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Introduccio

El treball que teniu a les mans és el resultat del treball de final de master de
Pautor com a alumne del Master en Matematica Avangada 2010-2011 de la Univer-
sitat Autonoma de Barcelona sota la direccié de Xavier Tolsa. El treball esta escrit
en angles perque la major part de la literatura sobre la materia que tracta esta en
aquesta mateixa llengua.

L’objectiu del treball és familiaritzar 'autor amb el tema de la distorsié de
conjunts sota l'accié de transformacions quasiconformes. El resultat fonamental
en aquest camp és el conegut teorema de distorsié de 'area d’Astala, demostrat
I'any 1994. Durant aquesta primera decada del segle XXI s’han fet avengos molt
significatius en aquest camp, quedant tancada ja la maxima distorsié en la mesura
de Hausdorft.

L’eix principal del text és donar un cop d’ull al que va ser el pas previ a aquesta
fita, concretament la distorsié del contingut de Hausdorff. En el treball no hi ha
resultats nous sindé que es fa un recull d’una serie de resultats sobre el tema, es
revisen les demostracions i s’intenta clarificar-ne els punts que, als ulls de 'autor,
resulten més complicats de seguir.

El treball es divideix en dos capitols. En el primer es fa una revisié dels con-
tinguts basics necessaris per poder dur a terme les demostracions del segon capitol.
La primera seccio recull les definicions basiques aixi com una serie de resultats de
diferents contexts que seran d’utilitat.

En la segona seccio s’exposen tres teoremes sobre recobriments, el de Besicovitch
per quadrats, el de Whitney i el de Vitali. Del primer se’'n déona una demostracié
completa ja que en la literatura es troba molt facilment la versié per cercles pero,
en canvi, fins alla on 'autor ha pogut llegir, costa trobar una demostracié completa
del teorema en qiiestio. De fet, la demostracié que presentem és treta del llibre de
Miguel de Guzmén [GuzT75] on esta posat com a exercici amb algunes indicacions. El
Teorema del Recobriment de Whitney presenta un problema similar. En la literatura
costa trobar-lo enunciat amb prou generalitat i aqui se’n presenta una versio “preét-
a-porter”. Els corol-laris son de collita propia. Finalment s’enuncia el Teorema de
Vitali per boles quintuples.

En la tercera seccié es fa un recull dels resultats més transcendents sobre apli-
cacions quasiconformes, centrant-nos en aquells que ens seran d’utilitat. Es segueix
el llibre d’Astala, Iwaniec i Martin [AIM].
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Al segon capitol es fa un recull dels principals resultats sobre distorsié de con-
junts compactes sota aplicacions quasiconformes. En la primera secci6 s’estudia la
distorsié de I'area exposant la demostracié del mateix llibre [ATM].

En la segona secci6 es segueix el raonament que porta de la distorsié de ’area
a la de la dimensié de Hausdorff també seguint els passos del mateix Astala i es
comenta el cas dels quasicercles, en els quals es pot obtenir una millor cota tal i com
va demostrar S. Smirnov 'any 2000 (tot i que no va ser publicat fins I'any passat a
[Smil0]).

En la tercera seccid, la més extensa del treball, es fa una revisié de la demostracié
de Lacey, Sawyer i Uriarte-Tuero del Teorema de Distorsié del Contingut de Haus-
dorff, canviant ’enfocament del seu article [LSUT| per remarcar la cota sobre la
distorsio enlloc de la conseqiiencia que té en la conservacié de la mesura nul-la. La
principal diferéncia, no obstant, rau en el fet que es demostra que una certa com-
pressio de la transformada de Beurling amb pesos és fitada de manera diferent de
I’article original, adaptant una demostracié similar de I’article d’Astala, Clop, Tolsa,
Uriarte-Tuero i Verdera [ACTUTYV], encara per publicar. També es fan alguns can-
vis en el control de les cotes per intentar clarificar alguns passos de la demostracio.
Finalment apareixen una serie de lemes que els articles citats passen per alt degut a
la seva senzillesa. En tractar-se del primer contacte de I’autor amb aquests raona-
ments, ha semblat necessari incloure aquests detalls que el lector experimentat pot
passar per alt.

La quarta seccié anuncia el resultat rellevant de Tolsa sobre la distorsio de la
mesura de Hausdorff que sera publicat aviat a [ACTUTYV]. En utilitzar continguts
generals de Hausdorff, la demostracié queda fora de ’abast d’aquest treball.

Per acabar, a la cinquena seccié es fa una repassada esquematica de ’exemple
d’Uriarte-Tuero de distorsio extrema per la mesura de Hausdorff amb il-lustracions,
adaptant-la al contingut de Hausdorff pero sense entrar en massa detalls.



CHAPTER 1

Background

1.1. Basic Notions

1.1.1. Definitions.

NoOTATION 1.1.1. During the whole text, A denotes the interior of A and m
denotes Lebesgue planar measure. We will also use the notation |A| = m(A) for any
measurable set A. The notation DD, = r D will stand for the open disk of radius r
centered in the complex plane C.

We will write A < B when there exists a constant C' such that A < C'- B. We
will write A~ B when A < B and B S A.

We need also some basic definitions about cubes and squares to be used in Section

.21 and Section 2.3}

DEFINITION 1.1.2. Let z, y € R", r > 0. We denote as disto(x,y) the usual
maximal distance by coordinates,

disteo (z,y) = max |z — i

We define the cube Q(z,7) as the closed cubic interval centered at x
{z € R" : distoo(2,2) < r}.

In the case n = 2 they can be called also squares. Notice we always refer to cubes
with sides parallel to the coordinate axes without stating that fact. We will say that
two cubes are mutually disjoint if their interiors are. ¢(Q)) denotes the side-length
of a given cube Q. Notice that ¢(Q(x,r)) = 2r. For all a > 0 we denote by a @ the
cube concentric to the cube @, but such that ¢(a Q) = al(Q).

DEFINITION 1.1.3. Consider the lattice of points of R™ with integer coordinates.
This lattice determines a mesh Dy which is a collection of cubes, namely all cubes
of unit length whose vertices are points of the above lattice. The mesh Dy leads to
a two-way infinite chain of such meshes, {D;}>_ with Dy = 27*D,. These cubes
are the so-called dyadic cubes.

D =D

7
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Thus, each cube in the mesh D, gives rise to 2" cubes in the mesh Dy, by
dividing its sides by 2. The cubes in the mesh D;, have each one side-lengths equal
to 27k,

DEFINITION 1.1.4. For aset E CR", 0 < s <nand 0 < d < 0o, one defines

H3(E) = inf {Z diam(E;)* : E C | J E; and diam(E;) < 5} :
i=1 i=1

Then one defines the Hausdorff s-measure of E to be
(1.1) H(E) = (lsin(l) H;(E) = sup H3(E).

>0

The quantity HZ (F) is usually referred to as the Hausdorff content of E. Recall
that H*(E) = 0 if and only if HS (£) = 0 [Mat95| Theorem 4.6].

It is well known that in the definition of Hausdorff measure, if instead of covering
with arbitrary sets, one covers with dyadic cubes, one obtains an equivalent measure
(see [Mat95]). We rewrite it here in that way as this is the version we will use in
Section 2.3l

DEFINITION 1.1.5. Foraset E CR", 0 < s <nand 0 < d < 0o, one defines
H3(E) = inf {ZE(Qi)S EC|JQiand ((Q) <6,Q; € 5} .
i=1 i=1
Then one defines H*(E) as in (1.1)).
REMARK 1.1.6. Being equivalent means that H*(E) ~ H*(E).
We need also some definitions from the field of analysis:
NOTATION 1.1.7. J(z, f) denotes the Jacobian (determinant) of f at z.

DEFINITION 1.1.8. Given any ¢ compactly supported and integrable, the Cauchy
transform is defined by

1 [ o(r)
=— d
o)) == [ Pldr
As long as the derivatives have sense, we have that
(1.2) C(0:0) = o

DEFINITION 1.1.9. Let
= —l v f(T) m(7
(59 = —ppv. [ A dm(e),

be the Beurling transform. Define also the e-truncated Beurling transform as

z :—l /() m(T
SNE = [

™
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and the maximal Beurling transform as
(8:1)(2) = sup|Sef (2)]

The Beurling transform is an example of a standard singular integral bounded
on L%(C) (see [AIM]) defining an isometric operator, that is

(1.3) ||S||£2(C)—>L2(C) =1

In fact, S and S, are bounded on LP for 1 < p < co and of weak type (1, 1), and
thus the operators S, are uniformly bounded (see [Ste93]). We will not prove these
facts here, neither the statement that, for any locally integrable function with square
integrable distributional derivatives,

DEFINITION 1.1.10. Let f : 2 — Q' be a measurable mapping. We say that f
satisfies Lusin’s condition N if for all E C Q,
[E[=0 = [f(E)|=0
We say f satisfies Lusin’s condition N/t if for all E C
E|=0 = [f'(E)|=0

DEFINITION 1.1.11. Let © be a subset of C, V a vector space equipped with
inner product and D'(£2, V) be the space of all distributions f : Q2 — V. We define

W) = {F €D [flyrnam < )

1/
where | oo = (Siajer Jo 0°717) - We will consider W4#(@) = We2(9,€)
in particular.

We define also the local version f € W/P(Q,V) C D' if for all z € Q, there exist

loc

a neighbourhood = € U such that f|; € WHP(U, V).

1.1.2. Known Facts. We present here some theorems that we will use later
on that are of common use in the literature.

The first of them, Jensen’s inequality, relates the mean value of a convex function
with the image of the mean value. Taking the function concave would invert the
inequalities.

THEOREM 1.1.12 (Jensen’s Inequality). Let (2, A, u) be a measure space, such
that 1(Q) = 1. If g : © — R belongs to L)), and ¢ : R — R is a conver function

on the real line, then
¢</gdu) S/cbogdu-
Q Q
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COROLLARY 1.1.13. Let E be a set of positive Lebesgue measure. Given a func-
tion a(z) > 0, z € E, then

(1.4 bgéa@wzﬁp(ép@mg(gg)),

where the supremum is taken over all the functions p such that p(z) > 0 for almost
every z € E and pr = 1.

PROOF. Just notice that for B C E, | 5 P defines a measure and, taking into
account that the logarithm is convex, we can apply Theorem [1.1.12] with g = a/p.
Note that the supremum is attained when p(z (2)/ f 50 U

Harnack’s inequality is about harmonic functlons. Recall that a harmonic func-
tion f defined in an open subset G C R” is a twice continuously differentiable
real-valued function such that

Af = Z 2_0 in G.

Recall also that the real and imaginary parts of a holomorphic function are harmonic
conjugate due to Cauchy-Riemann equations, and that any harmonic function de-
fined on an open subset of R? is locally the real part of a holomorphic function.

THEOREM 1.1.14 (Harnack’s Inequality). Let w be a harmonic function in a
domain G of an n-dimensional Euclidean space, let B = B(y,r) be the ball with
center y and radius r. If the closure B C G, then Harnack’s inequality

n—2 n—2
r r—2p T r+p
< <
(1) Shmsuos () ),
is valid for all x € B(y,p) C B.

For a proof of this theorem, we refer to [Kass06]. Notice that in the complex
plane C this inequality reads as

(15) ) < () < T lu(y)

Finally, we will use also the Marcinkiewicz Interpolation Theorem in [Mar39]

THEOREM 1.1.15 (Marcinkiewicz Interpolation Theorem). Let p < ¢ < oo. Let
T be a bounded operator of weak type (p,p) and at the same time of weak type
(q, q). Then T is of strong type (r,r) for any r between p and q, with ||T|| ., <
||T||[,P—>,CP°O||THL‘Z—>L‘}ZOO7 being 6 a function of p,q,r.

If ¢ = 0o the same holds as long as T is of strong type (00, 00).
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1.2. Some Covering Lemmas

Covering theorems are extremely useful in analysis. In this section we give the
proofs for two classical results on coverings. The arguments below are based on the
ideas of |[Guz75| but they are modified to fit into the proofs we will give in Section
2.3

The first one is due to Besicovitch (see [Bes45| and [Bes46]). It deals only
with certain properties of some coverings by cubes or balls in R™. It is found in the
literature easily for the case of balls, but it is not very frequent to find the proof of
its version for cubes. Here we provide it. The second is a very useful lemma due
to Whitney about decompositions of open sets into disjoint cubes with diameter
proportional to the distance to the border of the set. We give a generalization of
the version in |[Guz75|] to be able to fit it later in our proof of the Main Theorem
of Chapter [2]

Finally we state the Vitali’s Theorem for non-finite coverings, skipping the proof
as it does appear often in the literature.

1.2.1. Besicovitch Covering Theorem for Cubes.

THEOREM 1.2.1. Let A be a bounded set in R"™. For each v € A a closed cubic
interval Q(z) centered at x is given. Then one can choose, among the given cubes

{Q(2)}rea, a sequence {Qy}ren (possibly finite) such that:
(1) The set A is covered by the sequence, i.e. A C |J, Qx
(2) No point of R™ is in more than O, (a number that depends only on the
dimension n) cubes of the sequence {Qy}ren, i.€. for all z € R,

Z XQy (Z> <6,
keN
(3) The sequence {Qy}ren can be distributed in &, (a number that depends only

on n) families of disjoint cubes.

