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Abstract

We analyze the formation d partnerships as a sequential game with mora hazad within
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1.- Introduction

Game theory has provided a framework to analyze market structure determination; the
incentives of firms to merge or to form associations can be usefully analyzed in games of
endogenouws coadlition formation with spill overs. In this literature, coalition formation is
analyzed as a two-stage game. In the first stage, players form groups and this process of
tean formation is formalized as a noncooperative game (either simultaneous or
%quential).1 Once the groups are formed, the members of ead group are cwmmitted to
maximize the groups objedive function in the second stage. This family of games defines
two levels of interadion amongthe players: first, within ead coaliti on and, second,among
the aodlitions. While the seaond level of interadion is formalized in a non-cooperative

way, the first one aumes complete amoperation amongthe waliti on members.

Cooperation within a alition can emerge if the aaliti on members have medanisms that
allow them to commit to their behavior or all the relevant information is verifiable and
contrads are ammplete. However, ore can imagine situations where full cooperation among
noncooperative playersis not passble. In ather words, the dovee gproad ignares that in
some drcumstances playersin a walition may retain some dedsion-making paver over the
strategic variables in the seand stage, and they may nat share exadly the same interests.
The problem of oppatunistic behavior within coaliti ons can arise in games considering the
determination d market concentration and size of partnerships, when pertners can freeride

ontheir colleagues. It can aso be present in situations like the formation d custom unions

Different rules for coalition formation have been used in literature. Bloch (1995, 1995, Ray
and Vohra (1999 and Montero (1999 examine an infinite-horizon game where aaliti ons form
when all potential members agree The former papers assume afixed rule of order; in the latter,
the player who rejeds an dffer does naot automaticaly become the next propaser. Ray and Vohra
(1997 consider a model where deviations can orly serve to make the existing coaliti on structure



or international tax agreements, where @urtries agreeto form a @alition bu keg some
room to take dedsions departing from the aliti on's global objedive. OPEP may be dted

as an example.

Within a adliti on, a problem of moral hazad arises when partners dedde individually on
the second stage strategic variabl es” As Holmstrom (1982 proved, moral hazad in teams

leads to inefficiencies for any (balanced budget) sharing rule since tean members do nd

receve the total revenue from their eff ort.

The am of this paper isto analyzethe equili brium coaliti on structures and the dficiency of
the euilibrium outcome in a model with moral hazad within coalitions, under the
asuumption that productive malitions compete ala Cournot and wse an egditarian profit-
sharing rule’ In this context, a alition is a set of players who agree to share output
(equally) but behave throughou the relationship in a noncooperative way. To ou
knowledge, thisisthefirst paper that models this behavior.

To highlight the market competition and moral hazad effeds we shal ignae ay tean
eonamies; adding tean econamies would partly obscure the moral hazad problem: big
coaliti ons have more severe incentive problems but (with team ecnamies) they would be
more dficient.* We focus on the interadion between moral hazad within the partnership,
product market competition, and the amergence of different coalition structures. Our

concern is the determination d the number of partnerships adive in the market and their

finer. Yi and Shin (1995 and Belleflamme (2000 study games in which norrmembers can join a
codlitionwithout the permisgon d the existing members.

? Seg for example, Macho-Stadler and PérezCastrill 0 (1997 for more detail s on incentives
and contrad design unaer moral hazad.

In this asped, we follow Farrell and Scotchmer (1988, who define a partnership as a
coalitionthat divides its output equally.

Bloch (1995 and Belleflamme (2000 consider the cae where firms form associations in
order to deaease their costs. This asped is aso taken into acourt in the eisting theory of
partnerships, where partners get together to exploit econamies of scde (see for example, Farrell
and Scotchmer, 1988 and Sherstyuk, 1999. In this partnership literature there is no market
competition, while in ou approach partnerships form to get a higher market concentration, and
thus higher prices and profits, and they form despite the fad that thereisamora hazad problem.



Size taking into acourt the demand and cost condtions. In the ésence of moral hazad,
two forces affed the final market structure. On the one hand, deaeasing the number of
firms implies benefits related to a lower degree of competition in the market, but, onthe
other hand, a player may increase her profits by leaving a big coalition and setting upa
firm by herself. Therefore, the processof partnership formation may exhibit inefficiencies
(from the industry paint of view) due to a freeriding problem among coalitions. Hence
too many firms are formed in equili brium (thisisawell known result; see Salant, Switcher
and Reynadlds, 1984 ,Bloch, 1996,and Yi, 1997,among dhers).

The presence of moral hazad within codalitions adds a new effed to the previous ones:
building upalarge walitioninvolves efficiency losses as the incentive problems are more
severe in larger partnerships. In the extreme cae of a very severe moral hazad problem,
we show that the equili brium market structure is very fragmented, with ead player setting
up their own firm. However, if mora hazad is not so severe, na only we will not find a
very fragmented industry, but the number of coalitions will be lower than or equal to the
number that emerges withou moral hazad. For intermediate levels of moral hazad, the
number of partnershipsis grictly lower than withou moral hazad. The reason kehind this
result is that moral hazad makes it more difficult to freeride on aher players, predsely

because under moral hazad ather players are lesswilli ng to form large aaliti ons.

Asfar as the dficiency of the equili brium coaliti on formation is concerned, withou moral
hazad the grand coalition is efficient (it maximizes industry profits) but it is not an
equili brium market structure. We show that under moral hazad this may be no longer the
case. Thiseffed is partly due to the fad that moral hazad also affeds the dficiency of the
grand coaliti on; when mora hazad is high enough,a monopdy is nat efficient and aher

market structures may yield higher industry profits.

The paper is organized as follows. Sedion 2 describes the sequential model of partnership
formation, which follows Bloch (1996's squential games of codlition formation, and
derives the utility function o ead partner as a function d market structure. In Sedion 3,
we daraderize the ejuilibrium outcome. Sedion 4 is devoted to a discusson on the
robustnessof our analysis. Sedion 5 ceds with the dficiency of the eguili brium coaliti on

configuration. Sedion 6concludes.



