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Devwudfw

Zh dqdo|}h wkh g|qdplf ehkdylru dqg wkh zhoiduh surshuwlhv ri wkh htxl0

oleulxp sdwk ri d jurzwk prgho zkhuh erwk kdelwv dqg frqvxpswlrq h{whuqdo0

lwlhv d�hfw wkh xwlolw| ri frqvxphuv1 Zh glvfxvv wkh h�hfwv ri �dw udwh lqfrph

wd{hv dqg fkdudfwhul}h wkh rswlpdo lqfrph wd{dwlrq srolf|1 Zh vkrz wkdw/ zkhq

frqvxpswlrq h{whuqdolwlhv dqg kdelw dgmxvwhg frqvxpswlrq duh qrw shuihfw vxe0

vwlwxwhv/ d frxqwhu0f|folfdo lqfrph wd{ udwh doorzv wkh frpshwlwlyh htxloleulxp

wr uhsolfdwh wkh h�flhqw sdwk1 Rxu dqdo|vlv kljkoljkwv wkh fuxfldo uroh sod|hg

e| frpsohphqwdulwlhv ehwzhhq h{whuqdolwlhv dqg kdelwv lq rughu wr jhqhudwh dq

lqh�flhqw g|qdplf htxloleulxp1

MHO fodvvl�fdwlrq frghv= G<4/ H95/ R731

Nh|zrugv= Kdelw Irupdwlrq/ Frqvxpswlrq H{whuqdolwlhv/ Rswlpdo Wd{dwlrq1
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Lq wklv sdshu zh dqdo|}h wkh g|qdplf ehkdylru dqg wkh zhoiduh surshuwlhv ri d

ghwhuplqlvwlf hqgrjhqrxv jurzwk prgho zkhuh lqglylgxdo suhihuhqfhv duh vxemhfwhg

wr d surfhvv ri kdelw irupdwlrq dqg wkh dyhudjh ohyho ri frqvxpswlrq ri wkh hfrqrp|

d�hfwv lqglylgxdov* iholflw|1 Wkhvh wzr ghsduwxuhv iurp vwdqgdug vshfl�fdwlrqv ri

suhihuhqfhv kdyh ehhq lqwurgxfhg lq vhyhudo prghov lq rughu wr dffrxqw iru vrph

hpslulfdo skhqrphqd wkdw fdqqrw eh h{sodlqhg xqghu pruh wudglwlrqdo irupv ri wkh

xwlolw| ixqfwlrq1

Rq wkh rqh kdqg/ rxu frqvxphuv zloo irup kdelwv vr wkdw wkh| zloo qrw ghulyh

xwlolw| iurp wkh devroxwh ohyho ri wkhlu frqvxpswlrq exw iurp wkh frpsdulvrq ri wkh

ohyho ri fxuuhqw frqvxpswlrq zlwk wkdw lq wkh suhylrxv shulrg1 Wkh suhvhqfh ri wklv

surfhvv ri kdelw irupdwlrq kdv txdolwdwlyh frqvhtxhqfhv iru wkh g|qdplf rswlpl}dwlrq

sureohp idfhg e| frqvxphuv vlqfh/ zkhq wkh| fkrrvh wkhlu fxuuhqw frqvxpswlrq/ wkh|

duh dovr vhohfwlqj d vwdqgdug ri olylqj wkdw zloo eh frpsduhg zlwk wkh ohyho ri ixwxuh

frqvxpswlrq1 D txlwh reylrxv lpsolfdwlrq eurxjkw derxw e| wkh suhvhqfh ri kdelwv

lv wkdw lqglylgxdov zloo glvolnh pruh wr h{shulhqfh fkdqjhv dorqj wkh frqvxpswlrq

sdwk1 Wklv lv vr ehfdxvh/ dv kdelwv ghfuhdvh wkh xwlolw| ghulyhg iurp d jlyhq dprxqw

ri fxuuhqw frqvxpswlrq/ frqvxphuv duh ohvv zloolqj wr vxevwlwxwh frqvxpswlrq dfurvv

shulrgv1 Lq rwkhu zrugv/ wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq wxuqv rxw wr

eh orzhu lq htxloleulxp1 Pruhryhu/ vlqfh sdvw frqvxpswlrq ehfrphv qrz d vwdwh

yduldeoh/ wkh g|qdplf ehkdylru ri wkh hfrqrp| zloo eh dovr txdolwdwlyho| d�hfwhg e|

wkh lqwurgxfwlrq ri kdelwv1

Vrph ri wkh lpsolfdwlrqv ri kdelw irupdwlrq iru wkh surfhvv ri fdslwdo

dffxpxodwlrq kdyh ehhq glvfxvvhg lq wkh vhplqdo frqwulexwlrq ri U|ghu dqg Khdo

+4<:6, dqg lq wkh pruh uhfhqw sdshuv ri Fduuroo hw do1 +4<<:/ 5333,1 Frqfhuqlqj

dvvhw sulflqj prghov/ wkh ghfuhdvh lq wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq gxh

wr kdelw irupdwlrq lv lq idfw htxlydohqw wr dq lqfuhdvh lq wkh htxloleulxp ydoxh ri wkh

lqgh{ ri uhodwlyh ulvn dyhuvlrq1 Dffruglqj wr Phkud dqg Suhvfrww +4<;8,/ wkh hpslulfdo

gl�huhqfh ehwzhhq dyhudjh uhwxuqv wr vwrfnv dqg dyhudjh uhwxuqv wr Wuhdvxu| eloov

zrxog phdq wkdw lqyhvwruv duh lpsodxvleo| dyhuvh wr ulvn1 Wkh kljkhu ulvn dyhuvlrq

lpsolhg e| wkh suhvhqfh ri kdelwv kdv ehhq xvhg e| vhyhudo dxwkruv wr jhqhudwh kljkhu

ulvn suhpld lq htxloleulxp dqg/ khqfh/ wr vhuyh dv d srwhqwldo uhvroxwlrq ri wkdw htxlw|

suhplxp sx}}oh1�

Rq wkh rwkhu kdqg/ wkh frqvxphuv* xwlolw| zloo ghshqg rq wkh dyhudjh ohyho ri

frqvxpswlrq lq wkh hfrqrp|1 Wkhvh vslooryhuv iurp wkh rwkhuv* frqvxpswlrq pd|

hlwkhu lqfuhdvh ru ghfuhdvh wkh pdujlqdo xwlolw| ri rzq +kdelw dgmxvwhg, frqvxpswlrq1

Lq wkh �uvw fdvh/ suhihuhqfhv glvsod| wkh w|slfdo _nhhslqj xs zlwk wkh Mrqhvhv% ihdwxuh
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vlqfh frqvxpswlrq ri rwkhu lqglylgxdov pdnhv pruh ydoxdeoh d pdujlqdo lqfuhdvh ri

rzq frqvxpswlrq1 Jdo�� +4<<7, kdv vkrzq lq d vwrfkdvwlf frqwh{w wkdw/ zkhq dyhudjh

frqvxpswlrq h{klelwv qhjdwlyh h{whuqdolwlhv +l1h1/ lw ghfuhdvhv wkh pdujlqdo xwlolw|

ri rzq frqvxpswlrq, wkh htxloleulxp ulvn suhplxp lqfuhdvhv1 Wkhuhiruh/ qhjdwlyh

frqvxpswlrq h{whuqdolwlhv dovr surylgh d srwhqwldo uhvroxwlrq ri wkh diruhphqwlrqhg

htxlw| suhplxp sx}}oh1 Wklv h�hfw rq wkh dwwlwxgh ri lqglylgxdov wrzdugv ulvn kdv dovr

lpsolfdwlrqv iru wkh htxloleulxp ydoxh ri wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq

dqg/ wkxv/ rq wkh g|qdplf ehkdylru ri ghwhuplqlvwlf prghov ri fdslwdo dffxpxodwlrq1

Wkh jurzwk prgho zh zloo xvh lq wklv sdshu lv d yhu| vw|ol}hg rqh1 Jurzwk ri

lqfrph shu fdslwd zloo dulvh iurp dq Dn0w|sh surgxfwlrq ixqfwlrq dv lq Uhehor +4<<4,1

Xqghu vwdqgdug suhihuhqfhv/ wkh jurzwk udwh ri wklv prgho glvsod|v qr wudqvlwlrq1

Wklv lv vr ehfdxvh wkh lqwhuhvw udwh lv frqvwdqw dqg/ wkxv/ wkh udwh ri frqvxpswlrq

jurzwk lpphgldwho| mxpsv wr lwv vwdwlrqdu| ydoxh1 Krzhyhu/ zkhq kdelw irupdwlrq

lv suhvhqw/ wkh vwrfn ri sdvw frqvxpswlrq dw d jlyhq shulrg lv �{hg dqg/ wkxv/ wkh

surfhvv ri fdslwdo dffxpxodwlrq ohdgv wr d qrq0lqvwdqwdqhrxv dgmxvwphqw ri vxfk

d frqvxpswlrq uhihuhqfh1 Wkhuhiruh/ lq rxu prgho wudqvlwlrqdo g|qdplfv zloo eh

h{foxvlyho| gulyhq e| suhihuhqfhv1

Dv fdq eh hdvlo| ghgxfhg iurp rxu suhylrxv glvfxvvlrq/ fkdqjhv lq wkh sdudphwhuv

phdvxulqj wkh vwuhqjwk erwk ri kdelwv dqg ri frqvxpswlrq vslooryhuv zloo d�hfw wkh

htxloleulxp ydoxh ri wkh lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq dqg/ wkxv/ wkh vshhg

dw zklfk wkh hfrqrp| frqyhujhv wrzdugv lwv vwdwlrqdu| htxloleulxp1 Lq sduwlfxodu/

zh zloo vkrz wkdw erwk vwurqjhu kdelwv dqg vwurqjhu vslooryhuv zloo uhgxfh wkh

udwh ri frqyhujhqfh1 Vhyhudo jurzwk prghov irxqg lq wkh olwhudwxuh/ zklfk dvvxph

vwdqgdug lqwhu0whpsrudoo| lqghshqghqw suhihuhqfhv/ h{klelw dq deqrupdoo| kljk vshhg

ri frqyhujhqfh1 Iru lqvwdqfh/ Ruwljxhlud dqg Vdqwrv +4<<:, uhsruw wkdw uhdvrqdeoh

fdoleudwlrqv ri vhyhudo vwdqgdug jurzwk prghov glvsod| udwhv ri frqyhujhqfh wkdw olh

durxqg :(1 Wkhuhiruh/ wkh lqwurgxfwlrq ri hlwkhu kdelwv ru frqvxpswlrq vslooryhuv

pdnhv wkh wkhruhwlfdo ydoxh ri wkh frqyhujhqfh udwh forvhu wr wkdw vxssruwhg e|

hpslulfdo hylghqfh/ zklfk lv durxqg 5(1

Frqvxpswlrq h{whuqdolwlhv frqvwlwxwh dq reylrxv srwhqwldo vrxufh ri lqh�flhqf|

vlqfh lqglylgxdov gr qrw wdnh wkhp lqwr dffrxqw zkhq wkh| fkrrvh wkhlu lqglylgxdo

frqvxpswlrq sdwkv1 Lq d fhqwudol}hg hfrqrp| d vrfldo sodqqhu lqwhuqdol}hv wkrvh

frqvxpswlrq vslooryhuv dqg wkh uhvxowlqj frqvxpswlrq sdwk frxog qrw frlqflgh zlwk

wkh frpshwlwlyh rqh1 Krzhyhu/ li erwk wkh frpshwlwlyh hfrqrp| dqg wkh vrfldoo|

sodqqhg hfrqrp| kdyh edodqfhg jurzwk sdwkv/ wkhq wkh frpshwlwlyh dqg wkh vrfldoo|

sodqqhg sdwkv ri frqvxpswlrq frlqflgh1 Wkxv/ frqvxpswlrq h{whuqdolwlhv wxuq rxw

wr eh luuhohydqw lq whupv ri wkh zhoiduh surshuwlhv ri wkh frpshwlwlyh htxloleulxp1

Wkh uhdvrq iru wklv luuhohydqfh lv wkdw/ li wkhuh h{lvw frpshwlwlyh dqg h�flhqw sdwkv

iru zklfk frqvxpswlrq lv jurzlqj dw d frqvwdqw udwh/ wkhq wkh ixqfwlrqdo irup ri

wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq frqvxpswlrq dw gl�huhqw gdwhv ri dq

lqglylgxdo ehkdylqj frpshwlwlyho| pxvw eh wkh lghqwlfdo wr wkdw ri wkh vrfldo sodqqhu1

Krzhyhu/ zh zloo vhh wkdw zkhq zh dgg d surfhvv ri kdelw irupdwlrq wr lqglylgxdo

suhihuhqfhv/ wkh frpshwlwlyh htxloleulxp pljkw idlo wr eh h�flhqw1 Lq idfw/ hyhq li zh

suhvhuyh wkh h{lvwhqfh ri frpshwlwlyh dqg h�flhqw edodqfh jurzwk sdwkv/ lqh�flhqflhv

dulvh zkhqhyhu kdelw dgmxvwhg frqvxpswlrq dqg dyhudjh frqvxpswlrq hqwhu dv qrw

shuihfw vxevwlwxwhv lq wkh xwlolw| ixqfwlrq ri lqglylgxdov +olnh/ iru lqvwdqfh/ lq wkh
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pxowlsolfdwlyh vshfl�fdwlrq ri Fduuroo hw do1/ 4<<:,1 Lq wklv frqwh{w zh fdq fkdudfwhul}h

wkh lqfrph wd{ udwh wkdw doorzv wr lpsohphqw wkh vrfldoo| sodqqhg vroxwlrq1 Wklv

rswlpdo wd{ udwh wxuqv rxw wr eh frxqwhu0f|folfdo vlqfh wkh h�flhqw sdwk h{klelwv d

udwh ri frqyhujhqfh wr wkh vwdwlrqdu| htxloleulxp wkdw lv kljkhu wkdq wkh frpshwlwlyh

rqh1 Pruhryhu/ wklv wd{ udwh whqgv wr }hur lq wkh orqj uxq vlqfh qr lqh�flhqflhv

dsshdu dorqj d edodqfhg jurzwk sdwk1

Wkh sodq ri wkh sdshu lv wkh iroorzlqj1 Vhfwlrq 5 suhvhqwv wkh hqgrjhqrxv

jurzwk prgho zlwk rqo| frqvxpswlrq vslooryhuv1 Lw lv vkrzq wkdw qr vxe0rswlpdolw|

dulvhv zkhq erwk wkh frpshwlwlyh hfrqrp| dqg wkh vrfldoo| sodqqhg hfrqrp| kdyh d

edodqfhg jurzwk sdwk1 Vhfwlrq 6 dggv wr wkh suhylrxv prgho d vlpsoh surfhvv ri kdelw

irupdwlrq lq frqvxpswlrq dqg ghulyhv wkh gl�huhqfh htxdwlrqv gh�qlqj wkh g|qdplf

frpshwlwlyh htxloleulxp1 Lq vhfwlrq 7 zh dqdo|}h wkh g|qdplfv ri wkh frpshwlwlyh

htxloleulxp durxqg lwv vwhdg| vwdwh/ zkloh lq Vhfwlrq 8 zh fkdudfwhul}h wkh vkruw uxq

dqg wkh orqj uxq h�hfwv ri fkdqjhv lq wkh lqfrph wd{ udwh dqg lq wkh suhihuhqfh

sdudphwhuv phdvxulqj wkh lpsruwdqfh ri kdelwv dqg vslooryhuv1 Vhfwlrqv 9 dqg :

uhsolfdwh wkh dqdo|vlv ri Vhfwlrqv 6 dqg 7 iru wkh vrfldoo| sodqqhg hfrqrp|1 Vhfwlrq

; fkdudfwhul}hv wkh rswlpdo lqfrph wd{dwlrq srolf| dqg glvfxvvhv wkh uroh sod|hg e|

wkh gl�huhqw dvvxpswlrqv ri wkh prgho lq rughu wr rewdlq vxfk d fkdudfwhul}dwlrq1

Vhfwlrq < frqfoxghv wkh sdshu1 Vrph ohqjwk| surriv duh frqwdlqhg lq wkh dsshqgl{1

�� 
���	������ ������������� ��� �����
�� ������

Ohw xv frqvlghu dq lq�qlwh krul}rq hfrqrp| lq glvfuhwh wlph1 Wkh hfrqrp| lv

srsxodwhg e| d frqwlqxxp ri lghqwlfdo g|qdvwlhv idflqj dovr dq lq�qlwh krul}rq1 Doo

wkh phpehuv ri d g|qdvw| duh lghqwlfdo1 Hdfk g|qdvw| pd{lpl}hv wkh glvfrxqwhg

vxp ri lqvwdqwdqhrxv xwlolwlhv ri rqh ri lwv uhsuhvhqwdwlyh phpehuv1 Wkh udwh ri

wlph glvfrxqw lv �3q
q

zlwk � 5 +3> 4, dqg wkh qhw udwh ri srsxodwlrq jurzwk lv

q A �41 Lqglylgxdo suhihuhqfhv h{klelw frqvxpswlrq h{whuqdolwlhv vr wkdw wkh dyhudjh

frqvxpswlrq lq wkh hfrqrp| d�hfwv wkh xwlolw| ri djhqwv dv lq Jdo�l +4<<7,/ Kduedxjk

