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Abstract

This PhD thesis advances the theoretical foundations and exact solving
techniques for Maximum Satisfiability (MaxSAT) and Minimum Satisfi-
ability (MinSAT) in both Boolean and many-valued propositional logics.
Although MaxSAT and MinSAT are well-established optimization frame-
works, dedicated proof systems and competitive solvers for many-valued
logics, such as regular and signed logics, remain significantly less devel-
oped than their Boolean counterparts. To address this gap, this thesis intro-
duces novel resolution and tableau calculi that provide the foundation for
developing exact solvers and Mixed-Integer Linear Programming (MILP)
encodings for many-valued MaxSAT and MinSAT.

While the MaxSAT resolution rule has been extensively studied from a
theoretical perspective, algorithmic implementations remain scarce. To
overcome this limitation, we develop a highly optimized exact variable
elimination solver for Boolean Weighted Partial MaxSAT and empirically
demonstrate its effectiveness both as an exact solver and as a Bounded
Variable Elimination (BVE) preprocessor for MaxSAT solvers. Moving
beyond classical logic, we formalize the first sound and complete res-
olution calculus and exact variable elimination algorithm for Weighted
Regular MaxSAT. We then define complete tableau calculi for Weighted
Partial Regular MaxSAT and Weighted Partial Regular MinSAT. Building
on these calculi, we introduce a novel MILP encoding that enables state-
of-the-art MILP solvers to solve both problems, and we evaluate this ap-
proach computationally using randomly generated instances. Finally, we
extend these proof systems to signed logic by establishing the first sound
and complete tableau calculi for Weighted Partial Signed MaxSAT and
Weighted Partial Signed MinSAT.

In conclusion, this thesis delivers both an efficient algorithmic realization
of Boolean MaxSAT resolution and a substantial extension of the proof
systems and exact solving techniques available for many-valued optimiza-
tion, significantly narrowing the gap between Boolean and many-valued
MaxSAT and MinSAT.
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Resum

Aquesta tesi doctoral desenvolupa nous fonaments teorics i técniques de
resolucié exacta per als problemes de Maxima Satisfactibilitat (MaxSAT)
i Minima Satisfactibilitat (MinSAT) en logiques proposicionals tant
booleanes com multivaluades. Tot i que MaxSAT i MinSAT sén marcs
d’optimitzacié ben establerts, els sistemes de prova i els solvers per a
les logiques multivaluades, com ara la logica regular i la logica sig-
nada, continuen estant considerablement menys desenvolupats que els seus
homolegs booleans. Per abordar aquesta mancanca, la tesi introdueix nous
calculs de resolucid i de fableaux, que constitueixen la base per desenvolu-
par tant solvers exactes com codificacions de Programacié Lineal Entera
Mixta (MILP) per als problemes MaxSAT i MinSAT multivaluats.

Tot i que la regla de resolucié per a MaxSAT ha estat ampliament estudiada
des d’una perspectiva teorica, les implementacions algorismiques contin-
uen sent escasses. Per superar aquesta limitacié, desenvolupem un solver
exacte d’eliminaci6 de variables altament optimitzat per a MaxSAT Boolea
Parcial Ponderat i demostrem empiricament la seva eficacia tant com a
solver exacte com a preprocessador per a solvers MaxSAT. Més enlla de
la logica classica, formalitzem el primer calcul de resolucié solid i com-
plet, aixi com el primer algorisme exacte d’eliminaci6 de variables, per
a MaxSAT Regular Ponderat. A continuacid, definim calculs de tableaux
solids i complets per a MaxSAT Regular Parcial Ponderat i MinSAT Regu-
lar Parcial Ponderat. A partir d’aquests calculs, introduim una nova codifi-
cacié MILP que permet als solvers MILP d’udltima generaci6 resoldre amb-
dés problemes, i n’avaluem computacionalment el rendiment mitjancant
instancies generades aleatoriament. Finalment, estenem aquests sistemes
de prova a la logica signada mitjangant el desenvolupament dels primers
calculs de tableaux solids i complets per a MaxSAT Signat Parcial Pon-
derat i MinSAT Signat Parcial Ponderat.

En resum, aquesta tesi proporciona tant una implementacié algorismica
eficient de la resolucié MaxSAT booleana com una ampliacié substancial
dels sistemes de prova i de les tecniques de resolucié exacta disponibles
per a I’optimitzaci6é multivaluada, reduint de manera significativa la bretxa
teorica i algorismica entre els problemes MaxSAT i MinSAT booleans i
multivaluats.
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Resumen

Esta tesis doctoral desarrolla nuevos fundamentos tedricos y técnicas
de resolucion exacta para los problemas de Méxima Satisfactibilidad
(MaxSAT) y Minima Satisfactibilidad (MinSAT) en légicas proposi-
cionales tanto booleanas como multivaluadas. Aunque MaxSAT y Min-
SAT son marcos de optimizacion bien establecidos, los sistemas de prueba
y los solvers para las 16gicas multivaluadas, tales como las 16gicas reg-
ular y signada, siguen estando considerablemente menos desarrollados
que sus homdlogos booleanos. Para abordar esta carencia, la tesis intro-
duce nuevos célculos de resolucion y tableaux, los cuales proporcionan
la base para desarrollar tanto solvers exactos como codificaciones de Pro-
gramacion Lineal Entera Mixta (MILP) para los problemas MaxSAT y
MinSAT multivaluados.

Si bien la regla de resolucién para MaxSAT ha sido ampliamente estudiada
desde una perspectiva tedrica, las implementaciones algoritmicas siguen
siendo escasas. Para superar esta limitacion, desarrollamos un solver
exacto de eliminacién de variables altamente optimizado para MaxSAT
Booleano Parcial Ponderado y demostramos empiricamente su eficacia
tanto como solver exacto como preprocesador para solvers MaxSAT. Mas
alld de la légica cldsica, formalizamos el primer cdlculo de resolucién
s6lido y completo, asi como el primer algoritmo exacto de eliminacién
de variables, para MaxSAT Regular Ponderado. A continuacion, defini-
mos calculos de tableaux sélidos y completos para MaxSAT Regular Par-
cial Ponderado y MinSAT Regular Parcial Ponderado. Sobre la base de
estos cdlculos, introducimos una nueva codificacién MILP que permite a
los solvers MILP de tltima generacion resolver ambos problemas, y eval-
uamos computacionalmente este enfoque utilizando instancias generadas
aleatoriamente. Finalmente, extendemos estos sistemas de prueba a la 16g-
ica signada mediante el desarrollo de los primeros calculos de tableaux
solidos y completos para MaxSAT Signado Parcial Ponderado y MinSAT
Signado Parcial Ponderado.

En resumen, esta tesis proporciona tanto una implementacién algorit-
mica eficiente de la resolucién MaxSAT booleana como una ampliacién
sustancial de los sistemas de prueba y las técnicas de resoluciéon exacta
disponibles para la optimizacién multivaluada, reduciendo de manera sig-
nificativa la brecha tedrica y algoritmica entre los problemas MaxSAT y
MinSAT booleanos y multivaluados.
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Chapter 1

Introduction

This chapter lays the foundation for the research presented in this thesis. It
begins by presenting the underlying motivation and defining both the main
and specific objectives. It then details the key theoretical and practical
contributions, together with the peer-reviewed publications derived from
this work. Finally, the chapter concludes with an outline of the thesis
structure and provides a brief description of the contents of the upcoming
chapters.

1.1 Motivation

Logic has played a central role in the development of Artificial Intelligence (AI), pro-
viding the foundations of symbolic knowledge representation and automated reasoning.
Although a wide range of expressive non-classical logics have long been investigated
for knowledge representation and reasoning, the remarkable advances in SAT solving
since the late 20th century have demonstrated that many large and challenging Al prob-
lems can be effectively tackled using Boolean propositional logic [17]. This progress
led to a paradigm shift, greatly expanding the practical impact of automated reasoning
and establishing SAT solving as one of the fundamental technologies of modern Al,
with its core techniques now routinely taught in university-level Al courses.

The Satisfiability problem (SAT) asks whether there exists a truth assignment that
satisfies a given set of propositional formulas, typically in clausal form. SAT is one
of the most extensively studied problems in Computer Science, being central from
both theoretical and practical perspectives. Many decision problems can be encoded
into Boolean propositional logic and solved using highly optimized SAT solvers. As
a result, SAT has become a powerful generic method for solving decision problems
in fields such as automatic circuit design [26, 83, 100], formal verification of hard-
ware and software [19, 16, 28, 29, 48, 56, 93, 94], scheduling [12, 47, 97], plan-
ning [57, 58, 86], bioinformatics [76, 77], cryptography [42], manufacturing [41], and
mathematics [52, 53, 59, 96].

Today, driven by powerful algorithmic advances such as Conflict-Driven Clause
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Learning (CDCL), sophisticated heuristics, and highly optimized data structures, mod-
ern SAT solvers can regularly handle instances containing millions of variables and
clauses within practical running times. Rather than relying on brute-force exploration,
these systems dynamically learn from logical contradictions encountered during the
search, allowing them to prune massive regions of the search space. Consequently, SAT
has evolved into a highly scalable technology for solving many practically relevant
problems. For many complex classes of combinatorial problems, these solvers now
routinely outperform other domain-specific, state-of-the-art problem-solving methods.

While SAT is well-suited for decision problems, many real-world applications re-
quire optimizing an objective under logical constraints. This need motivates optimiza-
tion extensions of SAT, among which the Maximum Satisfiability problem (MaxSAT)
has become the most prominent. MaxSAT aims to find an assignment that maximizes
the number of satisfied formulas in a given multiset of propositional formulas, or equiv-
alently minimizes the number of unsatisfied formulas. In the weighted partial setting,
the formulas are partitioned into hard and soft formulas, where each soft formula is as-
signed a weight corresponding to the penalty incurred when it is violated. An optimal
solution is then an assignment that satisfies all hard formulas and minimizes the sum
of weights of the unsatisfied soft formulas.

Over the last two decades, MaxSAT has gained popularity as a generic problem-
solving technology for combinatorial optimization [10, 64]. When equipped with com-
petitive solvers (e.g., [9, 13, 30, 62, 63, 82, 85]), MaxSAT provides a scalable and effi-
cient framework for solving a broad spectrum of combinatorial optimization problems,
via their reduction to MaxSAT, in areas such as bioinformatics [80], combinatorial
testing [6], planning [98], scheduling [20] and team formation [78].

Another variant of SAT is the Minimum Satisfiability problem (MinSAT) [73]. In
its unweighted form, the goal of MinSAT is to find an assignment that minimizes the
number of satisfied formulas in the input multiset, or equivalently maximizes the num-
ber of unsatisfied formulas. Similarly to MaxSAT, MinSAT can be extended to its
partial and weighted variants. In this setting, an optimal solution is an assignment that
satisfies all hard formulas while minimizing the sum of weights of the satisfied soft
formulas.

At first glance, it may appear that the encodings and solving techniques devel-
oped for MaxSAT could also be applied to MinSAT. If so, a dedicated investigation of
MinSAT would seem unnecessary. Nevertheless, most research to date indicates that
the techniques required for each problem can be substantially different or complemen-
tary. For example, the performance profiles of MaxSAT and MinSAT vary significantly
across several optimization problems modeled under these formalisms [8, 55, 74]. At
the proof-theoretic level, the proof systems for MaxSAT and MinSAT also exhibit fun-
damental differences [65, 66].

While the aforementioned Boolean formalisms have proven highly successful, clas-
sical two-valued logic does not always provide the most suitable knowledge represen-
tation framework. A natural extension is offered by many-valued logics, which accom-
modate arbitrary finite or infinite cardinalities within the truth value set. Furthermore,
they feature distinct interpretation functions for each connective that depend entirely
on the underlying logic, giving rise to richer expressive power. In this context, we focus
on two prominent many-valued formalisms: signed logic and regular logic.
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Signed logic generalizes Boolean logic by considering a finite set N of truth values
and associating each formula with a sign S C N. Within this framework, an assignment
is a mapping that assigns a truth value from N to each propositional variable, which is
extended to arbitrary formulas by interpreting conjunction, disjunction, and negation
through the minimum, maximum, and Lukasiewicz negation functions, respectively.
An assignment v satisfies a signed formula S: A if and only if v(A) € S. Given a multiset
of signed formulas, the MaxSAT (MinSAT) problem aims to find an assignment that
maximizes (minimizes) the number of satisfied formulas.

Regular logic introduces a total order over the truth value set N, which may be
finite or infinite, and restricts signs to subsets of the form {j € N | j > i} or {j € N |
Jj < i} for some i € N, known as regular signs. While regular logic can be viewed as
a specialization of signed logic with respect to its sign structure, it broadens the scope
by explicitly accommodating infinite truth value sets. In particular, restricting formulas
to regular signs enables significant simplifications, allowing for the definition of more
efficient proof systems.

Despite the greater expressive power of regular and signed logics, the proof systems
and exact solving technologies available for optimization in these formalisms remain
far less developed than those for Boolean logic. Bridging this gap is one of the primary
goals of this thesis. To this end, we pursue two complementary directions. First, we
extend the proof-theoretic foundations of MaxSAT and MinSAT to regular and signed
logics by introducing new resolution and tableau calculi. Second, we develop Mixed
Integer Linear Programming (MILP) encodings for these problems, enabling state-of-
the-art MILP solvers to compute optimal solutions.

1.2 Objectives

The main objective of this thesis is to advance the proof-theoretic foundations and
exact solving techniques for Boolean and many-valued MaxSAT and MinSAT. This
objective is pursued through the formalization of novel sound and complete resolution
and tableau calculi, together with the development of exact solvers that demonstrate
the practical applicability of these theoretical advances. More specifically, the thesis
addresses the following objectives:

* To design and implement an exact variable-elimination algorithm for Boolean
Weighted Partial MaxSAT based on the MaxSAT resolution rule [25], and to
empirically evaluate its performance on benchmark instances from the MaxSAT
Evaluation.

e To establish the first sound and complete resolution calculus and an exact
variable-elimination framework for Weighted Regular MaxSAT.

* To develop complete tableau calculi for Weighted Partial Regular MaxSAT and
Weighted Partial Regular MinSAT, and to derive Mixed-Integer Linear Pro-
gramming (MILP) encodings from these calculi, enabling state-of-the-art MILP
solvers to solve both problem variants.
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* To develop complete tableau calculi for Weighted Partial Signed MaxSAT and
Weighted Partial Signed MinSAT.

1.3 Contributions

The main contributions of this thesis advance the state of the art in MaxSAT and Min-
SAT solving and can be summarized as follows:

* The design, development and empirical evaluation of a highly optimized imple-
mentation of an exact variable elimination solver, named MSElim, for Boolean
MaxSAT.

* The design, development and empirical evaluation of a Bounded Variable Elim-
ination (BVE) preprocessor for Boolean MaxSAT solvers.

* The formalization of the first sound and complete resolution calculus for
Weighted Regular MaxSAT, complemented by the introduction of the first ex-
act variable elimination framework for this problem.

* The definition of the first sound and complete tableau calculi for both Weighted
Partial Regular MaxSAT and Weighted Partial Regular MinSAT. Based on the
principles of these calculi, a novel MILP encoding is introduced to solve both
problem variants using state-of-the-art MILP solvers.

» The extension of these theoretical frameworks to signed logic through the defini-
tion of the first sound and complete tableau calculi for Weighted Partial Signed
MaxSAT and Weighted Partial Signed MinSAT.

1.4 Publications

The research and contributions presented in this thesis have led to several peer-
reviewed publications in international journals [32, 35] and conference proceed-
ings [31, 33, 34, 36]. These works are divided below into journal articles, conference
papers, and manuscripts currently under development.

Journal articles

e Jordi Coll, Chu Min Li, Felip Manya, and Elifnaz Yangin. Complete tableau
calculi for Regular MaxSAT and Regular MinSAT. Cognitive Systems Research,
90:101319, 2025.

* Jordi Coll, Chu Min Li, Felip Manya, and Elifnaz Yangin. MaxSAT resolution
for regular propositional logic. International Journal of Approximate Reasoning,
162:109010, 2023.
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Conference papers

* Jordi Coll, Chu Min Li, Felip Manya, and Elifnaz Yangin. A Complete Tableau
Calculus for Signed MaxSAT. In Proceedings of the 55th IEEE International
Symposium on Multiple-Valued Logic (ISMVL 2025), pages 38-43, 2025.

e Jordi Coll, Chu Min Li, Felip Manya, and Elifnaz Yangin. A Tableau Calcu-
lus for Non-Clausal Regular MaxSAT. In Proceedings of the 54th IEEE Inter-
national Symposium on Multiple-Valued Logic (ISMVL 2024), pages 137-142,
2024.

* Jordi Coll, Chu Min Li, Felip Manya, and Elifnaz Yangin. A Complete Tableau
Calculus for Non-Clausal Regular MinSAT. In Proceedings of the 26th Interna-
tional Conference of the Catalan Association for Artificial Intelligence (CCIA
2024), pages 278-287, 2024.

* Jordi Coll, Chu Min Li, Felip Manya, and Elifnaz Yangin. A Complete Tableau
Calculus for the Regular MaxSAT Problem. In Proceedings of the 25th Inter-
national Conference of the Catalan Association for Artificial Intelligence (CCIA
2023), pages 359-368, 2023.

Manuscripts in preparation

Beyond the peer-reviewed publications listed above, the research reported in this thesis
has led to two additional manuscripts currently in preparation. The first presents the
design, implementation, and empirical evaluation of the variable elimination solver
for Boolean MaxSAT, while the second focuses on the development and performance
analysis of the MILP-based approach for Regular MaxSAT.

1.5 Outline of the Thesis

This section describes the structure of the document and provides a brief description of
the contents of the upcoming chapters.

Chapter 2: Preliminaries.This chapter presents the fundamental logical background
required throughout this thesis. It begins with an overview of standard Boolean propo-
sitional logic, which serves as the foundation for subsequent formalisms. It then intro-
duces both signed and regular propositional logics. Finally, the chapter describes the
resolution and semantic tableau calculi for Boolean propositional logic, providing the
basis for the proof systems developed in the remainder of the thesis.

Chapter 3: Resolution Solver for Boolean MaxSAT. This chapter introduces the
MaxSAT resolution rule and its extension to Weighted Partial MaxSAT. It then de-
scribes a variable elimination algorithm based on this resolution rule and presents
MSElim, an efficient implementation of the algorithm that incorporates several fea-
tures which can be turned on or off to assess their individual impact on performance.
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Finally, the chapter provides a comprehensive empirical evaluation of MSElim, both
as a complete solver and as a Bounded Variable Elimination (BVE) preprocessor for
state-of-the-art MaxSAT solvers.

Chapter 4 Resolution Calculus for Regular MaxSAT. This chapter introduces a
novel MaxSAT resolution calculus for regular propositional logic and establishes its
soundness and completeness. It also describes a variable elimination algorithm that
implements the rules of the defined calculus and extends the calculus to Weighted Reg-
ular MaxSAT.

Chapter 5 Tableau Calculi for Regular MaxSAT and Regular MinSAT. This chap-
ter introduces novel tableau calculi for solving the MaxSAT and MinSAT problems
within the framework of regular propositional logic, establishing their soundness and
completeness for both Weighted Partial Regular MaxSAT and Weighted Partial Regu-
lar MinSAT. Additionally, it proposes new Mixed-Integer Linear Programming (MILP)
encodings that enable state-of-the-art MILP solvers to efficiently handle these weighted
partial optimization problems. Finally, it reports an empirical evaluation of the pro-
posed MILP-based approach on randomly generated Max-2SAT and Max-3SAT in-
stances.

Chapter 6 Tableau Calculi for Signed MaxSAT and Signed MinSAT. This chap-
ter introduces novel tableau calculi for solving the MaxSAT and MinSAT problems
within the framework of signed propositional logic, establishing their soundness and
completeness for both Weighted Partial Signed MaxSAT and Weighted Partial Signed
MinSAT. Since their expansion rules depend on the cardinality of the truth value set
and lack uniformity, these calculi operate over a fixed three-valued domain.

Chapter 7 Conclusions and Future Work. This chapter summarizes the main con-
tributions achieved throughout this thesis, contextualizing them within the scope of
the original research objectives. Furthermore, it outlines several promising research
directions and open problems, highlighting potential avenues for future work.



Chapter 2

Preliminaries

This chapter presents the fundamental logical background required
throughout this thesis. It begins with an overview of standard Boolean
propositional logic, which serves as the foundation for subsequent for-
malisms. It then introduces both signed and regular propositional logics.
Finally, the chapter describes the resolution and semantic tableau calculi
for Boolean propositional logic, providing the basis for the proof systems
developed in the remainder of the thesis.

2.1 Boolean Propositional Logic

This section presents the syntax and semantics of Boolean propositional logic and for-
mally defines the Satisfiability (SAT) problem, along with its optimization variants:
Maximum Satisfiability (MaxSAT) and Minimum Satisfiability (MinSAT).

Definition 2.1.1. Let ¥ = {x;}ien be a countable set of propositional variables, and
let =,V ,\,— be the negation, disjunction, conjunction, and implication operators, re-
spectively. The language £ of propositional formulas is inductively defined as follows:

* Every variable x; € V' is a formula.
* If ¢ is a formula, then —¢ is a formula.
* If ¢ and y are formulas, then (¢ V W), (¢ Ay), and (¢ — ) are formulas.

Definition 2.1.2. The Boolean propositional logic consists of the language £ along
with a semantics determined by an assignment v : ¥ — {0,1}, which is inductively



2.1. Boolean Propositional Logic 8

extended to all propositional formulas as follows:

v(=¢) =1-v(9);

v(9 Vy) =max{v(¢),v(y)};
V(9 Ay) =min{v(¢),v(y)};
V(¢ — y) = max{l-v(¢),v(y)}.

Definition 2.1.3. Given a set ® of propositional formulas, the Satisfiability problem,
or SAT, is to determine whether there exists an assignment to the variables occurring
in @ that satisfies ®. If such an assignment exists, ® is said to be satisfiable; otherwise,
® is said to be unsatisfiable.

Definition 2.1.4. Given a formula ¢, an assignment that satisfies ¢ is called a model
of . A formula is a tautology if it is satisfied by every assignment.

Definition 2.1.5. Given a multiset ® of propositional formulas, the Maximum Satisfi-
ability problem, or MaxSAT, is to find an assignment to the variables occurring in @
that maximizes the number of satisfied formulas in ® (or equivalently, minimizes the
number of unsatisfied formulas). Such an assignment is called an optimal MaxSAT
assignment for .

Definition 2.1.6. Given a multiset ® of propositional formulas, the Minimum Satisfi-
ability problem, or MinSAT, is to find an assignment to the variables occurring in ®
that minimizes the number of satisfied formulas in ® (or equivalently, maximizes the
number of unsatisfied formulas). Such an assignment is called an optimal MinSAT
assignment for .

While the SAT problem only requires determining whether a formula can be satis-
fied, MaxSAT and MinSAT are optimization problems that count the number of satis-
fied or violated formulas, thereby requiring multisets to correctly preserve and account
for duplicate formulas.

Definition 2.1.7. A weighted formula is a pair (¢,w), where ¢ is a propositional for-
mula and w € NT is its weight. in MaxSAT, this weight corresponds to the penalty
incurred when the formula is not satisfied, whereas in MinSAT it corresponds to the
weight incurred upon satisfying the formula.

Definition 2.1.8. Given a multiset ® of weighted formulas, Weighted MaxSAT is to
find an assignment to the variables occurring in ® that minimizes the sum of weights
of the unsatisfied formulas. Such an assignment is called a Weighted MaxSAT optimal
assignment for .

Definition 2.1.9. Given a multiset ® of weighted formulas, Weighted MinSAT is to
find an assignment to the variables occurring in ® that minimizes the sum of weights
of the satisfied formulas. Such an assignment is called a Weighted MinSAT optimal
assignment for ®.
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When a multiset contains both hard and soft formulas, the problem is termed
Weighted Partial MaxSAT/MinSAT. A hard formula is represented as a pair (¢,eo),
where the infinity symbol indicates that ¢ must be satisfied. In contrast, a soft formula
is a weighted formula (¢,w) with a weight w € NT, representing the penalty for its
violation.

Definition 2.1.10. Given a multiset ® of hard and soft formulas, Weighted Partial
MaxSAT is to find an assignment to the variables occurring in ® that satisfies all the
hard formulas and minimizes the sum of weights of the unsatisfied soft formulas. Such
an assignment is called a Weighted Partial MaxSAT optimal assignment for .

Definition 2.1.11. Given a multiset ® of hard and soft formulas, Weighted Partial
MinSAT is to find an assignment to the variables occurring in ® that satisfies all the
hard formulas and minimizes the sum of weights of the satisfied soft formulas. Such an
assignment is called a Weighted Partial MinSAT optimal assignment for ®.

The SAT, MaxSAT, and MinSAT problems are frequently defined for clausal forms,
which constitute a restriction of propositional logic defined through the following con-
cepts:

Definition 2.1.12. A literal [ is a propositional variable x; or its negation —x;. A clause
c is a disjunction (or a set) of literals. A formula is in Conjunctive Normal Form (CNF)
when it is represented as a conjunction (or a set) of clauses.

Note that clauses are presented both as a disjunction of literals and as a set of
literals. We occasionally mix these two representations.

Definition 2.1.13. The total number of literals in a clause c is its size, denoted by |c|.
A clause of size one is called a unit clause. Similarly, a clause of size two is called
binary, and a clause of size three is called ternary. The size of a CNF formula ®,
denoted by |®|, is defined as the total number of literal occurrences in the formula,
which is equal to the sum of the sizes of all its clauses.

Definition 2.1.14. Let v be an assignment. A literal l; = x; is satisfied by v if and
only if v(x;) = 1, and a literal l; = —x; is satisfied if and only if v(x;) = 0. A clause is
satisfied by v if v satisfies at least one of its literals, and v satisfies a CNF formula if it
satisfies every clause in it. If an assignment does not satisfy a formula ¢, we say that
¢ is falsified. The empty clause, denoted by 0, is a clause containing no literals and is
falsified by every assignment. Two CNF formulas are equivalent if they are satisfied by
the exact same set of assignments.

Definition 2.1.15. An assignment is complete when every variable that occurs in for-
mula @ is assigned a truth value; otherwise, the assignment is partial. Under a partial
assignment, the clauses of a CNF formula can be satisfied, falsified, or unresolved. A
clause is unresolved if it contains no satisfied literals and at least one of its literals
corresponds to an unassigned variable. These unassigned literals are known as its free
literals. Under a partial assignment, an unresolved clause becomes unit, binary, or
ternary if the number of its free literals is one, two, or three, respectively.
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Figure 2.1: Truth tables for N = {0, ,1}.
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2.2 Signed Propositional Logic

Signed logic is a many-valued logic that considers a finite set N of truth values, where
every propositional formula ¢ is annotated with a non-empty subset of truth values
S C N. A many-valued assignment v satisfies a signed formula S: ¢ if and only if
v(9) € S. Syntactically, propositional formulas are constructed following the standard
rules outlined in Definition 2.1.1.

The remainder of this section presents the syntax and semantics of signed propo-
sitional logic, defining the signed Satisfiability problem (Signed SAT) along with its
optimization variants: Signed Maximum Satisfiability (Signed MaxSAT) and Signed
Minimum Satisfiability (Signed MinSAT).

Definition 2.2.1. Given a finite set N of truth values, a sign is a non-empty subset
S C N. A signed formula is an expression of the form S: ¢, where S is a sign and ¢ is a
propositional formula. When ¢ is a variable, the resulting signed formula is a signed
literal.

Throughout this work, unless otherwise stated Whenever a finite set of truth values
of cardinality n is considered, we fix N = {0 T =11 as the set of equidistant
rational numbers in the unit interval [0, 1].

7,, n—1°"

Definition 2.2.2. The n-valued signed propositional logic extends the language £ from
Definition 2.1.1 by annotating each formula with a sign. Its semantics is determined by
a many-valued assignment v : ¥ — N, which is inductively extended to all propositional
formulas as follows:

V(=) =1-v(9);
V(¢ Vy) = max{v(¢),v(¥)};
v(9 Ay) = min{v(9),v(y)};
v(9 = y) = max{1 —v(¢),v(y)}.

An assignment v satisfies signed formula S: ¢ if and only if v(9) € S. A signed formula
is satisfiable if there exists an assignment that satisfies it; otherwise, it is unsatisfiable.

Alternatively, the interpretation of the connectives can be defined using truth tables.
Figure 2.1 displays the truth tables for N = {0,1,1}.
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Example 2.23. Let N = {0,3,1} and let ® = {{0,1}:x; V x, {3}:—x; V
X3, {0,%}2)63} be a set of signed formulas. The assignment v(x1) =1, v(xp) = 1,
v(xs) = % satisfies ®. Adding the signed formula {0}:—x3 to ® makes it unsatisfiable.

Definition 2.2.4. Given a set ® of signed formulas, the Signed Satisfiability problem,
or Signed SAT, is to determine whether there exists an assignment to the variables
occurring in @ that satisfies .

Definition 2.2.5. Given a multiset ® of signed formulas, Signed MaxSAT is to find an
assignment that minimizes the number of unsatisfied formulas in .

Definition 2.2.6. Given a multiset ® of signed formulas, Signed MinSAT is to find an
assignment that minimizes the number of satisfied formulas in P.

Definition 2.2.7. A weighted signed formula is a pair (S: ¢, w), where S: ¢ is a signed
propositional formula and w € N is its weight, which corresponds to the penalty to be
paid if the formula is not satisfied. Conversely, a hard formula is a pair (S: ¢,0) and
cannot be falsified by any optimal assignment.

Definition 2.2.8. Given a multiset ® of hard and soft signed formulas, Weighted Partial
Signed MaxSAT is to find an assignment to the variables occurring in ® that satisfies
all the hard formulas and minimizes the sum of weights of the unsatisfied soft formulas.
Such an assignment is called a Weighted Partial Signed MaxSAT optimal assignment
for ®.

Definition 2.2.9. Given a multiset ® of hard and soft signed formulas, Weighted Partial
Signed MinSAT is fo find an assignment to the variables occurring in ® that satisfies
all the hard formulas and minimizes the sum of weights of the satisfied soft formulas.
Such an assignment is called a Weighted Partial Signed MinSAT optimal assignment
for .

2.3 Regular Propositional Logic

Regular logic introduces a total order over the set N of truth values, which can now
be either finite or infinite, and restricts the signs to subsets of the form {j € N | j > i}
or {j € N|j<i} forsome i€ N, known as regular signs. While regular logic can be
viewed as a specialization of signed logic regarding its sign structure, it broadens the
scope by explicitly accommodating infinite truth value sets.

The remainder of this section presents the syntax and semantics of regular propo-
sitional logic, defining the Regular Satisfiability problem (Regular SAT) along with its
optimization variants: Regular Maximum Satisfiability (Regular MaxSAT) and Regu-
lar Minimum Satisfiability (Regular MinSAT).

When the set of truth values is finite, we fix N = {0, nfll, . %} as the set of
equidistant rational numbers in the unit interval [0, 1]; otherwise, when it is infinite, we
set N =10, 1].



2.4. Resolution for Boolean Propositional Logic 12

Definition 2.3.1. Given a set N of truth values equipped with the natural total order <,
a regular sign is a subset of N either of the form {j € N | j > i}, denoted by >i, or
{j €N | j<i}, denoted by <i, for some i € N. Given a propositional formula ¢, a
regular formula is an expression of the form >i: ¢ or <i: . Signs of the form >i are
said to have positive polarity, while those of the form <i have negative polarity.

Definition 2.3.2. An assignment v satisfies a regular formula of the form >i:¢§ if
and only if v(9) > i, and v satisfies a regular formula of the form <i:¢ if and only
if v(¢) <i. A regular formula is satisfiable if there exists an assignment that satisfies
it; otherwise, it is unsatisfiable.

Example 233. Let N = [0,1] and let P = {>02:x; A (xa V
—w3), <0.1:x1, >0.5:—x2 V x3} be a multiset of regular formulas. The assign-
ment v defined by v(x1) = v(x2) = v(x3) = 0 falsifies the first formula and satisfies the
remaining two. The assignment v such that v(x1) = v(xz) = v(x3) = 0.5 falsifies the
second formula while satisfying the other two.

