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Abstract

In this work we develop a viscoelastic bar element that can handle multiple rheo-
logical laws with non-linear elastic and non-linear viscous material models. The
bar element is built by joining in series an elastic and viscous bar, constraining
the middle node position to the bar axis with a reduction method, and stati-
cally condensing the internal degrees of freedom. We apply the methodology
to the modelling of reversible softening with stiffness recovery both in 2D and
3D, a phenomenology also experimentally observed during stretching cycles on
epithelial lung cell monolayers.
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muñoz, who has supported me thoughout my thesis with his patience and with-
out whose knowledge and assistance this study would not have been successful.

I am most indebted to Philippe Alexandre Pouille for helping me learn the
Bio part and allowing me to use Confocal microscopy.

I would like to thank my family members, especially my sister, Moona
Asadipour , and her Husband, Tom Creemers for supporting and encourag-
ing me to pursue this degree.

I wish to thank my best friend, Mohammad Kouhi, for helping me get
through the difficult times, and for all the emotional support.

This work was financially supported by the Center Reseach Mathematic in-
stitue.

This thesis is in collaboration with two biology labs at Parc Cientific de
Barcelona (main researchers, Enrique Martin Blanco and Xavier Trepat), which
are interested in the mechanical characterisation of the embryonic cells, and
looking at testing the relevant parameters that govern cell active deformations.
This relation was initiated more than one year ago by the contribution of a
post-doctoral student of the Msc Thesis supervisor, José muñoz.
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Chapter 1

Introduction

1.1 Background

Well before the discovery of the polymeric cytoskeleton in the 1950s [1], a con-
troversy erupted as to whether the physical nature of the cell interior (or proto-
splasm) was fibrous, granular, or alveolar. At the core of this controversy was
the observation that shear altered the mechanical properties of the cell. An-
drews (1897) and Mathews and Whitcher (1903) were the first to report that
mechanical agitation caused cell viscosity to increase [2, 3]. Such observations
stood in contrast with those of Chambers (1917) who noted that churning a
fertilized sand-dollar egg with a micro-needle resulted in reversible disappear-
ance of the aster and in a reversible liquefaction of the protoplasm [4]. Almost
a decade later, Mast (1926) proposed as the driving mechanism for amoeba
migration a similar solid to liquid transition between a solid-like cell cortex
(the paslmagel) and a liquid-like cell interior (the plasmasol) [5]. By observ-
ing granules suspended in the plasmagel, he was astonished to find that, if a
given granule in the plasmagel is carefully observed, it is found that, while it
may move continuously for an apparently indefinite period of time, it does not
progress beyond the boundaries of a very small area. From such observations he
concluded that the structure of the cell was alveolar rather than fibrous, with
each granule trapped inside an alveolus. This conclusion was similar to that
obtained by Butschli, who proposed in 1894 that the cells derived their physical
properties from a foam-like structure [6].

A major milestone in the history of rheology was the introduction of thixotropy
by Freundlich and co-workers in 1926 [7]. Their findings led several investigators
to study whether thixotropy could apply not only to soft inert matter but also
to soft living matter. As such, in 1928 Abramson proposed that the passage
of leucocytes through narrow capillaries during inflammation was favored by
the ability of the cells of the capillary wall to be fluidized by shear [8]. The
first quantitative observations of shear fluidization were not provided until An-
gerer in 1936. Using a shaking device coupled to a centrifuge he was able to
quantitatively measure a drop in the viscosity of the protoplasm of 20 − 60%

1



2 CHAPTER 1. INTRODUCTION

as a consequence of high frequency shear followed by a slow recovery towards
baseline values [9].

Thus, the hallmarks of soft glassy matter including shear fluidization (thixotropy),
crowding, and trapping of particles by their neighbors, had already been identi-
fied in the living cell-although not without substantial controversy-as long ago
as the late part of the 19th and early part of the 20th centuries. But with the
subsequent discovery of the polymeric cytoskeleton, the emergence of polymer
physics, and modern theories of semiflexible networks that stiffen with strain
instead of being fluidized, these early seminal observations were all but forgot-
ten.

1.1.1 Cell fluidization

All living things, despite their profound diversity, share a common architectural
building block: the cell. Cells are the basic functional units of life, yet are
themselves comprised of numerous components with distinct mechanical char-
acteristics. To perform their various functions, cells undergo or control a host
of intra- and extracellular events, many of which involve mechanical phenomena
or that may be guided by the forces experienced by the cell. The subject of cell
mechanics encompasses a wide range of essential cellular processes, ranging from
macroscopic events like the maintenance of cell shape, cell motility, adhesion,
and deformation to microscopic events such as how cells sense mechanical sig-
nals and transduce them into a cascade of biochemical signals ultimately leading
to a host of biological responses [10].

The field of cell mechanics recently has undergone rapid development with
particular attention to the rheology of the cytoskeleton and the reconstituted
gels of some of the major cytoskeletal components actin filaments, intermediate
filaments, microtubules, and their cross-linking proteins that collectively are re-
sponsible for the main structural properties and motilities of the cell. Another
area of intense investigation is the mechanical interaction of the cell with its
surroundings and how this interaction causes changes in cell morphology and
biological signaling that ultimately lead to functional adaptation or pathological
conditions.

Nowhere is the importance of biology in cell mechanics more evident than in
the ability of the cell to sense and respond to externally applied forces. Many-
perhaps all cells are able to sense when a physical force is applied to them.
They respond through a variety of biological pathways that lead to such diverse
consequences as changes in membrane channel activity, up or down regulation
of gene expression, alterations in protein synthesis, or altered cell morphology.

The presence of viscous effects component in elastic materials may become
non-negligible in many relevant applications in engineering and biomedicine.
One of such prominent applications is the analysis of soft materials in biome-
chanics such as skin [19], developmental epithelia [20], or arteries [21], whose
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viscous nature cannot be discounted. Laboratory experiments have also shown
that not only may the elastic component become non-linear, but also the vis-
cous effects may depend on the actual deformation or stress-state [22]. The
modelling and handling of these non-linearities in a simple manner has moti-
vated the present work.

Despite recent measurements on the mechanical properties of soft tissues
during embryo development, there is currently no consensus on neither the solid
and fluid nature of the material nor on the parameters that govern the observed
deformations.

