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1 Introduction

The paper proposes an algorithm to compute the set of many-to-many stable
matchings when agents have substitutable preferences.

Many-to-many matching models have been useful for studying assignment,
problems with the distinctive feature that agents can be divided from the
very beginning into two disjoint subsets: the set of firms and the set of
workers.! The nature of the assignment problem consists of matching each
agent (firms and workers) with a subset of agents from the other side of the
market. Thus, each firm will hire a subset of workers while each worker may
work for a number of different firms.

The problem becomes interesting because agents have preferences on the
subsets of potential partners. Stability has been considered the main property
to be satisfied by any sensible matching. A matching is called stable if all
agents have an acceptable subset of partners and there is no unmatched
worker-firm pair who both would prefer to add the other to their current
subset of partners. To give all blocking power to only individual agents and
worker-firm pairs seems a very weak requirement in terms of the durability
of the matching.

Unfortunately the set of stable matchings may be empty. Substitutabil-
ity is the weakest condition imposed on agents preferences under which the
existence of stable matchings is guaranteed. An agent has substitutable pref-
erences if he continues to want to partner an agent of the other side of the
market even if other agents become unavailable.?

Surprisingly, the set of stable matchings under substitutable preferences is
very-well structured. It contains two distinctive matchings: the firm-optimal
stable matching (denoted by pr) and the worker-optimal stable matching
(denoted by py ). The matching pp is unanimously considered by all firms
to be the best among all stable matchings and by all workers to be the worst
among all stable matchings. Symmetrically, the matching py, is unanimously
considered by all workers to be the best among all stable matchings and by
all firms to be the worst among all stable matchings. They can be obtained
by the so-called deferred-acceptance algorithm (originally defined by Gale
and Shapley (1962) for the one-to-one case and later adapted by Roth (1984)
to the many-to-many case). Additionally, Blair (1988) shows that the set of

'We will be using as a reference (and as a source of terminology) labor markets with
part-time jobs and we will generically refer to these two sets as the two sides of the market.

2See Definition 3 for a formal statement of this property. Kelso and Crawford (1982)
were the first to use it to show the existence of stable matchings in a many-to-one model
with money. Roth (1984) shows that if all agents have substitutable preferences the set of
many-to-many stable matchings is non-empty.



stable matchings has a lattice structure.® In particular, Roth (1984) and Blair
(1988) show that this unanimity and opposition of interests of the two sides
of the market is even stronger in the sense that all firms, if they had to choose
the best subset from the set of workers made up of the union of the firm-
optimal stable matching and any other stable matching, would choose the
firm-optimal stable matching. Also, all firms, if they had to choose the best
subset from the set of workers made up of the union of the worker-optimal
stable matching and any other stable matching, would choose the stable
matching. And symmetrically, the two properties also hold interchanging
the roles of firms and workers.*

While there are many algorithms designed to compute the full set of one-
to-one stable matchings as well as the two-optimal stable matchings (for the
many-to-many model) we are not aware of any algorithm which can compute
the full set of matchings for this more general many-to-many case.> This
paper provides such an algorithm.

Roughly, our algorithm works by applying successively the following pro-
cedure. First, and given as input an original profile of substitutable pref-
erences, it computes by the deferred-acceptance algorithm the two optimal
stable matchings pup and pyy. Second, it identifies all firm-worker pairs (f, w)
where firm f hires the worker w in ur but not in py . Successively, for each
of these pairs, it modifies the preference of firm f by declaring all subsets of
workers containing worker w unacceptable but leaving the orderings among
all subsets not containing w unchanged. This is called an (f, w)-truncation
of the original preference. By the deferred-acceptance algorithm it computes
(for each pair) the firm-optimal stable matching corresponding to the prefer-
ence profile where all agents have the original preferences except that firm f
has the (f,w)-truncated preference. Third, although this new firm-optimal
stable matching may not be stable relative to the original preference profile
it is stable provided that all workers, if they had to choose the best subset
from the set of firms made up of the union of the two firm-optimal stable
matchings (the original and the new one) they would choose the new one.
If it passes this test (and hence, if it is stable relative to the original profile
of preferences) we keep it and proceed again from the very beginning using
this modified profile as an input.® The algorithm stops when there is no

3Roth (1985), Sotomayor (1999), Alkan (1999), and Martinez, Massé, Neme, and
Oviedo (1999) also study the lattice structure of the set of stable matchings in differ-
ent models.

4See Remark 1 in Section 2 for a formal statement of these four properties.

°See Gusfield and Irving (1989) for an algorithmic approach to the one-to-one and
roommate models.

In the formal definition of the algorithm the reader will find an additional (but dis-



firm-worker pair with the above property.

The paper is organized as follows. In Section 2 we present the preliminary
notation, definitions, and results. Section 3 contains the definition of the
algorithm, the Theorem stating that the outcome of the algorithm is equal
to the set of stable matchings, and an example illustrating how the algorithm
works. In Section 4 we prove the Theorem. Finally, an Appendix at the
end of the paper illustrates by means of an example the deferred-acceptance
algorithm of Gale and Shapley adapted to the many-to-many case.

