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Introduction

The main object of study of this project is the Cauchy transform along a Lipschitz graph T,
a one-dimensional Calderén-Zygmund operator that we will denote by C'. It is known that
C satisfies Cotlar’s inequality: there exists a constant ¢ > 0 such that, for all f € L*(R)
and all z € R,

Cif () < [M(Cf)(x) + Mf(z)].

We find our motivation in the articles [5], [6] and [7] of J. Mateu, J. Orobitg, C. Pérez
and J. Verdera, in which the authors prove that, for T a higher order Riesz transform, a

new version of Cotlar’s inequality holds:
1. Tof SM(Tf)if T is even.
2. Tof < M*(Tf)if T is odd.

In both cases, they provide a way of controlling pointwise the maximal singular integral
just in terms of the singular integral. In particular, for the Hilbert transform, the result
obtained is H,.f < M?(Hf).

Since C' coincides essentially with H when I' is a straight line, we considered the
problem of establishing a similar way of control of the maximal Cauchy transform in
terms of the Cauchy transform. We show here that, unless I' is a straight line, one cannot
have the inequality C,f < M™(Cf) for all f € L?(R), for any n > 1. On the other hand,
we show that if T is the Cauchy transform along a sufficiently regular Jordan curve T,
then T, f < M?(Tf) for all f € L?(T).

One motivation for trying to stablish inequalities like the ones above for these and
other operators is the possible relation between them and the David-Semmes problem
that we state below, since one could think that having inequalities like those could help

to solve it.

Let 0 < n < d, and let #" be the n-dimensional Hausdorff measure in R%. For a fixed

Borel set E in RY, set ;4 = H"| g, and consider the n-dimensional Riesz transform with

respect to y, which is defined (formally) for f € L}, (1) and z € supp(u) by

Riuf) = [ o ()

7



David-Semmes conjecture states that the following assertions are equivalent:
1. u(E) < o0 and R}, is bounded in L?(p).

2. FE is uniformly n-rectifiable.



Chapter 1

Preliminaries.

1.1 Calder6n-Zygmund theory.

In this section, we will briefly expose some definitions and results of the classical Calderén-

Zygmund theory that will be used throughout the text.

Definition 1.1.1. Let A denote the diagonal of R™ x R™,
A={(x,x): z € R"}.

A standard kernel in R” is a function K: R™ x R" \ A — C such that

C
K (z,y)] < s
|z =yl
vy’ .
K (z,y) — K(z,y)] < Cm if [z —y| > 2ly — ¢/l
T — 1 )
|K (z,y) — K(2,y)| < C\a|3y\"|+5 if |2 —y| > 2]z — 2|,
for some constants C,§ > 0.
Examples of standard kernels:
1. In R, the Hilbert kernel is
1 1
T —Y

2. In R"™, the Riesz kernels are, for 1 < j < n,

_p(nrtl\ g 35—y
o) =1 (57w

3. In R? = C, the Beurling kernel is

K(z,w) = _71r(z—1w)2



Definition 1.1.2. A Calderén-Zygmund operator is an operator 1" such that
1. T is bounded in L?(R").

2. There exists a standard kernel K such that for all f € C°(R") and all x € R™ \
supp(f),
Tf(z) = | K@yflydy.

The kernels of the previous examples lead to three important examples of Calderén-
Zygmund operators, namely, the Hilbert transform, the Riesz transforms and the
Beurling transform. Notice that all these operators are of convolution type, i.e., their

kernels can be expressed in the form
K(z,y) = k(z —y),

for a function k: R™ \ {0} — C.

Calderén-Zygmund operators satisfy certain interesting properties that we summarize
in the following theorem. First, we will recall the definition of the space BMO(R").

Definition 1.1.3. Let f € L} (R"). For a cube Q C R", we will denote by mqf the

loc

average of f over @), i.e.,
: /
mof =— x)dx.
Qf 0] Qf( )

We will say that f has bounded mean oscillation if
1
[|fllBrmo == sup—/ |f(x) — mqfldx < oo.
e 1QlJq
The space of all functions of bounded mean oscillation in R™ is denoted BMO(R™).
We remark that, with the identification
f =g« f— g coincides with a constant almost everywhere

and endowed with the norm || - ||paro, BMO(R™) turns into a Banach space.
Theorem 1.1.1. Let T be a Calderén-Zygmund operator. Then,

1. T is bounded in LP(R™) for 1 < p < oo.

2. T is of weak type (1,1), i.e., it is bounded from L!'(R") to L“*°(R"™).

3. T is bounded from L*(R") to BMO(R").
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1.1.1 Principal values and pointwise estimates. The truncated and ma-
ximal operators.

For particular examples of Calderén-Zygmund operators, such as, for instance, the Hilbert
transform, it is known that all f € LP(R"), 1 < p < o0

p.v.Tf(z) = lim K(z,y)f(y)dy

e—0 le—y|>e

exists and coincides with T'f(z) for a.e. x € R™. However, this kind of results are not
immediate and, in fact, they are not true in general. To study the existence of the limit of

the right hand side, one is naturally led to study the boundedness of the maximal operator.

Definition 1.1.4. Let K be a standard kernel in R™. We define the e-truncated ope-

rators associated with K by
Ti@) = [ K@y
lz—y|>e
and the maximal operator by

T.f(x) = sup [T f(z)].

e>0
It is known that if T} is of weak type (p,p) for some p, then the set
A={f e LP(R"): pv.Tf(z) exists for a.e. z € R"}

is closed in LP(R™). In such a case, one would only need to check the almost everywhere
existence of p.v.T f(x) for functions f belonging to a dense subclass of LP(R™). This is,
indeed, the case, since the weak type (p, p) of Ty, and so the closedness of A, follows easily

from the well known Cotlar’s inequality.
Definition 1.1.5. Let f € L} (R"). The Hardy-Littlewood maximal function of f
is defined, for x € R", by

1
Mf(z) = iglgm /B(m) |f(y)|dy

The operator f — M f is called the Hardy-Littlewood maximal operator.
Recall that M is bounded in LP(R™) for 1 < p < oo and it is of weak type (1,1).

Theorem 1.1.2 (Cotlar’s inequality). Let T be a Calderén-Zygmund operator with stan-
dard kernel K. Then, for every 0 < s < 1, there exists Cs > 0 such that for all f € LP(R"),
1 <p<oo,and all z € R”,

T.f(x) < CIM(ITf*)(z)* + Mf(x)).

Corollary 1.1.3. Let T be a Calderén-Zygmund operator with standard kernel K. Then,
the maximal operator T} is bounded in LP(R™) for 1 < p < oo and it is of weak type (1,1).

11



1.2 Estimating the maximal operator in terms of the oper-

ator.

In the papers [5], [6] and [7], Mateu, Orobitg, Pérez and Verdera study the problem of
controlling the maximal singular integral T, f in terms of the singular integral T'f. We

retain here the following results contained in those papers.

Definition 1.2.1. A higher-order Riesz transform is a Calderén-Zygmund operator de-
fined, for f € C°(R™) and = € R™ \ supp(f), by
y)

T = [ P s

nlz—yt
where P is a harmonic homogeneous polynomial of degree d > 1. We say that T is odd

(respectively, even) if d is odd (respectively, even).

Theorem 1.2.1. Let T be a higher order Riesz transform, and let T¢, ¢ > 0 and T, be

the associated truncated and maximal operators. Then,

1. If T is even, then for all f € L?(R") and all x € R,
Tof(x) S M(Tf)(x).

2. If T is odd, then for all f € L?(R") and all z € R",
T.f(z) S M*(Tf)(x).

Here, the notation A < B means that there exists a constant ¢ > 0, not depending on
A or B, such that A < ¢B. Also, the notation A ~ B will be equivalent to A < B < A.