+4<<9,/ Deho +4<<<, dqg Omxqjtylvw dqg Xkolj +5333,/ dprqj pdq| rwkhuv1 Wkhuhiruh/

hdfk g|qdvw| fkrrvhv wkh vhtxhqfh ri shu fdslwd frqvxpswlrq if|j
"

|'f wr pd{lpl}h

"[
|'f

�|x +f|> f|, > +514,

zkhuh f| lv wkh frqvxpswlrq shu fdslwd ri wkh hfrqrp| dw shulrg w= Wkh

xwlolw| ixqfwlrq x lv wzlfh frqwlqxrxvo| gl�huhqwldeoh dqg vdwlv�hv xS +f> f, A 3 >

xSS +f> f, ? 3 > zkhuh wkh vxelqgh{hv ghqrwh wkh yduldeoh zlwk uhvshfw wr zklfk

wkh sduwldo ghulydwlyh lv wdnhq1 Pruhryhu/ wkh iroorzlqj Lqdgd frqglwlrqv krog=

olp
S<f

xS +f> f, @4 dqg olp
S<"

xS +f> f, @ 3/ iru doo f A 3=

Lq wklv hfrqrp|/ wkhuh lv d �up shu g|qdvw|1 Iroorzlqj Uhehor +4<<4,/ zh zloo

dvvxph wkdw wkh qhw surgxfwlrq ixqfwlrq shu fdslwd lv

|| @ Dn| zlwk D A 3/

zkhuh n| lv wkh fdslwdo shu fdslwd dqg || lv wkh fruuhvsrqglqj qhw rxwsxw1 Wklv

surgxfwlrq ixqfwlrq fdq eh mxvwl�hg e| dvvxplqj/ iru lqvwdqfh/ wkdw rxwsxw fdq eh
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vdyhg lq wkh irup ri hlwkhu sk|vlfdo fdslwdo nR ru kxpdq fdslwdo n�1 Djjuhjdwh

fdslwdo lv n @ nR . n� = Erwk nlqgv ri fdslwdo hqwhu lq wkh qhw surgxfwlrq ixqfwlrq

I +nR> n�,> zklfk lv olqhduo| krprjhqrxv/ vwulfwo| lqfuhdvlqj/ vwulfwo| frqfdyh/ dqg

vdwlv�hv wkh vwdqgdug Lqdgd frqglwlrqv erwk dw wkh ruljlq dqg dw lq�qlw|1 Lq wklv

fdvh/ wkh duelwudjh frqglwlrqv ehwzhhq wkh wzr lqsxwv lpsolhv wkdw wkhlu pdujlqdo

surgxfwlylwlhv duh htxdo/
CI +nR> n�,

CnR
@

CI +nR> n�,

Cn�
= Vlqfh wkhvh sduwldo ghulydwlyhv

duh krprjhqhrxv ri ghjuhh }hur/ wkh suhylrxv duelwudjh frqglwlrq fdq eh zulwwhq dv

CI
�
4> &�

&R

�
CnR

@
CI

�
4> &�

&R

�
Cn�

= +515,

Wkhuhiruh/ I +nR> n�, @ aDnR krogv lq htxloleulxp/ zkhuh aD @ I +4> t, dqg t lv

wkh ydoxh ri wkh udwlr
n�

nR
wkdw vroyhv htxdwlrq +5=5, = Wdnlqj lqwr dffrxqw wkdw

n @ +4 . t,nR> wkh surgxfwlrq ixqfwlrq lq htxloleulxp ehfrphv I +nR> n�, @ Dn zlwk

D @
aD

4 . t
=

Wkh jryhuqphqw vhwv d �dw udwh wd{ rq qhw rxwsxw +ru qhw lqfrph,1 Wkh surfhhgv

iurp wklv sursruwlrqdo wd{ duh uhplwwhg lq d oxps0vxp idvklrq wr frqvxphuv1 Khqfh/

wkh exgjhw frqvwudlqw ri wkh jryhuqphqw lv

�|Dn| @ V|> +516,

zkhuh �| lv wkh lqfrph wd{ udwh dw wlph w dqg V| lv wkh fruuhvsrqglqj oxps0vxp

wudqvihu shu fdslwd1 Wkh exgjhw frqvwudlqw ri d g|qdvw| lv wkxv

f| @ +4� �|,Dn| . V| � +4 . q, n|n� . n|= +517,

Wdnlqj dv jlyhq wkh lqlwldo fdslwdo shu fdslwd nf dqg wkh vhtxhqfh �f @ i�f|j
"

|'f ri

dyhudjh frqvxpswlrq/ hdfk g|qdvw| pd{lpl}hv +5=4, vxemhfw wr wkh exgjhw frqvwudlqw

+5=7, = Wkh Odjudqjldq dvvrfldwhg zlwk wkh sureohp ri wkh g|qdvw| lv wkh iroorzlqj=

O +f> n> �, @

"[
|'f

�
�|x +f|> f|, . �| ^+4 . +4� �|,D,n| � f| . V| � +4 . q,n|n�`

�
>

zkhuh f @ if|j
"

|'f / n @ in|j
"

|'f > dqg � @ i�|j
"

|'f lv wkh lq�qlwh vhtxhqfh ri srvlwlyh

Odjudqjh pxowlsolhuv dvvrfldwhg zlwk wkh exgjhw frqvwudlqw ri hdfk shulrg1 Wkh �uvw

rughu frqglwlrqv +ru Hxohu htxdwlrqv, ri wkh g|qdplf sureohp duh

CO

Cf|
@ �|xS +f|> �f|,� �| @ 3> +518,

CO

Cn|n�
@ �|n� +4 . +4� �|n�,D,� +4 . q,�| @ 3> +519,

iru w @ 3> 4> === Wkh fruuhvsrqglqj wudqvyhuvdolw| frqglwlrq lv

olp
|<"

�|n|n� @ 3= +51:,
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Frpelqlqj htxdwlrqv +518, dqg +519,/ dqg xvlqj wkh idfw wkdw lq htxloleulxp

f| @ �f|> zh jhw
xS +f|n�> f|n�,

xS +f|> f|,
@

4 . q

� ^4 . +4� �|n�,D`
= +51;,

Zh fdq dovr frpelqh wkh frqvxphuv exgjhw frqvwudlqw +517, dqg wkh jryhuqphqw

exgjhw frqvwudlqw +516, wr rewdlq

n|n�

n|
@

�
4 .D

4 . q

�
�

f|

n|

�
4

4 . q

�
= +51<,

Xvlqj +5=8, > wkh wudqvyhuvdolw| frqglwlrq +5=:, fdq eh zulwwhq dv

olp
|<"

�|xS +f|> f|, n|n� @ 3= +5143,

Wkh frpshwlwlyh htxloleulxp lv wkxv jlyhq e| wkh vhtxhqfh if|> n|j
"

|'f vdwlvi|lqj +5=;, >

+5=<, dqg wkh wudqvyhuvdolw| frqglwlrq +5=43, zlwk wkh lqlwldo fdslwdo shu fdslwd nf
h{rjhqrxvo| jlyhq1

Ohw xv fkdudfwhul}h qrz wkh vroxwlrq wkdw d ehqhyrohqw vrfldo sodqhu zrxog

lpsohphqw lq wklv hfrqrp|1 Wklv vrfldo sodqhu lqwhuqdol}hv wkh vslooryhuv iurp dyhudjh

frqvxpswlrq vr wkdw kh lv idflqj wkh lqvwdqwdqhrxv xwlolw| ixqfwlrq ax+f, � x+f> f, =

Zh zloo dvvxph wkdw ax�+f, A 3 > ax��+f, ? 3> dqg wkh Lqdgd frqglwlrqv olp
S<f

ax�+f, @4

dqg olp
S<"

ax�+f, @ 3 = Wkh uhvrxufh frqvwudlqw ri wkh sodqqhu*v sureohp lv

f| @ Dn| � +4 . q, n|n� . n|> +5144,

zklfk lv htxlydohqw wr +5=<, = Iroorzlqj wkh vdph vwhsv dv ehiruh/ lw lv vwudljkwiruzdug

wr vhh wkdw wkh rswlpdolw| frqglwlrqv duh jlyhq e|

ax� +f|n�,

ax� +f|,
@

4 . q

� +4 .D,
> +5145,

wkh uhvrxufh frqvwudlqw +5=<,/ dqg wkh wudqvyhuvdolw| frqglwlrq

olp
|<"

�|ax� +f|,n|n� @ 3= +5146,

Wkh vrfldo sodqqhu vroxwlrq lv jlyhq e| wkh vhtxhqfh if|> n|j
"

|'f vdwlvi|lqj +5=45, >

+5=<, dqg wkh wudqvyhuvdolw| frqglwlrq +5=46, zlwk nf h{rjhqrxvo| jlyhq1 Wkh sdwk

fkrvhq e| wkh vrfldo sodqqhu lv dovr fdoohg wkh h�flhqw sdwk1

Dw d edodqfhg jurzwk sdwk +EJS, wkh rxwsxw shu fdslwd jurzv dw d frqvwdqw

udwh/ zklfk lpsolhv wkdw wkh jurvv udwh ri jurzwk ri fdslwdo
&|n�
&|

lv frqvwdqw1 Khqfh/

zh vhh iurp +5=<, wkdw wkh udwlr S|
&|

lv dovr frqvwdqw dqg wkdw erwk frqvxpswlrq

dqg fdslwdo jurz dw wkh vdph udwh dorqj d EJS1 Dv lv fxvwrpdu| lq wkh hfrqrplf

jurzwk olwhudwxuh/ zh zloo dvvxph wkdw erwk wkh frpshwlwlyh hfrqrp| dqg wkh vrfldoo|

sodqqhg hfrqrp| kdyh d EJS1 Uhjduglqj wkh frpshwlwlyh hfrqrp|/ wklv dvvxpswlrq

phdqv wkdw wkhuh h{lvwv d vhtxhqfh if|> n|j
"

|'f vdwlvi|lqj +5=;, > +5=<, dqg +5=43, dorqj

zklfk wkh yduldeohv f| dqg n| jurz dw frqvwdqw udwhv1 Wkh h{lvwhqfh ri d EJS iru wkh

vrfldoo| sodqqhg hfrqrp| phdqv wkdw wkhuh h{lvwv d vhtxhqfh if|> n|j
"

|'f vdwlvi|lqj
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+5=45, > +5=<, dqg +5=46, dorqj zklfk wkh yduldeohv f| dqg n| jurz dovr dw frqvwdqw

udwhv1 Reylrxvo|/ wkh EJS*v ri wkhvh wzr hfrqrplhv duh qrw qhfhvvdulo| htxdo1

Rq wkh rqh kdqg/ wkh dvvxpswlrq ri h{lvwhqfh ri d EJS iru wkh frpshwlwlyh

hfrqrp| vwhpv iurp wkh idfw wkdw/ li wkh wd{ udwh �| zhuh wlph lqyduldqw/ wkhq wkh

htxloleulxp sdwk vkrxog eh frqvlvwhqw zlwk Ndogru*v vw|ol}hg idfwv1 Lq sduwlfxodu/ li

wkh jryhuqphqw vhwv d frqvwdqw wd{ udwh/ wkh hfrqrp| vkrxog h{klelw d frqvwdqw udwh

ri jurzwk lq wkh orqj uxq1 Rq wkh rwkhu kdqg/ wkh uhtxluhphqw ri h{lvwhqfh ri d

EJS iru wkh vrfldoo| sodqqhg hfrqrp| lv xvxdoo| mxvwl�hg e| dq dujxphqw uxqqlqj lq

wkh rssrvlwh gluhfwlrq/ qdpho|/ wkdw wd{ udwhv dlphg wr lpsohphqw wkh h�flhqw sdwk

vkrxog ehfrph vwdwlrqdu| lq wkh orqj uxq1

Qrwh wkdw/ li wkh frpshwlwlyh hfrqrp| kdv d EJS/ zh pxvw lpsrvh wkdw

y�+f, � xS +f> f, eh dq krprjhqhrxv ixqfwlrq lq rughu wr vdwlvi| wkh Hxohu htxdwlrq

+5=;, zlwk �| frqvwdqw zkhq f| lv jurzlqj dw d frqvwdqw udwh1 Vlploduo|/ wkh h{lvwhqfh

ri d EJS iru wkh vrfldoo| sodqqhg hfrqrp| lpsolhv wkdw wkh ixqfwlrq ax�+f, pxvw eh

dovr krprjhqhrxv vr dv wr doorz wkh Hxohu htxdwlrq +5=45, wr krog zkhq f| lv jurzlqj

dw d frqvwdqw udwh1 Ohw xv �uvw hvwdeolvk wkh iroorzlqj whfkqlfdo ohppd uhodwlqj wkh

ixqfwlrqv y� dqg ax� zlwk wkh ixqfwlrq y2+f, � x7S +f> f, =

Ohppd 5141 Li wkh ixqfwlrqv y� dqg ax� duh erwk krprjhqhrxv dqg y2+f, 9@ 3 iru doo

f/ wkhq y�> y2 dqg ax� duh doo krprjhqhrxv ri wkh vdph ghjuhh1

Surri1 Qrwh wkdw

ax� +f, @ xS +f> f, . x7S +f> f, @ y�+f, . y2+f,> +5147,

vr wkdw/ li wkh ixqfwlrqv y� dqg ax� duh krprjhqhrxv ri ghjuhh �� dqg �2/ uhvshfwlyho|/

zh kdyh wkdw

{
V2 ax� +f, @ ax� +{f, @ y�+{f, . y2 +{f, @

{
V�y� +f, . y2 +{f, > iru doo { 5 Unn dqg f5 Unn

Ohw xv surfhhg e| frqwudglfwlrq dqg dvvxph wkdw �� 9@ �2= Wkhq/ diwhu glylglqj e|

{
V2 dqg uhduudqjlqj/ wkh suhylrxv h{suhvvlrq ehfrphv

ax� +f,� {
V�3V2y� +f, @

4

{V2
y2 +{f, > iru doo { 5 Unn dqg f5 Unn +5148,

Khqfh/ iru dq| duelwudulo| jlyhq ydoxh f 5 Unn/ wkhuh h{lvwv d ydoxh {
W 5 Unn vxfk

wkdw ax� +f, � +{W,V�3V2 y� +f, @ 3> zklfk lq wxuq lpsolhv wkdw
4

{V2
y2 +{

W
f, @ 3> dqg

wklv lv lpsrvvleoh e| dvvxpswlrq1 Wkxv/ �� @ �2> vr wkdw +5=48, ehfrphv

ax� +f,� y� +f, @
4

{V�
y2 +{f, > iru doo { 5 Unn dqg f5 Unn

zklfk frpelqhg zlwk +5=47, lpsolhv wkdw

y2 +{f, @ {
V�y2 +f, >

dqg wklv lv wkh ghvluhg frqfoxvlrq1

Wkh idfw wkdw erwk y� dqg y2 duh krprjhqrxv ri wkh vdph ghjuhh kdv vrph

vxusulvlqj lpsolfdwlrqv iru wkh zhoiduh surshuwlhv ri wkh frpshwlwlyh vroxwlrq xqghu

}hur wd{hv/ dv wkh iroorzlqj sursrvlwlrq vkrzv=
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Sursrvlwlrq 5151 Dvvxph wkdw erwk wkh frpshwlwlyh hfrqrp| dqg wkh vrfldoo|

sodqqhg hfrqrp| kdyh d EJS dqg wkdw wkh lqlwldo fdslwdo nf lv wkh vdph iru erwk

hfrqrplhv 1 Wkhq/ wkh sdwkv ri frqvxpswlrq dqg fdslwdo if|> n|j
"

|'f iru wkh vrfldoo|

sodqqhg hfrqrp| dqg iru wkh frpshwlwlyh hfrqrp| zlwk �| @ 3 frlqflgh1

Surri1 Dv iroorzv iurp rxu suhylrxv glvfxvvlrq/ wkh dvvxpswlrq ri h{lvwhqfh ri d

EJS iru erwk hfrqrplhv lpsolhv wkdw wkh ixqfwlrqv y� dqg ax� pxvw eh krprjhqhrxv

ri wkh vdph ghjuhh � lq rughu wr vdwlvi| wkh Hxohu htxdwlrqv +5=;, dqg +5=45, dorqj

d EJS1 Pruhryhu/ Ohppd 5=4 lpsolhv wkdw wkh ixqfwlrq y2 lv dovr krprjhqhrxv ri

ghjuhh �1 Wkhuhiruh/ wkh udwlr
�2ES�
��ES�

lv frqvwdqw iru doo f> vlqfh iru doo sdluv +f> f�, 5 U2
nn

zh kdyh wkdw

y2+f
�,

y�+f�,
@

�
S
�

S

�
V

y2+f,�
S�

S

�V
y�+f,

@
y2+f,

y�+f,
= +5149,

Ohw xv gh�qh wkh frqvwdqw ) @
y2+f,

y�+f,
= Qrwh wkdw ) A �4 vlqfh ax� +f, A 3/ y�+f, A 3

dqg

ax� +f, @ y�+f, . y2+f, @ +4 . ),y�+f,= +514:,

E| lpsrvlqj �| @ 3/ zh vhh wkdw wkh uljkw kdqg vlghv ri wkh Hxohu htxdwlrqv +5=;, dqg

+5=45, duh lghqwlfdo1 Pruhryhu/ wkhlu ohiw kdqg vlghv kdyh dovr wkh vdph ixqfwlrqdo

irup vlqfh

ax� +f|n�,

ax� +f|,
@

y�+f|n�, . y2+f|n�,

y�+f|, . y2+f|,
@

+4 . ),y�+f|n�,

+4 . ),y�+f|,
@

y�+f|n�,

y�+f|,
@

xS +f|n�> f|n�,

xS +f|> f|,
=

Ixuwkhupruh/ wkh wudqvyhuvdolw| frqglwlrqv +5=43, dqg +5=46, duh dovr htxlydohqw dv

fdq eh vhhq iurp +5=4:,1 Wkhuhiruh/ jlyhq wkh vdph lqlwldo frqglwlrq rq nf> wkh

sdwk if|> n|j
"

|'f wkdw vroyhv wkh vrfldo sodqqhu*v sureohp frqvwlwxwhv d frpshwlwlyh

htxloleulxp zlwk qr wd{hv1

Lw vkrxog eh srlqwhg rxw wkdw rxu suhylrxv sursrvlwlrq dovr krogv li zh kdg

dvvxphg d vwdqgdug qhrfodvvlfdo qhw surgxfwlrq ixqfwlrq shu fdslwd i+n, lqvwhdg ri

rqh ri wkhDn0w|sh1 Wr vhh wklv/ zh mxvw kdyh wr revhuyh wkdw wkh frqvwdqw D dsshdulqj

lq wkh uljkw kdqg vlghv ri +5=45, dqg +5=;, zlwk �| @ 3 vkrxog eh uhsodfhg e| i �+n|n�,1