Definition 2.3.4. Given a set ® of regular formulas, the Regular Satisfiability problem,
or Regular SAT, is to determine whether there exists an assignment to the variables
occurring in ® that satisfies .

Definition 2.3.5. Given a multiset ® of regular formulas, Regular MaxSAT is to find
an assignment that minimizes the number of unsatisfied formulas in P.

Definition 2.3.6. Given a multiset ® of regular formulas, Regular MinSAT is to find
an assignment that minimizes the number of satisfied formulas in P.

Definition 2.3.7. A weighted regular formula is a pair (S: ¢,w), where S: § is a regular
propositional formula and w € N is its weight, which corresponds to the penalty to be
paid if the formula is not satisfied. Conversely, a hard formula is a pair (S: ¢,) and
cannot be falsified by any optimal assignment.

Definition 2.3.8. Given a multiset ® of hard and soft regular formulas ®, Weighted
Partial Regular MaxSAT is fo find an assignment to the variables occurring in ® that
satisfies all the hard formulas and minimizes the sum of weights of the unsatisfied soft
formulas. Such an assignment is called a Weighted Partial Regular MaxSAT optimal
assignment for .

Definition 2.3.9. Given a multiset ® of hard and soft regular formulas, Weighted Par-
tial Regular MinSAT is fo find an assignment to the variables occurring in ® that
satisfies all the hard formulas and minimizes the sum of weights of the satisfied soft
Sformulas. Such an assignment is called a Weighted Partial Regular MinSAT optimal
assignment for .

2.4 Resolution for Boolean Propositional Logic

The resolution calculus is a refutation system based on a single inference rule, called
resolution [87]. It operates exclusively on formulas in Conjunctive Normal Form
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(CNF). In this setting, a literal [ is either a propositional variable x or its negation —x.
A clause c is a disjunction of literals, typically represented as the set of its literals and
a CNF formula is a set of clauses. The empty clause, denoted by O, represents an
inherent contradiction and is unsatisfiable.

Definition 2.4.1. Given two clauses c,c», called parent clauses, then r is a resolvent
of ¢ and c¢; if there is one literal £ € c| such that —¢ € ¢, and r has the form

r=(cit\{€HU(c2\{~4}).

The application of the resolution rule to the clauses xV ¢; and —xV ¢, is usually
represented as follows:

xVecr —xVe
ciVer
A proof by resolution, or refutation, of a CNF formula ¢ is a sequence of rule
applications that starts with the clauses in ¢ and ends with the derivation of the empty
clause.

Definition 2.4.2. A proof by resolution, or refutation, from a set C of initial clauses is
a finite sequence of clauses cy,ca,...,c, such that each clause c; is either an element
of C or a resolvent derived from two preceding clauses c; and cy, where j,k <1i, via
the resolution rule, and the final clause c, is the empty clause.

The resolution calculus is both sound and complete: a formula ¢ is unsatisfiable if
and only if the empty clause can be derived from it.

Example 2.4.3. Given the set of clauses C = {—x1,—xp,x1 V x2}, we prove that C is
unsatisfiable by constructing a resolution refutation as follows:

1. From the input clauses x| \V x; and —xy, resolving on x| yields the resolvent x;.

2. From the newly derived clause x; and the input clause —x», resolving on x; yields
the empty clause.

The derivation of the empty clause formally proves that ¢ is unsatisfiable.

The iterative application of the resolution rule to a set of clauses can yield a com-
plete solving procedure for SAT, giving rise to what is known as a variable elimination
algorithm. This procedure is described in more detail in Section 3.2.

2.5 Tableaux for Boolean Propositional Logic

The tableau method is a systematic procedure for solving satisfiability problems, often
viewed as a proof by case distinction. The tableau calculus for SAT provides a sys-
tematic procedure for determining the satisfiability of propositional formulas through
semantic tree construction and branch closure analysis [37].

Using Smullyan’s uniform notation [89], propositional formulas are grouped into
conjunctive a-formulas and disjunctive 3-formulas (Table 2.1). Together with double
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Table 2.1: a-formulas and 3-formulas.

o a | o B Bi | B
ANB A B AVB A B
~(AVB) | -A | -B ~(AAB) | -A | -B
-(A—B)| A | B A—B |-A| B

Table 2.2: Tableau expansion rules for SAT.

o B —-—A l
o B | B A -l
(07) O
o-rule B-rule —-rule O-rule
X1
[
x
|
—x1 A =X
|
—X1
|
X2
|
O

Figure 2.2: Completed SAT tableau for {x;,x;,—x; A—wp }.

negations ——A, this taxonomy allows SAT tableaux to break down complex formulas
into their constituent parts using the expansion rules in Table 2.2.

A standard SAT tableau starts with a single branch containing the input formulas.
Rules are applied until either every branch derives a contradiction (proving unsatisfia-
bility) or at least one branch becomes saturated without contradictions (proving satisfi-
ability). The contradiction rule (O-rule) is applied to close a branch as soon as a literal
and its negation appear simultaneously.

Example 2.5.1. Figure 2.2 illustrates a classical SAT tableau for the unsatisfiable
multiset ¢ = {x1,x2,~x1 A—x2}. The initial branch contains the three input formulas.
Applying the o-rule to —x1 A\ —xp appends both —x| and —x; to the branch. Finally,
the O-rule detects the contradiction between x| and —x; (or alternatively x; and —x3),
closing the single branch with a O. Since all branches are closed, ¢ is unsatisfiable.

Extending the tableau framework to MaxSAT requires a fundamental shift in both
execution strategy and rule design. First, expansion cannot stop upon finding a single
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Table 2.3: Tableau expansion rules for MaxSAT.

o B —-—A l
O o Bi | B A -l
o O
o-rule B-rule —-rule O-rule

contradiction; because the goal is to count all possible contradictions, rules must be ap-
plied until all branches are fully saturated. Second, to prevent under- or over-counting,
formulas must act as consumable resources. Once a formula serves as a premise for a
rule in a branch, it becomes inactive and cannot be reused. Thus, MaxSAT inference
rules can be viewed as rewriting rules.

The classical a-rule presented in the previous section is unsound for MaxSAT be-
cause it does not preserve the minimum number of unsatisfied formulas. As seen in
Figure 2.2, applying the standard a-rule to the instance {x;,x;,—x; A —x} decom-
poses the conjunction into —x; and —xp. In a MaxSAT setting, this would allow the
O-rule to incorrectly derive two independent contradictions against x; and x;, yielding
a total cost of 2. However, the single optimal assignment (setting both x; and x; to
true) only unsatisfies the original conjunction, meaning the true minimum cost is 1.

To remedy this overcounting problem, the complete MaxSAT tableau calculus in-
troduces the branching o-rule shown in Table 2.3 [71]. This rule ensures that if an
assignment unsatisfies ¢, the left branch is immediately penalized with a contradiction
(O) while freezing further decomposition of its subformulas. The right branch handles
cases where « is satisfied, safely processing both ¢; and . A conceptually parallel
calculus was later proposed by Fiorino [45].

Soundness and completeness guarantee that once all branches are saturated under
these resource constraints, the minimum number of derived contradictions among all
branches exactly matches the minimum number of unsatisfied formulas in the input
multiset [71].

Example 2.5.2. Figure 2.3 details the step-by-step MaxSAT tableau construction for
¢ = {x1,x2,~x1 A}, directly contrasting the SAT approach. Applying the modified
branching a-rule yields the second configuration, saturating the left branch with a
single O. Two subsequent applications of the O-rule to {x|,—x;} and {x3,—x,} on the
right branch exhaust the active formulas, resulting in a final minimum contradiction
count of 1 across the completed branches, matching the true optimal cost.
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X1 X1 X1 X1
| | | |
X2 X2 X2 X2
| | | |
—x1 A X —x1 A =X —x1 A —xp —x1 A —xp
O —X] Od —X] Od X1
| | |
‘|)C2 ‘|_X2 ‘|_X2
| |
O O

I
O

Figure 2.3: MaxSAT tableau construction for {xj,x,,—x; A —xa}.



Chapter 3

A Resolution Solver for Boolean
MaxSAT

This chapter introduces the MaxSAT resolution rule and its extension to
Weighted Partial MaxSAT. It then describes a variable elimination algo-
rithm based on this resolution rule and presents MSElim, an efficient im-
plementation of the algorithm that incorporates several features which can
be turned on or off to assess their individual impact on performance. Fi-
nally, the chapter provides a comprehensive empirical evaluation of MSE-
lim, both as a complete solver and as a Bounded Variable Elimination
(BVE) preprocessor for state-of-the-art MaxSAT solvers.

3.1 Introduction

The classical resolution rule is sound and complete for SAT, preserving the satisfiability
between its premises and conclusion [87]. However, this condition is insufficient in the
context of MaxSAT. Since MaxSAT is an optimization problem, a sound inference rule
must preserve the minimum number of unsatisfied clauses, not just satisfiability.

To illustrate that SAT resolution is unsound for MaxSAT, consider the multi-
set of clauses C = {x1,—x; V x2,—x] V —x2,—x1 V x3,—1 V —x3}.  Under any opti-
mal MaxSAT assignment (which sets x; to false), C contains one unsatisfied clause.
However, if we apply classical unit propagation using the unit clause x;, the multiset
C' = {xp,~x,x3,—x3} is derived. Consequently, C’ has a minimum of two unsatisfied
clauses under any assignment. This increase in the number of unsatisfied clauses shows
that unit propagation distorts the cost function, becoming unsound. Hence, this essen-
tial SAT solving technique cannot be applied to MaxSAT. This fundamental limitation
led to the definition of a MaxSAT resolution rule that preserves the exact number of
unsatisfied clauses for every assignment, yielding a sound and complete calculus for
MaxSAT [24, 25, 61].

The MaxSAT resolution rule has attracted considerable attention within the proof
complexity community, where foundational results have established that MaxSAT

17
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resolution, when combined with structural rules, strictly dominates SAT resolu-
tion [21, 22, 23, 88]. However, a significant gap remains between theory and prac-
tice. While state-of-the-art branch-and-bound solvers use restricted variants of this
rule [1, 27, 67, 68], no practical solver yet implements the full rule.

To bridge this gap, this chapter introduces a novel, exact, inference-based MaxSAT
solver built directly upon the full resolution rule. Specifically, the underlying algorithm
relies on a variable elimination process driven by MaxSAT resolution. While the re-
sulting solver is not yet competitive with state-of-the-art MaxSAT solvers, which are
predominantly based on the CDCL algorithm, the ultimate goal of this line of research
is to develop efficient preprocessing techniques based on MaxSAT Bounded Variable
Elimination (BVE). Here, we address the first necessary step: develop an efficient
implementation of MaxSAT variable elimination. Moreover, we report initial experi-
mental results that show significant speedups for specific problem families, confirming
that BVE is a highly promising direction for MaxSAT solving.

The remainder of this chapter is structured as follows. Section 3.2 reviews the exist-
ing work on variable elimination algorithms for SAT. Section 3.3 presents the MaxSAT
resolution rule, which forms the basis of the inference mechanism implemented in our
solver, MSElim. Section 3.4 describes the architecture of MSElim. Finally, Section 3.5
evaluates the performance of MSElim using instances from the MaxSAT Evaluation.
Finally, Section 3.6 concludes the chapter.

3.2 SAT Variable Elimination

The iterative application of the resolution rule to a set of clauses can yield a complete
solving procedure for SAT. One way to approach this is through a variable elimination
algorithm that iteratively eliminates a different variable at each step. Given a set of
clauses C, let Cy C C be the clauses containing x and C-, C C those containing —x.
Eliminating a variable x consists first in resolving every clause of C, against every
clause of C-, on x, discarding the tautologies, and obtaining a new formula C’. Then,
the original clauses C, UC-, are removed from C’, obtaining a formula that no longer
contains occurrences of variable x but has the same satisfiability as C. The key point
is that satisfiability is preserved because the formula C’ is saturated with respect to x,
according to the following definition.

Definition 3.2.1. A set C of clauses is saturated with respect to variable x if, for every
pair of resolvable clauses xV A € Cy and —~xV B € C—, either AV B is a tautology or
AV B € C. In other words, C is saturated if any newly generated resolvent is logically
implied by an existing clause in C.

A set C' of clauses is a saturation of C with respect to x if C' is saturated with
respect to x and C &, C'; that is, C' is obtained from C by finitely many applications of
the resolution rule, each resolving on x.

This is known as the Davis—Putnam elimination step [38], which yields a complete
SAT algorithm.

Algorithm 3.1 describes the SAT solving process based on iterative variable elimi-
nation. This algorithm eliminates all variables in a CNF formula C in some order; for
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Algorithm 3.1: An exact variable elimination algorithm for SAT

Input: C: a set of clauses.
Output: (s,1): s is UNSAT if the formula is unsatisfiable, otherwise s is SAT
and 7 an assignment that satisfies all clauses in C.
Co + C;
fori< 1tondo
C! < saturation(Ci_1,x;);
L (Ci, D) < partition(C!,x;);
1< 0;
if 0 € G, then
| s =UNSAT;
else
s =SAT;
for i <— n downto 1 do
L I < 1U[x; — extension(x;,1,D;)];

return (s,/)

simplicity, we assume w.l.0.g. the lexicographical order: xy,...,x,. The algorithm gen-
erates three sequences of sets of clauses: Cy,...,Cy; C},...,Cy; and Dy, ..., D,, where
C=Cp, fori=1,...,n, C{ is a saturation of C;_; with respect to x;; C; is the set of
clauses not containing occurrences of variables x; ...,x;; and D; = C,fx U Cfﬁx. If the
empty clause is derived during the process, C is unsatisfiable. Otherwise, a model I of
the formula can be reconstructed iteratively by visiting the sets D; in reverse elimina-
tion order and, at each step, assigning variable x; a value such that / satisfies D;. This
can be done efficiently, since the saturation property guarantees that I satisfies C; or
C;_,. regardless of the value assigned to x [38].

The major performance drawback of Algorithm 3.1 is that each variable elimina-
tion step can cause a quadratic growth in the formula size. Consequently, in practice,
this approach is highly inefficient and cannot compete with state-of-the-art SAT solvers
based on the Conflict-Driven Clause Learning (CDCL) algorithm. However, restricting
this elimination process to a heuristically chosen subset of variables has proven to be a
highly effective preprocessing and inprocessing technique for simplifying formulas be-
fore and during the search in CDCL solvers [18, 75]. This bounded approach is known
as Bounded Variable Elimination (BVE). Specifically, before eliminating a variable x;,
the net increase in formula size is computed; the elimination is then executed only if
this increase satisfies a predefined threshold or criterion [39].

The effectiveness of BVE is significantly enhanced when complemented with other
inference techniques, such as unit propagation, subsumption, and self-subsuming res-
olution, as described below.

Unit Propagation Unit Propagation (UP) is the iterated application of the Unit
Clause (UC) rule (also referred to as the one-literal rule) until an empty clause is
derived or there are no unit clauses left. If a clause is unit, then its literal must be as-
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signed the value true. If £ is a unit clause in a CNF formula C, UC consists in deleting
all the clauses of C with literal £ and removing all the occurrences of literal —=¢. Modern
solvers implement UP using the two-watched-literal scheme introduced with the Chaff
solver [84, 99]. In these implementations, the concept of unit clause is adapted to the
co-existence of a partial assignment, i.e. a clause is unit if it has all its literals falsified
but one, which is unassigned. The idea is to watch two non-false literals in each clause.
While both watches are non-false, the clause can neither propagate nor be conflicting
so that it can be ignored. A clause is therefore visited only when one of its watched
literals becomes false. To know which clauses to visit, the solver keeps a watch list for
each literal ¢. This list contains the clauses in which ¢ is currently watched.

Subsumption A clause A subsumes a clause B when every literal of A also appears
in B, that is, seeing clauses as sets of literals, A C B. In that case, B is implied by A
and can be deleted, since any assignment that satisfies A also satisfies B. In practice,
given a set of clauses C, when checking possible subsumption relations between a
clause A € C and the other clauses in C' = C\ {A}, the check can run in two directions:
forward subsumption asks whether a A is subsumed by some clause in C’ (hence A
can be removed from C), while backward subsumption asks whether A subsumes any
clause in C’ (and hence such clauses can be removed from C). The variable elimination
process generates a number of new clauses after a variable has been eliminated, and
such clauses are good candidates to be checked for forward and backward subsumption
with the other clauses in the formula.

Self-subsuming resolution Let clauses A and B be resolvable on a variable x. If
their resolvent subsumes some of the premises, these premises can be removed. Self-
subsuming resolution can either be applied during a resolution rule application between
two clauses A and B during the elimination of variable x, or when checking the sub-
sumption relations between two clauses A and B.

3.3 MaxSAT Resolution Rule

The MaxSAT resolution rule can be considered an extension of the classical resolution
rule that preserves the number of unsatisfied clauses from the premises to the conclu-
sions for any assignment [24, 60]. Moreover, the MaxSAT resolution rule is sound and
complete for MaxSAT [24, 25]. Unlike classical resolution, which adds the conclu-
sions to the existing set, the MaxSAT resolution rule replaces the premises with the
conclusions.

Definition 3.3.1. Given two clauses x\ a1V ---Vag and ~xN bV -- -\ by, the MaxSAT
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resolution rule replaces them with the following multiset of clauses:

xVapV---Vag
Vb V- Vb
a\V---NagNb V---Vb
xVayV---VagV-b
xVaiV---VagVbV-by

xVaiV---VagNbiV---Vbi_1V b
-xVbV---VbV-ay
—xVbV---VbVaV-a

“XxVbiV---VbVaV---Vas_ 1V -ag

The tautologies among the conclusions are removed, and repeated literals within
a clause are collapsed into a single occurrence. Besides the conclusion in which the
variable is resolved, the rule also produces additional clauses, called compensation
clauses. We say that the rule resolves the variable x.

The first conclusion is the classical resolvent and does not contain the variable x.
The remaining conclusions are called compensation clauses; each one contains one of
the original premises as a subclause and ensures that the number of unsatisfied clauses
is preserved.

In the sequel, we often use the following compact representation of the rule:

xVA
-xVB

AVB
xVAV-B
-xV-AVB

where A=a;V---Vasand B= bV ---V b, are disjunctions of literals. Notice that
—A and —B are not in clausal form. Their MaxSAT clausal forms are {—a;, a; V
—ay, ...,a1V---Vas_1V-ag}and {—=by, by V—by, ..., by V--- Vb,V b, }, respec-
tively, as shown in [70, 72]. Bonet et al. [24, 25] proved that the MaxSAT resolution
rule is sound and complete.

The number of conclusions is bounded by the number of literals in the premises;
when the two premises share literals, some compensation clauses become tautologies
and are removed. In particular, when A = B, all compensation clauses are tautological,
and the only non-tautological conclusion is A itself.

Example 3.3.2. Consider the multiset of clauses C = {x1, x| V x3,—x3 V x3, X3} fo
illustrate how variable saturation works. We begin by saturating with respect to x: re-
solving x1 with —x1 V xp yields the resolvent x, and the compensation clause x1 V —x,
producing {x2,x1 V —x2,~x2 V x3,-w3}. Since x1 V —xy is the only clause containing
x1 and there is no clause with —xi, the multiset is saturated with respect to x;. Setting
aside the clause containing x|, we obtain C; = {xp,—xp V x3,—x3}. Next, we saturate
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C1 with respect to xp: resolving x, with —x, \V x3 yields the resolvent x3 and the com-
pensation clause xp V —x3, producing {x3,x \ —x3,—x3 }. Again, no further resolution
on xy is possible, so we set aside x, V —x3 and obtain Cy = {x3,—x3}. Finally, resolving
x3 with —x3 yields O (the empty clause). Since all variables have been saturated, the
minimum number of unsatisfied clauses in C is 1.

3.3.1 Weighted Partial MaxSAT Resolution

The resolution rule introduced above is for unweighted MaxSAT. We now extend it to
Weighted MaxSAT. In this context, each clause is assigned a positive weight, and the
rule operates on two weighted premises, (x\V A,u) and (—xV B,w), as follows:

(
(
(AVB, mln(u w))

(x VAV —B,min(u,w))
(—xV—=AV B, min(u,w))

(x VAV —B,u— min(u,w))
(—xV-AVB,w—min(u,w))

Any conclusion with a weight of zero is discarded. Intuitively, a clause with weight w
behaves as w identical copies of that clause, so a single application of the weighted rule
accounts for min(u,w) applications of its unweighted counterpart at once.

When some clauses are declared hard, we are in the partial setting. A hard clause
is assigned an infinite weight and cannot be falsified by any feasible assignment. Three
cases arise, depending on which premises are hard:

(xVA,u) (xVA, ) (xVA, )
(—xV B,o0) (-xVB,w) (—xV B,o0)
(AVB,u) (AVB,w) (AV B, o)
(x VAV =B, u) (xVA,o0) (xVA,o0)
(—xV B,oo) (—=xV-AVB,w) (—xV B,o0)

In each case, the hard premise is retained in the conclusions to ensure its constraint
remains enforced. When two hard unit clauses resolve to produce the empty clause,
the result is (0, o0), denoted by WM. This signifies that the hard part of the formula is
unsatisfiable, rendering the instance infeasible.

Example 3.3.3. Consider the multiset {(x1,3),(—x1 Vx2,2)}. Applying the weighted
rule yields {(x,2), (x1 V —x2,2), (x1,1)}. If the first clause is hard, the multiset
{(x1,%)

,(—x1 Vx2,2)} resolves to {(x2,2), (x1,0)}. When both clauses are unit, the multi-
set {(x1,00), (—x1,2)} produces {(3,2), (x1,°0)}. Finally, {(x],0), (—x1,00)} derives
{M}: the hard part is unsatisfiable, so no optimal assignment exists.
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3.4 MSElim: a Variable Elimination Solver for
MaxSAT

This section presents MSElim, a complete reimplementation of the variable elimination
approach to MaxSAT solving introduced in my master’s thesis [95]. While the feasi-
bility of exact variable elimination based on the MaxSAT resolution rule was explored
in that earlier work, the method has received limited attention as a practical solving
technique.

MSElim solves Weighted Partial MaxSAT by repeatedly selecting a variable, re-
solving it away using MaxSAT resolution, and eliminating it from the working formula.
The main difficulty of MaxSAT variable elimination is that the resolution rule produces
not only a resolvent but also compensation clauses, which may cause the formula to
grow rapidly. Our new implementation is designed to keep this growth under control.
It also combines variable elimination with other powerful techniques such as unit prop-
agation and clause subsumption. Although this combination has become standard in
SAT solvers, it has never been explored in MaxSAT variable elimination, where addi-
tional challenges arise. Besides, we show that specific MaxSAT inference techniques
can be applied together with clause subsumption and unit propagation.

This section is organized as follows. Section 3.4.1 presents the generic variable
elimination procedure for MaxSAT described in [24]. Section 3.4.2 explains how for-
mulas are represented in our implementation. Section 3.4.3 introduces heuristics for
selecting the next variable to eliminate. Section 3.4.4 describes two alternative imple-
mentations of the saturation step. Section 3.4.5 presents the simplification techniques
applied in combination with the elimination process.

Recall that, in the context of Weighted Partial MaxSAT, clauses are defined as pairs
of the form (A,w), where A is a disjunction of literals, and w is either a non-negative
value (for soft clause) or infinite (for hard clause). However, in several of the expla-
nations below, the weight plays no role. For simplicity, and whenever the meaning is
clear from the context, we will refer to weighted clauses simply as clauses. Likewise,
clause weights will be omitted when they are irrelevant.

3.4.1 A Generic Variable Elimination Algorithm

In this section, we show that MaxSAT and its weighted and partial variants can also
be solved with a variable elimination algorithm similar to Algorithm 3.1 for SAT.
Algorithm 3.2 presents the pseudo-code for the most general case, Weighted Partial
MaxSAT. At a high level, the pseudo-code differences with Algorithm 3.1 are minor,
only introduced by the difference in the problem definition and the kind of result (sat-
isfiability versus optimization). However, when there are soft clauses, the notion of
saturation differs from that introduced in Definition 3.2.1. Moreover, a saturation in
MaxSAT must be computed using the MaxSAT resolution rule instead of the resolu-
tion rule. We first present the notion of saturation for unweighted MaxSAT.

Definition 3.4.1. A multiset C of clauses is said to be saturated with respect to vari-
able x if, for every pair of clauses x\V A € Cx and —~x VN B in C-, there exists a literal
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Algorithm 3.2: An exact variable elimination algorithm for Weighted Partial
MaxSAT
Input: C: a multiset of weighted clauses.
Output: (m,I): if there exists an assignment that satisfies all hard clauses, I is
one that minimizes the sum of weights of falsified soft clauses and m
is this sum. Otherwise, m = oo,
C() ~—C 5
for i< 1tondo
C! < saturation(Ci_1,x;);
L (Ci, D) < partition(C!,x;);

10,

if (O, ) € C, then
m= oo;

else

m=3,0wec, Ws
for i <— n downto 1 do
L I < IU[x; — extension(x;,1,D;)];

return (m,[)

{ such that £ appears in A and —{ appears in B. In other words, its resolvent is a
tautology.

A multiset C' is a saturation of C with respect to x if C' is saturated with respect to x
and C = C'; that is, C' is obtained from C by finitely many applications of the MaxSAT
resolution rule, each resolving on x.

The intuition behind this definition is straightforward: once a multiset is saturated
with respect to x, every remaining pair of clauses x VA and —xV B produces a tau-
tological resolvent AV B, so any further application of the MaxSAT resolution rule
on x would only generate compensation clauses without introducing new variable-free
clauses.

Since the weights of the clauses do not play any role in the notion of saturation, the
previous definition is also valid for Weighted MaxSAT. However, for Weighted Partial
MaxSAT, the definition of saturation combines Definitions 3.2.1 and 3.4.1.

Definition 3.4.2. A multiset C of clauses is saturated with respect to x if two conditions
hold:

1. For every pair of resolvable hard clauses xV A € Cy, ~xV B € C—, there is a
clause E € C such that E C AUB.

2. For every pair of clauses x\V A € Cy and —xV B in C- such that at least one of
them is soft, there exists a literal { such that { appears in A and —¢ appears in B.
In other words, its resolvent is a tautology.

A multiset C' of clauses is a saturation of C with respect to x if C' is saturated with
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respect to x and C &, C'; that is, C' is obtained from C by finitely many applications of
the MaxSAT resolution rule, each resolving on x.

Example 3.4.3. To illustrate how Algorithm 3.2 operates, we consider the multiset
C={x1V—x3, x1 Vxa, x3, ~x2 }, where all clauses are soft and have the same weight.
We set Coy = C and eliminate variables following the lexicographical order: x1,x2,x3.

Iteration i = 1 (eliminate x,): In Cy two clauses mention x|: the positive clause
x1 V —3 and the negative clause —x| V xo. Applying MaxSAT resolution to this pair
produces three clauses: the resolvent x, V —x3 and the two compensation clauses x1 V
—xp V —x3 and —x1 V x2 V x3. The remaining clauses x3 and —x, are untouched, so the
saturation of Co with respect to x1 is {x2V —x3, x1 Vo V -3, = VX2 V3, x3, —x2}.
After partitioning, we obtain C) = {x, V —wx3, x3, —xp} (the clauses free of x1) and
Dy ={x1V—x2 V—x3, ~x1 VX Vx3} (the clauses that still mention xy, stored for later
use).

Iteration i = 2 (eliminate x,): Within C| the only resolution pair on x; is (x3 V —x3)
and (—xy). Resolution yields the resolvent —x3 together with the compensation clause
—xp V x3. Combined with the clause x3 that does not contain xy, the full saturation is
{x3, =3, —xp Vx3}. Partitioning gives C; = {x3, ~x3} and D, = {—xp V x3}.

Iteration i = 3 (eliminate x3): Resolving x3 with —x3 in Cy produces the empty
clause O (soft clause). Hence C3 = {0} and D3 = 0. Since m = |C3| = 1, every
assignment falsifies at least one clause in C.

Backward pass (constructing an optimal assignment): We build the assignment I by
extending it one variable at a time from x3 down to xi, selecting each value so that it
satisfies all clauses in D;.

Because D3 = 0, the value of x3 is unconstrained; we set x3 — false. Under x3 =
false, setting x» — false satisfies the clause in Dy = {—xyV x3}. Finally, under x; =
x3 = false, setting x| «— false satisfies both clauses in D;.

The algorithm returns m = 1 with the optimal assignment x| — false, x — false,
x3 — false. One can verify that this assignment satisfies three of the four clauses in C,
leaving only x3 unsatisfied.

A noteworthy property is that the saturation of a given multiset with respect
to a variable is not necessarily unique. Different orderings for resolving pairs of
clauses can lead to distinct saturated multisets. As an illustration, the multiset of
unweighted soft clauses {x;,—x; V x2,—x; Vx3} admits two saturations with respect
to x;: one yielding {x;, v V x3,x1 V —x3 V —x3,—x; V x2 Vx3} and another yield-
ing {x3,xp V —x3,x1 V —xp V 3, —w; Vxp V3t This non-uniqueness does not affect
correctness: the completeness theorem guarantees that the number of derived empty
clauses remains the same, regardless of which saturation is computed [25].

Finally, note that for Weighted Partial MaxSAT, the variants of the MaxSAT res-
olution rule presented in Section 3.3.1 must be applied. Rather than providing a full
example, we illustrate this with a single saturation step.

Example 3.4.4. To illustrate the weighted partial variant of the rule, we consider the
multiset C = {(—x1 V —xz, 1), (—x1 Vw3, 2), (x1 V—up, )} We ser Cy = C and focus
exclusively on eliminating variable x;.
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First rule application: (x;V —xy, ) and (—x1V -y, 1) :

Second rule application: (x1V —xy, o) and (—x1V -3, 2):

x1 Vo, °°)
—x1 Vw3, 2)

(
(
(—\XZ V —x3, 2)
(
(

X1V Xy, oo)
—x1 VgV -xg, 2)

After these two applications of the rule, the active multiset is C = {(—xz, 1), (—xp V
w3, 2),(x1 V xp, ), (—x1 Vo V —x3, 2)} which is saturated with respect to x|. The
only clause containing x, is the hard clause (x1 V —xp, o), and the only clause contain-
ing —x is the soft clause (—x; Vxy V s, 2). Since one of them is soft, only condition 2
of Definition 3.4.2 applies; their resolvent cancels the literal x, and is therefore a tau-
tology, so no further application to x| produces a new variable-free clause, and the
saturation stops.

3.4.2 Formula Representation

The choice of data structures for formula storage forms the basis of our variable elim-
ination implementation. In this subsection, we present the building blocks from the
bottom up—starting with variables and literals, followed by hard and soft clauses—
and describe for each how it is stored and how that choice is used during elimination.

Our representation of these elements is standard and adopted from the MiniSAT
solver [40, 90]. We also incorporate the additional data structures required by MSElim:
the clause allocator, the assignment trail, watch lists, and occurrence lists.

The part of the representation that is specific to the weighted MaxSAT setting is the
treatment of soft unit clauses, which are not stored as clauses but as weights in an array
indexed by literal.

Literals and Variables

We adopt the variable and literal encoding of MiniSat [40], summarized in Table 3.1. A
variable is a plain integer in the range 0, ...,n — 1: variables are introduced in sequence
and serve directly as array indices, so any information about the variable is stored in a
flat array with one entry per variable. A literal packs a variable and its sign into a single
integer £ = 2x+ s, with s = 0 for the positive literal and s = 1 for the negative one. Eén
and Sorensson [40] describe this packed integer as “a ‘small’ integer suitable for array
indexing”: the literal is its own index. Three properties follow that the rest of the code
relies on. First, negation is a single bit flip (¢ — ¢ 1): since the sign is the lowest bit,
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Field Expression Meaning

Variable ve{0,1,2,...}  avariable is an index

Literal x=2v+s packs variable v and sign bit s € {0,1}
Negation x—=x@1 flip the low bit to swap polarity
Variable of a literal ~ var({) =x>>1  drop the sign bit

Sign of a literal sign({) =x& 1 low bit: 0 positive, 1 negative

Table 3.1: Literal encoding in the implementation of MSElim.