2.- The model

We study the interadion among (ex-ante identicd) partners as a game in two stages. In the
first stage, partners group into firms througha sequential process and in the second stage
of the game firms compete ala Cournot with a homogeneous product. First, we describe
the processof constitution d partnerships. Then we analyze the market competition stage
with amoral hazad problem inside firms. We asume that grossprofits are shared equally
among the partners but they dedde individually how much effort to exert; this effort is not
verifiable and canna be mntraded upon.The implicationis that partnerships competing in
the market will not necessarily be profit maximizing firms. In the last part of this ®dion

we derive the payoff function for ead partner as afunction d market structure.

2.1.- The partnership formation game

The total number of partnerships competing in the market is determined endogenously.
There is a fixed number of ex-ante identicd partners, n, and they have to dedde, before
market competition, hav many partnerships they will set up. We follow Bloch (1996's
approadch and asume partnerships are formed sequentialy.

Bloch (1996 and Ray and Vohra (1999 analyze an infinite-horizon sequentia game that
we will denate by I, in which a aalition forms if and orly if al potential members agree
to form the aalition. There is a rule of order p (an ardering d the players) on the set of
partners, N, that determines the order of moves in the sequential game. Partner 1, acording
to the rule of order, makes an dffer to ather agents to form a alition d partners TN, to
which she belongs. Each prospedive member in T responds to the offer in the order
determined by p. If all membersin T accept the offer of partner 1, the partnership is formed
and partners in T leave the game. Then, the first partner in N\ T, acwrding to the rule of
order, starts the game (with N\ T players) by making a partnership propcsal, and the game
cortinues. If any member in T rgleds the offer made by partner 1, that partner makes a
courteroffer and propases the formation d a partnership SN, to which he belongs. The
game oontinues until all players have left the game. The outcome of this game is a market
structure, that is, a partition d the set of partners, P = {T; T, ..., T;}, representing all the

firms formed.



Bloch (1996 shows that when players are ex-ante symmetric the partitions generated by
the infinite-horizon sequential game (i.e., the stationary symmetric subgame perfed
equili brium coaliti on structures) coincide with the partitions generated by the foll owing
choiceof-sizes game.5 The first partner, acording to the rule of order, annources an
integer s,, interpreted as the size of the firm, and the first s, players form a aaliti on. Then
partner s, + 1 annources an integer s,, and the next s, players form a aaliti on, and the
game proceas until s, +s, +s; + ..=n. We shal solve the dhoice-of-sizes game to

determine the euili brium market structures brought abou by pertners behavior under

mora hazad.
2.2.- TheMoral Hazard Problem

Ead firm A is an association d np ex-ante identicd partners who owvn and manage the

firm. Partners produce a homogeneous output and for simplicity we asume the only
production costs come from the dfort exerted to produce Output is normalized to be equal

to the productive dfort so that the production function d firm Ais:
0a= 2 € @)

where g, isoutput of firm Aand e, is effort exerted by partner i in firm A.
Asame that there ae r asociations of partners competing in the market: 1, 2, ...,r. Gross
profits (ignaring the wsts of partners effort) for ead firm A, A O {1, 2,..., r} are

2 Ny
N2 e,2 €,...2 ). Effort within the firm is not verifiable so that the output (or

revenue) due to eat partner’s effort canna be identified. Partners are asumed to share the

A property of nondeaeasing equili brium payoffsis needed for this result to hdd; we discuss
this property after presenting the results. For more detail s on the infinite-horizon game and the
proof of thisresult seeBloch (1996.



grossprofits of the firm equally.6 The level of grossprofitsis verifiable and thus partners

can commit to an equal sharingrulein thefirst stage.

To compute the net profits of afirm we neel to define the ast of a partner's eff ort, which

isassumed to be independent of the firm size, C(e). Thus, net profits for firm A are:

M2, 802, €2, 8)~ 2. Cle).

The interadion among partners in the second stage is modeled as a nonrcooperative game

in which the level of effort g is dedded byead partner i andis nonverifiable. Thus, eath

partner i in firm A deddes her level of effort to maximize her own payoff function:

T:II-_AI_IA(ii e'l’iizzl e'z’""iiZr &) —Cle,).

Due to the moral hazad problem, this behavior implies that firms do nd maximize profits.
2.3.- The Payoff Function

We shall assume that, after the processof constitution d partnerships, firms compete in the
market for a homogeneous product with linea market demand, p=a - Q, where Q is
aggregate output. The production stage is formalized as Cournat competition. Grossprofits

for firm A are:

®  When partners are ex-ante identicd, the egual-sharing rule is a natural division d payoffs.

Ray and Vohra (1999, in an infinite-horizon model, make the sharing rule enxdogenous and show
that equal sharing is an equilibrium phenomenon. Note however that in their framework the
sharing rule will i nfluence the deasion o whether (or not) to enter a aaliti on, while in ou model
the sharing rule will also affed the incentives of the members of a aliti on. Limited liability
arguments or commitment problems can lead to equal sharing rulesin ou framework.



The st of exerting effort for partner i is. C(g) = ¢ g, with ¢ < a. The situation where there

isnomora hazad within the firm will bereferred to as the benchmark case.

2.3.1: The benchmark case. Asaume that there is no moral hazad on rtners dedsions.
Partners' effort is verifiable, so that the moperative level can be implemented within a
codlition. Taking into acourt that partners are symmetric, the best resporse to rival firms

effort can be expressed as:

for AL{1, ..., r}, where g denates the (symmetric) effort level by ead partner in firm j.
Solving the system, from the optimal effort level, we have that:
. a-c6

q*AznAeAzr_'_l' 2

Note that g*, is independent of the size of the partnership n,, and the number of members
n, and depends only on the number of firms r. This is because there is an optimal output
level for eadh firm as a function d market demand and cost condtions, and ead firm just
divides the burden of producing the optimal output equally amongits members. The payoff

functionfor ead partner of firm A in the benchmark caseis:

_@-9°

T[i(r' nA) (r + 1)2nA -

2.3.2: The Payoff Function undr Moral Hazard. Due to the moral hazad problem, firms
do nd maximize profits. Rather, eat partner dedades how much effort she will exert to

maximize her own oljedive function. Each partner in firm A will maximize her objedive

function onthe dfort level e,. From the first-order conditions, we obtain:

a-cn, - erjnj —ZZ €
I3 #i
2

€a =




for AD{1, ..., r}, iLJA, and where g denotes the (symmetric) effort level by ead partner in

firmj for j # A. Efforts are strategic substitutes: if other players (from inside or outside the
relationship) increased their eff ort level, the best resporse for amember of firm A would be
to deaease her own. Solving the system formed by the first order condtions of the n
partners, we obtain the optimal effort for ead partner in firm A, and the optimal output for
firm A:

B a+c[n—(r +1)nA]
- r+1 '

©)

qa = N,E,

Given the asumption d linea demand and cost, the output level g, does not depend on
the distribution d sizes of al the adlitions in the market, but only onn,, n, andr. The
optimal effort for a partner is deaeasing in n,, since the higher n, the higher the intensity
of the moral hazad problem; it is increasing in n since this variable is a measure of the
aggregate output (the relative size) of the other coalitions. The dfed of cost ¢ is paositive
(or negative) if the adlitionis snall (big) as compared to the others. Note that, in contrast

with the benchmark case, the output of afirm dependsonits sze

The distortion introduced by the moral hazad problem can be seen by comparing

expresson (3) to the dfort in the benchmark case, given by expresson (2):

. n+1
€. eA>O© rlA>r_+I

Since ?—Ijl: Is approximately the average size of coaliti ons, for coaliti ons of a size higher

than the average, moral hazad causes adistortionin the usual diredion, that is, it deaeases
output. However, for coaliti ons of a sizelower than the average the “best resporse dfed”
(or strategic dfed) dominates the partners incentives to take an oppatunistic dedsion on
their effort. For these relatively small codliti ons, the fad that rivals have amore serious
mora hazad problem than theirs induces them to expand ouput. With market competition,
what is important is how serious a firm's mora hazad problem is as compared to the
average mora hazad problem of its rivals, since this comparison determines the

relationship between own andrivals production cost.



We can aso compare total output in the benchmark case and undx moral hazad, for a

given coaliti onal structure. From the expressons:

Tén=iF me gen =t
the intuitive result that total output is lower under mora hazad can immediatly be
cheded. Mora hazad reduces production, even if the smaller codlitions produce more
output than in the benchmark case. The strategic efed does nat off set the overall distortion
asciated to moral hazad. From the foregoing expressons, it can also be dedked that this
distortion associated to mora hazad within codlitionsis deaeasinginr andincreasinginn
and c. Total output in the benchmark case depends only on the number of coaliti ons while
with moral hazad it also depends on the total number of players, which summarizes (in
this linea model) the overall inefficiency due to the size of the @dliti ons; note that the

distorsionintroduced by moral hazad disappeaswhenr =n.

Substituting the equili brium eff orts, the payoff for a partner can be expressed as:’

) =AY o) .

Given the parameters of the model (n, a, c), payoffs depend onn, and r. This payoff

function for ead o the n players, derived from competition in the product market, gives
the payoff to eat partner as a function d the market structure, and it will determine the

outcome of the partnerships’ formation game.

3.- On the equilibria of the sequential partnership formation

game

We denate by A(n, a, ¢) the sequential game of size seledion with n players, demand
parameter a, unt cost ¢, and payoffs given by (4). We recdl the description d the doice

" If demand and cost were nori nea, profits (with or without moral hazad) would depend also on
the sizes of other codliti ons.

10



of-sizes game. Player 1 starts the game and chooses an integer s, in the set {1, 2, ..., n}.

Player s + 1 then moves and chooses an integer s, inthe set {1, 2, ...,n - s}, and so on.

The game continues until the sequenceof integers (s, s,, ..,s) satisfies z S =n.
1=1

Any subgame of A(n, a, ¢) such that, h coaliti ons have been formed already,h < n- 1, and
the number of players who have nat yet been assgned to any partnershipisx, x < n — h,
will be denoted by the pair (h, x).8 In subgame (h, Xx), the player who makes the first

annourcement is player (n — x+1) and she choasess,,, intheset {1, 2, ..., x}.

A first result states the intuitive outcome that if moral hazad is very severe, which in ou
model can be interpreted as ¢ big as compared to a, then no payer will join a aalitionin a
subgame perfed equilibrium (SPE). That is, partnerships are not sustainable in
equili brium.

a n
Proposition 1.- If the degree of moral hazad is high enough, ° < Pt the unique SFE

partitionis al singletons.
Proof.- SeeAppendix.

The next two lemmas date technicd results that will help us to analyze the outcome of the

choice-of-sizes game.

Lemma 1.- Consider that player (n —x + 1), deddingin subgame (h, x), has to chocse size
S, uncer the asumption that the remaining (x — s) players will annourcesize 1 when it is

their turn. Then, her optimal choiceisether s=1, a s=x. Formaly:

ma)(lS S< X rlr-]_)(+1(h+l+x_s, S)

In our modd, at any time in the game, h and x are the only relevant variables. More predsely,
(h, X) is a set of subgames with the same h, the same x and the same player (n—x+1) dedding
(athough aher aspeds of the history may be different). All these subgames are equivalent as far
as the dedsions of player (n—x+1) and subsequent players (acwrding to the rule of order p) are
concerned.

11
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always has a corner solution.
Proof: SeeAppendix.

In order to identify the corner solution d the maximizaion problem presented in Lemma 1,

define the function g(h, X) as:

g(h’ X) = nn—x+1(h + 11 X) - nn—x+1(h + X’l) ’

where 1t .. isthe function cefined in (4). When g(h, X) is positive, the x players who have
nat entered any partnership yet are better off joining a partnership than they are &
singletons. When g(h, X) is negative, however, they would rather form x firms than asingle

firm.
Lemma2.- (i) For any subgame (h, X) of A(n, &, c):
signg(h,x ] = signi(at+cn) (x = (h+1)") - c(h+2) (X - (h+1))].
(i) A necessry condtionfor g(h, x) = Oisthat:
x - (h+1)*>0.