PROOF. Let ay = sup{l(Q(z)) : = € A}. If ap = oo, as A is bounded, there
exists an x € A with diam(A4) < @, so A C Q(z).
Otherwise, for ag < oo, we choose Q1 € {Q(x)}rca With center z; € A such that

(Q1) > %

Let now, by induction,
(1.6) a; = sup {K(Q(x)) rr e A\ U Qj}
j=1

and choose Qiy1 € {Q(2)},eayi_, o, With center x4 € A\ Uj.zl (); such that
UQir1) > %

Of course, this definition implies that

(1.7) r; ¢ Q;, foralll <j<i,
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but x; may belong to @);. However, taking into account that {a;} is not increasing
and that

aj_1 = sup {K(Q(fﬁ)) xe A\ Qk} > U(Q;) > %,

k=1
we get
aj—l a;—1 E(Qz)
. ; > >
(1) (Q) > U5t 2 U5t > 55
but as x; ¢ Q;,
0Q;
doo(Tiyz5) > (2]).

Thus, for all z € C,

f(Qj)+€(Qi) <€(Qj) 0Q;)  UQy)

5 5 3 + e = o < doo(i, 25) < disteo (24, 2) + disteo (2, 24),
so either disto(z;, 2) > (662’ or diste (25, 2) > (Q’) , implying that
1
(1.9) §Qiﬂ§@j =0.

Let us prove now that this sequence satisfies the three conditions:

(1) If {Qx}r was finite, by construction, we would have A C (J, Qx. Suppose
that, otherwise, it is non finite. Being A bounded we have that (J, Q. is
also bounded so

(1.10) 0Q;) == o,

since otherwise the measure of the union of the %—scaled cubes, by ,
would be non-finite, contradicting its boundedness. Let zo € A\ Upe; Q.
By there exists i € N such that (Q(x¢)) > 2¢(Q;) > a;—1, contra-
dicting the definition of a;_; (L.6).

(2) Let us take a fixed point © € A and let us see how many cubes may contain
it. To do so, consider H to be one of the 2" closed hyperquadrants into which
the n hyperplanes through x and parallel to the coordinate hyperplanes
divide R", and let us find a bound to the number of cubes with center on
that hyperquadrant that contain x.

To do so, consider the subcollection {Q;}ier with I = {i € N : x €
Q;, and x; € H}. Notice that this implies that the part of the cube centered
at x and With the same side-length as a given @); is contained in @);, that is

HNQ ( )> C HN@Q;. Let j be the smallest index in I. Then, for all
other i € I\ {j}, and thus ¢ > j, we can apply , soz; ¢ Q ( Qf)),
which means that TJ < disteo (z;, ) < Z(QI . Using (1.8)) we get

0(Q;) < Qi) < 25(%’)-
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H
Qi13 Qi14 Q'15
Qu, = 3 3
3
Q;
Q Q g i
2 3 3 3
3 3
Q.
Q'4 2 Q &
3 3 < 3
S Qi1 i Q'3
3 x 3 3 =
Q)

Figure 1.1: The shaded zone shows the area where the centers of the cubes Q;, , for
ir. € I\ {j}, may be. That is at a distance smaller that ¢(Q);). This distribution
of the %—scaled cubes for the case n = 2 is too tight, as overlapping appears in the
borders and the side-lengths are equal. The maximum number of squares intersected
by a line parallel to the axis is 3.

As a consequence of 1) {%}le 7 is a disjoint family of closed cubes,

each of them of side-length bigger or equal than @

x at a distance smaller than @ < {(Q;). There are less than 3™ of such
cubes (see Figure [L.1).

So we have ©,, < 2" .3" = 6". This bound may be improved but it is
not our aim here to do so.
Let us consider a fixed Q; € {Qr}. According to the previous result, at
most ©,, members of the sequence contain a fixed point of ();. Each cube of
{Q;};<i is of size bigger than %, soif Q;NQ; # 0, then (); contains at least
one of the 3™ vertices of the first dyadic sons of @); (see Figure . Hence,
for each @; there are at most &, < 3" - ©,, cubes of the collection {Q;},<;
with non empty intersection with @);. Now we split the first &, + 1 cubes

and center close to
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Figure 1.2: First dyadic division of @);.

of the collection into different subcollections and then, inductively, we can
classify each cube into a subcollection where there is no cube intersecting
it.

g

1.2.2. Whitney Covering.

THEOREM 1.2.2. Let E be a proper closed subset of R™ and denote € its com-
plementary and ¢ > 1 be a given real number.
Then, there exists a collection of cubes F = {Qy }ren such that

(1) UkeN Qr = (2
(2) Cubes of F are mutually disjoint two by two.

(3) For all Q € F, we have
(1.11) (c—1)-4(Q) < distoo(Q, E) < 2¢-0(Q).
PrRoOOF. We consider the layers €2, defined by
Q= {z € Q: 27" < distoo(z, E) < 27}

Notice that 2 = tl—J Q.
k=—oc0
We now make an initial choice of cubes, denoting the resulting collection by Fy.
Our choice is made as follows. We consider the dyadic cubes of the mesh D;, as in
Definition each of size 27, and include a cube of this mesh in Fj if it intersects
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Q. (the points of the latter are all approximately at a distance 27* from FE). That
is

Fo=|J{QeDi: QN #0}.

kEZ
Then we have
(1.12) ac | e
QEeFo
Suppose Q € Dy N Fy. Then £(Q) = 27* and there exists z € Q N Q. Thus,
dist ( ,E) < distoo(x, E) c - 278 and disto(Q, E) > diste (7, B) — £(Q) >
c-27F —27%F = (¢ — 1) - 27%. Summing up,

(c—1)- Q) < distu(Q., E) < 2¢- £(Q).

For ¢ > 1 this grants that cubes in F{ are disjoint from FE. This statement
together with imply that Fy satisfy both (1) and (3). Now only remains taking
a subcollection of mutually disjoint cubes that keeps verifying these assertions.

First of all, as we are treating with dyadic cubes, we know that if two cubes
aren’t mutually disjoint, then one is contained into the other. So let us start with
some cube ) € Fy and consider the subfamily of cubes of Fy that contain it. In

view of ([1.11]), for any cube @' of this family, we have

N disteo (@, E)  diste(Q, E) 2¢
Q)< ——F—<s——1 <4

so the cubes considered have bounded length, and they are totally ordered by inclu-
sion, so the family has a maximal element.

Now take the family F C F; of all maximal elements. By the same token they
are also disjoint and so they satisfy (1), (2) and (3). O

We shall now make some observations about the family whose existence has just
been granted in the last theorem.

COROLLARY 1.2.3. Let Q) be a cube of the family defined in the previous theorem.
Then,
(2c—1)QNE=10
and
(de+1)QNE#0
PROOF. Let z be the center of Q. Then, disto(z, F) = disto(Q, E) + ;2), SO
(1.11)) reads as
U(Q)
2
which proves the statement. Il

(2¢—1) - @ < distoo(2, F) < (dc+1) -
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Consider now x € 2 and let us see how many cubes of Fy will reach it when
scaling by a factor a.

COROLLARY 1.2.4. Let 1 < a < 2¢ — 3, with ¢ > 2. Then, the family {a Qy}ren
has finite overlapping, in the sense that ), . Xaq, < Clc,a,n), being the last a
constant depending only on ¢, a and the dimension n.

PROOF. Consider x € Q and let )y, Q); € F such that x € a @, Na@);. Notice
that diste(Q;, Q) < distos (2, Q;) + distes(z, Q1) < 5+ (€(Q;) + £(Qk)) (see Figure
1.3). By the triangle inequality one easily gets

distoo (Qr, £) < disteo(Qj, Qi) + disteo(Qy, E) + U(Qk) + (Q;)

Thus, using (1.11)), we get

Q) = "
S disteo (Qr, F) — disteo (@, Qr) — (Q;) — U(Qk)
- 2c
J (e DUQr) = 7 (UQ) + Q)
2c '
Reagruping, we get
2c—3 -«
0Qy) > man)'
Thus, for any 1 < a < 2¢ — 3 we have got an upper bound for ¢(Qy) with respect
to £(Q;).
By symmetry,
2c—3—« de+a+1
(1.13) m“@j) <U(Qr) < mﬁ@j)-
aQJ-
<
aQ,
Q, I1x

Figure 1.3: A posible configuration for z, ¢); and Q.
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At the same time, we have

e < R D)

and, considering in particular (); to be the cube containing x, we see that there is
only a finite number of such dyadic cubes in the family F, with the bound depending
on ¢, « and the dimension n. Il

(1.14) distoo (7, Q) <

REMARK 1.2.5. Taking for example ¢ = 100 and o« = 10 we can define the family
F presented in Section [2.3] where less restrictive conditions are required, namely

(1.15) 100QNE =0

(1.16) 1000Q NE # 0

(1.17) D xwe <C
QrEF

where we consider, as we will work in dimension 2, that C' = (100, 10, 2), which
can be proven using the bounds (1.13]) and (1.14) above to be smaller or equal to
42% — 3.

1.2.3. Vitali Covering Lemma.

THEOREM 1.2.6 (Vitali Covering Lemma). Let X be a boundedly compact metric
space and B a family of closed balls in X such that
sup{diam(B) : B € B} < c©.
Then there is a finite or countable sequence {B;}ic; C B of disjoint balls such that
U BclsB:
BeB iel

We will not provide any proof of this theorem here because it is easy to find in
the literature. We refer in particular to [Mat95].
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1.3. An Overview on Quasiconformal Mappings

Quasiconformal mappings are mappings where we have some control on the
derivatives, namely, that the quotient between maximal and the minimal directional
derivatives is uniformly bounded almost everywhere. In this section we survey the
main known facts that we will use in the next chapter skipping the proofs. We refer
the reader to [AIM| Chapters 2, 3 and 5] and the articles referred there for the
details.

From now on we consider all the sets of points in C.

1.3.1. Basic definitions.

DEFINITION 1.3.1. Let K > 1. A mapping f : Q — Q' is called K-quasiregular
if

1,2
f € Wi (82),
if it is orientation preserving, that is

J(z, f) = |8zf|2 — |8§f|2 > 0 almost everywhere,
and if the directional derivatives satisfy

(1.18) sup |0af(2)| < K] it |(9 f(2)]

a€(0,2m)
for almost every z € Q. If, in addition, f is a homeomorphism, we say it is K-
quasiconformal.

In particular, a mapping is 1-quasiconformal if and only if it is conformal.

REMARK 1.3.2. Being a Sobolev function only implies the existence of the deriva-
tives f, and f, almost everywhere. For (1.18) to be meaningful, we just consider
the alternate definition

Ouf(2) = cos(a) fz(2) + sin(a) £, (2).
Anyway, all homeomorphic Sobolev functions are differenciable almost every-
where (see Theorem [1.3.12)), so the definition above is equivalent with the more

usual .
flz+re?) — f(2)
r

0uf(2) = lim
when we consider K-quasiconformal mappings.
REMARK 1.3.3. Often it is convenient to reformulate as
(1.19) |IDf(2)|> < KJ(z, f) for almost every z € ,

or
10.f| + |0=f| < K(|0.f] —|0:f]) for almost every z € 2,
or
|0:f] < k|0, f| for almost every z € Q
for k = II§—+
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The smallest constant K (f) for which (1.18)) holds is called the distortion of
the mapping f. Writting ps(2) = 0:f(2)/0.f(z) when 0,f(z) # 0 and ps(z) =0

otherwise, we can rewrite the condition ((1.18]) as in the next theorem.

THEOREM 1.3.4. Suppose [ : Q2 — Q' is a homeomorphic I/Vlloc2 mapping. Then
f 1s K-quasiconformal if and only if

(1.20) g—];(z) = uf(z)g—];(z) for almost every z € (Q,

where fiy, called the Beltrami coefficient of f, is a bounded measurable function
satisfying

K-1 ]

K+1°+

REMARK 1.3.5. py is sometimes called complex dilatation of f. We can see
that, for quasiconformal mappings, d,f # 0 almost everywhere, implying that the
complex dilatation is uniquely defined up to a set of measure zero.

Notice also that

sl <

K -1

||Mf||C>O = —F:Efpi 1
and L
K(f K

— OO.

The differential equation in (|1.20]) is called the Beltrami equation. It provides
the connections from the geometric theory of quasiconformal mappings to complex
analysis and to elliptic PDEs.

1.3.2. Radial Stretchings. There is a class of examples that is important
to have at hand as they typically provide extremal examples for some results in
quasiconformal mappings. These are the radial stretchings, i.e. mappings f : D —
C of the form

f<z>=§p<|z|>, £(0) =0.

Here the function p is assumed to be positive, continuous and strictly increasing.
For p(0) = 0 the mapping is continuous at the origin.

We may calculate the differential and distortions of a radial stretching where the
derivative p exists.

0.f() = 3 <p(\z|) " %')) and
0u1(:) = 5= (4l - 251 ).

