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Part 1

Theoretical background



1 Introduction

In material science, topology revolves around establishing and preserving a
certain invariant that remains unchanged under adiabatic modifications, such
as reshaping the system’s geometry, provided the band gap does not close. This
conserved invariant ensures the appearance of compensation states at the boundary
where the topological system meets a non-topological one, thereby guaranteeing
robust interface modes.

Topology in material sciences and photonics relies on the notion of a topological
invariant |1} 2} 3], a mathematical quantity that remains unchanged under adia-
batic alterations of a system’s parameters |4, 5]. Adiabatic in this case means,
that no band-gap in the system (atomic or photonic) is closed or reopened [6].
Examples of such alterations include reshaping or deforming the lattice structure
or the crystal unit cell. The unchanging nature of the topological invariant ensures
that a system, once in a specific topological phase, stays in that phase unless it
passes through a band-gap closure, which signifies a topological phase transition.

One of the most compelling consequences of having a non-trivial topological
invariant is the appearance of boundary states at the interface between a topological
system and a system with a different or trivial topology |7, [8]. This phenomenon
is commonly referred to as the bulk-boundary correspondence. By virtue of the
topological mismatch at the interface, localized states necessarily emerge in the
gap, effectively “compensating” for the disparity in topological invariants across
the boundary. These interfacial modes are typically protected against certain
types of disorder, scattering, or imperfections that would otherwise disrupt wave
propagation in conventional materials [9, |10, (11, |12].

Although the essential concepts of topological invariants and boundary-state
protection remain consistent, many nuanced variations have been explored. Quan-
tum Hall systems, for instance, rely on an integer Chern number that arises when
time-reversal symmetry is broken [13], while quantum spin [14] or valley Hall
[15, |16] systems preserve time-reversal symmetry and employ other topological
indices like the Z, invariant or valley Chern numbers. Higher-order topological
phases extend these principles by hosting states localized at corners or hinges,
rather than at edges |17} 18], and non-Hermitian topological phases incorporate
the effects of gain and loss, altering how invariants and edge states manifest [19].
Despite these differences, the unifying principle is that a robust, gap-preserving
topological invariant underpins the stable, often one-way boundary or interface
modes that make topological materials and photonic systems so promising for prac-
tical applications in waveguiding, spintronics, and quantum information processing.

In this chapter, we lay the foundation for the concepts addressed in this work.
Since each type of topology requires a slightly different mathematical formulation,
we will begin by examining Chern topology, the earliest observed topological
phenomenon, and from there, expand our discussion to include Obstructed atomic
limit (OAL) topological phases as well as Valley-Chern topology.

We will focus on two-dimensional systems, where the interface of the structure
defines a line suitable for wire-like applications. Photonic crystals serve as our



chosen platform for topological design because they closely resemble atomic
crystals, in which the Hall and spin-Hall effects were originally discovered.

1.1 Photonic Eigen-problem

Suppose the system under investigation is a two-dimensional photonic crystal
composed of linear, isotropic, lossless, and dispersionless materials with no charges.
Under these assumptions, the propagation of electromagnetic waves within the
crystal is governed by Maxwell’s equations:

rot H— 0, D =
divD =
rot E+ 0, B =
divB =

(1.1)

o O O O

Assuming a time-harmonic dependence of the form E(r,t) = E(r)e”** and

H(r,t) = H(r)e ™', and applying the usual constitutive relations (D = ¢ye, E,
B = pou-H), while working with non-magnetic media, thus p, = 1 the Maxwell
equations reduce to:

rot H(r) + iwepe,(r) E(r) =0
div [s(r) E(r)] =0,

rot E(r) —iwpy H(r) =0
)=0

Plugging [T.4] into [1.2] and using the definition of the speed of light in vacuum,
1

¢ = (eg po)™ 2, yields a wave equation for H. Conversely, substituting into
produces the corresponding wave equation for E.

v x Hr)v x H('r)] _ (t’)ZH(r), (1.6)
V XV x BE(r) = <i>2er(r) E(r). (1.7)

Note that r is a real-space coordinate within the elementary cell. Equation
is commonly used to derive the system’s eigenmodes because it takes the form
of an eigenproblem [20]. The fields E and H remain vectorial here, but because
we are dealing with two-dimensional systems, the Maxwell equations decouple
into transverse electric (TE) and transverse magnetic (TM) modes, owing to the
lack of variation in the z direction [21]. The equations for TE modes involve
only (E,, E,, H,), while those for TM modes involve (H,, H,, E,). Consequently,
Equation reduces to a scalar equation for TE modes, since the only nonzero
component of the magnetic field is H,. The same applies to Equation in the
TE case, where the only variable is F,.



Solving Equation directly is more difficult because it is not a Hermitian
eigenvalue problem but rather a generalized eigenvalue equation, due to the
presence of €,(r) on the right-hand side [20]. It is therefore more straightforward
to solve Equation [I.6] to obtain the eigenmodes and then retrieve the electric field
from the magnetic field.

For TE modes, Equation [1.6| reduces to:

A(r)H.(r) = aH.(r) (1.8)
A(r)[#] = V x Lra)v < #] (1.9)
a= <°CJ>2 (1.10)

The equation is clearly an eigenproblem for the operator A('P) with eigen-
values a. We use a to avoid confusion when introducing the lattice parameter a.
Since €,(r) is periodic with period a,, the lattice constant of the photonic crystal
(PC) elementary cell, A(r) also inherits this periodicity. As a result, the solution
H_.(r) must likewise be periodic with period a,.

H.(r)=H,(r +a,), (1.11)

which means, that the solution can be written in a form of Bloch function,
using the Bloch theorem [22]:

H, (r) = e ug(r), (1.12)

where k is the reciprocal-space vector that indexes the solution, and ug(r) is a
function that shares the periodicity of the photonic crystal’s unit cell a,. Solving
Equation [1.§ with a solution of the form described in equation for a given k
yields a set of eigenvalues that vary continuously as k changes, thereby forming
the photonic band structure [23].

Nevertheless, the more crucial aspect for this thesis lies in the periodic function
ug(r). As an eigenstate corresponding to a particular eigenvalue, the symmetry
properties of ug(7), along with its evolution throughout the Brillouin zone, deter-
mine the topological character of the system.

The periodical function ug(7) is in this work obtained by MIT photonic bands
(MPB) [24], which is a commonly used tool in the literature. We also use the
Finite Difference Time Domain (FDTD) method |25, [26, [27] since in contrast to
MPB can deal with materials with loss, but is significantly more difficult and
expensive to use. Another tool commonly used in literature, but not in thesis is
COMSOL multiphysics [28].

An example of the eigenvalues obtained as a solution to Eq. using MPB is
shown in Figure[l.1l Equation [L.§|is solved for k vectors along the ' = K — M —T°
path in the Brillouin zone. The dots represents eigenvalues a. In this example,
the photonic crystal consists of a set of rods arranged in a two-dimensional
triangular lattice. We used a relative permittivity of €, = 10 and a rod radius
of r0a = 0.3075 - a, where a is the lattice period. The specific value of r,.q is
arbitrary.
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Notably, the units on the y-axis are scaled by the lattice parameter a, and
the frequency is expressed as 3~ = {, a common convention for representing
the energy axis in photonic band structures. This representation is particularly
convenient because it allows the targeted wavelength for a given application to
be adjusted simply by tuning the lattice parameter, provided that the material
parameters remain sufficiently close to their original values.

The thick blue bands indicate regions where no solutions exist for Eq. [1.8]

corresponding to photonic band-gap regions.
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Figure 1.1 An example of an unconnected photonic band structure obtained using
MPB is shown for a system of rods arranged in a triangular lattice with a relative
permittivity of € = 10 and a rod radius of r.,q = 0.3075-a. The calculation is performed
for TM modes for the first five eigenvalues.

1.2 Types of photonic topology

In the following sections, we will discuss various types of topologically protected
edge states and the underlying mechanisms. A key characteristic of topological
protection is that it is not a local phenomenon. Local disturbances do not affect
these modes. This implies that the entire geometry of the photonic crystal
contributes to the formation of topological modes. However, the only region where
the mode manifests is at the edge of the photonic crystal. This edge can interface
either another photonic crystal that is topologically trivial or another topologically
trivial system. An example of this configuration is depicted in Figure [1.2

1.2.1 Chern topology

Chern topology is defined by a topological invariant known as the Chern num-
ber [29], which characterizes individual bands within the photonic band structure.

If there is a difference in Chern numbers around a photonic band gap, a surface
chiral mode is created to compensate for this difference [30]. This behavior mimics
the quantum Hall effect [31], as shown in Figure [1.3h.
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Interface
PC1 ! PC2

Topological Trivial

Figure 1.2 Interface between the topological and trivial photonic crystal

Since time-reversal symmetry is broken for this mode, meaning there is no
counter-propagating mode, the resulting propagation is unidirectional. This unidi-
rectional propagation is illustrated in Figure [I.3p.

L

Bulk b) ‘ )

Y B#0

Bulk \_ : W,

Figure 1.3 a) An illustration of a band structure in a quantum Hall system showing a
single gapless edge mode. b) An illustration of a two-dimensional electron system with
an external magnetic field, which induces a chiral edge state by breaking time-reversal
symmetry.

To compute the Chern number for a photonic system, it is first essential to
define the Berry phase and Berry curvature. The Berry phase, also known as the
Berry-Pancharatnam—Zak phase, is a geometric phase acquired by an eigenstate
during adiabatic evolution along a closed path v in reciprocal space [20, 32, 4, 33,
34].

The Berry phase is typically defined through the Berry connection A, (k),
where the index n denotes the band:

Following the procedure outlined in the referenced literature, the Berry phase
can be expressed as:

Gy = ]iAn(k:) Lk — //S(V) Vi x A, (k)] ds = //Sm Q,(k)ds,  (1.14)

where €, (k) represents the Berry curvature of the n-th band at a specific k
point, and S(7) denotes the surface enclosed by the closed path v around the k

12
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Figure 1.4 Discretization of the Brillouin zone for Berry phase calculations. a) A
single plaquette, whose edges define the path 7. b) Discretization of the Brillouin zone
into an N x N grid of plaquettes.

point. The Stokes theorem [35] is applied to transform the path integral into a
surface integral.

The Chern number is then determined as the total Berry curvature integrated
over the entire Brillouin zone [36] 37]:

C, = ;ﬁ//BZ Q, (k)dk (1.15)

The periodic functions u,  at specific k-points can be efficiently computed
using MPB. However, performing direct closed-path integration is impractical.
Blanco de Paz [20] proposed an elegant solution by discretizing the Brillouin zone
using an orthogonal grid, which forms rectangular plaquettes that serve as the
surfaces S enclosed by the closed paths 7.

Consider one such plaquette with corner positions [k, k2, k3, k4] as depicted
in figure [I.4h. The Berry phase associated with the path enclosing this plaquette
can then be expressed as:

¢ = —Slog [{up, (1) [ty (1)) (try (1) [ty (7)) (i (7) [ty (7)) (i (7) |0, (7))
(1.16)
The imaginary part of the logarithm is used to extract the phase of the complex
notation. The bracket notation represents the scalar products of the periodic
functions, scaled by the size of the plaquette:

(ur, (7)|uny (7)) = > g, (4, ) uny (4, 5) S (1.17)

/[:7-].
where the indices 7, j represent the real-space coordinates at which the periodic
function is evaluated. Since the periodic function obtained from MPB is already
discretized in real space, these indices correspond to the discrete sampling points

within the computational domain.

13



The Chern number is then obtained by summing the Berry phases of all
plaquettes within the Brillouin zone:

1

jEBZ

The Chern number takes integer values and becomes nonzero when time-
reversal symmetry (TRS) is broken, typically due to the presence of a magnetic

field.

The Chern number directly predicts the existence of topologically protected
edge modes, analogous to those observed in the quantum Hall effect. Consider a
photonic crystal with a photonic band gap bounded by two isolated bands that
do not intersect any others, and place the PC in air. If these two bands exhibit
nontrivial topology, characterized by a nonzero Chern number, topologically pro-
tected edge modes will emerge at the interface within the band gap. The number
of such edge modes is given by the absolute value of the difference between the
Chern numbers of the two bands.

A challenge arises when bands near the band gap of interest are intersected
by other bands. In such cases, the Chern number must be computed for the
entire system of intersecting bands rather than for individual bands. This issue is
addressed in [38] 39], where the degeneracies introduced by band crossings are
resolved by employing overlap matrices. These matrices are incorporated into a
modified Berry phase formulation:

¢cross = —%10g [det(skleSk2k3sk3k45k4k1 )] ) (119)

where the n x n overlap matrices Sy are defined as:

(up(r) | up (r))  (ug(r) | ui(r)) (up(r) | ujp (r))
(up(r) [ up(r)) (ug(r) | ug(r)) (ui(r) | uj(r))

Shkr = (1.20)
(up(r) [ ug(r)) (ug(r) [ug,(r)) - (ugp(r) [ ug(r))

Another challenge with intersecting bands is detecting them in the first place.
When the photonic band structure is computed by solving the eigenvalue equation
using the Bloch ansatz[I.12] the result is a set of eigenvalues for each wavevector
k that is evaluated. To accurately identify band crossings and anticrossings, the
eigenvalues must first be correctly connected into continuous bands, which is a
nontrivial problem [40]. This issue will be addressed in detail in Section [3.1]

Furthermore, a fundamental limitation of Chern photonic topology is its re-
liance on the breaking of time-reversal symmetry to generate nontrivial Chern
numbers. As a result, it is restricted to magneto-optical materials that exhibit
sufficiently strong off-diagonal components in their permeability tensor. However,
significant off-diagonal components are typically observed only in the far-infrared
to radio-wave region of the spectrum, which imposes constraints on the lattice
size of photonic crystals, as it must correlate with the operational wavelength

14



[41], 142, 43]. Consequently, Chern photonic topology is not readily integrable into
miniaturized optical systems and is primarily applicable in specific use cases or
fundamental research on topological phenomena. A detailed discussion of these
limitations will be provided in Section 3

The Chern number can be determined by another property called the Wilson loop
(or Wannier center flow). The Wilson loop tracks the position of the localized Wan-
nier function across the Brillouin zone. The Wannier function is constructed from
the Bloch functions and represents the position of atomic orbitals in solid-state
physics or field lobes in photonics.

Starting from the periodic Bloch functions w,(r) introduced in Eq[1.12] the
Wilson loop operator is constructed as a path-ordered product of overlap matrices
along a discrete, closed path in reciprocal space [20]. Specifically, it is computed
along the k,-direction at fixed k,, forming a closed loop across the Brillouin zone:

N—-1
W<ky) = lim H Fj}j+1> where [Fj,j+1]mn = <um7kj’un:kj+l>' (1'21)
7=0

N—oo -

Here, m,n index the selected bands, and the product is path-ordered in
increasing k,. The overlap matrices F} ;i capture the parallel transport of
Bloch states between neighboring k-points. The Wilson loop operator W(k,) has
eigenvalues of unit magnitude, \;(k,) = €% *v) with the phases 0;(k,) € [, 7)
representing the average positions of the hybrid Wannier centers along the real-
space z-direction. Since the Wilson loop is computed over k., these phases provide
a band-resolved measure of the bulk polarization along x.

The Chern number of a given band or set of bands can then be determined
by the number of winding around 27 in a given direction. An example of various
Wilson loops is shown in figure [1.5]

1.2.2 Valley-Chern topology

The Valley-Chern insulator is a system that possesses a valley degree of
freedom. Unlike the Chern insulator, the total Chern number for all bands is zero,
as the system does not break time-reversal symmetry. This removes the need
for materials with strong magneto-optical response, which are too lossy at short
wavelengths, and therefore allows dielectric implementations that operate in the
near-infrared or visible spectral regions. The system typically exhibits opposite
spatial modulation in the Berry curvature in specific regions. These regions give
the "valley" part of the effect its name, and computing the Chern number of those
valleys yields valley Chern numbers C,, which can take integer and half-integer
values [20].

A canonical example of this effect in photonics is a design by Ma and Shvets
[15], where the authors introduced a design based purely on silicon. In this case,
the valleys are centered around the K and K’ points. The idea in the paper is
that the valley degree of freedom in the graphene-like material, in this case a
hexagonal lattice, behaves as a spin-like binary degree of freedom. Specifically,
in solid-state physics, the angular rotation of the electron wavefunction in the
K or K’ valleys generates an intrinsic magnetic moment that mimics the one

15
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Figure 1.5 Example of Wilson loops. a) Wilson loop of a single trivial band, showing
no winding, corresponding to a Chern number C = 0. b) Wilson loop of a topologically
non-trivial band where the Wannier centers wind in the negative direction, corresponding
to C = —1. ¢) Wilson loop of a topologically non-trivial band where the Wannier centers
wind twice in the positive direction, corresponding to C = 2. d) Wilson loops of a set
of two bands, where the Wannier centers are slightly displaced but show no winding,
corresponding to C = 0.
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produced by the electron spin. This similarity between the valley and spin degrees
of freedom makes it possible to observe the quantum valley Hall effect, which is the
valley-space counterpart of the quantum spin Hall effect. Therefore, the quantum
valley Hall effect produces valley-locked chiral edge states that appear at two PC
interfaces and are immune to scattering caused by non-magnetic defects, because
each valley has an opposite pseudo-spin and non-magnetic defect scattering is not
able to flip this pseudospin (chirality) of the two counterpropagating modes.

The Wilson loops in this case can start winding from the stationary position,
but they also unwind, so the total number of 7 is zero.

Although we do not investigate this kind of system in this work, we mention
this topological effect as it is currently very popular, as we demonstrate in section
.ol

1.2.3 Obstructed Atomic Limit

The obstructed atomic limit represents a slightly different effect in which
the resulting Chern numbers are not only zero, but unlike in the Valley-Chern
topology, where the Wilson loops are winding yet cancel out, in the obstructed
atomic limit there is no winding at all.

The effect can be identified based on the Wilson loop analysis. The Wilson loops
of a system in the obstructed atomic limit phase are displaced around +7 and do
not wind. This indicates that the Wannier centers (the lobes of the electromagnetic
field) are positioned outside the "atomic" centers. This displacement creates a
polarization mismatch at the interface, which gives rise to the topological modes.

These edge modes still exhibit bulk—edge correspondence since they originate
from the Berry (Zak) phase. The Berry phase is related to the charge polarization
Opy = Poy/2m [34, |44]. When the structure has inversion symmetry, the Zak
phase can take only two values (0 or 7) [45]. Consequently, the charge polarization
is quantized to 0 or %, which is well-defined up to 1. This is because the Wilson
loop is defined on (—, 7], as it corresponds to the phase of the eigenvalues of the
Wilson operator.

This approach is the one ultimately adopted in this thesis.

1.3 Current state of the art

Topological photonics is a broad and rapidly developing field, and a compre-
hensive overview is beyond the scope of this thesis. We therefore refer the reader
to several recent reviews that provide a general introduction to the subject [46,
47,148, 149]. In this section, we focus on developments that are directly relevant to
this work, namely Z, and OAL topologies, inverted eigenmode order edge states,
lattice symmetry considerations, and design strategies compatible with integrated
photonics.

Early efforts in topological photonics were largely inspired by Chern topology,
which enables unidirectional and nonreciprocal edge transport [43]. However,
Chern topological phases require time-reversal symmetry breaking, typically
achieved using external magnetic fields, which strongly limits scalability and
compatibility with nanophotonic platforms. This motivated a shift toward Z,
topologies, which preserve time-reversal symmetry and are analogous to quantum

17



spin Hall phases in condensed matter systems. In electronic systems, such phases
arise naturally due to fermionic spin degrees of freedom. In photonics, however,
the bosonic nature of light makes the realization of Zy topology nontrivial.