Clause type ‘Where it is stored

size > 2 (hard or soft)  clause allocator (ca), listed in clauses

unit hard assignment trail (trail), with value in assigns

unit soft array indexed by literal (unit_soft)

empty hard none — the instance is unsatisfiable, the process will finish immediately
empty soft global cost counter (empty_clauses)

Table 3.2: Clause representation in MSElim, depending on its size and kind (hard or
soft).

there is no polarity test and no branch for the processor to predict. Second, the literal
can be used directly as the index of any literal indexed array; there is no hashing and no
lookup table, because the integer value of the literal is already the position of its entry.
Third, a literal and its negation are placed at consecutive positions (2x and 2x + 1), so
both polarities of a variable lie next to each other in any literal-indexed array, which
means the two are read together from the same region of memory. These look like
small details, but resolution negates literals and indexes by literal constantly, so they
apply to the hottest path of the procedure.

Each variable is assigned a truth value (a three-valued 1bool: true, false, or unas-
signed), where the third value marks that the variable has not yet been given a value.
Beyond its truth value, our elimination procedure assigns a few additional attributes to
each variable, such as a flag indicating whether the variable has already been eliminated
or skipped (will not be eliminated at all) in the BVE scenario.

Hard and soft clauses

Each clause stores a weight, and a reserved maximal value co marks the clause as hard;
any smaller weight is the cost of falsifying a soft clause. So a single field tells us both
the cost and the type of a clause. Unit and empty clauses are not kept as clauses at all,
while clauses of two or more literals are kept in a general clause database. Table 3.2
summarises this.

There is a global integer counter that represents the cost of the formula derived so
far, that is, the sum of the weights of the derived empty soft clauses.

A unit hard clause (¢, ) asserts that a literal must be true, which is the same state-
ment as forcing that literal true; we therefore store it not as a clause but directly on the
assignment trail. The trail is a standard structure in conflict-driven solvers: a sequence
of the literals currently set to true, in the order they were assigned. In a CDCL solver,
the trail is partitioned into decision levels and is unwound on backtracking [81, 79];
our solver never backtracks, so the trail only ever grows.
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A unit soft clause of weight w and a literal ¢ is not stored as a clause but as a
number. In particular, we add w to the slot for £ in a vector with two slots per variable,
one for each polarity. If we add a soft unit on ¢ while its negation —¢ already carries
weight, the two cannot both be satisfied: any assignment falsifies one of them, so at
least the smaller of the two weights must be paid no matter what. We therefore move
that smaller weight into the cost counter at once and subtract it from both slots, which
leaves at most one polarity of the variable with weight. This process can be seen as an
application of the MaxSAT resolution rule to the soft premises x and —ux.

Soft and hard clauses containing two or more literals are represented as real clauses
and are stored in the shared clause database. The main fields associated with each
clause are the following:

size: number of literals of the clause.
data: vector of literals of the clause.
removed: flag indicating if the clause has been removed.

mark_strengthen and mark_subsume: flags indicating whether the clause has al-
ready been added to the list of clauses to be strengthened or to be used for back-
ward subsumption (Section 3.4.5).

abstraction: this is a 64-bit signature that records the indices of the variables (mod-
ulo 64) that the clause contains. For instance, a clause containing xo will set bit
number O to 1. Note that the abstraction cannot differentiate if the clause contains
literal xy or —xg, and neither whether it contains variable xg, or xg4, Or X128, ...,
or many of them. The abstraction is crucial to speed up the subsumption pro-
cess (Section 3.4.5), and is also used by one of the variable selection heuristics
(Section 3.4.3).

So far, we have seen where each element is stored and how it is stored. However,
during saturation and unit propagation, we need information about the set of clauses
where a literal occurs. We keep two indices from literals to clauses. The first index is
the occurrence lists. In order to eliminate a variable x, we need to identify the clauses
containing literal x and the clauses containing literal —x. For this, we keep occurrence
lists, which map each literal ¢ to all clauses containing ¢. The second index is the
watch lists, which record clauses under only two of its literals. Watch lists are used
for unit propagation and for forward subsumption. We maintain separate watch lists
for hard and soft clauses. On the one hand, as explained later, the implementation of
forward subsumption checks only the watches of hard clauses. On the other hand, the
two behave differently during unit propagation. Falsifying a hard clause means that
the formula is unsatisfiable, and finding a unit hard clause triggers a new assignment
in the trail. However, falsifying a soft clause results in an increase in the cost equal
to its weight, while any detected unit soft clause is removed from the clause database,
and the weight of the unassigned literal is updated in the unit soft literal representation
array.
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Example 3.4.5. Consider the weighted soft clauses (aV bV c,5) and (—a,3), and the
hard clauses (—b,o) and (—c,o0). Setting b and c to false reduces the first clause to
the soft clause (a,5). Adding it to the unit soft array meets the existing (—a,3): since
(a) and (—a) cannot hold simultaneously, the smallest weight, 3, must be paid, leaving
(a,2). The resulting simplified instance has 3 empty clauses (or an empty clause with
weight 3), the unit soft clause (a,2) and the two initial hard clauses. This is correct:
once b = ¢ = false, the best choice is a = true at cost 3.

3.4.3 Variable Selection Heuristics

The order of variable elimination is a critical factor determining performance. Because
MaxSAT variable elimination can cause formulas to explode in size, eliminating cheap
variables first keeps the formula small for longer. This, in turn, reduces the computa-
tional cost of subsequent eliminations, as each operation processes fewer and shorter
clauses. A pure variable represents the extreme case: lacking clauses of one polarity,
the clauses with the other polarity can be removed for free. Prioritizing these vari-
ables while delaying expensive ones (or avoiding them entirely, as in BVE) prevents
the intermediate formula from blowing up.

It is important to clarify the exact impact of the heuristic. While it affects the
execution speed of the elimination process and the total number of variables eliminated,
it has no bearing on the final result, as resolution-based elimination is sound regardless
of the elimination order.

We have implemented four different heuristics to select the variables to be elimi-
nated. The first one (Heuristic 0) simply picks the variables in lexicographic order (i.e.,
from O to ny,s—1) and serves as a baseline to evaluate the remaining three. The other
heuristics use a min-heap (reusing MiniSAT’s implementation) to select the variable
with the minimum score each time we need to pick a new variable to eliminate. When
computing any of these heuristics, we can check whether a literal has become pure at
no extra cost by reading the size of its occurrence lists. If either of the two lists is
empty, the variable is pure, and we set its score to 0 so that the heap prioritizes it. The
heuristics are defined as follows:

Heuristic 1 (degree): The score in this heuristic is the number of non-unit clauses in
which the variable occurs, counting both polarities. It is computed in constant time by
adding the sizes of the occurrence lists of the variable’s two literals, without scanning
the clauses themselves. We refer to this metric as the clause degree of the variable.
Since the goal is to select the cheapest variable for elimination, this heuristic prioritizes
the variable with the lowest clause degree. Figure 3.1 illustrates this concept: variable
x occurs in two clauses while y occurs in five, making x the cheaper alternative.
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Variables Clauses

degree 5

Figure 3.1: Bipartite graph linking variables to the clauses that contain them.

Heuristic 3 (full neighbourhood): This heuristic scores a variable by the size of
its neighbourhood, which is the number of distinct variables, other than the variable
itself, that occur in some clause together with it. Equivalently, it is the degree of the
variable in the variable interaction graph of the formula, where two variables are joined
whenever they share a clause. Computing it means walking every literal of every clause
the variable appears in, which makes this the most time-consuming of our heuristics in
terms of computation of the scores. Figure 3.2 contains a variable interaction graph,
where we show the idea of full neighbourhood. Each node is a variable, and an edge
connects two variables whenever they co-occur in a clause. In this example, x( appears
together with x3, x4, x5, and x, so its neighbourhood size is 4. Variables x| and x; each
share clauses with only two other variables, giving them a neighbourhood size of 2.

x1: 2 xp: 2

Figure 3.2: Connected variable interaction graph for the clause set {xoV x3, xo Vx4, X9V
X5, X0 V Xg, X1 VX3, 7X1 VX4, X2 VX5, TX2 \/xﬁ}.

Heuristic 2 (neighbourhood abstraction): This is a cheaper version of Heuristic
3. It uses the 64-bit abstractions of the clauses to approximate the size of a variable’s
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neighbourhood. More precisely, it computes the union of the abstractions of the clauses
containing a variable, without needing to iterate over the literals of every clause (unlike
heuristic 3). However, two distinct neighbours can collide on the same bit, hence this
process yields an underestimation of the real neighbourhood size. In Figure 3.3, we
show the score computation of xy. Two different clauses contain x¢, and their abstrac-
tions are identical. However, if we look at their real neighbourhoods, we see that xg
has 3 neighbours in C,. The reason both clauses have the same abstraction but different
neighbourhood sizes is that, in the 64-bit representation, x5 and xg¢ share the same bit
as x1 and xp, respectively.

[ Cr=x0Vx1Vxy } [ Cy =x9Vx V Xe5 V X66 ]

abs(C;)=0...0111 abs(C;)=0...0111

H3=2 H2=2 H3=3 H2=2

Figure 3.3: Bit-collision underestimation of the clause abstraction when scoring xg.

3.4.4 Variable Saturation

Once we have heuristically chosen the variable x to be eliminated, we must saturate the
set of clauses C with respect to x; that is, we perform the saturation process of Algo-
rithm 3.2. In SAT solvers, where only hard clauses occur, this step is straightforward
to implement (recall Definition 3.2.1): given the sets C, and C— of clauses that contain
x and —x, respectively, two simple nested loops iterate over all pairs of clauses A € Cx
and B € C_, while adding their resolvents to C. In fact, in BVE for SAT, some imple-
mentations first simulate this process without actually generating new clauses to decide
whether a variable should be eliminated based on the resulting increase in formula size.

However, saturating a formula C in the MaxSAT case, using MaxSAT resolution,
is more challenging. The main difficulty is that the sets C, and C-, are not static,
since applying the rule removes premises from these sets and adds new compensation
clauses. Moreover, it is required to generate the compensation clauses even just to
anticipate the growth of the formula. Two different implementations will be proposed
later. We first present a general high-level algorithm to solve the saturation process
for Weighted Partial MaxSAT. It is described in Algorithm 3.3. It starts by obtaining
the sets C, and C-, that will be iterated for saturation, and generates three sets of
clauses: C., C', and L. The first two sets are the sets of clauses containing x and —x
after saturation is completed; they are updated as the algorithm proceeds. The third set
contains the resolvents derived during the saturation process, none of which contain
variable x.

The MaxRes process implements the MaxSAT resolution rule using either of the
variants presented in Section 3.3.1. In practice, rather than removing and re-adding
hard clauses or weighted clauses with weights greater than those of the other premise,



3.4. MSElim: a Variable Elimination Solver for MaxSAT 32

Algorithm 3.3: A generic algorithm for Weighted Partial MaxSAT saturation
Input: C,x: multiset of weighted and hard clauses containing variable x, and x.
Output: C’: saturation of C with respect to x.

Ci+—{Al[AeCxcA}

C..+ {BlBeC,—x€B}
C.+Cy; CL+Cy; L+{}
foreach A € C, do

foreach B C/ . do

if not resolventlsTautology(A, B) then

(A,B,Compy,Comp—,Res) + MaxRes(A, B)

C, + C.UComp,

//Make sure that new clauses Comp, are visited in later iterations

of the outer loop

C,+ C  UComp—

//Make sure that new clauses Comp- are visited in later iterations

of the inner loop

L+ LU{Res}

if weight(B) = 0 then

| e CL\{B)
if weight(A) = 0 then
C G\ {A}
break

C' + C\CG\C,UC.UC' UL
return C’

we simply maintain the premise and decrease its weight as needed. Hence, the MaxRes
process returns the premises A and B updated accordingly.
Theorem 3.4.7 states the correctness of Algorithm 3.3.

Lemma 3.4.6. Let x\V A’ be a compensation clause obtained after applying MaxSAT
resolution with a soft premise x\/ A. Then, A’ O A. This property is transitive: for
any A’ D A, the compensation clause x\/ A" obtained with premise x\/ A" also has the
property A” D A.

Theorem 3.4.7. Algorithm 3.3 generates a saturation of C w.r.t. x.

Proof. Itis easy to see that clauses in C'\ Cy \ C-, do not contain variable x. In fact, they
have been ignored during the process and have not been taken into account to obtain
saturation. We need to show that at the end of the process:

* For every pair of two hard clauses A € C,, B € C’, their resolvent is in L
(and hence in C’). Every such clause A has been visited in the outer loop, and
since its weight never becomes 0 after applying MaxRes, it has been resolved
against any hard clause in C’,, in the inner loop, including B. Note that MaxRes

never adds hard compensation clauses during the whole process.
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* For every pair of two soft clauses A € C,, B € C/ _, their resolvent is a tau-
tology. Every soft clause A remaining in C, has weight(A) > 0 and has been
visited in the outer loop. Let us denote by C4, the set of clauses C’,, right af-
ter the inner loop has finished in the iteration of the outer loop that considered
clause A. Since weight(A) > 0, the resolvent of A and any clause in C4, is a
tautology (otherwise further MaxRes steps could be applied on A). Moreover,
by Lemma 3.4.6, any new compensation clause added later to C’ , will contain
all literals of some clause in C2 , hence generating a tautological resolvent if
resolved against A. Hence, the property holds regardless of when B is added to
..

For every pair of hard clause A € C.. and soft clause B € C’ , their resolvent is
a tautology. Let us denote by C4, the set of clauses C” right after the inner loop
has finished in the iteration of the outer loop that considered clause A. Since the
weight of a hard clause is oo, the resolvent of A with any soft clause B € C4_ is a
tautology (otherwise clause B would have been removed when resolving against
A). For the same reason as in the previous case, any new compensation clause

added later to C’, also yields a tautological resolvent when resolved against A.

For every pair of soft clause A € C, and hard clause B € C’ , their resolvent
is a tautology. Hard clauses are never added nor removed from C’ . during the
whole process. Hence, if clause A is still in C,/( at the end of the process, mean-
ing weight(A) > 0, no hard clause in C’ , could be resolved against A without

generating a tautology.
O

Notice the comments in Algorithm 3.3 that highlight the need to make sure that new
compensation clauses are visited. Actually, the proof of Theorem 3.4.7 relies on this
fact. In the following subsection, we present an implementation of this algorithm based
on a FIFO (first-in-first-out) strategy to account for this. We also identify that certain
properties of the management of compensation clauses introduce a critical threat to the
performance of the process. Therefore, we next propose an alternative strategy, LIFO
(last-in-first-out), which mitigates these threats. Finally, we provide more implementa-
tion details in the last subsection.

FIFO Variable Saturation

The idea of this strategy is quite simple: we should treat sets C;, and C’, on a FIFO ba-
sis. Hence, seeing these sets as lists initialized with some permutation, we iterate them
in order from the beginning, and new clauses are added to the end. This ensures that
all new clauses are visited in later iterations as required by Algorithm 3.3, unless the
permitted case in which the algorithm leaves the inner loop with the break instruction
when the weight of clause A has been exhausted.

This strategy, which is quite simple to implement, has important drawbacks arising
from the following lemmas, which follow directly from the definition of the MaxSAT
resolution rule.
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Definition 3.4.8. We say that two clauses of the form x\ A, —x\/ B are incompatible if
AV B is a tautology.

Lemma 3.4.9. Let Comp-, be the set of compensation clauses containing —x gener-
ated from an application of MaxSAT resolution with a premise x\/ A. Then, every clause
—xV B € Comp- is incompatible with x\/ A. The same property holds analogously be-
tween the set Comp, and its premise —xV B.

Lemma 3.4.10. Let Comp, and Comp-, be the sets of compensation clauses generated
from an application of MaxSAT resolution. Then, every pair of clauses x\V A € Compy,,
—xV B € Comp-—y is incompatible.

Consider, for instance, a formula with only two soft clauses of the same weight,
resolvable on x, of the form xVy Vy,V---Vy, and ~xVz1Vz2V---VZz,. By
Lemma 3.4.10, this formula will become saturated with respect to x after a single
application of MaxSAT resolution. As a result, n + m compensation clauses will be
generated. However, the FIFO strategy ignores that the formula has become immedi-
ately saturated, and will worthlessly check n x m pairs of incompatible clauses.

Having weighted clauses introduces further possible scenarios like having a clause
xVA coexisting in C,UC’ . at the same time with a set of compensation clauses Comp-,
generated with x V A as a premise. This would be the case if Comp-,, is obtained after
applying MaxSAT resolution between two clauses (xVA,w;) and (—xV B,w;), where
w1 > wp. Again, now by Lemma 3.4.9, the FIFO strategy would waste time checking
several incompatible pairs of clauses.

LIFO Variable Saturation

The variety of scenarios generating compensation clauses that will force the FIFO
strategy to consider several incompatible pairs of clauses goes much further than the
properties described in Lemmas 3.4.9 and 3.4.10. Most notably, the incompatibility
between sibling positive and negative compensation clauses can be propagated transi-
tively to new clauses obtained after using such compensation clauses as new premises
in new MaxSAT resolution applications. The LIFO strategy is designed to capture this
property, based on the following lemma, which subsumes and extends Lemmas 3.4.9
and 3.4.10.

Lemma 3.4.11. Let Comp, and Comp— be the sets of compensation clauses generated
from an application of MaxSAT resolution on premises xN A and —xV B. Then, it
holds that any clause x\V A', where A’ D A, is incompatible with every clause —x\
B € Comp-,. Moreover, given a sequence of sets of positive compensation clauses
Comp!,... ,Comp?, where the premise of Comp) is x\/ A, and for i > 1, the premise of
Comp isE;_| € Compf;l, we have that any xV A’ € Comp' satisfies A’ D A.

To take advantage of this property, when we pick a clause from Cy, we will build a
compensation stack. The purpose of this stack is to delay the addition of compensation
clauses while we are considering premises that we know are incompatible. There is an
entry in the stack for each generated positive compensation clause. Moreover, the stack
satisfies that, given a sequence Comp)! . ...,Comp’ of sets of compensation clauses like
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the one defined in Lemma 3.4.11, for any two clauses ¢| € Compi, ¢r € Comp} with
i < j, clause ¢, will be above ¢ in the compensation stack.

More precisely, an entry of the compensation stack is a pair (A,N), where A is a
clause containing x and N is the set of negative compensation clauses generated with
MaxRes applications with premise A. The addition to C’ . of clauses in N is delayed
until all positive clauses in higher positions of the stack have been considered for satu-
ration.

The following example illustrates the behavior of the LIFO strategy.

Example 3.4.12. In this example, we will ignore the generated resolvents and only
focus on compensation clauses. Consider the sets of weighted soft clauses

C.={c1:(xVvy,3)}

C, ={c:(—xVz1,2),c3:(—xVz2,1),c4:(—xVz3, 1)}

We first apply MaxRes(c1,c2). As a result, the weights of ci and ¢, are decreased by
2, ¢y has weight 0 and two compensation clauses cs:(xV yV —z1,2) and cg:(—xV -y V
21,2) should be added. However, we will delay adding these clauses. Instead, we will
push the positive compensation clause cs onto the stack and record the negative clause
cg in the list of negative compensation clauses for ci. Now we apply MaxRes(c1,c3).
The weights of these clauses are decreased to 0. There is one positive compensation
clause ¢7:(xV yV —z2,1), and one negative clause cg:(—xV —yV z2,1). A new entry is
pushed to the stack for c7, and cg is added to the list of negative compensations of c;.
At this point, the stack contains the following:

TOP
A=cp:(xVyV-z,1)

N

A=cs5:(xVyV—z1,2)
N =
A
N

=c1:(xVy,0)
= ce:(wV 1y Vz,2), gV oyVa, 1)

Now, we have C', = {ca:(—xV z3, 1) }. Since the weight of c| is 0, we move to the top
of the stack and consider the positive clause c7. Note that cg and cg, which are incom-
patible with c¢7, are not considered as negative candidates. We pick the next negative
candidate from C' ,, which is c4. MaxRes(c7,ca) will generate the positive compensa-
tion clause co:(xVyV =z V —z3), 1), which is pushed to the stack, and associate to c7
the negative compensation clauses c1p:(—xV —yVz3,1) and c11:(—xVyVzaVz3, 1). At
this point, the stack contains the following:
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TOP
A=cy:(xVyV-zV-z3),1
N =
A=c7:(xVyV-z,,0)
N =cjo:(—xV-yVzs,1),cr1:(-xVyVzaVazs, 1)
A=cs5:(xVyV—z1,2)
N =
A=c1:(xVy,0)
N =ce:(—xV-yVz,2), cg:(—xV-yVz, 1)

Since the weight of c7 has become 0, we move c7 to the top of the stack and consider
the positive candidate cy. None of the negative compensation clauses generated so far
needs to be checked against cy.

Now, we have C' . = {}; hence, cy is already saturated. It will be added to C.
without being considered again, and it will be one of the clauses of the final saturated
formula.

At this moment, we need to pop elements from the stack until we find the next entry
with a clause A with non-zero weight. All negative compensation clauses from entries
that we remove will be added to C' . Such an entry is the one containing cs, hence the
content of the stack will be the following:

TOP
A= CSZ()C\/y\/ﬁzl,Z)

=c1:(xVy,0)
ce:(mxVyVzy,2), cgi(—xV oy V1)

Zz >z

And we will have C' . = {c1p:(—xV =yVz3V,1),c11:(—xVyVza Vz3V, 1) }. The current
positive candidate is cs. The stack will still prevent to try to resolve it against cg or cg,
but now we can pick cy from C',, which until now was stored in an entry above.

This process continues until the stack is empty. Then, we will start a new stack with

the next candidate in C,,, if any.

An interesting additional property of the compensation stack is that it allows us
to conclude that some positive conclusions are saturated without the need to visit
them. This will happen whenever the positive premise that generated such a conclusion
achieves saturation without exhausting its weight.

Example 3.4.13. Consider the same example as before with two slight changes. First,
the weight of clause cy is 5. Second, C', contains after c4 some more clauses
€20,C21,- - -, all of them incompatible with c|. Hence:

¢, = fer:xvy,5)}

C/ﬁx = {CQI(ﬁX\/Z],Z),C}Z(ﬁx\/ZQ, 1),C4Z(ﬁx\/Z3, 1),C207621,...}

If we follow the described process, we will be able to resolve c»,c3, and c4 against
c1, and after this process, the weight of ¢ will be 1. The obtained stack will be:
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TO0P
A=cp:(xVyV-z3, 1)
N =
A=c:(xVyV-z,1)
N =
A=cs5:(xVyV—z1,2)
N =
A=cp:(xVyl)
N =ce:(—xV-yVz,2), cg:(—xV-yVz, 1), c13:(—xV-yVzs, 1)

Note that ¢1 has been checked against all candidate negative clauses and its weight
is still 1. Hence, this clause is saturated. Any positive clause above c; in the stack is
a superset of ¢y, and hence it is saturated as well, so we can directly clear all elements
above cj.

Further Implementation Details

The order of the inner and outer loop in Algorithm 3.3 for the FIFO strategy is arbi-
trary; they could be interchanged, also interchanging the role of C} and C’, elsewhere.
Similarly, the roles of positive and negative compensation clauses in the compensation
stack could also be interchanged in the LIFO strategy. Our implementation is designed
to easily determine which polarity is dominant (the one of the outer loop or pushed into
the stack) each time we start saturating a variable, without any overhead. At present,
we always pick the positive literal, but heuristically selecting the dominant polarity for
efficiency is an interesting future research line.

On the other hand, while applying MaxSAT resolution during saturation, self-
subsuming resolution may occur between two hard clauses. When this happens, the
subsumed premise (or both premises, if applicable) is immediately removed.

Finally, when adding new compensation clauses to the formula, one may ask
whether they are already subsumed by a hard clause and can therefore be omitted.
It is unclear whether considering all hard clauses in the formula, rather than only those
involved in the saturation process, would improve the performance of MaxSAT satura-
tion; we leave this for future work. At present, we check whether positive and negative
compensation clauses are subsumed by any hard clause in C'x and C'—x, respectively.
This is done by forward subsumption. Our implementation takes into account the spe-
cific ladder structure of the compensation clauses generated by MaxSAT resolution.
For instance, considering positive compensation clauses, recall from Definition 3.3.1
that they have the following form:

cr:xVaiV---VagV —b;
cr:xVaV---VagVbV-by

c:xVarV---VagVbiV---Vb_1 Vb

Once we determine that xVa; V---VaV---Vb; is subsumed by some hard clause
in C;,, we can conclude that all clauses c¢; 1 ...c, will be subsumed as well. And, on
the other way around, if we determine that no clause subsumes xVaj V---VasV b;, we
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only need to check clauses containing —b;;| to determine if clause xVa; V---VasV
-V b;V —bjy1 is subsumed.

3.4.5 Post-Saturation Process

So far, we have selected a variable x and saturated it. That is, starting from a set C,
we have obtained C’, which is a saturation of C with respect to x. Recall from Algo-
rithm 3.3 that C’ is defined as C\ Cy \ C-, UC'xUC'—xUL. This saturation process
is performed on copies of C, and C-,, without modifying the original formula, so that
it can be aborted, if desired for BVE, without reverting the state of the formula. Ac-
cording to the general variable elimination process in Algorithm 3.2, the next step is to
partition C’ into two sets, C; and D;, where C; = C\ C;\ C-, UL and D; = C'xUC'—x.
The clauses in D; play no further role until the model is reconstructed at the end of the
solving process, and are therefore stored separately. In fact, MSElim stores only the
smaller of C'x and C'—x, since this is sufficient to reconstruct a model.

Now, we must remove from the current formula all clauses in Cy and C-,, and add
the clauses from L. As explained in Section 3.2, this process is well complemented
with additional techniques such as clause subsumption, which we also perform. The
full process is illustrated in Figure 3.4. During the process, we maintain separate lists to
keep track of clauses that need to be backward or forward subsumed, clauses that need
to be strengthened, and removed clauses. In Figure 3.4 these lists are named B, F', S and
R, respectively. The Boolean attributes removed, mark_strengthen, and mark_subsume
of the clauses (recall Section 3.4.2) will prevent having multiple references to the same
clause in the same list.

We start the process by adding the new resolvents in L to the formula (step 1) and
removing (storing aside) the clauses containing the eliminated variable (step 2). After
this, we will apply various inference and simplification techniques until a fixpoint is
reached. Note that we have enriched the Weighted Partial MaxSAT process with clause
merging and Rules 1 and 2.

Unit propagation (B1). This must be run since set L, containing the conclusions of
saturation, might include unit hard clauses. Every time we assign a literal ¢, all clauses
containing ¢ will be listed for removal, and clauses containing —¢ will be listed for
strengthening.

Clause strengthening (B2). We strengthen all listed clauses at the same time, i.e.,
we remove falsified literals from these clauses. These clauses become candidates to
backward subsume.

Check clauses for forward and backward subsumption (B3). As usual in the liter-
ature, forward subsumption is implemented by inspecting the watch lists of the forward
subsumed clause, and backward subsumption is implemented by inspecting the short-
est occurrence list among the literals of the backward subsuming clause [18]. More-
over, during backward subsumption, when comparing the current clause ¢; with other
clauses ¢y, we will consider if any of the following mutually exclusive relations hold:
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* There is a subsumption relation, hence one clause ¢; removed. Note that in the
context of Weighted Partial MaxSAT, a clause ¢; will only subsume a clause ¢
if ¢ is hard, otherwise removing ¢, does not preserve the optimality.

¢ Self-subsuming resolution can be applied. The subsumed premises will be re-
moved, and the new conclusion will be listed for backward subsumption.

e We can apply clause merging. If ¢; and ¢, are soft clauses that contain the same
literals, they will be merged into a single clause by adding their weights. This
operation preserves optimality. Note that if at least one of ¢ or ¢; is hard, this is
handled as a subsumption relation.

* Rule 1 can be applied. If ¢ and ¢, are soft clauses of the form xVy, ~xVy,
and there exists a unit soft clause —y, the three soft clauses can be replaced by
an empty soft clause. This follows from two applications of MaxSAT resolution.
With our representation of unit soft clauses, the existence of clause —y can be
checked in constant time.

The abstractions of ¢ and ¢, are used to check if the previous relations between the
clauses hold. This check can produce false positives, but it allows us to avoid a signifi-
cant number of traversals over the literals of the clauses. Finally, if ¢; still exists after
being checked for backward subsumption and is of the form x V y, we will apply Rule
2 if possible. This rule specifies that from three clauses of the form xVy, —x, -y, where
at least the latter two are soft, we can derive an empty clause and clause —xV -y,
and remove the soft premises. Again, this comes from two applications of MaxSAT
resolution. Rules 1 and 2 have already been used before in the MaxSatz solver [68].

The application of self-subsuming resolution might have added new unit hard
clauses; if so, we will iterate the whole process again from unit propagation.

All the changes we made to the formula up to step B3 can affect the scores of
several variables in the variable selection heuristics. To avoid recomputing the scores
of all variables in the formula, which would be very time consuming, we will identify
the variables that might have changed their scores. These are the variables that appear
in new, deleted, or strengthened clauses. This set of clauses can be retrieved from the
lists B and R (step 3), and the scores are finally recomputed (step 4) as explained in
Section 3.4.3.
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Input
formula C, variable x,
clause sets L, Cy,C—y, Cy,CL,

!

1. Add resolvents L to C
= putLin Bandin F

!

2. Remove Cy,C— from C and store them aside
= put them in R

!

B1 - Unit propagation
a unit hard clause assigns literal £:

Worklists

B — clauses to backward-subsume
F — clauses to forward-subsume
S — clauses to strengthen

R — removed clauses

clauses with £ — R, clauses with = — §

!

B2 - Strengthen clauses in S
= put results in B

!

B3 - Subsume

forward-subsume clauses in F, then
backward-subsume clauses in B; during backward also:
equivalence, self-subsuming resolution (on hard clauses),
Rule 1, Rule 2 (consume unit soft clauses)

!

New unit

yes (hard unit), redo B1

Effects
subsumed clause — R
self-subsumption: input — R, output — B
if conclusion is a unit hard clause = restart B1
Rule 1/ Rule 2: use unit soft clauses = empty clause

hard clause?

pno

3. Collect the affected clauses
a clause is added, shrunk, or deleted;
they are collected from B and R

!

4. Re-score the variables that
appear in the affected clauses
(degree, or neighbourhood)

!

Output
updated formula C and updated scores

Figure 3.4: Post-saturation process for eliminating a variable in MSElim.
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3.5 Experimental Evaluation

This section presents an experimental evaluation of MSElim. Subsection 3.5.1 eval-
uates MSElim as a complete solver by comparing different configurations. Subsec-
tion 3.5.2 presents initial results demonstrating the potential of MSElim as a BVE
preprocessor for MaxSAT.

3.5.1 MSElim as a Solver

To evaluate the performance of MSElim, we solved instances from the 2022, 2023 and
2024 editions of the MaxSAT Evaluation. Specifically, we focused on the instances
from the exact weighted and unweighted tracks. After removing duplicates, the dataset
comprised 1.558 unweighted instances and 1.545 weighted instances. The experiments
were executed on an AMD EPYC multiprocessor model 9755 TURIN at 2.7 GHz. Each
execution was limited to 16 GB of memory and a time cutoff of 1 hour.

The results are reported in Figures 3.5 and 3.6, corresponding to the unweighted
and weighted sets, respectively. As expected, these results are not competitive with
state-of-the-art MaxSAT solvers (not reported here), which, for example, solved more
than 400 of the 571 instances in the exact weighted track of MaxSAT Evaluation
2024 [14, 15]. In fact, the final goal of MSElim is not to be a competitive solver,
but rather a powerful preprocessor. Accordingly, the purpose of our first results is to
show that the techniques introduced are critical to speed up the variable elimination
process. We analyze the effect of the following five parameters:

heur: Variable selection heuristic. The possible values are 0, 1, 2, and 3, coinciding
with the numeration presented in Section 3.4.3.

stra: Strategy used to saturate a variable (Section 3.4.4). The possible values are 0
(FIFO) and 1 (LIFO).

sub: Degree of subsumption (Section 3.4.5). A value of 0 disables subsumption, 1
enables backward subsumption, and 2 enables both backward and forward sub-
sumption.

elim-sub: If true (T), compensation clauses are checked for subsumption during the
saturation process (see the last subsection of Section 3.4.4).

s-r12: If true (T), during backward subsumption, we also try to apply self-subsuming
resolution and Rules 1 and 2.