We obtain

DF()] = |0.£(2)] + 10:£(2)] = max {p<|z|>, p('z')} |

||
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I §) =105 = ef () = PEREED, ang
_ zl2lp(zl) = p(=0)
S EF(E T (E))
In particular, for p(t) = t and p(t) = t'/X we obtain two classical examples,
namely
fi(z) = 2|2/
and
(1.21) fa(z) = z|2|% 71,

respectively. They arise as extremals for the problems on Holder continuity, and

integrability of the differential (see Theorem [1.3.18, and Remark [2.2.3)).
IDfi(2)] = K|,
J(z, f1) = K|z|*®~Y and

(2) 2K —1

Z) = —

S = 5K+ 1

so f1 is K-quasiconformal. Being f, = f; ' the inverse of a K-quasiconformal

mapping, it is also K-quasiconformal, as we shall see later in Theorem |1.3.21]

1.3.3. The Area Formula and the Koebe i—Theorem.

THEOREM 1.3.6 (The Area Formula). Suppose f € W,o*(C) is analytic outside
the disk D, and has the expansion

f(2)=z2+biz7t + b2 +

J(z, f)=n ﬁ—f}mﬁf%.
o= )

n=1

near oo. Then

In particular, if f is orientation-preserving, then
oo
Zn|bn|27’_2" <r?
n=1

THEOREM 1.3.7. Suppose g : C — C is a homeomorphism, which is conformal
in the exterior of the unit disk. If g has the developement g(z) = z+by+byz"' +- -
for|z| > 1, then

9(D) C B(bo, 2).

THEOREM 1.3.8 (Koebe i—Theorem). Suppose that ¢ : D — C is conformal and
normalized by ©(0) =0 and ¢'(0) = 1. Then

]D)% C (D).
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We may view Theorem [1.3.7] as the counterpart to Koebe’s result at co. In
bounded domains the following version of the Koebe’s }L—Theorem applies in fact to
all conformal mappings, independently of their normalization.

THEOREM 1.3.9. Suppose that f is conformal in a domain Q@ C C with f(Q) =
Q CC. Let zg € Q. Then

;l|f’(zo)|dist(zo,89) < dist(f(z0),0Q") < |f'(20)]dist(2g, 00).

1.3.4. Quasisymmetry. The very definition of quasiconformality supposes the
map to be defined in an open set. However, sometimes we have to deal with different
configurations that require a more general point of view. As we will see, the definition
of quasisymmetry below is locally equivalent to quasiconformality and provides new
information which will be basic for the purposes of Chapter [

DEFINITION 1.3.10. Let 5 : [0,00) — [0,00) be an increasing homeomorphism,
AcCCand f: A— C amapping. We say f is n-quasisymmetric if for each triple
20, 21, 22 € A we have

| f(20) — f(z1)] [20 = 2|
(1.22) o) — f(2) <7 (|ZO — 22|) .

Should f be defined on an open set, we will assume that it is orientation preserving
and further, we say that f is quasisymmetric if there is some 7 as above for which
f is m-quasisymmetric.

LEMMA 1.3.11. Let AC C and f : A — C an n-quasisymmetric mapping. Then
we have the following properties:

e f is a homeomorphism from A onto its image.
o If A is open, zo € A and B(z,7) C A, we have that

Max(|.—z|=r} | f(2) — f(20)]

(1.23) w17~ ] <"V
o [~ is o-quasisymmetric with
B 1
o1/t

o [f f is entire (A = C) then it is a surjection.

e I[f BC A is a disk,
(1.25) diam(f(B))* < Colf(B)],

where the constant Co = 2n(1)%. That is, for all points z € B(z, s) C A,

(1.24) o(t)

N

[f(2) = F ()l < —n(1)’ f(B(z0, 5))]-
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o If Q = f(B) is the image of a disk B = B(zo,r) under a quasisymmetric
mapping, then

(126) B (’LU(), R) cQcC B(’wo,R),

n(1)
where wy = f(z0) and the radius R is defined as
Ri= max |f(z) = f(z)l;
o Let s> 0 and B C Q) a disk for which s B C . Then

(1.27) [f(B) < *(1/9)]f (s B)|.

All this properties are quite easy to prove taking ((1.22)) into account and will be
useful later on the text.

1.3.5. The Gehring-Lehto Theorem.

THEOREM 1.3.12 (Gehring Lehto Theorem). Let f : Q@ — C be a continuous
open mapping. Then f is differentiable almost everywhere in ) if and only if f has
finite first partial derivatives almost everywhere.

COROLLARY 1.3.13. Fvery homeomorphism f € VV;CI(Q) is differenciable almost
everywhere.

1.3.6. Relation Between Quasiconformality and Quasisymmetry. There
are three main theorems connecting quasiconformal maps and quasisymmetric ones.
Namely that all quasisymmetric maps are quasiconformal, that global quasiconfor-
mal maps are quasisymmetric and that both conditions are locally equivalent. We
state them below.

THEOREM 1.3.14. Suppose that f : Q — ' is an n-quasisymmetric mapping.
Then f is quasiconformal. In particular, f € VVZIOCQ(Q)

THEOREM 1.3.15. Suppose f : C — C is a K-quasiconformal homeomorphism.
Then f is nx-quasisymmetric, where ng depends only on K.

THEOREM 1.3.16. Suppose f : Q — Q' is a homeomorphism and suppose zy € §2
with B(zp,2r) C Q. Let B = B(zo,7). If f is K-quasiconformal in ), then the
restriction f|p is n-quasisymmetric, where n = nx depends only on K. Conversely,
if f is n-quasisymmetric, then f|p is K-quasiconformal, where K = K(n).

1.3.7. Holder Regularity.
DEFINITION 1.3.17. If we write
F ={f:C — C, K-quasiconformal, f(0) =0 and f(1) =1},
then we define the circular distortion of F as
MK) =sup{|f(e)]: fe F,0< ¢ <2n}.
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THEOREM 1.3.18. Suppose that f : C — C is K-quasiconformal with f(0) =0
and f(1) =1. Then
£ (2)] < ME)? |2V

The bound is sharp, as fo defined as in ([1.21)) attains the equality.

COROLLARY 1.3.19. FEvery K-quasiconformal mapping f : Q — € is locally
%—Hdlder continuous. More precisely, if a disk B C 2B C €, then

‘Z—w‘l/K

diam(BYVE’ Vz,w € B,

£ (2) = f(w)| < C(K)diam(f(B))
where the constant C'(K) depends only on K.

COROLLARY 1.3.20. Let f be a K -quasiconformal entire mapping, and let n(t) =
Nk (t) = ME)?K max{tX t'/5}. Then f is an n-quasisymmetric mapping.

1.3.8. Fundamental Properties of Quasiconformal Mappings.
Now, some fundamental properties of the quasiconformal mappings are embodied
in the next two theorems:

THEOREM 1.3.21. Let f : Q — Q' be a K-quasiconformal mapping from the
domain © C C onto ¥ C C and let g : ¥ — C be a K'-quasiconformal mapping.
Then

(1) f71:Q — Q is K-quasiconformal.

(2) go f:Q — C is (KK')-quasiconformal.

(3) For all measurable sets E C Q, |E| =0 if and only if |f(E)| = 0. In other
words, f satisfies both conditions N and N~!.

(4) The Jacobian determinant J(z, f) > 0 almost everywhere in Q. In particu-
lar,

1®)1= [ 3.1
for all measurable subsets E C S2.

THEOREM 1.3.22. Let {f,},en be a locally bounded sequence of K -quasiconformal
mappings f, : Q@ — C defined on 2 C C. Then there is a subsequence converging
locally uniformly on 2 to a mapping f and it is either a K-quasiconformal mapping
or a constant.

1.3.9. The Measurable Mapping Theorem.

DEFINITION 1.3.23. Suppose that 0 < k < 1 and that |u(2)| < k xp,(2), z € C.
We say that f € W2?(C) is a principal solution to the Beltrami equation 0;f(z) =
()0, f(2) if it is normalized by the condition f(z) = z + O(1/z) near infinity.

The existence of principal solutions for any |u(z)| < k xp,(2) is proven in [ATM,
Chapter 5] using (|1.2)) and giving place to the representations

f=2+C(0:f),
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which implies
0.f =1+ 8(0:1),
and thus
O:f = po.f = p+ puS(0:f).
Writing 0; f = (Id — uS)~!(p) and using the standard Neumann series

(1.28) (Id — pS) ' =1d + uS + pS pS + uS uS uS + -+ -,
one obtains
(1.29) O:f = p+ pS(p) + pS(pS(p) + -+ .

The equation and the Riesz-Thorin Interpolation Theorem |[GraO8, p. 72-
79, I1.4] imply that the map p — ||S||U,(C)_,Ep((c) is continuous in p and so there
exist two Holder conjugate numbers such that 1 < P(k) < 2 < Q(k) < oo with
KIS 2o (cy—cocy < 1 for all p € (P(k),Q(k)). The importance of those exponents is
related to the expression above, which is a series of bounded operators in L
that converges in the operators norm when p € (P(k), Q(k)).

LEMMA 1.3.24. Suppose |u|, |v| < kxp,, where 0 < k < 1. Let f,g € W,-*(C)
be the principal solutions to the equations
0:f(2) = pu(2) 0. f(2), 0:9(2) = v(z) D.9(z)
If for a number s > 1 we have 2 < p < ps < P(k), then

2
10:f — 359”5:0(@) < Clp, s, k)rve|lp— VHLps/(sfl)((c)

THEOREM 1.3.25 (Measurable Riemann Mapping Theorem). Let |u| < k <1 be
compactly supported and defined on C. Then there is a unique principal solution to
the Beltrami equation

0:f(2z) = u(2) 0.f(2) for almost every z € C,
and the solution f € I/Vlicz(@) s a K-quasiconformal homeomorphism of C.

REMARK 1.3.26. We can soften the conditions above, in particular p doesn’t
need to be compactly supported. In that case we don’t have principal solution to
the Beltrami equation but a unique K-quasiconformal solution arises if we force it
to be normalized by f(0) =0, f(1) =1 and f(c0) = oc.

1.3.10. Factorizations.

THEOREM 1.3.27 (Stoilow Factorization). Let f : @ — € be a homeomorphic
solution to the Beltrami equation

(1.30) 0:f(2) = u(2) 0.f(z) for almost every z € €,
with f € W Q) and ||l < k < 1. Suppose g € Wb*(Q) is another solution to

loc

on ). Then there exists a holomorphic function ® : Q' — C such that
9(z) = ®(f(2)), z€%.
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Conversely, if ® is holomorphic on €V, then the composition ®o f is a W'l})f—solutz'on

to in the domain Q.

To prove the next theorem one may use the chain rule that we recall here for
convenience as we will use it later on. For any f, g functions of complex variable,

(1.31) 0:(f 0 9)(2) = 0w [f(9(2))0:9(2) + 9u f(9(2))0z9(2),

(1.32) O:(f 0 9)(2) = 0w f(9(2))0:9(2) + 0 f(9(2))D-9(2),
whenever composition has sense and the appropriate pointwise derivatives exist.
THEOREM 1.3.28. Suppose f : Q — € is quasiconformal and g : Q@ — C is
quasireqular, with Beltrami coefficients jiy and pg, respectively. Then the composi-
tion g o f~1 is quasireqular in QV, with Beltrami coefficient
g o)LL) (210
’ 1 1y ()17 (2) \[O-F(2)
THEOREM 1.3.29 (Factoring with Small Distortion). Let f : Q@ — Q' be K-
quasiconformal and let n € N. Then we can write
(1.33) f=hiofro-ofp,

where each f;: fiz1 00 fo(Q) — C is KY"-quasiconformal.

2
|) ,  where w = f(2).

1.3.11. Analytic Dependence on Parameters.

THEOREM 1.3.30. Suppose u is a compactly supported measurable function with
lull, =k < 1. For X € D, let f(\ z) = fAz) be the principal solution to the
Beltrami equation

0:1(2) = ()01 (2).

If 1 vanishes in a neighbourhood U of a point zy, then the derivative 0, f*(z) of the
analytic function z — f>(z), z € U, depends holomorphically on \ € D.






CHAPTER 2

On the Distortion of Sets Under Quasiconformal Mappings

2.1. Area Distortion

In this section we focus our attention on what influence has a quasiconformal
mapping on the area of a bounded measurable set. Thus we will find a sharp bound
related to the Beltrami coefficient of the mapping. To reach a general theorem we
will have to study first some easier configurations. In turns out to be useful to
study |f(E)| in two complementary situations, known as the conformal inside and
the conformal outside. First we assume f is conformal outside.

THEOREM 2.1.1. Suppose f is a K-quasiconformal principal mapping of C that
is conformal outside a compact subset E. Then we have

[f(E)] < K|E.
PRrROOF. We shall estimate the area |f(E)| with the help of the identity
0.f =1+ 8(0:f),
which implies |0, f*> = 1+ |S(9:)|* + 2Re(1,S(df)). This gives

F(B)] = /E I f) = /E (10112 — 0-12)
— B+ /E 2Re(S(0-f)) + /E (1S@-1)F — 10:f1)
(2.1) < Bl +2 /E 15(0:1).

where we used the fact that |[S||z2) = 1 when we considered that J21S80:1)? <
JeIS@N1P < Je|0=f17 = [ |0:=f*.