A major breakthrough occurred in 2015, when Wu Et al. proposed a scheme
to emulate pseudospin degrees of freedom in a purely dielectric photonic crystal
with Cg symmetry [50]. This work demonstrated that degenerate modes protected
by lattice symmetry could mimic spin-like behavior, enabling Zo-type topological
edge states without magnetic fields. This proposal triggered extensive research
on hexagonal (Cg) lattices, where symmetry-protected Dirac points and band
inversions can be engineered in a relatively straightforward manner.

Subsequent studies explored different realizations of inverted eigenmode order
and Zs topology in Cg-symmetric systems. Xu et al. demonstrated multiple
band symmetry inversions using a simple ring-shaped unit cell and highlighted
the role of accidental degeneracies in achieving topological modes [51]. Palmer
later provided a deeper theoretical analysis of pseudospin-based Z, topology by
studying Berry curvature and the Wilson spectrum [52]. Huang introduced a
rotatable six-triangle unit cell that enables a topological phase transition using
a single dielectric material, achieving nearly perfect transmission and strong
robustness against defects [53]. Jin showed that inverted eigenmode states remain
robust against cavity defects and interface disorder in waveguide-resonator systems
operating at visible wavelengths [54]. More recently, Du employed neural network-
based optimization to reduce the accidental nature of band inversions in Cj
lattices [55], and He proposed helical edge states based on a ring unit cell for
wavelength-division multiplexing and Y-splitting applications [56].

These works clearly demonstrate that inverted eigenmode order topological
states in Cg-symmetric lattices are well understood and can exhibit excellent ro-
bustness and transmission properties. However, most photonic integrated circuits,
including logic gates and routing architectures, are fabricated on orthogonal grids.
As a result, square (Cy) symmetry is often more compatible with existing technolo-
gies, particularly for scalable and compact implementations of logical operations
[57]. This motivates growing interest in extending Z, and OAL topologies to
Cy-symmetric lattices.

In this work, we focus on OAL topology in a Cy lattice by inverting the natural
order of the eigenmode symmetry. While the same conceptual approach has been
extensively explored in Cy lattices, its implementation in Cy-symmetric structures
remains relatively underexplored and significantly more challenging due to stricter
symmetry constraints and the reduced flexibility in engineering mode degeneracies.

Several attempts have been made to realize topological protection in Cy-
symmetric photonic crystals. He reported a square-lattice design compatible
with integrated photonic platforms [58]. Although topological edge states were
demonstrated, the reported transmission was insufficient for practical use, with a
5% drop over a propagation distance of 20 unit cells (10 pum). Xiong designed a
square-lattice photonic crystal supporting both edge and corner states [59], but the
structure relies on two different materials and lacks explicit Cy or mirror (M y))
symmetry. Moreover, transmission properties were not characterized, as the work
focused primarily on slow-light effects. More recently, Zhang proposed a Penrose-
type lattice with effective eight-fold symmetry [60]. While conceptually interesting,
the complexity of the unit cell raises fabrication challenges, and transmission
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characteristics of the topological interface were not reported.

As a result, a single-material, easily fabricable, Cy-symmetric photonic crystal
supporting robust and low-loss Zs topological modes in the visible or near-infrared
spectral region remains an open problem.

In parallel with structural design efforts, several methodological frameworks for
identifying and characterizing topological phases in photonic crystals have been
developed. Blanco provided a detailed tutorial on calculating Chern numbers,
Berry curvature, and Wilson loops in two-dimensional photonic crystals [20], which
forms the basis of the approach adopted in this thesis and described in Sections
and This framework was later extended to three-dimensional systems
[61]. Wang emphasized Wilson-loop-based methods and fragile topology [62],
while Christiansen introduced topological optimization techniques that enable
the simultaneous refinement of band gaps and transmission properties during the
design process |63, |64].

Supportive techniques and applications have also progressed significantly.
Kagami developed mode converters and vertical coupling schemes to interface
conventional silicon waveguides with topological waveguides, improving integration
with existing photonic platforms [65, |66]. Zhang experimentally demonstrated a
complete set of topological photonic logic gates and characterized their extinction
ratios, providing strong evidence for practical usability [67]. Topological photonic
crystals have further been explored for slow-light applications, starting from robust
optical delay lines [14] to topological cavities with broadband Purcell enhancement
[68], and most recently to actively controlled slow-light devices on integrated chips
[69].

In summary, while Z, and inverted eigenmode order topologies in Clg-symmetric
photonic crystals are well established, their extension to Cy-symmetric lattices
remains limited by low transmission, material complexity, or fabrication challenges.
The objective of this thesis is to address these bottlenecks by proposing and
analyzing a Cj-symmetric photonic crystal design based on OAL topology that
is compatible with integrated photonic technology and supports robust, low-loss
topological edge states.

19



2 Simulation techniques

In this work, we primarily use two numerical methods. First, we employ MPB
to obtain the eigenfunctions from equation of an individual PC unit cell
and to calculate the topological modes at the interface. Second, we use FDTD
to compute the transmission properties of the interface. Both methods support
Python integration, enabling an automated workflow. MPB is accessed through
the Python-based MEEP library [27, [70], while for FDTD, we use Ansys/Lumeri-
cal, which provides Python integration via the Interconnect module.

In this chapter, we provide a brief introduction to both numerical methods
and examine how they can be used to extract topological characteristics. To
do this, we follow the work of Huang [53] and replicate his findings, originally
obtained using COMSOL, using MPB and FDTD. This approach allows us to
demonstrate the application and workflow of these methods. We selected this
study because it contains band structure analysis, eigenmode analysis, and trans-
mission analysis. Moreover, it employs a moderately complex geometry, making
it well-suited for demonstration purposes. By using MPB and FDTD instead of
COMSOL Multiphysics, we also illustrate the consistency between our tools and
those used in the published literature. To prove this point, we consider in this
section a photonic crystal which consists of a hexagonal arrangement of dielectric
isosceles triangles in a triangular lattice. The triangles can rotate around the
center of their base. The geometry is shown in Figure [2.1]

2.1 MIT photonic bands

The MIT Photonic Bands (MPB) solver is a free software package designed to
compute electromagnetic eigenmodes and eigenfrequencies in periodic, wavelength-
independent, anisotropic (¢ and p) media without losses. It is fully vectorial, with
the only approximation arising from spatial discretization, which corresponds to
the planewave cutoff. MPB also takes advantage of symmetries present in the

Figure 2.1 Geometry of the unit cell of the PC defined in [53]. Free parameters are
displacement d, triangular base b, triangular height h and the rotation of triangles ©.
a) ©=0°b) © =180°
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dielectric medium. It employs an iterative eigensolver based on a preconditioned
conjugate-gradient method to efficiently find eigenvalues [72].

To set up the MPB calculation, we must specify the lattice of the photonic
crystal by defining the lattice basis vectors. All geometry is then constructed
within this coordinate system. The photonic crystal we aim to describe has a
triangular lattice, as shown in Figure 2.2l We have marked two red dots to
illustrate the use of the new coordinate system. Placing objects at these marker

points corresponds to coordinates p; = (1, —1) and py = (0, —% .

Figure 2.2 The depiction illustrates the MPB base vectors in real space. The vectors

ar=a (@, %) and as = a (@, —%) define a triangular lattice. Red markers indicate

positions in the new basis with coordinates p; = (1,—1) and py = (O, —%) The blue
parallelogram represents the unit cell of the photonic crystal.

The basis vectors are then normalized to have a length of 1. MPB operates in
scale-less units, returning frequency values in the form 5% = ¢, where a is the
lattice constant.

MPB also requires the specification of k-points. These must be provided in
the reciprocal basis. For base vectors al = (alz, ay,) and a2 = (a2z,as,), the

reciprocal lattice vectors can be written as [73]:

27 | agy,
-2 2.1
bl A [_QQx] ( )
21 | —aq
by = — Y 2.2
2 A [ A1y ] ( )
A= 1502y — Q1402 (23)

This yields the high-symmetry points I' = (0,0), M = (O, %), and K =

(—%, %), as shown in Figure [2.3]
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Figure 2.3 The formation of the Brillouin zone and the irreducible Brillouin zone
based on the basis vectors defined in Figure The reciprocal lattice vectors are

b = 2% (%, 1) and by = 27” (%, —1). The high-symmetry points in this reciprocal

space basis are I' = (0,0), M = (0, %), and K = (—%, %)

Now we can specify the lattice and the geometry to be calculated. First, we
investigate an individual unit cell of the photonic crystal. The code is as follows:

# Library import (1)
import numpy as np
import meep as mp
from meep import mpb

# Extract variables (2)

H = params [0] # height

D = params[1] # displacement
B = params [2] # base

theta = params [3]
matl = mp.Medium(epsilon=eps[0])

# Define the geometry lattice (3)

geometry_lattice = mp.Lattice(size=mp.Vector3 (1, 1),
basisl=mp.Vector3(math.sqrt(3)/2, 0.5),
basis2=mp.Vector3(math.sqrt(3)/2, -0.5)
)

# Create a function to add triangles to unit cell (4)
def add_triangle_2(H, L, B, theta, alpha, Cx, Cy):
theta = 180-theta
theta = theta/180*np.pi
# Base vertex of the triangle in Cartesian:
Dx = Cx + Lxmath.cos(alpha)
Dy = Cy + L*math.sin(alpha)

# Two base corners in Cartesian:
Nx = Dx - (B/2.0)*math.sin(alpha + theta)
Ny = Dy + (B/2.0)+*math.cos(alpha + theta)

Mx Dx + (B/2.0)*math.sin(alpha + theta)
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My = Dy - (B/2.0)*math.cos(alpha + theta)

# Apex in Cartesian:
0x = Dx + H#*math.cos(alpha + theta)
Oy = Dy + H#*math.sin(alpha + theta)

# Transform each cormer to the (u,v) basis.
def to_lattice_coords(x, y):

v (2.0 / math.sqrt(3.0)) * y

u =x - 0.b%xv

return (u, v)

Nu, Nv = to_lattice_coords(Nx, Ny)
Mu, Mv to_lattice_coords (Mx, My)
Ou, Ov = to_lattice_coords(0x, O0Oy)

geometry.append (
mp . Prism(
# Lattice coords => mp.Vector3(u, v, 0)
vertices = [
mp.Vector3 (Nu, Nv),
mp.Vector3 (Mu, Mv),
mp.Vector3(0Ou, 0Ov)

1,
height=1,
material=matil

)

# Create and populate the geometry list (5)
geometry = []
for i in range (6):
alpha=2*np.pi/6.*i
add_triangle(H,L,B,theta,alpha,0,0)

The code can be understood as follows: (1) Import the meep library, which
gives access to MEEP vectors used to define lattice and geometry objects, as well
as the mpb module required for the solver in later code snippets. NumPy is used
to handle trigonometric operations. (2) Since the geometry will be tuned, the
parameters are passed as a list and then extracted for clarity. (3) Create the
geometrical lattice by setting the lengths of the basis vectors to 1 and defining
their directions according to Figure (4) Define a function to create a single
triangle based on height H, displacement D, base length B, angle #, which marks
the rotation of the triangle around the center of its base, and angle «, which
marks the direction of the triangle around the center of the cell. The triangle
group is centered at coordinates C, and Cy. The function first constructs the
triangle’s vertices in Cartesian coordinates N, M, and O, and then transforms
them using the defined transformation function. Finally, the triangle is added to
a geometry list using the mp.Prism method, where we specify the material and
set the height to 1, as we are operating in two dimensions. (5) Create a geometry
list to be passed to the solver and populate it using the add_triangle method
with six triangles, defined by different values of the angle a.

Now that we have specified the lattice and the geometrical objects of the photonic
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crystal that we use as an example, we can proceed to construct the MPB solver.
To do this, we need to define the number of solutions (bands), the k-points to be
solved, the resolution of the unit cell, and the background material.

Taking into account the first point, we stress that, when considering the N
bands in a given system, it is advisable to calculate the N + 2 bands instead of
just N. The reason is that this ensures that the solution is not a mix of two
different band types when there is a band crossing at the top of the spectrum.
ugh rare, some systems exhibit one band crossing multiple bands, which is why
we recommend calculating two extra bands [45]. Regarding the k-points, which
should be solved, we usually represent them by constructing a path starting at
I', and specifying the corner points. MPB then allows to fill in additional k to
achieve a desired resolution, so we do not need to specify it separately. Another
relevant aspect is the number of spatial steps that discretize the photonic crystal
unit cell. According to MPB gidelines [74], it is recommended to use a power of 2.
In our calculations, we use 32 or 64 steps. Finally, to fully define the exemplary
crystal, we simply set the relative permittivity of the background material to 0.

A code that realizes the simulation of the proposed example of photonic crystal
is the following:

# Define vertices of the path in reciprocal space (1)

k_points = [
mp.Vector3(0,0),
mp.Vector3(-1/3,1/3),
mp.Vector3(0,0.5),
mp.Vector3(0,0),
]

H B H ®
== H

# Insert additional points between the vertices (2)
points_to_insert = 8
k_points = mp.interpolate(points_to_insert, k_points)

# Initiate the MPB solver (3)

ms = mpb.ModeSolver (num_bands=7,
k_points=k_points,
geometry=geometry,
geometry_lattice=geometry_lattice,
resolution=32,
default_material=mp.Medium(epsilon=0),
force_mu=False

)

The code contains the following instructions: (1) Definition of the path in
reciprocal space using the reciprocal basis vectors (see Figure [2.3). (2) Increase
the path resolution by adding eight additional points between each pair of high-
symmetry points. (3) Initialization of the mode solver object. The force_mu flag
is set to False for an anisotropic medium.

Before proceeding with the calculation and presenting the results, it is good
practice to check whether the geometry has been defined correctly. To do this, we
can plot the permittivity:

# Initiate modesolver parameters and obtain epsilon (1)

ms.init_params (True, True)
eps = ms.get_epsilon ()
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# Edit visualization (2)

md = mpb.MPBData(rectify=rectify,
periods=2,
resolution=32)

converted_eps = md.convert (eps)

# Yor favorite way of ploting bittmap (3)

We discuss the following points of this code: (1) Since we are not using
a run command, we need to initialize the mode solver parameters manually.
These flags represent parity and reset fields options, which are irrelevant for the
get_epsilon function call. The permittivity comes out angled as we are dealing
with a hexagonal lattice. We rectify it for plotting purposes in (2), where we also
increase the number of periods to be plotted to 2 to show the lattice. Finally, in
(3) we can plot the converted_eps any way we like. In this case, we increased
the resolution to 128 to get nicer images, as shown in Figure [2.4
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Figure 2.4 Plot of permittivity of the geometry defined in the code above. Black color
represents material. Parameters used were same as in [53]. (H = 0.2a; D = 0.3a; B =
0.28a; e, = 12). Resolution of the solver was increased to 128 for better plot quality.

With the correct geometry, we can proceed to run the calculation and extract
the results.

2.1.1 MPB bandstructure

In this section, we demonstrate how to run the simulation to obtain the
eigenfrequencies, extract information about the gap, and use these objects for
visualization using the Python matplotlib library.

# Run the calculation for TM modes and get eigenfrequencies (1)
ms.run_tm(mpb.fix_hfield_phase)
tm_modes = ms.all_fregs

# Get a list of gaps (2)
tm_gaps = ms.gap_list

# Produce plots (3)

resol = points_to_insert+1

y_max = max(tm_modes[:,num_bands-1])+0.1

k_float_label = 3*xpoints_to_insert*np.linspace(0,1,resol*3+1)
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fig, ax = plt.subplots()
ax.plot(k_float_label, tm_modes, color=’blue’, lw=2)

for gap in tm_gaps:
if gap[0] > 1:
ax.fill_between(x, gapl[1l], gap[2],
color=’blue’, alpha=0.2)

ax.set_xticks(k_float_label[[0,resol ,2*resol ,3*resol]])
ax.set_xticklabels (["I'","K(K’>)","M","I'"])

plt.ylabel (*wa/(27c)’, fontsize=16)
ax.set_xlim(k_float_label[0] ,k_float_label [3*resol])
ax.set_ylim ([0, y_max])

ax.vlines(k_float_label[resol],
ymin=0,
ymax=2*y_max,
colors=’k’,
linestyles="solid",
lw=1)
ax.vlines(k_float_label [2*resol],
ymin=0,
ymax=2*y_max,
colors=’k’,
linestyles="solid",
lw=1)

plt.show ()

(1) The simulation is run with the fix_efield_phase option to ensure that
the phase is not random, but instead maximizes the energy in the real part of
the field. This does not affect the band structure calculations, but it is essential
when dealing with eigenfunctions. (2) MPB offers a convenient method to extract
information about band gaps, which we can use to look for band gap overlaps.
(3) The code produces a plot of the band structure, including highlighted band
gaps, marked high-symmetry points, and a scale-less y-axis.

Using the code above with fixed values of H, D, B = [0.2a,0.3a,0.28a] and for
three different values of © = [0°,122°,180°] produces the band structures shown
in Figure , demonstrating agreement with the results shown in [53] calculated
using COMSOL. Therefore, these results validate the approach taken in this
Thesis, which relies on the use of MPB and FDTD to compute the photonic band
structures and their properties.

On the other hand, the band structures displayed in Figure [2.5] reveal another
aspect that is central in this Thesis. More specifically, the computed structures
show that the change from © = 0° to © = 180° is not an adiabatic transformation,
since along the way, at ©® = 122°, the band gap closes, forming a double Dirac
cone. This indicates the possibility of a symmetry band inversion. To determine
whether an inversion occurred and the system became topological, we need to
investigate the eigenmodes in those bands, which is discused in the following
section.
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Figure 2.5 Bandstructures of PC unit cells designed by Huang in [53|. Fixed parame-
ters are: H = 0.2a; D = 0.3a; B = 0.28a; &, = 12, the PC geometry is depicted in the
bottom right corner. (a) © = 0°, the PC is in topologically trivial state (b) © = 122°,
the band-gap closes, the PC is in a process of topological tzransition (¢) © = 180°, the
PC is in topologicaly non-trivial state

2.1.2 MPB eigenmodes

Using the mode solver object defined in Section the eigenmodes at I" can
be obtained as follows:

# Function to extract fields (1)
def get_fields(ms, band):
fields.append(ms.get_efield(band, bloch_phase=False))

# Run the calculation (2)

fields=1[]

ms.run_tm (mpb.output_at_kpoint (mp.Vector3(0,0),
mpb.fix_efield_phase,
get_fields))

# Prepere fields for plot (3)
rectified_fields=[]
for £ in fields:

f=f[...,0,2]

rectified_fields.append (md.convert (f))
eigvec = np.array(converted).real

# Produce the plot (4)
for i, field in enumerate(eigvec):
plt.subplot (331 + i)
plt.contour (converted_eps.T, cmap=’binary’)
plt.imshow(field.T,
interpolation=’spline36’,
cmap='RdBu’,
alpha=0.9)
plt.axis (’off’)

plt.show ()

(1) Definition of a function for extracting the eigenmodes from the solver. (2)
Running the simulation with the extraction function as a solver parameter. We
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run only the TM modes, as these are the modes that produce the photonic band
gap. The field we are extracting is the z-component of the electric field. (3) As in
the permittivity plot, the fields are angled due to the triangular lattice calculations
and need to be rectified. We also separate the real part for plotting purposes.
The field generally has a random phase, which is fixed by the fix_efield_phase
option in (2), maximizing the energy in the real part. To recognize the symmetry
of the eigenmode, it is sufficient to use only the real part. (4) Plotting procedure
of the eigenfunctions. Using the contour method provided by the matplotlib
library, we can visualize the edges of the material to gain a better understanding
of the modes.

The eigenmodes are shown in Figure Mode 1 is trivial for both configura-
tions. For © = 0°, modes 2 and 3 have p symmetry and modes 4 and 5 have d
symmetry. For © = 180°, the order is reversed: modes 2 and 3 have d symmetry
and modes 4 and 5 have p symmetry. This creates a clear band-symmetry inversion
between the two geometries.

