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Abstract

This document reviews the theory of factorial analysis, giving importance to the fundamental results
that validate the use of the technique. Some of the results shown in this work, although under-
stood as necessary in the construction of the statistical method, couldn’t be found proved in other
references, and their demonstrations are included. Once the theory has been explained, it is shown
trough an example, a procedure to obtain probability based indices built over latent factors fitting
a confirmatory factorial model. Indices are intended to evaluate the evolution of economic, as well
as social, ecological and urban aspects in metropolitan regions, and so they can be considered sus-
tainable progress indicators. The procedure was proposed by a research team of the IERMBEI and
the MCSEL in a study published in 2019. The example in this report is still in the discussion phase.
The aim is to initiate the updating of that methodology, to apply it in a future study with new and
extended data.

1 Introduction

Factorial analysis is a statistical theory that allows, under certain conditions, expressing approximately
the variables of a random vector of which we have observations, as a linear combination of a few new
variables called factors, through a stochastic model. The so called factor model is built in such a way
that allows to search for interpretable factors in the context of the investigation. The objective is ex-
plaining the individuals or observations of the initial random vector in terms of this new factors. One
use of factorial analysis is to try to quantitatively model as factors qualitative aspects of interest (such as
intelligence or social class, for example), considering as initial observable variables ones that is thought
could describe the aspect that is studied. This document explains the fundamental results of factorial
analysis as well as the necessary ones to apply the theory, giving importance to the elemental theorems
that validate the use of the technique. Once the theory is known, it is shown a procedure to evaluate
sustainable progress in metropolitan regions, using sustainable progress indicators based on confirmatory
factorial analysis, trough a concrete analysis, relying on socioeconomic data of Europe metropolitan re-
gions provided by IERMB (Barcelona Institute of Regional and Metropolitan Studies). The procedure
was proposed and used in Marull et al. (71 to evaluate sustainable progress in Europe metropolitan
regions and megaregions between 1995 and 2010.

The first part of this document, consisting on sections [2| and [3] explains the theoretical foundations
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of factorial analysis. The objective is adjusting adequately a factor model to a given set of variables,
which we shall call initial variables. There are two principal variants of factorial analysis: confirmatory
and exploratory. Exploratory factorial analysis is commonly used to find a factor model that fits the
initial variables, whereas confirmatory factorial analysis is often used after an exploratory analysis, with
the aim of fitting a specific factor model with the values of some of its parameters fixed in advance by
the researcher, much of them usually forced to be zero. Section [2] is devoted to exploratory factorial
analysis and section [3]is dedicated to confirmatory factorial analysis. In the second section we define the
orthogonal factor model and we present its basic properties. Sections [2.2]2.3] and [2.4] discuss the way to
find, in practice, an estimated solution to the orthogonal factor model for an initial random vector, using
a set of observations of it summarized in a data matrix, we finally present the principal factors method
of estimation. Section shows how to obtain the values that may take the factors for a given obser-
vation of the initial random vector, once the model has been fitted, this values are called factor scores.
Section [2.6] discuss the interpretation of the factors, and overviews the varimax rotation method, that
aims to provide an interpretable factors, taking advantage of the non uniqueness of solution to the model.
Section [3] introduces confirmatory factorial analysis highlighting the theoretical and practical differences
with the exploratory version, the factor model is defined, the existence and uniqueness of solution to it
is discussed, and its basic properties are shown, the ways to find its parameters estimates are overviewed
and the factors interpretation is addressed.

In the second part of this document, consisting on section 4, we perform a confirmatory factorial analysis
to the data set provided by IERMB to show the procedure to obtain sustainable progress indicators.
Sustainable progress in city networks accounts an increasing level of economic competitiveness, urban
complexity and social and environmental well-being (Marull et al. (1)), this concept arises to fulfil
the limitations of GDP and per capita income as measures of overall human well-being, among other
objectives. The object of study are the metropolitan regions (cities and their respective metropolitan
areas). To evaluate sustainable progress in metropolitan regions it is necessary to measure economic,
ecological, social and urban aspects, as well as the urban complexity, and confirmatory factorial analysis
can help in this task. The procedure proposed in Marull et al.(1I]) is based on fitting a factor model to
a vector of socioeconomic, ecological and urban variables, using observations of this vector for different
metropolitan regions, and having observations of different years for each region. The factor model is
fitted using confirmatory factorial analysis, in such a way that the initial variables are explained with a
few new factors and this are interpreted, if possible, as economic, social, ecological and urban aspects,
from this factors are derived simple indices measuring such aspects, and this simple indices are finally
integrated to a compound indicator to evaluate sustainable progress. The indicator is evaluated in the
initial region-year observations, and by observing the evolution on the values of it for a region, it is
possible to tell if the level of the aspects measured has seen or not an increase over the years, and this
way evaluate if the progress of a metropolitan region has been sustainable.

Early this year, IERMB started working in a project to update Marull et al.’s(71]) study, with new
data from 2012 to 2019, and this work was proposed to initialize the new analysis. Unfortunately, due
the Covid-19 crisis, the necessary data was not prepared until later in June, and we could only dispose
from data of a single year; 2016, in consequence, the applied part in this document was reduced to an
analysis of the 2016 data set, and it is intended only to show the procedure to obtain sustainable progress
indicators trough confirmatory factorial analysis, but it can’t be taken as a meaningful analysis, in one
hand, because of the lack of data, on the other hand, because we hadn’t discussed the interpretation of
the factors with the experts on the matter of sustainable progress and it’s derived social, economic, urban
and ecological dimensions in IERMB; the interpretation was based on our intuition about this matters
and in the considerations in Marull et al.’s(11)) study, hence, it is important to remark that the analysis
has to be seen only as an explanation of the statistical procedure to obtain the indicators, but never as
valid to draw conclusions about the (miss) evaluated aspects in the analyzed metropolitan regions using



its results. This will be clear during the explanation of the performed analysis. We would have liked to
discuss the interpretation of the factors with the people of IERMB, but we haven’t had the time to do it
properly. The reader may realize that with data of a single year it is not possible to evaluate progress,
since the progress is seen comparing an indicator values trough different years, but the procedure to
obtain the indicator is the same given a data set of a single year or a data set of various years, thus, we
will see the procedure to obtain compound indicators to evaluate economic, social, ecological, and urban
aspects, but we will only be able to give the value of this indicators for the year 2016 of each metropolitan
region. Disposing of data of more years, it is possible to see the evolution in the values of a compound
indicator and evaluate the progress of metropolitan regions in different aspects. Whereas the applied
part was reduced, we went deeper in the theory of factorial analysis. We have not seen this as a problem,
on the contrary, it is though important to have a certain knowledge of the theory before applying it, in
fact, some of the results shown in the first part of this document couldn’t be found proved by the author,
although they were seen as fundamental and necessary, concretely, this results are the theorems [2.1.5] and

B2

Thus, the applied part consist on the analysis of a 2016 data set, section explains the variables
used in the analysis, consisting on socioeconomic, environmental and urban ones, section shows the 4
factor model adjusted to the data. We interpret the factors as socioeconomic, environmental and urban
aspects related with the initial variables, this labelling is done taking into account their mathematical
relationships with the initial variables, it can not be taken as valid and it must be taken as an example,
since it was not discussed with the experts in IERMB. In the section various indicators are derived
from the factors, including simple indicators, measuring the aspect corresponding to each factor, and
compound indexes, which take into account all ecological, socioeconomic and urban factors, one of this
compound indexes is taken as a sustainable progress indicator, and all the regions observed are evaluated.

For the interest of the reader, Marull et al.(11]) study is of public access and it can be found in the
IERMB'’s website.

2 Exploratory factorial analysis

Exploratory factorial analysis is the main version of factorial analysis, it will allow us to understand the
procedure, and it will serve as a basis for confirmatory factorial analysis. The objective will be to find
an adequate solution (at least approximately) to the orthogonal factor model for a given set of observed
variables. Let’s define what does it mean.

2.1 The model and the fundamental results

Definition 2.1.1. Let X’ = (X7,...,X,) be a px 1 random vector with E[X] = 0,x1. We say that the
orthogonal factor model holds for X if there exist two random vectors f* = (fi,..., fm) with m < p
and u' = (uq,...,up) and a matrix @ = (¢;;) € Mpxm(R) such that

Xi=quhi+qafo+ -+ qmfmtw

Xo = qo1f1 +qeafo + -+ qamfm +u2

Xp =qmf1+qpafo+ -+ @mfm +up
In short: X = Qf + u, and satisfying:



i) E[f] =0mx1, Cov(f)= I, with I, the identity matrix on R™.
it) Efu] = 0px1, Cov(u) =T, with ¥ € M,,,(R) and diagonal.
i13) Cov(f,u) = Opmxp, where Cov(f,u) denotes the cross-covariance matrix between f and u.

In this case we say that the triplet (Q, f, ) is a solution to the orthogonal factor model for X, (f1,..., fim)
are called common factors of the model, (u1,...,u,) are called specific factors and the matrix @ is called
the loadings matrix. We consider the model with m < p because one of the objectives is explaining the
initial variables in a simplified way with a few factors.

In practice X will be the initial random vector of which we will have observations, the assumption
E[X] = 0px1 is not restrictive since data can be centered to get the model and translated to the original
center at the end, if necessary. We will be interested in the common factors while the specific ones could
be understood as stochastic errors to hold the model. With respect to the conditions 7),) and 4i7), the
condition ¢) asks the common factors to be uncorrelated and have unit variance, this condition is why
we call the model orthogonal, considering the covariance as a scalar product. The condition i7) ask the
specific factors to be uncorrelated and #ii) ask the common factors to be uncorrelated with the specific
factors. We could consider more general assumptions as allowing the common factors to be correlated,
but is convenient for our current purpose of introducing factorial analysis to leave them for the confir-
matory version.

To clarify notation, in this document we will use X x to denote the covariance matrix of a random
vector X, as well as Cov(X) or Cov(X,X) using the cross-covariance matrix notation, depending on
the situation, that is ¥x = Cov(X) = Cov(X, X). Let’s see the basic properties of the model:

Proposition 2.1.2. Let X be a random vector with E[X] = 0,x1. If the orthogonal factor model holds
for X and (@, f,u) is a solution, then Cov(X, f) = Q.

Proof. Using that (@, f,u) is a solution to the model, that is: X = Qf + u satisfying i), i) and 4ii), the
properties i)(Cov(f, f) = L) and 4ii)(Cov(f,u) = Onxp) and basic properties of the cross-covariance
matrix we have:

Cov(X, f) = Cov(Qf +u, ) = Cov(Qf, f) + Cov(u, f) = QCov(f, f) = QL = Q. W

Thus, the variances between the initial variables and the common factors are given by the loadings;
Cov(X;, fj) = ¢ij- This result will help us to interpret the factors, that is, understand what the factors
represent in the context of the investigation, concretely if the initial data is standardized, is valid to
interpret a factor in terms of the variables more correlated with it, and so those that more contribute to
it, although the interpretation will not always be possible or clear. We will discuss this point further.

Proposition 2.1.3. Let X be a random vector with E[X] = 0,x1. If the orthogonal factor model holds
for X and (Q, f,u) is a solution, then Xy = QQ* + ¥

Proof.
Yx =Cov(X)=Cov(Qf +u) =Cov(Qf) + Cov(Qf,u) + Cov(u,Qf) + Cov(u)
= QCou(f)Q" + QCou(f,u) + Cov(u, f)Q" + Cov(u)
= QImQt +v
=QQ'+ 7

Where we have used the properties i),4i) and i) of the solution. H



Observation 2.1.4. In particular, if the orthogonal factor model with m factors holds for X = (X7,..., X)),
denoting as 1; the ith element on the diagonal of ¥, such that we can write U as U = diag(¢1, ..., %),
and defining h? := Z?’Zl ¢y, for i € {1,...,p}, we have

m

Var(X;) =Y q+bi=hi +;, forie{l,...,p} (1)

j=1
The value h? is called the ith communality, while 1); is called the ith specific variance.