(i) In asubgame (h, X) such that x < (h+1)’, it is the cae that g(h', xX) < O for any
subgame (h’, X) of (h, X).

Proof: SeeAppendix.

Lemma 2 (i) rewrites the mndtion onthe sign d g(h, X) in terms of the parameters of the
game. Part (ii) gives a necessary condtion for the sign d this function to be positive, i.e.
player (n — x+1) prefers forming a aaliti on with all the remaining dayers than a situation
in which al of them remain as sngletons. Part (jii) says that if x < (h+1)’, then it is better
for player (n — x+1) in subgame (h, x), and aso for al the remaining dayers in the game,
staying as sngletons (s = 1) than joining al the subsequent players.

We now analyze the outcome of the game A(n, a, ¢). More predsely, we ae going to
provide necessary condtions for coalition structures to be sustainable in a SFE of the

game. For convenience, we shall consider that the player who is indifferent between



forming a aalition with the remaining dayers or bre&king apart and indwing al the
remaining dayers to form singletons, will chocse to form the @alition. The following
propasition starts the analysis by providing simple necessary condtions for the two

extreme aaliti on structures, monopdy and all singletons, to emerge.

Proposition 2.- (i) A necessary condtion for monopdy to be an equili brium coalition

. . . . a
configurationisg(0,n) = 0,i.e, g 2 n+2.

(i) A necessary condtion for all singetonsto be an equili brium codliti on configuration is

g(0,n)<0,i.e, %<n+2.

Proof.- (i) A monopdy forms only if s, = n. We daim that this canna be an equili brium if
g(0,n) <0, sinces, = lisabetter strategy for player 1. Indeed, after s', = 1, the worst that
can happen to player 1 isthat the other players also choose s = 1 and thisis preferred by 1
to monopdy becaise g(0, n) < 0. Also, uisingLemma 2 (i), it is easy to ched that % <n+

2 isequivaent to g(0, n) <O.

(i) € 2 n+ 2is equivalent to g(0, n) > 0. In this case, player 1 would rather form a

monopdy by choasing s, = nthan play astrategy that will | ead to an n-padly. Q.E.D.

In the following propasition we provide necessary condtions for other coaliti on structures
to emerge. The agument goes as follows. For an r-paly to be an equili brium structure, it is
necessry that at least in ore @ntinuation d the game, orce (r—1) codliti ons have been
formed, the deading resporsible player shoud join al the others. The propasition

reproduces this argument in terms of the parameters of the moddl.

Proposition 3.- A necessary condtion for an r-pay to be a1 equilibrium coalition

structure, withn>r = 2,is:

(r+h(n+H(n-2r+1
(n+1-r-r?) "

ol

whenn<r(l+r++r*-1)-1,a

2

2 2r(r+(r ++r?-1) —n, when n>r(L+r++r?-1)-1.

13



The @ove ondtionisaso necessary for an r -poly to be an equili brium outcome, for any

F,Withn>F2 r.

Proof.- The prodf is merely oulined here. Seethe mmplete proof in the Appendix. It
proceels in severa steps. We first prove that, for r < n, a necessary condtion for an r-paly
to be an equili brium codliti on configurationis that g(r — 1,x) = 0,for somex < n—-r + 1.
Then, we rewrite this necessary condtionin terms of the parameters of the model. Finaly,

we prove that the necessary condtion for an r-paly to emerge must also be satisfied for an

r -poly to emerge, with r Znand r = r = 2. Formally:
[g(r -1,x) <0,0x D]rz,n—r +1]] O [g(r,x) < 0,0x D](r +1)2,n—r]]. Q.E.D.

To seeif the number of firms in an equili brium coaliti on configuration can be very high,
lets us consider the maximum possble number of partnership, excluding the posshility
that all players day aone. In ather words, we derive an upper-boundto the number of
coadliti ons that can paossbly constitute an equili brium coaliti on structure, different from all

singletons.

Proposition 4.- If an r-pay, with r < n, is an equili brium coadliti on structure, thenr <

~1++/5+4n

r"*(n), where: r™(n) = >

Prodf.- For an r-paly to fulfill the necessary condtion cerived in Propasition 3, there must
exist a non-degenerate interval with r’ <x < n - r + 1. Hence, the maximum r that can be

~1+~/5+4n

stableisthe r™ such that (™) =n-r"™+1,i.e, r™(n) = >

Q.E.D.

First of al, nae that the upper-boundr™{(n) defined in Propasition 4 coincides with the
number of codlitions in the equili brium structure when there is no mora hazad. Bloch
(1996 shows that withou moral hazad the equili brium codliti on configurationis such that
al the first players choaose to be singletons and the last codlitionis formed by the last (the
first integer previous to) r"™(n) players. (For more detail s, see Bloch 1996, p. 122 Note

that r"™(n) isincreasingin n.

14



When the moral hazad problem is not very severe (a/c = n+2), we know (by Propasition
2ii) that all singetons canna be a equili brium outcome. Propasition 4 states that, in this
case, the equili brium codliti on structure is never more decmncentrated than withou moral
hazad. In fad, for some values of the parametersit is grictly more oncentrated.” This is
the cae even if moral hazad credes an inefficiency that grows with the size of the
codlition and ore would exped that partners would then try to avoid it by forming small er
groups than in the benchmark case. The intuition is related to the sequential nature of the
game. Consider first the cae withou moral hazad. In equili brium, the first players free
ride on the last players by standing alone, urtil the point where the dedding dayer faces
the dternative of inducing an al-singeton oucome or to joining the remaining dayersin a
singe aadlition. With moral hazad this freeriding by the first players is more difficult.
The last players find forming a big coaliti on very harmful and they are only ready to group
into small coalitions in concentrated markets. It may be the cae that they are willi ng to
form a partnership orly in environments where the previous players have dso joined
coaliti ons. Anticipating this readion, the first players have lessincentives to split off. This
effed may lead to a more @ncentrated structure than the eguili brium outcome without

moral hazad.

In the following Corollary, we summarize the most relevant feaure of the eguili brium

outcomes.