From Figure 2.5 we see that in both configurations modes 1, 2, and 3 lie at
lower frequency (below the band gap near a/A = 0.6), while modes 4 and 5 lie
at higher frequency (above this gap). In other words, both geometries share the
same band gap, but the symmetries of the bands directly below (modes 2 and
3) and directly above (modes 4 and 5) this gap are exchanged when © changes
from 0° to 180°. This inversion of the band symmetries across the common gap
indicates that interface modes can appear inside this gap.
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Figure 2.6 Eigenmodes of the PC designed by Huang at I'. Countours of the
underlying structure are shown. The images depicts the real part of E, field with a
fixed phase.

Since the topological modes are a property of the bulk and appear at the
interface, in the next section we show how to combine individual unit cells to form
a topological interface using MPB.

2.1.3 MPB interface

In the previous section, we showed how to calculate a band structure of an
individual PC unit cell. To observe the topological modes, we need two semi-
infinite planes of topologically trivial and topologically non-trivial PCs. Neither
MPB nor FDTD supports these types of simulations. To deal with this problem,
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we use a supercell containing several periods of PC; unit cells and several periods
of PCy unit cells. Such a supercell is depicted in Figure 2.7h. This pattern is then
periodically repeated by MPB, forming the structure shown in Figure 2.7p.

Figure 2.7 Example of a unit-cell for interface MPB calculations. a) single unit-cell
defined in MPB geometry list. b) Pattern prodiced by periodical repetition of the
Unit-cell, mimicing the topological interface.

The interface calculations are similar to those of a single unit cell, with just a
few differences:

# Increase the size of lattice (1)

geometry_lattice = mp.Lattice(size=mp.Vector3 (2*xNpers,1),
basisl=mp.Vector3 (math.sqrt(3)/2, 0.5),
basis2=mp.Vector3 (math.sqrt(3)/2, -0.5)
)

# Add the number of periods to the unit cell (2)
def add_structure(cx,cy,theta):
for i in range (6):
alpha=2*np.pi/6.*1i
add_triangle(H,L,B,theta,alpha,cx,cy)

for i in range (Npers):

cy = 0
cx = i+0.5
theta=0

add_structure (cx,cy,theta)
cx=1i+0.5-Npers

theta=np.pi

add_structure (cx,cy,theta)

(1) The size of the unit cell has to be adjusted to accommodate 2V elementary
unit cells (IV for each type of PC). (2) The building blocks of the unit cell have
to be replicated with different x_offset values.

A band structure with eight periods of each PC type is shown in Figure 2.8
Since we now have sixteen PC unit cells in the supercell, the number of calculated
bands has to be increased. For single-cell calculations, we needed to calculate
5 bands, but here we need eighty. In this case, the topological modes partially
breach the band gap, one from below and one from above.
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Figure 2.8 Reproduction of the topological interface band structure calculation done

by Huang [53]. 8 topologically trivial PC unit cells and 8 topologically non-trivial PC
unit cells was used in a supercell.

This concludes the introduction to MPB and its use in topological calculations
throughout this thesis. We have demonstrated that it can replicate results obtained
by COMSOL by reproducing the calculations done by Huang [53]. The next step,
aimed at the analysis of the transmission characteristics of the crystals and the
impact of defects, requires the use of a different tool, which in our case is the
FDTD algorithm. We discuss this aspect in the following.

2.2 FDTD method

The Finite-Difference Time-Domain method is a technique for directly solving
Maxwell’s equations. It discretizes the spatial coordinates into a Yee grid [75] and
introduces a finite time step. The numerical stability of the method is controlled
by the relation between the time step and the spatial step. Typically, the time
step is chosen so that it takes the electromagnetic wave ten to twenty time steps to
propagate through the unit cell with the highest refractive index in the simulation
region to ensure the simulation stability:.

Discretizing the spatial and time steps allows reformulating Maxwell’s equations
into evolution equations, where the field variables are calculated based on previous
time steps. The evolution equation for TM modes in two dimensions can look as
follows:
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Here, the upper index of the field variables n indicates the time step, while
i, 7 mark the position on the grid, and the C,,.. terms include permittivity,
permeability, conductivity, and stability factors. The half step at the n variable
is a feature of the Yee grid (see Figure , which separates the electric and
magnetic fields into two distinct subgrids with a half-step offset. This enables a
central difference approximation of the derivatives without increasing the grid
resolution.
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Figure 2.9 Schematic representation of a single grid cell in the 2D Yee grid before
reindexing the sub-grids. The diagram illustrates the field components of the transverse
magnetic (TM) mode, including the electric field E, at the grid points and the magnetic
field components H, and H, at staggered half-grid positions.

Notice that to calculate a field component at (i, j), it is necessary to know the
field at (i 4 s,j +s), where s € {—1,0,1}. This becomes an issue at the boundary
of the simulation region, where some components are missing. Supplementing
the missing values with zeros would lead to artificial reflections at the boundary.
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The solution to this problem is to introduce artificial layers called PML (perfectly
matched layers), with gradually increasing material loss, which are perfectly
matched in conductivity with the simulation objects. As the field propagates
through these layers, it is gradually absorbed, and in the new simulation region,
the reflections caused by missing simulation cells are suppressed. Simulating the
photonic crystal unit cells avoids this issue, since periodic boundary conditions (or
Bloch boundary conditions for specific k-vector simulations) can be used instead.
However, for topological interface transmission simulations, PML must be used.

FDTD operates in the time domain, which allows recording raw field data in a
specific simulation region. This data can later be processed to obtain the spectral
behavior or other properties, meaning that all specified frequencies are obtained
from a single simulation. This places a small constraint on the material data,
as we need an analytical description of the material properties in the selected
frequency range to model dispersive behavior. This constraint is not an issue in
this work, as we focus on dielectric materials, namely Indium Phosphide (InP),
available in the Lumerical material database [76| 77|, in a spectral region with
little to no dispersion. The targeted wavelength for the potential application is
1550 nm. The InP model for FDTD is shown in Figure 2.10[ The imaginary part
of the relative permittivity is on the order of 107 in this region.

InP - Palik
|
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10,21 .
a » Material data
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Figure 2.10 Relative permittivity of InP used in the FDTD simulation. The figure
demonstrates a strong agreement between the data published by Pelik and the model
implemented in the FDTD simulation.

2.2.1 FDTD in topological simulations

We use FDTD in two situations: a) To characterize the transmission of the
topological interface b) To demonstrate the presence of topological bands in the
photonic band gap by a method other than MPB
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The FDTD method is a universal solver that could be used for all the calcu-
lations in this work. However, for solving eigenproblems, the frequencies are
captured via Fourier transform, which does not guarantee capturing all eigenfre-
quencies, especially in the case of degeneracies. Furthermore, if we wanted to
obtain the eigenfunctions, we would need to run the simulation for each eigen-
function individually. This why in this Thesis we rely on MPB to solve the
eigenproblems, where we rely on FDTD to carry out the transmission calculations
and to validate the existence of topological modes through a method other than
MPB.

The FDTD simulation in Ansys / Lumerical consists of the following objects:
a) The geometrical objects we want to simulate b) The FDTD simulation region,
which sets up the mesh and boundary conditions c¢) The electromagnetic field
source d) The monitors that record the fields, which might be used later in post-
processing The specifics of these objects differ based on the type of simulation we
are performing.

2.2.2 FDTD transmission simulation

The schema of the simulation objects for the topological interface simulation
is shown in Figure [2.11] The green and orange squares represent different PC unit
cells, with each type of PC consisting of N x M unit cells. These squares should
not be confused with the Yee grid—each of them is built on a much more detailed
FDTD grid. The simulation region is surrounded by PML layers to suppress
reflections. This means we need to use a sufficient number of PC unit cells to
invoke periodic behavior. We use N = 20, and later we will demonstrate that this
number of cells is sufficient.

The source we use is a line source (for 2D simulation) with a custom profile.
Since we are interested in the transmission properties of the interface for the
topological mode, we do not investigate how the source is created. Other authors,
such as Kagami [65], have already designed couplers from regular waveguides to
topological waveguides. We obtain the topological source from another simulation
that is built similarly to the one described in Figure [2.11] but in this case, the
source is a combination of two dipole sources with a 90° phase offset and orientation
to invoke all the modes in the desired spectral region. We set the spectral region
to the photonic band gap, where only the topological modes exist, and so only the
topological modes can couple to the interface and be recorded by the monitor Ts.
We then export the recorded field from the monitor Ty and use it as the input
for the source in the transmission simulation. We use a combination of two line
frequency-domain profile monitors, T; and T, separated by K PC unit cells to
measure the transmission of the interface, which in this case is defined as the
fraction of power propagated from T, to Ts.

A technical note on building the simulation geometry: it is recommended
to control the simulation objects in Lumerical using the Lumerical scripting
language (.Isf file), even though a graphical user interface (GUI) is available.
The Lumerical scripting commands are available in Python via the Interconnect
Ansys module. Since we are working with geometry optimization, we opted to use
Python to handle all simulation settings. However, building simulation objects
from Python using Lumerical script commands inflates the setup time, since each

33



M cells

Source

L1 1 v

<& »
« » <

N cells N cells

v

Figure 2.11 Schematic representation of the FDTD interface transmission simulation
setup. Green squares indicate trivial photonic crystal unit cells, while orange squares
denote topological photonic crystal unit cells. The interface consists of two photonic
crystal regions, each containing N x M unit cells. The red line represents the electro-
magnetic field source within the simulation domain. Blue lines indicate monitors Ty
and Ty, positioned K unit cells apart, for recording field data.

Python command has to pass through the Interconnect to the Lumerical FDTD
solver. Setting up sources, monitors, boundaries, and the mesh is acceptable,
as it involves only a few commands, but the geometrical objects, especially in
interface simulations, cause problems, as we have to set up thousands of individual
objects in the simulation. Each PC unit cell contains several geometrical objects.
We solved this problem by creating an .Isf script that accepts a bitmap created
by Python, which describes the geometrical objects. This way, the geometrical
objects are created from inside the FDTD solver, while still being controlled by
Python, which is a much faster option.

Another note for the transmission simulation is that, since the method operates
in the time domain, it uses a Fourier transform to obtain spectral data. However,
the simulation must run only for a limited time, which effectively truncates the
Fourier transform. This creates a problem where the recorded data is polluted by
convolution with a sinc function. Suppose we have a source H(w) that produces a
time-dependent field A(t). The simulation runs only for a certain time, defined by
the support function s(¢). Then, for the recorded spectrum R(w), we can write:

R(w) = F{h@) - s(t)} = F{h(t)} + F{s(t)} = H(w) * S(w) (2.5)

Lumerical is efficient with the deconvolution of the results, but in our case,
we are dealing with a situation where a topological mode exhibits very high
transmission within a photonic band gap that otherwise has zero transmission.
This sharp change, effectively a step function, poses a problem for the finite-window
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Fourier transform as well as the deconvolution. The recorded spectrum exhibits
oscillating behavior. This issue is amplified in the transmission calculation, where
we take the ratio of two oscillating functions, especially in regions within the band
gap. The small values in the denominator effectively inflate the values in the
numerator, which can lead to sharp spikes in the transmission inside the photonic
band gap. This is a form of noise amplification and can also result in transmission
overshooting 100%, which is non-physical. For this reason, the transmission results
should be viewed as qualitative rather than quantitative.

Results of such calculations are shown in Figure [2.12] which presents an FDTD
reproduction of the Huang topological interface [53]. Here, we present raw data
to demonstrate the oscillation effect in its most severe form. In the scale-less
frequency range between 0.51 and 0.52, we can see that the transmission values
oscillate around 100%, which corresponds to the topological mode below the
photonic band gap. Then, there is a sharp drop in transmission between 0.52 and
0.54, corresponding to the band gap. Afterward, the transmission rises again but
with heavy noise, making the second topological mode unrecognizable.

120

+ + +++
+
+ ++ + + .
L
+ + + +
+
100 +++ s + +*
oy +
+ iy +"+*'
' + o+
(] +H +
E 80 . +: + +
+ P . ++
LR
g i+ + +§+4‘-" +4 1‘*‘4:
@ R P
n 60 4 + + +f++ *
= b i,
+ . + + o+ + ¥+ +
E ','. ++ + + * 4 ¥ * . ¥
n 1 + R g
[ + 4 + g 4 +
© 40 + +H O
+ 3t + 4 * 4 + *
— + + + + o+
+ +oay + + ¥ + i +
*ETY Fan + b e i
8 SN T
20 t. + . i
+ + s
H+
i - A o
+H+
0 T T T T T T
0.50 0.51 0.52 0.53 0.54 0.55 0.56 0.57 0.58
wa
2nc

Figure 2.12 Transmission of the topological interface designed by Huag [53] calculated
by FDTD method. The oscillations are cause by the finite time windon of the simulation
as described in sec. m

2.2.3 FDTD bandstructure simulations

There are two types of band structure calculations in this work. The first
type involves calculating the band structure of individual photonic crystals to
determine the position of the band gap and the ordering of band symmetries to
identify band symmetry inversion. The second type involves calculating the band
structure of the topological interface, where we are interested in the position,
localization, and dispersion of the topological modes. We use FDTD for the latter
as a means to cross-verify the results.
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Obtaining the band structure through the FDTD method requires running a
simulation for each k vector individually. There is also no direct method to obtain
the eigenvalues. The simulation process begins by enclosing the PC unit cell in
Bloch boundary conditions, which are similar to periodic boundary conditions
but support a phase offset. This allows specifying the k point in the reciprocal
space that we want to calculate. The source of the field is a swarm of randomly
placed broadband dipoles with random polarization, orientation, and phase. The
goal is to excite all possible modes in the specified spectral region. A separate
swarm of randomly placed time monitors records the field at specific points and
observes its decay. The field decays quickly at non-resonant frequencies, while
it persists at resonant frequencies (eigenvalues). The eigenfrequencies are then
captured from the time monitors by averaging and Fourier transforming. Multiple
time monitors are required to avoid cases where the field is recorded at a node of a
mode, causing the monitor to miss the resonance. The geometry of the simulation
is shown in Figure 2.13]
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Figure 2.13 Schematic representation of a FDTD band-structure simulation setup.
The orange shape represents the photonic crystal unit cell structure, while the pink
region denotes the FDTD simulation domain. The purple dashed line indicates the
Bloch boundary condition, which determines the position in k-space. Red stars mark
the randomly selected positions of dipole sources, ensuring excitation of all modes. Blue
crosses represent time monitors, which measure the field decay rate to capture the
resonant eigenfrequencies.

Furthermore, the unit cell design for the FDTD interface band structure differs
from the one used in MPB calculations. Using a single strip of trivial and non-
trivial PC cells would result in an unbalanced simulation region, where randomly
placed objects (dipole sources and time monitors) would not be able to excite and
measure the field. For better convergence, it is beneficial to use a rectified version
(see Figure , even if it requires more unit cells in the simulation. We aim for
a side ratio of 4:1. This increase in unit cells within the simulation region would
produce significantly more modes folding over each other in MPB. However, since
FDTD captures only the Fourier transform of the resonant field, many degenerate
resonances are captured as one. This is not an issue here, as we are interested
only in the topological modes in the band gap, which appear in pairs and are
isolated from the folded bulk modes.

We again demonstrate the use of FDTD in the case of the Huang interface
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Figure 2.14 Schematic representation of the FDTD interface band-structure simula-
tion setup. Orange squares represent topologically non-trivial photonic crystal unit cells,
while green squares denote trivial photonic crystal unit cells. The simulation domain
consists of 2N x M such cells. In this study, we set N = 10 and M = 5 to maintain
an aspect ratio of approximately 4:1. Twenty dipole sources (red stars) are randomly
positioned to excite all modes, and twenty time monitors (blue crosses) are randomly
placed to measure the field decay rate. Bloch boundary conditions (purple dashed lines)
are applied.

[53] in Figure Here, we can see that some resonances are falsely captured
and some are missing.

As opposed to the MPB band structure simulations, the FDTD band structure
simulation scheme does not produce eigenmode field distributions. A simulation for
each individual eigenmode (not just k vector) would have to be run with spectrally
narrow sources and the appropriate Bloch boundary conditions. Although possible,
this approach is not recommended, as MPB performs much better in this regard
and no new information is gained.
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designed by Huang [53].
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3 Exploration of Chern
Topologies for IR Photonics

The aim of this research is to develop and characterise topologically protected
edge states suitable for photonic integration. At the beginning of the project, we
chose to explore Chern-type topological states, since they offer a high degree of
control over photonic modes. By tuning the difference between Chern numbers
around a given photonic band gap, one can select the exact number of topologically
protected edge modes that appear within the gap. This tunability makes Chern-
type systems attractive for device applications. In addition, Chern topology
does not require any special interface material, because air or vacuum is already
topologically trivial, which simplifies fabrication and broadens the range of usable
material platforms.

However, a fundamental limitation of Chern topology is that it requires
breaking TRS. In photonics this is usually achieved with magnetic materials, which
operate effectively only at much lower frequencies than the IR range targeted in
integrated photonic platforms. This means that, although Chern systems seem
promising from a theoretical point of view, the operating wavelength required for
TRS breaking makes them unsuitable for practical IR devices. Metamaterials can
generate artificial magnetism without magnetic materials, which at first seems to
relax this requirement, but this would lead to designing a metamaterial out of
a metamaterial and does not provide a fabrication-friendly or scalable solution.
We also explored how far the material parameters can be tuned while keeping
the topological phase intact, but the allowed parameter range does not permit a
sufficient shift of the operating wavelength. As we will show, both natural and
artificial magnetic approaches fail to produce practical Chern-type topological
modes in the IR.

When we started the research, several design concepts for topologically non-
trivial photonic crystals were already available. Our goal was to identify an
optimal design, which could be a modification of an existing concept or a new
structure. The motivation was to provide a flexible design framework, where a
device engineer could specify the desired operating wavelength and the available
materials, and our method would return a suitable topological crystal. During
this exploration it became clear that Chern-type systems cannot meet the target
wavelength constraints in integrated IR photonics, which leads to the need for an
alternative approach.

Achieving such optimisation requires automation of the topological design
process. A key challenge is the automated calculation of Chern numbers in
photonic crystals. If a photonic band of interest crosses other bands, the Chern
number cannot be assigned to a single isolated band and must instead be computed
for the full group of bands involved in the crossing. As the geometry is tuned to
explore design variations, the band structure evolves and new band crossings can
appear. This makes it necessary to automatically detect such crossings, group the
affected bands, and compute the correct total Chern number of the band group.

In this chapter we describe our exploration of Chern topologies and the extent
to which the required conditions can be relaxed. We conclude that Chern-type
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materials are not suitable for IR integrated photonics and motivate the need for
an alternative approach based on OAL crystals, introduced in Chapter 4| and

3.1 Band connection procedure

As discussed in the introduction, the symmetry of eigenmodes obtained from
Eq. plays a crucial role in two key aspects. First, it allows for the correct
connection of eigenvalues to construct the photonic band structure, enabling the
identification of band crossings, which are fundamental to understanding Chern
topology.

To remind and summarize previous chapters, in this study we focus on trans-
verse magnetic modes, as they are known to induce a photonic band gap [78,
79]. Specifically, we consider only the periodic component of the Bloch wave
solution, denoted as ug(r) (see Eq. [1.12)), which is a two-dimensional complex
field dependent on the spatial coordinate r.

To compute the eigenmodes, we employ the MIT Photonic Bands Python
library, available for macOS and Linux. Alternative approaches, such as COMSOL
Multiphysics [80] or finite-difference time-domain (FDTD) solvers, can also be
used. However, due to its high computational cost, FDTD is preferable only when
accounting for materials with significant losses or dispersion.