(a) (b)

Figure 1.1: Fluid model of cell by Chen et all (a) Experimental results and (b)
Numerical 3D results

Do cells behave as fluids, or as solids?

Under physiologic loading conditions, many cell types undergo significant me-
chanical loads and deformations that have been implicated in regulating cellular
signal transduction pathway [11]. Consequently, knowledge of cell mechanics is
an important component of broader biomechanical studies in mammalian tis-
sues. Structurally, cells are inhomogeneous materials, in that they are comprised
of a nucleus, cytoplasm, cell membrane and multiple intracellular organelles.
While the focous of this work is on model that idealize the cell as a solid or
mixture continuum, it is noted that other approaches have developed stractural
models of the cell, tensegrity [12, 13].

Within the continuum framework, models enable determination of mechan-
ical properties such as elastic stiffness moduli, fluid viscoelasity and viscoelas-
tic relaxation times. Continuum models can be grouped into two categories,
roughly characterizied as fluid models and solid models. In the former case,
the intracellular environment is idealized as a viscous or a viscoelastic fluid
with some models accounting for cortical tension in the cell membrane or a cy-
toskeletal network of immersed viscoelastic fibers [14]. In the later category, the
whole cell is idealized as an elastic, viscoelastic and has the capacity to store
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strain energy at equilibrium [15].

Tipically, fluid models have been applied to cell mechanics in the circulatory
system, such as neutrophils or lymphocytes, while solid models more accurately
characterize mechanics of chondrocytes, fibroblasts and endothelial cells [16].

In the work done by Chen et all, a fluid model of the tissues and cells are
investigated. They utilized a computational model to understand the forces that
drive cell and tissue motions in contexts such as embryogenesis, regenerative
medicine and cancer Metastasis. Two different level model consist of cell-level
and tissue-level are considered in their research (Figure1.1). As a solid model,
we can refer to the research carried out by Conte et all where a solid model
of the cells are investigated. They have developed a 3D finite element method
model of ventral furrow formation by decomposing the total deformation into
two parts: an imposed active deformation, and an elastic passive deformation
(Figure1.2).

(a) (b)

Figure 1.2: Solid model of cell by Conte et all (a) Experimental results and (b)
Numerical 3D results

1.1.2 Stretch in the living cell

With every beat of the heart, inflation of the lung or peristalsis of the gut, cell
types of diverse function are subjected to substantial stretch. Stretch is a potent
stimulus for growth, differentiation, migration, remodelling and gene expression
[17, 18]. Soft materials such as tomato ketchup, shaving foam and tooth paste
tend to fluidize when subjected to shear, as do granular materials including
sugar in a bowl, coffee beans in a chute and even certain geophysical strata
during an earthquake; each transforms from a solid-like to a fluid-like phase,
stiffness falls, and the material flows. Underlying microscopic stress-bearing el-
ements, or clusters of elements, interact with neighbours to form a network of
force transmission, but how flow is initiated and the nature of energy barriers
that must be overcome remain the subject of much current attention.
The response of a living cell to transient stretch would seem to be a different
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Figure 1.3: A single transient stretch drives fractional stiffness G′n down and
the phase angle δ up, indicating fluidization of the cytoskeleton. a, Evolution
of G′n of HASM cells after a single transient stretch of 0%, 2.5% (green), 5%
(blue) and 10% (red). b, Evolution of the phase angle after stretch application.

matter altogether. Very early literature shows that in response to application of
a physical force the cell acutely softens, but more recent literature uniformly em-
phasizes stiffening. Nevertheless, in 2007, Xavier Trepat and his group demon-
strate that the living cell promptly fluidizes and then slowly re-solidifies much
as do the inert systems. Moreover, underlying structural rearrangements on
the nanometre scale promptly accelerate and then slowly relax [22]. A novel
experimental system is developed by them in which they could model the vis-
coelastic behaviour of the living cells. They subject the adherent human airway
smooth muscle (HASM) cell to a transient isotropic biaxial stretch-unstretch
manoeuvre. They could then monitor, on the nanometre scale, cell mechanical
properties, remodelling dynamics and their changes.

In that work, stiffness after stretch relative to stiffness of the same cell imme-
diately before was denoted G′n. As shown in 1.3 a, when no stretch was applied,
this fractional stiffness did not change, but immediately after cessation of a
single transient stretch G′n promptly decreased and then slowly recovered. Im-
mediately after stretch cessation, the phase angle δ = tan−1(G′′/G′) promptly
increased and then slowly recovered, where for a hookean solid δ = 0.5 and for
a newtonian fluid δ = π

2 . In the living cell 0.15 ≤ δ ≤ 0.50, thus placing the
living cell closer to the solid-like state, and δ is virtually invariant with changes
of frequency, thus setting cytoskeleton rheology within the paradigms of struc-
tural damping and scale-free dynamics.

In the current study, in order to obtain the mentioned characteristics of the
living cells, a new numerical modelling is investigated based on the concept of
non-linear viscoelastic materials in loading and unloading paterns.
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1.1.3 Rheological models

The word viscoelastic is derived from the words ”viscous” + ”elastic”; a vis-
coelastic material exhibits both viscous and elastic behaviour a bit like a fluid
and a bit like a solid. One can build up a model of linear viscoelasticity by con-
sidering combinations of the linear elastic spring and the linear viscous dash-pot.
A non-linear theory can be developed by including non-linear springs and dash
pots. These are known as rheological models or mechanical models.
The two fundamental rheological laws for the modelling of viscoelasticity are
the Kelvin-Voigt and Maxwell models. The former is best suited for modelling
creep (strain relaxation) in a stress controlled test, while the latter is able to
reproduce stress relaxation in a displacement controlled test. The generalised
Maxwell model is a combination of the two models, and gathers the advantages
of both. It is therefore better suited for fitting general viscoelastic materials [25].
The characterization of the viscoelastic response of materials in one dimension
has been well studied [23, 24]. Its extension to multiple dimensions and its finite
element implementations in the linear regime where originally developed more
than thirty years ago [26, 27]. However, when extending these formulations to
finite elasticity, some internal variables and evolution laws must be hypothesised
and numerically solved [29, 30, 31]. Such evolution laws may be written as a
function of the principal stretches [28], or in materials with fibres, in terms of the
preferred material directions [32]. In these formulations, the elastic and viscous
stresses are numerically solved in a robust monolithic manner by using linear
viscoelastic evolution laws. Although this procedure may be advantageous in a
finite element context, it makes the resolution of problems with more complex
non-linearities hihgly dependent on the rheological law at hand.