Once we have seen the first two basic properties of the orthogonal factor model, assuming it holds, it’s
time to ask if it’s possible to find conditions for our initial variables, that ensure existence of solution to
the model, since we want to obtain the factors from a data set performed by observations of the initial
variables. We will state and prove that the necessary condition given in the last proposition is sufficient,
if we suppose ¥ to be positive definite, following the hint given in Mardia et al. (1979, p. 276) (10)). We
observe that if the model holds, V¥ is necessarily positive semi definite, since it’s a covariance matrix, and
therefore the condition of positive definiteness does not seem very restrictive, we will discuss this point
further. Concretely the statement of the result is given in the next theorem:

Theorem 2.1.5. (Existence of solution to the orthogonal factor model)

Let X! = (Xi,...,X,) be a p x 1 random vector with E[X] = 0,x;. If there exist two matri-
ces Q@ € Mpxm(R), with m < p, and ¥ € M,,(R), with ¥ diagonal and positive definite, such
that ¥x = QQ' + ¥, then there exist two random vectors f* = (fi,..., fm) and u' = (uq,...,up)
that satisfy the orthogonal factor model with loadings matrix @ and Cov(u) = W, that is; satisfying
X =Qf +u,Cov(u) =¥ and i), i7), 14).

Proof. Following the hint given in Mardia et al. (1979, p. 276) (10)), we will show first that there
exist a multivariate normal random vector Y* = (Y7,...,Y,,) with Y ~ Ny, (Opx1, Im + Q¥ 1Q), and
secondly we will show that the pair of random vectors defined by:

1

@ - (Q{I\)Ifl I?n)_ @) (2)

A1

give a solution to the orthogonal factor model.

Denote W = I, + Q*¥~'(Q, U is invertible since it’s symmetric and positive definite by hypothesis, thus
we can take W. First of all, let’s see that W is symmetric and positive semi definite, and therefore we
can consider a multivariate normal vector Y with covariance matrix W:

QUQ) = Q(I)(Q) = QUQ
since W is diagonal, and therefore Q*U~1(Q is symmetric, hence W = I,, + Q*¥~1Q is also symmetric
since the sum only affects the diagonal of Q¥ ~1Q. Let v € M,,,x1 M (R) be any vector, let y := Qu, we
have v* Q*U—'Qu = y* ¥~y > 0 since ¥~ ! is positive definite, hence, by definition, Q*¥T~1Q is positive
semi definite, and since it is also symmetric we have det(Q*¥~1Q) > 0. Now using that if B and C are
positive semidefinite matrices then det(B + C) > det(B) + det(C') (Lin and Sra)(9)), we have:

det(I,, + Q"UQ) > det(I,,) + det(Q" VT 'Q) > 1

Thus, det(W) > 0, and since W is also symmetric, is positive definite (Ced6 and Reventds)(3), as we
wanted to see. Since det(W) > 0, W is invertible, which we will use later.
Now let’s see that the matrix A defining the vector of factors in (2), is invertible. The identity:

A B _ 1
det (C D) = det(D)det(A — BD~"C)



holds when D is square and invertible (Schur, 1917)(15)), using it for A we have

det(A) = <_Q{I:I/1 Ii) = det(I,,)det(I, + QI,Q" V™) = det(I, + QQ* V™)

Now,
det(I, + QQ'U ™) = det(TU ™ + QQ'U™) = det (¥ + QRN ™) = det(¥ + QQ")det (¥~ 1)

QQ' is symmetric and positive semidefinite, hence det(QQ*) > 0, ¥~! is positive definite thus det(¥~1) >
0, hence, det(¥ + QQ") > det(V) + det(QQ") > 0 and therefore det(A) = det(V + QQ')det(¥~1) > 0,
thus A is invertible, and Yx = ¥ 4+ QQ* is also invertible.

After this technical details, we are ready to see that the factors in (2) give a solution to the model. First
let’s see that X = Qf + u holds. Since A is invertible, we have:

(7)- Lo 2)(0)

A

()=(oh 2) () =

Hence, X = Iyu+ Qf = Qf + u. We need to see that f and u satisfy ¢), i) and ¢ii). First, we will see
that 44) holds showing that Cov(u) = ¥ and E(u) = 0px1. As

()-+6)

()=o) ) s

And therefore Efu] = 0px1 and E[f] = 0,,,x1. We will use the identity:

then

-1

A B\ (A— BD~1C)! —(A—BD™'C)"'BD"!
¢ p) ~\-D'c(A-BD-'C)"' D'+ D-'C(A-BD-'C)"'BD!

that holds for any block matrix with D and (4 — BD~1C) invertible (Banachiewicz, 1937)(1)), to obtain
the inverse of A. In our case; A—BD~'C = I,+QQ"¥ !, we will denote this matrix M, we have already
seen that det(M) = det(A) > 0, and thus M is invertible, also in our case D = I,,,, and so we can apply
the identity, we obtain:

-1

e 2 ot e
7Qt\1171 Im Qt\P71M71 Im _ QtlIlflelQ

W _ e (X _( M ~M1Q b
()= () = (owtr 1-@v-iii) (7)

u=M"'X-M1'Qy =M YX -QY) (3)

Thus,

and therefore:



Now, Cov(u) = Cov(M~YX — QY)) = M~ 1Cov(X — QY )(M~1)t, and developing the covariance:

Cov(X —QY) = Cov(X) + Cov(X,—QY) + Cov(—QY, X) + Cov(—QY)
=Yx — Cov(X,Y)Q' — QCou(Y, X) — QCou(Y)(—Q)"
=Yx + 0+ QCov(Y)Q"

= (T+QQ") +Q(Im + Q¥ Q)Q’
= (I, + QR 1)U + QQ" + QQ'¥V'QQ"

= (I, + QRN + (I, + QQ'T~HQQ"
= (I, + QQ"T ) (¥ +QQ")

= (I, + Q"N U(I, + ¥~'QQ")

= MUM?

where we have used X x = QQ! + ¥ by hypothesis, and Cov(X,Y) = 0 since Y is taken independently of
X, therefore we obtain:

Cov(u) = M~ 'Cov(X — QY)Y (M N = M *'Cov(X —QY)(M") ' = M *MIYM (M)~ =T

as we wanted to see.
Using similar arguments we will prove that Cov(f) = I,,,, and so ¢) will be done since we have already
seen F[f] = 0. Concretely, we will now use the identity:

A B\ (A 4+ A'B(D-CA'B)"lCA"' —A'B(D-CA'B)!
c p) = —(D—-CA'B)~lCA! (D—CA-'B)~!

provided that A and (D — CA~!B) are invertible (Banachiewicz, 1937)(1)). In our case: D — CA™'B =
—(-QW¥NILQ = I, + Q¥ ~1Q = W and we know that W is invertible, and A = I,, invertible, so
we can apply the identity to obtain:

I
Ail = (—QKIJl i)

()= G) - wliess W56
f Y W-lQtw—! W1 Y

f=WQU X + Wy =W QT X +Y) (4)
Then, Cov(f) = Cov(WHQW1X +Y)) =W 1Cov(QIU1X +Y)(W~1)!

-1

I *QW 1Qt\If 1 *QW71
< 1Qt\If 1 Wfl >

Thus,

and we obtain



and developing the covariance:

Cov(QIUIX +Y) =Cov(QIU X))+ Cov(QTX,Y) + Cou(Y,Q"U 1 X) + Cov(Y)
= QU Cow(X)¥ Q4+ QT Cov(X,Y) 4+ Cov(Y, X)U1Q + Cov(Y)
=QIU Yy U IQ + =y
=Q U QI+ MV TIQ+ W
=T (QQQ+ VY TQ) + W
_ Qt\IrlQQt\IrlQ + Qt\rlQ +W
= (QUTQ+1,)(QUTIQ) +W
W(QUQ) +W
=W(QW'Q+1I,)
=WWw

and using that W is symmetric we get the desired result:

Cov(f) =W Cov(QU X +YV)(W 1)
=W Cow(QIU X +Y)(W')~!
=wlwwwhH 1t =wltwww!
= Im

Finally, let’s see 4i7), that is, Cov(u, f) = Opsxm.-
Using the expressions and we have:

Cov(u, f) = Cov(M (X —QY), W HQ'T*X +Y))
=M 'Cou(X —QY,QU ' X + Y)W 1)
M7 HCov(X, QMU X +Y) + Cov(—QY, QU X + V)| (W)

M~ Cov(X, Q"™ X) 4+ Cov(X,Y) + Cov(—QY, QU X) + Cov(—QY, Y)W !
= M Cov(X,Q 1 X) 4+ Cov(X,Y) — QCou(Y, X)(Q'T 1) — QCou(Y, Y)W !
M~ Cou(X, X)¥1Q — QCov(Y, Y)W !

M7 ExTQ — QSy W

We observe

ExUTQ-QYy = (QQ+U)UTIQ-QW = QQUTIQ+Q-QW = Q(Q"U T Q+1,,)—QW = QW —-QW = 0pxm
so0, Cov(u, f) = Opxm, and we are done. W

Theorem says that the orthogonal factor model has at least one solution, but the solution is not
unique, in fact, every rotation of the factors will give another solution to the model:

Proposition 2.1.6. Let X be a random vector with E[X] = 0,1, let m < p and let G € M,,,(R) be an
orthogonal matrix, that is GG = I,,,, if (Q, f,u) is a solution to the orthogonal factor model for X, with
m factors, then (QG, Gt f,u) is also a solution to the orthogonal factor model for X, with m factors.

Proof.
If (Q, f,u) is a solution to the orthogonal factor model for X with m factors and G € M,,(R) is or-

thogonal, we have X = Qf +u = Q(GG) f +u = QG(G'f) + u, and it also holds
i) E[G'f] = G'E[f] = Opx1, Cov(GLf) = G'Cov(f)G = G'I,\G = G'G = I,



1) Elu] = 0px1, Cov(u) =¥
iit) Cov(G'f,u) = G'Cov(f,u) = Omxp

And therefore (QG, G f,u) is a solution to the orthogonal factor model for X, with m factors. B

In particular, the result holds when G € M,,(R) is orthogonal and det(G) = 1, that is, when G is a
rotation matrix in R™. This fact will allow us to find interpretable factors, if we find a solution (@, f, u)
but the factors f are not interpretable in the context of investigation. There exists methods that try to
find an adequate rotation G such that the factors G f of the solution (QG, G f, u) might be interpretable.

The theorem indicates us how to proceed to find a solution to the model for an initial vector
Xt =(Xy,...,X,). If we find Q € My, (R) and ¥ € M,,(R) diagonal and positive definite such that

x = QQ' + ¥, the factors given by the expressions (3) and will give a solution to the orthogonal
factor model for X with matrix of loadings @. In practice we have a data matrix Xe My« p(R), where
each row of X is an observation of the random vector X = (X1,...,Xp) for which we want to fit the
model, and we estimate Xy using the sample covariance matrix S, then, our objective will be to find
matrices Q € Mpxm(R) and Ve Mpyp(R), with U diagonal and positive definite, such that the equality:

5-Q@ +9

holds, at least approximately. If we find such matrices @ and \/I\l, they can be taken as loadings and
specific variances estimates and so, they give rise to an estimate solution for the factor model. Finding
@ and V¥ is our next objective.