In MPB, we utilize the built-in option to fix the phase of the eigenmode
such that the real part of the field maximizes energy. This approach allows us
to transform the complex function ug(r) into a scalar two-dimensional array.
Figure illustrates examples of eigenfunctions obtained using this method,
corresponding to the first twelve eigenvalues at the I" point of a triangular photonic
crystal composed of dielectric rings.

3.1.1 The need for the automated band connection

As mentioned in the earlier chapters, the correct identification of band crossings
is essential for topological photonics, since it plays a crucial role in the calculation
of the Chern number and the Wilson loop, which are used to classify the topological
nature of our systems. The issue arises because the photonic band structure is
obtained as a set of eigenvalues of the eigenproblem defined in equation [I.§
This eigenproblem is typically solved using MPB or COMSOL. However, in the
case of MPB, the resulting bands are connected based on the eigenvalue index
without considering the underlying symmetry. We illustrate this problem using
an example known to exhibit a photonic band crossing, studied in [81]. The band
structure computed with MPB is shown in figure [3.2] Panels a)-c) demonstrate
that MPB incorrectly assumes an anti-crossing between the red and green bands
along the X — M path. An inspection of the corresponding eigenmodes along the
X — 0.5X M path in panel c) reveals a switch in eigenmode type, indicating that
the bands are connected incorrectly. The result of our algorithm is shown in panel
d), where the symmetry of the eigenmodes is taken into account, and the crossing
is correctly identified.
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Bl

Figure 3.1 Visualization of periodic functions from the Bloch form in a photonic
crystal composed of dielectric rings arranged in a triangular lattice. Each subfigure
(a—1) represents a different standing wave mode, calculated at the I' point. The red and
blue color gradients indicate phase variations, while the black outlines highlight the
structural elements.

3.1.2 Algorithm for automated band connection

To connect the bands, we employ the following strategy: we define a similarity
distance between two eigenvalues at consecutive k points along the ( path, where
the ¢ path connects high-symmetry points in the Brillouin zone (see Fig. . We
split the path into segments between the points of high symmetry, for example
path I' — X — M is split into segments ([I' — X, [X — M|, [M —T']) and we operate
on each segment individually. We then sequentially append eigenvalues to form a
band . Once this process is complete, we compute the average eigenfunction of
the constructed band. This average eigenfunction is subsequently used in the next
iteration of band formation. After each iteration, we check whether the average
eigenfunction has changed. If it remains unchanged, the algorithm has converged.
We then connect the bands on segments since they share the same edge points.
The algorithm is illustrated in Fig. [3.4]

This algorithm is inspired by machine-learning clustering algorithms, where,
instead of identifying a converged average eigenfunction, the goal is to find a
stable center of mass for each cluster 7 .

We define the initial distance d,,, , between the m-th eigenvalue at k£ and the
n-th eigenvalue at k + 1 as follows:

|&m k — &n k—|—1|
dm n = ’ ’ ] 3.1
T (U o (1) [t 1 (1)) (3.1)
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Figure 3.2 Illustration of the role of proper band connection, using a simple photonic
crystal system that exhibits a band crossing . The structure is a two-dimensional
square lattice of dielectric rods with permittivity e = 7.2 and radius » = 0.2a in air. a)
Band structure calculated with MPB, where bands are ordered only by eigenvalue index.
An apparent anti-crossing can be seen between the red and green bands along the X—M
line. b) Magnified view of the possible crossing region. The discrete eigenvalues at each
k-point are shown as dots, with the corresponding eigenmodes presented in the (c) panel.
c) Normalized field patterns of the eigenmodes from b). A symmetry change occurs
after the third mode, revealing an incorrect band labeling caused by eigenvalue-only
tracking. d) Corrected band structure produced by our automated method, which
considers both eigenvalue closeness and mode similarity .
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Figure 3.3 Illustration of the ¢ path in the Brillouin zone, connecting high-symmetry
points I', X, and M. The discretized k points along the path are labeled as
k07 kla k27 sy kmax-

where @, is the m-th eigenvalue obtained from Eq. solved for k. Notice
that & is no longer a vector, but rather the index of k along the  path segment.
The term (w5 (r)|tn r4+1(r)) denotes the scalar product of the two eigenfunctions,
which in our case is a two-dimensional sum:

M-1
(o (0) [tn o1 (1)) = D Wk [, 7] - i [, 7] (32)
i,j=0

Here, M is the spatial resolution of the eigenfunction defined in the MPB
calculation, and wy,y [r;, ;] is the scalar value of the wu,, field at the (r;,r;)
coordinate.

It is preferable to avoid initiating the appending process at a high symmetry
point, as it is a common location for degeneracies. Instead, we select a starting
point, kg, along the ¢ path based on the highest separation value. The separation
value is defined as:

Mmaz—1

Sk = H (&erlJf — CALmJg) (33)
m=0

The separation value is defined to minimize the likelihood of two eigenvalues
being close in energy.

Starting from the lowest eigenvalue, a,, = 0, k = Kkgart, We construct the
first band by minimizing the distance between eigenvalues, as defined in Eq. 3.1}
We then proceed upwards in the eigenvalue index, removing already assigned
eigenvalues from the available pool for subsequent appending. Once the initial
band formation is complete, we compute the average eigenvector for each band
segment:

1 kmaz
)= — 3y 3.4
wlr) = g . ) (3.4

Here, we introduce a new indexing variable, 7, for the already sorted bands.
Note that the indexing starts from 0 to ensure compatibility with later equations
used in scripts.
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Figure 3.4 Flowchart of the band connection algorithm for individual k-space seg-
ments. The process begins by solving the eigenproblem along the ( path, selecting
the k point with the highest separation S, and constructing an initial set of bands
based on the distance d. The mean eigenfunctions are computed iteratively, and bands
are updated based on d. The algorithm repeats until the mean eigenfunctions remain
unchanged, indicating convergence. Segments are finally stitched together at shared
edge points to reconstruct full bands.
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With this newly computed average eigenfunction, we can define the distance
for the iterative process as:

- |G ) — G pern |
ding = ’ ’ , 3.5
b () [ (1)) (3:5)

We now construct the bands based on d, following the same procedure as with
d, and compute a new set of average eigenvectors. If this new set matches the
previous one, the iteration process terminates, indicating that the band segments
have been correctly connected. If the sets differ, we continue iterating until
convergence is achieved.

Once the band segments are stabilized, we can reconstruct the full bands by
connecting them through endpoint matching. Since each high-symmetry point
and its corresponding eigenfunction appear in two segments, we can use this
redundancy for consistent connection. For example, T" is included in both [M — T
and [[" — X].

Connecting the bands enables the identification of potential band crossings by
examining whether there exists a combination of two or more k points where the
eigenvalue order reverses. Specifically, a band crossing is detected if, at one k
point, a;, > G;,, while at another, @; 5, < @;,:
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sign(Yik — Vi) 7 SIN(Vik+1 — Vik+1) - (3.6)

Using this criterion, we can select the set of intersecting bands for the overlap
matrix (Eq. [1.20) to compute the Berry curvature.

With the automation of the topological invariant calculation, we can now pro-
ceed to investigate variations in material and geometrical parameters to identify
topological phase transitions, material requirements, and the optimal geometry.

3.2 Problem of scale

The first problem we aimed to address is the material requirement for the
Chern topological invariant to arise at frequencies and length scales suitable for
integration. As mentioned in the introduction, non-trivial Chern numbers require
an external magnetic field that produces off-diagonal elements in the permeability
tensor and breaks time-reversal symmetry [85]. In two dimensions, the relative
permeability tensor has the form

Hrd  Hrod 0
Hr = |Mrod Hrd 0 s (37)
0 0 1

where the indices d and od mark the diagonal and off-diagonal elements, which
describe the gyromagnetic properties [86]. In [20], Blanco uses values of y, 4 = 14
and fi,,¢ = 12.4i, corresponding to yttrium iron garnet (YIG) [87], which is
commonly used in magneto-optics and Chern-type photonic crystals.

YIG exhibits dominant permeability values (both diagonal and off-diagonal)
between 10 and 100 MHz. Around 1.5 GHz, the off-diagonal component reaches
approximately 1, and above 2 GHz it becomes effectively zero [88]. Since photonic
crystals operate at wavelengths on the same scale as the lattice size [89], a frequency
of 2 GHz corresponds to a wavelength of roughly 15 cm [90]. This already indicates
a mismatch between the natural operation range of Chern photonic crystals based
on YIG and the micron-scale wavelengths required for integrated photonics.

In this section, we systematically explore whether the material constraints of
Chern systems can be relaxed so that the same topological phase survives with
smaller permeability values and, ideally, at higher frequencies. We consider two
related strategies:

(i) reducing the required magnitude of the gyrotropic permeability while keeping
the same topological phase, and

(ii) modifying the unit-cell geometry to increase the overlap between the elec-
tromagnetic field and the gyromagnetic material, which should make the
topological phase more robust and potentially reduce the required perme-
ability values.
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3.2.1 Material parameter scan around a reference Chern
crystal
As a reference system, we use the design of Blanco [20], shown in Fig. . It

is a simple square lattice with a single geometrical parameter, the radius r of a
central cylinder, which makes it convenient for a systematic study.
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Figure 3.5 Chern photonic crystal acting as a topological insulator, designed by
Blanco [20]. a) Geometrical definition of the square unit cell with lattice parameter
a, containing a central cylinder with radius . The material parameters are i, 4 = 14,
trod = 12.44, and e, = 15. b) Band structure of the photonic crystal with the Chern
numbers of the individual bands indicated.

For these parameters, the structure produces three separated bands with Chern
numbers (0,1, —2) (see Fig. [3.5b). We use this configuration as a starting point
and ask for which material parameters the same topological phase persists. Here,
topological phase means that:

« the Chern numbers of the first three bands remain (0, 1, —2), and

o the number of photonic band gaps between these bands remains unchanged.

The configuration space consists of the diagonal and off-diagonal permeability
and the diagonal permittivity,

(,ur,da Hr od, 57’) € [Oa 20] )

with the constraint ji, o0 < firq-

To investigate strategy (ii), we vary the radius of the central cylinder. Increasing
r increases the overlap between the electromagnetic field and the gyromagnetic
material, which intuitively should stabilize the topological phase. In other words,
a larger portion of the field energy is stored inside the gyromagnetic region, so
one might expect that smaller permeability values could still give rise to the same
Chern phase.

3.2.2 Effect of field—material overlap

The boundaries of the topological phase for » = 0.1a are shown in Fig. [3.0]
and for r = 0.15a in Fig. [3.7. Each point in these diagrams corresponds to a
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material parameter set for which the band structure was calculated and the Chern
numbers were evaluated. The size of the dots represents the size of the second
photonic band gap.
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Figure 3.6 Boundaries of the topological phase C' = (0,1, —2) in the material con-
figuration space of a square lattice photonic crystal with a central cylinder of radius
r = 0.1a. The size of the dots represents the size of the second photonic band gap (see
Fig. [3.5b). The phase does not extend to small values of j, 4 and gy oq.

Comparing Figs. [3.6 and [3.7] shows that increasing the field-material overlap
by enlarging the radius indeed enlarges the region in parameter space where the
Chern phase C' = (0, 1, —2) exists. The topological phase becomes more robust
against variations of fi, 4, fireq, and €.

However, this effect has a clear limitation. Even for the larger radius and
a finer sampling of the parameter space, the allowed region does not extend to
small values of y, 4 and i, ,4. In other words, although changing the geometry
can make the phase more tolerant to parameter changes, it cannot reduce the
required permeability values to be close to one. The Chern phase remains tied
to strongly gyrotropic materials that are only available at microwave frequencies,
and therefore to large wavelengths and lattice constants.
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This analysis shows that strategy (ii), increasing the field-material overlap,
helps to stabilise the Chern phase but does not solve the underlying scale prob-
lem. The topological phase cannot be shifted into a regime where the required
permeability values are compatible with micron-scale operation.

3.2.3 Metamaterials as an alternative route

A natural alternative is to ask whether metamaterials could provide the
required gyrotropic permeability at much higher frequencies. In [91], Singh reports
sufficient values of permeability in the low THz region, pushing the wavelength
down to about 600, um, which would correspond to a unit cell size of approximately
300, pm.

In principle, such a material could be designed and optimised using the Lumer-
ical FDTD solver. This tool allows the calculation of complex reflection and
transmission coefficients (S-parameters) and the extraction of effective metamate-
rial parameters such as refractive index, impedance, permittivity, and permeability
(92 93]. One could then try to tailor the metamaterial response so that the effec-
tive permeability tensor matches the values required for a given Chern phase, but
at higher frequencies.

However, this approach effectively amounts to building a Chern photonic
crystal out of a material that is itself a complex metamaterial. The resulting
structure would be a "metamaterial out of metamaterials", with several serious
drawbacks:

o The fabrication would be extremely demanding, since one would need to
pattern subwavelength resonant elements and then arrange them into a
larger-scale photonic crystal.

o The extraction and control of the effective parameters would become highly
non-trivial, especially when trying to preserve a specific topological phase
across a wide parameter range.

For these reasons, although metamaterials offer a conceptual way to shift
permeability to higher frequencies, they do not provide a practical route to simple
and robust Chern photonic crystals operating at infrared or visible wavelengths.

3.2.4 Shift of focus to dielectric topological platforms

From the above investigation, we can draw a clear conclusion. Achieving Chern-
type topological phases at higher frequencies (for example in the infrared or visible
regimes) requires materials or metamaterials with large gyrotropic permeability.
Such values are naturally available only in the microwave regime. Increasing the
field-material overlap by geometric changes can expand the topological phase in
the material configuration space, but it does not reduce the required permeability
values enough to shift the operation frequency toward the optical range. Designing
an additional metamaterial to artificially increase permeability at high frequencies
would introduce a second level of structural complexity, making fabrication and
parameter control prohibitively difficult.

Therefore, using the Chern formalism as the main design principle for topolog-
ical edge-mode devices that should operate at micron-scale wavelengths and be
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integrated on a chip is not feasible in practice. This motivates a shift to topological
photonic platforms that do not rely on time-reversal symmetry breaking and do
not require large gyrotropic permeability. In the remainder of this thesis, we
therefore focus on such alternative platforms, in particular on obstructed atomic
limit crystals, which can support edge modes in standard dielectric materials and
at frequencies and length scales compatible with integrated photonics.
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Figure 3.7 Boundaries of the topological phase C = (0,1,

—2) in the material con-

figuration space of a square lattice photonic crystal with a central cylinder of radius
r = 0.15a. The size of the dots represents the size of the second photonic band gap (see
Fig. ) Compared to r = 0.1a, the topological phase has expanded, but it still does
not reach small values of p, 4 and g, oq.
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4 Automated Detection of
Band-Symmetry Inversions

The aim of this thesis is to move towards an application-ready, fabrication-
friendly, and integrable design of a topologically protected interface. In the
previous chapter, we established that Chern topology, the photonic equivalent of
the quantum Hall effect, does not lead to integrable designs, since the material
properties required to break time-reversal symmetry are not available in the optical
or near-infrared spectral region.

This motivates the search for a different topological platform. We choose to
investigate the obstructed atomic limit driven by eigenfunction-type inversion on
an Indium Phosphide platform, targeting a wavelength of 1550 nm in a square
lattice. While topological photonics commonly uses triangular lattices, this work
aims to explore the properties of such modes in a square lattice. The Cy lattice is
particularly attractive for realizing such behavior due to its compatibility with
orthogonal logic architectures [57}, 94} 95]. Indium Phosphide was chosen because
it is already widely used in photonic platforms [96] 97, 98].

To simplify the search for a suitable design, we need to automate the recognition
of eigenmode order inversion. We will explore various parametrized geometric
configurations of the photonic crystal unit cell, which can evolve through different
lattice types during the optimization. Furthermore, we need to find a pair of
photonic crystal unit cells that share a common photonic band gap to host the
topological modes and have the same eigenmode types but in a different order
around the band gap. These requirements complicate the standard approach
based on field projections into symmetry operations, since the lattice symmetry
group might not be known in advance. Moving away from symmetry-based
classification and focusing on data-driven recognition enables us to investigate
generative geometries that can give rise to various lattice types.

The goal is to create a procedure to analyze the dataset of eigenfunctions
produced during the geometrical exploration of a given design and to identify
whether a combination of geometrical parameters leads to eigenfunction order
inversion with a matching pair around a specific band gap.

4.1 Band-symmetry recognition procedure

The central challenge in this problem is to identify corresponding eigenmodes
across different geometries. Here, “different geometries” refers to different realiza-
tions of the same photonic crystal unit cell obtained by tuning the parameters that
define its shape. For each fixed set of parameters the eigenmodes are orthogonal
and their classification is straightforward. However, when the unit cell is modi-
fied, the resulting eigenmodes come from a different geometry and orthogonality
between modes from the two cases is no longer guaranteed. To address this, we
construct a set of comparators, which serve as reference functions. By evaluating
scalar products between eigenmodes and these comparators, we can classify the
modes into symmetry types and track the evolution of each mode across the
parameter space.
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4.1.1 Amplitude invariance via the sign function

A technical complication arises due to variations in eigenmode amplitude
profiles introduced by the eigenvalue solver (in our case, MPB). Even for the
same symmetry type, the relative amplitudes of lobes in an eigenfunction can vary
with geometry, as shown in Fig. Such inconsistencies make direct comparison
unreliable. To resolve this, we define a transformed eigenfunction that retains
only the sign of the field distribution:

vi(r) = sign (u(r)) (4.1)

where u;(r) is the eigenfunction indexed by ¢ and v;(r) is its sign representation.

This transformation eliminates amplitude variations while preserving the essential

spatial symmetry. All subsequent classification is carried out using v;(r) rather
than the raw eigenfunctions.

Figure 4.1 Demonstration of eigenfunction amplitude inconsistency in the same mode
of a photonic crystal under geometrical variation, obtained using MPB. a) The bottom
lobe exhibits a higher amplitude. b) Both lobes have equal amplitude. ¢) The top
lobe exhibits a higher amplitude. In all cases, the underlying symmetry is identical,
motivating the use of the sign function.

Since eigenmode symmetry is preserved along the band, it is sufficient to
evaluate eigenmodes only at the I' point, which simplifies the calculation.

4.1.2 Comparator-based mode recognition

Suppose we have a set of comparators {C,,(r)}, where each comparator rep-
resents a symmetry class from a specific point group symmetry, in our case
Cy. To classify a given eigenmode v, (r), we compute scalar products with each
comparator:

Sm,n = Zcm[laj] 'Un[iajL (42)
1,J
where the summation runs over the discretized spatial grid. If the maximum

scalar product s,,, exceeds a predefined threshold, chosen as two-thirds of the
total number of pixels 72, then eigenmode v, is assigned to comparator C,,:

Im such that s,, > 2r2 = v, € class(Cp,). (4.3)
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Otherwise, v, remains unlabeled.

4.1.3 Predefined comparators from group theory

In the simplest case, the comparator functions can be defined using irreducible
representations of the underlying point group symmetry. For example, in a C}
lattice, the following comparators distinguish between s-, p-, and d-like modes:

Cpe(r) =sign(z), Cpy(r) = sign(y),
Cdzy (I‘) = Sign(xy), CdIQ,y2 (I‘) = Sign(Iz - y2>‘

Here, C,, and C,, capture dipolar (p-like) symmetries along the z and y axes
transforming as E irreducible representation (irrep), while deLyQ and Cy,, capture
quadrupolar (d-like) symmetries, transforming as By, By irreps respectively. These
classes correspond to irreducible representations of the Cy group [99).

4.1.4 Comparator generation from the dataset

In many situations, the unit cell symmetry may not be known in advance. For
example, when the geometry results from a generative design algorithm or when
parameter tuning produces multiple symmetry types. In such cases, comparators
must be generated directly from the dataset.

The procedure works as follows:

1. Initialize the comparator set C = ().
2. For each eigenmode u,(r), compute its sign representation v, (r).
3. Compare v,, with all existing comparators C,, € C using the scalar product.