2 Preliminaries

There are two disjoint sets of agents, the set of n firms F = {f1,..., fu}
and the set of m workers W = {wy, ..., w,}. Generic elements of both sets
will be denoted, respectively, by f, fi, fi., f, and f, and by w, wj, wj,, W,
and w. A generic agent will be denoted by a and we will refer to a set of
partners of a as a subset of agents of the set not containing a. Each agent a
€ FUW has a strict, transitive, and complete preference relation P (a) over
the set of all subsets of partners (over 2 if a is a worker and over 2"V if a
is a firm). Preference profiles are (n + m)-tuples of preference relations and
they are represented by P = (P (f1),..., P (fn); P (wy),..., P (wy)). Given
a preference relation of an agent P (a) the subsets of partners preferred to
the empty set by a are called acceptable; therefore, we are allowing for the
possibility that firm f may prefer not hiring any worker rather than hiring
unacceptable subsets of workers and that worker w may prefer to remain
unemployed rather than working for an unacceptable subset of firms.

To express preference relations in a concise manner, and since only ac-
ceptable partners will matter, we will represent preference relations as lists
of acceptable partners. For instance,

P(fz) = wWiw3, Wz, Wi, W3

P(w;) = fifs, f1, [f3

indicate that {wl, ’U}3} P (fz) {U]Q} P (fz) {’U)l} P (fz) {U]g} P (fz) @ and
{fu, 3} P (wy) {fi} P (wy) {fs} P (wy) 0.

The assignment problem consists of matching workers with firms keeping
the bilateral nature of their relationship and allowing for the possibility that
both, firms and workers, may remain unmatched. Formally,

Definition 1. A matching i is a mapping from the set FUW into the set
of all subsets of FFUW such that for all w € W and f € F':

pensable) step only used to speed up the algorithm.




1. pu(w) C F orelse p(w) = 0.
2. w(f) CW orelse u(f)=0.
3. f € p(w) if and only if w € u(f).

Condition 7 says that a worker can be either matched to a subset of firms
or remain unmatched. Condition 2 says that a firm can either hire a subset
of workers or be unmatched. Finally, condition 3 states the bilateral nature
of a matching in the sense that firm f hires worker w if and only if worker
w works form firm f. We say that w and f are single in a matching p if
p(w) =0 and p(f) = 0. Otherwise, they are matched. A matching p is
said to be one-to-one if firms can hire at most one worker and workers can
work for at most one firm. The model in which all matchings are one-to-
one is also known in the literature as the marriage model. A matching p is
said to be many-to-one if workers can work for at most one firm but firms
may hire many workers. The model in which all matchings are many-to-
one, and firms have responsive preferences,” is also known in the literature
as the college admissions model. To represent matchings concisely we will
follow the widespread notation where, for instance, given F' = {f1, fa, f3}
and W = {wy, wy, w3, wy}

fi f2 /3 0
231 W3Wy w1 W1 W3 Wy Wa
142 0 w1 W w3 wy

represents two matchings where in matching pq firm f; is matched to workers
w3z and wy, firm fy is matched to worker wy, firm f3 is matched to workers
wi, ws, and wy, and worker ws is single and in matching us firm f; and
worker w, are single, firm f5 is matched to workers w; and ws, and firm f3 is
matched to worker ws. Notice that we could equivalently represent the two
matchings as

w1 Wa ws Wy 0
251 faf3 0 f1f3 J1f3 0
M2 f2 fa f3 0 fi

Let P be a preference profile. Given a set of partners S, let Ch (S, P (a))
denote agent a’s most-preferred subset of S according to a’s preference or-
dering P (a). A matching p is blocked by agent a if i (a) # Ch (1 (a), P (a)).

"Namely, for any two subsets of workers that differ in only one worker a firm prefers the
subset containing the most-preferred worker. See Roth and Sotomayor (1990) for a precise
and formal definition of responsive preferences as well as for a masterful and illuminating
analysis of these models and an exhaustive bibliography.
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We say that a matching is individually rational if it is not blocked by any
agent. We will denote by IR (P) the set of individually rational match-
ings. A matching p is blocked by a worker-firm pair (w, f) if w ¢ p(f),
w € Ch(p(f)U{w}, P(f)), and f € Ch(p(w)U{f}, P (w)).

Definition 2. A matching p is stable if it is not blocked by any individual
agent or any worker-firm pair.

Given a preference profile P, denote the set of stable matchings by S (P).
It is easy to construct examples of preference profiles with the property that
the set of stable matchings is empty. Those examples share the feature that
at least one agent regards a subset of partners as being complements. This
is the reason why the literature has focused on the restriction where partners
are regarded as substitutes.

Definition 3. An agent a’s preference ordering P (a) satisfies substitutabil-
ity if for any set S of partners containing agents b and ¢ (b#c), if b €
Ch (S, P (a)) then b € Ch(S\{c}, P (a)).

A preference profile P is substitutable if for each agent a, the preference
ordering P (a) satisfies substitutability.