The first result to highlight is the large performance difference between a naive
implementation (heur=0, stra=0, sub=0, elim-sub=F and s-r12=F) and the best-
performing configuration (heur=2, stra=1, sub=2, elim-sub=T and s-r12=T). The for-
mer solves only 36 and 49 instances from the unweighted and weighted sets, respec-
tively, whereas the latter solves 162 and 136 instances, respectively.

In the following subsections, we perform an ablation study by varying one param-
eter at a time while keeping the remaining parameters fixed to the values of the best-
performing configuration, namely heur=2, stra=1, sub=2, elim-sub=T and s-r12=T.
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Comparison between Heuristics

To assess the impact of the variable selection heuristic, we compare the four heuris-
tics presented in Section 3.4.3, keeping the remaining parameters fixed. The relative
ranking of the heuristics is the same for both sets. Heuristic 2 achieves the best re-
sults, solving 162 unweighted and 136 weighted instances, followed by Heuristic 1
with 146 and 116 instances, and Heuristic 3 with 137 and 102. The lexicographic base-
line, Heuristic 0, solves 75 and 73 instances, fewer than half the number solved by
Heuristic 2. This confirms that the order in which variables are eliminated is a major
performance factor.

Interestingly, Heuristic 3 is outperformed by Heuristic 2, which only approximates
the neighbourhood size. Although Heuristic 3 computes the exact neighbourhood size,
its score computation requires traversing every literal of every clause containing the
variable, and the improvement in accuracy does not compensate for this additional
cost.

Comparison between FIFO and LIFO

To compare the two saturation strategies presented in Section 3.4.4, we consider two
configurations that differ only in the saturation strategy. LIFO solves 162 instances
from the unweighted set and 136 from the weighted set, whereas FIFO solved 151 and
126, respectively. This is consistent with the design of the LIFO strategy, which avoids
checking multiple incompatible pairs of compensation clauses that the FIFO strategy
considers. We also assess the impact of checking compensation clauses for subsump-
tion during the saturation process. Disabling this check in the LIFO configuration
reduces the number of solved instances to 157 and 134, suggesting that discarding
subsumed compensation clauses helps contain the growth of the formula.

Impact of Subsumption Techniques

Finally, we assess the impact of the subsumption techniques presented in Section 3.4.5.
Disabling subsumption completely reduces the number of solved instances to 66 in both
sets, demonstrating that subsumption is essential for the performance of the elimination
process. Enabling backward subsumption alone increases this number to 140 in the
unweighted set and 120 in the weighted set, and adding forward subsumption further
increases it to 157 and 126. Regarding self-subsuming resolution and Rules 1 and 2,
enabling them on top of full subsumption increases the number of solved instances
from 157 to 162 in the unweighted set and from 126 to 136 in the weighted set.
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Figure 3.5: Cactus plot of the different configurations for solving the unweighted set.
The number of solved instances is shown in the legend.
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Figure 3.6: Cactus plot of the different configurations for solving the weighted set. The
number of solved instances is shown in the legend.



3.5. Experimental Evaluation 45

Dataset CGSS2 Pacose WMaxCDCL
#s #e #f #s #e #Hf #s #e #f
MSE22-u 300 21 194 | 303 42 138 | 397 5 181
Pre-MSE22-u | 389 20 175|275 14 123|389 13 203
MSE22-w 407 29 155 | 330 47 131 | 413 33 222
Pre-MSE22-w | 384 6 222|297 14 152|385 5 158

Table 3.3: Results solving unweighted (u) and weighted w instances of the exact track
of MaxSAT Evaluation 2022. Pre denotes that MSElim was used. For each solver and
configuration, we show: #s: number of solved instances; #e: number of instances that
were solved exclusively without/with using the preprocessing with that solver in that
set; #f: number of instances that were solved both without/with using the preprocess-
ing and were solved faster with that solver in that set.

3.5.2 MSElim as a BVE Preprocessor

We report initial results on using MSElim as a BVE preprocessor to generate instances
that are then solved by state-of-the-art MaxSAT solvers. To assess its effectiveness, we
use three solvers from MaxSAT Evaluation 2024 [14]: CGSS2, Pacose, and WMax-
CDCL. WMaxCDCL has a counterpart solver, MaxCDCL, specialized for unweighted
instances. However, we also use WMaxCDCL to solve unweighted instances be-
cause, after preprocessing, many originally unweighted instances become weighted
due to clause merging. We selected these solvers for two reasons. First, they repre-
sent the three main MaxSAT solving approaches participating in the last editions of the
MaxSAT Evaluation: core-guided solving, model-based solving, and branch and bound
with clause learning. Second, none of them is a sequential composition of different
solving techniques. In recent editions of the MaxSAT Evaluation, all top-performing
solvers have sequentially divided the one-hour time limit among completely different
solving techniques. Although this approach is effective for solving a broader range of
instance families and achieving strong overall results, it makes it difficult to determine
which MaxSAT solving algorithm benefits the most from MSElim’s preprocessing.

We used the preprocessing configuration that reported the best results in the previ-
ous section: heur=2, stra=1, sub=2, elim-sub=T, s-r12=T. We followed the policy used
by the implementation of NIVER for SAT [91], which decides that a variable x should
not be eliminated if the sum of lengths of the clauses of the formula would increase
after eliminating that variable. This is implemented by checking the conclusions ob-
tained during the saturation step, and aborting the process if the sum of sizes of the
conclusions (that will be the added clauses) reaches the sum of sizes of the clauses
containing x or —x when the process starts (that will be the removed clauses). On the
other hand, we observed that once we aborted the elimination of some variables, the
next selected variables (which have higher scores) are likely to be omitted. Moreover,
the process of determining that a variable should not be eliminated becomes slower as
the scores increase. Hence, to reduce preprocessing time, we stop eliminating variables
after skipping 100 consecutive variables.

The total time limit, including preprocessing and solving, is one hour. These ex-
periments were run on a cluster of Intel Xeon Silver 4210 CPUs at 2.2 GHz, with an
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8 GB memory limit per task.

We preprocessed all instances from the exact tracks of the 2022 edition of the
MaxSAT Evaluation, namely 594 unweighted instances and 607 weighted instances.
The results are shown in Table 3.3. For Pre-MSE22-u and Pre-MSE22-w, among the
solved instances, 7 and 8, respectively, were solved completely during preprocessing,
despite the constraints imposed on BVE. On the other hand, 4 and 23 of the unsolved
instances, respectively, reached the one-hour cutoff or ran out of memory during pre-
processing.

The first conclusion from Table 3.3 is that preprocessing generally worsens solv-
ing performance, except for CGSS2 for MSE22-u. However, a deeper analysis of
columns #e and #f suggests that the results are promising. The scatter plots in Fig-
ure 3.7 provide further insight into this per-instance comparison. Although fewer in-
stances are solved when preprocessing is enabled, there is no general slowdown in
solving times. On the contrary, a significant number of instances are solved faster with
preprocessing, and many of them exhibit substantial speedups.

The most notable result is that CGSS2 solves 20 additional unweighted instances
thanks to preprocessing. We inspected the instances that benefit from preprocessing
and observed that many belong to particular benchmark families for which almost no
instance is solved faster without MSElim. Therefore, these speedups are unlikely to be
caused by the randomness introduced by changing the formula. Instead, they suggest
that MSElim is particularly well suited to certain classes of instances. Below, we list
some of the benchmark families that benefit most clearly from preprocessing, identified
by the prefix of the instance name:

GGGS2 unweigthed: causal, extension-enforcement, RSN_Security_Min_Witness.
CGSS2 weighted: drmx-am, metro, power-distribution.

Pacose unweighted: mul.role, vio.role.

Pacose weighted: eas, limits, metro, test.

WMaxCDCL unweighted: extension-enforcement, navigation, vio.role.
WMaxCDCL weighted: Bounded_ BTWBNSL, eas, test.

Another interesting observation is that each solver mainly benefits from prepro-
cessing on different instance families, suggesting that different preprocessing configu-
rations should be explored for different MaxSAT solving approaches.

3.6 Conclusions

We have presented our Weighted Partial MaxSAT solver and BVE preprocessor MSE-
lim. After identifying the main performance bottlenecks in MaxSAT-based saturation
resolution, we have introduced techniques and implementation details that deliver sig-
nificant performance improvements. Moreover, we have presented results on BVE
preprocessing that clearly suggest this approach has the potential to become a de facto
standard preprocessing technique for MaxSAT solvers.
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out using MSElim’s preprocessing.



Chapter 4

A Resolution Calculus for
Regular MaxSAT

This chapter introduces a novel MaxSAT resolution calculus for regular
propositional logic and establishes its soundness and completeness. It also
describes a variable elimination algorithm that implements the rules of the
defined calculus, and extends the calculus to Weighted Regular MaxSAT.

4.1 Introduction

The Boolean MaxSAT resolution calculus was extended to signed CNF formulas
in [2, 5] to provide a formal framework for reasoning with soft constraints. That work
introduced the simplest variant of signed logic, in which a sign S is a subset of a given
truth value set NV, a signed literal is an expression of the form S: x, where x is a propo-
sitional variable and S is a sign, a signed clause is a disjunction of signed literals, and a
signed CNF formula is a multiset of signed clauses. Since the sign is attached to each
literal rather than to the clause as a whole, a single clause may contain multiple distinct
signs.

Within this framework, an assignment v maps propositional variables to truth values
in N. The assignment v satisfies a signed literal S: x if and only if v(x) € S, satisfies a
signed clause if it satisfies at least one of its literals, and satisfies a signed CNF formula
if it satisfies all its clauses. Consequently, the semantics remain Boolean at the clause
and formula levels. A sign is called regular when it is restricted to subsets of the form
{j €N|j>i}, denoted by >i, or {j € N|j<i}, denoted by <i, for somei € N. A
clause is regular if all its signs are regular, and a regular CNF formula is a multiset of
regular clauses.

This chapter considers precisely this regular-clause formalism. In contrast, the re-
mainder of the thesis adopts the more general signed logic introduced in Chapter 2,
where each formula A is associated with a single sign S. A valuation v assigns a truth
value in N to every formula, and satisfies S: A precisely when v(A) € S. In that frame-

48
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work, conjunction, disjunction, and negation are interpreted by the minimum, maxi-
mum, and Lukasiewicz negation operators, respectively.

This chapter introduces a novel Regular MaxSAT resolution calculus for regular
CNF formulas. Since the resolution rule operates exclusively on clausal form, the
input instances are multisets of regular clauses. To the best of our knowledge, this is
the first MaxSAT resolution calculus specifically designed for this class of formulas.

Developing a Regular MaxSAT resolution calculus is motivated by several con-
siderations. First, the structure of regular signs enables a simpler and more efficient
variable elimination algorithm: testing whether two signs intersect requires only ba-
sic numerical comparisons, and each regular sign can be represented compactly by its
boundary value. Second, the polarity inherent in regular signs allows the resolution
rules to detect contradictions using only two literals, whereas general signed logic may
require several literals. Third, regular CNF formulas constitute the underlying lan-
guage of the order encoding [92], one of the most effective encodings for modeling
cardinality constraints. Finally, regular signs naturally accommodate both finite and
infinite truth value sets.

The remainder of this chapter is organized as follows. Section 4.2 introduces the
Regular MaxSAT resolution calculus and proves its soundness and completeness. Sec-
tion 4.3 presents an exact variable elimination algorithm based on the calculus. Sec-
tion 4.4 extends the framework to Weighted Regular MaxSAT. Finally, Section 4.5
concludes the chapter.

4.2 Regular MaxSAT Resolution

This section defines a resolution calculus for Regular MaxSAT and proves its sound-
ness and completeness. The calculus starts with a multiset of regular clauses C, and
applies a set of inference rules that remove two clauses (premises) from C and introduce
a number of new clauses (conclusions) to C.

When dealing with finitely-valued logics, the truth value set is usually taken to
be N = {0, ﬁ, ey Z%{ , that is, the set of the n equidistant rational values in the
unit interval. For the purposes of this chapter, we use the equivalent representation
N ={1,...,|N|} to follow the notation of [2, 5] and maintain consistency with the
terminology of the constraint programming community. All the results presented re-
main valid for the standard truth value set over the unit interval and require only minor
adjustments.

We require all clauses to be in normalized form before any rule is applied. Assum-
ing that N = {1,...,|N|}, a clause can be normalized by applying the following simple
transformations upon the first introduction of a clause or when it is derived:

» Tautologies are removed from C. A regular clause is a tautology if it contains
either a regular literal of the form > 1:x or <|N]|:x, or two regular literals <i:x
and > j:xsuch that j <i+1.

* If a clause contains multiple regular literals with positive polarity for a variable
x,say {>i1}:x,...,{>i} :x, they are replaced with U’;zl{zij} :x, which also
is a regular literal with positive polarity. Similarly, if the clause contains multiple
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regular literals with negative polarity for variable x, say {<ij}:x,..., {<ip}:x,
they are replaced with U/;,:l {<i;} :x, which is also a regular literal with negative
polarity.

These transformations are sound since they do not alter the set of satisfying assign-
ments of a clause, and can be applied in O(nlog(n)) time in the size of the clause. The
following inference rules assume that the premises are normalized and require the same
normalization to be enforced on the conclusions.

Definition 4.2.1. The following inference rules define the Regular MaxSAT resolution

calculus:
Rule 1 Rule 2
Cq : 2>j:xVA cq . 2>j:xVA
gt <k:xVB gt <k:xV>1l:xVB
ch: AVB ch: >l:xVAVB
cy: <k:xV>j:xVAVB cu: <k:xV>j:xVAVB
Cq: >j:xVAV-B Cq: >j:xVAV-B
Cﬁ: <k:xV-AVB Cﬁ: <k:xVvV>l:xV—-AVB
provided that k < j provided that k < j <1
and AV B is not a tautology and AV B is not a tautology
Rule 3 Rule 4
cqg : <i:xV>j:xVA cq @ <i:xV>j:xVA
cp <k:xVB gt <k:xV>1l:xVB
cnh: <i:xVAVB cnh: <i:xV>Il:xVAVB
cy: <k:xV>j:xVAVB cu: <k:xV>j:xVAVB
Co: <i:xV2>j:xVAV-B Cq: <i:xV>j:xVAV-B
Cﬁ: <k:xV-AVB Cﬁ: <k:xVvV>l:xV—-AVB
provided that i < k < j provided that i < k < j <1
and AV B is not a tautology and AV B is not a tautology

where A=aV---Vasand B=">bV ---\V b; are disjunctions of regular literals not con-
taining variable x. The rules replace the premises with the clauses in the conclusion,
and we say that they resolve the premises on the variable x. The tautologies concluded
by the rule are omitted. Note that the literals of the last two conclusions are a superset
of the literals of one of the premises.

Note that —A and —B are not in clausal form in the rules. To build clausal forms
preserving the number of unsatisfied clauses, we use =A = {—ay,a; V —az,--- ,a1 V
~+Vag_1V-ag} and =B = {=by,by V —by,--- b1V ---V b,_1 V —b,}. Therefore, Cy
and Cy are sets of clauses. Figure 4.1 displays Rule 1 in clausal form.

Figure 4.2 illustrates the application of Rules 1—4 to pairs of clauses that only con-
tain variable x. Note that we establish an order between ¢, and cp in Rule 4 to avoid
defining symmetric cases. Specifically, ¢y is defined as the clause with the smallest
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coq : 2j:xVarV---Vag

cg <k:xVbyV---Vb

ch: aiV---VagVbyV---Vb

cy: >jxv<k:xvVaV---VasVbyV---Vb
Ca1: >2j:xVarV---VasV b

Cap: 2j:xVarV---VasVby1 Vb

Cos: >jixNVarV---VagVbiV---Vbi_1 Vb
Cﬁ,]  <k:xVbiV---VbV-a;

Cﬁqzl <k:xVbV---VbVaV-a

Cﬁ!xl <k:xVbyV---VbNVaiV---Vas_1V ag

Figure 4.1: Rule 1 of the Resolution Regular MaxSAT calculus in clausal form.

Rule 1 Rule 2

co =>4:x
cp= <2:x
cr=0

cy=<2:xV>4:x

co =<2:x

cp= <l:xV>4:x

cy=<2:xV2>4:x

[
|

coq =>4:x

cp= <2:xV>5:x

cn=>5:x

cy=<2:xV>4:x

cq =<l:xV>4:x

[

cp= <2:xV>5:x

cn=<l:xV>5:x

cy=<2:xV>4:x

[

[

Figure 4.2: Examples of rule applications in the Resolution Regular MaxSAT calculus
to clauses only containing variable x, with N = {1,...,5}. The values of x that satisfy
each clause are highlighted in blue.

negative literal. Similarly, from now on, when considering a pair of clauses ¢y and
cp that both contain positive and negative literals for the same variable x, we always
assume that cy has the smallest negative literal. In case of a tie, ¢y has the smallest (or
equal) positive literal.
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Example 4.2.2. If N ={1,2,3,4,5}, Rule I derives the multiset of regular clauses
{0,<3:x1V >5:x1} from the multiset {<3:x1,>5:x1}. Rule 2 derives the multi-
set of regular clauses {>5:x1V >4:x2,<2:x1V >4:x1V >4:x2} from the multiset
{Z4:xV>4:x,<2:x1V>5:x1V>4:x2}. Rule 4 derives the multiset of regular
clauses {<1:x)V>5:x0V<2:xp,<2:x1V>4:x; V<2:x,<2:x V>5:x; V>3:x2}
Sfrom the multiset {<1:x1V>4:xV<2:x,<2:x1V>5:x}.

Theorem 4.2.3. The Regular MaxSAT resolution calculus is sound.

Proof. Given an assignment v, we prove that the number of unsatisfied clauses in the
premises is the same as the number of unsatisfied clauses in the conclusion of the rule.
We distinguish the following cases:

1. v falsifies the two premises: Since v(A) = v(B) = v(<i:x) =v(>j:x) =
v(<k:x) =v(>1:x) = false, v falsifies the first two conclusions. It satisfies
the other conclusions because either A or B appears negated in them. This holds
for the four rules.

2. v satisfies the two premises: this case holds since the conjunction of the premises
implies each one of the conclusions. More precisely, for all the rules, v satisfies
the last two conclusions because their literals are a superset of the literals of
some premise. This also holds for the second conclusion of Rules 1-3. For the
second conclusion of Rule 4 we have three cases: (i) v satisfies A or B: v satisfies
the second conclusion because it contains A and B; (ii) v falsifies A and B and
satisfies > j:x: v satisfies the second conclusion because it contains > j: x; and
(iii) v falsifies A and B and satisfies <i:x: Since i < [, v falsifies >/:x and,
since the second premise is satisfied, v satisfies <k:x. We now prove separately
that v satisfies the first conclusion for each rule. For Rule 1, since k < j, v
must satisfy A or B and, therefore, it satisfies the first conclusion. For Rule 2, we
distinguish two cases: (i) v satisfies > : x: It satisfies the first conclusion because
it contains >/ : x; and (ii) v falsifies > [:x: since k < j, v must satisfy A or B and,
therefore, it satisfies the first conclusion. For Rule 3, we distinguish two cases:
(i) v satisfies <i:x: It satisfies the first conclusion because it contains <i:x; and
(ii) v falsifies <i:x: since k < j, v must satisfy A or B and, therefore, it satisfies
the first conclusion. For Rule 4, we distinguish two cases: (i) v satisfies <i:x
or >1:x: It satisfies the first conclusion because it contains both literals; and (ii)
v falsifies <i:x and >1:x: since k < j, v must satisfy A or B and, therefore, it
satisfies the first conclusion.

3. v satisfies the first premise and falsifies the second premise: For Rules 1-2, the
second and third conclusions are implied by the first premise. Then, we dis-
tinguish two cases: (i) v satisfies A: the first conclusion is satisfied because it
contains A and the last conclusion is unsatisfied because we assumed that all its
literals are unsatisfied; and (ii) v falsifies A: the first conclusion is unsatisfied
because we assumed that all its literals are unsatisfied and the last conclusion is
satisfied because it contains ~A. For Rules 3—4, we distinguish two cases: (i)
v satisfies A: the three first conclusions are satisfied because they contain A and
the last conclusion is clearly unsatisfied; and (ii) v falsifies A: <i:x is unsatisfied
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because <k:x is unsatisfied and i < k and, therefore, > j:x is satisfied. Thus,
the first conclusion is unsatisfied and the rest are satisfied.

4. v falsifies the first premise and satisfies the second premise. For Rule 1 and Rule
3, the second and fourth conclusions are implied by the second premise. Then,
we distinguish two cases: (i) v satisfies B: the first conclusion is satisfied because
it contains B and the third conclusion is unsatisfied because we assumed that all
its literals are unsatisfied; and (ii) v falsifies B: the first conclusion is unsatisfied
because we assumed that all its literals are unsatisfied and the third conclusion
is satisfied because it contains —B. For Rule 2 and Rule 4, we distinguish two
cases: (i) v satisfies B: the first, second and fourth conclusions are satisfied
because they contain B and the third conclusion is clearly unsatisfied; and (ii)
v falsifies B: >1[:x is unsatisfied because > j:x is unsatisfied and j < [ and,
therefore, <k:x is satisfied. Thus, the first conclusion is unsatisfied and the rest
are satisfied.

O

Definition 4.2.4. A multiset C of regular clauses is saturated w.r.t. a variable x if, for
every pair of regular clauses cq and cg containing x, none of the rules of the calculus
(Rule 1, Rule 2, Rule 3 and Rule 4) can be applied.

Figure 4.3 shows an example of a saturated multiset of regular clauses w.r.t. vari-
able x.

Lemma 4.2.5. Let C = EUD be a saturated multiset of regular clauses w.r.t. a vari-
able x, let E be the subset of clauses of C not containing x, and let D be the subset of
clauses of C containing x. Assume that E is satisfiable. Then, any partial assignment
v that satisfies E and does not assign any value to x can be extended to an assignment
that satisfies C.

Proof. We have to extend v so that v satisfies C. We partition D into the multiset D’ and
D", where D' is not satisfied by v and D" is satisfied by v. D’ contains clauses of one of
the following forms: <i:xV >j:xVA, <i:xVA,or > j:xVA. Since A is falsified in
D', we assume that D’ contains clauses without A in the remainder of the proof. Now,
we define the set of values that x can take according to v, and show that it is never
empty. If D’ is empty, v can assign to x any value in N. From the set of unit clauses
whose literal has negative polarity (i.e, of the form <i:x), we only need to consider the
clause with the smallest i because the other negative literals are subsumed. Similarly,
from the set of unit clauses whose literal has positive polarity (i.e., of the form > j: x),
we only need to consider the clause with the greatest j. Therefore, the set of values
that x can take is contained in the interval [a, b], where the most restrictive unit clauses
are >a:x and <b:x. Note that a < b, otherwise we could apply Rule 1. In case no
unit clause > a: x exists (resp. no unit clause <b:x exists), a is the lowest (resp. b is
the greatest) value of N. Then, we consider three cases:

1. If no binary clause exists, v can assign to x any value in the set [, D].
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1 2 3 4 5 6 7 8 9 10 11 12

>2:x

>3:x

<10:x

<B:xV>T:x

<4:xV >6:x

<8:xV>10:x

n=1{3,7,8,10}

Figure 4.3: Example of a saturated multiset of regular clauses that only contain variable
x, with N = {1,...,12}. The values of x that each clause allows are painted in blue.
The subsumed clauses are painted in light blue. The bottom row shows the intersection
of the values allowed by the clauses.

2. If there is exactly one binary clause of the form <i:xV >j:x, then a <i and
b > j by definition of saturation. Therefore, v can assign to x any value in the
non-empty set [a,i]U[j,b].

3. If there is more than one binary clause, as the formula is saturated w.r.t. x, any
two binary clauses in D’ of the form ¢; = <i:xV>j:xand ¢, = <k:xV>1[:x
satisfy one of the two following restrictions: (1) i <k <I<jor (i) i< j<k <l
As we do not have tautological clauses, it always holds that i < j and k < [.
Restriction (i) implies that clause c¢; subsumes ¢;. From now on, we consider
that all subsumed clauses are removed, and hence only restriction (ii) can hold
between two binary clauses. Therefore, we can establish a total ordering c; <
.-+ < ¢, on the binary clauses in D' such that, for any two clauses ¢y and ¢y
of the form <i:xV>j:xVA and <k:xV >[:xVB, it holds that j < k. By
transitivity, this relation also happens between any two clauses ¢, and ¢; such
that s < t. Note also that ¢c; = <i:xV > j:x satisfies that a < i; otherwise, we
could apply Rule 2. Similarly, ¢, = <i:xV > j:x satisfies that b > j; otherwise,
we could apply Rule 3. Let ¢; and ¢y be any two consecutive clauses of the
sequence. Clearly, these two clauses allow us to assign a non-empty set of values
to x. Specifically, x can take any value on the interval [, k] C [a, b]. Note also that
any clause to the left of ¢, also admits the values in [f,k], and the same happens
with any clause to the right of c¢;11. Therefore, letting clause c; be of the form
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<is:xV > js:x, the values that v can assign to x are:

iU \J  Ussist1]Un: ]

1<s<n—1

Thus, if we extend v by assigning to x any value of the indicated non-empty set, v
satisfies D’ and C. O

In the proof, we used an abuse of notation. Whenever we write an interval [i, j],
we are actually referring to the set [i, j] M N. Note that the clauses in the example of
Figure 4.3 serve as an example of the set D’ in the proof of Lemma 4.2.5.

Next, we proceed to prove the completeness of the Regular MaxSAT resolution
calculus, as stated in Theorem 4.2.9. Before that, we introduce some necessary notation
and auxiliary lemmas.

Definition 4.2.6. The scope of a regular clause c, denoted by scope(c), is the set of
variables appearing in c. The scope of a multiset C of regular clauses is the set of
variables appearing in C.

Definition 4.2.7. Given a regular clause ¢ and a set X of variables such that X D
scope(c), score(c,X) denotes the number of assignments over X that falsify c. Given a
multiset C of regular clauses, score(C,X) denotes the sum of the scores of the clauses
in C.

When clear from the context, such as when X corresponds to scope(C) given a CNF
formula C, we write score(C).

Lemma 4.2.8. Let C be a multiset of regular clauses. The iterative application of
Rules 1-4 for resolving on variable x always terminates regardless of the order of
application; i.e., it reaches a state where no rule can be applied to any two clauses
of C. Hence, the result is a multiset of regular clauses that is saturated w.r.t. x.

Proof. In order to unify the proof for the four rules, we use signed literal notation and
follow the proof in [3]. In particular, considering a truth value set N = {1,...,|N|}, a
disjunction of regular literals <i:xV > j:x can be denoted by {1,...,i,j,...,|N|}:x.
The general idea of the proof is that, given a formula C = F U {cq,cp } that is not sat-
urated w.r.t. variable x, the application of any of the Rules 1-4 over cq, cg results in a
formula C' = F U{cn,cu} UCq U Cp that is closer to a saturation w.r.t. variable x. Let
us partition the clauses of C into a sequence of |N| multisets B=By, By, ... s B|n|—1, such
that B; contains all clauses from C of the form S:xV A such that |S|=i. By is the multiset
of clauses that do not contain variable x. If M=score(C), then score(B;) < M for i €
0,...,|N|—1. Let us consider score(Bo)score(By)...score(Bjy|_;) as a word of length
|N| and base M+1, where score(By) is the most significant digit. By Theorem 4.2.3,
the preservation of the number of unsatisfied clauses ensures score(C)=score(C'), and
therefore that no digit reaches a value greater than M after applying a rule. However, we
will show that the value of the |N|-digit word always increases under any rule, thereby
completing the proof, since this word has a finite maximum value. When we apply one
of Rules 1-4, we remove clauses cq=S¢:x VA and c :Sﬁ :xV B from their correspond-
ing multisets Bys,,|, B, Spl- We also add a number of new clauses to some multisets of
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B, including clause cn=Sn:x VAV B. By the definition of the rules, SnCSa,Sp (see
also Figure 4.2), hence |Sn|<|Sql,|Sg| and also score(cq)>0. Therefore, cn will be
inserted into a digit of B more significant than the digits of the removed clauses cq, cg,
thus increasing the value of the word. O

Theorem 4.2.9. For any multiset C of regular clauses, it holds that

C-0O,...,0,D
——

m

where D is a satisfiable multiset of regular clauses, m is the minimum number of clauses
of C falsified by any assignment, and C - O,... 0,D denotes that the multiset of
clauses {O,...,0,D} can be obtained from the multiset C by applying the Regular
MaxSAT resolution rule a finite number of times.

Proof. Let xy,...,x, be any list of the variables occurring in C. We construct two
sequences of multisets Cy,...,C, and D1,...,D, sothat C = Cy; fori=1,...,n, C;UD;
is a saturation of C;_| w.r.t. x;; and, for i = 1,...,n, C; is the multiset of clauses not
containing variables xi,...,x; and D; is the multiset of clauses containing variable x;.
These sequences can be computed in a finite number of steps because C;;| contains one
variable less than C;, and by Lemma 4.2.8 the saturation of C; can be computed in a
finite number of steps. Fori = 1,...,n, we saturate C;_; w.r.t. x;, and then partition the
resulting multiset into a subset D; containing x;, and another subset C; not containing
x;. Since C, contains no variables, it is either an empty multiset or just contains a finite
number of empty clauses {O,...,0}.

We will define a complete satisfying assignment for the multiset D = |J_; D; to
prove that it is satisfiable. Fori=1,...,n,letd;=D;U---UD, and letd, | = 0. Notice

that d; only contains the variables in {x;,...,x, }, d; = D;Ud;1| and d; is saturated w.r.t.
x; because d;;1 does not contain x; and C; U D; is saturated w.r.t. x;.
We now define a sequence of assignments vy,...,v,y1, where v, is the empty

assignment and, therefore, satisfies d,, ;. Assignment v; is defined from assignment
vit1 as follows: Assume by the induction hypothesis that v; | satisfies d;y. Since d; is
saturated w.r.t. x; and d; = D; Ud;+1, by Lemma 4.2.5, we can extend v; 1 with a value
of x; that satisfies d;. Iterating, we have that v; satisfies d; = D = J_, D;.

Since the soundness theorem ensures that the regular MaxSAT resolution rules pre-
serve the number of unsatisfied clauses for every assignment, the number of empty
clauses in G, (|C,| = m) is the minimum number of clauses of C that are unsatisfied by
any assignment. In particular, assignment v falsifies exactly m clauses of C. O

4.3 A Variable Elimination Algorithm for Regular
MaxSAT

Algorithm 4.1 shows the pseudo-code of a variable elimination algorithm derived from
the proof of Theorem 4.2.9: Given an input multiset of regular clauses C with n differ-
ent variables, the algorithm returns the minimum number m of clauses of C that will
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Algorithm 4.1: An exact variable elimination algorithm for Regular MaxSAT

Input: C: a multiset of regular clauses.
Output: (m,I): an assignment v that falsifies the minimum number of clauses
(m).
C() ~—C N
fori< 1tondo
C' < saturation(Ci_1,x;);

L (Ci,D;) < partition(C',x;);
m <+ |Cyl;
1+ 0;
for i «+— n downto 1 do

L I + TU[x; — max_extension(x;,1,D;)];

return (m,I)

be unsatisfied for any assignment, and an optimal assignment / that falsifies exactly m
clauses of C.
The variable elimination algorithm has the following functions:

* Function saturation(C,x) computes a saturation of C w.r.t. x. By Lemma 4.2.8,
this can be implemented by systematically trying to apply Rules 1—4 to any pair
of clauses containing x, until no application can be done.

 Function partition(C,x;) partitions C into two multisets, C; and D; so that C;
contains the regular clauses without occurrences of variable x;, and D; contains
the regular clauses with occurrences of x;.

* Function max_extension(x;,1,D;) computes a truth assignment / for x; as fol-
lows: if v satisfies all the clauses in D;, including the case in which D; = {},
then the function returns the greatest truth value. Otherwise, by Lemma 4.2.5, [
assigns to x; one value of the non-empty set [a,i1]UU <<, 1[Jsis+1]U [Jn, D).