2.2 The equation S = QQ! + ¥

We now consider Q € My, (R) and ¥ € M,,(R) as unknown matrices, being the second a diagonal
matrix with positive entries, whereas S is a positive definite known matrix, satisfying the equation

S=QQ +v (5)

We will use the notation @ and U to refer to a known, adequate solution to , with known meaning
that @@ and ¥ only depend on the data in X. ) and ¥ will be found using numerical methods.

We first observe that if we find @ € Myym(R) and T e My p(R), with T diagonal and positive definite,
such that S = QQ' + VU, then, given any orthogonal matrix G € M,,(R):
(QA)QA) + T = (QG)(G'Q") + T =QQ" + T = 5.

In practice, this is not a problem, since it allows to search for an interpretable factors (proposition,
but from a numerical point of view the non uniqueness of @ is a drawback. An usual technique is to impose
additional restrictions on the matrices () and ¥ to resolve this indetermination, then we will estimate @
and ¥ under the restrictions, and we will do rotations later, if necessary. Two usual restrictions are

Q'Q is diagonal (6)

Q'T~Q is diagonal (7)

We will discuss the restriction @ . can be discussed slmﬂarly (Pena 2002, p. 361)(13). Let m < p
and let Q € Mpxm(R) and U € Mpxp(R) satisfying S = QQ' + U, let Q'Q = VAV! be the spectral
decomposition of QtQ, and let @, = QV then

QLQ, = V'Q'QV = V'VAV'V = A



since V is orthogonal. Hence (), satisfies the restriction @, now let G be any orthogonal matrix and let
Q = QG, then:

QR'Q=G'Q'QaG
Thus, @t@ will be diagonal if the columns of G form a basis of eigenvectors of @t@, therefore, the only
matrix QG satisfying @ will be @, = QV except for the chose of the eigenvectors V', in fact, it can be

shown that if another matrix Q* satisfies S = @*(@*)t + \/I\/, then @* = @G, with G orthogonal, and
therefore the only matrix satisfying @ will be @, = QV, except of V.

We want then to solve the equation under one of the restrictions (@ or . The system may
have -in the best case- an unique solution, depending on the number of initial variables p and the number
of factors m. If the system has an infinite number of solutions, we will say that the factor model is
undetermined or not well defined.

Concretely, Q € Mpxm(R), so it has pm unknown parameters, whereas U € M, ,(R), and we restrict
the problem to ¥ diagonal, so ¥ has p unknown parameters an so we have pm + p unknown parameters
to estimate in the factor model. On the other hand, the matrix equation 1) define %p(p + 1) equations
involving the unknown parameters, to see this, let ¢; = (¢i1, - . -, ¢im) be the ith row of Q, fori =1,...,p,
let ; be the ith element on the diagonal of ¥ and let S = (s;;);;, then we can write the equation
QQ'+VU =S as

(@1, q1) + U1 (q1,42) e (g1, qp) S11 S12 cee o S1p
(@2, 92) + Y2 (q2,q3) .. (a2, qp) Sg2 823 ... Sy

<Qp717 qp> Sp—1p
(@p» @p) + ¥y Spp

For example, the equation given by the elements in the position (1, 1) of the matrices is (g1, ¢1) + 11 = s11,

where the parameters in (g1,¢1) + ¢1 are unknown and sq; is known. Thus, the number of different

equations is the number of elements of S above the diagonal, plus the number of elements in the diagonal,

that gives a total of %p(p + 1) different equations. Similarly, It can be shown that conditions @ and @
1

introduce 5m(m — 1) equations involving the parameters of @ and W. Hence, the number of different

equations minus the number of parameters to estimate in the factor model is given by:

d= gp(p-+ 1)+ gm(m —1) ~ (pm +p). ®)

We can have three situations:

d < 0: In this case we have more (unknown) parameters than equations and therefore there is an infinite
number of solutions to the system, and the model is undetermined.

d = 0: In this case the number of equations is the same as the number of unknown parameters and
hence there exist an unique and exact solution to the system, this situation is not possible in general (i.e.
for any given p and m < p).

d > 0: In this case there is no exact solution to the system; there are more equations that unknown
parameters, and we will have approximate solutions to , we will search for () and ¥ that minimize the

errors of estimation, for example, in the least squares sense.

Evaluating d we can know the maximum number of factors we can identify for a given set of ini-
tial variables, without the model being undetermined.

10



After discussing the equation S = QQ! + ¥ we are almost ready to see the method of Principal Factors,
which, among other methods, try to find adequate estimates Q and satisfying the above equation, at
least approximately. The method of Principal Factors will find solutions satisfying the restriction @,
and we can use to choose a number of factors such that d > 0. Before seeing this method we must
explain why, in practice, is usual to standardize the initial variables.

2.3 Use of the correlation matrix
We recall that in practice we will have the data summarized in a matrix X e M, »»(R), where the rows

in X will a sample of the random vector X* = (X7, ... , Xp)-

In practice, it is habitual to standardize the data. Assuming the data is centred, by default, the stan-
dardization consist in applying the transformation:

X, =XD1/?
where D = diag(s11, ..., Spp) and s;; is the sample variance of the variable X;, we suppose s; > 0, Vi =
1,..., X, is the standardized data matrix and their rows are a sample of the standardized initial

random vector X! = (X;/o1,...,X,/0,), where 07 = Var(X;), being 0; >0,Vi=1,...,p

Then, we search for a solution to the orthogonal factor model for X,, using the data in )?Z It holds
that ¥x, = R, where R is the correlation matrix of X; R = (Corr(X;, X;)):;, and it also holds S, = E,
where S, is the sample covariance matrix of X, and R is the sample correlation matrix of X. Hence, to
estimate a solution to the orthogonal factor model for the standardized vector X,, we will have to find
Cj and ¥ such that

~ ~

=R=00Q"+7 9)

at least, approximately.

The reason why it is common to work with standardized data is illustrated in the remark

Observation 2.3.1. If (@, f,u) is a solution to the orthogonal factor model for X, then, using propo-
sition 2| and denoting C' = diag(o?, ... ,012,) it holds:

Q=Cov(X.,f)=Cov(C™V2X, f)=C"Y2Cov(X, f) =
= (Cov(Xs, fj)/01)ij = (Corr(Xi, f5))ij = Corr(X, f)
= Rx;.

Where Rx ¢ denotes the matrix of correlations between X and the factors f.

Therefore, the matrix of loadings @, that will be estimated by @, is the matrix of correlations between the
initial variables and the factors, making the loadings easier to interpret. Concretely, correlations, unlike
covariances, don’t depend on the units with which the variables are measured, and their absolute value is
bounded by one, this make them comparable and a better indicator of relationship. Hence, if the loadings
are the correlations between the factors and the initial variables, we might be able to interpret a factor in
terms of the variables in which the factor have a loading near +1, in other words, in terms of the variables
that the factor explains the most. We will discuss the interpretation of the factors more precisely later on.

The last observation is useful because the hiddent factors f do not change when variables are rescaled,
as it is stated in the next proposition

3Let A = dzag(all, ...,app) be a diagonal matrix with a;; > 0, Vi = 1,...,p, A~1/2 denote the matrix (A~1)1/2 =
diag((F2=)12, . (= )1/2)

app
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Proposition 2.3.2. Let X be the random vector of initial variables, let X, = C~1/2X be the standard-
ized vector, and let (Q., f,u,) be a solution to the orthogonal factor model for the standardized variables
in X, with m factors and with Cov(u,) = . Then (C'/2Q., f,C*/?u,) is a solution to the orthogonal
factor model for X, with m factors and with Cov(C/?u,) = C¥

Proof. If (Q., f,u.) is a solution to the orthogonal factor model for X, then
X = 01/2Xz = Cl/Z(sz + uz) = Cl/Qsz + Cl/Quz

and it also holds

i) E[f] =0mx1, Cov(f)=1In

ii) E[CY?u,] = CY2E[u,] = 0px1, Cov(CY?u,) = CY2Cov(u,)CY/? = CY/?2WCV/? = C'V, and CV is
also diagonal.

iii) Cov(f,C?u,) = Cov(f,u.)CV? = 0,5,. W

Therefore, we might find interpretable factors searching a solution for the standardized variables, and
then, if desired, we can use this factors to explain the unstandardized data X. In this case, if C/Q\Z is the
estimated loadings matrix of X, C'/2 will be estimated by D'/2, and the loadings matrix of X will be
estimated by D/2Q,.

We remind that our objective is to find matrices Q € Mpym(R), with m < p, and U e Mpyp(R),
with ¥ diagonal and positive definite, such that the equality S = @@t + T holds, at least approximately,
for some m such that d, given by . satisfy d > 0. We're now ready to look at the principal factors
method to find such matrices Q and U for the standardized case S = R which is justified by what we
have seen above.

2.4 The principal factors method

Let X be the data matrix of observations of X! = (X, ... ,X,p) and X, be the standardized vector. Let
m < p such that d > 0, let R be the sample correlation matrix. We want to find @ € Mpxm(R) and
T e Mpyp(R), with v diagonal and positive definite, such that R= @@t + \Tl, at least approximately, to
fit the orthogonal factor model for X,. Solutions with T positive semidefinite will also be permissible.
We recall (observation that if the factor model holds for X, = (X1,,...,X,.), then

1=Var(X Zq”+wz—h + i (10)

j=1

since the variables are standardized.

The principal factors method is an iterative method based on the spectral decomposition, that needs
initial estimates of the communalities h?, the method follows the next steps:

1. Compute the sample correlation matrix R using X.

2. Compute initial estimates h? of the communalities. Let R = (r(z;, x;))ij, two common estimates
are:

(a) h2 = maxiy; |r(zi, z;)|

(b) h2 =R’ others’ where R?

variables in X.

- others is the multiple correlation coefficient of X; with the other
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3. Compute the initial specific variances 1@ =1— h2, and set U= diag(%7 . ,17);).

4. The matrix R — U is symmetric and therefore we can consider its spectral decomposition R-U=
VAV, where A = diag(\1,...,\p) with Ay > -+ > X\,. Suppose that the first m < p eigenvalues
AL > > A\, are posmlvdﬂ Let V,,, be the matrix whose columns are the first m columns of V, in
the same order, and let A, = diag(A1, ..., An), then set Q Vi Al/2 it holds:

QQ" = Vi AY2AY2VE = VA, Vi ~ R— T (11)

It is known that this is the best approximation of rank m of R-U accordlng to the Frobenius norm
(in the least squares sense), in fact, if A; = 0, Vi > m, QQ' = R — ¥. Moreover, it holds:

@tQ (Al/Z) VtV A1/2 (A1/2) I, A1/2 A,
because the columns of V' are orthogonal. Hence, @t@ is diagonal and the restriction @ is satisfied.

5. Redefine the specific variances in terms of @: 1’/1\1 =1- Z;nzl qu, and set U = dz’ag(i/lzz, o ,17);),
here (gi;)i; = @ Then, the equations in hold exactly: Var(X;,) =1= Z;":l q?j — 7;2

6. Repeat steps 4 and 5 until some convergence criterion is reached, for example until specific variances
1/)1 have converged to a stable value. If 1/)1 >0,Vi=1,...,p, the solution given by the estimates Q
and U is permissible. Values wz out of [0,1] may appear during the iteration, in this case they are
forced to be 0 or 1, in step 4, some of the first m eigenvalues of R-T may be negative, this is not
a serious problem if they are small and we can suppose them to be zero (Pena, p. 363)(153)).

