviolet completion of gravity, 2) a
nonabelian symmetry G, gauged or global, whose Cartan subgroup generates the abelian charge
lattice, and 3) a spectrum containing some finite set of charged representations, in the simplest
cases taken to be a single particle in the fundamental. Under these conditions, the abelian charge
lattice is completely filled by single-particle states for G = SO(N) with N > 5 and G = SU(N) with
N > 3, which in turn implies completeness for other symmetry groups such as Spin(N), Sp(N),
and FEg. Curiously, a corollary of our results is that the SU(5) and SO(10) grand unified theories
have precisely the minimal field content needed to derive completeness using our methodology.

I. INTRODUCTION

What are the constituents of the universe? Ultimately,
this is a question to be decided by experiment. At the
same time, it is worth noting that mathematical consis-
tency alone severely limits what can exist in nature, even
in principle. For example, Wigner famously showed that
the menu of conceivable physical states is not arbitrary,
but rigidly constrained by unitarity and special relativ-
ity [1]. Furthermore, modern developments in quantum
field theory and scattering amplitudes have established
that the perturbative dynamics of particles are almost
entirely fixed by their kinematical properties. The only
self-interacting theories of massless particles of spin one
and spin two are gauge theory and gravity, while higher-
spin massless particles are inconsistent [2-7].

These insights have demonstrated that certain states
are mathematically forbidden. On the other hand, the
converse possibility—that certain states might actually
be mathematically required—is equally if not more in-
triguing. The maximalist incarnation of this idea is the
notion of completeness, which is the property that all
charges permitted by Dirac quantization are explicitly
realized by physical states in the spectrum.

It has been conjectured that completeness is a univer-
sal feature of all consistent theories of quantum grav-
ity [8, 9], referred to collectively as the landscape. The
complement of this space is the swampland, which de-
scribes the set of naively sensible gravitational effective
field theories that can never actually be realized by any
ultraviolet completion [10]. A well-known motivation for
the completeness hypothesis is the absence of global sym-
metries in quantum gravity [11]. In particular, to explic-
itly break a global higher-form symmetry, one posits the
existence of particles of all allowed charges [12, 13].

In this paper, we adopt an entirely different approach
to this question. Using bottom-up reasoning, we rig-
orously prove a version of the completeness hypothesis.

Our conclusions apply to a variety of theories and are de-
rived purely from the mathematical consistency of scat-
tering amplitudes. The workhorse of our methodology is
the analytic dispersion relation,

1 ds
= A
cn(t) = 5 yézo Al 1)

(1)
= {s channel} + {u channel} + b, (t).

At fixed ¢, this expression extracts the Wilson coefficient
cn(t) from the four-point scattering amplitude A(s,t)
and relates it to a boundary contribution b, () at infinity
plus a sum over discontinuities in the s and u channels.
This equation is the key ingredient of our analysis: if we
know that ¢, (t) # 0 and b, (t) = 0, then there must be a
state in either the s channel or the v channel, or both.
Physically, the conditions ¢, (t) # 0 and b, (t) = 0 im-
ply that there is some operator that blows up faster in
the effective field theory than in the full amplitude. This
is the usual situation in which the effective field theory
dynamics are “unitarized” by the ultraviolet completion.
Crucially, Eq. (1) is only useful for deducing the exis-
tence of states if there is a mandatory coupling ¢, (t) # 0
that is always unitarized, so that b, (t) = 0.
Remarkably, quantum gravity furnishes the exact con-
ditions that we desire [14]. The equivalence principle
says that any pair of particles will interact gravitation-
ally. The corresponding graviton exchange contribution
appears near the forward limit of the amplitude [15],

87Gs?
A(s,t):—ﬂts o (2)
so co(t) = —8wG/t is nonzero for any small but finite

t. Notably, it has been argued from the bottom up that
bo(t) = 0 for ¢ < 0 under mild assumptions about gravi-
tational scattering [16]. Furthermore, by(t) = 0 for ¢t < 0
in all known examples from string theory, where an in-
finite tower of higher-spin particles intervenes to unita-
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rize gravitational scattering. The dispersion relation in
Eq. (1) then implies that [17]

ca(t) = —? = {s channel} + {u channel}, (3)
so there has to be a state in the s or u channel.

In the presence of an exact symmetry, Eq. (3) can be
used to prove highly nontrivial constraints on the spec-
trum of corresponding charges [14]. In our setup we
will assume an exact symmetry group G whose maximal
abelian subgroup is H. We take G to be a finite semisim-
ple Lie algebra, so H is the Cartan subgroup. Whether
G is gauged or not will not matter for our analysis.

We then fold Eq. (3) into a simple iterative procedure.
In the very first step, we specify some initial set of par-
ticles assumed to be in the spectrum, usually taken to
be the fundamental of G unless stated otherwise. We
then apply Eq. (3) in order to deduce the existence of
additional charged states. Then we rescatter the states
whose existence we just deduced, taking the exchanged
particles to be the external states of a new scattering
process. Since these particles also interact gravitation-
ally, we can again apply Eq. (3), and so on ad infinitum.
By iterating this algorithm, we very generically discover
that an infinite tower of charged particles is required
purely by mathematical consistency. If the spectrum of
states eventually grows to encompass the full lattice of
possible charges, or weights, under H, then we say that
the theory exhibits “charge completeness.”

Remarkably, we are able to prove charge completeness
across a broad range of theories, though our precise con-
clusions depend sensitively on the degree of symmetry in
G. For example, if G is abelian, then our methods are
unfortunately insufficient to prove anything. The same is
true of G = SO(3) and SO(4) ~ SO(3)2, although com-
pleteness does follow if we embed the latter in slightly
larger group. For G = SO(N) with N > 5, the ad-
ditional nonabelian structure accommodates an explicit
constructive proof of charge completeness. Meanwhile,
for G = SU(N) with N > 3, we derive completeness for
various infinite subsets of charges that depend on what
precisely we assume for the starting representations. Our
results suggest that spectral completeness is a robust
property of any weakly coupled ultraviolet completion
of gravity with a sufficiently large nonabelian symme-
try and a finite but appropriately chosen initial set of
charged particles.

There is an intriguing corollary of our results that
pertains to the phenomenologically relevant case of the
SU(5) and SO(10) grand unified theories. Famously,
in order to fit the standard model field content, these
theories require a minimal set of representations that
include 5,10, 24 and 16,10, 45, respectively. Curiously,
we find that these sets are sufficient to derive charge com-
pleteness, while any smaller sets are not. This implies
that the phenomenologically required field content of the
S0O(10) and SU(5) grand unified theories is exactly suf-
ficient to guarantee the completeness of electromagnetic

charges.

We should emphasize that a critical assumption in our
logic is that gravitational scattering is unitarized at tree
level. From a top-down perspective, the assumption of
a tree-level ultraviolet is well motivated by the litany
of examples from string theory, which always describes
a tree-level completion whenever it is weakly coupled.
From the bottom up, this is natural because the diffeo-
morphism invariance of the graviton is a classical notion,
so perturbative A counting suggests that any unitarizing
states should enter at tree level [18]. Notably, the con-
dition of tree-level dynamics, together with tame Regge
behavior, is actually sufficient to bootstrap string ampli-
tudes uniquely [19-21].

In any case, the assumption of tree-level scattering
plays an outsized role in our conclusions: because of it,
the objects whose existence we deduce will be single-
particle states. A byproduct of this fact is that our claim
of completeness will be both stronger and weaker than
the conventional notion of completeness invoked in the
swampland literature [8, 9, 12, 13, 22]. In those works,
completeness makes no reference to whether the charged
states are single-particle or multi-particle. That is, the
presence of ultracharged states is essentially trivialized
by the existence of multi-particle states, provided there
already exist states of some fundamental charge. For this
reason the weight of the swampland conjectures falls on
whether these fundamentally charged states are present
in the first place.

By contrast, our analysis by fiat assumes that some
minimally charged states are present, which in a sense
weakens our conclusions. On the other hand, our ar-
guments mandate the existence of ultracharged states
that are single particles, which is much stronger than is
required by the usual swampland conjectures. Perturba-
tive string theory famously exhibits completeness of the
spectrum by way of single-particle states, and remark-
ably, our methodology arrives at the very same conclu-
sion using bootstrap methods.

The remainder of this paper is structured as follows.
We begin in Sec. II by outlining a general iterative pro-
cedure for constructively deriving completeness of the
charge lattice. As a warmup, we apply this algorithm
to U(1) symmetry in Sec. IIT and explain why complete-
ness cannot be derived in that very simplest case. Af-
terwards, in Secs. IV and V we derive completeness for
SO(N) and SU(N) and generalize to Spin(N), Sp(N),
and FEg in Secs. VI, VII, and VIII. We then discuss the
implications of these results for grand unified theories in
Sec. IX and summarize our conclusions and future direc-
tions in Sec. X.

II. COMPLETENESS ALGORITHM

In this section, we outline our constructive procedure
for deriving completeness. To begin, we initialize the
algorithm by specifying the symmetries of the theory,
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together with some finite set of particles assumed to be
in the spectrum. Since the full spectrum must be invari-
ant under the action of the symmetry, we can actually
exploit the symmetry to generate new charges from old
ones. In particular, starting from any given charge we
can apply the generators of the symmetry to construct
additional families of charges from this state. We will
refer to this action as “orbiting” the charge and the set
of resulting charges as its “orbit.”

We then scatter pairs of particles and apply dispersion
relations to deduce the existence of new charges, iterat-
ing the algorithm to consider all possible scattering pro-
cesses for the additional charges that we find. At each
step, we orbit the charges in hand to generate as many
new ones as possible. By repeating this procedure, we
incrementally populate the charge lattice. If the space
of charges ultimately spans the full lattice, completeness
is established and we claim victory.

A. Initialization

We assume throughout that the dynamics are invari-
ant under an exact symmetry described by a group G.
The eigenvectors of its Cartan subgroup H span a quan-
tized lattice A defining the abelian charges.

Let us define ) to be the set of charges that we know to
be in the spectrum at any given point in this procedure.
At the very start of the algorithm, we initialize @) to
be some finite set of charges assumed by fiat to be in
the spectrum. In all cases, @ will include the graviton,
which is by definition a singlet under G, together with an
additional particle that will usually be the fundamental.
In specific cases we may sometimes use a different initial
choice of representations.

The spectrum @ at any given step must be invariant
under the action of G. Furthermore, we will sometimes
encounter outer automorphisms C' that are not contained
in G, but nevertheless leave ) invariant. Formally, we
express these invariances of the spectrum as the state-
ment that G(Q) = C(Q) = Q.

It is essential to our argument that we can orbit a
particular charge by acting on it with G and C' to gen-
erate the span of all related charges. This will be an
indispensable trick for generating whole new families of
charges from a single seed charge. At a technical level,
the orbit of a charge is implemented by the Weyl sym-
metries of the root system of G, together with the outer
automorphisms C. See App. A for a review of various
group theory definitions.

We will discuss the specific mechanics of these orbits
in detail when we consider explicit examples. For the
moment, let us simply note that the action of the orbit
has a nice pictorial interpretation in terms of points mov-
ing about the charge lattice A. A given charge defines
a point in A, and the Weyl symmetry orbits this point
through the vertices at the boundary of a polytope in A
corresponding to the highest weight states of a certain

representation. The analogue of lowering operators in G
can then be used to orbit the boundary inwards, filling
in swaths of the hull enclosed by the polytope. For rea-
sons we will explain later, the orbit of the original charge
carries the same central charge as the seed.