The algorithm has two parts. In the first part, the algorithm successively saturates
w.r.t. all the variables occurring in the input multiset. Once the current multiset is
saturated w.r.t. a variable x;, it partitions the resulting multiset into two multisets: C;
and D;. The multiset C; contains the clauses without occurrences of x;, and the multiset
D; contains the clauses with occurrences of x;. The algorithm continues saturating
C; w.r.t. one of the remaining variables, and ignores D;. This process continues until
all the variables are eliminated. At the end, C, does not contain any variable, and
the number of empty clauses in C, is the returned minimum number of unsatisfied
clauses. In the second part, the algorithm builds an optimal assignment as function
max_extension(x;,1,D;) states.

Example 4.3.1. Let N ={1,2,3,4,5} and let Coy = {<1:x3,>3:x;V>2:xp,<1:x; V
>2:x0,<2:xV>2:x3,>1:xV<4:x3,>3:x3}. Saturating Cy w.rt. x;, we get
C1:{§1:X3,222)C27§2Z)C2\/222)C3,21I)CQ\/Z41)C3,Z3I)C3} andD1={§1:X1V
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Rule 1 Rule 2

co: (Zj:xVAu) ca: (Zj:xVAu)

cg: (Sk:xVB,w) cg: (SkixV>1:xVB,w)

cn: (AVB,m) cn: (>l:xVAVB,:)

cu: (Sk:xV>j:xVAVB,m) cu: (Sk:xvV>j:xVAVB,m)
Co: (>j:xVAV-B,m) Co: (>j:xVAV-B,m)

Cp: (Sk:xV-AVB,m) Cp: (Sk:xV>1l:xV-AVB,m)
cy: (ZjixVAu—m) Cop: (Zj:xVAu—m)

cb: (<k:xVB,w—m) ck: (<k:xv>1:xVB,w—m)
provided that k < j, provided that k < j < [

AV B is not a tautology AV B is not a tautology

and m = min(u,w) and m = min(u,w)

Rule 3 Rule 4

co: (Si:xV>j:xVAu) co: (Si:xV>j:xVA,u)

cg: (Sk:xVB,w) cg: (SkixV>1:xVB,w)

cn: (Si:xVAVB,:) cn: (SitxV>1:xVAVB,m)
cu: (Sk:xV>j:xVAVBm) cu: (Sk:xV>j:xVAVBm)
Co: (Si:xV>j:xVAV-B,m) Co: (Si:xV>j:xVAV-Bm)
Cp: (<k:xV—-AVB,m) Cp: (Sk:xV>1l:xV-AVB,m)
i (SitxV2>jixVAu—m) Cop: (Si:xVZ>j:xVAu—m)
cb: (<k:xVB,w—m) c;}: (<k:xv>1:xVB,w—m)
provided that i < k < j provided that i < k < j < [
AV B is not a tautology AV B is not a tautology

and m = min(u,w) and m = min(u,w)

Figure 4.4: Proof system for Weighted Regular MaxSAT.

>3:x1V>2:x}. Saturating C) w.rt. x5, we get Co = {<1:x3,>3:x3} and Dy =
{Z2:x0,<2:xyV >2:x3,>1:xV >4:x3}. Saturating C w.rt. x3, we get C3 = {0}
and D3 = {<1:x3V >3:x3}. Hence, the minimum number of unsatisfied clauses is 1,
and x3 — 5,x3 — 5,x1 — 5 is an optimal assignment.

4.4 Weighted Regular MaxSAT Resolution

For ease of presentation, we have presented the inference rules for (unweighted) Reg-
ular MaxSAT. The weighted version of the inference rules of the proposed Regular
MaxSAT proof systems is shown in Figure 4.4. Conclusions with weight zero are
omitted.

From a conceptual viewpoint, a clause with weight w is equivalent to having w
copies of that clause. Thus, the application of a weighted rule collapses min(u,w)
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applications of the unweighted rule. Since the premises can have different weights,
we add again the premises with weights ¥ — min(u,w) and w — min(u,w). One of
such weights is zero, and the other allows the use of the copies of the premise that
have not been consumed in other inference steps. So, the results of soundness and
completeness for the weighted case follow directly from the results in the unweighted
case. Nevertheless, in practice, it is much more efficient to apply the weighted rules
when we have weighted clauses.

4.5 Conclusions

We have defined the first resolution proof system for Regular MaxSAT and proved its
soundness and completeness; described the first exact variable elimination for Regular
MaxSAT that incorporates a notion of saturation exploiting the structure of regular
signs; and extended the proposed proof system to solve Weighted Regular MaxSAT.



Chapter 5

Tableaux for Regular MaxSAT
and Regular MinSAT

This chapter introduces novel tableau calculi for solving the MaxSAT and
MinSAT problems within the framework of regular propositional logic,
establishing their soundness and completeness for both Weighted Par-
tial Regular MaxSAT and Weighted Partial Regular MinSAT. Addition-
ally, it proposes novel Mixed-Integer Linear Programming (MILP) encod-
ings that enable state-of-the-art MILP solvers to efficiently handle these
weighted partial optimization problems. Finally, it reports an empirical
evaluation of the proposed MILP-based approach on randomly generated
Max-2SAT and Max-3SAT instances.

5.1 Introduction

Regular logic generalizes Boolean logic by considering a totally ordered set of truth
values N, which can be finite or infinite, and associating each formula with a regular
sign. These signs are restricted to subsets of the form {j € N | j > i}, denoted by >, or
{j € N|j<i}, denoted by <i, for some i € N. Within this framework, an assignment
is a mapping that assigns a truth value from N to each propositional variable, which is
extended to arbitrary formulas by interpreting conjunction, disjunction, and negation
through the minimum, maximum, and Lukasiewicz negation functions, respectively.
An assignment v satisfies a regular formula S: A if and only if v(A) € S. Given a
multiset of such formulas, the Regular MaxSAT problem aims to find an assignment
that maximizes the number of satisfied formulas.

The tableau method is a systematic procedure for solving satisfiability problems,
often viewed as a proof by case distinction. The tableau calculus for SAT provides
a systematic procedure for determining the satisfiability of propositional formulas
through semantic tree construction and branch closure analysis [37, 89]. However, a
critical challenge arises when attempting to apply classical tableau methods to MaxSAT
and MinSAT: proof systems designed for SAT are unsound for these optimization prob-

60
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lems. The fundamental issue is that classical tableau calculi preserve satisfiability be-
tween premises and conclusions, but do not preserve the number of satisfied/unsatisfied
formulas, which is essential for MaxSAT and MinSAT [64].

This shortcoming has motivated the development of specialized tableau calculi that
are sound and complete for Boolean MaxSAT and MinSAT (e.g. [7, 44, 45, 69, 71]).
Building on this line of research, this chapter introduces new tableau calculi for solving
the MaxSAT and MinSAT problems within regular propositional logic, and establishes
their soundness and completeness for the Weighted Partial MaxSAT and Weighted Par-
tial MinSAT variants. Since a direct implementation of these calculi is not compu-
tationally efficient, this chapter also investigates Mixed-Integer Linear Programming
(MILP) encodings that follow their underlying principles and allow state-of-the-art
MILP solvers to handle these weighted partial optimization problems more effectively.
Finally, it reports an empirical evaluation of the proposed MILP-based approach on
randomly generated Max-2SAT and Max-3SAT instances.

After the publication of our results on Weighted Partial Regular MaxSAT and Min-
SAT tableaux in [31, 33, 34, 35], Fiorino later proposed related tableau calculi for these
problems in [46].

The remainder of this chapter is structured as follows. Section 5.2 presents a tableau
calculus for Regular MaxSAT. Section 5.3 introduces its extension to the weighted
partial setting and establishes its soundness and completeness. Section 5.4 develops a
tableau calculus for Weighted Partial Regular MinSAT and proves its soundness and
completeness. Section 5.5 presents tableau calculi for Regular MaxSAT and Regular
MinSAT for instances in clausal form. Section 5.6 introduces a reduction from Regular
MaxSAT and Regular MinSAT to MILP and evaluates it experimentally on randomly
generated Max-2SAT and Max-3SAT instances. Finally, Section 5.7 concludes the
chapter.

5.2 A Regular MaxSAT tableau calculus

This section presents a sound and complete tableau proof system for Regular MaxSAT.
We present here a calculus for unweighted Regular MaxSAT and extend it to Weighted
Partial MaxSAT in Section 5.3 to make the introduction to many-valued tableaux eas-
ier. The rest of the calculi of this chapter are directly presented for Weighted Partial
MaxSAT/MinSAT.

Definition 5.2.1. A tableau is a rooted tree with a finite number of branches whose
nodes are labelled by either a regular formula or a box (O). A box in a tableau denotes
a contradiction. A branch is a maximal path in a tree, and we assume that branches
have a finite number of nodes.

Definition 5.2.2. Let N = {0, nlj, o H} be a truth value set and let ® =
{A1,...,Am} be a multiset of regular formulas. A tableau is constructed by a sequence

of applications of the following rules:

* Initialize We start by generating a tree with a single branch with m nodes such
that each node is labelled with a formula of ®. Such a tableau is a Regular
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<i:AAB >i:ANB <i:AVB >i:AVB
<i:A | <i:B O|>i:A 0| <i:A >i:A| >i:B
>i:B <i:B
A-rule V-rule
<i:A— B >i:A—B <i:A <i:A
O] >(1-i):4  <(1-i):A|>i:B >j:A >j:A
<i:B a 0O O
—-rule <i:A|>j:A provided that
provided that j=i+ n%l
i+ <
<ii-A >ii-A O-rule
>(1-i):A <(1-i):A

—-rule

Figure 5.1: Tableau expansion rules for Regular MaxSAT.

MaxSAT tableau for ®, called the initial tableau. All its formulas are declared
to be active.

e A-rule: Given a tableau T for ® and a branch b of T, if b contains an active
regular formula <i:AAB (resp. >i:A A B), the tableau obtained by appending
a new left branch with a node below b labelled with <i:A (resp. O) and a new
right branch with a node (resp. two nodes) below b labelled with <i:B (resp.
>i:A and >i:B) is a tableau for ®. Regular formula <i:A N\ B (resp. >i:ANB)
becomes inactive in b and the added regular formulas are declared to be active.

e V-rule: Given a tableau T for ® and a branch b of T, if b contains an active
regular formula <i:AV B (resp. >i:AV B), the tableau obtained by appending
a new left branch with a node below b labelled with O (resp. >i:A) and a new
right branch with two nodes (resp. a node) below b labelled with <i:A and <i:B
(resp. >i:B) is a tableau for ®. Regular formula <i:AV B (resp. >i:AV B)
becomes inactive in b and the added regular formulas are declared to be active.

o —-rule: Given a tableau T for ® and a branch b of T, if b contains an active reg-
ular formula <i:A — B (resp. >i:A — B), the tableau obtained by appending
a new left branch with a node below b labelled with O (resp. <(1 —i):A) and a
new right branch with two nodes (resp. a node) below b labelled with > (1 —1i):A
and <i:B (resp. >i:B) is a tableau for ®. Regular formula <i:A — B (resp.
>i:A — B) becomes inactive in b and the added regular formulas are declared
to be active.

e —-rule: Given a tableau T for ® and a branch b of T, if b contains an active
regular formula <i:—A (resp. >i:—-A), the tableau obtained by appending a
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node below b labelled with > (1 —1i):A (resp. <(1 —i):A) is a tableau for ®.
Regular formula <i:—A (resp. >i:—-A) becomes inactive in b and the added
regular formula is declared to be active.

O-rule: Given a tableau T for ® and a branch b of T, if b contains two active
regular formulas <i:A and > j:Awithi+ n%] < j(resp. j=i+ n%l), the tableau
obtained by appending a new left branch with two nodes below b labelled with
O and <i:A and a new right branch with two nodes below b labelled with O
and > j: A (resp. appending a node below b labelled with Q) is a tableau for .
Regular formulas <i:A and > j:A become inactive in b and the added regular

formulas are declared to be active.

Definition 5.2.2 formally introduces the inference rules of the calculus, which are
also referred to as the expansion rules. Their graphical representation is provided in
Figure 5.1. Throughout the remainder of the thesis, we often omit their formal def-
initions and present only their graphical representations when introducing a tableau
calculus. Although the rules are defined assuming a finite truth value set, the calculus
can be readily adapted to operate over the unit interval.

Definition 5.2.3. Let T be a tableau for a multiset ® of regular formulas. A branch b of
T is saturated when no further expansion rules can be applied to b, and T is completed
when all its branches are saturated. The cost of a saturated branch is the number of
boxes in the branch. The cost of a completed tableau is the minimum cost among all
its branches.

Theorem 5.2.4. Soundness & completeness. Let T be a completed Regular MaxSAT
tableau for a multiset ® of regular formulas. Then, the cost of T is m if and only if the
minimum number of formulas in ® that are falsified by any assignment is m.

We omit the proof of soundness and completeness of Theorem 5.2.4 because these
properties follow from the soundness and completeness theorem for Weighted Partial
MaxSAT in Section 5.3.1.

Example 5.2.5. Figure 5.2 illustrates the construction of a tableau, assuming
N = {0, %, %, 1} and utilizing the preceding calculus, to determine the minimum
number of unsatisfied regular formulas in the multiset of regular formulas ® =
{Z1:x1Ax3, g% 1X1 AXp, 2% :=x3}. The initial tableau, presented in the leftmost
position at the top, comprises one node for each regular formula in ®. The second
tableau shows the application of the —-rule to > % : 3, and after that, the application
of the N-rule to < % :X1 Axp. The third tableau is the result of applying the following
expansion rules: the N-rule to >1:x1 Ax3 on both branches, which results in a total
of four branches; the O-rule to > 1:x1 and < % :x1 on the second leftmost branch, and
the O-rule to < % :x3 and >1:x3 on the second, third and fifth branches (from left to
right) as presented in the final tableau. Since the tableau is completed and the mini-
mum number of boxes among its branches is one, the minimum number of unsatisfied
regular formulas in ® is also one.
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>1:x1/\x3 >1:x1Ax3 >1:x1Ax3
g%:xl/\)@ S% X1 AX2
| | S%le/\xz
2% —X3 Z%iﬁxz |
| 1.
S%Z)Cg 2§'ﬁx3
il |
<3 <3ix
TS <l
<l.x <lLl.y
>3-4 >3.42
O >1:x O >1:x
ZIZX3 21:){3

Figure 5.2: A completed tableau for the Regular MaxSAT instance & =

{>1:x /\)@,S%:xl /\xz,z%:—m}.

Remark 5.2.6. Throughout this thesis we usually prove the soundness for the func-
tionally complete set {—,V}, since all other connectives are definable in terms of these
two: A — B is equivalent to —AN B, and A \ B is equivalent to ~(—A\ —B). Soundness
for the —-rule and N-rule then follows immediately from the soundness of the —-rule
and V-rule by substitution.

Example 5.2.7. To demonstrate the derivation of the N\-rule from the —- and \/-rules,
we consider the formula ¢ = <i:—(—=AV —B) as shown in Figure 5.3.

5.3 A Weighted Partial Regular MaxSAT Tableau
Calculus

This section presents a sound and complete tableau calculus for Weighted Partial Reg-
ular MaxSAT and establishes its soundness and completeness. In the input multiset of
formulas @, each formula is represented as a pair (¢,w), where ¢ is a regular formula
and w is its associated weight. We distinguish between two classes of formulas based
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Si:ﬁ(ﬁA\/ﬁB)

Z(l*i)lﬁA\/ﬁB

Figure 5.3: Derivation of the A-rule from the —- and V-rules.

on their weight: if w = oo, the formula is classified as a hard formula, representing a
constraint that cannot be violated. Conversely, if w is a positive integer, it is classified
as a soft formula, representing an optimization preference. An assignment is feasible
if it satisfies all hard formulas.

The expansion rules of the proposed calculus for Weighted Partial Regular MaxSAT
are shown in Figure 5.4, where the symbol O denotes a contradiction and the symbol l
denotes an infeasible solution. They are used to construct a tableau from an initial
single branch consisting of as many nodes as there are weighted regular formulas in
the input multiset, each of which is declared to be active. When a rule is applied, the
soft premises become inactive and the conclusions become active in the branch where
the rule is applied. The corresponding notion of cost is defined as follows:

Definition 5.3.1. Let T be a tableau for a Weighted Partial Regular MaxSAT in-
stance ®. A branch b of T is saturated when no further expansion rules can be applied
to b, and T is completed when all its branches are saturated. The cost of a saturated
branch is infinite if it contains the symbol B; otherwise, it is the sum of the weights of
the soft regular formulas containing the symbol O. The cost of a tableau is the mini-
mum cost among all its branches. If the cost of a tableau is infinite, there is no feasible
solution.

Dealing with weighted soft regular premises is similar to the unweighted case.
When there is exactly one premise, the expansion rules are similar to the unweighted
ones except for the fact that they propagate the weight from the premise to the conclu-
sions. Note that whether a given assignment satisfies a soft regular formula does not
depend on its weight. The weight is the penalty to be paid if the formula is not satisfied.

The only rule with two soft premises is the O-rule. In this case, we distinguish two
cases when both premises are soft regular formulas:

1. the expansion rule with proviso j =i+ ﬁ: exactly one of the premises is not
satisfied, because the union of the regular signs is the entire truth value set and
their intersection is empty.

2. the expansion rule with proviso j > i+ ﬁ: one premise is necessarily not sat-

isfied, but both premises are not satisfied when the value assigned to A is smaller
than j and greater than i.
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(Ki:ANB,w) (>i:AANB,w) (Ki:ANB,) (Zi:ANB,)
(Ki:Aw) [(Ki:B,w)  (O,w)|(>i:Aw) (<i:A ) |(<i:B,) (>i:A,o)
(>i:B,w) (>i:B,)
A-rule
(<i:AVB,w) (>i:AVB,w) (<i:AVB,oo) (>i:AV B, o)
O,w) | (Ki:A,w) (Zi:A,W)‘(ZiZB,W) (Li:A, ) (Zi:A,00) | (>i:B,o0)
(Li:B,w) (Li:B,»)
V-rule
(<Li:A,wy) (Li:A,wy) (<i:A,w) (Li:A, )
(ZJj:A,w2) (=Jj:A,w2) (=j:A,2) (=Jj:A,w)
@, w1) (@, w2) @,w) @,w) @,w)
(ZJj:Aw)| (SitA,wr) (Si:A,wi—w) (Z A, ) (<i:A, )
provided that i 4 ﬁ <J (> j:A,wr—w) provided thati < j  provided thati < j

provided that j =i+ ﬁ
where w = min(wj,w»)

O-rule

(<i:A, o)
(2J:A,)
|
provided that i < j
M-rule

(SiimAw) (iAW) (SiiAe)  (2ii-A,e)
G(1—i):Aw)  (S(1—i):Aw) ((1—i):A,0) (<(1—i):A,)

—-rule

Figure 5.4: Tableau expansion rules for Weighted Partial Regular MaxSAT.
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When there is a hard premise and a soft premise in the O-rule, since the intersection
of the signs of the premises is empty, we derive a contradiction whose weight matches
that of the soft formula, while the hard formula remains active. For this reason, the
hard formula is repeated in the conclusion.

The M-rule prunes the branch due to the detection of an infeasible solution. It
detects the violation of a hard constraint.

5.3.1 Soundness & completeness

We prove the soundness and completeness of the Weighted Partial Regular MaxSAT
calculus presented in Figure 5.4. Prior to establishing the completeness theorem, we
prove termination and the soundness of the expansion rules.

Proposition 5.3.2. A Weighted Partial Regular MaxSAT tableau for a multiset ® of
weighted regular formulas is completed in a finite number of steps.

Proof. We first create an initial tableau and then apply expansion rules in the newly
created branches until they become saturated. The V- and —-rule reduce the number of
connectives. Since the number of connectives in the initial formula is finite and no rule
introduces new connectives, these rules can only be applied a finite number of times.
The O-rule produces a formula with the symbol O, which cannot be a premise of any
rule, and another formula that can be a premise of another rule. Since the number of
potential premises is reduced, it can only be applied a finite number of times. Observe
that, in the rule with proviso j =i+ ﬁ < J, at least one of the conclusions has weight
zero and is not added. The M-rule has two hard formulas as premises and produces a
single symbol M in the conclusion, which cannot be a premise of any rule, and therefore
it can only be applied a finite number of times. In addition, The BM-rule prunes the
branch. Hence, the construction of any completed tableau for Weighted Partial Regular
MaxSAT terminates in a finite number of steps. O

Proposition 5.3.3. The V-, —-, B- and O-rules of the Weighted Partial Regular
MaxSAT calculus in Figure 5.4 are sound in the following sense: for any assignment
v, the sum of the weights of the unsatisfied soft premises is preserved in at least one
branch and does not decrease in the remaining branches. Furthermore, rules with hard
premises preserve the satisfiability from the premises to the conclusions in at least one
branch.

Proof. To prove the soundness of the V-rule with a single soft premise of weight w, we
must demonstrate that if an assignment v falsifies the premise, there is one branch in the
conclusions where v falsifies one formula, and v falsifies at least one formula in the rest
of the branches. Besides, if v satisfies the premise, v satisfies all formulas in at least one
branch. We distinguish the following cases: (i) the premise is (<i:AV B,w): the rule
produces two branches: a left branch containing (O, w), and a right branch containing
(<i:A,w) and (<i:B,w). If v satisfies the premise, then v(AV B) = max(v(4),v(B)) <
i, so v(A) <iand v(B) < i. Hence, v satisfies both formulas in the right branch with
cost 0, while the left branch has cost w. If v does not satisfy the premise (cost w), then
max(v(A),v(B)) > i. In the left branch, (O,w) has cost w, preserving the cost. In the
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right branch, at least one of <i:A or <i:Bis unsatisfied, so the cost is at least w; (ii) the
premise is (>i:AV B,w): the rule produces two branches: >i:A,w and >i:B,w. If
v satisfies the premise, then max(v(A),v(B)) > i, so v(A) > i or v(B) > i, and at least
one branch has cost 0. If v does not satisfy the premise, then v(A) < i and v(B) < i, so
both conclusions are unsatisfied with cost w, preserving the total weight of unsatisfied
formulas; and (iii) the premise is a hard formula: the rules preserve satisfiability and
are identical to those defined for Regular SAT tableaux [49].

To prove the soundness of the —-rule, we must consider that, when the premise is
(<i:—A,w), an assignment v satisfies <i:—A if and only if v(-A) =1 —v(A) <iif
and only if v(A) > 1 —i, which holds if and only if v satisfies > (1 —i) :A. When the
premise is (>i:—A,w), v satisfies >i:—A if and only if v(-A) = 1 —v(A) > i if and
only if v(A) < 1 —i, which holds if and only if v satisfies < (1 — i) : A. In both cases, the
total weight of unsatisfied formulas is preserved because the conclusion consists of a
single formula with weight w. The same reasoning applies when the premises are hard.

In the B-rule, since the intersection between the signs < i and > j is empty, one
of the premises is necessarily falsified. Consequently, the branch must be pruned, as it
corresponds to an infeasible solution.

To prove the soundness of the O-rule we distinguish the following cases: (i) soft
premises with proviso i + ﬁ < j: the premises are (<i:A,w;) and (> j:A,wy). Since
the intersection of the signs is empty, at least one premise is necessarily unsatisfied.
The rule produces two branches: the left branch contains (O, w1 ) and (> j:A,w;), and
the right branch contains (O,w;) and (<i:A,wy). If v(A) <, the premise cost is wy.
In the right branch, (O,w) is falsified and <i:A is satisfied, giving cost wy. In the
left branch, both are falsified, giving a cost of wi +wy > wy. If i < v(A) < j, both
premises are falsified with cost w; + wp, and both branches also have cost wy + wy.
If v(A) > j, the premise cost is wy. In the left branch, (O, w) is falsified and > j: A
is satisfied, giving cost wy. In the right branch, both are falsified, giving a cost of
wi 4wy > wy. (ii) soft premises with proviso j =i+ n]j: the premises are (<i:A,wy)
and (> j:A,w,), with w =min(wy,w,). Since j =i+ 15, there is no value in N strictly
between i and j, so either v(A) <iorv(A) > j. If v(A) <, the premise cost is wp. In
the conclusion, (O,w) is falsified (cost w), <i:A is satisfied, and > j:A is falsified
(cost wp —w), giving total cost w+ (wp —w) = wy. If v(A) > j, the premise cost is wj.
In the conclusion, (O,w) is falsified (cost w), <i:A is falsified (cost w; —w), and
> j:A is satisfied, giving total cost w+ (w; —w) = wj. (iii) there is one soft premise
with weight w and one hard premise: the rule produces a single branch containing
(O,w) and the hard premise. As v must satisfy the hard premise, then the soft premise
is unsatisfied because the intersection of their signs is empty (cost w), and the total
weight of unsatisfied formulas is preserved. O

Theorem 5.3.4. Soundness and completeness. Let T be a completed Weighted Partial
Regular MaxSAT tableau for a multiset ® of weighted regular formulas. Then, the cost
of T is m if and only if the minimum total weight of the soft formulas in ® that are
falsified by any assignment satisfying all hard formulas is m; and the cost of T is
infinite if and only if no assignment satisfies all hard formulas.

Proof. (Soundness:) T was derived by creating a sequence of tableaux Ty,...,T, (n >
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0) such that T is an initial tableau for ®, 7, = T, and T; was obtained by a single
application of one of the V-, —-, B- and O-rules on a branch of 7;_j, fori =1,...,n.
By Proposition 5.3.2, we know that such a sequence is finite. Since 7' has cost m,
T,, contains a branch b with cost m, and the rest of the branches have cost at least
m. Moreover, the active formulas in every branch of 7, are of the form (O,w) or
are weighted regular literals of the form (<i:x,w) or (>i:x,w) such that, for each
propositional variable x, the intersection of the signs of all regular literals is non-empty;
otherwise, we could yet apply expansion rules and 7;, would not be completed.

Given a saturated branch of cost m, the assignment that sets each variable x to one
value of the intersection of the signs of all active weighted regular literals containing x
satisfies all hard formulas and only falsifies the formulas containing the symbol O.
Moreover, there cannot be any assignment satisfying all hard formulas in a branch of 7,
whose total weight of unsatisfied formulas is less than m, because the total weight of
unsatisfied formulas of the form (O, w) in a saturated branch is at least m. Therefore,
the minimum total weight of unsatisfied formulas among all branches of 7;, is m.

The minimum total weight of active unsatisfied soft formulas is preserved in the
sequence of tableaux Ty, ..., T,. Since Ty is formed by a single branch containing only
the formulas in @ and all these formulas are active, the minimum total weight of the
soft formulas that are falsified in ® by any assignment satisfying all hard formulas is m.

If the cost of T is infinite, every branch of 7;, contains the symbol l. By Proposi-
tion 5.3.3, this means that no assignment can satisfy all hard formulas in ®, i.e., there
exists no feasible solution.

(Completeness:) Assume that there is a completed Weighted Partial Regular
MaxSAT tableau T for @ that does not have cost m. We distinguish two cases:

(1) T has a branch b of cost k, where k < m. Then, the total weight of the soft
formulas containing the symbol O in b is k, and there exists a feasible assignment
whose total weight of unsatisfied active soft formulas in b is k. By Proposition 5.3.3,
this also holds for Tp, but this is in contradiction with m being the minimum total weight
of the soft formulas in & falsified by any feasible assignment, because k < m. Thus,
any branch of T has at least cost m.

(i1) T has no branch of cost m. This is in contradiction with the fact that the mini-
mum total weight of the unsatisfied soft formulas in ® is m. Since the expansion rules
preserve the minimum total weight of the unsatisfied soft formulas and the branches not
containing the symbol B of any completed tableau only contain active soft formulas
containing the symbol O or soft regular literals from which we cannot derive contra-
dictions, T must have a saturated branch where the total weight of the soft formulas
containing the symbol O is m. Thus, T has a branch of cost m.

Hence, each completed tableau 7 for a multiset ® of regular formulas has cost m
if the minimum total weight of the soft formulas in & that are falsified by any feasible
assignment is m, and has infinite cost if no such assignment exists.

O

Given a completed Weighted Partial Regular MaxSAT tableau, an optimal assign-
ment is derived by inspecting a branch b with minimum cost. As established in the
framework of Weighted Partial Regular MaxS AT, the objective is to identify an assign-
ment that satisfies all hard formulas and minimizes the total weight of unsatisfied soft
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formulas. Because every active formula in b is a weighted regular literal that must be
satisfied, an optimal assignment v must set each variable x to a truth value from the
intersection of the signs of all active weighted regular literals in b that contain x. If no
active formula in b contains x, then x can be set to any value of N.

5.4 A Weighted Partial Regular MinSAT Tableau
Calculus

This section presents a calculus for Weighted Partial Regular MinSAT. Unlike
MaxSAT, where the aim is to minimize the total weight of unsatisfied soft formulas,
MinSAT seeks to minimize the total weight of satisfied soft formulas, while satisfying
all hard formulas. We use the symbol T to denote that a soft formula must neces-
sarily be satisfied, and the symbol B to denote an infeasible solution, i.e., when no
assignment can satisfy all hard formulas.

In the input multiset of formulas ®, each formula is represented as a pair (¢,w),
where ¢ is aregular formula and w is its associated weight. We distinguish between two
classes of formulas based on their weight: if w = oo, the formula is classified as a hard
formula, representing a constraint that cannot be violated. Conversely, if w is a positive
integer, it is classified as a soft formula, representing an optimization preference where
the objective is to minimize the total weight of satisfied formulas.

The expansion rules of a sound and complete calculus for Weighted Partial Regular
MinSAT are shown in Figure 5.5. The calculus works by minimizing the total weight
of the satisfied formulas, and the rules replace the premises with the conclusions, ren-
dering the soft premises inactive in the current branch. The cost of a saturated branch is
infinite if it contains the symbol M; otherwise, it is the total weight of the soft formulas
containing the symbol T. The cost of a completed tableau is the minimum cost among
all its branches. An infinite cost means that there is no feasible solution.

Definition 5.4.1. A Weighted Partial Regular MinSAT tableau is a rooted tree consist-
ing of a finite number of branches. Each node within this tree is labelled with a hard
regular formula, a soft regular formula, the symbol B, or a formula of the form (T ,w).
The symbol B denotes an infeasible solution, while T denotes a satisfied formula,
meaning that its weight w must be added to the cost of the branch.

Definition 5.4.2. Let N = {0, ﬁ, - %} be a truth value set and let ® =
{A1,...,Am} be a multiset of regular formulas. A tableau for ® is constructed by a
sequence of applications of the following rules in such a way that the soft premises of
the rule become inactive and the conclusions become active in the branch where the

rule is applied:

Initialize: We start by generating a tree with a single branch with m nodes such that
each node is labelled with a formula of ®, called the initial tableau. All its
formulas are declared to be active.

V-rule (soft premise): Given a tableau T for ® and a branch b of T, if b contains an
active regular formula (<i:AV B,w) (resp. (>i:AVN B,w)), the tableau obtained
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(<i:AVB,w) (>i:AVB,w) (<i:AV B, ) (>i:AV B, )
(<i:A,w) ‘ (<i:B,w) (T,w) | (Zi:A,w) (<i:A,o0) (Zi:A ) | (>i:B,)
(>i:B,w) (<i:B,o)
V-rule
(<i:ANB,w) (>i:ANB,w) (<i:ANB,) (>i:ANB,eo)
(T,w) | (Ki:A,w) (>i:A,w) ‘ (>i:B,w) (<i:A, o) ‘ (<i:B,) (>i:A, )
(<i:B,w) (>i:B,)
A-rule
(<i:—A,w) (>i:—A,w) (>0:A,w) (L1:A,w) (<i:A, o)
(>(1-i):A,w) (<(1-i):A,w) (T,w) (T,w) (>j:A, o)
taut-rule ]
(<i:mA, ) (>i:—A, ) provided that i < j
(> (1—i):A,00) (<(1=i):A,00) H-rule
—-rule
(Si:A,wi) (Si:A,wi) (Si:A,e0) (Zi:A,e0)
(ZJj:A,w2) (=Jj:A,w2) (Sj:A,w) (=Jj:A,w)
(T,w1) (T, w2) (T,w) (T,w) (T,w)
(Zj:A,w2) | (Si:A,wy) (SitA,wi—w) (Si:A,e0) (Zi:A,e0)
(>j:A,wr—w) provided that i < j provided that i > j
provided that i > j where w = min(wj,w;)

provided that j =i+ n]j
T-rule

Figure 5.5: Tableau expansion rules for Weighted Partial Regular MinSAT.

by appending a new left branch with a node below b labelled with (<i:A,w)
(resp. (T,w)) and a new right branch with a node (resp. two nodes) below b
labelled with (<i:B,w) (resp. (>i:A,w) and (>i:B,w)) is a tableau for P.