Wkhuhiruh/ wkh rqo| gl�huhqfh ehwzhhq wkh wzr Hxohu htxdwlrqv zloo eh lq wkhlu ohiw

kdqg vlghv1 Vlqfh dorqj d EJS wkh pdujlqdo surgxfwlylw| ri fdslwdo lv frqvwdqw/

wkh h{lvwhqfh ri d EJS iru erwk wkh frpshwlwlyh dqg wkh vrfldoo| sodqqhg vroxwlrq

uhtxluhv djdlq wkh krprjhqhlw| ri erwk y� dqg ax�= Pruhryhu/ iurp Sursrvlwlrq 515/

wklv krprjhqhlw| frqglwlrq lpsolhv wkdw wkh ohiw kdqg vlghv ri htxdwlrq +5=45, dqg

ri htxdwlrq +5=;, zlwk �| @ 3 kdyh erwk wkh vdph ixqfwlrqdo irup1 Ilqdoo|/ wkh

wudqvyhuvdolw| frqglwlrqv +5=43, dqg +5=46, duh dovr htxlydohqw lq wklv fdvh1

Zh duh wkxv duulyhg dw d sdudgr{lfdo uhvxow dffruglqj wr zklfk wkh h{lvwhqfh ri

EJS*v iru wkh frpshwlwlyh hfrqrp| dqg iru wkh vrfldoo| sodqqhg rqh ohdgv wr wkh

h�flhqf| ri wkh frpshwlwlyh dffxpxodwlrq sdwk hyhq li frqvxpswlrq h{whuqdolwlhv duh

suhvhqw1 Wklv phdqv wkdw sxeolf lqwhuyhqwlrq lv qrw qhhghg lq rughu wr lpsohphqw

:



dq h�flhqw sdwk1 Qrwh wkdw wkh dvvxphg krprjhqhlw| ri erwk y� dqg y2 lpsolhv

wkdw wkh ixqfwlrq x+f> �f, lv krprwkhwlf zlwk uhvshfw wr lwv wzr dujxphqwv dorqj wkh

78�0ghjuhh olqh/ l1h1/ zkhq f @ �f +vhh +5=49,,= Wklv nlqg ri _uhvwulfwhg krprwkhwlflw|%

frqvwlwxwhv lq idfw wkh qhfhvvdu| dqg vx�flhqw frqglwlrq glvfxvvhg lq Ilvkhu dqg Kri

+5333, iru kdylqj d frpshwlwlyh vroxwlrq lghqwlfdo wr lwv vrfldoo| sodqqhg frxqwhusduw

zkhq frqvxpswlrq vslooryhuv d�hfw wkh xwlolw| ri lqglylgxdov1

Zh zloo prgli| lq wkh qh{w vhfwlrq rxu vhwxs e| dvvxplqj wkdw sulydwh

frqvxpswlrq lv vxemhfwhg wr d surfhvv ri kdelw irupdwlrq1 Zlwk wklv prgl�fdwlrq

wkh h{lvwhqfh ri EJS*v lv qrw orqjhu lqfrpsdwleoh zlwk lqh�flhqflhv lq wkh fdslwdo

dffxpxodwlrq surfhvv zkhq frqvxpswlrq h{whuqdolwlhv duh suhvhqw1

�� ��� ����� ���� ������������� ��� ����� ����������

Zh zloo lqwurgxfh lq rxu prgho wkh dvvxpswlrq wkdw lqglylgxdov zloo qrw ghulyh xwlolw|

iurp wkhlu devroxwh ohyho ri frqvxpswlrq dw d jlyhq shulrg exw iurp wkh fkdqjh ri

frqvxpswlrq zlwk uhvshfw wr wkhlu sdvw h{shulhqfh1 Wkhuhiruh/ lqglylgxdov fduh derxw

wkh odjjhg ydoxhv ri wkhlu rzq frqvxpswlrq/ dv lq wkh vhplqdo sdshu ri U|ghu dqg Khdo

+4<:6, dqg wkh prghov zlwk udwlrqdo dgglfwlrq ri Ehfnhu +4<<5,/ Ehfnhu dqg Pxusk|

+4<;;, dqg Ruskdqlghv dqg ]huyrv +4<<8,1 Lq sduwlfxodu/ zh zloo dvvxph wkdw wkh

lqvwdqwdqhrxv xwlolw| ixqfwlrq ri lqglylgxdov lv x+k|> f|,> zkhuh k| @ f| � �f|3� zlwk

� 5 +3> 4,1 Wklv phdqv wkdw frqvxpswlrq lq wkh suhylrxv shulrg ehfrphv d vwdqgdug

ri olylqj wkdw lv xvhg wr hydoxdwh wkh xwlolw| dffuxlqj iurp fxuuhqw frqvxpswlrq1 Wkh

sdudphwhu � phdvxuhv wkxv krz lpsruwdqw lv wkh uhihuhqfh vhw e| sdvw frqvxpswlrq1

Dv iroorzv iurp rxu glvfxvvlrq lq wkh suhylrxv vhfwlrq/ zh zloo dvvxph wkdw wkh

sduwldo ghulydwlyhv ri x zlwk uhvshfw wr lwv wzr dujxphqwv duh krprjhqhrxv lq rughu

wr jxdudqwhh wkh h{lvwhqfh ri EJS*v iru wkh frpshwlwlyh hfrqrp| dqg iru wkh vrfldoo|

sodqqhg rqh1

Zh zloo xvh d vshfl�fdwlrq ri suhihuhqfhv wkdw lqyroyhv frpsohphqwdulwlhv ehwzhhq

wkh wzr dujxphqwv ri wkh xwlolw| ixqfwlrq vr wkdw wkh pdujlqdo udwh ri vxevwlwxwlrq

ehwzhhq dyhudjh frqvxpswlrq f| dqg wkh kdelw dgmxvwhg sulydwh frqvxpswlrq k|

zloo qrw eh frqvwdqw1 Zh jhqhudol}h wkxv wkh sdudphwul}dwlrq lq Jdo�� +4<<7,/ zkr

rqo| frqvlghuhg h{whuqdolwlhv lq frqvxpswlrq/ e| srvlwlqj wkh lqvwdqwdqhrxv xwlolw|

ixqfwlrq

x +k|> �f|, @
+k|,

�3j +f|,
wj

4� �
> � A 3= +614,

Wklv irupxodwlrq lpsolhv wkh iroorzlqj surshuwlhv=

x�+k> �f, A 3>

x��+k> �f, ? 3>

�
x��+k> �f,k

x�+k> �f,
@ �> +615,

dqg
x�7S+k> �f,k

x�+k> �f,
@ ��= +616,

;



Wkh �uvw wkuhh surshuwlhv duh vwdqgdug1 Lq sduwlfxodu/ frqglwlrq +6=5, zrxog doorz

wkh h{lvwhqfh ri d edodqfhg jurzwk sdwk li wkh vslooryhu h�hfwv ri frqvxpswlrq zhuh

devhqw +� @ 3,= Frqglwlrq +6=6, lpsolhv wkdw wkh pdujlqdo xwlolw| ri kdelw dgmxvwhg

frqvxpswlrq lqfuhdvhv +ghfuhdvhv, zlwk dyhudjh frqvxpswlrq zkhqhyhu � A 3 +� ? 3,1

Wkxv/ lq wkh fdvh � A 3 dyhudjh frqvxpswlrq glvsod|v srvlwlyh h{whuqdolwlhv dqg

fruuhvsrqgv wr wkh w|slfdo _nhhslqj xs zlwk wkh Mrqhvhv% irupxodwlrq vlqfh wkh

frqvxpswlrq ri rwkhu krxvhkrogv pdnhv pruh ydoxdeoh dq dgglwlrqdo xqlw ri rzq

+kdelw dgmxvwhg, frqvxpswlrq1 Lq wkh fdvh � ? 3 dyhudjh frqvxpswlrq glvsod|v

qhjdwlyh h{whuqdolwlhv vlqfh wkh rwkhuv* frqvxpswlrq orzhuv wkh pdujlqdo xwlolw| ri

rzq frqvxpswlrq1 Zh vhh wkxv wkdw wkh frqvxpswlrq h{whuqdolw| lqwurgxfhv d vfdoh

idfwru wr wkh pdujlqdo xwlolw| ghulyhg iurp suhvhqw frqvxpswlrq +rqfh lw kdv ehhq

dgmxvwhg e| wkh fruuhvsrqglqj sdvw uhihuhqfh,12 Qrwh dovr wkdw wkh frqfdylw| ri

x dqg wkh olqhdulw| ri k| lpso| wkh mrlqw frqfdylw| zlwk uhvshfw wr f| dqg f|3� ri

wkh ixqfwlrq x +f| � �f|3�> �,/ zklfk lv wkh uhohydqw frqfdylw| qhhghg wr vroyh wkh

frqvxphu*v sureohp lq d frpshwlwlyh hfrqrp|1

Vlqfh zh zloo dovr dqdo|}h wkh vrfldo sodqqhu vroxwlrq/ zh lpsrvh wkh frqglwlrqv

� ? 4 dqg
�

4� �
� 3 zklfk jxdudqwhh wkdw wkh xwlolw| ixqfwlrq shufhlyhg e| wkh

vrfldo sodqqhu/

ax +f|> f|3�, � x+f| � �f|3�> f|, @
+f| � �f|3�,

�3j +f|,
wj

4� �
> +617,

lv lqfuhdvlqj lq f| dqg mrlqwo| frqfdyh zlwk uhvshfw wr f| dqg f|3� +vhh wkh dsshqgl{,1

Qrwh wkdw zh xvh d vxewudfwlyh irup iru prghoolqj kdelw irupdwlrq lqvwhdg ri wkh

pxowlsolfdwlyh irup vxjjhvwhg e| uhfhqw dxwkruv olnh Deho +4<<3/ 4<<<,/ Fduuroo hw do1

+4<<:/ 5333, dqg Fduuroo +5333,1 Xqghu pxowlsolfdwlyh kdelwv wkh ixqfwlrqdo irup ri

kdelw dgmxvwhg frqvxpswlrq zrxog eh wkh iroorzlqj=

k| @
f|

+f|3�,
� > zlwk � 5 +3> 4,= +618,

Lq rughu wr hqvxuh wkh frqfdylw| ri wkh ixqfwlrq +6=4, iurp wkh vrfldo sodqqhu*v

ylhzsrlqw zkhq kdelwv duh pxowlsolfdwlyh/ zh vkrxog uhvwulfw wkh vslooryhu sdudphwhu

� wr eh srvlwlyh vr wkdw qhjdwlyh h{whuqdolwlhv fdqqrw eh h{dplqhg lq wklv frqwh{w1�

Pruhryhu/ xqghu wkh suhihuhqfhv uhsuhvhqwhg e| wkh xwlolw| ixqfwlrq +6=4, zlwk � A 3

dqg kdelw dgmxvwhg frqvxpswlrq vdwlvi|lqj +6=8,/ rqo| wkh fdvh � � 4 |lhogv dq

lqwhulru vroxwlrq iru wkh frpshwlwlyh frqvxpswlrq sdwk1 Reylrxvo|/ zkhq � ? 4

vroxwlrqv lqyroylqj }hur frqvxpswlrq lq vrph +exw qrw doo, shulrgv jlyh ulvh wr dq

2
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lq�qlwh ydoxh ri wkh glvfrxqwhg vxp ri xwlolwlhv iurp wkh sulydwh ylhzsrlqw/ vlqfh lq

wklv fdvh k| @4 lq vrph shulrgv dqg wkh lqvwdqwdqhrxv xwlolw| ixqfwlrq lv erxqghg

ehorz1 Vxfk d nlqg ri qrq0lqwhulru vroxwlrq lv qr orqjhu rswlpdo zkhq � � 4 vlqfh wkhq

d shulrg ri }hur frqvxpswlrq |lhogv dq lqvwdqwdqhrxv xwlolw| htxdo wr plqxv lq�qlw|

+vhh Dorqvr0Fduuhud hw do1/ 5334,1 Rxu irupxodwlrq dyrlgv wklv sureohp dw wkh frvw ri

kdylqj d gl�huhqw rqh/ qdpho|/ wkdw wkh whup f| � �f|3� dsshdulqj dv dq dujxphqw

ri x frxog eh qhjdwlyh dqg/ khqfh/ wkh xwlolw| ixqfwlrq zrxog qrw eh zhoo gh�qhg1

Wklv sureohp lv hdvlo| vroyhg lq rxu ghwhuplqlvwlf prgho e| dvnlqj iru frqglwlrqv wkdw

pdnh wkh hfrqrp| h{klelw d srvlwlyh udwh ri frqvxpswlrq jurzwk1e Qhyhuwkhohvv/ doo

wkh uhvxowv ri rxu sdshu krog xqghu pxowlsolfdwlyh kdelwv zkhq wkh fruuhvsrqglqj

xwlolw| ixqfwlrq ri wkh vrfldo sodqqhu lv frqfdyh dqg erwk wkh frpshwlwlyh dqg wkh

h�flhqw sdwkv duh lqwhulru1

Wdnlqj dv jlyhq nf/ f3�> dqg wkh vhtxhqfh �f @ i�f|j
"

|'f
ri dyhudjh frqvxpswlrq/

hdfk g|qdvw| fkrrvhv wkh vhtxhqfh ri shu fdslwd frqvxpswlrq if|j
"

|'f
wr pd{lpl}h

"[
|'f

�|x +f| � �f|3�> f|, >

vxemhfw wr wkh exgjhw frqvwudlqw +5=7, = Wkh Odjudqjldq dvvrfldwhg zlwk wklv sureohp

lv

O +f> n> �, @

"[
|'f

�
�|x +k|> f|, . �| ^+4 . +4� �|,D, n| � f| . V| � +4 . q, n|n�`

�
>

zkhuh djdlq f @ if|j
"

|'3�
/ n @ in|j

"

|'f
> dqg � @ i�|j

"

|'f
lv wkh lq�qlwh vhtxhqfh ri

srvlwlyh Odjudqjh pxowlsolhuv1 Wr hdvh wkh qrwdwlrq zh gh�qh x +w, @ x +k|> f|, dqg

x� +w, @ x� +k|> f|, = Wkh �uvw rughu frqglwlrqv ri wkdw sureohp duh wkxv

CO

Cf|
@ �|x� +w,� �|n��x� +w. 4,� �| @ 3> +619,

CO

Cn|n�
@ �|n� +4 . +4� �|n�,D,� +4 . q,�| @ 3> +61:,

iru w @ 3> 4> === Xqghu wkh dvvxpswlrqv zh kdyh vshoohg rxw ehiruh/ wkh suhylrxv �uvw

rughu frqglwlrqv +ru Hxohu htxdwlrqv, wxuq rxw wr eh vx�flhqw iru fkdudfwhul}lqj wkh

sdwkv ri f|/ n|> dqg �| zkhq wkh| duh frpelqhg zlwk wkh lqlwldo frqglwlrqv rq nf dqg

f
3�/ wkh exgjhw frqvwudlqw +5=7, > dqg wkh iroorzlqj wudqvyhuvdolw| frqglwlrqv=

olp
|<"

�|n|n� @ 3> +61;,

olp
|<"

�|x�+w,f| @ 3= +61<,
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Frpelqlqj htxdwlrqv +619, dqg +61:,/ zh jhw

�|n�x� +w. 4,� �|n2�x� +w. 5,

�|x� +w,� �|n��x� +w. 4,
@

4 . q

4 . +4� �|n�,D
= +6143,

Qrwh wkdw wkh suhylrxv htxdwlrq gl�huv iurp wkh Hxohu htxdwlrq dsshdulqj lq vwdqgdug

prghov ri fdslwdo dffxpxodwlrq lq wkh idfw wkdw lqglylgxdov wdnh lqwr dffrxqw wkh h�hfw

wkdw suhvhqw frqvxpswlrq kdv lq vhwwlqj wkh uhihuhqfh iru qh{w shulrg frqvxpswlrq1

Htxdwlrq +6143, fdq eh uhzulwwhq dv

3
EEC
4� ��

�
x� +w. 5,

x� +w. 4,

�

4� ��

�
x� +w. 4,

x� +w,

�
4
FFD
�
x� +w. 4,

x� +w,

�
@

4

�*|n�

> +6144,

zkhuh

*|n� @
4 . +4� �|n�,D

4 . q
= +6145,

Vlqfh lq d v|pphwulf htxloleulxp f| @ �f| iru doo w> wkh pdujlqdo xwlolwlhv dsshdulqj lq

wkh suhylrxv h{suhvvlrq ehfrph lq htxloleulxp

x� +w, @ +f| � �f|3�,
3j

f
wj

| = +6146,

Ohw xv gh�qh wkh jurvv udwh ri jurzwk ri wkh pdujlqdo xwlolw| ri kdelw dgmxvwhg

frqvxpswlrq/

i| @
x� +w. 4,

x� +w,
> +6147,

vr wkdw +6144, vlpsol�hv wr �
4� ��i|n�

4� ��i|

�
i| @

4

�*|n�

=

Vroylqj iru i|n�/ zh jhw

i|n� @
4

�*|n�

�
4�

4

��i|

�
.