4. If no comparator satisfies s,,,, > %7‘5, then v,, is considered a new eigenmode
type and is added to C.

This ensures that C is incrementally constructed to capture the full symmetry
diversity of the dataset.

To avoid contamination from atypical modes at the parameter space bound-
aries, it is advantageous to initialize comparators using eigenmodes from the
central (average) geometry, which are most representative. Once this core set of
comparators is established, edge-case eigenmodes can be classified reliably.

4.1.5 Identifying band-symmetry inversion

Once all eigenfunctions are consistently labeled, identifying band-symmetry
inversion reduces to examining the eigenmode labels of the bands adjacent to
a photonic band gap. If the order of these labels is inverted between two unit
cell geometries that share a common band gap, the conditions for realizing an
obstructed atomic limit are satisfied.
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Figure 4.2 Flowchart of eigenmode labeling and comparator generation. The eigen-
problem is solved at the I' point for all geometries. Eigenmodes from the mean geometry
initialize the comparator set. Each unlabeled eigenmode is compared to the compara-
tors. If the scalar product with a comparator exceeds %rg, the eigenmode is labeled
accordingly. Otherwise, it becomes a new comparator.
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5 Search for Eigenmode
Inversions in (; Lattices

The objective of this chapter is to design a square-lattice photonic crystal
that exhibits a full eigenmode order inversion in C} lattices. We begin with a
qualitative analysis of the formation of topological phases, motivated by reports
in the literature suggesting that band degeneracies, and consequently the closure
of photonic band gaps, is accidental [51}, 100, 101} 102]. Next, we show that band
degeneracy and the associated band-gap closure can be deliberately induced.

The foundation of this chapter is based on the work of Xu et al. [51], who
present topological phase diagrams for their designs. The photonic crystal consid-
ered here is a triangular lattice of dielectric cylinders, as illustrated in Figure [5.1]
The authors present a band-symmetry inversion phase diagram that quantifies
the energy difference between the p and d modes. However, we found it more
insightful to examine the band gaps themselves and how they evolve with changing
geometric parameters.

In Figure we show that transitioning from a topologically trivial to a
non-trivial state by varying geometric parameters requires the system to undergo
a topological phase transition. This transition is characterized by the closure of
the photonic band gap, as the band ordering around the gap must invert. This
inversion occurs gradually as the geometry is varied. Raising the p modes above
the d modes leads to a point where the p and d modes become degenerate and the
photonic band gap closes. (In the referenced example, the gap closes at © = 122°.)

By examining the band gap above specific bands across a range of geometric
configurations of the photonic crystal unit cell, we can identify potential candidates
for topological phase transitions by observing where the gap closes and immediately
reopens. Such plots for the structure defined in Figure are shown in Figure
We adopted this technique as a simplified approach for identifying potential
topologically non-trivial candidates. By doing so, we can compute the band
structure for various geometries within the configuration space and focus on the
eigenfunctions only in the vicinity of band-gap closure regions.

Four of our designs are illustrated in Figure [5.3] The motivation behind the
designs shown in Figures and lies in the idea that tuning the geometric
parameters influences the effective lattice structure. For example, in the design
shown in Figure [5.3p, if the cylinder radius r is fixed at an arbitrary value, small
values of displacement d yield a regular Cj lattice with lattice constant a. At
d = 3, the resulting lattice is still square, but it is rotated by 7 radians and

has a lattice constant of g Another perspective is to consider the coupling
strength between the original unit cell and its neighbors: for small d, the intra-cell
coupling dominates, whereas for larger d, the inter-cell coupling becomes stronger.
This mechanism is similar to that employed in one of the foundational works in
topological photonics by Wu and Hu on the honeycomb lattice [103} |50].

To describe this situation in more detail, which we do not pursue in this thesis,

one could employ the tight-binding model (TBM) |104} 105]. The TBM offers a
simplified yet effective framework to describe how energy, such as light in photonic
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Figure 5.1 Schematic of a photonic crystal composed of rings arranged in a triangular
lattice. The design follows the work of Xu , which employs a dielectric material with
relative permittivity €, = 9. The configuration space is defined by the inner radius 7
and the outer radius ro of the rings.
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Figure 5.2 Photonic band gap characteristics of the structure proposed by Xu et
al. , plotted as a function of the geometric parameters 1 and 5. The units of the
variables used are given as fractions of the lattice parameter a. Each subplot corresponds
to a distinct band gap, indexed by the lower photonic band (a: index 0; b: index 2; c:
index 4; d: index 5). The color scale shows the central frequency (gap position) of the
band gap in normalized units wa/(2mc), while the dot size indicates the gap width in
the same units. Only non-zero gaps are shown. The diagonal white region corresponds
to the geometrical limit where 1 = ro, representing a vacuum with no structure. Below
this limit, the material is inverted, meaning air rings embedded in a dielectric.
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systems, propagates through a periodic structure by considering only localized
modes at each site and their coupling to neighboring sites. The relative strength
of these couplings, between sites within the same unit cell and those in adjacent
cells, directly affects the band structure and can lead to topological features
such as edge or corner states. By varying geometrical parameters that influence
these coupling strengths, one can model transitions between different topolog-
ical phases without solving the full electromagnetic problem for each configuration.

In Figure [5.3c, we examine how the behavior changes when the unit cell structure
from Figure is retained but the lattice type is altered. Figure explores
the consequences of reducing the symmetry of the design.

The design a from Figure[5.3|did not exhibit any indications of a potential phase
transition, as there are no regions with band-gap closure followed by reopening,
as shown in Figure However, it is worth noting that the structure is capable
of producing unusually large band gaps. In particular, Figure [5.4c shows a gap of
0.4 7%, spanning the energy range from 0.8 to 1.2 a/A. In this Figure, only the
gaps above bands with indices 3, 5, 7, and 8 are displayed, as not all bands can
support a band gap directly above them.

To avoid including an excessive number of unnecessary figures, we note that
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shown as a function of the geometric parameters r (cylinder radius) and d (cylinder
displacement). The units of the variables used are given as fractions of the lattice
parameter a. The plots display the first four band gaps with indices 3, 5, 7, and 8 (band
indices start from zero). The color scale represents the central frequency (gap position)
in normalized units wa/(27c), and the dot size indicates the gap width in the same

units.
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Figure 5.5 Photonic band gap characteristics of the structure defined in Figure ,
shown as a function of the geometric parameters r, (inner radius) and 7o (outer radius).
Both radii are expressed in normalized units as fractions of the lattice parameter a. The
plots display the first four band gaps with indices 3, 5, 7, and 8. The color scale in each
panel indicates the central frequency (gap position) in the same normalized units used
throughout the work, wa/(27c), and the dot size represents the corresponding gap width

in these units. The region where 1 > 79 again corresponds to the material-inverted
design described in Figure [5.2}

the study of design b from Figure [5.3| revealed some indications of gap closures
and reopenings. However, the results were inconclusive.

The design ¢ from Figure exhibits a rich band-gap structure, as shown in
Figure [5.5l Not only do all the bands form a band gap above them, but numerous
line-like localized band-gap closures are also present. The most prominent example
appears in Figure [5.5h. However, since this gap lies above the first band—which
corresponds to a trivial field configuration—no band-symmetry inversion can occur
there.

In Figure [5.5d, we observe several regions of line-like closures that suggest
potential band-symmetry inversion. Nevertheless, the band gap in this case is
very narrow, making it impractical for applications. For a topological band gap
to be useful, it must reside within a sufficiently wide photonic band gap, as the
spectral dispersion determines the operational bandwidth. The most promising
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radius). The units of the variables used are given as fractions of the lattice parameter
a. b) Number of field lobes in the eigenmodes corresponding to the band below the
investigated band gap. ¢) Number of field lobes in the eigenmodes corresponding to the
band above the investigated band gap.

candidate for band-symmetry inversion is shown in Figure [5.5h, where the band
gap is sufficiently large and features gap closures with clear contrast.

Breaking the design symmetry in design d from Figure yields qualitatively
similar results to design ¢. We chose to highlight the behavior of band 5 in Figure
[.6] where an isolated region emerges around a band-gap closure. Using a method
developed during the early stages of this research, we measured the number of
field lobes present in the eigenfunction, which we will discuss further in Section
b1

In Figure [5.6p, a band-gap region—highlighted by a red circle—is separated
from the surrounding configuration space by a line of band-gap closure. Analyzing
the eigenmodes of the bands below (Figure [5.6b) and above the gap (Figure [5.6c)
reveals that the number of field lobes in the eigenfunctions is reversed within this
region, indicating a band-symmetry inversion. To realize topologically protected
edge modes, we still need a couple of conditions: (i) establishing a boundary
between the band-inverted crystal with a topologically nontrivial crystal having
a regular ordering of eigenmodes; and (ii) the nontrivial crystal should have its
band-gap overlaping with that of the crystal with band-symmetry inversion.

While this approach presents a possible pathway to discovering non-trivial
photonic crystals, we have developed a more effective method, which will be
introduced in Section [5.2]

5.1 Early versions of the mode clasification

In this section, we briefly describe our early attempts to classify eigenfunctions
in order to identify band-symmetry inversion. As mentioned in Figure |5.6] one of
our initial methods involved counting the number of field lobes in the eigenfunc-
tions. This was done using the measure module from the skimage Python library,
specifically employing the find_contour method, as illustrated in Figure [5.7]

We later improved this approach by introducing a machine learning-based cluster-
ing algorithm. The process begins by interpreting the eigenfunction (Figure )

61



o —
- 4 -

Figure 5.7 Demonstration of the use of the skimage.measure.find__contour function
to identify the number of field lobes in eigenfunctions. a) Example where the method
successfully detects distinct lobes. b) Example where the method fails due to noise or
fragmentation of the eigenfunctions.

as a probability distribution and populating the domain with 1000 randomly sam-
pled points based on this distribution (Figure |5.8b). These randomly distributed
points retain the structural features of the eigenfunction and serve as input for the
clustering algorithm. The algorithm then identifies clusters, classifies the points
accordingly, and computes the cluster centers and standard deviations (Figure
)

Since the number of clusters—corresponding to the number of field lobes in
the eigenfunction—must be specified in advance, we addressed this by calculating
the total distance from each point to the nearest cluster center while incrementally
increasing the number of clusters. The results are plotted in Figure [5.8d. Using
the elbow method [106, [107], we can identify the point at which adding more
clusters yields diminishing returns, allowing us to estimate the optimal number of
clusters.

This method helped mitigate issues with scattered eigenfunctions, but its
reliance on the elbow method makes it insufficiently reliable for our purposes. A
typical result for a single geometry, where multiple eigenmodes are classified, is
shown in Figure 5.9 In cases e, f, i, j, and 1, the centroids were incorrectly placed,
splitting individual lobes into multiple segments.

Even after introducing constraints on the possible number of field lobes in
a square lattice, N., such that only an even number of lobes or a single lobe is
permitted, the method remained prone to misclassification.

{N.€Z|N.=2kor N.=1, keZ} (5.1)

Searching for local maxima did not resolve the issue either, as some lobes give
rise to multiple local maxima. This is particularly evident in Figures and
G.101.

The idea behind counting the number of field lobes in an eigenfunction was to
identify similarities between eigenfunctions, which could then be used to group
them into the same function type. The most developed version of this approach
was the clustering method incorporating orientation deviation, as shown in Figure
b.11] This method was later replaced by a scalar-product-based approach, but
the core concept of generating a set of comparators was retained.

5.2 Unit cell design

By analyzing the heuristically selected designs shown in Figure [5.3| and the
corresponding eigenmode distributions from the classification procedure, we ob-
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Figure 5.8 Use of a clustering algorithm to determine the number of field lobes in
an eigenfunction. a) Photonic eigenfunction visualized as a 2D probability map, where
brighter areas indicate higher probability density. b) 1000 points randomly sampled
according to the probability distribution from a). ¢) Clustering applied to the sampled
points, showing cluster centers (crosses) and standard deviations (circles). d) Elbow
plot of within-cluster distances versus the number of clusters, indicating 8 as the optimal
choice.
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Figure 5.9 Demonstration of the clustering algorithm used for eigenmode classification.
Cases a, b, c, d, g, h, and k were correctly classified, while the algorithm failed to
correctly place the centroids in cases e, f, i, j, and 1.

Figure 5.10 Use of a local maxima search algorithm for eigenfunction classification.
Among all the presented cases, only case d) correctly identifies the field lobes.
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Figure 5.11 Examples of eigenfunction classification comparators based on a clustering
algorithm, incorporating constraints on the number of field lobes per cluster and
accounting for oriented deviation.

Uiy

Figure 5.12 a) Photonic crystal unit cell design aimed at lowering the energy of the
dy2_,2 mode below that of the two p modes. b) The targeted d mode.

served that to lower the energy of a mode that would normally lie higher, it is
necessary to increase the overlap between the eigenmode (field) and the material.

We tested this hypothesis in a design that combines features of Figures
and . Specifically, we targeted the d-mode with the symmetry of an z? — y?
function by adding material cylinders at the outer edge of the ring, positioned at
points closest to the sides of neighboring unit cells. This configuration enhances
the overlap between the material and the desired mode. The geometry used to
implement this strategy is illustrated in Figure [108].

The original ring serves as a base, ensuring that the eigenfunctions generated
by the modified structure remain similar to those of the original (unaltered) ring.
The four additional cylinders in the modified ring, which we refer to as "bridges,"
are introduced to enhance the overlap between the field lobes of the targeted
eigenmode and the material in the unit cell. This increased overlap facilitates the
formation of the mode, lowering its energy and thus shifting it downward in the
band structure.

This effect is demonstrated in Figure [5.13] where we start with the design
defined in Figure [5.12] and gradually increase the bridge radius from r3 = 0 - a
(representing the unmodified structure) to r3 = 0.2 a. Figure shows how the
ordering of eigenmodes evolves with increasing r3, revealing that even a modest
increase to r3 = 0.1 - a is sufficient to invert the mode ordering and push the
dg2_,2 mode below the p, and p, modes. The lines in the eigenmodes illustrate
the underlying geometry of the unit cell. Figure[5.13p further shows how the band
corresponding to the d,2_,2 mode (highlighted in red) shifts to lower energy as a
response to this geometric modification.

This approach enables the identification of potential designs that support band-
symmetry inversion. However, to realize topologically protected edge modes, an
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Figure 5.13 Demonstration of the material-field lobe overlap effect based on the
design of dielectric rings with four bridging cylinders, as defined in Figure a)
Eigenmode ordering for different values of 3, with the corresponding unit cell structures
shown below each mode. b) Band structures of the geometries for varying values of r3,
with the band corresponding to the d,2_,2 mode highlighted in red.
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additional requirement is the existence of a complementary structure that produces
the same type of modes in regular ordering. Moreover, both structures must
exhibit photonic band gaps that share an overlapping region, and the inversion
must occur within this gap. Meeting all these conditions presents a significant
challenge due to the number of constraints involved.

To address this, our strategy begins with identifying a suitable design, such as
the one shown in Figure , that can potentially lower the d,2_,» mode below the
p modes and thereby enable a band-symmetry inversion. We then parametrize this
design and explore the configuration space defined by the introduced parameters.
Within this space, we quantify the degree of inversion using the algorithm described
in Section [£.1.4] This allows us to identify regions where inversion is possible and
where the relevant modes are located.

Once an inverted design is identified, we search our dataset for a complementary
design that exhibits the same mode types in regular ordering and shares a band-gap
overlap with the selected inverted design. In some cases, no suitable complementary
design exists, while in others, multiple candidates may fulfill the criteria. When
several candidates are available, we typically choose the one that maximizes the
band-gap overlap, as this increases the likelihood that the resulting topological
modes will lie within the common band gap. Placing the topological modes outside
of the band gap would undermine the purpose of the design, since the mode could
then scatter into other available modes at the same energy.

Finally, once both the inverted and complementary designs are identified and
validated, we proceed with supercell characterization, as demonstrated in Section
to reveal the topological edge modes, their spectral position, and dispersion.

We explored the configuration space for the design shown in Figure [5.12] as
illustrated in Figure[5.14] Since the structure is parametrized using three variables:
r1 (inner ring radius), ro (outer ring radius), and r3 (radius of the side cylinders),
we present only selected slices of the full configuration space. The color of each dot
represents the energy separation between one of the p modes and the d,2_,» mode
at the I' point. White dots indicate configurations where these modes become
degenerate at I'.

At the I' point, the p, and p, modes are automatically degenerate due to the
(), rotational symmetry of the structure, which ensures equivalence between the
x and y directions. The missing data points, particularly evident in the upper-
right corner of Figure [5.14k, correspond to geometries for which the algorithm
introduced in Section [£.1.4] failed to identify the relevant modes or the modes did
not match the types required for comparison.

It is important to note that the inversion, as defined here, is evaluated only at
I' and does not guarantee a complete TM band gap. It measures mode separation
at a single k-point. To assess whether a band-gap overlap exists, each geometry
must be evaluated across multiple k-points to determine the true size and spectral
position of the band gap.

As an example, we consider a scenario in which we select the geometry
exhibiting the strongest inversion and pair it with its best band-gap overlap
counterpart. The individual band structures for both designs are shown in
Figure m The parameters for the regular structure are [r; = 0.025 - a, ry =
0.325 - a, r3 = 0.06 - a], resulting in a geometry that is nearly a solid cylinder,
with only a small central hole and minor protrusions at the edges. The inverted
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Figure 5.14 Band-symmetry inversion phase diagram for the ring with cylindrical
bridges photonic crystal design defined in Figure [5.12] The color bar indicates the
energy separation between the p, mode and the d,2_,2 mode at the I' point. Three slices
through the configuration space are shown. Missing values correspond to geometrical
configurations where the algorithm described in Section [£.1.4] failed to identify the mode
types or the required modes were not present.
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Figure 5.15 Band structure of the design exhibiting the highest degree of band-
symmetry inversion and its complementary design, which yields the largest band gap
overlap. Both designs are based on the structure defined in Figure Regular
structure parameters: [r; = 0.025-a, ro = 0.325 - a, r3 = 0.06 - a]; inverted structure
parameters: [r; = 0.425-a, ro = 0.45-a, r3 = 0.12-a]. The material used is InPx—1550 nm,
with lattice constant a = 700 nm.

structure has parameters [r; = 0.425-a, 1y = 0.45-a, r3 = 0.12 - a], meaning that
the ring is only 0.025 - a thick and thus does not play a significant role. For future
designs, this ring component may be omitted to simplify fabrication.

The material used is indium phosphide (InP), selected for operation at A = 1550
nm, where the topological modes are expected to occur in a structure with lattice
parameter a = 700 nm.

Interestingly, in this example, each side exhibits a different types of p modes.
The regular design supports p, and p, modes, while the inverted design supports
Py and p_,, modes. Both sets of modes possess C, symmetry but are rotated by
7 with respect to each other. This can happen when the Wannier centers of the
unit cell shift away from the geometric center.

Creating a supercell composed of 20 unit cells of each type of crystal results
in a boundary between topoligically trivial and nontrivial geometries with the
band structure shown in Figure [5.16] In this figure, the pair of red bands
appearing within the previously shared band gap represents the new topologically
protected modes generated by the band-symmetry inversion. Notably, unlike the
topological modes shown in Figure where the modes partially overlapped
with the bulk bands and slightly breached the band gap, the modes here are
centered within the band gap. This creates a fully isolated spectral region in
which propagation is possible only via the topological modes, while both edges of
this region remain gapped. Additionally, the topological bands produced by this
geometric configuration appear to be relatively flat. This feature will be discussed
in more detail in the following chapters.