V-rule (hard premise): Given a tableau T for ® and a branch b of T, if b contains
an active regular formula (<i:AV B,o), the tableau obtained by appending a
new branch with two nodes below b labelled with (<i:A,) and (<i:B,o0) is a
tableau for ®. If b contains an active regular formula (>i:AV B, ), the tableau
obtained by appending a new left branch with a node (>i:A,) and a new right
branch with a node (>i:B,) is a tableau for .

A-rule (soft premise): Given a tableau T for ® and a branch b of T, if b contains an
active regular formula (<i:A N\ B,w) (resp. (>i:A N\ B,w)), the tableau obtained
by appending a new left branch with a node below b labelled with (T ,w) (resp.
(>i:A,w)) and a new right branch with two nodes (resp. a node) (<i:A,w) and
(<i:B,w) (resp. (>i:B,w)) is a tableau for .

A-rule (hard premise): Given a tableau T for ® and a branch b of T, if b contains an
active regular formula (<i:A A B,oo) the tableau obtained by appending a new
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left branch with a node (<i:A, o) and a new right branch with a node (<i:B, )
is a tableau for ®. If b contains an active regular formula (>i:AAB,eo), the
tableau obtained by appending a new branch with two nodes below b labelled
with (>i:A,e0) and (>i:B, o) is a tableau for P.

—-rule (soft premise): If a branch b contains an active regular formula (<i:—A,w)
(resp. (>i:—A,w)), the tableau obtained by appending a node below b labelled
with (> (1 —i):A,w) (resp. (<(1—1i):A,w)) is a tableau for ®.

—-rule (hard premise): Ifa branch b contains an active regular formula (<i:—A,oo)
(resp. (>i:—A, o)), the tableau obtained by appending a node below b labelled
with (> (1 —i):A, ) (resp. (<(1—1i):A,))) is a tableau for ®.

taut-rule: If a branch b contains an active regular formula (>0:A,w), the tableau
obtained by appending a node below b labelled with (T,w) is a tableau for
®. If b contains an active regular formula (<1:A,w), the tableau obtained by
appending a node below b labelled with (T ,w) is a tableau for .

B-rule: [fa branch b contains two active regular formulas (<i:A o) and (> j:A,oo)
such that i < j, the tableau obtained by appending a node below b labelled
with B is a tableau for ®. In this case, the branch is pruned because this corre-
sponds to an infeasible solution.

T-rule (two soft premises and i > j): If a branch b contains two active regular for-
mulas (<i:A,wy) and (> j:A,wy) such that i > j, the tableau obtained by ap-
pending a new left branch with two nodes below b labelled with (T,w) and
(>Jj:A,wp), and a new right branch with two nodes below b labelled with
(T,wa) and (<i:A,wy) is a tableau for .

T-rule (two soft premises and j =i+ ﬁ): If a branch b contains two active regu-
lar formulas (<i:A,wy) and (> j:A,wa) such that j =i+ n%l’ the tableau ob-
tained by appending a new branch with three nodes below b labelled with (T ,w),
(<i:A,wy —w)and (> j:A,wy —w), where w = min(wy,w»), is a tableau for ®.

T-rule (one soft and one hard premise): If a branch b contains two active regular
Sformulas (<i:A,e) and (< j:A,w) such that i < j, the tableau obtained by
appending a new branch with two nodes below b labelled with (T,w) and
(<i:A, ) is a tableau for ®. If b contains two active regular formulas (>i:A, )
and (> j:A,w) such that i > j, the tableau obtained by appending a new branch
with two nodes below b labelled with (T ,w) and (>i:A, o) is a tableau for ®.

Definition 5.4.3. Let T be a tableau for a multiset ® of regular formulas. A branch b
of T is saturated when no further expansion rules can be applied to b or the B-rule has
pruned it. The tableau T is completed when all its branches are saturated. The cost of
a saturated branch is the total weight of the formulas containing T in that branch. The
cost of a completed tableau is the minimum cost among all its branches.

Given a multiset @ of hard and soft regular formulas, we demonstrate below that
the minimum total weight of the soft formulas satisfied by any assignment satisfying
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all hard formulas is m if and only if the cost of a completed tableau for ® is m. Thus,
the systematic construction of a completed tableau for ® provides an exact method for
solving Weighted Partial Regular MinSAT.

Example 5.4.4. Figure 5.6 shows how to create a tableau, with the proposed calcu-
lus, to minimize the total weight of satisfied soft formulas, while satisfying all hard
formulas, in the multiset of weighted regular formulas ® = {(>1:x1,0), (>3 :x2,0),
(< % :x3,6), (> % 12 Vx3,3), (> % X1 Ax2,5)}, assuming N = {0, %, %, %,1}. The first
tableau (the leftmost tableau on top) is the initial tableau, which contains one node for
each regular formula in ®. The second tableau shows the application of the N-rule
to (Z% 1x1 Ax2,5), the application of the T-rule to (>1:x1,00) and (> % 1x1,5) on
the leftmost branch, and the application of the T-rule to (> % :x2,5) and (> % 1 Xp,0)
on the rightmost branch. The third tableau shows the application of the \V-rule to
(> % :x2 V x3,3). The fourth tableau shows the application of the T -rule to (> % 1 Xp,00)
and (> % :x2,3) on the second and fourth branches. Finally, the fifth tableau shows
the application of the T-rule to (< % :x3,6) and (> % :x3,3) on the second and fourth
branches of the previous tableau. Since the tableau is completed and the minimum
cost among its branches is 8, the minimum total weight of soft formulas in ® that are
satisfied by any assignment satisfying all hard formulas is also 8.

5.4.1 Soundness and completeness

We prove the soundness and completeness of the proposed calculus. Before that, we
prove termination and the soundness of the expansion rules.

Proposition 5.4.5. A Weighted Partial Regular MinSAT tableau for a multiset @ of
regular weighted formulas is completed in a finite number of steps.

Proof. We first create an initial tableau and then apply expansion rules in the newly
created branches until they become saturated. The V-, A- and —-rules reduce the num-
ber of connectives. Since the number of connectives in the initial formula is finite and
no rule introduces new connectives, these rules can only be applied a finite number of
times. The T-rule has two regular formulas as premises and each conclusion contains
exactly one formula in the conclusion that could be a premise of another rule because
a formula containing T cannot be a premise. Note that the second T-rule has two con-
clusions that can be a premise, (<i:A,w;—w) and (> j:A,wy—w), but at most one of
them is added because the weight of at least one of the conclusions is 0. Therefore,
the T-rule can only be applied a finite number of times. Regarding the taut-rule, the
conclusion is of the form (T,w), which cannot be a premise. Regarding the l-rule,
its application prunes the branch. Hence, the construction of any completed tableau
terminates in a finite number of steps. U

It suffices to establish the soundness for the functionally complete set {—, V}, since
every other connective is definable in terms of these two: A — Bis equivalent to AV B,
and A A B is equivalent to —=(—A V —B). The soundness of the A-rule then follows from
the soundness of the —-rule and V-rule. Consequently, soundness is proved below for
V, =, taut, B and T, with the A-rule understood to follow by an analogous argument.
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(>1:x1,00) (>1:xq,00) (>1:x1,00)
(>3 |xz o) (2%1|Xz7°°) (>3 |ch7°°)
(<3 |X3,6) (S%:|X376) (<3 |xz 6)
=1 x2|v);3 3) (>§:x2|\/xz 3) (>3 X2|VX373)
(2% x1|/\xz,5) (2%:x1|sz 5) (2%:x1|/\xz,5)
/\
(>3 @xm (=3:x1,5) (>3:x2,5)
(T|75) (T|~5) (T|75) (Tlﬁ)

(>3:%3,3) (>3:x%3,3)
(>1:x1,0) (Z1:x1,00)
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Figure 5.6: A completed tableau for the Weighted Partial Regular MinSAT instance
{(=1:x1,0),(>3 1 x2,00),(< 3 :x3,6), (>4 :x2Vx3,3),(> 2 :x1 Axp,5)}, assuming

N= {03%7%7%71}'
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Proposition 5.4.6. The expansion rules of the tableau calculus for Weighted Partial
Regular MinSAT in Figure 5.5 are sound in the following sense: for any assignment v,
the total weight of the satisfied soft premises is preserved in at least one branch and
does not decrease in the remaining branches. Furthermore, rules with hard premises
preserve the satisfiability from the premises to the conclusions in at least one branch.

Proof. We demonstrate the soundness of each rule separately, assuming that the truth

value setis N = {O,ﬁ,...,%}:

* V-rule (sign <): If v satisfies (<i:AV B,w), it holds that v(A) <iand v(B) <1,
because of the maximum function. Hence, v satisfies all the conclusions, which
contain exactly one formula and the weight is preserved. If v does not satisfy
(<i:AVB,w), it holds that v(A) > i or v(B) > i. Hence, v unsatisfies at least
one conclusion and the minimum weight of satisfied formulas in the conclusions
is 0. The weights are preserved because the premise and the conclusion contain
a single formula.

When the premise is (<i:AV B, ), satisfiability is preserved because v satisfies
(<i:AVB,) if and only if v(A) < i and v(B) < i.Thus, the premise is satisfied
if and only if all the conclusions are satisfied.

* V-rule (sign >): If v satisfies (>i: AV B,w), it holds that v(A) > i or v(B) > i.
Hence, there is one satisfied formula on the left branch and at least one satisfied
formula on the right branch and, therefore, the minimum weight is w. If v does
not satisfy (>i:AV B,w), it holds that v(A) < i and v(B) < i, and the minimum
weight is 0 because the two formulas in the right conclusion are unsatisfied. A
violated hard regular formula prunes the branch.

When the premise is (>i:A V B, ), satisfiability is preserved because v satisfies
(>i:AV B,) if and only if v(A) > i or v(B) > i. Thus, the premise is satisfied
if and only if at least one conclusion is satisfied.

¢ —-rule: The soundness of this rule when the premise contains a formula of the
form (<i:—A,w) follows from the fact that the single conclusion is satisfied if
and only if the premise is satisfied, because an assignment satisfies <i:—A if and
only if v(—A) = 1—v(A) <i (i.e.; v(A) > 1 —i). Similar arguments apply when
the premise contains a formula of the form (>i:—-A,w) and when the formula is
hard.

* taut-rule: Since the premise is a tautology, the single conclusion must necessar-
ily be satisfied and preserve the weight.

* B-rule: If two regular hard formulas cannot be simultaneously satisfied, there is
no feasible solution.

» T-rule (with two weighted soft premises): If i > j, at least one premise is
satisfied because the intersection of the signs of the premises is non-empty. If
v(A) > i, exactly one premise and one formula in the right conclusion are satis-
fied, and two formulas in the left conclusion are satisfied. If j < v(A) <1, two
premises and two formulas in each conclusion are satisfied. If v(A) < j, exactly



5.4. A Weighted Partial Regular MinSAT Tableau Calculus 76

one premise and one formula in the left conclusion are satisfied, and two for-
mulas in the right conclusion are satisfied. Therefore, the total weight of the
satisfied soft formulas is preserved between the premises and the conclusions. If
j=i+ n%l, we have that the intersection of the signs is empty and their union
is the whole truth value set N. Therefore, the total weight of the satisfied soft
formulas is preserved because there is always one satisfied and one unsatisfied
premise.

e T-rule (with one hard premise and one weighted soft premise): We must en-
sure the satisfaction of the hard premise. Given that these two rules are only ap-
plicable when the sign of the soft premise contains the sign of the hard premise,
the soft premise must necessarily be satisfied. Therefore, the total weight of the
satisfied soft formulas is preserved between the premises and the conclusions.

O

Given a completed tableau T for a multiset ® of hard and soft regular formulas, the
soundness and completeness theorem establishes that the cost of T is m if and only if
the minimum total weight of the soft formulas in & that are satisfied by any feasible
assignment is m.

Theorem 5.4.7. Soundness & completeness. Let T be a completed Weighted Partial
Regular MinSAT tableau for a multiset ® of weighted regular formulas. Then, the
cost of T is m if and only if the minimum total weight of the soft formulas in ® that
are satisfied by any assignment satisfying all hard formulas is m; and the cost of T is
infinite if and only if no assignment satisfies all hard formulas.

Proof. (Soundness:) T was derived by creating a sequence of tableaux Ty, ..., T, such
that Ty is an initial tableau for ®, 7, = T, and 7; was obtained by a single application
of one of the expansion rules in Figure 5.5 on a branch of 7;_, fori = 1,...,n, starting

with an initial tableau that only contains the formulas in ®. By Proposition 5.4.5, we
know that such a sequence is finite. Since T has cost m, T, contains a branch b that
does not contain the symbol B such that the total weight of the formulas containing
the symbol T is m, and the total weight of the formulas containing T in the rest of
the branches that do not contain M is at least m. Moreover, the active soft formulas
in every branch of 7, that does not contain the symbol B are weighted regular literals
of the form (<i:x,w) or (> j:x,w') such that, for each propositional variable x, they
can be unsatisfied; otherwise, we could yet apply expansion rules and 7;, would not be
completed. Notice that, in a saturated branch that does not contain the symbol B, the
union of the regular signs, for each propositional variable x, is a strict subset of the
truth value set.

Given a saturated branch b with cost m, let i;, be the smallest i in the active hard
formulas of the form (<i:x,o0) and let jj, be the greatest j in the active hard formulas of
the form (> j:x,00). If there is no hard formula with negative (resp. positive) polarity,
then i, = 1 (resp. j, = 0). To ensure that v satisfies the hard formulas, we must consider
an assignment v that sets each variable x to one value k such that j, < k < ij,. Indeed,
x must be assigned a value in N, = {j, jn + ﬁ, e ip— ﬁ, in}. On the other hand,
let i; be the greatest i in the active soft formulas of the form (<i:x,w) and j; be
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the smallest j in the active soft formulas of the form (> j:x,w). If there is no soft
formula with negative (resp. positive) polarity, then iy = ij, (resp. j; = j,). We consider
Ny = {is, is + ﬁ, U A ﬁ,js}. By the application of the expansion rules, if b has
active soft formulas containing variable x, it holds that Ny C Np,; otherwise, Ny = Nj,.
To ensure that v satisfies the hard formulas and the active formulas containing the
symbol T but does not satisfy the rest of the active soft formulas, k must be in Nj, \ Nj.
If no soft formula must be unsatisfied, k can be any value of N;,. Moreover, there cannot
be any assignment where the total weight of the satisfied soft formulas is less than m
in a branch of T7;,, because the formulas containing T are always satisfied. Therefore,
the minimum total weight of the active soft formulas that are satisfied by any feasible
assignment among the branches of 7}, is m.

(Completeness:) Assume that there is a completed Weighted Partial Regular Min-
SAT tableau T for @ that does not have cost m. We distinguish two cases:

(1) T has a branch b of cost k, where k < m. Then, the total weight of the soft
formulas containing the symbol T in b is k, and there exists a feasible assignment
whose total weight of satisfied active soft formulas in b is k. By Proposition 5.4.6, this
also holds for Tj, but this is in contradiction with m being the minimum total weight of
the soft formulas in @ satisfied by any feasible assignment because k < m. Thus, any
branch of T has at least cost m.

(i1) T has no branch of cost m. This is in contradiction with the fact that the min-
imum total weight of the satisfied soft formulas in &® is m. Since the expansion rules
preserve the minimum total weight of the satisfied soft formulas and the branches not
containing the symbol B of any completed tableau only contain active soft formulas
containing the symbol T or soft regular literals that can be unsatisfied, 7 must have a
saturated branch where the total weight of the soft formulas containing the symbol T
is m. Thus, T has a branch of cost m.

Hence, each completed tableau T for a multiset ® of regular formulas has cost m
if the minimum total weight of the soft formulas in ® that are satisfied by any feasible
assignment is m, and has infinite cost if no such assignment exists. O

Observe that the proof of soundness provides a method for building an optimal
assignment from a saturated branch of minimal cost. Because the expansion rules may
be applied in any order, the cost of the resulting completed tableau remains invariant, as
Proposition 5.4.6 ensures that the minimum total weight of the satisfied soft formulas
is preserved at every step.

5.5 Clausal Tableau Calculi

The proposed tableau calculi for Regular MaxSAT and Regular MinSAT operate in a
non-clausal setting, handling multisets of arbitrary regular formulas built from propo-
sitional variables and the connectives {V, A, —,—}. This section introduces the clausal
variants of these calculi, which restrict the input to multisets of regular clauses, and
analyzes the formal relationship between both approaches.

Definition 5.5.1. A regular clause is a regular formula of the form >i: [y VIV --- V1,
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<i:LiviVv---Vli, >i:iVhLV--- Vi,

o <itly il | 2ith || 20,
Si:lz
<i:l,

provided that n > 2

V-rule

<i:—x >iix
>(1—i):x <(1—i):x

—-rule
<i:x <i:x
>jix >jix
O O O
<iix | >j:x provided that

provided that i 4+ ﬁ <j j=i+ ﬁ
O-rule

Figure 5.7: Tableau expansion rules for Clausal Regular MaxSAT.

or <i:ly VIV --- VI, where each I is a propositional variable x or a negated propo-
sitional variable —x.

The restriction to clausal form has a direct consequence on the structure of the
calculus. Since every formula in the input multiset is by definition a disjunction of
literals, the connectives A and — do not appear, and their corresponding expansion
rules are not required. The clausal calculus, therefore, consists solely of the V-rule, the
—-rule and the O-rule.

Figure 5.7 displays the expansion rules for a clausal calculus for Regular MaxSAT.
Observe that the premises of both the —-rule and the O-rule are restricted to regular lit-
erals rather than to arbitrary regular formulas. Furthermore, since we are only dealing
with disjunctions of literals, the clausal version of the V-rule collapses n — 1 applica-
tions of the non-clausal V-rule.

The notions of branch saturation, tableau completion, and branch cost are identical
to those in the non-clausal calculus. Furthermore, the soundness and completeness of
the clausal calculus are directly inherited from the non-clausal version.

The clausal calculus in Figure 5.7 extends to the weighted and partial settings: The
weights are propagated from the premises to the conclusions in an analogous manner,
and the distinction between hard and soft formulas is handled identically. Figure 5.8
shows a complete clausal calculus for Weighted Partial Regular MaxSAT. Given that
the underlying theoretical principles governing MaxSAT remain equally valid in the
context of MinSAT, we straightforwardly present the expansion rules for a complete
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clausal calculus for Weighted Partial Regular MinSAT in Figure 5.9.
For the sake of conciseness, formal proofs are omitted herein as they closely par-
allel those established for the non-clausal setting. A comprehensive exposition and the

proofs of soundness and completeness can be found in [35].

(Si:lhViR V- Vig,w)

O,w <i:ly,
(O,w) E;! lI,W; (Zih VBV -V W)
<ith,w : A A
(C1,00) (>i:li,w) ‘ (Zi:h,w) ‘ ‘ (Zi:ly,w)
|
| (Kitly,w)
(Cr) ‘
| (Ki:ly VI V-V, )
(Cus1,w1) <l
! Ezz:ll’ ; (Zi:ll\/lg\/--'\/ln,oo)
<i:lp,o - - -
| (=i:1y,0) ‘ (Zi:lp,0) ‘ ‘ (>i:ly,)
C’ﬂ nsy n
(i) (Silp)
Init-rule provided thatn > 2
V-rule
(Sitx,wr)
(Simww)  (Ziww) (Si:3,w1) (24:xw2)
n : — >jix, [}
(2(171’)'](.14/) (<(1*i)‘x W) (—] x,Wz) ( 7W)
(O,w1) (O,w2) (Sizx,wy—w)
(<i:—x,00) (>i:—x,00) (Zjix,w2) | (Siix,wr) (Zj:x,wa—w)
(>?1 ) ,’ ) (<zl ) 4' ) provided that i + nl, <jJ provided that j =i+ n]j
. rule_ o where w = min(wy,w;)
(<iix,o0) (Sizx,e) (Sizxw)
(> jin) (2jxw) (Zjixe)
- ©.m) O
H-rule (Sitx,e) (ZJix,)

provided that i < j

O-rule

Figure 5.8: A tableau calculus for Clausal Weighted Partial Regular MaxSAT.

5.6 Solving Regular MaxSAT and Regular MinSAT

with MILP

Although the previous tableau calculi provide an exact method for Regular MaxSAT
and MinSAT, their direct implementation is not competitive in practice. Nevertheless,
their inference rules strongly inspired the Mixed-Integer Linear Programming (MILP)
reduction introduced in this section, which reformulates the same reasoning principles

within a more efficient optimization framework.
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(Cm+|17W1) (Si:lj V- Vip,) (Zi:ly V- Vi, )
(<itly,e0) (Zith,o) | .. [ (Zith,o)
|
Cm ns n .
(ot W) (Ki:ly,)
Init-rule provided that n > 2
V-rule
(<ii,w) (Zi:i—x,w) (>0:x,w) (£1:x,w) (<i:ix,e0)
(> (1=i):x,w) (€(1=i):x,w) (T,w) (T,w) (>j:x,00)
taut-rule ]
(<i:—ux,00) (>1i:—x,00) provided that i < j
(= (1—i) :x,00) (£ (1—=i):x,00) H-rule
—-rule
(Kitx,wr) (Sitx,wi) (Kitx,e0) (Zi:x,00)
(>):5,w2) (2):%w2) (<) w) (2):5w)
(T,w1) (T,w2) (T,w) (T,w) (T,w)
(Zj:xma) | (Sizx,wi) (Sixwi—w) (Six,) (>i:x,00)
(> j:x,wr—w) provided that i < j provided that i > j
provided that i > j where w = min(wy,ws)
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Figure 5.9: A tableau calculus for Clausal Weighted Partial Regular MinSAT.

Following the approach developed to solve SAT [50, 43] and MaxSAT [51] in
Lukasiewicz logic, we derive an MILP encoding for Regular MaxSAT and delegate the
task of finding an optimal solution to a general-purpose MILP solver. This yields an
exact method for Regular MaxSAT that benefits from decades of engineering advances
in branch-and-bound algorithms, cutting-plane techniques, and linear-programming re-
laxations.

Since the distinction between MaxSAT and MinSAT in this context only affects
the cost function, we focus our presentation on Regular MaxSAT and defer Regular
MinSAT to the end of this section.

5.6.1 An MILP Encoding for Regular MaxSAT

Given a multiset of regular formulas ® = {S; : Aj,...,Sy : An } evaluated over a truth
value set N, our aim is to derive an MILP encoding to solve the Regular MaxSAT
problem for @ using an MILP solver. The proposed MILP formulation considers three
types of variables to capture the essential elements of Regular MaxSAT:
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¢ Definition variables: For each subformula B of A;, where S; : A; € ®, we intro-
duce a variable zg € N that denotes the truth value assigned to B. The formula A;
has its corresponding variable zg4;.

* Violation variables: For each regular formula S; : A; € ®, we introduce a binary
variable p; € {0,1}. In an optimal assignment, p; is set to 0 if S; : A; is satisfied;
otherwise, it is violated.

e Auxiliary variables: Fresh binary variables ¢,c’,c”, ... are needed to encode the
interpretation of the connectives as linear equations.

In addition to establishing the variables, modeling a linear optimization problem
involves defining both the objective function and the constraints that define the feasible
region. The objective function is

m
min )" p;,
i=1

where each p; is a violation variable. Minimizing Y /" | p; enforces the satisfiability
of S; : A; in an optimal solution when p; evaluates to 0. In this way, the number of
violation variables set to 0 in an optimal solution is the maximum number of regular
formulas in Pthat are satisfied, and the optimal value returned by the objective function
is the minimum number of regular formulas that are falsified by any assignment.

The constraints that define the feasible region consist of a set of linear expressions
designed to ensure that there exists an interpretation that satisfies formula S; : A; when
pi is 0. When p; cannot be set to 0 in an optimal solution, p; enforces the satisfaction
of the constraints, but S; : A; cannot be satisfied.

We consider three types of constraints: Given a regular formula >i:A (<i:A), the
first type define the values that variables can take, the second type compute the truth
value that an interpretation assigns to A, and the third type checks whether this value is
greater (smaller) than or equal to i. We refer to them as domain constraints, semantic
constraints, and regular constraints, respectively.

Domain Constraints

The proposed MILP encoding is valid for both finite and infinite truth value sets. In
the infinite case, the truth value set is assumed to be the interval N = [0,1]. In the
finite case, it is assumed to be the set of equidistant rational numbers between 0 and 1
inclusive, defined as N = {0, ﬁ, %, sy b

Domain constraints establish the boundaries or the discrete grid for each definition
variable z. When the truth-value set N is the continuous interval [0, 1], each z is sim-
ply declared as a continuous variable bounded by [0, 1]. However, handling the finite
case requires additional constraints, as standard MILP solvers natively support only
continuous intervals and integer domains.

A finite set of rational values, such as N = {0, %7 1} for a three-valued logic, can-
not be declared directly. To overcome this limitation, we introduce binary indicator
variables by € {0, 1}, associated with each grid point v; € N. Since the variables are
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binary and constrained to sum to one, exactly one truth value is selected. Formally, this
restriction is modeled by the following equations:

agE

by =1 (5.1)

k=1

Vi by (5.2)

n
Ix =

k=1

For example, consider a three-valued logic where N = {0, %, 1}. In this case, each
variable x is assigned three binary indicators: [by,bx2,by3]. The first equation enforces
that by + by + by3 = 1, restricting the feasible assignments of the vector (by1,bx2,b3)
to (1,0,0), (0,1,0), or (0,0,1). Then, by the second equation, variable z, can only take
values from the discrete set {0, 3,1}.

Regular Constraints

The regular constraint for a regular formula >i:A; (<i:A;) checks whether the value
assigned to A;, represented by the assignment to variable zy4,, is greater (smaller) than
or equal to i.

Given a multiset of regular formulas ® = {S; : Aj,...,S, : A,y }, we add the follow-
ing regular constraints for each regular formula Sy : Ay € ®:

o If S : Ax = > i : Ag, we add the linear inequality:

ZA, T Pk 2 Ik (5.3)
o If Sy : Ap = <iy: Ay, we add the linear inequality:

24, — Pk < ik 549

Observe that, when p; = 0, the first inequality becomes z4, > i, and the second in-
equality becomes z4, < i;. Since z4, denotes the value assigned to Ay, it follows that
Sy 1 Ay is satisfied. In contrast, when p; = 1, both inequalities are trivially satisfied
for any values of z4, and i given that O < z4,,ix < 1. This implies that all regular
constraints are satisfied by any feasible solution, but Sy : Ay, is not necessarily satisfied.
Additionally, by maximizing the number of violation variables assigned the value 0,
one ensures that Sy : Ay is violated in an optimal solution whenever p; = 1.

These transformations can be represented by the following inference rules, which
replace the premise by its conclusions:

>i:A <i:A
watp2i a—p<i

ZA:A ZAZA

> -rule < -rule

where p is a binary variable, called a violation variable.
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Semantic Constraints

In the MILP encoding, logical connectives are interpreted by translating their defini-
tions into systems of linear constraints. For each subformula of a given formula, we
recursively introduce a definition variable to capture its truth value and apply the in-
ference rule associated with its dominant connective. These inference rules, which
replace the premise by its conclusions, are applied recursively until no further rules
can be applied. In the end, we get a set of linear constraints.

The rules for conjunction, disjunction, and negation are defined as follows:

z2anB =AAB zavB =AVB A=A
ZAnB < ZA ZAVB = ZA za=1-2z4
z2anB < 2B ZAVB = ZB 2 =A
ZANB ZZA—C ZavB Sza+c |
zang>z—(1—¢)  zavp<zp+(1—c) e
A — A A — A
B — B B — B
A-rule V-rule

where c is a fresh auxiliary variable.

The A-rule encodes zapp = min(z4,zp), the V-rule encodes z4vp = max(z4,zz),
the —-rule encodes z-4 = 1 — z4. Notice that, at the end of the rules, we add z4 = A
and zp = B so that we must recursively apply the rules if A or B are not propositional
variables.

We illustrate this MILP encoding with a concrete example below and prove the
correctness of the previous inference rules in the next section.

Example 5.6.1. Let N = {0,0.1,...,0.9,1} be a truth value set and let ® =
{A1,A2,A3} be a multiset of regular formulas, where A} = >0.2:x1 A (x2 V —x3),
Ay = <0.1:x1, and A3 = >0.5: —xp Vx3. We illustrate the proposed encoding by
reducing the Regular MaxSAT instance ® to an MILP instance.

The objective function is

3
min Y’ p;,
i=

and is subject to the following constraints:

Zey A(xpv—z) T P12 0.2 (5.5)
Zy —p2 <01 (5.6)
Zxyvay +p3 > 0.5 (5.7)
2oy A(xpv-ry) = X1 A (X2 V x3)
Iy = X1 5.8)

Z-xpVxz — X2 \/.X3
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In order to derive an MILP instance, we must translate the last three equations
into linear constraints. Notice that the second equation, z,, = x1, is already linear and
therefore no transformation is required. For the rest of the equations, we must apply
the tableau-based rules defined in Section 5.6.1.

We start by transforming z, a(xyv-x;) = X1 A\ (x2 V —x3). First, we apply the N-rule:

Zy AL v-rs) S Zx 5.9
Zey A(av-uy) < ZxpVns (5.10)
Zey A(avus) = @ — € (5.11)
2oy A(xa V) = Dy — (1 —¢) (5.12)

T = X1 (5.13)

sz\/ﬁxg, =X2 \ X3

Since zy,v-x; = X2 V —x3 is not a linear constraint, we apply the \/-rule to it:

ZxyVy = 2y (5.14)
[ARVEND J A (5.15)
Zayvoy < Zny € (5.16)
ZiyVoy < 2oy + (1= ) (5.17)
Txy = X2 (5.18)
Zyy = T3

Since z-x, = —x3 is not a linear constraint, we apply the —-rule to it:

Zoxy = 1 — 2y, (5.19)
Zxy = X3 (5.20)
We now transform z—y,vx, = —x2 V x3. We first apply the \-rule to it:

2wy Vg 2 2wy (5.21)

Zxyvxy 2 2z (5.22)

Zyviy < 2o, + (5.23)

v <2 +(1=C") (5.24)

Ty = X2
Zx; = X3 (5.25)
Since z—x, = —x is not a linear constraint, we apply the —-rule to it:

Zoxy, = 1 — 2y, (5.26)

Zxy = X2 (5.27)

The MILP encoding of ® consists of the objective function along with the linear
constraints 5.5-5.27 and the corresponding domain constraints. Solving this MILP
formulation with a state-of-the-art solver such as HiGHS yields an optimal solution to
the Regular MaxSAT instance ®.
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Correctness of the Transformation

Lemma 5.6.2. Assume za,28,24n8 € N. Then, zanp = min(za,zg) if and only if there
exists ¢ € {0, 1} such that the following constraints hold:

z2anB < 74 (5.28)
ZAnB < ZB (5.29)
ZANB ZZA—C (5.30)
zang > 28— (1—¢) (5.31)

Proof. Assume zy = zanp = min(z4,2p).

Case 1: Suppose zy = z4. Constraint 5.28 and Constraint 5.29 hold since zy =
min(z4,zp). Setting ¢ =0, Constraint 5.30 becomes z¢ > z4, which holds since zy = z4,
and Constraint 5.31 becomes zy > zp — 1, which holds because zz —1 < 0.

Case 2: Suppose zy = zp. Constraint 5.28 and Constraint 5.29 hold since zy =
min(z4,zp). Setting ¢ = 1, Constraint 5.30 becomes Z¢ > za — 1, which holds because
74 —1 <0, and Constraint 5.31 becomes z¢ > zg, which holds since zy = z.