1.2 Motivation and scope of thesis

The aim of this work is to model soft tissues by employing a simplified system
of visco-elastic bars. Such bars mimic the mechanical behaviour of the solid
skeleton of the cell (cytoskeleton), which is composed by filaments of different
width, mainly, from thicker to thinner: microtubules, intermediate filaments
and actin filaments. The rods of the model are able to reproduce non-linear
visco-elastic behaviour. The model will enable to test some of the postulated
evolution laws for the active deformation of cells (stress-dependent growth) and
for the strain-dependent elastic and viscous properties of the tissue.

Mathematically, the model must solve the non-linear equilibrium equations
of the three-dimensional bar system of tetrahedra (triangles in 2D), subjected
to some constraints such as contact and incompressibility. More specifically, we
aim to reproduce the following two sources of non-linearities:

i) Material non linearity: The material model corresponds to a generalised
Maxwell rheological law (a series of springs and dashpots, in parallel with a
spring element), with non-linear viscoelastic properties.

ii) Geometrical non-linearities: the bars are able to undergo large defor-
mations and displacements. The formulation is therefore able to describe the
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stress-strain relation in arbitrary orientations of the bars, yielding a non-linear
stress-strain description.

The rheological model developed here can show the linear or nonlinear be-
havior of the material through the specification of spring and dashpot. In order
to model the non-linear rheological law, the work includes the development of
a novel bar element that consists on the modelling of a series of bars, with the
middle nodes aligned along the line joining the end nodes, The model imposes
such material constraints using null-space projection and static condensation of
the internal coordinates (position of the middle nodes).

1.3 Outline of this work

The rest of this work are as following: In Chapter 2 viscoelastic rheological
models of tissues are presented containing the Maxwell model, Kelvin model and
Generalized model. The Monolithic solution of the Maxwell model as well as the
Maxwell element formulation are introduced in Section 2.1. In this Section, by
developing a new representation of the bar element, the corresponding stiffness
matrixes and elemental residuals are obtained based on the two methods of
null-space projection and static condensation. Then, the linear and non-linear
constitutive laws for elastic and viscous materials are studied. In Section 2.2
and 2.3, the Kelvin model and generalized Maxwell model are presented. The
process of stress recovery of the proposed model is given in Section 2.4. In
chapter 3, the numerical results related to one dimention, two dimention and
three dimention bar elements are shown to test the capability of the present
method. The summarized conclusions and the future work are discussed in
chapter 4.
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Chapter 2

Viscoelastic rheological
models

2.1 The Maxwell model

In this section first the Monolithic solution of the Maxwell model as well as the
elemental formulation are introduced. Then, by developing a new representation
of the bar element, the corresponding stiffness matrixes and elemental residuals
are obtained based on the two methods of null-space projection and static con-
densation. Finally, the linear and non-linear constitutive laws for elastic and
viscous materials are studied.

2.1.1 Monolithic solution

Although the methodology explained in this Section is easily extensible to multi-
dimensional analysis, we will focus on one dimensional rheological laws in order
to ease the exposition and to relate the results to the subsequent bar element.
We aim to deal with general elastic and viscous laws expressible in the forms:

σe(εe)

σv(ε̇v)
(2.1)

where σe and σv are the elastic and viscous stresses, εe and εv the elastic and
viscous strains and the superposed dot indicates time derivative. In the linear
case, relations (2.1) are expressed as,

σe = kεe

σv = ηε̇v
(2.2)

with k and η the material stiffness and viscosity, respectively. In a Maxwell
element we have that σe = σv = σ, while the strains must satisfy the following

9



kinematic constraint:

ε̇ = ε̇e + ε̇v (2.3)

with ε the total strain. Algorithms to numerically solve the equilibrium equa-
tions with this rheological law were originally proposed in [36, 37, 26]. In these
references, equations (2.2) and (2.3) are combined in order to isolate the stress
rate as follows,

σ̇ = k

(
ε̇− σ

η

)
which after time-discretisation, and setting σn+θ = (1 − θ)σn + θσn+1 and
∆(•))(•)n+1 − (•)n, allows us to express σn+1 as,

σn+1 =

(
1 +

kθ∆t

η

)−1(
k∆ε+

(
1 +

k∆t(θ − 1)

η

)
σn

)
By inserting this relation into the equilibrium equations, the current displace-
ments un+1 may be obtained. The extension of such algorithm to multidimen-
sional strain based viscoelasticity is straightforward. However, such procedure
cannot be applied to general non-linear elastic and viscous laws like those in
equation (2.1), or to analyses with large strains and displacements. In addition,
bearing in mind that we aim to model viscoelastic behaviour of biological tis-
sues formed by a network of unidimensional filaments, we propose an alternative
methodology in this Section which accounts in a simple manner for material and
geometrical non-linearities.

2.1.2 Maxwell element formulation

Bar kinematics and rheological splitting

The configuration of a bar element is defined by the positions of the two end
points. At the initial (stress-free) and current configurations, they are respec-
tively given by the couples (X1,X2) and (x1,x2).

The key idea consists in splitting the elastic and viscous components of a
viscoelastic bar in a series of two distinct elements, in the same manner as it is
done in equation (2.3). More specifically, the whole viscoelastic element, that
joints nodes x1 and x2, has an additional intermediate node x3 that determines
the elastic component (between nodes x1 and x3), and the viscous component
(between nodes x3 and x2) (see Figure 2.1a). The elastic and viscous elements
are allowed to have any general constitutive law.