The mechanics of orbiting a particular charge is of
course entirely familiar from the SU(2) description of
angular momentum in quantum mechanics. Starting
from a state of azimuthal angular momentum J,, we
are guaranteed the existence of a whole family of spin-
ning states related by the sequential application of the
lowering operator down each rung to —J,. Alternatively,
we can instead apply the Weyl group of SU(2) to jump
directly from J, to —J,. The latter corresponds to or-
biting through the vertices at the boundary of the spin
representation, while the former corresponds to orbit-
ing inwards towards the interior. Note that if we know
J, but we do not know J, we are not guaranteed the
existence of new states of larger azimuthal angular mo-
mentum, since the raising operator can simply yield zero.
This is why we can only orbit inwards and not outwards.

B. Iteration

We are now ready to describe the algorithm for prov-
ing completeness. Our end goal is to grow the spectrum
Q at each step. If at any point we can show that Q = A,
then completeness is established. The steps in this pro-
cedure are as follows:

1) Scatter all possible combinations of charged par-
ticles. Every possible process is labeled by a pair of
charges ¢,q’ € Q. At the level of the four-point scat-
tering amplitude, the external charges are ¢, = —qy =
¢ and ¢ = —q3 = ¢'. We require this elastic charge
configuration so that the ¢-channel state is neutral.
Only then can the graviton contribute nontrivially to
the left-hand side of Eq. (3), which is needed to de-
duce with certainty the existence of some exchanged
state on the right-hand side.

2) Apply the dispersion relation in Eq. (3) to deduce
the existence of a particle either in the s or v channel,

—

q —q q —q
/
7—q
7+ o
—/ _q»/ @/ _q»/

whose charges are shown. We will depict the corre-
sponding logical deduction symbolically as

¢ = (@+q)Vv(@-q"). (4)

By CPT invariance, every particle is accompanied by
an antiparticle of opposite charge. Consequently, the
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above logic also implies the existence of a state of
charge either —7— ¢’ or —¢'+ ¢’. For brevity we will
not explicitly list these C'PT conjugates at each step
in the algorithm, since they are automatically present.

3) If both ¢+ ¢’ ¢ Q and ¢— ¢’ ¢ Q, then the disper-
sion relation in Eq. (3) guarantees the existence of a
new charge in the spectrum. We refer to such a scat-
tering process as “conclusive.” Conversely, if either
G+ q € Qor ¢g— 7" € Q, then no new charges are
strictly required. In such a case we deduce nothing,
so the scattering process is deemed “inconclusive.”

4) If any scattering process is conclusive, then we up-
date @ to include the required new charges. At this
step we compute the orbit of the new charges to gener-
ate the full space of charges required by the symmetry
G and any outer automorphisms C. The precise me-
chanics of this manuever will depend on the situation.
In some cases ¢+ ¢’ and ¢— ¢’ will be trivially related
to each other by the action of G or C, so it does not
matter which channel is activated. In other cases, the
charges will be distinct, and we must adapt our strat-
egy accordingly in order to determine which channel’s
charges must be added. Either way, after we have as-
sembled some set of newly deduced charges, we then
append them to @ and return to step 1) to iterate.

If at any step in the algorithm we find that all possible
scattering processes are inconclusive, then the algorithm
halts and completeness is not established.

III. U(1) SYMMETRY

Let us consider the very simplest abelian symmetry,
corresponding to G = H = U(1). Furthermore, we as-
sume that the spectrum is composed of a graviton, elec-
tron, and positron whose charges are

Q ={0,-1,+1}. (5)

By construction, the spectrum is invariant under charge
conjugation C. For graviton-electron scattering we have
0®(=1) = (=1) v (+1), (6)
so the s- and u-channel charges are —1 and +1. Since
both of these are already in @), no new charged particles
are required, and this scattering process is inconclusive.
Meanwhile, for electron-electron scattering we have

(D@ (=1) = (=2) V0, (7)

so the s- and w-channel charges are —2 and 0. Since
the latter is already in ), a new charged state is not
guaranteed, so the scattering is again inconclusive. Said
another way, while a doubly-charged state would have
been required in the s channel, that channel need not be
activated. If instead only the u channel is present, then

the dispersion relation is entirely accounted for by the
graviton, which was already in the spectrum. Thus, in
this example our algorithm fails to prove completeness.

The situation is similarly bleak for multiple abelian
factors, for example considering G = H = U(1)?. Here
we assume a spectrum consisting of a graviton, electron,
positron, dark electron, and dark positron with charges

Q: {(an)’(_1a0)7(+170)a(07_1)7(0a+1)}' (8)

Obviously, any scattering involving the graviton will be
inconclusive. On the other hand, the scattering of an
electron and dark electron yields

(—1,0) @ (0, 1) = (=1,—-1)V (=1, +1).  (9)

Both the s- and u-channel charges are new, so this pair
is actually conclusive. With charge conjugation C, we
know that each channel grows the spectrum by the sets
{(_17 _1)3 (+1» +1)} or {(_17 +1)7 (+17 _1)}

Concatenating either of these two sets to @), we obtain
two possible and distinct spectra. However, it is easy to
verify that in the next iteration of the algorithm, all
scattering pairs are inconclusive. That is, even though
Eq. (9) implies the existence of new charged particles,
all subsequent scattering processes can be accounted for
without introducing more charged states on top of this.
This difficulty persists for any abelian symmetry.

IV. SO(N) SYMMETRY

The plot thickens when our charges are embedded
within an abelian subgroup of a nonabelian symmetry.
In this case we can actively exploit the nonabelian gen-
erators of the symmetry to transform states of a given
charge into those of a different charge.

To begin, we consider the case of a special orthogonal
symmetry group G = SO(N), whose Cartan subgroup
is H = U(1)V/2]| By definition, every charged particle
is a simultaneous eigenstate of the generators of H. The
corresponding eigenvalues span the |N/2|-dimensional
charge lattice of integers,

LNv/2]

A =72 = Z €| ¢ €L g, (10)
i=1

where the €; are orthonormal basis vectors. A charge
vector ¢ € A in the lattice will be denoted by
(11)

JZ (q17q27 . '7qLN/2j)7

where each entry is an orthogonal component.

Recall also that the center group is Z(SO(N)) =1 or
Zo for odd or even N, respectively. In the latter case,
the central charge of a given charge vector ¢ is

2Q) =q +q2+ -+ qnsp2 mod?2, (12)
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The central charge effectively counts the parity of the
number of fundamental indices of a particular represen-
tation. We will often find it useful to classify states by
their membership in the central charge sectors z = 0, 1.

On top of the structures defined in App. A, we will
on occasion make use of the outer automorphism group
C, which map representations to other representations.
The precise nature of C will vary case by case, but it will
usually correspond to some version of charge conjugation
symmetry.

A. N=3

The smallest nonabelian special orthogonal group is
G = SO(3). The Cartan subgroup H = U(1) furnishes
a one-dimensional charge lattice defined by the integers
A = Z. The elements of the root system, {—1,+1},
decrement or increment the charges by unit steps. The
symmetries of the root system are encoded by the Weyl
group, which acts as multiplication by —1 and swaps the
highest and lowest weights states in each representation.
The root system modulo the Weyl group yields the sin-
gle simple root {+1}. This structure is of course very
familiar from the theory of orbital angular momentum.

Starting from the initial spectrum in Eq. (5), we scat-
ter as before to obtain Eq. (7) and are again confronted
with the possibility of a wu-channel state of vanishing
charge. This state is invariant under the Weyl group and
functions like a ground state, which can be lowered no
more by the roots. Hence the root system and its Weyl
symmetries are of little use, and it is still not possible to
prove completeness for G = SO(3).

B. N=4

For G = SO(4) with H = U(1)?, the two-dimensional
charge lattice spans all pairs of integers, A = Z2.
The simple roots are {(+1,41), (+1,—1)} and the Weyl
group is the set of signed permutations of even signa-
ture, so for any charge vector we can use the Weyl group
at will to swap its two entries or multiply by the whole
vector by —1.

Here we will assume an initial spectrum composed
of a fundamental of SO(4), together with the graviton.
The charge spectrum coincides precisely with Eq. (8),
so we can again scatter particles to obtain Eq. (9). An
s-channel state would carry charge (—1,—1), which we
map to (+1,+1) using the Weyl group. Using the roots,
we then lower this state to (0,0). Thus, the charge
(—1,—1) orbits into {(—1,—1),(0,0),(+1,+1)}. Anal-
ogous reasoning for the w channel orbits the charge
(—1,+1) into {(—1,+1),(0,0), (+1,—1)}. These s- and
u-channel particles are in the self-dual and anti-self-dual
two-form representations of SO(4). While these repre-
sentations are chiral, there is no inconsistency if the spec-
trum supports one but not the other. Consequently, it is

Figure 1. The SO(4) charge lattice, stratified according to
the central charge sectors z = 0 (black) and z = 1 (gray).
Overlaid is the sequence of scattering processes in Eq. (13).
Starting from an initial spectrum composed of the funda-
mental (red), we scatter in succession (orange, yellow, green,
blue, indigo) to obtain a set of ultracharged states (purple).
We then apply lowering operators to generate all charges at
the boundary and interior of the diamond (purple).

consistent to augment the spectrum with either the self-
dual or anti-self-dual two-form. Iterating the algorithm,
one again finds that all allowed scattering processes are
inconclusive, so it is not possible to prove completeness.

We can avoid this negative conclusion if we assume
more symmetry. Famously, SO(4) ~ SO(3)? admits an
outer automorphism C that swaps each group factor,
corresponding to the orientation-reversing elements of
O(4). Importantly, the action of the Weyl group and C
generate signed permutations of any signature, which act
on a given charge vector by swapping its two entries or
by multiplying any single entry by —1. In what follows
we will assume that C' is a symmetry of the dynamics.

Armed with both G and C, we realize that our ear-
lier s- and w-channel sets, {(—1,—1),(0,0),(+1,+1)}
and {(—1,+1),(0,0), (+1, —1)}, are contained within the
same orbit. Thus we can add both of these sets to the
spectrum @ and repeat the algorithm.

We are now equipped to prove completeness using the
following sequence of scattering processes,

(1,0) ®(0,1) — (1,1) v(1,-1)

(L) ®(1,-1) — (2,0) v (0,2)

(2,0) ®(0,2) — (2,2) v(2,-2)

(2,2) ®(2,-2) — (4,0) v (0,4) (13)

(2",0) ® (0,2") —> (2m,27) v (27, —2m)
(27,2") ® (2", —2") — (2"*1,0) v (0,27*1),

which are depicted in Fig. 1. By design, we have chosen
conclusive scattering processes for which the s- and u-
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channel states are within the same orbit, which is to say,
they are related by a signed permutation. After n iter-
ations, the spectrum contains a set of ultracharged cor-
ner states at {(2",0), (—2",0), (0,2"), (0,—2")}. These
corner states reside in the z = 0 central charge sector.
Lowering these states with the roots, we generate all
states with central charge z = 0 enclosed by these corner
charges. Clearly, in large-n limit this process populates
all points in the z = 0 sector of the charge lattice.

To derive completeness in the z = 1 sector, we take
the ultracharged corner states and scatter them against
the fundamental. For example, we find

(2™,0)® (1,0) — (2" +1,0) v (2" — 1,0) (14)

(Oa 2n) ® (07 1) - (07 2" + 1) \ (Oa 2" — 1)
and similarly for the other corner states. Taking the
orbits of the s- and u-channel states, we obtain ultra-
charged corner states residing in the central charge sec-
tor z = 1. Again taking the limit of large n and acting
with lowering operators, we generate the full charge lat-
tice for the z = 1 sector. This concludes our derivation
of completeness.