Definition 1.2.2. A smooth homogeneous Calderén-Zygmund operator is a Calderéon-

Zygmund operator whose kernel is of the form

K(xay) = jzx(x__myn)v

where 2: R” — C is a homogeneous function of degree 0 whose restriction to the unit

sphere S™~1 is of class C* and satisfies the cancellation property
/ Q(u)do(u) = 0.
Sn—1

We will say that the operator is odd (resp., even) if Q is odd (resp., even).

Theorem 1.2.2. Let T be a smooth homogeneous Calderén-Zygmund operator, and let

T, be the associated maximal operator. Then,

e If T is even, the following assertions are equivalent:

12



L. Tof(z) S M(Tf)(z) for all f € L*(R") and all z € R™.
2. [|Tufllge S 1T f|| g2 for all f € LA(R™).

e If T is odd, the following assertions are equivalent:

L. Tuf(z) S M%(Tf)(z) for all f € L3(R") and all z € R™.
2. ITufll> S ITfl]pa for all f € T2(RY).

The statements in the previous two theorems concerning even operators were proved in
[6], while those concerning odd kernels were proved in [5]. In this section, we will present
a simplified version of the proof of Theorem 1.2.1 for the case of the Hilbert transform.

Nevertheless, no attempt at originality is claimed.

1.2.1 Orlicz spaces.

Some elements of the theory of Orlicz spaces are involved in the proof of H,f < M2(Hf).

We will expose here some of them, taken from [4] and [8].

Definition 1.2.3. A Young function is a function ®: [0,00) — [0,00) that is convex,

increasing and satisfies ®(0) = 0 and lim;_, ®(t) = oco.

Definition 1.2.4. Let (X, M, 1) be a measure space, and let ® be a Young function. For
a measurable function f: X — C, we define the Orlicz norm of f with respect to ® by

, |f]
f o) = mf{)\ > 0: /X<I> (A) dp < 1}.

The Orlicz space ®(L)(du) is defined as the space of all measurable functions f on X
with || flle(L)(du < oo

It is easy to check that || - ||q(r)ay) defines a norm on ®(L)(du) that turns it into a
Banach space (with the usual identification f = 0 if f(z) = 0 for a.e. x). Notice that for
®(t) = tP,p > 1, one recovers the LP norm and the LP spaces. Moreover, one can easily

check that, for ||f|[e(1)(du) > 0, the infimum in the definition is, actually, a minimum.
Definition 1.2.5. Let ® be a Young function. We define the dual function of ® by
®*(y) = sup{zy — ®(x): > 0}.
The following result is nothing but a straightforward computation.
Proposition 1.2.3. Let ® be a Young function and let ®* be its dual function. Then,
1. For all z,y, zy < ®(x) + ®*(y).

2. ®* is also a Young function.
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Examples:

/

1. Take 1 < p < oo, and ®(z) = zP. Then, ®*(y) = %’ where p’ is the conjugate

exponent to p.

2. For @(z) =e” — 1, *(y) = (ylogy — y + 1)X(1,00) (¥)-

Proposition 1.2.4 (Generalized Holder’s inequality). Let ® be a Young function and let
®* be its dual function. Let f € ®(L)(du) and g € ®*(L)(du). Then, fg € L*(du) and

/X | Faldi < 2011 oz am|9] o+ (2@

Proof. If either |[f||o(r)(au) or |lglle=(r)(dw) is 0, the result is trivial. Otherwise, we can

limit ourselves to the case

| Flle(zydn) = Ngllox(Lyan = 1-

By definition of ®*, we have, for all z € X,

[f(@)g(x)] < (| f()]) + 2*([g(2))),

and so, integrating both sides, we get

/X\fg\dug/ (1£1) du+/ *(lg)dp = 2,

as claimed. 0

Definition 1.2.6. Let ® be a Young function. If ) C R" is a cube and f is a Lebesgue
measurable function in R", we define ||f||o(r),0 = | fllo(L)(du), for

1
Q|

o). :inf{/\ > 0: IQI d <|f()\$)|> dx < 1}.

We will focus now in a particular example of Orlicz space due to its relation with the
space BMO(R™). Consider the Young function ®(z) = e®* — 1. For a cube () C R" and a

measurable function f, we will denote ||f||o(r),0 = ||fllexp(r),@- First, we want to recall

dp(r) = —xq(v)dz,

that is,

the classical John-Niremberg inequality.

Theorem 1.2.5 (John-Niremberg inequality). Let f € BMO(R"), @ a cube in R™ and
A > 0. Then,

{z € Q: |f(@) — mof| > \}| < Cre W10 |,

where C and Cy are positive constants only depending on n (in fact, one can take C7 =
V2 < 2, and we will use this fact later).
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It is well known that John-Niremberg inequality implies the equivalence of all norms
BMO,, 1 < p < oo. We include the proof here to show the behaviour of the constants

involved.

Corollary 1.2.6. Let f € BMO(R"). Then, for 1 < p < oo,

S

—sup (L _ 5 (Cl )
I7laio, == sup (i [ @) = mafirae)” < SR PR s

Proof. Fix a cube Q@ C R™. Then,
J15@) = mafrdr = [" o0l € Q: 15() ~maf| > tldt
oo Cot
< Clp‘Q’/ tpfle_HfHijIO dt
— Cyplo| M Bmo HfHBMO / P1o=5 g
0

and the result follows. O

Corollary 1.2.7. Let f € BMO(R"™). Then, there exists a constant ¢ = ¢y > 0 such that
for all cubes @ C R™,

@/Qexp(df(m) —mgqf|)dr < 2.

Moreover, ¢ can be chosen to satisfy ¢ > I fCILI(EZ)uo’ where a(n) > 0 is a constant only

depending on n.

Proof. We will expand the Taylor series of the exponential. Notice that the infinite sum

and the integral can be interchanged by the Monotone Convergence Theorem. We obtain

(%) k k
@/Qexp(df() ma f)dz Q/( ) el >d

C k
> G / (@) — moflFda
C C’lkrF )

/1150

-Z

= C1 Y (el fllBmoCy ME.

k=0

A straightforward computation shows that the latter sum is convergent and has sum less

than 2 if
(&5
C -5 )G
O<c<c’:min{ 2 ,( 2> },

fllBrvo™  1Ifl|Baro

15



and so the result follows taking

and c such that <c<c. O

a(n)
1fllBao
Now we have the tools to relate the quantities ||f||papo and || f|lexp(r),q-

Lemma 1.2.8. Let f € BMO(R"™). Then, for all cubes @ C R,

f = mqfllexp(r),@ < 1f1lBMO-

Proof. By Corollary 1.2.7,

L _am) ) —
@ Jo» (g ) ~mafl) do <2
and so, for ®(z) =e* — 1,

|f —mqof|
‘Q| / ( ||fHBMo ) de <1,

IfllBmo
IIf = mech(L),Q < Wa

as desired. ]

yielding

As it has been said before, the dual function of ® is

D*(y) = (ylogy — ¥+ 1)X(1,00) (%)

Consider now the Young function ¢(y) = ylog(e + y). For a measurable function f and a
cube @@ C R™, we will denote

I llreg .0 = [ flleq-

Lemma 1.2.9. Let f be a measurable function in R™ and @ C R™ a cube. Then,

1 llo=ny.@ < [1fllL10g L.@-

Proof. Observe that, for all y > 0,

Y
e+y

¢'(y) =log(e +y) + > (log )X (1,00) (%) = (27)' (1)

This, together with the fact that ¢(0) = ®*(0) = 0, yields that ¢ > ®*. Then, we have,

for all A > 0, ) £(2)| 1 |f(x)]
@\/Q(I)*( : )deM/QW( > )d
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As a consequence,

{)\>0:@/Cgtﬁ*(’f()\x)’>d:c§1}3{)\>0:@/ngof(;)')da:gl},

and so, taking infimum

flloxL),0 < IfllL10g L0

as claimed. 0

As a direct application of the generalized Holder’s inequality in Proposition 1.2.4 and

Lemmas 1.2.8 and 1.2.9, we obtain the following result.