Roth (1984) shows that if all agents have substitutable preferences then:
(1) the set of stable matchings is non-empty, (2) firms (workers) unanimously
agree that a stable matching pur (uw) is the best stable matching,® and (3)
the optimal stable matching for one side is the worst stable matching for the
other side (that is, for all u € S (P) we have that uR (f) uw for all f € F
and pR (w) up for all w € W).

The deferred-acceptance algorithm, originally defined by Gale and Shap-
ley (1962) for the one-to-one case, produces either pp or uy depending on
who makes the offers. At any step of the algorithm in which firms make offers,
a firm proposes itself to the choice set of the set of workers that have not al-
ready rejected it during the previous steps, while a worker accepts the choice
set of the set of current offers plus those of the firms provisionally matched
in the previous step (if any). The algorithm stops at the step at which all
offers are accepted; the (provisional) matching becomes then definite and it

8The matchings ur and py are called, respectively, the firms-optimal stable matching
and the workers-optimal stable matching. We are following the convention of extending
preferences from the original sets (2" and 2%) to the set of matchings. However, we now
have to consider weak orderings since the matchings p and u' may associate the same set
of partners to an agent. These orderings will be denoted by R (f) and R (w). For instance,
to say that all firms prefer ur to any stable u means that for every f € F we have that

urR(f) p for all stable p (that is, either up (f) = u (f) or else ur (f) P (f) u(f))-



is the stable matching pp. Symmetrically, if workers make offers, the out-
come of the algorithm is the stable matching . The Appendix at the end
of the paper illustrates by means of an example how the deferred-acceptance
algorithm works for the many-to-many case.

Our algorithm will consist of applying the deferred-acceptance algorithm
where firms make offers to preferences profiles that are obtained after mod-
ifying the preference of a firm by making all subsets containing a particular
worker unacceptable.® Formally,

Definition 4. We say that a preference PU™) (f) is an (f, w) —truncation
of P(f) if:

1. There exists an acceptable subset of workers according to P (f) con-
taining worker w; that is, S € 2V such that w € S and SP (f) 0.

2. The preferences P (f) and PY*) (f) coincide on all subsets that not
contain w; that is, if w ¢ Sy U Sy then S1P(f)Ss if and only if
Sy PU) (f)S,.

3. All subsets containing w are unacceptable according to PU) (f); that
is, if w € S then QPY) (f)S.

Given a preference profile P and an (f, w) —truncation of P (f) we de-
note by P(**) the preference profile obtained by replacing P (f) in P by
PUw) (). We denote by pif™) and ,u%’w) the firm and worker-optimal stable
matchings corresponding to the preference profile PU:*). Moreover, given
a preference profile P and a sequence of pairs (f;,,wj,) ... (fi,, w;,) we will

represent by Ui ) (fuowic) the preference profile obtained from P af-
ter successively truncating the corresponding preference; we will also denote

by ul(pfil’wjl)m(fi’“ i) and u‘(,[fil’wjl)m(fi" wit) its corresponding optimal-stable

matchings. The following lemma states that the property of substitutability

is preserved by truncations and therefore /) and ,u%’w) exist provided that
P is substitutable.

Lemma 1. If P (f) is substitutable then PYY)(f) is substitutable.

Proof. Let w,w' € S be arbitrary and assume that @ € Ch(S, PU)(f)). If
w ¢ S, then @ € Ch(S\{w'}, PY)(f)) because Ch(S, PYw)(f)) = Ch(S, P(f)),
9Given the symmetric role of firms and workers it will become clear that the construc-

tion that follows could be equivalently done by interchanging the roles of workers and
firms.




Ch(S\{w'}, P (£)) = Ch(S\{w'}, P(f)), and because of the substitutabil-
ity of P(f). If w € S, then we have that Ch(S, PY%) (f)) = Ch(S\{w}, P(f));
therefore, by assumption @ € Ch(S\{w}, P(f)). By the substitutability
of P(f) we have that w € Ch([S\{w}]\{w'}, P(f)) but the two equalities

Ch([S\{w}\{w'}, P(f)) = Ch([S\{w}]\{w'}, PU)(f)) = Ch(S\{w'}, PL)(f))

imply that worker w € Ch(S\{w'}, PY*)(f)). O

Before finishing this section we present, as a Remark below, four proper-
ties of stable matchings.

Remark 1 Assume P is substitutable and let ;1 € S (P). Then, for all f
and w:

L Ch(ur (£)Up(f), P(f)) = wr(f).
2. Ch(pw (W)U p(w), P (w)) = pw (w).
3. Ch(pw (F)Vnu(f),P(f))=n(f)
4. Ch(pp (w) U p(w), P (w)) = p(w).

Properties 1 and 2 are due to Roth (1984) while properties 3 and 4 follow
from 1, 2, and Theorem 4.5 in Blair (1988). They can be interpreted as an
strengthening of the optimality of ur and py . Since Property 4 will play a
crucial role in the construction of our algorithm we will some times refer to
it as the Choice Property. Example 1 below shows that, although necessary,
they are far from being a characterization of stable matchings.