As shown in Figure 2.1b, node x3 is constrained to move along the line
joining nodes 1 and 2, and its position is thus determined by an internal variable
λ as follows:

x3 = x1 + λ(x2 − x1)

10
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Figure 2.1: Representation of construction process of Maxwell element:(a) initial

2 elements, (b) constrained 2 elements where node 3 is enforced to move along

line between nodes 1 and 2, and (c) final element after static condensation of

internal dof λ.

or equivalently

φ := x3 − λ(x2 − x1) = 0. (2.4)

The total initial (stress-free) and total current lengths of the bar are obtained
as L = ‖X2−X1‖ and l = ‖x2−x1‖, respectively, while the elastic and viscous
lengths of the bar will be denoted by le = ‖x1 − x3‖ and lv = ‖x2 − x3‖. In
agreement with the rheological splitting, the scalar elastic and viscous strains
are defined by,

εe =
le − Le

L
, εv =

lv − Lv

L
. (2.5)

As it can be verified, these definition satisfy the relation ε = εe + εv, with
ε = (l − L)/L. We also point out that these strain measures are evaluated
along the arbitrary bar direction, and also that the relation between the length
measures le and lv, and the nodal positions xi is non-linear. Therefore, the
strain measures correspond to non-linear co-rotated strains which can handle
large bar displacements and rotations. Furthermore, since the value of l remains
unchanged after applying a rigid body motion, the strain measures employed
are objective.

We will next deduce a two-noded bar element with viscoelastic properties
which in the linear case (no large rotations) is equivalent to the monolithic rhe-
ological model described in Section 2.1.1. The advantage of such an element is
that it can handle any elastic and viscous constitutive laws, and can be employed
in analyses with large deformations and displacements. The process consists in
the following two basic steps: (i) the imposition of the kinematic constraint on
node x3 by resorting to the null-space method, and (ii) the static condensation
of the internal variable λ. These steps will be described in detail next.
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2.1.3 Null-space projection

We will assume that the global equilibrium of the elastic and viscous part of a
viscoelastic bar may constructed by assembling the following two general nodal
residuals, denoted by ĝe and ĝv, respectively:

ĝe =

{
ĝe1
ĝe3

}
, ĝv =

{
ĝv3
ĝv2

}
, (2.6)

where the subscripts denote the node to which each component is associated.
After assembling, the global residual ĝ and corresponding Jacobian K̂ are ob-
tained,

ĝ =

 ge1
ge3 + gv3
gv2

 =

 ĝ1

ĝ3

ĝ2

 , (2.7)

K̂ =

 Ke
11 Ke

13 0
Ke

31 Ke
33 + Kv

33 Kv
32

0 Kv
23 Kv

22

 =

 K̂11 K̂13 K̂12

K̂31 K̂33 K̂32

K̂32 K̂23 K̂22

 , (2.8)

which are conjugate to the virtual displacement vector {δxT1 , δxT3 , δxT2 }. The
total work (elastic and dissipated in the viscous element) is then expressed as:

W = {δxT1 δxT3 δxT2 }ĝ. (2.9)

On the other hand, the kinematic constraint in equation (2.4) induces the
following relation between the virtual counterparts:

δx3 = (1− λ)δx1 + (x2 − x1)δλ+ λδx2. (2.10)

This equation allows us to write the following relation between the uncon-
strained dof δ{xT1 λ xT2 } and the constrained dof δ{xT1 xT3 xT2 }:

δ

 x1

x3

x2

 =

 I 0 0
(1− λ)I x2 − x1 λI

0 0 I

 δ
 x1

λ
x2

 = Nδ

 x1

λ
x2

 .

The total virtual work in (2.9) may be now re-expressed as,

δW =
{
δxT1 δλ δxT2

}
NT ĝ =

{
δxT1 δλ δxT2

}
g̃,

where matrix N projects the residual ĝ onto the new residual g̃ := NT ĝ which
is conjugate to a reduced set of (unconstrained) variables, (δx1, δλ, δx2). In
fact, the first and third block columns of matrix N belong to the null-space of
∇φ, that is,

NT (∇φ)T =

 0
x2 − x1

0

 ,
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which allows us to solve the constrained system of equations ĝ = 0 as the
following unconstrained system which contains a reduced set of variables:

g̃ := NT ĝ = 0.

The second block of equations in NT ĝ, conjugate to δλ, corresponds to
solving the equation (x2 − x1)T (ge3 + gv3) = 0, which imposes equilibrium of
forces along the direction x1−x2. Other applications of the null-space method to
solve constrained systems of equations in the context of contact and multibody
dynamics can be found in [38, 39].

The Jacobian of the reduced residual g̃ is then equal to:

K̃ = NT K̂N + KN , (2.11)

where KN stems from the linearisation of matrix N and is equal to:

KN =

 0 −ĝ3 0

−ĝT3 0 ĝT3
0 ĝ3 0

 .
We note that we could alternatively define a constraint function solely de-

pendent on x1, x2 and x3 such as,

φ̂ :=

(
I− (x3 − x1)⊗ (x2 − x1)

‖x3 − x1‖ ‖x2 − x1‖

)
(x3 − x1),

and construct an alternative matrix N̂ such that N̂T (∇φ̂)T = 0. In this manner,
we would eliminate the equation conjugate to δλ and avoid using an additional
variable λ. We have instead kept this variable and used the reduction of the
two bar system described above to ease the expression of N and better deduce
from λ the elastic and viscous parts of the displacements. Furthermore, since the
variable λ is internal to each viscoelastic element, it can be statically condensed,
as it will be described next.

2.1.4 Static condensation of variable λ

We aim to further reduce the total number of dof of the elements by condensing
the internal variable λ. By using the following notation:

g̃ =

 g̃1

g̃λ
g̃2


K̃ =

 K̃11 K̃1λ K̃12

K̃λ1 K̃λλ K̃λ2

K̃21 K̃2λ K̃22

 ,
13



the static condensation may be achieved by eliminating from the second
block of rows of equation

K̃D

 x1

λ
x2

 = −g̃, (2.12)

the variable Dλ as follows:

Dλ = K̃−1
λλ

(
−g̃λ − K̃λ1Dx1 − K̃λ2Dx2

)
. (2.13)

Replacing this expression back into (2.12) yields the following reduced system
of equations:

K D

{
x1

x2

}
= −g,

where the vector g and Jacobian K are given by:

g =

{
g̃1 − K̃−1

λλ K̃1λg̃λ
g̃2 − K̃−1

λλ K̃2λg̃λ

}
(2.14)

K =

[
K̃11 − K̃−1

λλ K̃1λK̃λ1 K̃12 − K̃−1
λλ K̃1λK̃λ2

K̃21 − K̃−1
λλ K̃2λK̃λ1 K̃22 − K̃−1

λλ K̃2λK̃λ2

]
. (2.15)

Note that from equation (2.13) we can update λ from the iterative values
Dx1 and Dx2 as λk+1 = λk +Dλ.