Corollary 1.2.10. Let f € BMO(R"), g a measurable function in R"” and @ a cube in
R™. Then,

5 L 17@) = mafla(a)ids < el llaaollllzios .0

where ¢ > 0 only depends on n.

Definition 1.2.7. We define the Llog L-Orlicz maximal operator by
MLlogLf(x) = sup HfHLlogLQv
T€Q

where the supremum is taken over all cubes Q C R™ that contain z.

The next result exhibits the control of My, 1o 1, by the iterated Hardy-Littlewood maxi-
mal operator M2 = M o M (in fact, it can be proved that they are pointwise comparable,
but we will only prove one inequality, since it is the one we will need). Recall that the
Hardy-Littlewood maximal operator with respect to cubes is defined, for f € L}, .(R™) and
x € R™ by

1
M.f(z) :Sgp@’/cz\f(y)\dy,

where the supremum is taken over all cubes containing x. Recall also that M, is pointwise

comparable to M.

Theorem 1.2.11. There exists a positive constant ¢ = ¢(n)>0 such that for every cube
Q C R™ and every function f € L} (R™) we have

loc

fllz1g L, < C‘(Qnﬁ/QMcf(x)dx.

As a consequence, there exists another dimensional constant ¢’ = ¢/(n) such that, for all
f € L. (R") and all z € R",

MLlogLf(x) < c/(n)M2f(.1‘),
where M? = M o M and M is the Hardy-Littlewood maximal operator.

17



Proof. Fix a cube @ C R", and define, for f € L} (R") and z € Q,

M2 (@) = sup = [ 17)ldy,
R |B| /R
where the supremum is taken over all cubes R in R" that contain x and are contained in
Q. We claim first that, for all A\ > mg|f|,
1
Mgy
Indeed, taking the Calderén-Zygmund decomposition of |f| at height A relative to @, we

f(z)|dz < 2"[{z € Q: MEf(x) > A}|.

obtain a countable family {Q;} of disjoint dyadic cubes contained in () such that

!QJL/ 2)|de < 27\ (1.4)

and |f(z)| < A for a.e. € @\ U; Qj. As a consequence, @ N {|f| > A} is contained in

U; @; up to a set of measure zero. Thus,

1 o
- < x)|dx.
Aww» =X

Now, by (1.4), U;Q; C {r € Q: M f(z) > A}, and so, if we multiply by |Q;| and sum

over j, we obtain

AL MICITZEES

j v

U%

<2\ |{z € Q: MEf(z) > M}

As a result,

1 1 ) |
3 oo I < 5 /UjQ]_ F@)lds < 2" [{z € Q: MOf(x) > N},

as claimed.

Now, to prove the first assertion in the theorem, we need to check that for some

constant ¢ > 1, independent of f, we have

HEI ( N If(ar)|> et

QI Jo Aq AQ
where
c
A:—/MWW
“Tlelle
1
Let g = % Notice that, by Lebesque’s Differentiation Theorem, 0 < mgg < <. We

have

1 f@) /() -
@k 1g< * Acz) IQ!/ =) logle + g(z))dr

—A;%@+9Wu—éﬁ@ﬂﬂ+éﬂ%



for ¢(t) = log(e +t) — 1 and du(z) = g(x)%. Since ¢ is C*, increasing, and ¢(0) = 0,

L[ lf@)]
Qo o " 1g<+) / ¢ (t)p({reQ: g()>t}dt+/du
— mog + /O e € Q: gla) > e

© ] 1
=m +/ 7/ x)dx | dt
el <‘Q| Qm{g>t}g( ) >

— [+ I1+1II,
where
1
I=m g:—/g(sc)dx
“C7al e
1 mQg 1
II = —/ — / g(z)dz | dt

QlJo e+t \Jonig>t

and

11T = 1/ ! (/ g(a:)dx) dt.
Q1 Jimgg €+t \Janig>t)

As we said before, I < % Now,

mQg 1 1 1
- de ) dt < = 2
([ stoyi)ar < mao)* <

1 >~ 1
I = — (/ g(w)dx) dt
Q| Jmgg e+t \Jon{g>t}

g‘l/w o e Q: M) > 1)dt

~
~
(VAN
_»—l
h
Y

Finally,

Ql oy e +1

n oo 9

IQI nge+t|{er MZg(x) > t}|dt
sﬁ; Tz € Q: MOg(z) > t}]dt

omn omn n
== | M%(z)dx = MQ f(x)dr < =
01, Ml(w)da \@MQ/Q Qf(w)dw < =

Putting all together, we obtain

|f(z)] |f ()| 112
@ 0 Ao log<e+ o )d E+Q+—<1,

provided c is large enough. This concludes the proof of

I fllLog L < C‘g’)/QMcf(x)dx
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From this, we obtain

MLlogLf(x) = Sup HfHLlogL,Q
z€Q

c(n
< sup (H/ Mcf(y)dy>
zEQ ‘Q| Q
= c(n) M f(z) = M f (x),
since M. and M are pointwise comparable. O

As a direct consequence of this result and Corollary 1.2.10, we obtain the following

result.
Corollary 1.2.12. Let f € BMO(R") and g € L}, (R"). Then, for all z € R” and all

cubes () containing z,

@/Q £ (y) —mqfllo)ldy < || fl| paoM?g(z),

where ¢ > 0 only depends on n.

1.2.2 A proof of H,.f < M?*(Hf).

It is clear, by translating, that we can limit ourselves to the case x = 0 (in fact, we can
even consider only the case e = 1, but we will not, since it will not be possible to do so in

the case we will study later).

Write, for € > 0 and y € R,
1

Ke(y) = _@XR\(—e,e) (y)a
so that, for f € L%(R),
Y B ()
HfO) =~ [ S Py = [ Ky

It is immediate that K. € L*(R) N L®(R), ||K¢||z2 = /2 and ||K||p~ = L.
Recall that, for all g, h € L?(R),
o [x(Hg)h =~ Jgg(Hh).
o H2(h) = —h.

As a consequence,
K. = 7H(HKE) = H(Qe)a

for g = —H(K.). With this notation, we have
Hf(0) = /R F@) Ko (y)dy = /R @) H (o) (y)dy = — /R H £ () ge()dy.
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As a consequence,

~Hf0) = [ HW)a(v)dy
2

= Hf(y)ge(y)dy + Hf(y)ge(y)dy
—2¢ ly|>2€
2€ 2e

=/, H f()[9¢(y) — m(—2¢,2)9eldy + M(_2¢ 2¢)9e ) Hf(y)dy + . Hf(y)ge(y)dy
— 92 —2¢ y|>2e

=T+ 1II+III.

We will show now that |I| < M2?(Hf)(0), |[II| < M(Hf)(0) and |I11| < M(H £)(0), and

so we will be done.
o |I| S M*(Hf)(0).

Applying Corollary 1.2.12,

2¢
1< [, 1HS@)l) = m( ey < dellgdmaioM*(H)(0).

Now, by the L*® — BM O-boundedness of H,

¢ € Hl|p~—~BMO
ellgell Bro = pHHKEHBMO < pHHHLOO*)BMOHKEHLOO = ||||ﬂ_;

)

and so |I| < M?(H f)(0) follows.

o 11| S M(H)(0).

2e 2e
1] |

1
= ‘4 ge(y)dy Hf(y)dy
€ J—-2¢ —2€

< ( /_ 2; |ge(y)|dy> <41€ /_ 2; Hf(y)dy>

< ([ lacwlay) M7 0),

Now, applying the Cauchy-Schwarz inequality and taking into account the L2-
boundedness of H,

2€ 2e ) % 2\%
/2 ety = (/2 l9:(6)] > Ve < 2Vel|gellre = =5 || H (Ko |2
2 L
2V 2 [2 22
S2H}IHL2—>L2HKVEHL2—2\/>_ -
m Q0 TE T3

and so 11| < M(Hf)(0) follows.

o |III| < M(Hf)(0). We claim now that

€
’ge(y)’ g )

oyl > 2e (1.5)
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Let us assume this to be true. Then, we have

d
= | Wdy| Se | HIIS
y\>26 ly|>2e |yl
dy
= H —
6];1/2k5<y|<2k+16 | f(y)| |y|2
< H
<e k; /2 oo IO 5

> 1 1
< kz::l By} (22“16 /|y<2k+16 |Hf(y)dy|>
< (Z 2,}) M(H f)(0) = 4M(H )(0),

k=1

as desired. It remains to prove (1.5). To do so, we will compute explicitly ge(y)

for |y| > 2e. From now on, we will assume y > 0, and the case y < 0 is treated
analogously.