C. N=5

For a slightly enlarged symmetry, completeness fol-
lows even more simply. Consider the symmetry group
G = SO(5), whose Cartan subgroup H = U(1)? defines
the charge lattice A = Z2. Here H and A are the same
as for G = SO(4). However, the Weyl group is enlarged
to include all signed permutations of any signature. For
any charge vector, we can then swap its two entries or
flip the sign of any entry. The manipulations of the pre-
vious subsection then follow trivially, since what was an
outer automorphism C' of SO(4) is now automatically
contained in SO(5). Another way to see this fact is that
the simple roots of SO(5) are {(+1,+1),(+1,0)}. The
last element can be used to toggle between the self-dual
and anti-self-dual two-form representations of SO(4).

D. N>6

We are finally ready to study the general case of
G = SO(N) with Cartan subgroup H = U(1)V/2 and
charge lattice A = ZN/2]. Here we will reason by in-
duction, assuming that completeness has already been
established for all proper special orthogonal subgroups.

To begin, consider the case of odd V. As usual, we as-
sume a starting spectrum that includes the fundamental
of SO(N). By extension, the spectrum carries the re-
quired fundamentals and antifundamentals of SO(N —1)
needed for the induction hypothesis. Since SO(N — 1)
and SO(N) have the exact same charge lattice and the
induction hypothesis assumes completeness of the for-
mer, we have completeness of SO(N) as well.

The case of even N is more involved. The induc-
tion hypothesis assumes completeness of SO(N — 1),
so the SO(N) spectrum includes charges of the form
(q1,-- .,qgfl,O), where the nonzero entries are integer

SO(N — 1) charges. The last entry is chosen to be neu-
tral. Using the Weyl group, we can permute this zero
entry to any position we like in order to construct any
charge vector with one or more vanishing entries.

Next, we construct the following pair of charges and
then scatter them,

(Q1a‘“7q%727070)®(050a"'50aq%71’Q%)7 (15)
which result in the charges (qi,..., 4y 2,45 1, q%)
or (qu,-.. AN 5 —qN 1, fq%) in the s or u chan-
nel, respectively. Again using the Weyl group, we
apply a signed permutation of even signature to
flip the sign of the final two entries, generating
(q1,-- .,q%_Q,q%_l,q%) to establish completeness of
the spectrum.

Before moving forward, let us comment briefly on the
interplay between completeness and the center of the
symmetry group. Obviously, a necessary condition for
completeness is that the full spectrum contains at least
one particle in all central charge sectors z = 0,1. For
even N, the center is Z(SO(N)) = Zy and the central
charge sectors z = 0,1 are already represented by the
graviton and the fundamental. This is a major reason
why completeness arises so straightforwardly in the case
of SO(N): the center is tiny, and the starting spectrum
already clears the low bar of containing particles with
these central charges. We will see shortly that this is
not always the case when the center group is larger.

V. SU(N) SYMMETRY

Let us now consider the case of G = SU(N), whose
Cartan subgroup is H = U(1)V~!. The charge lattice is

Qiez}a

where we emphasize that ¢ is not expressed in terms of
the orthonormal basis €;, but rather the nonorthogonal
basis of fundamental weights fi;, which satisfy

N-1

A= {cf— > i

i=1

(16)

N-1 )
fi = ———6 (17)
; G+

In particular, the components of ¢ in the basis of funda-
mental weights are precisely the Dynkin coordinates,

(T: (Q1aQ2,~-wQN—1)- (18)

For this reason, one must take special care when com-
puting dot products. Furthermore, since €; and ji; are
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distinct, the components of ¢ are not actually the eigen-
values of the Cartan generators, but are straightfor-
wardly related to them by a linear transformation de-
fined by Eq. (17). In spite of this mismatch, we will
abuse nomenclature and glibly refer to ¢ throughout this
section as the charge vector. Obviously, completeness in
the Dynkin coordinates defined by the components of ¢
will imply completeness in the bona fide charge lattice.
As described earlier, it will be useful to be able to orbit
charges using the action of the symmetry group G and
the outer automorphisms C. The former is implemented
by the action of the Weyl group, which acts on the simple
roots of SU(N). Explicitly, these simple roots are

N i+ 1 i—1
T —€; — —€i—1
1 )

= —fli—1 + 200 — [iy1,

(19)

where 1 = 1,2,...,N — 1 and €y = [ip = fiy = 0, with
the normalization chosen so that 7 - ji; = d;;. In these
coordinates, the Weyl group transformation reviewed in
Eq. (A.2) maps charge vectors via ¢ — ¢ — ¢;7i, which
in Dynkin coordinates sends

(~ s qi—159i, Qi1 - - )
I (20)
(o im1 + @ =, Qi1 + iy - - )-

This transformation flips the sign of a given entry and
adds that entry to its neighbors. On the other hand,
charge conjugation C reverses the order of the Dynkin
coordinates via

yqu). (21

(q1,4q2,---,qn—1) = (n-1,9N—2, - - -

For example, C' swaps the fundamental and antifunda-
mental representations of SU(N).

The center group Z(SU(N)) = Zy will play an im-
portant role in the subsequent analysis. The correspond-
ing central charges of SU(N) are known as N-ality [23],
which are defined as

2 =q+2¢2+ -+ (N —1)gy—1 mod N. (22)

Recall that the roots only transform between states
within a given central charge sector, which are labeled
by z = 0,1,..., N — 1. As noted previously, spanning
all central charge sectors is a necessary but not sufficient
condition for completeness. Obviously, the fundamental
and antifundamental, which span the sectors z = 1 and
N — 1, are not sufficient on their own to satisfy this cri-
terion. This is the root of the difficulty in establishing
completeness for special unitary symmetries.

A. N=3

There is no reason to consider SU(2) because we al-
ready considered SO(3) and found that completeness

q2

Figure 2. The SU(3) charge lattice, stratified according to
the central charge sectors z = 0 (black), z = 1 (green), and
z = 2 (purple). The polygons circumscribe the irreducible
representations Q3 (green), Q3 (purple), Qs (black), Q1o
(brown), and Q55 (gray).

could not be established using our algorithm. We thus
move on to G = SU(3), whose Cartan subgroup is
H = U(1)2. The corresponding charge lattice is the two-
dimensional set of points defined in Eq. (16), As shown
in Fig. 2, the charges for the singlet 1, fundamental 3,
adjoint 8, and decuplet representation 10 are

Q1 :{(070)}
Qs ={(1,0), (=1,1),(0,-1)}
Qs ={(1,1),(-1,2),(-2,1),(-1,-1),
(1a72)7(2771)7(070)7(()’0)}
Q1o = {(1,1),(=1,2),(=3,3),(=2,1),
(717 71)7 (07 *3), (17 *2)’ (2: 71)»
(3,0),(0,0)}.

(23)

Note that charges of the conjugate representations Q3
and Q15 are obtained by charge conjugation, which flips
various signs in Eq. (23). These charge-conjugate repre-
sentations are always automatically present, so we will
not always explicitly enumerate them.

The 1, 8, 10, and 10 reside in the z = 0 charge sector,
the 3 resides in z = 1, and the 3 resides in z = 2. We
now apply our usual algorithm, which is to scatter all
possible states in the assumed spectrum, seeking conclu-
sive processes where a new charged state is guaranteed
in both the s and u channel.

For an initial spectrum comprising (01 and Q3, we see
that all possible scattering processes are inconclusive. In
particular, for any choice of scattering between Q3 and
itself or with @3, there is some choice of s- or u-channel
states that are still in the initial spectrum. Hence, com-
pleteness cannot be proven.

For the enlarged spectrum comprising ()1, @3, and
Qs, we can actually do better. Scattering appropriately

125



chosen representatives of Q3 with QJg, we obtain

(1’ _1) ® (L 1) - (270) N (Oa _2)7 (24)
which conclusively implies the existence of a new repre-
sentation. Again orbiting the charges and applying con-
jugation, we learn that the spectrum must be augmented
to include new representations. In particular, the new
representations in Eq. (24) reside in the central charge
sector z = 2, and conjugation yields the corresponding
weights in the z = 1 class.

By repeating this procedure, we accumulate a se-
quence of progressively larger triangles and hexagons. At
every step we orbit each charge to obtain the whole fam-
ily of charges within the perimeter of the largest polygon
we have reached. This algorithm eventually covers all
possible states with z =1, 2.

As discussed in App. B, it is straightforward to ver-
ify that the scattering of any states within Qg is always
inconclusive. As noted above, the same is true for the
scattering of any state in Q3 with any state in Q5. Mean-
while, since all states within Q3 have z = 1, scattering
them will generate z = 2 or z = 0, while all states within
3 have z = 2, so scattering them generates z = 1 or
z = 0. One ultimately finds that assuming an initial
spectrum comprising @1, @3, Qs conclusively generates
completeness in the central charge sectors z = 1,2 but
not z = 0.

Last but not least, let us consider an initial spectrum
comprising @1, @3, and @Q10. Pictorially, this spectrum
includes the smallest triangular representation in each
central charge sector. Scattering states with Q19 turns
out to be just enough to cover the entire z = 0 sector
via a sequence of hexagons of increasing size. This then
establishes completeness in all central charge sectors z =
0,1,2, and more importantly, for all points in the full
charge lattice. The details of this argument are spelled
out in App. B.

B. N>4

For the general case of special unitary symmetries,
completeness requires a sufficiently large but still finite
starting set of charged particles. To see why, let us re-
turn to the accounting of central charges.

A spectrum composed of the graviton, fundamental,
and antifundamental spans the central charge sectors
z = 0,1, N — 1. Scattering any pair of states from this
set, we see immediately that either the s or the u chan-
nel will contain a state in z = 0,1, N — 1. This implies
that we can never conclusively guarantee a new charged
particle with central charge z = 2,3,..., N — 2.

Now imagine that we instead augment our starting
spectrum to include states residing in z = 0,1,2, N —
2,N — 1. By the same logic as before, by scattering
these states we can never conclusively guarantee a new
charged particle with z = 3,4,..., N — 3, and so on.

This reasoning implies that completeness will always re-
quire an initial spectrum of states with representatives
in all central charge sectors z = 0,1,...,N — 1. Any
initial spectrum that fails this criterion will not ensure
full charge completeness across all sectors.

Remarkably, the existence of a representative in all
central charge sectors z = 0,1,..., N — 1 is a sufficient
condition for completeness. This is very much not obvi-
ous. To see why this holds, let us start with the example
of deriving completeness of the z = 0 sector assuming
that the spectrum contains the adjoint representation.
Consider the following scattering process involving states
within the adjoint representation,

’Fl 039} ’Fg — (’Fl —+ Fg) V (’Fl — ’Fg) (25)

Here we have used that the charges of the adjoint are
themselves simple roots. Importantly, both the s- and
u-channel exchanges are related by action of the Weyl
group. In particular, let us we define w; to be the Weyl
transformation in Eq. (20). Then we see that (7 + 753)
and (77 — 73) are related by the action of ws, so this
scattering is conclusive. We then scatter this pair of
charges with each other to obtain

(’Fl + Fg) ® (’Fl - ’Fg) — (2771) \ (2773), (26)

where the u- and s-channels are related by a sequential
composition of Weyl transformations, ws o wy o w3 o ws.