Since we have not yet presented a transmission simulation of the modes that
we claim to be topological, one might reasonably question whether these modes
are, in fact, merely interface defect modes. To do this, we present a case in which
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Figure 5.17 Band structure and eigenmode ordering of an interface formed by
two geometries resulting in a band-symmetry inverted configuration. Left structure
parameters: [r; = 0.4-a, ro = 0.45-a, r3 = 0.12 - a]; right structure parameters:
[r1 =0425-a, 7 =0.45-a, r3 = 0.06 - a]. The design parameters are defined in Figure
[(-12] The material used is InP1550 nm, and the supercell forming the interface consists
of 15 unit cells of each geometry type. A boundary between crystals belonging to the
same topology class does not host in-gap modes. Therefore, the observed in-gap modes
are not defect-related but topological.

an interface is created between two designs that share a photonic band gap. In this
example, both designs produce sets of p modes that are rotated by 7 relative to
each other, as previously observed. Note, however, that in this case both designs
are in a topologically non-trivial phase, meaning that both exhibit band-symmetry
inversion and, therefore, no compensating edge modes are required. This scenario
is shown in Figure [5.17h, while the corresponding eigenmodes are illustrated in
Figures [5.17b and [5.17c. The images are arranged to match the energy ordering
of the bands. Taken together, these results show that when two crystals belong
to the same topological phase, no edge modes appear inside the band gap. This
confirms that the modes observed in the previous section are not defect modes
but arise from the topological mismatch between distinct phases.

5.3 Lattice-parameter matching using fractional
ratios in photonic crystals

After exploring the parameter space to identify topologically inverted cases
and their complementary designs, one of the main challenges we encountered was
achieving a match between the band gaps of the inverted and regular structures.
This issue has also been reported in the literature. Xu et al. addressed the
problem by designing the complementary structure using a different material,
thereby shifting the band gap to align with that of the inverted case. Similar
strategies were employed by Lai and Sharma . However, such approaches
complicate the fabrication process and limit the practical applicability of these
structures.
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Figure 5.18 Demonstration of a photonic crystal with a lattice parameter ratio of
3:2 between the two structures.

Instead, we opted for a different solution. Rather than tuning the band gap by
adjusting the material’s refractive index, we leveraged the scalability of photonic
crystals and varied the lattice parameter of one of the designs. Up to this point, we
have described the photonic band structure in terms of the normalized frequency
o or equivalently ¢, which implies that the operating wavelength depends on the
choice of lattice parameter. By allowing the lattice constants of the two designs to
differ, we can shift a band gap that would otherwise have little or no overlap into
a favorable position, enabling a usable overlap. An example of a 3:2 fractional
lattice matching is shown in Figure [5.18]

The resulting interface band structure is shown in Figure [5.19) The number
of bands that partially reach into the original photonic band gap appears to be
equal to n +m for a lattice parameter ratio of n : m. Notably, the number of unit
cells around the interface does not affect the number of such bands.

Simulations involving fractional lattice parameter ratios require significantly
more computational resources, due to the increased number of unit cells in the
supercell. Even in the relatively simple 3:2 case, the unit cell count is three times
higher than for a 1:1 configuration. For finer tuning of the band-gap alignment,
such as with a 7:6 ratio, the computational load increases further, requiring seven
times more unit cells. For this reason, we chose not to pursue further simulations
of this type and instead focused on improving our configuration space search
methods to identify designs that yield photonic band-gap overlap using a simple
1:1 ratio.

Although the observed modes originate from interfacing two photonic crystals
in different topological phases, a valid question arises: could these modes instead
be the result of local symmetry breaking due to lattice mismatch? While we
did not perform transmission simulations for these modes, due to computational
constraints and our prioritization of 1:1 lattice scaling, we present a case that
addresses this question. Specifically, we constructed an interface between two
topologically non-trivial geometries using a 2:3 lattice parameter ratio and observed
no modes separating from the bulk bands.

The corresponding interface band structure is shown in Figure [5.20a, while the
eigenmodes of the two designs are displayed in Figures and [5.20c. Although
the photonic band gap is relatively small in this case, this is due to the limited
overlap between the band gaps of the two designs. The geometries are again based
on the structure shown in Figure with the following parameters: for the left
structure, [y = 0.375-a, 79 = 0.4 -a, r3 = 0.12 - a], and for the right structure,
[r1 =0.425 - a, ro = 0.45-a, r3 = 0.12 - a]. The selected material is InP1550 ym,
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Figure 5.19 Band structure of a photonic crystal with a lattice parameter ratio of
3:2. The regular structure parameters are [r; = 0.175-a, ro = 0.25-a, r3 = 0.04 - al,
while the inverted structure parameters are [r; = 0.425-a, 19 = 0.45-a, r3 = 0.14 - al.
The interface consists of five unit cell columns of each type. For lattice constants
Aregular = 790 nm and Ginverted = 500 nm, and using InP1200nm as the material, the
resulting common band gap spans from 1000 nm to 1270 nm.

and the lattice constant is a = 1000 nm.

In conclusion, although we did not perform the necessary transmission simula-
tions to confirm the robustness of the modes against defects, our results strongly
indicate that fractional lattice-parameter matching is an effective strategy to
achieve the desired photonic band-gap overlap.

One important consideration when using this technique is that it inherently
produces more bands. If the intended application requires only a single mode
to be present at a specific energy, then only a portion of the edge band can be
utilized. For example, in Figure [5.19, we presented an interface band structure
that includes five bands resulting from fractional lattice-parameter matching.
Among these, only the lowest band can be spectrally isolated, meaning that only
the 0.46-0.468 a/\ spectral region is suitable for a single-band application.

5.4 (Generative geometry approach to unit-cell
design

In this section, we briefly discuss the idea of automatically generating the
geometry based on the desired band structure ordering. The aim was to construct
photonic crystal unit cell geometries directly from the symmetry and spatial
distribution of the eigenmodes, rather than specifying the geometry manually and
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Figure 5.20 Band structure and eigenmode ordering of an interface formed by
two geometries resulting in a band-symmetry inverted configuration. Left structure
parameters: [r; = 0.375-a, r9 = 0.4-a, r3 = 0.12 - a]; right structure parameters:
[r1 =0.425-a, 19 = 0.45-a, r3 = 0.12-a]. The design parameters are defined in Figure
@ The material used is InP1550 nm-

then evaluating its optical properties. The motivation was to explore whether a
generative method can be used to make the dielectric pattern emerge naturally from
the desired field characteristics, emphasizing the overlap between the eigenfield
profiles and the material distribution.

Although this approach was used in some exploratory designs, it did not lead to
a geometry in which both d modes lie below the p modes. Despite this observation,
this strategy represents an interesting concept which is worth further investigating
beyond its initial exploration in this thesis.

The core idea of this approach is to define a “fitness” measure that rewards
alignment between the field intensity |E|? and the dielectric distribution e(r).
Regions of high field intensity should coincide with high permittivity for the modes
intended to shift to lower frequency, and with low permittivity for those intended
to shift higher. This principle defines a generative process that iteratively modifies
the geometry to maximize the field—material overlap associated with the desired
mode ordering.

5.4.1 Mathematical formulation

Let uk;(r) denote the i-th eigenmodes and e(r) the dielectric function to
be determined. The eigenfrequencies w; relate to the eigenmodes through the
operator A(r)[#] defined in chapter

. 1
A =V x V x , 5.2
M =Y x| 57 < #] 52)
which depends on e(r). The goal is to find (r) such that the ordering of the
low-lying eigenfrequencies produces the desired p—d inversion.

Instead of solving this as a full inverse problem, we used a simplified heuristic
approach based on a score function S, which rewards configurations where regions
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of high permittivity overlap with the desired (p-like) modes and avoid overlap
with the undesired (d-like) ones:

S = min! ((g|uy,|)) — max! ((|uq|)), (5.3)

where
(eluil) = [ e@)lwi(r)ldr (5.4)

is the spatial overlap between the dielectric distribution and the field amplitude of
mode i. The optimization aims to maximize S by modifying &(r) pixel by pixel.

An initial geometry estimate was defined from the four lowest modes at the I'
point (p1, pa, di, and dy) as

Go(r) = sign! (andy + aads — aspr — aups) , (5.5)

where «,, are adjustable weights that determine the relative influence of each
mode. The binary pattern (G + 1) defines the initial dielectric layout used as the
starting point for optimization.

5.4.2 Algorithmic implementation

The algorithm combines eigenmode initialization, geometry synthesis, and
iterative refinement, which can be summarized as follows:

1. Initialization of eigenmodes. A simple circular geometry is used to generate
an initial set of eigenmodes u; using the MPB solver. The first few TM
modes at the I' point are extracted and processed to obtain their real-space
field distributions. The pq, po, di, and dy modes are used as the reference
set for optimization.

2. Initial geometry estimation. The first geometry guess is constructed ac-
cording to Eq. (5.5). The «,, weights can be tuned to modify the relative
emphasis on p or d-like contributions.

3. Iterative optimization. The geometry is represented as a binary matrix
corresponding to one quadrant of the unit cell. At each iteration, one pixel
is flipped, and the geometry is symmetrized under Cy rotational symmetry.
The new configuration is scored using Eq. (5.3), and the pixel flip that
provides the largest increase in S is accepted. The process continues until
no further improvement occurs or a maximum iteration count is reached.

4. Symmetry enforcement and export. The optimized quadrant is symmetrically
tiled to form the full Cy-symmetric unit cell. The final ¢(r) map is saved in
HDF5 format and reimported into MPB for verification.

5. Validation. The generated geometry is validated by computing the band
structure and checking whether the eigenmode ordering at the I' point
exhibits the desired p—d inversion.
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Figure 5.21 Four independent optimization runs of the same target configuration.
Panels a)—d) show different but related dielectric patterns, illustrating that the algorithm
is not fully stable and converges to distinct local optima. The white regions correspond
to air, while the dark gray areas represent the high-permittivity material.

5.4.3 Results and limitations

Despite multiple optimization attempts and variations of the weighting param-
eters «,, the algorithm did not yield a geometry where both d modes were below
the p modes. Moreover, the search process proved to be unstable: repeated runs
of the same scenario produced slightly different binary geometries. This instability
suggests that the search often converges to different local optima, depending on
early pixel choices during the optimization.

This generative approach represents a conceptually inverse design method
where the geometry is derived from the modal properties rather than the other
way around. While the algorithm did not achieve the targeted d-below-p ordering
and shows limited stability between runs, it captures the essential physical idea
that the dielectric distribution should reinforce the desired field structure.

We believe this concept is promising and could serve as a foundation for further
research, where more advanced optimization strategies, such as gradient-based or
machine learning methods, may be applied to improve stability and scalability.
However, due to time constraints, this approach is not pursued further in this
thesis.

76



6 Topological modes
characterization

In the previous chapter, we discussed strategies for designing the photonic
crystal unit cell to achieve photonic band-symmetry inversion. We introduced
a design that utilizes the field-material overlap to lower the energy of a specific
mode, and we applied this strategy to form our first topologically protected bands.
In this chapter, we build on these ideas and further investigate the "bridged ring"
design (see Fig. . The goal of this chapter is to analyze the properties of the
topological modes that arise from our design and to demonstrate which properties
to look for, how to characterize them, and how they affect potential applications.

We recall the geometry of the "bridged rings" design in figure [6.Th. The name
originates from the original ring structure with cylinders near the sides that
'bridge" to the neighboring cells, allowing the d,2_,» field lobes to sit on these
bridges. This configuration reduces the energy required to sustain this mode,
shifting it to a lower energy. In figure [6.1pb, we show one possible combination of
geometrical parameters that lead to the seed state |[111] [112] of the topological
modes.

The seed state in this case is defined as a combination of geometrical parameters
that result in a structure with a closed photonic band-gap. By tuning these
parameters, the band-gap can be reopened in either a topologically trivial or
non-trivial way. Such states effectively represent the boundary between the trivial
and inverted configurations discussed in the previous chapter and shown in figure
b.14l

In the previous chapter, figure introduced the first combination of ge-
ometrical parameters leading to topologically protected edge modes, displayed
in figure 5.16] The choice of these parameters was based on maximizing the
degree of inversion in the phase diagram from figure to select the inverted
unit cell and then matching this inverted unit cell with a non-inverted one
that produces the largest band-gap overlap. The resulting parameters were
[r1 = 0.025-a, ro = 0.325-a, r3 = 0.06 - a] for the regular structure and
[r1 =0.425 - a, ro =0.45 - a, r3 = 0.12 - a] for the inverted structure. In this case,
the ring in the inverted structure is extremely thin, which raises the question
of whether it is truly necessary, as omitting the ring and keeping only the side
cylinders would simplify both the design and fabrication.

Introducing this additional requirement of having no ring in the search for a
compatible design pair within our configuration space, we obtain the combination
of geometries shown in figure 6.2 In this case, the geometrical parameters
are [rp = 0.1-a, ro = 0.275-a, r3 = 0.06 - a] for the regular structure and
[r1 =0.5-a, ro =0.5-a, r3 =0.14 - a] for the inverted structure. In the inverted
structure, having r; = r, means that the thickness of the ring is zero and thus no
ring is present. We still need to include these parameters, as ry determines the
distance of the side cylinders from the center. In this case, ro = 0.5 - @ means that
the side cylinders are placed exactly at the center of the unit cell’s sides, which
also corresponds to the centers of the d,2_,» field lobes.

77



___________________________ Parameters: r, = 0.225,r; = 0.3875,r; = 0.09
a) .
! H

| ! Ll LEoos

1

. ! o

! | '

1 : . . 5‘" 0.4

! I H

1 | :

I E.

' -

1 | & X

' i )

1 I H et

: : - g ™M
1 | i 0.2 P

: : ' ,,'

! .

' P T P oo r X
! '

! I

! 1

e e e b) 0,0|_ X M

-

Figure 6.1 a) definition of geometrical parameters of the bridged ring design. b)
Example of a seed state which can lead to a topologically trivial or non-trivial case,
depending on the way of tuning the geometrical parameters.
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Figure 6.2 Band structure of the design exhibiting the highest degree of band-
symmetry inversion and its complementary design, which yields the largest band gap
overlap with restriction r1 = ro for the inverted structure. The pattern corresponds to
the bridged ring design defined in Regular structure parameters: [r; = 0.1-a, ro =
0.275 - a, r3 = 0.06 - a]; inverted structure parameters: [ry =0.5-a, 712 =0.5-a, r3 =
0.14 - a]. The material used is InP1550 nm-
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Figure 6.3 Band structure of a topological interface composed of 16 unit cells of each
type defined in Figure The two nearly degenerate topological modes are highlighted
in magenta, while the original bad-gap is depicted in pink. The mode dispersion detail
reveals abnormal dispersion slope.

The topological modes produced by this geometrical configuration are extremely
flat. The detail of the topological mode dispersion in figure reveals that the
dispersion slope is anomalous, leading to a negative group velocity . In this
configuration, transmission simulations cannot be provided, as the topological
bands act as light-trapping defects, making them unsuitable for the goals of this
thesis.

However, these light-trapping, topologically protected modes offer interesting
perspectives in several research areas. First, they enhance hght matter interaction,
which can lead to improved sensing and field locahzatlon - They can
also produce slow light and compact delay lines [116] [117] and there is potential
for nonreciprocal and magnetic-free isolators , .

We suspect that the flatness of the bands is correlated with the degree of
inversion or the width of the photonic band-gap. We will discuss this topic in
more detail in section [6.4, For now, since we are interested in the transmission
properties, we will select a different viable combination of geometrical parameters
that lead to a topologically non-trivial interface with a smaller band-gap overlap.
The parameters chosen for this case are [r; = 0.105-a, 7o = 0.35-a, r3 = 0.072-q]
for the regular structure and [ry = 0.345 - a, ro = 0.425 - a, r3 = 0.108 - a] for the
inverted structure. The band structures of the individual photonic crystals, as
well as their common band gap, are shown in figure [6.4]

The topological modes produced by this geometry exhibit significantly larger
dispersion (fig. [6.5p). In this case, the dispersion is normal, and in figure
we show the transmission calculated using the Lumerical FDTD solver discussed
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Figure 6.4 Band structure of the design that produces topologically non-trivial
interface, but produces narrower band-gap then the design in figure The pattern
corresponds to the bridged ring design defined in Regular structure parameters:
[r1 = 0.105 - a, ro = 0.35-a, r3 = 0.072 - a]; inverted structure parameters: [r; =
0.345 - a, ro = 0.425 - a, r3 = 0.108 - a]. The material used is InP1550 nm.

in section The transmission is plotted to share the y-axis with the band
structure, which corresponds to wavelength. Notice that there is a slight shift
in the position of the observed features along the y-axis. This is because MPB
is solved using a dispersionless approximation of the material, while in FDTD
simulations the material dispersion is included.

The mode transmission behaves exactly as expected: in the dispersive region,
the transmission is nearly 100%, while in the gapped regions it sharply drops to
zero, or in this case, to the level of numerical noise produced by the deconvolution
discussed in section 2.2.21

6.1 Classifying the type of topological modes

Before we proceed to characterize the topological mode properties, we need
to classify the type of topology. To do this, we use the Wilson loops introduced
in equation [1.21} The topological modes shown in figure |6.5] produced by the
individual PCs from figure [6.4} are located in the photonic band gap and arise
from eigenmode order inversion. To characterize the nature of their topological
origin, we examine the Wilson spectra of the set of bands directly below the
photonic band gap, where the d,2_,» mode was intentionally lowered in energy in
the inverted case.

In both the topologically trivial and non-trivial cases, we need to consider
two bands in the Wilson analysis. In the trivial case, we analyze bands 1 and 2
(indexing from zero), as they are degenerate between M —I'. For the inverted
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Figure 6.5 a) Band structure of a topological interface composed of 16 unit cells
of each type defined in Figure The two nearly degenerate topological modes are
highlighted in magenta, while the original bad-gap is depicted in pink. The mode
dispersion detail reveals regular dispersion slope. b) Transmission of the interface
calculated by the FDTD method.

case, we consider bands 0 and 1, since they are degenerate between X — M. Thus,
in this scenario, we use the matrix overlap formula (eq. .

The resulting Wilson spectra are shown in figure [6.6] These spectra reveal
the positions of the Wannier centers in reciprocal space. We can see that there is
no movement in either case, as the Wilson bands are flat in both the trivial (fig.
[6.6h) and non-trivial (fig. [6.6b) cases. However, case (b) shows that the Wannier
centers are displaced toward the edge of the Brillouin zone, creating a polarization
mismatch between the two PC designs at the interface.

To demonstrate that this is indeed the origin of the topological modes in our
study and not merely an effect of the interface itself, we present three different
scenarios in figure In column a), two photonic crystal designs belonging to the
same topologically trivial phase (see fig. are paired. In column b), a trivial
design is paired with a topological one, and in column ¢), two unit-cell designs
belonging to nontrivial topological designs are paired. The type of topology in
each case corresponds to that shown in the Wilson loop analysis of the left and
right photonic crystals, respectively.

The first row shows the resulting band structure of the whole system. We
can see that only the combination of topological and trivial PC designs produces
compensation modes. This confirms that the modes do not originate merely
from the presence of an interface, since an interface exists in all three cases, but
specifically from the junction between topologically trivial and non-trivial designs.

In summary, we have demonstrated that the "bridged ring" design provides a

flexible platform for engineering topological photonic modes through precise tuning
of geometrical parameters. By analyzing several representative configurations,
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Figure 6.6 Wilson spectra of the set of bands below the photonic band gap of the PC
design introduced in figure[6.4] The flat but displaced bands indicate the obstructed
atomic limit topological effect.

we showed that the presence or absence of the ring, and the resulting degree
of band-symmetry inversion, strongly influence the properties of the topological
interface, ranging from flat, localized modes to highly transmissive dispersive
states. We also confirmed that the origin of these topological modes lies in the
obstructed atomic limit. These findings establish a foundation for the following
sections, where we will further characterize the behavior of these modes in terms
of spatial localization, directionality, and their relation to the underlying band-gap
structure.