Recall that g = —H(K,). Now,

_ K(t) B dt
H(K.)(y) = p.v.y/]R P p-V. /|t>e =)

Now, due to the quadratic decay of the denominator, and taking into account that

the integral is a principal value around y, we get

dt 1 1 1
H(K.)(y) = lim » —— = — lim ( — > dt
[t|[<R _ e<|t|<R —
Bo5 T slt—yl tHt—y) Yl ocliy N TY L

1 . € 1 1 y—o 1 1 R 1 1
=2 lim / ST dt+/ =z dt+/ -
y%j%o -R\t—y t € t—y t y—s \t—y t

1
:leim (log W‘—I—log ’ ’R )
i Ny y—e Tty
1 1 2
zlogy+6:10g<1+ < )
Y y—e Yy Yy—e¢

Observe that, for y > 2¢, 0 <= < 2. Then, taking into account that the function

t— w is positive and bounded in (0,00), we get

H(Ke)(y)zzlog(lJr 2 )<C 2 A0

y—€) yy—e Yy
finishing the proof.
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Chapter 2

Pointwise estimates for the
maximal Cauchy transform along

a Lipschitz graph.

2.1 Introduction
Let A: R — R be a Lipschitz function, and let I' C R? = C be its graph,
I'={z(z) =2+ iA(x): x € R}.

Recall that the Lipschitz character of A means that there exists A1 > 0 such that, for all
z,y € R
[A(z) = A(y)| < M|z —y].

It is known that, under this conditions, A is differentiable almost everywhere, A" € L>°(R)
and ||A/||Loo < Al.

We consider now the Cauchy transform along I'. This operator is defined, at least, for
fe€CX(R) and = € R\ supp(f) by

_ fy)
o1 = [, ) ™

This is an example of a one-dimensional Calderén-Zygmund singular integral operator,

with kernel
1

Ko ==

One has to be careful when trying to understand the boundedness of C' in some space of
functions (say, for example, in L?(R)). Indeed, we have just defined C'f(z) for f € C*(R)
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and z € R\ supp(f), and, in order to study the L?-boundedness of C' we need, in principle,

a richer definition. Notice that, in general, the integral

f(y)
ek, @1

will not be absolutely convergent for = € supp(f). Then, one considers the truncated

operators, which are defined, for € > 0, by

_ f(y)
el = /|y—x>e W) — =)

Now, if f € CX(R) and ¢ > 0, Ccf(x) is well defined for all z € R. One can then
understand the integral in (2.1) as a principal value around z. Indeed, it can be proved
that, if f € C2°(R), then

p.v.Cf(z) = lgr(l) Cef(x)

exists for a.e. # € R. Then, the boundedness of C' in L*(R) can be understood as the
existence of a constant ¢ > 0 such that, for all f € C°(R),

IIpv.Cfll2 < cl|fll L2,

since, from this, one would be able to extend p.v.C to the whole of L?(R) by a density
argument, and thus to define C as a bounded operator in L?(R).

In [1], Calderén proved that C is bounded in L?(R) when ||A’|| is sufficiently small.
Later, in [2], Coifman, McIntosh and Meyer proved that C is bounded in L?(R) for every
Lipschitz function A. As a consequence, from the classical Calderén-Zygmund theory, we
obtain that

e C is bounded in LP(R) for all 1 < p < co.
e C is bounded from L'(R) to LY (R).

e (' is bounded from L>*(R) to BMO(R).

Consider also the maximal Cauchy transform, which is defined by

Cif(x) = sup |Ccf(x)].

>0

Again, the L? boundedness of C' implies that C, satisfies the classical Cotlar’s inequality,
i.e., for all f € L?(R) and all x € R,

Cuf(x) S M(Cf)(x) + Mf(x).

Motivated by the work of Mateu, Orobitg, Pérez and Verdera in [5], [6] and [7], we

considered the problem of controlling the maximal Cauchy transform just in terms of the
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Cauchy transform. We only consider the problem of giving a pointwise estimate of the
form

Cif(x) S M™(Cf)(),
since the inequality
Cxfll2wy S ICfllL2(m)
is almost trivial, as we will show later.

Notice that the Cauchy transform along a Lipschitz graph I' coincides with a constant
multiple of the Hilbert transform when I' is a straight line, and this is a reason why
one could think that the pointwise estimate Cyf < M™(Cf) could hold for the Cauchy
transform along, at least, some class of graphs I'. We will show that one cannot have a
similar inequality for the Cauchy transform, unless I' is a straight line. More precisely, we

will prove the following results:

Theorem 2.1.1. Consider the Lipschitz function A(z) = |z|, and let C' denote the Cauchy
transform along I, the graph of A. Then, there exists f € L?(R) such that for all ¢ > 0
and all n > 1, there exists € > 0 such that

Cef(0)] > eM™(C£)(0).

This theorem can be easily generalized to Lipschitz graphs I' with angles, meaning

with this points # where A’ has a jump discontinuity, as we will show later.

After obtaining this result, we thought that maybe we would be able to stablish the
inequality C, f < M"™(C f) imposing some restrictions on the smoothness of A. This is not

the case, as the next theorem shows.

Theorem 2.1.2. Let A be a Lipschitz function with compact support, and let C' denote
the Cauchy transform along T', the graph of A. Suppose A is not identically null, or,
equivalently, that I' is not a straight line. Then, there exists x € R such that for all ¢ > 0
there exists f € L?(R) with

Cif(x) > cM™(Cf)(x)

for all n > 1.

We want to remark that the points x mentioned in this last theorem are ‘easy’ to find.
For example, when A is of class C2, any point = with A”(x) # 0 will do the job. Notice
also that in the case when A has compact support and I has an angle at a point x, the
failure of the inequality C,f(z) < eM™(Cf)(x) for all f € L?*(R) can also be deduced
from this result, but the previous one is stronger in this setting, since the argument used
there provides a single function f for which the previous inequality fails for all possible

constants ¢ > 0.
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2.2 Another version of the Cauchy transform.

We define a new operator, which, abusing language, we will also call the Cauchy transform

along I', by

R fy) .
Tf(z) = _p. -/Rz(y) _Z(x)d (),

where dz(y) = (1 4+ iA'(y))dy. As before, associated with it, we will have the truncated
operators T, and the maximal operator T,. This operator is very closely related to C.
Indeed,

750) = Lo [ S -
v -
Analogously,
Cf(z) = mil (Z) (z). (2.3)

It is clear that T satisfies the same boundedness properties that C' satisfies (with
different multiplicative constants). Moreover, by equations (2.2) and (2.3), and taking
into account that 2’ € L and |2/| &~ 1, we can limit ourselves to prove the Theorems 2.1.1
and 2.1.2 substituting C' by T', C. by T, and C, by T.

The main reason for using this version of the Cauchy transform is contained in the

following result, which we learnt from Luis Escauriaza.

Lemma 2.2.1. If f € LP(R), 1 < p < 0o, then T?f = f.

Proof. For w € C and a > 0, we define the upper and lower half cones with vertex at w

and generatrix slope «, respectively, by

XT(w,a) ={2€C: |Re 2 — Re w| < a(Im z — Im w)}

X (w,a) ={z€C:|Re z— Re w| < a(Im w — Im z)}.
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The slope of this line is «

It is immediate that for all w € "' and all 0 < o < m,
Xt (w,a) C{x+iy € C:y> A(x)}

and

X (w,a) C{z+iye C:y < A(x)}.