Observation 2.4.1. The approximation in will be good if the eigenvalues Ay, 41,..., A, are close to
zero, that is the desired situation, but it t may not, be the case in general The quality of the approximation
can be evaluated directly comparing R with the estimation QQt + T given by the method, if it’s not
a good approximation, one option is to consider a model with more factors, without the model being
undetermined. In fact a solution with m = p factors will always exist, this solution is given by the
principal components of X, concretely, let R = VAV! be the spectral decomposition of ﬁ, all the
eigenvalues in A are non negative, since the sample correlation matrix is positive semidefinite, then, X, ~
(VAY2)A=Y2Y | where Y is the vector of principal components of X, hence, ((VA/2),A=1/2Y,0,x1)
is an estimate solution of p factors to the orthogonal factor model for X, concretely Var(A~1/2Y) =
A2Var(Y)A=Y/2 ~ A=Y2AA~'/2 = I,. This solution, however, is not desirable, the reason is that
we want to explain the initial variables with a few common factors, and if we not allow the small errors
given by the specific factors, we will need more common factors to hold the model.

2.5 Factor scores

Once the orthogonal factor model has been fitted, it may be of interest to have an estimation of the
values that may take the factors for a fixed observation of the initial vector, this values are called factor
scores. There is more than one option to choose for the factor scores, in our case, we will take as factor
scores the expected value of the factors, conditioned to a given observation of the initial vector.

Let X! = (Xi,...,X,) be the initial variables, and suppose ¥x = QQ' + ¥ with Q € M,x,(R)
with m < p and ¥ € M,,(R) diagonal an positive definite, then we have seen that the orthogonal factor
model with m factors holds for X, with matrix of loadings ), and concertely, the factors satisfying the

model, given by the theorem are ((3), (4@)):

fF=w 1R 'X +Y) (12)

4The matrix R — \fl, unlike ﬁ, can have negative eigenvalues.
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u=M"1X —-QY) (13)

where: W = I,,, + Q"01Q, M = I, + QQ'V~! and Y ~ Ny, (051, W). Our interest is focused only
on common factors. Let zy € Mpx1(R) be an observation of the initial random vector X, It holds:

Elf| X =x0) = EW HQ"U 2y + V)] = BEW Q"W tag] + E[W Y] = BE[W Q"W 20] + 0,51
— W_th\I/_ll'O

This will be taken as the factor scores corresponding to the observation xg, and the following notation
can be used:

feo = E[f| X = 20] = W Q"W xq (14)

In general, we use f, for a general x.

In practice, the unknown matrices Q and ¥ are replaced by it’s respective estimates @ and @, also
when computing W~!. Let’s see an equivalent expression for the factor scores:

Proposition 2.5.1. If ¥x = QQ' + ¥ with Q € M,xn(R), and ¥ € M,,,(R) diagonal an positive
definite, then W=1Q'¥~! = Q'¥ !

Proof.

W—th\I,—l _ QtEj(l (Im + Qt ) 1Qt\p_ Qt(QQt + \I/)_l
= (In+QUTQ) QTR +¥) =Q'
(Im + QW™ Q) 1( 71QQt +Q")=¢q"
= In+ QU Q)N QUTTQ+[n)Q = Q'
— Q' =Q!
The equality Q* = Q? is true, therefore the equality W1Q*W~! = Q*S3! holds. W

Hence, an equivalent expression for the factor scores is:
fo=Q2xw (15)

for an observation € Mpx1(R) of X.

The last expression for the scores is known as Thompson’s factor scores (Thompson, 1935)(16)).
An alternative approach to obtain this expression is by means of a regression argument and assuming
that the initial random vector X has multivariate normal distribution (see Hardle and Simar, p. 322)
(4). Using the conditional expectation argument, we haven’t needed this last assumption.

As in , in practice, @ is replaced by @, and Xy is replaced by fJX = Q@t + \/I}, although it can
also by replaced by the sample covariance matrix S (Hardle and Simar, p. 323) (4, then we have
estimates

fo= Q'S (16)

We will also refer to the estimates as factor scores.

We can give an expression for the factor scores of the initial observatlons of X summarized in X.
Let z! be the ith row of X the ith observation of X, let fl = fw be the factor scores of the ith
observation, then f, = Q P X L4, and therefore:

(fi)t = (Q'E3'z)t = 2H(Q'ERF) = 2153 Q



Therefore, denoting by F' the matrix whose ith row are the factor scores of the ith observation: (ﬁ)t, we
have:
F=X3'Q (17)

This is an expression for the factor scores matrix for the whole set of the observations in X.

2.6 Factors interpretation, and rotations

Interpreting the factors is understanding what they represent in the context of investigation. A factor
is interpreted in terms of the variables with which it is more correlated (positively or negatively) and,
therefore, the variables that the factor explains the most. Interpretation will not always be clear, in this
case, there are methods to rotate the factors in a such way that the rotated ones may be easier to interpret.

Suppose that a m-factorial model was found to be reasonable for the standardized variables X, i.e.
we have found adequate matrices @@ and ¥ such that QQ! 4 V¥ is a good approximation of R, in this case

~

@ ~ Corr(X, f), as we pointed in section and we will use @ to interpret the factors.

Let X* = (Xi,...,X,) be the initial vector and let f* = (fi,..., fm) be the factors in that model.
Denote Q = (¢ij)ij» and let g¢; = (q1j,. .-, qp;)" be the jth column of Q. The column q; gives the correla-
tions between the factor f; and the initial variables. Suppose that a column g¢; have values either close
+1, or close to zero. A value g¢;; close to 1 indicates positive relationship between the variable X; and
the factor f;, i.e. X; will be large when f; is large, a value ¢;; close to —1 indicates negative relationship
between X; and f;, i.e. X; will be large for large negative values of f;, finally a value ¢;; close to zero
indicates no linear relationship between X; and f;. Thus, if a column g; has values either close to +1 or
close to zero, the factor f; may be interpretable. On the other hand, if the columns have intermediate
values, the factor f; may be difficult to interpret.

We want then the columns of CAQ to have values either close to +1 or close to zero, it is also desir-
able that every pair of columns of @ have the loadings close to +1 on different rows, that is, each variable
should be loaded highly on at most one factor. If all the columns of @ have a few values close to +1 and
the remaining loadings are close to zero, and each variable is loaded highly on at most one factor, we
will say that the matrix of loadings @ has a ” simple structure”. In this situation each variable is mainly
explained by one single factor, each factor can be interpreted in terms of the variables that it explains
the most, and all the factors might be interpretable. On the other hand, if the columns of @ have too
many intermediate values, the factors may not be interpretable.

For example, suppose that the initial variables X' = (X,..., X)) are the qualifications in p differ-
ent mental ability tests, and we have this qualifications for n individuals in a data matrix X , suppose
that we find a factor model fitting the data with only one factor f; that is positively correlated with all
the test qualifications X;, with correlations close to 1, that is, f; explains the qualifications of all the tests,
and the larger is f1, the larger will be this qualifications, then, the factor f; could be interpreted as the
”overall level of intelligence” of an individual, ratifying this interpretation with the criteria of the experts
in the matter. This last example was one of the first uses of factorial analysis. We refer to the ”overall
level of intelligence” as a qualitative aspect because in principle one would label the level of intelligence
of an individual using qualitative values such as "high” or ”low”. If the factor f; is interpreted as the
”overall level of intelligence”, we then can measure this aspect quantitatively, as the score of f; for a
given qualifications on the tests in X, hence, under this interpretation, high values of f; indicate a ”high
overall level of intelligence”, whereas low values indicate a "low overall level of intelligence”, since the
correlation of f; with the tests qualifications is positive.

We recall (proposition [2.1.6)) that, if (@, f,u) is a solution to the orthogonal factor model for X, with m
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factors, and G € M,,(R) is an orthogonal matrix, then (QG, G* f,u) is also a solution to the orthogonal
factor model for X, with m factors. If we fit the model for X, but @ has not a simple structure, there
are methods that aim to provide a rotation matrix G such that @G has values either close to 1 or close
to zero, to make the rotated factors G'f interpretable. We will overview the method of the Varimax
rotation, proposed by Kaiser (1958)(8)), which is one of the most popular methods to get an adequate
matrix of loadings.

2.6.1 The Varimax rotation

Let Q € Mp«m (R) be the unrotated matrix of loadings of the factor model, let A = QG, with G € M,,(R)
an unknown orthogonal matrix. The Varimax rotation is an iterative method that try to provide an
adequate rotation G such that A has either values close to £1 or close to zero, by maximizing a function
of the rotated loadings A. We denote A = (d;;);;, then the simplest version of the varimax method would
consist on maximizing the function:

P 62
i=1 %>
(except a constant). Thus, this optimization was proposed expecting that if the column variances were

maximized then the elements 5% in the columns will be either close to 1 or close to 0 as desired. An

where §; = % we observe that Zle(éfj — ;)2 is the sample variance of the jth column of A2

improvement of the method was found by weighting the rows of A, concretely, let

8 1<
dij = =< ci»:f§ d?.
J h’L v ] pi:1 ()

where h; = \/{(qi, ¢;) is the square root of the ith communality, and g; is the ith row of @ The norm of
the rows of A is equal to the norm of the rows of @ since A is a rotation of @, so the transformation
makes the matrix A* = (d;;);; to have unitary rows. Then, the function to maximize is:

B =30

j=11i=1

The maximization of this function is done numerically, under the restriction A = @G, with G € M,,(R)
a rotation matrix.

3 Confirmatory factorial analysis

3.1 Introduction

In confirmatory factorial analysis we will search for a solution that generalizes the orthogonal factor
model now allowing correlations between the common factors. In this version the values of some
parameters of the model are fixed in advance, and only the non fixed parameters are estimated.

Confirmatory factorial analysis, unlike the exploratory version, is used to test if the data fits a fac-
tor model with a prefixed structure. An use of confirmatory factorial analysis is to try to quantitatively
model as factors qualitative aspects or hidden features that can’t be directly measured, choosing as ini-
tial variables those indicators that are believed to be able to indirectly describe the aspects studied. In
this case, the researcher has a certain amount of knowledge of the initial variables, and is in position to
formulate hypothesis involving the factors of the model, for example fixing some loadings to be zero, and
therefore choosing the variables that each factor can explain. If the model under this hypothesis fits the
data, the factors might be interpreted as the aspects or hidden features of study. Is recommended to do
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an exploratory analysis before the confirmatory one, to choose a model that is not in contradiction with
the observed data. When some values of the parameters of the model are fixed, we say that we formulate
a hypothesis about the model, in the sense that we make a supposition of the structure of the model for
our variables, that can be rejected if the imposed model doesn’t fit the data. Usually, we will fix the value
of some parameters of the model in such a way that the factors can be interpreted as desired, therefore,
if the model holds, in the sense that it is well adjusted, rotations won’t be necessary.

3.2 The model and the fundamental results

In this case we will allow correlations between the common factors, this is a more realistic assumption if
we want to use them to model different aspects of interest, than ask them to be uncorrelated. We define:

Definition 3.2.1. Let X' = (Xy,...,X,) be a p x 1 random vector with E[X] = 0,x1. We say that
the factor model holds for X if there exist two random vectors f' = (f1,...,fm) with m < p and
ut = (u1,...,up) and a matrix Q = (¢;j)ij € Mpxm(R) such that

Xi=qufitqafot+ -+ @mfm +w

Xo = qo1f1 +qeafo + -+ @emfm + u2

Xp=aqpifi+@afot+ -+ @omfm +up
In short: X = Qf + u, and satisfying:

i) E[f] = 0mx1, Cou(f) =0, with © € M,,(R) symmetric and positive semidefinite.
it) Efu] = 0px1, Cov(u) =T, with ¥ € M,(R) and diagonal.
i13) Cov(f,u) = Omxp-

In this case we say that the triplet (@, f,u) is a solution to the factor model for X. It is also usual to
reefer to the factors as ”latent” or "hidden” factors for X, in the sense that if the factor model holds for
X, the known variables in X are explained by the factors, which are unknown before adjusting the model.