After n iterations back and forth between these two
classes of scattering processes, we eventually obtain all
charges of the form 2" and 2" 3, which are charges
of the adjoint representation multiplied by 2™. By orbit-
ing these two charges via the weight strings reviewed in
App. A, we obtain all of the adjoint charges, multiplied
by 2". These sets of charges are concentric polytopes,
each twice the size of the previous one, and they reside
within an ever larger set of representations. We then
use lowering operators of the symmetry group to gen-
erate all states enclosed by these charges in the z = 0
central charge sector. At large n we ultimately recover
the entire z = 0 sector. The procedure here is obviously
closely analogous to the one used to derive completeness
in SO(4) in Fig. 1. Crucially, we note that the algorithm
just outlined requires the existence of 75. Since SU(N)
has N — 1 roots, as defined in Eq. (19), this construction
highlights why N = 3 is not enough for completeness.

With completeness in the z = 0 sector established,
it is now straightforward to show that the inclusion of
even a single charge with z = k or z = N — k is sufficient
to ensure completeness in the entire z = k and z =
N — k sectors. This sector-wise charge completeness is
achieved as follows. First, we pick any charge in the
z = 0 sector of the form nN . Next, given any charge
in the class z = k, we are guaranteed the existence of the
fundamental weight (i), since as we have seen we can
obtain this charge vector from our starting charge via
Weyl transformations and weight string relations. We
then scatter them to obtain

(nNjix) @ fi, = (0N + 1)fix) V ((nN — 1)fix).  (27)
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If the s-channel exchange is activated, then we obtain
the charge (nIN + 1)ji, which is manifestly in sector
z = k. Furthermore, the orbit of this state generates
a polytope that is simply a rescaled version of i with
vertices expanded outwards to inflate the polytope along
all directions. Orbiting these charges into the interior,
we then obtain all z = k states inside the polytope,
and by charge conjugation C' we obtain the same in the
z = N — k sector. In the large-n limit, this construction
implies completeness in the charge sectors z = k, N — k.
Alternatively, if we instead have the particle in the u
channel with charge (nN — 1)y, this state is in sector
z = N — k. In this case, the same conclusion holds, only
with the roles of N — k and k swapped. As advertised,
this scattering process establishes that the central charge
sectors z = k, N — k are complete, provided we already
have completeness in the z = 0 sector and that we have
a single charge with either 2z = kK or 2z = N — k. We
again emphasize that in the proof we used a fundamen-
tal weight of class k. If we started with any other rep-
resentative, then the weights of the fundamental would
automatically be part of the spectrum by the properties
of representations discussed in Sec. ITA.

VL. Spin(N) SYMMETRY

The spin group Spin(N) is the well-known universal
cover of the special orthogonal group SO(N). By defi-
nition, these groups share the same roots and hence the
same Weyl group. They only differ in their charge lat-
tices, with the weight lattice of Spin(N) given by

A=AgUA, s
[V/2]
Ao =22 ={g= Z qi€; | €Z
i=1 (28)
LN/2]
Mijp = (24N =0q=) " adi|aelts o,
i=1

where Ag is just the integer lattice of SO(N) and A/,
is the same lattice shifted by a half-integer in every di-
rection. The latter correspond to the spinor represen-
tations of Spin(N) that are not in SO(N). The group
Spin(N) admits the N-dimensional vector representa-
tion, together with the 2LV =1/2)_dimensional spin rep-
resentations of multiplicity one and two for NV odd and
even respectively.

As per our earlier arguments, the existence of a vec-
tor will guarantee completeness in the Ag charge lattice,
which corresponds to SO(N). Obviously, to ensure com-
pleteness in A;/; as well, we also have to include spinor
representations of Spin(N) in the spectrum.

For these reasons, we will assume that our spectrum
contains the vector €; and the spinors %ZZ oi€; for all
sign choices o; € {£1}. For even N, the cases where

the o; sum to even or odd constitute the two different
spinors. Equipped with these states, it is then straight-
forward to generate the full charge lattice.

We take the ultracharged corner states constructed
in the previous section and scatter them against the
spinors. In the case of Spin(4), this scattering yields

(Oin) ®(%a%) - (%7271 + %) \/(_%7271 - % .

For Spin(N), we would use the corresponding corners of
the |N/2]-dimensional orthant. These scattering pro-
cesses generate ultracharged states in the half-integer
lattice, which we can then orbit inwards to generate all
enclosed charges within the same central charge sector.
Taking the large-n limit, we then derive completeness of
the full spectrum across the integers and half-integers.
In conclusion, Spin(N) is complete, provided the spec-
trum includes the vector and spinor representations.

VIL. Sp(N) SYMMETRY

Consider the compact symplectic group Sp(N), which
defines the set of linear transformations that leave invari-
ant the symplectic form in even N dimensions. Here,
completeness is an immediate consequence of our ear-
lier results. To see why, note that Sp(N) has the very
same charge lattice as SO(N), namely A = ZN/2. In
particular, the vector representation of Sp(N) has the
same charges as in SO(N). Furthermore, the root sys-
tem of Sp(N) contains that of SO(N) as a subset, so
the same is true for their respective Weyl groups. This
implies that with respect to orbits, Sp(IV) is availed of
strictly more operations to generate new charges from
old charges. Altogether, these relations imply that all
of the scattering and orbit operations we performed for
SO(N) are equally applicable for Sp(N). This estab-
lishes completeness of the symplectic group Sp(N).

VIII. Es SYMMETRY

We can make an analogous argument for FEjg, the
largest exceptional simple Lie group. Unlike SO(N) and
SU(N), the smallest nontrivial representation of Fg is
the adjoint 248. We will therefore assume an initial
spectrum () comprising the graviton and the adjoint.
The charge lattice of Eg is famously even and self-dual,

A == AO U A1/2
8
Ao = {q"—Zq@-a
i=1
8
A1/2 = {(7: Z%@‘

i=1

8
qi € Z, ZQi EQZ}
i=1
8
qiEZ—I—%, qug E2Z},

i=1

(30)
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and is equivalent to its root lattice. In particular, the
root system comprises Ry, the set of all +e; & €; with
independent signs, along with Ry /5, the set of all points
in Ay /o with all |g;| = 1/2. Together with the point at
the origin, Ry and R/, are the adjoint weights of Fj.

We immediately recognize Ay and Ry as precisely the
z = 0 sector weight lattice and root system of SO(16).
For SO(N), the full z = 0 sector is generated by our
scattering algorithm if we start with the adjoint rather
than the vector, as is clear beginning with the second
line of Eq. (13), followed by Weyl symmetry and lowering
operators as described in that section. In the exact same
way, for Eg we are forced to augment @ to all of Ag
by running the scattering algorithm starting from the
adjoint weights in Ry.

In particular, we note that the point 2™ (€} 4 €5) is in
Ao and hence in Q. Using the Weyl orbit of this weight,
in parallel with our earlier constructions we obtain a
polytope composed of the Fg adjoint weights rescaled
by 2". Applying the results reviewed in App. A, along
with the fact that the center of Ejg is trivial, we conclude
that all points in the full lattice A contained within this
polytope must also be in representations described by
the polytope, so these weights must be included in @ as
well. As n tends to infinity, we find that Q@ = A and
hence conclude that charge completeness of Eg follows
from the presence of the adjoint and the graviton.

IX. GRAND UNIFIED THEORIES

The above analysis has direct implications for the
charge completeness of grand unified theories. As we
will see below, in these theories, the matter and force
content of the standard model actually ensures charge
completeness.

A. G=SU(5)

The minimal grand unified theory is the Georgi-
Glashow model [24], whose gauge group is G = SU(5).
The gauge bosons transform in the 24, while the Higgs
fields that break the electroweak and grand unified sym-
metries reside in the 5 and 24. The quarks and leptons
of the standard model fit snugly within the 5 and 10.

As we saw in Sec. V| the existence of a particle in each
central charge sector in the initial spectrum is enough to
guarantee full charge completeness. In this case the cen-
ter group is Z(SU(5)) = Zs. The sectors z =0,1,2,3,4
are accounted for by 24,5,10,10,5, respectively. We
thus have completeness of all classes z = 0,1,2,3,4 in
the SU(5) grand unified theory.

Curiously, there is an intriguing correlation between
the requirements of completeness and those needed for
viable phenomenology. In particular, according to our
arguments about central charges, any strict subset of the
representations 5, 10, 24 and their conjugates are insuffi-
cient to imply completeness. Said another way, a theory
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with SU(5) symmetry that is missing any of the quarks,
leptons, or gauge bosons of the standard model would
not furnish enough charged states to ensure complete-
ness using our logic.

B. G = S0(10)

An alternative scheme that naturally incorporates all
fermions into a single representation is G = SO(10)
grand unification [25], or more precisely its double cover
G = Spin(10). The gauge bosons reside in the 45, while
the 16 includes the standard model quarks and leptons
plus the right-handed neutrino. The Higgs doublet usu-
ally resides in the 10, while the fields responsible for
breaking the grand unified symmetry can involve even
more representations, depending on the model.

The center of the gauge group is Z(Spin(10)) = Zg,
so to guarantee full charge completeness we need a
spectrum that includes states in the equivalence classes
z = 0,1,2,3. These are provided by 45,16,10,16, re-
spectively, which are all necessary ingredients to embed
the standard model. Remarkably, we see again that any
strict subset of 10, 16,45 and their conjugates does not
guarantee full charge completeness.

X. DISCUSSION

We have shown that the spectrum of charges is com-
plete across a range of theories under mild assumptions.
The cornerstone of our analysis is the dispersion rela-
tion for gravitational scattering amplitudes in Eq. (1),
first proposed in Ref. [14]. This remarkable formula di-
rectly relates the scattering contribution from graviton
exchange to a sum over exchanges in the s and u channel.
As we have emphasized, the assumption of a tree-level
ultraviolet completion of gravity is an important crite-
rion for our analysis. This condition not only zeros out
the boundary term in Eq. (1), but also dictates that the
unitarizing degrees of freedom are single-particle states.

Our proof exploits the sequential scattering of parti-
cles and the action of the symmetry group G itself to gen-
erate the full spectrum of charges [26]. For an abelian
symmetry (G, we are unable to prove completeness in
any form. However, for certain choices of nonabelian G,
we show that charge completeness is mathematically re-
quired as long as the spectrum contains at least some
finite handful of charged states, usually taken to be the
fundamental. In our context, charge completeness is the
property that the full charge lattice of the Cartan sub-
group H is populated by single-particle states.

Our results suggest a number of avenues for future
work. First and foremost is the question of whether it
is possible to derive more general forms of completeness.
In particular, given that charge completeness arises rel-
atively straightforwardly, it is natural to ask: are all
irreducible representations of a nonabelian symmetry G
required to be in the spectrum? Of course, charge com-
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pleteness necessitates the presence of an infinite collec-
tion of representations of arbitrarily high weight. We
have initiated a partial investigation into the question of
representation completeness, yielding primarily negative
results. We elaborate on our various attempts in App. C,
based on the strategy of Ref. [14]. We present evidence
that in the cases of G = SO(3),SO(4), representation
completeness cannot be proven using this methodology.
More generally, given that the entirety of our analysis
has focused on four-point scattering, it is worth exam-
ining whether higher-point processes might afford more
leverage. In particular, recent work has shown that pos-
itivity constraints on higher-point scattering are exceed-
ingly stringent [27].

A second question relates to the precise nature of the
symmetry G. As discussed earlier, the conclusions of the
present work are independent of whether G is gauged or
global. The latter famously runs afoul of the expecta-
tion that quantum gravity forbids exact global symme-
tries. This does not detract from our logic, however,
since we are not claiming that a global symmetry is re-
quired. Indeed it would be interesting to study the case
where the symmetry is explicitly broken. Conversely,
if the symmetry is gauged then any logical implications
of the dispersion relation could be relevant to the weak
gravity conjecture [28].