Example 1 Let F = {f, fo, f3, fa} and W = {wy, wy, w3, ws} be the two
sets of agents with the preference profile P, where

(fl) = Wi, W2, W3, Wy

P(f2) = Wz, Wy, W1
P(f3) = w3, Wi, W3
P(f4) = Wy, W3, W3
P(w1) f2, f3, [1
P(w2) f3, f1, fa, fo
(w3) fa, 1, f3
(w4) fis fa, fa

The two optimal-stable matchings are

fi f2 3 [
U w1 W2 w3 Wy
HUw Wy w1 Wa ws.
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The matching
fi f2 fs fa

2 w3 Wy w1 W2

is not stable since (wy, f) blocks it. However, it can be verified that u
satisfies the four properties of Remark 1.

3 An Algorithm to compute the set of stable
matchings

3.1 The Algorithm and the Theorem

Given a preference profile P, we define an algorithm to compute the set of
stable matchings S (P).

STAGE 1: Input P. By the deferred-acceptance algorithm obtain pr and
pw- Set T° (P) = P and S° (P) = {ur}.
Step 1: Define T (T° (P)) = {PY*) | w € pp (f) \uw (f)}
Step 2: (a) f T (T°(P)) =0 set T'(P) =0 and S' (P) =
(b) If not, for each truncation P*) ¢ T (T°
Step 3: Define

f
)

o PUYw) ¢ T(T°(P)) | V' € W,
(I F) = { Ch (14 () U ar ('), P () = ™ () }

Order the set T* (T° (P)) in an arbitrary way and let <! denote this ordering.
Step 4: Define

o PUw) ¢ T*(T° (P)) | YPU W) € T* (T° (P))
T (T (P)) = (fw) _1 p(f ') .0 (fw) (o1
such that P <l p cwhe pp ()
Set R
T (P) =T (1°(P))
and

End of Stage 1.

STAGE k+1: Input T* (P) and S* (P). By the deferred-acceptance algo-
rithm where firms make offers we have obtained, for each pfiwi)-(Fiwi) ¢

T* (P), its corresponding ugf”’wh)m(ﬁk ’wj’“).



Step 1: Define
7 (14 (P) = { PO (o)) | =0 () (1))

Step 2: (a) If T (T* (P)) = 0 set TF*! (P) = 0 and S¥*! (P) = S* (P).

(b) If not, for each truncation pUnwi)-(fawn)Gw) ¢ (T* (P))
obtain /L(f” i) (fi’“ ’wj’“)(f’w).
Step 3: Define

pUiwn ) (Fiowi )Ew) ¢ T (T (P)) | Vo' € W,
T (Tk (P)) _ Ch <M1(?fi1’wj1)“'(filwwjlc)(f’“’) (w/) U M}(?fipwh)“'(fik’“’jk) (w/) ,P (w/)) —
Order the set 7" (T* (P)) in an arbitrary way and let <! denote this

ordering.
Step 4: Define

P(fil’wil)"'(fik’wjk)(f’w) eT* (Tk ) |
vp(filijl) (flkvw]k)( w') cT* (T’c (P)) such that

T(T*(P)) =0 plhwn)o () ) kit i) (g ) (07
W eﬂgle iy ) (fiywi, ) (Fw) (F ’
Set R
T (P) =T (T* (P))
and

Sk+1 (P) _ Sk (P)U{/j]gfil;’U)jl)...(fik;’wjk)(f,w) | P(fil’wjl)"'(fik’wjk)(f’w) c Tk:—l—l (P)} )

End of Stage k + 1.
The algorithm stops at the stage K where TX (P) is empty.

Theorem 1. Assume P is substitutable and let K be the stage where the
algorithm stops. Then S¥ (P) = S (P).



3.2 An Example

We illustrate how the algorithm works with the following example.

Example 2 Let F' = {fi, fo, f3, fs} and W = {wq, we, w3, ws} be the two
sets of agents with the substitutable profile of preferences P, where

pu-a-Ja-Ja-Ja-Ja-ga-ga

g

g

S

g

— N N

—

w

— N N

s

N

W1 W2, W1 W3, Wally, W3W4, W1W4, WoW3, W1, W2, W3, W4
W1 W2, WaW3, W1 W4, W3W4, W1W3, WoW4, W1, W2, W3, W4
W3Wyg, WaW3, W1 W4, W1 W2, Wollyg, W1W3, W1, W2, W3, W4
W3Wy, WalWy, W1W3, W1 W2, WoW3, W1W4, W1, W2, W3, Wy
J3fa, faf3, fafa, fifa, fufs, fufa, fuis fos f3, fa
fafa, fafss [ifa, fafas Fifs, Fufes fis fo, fas fa
fif2, fafss [ifs, fafas Fifa, f3fas J1s f2, fas fa
fifz, fufss Fufa, fafss fafa, f3fas f1s f2, 13, fa

STAGE 1: By the deferred-acceptance algorithm we obtain the two optimal-
stable matchings

fi fa /3 fa
HF w1wW2 w1wWsa W3Wy W3Wy
nw W3 Wy W3 Wy WL Wz w1 Ws.