To bound the integral we use the representation of 0; f as a power series in p in
the equation ([1.29)

(2.2) S(0:f) = S(p) + S(uS(p)) + -+
Observe the inequality we get using Holder inequality:

1/2
/E|S(/~LQ)| <VE(S(pg)ll ey < VEI gl g2y < VElullo (/E 1912) :

27
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The inequality is applied inductively to ¢ = 1, ¢ = S(u), and so on. Using the
triangle inequality in ([2.2)) together with (2.1]),

2\ oo
FE) < |BV+ 2l B+ 2B+ = 1] (14 25 ) = k(7)lE)

i

Now we focus on the case where f is conformal inside E (and also outside the
unit disk).

THEOREM 2.1.2. Suppose f is a principal K- quasiconformal mapping of C that
is conformal outside the unit disk D. Assume also that we are given a measurable
set E C D and a non-negative weight w defined on E. If f|g is conformal, then

ey (1] w<z>1/K)K <2 [snue < (5 [ oer) "

ProOF. We first establish the distortion estimate for open sets E and prove the
general case subsequently by approximation. Moreover, we need to consider only
weigth functions w > 0 that are bounded away from 0 and co on the set E. The
argument for a general w follows by an obvious limiting argument.

Suppose that the weigth w(z) and the mapping f are given, with d;f = 0 for
almost every z in the open set E. Our goal is to show that

(2.4) : / w(=)J (=, f) < (% /E w<z>K)1/K

For this let 1 be the complex dilatation of f, so that

K-1
. z = z 9 S .
(25) 0.1(2) = w012, Il < T o
Then, for each number |A| < 1, we write
K+1
a(z) = Aﬁu(Z'),

z € C, and consider the principal solution f* € WLZ((C) to the Beltrami equation

loc

0:f(2) = pA(2)0.(2).

In particular, for A = k = £=1 we have f* = f and, for A = 0, we have f(2) = z.

K11 -
Furthermore, by Theorem [1.3.30} for each fixed z € E the function A — (f*)'(2) =
9. f*(2) is holomorphic in . Note also that by conformality on the open set F,

(2.6) (f)(2) #0 forall z€ E and A € D.

In fact, as it is enough to prove the claim for all compact subsets E' C E, we may
assume that on E the derivatives |(f*)(2)| are bounded away from 0 and oo, with
constants depending on A.
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We will approach (2.4) by expressing it in a logarithmic form, which allows a
decomposition of the integral. In fact, taking

a(2) = () (z ) = ~wEIPY ()P

for z € F, Jensen’s inequality (1.4) gives

g (& [ wlr R

(27) —sup ([ o) og () + [ ple)tog (1%)) ,

where the supremum is taken over all the functions p such that p(z) > 0 for almost
every z € E and [ pp = 1. If we take a close look at this identity, we see that the

latter integral
1) = [ o (HUIEE)

is harmonic in A, by (2.6). Moreover, we can use Jensen’s inequality again and,
since f* is analytic outside D = ID;, the area formula Theorem [L.3.6 to deduce

m <tog (2 [1PYGP) <tog (2 [ ate) <0

We have thus seen that h, is harmonic and nonpositive in D.

We are now in position to use Harnack’s inequality (|1.5]),
1 — Al
L+ |A|

(~hl0) <~y < 13 (=)

(2.8)

Let us take the left hand inequality and use it in (2.7]). We get, for A\ =k,

o (1 [ wolry )
< (/Ep(z) logw(z) + 7 - :;Ihp«)))
:slgp</E (=) log u(2) 'A' (1 1z>>)
—su ([0 <>%1og /K EE))
= s ([E (2)log (:jo((,z)) ))
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It remains to choose the function p, and naturally we take p(z) = T(Zu);, the function
E

maximizing the last expression. As a result,

o (= [N R) < gox (5 [ wiar).

Exponentiation gives the estimate for open sets E.

To deduce the lower bound in the statement, one needs to use the right inequality
in but otherwise argue in a similar fashion.

We now consider the case of arbitrary measurable sets F for which f|g is con-
formal. Choose a decreasing sequence {E,}>°, of open sets such that £ C E,
and

B\ E| —=0

Set fi, = pxXp\E,, With 4 as in , and let f, be the principal solution to the
Beltrami equation with coefficient f,,.

It follows from Lemma [[.3.24] that

|SOsfr — Sazf||g2(<C) < |0:fn — azf”z:?(((i)
< C(2,5,k) || — pll g2s-0 )
< O||NXEH\E||L2s/(s—1>((C)
< ClE. \ E|
and so
10 fn — aszLZ((c) = |80z fn — Sazf”c?(c) —0
as n — oo. Also recall that on the sets E, and E, we have J(z, f,) = |0,fn(2)]?

and J(z, f) = |0.f(2)|?, respectively. Since w can be assumed to be bounded from
above on the F,,’s, we deduce

(2.9) / w(z) J(z, f) = lim w(z) J(z, fn).
E n—oo Jp.
Clearly, for any ¢ > 0,

(2.10) /Ew(z)q = lim w(z)?.

n—oo E
n

As the inequalities ([2.3]) hold for each of the open sets E,,, using ([2.9)) and ([2.10))
gives the proof of the Theorem [2.1.2] O

In the next theorem we combine both cases to get the general situation where f
is principal and conformal outside the unit disk .

THEOREM 2.1.3. Suppose f is a K-quasiconformal principal mapping of C that
1s conformal outside the unit disk . Let E C D be measurable. Then,

(2.11) |F(B)] <K (@)I/K

s ™
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PRroOF. First, any measurable set can be approximated from above by open sets
G and from below by closed sets F'so that |G\ F| is arbitrarily small. From Theorem
, we know that f satisfies the Lusin condition N’ ~! and thus the measure f;&lm,
defined as f;ﬁlm(A) = |f~1(A)|, is absolutely continuous with respect to the two-
dimensional Lebesgue measure. Therefore we may assume that F is in fact a finite
union of open disks and complete the proof by an obvious limiting argument. In
particular, |0(E)| = 0.

Next, we shall use the Measurable Riemann Mapping Theorem to reduce
the claim to the last two theorems. Let p be the complex dilatation of f. We
construct 19 = 1 Xc\g- If g is the principal quasiconformal mapping of C with com-
plex dilatation pg, whose existence is granted by the Measurable Riemann Mapping
Theorem, then, by Theorem [1.3.28] we have

f=hoy,
where h is K-quasiconformal in C, conformal outside the compact set g(E) (g is a
homeomorphism) and normalized by h(z) = z + O(1/2).
Now,

[f(E)| = |hog(E)| = |hog(E)| < Kl|g(E)

£\ VE
_ K|g(E)| < Kn (U) |
T

using Lusin condition A in the second and the fourth steps, Theorem [2.1.1] in the
third, and Theorem in the last one.

The equation (2.11)) has been proved for any finite union of open balls. Now,
any open set F can be considered as a countable union of open balls £ = UX, B;,

SO
F(E)] = lim |f (U BZ-)
i=1
n BZ 1/K
< lim Km (—lU’:l |)
n—oo s
B\ VE
=Km (u) .
T
With an analogous argument we get the estimate (2.11)) for any measurable set
E CD. O

Considering the radial stretching fo = 2|25~ xp + zXc\p together with the
set £ =D,, with p < 1, we achieve the equality

s _ (121"

Now we can prove the main Theorem of this section:



32 2. ON THE DISTORTION OF SETS UNDER QUASICONFORMAL MAPPINGS

THEOREM 2.1.4 (Area Distortion Theorem). For evey K > 1 there is a constant
Ck, depending only on K, such that for any K-quasiconformal mapping f : C — C,
for any disk B C C and for any subset E C B, we have

(2.12) %(%)KS%SCK (%>1/K

PROOF. Let us assume that f is a K-quasiconformal mapping and let E be a
compact set contained in a ball B. We factorize f = f5 o fi, where fi, fo are
both K-quasiconformal maps, with f; principal and conformal on C\ 2 B and f; is
conformal on fi(2 B). Let g(z) = dz + b be the linear function that maps the unit
disk to 2 B (so d = diam(B)). The function h = g~' o f; o g verifies the assumptions
of Theorem [2.1.3] so that

97" o fi(B)| < C(K)|g~!(B)|%.

On the other hand,

97 o B = A D 197 B) =

Using also quasisymmetry equations (|1.25)) and (1.27) and Theorem [1.3.7, we
get that diam(f,(B)) ~ diam(f,(2 B)) ~ diam(2 B) with constants depending only

on K. Hence
1

|f1(E)] Bl \*
dam(f(B) = ) (diam(B)2> |
Now, since f, is conformal on f;(2 B), for each ball By contained in B we can
apply Koebe’s Distortion Theorem to both Q = f1(2 B) and Q = f1(By), with
2o the image of the center of By in both cases. The resultant equations, together
with quasisymmetry equation , easily imply that
diam(f>(f1(Bo))) _ diam(f1(Bo))
diam(f>(£1(2B))) ~ diam(fi(2B))

From this estimate and quasisymmetry again, it is straightforward to check that
HAA(E) _ HAS(E))
diam(f,(B))*  diam(f(B))*

with constants depending on K, which, taking into account that H? is multiple of
the Lebesgue measure in C, leads to

() B \E
diam(f(B))? < C(K) (diam(B)Q) '

By quasisymmetry ([1.25)), this leads to the left hand side of (2.12)
For the other inequality let us first look at the domain © = f(B). Recall from

the last section that as a quasiconformal image of a disk, €2 is roughly of the size
of radius R ~ diam(2). More precisely, if zy is the center of B, wy = f(z), let
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B’ = B(wy, R), with R = max¢eop |f(¢) — wo| and 6 = ﬁ, using quasisymmetry
(T20),
dB'Cc Q= f(B)CB.
By (1.24)), the inverse mapping g = f~! is quasisymmetric with distortion
Bo(t) = 1/ (1/1).
Thus, by the quasisymmetric property (1.27)),
1
19(B")] < Colg(6B')| < Colg()], Co = TV

where g(2) = B. Since we already have the right-hand-side of (2.12)), we can apply
this to the set f(E) C B’ and obtain

E| _ g0l _ , la/(E)) FEN PN
= < Cp = <O ; <G )
| B| | B l9(B")| | B'| [/ (B)]

using the fact that f(B) C B’ in the last step. Exponentiating the estimate gives

the left-hand-side of (2.12)). O
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2.2. Distortion of Dimension

In the last section we have obtained a bound on the distortion of the area of a
bounded set under a K-quasiconformal mapping. We are now concerned about the
distortion of the dimension of sets under the same circumstances. This is in part
motivated by the research on the dimension of quasicircles and by the Painlevé’s
problem, which consists in characterizing geometrically the removable sets under
K-quasiregular functions.

First we need some information about integrability of the Jacobian (using the
Area Distortion Theorem) and then we will use it to follow the proof that Astala
himself gave to the particular case n = 2 of a more general conjecture of Iwaniec
and Martin for R".

2.2.1. Optimal LP-regularity for Derivatives of Quasiconformal Map-
pings.

THEOREM 2.2.1. Let f : C — C be a K -quasiconformal mapping and let B C C
be a disk. Then there is a finite constant Cx, depending only on K, such that for
allt >0,

K/(K-1)
H{HzeB:J(z f) >t} < C’K]B|1/(1*K) (@)

and so J(-, f) € weak — L},

loc *

PROOF. Let E, ={z € B: J(z, f) >t} C B. From Theorem we have

1K
< [ 9.0 =15 < el (B

Solving for | F;| proves the required estimate. O

This fact has consequences related to the A, theory that we will not mention
here. We will focus instead on its consequences on LP- regularity of J(-, ). We will
use implicitly that weak — L] = C L7 aslong as p < q.

loc loc

THEOREM 2.2.2. Suppose f : C — C is K-quasiconformal. Then for all 1 <

2K
p < K—1’

feWE(C).

PROOF. Let B C C be a disk. Since |[Df(2)|* < K J(z, f) almost everywhere
and f is continuous, it suffices to show that [,[J(z, f)|? < oo for all 0 < ¢ <

%. The previous Theorem m gave bounds for the distribution function of the
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Jacobian derivative. Integrating these, we have for any 0 < T < oo,
/ |J(z, |q—/ gt '{z € B:|J(z f)| > t}|dt

F(B) Y
gq/ tq—1|B|+qCK|B|1/<1—K>/ tql( . ) dt
0

T
< Tq‘B| +C}(|B|1/(1_K)|f(B)|K/(K_1) /OO tq_l_K/(K_l)dt
C !
_ Tq|B| kK |B|1/ (1-K) ‘f( )|K/(K*1)Tq7K/(K71) < o,
q— K 1

g

REMARK 2.2.3. In fact, for all K we can define f; as in ([1.21]) and then one can

check that fo ¢ VVZZE K/K- 1(@). Nevertheless, we have some configurations where

integrability at the borderline arises, namely when f is conformal in F.