Furthermore, while we have assumed throughout that
G is internal, another interesting possibility is that
G could be a spacetime symmetry, for example the
Poincaré group. Since spacetime symmetries also im-
ply conservation laws, it is natural to speculate on the
completeness of spacetime charges such as physical spins.
Spinning states of this kind are precisely what is needed
to explicitly break the higher-form symmetries of grav-
ity [29]. Of course, our assumptions already imply spin
completeness: reproducing the 1/t pole on the left-hand
side of Eq. (1) requires an infinite tower of spins on the
right-hand side, since each partial wave is a polynomial
in ¢ [30]. A corollary of this fact is that the existence of
particle of a given charge implies the existence of an infi-
nite tower of higher-spin cousins with that same charge.

A third line of inquiry concerns whether our results
could be strengthened or enriched by relaxing existing
assumptions or adding new ones. Clearly, our strongest
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assumption is that the relevant dynamics are at tree
level, so it would be worthwhile to understand the ef-
fects of loops. At a technical level, loops would al-
low for multi-particle states in the dispersion relation
in Eq. (1), which naively ensures completeness trivially,
starting from some initial seed of charged states. An-
other central assumption is the presence of the gravi-
ton, so it would be interesting to examine how important
gravity truly is for our conclusions. What we fundamen-
tally require is a particle that couples universally, so that
it shows up in all of our dispersion relations, and whose
amplitudes exhibit sufficiently soft high-energy behavior.
Studying other setups that share these properties could
be illuminating.

Alternatively, since our analysis is relatively conserva-
tive it is also reasonable to include stronger assumptions.
For example, our arguments make no use of unitarity,
let alone detailed kinematic information other than the
dispersion relation itself. Unitarity is obviously a very
weak assumption, but it would likely provide additional
mileage. Furthermore, if we could somehow know for a
fact that both the s and u channels of Eq. (1) are always
activated, then much stronger claims could be proven.
We discuss this possibility briefly in App. C4.

Last but not least, our results suggest that there is
untapped potential in applying the methods of the scat-
tering bootstrap to other conjectures in quantum gravity
from the bottom up. This seems especially likely given
the close relationships linking the completeness hypoth-
esis to the weak gravity conjecture and the absence of
global symmetries. We leave these ideas as compelling
avenues for future study.
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Appendix A: Group Theory Review

In this appendix, we review some of the group theo-
retic structures needed to establish charge completeness.
Consider a finite, semisimple, compact Lie group G with
an associated Lie algebra g. The maximal commuting
subalgebra of g is the Cartan subalgebra h, which gen-
erates the Cartan subgroup H. The elements of ) are
the generators H;. The eigenvalues of these generators
are defined by H;|q) = ¢i|q), where g; are the weights,
or charges.

Particularly important to our discussion are the
root generators, which are operators Ej satisfying
[H;, Er] = 7 Ez. The root generators are each labeled
by a vector 7;, known as the root, which all together
form the root system. These roots move between weights
of the lattice according to Ef,|q) o |+ 7). The roots
themselves are also weights, corresponding to the adjoint
representation. The group G may have a center Z(G),
defining the set of elements that commute with every ele-
ment of G. A nontrivial center defines charges under the
center symmetry for each representation, and we say that
representations with the same charges under Z(G) are in
the same central charge sector. A pair of weights reside
in the same central charge sector if and only if they can
be connected by an integer linear combination of roots.
Note that the fundamental weights fi; are defined to be
orthogonal to the roots, so 2 fi; - 7 /|r;|* = §;;. The fun-
damental representations are the irreducible representa-
tions whose maximal weight is a fundamental weight.

For a given charge ¢, it is natural to classify each root
7 according to whether it points “towards the origin”
or “away from the origin,” corresponding to ¢ -7 < 0
or ¢-7 > 0, respectively. This classification defines
generalized raising and lowering operators that increase
or decrease the magnitude of the charge vector. Cru-
cially, if ¢- 7 < 0, then the weight string formula [36]
says that both ¢ and its lowered cousin ¢+ 7 reside in
the same representation. Concretely, the set of states
¢+ k7 are all in the same representation for all integers
k=-m,—m+1,0,1,...,n, where m and n are nonneg-
ative integers satisfying

=

2q -

r-r

Hence, for ¢- 7 < 0, we have n > m > 0, and so ¢+ 7
is in the same representation as ¢. Similarly, of course if
q-7>0,then m >n >0, and so §— 7 is in the same
representation as ¢.

A second ingredient is that the root system exhibits
isometries parameterized by the Weyl group. By defini-
tion, the latter reflects any given charge vector ¢ through
the plane orthogonal to any root 7

/

P (P
qg—q =q— 4 _jr (A.2)

G
For SO(N), these Weyl transformations act on ¢ as a
signed permutation of any signature for odd N and of
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even signature for even N. For SU(N), the action of the
Weyl group is more complicated.

Importantly, any two points ¢and ¢” related by a Weyl
transformation define a line segment,

7

_y

7, (A.3)

qN) =M+ 1 =-N7" =7-2(1-))

=
=

where A € [0,1]. Going from ¢ to ¢’ moves ¢ in the
direction of —7 for ¢- 7 > 0 and in the direction of +7
for ¢- 7 < 0. In either case, due to the weight string
formula in Eq. (A.1), all charges on this line segment
connecting ¢ and ¢’ must lie in the same representation.
This mathematical fact allows us to “connect the dots”
between charges in order to orbit charges circumscrib-
ing the boundaries of the charge sets of representations.
In general, the smallest irreducible representation con-
taining a given weight ¢ also contains all the weights in
the same central charge sector as ¢ that reside inside the
convex hull defined by this perimeter [37].

Appendix B: SU(3) Symmetry

In the following discussion, we elaborate on the details
behind our completeness results for G = SU(3). We
will consider the cases in which the initial spectrum is
@1,Q3,Qs and @1, Q3, Q10, Where completeness can be
derived for z = 1,2 and z = 0, 1, 2, respectively. In both
cases, after a few scattering processes, we will identify a
clear recursive pattern that guarantees completeness in
the claimed central charge sectors.

1. Ql, Q3, Qs Spectrum

Starting from @1, @3, s, we consider the following
three scattering processes,
(17 71) ® (15 1) - (270) \ (07 72)
(27 _2) & (L 1) — (37 _1) \ (17 _3)
(37 72) ® (]—a 2) - (47 0) v (27 74)7

(B.1)

where we use the Weyl transformation in Eq. (20) and
charge conjugation after each process. These scattering
processes yield the charges comprising the two triangles
in the left panel of Fig. 3, which correspond to the new
representations Q15 and Q5. In the last line we are
guaranteed the existence of a state of charge (4,0) or
(2,—4). If the state (2, —4) is activated, then since this
state is a representative of the z = 0 sector, this implies
completeness in z = 0,1,2 and we claim victory. To
be conservative, we instead assume that the other state
(4,0) is activated.

Now we are ready to state the iterative procedure,
starting from the seed representation ()75. The charges
at the corners of Qg reside at {(4,—4),(0,4),(—4,0)}.
For later convenience, let us define the sequence of tri-
angles T,, = {(n, —n), (0,n), (—n,0)}, where Ty are the
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Figure 3. The SU(3) charge lattice. Left: The seed of the
iteration. Right: Sequence of polygons allowing iteration,
namely, the dark blue triangle 7T, blue hexagon H,, and
light blue triangle T5,+3. Relevant points for scattering are
denoted with circles.

corners of Q5. Note from Eq. (20) that all three corners
of T,, are contained within the same Weyl orbit. We then
apply the following algorithm:

i) Assuming that we already have the corner charges
in T,,, consider the scattering process

(n,—n) ® (1,1)
{ (B.2)
m+1,-n+1)V(n—-1,-n-1).

The s- and u-channel states above map are related via
the Weyl transformation w; o ws o wy, so the process
is conclusive and we append both weights to Q. We
use the Weyl group and charge conjugation to con-
struct the full hexagon of charges H,, from T,,. This
is depicted geometrically as a blow-up operation in
the right panel of Fig. 3. Explicitly, one of the Weyl
transformations wy sends (g1,q2) — (¢1 + g2, —G2),
which connects the two blue points in the Figure,
(n+1,-n+1) and (2,n —1).

it) Take charges in the hexagon and scatter them,

m+1,-n+1)®((2,n—-1)
X3 (B.3)
(n+3,00V(n—1,-2n+2).

Immediately, we see that the state (n — 1, —2n + 2)
is in the z = 0 sector, so its presence would ensure
completeness in z = 0,1,2. Again, we choose the
more conservative option and assume that the acti-
vated channel is (n + 3,0). Applying the Weyl group
and charge conjugation, we obtain the corners of the
new triangle T}, 3. This result is shown geometrically
by the outermost triangle in the right panel of Fig. 3.

We then repeat these steps ad infinitum to cover the z =
1 and z = 2 sectors fully via a sequence of alternating
triangles and hexagons.
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2.  Q1,Qs,Q10 Spectrum

For Q1,Q3,Q10, the initial spectrum includes the
brown and gray triangles in Fig. 2. As before, we con-
sider a wisely chosen scattering process to position our-
selves for a recursive procedure,

(37 _3) ® (17 1) - (47 _2) \ (Qa _4) (B4)
Crucially, via Weyl symmetry, the input of the triangles
in Fig. 2 allows us to take the full orbit of the right side
of Eq. (B.4) to get all the points in the black hexagon
depicted in Fig. 4, in particular the new charge (2,2).
This would not have worked assuming only the adjoint.

Next, we define the specific points P,, = (3+2n, —3 —
n) and D, = (24 n,2+n), denoted by the large dots in
the right panel of Fig. 4. Our starting points will be Py
and Dgy. Now iterate as follows.

i) At step n, consider the scattering process,

P,®D, — (5+3n,—1)V (1+n,—5—2n). (B.5)

Note that the s-channel charge resides in a larger rep-
resentation than the u-channel charge, since |5+3n| >
|5+ 2n| > |1 +n|. To be conservative, we assume
the smaller representation, which corresponds to the
latter choice of (1 4+ n,—5 — 2n). This operation is
geometrically understood in Fig. 4 as blowing up each
edge of the dark blue hexagon to get the blue one.

it) Now move to the bottom right charge of the new
polygon, P,,41. Scatter this again via

Poit1®Dy, — (7T+3n,—-2)V (3+n,—6 —2n), (B.6)

and choose (3 + n,—6 — 2n) for the same reason as
before. This effectively grants us the enclosing light
blue hexagon in Fig. 4, so we are back to the shape
we started with, but rescaled. Crucially this hexagon
contains a higher weight on the diagonal, which means
D, 41 is ready for use for step n + 1.

Similarly to the previous algorithm, the resulting infi-
nite sequence of alternating hexagons covers z = 0 fully.
From this construction, we automatically obtain arbi-
trarily large representatives of z = 1 and z = 2 by the

process
(n,n)®(1,0) > (n+1,n) V(n—1,n) (B.7)

Using charge conjugation, we can then obtain both chan-
nels. The action of the roots then moves charges towards
the origin, allowing us to claim completeness of the full
SU(3) lattice.

Appendix C: Representation Completeness

In the main text, we have demonstrated how a non-
abelian symmetry group G can be exploited to derive
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Figure 4. The SU(3) charge lattice. Left: starting hexagon
with the starting charge Py (dark blue). Right: sequence
of hexagons (dark blue, blue, light blue), highlighting the
relevant points P,, (dark blue), D, (dark blue), and P41
(blue).

completeness in the abelian charge lattice of the Cartan
subgroup H. These results suggest a natural follow-up
question: do our assumptions also imply the existence of
all possible irreducible nonabelian representations of the
symmetry group G7 This line of inquiry is particularly
well motivated in light of existing statements concerning
completeness in the spectrum of irreducible representa-
tions [8, 22].