Set T° (P) = P and S° (P) = {ur}. The set T (T° (P)) of Step 1 consists of
the following truncations of P:

T (TO (P)) — {p(fl,uu), P(flyUJZ),P(f2,wl)’P(f2,w2), P(f3ﬂl)3), P(fa,w),p(f4,w3),p(f4,w4)

where in all profiles firms and workers have the same preference as in P,

except

P(fl’wl)(fl) = Woly, W3Wy, Wol3, W, W3, Wy
P(fl’w)(fl) = W1W3, W3Wy, W1 W4, W1, W3, Wy
P(fQ’wl)(fﬂ = WWs3, W3W4, Waly4, W2, W3, Wy
P(f2’w2)(f2) = WiWy4, W3Wy4, W1W3, W1, W3, Wy
P(f3’w3)(f3) = Wi1W4, W1 W2, Wollg, W1, W2, Wy
P(fS’w4)(f3) = WaW3, W1W2, W1W3, W1, W2, W3
P(f4’w3)(f4) = WaW4, W1W2, W1W4, W1, W2, Wy
P(f4’w4)(f4) = W1W3, W1W2, WaW3, W1, W2, W3.

10
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In Step 2, and since the set T (T° (P)) is non-empty, we obtain for each of
its truncations the corresponding firm-optimal stable matching

fi f2 E [
(f1,w1)

HUE Waly W1W2 WaWyq wi1Ws
(fl ,’LUQ)

My wiws W1W2 W3aWyq Waly
(f?ywl)

K wWi1wW2 W3W4 W3W4 wW1W2
(f2,w2)

HE Waly W1Wyq WaWs3 wi1Ws
(f37w3)

K WaWy Wa3 W1 W4 w1wWs3
(f37w4)

HUE wiws W1Wyq WaWs3 Waly
(f47w3)

K W3Wy W1 W4 Was3 wW1W2
(fa,w4)

M W W4 W1W2 W3W4 wi1wWs.

Notice that pi"" = "9 In Step 3 we obtain the set T* (T° (P)) =
{P(fl’wl),P(f4’“’3),P(f‘*’“"*)}. For instance, the truncation PU%2) does not
belong to this set because

Ch (,up (wa) U g1 (wy) , P (w2)) = Ch({f1, 2} U{fe, fu}, P (w2))
= Ch({f1, fo, fa} , P (wy))

= {fh f4}
7& {f27 f4}
= ") (w),
but this is not a problem since u;fl’“’?) is not stable because the pair (ws, f)

blocks it. Considering the ordering PUrw1) <t pUsws) <1 plisws) we have
that T' (T° (P)) = {PU+vd} since PU11) does not belong to it because wy ¢

ugf“wl) (f4) and PUrw) <1 plfsws) and PU4ws) does not belong to it either

because wy ¢ pi*" (fy) and PUsws) <1 pliaws) - Set T1(P) = {pUswa)}
and S'(P) = {ur, u1} where g = i = ™9 This finishes Stage 1.

STAGE 2: In Step 1, we obtain for the truncation PY+*4) (the unique one
(f47w4)

belonging to the set T (P)) the corresponding set of truncations using 1}
and gy
P(f47w4)(f17w2) P(f47w4)(f27w1) P(f4’w4)(f2’w2)

_ ) )

1 )
T(T"(P)) —{ PUswn)(faws) plfaawod)(faws) plfaws)(faws) }

Y Y

Now, in Step 2 and since T (T (P)) # 0, for each truncation in T (T" (P))

11



we compute its corresponding firms—optimal stable matching

h f fs fa

(fa,wa)(fr,w2

,U/F )( ) W3 Wy W1 Wo W3Wy wW1wW2
Iu/;_{%, wa)(f2,w1) Wy Wsy wWawWy W3Wy w1Wo
IU/(FJ‘%, wa)(f2,w2) Woly wW1Wy WorW3 w1 W3
Iu%‘f% wa)(f3,w3) Wolly Wols W1 Wy wWLW3
Iu/;_{%, wa)(f3,wa) W3Wy Wy Wy Woll'3 w1 W
M(Ff4,w4)(f4:w3) W3w, W1 Wa Wo W3 W1wWs.

In Step 3 we obtain the set
T* (T1 (P)) = {p(f4,w4)(f3,w4), P(f4,w4)(f47w:%)}

and consider the ordering PUsw)(fswa) 2 p(fawa)(faws) Tn Step 4 the set
T(T1 (P)) is the singleton { PUrwd)fsws)} gince wy ¢ iy (fa,wa)(f3,04) (f1). Set

TZ(P) — {P fa,wa)(fa,ws) } and 52( ) = {pp, p1, 12} where py = M(f4:w4)(f4,w3)‘

STAGE 3: In Step 1, we obtain for the truncation PU+w4)(f4ws) jtg corre-
sponding truncations using u(f“’w“)(f“’w?’) and gy

T (T2 (p)) — {p(f4,w4)(f4,w3)(f2,w1), P(f4,w4)(f4,w3)(f3,w3)} )

Since it is non-empty we compute, in Step 2, the corresponding firm-optimal
stable matchings

hi 2 [ Ja
M(f47w4)(f47w3)(f27w1)

r w1W2 W3Wy W3W4y w1W2
(faswa)(fa,w3)(f3,w3)
M W3W4 W3W4 W1W2 wi1Wsa.