Fix0<a< m. Let f € LP(R), and let us define, for z € R,

B . 1 f(y)
T, f(z) = wﬂ% — Rw_z(x)dz(y),

weXt(2(z),a)

. 1 f(y)
T_ = | — —_— .
f(@) wﬂlg?(l:p) i Jr w — z(x) dz(y)
weX ~ (z(x),a)

From the Plemelj’s formulas, we obtain
Ty f(z) = Tf(z)+ f(x); T-f(z) =Tf(x) - f(=)
for a.e. x € R. In particular, T'= T, — Id. Hence,
T? = (T} — Id)? = (T})* — 2T + Id.

A direct application of Cauchy’s integral formula gives (T'y)? = 2T,. As a consequence,
T? = Id, as desired. O

Corollary 2.2.2. Let f € L*(R). Then, ||Tf||z2 < || Tf]|12-
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Proof. Recall that, by Corollary 1.1.3, T, is bounded in L?(R). As a result, taking also
into account that 7' is bounded in L?(R), we get, for f € L*(R),

Tl S WAz = NT(THI 2 S WTFllze-
O

Lemma 2.2.3. Let 1 < p < oo, p’ the conjugate exponent to p and f € LP(R), g € i (R).

Then,
| T @) = = [ @) Tolwdx).
Proof. Clearly, it is enough to prove that, for all € > 0,

[ Tt @g@ydz() = = [ £ Tgw)id=w)
R R

To prove this, assume first that f,g € C°(R). We have

_ 1 f(y)
| Tt @g@yiz@) = [ (W [ z@)dz(y)) g(a)d=(a)

We will apply Fubini’s theorem to invert the order of integration. Taking into account
that |2/| < (1 + A1) and W L for |z — y| > €, we get

‘f(y)‘ / ! (1 +A1)2
/R (/w_m o) = 2@ (y)!dy> l9@)I# (@)ldz < =——=(Ifllz:lgllz1 < oo.

As a consequence, by Fubini’s Theorem,

[Tt /R (m Jyo (x)dz@)) g(z)dz()

g(x)
< y—a|>e 2(y) — Z(x)dz(x)> dz(y)

/f ax(y)

The general case follows by approximation, taking into account that C2°(R) is a dense
subspace of LP(R) and L¥ (R). O
2.3 The proofs.

In the beginning, we tried to adapt the proof of H,f < M?(Hf) in [5] to the case of the
Cauchy transform, and this led us to build a couple of counterexamples to the analogous
inequality T f < M™(T f). We discuss here this process.
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Let f € L>(R), x € R and € > 0. We have

L fy) 4.
Ti@ = )

) ) — z(x)

For x € R and € > 0, define

so that
Tf(@) = [ J0)Kecl)d=(y).
Lemma 2.3.1. Let x € R and € > 0. Then,
1. Ky € L®(R) and |[Ky||p~ < 1.
2. Ky € L*(R) and ||Ky.e||r2 < %[
Proof. Clearly, for y € R, |y — x| > ¢
|Kx,e(y)‘ =

so (1) follows. On the other hand,

1 1 1
mla(y) = 2(x)] ~ 7wly — 2| T we’

1 1
Kol = [Kacp)Ply == [ o
Pk 72 Jly—al>e |2(y) — 2(2)?
SRR )
=72 Jy—ase ly—x? w2 Jjyse 12 w2
so (2) follows. O

Let gz = T(Kye). Since Ky € L2(R), Kpe = T?(Kzo) = T(T(Kye)) = T(gue)-

Then, we have,

Tf(@) = [ S Kacw)dotn) = [ )T (000@)d()
== /]R Tf(Y)ga.c(y)dz(y)-

Let us fix now N > 0 to be chosen later, and denote, for a € R and r > 0,
I(a,r) = (a—r,a+7).
Then, we have,

(@) = [ TF@ge0)d()
- [ TIWe @)+ [ THgdw)dy)
ly—z|<Ne

ly—z|>Ne

_ /1 ~ TF(W)9a,e(y) — mi, y.(9u,)dz(y) + mi, x. (9a.e) / Tf(y)dz(y)

Ia:,Ns

+ / TF(Y)gee(y)dz(y) =1+ 11+ II1.
|ly—z|>Ne
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A slight modification of the argument in [5] will show below that |I| < M?(Tf)(z) and
[II| < M(Tf)(z), and we will show later that this type of control is not possible for IT1.

2.3.1 Estimates for [/ and /.

Let us start proving that |I| < M?(Tf)(x). Applying Corollary 1.2.12, we obtain

‘I’ < (1 + Al)/ |Tf(y)|’gx,e(y) - mIz,Ng (gx,e)’dy

xz,Ne

< (1+ M)2Nel|gacl BrrogM2(Tf) (),

so we need to show that €||gs||prro(r) is bounded independently of = and e. This will
follow from the L — BM O-boundedness of T" and (1) of Lemma 2.3.1. Indeed,

€llgz.ell Brrom) = €T (Kee)llBrom) < €T Lol Ke.ell oo )
1
< €HT|’L°°—>BMOE = ||T||r~—-BMO,
as desired.

Let us prove now that [I1| < M(Tf)(x). Observe that

1] = |m1,;,N5(9x,e)/ Tf(y)dz(y)

Iac,Ne

1
<l wdwdy [ 1Tsw)I1 )y
’I$7N5| Ix,Ne z,Ne
1
<+M)|[ gy [ TRy
Ia;,Ne ’IxaN€’ Iw,Ne
<@ a)|[ ey MTH@).
xz,Ne
so if we prove that
’/ 9a.e(y)dy
Iz,Ne

is bounded independently of z and ¢, we will be done. In fact, this is the case, taking into
account the L2-boundedness of T'. Indeed, applying the Cauchy-Schwarz’s inequality, and
(2) of Lemma 2.3.1, we get

/ Gue(y)dy
Iz,Ne

| 0w
Iz,Ne
1
< Lo Nel2 [T (Kae) || L2 (R)
< V2Ne||T||p2 2 |[Ka el [ L2(m)

1
< V2N6!|T||LML2H% = V2N|[T]| 2 2,

as claimed.
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2.3.2 Estimates for /1].

Let us study I11 now. Recall that

Hi= [ T @enndw) = [ THT(Key)d )
ly—z|>Ne ly—z|>Ne
Lemma 2.3.2. Fix z € R and € > 0. Then, for almost every y € R with |y — z| > ¢, we
have
1 1
T(Kee)(y) = i 2(y) — 2(2) [B(z,€) + Gae(y)]
where
B(z,¢e) = log ; Ei + 3 : zg;: + z'<7r +arg[z(x + €) — z(z)] — arg[z(z —€) — z(x)])
and
Guely) =log TSI i arglet - ) ()] - angle(a + ) - 20)])

where, for a complex number w # 0, we consider —%5 < arg(w) < 37”

Proof. Let x € R, e > 0 and y € R with |y — 2| > e. We will assume that y > z (the
case y < x is treated analogously) and also that A is differentiable at y. For a set I C R,

denote
T(1) = {=(t): t € I}.
We have
T 0) = v [ =
=5 0w T

= lim i/ dw
50" TP ({t: t—al>eft—yl>6}) (W — 2(2))(w = 2(y))’

For a complex number w # 0, let Log (w) = log |w| 4 iarg(w). Taking into account
the quadratic decay at infinity of the integrand, we can write the last integral as the limit
of the integrals in I'({t: [t —z| > €, |t —y| > 6, |t| < R}) as R — oo and § — 0. Moreover,

since . ) . ( . i , )
(z = 2(2)(z = 2(y))  2(y) —2(zx) \2=2(y) z—2(z))’
we obtain .
T(Kye)y) = (o) = 2@)) Jim (Ips + IIrs+ IR ),

§—0
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where, for sufficiently small § > 0 and sufficiently big R > 0,

1 1
IR N = =Tk
B9 I((—Ra—e) \w — 2(y) w— z(x) v

= Log [z(z — €) — z(y)] — Log [2(—R) — z(y)]
— Log [2(z — €) — z(x)] + Log [2(—R) — z(z)],