THEOREM 2.2.4. Let K > 1 and assume that f : C — C is a K-quasiconformal
principal mapping and that f is conformal outside D. Let E C D be a measurable
set. If 0:f(z) =0 for almost every z € E, then

/ (](.’f)K/(K—l) <
i =

ProOF. We choose a sequence of weigths such that wg = 1 and
Wn = J(a f)l/K—i—-"—i—l/K"’

n > 1. By Theorem [2.1.2)]

%/Ewn(z).](z, f) < (%/Ewn(z)K>l/K: (%/Ewn_l(zﬂ(z,f))w-

for each n > 1. Using this argument inductively and Theorem [2.1.2] once again with
w(z) = 1, we arrive at

l ' 1+1/K+W+1/Kn=l wp(2)J (2 <l w ZK)l/K
W/EJ(,f) W/E W(2)J (2, f) < 7T/E W(2)
1/K™
< <%/EJ(z,f))
(L) 1)“”“ _ (@)”K’”T
TJE T

With Fatou’s lemma we can pass to the limit n — oo and thus we get the statement
of the theorem. O
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COROLLARY 2.2.5. Suppose f : C — C is a K-quasireqular mapping, K > 1.
Let E C C be measurable and bounded. If 05(z) = 0 for almost every z € E, then

/ IDF(2) K/ < o,
F

Proor. Using a linear change of variables, we first assume that £ C D:1. Again

2
we have the decomposition f = h o g, where g is a K-quasiconformal principal
mapping, conformal outside D, and h is K-quasiregular in C with

O:h(z) =0 for all z € g(D)

Since h is holomorphic in a neighbourhood of the set g(E), sup,p [V (7)] <
C, < oo for a constant C, depending only on the function h. Hence taking into
consideration the chain rule ([1.31)) and (1.32)), (1.19)) and Theorem [2.2.4] we have

[ ipre < e [ ipgta

< K% 1CK1/|J £|F=
<C(hK) <

2.2.2. Distortion of Dimension Theorem.

THEOREM 2.2.6 (Astala’s Hausdorff Dimension Distortion Theorem). For any
compact set E and any K-quasiconformal mapping f we have

(2.13) %(m—é)sm—%“(m‘%)

PROOF. Suppose f € VVZIOS(Q) is K-quasiregular and non-constant and let £ C
2 be a compact subset with dimy(E) < 2 (the extremal case, which read as
dimy(E) = 2 if and only if dimy(f(F)) = 2, fall as a consequence of f and f~!
being K-quasiconformal). There is no restriction in assuming £ C Dy. Let
us first use Stoilow factorization, f o h, where ¢ : C — C is a principal K-
quasiconformal mapping, conformal outside I, and h holomorphic in g(2). Since
dimy (h(F)) = dimy(F) for any compact subset of g(2), we can actually assume
that f = g¢.

With this setup let us consider a finite number of disks B;, each of diameter
diam(B;) < 0 < 1/4, that have pairwise disjoint interiors and each of them in-
tersecting E. On the image side quasisymmetry restricts the distortion and tells
that

diam(f(B;))* < Colf(B;)|,
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by (1.25]), where the constant only depends on K. Hence for each ¢ < 1, using
Holder inequality twice, we obtain that, for p > 1,

Zdiam(f(Bi)ft <C} Z f(B

i

ol o) ()

As the disks B; are all contained in D with disjoint interiors, for every 1 < p <
K/(K — 1), we get uniform bounds using Theorem [2.2.2) (J(-, f) e L7 (C)):

S [ gty [ Iy <1l <o

where Es = |, B(z,20).
We have therefore shown that for all p < K/(K — 1)

1-t/p
2t(p—1
Zdlam )< Oy (Z diam(B;) = )> :

with C; depending on ¢, p and f and working uniformly for any finite covering of F by
disjoint disks with diameter bounded by 1/4 and thus for any non-finite one without
overlapping. In case that overlapping occurs we can apply the Vitali Covering
Lemma and find a subcollection of pairwise disjoint disks with E C |J, 5B;,.
By quasisymmetry,

(2.14)

1-t/p
> diam(f(5B;,))* <) diam(f(B;,))* < Cy (Z diam( Bik)”if’t”> 7
k k k

with constant depending only on the same variables.

Now, if dimy(F) < 2tp —, with a proper choice of the covering B; the sum
of the right-hand-side in 1) can be made arbitrarily small and we deduce that
dimy (f(F)) < 2t. Solving the former in terms of ¢, we find that this happens as

dimy (E)
long ast > m,

) 2p dimy(E) p—K/(K—1) 2K dimy(F)
d E)) <
m(f(E)) < 501 + dimng (B) 2+ (K — 1) dimp(E)
This inequality is equivalent to the left hand inequality in (2.13]). The right hand

inequality follows immediately since the inverse of a K-quasiconformal mapping is
also K-quasiconformal. O

SO
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REMARK 2.2.7. These bounds are optimal, in that equality may occur in either
estimate, but we will not prove that fact here. In the last section we give an example
of extremal distortion of Hausdorff measure which also implies that fact, although
sharpness of Theorem [2.2.6] was proven originally by Astala by means of a simpler
example.

2.2.3. The Dimension of Quasicircles. A quasicircle is the image of the unit
circle under a quasiconformal homeomorphism of C.

The earlier Theorem [2.2.6| gives the following estimate of dimensional distor-
tion: If C is a K-quasicircle, it is the image of a set of dimension 1 under a K-
quasiconformal mapping and hence

K—-1
di O)<1l4+——=1+k
imy(C) <1+ 1 +
where k£ = g—;} This would work for the image of any 1-dimensional bounded
set. In [AIM] we find for the first time Smirnov’s proof of a better bound for this

particular case. We state it in the following theorem.
THEOREM 2.2.8. Let Cy be a K = %—quasicimle. Then
dimy (Cr) < 1+ Kk

CONJECTURE 2.2.9. This bound is sharp.
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2.3. Distortion of Hausdorff Content

2.3.1. Introduction.

In this section we follow the approach of the article by M. T. Lacey, E. T.
Sawyer and I. Uriarte-Tuero [LSUT] to the distortion of content, clarifying some
point and changing the approach of the bounds for the Beurling transform, where
we take the more classical approach of the article by K. Astala, A. Clop, X. Tolsa,
I. Uriarte-Tuero and J. Verdera [ACTUTYV] instead.

Recall that in Astala’s Hausdorff dimension distortion teorem the inequality
(12.13)

1 1 1 1 1 1 1

(L ¢

K (dimH(E) 2) T dimy(f(E)) 27 (dimH(E) 2)
was proved for any K-quasiconformal mapping f defined on the neighbourhood of
a compact set E. The question that we study concerns refinement of the inequality
above. Can it be improved to the level of Hausdorff measures H!? Indeed, this is
the case. The next theorem, the main result of [LSUT], answers in the affirmative
Astala’s Question 4.4 in [Ast94]. In fact, we will find a bound in the Hausdorff
content distortion.

MAIN THEOREM 2.3.1. If ¢ is a planar K-quasiconformal mapping, 0 <t < 2

and
, 2Kt

= ————
2+ (K - 1)t
then we have the following implication for all the compact subsets E of a ball B:

HA(S(E) _ H. () >/K

(2.15) W < C(K,t) (m

In particular,

HYE)=0 = HY(¢(E)) =0.

Since the inverse of a K-quasiconformal mapping is also K-quasiconformal, the
following refinement of the right-hand endpoint in follows: for a compact set
F, we have that H' (F) > 0 implies H!(¢(F)) > 0.

Some instances of this theorem where already known before the publication of
[LSUT], and have connections to significant further properties of quasiconformal
maps (the case t = 0 obvious since ¢ is a homeomorphism, the case ¢ = 2 as a
consequence of the Area Distortion Theorem [Ast94], and the case ¢ = 1, related
to the Painlevé’s problem, whose solution was achieved by Xavier Tolsa in [Tol03]
and [Tol05], and studied in terms of quasiregular functions by Kari Astala, Albert
Clop, Joan Mateu, Joan Orobitg and Ignacio Uriarte-Tuero in [ACMOUT].

Let us give an overview of this section. We consider the case of small dilatation
in Lemma Thus, we take a compact set F and a K-quasiconformal map ¢.
To provide the conclusion that the t’-Hausdorff content of ¢(FE) is bounded by the
t-Hausdorff content of E as in (2.15)), we will use a covering of ¢(E) by quasidisks
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that satisfy some related bounds. We show, following [LSUT] that this can be
done with certain dyadic squares (denoted by P € P below) that admit one key
additional feature, that they obey a t-packing condition described in ([2.16]).

Associated with P is a measure w; p, defined in , which behaves in a “t-
dimensional” way as a consequence of the t-packing condition. We show also that
the Beurling operator is bounded on £P(w;p) for all 1 < p < oo; see Proposition
[2.3.3] This proof is taken from [ACTUTYV] instead of [LSUT], as a more classical
approach is taken in the former.

The mapping ¢ is then factored into ¢ = ¢; o h, where ¢, is the “conformal
inside” part and A is the “conformal outside” part. The conformal inside part
admits a relevant estimate that can be deduced from [ACMOUT], and is proven
below. The relevant estimate on the conformal outside part is found in [LSUT],
and uses in an essential way the two facts just mentioned.

Proposition [2.3.2] is proven in Subsection [2.3.2] In Subsection the proof of
the weighted estimate for the Beurling operator (Proposition is given. These
two propositions are combined in Subsection to prove Lemma [2.3.14, Finally,
we prove Theorem in Subsection [2.3.5]

2.3.2. Finding a Good Covering for F.

We state our proposition on the approximation of the Hausdorff content with
the t-packing condition. Let P be a finite collection of disjoint dyadic squares in the
plane and let 0 < t < 2. We denote the t-Carleson packing norm of P as follows:

' 1/t
(2.16) Pl ock = sup (Z%i) 7

Q€D \ pep
pPcQ

where the supremum is taken over all dyadic squares ). We say that P satisfies the
t-Carleson packing condition if ||P||i—pack < 00. That is, for any dyadic square @),

(2.17) D UP) <Pl (Q)'

PeP
PCQ

Only the case m = 2 of the following proposition is used below.

PROPOSITION 2.3.2. Let m, My > 1 be integers. Then there is a positive constant
C such that, for any compact E C B(0,2M) Cc C, 0 <t < 2 and € > 0, there is a
finite collection of closed dyadic squares P = { P}, such that

)
) IPlepk <17
4) 3L, UP) < C(HE(E) +e).
) Py C B(0,2M1+1),



2.3. DISTORTION OF HAUSDORFF CONTENT 41

PROOF. Given € > 0, by the definition of dyadic Hausdorff content at dimension

t, there exists a (possibly infinite) collection {@,}, of closed dyadic squares such
that £ C |J,, @n, and

(2.18) Y UQn)" < HL(E) +e

By compactness of E, after relabeling indices, there is a finite number M for which
M
Ec|JBaen.
n=1

Since each square of the form 3 @), is the union of 9 dyadic squares of the same
size as (), we can write, after relabeling, F C Uﬁl Qn, where @), are closed dyadic
squares (possibly with overlapping and even repeated squares).

By selecting the maximal squares among {@,}, and eliminating those @, not
intersecting F, we may now assume, after relabeling again, that

(2.19) fz@n)t <9 (ﬁgou;) + e) ,

and that the squares are dyadic, intersect £, and are pairwise mutually disjoint (see
Definition .

As E C B(0,2M), E C U?Zl Qi, with 0 € @Q; € D, £(Q;) = 2. Notice
that any dyadic square intersecting E will intersect one and only one of those. Let
min{¢(Q,)} = 27 and call a finite collection of squares R admissible, denoted by
R € Admes, if

(1) R is a finite collection of dyadic squares that intersect E: R = {R;}2, for
some H € N and R; N E # () for all i;

(2) 27Mo < U(R;) < 2M1;

(3) EC Ufil R;

(4) they are pairwise mutually disjoint.

We have seen that Adms is not-empty (for e small enough to grant an optimal
choice, meaning that no square bigger than ¢); will be chosen in the first covering!).
Notice that all these collections satisfy (5). The minimum

min (R,
ReAdms
Ri€R

is achieved, as there are only finitely many admissible collections of squares. Let
us choose an admissible collection that achieves the minimum and denote it as
T = {T,}}. By (2.19), we have

M/l

(2.20) ALY <30 0Qy) <9 (HL(E) +e).