We observe that in this case, we don’t restrict the common factors to be uncorrelated, concretely, we
now allow Couv(f) = O, with © any covariance matrix, unlike the orthogonal case, were we asked
Cov(f) = I,. The basic properties of the model are:

Proposition 3.2.2. Let X be a random vector with E[X] = 0,x1. If the factor model holds for X and
(Q, f,u) is a solution, then Cov(X, f) = Q0.
Proof. Using that (Q, f,u) is a solution to the factor model that is: X = Qf + u satisfying
1),11) and i), we have:

Cov(X, f) = Cov(Qf +u, f) = Cov(QF, f) + Cov(u, f) = QCou(f, f) = Q6. W
Proposition 3.2.3. Let X be a random vector with E[X] = 0,x1. If the factor model holds for X and
(Q, f,u) is a solution, then Xy = QOQ* + ¥

Proof.

Yx =Cov(X)=Cov(Qf +u) =Cov(Qf) + Cov(Qf,u) + Cov(u,Qf) + Cov(u)
= QCov(f)Q" + QCou(f,u) + Cov(u, f)Q" + Cov(u)
=QOQ"+v

Where we have used the properties i), i) and i) of the solution. H
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Therefore, the necessary condition for the model to have solution is now Y x = QOQ! + ¥, with © and
¥ covariance matrices, with the second being diagonal. This condition will also be sufficient analogously
to the orthogonal case, if we suppose ¥ positive definite. The result is given by the next theorem, which
is a corollary of the theorem [2.1.5] of existence of solution to the orthogonal factor model.

Theorem 3.2.4. (Existence of solution to the factor model)

Let X' = (X1,...,X,) be a p x 1 random vector with E[X] = 0,x1. If there exist three matrices
Q € Mpxn(R), with m < p, ¥ € M,(R), with ¥ diagonal and positive definite, and © € M,,(R),
with © symmetric and positive semidefinite, such that ¥x = QOQ! + ¥, then there exist two random
vectors f* = (f1,..., fm) and u! = (uy,...,u,) that satisfy the factor model with loadings matrix
Q,Cov(f) =06 and Cov(u) = ¥, that is; satisfying X = Qf +u, Cov(f) = 0,Cov(u) = ¥ and i), i7), 7).

Proof. Suppose Lx = QOQ' + ¥, with Q € M,xm(R), ¥ € M,(R), with ¥ diagonal and positive
definite, and © € M,,(R), with © symmetric and positive semidefinite. Since © is symmetric, we can
consider it’s spectral decomposition © = VAV A = diag(\1,. .., \n), and since © is positive semidefi-
nite A\; > --- > \,,, > 0, therefore we can take A2 = diag(v/A1,...,v/Am) and write © = VAY/2AY2V1,
Now denote Qo = QVA'/2, then:

Sx =QOQ'+ ¥ = QVAVIQ' + ¥ = QVAPAPVIQ + ¥

= (QVAYH)(QVAY2) + ¥

=QuQo+ ¥
Therefore L x = Qo4+, with Qo € Mpxm(R) and U € M,(R), with ¥ diagonal and positive definite, so
we are on the hypothesis of the theorem[2.1.5] hence, there exists two random vectors fo = (fo1,- - -, fom)*
and ug = (uo1,...,upp)" that satisfy the orthogonal factor model for X with matrix of loadings Qo and
Cov(ug) = ¥, that is, satisfying X = Qo fo + uo, Cov(ug) = ¥, Efug] = Opx1, Cov(fo) = I, Elfo] =
Omx1 and Cov(fo,up) = Omyxp, now define the random vectors f := VAY2fy and u := ug, let’s see that
this vectors give a solution to the factor model for X with matrix of loadings @, Cov(u) = ¥, and
Cov(f) = ©. It holds:

X = Qofo+uo=QVA'2fy+uo=Qf +u

and it also holds:
Cov(u) = Cov(ug) =¥ , Elu] = Elug] = 0px1

Cov(f) = Cov(VAY2fy) = VAY2Cou(fo)(VAY?) = VAY2Cou(fo)AY2V?
= VAL APV = VANV = VAV?
=0

E[f] = E[VAl/QfO] = VA1/2E[f0] = O'm><1
Cov(f,u) = Cov(VAl/Qfo,uo) = VA1/2Cov(f0,u0) = Omxp

Therefore, X = Qf + u with f and wu satisfying 7), i) and iii) with Cov(f) = © and Cov(u) = ¥, so we
are done. W

3.3 Determination of the model

In view of the last theorem to fit the model to the data in )Af, we will estimate X x using the
sample covariance matrix S, and we will now have to find three matrices @ € Myxm(R), with m < p,
Oc M, (R), with 6 symmetric and positive semidefinite, and T e M,(R), with T diagonal and positive
definite such that the equality

S=QOqQ" + v (18)
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holds, at least approximately, if we find such matrices @, é, and \TJ, they will give raise to an estimate
solution to the factor model. Hence, we will now try to satisfy, at least approximately, the equation:

S =Q0Q"+V (19)

where we think of @ € Myxm(R), with m < p, © € M,,,(R), with © symmetric and positive semidefinite,
and ¥ € M,(R), with ¥ diagonal and with positive entries, as unknown matrices, whereas S is a known
symmetric positive semidefinte matrix.

As we mentioned in the introduction, now the objective is not finding an appropriate initial solution
to the model and then do rotations if necessary, but try to fit from the beginning the model with the
desired structure. We will impose the structure we want the model to have by fixing some values of
the parameters of ), ©, and ¥, and then we will search a solution to under this restrictions, no
further restrictions will we added if it’s not necessary. It will only be necessary to estimate the non fixed
parameters. We denote by ¢ the number of free, non fixed parameters of @, ©, and ¥, then, the degrees
of freedom of the model are in this case given by:

d= %p(p +1)—t (20)

this is, the number of different equations defined by minus the number of free, unknown parameters
to estimate. As in the orthogonal case, the factor model will be determined if d > 0 (Pefia, p. 387)(13).

3.4 The maximum likelihood method

The Maximum Likelihood Estimation (MLE) method is a wellknown technique to find adequate estimates
Cj, O and U satisfying , at least approximately, and with the desired fixed values. The application
of the method here is based on the assumption that the initial random vector X* = (X1,...,X,) is
multinormally distributed and hence, if the data deviates from this hypothesis, the found estimates may
be spurious. On the other hand, if the data can be supposed multinormal, we may obtain good estimates
and we will be able to properly test if the imposed model fits the data.

The MLE in the factor model case was successfully developed by Joéreskog (1967)(5) and (1969)(6). The
idea is to suppose that the true covariance matrix of X, Y x, can be decomposed as Yx = QOQ! + U,
with @, © and ¥ with the desired fixed values, the estimates Q, O and ¥ given by the method will be
the maximum likelihood estimates under this hypothesis.

To simplfy notation, here we denote ¥ = X x. Suppose X ~ N,(0,x1,%) and suppose ¥ = QOQ" + U,
with @ € Mpxm(R), © € M, (R), with © symmetric and positive semidefinite, and ¥ € M,(R), with ¥
diagonal and with positive entries, for a fixed m < p and with some fixed values in @), © and ¥ such that
din satisfies d > 0. X is invertible as V¥ is positive definite. Let X be the data matrix of observations
of X, where we denote by z! the ith row of X , that is, the ith observation of X. The likelihood function
for the observations (x1,...,2,) in X is given by:

n

~ 1 1 -
L(X;p, %) = WGXP{ 3 Z(v’cz — ) = (@i — M)}

i=1
where | - | denotes the determinant, and the log-likelihood function for X is given by:

~ ~ n n _ n, _ —1,_
UX 51, %) = log(L(X; 1, %)) = =5 log(|2n%]) = Str(R718) = 57 — u)' 271 (7 — )
where
1 1 &

fz x; and S = fZ(xZ —z)(x; — 7)* (21)

3

n-
i=1
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(see for example Mardia et al., 1979, pp. 96-97)(10). We suppose the data is centered, so T = 0,1, and
we suppose E[X] = p1 = 0px1, then the log-likelihood function becomes:

1(X;0,%) = —%(10g(\27r2|) L tr(27L9)
we will denote () := [(X;0, %), so we have

I(2) = —g(log(|2772|) +tr(Z7L8)) (22)

Maximizing [(X) is equivalent to maximizing L()Z' ,0,%), since the logarithm is a strictly increasing
function. For convenience, Joreskog (1967, p. 5)(5)), propose to minimize the function:

F¥) = —%Z(E) —log(27S) —p

instead of maximizing [(2), which is equivalent, since the maximization is done over ¥ and the term
log(27S) — p is fixed by the observations and the number of initial variables. Developing F'(X) we have:

F(S) = —%Z(Z) log(27S) — p = log(|273]) + tr(271S) — log(27S) — p
=tr(718) — p+ log(|27X|) — log(|27rEX 1 S|)

_ 2%
_ 21y
_ 1

= tr(EilS) - log(|E*1$’|) -p

Thus,
F(S) = tr(718) — log(|Z"1S) — p (23)

We observe that this is a discrepancy function between S and ¥; as closer F'(X) is to zero, we can expect
S be a better estimation of X, we will use this function in the next section to give a statistic to test the
goodness of fit of the model to the data. Finally, replacing ¥ in by it’s supposed decomposition
¥ = QOQ! + ¥, we obtain:

F(Q.0,%) = tr((QOQ" + ¥)7'S) — log(|(QOQ" + ¥)~'S|) — p (24)

This is the function to minimize, concretely, let Qg be the set of all matrices M € M,(R), such that
M = QOQ" + ¥ with Q € Myxm,n(R), © € M,,(R) symmetric and positive semidefinite, and ¥ € M, (R)
diagonal and with positive entries, and with the desired fixed values on @, © and ¥. We will denote by
Cj, © and U the values of @, © and ¥ minimizing F(Q, 0, ¥) in the region given by g, that is,
@@@t + ¥ € Qg and gives the minimum of F(Q, 0, V) over all matrices M € . The objective of the
method is finding @, © and U. These matrices are the maximum likelihood estimates of Q, © and ¥
under the hypothesis 3 € . The maximum likelihood estimate of ¥ under this hypothesis is

S =Q0Q" + U (25)

Joreskog (1967)(5) and (1969)(6) developed a numerical algorithm to find Q, © and ¥. We won’t see
the algorithm here, but as a point, to avoid non positive definite solutions of ¥, Joéresekog restricts the
minimization of ¥ to a region R, such that ¥; > €, for all ¢ = 1,...,p, for a prefixed small ¢ > 0,

sometimes the minimizing value of ¥ may be found on the boundary of R., in this case further decrease
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of F(Q,O,7¥) might be done over ¥ being positive definite, and the solution given by the estimates is
said to be improper.

In confirmatory factorial analysis is also usual to standardize the initial variables, in this case we search
a solution to the factor model for the standardized initial vector X,, in the discussion above, for the
standardized case, the maximum likelihood method will use ¥x, = R, and S, = ”T—lfz, where ¥ x_ is the
true covariance matrix of X,, and S, is the sample covariance matrix of X, given in , and R and R
are the true and sample correlation matrices of X, respectively, the common factors of a solution for X,
are also valid for X analogously to the orthogonal case (proposition .