The residual vector g corresponds to the nodal forces of a two noded bar
element that has been constructed by algebraically manipulating its initially
uncoupled elastic and viscous rheological laws. The general form of the latter
will be now particularised to common linear laws and to other more sophisticated
cases.

2.1.5 Application to linear and non-linear constitutive laws

Elastic element with linear law

The total elastic energy of a bar of total initial length L is determined in this
case by the following quadratic potential energy,

V =
L

2
k(εe)2, (2.16)

with εe the elastic strain defined in equation (2.5). We note that since L =
‖X1 − X2‖ 6= Le = ‖X1 − X3‖, the elastic strain εe differs from the total
strain, and also from the standard strain of the reduced element between node
x1 and x3, which is given by ε∗ = (le −Le)/Le. However, the relation between
the latter and εe may be deduced as

εe =
len+1 − Le

L
= λ0

len+1 − Le

Le
= λ0ε

∗,
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where λ0 is the value of parameter λ at the initial time t0. The value of λ0

does not affect the resulting elastic and viscous strains and stresses, as we have
numerically verified. In our numerical tests we will use λ0 = 0.5. For clarity, in
the remaining expressions, we will remove the subscript n+ 1.

The elastic stress is given by σe = ∂V/∂εe = kεe, while the elastic contribu-
tion to the bar residual, computed as ge = ∇xV , is explicitly given by,

ge = kεee13 =

{
ge1
ge3

}
, (2.17)

where we have defined the vector eij as

eij =
1

‖xi − xj‖

{
xi − xj
xj − xi

}
.

We emphasise that the relation between σ and εe is linear, but that the
resulting residuals are non-linear due to the relation between le and x1,x3.
After the assembling process, the resulting set of equations will be solved with a
full Newton-Raphson procedure. This requires the computation of the Jacobain
matrix, which is given by,

Ke = k
Le

Lle
e13 ⊗ e13 + k

εe

le

[
I −I
−I I

]
=

[
Ke

11 Ke
13

Ke
31 Ke

33

]
.

Elastic element with exponential law

Experiments on soft tissues have shown that the stiffness follows a exponential
law with respect to the strains [22]. In order to account for the phenomenology
of this biological scenario we adopt an elastic potential of the type:

V =
Lk0

2α

(
1− e−α(εe)2

)
. (2.18)

with α > 0 parameter depending on the material properties. By using this
function, the total stored elastic energy remains bounded, and after a given
maximum absolute value of the strain, the total elastic energy remains practi-
cally unchanged. The corresponding elastic stress is in this case given by,

σel =
∂V

∂εe
= k0ε

ee−α(εe)2 . (2.19)

It is worth highlighting that stress law in equation (2.19) can also be interpreted
in terms of a linear elastic material with a non-linear effective stiffness k =
k0e
−αε2 and stress-strain constitutive law σe = kεe. We note that the reversible

softening that such a potential induces is also in agreement with experimental
measurements of actin networks [40]. We do not attempt to physically explain
at the nano-scale the source of this softening, but we do aim to test rheological
laws that can reproduce at the micro-scale such behaviour.

When comparing the quadratic and exponential elastic potentials in (2.16)
and (2.24), it can be deduced that while in the former case the stored elastic
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energy is unbounded, in the latter case function V is limited. Figure 2.2a shows
the two kind of functions V , and in the exponential case, for two values of
α, which shows that the larger is α, the lower is the maximum stored elastic
energy. Figure 2.2b shows the corresponding stresses derived from the potential
functions. As it can be observed, the limitation on the maximum value of V also
implies that the elastic stress does not monotonically increase, but is eventually
reduced as εe increases.
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Figure 2.2: (a) Elastic potential V : quadratic function and exponential function

with α = 1, 2. (b) Corresponding stresses σe.

It is also worth pointing out that for a system of E bars, each one with
elastic energy V j , j = 1, . . . , E, the minimisation of the elastic equilibrium,
which is equivalent to the minimisation of the total elastic energy

∑
j V

j , is
also equivalent to the maximisation of the sum of the total effective stiffness
kTOT measured as

kTOT =

E∑
j=1

Ljkj =

E∑
j=1

Ljk0e
−α(εej )

2

, (2.20)

where εej is the elastic strain and initial stiffness of bar j. This fact can be
verified by noting that 2α∇xV = −∇xkTOT .

The contribution to the residual and the stiffness matrix of an elastic bar
with nodal ends in x1 and x3 is therefore,

ge = k0ε
ee−α(εe)2e13,

Ke =
k0

le
e−α(εe)2εe

[
I −I
−I I

]
+
k0

L
e−α(εe)2

(
Le

le
− 2α(εe)2

)
e13 ⊗ e13.

Viscous element with linear law

The residual stress of the viscous element with viscosity η is equal to σv = ηε̇v,

which acts along the direction x2 − x3, and with εvn+1 =
lvn+1−L

v

L the viscous
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strain. The viscous contribution to the total residual is then given by,

gv = ηε̇ve32. (2.21)

This contribution will be discretised in time by employing the time-step size
∆t = tn+1 − tn and the following time-stepping,

gvn+θ = η
lvn+1 − lvn
L∆t

e32,n+θ = λ0η
lvn+1 − lvn
Lv∆t

e32,n+θ, (2.22)

where

lvn+θ = ‖x2,n+θ − x3,n+θ‖,
lvn = ‖x2,n − x3,n‖,

gvn+θ = (1− θ)gvn + θgvn+1,

ei,n+θ = (1− θ)ei,n + θei,n+1,

with θ ∈ [0, 1] an algorithmic parameter. For θ = 0 and θ = 1 we recover the
backward and forward Euler time-stepping algorithms. From equation (2.22), it
follows that the load contribution at time tn+1, to be assembled together with
the elastic part deduced in Sections 2.1.5 or 2.1.5, reads

gvn+1 =
θ − 1

θ
gvn +

η

θL

lvn+1 − lvn
∆t

e32,n+θ =

{
gv3
gv2

}
. (2.23)

For the particular case when θ = 0, the current viscous length lvn+1 may be
derived from the previous residual contribution gvn and equation (2.22). In all
other cases, the solution of a non-linear system of equations is required, which
may be solved by using the following corresponding Jacobian:

Kv =
η

θL∆t
e32,n+θ ⊗ e32,n+1 −

η

L∆t

lvn+1 − lvn
lvn+θ

e32,n+θ ⊗ e32,n+θ

+
η

L∆t

lvn+1 − lvn
lvn+θ

[
I −I
−I I

]
=

[
Kv

33 Kv
32

Kv
23 Kv

22

]
.