4

��
= +6148,

Xvlqj wkh htxloleulxp ydoxh ri wkh pdujlqdo xwlolw| lq +6146,/ zh kdyh wkdw

i| @
x� +w. 4,

x� +w,
@

+k|n�,
3j +f|n�,

wj

+k|,
3j

+f|,
wj

@

�
�E|n��

�|n�

�
�
�E|�

�|

� @

�
x +w. 4,

x +w,

��
f| � �f|3�

f|n� � �f|

�
= +6149,

Wkhuhiruh/ wkh yduldeoh i| fdq dovr eh lqwhusuhwhg dv wkh jurvv udwh ri jurzwk ri wkh

dyhudjh xwlolw| ri kdelw dgmxvwhg frqvxpswlrq1 Htxdwlrq +6149, fdq eh uhzulwwhq dv

i| @

�
f|

f|3�

�
3j

3
EEC

�
f|n�

f|

�
� �

�
f|

f|3�

�
� �

4
FFD
3j �

f|n�

f|

�wj

= +614:,
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Ohw xv gh�qh qrz wkh jurvv udwh ri jurzwk ri frqvxpswlrq {|n� @
f|n�

f|
= Wkhq/ +614:,

ehfrphv

i| @ +{|,
3j

�
{|n� � �

{| � �

�
3j

+{|n�,
wj

>

zklfk fdq dovr eh zulwwhq dv

j +{|n�> {|> i|, �

�
{| � �

{|n� � �

��
{|n�

�w
� {| +i|,

�
j @ 3= +614;,

Uhfdoo wkdw/ frpelqlqj wkh jryhuqphqw dqg wkh frqvxphu exgjhw frqvwudlqwv

+516, dqg +517,/ zh kdg douhdg| rewdlqhg wkh uhvrxufh frqvwudlqw +51<,1 Gh�qlqj

}|n� @
n|n�

f|
> htxdwlrq +51<, ehfrphv

}|n� @

�
}|

{|

��
4 .D

4 . q

�
�

�
4

4 . q

�
= +614<,

Wkh v|vwhp ri �uvw rughu gl�huhqfh htxdwlrqv +6148,/ +614;, dqg +614<,/ wrjhwkhu zlwk

wkh lqlwldo frqglwlrq }f @
&f

S
3�

dqg wkh wudqvyhuvdolw| frqglwlrqv +61;, dqg +61<,/ ixoo|

ghvfulehv wkh htxloleulxp sdwk ri wkh yduldeohv i|> {|> dqg }|1 Wkh v|vwhp kdv wzr

frqwuro yduldeohv/ i| dqg {|> dqg rqh vwdwh yduldeoh/ }|=

 � ��� !"����
� ���	�� ��� #��������" 
��������$� �%	������	�

Ohw xv dvvxph qrz wkdw wkh jryhuqphqw iroorzv d vwdwlrqdu| wd{ srolf|/ wkdw lv/ �| @ �

iru doo w= Wkhuhiruh/

*| @
4 . +4� �,D

4 . q
� *= +714,

Uhfdoo wkdw dorqj d EJS frqvxpswlrq dqg fdslwdo jurz dw frqvwdqw udwhv dqg/ wkxv/ lw

iroorzv iurp +51<, wkdw wkh udwlr S|

&|
vkrxog eh frqvwdqw1 Khqfh/ fdslwdo/ frqvxpswlrq

dqg lqfrph shu fdslwd pxvw doo jurz dw wkh vdph udwh dorqj d EJS1 Ohw { eh wklv

frpprq vwdwlrqdu| udwh ri jurzwk1 Iurp wkh gh�qlwlrq ri }|/ li iroorzv wkdw }| lv

frqvwdqw dorqj d EJS1 Ilqdoo|/ lw lv dovr fohdu iurp +614;, wkdw i| lv dovr frqvwdqw

dorqj d EJS= Ohw i dqg } eh wkh vwhdg| vwdwh ydoxhv ri i| dqg }|= Pdnlqj {| @ {>

i| @ i> dqg }| @ } iru doo w lq wkh v|vwhp ri htxdwlrqv +6148,/ +614;, dqg +614<,/ dqg

vroylqj iru i> { dqg }/ zh jhw wkh iroorzlqj vwhdg| vwdwh ydoxhv ri wkh qhz yduldeohv

ri wkh prgho=D

i @
4

�*
> +715,

{ @ i
3�

jE�3w� > +716,

dqg

} @
{

+4 .D,� +4 . q,{
= +717,
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Lw lv lpsruwdqw wr uhpdun wkdw wkh frpelqdwlrqv ri wkh sdudphwhu ydoxhv � dqg

� |lhoglqj wkh vdph ydoxh iru � +4� �, jlyh ulvh wr wkh vdph vwdwlrqdu| udwh ri

jurzwk +vhh +7=6,,= Krzhyhu/ zh zloo vhh wkdw/ hyhq li � +4� �, uhpdlqhg frqvwdqw/ wkh

wudqvlwlrqdo g|qdplfv ri wkh hfrqrp| zrxog eh d�hfwhg e| wkh sduwlfxodu frpelqdwlrq

ri ydoxhv wdnhq e| wkh sdudphwhuv � dqg �= Qrwh wkdw/ li zh gh�qh wkh vwdwlrqdu|

lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq dv wkh hodvwlflw| ri wkh vwdwlrqdu| udwh ri

jurzwk zlwk uhvshfw wr wkh uhwxuq wr fdslwdo qhw ri wd{hv/ vxfk dq hodvwlflw| lv jlyhq

e|
C oq{

C oq +4 . +4� �,D,
@

4

� +4� �,
= Dv xvxdo/ dq lqfuhdvh lq wkh sdudphwhu � |lhogv

d orzhu ydoxh ri wkh vwdwlrqdu| lqwhuwhpsrudo hodvwlflw| ri vxevwlwxwlrq/ zkloh dq

lqfuhdvh lq wkh sdudphwhu � |lhogv d kljkhu vwdwlrqdu| lqwhuwhpsrudo hodvwlflw| ri

vxevwlwxwlrq1S

D zhoo gh�qhg EJS glvsod|lqj srvlwlyh jurzwk uhtxluhv d vhulhv ri dgglwlrqdo

frqglwlrqv rq wkh sdudphwhuv ri wkh prgho/ dv wkh iroorzlqj ohppd vkrzv=

Ohppd 7141 Li d frpshwlwlyh EJS zlwk { A 4 h{lvwv/ wkhq wkh iroorzlqj wkuhh

lqhtxdolwlhv pxvw krog=

�* A 4> +718,

�*
�3jE�3w�

? 4> +719,

dqg
4 .D

4 . q
A +�*,

�
jE�3w� = +71:,

Surri1 Vlqfh � +4� �, A 3/ zh vhh iurp +7=5, dqg +7=6, wkdw { A 4 li dqg rqo| li

i ? 4/ zklfk lv lq wxuq htxlydohqw wr lqhtxdolw| +7=8, =

Wkh wudqvyhuvdolw| frqglwlrq +61<, dw d EJS uhtxluhv wkdw �i{ ? 4> dv glfwdwhg

e| wkh gh�qlwlrqv ri i dqg {= Wklv lqhtxdolw| ehfrphv +719,/ dv lpsolhg e| +715, dqg

+716,1

Ilqdoo|/ dv } A 3 e| gh�qlwlrq/ zh qhhg wkdw

4 .D

4 . q
A {> +71;,

dv fdq eh vhhq iurp +717,1 Xvlqj +7=5, dqg +7=6,/ lqhtxdolw| +71;, ehfrphv +71:,1

Qrwh wkhq wkdw +718,/ +719, dqg +71:, duh qhfhvvdu| dqg vx�flhqw frqglwlrqv iru

{ A 4> iru wkh wudqvyhuvdolw| frqglwlrq +61<, dw d EJS dqg iru } A 3> uhvshfwlyho|1

Lqhtxdolwlhv +719, dqg +71:, duh forvho| uhodwhg1 Rq wkh rqh kdqg/ lw lv

vwudljkwiruzdug wr fkhfn wkdw lqhtxdolw| +71:, lv rewdlqhg zkhqhyhu erwk +719, dqg

� A 3 krog= Wr vhh wklv/ qrwh wkdw +719, lv htxlydohqw wr +�*,
�

jE�3w� ? */ dqg * �
�n�
�n?

zkhq � A 3 = Rq wkh rwkhu kdqg/ +71:, lpsolhv +719, zkhq wkh wd{ udwh � wdnhv d ydoxh

o|lqj lq d vx�flhqwo| vpdoo qhljkerukrrg durxqg }hur1

Zh zloo vhh qh{w wkdw wkh frqglwlrqv hvwdeolvkhg lq Ohppd 714 kdyh d vhulhv

ri lpsolfdwlrqv wkdw frq�up wkdw wkh EJS lv zhoo gh�qhg1 Qrwh �uvw wkdw xqghu
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+7=8,/ wkh whup f| � �f|3� dsshdulqj dv dq dujxphqw lq wkh lqvwdqwdqhrxv xwlolw| x

lv dozd|v vwulfwo| srvlwlyh lq wkh orqj uxq vlqfh { @ S|

S|3�
A 4 dqg � ? 41 Wkhuhiruh/

wkh remhfwlyh ixqfwlrq ri wkh frqvxphu lv zhoo gh�qhg dw +dqg durxqg, d frpshwlwlyh

EJS1

Wkh �uvw rughu frqglwlrq +619, dorqj d EJS ehfrphv

�| @ �
|
x� +w,� �

|n�
�x� +w. 4, @ �

|
x� +w, +4� ��i,> +71<,

zkhuh wkh vhfrqg htxdolw| frphv iurp wkh idfw wkdw i lv wkh jurvv udwh ri jurzwk ri

x�+w, dw d EJS1 Qrwh wkdw �| A 3 li dqg rqo| li

��i ? 4= +7143,

Wkhuhiruh/ vlqfh i vdwlv�hv +715,/ wkh suhylrxv lqhtxdolw| lv htxlydohqw wr

* A �> +7144,

zklfk dozd|v krogv dv lqhtxdolwlhv +718, dqg � ? 4 lpso| wkdw * A 4> zkloh � ? 4

krogv e| dvvxpswlrq1 Qrwh dovr wkdw vlqfh �| A 3 > wkh glvfrxqwhg vxp ri xwlolwlhv

lv lqfuhdvlqj lq wkh dprxqw ri fxuuhqw frqvxpswlrq f| +vhh +71<,,1 Ilqdoo|/ soxjjlqj

+71<, lq wkh wudqvyhuvdolw| frqglwlrq +61;, dqg xvlqj wkh idfw wkdw frqglwlrq +7=9, lv

htxlydohqw wr �i{ ? 4 > zh lpphgldwho| frqfoxgh wkdw wkh wudqvyhuvdolw| frqglwlrq

+61;, lv dovr vdwlv�hg dw d EJS1

Zh zloo dvvxph iurp qrz rq wkdw +7=8,/ +7=9, dqg +71:, krog lq rughu wr doorz

iru d zhoo gh�qhg EJS glvsod|lqj vxvwdlqhg jurzwk ri lqfrph shu fdslwd lq wkh orqj

uxq1

Ohw xv olqhdul}h durxqg lwv vwhdg| vwdwh wkh v|vwhp iruphg e| wkh gl�huhqfh

htxdwlrqv +6148, zlwk *| @ */ +614;, dqg +614<, 1 Iurp lqvshfwlrq ri wkhvh htxdwlrqv/

wklv olqhdul}hg v|vwhp zloo eh ri wkh iroorzlqj irup=

5
99997

i|n� � i

{|n� � {

}|n� � }

6
::::8
@

5
99997

�� 3 3

�2� �2 3

3 ��2 ��

6
::::8

5
99997

i| � i

{| � {

}| � {

6
::::8
u

+7145,

Wkh eorfn uhfxuvlyhqhvv ri wkh 6 � 6 pdwul{ ri sduwldo ghulydwlyhv dsshdulqj lq
+7145, lpsolhv wkdw wkh hohphqwv dorqj lwv gldjrqdo frlqflgh zlwk lwv hljhqydoxhv1
Gl�huhqwldwlqj +6148,/ +614;, dqg +614<, zh jhw

�� @
Ci|n�

Ci|
@

4

�2�i2*
@

*

�
>

�2 @
C{|n�

C{|

@ �

Cj

C{|

Cj

C{|n�

@
�

{� � +{� �,
> +7146,

�� @
C}|n�

C}|
@

�
4

{

��
4 .D

4 . q

�
= +7147,
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Lw iroorzv iurp +7144, wkdw �� A 4= Pruhryhu/ vlqfh � ? 4/ � 5 +3> 4, dqg { A 4/
zh kdyh wkdw �2 5 +3> 4, = Ilqdoo|/ +71;, lpsolhv wkdw �� A 4= Wkhuhiruh/ zh fdq
lpphgldwho| frqfoxgh wkdw wkh vwhdg| vwdwh ri wkh suhylrxv v|vwhp ri gl�huhqfh
htxdwlrqv lv orfdoo| vdggoh sdwk vwdeoh1

Wkh gl�huhqfh htxdwlrq +6148, jryhuqv dxwrqrprxvo| wkh g|qdplf ehkdylru ri wkh
frqwuro yduldeoh i|1 Khqfh/ ehfdxvh ri wkh lqvwdelolw| ri lwv vwhdg| vwdwh/ wkh frqwuro
yduldeoh i| lpphgldwho| mxpsv wr lwv vwdwlrqdu| ydoxh dqg glvsod|v qr wudqvlwlrq1
Wkhuhiruh/ zh fdq vxevwlwxwh i| e| i lq htxdwlrq +614;, dqg wkhq zh fdq dqdo|}h wkh
g|qdplf ehkdylru ri wkh yduldeohv {| dqg }| e| mxvw orrnlqj dw wkh vxe0v|vwhp iruphg
e| htxdwlrqv +614;, dqg +614<, zlwk i| @ i 1 Zh fdq wkhq fkdudfwhul}h suhflvho| wkh
vkdsh ri wkh orfdo vdggoh sdwk +ru vwdeoh pdqlirog, ri wkh suhylrxv vxe0v|vwhp lq wkh
sodqh +{|> }|,1 Wkh vdggoh sdwk ri wkh olqhdul}hg vxe0v|vwhp zloo eh

{| @  +}| � }, . {> +7148,

zkhuh wkh vfdodu  lv vxfk wkdw wkh yhfwru + > 4, lv dq hljhqyhfwru dvvrfldwhg zlwk wkh
hljhqydoxh �2 ri wkh vxe0pdwul{

5
7 �2 3

��2 ��

6
8 =

Wkhuhiruh/ + > 4, pxvw eh ruwkrjrqdo wr wkh yhfwru +��2> �� � �2, > zklfk phdqv wkdw

 @
�2 � ��

��2
1 Gl�huhqwldwlqj wkh uljkw kdqg vlgh ri +614<, zlwk uhvshfw wr {| dw d

vwhdg| vwdwh dqg xvlqj +7147,/ zh jhw wkdw ��2 @
C}|n�

C{|

@ ���

�}
{

�
= Wkhuhiruh/

 @

�
4�

�2

��

��{
}

�
A 3 > +7149,

zkhuh wkh lqhtxdolw| iroorzv vlqfh �2 5 +3> 4, dqg �� A 4= Wklv phdqv wkdw wkh vdggoh
sdwk lq wkh sodqh +{|> }|, lv lqfuhdvlqj durxqg wkh vwhdg| vwdwh1 Iljxuh 4 glvsod|v
wkh fruuhvsrqglqj skdvh gldjudp lq zklfk wkh jurzwk udwh {| lv d frqwuro yduldeoh/
zkhuhdv }| lv d vwdwh yduldeoh1 Wklv vdggoh sdwk lv lq idfw wkh srolf| ixqfwlrq wkdw
dvvljqv wr hdfk ydoxh ri wkh vwdwh yduldeoh }| wkh rswlpdo ydoxh ri wkh frqwuro yduldeoh
{|� Vxfk d srolf| ixqfwlrq lv wkxv prqrwrqlfdoo| lqfuhdvlqj1

+Lqvhuw Iljxuh 4,

&� !"����
 �'�
�� �( 
���)�� �� ��
��� �������� ��� ��

*��(����
���

Wkh orqj uxq h�hfwv ri fkdqjhv lq wkh wd{ udwh � iroorz lpphgldwho| iurp mxvw orrnlqj
dw wkh h{suhvvlrqv iru i> {> dqg } lq +715,/ +716, dqg +717,/ dqg iurp wkh idfw wkdw *
lv vwulfwo| ghfuhdvlqj lq wkh wd{ udwh +vhh +7=4,,1

Sursrvlwlrq 8141 Wkh vwdwlrqdu| udwh ri jurzwk { lv ghfuhdvlqj lq wkh wd{ udwh �

rq lqfrph1 Pruhryhu/ i lv lqfuhdvlqj/ zkloh } lv ghfuhdvlqj lq �=
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Uhjduglqj wkh vkruw uxq h�hfwv ri wd{ fkdqjhv rq wkh frqwuro yduldeohv i| dqg
{|> zh vkrxog �uvw qrwh wkdw wkh vkruw uxq h�hfwv rq i| frlqflgh zlwk wkrvh lq wkh
orqj uxq vlqfh wklv yduldeoh glvsod|v qr wudqvlwlrq1 Iru wkh pdujlqdo h�hfwv rq wkh
udwh ri jurzwk {|> zh vkrxog orrn dw wkh orfdoo| vwdeoh pdqlirog jlyhq lq +7148,1 Wkh
iroorzlqj sursrvlwlrq fkdudfwhul}hv wkh vkruw uxq g|qdplfv=

Sursrvlwlrq 8151 Dvvxph wkdw wkh hfrqrp| lv lqlwldoo| dw lwv vwhdg| vwdwh dqg wkdw

wkh wd{ udwh � vx�huv dq xqh{shfwhg dqg shupdqhqw pdujlqdo lqfuhdvh1 Wkhq wkh

jurzwk udwh {| lqfuhdvhv lq wkh vkruw uxq dqg lw frqyhujhv prqrwrqlfdoo| wrzdugv

lwv qhz vwhdg| vwdwh ydoxh/ zklfk lv orzhu wkdq wkh lqlwldo rqh1 Wkh yduldeoh i|
mxpsv lqvwdqwdqhrxvo| xs wr lwv qhz vwhdg| vwdwh ydoxh/ zkhuhdv wkh yduldeoh }|
pryhv frqwlqxrxvo| +zlwkrxw mxpsv, dqg prqrwrqlfdoo| wrzdugv lwv orzhu vwhdg|

vwdwh ydoxh1

Surri1 Wkh h�hfwv rq i| dqg }| duh vwudljkwiruzdug1 Wr hydoxdwh wkh lqvwdqwdqhrxv
h�hfw rq wkh frqwuro yduldeoh {| zkhq wkh hfrqrp| lv lqlwldoo| dw lwv vwhdg| vwdwh/ zh
mxvw qhhg wr shuirup wkh gl�huhqwldwlrq ri +7148, dw w @ 3 zkhq }f @ } vr dv wr jhw
wkh iroorzlqj ghulydwlyh=

C{f

C�
@ � 

�
C}

C�

�
.