3.5 The goodness of fit test

The goodness of fit test is an advantage if we can assume the data to be multinormal and use the max-
imum likelihood method to fit the factor model, it allows to test if the fit of the imposed model to the
data in X is good, or if by cons the model is in contradiction with the observed data.

Let Qy be the set defined in the above section, of all the matrices with the desired structure for X,
and let ; = {M € M,(R); M is symmetric and positive definite}, we have Qy C ;. The goodness of
fit test is a hypothesis test to test Hy : X € )y against the alternative hypothesis H; : ¥ € €. The test
uses the likelihood-ratio technique. Let:

lo= éneéggl(il) and I3 = max (%)

where [(X) is the log-likelihood function , lo = (%), where 3 is the maximum likelihood estimate of
¥ under Hy, that is, ¥ = QOQ' + ¥ 7 in the other hand, supposing that S in is positive definite,
we have [; = [(5), developing:

i = 1(S) = —5 (log(|2nS]) + tr(S'S)) = —Z(log(|2S]) + p) = —Z (log((2m)"|]) + )

- ,g log(|S|) + p + log((27)P)]

lo = () = —Z (log(|27E) + tr(E71S)) = 2 (log((2m)"[E]) + tr(E7'S))
= —5llog(|Z)) + tr(E7"5) + log((2m)”)]
Let A be the likelihood ratio to test Hy against H; then:
~2log(\) = 2(h — lo) = 2(~2[log(|S]) + p + log(2m)")] + 2 log(|S]) + tr(S"S) + log((2m)7)

= —nlog(|S|) — np — nlog((2m)?) + nlog(|Z|) + ntr(E~1S) + nlog((27)P)

= —nlog(|S]) + nlog(|S]) + ntr(E~1S) — np

= n(log(|S]) —log(|S]) + tx(E71S) - p)

= n(—log(|S|/[S]) + tx(S7S) — p)

= n(tr(S718) — log(|Z|7*|S]) — p)

We observe that —2log(A) = nF(X), this is the statistic we will use to test Hy : ¥ € Qp against
Hy:X e Q. Let

U = ~2log(A) = n(tr(E'5) — log(1E|~'|]) - p) (26)
It is known that, in the Gaussian case, U has an asymptotic x% distribution as n — oo, where d are the
degrees of freedom of the model under Hy (see for example Mardia et al. pp. 123-124)(10]), we have seen
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d=1iplp+1)—t , where t is the number of free (non fixed) parameters of the model. As usual, if
U, is the observation of the statistic for the data in X, we reject Hy with a confidence level of 1 — v if
Uo > Xi(1_ay» Where x5, is the (1 — a)th piarcentile of x7, that is, P{U < X3, _,)} =1 —a. The
imposed model will not contradict our data in X if H is not rejected, in this case values of U, close to
zero will indicate a good fit of the model to the data.

3.6 Other methods of estimation

The assumption that the vector of initial variables is multinormal is restrictive. There exist other methods
to fit the factor model to the data that doesn’t need an assumption on the distribution of the initial
random vector, one popular example is the method of the generalized least squares (Joreskog, 1971)(7)),
which it’s simplest version would consist on minimizing the discrepancy function:

F(Z) = (S - £)(S - 2))
Under the restriction ¥ = QOQ! + ¥, with @, © and ¥ with some fixed values. Denoting by e; =
(€1, ..., eip) the ith row of S — X, we have:
P p P
FO) =tr((S—E)(S=2)") = (e e) =YY e

i=1 i=1 j=1

Thus, the method search for the estimates @, (:), and \fl, minimizing the sum of the squared residuals
between S and ¥ = QOQ + V.

3.7 Factor scores

Once the factor model has been fitted, we could be interested on the factor scores for a given observation
of the initial variables. As in the orthogonal case, we will take as factor scores the expected value of the
factors, conditioned to a given observation of the initial vector.

Let X' = (X1,...,X,) be the random vector of initial variables, and suppose ¥x = QOQ' + ¥ with
Q € Mpxm(R), with m < p, with © € M,,(R) symmetric and positive semidefinite and with ¥ € M,(R)
diagonal and positive definite, then, we have seen that the factor model with m factors holds for X, with
matrix of loadings @), concretely, recalling theorem let © = VAV? be the spectral decomposition
of ©, the factors satisfying the factor model given by theorem [3.2.4] are:

f=VAY?f5 and u=ug
Where fy and ug are the factors satisfying the orthogonal factor model for the decomposition ¥x =
QoQb + ¥, with Qo = QV A2, given by the theorem m Hence, recalling and , we have
F=VAY2f =VAYV2W L QLI IX +Y) (27)
u=ug=M X —QyY) (28)
where: W = I, + Q{U1Qo, M = I, + QoQ{¥ !, and Y ~ Ny (01, W). Let # € M,x1(R) be an
observation of the initial random vector X, it holds:
E[f| X =z] = E[VAY2WHQ 1z +Y)]
= E[VAY2PW Qi u—1z) + E[VAY2W Y]
= VAY2W Qb o te + VAYV2W L E[Y]
= VAY2W=rQE 0 4 0y
= VAV2PW Qb o
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we show (proposition [2.5.1) W=1QEW0~! = Q§X %", therefore, we have:

Elf| X =a] = VAYV2WIQiw e = VAY2Qi Y e
_ VA1/2(QVA1/2)tE)_(1ZE _ VA1/2A1/2tht2)—(lx
=0Q'x 'z

thus, denoting f, := E[f | X = z], we have:
fo =0Q'SVx (29)

This will be taken as the factor scores corresponding to the observation z. In practice ©, @ and X x are
replaced by it’s respective estimates ©, Q and Ly = QOQ! + ¥, X x can also be replaced by the sample
covariance matrix, we will denote

~

fr=0Q'S3 (30)

Let 2! be the ith row of the data matrix )Z', let ﬁ = ]/”; be the factor scores of the ith observation, then
1

7
~

t
fi= @@ti} x;, we have:
(J)f = BQ'Sx w) = #{(6Q'SK) = 2155 Q6

Therefore, denoting by F' the matrix whose ith row are the factor scores of the ith observation: (ﬁ)t, we
have:
F=X%,'Q6 (31)

This is an expression for the factor scores matrix for the whole set of observations in X.

3.8 Factors interpretation

In confirmatory factorial analysis, in order to obtain interpretable hidden or latent factors, the initial
variables are also usually standardized, we will search for a solution to the factor model for the standard-
ized initial vector X, and this factors will also be valid for the initial vector X, as in the orthogonal case.
We will also ask another general condition to make the factors interpretable: we will ask the common
factors to have unit variance, we remind that © is the covariance matrix of the common factors, hence,
this last condition will be achieved by fixing the values on the diagonal of © to be 1, before fitting the
model. Under these assumptions the factors can also be interpreted using the matrix of loadings @,
although in this case it don’t give the covariances (or correlations in the standardized case), between the
initial variables and the common factors. In practice we will use the estimate @ of Q.

Concretely, suppose that (Q, f,u) is a solution to the factor model for X! = (X,1,...,X,,), with m
factors, then:

Xa=qufi +q2fo+ -+ amfm+w
Xoo=qo1fi +qafo+ -+ @mfm +us

sz = (Jplfl + Qp2f2 + -+ mefm + Uy

if all the common factors have unit variance, then a loading ¢;; measure the part of the variability of
X, uniquely explained by f;, and the loadings are comparable, in the sense that if |g;;| = |g,x|, then f;
explains the same part of variability of X;, that fi explains of X,.,. Since standardization only changes
the scale of the initial variables, the loadings also measure the part of variability of the initial variables
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explained by the factors. If the factors have different variances, the loadings aren’t comparable, for ex-
ample if g11 > ¢12 > 0 and ¢13 = - = ¢1, = 0, but Var(f2) is large and Var(f1) is close to zero, large
values of X,; may correspond to the large values of f, whereas f; will take small values and they will
not affect the values of X,1, thus a large loading will not necessarily mean a large part of variability
explained, standardization of the initial variables is also necessary to use the loadings as a comparable
measure between different variables of the variability explained by the factors, for example suppose now
that (@, f, u) is a solution for the initial vector X, @ = (g;;)i;, suppose g11 = g21 = 1 and Var(f1) =1, if
Var(X;1) = 1 but Var(Xs) = 100, then X5 can’t be uniquely explained by fi1, whereas is possible to have
X1 = f1. It is also desirable that the specific factors u have small variances, so that the initial variables
are mainly explained by the common factors.

Therefore we will search for a solution to the factor model for the standardized variables, asking the
common factors to have unit variance, in this situation, the interpretation of the factors may be straight-
forward if each column of the loadings matrix @ have a few large (positive or negative) loadings whereas
the remaining loadings of the column are close to zero, and if every pair of columns of @ have the large
loadings on different rows, that is, if each variable is loaded highly on at most one factor, in this case
we will say that the matrix of loadings @ has a " simple structure”, as in the orthogonal case. In this
situation each variable is mainly explained by one single factor, and a factor can be interpreted in terms
of the variables that it explains the most, the simple structure can be achieved, for example, by fixing
in advance some loadings to zero. Setting certain weights to be zero, the factors might be interpreted as
some hidden features of interest related with the initial variables, and therefore they could be used to
model them.

Observation 3.8.1. We note that a factor f; can be correlated with a variable X; although ¢;; = 0.
In this case the factor f; may contribute indirectly to explain X;, trough the factors f correlated with
fj, and with a large loading ¢;,. In fact, if (Q, f,u) is a solution to the factor model for X, and the
factors in f have unit variance, then, using proposition and denoting C = diag(o?, ..., 012,), where
0? = Var(X;), it holds:

QO = Cov(X., f) = Cov(C™Y2X, f) = C~Y2Cov(X, f) =

Cov(X;, f; Cov(Xy, fj
= (Cov(X;, f;)/0:)i; = ( U(i . 1f ))ij = (\/Var(X(-)\/X];czr(f-)

)ij = (Corr(Xi, f;))ij = Corr(X, f)

= Rx;.

Thus, the correlations between the initial variables in X and the factors in f are given by Q©, in practice
QO is estimated by QO, where Q and © are the estimates of () and ©, respectively.

4 Sustainable progress indicators based on confirmatory facto-
rial analysis

IERMB provided us from a data set of observations of a random vector of social, economic, ecological and
urban variables, corresponding to metropolitan regions of Europe in the year 2016, the first step in the
process to obtain sustainable progress indicators for this regions, is to adjust an adequate factor model
model to this variables, using confirmatory factorial analysis, in such a way that the few new factors can,
hopefully, be interpreted as some environmental, urban and socioeconomic aspects explaining the initial
variables.
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4.1 The 2016 data set

After an exploratory analysis of the data, we found reasonable a factor model with 4 factors for 10 of
the initial 14 variables provided by IERMB, the 4 missing variables where discarded for various reasons;
one variable was discarded because it was equal to a rescaled variable in the 10 chosen for the analysis,
and hence, it won’t give extra information, the others were discarded because of a poor explanation of
them unless more factors were taken, this variables could be taken into account in a future analysis; as
we said in the introduction, we built this example only to illustrate the process of obtaining sustainable
progress indicators, and to show an example of confirmatory factorial analysis. Concretely, the 10 chosen
variables are given in the following list.

e PIC Gross domestic product per capita.

e NPT Number of registered patents per capita.

e TAR Unemployment rate (% of unemployed workers over active worker population).
e CEP Primary energy consumption per capita (kilotonnes of oil equivalent).

e GEH Greenhouse gases per capita (thousands of tonnes of CO2 equivalent).

o GUR Urbanization rate (% of urban surface over total surface).

e DPB Population density (population over urban surface).

o PAI Weight of industrial sector activity (% over total activity).

e PAS Weight of services sector activity (% over total activity).

e DPR Productive diversity (adimensional value).