Unfortunately, completeness in the Cartan charge lat-
tice does not, in and of itself, carry any direct implica-
tions about the spectrum of nonabelian representations.
The reason for this is straightforward. While charge
completeness certainly guarantees the existence of arbi-
trarily large nonabelian representations, this fact tells
us absolutely nothing about the precise properties or
structure of these representations. So any given abelian
charge has the freedom to reside within any of an infinite
number of arbitrarily large representations.

In the example of SU(2) angular momentum, this ob-
servation corresponds to the fact that a state of a given
J, can appear in any representation of spin J > |J,]|.
Without additional information, there is no way to as-
certain the precise value of J.

In this section we briefly summarize some of our
attempts at proving representation completeness. In
Apps. C1, C2, C3, our analysis will follow that of
Ref. [14], which essentially used the full color structure of
the dispersion relation in Eq. (1) to deduce powerful con-
straints on the spectrum of nonabelian representations.
There, our results will largely be negative.

We end with Sec. C4, in which we describe how, with
an extra assumption, our algorithm succeeds in yielding
representation completeness.

1. Completeness from Proof by Contradiction

The basic strategy of Ref. [14] is to assume certain
spectra and then act on Eq. (1) with wisely chosen color
projectors to generate a contradiction [38]. Let us now
briefly review this approach.
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Consider the scattering of a pair of particles in the
nonabelian representations R; and Rs of the symmetry
group G = SO(N). In terms of the four-point scattering
amplitude, the external legs reside in the representations
R1 = R4 and Ry = R3. The particles in the s or u chan-
nels will transform under representations appearing in
the direct sum decomposition of Ry ® Ry. We denote the
set of representations in this direct sum by S(Ry, R2).

Given external states with the general nonabelian in-
dices 1i1,12,1%3,14, it is convenient to define the projec-
tors (PL)1i2iia for I = s,t,u, as a basis of color
space. Concretely, (PL)i1%2%% is the tensor structure
induced by a state in the representation R exchanged
in each channel. By crossing symmetry, we know that
(7)%)1'12’21’32'4 (73}‘/%)1'31‘21‘11‘4 — (’P}é)ilisizu‘ The pro-
jectors exhibit a natural scalar product, <’P}I%,7DI/,> =
(PLyiizisia(PL yii2isia  where the projectors are nor-
malized to ensure that (PL, PL,) = drp.

The dispersion relation in Ref. [14] is similar to Eq. (3),
but with s-dependent subtraction and expressed in terms
of color projectors,

87TG s u
— P4 = > [Kr(s, )Py + Kr(u, )P, (C.1)

ReER

where R C S(Ry, Rs) is the set of representations that
are exchanged in the s and u channels. To make contact
with Ref. [14], we define

B © G+ ) Imfyp(s)
Kr(X,t)= zJ: /Mz ds s’ (s’ +1)(s' — X) (€2)

with GE,D) the Gegenbauer polynomials. Here, for
brevity we write the dispersion relation for massless ex-
ternal states, but introducing masses is straightforward.

To derive a contradiction, we first assume some choice
for R. Second, we contract both sides of Eq. (C.1) with
a tensor v"1%2%%  This object is completely arbitrary,
since we have the freedom to choose any external color
polarizations. Normalizing this tensor so that (P, v) =
1, we obtain the following equation,

—¥=Z [KRr(s,t){Ph, v)+KRr(u, t){Pk. v)], (C.3)
ReER

dropping the subleading terms in Eq. (C.1) at small ¢.
Now, if there exists some v for which

<,P;?/7'U> = <IP}U5L7U> =0, (C.4)
for all R € R, then Eq. (C.1) cannot be satisfied and
R is not a consistent spectrum. In such a case, there
must exist in the spectrum at least one representation
in S(R1, R2) that is not in R in order for the dispersion
relation to be consistent [39].

Instead of looking for a general tensor v that solves
Eq. (C.4), the authors of Ref. [14] effectively insert the
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identity operator in the space of projectors | Pk, ) (Pk/| to
obtain

<P§>P§%/><P§%’7v> = <,P}%77)1t{'><7)§{/7v> =0

(Mst) rrrvr = (Mut) RrrvR = 0, (G:5)
where we introduced the vector vgr = (Pk,,v) and the
matrix (Mg)rr = (P5, Ph/), and similarly for M.
Note that (Mst)RR/ = (Mut)RR/(fl)gR', where grr =0
for symmetric representations and gr = 1 for antisym-
metric ones. The authors of Ref. [14] then solved the lin-
ear system of equations in Eq. (C.5) to find inconsistent
sets of exchanged representations R. They studied the
scattering of fundamentals for both SO(N) and SU(N)
and the scattering of adjoints for SO(N).

This approach is challenging to implement for arbi-
trary initial states and general groups. The obstacle
stems from two difficulties. First, computing M, and
M, for general groups and representations is a chal-
lenging task. Second, the cardinality of S(R1, R2) in-
creases with the rank of the initial representations Ry,
R5. Scanning over all consistent subsets of S(Ry1, R2) re-
quires solving of order 21871 12)l gystems of linear equa-
tions.

2. SO(3) Symmetry

For the symmetry group G = SO(3), the matrices
Mg, and M,; are known in closed form. In particu-
lar, these objects are the Racah W-coefficients, which up
to a phase are the Wigner 6-j symbols that re-express
angular momenta in the ¢ channel in terms of angular
momenta in the s and u channel. Explicitly, M is
proportional to \/(2J12+1)<2J23+1)W(j1j2j4j3; J12J23)
and similarly for My,. In the terminology of angular mo-
mentum, ji, jo, js, ja are the external spins and Jio, Jos
are the exchanged spins.

Using this expression, we were able to show that any
set of exchanged representations R comprising a finite
set of spins between 0 and N presents no inconsistency,
which we have verified explicitly for N < 4. If any spin
between 0 and N is missing, then the spectrum is incon-
sistent. The case of N = 1, which includes spin-zero and
spin-one states, was considered in Ref. [14] and shown
to be consistent. Importantly, this approach indeed in-
dicates that an infinite number of representations is not
needed for scattering consistency, since N need not be
infinite.

3. SO(4) Symmetry

For G = SO(4), we can also compute Mg and M,,; an-
alytically. This is possible because SO(4) = SU(2)?/Z,
which implies that we can derive the Racah matrices in
SO(4) by computing tensor products of Racah matrices
of SU(2) (which coincide with those of SO(3)). At the
same time, given that completeness of SU(2) cannot be
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proven using this method, it also cannot be proven for
SO(4), as discussed in Sec. IV B.

Something more can be said for the group O(4). Each
representation of O(4) is of the form (ja, j5) @ (Jb, ja),
where j, and j, are the spins relative to the two SU(2)
factors. It is simple to compute Racah matrices for scat-
tering of representations such that either j, = j, or
j» = 0. However, other than confirming what we al-
ready knew from the weight lattice argument, we did not
obtain any new general results. In particular, our experi-
ments suggest that completeness at the level of represen-
tations cannot be proven using this strategy. We checked
that for all the scattering processes we could consider,
we could always exclude from a set one arbitrary rep-
resentation, suggesting that a set that contains all the
representations except one is consistent. This conclu-
sion could have been anticipated by simply counting the
number of degrees of freedom in Eq. (C.5) and the num-
ber of equations. In any case, a systematic study would
be required to conclude that this approach cannot be
used to prove completeness.

4. Completeness with Both Channels

If, for whatever reason, we are granted knowledge that
both channels in Eq. (3) are necessarily nonzero, then
we can straightforwardly derive much stronger claims of
completeness. In this case, the scattering of charges ¢
and ¢’ will necessarily entail new states in the spectrum
of charge ¢+ ¢’ and also ¢ — ¢’. Mechanically, we can
then deduce the existence of any charge from the sum or
difference of other charges. For the case of G = U(1),
charge completeness follows trivially from the existence
of even a single particle of charge ¢ = 1. Scattering ¢ = 1
with ¢’ = 1 requires a new particle with charge ¢+¢' = 2,
and so on.

This approach generalizes easily to G = SO(3), as-
suming the spectrum contains a particle in the funda-
mental spin-one representation. Scattering a pair of such
particles with ¢ = 1 and ¢ = 1, we obtain a particle with
charge ¢ + ¢’ = 2. This state necessarily resides in the
spin-two representation, since this is the only represen-
tation that carries this charge in the tensor product of
spin-one with itself. We then scatter states in the spin-
one and spin-two representations with charges ¢ = 1 and
q' = 2, yielding a new particle with ¢ + ¢’ = 3. Iterating
this process generates all possible spin representations.

The generalization to SO(N) follows easily from
Eq. (C.4). The requirement that both channels must
be nonzero corresponds to enforcing only one of the
two equations. By choosing v oc Pz, the equation
(P3,,v) = 0 is satisfied for all R # R’, meaning that R’
must be included in the spectrum. Given that R’ is any
representation, representation completeness is proven.
Importantly, we also have to check that (P}, v) is differ-
ent from zero. This follows immediately from the com-
pleteness relation P§ o< Y, cgPj;, with cg # 0 [40].
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We prove a version of the completeness hypothesis that follows from the coexistence of symmetry
and gravity: tree-level gravitational scattering mandates single-particle states in all possible irre-
ducible representations of the symmetry group constructible from a single seed charge. Our main
assumption is that the leading high-energy behavior of scattering is universal irrespective of charge,
thus satisfying the equivalence principle. Curiously, we discover that these newly-deduced states
contribute democratically—that is, with equal interaction strengths—to scattering.

Introduction.—What are the universal features of any
consistent theory of quantum gravity? By its very na-
ture, this question transcends string theory or any alter-
natives. Indeed, this challenge pertains to the full space
of possible ultraviolet completions of general relativity,
whatever that may be.

Along these lines, the swampland program [1] has
identified a litany of seemingly universal properties of
all known string theoretic constructions. These patterns
have been articulated as broad conjectures dictating the
fate of symmetry in any consistent theory of quantum
gravity: exact global symmetries are forbidden [2, 3],
gravity is the weakest force [4], and any charged state
that is not forbidden is mandatory [5, 6]. The latter is
known as the completeness hypothesis.

In parallel with these top-down efforts, the modern
scattering amplitudes program has developed bootstrap
methods that stringently constrain the space of consis-
tent theories from the bottom up. Axiomatic princi-
ples like locality, causality, and unitarity [7] have enjoyed
great success bounding a variety of effective field theo-
ries (EFTs), even finding purchase in placing bounds on
quantum gravity and providing theory-independent jus-
tifications for conjectures from the swampland [8-107].

In this paper we present a simple argument that rig-
orously proves a version of the completeness hypothe-
sis for gravitational EFTs. Our principal assumptions
are that there is 7) an exact symmetry group G, either
discrete or continuous, abelian or nonabelian, gauged or
nongauged, i7) a spectrum including at least one particle
charged under G, and #ii) a weakly coupled ultraviolet
completion of gravity in which the leading high-energy
behavior satisfies the equivalence principle. Physically,
this last condition encodes the reasonable property that
the high-energy behavior of gravitationally interacting
particles is universal irrespective of charge. Mathemati-
cally, it is the property that the leading Regge trajectory
is a singlet under G. Note that our assumptions are sat-
isfied by string amplitudes, but they apply more broadly.