1=
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Any minimizer also satisfies a local property: for any dyadic square () such that
27 < 0(Q) <2,

(2:21) > UT < UQ)
T;cQ
Indeed, if @ intersects F, and this inequality did not hold, the square ) would
have been selected instead of the squares T; with T; C @), contradicting the property
of achieving the minimum. If the square () does not intersect E, then the inequality
is trivial as the left side equals zero.
As an immediate consequence, we get that for any dyadic square @,

(2.22) > um) < Q).
T;CQ

Thus, 7 satisfies conditions (3), (4) and (5) of the conclusion. To accomodate
(1) and (2) as well, fix an integer m € N\ {0}, and fix a square T; € 7. Subdivide
T; into its 2*™*2 dyadic descendants of side-length 2™ 1/(T;). Let T be the dyadic
descendant of T; of side-length 27~ 1/(T;) whose upper right corner is the center
of T;. Tt is now easy to check that the squares {T}} satisfy (4) in the statement
of Proposition with constant C' = 9 > 20m=D9 as well as (1), (2), (3) and
(5). O

2.3.3. Weighted Bounds for the Beurling Transform.
Given 0 < t < 2 and a collection P of pairwise disjoint dyadic squares, we define
the measure w; p associated with P by

(223) @) = wrpl@) = 3 P @),

We will be concerned with a quasiconformal map f that is conformal outside of
P = Ufil P;, and we will need an estimate on the diameters of f(P;). The map
f will have an explicit expression as a von Neumann series involving the Beurling
operator. The following proposition gives a weighted norm inequality with respect
to the weight w; p for the compression of S to the set P, i.e. the operator xpSxp,
assuming that P satisfies a Carleson t-packing condition.

PROPOSITION 2.3.3. Let 0 < t < 2 and let P = {P}Y, be a family of dyadic
squares with || P} .a < Cpack such that for all i # j, 3P, N3P = 0 and let
P = Uf;l P, If w = wy p is the weight defined by , then the Beurling transform
is bounded in LP(w), for 1 < p < oo, and of weak type (1,1) with respect to w. That

is, for some C(p, Cpackst) > 0 depending on p, Cpeer and t only,

(2.24) ISUXP) 2oy < C0: Cpacks ) 1| 2o
for all f € LP(w), and

(2.25) IS XA groe oy < C(L, Cpacrs DI fll 210
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Q3 Q,

Ql Q2

Figure 2.1: The minimal dyadic covering of () with bigger side-lengths.

for all f € LY(w). Moreover, C(p, Cpaer, t) is increasing with respect to t.

We need to prove some lemmas before we prove the proposition above. The
measure w behaves as a t-dimensional measure, namely,

LEMMA 2.3.4. If Q is an arbitrary square (dyadic or not), then
(226) W(Q) < 16HPH€7paCk£(Q)t'

PROOF. Let @; be the dyadic squares such that ¢(Q) < ¢(Q;) < 2¢(Q) with non
empty intersection with ). There are at most four of them (see figure . We will
assume () and ); not included in any P € P (otherwise, as P; are disjoint, there
would be only one square to consider and the proof is quite similar taking out the
sums in the beginning and changing the bound in the first inequality)

:/Q;g(za 2y p, (2)dm = Z/me P,)""2dm
= Ze(pj)”/ dm < Y UP)

P;nQ

PnQ#0D PnQ#0D
) (7, o
= 2 <<@>) <Y ¥ (aray) 1@
PinG#£0 i PinGi#0
(P
=32 Y (M5 @) <1617l ti@)
i PCQZ

To describe the class of weights we refer to, from now on we suppose that
(2.27) 3PN3P; =10
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if i # j and ||P]|}_pack < Cpacr in condition (2.17).

LEMMA 2.3.5. IfP = Uzj\il P;, then for all Q) C C square, and for almost every
rePNQ,

(2.28)

IN
Q

(Cpack)w ().
The constant only depends on Cpacr-
PROOF. By , there is only one P € P such that x € P. Then,
w(z) = ((P)?

Now, if £(Q) > ¢(P), by Lemma [2.3.4] we know 8 < C' - Cpuet £(Q)'™? <
CU(P)'=2 because t — 2 < 0.

Otherwise, let us assume that £(Q) < ¢(P). This imples @ C 3 P and, by (2.27),
there is no other square in P intersecting (). Then,

w(Q) B 1 =2 g, =2 _ (g
QP ™ TGP g (7)< 1P =)

and we get (2.28)). d

COROLLARY 2.3.6. If M s the maximal Hardy-Littlewood operator, then, for
almost every x € P,

(2.29) Muw(z) < C(Chaer)w ().
PROOF. Notice that m(Q(z,r)) = (2r)* = 2mr? = 2m(B(z,7)), so
B) 4 Q) 4
M) =10 S 2 TR S 50
using . U

DEFINITION 2.3.7. Given a weight w with support in a domain D, we say that
w € Alf:fj, the local A; Muckenhoupt class, if there exists a constant C' such that,
for every () intersecting D,

w(Q)

T < Cess xeigrng(m).

Then we set

w(Q)

|w| gree. = sup ™| foo(on-
AT Q) L2(Q)

where the supremum is taken over all the squares () intersecting D.

REMARK 2.3.8. By Lemma W above, we have that w € A%,
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Now, let M, be the centered Hardy-Littlewood maximal function with respect
to w. That is:

1
Mol () = sup e )

LEMMA 2.3.9. M, is of weak type (1,1) and strong type (p,p) for 1 < p < o0
with respect to the measure w, with norm |Myll b0 < Mol g1 < C.

/ F@)lo(y)dm(y).
Q(z,r)

PRrROOF. In virtue of Marcinkiewicz interpolation Theorem [1.1.15] we only need
to prove the extremal cases.
Let us assume f € £>°(w). Then,

1
M () = sup— s /Q W)

1
< sup ————=w(Q(z,r)) = ,
< fllostp — (@) = 1L
and so M,, f € L*(w), with norm bounded by one.
Assume now f € £L'(w) and define E := {z € P : M, f(x) > A}, bounded by
definition. We want to check that w(E) < §||f||£1(w).
If E is non-empty, for all x € E, there exists a length r, such that

/ f<y>dw<y>] = Aw(Qa ).
Q(z,rsz)

Besicovitch Covering Theorem [1.2.1] states that there exists C' depending only
on the dimension of the space (two in the present case) such that there exists a
collection of points {; };en C E with £ C |J,o @i where Q; = Q(z;,7,) and for all
r € B, x € Q; at most for C different 7, i.e. Y, yxo, < C.

Now,

w(E) < ZW(Qi) < Z

1€N 1€EN
C C
<5 L1014 = Sl

Notice that the constant C' remains unchanged during the proof. U

%/Qif(y)dw(y)‘ < Z%/@ |/ (y)] dw(y)

1€EN

From the following lemma, it follows that the same is also true for M.

LEMMA 2.3.10. Let w be as above. There exists a constant C' depending only on
Chack, such that M f(z) < CM,f(x) for all f € L,.(P) and for all x € P.

loc

As a consequence, M is of weak type (1,1) and strong type (p,p) for 1 <p < o0
with respect to the measure w.

PROOF. Let f € L} (P) and Q a square containing x € P. Consider the

loc

maximal square @)’ centered at x containing ). Then, as £(Q') ~ ¢(Q), using (2.28))
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1 1 1
- - < _ -
5 /Q i < o | 11dm 5 oo /Q |flam

< inf{w(y) :y € Q' NP}
~ w(Q')

/Q, \Flwdm < Mo f(z).

we get

1
—w(@)
O

To prove the Proposition [2.3.3] we will show the following weak type inequality,
which is stronger than (2.25)):

(2.30) 1S-(Fxp)ll 1oy < Cllfll 210

Then, by means of a good lambda inequality, we will deduce that the maximal
Beurling transform is bounded in £P(w), for 1 < p < oo, that is

(2.31) IS« (Fx2) | 2oy < Cll Ml 2o

Clearly, ([2.24]) follows from (2.31)). We prove (2.30) in the next lemma:
LEMMA 2.3.11. For all f € LY(w), and X > 0, we have

C<Cpack ) )

w({z €P |8 f(2)] > A}) < 11l 21w

with C(Cpack,t) depending only on Cpeer and t and increasing with respect to the
latter.

Proor. We have

N

w{z €P IS f(2)] > A} = w({z € P :|S.f(2)] > A})

=1

wlfz € P I.(xen)(2)] > 3)

M-

~
Il
—

n
WE

ol{z € B2 18.(Freen)(@)] > 3)

= A+ B.

-.
Il
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For the first of the two addendi, we have

A= Zf m{z € P2 18.(Far)(2)] > 2))

o1
<208l n PN [frarlim
=1

11l 21 )

A )
where the first equality is a consequence of the fact that the squares 3 P; are disjoint
and w coincides with the Lebesgue measure times ¢(P;)'"2? on every P; and the
inequality follows from the boundedness of S, : £} — £1°° with respect to Lebesgue
measure.

To bound B notice that, if P has more that one element, denoting the center of
Py, by 2, if z € P; and 7 € P; for j # ¢, we have that implies 3dist(z, z;) +
3dist(7, z;) < V2(3disteo(2,2:) + 3diste(T, 2;)) < V2disteo (2i, 25) < V2dist(z;, 2;).
This means that

- 2”8*”51_)51,00

2
dist(z;, z;) < dist(z;, z) + dist(z, 7) + dist(7, z;) < \/?_dist(zi, z;) + dist(z, 7).
S0

3—V2
3\/_dist(zi, z;) < inf{dist(z,7) : z € P, 7 € P;}.

Now, using that fact, for B = Zfil w({z € P;: |Sc(fxc\er)(2)] > %}), one has,
using Chebyshev inequality and Fubini-Tonelli Theorem, that

B < ;Z/ S.(fxever,)(2)|dw(z)

_MZ/ Z/ |z—7\2 m(7)dw(z)
st eSS [ i

=1 j#i
N

CZ<Z¢] |2 —zl|2>/ |f(7)|dm(r

To finish the proof we will use the classical ring decomposition. To do so, notice
that, as a consequence of (2.27), for all z € P, distoo(z,2;) < 3distes (25, 2;), s0
if z; € 28 P;, then P, C 2*1 P;. Notice also that |z — 2> > distso(2i, 2;)° >

2
(2’“““'"_1 . @) , where K, stands for the minimum % such that z; € 28 P;. We
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can argue, using the ¢t-Carleson packing condition (2.17)), that

o0

U(P)
Z‘ZJ_ZZP_Z Z ’ZJ(_—;P

175] k=2 i:ZiEQk Pj\Qk_le

< (r)
S| 2 wany

k=2 \i:P;,C2k+1 P;
> 1
— _ (P
2 mumy |2 (P
k=2 'P'C2k+lpj

ezﬂp)
pack
SCZ P

<C (Z 2k(t2)+t> é(‘Pj)t72
k=2

23t o
= O )

Notice that the constant is increasing on ¢.
Thus, B < §|/f|l () and the lemma follows since both A and B are bounded

by constant multiples of 1| f|| £i(w)- O

We will need also the next lemma:

LEMMA 2.3.12. Given f € LP(w), let us denote Q) = {z € C: S.f(z) > A}.
Then €y is a bounded open set.

PROOF. It is bounded because S, f(z) tends to 0 as z tends to infinity due to
the fact that f has compact support. If it was empty there would be nothing to
prove, so we will suppose it is a proper set.

Let us see that it is open. For all z € Q,, it exists an € > 0 such that |S.f(z)| =
A+ p with g > 0. For all h € C, and € > 0,

|Ser f(z+ 1) 2 [Sef(2)] = [Sef(2) = S f(z + h)].

We will show below that there is some § > 0 such that for all h € C with |h| < ¢
there is an ¢ > 0 with |S.f(z) — Sef(# + h)| < p and thus |Se f(z + h)| > A. In
other words, B(z,d) C €, so 2, is open.
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Indeed, let us take ¢ =€ — |h| with 2|h| < €. Now,
W"Sef(z) - Se’f('z + h)|

f(7) B f(7) i
/(C\B(z,e) (2 — T)de(T) /C\B(erh,e’) (z+h— T)2d (7)

2(z — 1)h + h?
< Sl YA - TR
Bz, \B(s+he) |2+ h—T| C\Bzeo 12— TPz +h—7|

The first integral can be bounded in the following way:

/ |f(7)] _dm(r) S/ |f(7)] _dm(r)
Blz\B(s+he) |2 + 0 —T| Blz\B(s+he) (€ — 2[h|)

S/ | f(7)] _dm(r)
B(z,\B(z.e—2Jn|) (€ = 2|h])
o .
= e | f(7)[dm(7),
(e —2[h|)? B(z,e)\B(z,e—2|h|)

which is decreasing when |h| tends to zero. Since f € LP(w) C L}(w) C £(C),
it defines a measure my in C and the measured domains Dy, = B(z,¢€) \ B(z,€ —
2|h|), being totally ordered by inclusion and having finite measure, satisfy that
limypj—o myg(Diny) = myp((—o Din) = my(0) = 0.

The second integral,

[f(DI[2(z = 7) + h|

2 _ 2
/ Sl <22 2l +h2 ldm(T) = |h| 3 S dm(T)
C\B(z,¢) ‘2_7—’ |Z+h_7_’ C\B(z,¢) |Z—T| |Z+h—7’|
< |h| IOz =7l
C\B(ze) |2 = T]*lz + h — 7]
_|_|h| ‘f(T)UZ_'—h_T‘de(T)
C\B(z,€) ‘Z - Tl |Z +h— 7—|
Al /
<2 | f(7)|dm(7)
6(6— 2|h\)2 C\B(z,c)

< Qe
= 6(6 — 2|h‘)2 Hf”[:l((C)

which can be arbitrarilly small for |h| small enough. d

PROOF OF PROPOSITION [2.3.3l Our main goal is to obtain the following good
lambda inequality,

w({z € P:8.f(z) > 10\, M, f(z) <vA})
(2.32) <Crw({zeP:8f(z) > A})
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for every A > 0 and some ~ small enough. Recall that M, denotes the centered
Hardy-Littlewood maximal function with respect to the w measure. By standard
arguments that will lead to the proposition, as we will see below.