�
C{

C�

�
= +814,

Lw fdq eh fkhfnhg iurp +717, dqg +7147, wkdw
C}

C�
@ +4 . D,

�}
{

�2�C{
C�

�
dqg

�� @ 4 .
4

+4 . q,}
= Khqfh/ diwhu xvlqj +7149,/ +814, ehfrphv

C{f

C�
@ +4 . q, } +�2 � 4,

�
C{

C�

�
= +815,

Wkhuhiruh/
C{f

C�
A 3 vlqfh

C{

C�
? 3 dqg �2 5 +3> 4,1

Wkh suhylrxv sursrvlwlrq whoov xv wkdw wkh vkruw uxq dqg wkh orqj uxq h�hfwv rq
wkh udwh ri jurzwk ri d pdujlqdo fkdqjh lq wkh wd{ udwh duh rssrvlwh1 Wkh skdvh
gldjudp lq Iljxuh 5 vkrzv erwk h�hfwv iru d pdujlqdo lqfuhdvh lq wkh wd{ udwh �= Wkh
ruljlqdo vwhdg| vwdwh zdv dw srlqw D/ zkhuhdv wkh vwhdg| vwdwh dvvrfldwhg zlwk wkh
kljkhu wd{ udwh lv dw srlqw F1 Wkh wudqvlwlrq lqyroyhv dq lqvwdqwdqhrxv mxps wr srlqw
E1

+Lqvhuw Iljxuh 5,

Lw lv zruwk wr hpskdvl}h wkdw d prgho zlwkrxw kdelw irupdwlrq/ l1h1/ zlwk � @ 3>
glvsod|v qr wudqvlwlrq diwhu d fkdqjh lq wkh wd{ udwh1 Wklv fdq eh vhhq e| qrwlflqj
wkdw wkh h{suhvvlrq +7146, iru wkh hljhqydoxh �2 ehfrphv htxdo wr }hur lq wklv fdvh1 Lq

idfw/ htxdwlrq +614;, ehfrphv vlpso| {|n� @ +i|,
3�

jE�3w� vr wkdw wkh odfn ri wudqvlwlrq
ri i| lv lpphgldwho| lqkhulwhg e| wkh udwh ri jurzwk {|�

Zh fdq dovr dvn rxuvhoyhv krz wkh vshhg ri frqyhujhqfh wr wkh vwhdg| vwdwh
lv d�hfwhg e| fkdqjhv lq wkh vwuxfwxudo sdudphwhuv ri wkh prgho1 Wkurxjkrxw
rxu dqdo|vlv ri wkh g|qdplf ehkdylru ri wkh hfrqrp|/ zh zloo nhhs frqvwdqw wkh
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vwdwlrqdu| ydoxh �+4� �, fruuhvsrqglqj wr wkh lqyhuvh ri wkh lqwhuwhpsrudo hodvwlflw|
ri vxevwlwxwlrq lq d orqj uxq htxloleulxp1 Wkhuhiruh/ wkh fkdqjhv lq wkh vslooryhu
sdudphwhu � zloo eh dffrpsdqlhg zlwk fkdqjhv lq � wkdw zloo ohdyh xqfkdqjhg wkh
orqj uxq ydoxhv ri wkh yduldeohv {|> i| dqg }|= Wkh hyroxwlrq ri wkh vwdwh yduldeoh }|
durxqg wkh vwhdg| vwdwh fdq eh dssur{lpdwhg e| wkh vroxwlrq wr wkh olqhdul}dwlrq
ri wkh v|vwhp +6148,/ +614;, dqg +614<,1 Wkhuhiruh/ wkh orfdo ehkdylru ri wkh vwdwh
yduldeoh }| durxqg } lv jlyhq e|=

}| @ +}f � }, +�2,
| . }= +816,

Wkh vshhg ri frqyhujhqfh lv lqyhuvho| uhodwhg wr wkh hljhqydoxh �2 ri wkh pdwul{
dvvrfldwhg zlwk wkh olqhdul}hg g|qdplf v|vwhp1 Vlqfh +816, lpsolhv wkdw

4� �2 @
}|n� � }|

} � }|
>

zh vhh wkdw 4��2 phdvxuhv wkh iudfwlrq ri wkh jds ehwzhhq wkh fxuuhqw ydoxh ri wkh
vwdwh yduldeoh dqg lwv vwdwlrqdu| ydoxh zklfk lv forvhg lq rqh shulrg1

Sursrvlwlrq 8161 Dvvxph wkdw wkh vwdwlrqdu| jurzwk udwh { lv �{hg1 Wkh vshhg

ri frqyhujhqfh lv ghfuhdvlqj erwk lq wkh sdudphwhu � phdvxulqj wkh lqwhqvlw| ri

kdelw irupdwlrq dqg lq wkh sdudphwhu � phdvxulqj wkh lqwhqvlw| ri frqvxpswlrq

h{whuqdolwlhv1

Surri1 Iurp +7146, zh fdq frpsxwh wkh iroorzlqj wzr sduwldo ghulydwlyhv=

C +oq�2,

C�
@

+4� �,�2{

�2
A 3>

C +oq�2,

C�

����
jE�3w�' UL?t|@?|

@
�2 +{� �,

�
A 3= +817,

Khqfh/ wkh vshhg ri frqyhujhqfh ghfuhdvhv zlwk erwk � dqg � iru d jlyhq vwdwlrqdu|
jurzwk udwh1

Wkh idfw wkdw wkh vshhg ri frqyhujhqfh ghfuhdvhv dv wkh ydoxh ri wkh sdudphwhu
� lqfuhdvhv lv d txlwh lqwxlwlyh uhvxow vlqfh/ dv sdvw frqvxpswlrq ehfrphv pruh
lpsruwdqw/ lqglylgxdov idfh lq wkh vkruw uxq d xwlolw| ixqfwlrq wkdw lv pruh frqfdyh1
Wr vhh wklv/ qrwh wkdw zh fdq ylhz wkh kdelw vwrfn dw d jlyhq shulrg dv �{hg/ vr wkdw
wkh vwdqgdug phdvxuh ri frqfdylw| ri x zlwk uhvshfw wr suhvhqw frqvxpswlrq lv jlyhq
e| wkh lqgh{ ri uhodwlyh ulvn dyhuvlrq/

�

f|xS|S|+f| � �f|3�> �f|,

xS|+f| � �f|3�> �f|,
@ �

f|x�|�|+k|> �f|,

x�|+k|> �f|,
@

�f|

f| � �f|3�
> +818,

zklfk lv lqfuhdvlqj lq �= Wkhuhiruh/ lqglylgxdov glvolnh pruh wr h{shulhqfh fkdqjhv
lq frqvxpswlrq dorqj wkh htxloleulxp sdwk/ dqg wklv uhvxowv lq d orzhu vshhg ri
dgmxvwphqw1 Lw dovr vkrxog eh srlqwhg rxw lq wklv uhvshfw wkdw  lv fohduo| ghfuhdvlqj
lq � +vhh +7=49,,> zklfk phdqv wkdw wkh srolf| ixqfwlrq +7=48, ehfrphv _�dwwhu% dv
kdelwv ehfrph pruh lpsruwdqw= Vlqfh frqvxpswlrq jurzwk lv ohvv vhqvlwlyh wr fkdqjhv

4:



lq wkh vwdwh yduldeoh/ d �dwwhu srolf| ixqfwlrq gluhfwo| uhvxowv lq d orzhu vshhg ri
frqyhujhqfh1

Wkh vshhg ri frqyhujhqfh lv dovr ghfuhdvlqj lq �= Fohduo|/ iru d frqvwdqw udwh ri
orqj uxq jurzwk/ dv wkh ydoxh ri wkh sdudphwhu � lqfuhdvhv/ wkh ydoxh ri wkh sdudphwhu
� pxvw dovr lqfuhdvh vr dv wr nhhs �+4 � �, frqvwdqw1 Wkhuhiruh/ wkh frqfdylw| ri
x lqfuhdvhv zlwk � +vhh +8=8,,/ zklfk lpsolhv lq wxuq wkdw wkh dgmxvwphqw ri wkh
hfrqrp| wdnhv sodfh dw d orzhu vshhg vlqfh/ djdlq/ frqvxphuv duh ohvv zloolqj wr
vxevwlwxwh frqvxpswlrq dfurvv shulrgv1

Dv d e|0surgxfw ri Sursrvlwlrq 816/ zh fdq fkdudfwhul}h krz wkh vkruw uxq
uhvsrqvh ri wkh hfrqrp| wr fkdqjhv lq wkh wd{ udwh lv d�hfwhg e| wkh suhihuhqfh
sdudphwhuv1 Iurp +8=5, > zh fdq frpsxwh

C{f

C�C�
@ +4 . q, }

�
C{

C�

��
C�2

C�

�
? 3>

dqg
C{f

C�C�

����
jE�3w�' UL?t|@?|

@ +4 . q, }

�
C{

C�

��
C�2

C�

�
? 3=

Wkhuhiruh/ wkh jurzwk udwh ri frqvxpswlrq lv ohvv vhqvleoh lq wkh vkruw uxq wr
xqdqwlflsdwhg shupdqhqw fkdqjhv lq wkh wd{ udwh � zkhq wkh sdudphwhuv � dqg �

h{klelw kljkhu ydoxhv1 Wklv lv djdlq d gluhfw frqvhtxhqfh ri wkh lqfuhdvlqj voxjjlvkqhvv
ri wkh frqvxpswlrq srolf| wuljjhuhg e| hlwkhu vwurqjhu kdelwv ru vwurqjhu vslooryhuv1

+� ��� #�
����" *������ #��	����

Lq wklv vhfwlrq zh duh jrlqj wr fkdudfwhul}h wkh vroxwlrq wkdw d wlph0frqvlvwhqw vrfldo
sodqqhu zrxog lpsohphqw1 Wklv sodqqhu pd{lpl}hv wkh vdph remhfwlyh ixqfwlrq dv wkh
lqglylgxdov exw kh lqwhuqdol}hv wkh vslooryhuv iurp dyhudjh frqvxpswlrq1 Pruhryhu/
wkh sodqqhu lv mxvw idflqj wkh djjuhjdwh uhvrxufh frqvwudlqw shu fdslwd +5=<, =

Wkhuhiruh/ zh fdq zulwh wkh iroorzlqj Odjudqjldq iru wkh vrfldo sodqqhu*v sureohp=

aO+f> n> a�, @
"[
|'f

�
|
x +f| � �f|3�> f|, . a�| ++4 .D,n| � f| � +4 . q, n|n�, >

zkhuh a� @ ia�|j
"

|'f lv wkh lq�qlwh vhtxhqfh ri srvlwlyh Odjudqjh pxowlsolhuv1
Dffruglqj wr +617,/ ohw xv gh�qh

ax +w, � ax +f|> f|3�, @ x +f| � �f|3�> f|, >

ax� +w, @
Cax +f|> f|3�,

Cf|
dqg ax2 +w, @

Cax +f|> f|3�,

Cf|3�
= Wkh �uvw rughu frqglwlrqv iru wkh

vrfldo sodqqhu sureohp duh wkxv

C aO

Cf|
@ �

|ax� +w, . �
|n�ax2 +w. 4,� a�| @ 3> +914,

C aO

Cn|n�
@ +4 .D, a�|n� � +4 . q, a�| @ 3> +915,

4;



iru w @ 3> 4> === Wkh suhylrxv Hxohu htxdwlrqv frpelqhg zlwk wkh uhvrxufh frqvwudlqw
+5=<, > wkh wudqvyhuvdolw| frqglwlrqv

olp
|<"

a�|n|n� @ 3> +916,

olp
|<"

�
|ax�+w,f| @ 3> +917,

dqg wkh lqlwldo frqglwlrqv rq nf dqg f
3� ixoo| fkdudfwhul}h wkh sdwkv ri f|/ n|/ dqg a�|

wkdw vroyh wkh sodqqhu*v sureohp1
Frpelqlqj htxdwlrqv +914, dqg +915,/ zh rewdlq

�
|n�ax� +w. 4, . �

|n2ax2 +w. 5,

�|ax� +w, . �|n�ax2 +w. 4,
@

4

a*
> +918,

zkhuh a* @
4 .D

4 . q
= Htxdwlrq +918, vlpsol�hv wr

ax� +w. 4, . �ax2 +w. 5,

ax� +w, . �ax2 +w. 4,
@

4

� a*
= +919,

Lw fdq eh vkrzq wkdw

ax� +w, @ ax +w,

�
+4� � . ��, f| � ���f|3�

f| +f| � �f|3�,

�
> +91:,

dqg

ax2 +w, @ �ax +w,

�
+4� �, �

f| � �f|3�

�
= +91;,

Soxjjlqj +91:, dqg +91;, lq +919,/ zh rewdlq

ax +w. 4,

�
+4� � . ��, f|n� � ���f|

f|n� +f|n� � �f|,

�
� �ax +w. 5,

�
+4� �,�

f|n2 � �f|n�

�

ax +w,

�
+4� � . ��, f| � ���f|3�

f| +f| � �f|3�,

�
� �ax +w. 4,

�
+4� �,�

f|n� � �f|

� @
4

� a*
>

zklfk fdq eh uhzulwwhq dv

3
EEC

4� � . ��

� +4� �, �
�

��f|

� +4� �, f|n�
�

ax +w. 5,

ax +w. 4,

�
f|n� � �f|

f|n2 � �f|n�

�

4� � . ��

� +4� �, �
�

��f|3�

� +4� �, f|
�

ax +w. 4,

ax +w,

�
f| � �f|3�

f|n� � �f|

�
4
FFD�

�
ax +w. 4,

ax +w,

��
f| � �f|3�

f|n� � �f|

�
@

4

� a*
= +91<,

Ohw xv qrz gh�qh wkh jurvv udwh ri jurzwk ri wkh dyhudjh xwlolw| ri kdelw dgmxvwhg
frqvxpswlrq/

ai| @

�
	�E|n��
�|n�

�
�
	�E|�
�|

� @

�
ax +w. 4,

ax +w,

��
f| � �f|3�

f|n� � �f|

�
= +9143,

4<



Qrwh wkdw wkh gh�qlwlrq ri ai| frlqflghv zlwk wkdw ri i| jlyhq lq +6=49, iru wkh
frpshwlwlyh hfrqrp|1 Krzhyhu/ zkloh i| zdv dovr wkh jurvv udwh ri jurzwk ri wkh
pdujlqdo xwlolw| ri frqvxpswlrq lq wkh frpshwlwlyh hfrqrp| +vhh +6=47,,/ ai| lv qrw
qhfhvvdulo| htxdo wr wkh jurvv udwh ri jurzwk ri wkh pdujlqdo xwlolw| ri frqvxpswlrq
lq wkh vrfldoo| sodqqhg hfrqrp|/ dv fdq eh vhhq diwhu frpsxwlqj 	��E|n��

	��E|�
iurp +9=:,1.

Ohw a{| @
S|

S|3�
eh wkh jurvv udwh ri frqvxpswlrq jurzwk ri wkh vrfldo sodqqhu*v

vroxwlrq1 Wkhuhiruh/ +9=<, ehfrphv

3
EC
%�

�

a{|n�
�

ai|n�

%�
�

a{|
�

ai|

4
FD ai| @

4

� a*
> +9144,

zkhuh

% @
4� � . ��

� +4� �, �
dqg � @

��

� +4� �,
+9145,

Qrwh wkdw % dqg � duh erwk qrq0qhjdwlyh vlqfh wkh mrlqw frqfdylw| ri ax +f|> f|3�, zlwk

uhvshfw wr lwv wzr dujxphqwv uhtxluhv wkdw
�

4� �
� 3 +vhh wkh dsshqgl{,= Zh fdq

uhzulwh +9=44, dv

ai|n� @ %�
�

a{|n�
.

4

�*
.