6.2 Edge modes vs boundary size

Another property we investigate is the behavior of the topological interface as
the number of photonic crystal unit cells surrounding the topological boundary is
varied. So far, we have worked in the limit where the number of unit cells on each
side of the interface, IV, is large, such that each crystal behaves as semi-infinite. To
investigate the effect of boundary finite size effects, we have used in our simulations
finite values for the number N of unit cells defining the boundary, with N varying
between sixteen and twenty.

Since we are using MPB, it is important to recall that our approach cannot
account for truly semi-infinite photonic crystals. Instead, we rely on supercells, as
demonstrated in figure 2.7] This limitation provides a convenient way to study
the effect of the number of cells around the interface, since N directly defines the
size of the supercell.

The first property we focus on is the localization of modes around the interface
as N increases. To study this, we calculate the eigenmode corresponding to one of
the two topological bands produced by the transmission-capable interface discussed
in figure [6.5] Unlike the eigenmodes used in the band-connection procedure or
the band inversion search, these eigenvectors correspond to the entire supercell.
Moreover, since we are interested in a propagating wave, we do not calculate
the eigenmode at I'" but rather at a k-point located midway between I" and N,
corresponding to the highest propagation.

Finally, we modified the supercell arrangement to include both interfaces
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Figure 6.7 Interface modes and Wilson loop analysis for three photonic crystal
combinations. Each column corresponds to an interface formed by joining two photonic
crystals with distinct unit cell parameters, denoted as Left PC and Right PC. Top row:
Interface band structures computed using a supercell geometry. Gap-localized modes
are observed only in case b). Middle and bottom rows: Wilson loop spectra for the
left and right photonic crystals forming each interface, respectively, calculated for the
photonic bands below the band gap. Case a) shows an interface between two trivial
configurations with matching Wilson loops and no interface modes. Case b) corresponds
to a mismatch between a trivial and an obstructed atomic limit phase, indicated by a
shift in the Wilson loop; this results in a pair of interface-localized modes within the
band gap. Case c) involves two OAL phases with identical Wannier center positions and
therefore no protected interface modes. This analysis demonstrates that the presence of
localized interface states originates from a polarization mismatch between the adjoining
bulk phases.
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Figure 6.8 Schematic representation of supercell configurations used to simulate
topological interfaces. a) An original supercell arrangement with one interface placed
at the center and a second appearing at the boundary due to periodicity. b) Modified
supercell with both interfaces symmetrically located within the cell, allowing for clearer
analysis of interface-localized modes. c¢) Enclosed configuration where photonic crystal
A is embedded in PC B, showing how the same topological mode (Mode 1) propagates
in opposite directions depending on the orientation of the interface.

within its region, as shown in figure [6.8p, instead of the original configuration with
one interface at the center and one at the edge (see figure [6.8h). Each supercell
inherently produces two types of interfaces due to its periodic repetition, and the
interface orientation determines the propagation direction. Suppose we create an
enclosed PC A within PC B, as depicted in figure[6.8f. In this configuration, both
interfaces are connected, and it becomes clear that one mode, in our case, the
mode labeled “Mode 17, is responsible for upward propagation along the interface
when PC B is on the left and PC A on the right. When the sides are reversed at
interface 2, Mode 1 becomes responsible for downward propagation.

When calculating the field of the supercell from figure [6.8b, we select a k-
vector and the corresponding band to display. In our case, the chosen k-vector
corresponds to upward propagation. Modes 1 and 2 each belong to a different band,
which means that to observe a topological mode, the field must be concentrated
around one of the two interfaces. If field lobes were present near both interfaces, it
would indicate that both interfaces allow propagation in the same direction within
a single mode, which is not characteristic of topologically protected unidirectional
modes.

We investigate this property by varying the number of PC unit cells N between
two topological interfaces and observing where the corresponding topological mode
localizes. The goal is to determine how many unit cells are required for the mode
to become fully confined to a single interface. The results are summarized in
figure which presents data for two distinct topological modes.

Figure shows the spatial distribution of the first topological mode, where
each curve corresponds to a different value of N ranging from 1 to 10, color-coded
accordingly. The vertical axis represents the mode magnitude summed over the
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transverse (y) direction, while the horizontal axis indicates the position between
the two interfaces. Although all profiles are plotted along the same horizontal axis,
the actual physical distance between the interfaces increases with N. Thus, the
x-axis does not represent an absolute length scale but rather a relative coordinate
system aligned for visual comparison. The key purpose of this plot is not to
assess the spatial width of the mode, but to illustrate how its localization center
shifts as the separation between interfaces increases. We observe that for small
N, the mode is distributed across both interfaces, but as IV increases, it becomes
progressively localized at one interface, indicating a transition to a unidirectional
regime.

Figures and c show the field distributions of the second topological mode
for N = 6 and N = 14, respectively. For N = 6, the field amplitude remains
significant at both interfaces, showing that the mode is delocalized and lacks a
preferred propagation direction. In contrast, when N = 14, the mode becomes
fully confined to Interface 2, demonstrating the emergence of directional transport
consistent with topological protection. These examples, presented side by side,
emphasize that different topological modes can localize on different interfaces, and
that sufficiently large separation N allows the modes to “choose” their respective
interfaces without overlap. This highlights the robustness and interface selectivity
of topological states in photonic crystals.

The dependence on the number of cells in the supercell can be better understood
by dividing the shifted supercell defined in figure into two regions: the first
half of the x-axis, centered around interface 1, and the second half, centered
around interface 2. Summing the field intensity within these regions corresponds
to the total energy propagating in each direction. This situation is illustrated in
figure [6.10] where the blue dots, labeled as forward propagation, represent the
percentage of the field located in the first region (containing interface 1) for the
first topological mode. The red dots, labeled as backward propagation, represent
the percentage of the field in the region around the second interface for the same
mode. For the second topological mode, the situation is reversed.

The field distribution remains non-preferential up to N = 3, after which the
separation between the two propagation directions becomes evident. Saturation
occurs around N = 10. For this particular design (the one defined in figure ,
98.5% of the energy propagates in one direction at N =9, 99.7% at N = 10, and
99.99% at N = 12.

Another property we analyzed is the width of the topological modes. After
separating the field into two regions around the interfaces, we calculated the
standard deviation of the field in each region based on the data shown in figure
6.9R, and the results are presented in figure A local minimum in the mode
width is observed, after which the width increases, and around N =9, the mode
begins to narrow again. The value N = 9 also corresponds to the point where
mode unidirectionality starts to saturate. The mode width appears to continue
decreasing beyond the range of our dataset.

We did not calculate the exact value of N required to reach width saturation,
as it appears to be large and, from an application perspective, smaller N values
are preferable for higher integration density. Since N = 10-12 is sufficient to
achieve unidirectionality, the mode width becomes less important. The only
potential application where it might play a role is in field—matter interaction,
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Figure 6.9 Dependence of mode localization on the number of photonic crystal unit
cells between topological interfaces.

a) First topological mode: Bloch mode profile magnitude (summed over the transverse
direction) plotted along the position between two interfaces for various numbers of unit
cells N, color-coded from 1 to 10. As N increases, the mode transitions from being
spread over both interfaces to being localized predominantly around one.

b,c) Second topological mode: Field distribution for (b) N = 6, showing the mode
extends over both interfaces, indicating lack of unidirectionality, and (c) N = 14, where
the mode is fully localized at Interface 2, demonstrating unidirectional propagation
consistent with a topologically protected state.
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Figure 6.10 Directionality of the first topological mode as a function of the number
of unit cells N between two interfaces. The supercell (defined in Fig[6.8p) is divided
into two spatial regions: one containing Interface 1 (first half of the x-axis) and the
other containing Interface 2 (second half of the x-axis). The blue points indicate the
fraction of the total field energy located around Interface 1, corresponding to forward
propagation, while the red points indicate the energy near Interface 2, corresponding to
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Figure 6.12 Band structure evolution for different numbers of unit cells N in the
supercell, showing the convergence of the topological modes in the upper band channel.
As N increases from 1 to 10, the initially split topological bands gradually merge and
become nearly degenerate around N = 6, indicating stabilization of the mode frequency.

where tighter field confinement could enhance detection capabilities. However, we
believe there are more effective approaches to achieve such improvement, including
the slow-light interfaces mentioned earlier.

The final property we investigated is the position of the topological modes
along the energy axis as the number of cells changes. Figure shows that the
topological modes tend to converge toward a specific energy level and become
degenerate as N increases. Degeneracy is achieved at around N = 6, indicating
that the value of N required to achieve unidirectionality is also sufficient to ensure
a stable band position.

In this section, we investigated how the number of photonic crystal unit cells
N surrounding a topological interface affects the behavior of topological modes.
Our results show that for the studied design, the critical threshold for achieving
unidirectionality occurs around N = 9-10, beyond which the mode localizes to
a single interface with over 99% directionality. Importantly, this same range
of N also ensures spectral stability, as the mode energies converge and become
degenerate around N = 6. Although the spatial width of the mode continues to
evolve and does not saturate within the tested range, this parameter is less critical
for most topological photonic applications. Therefore, the main consideration for
practical implementation is the number of unit cells required to guarantee unidi-
rectional transport, which in this case also provides mode frequency stabilization.
This balance makes moderate values of N an optimal choice for integration into
compact photonic devices.
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6.3 Defect states

As mentioned in the introduction, the property that makes topological modes
unique is their resistance to defects. Since topological modes originate from
the bulk properties of the two crystals rather than from the interface itself, the
interface should play little to no role in their propagation.

One way to disturb topological modes would be to introduce additional modes
in the same energy region, allowing scattering. This is mitigated by designing the
topological modes within a photonic band gap in both complementary PCs. One
could argue that within the band gap, additional surface modes could arise due
to the local breaking of symmetry at the interface between the two geometrically
different PCs. However, this is not the case, as shown in figure [5.17, where two
inverted designs are matched and no modes appear within the band gap, which
remains fully open. We present this scenario to illustrate that although the true
gap was closed in figure [6.7] it was not due to the creation of topological modes,
but because the selected geometrical parameters led to a narrow overlap of the
photonic band gaps in the first place.

Next, we investigate the design under perturbation. To do this, we use FDTD
simulations, where we construct a large interface and employ a technique in which
we import the source of the topological modes from an additional simulation based
on the specific unit cell geometries used in the interface, as discussed in section
2.2.2)

The first set of simulations examines whether the modes behave symmetrically
when facing a disturbance on the left or right side of the interface. We created
large-scale interfaces of 40 x 40 cells to study left and right turns, and smaller
25 x 20-cell interfaces to investigate perturbations created by switching cells next
to the interface with their complementary counterparts. The geometry and the
resulting field profiles are shown in figure [6.13]

Even from the field profiles, there is a slight asymmetry between the left and
right side perturbations. Defects placed on the right side do not seem to affect
the topological modes significantly, while defects on the left side cause the mode
to almost vanish. The transmission values are shown in figure where we also
include the transmission of the undisturbed interface to provide a reference for the
oscillation scale. The reason the values exceed 100% is explained in section
so we focus on the transmission value around which the data oscillate. The figure
shows that the right defect (panel d) produces nearly the same transmission as the
defect-free interface, and the right turn (panel c) slightly increases the oscillation,
but the average transmission remains unchanged. The left turn (panel a) and the
left defect (panel b), however, significantly disturb the mode.

The defects used in the simulations are, however, extremely severe, as replacing
some unit cells with a completely different topology is not a realistic fabrication
defect one could expect. To better model the effect of fabrication imperfections,
we investigate how the shape, size, and position of the defect affect the interface.
The results of eight different defect simulations are shown in figure [6.15]

We observe that defects placed at the center of the interface do not affect
the modes enough to distinguish the transmission behavior from that of the
undisturbed interface. Interestingly, the small defect on the right side of the
interface (green square) has a stronger effect on the modes than the small defect
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Figure 6.13 Large-scale interface perturbation simulations. Each panel shows the E,
field profile obtained from FDTD simulations, illustrating mode propagation along the
perturbed interface using the color scale. The black—white inset in the upper right corner
of each panel represents the unit cell distribution, where white indicates topologically
trivial cells and black indicates topologically non-trivial (inverted) ones. The defect
interfaces consist of 20 x 25 unit cells, while the turn interfaces consist of 40 x 40 unit
cells. The unit cell design used here is the one introduced in Fig. Panels (a—d) test
different interface configurations, including 90° turns to the left and right, as well as
replacements of three cells one cell away from the interface with the opposite topological

type.
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Figure 6.14 Transmission spectra of the geometries shown in Fig. including
the straight undisturbed interface for reference. The results are qualitative rather than

quantitative, as discussed in Sec. which explains why some values exceed 100%.
The relevant information is the transmission level around which the data oscillate.
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Figure 6.15 A set of defect configurations placed relative to the center of the interface.
Panel (a) shows the resulting transmission spectra, which exhibit the same qualitative
behavior as in the previous figure. Panel (b) illustrates the corresponding defect
geometries. The designs of the trivial and topological unit cells are identical to those
introduced in Fig. [6.4 and Fig. [6.13] The defects are made of the same material as the
surrounding photonic crystal.
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Figure 6.16 FE, field profile obtained from FDTD simulation at a wavelength of
1550 nm, showing the mode propagation along the topological interface. The interface
separates the topologically trivial (left) and non-trivial (right) photonic crystal regions.

on the left side (blue circle). Increasing the size of these defects (red diamond
and purple triangle) further amplifies the effect: the defect on the right side of
the interface has a stronger influence on mode transmission. This observation
disagrees with the result shown in figure [6.14]

To provide an explanation, we examine the near-field mode distribution within
the interface shown in figure [6.16] The field is distributed asymmetrically between
the two sides of the interface. The lobes of the mode on the right side have
significantly higher amplitudes, but the right tails of the mode do not extend as
far as the left tails, which have smaller amplitudes. We therefore suspect that
the modes are more affected by nearby distortions on the right side, as shown in
figure while defects located one lattice parameter away on the right side are
too distant to influence the modes in our configuration, explaining why the modes
in figure [6.13 remain unaffected. On the other hand, the left side has longer tails
that are influenced even by distant defects, as seen in figure but the lower
amplitude of the lobes makes them less sensitive to nearby defects, as observed
in figure [6.15] We also suspect that tail interference is responsible for the turns
being significantly more efficient to the right side than to the left, since there is
essentially no tail overlap in the right turn (figure [6.13k).

Unfortunately, this analysis shows that this particular design is not suitable
for integrated circuit applications, where inefficient turns become a limiting factor.
It is possible that a different combination of geometrical parameters of the PC
unit cells could affect the mode’s defect sensitivity. However, these modes still
exhibit greater robustness than a conventional waveguide and provide a promising
platform for slow-light applications due to the tunable dispersion of the topological
mode, as demonstrated in the following section.
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6.4 Band-gap vs mode dispersion

In the previous chapter, particularly in figure [5.14] we established that using
a single unit cell design (in this case the one introduced in figure , we have
the freedom to choose any combination of trivial and topological geometries as
long as they produce a sufficient band-gap overlap. In this chapter, we have
already mentioned two such combinations: one that resulted in a large photonic
band gap with very small dispersion (figure and another with a smaller band
gap but significantly larger dispersion (figure . We intentionally chose the
parameters to reduce the band-gap overlap while aiming for higher dispersion.
We now propose a more systematic way to characterize the relationship between
the band-gap size and the dispersion.

The idea is as follows: selecting a trivial and a nontrivial geometry pair in the
inversion diagram (figure defines a line between these points. Along this line
lie geometries that gradually transform from topological to trivial as the band
gap reduces until it closes, where the p and d modes become degenerate, and then
reopens, removing the eigenmode inversion. It is reasonable to expect that the
endpoints of this line produce the largest band-gap overlap, while choosing pairs
closer to the inversion closure will gradually reduce the resulting band-gap overlap.
We describe this transition along the line by introducing a mixing coefficient
M € ]0,1], which is used to calculate the geometry pairs based on the initial
endpoints V.. and Viin:

‘/i(M) = Mvmax + (1 - M)szn

Vo(M) = (1= M)Vias + MVipi, (6.1)

The scheme is demonstrated on figure

To provide a concrete example, we set the values of the endpoints to V,,;, =
[0.425,0.45,0.12] and V,,,4, = [0.025,0.325, 0.06], which correspond to the case of
the highest band-gap inversion without any restriction and the largest band-gap
overlap. The mixing values M € [0.75, 1] then define pairs with a band-gap
overlap shown in figure [6.18] Note that the gap would close at M = 0.5, where
both geometries become identical, corresponding to the case of p—d degeneracy.
However, we must consider not the individual band gaps in each complementary
PC, but rather their band-gap overlap, which may close earlier. We then plot the
maximum dispersion slope along the topological mode for various values of M
and compare it to the corresponding band-gap size.

However, recording the highest dispersion slope has its limitations. Examining
the gradient of the topological bands for various values of M shows that the
maximum can occur at different values of k. Selecting a particular k value does
not seem reasonable, so instead, we defined a different metric: the energy difference
between the I' and N points, since this is the region of interest for the dispersion.

Using this metric, we demonstrate three scenarios of the dispersion versus
band-gap dependency. In figure [6.19h, we show the results from figure [6.18| using
the new metric, which displays the same monotonic trend that does not reach zero.
In panel b), we present a different set of initial points derived from the geometry
selected for simplified fabrication, where the ring in the inverted design is omitted
(see figure . In this case, it is possible to achieve almost perfectly flat bands,
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Figure 6.17 Illustration of the geometry interpolation scheme used to define a
continuous path between the trivial and topological phases in the inversion diagram
(Fig.[5.14). The line connecting V;qq and Vi, represents a gradual transformation from
the topological to the trivial geometry through band-gap closure and reopening. The
intermediate geometries V; and V4 correspond to points along this line, parameterized
by the mixing coefficient M € [0, 1], which determines their position between the two
end points. The figure serves only as a conceptual demonstration and does not represent
precise point placement.
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Figure 6.18 Dependence of the maximum dispersion slope of the topological edge mode
on the size of the band-gap overlap for geometry pairs defined by the mixing coefficient
M € ]0.75,1]. The end points Vi = [0.425,0.45,0.12] and V;,4, = [0.025,0.325, 0.06]
correspond to the configurations with the highest band-gap inversion and the highest
band-gap overlap. The observed trend shows a monotonic decrease of the dispersion
slope with increasing band-gap size.
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Figure 6.19 Dependence of the I'— N energy difference on band-gap size for several
interface designs. The vertical axis shows the energy difference AFEr_y = E(T') — E(N)
of the relevant band (in normalized-frequency units). The horizontal axis is the band-gap
size [a/)]. Points are colored by the mixing value used to linearly interpolate between the
inverted and regular unit cells (0.70-1.00); the horizontal dashed line denotes AEr_y = 0.
All structures use indium phosphide [120]. a) Interface from Fig. [5.12} inverted
(r1 = 0.425a, r9 = 0.45a, r3 = 0.12a) vs. regular (r; = 0.025a, ro = 0.325a, r3 = 0.06a);
this pair yields the largest band-gap overlap. b) Fabrication-simplified variant with
cylinders replacing rings: inverted (r; = 0.5a, 2 = 0.5a, r3 = 0.14a) vs. regular
(r1 = 0.1a, ro = 0.275a, r3 = 0.06a). c) Interface derived from a hexagonal (Cg)
lattice [51]: inverted (rq = 0.38a, 1o = 0.45a) vs. regular (r; = 0.27a, r2 = 0.36a)

as the energy difference reaches zero, consistent with the design shown in figure
6.2l The trend remains monotonic until zero dispersion is reached. Finally, in
panel ¢), we demonstrate that the trend does not always have to be monotonic.
We show a different design of periodically arranged rings in a triangular lattice,
where local minima and maxima in the band dispersion are observed.