Viscous element with exponential law

Similarly to the elastic case, it has been experimentally observed that the ma-
terial viscosity may decresase after an imposed stretching process [22]. In order
to mimic such a behaviour at the micro-scale level, we suggest the following
non-linear viscous law:

gv = η0e
−β(εv)2 ε̇ve32 (2.24)

In this case, the factor η = η0 exp−β(εv)2 has the role of strain-dependent
effective viscosity that decreases as the viscous strain increases. The time in-
tegration of the previous equation is resolved resorting again to a θ−averaged
time-stepping,

gvn+θ = η0e
−β(εvn+θ)2 ∆εv

∆t
e32,n+θ
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As a result, the internal force vector and the associated Jacobian read,

gvn+1 =
θ − 1

θ
gvn +

η0

θL∆t
e−β(εvn+θ)2(lvn+1 − lvn)e32,n+θ

Kv =e−β(εvn+θ)2 η0

θL∆t
e32,n+θ ⊗ e32,n+1

− e−β(εvn+θ)2 η0

L∆t
(lvn+1 − lvn)

(
1

lvn+θ

+
2βεvn+θ

L

)
e32,n+θ ⊗ e32,n+θ

+ e−β(εvn+θ)2 η0

L∆t

lvn+1 − lvn
lvn+θ

[
I −I
−I I

]

2.2 The Kelvin (Voigt) model

The Kelvin model is shown in Fig 2.3a where a spring element(purely elastic)
and dashpot element(one purely viscous) are connected in parallel. The spring

η

k

(a)

k2

k1 η

(b)

Figure 2.3: (a)The Kelvin model.(b)The generalised Maxwell model.

and dashpot element have the following strees-strain relations according to 2.1:

σe = Eε (2.25)

σv = ηε̇ (2.26)

with k and η the material stiffness and viscosity, respectively. The modelling of
Voigt elements does not represent major difficulties, since it corresponds to the
superposition of the elastic and viscous stresses(2.27), with εe = εv .

σ = σe + σv (2.27)

The same models previously described in section 2.3 may be employed for the
Kelvin element, replacing in the linear case, x3 by x2, and in the viscous case
x3 by x1.
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2.3 The generalised Maxwell model

The Maxwell and Kelvin models are the simplest, two-element models. More re-
alistic material responses can be modelled using more elements. The generalised
Maxwell model is shown in Fig 2.3b, is a three element model that effectively
combines the Maxwell Model and a spring in parallel. A viscous material is
modeled as a spring and a dashpot in series with each other, both of which are
in parallel with a lone spring.
In order to model this system, the following physical relations must be realized:

For parallel components:

σtot = σ1 + σ2 and εtot = ε1 = ε2 (2.28)

For series components:

σtot = σ1 = σ2 and εtot = ε1 + ε2 (2.29)

These relationships help relate the various stresses and strains in the overall
system and the Maxwell arm:

σtot = σm + σe1 (2.30)

εtot = εm = εe1 (2.31)

σm = σv = σe2 (2.32)

εm = εv + εe2 (2.33)

where the subscripts 1 and 2 denote the first and second spring, and the super-
scripts m, v, e refer to Maxwell, viscous and elastic components respectively.

The corresponding viscous Jacobian matrix Kv, elastic Jacobian matrix Ke,
viscous stress vector gv and elastic stress vector ge of the generalized Maxwell
model can be obtained by superposition of the Maxwell model (section 2.1) and
a single spring model (purely elastic), in parallel.

2.4 Stress recovery

The main aim of this section is to get a distribution of the stress field. In order
to obtain the stress values, we have two options:

(i) Using the nodal displacement u: Having obtained the nodal displacement
for each truss element, stress values are to be calculated from the derivatives of
the displacement (strains), which in our case would be discontinuous. In this
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Figure 2.4: The bar elements connected to the node.

case, we would require to compute a continuous strain field ε(u), and retrieve the
stress, from an assumed strain-stress relationship for the solid elements. There-
fore, due to the non-linearities of the material which is modeled with trusses, it
is not easy to deduce a valid strain-stress relationship.

(ii) Using the elemental truction t: In this work, we assume that the trac-
tions result from a nodal stress, i.e t = σn with n =

(
nx ny nz

)
as the

vector director. This relation may not be satisfied for all elements connected to
the node. Hence, we will use the following definition of the error between the
nodal stress σ̂ and the all elemental tructions ti acting on a node:

E =

n∑
i=1

||N iσ̂ − ti||2 (2.34)

where N contains the components of the normal vector and σ̂ is nodal
stresses which are supposed to be determined, n is the number of bar element
connected to the node and t is the known traction for each element. For a 2D
bar element, N and σ̂ can be expressed as

N =

(
nx ny 0
0 nx ny

)
(2.35)

σ̂ =

 σxx
σxy
σyy

 (2.36)

We will evaluate σ̂ by the minimizing this error. The minimization of the equa-
tion (2.34) gives,

Aσ̂ = b (2.37)
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where

A =

n∑
i=1

N iTN i (2.38)

b =

n∑
i=1

N iT ti (2.39)

The above one can be solved to get unknowns σ̂ as follows:

σ̂ = A−1b (2.40)

Proposition 1: The solution of the above equation is unique, if the vectors
director ni of the elements connected to the node span Rd, with d the space
dimensions.

Proof: See appendix A.
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Chapter 3

Results

In all the subsequent examples the non-linear equations are solved with θ = 0.5,
which has ensured in all cases numerically stable results.
All analyses were conducted using the following software: MATLAB R2011a,
Gid.10.1.4d.