�
4

ai|� a*

��
�

a{|
� %

�
�P

�
a{|n�ca{|> ai|

�
= +9146,

Qh{w/ frpelqlqj wkh gh�qlwlrq ri ai| lq +9143, zlwk wkdw ri a{|> zh lpphgldwho| jhw

ai| @ +a{|,
3j

�
a{| � �

a{|n� � �

�j

+a{|n�,
wj
=

Zh fdq dovr zulwh wkh suhylrxv htxdwlrq dv

j

�
a{|n�> a{|> ai|

�
�

�
a{| � �

a{|n� � �

�
+a{|n�,

w
� a{|

�
ai|

� �

j

@ 3> +9147,

zklfk lv htxlydohqw wr wkh gl�huhqfh htxdwlrq +614;, fkdudfwhul}lqj wkh frpshwlwlyh
htxloleulxp1

Ilqdoo|/ iurp wkh uhvrxufh frqvwudlqw +51<,/ zh rewdlq/

a}|n� @

�
a}|
a{|

��
4 .D

4 . q

�
�

�
4

4 . q

�
> +9148,

zkhuh a}| @
&|

S|3�
=

Wkh gl�huhqfh htxdwlrqv +9146,/ +9147,/ dqg +9148,/ wrjhwkhu zlwk wkh lqlwldo
frqglwlrq }f @

&f
S
3�

dqg wkh wudqvyhuvdolw| frqglwlrqv +916, dqg +917, ixoo| fkdudfwhul}h

wkh g|qdplfv ri wkh yduldeohv ai|> a{|c dqg a}|=

.
ì ��** tii *@|ih L? |�@| s| @?_ 	s| L?*) UL�?U�_i @| @ �B��
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,� ��� !"����
� ���	�� ��� #��������" #�
����" *������ *����

Lq rughu wr �qg wkh vwhdg| vwdwh ri wkh g|qdplf v|vwhp iruphg e| wkh gl�huhqfh

htxdwlrqv zh kdyh mxvw ghvfulehg dw wkh hqg ri wkh suhylrxv vhfwlrq/ zh hydoxdwh

wkhvh htxdwlrqv dw a{| @ a{> ai| @ ai> dqg a}| @ a} iru doo w> dqg vroyh wkh fruuhvsrqglqj

v|vwhp ri htxdwlrqv wr rewdlq

ai @
4

� a*
> +:14,

a{ @ ai
3�

jE�3w� > +:15,

dqg

a} @
a{

+4 .D,� +4 . q, a{
= +:16,

Zh vhh iurp orrnlqj dw +7=5,/ +7=6, dqg +7=7, > wkdw ai @ i> a{ @ { dqg a} @ } zkhqhyhu

a* @ *> wkdw lv/ zkhq �| @ 31 Wkhuhiruh/ zkhq wkh wd{ udwh rq lqfrph lv }hur/

qr gl�huhqfhv dulvh dw wkh vwhdg| vwdwh ehwzhhq wkh frpshwlwlyh dqg wkh h�flhqw

vroxwlrq1

Dv zh glg iru wkh frpshwlwlyh vroxwlrq/ zh duh jrlqj wr lqwurgxfh vrph dgglwlrqdo

dvvxpswlrqv wkdw duh qhfhvvdu| iru wkh h{lvwhqfh ri d vrfldoo| sodqqhg EJS glvsod|lqj

srvlwlyh jurzwk1

Ohppd :141 Li d vrfldoo| sodqqhg EJS zlwk a{ A 4 h{lvwv/ wkhq wkh iroorzlqj wzr

lqhtxdolwlhv pxvw krog=

� a* A 4> +:17,

� a*�3jE�3w�
? 4= +:18,

Surri1 Dv iroorzv iurp +:14, dqg +:15,/ wkh vwdwlrqdu| vroxwlrq wr wkh sodqqhu*v

sureohp h{klelwv srvlwlyh vxvwdlqhg jurzwk/ a{ A 4> li dqg rqo| li +:17, krogv1

Lq rughu wr fkhfn zkhwkhu wkh wudqvyhuvdolw| frqglwlrq +917, krogv/ zh vkrxog

revhuyh �uvw wkdw htxdwlrq +91:, hydoxdwhg dw d EJS ehfrphv

ax� +w, @
ax +w,

f|

�
+4� � . ��, a{� ���

a{� �

�
=

Wkhuhiruh/
ax� +w. 4,

ax� +w,
@

�
ax +w. 4,

ax +w,

��
4

a{

�
@ ai>

zkhuh wkh odvw htxdolw| frphv lpphgldwho| iurp +9143,1 Khqfh/ zh fdq wkhq frqfoxgh

wkdw wkh wudqvyhuvdolw| frqglwlrq +917, dw d EJS uhtxluhv wkdw � ai a{ ? 4= Dv iroorzv

iurp +:14, dqg +:15,/ wklv lqhtxdolw| lv htxlydohqw wr +:18,1

Ohw xv srlqw rxw wkdw wkh wzr frqglwlrqv +:17, dqg +:18, qhhghg wr rewdlq d

vrfldoo| sodqqhg vroxwlrq glvsod|lqj srvlwlyh jurzwk lq wkh orqj uxq duh wkh h{dfw

frxqwhusduwv ri frqglwlrqv +718, dqg +719,/ zklfk zhuh lpsrvhg iru wkh frpshwlwlyh

hfrqrp|1 Pruhryhu/ +:17, dqg +:18, frqvwlwxwh qhfhvvdu| dqg vx�flhqw frqglwlrqv

iru a{ A 4 dqg iru wkh wudqvyhuvdolw| frqglwlrq +917, dw d EJS/ uhvshfwlyho|1 Zh zloo
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qh{w vkrz vrph lpsolfdwlrqv ri wkhvh wzr frqglwlrqv/ zklfk frq�up wkdw wkh h�flhqw

EJS lv zhoo gh�qhg1

Qrwh �uvw wkdw/ vlqfh +:17, lpsolhv wkdw a{ A 4> wkh whup f| � �f|3� lv vwulfwo|

srvlwlyh vr wkdw wkh lqvwdqwdqhrxv xwlolw| ixqfwlrq lv zhoo gh�qhg dw +dqg durxqg, dq

h�flhqw EJS1 Revhuyh dovr wkdw +:16, uhtxluhv wkdw

4 .D

4 . q
A a{> +:19,

dv a} A 3= Iurp +:14, dqg +:15,/ lqhtxdolw| +:19, ehfrphv

4 .D

4 . q
A +� a*,

�
jE�3w� > +:1:,

zklfk lv htxlydohqw wr wkh frqglwlrq +71:, lpsrvhg iru wkh frpshwlwlyh hfrqrp|1 Lw

lv vwudljkwiruzdug wr fkhfn wkdw lqhtxdolw| +:1:, krogv zkhqhyhu +:18, lv dvvxphg1

Qrwh dovr wkdw ax� +w, A 3 +wkh lqvwdqwdqhrxv xwlolw| ixqfwlrq idfhg e| wkh vrfldo

sodqqhu lv lqfuhdvlqj lq fxuuhqw frqvxpswlrq, vlqfh +91:, lv srvlwlyh li dqg rqo| li

�
4 .

��

4� �

�
f| A

���

4� �
f|3�= +:1;,

Vlqfh f| � �f|3� A 3 dqg wkh frqfdylw| ri ax lpsolhv wkdw w

�3j �
3/ lqhtxdolw| +:1;,

dxwrpdwlfdoo| krogv1 Lw lv dovr reylrxv wkdw/ xqghu wkh vdph frqglwlrqv/ +91;, lpsolhv

wkdw ax2 +w, ? 3 =

Pruhryhu/ xvlqj +91:, dqg +91;, zh rewdlq

ax2 +w. 4,

ax� +w,
@ � ai|

�
+4� �,�f|

+4� � . ��, f| � ���f|3�

�
>

zklfk dw d EJS ehfrphv

ax2 +w. 4,

ax� +w,
@ �

ai

�

�
a{

%a{� �

�
=

Khqfh/ wkh �uvw rughu frqglwlrq +914, ehfrphv dw d EJS

a�| @ �
|ax� +w, . �

|n�ax2 +w. 4, @ �
|ax�+w,

�
4� ai

�
a{

%a{� �

��
= +:1<,

Zh vhh wkdw a�| A 3 li dqg rqo| li

ai

�
a{

%a{� �

�
? 4= +:143,

Iurp +:14, dqg wkh gh�qlwlrqv ri a*> %/ dqg �/ lqhtxdolw| +:143, ehfrphv

a{�

a{.

�
�� +a{� �,

4� �

� ? *> +:144,
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dqg/ vlqfh a{� � A 3 dqg w

�3j �
3> zh fdq frqfoxgh wkdw wkh ghqrplqdwru ri wkh ohiw

kdqg vlgh ri lqhtxdolw| +:144, lv srvlwlyh1 Wkhuhiruh/ zh fdq uhzulwh +:144, dv

a{ + a*� �, .
*� +a{� �,�

+4� �,
A 3= +:145,

Wkh suhylrxv lqhtxdolw| dozd|v krogv xqghu wkh vhw ri dvvxpswlrq zh duh pdnlqj1 Wr

vhh wklv/ qrwh wkdw a{ A 4 lv htxlydohqw wr � a* A 4> zklfk lq wxuq lpsolhv wkdw a* A 4

dqg/ khqfh/ a*� � A 3 dqg a{� � A 31 Pruhryhu/ ehfdxvh ri wkh frqfdylw| ri ax/ zh

kdyh w

�3j
� 3= Wkh odvw wkuhh lqhtxdolwlhv uhdglo| lpso| wkdw +:145, krogv1 Wkhuhiruh/

vlqfh a�| A 3> wkh glvfrxqwhg vxp ri xwlolwlhv idfhg e| wkh vrfldo sodqqhu lv lqfuhdvlqj

lq wkh dprxqw ri fxuuhqw frqvxpswlrq f| +vhh +:1<,,1

Ilqdoo|/ soxjjlqj lqhtxdolw| +:1<, lq wkh wudqvyhuvdolw| frqglwlrq +916, dqg xvlqj

wkh idfw wkdw +:18, lv htxlydohqw wr � ai a{ ? 4> zh fdq lpphgldwho| frqfoxgh wkdw wkh

wudqvyhuvdolw| frqglwlrq +916, lv vdwlv�hg dw d EJS1

Zh zloo dvvxph iurp qrz rq wkdw frqglwlrqv +:17, dqg +:18, krog lq rughu wr doorz

iru d zhoo gh�qhg h�flhqw EJS glvsod|lqj d srvlwlyh udwh ri jurzwk1

Lq rughu wr vwxg| wkh orfdo g|qdplfv ri wkh rswlpdo sdwk vhohfwhg e| wkh sodqqhu/

zh vkrxog olqhdul}h wkh v|vwhp ri gl�huhqfh htxdwlrqv +9146,/ +9147, dqg +9148, durxqg

lwv vwhdg| vwdwh1 Vxfk d olqhdul}hg g|qdplf v|vwhp kdv wkh irup

5
99997

ai|n� �
ai

a{|n� � a{

a}|n� � a}

6
::::8 @

5
999997

a��� a��2 3

a�2� a�22 3

3 a��2 a���

6
:::::8

5
99997

ai| � ai

a{| � a{

a}| � a}

6
::::8
u

+:146,

Ohppd :151 Wkh vwdwlrqdu| htxloleulxp ri wkh g|qdplf v|vwhp +:146, lv vdggoh

sdwk vwdeoh1

Surri1 Vhh wkh dsshqgl{1

Dv vkrzq lq wkh surri ri wklv ohppd/ wkh g|qdplf v|vwhp +:146, kdv wkuhh

hljhqydoxhv vdwlvi|lqj a�� A 4> a�2 5 +3> 4, dqg a�� A 4= Wkxv/ zh fdq zulwh wkh

vwdeoh vroxwlrq sdwk ri wkh olqhdul}hg v|vwhp dv

ai| @ D�
a�|2 .

ai>

a{| @ D2
a�|2 . a{

a}| @ D�
a�|2 . a}= +:147,

zlwk D� @ +a}f � a}, = Khqfh/

ai| @ n� +a}f � a}, a�|2 .
ai> +:148,

a{| @ n2 +a}f � a}, a�|2 . a{> +:149,
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zkhuh wkh yhfwru +n�> n2> 4, lv wkh hljhqyhfwru dvvrfldwhg zlwk wkh hljhqydoxh a�2 ri

wkh pdwul{ ri sduwldo ghulydwlyhv dsshdulqj lq +:=46, = Wkhuhiruh/

n2 @
a�2 � a���

a��2
A 3> +:14:,

zkhuh wkh lqhtxdolw| dulvhv vlqfh a��2 ? 3 dqg a��� A 4 +vhh +D1<, dqg +D144, lq wkh

dsshqgl{,1

Zh fdq pdnh n� @ n2a > zkhuh +a > 4, lv dq hljhqyhfwru dvvrfldwhg zlwk wkh

hljhqydoxh a�2 ri wkh vxe0v|vwhp iruphg e| wkh olqhdul}dwlrq ri +9147, dqg +9148,=

Wkhuhiruh/

a @
a�2 � a�22

a�2�
@

a�2 �

�
�

a{� � +a{� �,

�
a�2�

= +:14;,

Lq rughu wr �qg wkh vljq ri a zh vkrxog revhuyh wkdw wkh ghqrplqdwru ri wkh suhylrxv

h{suhvvlrq lv qhjdwlyh +vhh +D145, lq wkh dsshqgl{,1 Frqfhuqlqj wkh vljq ri wkh

qxphudwru/ zh mxvw kdyh wr frpsxwh�
a�� �

�

a{� � +a{� �,

��
a�2 �

�

a{� � +a{� �,

�
@

a��a�2 .

�
�

a{� � +a{� �,

��
�

a{� � +a{� �,
�

�
a�� . a�2

��
@

�

�*
a{

�# � +4� �, +a{� �,2

+4� �, +a{� � +a{� �,,2

$
? 3>

zkhuh wkh vhfrqg htxdolw| frphv iurp vrph vlpsol�fdwlrqv diwhu xvlqj wkh h{suhvvlrqv

iru a��a�2 dqg a�� . a�2 > zklfk fdq eh irxqg lq htxdwlrqv +D146, dqg +D147, ri wkh

dsshqgl{1 Wkh �qdo lqhtxdolw| iroorzv iurp wkh frqfdylw| frqglwlrq w

�3j �
3 dqg wkh

lqhtxdolwlhv a{� � A 3 dqg � ? 4= Wkxv/ wkh hljhqydoxhv a�� dqg a�2 vdwlvi|

a�� A
�

a{� � +a{� �,
A a�2> +:14<,

dqg wklv phdqv wkdw a A 3 dqg/ khqfh/ wkdw n� @ n2a A 3 +vhh +:=4:, dqg +:=4;,,=

Wkhuhiruh/ wkhuh lv d srvlwlyh uhodwlrqvkls ehwzhhq wkh vwdwh yduldeoh }| dqg wkh

frqwuro yduldeohv i| dqg {| dorqj wkh vdggoh sdwk durxqg wkh vwdwlrqdu| vroxwlrq wr

wkh sodqqhu*v sureohp1 Lq sduwlfxodu/ zh rewdlq iurp +:=47, dqg +:=49, wkh iroorzlqj

olqhdul}hg srolf| ixqfwlrq iru wkh jurzwk udwh ri frqvxpswlrq=

a{| @ n2 +a}| � a}, . a{> +:153,

zlwk n2 A 3 +vhh +:=4:,,= Qrwh dovr wkdw wkh yduldeoh i| glg qrw glvsod| wudqvlwlrq lq

wkh frpshwlwlyh htxloleulxp/ zkhuhdv lw grhv lq wkh sodqqhu*v vroxwlrq dv fdq eh vhhq

iurp +:=48,1

Lq wkh qh{w sursrvlwlrq zh frpsduh wkh udwh ri frqyhujhqfh ri wkh frpshwlwlyh

hfrqrp| zlwk wkdw ri wkh vrfldoo| sodqqhg hfrqrp|=
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Sursrvlwlrq :161 Wkh udwh ri frqyhujhqfh ri wkh frpshwlwlyh hfrqrp| zlwk qr wd{hv

lv orzhu wkdq wkdw ri wkh vrfldoo| sodqqhg hfrqrp|1

Surri1 Uhfdoo iurp +7=46, wkdw �2 @
�

a{� � +a{� �,
> vlqfh a{ @ { zkhq � @ 3=

Wkhuhiruh/ vlqfh �2 A a�2 +vhh +:=4<,,/ wkh frpshwlwlyh hfrqrp| frqyhujhv wrzdugv lwv

vwhdg| vwdwh dw d vorzhu vshhg wkdq lwv vrfldoo| sodqqhg frxqwhusduw1

Wkh lqwxlwlrq ehklqg Sursrvlwlrq :16 olhv lq wkh idfw wkdw/ li wkh jurzwk udwh lv

lqlwldoo| deryh lwv vwhdg| vwdwh ydoxh/ wkhq wkh pdujlqdo udwh ri vxevwlwxwlrq +PUV, lq

wkh vrfldoo| sodqqhg vroxwlrq lv vpdoohu wkdq wkh PUV idfhg e| wkh frqvxphuv dorqj

wkh frpshwlwlyh vroxwlrq1 Ehfdxvh ri wkh vdggoh sdwk vwdelolw| ri wkh vwhdg| vwdwhv ri

erwk hfrqrplhv/ wkh suhylrxv idfw fdq eh uhirupxodwhg e| vd|lqj wkdw/ li wkh jurzwk

udwh lv ghfuhdvlqj lq wlph wkhq wkh PUV ri wkh vrfldo sodqqhu lv vpdoohu wkdq wkh PUV

dvvrfldwhg zlwk wkh frpshwlwlyh htxloleulxp1 D vpdoohu ydoxh ri wkh PUV phdqv wkdw

wkh fruuhvsrqglqj ghflvlrq pdnhuv duh ohvv zloolqj wr vxevwlwxwh suhvhqw frqvxpswlrq

e| ixwxuh frqvxpswlrq/ dqg wklv lq wxuq lpsolhv wkdw wkh| glvolnh pruh wr iroorz

frqvxpswlrq sdwkv h{klelwlqj kljk udwhv ri jurzwk1 Reylrxvo|/ li wkh lqlwldo udwh ri

jurzwk lv kljkhu wkdq wkh vwdwlrqdu| rqh dqg wkh PUV ri wkh vrfldo sodqqhu lv orzhu

wkdq wkdw ri wkh frqvxphuv lq wkh frpshwlwlyh hfrqrp|/ wkh vshhg ri frqyhujhqfh lq

wkh vrfldoo| sodqqhg hfrqrp| zloo eh kljkhu wkdq lq wkh frpshwlwlyh hfrqrp|/ vlqfh

wkh sodqqhu lv pruh zloolqj wr uhgxfh lpphgldwho| wkh udwh ri frqvxpswlrq jurzwk1

Wkh dujxphqw lv v|pphwulf iru wkh fdvh zkhuh wkh lqlwldo jurzwk udwh lv ehorz lwv

vwhdg| vwdwh1

Wr vhh wkdw d ghfuhdvlqj sdwk ri jurzwk udwhv lv dvvrfldwhg zlwk d vrfldoo| sodqqhg