Under these assumptions, we use analytic dispersion
relations for scattering amplitudes to rigorously derive
representation completeness: all irreducible representa-
tions obtained from the tensor products of a seed charged

state must appear as single-particle states in the spec-
trum. Building on the program first initiated in Ref. [9],
the present work establishes a much stronger conclusion
than an earlier study [8], which used a distinct and more
complicated analysis to derive completeness for abelian
subgroups of certain continuous nonabelian symmetries
G of sufficiently high rank.

An intriguing corollary of the current analysis is rep-
resentation democracy: the particles whose existence we
deduce contribute with squared couplings that are com-
pletely independent of their representation after averag-
ing over all quantum numbers distinct from G. Said
another way, particles contribute to scattering demo-
cratically with respect to their representation. Since
these states are the asymptotically high-energy excita-
tions in the spectrum, the correspondence principle [108]
suggests that this property may be a manifestation of
equipartition of states into charge sectors in a black hole.

Amplitude.—Consider a tree-level four-point ampli-
tude for particles charged under an exact symmetry G in
a gravitational EFT. In principle, this symmetry may be
global or gauged. We will not consider the case where
it is explicitly broken. Without loss of generality, the
low-energy amplitude of massless particles is

87G N 22 8
Al t) = — 7rt1vz 14 ﬂ'taz,]r

+ick(t)zk, (1)
k=0

where the center-of-mass energy and momentum transfer
are encoded in z = (s—u)/2 and t = —(s+wu), which are
odd and even under crossing the s and u channels. The
1/t singularities encode the tree-level exchange of the
graviton and, if present, a gauge boson for the symme-
try. The cg(t) are regular functions of ¢. This expansion
generalizes straightforwardly to massive scattering.
Since the external states reside in irreducible represen-
tations of the symmetry group, the amplitude and all of
its terms carry implicit indices. In particular, the contri-
bution from graviton exchange in Eq. (1) is proportional
to the identity element 1 in charge space, while that
of the gauge boson is proportional to a nontrivial tensor
T. The former leaves the charges of the scattering states
unscathed, in accordance with the equivalence principle.
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Case in point, for G = SO(N) and external states in
the fundamental, we have the explicit index form,

1 = giriagizis, 2)

This tensor describes a neutral exchange in the ¢ channel,
so the resulting scattering process has the same charge
structure as free propagation. Our logic will hinge on the
fact that 1 can be decomposed into a basis of projectors,

1=Pg + P+ Py, (3)
for each s-channel irreducible representation,

1

[]Pgs)}ilizish — N6i1i25i3i4

[ng )}11121314 _ 5(6111451213 o 6111351214) (4)
P 1i2i3t4 —  (§i1da §izis | gi1ds §iaia) _ _ gi1iz §isia
Py isiis = L(ghisgisis g ghisgiie) - L

Physically, Eq. (3) implies that the charge structure as-
sociated with the graviton pole is a democratic sum over
all irreducible representations.

The form of Eq. (2) is general and independent of the
representations of the external states. Furthermore, with
appropriate sign conventions for the projectors, it applies
to both the s and u channel, so

1=) Py =) P, (5)
P p

where p labels all irreducible representations in the di-
rect sum decomposition of the tensor product of incom-
ing states in that channel [109]. For instance, if the
s-channel fuses states in distinct representations p; and
pa, then 1 = §91%4§7273 where i1,i4 = 1,...,dim p; and
jo,73 = 1,...,dim ps. The simple mathematical fact de-
fined in Eq. (5) will undergird all of our results.

Dispersion Relation.—We are now equipped to derive
a dispersion relation for the EFT coefficients defined by
Eq. (1). Doing so will require certain assumptions about
the Regge behavior of the amplitude.

The components of the amplitude that are even and
odd under s- and wu-channel crossing, known as the
pomeron and odderon [110, 111], are

AG (5 p) = %(A(z, B+ A(=z1)). (6)

Any graviton or gauge boson exchanges are encoded in
A and A | respectively. Recall that at fixed t < 0,
the Regge behavior of the even amplitude falls off as

lim ==Y (7)

As rigorously derived in Ref. [112], the above asymp-
totics are a universal feature of all gravitational theories.
For example, string amplitudes exhibit A ~ 22+t in
which case Eq. (7) is marginal as t — 0.

A crucial additional assumption of the present work
is that the leading Regge behavior of the amplitude sat-
isfies the equivalence principle. As we will see, this re-
quirement implies that at fixed ¢ < 0, the odd amplitude
scales as

A (z0)
zlgrolo 2=

0, (8)

for some constant § > 0 that is independent of ¢. For
string amplitudes, Eq. (8) holds because A=) ~ 21+,

The appearance of ¢ in Eq. (8) ensures that the large-
z growth of A(7) is strictly subleading to 22 in such a
way that is not even marginal as ¢ — 07. If this con-
dition is violated, then A(~) can scale as 22 or worse as
t — 07, thus contributing to the leading Regge scaling
of the amplitude. The resulting effect is, by definition,
odd under crossing, so it cannot be proportional to the
identity in charge space. In such a case, the high-energy
behavior of the amplitude A = A + A) depends
explicitly on the charges of the external states, in viola-
tion of the equivalence principle. An example of this is
A ~ (82— u2Ht) /t ~i(arg(z) —arg(—2))22, which is
odd under crossing but scales as z2. Though not strictly
pathological—pure consistency only requires the equiva-
lence principle in the ¢-channel pole mediating the long-
range gravitational force—such high-energy behavior is
nevertheless very peculiar. In any case, our assumption
of a high-energy equivalence principle forbids this possi-
bility, so Eq. (8) applies. See the appendix for a discus-
sion of various putative amplitudes that actually violate
Eq. (8) and the equivalence principle.

For t < 0, the following contour integral at infinity is
zeroed out by the assumption in Eq. (7),

55 gA(z,t) =§£ %AH)(M) = 0. 9)

Deforming the contour of integration inwards to encircle
all enclosed poles, we then obtain [113]

+re =Y B (n.1)

pu(n, )3

78’/TGN]1
t

(10)

n

where we have defined p(n,t) = p(n)+t/2 in terms of the
spectrum of nonzero squared masses p(n). The ampli-
tude exhibits poles at s = u(n) and u = u(n) [114], and
without loss of generality, the ordering of the label n is
chosen so that p(n) increases monotonically. We further
assume that p(n) diverges at large n, thus forbidding
the possibility of accumulation point spectra [115, 116].
Here we have also defined the components of the residue
that are even and odd under crossing symmetry,

R®) (n,t) = R (n,t) + R™(n,t)
R®(n,t) = lim (u(n,t) — 2)A(z,1)

z—r+p(n,t)
RW(n,t)= lim (u(n,t)+ 2)A(z,1).

z——p(n,t)

(11)

137



where R()(n,t) and R(")(n,t) are the residues at s =
u(n) and u = p(n), respectively. Note that legs 1 and
4 must be in the same irreducible representation, and
similarly for 2 and 3, so that a graviton can be exchanged
in the ¢ channel. Locality implies that each of these
residues is a polynomial in ¢, describing a finite set of
spins exchanged at that mass level.

Next, we derive a formula for a version of Eq. (10)
with R~ instead of R(H),

n
Ez(t):ZR ( ’t)’

u(n, t)3 (12)

The power of p(n,t) in the denominator is odd rather
than even, so é(¢) does not correspond to a Wilson
coefficient that can be extracted from the amplitude.
Nonetheless, it can be computed via a line integral along
the imaginary z-axis intersecting the origin,

Go(t) = 11/“00 @A< )(z,1),

T J _ico Z

(13)

where A7) (z,1) = A (2,8) — 2(8,, A (2, 1)]1—0). In
the small-z expansion, A(-) = O(23) is simply A-) =
O(z') with its z! component subtracted away. Crucially,
the integrand of Eq. (13) is regular at z = 0, and the
integral converges at infinity due to Eq. (8). We thus
deform the contour to enclose all poles of A(_)(z,t) in
the right half-plane, where boundary terms at infinity
vanish by Eq. (8). Since A(7)(z, ) differs from A7) (z, )
by an entire function, they share the very same poles at
z = tp(n,t), so

2R (n,t)

A(’)(z7t)zzm+---, (14)

where the ellipses are nonsingular. Summing the residues
in this formula for each z = +pu(n,t) yields Eq. (12).

If the symmetry is gauged, then A(~)(z,t) exhibits a
z/t pole that is precisely cancelled in A(’)(z, t). Conse-
quently, the latter is regular as ¢ — 0~. This regularity
of course persists if the symmetry is global. Either way,
we learn that éx(t) is, crucially, finite as t — 0~ [117].

Completeness.—We are now equipped to derive a re-
markable fact about the spectrum of states. Adding and
subtracting Eq. (10) and Eq. (12) yields

SWGN]l R (n, t)
+ ¢o(t) + t)_QZ D
8 G 1 R (n,t) (15)
TGN n
t) — Ga(t) =2
+ ca(t) — éx(t) Z PR
which as t — 0~ implies that
R®)(n,t) R (n,t) 4rGn1
2ot "y Y 0 (1O

Gyl .
L ;P;g

Gyl

Z n X —T

S
n P
Figure 1. According to Eq. (16), a certain weighted sum of
residues in both the s and w channels must resolve to the
identity, thus implying completeness: each representation of
the symmetry group must be exhibited by a single-particle
state in the spectrum. Furthermore, the massive states that
dictate the Regge behavior are not only complete, but also
appear democratically, with interaction strengths that are
independent of their representation.

where we drop all terms that are subleading in .

Equation (16) implies that the spectrum of irreducible
representations of G is complete. To arrive at this con-
clusion, we appeal to proof by contradiction: if some
irreducible representation is completely absent from all
s-channel exchanges, then by Eq. (5) it is impossible for
the aggregate of s-channel states to sum to 1, as required
by Eq. (16). Identical logic of course applies to states in
the u channel. Thus, as depicted in Fig. 1, all irreducible
representations that arise from the tensor product of the
external states fusing in either the s or u channel must
appear as single-particle states in the spectrum.

Following the logic of Ref. [8], we repeat this process
ad infinitum. In particular, we take the s-channel states
whose existence we have just deduced and then rescatter
them as external states, again assuming Eqgs. (7) and (8).
Applying the very same dispersion relations as before,
we then deduce that all irreducible representations built
from these new external states must also be present in
the spectrum. Repeating this process forever, we arrive
at the conclusion that every irreducible representation
of G generated by tensor products of the original seed
must be present in the spectrum. Since our amplitudes
are tree-level into the ultraviolet, each irreducible repre-
sentation appears as a single-particle state [118]. In fact,
Eq. (16) implies that each irreducible representation ap-
pears infinitely many times, in an infinite tower of ever
more massive single-particle states.

Note that the logic outlined above is vastly more
powerful than that of Ref. [8], which implemented a
much more laborious procedure to derive completeness
for the abelian charges within certain nonabelian sym-
metry groups of higher rank. The major technical dif-
ference between these works is the high-energy equiva-
lence principle in Eq. (8), which we leverage to derive
universality of irreducible representations in both the s
and u channel. In contrast, the argument of Ref. [8] re-
lied on more conservative assumptions about ultraviolet
scaling—requiring only A < s? and not Eq. (8)—and
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employed a technically involved analysis of the root lat-
tice of various symmetry algebras to deduce new states
in either the s or u channel. As a result, Ref. [8] only
established completeness for the abelian charge lattice,
while the present work does so for all irreducible repre-
sentations of any symmetry.