In Step 3 we obtain the set
T* (T2 (P)) - {p(f4,w4)(f4,w3)(f3,w3)} )
Notice that PUswd(fuws)(f22w1) does not belong to it because

ch ( (fa,wa)(fa,w3)(f2,w1) ( ) U ,u(f4’w4)(f4’w3) (w3) ,P(wg)) _ {fla f2}

# {f2, f3}

_ M(f4:w4)(f4:w3)(f2:w1) (wg).

Since T* (T2 (P)) is a singleton we set T3 (P) = T (T% (P)) = { PUswa)(faws)(faws)

and S* (P) = {ur, fu, iz, pur} because pl ") —
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STAGE 4: Finally, the algorithm stops (that is, K = 4) because T (T*(P)) =
(). Therefore S(P) = {uw, p1, 2, bw }, where

h f fs fa

1273 W1 Wz Wi1W2 W3aWyq W3aW4
251 Waly W1W2 W3aWyq wiw3
M2 W3aWyq W1Wyq WaWs3 wW1W2
nw W3 Wy W3Wyq WL Wy wW1W2.

3.3 Comments

Before moving to the next section to prove the Theorem few comments about
the algorithm are in order.

First, for all truncations the worker-optimal stable matching coincides
with the worker-optimal stable matching of the original preference profile P;
that is, py = ugll’wh)m(ﬁ’“’wj’“) for all P(F1rwsn ) (fipswiy).

Second, to make sure that the firm-optimal stable matching correspond-
ing to a truncation is indeed stable it is sufficient to check only that Property
4 of Remark 1 holds; that is, all workers would choose it if confronted with
the union of itself and the firm-optimal stable matching of the original pro-
file. This is what Step 3 does in each stage. At the light of Example 1 this is
surprising, although Lemma 2 in Section 4 states that this is the case. How-
ever, the fact that a truncation only changes one firm’s preference guarantees
that the other three properties also hold.

Third, the algorithm would also work without Step 4. However, it helps
very much to speed up the algorithm (see Corollary 1 in Section 4) because,
by adding it, we avoid carrying to subsequent stages all truncations (and all
others obtained from them) whose corresponding firm-optimal stable match-
ing will be identified later on.

Fourth, the particular ordering on the set T (T’c (P)) is irrelevant but
necessary. Namely, it is necessary because we can not ask for individual ra-
tionality of each truncation against all other truncations. To see this consider
in Stage 1 of Example 2, the set T* (10 (P)) = {pPUrw) pUsws) plfawil
If we had defined it without the restriction of the ordering, i.e.

Ty (T°(P) = {PY) € T (T°(P)) | YY) € T* (T°(P)) ,u' € ™ ()}

this set would have been empty since P(U/1-01) ¢ T\% (T° (P)) because wy ¢
S (£,), PUsws) ¢ T4 (T (P)) because wy & pi (f4), and (in contrast
with the correct definition of T (T° (P))) PUsws) ¢ T, (T° (P)) because w; ¢
u%f“’w“) (f1). Moreover, it is irrelevant because the outcome of the algorithm
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does not depend on the specific ordering on the set 7*(T*(P)). For instance,
in Stage 1 of Example 2 we could have used (instead of <!) the ordering
plswa) 1" plfaws) 210 plfiw) without altering the final outcome of the
algorithm.

4 The Proof of the Theorem

Let P be a substitutable preference profile and let pup and py be its corre-
sponding optimal-stable matchings. Given an (f, w)—truncation of P where
w € pp (f) \pw (f), denote by SU*) (P) the set of stable matchings relative
to the truncated profile P*) that satisfy the Choice Property; namely,

S (P) = {n € § (PU) |V, Ch (i () U ('), P (') = p(w))

Lemma 2 below says that S*) (P) is a subset of S (P). Hence, the Choice
Property is sufficient to guarantee stability of a matching which is stable
relative to a truncation.

Lemma 2. Let j1 be a matching such that € SY*)(P). Then p € S(P).

Proof. Assume that p ¢ S(P). If p is not individually rational for preference
profile P then it is not individually rational for preference profile PUw) and
hence pu ¢ S/ (P). Therefore, let (w, f) be a blocking pair of x; namely,

fép(m), (2)
@ € Ch(u(f) U {w}, P(f)), and (3)
f € Ch(u(®) U {f}, P()). (4)

Consider the following two cases:

L J# f.Tn this case PU) () = P () and PU) (i) = P (@) imply-

ing that the pair (w, f) also blocks the matching p in the preference
profile PU:%). Therefore 1 ¢ S (PU*)). Hence pu ¢ SU) (P).

2. f = f. Then by conditions (3) and (4)
w € Chp(f)U{w}, P(f)) and (5)

f e Ch(p(w) U{f}, P(w)). (6)

14



Assume that p € S (PYU")), otherwise p ¢ S/ (P) and the Lemma is
proved. Therefore,

@ ¢ Ch(u(f) u{@}, PY(f)). (7)
The definition of PY*)(f) and conditions (5) and (7) imply

w € p(f)U{w}.