PUV wkdw lv vpdoohu wkdq wkh frpshwlwlyh PUV/ zh dvvxph wkdw

{|n2 ? {|n�> +:154,

dqg fkhfn zkhwkhu wkh iroorzlqj lqhtxdolw| krogv=

x� +w. 4,� ��x� +w. 5,

x� +w,� ��x� +w. 4,
A

x� +w. 4, . xS +w. 4,� ��x� +w. 5,

x� +w, . xS +w,� ��x� +w. 4,
= +:155,

Iurp wkh Hxohu htxdwlrqv +6=43, dqg +9=9, > dqg vlqfh ax�+w, @ x�+w, . x7S+w, dqg

ax2+w. 4, @ ��x�+w. 4,> zh vhh wkdw wkh ohiw0kdqg vlgh ri wkh suhylrxv lqhtxdolw| lv

wkh PUV idfhg e| wkh frqvxphuv lq wkh frpshwlwlyh hfrqrp|/ zkhuhdv wkh uljkw0kdqg

vlgh lv wkh PUV ri wkh vrfldo sodqqhu1 Uhduudqjlqj whupv lq +:=55,/ zh rewdlq

x� +w. 4,� ��x� +w. 5,

x� +w,� ��x� +w. 4,
A

xS +w. 4,

xS +w,
= +:156,

Doo wkh sduwldo ghulydwlyhv dsshdulqj lq wkh suhylrxv h{suhvvlrq duh krprjhqrxv ri

ghjuhh � +� � 4, dqg/ khqfh/ +:=56, ehfrphv

+{|n�,
jEw3��

#
4� +{|n2,

jEw3��
��

4� +{|n�,
jEw3��

��

$
A +{|n�,

jEw3��
>

zklfk vlpsol�hv wr �
{|n2

{|n�

�
jEw3��

? 4=
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Wkh suhylrxv lqhtxdolw| iroorzv iurp +:=54, vlqfh � +� � 4, ? 31

Zh zloo vhh lq wkh qh{w vhfwlrq wkdw/ li wkh wzr dujxphqwv ri wkh ixqfwlrq x duh

shuihfw vxevwlwxwhv/ wkhq wkh h�flhqw sdwk frlqflghv zlwk wkh frpshwlwlyh rqh dv wkh

frpshwlwlyh dqg vrfldoo| sodqqhg PUV*v duh dozd|v lghqwlfdo lq wklv fdvh1

-� .������ ��
��� ��������

Wkh ghvljq ri d wd{ udwh rq lqfrph jhduhg wrzdugv lpsohphqwlqj wkh h�flhqw vroxwlrq

wxuqv rxw wr eh txlwh vlpsoh lq rxu frqwh{w1 Iluvw ri doo/ revhuyh wkdw/ jlyhq dq lqlwldo

ydoxh }f ri wkh vwdwh yduldeoh }|/ zh mxvw kdyh wr vhohfw d vhtxhqfh ri wd{ udwhv

rq lqfrph i�|j
"

|'� vxfk wkdw wkh sdwk ri wkh frqwuro yduldeoh i| lq wkh frpshwlwlyh

htxloleulxp frlqflghv zlwk wkdw ri wkh yduldeoh ai| lq wkh vrfldoo| sodqqhg vroxwlrq/ iru

doo w � 3= Wklv lv vr ehfdxvh wkh ixqfwlrqdo irup ri wkh htxdwlrq uhodwlqj i| dqg {|
lq wkh frpshwlwlyh hfrqrp| frlqflghv zlwk wkdw ri wkh htxdwlrq uhodwlqj ai| dqg a{| lq

wkh vrfldoo| sodqqhg hfrqrp| +vhh +6=4;, dqg +9=47,,1 Pruhryhu/ wkh vdph lghqwlw|

krogv ehwzhhq wkh htxdwlrq uhodwlqj }| dqg {| dqg wkh htxdwlrq uhodwlqj a}| dqg a{| +vhh

+6=4<, dqg +9=48,,= Wkh frpshwlwlyh sdwk ri wkh yduldeoh i| lv jlyhq e| wkh vroxwlrq

wr wkh gl�huhqfh htxdwlrq +6=48,1 Xvlqj +6=45, > wkh vroxwlrq wr wklv htxdwlrq lv

i| @
4. q

+4 . +4� �|n�,D,�
> +;14,

dv iroorzv iurp wkh idfw wkdw wkh gl�huhqfh htxdwlrq +6=48, lv dxwrqrprxv dqg/ wkxv/

grhv qrw ghshqg rq wkh vwdwh yduldeoh }|> dqg wkh vwdwlrqdu| ydoxh ri wkh frqwuro

yduldeoh i| lv xqvwdeoh1 Wkh vrfldoo| sodqqhg sdwk ri ai| lv rewdlqhg iurp vroylqj wkh

v|vwhp ri gl�huhqfh htxdwlrqv +9146,/ +9147,/ dqg +9148, iru d jlyhq lqlwldo ydoxh ri

}f= Wkhq/ iurp soxjjlqj wkh h�flhqw vhtxhqfh
q
ai|

r
"

|'f
lq +;=4, dqg vroylqj iru �|n�>

zh rewdlq wkh rswlpdo vhtxhqfh ri wd{ udwhv rq lqfrph/

�|n� @
�+4 .D, ai| � +4 . q,

�D ai|
= +;15,

Lq rughu wr fkdudfwhul}h wklv rswlpdo �vfdo srolf| durxqg wkh vwhdg| vwdwh/ zh vhh

iurp +:=47, dqg +:=48, wkdw wkh vrfldoo| sodqqhg sdwk ri ai| durxqg lwv vwhdg| vwdwh

vdwlv�hv
ai| @ n� +a}| � a}, . ai> +;16,

zkhuh ai lv wkh vwdwlrqdu| ydoxh erwk ri wkh yduldeoh i| fruuhvsrqglqj wr wkh

frpshwlwlyh sdwk zlwk }hur wd{hv dqg ri wkh yduldeoh ai| fruuhvsrqglqj wr wkh h�flhqw

sdwk1 Vlploduo|/ a} lv wkh vwdwlrqdu| ydoxh ri erwk }| dqg a}|= Soxjjlqj +;=6, lq +;=5, >

zh jhw wkdw wkh rswlpdo wd{ udwh �|n� durxqg wkh vwhdg| vwdwh vdwlv�hv

�|n� @
�+4 .D,

k
+a}| � a}, n� . ai

l
� +4 . q,

�D ai|
@

�+4 .D, +a}| � a},n�

�D ai|
> +;17,

zkhuh wkh vhfrqg htxdolw| frphv iurp wkh idfw wkdw

ai @
4

� a*
@

4 . q

�+4 .D,
=
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Fohduo|/ wkh ghqrplqdwru ri +;=7, lv srvlwlyh e| gh�qlwlrq1 Wkhuhiruh/ vlqfh n� A 3>
wkh vljq ri wkh wd{ udwh �|n� durxqg wkh vwhdg| vwdwh frlqflghv zlwk wkh vljq ri a}|� a}/
zkhuh a}| lv vx�flhqwo| forvh wr wkh vwdwlrqdu| ydoxh a}1 Wkhuhiruh/ zh fdq vwdwh wkh
iroorzlqj sursrvlwlrq ghvfulelqj wkh uhodwlrq ehwzhhq wkh rswlpdo wd{ dqg wkh fxuuhqw
ydoxh ri wkh vwdwh yduldeoh }|=

Sursrvlwlrq ;141 Dvvxph wkdw � 9@ 3= Wkh rswlpdo wd{ udwh rq lqfrph durxqg d

vwhdg| vwdwh vdwlv�hv

�|n� A 3 li }| A }>

�|n� ? 3 li }| ? }>

dqg

olp
|<"

�| @ 3=

Surri1 Reylrxv iurp +;17, > vlqfh a} @ }> zkloh zh fdq pdnh a}| @ }| dv erwk yduldeohv
duh suhghwhuplqhg dw shulrg w=

Wkh srolf| suhvfulswlrq dulvlqj iurp wkh suhylrxv sursrvlwlrq kdv d frxqwhu0
f|folfdo �dyru vlqfh/ zkhq wkh yduldeoh }| olhv ehorz lwv vwdwlrqdu| ydoxh> wkh udwh
ri jurzwk {| lv dovr ehorz lwv vwdwlrqdu| ydoxh +vhh +7148,,1 Lq wklv fdvh/ vlqfh wkh
frpshwlwlyh hfrqrp| frqyhujhv wrzdugv lwv vwhdg| vwdwh dw d orzhu vshhg wkdq wkh
vrfldoo| sodqqhg hfrqrp|/ dq rswlpdo srolf| vkrxog frqvlvw rq dffhohudwlqj wkh udwh ri
frqyhujhqfh1 Iru hfrqrplhv wkdw duh glvsod|lqj udwhv ri jurzwk ehorz wkh vwdwlrqdu|
rqh/ wklv rswlpdo srolf| lqyroyhv wr dffhohudwh wkh udwh ri fdslwdo dffxpxodwlrq dqg
wklv lv dfklhyhg e| d sursruwlrqdo vxevlg| rq fdslwdo lqfrph/ �|n� ? 31 Reylrxvo|/
iru hfrqrplhv wkdw duh jurzlqj idvwhu wkdq lq wkhlu EJS/ wkh vshhg ri frqyhujhqfh lv
dffhohudwhg e| d srvlwlyh wd{ udwh dlphg wr glvlqfhqwlyh fdslwdo dffxpxodwlrq1

Wkh suhylrxv wd{dwlrq srolf| dovr uhvhpeohv lq vrph uhvshfw wkh rswlpdo srolf|
glvfxvvhg e| Fkdpoh| +4<;9, lq d txlwh gl�huhqw frqwh{w1 Dffruglqj wr Fkdpoh|/
rswlpdo wd{dwlrq rq wkh lqfrph jhqhudwhg e| dffxpxodeoh lqsxwv vkrxog whqg wr
}hur lq wkh orqj uxq/ zklfk djuhhv zlwk wkh odvw sduw ri Sursrvlwlrq ;141

Lq rughu wr rewdlq wkh orfdo fkdudfwhul}dwlrq ri wkh vhtxhqfh ri rswlpdo wd{ udwhv
jlyhq lq Sursrvlwlrq ;14/ zh kdyh pdgh xvh ri wzr fuxfldo dvvxpswlrqv= 4, wkh
lqvwdqwdqhrxv xwlolw| ixqfwlrq x kdv sduwldo ghulydwlyhv wkdw duh krprjhqhrxv ri wkh
vdph ghjuhh/ dqg 5, wkh wzr dujxphqwv ri x duh qrw shuihfw vxevwlwxwhv1 Wr kljkoljkw
wkh uroh sod|hg e| wkhvh wzr dvvxpswlrqv zh fdq vwdwh wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq ;151 Dvvxph wkdw wkh lqvwdqwdqhrxv xwlolw| ixqfwlrq x+k> �f, kdv sduwldo

ghulydwlyhv wkdw duh krprjhqhrxv ri wkh vdph ghjuhh dqg wkdw
4 .D

4 . q
A 41 Wkhq/

d, Wkh rswlpdo wd{ udwh rq lqfrph lv htxdo wr }hur dorqj wkh EJS1

e, Wkh rswlpdo wd{ udwh rq lqfrph lv htxdo wr }hur r� wkh EJS zkhqhyhu wkh

wzr dujxphqwv ri x+k> �f, duh shuihfw vxevwlwxwhv1

Surri1 Vhh wkh dsshqgl{1

Wklv sursrvlwlrq whoov xv wkdw/ xqghu wkh vwdqgdug krprjhqhlw| frqglwlrq dlphg wr
doorz wkh h{lvwhqfh ri EJS*v/ lqh�flhqflhv ydqlvk dv wkh frpshwlwlyh sdwk zlwk }hur
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wd{hv dssurdfkhv lwv EJS1 Pruhryhu/ wkh sursrvlwlrq dovr vkrzv wkdw vrph nlqg ri
frpsohphqwdulw| ehwzhhq kdelw dgmxvwhg frqvxpswlrq dqg frqvxpswlrq h{whuqdolwlhv
lv qhfhvvdu| wr jhqhudwh lqh�flhqf| gxulqj wkh wudqvlwlrq wrzdugv wkh vwhdg| vwdwh1 Lw
lv vkrzq lq wkh surri ri wkh sursrvlwlrq +vhh +D153,, wkdw wkh qhfhvvdu| dqg vx�flhqw
frqglwlrq iru wkh h�flhqf| ri wkh frpshwlwlyh htxloleulxp lv wkdw

x7S+k|> f|,

x�+k|> f|,
@ &> +;18,

iru vrph frqvwdqw &> dorqj wkh frpshwlwlyh htxloleulxp sdwk1 Lq idfw/ frqglwlrq +;18,
h{whqgv wkh _uhvwulfwhg krprwkhwlflw|% frqglwlrq +5=49, wr d vlwxdwlrq zkhuh kdelwv
duh suhvhqw1

Frqvlghu qrz dq lqvwdqwdqhrxv xwlolw| ixqfwlrq x +k|> �f|, lq zklfk lwv wzr
dujxphqwv duh shuihfw vxevwlwxwhv1 Wklv lv irupdol}hg zlwkrxw orvv ri jhqhudolw| e|
wkh iroorzlqj sdudphwul}dwlrq ri wkh xwlolw| ixqfwlrq=

x +k|> �f|, @
+k| � �f|,

�3j

4� �
> � A 3= +;19,

Dffruglqj wr wkh ixqfwlrqdo irup +;=9,/ wkh xwlolw| ri dq lqglylgxdo uhpdlqv xqfkdqjhg
zkhq dq lqfuhdvh lq f xqlwv ri kdelw dgmxvwhg sulydwh frqvxpswlrq lv dffrpsdqlhg e|
dq lqfuhdvh ri f@� xqlwv ri dyhudjh suhvhqw frqvxpswlrq1 Qrwh wkdw qr uhvwulfwlrq lv
lpsrvhg rq wkh vljq ri wkh sdudphwhu � vr wkdw li � A 3 +� ? 3, dyhudjh frqvxpswlrq
lqfuhdvhv +ghfuhdvhv, wkh pdujlqdo xwlolw| ri dq dgglwlrqdo xqlw ri dq lqglylgxdo*v
kdelw dgmxvwhg frqvxpswlrq1 Lw vkrxog dovr eh srlqwhg rxw wkdw wkh ixqfwlrqdo irup
+;=9, froodsvhv lq d vlqjoh ixqfwlrq erwk wkh dgglwlyh vshfl�fdwlrq ri frqvxpswlrq
h{whuqdolwlhv irxqg lq Omxqjtylvw dqg Xkolj +5333, dqg wkh wudglwlrqdo vshfl�fdwlrq
ri dgglwlyh kdelw irupdwlrq1 Ilqdoo|/ qrwh wkdw wkh xwlolw| ixqfwlrq +;=9, vdwlv�hv

x7S+k|> f|,

x�+k|> f|,
@ ��>

vr wkdw frqglwlrq +;=8, dozd|v krogv dqg/ wkxv/ wkh frpshwlwlyh htxloleulxp lv h�flhqw1
Wkh ixqfwlrqdo irup +6=4, ri wkh lqvwdqwdqhrxv xwlolw| wkdw zh kdyh frqvlghuhg

wkurxjkrxw wkh suhvhqw sdshu grhv h{klelw frpsohphqwdulwlhv ehwzhhq lwv wzr
dujxphqwv dqg/ wkxv/ frqglwlrq +;=8, grhv qrw orqjhu krog1 Fohduo|/ lq wklv fdvh/

x7S+k|> f|,

x�+k|> f|,
@

�
��

4� �

��
k|

f|

�
@

��

4� �

�
4�

�

{|

�
=

Wkhuhiruh/ vlqfh wkh jurvv udwh ri jurzwk {| lv qrw frqvwdqw r� wkh EJS +vhh wkh
dqdo|vlv lq Vhfwlrq 7,/ zh fdq frqfoxgh wkdw wkh frpshwlwlyh sdwk zlwkrxw wd{hv lv
qrw h�flhqw gxulqj wkh wudqvlwlrq1 Krzhyhu vxfk dq lqh�flhqf| ydqlvkhv lq wkh orqj
uxq dv {| dssurdfkhv lwv vwdwlrqdu| ydoxh {=

/� 
��
�	����

Lq wklv sdshu zh kdyh suhvhqwhg dq h{kdxvwlyh fkdudfwhul}dwlrq ri wkh g|qdplf
frpshwlwlyh htxloleulxp ri dq hfrqrp| glvsod|lqj hqgrjhqrxv jurzwk1 Lq wklv
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hfrqrp| kdelwv dqg frqwhpsrudqhrxv frqvxpswlrq vslooryhuv dsshdu lq wkh
frqvxphuv* xwlolw| ixqfwlrq1 Wkh whfkqrorjlfdo vlgh lv prghoohg lq dq h{wuhpho|
vlpsoh zd| lq rughu wr doorz iru d wudqvlwlrqdo g|qdplfv hqwluho| gulyhq e| wkh
vshfl�fdwlrq ri lqglylgxdo suhihuhqfhv1 Ehvlghv wkh frqvhtxhqfhv iru wkh g|qdplfv
ri wkh frqvxpswlrq dqg fdslwdo sdwkv eurxjkw derxw e| wkrvh wzr ghsduwxuhv
iurp wudglwlrqdo irupxodwlrqv ri suhihuhqfhv/ rxu dqdo|vlv vkrzv wkdw frqvxpswlrq
h{whuqdolwlhv duh qrw qhfhvvdulo| d vrxufh ri lqh�flhqf|1 Lq sduwlfxodu/ zkhq kdelwv
duh qrw suhvhqw dqg erwk wkh frpshwlwlyh dqg wkh vrfldoo| sodqqhg hfrqrp| h{klelw
d EJS/ frqvxpswlrq vslooryhuv gr qrw jhqhudwh dq| nlqg ri vxe0rswlpdolw|1 Wklv lv
vr ehfdxvh wkh h{lvwhqfh ri d EJS*v pdnhv wkh ixqfwlrqdo irup ri wkh frpshwlwlyh
pdujlqdo udwh ri vxevwlwxwlrq ri frqvxpswlrq ehwzhhq wzr shulrgv lghqwlfdo wr wkh
h�flhqw pdujlqdo udwh ri vxevwlwxwlrq1 Zkhq kdelwv duh lqwurgxfhg lq wkh lqglylgxdov*
xwlolw| ixqfwlrq lq vxfk d zd| wkdw kdelw dgmxvwhg frqvxpswlrq lv d shuihfw vxevwlwxwh
iru wkh dyhudjh frqvxpswlrq lq wkh hfrqrp|/ wkh suhylrxv lghqwlw| ehwzhhq wkh wzr
pdujlqdo udwhv ri vxevwlwxwlrq lv suhvhuyhg dqg/ djdlq/ qr sxeolf lqwhuyhqwlrq lv
qhhghg wr uhvwruh h�flhqf|1 Krzhyhu/ vxfk dq lghqwlw| ehwzhhq pdujlqdo udwhv ri
vxevwlwxwlrq lv qrw orqjhu rewdlqhg zkhq kdelw dgmxvwhg frqvxpswlrq dqg dyhudjh
frqvxpswlrq duh qrw shuihfw vxevwlwxwhv1 Lq wklv frqwh{w zh kdyh vkrzq wkdw/ hyhq
li wkh frpshwlwlyh dqg wkh h�flhqw sdwk vkduh wkh vdph vwdwlrqdu| htxloleulxp/ wkh
odwwhu frqyhujhv idvwhu wrzdugv lwv vwhdg| vwdwh wkdq wkh iruphu1 Wkhuhiruh/ wklv
glvfuhsdqf| lq wkh vshhg ri frqyhujhqfh fdoov iru vrph sxeolf lqwhuyhqwlrq dlphg
wr udlvh wkh frpshwlwlyh udwh ri frqyhujhqfh1 Fohduo|/ d frxqwhu0f|folfdo lqfrph
wd{dwlrq srolf| vhuyhv wklv sxusrvh vlqfh wklv srolf| dffhohudwhv wkh udwh ri fdslwdo
dffxpxodwlrq iru hfrqrplhv jurzlqj vorzo|/ zkloh glvlqfhqwlyhv fdslwdo dffxpxodwlrq
iru idvw jurzlqj hfrqrplhv1