To get , we will use a Whitney covering of €2, which is a proper open set
due to Lemma

Let

Q= U Q;
j=1

be a Whitney decomposition of Q, such that, as in the Remark [[.2.5] it satisfies
100Q; C 2y, 1000Q; € 2 and 3 X100, < C.

Let @; be a fixed Whitney square, and assume that there exist z; € @; N P
such that M, f(z;) <~y A (otherwise there is nothing to prove). Let ¢t; € C\ Q, be
the closest point to Q; in C\ Qy. Let B = B(t;, cof(Q;)), where ¢y = 5064/2 and

B;j = B(z;,0(Q;)) (see figure 2.2).
Notice that

(233) 3B] C 7Q] C Q)
and thus ¢; ¢ 3 B, (recall that ¢; ¢ €,), but

(2.34) Q; C 2B;.

Since dist(;, 2;) < 500v/24(Q;) by (1.16), 10Q; C B (z;, (3 +5) v24(Q;)) C
B (t;, (500 + £) v2£(Q;)) C B, so

(2.35) 10Q; C B.

As an immediate consequence, by , 3 B; C B. With an analogous reasoning
we get B C 15061/2Q; C 3000 Q;.

Now, we can decompose f = fxp + fxc\B-

For every z € );, the truncated singular integral S.(fx)(z) can be written as
the sum of two terms,

(2.36) Se(fxB)(2) = Sc(fx3p,)(2) + Sc(fxmr38,)(2).
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Figure 2.2: Whitney decomposition of €2, and the other elements related.

Taking into account that for all z € Q; and t € B\ 3 B, by (2.34), we get that
|t — 2| > £(Q;), so we obtain, using also Lemma [2.3.10| and the definition of z;, that

|Sc(fxpyap,)(2)] = /|;—z|>e de(t)‘
1

< T /B 1 a0
= €<300ﬁQj)2 /3000Qj FOldm(®)

SOMf(z) < OMuf(z) < CyA,
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C depends only on Cpee- This inequality is uniform in e, so

(2.37) Si(fxpap)(z) <A

taking v small enough.
Therefore, since S, f(2) < Si(f xB) + S«(f xc\B), we have

w({z €Q;: S.f(2) > 10\, My, f(2) <vA})
<Sw({z €@ S(fxp)(2) > 24, M, f(2) <vA})
+w({z€Q;:S(fxe\p)(z) > 8\, M, f(2) <vA})
= A"+ B.
But implies
Si(fxB)(2) < Su(fx3,)(2) + Sc(fxman;)(2) < Su(fxsp,)(2) + A,
so if S.(fxB)(z) is bigger than 2}, then S.(fx3s5,)(2) > A. Thus,

A <w ({2 QS xsm)(2) > A Muf() <A}
On the other hand, using Lemma [2.3.11] the equation (2.33)) and the fact that
Q; = Q(z;,3((Q;)) C 7Q;, one gets

(12 €@ 8.0F1m)(2) > M) < ST vm L,

v/
= — dw
i

C
< = d
_)\/@Vj|f|w
C

< X w(7 Q])wa(zj)

Notice that the constant depends on Cpecr, and ¢ and is increasing with respect to
the latter.
Therefore,

(2.38) A< Crw(7Qy).
To estimate B’, we will use the triangular inequality

(2.39) 1Sc(f xe\8)(2)| < [S(f xevs)(2) = Se(f xe\8)(t5))
+ |Se(f xe\8) () — Sef(t)| 4 |Sef(t5)] .
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For any z € @),

1 1
Se(f xevp)(2) = Se(f xevs)(t5)] < —/ | ' dm(t)
(0|t - =5
<cuq) | dm(t)
’ C\B‘t_zl |t — ;]2
1 1 [(t—t;)2—(t—2)2| _ |(tj—2)(tj+2)—2tt;+2tz| [tj+2—2¢
because ’(t_z)2 BR(=AE |t—]z|2|t_tj|2 = 0 |t—]z|2|t—tj|2j It; z\—|t EETE <

tj+z

- _ ¢ 4
QCOK(QJ«)“_Z;TW. Using the fact that [t — z|, |t —t;], ‘t]TJr - t) and |t — z;| are
between 2¢ol((Q;) and %E(Qj), 2.35)) and Lemma [2.3.10, we get

18.(F xew) (=) — S.(f xews) ()] < C Q) /C O 0

\B |t — 2]

<cuQ) [ M an

C\10Q; |t — z?

< CUQ,) Z/ ) dm(t)

Q]\Qk 1Q |t—ZJ’3

< CUQ;) Z/m 7 35 g ypEim®

<o Z G / o, @m0
< OM(z) < CMuf(z).

The constant here depends only on Cpgex.
Since B(z,3((Q;)) C 7Q; C B, it suffices to take ¢ > 3/(Q);) to compute

Si(f xe\B)(2) = supes [Se(f Xc\p)(2)|. Therefore,
1 f(t) x5(t)
=L Ldm(t
Af ti|>e - ( )

S:(f xevs) (1) = S.()(1)] = —
C
<GP ) OO0

C
- d
Ten ) IRRECILAC
C

_— d
= 0(Q;)? A—%ldcaf(@j) Jldm(®)
< COMf(z) < C My f(2),
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The constant here is also dependent on Cpee. Summarizing, we get in (2.39)) that
|Se(f xe\B)(2)| < C Mo f(25) + |Sef (t)]

for some constant C'.
Therefore, if z belongs to {z € Q; : S.(f xc\B)(2) > 8\, M, f(2) < v A}, we get
that there exists a real number € > 3((Q);) such that
8A < [Se(f xerp) (2)| < C Muf(z) + ISf ()]
(2.40) SOMLf(2z) +Suf(t) SCyA+ A

because t; ¢ Uy = {z : S.f(z) > A}. In particular, for small enough =, this is
impossible, so B’ = 0. Now, with the help of (2.38)), we get

(2.41) w({z€Q;NP:8f(z) > 10X Myf(z) <yA}) <Crw(7Q;).
Since squares 7 (); have bounded overlap, summing in j we obtain
w({z€P:8f(2) > 10\ Myf(2) <A} <Crw({z € P:8:f(z) > A})

which is (2.32), with C' depending on ¢ and Cj,; and increasing with respect to the
former.
Now,

1 o
A

= /Oop/\p_lw({z € P :S.f(2) > 10A})dA

s Iz pA T w({z € P S.f(2) > Ab)dA

10»

< /0 et (w({z €P:S.f(2) > 100), Muf(2) <A}
+w{zeP : M,f(z) > VA}))d/\
< /OOC'yw ({z € P:S.f(z) > A}) pAP~1dA

+ /Oow({z EP: Myf(2) >y Ap AP~ tdA
0
= OIS f 2oy + 7 P IM I

SO
1

S.
For ~ small enough, this 1mphes boundedness of S,, with

||S*f||12p(w) S C(pa pack )”f”gp (w)?
with C(p, Cpack, t) increasing with respect to t. O

Moo f 1170 )
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2.3.4. Small Dilatation.
We will prove first a restatement of the main Theorem for a specific class of
quasiconformal mappings, namely those of small dilatation.

LEMMA 2.3.13. Let 0 < t < tg < 2. Then there is a small constant 0 < kg < 1
(ko = Ko(to) is a function of ty) so that the following holds. Let g : C — C be a
K -quasiconformal principal map and conformal outside %]D) such that

K—-1

Ky1 >0

Then we have the following implication for all compact subsets E C %]D):

(242) A (0(B)) < o) (L (8)
where
,_ 2Kt
24 (K -1t

We use a familiar scheme, which we recall here. We have already seen how to
approximate the t-Hausdorff content of a set E by a finite union of dyadic squares.
We can therefore assume that E is in fact one of such unions, and we approximate
the Hausdorff content of the image of E. Applying Stoilow factorization methods,
a normalized version of the mapping ¢ is written as ¢ = ¢; o h, where both A,
¢1 : C — C are principal K-quasiconformal mappings, such that A is conformal in
the complement of the set £ and ¢ is conformal on the set F' = h(E). One then
studies the mapping properties of the two functions ¢; and h separately, referred to
the “conformal inside” and the “conformal outside” parts, respectively.

The conformal inside part has already been adressed in [ACMOUT] and we
proof the relevant result in Theorem below. The conformal outside part is
in [LSUTJ, and the point we turn to now. We make some changes in the original
proof to simplify it. In particular we don’t use £P Holder inequalities for 0 < p < 1
to control the weights defined in below, but direct calculations and the usual
Holder inequalities.

We will use the following notation. For a finite collection of pairwise disjoint
dyadic squares P = {P;};_,, let

(pyr
(X epy) "

(2.43) 8 =

Notice that 3; > 0 and
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o s S BT XL B
i=l () (2 )
(2.44) _ <i K(Pi)t) 2/,:.

Now let £ =P = Uévzle and let

N
(2.45) D= Bixe,
j=1

which is a constant multiple of w, as defined in (2.23)).

LEMMA 2.3.14. Let 0 <t <ty < 2. There is a positive constant €y (which is a
function of ty) so that the following holds.

Let P = {P]};V:1 be a finite collection of dyadic squares which satisfy the t-
Carleson packing condition |P|l; L. < Cpack- Assume further that the squares 3 P;
are pairwise disjoint.

Let E = P = U;-V:le and let f : C — C be a principal K-quasiconformal
mapping which is conformal outside the compact set E, with ﬁ—;} < €.

Then, there is a constant C(ty) which depends only on ty, such that

(2.46) S diam(f(Py))! < Clto) Y 4P

PROOF. Defining ; as in (2.43)) and @ as in (2.45)), by quasisymmetry (1.25),

and using Holder inequality for /7 we get

N
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Exponentiating, by quasisymmetry we get
N 2/t N
(Z diam(f(fz-»f) <Y diam(f(F)))*
7j=1 j=1

(2.47) < C(K) /E T, )5 (2)dm(2).

We follow Astala’s approach for his Area Distortion Theorem (JAIM| Chapter
13]), equipped with the results given above. The central role of the Beurling operator
is indicated by the identity

(2.48) O.f =1+8(0-f).

Using the trivial inequality |2Re(a)| < 2|a] < |a]* + 1, and that J(z, f) =
|0.f]? — |0-f|?, we can estimate

/EJ(z,f)@(Z)dm(Z) Zé(laszQ—If‘?zf\Q)@(Z)dm(Z)

_ [E (14 2ReS(0:f) + [S(0: 1) — |0:f )5 (2)dm(2)

(249) <2 [ (1+1S@HP)B(ENdm(2)
E
=2 </E@(z)dm(z) + /E |S(8zf)|2&5(z)dm(z))
Notice that [; = Zjvzl ((P;)?B;. We shall bound the other term by a multiple

of I ;. Indeed, with respect to I, since w = Cw, the set of bounded operators in
L£?(©) and the equivalent for £?(w) coincide and the norms of these operators do
not change. By Proposition [2.3.3]

(2.50) I = [E S(O-f)3(2)dm(z) < C(to) /E 10-f[25(2)dm(2).

Let us call the last integral I3. The Beurling operator is again decisive. Recall
the representation of 0;f as a power series in the Beltrami coefficient p in ((1.29))

O:f = po. f = p+ puS(p) + pSpS(p) + -+ .

As we shall see, this series converges in £?(@) for small (depending on t) ||ul|,, by

Proposition 2.3.3

Observe the two inequalities

esy - (f |u|2a<z>dm<z>)l/2 <l ([ w(z)dm<z>)1/2 2,
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and

e ([ ms<g>|2@<z>dm<z>)l/2s Il Sl [ o))

The second inequality is applied inductively to g = p, g = uS(p), and so on. Using
the triangle inequality in (1.29)) in the £2(©) norm gives

(2.53) L7 <l <Z<||uum||8||£g@>"> n”

n=0

1/2

The middle term on the right is bounded by two if we demand
(2.54) Il < €0 = min{(2C(2, Cpanesto) . 1/2}

using the notation of (2.24]). This is the ¢ required in the statement of Lemma
2.3.14l It follows that

(2.55) L <1,
From ([2.47)), (2.49), (2.50) and (2.55)), it follows that

N 2/t

It remains to bound I; by the right hand side of (2.46]).
Taking into account ([2.44)), we have that

N N 2/t
(2.57) L= UP)p; = (Z f(ljj)t) :
j=1 j=1
which finsihes the proof. U

In [ACMOUT] we find how to deal with the “conformal inside” case for the
particular case t' = 1. The proof is general enough and we adapt it here.