Corollary 1.- For agiven n, the equili brium coaliti on structure with moral hazad is either
the most decncentrated outcome (all singletons) or one structure @ntaining a number of
codlitions lower than o equa to the number of equilibrium coalitions withou moral

hazad.

In o model of Cournot competition with moral hazad, we caina go further and pgrovide
and explicit expresson for the size and compasition o partnerships at equili brium as a
function o the parameters of the model (a, ¢, n). However, we can compute the

equili brium outcome for given values of n. In Table 1 we present the equili brium outcome

Our measure of market concentrationis just the inverse of the number of partnerships.
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for n =18. The last row indicates the euili brium outcome in the benchmark case (withou

moral hazad).
[Insert Table 1]

From Table 1 we seethat, unessc is high enough(f‘:l < 20) so that the only sustainable

partitionis al partners as sngletons, moral hazad makes the equili brium market structure
either similar to or more concentrated than the benchmark case. As the gameis squential,
the first players know that moral hazad would prevent the last players from forming large
groups; the threa of alessconcentrated market structure makes the first players choase nat
to stand alore. In fad, as this example ill ustrates, this threa induces the first player to find
it optima to form a aalition with some other players in order to leave alow enough

number of playersin the game so that it is profitable for them to collude.

4.- On the robustness of the results and the effects of moral

hazard under other stability concepts

We have shown the dfeds of moral hazad in afinite dhoice-of-sizes game. The interest of
this game comes from the following equivalence result by Bloch (199§ and Ray and
Vohra (1999: In a symmetric offer and courteroffer infinite game I, any symmetric
stationary perfed equili brium coaliti on structure can be readed as the outcome of afinite
game of choice of coalition sizes A. Moreover, if the equili brium codliti on structure of the
finite game has the property that players payoffs are nonincreasing in the order in which
coadlitions are formed, then any equili brium outcome of the game of choice of coalition
sizes A can be obtained as a symmetric stationary equili brium coaliti on structure of the

sequential infinite game of coalitionformation rI".

However, asthe examplein Table 1 ill ustrates (for n = 18), in ouw model there ae values of
the parameters (a, ¢, n) such that the payoffs of the first players are lower than the profits
of the last ones (that is for a/c [0 [27, 28.3). For those parameter values there is no
symmetric stationary equili brium of the infinite game; nevertheless in those caes the
choice-of-sizes game still identifies an oucome that, as we show in the Appendix,

corresponds to an asymmetric stationary equili brium in the infinite game I". The ideafor
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constructing such an equili brium of I is smple. When players payoffs are increasing in
the order in which coadliti ons are formed, then there is no symmetric stationary equili brium
since any player will prefer to deviate (to rgjed the offer and to make an uraccepted dfer)
in order to be in the last coaliti on (or the one having the highest payoffs). The asymmetric
equili brium presented in the Appendix is based on strategies such that a set of players

agreeto form the first coalitionin order to avoid an infinite playing d the game.

Even when the property hdds (and the eguivalence between the finite dhoice-of-sizes game
A and the infinite game I hdds) the question remains as to whether moral hazad would
have the same dfed (increasing market concentration) had we used a different game. To
analyze this point we have looked into the dfed of moral hazad in some other coalition

formation games and dff erent stability nations.

A first observation is that the dfed of moral hazad pdnted ou in this paper will not be
present unlessthe game is omehow sequential. Mora hazad makes unil ateral defedions
from a aalition more profitable so that, if the game with payoffs (4) is one-shot (seeYi
and Shin (1995 exclusive membership game), sustaining a concentrated coaliti on structure

(asaNE or a CPNE) is made harder when moral hazad isintroduced.

We briefly consider here the dfed of moral hazad using ancther sequential solution
concept. Ray and Vohra (1997 introduced the notion d equili brium binding agreements. A
codlitiona structure is an equili brium binding agreement if there is no profitable deviation
for any set of players, bu deviators take into aceount what happens after the deviation, in
particular, the strategies of the complement are not taken as given (the cmplementary
codlitions may bre& up). Ray and Vohra define aprofitable deviation (from one @aliti onal
structure to another) for a set of players as a deviation satisfying the following conditions:
(i) the final structure is an equili brium binding agreament, (ii) the deviating dayers must be
a sub-codition d one of the initial coalitions, (iii) the deviating set of players must gain
from this move, and (iv) the other deviators fea a worse outcome if they do nd move.”’ In

this framework, under moral hazad the threa of induwcing a deviation into a very

10

SeeRay and Vohra (1997 for the formal definition.
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competitive market may induce a more ancentrated structure (as compared to stable
structures withou moral hazad). To dscussthe dfed of moral hazad, we present the

resultsforn=6in Table 2.
[Insert Table 2]

For n = 6, with nomoral hazad, the most concentrated stable outcomes are triopdies. With

moral hazad, some of these triopdies are unstable when mora hazad is grongenough.As
a
in Sedion 3,for o high enoughwe have the same result as withou moral hazad. However,

when the mora hazad problem is important more @ncentrated structures are stable,
becaise then the asymmetric triopdy structure {1, 2, 3},{4, 5},{6} is no longer a stable
outcome; the larger codlitionis suffering from an important inefficiency and the deviation to

al singletonsis profitable. This effed makes sme duopdy codliti on structures gable under
a
moral hazad. For example, for ° [0 [57, 106, if asubset of players deviates from {1, 2, 3,

4, 5},{6} they will not reat atriopdy, bu the stable outcome ({1},{2},{3}.{4}.{5}.{6} ),

where mmpetitionisvery strong.
5.- Industry Efficiency

In this sdion we briefly discussthe dficiency of the outcome of the sequential processof
partnership formation described above. An efficient partnership configuration is defined
here & one that (given that partnerships compete in the market in the second stage) yields
the highest industry profits amongall the market structures.

With nomora hazad the dficient outcome is always the grand coaliti on, where industry
profits are maximized. The equili brium market structure may be inefficient since duopdy
or even less concentrated market structures obtain in equili brium. Moral hazad adds an

element of inefficiency to large firms which can make the grand coadliti onineffici ent."