3.1 One dimension bar element

3.1.1 Creep of one bar element - Linear elasticity

We first compare the solutions of a generalised Maxwell bar element using a
linear viscoelastic rheological law. A unit length bar is stretched by fixing the
left end of the bar and applying a triangular load profile at the right end, as
shown in Figure 3.1 a. The material properties employed are k0 = η = 1.0 and
∆t = 0.1, which was sufficient to achieve convergence in 4 iterations per time
increment. The resulting horizontal displacements u at the right node when
using the monolithic solution process and the null-space are shown in Figure
3.1b, which exactly coincide. The trend of the displacements history after time
t = 2 reproduce the common creep process that takes place for a fixed applied
stress. In our case the strain approaches asymptomatically the zero value.
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Figure 3.1: 1 bar element with an applied load. (a) Geometry, material proper-

ties and boundary conditions. (b) Displacement of the right node.

3.1.2 Stress relaxation of one bar element - Exponential

elasticity

It has been experimentally tested that the network of actin filaments softens
after a pre-stretch is applied, while the viscosity decreases, but to a lesser extent
[22]. Furthermore, after a given period of time (independent of the amount of
pre-stretch), the material recovers the initial elastic and viscous properties.

We have reproduced this behaviour by using the exponential law presented
in Subsection 3.3.5. A single bar element with Maxwell rheological behaviour
undergoes a prescribed strain imposed by the displacement history shown in
Figure 3.2a. As indicated by the resulting stiffness in equation (2.19), the effec-
tive stiffness decreases as εe increases, and this reduction is more pronounced
as the material parameter α increases.

As it can be observed in Figure 3.2b, the effective stiffness k = k0e
−α(εe)2

decreases when α increases from 1 to 100 during the times that the elastic
strain is larger. For t > 2 the global bar remains undeformed while stresses
asymptotically recover their original value in a time interval of the order of the
unity. It is worth observing that a behaviour of this sort can be experimentally
observed when performing stretch cycles on in vitro epithelial-cell layers [22],
although with a recovery time considerably longer than those here achievable
in silico when adopting the non-linear Maxwell element shown in Figure 3.2.
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Figure 3.2: 1 bar element with constrained displacements. (a) Geometry, ma-

terial properties and boundary conditions. (b) Value of the effective stiffness

k = k0e
−α(εe)2 .

3.1.3 Bar element with non-linear viscosity

In order to model the drop in viscosity observed and quantified in [22] when an
epithelial-cell layer is subject to a stretching cycle, we will apply the non-linear
viscous law given in equation (2.24), and test the effects that the value of the
material parameter β has on the evolution of the effective viscosity η. We have
used one single bar element subjected to the same boundary conditions applied
in the previous example, with k0 = 1, η0 = 1 and α = 100 (see Figure 3.3).

ū

ū

1

t

0 2 4

0.1

L = 1

k0 = 1, η0 = 0.5, α = 100, β

Figure 3.3: 1 bar element with constrained displacements. Geometry, material

properties and boundary conditions.

Figure 3.4 shows the evolution of the effective stiffness and viscosity when
β = 0 (linear viscosity) and β = 100. While in the former case the values
are exactly to those tested in the previous example with α = 100 (constant
viscosity), in the latter case the viscosity is reduced by 40%. More importantly,
the variation of α has minimal effects on the evolution of the effective stiffness,
which allows to fit the parameters α and β independently.
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Figure 3.4: 1 bar element with non-linear viscosity. Evolution of (a) the effec-

tive viscosity η = η0e
−β(εv)2 and (b) the effective stiffness k = k0e

−α(εe)2 , for

different values β.

3.2 Two dimensional elastic square

In this section, two dimensional test cases are presented in order to check the
convergence of the method using different meshes. Since the continua and truss
system are different problems, the convergence should not be expected but we
can measure the degree of discrepancy. By neglecting the deformation and stress
respect to viscous part, the elastic behavior of the tissues are only considered
in this example based on the Kelvin model. The linear constitutive law as the
example of section 3.1.1 is implemented here for the bar elements.

      Ux=0

      Uy=0

(a)

t

u

0.05

(b)

Figure 3.5: Dirichlet boundary conditions.

The material properties employed are k0 = 1, η = 0 and ∆t = 0.025 which
was sufficient to achieve convergence in 3 iterations per time increment. As
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shown in Figure 3.5a, a unique square domain is assumed for this test with a
defined displacement ū= 0.05 and applying a step loading (Figure 3.5 b) along
the x direction. The domain has been constructed by meshing with triangle and
converting the edges of the triangle into bar elements. Two different meshes
types M1 and M2 are created while for each one four mesh sizes h = 0.5, 0.25,
0.1 and 0.05 are assumed (Figure 3.6).

(a) Mesh M1 (b) Mesh M2

Figure 3.6: Implemented meshes with h = 0.25

The obtained nodal stress values (see section 2.6 for the details) of the first
increment corresponding to different meshes are shown in Figure 3.8. It can be
observed that despite the fact that the computed stresses has the same trend
as the analytical solution, some discrepancy exist.

In order to recover this discrepancy, we will use Ei as the nodal error at
node i (the difference between the recovered and the analytical stress) obtained
from equation (2.34). The corresponding nodal values are printed in Figure 3.9,
showing that a suitable level of error is resulted inside the domain for both mesh
types M1 and M2 and also the error appears to depend on the truss topology.
Indeed, the error over the domain EΩ can be expressed as:

EΩ =

∫
Ω

E(x)dΩ (3.1)

where we use a finite element interpolation to get an error field E(x) from the
nodal errors Ei as,

E(x) =
∑
i

EiN i(x) (3.2)

with N i the shape function of node i, and Ω the domain area.

The convergence plot of mentioned error corresponding to the mesh types
M1 and M2 are presented in Figure 3.7. The truss system and the continuous
model are substantially different; therefore, a reduction of the error can not
be expected. Nevertheless, the convergence plot shows that the error does not
increase as h diminishes for meshes M1 and M2.
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Figure 3.7: Convergence graph

The analysis of the current method for different poisson ratios corresponding
to different mesh topologies is out of the scope of this thesis but can be found
in [41].

3.3 Three dimension non-linear tissue

The same exponential law used in the example of Section 3.1.2 is now applied to a
three-dimensional network of bars that may be reasonably assumed to represent
the global actin network crossing through cells in an epithelial tissue. A generic
specimen with dimensions 1.0×1.0×0.0625 and with a prescribed displacement
ū along the x direction has been tested (see Figure 3.10a). The tissue has
material properties k0 = 1, η = 0.5 and α = 100, and has been constructed by
meshing with tetrahedra the external parallelepiped, and converting the edges
of the tetrahedra into bar elements. As a result, we have obtained in total
E = 2473 bar elements.