THEOREM 2.3.15. Let ¢ : C — C be a principal K-quasiconformal mapping
which is conformal outside D. Let {Pj}é\fz1 be a finite family of pairwise disjoint
squares and S; = f(F;) its images under a unique K -quasiconformal mapping, such
that S; C D and assume that ¢ is conformal in €2 = Uj S;. Then, for any t € (0, 2]

and
2Kt

=
2+ (K -1t

we have

N /¢ N
(2.58) (Z diam(<b(Sj))t/) < C(K) (Z diam(Sj)t>

=1

1/t K
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PROOF. On the image side quasisymmetry restricts the distortion and tells that,
as in (|1.25)),

1/2
diam(6(5,) ~ () = ( [ e ¢>dm<z>) ,
Sj
where the constant only depends on K. Hence for each t < 2, using Holder inequality
twice and Theorem [2.2.4] we obtain

3 diam(9(5,))" < C(K) Y ( /

i J

/2
J(z, ¢>)dm(Z)>

It should be emphasized that for a general quasiconformal mapping f we have
J(z, f) € LV . granted only for p < K/(K — 1). The improved integrability p =
K /(K —1) under the extra assumption that ¢|q is conformal is crucial for the proof
of Theorem [2.3.15 above, since we are studying Hausdorff measure rather than
dimension.

At this point we prove Astala’s conjecture for the case of small dilatation, Lemma

2.3.13

Proor or LEMMA [2.3.13] Consider € > 0 and use Proposition[2.3.2] with m =
2 and M; = —2, that is:

(2.59) 4P,N4P; =0 Vi#j,
N

(2.60) Ecl|Jr2p,
1=1

(261) ||P||t7pack S 17
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(2.62) ZE < C(H (E)+e¢), and

(2.63) P, C Dy

to obtain a collection of squares P = {P;} satisfying the conclusions of this
proposition with respect to the compact set E. Write

_ <[jp)

Let g = ¢ o f, where ¢ and f are both principal K- quasmonformal mapplngs fis
conformal outside 2 (and thus we can assume, by Theorem [1.3.7, that f(3D) C D),
and ¢ is conformal in f(2) U (C\ D) (this factorization is granted by the Riemann
Measurable Mapping Theorem together with the Composition Formula for
Beltrami Coefficients [1.3.28)). Recall that Lemma only applies to quasicon-
formal mappings with dilatation ||u| < €. Taking ko = €o, ||pef|l o < |ligll, < €0,

so Lemma [2.3.14] also applies to it. Now, using (|2.60|), the equivalence between ﬁgo
and ‘H%_, quasisymmetry, Theorem [2.3.15, Lemma [2.3.14{ and (2.62)), one gets

H (g(E)) < H'. ( <U12P>>
o)

< ) diam(g(12P))"
K) Zdiam(g(P))t

t'/tK
K) (Z diam(f(B-)Y)
l t'/tK
C(K,to) (Ze )

< C(K to)(Hi (B) + €)' /*E
< Clko, to)(H! (E) + )"/t

The parameter € > 0 is arbitrary, so the prof is complete. U
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2.3.5. Proof of the Main Theorem.

PROOF OF THEOREM [2.3.1]. Assume first that f is a K-quasiconformal map-
ping with
A -1 < /ﬁ}o(to)
K+1— ’
and let E be a compact set contained in a ball B. Let t < ty and ¢’ be as in Theorem

231
With an analogous reasoning to the proof of Theorem we get

MU (E) g (B N7
diam(f(B))Y = V% \ diam(B)! '
For arbitrary K, we use the usual factorization of a K-quasiconformal mapping

into those with small dilatation. For a fixed K-quasiconformal mapping g, we can
write

(2.64)

(2.65) g=grx0:9G204,
so that each g; is K;-quasiconformal mapping, K = K --- K, and
1+ Ko
2.66 K; <
( ) - 1- Ko
foralli=1,2--- A, with kg = ko(t') (Theorem |1.3.29)).
Let us set
2Kt
t,K)=———

and inductively define 79 = ¢, 7,41 = 7(7;, K;41). By induction, if 7; = %,

then

Tit1 = 2K"+1% _ 2K - Kot
24+ (K — Dypeety 2+ (K- Ko — 1)t
and in particular
2Kt ,
DT k- &

Notice also that 7(¢, K) >t as long as 0 < ¢ < 2 and K > 1, implying that the
sequence {7;} is increasing and, therefore, 7; < t'.

Let £ C C be a compact subset of the plane. By we apply Lemma
to each g; individually with ¢y = ¢’ and we get, choosing at each step B; 11 D gi(B;),
B, = B, with diameter comparable,

He(gio---og1(E)) % (gicro0--g1(E)) r/mo
diam(gz‘(Bi))n S C(tO) ( diam(Bi)Tifl ) '
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It follows from an inductive application of (2.64) that, as the number of steps is
controlled by K and t and ¢, depends on ¢, we have

HT(gio---0gi(E)) H(E))
Giam(g, oo gi(B)) =Y (diam(B)t) '

In particular, for ¢ = A, we prove Theorem [2.3.1] O
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2.4. Distortion of the Hausdorff Measure

Last year K. Astala, A. Clop, X. Tolsa, I. Uriarte-Tuero and J. Verdera published
a preprint [ACTUTYV] including a similar result to the Main Theorem above but
with Hausdorff measure instead of Hausdorff content, obtained by Tolsa. We attach
it here for the sake of the completeness of this text.

THEOREM 2.4.1. Let 0 < t < 2 and denote t' = 2+(2[§f1)t. Let ¢ : C — C be
K -quasiconformal. For any ball B and any compact set E C B, we have
H” (¢(E))

Ht(E> t'/t K
oo =) (Famisy)
In particular, if HY(E) is finite, then HY (¢(E)) is also finite.

The proof of this uses more general Hausdorff contents that the ones we have
used in this text, namely, those generated by gauge functions.
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2.5. Examples Showing Sharpness of Results

Ignacio Uriarte-Tuero found in 2008 sharp examples for Theorem m (then a
conjecture) in [UTO08|. The same example is valid for Theorem on Hausdorff
content and implies sharpness of Astala’s Distortion of Dimension Theorem [2.2.6|

We recall it here and sketch the proof. We refer to the original text [UTO08] for
the details.

2.5.1. Basic Construction. We will construct a K-quasiconformal mapping
¢ as a limit of a sequence ¢y of K-quasiconformal mappings and E will be a Cantor-
type set. Our objective is that

He(@(B)) = Hi (E) and H"(6(E)) ~ H'(E)
showing thus the sharpness of Theorem and Theorem [2.4.1

At the first step we will choose radius R, ; and for each of them a different
number m, ; of disks of that radius.

Choose first m;; disjoint disks D(zfl,Rl,l) CD,i =1,---,my; and then,
inductively choose m; j, disks D(zifjl, Rij,) CD, i =1,---,my,, disjoint among
themselves and with the previous ones, for j; = 2,--- )l so that they cover a big
proportion of the area of the disk to be chosen later:

C1 = mljl(RLl)z + -4 ml,ll(RUl)Q =1- €1.

We can assume the radii R, ; < ¢; for a ; > 0 as small as we wish.

(a) The first generation, D(Zil,]j?Rl,jl) (b) The second generation, D(z;ij,RQ,jg)

Figure 2.3: The first two generations of disks D(zj\]{jN, Ry ;) inside de unit disk D
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(a) The first generation, DE (;i) (j1.,42)

(D(il*iQ))/ both contained in (D(il))//

(J1,92) (J1)

i1
J1)

) and (D(

))I(b) The second generation, D) and

Figure 2.4: The first two generations of disks D?.

We associate to each radius Ry ;, a value 015, <1 to be fixed later. We fix for the
induction r(;;y = Ry j,. Let ¢!, be the homothetic mapping from the unit disk to
a neighbourhood of the disk D(z{'; , Ry ;,) defined by ' (2) = 21, + (01,5,) 57,2
and define |
D(“) = Wg@i{ﬁ (]D)) = D(zﬁjl,r(jl)), and

. / . ) ;
(D) = e, (D) = ety ot 7)) € D,
As the first approximation of the mapping, define
. . . /
(13 (= 2iy) + 21, 2 (D)
-1

i i (i) @)’
(== =y) + 2y =€ DI (D))

l’jl

) 1
i | K
z Zl,jl

9i(2) =

7"1’]'1
(i1)
2 < ¢ Uihjl D(j1)'

This is a K-quasiconformal mapping, conformal outside the union of the annuli

. . / . . !/ . " .
DE;%\(D&;) . It maps ngig onto itself and (DE;D onto (DEJB) = D(21Y,, 015 R1j,),
while the rest of the plane remains fixed. Write ¢; = g;.

Now choose, after step IV, radii Ry ; and for each of them a different number

my; of disks of that radius.
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Choose as before my; disjoint disks D(zf{,fl,RN,l) CD,iy=1,---,my; and
then, inductively choose my j, disks D(zy; , Bnjy) CD, iy =1, ,myy, dis-
joint among themselves and with the previous ones, for jy = 2, -,y so that they

cover a big proportion of the area of the disk to be chosen later:
(267) CN = mN,l(RN,1)2 + 4 mN,lN(RN,lN)2 =1- EN-.

We can assume the radii Ry, < oy for a 5 > 0 as small as we wish.

We associate to each radius Ry ;, a value oy, < 1 to be fixed later. Denote,
for each multiindex J = (ji, - ,Jjn), 77 = BN jnON-1jx 1T(n_1,j1)- Let cp?{{m
be the homothetic mapping from the unit disk to a neighbourhood of the disk
D(23;. , Ry jy) defined by o, (2) = 2N+ (ON,jx ) ¥ R jy 2. For any multiindices
J = (jl;"' 7jN> and I = (i1,~" ,iN), fOI‘ 1 S,]N S lN and 1 S iN S mN’jN, deﬁne
1

7 i B s
W@ﬁjl 0---0 QDZ\II\I,jN (D)> = D(ijrJ)a and

D§ = ¢Nn_1 (

(D)) = -1 (9, 0+ 00, (D)) = D(z}, 0K ;,rs) C DY
Now define

(onn)' (2 = 2)) + 25, 2z € (D))

I

1
= —1
z—z; | K

r (z=2j))+2; =z€D;\ (D))

z, otherwise.

gn(z) =

This is a K-quasiconformal mapping, conformal outside the union of the annuli
DI\ (D}). It maps DY onto itself and (D) onto (D) = D(z}, 0N 7s), while
the rest of the plane remains fixed. Now define ¢ = gy 0 dny_1. Notice that it is
also K-quasiconformal.

Since each ¢y is K-quasiconformal (and the identity outside the unit disk), there
is, by Theorem [1.3.22] a partial subsequence converging locally uniformly to a limit
¢ which is also K-quasiconformal. In our case the convergence is uniform.

Now, if we define ¥y, (2) = 2z, + onjy Ry y2, for 1 < iy < my;, and
1 < jn <y, we have that ¢ maps the compact set

3

_ i1 N m
E = U P15, © " PN N (D)
N=1 \ i1, iy
-]17”. ’jN

to the compact set

sB) = (| U ity o oult, D)
N=1 \ i1, ,in
Ji, 5 IN
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(a) In white, the building blocks of E in (b) In white, the building blocks of ¢(E) in
the 1st and the 2nd steps. the 1st and the 2nd steps.

Figure 2.5: The composition ¢ = g, 0 ¢;. Notice that ¢5 is homothetic on the white
spots and K-quasiconformal (a radial stretching) in the coloured zones.

Notice that, with our notation, a building block in the Nth step of the construc-
tion of F, i.e. a set of the type ¢}'; o---0 go?{{jN (D), is a disk of radius

(2.68) s5= ((015)  Rugy) - ((onn) " Rivy) -
and a building block in the Nth step of the construction of ¢(FE) is a disk with
radius

(2.69) qr = (015, Ruj) - (onjnBajy) -

2.5.2. Examples of Extremal Distortion for Hausdorff Content. We
want to fix the parameters we haven’t fixed above so that E and ¢(FE) are both
of Hausdorfl content comparable to 1, the first ¢-dimensional and the second ¢'-
dimensional, with ¢’ = 5 +(2[I((f1 -

Consider now equation . If we want H._(F) ~ 1, we should ask, according
to , that

CIN = mN,1((<7N,1)KRN,1)lt +-+ mN,lN((UN,zN)KRN,lN)t ~ 1,

and if we want H%_(¢(FE)) ~ 1, we should ask, according to (2.69)), that

y = mN,l(O'N,lRN,l)t/ + e mygy (O'N,INRN,ZN>t/ ~ 1,

Now, taking
(ongn )™ = (R jn)* ™,
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these three expressions coincide,
ey =dy =y =1—en,

which gives

N
Z My gy ey ( s)" Z majy mN,jN(qJ)t/ = H(l — €n).
1,5 JN n=1

Now take €, — 0 so fast that

[e.e]

[[a-e)~1.

n=1

Thus, we find coverings such that H: (F) < 1 and HY (¢(E)) < 1, as well as

their respective Hausdorff mesures.

The converse inequality is more technical and we skip the proof here. We just
notice that Uriarte-Tuero’s proof in [UTO08] uses a Carleson packing condition to-
gether with the Lebesgue number of a finite covering by open disks to find a lower

bound for the ¢t-Hausdorff content of E and the ¢-Hausdorft content of ¢(E).
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