But, by the definition of PU®)(f) again, w ¢ u(f). Then w = w. Now,
we can rewrite conditions (3) and (4) as

w € Ch(p(f) U {w}, P(f)) and

f e Ch(p(w) U S}, P(w)). (8)

Notice that by hypothesis f € up(w) and by condition (2) f ¢ p(w).
Also, by hypothesis, u € S (P) which means that, in particular,

Ch (pr (w) U p(w), P(w)) = p(w)

holds. But this contradicts (8) because

Ch(p(w)U{f}, P (w)) P (w)p(w) =Ch(pr (w) U p(w), P(w)).

O

Next Lemma establishes two useful properties of the choice set.

Lemma 3. For all subsets of partners A, B, and C of agent a € FU W :

(a) Ch(AUB,P (a)) =Ch(Ch(A)UB,P(a)).

(b) Ch(AUB,P (a)) =Aand Ch(BUC, P (a)) = B implyCh (AUC, P (a)) =
A.

Proof. Property (a) follows from Proposition 2.3 in Blair (1988). To prove
(b), consider the following equalities:

Ch(AUC,P(a)) =Ch
= Ch

Ch(AUB,P(a))UC,P(a)) by hypothesis
AUBUC, P (a)) by (a)
=Ch(AUCh(BUC,P(a)),P(a)) by (a)
=Ch(AUB,P(a)) by hypothesis
=A by hypothesis.

R e e R

O
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Lemma 4 below can be understood as an strengthening of Lemma 2.
It says that to check the Choice Property only for the firm-optimal stable
matching it is sufficient to guarantee that all stable matchings relative to the
truncated profile are indeed stable for the original profile.

Lemma 4. Let PU%) be a truncation such that
Ch (pre(w') U " ('), P (w')) = ™ (')
holds for all w'. Then, p € S(PY)) implies p € S(P).

Proof. Let u be a matching such that u € S(PY™)). Then by Property 4 in
Remark 1, for all w’,

Ch (') U ™ W), PY (w)) = pw),

However, for all w’, preferences PU*) (w') and P (w') coincide. Therefore,

Ch (') U pd ™ @), P (w')) = p(w) (9)
also holds. By hypothesis, for all w'
Ch (e (') U " ('), P (w') ) = ) (w). (10)

By Lemma 3 we have that conditions (9) and (10) imply that for all w’

Ch (pr(w') U p(w'), P (w') = p(w').
Then, by Lemma 2, u € S (P). Hence, u € S(P). O

Lemma 5 says that only adding the individual rationality condition of a
stable matching relative to a truncation ensures that the matching is stable
relative to the truncated profile. This will immediately imply Corollary 1
which will be crucial to the justification of Step 4 in the algorithm.

Lemma 5. Let p be a matching such that p € S(P)NIR (P(f’“’)). Then
p € S(PYw)),

Proof. Assume that p ¢ S(PY™)) and y € IR (PY™)). Then, there exists a
blocking pair (w, f) of p; namely,

@ € Ch(u(f) U {@}, PY)(f)) and (11)
f € Ch(u(w) U {f}, PY)(w)). (12)

Consider the following two cases:
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1. f # f. Because PU®) (@) = P(@) and PUw) (f) =P <ﬂ the pair

(w, f) also blocks the matching u in the preference profile P. Hence,

p i S(P).
2. f = f. Then by conditions (11) and (12)
@ € Ch(p(f) U{@}, PU(f)) and (13)

f € Ch(p(w) U {f}, P(w)).

The hypothesis that 4 € IR (PU*)) implies that w ¢ p (f). Therefore,
condition (13) can be rewritten as w € Ch(u(f)U{w}, P(f)), implying
that the pair (w, f) blocks u in the preference P. Hence p ¢ S (P). O

As we have just said, Corollary 1 below justifies the insertion of Step 4
at each stage of the algorithm. If we have two truncations PY*) and P *")
with the properties that (1) their corresponding firm-optimal stable match-

ings M(J’“’) and u;f"“") satisfy the Choice Property (that is, they are stable

relative to the original profile) and (2) the matching u%”w’) is individually
rational relative to P"®) (that is, w ¢ u% ) (f)) then we may not add at

this stage u%”w’) (with the subsequent computational savings) because we

will find it later on (and add it to the provisional set of stable matchings) as
a firm-optimal stable matching of a subsequent truncation of PU:®),

Corollary 1. Let PU%) PUw) be two truncations such that /L%,’w,) € S(P).
Ifw ¢ u (f) then fi) € s (PUw) .

Proof. Notice that w ¢ ,u%”w,) (f) implies that u%/’w’) € IR (PU™) . Hence,
by Lemma 5, u%/’w’) € S(PUw), O

Next lemma establishes a useful fact about the set of stable matchings: a
worker who is matched to the same firm in the two optimal-stable matchings
has also to be matched to the same firm in all stable matchings.

Lemma 6. Assume w € pup (f)Npw (f). Then, w € p(f) for allp € S (P).