The given observations of the variable NPT do not correspond to 2016 but to 2012, we have used NPT
anyway in lack of its 2016 values, we can think its values correspond to 2016, for the only purpose of
showing the procedure of obtaining sustainable progress indicators, however, for this reasons and the ones
mentioned in the introduction, the results of the analysis can’t be taken as meaningful or valid to draw
conclusions concerning the metropolitan regions. The rest of the variables given observations correspond
to 2016. The data set used consists of an observation of the vector of the above variables for each of a
set of 95 Europe metropolitan regions, concretely, let

X' = (PIC, NPT, TAR, CEP, GEH, GUR, DPB, PAI, PAS, DPR). (32)

be the vector of initial variables. We used a data matrix X € Mpys%10(R) where each row is an observation

xt = (wi1,...,20) of X' corresponding to one of the 95 regions and on the year 2016 (except the

observation of NPT), and we had one observation for each region.

4.2 The model

The model was fitted for the standardized variables for the reasons explained in section and hence
using the correlation matrix R of the initial vector X , computed using X. We adjusted a factor model
with 4 factors to the (standardized) data, using confirmatory factorial analysis. We fixed some parameters
of the model as usual, concretely, we fixed some of the factor loadings to zero, and we fixed to unit the
common factors variances, to allow interpretations. This restrictions were in concordance with the initial
exploratory factorial analysis, that is, we only fixed to zero values that were small in the exploratory
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analysis, to obtain a model with a simple structure without contradicting the observed data. The fixed
structure in @, ©, and ¥ is given by:

q11
q21

431
0

O O O O O

0

0
0

q32
q42

q52
0

o O O O

o O O O O

de3

qr3
0

0
0

[~
fary
'S

O O O O OO

qs4
o4
4104

1 0O 013 0Ous
01 1 O3 0oy
031 O3 1 O3y
041 O 043 1

(—):

and ¥ is diagonal with no fixed values. The model was fitted under this restrictions using the function
cfa() in lavaan R-package (Rosseel, 2012)(14)), the method of the unweighted least squares was used
(recall section . We obtained the estimates given in Figure

Factorl Factor2 Factor3d Factord

Factorl 1.00 0.27 0.05 0.08
Factor2 0.27 1.00 -0.07 0.16
Factor3 0.05 -0.07 1.00 -0.24
Factor4 0.08 0.16 -0.24 1.00

Factorl Factor2 Factord Factord

PIC 1.03 0.00 0.00 -0.44

NPT 0.69 0.00 0.00 0.00
TAR -0.42 -0.37 0.00 0.00
CEP 0.00 0.82 0.00 0.00
GEH 0.00 0.90 0.00 0.00
GUR 0.00 0.00 0.85 0.00
DPB 0.00 0.00 1.09 0.00
PAI 0.00 0.00 0.00 0.87

PAS 0.00 0.00 0.00 -1.04
DPR 0.00 0.00 0.00 0.83

(a) Estimated loadings matrix

(b) Estimated factors correlation matrix

PIC NPT TAR CEP GEH GUR DPB PAI PAS DPR

-0.18

0.53

0.61

0.32

0.19

0.28 -0.18 0.24 -0.08 0.31

(c) Estimated specific variances

Figure 1: Estimated parameters of the model

We observe that some specific variances are negative, this is not a serious problem since the value of zero
was found in their confidence interval. The estimated correlation matrix @@@t + using the estimates @,
© and ¥ in figure |l reproduced properly the sample correlation matrix ﬁ, thus, the model fits adequately
the observed data, and we can use its properties.

4.2.1 Interpretation of the factors

Once the model is fitted, the next step is to try to label the factors. To help us with the interpretation,
in addition to the loadings, we will use the estimated matrix of correlations between the initial variables
and the factors R,y = QO given in table

Denote by fi1, fo, fs and fy the four factors of the model, starting with f;, we observe that it ex-
plains a large part of the variability of PIC (gross domestic product per capita), since g;; = 1.03. The
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Factorl Factor2 Factor3 Factord
PIC 0.99 0.20 0.16 -0.36

NPT 0.69 0.18 0.04 0.05
TAR -0.51 -0.48 0.00 -0.09
CEP 0.22 0.82 -0.06 0.13

GEH 0.24 0.90 -0.06 0.15
GUR 0.05 -0.06 0.85 -0.21

DPB 0.06 -0.07 1.09 -0.27
PAI 0.07 0.14 -0.21 0.87
PAS -0.08 -0.17 0.25 -1.04

DPR 0.07 0.14 -0.20 0.83

Table 1: Estimated correlations between initial variables and factors

only remaining common factor explaining PIC is fy, in a smaller scale. The specific variance for PIC, that
is, the part of the variability of PIC not explained by the common factors, is small, we also observe that
q11 = 1.03 is positive, as the correlation between f; and PIC, and hence, large values of f; will correspond
to large values on PIC, similarly, f; explains NPT (number of registered patents per capita), except for
the specific variance, and it is positively correlated with NPT. Finally, the factor f; is negatively loaded
in TAR (unemployment rate), and thus, large values of f; will imply a decrease in TAR. Taking into
account this considerations, we will label the factor f; as socioeconomic development. This label must
be taken as an example, with the only purpose of showing the statistical procedure to derive sustainable
progress indicators, since although it is done taking into account the mathematical relationships between
f1 and the initial variables, the author have no knowledge about economics or sociology, and the label
was not contrasted with the experts of this matters in IERMB. The same apply to the rest of the labels.

The interpretation of the factor fs is easier, the variables CEP (primary energy consumption per capita)
and GEH (greenhouse gases per capita) are mainly explained with this factor, with no other factors load-
ing in this variables, in other words, no other factors explain directly this variables, and f5 is positively
correlated with CEP and GEH and therefore the large values in this variables correspond to large values
in fo, thus, we will label this factor as environmental impact.

Similarly, factor f3 explains GUR (urbanization rate) and DPB (population density) with positive load-
ings in each of this two variables, and is labelled as urban complexity, with large values on f3 implying
large values on GUR and DPB.

Finally, for f4, we observe that is loaded positively on PAI (weight of industrial activity) but nega-
tively on PAS (weight of services activity) and positively loaded on DPR (productive diversity) but
negatively on PIC (gross domestic product per capita), this alternated relations of f; with the initial
variables makes it a factor difficult to interpret, maybe an interpretation would been possible with the
feedback of IERMB, but we can’t see a label of example clearly, and in consequence, we won’t use this
factor on the further analysis. Not using f4, the indicators that we may find will not take into account
the variables PAI, PAS and DPR, because this variables are only explained by f4, except of small indirect
explanation by the other factors trough the correlations between them and f;.

For convenience in the building process of the sustainable progress indicators, we would prefer the oppo-
site of the factor f, that is, a factor whose large values correspond to low values in CEP (primary energy
consumption) and GEH (greenhouse gases), since we want that large values on the factors coincide to
good levels in the aspects involving sustainable progress. This is not a problem, because if (f1, fa, f3, f1)

27



give a solution to the model, the factors (f1, —f2, f3, f4) also give a solution to it, concretely we observe:

Observation 4.2.1. Let (Q, f,u) be a solution to the factor model for a random vector X, with m
factors, and let I}, € M,,(R), I’ = diag(1,...,1,—1,1,...,1) with the value —1 in the ith position, that
is, the m square matrix with ones on the diagonal, except the value —1 in the ith position. We observe
that I’ is an orthogonal matrix, and so, it holds (analogously to proposition that (QI%,, I f,u) is
a solution to the factor model for X with m factors, concretely I f = (fi,...,—fi,..., fm)" as desired,
and QI is the matrix @ but with the loadings in the second column with the signs changed. Also,
supposing Cov(f) = O, we have Cov(I:, f) = I' ©I! , that is, ©, but with the ith row and column with
the signs changed, the specific variances do not change.

Hence, we can consider the factors f1, —fs, f3 and fy4, since they explain as well the initial variables. De-
noting ]?2 := — f5, now the factor fg is interpreted with the exact same loadings as fy but with changed
sign in them, and thus, fg explains CEP and GEH, but with the opposite relationship as fo with this
variables, that is, large values of f; will coincide with low values in CEP and GEH, as desired, and we
will label fg as environmental protection. The other factors remain the same.

Thus, we consider the factors f1(socioeconomic development), fg (environmental protection) and f3
(urban complezity). Supposing that their labels were valid, this factors could measure their respective
labelled aspects for the metropolitan regions of study, trough the factor scores, with large values on the
factor scores meaning a high level in their labels. We will use this factors to build indicators.

4.3 Sustainable progress indicators

The next step to obtain a sustainable progress indicator is deriving simple indices from the factors fi,
f; and f3, the indices will measure the same aspects as the factors, but they will have more adequate
properties, this simple indices are integrated into compound indicators, which take into account all the
three aspects measured by the factors and, therefore, may be able to measure sustainable progress (in the
case that factors trully represent its labels). We will denote fg by f2, abusing of notation, and reminding
that fy will now refer to the factor environmental protection

We will use the term ”probability-based index” to refer to any statistic that is a function of several
variables and satisfies: 7) it takes values on a bounded interval; i) it can be used to rank a set of obser-
vations; 4i1) it depends on a parametric family of distributions adjusted to the data sample (Marull et
al., 2019) (11)). We will first build three probability-based indices from the empirical distributions of the
factors f1, fo and fs.

Let )A(; be the standardized data matrix summarizing the observations of the metropolitan regions,
and consider the factor scores of this observations F' = )A(;EAQC:) for the factors fi, f2, f3. Denote F,
F5 and F3 the first, second and third column vector of F' respectively, that is, the factor scores of the
factors f1, fo and f3. The simple indices are obtained using Fy, F» and F3. The first step is applying a
transformation to the scores, concretely, we apply a Box-Cox monotone power type transformation (Box
and Cox, 1964)(2) to F1, F2, and F'3 independently. Let F;; = (Fi,,...,Fos;)" be the scores of the
factor f;, for j € {1,2,3}, for all the 95 metropolitan regions. Let FZ? be the transformed scores of the
factor f;, the Box-Cox transformation is given by

A (Fij +m)* —1
1) A
for A # 0, and for some m such that F;; + m > 0, Vi = 1,...,95. This transformation is monotone

increasing and therefore it does not change the classification that factor f; does of the regions, that is,
if F;; < Fjj, then FZE < F, ,g‘j, moreover, the transformed factors are more symmetric, and we use this
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property to adjust the transformed factor scores to a Laplace distribution. The Laplace’s density and
cumulative distribution functions are given by:

|z —m|

1 1 -
) and ®(z;m,b) = 3 + §SgH($ —m) — exp( - 2 bm|) (34)

respectively, where sgn denotes the function sign. This is the parametric family of distributions that
the three indices will depend on. We observe that the Laplace’s density is symmetric, and therefore

f(z;m,b) = iegcp( -

it will likely fit to the transformed scores empirical distribution, choosing the adequate parameters m
and b. m is called location parameter and it indicates the axe of symmetry of the density function,
its maximum likelihood estimate is the empirical median m (Norton, 1984) , whereas a maximum
likelihood estimator for b is b = LS |wi — m|. Hence, denoting tFj;j € {1,2,3} the vectors of
transformed scores, we adjust the transformed scores ¢F}; to the Lapalce distribution with the parameters
of maximum likelihood M, and /I;j computed using ¢F;. The procedure is visualized in the next two
graphics, for Fs:

~
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Figure 2: Factor scores adjusted to Laplace distribution

In the two histograms, left for F3 and right for transformed scores, we can see the symmetry achieved
with the Box-Cox transformation, the red lines represent the density function of Laplace with parameters
mg and /b\g, the fit for F3 is good, although it may not be the case in general. Let ®;(z) be the cumulative
distribution function of parameters m; and /I;j, for j € {1,2,3}, that is, the cumulative distribution
function adjusted to each transformed scores, in the figure 3|is shown the adjust of ®;(z) to the empirical
cumulative distribution function of tF}.