We believe that the precise selection of the dispersion of the topological mode
plays a crucial role in specific applications, and the tradeoff between dispersion
and band-gap size should therefore be carefully considered.
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Conclusion

This work presents the complete process of designing and characterizing a
topological interface in two-dimensional photonic crystals. It describes the theo-
retical background and computational tools necessary for both the design and the
selection of the most suitable approach. The thesis introduces an automated band-
connection method together with a band eigenfunction classification technique
for eigenmode inversion recognition. It outlines the available degrees of freedom
in topological design and demonstrates the trade-offs that must be considered
when optimizing geometrical and physical parameters. Beyond the final methods
and conclusions, the work also includes exploratory directions and documents
the unsuccessful or preliminary attempts that contributed to reaching the final
understanding.

The first chapter established the theoretical and conceptual foundation for the
study of topological photonic crystals. It introduced the fundamental principles of
photonic band theory and the analogy between electronic and photonic topological
systems, emphasizing how concepts such as the Berry phase, Chern number, and
bulk—edge correspondence translate into the photonic domain. The chapter also
reviewed the current state of the art in topological photonics, summarizing the
main experimental and theoretical achievements as well as their practical limita-
tions. Different classes of photonic topologies, including Chern, Valley-Chern, and
Obstructed Atomic Limit phases, were discussed with respect to their physical
mechanisms and material requirements.

The second chapter introduced the numerical methods and computational tools
used throughout this thesis. It described the implementation and validation of the
eigenmode solver based on the MIT Photonic Bands package and the time-domain
analysis performed using the Finite-Difference Time-Domain method. Together,
these approaches provided complementary insights into the frequency- and time-
domain behavior of photonic crystals, enabling both band structure analysis and
direct field propagation studies. The chapter also detailed the workflow automa-
tion and data handling developed in Python, which allowed efficient exploration
of large parameter spaces and reproducibility of the results. By benchmarking the
simulations against known photonic structures from the literature, the reliability
and accuracy of the implemented methods were verified.

The third chapter focused on the investigation of Chern-type photonic topol-
ogy and the development of automated tools for its numerical identification. It
introduced an algorithm for automated band connection based on eigenmode
similarity, enabling consistent tracking of eigenmodes across the Brillouin zone
and reliable detection of band crossings and degeneracies. Using this framework,
the parameter space of gyrotropic photonic crystals was systematically explored
to identify configurations supporting nontrivial Chern numbers. The results
demonstrated the theoretical feasibility of Chern-type topology but also revealed
its practical limitations at optical frequencies, where the required gyromagnetic
response is unrealistically strong. This finding highlighted the need for alternative
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topological mechanisms compatible with dielectric materials. Consequently, the
conclusions of this chapter motivated a shift in focus toward symmetry-protected
topologies, such as the obstructed atomic limit, which can be realized without
breaking time-reversal symmetry.

The fourth chapter introduced a generalized method for automated recognition
of eigenmode inversion in photonic crystals, independent of the specific lattice
symmetry. It presented a classification approach based on eigenfunction compari-
son, where the spatial distribution and sign pattern of the field components were
used to quantify the similarity between modes. This method enabled reliable
identification of symmetry inversions that mark transitions between topologically
distinct phases. By combining this technique with the previously developed band-
connection algorithm, the analysis of complex parameter spaces became fully
automated and scalable. The approach was tested on representative photonic
crystal geometries, confirming its ability to detect mode inversions corresponding
to topological transitions.

The fifth chapter applied the developed automated analysis methods to search for
eigenmode inversions in two-dimensional photonic crystals with Cy symmetry. A
range of geometrical configurations was investigated to identify structures capable
of supporting the desired p—d mode inversion associated with the obstructed
atomic limit phase. Through systematic parameter exploration, the “bridged ring”
geometry emerged as the most effective design, allowing continuous tuning of the
inversion by adjusting the bridge width and cavity radius. Supercell simulations
confirmed the formation of a topological interface state when two complemen-
tary geometries with inverted symmetries were combined, demonstrating clear
bulk—edge correspondence. The chapter also discussed the role of lattice periodic-
ity, symmetry constraints, and material parameters in determining the robustness
and manufacturability of the design. Overall, this chapter established a practical
realization of the topological interface and provided the central example on which
the subsequent characterization was based.

The final chapter focused on the detailed characterization of the topological
modes formed at the interface between the complementary photonic crystal struc-
tures. Using both frequency-domain and time-domain simulations, the existence,
spatial localization, and dispersion of the interface states were confirmed. The
analysis demonstrated that these modes are confined within a few lattice periods
around the interface and remain robust in the presence of structural imperfections,
validating their topological origin. The Wilson loop calculations further verified
that the observed modes arise from a displacement of Wannier centers charac-
teristic of the obstructed atomic limit phase, rather than from local symmetry
breaking. Additional studies examined the dependence of mode confinement and
group velocity on the size of the band-gap overlap, revealing a trade-off between
localization and dispersion slope that can be tuned geometrically. Together, these
results provided a comprehensive understanding of the physical behavior of OAL
topological modes and confirmed the success of the design and analysis framework
developed throughout the thesis.
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A natural continuation of this research is to extend the automated analysis
framework beyond the specific Cy OAL case studied here. The band-connection
algorithm based on eigenmode similarity provides a general mechanism for track-
ing eigenstates across the Brillouin zone, enabling reliable detection of crossings,
degeneracies, and symmetry changes without manual intervention. Combined
with automated eigenfunction-based classification, this approach can be adapted
to other lattice symmetries, higher-order topological phases, and potentially three-
dimensional photonic crystals, where band connectivity becomes more complex and
mode mixing is more common. In parallel, a systematic investigation of robustness
under experimentally realistic conditions remains essential. While the interface
modes were shown to persist under severe perturbations, the observed asymmetry
in defect sensitivity and the reduced performance of certain turns indicate that
robustness is geometry-dependent and must be quantified in a controlled way.
Extending the defect studies to fabrication-relevant variations, including smooth
shape perturbations, positional disorder, and material losses, would allow a more
complete mapping between unit-cell parameters, mode localization asymmetry,
and practical suitability for integrated implementations.

In addition to these direct extensions, the thesis opens several opportunities
for expanding the design space and targeting application-driven functionality. The
demonstrated trade-off between band-gap overlap and interface-mode dispersion
suggests that low-dispersion and near-flat modes can be engineered intentionally,
which could be useful for slow-light applications and protection systems where re-
duced group velocity is beneficial. At the design level, fractional lattice-parameter
matching provides an additional tuning knob for band-gap alignment without
changing material composition, potentially enabling interface formation between
designs that would otherwise be incompatible under a 1:1 scaling constraint.
Although this strategy increases computational cost and introduces multiple edge
bands, it broadens the range of viable complementary pairs and motivates more ef-
ficient supercell workflows. Finally, the exploratory generative geometry approach
suggests a route toward automated unit-cell synthesis guided by eigenmode order-
ing and field—material overlap, which could reduce reliance on heuristic geometry
selection. While the initial implementation suffered from local optima and did
not achieve the targeted ordering, the underlying idea can be developed using
more stable optimization strategies, enabling future inverse-design pipelines that
couple automated band tracking, mode classification, and geometry generation
into a single closed-loop design process.
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employs a dielectric material with relative permittivity €, = 9. The
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5.9 Demonstration of the clustering algorithm used for eigenmode |
| classification. Cases a, b, c, d, g, h, and k were correctly classified, [

[ while the algorithm failed to correctly place the centroids in cases |

[ e f1,j,andl| . . ... 64

[5.10 Use of a local maxima search algorithm for eigenfunction classi- |
| fication. Among all the presented cases, only case d) correctly |

[ identifies the field Tobes] . . . . . . . .. .. .. ... ... .... 64

[>.11 Examples of eigenfunction classification comparators based on a |
[ clustering algorithm, incorporating constraints on the number ot |
[ field lobes per cluster and accounting for oriented deviation.| . . . 65

113



512

a) Photonic crystal unit cell design aimed at lowering the energy of

the d,>_,» mode below that of the two p modes. b) The targeted d

modeld ...
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Demonstration of the material-field lobe overlap effect based on

the design of dielectric rings with four bridging cylinders, as defined

in Figure[5.12| a) Eigenmode ordering for different values of r;,

with the corresponding unit cell structures shown below each mode.

b) Band structures of the geometries for varying values of r3, with

the band corresponding to the d,2_,» mode highlighted in red.

5.14

Band-symmetry inversion phase diagram for the ring with cyhn—

drical bridges photonic crystal design defined in Figure[5.12] The

color bar indicates the energy separation between the p, mode and

the d,2_,2 mode at the I' point. Three slices through the configu-

ration space are shown. Missing values correspond to geometrical

configurations where the algorithm described in Section [4.1.4] failed

to identity the mode types or the required modes were not present.|
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B.15

Band structure of the design exhibiting the highest degree of band-

symmetry inversion and its complementary design, which yields

the largest band gap overlap. Both designs are based on the

structure defined in Figure [5.12, Regular structure parameters:

lr1 = 0.025-a, ro = 0.325-a, r3 = 0.06 - af; inverted structure

parameters: |r; = 0.425-a, ro = 0.45-a, r3 = 0.12-a|. The

material used is InP)_1550 nm, With lattice constant a = 700 nm.|

5.16

Band structure of a topological interface composed of 20 unit cells

of each type defined in Figure [5.15. T'he two nearly degenerate

topological modes are highlighted inred.| . . . . . . . . ... ...

[.17

Band structure and eigenmode ordering of an interface tormed by

two geometries resulting in a band-symmetry inverted configuration.

Left structure parameters: |1y =0.4-a, ro =0.45-a, r3 =0.12- a;

right structure parameters: |r; = 0.425-a, o = 0.45-a, r3 = 0.06-q.

'I'he design parameters are defined in Figure |5.12, "T'he material

used 18 InPy550 nm, and the supercell forming the intertace consists

ot 15 unit cells of each geometry type. A boundary between crystals

belonging to the same topology class does not host in-gap modes.

Therefore, the observed in-gap modes are not detect-related but
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.18
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(.19

Band structure ot a photonic crystal with a lattice parameter ratio
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consists of five unit cell columns of each type. For lattice constants

(regular = (00 NM and Gipverted = 000 nm, and using InPisp0nm as

the material, the resulting common band gap spans from 1000 nm

to 1270 nm. . . . ..
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Left structure parameters: [r; = 0.375-a, 7o = 0.4-a, r3 = 0.12-al;

right structure parameters: |r; = 0.425-a, o = 0.45-a, r3 = 0.12-q.

'I'he design parameters are defined in Figure |5.12, "T'he material

used 1S IIlP1550 nm-l ...........................
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5.21

Four independent optimization runs of the same target configura-

tion. Panels a)-d) show different but related dielectric patterns,

illustrating that the algorithm is not tully stable and converges to

distinct local optima. The white regions correspond to air, while

the dark gray areas represent the high-permittivity material.| . . .
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a) definition of geometrical parameters of the bridged ring design.

b) Example of a seed state which can lead to a topologically trivial

or non-trivial case, depending on the way of tuning the geometrical
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6.2

Band structure of the design exhibiting the highest degree of band-

symmetry inversion and its complementary design, which yields the

largest band gap overlap with restriction vy = ry for the inverted

structure. The pattern corresponds to the bridged ring design

defined in |6.1, Regular structure parameters: [r; = 0.1-a, ro =

0.275 - a, r3 = 0.06 - al; inverted structure parameters: |r; =

0.5-a, 1o =0.5-a, r3 = 0.14 - a]. The material used is InP1550 nm |

78

6.3

Band structure of a topological interface composed of 16 unit

cells of each type defined in Figure 6.2 The two nearly degenerate

topological modes are highlighted in magenta, while the original

bad-gap is depicted in pink. The mode dispersion detail reveals

abnormal dispersion slope.f . . . . . ... .00
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6.4

Band structure ot the design that produces topologically non-trivial

intertace, but produces narrower band-gap then the design in figure

[6.2] 'T'he pattern corresponds to the bridged ring design defined in

[6.1. Regular structure parameters: [r; = 0.105-a, ro = 0.35-a, r3 =

0.072 - al; inverted structure parameters: [r; = 0.345 - a, 1y =

0.425-a, r3 = 0.108 - a|. The material used is InP1550 yn| - - - - -
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a) Band structure of a topological interface composed of 16 unit

cells of each type defined in Figure [6.4] The two nearly degenerate

topological modes are highlighted in magenta, while the original

bad-gap is depicted in pink. The mode dispersion detail reveals

regular dispersion slope. b) Transmission of the interface calculated

by the FDTD method.| . . . . . ... ... ... ... ... ....
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Wilson spectra of the set of bands below the photonic band gap

of the PC design introduced in figure [6.4. The flat but displaced

bands indicate the obstructed atomic limit topological effect.| . . .
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6.7

Interface modes and Wilson loop analysis for three photonic crystal

combinations. Each column corresponds to an interface formed by

joining two photonic crystals with distinct unit cell parameters,

denoted as Left PC and Right PC. Top row: Intertace band struc-

tures computed using a supercell geometry. Gap-localized modes

are observed only in case b). Middle and bottom rows: Wilson

loop spectra for the left and right photonic crystals forming each

interface, respectively, calculated for the photonic bands below the

band gap. Case a) shows an interface between two trivial configu-

rations with matching Wilson loops and no interface modes. Case

b) corresponds to a mismatch between a trivial and an obstructed

atomic limit phase, indicated by a shift in the Wilson loop; this

results in a pair of interface-localized modes within the band gap.

Case ¢) involves two OAL phases with identical Wannier center

positions and therefore no protected interface modes. This analysis

demonstrates that the presence of localized interface states orig-

inates from a polarization mismatch between the adjoining bulk

phases.| . . . . . . .

6.8

Schematic representation of supercell configurations used to simu-

late topological interfaces. a) An original supercell arrangement

with one intertace placed at the center and a second appearing at

the boundary due to periodicity. b) Modified supercell with both

interfaces symmetrically located within the cell, allowing for clearer

analysis of interface-localized modes. ¢) Enclosed configuration

where photonic crystal A is embedded in PC 5, showing how the

same topological mode (Mode 1) propagates in opposite directions

depending on the orientation of the interface| . . . . . .. .. ..

6.9

Dependence of mode localization on the number of photonic crystal

unit cells between topological interfaces. a) First topological mode:

Bloch mode profile magnitude (summed over the transverse direc-

tion) plotted along the position between two interfaces for various

numbers of unit cells /V, color-coded tfrom 1 to 10. As N increases,

the mode transitions from being spread over both intertaces to

being localized predominantly around one. b,c) Second topological

mode: Field distribution for (b) N = 6, showing the mode extends

over both interfaces, indicating lack of unidirectionality, and (c)

N = 14, where the mode is fully localized at Interface 2, demon-

strating unidirectional propagation consistent with a topologically

protected state. | . . . . . ..o

6.10

Directionality of the first topological mode as a tunction of the num-

ber of unit cells /V between two interfaces. The supercell (defined in

Figl6.8b) is divided into two spatial regions: one containing Inter-

face 1 (first half of the x-axis) and the other containing Interface 2

(second half of the x-axis). The blue points indicate the fraction of

the total field energy located around Interface 1, corresponding to

forward propagation, while the red points indicate the energy near

Intertace 2, corresponding to backward propagation. The design is

based on the one shown in Figlo.4l] . . .. ... ... ... ... .
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6.11

Standard deviation (STD) of the field distribution for the first

topological mode in the upper band channel as a function of the

number of unit cells N. Clockwise (blue) and counter-clockwise

(red) components correspond to regions around Interfaces 1 and 2,

respectively. | . . . . ..
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supercell, showing the convergence of the topological modes in the

upper band channel. As /V increases from 1 to 10, the initially split

topological bands gradually merge and become nearly degenerate

around /V = 6, indicating stabilization of the mode frequency. | . .
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6.13

Large-scale intertace perturbation simulations. Each panel shows

the F, field profile obtained trom FDTD simulations, illustrating

mode propagation along the perturbed intertace using the color

scale. The black—white inset in the upper right corner ot each

panel represents the unit cell distribution, where white indicates

topologically trivial cells and black indicates topologically non-

trivial (inverted) ones. The defect interfaces consist of 20 x 25 unit

cells, while the turn intertaces consist ot 40 x 40 unit cells. The

unit cell design used here is the one introduced in Fig. [6.4] Panels

(a—d) test different interface configurations, including 90° turns to

the left and right, as well as replacements of three cells one cell

away from the interface with the opposite topological type.| . . . .
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6.14

Transmission spectra of the geometries shown in Fig.[6.13] including

the straight undisturbed intertace for reference. The results are

qualitative rather than quantitative, as discussed in dec.[2.2.2] which

explains why some values exceed 100%. The relevant information

[ is the transmission level around which the data oscillate) . . . . .
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6.15

A set of defect configurations placed relative to the center of the

interface. Panel (a) shows the resulting transmission spectra, which

exhibit the same qualitative behavior as in the previous figure.

Panel (b) illustrates the corresponding defect geometries. The

designs of the trivial and topological unit cells are identical to those

introduced in Fig. 6.4 and Fig.|6.13] The detects are made ot the

same material as the surrounding photonic crystal| . . . . . . ..

.16

I, field profile obtained from F'DTD simulation at a wavelength

of 1550 nm, showing the mode propagation along the topological

interface. The interface separates the topologically trivial (left) and

non-trivial (right) photonic crystal regions.| . . . . . . . ... . ..

G.17

[llustration of the geometry interpolation scheme used to define

a continuous path between the trivial and topological phases in

the inversion diagram (Fig.[5.14)). The line connecting V,,,, and

Vmin TEpresents a gradual transtormation from the topological to

the trivial geometry through band-gap closure and reopening. The

intermediate geometries V; and V5 correspond to points along this

line, parameterized by the mixing coeficient M € |0, 1|, which

determines their position between the two end points. The figure

serves only as a conceptual demonstration and does not represent

precise point placement.| . . . . . ... ... 00000




.18

Dependence of the maximum dispersion slope of the topological

edge mode on the size of the band-gap overlap for geometry pairs

defined by the mixing coefficient M € [0.75,1]. The end points

Vinin = [0.425,0.45,0.12] and V., = [0.025,0.325,0.06] correspond

to the configurations with the highest band-gap inversion and the

highest band-gap overlap. The observed trend shows a monotonic

decrease of the dispersion slope with increasing band-gap size.| . .

[6.19

Dependence ot the I'— N energy difference on band-gap size for

several interface designs. The vertical axis shows the energy differ-

ence Abp y = E(I') — E(N) of the relevant band (in normalized-

frequency units). The horizontal axis is the band-gap size [a/\|.

Points are colored by the mixing value used to linearly inter-

polate between the inverted and regular unit cells (0.70-1.00);

the horizontal dashed line denotes AEr_ny = 0. All structures

use indium phosphide [120]. a) Interface from Fig. [5.12; in-

verted (r; = 0.425a, ro = 0.45a, r3 = 0.12a) vs. regular (1 =

0.025a, ro = 0.325a, r3 = 0.06a); this pair yields the largest

band-gap overlap. b) Fabrication-simplified variant with cylinders

replacing rings: inverted (r; = 0.5a, ro = 0.5a, r3 = 0.14a) vs.

regular (r; = 0.1a, r, = 0.275a, 3 = 0.06a). c) Interface derived

from a hexagonal (Cy) lattice [51]: inverted (r; = 0.38a, ro = 0.45a)

vs. regular (r; = 0.27a, 1, =0.36a)] . . . .. ... ... ... ...
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List of Abbreviations

OAL
PC
TE
™
TRS
BZ
MPB
FDTD
PML
InP
GUI
2DTI
YIG
TBM
STD
irrep

Obstructed Atomic Limit
Photonic Crystal

Transverse Electric

Transverse Magnetic
Time-Reversal Symmetry
Brillouin Zone

MIT Photonic Bands

Finite Difference Time Domain
Perfectly Matched Layer
Indium Phosphide

Graphical User Interface

Two dimensional topological insulator
Yttrium iron garnet
Tight-binding Model

Standard deviation

Irreducible representation
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