Proof. Assume otherwise; that is, we can find w, f, and u € S (P) such that
w € pp (f) N pw (f) and w ¢ p(f). By Remark 1,

Ch (e (f)Up(f), P (f) = pr (f) (14)
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and

Ch (pw (f)Up(f), P (f)) = n(f). (15)
Since w € pp (f) condition (14) implies that w € Ch (up (f) N p (f), P (f))-
U

Lemma 7 and its Corollary 2 guarantee that any non-optimal stable
matching g will eventually be identified and selected as the firm-optimal
stable matching corresponding to a preference profile which will be obtained
after truncating the preferences of a sequence of firms.

Lemma 7. Let i € S(P) be such that up # 1 # pw. Then there ezists
PUY) such that p € S(PY).

Proof. Since pp # 4 then there exists w and f such that w € pp(f)\p(f).
Therefore, by Lemma 6, w ¢ uy (f). Consider the preference profile P/:v)

and notice that ug,[f,’w) = piw. Because w ¢ (f) we have that y € IR (PU)) |
Hence, Lemma 5 implies that u € S (P(f’“’)) . O

Remark 2 As a consequence of Lemma 7 and the fact that pp ¢ S(PU®)
we have that #S(P) > #S(PU™) whenever w € pp (f) \puw (f) .

Corollary 2. Let yp € S(P) be such that up # p # pw. Then there exists
a sequence of pairs (fi, w;,) ... (fi,, w;,) such that p = ul(;fil’wh)m(fi’“’wj’“) €

S(P(fil ’wjl)"'(fik ’wjk)).

Proof. Let pn € S(P) be such that up # p # pw. By Lemma 5 there exists
PU®) such that u € S(PY). If y = u% ) the statement follows. Otherwise,
since py = u%’w), we apply again Lemma 5 replacing the roles of P and up

by PU®and u;f’w), respectively. O

Now, we are ready to show that the outcome of the algorithm is the set
of stable matchings.

Proof of the Theorem. First, from Lemma 4, we have S (P) C S(P).
Applying iteratively Lemma 4 to successive stages we obtain

SE(P)C S(P).

Second, assume that u € S (P). By Corollary 2, there exists k¥ < K such
that p € S* (P). Therefore,

S(Pycs®p). O
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5 Appendix

To illustrate the deferred-acceptance algorithm in which firms make offers
we use the preference profile PUrwa)(fsws)(faws) of Example 2 to compute
M¥4,w4)(f4,w3) fg’w3); that iS, F = {fl; fz, f3, f4} and W = {’U)l,IUQ,’Ujg,U}4} are
the two sets of agents with the following substitutable profile of preferences

(fl): W1Wg, W1W3, Woly, W3W4, W1 W4, WaW3, W1, W2, W3, W4

J3fas faf3, fifa, fofas fufs, fufa, fuis fos f3, fa
Jifo, faf3, fufs, fafas fifas fafas fis fos f3, fa
f1f27 f1f37 f1f47 f2f37 f2f47 f3f47 fl; f27 f37 f4-

The offers made by firms, and received and accepted by workers, in Step
1 are:

(fz) = W W3, WoWs3, W1W4, W3W4, W1W3, Wal4, Wi, W2, W3, Wy
(fs) = wiwy, wiws, Wy, Wy, Wa, Wy

(f4) = WiWs2, W1Wy4, W1, W2

Ewl = [3fu, faf3, fofas [ifas Jifss fufe, Jus f2, [, fa

(

TUvvTY®

)
U}Q)
)
)

P(wy

fi f2 f3 fa wn % w3 Wy
wiwy  wWiWy  WiWy  WiW fifefsfs  fifefa 0 3
f3fa fifa 0 [3-

The provisional matching p! after Step 1 is:
fi f2 3 fa
1

2 Wo 0 W1 Wy wWiwWa.

The offers made by firms, and received and accepted by workers, in Step
2 are:

f1 f2 f3 f4 wy Wa w3 Wy
Wo Wy W3 Wy wi1wWy wi1wsa f3f4 f1f4 f2 f1f2f3

fsfo  RAfs fo fife

The provisional matching p? after Step 2 is:
f1 f2 f3 fa
2

1% Wy W3W4 w1 wi1Wsa.

The offers made by firms, and received and accepted by workers, in Step
3 are:

fl f2 f3 f4 w1 %) w3 Wy
WoWyq W3Wy w1 W2 w1wa f3fa fifsfa fo fifo

fsfs fsfs 2 hife
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The provisional matching p?® after Step 3 is:
fi 2 [ fa
3

1% W4 W3W4 W1W2 wi1Wsa.

The offers made by firms, and received and accepted by workers, in Step
4 are:

fl f2 f3 f4 w1 W2 w3 Wy
w3wy W3y Wy Ws Wi Wy f3fa f3fa fife Jifo

fsfs  fsfs  fife Afe

the provisional matching p? after Step 4 is:

\ h f fs fa

1% W3W4y W3Wy w1 W2 w1W2.

The algorithm stops after Step 4 because all offers have been accepted. The
provisional matching u*, becomes definite, and it is the firm-optimal stable
matching.
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