1 1
005~ [ oo oy o~ =)
= Log [2(y — ) — 2(y)] — Log [2(z + €) — 2(y)]
— Log [2(y — 6) — 2(x)] 4 Log [z(x + €) — z(2)]
1 1
Hrs = /F((y+6,R)) (w —2(y) w- Z(@) dw
= Log [z(R) — 2(y)] — Log [2(y + 6) — 2(y)]
— Log [2(R) — z(z)] 4+ Log [2(y + d) — z(x)].

and

Gathering the previous identities, we obtain

e 0 0000 = g S
|2(=R) — 2(2)||2(R) — 2(y)|
o8 R ) () =)
|2(y — 8) — 2(y)l|=(y + 9) — 2(2)]
s |2(y +0) — z(W)|[2(y — 9) — 2(z)|

Now, we have

lim lo dslil i
Roo C [2(=R) — 2(y)[|2(R) — ()|

and
ey - 8) — =)l 4 0) — 2(@)]
P8 T8 2wy —0) — ()]

since A is differentiable at y. As a consequence,

lim Re (Igs+IIns+ IIIRs) :log| *
By ’ ’ ’ |

On the other hand,
Im (Irs+Irs + I1Rs) = (arglz(z — €) — z(y)] — arglz(z — €) — 2()]
—arg[z(z + €) — 2(y)] + arg[z(z + €) — 2(x)))
+ (—arg[z(—R) — 2(y)] + arg[z(—R) — 2(z)]
+arg[z(R) — z(y)] — arg[z(R) — 2(z)])
+ (arg[z(y — 6) — 2(y)] — arg[z(y — 0) — 2(z)]
—arg[z(y +6) — 2(y)] + arg[z(y + 9) — 2(z))).
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Now, we have

lim (—arg[z(—R) — z(y)] + arg[z(—R) — 2(z)]

R—o0
+arg[z(R) — z(y)] — arg[z(R) — 2(z)]) =0
and
lim (arg[2(y — 8) — =()] — aralz(y — 0) — =(x)
—arglz(y 4 0) — z(y)] + arg[z(y + 9) — z(=)])
= lim(arg[2(y — 0) — 2(y)] — arg[z(y +9) — 2(y)]) =7
again because A is differentiable at y. As a consequence,

Jim T (Ing + s + I Igs) = 7+ (arglz(z — €) — 2(y)] — arglz(e — ) — 2(2)]
6—0

—arglz(z +€) — 2(y)] + arg[z(x + €) — 2(2))).

Gathering again, we have proved that, for all points y with |y — x| > € such that A is
differentiable at g,

lim (IR75 + [IR75 + IIIRy(;) = Gm,e(y) + B(m, 6),
R—o0
6—0
and so the desired conclusion follows. O

Remark: The function B = B(x, €) must be understood as a way of quantifying the
curvature or convexity of I" around z. Indeed, it is easy to check that B(z,e) = 0 if, and

only if, the points z(z — €), z(x) and z(z + €) are collinear, as the following lemma states.
Lemma 2.3.3. Let z € R and € > 0. Then, the following assertions are equivalent:

1. B(z,e) =0.

2. Im B(z,¢e) =0.

3. The points z(x — €), z(z) and z(x + €) are collinear.

Proof. Take a look at the following scheme:

z(z +€)

Ly

a4

z(x —€)
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Here, a = arg[z(z +€) — 2(z)], 7+ f = arg[z(z — €) — 2(2)], - = |2(x —€) — z(x)| and
Iy = |z(x + €) — z(x)|, and with this notation,

B(z,e€) zlogii—f-i(w—ka— (m+B)).

As a consequence,
Im B(z,e)=m+a—(r+8)=a—p.

Now, (1) = (2) is trivial. To prove (2) = (3), observe that
Im B(z,¢) =0= a =0,
and so z(x — €), z(x) and z(x + €) are collinear. Finally, (3) = (1) is again trivial. O

Applying Lemma 2.3.2, we get

m=— [ i)

70 Jjy—a|>Ne 2(y) — 2(z) [B(@,€) + Ga,e(y)] dz(y)

1 ) Coc)d=)] (2.9
M[B(’XLﬂDN}V@h@D_Z@)+%;wNWwaZ@y—d@

= B(x, ) Twe(Tf)(z) + IV.

We will see now that, for an appropriate choice of N, one has [IV| < M(T'f)(z).

Lemma 2.3.4. Choose N > 1+ 4(1+ Ay). Then for |y — z| > Ne,

€

Ga.e S :
Goc) £

Proof. Let
(

(z +€) = 2(y)|

z
um,e(y) = Re Gw,s(y) = log :z

and
Uz e(y) =Im G (y) = arg[z(z —€) — 2(y)] — arg[z(z + €) — 2(y)].

Recall that, for w € C, |w| < 1,
[Log (14 w)| < 2fwl,

where Log is the complex logarithm defined by
3
Log (z) = log |z| + targ(z), z # 0, —g <arg(z) < ?ﬁ

Now, for |y — x| > Ne, we have

z2(x—e)—2(y) 2(x —€) — z(x +¢)
2z +e)—2(y) L+ z(x +€) — 2(y)

)
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and
z(x —€) — z(z +¢) < (1+ Aqp)2e < (14 Aq)2e

2xte)—2(y) |7 ly—(z+e) = Xy — 2z
< (1—|—A1)2€ _ 2(1 —|—A1) < 1’
- %Nﬁ N—-1 —2

where the last inequality holds precisely because of the choice of N. Then,

— o |z(x —€) — 2(y)|| 5 z(x —€) — z(z +¢)
e = o8 o 2wl T T e o -2

_ Re Lo z(x —€) — z(x +€)

= [Re tos (1+ 2225 20057)

2(x —€) — z(z +¢€) 2(x —€) — z(x +¢€)

<jos (it ) < e

< 2(1+A1)26 CAN(1+Aq) €

TSy~ N-1 y—a Yy —af

On the other hand,

|ve.e(y)] = larg[z(z — €) — 2(y)] — arg[z(z + €) — 2(y)]]
= [Im (Log [z(z — €) — z(y)] — Log [2(z + €) — 2(y)])|
< |Log [2(z — €) = z(y)] — Log [2(z + ¢) — z(y)]]

< length(C (s o+ ) s ot

dz
/F((xe,:l:+€)) z—2(y)
20+ Me €
ly—=z ~ly—az

Putting all together, we obtain

Gac(y)] S

~ly — =

as desired. ]

From now on, we fix N > 14 4(1+ A;), so that the conditions of the previous lemma
hold. Then, we have

1 [ ELE]
v < /|N TS

s
dy
S+tge | Tl
ly—x[>Ne |y — f?
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Since

dy
T / T
/|y—m|>Ne | f( .%"2 Z 2k Ne<|y—z|<2k+1Ne ’ f(y)’ ‘y - x‘Q

dy
<
23/ e TI O
< T d
- (2kN6)2 <2-2k+1N6 /y—w|<2k+1Ne )l y) (2.5)
<°° 2. 2k+1Ne
<
k=0

k=0
> W) M(Tf)(x)

4 X 8
— (ngz k) M(Tf)(z) = 5 M(Tf) (@),

we get

8
VIS (14 AemM(Tf)(x) S M*(Tf)(x), (2.6)
as wished.

Summing up, we have the following result, which follows directly from (2.4) and (2.6).

Lemma 2.3.5. Fix N > 1+ 4(1 + A;). Then, for all f € L?(R), all x € R and all € > 0,
| T.f () + Bz, ) Ine(Tf)(w)] S M*(Tf) ().

2.3.3 The proof of Theorem 2.1.1.

The following example will show that, when I'" has angles, the inequality

T.f(z) S M™(Tf)(x)
does not hold in general.