" Another way of understanding this point is that withou moral hazad the grand coaliti on will

dedde to form a single firm, while with moral hazad the grand coalition may dedde to set up
more than ore firm.



Remark 1.- With moral hazad, the equili brium market structure may be dficient.

We present an example where this happens to be the cae. Let us consider the example of n
= 18. It can be eaily chedked that for some parameter configurations equili brium is an

efficient outcome. More predsely, we find values of ¢ for which the outcome maximizes

industry profits, %D [46,89, which is never the cae in the ésence of moral hazad.

When c is very low (%2 84) too many codlitions are formed. The reason for this

inefficiency isthe usual freeriding problem alrealy present in the benchmark case. 1

6.- Concluding comments

Previous work on endogenous coadliti on formation with externaliti es (spill overs) is based
on the asumption that the outcome of a aadlition shoud be dficient for that coaliti on.
Even thoughthere is interadion amongthe players at two levels. within eat codliti on and
between codliti ons, the first asped has been negleded in the non-cooperative models of
codlition formation. The only asped of that interadion that has been taken into acourt is
the definition d the sharing rule agreed upon bythe @alition members. However, there is
a gred ded of literature deding with the inefficiencies that arise within groups due to
imperfed effort observability, the ladk of incentives to cooperate, and the ladk of
commitment cgpadty. This is the am of our analysis: to provide some insight on the
effeds that the internal organizaion d coalitions may have on the eguili brium coalition

structure.

In a moddl with ex-ante identicd players, we analyze the non-cooperative process of
coalition formation (this processis formalized as in Bloch, 1995, 199K with a moral
hazad problem within coalitions, and we study the eguilibrium number and size of
codliti ons. As compared to the cae where membersin a aadliti on fully cooperate, we show
that when moral hazad within coaliti ons is high enough, nocoalition will form. However,

and this result is more surprising, when moral hazad is not too severe the aalition

2" For low values of a/c the amparisonis more atificial sincethe production d the firmsin the

efficient configuration may na be interior.
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structure will be ether similar to or more concentrated than without moral hazad (that is, a

lower number of partnershipsin a subgame perfed equili brium).

To emphasize some of the apeds of the relationship between the incentive problems
within partnerships, market competition, and stability of coalitional configurations, we
have ignared ather important elements of partnership organization. The firm may embody
interadions (joint task resporsibiliti es, or spedalizaion) between agents that increase the
productivity of a worker when they work in a large team. Anaother central asped of the
model isthat we obtain ou results under the assumption that a aaliti on splits grossprofits
equally. Under moral hazad the sharing ruleis crucia, na only in deading whether to join
a madlition a not, bu aso because it determines the partners effort dedsion and
consequently, grossprofits. The lower the share of a partner, the more oppatunisticdly she
will behave. However, equal sharing is the most natural sharing rule in a symmetric

framework and represents the spirit of what it is understood as a partnership.
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Appendix

a
Proof of Proposition 1.- From (4) we can deducethat 7qr, s) > 0 if and ory if E+ n-s-

+n
+1

sr>0,i.e,s< . (Note that r(r, 1) > 0 for any r). Summing upfor the r coalitions

n
isanecessary condtion for 7q(r, s) > 0, which can be rewritten

a/c+
we havethatn<r

n a . . "
If . > < for any r < n, then the necessary condtion for al the aalitions to have positive

a n
profits does not hald. Thus, 1 <E < -1 isasufficient condtion for the partitionr = n to

be the only SFE partition. Q.E.D.

Proof of Lemma 1.- Player (n—x+1) dedding in subgame (h, x) the optimal size s, uncer

the asumption that the rest of the players will remain singletons, solves:

%+n—(h+x—s+2)] [%+n—s(h+x—s+ 2)

s(h+ x—s+.2)2

maxls S X

Thefirst-order derivative has the same sign as:
G = - (B +n- (h+x+2)(h+x+2 - 35 - S(h+x - 9.

For s=1, G is negative (and the objedive function is deaeasing). Now, given that G'(s) =
3(%1 +n - (h+x+2) - 2s(h+x) +35, andG"(s) = - 2(h+X) + 6, we know that

G'(s) hasaminimum at s = h—4'?)(.At this paint: G'(h—-"?x):g[fa;1 +n - (h+x+2)] -

(h+ X

. Consequently:
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@ If9 (% +n - (h+x+2) — (h+x)*>0,G(9) is aways positive, and G(s) is dways

increasing.

(b) Ifg(%l +n - (h+x+2) - (h+x)?*<0,then G'(h—g—x)<0and(3'(s) has two zero

values (possbly outside the range of our parameter seledion). G'(s) = 0 for

(h+ X £
s= 3
negative.

(h+x)2—9[%+n—(h+ x+2)] 2

. At the lowest of these values G(s) is

In bah cases, G'(s) goes from a negative value & s= 1, to a(possbly) positive expresson.
Hence the objedive function is either deaeasing in s or convex in s. In any case the

solution to the maximization problem will bereaded at a @rner. Q.E.D.
Proof of Lemma 2.-

2 (i) By thedefinition d g(h, X):

a(h.x) = 1Ea+cn (h+2)ca+cn- x(h+2)cB_Ea+cn (h+x+1)cg
X0 h+2 M h+2 h+x+1 0

L
b x(h+x+1)%(h+2)
1+ X)(h+ x+1)?(h+2) —2x(h+2)*(h+ x+1)C
x(h+x+1)?(h+2) r

- (a+cn)c3

Then: sign[g(h,X)] = sign(a+cn) [(h+x+1)* = x(h+2)7] - c[(1+x) (h+2) (h+x+1)* -
(h+2)? (h+x+1)]] = sign(a+cn) (x — (h+1)) = c(h+2) (¢ — (h+1))]. Q.ED.

2 (ii) From Lemma 2 (i), if x — (h+1)’<0and X - (h+1)*=>0,theng(h, X) <0.If x —
(h+1)’<0andx - (h+1)*< 0, it can be dhedked that g(h, X) < 0. Thus, x — (h+1)*>0isa
necessary condtionfor g(h, x) = 0. Q.E.D.