Due to the stretching, the material undergoes a softening effect in the x
direction. Figure 3.10b shows the deformed configuration with ū = 0.1 at the
time if highest strain, together with the contour plot of the values of the effective
stiffness k = k0e

−α(εe)2 . As expected, those bars aligned to the x direction have
their effective stiffness further reduced than those aligned to the y or z direction.

Figure 3.11a shows for two values of maximum stretch, the evolution of the
averaged total effective stiffness kTOT , computed as

k̄TOT =
1

Nb

E∑
i=1

ki.

Although the boundary conditions are similar to those in the 1 bar element
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of Section 3.1.2, the reduction in k̄TOT is far smaller in the present case. This is
due to the fact that the effective stiffness is averaged among all bars, regardless
of their orientation, while the applied strain is highly anisotropic. In fact, during
the stretching process, some bars have their effective stiffness reduced 49%, while
the stiffness of other bars, mostly perpendicular to the stretch, remains nearly
unaffected.

Figure 3.11b shows the evolution of the sum of the reactions in the x di-
rection on the moving boundary, denoted by Rx. Due to the softening of the
material, the rate Rx decreases when the elastic strain increases. After time
t = 1, the rate of Rx is in fact recovered, but with opposite sign. When the ap-
plied displacement equals zero, the elastic strain progressively reduces to zero,
and consequently also does the total reaction, mimicking the stress relaxation
process. The overall behaviour is similar to a single viscoelastic Maxwell bar
element, but now obtained from a 3D network.
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(a) Mesh M1 with h=0.5 (b) Mesh M2 with h=0.5

(c) Mesh M1 with h=0.25 (d) Mesh M2 with h=0.25

(e) Mesh M1 with h=0.1 (f) Mesh M2 with h=0.1

(g) Mesh M1 with h=0.05 (h) Mesh M2 with h=0.05

Figure 3.8: contour plots of the computed nodal stress
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(a) Mesh M1 with h=0.5 (b) Mesh M2 with h=0.5

(c) Mesh M1 with h=0.25 (d) Mesh M2 with h=0.25

(e) Mesh M1 with h=0.1 (f) Mesh M2 with h=0.1

(g) Mesh M1 with h=0.05 (h) Mesh M2 with h=0.05

Figure 3.9: contour plots of the computed nodal error
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ūx

(a) (b)

Figure 3.10: (a) Geometry and boundary conditions of the 3D tissue example.

(b) Deformed configuration at t = 1, with values of k = k0e
−α(εe)2 (b), where

dark red indicates k = 1 and dark blue indicates k ≈ 0.5.
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ūx = 0.05

(a)

0 0.5 1 1.5 2 2.5 3 3.5 4
−1.5

−1

−0.5

0

0.5

1

1.5

2
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Figure 3.11: (a) Evolution of total effective stiffness kTOT . (b) Sum of the x

component of the reactions on the nodes with prescribed displacement ū.
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Chapter 4

Conclusions and further

work

We have applied the methodology to model reversible stiffness softening - a non-
linear elastic and viscous behaviour that has been experimentally observed in
biomechanical tests performed on epithelial lung cell monolayers [22]. We have
developed a general framework for the modelling of a viscoelastic material us-
ing a system of bars, which can easily handle non-linear constitutive laws. The
model was developed to simulate global actin-network dynamics in soft tissues
but can be equally applied to other engineering problems, and may be easily
extended to include other non-linear effects such as incompressibility constraints
or growth. The key ingredient of the formulation is the splitting of the elastic
and viscous parts into two parts, which are joined together in a single element
by using null-space projection of the constraints and static condensation. Appli-
cation of the method to both 2D and 3D cases showed this simple model is able
to capture the salient properties observed there in vivo, that is the reversible
softening of the tissue during the stretching process, and the eventual recovery
of the initial stiffness.

No topology changes of the network are included in the model. This feature is
in fact relevant for the modelling of some morphogenetic movements where some
invasive cells replace other regions of the tissue that are absorbed. Some exam-
ples are germband extension in Drosophila Melanogaster or epiboly in Zebrafish
embryos, or the alignment of fibroblast during the segmentation of Drosophila.
In such cases, the other relevant features that have not been included so far are
the effect of morphogen concentration onto the cell activity. It has been known
that gens are expressed according to the concentration of some proteins (mor-
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phogens). This gens are in turn responsible of the cell active deformations, and
therefore are part of a mechano-diffusion system. Some recent attempts exist
in the literature, where the mechanical model is coupled with diffusion-reaction
equations, but not in the context of embryo development. Such possibility may
be easily included in the proposed thesis in order to study the still unexplored
biomechanical repercussions of such additional concentration field. Indeed, the
present model is not sufficient to simulate the change of the scale, Hence, it
can be extended to consider the changes in rest length (remodelling) to match
recovery time.
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Appendix A

Uniqueness Proof

In Section 2.4, it is shown that the unknown stress σ̂ are defined by minimization
of the stress error E, which gives

Aσ̂ = b

with

A =
∑
j

NT
j N j

b =

n∑
i=1

N iT ti

By definition, matrix A is semi positive definite. Therefore, the uniqness of the
solution is equivalent to the following condition:

σTAσ =
∑
j

σnj .σnj = 0⇒ σ = 0 (A.1)

But, ∑
j

σnj .σnj =
∑
j

||tj ||2 (A.2)

So
σTAσ = 0⇒ tj = 0,∀j (A.3)

i.e., condition A.1 implies that,

tj · ei = 0,∀i, j (A.4)
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Setting nj = αkjek we have that,

tj · ei = αkjσek · ei =
∑
k

αkjσik (A.5)

Therefore, equation (A.3) is equivalent to,∑
k

αkjσik = 0,∀i, j (A.6)

By denoting by σi the i-th row of the tensor σ, this condition may be also
expressed as,

nj · σi = 0,∀i, j (A.7)

that is, the vectors nj are orthogonal to each one of the rows of σ. If the vectors
nj span the whole space Rd, this is only possible when σi = 0, as we wanted to
proof.
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