It is worth noting that G need not be internal, and in
fact it can be a symmetry of spacetime. For example, in
the forward limit, since all ingoing and outgoing parti-
cles are collinear, their transverse polarizations are un-
ambiguously classified as irreducible representations of
the D-dimensional massless little group SO(D —2). Af-
ter recasting little group charge as an internal quantum
number [48, 49], the above logic implies completeness of
all irreducible representations of SO(D—2). This predic-
tion is borne out by explicit calculation of the spectrum
of spinning excitations of the string. For example, see
Ref. [119], which demonstrates little group completeness
for the bosonic, heterotic, type I, and type II strings, as
well as Ref. [120], which tabulates the Young tableaux
describing the exotic spin states of the bosonic string.
Of course, if the seed particle is a fermion, then we can
upgrade to Spin(D — 2) to infer completeness among all
possible fermionic representations as well.

Democracy.—Let us now consider the Regge limit of
the amplitude. At fixed ¢, we parameterize the behavior
of the amplitude at large positive and negative z by

lim A~ (—z)o‘(s)(t)Isz)
z—+00

lim A~ (—Q—z)a(u)(t)l}’g).

zZ——00

(17)

Here [P)]i1d2isia and [P{W)]17295% are unspecified ten-
sors encoding the symmetry structure of the Regge be-
havior in the s and u channels. Other tensor structures
can appear, but only one will dominate the Regge limit.

Equation (17) exhibits branch cuts along the positive
and negative real z-axis. As is well known, these non-
analyticities encode the infinite tower of simple poles in
the s and u channel [80]. Said another way, the branch
cuts are a smeared approximation of the simple poles,
averaged over some resolution in energy squared that we
define to be Az, or equivalently An in level spacing. By
definition, we take Az and An to be the spacing at which
the Regge formula in Eq. (17) is a valid approximation
of the actual amplitude.

Next, we compute the weighted integral of the s-
channel discontinuity of the amplitude on an interval
and equate it to the corresponding sum over residues,

z+Azd ,
Z' s
/ 3 disc(A) o« P,

z

n+An

>

n’'=n

RO (n/ 1) 1

gk 1

2mi

and likewise for the u channel. Assuming that the vari-
ation in pu(n) over An is much smaller than p(n) itself,

it is then natural to define the averaged residues,

n+An
(19)

and similarly for u. Comparing to Eq. (16), we then

deduce that IP(QZ) = IPS.Z) = 1, and we arrive at the con-
dition of representation democracy,

R (n,t) ~ B (n,t) ~ 1, (20)
where according to Eq. (5) the right-hand side is a demo-
cratic superposition of irreducible representations.

By definition, the residue R(*)(n,t) is a product
of three-point amplitudes, with the exchanged state
summed over all quantum numbers at that level n. Then
R(s) (n,t) averages this quantity over a range of levels.
The result in Eq. (20) thus implies that this average
squared coupling is equally distributed among represen-
tations, so all representations contribute democratically
to the scattering process near level n.

According to the correspondence principle [108], suf-
ficiently high-level resonances of the string should have
a dual description as black holes. This transition is ex-
pected when the Schwarzschild radius of a given string
mode exceeds the string length. Blithely interpreting
Eq. (20) from this perspective, it is tempting to con-
clude that the black hole states produced in scatter-
ing exhibit a natural equipartition among all possible
charged states. We leave the question of whether this
connection can be made rigorous to future work.

Heterotic String Amplitudes.—It is illuminating to
verify our claims for a well-behaved ultraviolet comple-
tion containing gravity and gauge theory: the heterotic
string. The tree-level amplitude for the two-to-two scat-
tering of gauge bosons in heterotic string theory is

A= _ gLEs/U(t/2)0(~u/2)

[(s/2)0(t/2)T (u/2)
tl“(Tng)tI‘(T3T4) 15tI‘(T1T2T3T4)
[ ( 16s(1 4+ s/2) st ) (21)

1234 — 1423 1234 — 1342
+ < s,t,u—t,u,s ) + ( s,t,u—u,s,t ) ]’
where the external states are adjoints of G = SO(32)
or SO(16) ® SO(16) C Eg ® Eg [121]. We note the dis-
tinctive linear spectrum of squared masses p(n) « n, as
evident from the gamma functions. Here the kinematic
invariant K encodes the external polarizations and scales
as p* in the momenta. At low energies, this amplitude
describes graviton and gauge boson exchanges,

A=K tr(Tng)tr(T3T4) + 15tI‘(T1T2T3T4)
16s st

1234 — 1423 1234 — 1342
+ <s,t,u—>t,u,s>+<s,t,u—>u,s,t>} T

(22)
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It is straightforward to verify that the Regge behavior of
this amplitude at large s and fixed t is
24t g tI‘(TlT4)tI‘(T2T3)
16(1+t/2)
lim A = 155" [tr(T T T3 Ty) —tr (T Ty T2 T3)] (23)

_ m(e1ea)(e2e3)[cot(ms/2)+ cot(mt/2)]
21T (1 + 1/2)? ’

lim A =5

§—00

g:

taking all polarizations transverse to the momenta. The
residues of the heterotic amplitude at large n on the poles
at s = 2n or u = 2n are given by

(6164)(6263)t1‘(T1T4)tI‘(T2T3) n2+t
T(1+¢/2)0(2+t/2) o)
n 120(e1€q)(ea€3)[tr (T ToT5Ty)—tr(T1 Ty T2 T5)] it
T(1+t/2)2 ’

R(n,t) ~

where + obtains for s and — for w. From both the trace
and polarization structure of the n?*?* factor, we see that
the leading Regge behavior encodes the identity 1 in
both the color and polarization indices, so our predic-
tions of representation completeness and democracy are
both borne out by the heterotic string. From here we see
that the 1/t graviton and gauge boson poles at O(s?) and
O(s) arise from > n= %" = —1/t 4+ --- once R(n,t) is
weighted with 1/u(n)3 or 1/u(n)?, respectively.

Discussion.—We have argued that a version of the com-
pleteness hypothesis follows from certain well-motivated
features of gravitational scattering. The cornerstone
of our argument is the assumption that the equiva-
lence principle—which mandates universality irrespec-
tive of the detailed properties of gravitationally inter-
acting bodies—is robust in the regime of high-energy
scattering, as encoded mathematically in Egs. (7) and
(8). From this input we deduce that for any weakly cou-
pled ultraviolet completion of gravity exhibiting a global
or gauge symmetry G, the spectrum must contain all
possible irreducible representations generated by tensor
products of a given seed charge. A remarkable corol-

lary of our analysis is the phenomenon of representa-
tion democracy: not only is the spectrum complete, but
all representations of GG appear in high-energy scattering
with squared couplings of precisely the same size.

Since the present work has focused exclusively on tree-
level amplitudes, it is natural to wonder if adding loop-
level amplitudes will modify our conclusions. In string
theory, for example, the perturbative loop corrections to
the Regge behavior are quite subtle [122-124]. Fortu-
nately, these concerns are immaterial: in any perturba-
tive ultraviolet completion where the unitarizing states
enter at tree level, loop corrections are by definition sub-
leading. If one-loop corrections are as important as tree,
then so too are the contributions at two-loop order, and
so on. Within such perturbatively calculable theories,
we have established completeness of the spectrum.

The results of this paper contribute to a growing body
of evidence that the broad features of string theory
might actually follow directly from well-motivated phys-
ical conditions on scattering [8-10, 80-95]. For exam-
ple, the seminal work of Ref. [95] argued for the asymp-
totic uniqueness of strings from unitarity and crossing,
although an author of that paper later demonstrated [70]
explicit counterexamples to their technical assumptions.
In the past year there has been a resurgence of interest in
this topic, uniquely bootstrapping strings from alterna-
tive assumptions, such as ultrasoftness [80] or supersym-
metry [85]. These developments all suggest that there
is much promise in characterizing quantum gravity—
its states, dynamics, and potentially other swampland
conjectures—using the tools of scattering amplitudes.
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Appendix: High-Energy Behavior.—It is natural
to ask whether democracy holds for the open type I su-
perstring, which has a massless gauge boson but does
not exchange a graviton in the planar sector. To investi-
gate this situation, let us replace the ultraviolet scaling
assumptions in Eqgs. (7) and (8) with lower powers in
s, limg_y oo A(_)/s =0 and lim,_,oc A =0 for t < 0,
since the high-energy scattering of massless gauge bosons
in open superstring theory goes like A ~ A7) ~ g1+t
Following a derivation analogous to the gravity case,
but with these different ultraviolet conditions, we would
find that the averaged residues asymptotically satisfy

lim R (n,0) ~ — lim E(u)(n, 0) o P

£ 19
n—oo n— oo adj

(25)
where the color structure IP‘;td)j is the projector onto the
adjoint state in the ¢ channel, oc f@194b fazasb,

Writing IPSd) in terms of projectors in the s or u chan-
nel when the external particles are gauge bosons does

not yield democracy, since it is not o< 1, but it would
still imply the existence of more representations than
are present in the actual superstring spectrum. At tree
level, the open type I superstring contains only adjoints
of the SO(32) gauge group, with each end of the string
carrying only a single color index [127, 128]. This appar-
ent paradox is reconciled by the fact that, for the super-
string amplitude, the assumption lim,_,., At) = 0 for
t < 0—which would have implied Eq. (25)—is violated.
It is interesting to understand how this violation arises
in this example and compare it to the heterotic string.
The explicit four-point open superstring amplitude is

I'(=s)I'(—t)
A=K TyI5T5Ty) —————=
[tr( e Yy

1234 — 1423 1234 — 1342

+(s,t,u%t,u,s)+<s,t,u%u,s7t>}’

with K ~ p* encoding external polarizations. Taking
all polarizations transverse to the momenta, the Regge
limit of Eq. (26) is a helicity factor o (e1€4)(€2€3) times

(26)

L(—t) |(=s)* (P +X) - (—u)* @Y -X)|, @7)

where P, = [tr(T T2 T3Th) — te(T T4 T5T3)] /2 and X =
[tr(ThT2T5Ty) + tr(ThT4T>T3)]/2. The Regge limit of
AM) is therefore A ~ s'*+tX| scaling in the same way
as A ~ SIHIP;%. This equivalence is compatible with

the ¢ pole being proportional to only ]Pg;)j, and not to

X, because Eq. (27) reduces to (s — u)IPg(fj/t ast— 07,
thereby reproducing the gauge boson t-channel pole.
On the other hand, for closed strings the amplitude
scales as (su)!*? in the Regge limit, with s/t scaling in
the forward limit signaling massless spin-two exchange.
The leading color structure is fixed to 1 by crossing sym-
metry, which forbids any antisymmetric color tensor that
could cancel in the small-t limit, and by the fact that the
massless spin-two particle is a graviton, i.e., a singlet.
It would be interesting to attempt to construct an
amplitude with a graviton that violates completeness or
democracy. One possible approach is to take the ansatz
from Ref. [70], comprising a sum of stringy satellite terms
with arbitrary coefficients, and dress it with color fac-
tors. However, it is easy to see that such an amplitude
cannot be constructed from this ansatz. In the Regge
limit, each satellite becomes (—s)!*%(—u)*? for some
constants a and b. One could dress the satellite terms so
that the leading Regge behavior of the full amplitude is
(—s)Ho(—u) (1 +X) + (—s) b (—u)t*+* (1 — X), which
goes like s2Fa+b[(—1)2(1 4+ X) + (—1)*(1 — X)]. This
expression is therefore proportional to either 1 or X, de-
pending on the relative parity of a and b. However, since
this is the leading term, it must reproduce the graviton
pole and therefore must be proportional to 1, leaving
representation completeness and democracy unmodified.
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