Fix the Lipschitz function A(x) = |z|. In this case,

o 26 = 2(0)]
PO = Lm0

Assume that the inequality

+i(m + arg[2(e) — 2(0)] — arg[z(—€) — 2(0)]) = -

T.f(x) < M™(Tf)(x) forall fe L*R)
were true for some n > 2. Then, applying Lemma 2.3.5, this would yield
|B(, )Tne(Tf) ()| S M™(Tf)(x)

for all f € L*(R). Now, taking into account that T? = Id, and taking x = 0, the latter
implies

[Tnef (0)] S M™£(0), (2.7)
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for all f € L?(R), and this is false for f = X[0,1]- Indeed, M" f(0) < 1, while for 0 < Ne < 1,

1 dz(y)
Tne = — _—
N f(O) i /y|>Ne X[0,1] (y)z(y) —_ Z(O)
1 /1 144
= — +.Z dy
T JNe Y + 1Y
1 rld 1
=— 2= —— log(Ne),
T JNe Y !

SO
lim [Tive/(0)| = oo,
yielding a contradiction with (2.7).

This counterexample can be generalized in the following way. Suppose I' has an angle

at a point z(x), x € R, meaning with this that A" has a jump discontinuity at z, i.e.,

A+ h)—Ax) by e Alz 4 h) — A(z)
hli>r(r)l+ h = Av@) £ A(@) = hlgglf h ’

A straightforward computation shows now that

lim Im B(z,€) = arctan(A/, (z)) — arctan(A” (z)) # 0,

e—0

and so B(z,€) stays away from 0 as € — 0. The same argument that was used above,

substituting X[o,1) by X[z,z41), Will show that the inequality
Tif(x) S M™(Tf)(x)

cannot hold.

2.3.4 The proof of Theorem 2.1.2.

We will study now the term Tn(T'f)(z) to give more light to this subject. This will lead

us to prove that, when A has compact support, the inequality
T.f(z) S M™(Tf)(x)

can only hold when A = 0, i.e., when I is a straight line, which is a case already known

since T is, essentialy, the Hilbert transform.

Assume that A has compact support, say supp(A) C [-L, L], L > 0. Let f € L*(R),
and write g = (T f)x(-2r,21), B = (T'f)X®r\[-2L,21]; 50 that T'f = g + h and

Tne(Tf)(z) = Tneg(x) + Tnch(z).
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Fix x € [-L, L]. Observe that

irTneg(x) = / %dm/)

ly—a|>Ne 2(y) — 2(2)

R 9y 4.
_;;)/Qk dz(y).

Ne<ly—z|<2k+1Ne 2(y) — 2z(x)

Now, taking into account that supp(g) C [~2L,2L], one gets that, when 2*Ne > 4L,

9(y)

— dz =0.
/sze<yx|<2k+1Ne 2(y) — z(x) @)

This yields that only the first M, . terms of the sum above do not vanish, where

log 2
(by [Mr, | we denote the smallest integer n such that My . < n).
Furthermore, for each k > 0,

9(y)

— 2 dz
/2kNe<|y—:B|<2k+1NE Z(y) - Z($) <y)

< (1+A1)/ l9(y)| dy

2k Ne<|y—z|<2kt1Ne ‘y - CU‘

1
T d
Tl L

<414+ A)Mg(x).

< (1+A))

Putting all together, and taking into account that Mg < M (T f), we obtain

log (%)

Ty <4dr(14+Ap) |1
Treg(@)] < 4m(1+ 1>( gt

) M(Tf)(x).

On the other hand, taking into account that A = 0 on supp(h), we get

h h
imtTnch(z) :/ idz y) = Ady.
ly—a|>Ne 2(y) — 2(2) ly—z|>Ne Y — 2(x)
Now, for |y — z| > Ne,
1 1 ( 1 1 ) 1
= T - = + D(z,y),
y—@) vz g y-x) y—a POV
and so
iﬂ—TNeh(x) = HNeh(x) + h(y)D(x, y)dy
ly—z|>Ne
Observe now that, for z # y,
1 1 iA(z)) [A()|
D(xz,y)| = — = ‘ < )
D) =)y - =@)| = ly—aP

y—z) y—=
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Then, taking into account that h =0 on [-2L,2L], and recalling that |z| < L, one gets

[ hw)D )y < A) ML gy
ly—=z|>Ne |

y—al>L [y — x>
Splitting the last integral into the regions {2¥L < |y — x| < 2F*!L}, and taking into
account that M(h) < M(T'f), we get, arguing as in (2.5),

[ hw)DG)dy| < TIA@DT ()
ly—z[>Ne

The previous discussion shows that
1
TNE(Tf)(x) = EHNJL(QZ) + V,

where

V| < e, e, N, L)M(T'f)(x)
and 0 < ¢(x,e, N, L) < oo. Recall now that, by Lemma 2.3.5, we have
| Tef(z) + Blw, ) Tne(Tf) ()| S M*(Tf)(x).
Then, it follows that
T.f (@) + —Be, ) Hych(a)| < ¢(z,e, N, )M (Tf)(z),

where 0 < ¢(z,¢, N, L) < oc.

Assume A is not identically null, and suppose that the inequality T f(z) < M™ (T f)(x)
holds. Applying Lemma 2.3.3, we may pick « € [—L, L] and € > 0 as small as we want
such that B(z,€) # 0. Then, it follows that

|B($7 6)‘|HN€((Tf)XR\[72L,2L})(x)’ < c”(x, €, N7 L)Mn(Tf)(x)v
with 0 < ¢’(z,¢, N, L) < oo.

Now, for each k = 3,4, ..., pick fx € L?(R) such that Tf}, = X(0,kr]> and 80 (T f)Xr\[-2L,21] =
X(2r,kr)- Applying the previous inequality for each fy, and taking into account that
M™(T f) <1, we obtain

|B($, G)HHN€(X(2L,I€L})(‘T)’ < C”(.CC, €N, L)

Finally, observe that

kL dy kL —x
H € = :1 9
Ne(X(aLkr)) (%) /2L y—z 8oL _g
and so kL
— X
< !
|B(x,€)|log 57— < "(x,¢, N, L),

yielding a contradiction, since the left hand side tends to co as k — oo.
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2.4 Another version of the truncated and maximal opera-

tors.

Let us consider now another version of the truncated operators. Define, for ¢ > 0 and

x € R,
P o) = o
Tf=) =0 /|z<y>—z<x>|>e W) (@) (®)

and the associated maximal operator Ty f(x) = sup,s |T.f(z)|. This is a truncation over

balls of radius €, while the one for 7T, was a truncation over strips of width 2e.

We consider now the same problem as before: that of giving an estimate of the form

Tof(x) S M™(Tf)(x),

and the same arguments employed before will work here. Indeed, if we define I(z,€) =

z(x_), r(xz,e) = z(xy), where
x_ =sup{t < x: |2(t) — z(z)| = €}

and

xy = inf{t > x: |2(t) — 2(x)| = €},

then [(z,€) and r(z,€) will play the same role that z(x — €) and z(x + €) played before.
Precisely, [(x, €) is the last point of I" to the left of z(x) that belongs to the circle centered
at z(x) with radius €, and r(z,€) is the analog of this at the right.

Taking into account that the quantities |y — x| and |2(y) — z(x)| are comparable, one
can repeat the arguments used before to get an analogous of Lemma 2.3.5, which will be

stated now as
Tef(z) — Bz, )Tnef(z)| S M*(Tf)(x),
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where

2 |r(x, €) — 2(z)]

B(z,e) = log 1(z.0) — 2(2) + 2'(7T + arglr(z,e) — z(x)] — arg[l(x,€) — z(x)])

As in Lemma 2.3.3, B(z,€) = 0 if, and only if, I(x, €), z(x) and 7(z, €) are collinear.

With this tools at hand , one can prove the following results, which are the analogs to
Theorems 2.1.1 and 2.1.2 in this setting.

Theorem 2.4.1. Consider the Lipschitz function A(z) = |z|. Then, there exists f €
L?(R) such that for all ¢ > 0 and all n > 1, there exists € > 0 such that

T f(0)] > eM™(Tf)(0).