Now, assume there exists ¢ € {0, 1} such that Constraints 5.28,5.29,5.30 and 5.31
hold.

Case 1: If ¢ = 0, then Constraint 5.30 becomes zy > z4 and zy = z4 by Constraint
5.28. Since zp > z4 by Constraint 5.29, it holds zy = min(z4,25).

Case 2: If ¢ = 1, then Constraint 5.31 becomes zy > zp and zy = zg by Constraint
5.29. Since z4 > zp by Constraint 5.28, it holds zy = min(z4,z3). O

Lemma 5.6.3. Assume z4,zp,2avp € N. Then, zayp = max(za,zg) if and only if there
exists ¢ € {0, 1} such that all the following constraints hold:

ZAVB = ZA (5.32)
ZAVB = ZB (5.33)
zavB <zZatc¢ (5.34)
zave <z +(1—¢) (5.35)

Proof. Assume zy = zayp = max(z4,28).

Case 1: Suppose zy = z4. Constraint 5.32 and Constraint 5.33 hold since zy =
max(z4,zp). Setting ¢ = 0, Constraint 5.34 becomes zy < z4, which holds since zy = za,
and Constraint 5.35 becomes zy < zp -+ 1, which holds because zg +1 > 1.

Case 2: Suppose zy = zp. Constraint 5.32 and Constraint 5.33 hold since zy =
max(z4,zp). Setting ¢ = 1, Constraint 5.34 becomes z¢ < za + 1, which holds because
za+1 > 1, and Constraint 5.35 becomes zy < zg, which holds since zy = zp.

Now, assume there exists ¢ € {0, 1} such that Constraints 5.32,5.33, 5.34, and 5.35
hold.

Case 1: If ¢ = 0, then Constraint 5.34 becomes zy < z4 and zy = z4 by Constraint
5.32. Since z4 > zp by Constraint 5.33, it holds zy = max(z4,zp).

Case 2: If ¢ = 1, then Constraint 5.35 becomes zy < zp and zy = zg by Constraint
5.33. Since zp > z4 by Constraint 5.32, it holds zy = max(z4,2p). O
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Lemma 5.6.4. Assume zy,z-9 € N. Then, 7-yp =1 —z,.
Proof. This follows from the interpretation of the negation connective. O

Note that the number of rule applications to a regular formula is finite, as the in-
put regular formulas contain only finitely many connectives and each rule application
eliminates exactly one connective.

5.6.2 An MILP encoding for Weighted Partial Regular MaxSAT

In Weighted Partial Regular MaxSAT, the problem formulation includes both hard and
soft formulas. Hard formulas are satisfied under all circumstances, while soft formulas
are associated with a weight that quantifies the penalty incurred when they are violated.
We first consider Weighted Regular MaxSAT. In this case, we are given a multiset
of soft formulas ® = {(S; : A1,wy),...,(Sm : Am,wn)}, and the goal is to minimize the
total weight of the unsatisfied formulas. The MILP encoding is similar to that in the
unweighted case, with the key difference being the objective function, which now is

m
min Y wi X p;.
i=1

The regular constraint of (> iy : Ag,wy) is still z4, + px > i, and the regular con-
straint of (<iy : Ag,wy) is 74, — Pk < ir. Finally, the semantic constraints are also de-
rived from the expression z4, = Ay by applying the transformation rules described in
Section 5.6.1.

The previous transformations can be represented by the following inference rules,
which replace the premise by its conclusions:

(>i:A,w) (<i:A,w)

atp=i 2a—p<i
4 =A 4 =A

> -rule < -rule

where p is a fresh violation variable.

In Weighted Partial Regular MaxS AT, where we also have hard formulas, we must
take into account that they are satisfied by any assignment and, therefore, are not part of
the objective function. To this end, we need to add to the rules defined in Section 5.6.1
the following rules:
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(>i:AAB, ) (<i:AAB,)
ZANB 2 1 zapnB <
zang =ANB zang =AAB
A-rule-pos A-rule-neg
(>i:AVB, ) (<i:AVB,)
ZAVB 2 1 zavp <0
zavB =AVB zavB =AVB
V-rule-pos V-rule-neg
(>i:A, o) (<i:—A, o)
2w <1—i za>1—i
w=A 2 =A
—-rule-pos —-rule-neg

The MILP formulation is added to the constraints of the feasible region as before, but
violation variables are omitted in the regular constraints of hard regular formulas.

Example 5.6.5. Let N = [0,1] be a truth value set and let ® = {A|,A2,A3} be a
Weighted Partial Regular MaxSAT instance, where Ay = (>0.5:x1 Axp, ) is a hard
Sormula, and A, = (<0:x1,3) and Az = (<0:x,,2) are soft formulas. We illustrate
the proposed approach by reducing the Weighted Partial Regular MaxSAT instance ®

to an MILP instance.

The objective function is min(3p, + 2p3), and is subject to the following con-

straints:

ZXI/\_XZ Z 0.5

LxiAxp = X1 /\-XZ

Lx1 Axp
Zx1 Axy
2x1A\xp
Zx1 Axy
Zxy

Zx,

Zxy — P2
Zx, — P3

< 2y
<2z,
> Zy
> Zx,
=x
=x)
<0

<0

—C

~(1-¢)

(5.36)

(5.37)
(5.38)
(5.39)
(5.40)
(5.41)
(5.42)
(5.43)
(5.44)

The MILP encoding of & consists of the objective function along with the linear
constraints 5.36-5.44 and the corresponding domain constraints.
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5.6.3 An MILP Encoding for Weighted Partial Regular MinSAT

Weighted Partial Regular MinSAT instances consist of both hard and soft formulas.
Hard formulas must always be satisfied, whereas soft formulas are associated with a
weight representing the cost incurred when they are satisfied.

Given a multiset of regular formulas

D= {(Sl :A],Wl),...,(Sk :Akvwk)a(Sk+1 :Ak+la°°)a--'7(Sm :Amaoo)}v

where the first k formulas are soft and the remainder are hard, the MILP encoding
for Weighted Partial Regular MinSAT is identical to that of Weighted Partial Regular
MaxS AT, except for the objective function, which becomes

k

min )" w;- (1—p;) (5.45)
i=1

Recall that, in our encoding, p; = 0 indicates that the corresponding regular formula
is satisfied. Therefore, the term 1 — p; evaluates to 1 exactly when the formula is
satisfied, ensuring that the associated weight w; contributes to the objective function.

5.6.4 Experimental Evaluation

This section presents the results of an empirical evaluation of the proposed MILP-based
approach on randomly generated Max-2SAT and Max-3SAT instances.

We generated random Max-2SAT and Max-3SAT instances over two kinds of truth
value sets: the continuous interval [0, 1] and the discrete sets N = {0, n—ll, ..., 1} for
n € {3,5,7}. For each truth value set, the clause-to-variable ratio ranged from 1 to 50
in steps of 1, and we generated 50 instances for each ratio. Each Max-2SAT instance
consists of clauses of the form <i: /¢ V¥ or >i:¥¢;V{, and each Max-3SAT instance
consists of clauses of the form <i: /01 V¥V {3z 0r>i:¥ VI VL. The literals of each
clause are sampled uniformly without replacement and negated with 0.5 probability.
The regular sign of each clause is chosen uniformly at random among all regular signs
allowed by the fixed truth value set. All these instances were translated into MILP
programs using the encoding defined in Section 5.6 and then solved with HiGHS [54],
an open-source exact MILP solver, using a time limit of 1800 seconds. We accessed
HiGHS via SciPy, a Python scientific computing library. SciPy does not solve the
problem itself, but it builds the model and passes it to HiGHS.

We record two measures against the ratio o. The first is the satisfaction rate, which
indicates the mean percentage of satisfied clauses. The second is the solving time,
computed for each ratio as the mean value of the 50 instances.

All experiments were performed in the Ars Magna high-performance comput-
ing cluster at the Artificial Intelligence Research Institute (IIIA-CSIC). Each node is
equipped with two Intel Xeon Silver 4210 CPUs at 2.2 GHz (10 cores per CPU) and
92 GB of RAM. We ran each Regular MaxSAT instance as a separate SLURM array
task.

Figures 5.10 and 5.11 report the satisfaction rate for Max-2SAT and Max-3SAT,
respectively. In Max-2SAT, the satisfaction rate starts around 0.9 at o = 1 for every



5.6. Solving Regular MaxSAT and Regular MinSAT with MILP 89

MAX-2SAT (both) — satisfiability vs ratio
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Figure 5.10: Regular Max-2SAT: Satisfaction rate against the clause-to-variable ra-
tio &, one curve per truth-value set.

truth value set, decreases rapidly as the ratio & increases, and eventually levels off. The
relative order of the truth value sets is preserved over the whole range, and the finite
sets remain above the continuous case. The smallest set, N = 3, yields the highest
satisfaction rate and levels off around 0.72, whereas the continuous case decreases to
about 0.60. Max-3SAT exhibits the same ordering, but the satisfaction rate is lower
for every truth value set, and the continuous case decreases to about 0.56. Overall, the
satisfaction rate decreases as the cardinality of the truth value set increases, and the
continuous case yields the lowest rate.

Figures 5.12 and 5.13 report the solving time for Max-2SAT and Max-3SAT, re-
spectively. In Max-2SAT, the solving time remains close to zero for small values of c.
As a increases, the solving time rises steeply and then flattens at the 1800 second time
limit. The ratio at which this happens depends on the truth value set. The continuous
case reaches the limit first, around o = 20, closely followed by N =7 and then N =5,
whereas N = 3 reaches it only past oo = 40. Max-3SAT follows the same pattern, but
every truth value set reaches the limit at a lower ratio, and the continuous case flattens
already around o = 12. The reason is that the three-literal encoding produces larger
MILP programs. Overall, the solving time increases with the cardinality of the truth
value set.

The experimental results show that the proposed MILP reduction provides a prac-
tical exact method for Regular Max-2SAT and Max-3SAT over both finite and con-
tinuous truth value sets, and merits further investigation as an algorithmic component
integrated into the broader repertoire of exact approaches to many-valued MaxSAT and
MinSAT.
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MAX-3SAT (both) — satisfiability vs ratio
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Figure 5.11: Regular Max-3SAT: Satisfaction rate against the clause-to-variable ra-
tio ¢, one curve per truth-value set.

MAX-2SAT (both) — solve time vs ratio
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Figure 5.12: Regular Max-2SAT solving time against the clause-to-variable ratio «,
one curve per truth-value set. The time limit is 1800 seconds.
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MAX-3SAT (both) — solve time vs ratio
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Figure 5.13: Regular Max-3SAT solving time against the clause-to-variable ratio «,
one curve per truth-value set. The time limit is 1800 seconds.

5.7 Conclusions

We have developed tableau calculi for Weighted Partial Regular MaxSAT and Weighted
Partial Regular MinSAT in both clausal and non-clausal frameworks, and proved their
soundness and completeness. In addition, we have presented a reduction of Regular
MaxSAT to Mixed Integer Linear Programming (MILP) and assessed its effectiveness
through experiments on randomly generated instances.



Chapter 6

Tableaux for Signed MaxSAT
and Signed MinSAT

This chapter introduces novel tableau calculi for solving the MaxSAT and
MinSAT problems within the framework of signed propositional logic, es-
tablishing their soundness and completeness for both Weighted Partial
Signed MaxSAT and Weighted Partial Signed MinSAT. Since their expan-
sion rules depend on the cardinality of the truth value set and lack unifor-
mity, these calculi operate over a fixed three-valued domain.

6.1 Introduction

Signed logic generalizes Boolean logic by considering a finite set N of truth values
and associating each formula with a sign S C N, which represents a subset of possible
truth values. Within this framework, an assignment is a mapping that assigns a truth
value from N to each propositional variable, which is extended to arbitrary formulas by
interpreting conjunction, disjunction, and negation through the minimum, maximum,
and Lukasiewicz negation functions, respectively [11, 49]. An assignment v satisfies
a signed formula S: A if and only if v(A) € S. Given a multiset of such formulas, the
MaxSAT (MinSAT) problem aims to find an assignment that maximizes (minimizes)
the number of satisfied signed formulas [3, 4, 2].

The unrestricted nature of arbitrary signs increases the complexity of proof systems,
as detecting contradictions can require more than two signed literals and computing
intersections is less efficient. More importantly, unlike in regular logic, this lack of
sign structure prevents the definition of tableau proof systems that remain uniform
across arbitrary domain sizes; instead, the number of branches in the expansion rules
grows with the cardinality of N, thereby increasing the search space complexity for the
corresponding tableau solvers. Driven by this limitation, in this chapter, we fix the truth
value set to N = {0, %, 1} and introduce novel tableau calculi for both Weighted Partial
Signed MaxSAT and Weighted Partial Signed MinSAT, establishing their soundness
and completeness.

92



6.2. A Signed MaxSAT Tableau Calculus 93

The remainder of this chapter is structured as follows. Section 6.2 introduces the
Signed MaxSAT tableau calculus. Section 6.3 extends it to the weighted partial setting
and establishes its soundness and completeness. Section 6.4 presents the Signed Min-
SAT tableau calculus. Section 6.5 extends it to the weighted partial setting and proves
its soundness and completeness. Finally, Section 6.6 concludes the chapter.

6.2 A Signed MaxSAT Tableau Calculus

We introduce a sound and complete tableau calculus for Signed MaxSAT, assuming
N ={0,3,1}. We address Signed MaxSAT by determining the minimum number of
formulas that are falsified by any assignment. Figure 6.1 displays the expansion rules
of this calculus. As in all inference rules for MaxSAT, we substitute premises with
conclusions.

The rules are defined so that the number of unsatisfied formulas in the premise is
maintained in at least one branch and does not decrease in the remaining branches.
As a result of applying these rules, formulas within a branch are categorized as active
or inactive: active formulas can function as premises, whereas inactive ones cannot.
Finally, since the unweighted case is subsumed by the weighted case, we only prove the
soundness and completeness for Weighted Partial Signed MaxSAT (cf. Theorem 6.3.4).

Definition 6.2.1. A Signed MaxSAT tableau T for a multiset ® of signed formulas is
a tree with a finite number of branches whose nodes are labelled by a signed formula
or the symbol O, which denotes a contradiction. A branch is a path from the root to a
leaf, and we assume that branches have a finite number of nodes.

Definition 6.2.2. A tableau T for ® is constructed by a sequence of applications of
the rules in Figure 6.1. We start by constructing the initial tableau, which consists of
a single branch where each node is labelled with a formula in ® and all nodes are
marked as active in this branch. An expansion rule can be applied to a branch b if and
only if all premises of the rule are active in b. After applying the rule, branch b is split
into a number n > 1 of branches by, ...,b,. Each new branch marks the premises as
inactive and introduces a number of new active nodes, as defined in Figure 6.1.

Definition 6.2.3. Let T be a Signed MaxSAT tableau for a multiset ® of signed formu-
las. A branch b of T is saturated when no further expansion rules can be applied on b,
and T is completed when all its branches are saturated. The cost of a saturated branch
is the number of occurrences of the symbol O in the branch. The cost of a completed
tableau is the minimum cost among all its branches.

Given a completed tableau T for a multiset ® of signed formulas, the soundness
and completeness theorem establishes that the cost of T is m if and only if the minimum
number of signed formulas in & that are falsified by any assignment is m.

Theorem 6.2.4. Soundness & completeness. Let T be a completed Signed MaxSAT
tableau for a multiset @ of signed formulas. Then, the cost of T is m if and only if the
minimum number of signed formulas in ® that are falsified by any assignment is m.
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{0}:ANB {3}:AnB {1}:ANB
{0}:4 | {0}:B o| (134 [{iy:B ol {1}:a
L1:B | {1}:4 {1}:B
{0,1}:AAB {0,1}:AAB 1.1}:ANB
{(0.13:A[{0.33:B {0}:4 | {0}:B [ {1}:4 o {l1}:A
{1}:B 11}:B
A-rule
{0}:AVB {1}:AvB {1}:AVB
o {0}:4 o|{o}:a| {1}:a {1}:4 ] {1}:B
{0}:B {3y {01} :B
{0,5}:4vB {0,1}:AVB {3.1}:AvB
o{0,}:4 (1A | (1}:B [ {0}:4 (LA {L1}):B
{0,1}:B {0}:B
V-rule
S:—A Siix
Neg(S) : A Sy :x
—-rule
N:A Smx
0 O
taut-rule S1US:x

(S] OS2)US3ZX
(Sl ﬂ'“ﬂsm,])USmlx
provided that Sy N---NS,, =0

O-rule

Figure 6.1: A complete tableau calculus for Signed MaxSAT.

Example 6.2.5. Figure 6.2 shows the steps needed to create a completed Signed
MaxSAT tableau for the multiset ®={{1}:x) Ax2,{0,%} :x1 Vx2}, assuming N =
{0, %, 1}. The first tableau (the leftmost tableau on top) is the initial tableau, which
contains one node for each formula in ®. The second tableau applies the A-rule to
{1} :x1 Axa. The third tableau applies the \/-rule to {0, 3} :x1 V x,. The fourth tableau
applies the O-rule to {0,1}:x; and {1} :xy, and to {0,1} :x, and {1} :x,. Notice
that we do not add {0, 3,1} :x; and {0, 3,1} :x, in the rightmost branch because they
can be removed by the taut-rule. Since the tableau is completed and the minimum cost
among its branches is 1, the minimum number of formulas in ® that are falsified by any
assignment is also 1. This claim follows from Theorem 6.2.4.
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{1}:x1 Ax2 {1}:x1 Axp
{0,1}:x1 vy {0,3}ix; vy
O {1}|:x1
{1}:x2
{1}171/\)(2 {1}ZX1/\)C2
{0,%}IX1VX2 {0,%}1)61\/)(2
/\ /\
O {1}:x; O {1}:x
N | /N |
] {0,%}:)(1 {1}:x2 ] {0,%}2)61 {1}:x2
N |
{0,%}:)(2 ] {0,%}2)(1 {0,%}2)62 ] {O,%}:xl
| |
{07%}:-’62 {O,%}:)Cz

|
T
]

Figure 6.2: A completed Signed MaxSAT tableau for the multiset of signed formulas
{{1}:x1 Ax2, {0, %} :x1 Vxp}, where N={0, %, 1}.

6.3 A Weighted Partial Signed MaxSAT Tableau
Calculus

The expansion rules for the proposed complete tableau calculus for Weighted Partial
Signed MaxSAT are detailed in Figure 6.3. For the A-, V-, and —-rules, a distinction is
made between expansion rules with a soft premise and those with a hard premise. When
there is exactly one soft premise, the expansion rules are identical to those in Figure 6.1,
except for the fact that they propagate the weight from the premise to the conclusions.
Observe that the satisfaction of a formula does not depend on its weight, which is
the penalty to be paid if the formula is not satisfied. Conceptually, the application of
a soft rule with weight w can be understood as the application of the corresponding
unweighted rule w times.

Rules that have hard premises are designed to preserve satisfiability rather than the
total weight of unsatisfied soft formulas. That is, any assignment satisfying all premises
must satisfy all hard formulas in at least one branch, and any assignment falsifying any
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({0}:AAB,w) ({3}:ANB,w) ({1}:ANB,w) ({0,3}:AAB,w)
({0} :A.w)[({0}:B.w) @) (L Aw) [((3):B,w) (@) ({1}:A,w) ({0.3}:A4,w)[({0, 3} :B,w)
({%,1}:B.w) ({1}:4,w) ({1}:B,w)

({0,1}:AAB,w) ({4,1}:AAB,w) ({0} :ANB, ) ({5} :ANB,)
(O Aw[(0Bw[({Aw)  @w)({5 1AW ({0}:4,2)[ ({0} :B.=) ((3}:A,e) | ({1}:A,e0)
({1}:B.w) ({3,1}:B,w) ({3,1}:B,)|({3}:B,)
({1}:47B,%) ({0.4}:ANB,=) ({0.1}:47B) (3, 1}:47B)
({1}:A,0) ({0, 13:4,2)[({0, 5} :B,o0)  ({0}:4,20)[ ({0} :B,00) [ ({1} :,0) ({31} :A,0)
({1}:B,) ({1}:B,) ({%71}:B,M)
A-rule
({0}:AV B,w) ({1}:AVB,w) ({1}:AVB,w) ({0,1}:AVB,w)
(3,w)| ({0} : A, w) (O,w)| ({0}:A,w) ({%}Aw) ({I}IA,W)‘({I}JBJV) 4 ({Oﬁé}ZA‘W)
({0}:B.w) ({4}:B.w)| (0,4} :B.w) ({0.3}:8.w)
({0,1}:AV B, w) ({5, 1}:AVB,w) ({0} :AV B,o0) ({3}:AVB,)
A1} B (04w (51} Aw)] ({51} :Bow) ({0}:4,) ({0.3):4,) ({3} A=)
({0} :B,w) ({0}:B,) ({%}Bw) ({0}:B,%)
({1}:AVB,) ({0,1}:AVB,) ({0,1}:AV B, o) ({4,1}:AVB,)
({1}:4,2)[({1}:B.) ({0.4}:4,) (1A= (11} B,e=) ({0} :A.) (3, 1}:4,=)[(3,1):B,e)
({0,1}:B,%0) ({0}:B,e2)
V-rule (S1:x,w1)
(S2:x,w2)
M (S :x,00) (S:x,00)
(Neg(S):A.w) . _ (Sww) (S i, W)
_ine) (S ©
(S:Am) (St NS rx,0) (SNS":x,w) (S1US1x,w)
(Neg(S):A,) Nara-rule provided that S Z § (($1NS2) US3 :x,w)
—-rule mx’i‘;‘f’;j que
(1N NSpu_1)USp:x,w)
(0:A,w) (0:A,) (S1:x, w1 —w)
(O,w) L
0-rule M-rule (Sm 2 x, Wy —w)
- - where w = min(wy,w, -+, W)
(N+,w) (1V+°°) provided that S N-+-NS,, =0

tauty, i-rule

tautgpq-rule

Ogofi-rule

Figure 6.3: A complete tableau calculus for Weighted Partial Signed MaxSAT.

premise must falsify at least one hard formula in each branch. This approach aligns
with the rules of a signed SAT calculus [49].

When the hard part becomes inconsistent, the symbol B is derived, which means
that the branch corresponds to an infeasible solution and, therefore, is pruned. The H-
and N y,,4-rules are used to detect infeasible solutions. The Ny,,,;-rule combines multi-
ple hard literals into a single one. This simplification is essential to discard assignments
that would result in infeasible solutions.

The @-rule states that, from a soft premise with an empty sign and weight w, a
contradiction with the same weight can be derived. The tauty, - and tautp,.q-rules
remove tautologies.

The ﬂshtf‘;f—rule applies to a hard literal (S: x,c0) and a soft literal (S :x,w). This
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rule restricts the possible values of the soft premise to ensure the satisfaction of the
hard premise, allowing the derivation of a contradiction when SN .S'=0.

The O, p-rule is an adaptation of the unweighted O-rule to the weighted setting.
It propagates the minimum weight among the weights of the premises and introduces
compensation signed literals to ensure consistency among the weights. The minimum
weight is used because the premises may involve literals with different weights. The
aim of this rule is to detect when a set of soft literals is inconsistent.

In Weighted Partial Signed MaxSAT, the cost of a saturated branch is infinite if
it contains the symbol H; otherwise, it is the total weight of the soft signed formulas
containing the symbol O. The cost of a completed tableau is the minimum cost among
all its branches. An infinite cost means that there is no feasible solution.

6.3.1 Soundness and Completeness

Given a completed tableau 7 for a multiset ® of hard and soft signed formulas, the
soundness and completeness theorem establishes that the cost of T is m if and only if
the minimum total weight of the soft formulas in P that are falsified by any assignment
satisfying all hard formulas is m. Before proving the theorem, we establish termination
and the soundness of the expansion rules.

Proposition 6.3.1. A Weighted Partial Signed MaxSAT tableau for a multiset ® of
weighted signed formulas is completed in a finite number of steps.

Proof. We first create an initial tableau for ® and then apply expansion rules in the
newly created branches until they become saturated. The A-, V-, and —-rules reduce
the number of connectives. Since the number of connectives in the initial formula is
finite and no rule introduces new connectives, these rules can only be applied a finite
number of times. The tauty, ;- and tauty,.4-rules remove tautological literals and their
conclusions are empty. The @-rule replaces a soft literal with an empty sign by (O, w),
which cannot serve as a premise of any rule. The B-rule detects infeasibility in the
hard part and prunes the branch, after which no further rules apply. The Nj,4-rule
strictly reduces the number of hard literals by merging them into a single literal with
a smaller or equal sign; it can therefore only be applied finitely many times. The
ﬂ?g}‘tj-mle applies only when S’ & S, strictly shrinking the sign of the soft premise,
which ensures termination. The Og,f;-rule strictly reduces the total weight of signed
literals containing variable x. Since weights are positive numbers, this process must
end. Hence, the construction of any completed tableau terminates in a finite number of
steps. O

Proposition 6.3.2. Given the multisets of weighted signed literals
{(S1 : x,w1), (S2 : x,w2)} and {((S1NS2) : x,w), ((S1USL) : x,w), (S1 : x,w; —
w), (S2:x,wa —w)}, where w = min(wy,wy), any assignment v assigns the same total
weight to the unsatisfied formulas in both multisets.

Proof. We distinguish four cases according to whether v satisfies each literal.

* vsatisfies Sy :x and Sy :x: Since v(x) € S1 and v(x) € S, v satisfies (51N S2) 1 x,
(S1US,):x, Sy :x and S, : x. The total weight of the unsatisfied formulas is 0 in
both multisets.
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* v satisfies S; :x but does not satisfy S : x: Since v(x) € S; and v(x) ¢ Sz, v does
not satisfy (S} NS,) : x but satisfies (S} US,) :x. The compensation literal Sy : x is
satisfied and S, : x is not. The total weight of the unsatisfied formulas is w; in the
first multiset and is w4 (wp —w) = w» in the second multiset. Both totals agree.

* v does not satisfy S; : x but satisfies S, : x: By symmetry with the previous case,
the total weight of the unsatisfied formulas is w; in both multisets.

* v satisfies neither S} :x nor Sy :x: Since v(x) ¢ S; and v(x) ¢ Sy, v satisfies neither
(S1NS2):x nor (S;US,) :x and falsifies both compensation literals. The total
weight of unsatisfied formulas is w| + w» in both multisets.

O

Proposition 6.3.3. The expansion rules of the Weighted Partial Signed MaxSAT calcu-
lus in Figure 6.3 are sound in the sense that the total weight of unsatisfied formulas in
the premises is preserved in at least one branch and does not decrease in the remain-
ing branches when the premises are soft. Besides, these rules preserve the satisfiability
between the premises and the conclusions in at least one branch when the premises are

hard.

Proof. To prove the soundness of the A- and V-rules with a single soft premise of
weight w, we must demonstrate that if an assignment v falsifies the premise, there is
one branch in the conclusions where v falsifies one formula, and v falsifies at least
one formula in the rest of the branches. Besides, if v satisfies the premise, v satisfies
all formulas in at least one branch. Since all cases are similar, we only prove it for
({0} :AV B,w). In this case, an assignment v falsifies ({0} :AV B,w) if and only if:

* v(A) # 0 : In the left branch, v falsifies (O, w); in the right branch, v falsifies at
least one formula, which is ({0} :A,w).

* v(B) # 0 : In the left branch, v falsifies O; in the right branch, v falsifies at least
one formula, which is ({0} : B,w).

Moreover, ({0}:AV B,w) is satisfied when v(A) = 0 and v(B) = 0. In this case, all
the formulas in the right branch are satisfied. Hence, the V-rule for ({0}:AV B,w)
preserves the total weight of unsatisfied soft formulas between the premises and the
conclusions.

The —-rule propagates the weight unchanged and preserves satisfaction by the se-
mantics of negation. The taut,, s;-rule removes a formula that is always satisfied, which
does not affect the total weight of unsatisfied soft formulas.

For rules with a hard premise, the goal is to preserve satisfiability rather than the to-
tal weight of unsatisfied formulas. The A- and V-rules with a hard premise are the ones
used in Signed SAT calculi and preserve satisfiability [49]: any assignment satisfying
the hard premise satisfies all conclusions in at least one branch, and any assignment
violating it violates some conclusion in every branch.

The tauty,,4-rule removes a tautology, which is always satisfied.
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The B-rule applies when there exist two hard literals (S : x, o) and (S7 : x,0) such
that S; NSy = 0, meaning that no assignment can satisfy both simultaneously, so the
branch is declared infeasible.

The Ny,rq-rule replaces a set of hard literals (S : x,00), ..., (Sk:x,c0) with the single
literal ((S1N---NSk):x,00). An assignment satisfies all original hard literals if and
only if v(x) € §1 N--- NSy, so satisfiability is preserved.

The ﬂfg}?-rule applies when S Z S and replaces the soft literal (§':x,w) with
((SNS'):x,w). Any assignment satisfying the hard literal (S:x,c0) has v(x) € S, so
it satisfies the original soft literal (S’ :x,w) if and only if v(x) € SNS’. Thus, the rule
preserves both the satisfiability of the hard formula and the weight of the soft formula.

The 0-rule derives (O,w) from a soft literal with an empty sign. Since no assign-
ment can satisfy a literal with an empty sign, the premise and the conclusion contribute
with weight w.

The Oy, p-rule with m soft premises is proved by applying Proposition 6.3.2
a total of m — 1 times. First, Proposition 6.3.2 is applied to (S;:x,w;) and
(S2:x,w7), replacing them with ((S;US2):x,w), ((S1NS2) :x,w), (S1:x,w1 —w),
and (S, :x,wy —w), where w = min(wy,...,wy,). In the i-th application, Proposi-
tion 6.3.2 is applied to ((S1N---NSi—1):x,w) and (S;:x,w;), replacing them with
(((S1N--NSi_ )US:) :x,w), ((S1N---NS;—1NS;) :x,w), and (S;:x,w; —w). Since
SiN---NS, = 0 by the rule’s proviso, the final intersection is empty and a contra-
diction ((O,w)) is derived. At every step, Proposition 6.3.2 guarantees that the total
weight of unsatisfied formulas is preserved; hence the rule as a whole preserves the
total weight of unsatisfied soft formulas.

O

Theorem 6.3.4. Soundness and completeness. Let T be a completed Weighted Partial
Signed MaxSAT tableau for a multiset ® of weighted signed formulas. The cost of T
is m if and only if the minimum total weight of the soft formulas in ® that are falsified
by any assignment satisfying all hard formulas is m; and the cost of T is infinite if and
only if no assignment satisfies all hard formulas.

Proof. The tableau T was derived by creating a sequence of tableaux Tp,...,7, (n >
0) such that T is an initial tableau for ®, 7, = T, and T; was obtained by a single
application of one of the expansion rules in Figure 6.3 on a branch of T;_{, for i =
1,...,n. By Proposition 6.3.1, we know that such a sequence is finite.

(Soundness:) Since T has cost m, the tableau 7, contains a saturated branch » whose
total weight of formulas containing O is exactly m, while the total weight of the rest of
the branches is at least m.

In every branch of T,,, the active formulas are weighted signed literals of the form
(S:x,w) or (S:x,e0), or formulas of the form (O, w); otherwise, further rules could be
applied. For each propositional variable x, there is at most one hard literal (Sy ., :x, )
due to the application of the Ny,,4-rule. Moreover, due to the application of the ﬂf’(‘f}’ff -
rule, each active soft literal (S:x,w) satisfies S C Sy ..

Let S be the intersection of all the signs of the active soft literals in a branch b of
cost m containing variable x; this intersection is not empty due to the Oy, -rule. It also
holds that S C Shara- We now define an assignment v that assigns to x a value in St
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This assignment satisfies all active hard literals in b as well as all active soft literals.
Therefore, v falsifies only those soft formulas of the form (O, w) whose total weight in
branch b is m. Since every branch has at least cost m, no assignment can satisfy all hard
formulas while yielding a total weight of unsatisfied soft formulas strictly less than m
in a branch. Thus, the minimum total weight of unsatisfied soft formulas among the
branches of T, is exactly m.