Rxu prgho kdv mxvw irfxvhg rq wkh lqwhudfwlrq ehwzhhq frqvxpswlrq h{whuqdolwlhv
dqg kdelwv1 Zh kdyh dvvxphg wkurxjkrxw wkh sdshu wkdw kdelwv duh dgglwlyh vr
wkdw wkh dujxphqw dsshdulqj lq wkh xwlolw| ixqfwlrq lv wkh gl�huhqfh ehwzhhq suhvhqw
dqg sdvw frqvxpswlrq1 Dv zh kdyh srlqwhg rxw/ doo rxu uhvxowv frxog eh h{whqghg
wr wkh fdvh zlwk pxowlsolfdwlyh kdelwv zkhuh wkh udwlr ehwzhhq suhvhqw dqg sdvw
frqvxpswlrq lv wkh uhohydqw dujxphqw ri wkh xwlolw| ixqfwlrq +dv lq Fduuroo hw do1/
4<<:,1H Lq sduwlfxodu/ li frqvxpswlrq vslooryhuv duh qrw shuihfw vxevwlwxwhv iru kdelw
dgmxvwhg frqvxpswlrq/ wkh vrfldo sodqqhu zloo dovr eh deoh wr d�hfw wkh lpsruwdqfh
ri wkh kdelw vwrfn iru fxuuhqw frqvxpswlrq1 Wkhuhiruh/ wkh vrfldoo| sodqqhg hfrqrp|
zloo h{klelw d kljkhu vshhg ri frqyhujhqfh wkdq wkh frpshwlwlyh hfrqrp|1

Dqrwkhu srvvleoh h{whqvlrq ri rxu dqdo|vlv zloo eh wkh lqwurgxfwlrq ri _h{whuqdo
kdelwv%1 Xqghu wklv nlqg ri kdelwv wkh dyhudjh sdvw frqvxpswlrq ri wkh hfrqrp|
ehfrphv wkh uhohydqw vwdqgdug ri olylqj wkdw lv xvhg wr hydoxdwh wkh xwlolw| dffuxlqj
iurp suhvhqw frqvxpswlrq1b Suhihuhqfhv vxemhfwhg wr d surfhvv ri h{whuqdo kdelw
irupdwlrq duh dovr vdlg wr glvsod| d _fdwfklqj xs zlwk wkh Mrqhvhv% ihdwxuh1 Krzhyhu/

H`�i? �@M�|t �@�i |�i 4�*|�T*�U@|��i uLh4 }��i? �? E��D� c |�i t|@|�L?@h) h@|i Lu }hL�|� �t ?L|

*L?}ih �?_iTi?_i?| Lu |�i T@h@4i|ih � 4i@t�h�?} |�i �4TLh|@?Ui Lu |�i Thi��L�t t|@?_@h_ Lu *���?}�

W? |��t U@tic |L @?@*)3i |�i igiU|t Lu U�@?}it �? � L? |�i h@|i Lu UL?�ih}i?Uic �i t�L�*_ 4L_�u) @*tL

|�i �@*�i Lu |�i T@h@4i|ih j �? Lh_ih |L !iiT �?�@h�@?| |�i t|i@_) t|@|i�
b, |ih?@* �@M�|t @hi �ti_ �? |�i t|LU�@t|�U 4L_i*t Lu �L?t|@?|�?�_it E�bbf�c �Mi* E�bbb�c

�@4TMi** @?_ �LU�h@?i E�bbb�c @?_ w��?}!��t| @?_ N�*�} E2fff�� �LhiL�ihc |�i tLU�@* ?Lh4t

@TTi@h�?} �? |�i U@T�|@* @UU�4*@|�L? 4L_i* Lu _i *@ �L� E�bbH� T*@) @*tL |�i hL*i Lu i |ih?@* �@M�|t�
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lw fdq eh vkrzq wkdw/ li zh kdg uhsodfhg rxu dgglwlyh _lqwhuqdo% kdelwv e| h{whuqdo

rqhv/ doo wkh uhvxowv ri rxu dqdo|vlv zrxog vwloo uhpdlq ydolg1
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^4` Deho/ D1 +4<<3,1 _Dvvhw Sulfhv xqghu Kdelw Irupdwlrq dqg Fdwfklqj xs zlwk

wkh Mrqhvhv1% Dphulfdq Hfrqrplf Uhylhz ;3= 6;0751

^5` Deho/ D1 +4<<<,1 _Ulvn Suhpld dqg Whup Suhpld lq Jhqhudo Htxloleulxp1%

Mrxuqdo ri Prqhwdu| Hfrqrplfv 76= 60661

^6` Dohvvlh/ U1/ dqg D1 Oxvdugl +4<<:,1 _Frqvxpswlrq/ Vdylqj dqg Kdelw

Irupdwlrq1% Hfrqrplf Ohwwhuv 88/ 436043;1

^7` Dorqvr0Fduuhud/ M/ M1 Fdedoo�h/ dqg [1 Udxulfk +5334,1 _Jurzwk/ Kdelw

Irupdwlrq/ dqg Fdwfklqj Xs zlwk wkh Mrqhvhv1% Plphr1

^8` Ehfnhu/ J1 +4<<5,1 _Kdelwv/ Dgglfwlrqv dqg Wudglwlrqv1% N|norv 78= 65:06781

^9` Ehfnhu/ J1 dqg N1 Pxusk| +4<;;,1 _D Wkhru| ri Udwlrqdo Dgglfwlrq1% Mrxuqdo

ri Srolwlfdo Hfrqrp| <9= 9:80:331

^:` Erogulq/ P1/ O1 M1 Fkulvwldqr/ dqg M1 G1 P1 Ilvkhu +5334,1 _Kdelw Shuvlvwhqfh/

Dvvhw Uhwxuqv/ dqg wkh Exvlqhvv F|foh1% Dphulfdq Hfrqrplf Uhylhz <4= 47<0

4991

^;` Fdpsehoo/ M1 \1 dqg M1 K1 Frfkudqh +4<<<,1 _E| Irufh ri Kdelw= D Frqvxpswlrq0

Edvhg H{sodqdwlrq ri Djjuhjdwh Vwrfn Pdunhw Ehkdylru1% Mrxuqdo ri Srolwlfdo

Hfrqrp| 43:= 53805841

^<` Fduuroo/ F1/ +5333,1 _Vroylqj Frqvxpswlrq Prghov zlwk Pxowlsolfdwlyh Kdelwv1%

Hfrqrplfv Ohwwhuv 9;= 9:0::1

^43` Fduuroo/ F1/ M1 Ryhuodqg/ dqg G1 Zhlo +4<<:,1 _Frpsdulvrq Xwlolw| lq d Jurzwk

Prgho1% Mrxuqdo ri Hfrqrplf Jurzwk 5= 66<069:1

^44` Fduuroo/ F1/ M1 Ryhuodqg/ dqg G1 Zhlo +5333,1 _Vdylqj dqg Jurzwk zlwk Kdelw

Irupdwlrq1% Dphulfdq Hfrqrplf Uhylhz <3= 67406881

^45` Fkdpoh|/ F1 +4<;9,1 _Rswlpdo Wd{dwlrq ri Fdslwdo Lqfrph lq Jhqhudo

Htxloleulxp zlwk Lq�qlwh Olyhv1% Hfrqrphwulfd 87= 93:09551

^46` Frqvwdqwlqlghv/ J1 P1 +4<<3,1 _Kdelw Irupdwlrq= D Uhvroxwlrq ri wkh Htxlw|

Suhplxp Sx}}oh1% Mrxuqdo ri Srolwlfdo Hfrqrp| <;= 84<08761

^47` gh od Furl{/ G1 +4<<;,1 _Jurzwk dqg wkh Uhodwlylw| ri Vdwlvidfwlrq1%

Pdwkhpdwlfdo Vrfldo Vflhqfhv 69= 43804581

^48` Ilvkhu/ Z1 K1 dqg I1 [1 Kri +5333,1 _Uhodwlyh Frqvxpswlrq/ Hfrqrplf Jurzwk/

dqg Wd{dwlrq1% Mrxuqdo ri Hfrqrplfv :5= 57405951

^49` Jdo��/ M1 +4<<7,1 _Nhhslqj Xs zlwk wkh Mrqhvhv= Frqvxpswlrq H{whuqdolwlhv/

Sruwirolr Fkrlfh/ dqg Dvvhw Sulfhv1% Mrxuqdo ri Prqh| Fuhglw dqg Edqnlqj 59=

40;1
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^4:` Kduedxjk/ U1 +4<<9,1 _Idoolqj Ehklqg wkh Mrqhvhv= Uhodwlyh Frqvxpswlrq dqg

wkh Jurzwk0Vdylqj Sdudgr{1% Hfrqrplf Ohwwhuv 86= 5<:06371

^4;` Omxqjtylvw/ O1 dqg K1 Xkolj +5333,1 _Wd{ Srolf| dqg Djjuhjdwh Ghpdqg

Pdqdjhphqw Xqghu Fdwfklqj Xs zlwk wkh Mrqhvhv1% Dphulfdq Hfrqrplf Uhylhz

<3= 68906991

^4<` Phkud/ U1 dqg H1 F1 Suhvfrww +4<;8,1 _Wkh Htxlw| Suhplxp= D Sx}}oh1% Mrxuqdo

ri Prqhwdu| Hfrqrplfv 48= 47804951

^53` Ruskdqlghv/ D1 dqg G1 ]huyrv +4<<8,1 _Udwlrqdo Dgglfwlrq zlwk Ohduqlqj dqg

Uhjuhw1% Mrxuqdo ri Srolwlfdo Hfrqrp| 436= :6<0:8;1

^54` Ruwljxhlud/ V1 dqg P1 V1 Vdqwrv +4<<:,1 _Rq wkh Vshhg ri Frqyhujhqfh lq

Hqgrjhqrxv Jurzwk Prghov1% Dphulfdq Hfrqrplf Uhylhz ;:= 6;606<<1

^55` Uhehor/ V1 +4<<4,1 _Orqj Uxq Srolf| Dqdo|vlv dqg Orqj Uxq Jurzwk1% Mrxuqdo

ri Srolwlfdo Hfrqrp| <<= 83308541

^56` U|ghu/ K1H1 dqg J1P1 Khdo +4<:6,1 _Rswlpdo Jurzwk zlwk Lqwhu0whpsrudoo|

Ghshqghqw Suhihuhqfhv1% Uhylhz ri Hfrqrplf Vwxglhv 73= 40641
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Frqglwlrqv iru wkh prqrwrqlflw| dqg frqfdylw| ri wkh ixqfwlrq ax1

Zh zloo qh{w ghulyh wkh frqglwlrqv xqghu zklfk wkh xwlolw| ixqfwlrq ax +f|> f|3�,

idfhg e| wkh vrfldo sodqqhu lv lqfuhdvlqj lq suhvhqw frqvxpswlrq f| dqg mrlqwo| frqfdyh

zlwk uhvshfw wr f| dqg f|3�1 Wkhvh frqglwlrqv zloo jxdudqwhh wkdw wkh Hxohu htxdwlrqv

zh ghulyh iru wkh vrfldoo| sodqqhg hfrqrp| duh lq idfw fkdudfwhul}lqj d pd{lpxp1
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=

Khqfh/ wkh ixqfwlrq ax lv zhoo gh�qhg zkhqhyhu

f| � �f|3� A 3> +D14,

zklfk krogv zkhq frqvxpswlrq jurzv dw d srvlwlyh udwh1 Pruhryhu/ # lv vwulfwo|

srvlwlyh zkhqhyhu +D14, krogv1

Ohw xv qrz frpsxwh wkh iroorzlqj sduwldo ghulydwlyhv
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zkhuh wkh vxelqgh{ 4 ghqrwhv wkh sduwldo ghulydwlyh zlwk uhvshfw wr f|/ zkloh wkh

vxelqgh{ 5 ghqrwhv wkh sduwldo ghulydwlyh zlwk uhvshfw wr f|3�= Khqfh/
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�
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>
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#�2 @ ��mf|3� +f|,
�3� @

m#2

f|
= +D19,

Lw lv lpphgldwh wr vhh iurp +D15, dqg +D17, wkdw wkh ixqfwlrq ax+f|> f|3�, lv lqfuhdvlqj

zlwk uhvshfw wr f| zkhqhyhu erwk +D14, dqg m � 3 krog= Qrwh wkdw m � 3 lv htxlydohqw
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�

4� �
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Glylglqj e|
#

+f|,
2
dqg xvlqj wkh gh�qlwlrq ri m> wkh suhylrxv zhdn lqhtxdolw| ehfrphv

��
2 +4� �,

4� �
� 3= +D1;,

Qrwh wkdw frqglwlrq +D1;, lv htxlydohqw wr � ? 4 vlqfh
�

4� �
� 3 lv uhtxluhg iru

ax +f|> f|3�, wr eh lqfuhdvlqj lq f| +vhh +D1:,,=

Vxpplqj xs/ frqglwlrqv +D14,/ +D1:, dqg � ? 4 jxdudqwhh wkdw wkh ixqfwlrq

ax +f|> f|3�, lv zhoo gh�qhg/ vwulfwo| lqfuhdvlqj lq f|> dqg mrlqwo| frqfdyh zlwk uhvshfw

wr f| dqg f|3�=

Surri ri Ohppd :151

Wkh hohphqwv ri wkh 6 � 6 pdwul{ ri sduwldo ghulydwlyhv dsshdulqj lq wkh v|vwhp
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Ohw a��> a�2> dqg a�� eh wkh hljhqydoxhv ri wkdw pdwul{1 Jlyhq wkh wuldqjxodu qdwxuh
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Wkh lqhtxdolw| iroorzv vlqfh a{ � � A 3 dqg � ? 4= Wkhuhiruh/ wkh �uvw whup ri wkh

ohiw kdqg vlgh ri wkh suhylrxv lqhtxdolw| dqg wkh �uvw whup lqvlgh wkh vtxduh eudfnhwv

duh erwk srvlwlyh= Pruhryhu/ wkh frqfdylw| ri ax uhtxluhv wkdw
�

+4� �,
� 3/ zklfk

zlwk wkh suhylrxv sdudphwulf frqglwlrqv doorzv xv wr lpphgldwho| frqfoxgh wkdw wkh

vhfrqg whup lqvlgh wkh vtxduh eudfnhwv lv dovr srvlwlyh1

Lq rughu wr fkdudfwhul}h wkh orfdo g|qdplf ehkdylru ri wkh v|vwhp durxqg lwv
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�
lv d frqvhtxhqfh ri wkh idfw wkdw wkh whupv

s dqg t duh erwk srvlwlyh1 Fohduo|/ s lv srvlwlyh vlqfh � ? 4 dqg zh kdyh lpsrvhg

wkdw a{� � A 3 = Frqfhuqlqj wkh whup t> zh mxvw kdyh wr revhuyh wkdw wkh lqhtxdolw|

t A 3 lv htxlydohqw wr lqhtxdolw| +:=45,/ zklfk dozd|v krogv xqghu rxu sdudphwulf
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Surri ri Sursrvlwlrq ;151
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iru doo w= Wkh suhylrxv h{suhvvlrq vlpsol�hv wr
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Rq wkh rqh kdqg/ wkh vwdwlrqdu| htxloleulxp �i lv orfdoo| vwdeoh exw ylrodwhv wkh

srvlwlyhqhvv frqglwlrq rq wkh Odjudqjh pxowlsolhuv +vhh frqglwlrq +7=43, > zklfk dovr

krogv iru d jhqhudo xwlolw| ixqfwlrq,1 Rq wkh rwkhu kdqg/ wkh vwdwlrqdu| htxloleulxp i

lv xqvwdeoh dqg/ wkxv/ wkh htxloleulxp sdwk ri wkh yduldeoh i| h{klelwv qr wudqvlwlrq1
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Qrwh wkdw wkh krprjhqhlw| ri wkh sduwldo ghulydwlyhv ri x lpsolhv wkdw wkh vwdwlrqdu|

frpshwlwlyh htxloleulxp lv h�flhqw dqg/ wkxv/ wkdw rswlpdo wd{ udwhv dorqj d EJS

vkrxog eh vhw htxdo wr }hur1

e, Frqvlghu qrz wkh fdvh zkhuh wkh wzr dujxphqwv ri wkh ixqfwlrq x duh

shuihfw vxevwlwxwhv1 Xqghu wklv dvvxpswlrq wkh pdujlqdo udwh ri vxevwlwxwlrq
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Figure 1. The Dynamics of the Competitive Equilibrium 
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Figure 2. Dynamic Effects of an Increase of the Income Tax Rate 
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