24

2 (iii) From Lemma 2 (i), assume that x < (h+1)®, and rence g(h, X) < 0. Let us consider
any subgame (', X') of (h, X). Then X < (h+1)* given that " > h and X' < x. Therefore,
g(h’, x) <O. Q.E.D.

(h+2)[e—(h +1)3
x—(h+1)

Proof of Proposition 3.- We define afunction ¢gh, x) = , in the

interval n —h > x> (h+1)°. Note that the agument that max, g(h, X) is the same & the
argument that min, ¢(h, X). Moreover, % 2 @h, X) - nisequivaent to g(h, x) 2 0; and % <
min, ¢(h, X) — nis equivaent to max, g(h, x) < 0. Finaly, it is easy to ched that ¢(h, X) is

an increasing function d h andit isconvex in x. We proceal in severa steps.

Step 1- Let us define x(h) asthe value of x that minimizes ¢(h, X). Then,

x(h)y=(h+1) (h+1++h*+2h).
Moreover, x(h) isincreasingin h.

Proof.- From the second-order derivative, it is easy to ched that (in the relevant range)
@x, h) is convex in x. From the first-order derivative of ¢(x, h) with resped to x we can

conclude that the minimum isreaded at the solution d the foll owing equation:
X —-2x(h+1)>°+(+1)°=0.

The solutions to this equation are:

x(th)=(h+1) (h+21)x/h(h+2)).

Taking into acmurt that we restrict our attention to x > (h + 1)?, we can conclude that the

minimum isreaded at x(h) = (h+ 1) ((h+ 1) +,/h(h+2) ). Thisfunctionisincreaingin h.

In fad, the solution in the set of natural numbers is an integer after or before x(h). We will

show in due @ursethat thisis not a problem when looking for necessary conditi ons.

Step 2- For r < n, anecessary condtionfor an r-pay to be astable aalition configuration

isthat g(r —1,x) = O,forsomex < n—-r + 1.



Prodf.- For an r-pay to be stable, it is necessary that (r — 1) coalitions must be formed,
there must then be a least two remaining dayers and the player taking the dedsion must
chooseto form asinge aliti on with al of them, or it must alrealy be player n’s turn. We
are going to show that a necessary condtion for the @owve property to hdd is that there is

alestonex,x < n-r+1,forwhichg(r —1,x) = 0.

We do the proof by contradiction,i.e., we asumethat g(r —1,x) <0,foral x < n—-r + 1,
and we show that:

(@ if (r — 1) codlitions have been formed and there ae & least two players, the dedding

player will never form asingle aaliti on,

(b) asituation in which (r — 1) codliti ons have been formed when payer nis cdled to pay

canna be part of an SFE of the game.

(a) Suppcee that (r — 1) coaliti ons are formed and there ae x = 2 remaining dayers. Since
g(r —1,x) <0, dayer n—x+ 1 (whoiscdled to pay) prefers the remaining dayers to split
off rather than forming a singe aalition. We now claim that for player n — x + 1 staying
alore (i.e, choosing s = 1) is better than forming a single aalition (choasing s = X).
Indeed, from this player’s point of view, the most damaging strategy by the subsequent
playersis for them to remain singletons (if any subgoup dedded to form a aaliti on, the
profits of player n — x + 1 would increase). Even in this case, profitsfor player n—x + 1 are

higher than if she deddesto form asingle aaliti on.

(b) Suppacse that (r — 1) coaliti ons are formed before player n. Now, take the last coaliti on
formed containing x = 2 pdayers (note that we can pu forward this argument because r <
n). For the player that forms this coalition, it must be the cae that m(r, X) > m(r + X, 1),

i.e, g(r —1,x) = 0,which contradicts our assumption.

Step 3.- For r < n, anecessary condtionfor an r-pay to be astable aalition configuration

is

a N> (r+)(n+D(n-2r +1)

¢ - (N+1-r-r?) Jifx(r-1)>n-r+1, o
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i) % Fns 2+ +r2-1), ifxr-1) <n-r+1.

Proof .- First note that for any 1 < x < r?, we dways havethat g(r — 1, x) < 0. By Step 2,a
necessary condtionfor an r-paly to be astable waliti on configurationisthat g(r-1,x) = 0

forsomex < n-r+1,i.e,g(r—1,x) = 0 forsomer’<x < n—r + 1. Thiscondtionis

. a .
equivaent to: ctnz Mingr—-1,x),forr’<x<n-r+1.

1) If n—r+1<x(r—-1) then the minimum isreaded at x =n —r + 1. Then, anecessary
. . .a
condtion for r-poly to be astable walition structure is < +tn=2@r-1,n-r+1)=

(r+d(n+)(n-2r +1)
(n+1-r-r?) '

i) If n—-r+1 2= x(r —1) then the minimum is reated a x(r — 1). Then, a necessry

a
condtion for r-paly to be an stable waliti on configurationis < +n=¢r-1,xr-1)=

2r(r +(r +4r2 -1).°
Step 4.- [g(r -1,X) < 0,0x D]rz,n—r +1]] 0 [g(r,x) <0,0x D](r +1)2,n—r]].

Prodf.- The previousimplicaionis equivaent to

Aswe have drealy mentioned, x(r — 1) need na be anatural number. But

{Ming(r -1,%),0x 0]r?,n-r +1,x OR} <{Ming(r -1,x),0x O]r?,n=r +1,x ON}.

a . , .
Therefore, E+n2{M|ng0(r—Lx),DxD]r n-r+],x0OR= ¢r-1, x(-1) is dso a

(wedker) necessary condtionfor an r-pady to be astable waliti on structure.
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§+n<{Min¢(r -1,x),0x D]rz,n—r +1]}ED
§+n<{Min¢(r,x),Dx D](r +1)2,n—r]}E
Thisinturnisequivaent to:

[Min(p(r —Lx),Dx]rz,n—r +1]]<[Min(p(r,x),Dx](r +1)2,n—r]]. This condtion hdds

since a) gisincreasinginh,and b ¢gr —1,n—r +1) <Min @r, n—r). Q.E.D.