The probability based index for F}, is given by I; := ®;(x), thus, it depends on the Laplace distribution
adjusted to the the scores tF};, and it takes values in [0, 1] and ranks the observations of the metropolitan
regions in the same order as given by ¢F}, and hence in the same order as F}, since ®;(z) is a cumulative
distribution function. Therefore I := ®;(x) will classify and measure the observations of the regions as
the scores F}, but it have adequate properties, as we want. The value of I; for a metropolitan region i is
given by
Iij := ©;(tFy)

and the larger the value I;; is, the better positioned will be the region 7 in terms of the aspect explained
by the factor f;. In fact, I;; can be interpreted as the probability to obtain a value less or equal than

the observed tFj; within all the scores in ¢F}, since tFj; is supposed to be an observation of a Laplace
variable with cumulative distribution function ®;.

Once the simple indices I (economic development), Iz(environmental protection) and Is(urban complex-
ity) are obtained, we can search for a compound index. We will consider as a compound index any linear
combination of the three simple indices of the form:

S:w1I1+U)2I2+U)3I3; w1 + wo + w3 = 1 (35)
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Figure 3: Black: adjusted distribution vs Grey: empirical distribution of transformed scores

This way, S will also take values in [0,1] and it will take into account all the three aspects explained by
the simple indices. If we had been able to interpret f4, we also included a simple index for it in the above
expression, and the compound indicators would take into account more features, maybe related with the
economic activity of the metropolitan regions, due the variables explained by fj.

We propose 3 compound indicators:

1 1 1
Si=ch+ 7L+ 13
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3 3 3 (36)
2 1 1

Sy = ZII + 11'2 + 113 (37)
1 2 1

53 = 111 + 112 + 113 (38)

S1 is an indicator that rewards balanced values in the economic, social, ecological and urban aspects,
hence, we will denote it as inclusive development. Sy rewards high values on I (socioeconomic develop-
ment), we will label it socioeconomic sustainability. Finally, S3 rewards high values on I (environmental
protection), and we will label it as an environmental sustainability indicator. Figure [4 shows the values
taken by I, Is, I3, S, So and S3 for all the 95 metropolitan regions, in the year 2016.

4.4 Discussion

The values of the indicators in figure [d] measure the level of their respective labels on each metropolitan
region in the year 2016, supposing the labels were accurate. values close to 1 indicate a good position in
the aspect evaluated, whereas values close to 0 indicate a poor performance. The effects of the weightings
are clear, for example, Madrid and Barcelona having low values on I (socioeconomic development) and
large values on Iy(environmental protection) are clearly rewarded by the index Sz(environmental sus-
tainability) and penalized by the index Sa(socioeconomic sustainability), whereas London is rewarded by
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Sa(socioeconomic sustainability). An extensive discussion of the values in figure 4| could we performed.
Disposing of data of more years, the evolution in the values of the indicators could be observed, in that
case, it is possible to evaluate the progress or involution of each aspect measured by the indicators in the
metropolitan regions over the years. Supposing the labels of the indicators were really valid, the indicator
Sy (inclusive development) is a balanced indicator over all socioeconomic, ecological and urban aspects,
taking into account the dimensions characterizing sustainable progress, thus, it might be a candidate to
sustainable progress indicator if evaluated over different years. Its important to remind that, as we said
in the introduction, the values in [ can not be used to draw conclusions about the aspects with which
we, with the purpose of showing this procedure, have labelled the indicators as an example, since this
labels have not been discussed with experts on the matter.

5 Conclusion

Factorial analysis has proved to be one useful tool to analyse quantitatively, aspects with qualitative
dimensions, reducing the inherent subjectivity involving qualitative valuations, to an interpretation of
the effects of a factor over known and observed variables, where the consensus could be greater. Recall the
case of the ”overall level of intelligence”, it could have a greater consensus understanding a factor as the
”overall level of intelligence” if their large values imply large values on a series of exams qualifications, than
tell, based directly on the exams qualifications and with no other tool, the ”overall level of intelligence”
of a student.
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Il 12 I3 S1 S2 S3
London 097 0.28 095 0.73 0.79 0.62

I1 12 13 S1 S2

S3

Paris 091 0.64 092 0.82 0.84 0.78
Madrid 0.15 091 0.74 060 049 0.68
Barcelona 0.09 0.95 0.71 0.58 0.46 0.68
Berlin 0.28 0.22 0.16 0.22 0.24 0.22
Ruhrgebiet 0.33 0.13 0.91 0.46 0.43 0.38
Roma 0.54 0.83 0.57 0.65 0.62 0.69
Milano 0.78 0.94 0.89 0.87 0.85 0.89
Manchester 0.29 0.65 0.78 0.57 0.50 0.59
Athina 0.06 0.87 0.92 0.62 048 0.68
Hamburg 0.77 0.17 0.60 0.51 0.58 0.43
Amsterdam 0.84 0.25 030 046 0.56 0.41
Napoli 0.40 0.79 0.98 0.72 0.64 0.74
Marseille 0.23 0.20 0.60 0.34 0.32 0.31
Budapest 0.02 0.84 0.25 0.37 0.28 0.49
Warszawa 0.17 0.34 0.05 0.19 0.18 0.23
Munchen 0.94 0.23 0.67 0.61 0.70 0.52
Lisboa 0.05 0.95 0.53 0.51 0.40 0.62
Wien 0.79 0.21 0.70 0.57 0.62 0.48
Stuttgart 0.92 0.19 0.89 0.67 0.73 0.55
Katowice 0.95 0.04 0.80 0.60 0.68 0.46
Frankfurt 0.87 0.16 0.81 0.61 0.68 0.50
LDV 0.07 050 050 0.36 0.29 0.39
Praha 026 0.19 0.33 026 0.26 0.24
Valencia 0.14 0.86 0.19 0.40 0.33 0.51
Bruxelles 0.78 0.66 0.71 0.72 0.73 0.70
WMUA 0.30 0.55 0.98 0.61 0.53 0.60
Bucuresti  0.70 0.21 0.94 0.62 0.64 0.51
Torino 0.21 0.91 0.09 0.40 0.36 0.53
Stockholm 0.97 0.40 0.86 0.74 0.80 0.66
Dublin 0.98 0.14 0.09 0.40 0.55 0.34
Kbenhavn 0.94 0.35 0.62 0.64 0.71 0.56
Koéln 0.78 0.12 0.92 0.61 0.65 0.48
Sevilla 0.31 0.82 0.29 0.47 0.43 0.56
AlElche 0.17 0.61 0.20 0.33 0.29 0.40
Glasgow 0.30 0.16 0.25 0.24 0.25 0.22
Lyon 0.74 0.59 0.76 0.70 0.71 0.67
Rotterdam 0.69 0.03 0.76 049 0.54 0.38
Liverpool 0.11 0.50 0.87 0.49 0.40 0.50
Porto 0.17 0.95 0.42 0.51 043 0.62
Leeds 0.54 0.36 0.23 0.38 042 0.37
Sofia 0.12 0.38 0.06 0.19 0.17 0.24
Goteborg  0.89 0.76 0.39 0.68 0.73 0.70
MaMarbella 0.20 0.79 0.19 0.39 0.34 0.49
Helsinki 0.92 0.32 0.52 0.59 0.67 0.52
Bordeaux 0.82 0.19 0.76 0.59 0.65 0.49
Diisseldorf 0.89 0.10 0.93 0.64 0.70 0.50

Leicester 0.26 0.86 0.61 0.58 0.50
Nantes 0.50 0.80 0.41 0.57 0.55
Toulouse 0.43 0.37 046 0.42 0.42
Dresden 0.53 0.33 0.40 0.42 0.45
Niirnberg 0.66 0.16 0.52 0.45 0.50
Malmé 0.90 0.67 0.13 0.57 0.65
Gdansk 0.45 0.11 0.23 0.26 0.31
Hannover 0.48 0.18 0.39 0.35 0.38
Utrecht 0.86 0.78 0.77 0.80 0.82
Palermo 0.39 0.88 0.26 0.51 0.48
Brescia 0.81 0.68 0.20 0.56 0.63
Bari 0.71 0.73 0.72 0.72 0.72
Bremen 0.63 0.24 0.30 0.39 0.45
Rouen 0.39 0.23 0.74 0.45 0.44
Grenoble 0.36 0.23 0.19 0.26 0.28
Cadiz 0.08 0.81 0.14 0.34 0.28
Zagreb 0.19 0.75 0.05 0.33 0.30
Ostrava 0.65 0.07 0.73 0.48 0.52
Brno 043 0.20 0.56 0.40 0.40
Mannheiml.  0.89 0.05 0.88 0.61 0.68
Poznan 0.51 0.10 0.12 0.24 0.31
NUponTyne 0.06 0.62 0.01 0.23 0.19
Bilbao 0.25 0.90 0.59 0.58 0.50
Montpellier 0.27 0.11 0.64 0.34 0.32
Bristol 0.80 0.66 0.85 0.77 0.78
ACoruna 0.54 0.78 0.32 0.55 0.55
Strasbourg 0.25 0.71 0.36 044 0.39
StokeOnTrent 0.15 0.59 0.34 0.36 0.31
Catania 0.57 0.78 0.41 0.59 0.58
Thessaloniki  0.03 0.91 0.03 0.32 0.25
Bergamo 0.82 0.66 0.23 0.57 0.63
Nice 0.26 0.37 0.32 0.32 0.30

Lédz 0.08 035 0.16 0.20 0.17
sGravenhage 0.82 0.01 0.96 0.60 0.65
Rennes 0.71 0.80 0.19 0.57 0.60
OviedoGijon 0.28 0.80 0.16 0.41 0.38
Antwerpen 0.53 0.23 0.47 041 0.44
Leipzig 0.40 0.09 0.54 0.34 0.36
Firenze 0.39 0.92 0.11 0.47 0.45
Riga 0.17 0.71 0.08 0.32 0.28
Bologna 0.58 0.88 0.05 0.50 0.52
BSW 091 0.14 0.60 0.55 0.64
Zaragoza 0.44 0.64 0.23 0.44 0.44
Vigo 0.60 0.80 0.56 0.65 0.64
Padova 0.38 0.84 0.03 0.42 0.41
Verona 0.75 0.56 0.07 0.46 0.53
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MuCartagena 0.91 0.18 0.77 0.62 0.69 0.51
Krakow 0.89 0.18 0.79 0.62 0.69 0.51

Figure 4: Values of the simple indicators Iy (socioeconomic development), Iz(environmental protection)
and I3(urban complexity), and the compound indicators S (inclusive development), Sa(socioeconomic sus-
tainability), and Ss(environmental sustainability). LDV: LilleDunkerqueValenciennes, WMUA: WestMid-
lansUrbanArea, AlElche: AlicanteElche, MaMarbella: MalagaMarbella, MuCartagena: MurciaCartagena,
MannheimL: MannheimLudwigshafen, NUponTyne: NewcastleUponTyne, BSW: BraunschweigSalzgitter-
Wolfsburg.