To prove this, one can mimic the argument in section 2.3.3, since here we have again

B(0,¢) =iF.

Theorem 2.4.2. Let A be a Lipschitz function with compact support. Suppose A4 is not
identically null, or, equivalently, that I'" is not a straight line. Then, there exists x € R
such that for all ¢ > 0 there exists f € L*(R) with

T.f(x) > cT™(Cf)(x)
for all n > 1.

Again, the argument in Section 2.3.4 adapts trivially to this case, by just taking into
account that, if A is not identically null, one can find x € R and € > 0 as small as needed

such that I(z,€), z(x) and r(x, €) are not collinear.

2.5 A positive result for the case of Jordan curves.

Let I" be a Jordan curve in the plane, parametrized by a periodic function v: R — C. We

will pose, for the moment, the following assumptions on ~:
e 7 is of class C!.
e v is L-periodic, v([0,L)) =T

e 7 is injective on [0, L).

|9/ (t)] =1 for all ¢.

w is the modulus of continuity of 4" (this means that w is a non-negative and in-
creasing continuous function in [0, 00) with w(0) = 0 and such that |y/(s) —7/(¢)| <
w(|s —t|) for all s,t € R).
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We denote by p the arc-length measure on I'. We have, for a Borel set I C [0, L),
p(r (D) = [ 1 @1t = 1)

For a point z € I" and r > 0, denote
Lo =q({t:|t—=z| <r}),

where z = v(z), x € R.

The Hardy-Littlewood maximal function of a function f € LY(T,p) is defined, for
z €T, by

1 1
Mf(z) =su / du = su —/ d
f(z) P T Fwlfl p=sup o Fm\fl 1

The Cauchy transform of a function f € L?(T, dpu) is defined, for z € T', as the principal

value integral

Tf(z) = I T.f(2),

T.f)= [ . JO ge

T E—z

We consider as well the maximal operator associated with T,

where

T.f(z) = sup T f(2)].
e>0

In this section we will prove that, if v is regular enough (we will specify later how much

regularity is needed), then
T.f(z) < M*(Tf)(z) forall f e L*(T, ).
We will follow, essentially, the same steps we have taken in Section 2.3 for the case of
Lipschitz graphs. Most of the arguments there will be valid in this setting, and so we will

not enter into many details. First of all, we remark that the analogues of Lemmas 2.2.1
and 2.2.3 hold now:

Lemma 2.5.1. If f € L*(T,pn), T?f = f.

Lemma 2.5.2. If f,g € L?(I", 1), then
[ TH@ge)d =~ [ FeTg()d
r r
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We argue now as in Section 2.3. Fix f € L?(I',u), z € I' and € > 0. Then, we have

L £ .
15 == [ e [ HOK- (e

i E—2

where
1

K. (&) = m)ﬂ“\l},e(f)-

It is easy to check that K, . € L*(T, u) N L>(T, i), and moreover

1
HK2,6||L°° 5 -

<L
~Y \/E 6
Since K, € L2(T,pu), K, e = T*(K, () = T(gz.), for g, = T(K.). Then, we have

Tf(2) = [ HOK &) = [ FOT (g0 = = | TF(E)g- (€.

| e 2

and, as a consequence,

Tf(2) = /F T F(€)gsc(€)de
— TF(€)gz.(€)dE + Tf(£)gz,e(§)dE

Fz,Qe F\FZ,ZE

= [ THOge©) = e (g e (020) [ T+ [ TH€g. €
Fz,25 Fz,26 F\Fz,Qe

=T+ 1I+1II,

where, for a function h € L1(T', ) and a Borel set E C I with u(E) > 0,

1
mEh:—/hd .
wE) Jg "

Arguing essentially as in Section 2.3.1, one can prove that |I| < M?(Tf)(z) and
[II| < M(Tf)(z). Let us study IT1 now.

17 = / TF(€)gec()dé = Tf(E)T(K-c)(€)dE.
\I'; 2¢

F\Fz,2e

A similar argument to the one used in Lemma 2.3.2 yields the following result.

Lemma 2.5.3. For { € '\ T'; o,

1 1
T(.(€) = g [B(:.0) + Goel6)]
where
<_ ¢
GZ7€(§) ~ |Z _ é—’
and

|B(z,€)| < w(2e).
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Remark: The expressions of G, (§) and B(z,€) are totally analogous to the ones

for G, (y) and B(z,e€) in Lemma 2.3.2, for suitably chosen branches of arg(w — z) and
arg(w — &).
From this, it follows that

11 = /F v, THOTU ()

= B(0), gyt G..(6)
= B(z,6)— /F\Fm& THE)— gdé +— /r\rz,ze ()~ e de
! G
= BTN 4 [ 1T P
On the one hand,
1 |Gc(6)]
|1112’ < WA\F2726| ( )| ’ §| d#(f)

sef e < M)
r

\Fz,Qe |Z - §|2

where the last inequality is shown by splitting the integral over the sets

Fz72k+15 \ F272k67 k=1,2,3,...

On the other hand

71l Tf()I
ITT| = | B(z, €)|/r\rz FoiE el /F\FME oo g ).

To estimate the last integral, we also split it over the sets

Fz72k+16 \ Fzzke, k=1,2,3,...

Notice that, for & big enough, I', or, = T', and so T, gr+1, \ ', o5 = 0. Precisely, this holds
for all k such that 25¢ > 2L, which is equivalent to

log %
log2
As aresult, if we denote by ko(¢) the smallest integer k that satisfies the previous inequality,
we have k(o)
o(e
[ e S T 1
I\ 2¢ ’z—§| soh+1 N\ ok |z — ¢

)
Z;/ o [T

z Zke

<4 ;; ﬁ [ )

z,2k+15

< dko(e)M(T'f)(2).
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As a result,

[IL] S w(2e)ko(€)M(Tf)(2) S w(2e)

log 26[/‘ M(Tf)(z).

Gathering the estimates for |I|, |II|, |[I11;| and |I113|, we have

T f(2)] S M*(TF)(2) + w(2e)

1og2f] M(Tf)(2).

From this, it follows that, if w is such that w(2¢)|loge| stays bounded as € — 0, then we

have
Tef(2)] S MP(TF)(2).

Thus, we have proved the following result:

Theorem 2.5.4. With the notation established in this section, suppose +' has a modulus
of continuity w such that w(e)|loge| stays bounded as ¢ — 0 (this happens, for example,
if v € C'*9 for some & > 0). Then, there exists a constant ¢ > 0 such that, for all
f € L*T,dy) and all z €T,

T.f(2) < eM*(Tf)(2).

We want to remark, finally, that a totally analogous result holds if one considers the

truncated operators given by

i) == [ T

E T\ B(z,€) §—2
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En primer lloc, vull donar les gracies al meu tutor, en Xavier Tolsa, per la seva dedicacio,
el seu esforg, i tots els seus ensenyaments durant la realitzacié d’aquest treball, i sense el
qual res d’aixo hauria estat possible. També vull agrair als professors Joan Mateu i Joan

Verdera per mostrar-se interessats en la meva feina i per les seves indicacions.

Vull agrair també als professors Artur Nicolau, Joaquim Martin, i un altre cop a en
Joan Mateu, per haver llegit aquest treball i per formar part del tribunal en la meva

defensa.

A més a més, vull reconeixer el treball dels professors de I’area d’Analisi per col-laborar
a que el nostre pas pel Master sigui molt profitds, i, en particular, a en Xavier Tolsa, en
Vasilis Chousionis, I’Albert Clop i en Nir Lev per les seves classes. També vull donar les

gracies a la resta de professors del Master pels seus ensenyaments i la seva dedicacio.

Finalment, pero no menys important, vull agrair als meus amics, en Vasilis, ’Anna, en
Marti i I’Antonio, per fer-me la feina agradable i per ajudar-me a sentir-me com a casa, i

en particular a I’Anna per contribuir a que el meu catala sembli acceptable.
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