An asymmetric stationary equilibrium of the infinite game I

Let us denate by S, S, ..., S the adlitions already formed a subgame (h, x); X =
N\O"_,S, the players nat al ocated to a codition yet, and S(S, S, ..., S, X) isthe ongdng
propcsal. A strategy for a player must spedfy an answer to any propcsal made to her if she
isnot the proposer, and a propacsal when sheis. Formally,

0(S, S, ....S, X) O{Yes, NO} if (S, S, .S, X) £ @

0SS, .S, X 0{sOXi0S ifSS,S, ...S.X)=0

When S, S, ..., S, X) # @, dayer i is aresponcent to the offer by some other player;
when SS, S, ..., S, X) = g, it is player i’s turn to make an offer. If the strategy's
prescription at any subgame depends only on the number of coaliti ons previously formed

and the number of players gill i n the game, we simply write g(h, x).

a
For n =18 and _ 0[27,282], let N, = {1, 2, ..., 10}and N, = {11, ..., 18}. Consider the

strategy profile for game I shown in Table 4. It is easy to chedk that the eguili brium is not
symmetric since players in N, and N, follow different strategies; it is tationary becaise
players strategies depend orly on (h, x).

[Insert Table 3]

Given the one-stage deviation principle for infinite games, in order to ched that the

strategies leal to a subgame perfed equili brium it is sufficient to ched that there is no (h,
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X) where aplayer can gain by ceviating from the adion prescribed by the strategy for that
history and conforming to the initial strategy theredter. The one-stage deviation principle
holds whenever the infinite game is continuows at infinity, i.e., the events in the distant
future ae relatively unimportant, which is the cae in ou infinite game if future payments

are discourted.

In order to chedk the equili brium, nae first that for n = 18:
a a
6227«:> 01,8 =0 and E<282 = g(1,9<0.

Inthisinterval, g(2, X) is dways negative. Then, orce two codliti ons have been formed, the
best resporse for any remaining dayer is to stay alone, as the strategy in Table 3 states.
When ore adlition hes been formed, orly codlitions szed 8 a less are profitable, as
prescribed by the strategy. The only asymmetry is in the prescribed adions for different
players when no codliti on hes been formed. Ten payers, from 1 to 10, are ready to form a
10 dayer codlition, while the others are not. For the first players, there is no gain in
deviating to any ather adion (that will i nduce too much competition) since the last players

will only join a adlitionif thefirst players have done so before. Q.E.D.



Demand Equili brium market
and cost conditions structure Partition
20,20 singetons HLA2..{18]
% 0 [20,27) monopdy [{1,2, ..., 18]
2027, 282 duopdy [{1,..,10 {11, ..., 18]
2 11[28.2, 30) duopdy [{1, ..., 9410, ..., 18]
2 0[30, 32.143 duopdy [{1, ... 8409, .. 18]
2[0[32.143 345 duopdy [{1, ... % {8, .., 18]
2 [01[34.5, 37) duopdy {1, ... 6{7, .. 18]
20137, 39.6 duopdy [{1,....3{6, ..., 18]
2 0[39.6, 42.27) duopdy [{1,2, 3,445, .., 18]
20 [42.27, 45 duopdy [{1,2,3{4, .., 18]
20145, 47.77 duopdy [{1, 243, ..., 18]
2 0 [47.77, 123.14) | duopdy {142, ..., 18]
20 [123.14) triopdy {1 {2 {3,.., 18]

Table 1. Equili brium partnership configurationfor n= 18
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Caaliti on structure Condtionsfor deviation | Stability withou | Stability with
(with MH) Moral Hazad Moral Hazad
{1} {2} {3} ,{4},{5} {6} | (nore) By definition By definition
{1, 2 {3} {4},{5}.{6} for any a/c, to No No
{1} {2} {3} {4} {5} {6}
{1,2,3.{4}, {5} {6} for any a/c, to No No
{1} {2} {3} {4} {5} {6}
{1, 2 {3,4,{5} {6} for any a/c, to No No
{1} {2} {3} {4} {5} {6}
{1, 2, 3,4,{5}{6} for any a/c, to No No
{1} {2} {3} {4} {5} {6}
{1,2,3,{4,5 {6} for a/c < 160,to Yes Yes, for
{1} {2} {3} {4} {5} {6} alc 2106
{1, 2.{3,4,{5, 6 for a/lc < 2.235,t0 Yes Yes, for
{1} {2} {3} {4} {5} {6} alc 22.235
{1,2,3,4,%{6} for a/c=106,t0
{1,2,3,{4,5,{6} No Yes, for
for a/c < 57,t0 57 < alc< 106
{1} {2} {3} {4} {5} {6}
{1,2,3,34{5, 6 for a/c=2.235,to
{1!2}1{314},{5,@’ No No
for a/lc < 2.235,to
{1} {2} {3} {4} {5} {6}
{1,2,3{4,5,6 for a/c < 3.55,t0
{1} {2} {3} {4} {5} .{6} | NoO Yes, for
for a/c = 106,to 3.55< a/lc< 106
{1,.2,3{4 3 {6}
{1,2,3,4,5,Pp for a/c < 106, to

{1,2,3{4,9,{6}
for a/c = 106,to
{1,2,3,4,5%{6}

No

No

Table 2. Equili brium Binding Agreaments (Ray and Vohra) for n= 6
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i ON, JON,
If S0,n)=@ | 0(0,n)=N, 0(0,n)=N
If SO,n) # 8| g(0,n)=Yes if#0,n)=10 | c(0,n)=No
No dherwise
If S1,X)=2 |o(l,x)={i} ifx>8 o(l,x)=X ifx<8
X ifx<8 } ifx>8
If S1,x)# 8| 0(1,x)=Yes if Y1,X)=Xand | o(1,X)=Yes if J1,x)=Xand
X< 8 X< 8
No dherwise No dherwise
If Sh,x) =2, | a(h,x) ={i} o(h, x) ={j}
h=>2
If Sh,x)# @, | g(h,x) =No a(h, x) = No
h>2

Table 3. Srategies sppating the stationary and asymnetric equili briumof I
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