Proposition 6.3.3 ensures that the total weight of soft formulas unsatisfied by any
feasible assignment is preserved in the sequence Ty,...,T,. Therefore, the minimum
total weight of unsatisfied soft formulas in Tj is also m. Since Ty consists of a single
branch containing only the formulas in ® and all the formulas are active, the minimum
total weight of soft formulas that are unsatisfied in ® by any assignment satisfying all
hard formulas is m.

If the cost of T is infinite, every branch of 7, contains the symbol ll. By Propo-
sition 6.3.3, no assignment can satisfy all hard formulas in & and there is no feasible
solution.

(Completeness:) Assume that T is a completed Weighted Partial Signed MaxSAT
tableau for @ that does not have cost m. We distinguish two cases.

(i) T has a branch b of cost k, where k < m. Then, the total weight of the soft
formulas containing the symbol O in b is k, and there exists a feasible assignment
whose total weight of unsatisfied active soft formulas in b is k. By Proposition 6.3.3,
this also holds for Tp, but this is in contradiction with m being the minimum total weight
of the soft formulas in ® falsified by any feasible assignment because k < m. Thus, any
branch of T has at least cost m.

(i) T has no branch of cost m. This is in contradiction with the fact that the mini-
mum total weight of the unsatisfied soft formulas in & is m. Since the expansion rules
preserve the minimum total weight of the unsatisfied soft formulas and the branches not
containing the symbol B of any completed tableau only contain active soft formulas
containing the symbol O or soft signed literals from which we cannot derive contra-
dictions, T must have a saturated branch where the total weight of the soft formulas
containing the symbol O is m. Thus, T has a branch of cost m.

Hence, each completed tableau 7 for a multiset ® of signed formulas has cost m
if the minimum total weight of the soft formulas in & that are falsified by any feasible

assignment is m, and has infinite cost if no such assignment exists.
O

Given a completed Weighted Partial Signed MaxSAT tableau, the proof of the pre-
vious theorem also shows how to extract an optimal assignment v from a minimum-cost
feasible branch b. For every variable x, the value v(x) is chosen arbitrarily from S,
where S/ denotes the intersection of the signs of the active soft literals in b that contain
occurrences of x. This assignment satisfies all hard formulas and all active soft literals,
falsifying only those formulas in b of the form (O, w).

Example 6.3.5. Figure 6.4 shows how to create a completed Weighted Partial Signed
MaxSAT tableau for the multiset = { ({3,1}:=(x1 Ax2),5), ({3,1}:x1Vx2,3),
({0} : x1 Vxz,00)}, assuming N = {0,3,1}. The first tableau is the initial tableau.
The second tableau applies the —-rule fo ({%, 1} =(x1 Ax2),5), the V-rule to
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({3, 1} :=(x1 Ax2),5) ({31} :(x1 Ax2),5)
({%,1}:){1 Vx2,3) ({%,I}ZX]V)Q.S)
({0} 121 Vxg, e0) ({0} 121 Vg, )

({07%} 1X1 AX2,5)
({0} :x1,00)
({0} :x2,00)

(0,3}:x1,5)  ({0,3}:x2,5)

({3,1}:5(x1 Ax2),5) ({3: 13201 Ax2),5)
({51} 0V, 3) ({5,131 Vi, 3)
({0} :x1 Vaxz,o0) ({0} :x1 Varz,o0)
(£0,1}:x1 Axp,5) (0,4} :x1 Ax2,5)
({0} 1x1,%0) ({0} 1x1,00)
({0} :x2,%0) ({0} :x2,%0)
({0.5}:x1,9) ({0,3}:2,5) ({0.3}:31,5) ({0.3}:22,5)

(513 ({(51h,3) (B133) (5 13i3) (5 13x3) ((3.110.3) ({(513x,3) ({3.13:0,3)

| |
({0):x.5)  ({0)xs)  ({0)ixs)  ({0):nS)

(0:x1,3) (0:x2,3) (0:x1,3) (0:x2,3)

(©.3) (0.3) (©.3) (0.3)

Figure 6.4: A completed Weighted Partial Signed MaxSAT tableau for
({3, 1} :=(x1 Ax2),5), ({3, 1} :x1 VX2, 3), ({0} :x1 Vxp,00) }, where N = {0, 1, 1}.

({0} :x1 Vxp,00), and the A-rule to ({0,%} :x1 Ax2,5). The third tableau applies the
V-rule to ({%,1}:x1 Vx2,3). The fourth tableau applies the ﬂfo“;;’—rule to ({0} :x1,00)
and ({0,313} :x1,5), to ({0} :x1,00) and ({1,1}:x1,3), to ({0} :x2,0) and ({0, %}:x2,5),
and to ({0} :x,,00) and ({3,1}:x2,3). It also shows the application of the O-rule to
(0:x1,3) and (0:x,,3). Since the tableau is completed and has cost 3, the minimum
total weight of the soft formulas in ® that are falsified by any assignment satisfying all
hard formulas is also 3.
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6.4 A Signed MinSAT Tableau Calculus

This section introduces a tableau calculus for Signed MinSAT. Figure 6.5 presents its
graphical representation, assuming N = {0, %, 1} and using the symbol T to denote
that a formula is satisfied. While Signed MinSAT can equivalently be formulated as
the problem of maximizing the number of violated formulas, the proposed calculus
is designed to compute the minimum number of formulas that are satisfied by any
assignment.

As with all MaxSAT and MinSAT inference rules introduced so far, each applica-
tion replaces the premises with the corresponding conclusions. Consequently, formulas
in a branch are classified as either active or inactive: active formulas may be selected
as premises in subsequent rule applications, whereas inactive formulas may not. The
rules are designed so that the number of satisfied formulas in the premises is preserved
in at least one branch and never decreases in the remaining branches.

For rules with a single premise, the introduction of a branch containing only the
symbol T guarantees that the number of satisfied formulas is preserved correctly. For
example, the premise {0} : A A B is satisfied whenever either A or B evaluates to 0. In
the special case where both A and B evaluate to 0, only one satisfied formula should be
counted, since there is only a single premise. This situation is captured by introducing
a branch containing only the symbol T.

Definition 6.4.1. A Signed MinSAT tableau T for a multiset ® of signed formulas is a
tree with a finite number of branches whose nodes are labelled by a signed formula or
the symbol T, which denotes a formula that is satisfied. A branch is a path from the
root to a leaf, and we assume that branches have a finite number of nodes.

A tableau T for ® is constructed by a sequence of applications of the rules in
Figure 6.5. We start by constructing the initial tableau, which consists of a single
branch where each node is labelled with a formula in ®. These formulas are declared
to be active. After applying an expansion rule taking as premises active formulas in
a branch b, these formulas become inactive in b, and the newly added formulas are
declared to be active.

Definition 6.4.2. Let T be a Signed MinSAT tableau for a multiset ® of signed formu-
las. A branch b of T is saturated when no further expansion rules can be applied to b,
and T is completed when all its branches are saturated. The cost of a saturated branch
is the number of occurrences of T in the branch. The cost of a completed tableau is the
minimum cost among all its branches.

Theorem 6.4.3. Soundness & completeness. Let T be a completed Signed MinSAT
tableau for a multiset ® of signed formulas. Then, the cost of T is m if and only if the
minimum number of formulas in ® that are satisfied by any assignment is m.

The proof of Theorem 6.4.3 follows directly from the completeness theorem for
Weighted Partial MinSAT (Theorem 6.5.5) under the assumption that all formulas are
soft and are assigned the same weight.

Example 6.4.4. Figure 6.6 shows how to create a completed Signed MinSAT tableau
for the multiset ® = {{},1} : =(x1 Ax2), {3, 1} :x1 Vo }, assuming N = {0, 3, 1}. The



6.5. A Weighted Partial Signed MinSAT Tableau Calculus 103

{0}:AAB {1}:AnB {1}:AAB Spix
T|{0}:A Ly:al{L,13:B]{0,1}:4 {13:A]{1}:B Syix
{0}:B {0,1}:B
Smix
{0,1}:AAB {0,1}:ANB {3, 1}:ANB T
T{0,1}:4 T[{0,1}:4] {0}:4 {(3.13:A]{3.1}:B S1NSy:x
{0,1}:B {0}:B [{0,1}:B (S1US2) NS5 :x
A-rule

(Sl UmUSm,l)ﬁS,,,:x

{0}:AVB {3}:AvB {1}:AvB provided that §; U+ - US,, = N
{oy:al{o}:8 {31}:4]{0,1}:A[{0.3}:B T[{1}:4 Torule
{3138 {1}:B
{0,1}:AvB {0,1}:AVB {3, 1}:AVB N:A S:-A
{0.1}:4]{0.1}:B T1{0,1}:A] {1}:4 Tl 13:4 T Neg(s):A
{1}:B [{0,1}:B 1. 1}:B taut-rule —-rule
V-rule

Figure 6.5: A complete tableau calculus for Signed MinSAT.

first tableau (the leftmost tableau on top) is the initial tableau, which contains one
node for each formula in ®. The second tableau shows the application of the —-rule
to {$,1}:~(x1 Axz), and the N-rule to {0,3} :x) Axo. The third tableau shows the
application of the V-rule to {%, 1} :x1 Vxa. The fourth tableau shows the application
of the T-rule to {0,1} :xy and {3,1}:xy, and t0 {0,%} :x, and {},1} : x5. Since the
tableau is completed and the minimum cost among its branches is I, the minimum

number of formulas in ® that are satisfied by any assignment is also 1. This claim
follows from Theorem 6.4.3.

6.5 A Weighted Partial Signed MinSAT Tableau
Calculus

This section extends the calculus in Figure 6.5 to handle Weighted Partial Signed Min-
SAT instances. The resulting calculus is shown in Figure 6.7. We omit the A-rule, as it
can be derived from the V-rule and the —-rule.

For the V-, —-, and taut-rules, we distinguish between expansion rules with a soft
premise and those with a hard premise. Rules with a single soft premise are identical
to their counterparts in the unweighted setting, except that every formula is assigned
the same weight w. Consequently, the weight of the premise is propagated directly to
its conclusions, ensuring that whenever the premise is satisfied, exactly one formula is
satisfied in one branch, whereas at least one formula is satisfied in each of the remaining
branches. Conceptually, applying a soft rule with weight w is equivalent to applying
the corresponding unweighted rule w times.

In contrast, rules with a hard premise differ from those in the unweighted setting.
This is because their purpose is to preserve the satisfiability of the hard premise. More
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{%,1}:—\(x| AX2)

%,1}:x|\/x2

{%,1}2—\()61 AXx2)

{%,1}2)61 Vxp

{0,%}2)61 AXx2

/\

T {0,%}1)61

(3.1} T {31}y

{%71}:)62

{%,1}:—\(x| AXx2)

(3.1} :ix vx

{0, 4} :x1 Axz

SN

T {0,%}:x|
|

{0,%}:)@

{%,1}:ﬂ(x1 AX2)

%,l}:x]sz

{0,%}:x1/\xz

T {0,%}:x1

(5.1} T {31}x

(3.1} :x

{3}x

Figure 6.6: A completed Signed MinSAT tableau for the multiset of signed formulas
{3, 1} :=(x1 Ax2), {3,1}:x1 Vo }, assuming N = {0, 3,1}
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({0}:AVB,w) ({3}:AVB,w) ({1}:AVB,w)
({0}:4,w) ‘ ({0}:B,w) ({%,l}iA,W) ({0,%}:A4w) ({0,%}:B,w) (T,ow) | ({1}:4,w)
({3.1}:B,w) ({1}:B,w)
({0.3}:AVB,w) ({0,1}:AVB,w) ({3.1}:AVB,w)
({0,%}:A,w) ‘ {(0,%}:8,»\)) (Tyw) | {0,1}:A,w) | ({1}:4,w) (T,w) ({%,l}:A«,w)
({1}:B,w) | ({0,1}:B,w) ({%,I}:B,w)
({0}:AV B, ) ({3}:AVB,) ({1}:AVB,)
({0}:4,) ({0,3}:4,0) | ({3}:4,%0) ({1}:4,) ‘ ({1}:B,e)
({0} :B,e0) ({3}:B.) | ({0}:B,%)

({0,3}:AVB,) ({0,1}:AV B, o) ({3,1}:AVB,)
({0,3}:4,e) ({1}:4,00) | ({1}:B,%0) | ({0}:4,00) ({513 :4,) | ({3,1}:B,)
({0,3}:B,%) ({0} :B,%)

V-rule
({0,3} :x,) ({0,1}:x,00) ({31} :x,0)
({0} :x,00) | ({3} :x,00) ({0} :x,00) | ({1}:x,00) ({3}exe0) | ({1} 1x,00)
split-rule
(S:-A,w) (S1:x,00) (S:x,00) (S1:x,w1)
(Neg(S):A,w) . (8" :x,w) (S2:x,w2)
(S 1x,00) (T,w)
(8:-A,) [] (S:x,00) (S 2%, W)
(Neg(S):A, ) provided that S N---NS,, =0 provided that S C 8’ (T,w)
—-rule M-rule T hara-rule ((S1NS2):x,w)
(((S1US2)NS3) :x,w)
(N:A,w) (Spix,e0)
(T,w) ((S1U+--USp1) NS x,w)
(Sk:x,00) (S1:x,wi—w)
(N:A, o) ((SiN---NSk)ix,e0)
0 provided that Sy N--- NS, # 0 (S22, Win—w)
taut-rule Mhara-rule where w = min(wy,wa, -, W)
provided that S; U---US,, =N
Tyofe-rule

Figure 6.7: A complete tableau calculus for Weighted Partial Signed MinSAT.

precisely, the premise is satisfiable if and only if the formulas in at least one of the con-
clusion branches are satisfiable. In fact, these rules coincide with those of the Signed
SAT calculus [49].

The B-rule prunes a branch when a contradiction is detected in the hard part.
Specifically, if an inconsistency arises among hard formulas, the branch is declared
unsatisfiable, and no further rules are applied to it. It represents an infeasible solution.

The T j4q-rule applies to a hard formula (S x, ) and a soft formula (8" :x,w). This
rule states that if the sign of the hard formula subsumes the sign of the soft formula,
then the soft formula must necessarily be satisfied with weight w. This is the reason
for adding (T, w) in the conclusion of the rule. Importantly, the hard formula remains
active and is therefore repeated in the conclusion.

The T, z-rule is an adaptation of the unweighted T-rule to the weighted setting.
It propagates the minimum weight among the weights of the premises and introduces
compensation signed literals to ensure consistency among the weights of the premises.
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({O}T(Xllezﬁ)) ({0}1()6!'/\)62:5)) ({0}1()(!'/\«“2«,5))
({5, 1}:(x1Vx2,3)) ({31} (x1Vx2,3)) ({3, 1}:(x1Vx2,3))
/\ ///\
(T.5) ({0} 1|X1s5) (T.5) ({o} !|X1A5)

({0}: (x1 Ax2,5)) /1\

Iy A(| ) ({0}:x2,5)  (T,3) ({§v1}|3X1~3) w
ﬁz/}/l\ {21}x,3) (T3) ({%,1}I;x,73)
T, :x1,5
(T,5) ({0}|)m ) {1} o3)

(T.3) ({3.1}:x1,3) ({0} :x2,5)

| T

{3 1}:x2,3) (T,3) ({3,13:x1,3)
|
{3 1}:x0,3)
(T|,3)
|
({0}:|X1,2)
(T,3)
|
({0}:x2,2)

Figure 6.8: A completed Weighted Partial Signed MinSAT tableau for the multiset of
signed formulas {{0} : (x; Ax2,5),{4,1}: (x1 Vx2,3)}, assuming N = {0, 1, 1}.

The minimum weight is used because the premises may involve literals with different
weights. This rule aims to detect when a set of soft signed literals must necessarily be
satisfied.

The Njq,q-rule combines multiple hard literals into a single one. This simplification
enables further applications of the T,,4-rule, and is necessary to achieve complete-
ness. Similarly, the split-rule is also necessary to achieve completeness. Without this
rule, we cannot derive, for example, that the minimum total weight of soft formulas
that are satisfied in {({3,1}:x,e0), ({3} :x,1),({1}:x,1)} is 1. Both rules ensure that
the signs of hard literals of any saturated branch are singletons.

In Weighted Partial Signed MinSAT, the cost of a saturated branch is infinite if it
contains the symbol B; otherwise, the total weight of the formulas of the form (T,w).
The cost of a tableau is defined as the minimum cost among all its branches. An infinite
cost indicates that there is no feasible solution.

Given a completed tableau 7 for a multiset & of hard and soft signed formulas, the
soundness and completeness theorem (Theorem 6.5.5) establishes that the cost of T is
m if and only if the minimum total weight of the soft formulas that are satisfied by any
assignment satisfying all hard formulas is m.

Example 6.5.1. Figure 6.8 shows how to create a completed Weighted Partial Signed
MinSAT tableau for the multiset ® = {({0} :x1 Ax,5), ({3, 1} :x1 Vx2,3)}, assuming
N=H0, %, L}. The first tableau (the leftmost tableau on top) is the initial tableau, which
contains one node for each formula in ®. The second tableau shows the application
of the A-rule to ({0} :x1 Axy,5). The third tableau shows the application of the V-
rule to ({%, 1}:x1Vx2,3). The fourth tableau shows the application of the T s, f;-rule
to ({0} :x1,5) and ({3,1}:x1,3), and to ({0}:x2,5) and ({},1}:x2,3). Since the
tableau is completed and the minimum cost among its branches is 3, the minimum total
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weight of the soft formulas in ® that are satisfied by any assignment satisfying all hard
formulas is also 3.

Before proving the soundness and completeness of the calculus for Weighted Partial
Signed MinSAT, we need to prove the following propositions.

Proposition 6.5.2. A Weighted Partial Signed MinSAT tableau for a multiset ® of
weighted signed formulas is completed in a finite number of steps.

Proof. We first create an initial tableau and then apply expansion rules in the newly
created branches until they become saturated. The V- and —-rule reduce the number
of connectives in all conclusions w.r.t. the premise, and the other rules do not increase
the number of connectives in the conclusions. The application of the taut-rule, B-
rule, Npgrg-rule, Tpgrg-rule and Ty, -rule reduces the number of signed literals in the
conclusions w.r.t. the number of signed literals in the premises if we consider that a
formula of the form (S:x,w) is equivalent to w copies of (S:x,1). The split-rule
reduces the size of the signs and does not increase the number of signed literals. Since
we began with a finite number of connectives and signed literals, and no rule increases
the size of the signs, these rules can only be applied a finite number of times. O

Proposition 6.5.3. Given the multisets of weighted signed literals
{(S1 = x,w1),(S2 : x,w2)} and {((S1NS2) : x,w), ((S1US2) : x,w), (S : x,w1—w),
(S2:x,wa—w)}, where w = min(wy,ws), it holds that the total weight of the signed
literals satisfied by an assignment v is the same in both multisets.

Proof. We distinguish four cases:

* vsatisfies S1 : x and S; : x: Since v(x) € S; and v(x) € S,, v satisfies both (S; U
S2) 1 x and (S;NSy) : x. Thus, v satisfies all formulas in both multisets. Since
w1 =w+ (w; —w) and wp = w+ (wp —w), the total weight of satisfied formulas
is preserved between both multisets.

* v satisfies S1 : x and does not satisfy S : x: Since v(x) € S; and v(x) ¢ S», v does
not satisfy (S; NSz) : x but satisfies (S;US>) : x. Thus, v only satisfies formula
(Sy:x,wy) in the first multiset, and formulas ((S; U Sy):x,w), (S :x,w;—w) in the
second multiset. Since w; = w4 (w; — w), the total weight of satisfied formulas
is preserved between both multisets.

* v does not satisfy S : x and satisfies S, : x: Since v(x) ¢ S; and v(x) € S», v does
not satisfy (S; NS2) : x but satisfies (S;US>) : x. Thus, v only satisfies formula
(S2:x,w7) in the first multiset, and formulas ((S; U S2):x,w), (S2:x, wp—w) in the
second multiset. Since wp = w+ (w, — w), the total weight of satisfied formulas
is preserved between both multisets.

* v does not satisfy S} : x and S, : x: Since v(x) ¢ S| and v(x) ¢ S», v does not
satisfy neither (S} NS2) : x nor (S; US,) : x. Thus, v falsifies all formulas in
both multisets. Since the total weight of satisfied formulas is O, this weight is
preserved between both multisets.

O
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Proposition 6.5.4. The \/-rule, —-rule, taut-rule, B-rule, Npqrq-rule, Tpgpg-rule, Tgopi-
rule and split-rule are sound in the sense that the total weight of satisfied formulas in
the premises is preserved in at least one branch and does not decrease in the remaining
branches when the premises are soft. In addition, these rules preserve the satisfiability
between the premises and the conclusions in at least one branch when the premises are
hard.

Proof. To prove the soundness of the V-rule, when the premise is soft, we must demon-
strate that if an assignment v satisfies the single premise with weight w, there is one
branch in the conclusions where v satisfies one formula with weight w, and the total
weight of formulas satisfied by v in the rest of branches (if any) is at least w. When the
premise is hard, we must demonstrate that the satisfiability is preserved between the
premise and the conclusions. Due to the fact that all the cases are proved similarly, we
only prove that it holds for the rules with premise ({0} :AV B,w) and ({0} :AV B, ).
In the first case, an assignment v satisfies ({0}:A V B,w) if and only if v(A) =v(B) = 0.
In this case, both branches are satisfied. Moreover, ({0} : AV B,w) is unsatisfied when
v(A) # 0 or v(B) # 0. In this case, at least one branch is unsatisfied. Thus, the total
weight of satisfied formulas is preserved between the premise and the conclusions of
the rule.

When the premise is hard, an assignment v satisfies ({0} : AV B, ) if and only
if v(A) = v(B) = 0. Thus, the satisfiability is preserved between the premise and the
conclusions of the rule, because the branch becomes unsatisfied only when v(A) # 0 or
v(B) # 0.

The soundness of the tauz-rule, for both hard and soft formulas, follows from the
fact that N : A is a tautology, and the soundness of the —-rule follows from the interpre-
tation of the negation connective.

The soundness of the M-rule follows from the fact that the hard formulas cannot be
simultaneously satisfied when the intersection of the signs of a set of literals containing
variable x is empty. In this case, any assignment unsatisfies at least one literal.

The soundness of the M ,,4-rule follows from the fact that a set of literals containing
variable x is satisfied by an assignment v if and only if the literal containing variable x
whose sign is the intersection of all their signs is satisfied by v.

The soundness of the T ,4-rule follows from the fact that if hard formula (S: x,)
is satisfied, (8 :x,w) must be necessarily satisfied because S C §’. Therefore, (S :x,w)
can be replaced with (T, w).

To prove the soundness of the T, s-rule, when there are m premises, we obtain
the conclusion by applying Proposition 6.5.3 a total of m — 1 times. First, we ap-
ply Proposition 6.5.3 to (S :x,w1), (S2 :x,w>) and replace them with ((S; US) :x,w),
((S1NS2):x,w), (S1:x,w;—w) and (S, : x,wr—w), where w; > w and wp > w. In the
i-th application, we apply proposition 6.5.3 to ((S;USy---US;—1):x,w), (S;:x,w;) and
replace them with (S;U---US;) :x, ((S1U---US;—1)NS;) :x and (S;:x,w;—w), where
w; > w. Since S;U---US,, = N, we derive (T,w) in the last application because
(N :x,w) is a tautology.

The soundness of the split-rule follows from the fact that an assignment satisfies
{i1,i2} :x if and only if it satisfies {i1 } :x or {ip} : x.

O
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Theorem 6.5.5. Soundness and completeness. Let T be a completed Signed MinSAT
tableau for a multiset ® of signed formulas. Then, the cost of T is m if and only if the
minimum total weight of the soft formulas in ® that are satisfied by any assignment sat-
isfying all hard formulas is m; and the cost of T is infinite if and only if no assignment
satisfies all hard formulas.

Proof. (Soundness:) T was derived by creating a sequence of tableaux T, ...,T, (n >
0) such that T is an initial tableau for ®, 7, = T, and T; was obtained by a single
application of one of the expansion rules in Figure 6.7 on a branch of T;_{, for i =
1,...,n. By proposition 6.5.2, we know that such a sequence is finite. Since T has
cost m, T, contains one saturated branch b where the total weight of formulas of the
form (T,w) is m, and that weight is at least m in the rest of the branches. Moreover,
the active formulas in every branch of 7}, are hard signed literals, soft signed literals, or
formulas of the form (T,w). For each propositional variable x, the union of the signs
occurring in soft literals, denoted by S}Lj, is different from N; otherwise, we could yet
apply the T, -rule and T,, would not be completed. Moreover, any active hard literal
is of the form ({i} : x,°0) due to the application of the split-rule.

For every variable x in a branch of T, containing an active hard literal ({i} : x, ),
any assignment v such that v(x) =i satisfies ({i} : x, ), all formulas of the form (T ,w),
and does not satisfy any active soft literal containing variable x due to the application
of the T ,,4-rule. If there is no active hard literal containing variable x, any assignment
v such that v(x) € N\ SY does not satisfy any active soft literal containing variable x.
Since (T,w) is always satisfied and the total weight of formulas of the form (T,w) is
at least m, the total weight of active soft formulas satisfied by v cannot be less than m
in a branch of T,,. Thus, a complete assignment V' constructed in this way satisfies the
hard literals and the formulas of the form (T,w), and unsatisfies all soft literals. Thus,
the minimum total weight of active soft formulas satisfied among the branches of 7,
is m, which is the minimum cost of 7},.

If v/ is derived from a branch of minimum cost, it is an optimal assignment: propo-
sition 6.5.4 ensures that the minimum total weight of the satisfied soft active formulas,
while preserving the satisfiability of hard formulas, is preserved in the sequence of
tableaux T, ..., T,. Therefore, the minimum total weight of the satisfied soft formulas
in the single branch of Tj is also m. As Ty comprises a single branch containing only
the formulas in @ and all these formulas are active, we conclude that the total weight
of the satisfied soft formulas in ® is m.

(Completeness): Assume that there is a completed Signed MinSAT tableau T for &
that does not have cost m. We distinguish two cases:

(1) T has a branch b of cost k, where k < m. Then, the total weight of the soft
formulas containing the symbol T in b is k, and there exists a feasible assignment
whose total weight of satisfied active soft formulas in b is k. By Proposition 6.5.4, this
also holds for Tj, but this is in contradiction with m being the minimum total weight of
the soft formulas in @ satisfied by any feasible assignment because k < m. Thus, any
branch of T has at least cost m.

(i1) T has no branch of cost m. This is in contradiction with the fact that the min-
imum total weight of the satisfied soft formulas in ® is m. Since the expansion rules
preserve the minimum total weight of the satisfied soft formulas and the branches not
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containing the symbol B of any completed tableau only contain active soft formulas
containing the symbol T or soft signed literals that can be unsatisfied, 7 must have a
saturated branch where the total weight of the soft formulas containing the symbol T
is m. Thus, T has a branch of cost m.

Hence, each completed tableau T for a multiset ® of signed formulas has cost m
if the minimum total weight of soft formulas in @ that are satisfied by any feasible
assignment is m. O

Given a completed Signed MinSAT tableau, an optimal assignment can be extracted
by selecting a branch b of minimum cost. The idea, as can be seen in the proof, is to
define an assignment that satisfies the hard active formulas and does not satisfy any
active soft formulas in b except for the formulas containing T that are always satisfied.

6.6 Conclusions

We have defined tableau calculi for Weighted Partial Signed MaxSAT and Weighted
Partial Signed MinSAT, and proved their soundness and completeness. Since the ex-
pansion rules depend on the cardinality of the truth value set and lack uniformity, the
calculi operate over the fixed three-valued domain N = {0, %, 1}. These calculi extend
the proof-theoretic support for optimization problems from regular logic to the more
general setting of signed logic, where signs are arbitrary subsets of the truth value set.



Chapter 7

Conclusions and Future Work

This chapter summarizes the main contributions achieved throughout this
thesis, contextualizing them within the scope of the original research ob-
Jjectives. Furthermore, it outlines several promising research directions
and open problems, highlighting potential avenues for future work.

7.1 Conclusions

The primary objective of this thesis was to strengthen the proof-theoretic foundations
of Boolean and many-valued optimization while developing practical exact solving
techniques grounded in these theoretical advances. The results presented throughout
this dissertation achieve this objective by introducing new calculi, exact algorithms,
and encodings spanning both Boolean and many-valued formalisms.

A highly optimized exact variable elimination solver for Weighted Partial MaxSAT,
named MSElim, has been designed, implemented, and empirically evaluated. Experi-
mental results on benchmark instances from the MaxSAT Evaluation demonstrate that
exploiting the MaxSAT resolution rule within a carefully engineered solver yields an
effective MaxSAT solving approach. In particular, the results on Bounded Variable
Elimination (BVE) preprocessing suggest that the MaxSAT resolution-based BVE im-
plemented in MSElim is a promising preprocessing technique for MaxSAT solvers.

Beyond the Boolean setting, the proof-theoretic foundations of many-valued op-
timization have been significantly extended. The first sound and complete resolution
calculus for Weighted Regular MaxSAT has been established, providing a formal proof
system together with the first exact variable elimination algorithm for this logic. Fur-
thermore, sound and complete tableau calculi have been developed for both Weighted
Partial Regular MaxSAT and Weighted Partial Regular MinSAT, considerably extend-
ing the basis for optimization in regular logic.

These tableau calculi served as the starting point for a novel Mixed-Integer Linear
Programming (MILP) encoding for Regular MaxSAT and Regular MinSAT. This en-
coding enables state-of-the-art MILP solvers to efficiently compute optimal solutions,
offering a practical solving framework that complements the underlying theoretical
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contributions.

Finally, these theoretical advances have been lifted to signed logic, yielding the first
sound and complete tableau calculi for Weighted Partial Signed MaxSAT and Weighted
Partial Signed MinSAT.

Overall, this thesis demonstrates that proof-theoretic techniques originally devel-
oped for Boolean optimization can be successfully extended to richer many-valued
logics. At the same time, it shows that these techniques also enable improved exact
solving methods for Boolean MaxSAT through an exact variable elimination algorithm
based on MaxSAT resolution.

By combining new calculi, exact algorithms, and MILP encodings, this work
strengthens the proof-theoretic foundations and the collection of exact solving tech-
niques for Boolean and many-valued optimization, bringing the latter much closer to
the level of maturity achieved in the Boolean setting.

7.2 Future Work

The contributions presented in this thesis advance the theoretical and algorithmic foun-
dations of Boolean and many-valued optimization while also opening new opportuni-
ties for further research. Building upon these results, the following research directions
are proposed:

» The developed Boolean variable elimination solver, MSElim, could be exploited
to design new preprocessing and inprocessing techniques, potentially improving
the scalability and robustness of state-of-the-art MaxSAT solvers.

* Identifying suitable strategies for selecting the clauses that remain active after
saturating a variable may pave the way for the development of an exact vari-
able elimination algorithm for Regular MinSAT based on the proposed Regular
MaxSAT resolution rule.

* Extending the tableau calculi developed for Regular MaxSAT and Regular Min-
SAT to first-order logic constitutes a natural theoretical continuation of this work.

* The experimental evaluation of the MILP encoding was conducted on un-
weighted random Max-2S AT and Max-3SAT instances. Extending it to weighted
partial instances and structured benchmarks would provide a more complete pic-
ture of its practical performance.

* From an empirical perspective, an important next step is to compare the proposed
MILP approach with state-of-the-art MaxSAT and MinSAT solvers on a broad
range of combinatorial optimization problems, offering a clearer assessment of
its strengths and limitations.

* A longer-term research direction concerns the integration of the proof-theoretic
techniques developed in this thesis with learning-based methods for exact op-
timization. Rather than replacing symbolic reasoning, machine learning could



7.2. Future Work 113

be employed to guide it by predicting effective variable elimination orders, se-
lecting inference rules, estimating the usefulness of derived clauses, or identify-
ing promising branching strategies. Since the underlying calculi and algorithms
preserve the exactness independently of these heuristic decisions, such learned
guidance may improve solver performance without compromising correctness.
Exploring the interaction between symbolic reasoning and machine learning may
ultimately lead to more scalable exact MaxSAT and MinSAT solvers capable of
handling larger and more structurally diverse optimization instances.
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